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Foreword

Les talents écartent l’ennui, chassent le vice, et sèment la vie de fleurs:
puissance, richesse, vous n’offrez point ces avantages!
(Legend of a lithograph depicting the spirit of enlightened industry and belonging to a
great–great granddaughter of Lazare Carnot)

The first part of this compendium consists of slightly revised excerpts from my
monograph, Lazare Carnot Savant, published in 1971 (Gillispie 1971). The preface
to that book, which is based partly on access to the Carnot family archives, explains
how it came to be written, and makes the necessary acknowledgments. It contains
a short section on the more famous work of Sadi Carnot, whose Réflexions sur
la puissance du feu et sur les machines propres à développer cette puissance is
generally regarded as the origin of the science of thermodynamics (Carnot 1824).
It appeared to me that Sadi Carnot’s analysis may be read as an application of his
father’s invention of the science of machines to heat engines.

I have suggested as much in what follows. My colleague and co–author, Raffaele
Pisano, has independently devoted much more intensive study to the work of Sadi
Carnot and its influence. It seemed to both of us that it would be well to publish, or
in my case to republish, our findings. Both father and son were trained as engineers,
Sadi at the newly founded École polytechnique. They had no idea that their work
would develop into the physics of work and energy. So it came about, however, and
that is the reason for including an account of it in a series devoted to the role of
engineering mechanics.

The major portion of Lazare Carnot Savant is here included. We are not
reprinting the appendices, which are reproductions of Carnot’s unpublished pa-
pers discussed in Chapter 3, Parts A and B, nor the essay on the unpublished
mathematical theory of the infinite contributed to my book by my late colleague,
A.P. Youshkevitch, which has little to do with engineering mechanics. Princeton
University Press has generously granted the necessary permission, for which I am
extremely grateful.

Princeton, USA Charles Coulston Gillispie

v

http://dx.doi.org/10.1007/978-94-017-8011-7_3




Preface

This extraordinary book on two outstanding French engineers and scientists has
been written by two authors who combined their efforts to that end in a very fruitful
way. The result is based on deep historical, epistemological, and methodological
insights that shed completely new light on the scientific and filial relationship be-
tween the famous politician, mathematician, and engineer Lazare Nicolas Marguerit
Carnot (1753–1823) and his son Nicolas Léonard Sadi Carnot (1796–1832) who
was also trained as an engineer at the newly founded École polytechnique de Paris.

While Lazare Carnot wrote on machines and adapted the science of mechanics
to the science of machines, his son elaborated a general, abstract, thermodynamical
theory. Insofar the purpose of Gillispie and Pisano is not to recount the history of
mechanics, but to identify the points of entry of Lazare Carnot’s engineering science
into mechanics (p. 100). The authors are well aware that the analogy between fluid
flow and heat flow has often been discussed in the research literature in order to
characterize the influence of Lazare’s work upon Sadi’s (p. 18).

Yet, the authors make a much wider claim for the continuity between the works
of the two Carnots. They would like to show that Sadi Carnot’s Réflexions sur le
puissance motrice du feu published after his father’s death “may properly be read
not only as the foundation of thermodynamics, but also as the culmination of a
methodologically and conceptually coherent series” of Lazare Carnot’s essays on
the science of machines (p. 15).

How can such a strong claim be demonstrated? Gillispie and Pisano study and
compare the different steps of Lazare Carnot’s thinking about mechanics, of his
writings, and compare them with Sadi Carnot’s Réflexions which can be taken for
the foundation stone in the science of thermodynamics (p. 77).

To that end they identify those elements of the arguments that were derived
from the work of the father. They amply and clearly explain their methods and
methodology as well and include even a whole chapter (Chap. 6) that deals with
such general issues like historical methodology, interpretation, and scientific theory.

Their key notion is historical epistemology which is based on the use of logical-
historical categories. The authors adopt them in order to investigate Sadi Carnot’s
scientific thought. They are interested in effective history that is history relying on
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viii Preface

the fundamental choices made by scientists who influenced the interpretation of
history by means of crucial choices (p. 156).

Their leading questions read: What is the theoretical organization in the two
Carnots? On what principles is it based? In order to answer to these two questions
they study the history of science by means of a logical investigation (p. 191). Thus
they are able to demonstrate that Sadi Carnot’s reasonings with double negative
sentences (DNS) are based on non-classical logic. The authors’ list in the appendix
comprehends 65 such sentences. Their sequence may synthetically express the
entire development of Sadi Carnot’s scientific thought (p. 205).

Gillispie and Pisano convincingly conclude that Sadi Carnot’s “theory has to
be qualified as a logical theory because the double negative sentences illustrate
for the first time a very detailed structure of Sadi Carnot’s arguments, adequately
representing Carnot’s original scientific thought” (p. 211). But the two authors go
even further by explaining that the origin of the idea of the cycle was the analogy
with the electric circuit in Alessandro Volta’s battery. Hence Lazare Carnot, not
Sadi, first had the idea of the cycle of heat machines (p. 234).

The fruitfulness of Gillispie’s and Pisano’s approach becomes again obvious
when they apply the method of historical epistemology to the mathematical
footnote in Sadi Carnot’s Réflexions which combines epistemological and historical
approaches to identify significant historical hypotheses (p. 257). The authors claim
that Lazare Carnot’s synthetic method is present in Sadi Carnot’s theory paying par-
ticular attention to Sadi Carnot’s reasoning process (p. 279). Their hope is certainly
justified that their approach can contribute to clarify the birth and development of
Sadi Carnot’s theory and the historical knowledge of thermodynamics.

Comparing Lazare and Sadi Carnot’s theories of the efficiency of a machine, they
conclude that “neither theory is based on axioms, but on the program of scientifically
resolving a crucial problem that in the minds of the lay people of the time coincided
with metaphysics” (p. 370).

Gillispie and Pisano have written a really remarkable book that reveals an
impressing knowledge of the huge amount of original and modern publications
regarding history and philosophy of science. They always help the reader not to lose
track of things by adding summaries, illustrations, and by compiling their arguments
or those of their heroes in long lists. In spite of all similarities they have proved
between father and son they do not overlook a crucial difference between them. Sadi
Carnot’s work was deep in a way that his father’s was not: It founded the science of
thermodynamics (p. 86).

Berlin, Germany Eberhard Knobloch
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Chapter 1
Biographical Sketch of Lazare Carnot

Known to French history as the “Organizer of Victory” in the wars of the Revolution,
and to engineering mechanics for the principle of continuity in the transmission of
power, Lazare–Nicolas–Marguerite Carnot (1753–1823) remains one of the very
few men of science and of politics whose career in each domain deserves serious
attention on its own merits. His father, Claude, lawyer and notary, was among the
considerable bourgeois of the small Burgundian town of Nolay, west of Beaune
and thus on the opposite side of the ridge from the superb vineyards of the Côte–
d’Or. Members of the family still own the ancestral home. Carnot’s most notable
descendants have been his elder son Nicolas–Léonard Sadi (1796–1832), a principal
founder of the science of thermodynamics, and the latter’s nephew, also called Sadi,
President of the French Republic from 1887 until his assassination in 1894. A minor
versifier himself, Lazare named his heir after a Persian poet whose work he admired
in translation. His younger son, Hippolyte (1801–1888), wrote the first biography,
a source of major importance for the personal details of his father’s life.1 Carnot
had his early education in the Oratorian Collège (a school) at Autun. Thereafter
his father enrolled him in a tutoring school in Paris, which specialized in preparing
candidates for the entrance examinations to the service schools that trained cadets
for the Navy, the Artillery, and the Royal Corps of Engineers. Strong in technique
and low in prestige, the Corps of Engineers was the only branch of military service
in which a commoner might hold a commission. On completing the normal course
of 2 years, Carnot graduated from its school at Mézières at the age of 20 in 1773.
Gaspard Monge teacher of mathematics and physics, was then at the height of his
influence over the cadets.2

1It is an exemplary work of family piety, written for the edification of Carnot’s descendants,
Mémoires sur Carnot par son fils (Carnot 1861–1863). The standard biography is Le grand Carnot
by Marcel Reinhard (Reinhard). (The 2nd edition, 1994, also includes preface by Charles Coulston
Gillispie).
2On Mézières, see L’École royale du génie de Mézières by René Taton (1964a, pp 559–615).

C.C. Gillispie and R. Pisano, Lazare and Sadi Carnot: A Scientific and Filial Relationship,
History of Mechanism and Machine Science 19, DOI 10.1007/978-94-017-8011-7__1,
© Springer ScienceCBusiness Media Dordrecht 2014
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2 1 Biographical Sketch of Lazare Carnot

Although Carnot’s handling of problems always bore the mark of the engineer he
became, it does not appear that he was one of Monge’s favorite pupils. There was
little mention of the one by the other whereas Monge’s disciples were given to
fulsome tributes. Nor is it recorded that Monge took the slightest interest in Carnot’s
writings on mathematics or mechanics or did anything to secure them a hearing.
Some further inference may be permitted from their differences in temperament:
Monge’s that of a pedagogue and mathematician who, when he involved himself in
public affairs, proved to be theoretical, emotional, incapable of decision, deficient
in judgment, and inattentive to detail; Carnot’s that of an engineer, eminently
practical, able in conception and execution, and capable of the deeper consistency
that inheres in judging of circumstance and practicality rather than asserting moral
absolutes. Carnot’s approach to mathematics and mechanics was more concerned
with operations and fundamentals than that of Monge. Its actual mathematical yield
was much less while its significance for the physics of work and energy was much
greater.

Carnot’s professional life in the 16 years prior to the Revolution did not on the
whole prove stimulating. On leaving Mézières with the rank of lieutenant, he entered
on a sequence of garrison duties, first at Calais, and then successively at Le Havre,
Béthune, Arras, and Aire. Only in Aire did he find cultivated company. There, in the
1780s, he was admitted to the predominantly literary Society of Rosati, a group of
beaux esprits famous for having counted Carnot and Maximilien Robespierre among
their members rather than for any lasting contribution to letters. Carnot’s training
did, however, serve him in good stead in several instances. The fortifications of the
port of Calais were being rehabilitated during his tour of duty there. He was detached
from Le Havre for 3 years of duty on the harbor under construction at Cherbourg,
the most considerable and elaborate engineering works undertaken by the military
and naval establishment in the latter part of the century. In these and other, lesser
assignments he made the reputation of a sound, reliable, and enterprising young
officer. His personnel file contains a series of recommendations by his superiors.

Nevertheless, the life was not one to engage the full talent or fulfill the ambition
of an able and talented man. In a memoir of 1776, Charles Augustin Coulomb
(1736–1806) a fellow engineer and in science a far more famous one, took occasion
to testify to its limitations. “After graduating from Mézières a studious young man
who would withstand the boredom and monotony of his work had no choice except
to cultivate some branch of science or literature that was entirely independent of his
professional duty.”3 Later on, Carnot described himself as having been “neglected,
lonely, absent–minded, preoccupied, what was called a ‘philosophe,’ or in other
words sort of an odd type.”4 Such was his sense of himself during the years between
his graduation from Mézières in 1773 and 1784, when he won a competition set by
the Academy of Dijon for an essay on Vauban. In the perspective of his later military

3It is quoted by Stewart Gillmor in Coulomb and the Evolution of Physics and Engineering in
Eighteenth-Century France (Gillmor 1971, Appendix B).
4In the Hyppolyte’s wording (Carnot 1861–1863, I, p 93).
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and political career, the Éloge de Vauban (1784) appears, naturally enough given the
subject and the discussion that ensued, to be its opening episode.5

Although no detailed account of Carnot’s studies during the preceding interval
is possible, the individuality of his scientific work is such that he must have been
occupying it with a self–education in mechanics and mathematics that carried
him far beyond the text–book level of the curriculum of Mézières. It must have
been in the isolation of garrison life that Carnot set himself to reading and re–
reading d’Alembert, Bossut, Bélidor Euler’s mechanics, and Daniel Bernoulli’s
hydrodynamics. His early work bespeaks an auto–didactic familiarity. He had no
access to the scientific milieu of Paris. He spent his frequent and lengthy leaves at
home in Nolay and in Dijon. While he was at Calais his father sent the younger
brother, Claude–Marie–Feulint (1755–1836) to reside with him and to be tutored
by Lazare in the mathematics and mechanics for the entrance examinations at
Mézières.6 Feulint succeeded on the first try.

What is more substantial, Carnot’s earliest publication was not the Éloge de
Vauban of 1784, but Essai sur les machines en général of 1783. We analyze that
work in detail in the next chapter. It contains in principle all that Carnot actually
contributed to mechanics, while also constituting the starting point of the French
engineering tradition in the science of machines. From documents in the Archives
of the Academy of sciences in Paris, in those of the German Academy of Sciences
in Berlin, and in those of the Carnot family in their house at Nolay, it is possible
to fix with precision the occasions for Carnot’s earliest formal composition in the
literature of mechanics and mathematics.

Even like the Éloge de Vauban, those writings were elicited by competitions set
by learned societies. He composed two early drafts of the Essai sur les machines
en général, the first completed in March 1778 while at Cherbourg and the second
in July 1780 at Béthune. The Academy announced the competition in April 1777
for the year 1779 and then adjourned it to 1781 since the judges found none of the
initial entries to be worthy of an award. On the second round a memoir by Coulomb
won the prize while Carnot’s was accorded Honorable Mention. The contents and
their conformity to the Academy’s desiderata will be discussed in the next chapter,
following analysis of the Essai sur les machines en général itself.7 As for Carnot’s
complementary interests in the foundations of mathematics, his Réflexions sur la
métaphysique du calcul infinitésimal (1797) grew out of a memoir that he submitted
to the Royal Prussian Academy of Sciences in 1785.8

5The prize was first offered in 1783, but in the absence of worthy entries, the competition was
adjourned to 1784. For the details see both Le grand Carnot and Mémoires sur Carnot par son fils
(Reinhard, I, pp 76–86; Carnot H, pp 99–117).
6On that see the arguments presented by Hyppolite (Carnot H, I, pp 94–95).
7Below, Chapter 2.
8A facsimile of that entry is printed as Appendix A in the present author’s Lazare Carnot Savant
(Gillispie 1971). That book also contains an essay Lazare Carnot and the Competition of the Berlin
Academy in 1786 on the Mathematical Theory of the Infinite (Ivi, pp 149–168) by my esteemed

http://dx.doi.org/10.1007/978-94-017-8011-7_2
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Just prior to his recognition for the Éloge de Vauban, Carnot made one more attempt
to win the approbation of the Academy of Sciences. On 17 January 1784 he sent
in a “Lettre sur les Aérostats” in response to its invitation to interested parties to
communicate reflections inspired by the first human flight. On 5 June 1783 Joseph
and Étienne Montgolfier had created a sensation by sending a balloon filled with
heated air soaring to a height of 6,000 ft above the town of Annonay.9 Their feat
and its elaborate repetitions in Paris raised the engineering problems of locomotion
and stability of flight. The studies evoked were by no means all sterile. A memoir by
Jean–Baptiste Meusnier de la Place contains the principle that much later governed
adjustment of specific gravity of a submarine in accordance with its depth.10 Carnot
addressed himself rather to the problem of a “dirigeable” and proposed a scheme for
a propeller to be powered by a motion of systole and diastole created in the balloon
by the dissipation and restoration of heat, a sort of jellyfish effect. The notion was
visionary enough. What excites interest in retrospect is his discussion of heat, fluids,
and the potential awaiting the steam engine. “Notice by the way, gentlemen”, he
wrote “how much labor will be saved in factories when the mechanism of heat
is better understood.” And further, “The engine powered by heat provides a very
powerful motive principle and the principle can as easily be adapted to moving
blades and wheels as to beams and pistons” (Carnot H, I, p 185). Throughout
his life, indeed, Carnot maintained a lively interest in the work of mechanical
invention, rather in point of principle, criticism, and appreciation, however, than
of participation. He does not appear to have been gifted with practical inventiveness
himself.

Only with his military writings did Carnot win attention. Biographers and
historians interested in Carnot as wartime leader and Member of the Committee
of Public Safety have naturally looked in these for clues to what their author
would become.11 In good philosophic vein Carnot invoked the example of Vauban
to convey his own enlightened sentiments about natural equality in men of merit
and inequities in the social order. The central thrust of the essay was strategic. It
celebrated, in the declamatory style thought appropriate for ceremonial occasions,
the complements of geometry and enlightenment that impelled Vauban, the founder
of professional military engineering, to conceive that the purpose of warfare should
be defense of civilization rather than destruction of the enemy.

colleague, the late A. P. Youschkevitch of the Moscow Institute for the History of Science and
Technology.
9On that one can consult The Montgolfier Brothers and the Invention of Aviation (Gillispie 1983).
10Mémoire sur l’équilibre des machines aérostatiques (3 December, 1783). On that see: Meusnier
de la Place (1783). Gaston Darboux published this paper in his Mémories et travaux de Meusnier
relatifs à l’aérostation (Darboux). See also, The Montgolfier Brothers and the Invention of Aviation
(Gillispie 1983, pp 100–101).
11The Academy of Dijon, embarrassed by its experience with its most famous laureate, Jean–
Jacques Rousseau, thereafter took care to edit the texts it crowned before publication. As published
Carnot’s Éloge de Vauban was a toned down version of what he had delivered. Its original tenor
has been plausibly reconstructed by G. Duthuron (Duthuron, pp 152–165).
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Historians have sometimes waxed a little wry at Carnot’s expense for having
celebrated, when a young Turk, the humanitarian warfare of position, and then,
when actually in charge of waging a war, for having put into effect the contrary
strategy of mobility, mass, offensive, and conquest. What must be remembered is
the difference in circumstances. In the 1780s Carnot was a young engineering officer
writing out of the specialist tradition of his corps and upholding its mission in the
design and construction of formal works of siege craft and defensive fortification.
Doing so required him to contend against the renewed emphasis of the combat
arms on gallantry, movement, and command under fire. Chivalric pretensions
were the line officers’ part in the aristocratic resurgence. In power during the
Revolution, however, Carnot did not dispose of the disciplined, technically trained,
professional, and careful forces that such a conservative strategy presupposed. His
troops were untrained levies, some under arms out of patriotism, and some because
of conscription. Patriotic soldiers furnished a commander with dash and conscripted
soldiers with mass. Both sorts were altogether different from the armies of Louis
XIV and the eighteenth century.

The unexpectedness of what happened to persons swept along in the ineluctabil-
ity of what happened to society always enhances the historical drama of the French
Revolution. There is no need to follow Carnot’s political career in detail. It will
suffice to evoke it as the context, the disproportionately important context, in which
recognition for scientific originality came the way of a no longer young engineering
officer suffering increasing frustration over the seemingly dead end of his career
as a military engineer and the neglect accorded to his scientific work. The earliest
phase, that of the Constituent Assembly, saw that pattern relieved through the new
facility of expressing grievances openly and advocating change. At the outset Carnot
did not think to go beyond professional matters. That the army must be reformed
to secure promotion in accordance with merit rather than noble birth; that equity
and dignity must be accorded to the Corps of Engineers; that the Engineers and the
Artillery, the two “learned branches (armes savantes)”, should be amalgamated into
a single, scientifically trained corps, headed by an elective council rather than an
authoritarian commander; that warfare itself was to be limited and humanized by
a combination of firepower with fortification – these were ideas shared by many
of Carnot’s colleagues. His advocacy was distinguished in its imperative tone and
further in that like many of his countrymen, though few professional colleagues, he
went over the heads of his superiors and addressed his reclamations not to the War
Office, but directly to the National Assembly.12

The way to politics itself opened out of Carnot’s reassignment to duty in the
North, specifically to Aire in the region of Calais, where he and his younger brother,
Feulint, had put down roots among the interests and sympathies of the locality.
There he followed for a time in the way smoothed by Feulint’s readier congeniality.

12Réclamation adressée à l’Assemblée nationale contre le régime oppressif sous lequel est gou-
verné le Corps Royal du Génie : : : A manuscript copy is preserved in the family archives at Nolay.
On these matters, see Le grand Carnot by Reinhard (Reinhard, Chapters 11–12, I, pp 148–176).
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Lazare Carnot followed Feulint personally and married into the same family. He did
so politically and ran alongside his brother as candidates for election as deputies
to the Legislative Assembly in September 1791. Feulint had taken part in various
councils and deputations to the Constituent Assembly. Better known in the region,
he was elected to the first seat on the second ballot. Lazare Carnot for his part had
joined the Society of Friends of the Constitution in his garrison town of Aire and
had been its president for a time. That was his only political activity prior to his
election. He won the ninth seat, also on the second ballot. That so limited a political
experience as Feulint’s and Lazare’s should suffice for election as representatives of
the people will be less surprising when it is recalled that the outgoing Constituent
Assembly had stipulated, unwisely in the judgment of most historians, that none of
its members might be reelected. The French people having had no voice in their own
affairs, there were in 1791 no communities in which significant political experience
might have been attained. In Reinhard’s view, Carnot, now married into a substantial
family, entered upon his legislative duties in a much calmer spirit than had been his
at the outset of the Revolution in 1789. Already struck down were the aristocracy
and the impediments to promotion and dignity that had engendered the angers of
his youth. Like the majority of deputies he supposed the Revolution to be over
and looked forward to participating in the regime of a constitutional monarchy that
would ensue. He can have had no thought of wielding power in posts of the highest
responsibility.

He came to do so because the new regime, in which men of his kind, the qualified
and able bourgeoisie, could feel at ease was anything but stable. In reality the
Revolution had only begun when the Legislative Assembly convened in October
1791. In its further course Carnot’s professional military competence in harness with
his engineer’s ability to improvise arrangements and organize procedures proved to
be great advantages, both to him and to the nation. The critical faults in the political
structure made his qualities relevant. Throughout the first 6 months of his legislative
career the untrustworthiness of the king and many of his ministers dissipated the
credibility of combining monarchy with constitutionalism and confirmed Carnot in
a kind of latent republicanism. Thereafter, following the declaration of war in April
1792, instigated by the Girondist faction with a view to exhibiting the duplicity
of the crown, the unreliability of the leadership of the army and the reverses of
the opening campaigns put at a premium the services of any patriotic deputy with
military competence.

Lazare Carnot’s actual political interventions in the Assembly were maladroit.
He was never a notable orator. Still, knowing how he conducted himself in the
pressures soon to be upon him, the historian can understand how it was that his
traits made themselves felt in the heightened sensibility of those intense and febrile
days when the French monarchy was proving its caducity, and no one dared plan
openly for what might take its place. Nothing was then observed more narrowly than
character. Men took one another’s measure, and Carnot’s began to come through.
His contemporaries felt the intelligence, the probity, and the sense of reality that
proved adequate to judging of the rightness of republicanism (for he was never a
democrat, and never in rapport with the demagogues and idolaters of humanity); the



1 Biographical Sketch of Lazare Carnot 7

instinct for concentrating on the job at hand; the fund of toughness about what he
could not help (the Terror later and the guillotine) so long as it did not touch him
in his own pride; the selflessness about material interests in a man alert in defense
of his dignity; the passion to prevail with the right answer; and the unwillingness to
compromise his own principles combined with some insensitivity to those of others
that might conflict.

His biographer alludes to a mathematical dogmatism in Carnot’s spirit.13 It may
not be necessary to read his character that way. On the whole he was a critical
thinker about mathematics, but not a notable mathematician. His scientific work
was at the opposite pole from dogmatism. It may be preferable to attribute the
rigidity in him to a fundamental decency, manifest in the stands he took, in which
he appears in retrospect the more sympathetic for a certain maladroitness, his fervor
not always suited to the matter, but well suited to the times. His brother’s reluctant
behavior in contrast gradually revealed a man of the old dispensation insufficiently
tempered by an occasional opportunism. Judging of events with a surer instinct,
Lazare Carnot moved to the left and the Republic. Originally the less popular of
the brothers, only he was returned to the Convention from the Pas–de–Calais in
September 1792 following the overthrow of the Monarchy and the dissolution of
the Legislative Assembly at the hands of the city of Paris in its rising of 10 August.

Among the hundreds of deputies to the Convention, Lazare Carnot was the one
who most effectively improvised the function of the Representative on Mission by
means of which the sovereignty of the people was exercised in specific actions
throughout the mass of the nation. The substitution of the Republic for the
Monarchy was the act in the first instance of the city of Paris. Other municipalities,
provincial administrations, civil servants, officers of the army and navy, in short
the agencies and agents of government – all that remained in the inertial grip of
routine procedures of the Old Regime when the personnel was not, as much of
it was and especially so in the armed forces, actively or potentially disposed to
Counter–Revolution at home or to treating with the enemy abroad or to both these
oppositions now constituting treason. Into such situations of anarchy, confusion, or
active disaffection in the winter of 1792 and into the summer of 1793 would come
sometimes one, though usually two or three, of the deputies to the Convention,
Representatives of the People, dressed in blue waistcoats with brass buttons, red,
white, and blue sashes, and felt hats decorated with tricolor feathers. To them
was delegated carte–blanche the sovereign authority of the People, and in them
was incarnated for the time being its revolutionary will. They might suspend local
officials and replace them with others; they might set up special tribunals and sit as
judges; they might exercise eminent domain over property, fix prices; and requisition
whatever transport, enterprise, livestock, foodstuffs, or supplies were required for
military purposes; when on mission to the armed forces, they might supersede
commanders and overrule or countermand orders. They might do whatever they
thought necessary.

13The argument is well treated by Marcel Reinhard in his Le grand Carnot (Reinhard, I, p 187).
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Thus on the morrow of 10 August 1792 the National Assembly designated
commissioners to apprise the several armies that the Republic had supplanted the
monarchy and to secure their allegiance to the regime. Lazare Carnot, Claude–
Antoine Prieur de la Côte–d’Or and Anne–Pierre Coustard were dispatched to the
Army of the Rhine. Carnot was the chief of mission. They arrived in Phalsbourg on
the 14th, summoned the acting commander, the former duc de Biron et de Lauzun,
together with his staff and immediate subordinates, and required them on the spot
to reply one after the other to the question: “Do you purely and simply accept the
decrees of the National Assembly, YES or NO?”

All accepted except one, whom they immediately relieved of duty. Thereupon
they moved among the rank and file from one unit to the next explaining the
portent of events in Paris, staged a triumphal entry into Strasbourg as embodiments
of the sovereign Republic, outmaneuvered the mayor, a constitutional monarchist,
purged the local administration of persons of his persuasion, replaced a number
of suspect officials throughout Alsace, entered into diplomatic relations with the
Swiss on problems of the scrambled border, and returned triumphantly to Paris on
4 September to assure the Assembly that the Army of the Rhine was trusty and the
eastern Departments loyal to the Republic (Reinhard, Chapter 18, I, pp 254–287).

Between Carnot’s election to the Convention a few weeks later and his entry
into the Committee of Public Safety in August 1793 he was much absent from
Paris in the discharge of further missions: to the Army of the Pyrenees when Spain
entered the war; to the Pas–de–Calais and the North when the initial conquest of the
Austrian Netherlands (i.e. Belgium) turned into confusion and defeat; to the Army
of the North when its commander, Dumouriez, deserted to the Austrians, taking
captive with him the Minister of War and several members of the Convention. At that
humiliating nadir of military misfortune Carnot overrode Dumouriez’s demoralized
successor and organized the defense himself.

His actions were no less firm in politics. He voted the execution of Louis XVI.
He moved the decree to annex Belgium and Monaco. He proposed the conscription
of all men between 20 and 25 (“every citizen is born a soldier”). Those measures
were consistent with the principle that he proposed for the basis of the Declaration
of Rights: that the “safety of the people is the supreme law.” Carnot’s was a tough
republican will, and his reputation that of a reliable, not to say a ruthless, patriot
when in the late summer of alarm, defeat, civil war, and treason he was called
upon by the more politically minded men constituting the great Committee of
Public Safety to join its membership together with a younger Burgundian and fellow
engineer, Prieur de la Côte– d’Or.

The historical vision of the French Revolution tends to be dominated by the
climactic events of the Year II of the Republic, which is to say the autumn, winter,
spring, and early summer of 1793–1794 prior to the overthrow of Robespierre on 9
Thermidor (27 July, 1794) and termination of the Jacobin Terror as an instrument of
government associated with his spirit and dominant influence. Those months were
dramatic ones from any standpoint, and not least Carnot’s. Barely 2 years previously
he had been a captain of engineers relieved that the way to promotion was finally
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open, settling into family life, and resigned to the imminent approach of middle age.
Now he found himself called to membership in the body of 12 men who were ruling
France and determining the destiny of the Revolution.

The Committee of Public Safety was like no government that had ever existed.
Originating in early 1793 to exercise the Convention’s general supervision, first
over the War Office, and then over all ministries, it rapidly came to supersede
them and to take executive power into its own hands. Everything about it was
anomalous except its energy. All powerful in action, it existed only at the will
of the Convention, which renewed its mandate monthly and only for a month.
Implementing its decrees through the Jacobin Club of Paris and the network of
Jacobin clubs throughout France, it both controlled and depended upon what was
in effect a one–party political system. By its own definition this government was
merely provisional, “revolutionary until the peace”. With no precedents, it evolved
its own procedures. Its responsibility was collective. Any or several members signed
and validated decrees for the whole, working round the clock behind the doors
of their council room in the Tuileries, sometimes two or three of them at a time,
sometimes five or six, never the whole 12. Some were off on mission to the armed
forces or to some point where counter–revolution threatened or revolution needed
their firm guidance. Their creation was the levée–en–masse, which mobilized the
French people into the first incarnation of a modern nation in arms beating back its
enemies, overrunning its frontiers, and destroying the assent of history to the old
order in Europe.

At home the Committee destroyed dissent. Its instruments were the Revolution-
ary Tribunal and the guillotine. No survivor involved in the application of that Terror
could ever after escape either the inner necessity to shift the responsibility from
his conscience elsewhere or the external necessity to justify himself when public
reaction set in after Thermidor. The purposes of the present monograph does not
require reaching a moral judgment on Carnot’s part in the Terror, whether it was
one of application or acquiescence. Several things may be said, however. On the one
hand his ruthlessness is not to be gainsaid. He encouraged Louis Turreau, deputy on
mission in the rebellious Vendée, to put down counter–revolution and “exterminate
the brigands to the last man”. He signed the decree ordering that the city of Lyons
should be brought into line, “torch in hand and bayonets fixed”. Toulon, also in
rebellion, was to be burned to the ground by red hot cannon balls.14

On the other hand there is justice in the view, originating with Hippolyte if not
with Carnot himself, that dissociates him from the zealotry of Robespierre, Saint–
Just, and Couthon, who would have made of the Revolution a moral crusade for the
regeneration of humanity, and woe in the Republic of Virtue to whoever faltered or
fell short. He is to be distinguished too from those other colleagues who appear to

14On that see Le grand Carnot by Reinhard (Reinhard, II, pp 86–87). On the governance of the
Committee of Public Safety, see Twelve Who Ruled: the Committee of Public Safety during the
Terror by Robert R. Palmer (Palmer).
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have been adventurers and malcontents rather than crusaders in a great cause: Collot
d’Herbois, a paranoid and unsuccessful actor; Billaud–Varenne, an unscrupulous
drifter and would–be lawyer; Hérault de Sechelles a renegade aristocrat; Barère the
wily politician who ever sought to please. It was not in the company of such as these,
fanatics, sadists, or demagogues, that Carnot was with his own kind, but rather in
that of Prieur de la Côte–d’Or and Prieur de la Marne, one an engineer and one a
lawyer (they were unrelated); Jeanbon Saint–André a Protestant, sometime pastor,
and ship’s captain; and Robert Lindet careful, industrious, and the senior member
in point of age.

Carnot concentrated on supreme direction of the war, with Prieur de la Côte–
d’Or’s assistance with respect to ordnance, supply, materiel, weaponry, and the
revolutionary production of saltpetre and gunpowder. He began by reorganizing
the armies and their command in the autumn and winter of 1793–1794. His also
was the strategy of a three–pronged offensive into Belgium in the spring of 1794.
Thereby the French armies passed over into the attack that they sustained against all
of Europe for the better part of 20 years. Robespierre, who had no head for military
matters, avoided the responsibility of signing the Committee’s decrees concerning
prosecution of the war, just as Carnot tended to eschew those concerning matters of
police and revolutionary justice (Reinhard, II, p 89). War and Terror were intimately
related, however. Military security was invoked at the time, and has often been
accepted by historians, as justification for the strong hand of the Terror. What is
more to the present point, it was certainly military success in the spring of 1794
that rendered the Terror unnecessary and finally intolerable to a people no longer
fearful of foreign invasion and in a position instead to export despotic interference
in ordinary life from its territory to that occupied by its armies.

Therein lay the reason that after 9 Thermidor Carnot alone among his erstwhile
colleagues remained in office, albeit not continuously, under the Convention and
into the regime of the Directory that ensued in 1795. “Carnot organized the victory”,
cried an anonymous voice from the floor of the Convention when at a tumultuous
session of that expiring body on 20 May 1795 he was under attack as an erstwhile
terrorist (Reinhard, II, p 158). Fearful of despotism, the framers of the Constitution
of the Directory placed the executive power in the collective hands of five men to
be elected by the upper house of the legislature upon nomination by the lower. In
November 1795 Carnot was elected a Director. During the nearly 2 years he held
office, he was the leading figure of that precarious regime, ill fated in the absence
of a stable, sturdy center by the irreconcilability of surviving radicalism on the left
and reviving royalism on the right.

In the early days the threat from the left seemed the more dangerous. Carnot
took charge of putting down with a very heavy hand a rising called Conspiracy of
the Equals, led by an obscure journalist, one François–Émile Babeuf. Regrouping
the armies after the disarray of Thermidor, and directing them across the Alps, he
seemed at first to handle military administration with his old sure touch. The sword
he chose turned out to have two edges. His was the decision to vest command
of the Army of Italy in the youthful General Napoleon Bonaparte, with whom
Carnot conducted a correspondence that for a short while bore the appearance of
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exchanges between patron and protégé, mentor and pupil, Aristotle and Alexander.
This time, however, instead of saving the Republic, the success of its military
strategy doomed it.

Carnot was driven from office 2 years before that dénouement. In the spring of
1797, the legislative elections resulted in a royalist resurgence. Unwilling to accept
the undoing of the Revolution, the factions of the left prepared to reject the verdict
of the polls and to purge the two assemblies of their reactionary members. Their
coup occurred on 18 Fructidor (4 September 1797). Carnot was persuaded that the
Constitution could not be preserved by violating its provisions and refused to lend
himself to that maneuver. Warned that his fellow Directors planned his arrest, he
escaped from his quarters in the Luxembourg, went into hiding for a few weeks,
and then fled into Switzerland. So ended the political career in which, though never
holding power alone, he shared in the supreme power for a longer period, August
1793 until September 1797, than any revolutionary statesman prior to Napoleon
Bonaparte and longer too than any minister of State had done throughout the
reign of Louis XVI. At few periods in modern French history would four almost
uninterrupted years of power seem short.

Thereupon, turning 50 years of age, Carnot resumed the studies in mechanics
and mathematics that he had begun with the ambitions of a young engineer in the
Old Regime. After the strenuous life of a national leader he reengaged his interest
in technical studies with every appearance of enhanced enthusiasm. Mechanics
and politics shared nothing in content. Nevertheless, given the historical juncture,
the two aspects of Carnot’s life were not different in the qualities required of
him. The activism animating the nascent profession of engineering was congruent
with the activism animating the large political affirmations of the Revolution. In
the great world of politics, men acted on the belief that by taking charge of their
own affairs they could add to their stature. In the special world of engineering the
practices on which men acted in building and working contained problems that were
brought into the house of science, where they alimented analytical mechanics and
helped turn it into modern physical science.

Carnot had written one major book, Réflexions sur la métaphysique du calcul
infinitésimal (Carnot 1797), before his entry into government and perhaps prior to
the Revolution. Like the Théorie des machines en général he developed it out of
a memoir he had submitted in 1785 to an academic prize competition, this one set
by the Prussian Academy of Sciences, Arts, and Letters in Berlin. The subject was
the theory of mathematical infinity. His remaining technical books followed very
rapidly on his retirement from government: Lettre au citoyen Bossut contenant des
vues nouvelles sur la trigonométrie (Carnot 1800a); De la corrélation des figures de
géométrie (Carnot 1801); the revision of Essai sur les machines en général (Carnot
[1783] 1786) under the title Principes de l’équilibre et du mouvement (1803a); the
book he considered his major work, Géométrie de position (1803b); and Mémoire
sur la rélation qui existe entre les distances respectives de cinq points quelconques
pris dans l’éspace, suivi d’un essai sur la théorie des transversales (Carnot 1806b).

The newly founded Institut de France constituted the forum in which Carnot
led a professional life throughout the Napoleonic regime. Embedded in the very
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constitution of the Directory, the Institute replaced the Académie des sciences,
which had been suppressed as a privileged body in August 1793. Like the Academy
before it, the First (or scientific) Class of the Institute fulfilled two functions. On
the one hand it saw to the advancement of Science by publishing its memoirs
and endorsing publication of worthy treatises submitted to the judgment of its
committees. On the other hand it advised government departments and the public on
technological matters by examining the design and merit of new machines, indus-
trial processes, and agricultural methods submitted by inventors and entrepreneurs
in hopes of a patent, premium, or subsidy. Throughout the Eighteenth Century in the
great days of the old Academy, its leading members esteemed the former of these
functions and regarded the latter with ill–concealed impatience. Something of that
differential was no doubt inherent in the value structure of the science of the Enlight-
enment. It would oversimplify and exaggerate matters to say that the utilitarian and
humanitarian emphasis of the Revolution transvalued those values. Nevertheless, the
Institute did devote a larger share of its attention to applied science and engineering.

There was, in short, a displacement toward engineering; or perhaps it would
be more accurate to say that engineering problems occupied a larger share of the
attention and respect of scientists. Such was certainly Carnot’s preference. He came
into the Institute from that world and was at ease in it as he probably would
not have been in the company of the old Academy. The effect of the Revolution
was to legitimate and accelerate this shift, not to cause it. Once his own treatises
just mentioned were published (which had no immediate effect in science proper
whatever their significance for its later course), Carnot devoted his time, energy, and
interest to many commissions of the Institute charged with examining the merits of
many of the numerous mechanical inventions that attest to the fertility of French
technical imagination in the early Nineteenth Century.

These tasks were no mere desultory hobbies of retirement. In an average year
Carnot would sit on 12 or 15 such commissions, some on machine technology, some
on military technology, some on mathematics. Carnot would frequently be charged
with framing the report. A number of these reports amounted to memoirs reviewing
the whole state of a subject. In reporting on a notational scheme for descriptive
algebra, for example, Carnot summarized the development of “analysis situ” (now
called topology) from its invention by Leibniz through the contributions of Euler
and d’Alembert to his own applications of algebra to geometry.

Normally, however, Carnot scrutinized inventions of a more practical sort. He
was a member of the Commission that Robert Fulton invited to watch his steamboat
mount the Seine in the summer of 1804. Even more intriguing was an internal
combustion motor called the Pyréolophore by its inventors, the brothers Claude
and Joseph Niépce, of whom the latter was known later for his invention of the
tintype and association with Daguerre in the development of photography. The
Niépce motor, said Carnot in an enthusiastic report (1806), was the first device
ever imagined for drawing motive power from the expansive force of heated air.
It presented the advantage over the steam engine that all the fuel was employed
to produce the expansion that went into the motive force. In 1809 Lazare Carnot
reported to the Institute on another heat engine invented by a prolific inventor
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called Cagniard de Latour. As in the Niépce motor the expansive agent was air
but employed in a much subtler manner. The fundamental notion was to pipe
atmospherically cool air into the bottom of a bath of heated water and to draw power
from its thermal expansion on rising.15 These devices have in common with the
ideal heat engine later imagined by Sadi Carnot that they draw motive power from
the expansibility common, not just to steam, but to all gases. That feature renders
them more interesting as probable intermediaries between the work of father and
son than are certain other, perhaps equally ingenious inventions on which Carnot
framed reports, notably a force pump operated by air compression, invented by a
certain Lingois; a number of hydraulic machines constructed and operated by a
prominent industrialist, Mannoury–Ectot; and a memoir of 1814 by Dupin on the
stability of floating bodies.

Such were Carnot’s occupations during the decade from 1804 to 1814 when he
was in his 50s and his two children were boys. He never abandoned his interests
in military strategy nor his role as a defender of the Revolution. He wished to help
defend the country amid the crumbling of the Napoleonic system and offered his
services to Napoleon at the moment when the catastrophic retreat from Moscow
reached the Rhine. In those desperate circumstances, Napoleon appointed him
Governor of Antwerp. Carnot commanded the defense. It was the only direct
command in his career, and he maintained French control even after Napoleon’s
first abdication. He then accommodated himself to the initial return of the Bourbons
and even addressed a memoir to Louis XVIII counseling him about the aspects of
the previous quarter century that the king must needs respect in order to preserve
his throne. Nevertheless, Carnot rallied to Napoleon upon the return from Elba and
took the Ministry of the Interior during the Hundred Days.

That act, rather than having voted for the execution of Louis XVI, exhibited the
consistency of the old revolutionary and was not forgiven by a monarchy that had
had to be restored twice. His wife having died and Sadi Carnot having graduated
from the École polytechnique, Carnot took the younger son, Hippolyte, into exile.
Forbidden the Rhineland because of its proximity to France, he and Hippolyte set-
tled in Magdeburg. There Carnot corresponded with German colleagues, published
a few volumes of mediocre verse, and brought up Hippolyte, who became a Saint–
Simonian.

There on 2 August 1823 Lazare Carnot died.

15For detail on these and other devices inspected by Carnot, see Lazare Carnot Savant
(Gillispie 1971, Chapter 1, pp 27–29, notes 47–54). On the Cagniard engine, see Sadi Carnot
and the Cagniard Engine by Thomas S. Kuhn (1961, pp 567–574).



Chapter 2
The Science of Machines

The great events that Carnot touched and shaped never caused him to lose sight of
the adaptation of the science of mechanics to the science of machines that he thought
to initiate when still an obscure young engineer. Fortunately for the historian, the
documentation is adequate to permit following his conceptions from their genesis in
the entry he prepared for the prize contest set by the Academy of sciences in April
1777 right through their development during his lifetime into the subject matter
of a new branch of science in the 1820s. Since his own ideas were expressed in
their most individual and unadorned form in his first publication, the Essai sur les
machines en général of 1783, it will be best to present them through the medium of
the detailed analysis of that work that occupies the current chapter. Thereupon it will
be informative to look first back and then forward. The stages through which Carnot
formulated his approach may be observed in the successive memoirs he submitted to
the Academy in 1778 and 1780. Twenty years later, an ostensibly retired statesman,
he extended and developed the subject in Principes fondamentaux de l’équilibre
et du mouvement. Beyond this, it is one of the purposes of the present monograph
to exhibit that Sadi Carnot’s Réflexions sur la puissance motrice du feu, published
in 1824, the year after his father’s death, may properly be read not only as the
foundation of thermodynamics, but also as the culmination of a methodologically
and conceptually coherent series of Carnot essays on the science of machines. After
surveying the literature of that subject a little more at large, it will be appropriate
finally to consider the relevance of Carnot’s mathematical writings to his mechanics
and his work in science.

2.1 Summary of Essai sur les machines en général

There is no difficulty in understanding why the scientific community should have
ignored Carnot’s Essai sur les machines en général in the 1780s. His book does
not read like the rational mechanics of the eighteenth century. It had long since
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become normal to compose treatises of mechanics addressed to a professional
public in the language of mathematical analysis; though Carnot reasoned no
less rigorously than did contemporary mathematical argument, he conducted the
discussion verbally, conceived the mathematical expressions he did employ in a
geometric or trigonometric rather than algebraic spirit, and usually went on to
explain in words what the formulas contained. The genre was apparently of an
altogether lower order than that of d’Alembert and Lagrange or Euler and the
Bernoulli family. Judging by the style alone, prolix and naive, a contemporary reader
might easily have supposed the book to be among the many negligible writings that
retailed merely elementary mechanics under one pretext or another.

Yet, the essay, despite its title, could never have served the purpose of a practical
manual for designing or employing actual machinery. Carnot proceeded on the basis
of a highly abstract definition of a machine: it was an intermediary body serving to
transmit motion between two or more primary bodies that do not act directly one on
another. Carnot lodged his complaint against the existing mode in mechanics right
at the outset. Since its problems were normally limited to analyzing the interactions
among primary bodies, the practice had tacitly arisen of abstracting from the mass
of the machine itself as if it were inertia free. While simplifying problems in
mechanics, however, that method of treatment, carried over from the geometrization
of simple machines in statics, complicated a dynamical study of machines. It was
standard procedure to deduce from the laws of mechanics the particular rules of
equilibrium and motion in each class of simple machines, i.e., cords, the lever, the
crank, the pulley, the wedge, the screw, and the inclined plane. No general principles
existed, however, that were capable of containing the conditions of motion and
equilibrium in all machines. In order to establish such principles, the mechanist
needed to treat machines like other bodies and account for their mass in his analysis.
Only then would the science of machines in general be feasible, and then it would
come down to resolution of the following problem:

Given the virtual motion of any system of bodies (i.e., that which each of the bodies would
describe if it were free), find the real motion it will assume in the next instant in consequence
of the mutual interaction of the bodies considered as they exist in nature, i.e., endowed with
the inertia that is common to all the parts of matter.1

Already it will appear that, verbally expressed–though the argument was, the Essai
sur les machines en général was beyond the comprehension of readers without
formal education. It presupposed the competence of scientifically literate persons,
but was not couched in language that would attract their interest. The essay would
have been accessible to trained engineers, in other words, and since the author
himself was of a first generation of them, the impediment was that it could have
been appreciated only in a profession that barely existed.

A difficulty about the content complements that about the form. The Essai sur les
machines en général mingled novelty of approach with the most elementary aspects

1Essai sur les machines en général (Carnot 1786, § X, p 21).
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of mechanics in such an unassuming fashion that it is not easy to distinguish in
retrospect what was new from what was obvious. Indeed, to treat Carnot’s scientific
career in point of discovery would be relatively unprofitable. Innovations there
were, to be sure, and far from negligible. But they did not occur on the frontiers
of unsolved problems in the science of mechanics. They occurred behind the front
lines, so to say, and rather than consider Carnot to have been a seeker and finder
in the conventional scientific sense, it will be better to approach his work as the
critic might that of a writer who should introduce a new idiom into a literature in
order to bring existing, largely unnoticed resources to bear on different purposes.
What Carnot added to mechanics accrued largely in virtue of what he thought to do
with it.

Before entering into his reasoning, a reader needs to be reminded of certain
contemporaneous physical conventions about the structure of matter. He will not
get beyond the first few pages of the Essai sur les machines en général without
encountering the distinction between hard bodies and elastic bodies that entered
mechanics in the early stages of collision theory in the seventeenth century and
disappeared into the theory of elasticity in the nineteenth. Carnot’s work came
into that development somewhat past its midpoint and inherited as assumptions
the positions adopted by Maupertuis.2 Perfectly hard bodies were held to be
indeformable and perfectly elastic bodies to contain forces capable of restoring their
initial shape and volume after compression or shock of impact. For completeness
there should have been the third category of soft bodies, deformable and incapable
of self–restitution. In the seventeenth century, John Wallis had addressed one of the
classic papers inaugurating these studies to the problem of the behavior of inelastic
bodies in collision.3 He wrote of hard bodies but, paradoxically enough, soft bodies
would behave in the same way in collision since they would not rebound. Resilience
or its absence being the significant alternatives, elasticity and hardness sufficed
for the idealized conditions. The polarity was unsymmetrical, however, because
hardness did not admit of degree whereas the degrees of elasticity could be attributed
to a complement of softness.

In modeling nature itself, hard bodies were taken to be fundamental, their
properties a manifestation of the impenetrability of matter inhering in the ultimate
corpuscles. In actual bodies, solid matter was imagined to. consist in such corpuscles
connected to each other by rods or shafts–rigid, inextensible, and incompressible
rods in hard bodies, springs in elastic bodies. In order to follow Carnot’s thought, it
will further be important to appreciate the way in which other physical states related
to the model, for that was not in the usual notion of progression from solid through
liquid to gas. Instead, liquids were fluids congruent with hardness in mechanical

2For a helpful account, see The significance of “hard bodies” in the history of scientific thought
(Scott 1959, pp 199–210).
3On that one can see A Summary Account of the General Laws of Motion, 26 November 1668
(Wallis).
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properties in that they were incompressible though deformable, and gases were
fluids mechanically congruent with elasticity in deformability and resilience.

These distinctions created dynamical difficulties for Carnot that might arouse
impatience in his modern reader. Historically, however, it would be misleading to
consider them false problems, for working through them was precisely what led
Carnot in the direction of physics of work, power, and ultimately energy, wherein
they did indeed become obsolete. The embarrassment grew out of the famous issue
in eighteenth–century dynamics about whether momentum (MV) or “live force”
(MV2) should be admitted to be the fundamental quantity conserved in interchanges
of motion. Ignoring (as is legitimate for present purposes) metaphysical aspects, it
was a limitation upon the employment of the principle of live force that although
seventeenth–century collision theory conserved its quantity in the interaction of
perfectly elastic bodies, in the supposedly more fundamental case of hard bodies,
MV2 was conserved only when motion was communicated smoothly (“by insensible
degrees” is the usual phrase), and not in impact or collision.

Looking back at Carnot’s writing, one can see that a treatise in which the quantity
now called work (force � distance) was to be designated as the measure of what
machines accomplish was in some sense bound to presuppose its equivalence to
kinetic energy ( 1

2
MV 2). How Carnot saw in advance that he must move towards

such a convertibility can only be conjectured. Dimensionally it derived from the
equivalence in the law of fall of “mgh” to “ 1

2
mv2”, known since Galileo as the means

of equating the velocity that a body would generate in falling a certain distance with
the force required to carry it back. Beyond that, the relation had to do with his
object in thinking of machines as massive bodies in action and not mere extensions
of rigidity serving the geometrical transfer of inertial motion, or in simpler words
with his having been an engineer. Certainly, too, his ideas carried over the role of
live–force conservation from hydrodynamics into what he would have regarded as
the deeper problem of hard–body interactions.

Following the publication of Daniel Bernoulli’s famous treatise in 1738,4

hydrodynamics was the subject in which the principle of live force was basic and
indispensable in the solution of engineering problems. There is thematic evidence
running through all Carnot’s writings on mechanics that the hydraulic application
of principles and findings, although ostensibly a special case, actually held a major
if not a primary place in his thinking.5 It would have been likely enough at the
outset, though not strictly correct, to think of motion being communicated by liquids
in accordance with the principle of continuity and to suppose from the common
incompressibility of liquids and hard bodies that the conservation of live force might
profitably be taken to be the principle governing the latter types of interaction, in
nature the most fundamental.

4Hydrodynamica sive de viribus et motibus fluidorum commentarii (Bernoulli D).
5Scholars have often cited the analogy between fluid flow and heat flow in discussing the influence
of Lazare’s work upon Sadi’s, though, as will appear, the present monograph makes a much wider
claim for the continuity between the work of father and son. See below Chapter 2, pp 44–45,
Chapter 3, pp 77–78, Chapter 5, pp 130–131.
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At any rate, whether for those reasons or others, the strategy of Carnot’s Essai sur
les machines en général was decided by the necessity to outflank the discrepancy
between continuous and discontinuous change of motion in hard–body interaction
and to define the sense in which the principle of live force might equally well be
employed in continuous or discontinuous interchange of motion between elastic or
inelastic bodies. To that end Carnot tacitly made use of distinctions that, although
he never saw so far, later developed into those between potential and kinetic
energy, work and power, input and output, scalar and vector quantity, reversible
and irreversible process.

In his avowed point of view Carnot robustly admitted to the engineer’s inaptitude
for metaphysics. There had always been, he acknowledged, two distinct approaches
to the science of mechanics, the experiential and the rational. The former, to which
he adhered, took its departure from those basic notions that we draw from our gross
experience of nature and to which we give the names body, power, equilibrium, and
motion. These ideas neither could nor needed to be defined. They were primary,
and other conceptions were derivative, such as velocity and the various types of
force in terms of which laws of motion were framed. The second approach was
one that would make mechanics a purely rational science. Its adherents began with
hypotheses, deduced the laws that bodies in motion would exhibit if the hypotheses
were correct, and then compared their conclusions with phenomena. What they thus
gained in elegance was at the cost of incomparably greater difficulty, for nothing
was more embarrassing in exact science, and especially in mechanics, than an effort
to formulate definitions entirely free of ambiguity. That was something he would
not and need not attempt6 in his Essai sur les machines en général (Carnot 1786,
pp 105–106).

Carnot’s reluctance with respect to definitions makes the Essai sur les machines
en général hard to follow for persons schooled in nineteenth–and twentieth–century
terminology. Only by the use he made of terms is it borne in on the modern reader
what he meant by them. Perhaps Carnot’s ambiguity may have been felt at the
time, for in reworking the material 20 years later for the Principes de l’équilibre
et du mouvement,7 he gave a glossary. Even those terms that are dimensionally

6Carnot did not pose the choice between with the two schools of mechanics as explicitly Jouguet
implies–i.e., that what distinguishes them is that one takes mass to be fundamental and force for a
derivative notion, and the other takes force to be fundamental and the laws of motion and impact
for derivative. Carnot’s one distinction may indeed come down to that, but he did not say so, and
Jouguet like other commentators on his mechanics confuses his Essai sur les machines en général
of 1783 with the Principes fondamentaux de l’équilibre et du mouvement of 1803 (Carnot 1803a).
On Jouguet see his Lectures de mécanique. La mécanique enseignée par les auteurs originaux
(Jouguet II, p 72).
7Perhaps it will be useful to reproduce the dimensional glossary from Carnot’s Principes
fondamentaux de l’équilibre et du mouvement (Carnot 1803a, § 18, p 13). Denoting mass by m,
linear distance by e (espace), and time by t, then

“Any quantity of the form or reducible to the form e
t

is called velocity”.
“Any quantity of this form, me

t
is called quantity of motion”.
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what might be expected did not carry the full meaning of later usage. For example,
the simplest, “vitesse”, might better be rendered speed than velocity, for Carnot
disposed of no convention for combining intensity and direction of quantity in a
single expression, but always specified the sense in which a velocity or force was
to be reckoned. The present discussion will follow Carnot’s own usage, translating
“vitesse” usually as velocity in order to avoid awkwardness, and understanding that
by “force” he usually meant quantity–of–motion (momentum) in moving bodies.
Given his point of view, only secondarily did he need to allude to Newtonian force,
the product of mass times acceleration. When he did, he normally employed the
phrase widely used in the eighteenth century, “force–motrice”, or “motive–force”,
dimensionally identical with “dead force” or statical pressure.

From among the basic principles of mechanics proper, Carnot chose two for
an introductory criticism that also established his own standpoint. The first stated
for the general law of equilibrium in weight–driven machines the condition that
the center of gravity of the system be at the lowest point possible. The second,
which Carnot called “Descartes’ famous law of equilibrium”; will be unfamiliar
under that designation both to the student of modern mechanics and the student of
Descartes, who in fact made no such statement. The principle was that two forces
in equilibrium were in inverse ratio to their “vitesses” (by which Carnot meant the
motions they produce) at the instant when one prevailed infinitesimally over the
other, thus initiating a “small” motion.

Carnot preferred to rely on the center of gravity principle. True, it was open
to certain objections. For one, its applicability appeared to be limited to machines
driven by weight. That defect, however, Carnot dismissed as merely apparent. It was
always possible to reduce the operation of other forces to that of gravity by replacing
their agency in principle with that of a weight acting over a pulley. This imaginary
transformation of the system may at first annoy the modern reader as a somewhat
sophomoric evasion of the difficulty, but it would be better to see in it the engineer’s
way of reducing an abstract problem to his own terms. Anyone who has been to
engineering school will have resorted to similar devices, although it would be more
germane to recall for a moment the analytic role of the experience and manipulation
of weight in the mechanics of an Archimedes, a Stevin, or a Galileo. Even Lagrange
was not above it.

“Any quantity of this form, e
t2

is called accelerating or retarding force”.
“Any quantity of this form, m e

t2
is called motive force”.

“Any quantity of this form,me
t

or of this,m e
t2

is called simply force or power.” [The ambiguity
here reflects the historical situation. Although the concept of power (puissance) as the rate work
or energy changes with respect to time was implicit in Carnot’s analysis, he could also use the
word as a synonym for force, often with the implication of latent force as the ability to exert
effort].
“Any quantity of this form, me2

t2
is named motive live force, moment of motive force or

moment–of–activity”.
“Any quantity of this form, me2

t
is named moment of the quantity of motion, or quantity of

action”.

The significance for Carnot of the last two quantities will appear in what follows.
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A further objection was more serious. There were exceptions to the statement that
equilibrium required that the center of gravity be at the lowest possible point, as
indeed there were to all assertions involving maxima and minima. There might be
provisional or temporary equilibrium in other configurations of the system. In order
to obviate that difficulty, Carnot employed a type of argument that his reader soon
comes to recognize for characteristic. He restated the principle by appealing to the
operation of an ideal machine. The form is arbitrary. No forces are applied other
than weights. No motion has been imparted. In the quiescent state, the sum of the
resistances of the fixed supports estimated vertically must equal the weight of the
system. Suppose now that a “small” motion begins. A portion of the weight must
have gone into producing movement, and only with the remainder are the fixtures
loaded. The difference between weight of the system and load on the fixed supports
will be the force depressing the center of gravity at a rate (here Carnot used the
word “vitesse” where we should say acceleration, a term he rarely employed) equal
to that difference divided by the mass of the system. It follows that if the center of
gravity did not descend, there would be equilibrium:

To demonstrate that several weights applied to any machine whatever are in equilibrium, it
suffices to prove that if the machine be left to itself, the center of gravity of the system will
not descend.8

What is noteworthy is the mode of reasoning, which combined the ideal with the
operational and did so in a negative and restrictive way. In a treatise purporting to
rest upon experience, a reader might expect that a demonstration would consist in
a generalization of experiments. Not at all–it was based upon the exclusion in an
idealized, unrealizable thought experiment of what we recognize from our general
experience would not occur in the behavior of real objects. Nothing was new about
the logic: Stevin, in obtaining the law of the inclined plane from the exclusion of
perpetual motion, had adapted the geometric proof from the absurd to physics. The
assertion was that a proposition was correct if its contrary entailed consequences
that were physically unthinkable. Nothing was new about the model: the motions of
systems of mass–points had long been the object of an analysis that had idealized
bodies and turned rational mechanics into a form of mathematics. But, as in other
aspects of Carnot’s work, what made the difference was the use he repeatedly drew
out of such arguments until they became the distinctive idiom of the science of
machine motion.

As for the so–called principle of Descartes, Carnot found in it disqualifying
flaws. It was less general than the center–of–gravity principle thus transformed,
from which it could be deduced by conversion of its forces into weights acting
over pulleys. It applied only to systems in which no more than two forces were
at work. More seriously, it envisaged only the relative amounts of the forces in
equilibrium, whereas in requiring their vertical projections the center–of–gravity
principle specified also the direction of those forces. (It is just in these passages
that one may begin to appreciate how Carnot’s attempts to analyze the manner in

8Carnot 1786, § II, p 14.
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which forces transmitted by shafts, cords, and pulleys would constrain and move
points within systems composed of rigid members, clumsy though these constructs
seem, they nevertheless belong to the pre–history of vector analysis in exhibiting
awareness that the quantity of a force comprises direction as well as intensity).

Nothing in the principle of Descartes even required that two forces in order to
be in equilibrium must act in opposite senses, and it could not, therefore, specify in
what their opposition consisted. In raising that problem, Carnot anticipated one of
the clarifications of which he was always proudest, the distinction between what
he called impelling forces (“forces–sollicitantes”) and resisting forces (“forces–
resistantes”). Not by a metaphysical differentiation between cause and effect would
we tell which is which, but merely by the geometry of the system. As shown in
the sketch, a force that made an acute angle with the direction wherein the motion
occurred would be called impelling; a force that made an obtuse angle would be
called resisting (Fig. 2.1).

Fig. 2.1

Finally, Carnot lodged another criticism against the principle of Descartes together
with all those that invoked a “small”–i.e., infinitesimal–motion arising in the system.
He had in view here the principle of virtual velocities, of course, although he
did not identify it by name. This approach never specified what determined that
infinitesimal motion. If it was necessary to invoke a new mechanical principle for
that, then the original one was inadequate. If, on the other hand, the geometry of the
system sufficed to determine the nascent motion, how did it do so? The identical
objection lodged against analyses that considered two machines in two states
infinitely close to each other. In specifying how the machine must move in passing
from one to the other, either it was necessary to invoke a new principle, or else the
determination was present in the geometry of the system, and in the latter case it
was a defect of the principle that it failed to make evident the geometric conditions
of the motion. In fact, however, such motions were subject to certain conditions, in
definition of which Carnot was going to propose for the whole class the designation
of geometric motions. As will appear, his geometric motions differed from virtual
velocities in being finite, and amounted to possible or actual displacements in which
no internal work was performed or energy consumed within the system.

Both of the foregoing principles applied only to equilibrium, and though
Carnot alluded to d’Alembert’s principle as justification for extending equilibrium
principles to motion, he made no actual use of it, preferring in practice to found
the reasoning on the conservation of live force. From among laws of motion and
equilibrium themselves, Carnot chose two as axiomatic. The first was the equality
in opposite senses of action and reaction, which he did not identify as Newton’s
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third law of motion. It applied to all bodies without exception. The second applied
only to hard bodies and asserted that in their interactions, whether by impact or
pressure, their relative velocity in the next instant was zero. From these two laws,
two corollaries followed: first, that the intensity of interactions between two bodies
depended only on their motion relative to each other, and second, that the force they
exerted on each other in impact was always along a perpendicular to their common
surface at the point of contact.

Carnot began the argument itself by deducing from these fundamental principles
an equation stating that in the motion of a system of hard bodies the net effect of
mutual interactions among the corpuscles constituting the system was zero. Applied
to generalized systems of hard bodies, this equation reduced to an expression
equivalent to the conservation of live force. Just there, however, Carnot encountered
the inapplicability of that principle to hard–body collision. It was mainly in order to
turn this difficulty that Carnot defined for purposes of analysis the class of geometric
motions, i.e., displacements depending for their possibility on the geometry of a
system and not on rules of dynamics based in physics. For such motions Carnot
might ignore the supposed loss of live force in inelastic collision. Invoking them
permitted him to transform his fundamental equation into an indeterminate of
general application into which arbitrary values determining the motions might be
introduced in the solution of particular cases.

In later terms, this analysis amounted to a derivation of conservation of moment–
of–momentum or torque from conservation of energy or work. Since what Carnot
required for a theory of machines was precisely the license to disregard the internal
constraints and interactions of systems of bodies and forces, he made conservation
of moment–of–momentum (“moment of the quantity–of–motion”, in his words) the
fundamental principle in mechanics generally. From it he deduced the Principle
of Least Action and restatement of conservation of live force in an altered form
expressing that what machines transmit is power rather than motion. Indeed, the
central thrust of Carnot’s contribution to mechanics was tacitly to transform the
analysis of motion into the analysis of power.

The second part of the Essai sur les machines en général applied Carnot’s
adaptation of the principles of mechanics to the operation of machines themselves.
The most important definition was of the quantity now called work. Carnot called
it “Moment–of–Activity” and identified it clearly as the basis for measuring input
against output in machine processes. Recurring to the principle of moment–of–
momentum, Carnot deduced from it the most original of his propositions: that, in
the case of a machine transmitting motion smoothly, the work done by the impelling
forces equals the work done by the resisting forces. The principle, since named after
Carnot, follows directly: characteristically, he thought of it and stated it restrictively
to the effect that the work done by a system of moving parts equals the work done
on it only if percussion or turbulence be eliminated in the transmission of motion (or
power). A concluding scholium inveighed against the chimaera of perpetual motion,
discussed the factors of mechanical advantage, developed the conditions for efficient
design of machinery with particular emphasis on hydraulic power, and made the
distinction already outlined between the experiential and rational approaches to the
science of mechanics.
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Such were the main heads and findings of Carnot’s first publication. Readers inter-
ested largely in a qualitative summary of what he did may find this outline sufficient
and prefer to pass on directly to Chapter 3, which discusses the background of the
Essai sur les machines en général and the ensuing development of the science of
machines. Readers more immediately concerned with the inwardness of eighteenth–
century mechanics itself may wish to follow the detailed précis and analysis of the
argument that occupies the remainder of the present chapter.

2.2 Geometric Motions

Imagine, Carnot charged his reader, any system of hard bodies in which the virtual
motion is modified into some other motion in consequence of the internal constraints
and interactions among the bodies. The example that he meant but did not specify
was in consequence of their being assembled into a machine. The general problem
of mechanics was to find that other motion, and Carnot began his resolution by
summing the interaction of contiguous corpuscles, m

0

and m00. From the two basic
axioms (equality of action and reaction and zero relative motion following collision)
and designating by

F
0

The action of m00 on m
0

, i.e., the “force” (quantity of motion) that m00
imparts to m

0

,
F00 The reaction of m

0

against m00,
V

0

and V00 The respective velocities immediately after impact,
q

0

and q00 The angles between the directions respectively of V
0

and F
0

and those
of V00 and F00,

Carnot obtained the expression9

Z
F 0V 0 cos q0 C

Z
F 00V 00 cos q00 D 0

9Perhaps it will be helpful to give here Carnot’s explanation of this method of representing the
projection of a force or any directed quantity upon another in terms of the elementary trigonometry
of a right triangle (Fig. 2.2).

Fig. 2.2
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for the interaction of neighboring corpuscles taken two by two; which according to
his wont he also stated verbally:

That is to say, that the sum of the products of the quantities of motion impressed on each
other by the corpuscles separated by each of these little inextensible wires or incompressible
rods [ : : : ] multiplied by the velocity of the corpuscle on which it is impressed, evaluated in
the direction of that force, is equal to zero.10

Carnot next considered the system in motion as a whole in order to analyze the
internal interactions of the constituent parts, and adopted designations that he
thereafter used quite consistently for the several quantities. He called

The mass of each corpuscle m
Its virtual velocity W
Its actual velocity V
The velocity that it loses,11 in the sense that W is the resultant of V and of
this velocity which is U
The force (quantity of motion) that each contiguous particle imparts to m
and from which derives all the motion it receives from the system F
The angle between the directions of W and V X
The angle between the directions of W and U Y
The angle between the directions of V and U Z
The angle between the directions of V and F q

Aa represents the initial quantity and AB the direction in which it is to be “estimated”. Thus,
the projection Aa0 of the force Aa estimated in the direction AB is given by “Aa cos aAB”. The
explanation is from the Principes fondamentaux de l’équilibre et du mouvement (Carnot 1803a,
§ 26, p. 16). In the Essai sur les machines en général he did not stop to explain these elementary
devices but simply employed them. (The interest lies mainly in the example they afford of his
geometric and trigonometric way of visualizing relations. This comes out initially in the 1778
memoir for the Académie des sciences. (See: Gillispie 1971, Appendix B esp., § 52–60)). In the
expression given in the text above, the velocity of m

0

imparted by the force F
0

estimated in the
direction of F

0

is “V
0

cos q
0

”. Since F
0

and F00 denote quantity of motion, what this expression
says in the notation of a modern primer would be

P
M 0V 02 CP

M 00V 002. Carnot in this book
used the sign “ †” indifferently for integration and summation.
10Carnot 1786, § XV, p 26.
11It was one of Carnot’s central conventions that when a system is set in motion, the difference
between virtual and actual velocity in any component part is “lost to” or as the sign may be
“gained from” the mutual interactions or constraints within the system. The usage comes from
d’Alembert’s mechanics. Carnot used the terms in the Essai sur les machines en général of 1783
and explained them in the Principes fondamentaux de l’équilibre et du mouvement of 1803 (Carnot
1803a, § pp 41–43; pp. 24–26 and Pl. I, Fig. 4), and did so in the following manner. If a body
M tends to move with the virtual velocity MW , but is constrained instead to take on the velocity
MV , then if a parallelogram of velocities is constructed, the velocityMW maybe resolved into two
components. of which one, MV , will be the actual or remaining velocity and the other MUwill
be called the velocity “lost” by the body M. Prolonging MW in the opposite direction will give us
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Given these designations, Carnot by means of simple algebra obtained from the
previous equation an expression that he called his first fundamental equation (E), as
follows:

Z
mVU cosZ D 0 .E/ (2.1)

Only later in the argument did he point out that this expression was formally
identical with conservation of live force. (Since U cosZ D V the expression
reduces to

R
mV 2 D 0). He could not simply invoke that principle directly, however,

given his assumption about the inapplicability of the principle to hard–body
collision. He was bound by the generality in which he had set himself the problem
to convert the expression into one applicable to interactions of elastic body and of
hard body (the more so as the latter were generally taken for the term of comparison
in nature) whether motion was communicated by impact or by insensible degrees.

To that end, Carnot introduced at this, the critical juncture of his argument, the
notion that he always regarded as his most significant contribution, to mathematics
as well as to mechanics: the idea of geometric motions, i.e., displacements that de-
pended for their possibility only on the geometry of a system quite independently of
the science of dynamics. Carnot’s geometric motions became virtual displacements
in later mechanics. The idea was an interesting one, therefore; it played a distinctive
part in his own analysis; more signally than any other element it exhibits that a kind
of operational economy in Carnot’s reasoning was what differentiated it from the
classical mode of analytic mechanics.

Imagine, Carnot asked in regard to a generalized system of hard bodies, that just
as the system is struck, its actual motion be stilled and it be made instead to describe
two successive movements arbitrary in character but subject to the condition that
they be equal in velocity and opposite in direction. The configuration of the system
being given, it was clear that such an effect could be accomplished in infinitely many
ways, and (what was essential) by purely geometric operations.

In the Essai sur les machines en général Carnot did not at once achieve a
definition of this class of motions that was both simple and adequate to the use
he needed to make of them (although about the use itself, as will appear, he was
perfectly clear). Thus, he laid down first that motions would be geometric if they

the complementary case, a construction for velocity “gained”, MU 0in configurations in which the
constraints augment initial virtual velocity (Fig. 2.3).

Fig. 2.3



2.2 Geometric Motions 27

involved the constituent bodies of a system in no displacement relative to each
other. The converse would not be true, however, for motions that did involve such
displacements might be geometric. For example, in the case of a machine composed
of two weights suspended in equilibrium over a wheel and axle, a motion consisting
of the descent of one from a height equal to the circumference of the wheel
compensated by the raising of the other through a length equaling the circumference
of the axle would be geometric since the equal and opposite movement could occur.
Moreover, Carnot’s purpose required him in a later passage to extend the concept
to include motions of a system that meet the condition of reversibility in virtue of
eliminating from consideration the components that (in later terminology) do no
work. Perhaps, therefore, it will be legitimate for the sake of clarity to give the
definition he did achieve in reworking the material in 1803 for the Principes de
l’équilibre et du mouvement, wherein he suppressed allusions to these imaginary
and reversible displacements, and laid down:

Any motion will be called geometric if, when it is impressed upon a system of bodies, it
has no effect on the intensity of the actions that they do or can exert on each other when any
other motion is impressed upon them.12

In the Essai sur les machines en général however, Carnot was thinking primarily in
terms of bodies and displacements when it was a question of internal interactions
in a system and only derivatively in terms immediately translatable as work and
energy. Applying the concept of geometric motion to a generalized system of hard

12Carnot (1803a), § 136, p 108. It will help clarify movement tangential to the surface both stages
in his thought to give a few examples.

(a) From the Essai sur les machines en général of 1783 (Carnot 1786):

1. Two globes in contact. An impulse displacing both in the same direction along the line of
centers would produce a geometric motion; an impulse separating them along the line of
centers would not.

2. Several bodies attached by flexible but inextensible wires to a common center. Any motion
in which all remain equidistant from the center is geometric even if they shift among
themselves; any motion altering the length of a radius is not.

3. A body moving on a curved surface. A movement tangential to the surface would be
geometric; any departure from the tangent would not.

In each instance, the justification is that the equal and opposite motion is possible in the first case
and not in the second (Ivi, 28–30n).

(b) From the Principes de l’équilibre et du mouvement of 1803:

1. Two bodies, A and B, are fixed to either extremity of a lever arm; the arm is rotated
around a fixed point C. Each body assumes an angular velocity proportional to AC and
BC respectively; since neither of these velocities influences the action of one body on the
other whether by gravity or in any other manner the rotation of the lever is a geometric
motion (Carnot 1803a § 139, p 111).
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bodies, he noted that by definition the relative velocity of neighboring corpuscles
would be zero during the initial instant of such a motion. Designating by

u The absolute velocity of the corpuscle m in the initial instant of a geometric
motion

U As before, the velocity “lost” to the internal interactions,
z The angle between u and U,

then, since the corpuscles of the system would not tend to displace relative to each
other in consequence of the velocity “u” alone, the mutual interactions within the
system would be the same whether it was considered that “m” was animated solely
by the velocity lost “U” or by the combined velocities “u” and “U”. But if all the
corpuscles were animated by the velocity “U” alone, equilibrium would necessarily
obtain. Therefore, the real velocity after interaction would be “u”, and by reasoning
similar to that which yielded the first fundamental equation,

Z
mVU cosZ D 0; .E/ (2.1)

Carnot had his second fundamental equation,

Z
muU cos z D 0; .F/ (2.2)

In which he has replaced an actual, physical velocity “V” with an idealized
geometric velocity “u”.

Let us summarize, then, more explicitly than Carnot in the toils of his argument
did himself, what precisely he thought to have gained by transposing the problem
into terms of geometric motions. In the first place, that step justified him in
extending the principle of conservation of live force to hard–body interactions,
whether sudden or smooth, and that is how he interpreted Equation (F) (see Eq. 2.2).
As he observed later in the Principes de l’équilibre et du mouvement, all bodies are
susceptible of geometric motion, whether hard, soft, or elastic, whether solid or
fluid, for the reason that by definition these motions had no bearing on the internal
interactions of bodies and were entirely independent of these dynamical distinctions
(Carnot 1803a, § 144, pp 114–115). Hence, Equation (F) (see Eq. 2.2) extended to
hard–body interaction, and, since it contained as a special case Equation (E) (see
Eq. 2.1), which was itself a statement of conservation of live force, it authorized
Carnot to take that principle as fundamental in the realm of geometric motion. And
that, in the second place, is all he needed, since among the geometric motions of
which a system was capable would be the real motion that it assumed upon any
actual impulse. In the third place, therefore, Equation (F) (see Eq. 2.2) represented
the solution to the problem originally posed–i.e., given the virtual motion of any
system of hard bodies, to find the actual motion of the system upon communication
of external forces.
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It will be well to specify what Carnot meant by a solution. Since Equation (F)
(see Eq. 2.2) was indeterminate, it would hold whatever the value of “u”. Provided
that the motion be geometric, particular values and arbitrary directions might be
attributed to the indeterminate according to the conditions of the specific problem,
and it would then always be possible to formulate equations between the unknowns.
For an example, Carnot produced the problem of a system of bodies unchanging in
relative positions and containing no attachments to external fixtures. The solution
could be drawn from Equation (F) (see Eq. 2.2) by supposing arbitrarily that all
points of the system were subjected to a geometric motion such that their velocities
“u” were parallel to a given right line. Since “u” was then constant, Equation (F)
(see Eq. 2.2) became

Z
mU cos z D 0;

which stated that the sum of the components of the forces “lost” to the constraints in
the arbitrary direction of “u” was zero, and hence the resultant force was the same
as if each body had been free. This was a “well–known principle”, observed Carnot,
not identifying it.

A second example was that of the same system made to rotate around a given
axis, so that each of the points described a circle in a plane perpendicular to the axis.
The movement being geometric, “R” being the radius of “m” and “A” a constant for
all points, it was clear that

u D AR

and that Equation (F) (see Eq. 2.2) became

Z
mRU cos z D 0:

That is to say, the sum of the moments relative to any axis of the forces “lost” to
the mutual interactions was zero–another “well–known principle” said Carnot, not
identifying it in that place for conservation of angular momentum or moment–of–
momentum.13 Of that, to which he recurred in a fundamental way, more needs to be
said in the next section. What is characteristic to notice here is that such results were
what Carnot meant by solutions to the problem. Contrary to what might have been
expected of a young engineer, there were no numerical problems and solutions in the
Essai sur les machines en général just as there were no formulations not applicable
generally to any type of machine.

13On that please consult Essai sur les machines en général (Carnot 1786, § XVII, p 33).
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2.3 Moment–of–Momentum

Having obtained a general solution for his fundamental problem of mechanics,
Carnot now needed to state it in a form suited to drawing out the consequences for
the theory of machines. To that end he turned to demonstrating its equivalence to the
law called in later mechanics that of the moment–of–momentum, which involved
much more for him than the example just cited concerning moments of forces
relative to different axes of rotation. Carnot named the principle moment of the
quantity–of–motion. Adducing it in terms of his geometric motions, he employed it
for the same purpose that (according to Truesdell) physicists usually have done, in
order “to obviate the need to specify the mutual forces among the particles of a rigid
or deformable body.”14

Referring still to a generalized dynamical system of bodies, wherein “m” is the
mass of each body and “V” its velocity, suppose there be impressed upon it a
geometric motion of velocity “u” which in its direction makes the angle “y” with
the direction of the velocity “V”. The quantity

muV cosy

would then be the moment of the quantity of motion “mV” with respect to the
geometric motion “u” and its sum,

P
muV cosy would be the moment of the

quantity–of–motion of the system with respect to the geometric motion imparted
to it. Retaining the notation of the basic problem and expressing it by

R
muW cosx The moment of the quantity–of–motion of the system before

impact,R
muV cosy The moment of the quantity–of–motion of the system after impact,R
muU cos z The moment of the quantity–of–motion “lost” in impact,

Carnot showed by a simple trigonometric argument that

Z
muU cos z D 0

and hence

Z
muW cos x D

Z
muV cosy

14Whence the law of moment of momentum? in his Essays in the History of Mechanics (Truesdell
1968b, p 243).
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so that he could state a fundamental theorem:

In the impact of hard bodies, whether the impact be immediate or be transmitted by means
of any springless machine [machine quelconque sans ressort], it is always true that with
respect to any geometric motion–

1. The moment of the quantity–of–motion lost by the system as a whole is equal to zero.
2. The moment of the quantity–of–motion lost by any portion of the bodies of the system

is equal to the moment of the quantity–of–motion gained by the remaining portion.
3. The moment of the quantity of real motion of the general system immediately after im-

pact is equal to the moment of the quantity–of–motion of the same system immediately
before impact.15

These three propositions were identical at bottom, being simply interchangeable
ways of stating the solution contained in Carnot’s fundamental Equation (F) (see
Eq. 2.2). Nevertheless, the third was the most important to Carnot, for it was from
that way of looking at the problem that he later in the argument drew out his
own injunction to continuity in the transmission of power. Already in this passage,
however, the principle appeared to him to be the most valuable in all the science of
mechanics. For here was a quantity that did indeed remain unaltered in any impact,
whether direct or indirect. The quantity was not what Descartes had thought it to
be, the sum of the quantities of motion. That conservation holds only for particular
directions and only when the system is free. Neither was it the sum of the live forces.
That quantity is conserved only in the gradual transmission of motion. Here was this
further quantity, however, that could not be diminished by obstacles interposed in
the way of the motions of the system, nor yet by the machines that transmitted the
motions, nor finally by percussions that might intervene; and that was the moment
of the quantity–of–motion of the system in general with respect to any geometric
motion it could perform. That principle (Carnot went on) contained all the laws of
equilibrium and motion of hard bodies. He would next show that it might equally
well be extended to other bodies whatever their nature or degree of elasticity.

In the inquiry just cited, Truesdell remarks that specialists in classical mechanics
consider their subject to be one based on three fundamental laws: “the conservation
or balance of force, torque, and work, or, in other terms, of linear momentum,
moment of momentum, and energy” (Truesdell 1968a, pp 241–242). It would falsify
the way it looked to Carnot himself to say that he saw the science so categorically.
Yet it would not falsify what was actually in his reasonings to say that he found the
first of little use for his purposes, felt that he could assume the third while requiring
to give it more prominence than it was currently receiving, and while not claiming
to originate the second, did believe that he had given an original argument for a
principle the generality and profundity of which was then far from understood, and
which he required in order to draw consequences that were his own. Even so it was
not his originality on which he insisted but the conviction the argument gave to a
rationality of mechanical practice that he felt should have been possible at any time.
For Carnot was proud of his subject itself rather than vain of what he individually
contributed to it.

15Carnot (1786), § XXII, pp 43–44.
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Carnot justified his strong statement of conservation of moment of the quantity–
of–motion with a series of corollaries and remarks that deduced from it principles
he had been assuming and expressed them in a form applicable to the motion of
machines. In the first he demonstrated that among the geometric motions of which
a system was capable, the one that would actually occur would give a minimum
value for the sum of the products of each of the masses by the square of the velocity
lost–though what he really meant, he hastened to point out was that the differential
would be zero,

d

Z
mU2 D 0;

which could also be true of a maximum or, under certain conditions, of a value that
was neither a maximum nor a minimum. (No doubt this possibility was what he
had had in mind at the outset in noting the exceptions to which the conventional
statement of the lowest center of gravity principle was liable (Carnot 1786, § II,
p 12)). Carnot explicitly recognized the analogy of this proposition with Maupertuis’
Principle of Least Action. The remark is revealing of the background of his own
thinking, for, excepting d’Alembert, Carnot in the Essai sur les machines en général,
mentioned no other writer on mechanics more recent than Descartes. Departing from
d’Alembert’s point of view that the fundamental phenomena are those of inertial
motion, the quantity of which constitutes force in his thinking, he directed the
analysis to determining what forces could do, their action–though for Carnot this
was an engineering concept and never a metaphysical one.

In the second corollary, Carnot turned to live force and stated that in hard–
body impact the sum of live forces before collision equals the sum after collision
plus the sum of the live forces that would obtain if the velocity remaining to each
moving part were equal to what it had lost. The proof consists in a simple and
obvious trigonometric transformation of Carnot’s first fundamental Equation (E)
(see Eq. 2.1)

Z
mVU cosZ D 0

into the expression

Z
mW 2 D

Z
mV 2 C

Z
mU2:

The analogy, Carnot here pointed out, between his Equation (E) (see Eq. 2.1) and the
conservation of live force thus amounted virtually to a demonstration. So also did
the analogy of that equation with the same conservation in systems of hard bodies of
which the motion changed insensibly, for then, “U” becoming infinitesimal, “U2”
became an infinitesimal of the second order. He developed and established these
points in the remaining two corollaries.
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In the third corollary, Carnot turned attention to a subject that he had not yet dis-
cussed and that may be called Newtonian force only if it be disclaimed immediately
that he saw it in such guise. For Carnot, the case was the one he had just mentioned,
that of a system of hard bodies in which motion was communicated by insensible
degrees. It was “motive force” that would have that effect, “force–motrice”, and
since he had not previously considered it, he required additional notation according
to which

The mass of each body is m
Its velocity is V
Its motive force is p
The angle between V and p is R
Its velocity in any geometric motion of the system is u
The angle between u and p is r
The angle between V and u is y
The element of time is dt

Then the Equations (E) and (F) were shown to take the respective forms16:

Z
mV pdt cosR �

Z
mVdV D 0

Z
mupdt cos r �

Z
mud .V cosy/ D 0

Considering, then, a body freely describing a trajectory in uniformly–accelerated
motion, he integrated the former of those equations over time and space and obtained
the conservation of live force in the form

Z
mV 2 D

Z
mK2 C

Z
mV 02

where “V” was final velocity, “K” initial velocity, and “V
0

” velocity acquired under
a constant motive force in an undetermined time.

Finally, Carnot in his fourth corollary derived from the conservation of moment
of the quantity–of–motion a proof that his fundamental indeterminate Equation (F)
(see Eq. 2.2)

Z
muU cos z D 0

16The terms “pdt cosR � dV ” represented the velocity lost by m in the direction of V in
consequence of the interactions of the bodies, and were substituted for “U cosZ” in Equation
(E) (see Eq. 2.1). Similarly “pdt cos r � d .V cos y/” was the velocity lost by m in the direction
of u, and substituted for “U cos z” in Equation (F) (see Eq. 2.2).
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governed motion and equilibrium not only in the case of hard body (that he had
already proved in deriving it), but that it was a general law holding good for all
bodies whatsoever. The proof being a digression from the theory of machines itself,
it will not be necessary to follow it in detail. It turned on pointing out that in hard–
body problems, Equation (E) (see Eq. 2.1) became one of the determinates of the
indeterminate (F) (see Eq. 2.2) since by definition in that case, u D V (i.e., the real
motion is geometric). For other types of body, expressions drawn from their nature
would be needed in order to establish determinate values. For example, in respect
of the force F that bodies exerted on each other, if in other bodies it was n times
unity, then it would be possible to put U

n
in place of U and express Equation (E) (see

Eq. 2.1) in the form

n

1 � n
Z
mVU cosZ D

Z
mU2:

In the case of perfect elasticity, in which convention would put n D 2 this expression
reduced to

Z
mW 2 D

Z
mV 2;

which, of course, was conservation of live force. That conservation was for
elastic collision what the Equation (E) (see Eq. 2.1) was for hard bodies, i.e., the
characteristic determinant, which was just what he had undertaken to demonstrate
at the outset.

Three remarks completed Carnot’s formulation of the principles of equilibrium
and motion themselves. The first referred the expressions he had derived to Cartesian
coordinates, in which they appeared much simpler. Indicating by single, double,
and triple primes the components of the quantities referred to three mutually
perpendicular axes, and considering the conditions of equilibrium, Equation (E) (see
Eq. 2.1) reduced to 0 D 0; the fundamental Equation (F) (see Eq. 2.2) became

Z
mu0W 0 C

Z
mu00W 00 C

Z
mu000W 000 D 0I

and the general indeterminate for equilibrium in the case of motive forces became

Z
mu0p0 C

Z
mu00p00 C

Z
mu000p000 D 0:

A second remark was more significant of Carnot’s own style of thought. Tradi-
tionally mechanics had not only abstracted from the massiness of machines, but
had treated obstacles and fixtures like the fulcrum of a lever either as stationary
or as outside the system. Strictly speaking, however, no object in nature could be
considered stationary, and no body was without mass. Rather than thus limiting
the scope of the analysis, Carnot proposed a different mode of visualizing, one
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involving approximations to the material reality. He would let the fixtures and
obstacles affecting the motions of a system be considered bodies of infinite mass and
density though mobile in principle and hence susceptible of geometric motions. He
would let bodies that merely communicated motion without offering any resistance
to changes in the state of the system be considered bodies of infinitesimal mass
and density. Of the two notions, the former seems the more significant, not for any
practical difference it made in mechanics, but because this mode of accountability
for mass bears a striking ancestral resemblance to that of the accountability for
heat in Sadi Carnot’s analysis of a heat engine drawing upon and discharging into
reservoirs and sinks of heat of infinite capacity. By means of the latter notion, on the
other hand, the mathematical theory of each of the classic types of machine might
be derived from Equation (F) (see Eq. 2.2).

Finally, Carnot began turning the discussion toward the object ultimately in view,
the application of the principles of equilibrium and motion in the form just given
them to the theory of machines. For that purpose, he found the word “power”
(puissance) more natural than “force”, and it would appear that Carnot’s discussion
marks an early stage of the process in which that word began making its transition
from the usages of ordinary life into the service of exact science and engineering.
Nothing could be more fundamental, of course, than the existence of bodies acting
on and modifying the motions of other bodies in accordance with first principles.
Cases would arise, however, in which it would prove convenient to abstract from
the mass of bodies for the sake of considering only the effort being made by them–
the pull of the cord against the load, the thrust of the wind against the sail, the drag
of the current upon the boat, the resistance of the body to impulsion, the friction
between the bearing and the moving part. When it was a question of effect, the
size or nature of the agent made no difference, whether the source of power were
man, beast, or machine; wind, water current, or weight. As for machines, they were
considered to be assemblages of immaterial obstacles and moving parts capable of
transmitting action without internal reaction. Carnot took them to be, in other words,
bodies of infinitesimal density and mass, to which were applied forces external to the
system–powers in a word–but Carnot was consistent with his own realism. Machines
in fact possessed mass, and he would not neglect it. He would simply consider its
effect as he did the other forces or powers exerted by agents external to the system.
Any force was to be taken as a quantity of motion “lost” by the agent that exerted
it, whatever that agent might be. If, then, that force was designated “F” its quantity
was evidently the same as that expressed by the product “mU” in all the foregoing
discussions; and if “Z” was the angle between the direction of that force and any
geometric velocity “u” imparted to the system, then the fundamental Equation (F)
(see Eq. 2.2) might be expressed as follows:

Z
Fu cosZ D 0 .AA/ : (2.3)

That was the form in which Carnot employed it in the discussion of machines in
general that ensued in Part II, wherein when he wrote of force he was thinking of
what he also called power, and tacitly taking its quantity over time.
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It is clear, therefore, that we have reached the crucial turn that Carnot gave to
the arguments of classical mechanics in what was said of machines. Classically
machines were taken to be agents for the transmission of motion. The quantity of
motion was an expression of force and involved mass. Abstracting from the mass of
machines in order to study motions, the formulations of mechanics took no account
of the motions of machines themselves. Substituting the notion of power for that
of force, Carnot was able to transpose the notion of machines into that of agents
for the transmission of power. Instead of neglecting the mass of the machines, he
considered it to be one of the powers affecting motions. The problem became,
therefore, adaptation of the laws of motion to laws of power and specification of
the optimum conditions for transmission of power, and it was in order to prepare the
ground that Carnot had brought the concept of motions “lost” and “gained” into
the purview of the classical conservation principles and models of the structure of
matter.

2.4 Moment–of–Activity–the Concept of Work

In all the foregoing, which constituted Part I of the Essai sur les machines en
général, Carnot had not proposed to add to the science of mechanics but to state
its principles in a form and arrange them in a sequence applicable to the science of
“machines properly speaking” that he next inaugurated in Part II. There the writing
went more directly to the point, the tone became more businesslike, and the yield
of the� successive propositions was more evident in the analysis they afforded of the
transmission of power.

The analysis began with Carnot’s distinction between forces applied to a machine
in motion according to whether their direction made an acute or an obtuse angle with
the direction of motion of the point of application. The former he called “moving”
or “impelling” forces, the second being the adjective usually employed. The latter
he called “resisting” forces. Elsewhere in the Essai sur les machines en général,
Carnot observed mildly that the definition would avert dispute about whether forces
were to be considered causes or effects (Carnot 1786, p iv). Here it sufficed to
notice that impelling forces could become resisting and vice versa if the direction
of the motion changed, and that in any power system each of the forces would be
impelling or resisting with respect to any given geometric motion imparted to the
system according to the angle between the respective directions.

Carnot needed those metaphysically indifferent definitions for themselves. He
also needed the distinction between the two classes of force for its auxiliary
importance in his discussion of what in retrospect appears the most significant
recognition in all his writing on mechanics and on mathematics, that of the
importance to the science of power of the quantity that is now called “work” and
that he called “moment–of–activity”. At first glance it might appear that extending
as he did the distinction between impelling and resisting force into one between
moments–of–activity “consumed” and “produced” by forces applied to a system
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arrested him on the threshold instead of in the presence of a unified concept
indistinguishable in substance from that of work. Such was not the case, however–
though a little complex in the phraseology, the distinction was simply that between
work done on or by a system.

Let a force “P,” he laid down, be moving with a velocity “u” (for, though he did
not say so, such a movement could only be geometric), and let the angle between
“P” and “u” be “z” then the quantity “P cos zudt” (where “dt” is the differential
of time) would be what Carnot defined as the Moment–of–Activity consumed by the
force “P” during the time “dt”. Characteristically enough, Carnot was thinking about
the gravitational instance for his example. Let a weight fall the distance “H” in time
“t”. Then, “dH D u cos zdt”, and the moment–of–activity consumed during time
“dt” would be “P

R
dH” or “PH”–the product of force by distance: foot–pounds in

the Anglo–American dimensions of elementary physics.
Now, it is very difficult to establish categorical priorities in the history of

mechanics. It is equally difficult, however, to find specialists in mechanics prior
to Lazare Carnot who explicitly singled out that quantity to be the measure of
what forces and powers accomplish and a unit in terms of which the fundamental
conservations were to be stated. It is significant, moreover, that he stated it as the
sum of the moment–of–activity consumed in successive instants–i.e., as what was
accomplished by a process occurring in time. He was thinking about power, and not
merely its dimensional equivalent, the product of displacement by motive force.

For it is clear that he did know what he was doing. Considering an entire system
of forces applied to a machine in motion, the moment–of–activity consumed by
the totality of the forces would be the difference between the sum of moments–
of–activity consumed by the impelling forces and the sum of moments–of–activity
consumed by the resisting forces. Since impelling forces made an acute angle and
resisting forces an obtuse angle with motions, the cosines would be positive in
the former case and negative in the latter, and the sign of moments–of–activity of
impelling forces would thus be positive and of resisting forces negative.

Turning now to the reciprocal point of view, the moment–of–activity produced
by a force was to be understood as the product of its magnitude evaluated in a direc-
tion contrary to its velocity multiplied by the distance that the point of application
traversed in an element of time. Obviously, then, the moments–of–activity consumed
and produced were equal quantities of opposite signs, and the difference between
them was identical in the terminology of power to that in mechanics proper between
moments–of–the–quantity–of–motion gained or lost with respect to a given geomet-
ric motion. In a final definition, Carnot combined his two classes of force and with
them his two classes of moment–of–activity into a single designation. He called the
moment–of–activity exerted by a force that which was consumed by an impelling
force or produced by a resisting force. Since he did not know which was which, he
would in practice always take the cosine of the smaller of the two supplementary
angles between the force and the motion of the point of application, so that the
moment–of–activity exerted by a force would always be a positive quantity.

Clearly then, this notion contained what is later to be found in the employment
given by the science of physics to the concept of work. Having laid down these
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definitions for the mechanics of machines, Carnot proceeded to state what he called
its fundamental theorem:

Whatever the state of rest or motion of any system of forces applied to a machine, if a
geometric motion be imparted to it without altering the forces, the sum of the product of
each by the velocity of the point of application, evaluated at the first instant and in the
direction of the force, will be zero.17

That statement was, of course, simply the adaptation to a system of forces or powers
of the principle of conservation of the moment–of–the–quantity–of–motion for a
system of bodies in motion. Expressed in the following form,

Z
Fu cos z D 0;

it was evidently identical with the Equation (AA) (see Eq. 2.3) into which he had
transformed his fundamental indeterminate (F) (See Eq. 2.2) for the purpose of
applying it to the transmission of power (Carnot 1786, § XXX, p 63). Indeed, it
was obvious (Carnot remarked immediately) that strictly speaking this fundamental
theorem was nothing more than the principle of Descartes with its defects repaired–
i.e., generalized beyond equilibrated pairs to any system of forces with regard both
to their direction and intensity.

Following the fundamental theorem, Carnot set out a series of six corollary
propositions. The first three concerned the conditions of equilibrium of systems of
machines and weights of various sorts on which geometric motions were impressed,
and the fourth asserted the balance of torques around each of three mutually
perpendicular axes along which forces in equilibrium could be resolved. Except for
redeeming his opening promise to give a rigorous derivation of the original lowest
center–of–gravity principle of equilibrium, Carnot did not seem much interested in
these propositions, for he gave them in summary fashion and mainly for the sake of
completeness.

The fifth was different: “Special law concerning machines of which the motion
changes by insensible degrees” he called it, and now at last he had come to what he
did certainly recognize to be his own, though still without insisting on his originality.
The law ran thus:

In a machine of which the motion is changing by insensible degrees, the moment–of–activity
consumed in a given time by the impelling forces equals the moment–of–activity exerted
in the same time by the resisting forces.18

That would be true if it could be proved that the moment–of–activity consumed by
all the forces of the system during the given time was zero. If “F” designated each
of the forces, “V” its velocity, and “z” the angle between them, then the requirement

17“THÉORÈME FONDAMENTAL. Principe général de l’équilibre & du mouvement dans les
machines. XXXIV” (Carnot 1786, p 68).
18Carnot (1786), § XLI, pp 75–76.
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was that
R
FV cosZdt D 0; but by the fundamental theorem just stated, it was

clear that
R
FV cosZ D 0. Hence the corollary followed from the general principle

of equilibrium in machines.
It was not, however, in this almost tautological proof that Carnot’s interesting

contribution consisted, nor yet in the statement of the special law, although he
did recognize it to be “the most important in all the theory of the motions of
machines properly speaking”. For he introduced the principle of continuity in the
transmission of power by way of exemplifying an application of this special law,
and then developed its consequences in the scholium that concluded the Essai sur
les machines en général (Carnot 1786, § XLIX–LXIV, pp 81–89).

When working out his own thoughts Carnot usually preferred reasoning on
weights and asked the reader to suppose that they be the powers applied to a machine
and that

m be the mass of each of the bodies,
M designate the total mass of the system,
g be the force of gravity,
V be the actual velocity of a body m,
K be its initial velocity,
t be the time elapsed since the motion began,
H be the height through which the center of gravity of the system falls in t

time, and
W be the velocity acquired in the height H.

Two types of force were involved in the operation of the machine, the pull of gravity
and the inertial resistance of the various bodies to change of motion. By definition,
the moment–of–activity consumed in the whole system by the action of gravity
during time t was

MgH;

which was equivalent to

1

2
MW2:

Considering now the forces of inertia, the velocity of m being V and becoming in
the next instant V C dV, its force of inertia in the direction of V would be

m
dV

dt

Reverting again to definitions, the moment–of–activity exerted by the forces of
inertia during time dt was

m
dV

dt
Vdt; or simplifying;mVdV:
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The moment–of–activity consumed, therefore, during time t by the forces of
inertia was Z

mVdV

Integrating and completing the integral, it became

1

2
mV 2 � 1

2
mK2

(Carnot sometimes adopted the device of including the constant of integration in the
term for initial velocity). Therefore, the moment–of–activity consumed in time t by
all the bodies of the system would be

1

2

Z
mV 2 � 1

2

Z
mK2:

Now, by the conditions of the problem, inertia was a resisting and gravity an
impelling force. Thus, by the special law just stated in the corollary, it would be
true that

MW2 D
Z

mV2 �
Z

mK2

or
Z

mV2 D
Z

mK2 C MW2:

As usual, Carnot also told verbally what he had just done:

In a weight–driven machine of which the motion is changing by insensible degrees, the sum
of the live forces of the system after a given time is equal to the sum of the initial live forces
plus the sum of the live forces that would obtain if all the bodies of the system were animated
by a common velocity equal to that due to the height through which the center of gravity of
the system has fallen.19

It followed immediately that (a) in a weight–driven machine in uniform motion,
the center of gravity of the system remained at constant height (since then V D K,
W2 D 0, H D 0); (b) No matter in what manner a weight was raised to a certain
height, the forces producing that effect must have been such as to consume a
moment–of–activity equal to the product of the weight by the height; (c) To produce
any movement by insensible degrees in a system of bodies, the forces (Carnot said
“powers”) to produce that effect must have consumed a moment–of–activity equal
to half the quantity by which the sum of the live forces of the system was increased.

19Carnot (1786), § XLII, pp 77–78.



2.4 Moment–of–Activity–the Concept of Work 41

From these last two propositions it further followed that in order to raise a weight
M from rest to a height H while imparting to it a velocityV, the forces employed to
that end must consume a moment–of–activity equal to

MgH C 1

2
MV2:

And it seems worth following Carnot’s reader through these elementary steps since
they end with this expression dimensionally and notationally identical to an energy
statement. Conceptually, of course, the range was extremely restricted, but there the
expression was, nonetheless, and it would be a generalization and not an alteration
of this type of thinking that would extend that range. So far, indeed, all that was new
was the type of thinking, for dimensionally and algebraically the equivalence of
those two terms was a relation as old and elementary as Leibniz’s early discussions
on the true measure of force. What Carnot had contributed was couching the
relations in terms of the operation of machines, inertial masses transmitting powers
over distances, and thinking of live force as the capacity for consuming moments–
of–activity of machines in motion, or in later words, of forces doing work over
distances and in time.

Now, however, we come to the consequence that was his own both in substance
as well as genre. The previous reasoning assumed that motion in the system changed
by insensible degrees. Suppose, however, that some discontinuity, some impact or
percussion, intervened. Then let

h be the height from which the center of gravity has fallen at the
moment of percussion,

X be the sum of the live forces immediately before percussion,
Y be the sum of the live forces immediately after percussion,
Q be the moment–of–activity that the live forces must consume

throughout the entire movement,
q be the moment–of–activity that the live forces must consume up to

the moment of percussion.

Finally, suppose for the sake of simplicity that the movement of the system began
from and ended in rest. It would be evident from the relation just established that

q D Mgh C 1

2
X;

and similarly that the moment–of–activity to be consumed following percussion
would be

Q D Mgh C 1

2
X � 1

2
Y:
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Now Carnot appealed back to his statement of what he had held in Part I of
the Essai sur les machines en général to be the fundamental law of motion and
equilibrium in mechanics proper, the conservation of the moment–of–the–quantity–
of–motion (Carnot 1786, § XXII, pp 43–45) and specifically to its first corollary,
which found that of all the motions of which a system was capable, that which
would actually occur would be the geometric motion such that the sum of the
live forces of each of the masses would be a minimum20 (Carnot 1786, § XXIII,
pp 45–48). Therefore, since X > Y the moment–of–activity to be consumed in
raising M to the height H was larger than if there had been no percussion, for in
the latter case the equation would simply be

Q D MgH:

It followed that the same impelling forces could raise the same weight to a greater
height if percussion were avoided than if it occurred. Carnot deferred an explicit
statement of this, his Principle, to the concluding summary. For any machine, the
condition of maximum efficiency is that q D Q:

Now, in order to fulfill that condition, I say, first, that any impact or sudden change is
to be avoided, for it is easy to apply to all imaginable cases the reasoning developed in
that of weight–driven machines; whence it follows that whenever there is impact, there is
simultaneously a loss of moment–of–activity on the part of the impelling forces, a loss so
real that their effect is necessarily diminished [ : : : ]. It is then with good reason that we
have proposed that in order to make machines produce the greatest possible effect, they
must never change their [state of] motion except by insensible degrees. We must except
only those that by their very nature are subject in their operation to various percussions, as
are most mills. But even in this case it is clear that all sudden changes should be avoided
that are not essential to the constitution of the machine.21

Such was Carnot’s Principle. It is characteristic that he should have worked it out
by example, claimed a generality that he did not actually demonstrate, and then
exhibited his awareness that in actual practice the condition of perfect efficiency
is an ideal to be approximated so far as the nature of the process allows. To the
demonstration he added a final corollary on hydraulic machines, observing merely
that since a fluid might be regarded as an infinity of solid but detached corpuscles–
and since he had already proved what was usually taken to be merely experimental
truth, i.e., the conservation of live force in incompressible fluids wherein motion
changes insensibly (that is without splashing or turbulence)–everything that he had
demonstrated for systems of hard bodies held equally good for masses composed of
incompressible fluids (Carnot 1786, § XLVIII, p 80). But that extension was more
important than the afterthought it appears to be in the formal structure, and it will be
easier to appreciate its significance and indeed the quality of Carnot’s performance
in the mechanics of machines if we accompany him into the scholium in which he
enlarged more informally, and more naturally, on what he hoped his Essai sur les
machines en général would accomplish.

20This is the principle that Carnot recognized as analogous to Maupertuis’ Law of Least Action.
21Carnot (1786), § LIX, pp 91–92.
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2.5 Practical Conclusions

In the concluding discussion containing the statement of Carnot’s principle just
quoted, he relaxed his formality and spoke his mind. According to CorollaryV,
the moment–of–activity consumed in a given time by impelling forces equals
that exerted in the same time by the resisting forces in a machine that changes
gradually in its state of motion. Actually, he observed, that proposition contained
nearly all the applicable part of the theory of machines. In practice most working
devices were powered by agents–animals, springs, weights–that exerted “dead
force” continuously. Most real machines, furthermore, once set in motion soon
reached a steady pace of operation such that the forces required to keep the process
going balanced the elements of resistance. It now appears, therefore, that this
corollary had been the goal of the argument all along, and we would not be forcing
his meaning to call it his Work Principle. Indeed, we would not altogether be forcing
his language, for in one example of the equivalence between moment–of–activity
and effect, he remarked it propos of an arrangement for raising a weight a certain
distance, that no machine could be designed by which it would be possible “with
the same work [travail] (that is to say the same force and the same velocity)” to lift
the object higher in the given time (Carnot 1786, § LIV, p 85).

In turning now to practice, Carnot maintained the generality of his discussion.
Designating by

Q

�
the work done
the moment�of�activity consumed

�

by impelling forces and by

q that

�
done on
exerted by

�

the resisting forces, then Corollary V the Work Principle, could be symbolized by

Q D q:

It followed that there were two related sets of conditions for the most efficient
possible operation of machines. The first was that the greatest possible mechanical
advantage be secured and the second that no motion be wasted. In order to clarify
the former condition, the relation could also be expressed

FVt D q;

where F was the resultant of all impelling forces and V the resultant of their
velocities. Achieving the maximum effect would involve varying those three factors.
A fourth variable would be the direction in which the impelling forces acted,
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but it was obvious (though Carnot labored the point in one of his trigonometric
excursions) that for best results the force ought always to be applied in the direction
of the velocity. As for the intensity of force, the time of application, and speed
of operation, no general rules applied and experience would need to govern. For
example, a man might turn a crank one foot in diameter for eight hours a day
making an effort equivalent to twenty–five pounds at a rate of one revolution every
two seconds. If he were to work faster, his output would suffer for he could no
longer maintain the twenty–five pound exertion. If he turned the handle more slowly,
he increased F proportionately less than V, and the moment–of–activity would
diminish. Every source of power would have its own maximum, of which Carnot
could say only that it was determined by its physical constitution and that experience
alone would find it.

No hidden resources of power lay in the capacities of machines, therefore, and
what theory offered was identification of the factors among which economy would
dictate the wise proportions to observe. If time were not important, force might be
economized at its expense. But (the reader may feel a bit impatiently) so elaborate
a discussion can hardly have been required to exemplify the ancient maxim that
what is gained in force is lost in time or speed. Carnot clothed the point in new
terminology, but gave no new findings, and what must be appreciated is that he
evidently thought that rigorous demonstration would help and to that end expressed
himself with an engineer’s passion and urgency. These matters, so obvious to him,
must need the conclusive proof he was giving, else why the persistence of chimerical
schemes for perpetual motion under one pretext or another, why the continuing
waste of ingenuity and money? It would falsify Carnot’s book to underemphasize
that, perhaps its most deeply felt point.

The novel considerations that Carnot brought forward, however, pertained mainly
to the second set of requirements for maximum efficiency, the avoidance of waste
motions. Instead of generalizing the reasoning that had established his Principle in
the example of weight–driven machines, so as to cover all possible cases, Carnot
turned to developing its relevance for hydraulic machines, and did so in a series of
paragraphs that seem particularly striking when compared to the reasoning in the
memoir by his son, Réflexions sur la puissance motrice du feu, where heat is treated
like a fluid in flow.22

Looking at the ordinary waterwheel from an ideal point of view, Carnot observed
that its design embodied two faults. First, the water was generally allowed to fall
onto the blades and thus to transmit motion by percussion. Second, after striking
the blade the water ran off with a velocity that was entirely lost to the process. In
order that a hydraulic machine be as efficient as possible, its design should be such
that the water would lose all its motion to the mechanism, and should do so without
turbulence or splashing. It made no difference what form the machine might take. As
always, Carnot was dealing in the analysis with idealized machines. He recognized

22This analogy has often been noticed, e.g., Charles Brunold in his L’entropie. Son rôle dans le
développement historique de la thermodynamique (Brunold 1930, pp 37–40).
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that descending to actuality might make it desirable to depart from these conditions.
For simplicity of construction, nothing was likely to prove better than wheels turned
by the impact of water.

Practically, moreover, the closer the design approached to satisfying one of
the conditions, that is absorbing all the motion of the water in the wheel, the
greater would be the impact and the greater the loss of power to percussion. The
lesser the impact, conversely, the less would be the� proportion of the power of
the water transferred to the wheel. The shrewd designer would, therefore, regard
these conditions not as goals to be attained but as norms to be approached in
the degree that circumstances render the one saving or the other relatively more
important. Indeed, it was an ultimate condition of efficiency in machines of all
types that no motion be produced extraneous to their purpose, and readers of Sadi
Carnot’s memoir will also recognize this injunction adapted to the heat engine in his
requirement that no differential of temperature be admitted that does not measure
itself in a change of volume in the gas confined in a cylinder. As his father originated
the example, it showed the most efficient pump to be the one that delivered water
into the reservoir at velocity zero.

Expanding in his closing remarks on the concept of moment–of–activity, Carnot
introduced a final illustration of its utility that carried his perception of its
significance beyond the study of machines into generalized physics. Suppose the
problem to be one of a system of bodies mutually attracting one another by forces
that vary as any power of the distance. (Only at this late stage did he move into a
mechanics of which the model was clearly Newtonian, and then only as an object
of an analysis developed out of other considerations and other problems than those
of central force systems.) Suppose the system was impelled to move from some
given configuration to another. No matter, then, what the sequence in which the
individual bodies were displaced; no matter, further, what route they took, provided
only that no percussion intervened; no matter, finally, what sort of machines effected
the transformations–quite independently of all such incidental means to the end, the
moment–of–activity that the external agents consumed would always be the same,
assuming the system to be at rest in its initial and final states.

Now, then, this certainly might be taken for a model of the kind of analysis that
the physics of work and energy has found useful ever since those topics became
explicit in the 1820s, ‘30s, and ‘40s. Its most recognizable offspring again was the
heat cycle of Sadi Carnot, which considered a system in view of what had been done
to or by it in shifting from an initial to a final state. The family resemblance was most
marked in the abstractedness of the system, in the notion that process consisted in
the transition between successive “states”, in the restriction that this transition be
gradual and continuous, in the requirement that all changes be reversible (which for
Lazare Carnot was still to say that all motions be geometric), in the indifference
(given those conditions) to the details (rate, route, or order of displacements), in
the relevance of this extreme schematization to the actuality of operating tools,
engines, and machinery. Clearly, the relationship between the science of machines
and thermodynamics was similar to that between Lazare and Sadi Carnot. It was
one of parentage.



Chapter 3
The Development of Carnot’s Mechanics

It is fortunate that the two memoirs Carnot submitted to the Academy of sciences in
Paris in 1778 and 1780 have survived in its archives. They give access to the form
and content of his thinking about mechanics and the science of machines when he
was a young and hopeful officer 5 or 6 years out of engineering school. The present
chapter traces the development of his thinking from these, its earliest recorded
expressions, through to the publication, in (1803a), of his Principes fondamentaux
de l’équilibre et du mouvement. The method is to compare these earlier and later
versions to the Essai sur les machines en général, and to continue to an analysis
of Sadi Carnot’s Réflexions sur la puissance motrice du feu of 1824 in order to
bring out its filiation with his father’s work. The relevant, theoretical sections of the
early two memoirs are reprinted by Charles Gillispie in his Lazare Carnot Savant
(Gillispie 1971, Appendices B and C, pp 270–340). Readers may wish to refer points
in the discussion, or indeed the discussion as a whole, to the original texts.

3.1 Argument of the 1778 Memoir on the Theory
of Machines

A notation on the cover page of the manuscript of Carnot’s first memoir indicates
that he learned of the Academy’s announcement of a prize contest from the Gazette
de France of 18 April 1777. The Academy specified the subject to be:

The theory of simple machines with regard to friction and the stiffness of cordage, but it
[the Academy] requires that the laws of friction and the examination of the effects resulting
from stiffness in cordage be determined by new experiments conducted on a large scale. It

C.C. Gillispie and R. Pisano, Lazare and Sadi Carnot: A Scientific and Filial Relationship,
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requires further that these experiments be applicable to machines used in the Navy such as
the pulley, the capstan, and the inclined plane.1

From a further note it appears that the Academy received the entry Carnot sent
on 28 March 1778. Assuming that he had set to work immediately, it took him,
therefore, just under a year to design and carry out his experiments and compose
the argument. For device he misquoted a line from Lucretius: “Videndum/Qua
ratione fiant et qua vi quaeque gerantur”2 (Gillispie 1971, p 271). In setting the
competition the responsible members of the Academy would have had no thought
that anything of importance to the science of mechanics itself was to be expected in
consequence of the entries it might elicit or on the part of the contestants it might
attract. The emphasis was on the naval application, and what the Academy clearly
wanted was studies of friction. None of the papers having satisfied the judges, it reset
the same subject for the contest of 1781, and then awarded the prize to Coulomb,
whose investigation gave them exactly that and clearly deserved to win. His memoir
Théorie des machines simples en ayant égard au frottement de leurs parties et à
la roideur du cordage (Coulomb 1785, pp 161–332) remains one of the cardinal
contributions to the knowledge of friction.3

1The translation is from original manuscript of which a photographic reproduction was edited in:
Gillispie (1971), Appendix B, pp 270–296. Hereafter we quote Lazare Carnot’s Memoires (1778,
1780) using «§» as reported in Gillispie (1971), Appendices.
2Probably relying on memory while working at Cherbourg, he had in mind line 129 of de rerum
natura, Book I, but spoiled the scansion by inverting the word order; he also displaced the
gerundive from the end of line 131. The entire passage reads

Qua propter bene cum superis de rebus
habenda

nobis est ratio, solis lunaeque meatus
qua fiant ratione, et qua vi quaeque

gerantur
in terris, tum cum primis ratione sagaci
unde anima atque animi constet natura

videndum,
et quae res nobis vigilantibus obvia

mentis
terrificet morbo adfectis somnoque

sepultis,
cernere uti videamur eos audireque

coram,
morte obita quorum tellus amplectitur

ossa.

A translation of the words Carnot chose might read: “Let us look to an account of how all things
come to pass and of the forces that govern them”.
3For a discussion of the contest centered upon the winning memoir, and for the importance of
Coulomb’s work on friction, see Gillmor (1971), chap. IV. The judges were d’Alembert, Bézout,
Bossut, Condorcet, and Trudaine de Montigny.
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Carnot’s own taste and interest, however, responded primarily to the opening phrase,
and he submitted his entry as a Mémoire sur la théorie des machines. It is divided
into two parts, experimental and theoretical. As will appear, the organization of
Part II already exhibited the structure within which Carnot’s thought about the
subject developed throughout his life. Obedient to the Academy’s injunction, he did
dutifully set to work to determine experimental laws of friction and binding, and Part
I of the memoir consists of some 20 folio pages detailing the results. An account of
these experiments would be no help in understanding the difference Carnot’s work
finally made in mechanics, but perhaps the reader will be curious to know what he
undertook. Employing the services of an assistant, he spent considerable pains upon
two sets of determinations, one concerned with friction and the other with cordage.
For the work on friction Carnot constructed the device pictured in the following
(see Fig. 3.1).

Fig. 3.1 Machine for valuing friction (The illustration is in fact from the 1780 memoir, but it is
clear from the context that it is the same device of which the drawing has been separated from the
1778 text.)

The instrument operated in a simple manner for the purpose of determining values
for friction between surfaces that (in the so-called first type) slide one across the
other and (in the second type) roll one upon the other. The principle of the machine
was that the statical moment of a weight Q (see Fig. 3.1) just sufficient to initiate
rotation was the measure of the force of friction (with which it was in equilibrium)
between the surfaces of the hemispheres and of the iron shoes srtg and zuxy. The
inner circumference of the rings A and B and the upper blade of the axle HH0 were
knife edges.
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With the retaining pins op and o0p0 in place, the axle was free only to turn. A
sufficient weight Q would cause the surfaces of the hemispheres to slide across
the supporting shoes, and the friction measured was of the first type. With the
pins op and o0p0 removed, the axle was free to displace. A weight Q would cause
the hemispheres to roll on the supports, and the friction measured was that of
the second type. Carnot made, too, a determination of the effect of adherence. In
measuring sliding friction, the values were always significantly greater if the device
was allowed to rest on the supports for an appreciable time than they were when the
measurement was made at the instant it was loaded. Adherence appeared to have no
appreciable effect, however, upon rolling friction.

Carnot employed increasing weights for P and Q, and tabulated the ratios of the
two classes of friction and of adherence to pressure over a range between 100 and
2,000 lb for the total weight of the movable cradle. In each class of measurement,
the ratio of friction to pressure decreased with increasing load. In good engineering
fashion, he sought to express the results in formulas that turned out no more
beautifully than such empirical expressions usually do.

The formula for the ratio x of sliding friction to pressure was

x D AC Bp C Cp2 C : : : etc:

1C bp C cp2 C : : : etc:

Carnot well understood its arbitrariness. He could have given the relation a simpler
appearance, he observed, in supposing that

x D AC Bp C Cp2 C : : : etc:

except that as p increased, so would x, which effect was the contrary of what the
experiments revealed. On the other hand, he would fall into the opposite error in
supposing that

x D AC Bp�1 C Cp�2 C : : : etc:

The best he could say for the formula adopted was that it fell as closely as possible
between the two extremes.

Further experimentation to determine the influence of velocity on the two classes
of friction led Carnot to produce formulas even more empirical in appearance. For
sliding friction,

X D � C ��

1C$�
� 1C bu

1C cu
;

and for rolling friction

X D � C ��

1C$�
C �0

1C$ 0�
;
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where x was the ratio of friction to pressure; �;�; !; �0 and !0 were constants
depending on the nature and degree of polish of the surfaces; � was the pressure
exerted by a single point; u was velocity; and b and c were constants of velocity
determined by a method at once cumbersome and inaccurate.

The experiments on stiffness and binding in cordage were of a similar type, and
the results no more applicable. Perhaps it will suffice to reproduce the illustration of
the pulley-type instrument that Carnot designed and employed in order to determine
how the properties of ropes and wires affected the equilibrium conditions of weights
of varying magnitude (Fig. 3.2).

Fig. 3.2 Instrument for
determining equilibrium
conditions (Gillispie 1971,
p 65)

The account of these experiments occupies § 1 through 26, some 16 folia of a
manuscript containing 64 folia all told. At the outset Carnot promised that Part II
would contain their “application to machines”. What Part II actually contains is
three sections, the first 16 folia discussing the principle of “machines en général” in
§ 27 through 50, and the remaining two, in § 51 through 84, applying the principles
respectively to equilibrium and to motion in the cases of the seven types of simple
machine. It is the first section of Part II that is most interesting to the historian,
for it is one of those relatively rare documents that admits him to the genesis of an
approach that was later to become distinctive of a whole new way of seeing and
doing a science.

That it was an application of the experiments was a pretense on Carnot’s part,
however. It is difficult, in fact, to see that they had anything to do with the theoretical
discussion of machines in general except to serve as an excuse to qualify the memoir
for this particular competition. The excuse is the less convincing in that Carnot had
not the time or did not take the trouble to fill up his tables of data completely. There
is no mention of these experiments later in his published writings. Nor did there
need to be despite his view of mechanics as an experimental science. The most
that can be said, and as a highly likely conjecture this much ought to be said, is
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that the instrument he constructed for measuring friction may very well have led
him to set up problems in terms of torque and moments of rotation around an axis,
and therefore towards the emphasis he placed upon the principle of moment–of–
momentum in the Essai sur les machines en général.

However that may have been, the theoretical passages that were the heart of
the memoir make clear how Carnot thought to approach the subject. He made no
preliminary statements of basic principles of mechanics of any sort. Rather, he
moved in imagination right into the interstices of hard body and pictured what the
inflexible rods and inextensible wires were doing, mini–levers and mini–pulleys,
micro–machines that transmit motion there where it starts, corpuscle to corpuscle.
Once those interactions were clarified, they would be those ideally operating in the
employment of any actual machines. That is what he thought about in the first
instance: what one corpuscle was doing to another in a system of hard bodies.
A motion was imparted to the system. The mutual interactions of the corpuscles
transformed that motion into some other which it was the problem to determine.
Designating by

m the mass of corpuscle,
V its virtual velocity (his expression was “[ : : : ] the velocity that it would have

taken if it had been free, that is to say without the reaction it undergoes from
the rest of the system [ : : : ]”4),

u the velocity it really did assume, and
y the angle between the directions of V and u,

then the following equation would hold:
Z

mu .V cosy � u/ D 0;

which asserts that the sum of the products of the quantity of motion (mu) of each
of the corpuscles multiplied by the velocity that it lost evaluated in the direction
it took .V cosy � u/ is equal to zero (Gillispie 1971, Appendix B, § 29). For the
formation of Carnot’s idiom, the significant term was the one in parenthesis. It
makes evident that from the very beginning he thought of interactions within a
system in d’Alembert’s terms of velocities lost or gained by its constituent parts,
and thought of live force (which in later times would be seen as the energy involved
in such interactions) as the product of momentum by a velocity or motion thus “lost”
or “gained” (Gillispie 1971, Appendix B, § 27). The actual demonstration involved
the physics of hard–body collision and equating the forces of action and reaction in
pairs of contiguous molecules: in actual practice the equality of action and reaction
was always the basic law of mechanics for Carnot.

In this memoir, Carnot claimed for the above equation the status of a fundamental
theorem. It did duty for all the variants that he later elaborated in the Essai sur les

4Gillispie (1971), Appendix B, § 27.
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machines en général–its determinate Equation (E) (see Eq. 2.1) for the general case,
its transformation by way of geometric motions into the indeterminate Equation
(F) (see Eq. 2.2), its deduction from Equation (F) of the principle of conservation
of moment–of–the–quantity–of–motion with respect to any geometric motion, its
derivation of the power Equation AA (see Eq. 2.3) concerning the forces applied
to a system, its general principle of equilibrium and motion for machines in terms
of the balance between moments–of–activity consumed and exerted by impelling
and resisting forces. Carnot drew upon the general corpus of mechanics for all
these refinements to his problem. In the early memoir only more or less definite
foreshadowings of them occur scattered along a series of some 17 corollaries and
remarks. Most were so elementary or trivial that one would never read them twice,
and no emphasis was given to the ones that in the retrospect of Carnot’s later
writings seem significant, the kernels that later opened out into main positions. The
most useful procedure will be to point out what elements he did then have of his
later findings, and what the differences were.

The greatest difference in emphasis was that when writing of force in his early
memoir Carnot began with the effects of accelerative or motive force in producing
motions. In the Essai sur les machines en général, it will be recalled, accelerative
force remained largely hidden from attention until near the end, when it appeared
as one of the factors in moments–of–activity, i.e., as the force that does act across
a distance or in a time. In the 1778 memoir, however, the first corollary concerns
motive force. The (virtual) velocity V is now said to be the resultant of the motive
force of the corpuscle m at a given instant and of its velocity u0 in the previous
instant. Evidently, then,

V cosy D u0 cos z C pdt cos x:

(Carnot was somewhat careless with his designations in this memoir. He identified z
as the angle between u0 and u, but not p as “force motrice” nor x as the angle between
the directions of p and u. That is what he meant, however). The basic equation would
then become Z

mu
�
u0 cos z � u

� �
Z

mupdt cos x D 0:

Carnot reserved to a later section (Gillispie 1971, Appendix B § 53) the proof that
the resultant of several forces multiplied by the cosine of the angle that it makes
with any given line equals the sum of the component forces each multiplied by the
cosine of the angle that it makes with the same line. But it was in this discussion
that he first employed this mode of representing and combining the directions of
magnitudes of the type called vector quantities in later mechanics.

The second corollary (Gillispie 1971, Appendix B § 31) then stated that if there
was impact, the term pdt became negligible compared to the value of u so that

Z
mu
�
u0 cos z � u

� D 0:
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From this equation, Carnot observed, all the laws of impact could easily be deduced,
although to do so would have been a digression from his purpose. For our purposes
the interest lies mainly in the evidence that it was natural for him to begin with
accelerative forces acting over time or distance. There was no hint of anything like
a new concept to embrace that point of view. It is only what the problem involved
from the outset.

Interestingly enough, a corollary about what were to become geometric motions
was also couched rather in terms of force and activity than of imaginary displace-
ments in a system. In language it resembled rather the dynamical treatment that
Carnot finally gave the idea in his Principes fondamentaux de l’équilibre et du
mouvement than the kinematical emphasis of the Essai sur les machines en général.
It would appear, indeed, that the terms in which he thought about the problems
developed from these conventional notions of force, through an intermediary stage
where momentum was the subject, into the final analysis of power. The idea
appeared in a way subsidiary to equilibrium. From the above fundamental equation
he had derived the following consequence (Gillispie 1971, Appendix B, § 32,
Corollary 3) for the case in which motion changes by insensible degrees (which
he here described as that in which u differs infinitesimally from u0):

Z
mpds cosx �

Z
mudu D 0

(since u0 � u D �du, and supposing ds D udt) or
Z

mupdt cosx �
Z

mudu D 0:

If equilibrium was considered to be the state of the system in which the forces
p mutually “destroy” each other, this expression would reduce to the unhelpful
identity, 0 D 0. It was possible, however (Gillispie 1971, Appendix B, § 34,
Corollary 5), to look at the situation in another way, and to conceive that there had
been imparted to all parts of a system in equilibrium “motions such that no change
resulted in the reciprocal action of the different parts of the system.”

These would be motions that would be received “without alterations” (Ibidem),
by the bodies on which they were impressed. The forces p would remain in mutual
equilibrium. It would then be perfectly feasible to imagine these motions acquired
in time, and the case of equilibrium would be assimilated to one in which the system
changes by insensible degrees, where the equation for that case,

Z
mpds cosx D 0;

was not a mere identity. Though still unnamed, geometric motions were born of
this passage and of Carnot’s proclivity for thinking even of equilibrium as a state
of opposing actions–most characteristically backing into a grasp on the concept of
work by defining the situation in which forces did not work, or did merely putative
work.
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From that equation, Lazare Carnot next derived, in the case of systems in internal
equilibrium, a series of corollaries that amounted to the conservation of linear
momentum, the conservation of moment–of–momentum, the principle of Descartes,
and the conservation of live force. To none did he give prior standing over the others.
The first two he did not even identify in those terms. Two brief corollaries extended
the discussion to elastic bodies, provided that the force of elasticity was included
in the value of p (Gillispie 1971, Appendix B, § 40, Corollary 11). More interesting,
they extended also to fluid bodies, which it was legitimate to consider as if composed
of hard or elastic corpuscles (Ivi, § 41, Corollary 12). In a long digression (Ivi,
§ 42) Lazare Carnot derived the hydrostatical principle of equal pressure in fluids
from his equation, and came finally to what his mind always naturally fixed on, the
operation of machines handling weight, whether as load or source of power. After
all, raising weights was the purpose of the greater number of all machines actually
used (Gillispie 1971, Appendix B, § 43, Corollary 13).

It becomes immediately apparent that these were the considerations from which
Carnot’s approach took its distinctive features. Designating by

M the total mass of the system,
H the height from which its center of gravity falls,
t the time of fall of the center of gravity of the system,
V the velocity a body acquires in falling the height H,
h the distance which a molecule m falls in time t, and
K the initial velocity of the molecule m (although Carnot overlooked

identifying this),

then since ds cosx D dh, the basic expressions become
Z

mpds cosx D
Z

mpdh D MpdH

(the first summation is of individual molecules). Thus

2

“
mpds cosx D 2

Z
MpdH D 2MpH

(the second summation is of elements of path), but

2MpH D MV2;

and, therefore, Z
mu2 D

Z
mK2 C MV2:5

5Gillispie (1971), Appendix B, § 43, Corollary 13.
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That elementary sequence illustrates very simply the arithmetical reasons that 50
years later led Coriolis to equate the newly named quantity work to one–half the
live force, so that still later kinetic energy became defined as half the product of
mass times velocity squared.

Thereupon, Carnot drew out as a passing consequence the principle that he was
to propose for a fundamental axiom in the Essai sur les machines en général: in
order to prove that the weights applied to a system are in equilibrium, it sufficed
to show that the center of gravity did not descend. Now followed the remark that
this principle could be applied to any machine by the device of exchanging a weight
suspended over a pulley for any other force. Suppose that besides weights, other
powers should be applied to the machine in order to move them, say manpower or
horsepower.

The general equation would then become

Z
mu2 D

Z
mK2C2

“
mpds cosx:

That last term, in turn, might be decomposed into two parts, of which one was MV2,
and the other was

[ : : : ] double the sum of the products of each of the moving forces [i.e., the additional
powers] multiplied by the element of path that it describes in the direction of that force.6

If F represents one such force, and u its velocity, then

Z
mu2 D

Z
mK2 C MV2 C 2

“
Fudt:

Here was the germ of the work concept, therefore, and right alongside it that of
a generalized process. Suppose that all bodies in the system were at rest at the
beginning and end of the movement. In that case u D 0 and K D 0, and the
expression became

2

“
Fudt C MV2 D 0;

or if H was the height to which the center of gravity was to be lifted, then the relation
might be expressed

“
Fudt D MpH;

6Gillispie (1971), Appendix B, § 46, Corollary 16.
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which exhibited that in order to raise the center of gravity of a system of bodies
to any height it was necessary that the quantity Fudt always be the same, whatever
the route chosen, whatever the machine utilized, whether the parts of the system
be raised separately or together, and whether a single force or several together be
employed7 (Gillispie 1971, Appendix B, § 47, Corollary 17). A further passage
(Ivi, § 49) identified the factors, F, u, and t to be varied in achieving mechanical
advantage and gave examples of processes in which it would be prudent to
economize one factor or another. Carnot observed that it would result in a saving
of force if each part of the system completed the process with zero velocity, or at
least with as small a velocity as possible.

The second and third sections, comprising § 51 through 85, of the theoretical part
of the memoir dealt respectively with equilibrium and with motion in the case of the
seven classes of simple machines. Actually, Carnot remarked at the outset, “cords”
(Ivi, § 51) and the lever were the only truly simple machines. It was even possible
to reduce the former to the latter, but seven types of machines were customarily
considered to be simple: cords, the lever, the pulley, the crank, the inclined plane,
the screw, and the wedge. His treatment adapted his equation,

R
mpds cos x D 0, to

the characteristics of each in turn in order to state its law of equilibrium while “[ : : : ]
taking account of friction and the stiffness of cords as far as I could [ : : : ]” (Gillispie
1971, Appendix B, § 49). The expressions were artificial and the discussion forced,
and perhaps that was its most important feature since the central purpose of the Essai
sur les machines en général, a few years later, precisely was to achieve a general
science of machines and to obviate the necessity for deriving laws of equilibrium
and motion for each particular type of machine. The third section on motion was
more summary, though no clearer, and ended with an appeal to the possibility of
combining his principle with that of d’Alembert in order to reduce all questions
about the theory of machines to problems of analysis.

Certain features of this discussion, however, did hold importance for Carnot’s
later work. He devoted the fullest treatment to the law of equilibrium for the
“funicular machine” (Ivi, § 52), and it was there that he introduced his convention for
projecting forces (he did not then speak of other magnitudes) upon other directions
in terms of the cosine of the angle, balanced the moments of the resultants of
clockwise against counter clockwise forces, and finally considered the projection
of the machine onto a plane in which the projection of the applied powers became a
two–dimensional force system. (These matters had so central a part in Carnot’s later
work that it seems wise to extend the reproduction of the theoretical portion of the
1778 memoir in order to include them (Ivi, §§ 52–60). It would seem that Carnot’s
thinking about vector quantity may have originated in his mental picturing of the
distribution and transmission of forces by the cords of machines worked by ropes).

In summary, it may be said of this first memoir that Carnot had in it the
germ of his central ideas, but not as yet differentiated from a central principle of

7It would be perfectly possible to see embedded in this Carnot’s principle of continuity, but there
is no evidence that he then saw there.
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equilibrium into concepts themselves. He merely alluded in passing to the well–
known principles of mechanics, such as conservation of momentum or conservation
of live force, without emphasis on one as more relevant than others to his purposes.
If any single concept may be called fundamental for him at this stage, it would
be force in the sense of motive force or pressure, but only tacitly so–it was no
more than what he meant when he alluded to force. Missing (except as fugitive
hints or questionable clues) were two of the central features of the Essai sur les
machines en général, the distinction between impelling and resisting forces and the
notion of a generalized science of machines to be disengaged from the application
of laws of mechanics to the classes of machines taken successively. The notion
itself was not there, much less the recognition that the way to bring it to pass was
to treat machines as themselves inertial bodies endowed with mass. (Seeing that is
what impelled him in the Essai sur les machines en général to go over to terms of
displacement and work.) It would be fairly farfetched, though perhaps just barely
possible, to say that one discussion that took into account the weight of the lines in
a funicular machine represented the first hint of what Carnot later developed into
the main emphasis of his theory of machines (Gillispie 1971, Appendix B, § 60).
It would be more reasonable to imagine that it was writing on theory of machines
while repeatedly taking account of friction, instead of neglecting it, that led Carnot
into the way of considering friction (like the weight of the machine) in the light of
a force against which the motive forces had to work. In the concluding passage to
Section I of the theoretical part Carnot said expressly that the force of friction and
other “resistances” (Ivi, § 50) might be considered as “active” forces (Ibidem).

3.2 Argument of the 1780 Memoir

In reopening the subject for an award in 1781, the Academy reiterated its phrasing
of the problem except that it now specified that the friction to be investigated should
be that between the moving parts of simple machines:

“The theory of simple machines with regard to the friction of their parts and
the stiffness of cords [ : : : ]” (Carnot 1780, Appendix C, in Gillispie 1971). A note
in Carnot’s own hand on a cover sheet indicates that he completed it at Béthune
on 15 July 1780. In resubmitting his memoir, anonymously as was the Academy’s
practice, he identified it by the same motto from Titus Lucretius Carus (ca. 99 BC–
ca. 55 BC) and observed in a note that having been accorded an Honorable Mention
in the first competition, he had now “diminished its imperfections as far as I could”,
Mémoire sur la théorie des machines (Gillispie 1971, Appendix C, p 299).

In fact, he had enlarged and transformed it into a memoir that in important
respects is the draft of the Essai sur les machines en général of 1783 even to the
wording of many central passages. Indeed, comparison of the two prize memoirs
makes it apparent that, though the genesis of Carnot’s mechanical thought belonged
to his education and to the years at Calais and Cherbourg, its formative period came
between his first failure to win the prize (the announcement was made at Easter
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1779) and the completion of the revised memoir in July 1780. During the interval
of approximately a year he must have been reading, thinking, and living little other
than the theory of machines.

True, he was still bound by the terms of the Academy’s contest, and the
organization followed that of the earlier memoir. The 1780 memoir also opened
with experiments in Part I and went on to a Part II pretending to be their application
to practice. The latter again consisted of two sections, one on “machines in general”
and a conclusion on laws of equilibrium and motion in each class of simple machine.
In deference (no doubt) to the Academy’s predilections, Carnot did elaborate and
complete his program of experiments. He introduced it with a broad discussion of
friction in general, and this time classified the experiments according to whether
the bodies touched point–to–point, line–to–line, or surface–to–surface. He devised
new experiments, improved the account of the old ones, and dropped the most
cumbersome of the formulas for variation of friction with velocity. Instead, he
substituted a tabulation of coefficients of frictional interactions between certain
actual materials: iron, copper, red chalk, beechwood, ash, yew, and elmwood.
It remains difficult, nevertheless, to see that any of this material, or any of the
succeeding section on cordage, had a life longer than that of this memoir, which
there is no evidence that anyone ever read again between the time that the Academy
awarded the prize instead to Coulomb and the writing of the present study. The
attempt left Carnot himself without illusions. The concluding paragraph to the
experimental part reads:

I do not, therefore, conceal from myself that a great deal remains to be done before the
knowledge both of friction and stiffness in cordage leaves nothing more to be desired. If
someone has given a fully satisfactory account of the topics I have just considered, he will
have rendered a great service to practical mechanics, and certainly so difficult a task could
be worthily rewarded only by the recognition of the Academy.8

As was to be expected, therefore, the interest lies again in the first section of Part
II, which consists of the second version of his theory of machines. The discussion
was lengthier than in the first memoir, 60 paragraphs occupying some 40 folio
pages, though still brief compared to the Essai sur les machines en général. In it
he achieved notable modifications–in clarification of topics, in the enunciation of
principles and definition of quantities, and in the articulation he had given to what
the historian can now recognize to be a new mode in the science of mechanics and
not merely the groping of a young engineer with a rather special set of interests and a
point of view still latent. Indeed, without needing to speak of discovery in the sense
of things or relations altogether strange and unknown, we may be justified in taking
this text for the most reliable index to the aspects of Lazare Carnot’s work that were
most characteristically his own. The year since the failure of his first memoir was
not sufficient for him to have read extensively in the literature or to have mounted
elaborate experiments. It did suffice, however, for him to see through his problems,
to seize their generality, and to elaborate his point of view in coherent propositions.

8Gillispie (1971), Appendix C, § 100.
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Resubmitting his memoir to a jury of the Academy, he might have been expected to
put into it that which would have reflected most credit on his capacity to contribute
to the subject. On the other hand, he was not then writing, as he tried to do a few
years later in the Essai sur les machines en général, for extrascientific readers for
whom his own findings needed to be embedded in elementary exposition of the basic
commonplaces of mechanics itself.

On the hypothesis that what was in the 1780 memoir, therefore, was largely
Carnot’s own, let us see what the arrangement and development of the main
motifs were. First, he specified the subject to be the properties common to all
machines and began the discussion, not in medias res as in the first memoir, but
with the operational derivation of the center–of–gravity principle for equilibrium in
a generalized machine, the same with which he later, in the Essai sur les machines
en général, repaired the deficiency he there exhibited in the traditional statement.9

As for the so–called Principle of Descartes, Carnot here stated it in passing as a
consequence without identifying it by that or any name, and went on to assure the
generality of the center–of–gravity principle by remarking that all forces could in
principle be reduced to the action of weights.

A brief and clear diagnosis followed of the impediment that mechanics had
created for the science of machines in abstracting from their mass. Let machines
be considered instead as inertial bodies, and their science like that of all mechanics
would be reduced to the problem: given the virtual motion of a system of bodies,
what actual motion would ensue in consequence of their mutual interactions? The
problem thus posed simply and directly, so were the conditions for a solution. The
first assumption, though not so stated, was the comparative anatomy of hard body
and elastic body. The second was the sole principle that Carnot always held to have
been requisite for a resolution: the equality in opposition of action and reaction, a
law simple, “incontestable” (Gillispie 1971, Appendix C, § 111) and of universal
applicability.

On that basis alone Carnot proceeded to derive the two fundamental Equations
(E) and (F) (see Eqs. 2.1 and 2.2) of the Essai sur les machines en général.10 The
wording was identical except that the latter he here called an arbitrary rather than
an indeterminate. In the Essai sur les machines en général he corrected himself and
held that it was the values to be attributed to the geometric motions u of Equation (F)
that were arbitrary, not the relation itself. More striking are passages adumbrating
the concept of geometric motion, identical in phrasing to those in the Essai sur les
machines en général. Their role was that of auxiliaries allowing the derivation of the
general indeterminate (F) from the determinate (E) restricted to elastic interactions.
Only one feature of the later introduction of geometric motions was missing, the
afterthought of the Essai sur les machines en général wherein Carnot included in

9See above Chapter 2, pp 20–22.
10See above Chapter 2, pp 25–28.
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the class of geometric motions those that, while involving no virtual displacement,
did no work.11 At first reading, it is surprising that Carnot should not have seen the
need for that provision. It seems closer to the dynamical emphasis that foreshadowed
the concept of geometric motions in the 1778 memoir12 than does the kinematical
way in which he introduced the idea explicitly here and in the Essai sur les machines
en général. Nevertheless, the final development he gave the notion in the Principes
fondamentaux de l’équilibre et du mouvement of 1803 was a protoenergetic one. It
may be, therefore, that the successive installments on geometric motions exemplify
three phases through which Carnot’s thinking about the whole subject passed. In
the first phase, that of the 1778 memoir, it was motive force that was primary; in
the second, that of the 1780 memoir and much of the first part on mechanics of the
Essai sur les machines en general it was displacement; and in the third, that of the
latter part of the Essai sur les machines en général concerned with machines and
of the Principes fondamentaux de l’équilibre et du mouvement, it was power or its
exercise in moment–of–activity or work.

Such must almost surely have been the order in which he evolved the science of
machines, for comparison point by point of the 1780 memoir with the Essai sur les
machines en général shows that in the latter published version he superimposed
the more theoretical work passages and principles upon the arguments of the
unpublished memoir without rethinking or reshaping them. The contrast comes out
most strikingly in the absence from the memoir of the feature that Carnot added to
and emphasized most strongly in the Essai sur les machines en général the conser-
vation of the moment–of–the–quantity–of–motion,or moment–of–momentum.That
principle was there introduced, it will be recalled, in a curiously repetitive manner.
First, the conservation of angular momentum appeared unnamed and merely as a
sample solution to the problem resolved by employing the indeterminate Equation
(F) (see Eq. 2.2). It would be reasonable to suppose that in that form it represents
the early phase of Carnot’s thinking. Then there followed in the Essai sur les
machines en général (but not in the 1780 memoir) the digression just recalled about
the pseudogeometric status of motions that do no work, upon which Carnot came
back to conservation of the moment–of–the–quantity–of–motion now magnified
and. elevated to the status of the fundamental conservation law. Stating it in the
form of three propositions,13 it will be further recalled, he went on to derive from it
well–known theorems of mechanics followed by his own equation designated (AA)
(see Eq. 2.3):

Z
Fu cosZ D 0;

11See above Chapter 2, pp 19–23.
12See above Chapter 3, p 54.
13See above Chapter 2, p 30.

http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_2


62 3 The Development of Carnot’s Mechanics

in which F, representing force in the sense of motive power, was substituted in
effect for the product mU, the quantity of motion “lost” to internal interactions in
the so-called fundamental Equation (F)

Z
muU cos z D 0:

Not so in the 1780 memoir, which said nothing of moment–of–the–quantity–of–
motion. Having defined geometric motions in point of displacement only, Carnot
simply obtained Equation (F) for the general solution and expressed it in various
ways adapted to different needs. One proposition resolved the quantities into
Cartesian coordinates. A second exhibited the analogy to conservation of live force
in hard body interactions and included a term for its loss in impacts. A third
concerned motion changing by insensible degrees over time and reverted to the
expression Carnot had obtained in the 1777 memoir, i.e.,

Z
mupdt cos z D

Z
mud .V cosy/:

A fourth concerned the case in which the value of u is the real velocity V and
found that the expression then reduced to conservation of live force. All these
consequences came out rather parenthetically, however. Carnot’s discussion in the
1780 memoir placed no emphasis on the principles of mechanics and made much
less of the later claim that geometric motions permitted transforming live–force
conservation in elastic bodies into an expression applicable to generalized hard–
body interaction. These matters figured here rather as a sequence of problems than a
deductive chain of principles, for it was a feature of the way in which Carnot’s ideas
developed that he tended in later work to dress up in the guise of principles what he
had initiated as the solution to problems.

Also missing in the 1780 memoir was the analysis of power which in the Essai
sur les machines en général made the transition between Part I on the principles
of mechanics and Part II on Carnot’s own subject, “machines strictly speaking”.
The omission is consistent, for it was in order to prepare the ground for those
considerations that Carnot would then introduce the moment–of–the–quantity–of–
motion into the Essai sur les machines en général in the interval between 1780 and
its publication in 1783. All these differences, therefore, reflect the limitation on his
thinking at the time of the 1780 memoir: there at the point where he was later to
move on to the concept of power and work, he fell back on the traditional notion of
dead force (Gillispie 1971, Appendix C, § 128). When the question was one of live
forces applied to machines, he observed, the theory was related to that of impact,
which sufficed to solve such problems. But the theory of machines conventionally
understood envisaged only the forces employed to move them, i.e., dead weights,
animal power, and wind or water. Accordingly he would limit himself to these forces
for the remainder of the theoretical part of his memoir.
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Nevertheless, limited though Carnot’s vision may thus have been at the stage of the
1780 memoir, the evidence is interesting in showing that it was in connection both
with such conventional problems and also with the later, more elaborate notions that
he developed the concept of work. For if he did not have it fully disengaged in 1780,
neither was it entirely missing. The quantity itself, moment–of–activity in 1783 in
the Essai sur les machines en général, was called “quantity of action” in the 1780
memoir. There it was always coupled with impelling or resisting forces (for those
terms also made their appearance) as the quantity that they produced or consumed.
Carnot never referred to it without the qualifier and expressly warned the reader
against confusing his quantity of action consumed or produced with that which
mathematicians following Maupertuis meant by quantity of action of a system. Of
action in that sense he, Carnot, would make no use in the present memoir (Gillispie
1971, Appendix C, § 132), and it must have been the obvious inconvenience that led
Carnot to modify the terminology in the Essai sur les machines en général. It may,
further, have been the emphasis there placed on moments in general, particularly that
of the quantity of motion, that led him to redesignate his basic quantity “moment–
of–activity” and to consider it in itself and not merely as a measure of the impelling
or resisting forces it was consuming or producing.

Lacking a fully disengaged concept of power or work, together with the principle
of conservation from which to deduce it, Carnot gave the sequence of propositions
about machines themselves more episodically in the 1780 memoir than in the Essai
sur les machines en général and failed to draw out of them his own principle of
continuity, which appeared only in the form of a practical injunction in passages
constituting the draft of the later scholium. In the Essai sur les machines en général,
it will be re–called, he stated a single theorem for machines:

Whatever the state of rest or motion of any system of forces applied to a machine, if a
geometric motion be imparted to it without altering the forces, the sum of the product of
each by the velocity of the point of application, evaluated at the first instant and in the
direction of the force, will be zero.14

Or
Z

Fu cos z D 0;

from which he drew all the corollaries comprising the science of machines “strictly
speaking”, the fifth being what we have called the Work Corollary:

In a machine of which the motion is changing by insensible degrees, the moment–of–activity
consumed in a given timeby the impelling forces equals the moment–of–activity exerted in
the same time by the resisting forces.15

14 «THÉORÈME FONDAMENTAL. Principe général de l’équilibre & du mouvement dans les
machines. XXXIV» (Carnot 1786, p 68).
15Carnot (1786), § XLI, pp 75–76.
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The 1780 memoir had yet to achieve that unification of his point of view. In the
absence of conservation of the moment of the quantity–of–motion, and therefore
of work, he stated two parallel theorems for the science of machines, the first for
equilibrium and the second for motion. Thus the former:

When a machine is in equilibrium, if an arbitrary geometric motion be imparted to it without
altering the applied forces in any way, the quantity of action produced in the first instant by
the impelling forces will be equal to the quantity of action produced in the same infinitely
short time by the resisting forces.16

That proposition he then stated in various ways (one of which is virtually identical
to the phrasing just cited from the Essai sur les machines en général except that it
did not embrace a machine in motion) and drew from it several corollaries. In those
concerned with weight-driven machines, the equivalence of MgH to 1

2
MV 2 came

out repeatedly.
The companion theorem concerning machines in motion was stated more

awkwardly:

If the actual motion of a machine is suddenly converted into any other geometric motion
and the machine is left to itself, the conservation of live forces will obtain throughout the
ensuing motion no matter what changes there may be in the motive forces.17

The corollaries with which Carnot followed this proposition were all correct, and
the second of them essentially amounted to the Work Principle of the Essai sur les
machines en général in the following form:

When a machine is in uniform motion (i.e., when each point of the system has a constant
velocity) the quantity of action produced in a given time by the impelling forces is equal to
the quantity of action produced in the same time by the resisting forces.18

The statement was weaker than in the Essai sur les machines en général, but
already Carnot identified it as the most useful of all the propositions in the theory of
machines. The historical question that poses itself, therefore, is what difficulties still
remained in his mind that prevented his having combined motion and equilibrium
into a single principle as he seemed quite naturally able to do in the Essai sur les
machines en général?

Several possible explanations suggest themselves. One is that lacking moment–
of–momentum and thinking in terms of displacements, he had not seized on all
the advantage that his geometric motions conferred in authorizing him to neglect
internal forces of the system. That might be why he followed the theorem with
this otherwise unnecessary justification–since live forces were conserved in a

16 «Théorème 1er . Principe général de l’équilibre dans les machines» (Gillispie 1971, Appendix C,
§ 133).
17 «Théorème II. Principe général du mouvement dans les machines» (Gillispie 1971, Appendix C,
§ 140).
18«Corollaire II. Des machines qui se meuvent uniformément» (Gillispie 1971, Appendix C,
§ 143).
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system of which the motion was changing by insensible degrees, and since when
a geometric motion was substituted for a real one, nothing was changed in the
mutual interactions of the system, it followed that motion must still be changing by
insensible degrees, and hence live forces must still be conserved “[ : : : ] at least for
some time [ : : : ]” (Gillispie 1971, Appendix C, § 140) after such a transformation,
no matter what motive forces should be substituted for those that were really
influencing the parts of the system.

Another possibility is that Carnot had not quite succeeded in generalizing in his
own mind relations that he had obtained from considering the behaviour of weights
under gravity. That might be why the corollaries are clearer than the statement or
discussion of the theorem itself, notably the first which concerns weight–driven
machines:

If the actual motion of a weight–driven machine be suddenly changed into any other
geometric motion whatever, and the system be left to its own forces, the ensuing sum of
the live forces at any instant is equal to the sum of the initial live forces (i.e., immediately
after the change of motion) plus what the sum of the live forces would be if each point of
the system had a velocity equal to that due to the height from which the center of gravity
has fallen since the change of motion.19

Perhaps, finally, the obligation to conduct the argument toward a frictional appli-
cation concealed the desirability of establishing the work principle in a unified
treatment of motion and equilibrium. The reason he advanced in the 1780 memoir
for considering it the most useful for the theory of machines was that in practice such
ordinary devices as mill–wheels, pulleys, and capstans, once set in motion, soon
reached a steady rate of operation. A final corollary brought all real machines within
the scope of the discussion by specifying that friction was always to be classified
as a resisting force, since its direction inevitably countered the real motion of the
points whereon it acted.

It would be misleading, however, to emphasize shortcomings on the formal level
of argumentation, and it is more illuminating historically to appreciate that what
Carnot lacked as principle in the 1780 memoir, he already had as maxim. The final
paragraphs of the theoretical section of the 1780 memoir were largely similar and in
certain places identical with the scholium that concluded the Essai sur les machines
en général. An interesting passage reveals the latency of his point of view. He had
reverted to machines of which the state of motion changes by insensible degrees and
pointed out that they had in common with periodic machines (i.e., pendulums) that
live force was conserved and that in a given time, therefore, the quantity of action
produced by the impelling forces equals that produced by the resisting forces. Even
worthier of remark, a quantity one–half the increase in the sum of the live forces is
identical with the quantity of action produced by the force of inertia of the bodies
comprising the system. It followed that:

[ : : : ] if we consider all forces, whether active or passive, applied to a machine in motion,
including even the inertia of its matter taken itself as a real force that resists change of

19«Corollaire Ier . Du mouvement dans les machines a poids» (Gillispie 1971, Appendix C, § 142).
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state in the bodies, the quantity of action produced by the impelling forces in a given time
will always equal the quantity of action produced in the same time by the resisting forces
whatever be the motion of the machine [ : : : ].20

Here then, noted in passing in the 1780 memoir, was precisely the remark that he
stated rather as a theorem in the Essai sur les machines en général, and that there
appeared to be the principle in virtue of which he unified the discussion. Indeed,
he even noted in the memoir that the entire theory of machines whether at rest or
in motion could be reduced to that single statement. He simply did not yet do it,
which shows that what he really needed to develop was less the content of theorem
or propositions than the line of reasoning that connected them.

As for his own principle of continuity, it followed upon a discussion virtually
identical with that in the Essai sur les machines en général about varying the
factors of time, force, and velocity in achieving mechanical advantage. A footnote
distinguishes between “[ : : : ] absolute work or labor of the agent [ : : : ]”21 and “what
I call here the work of the moving or impelling force [ : : : ]” the difference residing
in the extra force consumed by the inertia of the machine itself. The things that he
mainly had in view in all these remarks were the classical simple machines and their
variants used on shipboard. It was for this reason, Carnot said further, that he had
written only about those of which the motion changes by insensible degrees.

For when the purpose is to produce the greatest effect possible from a machine, there is a
decisive advantage to be gained in excluding percussion or sudden changes in the state of
motion.22

Carnot went on to show how the intervention of impacts necessarily involved loss
of a corresponding quantity of action. The argument was in much the same terms
as that reproduced 3 years later in the Essai sur les machines en général, but the
mode in the 1780 memoir was one of explanation rather than demonstration or proof
(Gillispie 1971, Appendix C, § 157). It is, indeed, the most revealing feature of the
document that this point, which later appeared to be the chief finding of Carnot’s
mechanics, so much so that it was called his law or principle, he first wrote down
not as discovery of an unknown truth, but as a justification for limiting his subject
to machines that in their operation embodied it.

For the rest, the 1780 memoir presents little interest. Like that of 1778 it
concluded with a section purporting to apply the experimental results to determining
expressions for each class of simple machine. Carnot had simplified the treatment
over that of the earlier memoir by combining consideration of motion and equilib-
rium in each class of machine–all the more curious does it seem, therefore, that he
did not do this in the preceding theoretical discussion–rather than by going through
all seven classes once for the case of equilibrium and again for that of motion. He

20«Scholie» (Gillispie 1971, Appendix C, § 148).
21«[ : : : ] le travail absolu ou la peine [ : : : ]» (Gillispie 1971, Appendix C, § 153, footnote).
22Gillispie (1971), Appendix C.
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recognized that his organization had the effect of separating the theoretical from
the practical study of machines in general. No doubt the terms of the Academy’s
competition imposed on him the necessity thus to descend to particular cases for the
practical part. But it does not appear that he had formed the project of such a science
of machines as would dispense him from specifying particular conditions of motion
and equilibrium characteristic of each class in practice. The separation of theory
and practice was necessary, he observed, “[ : : : ] in order to avoid the confusion that
would arise from mingling them [ : : : ]” (Gillispie 1971, Appendix C, § 191).

We can see that he had in mind with greater or less cogency all the relations or
theorems that would comprise such a science. What he had still to accomplish was
to graduate in his thinking from forces to powers and to seize on the conservation of
the moment–of–momentum in order to make full use of his own idea of geometric
motions in abstracting from the effects of internal forces in a system and hence
overcoming the disjunctions between hard and elastic body, pressure and impact,
dead force and live force. In a way that was conceptually subsidiary but probably
more important in actuality, he needed to generalize from the manipulation of
weights, whether as load or power, in order to embrace within his reasoning all
processes involving work.

Such, at least, was the development that he gave his subject between the failure of
his second memoir to win the academic prize in 1781 and the publication in 1783 of
his Essai sur les machines en général, in which all the experimental and particular
passages were eliminated, and the theory of machines alone was presented rather as
an adaptation of the science of mechanics itself. It must, therefore, have been during
this interval that he reviewed the whole science as it was known to an engineer in
the late eighteenth–century, though how and through the agency of precisely which
writings in that science he then seized on the unifying possibilities inherent in the
principle of moment–of–momentum, the sources do not permit us to say: for the rest
of it, all the development he gave was latent in his own approach in the two memoirs
successively submitted to the Academy.

3.3 Argument of the Principes fondamentaux de l’équilibre
et du mouvement (1803)

The remaining discussion of Carnot’s science of machines will concern its im-
mediate development and influence. Let us take first the revision that he himself
gave the subject in his Principes fondamentaux de l’équilibre et du mouvement
(Carnot 1803a) published just 20 years after the Essai sur les machines en général
and in the same year with the Géométrie de position (Carnot 1803b). Most of the
later writers who allude to Carnot’s mechanics make reference to the Principes
fondamentaux de l’équilibre et du mouvement rather than to the Essai sur les
machines en général, which, if mentioned at all, is not always distinguished from the
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second, more renowned version.23 Meanwhile, the development of the eighteenth–
century French school of rational mechanics had culminated in the publication in
1788 of Lagrange’s Mécanique analytique, a work that imposed itself immediately
as the mathematical chef d’oeuvre of its subject. Lagrange’s book was no isolated
monument. On the contrary, the last two decades of the eighteenth century were
a period of intensive activity in the formalization of mechanics, so much so that
Carnot himself remarked in the preface to his Principes fondamentaux de l’équilibre
et du mouvement that in the interval since his earlier writing, there had appeared
so many others “[ : : : ] on all aspects of mechanics, so beautiful and so extensive
that my own can scarcely be remembered” (Carnot 1803a, p v). (So far as can be
determined, his modesty was accurate. The present writer has never seen a single
mention of the Essai sur les machines en général in the contemporary literature of
mechanics, nor any evidence that it was ever read).

Why, then, was a second edition wanted? Carnot justified it on the grounds that
the Essai sur les machines en général had contained some ideas that were new
when they first appeared, and that it was in any case always useful to envisage the
fundamental truths of science from various points of view. Of the new version he
said further, “[ : : : ] several scientists have strongly urged me to furnish it” (Ibidem).
Unfortunately, we do not know who they were. Did they do so because Carnot was
now a prominent statesman recently emerged from political eclipse and influential
in the Institute? It would be unrealistic to suppose that such facts carried no weight,
although neither is it necessary to impute base and much less baseless flattery to
Carnot’s advisers. Statesman though he now was, he was a statesman with a certain
scientific reputation in virtue of his mathematical writings. He had published his
book on the calculus in 1797 and his first book on geometry in 1801.

Are we to suppose, then, that the new engineering emphasis in technical
education might have been thought to create a public for a book on mechanics
from the point of view of a former engineer, since become famous? So it almost
certainly was in Carnot’s own mind, for the Principes fondamentaux de l’équilibre
et du mouvement, unlike the Essai sur les machines en général, is at once textbook
and treatise in the fashion created by the École polytechnique. The former quality
flattens Carnot’s already unassuming style and puts the book in the shadow when
contrasted to the brilliant light in which the works of Lagrange and his school are
illuminated by their formal elegance. At all events it must have been some such
combination of personal and institutional motivations that encouraged Carnot to
revise his science of machines. The explanation cannot be that his approach was

23See, for example, the following works: L’entropie. Son rôle dans le développement historique
de la thermodynamique by Brunold (1930, pp 37–38), Some factors in the early development of
the concepts of power, work, and energy by Cardwell (1967, pp 209–224), Histoire de la mécanique
by Dugas (1955, pp 324–331) and Lectures de mécanique. La mécanique enseignée par les auteurs
originaux by Jouguet (1924, II, p 72).
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an answer to the problem structure in the science of mechanics itself, for (as will
appear) if his work was no longer unknown, it was another 20 years before these
concerns began to make any difference.

To turn to the content of the Principes fondamentaux de l’équilibre et du
mouvement, it will be convenient to take it in its textbook aspect first, for Carnot
had completely reorganized his presentation. The division between fundamental
principles of mechanics and the theory of machines “properly speaking” had
disappeared. The subject was still presented in two parts, but the distinction was now
between its experiential and its rational aspects. The former reads like a glossary
of mechanics. It comprised mainly definitions of the quantities and expositions of
elementary laws of statics and dynamics for which Carnot claimed the sanction of
experienced fact. Part II by contrast contained propositions that could be derived
from those first principles merely by ratiocination–of them more in a moment,
for they were those that were peculiarly Carnot’s own either in conception or in
function.

In observing that Part I now reads like a primer, the historian should intend
nothing denigratory. It was a good primer. No franker source exists if he wishes
to know what persons literate in mechanics at the end of the eighteenth century
understood physically by its basic conceptions, such as force, motion, action,
velocity, acceleration, etc.24 Like many of the simplest matters generally taken
for granted, these are not always easy to come by historically. In this respect,
the Principes fondamentaux de l’équilibre et du mouvement exhibits a notable
improvement in clarity over the Essai sur les machines en général, in which
the modern reader often has to judge of Carnot’s comprehension of terms and
dimensions by the use he made of them rather than by an explanation. In the
later work, for example, the discussion of projection and combination of directed
quantities was explicit. It is extremely curious, however, that Carnot seems to
have gone all the way back to his earliest, 1778, memoir for these proto–vectorial
considerations25 (Gillispie 1971, Appendix B, § 52–54). Was it his intervening work
in geometry that encouraged him to see the merit of this representation, which he
had merely taken for granted in the intervening work in mechanics? It may be so.
At all events Carnot suggested the following notation for representing the projection
Aa0 of one velocity Aa upon an intersecting straight line AB:

Aa0 D Aa cos AabAB;

wherein the last term denoted the angle, a convention that would have been obvious
although cumbersome if generally adopted. Here, for example, is his expression for

24Please see above Chapter 2, p 19, ft 7.
25The geometric figures missing from the 1778 Ms. may be reconstituted from Figs. 2, 3, and 4 of
PI. I of the Principes fondamentaux de l’équilibre et du mouvement, which fit the argument of the
1778 memoir.
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the relation between initial velocity (MW ), altered velocity (MV ), and the velocity
(MU ) “lost” when a body was constrained to change its motion26:

MW D MV cosMW1MV CMU cosMW1MU

Writing of moments, Carnot now pointed out that the moment of a motive force,
being the product of a force by a line, could always be reduced to a live force, and
that the moment of a quantity–of–motion could be reduced to the product of a live
force and a time. He now had clear that the latter was properly designated quantity–
of–action of a mass. The concept of work he still called moment–of–activity,
but his way of seeing these quantities seems to represent a certain development
in the differentiation of the notion of energy (live force) from that of work
(moment–of–activity). He distinguished between moments–of–activity “consumed”
or “absorbed” (instead of consumed or produced). By the former he still meant the
product of the force by the path described by its point of application, evaluated in
the direction of the force; whereas the latter was now the product of the force by
the velocity of the point of application, evaluated in the direction opposite to that
of the force. It still comes out that the two quantities are identical numerically and
of opposite sign since the angles are supplementary, but the distinction seems closer
than it had done in the Essai sur les machines en général to that in later usage
between the work done on or by a system (Carnot 1803a, §§ 60–61, pp 38–39). For
there is the beginning of a distinction here between notions that in the next 50 years
would evolve into the concepts of kinetic and potential energy. He laid it down
that live force “properly speaking” had the dimensions MV2 (as we would write it)
and that when it took the form of the product of a motive force by a line (PH as
he wrote it, or mgh as we would write it), it could be given the special name of
“latent live force” (Ivi, § 64, p 41). In the latter case it was dimensionally identical
with moment–of–activity (or work), and the significant thing is that Carnot saw it
as conceptually distinct. For a system of bodies in which forces were operating over
time, the following expression

mp � udt cosk

would give the moment–of–activity consumed during time dt by the force mp with
respect to the velocity u (k being the angle between u and P). The moment–of–
activity consumed by the whole system throughout the entire motion would then be
given by

XZ
mp � udt cos k

26For the Eq., see Carnot (1803a), § 43, p 26.
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(of which expression one might note that Carnot had begun to distinguish between
summation and integration, and also that he had lapsed into his old notation). That
expression being a latent live force, it could be reduced to a quantity of the form
MV2:

Whence it is easy to appreciate that the notion we have just given of moments–of–activity
is encountered frequently in the theory of equilibrium and motion, either in the form of live
force properly speaking, or in that of latent live force.27

From the definitions Carnot turned to a summary of what he now called “The
hypotheses that can be admitted as general laws of equilibrium and motion” (Carnot
1803a, p 46), which he pretended to found on experience and reasoning, and
which were in fact simply the classical laws of statics and dynamics. It would
elucidate nothing not already evident about Carnot’s reasoning to enumerate these
propositions. Two remarks only may be curious to note. The first reflects on Carnot’s
own sense of historicity. He here attributed the principle of virtual velocities to
Galileo, even calling it the “principe de Galilée”, and went on to credit the lowest
center of gravity condition for equilibrium to Torricelli as its consequence before
rectifying it in his own operational statement. The attribution to Torricelli was in
fact correct, though not that to Galileo, and one has the impression that even in
the rather trivial respect of acknowledging the history of the concepts, Carnot’s
reworking of the book was shaped by the example of Lagrange. The second remark
about Carnot’s presentation of the elements is that he concluded it by deriving from
the conservation of live force the relations that he needed in the various cases of
change of motion. As usual, W was initial, V final velocity, and U the velocity lost
in impacts. Then for hard bodies in the general case,

Z
MW2 D

Z
MV2 C

Z
MU2;

for hard bodies in which the motion changes by insensible degrees,

Z
MW2 D

Z
MV2 .since U is infinitesimal/

For elastic bodies, he comes at it in reverse order. Since

Z
MV2 D

Z
MW2 �

Z
MU2;

and since the velocity U lost at impact is restored on rebound,

Z
MV2 D

Z
MW2:

27Carnot (1803a), § 64, p 41.
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These are statements remarkable only in that he could now thus simply set them
down one after the other (Carnot 1803a, §§ 131–132, pp 104–105).

In Part II of the Principes fondamentaux de l’équilibre et du mouvement Carnot
turned to a formal development of the so–called hypotheses considered as laws of
nature. It is difficult, on the whole, to think the presentation felicitous. Ostensibly
the goal was to achieve analytical expression for the laws, and the result was that the
distinctiveness that Carnot brought to mechanics by directing attention to the study
of machines was obscured by his attempt (or so it would seem) to imitate in some
degree the style of Lagrange. The sequence of theorems swept so wide of the subject
of machines that its denouement there would come as something of an anticlimax
except that the climax itself, a generalization or vindication of the Principle of Least
Action, was somewhat beside the point.

At the same time it would be wrong to underestimate all the theoretical aspect of
the Principes fondamentaux de l’équilibre et du mouvement just because this part
of the book may not have been an entire success or because he had already made
all the significant points in the Essai sur les machines en général. He did achieve a
greater clarity, most notably in the passages defining geometric motion:

Any motion that, when imparted to a system of bodies, has no effect on the intensity of the
actions that they exert or can exert on each other in the course of any other motions imparted
to them, will be named geometric.28

Clearly, he had modified the definition, for he states it entirely in terms of the
function of geometric motion, which it is now easier to recognize as what in later
parlance would be called virtual displacements. Neither in the 1780 memoir nor in
the Essai sur les machines en général had Carnot adapted his concept of geometric
motions from the principle of virtual velocities. In the Principes fondamentaux
de l’équilibre et du mouvement, however, he went on to recognize the analogy
between such motions and that principle in the use Lagrange made of the latter.
The difference was that virtual velocities being infinitesimal were inapplicable in
problems involving the sudden changes of motion produced by impact, whereas
geometric motions, being finite, generalized the principle so that it might apply to
all cases, whether the change of motion be continuous or discontinuous, whether the
bodies be hard, elastic, or fluid (Carnot 1803a, § 144, pp ix–x, p 115).

It is because of these passages that the historian will detect in the concept of
geometric motion the forerunner if not the common ancestor of reversible processes
and vector analysis, the former in that reversibility was the criterion by which the
independence of such motions from the rules of dynamics might be recognized, and
the latter in that these motions were, therefore, determined by the geometry of the
system alone. Carnot nourished a prophetic if not always lucid vision of the prospect
for a science that should be “[ : : : ] intermediary between ordinary geometry and
mechanics” (Carnot 1803a, § 162, p 131). Both in the Principes fondamentaux de
l’équilibre et du mouvement and in the Géométrie de position he alluded to hopes for

28«DÉFINITIONS» (Carnot 1803a, § 136, p 108).
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thus uniting mechanics and geometry in a science yet to be created. It was mainly for
lack of a theory of geometric motions that analytical difficulties frequently impeded
the solution of mechanical problems. Carnot thought this to be specially true of
hydrodynamics (Carnot 1803a, § 145, p 116), and the remark goes to strengthen the
case for seeing in geometric motions the origin of reversible processes, since it was
in connection with the fluid model of heat transfer that Sadi Carnot introduced the
concept of reversibility.

As an earnest of such a theory, Carnot opened the “rational” part of his Principes
fondamentaux de l’équilibre et du mouvement with theorems, of which the first nine
about the properties of geometric motions in hard–body interactions. The sequence
will prove somewhat puzzling to the reader not yet oriented to his purposes in
mechanics itself. When he did finally come to that, he unfolded the argument
in a manner different from that of the Essai sur les machines en général. Both
editions prepared the ground for the application of mechanics to machines with the
proposition that in the motion of a system of hard bodies, the net effect of mutual
interactions of the parts is zero. In the Essai sur les machines en général (it will be
recalled) Carnot stated that result in the guise of the general solution to the problem
“given the virtual motion of any system of hard bodies, [ : : : ] find the real motion
it will assume in the next instant”29 and he symbolized the solution in the Equation
(F) (see Eq. 2.2)

Z
muU cos z D 0:

which he had obtained through transforming an expression equivalent to
conservation of live forces by means of the auxiliary idea of geometric motions. But
in the Principes fondamentaux de l’équilibre et du mouvement, having elaborated
the concept of geometric motions in a series of propositions, he stated the same
thing in the form of a theorem:

In the impact of hard bodies [ : : : ] the sum of the product of the quantities of motion lost by
each of the bodies multiplied by its velocity after impact evaluated in the direction of the
quantity of motion lost, is equal to zero.30

And he symbolized the relation in a mere corollary31

X
MUV cosbUV D 0

The difference is indicative of that between the two books: in the Principes
fondamentaux de l’équilibre et du mouvement, Lazare Carnot set out in a didactic
order what in the Essai sur les machines en général he had established in a

29«Problème XX» (Carnot 1786, § XX, p 40; see also: Ivi, § X, p. 21).
30«THÉORÈME XI» (Carnot 1803a, § 168, p 139).
31For the Eq., see Carnot 1803a, § 169, p 143.
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problematic one. A consequence was that he himself began the process of obscuring
the distinctiveness of his own approach while improving its clarity. There was about
the Principes fondamentaux de l’équilibre et du mouvement, moreover, not only an
imitative quality in its relation to Lagrange but a regressive quality in its relation
to theory. Carnot now tended to look back to the Principle of Least Action for the
significance of his work concepts rather than forward to energy considerations. That
he should have done so is natural enough for he never claimed to be an innovator,
but to bring it out will require exemplification in a certain amount of detail.

Following the theorem just cited, a further proposition stated that in hard-body
collision the sum of live forces prior to impact equals that following impact plus
what the sum of the live forces would be if each of the bodies were moving freely
with the velocity lost in impact:

X
MW2 D

X
MV2C

X
MU2:32

The point to notice here is that Carnot did not yet hold steadily in mind a concept
of live force equivalent to kinetic energy. Sometimes what bodies were said to
lose in collision was velocity or motion; sometimes it was live force itself, as in
a corollary bringing out that the sum of live forces after collision was bound to be
less than beforehand–but the case was restricted to hard body. He did have clearly
in mind the convertibility of the quantities expressed in the dimensions of live
force (kinetic energy) into those of moment–of–activity or latent live force (work
or potential energy), but he was thinking of these matters dimensionally rather than
conceptually. Only the concept of work did he have fully developed in all but name,
and sometimes even in name. The role of energy he had to compound out of forces
acting over distance (usually though not exclusively when it was a question of the
measure of the force) or in time (usually though again not exclusively when it was a
question of the operation of a machine process), and that necessity may explain why,
the more he reflected, the more prominent the Principle of Least Action became in
his thinking.

As he had done in the Essai sur les machines en général, Carnot turned to Least
Action for the purpose of identifying the real motion among the infinity of geometric
motions of a system of hard bodies. The motion that actually occurred would be that
for which the sum of the products of the masses by the square of the velocity lost by
each, was a minimum, or to put it more generally, such that

ı

Z
MU2 D 0:

Carnot considered that to be very beautiful and the fundamental law of hard–body
collision. It might, he went on to show, be extended to cover elastic and even

32Carnot (1803a), §175, pp 145-146.
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partially elastic bodies. When thus generalized it took the form,

ı

Z
MUX D 0

(where X is the distance traversed by mass M with velocity U in time t), and this
quantity, he pointed out, was that which Maupertuis had first denominated Action.
Indeed, Carnot’s view of his own accomplishment was that in the Essai sur les
machines en général he had been the first to establish its applicability to the case of
sudden or discontinuous change of motion in hard–body collision. Maupertuis had
envisaged the matter so vaguely that he made no distinction between continuous and
discontinuous change of motion. Euler had then distinguished the former case and
made of it a rigorous, if still metaphysically justified, principle applicable to motion
under central forces of attraction (Carnot 1803a, § 188, pp vi–ix, pp 163–164).
Now in the Principes fondamentaux de l’équilibre et du mouvement Carnot thought
himself to be exhibiting how superfluous metaphysical considerations were, and
how generally the principle applied – only he did think preferable the form

ı

Z
MU2 D 0;

and that is the tantalizing aspect in later eyes since it does look very like the energy
statement it could not yet be. He had not abstracted a notion of live force equivalent
to energy from the properties of bodies: live force was lost completely in hard–
body collision, partially lost in partially elastic collision; and Carnot was relying
more fundamentally than ever on his workless geometric motions to bridge these
differences. At the same time, he gave greater emphasis to the work principle at
the expense of moment–of–momentum. In the Essai sur les machines en général,
it will be re–called, conservation of the moment of the quantity–of–motion was the
fundamental principle of mechanics sufficient for derivation of all laws of motion
and equilibrium in all cases whatever.33 Not so in the Principes fondamentaux de
l’équilibre et du mouvement, where he invoked in its place a series of propositions
about moments of rotation, moments of percussion, and d’Arcy’s Principle of
Areas,34 and singled out instead as the fundamental conservative quantity the
moment–of–activity of the general system with respect to any of its possible
geometric motions, i.e., conservation of work (Carnot 1803a, § 197, p 176). But that
appears to be something of an afterthought following the enthusiastic vindication of
Least Action.

A final section headed “Considerations on the Application of Moving Forces to
Machines” (Carnot 1803a, p 227) gathered together the remarks about machines

33See above Chapter 2, p 30.
34One wonders whether the papers of the chevalier Patrick d’Arcy had been an important source
of inspiration to Lazare Carnot, but this is the only place he mentions them (Carnot 1803a, § 195,
p 174). The relevant memoirs are: Problème de dynamique (d’Arcy 1752, II, pp 344–356) with
an addendum (Ivi, pp 356–361), Suite d’un mémoire de dynamique (Id., 1754, pp 107–108) and
Théorèmes de dynamique (Id., 1763, pp 1–8).
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that Carnot had interspersed in the earlier edition to explain his reasonings, and
combined them with the analysis of mechanical advantage and exhortations about
the employment of power from its concluding scholium. The effect for the reader
who knows only the Principes fondamentaux de l’équilibre et du mouvement, is to
reduce to the level of an appendix what the reader of the earlier drafts can see to
have been the motivation of the work as a whole. He had added nothing new to the
earlier discussion about the factors of mechanical advantage or the way in which
they might profitably be varied according to the economics of the process. He did
here make one of his few references to the work of others, dissenting from Daniel
Bernoulli’s argument that a power source yielded much the same result whether
the operator chose to augment the force or the speed. In the case of manpower
and animal power, experiments by Coulomb had invalidated that hypothesis for the
reason that it took no account of fatigue or boredom.35

A little further on Carnot also attributed to Daniel Bernoulli the maxim that in
any proposed operation, the first thing to do is examine it in order to specify what
effect intrinsically pertains to that operation, and avoid so far as possible producing
any side effects. No work of Bernoulli was cited, but Carnot now said that it was
pursuant to this principle that all shocks or sudden changes that are not essential to
the construction of the machine are to be avoided, for shock always involves loss of
live force and consumption to no purpose of a portion of the moment–of–activity
developed. The only thing surprising here is that Carnot should thus have casually
read back to Daniel Bernoulli the finding generally credited to himself, which
remark illustrates further that what was involved in the development of engineering
mechanics was less the knowledge of how things work than the articulation of the
principles that all informed people knew more or less explicitly to be involved in
processes.

In general, the argument about machine processes is briefer and easier to follow
in the Principes fondamentaux de l’équilibre et du mouvement than in the Essai
sur les machines en général or in the draft memoirs, and the concluding passage
deserves quotation in order to exhibit further the gradual clarification in ideas
that this edition reflects in what can be seen as the unwitting approach to energy
considerations by way of the concept of work. After observing that the effect
produced is always a live force, real or latent; comparable to the product PH of
a weight P by a height H, or a force by a line, and that the moment–of–activity is,
therefore, always the quantity to be economized for maximum effect whatever the
process, whether it be a weight to be raised; a mill–wheel to be turned; a void to be
created in the atmosphere, the sea, or some confined fluid; a machine to be started;
or a system of bodies attracting each other in any proportion to the distances; and

35Carnot cited Coulomb’s memoir on the employment of manpower, Résultat de plusieurs expéri-
ences destinées a déterminer la quantité d’action que les hommes peuvent fournir par leur travail
journalier suivant les différentes manières dont ils emploient leurs forces (Coulomb 1799, II, pp
340–428). Coulomb first read this memoir to the Academy in 1778. See Gillmor (1971), chap. II.
Carnot cited further a memoir of Euler, de machinis in genere (Euler 1751, III, p 254).
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also whatever the motive agent, whether weights, wind, water, men, or animals in
any combination at all, then:

[ : : : ] whatever change may be occasioned in the system, the moment–of–activity consumed
in a given time by the external powers always equals one–half the amount by which the sum
of the live forces increases in the system to which they are applied during that same time,
minus one–half. the amount by which that same sum of live forces would increase if each
of the bodies moved freely on the curve it would describe, supposing it to be subjected at
each point on the curve to the same force that actually does affect it: provided always that
the motion changes gradually and that if spring–driven machines are involved, the springs
at the end of the process are left in the initial state of tension.36

3.4 Comparing the Work of Sadi Carnot

Let us turn now to the memoir by Sadi Carnot, Réflexions sur la puissance motrice
du feu et sur les machines propres à développer cette puissance, published in 1824,
the year after his father’s death and 21 years after the Principes fondamentaux
de l’équilibre et du mouvement. The similarity has often been remarked between
Lazare Carnot’s observations there on hydraulic machines and his son’s model
attributing motive force or power to the passage of heat considered as a real fluid
falling from a higher to a lower level of temperature (Brunold, pp 37–40). In
fact, however, when Sadi Carnot’s memoir is read in direct succession to Lazare’s
writings, the son’s inheritance appears fuller than the mere adoption of an hydraulic
model for the flow of heat. Indeed, the Réflexions sur la puissance motrice du feu
may be taken both for the foundation stone it certainly became in the science of
thermodynamics and for the final item in a series of Carnot memoirs on the science
of machines beginning with the prize essay of 1778. It is the latter relation that
concerns us here.

There is no reason to think that Sadi Carnot would have objected to such an
attribution. It is one that may be supported on biographical as well as substantive
grounds. Graduated from Polytechnique in October 1814 (after having fought with
many of his classmates in the brief and vain defense of Vincennes in March),
Sadi Carnot completed his training with two further years of study at the school
of military engineering in Metz. Until 1819 he led the garrison life of a second
lieutenant. He then arranged to go on inactive duty in Paris in order to devote himself
to study and technical research. All the while his father and younger brother were
in exile in Magdeburg, where Sadi Carnot was able to visit them for a few weeks
in 1821.

It was evidently after this visit that Sadi Carnot began concentrating his attention
on the principles of heat engines, and first the steam engine. In addition to the
published Réflexions sur la puissance motrice du feu, there is extant the manuscript
of a brief “recherché” entitled “Investigation of a formula for the Motive Power

36Carnot (1803a), § 293, pp 261–262.
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of Steam”.37 Scholars hold differing opinions about the date of this memoir. To
the present writer it seems probable that it was composed somewhat prior to the
Réflexions sur la puissance motrice du feu. It was in a genre of which there were
many examples in the years around 1820, and which will be discussed briefly in the
next chapter. Sadi Carnot obtained a value for the motive power of 1 kg of steam
expressed as a function of temperature by employing Clément’s law for the pressure
of saturated vapors and Dalton’s table relating vapor pressure to temperature.
The discussion was clear and the derivation clever. In the interests of generality,
he identified three stages in the operation of a steam engine: as the steam passes
into the cylinder, it may be considered as expanding isothermally in the first phase
and adiabatically in the second while the third stage was isothermal compression in
the condenser. (These terms were not yet coined). But though recognizing elements
of Sadi Carnot’s analysis, the reader of the Réflexions sur la puissance motrice du
feu will see this schematization as a partial one. The cycle was complete only with
respect to the return of the piston to the starting point and not with respect to the
temperature of the steam.

What appears to be a residue of that incompleteness marred the reasoning in the
opening part of the argument of the Réflexions sur la puissance motrice du feu itself.
It seems probable that the closer attention Sadi Carnot might reasonably be expected
to have paid to his father’s work on receiving in that same year the news of Lazare’s
death was what showed him the way to overcome that incompleteness and to put his
argument on a fully general basis. We know from Hippolyte’s memoir of his brother
that when he, Hippolyte, returned to Paris after Lazare died in 1823, he found Sadi
Carnot at work on the manuscript and was made to read and criticize important
passages in point of their comprehensibility to general readers.38 The brothers could
scarcely have failed to talk then of their father’s science.

The very word “Réflexions” in Sadi Carnot’s title recalls the ruminative vein of
Lazare’s book on the calculus, while in analysis and subject matter the genre was
that of his science of machines. Like the Essai sur les machines en général, the
Réflexions sur la puissance motrice du feu was a treatise nonetheless rigorous for
being verbally expressed and nonetheless general for being an adaptation of science
to the principles underlying the employment of machinery. Despite the gratifying
state (Sadi Carnot began) to which the development of steam engines had attained
in practice, there existed no theory in the light of which their further improvement
might be guided. Was there any limit to the power that ingenuity might draw from
heat? The question was rhetorical and implied that there must be. What, then, were
the optimum conditions for the design and operation of heat engines? Might not

37Recherche d’une formule propre à représenter la puissance motrice de la vapeur d’eau–
the manuscript, Un manuscrit inédit de Sadi Carnot, was published by Gabbey and Herivel
(pp 151–166). For a discussion of the question surrounding the date, see footnote 42 below.
38Hippolyte’s biography is contained in a reprinted edition of the Réflexions sur la puissance
motrice du feu published in Paris in 1878. References in the notes that follow are to the pagination
of the facsimile of the first, 1824, edition published by Blanchard in 1953 (Carnot 1953).
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other materials prove preferable to steam for developing the expansive force of
vapor? Atmospheric air, for example–and this possibility, to which Sadi Carnot
recurred often enough to confirm its appeal to his imagination, indicates that he
had at some point found suggestive the model air engines of Niépce and Cagniard,
of which Lazare Carnot had written enthusiastic accounts many years earlier.39

Those questions could not previously have been answered (to paraphrase further
the Réflexions sur la puissance motrice du feu) for the reason that the availability
of motive power in heat had never been considered in generality but only with
respect to particular types of machines. In order that a fundamental theory might be
found, it would be necessary to abstract from all particular mechanisms and from the
properties of all particular materials and to consider how heat might produce motion
as a problem independent of all contingencies. The theory must confine itself neither
to steam engines nor even to vapor engines: it must embrace every conceivable heat
engine and must model itself upon the theory of the classic machines. For there was
a science that did indeed have the character of a complete theory (so held his father’s
son), resting as it now did upon the principles of mechanics itself. And only when
the laws of physics should be sufficiently extended to embrace all the mechanical
effects of heat acting upon bodies of any sort would the theory of heat engines be in
a comparably satisfactory state (Carnot 1824, pp 6–9).

Sadi Carnot’s memoir has been so fully commented, studied, and paraphrased
in recent years that no need exists to summarize the entire contents or to enlarge
on its later importance in the history of thermodynamics. For the present purpose it
will suffice to identify those elements of the argument that derived from the work
of Lazare Carnot. Sadi Carnot began by calling attention to a circumstance that
always accompanied the production of motion by a steam engine. He chose to
see it as a restoration of equilibrium in the caloric, by which he meant that heat
is always transferred from a hotter to a colder body, from boiler to condenser.
The process, he emphasized, involved the movement and not the consumption of
caloric, and Sadi Carnot’s analysis depended upon adopting the point of view
that availability of motive power from heat presupposed some prior disruption of
equilibrium in the distribution of caloric, and that reciprocally wherever a difference
of temperature occurred, there existed the potentiality of drawing motive power
from the transportation of caloric that would restore the state of equilibrium. In
principle the agent might be anything, a metallic bar, for example, the reason being
that in any object a change in temperature always involved a change in volume that
might be harnessed. The choice depended on efficiency.

The question of how the motive power of heat might vary with the nature of the
agent chosen to realize it, whether steam, air, metallic bars, or whatever sort of body,
could be discussed decisively only for a given amount of heat and a given drop in
temperature. Suppose that a body A was maintained at a temperature of 100ı and a
body B at a temperature of 0ı. What would be the motive power (or work–the term
itself was only five years from adoption) that could be delivered by transferring a

39See above Chapter 1.
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given quantity of heat from A to B? Was it more efficient to employ one substance
than another? The obvious advantage of vapors was that the temperature of gases
would rise on compression and fall on expansion so that it was possible to disturb
the equilibrium of the caloric in the same substance as often as desired. Moreover–
and here Sadi Carnot gave the first hint of the analytical use he was about to make of
the idea of a reversible process–it would always be possible to consider that steam
might theoretically be employed in a manner the inverse of that of a steam engine
for the purpose of disturbing the equilibrium in the caloric, i.e., for transporting heat
from a colder to a hotter body by the expenditure of motive power.

In the initial outline of such a process, Sadi Carnot made it occur in the
three stages of his unpublished Recherche d’une formule propre à représenter la
puissance motrice de la vapeur d’eau: (1) In the first, the body A discharged the
function of a boiler generating steam at its own temperature, i.e., isothermally. (2) In
the second, the steam expanded (adiabatically) in the cylinder until its temperature
fell to that of body B. (3) In the third, the steam was condensed at constant pressure
by contact with body B, which, therefore, was filling the office of the cold water
injected into a condenser, except that it remained at constant temperature and did
not mix.

Having thus to a degree idealized and schematized the functioning of a steam
engine, even as Lazare had done for ordinary machines; Sadi Carnot observed that
these operations “[ : : : ] could have been done in one direction and also in the inverse
order.” (Carnot 1824, p 19). Steam could, first, be formed by employing the caloric
of body B at its temperature. Second, compressed until it rose in temperature to
that of body A. Third, condensed by further compression at the temperature of body
A. In both directions, therefore, the first and third stages were isothermal and the
intervening step adiabatic–though it is to be emphasized that these terms had not
then been coined. The former sequence of operations produced motive power (or
work) and transferred the caloric (or heat) from the higher temperature of body A to
the lower of body B. The inverse operation expended motive power (or work) and
returned the caloric (or heat) from body B to body A. But if the same quantity of
vapor were involved and if no motive power nor caloric had been lost, then:

[ : : : ] the quantity of motive power produced in the first case will be equal to that expended
in the second, and the quantity of caloric transported in the first case from body A to body
B will be equal to the quantity restored in the second from body B to body A, so that one
could perform an indefinite number of similar operations without there finally being either
motive power produced or caloric transported from one body to another.40

Evidently, then, Sadi Carnot was introducing the idea of a reversible process in the
same place in his argument that Lazare Carnot had done in his, at the outset, and
for the same reason: as an auxiliary in the reasoning to permit comparison of the
initial and final states of a system by eliminating from consideration internal changes
of work or energy. In the Essai sur les machines en général, it will be recalled,

40Carnot (1824), p 20.
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Lazare’s initial definition of geometric motion had been in terms of reversibility.41

If (as seems probable) Sadi Carnot had the idea of the three–stage cycle set out
in his Recherche d’une formule propre à représenter la puissance motrice de la
vapeur d’eau manuscript before his father’s death,42 it is specially significant that
he incorporated the idea of a reversible process only in the text of the Réflexions sur
la puissance motrice du feu discussed with Hippolyte upon the latter’s return from
Magdeburg.

The next comparison is equally telling. Discussing ideal hydraulic machines
in the Principes fondamentaux de l’équilibre et du mouvement, Lazare Carnot
had brought out that it was a condition for maximum efficiency that there be no
motion in the millstream that was not transmitted to the wheel, since any residual
velocity in the water could in principle be harnessed on egress to produce an
additional effect (Carnot 1803a, pp 248–249). Sadi Carnot for his part went on
from the formulation of reversibility in ideal steam machines (for perhaps the literal
translation of “machine à vapeur” helps bring out the carry–over of ideas) to argue
that if there existed any method for employing heat more advantageous than the pair

41See above Chapter 2, pp 25–28.
42It is agreed that Sadi Carnot must have composed the manuscript of the Recherche d’une formule
propre à représenter la puissance motrice de la vapeur d’eau at some time between November
1819 and March 1827. In publishing the text (Gabbey and Herivel) Drs. Gabbey and Rerivel
concluded that a date prior to 1824, when the Réflexions sur la puissance motrice du feu appeared,
was more probable than a later one. Mr. James Challey suggests that 1823 is the most probable
date of composition because of Sadi Carnot’s use of the dyname as the unit of motive power,
Dupin having coined the word in a report to the Academy in April of that year (Challey 1971,
Dictionary of Scientific Biography, III, p 83, n. 3). For reasons indicated in the argument of this
section, I agree. Dr. Robert Fox disagrees, however. He kindly provided for me the proofs in his
article Watt’s expansive principle in the work of Sadi Carnot and Nicolas Clément (Fox 1970,
233–253). In that paper he explores the relations between Nicolas Clément (1779–1842) and Sadi
Carnot very carefully. The main point is to establish the importance to Sadi Carnot’s work of
contemporary power technology. This it does admirably. Dr. Fox argues further that the manuscript
Recherche represents an attempt by Sadi Carnot to compute a formula for the motive power of
steam that would be applicable in actual engines as the highly abstract and unrealistic reasoning of
the Réflexions sur la puissance motrice du feu could not be, specifically because in the manuscript
memoir Carnot computed the motive power that would be developed in the phase of adiabatic
expansion between any two temperatures instead of restricting it to the unreal case of a span of 1ı.
Dr. Fox may well be right. I doubt it, or doubt at least that this is the whole explanation because
it reverses the configuration both of his work and his father’s, which moved from the analysis of
machine processes to theory rather than from theory to specific engineering application. Further,
it seems more likely that the inclusion of the three–stage cycle applicable only to steam in the
early passages of the Réflexions sur la puissance motrice du feu reflects rather the carry–over of
an unperfected stage of his analysis into the final product, than it does that he should afterwards
have reverted to this imperfect analysis in order to base an applicable calculation on it. There is
a possibility that we are both right, and that the manuscript memoir, which does indeed have all
the appearance of having been finished, represents the final development that Sadi Carnot, after
publishing the Réflexions sur la puissance motrice du feu, then gave to the idea of a three–stage
cycle with which he had begun his thinking. If so, it remains a problem that he did not publish it.
Since almost all his manuscripts were burned after his death it is unlikely that the question will
ever be decisively resolved.

http://dx.doi.org/10.1007/978-94-017-8011-7_2
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of processes just described, it would follow that some greater quantity of motive
power could be drawn from the flow of caloric in the first or forward process. It
would then be possible to divert the excess or a portion of it to the job of driving the
reverse process, that is to restoring the caloric from body B back up the temperature
scale to body A. If that could be done, it would amount to an indefinite creation of
motive force without consumption of caloric or indeed of any agent at all. It would
amount, in short, to perpetual motion. Such a conclusion being contrary to “the laws
of mechanics and sound physics”, it was inadmissible. Excluding that impossibility
afforded Sadi Carnot the basis for a preliminary statement of what he called the
fundamental theorem:

[ : : : ] the maximum motive power resulting from the use of vapor is also the maximum
motive power that can be realized [from heat] by any means at all.43

A moment’s reflection, consequently, would exhibit the condition for realizing the
maximum motive power in general: it was

[ : : : ] that there should not occur in the bodies employed to realize the motive power of heat
any change of temperature that is not due to a change of volume.44

The reader familiar with later thermodynamic reasoning will immediately notice
that the argument was not complete: it omitted the step of an adiabatic compression
on the return process. The vapor in this initial illustration being steam, Sadi Carnot
could not have incorporated such a stage since to vaporize water by compression
without input of heat was physically unimaginable. He recognized the difficulty and,
in moving on to a full and rigorous demonstration employing an air engine, admitted
that in this preliminary sketch the vapor had not been supposed to be restored to its
initial state (Carnot 1824, pp 36–37). Commenting on the discrepancy, T. S. Kuhn in
his Sadi Carnot and the Cagnard Engine (Kuhn 1961, p 571, ft 9) has conjectured
that Sadi Carnot began with a steam engine because of its greater familiarity to his
prospective readers.

It is plausible or to think that these reasonings, and the conclusions so far drawn,
reflect the direct carry over from Lazare’s theory of machines into Sadi’s early
thinking. His having resorted to the argument from gradual change is persuasive,
since reversibility plays the part of geometric motion. So also is the ensuing
paragraph, in which Sadi Carnot explicitly invoked the analogy between the flow
of heat and the flow of water. It was probably at this juncture that Sadi Carnot
started to go beyond his father. He here began citing the extensive experimental
demonstrations of his generation on the thermal aspects of the physics and chemistry
of gases, matters on which he enlarged in the main body of his memoir. It was also
precisely here that he put forward the rigorous demonstration of the “fundamental
proposition” – i.e. that the utilization of vapor was the means of realizing the
maximum motive power from heat – and did so in a fully general form. It was

43Carnot (1824), pp 21–22.
44Carnot (1824), pp 22–23.
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on the basis of that demonstration, the full Carnot cycle, that he stated the theorem
later regarded as his fundamental contribution:

The motive power of heat is independent of the agents put to work to realize it; its quantity
is determined uniquely by the temperatures of the bodies between which the caloric in the
final result passes.45

We shall give the demonstration in Sadi Carnot’s own words:

Let us imagine an elastic fluid, air for example, shut up in a cylindrical vessel, abcd,
provided with a movable diaphragm or piston, cd. Let there also be two bodies A and B,
kept at a constant temperature, that of A being higher than that of B. Let us picture to
ourselves the series of operations which are to be described46 (Fig. 3.3):

Fig. 3.3 One of Carnot’s
cylinders and operations in a
cycle (Carnot 1824, p 118.
With permission of the
«Département de la
reproduction, Bibliothèque
Nationale de France, Paris»

45Carnot (1824), p 38.
46Carnot (1824), p 32.
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1. Contact of the body A with the air enclosed in the space abcd or with the wall of this
space – a wall that we will suppose to transmit the caloric (i.e. heat) readily. The air
reaches, by virtue of such contact, the same temperature as the body A; cd is the actual
position of the piston.

2. The piston gradually rises and takes the position ef. The body A is all the time in contact
with the air, which is thus kept at a constant temperature during the rarefaction. The
body A furnishes the caloric necessary to keep the temperature constant.

3. The body A is removed, and the air is no longer in contact with any body capable of
furnishing it with caloric. The piston meanwhile continues to move, and passes from
the position ef to the position gh. The air is rarefied without receiving caloric, and its
temperature falls. Let us imagine that it falls thus till it becomes equal to that of the body
B; at this instant the piston stops, remaining at the position gh.

4. The air is placed in contact with the body B; it is compressed by the return of the piston
as it is moved from the position gh to the position cd. This air remains, however, at a
constant temperature because of its contact with the body B, to which it yields its caloric.

5. The body B is removed, and the compression of the air is continued. Being isolated, its
temperature rises. The compression is continued until the air acquires the temperature of
the body A. The position of the piston passes during this time from the position cd to the
position ik.

6. The air is again placed in contact with the body A. The piston returns from the position
ik to the position ef ; the temperature remains unchanged.

7. The step described under number (3) is repeated, then successively the steps (4), (5), (6),
(3), (4), (5), (6), (3), (4), (5), and so on.

In these operations the piston is subject to an effort of greater or lesser magnitude
exerted by the air in the cylinder. Its elastic force varies as much because of the
changes in volume as of changes in temperature. But it must be noted that with
equal volumes, the temperature is higher during movements of dilation than during
those of compression.

During the former, the elastic force of the air is found to be greater, and consequently the
quantity of motive power produced by the movements of dilation is more considerable than
that consumed to produce the movements of compression. Thus we should obtain an excess
of motive power–an excess which we could employ for any purpose whatever. The air, then,
has served as a heat engine; we have, in fact, employed it in the most advantageous manner
possible, for no useless re–establishment of equilibrium has been effected in the caloric.47

The reader will notice that Sadi Carnot who like his father always uses ordinary
language in his reasoning, nowhere employs the diagram that appears in many a
physics text book to exhibit the Carnot cycle. His essay was largely ignored by
physicists until the civil engineer, Clapeyron mathematicised it, Mémoire sur la
puissance motrice de la chaleur, in 1834 (Clapeyron 1834, 153–190).

He there represented it graphically in a form that is too complicated to be worth
explaining here and is included because it begins to look familiar (Fig. 3.4).

47Carnot 1824, pp 34–35. There is a translation by R. H. Thurston in Mendoza ed., Reflections
on the Motive Power of Fire and Other Papers on the Second Law of Thermodynamics by E.
Clapeyron and R. Clausius (Mendoza 1960).
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Fig. 3.4 Carnot’s cycle in Clapeyron’s diagram (Clapeyron 1834, Fig. 1, 190. «Collections École
polytechnique Z 5 (1834)»)

That familiarity is complete in the graph given by Rudolf Clausius in his paper, Über
die bewegende Kraft der Wärme (Clausius 1850, 368–397; 500–524) (Fig. 3.5).

Here the abscissa oe represents the volume and the ordinate ea the pressure on
a unit weight of gas. The curve ab then represents the isothermal expansion, the

Fig. 3.5 Carnot’s cycle
in Clausius’ diagram
(Clausius 1850, 379)
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curve bc the adiabatic expansion, the curve cd the isothermal compression, and the
curve da the adiabatic compression. The figure abcd is an equilateral hyperbola
and represents the work done by the gas in the course of the process. (The terms
adiabatic and isothermal were not yet coined). Sadi Carnot, of course, was not
thinking in terms of this four cornered graph, but rather of his piston and cylinder.
Its first isothermal expansion is only part of what will later be Step 6. But once his
cycle is established, his Steps 3, 4, 5, 6 constitute the cycle as normally described.

The above proof of the motive power of heat is as far as we need to follow
Sadi Carnot in order to exhibit the full inheritance of the son from the father.
No doubt the most significant items were the development of Lazare’s geometric
motions into Sadi’s reversible process and their application to fully cyclic processes.
Besides that, there was the exclusion of perpetual motion, axiomatic in Sadi Carnot,
demonstrative and tutelary in Lazare Carnot; the generalization from principles of
operation in particular types of machine to the principles of machines in general,
applied to heat engines by Sadi Carnot; the restrictive mode of reasoning in which
the maximum possibilities inherent in the operations were determined and then
the conditions for realizing them defined; the curious combination of quantitative
mode and verbal expression, such that the reasoning moves from the ideal case
of changes occurring continuously and infinitesimally to the physical reality of
discontinuous and irreversible changes of state in a system; the discussion of force
in terms of what it can do, taken usually over distance when it was a question of
its measure and over time when it was a question of its realization in mechanical
processes. It cannot be said that either Carnot brought this tacit distinction to a
decisive differentiation between proto–concepts of work and energy. Yet both of
them assumed the conservation of the quantity measured by dimensions of work
and energy, Lazare balancing his accounts between moment–of–activity produced
and moment–of–activity consumed or live force, Sadi Carnot between motive power
produced and caloric transported.

There was even the long wait for recognition, and the question whether what
developed was the state of knowledge and interest in the subject that permitted the
cogency and applicability of their theories to be recognized. There is this difference,
however. One doesn’t want to say that Lazare Carnot’s work was shallow. But it
blended into the physics of work and energy, which would have happened anyway.
Sadi Carnot’s work was deep in a way that his father’s was not.

It founded the science of thermodynamics.



Chapter 4
The Carnot Approach and the Mechanics
of Work and Power, 1803–1829

The way in which the work of Lazare and Sadi Carnot made itself felt reveals a
similarity between their writings as interesting as their substantive filiation and the
analytic and stylistic parallels. The failure of Lazare’s Essai sur les machines en
général to attract contemporary attention has already been discussed. Although
more often mentioned since, the Principes fondamentaux de l’équilibre et du
mouvement fared little better when it appeared in 1803. It fell into the same
obscurity, lasting another 15 years. The book was occasionally mentioned prior
to 1818, but rather by way of noticing its existence than because its point of
view affected the treatment of problems. When at about that time Lazare Carnot’s
mechanics of machines began to be comprehended in print, the recognition was of
his distant paternity of principles or applications that might be taken for granted.
Indeed, it does not appear that, apart from Sadi Carnot himself, others of the next
generation of engineering mechanics actually read Lazare’s writings, for what they
credited to him was their own much simplified employment of the concepts and not
his enunciation of them.

The explanation cannot well be that either father or son was an obscure or
neglected personality (except in Lazare’s Carnot early years). What seems likely,
therefore, is that attention first to machines and then to heat and power developed
in a largely verbal, pedagogical, and practical way. The subjects constituted a kind
of engineering mechanics avant la lettre in which problems were posed, principles
tacitly selected, and quantities employed because that was the way to get results.
What further seems likely is that both Carnots participated in that development
personally rather than through their books. Lazare Carnot in his later years was
a kind of Nestor of engineering busying himself judging inventions for the Institute.
Sadi Carnot kept up with his fellow polytechnicians and was a contemporary and
in several cases classmate of those in whose writings recognition that his father’s
mechanics was of elementary importance now began almost spontaneously to
appear: Petit and Navier, Coriolis and Poncelet, Clapeyron and Dupin, Chasles and
Barré de Saint-Venant.

C.C. Gillispie and R. Pisano, Lazare and Sadi Carnot: A Scientific and Filial Relationship,
History of Mechanism and Machine Science 19, DOI 10.1007/978-94-017-8011-7__4,
© Springer ScienceCBusiness Media Dordrecht 2014
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4.1 Early Engineering Mechanics

It supports this view to notice how largely the literature of early engineering
mechanics was couched in the form of commentaries on earlier writings and new
editions rather than in memoirs of research or systematic treatises. In this mode it
was typical of engineering in general, wherein the sequence of specific researches,
whether experimental investigations of novel phenomena or theoretical resolutions
of particular problems, carried much less of the traffic than it did in science proper.
There was such a literature, of course, and it grew in importance in the contribution
of the first generation of polytechnicians. But even then engineering knowledge
was growing, and perhaps mainly so, through the gradual codification of practices
brought up to the surface for commentary and formalization. For the present purpose
there is no need to go back beyond the works from which Lazare Carnot himself
doubtless learned the elements of practical constructions, Bélidor’s Science des
ingénieurs and Architecture Hydraulique.1

The career of Bernard Forest de Bélidor was a colorful example of what, after
all, had been open to a man of technical capacity in the Old Regime. Left a military
orphan in childhood, he developed from an artillery instructor into an engineering
expert and died a member of the Academy of sciences. The former of his books
had a narrower and the latter a wider application than might be supposed nowadays
from the titles. “Engineering” connoted mainly fortification and siegecraft, military
works in short, while waterworks in the eighteenth century were important in
transportation, the provision of power, and the embellishment and supply of cities,
castles, and gardens–all problems that later fell into the domain of mechanical and
civil engineering.

Bélidor began with an initial parade of founding practice on the principles of the
science of mechanics. Most probably it was there that Carnot read of the principle
of equilibrium that in much the same connection Bélidor and he both attributed
to Descartes2 (Bélidor 1737–1739, I, pp 27–31). The demand for Bélidor’s works
never slackened throughout the eighteenth century. When the copper plates wore
out through constant reprinting, the publisher, Firmin Didot decided to have them
re–engraved and to reissue both sets, and he engaged the services of C.–L.–
M.–H. Navier, a rising light among the new breed of theoretical engineers, to bring
the work up to date. The history of that edition is very revealing for the relation
between practical construction and theory in mechanics. For despite the immense

1Architecture hydraulique, ou l’Art de conduire, d’élever et de ménager les eaux pour les différents
besoins de la vie by Bernard Forest de Bélidor (1737–1739). There were further editions in different
formats, and finally a new edition “avec des notes et additions” edited by Navier (Bélidor 1819);
La science des ingénieurs dans la conduite des travaux de fortification et d’architecture civile.
Nouvelle éditions, avec des notes, par M. Navier, ingénieur ordinaire des Ponts et chaussées
(Bélidor 1729, [Navier edition] 1813).
2See Chapter 2, pp 20–22.
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development of the science of rational mechanics in the 80 years intervening
between Bélidor’s first edition and Navier’s reissue, it seemed wise not to make
the slightest change in Bélidor’s text lest the work lose its public.

That public consisted of contractors and builders who knew Bélidor for an
engineering handbook in which they could look up specifications for such or
such a foundation, revetment, doorway, cornice, or other standard construction,
instructions covering not only architectural details but even the most efficient mode
of organizing the work gang.

As for the theoretical part of the work, Bélidor’s mathematical equipment had
been faulty even for his own day, and the formal aspect of his presentation required
complete revision. Navier undertook the task by composing for Architecture hy-
draulique a series of footnotes so extensive as to amount to a companion treatise that
runs along the bottom of Bélidor’s republished pages correcting, supplementing,
and clarifying his discussion of principles and laws, yet somehow not supplanting
Bélidor himself. Indeed, one is tempted to paraphrase the famous remark that L. J.
Henderson lifted from J. T. Merz about the debt that science owed the steam engine.
One feels that the science of mechanics owed more to Bélidor than Bélidor to the
science of mechanics–it took from him the body that brought engineering mechanics
out of it, and what it contributed in the way of refinement seemed insufficiently
usable in actual constructions to find a public for a literature all its own.

Navier, a graduate of Polytechnique in 1804 and then of Ponts et chaussées,
came like Carnot from a Burgundian background. His father, a lawyer and member
of the Assembly of Notables in 1787, having died prematurely of “chagrin” in
the Revolution,3 Navier was brought up by an engineering uncle, one Gauthey
whose Traité de la construction des ponts (Gauthey 1832) he then edited and
published. His properly theoretical work belongs to the history of elasticity and
the early adoption of Fourier analysis in mechanics. But he also engineered actual
constructions: the Pont de Choisy, the Pont d’Argenteuil, the Pont d’Asnières, and
the Pont des Invalides, a suspension bridge built in the style of the Tweed bridge and
torn down in 1826 when a reservoir on the Butte de Chaillot burst, and the resulting
flood undermined one of the piers. His writings, apart from particular memoirs
on theoretical problems, practical constructions, and railway projects, developed
out of courses he gave at École polytechnique and Ponts et chaussées. Just as he
edited others, so in mechanics proper, others edited him. Thus, a Résumé des leçons
d’analyse, consisting of lectures at Polytechnique for three successive semesters
(1832, 1832–1833, and 1835–1836) was formally published under the editorship
of J. Liouville who rearranged it and appended his notes.4 Similarly the course on
mechanics evolved from a resume for 1831, 1832, and 1833, and reached treatise
form in Résumé des leçons de mécanique, 1841 (Navier 1841). Finally, a famous
course on the science of machines given at Ponts et chaussées and first distributed

3On Navier see Notice biographique sur M. Navier by Gaspard Prony (1837).
4(Paris, s.d.). A second edition “Revue par M. Ernest Liouville” (apparently the famous mathe-
matician) was published in 2 vols in 1856 (Navier 1856).
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in 1826 evolved in 1864 to a third edition of its first volume under the title De la
résistance des corps solides (Navier 1826), and was furnished with extensive notes
and appendices by Barré de Saint–Venant which themselves form an indispensable
source for the history of mechanics, particularly the theory of elasticity and related
topics.5

Together with Navier, Coriolis and Poncelet constituted the ruling triumvirate
in the engineering mechanics of their generation, those who graduated from a
Polytechnique still under the direct influence of its founders. Their writings fall
into the same pattern. The most important single treatise was Coriolis’ Du calcul
de l’effet des machines ou considérations sur l’emploi des moteurs et sur leur
évaluation in 1829 (Coriolis 1829), which gave Carnot’s moment–of–activity its
modern name of work. Of that, more in a moment. Coriolis then circulated in
multigraphed form notes of his course on mechanics, at the École centrale for
1830–1831 and again for 1836–1837.6 Evidently he intended a complete treatise
of applied mechanics combining the science of machines with an up–to–date
exposition of the fundamental principles of rational mechanics. He died before
completing that synthesis, and the publishers had instead to reprint most of the 1829
memoir together with the later material on the mechanics of solid bodies.7

Poncelet for his part circulated his course at the École d’application at Metz
in multigraphed form beginning in 1826. He observed à propos of Coriolis’ 1829
treatise that his own course contained similar material, but that ill health had
prevented, him from publishing it.8 The course itself, or perhaps extensions of it
given by Poncelet between 1827 and 1829, was then edited for publication by a
captain of engineers, one Gosselin and published in 1828 under the title Cours
de mécanique industrielle.9 A second edition appeared in 1841, and a third (this
was edited by X. Kretz) in 1870. Poncelet himself thought it useful to publish
a review of his own scattered writings in a pamphlet undated but apparently of
1835 or thereabouts.10 Finally, in 1874–1876 appeared a two–volume edition of

53rd edition of De la résistance des corps solides “avec des notes et des appendices par M. Barré
de Saint–Venant” (Navier 1864).
6Leçons sur la mécanique. 1830–1831, 1836–1837 by Gaspard–Gustave de Coriolis (1830–1837),
Bibliothèque Nationale de France, vols. 14276–14277.
7See Traité de la mécanique des corps solides et du calcul de l’effet des machines by Coriolis
(1844).
8Note sur quelques principes de mécanique relatifs à la science des machines. It is an extract
of 1ersection du Bulletin universel des sciences, Bibliothèque Nationale de France, Vp 5866
(Poncelet 1829).
9Cours de mécanique industrielle, professé de 1828 à 1829. (s.d). Bibliothèque Nationale de
France, vol. 5562. See also Note sur quelques principes de mécanique relatifs à la science des
machines (Poncelet 1829, p 323, ft 1).
10Notice analytique sur les travaux de M Poncelet, Bibliothèque Nationale de France, 4ı Ln27, vol.
16475 (Poncelet s.d.).
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Cours de mécanique appliquée aux machines,11 this too edited by Kretz, containing
a useful introductory résumé of the evolution of the entire school. The original
patron of the school, Monge himself, had difficulty in actually writing and finishing
treatises of his own, and in fact never accomplished it. His immediate disciples put
together his Géométrie descriptive12 (Monge 1799). A work that he purportedly
intended to publish on the mechanics of machines had instead to be undertaken by
Hachette, a wheelhorse who replaced him at Polytechnique when he went off to
swell Bonaparte’s scientific train in Egypt (Hachette 1811). It was written, says the
dedication to Monge, “[ : : : ] assisted by your advice [ : : : ]” (Hachette 1811, p vi).

In these early decades of the nineteenth century, two different modes may to a
degree be distinguished in the conception of French treatises of practical mechanics.
On the one hand, the literature that we have just been considering, despite its
tendency for books to remain unfinished by the author, was generally theoretical
in spirit and continued in increasingly mathematical form the intention of the two
Carnots, i.e., to draw from the science of mechanics a theory of machines and of
power at once general and applicable. That was the novel emphasis in content, and
it was inspired by the actual development of machine–driven technology. Alongside
this literature, there also continued to appear treatises and memoirs of a type that
may be called manuals. To accounts of old machines they added those of new ones,
and to the expression of classic principles they brought the newer formulations of
rational and analytical mechanics. The distinction between the two traditions does
not turn on the presence or absence of mathematics. Where a difference in the
mathematics was relevant (it was not always so) it was on the kind of mathematics,
the theoretical tradition being associated with the new geometry rather than analysis.

For the background of this second, more conventional approach, there is for
present purposes no need to look further in the history of mechanics than to Traité
élémentaire de mécanique of the abbé Bossut13 (1775). Bossut had divided his
subject into statics and dynamics. Statics was the science of equilibrium, which
results from the mutual destruction of forces. The topics were general equilibrium
principles; determination of centers of gravity; application of the foregoing to stating
equilibrium conditions in each type of machine taken successively; and finally
friction. The topics of Part II on motion were inertia, uniform motion, acceleration,
fall, the motion of centers of gravity, and collision theory. The book was an excellent
primer, and exhibits the subject matter at an elementary level as it was conceived
when Lazare Carnot was an engineering student at Mézières.

11An earlier edition of this work was published in Liége in two volumes in 1845 (Poncelet 1845).
It is not clear whether it had Poncelet’s approbation. “Cet ouvrage n’a jamais été publié en France
ni en Belgique” says a legend on the title page, and indeed the Bibliothèque Nationale de France
has no copy.
12For Monge’s interest in the science of machines, which derived from his early days at Mézières,
see L’œuvre scientifique de Monge edited by René Taton (1951, pp 311–314).
13See also numerous later editions.
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In the field of practical engineering and applied mechanics, the most preten-
tious work was Prony’s Nouvelle architecture hydraulique14 intended evidently to
supplant Bélidor, which purpose it failed to accomplish. Prony was then (1790)
inspector at the École des ponts et chaussées and one of the foremost engineers of
the revolutionary period. It is not this work, however, that will make apparent to later
readers the justice of the high reputation he undoubtedly enjoyed. It purported to be a
general treatise of mechanics in a form applicable to the arts. In fact, the exposition
of the standard topics of mechanics was intrinsically unclear and was continually
interrupted by tables containing empirical formulas and descriptions of favorite
designs for pumps, prime movers, roof vaultings, and incidental devices of all sorts.
The second volume concerned steam engines–and here a further characteristic of
this school of practical mechanics becomes evident. In it motors were thought of
as what one employs “[ : : : ] to overcome resistance [ : : : ]” (Prony 1796, II, p 80)
and successive writers normally harked back to the Coulomb memoir on friction,
that which won the prize of 1781 over Carnot,15 in estimating the magnitude of
resistance. Prony never mentioned the work of Carnot in these volumes on practical
mechanical engineering. The course he gave on mechanics at Polytechnique drew
on Euler, Laplace, and Lagrange, and for hydrodynamics on Bossut.16

4.2 Applied Mechanics

As time went on, and Carnot became famous, other writers did allude to his
Principes fondamentaux de l’équilibre et du movement. Those of the Coulomb–
Prony succession did so, however, in the lip–service of prefaces or appendices.
In 1810 a prominent engineer of the Lyonnais, André Guenyveau, a graduate of
Polytechnique in 1800, published an Essai sur la science des machines (Guenyveau
1810). It is apparent that the subject was not yet synonymous with Carnot’s lead.
The body of the treatise passed from calculations about the state of equilibrium to
practical application by drawing in Coulomb’s results for friction (Coulomb 1785,
pp 2–3). An interesting afterthought was printed in smaller type than the body of the
text. The author there observed that motion might be communicated in two ways, by
impact or by pressure, and from the difference he deduced Carnot’s principle of the
superior efficiency of continuous transmission. He did that without crediting it to
Carnot, however, who was merely mentioned in the preface as one who had written
a general treatise on machines. Hachette accorded him similar recognition in the
preface to the 1811 Traité élémentaire des machines already mentioned (Hachette
1811). There Carnot’s Principes fondamentaux de l’équilibre et du mouvement

14Two volumes (Prony 1790, 1796).
15See above, Chapter 3, ft 3.
16It was published as Mécanique philosophique in tome III of Journal de l’École polytechnique de
Paris (Bossut 1800b).
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came in for a brief encomium. Hachette observed that its closing pages contained
the entire theory of machines and of motive forces applied to them, and called it the
work of the “[ : : : ] deepest of thinkers and the most experienced of engineers. It is to
the science of machines what the recent work of M. Poisson is to rational mechanics
properly speaking.” (Hachette 1811, p xix). But nowhere did the findings or analysis
of Lazare Carnot, or indeed of Poisson, figure in the actual text or treatment of
Hachette’s course, which was no more than a compilation of designs for particular
machines, a book of recipes for engines, pumps, gears, pulleys, and linkages of
many sorts.

A more sophisticated contribution to this literature of applied mechanics was a
memoir of 1818 by Petit Sur l’emploi du principe des forces–vives dans le calcul
de l’effet des machines (Petit 1818, pp 287–305). No mere engineer, Petit was a
rising young physicist–part author of the famous law of Dulong and Petit–who died
young before giving his full measure. At first reading one is tempted to classify
this memoir on the theoretical side of the division between the handbook approach
and the tradition inaugurated by Lazare Carnot’s mechanics of machines. It was
exact, it was analytical, and it took the principle of live force to be that one among
the general properties of motion that was most readily adaptable to the calcul des
machines. Live force furnished in any particular case the most natural evaluation
both of the motor and of the effect produced, so that the equation determining
the relation between these two quantities would furnish the direct solution of the
problem.

That application of the principle of live force had for a long time been well known
to geometers, so observed Petit at the very outset, but then surprisingly went on to
say: “The theory of machines, envisaged from this point of view, remains to be
created almost in its entirety” (Petit 1818, p 287). Could he have said that because,
unlike Hachette, he did not even know of Carnot’s work? Or was it that, knowing it,
he did not regard it as an adequate theory of machines from the point of view of live
force? Or was it that by machines, he, like Sadi but unlike Lazare, was beginning
to mean engines or motors? The first of these alternatives seems the most likely,
although it is not impossible that the explanation lies in a combination with the
latter two, for, as will appear, Petit was not in fact yet looking at the problem from
the point of view of Lazare Carnot’s theory; and if he did know it, he did not yet
see, as Sadi was to do, its applicability to the study of heat engines.

Like Prony and Hachette, Petit considered that the fundamental function of a
motor was to overcome resistance. He intended his essay to be an examination of
particular cases of that general problem. For a machine in equilibrium all that need
be taken into account was the intensity of the forces. For a machine in motion,
however, regard had also to be paid to the distance traversed by the points of
application. Petit illustrated the special applicability of the principle of live force
to calculating the efficiency of machines through the equivalence dimensionally
of MgH to 1

2
M v2. First, he adduced the classic example from the law of falling

bodies. If the resistance was a weight of mass M raised to a height H, then the effect
produced by the machine in raising it would be MgH. But since the velocity acquired
by a body falling from height H was given by the relation V 2 D 2gH , the effect
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MgH equalled 1
2
MV 2. No matter what the type of resistance, it would always be

possible thus to express the effect produced by a machine in dimensions that reduce
to a live force, the product of a mass by the square of a velocity. Hence a motor
could always be regarded as containing a given quantity of live force. What was
true of the resistance was also true of the motor: its expression also could always
be reduced to a live force. Hence, the ratio of the live force employed by the motor
to that communicated to the resistance (the terminology here is faithful to the text)
would give an expression for the efficiency of the motor and permit determining the
conditions under which it would be a maximum. The rule was:

The live force communicated to the resistance is equal to that which the motor contained,
less the live force lost in sudden change of motion, plus that retained by the motor after
acting.17

Now then, although this reasoning and the consequent statement read very like
Lazare Carnot’s principle of continuity, which indeed would follow from them, Petit
did not actually state such a principle. Probably he would not have thought to do so,
and in order to see what differentiated their several sets of conceptions, we will need
to follow the examples to which Petit applied his rule. For though the “moteurs” to
which he alludes at the outset were the traditional waterfalls, springs, and animals,
those in which he exemplified the rule were engines or prime movers, and the central
thrust of the memoir was directed to devices powered by the expansion of vapor.

In such engines the live force developed by the fluid might not be computed in the
direct manner of that developed by the flow of incompressible fluids such as water.
Instead, we are to imagine that the expansible fluid was contained in a horizontal
cylinder closed at one end and fitted at the other with a frictionless piston. Then let
a be the length, b the cross-section of the cylinder, and h the height of a column of
water of which the weight would be in equilibrium with the “elasticity” (he did not
say pressure) of the gas. Since the thrust of the confined gas would give the piston
an accelerated motion, it was easy to obtain equations for the live force generated
by the expansion of the gas. The first case Petit considered was that of a movement
in the absence of any external pressure on the piston.

1. Letting v be the velocity acquired by the piston after time t, and x the length of the
gas-filled volume of the cylinder at that moment, the “elasticity” of the gas would
then reduce to ha

x
and its motive force would be equal to g ıhab

x
, g representing

the gravitational constant and ı the density of the water. But motive force was
customarily represented bymdv

dt
or bym vdv

dx
. Since m was the mass of the piston,

it followed that

mvdv D g
ıabh

x
dx:

17Petit (1818), p 290.



4.2 Applied Mechanics 95

Integrating and choosing the constant so that v was zero when x D a, he
found

mv2 D 2g ıhab log
x

a
:

That is to say, when an elastic fluid occupying a volume a, and exerting a pressure
equal to that of a column of water of which the height was h, expanded in the
absence of external resistance, the live force that developed at the volume x would
be capable of raising to the height h a mass of water of volume a log x

a
.

For the two other cases, perhaps it will suffice to state the laws without the
algebra.

2. If instead of no external pressure, the piston had to overcome a constant external
pressure equivalent to the weight of a column of water of height h0 then the live
force developed in expanding from volume a to volume x would be capable of
raising to the height h, a mass of water of volume equal to a log x

a
� h0

h
.x � a/.

3. If, finally, a piston was subjected to two uniform pressures exerted in opposite
directions by gases of which the elasticities (following Petit’s terminology)
sustained in equilibrium columns of water of height h and h0, the live force
communicated to the piston would be capable of lifting to the height .h � h0/,
a mass of water equal in volume to that which the piston had traversed.

In an example of the application of these laws, Petit imagined the problem of
comparing the live force that a given quantity of heat could produce, supposing it to
be employed first to vaporize water and second to heat a mass of air. In the first case,
a quantity of water weighing 1 g at 0ı was vaporized at the temperature of 100ı. It
would occupy approximately 1,700 cm3 as steam and exert a pressure equivalent to
that of a column of water 10 m high. If it was then completely condensed, the live
force developed would be capable of raising a weight of 17 kg 1 m. Turning now
to the problem of heating a volume of air, the same heat required to vaporize 1 g
of water would heat 666 g of water through 1ı; or, taking the Bérard-Laroche value
for specific heat of air of 0,267 it would heat 2,500 g of air at a pressure equal to
that of a column of water of 10 m. The elasticity of the air would then increase by
0.0375 m, and the live force produced would lift to a height of 0.0375 m the weight
of a volume of water equal to that occupied by the 2,500 g of air. That volume was
1,925 dm3, so that reducing everything to the same units, the live force was sufficient
to raise a weight of 72.2 kg to a height of 1 m–more than quadruple the live force in
the first case.

It is very interesting historically that a paper containing these conclusions and
written by one of the most intelligent physicists of his time should have appeared at
just this date. What does it reveal?

First of all Petit’s paper was evidently an important element in the immediate
background of Sadi Carnot’s thought–indeed, it was the application of the Carnot
approach that enabled him to correct Petit’s error by thinking of heat engines in
terms of reversible process instead of overcoming resistance. One of the first points
Sadi Carnot raised in the Réflexions sur la puissance motrice du feu was the possible
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superiority of air over steam engines, and further on he cited the Petit memoir
after demonstrating that it makes no difference whether steam, air, or alcohol vapor
be employed: what determines the motive power of a heat engine is temperature
differential. Sadi Carnot there attributed Petit’s erroneous conclusion to “[ : : : ] an
altogether incomplete method of considering the action of heat” (Carnot 1953, p 86,
ft 1). So, indeed, it was, but the passage in which Petit summarized his conclusion
is nonetheless striking in its modest disclaimer of exactly the central deduction that
it was the purpose of Sadi Carnot’s memoir to draw. Thus Petit:

Although I do not pretend to deduce from the comparison I have just made any conse-
quences relative to the best method of employing the action of heat as motive force, it is
nevertheless permissible to think that some advantage could well be drawn from perfecting
those machines that, like the pyréolophore of MM. Niepce, employ air suddenly expanded
by heat as a motor (1).18

That these confusions should have appeared in a paper of just this date, composed
by one of the leading physical minds of his generation, is most instructive to the
historian. For not only did Petit compare the energy consumed in vaporizing water
to the work done by an expanding gas, but the paper exhibits to particular advantage
the very necessity for a concept of work and its differentiation from energy. True,
Petit had grasped the significance of live force for evaluating the operation of power
machinery, but so had everyone interested – “[ : : : ] la force vive est celle qui se
paie” in Montgolfier’s words.19 Nevertheless, he was still very far from a concept
of energy, and was indeed confusing work with energy as did everyone else in what
it is convenient to call the aggregative tradition in mechanics.

Since early in the eighteenth century it had been a standard practice to evaluate
the capacity of a machine or an engine in terms of the height to which it could lift
a given weight. The quantities of MgH and 1

2
M v2 being dimensionally reducible

to each other in all such practical situations, Petit like most of his contemporaries
tacitly came to regard them as alternative expressions for live force Their conception
of what that term conveyed did not yet distinguish between (kinetic) energy and
work, the one being the capacity to perform the other and the equivalence being a
convertibility rather than a fundamental identity.

That distinction originated rather in Lazare Carnot’s theory of machines in the
difference between live force and moment–of–activity–not that he had it cleanly or
consistently, but what distinguished the two modes in mechanics was that the one
failed to perceive it and the other began to develop it. But Sadi Carnot need not have
been so condescending about Petit, for in one respect he missed a point implicit

18Petit (1818), p 294. For the Niépce engine.
19The allusion is in Hachette (1811), pp xiv–xv. For the widespread recourse to the theoretical
model of a water–pressure or “column of water” engine in the pertinent literature, and for its
importance in the background of Sadi Carnot’s analysis, see Power technologies and the advance
of science 1700–1825 by Cardwell (1965, pp 188–207).
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in his father’s convertibility of live force into moment–of–activity: the confusion
between heat and energy in Sadi Carnot’s theory was a further stage of that between
work and energy in Petit and the others.

Navier was anything but condescending about Petit’s paper. A few issues later he
published in the same Annales de chimie et de physique a historical note reviewing
the history of the live–force principle in the theory of machines.20 It had, he said at
the outset, the same purpose as Petit’s: to publicize a set of notions that could be very
useful in mechanical (i.e., engineering) practice by recalling what had already been
done on that subject and attempting to revive certain procedures and results that had
been almost forgotten. Navier had in mind here precisely Lazare Carnot’s theory of
machines, and it seems probable that it was this paper, followed more massively by
his edition of Bélidor’s Architecture hydraulique, that brought it centrally into view
in a generation finally prepared by experience and environment, not just to allude to
it as the writing of a famous man, but to develop it into real engineering physics and
mechanics.

First, however, Navier gave a resume of the history of the principle from the
beginning. He credited the earliest precise conceptions on the effects of machines to
Galileo, who had established that a given force in a given time could achieve only a
determinate effect and that its measure was the product of a weight and the height
to which it was lifted.

That product of force into distance sufficed for estimating the effect of machines
so long as they were supposed to have reached a state of uniform motion. When such
was not the case, however, an auxiliary principle was needed in order to evaluate
from the variation in motion the forces that had produced them and vice versa. The
earliest principle to fulfill that requirement was the conservation of live force. It
had been enunciated by Huygens although it amounted merely to an extension to a
system of bodies of Galileo’s proposition that a heavy body sliding freely down any
curve always acquires the same velocity in descending from any given height.

The earliest paper that Navier cited as an attempt to evaluate the effect of
machines in actual engineering was a contribution on water–wheels fitted with
blades that Parent had published in 1704, Sur la plus grande perfection possible
des machines (Parent 1745 [1704] 1706, pp 323–338). Parent had got his results,
however, from the simple observation that effort expended on the blades varied
with the relative speed of the wheel compared to that of the current. There ought
to be some definite proportion between these velocities that would yield maximum
power, and the problem was to determine it. Parent assumed quite arbitrarily that
the effort or force exerted on the wheel was proportional to the square of the relative
velocity, and found that the speed of the wheel ought to be one–third that of the
current. As it chances, the assumption is not far from correct, and the result a
good approximation. Nevertheless, Parent’s absolute value for a maximum effect

20The work was Détails historiques sur l’emploi du principe des forces vives dans la théorie des
machines, et sur diverses roues hydrauliques (Navier 1818).
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was quite inaccurate, nor could such a value be determined precisely except by
calculating the respective quantities of live force that the water communicated to
the wheel and that it conserved in the runoff.

According to Navier, the first work actually to apply the principle of live
force to the theory of machines was Daniel Bernoulli’s (1700–1782) Hydrody-
namica of 1738 (Bernoulli 1738). The association between the subject matter
of hydrodynamics and the principle of conservation of live force began there.
It took the form of the calculation that, abstracting from friction, the weight of
water raised multiplied by the sum of the height to which it was lifted plus
the height due to its final velocity was equal to the power employed to run the
machine. Bernoulli’s point of view was entirely neglected, however, in the famous
writings on practical mechanics (or engineering) that appeared contemporaneously–
Desaguliers’ Cours de physique expérimentale21 (Desaguliers 1751) and Bélidor’s
Architecture hydraulique. Scientists themselves ignored–it: Euler made no use of it
in memoirs on the reaction wheel, the centrifugal force wheel, or the Archimedean
screw.

Not until a brief memoir by Borda, some 30 years later did anyone carry on
the application of the principle of live force to machines.22 Adopting Bernoulli’s
approach, Borda improved on it in one respect. Bernoulli had given as the expression

for the live force lost in percussion the quantity, m
�

v2 � v02
�

whereas Borda

recognized that in accordance with the laws of collision it ought to be m.v � v0/2.23

Some years later, in 1781, Coulomb published a memoir on windmills employing
the same method for evaluating the output of machines and calculating the effect of
percussions.24

According to Navier’s resume, at the period of Daniel Bernoulli’s Hydrody-
namica the principle of live force was not considered to have been rigorously
demonstrated, but was so considered by the time that Borda and Coulomb published
their memoirs. What or who brought about that change he does not say, observing
merely that Borda and Coulomb gave only particular applications in their memoirs
and that no general theory then existed that could integrate the evaluation of machine
processes with the principles of the science of mechanics.

In Navier’s view it was Lazare Carnot’s Essai sur les machines en général
of 1783 followed by the Principes fondamentaux de l’équilibre et du mouvement
of 1803 that made the junction. It will be germane to set down exactly what it
was that Navier attributed to Lazare Carnot. (He made no distinction between
the contributions of the two books, but saw them as successive versions of a

21It was translated from A course of experimental philosophy (Desaguliers 1734).
22Mémoire sur les roues hydrauliques (Borda 1770b, pp 270–287).
23Borda followed this memoir with a second in the following year, Mémoire sur les pompes
(Borda 1770a, pp 418–431).
24On that see Observations théoriques et expérimentales sur l’effet des moulins à vent, & sur la
figure de leurs ailes by Coulomb (1784, pp 65–81).
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single work). First of all, Carnot demonstrated in a general manner the theorem
on the evaluation of the loss of live force in the collision of inelastic bodies (in
Navier that term had replaced hard body), a theorem that Borda and Coulomb
had noticed only in the particular case that concerned them. Secondly, Carnot
laid down in consequence the principles that must be observed in the design of
hydraulic machines in order to achieve maximum efficiency–i.e., that the water
should communicate all its motion to the machine, or at least retain no more than
the minimum required to flow off; that there should be no turbulence or splashing in
the fluid or percussion between the parts of the machine. And finally that the “[ : : : ]
impelling forces [ : : : ]” should create no motion in the system that did not serve
the purpose, the example being that of pumping water to a raised reservoir where it
should arrive ideally at zero velocity.

No witness could now be better placed than Navier then was to judge of Lazare
Carnot’s work in mechanics. The items just cited were the specific results he
singled out. Even more important in his view, however, was Lazare Carnot’s way
of looking at machines, and it is extremely interesting that Navier goes on to say
that Lagrange himself adopted it in the Théorie des fonctions analytiques. There
Lagrange explained in very precise and elegant fashion what may seem naïve to
the modern reader when he encounters it in Carnot’s Essai sur les machines en
général–that the action of almost any force could be assimilated to that of gravity or
of springs.25 The evaluation of the live force produced by the former was easy–the
product of a weight and a height. As to forces that act in the manner of springs, and
here what was mainly in view were those produced by the alternate expansion and
condensation of vapors, the rules were those established by Petit in the article just
discussed.

For himself, Navier informed the reader, he would in a few months be submitting
to the Academy the notes and additions he had prepared for the republication of
Bélidor’s Architecture hydraulique. Describing his purpose, he employed virtually
the same phrase as that which he used in characterizing the importance of Carnot’s
Essai sur les machines en général: “I have tried to assimilate these considerations in
the most elementary way to the first principles of mechanics [ : : : ]” (Navier 1818,
p 152). It is significant that he had made no such comprehensive attempt in the
notes and corrections he supplied for the republication in 1813 of Bélidor’s Science
des ingénieurs. Actually, such an enterprise would have been just as appropriate to
that work. It must, therefore, have been developments in the interim that led him to
undertake the ambitious and comprehensive commentary amounting to an analytical
theory of machines accompanying the later edition.

Since his historical remarks were concerned mainly with reminding readers of
what he said mechanics had largely forgotten, the work of Carnot on the theory

25On that see: Théorie des fonctions analytiques contenant les principes du calcul différentiel,
dégagés de toute considération d’infiniment petits, de limites et de fluxions, et réduits à l’analyse
algébrique des quantités finies (Lagrange 1881, pp 409–410). For the appreciation of Carnot’s
theorem that Lagrange included in the second edition, see Lagrange (1813), p 407.
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of machines, it seems reasonable to suppose that the renewed appreciation in his
own mind was what led Navier to edit Architecture hydraulique in the light of
the theory of machines. In his notes to that work, he demonstrated the principle of
conservation of live force for a single mass point and extended the result to a system
of points by means of a conventional argument from d’Alembert’s Principle. The
discussion was in terms of virtual velocities. From the conservation of live force, he
then derived Carnot’s theorem, which he now described as completing the principle
of conservation of live force in the case of discontinuous change of motion, and of
which he gave the statement

[ : : : ] that the sum of the live forces in the system after a sudden change is less than what it
was beforehand, and that the system has lost a quantity of live force equal to what it would
have been if all the bodies were moving with the velocities that they lost in this change of
motion.26

Earlier on Navier credited another device to Carnot, one which except for this
remark the modem reader might not think to notice as distinctively his, the
trigonometric practice of evaluating the projection of any directed quantity on
another as the product of its multiplication by the cosine of the angle between
them (Bélidor 1819, pp 17–18), which may be taken to have been a small step in
the direction of vector analysis. It is a possibility that gains plausibility from the
probable importance of Carnot’s geometry in the background of that subject.27

4.3 The Concept of Work

Since our purpose is not to recount the history of mechanics, but only to identify
the points of entry of Lazare Carnot’s engineering science into mechanics, the
remaining episodes may be briefly summarized. They culminated in 1829 in
the composition of a book generally recognized to have been the foundation of
nineteenth-century work in engineering mechanics, Coriolis’ Du calcul de l’effet des
machines (Coriolis 1829). In that work Coriolis undertook to gather all the general
considerations that might illuminate problems of economizing force or mechanical
power. To the historian of science the most interesting passage is that in which
Coriolis gave the quantity “work” the name by which it has since been known in
physics and distinguished it from live force. His discussion is worth paraphrasing
for it exhibits how usage had come into existence and changed.

By the word “work” (travail) Coriolis meant the quantity called variously
mechanical power (puissance mécanique), quantity–of–action, or dynamical effect
(Coriolis 1829, p III), all of them variations on Lazare Carnot’s original moment–
of–activity. (For its unit Coriolis further suggested the designation “dynamode”

26Navier notes in Bélidor’s Architecture hydraulique (Bélidor 1819, pp 111–113).
27See below, Chapter 5.
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(Coriolis 1829, p III, p V, pp 33–34), which, however, did not take.) A further
innovation he described as “slight” although it has proved equally significant. He
would call by the name live force the “[ : : : ] product of a weight by the height due
to its velocity [ : : : ]”. Under that definition, live force would be only half of the
product that had previously been meant by that term, the mass by the square of the
velocity, and both Coriolis’ reason for making the change and his discussion of how
the confusion had arisen are revealing.

Charged with a course at Polytechnique, Coriolis proposed the change out of his
experience of the burden that a badly defined dimensionality imposed on students.
In their problems in mechanical engineering they were forever coming upon the
quantity 1

2
mv2 in its equivalence to MgH and they inevitably found it confusing

that the name live force should refer to double that most commonly recurrent of
quantities. That it had come to do so was owing to the difference between the
traditions of rational mechanics and mechanical practice. In times past, rational
mechanics never envisaged work and did not mean the product of weight by velocity
in employing the term live force. More recently, however, all practical engineers had
come to mean by the term live force precisely the work that could be produced by
the velocity a body had acquired. Coriolis admitted that rational mechanics could
equally well have got on with its accustomed usage if mathematicians preferred,
and insisted only that his redesignation would simplify discussion of the theory of
machines. Nevertheless, the outcome makes evident what it was that by then had
become the dominant set of concerns, for surely it was there in the redesignation
and not 30–odd years later in its renaming as kinetic energy that live force became
differentiated from work.

As for the term “work” Coriolis observed that it came so naturally to mind that
it had already been employed for the same purpose in passing by Navier in his
notes on Bélidor and also by Prony in a memoir on a new machine. He might have
added Lazare Carnot himself (Gillispie 1971, Appendix B, § 27, ft c, pp 272–273).28

A little while previously the question of designating units for the study of power
and machines had been raised in the Academy. A commission had been appointed.
Laplace had been a member, and his opinion was that the Academy would be unwise
to take the initiative in proposing names. He thought–was it with distant memories
of the commissions on the metric system?–that it could properly do no more than
sanction usage once it was established, and Coriolis invoked this weighty support.

The treatise itself was impressive testimony to the development its subject had
undergone. It was a comprehensive manual of engineering mechanics and treated the
problems arising in the design and employment of power machinery in theoretical
terms. Coriolis wrote at a level that presupposed in the reader familiarity with
the elements of mechanics and of the differential and integral calculus. He invited
readers who did not have these qualifications to persevere, and he had taken pains to
insure that the verbal passages alone should suffice to convey the principal notions
of the theory of machines. It is difficult to imagine readers who could in fact have

28See also above, Chapter 2, § 2.5.
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profited from that invitation, however, although it is true that the mathematical
treatment served to express the propositions and not to generate theorems or
even insights. The work was not intrinsically mathematical like eighteenth–century
rational mechanics or the generalized mechanics of the later nineteenth century.

Nevertheless, comparison of Coriolis to Carnot’s Principes fondamentaux de
l’équilibre et du mouvement, not to mention the Essai sur les machines en
général, exhibits an enormous development in comprehensiveness, sophistication,
and idiom; its canon had become established in the intervening 25 years. Since,
except for Navier’s notes to Bélidor, there were no treatises that had contributed to
that development, it is obvious that it must have come about mainly in an educational
milieu, and in the form of courses of instruction in engineering schools: Coriolis
taught at Polytechnique, Navier at Ponts et chaussées, and Poncelet at the École
d’artillerie et du génie in Metz; and multigraphed lectures formed the literature of
the subject.

Inevitably when a number of alert people were working along similar lines under
such pressures, questions of priority arose. They were handled with restraint in this
instance, and interest us less for themselves than for the evidence the record affords
that Navier, Coriolis, and the other protagonists now recognized the pioneering
role of Lazare Carnot. Coriolis testified in the preface that when he first became
interested, he knew only the works of Lazare Carnot and Guenyveau, and conceived
what were then several original ideas. Simultaneously, however, Petit published
his note on live forces followed hard after by Navier’s edition of Bélidor, which
between them contained everything he had thought to be novel in his own studies,
the only differences being in mode of treatment. He already had in draft certain parts
of what he was publishing in 1829 and had communicated them in 1819 to Mallet,
Bélanger, and Drappier all graduate engineers, and also to several students. In 1820
he was in communication with Ampère on the same subjects (as, indeed, Petit had
already been), and in 1824 with Poncelet.29

The latter exchange created the conditions for a priority dispute that was skirted
if not quite averted by the good sense and self–restraint of all concerned. In 1825
Poncelet began offering a course in applied mechanics at the École d’artillerie et du
génie in Metz, the text of which he circulated in multigraphed form in 1826. Besides
supplying it to his students, he sent copies to a few interested persons in Paris, and
in 1827 an account of its contents was given to the Academy of sciences, Rapport
suivant sur un mémoire de M Poncelet intitulé Cours de mécanique appliquée aux
machines by Arago and Dupin (1827, VIII, pp 527–531). The topics and treatment
were in significant instances similar to the contents of Coriolis’ treatise.

Coriolis learned of Poncelet’s chagrin, and on 1 October 1829 wrote a note
to the editor of the Bulletin des sciences mathématiques apologizing that in
consequence of a misunderstanding between Poncelet and himself over dates of

29A note in Petit’s paper (Petit 1818, pp 297–298, ft 1) remarks that Ampère had been studying
the application of the principle of live force to the theory of machines and had told Petit that he,
Ampère, had already worked out certain of the findings of Petit’s paper.
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earlier correspondence, certain passages in the original version of the preface to
his treatise might be construed as implying that Poncelet had taken advantage of
private communications, and advising that persons who already had bought his
treatise should substitute for the first two pages of the preface as printed a revised
version that he was making available at the publisher’s (Poncelet 1829, XII, pp
322–323). In Poncelet’s view, the shoe was on the other foot. Not that he accused
Coriolis directly of having appropriated his, Poncelet’s, findings, but in a lengthy
note of 8 October he did take issue with the report on Coriolis’ treatise composed
by Navier, Rapport suivant sur le Mémoire de M. Coriolis, intitulé Du calcul de
l’effet des machines, who was secretary of the commission to which the Academy
referred it30 (Prony et al. 1829, IX, 266–272). Navier gave a full and enthusiastic
summary. Poncelet neither disputed the merit of the work itself nor enlarged on
all the similarities it exhibited with his own. He took exception mainly to Navier’s
ascription of originality to Coriolis on two specific topics, both of which had already
been worked out in his own course, and one of which had then formed the subject
of a further note by Cauchy.31

The point concerned a general expression for what Poncelet called the “[ : : : ]
virtual moment of friction in gears [ : : : ]” (Poncelet 1829, p 324) and Coriolis called
the work consumed by friction in gears (Poncelet 1829, pp 324–325). Poncelet’s
discussion is interesting in that it constituted a criticism both of d’Alembert’s
principle and of Carnot’s theorem on the grounds that neither took account of the
tangential resistances in a system. He described d’Alembert and Carnot, together
with Poisson, Navier, and Petit, as the best authors on the subject of impact. He
had criticized the theorems, not from the point of view of the inner structure of
bodies with its distinction between elastic and hard or inelastic, but from that of
the interactions of the moving parts of machinery, from which he then deduced the
interactions of the molecules of bodies.

Poncelet’s own analysis had shown how to evaluate in general the alterations of
velocity and losses of live force caused by impact among the bodies constituting
a machine; these occurred in the first instance in consequence of the direct and
reciprocal reactions of the bodies themselves, and in the second in consequence
of the passive resistance deriving from reaction wherever friction arises between
moving parts or bearings. For effects of the first class, Poncelet set up differential
equations of motion for each part of a machine, and his criticism consisted
in showing that, neglecting tangential resistances and frictions, these equations
expressing the normal forces of compression and their reactions reduced to a
single linear equation from which, given simple assumptions, first the principle of
d’Alembert, and then the theorem of Carnot fell out. The latter he held to be of no
practical use, since to apply it presupposed the prior evaluation of the loss or gain

30The commission consisted of Navier, Prony, and Girard. Their report was also published in
Bulletin des sciences mathématiques (Navier, Prony and Girard 1829, XII, 103–116).
31Note sur quelques principes de mécanique relatifs à la science des machines (Poncelet 1829,
XII, pp 323–325).
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of velocity in each part of the system according to d’Alembert’s principle. In other
words, given Poncelet’s own more operational and more general point of view, the
two principles were tautological nor did he appear to see them as historical stages
in the approach to his own point of view.

The second criticism was rather of their adequacy. In the collisions wherein
external resistances were in some degree a function of the forces of compression
within the system, a further term had to be introduced into the expressions. If, as
often happens, that function was not rational and the resulting equations were non-
linear, then the results were different from those obtained in applying d’Alembert’s
principle on the equilibrium between the total variation of the quantities of motion
taken to be simple forces of pressure or percussion. In practice, to be sure,
d’Alembert’s principle was usually a good approximation, and the remainder of
Poncelet’s note consisted of an analytic method for handling the radicals that then
appeared in the equations to be integrated, and a criticism of Coriolis’ looseness in
failing to provide for the effects of friction and tangential or passive resistances.

Cauchy for his part approached the same difficulty from the point of view of
theory32 He attacked Carnot directly:

In the various treatises of mechanics it is taught that live forces are lost every time bodies
undergo a sudden change in velocity, and that this loss of live force is the sum of the
live forces due to the velocities that are lost. But this proposition, which has been named
Carnot’s theorem, is evidently inexact as is the demonstration on which it purportedly
rests.33

Essentially, Cauchy’s criticism came down to a mathematician’s refutation of the
physicist’s or engineer’s distinctions between sudden and gradual change of motion
and between elastic and hard body. All that sudden change of relative velocity
really meant was that it occurred in a time too short to measure; similarly, the
only difference between elastic and inelastic bodies was that in the former the
interactions between the molecules depended only on the distances by which they
were separated, whereas in the latter the interactions depended both on time and
distance. Actually, one might equally well describe as a sudden or instantaneous
change of motion any change that occurred in a very short time. Were that to
be allowed, however, there would be instantaneous change of velocity in elastic
collision–to which Carnot’s theorem did not apply. In order to evade that difficulty,
writers on mechanics had been forced to say that velocity varied continuously in
elastic and discontinuously in inelastic collision. But this was nonsense, and so
consequently was the statement that the loss of live force was the sum of the live
forces due to losses of velocity in sudden changes. Pursuing the argument towards
the goal of a properly general statement, Cauchy arrived at what he considered a
preferable proposition:

32This memoir, Mémoire sur un nouveau principe de mécanique (Cauchy 1829, XII, pp 116–112),
antedates the Coriolis–Navier–Poncelet interchange. Cauchy read it to the Academy on 21 July
1828 and reported in Procès–verbaux (Cauchy 1828, IX, p 94).
33Cauchy (1829), p 116.
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When in a system of material points, the velocities change suddenly in consequence of
molecular actions produced by impacts between certain parts of the system, the sum of the
virtual moments of the quantities of motion gained or lost during impact is zero whenever a
virtual motion is being considered in which the velocities of the molecules that act on each
other are equal among themselves.34

Which principle Cauchy then went on to formulate in analytic terms. But although
Cauchy regarded this as refuting, and Poncelet referred to it as superseding, Carnot’s
theorem, the historian of Carnot’s scientific work might prefer to point out that
both of them in imagining the interactions of the molecules in a system employed
the concept–and Poncelet even used the phrase–of geometric motions–in Poncelet’s
words:

[ : : : ] a geometric or virtual common motion such that they cease from then on to react on
each other and their system assumes a form that is stable for each body, one that at that
moment allows the ordinary conditions of liaison.35

Cauchy observed of his principle that if the impact terminated at the exact instant
when any material point that had acted upon another coincided with that other,
then the principle yielded all the equations needed to determine the motion of the
molecules of the body at that moment, and that one of those equations, specifically
the one obtained in supposing the virtual velocities to coincide with the actual
velocities after impact, would contain the consequence that the loss of live force
was the sum of the live forces due to the velocities lost (Cauchy 1829, p 119). But
this consequence, Poncelet was pointing out, justified the principles of d’Alembert
and Carnot for what was improperly called the impact of hard bodies, since what
was envisaged there was that neighboring molecules should either be joined or
else retake invariable distances and that the virtual velocities should be equal and
parallel. This came to the same thing as supposing that at the moment of impact the
“[ : : : ] different molecules of the bodies acquired a geometric or virtual common
motion such that they cease from then on to react on each other [ : : : ]” (Poncelet
1829, p 333). In a word, it supposed that after impact, the bodies did not separate or
else that they travelled together without any velocity relative to each other along the
normals common to their points of contact – and this assimilated Cauchy’s analysis
to the same terms that he had written off in his course of 1826.

It would appear probable, therefore, that neither Cauchy nor Poncelet had
actually read Carnot, for these statements, far from refuting him, in effect repeated
in terms of virtual displacements the analysis he had started in terms of geometric
motions.

34Cauchy (1829), p 119.
35Poncelet (1829), p 333.



Chapter 5
An Engineering Justification of Algebra
and the Calculus

The geometer Michel Chasles, one of the nineteenth–century personages who was
both a master and a masterly historian of his favorite subject, discussed the contribu-
tions of the “illustrious Carnot” after the descriptive geometry of Monge and before
the projective geometry of Poncelet in the sequence to which he attributed revival
of the methods of Desargues and Pascal and a consequent renaissance of geometry
following its eclipse by eighteenth–century analysis (Chasles 1875, p 210). It was a
central feature of the careers of those Chasles singled out that each of them had his
place in the tradition of engineering mechanics and occupied himself in the science
of machines concurrently with the new geometry.

In theme and discourse Carnot’s mathematical writings are as characteristic as his
mechanics of the scientific personality of one interested in things for the purpose of
operating with them correctly and most effectively. Carnot came at the mathematical
problems that concerned him from even farther behind the front lines than he did
in mechanics. The questions he posed had more to do with the foundations and
procedures than the content of mathematics, and were largely about the meaning
of infinitesimal and negative quantities and their significance in the distinction
between analysis and synthesis. He put them with the bold simplicity of an engineer
for whom any mathematical expression had merely auxiliary standing unless it
represented an operation that could be carried out metrically or physically. In the
Géométrie de position of 1803 (Carnot 1803b) he distinguished the notion of a
true quantity from that of a “value,” which pertained merely to algebraic functions:
“Every quantity,” he asserted, “is a real object such that the mind can be seized of
it, or at least its representation in calculation” (Carnot 1803b, p 7).

It is evident from the scientific manuscripts surviving at Nolay that the problems
occupying Carnot’s mind in the years following his return from exile in 1800 were
mainly those of geometry and technology. The family archives there contain notes
on the inventions referred to his judgment by the Institute, including the Niépce
and the Cagniard engines, together with the manuscripts of reports submitted for
the Procès–Verbaux. They also contain numerous drafts on what actually motivated
most of his writings in geometry, the anomaly of negative quantity, together with
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fragmentary correspondence with his German translators that gives the historian
welcome insight both into his purposes and the state of his mathematical reputation.
As remarked in the preface, it was through his exchanges with J.–K.–F. Hauff, who
translated the first, 1797, edition (Carnot 1797) of Réflexions sur la métaphysique
du calcul infinitésimal into German (Carnot 1800b) in 1800 that we learned of the
origin of that work in the prize essay submitted to the Berlin Academy in 1785. In a
reminiscence Hauff acknowledged that when he had initially seen the title listed by
the bookseller, he had paid small attention. The author, though widely known to be
one of the most distinguished of practitioners –“eines der vorzüglichsten Pratiker”–
had no reputation in theoretical mathematics. Hauff would, indeed, have expected
little from a French metaphysicist on the subject of geometry, as would the Hofräth
Kästner to whom he happened to mention it. Of this initial prejudice he had been
disabused by Lacroix, who informed him that, on the contrary, Carnot’s was a
mathematical intelligence to be taken seriously. His misapprehension thus corrected
by the most widely read of contemporary mathematicians, Hauff set to work to
master the argument of the Réflexions sur la métaphysique du calcul infinitésimal
and, having done so, to translate it, since the work was one that provided all the
foundation the subject might require.1

There is more distinguished testimony to his contemporary reputation in ge-
ometry. In 1810 Professor H. G. Schumacher of the University of Copenhagen
published a German translation of the Géométrie de position. He had consulted
Gauss on the importance of the work and in the preface mentions with gratitude
Gauss’s good opinion of it–a good opinion not (it may be remarked) easily given.2

Among admirers qualified to judge later in the century, Chasles was not alone in the
appreciation mentioned at the beginning of this chapter. In 1854 Giusto Bellavitis
referred to the same work as the origin of his own method of equipollencies,
and Felix Klein in the well–known lectures published in 1926 referred to it as
a “noteworthy book”.3 It is odd, therefore, that Carnot’s mathematical works
should have fallen into such obscurity since the earlier twentieth century that few
mathematicians can say what they contained.

His writings fall into two groups, one consisting in the geometric works and
the other in the successive versions of Réflexions sur la métaphysique du calcul
infinitésimal. It will be convenient to consider the geometric writings first since their
relation to his work in mechanics is more explicit, though not necessarily deeper, and

1Hauff’s translation appeared under the title, Betrachtungen über die Theorie der Infinitesimalrech-
nung von dem Burger Carnot (Carnot 1800b). The relevant papers are in carton 28 in the Carnot
family archives at Nolay.
2Geometrie der Stellung oder über die Anwendung der Analysis auf Geometrie, 2 vols (Carnot
1810, II).
3Ettore Carruccio, “Bellavitis”, Dictionary of Scientific Biography (Gillispie 1970–1980, I,
pp 590–592). See also Vorlesungen über die Entwicklung der Mathematik im 19 (Klein 1926,
I, p 79). Lazare Carnot introduced the concept and word “equipollence” (Carnot 1803b, § 82,
pp 83–84) to signify the equivalence, not just of values, but of any mathematical objects such as
points or curves that could be substituted for one another.



5.1 Geometric Analysis and the Problem of Negative Quantity 109

then to go on to an account of his justification of the calculus. That was the subject
of his earliest work in mathematics, the Berlin dissertation of 1785, and also of his
last: he published the final revision in 1813.

5.1 Geometric Analysis and the Problem of Negative
Quantity

Lazare Carnot published De la corrélation des figures de géométrie in 1801 (Carnot
1801), a year after leaving ministerial office under Napoleon. It contains the initial
working out of the views with which he reentered scientific work after nearly a
decade in public life. He opened the subject with the observation that between the
parts of a geometric figure two sorts of relations obtain, relations of magnitude
and of position. His topic was limited to the latter. Its problems were to determine
whether a point was situated above or below a given line, to the right or left of
a given plane, inside or outside a given circumference or curved surface, etc. The
method would be to compare every figure he was investigating to another of known
properties, to exhibit the modifications point to point by means of a systematic
notation, and thus to “establish the correlation of the figures” (Carnot 1801,
§ 2, p 1).

The approach will be familiar to the student of Carnot’s mechanics. The
reader was to imagine any system whatever of variable quantities, whether or not
geometric, and to consider it in two different states. The one taken for the basis
of the comparison he called the primitive and the other the transformed system.
In the analysis of the latter the difference between any two quantities was “direct”
when the greater and the lesser corresponded to their analogues in the primitive
system. In the contrary case, the difference was “inverse.” (In these comparisons,
Carnot always meant real quantities and not fictitious values of merely algebraic
significance.)

As was his wont, Lazare Carnot began developing his point of view with an
elementary example.

Fig. 5.1

In the triangle ABC (see Fig. 5.1) a perpendicular AD is lowered from the apex to
the base BC . In the initial construction, the point D falls between B and C. This
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is the primitive system. It may be transformed by moving the point C to the left.
In effect the figure constitutes a system in which the segment CD is a variable and
BD is a constant. So long as the point C approaches but does not reach the point
D, it remains true of both primitive and transformed systems that BC > BD. Their
difference CD is a direct quantity, and BC and BD are in direct order in the two
systems. By definition, therefore, the correlation is direct. Let the point C pass to the
left of D, however, and then in the transformed system BD > BC . Their difference
CD is inverse, and the quantities BC and BD are in inverse order compared to
the primitive system. The correlation, therefore, becomes indirect.

By correlative systems Lazare Carnot meant those that could be considered as
different states of a single variable system undergoing transformation by insensible
degrees. But it is important to notice that the question was not simply one of
stretching or rearranging the parts. It was not required that all correlative systems
should actually have been evolved out of the primitive system. It sufficed that
they might be assimilated to the primitive system through mutations that could
be imagined to occur by insensible degrees. We are back with Carnot’s favorite
reasoning device: a comparison of systems between which the nexus of change is
a continuum. Such were correlative systems, and the quantities that corresponded
were correlative quantities.

When the correlation was direct, any train of reasoning that was valid for the
primitive system would hold for the correlative. For example, in the above system
ABCD (see Fig. 5.1) we know that in the right triangle ABD,

AB2 D BD2 C AD2

and that in the right triangle ACD,

AC2 D CD2 C AD2:

Subtracting,

AB2 � AC2 D BD2 � CD2:

Furthermore,

BD D BC � CD:

Substituting,

AB2 � AC2 D BC2 � 2 � BC � CD:

This same reasoning would be true of all the transformed systems as C moved
towards D so long as CD was a direct quantity.
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Once C had passed the point D, however, CD would become an inverse quantity and
the correlation indirect. The final equation would then be

AB2 � AC2 D BC2 C 2 � BC � CD;

in which the sign of the last term was inverted in the correlative system. It was–to
generalize the example–the characteristic of indirectly correlative systems that the
formulas of the primitive system might be applied to the transformed system by
virtue of changing the signs of all the variables that had become inverted.

Reciprocally, these procedures of correlation might be used for solving problems,
and that is why they held the appeal for Lazare Carnot that led him to develop their
application to analysis in general. Reasoning on the same example, suppose it was
given that the three sides were in the proportion,

AC D BC D 2

3
AB;

and the problem was to find the segment CD. It is unknown whether C falls to the
right or to the left of D. Trying the former hypothesis first, would give

AB2 � AC2 D BD2 � CD2;

which works out

CD D � 1

12
AB;

a negative value, and hence anomalous as a solution. What the minus sign actually
signified was that the initial formulation had been wrong, and that in fact C fell to
the left of D. When the right assumption is made, the problem yields a positive value
in the result, and if the calculation has been valid, this confirms the correctness of
the choice among the possible conditions of the problem (Carnot 1801, § 33, pp
18–19).

So much by way of sample from Carnot’s De la corrélation des figures de
géométrie will show how the anomaly of negative quantity led him into the
problem–solving reaches of geometry, the branch of mathematics to which he
was in any case best suited by temperament and training. Apparently Carnot’s
contemporaries did not find it easy to form a clear idea of precisely what his
theory of negative quantity was amid all the geometry with which he argued it,
for to the last of his original publications, the essay of 1806 developing the theory
of transversals, he appended a brief Digression sur la nature des quantités dites
negatives (Carnot 1806a, pp 96–111) in Mémoire sur la relation qui existe entre
les distances respectives de cinq points quelconques pris dans l’espace, suivi d’un
essai sur la théorie des transversals (Carnot 1806b). He there explained that he
had written it at the behest of several “savans du premier ordre”–one may guess
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that Lacroix may well have been among them–who had urged him to disengage
his theory of negative quantity from its extensive detail “[ : : : ] eliminating from the
discussion everything that was not strictly elementary [ : : : ]” (Carnot 1806a, p 96).
In 1810 Schumacher attached a German version to the first volume of his translation
of the Géométrie de position, and quoted a letter from Carnot to the effect that many
duties and weakening health no longer permitted him to return to these subjects,
and that in any case this epitome was the best he could do (Carnot 1810, I). We may
conveniently follow Schumacher’s example and guide ourselves on this abstract of
the argument before passing on to an account of other aspects of the larger of the
works that it informed, the Géométrie de position.

Doing algebra involves manipulating negative values at every turn. What might
they signify? Clearly the signs C and � merely indicate operations to perform, and
addition presents no difficulty since C a can always be regarded as 0 C a. As for
negative quantity, however, two schools had developed in the course of the many
discussions the problem had evoked in the eighteenth century. One interpretation
accepted the notion of quantities less than zero. The other considered that a minus
sign meant that a quantity was to be evaluated in the direction opposite to that of a
positive quantity. Lazare Carnot found both explanations unconvincing. As for the
former, he asserted roundly that the notion of something being less than nothing was
absurd. It was here that he introduced his distinction between a quantity properly
speaking and an algebraic value, the latter being a merely fictitious entity introduced
for purposes of calculating. If it was permissible in a calculation to neglect quantities
of no magnitude (as it was), then it ought surely to be justifiable to ignore those less
than zero if such there were. But everyone knows that negative terms cannot be
neglected. Thus, whatever they signify, it cannot be quantity (Carnot 1806a, p 98).

Advocates of the second view, on the other hand, never defined what they meant
by a direction opposite to the positive. Sometimes they adduced the amount of a
debt opposed to that of a credit. Sometimes they referred to a left ordinate opposed
to a right one. But these were examples, not definitions, and they left difficulties.
Why, for example, is it impossible to take the square root of a negative quantity?
There is no difficulty in extracting the square root of a debt or a left ordinate. Why,
to consider a related point, did negative quantities dominate in the multiplication
of unlikes, giving their sign to the product? Moreover, there were exceptions. The
secant to an arc of a circle in the third quadrant cannot be distinguished from the
secant to the opposite arc in the first quadrant in either magnitude or direction, and
it should accordingly be positive in sign. In fact it is negative.

In the place of such interpretations, none of them satisfactory, Carnot proposed
two senses in which negatives could be properly understood. In the more obvious,
a negative quantity was the magnitude of a value governed by a minus sign. Strictly
speaking this usage was correct only when the value was preceded by a positive one
of greater magnitude, and was, therefore, of relatively trivial importance. The deeper
and more revealing sense was that a negative quantity is a magnitude governed by a
sign that was wrong. What Carnot meant by wrong may be illustrated in the problem
just cited in which a negative result indicates that the initial assumption about the
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correlation of the figures was mistaken and that in the conditions of the problem BC
was smaller than BD, whereas it had been initially taken to be larger (see Fig. 5.1).

In the Digression sur la nature des quantités dites négatives Lazare Carnot dis-
tinguished between the two senses of negative quantity by means of a trigonometric
example. Consider the formula (Carnot 1806a, p 99)

cos .a C b/ D cosa � cos b � sin a � sin b : : : .A/ (5.1)

Here the last term was negative in the first or literal sense. In the second sense,
however, the same term was positive so long as a,b and (a C b) were each less than
90ı because the sign had to be correct if the equation were to be exact in the first
quadrant. But if (a C b) were greater than 90ı, the equation would be incorrect. For
if the problem were investigated directly and synthetically, it would turn out that
(Carnot 1806a, p 99)

cos .a C b/ D sin a � sin b � cos a � cos b : : : .B/ (5.2)

If Equation (A) (Eq. 5.1) were to apply to this case, it would be necessary to regard
the first term, cos .a C b/ as governed by a sign contrary to what it ought to have
been, for changing it would have given (Carnot 1806a, p 103)

� cos .aC b/ D cos a � cos b � sin a � sin b : : :

which would have reduced to Equation (B) (Eq. 5.2). In effect, therefore, extending
Equation (A) (Eq. 5.1) to the case in which (a C b) was greater than 90ı subjected
the term, cos .a C b/, to the wrong sign and made of it a negative quantity in the
second sense. Obviously these two meanings of negative were quite different, and
for the second sort of quantity, those bearing a wrong sign, Carnot preferred the
term “inverse quantity”4 in contradistinction to “direct quantities”5 governed by
their right and proper sign. The usage is that of the correlation of geometric figures,
which would frequently be the means of establishing whether a quantity was plus or
minus, direct or inverted.

How, then, did these inversions get into the process of calculation? Carnot said
by error, the kind of mistake or misapprehension about the basic conditions of the
problem illustrated in the example of correlation cited above. If in setting up a
calculation we mistake a credit for a debt, then the algebraic expression of what
is to be paid or received is opposite to what it should be, and we recognize the error
practically through knowledge of whether money is owed or owing. Similarly, if we
mistake a right for a left ordinate in formulating a problem, we get the wrong sign
in the result and know it to be so since the solution makes no sense physically. In
general,

4On “inverse quantity” see: Carnot (1806a, p 101, p 102, p 103, p 104, p 111).
5On “direct quantity” see: Carnot (1806a, p 100, 102, p 111).
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Any inverse quantity can be considered as the difference of two direct quantities of which
the greater has been taken for the smaller, and reciprocally.6

A skeptic might be forgiven for asking the use of introducing into calculation
quantities governed by a false sign. The answer should be that it is often necessary
to risk doing so in order to formulate a problem at all. The ordinate of a curve
might be required without the geometer’s knowing in which quadrant it was located.
He would then simply make an assumption. That would permit him to give an
absolute value. If then he had been wrong about the sign, the error would show
up as an absurdity in the result, and he could change signs without redoing the
calculation. The procedure turns out to involve no real risk of final inaccuracy,
therefore. Since only a positive value ever represents an intelligible solution to a
genuine problem, a negative solution merely reveals an inconsistency between the
actual initial conditions and the hypothesis that had been adopted in framing the
equations.

Trigonometry was to Carnot in mathematics what hydrodynamics was in me-
chanics–the part of the science in which his mind ran on the problems exemplary of
the general issues.7 Discussing the transition from an inverse to a direct quantity and
vice versa, he invoked the algebraic principle that a variable in changing sign passes
through zero or infinity. The point of view was one that naturally embraced, and in
his own mind probably grew out of, the change of sign in trigonometric functions.
Carnot thought that phenomenon to be the decisive one in destroying the position of
those who held negative quantity to signify nothing more than ordinary magnitudes
taken in reverse direction. Why, for example, should the cosine of an obtuse angle
necessarily be an inverse quantity? It was so only because the primitive system, i.e.,
that on which the reasoning in trigonometry had originally been founded, was one
in which all angles were acute. The instrument best adapted to analyzing relations
of this sort was the geometry of position, and that was why it was the approach to
geometry most suited to clarifying its application to analysis and algebra in general.

The Géométrie de position was published in 1803, the same year as Principes
fondamentaux de l’équilibre et du mouvement. It is an imposing book, a book more
important for its approach to geometry than for the theoretical point it purported to

6Digression sur la nature des quantités dites négatives (Carnot 1806a, p 102).
7It is interesting that the first published hint of the correlation of figures, and also the first original
scientific work to which Carnot seems to have turned after the Revolution, appeared in the form
of a “Lettre du citoyen Carnot au citoyen Bossut, contenant quelques vues nouvelles sur la
trigonométrie”. It is appended to Bossut’s Géométrie et application de l’algèbre à la géométrie
(Bossut 1800a, II, pp 401–421). Bossut recounts that just as his book was about to go to press,
Carnot, then serving as Minister of War, mentioned to him several ingenious and stimulating ideas
on trigonometry. At Bossut’s persuasion, he agreed to write them up for publication in a way suited
to an elementary text. He had leisure to give only the results, in any case, leaving the proofs to the
students as an exercise. The subject is that which he developed fully in section 4 of Géométrie de
position, the relation between the linear quantities of a triangle eliminating all angular quantities
from the expressions.
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be establishing. It cannot be said that Carnot’s theory of negative quantity entered
into the texture of later mathematical thinking, but writing the Geometrie de position
(Carnot 1803b) carried him far beyond his original intention of giving a second,
somewhat fuller edition of De la corrélation des figures de géométrie (Carnot 1801).
He enlarged the examples and treated the rules of correlation in an altogether more
comprehensive manner. Two years seem a short time for the development he gave
the subject, and it would appear both from internal evidence and from the number
of drafts of particular problems in the family archives that he must have had much
of this material long in mind and that he worked very hard to set it out in order. No
longer limiting the scope to correlations of particular geometric systems, he now
proposed to compare and unify the two main types of geometric relations and thus
to associate in a single treatment relations of magnitude with relations of position8

(Carnot 1803b, p 1).
Once past the first section on negative and imaginary quantities, the work

contains much substantial geometry and trigonometry, which, like any actual
mathematics, does not lend itself to summary as do questions of principle, method,
and lineage. The second section proposes a notation and mechanism for exhibiting
the modification that figures undergo through changing the relative positions of their
significant elements–points, lines, angles, arcs, areas, etc. Consider, for example
(see Fig. 5.2) the correlative triangles ABCD and A0B 0C 0D0 (in principle the same
figures as in the earlier work)9:

B′ D′

A′

C′B D

A

C

Fig. 5.2

For the points, two categories of correlation are relevant, correlations of construction
and of position. Points that correspond under the correlation of construction are

First system ABCD

Second system A0B 0C 0D0:

8In a letter to Lacroix of “4 Nivôse an 10 [25 December 1801]” Lazare Carnot observes that he is
spending his leisure developing the ideas in the De la corrélation des figures de géométrie, which
had suffered from the haste with which it was composed, for a new edition containing a chapter
on the applications of algebra to geometry and another on the theory of curves, neither of them a
treatise in itself, but applications of his theory of positive and negative quantity and of transversals
(Bibliothèque de l’Institut de France, Mss. 2397).
9This example is worked in great detail on Carnot (1803b, pp 81–87).
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The correlations of position, however, are

First system BDC
Second system B0C0D0:

(The bars signify that the points are on a straight line.)
As for lines, angles, arcs, and areas in the two systems, further correlations are

needed to complete the comparison, specifically correlations of absolute value and
of signs. Given the correlation of construction just cited, correlations of absolute–
value may be written down directly:

First systems

(
AB; AC; BC; BD; CD; AD; B OAC;
A0B 0; A0C 0; B 0C 0; B 0D0; C 0D0; A0D0; B 0 OA0C 0;

Second system

(
A OBC; A OCB; B OAD; C OAD; ABC; ABD; ACD:

A0 OB 0C 0; A0 OC 0B 0; B 0 OA0D0; C 0 OA0D0; A0B 0C 0; A0B 0D0; A0C 0D0:

(The double bars signify an area or surface, and such expressions as BAC the angle
BAC). From the correlation of positions, it is evident that there is an inversion in
the order of the points D, C and D0, C 0. This inversion establishes the correlation
of signs, and the general tabulation of correlations of the two systems is thus:

First system

(
CAB; CAC ; CBC ; CBD; CCD; CAD; CB OAC;

CA0B 0; CA0C 0; CB 0C 0; CB 0D0; �C 0D0; CA0D0; CB 0 OA0C 0;

Second system

8̂
ˆ̂<
ˆ̂̂:

CA OBC; CA OCB; CB OAD; CC OAD; CABC; CABD;
CACD

CA0 OB 0C 0; CA0 OC 0B 0; CB 0 OA0D0; �C 0 OA0D0; CA0B 0C 0; CA0B 0D0;

�A0C 0D0

From inspection, we can tell that the primitive system ABCD has been transformed
into the correlative A0B 0C 0D0 in consequence of a movement of the point C on
CB so that it is now situated between B and D. The table also tells us that none
of the quantities AB; AC; BC ; BD or AD passed through zero or infinity, and
consequently that these are direct quantities in the correlative system and there carry
a positive sign. Not so the quantity CD, however, which did pass through zero in
becoming C0D0, and therefore becomes inverse and bears (as the table shows) a
minus sign. So it is, not to insist further on the obvious, for all the other quantities
in the two systems–their relations and signs may be found by inspection of the
table, which gives at a glance the transformation undergone by any quantity of the
primitive system in becoming its correlative.

The tables of correlation that Carnot established for certain more complex sys-
tems cover several pages of text. Among the more obviously useful was a complete
tabulation of the correlations in all four quadrants of what he called lineo–angular
quantities, i.e., sines, cosines, tangents, etc., which exhausts the entire theory of the
signs of trigonometric functions. He appears to have thought of these complications
as the nucleus of a sort of engineering handbook of geometric systems that would
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permit resolving problems by considering unknown systems as correlatives of
the set of primitive systems of which the properties were known. The formulas
expressing the relations were to contain only real and intelligible expressions–no
imaginary and no inverse quantities. Then the procedure was to ascertain for a
given correlative system what mutations the primitive system underwent in the
transformations that produced it, a change that he always considered to occur
continuously and one that never modified the basis of the original construction but
only the relative positions of the elements.

The body of the Géométrie de position consists of various sorts of problems
resolved by the technique of forming tables of positional properties. We shall have
to limit ourselves to a few among a great many examples. Thus,

Three right lines being drawn in the same plane, and given the angles formed by the
directions of any two of them with the direction of the third, find the angle formed between
the first two directions.10

That constitutes the first problem in a lengthy section devoted to the techniques of
determining relations among systems of straight lines without having recourse to
trigonometric functions. A further section applies the method to various problems
of elementary geometry–e.g., given a circumference and two tangents, construct be-
tween them a third tangent equal to a given line. A final section adapts the correlation
of figures to the solution of problems by the transformation of coordinates.

The contents consist in good, hard geometry approached algebraically. As time
went on, it was the train of concrete problems and theorems, rather than the theory of
negative quantity inspiring it, that won esteem for Carnot as one of the founders of
nineteenth–century geometry. The most original propositions concern the theory of
transversals, on which Carnot published a further small treatise, his last, 4 years later
(Carnot 1806b). Felix Klein singled out for appreciation the theorem sometimes
called Carnot’s in the nineteenth century. It asserts the equality of the products
of the segments created by a transversal intersecting the three sides (prolonged
as need be) of a triangle: the product of any three segments always equals the
product of the remaining three provided no two segments with the same angle of the
triangle or point of the transversal for extremity enter as factors into either product.11

Otherwise, Klein complained of the elementary nature amounting almost to triviality
of many of the propositions, while acknowledging that the book was full of good
ideas. It was, he said acutely enough, a reflection of Carnot’s personality: honesty
without genius. Chasles’ final judgment was that Carnot’s work formed only a
series of powerful inductions and that he never did achieve a rigorous, absolute
and fundamental demonstration of the principle of correlation of figures (Chasles
1852, p v).

10Carnot (1803b, Problem XXIV, § 189, p 255).
11Vorlesungen über die Entwicklung der Mathematik im 19. Jahrhundert (Klein 1926, I, pp 79–80).
This proposition appears as “Theorem V” (Carnot 1803b, § 219, pp 276–278).
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Lazare Carnot himself recognized the affinity of his method with that of the porisms
of the ancients (for he was well informed about the history of geometry).12 He
acknowledged that the greater part of the problems in this, his fullest work, belonged
to elementary geometry but considered the characterization no matter for apology.
That having been the only geometry known to a Napier, a Viète, a Fermat, a Galileo,
a Huygens, that having been the mathematics preferred by a Halley, a Maclaurin,
and a Newton its fundament might even be allowed to offer certain advantages.
Elementary though it was in subject matter, it was certainly not so in point of
difficulty or intellectual value. It was important, moreover, to take a wider and
more generous view of its matter. It was absurd, for example, that the science of
projections, the descriptive geometry renewed by Monge, should form a science
separate from the elements of geometry. To plead that its problems were applied
geometry was a quite inadequate excuse, for in actual fact to separate principles
categorically from applications was an impossibility. Euclid’s Elements nowhere
contain instructions for the techniques of projection that, applications though they
might well be, embodied principles as theoretical as any in the elements themselves.
A similar judgment could be made of the study of polygons and polyhedrons, which
might be thought comprised in trigonometry, but so implicitly that to disengage it
amounted to starting a new science.

Indeed, Carnot’s handling of geometry exhibits throughout what we have come to
recognize as his hallmark, the gathering of elementary subject matter under a point
of view at once general and operational and in this combination of qualities novel.
The statement of the problem of mechanics that opened the Essai sur les machines
en général (Carnot 1786, § X, p 21) is echoed in the definition of the problem of
which the study constituted geometry:

In any system of right lines whether lying in the same plane or not, and some of them, or
else of the angles formed by the assembly either of the lines themselves or of the planes

Fig. 5.3 Simplified
performance model adapted
by Klein (1926)

The triangle GBA being intersected by the transversal CF,

AF � BD � GC � AC � BF � GD

12Carnot (1803b, p 483).



5.1 Geometric Analysis and the Problem of Negative Quantity 119

containing them, being given in sufficient number so that the entire figure is determined;
then find all the rest of it.13

Putting the problem of his book thus, Carnot permitted himself one of the few self–
assertive asides that his scientific writings contain, remarking, “It is a long way from
what is ordinarily called the elements of geometry to this general problem” (Carnot
1803b, p xxxiij).

More than the style carries over from mechanics into Carnot’s vision of a new, a
more vigorous geometry. At the outset he distinguished the “géométrie de position”
from “géométrie de situation” (Carnot 1803b, pp xxxv–xxxij) the subject (since
called topology) started by Leibniz although no comprehensive treatise yet existed.
Carnot thought that the term “géométrie de transposition” would have been more
appropriate since movement among the parts of a system was an essential aspect
of all its problems. Although it was distinct from his own subject, he imagined
a potential relation between them. A geometry of transposition would be to the
geometry of position what motion was to rest. At that it would be but the least
part of a very extensive, highly important subject, one that never had been treated
for itself, the general theory of motion abstracted from consideration of the forces
that produce or transmit it. The new science, in a word, would be that of geometric
motion (Carnot 1803b, p xxxvij).

To the reader of the Essai sur les machines en général it will be obvious that
Carnot had more in mind than mere kinematics here, and indeed that he was
coming at his favorite notion from a point of view complementary to that of his
mechanics. He gave a further hint of what he had in mind at the conclusion of a
series of theorems about a point called the center of mean distances, better known
to mechanics as the center of gravity. It seemed to Lazare Carnot that it would
contribute to the vitality of geometry to recapture that topic from mechanics. For
geometry was impoverished in being limited to its conventional elements and to
determinations of equilibrium, that is to say, to statics. Strictly speaking, it ought to
be geometry that considered motions per se, mechanics being rather the science of
the communication of motion. The idea of motion was, after all, as simple as that
of dimension. It might even be genetically inseparable. Pedagogically, a line is said
to be the path of a point and is in fact traced out by a pencil in motion. In turn the
motion of a line is said to produce a plane and that of a plane, a solid.

Why should not the method be extended in order that geometry consider
abstractly what is produced by the motion of a solid in space? For mechanics
cares nothing about that as motion. It limits itself to what happens in encounters
with other bodies along the way. More comprehensively, three categories of spatial
relations between bodies might be imagined. In the first, bodies are entirely separate:
conventional geometry pertains to these relations. Second, they may interact by
collision, pressure, or traction: this is the proper domain of mechanics. Third, they
may be in contact at several points without in any way interacting: and it was
determination of these relations that would form the subject of a new science of

13Carnot (1803b, p xxxiij).
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geometric motions that would be transitional between the other two. To determine
those conditions presented a problem independent of mechanics since, by definition,
no motion was communicated or destroyed within the system, and Lazare Carnot
here restated the criterion in terms of reversibility that he had given in the Essai sur
les machines en général in 1783:

[ : : : ] when such a motion exists in a system of bodies, the contrary motion is always
possible; which is not the case when the motion is not geometric.14

Once the theory of such motions was fully penetrated, it could be counted on
to rid mechanics and hydrodynamics of their analytical difficulties, because it
would then be possible to base both sciences entirely on the most basic general
principle of communication of motion, the equality in opposition of action and
reaction, always the starting point of Carnot’s analysis. From these aspirations it
becomes clear that the appearance in the same year of both Géométrie de position
and Principes fondamentaux de l’équilibre et du mouvement was the result of no
mere coincidence or fit of industry. They were parts of the same program. The
introduction to Géométrie de position promises the reader another work on the
idea of geometric motion, “the theory of which is the transition from geometry to
mechanics” (Carnot 1803b, pp xxxv–xxxvi) and the Principes fondamentaux de
l’équilibre et du mouvement redeems the promise, recasting the entire theoretical
part of the science of machines in terms of geometric motions. Not that he flattered
himself actually to have created the science to which all this was a summons–his
research extended only to the principal properties of these hypothetical motions
(Carnot 1803a, § 145, p 116).

5.2 The Compensation of Error in Infinitesimal Analysis

From the Berlin dissertation of 1785, it is obvious that Lazare Carnot’s thinking
about infinitesimal analysis long antedated any recorded interest in the problem
raised by the role of negative and imaginary quantity in finite analysis. In the essay
on that document that Professor A. P. Youschkevitch (1906–1993) has contributed to
the first edition of the present work (Gillispie 1971), which completes its discussion
of Carnot’s mathematical work, he compared this earliest version to the first edition
of the Réflexions sur la métaphysique du calcul infinitésimal of 1797 and to the
further revision that Carnot gave the book in its second edition of 1813 (Gillispie
1971, pp 149–168). These views, too, he was developing concurrently with his
preoccupation with the mechanics of machine processes, and although his treatment
has never commanded great interest on the part of professional mathematicians, its
immediate translation into many languages and republication from time to time for
over a century, is evidence of its appeal to readers professionally concerned with

14Carnot (1803b, § 298, p 338).



5.2 The Compensation of Error in Infinitesimal Analysis 121

mathematics. The text of Lazare Carnot’s final version, that of the 1813 edition, was
unchanged in later printings and forms the basis of the account that follows.15

Such a reader of mathematics, one whose own education in the calculus recapitu-
lated like that of many an engineering student its progress from l’Hôpital to Cauchy
or thereabouts, may peruse the opening passages of Lazare Carnot’s Réflexions
sur la métaphysique du calcul infinitésimal with the gratifying feeling that here is
an author declaring what one thought one had noticed oneself but never dared to
come out and say. To Lazare Carnot, it was obvious that the infinitesimal calculus
had produced the speediest and most fortunate of revolutions in the mathematical
sciences. Decomposing bodies right down to their elements, it seemed to give entree
into the internal structure and very organization of things. (Notice that Carnot began
his analysis in mathematics as he did in his earliest mechanics memoir in the instinct
that the texture of reality is corpuscular).16 Yet those who handled this keen and
powerful tool left unclear what those elements actually consisted in, those

[ : : : ] singular beings that at one time play the role of true quantities and at another are to
be treated as absolutely null and that seem by their equivocal properties to occupy some
middle ground between magnitude and zero, between existence and nullity.17

Not that the difficulty had impeded discovery, for mathematicians had robustly
gone on to employ infinitesimals without penetrating the question of their nature
or dissipating its obscurity. Philosophers for their part remained divided not only in
their views, but even in their way of seeing the problem. In this situation, what he
was proposing was to bring the existing points of view together, show the relation
between them, and justify the procedures of the calculus. In good eighteenth–
century style, he began genetically.

The very notion of the calculus, in Carnot’s view, had arisen pragmatically
out of the necessity to make approximations in calculating. Given the normal
difficulty and frequent impossibility of formulating the conditions of a problem
precisely in solvable equations, it would have been natural to neglect embarrassing
quantities when they were so insignificant that eliminating them might be supposed
to introduce only trivial error into the result. Such was the ancient geometric practice
of treating curves inaccessible to theory as if they were polygons composed of a very
large number of very short sides. To take the most familiar example, that of a regular
polygon inscribed in a circle, when the number of sides is increased sufficiently, it
becomes possible without appreciable error to attribute to the circle the properties
of the polygon. A particular calculation might then be simplified by neglecting the
length of one of these now very small sides by comparison with that of some given

15Page references are to the most recent edition, that published in Paris in 1921 in the series Les
maitres de la pensée scientifique (Carnot 1803b). Paragraph numbers apply equally to other, earlier
French editions.
16See above, Chapter 3, pp 66–67.
17Carnot (1921, I, § 1, p 2).
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line, say the radius. It might be a great convenience to be able to substitute the length
of the latter for the sum of the radius and the side. If the latter was small enough,
the error would not be worth calculating.

But how legitimate was such a shortcut?
In arguing that the metaphysics of the calculus rested upon its rigorous legiti-

macy, Lazare Carnot continued the illustration. Suppose the problem is to construct
a tangent at the point M to the circumference MBD (see Fig. 5.4) of a circle of center
C and radius r (Carnot denotes the radius by a but it will denature nothing to alter
that).

Fig. 5.4

The axis DCB serves as abscissa and D as origin, so thatDP D x, the corresponding
ordinate MP D y, and the point M has the coordinates .x; y/. TP then is the
required subtangent.

To find it, consider the circle to be a polygon with a very large number of sides.
Let MN be one of the sides D prolonged to intersect the axis at T 0. Evidently MN
will be the tangent in question since by definition it does not penetrate the interior
of the polygon. If, then, the perpendicular MO be erected intersecting at point O the
line NQ parallel to MP, we should have

MO W NO WW TP W MP

or

MO

NO
D TP

y
:
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Further, since the equation of the curve for the point M was

y2 D 2x .r � x/;

for the point N, the equation would be

.y C NO/2 D 2r .x C MO/ � .x C MO/2:

Subtracting the latter equation from the former and reducing,

MO

NO
D 2y C NO

2r � 2x � MO
;

so that, setting the two values for MO
NO equal to each other and multiplying through

by y,

TP D y .2y C NO/

2r � 2x � MO
:

If MO and NO were known, we should have the value of TP and the construction of
the tangent. In actuality, however, these quantities MO and NO were by hypothesis
smaller than the side MN, itself very small. They were, therefore, negligible by
comparison to the lengths, 2y and 2 .x � r/, to which they were added. Hence, the
equation would be reduced to

TP D y2

r � x
:

The result would thus be acceptable in practice even though not absolutely exact.
But–and this is the central tactic of Carnot’s argument–the relation was not only
close to being true: it was entirely true, and could be demonstrated geometrically.
There was no need to appeal to the doctrine of infinitesimals. The point could be
proved even to someone who had never heard of that kind of analysis. The radius of
a circle being perpendicular to the tangent at its extremity, the triangles CPM and
MPT were similar, whence

CP W MP WW MP W TP

so that again

TP D MP2

CP
D y2

r � x :

In short, the synthetic geometric demonstration confirmed the validity of the analytic
method of infinitesimals. The advantage of the latter was that once allowed, any
curve could be considered as divided into a very large number of very small sides,
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any surface into strips, any body into corpuscles, and any quantity into parts of itself.
But it was not to be thought that the immense facility thus won for calculation rested
on any inexact procedure. Infinitesimal analysis was to be viewed not as a method
for merely reducing error to tolerable insignificance, but as a rigorous process that
when rightly applied compensated perfectly for errors it admitted into the reasoning
in order to simplify the solution of problems.

Returning to the example and to the equation

TP D y .2y C NO/

2r � 2x � MO

it was necessary to neglect NO and MO in order to get the solution. To do so
was deliberate. The way in which the problem was formulated must necessarily
have introduced some error, since strictly speaking a circle could never equal a real
polygon. And since we know from the geometric demonstration that actually

TP D y2

r � x
what we have done in neglecting NO and MO in the infinitesimal analysis has
exactly compensated the error introduced into the statement of the problem in order
to facilitate the reasoning.

A complementary way of looking at the problem confirmed what Lazare Carnot
meant by the compensation of errors. Consider the circle now as a true curve rather
than a polygon, let the line RS be drawn parallel to MP, and construct the secant
RT 0 through R and M. Obviously, then

T 0P W MP WW MZ W RZ;

and

T 0P D TP C T 0T D MP
MZ

RZ
:

That being clear, and if then RS be translated parallel to itself toward MP, the point
T 0 would simultaneously approach T, and one could diminish the line T 0T as much
as one pleased without distorting the proportionality. If, therefore, in solving the
problem the quantity T 0T were neglected, an error would certainly be introduced
into the equation

TP D MP
MZ

RZ
;

but it was an error that could be made as small as might be wished, and the equation
therefore could be approached as closely as might be wished to equality.
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Similarly, the equation

MZ

RZ
D 2y C RZ

2r � 2x � MZ

was perfectly exact whatever the location of R; and as RS is brought closer to MP,
the error introduced by setting

MZ

RZ
D y

a � x

might similarly be made as small as desired. From these equations, then, Lazare
Carnot by simple substitution obtained the solution

TP D y2

r � x
;

which we know from the geometry is rigorously correct–even though the two
equations from which he has here drawn it, i.e.

TP D y
MZ

RZ
and

MZ

RZ
D y

r � x ;

are in fact false, since the perpendicular distance between RS and MP was at no
point assumed to be zero, nor even very small, but only equal to some arbitrary line
that could be made as small as one willed (Carnot 1921, I, §§ 2–10, pp 4–12).

Such, then, was an example of the process of compensating for error that made
the infinitesimal analysis rigorous. Later in the work Lazare Carnot extended it to
the integral calculus. The procedure was not at all to be confused with a method
of approximation (unless in its hypothetical genesis). It involved rather the use
of infinitesimal quantities in order to find relationships between given quantities,
and its results contained no errors at all, not even infinitesimal errors. Lazare
Carnot went on to generalize the elements of the system in a series of definitions
that distinguish between the types of quantity that figured in calculation. To the
conventional division into determinate and indeterminate quantities, Lazare Carnot
preferred a tripartite classification, distinguishing between quantities:

1. that were invariant and determined by the conditions of the problem; to this class belong
parameters such as the radius, MC, in the problem of the tangent just worked out;

2. that, though variable by nature, acquired determinate values by reason of conventions
or hypotheses introduced into the problem; to this class belonged what were ordinarily
meant by variables, the coordinates, subtangents, or normals to a curve like the lines DP,
MP, TP, and MT of the example;

3. that were always variable and indeterminate and to which definite dimensions were never
assigned; to this class belonged all infinitely small and infinitely large quantities and also
those involving the addition of a finite and an infinite or infinitesimal quantity. Instances
in the sample problem were the lines DQ; NQ; TQ; T 0P; T 0Q; MZ; RZ –infinitesimals
(MZ and RZ) or functions of infinitesimals.



126 5 An Engineering Justification of Algebra and the Calculus

Quantities of the first two classes Lazare Carnot defined as “designated” and those
of the third as “non–designated.” What characterized the last was not that they
were of minute size, but that they could be varied at will. Yet at the same time
non–designated quantities were not purely arbitrary. On the contrary, they were
related to quantities of the second class by one system of equations just as the latter
were to quantities of the first class by another, not unrelated system of equations.
These systems containing only designated quantities Lazare Carnot called complete
or perfect. Equations containing terms in non–designated quantity by contrast he
called incomplete or imperfect. What characterized them was the nature of those
quantities: not that the error in the equation was insignificant or the quantity
approximately zero, but that at the will of the calculator either could be made as
small as he pleased. Another way of looking at the infinitesimal calculus, therefore,
was to say that it consisted in transforming insoluble or difficult complete equations
into manageable imperfect equations and then managing the calculation so as to
eliminate all non–designated quantities from the result. Their very absence from the
result was the evidence that it was rigorously correct (Carnot 1921, I, §§ 12–18,
pp 14–21).

In the way that he developed these comparisons the congruence between Carnot’s
points of view in the calculus and in mechanics appears to particularly good
advantage. Consider, he asked the reader, any general system of quantities, some
constant and some variable, and suppose the problem was to find the relations
between them. Let any specified state of this general system be regarded as a datum.
Its quantities and any variables depending exclusively on them would then be the
“designated” ones. If now the system be considered in some different state invoked
for the purpose of determining more readily what relations did obtain between the
designated quantities of the fixed system, this latter state would serve an auxiliary
role and its quantities would be auxiliary quantities. If further the auxiliary state
be approached to the fixed state so that all the auxiliary quantities approach more
and more closely to their designated analogues, and if it is in our power to reduce
these remaining differences as far as we please, then the differences would be what
is meant by infinitesimal quantities. Since they were merely auxiliary anyway, these
arbitrary quantities must not appear in the solution to the problem, which was to
determine the relations between the designated quantities. Reciprocally, it was a
proof that the result was correct if no arbitrary quantities did occur in it. Thus, the
error willfully introduced in order to solve the problem had been eliminated. If it
did persist it could only be infinitesimal. But that was impossible since the result
contained no infinitesimals. Hence the procedures of the calculus had somehow
eliminated it, and that was their peculiar genius.

Such, then, was an engineer’s view of the calculus. Perhaps it will do no violence
to paraphrase a later mathematician, Lewis Carroll on words to the effect that the
question is not what quantities mean, but who is master, we or they? In Carnot’s
sensibility, mathematics was a tool to the mind. Yet the attitude implied no disdain.
Like a good workman he was respectful of his tools. He admired those who,
like Lagrange, handled them with greater elegance and virtuosity than he did, but
his admiration did not inhibit him from saying how he saw matters himself. A
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few months after the appearance of Carnot’s Réflexions sur la métaphysique du
calcul infinitésimal, Lagrange published his own account of the calculus, which he
acknowledged having composed in treatise form in consequence of the obligation to
expound the subject before the students of the École polytechnique18 A story–almost
surely apocryphal–in Carnot’s entourage had it that when Lagrange was preparing
the text for the press, Prieur de la Côte-d’Or, encountering Lagrange, urged him
to look up Carnot’s book, and that Lagrange declined, saying enigmatically, “We
can meet without seeing each other.” When he later did read the Réflexions sur la
métaphysique du calcul infinitésimal (so the tale goes), Lagrange wrote Carnot that
if he had known the book, he would not have needed to undertake his own account
(Carnot H, I, pp 13–14). Perhaps, though probably not–in any event, the parallelism
of their interests is as notable as the difference in their styles both in mathematics
and mechanics, a case of the high road and the low road.

Lazare Carnot never expressed anything like jealousy in the matter. To the
later edition of the Réflexions sur la métaphysique du calcul infinitésimal as to
his Principes fondamentaux de l’équilibre et du mouvement he added remarks
congratulating himself that his more homespun arguments had found confirmation
in the analytical formulations of the foremost mathematician of their times. In that
edition, indeed, he quoted in conclusion a paragraph from Lagrange of which he
said, “There is my entire theory summarized with greater clarity and precision than
I could have given it myself” (Carnot 1813, I, § 37, pp 47–48):

It seems to me that, since in the differential calculus as it is used, we consider and in effect
calculate with quantities that are or are supposed to be infinitesimal, the correct metaphysics
of this calculus consists in the circumstance that the error arising from this false supposition
is retrieved or compensated by that which is created by the procedures of the calculus itself,
in accordance with which only infinitesimal quantities of the same order are retained in
differentiating. For example, in regarding a curve as a polygon with an infinite number of
sides, each one infinitesimal and the prolongation of which is tangent to the curve, it is clear
that an erroneous supposition has been made. But the error is corrected in calculation by
the omission we there make of the infinitesimal quantities. The point is easy enough to see
in particular examples although it is one of which it would perhaps be difficult to give a
general demonstration.19

So much constituted the central thrust of the argument of Carnot’s Réflexions sur
la métaphysique du calcul infinitésimal. In the definitive, 1813 version what had
been a brief summary of the rules of differentiation included in the 1797 edition has
been expanded into an entire second chapter expounding the notations and practical
operations of the calculus in textbook fashion. The juxtaposition with the doctrine
of compensation of errors invests the book with that same combination of novelty in
point of view with elementariness in scientific content that characterizes the later
writing in the mechanics of machines and the Géométrie de position. The third

18On that see Théorie des fonctions analytiques contenant les principes du calcul différentiel,
dégagés de toute considération d’infiniment petits, de limites et de fluxions, et réduits à l’analyse
algébrique des quantités finies (Lagrange 1797).
19Carnot (1921, I, § 37, pp 39–40).
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and final chapter is historical and comparative, and purports to show how Carnot’s
position reconciles the two main traditions of the calculus, the Leibnizian method
of infinitesimals and the Newtonian doctrine of the limiting ratio of nascent or
vanishing quantities. It is clear from this discussion that he was widely read in
the literature of the subject. He held the classical method of exhaustion to be the
common ancestor of both traditions, the lineage coming down through Cavalieri’s
analysis of indivisibles and Descartes’ method of indeterminates.

For himself he now professed to stand in the line of Leibniz and the justification
of infinitesimals by the principle of continuity (an emphasis consistent with his
habitual recourse to continuity of motion in mechanics). It might very well be,
he admitted, that Leibniz had failed to define an infinitely small quantity before
employing it, and that he even left it ambiguous whether he himself had taken
the calculus to be absolutely rigorous or merely a method of approximation. Never
mind whether Leibniz had had his doubts on these points, however. The prodigious
success of the algorithm in his own hands and later in those of l’Hôpital, the
Bernoulli brothers, and their successors reduced these objections to the dimensions
of quibbles. Indeed, all that Lazare Carnot now claimed to be explaining, with the
credentials of a century behind the calculus, was how Leibniz might properly have
replied. He might have insisted that the method was perfectly rigorous once the
infinitesimals were eliminated from the solution so that they contained only finite
algebraic quantities. His critics had put themselves in a worse quandary by insisting
that infinitely small quantities should logically be treated as having disappeared. For
if so, all the terms in their equations would vanish leaving only a string of zeros with
which to calculate relations (Carnot 1921, I, § 30–32, pp 29–33, and II, § 174, pp
73–74).

Not that Lazare Carnot was insensitive to the advantages of the Newtonian
method of limiting ratios expounded in Sect. 5.1 of the Philosophiæ Naturalis
Principia Mathematica (Book I, Section I). He was, indeed, more respectful of its
algorithm, the fluxional calculus, and the eighteenth–century British mathematics
in general than have been most historians of science, who have tended to repeat
as history the contumely heaped upon it by Babbage, Peacock and other British
mathematical reformers of the early nineteenth century. Both in the Réflexions sur
la métaphysique du calcul infinitésimal and in the Géométrie de position Carnot
(and Chasles after him) made appreciative reference to the work of Maclaurin and
of several later geometers, notably Robert Simpson, John Landen, and Matthew
Stewart, appealing for the translation of their writings into French.20 Lazare Carnot
himself would have appreciated the point made recently by Youschkevitch that if
the European mathematicians constructed the house of analysis in the eighteenth
century, the British synthetic and critical tradition made greater progress in the

20Réflexions sur la métaphysique du calcul infinitésimal (Carnot 1921, II, § 158, pp 59–60);
Géométrie de position (Carnot 1803b, § 435, pp 481–483); Aperçu historique sur l’origine et le
développement des méthodes en géométrie (Chasles 1875, pp 170–186).
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study of the foundations21–an odd reversal (it may be remarked) of what is usually
taken to be the characteristically British role of pragmatism over against continental
preoccupation with deep principle.

In Lazare Carnot’s view, Newton’s method of first and last ratios of nascent and
vanishing quantities had modified the ancient method of exhaustion by obviating
the necessity for reducing every problem to a proof from the absurd (Carnot 1921,
II, § 112, pp 10–11). In this classic technique the properties of a problematic system
would be determined through their correspondence to the known quantities of an
auxiliary system that was closely enough related to permit approaching the one to
the other. Newton’s method had substituted the principle of continuity for reduction
to the absurd, and made an enormous gain in economy. In view of Carnot’s own
approach both to mechanics and to mathematics, it seems probable that it was
through reflecting on the Newtonian doctrine of first and last ratios, its geometrical
basis and its strong–minded voluntarism, that he first developed the justification
he thought to bring to the complementary Leibnizian doctrine of infinitesimals.
He professed to see no difference between them in point of rigor, although in
fact he admitted the justice of the criticisms addressed to Leibniz on that score
whereas of Newton’s method he reported no reproach except a certain clumsiness,
the consequence of its not being directly expressible in an algorithm. And it may
well be that his account, perfectly correct what is more, of Newton’s reasoning will
serve as a clue to where he found his own:

When any two quantities approach each other more and more closely in value so that their
proportion or quotient differs less and less and as little as one wills from unity, these two
quantities are said to have for last ratio a ratio of equality. In general, when it is supposed that
diverse quantities approach respectively and simultaneously to other quantities considered
as fixed, until they all simultaneously differ as little as one wills, the relations between the
fixed quantities are the last ratios of those supposed to approach them in value, and those
fixed quantities are themselves called the limits or last values of those which thus approach
them.22

Lazare Carnot argued that the Newtonian difference between a quantity and its limit
or final ratio was what Leibniz meant by an infinitesimal quantity, and that, there-
fore, it will appear to the reader that it was he who wished to bring them to the same
thing by his Newtonian definition of an infinitesimal as that which we can render
as small as we will. He invoked the authority of d’Alembert, and indeed of Newton
himself, to deny any distinction between the method of first and last ratios and that of
limits (Carnot 1921, II, § 134, p 37). It is surely significant, moreover (as Professor
Youschkevitch pointed out in the essay on the Berlin dissertation), that in the initial,
1785 version Carnot’s reasoning draws heavily on the theory of limits. Why he
should thereafter have progressively deemphasized it, no text permits us to say.
His doing so was consistent, however, with a desire evident elsewhere in his work,

21In his introductory essay to the Russian translation of the Réflexions sur la métaphysique du
calcul infinitésimal translated by Soloviev N.M., with a critical introduction by A. P. Youschkevitch
and a biographical sketch of Lazare Carnot by M. E. Podgorny (Carnot 1933, pp 16–18).
22Carnot (1921, II, § 129, pp 33–34).
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particularly in the Principes fondamentaux de l’équilibre et du mouvement of 1803,
to accommodate his scientific style more closely to the prevailing analytic taste.

5.3 Analysis and Synthesis

A concluding note appended to the final 1813 version of the Réflexions sur la
métaphysique du calcul infinitésimal compares the compensation of error in the
infinitesimal calculus to the theory of negative quantity that Carnot had developed in
his geometric writings to account for algebraic operations. In both branches, finite
and infinitesimal, though in somewhat different ways, analysis consisted essentially
in introducing auxiliary quantities that realistically speaking were erroneous in order
to facilitate the process of calculation. The difference was that the procedures of
infinitesimal analysis themselves eliminated the errors in the course of computation,
whereas in finite analysis they remain in the solution where we recognize them by
comparison with a rational or physical reality and correct them accordingly.

The true character of analysis, its distinctive genius and the secret of the advan-
tage it enjoyed over synthesis, lay in its capacity to employ negative, imaginary, and
infinitesimal forms. In Carnot’s view any other distinction between the two main
modes of reasoning in mathematics was illusory. Conventionally it was said that
synthesis moved from the known to the unknown whereas analysis supposed the
solution known, but in terms that are unknown, the finding of which constitutes
the problem. That widely adopted distinction Carnot considered to be false. If
any, truly subtle work of synthesis were perused, the reader would find that the
essential procedure was the same as in analysis. The author would be reasoning on
the unknown as if it had been found. The only real difference between synthesis
and analysis was that, once the equation was formulated, and that was always a
synthetic job, analysis permitted itself to employ inverse and imaginary quantities
and physically unreal or metrically impossible operations, and synthesis did not.

In the synthetic method the object of the reasoning could never be lost to
view. It had to be kept constantly before the mind’s eye, real and clear, together
with whatever combinations it might enter into. If synthesis sometimes employed
signs and symbols, it did so only as abbreviations or shorthand. Not so analysis,
which disposed of all the resources of synthesis and also of others. It made
combinations with objects that do not exist. It represented them by symbols and
mingled real beings with imaginary ones. Then in the course of solving problems, it
transformed equations systematically and in the course of the calculation eliminated
the imaginary entities after they had served the purpose of auxiliaries. In the end,
therefore, whatever was unintelligible was made to disappear, and there remained
only what could equally have been discovered synthetically. But it had been obtained
more easily and directly, almost one might say mechanically.23

23Carnot (1921), Note Relative au nı 162 de L’Ouvrage précédent, § 20, pp 103–104. Lazare
Carnot incorporated a more extensive comparison of analysis to synthesis in the Digression sur la
nature des quantités dites négatives (Carnot 1806a).
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Recognizable now are the elements of the Carnot style, like father, like son, in
mathematical as in mechanical reasoning. Lazare Carnot adverted to something of
the sort in a set of passages in the De la corrélation des figures de géométrie, where it
comes down to the point that we make progress in knowledge by breaking complex
problems into simple ones and analyzing the relations of systems that are unknown
by comparison to those that are known (Carnot 1801, §§ 45–51, pp 26–30). Reduced
to those terms the point might seem like banality itself, and only in the execution
is it evident that the mode of handling problems inaugurated a combination of the
engineering with the rational in a genre that was novel in its quality if not in all
or perhaps any of its elements except reversibility in cyclic processes. The manner
and the matter seem incompatible in a way–verbal in expression and yet exact in
substance, redundant in argumentation and yet general in bearing. But the signet
is the location of the reasoning in the ideal system and the control in the concrete
system, the one relevant to determining the other by its approachability through
a continuous change of state. It is from mechanics that we know the laws of the
abstract machine, from hydrodynamics of the ideal heat engine, and from geometry
of extended quantity. All are sciences of experience in a genetic sense, to be sure,
and therefore operable in accordance with the more actual experience through which
one knows that something is lost in impact and that a heat exchange must go one
way. Perhaps it was in the mathematical reasoning, however, that Lazare Carnot
most resolutely converted the imperfections of the actual into analytical assets. In
the discussion of the calculus he treated inequalities as if they were equalities. He
treated quantities that were approaching a goal as if they had reached it. What
mattered was not the unavoidability of error, but that we should be masters of
eliminating it once incurred. Thus could imprecise or “imperfect” equations furnish
precise and rigorous results, and inverse quantities real ones, not by some fortuitous
cancellation of errors, but by their compensation or inversion, which really meant
the calculator’s power of compensating for them24.

24It is very interesting that his first discussion of the method should have occurred in the concluding
passages of the theoretical portion of the 1780 prize memoir on the theory of machines (Carnot
1780 in Gillispie 1971, Appendix C, §§101–160, pp 299–343). His hope clearly was to qualify
the very abstract reasoning of his memoir for the contest by relating it to the effects of friction
and binding. This, the “useful part” (Ivi, § 160, pp 337–340) of the problem could be stated,
“The forces applied to a given machine being known and such that neglecting friction and
stiffness in cords there would be equilibrium, determine what must be added to the impelling
forces to put the machine on the point of moving so that if these forces were increased, motion
would begin” (Ibidem). A rigorous solution being extremely difficult, the method that Carnot was
proposing would deliberately introduce an erroneous supposition in order to achieve a solution
exact enough to satisfy “any reasonable man” (Ibidem). The supposition was that friction on
a point is proportional to pressure, and the resulting error, a small one at worst, was then to
be reduced “as far as one wishes” (Ibidem) by successive applications of Carnot’s empirically
determined formulas for the relation of friction to pressure. See Lazare Carnot Savant (Gillispie
1971, Appendix C, §§101–160, pp 299–343).



Chapter 6
History and Historiography of Sadi Carnot’s
Thermodynamics

La logique explore de nouvelles voies pour tenter
d’analyzer la créativité scientifique qui se manifeste

dans l’invention et la decouverte.

(Hallyn, p 7, line 3; s. transl. below)

By considering the vast biographical literature accumulated in the past century and
today, here we prefer to focus solely on some particular aspects strictly related to
Sadi Carnot’s science.

In the first part of this section we will deal with the history and historiography
around the birth of Sadi Carnot’s theory taking into account the scientific context of
the nineteenth century.

The second part is dedicated to the current methodology used to historically
investigate some crucial aspects of Sadi Carnot’s reasoning regarding the foundation
of his thermodynamic theory. We will propose an excursus on significant examples
in the history of science in which categories of investigations are used to distinguish
historical methodology, interpretation and scientific theory to better pre-present
historical epistemology dealt with in the following chapters (see Chapter 9).

Some biographical comments on Sadi Carnot will conclude this section. In
particular, we will focus on Sadi Carnot’s cultural background listing his homework
as a student–engineer at École polytechnique de Paris.

6.1 A Historical Excursus

6.1.1 On the Science of Sadi Carnot’s Time: The Mechanics

In order to understand what appears to be a logical difficulty in Sadi Carnot’s
book, we should understand why it was mainly and naturally understandable by
scientists at that time: Newtonian principles in physics and mathematics (1687).

C.C. Gillispie and R. Pisano, Lazare and Sadi Carnot: A Scientific and Filial Relationship,
History of Mechanism and Machine Science 19, DOI 10.1007/978-94-017-8011-7__6,
© Springer ScienceCBusiness Media Dordrecht 2014
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The alternatives to Newtonian physical theory were mainly d’Alembert’s dynamics
(d’Alembert 1743), Lazare Carnot’s mechanics (Carnot [1783] 1786, 1803a, b) and
some aspects of Lagrange’s mechanics (Lagrange 1788). It has often been assumed
that Newtonian mechanics was capable of encompassing – without any conse-
quences – every theoretical and deductive mechanics formulation of the eighteenth
and nineteenth centuries (e.g., above cited Lazare Carnot, Lagrange et al. : : : ). This
kind of assumption led to the conclusion that the various formulations of mechanics
are equivalent; and “new ideas” based on “actual facts” and alternatives to exclusive
Newtonian ideal mechanics were widely obscured.

Purely mechanical phenomena do not exist [ : : : ]. On the other hand, thermal, magnetic,
electrical, and chemical conditions also can produce motions. Purely mechanical phe-
nomena, accordingly, are abstractions, made, either intentionally or from necessity, for
facilitating our comprehension of things. The same thing is true of the other classes of
physical phenomena. [ : : : ] The view that makes mechanics the basis of the remaining
branches of physics, and explains all physical phenomena by mechanical ideas, is in
our judgment a prejudice. Knowledge which is historically first, is not necessarily the
foundation of all that is subsequently gained. As more and more facts are discovered and
classified, entirely new ideas formed. We have no means of knowing, as yet, which of the
physical phenomena go deepest, whether the mechanical phenomena are perhaps not the
most superficial of all, or whether all do not go equally deep. Even in mechanics we no
longer regard the oldest law, the law, of the lever, as the foundation of all the other principles.
The mechanical theory of nature, is, undoubtedly, in an historical view, both intelligible and
pardonable; and it may also, for a time, have been of much value. But, upon the whole, it is
an artificial conception. Faithful adherence to the method that led the greatest investigators
of nature, Galileo, Newton, Sadi Carnot, Faraday, and J.R. Mayer, to their great results,
restricts physics to the expression of actual facts, and forbids the construction of hypotheses
behind the facts, where nothing tangible and verifiable is found. If this is done, only the
simple connection of the motions of masses, of changes of temperature, of changes in the
values of the potential function, of chemical changes, and so forth is to be ascertained,
and nothing is to be imagined along with these elements except the physical attributes or
characteristics directly or indirectly given by observation.1

Let us consider, for instance, that since Newtonian principles refer to a single–
material–point–body, they cannot deal with extended–body–systems, which include
bonds rather than energetic matters without adopting the collision theory. Table 6.1,
presents the novelty of Sadi and Lazare Carnot’s theories in contrast to Newtonian
theory in the history which prevailed at that time2:

In Table 6.1, let us note Carnot’s columns. The key concepts of Newtonian
mechanical paradigm, absolute space and time as temporal (and mathematical)
variations of physical quantities, are absent. Moreover, two Carnots use the impos-
sibility of perpetual motion as the basis of their mechanical and thermodynamics
theories. One might ask: what is the theoretical organisation in the two Carnots?
On what principles is it based?3

1Mach ([1883] 1996), p 495, line 5 (Italic style from the author).
2Pisano (2010).
3Please see below Chapter 7.
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We should also note that since there is an absence of collision theory (e.g., friction
et al.), Newton’s theory is different from Lazare Carnot’s mechanics (Gillispie
1971; Drago and Perno 2004). In fact, the latter included collision theory in
operative mathematics. In this way, e.g., a quantity of motion is interpreted by
non–infinitesimal mathematics and using a potential infinity. One possible approach
to understanding the history of the foundations of science4 combines historical
and epistemological aspects by means of a logical and mathematical inquiry
called historical epistemology. Previous epistemological research reveals that in
the history of science we encounter both logical axiomatically organised theories
(AO–theories) and theories whose organization involves the use of non–axiomatic
principles as a method for solving a given problem. Thus, these theories can be
defined as logical problematic organization (PO–theory). In brief, an AO–theory
is developed by “self–evident” principles and is generally followed by the use of
sophisticated mathematics (e.g., in Newtonian mechanical theory).

Below (see Table 6.2) we present an example–hypothesis of the scientific
traditions (based on their foundations and) classified by two choices, AO and PO
(Pisano 2008).

Table 6.2 Different choices for mechanical traditions

Engineering mechanical
traditions (PO)

1ı classical mechanical
traditions (AO)

2ı classical mechanical
traditions (PO)

Niccolò Tartaglia
(1499?–1557)

Galileo Galilei (1564–1642) Galileo Galilei (1564–1642)

Galileo Galilei (1564–1642) René Descartes (1596–1650) Christiaan Huygens (1629–1695)
Johann Bernoulli
(1667–1748)

Isaac Newton (1642–1727)a Gottfried Wilhelm von Leibniz
(1646–1716)

Jean Charles de Borda
(1733–1799)

Leonhard Euler (1707–1783) Jean Baptiste Le Rond
D’Alembert (1717–1783)

Lazare Carnot (1753–1823) Pierre Simon de Laplace
(1749–1827)

Lazare Carnot (1753–1823)

Joseph Louis Lagrange (1736–1813)
a 4 January 1643 according to the Gregorian calendar; 25 December 1642 according to the Julian
calendar. Newton’s country switched from the Julian Calendar to the Gregorian Calendar in
September 1752.

Lagrange’s formulation is interesting (Panza 2003; Pisano and Casolaro 2011b). It
can be placed as an intermediate stage, due to its author’s tendency to engage Actual
Infinite (AI) in mathematics, which indeed is intended to contribute to the search for
a new mathematical technique suitable for any mechanical problems. In particular,
Lagrange used AI in mathematics but at the same time he organized his theory
around the main problem of searching for a new mathematical technique in order

4In regard to methodology and logics one can consult: Sarton (1952), Nickles (2001), Bevir (1999),
Batens and Meheus (2006), Agazzi (1980), Beth (1961), Dalla Chiara (1985), Destouches (1948,
1951, 1966), Gauthier (1991), Giannetto (1989), Giles (1970, 1979), Przelecki (1969), Rothstein
(1956) and Weizsacker (1973).
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to solve any kind of problem in mechanics (Capecchi and Drago 2005). We should
remember that the metaphysical nature in Newton’s theory (e.g., absolute space
and time and the law of inertia, the use of infinitesimal objects to mathematically
interpret masses as material–points, and the concept of force) was emphasized (since
its birth) by important scholars (e.g., Leibniz, Berkeley : : : up to D’Alembert, Lazare
Carnot, Lagrange, Mach, and Poincaré). For example, it is interesting to mention
that Lazare Carnot utilized (Carnot 1813, pp 12–15) the théorie de la compensation
des erreurs à la Berkeley5 (1685–1753) for the infinitesimal calculus: “deux erreurs
[two errors]” are made, which nevertheless are algebraically annulled in the end, and
“[ : : : ] by a compensation of errors: which compensation, however, is a necessary
and certain consequence of the operations of the calculus.”6 (Carnot 1832, p 105,
line 20). On the other hand

The mechanics of Newton are purely geometrical. He deduces his theorems from his initial
assumptions [AO principles] entirely by means of geometrical constructions.7

In the history of mechanics, Lazare Carnot emerges as the principle scholar linking
the two mechanical traditions (see Table 6.2): artisanal–engineering (e.g., Bernoulli
1738; Borda 1770a, b) and classical. Lazare’s mechanics is very general and never
touches upon infinitesimal forces or other such concepts. In this sense, Lazare’s
mechanics (Gillispie 1971; Drago 1991; Koetsier 2007) produced a fundamental
alternative to Newtonian physics. Moreover, Lazare Carnot’s dialectic between
mechanics–mathematics changes because it is anti-metaphysical and devoted to
experimental data. That establishes an approach to science which is differently
from the common paradigm at his time (Dhombres and Dhombres 1997). Finally,
the generalization of Lazare Carnot’s Principle of virtual work is historically very
important because it precedes Lagrange’s approach in his Mécanique analytique
(Lagrange 1788). Later, Lazare’s son Sadi Carnot, constructed classical thermody-
namic theory (Erlichson 1999) exploiting the same approach and idea of in–out
work,8 et al. with the heat machine and French technology of the nineteenth century
(Redondi 1976; Kuhn 1960). “What his father made for ordinary the son made for
the mechanics of heat”.9

5Berkeley’s lemma claims: “If with a View to demonstrate any Proposition, a certain Point is
supposed, by virtue of which certain other Points are attained; and such supposed Point be itself
afterwards destroyed or rejected by a contrary Supposition; in that case, all the other Points,
attained thereby and consequent thereupon, must also be destroyed and rejected, so as from thence
forward to be no more supposed or applied in the Demonstration” (Berkeley 1734, Sect. XII–XIV).
6“[ : : : ] par la compensation de leurs erreurs, compensation cependant qui est une suite nécessaire
et infaillible des opérations du calcul [ : : : ]” (Carnot 1813, p 189, line 10). The quotation in the
running text concerns an official translation on 1832 (Carnot 1832). See also Chapter 9.
7Mach ([1883] 1996), 465, line 29; Italic style from the author.
8On the concept of work, Sadi Carnot is essentially led by Lazare’s mechanics (Drago and
Pisano 2007) even if definitions appeared in the first years of 1800s (Grattan–Guinness 1990b,
pp 1046–1121).
9Saint–Robert (1870c), pp 447–448, line 29.

http://dx.doi.org/10.1007/978-94-017-8011-7_9
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6.1.2 On the Science of Sadi Carnot’s Time: The Theory
of Heat

A thermometry developed first. Scientific studies concentrated on the construction
and improvement of thermometers that measured the so–called degrees of caloric
(Morveau et al. 1787; Lavoisier 1789, I, Chap. 1, III, Chap. 3). The two major
accredited theories were: the mechanical theory, which conceived heat as an
accident of the matter, taken from Roger Bacon (1214–1294) and Johannes Kepler
(1571–1630), and the fluidist theory which conceived heat as a substance (a fluid),
with chemists associating heat with element feu (Pisano and Bussotti 2012). The
mechanical theory of heat (Callendar 1910) coexisted for quite some time with the
fluidist theory of heat based on the previous theory of the phlogiston studied by
Georg Ernst Stahl (1660–1734). The fluidist theory was welcomed by scientists and
philosophers because they found it coherent. Leonhard Euler (1707–1783), Henry
Cavendish (1731–1810), Joseph Priestley (1733–1804), Adair Crawford (1749–
1795), Johann Mayer (1752–1830), Immanuel Kant (1724–1804), and Alessandro
Volta (1745–1827), considered phlogiston neither heat nor temperature; but as
something which produced heat when it freed itself into the bodies. We note that
research on heat phenomena mainly implicated magnitudes such as heat Q and
temperature t. It is logical that the interest focused on the ratio dQ/dt, which seemed
to be the basic theoretical physical magnitude. Joseph Black (1728–1799) was
crucial for the development of the theory (Black 1803; Guerlac 1970–1990, pp
173–183). He started with Georg Wilhem Richmann’s10 (1711–1753) formula,11

extended it to fluids different from water and conducted initial studies on what
today we call thermometry and calorimetry, latent heat and specific heat. In 1789,
chemistry produced a real revolution and Lavoisier, like other chemists of his time,
searched for the basic principles of this new theory in a revolutionary fashion.

Antoine Laurent Lavoisier (1743–1794) assumed (Lavoisier 1789, 1862–1893)
two new elements such as chaleur, calorique12; the research on Mémoires sur la
chaleur13 carried out by Lavoisier and Pierre Simon Laplace (1749–1827) is also of
remarkable importance (Lavoisier and Laplace 1784). In 1802 Joseph–Louis Gay–
Lussac (1778–1850) formulated a law of gases (Gay–Lussac 1802); then Pierre
Louis Dulong (1785–1838) and Alexis Thérèse Petit (1791–1820) (Dulong and
Petit 1816; Dulong 1829) in 1816–1819, showed that specific heat depended on
temperature (in some cases). However, we have to wait for the second half of the
1800s to give validity, not only experimental, to the laws of gases known at the

10He wrote “caloris” that correspond to our modern magnitude temperature (Richmann 1750,
171–172).
11Cfr.: “De quantitate caloris, quae post miscelam fluidorum, certo gradu calidorum, oriri debet,
cogitationes” (Richmann 1750).
12Lavoisier attempted an early distinction between heat and temperature. To be precise, he also he
also discussed the concept of “lumière” (Lavoisier 1789, pp 12–17; on history of optics, one can
see a recent book by Darrigol (2012)).
13First reading on 18th June 1783.
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time studied by theoretical physicists (and chemists). In particular, the adiabatic law
(Poisson 1823b, pp 5–16; Laplace 1822) caused some confusion and various laws
were formulated; even when, e.g., Siméon Denis Poisson (1781–1840) formulated
the correct equation, most scientists did not consider it. At this point, scientific
knowledge of the matter took two paths, one based on the properties of gases (kinetic
model of gases) and another based on the efficiency of heat machines (Zeuner 1869),
which naturally included the gas theory which would later become thermodynamics.
In this context Sadi Nicolas Léonard Carnot (Payen 1968, pp 18–30; Fox 1971a,
pp 67–72; Taton 1976; Mendoza 1959, pp 377–396; Carnot 1980) relying on his
father Lazare’s (Carnot 1786; Gillispie 1971; Gillispie and Youschkevitch 1979)
theory of mechanical machines, chose the latter. He was certainly one of the most
important and ingenious scientists of the nineteenth century.

Nicolas–Leonard–Sadi Carnot was, perhaps, the greatest genius, in the department of
physical science at least, that this century has produced. By this I mean that he possessed
in highest degree that combination of the imaginative faculty with intellectual acuteness,
great logical power and capacity for learning, classifying and organizing in their proper
relations, all the facts, phenomena, and laws of natural science which distinguishes the real
genius from other men and even from the simply talented man. Only now and then, in the
centuries, does such a genius come into view. Euclid was such in mathematics; Newton
was such in mechanics; Bacon and Compte were such in logic and philosophy; Lavoisier
and Davy were such in chemistry; and Fourier, Thomson, Maxwell, and Clausius were
such in mathematical physics. Among engineers, we have the examples of Watt as inventor
and philosopher, Rankine as his mathematical complement, developing the theory of that
art of which Watt illustrated the practical side; we have Hirn as engineer–experimentalist,
and philosopher, as well; Corliss as inventor and constructor; and a dozen creators of the
machinery of the textile manufactures, in which, in the adjustment of cam–work, the highest
genius of the mechanic appear.14

His Réflexions sur la puissance motrice du feu (Carnot 1978) and last consideration
with regard to the theory on gases (Carnot 1978, pp 223–225; Fox 1971b; Reech
1853, pp 357–378) appeared in quite a short period of time, approximately 3 years.
It was a total overturning of the physics–mathematics relationship (Drago and
Pisano 2007, pp 497–525; Pisano 2011a), which was a new theory which had its
origins in engineering practices. However, Jean Baptiste Joseph Fourier (1768–
1830) had already adopted a strong analytical approach when he formulated his
partial differential equation for heat propagation in solids (1807); this was before
Sadi Carnot’s contribution and when the difference between heat and temperature
was still a subject of debate. Fourier introduced many innovations (Pisano and
Capecchi 2009) because the science of heat and the theory of differential equations
were all in an early stage of development in his time.

Following Fourier’s theory some 50 years later, Gabriel Lamé (1795–1870)
wrote Leçons sur la théorie de la chaleur (Lamé 1861a, b, 1836; Pisano and
Capecchi 2009). At this point, the theory of heat is a well–defined science and
several important conclusions are reached on thermodynamics, whose field of

14Carnot (1943), p 1, line 1.
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applicability in physics is even studied by mathematicians.15 Let us note that Lamé
was not interested in classical thermodynamics and devoted himself to heating
transmission, a topic that now has its own framing in a new branch of physics. It was
essentially carried out by mathematicians for whom the physical problems provided
a hint to addressing the complex problems of mathematical analysis. Among them,
in addition to the partial differential equation there is the potential theory. Lamé
is surely a transitional figure towards what will become the physical mathematics
of the nineteenth century. Finally, we remark that from a historical epistemological
point of view, the first research on heat seemed to echo the scientific programs in
Traité de mécanique céleste and Exposition du système du monde (Laplace 1805,
1836 [1984]) by Laplace, concentrating on central forces and offering the possibility
of achieving differential equation solutions.

Below, we provide an incomplete list of scientists who possibly could have
studied heat and machine topics and could be considered as the intellectual
background of Sadi Carnot’s scientific thought on thermodynamics theory (See next
page Table 6.3).

6.1.3 Toward Physical Mathematical Theories

A certain mechanical formulation, aspiring to construct a new physical–
mathematical relationship (Pisano 2011a; 2012a, b) in thermodynamics, brought
about a dispute regarding a crucial theoretical point: can the thermodynamics of
energy re–establish physical theory entirely, including mechanics? The classical
energists attempted to demonstrate this by using mathematics; that is to say by
deriving the entire concept of mechanics from the conservation of energy, using
the first principle of thermodynamics as the basis of physical theory. However, in
1880 Helm and Vogt (Helm, pp 38–42) clarified that the mathematical problem
suggested by the first principle of thermodynamics (the exact differential of work)
was solvable in only a few cases in mechanics; this precluded establishing the
generality sought in order to re-establish every physical theory regarding energy.
In light of this premise, the comparison to mechanics was poorly formulated;
it was based more on the great innovation of energy (only outsiders of little
consequence had acknowledged it before 1847) than on the new theory that
truly distinguished thermodynamics from every other physical theory, entropy.
This debate minimized the relevance of thermodynamics to that of a theory
whose importance was certainly secondary to mechanical theory. Following this
intellectual confusion, the new theory appeared essentially as the thermodynamics
of heat devices which included heat engines. Or rather, it appeared as a tool for the
development of empirical physics (thermometry and calorimetry) which, while very

15Some of them: Liouville (1836), Dirichlet (1837), Reech (1853), Riemann ([1861] 1868,
pp 391–404; Spivak 1979, pp 179–182). See also: Chasles (1839).
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Table 6.3 An incomplete list of Sadi Carnot’s precursors

Year Scientist Opera

1740 Mariotte Œuvres de M. Mariotte, de l’Académie royale des sciences,
comprenant tous les traités de cet auteur : : : La Haye,
Neaulme. T. 1, pp. 148–194. De la nature de l’air. Du chaud et
du froid.

1797 Fourier Mémoire sur la statique, contenant la démonstration du
principe des vitesses virtuelles et théorie des moments par le
citoyen Fourier. Journal de l’École polytechnique, An VI,
cinquième cahier, T. II, pp 20–60.

1813 Delaroche and Berard Mémoire sur la détermination de la chaleur spécifique des
différèrents gaz. Annales de chimie : : : T. 85, pp 72–110,
pp 112–182, pl. p 224.

1818 Petit Sur 1’emploi du principe des forces vives dans le calcul de
l’effet des machines. Annales de chimie et de physique, c. VIII,
pp 287–305.

1818 Edwards Description de la machine à vapeur à haute pression importée
en France, par M. Hemphray Edwards. Bulletin de la Société
d’Encouragement pour l’Industrie Nationale, vol. CLXXIV, pp
365–386.

1819 Heron de Villefosse De la richesse minérale : : : Paris, Imprimerie Royale, T. 3,
3ème partie, pp 50–114. Machines à vapeur, machines à
double effet ou de rotation.

1819 Despretz Note extraite d’un mémoire lu à l’Institut le 29 Novembre 1819.
Loi de Dalton, ébullition d’un liquide. Annales de chimie et de
physique, 1821, T. XVI, pp 10 5–109.

1822 Gay–Lussac Extrait d’un mémoire sur le froid produit par 1’évaporation des
liquides. Annales de chimie et de physique, T. XXI, pp 82–92.

1822 Fourier Théorie analytique de la chaleur par M. Fourier. Paris,
Firmin–Didot, XXII–639, p 2 p1.

1823 Ørsted Sur la compressibilité de 1’eau : : : Annales de chimie et de
physique, T. XXII, pp 192–198.

1823 Fourier and Ørsted Sur les quelques nouvelles expériences thermoélectriques faites
par le Baron Fourier et M. Oersted. Annales de chimie et de
physique, T. XXII, pp 375–389.

1823 Cagniard de Latour Nouvelle note sur les effets qu’on obtient par l’application
simultanée de la chaleur et de la compression à certains
liquides. – Annales de chimie et de physique, T. XXII,
pp 410–415.

1823 Perkins Sur les nouvelles machines à vapeur. Annales de chimie et de
physique, T. XXII, pp 429–432.

1823 Despretz Extrait d’un mémoire sur les chaleurs latentes de diverses
vapeurs. Annales de chimie et de physique, T. XXIV,
pp 323–331.

1824 Clément and Desormes Chimie appliquée aux arts. Journal du cours de 1825
(1826–1827) au Conservatoire des arts et métiers par
J.–M. Baudot (suivi de) Cours de 1826 à 1827, suite de cours
1824 ( sic ) à 1826, vol. 1, pp 160–280, vol. 2, pp 161–350,
pp 62–114.

Cfr.: “Catalogue des documents exposés à l’occasion du 150ème anniversaire de l’édition “1824”
des Réflexions sur la puissance motrice du feu, June 1974, Archives de l’Académie des sciences
de Paris”



142 6 History and Historiography of Sadi Carnot’s Thermodynamics

important, could not compete (for example) with the sophisticated analytical theory
of heat, to which the luminary physical mathematicians at the time such as Poisson,
Cauchy and Lamé contributed decisively. The birth of chemical physics in 1878,
however, hailed thermodynamics as a theory capable of very important theoretical
developments, even more so than the analytical theory of heat, which would instead
lose significance.

Therefore, thermodynamics could have played a foundational role. Conse-
quently, in order to affirm its autonomy, the young theory had to construct a
foundational apparatus ex novo with the new concepts of energy (from Mayer
and Grove on) and of entropy (from Clausius, who, however, was not included
until Planck cited him in 1897). In 1882, in The Science of Mechanics (1883),
Ernst Mach (1838–1916) outlined a personal reflection which had begun in 1871
and became influential in the 1880s, mostly through his books on mechanics
and thermodynamics. Although Mach philosophically considered thermodynamics
as the most important theory for the foundations of physical theory, in reality
he proposed the independence of the two theories; therefore, he argued for the
overturning of the traditional secondary role of thermodynamics compared to
mechanics. However, he opposed Boltzmann, who proposed elimination of the
innovation of thermodynamics, including in mechanics.

6.2 A Historiographical Excursus

6.2.1 On Sadi Carnot’s Historiography

According to Challey (Gillispie 1970–1980, vol. III, pp 79–84) some historians
thought that Sadi Carnot’s thermodynamics theory was too abstract to be considered
an essay on engineering16: especially because the function for heat machines’
efficiency, presented at the end of the work, did not easily and clearly (Pisano 2001;
Drago and Pisano 2005) define how it depended on temperature. Furthermore, Sadi
Carnot’s theoretical efficiency was disproportionately higher than that which was
achievable at the time.

Other reviews suggested the opposite, considering Sadi Carnot’s thermodynam-
ics too practical and therefore less valuable for theoretical physics in general; that
was also the opinion of Sadi Carnot’s contemporaries, who were accustomed to in-
finitesimal analysis. They concluded that Carnot’s book was naïve because it lacked
the basic concepts for a nineteenth century scientific theory: absolute space and
time, cause–force, differential equations, material–point, etc. It was revealed that

16Robert Fox suggested that a technological study of Réflexions only, cannot explain the originality
of either theory or reasoning (Carnot 1978, 1986; see also Fox 1988, 2012).
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in the unknown manuscript (Gabbey and Herivel 1966; Carnot 1978, pp 223–225)
Carnot had been in favour of the mechanical theory of heat17 (Callen 1974,
pp 423–443; Callendar 1910) and that he had even obtained the value of the heat
equivalent – 20 years before Mayer (1814–1878) (Mayer 1842a, b). In this sense,
he discarded the theory of conservation of caloric and presented the conservation
of (“puissance mécanique”) energy (Carnot 1978, p 248). In spite of all this,
Carnot’s theory seemed of little interest for over a century, essentially, because it
was denounced as being based on caloric theory, which was considered erroneous in
modern times. Other studies however, have considered the young French scientist’s
thermodynamics fascinating, both for the simplicity of the language used and for
the air of mystery produced by the lack of mathematical calculations in this work.18

But the fact remains that the central problem of the Réflexions sur la puissance motrice du
feu is an engineering problem, and that the most of the solutions that are offered on the book
have their roots firmly in the engineering tradition. This helps to explain why the argument
has none of the elaborate mathematics that Carnot’s contemporaries were accustomed to
finding in the work of such men as Laplace, Poisson and Fourier, all of whom wrote on the
theory of heat, as mathematical physicists, between 1800 and the 1830s. [ : : : ] For although
the Réflexions sur la puissance motrice du feu lacks the mathematical sophistication of
much of the physics of the period, its unassuming presentation conceals an argument of
extraordinary depth and, in parts, of baffling complexity.19

Friedrich Wilhelm Ostwald20 (1835–1932) was among those historians sympathetic
to Carnot. He observed that Carnot used two different words to indicate heat:
“chaleur” and “calorique”. Particularly, he (Ostwald) affirmed that in Sadi Carnot’s
theory, “calorique” indicates “heat changed without variation in temperature”.
Thus, Carnot’s “calorique” should be equivalent (due to the constant value of
temperature) to entropy. Carnot’s simple language had left the appearance of an
unsound historical hypothesis. Ostwald proposed replacing calorique with entropy,
thereby giving Carnot’s theory validity within modern thermodynamics.

In the 1940s, through the carefully considered re–construction of Sadi Carnot’s
biography (Aries 1921; Picard 1927; Kerker 1957, pp 143–149, Costabel 1976) and
within the context of his time, Léon Rosenfeld (1904–1974) presented (Rosenfeld
1941, pp 197–212) an important interpretation of Carnot’s and his own principles.
Rosenfeld also tentatively proposed a correlation between Carnot’s theory and the

17We remark that in Notes sur les mathématiques, la physique et autre sujets Sadi Carnot clearly
introduced his “thèse générale” on energy: “[ : : : ] la puissance motrice est en quantité invariable
dans la nature, qu’elle n’est jamais à proprement parler ni produite, ni détruite” (Carnot 1878a,
folio 7r; Picard 1927, p 81, line 14; see also Fox 1986, p 191). On that see Chapter 11.
18Sadi Carnot only wrote mathematical notes in a footnote (Carnot 1978, pp 73–79, ft 1). On the
footnote, see Pisano (2001), pp 205–230; Drago and Pisano (2005), pp 37–58.
19Robert Fox in Carnot (1986), pp 2–3, line 7.
20He translated Carnot’s book into German, aiding its dissemination. We also note that Lavoisier, in
his famous Traité élémentaire de chimie (Lavoiser [1789] 1937), had already dedicated some pages
to the definition calorique and chaleur according to their different contexts (Lavoisier [1789] 1937,
pp 12–17, line 37).

http://dx.doi.org/10.1007/978-94-017-8011-7_11
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technological developments of the industrial revolution21 (Fox 1971a, b; Singer
[1954–1958] 1993). One can certainly notice and acknowledge engineering in
Carnot’s theory, which focused on the fundamental problem of finding the upper
limit to machines’ efficiencies. We know that Sadi Carnot based his work on the
analogy between the gravitational fall of water in the hydraulic wheel and the caloric
fall during the cycle of heat driven machines.22 Additionally, it is significant that
Sadi Carnot also sought to provide a general theory, which could be applied to
any machine and could work with any fluid. The theoretical physical content of
such a theory is actually very significant, going far beyond the engineering study
of machines. Carnot constructed a theoretical model, based on equations of state
and functions of state, which helped him reach some important theoretical results
on gas laws, known at the time only through empirical observations. During the
1970s and 1980s, Truesdell (1970) and Hoyer23 (1976, pp 221–228) tried to interpret
the foundationsof thermodynamics using this new historical–foundational approach.
The different historical interpretations of Sadi Carnot’s theory appear similar to
the two main existing interpretations of the birth of modern science: optics and
mechanics in the 1600s.

Some historians, such as Alexandre Koyré (1892–1964) argued about the
relevance of the choice (of the kind) of infinity (Koyré 1957) in mathematics
(Capecchi and Pisano 2010b; Pisano 2007b). Carnot’s work however, is far from
considering the infinite in mathematics (as we understand it today). Even though
he used infinitesimal analysis in a mathematical footnote in Réflexions sur la
puissance motrice du feu (Pisano 2001), we see that in most of his work it is
only discursive. In this sense, the young French scientist seems to use only finite
(and positive) quantities. Nevertheless, if we accept that Sadi Carnot’s essay was
developed by means of intellectual factors, these cannot be the factors put forward
by Koyré (1965, 1961a, b, 1966). It is well known that Koyré brilliantly examined
the birth of modern science and its historical disciplines, which he summarized with
two phrases: “destruction of the cosmos” and “geometrization of space”.24 Other
historians who wrote on the same topic considered artisans’ work and inventions to
be the sole catalyst for the birth of seventeenth century science. Alexandre Koyré
however proposed the opposite antipodal thesis: even building upon the work of the
most brilliant artisan, the result would inevitably be undermined by the inaccuracy
of measurement:

21See also: Gillispie (1960), Chaps. 9 and 10, Nagel (1961) and Kragh (1987).
22This is only valid if the heat, as well as the caloric, remains constant. For Carnot’s cycle and
related arguments, one may refer to: Kuhn 1955, pp 91–94, 1961, pp 567–574; Mendoza 1963,
pp 262–263; Klein 1976, pp 213–219; Montbrial 1976, pp 333–335.
23He demonstrated, by using the cycles, that Sadi Carnot’s caloric theory and modern theory,
coincide for an infinitesimal processes: that is �t ! 0. This is correct in the first and second
approximation in thermodynamics theory. (See below Chapter 8).
24Of course, the reference to Mach, Koyre et al. is only to show how it is possible to investigate the
history of science by categories and not to include them in the historiographies on Carnot.

http://dx.doi.org/10.1007/978-94-017-8011-7_8


6.2 A Historiographical Excursus 145

The new science, we are told sometimes, is the science of craftsman and engineer,
of the working, enterprising and calculating tradesman, in fact, the science of rising
bourgeois classes of modern society. There is certainly some truth in these descriptions
and explanations [ : : : ]. I do not see what the scientia activa has ever had to do with the
development of the calculus, nor the rise of the bourgeoisie with that of the Copernican,
or Keplerian, astronomy theories. [ : : : ] I am convinced that the rise and the growth of
experimental science is not the source but, on the contrary, the result of the new theoretical,
that is, the new metaphysical approach to nature that forms the content of the scientific
revolution of the seventeenth century, a content which we have to understand before we can
attempt an explanation (whatever this may be) of its historical occurrence.25

Hence, Koyré observed that the birth of modern science cannot be explained through
human–works–categories alone but that a conceptual and theoretical element is also
essential:

I shall therefore characterize this revolution [the birth of modern science] by two closely
connected and even complementary features: (a) the destruction of the cosmos and therefore
the disappearance from science – at least in principle, if not always in fact – of all
considerations based on this concept, and (b) the geometrization of space, that is, the
substitution of the homogeneous and abstract – however now considered as real – dimension
space of the Euclidean geometry for the concrete and differentiated place–continuum of
pre–Galilean Physics and Astronomy.26

Alistair Crombie (1915–1996), who studied (Crombie 1959, 1994) the birth of
modern science as an evolution of artisans’ skills, conducted further interesting
research.27 That is what Charles Singer (1876–1960) (Singer [1954–1958] 1993),
Trevor Williams and Thomas Derry (Derry and Williams 1960, I), sought to
do during the twentieth century. An interpretation of Sadi Carnotà la Crombie
would however require a specific synthesis, demonstrated through all the pertinent
technological facts of the 1800s.

It is also well known that Thomas Samuel Kuhn (1922–1996) in The Structure of
Scientific Revolutions (Kuhn 1962) describes the historical evolution of science as
punctuated by sporadic revolutions, that is by alterations or changing of a previous
pattern. Unfortunately, despite the title of his book, Kuhn did not identify any
“revolutions” other than the birth of modern (Newtonian) science28 and the attempts
on the crisis29 at the beginning of the twentieth century.

Another historical interpretation, one that appears to be more extensive, is based
on the scientific relationship between Sadi Carnot and his father Lazare (Gillispie
1971, 1976; Drago and Pisano works). The most significant works which were

25Koyré (1965), pp 5–6, line 25.
26Koyré (1965), p 6, line 17.
27E.g., one can see: Duhem (1905–1906, 1977), Gille (1964), Pisano (2008), Grant (1971), Drake
and Drabkin (1969), Renn (2000), pp 25–36; Clagett and Moody (1960), Clagett and Murdoch
(1958–1959), Brown (1967–1968), Pisano and Capecchi (2008), pp 120–129; Pisano and di
Pietrantonio (2007), pp 197–219; Pisano (2013).
28Cfr.: Kuhn (1963), pp 347–369, (1955, 1970), pp 231–278, (1974), pp 459–482.
29This shortcoming has already been expounded by historians (Kvasz 1999).



146 6 History and Historiography of Sadi Carnot’s Thermodynamics

derived from this path of research include those by Koenig, Scott and Gillispie–their
theories all being based on analysis of the same themes within Carnot’s writings: the
discussion of gas theory, the impossibility of perpetual motion and the efficiency of
a machine. For instance,

Sadi’s work can be seen as an extension [of the father’s mechanical theories] to the heat
machine inspired by Lazare’s thought.30

Ten years later, in 1971, Scott (1971) noted that the concept of cyclehad already
been implied by Lazare Carnot’s theory of mechanical machines, when they include
springs.31 In fact, according to Lazare, efficiency can be calculated only after the
springs have returned to their original state. That is, when the entire machine has
completed a full cycle of operation. In Réflexions sur la puissance motrice du feu
Carnot attributes the concept of cycle with no significant application in theoretical
physics until the nineteenth century, while it played an important role in his own
work. It is noteworthy that, in later work, Carnot’s father Lazare referred to a state
in a mechanical system in which the resting position was restored when the springs
had returned to their initial positions (Scott 1971, pp 82–103, pp 212–241). Then,
where did the cycle idea come from? Previous researchers have hypothesized that
the typical work of the electric current in Volta’s battery (see Chapter 8) could have
inspired the concept of the cycle in Sadi Carnot’s theory (1745–1827) (Pisano 2003).
Moreover, since Lazare Carnot had a clear idea of kinetic momentum and energy,
he probably understood that work can be carried out independently from the specific
job performed: especially when the resting position at the beginning and that at the
end are the same in regards to gravity.32

Charles Coulston Gillispie published an excellent and crucial overview with
regard to science at the time of the post French revolution (Gillispie 1980, 2004)
and a special and suggestive critical edition of Lazare Carnot’s work on geometry,
analysis and mechanics, devoting a chapter of his book to a comparison between
Lazare and Sadi Carnot’s theories (Gillispie 1971, pp 90–100; 1976, pp 23–34). In
his work, he also proposed (Gillispie 1980, 2004) an overview with regard to science
after the French revolution (see also Drago 1989a, b) along with a comprehensive
and insightful critical edition of Lazare Carnot’s works on geometry, analysis and
mechanics. Gillispie devoted a chapter of his book to discussing Lazare and Sadi
Carnot’s filiation (Gillispie 1971; Gillispie and Youschkevitch 1979).

30Koenig (1959), pp 57–111.
31Carnot (1782, 1803a, b, 1813); Please, see also “Note” in Carnot (1813), 213–257. Poisson
(1781–1840) also wrote about a cycle in his Traité de mécanique (Poisson 1833, pp 5–16; 1823 II,
pp 552–554). One can also see critical discussions in Truesdell’s works (Truesdell 1970, pp 36–38,
1980, pp 208–235). However, these works do not seem to be solely inspired by Sadi Carnot’s
studies.
32Naturally, as long as there are no collisions and the shifting is done “par degrees insensible”, that
is, in Sadi Carnot’s reasoning, “rétablissement [ : : : ] d’équilibre dans le calorique” (Carnot 1978,
p 33, line 9), reversibility, in modern times.
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Fig. 6.1 The page of the documents presented by École polytechnique at 150 anniversary from
publication of the Réflexions su la puissance motrice du feu (© Collections archives de la
bibliothèque de l’École polytechnique de Paris)

Let us turn to the memoir by Sadi Carnot, Réflexions sur la puissance motrice du feu sur
[ : : : ] published in 1824, the year after his father’s death and twenty–one years after the
Principes fondametaux de l’èquilibre et du mouvment [by Lazare Carnot]. The similarity
has often been remarked upon between Lazare Carnot’s observations there on hydraulic
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machines and his son’s model attributing motive force or motive power to the passage of
heat considered as a real fluid falling from a higher to a lower level of temperature.33

At the Parisienne Sadi Carnot Colloquium (Taton 1976) Gillispie proposed the
following fundamental remarks:

It is an honour to be giving the opening at this colloquium. [ : : : ] 1) Is it correct that both
Lazare and Sadi Carnot produced bodies of work which deriving from their training as
engineers, went largely unnoticed by physicists for a generation, even though the work
introduced concepts that proved fundamental for physics when later taken up by other
hands? The question has a subsidiary aspect, which the elements make for a contrast rather
than a comparison between father and son: is it further correct that Lazare Carnot offers
the unique example in the history of science of an innovator who inadvertently owed the
scientific notice he eventual won to political prominence? [ : : : ] 2) The second question is
more substantive, and concerns the analysis itself. Is it correct to see the origin of Sadi’s idea
of a reversible process in the use that his father made of what he called geometric motion
in his analysis of machines? [ : : : ] 3) My third question grows out of these considerations
and concerns the method, and shall be brief about it. Is it appropriate to read the Réflexions
sur la puissance motrice du feu both as the foundation it later became of the science of
thermodynamics, and also as the final item in a series of Carnot memoirs on the science
of machines, in which the method of analysis derives from engineering instead of from the
rational mechanics of the 18th century? [ : : : ] My [4] final question remains, however: was
the method of analysis itself novel with the two Carnots?34

That was essentially the state of the art expressed in our book (see previous page
Fig. 6.1).

6.3 On the Methodology used to Investigate Sadi Carnot’s
Science

In this section, we outline our main ideas of historical epistemology based on the
use of logical–historical categories, which we will adopt in the following paragraphs
to investigate Sadi Carnot’s scientific thought.

One of the main characteristics of this kind of investigation is an attempt to con-
textualize key inferences presented by a given author with respect to crucial aspects
of the theory, e.g., in the principles, problems and methodological procedures. Of
course, the epistemological enquiry is applied a posteriori and focuses on the cre-
ativity and the genesis of scientific discourse such as original theorems–reasonings
in respect to predecessors or to normal science (Kuhn 1962) in that period.

The logics explores new ways to try to analyze scientific creativity that manifests itself in
the invention and discovery.35

33Gillispie (1971), p 90, line 35. Gillispie claimed 15 points establishing a hypothesis of intellectual
and scientific link between Sadi and Lazare. (Gillispie 1971, pp 90–100).
34Gillispie (1976), p 24, line 1, line 13; 26, line 40; p 31, line 27; p 32, line 45.
35Hallyn p 27, line 3 (Transl. is ours: RP). See also Une analyse rhétorique de Sadi Carnot (Ivi,
pp 227–257).
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The scientific sense of creativity is often placed in the problematical systems (Meyer
1979, 1989) reformulation and theoretical advancements. The discourse is historical
and mainly focused on the history of foundations of the science. Thus, we avoid
reducing the historical investigation to logical propositions or complex symbolisms.
It is not our aim. On the contrary it concerns historical epistemology of science. An
overview on the specificity, scientificity and categories is proposed.

6.3.1 On Specificity and Scientificity in Historical Discourse

Historians (both scientific and humanist) produced a vast history of science through
particular methods and instruments: history of foundation historical–social conse-
quences in the history of technologies (Singer [1954–1958] 1993) et al. It originates
a learning process that allows critical feedback36 of scientific facts and events.
However, how can we decide on one method rather than another? The modern
historiography of science usually considers the history of science by means of
its disciplinary topics (physics, mathematics, biology et al..), practices (methods,
theories et al..) and its own historical development (the history of the history of
science, academic disciplines et al..). In historical studies, these aspects generate
another important matter, which we attempt to address in this section: a certain
kind of rigor in the process of control and scientific knowledge is required. The
same is required by theoretical and experimental science. In this sense, considering
historical and epistemological inquiry, does a historical judgment, able to monitor
historical propositions and their theses by means of internal resources, exist?
Of course, historical facts and opinions are not reproducible in a laboratory;
and a historian should build his remarks on facts he has never seen or directly
lived. Therefore, another problem arises: how could the history of science and
its historiography clash with historical scepticism? Several styles of thinking37

re–dimensioned historical truths to produce narrative discourses and in the best
cases, re–dimensioned them to be interpretations only. Between the nineteenth and
twentieth centuries, Ernst Mach generated a radically new vision of the foundations
of (Mach [1883] 1996) of physics:

1. That branch of physics which is at once the oldest and simplest and which is therefore
treated as introductory to other departments of this science, is concerned with the motion
and equilibrium of masses. It bears the name mechanics. 2. The history of the development
of mechanics, is quite indispensable to a full comprehension of the science in its present
condition. It also affords a simple and instructive example of the process by which natural
science generally is developed.38 [ : : : ]. They that know the entire course of the development
of science, will, as a matter of course, judge more freely and more correctly of the

36E.g: (Thackray 1970; Koyré 1965; Clagett and Moody 1960; Clagett (ed) 1959; Gille 1964; Grant
1971; Gillispie 1960, 1971, 1980; Carnot 1986).
37E.g., one can consider the successors of structuralism.
38Mach ([1883] 1996), p 1, line 1.
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significance of any present scientific motion than they, who limited in their views to the
age in which their own lives have been spent, contemplate merely the momentary trend that
the course of intellectual events takes at the present moment.39

Alexandre Koyré emphasized the history of science and the role played by mathe-
matics (Koyré 1957) in the history of scientific thought. According to the Russian
historian, we can consider that40: (1) the history of scientific thought has never
been entirely separate from philosophical thought. (2) the most important scientific
revolutions are always determined by replacing philosophical speculations. (3) The
history of scientific thought (for physical sciences) has not developed in a vacuum,
but moves within a set of ideas, foundational principles and axiomatic evidence,
which have usually been specifically considered to pertain to philosophy. Koyré’s
intellectual matrix has been made clear through the intuition that the fundamentals
of scientific theories contain two basic choices. Thus, ultimately, we are interested
in trying to understand the importance of making inquiries in regard to the history of
science by using historical categories applied to a scientific method of investigation.

Generally speaking, a point of view can be concluded through a historical
hypothesis. It emerges from an investigation developed by means of techniques of
inquiring ad hoc. In this sense, a discussion regarding specificity by means of some
model of scientificity could be plausible; that is to say, historical inquiry proceeds
by methodological inquiry thanks to the choice of interpretative and historical
categories. The latter also control the intermediate steps of the historian’s job.
They are also not an additional component; they are part of the entire inquiry. A
history of concepts (Jammer 1957, 1961) and their conflicts, without categories,
could not emerge. For example, the written testimonies, architectonical and artistic
works, coins, photos and verbal narrations, just to name a few, are examples. In
order to establish a certain specificity in historical discourse, the testimonies must
necessarily undergo scientific analyses and criticism. Let us see an example. Some
research, such as that of Pierre–Maurice Duhem (1861–1916) (Duhem 1905–1906),
Roberto Marcolongo, (1862–1943), Clifford Truesdell (1919–2000) and Bertrand
Gille (1920–1980) suggested a review of Leonardo da Vinci’s (1452–1519) role as
a genius (Pisano 2009, pp 165–182; Pisano 2013; Capecchi and Pisano 2007, 2008,
2010b). They stood in favour of a more human figure of a learned man, endowed
with a quick intelligence: e.g., not all his designs about machinesemerged straight
from his fantasy. Modern historiography reached the conviction that Leonardo
obtained his results partially from other sources, rather than writing them together
with other authors (Gille 1972, p 128). We can reasonably make the hypothesis
that the abundance of documents about his manuscripts – and the lack of them
in other cases – could also be due to great care when searching for the brilliant
scholar’s documents. This new point of view developed from scientific inquiry
based on da Vinci’s foundations and those of his contemporaries. Following this

39Mach ([1883] 1996), p 7, line 27.
40A conference (1954, Boston) of American Association for the Advancement of Science. Cfr.: The
scientific Monthly, 1955 or Koyré (1971).
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point of view, one can also consider a different dichotomy to interpret the passage
between Renaissance science (Capecchi and Pisano 2010b; Pisano 2009a, b, c) and
modern science. The first was developed by Duhem who considered a continuity
between two times. The second was developed by Alexander Koyré (1965) who
assumed a discontinuity and consequently a revolutionary birth of modern science
few scientists believed (the scientificity). Both of them used continuity/discontinuity
as meta-categories to investigate the crucial problems in theories. For the sake of
brevity, we only note Koyré’s choices:

The new science, we are told sometimes, is the science of craftsman and engineer,
of the working, enterprising and calculating tradesman, in fact, the science of rising
bourgeois classes of modern society. There is certainly some truth in these descriptions
and explanations [ : : : ]. I do not see what the scientia activa has ever had to do with the
development of the calculus, nor the rise of the bourgeoisie with that of the Copernican,
or Keplerian, astronomy theories. [ : : : ] I am convinced that the rise and the growth of
experimental science is not the source but, on the contrary, the result of the new theoretical,
that is, the new metaphysical approach to nature that forms the content of the scientific
revolution of the seventeenth century, a content which we have to understand before we
can attempt an explanation (whatever this may be) of its historical occurrence.41 [ : : : ]
I shall therefore characterize this revolution [the birth of the modern science] by two
closely connected and even complementary features: (a) the destruction of the cosmos and
therefore the disappearance from science – at least in principle, if not always in fact –
of all considerations based on this concept, and (b) the geometrization of space, that is, the
substitution of the homogeneous and abstract – however now considered as real – dimension
space of the Euclidean geometry for the concrete and differentiated place–continuum of
pre–Galilean Physics and Astronomy.42

Therefore, during an inquiry into history of science, are we understanding the
objective or the completeness? In this regard, in 1961, for the centenaire de la
naissance Émile Meyerson, Koyré gave a great contribution:

Indeed we do not know, or at least we know just as we think: the phenomenological
description is a difficult thing, and in current thinking the form and the content are
inextricably intertwined. So not only it is difficult to give an account of its unconscious
assumptions, of the underlying axiomatic that carries and informs it. But it is almost
inevitable to confuse the present form, which can be and will be short, with its essential
form and structure. And it is much easier to identify it, analyzing and studying a thought
that is foreign to us, theories that are no more ours, above all if we continue this analysis
throughout long periods of time, so that the variety of contents would let emerge the unity
of operations.43

Paul Karl Feyerabend (1924–1994) was another important historian who also
specifically explained his categories using his idea of anarchism in science as meta–
category. He claimed that in science:

41Koyré (1965), pp 5–6, line 25.
42Ivi, p 6, line 17.
43Koyré (1986), p 138. One can also see: “Message d’Alexandre Koyré à l’occasion du centenaire
de la naissance d’Emile Meyerson” (Koyré 1961b).
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Nothing is ever settled, no view can ever be omitted from a comprehensive account.
Plutarch, or Diogenes Laertius and not Dirac, or Von Neumann are the models for presenting
a knowledge of this kind in which the history of science becomes an inseparable part of
the science itself – it is essential for its further development as well as for giving content
to the theories it contains at any particular moment. Expert and laymen, professional and
dilettanti, truth–freaks and liars – they all are invited to participate in the contest and to make
their contribution to the enrichment of our culture. [ : : : ]. After Aristotle and Ptolemy the
idea that the earths moves – that strange, ancient, and “entirely ridiculous”44 Pythagorean
view – was thrown on the rubbish heap of history, only to be revived by Copernicus and to
be forged by him into a weapon for the defeat of its defeaters. The Hermetic writings played
an important part in this revival, which is still not sufficiently understood45 and they were
studied with care by the great Newton himself.46 Such developments are not surprising.
No idea is ever examined in all its ramifications and no view is ever given all the chances it
deserves. Theories are abandoned and superseded by more fashionable accounts long before
they have an opportunity to show their virtues.47

Of course, the process of knowledge also implies a definition of the object of
interest; the definition of method, the choice of instruments; an approximation of an
objective in the inquiry. Without beginning a discussion on the quantitative critical
and statistical methods etc. which are not necessarily addressed in this section, we
shall briefly focus on only the critical method. We consider it very important in
complex historical investigation.

In order to investigate the history of science, one could assume two preliminary
operations: (1) examine how this kind of inquiry unites other kinds of investigations
in other fields. (2) try to understand the differences between historical inquiry and
its peculiarity. However, a question arises: can history assume a certain degree of
scientificity?

Generally speaking historians can improve their technique, but may also not
assume an epistemic and impartial method. Nevertheless, one can agree with the
objectivity of a particular fact born from a historical inquiry and based on categories
which others can control. Then, following this point of view, a thesis adopted by
a historian should be like the scientific ones born out of a constantly controllable
inquiry. In this sense, a critical method with categories seems to be a valid apparatus
ora crucial component of investigation. When one considers the historiographical
function, one would assume a separation between the method and its content. In
practice, this attempt of separation does not work and perhaps it is not permissible or
acceptable.

Science is usually a process of knowledge based on comparing and evaluating
models and observables and above all, the validity of bibliographies. Likewise,
historical hypotheses based on models need to be internally consistent and ought to
be falsifiable, too. In the Table 6.4, we list some notes on crucial aspects of scientific
and historical discourse:

44See also Ptolemy quoted by Feyerabend in footnote 4, p 35.
45See also footnote no. 5 by the author.
46See also footnote no. 6 by the author.
47Feyerabend (1989), p 35, line 6.
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Table 6.4 On methods

Method in mathematics Method in physics Scientific (?) method in history

Understanding and
choice of infinite

Experience and observation Primary sources.

Analysis and
implementation

Hypothesis, Interpretation Use of categories

Synthesis Deductive and inductive,
(formal) prediction from the
hypothesis, modelling

Formal interpretation by
mathematical–logical approach

Review and Extend Experiments and feedback
(to hypothesis)

(Eventual) Comparison with same result
obtained by not–use of categories

In historical (and historical epistemology, see Chapter 9) discourse, bibliographies
are emphasized. The criticisms of manuscripts (primary and secondary) can produce
a methodological reflection contributing to the establishment of a degree of rigour
for inquiry: the historian is placed in an evaluative position with respect to
eventual uncorrected falsehoods, forced interpretations, conceptual mistakes etc.
Nevertheless, it is important not only to eliminate mistakes, but to evaluate them
in terms of the cultural context and other scientific theories; even if mistakes
could often suggest parallels and unexplored roads of history worthy of attention.
Therefore, in order to assume scientificity in historical discourse, adequate inquiry
techniques adaptable to scientific content must be adopted.

6.3.2 On Interpretation in Historical Discourse

We have now arrived at the center of the question: the use of interpretative categories
in history and in the history of science. In order to answer the previous questions, we
further circumscribe the problem, moving from previous considerations regarding
methods to precise methodological choices: the categories and their epistemological
capacity to interpret. When one decides to investigate the past, in order to understand
temporal segments, it is generally possible to assume some concepts of interdisci-
plinary ideas and discoveries. In the first analysis, we can call them categories. It
is possible that they are hidden or are visibly declared since the beginning of an
inquiry. On the contrary, the absence of declaring could prejudice the specificity and
scientificity of an historical investigation especially with regard to scientific facts.
Obviously, history is not only referred to in terms of scientific concepts. Sometimes,
the categories emerge from other crucial aspects such as social, economical and
cultural ones. Let us see some examples.

Generally speaking, the placement (of facts or events) is the first thing that a his-
torian examines. If one refers to modern history, three major categories are possible:
century, decades, and generations. The next step refers to attributing a sense and
significance to a series of events distributed at the time. In fact, a classification of
facts and events by means of centuries and decades can help to localize some crucial
aspects of certain problems. For example, one can consider the crisis in the 1930s
and the totalitarianism of the past century; idem for the Second World War in the

http://dx.doi.org/10.1007/978-94-017-8011-7_9
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1940s; idem for the Cold War and the process of colonization in the 1950s, etc. The
first two aforementioned categories, century and decades, are well suited to histor-
ical processes, but they cannot provide details regarding men, revolutionary groups
and countries. Thus, one can also include generations, which with respect to the
previous two categories, seem to be more attuned to detail. For example, historians
often consider the concept of the generation, e.g., young people in 1917 who went
to serve in the army at just 18 years old and those who protested during the student
revolts of 1968. The first example is a generation composed of young people of the
same age; the second example, independently from age, is based on a mass of people
who protested for common ideals. Therefore, the generation of 1917 is characterized
by age, while that of 1968 is characterized by a cultural event. Let us see another
example. If we consider the very long history of the Roman Empire, a historian usu-
ally does not recount all of the events and details, but focuses on the most important
events and facts. Therefore, one makes some historical choices; however, history
could also be produced by the effects of cultural choices. Therefore, if we read
chronologies it is not a surprise that, for the same events, different classifications
or interpretations are applied. Of course, this plurality is welcome, and in other
cases, the objectivity (Gillispie 1990) is preferred. Let us see another example. The
English and American cultures easily extend a special category from modern history
to the Second World War or up to the beginning of the 1st years of the Cold War;
provided that the term late modern is added to refer to the period from 1789 to 1989.
Therefore, the definition of contemporary history is not sufficient to explain a diffuse
acceptable scanning. Moreover, the chronological items do not usually circumscribe
to 1900. In fact, the years following the Great War offer other interesting situations.
In the end, a historian who chooses his categories (or follows another historian’s
interpretation) is performing a translation of conscience of the past by means of
crucial options, which could also be merely assumed at the time of investigation.

6.3.3 On Categories in History of Science

Is it possible to choose which categoriesare adequate with respect to inquiry in the
history of science? The use of logical categories has ineludible choices, both implicit
(or explicit) and independent of the grade of awareness and accuracy defined. Let
us see some examples in the history of science. Space and time could also be
respectively translated into geography and chronology. A science usually moves
from mythical, magical and subjective assumptions of phenomena, to objective in-
terpretations of scientific processes of knowledge. This passage is very evident in the
history of science investigated by means of space and time concepts (Jammer1957,
1961) from a mysterious and divine (space), to be linked with symbolic ritual (time),
to further measurable dimensions.48 Therefore, space and time are privileged wit-

48Let us keep in mind that it is not a small step from the novelty of the measurement to the
mathematical interpretation by space and time (abstract concepts).



6.3 On the Methodology used to Investigate Sadi Carnot’s Science 155

nesses of the birth of modern science and its development: space and time during the
birth of modern science are also considered to be mathematical objects. Let us think
of the interpretation of a physical phenomenon. The (first and second mathematical)
variation of a magnitude in time or space is necessary to obtain (e.g.) velocity and
acceleration. Through previous arguments, it is obvious that the idea to let the birth
of science coincide with the passage from subjective to objective produces a slightly
naive image of the facts and events. At the same time, to object to the impossibility
of solving the problem of the subjectivity and relativity of historical inquiry,
produces an epistemological discourse in which a naive line of demarcation between
science and history or science and epistemology can be traced. Therefore, one
is continuing to work within scientific studies when using categories, particularly
within the history of the foundations of science. We will now advance some details
that will be addressed in the following chapters. Based on recent inquiry49 one can
see that in the history of science we can encounter both logical axiomatically or-
ganised theories50 (AO) as well as those whose organisation requires non-axiomatic
principles suggesting a method for solving a given problem for a theory which is
thus logically problematically organized (PO theory). In brief, an AO theory is de-
veloped by “self–evident” principles and is generally followed by advanced mathe-
matics (e.g., in Newton’s theory). A PO theory is based on logic and methodological
(architectural) principles (Pisano 2010) which indicate a direction for the develop-
ment of the theory (Drago and Perno 2004, 2007). Theoretical choices concerning
the two options (AO or PO) allow a proper detection for the foundations of the scien-
tific setting of a theory and choices of its kind of infinity in mathematics. Such the-
oretical choices also contribute to the emergence of foundational differences among
different theories. One can consider above all that, among the intellectual factors,
a basic role is played by the choice of what kind of infinity to use in mathematics,
potential or infinite. For example, one can consider the historical development of
both mathematics and physics, which never regularly appeared continuous in their
scientific organizations. For example, let us think of the role played by geometry and
algebrain the mensura from French Nicolas d’Oresme (1323?–1382) (Oresme 1966)
to German Nikolaus Krebs51 (also called Cusanus (means born in Kues): 1401–
1464), up to modern science (seventeenth century). Furthermore, a relevant concept
should be highlighted: the incommensurability among different theories. As previ-
ously mentioned, the latter concept was intuitively introduced by a historian and a
philosopher of science, namely Kuhn (1962) and Feyerabend (1989). Their defini-
tion of this concept is rather approximative and is based on few historical concepts:
e.g., Newtonian mechanics in relation to special relativity or quantum mechanics.

49E.g., Drago (1991), Drago and Pisano (2000), Id., (2004), Capecchi and Pisano (2008), pp 1–29.
Pisano and Gaudiello (2009a), Pisano (2010); et al. by idem authors.
50AO: axiomatical organization in a theory. PO: problematical organization in a theory. (Cfr.:
Drago 1991 and Drago and Pisano works). Generally speaking one can assume a non-classical
logic within intuitionistic logic.
51E.g.: De mathematicis complementis (1453–1454); de mathematica perfectione (1458).
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In the light of our previous considerations, an investigation by category allows
the kind of foundations for research to stand out (e.g.) an alternative to the
Newtonian and idealistic (mathematical) paradigm: e.g., Leibniz (1646–1716),
d’Alembert (1717–1783), Lazare Carnot (1753–1823), Sadi Carnot (1796–1832),
Faraday (1791–1867). Logical and mathematical foundations could inquire about
a scientific theory. Two or more scientific theories are different for continuity–
discontinuity or commensurability when they are:

1. Methodically (structurally and semantically) organized
2. Mathematized
3. Different (at least) for one of the two choices

Traditional historiography of science identifies two types of history of science,
resulting from an investigation of: (a) internal52 historiographies, which tend to
provide an explanation of the history of science in terms of the variables belonging
to the science itself or to the scientist’s mind, and (b) external historiographies,
which tend to underline the decisive role played by social components through
the development of science. This classification is clearly suggested by the specific
nature of the subject investigated. Throughout the nineteenth century, theories
with a different approach with respect to the Newtonian paradigm, suggested that
subjective history (e.g. history thought and experienced by scientists) could be
different from effective history (e.g. history relying on the fundamental choices
made by scientists who influenced the interpretation of history by means of crucial
choices). Similarly, subjective history was also different from objective history
presented in textbooks as a list of data concerning mathematical laws, argumentative
techniques and objective concepts (Table 6.5):

Table 6.5 Some aspects of Objective, Subjective and Effective history

Objective history Subjective history Effective history

Historical facts, experiments,
dates of discoveries

Foundations of scientific
theories

Investigation by means of two
logical–mathematical categories

Primary sources and early
theories

Biography and
correspondence

Logical organization of a scientific
theory

Birth of new experimental
apparatus

Concepts (e.g. intuitive and
surrogate concepts)

The choice of kind of mathematical
infinite used in a scientific theory

Academic context, societies,
academies et al.

Mathematical content of a
theory

Changing infinite ! change
physical concepts

See also: Pisano and Gaudiello (2009b)

From a methodological point of view, the investigation on Sadi Carnot’s foundations
will be conducted in the manner previously mentioned and using the notion of

52Koyré wrote notes regarding these two types of historiography (Koyré 1963, 1973) in a
response to Henry Guerlac’s (1910–1985) talk (Guerlac 1963). The papers were published in the
proceedings of Symposium on the History of Science in 1961 and edited by Crombie (1963).
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effective history. For example, an incomplete list of historians and philosophers who
used explicit categories can be presented53 (Table 6.6):

Table 6.6 Some historians and their choices

Historian Main keywords Main categories Main subjects

Mach (1838–1916) Foundations Economy of thought. Mechanics and heat
Duhem (1861–1916) Continuity Geometry, infinite, cosmos,

active
Statics

Koyré (1892–1964) Discontinuity The destruction of the
cosmos and geometrization
of space

Mechanics

Crombiea (1916–1996) Regularity Individual regularity and
regularity of population

Mechanics

Khun (1922–1996) Paradigm Normal, anomaly Classical physics
Drago Foundations Organization of a scientific

theory and choice of
mathematical infinite in
theory

Classical and modern
Physics–mathematics

Surrogates concepts: the
evanescence of force–cause
and discretization of matter

Classical chemistry and
thermodynamics.

Thackray Foundations Inertial homogeneity of
matter and short–range
forces

Classical chemistry–
physics

aSix major categories–headings: (1) Arguing by means of analyses and synthesis (postulation).
(2) Exploration by means of controlled experiments, observation and measure. (3) The construction
of hypothetical modeling. (4) The taxonomy. (5) The method of historical derivation (genetic
method) was applied first to languages and human cultures, then to geological history (evolution).
(6) Probabilistic and statistical analysis (Crombie 1994)

Let us look at an example. Arnold Thackray in his Atoms and Powers (Thackray
1970) clearly expressed his historical categories (Pisano 2007a):

The theory [Newtonian chemistry] has two essential components–belief in the inertial
homogeneity of all matter and its possession of an “internal structure”, and “acceptance
of attractive and repulsive forces as proper categories of [interpretation] explanation
[historical]”. [ : : : ] A third and more ambiguous Newtonian category, the ether, though often
referred to or hinted at, did not feature prominently before 1740s.54

The “inertial homogeneity of matter”, quoted by Thackray, refers to the Newtonian
conviction of a hierarchically ordered and strictly structured matter whereas the
second category, the admission of “short–rayed forces”, refers to the fact that
(according to such a view of science), for chemistry as well as for celestial and
earthly mechanics, a quantifying method is necessary.

53That example is discussed in deep details in: Pisano and Gaudiello (2009a, b).
54Thackray (1970), p 122, line 9. Author’s quotations.
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6.4 Biographical Sketch of Sadi Carnot

6.4.1 Notes on the Philological Aspects of Réflexions
sur la puissance motrice du feu

Given the number of extensive studies on Sadi Carnot’s biography, here we do
not include standard information regarding Sadi Carnot’s life and refer the reader
to the widely recognized secondary literature (Carnot 1986, pp 160–166, 1978,
pp 273–312; Challey 1971, pp 79–84; Costabel 1976; see also Grinevald 1976,
pp 393–395). The substantial collections belonged to Monsieur Pierre–Sadi Carnot
and now belong to Carnot’s family–Monsieur Gaetan Carnot. In this book, we will
use and study all the documents related to his scholarly–life at École polytechnique
and two main dossiers conserved at École polytechnique and Académie des sci-
ences.55 Some unpublished images and homework are presented.

Nicolas Léonard Sadi Carnot56 (Paris, 1 June 1796 – Paris, 24 August 1832) was
certainly one of the most important and ingenious scientists of the nineteenth cen-
tury. The birth of thermodynamics, which encompasses the concept of reversibility,
occurred along with the exposition Sadi Carnot included in his book. An edition
in four exemplars of Réflexions sur la puissance motrice du feu 1824 edition is
conserved at the library of the École nationale des ponts et chaussées de Paris.57

Carnot’s handwritten inscription in the book reads: “Offert à M de Prony” (See
Fig. 6.2).

Carnot had 600 copies of Réflexions sur la puissance motrice du feu printed at
his own expense (June 12th, 1834). It was edited by Bachelier – the leading French
publisher – and sold for three francs. The book was presented to the Académie des
sciences (July 26th), and in the same year it was reviewed very positively by Pierre
Simon Girard (1765–1836) in Revue encyclopédique, an important pro-republican
journal devoted to several branches of literature.

55They also include Lazare Carnot’s dossier. Others are also archived at Service Historique de
l’Armée de Terre at the Château de Vincennes. In this regard, below we list his main works and
current library localization.
56Mendoza (1959), pp 377–396; Payen (1968), pp 18–30, Fox (1971a), pp 67–72, Carnot (1980),
Taton (1976).
571 pl. - 1824 - 1 vol.in-8ı, 4 ex. - 2 ex. relies, 1 ex. broche fonds prony/corancez – (8.5447). See
Fig. 6.2.
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Fig. 6.2 Plates from the original exemplar of 1824 edition (Collections de Fonds ancien et
archives, école nationale des ponts et chaussées, École des ponts ParisTech, Champs sur Marne–la
Vallee. On the left-hand side, Carnot’s handwriting on Prony)
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Girard states:

Carnot is not afraid of tackling difficult questions; and in this first production he shows
himself capable of going into matter which has become today one of the most important
with which theoreticians and physicist can occupy themselves.58

In 1872, a new printing based on the Bachelier edition appeared in Annales
scientifiques–École normale supérieure (Carnot 1872, pp 393–457). Then, Gau-
thier–Villars republished the 1824 edition in 1878 (Carnot 1878b, pp 1–65). This
edition was accompanied by a letter (30 November 1878) presenting Sadi Carnot’s
original manuscript (which included a biographical memoir by Hippolyte Carnot
(1878b, pp 71–87) and some unpublished Notes sur les mathématiques, la physique
et autres sujets (Carnot 1878b, pp 89–102; see also 1878a) that Sadi wrote around
the time of his death) to the Académie des sciences.

Fig. 6.3 Plates from the two original exemplars of Carnot’s handwritings (© Collections Archives
de la Bibliothèque de l’École polytechnique de Paris)

At the end of the same year (16 December 1878) Hippolyte Carnot gave a collection
of Sadi Carnot’s manuscripts to the Académie des sciences and one of them was a

58Girard (1824), p 414, line 11. (See also: Mendoza 1960, xii). For Sadi Carnot’s commemoration
see Robelin (1832), pp 528–530.
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proper version59 of the Réflexions sur la puissance motrice du feu (Carnot 1878a).
Several editions were subsequently published and all of them were essentially based
on the 1824 edition. Below, we provide Figs. 6.3 and 6.4 in which the first pages of
the 1824 edition and 1878 manuscript (Carnot 1878a) are presented:

Fig. 6.4 The first page of
Sadi Carnot’s Edition (1824)
(Carnot 1824, p 1)

We can remark that the first page of the 1824 edition (Fig. 6.4) is slightly different
from the 1878a manuscript which Hyppolite Carnot gave to the Académie des
sciences (Fig. 6.5). In the 1878a manuscripts, one can read several sentences
and passages that were removed; and this seems obvious if we consider that it
is a manuscript and the other one is an edition. E.g., “Personne n’ignore que la
chaleur peut être le cause du mouvement, qu’elle [ : : : ]” (Carnot 1824, p 1) and
“Tout le monde sait que la chaleur peut être la cause du mouvement, qu’elle [ : : : ]”
(Carnot 1878a, folio 1 [3v], see below Fig. 6.5). Of course, scientific contents

59“dons de la famille Sadi Carnot le 16–12–1878”. It is conserved at Académie des sciences, Institut
de France, Paris. Ms. in 4 cahiers for a total of 92 folia r/v.
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Fig. 6.5 The first page of Sadi Carnot’s manuscript (1878a) (Carnot 1878a, folio 1 [3v]. With
permission of the Académie des sciences)

expressed by Sadi Carnot’s do not generally60 change.61 To conclude these short
philological reflections, we have a final observation. In the 1824 edition and most of

60However, we should remark that, sometimes, the contents are different. Given the importance
of its content, we like to provide an example into the original language: “La loi fondamentale
que nous avions en vue de confirmer nous semblerait exiger cependant, pour être mise hors de
doute, des vérifications nouvelles [ : : : ]”. (Carnot 1978, p 89). In the 1878–version we read: “La
loi fondamentale que nous avions en vue de vérifier nous semble d’ailleurs mise hors de doute,
tant par les raisonnements qui ont servi à l’établir que par les rapprochements qui [ : : : ]”. (Carnot
1878a, 4ı Cahier, folio 5)
61Nevertheless, studying original manuscripts without corrections in order to see if new epistemo-
logical results emerge could be very interesting.
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the following editions based on it, a set of figures of cylinders62 appears at the end
of the book (e.g., Carnot 1953, p 118, 1978, p 118). There are five figures (placed
on one page) which express Carnot’s cycle by means of cylinders. In particular, the
latter, in the version published in 1878, are distributed in the running text of the
book (Carnot 1878b, Fig. 1, p 17; Figs. 2–3, p 21; Fig. 4, p 46, Fig. 5, p 55); idem
situation in the running text for the edition published at École normale supérieure
(Carnot 1872, Fig. 1, p 409; Figs. 2–3, p 413; Fig. 3, p 438; Fig. 4, p 447). However,
we note that the 1878a manuscript (Fig. 6.4) does not include any cylinders. We can
see figures and only one (small but evident) cylinder in Notes sur les mathématiques,
la physique et autres sujets (Carnot 1878b, folio 21) (Fig. 6.6).

In 1927, Emile Picard (1856–1941) published a facsimile edition of the complete
Notes sur les mathématiques, la physique et autres sujets, Sadi Carnot, biographie
et manuscrit (Picard).

Fig. 6.6 The first page of
Sadi Carnot’s Notes sur les
mathématiques, la physique
et autres sujets (1878b). With
permission of the Académie
des sciences

In particular, we also remark that Gauthier–Villars’ 1878 edition (Carnot 1878b)
does not include all the parts of the Notes sur les mathématiques, la physique
et autres sujets (Carnot 1878a) whereas they are fully included in Blanchard’s
edition (Carnot 1953, pp 125–151) and in another work published by Émile

62Please, see also the discussion below, Chapter 7.

http://dx.doi.org/10.1007/978-94-017-8011-7_7
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Picard (1856–1941) (Picard 1927, pp 33–94; see also Carnot 1978, pp 237–271).
In the end, we might claim that the following editions of Réflexions sur la puissance
motrice du feu are slightly different (not in physical appearance) from Hyppolite’s
manuscript (Carnot S 1878a) and we should also note the role played by the absence
of the figures. Maybe an editorial deal took place? Or some change in the research
program? Let us see.

Lazare Carnot’s scientific program was quite vast: mechanics, geometry, mathe-
matics, fortifications, military strategies, et al : : : theory of mechanical machines,
and above all, trying to organize a general theory of (all kinds of) machines.
Thus, one might reasonably presume that (potentially) a project on heat machines
belonged to Lazare who later proposed this ambitious project to Sadi, asking
him to complete the theory of mechanical machines including heat machines (see
Chapter 11). We also remark that Sadi Carnot’s book, that is to say the whole theory
of the efficiency of heat machines, seems to have been fully compiled by S. Carnot
in about 2–3 years. In others words, one might claim that since Lazare Carnot was
very much interested in heat phenomena related to machines, he had already drafted
a copy of Réflexions sur la puissance motrice du feu which he showed to his son
around 1821 when they met in Magdeburg (Fig. 6.7).

Fig. 6.7 Plate from the original addressed to Sadi Carnot (© Collections archives de la
bibliothèque de l’École polytechnique de Paris)

http://dx.doi.org/10.1007/978-94-017-8011-7_11
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We also remark that Lazare often wrote about the role played by the new physical
magnitude, heat. Moreover, at the end of the eighteenth century he was very
busy reviewing the new projects on heat machines which were presented to
the Institute de France. At that time, he also wrote on aerostats, Lettre sur les
aérostats (Carnot 1784), a memoir addressed to the Académie royale des sciences
on 17 January 1784, and preserved in its archives. However it appears to have gone
missing (Figs. 6.8 and 6.9).

Fig. 6.8 Sadi Carnot’s last permanent residence in Paris In agreement with Robert Fox, it is
very probable that it was here that Sadi Carnot wrote his famous book. He lived in the Marais
arrondissement (1, Rue du Parc Royal) for more than 10 years. (Credits photos: RP, 2011)

On the other hand, we have no historical indications that Sadi Carnot published
anything regarding his interest in heat phenomena prior to 1821. Instead, we know
that he was (or he was because his father was) interested in familiarizing himself
with the state of the art of heat machines presented by other scholars, as we can
see by studying several translations from English to French included in his folder
(Fig. 6.10; Table 6.7).
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Fig. 6.9 Source of the first experiment–human fly in Paris (The photos are of the back and front
of the monument at Place Paul Verlaine, 13eme. (Credits photos: Ilaria Gaudiello))

Fig. 6.10 The first and second page of Sadi Carnot’s manuscript on Watt’s machines “Pièces mises
à la disposition de l’École polytechnique par Mr P–S Carnot”. Archives de l’École polytechnique
route de Saclay de Paris. Some manuscripts on Leibniz, correspondence and ancient letters in Sadi
Carnot’s folder are currently the object of our (RP) research
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Table 6.7 A list of translated documents on heat machines

Year Title Our comments

X 1812 Machine a vapeur de M Watt On heat machines
1816[?] [17 folia: 1–17r/v no r/v from folio

17]
[translated from English Watt’s work to French]
No mathematics
No figures
No cycles

X 1812 Machine d’expansion de M Watt On heat machines
1816[?] [8 folia: 17–25r/v no r/v from folio

17]
[translated from English Watt’s work to French]
No mathematics
No figures
No cycles
2 tables [folio 19; folio 21]

X 1812 [4 folia: 26–30] On heat machines
1816[?] [translated from English Watt’s work to French]

No mathematics
No figures
No cycles

X 1812 Description de la machine On heat machines
1816[?] simple : : : complète de MM Watt [translated from English Watt’s work to French]

[1 folio; 25–26] No mathematics
No figures
No cycles

X 1812 Machines a double cylindre de M
Hornblower

On heat machines

1816[?] [30–34 C 35*–41*] [translated from English Watt’s work to French]
*Without number of page No mathematics

No figures
No cycles
1 table [folio 36]

X 1812 Machines a double cylindre de M
Woolf

On heat machines

1816[?] [41*–48*] [translated from English Watt’s work to French]
*Without number of page No mathematics

No figures and no cycles

We can also suppose that just after his father’s death (18 November 1822), during
his applied courses at Conservatoire des arts et métiers, he precisely studied the
applications of heat theory to machines: e.g., efficiency, gases such as a working
substance et al. In fact, when he returned to Paris, he attended the class on heat
machines at the Conservatoire des arts et métiers. Here, Sadi Carnot met Nicolas
Clément (1779–1842) who later may have deposited the text at the library of the
Conservatoire des arts et métiers, where it was rediscovered in 1966. He learned
the importance of using adiabatic transformation and also the simple and general
way of developing the theory of heat machines; a way that, in fact, refers to
Lazare Carnot’s general machines theory. With regard to the time spent at the
Conservatoire des arts et métiers, as previously stated, Clément’s lectures were
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very important for the development of the scientific culture of a very young Sadi
Carnot. The latter studied the theories and applications of heat machines using the
most popular and commonly accepted laws of the time. In particular, Sadi Carnot
used Clément’s uncertain law on the pressure and temperature of suture vapour
to produce very original reasoning and calculations; but his results would prove
uncertain themselves (Fox 1988, p 294) (Fig. 6.11).

Fig. 6.11 (a) Sadi Carnot quotes Clément in his Réflexions sur la puissance motrice du feu.
(Carnot 1978, ft 1, pp 98–102[bis]; see also: Ivi, pp 65–66. In 1813, Clément married with
Desormes’ daughter, but at the beginning of the 1820s he could have changed his surname to
“Clément–Desormes”. That is the reason because Sadi Carnot (maybe) only cited “Clément”
manuscripted in few years and published in 1824. (Cfr.: Carnot 1986, p 48, ft 50)). (b) Clément’s
lectures’ at Conservatoire des arts et métiers. (Desormes and Clément 1819, pp II5–II8)

Nevertheless, this new systematical knowledge potentially aided him in continuing
his father’s project. Thus, a theoretical advancement of Réflexions sur la puissance
motrice du feu from Lazare’s outline to a composition by both Carnots might
seem historically plausible.63 This could also explain both the lack of references

63It is still an object of research by one of us (RP).
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to Lazare’s works in Réflexions sur la puissance motrice du feu and his sudden
abandonment of heat machines after 1824.

Sadi Carnot would not become a scientist by profession. He dealt with this topic
for a few years. Moreover, even if the work was indeed reviewed by the Académie
des sciences, we see that it was also ignored for almost 25 years. Sadi Carnot’s
friends (although they were students at École polytechnique, Paris) affirmed that
it was difficult to understand the book’s scientific content. In fact, it contained
astonishing innovations: the idea of the cycle, a limit to the efficiency of heat
machines, a theorem demonstrated by an absurdum proof, and new gas laws. The
work seemed even more difficult to interpret because of Sadi Carnot’s surprising
obtainment of results, which were almost entirely accurate, despite his alternative
dependence either on caloric theory or heat theory. Moreover,

The book is particularly rich in what have been generally supposed to be the discoveries of
later writers, and in enunciations of principles now recognized as those forming the base and
the supporting framework of that latest of the sciences. As stated by Tait,64 in his history of
Thermodynamics, the “two grand things” which Carnot originated and introduced were his
idea of a “cycle” and the notion of its “reversibility” when perfect. “Without this work of
Carnot, the modern theory of energy, and especially that branch of it which is at present by
far the most important in practice, the dynamical theory of heat, could not have attained its
now enormous development”. These conceptions, original with our author, have been, in the
hands of his successors, Clausius and other Continental writers, particularly, most fruitful
of interesting and important results; and Clapeyron’s) happy thought of so employing the
Watt diagram of energy as to render them easy of comprehension has proved a valuable aid
in this direction.65

In the following list, we summarize some of the editions66 of Réflexions sur la
puissance motrice du feu:

Carnot S (1824) Réflexions sur la puissance motrice du feu et sur les machines
propres à développer cette puissance. Bachelier, Paris.

Carnot S (1878a, b) Réflexions sur la puissance motrice du feu et sur les ma-
chines propres à développer cette puissance. Reprint edition including Hippolyte
Carnot’s letter of 1878 to the French Academy of Sciences and some of the
previously unpublished Notes written by Sadi Carnot after publication of the
Réflexions. Gauthier–Villars, Paris.

Carnot S (1890) Reflections on the Motive Power of Heat. Thurston RH (ed),
London Macmillan and Co. This translation was also republished in 1960 by
the American Society of Mechanical Engineers.

Carnot S (1943) Reflections on the motive power of heat and on machines fitted to
develop this power. Thurston RH (ed), Waverly Press, Inc., Baltimore–Maryland,
USA

Carnot S (1953) Réflexions sur la puissance motrice du feu et sur les machines
propres à développer cette puissance. Blanchard, Paris. Photographic reprint of

64Tait (1877).
65Carnot 1943 (Quotations from the author).
66Indispensable are: Taton (1976) and Fox’s editions (Carnot 1978, 1986). See also Redondi (1980)
for a summary on French technology and Sadi Carnot’s book in the nineteenth century.
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the original 1824 Réflexions, including Hippolyte Carnot’s letter of 1878 to the
French Academy of Sciences and an abridged version of the Notes.

Carnot S (1960) Reflections on the Motive Power of Fire and Other Papers on the
Second Law of Thermodynamics by E Clapeyron and R Clausius. Mendoza E
(ed). Dover, New York.

Carnot S (1978) Réflexions sur la puissance motrice du feu sur les machinés propre
à développer cette puissance, édition critique par Fox Robert. Vrin J., Paris.

Carnot S (1986) Reflexions on the Motive Power of Fire: A Critical Edition with the
Surviving Scientific Manuscripts. Fox R (ed). The Manchester University Press.

The only other known works by Sadi Carnot are Recherche d’une formule propre à
représenter la puissance motrice de la vapeur d’eau (Carnot 1978, pp 223–234; see
also Carnot S–EP67) and Un manuscrit inédit de Sadi Carnot published by Gabbey
and Herivel (1966, pp 151–166) (Fig. 6.12).

Fig. 6.12 The first and second page of Sadi Carnot’s manuscript on Recherche d’une formule
propre à représenter la puissance motrice de la vapeur d’eau (© Collections archives de la
bibliothèque de l’École polytechnique de Paris. (The manuscript was also rewritten in the same
original language in Carnot 1978)

67We mainly worked with a primary copy of the original manuscript. Thus, to be brief, we refer
to it as Carnot S–EP because we have a plate from the original which was very kindly offered by
École polytechnique (Carnot S–EP).
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There is a considerable secondary literature dealing with Sadi Carnot’s works and
their context and importance for the development of the science of thermodynamics.
For the sake of brevity, we refer the reader to the references listed at the end of
this work.

6.4.2 On Sadi Carnot’s Studies at École polytechnique

Sadi Carnot had good knowledge in mathematics, physics, hydraulics, military
strategies and applied engineering sciences. E.g., during his young studies he
produced several unpublished lecture notes and study projects on fortifications,
topography, hydraulics at École polytechnique (Belhoste 2003; Kuhn [1961] 1980).
In the following we report some of the projects and studies on fortifications,
hydraulics, applied chemistry, tables for attach and defend strategies, studies on
chemistry applied to weapons, descriptive geometry, various militaries’ arguments,
utensils, mechanical machines,68 trigonometry, ballistic theory, pure chemistry. In
the following, we present some plates from the original documents and arrange a
list of them that report these abilities (Fig. 6.13; Table 6.8):

68In particular a manuscript on machines (6 r/v folia in ca. A3–format) that included an interesting
mathematical approach.
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Fig. 6.13 (a) on hydraulique, (b) on hydraulique, (c) on chimie appliquée, (d) on balistique
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Fig. 6.13 (e) on fortifications, (f) on fortifications, (g) on lunette, (h) on écrous de vis
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Fig. 6.13 (i) on école de cavalerie, (j) on machines, (k) on machines, (l) on pont tournant,
(m) on machines
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Fig. 6.13 (n) on ponts militaires

Below, we provide a list of Sadi Carnot’s scientific works (Table 6.9) and a list of
some documents announcing–commemorating his death (Table 6.10).

The causes of Sadi Carnot’s death are uncertain. The prevailing opinion is that he
died from a disease, which appears to be “choléra” (Arago and Gay–Lussac 1833,
LII, p 211; Henrion, p. 167). Some of his friends submitted an obituary (Girard
1824, pp 411–414; Robelin 1832, pp 528–530; Gondinet 1833, 46; Redondi 1980
pp 195–196).

Nevertheless, we should keep in mind that he probably developed mental illness
when the cholera epidemic of 1832 hit Paris. However, we have no historical proof
of this.

He was 36.
He had no heirs.
France lost a Special Engineer, and Science lost a Great Scientist.
He was the first “inventeur de la Thermodynamique” (see Fig. 6.14).
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Fig. 6.14 Plate from the original source of the History of École polytechnique de Paris (Callot
p 390)

6.5 An Ad Hoc Index of Réflexions sur la puissance
motrice du feu

We conclude this introduction to Sadi with a brief overview of his book. Be-
low we list the sequence of presentation adopted by Sadi Carnot in his Réflex-
ion sur la puissance motrice du feu, where we provide an ad hoc index,69

adding hypothetical chapters, paragraphs and some terms (in italics) to com-
plete a panorama of the original arguments the young French scientist addressed
(Table 6.11).

69Adapted from an old non-published work presented by one of us in his lauream dissertation in
physics, Sadi Carnot’s thermodynamics: a new interpretation based on logics and mathematics at
Faculty of Physics (and Mathematics and Natural Sciences), University of Naples “Federico II”,
Italy, Chap. I. The dissertation is archived both Faculty of Physics, University of Naples “Federico
II” and The National Florence Library.
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Below we provide three images of the students of the École polytechnique at Sadi
Carnot’s time.

Fig. 6.15 X Élèves de l’École polytechnique, 1812 (Collections Archives de la Bibliothèque
de l’École polytechnique Paris (Ref.: Élève de l’École polytechnique. 1812/dess. Joseph Louis
Hippolyte Bellangé et sculp. Rouget, Paris : s.n., 1812; 1 gravure : coul. ; 26 � 17 cm. Cote: A3
P11 IA))
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Fig. 6.16 X Élèves at Siege de Paris, 1814 (Collections archives de la bibliothèque de l’École
polytechnique de Paris (Ref: A1 P5 ID))
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Fig. 6.17 École royale polytechnique et une visite (la seule) de Napoléon le 28 avril 1815
(Collections Archives de la Bibliothèque de l’École polytechnique Paris (Ref.: S.l.: s.n., 1815–
1820/dessiné et gravé par Peronard. S.l.: s.n., 1815–1820. 1 grav.; 47,5 � 55,5 cm. Cote: A1 P7
IA))



Chapter 7
On Principles in Sadi Carnot’s Thermodynamics

Une semblable théorie manque évidemment pour les machines à feu

(Sadi Carnot, Réflexions sur la puissance motrice du feu, p 8).

In 1824 Sadi Carnot published Réflexions sur la puissance motrice du feu in
which he almost entirely founded thermodynamic theory. Two years after his
death, his friend Clapeyron’ introduced the famous PV diagram to analytically
represent the famous Carnot cycle, one of the main and crucial ideas presented
by Carnot in his booklet. Twenty–five years later, in order to achieve the modern
version of the theory, Kelvin and Clausius had to reject the caloric hypothesis,
which had influenced a few of Carnot’s arguments. Relying on the possibility of
studying the history of science by means of logical investigation, in this section
we shall propose historical–epistemological research on Sadi Carnot’s original
thermodynamic theory. In this theory, the French scientist presents more than two
principles, all of which are expressed by double negative sentences (generally
speaking) within non–classical logic.

7.1 An Outline of the Problem of History and Logic

Strictly speaking, a principle can be considered the first element in the development
of a scientific theory and it may not be mathematically confuted or experimentally
demonstrated. In some previous papers (Drago and Pisano 2000) on the history and
foundations of physics, it has been shown that the discursive part of Sadi Carnot’s
Réflexions sur la puissance motrice du feu of 1824 (Carnot 1978) does not include
any principles (e.g., like in Newton’s theory) but it presents more than 60 Double
Negative Sentences (DNSs). Since DNSs are not equivalent to the corresponding

C.C. Gillispie and R. Pisano, Lazare and Sadi Carnot: A Scientific and Filial Relationship,
History of Mechanism and Machine Science 19, DOI 10.1007/978-94-017-8011-7__7,
© Springer ScienceCBusiness Media Dordrecht 2014
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affirmative sentences, they belong to non–classical logic; typically the law of double
negation, ::A D A.1

In this section, in order to investigate Carnot’s logical reasoning by means of
historical categories and foundations, we will follow a rigorous method dealing with
this kind of analysis and show that Sadi Carnot’s reasonings DNSs are based on
non–classical logic. We also remark that DNSs used by scientists cannot be dealt
with using classic first–order logic (Hodges 1983). In this sense, we only use the
logical elements as special categories and not in the sense of a logical theory of
categories or simply of a new theory. Let us see some examples.

7.1.1 On the Mathematics

One could discuss that if an object is shown through an absurdum proof, its existence
is not proven mathematically. While, in classical logic:

A is true when ::A is true;

because, within classical logic, one should only verify that a contradiction does not
emerge. In multi–valued logic, however, more than two truth–values can exist. Let
us see an example. Let a be a number in decimal form:

0; a1a2a3 : : : an

an D
(
0 , 2n D p1 C p2

9
where fp1; p2g 2 prime numbers

The property “2n D p1 C p2” is valid but we do not know if it is valid for every
integer. In fact, in the eighteenth century the mathematician Christian Goldbach
(1690–1764) conjectured2 that every even integer greater than 2 (Goldbach number)
can be expressed as the sum of two primes numbers.3 Therefore we can write,
e.g., 10 D 7 C 3, 14 D 11 C 3, 18 D 13 C 5. As often occurs with conjectures in
mathematics, one can read a great number of supposed proofs of the Goldbach
conjecture, but they are not currently accepted by the mathematical community.
To be brief, it is not possible to prove truth content in the Goldbach conjecture.
Moreover, a counter–example is also impossible. Thus, generally speaking, one can
write that

a D 0 .for all of its figures/ cannot be claimed because scientific

proofs are lacking:

1::A in logic: non non A. This chapter’s arguments are mainly based on Drago and Pisano (2000),
Pisano (2010).
2In 1742, the Goldbach conjecture was proposed in a letter addressed to the Swiss mathematician
Leonhard Euler (1707–1783).
3Let us remark that it is a curious property because prime numbers cannot be deduced by division,
while odd numbers and the sum of two odd numbers concern another operation.
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Let us note that its negative (:.a D 0/) sentence cannot be claimed. In fact, if
the latter could be proven then that would indicate that one was able to claim it
when a ¤ 0; however, this means that we should also be able to present a counter–
example (e.g., negative of a negative) of the Goldbach conjecture. Thus, one should
conclude that

:: .a D 0/ fails:

7.1.2 On the Physics

Generally speaking, physical laws establish a mathematical–physical relationship
among numerical data and physical magnitudes. Based on German physicist George
Simon Ohm’s (1787–1854) laws one can claim:

V D Ri: (7.1)

That is, V is equal to the resistance R multiplied by the current i. In general,
in physics, we know that the scientific validity of an affirmation depends on the
physical system, the adopted theoretical–experimental model and the theory’s field
of applicability. Thus, one could claim that:

a given proposition B.s1; : : : sn/ where B expresses a mathematical relationship among the
values of the quantities .s1; : : : sn/ is scientifically valid with respect to a given model4 M,
when its results are scientifically valid with respect to all the physical systems belonging to
M where the quantities represented by .s1; : : : sn/ are measured. (Adapted by Dalla Chiara
and Toraldo di Francia 1999, p 87).

We return to (7.1). This law – belonging to physics – expresses a particular logical
action according to which (a) the truth of a conjunction (compared to model M)
would imply the truth of both members in (7.1); while the opposite would not be
logically applicable (Ibidem). Moreover, generally speaking, the (b) non–truth of
a given proposition does not imply the truth of its negation. Therefore, given two
quantities A and B, one can write:

(a) .A ^ B/ true) A true, B true
A true, B true ¤.A ^ B/ true

(b) :.A/ ¤ ::.A/

4In order to present a strictly physical example, I only consider propositions B.s1; : : : sn/ and
models where the magnitudes .s1; : : : sn/ are physically measurable. (The example given is adapted
from: Dalla Chiara and Toraldo di Francia 1999, pp 88–89). On the foundations of science, model
and reasoning, one can also see: Da Costa and French (2003).
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In other words, this result would weakly violate the validity of the principle of
Tertium non datur.5 Thus, what does it mean to measure by (7.1)? In fact, by
considering the previous discussion, in order to measure (7.1) a simultaneous
measurement of the three quantities V, R, and i, should be required. In this sense, in
order for (7.1) to be experimentally true, it is necessary for three real corresponding
numbers a, b, and c, to exist respectively for the measurements of V, R, and i. Thus,
one can write:

a D bc: (7.2)

The measurement is obviously never perfect (or to be more precise, the experimental
data should coincide with the theoretical data only within the limits of the
experimental errors). Therefore, due to the uncertainties of the devices and error
of measurement, in the same range of measurement of a, b and c, another real triad
a0; b0; c0; with .a0 ¤ a/ ; .b0 ¤ b/ ; .c0 ¤ c/, should exist, so that:

a0 ¤ b0c0: (7.3)

In brief, both (7.2) and its negation (7.3) would be true with respect to a given
experimental situation. Nevertheless, the conjunction of (7.2) and (7.3) would not
be true, because a real triad a; b; c; should exist so that one should simultaneously
obtain:

a D bc ^ a ¤ bc

which is false in classical logic. These two examples could be expressed by
double negation, demonstrating that their scientific content should follow, generally
speaking, non–classical logic.

5In classical mathematical logic, three main laws are claimed a priori: The principle of non–
contradiction: “x and non x”. One thing cannot both be and not be at the same time and in the
same respect. The same proposition cannot be both true and false. The principle of Tertium non
datur: Either “x” is “y” or “x” is not “y”. Either a thing is or it is not, there is no third possibility.
The principle of identity: Every being is that which it is. Each being is separated in its existence
from other beings. On The principle of Tertium non datur and related topics see: Kolmogorov
(1932, 1991, 1925), Drago 2005, pp 57–81).
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7.1.3 On the Physics Mathematics

Let us see the Newtonian princi-
ple of inertia (NPI):

DEFINITION III. The vis insita, or
innate force of matter is a power
of resisting, by which every body,
as much as in it lies, endeavours
to preserve in its present state,
whether it be of rest, or of moving
uniformly forward in a right line.6

Axioms; or Laws of Motion.
Law I. Every body perseveres in
its state of rest, or of uniform mo-
tion in a right line, unless it is
compelled to change that state by
forces impressed thereon.7

Nowadays, one can read:

Every body will persist in its state
of rest or of uniform motion (con-
stant velocity) in a straight line
unless it is compelled to change
that state by forces impressed upon
it.

6Newton (1803), I, p 2; Italic style and capital letters belong to the author.
7Ivi, I, p 19 (Author’s italic).
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It has been remarked (Nagel 1961) that all physical laws can be expressed by means
of a proposition preceded by two universal and existential quantifications8: (8) (“for
all”) and (9) (“there exists” or “for some”). A possible logical expression of the
Newtonian principle of inertia can be:

A D 8x9y W P .x; y/

A D the proposition of the principle of inertia.
X D a body.
y D a complex system constituted by an inertial system,

a closed system, and a clock.
P(x, y) D a predicate concerning x and y: “if x is in y, than it is

of its state of rest or of uniform motion”.

Nevertheless, this discussion pertains to classical mathematical logic which – by
nature – is not interested in the effective calculability of its functions with respect
to operative–experimental–data. In this sense, the content of the first principle is
lacking in experimental and calculable evidence. In detail:

The Newtonian principle of inertia claims that y exists, but it does not claim how one can
find it.

The “whether” (or commonly “unless”) contained in the proposition is not an operative
situation. It only explains the changes of the state of motion which occurred in the body a
posteriori.

A precise distinction when Ev D 0, and when Ev ¤ 0, is required by the NPI.
A precise knowledge when for Ev D constant in orientation (direction and versus) and in

scalar–magnitude for the entire path is required by the NPI.
A precise knowledge of absence–forces or of a non–zero net force is required by the

NPI.
The Newtonian principle of inertia is valid subordinately to validation of

P
i

EFi D 0 (for

material–point and on the entire path).

Every physical variable should be subjected to its measurement. If the measurement
cannot be applied, the scientific content generates uncertainties in scientific knowl-
edge. For this reason, NPI’s content, as mentioned above, can be expressed by a
DNS, ::A: It is not true that Ev D 0 is not equal to Ev ¤ 0. Thus, all of the examined
experimental–logical–ambiguity listed can be found in the Newtonian principle of
inertia within a non–classical logic investigation.

8At the beginning of the past century, Thoralf Albert Skolem (1887–1963) suggested a technique
to formalize the existential quantification on y–variable of a given predicate into a constructive
mathematical function (Skolem [1920] 1967; Hodges 1997).
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7.1.4 On the Logic and Structure

Another crucial feature in scientific language regards the paradox of the formaliza-
tion of logic (Carnap 1943). In order to express the axioms and to construct a meta–
discourse about them, we should use natural language, which is not formalized; we
cannot formalize it in advance because we risk producing a regression ad infinitum.
Moreover, it is not natural to state the axioms of logic and to consequently deduce
all the rest from them (Ibidem). In brief, in the following we present a possible
historical-epistemological method to investigate the foundations of science (Pisano
2011a, 2012b):

Two main foundations belong to 
scientific theories

Measures & Modeling

Kind of mathematics

Two possible main
logical structures of the scientific theories

Inferential organization based on axi-
oms/principles

Problematical organization based on method
to solve problems

The genesis of logical structure &
the genesis of the relationship

among foundations

Mathematical results & physical results

The dialectic–logic–relationship
among structures  

The relationship among mathematics physic
foundations 
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In fact, in everyday life this is never done. When we think, we usually proceed
from temporary premises, and then introduce or remove logical elements of
natural language. This is a natural inference, which can express both classical and
non–classical logic (Prawitz and Melmnaas 1968; Haack 1974). In mathematical–
classical logic, so–called well–formed–statements are assumed to be either true or
false, even if we do not have proof of either. In fact, if we consider an inferential
system in terms of classical logic (e.g. a list of inferential propositions) we can
obtain a sequence free from self-contradiction. In this kind of logical system, a
theory must be testable if it is scientific, e.g., it should be subject to falsification
(Popper 1963). Let us note that in such a system of reasoning, it is not possible to
obtain undecidable contents, e.g. (apparently) those generated by scientific DNSs
belong to non-classical logic. Particularly, if undecidable contents belong to a given
principle of the theory, then we have an out of the ordinary principle. Generally
speaking, in non-classical (or constructive or intuitionistic) logic, a statement is only
true if there is proof that it is logically true, and only false if there is proof that it
is logically false. A DNS (where ::A D A fails) does not depend on an inferential
scientific structure based on classical logical dichotomy of theses, e.g., obtained by
the deductive theorems listed (Popper 1959). Thus, one could think that undecidable
contents are not logically adequate within an inferential system. Nevertheless, what
kind of logical organization can support DNSs in a scientific theory?

As previously mentioned, in the epistemology and historical epistemology of
science related to the logical structure of scientific theories, one can encounter both
Axiomatically Organised theories (AO–theories) – from which a few self–evident
principles (or axioms) the whole theory is derived – as well as theories whose
organization is based on solving given problems contained in the theories, which
are thus Problematically organized (PO–theories). The assumed principles are often
not as self–evident as the axioms are non–axiomatic principles. An AO theory
is generally developed by means of advanced mathematics (e.g., mathematics–
physics theory by differential equations, et al.) which starts its derivations directly
from the axioms. A PO theory uses less advanced mathematics with the principles
that only indicate a direction for the development of the theory and they may be
methodological in nature (Kieseppä 2000). Moreover, it is characterized by the use
of DNSs and most results are expressed by reductio ad absurdum statements. In
previous studies, it has been noted9 that when DNSs are widely used in a scientific
theory, a use of sophisticated mathematics is lacking, and the theory is based on
declared problems to solve without stating axioms or principles typically pertaining
to an Aristotelian approach. In this sense, a formal characteristic of POs appears
to be the occurrence of some DNSs that cannot be turned into equivalent positive
sentences because the operative tools for proving them do not exist. In other words,
as previously stated, in this kind of theoretical organization, the scientific contents
of DNS “::A” cannot be converted into an affirmative sentence corresponding

9More details on the use of logic and the organization of the theory in historical investigations are
in: Drago and Pisano (2000), Pisano and Gaudiello (2009a, b), Capecchi and Pisano (2010a, b).
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to “A” because the latter lacks scientific proof. Therefore, DNSs, within scientific
theory, characterize a particular approach to science. Following this point of view, a
borderline between classical logic and most non–classical logic is represented, not
by the law of the excluded middle, but by the law of double negation. Generally
speaking, when the law of double negation fails, we are arguing outside classical
logic and, in–first–approximation, we are arguing, within intuitionist logic (Prawitz
1977).

Finally, two general ways to organize a scientific theory can be claimed: (1) a
former one, e.g., based on Aristotle’s arguments, is organized through axioms (AO)
and its logic is classical, (2) a Problematic Organization (PO), belonging to non–
classical where a result could also be “fuzzy”. In the next section, we will deal with
these aspects of the historical epistemology investigation in Sadi Carnot’s Réflexions
sur la puissance motrice du feu.

7.2 Sadi Carnot’s Theory and its Logical Organization

With regard to the categories of investigation announced in the previous chapter,
here we will deal with Sadi Carnot’s principles by means of logic referring to
previous studies (Pisano’s works on the history of thermodynamics; Lervig 1972,
1982). In particular, we will see that Lervig proposed an interesting analogy between
modern thermodynamic principles and those of Sadi Carnot, focusing on entropy
and caloric. Here we will explain and use the following categories: (a) logic (DNSs)
to understand the logical organization of the theory and (b) the choice of infinite in
mathematics used by the author to verify the relationship between mathematics and
physics and the related interpretation–formalization of certain physical phenomena
expressed by crucial statements. In this way, starting with Lervig’s arguments, we
will try to show that it is possible to discuss a potential development based on
non-classical logic with respect to Lervig’s interpretation based on (non–declared)
classical logic.

7.2.1 On the DNSs and Logical Investigation

Around 1824 the caloric theory of heat remained, in France at least, the rising theory
of heat.10 The Académie des sciences reviewed Réflexions sur la puissance motrice
du feu only as the result of a commemorative essay, written in 1834 by the late

10Mendoza (1960), Buchdahl (1966), pp 23–26, 113–116, 121–124, 174, Cropper (1987), pp
120–122.



200 7 On Principles in Sadi Carnot’s Thermodynamics

Sadi Carnot’s friend Émile Clapeyron11 (1799–1864). After this review (Clapeyron
1834), Reflections was almost universally ignored for 25 years (Pisano 2007a);
but Rudolf Clausius (1822–1888) and William Thomson (1824–1907) wrote more
important works (Clausius 1850, pp 368–397, 500–524; Thomson 1848, pp 66–71,
1851a, pp 100–106, 1851b, pp 175–183) for a theoretical advancement of the theory,
based on advanced mathematics.

Here below, Clapeyron and Clausius interpret Carnot’s cycle to show how a
young Sadi’s original reasoning was reformulated in some crucial aspects of his
thermodynamic theory (Figs. 7.1, 7.2 and 7.3).

Fig. 7.1 S. Carnot’s
cylinders–cycle (1824)
(Carnot 1824, p 118. “V–
33929, gravure face, p 118.
Département de la
reproduction, Bibliothèque
nationale de France, Paris.
Numéro de BL:
LIV–1006–006278 Date:
23/06/2010 Client: RP
CLI–048007 Devis nı :
DEV–1005–008353”)

11“L’idée qui sert de base à ses recherches me paraît féconde et incontestable [ : : : ]” (Clapeyron
1834, p 154, line 19). The work was, however, very different from Sadi Carnot’s original work. In
fact, Clapeyron’s work was an analytical essay and introduced the famous PV diagram to represent
Carnot’s cycle. See also: Girard (1824), p 414, Robelin (1832), pp 528–530.
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Fig. 7.2 Clapeyron’s
diagram (1834) (Clapeyron
1834, Fig. 1, p 190.
(Collections École
polytechnique Z 5 (1834))

Fig. 7.3 Clausius’ diagram
(1850) (Clausius 1850, p 379.
See also Clausius 1865a, b)

Sadi Carnot’s friends (students at the École Polytechnique de Paris) considered it
a difficult book.12 The work does indeed contain some surprising innovations: the

12Let us note that a kind of “[ : : : ] indifférence de la plupart des contemporains [ : : : ]” circulated
around Sadi Carnot’s publication (Fox 1988, p 288).
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idea of the cycle, an upper limit to the efficiency13 of heat machines, a reductio ad
absurdum theorem proof, and new law of gases. Its interpretation is also difficult
because, surprisingly, Sadi Carnot obtained results that were almost (all) exact in
spite of being based on erroneous heat conservation (caloric) theory. On the other
hand:

However, the novelty of the Réflexions sur la puissance motrice du feu was of a kind that it
was difficult to appreciate, so much so that the book probably bred incomprehension rather
than excitement among the few contemporaries who read it.14

As previously stated, a PO–theory is essentially based on methodological (also
called architectural15) principles, which indicate a direction for the development
of the theory. In addition, the absence of sophisticated16 mathematics is abrogated
by the use of double negative sentences (DNS) in which the law of double negation
::A)A fails. Therefore, A cannot be directly stated: proposing that problem with
an (idealistic) sentence, A would abrogate problem A itself. Recent works (Drago
and Pisano 2007; Pisano 2005, 2006a, b, 2007b), demonstrated that Sadi Carnot’s
thermodynamic theory was a PO–theory, based on problems regarding the validity
of caloric theory and the calculation of the maximum efficiency17 of a heat machine
(Drago and Pisano 2000, 2002). We can consider the principle of the impossibility
of perpetual motion in mechanics, an example of crucial importance in the history

13With regard to the efficiency, second law and its epistemological studies, one can also see:
Barnett (1958), Bailyn (1985), Armstrong (1960), p 564, Lemons and Penner (2008), Brønsted
(1939), Buchdahl (1987), Pisano (2001), Cheng (1998), Dartnal and Reizes (2005), Kostic (2008).
14Robert Fox in Carnot (1986), p 22, line 11.
15We also remark that the distinction AO–and–PO–theories and principles in AO–and–PO–
organization are epistemologically different from distinguishing between a priori and a posteriori
principles, e.g. in the Kantian approach or before in Aristotelian science on the role played
by definitions, principles et al. and their peculiar syllogisms (Hodges 1998). E.g., Aristotle,
particularly, considered postulates as well as first propositions in science as containing truth and
necessity. They are different from proper principles as propositions belonging to a particular
theory. (Cfr.: Aristotle 1853, Book I, chap VIII, p 263, chap. IX, p 265, chap X, p 266). See
also: “That this Treatise is useful for three purposes” in The Topic (Aristotle 1853, Vol. II, Book
I, chap II, p 36; Aristotle 1996, Book I, chap I, p 9). Thus, the term “methodological” used in this
paper, expresses that Sadi Carnot builds his theory by means of principles, like the impossibility of
a perpetual motion, which are different from those of Aristotle, such as (e.g.) Newton’s mechanical
principles. In our work, from here forward we will use the Principle of theory. The theme is also
developed in recent works (Capecchi and Pisano 2008; Pisano 2007a, pp 107–112, 2007b, pp 1–29,
2007c).
16Of course, as one of the referees accurately notes, other scientists used non–sophisticated
mathematics in their theories. E.g., Poncelet, in the end of 1820 and 1830 developed innovations in
mechanics using a discursive approach based on the absence de calcul infinitésimal. Idem situation
for: Charles Dupin (1784–1873) for his course of mechanics (Chatzis 2009, pp 99–113).
17“Kuhn (1959), pp 530–535, Fox (1970), Drago (1995), Décombe (1919), Kelly (1964), p 643.
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of physics (previously used by Simon Stevin (1548–1620). See also Koetsier 2010),
in the following form:

[ : : : ] ipsique globi ex sese continuum et aeternum motum efficient, quod est falsum.18

If we refer to the previous sentence as “A”, we can logically write:

1. A D motion has an end
2. :A D motion has no end
3. ::A D Impossibility of perpetual motion

In particular, the corresponding affirmative sentence “[ : : : ] motion has an end” is
empirically unsound. Its verification would require either infinite observation time
or a proof that friction will not eventually and definitively vanish. Consequently, the
principle of the impossibility of perpetual motion is better expressed by employing
a DNS (case–3). We should note that this principle cannot play the role of an a
priori sentence, e.g., evident to reason but instead comes from common experience.
In this way, a particular case study can be said to belong to non–classical logic19

(Drago and Pisano 2002, pp 130–131). Therefore, the formal characteristic of PO–
theories seems to be the use of DNSs to express important problems of the main
arguments of the theory. DNSs entail an organization of the entire theory which
is distinct from the deductive–axiomatic organization theorized by Aristotle (AO);
PO–theories aim to discover the methodological solution of a problem rather than
to generate theorems from abstract principles. In conclusion, we can see two ways
of organizing a scientific theory; the first, the PO type, uses non–classical logic; the
second, the AO–type, is organized by axioms and uses classical logic. Using the first
type, one can produce a cycle of logical arguments around A, as Sadi Carnot argued
in his theory. Conversely, classical logic can never yield cycles, since the chain of
theorems is essentially infinite and each A sentence can be cyclical, being equal to
the result of a cycle of two negations, i.e., ::A.

7.2.2 The Distribution of DNSs in Sadi Carnot’s Book

Let us consider the crucial problem of thermodynamic theory (whether heat is
connected to work and how). At Sadi Carnot’s time, most industrialists and
technicians believed the following sentence to be true: “heat is work”. However,
they did not consider that the sentence is partially true since at the time heat engines
gave an unprecedented quantity of work with respect to the work obtained from
both animals and man. Instead, from a theoretical point of view, it was already

18Stevin [1605] 1608 p 35. “It is not true [falsum] that the globe moves by itself and has not end
[aeternum]”. See also: Dijksterhuis (1955), pp 174–179, 507, 509, Clagett and Moody (1960).
Lazare Carnot (1786, p 94, line 18).
19Generally speaking one can consider the intuitionism in logic (Dummett 1975; Prawitz and
Melmnaas 1968, pp 215–229).
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known that heat is not equal to work. At the time, the prevailing theory of heat
was caloric, according to which Q is a function of state (or, in physical terms, it is
an imponderable fluid), while work is not. According to this theory, the production
of work – or its absorption – does not change the state of heat. That corresponds
to a new sentence: “Heat is not work”. This second sentence negates the previous
one. When the second sentence is also negated, a DNS results; it expresses the
modern theory of the equivalence between heat and work: “It is not true that heat
is not work”. Which sentence is true among the three? Let us notice that a problem
formulated in this way constitutes a highly theoretical theme (i.e., what is the nature
of heat?) and at the same time a highly technical one (i.e., how much work is
possible to extract from a given quantity of caloric by means of a heat machine?).
By recognizing the double nature of the problem we remove the aura of a mere
engineer’s theory from Sadi Carnot’s theory; instead, his theory of machines –
similar to his father’s theory with respect to mechanical machines (Carnot 1778,
1780, 1786) – constitutes the best background in order to ponder these highly
theoretical problems.

We conclude that in those times, it was very difficult to construct a theory on
thermal phenomena because its fundamental sentence was principally a theme of
logic. If the theory had been founded on caloric theory, then the caloric notion would
have suggested the first principle of an AO–theory and this principle would express
the nature of heat itself (an imponderable fluid). Therefore, it would constitute a
kind of metaphysical principle that is typical of an AO. In this case, Sadi Carnot
would have been able to deductively build the theory in classical logic (Clapéyron
tried to do this in 1834). It is evident that in S. Carnot’s text he did not do so.
Thus, Sadi Carnot’s theoretical work was very difficult because he had to base
his theory on caloric theory without believing it due to some discrepancies with
experimental evidence (mathematical footnote in Carnot 1978, pp 73–79); therefore
he had to hypothesize the theory of equivalence as well – i.e. “It is not true that
heat is not work” – is a DNS belonging to non–classical logic. Therefore, Carnot
implicitly proposes the problem (unknown in those years) of which kind of logic to
follow: either classical logic through caloric theory, or non–classical logic through
equivalence theory. Perhaps in light of this logical difficulty – at that time it was
not possible to overcome – a famous Memoire by Lavoisier and Laplace ([1780]
1784) developed the theory by laying out the two previous hypotheses in parallel.
This logical problem influenced the whole development of Thermodynamics, which
even today preserves double negations in all the statements of its second principle.
In fact, Sadi Carnot organized his theory in a problematic way, following a non–
classical logic. It is interesting to notice that the writing in which Sadi Carnot
used infinitesimal analysis (in the unpublished Manuscript20 (Carnot 1978, pp 223–
234, for example)) lacks double negative sentences. Previous studies (Drago 1991)
show that mathematics, which is entirely expressed by equalities, is not compatible
with a DNS, which instead does not admit equality between ::A and A. This fact

20In the unpublished Manuscript (Carnot 1978) we can also find irrelevant DNSs. E.g.: “Jamais la
différence n’excédera [¤ difference is inside]” 1/40 (Carnot 1978, p 230, line 25).



7.2 Sadi Carnot’s Theory and its Logical Organization 205

establishes a clear choice by Sadi Carnot in Réflexions sur la puissance motrice
du feu, i.e. to present the whole theory in a discursive way, by relegating the
mathematics to a footnote. This choice is confirmed by the fact that he founded
his theory by arguing through an ad absurdum theorem; that is, through impossible
experimental situations. It is surprising that an impossible situation constitutes the
foundation of an entire physical theory, where one wants rather to affirm the truth of
hard facts. Nevertheless, we know that the consequences of S. Carnot’s reasoning
through his ad absurdum theorem hold true in both Réflexions sur la puissance
motrice du feu and theoretical physics in general. The analysis (Drago and Pisano’s
works) of Réflexions sur la puissance motrice du feu shows 63 occurrences of
double negative sentences. They are listed in the Appendix. Here we are interested
in DNSs that are scientific in nature. By excluding the remaining ones (whose serial
numbers, in the Appendix, are in parentheses; only two kinds of his sentences
occur and they belong to an early discursive part). Moreover, let us note that of
the 63 scientific DNSs, most (51) occur in the theoretical part of Carnot’s book.
Thus, such a great number of DNSs – representing an argument in non–classical
logic and playing a crucial role in theoretical elaborations – constitutes decisive
evidence for the originality of S. Carnot’s way of elaborating a theory, in comparison
to the traditional organization, likely as Euclidean geometry; it relies upon non–
classical logical reasoning. The following Table shows the distribution of DNSs in
Sadi Carnot’s Réflexions sur la puissance motrice du feu (Carnot 1978), including
footnotes; the numbers of the DNSs’ footnotes are in brackets (Table 7.1).

Table 7.1 Distribution of DNS’s in Réflexions sur la puissance
motrice du feu

Réflexions sur la puissance motrice du feu DNS’s total number

pp 1 � 10: study of an ideal heat machine 32 (C18)
pp 40 � 48: study of gas theory 9 (C6)

7.2.3 The Possible Theoretical Roles Played by a DNS

If we read DNSs one after another (see Appendix below), we notice that their
sequence may synthetically express the entire development of Sadi Carnot’s
scientific thought (see, e.g., previous ad hoc index, Chapter 6). In order to verify
this hypothesis, it is necessary to list how many roles a DNS may play; for example,
it is necessary to distinguish between a problem and a general presupposition of
the theory etc. Based on previous investigations within the historical epistemology
of science (Drago and Pisano 2001; Pisano and Gaudiello 2009a, b; Capecchi and
Pisano 2010a, b; Pisano 2010a; see also Hallyn), we propose the following six
historical roles played by a DNS within a scientific PO–theory (see Table 7.2).

Appendix
Appendix
Appendix
http://dx.doi.org/10.1007/978-94-017-8011-7_6
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Table 7.2 List of possible roles played by a DNS within a scientific PO–theory

Role Meaning of the role Abbreviation

Problem Fundamental problem of the theory to
be solved

[PR]

General principles General principles of theoretical
Physics or mathematics

[GP]

Theoretical premise
i.e. principles upon the relationship
with reality

Author’s introduction on the
theoretical or experimental arguments

[TP]

Methodological principle of the theory Reasoning and proposition which
indicate a direction to the solution

[MP]

Ad absurdum proof Technique of argumentation [*]
Operative principle Reasoning or proposition on actions

and techniques to be performed
[PO]

i.e. principle of resolution of a
problem to which theory applies

In fact these six roles might cover the possible roles played by DNSs in Sadi
Carnot’s theory. However it appears dubious as to which category to attribute to
some DNS’s (Appendix); for instance, DNSs 50 and 51 (Appendix) are operative
principles, although such sentences are mentioned in a reasoning concerning
Carnot’s famous theorem (ad absurdum proof ) on the independence of motive
power from the kind of gas; moreover, DNSs 10 and 11 are expressed by means of
ad absurdum arguments; even though they are theoretical presuppositions. However,
these ambiguities are few in number with respect to the total number of DNSs.

7.2.4 Sadi Carnot’s Arguments Through his DNSs

Now we can gather all of the DNSs according to their theoretical roles and then
connect the resulting six groups according to the following Fig. 7.5.21 We put a
DNS whose physical meaning is similar to that of a previous DNS in parentheses.
The table offers a global vision of the development of Réflexions sur la puissance
motrice du feu while providing a particular summary of the theoretical content of
the book (Fig. 7.4).

Let us remark that the set of DNSs is well distributed in all cases; the DNSs play
all the possible theoretical roles within a scientific theory. Therefore, there is no
remarkable aspect (not including the mathematical part) of Sadi Carnot’s theory that
is not represented by DNS’s. After DNS 49 (independence of Wmax from the kind
of gas) there are 13 DNS’s that express operative principles outlined by the entire
theory; except for DNSs 61 and 62 which constitute Sadi Carnot’s afterthought
regarding the validity of caloric theory.

21The DNSs serial numbers in the flow–chart cases are those listed in the Appendix.

Appendix
Appendix
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PROBLEMS
3, 6,  4 (=5), 13, 
24, 46, 61 (=62) 

GENERAL PRINCIPLES
OF PHYSICS
25, 26, 27 (=28)

THEORETICAL
PREMISES

7, 14, 15, 16 (=18=20),
17,19,21,38

METHODOLOGICAL PRINCIPLES
OF THE THEORY

8,9,12,39,47

AD ABSURDUM PROOFS
10,11,22 (=23=29=30),48

OPERATIVE PRINCIPLES
31 (=33=34), 32, 35 (=36), 37
40,41,42,43,44,45,49, 50,51

Gas THEORY
52, 53, 54, 55, 56, 57 (= 58),

59, 60, 63, 64, 65

Fig. 7.4 Carnot’s theory–flow–chart through all DNSs

7.3 Reconstruction of Arguments and Some Cycles
of Reasoning Expressed by DNSs

Now we will verify the sequential consistency of DNS’s by listing them according
in the order of their occurrence. We sever the sequence in some groups of DNS’s,
anytime we meet a DNS in the role of a problem. The resulting groups are marked
by B1, B2 : : : B6 symbols; we obtain the following Table Bs which illustrate the
synthetic theoretical content of Réflexions sur la puissance motrice du feu. Some
of the Bs constitute real cycles of reasoning by beginning with problems and then
ending in operative principles; we may consider the remaining (B.4 and B.6) as sub–
cycles of arguments regarding reversibility and operative principles, respectively.
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The titles of the Bs are ours. The content of each DNS is reiterated by a short
sentence, (which often preserves the double negation of the original sentence). As
previously mentioned, the theoretical role of a DNS is expressed with an acronym.
The DNSs in footnotes are written in Italics.

Table 7.3 Reconstruction of Sadi Carnot’s theory by means of the sequential list of DNS’s

B.1 Problems and theoretical premises

Problems Is the efficiency of a heat machine bounded? [3]
Research of a general theory on heat machines. [4 (D5)]
A lack of extensive and general laws on heat is presented. [6]

PT The vapour as a carrier of Q. [7]
MP A heat machine does not consume Q, also when W> 0. [8]
MP W> 0 when there exists �t ¤ 0, only. [9]
Ad absurdum
proof

(PT) It is impossible to give off heat indefinitely [10]
(PT) In order to produce work it is necessary to have an unlimited source of
water [11]

(MP) Q causes both motion and �V> 0. [12]

B.2 First reasoning on the independence of Wmax from the kind of gas

Problem Does Wmax depend on the kind of gas? [13]
PT Study of a heat transformation where both Q and �t are fixed [14]
PT Both percussion and friction produce in the bodies a�t> 0 in the bodies. [15]
PT The water capacitor can work as a thermostat. [16 (D18 D 20)]
PT �t between two bodies may also be very small. [17]
PT A heat machine can operate both in a direct order and in a reverse order; a water

capacitor may be considered as a boiler. [19]
PT There is reversibility only when no loss of W and Q occur. [21]
Ad absurdum
proofs

(GP) Impossibility of perpetual motion, i.e. an indefinite creation of motive
power [22 (D23)]

B.3 Proving the principle of an impossibility of perpetual motion in all of theoretical Physics

Problem The impossibility of perpetual motion: does it hold true outside of theoretical
mechanics? [24]

GP Both electric phenomena and heat production are caused by motion. [25]
GP Electric phenomena are also governed by mechanical laws. [26]
GP Impossibility of perpetual motionin every kind of phenomenon. [27 (D28)]
Ad absurdum
proofs

Impossibility of perpetual motion, i.e. an indefinite creation of motive power
[29 (D30)]

B.4 Arguing on reversibility

OP To efface a �t without a�V > 0 is a waste [31(D33 D 34); 32, 35 (D36); 37)]
PT dt as a theoretical possibility. [38]
MP Validity of all reasoning even when �t ! 0. [39]
OP To reach the initial state through an isochoric transformation implies a direct

contact between the bodies of different t, and hence irreversibility. [40]
OP It is possible to use a given quantity of heat again. [41]
OP �t D 0 in Gay–Lussac’s experience. [42]

(continued)
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Table 7.3 (continued)

OP During the compression of a gas, we try to avoid low temperature (in the gas).
[43]

OP Maybe there is an anomaly in gas law when �V causes �t. [44]
OP It is profitable to avoid useless Q(>0) passage between �t> 0. [45]

B.5 A posteriori argument the validity of caloric theory

Problems Is Q D 0 in a cycle? [46]
(MP) In a cycle Q D 0.[47]

Ad absurdum
proof

(MP) We cannot overthrow caloric theory. [48]

B.6 Conclusions from B.2 (S. Carnot’s theorem) and B.4; some operative principles regarding
gas theory and uncertainties of caloric theory

OP Independence of Wmax from the kind of gas. [49]
DNS 49 holds true in the case �V ¤ 0 when �t ¤ 0 only. [50]

OP (OP) Never allow contact between bodies having a �t ¤ 0. [51]
OP In any transformation of a gas for �t D 0, in which �P and �V are fixed, W

does not depend on the kind of gas. [52]a

OP It is difficult in a gas to measure Q when �V ¤ 0. [53]
OP Air transformation in a non–variable V , when �t ¤ 0. [54]
OP Heat capacity of gases changes according to �V ¤ 0 and perhaps �t ¤ 0. [55]
OP The difference cP– cV does not change [(56)]
OP Hypothesis regarding the constancy of specific heatof a gas when �t ¤ 0.

[57, (D58)]
OP Hypothesis regarding the constancy of specific heatof a gas when �t ¤ 0.

[57, (D58)]
OP When �t ¤ 0cP, cV and cV /cP all are not constant. [59]
OP Different working substances do not give more advantages. [60]
Problem Doubts about the validity of caloric theory. [61, (D62)]
OP In Perkins’s machine, no effects without space (�V ¤ 0). [63]
OP Watt’s mistake: when t decreases, no proof that vapour cannot condense. [64]
OP Possibility of new technological requirements of the furnace. [65]
aFrom here Sadi Carnot starts his reasoning on gas theory

The Table 7.3 present the discursive exposition of Sadi Carnot’s entire theory
divided into six steps, of which three steps represent cyclical arguments ending in
ad absurdum proofs.

• In B.1 the starting point is represented by problems regarding the efficiency of
heat machines in general; then, he states some methodological principles, from
which he derives, via an ad absurdum proof, a crucial sentence about heat and
water: i.e., caloric causes motion and variations of volume.

• In B.2 S. Carnot brings forth a more specific problem: does Wmax depend on the
kind of gas? After a series of theoretical principles concerning the roles played by
both the thermostat and condenser in a heat machine, he presents his celebrated
ad absurdum proof, based on a cycle of operations; the absurd statement is the
impossibility of perpetual motion (DNS’s: 16 D 18 D 20, 19, 21). The list of
DNSs in B.2 substantiates a cycle of reasoning.
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• In B.3, all DNSs 24–30, are included in a long footnote. Sadi Carnot examines
a problem suggested by ad absurdum proofs in B.2 on the impossibility of
perpetual motion; is this kind of impossible motion present in different theories
other than theoretical mechanics? He argues by means of general principles of
theoretical physics; then, he concludes – again through an ad absurdum proof –
the impossibility of perpetual motion in general. The sequence until DNS 30
constitutes a cycle of reasoning. The set of following DNSs in the text (31–37)
expresses operative principles, which are not direct consequences of this cycle;
they rather follow from the content of B.2.

• In B.4, by considering the extracted work of a cyclical heat machine, Sadi Carnot
introduces the notion of reversibility: to efface a �t without a �V > 0 is a
waste. Then, he introduces an important principle of the theory; he states that a
theoretical argument holds true even when �t ! 0; hence an infinitesimal dt
represents a theoretical possibility in his reasoning (in a cyclical heat machine).
He then closes a heat cycle through infinitesimal isochors; that is correct (also
in modern terms) because an infinitesimal change preserves the reversibility of a
heat machine. The set of four DNSs located in three footnotes represents some
additions to the main reasoning. Even by excluding the footnotes, we see that the
set of DNSs in B.4, represents a unity of reasoning, but is not a cycle yet, as B.2
is; it is rather a completion of previous cycle B.2.

• In the brief B.5, Sadi Carnot argues on the plausibility of caloric theory, by
returning to the problem already examined in the beginning of Réflexions sur
la puissance motrice du feu; through an ad absurdum proof he concludes that he
accepts this theory for lack of more adequate suggestions. The set of these DNSs
constitutes a cycle of reasoning.

• In B.6, S. Carnot offers some applications of his theorem (resumed by DNS
49 – the independence of Wmax from the kind of gas). Being sure of the content
of his theorem, he approaches gas theory by aiming to discover (theoretically
and practically) the mathematical function for representing the efficiency of a
heat machine. Then, Sadi Carnot outlines the operative principles regarding the
variation of the heat capacity of a gas and deduces the hypothesis of constant
specific heat; at the end, he examines the use, in a heat machine, of a gas
different from (water) vapor; he ends B.6 with considerations on the detailed
technological requirements of the furnace in a heat machine (here, Sadi Carnot
considers Perkins’ and Watt’s machines). In B.6, the logical thread represented
by the sequence of DNSs appears broken; in others words, the results presented
by the DNSs in B.6 do not form a consistent system. However, let us remark that
in this part of the theory (B.4 and B.5), Sadi Carnot argues for mathematically
determining function C(t), representing the extracted work and depending on
temperature only; therefore, for the presented reason about the relation between
DNSs and mathematics, DNSs are no longer capable of expressing the thread
of the reasoning (which now, is a mathematical reasoning, as well) followed by
Sadi Carnot. In other words, the set of DNSs points out a temporal sequence of
problems, but they do not manifest a gradual logical development.
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In the following chart, we represent a global view in order to show the relationships
between Bs in Carnot’s book (Fig. 7.5).

B.1

B.2

B.5

B.6

B.3 B.4

Fig. 7.5 The relationships
among previous Bs–tables

In conclusion, the list of DNSs in Réflexions sur la puissance motrice du feu allow us
to illustrate for the first time a very detailed structure of Sadi Carnot’s arguments,
adequately representing Carnot’s original scientific thought; no essential content
of Réflexions sur la puissance motrice du feu is missing. Moreover, the list of B
tables together with the list of DNSs, follow the line of thought according to which
Sadi Carnot constructed his thermodynamics. We conclude that his theory has to be
qualified (for the first part, surely) as a logical theory.

7.4 Sadi Carnot’s Thermodynamics as PO Theory.
Its Non–classical Logic and its Central Problem

The large number of DNSs in Sadi Carnot’s book, his celebrated ad absurdum the-
orem, and the cycles of arguing, all provide evidence that overall, his theoretical
system represents a kind of logical work; more precisely, an attempt to clarify
a theoretical system using non–classical logic (perceived by him in an intuitive
way, through DNSs). He tried to introduce his readers to this kind of argument;
but scientists judged Réflexions sur la puissance motrice du feu to be a very
difficult book, and even his friends (by reasoning in classical logic) considered it
incomprehensible (Robelin).

The earlier features of his theory show that Sadi Carnot’s theory is not AO, but
it is a PO–theory. Then, in the following, we try to reconstruct his whole theoretical
thought by specifying two main characteristic features of a PO theory; which have
been drawn by a comparative examination of several theories in History of Science;
i.e., the crucial problem each one express as a DNS and the synthetic method of
reasoning. Since a PO–theory relies upon a crucial problem, we inspect S. Carnot’s
theory using this point of view. We easily see the first problem in his theory: Is
caloric a valid theory? (DNSs 48, 61 (D62)). While DNSs 3, 4 (D5), 6, 13, 24, 46
illustrate that Sadi Carnot’s subordinate problem was the relationship between heat
and work, (we saw it in Sect. 7.3). If Sadi Carnot had abandoned caloric theory that
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follows classical logic, for assuming equivalence theory (which originates DNSs),
he had to reason in non–classical logic through DNSs. This move, in fact, was
performed by him by writing 63 DNSs; but he did not link the use of these DNSs
to the principle of equivalence between heat and work (which is itself a DNS) and
therefore he did not abandon caloric theory. Therefore, he was unable to mould his
logical reasoning; he rather succeeded in distinguishing (in a sharp way) in his mind
the two words he used for calling heat, “chaleur” and “calorique”.

It is interesting to see whether DNSs can properly shed some light on chaleur
and calorique as used by Sadi Carnot. Let us remember that Ostwald advanced22 the
hypothesis of an essential difference. He suggested that in Sadi Carnot’s theory, the
word “caloric” always means “heat exchanged without variations in temperature”;
so, it is equivalent (within a constant, given by the value of temperature) to entropy.
Therefore, one can ask whether and which DNS Sadi Carnot, in the development of
his theory, expressed such a difference. Moreover, one can even ask whether DNSs
mark the passages where Carnot committed errors, due to incorrect calculations
or to the introduction of some uncorrected scientific hypotheses at the time, or to
an incorrect formulation of the theory. Yet all of these passages contain DNSs.
Therefore, no evidence emerges from DNSs regarding either of these historical
questions or Carnot’s theoretical mistakes. However, neither can one conclude that
Carnot committed errors without any doubt, nor that the difference between heat and
caloric caused him to reflect in a particular way, that is without DNSs. We should
also note that more than 30 years earlier, Lavoisier attempted an early distinction
between “chaleur” and “calorique” et al. magnitudes in his Traité élémentaire de
chimie (Lavoisier 1789, pp 12–17), thus one can also think that it was not necessary
to include new definitions for a book so closely related to chemical arguments;
arguments so far from mechanical (Newtonian) foundations. Nevertheless, the latter
explanation could justify the use of the two words without particular indications,
but it cannot explain the difference Ostwald suggested (Ostwald 1892). Finally, on
the ambiguity caused by the two words, we present some examples in which Sadi
Carnot (1978) uses the term “chaleur” but (from a physical point of view) means
“calorique” (see also Carnot 1996):

Page Errata Corrige

17, line 13 quantité de chaleur quantité de calorique
70, line 10 quantités de chaleur quantités de calorique
70, line 11 quantité de chaleur quantité de calorique
70, line 14 quantité de chaleur quantité de calorique
71, line 12 quantités de chaleur quantités de calorique
71, line 14 quantités de chaleur quantités de calorique
71, line 18 quantité de chaleur quantité de calorique
71, line 20 quantité de chaleur quantité de calorique

22Let us also note that the same analogy between caloric and entropy was provided by Mendoza in
one of the ten added footnotes in his edited book on Sadi Carnot (Mendoza 1960, ft 4, p 17; see
also la Mer).
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We have already seen that in the end, Sadi Carnot lays out an even more specific
problem in a concrete manner: which efficiency Wmax/Q (see below Chapters 9
and 11) should be used for a heat machine (DNS 3)? In a PO, a DNS starts a theory
which proceeds through arguments which are DNSs and concludes the problem
either by means of an ad absurdum proof (which is based on a material cycle)
or states its kind of mathematics, (likely his father Lazare’s mechanics (Carnot
1803a); which is also a PO–theory; in fact, through DNSs, a new mathematical
technique is introduced: symmetries that give invariants). Sadi Carnot’s theory does
not introduce the subject of mathematics as all scholars of thermodynamics did
at the time. Instead, he develops a great part of his general theory through verbal
reasoning on one cycle only; for this reason at the end of his discursive arguments,
it was difficult for him to determine the mathematical function of efficiency for a
heat machine; nevertheless he then attempted to exploit a mathematical sub–theory
about gases for this purpose.

7.5 On Sadi Carnot’s Theory: a Case Study

Philip Lervig is a scientist at the Institute of Physics, Aarhus University (Århus,
Denmark) interested in the history of science. In the past century, he proposed a
possible analogy between Sadi Carnot’s thermodynamics and the mechanical theory
of heat (Pisano and Capecchi 2009, pp 83–90). Particularly, in two articles published
during the 1970s and 1980s Lervig (1972, pp 222–239, 1976, pp 199–212, 1982, pp
85–122) gave an interesting contribution to this debate and an interpretation of Sadi
Carnot’s work by means of a very perceptive historical–comparative23 analysis of
caloric (when temperature has a constant value) and modern Entropy24:

Communicated by L. Rosenfeld
Abstract. A simple connection is pointed out between the theory of heat formulated in
Sadi Carnot’s: “Réflexions sur la puissance motrice du feu” (1824) and the later Kelvin–
Clausius thermodynamics. In both theories two well–defined quantities, a heat function
and a work function, exist and can be calculated by integrating along a reversible path.
In thermodynamics the work function (energy) is conserved, whereas the heat function
(entropy) increases by irreversible processes. In Carnot’s theory the heat function is
conserved, whereas the work function decreases, so that in this theory the irreversible
process is characterized by a loss of work.25

With his analogy, Lervig (1972) presented his outline of the problem:

A List of Questions. A satisfactory understanding of CARNOT’S theory should enable a
few key problems to be solved, as for instance
1. How can the following statements be consistent with each other:

23Other specific analogies–studies are: Renaud (1937), Brønsted (1955), Pisano (2003), pp
327–348, (2004), pp 203–211.
24On historical and epistemological studies of entropy–energy, one can see: Scott (1971),
Falk (1985), pp 108–115, Fuchs (1987), pp 215–216, Hoyer (1976), pp 221–228.
25Lervig (1972), p 222, line 3; author’s italics.

http://dx.doi.org/10.1007/978-94-017-8011-7_9
http://dx.doi.org/10.1007/978-94-017-8011-7_11
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(a) One of the axioms of CARNOT’S theory is that a perpetuum mobile (of the first kind)
is impossible.
(b) CARNOT’S theory was given up precisely because it was inconsistent with the energy
principle (first law).
2. Is it true, as several authors seem to have felt, that many of CARNOT’S results are
virtually correct in a modern sense if “calorique” is replaced by “entropy”? If so, why?
3. In precisely which sense is CARNOT’S theory a forerunner of the correct thermodynam-
ics?
[Lervig 1972, 223–224, line 39. Italic style and capital letters belongs to the author].
[ : : : ] Carnot’s Axioms. Calorique and Chaleur
The introduction can be summarized in two theses:
I. The fundamental assumption of CARNOT is that a perpetuum mobile (of the first kind)
is impossible.
II. To CARNOT, heat is conserved.
These theses will be the foundation for the rest of the paper [Lervig 1972]. If II is admitted, it
follows that in CARNOT’S book the words calorique and chaleur are both used to describe
heat as one and the same conserved quantity.26

In another article (Lervig 1976) he also interpreted Sadi Carnot’s principles and
found them very similar to those of modern thermodynamics:

As Professor Mendoza has taught us [Mendoza 1960], it may be reasonable to suppose that
on the day when the Réflexions sur la puissance motrice du feu (Ref. 2) appeared in the
bookshops, its author, Sadi Carrot had finally convinced himself thought that its contents
could not be true. I have [ : : : ] And wrong it was [ : : : ]; in the sense that it was based upon
the erroneous assumption of conservation of heat. [ : : : ] I intend to show in some detail –
and this is my point – that Carnot’s theory had precisely the structure needed to make
possible an adequate theory of heat. [ : : : ] However, what I intend to explain is that with
this strange theory by the young French engineer S. Carnot, the whole logical framework
of thermodynamics was in principle complete. (Lervig 1976, p 200, line 5). [ : : : ] It is a
fascinating fact that Carnot’s theory, which was to be the source of this enormous wealth
of scientific development, was in a certain sense wrong; that is to say, wrong in the sense
that it was based upon the erroneous assumption of conservation of heat. In fact, I believe
that this was an essential part of Carnot’s feat: to take seriously the theory of heat as a
substance; to develop it into a logical structure, describing the interconnection between
heat and mechanical motion, and to develop this theory to the point where it was possible to
understand its weaknesses. This had never been done before. [ : : : ] What I intend to show
today is that Sadi Carnot in fact came extremely close to the correct theory.27

Thus, in our opinion, it is interesting to try to understand whether the principles of
the modern theory can be reduced to those Philip Lervig interprets as being Sadi
Carnot’s only two principles.

First, we should note that Sadi Carnot himself expressed his misgivings with
regard to the foundations of the theory through DNSs, particularly concerning the
role played by calorique, chaleur at the end of his book.

26Ivi, 227, line 16. (Author’s italics and capital letters).
27Lervig (1976), p 200, line 18.
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Below, we list only a few of them:

L’on a souvent agité la question [D we do not know] de savoir si la puissance motrice de
la chaleur est limitée ou si elle est sans bornes [¤ we are able to say that it has bounds]
[ : : : ].28

La phénomène de la production du mouvement par la chaleur n’a pas été considéré sous un
point de vue assez général. [D not dependent from the details]. [¤ it has been considered
an independent manner from the details].29

Pour envisager dans toute sa généralité le principe de la production du mouvement par la
chaleur, il faut le concevoir in dépendamment [¤ separately] d’aucun mécanisme, d’aucun

agent particulier [ : : : ].30

[Doubts on caloric theory]. La loi fondamentale que nous avions en vue de confirmer [Q
D 0] nous semblerait exiger cependant, pour être mise hors de doute [¤ it is considered as
valid law], des vérifications nouvelles; [ : : : ].31

[Follow by DNS 61]. [ : : : ] Elle [Q D 0] est assise sur la théorie de la chaleur telle qu’on
la conçoit aujourd’hui, et, il faut l’avouer, cette base ne nous parait pas d’une solidité
in ébranlable [¤ it is questionable].32

From a historical point of view, Lervig (by another method with respect to ours)
also discussed some topics related to them:

Whether Carnot really believed in the conservation of heat is a matter which has been much
discussed. I find that this question can be answered from a study of the above [on principles]
argumentation. Of course, in a certain respect he did not believe in the conservation of heat,
as is apparent from his notes, presumably written at the same time. However, it must be
stressed that the assumption was nevertheless necessary for his argument.33

With regard to closing Carnot’s work function and a related analogy between
Carnot’s theory and modern thermodynamics, Lervig argued:

Carnot would have needed to explain this [work function in cycle] more complicated
situation in detail since the structure he described was a logical structure. I therefore claim
that the assumptions made by Carnot are as follows:
Carnot’s theory
First Law: A perpetuum mobile is impossible
Second Law: Heat is conserved
I prefer this formulation of Carnot’s theory in terms of a first law and a second law, because
I find that it clearly demonstrates the analogy between his theory and later thermodynamics.
Thermodynamics.
First Law: the energy principle
Second Law: A perpetuum mobile of second kind is impossible
I admit that now I am in a sense leaving the history of science proper, and enter what
might be called a comparative study of physical theories. It is interesting to compare the
two sets of axioms, one set for Carnot’s theory, one for thermodynamics, as given above.

28Carnot (1978), DNS 3, p 6, line 18.
29Ivi, DNS 4, p 7, line 11
30Ivi, DNS 5, p 8, line 1.
31Ivi, DNS 61, p 89, line 5.
32Ivi, DNS 62, line 8.
33Lervig (1972), p 201, line 17. (Author’s italics).
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They have much in common, and in particular the two first laws look very similar. Are they
different at all? It is often claimed that the two statements (that energy is conserved, and
that a perpetuum mobile is impossible) are identical, but they are not! It is easy to show that
in Carnot’s theory, based as it is upon the assumption of the impossibility of a perpetuum
mobile, there is certainly no conservation of energy.34

Moreover, Lervig (1976) identified one more principle in Sadi Carnot’s theory:
Wmax is a function of state based on his observation that in the mathematical footnote
Réflexions sur la puissance motrice du feu included an absolute “temperature #”
which induced him to note two more analogies. The first one occurs between the
absolute temperature T (in modern thermodynamics) and temperature t (in Carnot’s
mathematical footnote). Hence, Lervig states the existence of the new function:
work A as a state function.

The work function A in Carnot’s theory is then defined as a function of state, closely
analogous to the energy function in thermodynamics.35

The second analogy concerns the state function as work A (attributed to Sadi
Carnot) and the energy function U in modern thermodynamics. We can observe that
through calculations of Carnot’s cycle, Ferdnand Reech (1805–1880; Reech 1853,
pp 357–378; Drago and Pisano 2008; Chapter 10 below) previously obtained an
energy function (and potentially the relationships of Maxwell as well). We should
also remark that Reech (see Chapter 10 below) followed Clapeyron’s idea of
arranging two systems of curves in a PV diagram as two isotherms and two adiabatic
equations:

'.V; p/ D t .V; P / D u

Reech’s premise is important in order to recognize an implicit principle of Sadi
Carnot’s theory: every point of PV diagram, for any gas, is obtained by intersection
between one adiabatic and one isotherm.

When it comes to Lervig, by means of different reasoning, he seems to concur
with the first part of Reech’s work36 (Reech 1853, pp 357–363). Let us also note
that Clausius (Mendoza 1960) and Kelvin studied, for over a year, how to reconcile
Carnot’s theory with Joule’s experiment regarding the equivalence of heat and
work: they had to reconcile the two aforementioned sentences on heat and work
in the two theories, respectively. They reconciled them by transforming the logical
organization of the theory into an entirely deductive AO, by laying out a first

34Lervig (1976), p 202, line 2. (Author’s italics).

35Lervig (1976), p 205, line 7.
36Lervig did not mention Reech’s work.

http://dx.doi.org/10.1007/978-94-017-8011-7_10
http://dx.doi.org/10.1007/978-94-017-8011-7_10
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principle U D W C Q, although this sentence is an idealized expression (because in
this formula, Q can be entirely converted into work; then into the second principle
which is necessary for returning to represent reality). Now, by considering Lervig’s
assumptions and logical arguments discussed in the previous section, one should
take into account that, generally speaking, within the Latin and French languages,
a double negation is a common grammatical construction, particularly in discursive
French. In fact, Réflexions sur la puissance motrice du feu was written in a discursive
style; nevertheless, we should specify that – in this case – the book’s content is also
scientific.

It is hardly necessary to insist at this point on the dangers inherent in the discussion
of precedents in the history of science. Such discussion can lead us all too easily to
underestimate the originality of a discovery or innovation and to overlook the gulf that
normally exists between a precedent and its resurrection is some modified form or new
synthesis.37

Therefore, a clarification of its semantics is essential to understanding the epistemo-
logical objective. In his works la Logique (Condillac [1780] 1821) and la Langue
des calculs (Condillac 1798), Etienne Bonnot Abbé de Condillac (1714–1780) had
already emphasized the importance of language in logical reasoning, stressing the
need for a scientific language for a scientific theory. The following is an example of
the importance of language in a scientific theory at Sadi Carnot’s time:

SECONDE PARTIE. L’analyse considérée dans ses moyens et dans ses effets, ou l’art de
raisonner réduit à une lange bien faite. [ : : : ].38

CHAPITRE V. Considérations sur les idées abstraites et générales ou comment l’art de
raisonner se réduit a une langue bien faite. [ : : : ].39

CHAPITRE VII. Combien le raisonnement est simple quand la langue est simple elle–
même, [ : : : ]. Erreurs de ceux qui préfèrent la synthèse à l’analyse. Toutes les sciences
seraient exactes si elles parlaient toutes une langue fort simple. Problème qui le prouve.
L’évidence d’un raisonnement consiste uniquement dans l’identité qui se montre d’un
jugement à l’autre. Les sciences peu exactes sont celles dont les langues sont mal faites.
L’algèbre n’est proprement qu’une langue.40

[ : : : ] Tout confirme donc ce que nous avons déjà prouvé, que les langues sont autant
de méthodes analytiques; que le raisonnement ne se perfectionne qu’autant qu’elles se
perfectionnent elles–mêmes; et que l’art de raisonner, réduit à sa plus grande simplicité,
ne peut être qu’une langue bien faite.41

Antoine Laurent de Lavosier (1743–1794) also wrote about the same ideas in the
Preface of his revolutionary Traité élémentaire de chimie in the eighteenth century.

Il [Condillac] y établit que nous ne pensons qu’avec le secours des mots [ : : : ].42

37Robert Fox in Carnot (1986), p 22, line 38.
38Condillac (1821), p 222, line 18. (Author’s italics and capital letter).
39Ivi, p 224, line 11. Please, see also p 126. (Author’s italics and capital letters).
40Ivi, p 225, line 13. Please see also p 147. (Author’s italics and capital letters).
41Ivi, p 162, line 7.
42Lavoisier ([1789] 1937, I, p XXV, line 9).
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[Condillac] enfin que l’art de raisonner se réduit à une langue bien faite.43

[ : : : ] De supposition fausse, en supposition fausse nous nous sommes égarés parmi une
multitude d’erreurs44 ;

[ : : : ] Alors nous n’avons su raisonner que d’après les mauvaises habitudes que nous
avions contractées [ : : : ].45

7.6 Which and How Many Principles did Sadi Carnot
Express in his Réflexions sur la puissance motrice du feu?

Below (Table 7.4), we list both the sentences and the scientific contents, expressed
concisely, of all the DNSs which show the methodological principles in thermody-
namic theory (Truesdell and Bharatha 1977) of Réflexions sur la puissance motrice
du feu. It is evident that more than one original scientific sentence may concern a
modern principle didactically written in a concise manner.

Table 7.4 The five methodological principles in Sadi Carnot’s Reflections

The original sentences in Réflexions sur la puissance motrice
du feu which express the groups of principles in the theory
(Carnot 1978)

The scientific content of five
principles in the Réflexions
sur la puissance motrice du
feu

A set of sentences (Drago and Pisano 2001, DNSs 8; 47�48*)a 1. In the machines W > 0;

does not consume Q, that is
Q D cost.

La production de la puissance motrice est donc due, dans les
machines à vapeur, non à une consommation réelle [¤ to
conservation] du calorique, mais à son transport d’un corps
chaud à un corps froid [ : : : ] [that is a formal manner of its
conservation] (Carnot 1978, p 10, line 20).
[Suppositions: quantities of caloric given and absorbed are
equal]. Ce fait n’a jamais été révoqué en doute [¤ it is sure];
[ : : : ]. (Carnot 1978, p 37, ft 1, line 8). Q D 0 in a cycle].
Le nier [to negate caloric theory], ce serait renverser[¤ to
affirm it would mean to maintain D so theory is correct] toute
la théorie de la chaleur, à laquelle il sert de base]. (Carnot
1978, p 37, ft 1, line 9).
B set sentences (Drago and Pisano 2001, DNSs 7, 9, 10*) 2. W> 0 only when there

exists �t ¤ 0La vapeur n’est ici qu’un [¤ it is] moyen de transporter le
calorique (Carnot 1978, p 10, line 2).

(continued)

43Ibidem, line 13.
44Ivi, XXXVIII, line 2.
45Ibidem, line 6.
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Table 7.4 (continued)

[Production of engine power and importance of thermostats for
different temperatures]. [ : : : ] sans lui [the cold], la chaleur
serait inutile [¤ through it is always useful]. (Carnot 1978,
p 11, line 8).
[About vapour] OJu la placerait–on une fois qu’elle aurait pris
naissance? Il ne faudrait pas croire que l’on put [indefinitely]
[¤you can blow off it], ainsi que cela se pratique dans certains
machines, la rejeter dans l’atmosphère: l’atmosphère ne la
recevrait pas. (Carnot 1978, p 11, line 11).
C set sentences (Drago and Pisano 2001, DNS 12) 3. Q causes both motion and

�V > 0La chaleur ne peut évidemment que [¤ it is] être une cause de
mouvement qu’en vertu des changements de volume ou de
forme qu’elle fait subir aux corps. (Carnot 1978, p 14, line 6)
D set sentences (Drago and Pisano 2001, DNS’s
22* D 23* D 29* D 30* � 27 D 28).

4. Impossibility of perpetual
motion

[Return of caloric from B body to A body]. [ : : : ] De
recommencer une opération entièrement semblable à la
première [caloric from A body to B body] et ainsi de suite: ce
serait là, non seulement le mouvement perpétuel, mais une
création indéfinie de force motrice sans consommation [¤
maintaining constant] ni de calorique ni de quelque autre agent
que ce soit. (Carnot 1978, p 21, line 1).
[Une semblable création est tout–à–fait contraire [¤ motive
power creation is according to] aux idées reçues jusqu’à
présent, aux lois de la mécanique et de la saine physique; [but
this creation] elle est inadmissible. [¤ the conservancy is
admissible]. (Carnot 1978, p 21, line 5).
[Perpetual motion and electricity] Ne sait–on pas d’ailleurs à
posteriori que toutes les tentatives faites pour produire le
mouvement perpétuel par quelque moyen que ce soit ont été
infructueuses? [D perpetual motion was not realized ¤ every
motion has an end] [¤ we know it] (Carnot 1978, p 21, ft 1,
line 6).
Que l’on n’est jamais parvenu à produire un mouvement
véritablement perpétuel [¤ we were able to produce motion
that has a sure end], c’est–à–dire un mouvement qui se
continuat toujours sans altération [¤ constant] dans les corps
mis en œuvre pour le réaliser? [¤ we are] (Carnot 1978, p 21,
ft 1, line 8).
Si elle était possible [motive power creation], il serait
inutile [¤ conservation makes useful] de chercher dans les
courans d’eau et d’air, dans les combustible, cette puissance
motrice [ : : : ]. (Carnot 1978, p 22, ft 1, line 11).
[If there is motive power creation]. [ : : : ] Nous eu aurions à
notre disposition une source intarissable [¤ conservation leads
exhaustion] oJu nous pourrions puiser à volonté. (Carnot 1978,
p 22, ft 1, line 13).

(continued)
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Table 7.4 (continued)

The original sentences in Réflexions sur la puissance motrice
du feu which express the groups of principles in the theory
(Carnot 1978)

The scientific content of five
principles in the Réflexions
sur la puissance motrice du
feu

E set sentences (Drago and Pisano 2001, DNSs 39) 5. Validity of all reasoning
even when �t ! 0On peut le regarder [�t ] comme nul en théorie, sans que pour

cela les raisonnements perdent rien de leur exactitude. [¤ they
continue to be exact results] (Carnot 1978, p 25, line 10).

Legend: the scientific content of Sadi Carnot’s principles are numbered from 1 to 5 in the last
column on the right
aIn the list, by means of “ * ”, we indicate that the sentences include an ad absurdum proof. When a
DNS is in a footnote, its number is written in italics; when an asterisk is added the DNS is included
in an ad absurdum proof

There are five methodological principles in Sadi Carnot’s theory – three more than
Lervig counted – and all of them are characterized by DNSs. Below, Table 7.5
summarizes the methodological principles and the DNSs’ serial numbers:

Table 7.5 Methodological principles and corresponding DNSs in Réflexions sur la
puissance motrice du feu

Methodological principles DNS’s serial number

In heat machines L> 0 does not consume Q 8; 47 � 48�
W > 0 when there exists �t ¤ 0, only 9
Q causes both motion and �V > 0 12
Impossibility of perpetual motion 22*(D23* D 29* D 30*) � 27 (D28)
Validity of all reasoning even when �t ! 0 39

Legend: DNS’s serial numbers refer to the original sentences (Drago and Pisano
2001)

Finally, Table 7.6 compares the principles of Sadi Carnot’s theory (reduced to two)
with the two expressed by Lervig and with the two of the modern mechanical theory
of heat.

The first thing we notice in Table 7.6 is that Lervig (for his own reasons)
has reversed the order of Sadi Carnot’s principles (also with respect to modern
thermodynamics); that is, he has set Sadi Carnot’s (methodological) principle of
the impossibility of perpetual motion as the first principle. If we restore the original
order, Table 7.6 presents us with a more natural comparison. Another significant fact
is that in every–case–conserved quantities (it is the first principle of every theory)
are claimed:

(a) In the first column (Sadi Carnot) that quantity is caloric.
(b) In the second column (Sadi Carnot according to Lervig with the principles conveniently

inverted) that quantity is heat.
(c) In the third (mechanical theory of heat) that quantity is energy.
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Finally, the second principle itself undergoes an evolution, though merely from
the qualitative (methodological) to the quantitative (axiom) while the nature of the
principle does not change (that is granted that) Sadi Carnot implicitly intended the
impossibility of perpetual motion of the second kind.

7.7 DNSs and Mathematics in Sadi Carnot’s Theory

Previous studies (Drago and Pisano’s works, Pisano’s works) on the logical
foundation in Sadi Carnot’s reasoning show that some DNSs express the crucial
correlations between both the work function (for a fixed quantity of heat Q, i.e. the
quantity that expresses the input of a heat machine) W > 0 (which expresses the
relevant output of a heat machine) and the single variables t, V, A (gas at issue) in a
heat machine. Let us notice that due to the difficulty of the theory on unknown gases
at the time, in order to be thorough we should also list other parameters unknown by
him. We can synthesize them with �. Thus, one can write all variables necessary for
the theory t, V, A,�. In this sense the whole first part of Réflexions sur la puissance
motrice du feu includes a subordinate thread of arguments on one more crucial
problem: is W/Q a mathematical function? In other words: is W/Q D f(t, V, A,�)
a valid mathematical notion? (See below Chapters 9 and 11).

Let us also notice that the pressure is not included because Sadi Carnot has plans
to use a gas as an agent and he had already shown (in Carnot 1978, pp 223–234)
that for a gas, a state equation on three variables p, V, t holds true. Subsequently,
by means of an ad absurdum proof (DNS 48*), Sadi Carnot presents his famous
theorem (DNS 49); it states the independence of Wmax/Q from the kind of gas;
hence, it characterizes the ratio W/Q as an abstract concept from all possible bodies;
therefore, it may be correctly considered as a true mathematical function (although
it is obvious on which variables it depends). Early in the first part of Réflexions
sur la puissance motrice du feu Carnot expressed the idea that to obtain work, it is
necessary to have a temperature difference (�t ¤ 0), (early in his exposition he
had already presented it through a methodological principle of the theory, DNS 9).
Then, Sadi Carnot goes on to state (by means of some DNSs) that, in a heat
machine, Wmax/Q has to depend on t only (DNS 49). In other words, he operatively
defines the physical quantity Wmax/Q, as a mathematical function of a variable, only
Wmax/Q D f(t). In fact, in the second part of Réflexions sur la puissance motrice du
feu – i.e. the part regarding gas theory in a long mathematical footnote (Carnot
1978, pp 73–79) –Sadi Carnot reasons mathematically, with the goal of finding
function f and its dependence with respect to temperature. Following this point
of view, logic would not only be an aspect of mathematical science, but would
acquire a cultural approach for a positive reception of the logic of physics and its
relation to mathematics. Below, in Fig. 7.6, we summarize the role played by DNSs
to introduce mathematics in Réflexions sur la puissance motrice du feu:

http://dx.doi.org/10.1007/978-94-017-8011-7_9
http://dx.doi.org/10.1007/978-94-017-8011-7_11
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Fig. 7.6 The relationship between mathematics and logic expressed by DNSs

7.8 Final Remarks

Sadi Carnot developed the entire first part of Réflexions sur la puissance motrice du
feu without mathematics. Despite the fact that Sadi Carnot was a former student of
École Polytechnique de Paris, he did not start his work by assuming sophisticated
mathematical concepts. On the contrary, the book is entirely discursive and essen-
tially based on his famous cycle.46 Relevant mathematical reasoning is only relayed
by a footnote (Carnot 1978, pp 73–79; Pisano 2000; Drago and Pisano 2005). In
fact, several DNSs (including those reported in this paper) show that Sadi Carnot,
rather than using mathematics, used logic to establish his celebrated reasoning.
For almost a century, engineers have developed this practice without any leading
scientific principle.

Philip Lervig’s interpretation of Sadi Carnot’s thermodynamics is essentially
based on the search for a link between the concepts of entropy and caloric. He
finds it within an analogy between the terms of the two principles of modern

46As previously mentioned, the cycle in the PV diagram was firstly introduced by Clapeyron (1834)
after Carnot’s publication of his book in 1824.
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thermodynamics and those (interpreted) of Sadi Carnot’s theory. Instead, as illus-
trated above, Sadi Carnot presented not two but five principles and all of them are
methodological and typical of a PO–theory. Moreover, two of those (sets B and E)
address the crucial dialectic relationship between physics and mathematics within
the theory. Thus, Lervig produced an important contribution to the effort of creating
a bridge between the principles of the two theories. However, we should remark
that his result appeared too closely linked to the post–analogy between caloric and
entropy (modern thermodynamics); and as mentioned in this paper, Sadi Carnot
did not include the concepts of energy and entropy in his book. He presented his
idea of energy in the unpublished manuscript discovered in 1966 (Gabbey and
Herivel 1966). One can also consider a certain epistemological continuity in the
principles of the two theories, despite the logical leap from caloric to the mechanical
theory of heat. Such continuity could be used as an interpretative hypothesis for a
more profound study of the later reformulation of Clausius and Kelvin’s theory
even if Sadi Carnot, as discussed in the first part of this paper (and differently from
Lervig’s interpretation), only argued in a PO–theory.

In summary, in this section we mainly dealt with the following points: (1)
Sadi Carnot’s thermodynamics is a theory without sophisticated mathematics and
it attempts to propose the preliminary and necessary conditions to introduce
mathematics into a field of phenomena where new physical magnitudes were fuzzy
and generally unknown (at the time) such as the relationship played by heat and
temperature. (2) The discursive part proceeds with DNSs following a rigorous path.
(3) The theory includes five methodological principles considered an exemplary
instance of the problematic organization of the physical theory. (4) These results
also explain why during such a great timespan his booklet was impenetrable to
historical interpretations. Since the author was unaware of this logical figure, the
DNSs illustrate (5) what the author’s presentation implicitly presupposes. In other
works (Drago and Pisano 2001, 2007), Carnot’s fundamental hypotheses, beyond
his discursive exposition of the theory, are revealed. Furthermore, DNSs are so
great in number (more than 60) that they are sufficient to summarize the completely
scientific content of Carnot’s theory. (6) In the end, the historical instance of
inductive thinking is even more interesting for one more reason: Carnot obtained
the theory by arguing about the practical application of the most utilitarian tools,
e.g., heat engines.

Moreover, we also discussed DNSs as a specific aspect of non–classical logic.
It would then seem that when we use the negation or double negation, we open
the door to a multiplicity of different meanings both in natural language and in
mathematically formalized logic: the comprehension of the meaning of a sentence
entails great intellectual difficulty. That kind of investigation could suggest that
the difficulty may lie in not having clarified a whole system of reasoning rules (a
system that is based on classical or non-classical logic). However, we have also
tried to show that DNSs can play a role in the scientific structure of a theory. They
could also contribute to intellectual clarification, not only of the way of reasoning,
but (also) of the language normally used. In fact, beginning with the study of
these types of scientific ambiguities and of natural language abuses, it would be
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possible to begin the study of thinking rules to justify the need for a formalization
that would precisely crystallize the different semantics of double negation into an
entirely different logical system. In this way, the theorization would not appear as
an abstract formalism, but would be strongly motivated and therefore the different
formalizations could (possibly) come forth naturally. PO–theories contain at least
one DNS not corresponding to its positive sentences. In this sense, they belong to
non-classical logic. Thus, the choice for the kind of organization of the theory is
characterized by the kind of logic employed. This fact thoroughly distinguishes PO–
theories and AO–theories. It is possible to view Carnot’s logical exposition, not as
an attempt to translate qualitative data into quantitative data (i.e. a mathematical
formulation) but rather, as an effort47 to clarify the fundamental method that
provides a means of introducing mathematics into thermodynamics.

Sadi Carnot’s doubts on the nature of heat (chaleur, calorique) and related
uncertainty, e.g., Clément–Desormes law in his Réflexions sur la puissance motrice
du feu are naturally justified. Moreover, the effort to reconcile48 the conservation of
caloric–theory and the novelty of the conservation of energy was valued by science
in France at the time. We know that the conservation law would only appear later,
mainly thanks to results of Joule (Fox1969; Joule 1965, pp 277–281, 1847, pp 173–
176), Clausius and Thomson (Clausius 1850, 1865a, b; Thomson 1848, 1851a, b).

Finally, in agreement with some historical theses49 – confirmed by the episte-
mological point of view in that section – Réflexions sur la puissance motrice du
feu lacks a certain mathematical sophistication that characterized other works of
physics at the time, and for this reason it would have been preferable to eliminate
certain doubtful or marginal arguments. Nevertheless, the effort to distinguish his
logical method of research by trying to introduce mathematics into new topics of
physics is an evident trace of a meticulous process of composition, typical of genius
worthy of his father.

47An effort, which appears similar to that made by Leonardo da Vinci (1452–1519) and later by
Galileo Galilei, to introduce mathematics in a mechanical theory: the deformability (Pisano 2010,
pp 34–50) of beams for the first and the resistance (Pisano and Capecchi 2010; Capecchi and
Pisano 2010a, b; Pisano 2009a, b, c, d, 2013) of cantilevers for the second.
48The role played by “conservation” and “chaleur spécifique à pression et à volume constants”
related with Delaroche and Bérard’s (Carnot 1978, pp 56–58, 70–72) Clément and Desormes (Ivi,
59), Gay–Lussac and Welter’s results (Laplace 1822, p 268) are very important in Sadi’s book. As
mentioned, he also wrote a long footnote (Ivi, pp 73–79; Fox 1988, p 292; Pisano 2000; Drago and
Pisano 2005) to better explain these facts mathematically. (Carnot 1978, pp 122–126; Delaroche
and Bérard 1813; Desormes and Clément 1819; Fox 1988, pp 290–300). (See below Chapters 9
and 11).
49Fox (1988), p 298.
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Chapter 8
What are the Scientific Roots of Sadi
Carnot’s Cycle?

Ciò che pressuppor possiamo, e che convengono tutti i fisici,
è che il fluido elettrico molta analogia ha con il fuoco [ : : : ]

(Volta 1918–1929, IV, p 353, line 14; s. transl. below)

In this section we investigate the possible origin of the idea of the cycle in Sadi
Carnot’s work, following the hypothesis of an analogy with the electric circuit in
Alessandro Volta’s battery. First we will present a comparison from the standpoint
of the fundamental concepts between Sadi Carnot’s theory of thermodynamics and
the theory of electricity. Secondly we will propose an analogy between Carnot’s
cycle and the cyclic path of the I current in Volta’s battery, whose current (between
two potentials) corresponds to the heat flux which flows between the two thermostats
of two reversible heat engines paired by Sadi Carnot. Additionally, we will report
and comment on some analogies between electrostatic, electric phenomena and heat
engines. In conclusion we present a global vision of every possible connection and
will discuss its compatibility.

8.1 An Outline of the Problem

Sometimes, not always,1 in the history of science, a process of scientific knowledge
advances with help from the assumptions that one has previously acquired from
another domain. In our case, one can consider the important analogy Sadi Carnot
(following his father, see Chapter 11) discovered between water and heat, which
respectively performed mechanical work and thermal work: the former by using
falling water, the latter by a decrease in temperature (see Chapters 9 and 11).

1Let us note, for example, the role played by artisans and practical science with respect to the birth
of modern (and more mathematical) science; or generally speaking, the role played by mechanical
science in engineers’ and architects’ designs during the Renaissance. (Pisano 2008).

C.C. Gillispie and R. Pisano, Lazare and Sadi Carnot: A Scientific and Filial Relationship,
History of Mechanism and Machine Science 19, DOI 10.1007/978-94-017-8011-7__8,
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Another assumption regards the principle of the impossibility of perpetual motion
for its maximum independence of the working substance in a cyclical heat machine.
Generally speaking, in the history of science, by considering the crucial role played
by mechanics in the development of scientific knowledge as compared, e.g., with
all other physical and mathematical domains, it is not “[ : : : ] surprising that people
attempted to apply mechanics conceptions wherever possible”.2 It is quick and easy
to think of Newton’s laws of universal gravitation and Coulomb’s electrostatic law.
Nevertheless, the history of science itself teaches us that this approach is not always
advantageous (i.e., normal science and scientific anomalies : : : ). Let us think about,
e.g., the differences among the foundations of mechanics and the foundations of
chemistry (Pisano 2007b), the foundations of thermodynamics (Pisano 2010), and
the relationship between physics and mathematics in the history of science (Pisano
2011a), e.g., Descartes ‘coordinates’ coordinates system and Clapeyron’s diagram,
space and time as physical and mathematical magnitudes, etc. (previously discussed
in Chapters 6 and 7; see also Bussotti and Pisano 2013).

It is well known3 that the concept of the cycle expressed by Sadi Carnot
in Réflexions sur la puissance motrice du feu had no significant precedents in
theoretical physics until the nineteenth century. It is also true that his father Lazare
discusses the state of a mechanical system that returns to its initial state with the
potential internal springs brought back to the initial tension (Scott 1971, pp 82–
103, 212–241); Poisson also talks about a cycle in his Traité de mécanique (Poisson
1823b, pp 5–16, 1833 II, pp 552–554; see also Truesdell 1980, pp 36–38, 1976,
208–235). However, these are previous cases that do not seem to have guided Sadi
Carnot in his book. Therefore, it is natural to wonder: where could the theory
of the cycle have come from? On the other hand, as far as we know, previous
historical reflections on the history of heat machines and related arguments, had not
considered engines from a cyclic point of view as well. For example, Watt proposed
a cycle of working operations of the entire engine but not of the working substance,
for which he only proposed a prolongation of the isothermal expansion with a phase
of adiabatic expansion – these are just two of the four phases of Carnot’s cycle. Thus
one may see the cycle in electricity and thermodynamics domains by

[ : : : ] bringing into parallelism a domain of facts with another more familiar domain. Rather
we must to understand by this word [theory] a complete and systematic representation of
the [scientific, historical] facts.4

E.g., could the concept of the cycle in Sadi Carnot’s theory come from the typically
cyclic operation of the electric current in Alessandro Volta’s battery5 (1745–1827)?

2Mach ([1896] 1986), p 314, line 12.
3An overview of this chapter was published in: Pisano (2003), pp 327–348.
4Mach ([1896] 1896), p 415, line 5. That is typically regarding the history of the foundations of
physics or, the long–term comprehension of the development of scientific knowledge in historical
epistemology (see, e.g., Chapters 6 and 9).
5Count Alessandro Giuseppe Antonio Anastasio Volta ([1968] 1998). Alessandro Volta invented
the battery when he was 54 years old and already one of the most famous European physicists.
In 1778 he was appointed Regius Professor of Experimental Physics at Pavia University in Italy
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In his Simultaneous discovery (Kuhn 1959), Kuhn investigated the history of the
formulation of the law of conservation of energy and claimed:

The availability of conversion process resulted principally from the stream of discoveries
that flowed from Volta’s invention of the battery in 1800.6

Further ahead he deduces that new formulations are made possible thanks to the
sometimes simultaneous contribution of scientists and studies from different cultural
and scientific backgrounds. To this end, Kuhn cites Mary Sommerville (1780–1872)
in On the Connexion of the Physical Science from 1832 and writes:

“The progress of modern science” she said in her preface, “especially within the last five
years, has been remarkable for a tendency to [ : : : ] unite detached branches [of science, so
that today] [ : : : ] there exists such a bond of union, that proficiency cannot be attained in
any one branch without a knowledge of others”. Mrs. Sommerville’s remake isolates the
“new look” that physical science had acquired between 1800 and 1835.7

Below, we list five facts – and some reflections – which reasonably suggest an
analogy between the electric phenomena in Volta’s battery and the thermodynamic
phenomena in Sadi Carnot ’s cycle:

1. Sadi Carnot cites Volta’s battery in a lengthy note in Réflexions sur la puissance
motrice du feu (Carnot 1978). In a footnote (Carnot 1978, pp 21–22, ft 1) he
affirms the impossibility of perpetual motion and feels it is necessary to consider
it valid for electric phenomena as well. This discussion was of general interest
because when Volta invented his battery, he frequently maintained that he had
found perpetual motion (he could do so since the Volta effect, origin of the
electromotive force, or most commonly e.m.f., was explained more than a century
after the invention of the battery) (Fig. 8.1).

(Pancaldi). The physics department was named after him; idem for the unit of measurement of
potential, which Volta called tension (later named the volt.) Nowadays more than 100 pieces of
apparatus invented or used by Volta were conserved at Pavia department of physics and digitalized
Le Opere di Alessandro Volta composed by 15 volumes for a national edition. See also the
international and very important project European Cultural Heritage Online Project (ECHO) by
Max Planck Institute for the History of Science in Berlin and other institutions. For details see:
http://echo.mpiwg-berlin.mpg.de/home and http://echo.mpiwg-berlin.mpg.de/content/electricity.
6Kuhn (1959), p 323, line 24.
7Ivi, p 324, line 27. (Author’s quotation marks).
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Fig. 8.1 Sadi Carnot cites Volta’s Pile (Carnot 1978, pp 21–22, ft 1)

2. Since it was in use at the time, Sadi Carnot called his invention appareil
électromoteur (Carnot 1978, p 21, ft 1, line 11). Regarding this point, Volta
wrote:

And above all, concerning the sense of tact: if, [ : : : ] I establish on one hand a good
communication using an extremity of my elettro–motore device (it is necessary to give
new names to new devices, not only for the shape but also for the effects or for the
principle on which they depend) [ : : : ].8

It should be noted that during Sadi Carnot’s lifetime, it is probable that this was
the only type of engine that was known besides the first heat engine. Generally
speaking, currently, we know that the battery is a device that converts chemical

8Volta ([1968] 1988), pp 526–527, line 36. (The translation is ours: RP). Cfr.: Volta (1796),
(1800a, b), (1987).
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energy into electric energy, just as Sadi Carnot’s heat machine is a device that
transforms heat (thermal energy) into (thermal) work.9

3. The invention of Volta’s battery achieved a scientific change, as well as a socio–
technological one. It had given birth10 to the electric current then seen as a fluid
analogous with caloric fluid for thermal phenomena. In the following listed and
cited works, Lettera Settima, Saggio teorico e sperimentale di elettricità and in
Del modo di render sensibilissima la piJu debole Elettricit Ja sia Naturale, sia
Artificiale (the latter read on March 14, 1782) Alessandro Volta emphasized his
interest in science within scientific domains, focusing on the analogy between
the two fluids:

I cannot avoid making note of an analogy, whose effects so much so, between electric
fluid and caloric fluid [ : : : ].11

[On the electric fluid, and its spreading in others domains]. [ : : : ]. Paragraph 83.
That which we can presuppose, and all physicists agree with, is that electric fluid is
very much analogous with fire, and produces various effects similar to those of fire;
and electric fire equally to electric fluid as all of them agreed to call it, [ : : : ] and we
distinguish it from common fire. [ : : : ].12

Who would not be struck by such a beautiful analogy in which electricity sheds
light on the new doctrine of heat, and in turn receives it? I speak of the heat doctrine of
latent heat orspecific heat [ : : : ] in which Black and Wil[c]ke sowed the seeds for a later
proposal by Dr. Crawford [his work Animal heat] after the experiences of Dr. Irwine.13

In addition, Sadi Carnot seems to echo Volta’s words, when, at the last moment –
and without plausible motives – he deletes the word “Chaleur” from the title of
his work and substitutes it with the old–fashioned “feu” (Carnot 1878a, folio 1;
see above Chapter 6).

4. Furthermore, Sadi Carnot’s Réflexions sur la puissance motrice du feu are
based on the concept of re–establishment of equilibrium of caloric; in his
theory on mechanical machines, his father Lazare Carnot had mainly focused
on general theory of machines and principles of equilibrium and of motion.14

It should be noted that the concept of heat equilibrium was introduced much
earlier than Sadi Carnot used in his thermodynamics theory. For example, in
the eighteenth-century, (1728–1799) during his professorship of medicine and
investigations on the calorimeter (Black) in Glasgow, based on his experiments

9In this chapter we will use the term “work” as Lazare and Sadi perceived it at that time. For our
purposes, at times, such as a meta reflection in modern terms, will refer it as “quantity” and without
explicit references Coriolis.
10Let us also note the previous invention of the Leyda bottle by Peter Mussheenbroek (1692–1761)
in 1745.
11Volta (1816), p 245, line 1. (The translation is ours: RP).
12Volta (1918–1929), IV, p 353, line 14. (The translation is ours: RP). He had quite a good
knowledge of French and English experiments and studies as he frequently referenced them
by names and descriptions (Volta 1782, pp 237–280; see also selected references in: Mottelay,
pp 248–249).
13Volta (1782), pp 278–279, line 28. (The translation is ours: RP).
14Carnot (1786), pp iv–v, 11–12; see also Carnot (1778), §§ 27–79, (1780), § 102, §§ 133–141;
Gillispie (1971), Appendix C, § 102, pp 301–303, §§ 133–141, pp 317–321. For the comparison
and relationship between the two Carnots on that argument see below Chapter 11.
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on transformations from liquid to vapor, heat’s effect (latent) as the main cause
of the change from one phase to another, etc., Joseph Black maintained that if
two bodies were in contact (today we say in thermal contact) the heat flows (out)
of the body in which the intensity (temperature) is highest, to the body in which
the intensity is lowest. The flux stops when the heat has the same intensity in
both bodies, that is to say, when both bodies are at the same temperature. In
other words, Black inductively clarified these concepts, establishing that under
certain experimental conditions, the phases of a compound can coexist in a
particular state called the state of equilibrium of heat, in our case, between the
two bodies. With respect to these crucial arguments of physics and the history
of physics, we list some original quotes concerning Lectures on the Elements
of Chemistry delivered in the University of Edinburgh by the late Joseph
Black (Black) during his professorship of medicine and chemistry (Partington;
Ramsey):

2. Of the Distribution of Heat. A second improvement in our knowledge of heat, which
has been attained by the use of thermometers, is the more distinct notion we have now
than formerly, of the Distribution of heat among different bodies. I remarked formerly,
that, even without the help of thermometers, we can perceive a tendency of heat to
diffuse itself from any hotter body to the cooler around, until it be distributed among
them, in such a manner that none of them are disposed to take any more heat from the
rest. The heat is thus brought into a state of equilibrium. This equilibrium is somewhat
curious. We find that when all mutual action is ended, a thermometer, applied to any
one of the bodies, acquires the same degree of expansion: Therefore the temperature of
them all is the same, and the equilibrium is universal. No previous acquaintance with the
peculiar reaction of each to heat could have assured us of this, and we owe the discovery
entirely to the thermometer. We must therefore adopt, as one of the most general laws of
heat, that “all bodies communicating freely with each other, and exposed to no inequality
of external action, acquire the same temperature, as indicated by a thermometer.” All
acquire the temperature of the surrounding medium. By the use of these instruments we
have learned, that if we take 1000, or more, different kinds of matter, such as metals,
stones, salts, woods, cork, feathers, wool, water and a variety of other fluids, although
they be all at first of different heats, let them be placed together in the same room without
a fire, and into which the sun does not shine, the heat will be communicated from the
hotter of these bodies to the colder, during some hours perhaps, or the course of a day,
at the end of which time, if we apply a thermometer to them all in succession, after the
first to which it is applied has reduced the instrument to its own temperature, none of
the rest are disposed to increase or diminish the quantity of heat which that first one
left in it. This is what has been commonly called an equal heat, or the equality of heat
among different bodies; I call it the equilibrium of heat. The nature of this equilibrium
was not well understood, until I pointed out a method of investigating it. Dr. Boerhaave
imagined, that when it obtains, there is an equal quantity of heat in every equal
measure of space, however filled up with different bodies; and Professor Muschenbroeck
expresses his opinion to the same purpose: “Est enim ignis aequaliter per omnia, non
admodum magna, distributus, ita ut in pede cubico auri et aëris et plumarum, par ignis
fit quantitas.C” The reason they give for this opinion is, that to whichever of those
bodies the thermometer be applied, it points to the same degree. But this is taking a very
hasty view of the subject. It is confounding the quantity of heat in different bodies with
its general strength or intensity, though it is plain that these are two different things, and
should always be distinguished, when we are thinking of the distribution of heat.15

15Black, I, pp 76–78, line 14. (Author’s quotations marks and italics).
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In regard to logic, it is also interesting to note that in his argument, Sadi Carnot
uses DNSs belonging to non–classical logic.16 Such a high number of double
negative sentences suggests that Sadi Carnot wants to express a concept that he
considers fundamental for the development of his theory. In particular, various
times in his book,17 Sadi Carnot maintains that the work of the heat machine
depends on the presence of �T ¤ 0. To achieve work, it is necessary to re–
establish the equilibrium of the caloric (Carnot 1978, p 23). Before Volta, Luigi
Galvani (1737–1798) asserted that an intrinsic electricity was already present
in a dead animal (the famous frog). In the state of disequilibrium, the external
conductors induced contractions in the frog’s muscles, therefore allowing for
the flux of this electricity even inside the animal; which according to Galvani,
had accumulated principally in the frog’s muscles. Galvani did not use his name
when he published Dell’uso e dell’attività dell’arco conduttore nelle contrazioni
dei muscoli (Galvani 1794a, [1841] 1998, pp 430–431 and footnotes; see also
1794b) in which he argued with Volta regarding Galvanic phenomena within
animals. In particular, he also described one of the most important experiments of
electrophysiology nowadays so called: muscular reactions caused by the contact
of nerves and corresponding muscle. In other words, according to Galvani, the
animal electricity is already in a state of equilibrium and it is ready to move if
opportunely stimulated by external or internal actions. Thus, Galvani thought it
plausible to claim:

This disequilibrium in the animal must either be natural, or be introduced by artifices.
Of course, if it will be in accordance to confess that the animal has[a] particular machine
for producing this disequilibrium [“disequilibrio”] [then] it will be reasonable to call
animal this kind of electricity in order to denote, not any electricity, but a particular
one, [that is] applied to a particular machine: if instead the disequilibrium is inducted by
artificial things, [then] to consider the animal as any humid body, as Mister Volta thinks,
will be sufficient.18

Following this idea, it also seems plausible that Sadi Carnot could have connected
the previous concept of disequilibrium belonging to Galvani’s theory, to that of
caloric disequilibrium in his theory on heat machines. In fact, both Carnot’s ideal
heat machine and Volta’s battery are devices made up of a fluid that circulates
between two potentials with different values. Therefore, the comparison between
the two types of engines could be proposed.

5. We will add a general interpretive hypothesis to explain historically how the
concept of the cycle was born in Réflexions sur la puissance motrice du feu.
Sadi Carnot developed his work on heat engines in an incredibly short amount of
time: less than 3 years. It is therefore reasonable to presume that it was actually

16The DNSs are discussed in previous Chapters 6 and 7. The DNSs that concern Sadi Carnot’s
reasonings on equilibrium are: 8, 15, 31, 45 (Carnot 1978, pp 1–112) and they are also listed below
in the Appendix. In addition, please see also: p 9, line 10; p. 10, line 7; p 10, line 10; p 12, line 3;
p 14 line 2; p 14, line 15; p 16, line 17; p 17, line 1; p 23, line 5; p 26 ft 1, line 2.
17DNSs 9, 31(D33 D 34), 32, 35 (D36), 37, 40, 41, 42, 43, 44, 45. (See below Appendix).
18Galvani ([1841] 1988), p 201, line 27; see also Galvani (1794a). (Translation is ours: RP). On
Galvani one can also consult: Galvani (1791, 1797).
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his father, Lazare, who conceived the ambitious project of generalizing his theory
about mechanical machines (see below Chapter 11), extending it to thermal
machines as well. He also wrote a rough draft on thermodynamics which he
passed on to his son, when Sadi Carnot went to visit his father in Magdeburg
in 1820. Therefore, Sadi Carnot provided a continuation to his father’s work,
albeit with extraordinary results. In fact, the most reasonable correlation between
mechanics and electrical magnitudes is based on Lazare’s mechanics and not on
Newtonian paradigm mechanics (Table 8.1).

Table 8.1 Mechanics and electricity. Some general analogies

Lazare Carnot’s mechanics Electric theory

Quantity of motion Ipi Electric charge Q
Flux of quantity of motion Ipi Flux of electriccharge of current IQ

Velocity vi Electric potential V
Viscosity � Electric conductance 	
Mechanical resistance Rp Electric resistance RQr

Mass of a body, m Capacity of a charged body, C
Mechanical Inductance 1/k (k of a spring) Electric inductance I

In this sequence of reasoning, we can assume that it was Lazare Carnot, rather
than Sadi Carnot, who first had the idea of the cycle for heat machines. This idea
could have been conceived at the moment in which Lazare Carnot and other French
academic scientists (see Figs. 8.2 and 8.3 below) witnessed Alessandro Volta’s

Fig. 8.2 Experiences by Alessandro Volta in front of Napoleon (1801) (“Esperienza di Alessandro
Volta al cospetto di Napoleone (Parigi 1801). Affresco di Nicola Cianfanelli nella tribuna Galileo
a Firenze (1841)” Original Photo credit: Saulo Bambi, Museo di Fisica e Scienze Naturali di
Firenze, Italy. With permission of Museo di Fisica e Scienze Naturali di Firenze, sezione Zoologica.
University of Firenze, Italy). (1841. Nicola Cianfanelli (1793–1848))
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Fig. 8.3 Alessandro Volta presents the battery to Napoleon Buonaparte (1801) (“Alessandro Volta
espone la pila a Napoleone Buonaparte (Parigi 1801). Autore Giuseppe Bertini (1897))”. Plate from
the original, with permission of Volta Temple in Como. (1897. Giuseppe Bertini (1825–1898))

experiments on the electric battery (which involves a cyclic path of the electric
current) that he presented on 7 November 1801 at Napoleon’s court. In fact, Lazare
Carnot always attended the presentations of new technological inventions and was
a great supporter of them (Reinhard). He may have been so impressed that he then
emphasized the importance of that apparatus to his son, thereby giving him the
suggestion for the first cycles in Réflexions sur la puissance motrice du feu.

Volta invented the first exemplar of the electric battery which came to be known
as Volta’s Pile (or also voltaic battery) in late 1799 (Volta 1799; Grattan-Guinness
1990a, b, p 491); and formally in a publication in 1800 (Volta 1800a, b). In fact,
on March 20, 1800, he wrote to Sir Joseph Banks (1743–1820), President of The
Royal Society of London describing the technique for producing an electric current
using his voltaic battery (Ibidem; see Fig. 8.4). In the end the French expedition to
promote his invention from Paris to Consulta at Lyon covered ca. 8 months, from
1 September 1801 to 22 April 1802. This may have been enough time for French
scholars to appreciate his invention.
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Fig. 8.4 Plates from Volta’s manuscript sent to The Royal Society of London (1800). Plates from
the original. With permission of Manuscript Archive of Istituto Lombardo Accademia di Scienze e
lettere: “Volta E27” (on the left) and “Carteggio Voltiano J68” (on the right)

8.2 A Comparative Analysis: Volta’s Battery
and Sadi Carnot’s Heat Machine

The idea, therefore, is to study which analogies with electric phenomena could have
guided Sadi Carnot in forming the idea of the cycle in his book. Here, we attempt a
comparative analysis between the cyclic operation (path) of Volta’s battery and the
(cyclic) operation of Sadi Carnot’s heat machine and therefore between the physical
quantities (and actions) that intervene in the thermal cycle and Volta’s battery (Volta
1800a, b).

8.2.1 An Analogy Between Heat Fluid and Electric Fluid

The following figure is performance and usual diagram of a heat machine (that can
work cyclically) (Fig. 8.5):

As previously stated, in Réflexions sur la puissance motrice du feu, Sadi Carnot
writes that he wants to reestablish the equilibrium of caloric and asserts that he can
achieve it in every heat cycle that makes the heat pass from temperature T1 to T2.
According to the theory of caloric, Sadi Carnot’s heat machine, whose fluid Q flows
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Fig. 8.5 Simplified
performance model of a
simple heat machine

from temperature T1 to temperature T2 (T1> T2), has a peculiar characteristic: at
the end of the production (or absorption) work process, the fluid returns to its initial
temperature; therefore it is possible to reinitiate a heat disequilibrium which brings
the caloric back to T1 and will be followed by a production of work that restarts from
the source at temperature T1. Even without the caloric hypothesis it can be seen that
in order to have caloric circulation, it must be brought back to temperature T1, and
this can be done with a reversible heat machine between the same temperatures;
additionally, heat is not lost in the environment. Therefore two paired, reversible
heat machines allow for the heat circle between the two sources practically to
infinity. This fact corresponds to the cyclic motion of the electric fluid in the battery
circuit (both external and internal). The correspondence leads to the connection of
the fem with the �T and the heat Q with the electric charge in motion q.

The Voltaic battery19 is a set of cells placed in a series. In the late 1800s Volta
learned that when two metals and brine–soaked cloth or cardboard are arranged
in a circuit they produce an electric current. In 1800, Volta stacked several pairs
of alternating copper (or silver) and zinc discs (electrodes) separated by cloth or
cardboard soaked in brine (electrolyte) to increase the electrolyte conductivity. In
detail, Volta used pairs of copper and zinc disks alternating with a wool cloth
soaked in salted or acidulous water (electrolyte H2SO4) following the sequence

19In a modern performance of the Voltaic battery all of the electric potential differences which
occur between every ionic pair that flow in the solution (before they reach the respective electrodes)
should be studied. However, assuming the exemplifying hypothesis that there are only two ionic
species of opposing charges in the solution (and that, in the solution, they move methodically), we
can consider a single constant electric potential difference (such as a hypothesis) for every couple
(of the two species) of charges found in the solution. It is also necessary to hypothesize that in the
acidulous solution, other disruptive phenomena such as those of overvoltage do not occur.
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copper–zinc–solution–copper : : :We can consider the Voltaic battery as an electric
engine that works with two electric potentials, between which an electric fluid flows.
This fluid completes a cyclical path made up of an external tract (CujZn) and an
internal one (ZnjSol. C Sol. C Sol.jCu).

Fig. 8.6 Volta’s Pile at Volta
Temple in Como, Italy
(Original photo. With
permission of Volta Temple
in Como)

Fig. 8.7 Simplified
performance model of voltaic
battery (One can consider the
motion from a potential V1 to
another one V2 (V1 >V2)
which (by also modernly
considering
chemical–physical
phenomena in parallel)
produces electric work WE .
Source: http://en.wikipedia.
org/wiki/File:Galvanic_Cell.
svg)

http://en.wikipedia.org/wiki/File:Galvanic_Cell.svg
http://en.wikipedia.org/wiki/File:Galvanic_Cell.svg
http://en.wikipedia.org/wiki/File:Galvanic_Cell.svg
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In addition to Volta’s battery (intended as an electric motor) we can adjust the
second principle of thermodynamics according to Kelvin where no process is
possible in which the sole result is the absorption of heat from a reservoir and its
complete conversion into work.

8.2.2 An Analogy Between the Cycle of Electric Fluid
and the Cycle on Heat States

The heat engine and the cycle achieved by the state of the thermal system is
composed of four physical processes. In the voltaic battery, there are also four
passages but they are contemporaneous. In order to have a thermal analogue
operation, it is necessary to consider an engine which is not single–cylinder but
is composed of four–cylinders: here all four phases occur simultaneously, just as
the electric current flows simultaneously in the external and internal circuits and
also in the transformations to the electrodes. It is well known that Sadi Carnot’s
heat cycle is made up of four physical transformations, alternating two by two. In
a voltaic battery four passages could be thought of (we know now they are in fact
present) which are chemical–physical actions (production and annihilation of ions
and motions in the solution and the wire conductor) due to the passage of the electric
charges (Table 8.2).

Table 8.2 Paths and analogies between Volta’s Pile and Sadi Carnot’s machine

Phases

Physical actions in electric
cycle during motion of current
between external electrodes Kind of path

Analogies between
heat and electric
phases

1 The charges q move from Zn Metal–solution Adiabatic
2 The charges q move the solution An internal path within

solution, but external to
electrodes

Isothermal

3 The charges q move to Cu Solution–metal Adiabatic
4 The charges q move from Cu to Zn An external path

between to electrodes
Isothermal

Clausius’s principle can also be repeated in the same way: no process is possible
whose sole result is the transfer of heat from a body of lower temperature to a body
of higher temperature.

8.2.3 An Analogy Between Heat Work and Electric Work

As previously mentioned, Sadi Carnot maintained that in order to obtain non–null
work, (in addition to a caloric fluid) a �T ¤ 0 (among thermostats) is necessary.
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In Volta’s battery as well, in order to obtain non–null work, a �V ¤ 0 is needed
(between reservoirs–potentials). The work produced by S. Carnot’s thermal machine
WT (which uses gas as an working substance) is given as:

W D F s (8.1)

Equation 8.1 can be written as:

FT�s D PA�s D WT D p�V (8.2)

in which P is the pressure on the piston and A is its area,WT is the thermal work, s is
the displacement and FT to mention an ad hoc force for thermal facts. Equation 8.2
has an analogous formula in the work produced by an electric field WE in Volta’s
battery, that is to say moving the charges from one potential to another: �V D
V2 � V1 (see Figs. 8.6 and 8.7):

WE D q�V D �VI t (8.3)

whereWE is the electric work. In the cycle of Sadi Carnot’s heat machine, heat work
is caused by the contributions of work calculated on just two isotherms. Sadi Carnot
fortuitously concluded (it is currently the result of the equivalence in first principle
of thermodynamics) that the work of the two adiabatic transformations should not
be considered (see below Chapters 9 and 11) since they are equal and opposite
and therefore (in the cycle) they annul each other (Pisano 2001; Drago and Pisano
2005). After collecting every element of this analogy, it is reasonable to construct
a theoretical parallel as shown in the following Table 8.3 which summarizes the
corresponding quantities between Sadi Carnot’s heat machine in thermodynamics
and Volta’s battery in electricity:

Table 8.3 Thermodynamic magnitudes and their correspondence with electric magnitudes in
Volta’s battery

Sadi Carnot’s thermodynamics theory Volta’s electric theory

Heat machine: Reservoirs–Potentials
(T1 > T2), heat, four complete phases

Volta’s battery: Electrodes–Potentials (V1 >V2),
electric charges, four complete phases

�T D T1 � T2 between Reservoir T1 and
Reservoir T2

Fem D �V D V1 � V2 between “Zn and Cu”
plus “Zn and solution” plus “solution–and–
solution” and “solution and Cu”

WT D p�V WE D q�V D �VI t

Heat (Chaleur–Calorique) Current I (electric charges in motion)
A full four–phases in heat cycle: A full four–phases in electric cyclical path:
1. An adiabatic transformation 1. The charges move from Zn (internal path)
2. An isotherm transformation 2. The charges move within solution (internal path)
3. An adiabatic transformation 3. The charges move toward Cu (internal path)
4. An isotherm transformation 4. The charges move from Cu to Zn (external path)
In order to obtain WT , one needs: In order to obtain WE one needs:
1. A �T ¤ 0 1. A difference of potential between electrodes

(continued)

http://dx.doi.org/10.1007/978-94-017-8011-7_9
http://dx.doi.org/10.1007/978-94-017-8011-7_11
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Table 8.3 (continued)

Sadi Carnot’s thermodynamics theory Volta’s electric theory

2. The heat is transferred from one of the
two reservoirs

2. An internal path done by ionic dissociations on
contact–surfaces between solution and two metals
(within solution)

The absorption of heat from the other
reservoir

The absorption of charges from a metal

8.3 On the Analogy Between Thermodynamics
and Electrostatics According to Mach’s Investigations

One might hypothesize that the analogy presented here could have been useful to
Sadi Carnot, at least for a general direction in his scientific reasoning. In particular
on the development of the thermodynamics laws in history and their analogies,
Mach claimed:

6. So far we have spoken principally of the agreement with one another of the forms
of energy. The differences of these forms from one another must not be overlooked, and
heat especially offers differences as compared with other forms. If we take the standpoint
mentioned above we see that: (1) The mere exact knowledge of the conservation of energy
is sufficient to obtain the theorem of Carnot and Clausius: and (2) Because this theorem
holds for the different forms of energy, a special position for heat is not conditioned by this
theorem. 7. As regards the first point. We have already mentioned that a full insight into
the conservation of energy not only allows us to recognize the transformation of one kind
of energy A into another B but also the fall of potential of A and the rise of potential of
B which is necessarily connected with this transformation. That the two properties of the
transformation of energy have been formulated in two different theorems – the two “laws of
thermodynamics” – is only due to the historical accident that a period of twenty years lies
between our knowledge of them. Only after ten years more were both properties expressed
in the theorem of Carnot and Clausius which is simply a more complete expression of the
fact of which the first law shows only one slide*. In the history of physics this is not without
an analogue. [ : : : ] 8. With respect to the second point, the following is clear. Analogy is
not identity; heat may therefore have other properties which are peculiar to itself. In fact, it
has such properties; but this particularity lies in circumstances independent of the theorem
of Carnot and Clausius. Every transformation of a kind of energy A is connected, in the
case of heat as well, with a fall of potential of the kind of energy considered. But while, for
other kinds of energy, with the fall of potential a transformation is inversely connected – and
consequently a loss in energy of the kind which falls in potential –, heat behaves in another
way. Heat may Buffer a fall in potential without experiencing a loss of energy – at least
according to the usual way of measuring it. If a weight sinks, it must necessarily generate
kinetic energy or heat or some other energy. An electric charge, too, cannot undergo a fall of
potential without a loss of energy, that is to say without transformation. Heat, on the other
hand, may be transferred with a fall of temperature to a body of greater capacity, though the
energy of heat remains the same. This is what besides its property of energy, gives heat the
character of a material substance*.20

However, we should note that official and shared and full theorization on the
phenomena concerning the battery and electricity was lacking at that time (Pisano

20Mach ([1896] 1986), pp 310–311, line 20. (“ *” D Author’s footnote).
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2012b). In fact, a comprehension–path from electric phenomena to electric–
magnetic phenomena was not immediate. For example, in the following table a
concise historical panorama21 of the scientific studies around the time of Volta’s
invention are presented (Table 8.4):

Table 8.4 Electricity and magnetism laws

Year Electricity Magnetism

1785 Coulomb’s law F D K
q1q2
r2

1800 Volta’s battery
1813 Poisson’s equation electrostatic potential r2V D �4�

1820 Ørsted’s experiments

1820 Biot–Savart’s law: dB D idEl � Er=r3
1821 Faraday’s lines

of forces
1825 Ampère’s mathematization for the interaction

between magnetism and electricity (motion of
particles)

1825–1827 Ohm’s law: V D Ri

1831 Faraday’s lawa: emf D � dˆ. EB/
dt

1832 Faraday’s law for electrolytic conduction: m D Mq
Fz

1834 Lenz’s rule
aIn 1831 Michael Faraday (1791–1867) demonstrated (without mathematics) the reciprocal
effect, in which a moving magnet in the vicinity of a coil of wire produced an electric current.
Ørsted’s experiment on a magnetic needle led Faraday to conceive the notion of a magnetic field
(Pisano 2012b)

Where briefly (for our aims),

• 1785: Coulomb : : : attraction and an irreversible advancement toward new
phenomena to explain the repulsion and try not to lose the Newtonian physical
mathematical approach (1785).

21Another concise list might be (for our purpose): 1745: Grummert studies electric light in vacuo.
1745: Miles reads at The Royal Society (March 7) a paper concerning phosphorus, electricity and
the role played by conducting bodies. Pivati writes Lettere della elettricità medica. 1753: Beccaria,
scientific works on electricity are produced. 1756: Le Chevalier Jacques CF de la Perrierc de
Roiffe write Mécanismes de l’électricité et de 1’univers. 1757; Wilcke studies the production of
electricity by means of melting electrical substances (following Stephen Grey’s studies). 1769:
Volta addresses his de attractiva ignis electrici to Beccaria. 1775: Cavallo studies relationships
between electricity and atmosphere and invents a small electroscope and a condenser of electricity.
1775: Volta produces quite important experiments on his inventions making them known by
letters, e.g., the electrophorus, a sort of perpetual reservoir of electricity. 1759–1778: Benjamin
produces important essays on electricity. 1781: Lavoisier proposes (see also Volta and Laplace)
that electricity is developed when solid or fluid bodies pass into the gaseous state. 1781: Kirwan,
President of the Dublin Society and of the Royal Irish Academy produces quite important works
on magnetism and electricity and receives from the English Royal Society its Gold Copley medal.
1790: Vassalli publishes his views concerning the electricity of bodies, electricity of water and ice.
1793: Fontana works on animal electricity. (Cfr.: Mottelay).
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• 1799–1800: : : : but Volta’s experimental (only) innovations: electrophorus
produced an electric charge without a mechanical Coulomb balance; electric
circuits; dynamics without inertia and mechanical forces; cyclical dynam-
ics. Newtonian cause–forces were substituted by interaction. The chimera of
perpetual motion. A new theory advanced without a basic (mechanical) model
and without sure scientific dialectic among foundations and without relationship
among known structures.

• 1820: Ørsted performed an important experiment which showed that there was
a connection between electricity and magnetism. When a current was switched
on through a wire, it made a compass needle turn so that it was at right angles to
the wire. The current had produced a magnetic field strong enough to cause the
compass needle to turn (Ørsted 1822, 1823).

• 1820: Ampère (on 11 September), produced specific works based on Ørsted’s
discoveries on the magnetic needle.

• 1820: Ampère (on 18 September), mathematically (parallelogram rule) demon-
strated that parallel wires carrying currents attract or repel each other, depending
on whether currents are in the same (attraction) or in opposite directions (re-
pulsion). Ampère’s theoretical hypothesis: with respect to Ørsted’s experiments,
he proposed a set of circular current: “ : : : not the conductor crossed by current
become a magnetic : : : , but the magnetic object is a complex system of currents”
(Ampère 1822a, 1822b, 1826, 1827).

• 1820: The law of Biot and Savart, formulated by Jean–Baptiste Biot and Félix
Savart around 1820, is the fundamental law of magnetic force, analogous to
Coulomb’s law for electric force. It specifies the direction and strength of the
magnetic field next to a conductor carrying an electric current. Like Coulomb’s
law, there is an inverse–square dependence on distance, but the behavior of
magnetic fields is much more complicated than that of electric fields.

• 1825: Ohm examines the decrease in the electromagnetic force produced by
a wire as the length of the wire increased. The paper deduced mathematical
relationships based purely on the experimental evidence that Ohm had tabulated.

• 1826: Ohm conduction in circuits modelled on Fourier’s study on propagation of
heat.

• 1827: Ohm’s law appeared in the famous book Die galvanische Kette, mathe-
matisch bearbeitet (The Galvanic Circuit Investigated Mathematically) in which
he gave his complete mathematical theory of electricity with respect to a non–
mathematical approach to those physical phenomena at that time.

• 1831–1845: Faraday’s experiments and innovations: e.m.f. and magnetic field,
vectors without use of a mathematical approach.

In other words, one might wonder if the analogy could carry on in light of modern
results regarding electric phenomena. We will now see a few studies on the subject.

In 1896, Mach in his book on the historical development of the Principles of the
theory of heat (Mach [1896] 1986) wrote several pages generalizing Carnot’s cycle
claiming that
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The reversible cyclic process which performs work is not limited to thermal processes.
There is no difficulty in imagining analogous cyclic processes for any other events whatever
electrical, for instance. Footnote:* For the last twenty years it has been my habit to discuss
such examples in my lectures.22

In the end a question might be: was the cycle a concept specific to the thermody-
namics of 1800 or can there be equivalents of Sadi Carnot’s cycle in other scientific
theories? Moreover, can that technique of arguing be adopted for another scientific
theory? With regard to the possibility of generalizing Sadi Carnot’s cycle on a meta–
theoretical level, Mach argued the fact that if a part W 0 of a kind of energy, e.g.,
W C W 0 at potential V 0 transforms itself into one or more kinds of energies, then
the remaining part W decreases to a potential V.

Thus one can write:

.W CW 0/
V 0 � W

V
D 0:

From that equation – according to Mach – other related operations follow (Mach
[1896] 1986, pp 309–310). In particular, the aforementioned formula (Ivi, p 309)
expresses, in our historical epistemology interpretation of Sadi Carnot’s thermody-
namics, the formula for Carnot’s cycle23:

.Q2 C q/

T1
� Q2

T2
D Q1

T1
� Q2

T2
D �S D 0 (8.4)

where it should be noted that he uses the first principle of thermodynamics, since the
work is given by the disappearance ofQ0 (W 0). Therefore, he maintains that through
Sadi Carnot’s cycle, other physical systems, which come from very different
physical theories, can be interpreted: mechanics or electrostatics for example. In
fact, Mach describes two rather significant and direct analogies regarding Sadi
Carnot’s heat cycle:

1. The first one, cited by Mach, belonged to Zeuner ([1860] 1866) and discussed
thermal processes and mechanical processes in order to shed light on the meaning
of term Q/T which he referred to as “weight of heat (Wärmegewicht)” in an
attempt to compare Sadi Carnot’s heat cycle process to mechanical process using
heavy masses. (Mach [1896] 1986, pp 275–276, 306–309).

2. The second one was proposed by Mach himself and concerns an electrostatics
system which expands and contracts. It is mainly composed of a body having
a great capacity of charge between two given potentials (Mach [1896] 1986,
pp 308–309).

22Mach ([1896] 1986), p 308, line 10; see also pp 142–145.
23For the sake of consistency, at letters W and V in the quotation from Mach we respectively
substituted the letters Q and T.
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Let us examine Mach’s analogy. In the following an electrostatic mechanics cycle
see (Fig. 8.8) by means of an expandable metallic sphere which dilates and contracts
between two capacitors at potentialsV1 and V2 (V1 > V2) is represented.

Fig. 8.8 A simplified performance model based on Mach’s arguments (We tried to report and
adapt Mach’s discursive reasoning in a performance model (Mach [1896] 1986, pp 308–309))

Below, we also provide a comparison between the electrostatic phases described in
the previous figure and the phases in Carnot’s cycle (Table 8.5):

Table 8.5 Electrostatic paths and Sadi Carnot’s cycle

Phases in an electrostatic cycle Phases in Sadi Carnot’s heat cycle

1st phase: from A, which is at constant potential V1, the
metallic sphere receives electric charge �q and expands due
to electric repulsions.

Isothermal transformation

2nd phase: after the sphere is isolated and it continues its
expansion until potential V2.

Adiabatic transformation

3rd phase: by entering into B, the sphere contracts at
constant potential V2, transferring �q to it.

Isothermal transformation

4th phase: after the sphere is isolated, and it continues its
contraction until it reaches potential V1.

Adiabatic transformation

Therefore, for the cycle in the metallic sphere and in Sadi Carnot’s cycle the
following are valid (for both cases, and keeping in mind the first principle):
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�
�qV2
2

�

V2
D
�
�qV1
2

�

V1
� Q2

T2
D Q1

T1
; (8.5)

and in the end the efficiency is:

� D
�q.V1�V2/

2
�qV1
2

D .V1 � V2/
V1

� W

Q2

D .T1 � T2/

T1
: (8.6)

In the following table, we list the correspondences between thermodynamic quanti-
ties and electrostatic quantities:

Table 8.6 Correspondence
between the physical
thermodynamic quantities
and the quantities of an
electrostatic cycle

Thermodynamics Electrostatic machine

T1,T2 V1,V2

2
Q

T
D 2�S

�
�qV
2

�
V

Q1

�
�qV1
2

�

Q2

�
�qV2
2

�

W
�q.V1�V2/

2

�T D .T1�T2/

T1
�EMach D .V1�V2/

V1

In conclusion, he proposed a strong connection between the magnitudes of the two
theories. However, in Table 8.6, the two quantities of electric charge indicated by
Mach are different and the quantities of heat yielded and absorbed are also different.
This contradicts caloric theory and is consistent with modern heat theory. Therefore,
the previous analogy would have been useful for Sadi Carnot if only he (according
to the doubt expressed in his footnote (Carnot 1978, pp 73–79)) had definitively
abandoned caloric theory. In addition, it must be noted that Mach’s contribution
concerns electrostatics, whereas for the purpose of this document, the link between
thermodynamics and the electric current is needed. However, while Sadi Carnot
used the heat entering and exiting the machine in thermodynamics, Mach treated a
cycle achieved by quantities of electric charges entering and exiting the sphere; in
fact, in Mach’s description, charge �q first exits and then enters the sphere, then
falls at potential V2; therefore the charge transfers from A to B (without considering
time and space). This transfer can be thought of as a current analogous to that
of Volta’s battery. Therefore, Mach’s analogy represents the dynamics of electric
charges just as Sadi Carnot’s cycle represents heat dynamics. Therefore the analogy
between Carnot’s heat machine and Volta’s battery could advance by placing Q in
place of heat, the (general) quantity �qV

2
, until entropy is reached, but diverging

from caloric theory.
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8.4 Other Kinds of Analogies

Let us examine some other analogies and attempt to determine whether they were
feasible for Sadi Carnot. We now conclude the section dedicated to Mach and begin
a new section by discussing Mach’s interesting point of view on the crucial role
played by scientific analogies in the history of science:

The free fall of bodies first becomes familiar to us. The conceptions of force, mass, and
work are transferred, with proper modifications, to electric and magnetic phenomena. A
stream of water is said to have furnished to Fourier his first intuitive picture of a thermal
stream. A particular case of the vibration of strings investigated by Brook Taylor explained
to Fourier a particular case of the conduction of heat. Just as Daniel Bernoulli and Euler
compounded the most various vibrations of a string out of Taylor’s cases, so Fourier
compounded the most various distributions of temperature out of simple ones analogous
to Taylor’s particular solution; and this method has spread over the whole of physics. Ohm
modelled his notion of electric currents after Fourier’s of thermal currents; then came Fick’s
theory of diffusion; and in an analogous way a notion of magnetic currents was developed.
All kinds of stationary currents display in fact, common features; and even the state of
complete equilibrium in an extensive medium shares these features with the dynamical
state of equilibrium. Things so far apart as magnetic lines of force of an electric current
and the stream–lines of a frictionless fluid vortex enter thus into a relation of similarity.
The conception of potential, which was originally set up in a narrowly bounded domain,
assumed a wide applicability. Things so unlike as pressure, temperature, and electromotive
force show agreement in their relations to the conceptions derived from them in a definite
way: slope of pressure, slope of temperature, slope of potential and likewise intensity of
a fluid, thermal or electric current. Such a relation of systems of conceptions in which
both the dissimilarity of any two homologous conceptions and the agreement in logical
respects of any homologous pair of ideas corner to clear consciousness, we are accustomed
to call an “analogy”. It is an efficient means of subduing heterogeneous domains of facts
by taking a single view. Here is clearly indicated the way in which we shall at last get a
general physical phenomenology which embraces all domains and would be an exposition
of physics which is free from hypotheses. The theorem of Carnot and Clausius, which was
originally borrowed from a resemblance in the behavior of heat to that of a heavy liquid,
may be transferred by paying attention to such analogies, to all domains of physics [ : : : ].24

8.4.1 On the Birth of Electricity and Thermodynamic Theories

An interesting surrealistic story was proposed (Fuchs 1986, 1987, 1996) as an
analogy on the origins of the theory of electricity. It emphasizes that the new
theory may have been conceived according to the same historical stages as the
birth of thermodynamics. In this sense, the author is very clever in letting the
analogies between the magnitudes in the two theories emerge naturally. Therefore,
the scientists also change historical placement in the story. The research mainly
deals with the working substances on a parallel–plate–capacitor.25 We will examine
parts of Fuch’s story (Fuchs 1986), including and discussing his main corpus to see
if some of his analogies and elements might be of interest for our purposes.

24Mach ([1896] 1986), pp 368–369, line 8. (Author’s quotation marks).
25Let us note that the electric phenomena examined in this section are naturally different from the
electrostatic phenomena presented in previous section.
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Fuchs’ analogy concerns internal energy Ei of an electric system that can change by
adding (or removing) electric charges, and by achieving (or absorbing) mechanical
work W.

An equation can be written:

dEi D dK C dW: (8.7)

This establishes the content of the first principle of thermodynamics. Therefore, in
that surrealistically story, “Clausius” (who notably studied thermodynamics but in
Fuchs’ tale appears to be a scholar of electro–technique) began to study electric
machines (engines) implementing calculations for an ideal parallel–plate–capacitor.
Below Eqs. 8.8 and 8.9 are obtained.26 The following is the equation of state for a
parallel–plate–capacitor:

Fx2 D 1

2
"0AV

2 (8.8)

In the story Eq. 8.8 conceptually corresponds to the ideal gas equation PV D nRT.
Furthermore, in the story “Clausius” concluded that if the capacitor is no longer
connected to the battery, a force F between the plates does not depend on distance
x (provided that it is a short distance): distance and potential vary in such a way that
F is left unaltered (Fuchs 1986, p 907). Next, according to Fuchs, “Clausius” also
obtained (directly from the aforementioned observation) the expression of internal
energyEi from a parallel–plate–capacitor:

Ei D Fx D 1

2
"0A

�
V 2

x

	
: (8.9)

Thus, “Clausius” determined the value of the work of a particular closed cycle of
this machine whose plates can be moved short distances. The cycle was achieved
through two isovoltaic phases 2 and 4 (at constant potential, for which F and x
vary along a square hyperbola) and two anelectric phases 1 and 3 (in an anelectric
phase, �K D 0 and F D const:). In Fig. 8.9 phases 1 and 3 are anelectric, phase
2 is isovoltaic at potential V2, and phase 4 is isovoltaic at potential V4. The work
produced by this machine, by definition as force–displacement, can by calculated as
the area represented in the diagram F–x, force and distance (see Fig. 8.9); for Eq. 8.9
this diagram has the same function as Clapeyron’s P–V diagram in thermodynamics.

It should be noted that from the first principle with one transfer to differential
Eq. 8.9, the following expression can be obtained:

dEi D @E

@V
dV C @Ei

@x
dx D "0A

V

x
dV � 1

2
"0A

V 2

x2
dx: (8.10)

26In the Eqs. 8.8 and 8.9 we exchanged the letter “P” used by Fuchs with the letter “V”.
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Fig. 8.9 Simplified performance model of electric cycle machine composed by two anelectric
(1 and 3) and two isovoltaic (2 and 4) phases proposed by Fuchs (1986, p 908)

Moreover, it must be noted that if we include, in the second addendum of Fuchs’s
calculations (see Eq. 8.10), the term dW D Fdx D 1

2
"0A

V 2

x2
dx (with a positive

symbol) Eq. 8.7 will be:

dK D "0A
V

x
dV � 1

2
"0A

V 2

x2
dx � 1

2
"0A

V 2

x2
dx

D "0A
V

x
dV � "0A

V 2

x2
dx

(8.11)

From which the following equations suggested in the story are obtained (Fuchs
1986, p 908, Eqs. 4 and 6):

For anelectric transformations: dK D 0 ) V � x

For isovoltaic transformations: dV D 0 ) dK D �"0 AV 2x2
dx

At this point, if we rethink and include Mach’s reasoning (from the previous
paragraph) with Fuchs’s surrealist story, we obtain the following result for Carnot’s
cycle:

�K1

V1
C �K2

V2
D 0I (8.12)
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and in general for an electric machine (Fuchs 1986, p 908), we can write:

�	 D
I
�K

V
D 0: (8.13)

In Fuchs’s surrealistic story, “Clausius” calls reduced electricities the quantity dK
V

.
From Eq. 8.13 it can be seen that the efficiency of the cycle of an electric machine
(with V2>V1) is:

�E D V2 � V1
V2

: (8.14)

Consequently, dK which was not an exact differential (in fact, in its previous
anelectric and isovoltaic expressions, Schwarz’s criterion on mixed derivatives does
not produce equality) clearly becomes an exact differential if it is multiplied by
integrating factor 1/V, as is indicated in Eq. 8.13; thus dK

V
has a primitive function

that is actually electric charge Q and the cyclic integral of dK
V

is null. Therefore, the
quantity that falls between the two potentials is the electric charge that, in this case,
can be compared to the thermodynamic quantity entropy dQ

T
:

The following table summarizes the correspondence between the physical
quantities of thermodynamics and of electricity according to Fuchs’ story.

Table 8.7 The thermodynamic physical magnitudes and their correspondence in
electrostatics according to Fuchs’ story

Thermodynamics Electrostatics

T1,T2 V1,V2
�S D H dQ

T
(Entropy) �	 D H

dK
V

(“reduced electricity”)
WT D p�V WE D 1

2
"0E

2
0Ax

WT , Q (equivalence work–heat) WT , K (equivalence work–electricity)
dU D dQ C dW dEi D dK C dW
PV D nRT Fx2 D 1

2
"0AV

2

�T D W
Q

D
�
T2�T1
T2

�
(Efficiency< 100%) �E D

�
V2�V 1
V2

�
(Efficiency< 100%)

Reversibility of heat machines Reversibility of electric circuits
Irreversibility of heat machines No

It should be noted that in both of the previous cases we saw a physical object that had
an expansive force (or for example repulsion between charges), which is regulated
by the entry of material (electric charges); just as in thermodynamics, where the
physical system is characterized by an expansive force of gas, which is regulated by
the entry of heat. The comparison of Tables 8.6 and 8.7 allow for several reflections
on their affinity, e.g.:

• How could a person have conceived the analogy between heat Q and �qV
2

during
Sadi Carnot’s lifetime?
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• Would it be necessary to understand whether or not Mach’s formulas came before
or after Sadi Carnot’s work?

• Furthermore, did they come before or after the invention of the parallel–plane
capacitor?

8.4.2 On the Caloric and Entropy

We will now examine another analogy (Schmid 1984). The formulation of ther-
modynamics proposed by Schmid is based on an analogy between the concepts of
entropy and concept of caloric. In an article from 1911, Callendar claimed:

Finally, in 1865, when its importance was more fully recognised, Clausius [ : : : ] gave it
the name of “entropy,” and defined it as the integral of dQ/T. Such a definition appeals
to the mathematician only. In justice to Carnot, it should be called caloric, and defined
directly by his equation W D AQ(T � T0), which any schoolboy could understand. Even the
mathematician would gain by thinking of caloric as a fluid, like electricity, capable of being
generated by friction or other irreversible processes.27

The analogy is obtained by reformulating all of thermodynamics as a consistent
theory of two fluids: S (entropy) and E (energy) (Schmid 1984, pp 794–799; see
also Falk et al. 1983; Falk 1985). Below, we provide the schematization of the
electric machine according to Schmid’s ideas. This is a global vision of the entering
and exiting of energy fluids and entropy from a heat machine (Fig. 8.10). It is clear
that in this way, the time variable t, ignored by Sadi Carnot, is introduced as an
essential element:

Fig. 8.10 Simplified performance model of Carnot’s cycle by Schmid (Adapted by Schmid 1984
p 794)

Here, Schmid uses entropy (seen, in his opinion, as Sadi Carnot’s caloric at
T D const.) for the calculation of efficiency �, and in doing so includes the first prin-
ciple of thermodynamics in his theory. He argues that the most important quantities
of quantum mechanics are energy, quantity of motion, angular momentum, the
electric charge and the cell: these are different from the concepts of the principles in

27Callendar (1910), p 1. (Author’s quotation marks).



252 8 What are the Scientific Roots of Sadi Carnot’s Cycle?

mechanical paradigm in the history, whose mass and quantity describe the trajectory
and are instead similar to the extensive quantities of thermodynamics.28 These
quantities, according to Schmid, have something in common conceptually; each
of them can be thought of as being both contained in a physical system, and in
the flux from one system to another. Therefore each of them can be imagined as
a type of “fluid”. This is the reason that pushed Schmid to define these quantities
as “substance–like” (Schmid 1984, p 794). Among them, entropy is considered the
typical quantity of thermodynamics. On this subject, Schmid wrote:

The idea that a physical quantity is substance–like first appeared historically in connection
with quantities like mass and electric charge. In the phenomena of heat, two substance–
like quantities are manifest: energy and entropy. Each is contained in a material body. It
even makes sense to speak about the amount of energy E or entropy S contained within an
arbitrary region of space. If a body or in general, a region of space filled homogeneously
with energy and entropy is divided in two each contains half the original total amount of E
or S. Energy obeys a general conservation law (the First Law of thermodynamics). Entropy
obeys a general law forbidding its destruction (the Second Law of thermodynamics). These
two statements mean (1) the amount of energy contained within a body or, in general, within
a region of space can only increase (decrease) if energy flows into (out of) the body or region
in question; and (2) the amount of entropy contained within a body or, in general, within
a region of space can only increase (decrease) if entropy flows out of the body or region.
The amount of energy can increase, however, either via the inflow of entropy into the body
or region in question or by the local creation of entropy. When we say a quantity A is
substance–like, we mean several things at once, most of which are generally familiar from
the traditional description of electric charge. (1) A spatial density 
A exists such that the
amount of A contained in an arbitrary region R of space is given by the volume integral
A D R

R 
AdV [ : : : ].29

Below, we provide Table 8.8 in which we list the corresponding physical quantities
proposed by Schmid between thermodynamics and electricity:

Table 8.8 The thermodynamic physical magnitudes and their correspon-
dence in electrostatics according to Schmid’s proposal

Thermodynamics Electricity

Q IE

�S D H
dQ

T
(Entropy) d

dt
AC IA D P

i

Ai

Energy E d
dtAC IA D 0

Reversibility of heat machines Reversibility of electric circuits
Irreversibility of heat machines No

Where:

28It should also be noted that energy, quantity of motion and angular motion also appear in
mechanics; but in this case only as convenient instruments for calculation, never as fundamental
concepts; in fact in this theory the fundamental quantities are trajectory, velocity, mass and force;
where the quantity of motion is just another name to indicate the product of velocity times mass
and energy as a certain constant of motion.
29Schmid (1984), pp 794–795 (Author’s italics, numbers in running text and capital letters).
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(a) 
A D the spatial density of a quantity A, within an arbitrary region R of space. A
is given by the volume integral,A D R

R

AdV . dV is the volume element of R.30

(b) IA D flux of A (the intensity of the current of A) through an oriented surface F is
given by the integral of the current density jA on the entire surface IA D R

F

jAdf .

df is the volume element of F.31

(c) d
dtACIA D P

i AiD is the rate at which the quantity A and is created (negative
creation D destruction) in a given region R. It is a continuity equation and
expresses the conservation of the quantity of charge A. It comes from the
equation d

dt
A C rJA D 	A where 	A is the source density of the quantity A.32

For our purposes, let us see the validity of the concept of reversibility in Schmid’s
analogy. In fact, while reversibility is a crucial discovery in Sadi Carnot’s theory,
Schmid in his scientific teaching aims, a priori presupposed reversibility and
(correctly) wrote the following formula

IE D TIS
33

Here the entropy current IS is always accompanied by an energy current IE. In this
formula, the term T is the absolute quantity temperature. It concerns how much
energy is transported by entropy current IS, or how much energy current is that
which is charged to the entropy current. The equation IE D TIS assumes a more
familiar appearance and we consider currents IE and IS in terms of variations dE/dt
and dS/dt which express how the quantities of energy E and entropy S are contained
within a system which change in time. In agreement with previously listed (a), (b),
(c) and with Schmid’s formula (Schmid 1984, formula (5), p 795), the following
quantities can be written:

IE D �dE

dt

IS D �dS

dt
:

(8.15)

And revisiting Schmid’s analogy, they can be also written as:

dE D TdS: (8.16)

They are better known as Josiah Willard Gibbs’s (1839–1903) fundamental formula
for a system in which all of the extensive variables (firstly V) are kept constant,
except S . By using Eq. 8.15 Schmid uses it as if it expresses the content of the first
principle. With it, he then attempts to construct an analogy between electricity and
the mechanical theory of heat. It should be noted, however, that Eq. 8.16 (proposed

30Schmid (1984), p 795.
31Ibidem.
32Ibidem, respectively formulas (3) and (4).
33Ibidem, line 6, formula (5).
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by Schmid as the expression of the analogous first principle) partially includes
the content of the first principle of thermodynamics since W D pdV is lacking.34

Therefore, as announced at the beginning of the paragraph, it (such as a derivative)
indicates at most a local reversibility. In other words, from a physics standpoint,
it can only express local information on the variation in a point of a determined
phenomenon; and not information on the global variation of a given physical system
which expresses the reversibility of heat (or mechanical) machines en général. Thus,
in the comparison between caloric and entropy (if we truly have historical facts to
establish that in Réflexions sur la puissance motrice du feu, caloric at a constant
temperature might be defined as sort of Carnot’s entropy), T and Q/T appear as
quantities given a priori. Instead, Sadi Carnot, especially in the discursive part of
Réflexions sur la puissance motrice du feu (see Chapter 7) works to define them. In
addition, in this analogy, entropy is linked to energy, which Sadi Carnot (1978) does
not consider; at most, Wmax is considered.

In the end, for his reasonable scientific teaching aims, Schmid attempts to
mathematically quantify his arguments by adopting a priori the first principle of
thermodynamics, which inevitably leads him to the obvious physical–mathematical
consequences that emerge when the concept (evenonly intuitively) of caloric is
adopted in classical thermodynamics. In this sense, with respect to Mach’s and
Fuchs’ analogies, the introduction of energy and entropy concepts in Sadi Carnot’s
work appear historically inadequate; however, they are very interesting for better
defining its foundations.

8.5 Final Remarks

The analyses proposed in the first paragraphs and suggested by Mach, Fuchs and
Schmid, explicitly adopt the equivalence of work and heat and address the analogy
between entropy and electric charges. Now, if we shift our focus to producing
history, we can note that the first analogy proposed may have been thought of
(maybe?) by Sadi Carnot as: I

dQ

T
D �S (8.17)

while the second (in hindsight) could have been seen as

dq D Idt: (8.18)

Returning to our way of producing history, it must be stressed that Eq. 8.18,
however, is not part of Sadi Carnot’s scientific corpus.

Below, we provide Table 8.9, which compares analogies proposed by the authors
cited in this section:

34In Schmid’s correct interpretation and calculus that term was not strictly necessary. Instead here
we try to take into consideration what is interesting for us.

http://dx.doi.org/10.1007/978-94-017-8011-7_7
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Thus, a disparity in the correspondence between thermodynamic quantities and
various electric quantities should be noted.

In conclusion, one can also claim, that Sadi Carnot, given the weakness of
(formalized) knowledge of electric phenomena at his time, might not have been fully
able to apply his (and his father’s) idea of a comparison between states in the electric
cycle of the voltaic battery and the four phases in a heat cycle, while trying to stress
a possible analogy between two different domains of physics. On the other hand, the
analogy might have provided him with input to use the concept of the cycle as both
an instrument of intellectual reasoning and an instrument of calculus alternative to
differential equations. However, it might not have allowed him to draw any direct
conclusion at all, e.g., regarding the independence of the working substance or more
generally, the upper bound of the efficiency related to heat machines. However, an
extensive and specific historical investigation (1799–1824) on Volta–Sadi Carnot is
not yet complete (Pisano 2012b).



Chapter 9
A Historical Epistemology of Thermodynamics.
The Mathematics in Sadi Carnot’s Theory

Si l’on admettait la constance de la chaleur spécifique d’un gaz lorsque son volume ne
change pas, mais que sa température varie, l’analyses pourrait conduire à une relation entre
puissance motrice et le degré thermométrique. Nous allons faire voir de quelle manière,
cela nous donnera d’ailleurs occasion de montrer comment quelques unes des propositions
établies ci–dessus doivent être énoncés en langage algébrique.

(Carnot 1978, pp 73–74, ft 1, line 1; s. transl. below)

The mathematical footnote in Réflexions sur la puissance motrice du feu can be
considered the highest mathematical level presented by Sadi Carnot in his book.
It also represents his way of mathematically interpreting physical phenomena and
the relationship between physics and mathematics in thermodynamics. Without
proposing new concepts or sophisticated functions in trying to explain the modernity
of the result obtained by Sadi Carnot, here we will present an historical analysis
of the footnote. Moreover, strictly based on primary sources and documents, we
will provide an epistemological interpretation of the arguments that Sadi Carnot
used to calculate the formula of the efficiency of a heat machine; and centring
on the role of shared knowledge, of challenging objects, and of knowledge
reorganization. The idea is presenting an integrated history and epistemology of
scientific methods which combine epistemological and historical approaches to
identify significant historical hypotheses. Such epistemological interpretations are
subjected to historical facts of scientific activity and original documents in order
to trace their historical development. In this case the discussion regards Carnot’s
mathematical foundations, considering both the relationship between physics and
mathematics and the mathematical (infinitesimal) analysis of the nineteenth century.

C.C. Gillispie and R. Pisano, Lazare and Sadi Carnot: A Scientific and Filial Relationship,
History of Mechanism and Machine Science 19, DOI 10.1007/978-94-017-8011-7__9,
© Springer ScienceCBusiness Media Dordrecht 2014
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9.1 An Outline of the Problem

The mathematical footnote1 in Réflexions sur la puissance motrice du feu (Carnot
1978, ft 1, pp 73–79) has been a subject of inquiry for the leading Carnot historians.
Some of them sought very sophisticated concepts and functions explaining the
modernity of the result obtained by Sadi Carnot. A discussion related to the use
of the two isotherms without considering the two adiabatic transformations in his
complete cycle continues to be a crucial point of his theory. However, why did Sadi
Carnot disregard the two adiabatics in his reversible cycle without explanation?

In p. 30, some conclusions drawn by Carnot from his general reasoning were noticed;
according to which it appears, that if the value of � for any temperature is known, certain
information may be derived with reference to the saturated vapor of any liquid whatever,
and, with reference to any gaseous mass, without the necessity of experimenting upon the
specific medium considered. Nothing in the whole range of Natural Philosophy is more
remarkable than the establishment of general laws by such a process of reasoning.2

It should be noted that in order to obtain �, the calculation of work W and heat
Q on each of the four thermodynamics processes of his cycle (in order to get
Wtot/Qtot) would not have led him to the result, as his adiabatic equation was wrong.
According to a method derived from his father, Lazare Carnot (1813, pp 217–253;
see also Drago and Pisano 2007), the synthetic method, it is conceivable that he
legitimized the elimination of the adiabatic within the calculation of the efficiency
in his theory. In another work one of us (Drago and Pisano 2005) showed that Sadi
Carnot intended the adiabatic as auxiliary variables to “supprimer” (Carnot 1978
p 39, line 9; ibidem, line 15). In Réflexions sur la puissance motrice du feu Sadi
Carnot only uses mathematical calculus of the 19th century within the mathematical
footnote (Ivi, ft 1, pp 73–79). The footnote summarizes a considerable part of the
discursive reasoning in the first part of Sadi Carnot’s book.

Finally, we will outline another important difficulty. It regards the role played
by experimental data3 (sometimes uncertain) at a time during which Sadi Carnot
used his mathematical reasoning (Carnot 1978, ft 1, pp 73–79). We mainly
mention Delaroche and Bérard’s studies (Delaroche and Bérard 1813), Clément and
Desormes’ experiments (Clément and Desormes [1819] 1905), and Gay–Lussac and
Welter’s observations (Laplace (1822), p 268; see also Laplace 1822, pp 266–268;
Poisson 1823a, b). In detail we can propose the following resume:

Delaroche and Bérard: observations on specific heat (“chaleur”).
Sadi Carnot’s errors–doubts: (Carnot 1978, p 58, 68, pp 72–79).

1The research presented is based on Drago and Pisano (2000, 2005, 2007), Pisano (2001, 2012a).
2Thomson read it on 30 April, 1849. The content is discussed in an Appendix by the author
(Thomson [1890] 1943, p 179, line 3; see also: Id., 1852, XXXV, 1882–1911, I, pp 113–155;
et al. editions).
3A meaningful study on the experimental data used by Sadi Carnot is available in Fox (1988),
pp 288–299.
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Clément and Desormes4: experiments on full heat (“chaleur totale”)
Sadi Carnot’s errors–doubts (Réflexions sur la puissance motrice du feu:
Carnot 1878a, ff 65–66; Carnot 1978, p 59, pp 123–124;).
Gay–Lussac and Welter: observations on the constancy5 of � D Cp=CV :

Sadi Carnot errors–doubts: he considered � D �
Cp � CV

�
which would

have produced non–constancy of caloric (Carnot 1978, pp 42–53, p 59).
In the manuscript Notes sur les mathématiques, la physique et autres sujets
presented (1876b) by Hyppolite at Académie des sciences Sadi Carnot
suggested the conservation of energy – “puissance mécanique” – (Carnot
1878a, folio 7v; Carnot 1878b,6 p 95; Carnot 1953, pp 134–135; Carnot
1978, p 248; Picard pp 81–82).

9.2 A Book of Physics Without Mathematics?

Carnot’s friends (although they were students at École polytechnique, Paris)
considered his book a difficult work to understand. In fact, it contained astonishing
news: the idea of the cycle, a limit to the efficiency of heat machines, a theorem
demonstrated by an ad absurdum proof, and new gas laws. The work seemed even
more difficult to interpret due to Sadi Carnot’s surprising obtainment of results
which were almost entirely accurate, despite his relying alternatively either on
caloric theory or on heat theory. Moreover,

The book is particularly rich in what have been generally supposed to be the discoveries of
later writers, and in enunciations of principles now recognized as those forming the base and
the supporting framework of that latest of the sciences. As stated by Tait7 in his history of
Thermodynamics, the “two grand things” which Carnot originated and introduced were his
idea of a “cycle” and the notion of its “reversibility,” when perfect. “Without this work of
Carnot, the modern theory of energy, and especially that branch of it which is at present by
far the most important in practice, the dynamical theory of heat, could not have attained its
now enormous development”. These conceptions, original with our author, have been, in the
hands of his successors, Clausius and other Continental writers, particularly, most fruitful
of interesting and important results; and Clapeyron’s happy thought of so employing the
Watt diagram of energy as to render them easy of comprehension has proved a valuable aid
in this direction.8

4In 1827 César–Mansuète Despretz (1798?–1863) showed the uncertainness of the Clément and
Desormes law (Fox 1988, ft 26, p 301).
5Laplace resumed Gay–Lussac and Welter’s experiments in a part of his work. In particular, he
properly focused on the constancy of ” (Laplace 1822, ft 18, p 268).
6We let note that the manuscripts edited by Gauthier–Villars (Carnot 1878b) is not always
integrally reproduced. For any complete English consulting of the Sadi Carnot’s manuscripts,
please see Fox (1986).
7Tait (1877).
8Carnot (1943), p 6, line 27. (Author’s wording and quotation marks).
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Réflexions sur la puissance motrice du feu and the last consideration concerning
the theory of gases (Carnot 1978, pp 223–225) appeared in a brief time frame, less
than 3 years. Some reviews considered Sadi Carnot’s thermodynamics too practical
and therefore less valuable for theoretical physics in general; that was also the
opinion of Sadi Carnot’s contemporaries, who were accustomed to infinitesimal
analysis. Carnot’s book was not sufficiently comprehensive because it lacked the
basic concepts for a nineteenth century scientific theory: e.g., absolute space and
time, cause–force, differential equations, material–point. Moreover, in 1873 it was
revealed that in some posthumous notes, Carnot was in favor of the mechanical
theory of heat (Callen 1974, pp 423–40; Callendar 1910) and maintained that he
had even obtained the value of the mechanical equivalent of heat several years before
Mayer’s work9 (Mayer 1842a, b). In spite of all this, Carnot’s theory has been un-
derrated by science historians for over a century, essentially because his theory was
accused of being based on caloric theory, which is considered incorrect in modern
times. Other studies, on the other hand, considered the young French scientist’s
thermodynamics fascinating, for the simple kind of language used as well as for the
air of mystery surrounding the lack of mathematical calculations in this work.

This helps to explain why the argument has none of the elaborate mathematics that Carnot’s
cotemporaries were accustomed to finding in the work of such men as Laplace, Poisson
and Fourier, all of whom wrote on the theory of heat, as mathematical physicists, between
1800 and the 1830s. [ : : : ]. And yet the simplicity of the book is snare. For although this
Réflexions lacks the mathematical sophistication of much of the physics of the period, its
unassuming presentation conceals an argument of extraordinary depth and, in parts, of
baffling complexity. It is for this reason that a lengthy discussion text seems indispensable.10

We should note that Sadi Carnot also tried to provide a general theory that could
be applied to any machine and could work with any fluid. The theoretical physics
content in such a theory is actually very high, going far beyond the engineering
study of machines. Sadi Carnot built a theoretical model based on state functions,
which helped him reach some important theoretical conclusions on gas laws, known
at the time only through empirical facts. In the 1970s and 1980s, Truesdell11

and Hoyer12 tried to interpret the foundations of thermodynamics with this new
historical–foundational approach.

9The estimate value proposed by Sadi Carnot in his Notes sur les mathématiques, la physique et
autres sujets (folio 7v; see also Carnot 1878b, pp 94–95; Fox 1986, pp 191–192) for the mechanical
equivalent of heat of 370 Kg/cal is not so much farther from the correct accepted value (427) than
Mayer’s later determination (365). The difference is only 11%. (See below Chapter 10; Hoyer
1975; Edmunds 1902, p 127).
10Robert Fox in Carnot (1986), p 2, line 9. (Author’s italic).
11Truesdell (1970), Id., (1980), pp 208–235.
12Hoyer in Taton (1976), pp 221–228. He showed, by using the cycles, that S. Carnot’s caloric
theory and the modern theory, coincide for an infinitesimal process: that is �t ! 0. That is
correct in the first and second approximation in thermodynamic theory.

http://dx.doi.org/10.1007/978-94-017-8011-7_10
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As just mentioned (see above Chapter 7), Philip Lervig (1972, 1976) produced
an interesting contribution to the debate and interpretation of Sadi Carnot’s work.
Particularly, regarding mathematics and Sadi Carnot’s footnote, Lervig argued that,
to make Sadi Carnot’s footnote more understandable, it is necessary to examine it in
general terms, considering the footnote in the context of a Maxwell relation on state
variables (see below). In regard to Sadi Carnot’s mathematical footnote, we will
also indicate where Lervig13 provides a personal interpretation. Moreover, Lervig
performs the calculations of the footnote (without discussing the role of the cycle
and the “suppression” of the two adiabatics) by these two functions (# and A) in
an attempt to imitate modern thermodynamics, given as an inevitable end point.
He does in fact find, as a test, an example of one of Maxwell’s relations for
thermodynamics. He applies it to the calculation of cV at the end of the footnote,
reaching the same result obtained by Sadi Carnot. However, this does not seem
to reveal hidden aspects of Carnot’s thoughts (he was already working with state
functions). We should also observe that Reech14 (1853, XVIII, pp 357–378) had
already obtained, by the calculations of the cycles, the internal energy function (and
therefore potentially the Maxwell relations; see Chapter 10; Pisano 2012b). In 1977,
Truesdell and Bharatha (1977) proposed the distinction between general and special
axioms in Carnot’s theory. Regarding the mathematical footnote, they discuss the
non–linearity of the efficiency function in Q:

W D G.
C; 
�;Q/ ‹DW D G.
C; 
�/Q:

9.3 The Calculations and Historical Interpretation
of the Mathematical Footnote

An historical epistemology reconstruction of the mathematical footnote (Carnot
1978, ft 1, pp 73–79) is presented (Fig. 9.1). Without listing all of the original
mathematical passages expressed by Sadi Carnot in his footnote, we summarize
their content in eight crucial steps assembled in the following Tables 9.1 and 9.2.

13We will use a modern notation in comparison to that used by Lervig.
14We will also discuss in the following chapters the details proposed by Reech on Carnot’s theory.

http://dx.doi.org/10.1007/978-94-017-8011-7_7
http://dx.doi.org/10.1007/978-94-017-8011-7_10
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Fig. 9.1 The first and last page of the mathematical footnote (Carnot 1824, p 73, 79, ft 1. Idem
pages are presented in all of editions)

In order to explain mathematical arguments, we adopt modern notation. Our
additional and summarized interpretative notes are in italics or in square brackets:

Table 9.1 Sadi Carnot’s notation and their correspondences in modern theory

Sadi Carnot’s main statement (Carnot 1978)
Carnot’s
notation Modern notation

“N D p=267 [ : : : ] constant” (Ivi, p 74) N R Constant of gas
“[ : : : ] la quantité du puissance motrice produite
[ : : : ]” (Ibidem)

r W work

“u D F.t/ [ : : : ] la puissance motrice développée
[ : : : ]” (Ivi, p 75)

u � efficiency

“[ : : : ] quantité de chaleura [ : : : ]” (Ivi, p 76) e Q heat
aPlease take into account our errate corrige for the use of chaleur and calorique as

reported in Chapter 7

http://dx.doi.org/10.1007/978-94-017-8011-7_7
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Table 9.2 The main calculations in Sadi Carnot’s mathematical footnote

Step Contents and calculus
References
(Carnot 1978)

1 Aim: “If we were to assume that the specific heat of a gas
remains unchanged when its volume is kept constant
[cv(t) D const.] [ : : : ] it would be possible to derive a
relationship between motive power and the temperature” (The
efficiency of a reversible heat machine):

� D WŒmax�=Q D f .t1; t2/�

Ivi, p 73, line 1

2 Let Q be a quantity of heat on isotherm t, the calculations of the
work W between unitary volume and V be:

Wt D N .t C 267/ logV C c
Œand also Qt D At C Bt logV �

Ivi, pp 74–75

3 Calculations of W on isotherm t C dt, between unitary volume
and V:

WtCdt D N .t C 267C dt/ logV C c

and also QtCdt D AtCdt C BtCdt logV

�
;

[By compensating the two infinitesimal adiabatics by means of
the synthetic method] we have: dWmax D RlogVdt

Ivi, p 75

4 On his Theorem: let is Q (D1), that (by means of
calorique theory) propagates between two isotherms t and
t C dt, we have:

d� D �tCdt � �t D F.t/dt

Ivi, pp 75–76

5 [Definition of � for a quantity of heat Q .¤ 1/ between two
isotherms t and t C dt]. Equalizing Qd� and dWmax

[factorization of Q; see step 3], we have:

Q D �.t/ logV with �.t/ D N=F

Ivi, p 76

6 Calculations of CV by three processes which produce Q, K,
q0.[1ı Sadi Carnot’s inaccuracy: he writes cV .t/ D dq=dt with
dq/dt, instead of dK=dt ]. [Wrong] formula for cV .t/:

cV .t/ D dq=dt D � 0

t .t / logVt C q0

ŒcV .t/ D .dK=dt/V D K 0

t � � 0

t .t / logVt �

Ivi, p 77

7 Hypothesis: cVt .t / D q0

t � � 0

t .t / logVt D constant for all
temperatures; then: � 0

t D At with At constant in t. [He makes
calculations and obtains]:

� D R
c

ln.At t C Bt /C c0 and � D At t C Bt

Ivi, pp 77–78

8 [2ı Sadi Carnot’s inaccuracy: he again confuses dK=dt with
cP .t/ D dq=dt ]. By integrating: � D c D const: From the
definition of � , we have: d� D Ndt

c
D �dt . Thus

� D
Z
�dt D �tCb:

�t D At t
00

“In other words, the motive power produced is shown to be
exactly proportional to the fall of the calorica”

Ivi, pp 78; Ivi,
p 79, line 5

a“C’est–à–dire que la puissance motrice produite se trouverait être exactement è proportionnelle à
la chute du calorique” (Carnot 1978, p 79, ft 1, line 5)
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In the following section, we provide an interpretation of the footnote by discussing
the arguments as indicated in Table 9.2. Our additional interpretations and consider-
ations on Sadi Carnot’s procedure are in italics. Sadi Carnot’s goal is to utilize what
was at the time a bare hypothesis, the constancy of specific heat, to obtain a decisive
result based on the efficiency function.

Step 1. The footnote begins with the following lines:

If we were to assume that the specific heat of a gas remains unchanged when its volume
is kept constant [cv(t) D const.], but its temperature varies, it would be possible to derive a
relationship between motive power and the temperature.15

For this reason, even the final result (Carnot 1978, p 79, ft 1) is valid according
to the aforementioned hypothesis. Therefore in the end he could not be sure of the
result, however interesting, which we now know to be valid (Ivi p 78, ft 1, line 10).

Step 2. Sadi Carnot calculates work Wt for a certain quantity Q of heat between V
and V D 1 and for a specific value t of temperature. With regard to this process the
work W appears to be the following function: Wt D Wt(V).

Step 3. Sadi Carnot calculates the increment dW from isotherm t to isotherm t C dt.
We remark that the calculation makes sense if the two isotherms are intended as
part of a cycle. Let us also note that if – as Sadi Carnot did and justified (Ivi, pp
38–40) – the two adiabatics are considered, one should be added and the other
should be eliminated such as in an algebraic calculations between two opposites
terms. Here an adiabatic process is the variable " (added and then eliminated) of
his father’s synthetic method. Thus, for a complete cycle in four phases, between t
and t C d, he can write:

dWmax D Rlog V dt:

Step 4. Only by taking into account an infinitesimal cycle, whose work is done by
the two isotherms alone is it possible to justify that in this step Sadi Carnot is able
to consider the efficiency function � for a unitary quantity Q of heat

�
which in general is W � D Wmax

Q

	
:

He then calculates the d� for a reversible heat machine, operating between the
isotherms t and t C dt. This allows him to introduce his theorem:

The motive power of heat [chaleur] is independent of the working substances that are used to
develop it; its quantity is determined exclusively by the temperatures of the bodies between
which, at the end of the process, the passage caloric [calorique] takes place.16

15Carnot (1978), p 73, ft 1, line 1.
16Carnot (1978), p 38, line 4. (Author’s italic).
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which is fundamental for the entirety of the follow–up in the footnote: the
efficiency of a reversible thermal machine is independent of the working
substance used. It only depends on the thermal jump, e.g.,

� D F.t/:

Step 5. Sadi Carnot calculates the maximum work for a quantity of heat Q ¤ 1.
Here lies a further hypothesis, which is, from a strictly mathematical point of view,
not justified: in the expression of Wmax the function of state Q is factorizable:

Wmax D g.Q;�t/ D Q�.�t/:

This aspect of the mathematical footnote was discussed by previous scholars;
among them we note Truesdell and Bharatha (1977, pp 61–63), Montrbrial (1976 in
Taton, p 335), Cropper (1987), and Dias & C (Cropper 1987) who did, however,
provide justifications concerning previous problem. In our analysis, we hypothesize
that Sadi Carnot utilized factorization in order to facilitate his physical reasoning
as a theorist usually does. He begins his argument by proposing Q D 1. Next,
we hypothesize that the idea, taken from his father (Carnot 1780, p 153; see
also 1786 and Gillispie 1971, Appendix C, pp 330–331), of the efficiency as
a relation input (heat)–output (work) of a machine, naturally led him to the
calculation of the relation � D W=Q, considered as a quantity independent of
Q. Moreover, Sadi Carnot was reasoning on a cycle which brought all the state
variables back to their initial states, included the quantity Q (which, according to
him, was caloric). W was the unique variable not considered to be cyclic. Therefore,
it was on this variable alone that he had to execute the calculations in relation to Q
which was considered a state function. It is necessary to specify that he could have
written � D F (�t). Nevertheless, he set the initial temperature to 0, so his notation
F(t) does not provide problems. Thus, Sadi Carnot calculates

� D Wmax

Q

for a non-unitary quantity of heat Q (in fact he executes the same calculation
indicated in the previous fourth step, in which he provided Q D 1). He then
calculates d�:

Qd� D Q�0.t/dt:

Strictly speaking, it is necessary to claim that he uses two cycles , one between the
temperatures 0 and t; the other between t C dt and 0. We previously noted Joule ’s
experiments on the equivalency of work–heat. Let us also note that Joule’s process
spontaneously transformed mechanical work into heat, and thus it is an irreversible
process. We also note that the first principle, �U D Q � W , includes special
quantities, internal energy�U . The principle is limited to a cyclical transformation
where �U D 0, that is Q D W is valid. However, we know that something else
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is necessary: a heat machine that runs a power cycle and that transfers part of the
heat from a high–temperature reservoir T1 to a low–temperature reservoir T2.

Let Q1 and Q2: be such quantities; a process can be also ideally reversible if

Q1

T1
D Q2

T2
:

In other words, through his theorem, Sadi Carnot provided the preliminary op-
erative conditions so that a heat–work process should be valid (as suggested by
Clausius and Kelvin some years later). Thus, the role played by missing heat via
a reversible to low–temperature reservoir is very important for establishing (also
experimentally) the importance of having two different temperatures to produce
thermal work for a complete cycle. In fact, only in this way can he write about
an incremented efficiency. Nevertheless, it is possible to understand the calculation
as accomplished on a cycle between 0 and t, while the higher temperature
is incremented by a dt. Therefore, Sadi Carnot assumes that (for infinitesimal
increments of the higher temperature in a cycle) the increment of � is linear.
Moreover, we remark that now d� is an exact differential, because � depends on one
t–variable, only. Therefore, if one considers Q as a state function in the theory of
caloric, then it also depends on dWmax. This aspect might epistemologically suggest
that Sadi Carnot, in this case, only used state variables. We should also remark that
from the definition of �, the following formula can be obtained:

d� D dWmax

Q
�Wmax

dQ

Q2
:

Nevertheless, in the continuation of the footnote, Sadi Carnot does not consider
the second addendum of the previous d�. Therefore, it seems to us that he does not
consider � as a function of Q, but as a function of t, only. That is, as if Wmax D
F.Q; t/ was factorizable in Q, i.e. Wmax D Q�.t/. This exclusion is correct only
if we reason in terms of caloric. The term Wmax

dQ

Q2 is zero because (in the theory
of caloric) in a cycle, dQ D 0. Now, equalizing Qd � to the expression of dWmax,
calculated in three steps, we have:

Q�0.t/dt D R logVdt

and dividing both members by dt , we obtain

Q D R logV

�0.t/
I

and indicating R
�0 by �.t/ we have (in the cycle and for the theory of caloric)

QtCdt D Qt D Q D �.t/ logV:
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Step 6. Sadi Carnot calculates the specific heat at constant volume cV(t). Here, he
introduces the quantities of heat q, Q, and K on three processes, represented below.
An isotherm Q(V)t useful (under certain conditions) for calculating the work; an
isochor K(t), useful for defining the specific heat at constant volume cVt .t/; and
a process which gives q(V, t), the difference of Q(V)t and K(t), believing that in a
cycle the sum of the quantities of heat was null. That is to say, here he unequivocally
applies the theory of caloric. Therefore the following calculation is erroneous from
a modern point of view (Fig. 9.2).

Q = Heat in an isothermal  process
K = Heat in an isochor process
q = Heat in a process between Q and Kt

t

K

1 V V

q

Q=tlogV

Fig. 9.2 Simplified
performance of quantities Q,
q and K set by Sadi Carnot in
his mathematical footnote
(Carnot 1978, pp 77–78, ft 1)

Given the conservation of the caloric in a cycle, Sadi Carnot proposes the following
relation:

q D Q CK D � logV CK:

He then commits an inaccuracy. He confuses K with q. In fact, he writes (the modern
notations are in square brackets):

If we take s [q] the quantity to represent the amount of heat [chaleur] required to bring the
air we have been considering from a volume 1 and a temperature 0ı to a volume v [V] and
a temperature t, the difference between s [q] and e [Q] will be the amount of heat required
to rise the temperature of the air, at the constant volume of 1 from 0ı to tı. This amount
of heat depends on t alone; we will call it U [K]: standing for some unknown function
of t. it. [ : : : ]. If this equation is differentiated [see previous equation] with respect to t
alone, and if the differentials of T Œ�� and U ŒK� are represented by differentials coefficients
T 0Œ� 0� and U 0ŒK 0�, it follows that

ds=dt D T 0 log v C U 0 (5)
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h�
@q

@t

�
V

D d�
dt

logVt C dK
dt

D � 0

t logVt C k0

t

i
[and] ds/dt is equal to the specific heat

[chaleur] of the gas at constant volume and our equation (5) is the analytical version of
the law stated on page 58.17

In effect we know that cV .t/ D dK
dt

. We potentially suggest that ds/dt (in modern
terms: dq/dt), for a particular and unexpected length of the isotherm could coincide
with cP .t/: that is, the specific heat at constant pressure. Consequently, for a deter-
mined value of t, a correct expression for the specific heat at constant volume is:

cVt .t/ D .dK=dt/V D q0
t � � 0

t logVt (a)

Nevertheless, it must be noted that Sadi Carnot’s inaccuracy does not affect his
following calculations. He presents the constancy of � 0 for the accuracy of previous
Equation (a).

Step 7. Sadi Carnot adopts the hypothesis of the constancy of cV .t/ for all
temperatures. Therefore we have:

cV .t/ D q0
t � � 0

t logVt D cI (b)

with cV being a constant. Then he writes:

[ : : : ] and therefore, if equation (5) [(a)] is to hold for two particular [separate] values of v
[Vt ], it will be necessary that T 0 [� 0

t ] and U 0[K 0

t ] must also be independent of t18;

Therefore it should be:

� 0
t D At ;

q0
t D Bt :

If we follow Carnot’s reasoning (Ivi, pp 77–78, ft 1) or that proposed by
Lervig (1972) presented in previous Chapter 7 (except the use of statement # D �)
the following expressions of � and � are obtained only with � 0 D At :

� D At t C Bt

� D R

c
ln.At t C Bt/C c0 (c)

Step 8. Even here Sadi Carnot maintains the previous inaccuracy. He writes:

In equation (5), as we have seen, the first term [ds/dt] represents the specific heat [chaleur
spécifique] of the air occupying a volume v [V].19

17Carnot (1978), p 77, ft 1, line 1.
18Ivi, p 77, ft 1, line 15.
19Carnot (1978), p 78, ft 1, line 13.
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At this point, Sadi Carnot introduces an experimental fact of the almost constancy
of cV(t) for large changes in volume (Ivi, p 78, ft 1, line 16). Therefore the same
equation has it that the coefficient � 0 of log V is null or negligible. If d�

dt
D � 0 D 0,

then � D Bt D const:; therefore from the definition of � D R=�0 we have d� D
Rdt
Bt

D �dt ; and, integrating, Sadi Carnot obtains:

�t D
Z
�dt D �t C b;

or, even though for t D 0 �t D 0, we can write:

�t D �t

which is the efficiency function of an ideal heat machine, which Sadi Carnot
achieves at the end of the footnote:

[ : : : ] by a second integration, we arrive finally, [to the following equation], F(t) D At C Bt.
Since F(t) D 0 when t D 0 [also], B is zero; and so F(t) D At, in other words, the motive
power produced is shown to be exactly proportional to the fall of the caloric.20

By analyzing this statement, many have also tried to explain why S. Carnot’s final
result effectively appears to be fortuitous, since in modern thermodynamics the work
of the two (infinitesimal) adiabatics are mutually cancelled out. Let us see.

9.4 The “Suppression” of Adiabatic Curves
in Sadi Carnot’s Cycle

9.4.1 Why does Sadi Carnot “Supprime” the Adiabatic Curves?

The issue of the suppression of the two adiabatics, both in the arguments and in the
calculations regarding the cycle of the four thermodynamic phases, is quite delicate
and strictly related to the closing cycle:

The Carnot Cycle! What memories this name must stir in every engineer! To some it will
recall early struggles to comprehend the nature of heat engines; to others it represents
the ideal of performance sought after in design and operation. Many will recall the keen
delight that came from a thorough understanding of the Carnot cycle which forms one of
the principal foundations of thermodynamics. Every student of this subject can now write
the elementary principles of this cycle in our modern terms of heat and thermodynamics.
How many have given a thought to the conception and development of the idea when many

20Carnot (1978), p 79, line 1, op. cit.
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of the laws of physics as now stated were either imperfectly known or not yet discovered?
What could be more interesting than to read the thoughts of the originator of the Carnot
cycle and to follow his reasonings that led to his great discovery?21

Based on our previous discussion, Sadi Carnot seemed to be confident that the
equivalence between the contributions of the work of the two adiabatic processes
should be mathematically valid, but only from a methodological point of view.

[Necessary condition: �t ! 0]. Then the movements of the piston being so slight during
stages 3 and 5 that these stages could have been suppressed [ignored] without significantly
affecting the amount of the of motive power produced [ces périodes eussent pu être
supprimées sans influence sensible sur la production de la puissance motrice]. Only a very
small change [fort petit] in volume is required, in fact, in order to cause a correspondingly
small change in temperature; such as small change in volume is negligible in comparison
with those occurring in stages 4 and 6, which can be of unlimited extent.22

Therefore he reasoned on the formula of the efficiency, either without executing
the calculation of the work on the two adiabatic processes; or, if he executed it, he
did not attribute importance to it (maybe) because his formula of the adiabatic was
tentative:

The vapor of water so made may then be treated as a permanent gas; and subject to all

[gas] laws. Consequently the formula [of adiabatic equation] t D .ACB logŒln�v/
.A0

CB0 logŒln�v/
23 should

be applicable to it [statured steam], and be consistent with the table of pressures based on
the experiments of M. Dalton. We can in fact confirm that our formula, very approximately
represents the experimental evidence, once the arbitrary constants have been appropriately
determined. The minor anomalies that appear are small enough to be plausibly attributed to
observational error.24

Therefore what is the reasoning, never revealed by Sadi Carnot in Réflexions sur la
puissance motrice du feu, that pushed him to calculate the efficiency function � D
Wmax=Q without considering the two adiabatics?

It is well known that, for a given physical system, an adiabatic transformation
is a thermodynamic process in which the net heat transfer to or from the working
substance is zero; or, a process without heat exchanging with the other systems.
Here, we are studying thermodynamic systems which essentially differ from the
mechanical systems due to heat, which is a phenomenon not reducible to mechanical
work: what happens in a thermodynamic process if we prevent the passages
of heat? Is it certain that we will obtain a mechanical situation? We have no
proof of this. This uncertainty could be typically expressed by a double negation
(see above Chapter 7; Drago and Pisano 2000; Pisano and Gaudiello 2009b): a

21Carnot (1943), “Foreword” [by Thurston] line 1.
22Carnot (1978), p 39, line 7.
23Poisson proposed another formula.
24Carnot (1978), p 66, line 7.

http://dx.doi.org/10.1007/978-94-017-8011-7_7


9.4 The “Suppression” of Adiabatic Curves in Sadi Carnot’s Cycle 271

scientific sentence that is not equivalent to the corresponding affirmative sentence.
Therefore, is an adiabatic process formalizable by means of a double negation of
the mechanical work? Let us see.

Modernly, it is clear that by considering the validity of the first law25 for a cyclical
process,26 and by taking dU as an infinitesimal change in internal energy, we cannot
state the following affirmative expression from an experimental point of view:

dU D 0 ) ıQ D ıW

.The heat input is equal to the work output over any cycle/

without discussing the upper bound proposed by the second law. For example, it is
impossible that in a cyclical running machine (dU D 0) all heat spontaneously flows
from a unique reservoir (at a given temperature) for producing work. Thus, in this
case and under the first law, one can experimentally observe that it not true that all of
the heat can be completely transformed into work. Another reservoir of temperature
is necessary. Moreover, there is an important distinction between heat and work
that is not evident in the first law.27 This ambiguity is frequently represented by the
following words: it is not true that heat is not work.

On the other hand, by considering a given p ¤ 0, we can banally claim that:

�V ¤ 0 ) W D p�V:

However, we also know that:

a�V is valid even in the case of an adiabatic process .Q D 0/:

Therefore everything also very much depends on the modality by which the
adiabatic process occurs.

It should be also noted that Sadi Carnot evaluated the reversibility (Carnot
1978, pp 10–14, 23–35) of his thermodynamic processes by �V in W D p�V .
Moreover, if we explicitly refer to the theory of the equivalence heat–work and
consider a typical molecular hypothesis, the latter can also co–justify the previous
epistemological discussion. In the interaction of the molecules (collision and forces)
the net heat transfer is zero; can we claim that within a system, only a mechanical
interaction exists? That is to say, without, e.g., friction and viscosity? In other words,

25The first law is usually formulated by saying that the change in the internal energy of a closed
thermodynamic system is equal to the difference between the heat supplied to the system and the
amount of work performed by the system on its surroundings.
26Briefly, if a physical system received a certain amount of heat, the same amount of work has been
done by the system. Thus the total variation of the internal energy after a cycle is null.
27The first law of thermodynamics makes no distinction between processes that occur sponta-
neously and those that do not. The second law of thermodynamics establishes which processes do
and which do not occur.
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is the adiabatic process a compression by means of an elastic expansion as was
supposed at the time? We cannot be sure of this and we certainly cannot decide
it a priori. Thus, it is worth indicating the experimental ambiguity of an adiabatic
process using the following double negative expression:

.Q D 0/ D ::W D Adiabatic is non non Work:

This fact is of considerable importance, since the adiabatic is a crucial process in
Carnot’s heat cycle, a DNS could be intended by Sadi Carnot as the additional
variable “©” of the synthetic method (see below). Thus, in Sadi Carnot’s cycle, the
mysterious suppression of two adiabatic processes corresponds to the suppression
of the variable due to the application of his father’s synthetic method.

9.4.2 A Possible Solution. Lazare Carnot’s Synthetic Method

Generally speaking the synthetic method (Drago and Pisano 2005) and the analytic
method have their historical origins in the ancient period with Pappus28 from
Alexandria (290–350 b.C.), and later assumed different meanings even for a single
author, e.g. Descartes (1897–1913). With regard to Lazare Carnot, the synthetic
method29 also explains the nature and the frame of mind behind his research against
the metaphysical conception – which prevailed at the time – of infinitesimals, as
he declares at the beginning of his famous book, Réflexions sur la métaphysique du
calcul infinitésimal30:

It is my object to ascertain in what the true spirit of the Infinitesimal Analysis consists.31

“The Renaissance of the synthetic method at the École Polytechnique” (Schubring,
pp 295–308) reached its pinnacle with a new conception of the metaphysics of
infinitesimals, re–elaborated by Lazare Carnot as based on exclusively operative
or effective algorithms (Schubring, pp 309–445), which, in mathematics, utilize
the potential infinite only. Lazare Carnot pointed out that both the methods utilize
auxiliary variables, analytical quantities32 (êtres de raison: Carnot 1813, p 189,

28Pappus from Alexandria, Mathematical collections (Commandino 1565; see also: Pappus from
Alexandria 1588).
29Carnot (1786), pp 33–35, 85; Carnot (1813), pp 12–21, 189, 200, 242–243, 217–253.
30Cfr.: Gillispie and Youschkevitch (1979), pp 251–298, § 13, p 256, ft 1, p 182.
31Carnot (1832), p 1. [“Je cherche à savoir en quoi consiste le véritable esprit de l’Analyse
infinitesimal” (Id., 1813, p 1, line 1)]. Let us note that the English translation of the 1832 version
is differently organized in comparison to the original 1813 version. E.g., the number of paragraphs
in the two versions does not correspond.
32See also its English translations “[ : : : ] creatures of reason [ : : : ]” (Carnot 1832, p 105, line 13).
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line 1) for the analytic method, and absolute quantities (quantités absolues: Ivi,
p 243, line 10) f or the synthetic method. With regard to infinitesimal calculus for
suppression, he claimed:

Fundamental Principle. [ : : : ] Up to that point I regard my calculation as only a simple
method of approximation. Those, who in order to reconcile the rigour of the calculation
throughout the operation with the simplicity of my Algorithm [ : : : ].33

On the Differential Calculus. [ : : : ] But if the two systems are supposed to approach one
another as much as we please, the difference of the two values of the same variable may be
also made as small as we please, and it will become what is called a differential, and will
be nothing but the common difference simplified by the suppression of quantities which in
their expression might be found to be infinitely small with respect to other terms of which
it is composed. Such is the principle of Differentiation.34

Thus, these quantité désignées et non désignées help to generalize the problem.
Below, we provide Lazare Carnot’s famous words in the original French:

[ : : : ] la source de cette application continuelle des géomètres à généraliser, vient de ce
qu’ils sentent, que, presque toujours généraliser c’est simplifier [ : : : ].35

According to Lazare Carnot the variables have to be simply implied to simplify the
calculation, if, at the end of the reasoning, once the solution to the problem has
been obtained, we are able to make these variables disappear “[ : : : ] in order to
arrive infallibly at new truths.” (Carnot 1832, p 116, line 24; Carnot 1813, p 200,
line 8). That is:

To neglect quantities of this nature then is not only admissible in parallel cases, but it is
necessary, and it is the only method of expressing exactly the conditions of the problem.36

Hence the sign which announces that the desired compensation has taken place, is the
absence of the arbitrary quantities which produced these errors, and hence to effect this
operation, it remains but to eliminate these arbitrary quantities. Let us now attempt to give
to these ideas the degree of precision and of generality which they merit.37

Therefore, according to Lazare Carnot, even the synthetic method can accomplish
this cycle of operations of infinitesimal analysis, while staying anchored to effective
quantities. In fact, Lazare Carnot presented a crucial problem related to the role
played by infinitesimal quantities in the rigor of mathematics (and his mechanics).
A similar but greater methodological (and currently epistemological) problem was

33Carnot (1832), p 34, line 6. (Id., 1813, p 37, line 15). Author’s italic.
34Carnot (1832), pp 55–56, line 19. (Id., 1813, pp 65–66, line 22). Author’s italic.
35Carnot (1785), § 100; see also Gillispie (1971), Appendix A, § 100, p 257, line 19.
36Carnot (1832), p 10, line 1. (Id., 1813, p 12, line 4).
37Carnot (1832), p 15, line 1. (Id., 1813, p 17, line 6).
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previously proposed by George Berkeley (1685–1753) who memorably disapproved
of infinitesimals as “the ghosts of departed quantities” as he claimed in one of his
most frequently quoted passages:

XXXV. [ : : : ] Whatever therefore is got by such Exponents and Proportions is to be ascribed
to Fluxions: which must therefore be previously understood. And what are these Fluxions?
The Velocities of evanescent Increments? And what are these same evanescent Increments?
They are neither finite Quantities nor Quantities infinitely small, nor yet nothing. May we
not call them the Ghosts of departed Quantities?38

Lazare Carnot seemed to echo Berkeley’s conceptual streams (Carnot 1813,
pp 12–15, 30–34) concerning the théorie de la compensation des erreurs à la
Berkeley39 for the infinitesimal calculus: two errors are made, which nevertheless
are algebraically annulled in the end, and “[ : : : ] by a compensation of errors: which
compensation, however, is a necessary and certain consequence of the operations of
the Calculus”. Carnot (1832, p 105, line 20, Carnot 1813, p 189, line 10).

The inventor might then be led to his discovery by a very simple train of reasoning. If in the
place of a proposed quantity, he might say, I employ in the calculation another quantity not
equal to it, there will thence result some error or other: but if the difference of the quantities
employed one instead of the other is arbitrary, and if I can make it as small as I please,
this error will never be important: I might even make several similar errors at the same
time without any bad result, so long as I should continue master of the degree of precision
which I should wish to give to my results. Moreover, it might happen that these errors

38Berkley ([1734] 2002), sect. XXXV, p 18, line 9.
39Berkeley’s lemma claims: “If with a View to demonstrate any Proposition, a certain Point is
supposed, by virtue of which certain other Points are attained; and such supposed Point be itself
afterwards destroyed or rejected by a contrary Supposition; in that case, all the other points, attained
thereby and consequent thereupon, must also be destroyed and rejected, so as from thence forward
to be no more supposed or applied in the Demonstration”. (Berkeley 1734, sect. XII–XIV; See
also: Berkeley [1734] 2002). Let us consider the function f(x) D x2; let us pass to the calculation of
its derivative: the increment of the variable is dx (which at that time was not distinguished by �x)
and the increment of the function is df (or�f ), that is equal to: df D f(x C dx) – f(x) D (x C dx)2 –
x2 D x2 C 2xdx C dx2 – x2 D 2xdx C dx2 . The last term is then suppressed, since it is much smaller
compared to the others. Dividing df by dx we obtain 2x, which is exactly the derivative the function
of the function. Berkeley applied his lemma, pointing out that at the beginning of the calculation
dx ¤ 0 has been set; however, subsequently the calculation eliminates the infinitesimal of higher
order at dx, considering it equal to zero. Therefore, either dx is zero, as stated at the end of the
reasoning – but then the entire calculation is devoid of content – ; or it is not zero, as stated in the
middle of the reasoning – but this goes against the aforementioned lemma. This criticism allows
Berkeley to suggest an original interpretation of the efficacy of this type of calculation. At the
beginning, dx ¤ 0 is set and this, Berkeley claims, constitutes the first error because df as dx
does not represent a specified number: nor does zero, nor a number different from zero. So there
is no reason to include it in the only calculation that we know very well: elementary algebra.
Continuing with the calculation, the last term is suppressed – which we know to be different from
zero (otherwise we would have already eliminated it along with all of the dx) – and this clearly
represents an algebraic error. Since the first result is correct, this second error cancels out the first
one. (Cfr.: Drago 2007a, b; see also Parigi (2010)).
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mutually compensate for one another, and that thus my results become perfectly exact. But
how to effect this compensation in all cases? Some reflection can alone discover this. Let
us suppose, the inventor might say, that the compensation be made, and let us observe by
what mark it ought to show itself in the result of the calculation. Now what naturally must
occur is, that the quantities which had occasioned the errors having disappeared, the errors
also have disappeared; for the quantities such as MZ, RL having by hypothesis arbitrary
values, they ought no longer to enter into any formulas or results which are not so, and
which, having become exact by supposition, depend alone not on the will of the calculator,
but on the nature of those quantities, the ratio of which it was proposed to discover as
expressed by these results. Hence the sign which announces that the desired compensation
has taken place, is the absence of the arbitrary quantities which produced these errors, and
hence to effect this operation, it remains but to eliminate these arbitrary quantities. Let us
now attempt to give to these ideas the degree of precision and of generality which they
merit. [ : : : ].40

Consequently the dx belonging to analysis is not something infinitely small; it is
rather an auxiliary variable of any considered value. Most importantly, it could be
useful for simplifying the search for a solution to the problem, and at the end of
the calculations it disappears (e.g. with the procedure of limit) leaving a perfect
equivalence. In other words, by introducing the auxiliary variables, Lazare Carnot
accepts the power of analysis, avoiding some metaphysical concepts, but he does not
accept the way in which the latter introduces it. In fact, he deprives the infinitesimals
of any metaphysical value. For that

This approach is essentially what distinguishes analysis and synthesis. [ : : : ].41 The synthe-
sis does not involve absolute quantities [quantités absolues] and immediately executable
operations which may satisfy the arguments proposed; while the analysis considers all
algebraic forms that can satisfy equations found.42

In agreement with previous investigations (Gillispie 1971, pp 90–100, 1976, pp
23–34; see above Chapter 6) according to which Sadi Carnot’s theory could be
parentage from his father’s theory, we claim that Lazar Carnot’s synthetic method
is present in Sadi Carnot’s theory (1978, pp 18–19, 36, 38–39, 73–79, ft 1). On the
other hand, in the first discursive part of the Réflexions sur la puissance motrice
du feu, Sadi Carnot introduces an infinitesimal cycle, the fundamental concepts of
infinitesimal �t and a cycle of reasoning (see Chapter 7); these elements occur
in the application of the synthetic method. He reasoned introducing and then
“supprimant” the auxiliary variable. Sadi Carnot argues that this is possible when
using infinitesimal calculus. In regard to this crucial historical element, we provide
his own wording (Fig. 9.3):

40Carnot (1832), pp 14–15. (Id., 1813, pp 16–17, line 1). Author’s original wording.
41Carnot (1813), “Note”, p 242, line 7.
42Ivi, p 243, line 9.

http://dx.doi.org/10.1007/978-94-017-8011-7_6
http://dx.doi.org/10.1007/978-94-017-8011-7_7
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Fig. 9.3 A relationship
between mathematics and
physics in Sadi Carnot’s
Réflexion sur la puissance
motrice du feu (Carnot 1978),
pp 18–19, ft 1)

We may perhaps wonder here that the body B being at the same temperature as the steam
is able to condense it. Doubtless this is not strictly possible, but the slightest difference of
temperature will determine the condensation, which suffices to establish the justice of our
reasoning. It is thus that, in the differential calculus, it is sufficient that we can conceive
the neglected quantities indefinitely reducible in proportion to the quantities retained in the
equations, to be certain of the exact result.

The body B condenses the steam without changing its own temperature this results
from our supposition. We have admitted that this body may be maintained at a constant
temperature. We take away the caloric as the steam furnishes it. This is the condition
in which the metal of the condenser is found when the liquefaction of the steam is
accomplished by applying cold water externally, as was formerly done in several engines.
Similarly, the water of a reservoir can be maintained at a constant level if the liquid flows
out at one side as it flows in at the other.

One could even conceive the bodies A and B maintaining the same temperature,
although they might lose or gain certain quantities of heat. If, for example, the body A were
a mass of steam ready to become liquid, and the body B a mass of ice ready to melt, these
bodies might, as we know, furnish or receive caloric without any change in temperature.
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This is what Lazare Carnot (1813, pp 213–257; Gillispie 1971, pp 31–32), George
Berkeley (Grattan–Guinness 1970, pp 215–227) and “de notre immortel” (Carnot
1813, p 122, line 15) Joseph–Louis Lagrange43 (1736–1813) had already done.

An immediate consequence of this (introduction of the adiabatic auxiliary
variable in the synthetic method), following Lazare Carnot’s wording, is the
variable simplifying the solution to the problem: to find the efficiency of a heat
machine. Therefore (within an ideal cycle) the contributions of the work on the two
infinitesimal adiabatic processes mutually cancel each other out. The suppression of
the adiabatic in Sadi Carnot’s cycle may indicate precisely that operation, typical
in the synthetic method, of the elimination of the auxiliary variable ". In Lazare
Carnot’s reasoning:

FUNDAMENTAL PRINCIPLE
24. Two quantities which are not–arbitrary, cannot differ from one another by any other
than a quantity which is not arbitrary. Proof. Since the two proposed quantities are
never arbitrary, we change neither the one [n]or the other: hence we cannot change their
difference: hence this difference is never arbitrary.

COROLLARY I
25. Two quantities that are not–arbitrary are exactly equal to one another, whenever their
supposed difference may be supposed as small as we please. Let P and Q be the two
proposed quantities: we have just seen that their difference cannot be arbitrary: it cannot
therefore be supposed as small as we wish; which is contrary to [the] hypothesis. Hence
this supposed difference does not exist. Consequently P and Q are rigorously equal.

COROLLARY II
26. To be sure that two assigned quantities are rigorously equal, sufficiently to be proved
that their difference is an unassigned quantity. In effect, assigned quantities are not–
arbitrary: hence their difference cannot be arbitrary; their difference therefore is necessarily
an assigned quantity: Hence, in order to prove that this difference does not exist, and that
consequently the quantities are equal, it is sufficient to prove, that if it existed it could only
be an assigned quantity.

COROLLARY III
27. Every value that we may make as near as we please to the real quantity which it
represents, without being at the same time compelled to change either the one or the other,
is of necessity rigorously correct. Since there is no occasion to change either the proposed
quantity or its value in order to render the latter as near an approximation to the former
as we wish: i. e. since we may regard both of them as determined, and consequently non–
arbitrary, in order that they may differ as little as we please from one another. Therefore
they fall under the case of Corollary II. Thus they are of necessity and rigorously equal.

COROLLARY IV
28. Every quantity that we may suppose as small as we please may be overlooked as if it
were absolutely zero, in comparison with every other quantity which cannot like the former
be supposed to be as small as we please; without the errors (possibly arising hence in the
course of the calculation) affecting the result, so soon as all the arbitrary quantities shall

43Lagrange (1797, 1806). Very interesting Lazare Carnot’s quotation on Lagrange’s Théorie des
Fonctions Analytiques: Carnot (1813), p 47.
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have been eliminated from it. Whilst neglecting as absolutely zero the quantities which may
be taken as small as we please, since they are added to or taken from others which do not
admit of being taken as small as we please, it is clear that the errors which can arise in
the course of the calculation, may similarly be considered as small as we please; there will
remain then in the result some arbitrary quantity: but this is opposed to the hypothesis, since
all arbitrary quantities are supposed to be entirely eliminated.

COROLLARY V
29. Every quantity, the relation of which to another quantity may be supposed as small as we
please, may be neglected as absolutely zero in comparison with this last, without the errors
(to which that would give rise in the course of the calculation) affecting the result so soon
as all arbitrary quantities have been eliminated from it. This corollary is but an extension
of the former. In corollary IV, it was supposed, that those quantities in comparison of which
we might overlook the others, could not themselves be supposed as small as we please:
but in corollary V, we suppose, that both the one and the other may be made as small as
we please, but that the ratio of one to the other is also susceptible of being taken as small
as we please: consequently, of what nature so ever both of the quantities may be, we may
neglect, in comparison with the others, those quantities, the ratios of which to these last we
may suppose as small as we please. And the demonstration is the same as that for corollary
IV; for it is evident, that if some errors arose from suppressing these quantities, we might
always diminish them as much as we please, either in the course of the calculation, or in
the result. Not that that can take place as respects this last case, for then some arbitrary
quantity would be introduced there; and this is contrary to hypothesis, it being provided,
that all arbitrary quantities should be eliminated.44

In fact, by means of elimination, in Sadi Carnot’s cycle as well, we return to the
initial system with the solution to the initial problem. That is, the thermodynamic
system goes back to the initial state with the solution to the question of how much
the accomplished work is for a certain quantity Q. Motive power is the matter in
question for Sadi Carnot; in the first of the cited sentences,45 “without significantly
affecting the amount of motive power produced” (Carnot 1978, p 39, line 9).
Therefore, Sadi Carnot may have thought that it was not necessary to know the
correct equation of the adiabatic, because he relied on his father Lazare’s scientific
method. He performed the calculation of the infinitesimal reversible cycle by adding
and subtracting the variable " (the adiabatic) – as is done in such a method – that is to
say, in his own words, “être supprimées” (Ibidem). Below, we provide a performance
model of the application of the compensation of the error based on Lazare Carnot’s
arguments (Fig. 9.4):

44Carnot (1813), pp 30–34, line 20. (Id., 1832, pp 27–31, line 18). Author’s capital letters, wording
and italics. Please note that the use of wording, italic and quotations marks by the author (or
publisher) are not the same in the two (1813 and 1832) editions cited.
45Please refer to Lazare Carnot’s quotations. The wording seems identical.
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Physical system

+ e

Solution (with)
+ e

- e

Fig. 9.4 Simplified
performance model of the
application of the synthetic
method

These other states of the system are then, properly speaking, only auxiliary systems, which
are interposed in order to facilitate the comparison between the parts of the former. The
differences of quantities, which correspond in all these systems, may consequently be
supposed as small as we please, without affecting those which compose the former, and
the ratio of which is the object of our enquiry. So that these differences have the nature
of what we call Infinitely small Quantities [infiniment petites]: since they are considered
as continually decreasing, and as admitting of being made as small as we please, without
affecting the value of the sought unknown quantities. Unity divided by a quantity infinitely
small is called an Infinite, or an Infinitely great Quantity.46

[ : : : ] hence as this last never admits Infinitesimal Quantities, it is quite necessary that
such as [can] be admitted into the former always conclude with being eliminated.47

In the first [system], the infinitesimal quantities are only auxiliary quantities, which
must necessarily be eliminated to achieve the results looked for; in the second [system], the
isolated negative quantities, being imaginary, are no more than of auxiliary use, and as tools
which become absolutely extraneous to the building, once it is erected.48

9.4.3 The Synthetic Method in Réflexions sur la puissance
motrice du feu

Below we present Sadi Carnot’s reasonings in Réflexions sur la puissance motrice
du feu regarding the thermodynamic cycle through the application of the synthetic
method. Particular attention is paid to Sadi Carnot’s reasoning process while

46Carnot (1832), pp 17–18, line 21. (Id., 1813, p 20, line 1). Author’s italics and capital letters.
47Carnot (1832), p 19, line 13 (Id., 1813, p 21, line 25). Author’s capital letters.
48Carnot (1813), p 252, line 18.
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theorizing from a three–phase primitive cycle (or composed cycles), until he creates
the idea of a four–alternate–phase cycle (Table 9.3).

Table 9.3 The synthetic method in the Réflexions sur la puissance motrice du feu

Choices of
S. Carnot

2 cycles by
3 phases

2 cycles by
3 phases

2 cycles by
4 phases In footnote

ASM Yes Yes Yes Yes
UIA No No No Yes
SMR Yes Yes Yes Yes (suppression of

two adiabatics)
SMAIA None in application No No Yes

But he discussed it
Reference p 18, ft 1 p 19 p 36 p 75, ft 1; p 78, ft 1

Legend: ASM application of synthetic method, UIA use of infinitesimal analyses, SMR synthetic
method as method of reasoning, SMAIA synthetic method as method of calculus alternative to
infinitesimal analyses (ca. eighteenth to nineteenth centuries)

Generally speaking in the first discursive part of Réflexions sur la puissance motrice
du feu (Carnot 1978, pp 1–73) Sadi Carnot applied, for the first time, his father’s
synthetic method to the cycle using vapor such as a working substance. The vapor
is added and then subtracted from the cylinder, as is usually done with the auxiliary
variable in the synthetic method. Finally a solution to the problem is obtained: the
machine produces work:

The vapor [steam] serves as means of transporting the caloric [ : : : ].49

Then Sadi Carnot introduces an infinitesimal cycle, and, additionally, the fundamen-
tal concept of a �t (Carnot 1978, pp 1–73). At this point he reduces the range of
temperature (�t) with continuity until it is annulled. In regard to this, he argues:

In order for caloric to pass from one body to another, there must to be a difference of
temperature between them. However, we may suppose the difference [of temperature] to be
as small as we like. For the purposes of our theory, it [�t ] may be taken to be zero [that is,
ideally], without the argument being undetermined in any way.50

In fact, based on previous discussion, he first introduces the auxiliary variable �t
and he then “supprime” it. Sadi Carnot had previously argued that this is possible
because it is the current procedure adopted in the differential calculus.

It may be perhaps surprising here that the body B being at the same temperature as the
vapor [steam] is capable of condensing it: doubtless this is not strictly possible; but the most
minute difference in temperature is enough to bring about condensation, and, is just in our

49Carnot (1978), p 10, line 2.
50Ivi, p 25, line 7.
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reasoning. It is just as in differential calculus, where we achieve rigorously demonstrated
proofs by ignoring quantities, that are infinitesimally small relative to the ones that we retain
in our equations, to make certain of the exact result.51

Finally, Sadi Carnot proposes two main cycles:

1. The cycle as composed by two isotherms (as all the cycles he suggested in
Réflexions sur a puissance motrice du feu), alternated with two isochors, having
W D 0.52

2. The cycle as composed by two isotherms alternating with two adiabatic,
Q D 0.53

When Sadi Carnot conceives the cycle with isochors, he reasons correctly since he
uses an infinitesimal range of temperature, which eliminates the non–reversibility
of the isochors. Then, he passes from the infinitesimal isochors to the finite isochor
(Carnot 1978, pp 39–40). Therefore, he commits an imprecision since he cannot
extend the reversibility to the finite isochor processes (this fact is commonly pointed
out). Let us examine this in detail.

It must be noted that Sadi Carnot did not define reversibility in modern terms,
but in terms of �V > 0 when Q produces a gap, �t > 0. His definition of
reversibility was a criterion capable of distinguishing only the case study �V > 0

(positive work), from the other case study �V D 0 (zero work). Therefore, it is
reasonable to suppose that he could not distinguish the infinitesimal situation from
the finite situation. Since, according to Sadi Carnot, the case study of a process
where �V is infinitesimal for an infinitesimal �t is valid, we can also hypothesize
that he considered the case study of finite processes as a generalization which was
supported by the general method (i.e., the synthetic method) that he applied in
Réflexions sur a puissance motrice du feu. Therefore, we might also claim that Sadi
Carnot inaccurately applied the synthetic method, which is applicable only when a
condition of continuity exists.

Sadi Carnot introduced the definitive cycle with two isotherms and two alternate
adiabatics only at the end of a series of cycles. Let us note the adiabatics are indeed
intended as the two new auxiliary variables. In this case, as previously mentioned,
he does not commit an error when turning to the finite transformations, since,
in modern terms, we know that the finite adiabatic process does not destroy the
reversibility of the infinitesimal thermodynamic transformation.

Essentially, we think that this trust in the synthetic method is the only reason that
later led Sadi Carnot to fundamentally build two cycles:

1. A first cycle consisting of, in addition to the two isotherms (which are present
in all the cycles he suggested in Réflexions sur la puissance motrice du feu),
two isochors.

2. A second cycle with two adiabatics.

51Ivi, 18, ft 1, line 1.
52Carnot (1978), pp 39–40.
53Ivi, pp 29–38.
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It should be noted that the two previous case–studies respectively represent:

W D 0 and ::W D 0

Two case � studies based on his efficiency calculated using
a determined value of Q

Therefore, it was only thanks to the application of the synthetic method that he
thought that infinitesimal works dW and dW 0 of the two adiabatics did not provide
any contribution, since �dW D dW 0. Consequently, in the application of the
synthetic method Carnot obtained:

– The cycleshould not be constituted by three transformations (as would be
sufficient to build a cycle), but rather by four transformations.

– Among the four transformations, two should necessarily be isotherms.
– The two remaining adiabatictransformations, if infinitesimal, give contributions

that mutually cancel (supprimer) each other out, therefore they can be (mathe-
matically) ignored in the cycle.

In that sense, an explanation has been attempted to account for the closure of the
cycle which perplexed Klein (Klein in Taton 1976, pp 213–219) since such a closure
did not attribute any special role to the initial state – we also explained that Carnot’s
final result appears to be fortuitous since in modern thermodynamics, the work of
the adiabatics mutually cancel each other out.

Carnot sets up the cycle in what seems to be a very awkward way, a way not followed by
any of his successors or commentators, so far as I know.54

9.5 The Mathematical Character of the Footnote

The variables on which the function W/Q D f(t, Q) depends are all state variables
(even Q is a state function in the theory of caloric), which vary in reversible
processes. Therefore we encounter the following problem: was Sadi Carnot capable
of calculating the maximum of W/Q studying the differential d(W/Q) by means of
infinitesimal analysis?

Since ca. the seventeenth to eighteenth centuries, the derivative55 has been seen
as an important operation for calculus. It was heavily relied on along with new

54Martin J. Klein in Taton (1976), p 214, line 17.
55Very briefly we mention the ancient Moscow Mathematical Papyrus (also called the Golenischev
Mathematical Papyrus at Pushkin State Museum of Fine Arts in Moscow), where it remains today
demonstrating knowledge of a formula for the volume of a pyramidal frustum. Greek Eudoxus
(ca. 370 BC), for areas and volumes by breaking them up into an infinite number of shapes for
which the area or volume was known. Further advancements were made in the early seventeenth
century by Isaac Barrow (1630–1677) and by Torricelli (Pisano and Capecchi 2010; Capecchi and
Pisano 2010a) who provided hints of a connection between integration and differentiation. One of
the first Barrow proofs of the fundamental theorem of calculus was provided by Barrow and it is
known that Wallis generalized Cavalieri’s method (Cavalieri 1635).
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physical quantities during the birth of modern science, currently also referred to as
derived quantities, e.g.: velocity and acceleration. For instance, both physical and
mathematical quantities appear in the laws of motion. Without derivatives such as
mathematical–physical operations, the above cited physical quantities would lack
in mechanics. However, the next significant purely mathematical advancements
in integral calculus appeared in ca. the sixteenth century, e.g., with Bonaventura
Cavalieri (1598–1647) and later the use of integration, together with differentiation
started to become one of the main operations in calculus applied to physical
phenomena (Capecchi and Pisano 2007, 2008) and in geometry applied to the
science of weights (Capecchi and Pisano 2010b; Pisano 2008). At this time, the
work of Cavalieri with his method of indivisibles (Cavalieri 1635) and the works of
Pierre de Fermat (c. 1601–1665) (Mahoney) began to lay the foundations of modern
calculus. Thus, integration as a global operation was considered for the calculation
of the area instead of the calculation of the tangent.56 Thus, the use of integration for
mechanical machines and thermodynamic machines could be acceptable due to their
physical complexity: a global mathematical interpretation for running machines
appeared reasonable and preferential: a working substance, volume, two reservoirs
an input and an output, work.

In fact, Lazare Carnot’s theory of mechanical machines utilizes, as a typical
mathematical operation (in its fundamental equations, see above Chapters 2, 3 and
below Chapter 11), the sum of all the parts that compose the physical system. By
combining a sequence of elements using addition, the result is their sum. Generally
speaking, without other explicit details, a sum may be expressed (under certain
conditions) as a definite integral.

As a matter of fact, Lazare Carnot’s theory of mechanical machines utilizes,
as a typical mathematical operation (in its fundamental equations, see above
Chapters 2, 3 and below Chapter 11), the summation on all the parts that compose
the physical system. By combining a sequence of elements using addition, the
result is their sum. Generally speaking, without explicit other details, a sum may
be expressed (under certain conditions) as a definite integral

bX
a

f D
bZ

a

fdx:

Even Sadi Carnot began his theory by considering global variables such as P, V,
and t. Such globalist behavior from both father and son suggested to Sadi Carnot
that he should theorize according to more ancient mathematical tradition, that is

56Nevertheless, we agree with the current secondary literature of the history of mathematics that a
major advance in integration appeared in ca. the seventeenth century: an independent discovery
of the fundamental theorem of calculus by Newton and Leibniz. Here, a strictly connection
between integration and differentiation was proposed. Of course, for our aim, and equal in
historical importance, is the comprehensive mathematical framework that both Newton and Leibniz
developed, since we mainly take in account mathematical analysis calculus in the history until XIX
century.

http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_11
http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_11
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to first propose the global mathematical operation, the integration. In fact, in the
unpublished manuscript (Carnot 1978, pp 223–225), Sadi Carnot attempted to
calculate the integral

I
dWmax

Q

for steam in three phases only, without the correct closing of the cycle and
reversibility (Carnot 1978, p 228, line 18). Therefore, in Réflexions sur la puissance

motrice du feu, it was possible to study a cyclic integral
H
d
�
Wmax
Q

�
rather than the

differential d(Wmax/Q). Nevertheless, a priori this integral depends on the path of
integration; it essentially depends on the kind of machine being used. Sadi Carnot
could have solved the problem by searching for the multiplicative factor of the
integrand function which makes the cyclic integral null (see above); and then he
could have obtained a primitive function which, as a new physical quantity, could
have provided the correct dynamics of the process. We remark that this strongly
abstract approach did not relate to physics. Instead, since it was dimensioned, the
integrating factor would have changed the quantity � into another unknown quantity.
In fact, passing from an operative mathematics in the unpublished Recherche d’une
formule propre à représenter la puissance motrice de la vapeur d’eau (Carnot 1986,
pp 167–180; see significant pages reported below) to the exposition in Réflexions
sur la puissance motrice du feu, Sadi Carnot abandoned this calculation following
an advanced mathematics. In fact, he utilized the mathematics of his time (Carnot
1978, pp 73–79, ft 1) to calculate the differential of the efficiency of a heat machine
(Ivi, p 75, ft 1; see also below Chapter 9), operating on a cycle composed by two
isotherms (t and t C dt) and two adiabatics (which, according to him, did not give
any contribution and therefore were not taken into account) (Fig. 9.5).

As previously mentioned, in the first part of Réflexions sur la puissance motrice
du feu, Sadi Carnot underlined the idea that, in order to obtain work it was necessary
to have, first of all, a �t ¤ 0. He later stated that, in a heat machine, Wmax/Q
also depends on Q, thought of in terms of caloric (see footnote above). In this
sense, Q and �t appear to be the only important variables for Carnot’s reversible
heat machine. There could have been many more variables involved; for instance,
the volume V and the pressure of a working substance. Nevertheless, it can be
hypothesized that, by following Lazare Carnot’s idea of studying the heat machines
en général

We draw a distinction here between the vapor [steam] engine and heat [“à feu”] engine57 in
general [“en général”]. The latter may be employed with any working substance, steam or
anything else, in order to develop the motive power of heat.58

57On the first page of the manuscript presented by Hippolyte Carnot to the Académie des sciences
on 16 December 1878, one can see (Carnot 1878a, folio 1) Sadi Carnot avoided the ancient use
of the word “feu” (fire) in his book (see details Chapters 6 and 7 above). Nevertheless something
remained in the book, e.g.: “[ : : : ] machine à vapeur de la machine à feu en général [ : : : ]”. (Carnot
1978, p 8, ft 1, line 1).
58Carnot (1978), p 8, ft 1, line 1.

http://dx.doi.org/10.1007/978-94-017-8011-7_9
http://dx.doi.org/10.1007/978-94-017-8011-7_6
http://dx.doi.org/10.1007/978-94-017-8011-7_7


9.5 The Mathematical Character of the Footnote 285

Fig. 9.5 Sadi Carnot’s state equation on gas theory in the unpublished manuscript (Carnot S–EP,
folia 16–17, © Collections archives de la bibliothèque de l’École polytechnique de Paris (see also
Gabbey and Herivel; Fox 1986, pp 178–179))

In this sense, he decided to compare the input and the output of a machine by means
of a performance coefficient. Consequently he theorized the functioning of a heat
machine using the quantities that can be seen from the outside: the input Q, the
output W, and the �t of the two external reservoirs. In this way, he obtained the
new quantity Wmax/Q as a mathematical function of the variable�t alone:

� D dWmax D f .�t/:

Subsequently (as already discussed in reference to the footnote interpretation in step
5), Sadi Carnot calculated the maximum work for a quantity Q using a hypothesis
that might seem arbitrary from a mathematical point of view: Sadi Carnot thought
that in the expression of Wmax the state function Q was factorizable (Carnot 1978, p
76, line 8, Ivi, 1db):

Wmax D g.Q;�t/ D Q�.�t/:

As previously stated from a strictly mathematical point of view, this hypothesis is
not justified. Sadi Carnot then tried to physically establish that the efficiency of a
heat machine is independent from the working substance used (Carnot 1978, p 38,
line 4). In addition, since Sadi Carnot set (Carnot 1978, p 75, line 11) the initial
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temperature to 0, he could simplify the formula to � D f .t/. Thus, d� is an exact
differential because � depends exclusively on one variable (Carnot 1978, p 75, line
17, p 76, line 7).

9.6 How did Sadi Carnot use his Adiabatic Equation?
A Possible Calculation

As already mentioned, the fact that Sadi Carnot calculated a cycle between only two
isotherms, t and t C dt can leave us perplexed because the (final) result is still valid
from a modern point of view.

Carnot now goes on to calculate the motive power obtained in the cycle [4 phases] for air,
using the convenient assumption that the “fall” of temperature [between two isotherms] is
so small that the effect of the adiabatic can be ignored.59

Nevertheless, nothing proves that this is also valid for a finite adiabatic. Let us see
the possible calculus. Sadi Carnot utilized the following adiabatic formula60:

t.V / D K C � log Œln� V

K 0 C � 0 log Œln� V
: (9.1)

Experimentally, the coefficient � 0 of log V is a very small quantity, therefore, in
order to simplify the calculations, as Sadi Carnot also suggested (see above) at the
end of the mathematical footnote, � 0 D 0 can be introduced. In this case, Eq. 9.1
can be expressed in the following way:

t.V / D K

K 0 C � logV

K 0 ;

from which, if we consider

K

K 0 D M and
�

K 0 D � (9.2)

it follows that

t.V / D M C� logV: (9.3)

59Robert Fox in Carnot (1986), p 147, En. 78, line 1. (Authors’ quotations).
60Carnot (1978), p 66, line 10.
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Let us see consider Sadi Carnot’s ad hoc cycle:

Fig. 9.6 An ad hoc simplified performance diagram of Sadi Carnot’s processes

Let us calculate the work W�ˇ on the adiabatic expansion of an ideal gas (see
Fig. 9.6.)

W�ˇ D
�Z

ˇ

pdV: (9.4)

From Sadi Carnot’s state equation of ideal gas pV D Nt (Carnot S–EP folia 5–6;
Carnot 1986, pp 172–173; see also below Chapter 9) we obtain p D N t

V
, which

substituted in Eq. 9.4, gives:

W�ˇ D N

�Z

ˇ

t.V /

V
dV : (9.5)

From Eq. 9.3 we can write

logV D t.V / �M
�

;

obtaining the following expression for volumes V and dV, which depend on
t–variable temperature only:

V D e
t�M
� D e

t
��M

� D e�M
� e

t
� D Be

t
�

dV D e
t
� � B

�
dt (9.6)

http://dx.doi.org/10.1007/978-94-017-8011-7_9
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Thus, by substituting Eq. 9.6 in Eq. 9.5 we have:

W�ˇ D N

�Z

ˇ

t

e
t
�

1

�
e
t
� dt D N

�Z

ˇ

t

�
tdt D N

2�

�
t2� � t2ˇ

�
: (9.7)

Executing the same calculation on the other adiabatic–work Wı˛ D N
2�

�
t2ı � t2˛

�
,

and since t� D tı and tˇ D t˛ , in the end we conclude that the two works differ only
by a sign; that is, they are equal and opposite:

W�ˇ D �Wı˛ (9.8)

From a modern point of view, the two adiabatic works do not give any contribution
to the calculation of the efficiency within a Carnot cycle. Their numerical values are
equal and opposite; such as the result expressed by Eq. 9.8.

9.7 A Reflection on the Modern Calculation of Efficiency

Generally speaking the first principle of thermodynamics establishes that:

I
dU D

I
dQ C

I
pdV:

Let us consider a physical system � and we will suppose that it is adiabatically
isolated, that is,

H
dQ D 0. The adiabatic work accomplished on the system (chosen

as positive) in bringing it from a state 1 to a state 2 is, for the first principle:

W D
2Z

1

dU D U2 � U1:

Let us calculate, for an ideal gas, (�U D cV �t and �U D cV �t) the contribution
of the work on the isotherms and on the adiabatic in Sadi Carnot’s reversible cycle.

Isothermal expansion A ! B at temperature T2. With regard to the diagram of
the Carnot’ cycle, for the first principle we have

R
dU D 0, consequently we have

�Q D W , that is:

�Q2 D WAB D
BZ

A

pdV D nRT2

BZ

A

dV

V
D nRT2 log

VB

VA
;

having Q < 0, since it is absorbed, and W > 0 because�V > 0.
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Adiabatic expansion B ! C between the temperatures T2 and T1. For the first
principle we have

R
dQ D 0, therefore�U D W :

�U D WBC D nCV .T2 � T1/;

having W > 0 because�V > 0.
Isothermal compression C ! D at temperature T1. For the first principle, we

have
R

dU D 0, thereforeQ D �W :

Q1 D �WCD D �
DZ

C

pdV D �nRT1
DZ

C

dV

V
D �nRT1 log

VD

VC
;

having W < 0 because �V < 0.
Adiabatic compression D ! A between temperatures T1 and T2. For the first

principle we have
R
dQ D 0, therefore�U D �W :

�U D �WDA D �nCV .T2 � T1/;

having W < 0 because �V < 0. Finally we arrive at the calculation of the work on
the entire cycle. It is simple to verify that it is necessary to calculate the area which
is enclosed by the four thermodynamic curves.

Let us point out that, for the whole cycle,WBC CWDA D 0; i.e., the contribution
of the work on the two adiabatics, is zero. Therefore, Sadi Carnot was right to
disregard it. However, in modern thermodynamics the two adiabatics depend on
the nature of the gas through the coefficient � . Therefore the cycle efficiency may
be considered as independent from the nature of the gas only if the adiabatics do not
give any contribution to the work. In fact, applying the first principle to the whole
cycle we have:

I
dU D 0

Qciclo D Q2 CQ1 D WAB CWCD D Wciclo

Wciclo D nR.T2 � T1/ log
VB

VA
C nR.T2 � T1/ log

VC

VD

which is the area sought under the curve of the heat work performed. Now we
consider the relation between heat Q1, obtained by isothermal expansion and heat
Q2, obtained by isothermal compression:

Q1

Q2

D T1

T2

log VD
VC

log VB
VA

: (9.9)
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It is interesting to show that in modern thermodynamics this relation is independent
from the ratio of compression VD=VC and VB=VA. In fact, applying the adiabatic
equation to the reversible transformations AD and BC, we have:

VBT
1

��1

2 D VCT
1

��1

1

VAT
1

��1

2 D VDT
1

��1

1

and dividing member by member, we obtain equality VB=VA D VC=VD , which,
when substituted in (9.9), gives the following result:

Q1

Q2

D T1

T2
:

In conclusion, the reversible efficiency of a heat machine in a Carnot cycle is
expressed as follows:

�rev D Q2 �Q1

Q2

D 1 � Q1

Q2

D 1 � T1

T2:

9.8 Final Remarks

I believe that analysis of Carnot’s description raises questions whose answers have both
physical and historical interest.61

We hope that this historical epistemology of thermodynamics focused on Sadi
Carnot’s footnote in Réflexions sur la puissance motrice du feu discussed by means
of his original level of mathematics and the application of his father’s synthetic
method can contribute to clarifying an enigmatic and crucial aspect of the birth
and development of both Sadi Carnot’s theory and the historical knowledge of
thermodynamics. This is an aspect whose importance has been underestimated,
since the possibility that Sadi Carnot could have applied his father’s method was
ignored. This cultural parentage strengthens the hypothesis of a strict scientific and
filial relationship between Sadi Carnot and his father’s science, especially in regard
to mathematics (see Chapter 11).

We should consider that even from a modern point of view, Sadi Carnot’s
result on two adiabatics could have been obtained by using the synthetic method,
that is, neglecting the works of two adiabatics. Therefore, even though only in
thermodynamics, the synthetic method appears to have such a general and simple
nature, that it can be independent from the theory to which it is applied.

61Martin J. Klein in Taton (1976), p 214, line 19.

http://dx.doi.org/10.1007/978-94-017-8011-7_11
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A theory is more impressive the greater simplicity of its premises is, the more different
kinds of things it relates, and the more extended its area of applicability. Therefore the deep
impression which classical thermodynamics made upon me. It is the only physical theory
of universal content concerning which I am convinced that, within the framework of the
applicability of its basic concepts, it will never be over thrown.62

In the end, it is possible to consider that Sadi Carnot’s exposition is not an attempt
to translate qualitative data into quantitative data, e.g. a mathematical formulation.
Instead, it represents an effort to clarify the fundamental method that allows us to
introduce mathematics into thermodynamics. An effort that might to appear similar
to that of Galileo Galilei (1564–1642) which tried to introduce mathematics in his
mechanics presented in Le Mecaniche63 (1634) and in Discorsi e dimostrazioni
matematiche sopra a due nuove scienze64 (1638).

62Einstein (1949 [1970]) vol. VII, p 33; also quoted in: Klein (1967), pp 509–516.
63Galileo (1890–1909), II, pp 147–191. For a recent review of Le Mecaniche see Romano Gatto’s
work (Galileo 2002) and, of course indispensable Stillmann Drake’ works on the Galileo (e.g.,
Drake 1973, 1985, 2000; Drake and Drabkin (1969)). See also an interesting French version, of
the les mécaniques de Galilée by Egidio Festa and Sophie Roux (forthcoming). In regard to Le
Meccaniche, Gatto comments both versione breve (4 manuscripts, Galileo 2002, pp 3–42) that
versione lunga (14 manuscripts, Ivi, pp 43–154). The manuscript edited by Antonio Favaro (1847–
1922) in Opere nazionali di Galileo Galilei is the versione lunga. It is composed of 10 manuscripts
at his time known (Galileo 1890–1909, II, 155–190). In the versione lunga one can see the effort
cited in the running text. For recent works concerning Galilei’s method and his mathematical
approach one can consult: Pisano (2008, 2009a, b, c; Pisano and Bussotti (2012)).
64Galileo (1890–1909), VIII, pp 39–448; see also Galileo (1954).



Chapter 10
Studies and Heritage of Réflexions sur la
puissance motrice du feu

Une chose digne de remarque c’est le rapport que les Réflexions
sur la puissance motrice du feu de SADI CARNOT ont avec les considérations

renfermées dans un petit ouvrage de son illustre père, le Général CARNOT,
publié en 1783, sous le titre d’Essai sur les machines en général.

Ce que le père a fait pour la mécanique ordinaire, le fils l’a
fait pour La mécanique de la chaleur.

(Saint–Robert 1870b, II, p 447, line 24; s. transl. below)

In order to describe a possible scientific and historical panorama of the role
played by the physical foundations of Réflexions sur la puissance motrice du
feu when it was first published in this section, we’ve selected scientific studies
and historical studies regarding Sadi Carnot’s theory. As we have presented in
previous chapters, this theory was essentially based on three anomalies of the
paradigm at the time: the novelty of the cycle both as a device of reasoning and an,
ad absurdum proof in calculus and the use and doubts regarding caloric. Therefore,
for our purposes, we focus on: the contemporary birth of the theory of heat and
its developments (Fourier, Lamè), the scientific studies on cycles (Hoyer), and the
developments of thermodynamics devoted to the physics and mathematics of the
nineteenth century regarding the dynamical effects of heat based on Sadi Carnot and
Clapeyron’s arguments (Reech). Finally, we examine a thermodynamics textbook
(Saint–Robert 1865, 1870c) used at the end of the nineteenth century which was
fundamentally devoted to Lazare and Sadi’s typical scientific approach.

10.1 An Outline of the Problem

First, we briefly present historical reflections on Gabriel Lamé’s Leçons sur la
théorie analytique de la chaleur (Lamé 1861b) and Joseph Fourier’s Théorie analy-
tique de la chaleur (Fourier 1822), focusing the physical–mathematical relationship

C.C. Gillispie and R. Pisano, Lazare and Sadi Carnot: A Scientific and Filial Relationship,
History of Mechanism and Machine Science 19, DOI 10.1007/978-94-017-8011-7__10,
© Springer ScienceCBusiness Media Dordrecht 2014
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in the theory of heat. In the second part, we address Sadi Carnot’s theory in terms
of the characteristic cyclic process with the aim of obtaining results independent
from the chaleur and calorique, in order to discuss the equivalence of heat and
work. Therefore, we present Reech’s Théorie générale des effets dynamiques de
la chaleur, 1853 (Reech 1853, pp 357–378; see also Reech 1851, pp 567–571)
in which he adopted and generalized Sadi Carnot’s (and Clapeyron’s) reasonings
in order to obtain a general formula from which each of the two theories (on
caloric and on heat) can be derived under the right conditions. In this sense, more
recently than Reech, Hoyer (1975, 1976) demonstrated that the modern theory of
the equivalence of heat and work and caloric theory in Sadi Carnot’s work coincide
by means of an infinitesimal process. For our part, we suggest that there is a way to
reconsider Reech’s general result according to Hoyer’s modern suggestion, thereby
obtaining the modern theory of the equivalence and so explaining one of Sadi
Carnot’s surprising results. In the third part, we present Paul de Saint–Robert, an
Italian scholar who published one of the first textbooks on the subject that included
scientific studies, as well as historical and biographical notes on Sadi Carnot.
The book is entitled, Principes de thermodynamique (Saint–Robert 1865, 1870c).
With regard to the historical period from 1850 to 1870, we provide a scientific
and historical study of the foundations of the first edition (Saint–Robert 1865) to
examine his way of discussing the second principle. In particular, we compare it to
its original version in Réflexions sur la puissance motrice du feu published 41 years
before.

10.2 La théorie analytique de la chaleur. Reflections
on Fourier and Lamé

10.2.1 On Fourier’s théorie analytique de la chaleur (1822)

On December 21st, 1807, Jean Baptiste Joseph Fourier1 (1768–1830) (Grattan-
Guinness 1972; Grattan–Guinness in Gillispie 1970–1980)2 presented his work
on heat entitled, Théorie de la propagation de la chaleur dans les solides, at the
Académie des sciences in Paris (Fourier 1807, I, pp 112–116, Fourier 1888–1890).
He focused on heat transmission between discrete masses and gave special case
studies of continuous bodies (e.g. ring, sphere, cylinder, rectangular prism and

1The content of this chapter is based on Pisano (2001, 2005), Drago and Pisano (2008), Pisano and
Capecchi (2009). (The discussion on Sadi Carnot Reech and Hoyer was also previously arranged
by one of us in his lauream dissertation in Physics).
2See also next 1990 edition.
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cube). A committee composed, among others, by Joseph–Louis Lagrange (1736–
1813) and Pierre Simon Laplace (1749–1827) who rejected it, judged his work.
According to Grattan–Guinness:

The significance of the contributions made to the development of mathematical physics by
Joseph Fourier (1768–1830) has been made difficult to evaluate by the controversies, which
they stirred amongst his colleagues and rivals. One result of this situation was that his major
paper, submitted to the Académie des sciences at Paris in 1807, was never published. The
manuscript is still extant, however, and its major features are discussed in the light both
of contemporary results and also of immediately succeeding work which it did so much
to inspire. An edition of this and other Fourier manuscripts on mathematical physics is in
preparation.3

In 18114 in occasion of a prize competition for the propagation of heat in solid
bodies, Fourier improved his work and presented it again (Fourier 1829, VIII,
pp 581–622, Fourier 1888–1890, pp 595–614). A crucial mathematical problem
was the propagation (one dimension) of heat in an infinite domain. He won the
competition but his work was not given the possibility of being published in the
Mémoires de l’Académie. In 1822, he published a monographic work, Théorie
analytique de la chaleur (Fourier 1822, pp i–xxij; Fourier 1888–1890, I) which
integrally contained the Mémoire of 1811 in its first part. Gabriel Lamé wrote
about Fourier in his Discours préliminaire, contained within Leçons sur la théorie
analytique de la chaleur:

Taking into account the history [ : : : ]. Fourier’s original work on the analytic theory of heat,
only considers the case–study of the propagation of heat, for homogeneous solid bodes. The
accepted principle leads to this corollary, that is the flux of the heat, which moves within
plane–body is expressed by a variation, normal to surface, of the function, and that function
is the temperature. This corollary quickly establishes the second–order partial differential
equation, which prevails within bodies, [ : : : ].5

In formulating heat conduction in terms of a partial differential equation and
developing methods to solve it, Fourier introduces many innovations because the
science of heat and the theory of differential equations were both in an early stage of
development at his time, as we have just observed. One of the most important aspects
of Fourier’s work was the method of solution. However, his physical insights were
also quite relevant. In 1822, in his Discours préliminaire (Fourier 1822, pp i–xxij),
Fourier also discussed the problems of his theory (Fig. 10.1):

3Grattan-Guinness (1969), p 230.
4The prize was only conferred in 1812.
5Lamé (1861a), p XII, line 21.
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Fig. 10.1 Fourier’s
preliminary arguments
(Fourier 1822)

Why do terrestrial temperatures cease to be variable at a depth so small with respect to the
radius of the earth?6 Why do not the annual changes alone in the distance of the sun from the
earth, produce at the surface of the earth very considerable changes in the temperatures?7

[ : : : ] how shall we be able to determine that constant value of the temperature of space,
and deduce from it the temperature which belongs to each planet?8

He also dealt with other problems and the social importance of solving them, since
in his opinion they remained unresolved at the time. Among the various problems,
he emphasized those typically associated with early heat machines,9 which began
to be widespread at the time.10 In the first pages of his Discours préliminaire,
Fourier had already noted the great results obtained by rational mechanics (Fourier
1822, pp i–ij): he included the principles, which regulated the motion of the
planets, the equilibrium and oscillation of the seas, the propagation of light and
the capillary phenomena. Moreover, he claimed heat phenomena were not referable
to mechanical phenomena, which already had a consolidated scientific theory
(Fourier 1822, pp ij–iv). In this sense, a theoretical and satisfactory theory for heat
phenomena still seemed distant–at least until Sadi Carnot’s scientific work appeared
in 1824 (Carnot 1978).

6Fourier (1878), p 4, line 27. (Id., 1822, p vij, line 25). We listed the references of both the French
edition (Fourier 1822) and the English edition (Fourier 1878).
7Fourier (1878), p 4, line 35. (Id.,1822, p viij, line 12).
8Fourier (1878), p 5, line 15. (Id.,1822, p ix, line 10). Author’s italics.
9E.g.,: Denis Papin (1691), Thomas Savery (1698), Boulton & Watt company in Soho, near
Birmingham (1776–1800), Richard Trevithick (1801) with the first steam engine called “Catch
me who can”; Stephenson (1813).
10Singer ([1954–58] 1993), IV, pp 152–221, Dickinson (1939), chaps. 1 and 2, Tredgold (1838),
II; Fox and Weisz (2009).
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But whatever may be the range of mechanical theories, they do not apply to the effects
of heat. These make up a special order of phenomena, which cannot be explained by
the principles of motion and equilibrium. We have for a long time been in possession of
ingenious instruments adapted to measure many of these effects; valuable observations
have been collected; but in this manner partial results only have become known, and not
the mathematical demonstration of the laws which include them all.11 [ : : : ] To found
the theory, it was in the first place necessary to distinguish and define with precision the
elementary properties which determine the action of heat. I then perceived that all the
phenomena which depend on this action resolve themselves into a very small number of
general and simple facts; whereby every physical problem of this kind is brought back to
an investigation of mathematical analysis. From these general facts I have concluded that
to determine numerically the most varied movements of heat, it is sufficient to submit each
substance to three fundamental observations.12

The basic proprieties assumed by Fourier concern the capacity of bodies to absorb
and transfer heat. A small group of primary facts deduces the principles of the
theory, as one can see in rational mechanics:

The principles of the theory are derived, as are those of rational mechanics, from a very
small number of primary facts, the causes of which are not considered by geometers, but
which they admit as the results of common observations confirmed by all experiment. The
differential equations of the propagation of heat express the most general conditions, and
reduce the physical questions to problems of pure analysis, and this is the proper object of
theory. They are not less rigorously established than the general equations of equilibrium
and motion.13

The main principle adopted by Fourier for the heating transmission is the following:

SECTION III. Principle of the communication of heat.
57. We now proceed to examine what experiments teach us concerning the communication
of heat. If two equal molecules are formed of the same substance and have the same
temperature, each of them receives from the other as much heat as it gives up to it; their
mutual action may then be regarded as null, since the result of this action can bring about no
change in the state of the molecules. If, on the contrary, the first is hotter than the second, it
sends to it more heat than it receives from it; the result of the mutual action is the difference
of these two quantities of heat. In all cases we make abstraction of the two equal quantities
of heat which any two material points reciprocally give up; we conceive that the point most
heated acts only on the other, and that, in virtue of this action, the first loses a certain
quantity of heat which is acquired by the second. Thus the action of two molecules, or the
quantity of heat which the hottest communicates to the other, is the difference of the two
quantities which they give up to each other.14

The mathematical side emerges from the physical one, both for experimental
phenomena and for hypotheses and the reasoning necessary to introduce them. In the
end, one can only discuss the solutions of equations and their physical–mathematical
limits.

11Fourier (1878), p 2, line 3. (Id., 1822, p ij, line 24).
12Fourier (1878), p 2, line 16. (Id., 1822, p iij, line 14).
13Fourier (1878), p 6, line 11. (Id., 1822, p xj, line 4).
14Fourier (1878), p 41, line 3. (Id., 1822, p 39 line 23). Author’s italics.
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59. Denoting by v and v0 the temperatures of two equal molecules m and n, by p, their
extremely small distance, and by dt, the infinitely small duration of the instant, the quantity
of heat which m receives from n during this instant will be expressed by .v0 � v/'.p/.dt .
We denote by '.p/a certain function of the distance p which, in solid bodies and in liquids,
becomes nothing when p has a sensible magnitude. The function is the same for every point
of the same given substance; it varies with the nature of the substance.15

Fourier is indifferent to the problem of the nature of heat also because, from a
mathematical point of view, it does not modify any reasoning regarding the partial
derivative of the new analytical theory of heat. He explained this in the first page
regarding the preliminary concepts of the propagation of heat.

SECTION II. Preliminary definitions and general notions.
22. Of the nature of heat uncertain hypotheses only could be formed, but the knowledge of
the mathematical laws to which its effects are subject is independent of all hypothesis; it
requires only an attentive examination of the chief facts which common observations have
indicated, and which have been confirmed by exact experiments.16

The propagation of heat in solids is interpreted by functions in time and space and
differential equations:

142. THEOREM IV. From the preceding Theorems it is easy to deduce the general
equations of the propagation of heat. Suppose the different points of a homogeneous solid of
any form whatever, to have received initial temperatures which vary successively by the
effect of the mutual action of the molecules, and suppose the equation v D f .x; y; z; t / to
represent the successive states of the solid, it may now be shown that v a function of four
variables necessarily satisfies the equation

dv

dt
D K

CD

�
d2v

dx2 C d2v

dy2 C d2v

dz2

	17
:

Nevertheless, at the time, Fourier’s analytic theory of heat was too premature to be
involved in a definitive mathematical and mechanical scheme (Grattan-Guinness
1969, pp 230–253). In fact, “Part of its impact was that it did not fit into the
scheme of rational and celestial mechanics”.18 In any case, in the first half of the
1800s, one can remark a crucial change in physical theorization because central
forces were found to be ineffective for the production of heat phenomena. Despite
Fourier’s introduction of mathematical techniques used in Newtonian physics
(differential equation), he understood19 that not all of his results guaranteed an
evident continuum of the previous theory of heat (and heat machines).

In summary, although the theory had earned the use of advanced mathematics,
the theoretical advancement proposed by Fourier relied too heavily on a Newtonian

15Fourier (1878), p 42, line 34. (Id.,1822, p 42, line 11).
16Fourier (1878), p 26, line 11. (Id.,1822, p 18, line 10).
17Fourier (1878), p 112, line 15 (Id., 1822, pp 134–135, line 19). Author’s italics.
18David Keston, Joseph Fourier, Politician & Scientist, also available via: http://www.todayinsci.
com/F/Fourier_JBJ/FourierPoliticianScientistBio.htm
19“[ : : : ] most complex effects of all the natural forces, and thus has the thought of Newton been
confirmed: quod tam paucis tam multa proestet geometria gloriatur. But whatever may be the
range of mechanical theories, they do not apply to the effects of heat. These make up a special
order of phenomena, which cannot be explained by the principles of motion and equilibrium.”
(Fourier 1878, p 1–2, line 27, 1822, pp ij–iij, line 20). Author’s italics.

http://www.todayinsci.com/F/Fourier_JBJ/FourierPoliticianScientistBio.htm
http://www.todayinsci.com/F/Fourier_JBJ/FourierPoliticianScientistBio.htm
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paradigm; it was also too narrow without clear perspectives for the further develop-
ment of a general theory of heat.

10.2.2 On Lamé’s Leçons sur la théorie analytique de la
chaleur (1861)

In 1861 Gabriel Lamé (1795–1870) wrote his textbook, Leçons sur la théorie
analytique de la chaleur (Lamé 1861b), focusing on the mathematical role played
by the transmission of heat, independently of both physical laws and the nature of
heat. In a previous work, Leçons sur la théorie mathématique de l’élasticité des
corps solides (Lamé 1852), he had already advanced his preliminary ideas on the
role played by mathematics in a physical theory:

The Physics mathematics itself, is an entirely modern conception, which belongs exclu-
sively to the Geometers of our century. Today, the science only includes three chapters,
one each other differently thought, which are rationally conceived; that is they are based
on principles or uncontestable laws. These chapters are: the theory of static electricity
studied on the surface of the conductors–bodies; the analytic theory of heat; [and] within
mathematical theory of elasticity of solid bodies. The latter is the most difficult, the less
complete; and it is also the most useful was, during a time in which we appreciate the
importance of a mathematical theory since results which it can immediately give to the
industrial practice.20

Therefore, in this sense see the following image (Fig. 10.2)

Fig. 10.2 His preliminary
concepts on physics
mathematics

20Lamé (1852), p V, line 11.
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The Analysis should be including soon, no doubt, to embrace other parts of the General
Physics, such as the theory of light, and the electrodynamics phenomena. [ : : : ]. But, we
cannot repeat all the time, the truth of physics mathematical is a so rigorous science,
so accurate such as rational mechanics. It differs, consequently, for all applications on
given principles, on free or convenient hypotheses, on empirical formulas; most are the
numerical calculations for a synthetically classification. [ : : : ] it is uncontestable that all
these empirical and partial theories are non-definitive sciences.21 [ : : : ] Their reign is mainly
provisory. They will survive in time if rational Physics invade their domain. Then, they will
have more than a historical importance.22

Moreover, as was common at the time, in Leçons sur la théorie analytique de la
chaleur, Lamé was influenced by the positivistic environment of French science at
the time (Gillispie 1980, 2004; Fox 1995, Fox and Guagnini 1993). In order to better
understand his analytical approach, certain lines from his previous work (Lamé
1852) must be noted. In this work, he focused a great deal of his scientific thoughts
on the role played by mathematics in respect to physical phenomena, moving
towards a rational physics called physique rationnelle (Guinness 1990a, b). Gabriel
Lamé’s concepts (e.g. velocity, propagation) with regard to heat were supported by
advanced mathematics, differential equations and integral calculus. This mathemat-
ical aspect led him to a rational theory, which demonstrates its true power when
it is included in a larger and consolidated theory and interpreted mathematically.
Particularly, this approach was based on methods and techniques, which were quite
different from Lavoisier and Sadi Carnot’s theories as previously demonstrated.

Generally speaking, Lamé is not interested in experimental procedures of
measurements, hypotheses on nature of heat, the physical theory of heat or specific
heat, as one can read in his theoretical premise of the theory in his Discours
préliminaire of the Leçons sur la théorie analytique de la chaleur (Fig. 10.3):

Fig. 10.3 His preliminary
teaching concepts (In regard
to this matter, one of Lamé’s
previous works in his Cours
de physique at École
polytechnique (Lamé 1836) is
very interesting. It includes
crucial aspects of his main
idea concerning the
relationship between
mathematics and physics
(Pisano 2011a))

21Lamé (1852), p VI, line 4.
22Ibidem, line 24.
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The Course that I am going to do nowadays is mainly focused on the purpose to establish the
[contents of] analytical theory of heat, without using any hypothetical principle concerning
the internal constitution of the matter, without using presupposing the laws on exchange
of heat, or particular reasoning, without adopting any restriction on conductibility around a
given point. I am more convinced that by avoiding in this way, any preconceptions about the
natural laws, [ : : : ] the Theory of Elasticity, completely free of any hypothetical principles,
can rigorously demonstrate, based on the facts, in diaphanous environments, the ponderable
vibrations of lights.23

Thus, he removes any physical considerations. He also introduces temperature as a
mathematical function:

The laws, which rule internal part of homogeneous solid, or functions of three– coordinates,
such as variables for static conditions only, and the time, such as a fourth variable for
dynamic state are proposed to determinate.24 [ : : : ] It is then necessary to modify or adopt
the principle already presented [ : : : ]: Iı the temperature is a continuous function of time–
coordinates; 2ı the quantity of heat transferred, within very short time, from hotter first
point to a colder second point, very near [infinitesimal] one each other, [ : : : ] is proportional
to very small difference [infinitesimal] of temperature of these two points.25

In detail, we have:

1. The temperature is a function of the space and time T D f(x, t) (continuous cases only).
2. Constant orientations–transfer of heat into a material object.
3. For T D f(x, y, z) with three variables, he defines a static state.
4. For T D f(x, y, z, t) with four variables, he defines a dynamic state.

He wrote:

The corresponding flow to any plane–elements

.23/ !dt

�
�q dV

dn

	
I

dn is increment of the normal on element, and q is constant conductibility. Thus, in a non–
crystalline homogeneous solid each elementary flow includes only a normal variation of
the temperature, and the coefficient of that variation is the same for all plane–elements,
whatever is their orientation. The expression (23) is the same expression deduced by Fourier
but starting from a physical law, considered as point of departure. In the current theory,
that expression is rigorously established; and we clearly see that it must not include the
tangential–variations–of–temperature [ : : : ].26

23Lamé (1861b), p. V, line 1. Author’s italics.
24Lamé (1861b), p VI, line 26.
25Lamé (1861b), p 2, line 8.
26Lamé (1861b), p. 16, line 8. Since it is a difficult original print, we changed some letters in the
formula “(23)”. Nevertheless, the mathematical content does not change.
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In the following section we avoid focusing attention on the intimate nature of heat,
which is somewhat uncertain in Fourier’s work27 and more decisive in Lamé’s
work, perhaps also due to the temporal distance between the two scientists. Leçons
sur la théorie analytique de la chaleur echoes Fourier’s theory while adding
some improvements (Lamé 1861b, p 1), especially for mathematical techniques.
In particular: it introduces elliptical coordinates, non-isotropic solids and more
complex geometrical forms of bodies.

15. It still remained to compare the facts with theory. [ : : : ] These experiments confirm
the principle from which we started, and which is adopted by all physicists in spite of the
diversity of their hypotheses on the nature of heat.28

10.2.3 Final Remarks on Fourier and Lamé’s Theories

Observed from a historical epistemological point of view, the initial research on heat
seemed to echo the scientific programs in Laplace’s Traité de mécanique céleste and
Exposition du système du monde (Laplace 1805, [1836] 1984), focusing on central
forces and offering the possibility of realizing differential equations. The exaltation
of the importance of the mathematical theory of heat occurs when it is included in
a new theory, e.g., generally speaking, propagation, velocity applied to heat, etc. as
occurs in the following flow chart (Fig. 10.4).

This foundational aspect mainly began thanks to Fourier first and Lamé later. In
these types of theories there are various mathematical aspects so the theory appeared
entirely mathematical, e.g. the analytic theories. In fact, the content was advanced by
advanced mathematics (differential calculus by partial derivatives, integral calculus,
series, etc.) to interpret each field of phenomena. Therefore, a physical theory in
origin is absorbed by mathematics, producing two crucial consequences: the birth
of a new theory (e.g., Théorie analytique de la chaleur) and, at the same time, the
scientific–cultural demise of the previous classical physical theory of heat.

In the end, the birth and developments of analytical theories of heat also
based on results and concepts developed between the eighteenth and nineteenth
centuries, seemed uninterested in the revolutionary debate of the nineteenth century
caused, for example, by the birth of thermodynamics. Their development progressed
independently from chaleur, calorique and heat machines. Since in general they
were methodologically based on, a mechanical view of nature (mathematical space
and time, velocity, differential calculus, etc.), they contributed to the success
of the triumphant mécanique céleste: one of the most relevant theories of the
nineteenth century absorbed by mechanics. The latter, may be the most important

27Generally speaking the analytical theory of heat is not interested in the intimate nature of heat.
28Fourier (1878), p 22, line 17; Id., 1822, p 12 line 16. See also Fourier (1822), pp 4–6.
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Mechanics

Celeste

Planetary

Engineering

Stars, comets, planets satellites,
Stability of planetarium system

Geodesy, cartography

Mechanics, instruments, frictions,
analytical theory of heat

Corporeal

Statics, dynamics, hydrodynamics,
crystallography

Molecular

Elasticity

Fig. 10.4 An example of some theories included in the general domain of mechanics (Let us note
that the inclusion concerns the foundations (mathematics, physics) and the mechanical approach
(Pisano 2011a))

scientific system of knowledge but it is also science’s most conservative and difficult
approach. We must wait for the first two decades of the twentieth century to see a
radical change in the direction of both foundations and methods (2009d). This latter
hypothesis could also suggest why after Lamé, the Théorie analytique de la chaleur
proved to be too specialized; it appeared too focused on the needs of advanced
mathematics, further specified within an idealistic and difficult paradigm (Pisano
2012a).
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10.3 Theoretical Advancements on Caloric Theory
in Sadi Carnot’s Work

10.3.1 On the Dynamical Effects of Heat by Ferdnand
Reech (1853)

In his Théorie générale des effets dynamiques de la chaleur (Reech 1853, pp
357–378), Ferdnand Reech29 (1805–1884) obtained an important theoretical
advancement, of Carnot’s theory. He did not impose advanced mathematical ideas
on the development of physical theory,30 nor did he anticipate the experimental
data with principles a priori (space, time, etc. : : : from which the theory is derived).
Instead, he based his idea on the main part of Sadi Carnot’s theory focusing on
the cycle and he developed it around the same organization of the theory that Sadi
Carnot had already implemented. According to Reech, a great part of Sadi Carnot’s
theory is valid independently from the theory of heat or caloric theory and therefore
a new point of view can be advanced (Reech 1853, pp 357–359). That is to say, for
Sadi Carnot’s theory, the relation of equivalence between quantities q

0

and q, and
the equivalence between work and heat must not be acknowledged a priori.

[Sadi] Carnot and Clapeyron’s [he refers to Clapeyron’s Memoir, 1834] calculations and
their reasonings are based principally on the absurdity of admitting the possibility of
creating [impossibility of perpetual motion] all parts of motive power or heat [“chaleur”].
The soundness of such an axiom cannot be doubted [ : : : ]. I believe that most research done
on this subject has given too much importance to the mere [“pures”] hypotheses, losing

29Ferdnand or Ferdinand or Frederick or Frédéric Reech, French marine engineer, entered the
École du génie maritime in Brest after graduating from École polytechnique (1825). Upon the
completion of his naval training, he was promoted to the rank of lieutenant in 1829. He soon
devoted himself exclusively to teaching and research in geometry, mechanics, thermodynamics,
and hydrodynamics. Reech was director of the École du génie maritime (1831–1870) and in
1854 was transferred back to Paris, where he devoted himself to teaching and also became a
professor at Université Sorbonne, Paris. Reech published ten memoirs, ranging from a brochure
supporting his unsuccessful candidacy for membership at the Académie des sciences: e.g., notes
on mechanics, mathematics physics applied to mechanics and topics of applied thermodynamics.
Most remember him for his contribution to the first formulation of the hydraulic–model law of
gravitational similitude: the necessary proportionality between the velocity of a ship and the square
root of its length (more generally known as Froude’s law of similarity). This law was included in
his lectures as early as 1831, but it is first mentioned in his memoir from 1844 and then discussed
in detail in his course notes from 1852. In 1870, Reech retired from active duty and returned to
Lorient in Brittany, a fascinating region in the North West of France. He was also a member of the
Association française pour l’avancement des sciences (1875–1883). At his request, he was buried
in Soultz–sous–Forêts, close to the village of his birth. Truesdell included Reech in his summary
of thermodynamic views (Truesdell and Bharatha 1977; see also Drago and Pisano 2008).
30He rebuilt the definition of integral, which, in a global conception of differential calculus
concerning the calculus of an area for a given function, we can consider is the first mathematical
operation.
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sight of the logical filial [“filiation logique”] of Mr. [Sadi] Carnot’s reasoning, which was
not affected, in my opinion, by objection [to caloric], and only needs to be completed from
a new point of view.31

His reasoning concerns Carnot’s cycles (which he supposes exist for every working
substance), that is Carnot’s result which was utilized by everyone who related Sadi
Carnot’s theory to modern thermodynamics. Therefore, without being familiar with
Lazare Carnot’s synthetic method, Reech emphasized the part of Sadi Carnot’s
theory which, as we have seen, depended on it: Carnot’s reversible heat machine
operating between two sources A and A’. Let us examine Reechs’ main hypotheses32

and reasoning (Drago and Pisano 2008) (Figs. 10.5, 10.6 and 10.7).

Fig. 10.5 Theory on motive force of caloric (1851) (Reech 1851, pp 567–571)

31Reech (1853), p 357, line 14. (Translation is ours: RP; Author’s italic).
32Reech explicitly stated four main hypotheses–premises for this reasoning on Sadi Carnot’s
theory.
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Fig. 10.6 Théorie générale des effets dynamiques de la chaleur (1853) (Reech 1853, pp 357–378)

From the documents reported in Comptes rendus des séances de l’Académie des
sciences in 1851 and 1852, it seems to us that a part or simply a summary of his
definitive Théorie générale des effets dynamiques de la chaleur published in 1853
(Reech 1853, pp 357–378) and 1854 (Reech 1854) would have been anticipated
by Note sur la théorie des effets dynamiques de la chaleur in Comptes rendus des
séances de l’Académie des sciences during “Séance du lundi 1er Décembre 1851”.
In fact, it is only possible to read a simple remark on the lack of this memoir in these
cited Comptes from 1851:

APPLIED MATHEMATICS – Note on theory of dynamics effects of heat; by Mr. Reech.
[ : : : ] the author discusses Mr Thomson and Mr Clausius’ theories on a subject just
presented in his previous communication [Reech 1851, pp 567–571], [this Notes is]
postponed for the examination of the committee which will be named for the next session
on the 17th of this month.33

33Reech (1851), p 602. (Capital letters and italics from the original; the translation is ours: RP).
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Fig. 10.7 Théorie générale des effets dynamiques de la chaleur (1854) (Reech published his
Théorie générale des effets dynamiques de la chaleur both in Journal de mathématiques pures
et appliquées (Reech 1853, pp 357–378) and, extended but using idem title, in a publication by
Bachelier in 1854 (Reech 1854). The focus on Sadi Carnot and Clapeyron continues to be present
as does the use of the physics and mathematics of his time)

Therefore:

(a) From the comment on his announced memoir, Note sur la théorie des effets dynamiques
de la chaleur, it seems to us that Reech’s aim did not strictly regard Sadi Carnot and
Clapeyron’s formulas, such as instead it appears in his following memoires in 1853
(Reech 1853, pp 357–378) and 1854 (Reech 1854).

(b) The aforementioned session on 17 December 1851 lacks in these Comptes. In fact, when
turning pages, one first sees a session on 15 December 1851, something related to 8
December, and immediately after read the session on 22 December 1851 and so on.

(c) The above cited memoir in the original passage concerns Reech’s work titled, Théorie de
la force motrice du calorique (Reech 1851, pp 567–571) reported in Comptes rendus des
séances de l’Académie des sciences. Twenty-seven pages before, one can read that this
memoir is presented by Poncelet as “[ : : : ] un travail très–considérable [ : : : ]” (Reech
1851, p 540, line 35). Its board of judges is composed by Dupin, Poncelet, Regnault and
Lamé (Ivi).
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Following history, in 1852 in another issue of Comptes rendus des séances de
l’Académie des sciences, another communication – under the chapter “MÉMOIRES
PRÉSENTES” (Reech 1852, p 18) – appears:

MECHANICS. Second Note on theory of dynamic effects of heat [“chaleur”]; by M. Reech.
In the closing of the Note that I had the honor of reading to the Academy during the session
of December 1st, I announced, says the author in his Letter of transmittal, that I intended
to go back to the theory of the dynamic effects of heat, and to develop the relationship that
there must be, in my opinion, between the change of caloric of a body and the integral

R
pdv

with relation to an increase or decrease of the volume v of the body. This is certainly the
object of the Note that I have the honor of submitting for the Academy’s judgment today.34

(d) With regard to the session on December 1st cited in the previous passage, as far as we
know, a memoir was announced for the second time, yet its written version lacks the
Comptes from 1852. Nevertheless, in the index at the end of the Comptes, Reech is
explicitly cited in Notes sur la théorie des effets dynamiques de la chaleur (Reech 1852,
p 1046, cl 2).

(e) Finally we specify that in the two aforementioned Comptes one can only read Notice sur
un mémoire intitulé : Théorie de la force motrice du calorique which appeared during
the session on Monday 24 November (Reech 1851, pp 567–571) and two consecutive
communications concerning Note sur la théorie des effets dynamiques de la chaleur
respectively appeared during the session on December 1st (Reech 1851, p 602) and the
session on 5 January 1852 (Reech 1852, p 21).

According to history, these facts lead us to think that the lack of a written memoir on
théorie des effets dynamiques de la chaleur in the Comptes from 1851 (and 1852)
might be related to the lack of an official session on 17 December 1851 for which
we presently have no comments. Alternatively, it was too similar to his previous
Théorie de la force motrice du calorique. The reflections could also provide some
details regarding its subsequent absence in Comptes from 1852. Moreover, one can
simply and more probably suppose that its complete content was not yet ready for
publication. In fact, presently, we know that a definitive work on the dynamic effects
of heat by Reech appeared in 1853 (Reech 1853, pp 357–378) and in an extended
book in 1854 (Reech 1854). On the other hand, based on our studies, it is probable
that the lacking memoires did not include crucial discoveries regarding Sadi Carnot
with respect to the two publications from 1853 to 1854. However, we cannot strictly
confirm these suggestions as historical hypotheses.

We will now address Reech’s work and refer the reader to one of Reech’s
previous studies entitled Théorie de la force motrice du calorique (Reech 1851, pp
567–571), which, however, we prefer not to include here for the sake of brevity.
In this work, Reech includes various topics later addressed in his lengthy work
from 1853. Therefore, the following pages will focus on Théorie générale des effets
dynamiques de la chaleur (Reech 1853, pp 357–378).

Reech (1853, p 357) primarily followed Clapeyron’s example of transferring Sadi
Carnot’s reasoning to a P–V diagram in order to state the existence of two systems of

34Reech (1852), p 21, line 23. (Capital letters and italics from the original; the translation is
ours: RP).
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curves on the P–V plane, the isotherms and the adiabatics, respectively of equations
(Reech’s first hypothesis):

'.V; p/ D t

 .V; p/ D u:

Reech’s premise is important for recognizing implicit assumptions in Sadi Carnot’s
theory, summarized here below:

• Each point of the plane (V, p), for any gas, is the intersection of an adiabatic and an
isotherm distinct amongst themselves.

• From this assertion, Carathéodory’s axiom follows as a consequence in its usual
quotation: in the neighborhood of any initial state, there are states which cannot
be approached arbitrarily close through adiabatic changes of state.

• It is not necessary to take these curves as a strict system of coordinates (Reech’s
second hypothesis) since a metric lacks in Clapeyron’s diagram.

Reech’s calculation of a double infinitesimal cycle in adiabatic coordinates and
isotherms is also of little relevance. It was extraneous to the original spirit of Sadi
Carnot’s work. It is, however, important for our aim to emphasize when Reech
discusses the reversibility of a thermodynamic system.

Let q be the quantity of heat35 from which temperature t 0 in source A0 passes to
lower temperature t in source A. Reech observes that, in determined temperatures
t and t 0, W as the maximum motive power possible (Reech’s third hypothesis)
must increase in proportion to q (Reech’s fourth hypothesis). Thus, under these
conditions, Sadi Carnot’s thesis (Carnot 1978, pp 38–39) can effectively express
a mathematical relationship for any kind of working substance adopted (Reech’s
fifth hypothesis):

W D qf .t; t 0/ (10.1)

where the function f .t; t 0/ is the efficiency which is presently referred to as � in
most thermodynamic textbooks. If then, by means of the same machine, n identical
cyclical operations are carried out, in the end, a total amount of motive power
called nWmust be the same as that which one would obtain using a single cyclical
operation that uses an amount of heat equal to nq D Q. In short, by ad absurdum
proof, we can write

W D nWn D nqf .t; t 0/ D Qf.t; t 0/ (10.2)

where the function f is – such as in Carnot’s theorem – independent from the gas
employed (Carnot 1978, pp 23–38).

35We have kept Reech’s original symbols. Consequently, the letter q indicates the quantity of heat,
which is indicated by the letter Q in Sadi Carnot’s work.
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Reech proposes a thermodynamic system made up of two machines: one direct and
the other inverse,36 which operate cyclically between two thermostats and have a
difference of temperature which, according to Sadi Carnot,

[ : : : ] we may suppose the difference [of temperature] to be as small as we like [“comme
nul”]. For the purposes of our theory, it [�t ] may be taken to be zero [that is, ideally],
without the argument being in any way undetermined.37

Let “C” be a particular function depending on temperature t, and valid for any kind
of working substance. Thus, the following expression can be written (Reech 1853,
p 365):

W D Q

t 0Z

t

dt

C
; (10.3)

If we consider the process after n cycles in the first and n1 cycles in the second, we
have a total work:

Wt D nW � n1W1: (10.4)

It is obtained for the heat absorbed (q0
t D nq0 � n0

1q
0
1) and for the heat given off

(qt D nq � n1q1). In practice, the same result would be obtained with another
sourceA

00

at temperature t 00 different from t . Thus, by means of calculations (Reech
1853, pp 365–368), which we will omit for the sake of brevity, the efficiency of a
reversible heat machine is given by an efficiency of heat conversions �.t 0/which is
a generalization of the ˜D W/Q. It is valid in the theory of the equivalence of heat
and work:

�.t 0/ D Wt

q0
t

D
W

q
� W1

q1
q0

q
� q0

1

q1

: (10.5)

In Carnot’s theorem, � represents a certain function of the temperature that should
be the same for any kind of gas. At this point, (Reech 1853, pp 369–371) by using
the same reasoning but removing the higher temperature source that takes into
account an n and an n1 to have q0

t D 0, Reech obtains:

n D N

q0 ; n1 D N

q0
t

(10.6)

36Sadi Carnot used a single machine to operate first in a direct manner and then in an inverse
manner.
37Carnot (1978), p 25, line 10.
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Wt D N

�
W

q0 � W1

q0
t

	
(10.7)

qt D N

�
q1

q0
1

� q

q0

	
: (10.8)

� D Wt

qt
D
W

q0 � W1

q0
1

q1

q0
1

� q

q0
D �.t/ (10.9)

From Eqs. 10.5 and 10.9, we arrive at the following relations:

W

q
� W1

q1
q0

q
� q0

1

q1

D
W

q0 � W1

q0
1

q1

q0
1

� q

q0
D �.t/

q1W � qW1

qq1
q0q1 � q0

1q

qq1

D q1W � qW1

q0q1 � q0
1q

D
q0
1W � q0W1

q0q0
1

q0q1 � q0
1q

q0q0
1

D q0
1W � q0W1

q0q1 � q0
1q

D �.t/:

That is,

q1W � qW1 D �.t/.q0q1 � q0
1q/

q0
1W � q0W1 D �.t/.q0q1 � q0

1q/ (10.10)

By considering the system composed by Eq. 10.10, adding and subtracting, we have:

W1.qq
0
1 � q1q

0/ D �.t/.q1 � q0
1/.q

0q1 � q0
1q/:

It follows that:

W1 D �.t/
q1 � q0

1

qq0
1 � q1q

0
.q0q1 � q0

1q/ D

D ��.t/.q1 � q0
1/ D q0

1�.t
0/� q1�.t/: (10.11)

In the same way, one can obtain:

W D q0�.t 0/ � q1�.t/: (10.12)
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From Reech’s equations (Reech 1853, p 371, Eq. (3)), therefore also from Sadi
Carnot and (later) Clapeyron’s formula, one can write the following general
expression (Ibidem):

W D q0�.t 0/� q�.t/ D
t 0Z

t

d

dt
Œq�.t/�dt; (10.13)

which reduces itself to Reech’s Eq. (3) (Reech 1853, p 371) q0 D q is possible to
find in an experiment. In this case, one can obtain (Reech 1853, p 371):

�.t/ D constant D G

and thus we have

W D G
�
q0 � q� :

In the end, Ferdnand Reech summarizes Eqs. 10.12 and 10.13 representing the two
cases – caloric and heat – using the same formula for obtaining the work in a cycle:

W D q0�.t 0/ � q�.t/ D .q0 � q/�.t 0/C qŒ�.t 0/ � �.t/�: (10.14)

Therefore he obtains the following mathematical relations:

Theory of caloric W .q0 D q/ ) W D qŒ.�.t 0/� �.t/�; (10.15)

Theory of work � heat equivalence W f�.t/ D cos tg ) W D J.q0 � q/:

(10.15a)

For this Reech clearly acknowledged his debt to Sadi Carnot (Fig. 10.8).
The aforementioned generalization is of great importance because it provides

a general theoretical result independent from the nature of heat. It allows for
mathematical reasoning in thermodynamics. In addition, Eq. 10.15 also suggests
why Sadi Carnot, who was familiar with the mathematics of his time, differentiated
the efficiency on temperature (Carnot 1978, pp 76–77). It can be hypothesized that
the expression qŒ.�.t 0/ � �.t/� induced him to do this. Overall, Reech, reasoning
only on his cycles, effectively continues Sadi Carnot’s heritage, allowing him to
obtain the efficiency of heat machines independently from working substances.
These two decisive choices are also reminiscent of the role played by the concept
of the cycle in other domains of physics (see Chapter 8 and the discussion
on Mach).

http://dx.doi.org/10.1007/978-94-017-8011-7_8
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Fig. 10.8 Reech’s result and his quotation on Sadi Carnot (Reech 1853, p 371)
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10.3.2 On Cycles and Equivalent Mechanic of Heat

Like Gillispie, Fox, and Lervig here cited, Ulrich Hoyer is another of the speakers
at the Paris International Conference in honor of Sadi Carnot et l’essor de
la thermodynamique. Below, we will discuss his contribution to the conference
proceedings (Taton 1976).

Ulrich Hoyer studied Notes sur les mathématiques, la physique et autres
sujets by Sadi Carnot (1878b, pp 89–102) and wrote an interesting and original
reasoning entitled La théorie de Carnot première et seconde approximations de la
thermodynamique (Hoyer 1976, pp 221–228; see also Hoyer 1975). According to
Hoyer (1976, p 222), in order to calculate the value of the mechanical equivalent
of heat (and in lack of experimental data), Sadi Carnot applied the principle of
the conservation of caloric (Carnot 1878b, p 24) to a triangular cyclic process,
considering a small thermal excursion equal to�t D 1ıC . The following is Hoyer’s
performance model (Fig. 10.9):

Fig. 10.9 Simplified
performance model of
Carnot’s cycle by Hoyer
(1976, p 222)

Hoyer showed that the modern theory of the equivalence of heat and work and
Carnot’s caloric theory in Notes sur les mathématiques, la physique et autres
sujets (Carnot 1878b, pp 89–102; see also Carnot 1986, pp 181–206) coincide in
infinitesimal processes.
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For our part, here we will try to combine Reech’s previous reasoning with that
of Hoyer. Thus, based on Reech’s previously presented reasoning, our remarks
consist of showing that there is a way to reconsider Reech’s general result (see
above) according to Hoyer’s reasonings and thereby obtain a modern theory of
the equivalence. Our reasoning should also explain Sadi Carnot’s surprising results
(in respect to Mayer38) which were not presented by Sadi Carnot in Réflexions sur
la puissance motrice du feu (Carnot 1978). Let us see.

Following Hoyer’s reasoning (Hoyer 1976, pp 222–223; see also Fig. 10.9) he
obtained:

2Z

1

dq D
4Z

1

dq C
2Z

4

dq (10.16)

At that point, on adiabatic 4–1 (see Fig. 10.9) one can easily write that

4Z

1

dq D 0: (10.17)

Following Sadi Carnot’s reasoning, Hoyer obtained:

2Z

1

dq D
2Z

4

dq: (10.18)

It is easy to see that the Carnot caloric absorbed during isothermal expansion
coincides with the caloric necessary to increase (at constant pressure) the air
temperature from 0ıC to 1ıC (Hoyer 1976, p 223).

On the other hand, Sadi Carnot calculated a motive power �A, where A is
mechanical work produced (Carnot 1878b, p 45). This fact suggested an agreement
with the corresponding values for a water cycle (Carnot 1878b, p 47) and an
alcohol cycle (Carnot 1878b, p 49). This consideration also led Sadi Carnot to
consider the hypothesis of the equivalence of heat and mechanical work and
therefore to determine his value of the mechanical equivalent of heat. Therefore,
according to Hoyer (1976, p 223) under this hypothesis, the heat absorbed in
isothermal expansion will be equal to the thermal work produced by the isothermal
transformation. Therefore, the following expression should be valid:

�q D
2Z

1

pdV D p�V:

38The result was presented by Sadi Carnot in Notes sur les mathématiques, la physique et autres
sujets (III.Folio 7v; see also Carnot 1878b, p 95, 1896, p 191).
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At this point Hoyer obtained (Hoyer 1976, p 223 and Eqs. (7) and (9)) a good value
of the approximation of the mechanical equivalent of heat:

1000 kg D 2:697Kcal:

It is possible to compare the specific heat at constant39 pressure with the thermal
work given off by the isothermal expansion. By using calculations, which we omit
for the sake of brevity, Hoyer proposed an important question for our aim:

How [Sadi] could Carnot’s theory, although based on the conservation of heat, in principle,
provide a satisfactory value of the mechanical equivalent of heat?40

It is known that, according to the modern first principle, the internal energy is
conserved during a cycle. By considering 1–2–4 process (see Fig. 10.9)

0 D U12 C U24 C U41 D Q12 �W12 CQ24 �W24 �W41

and being
H
dU D 0, according to Hoyer (1976, p 224) the following expression

can be written:

2Z

1

dq C
4Z

2

dq D
I

pdV:

Alternatively, one can write

2Z

1

dq D
2Z

4

dq C
I
pdV (10.19)

where
I

pdV D 1

2
�p�V (10.20)

that is to say,
H
pdV represents a second-order term compared to�p (or with regard

to �V ).

39As Hoyer also remarked, it should be noted that in Réflexions sur la puissance motrice du feu
(Carnot 1978, p 46) Sadi Carnot cites Delaroche and Bérard’s experiments, which both showed

that specific heat at constant pressure was equal to cp D �q D
2R
4

dq D 0:267kcal ; (m D 1 kg).

40Hoyer (1976), p 223, line 22. Author’s italics.
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On the other hand, for the 1–2–3–4 path (see Fig. 10.9) while still considering the
first principle, we obtain:

I
dU D

I
dQ C

I
pdV;

therefore

0 D U12 C U23 C U34 C U41 D Q12 �W12 �W23 CQ34 �W34 �W41;

from which

2Z

1

dq �
2Z

1

dW �
3Z

2

dW C
4Z

3

dq�
4Z

3

dW �
1Z

4

dW D 0

2Z

1

dq C
4Z

3

dq D
I
dW : (10.21)

However, for Eq. 10.19 we can write:

I

1234

dW D
I

124

dW C
I

234

dW D 1

2
�p�V C 1

2
�p�V:

By substituting it in Eq. 10.21, we obtain:

2Z

1

dqC
4Z

3

dq D �p�V: (10.22)

Now, by applying the second principle we reach the conclusion that the variation
of entropy must only be calculated for isothermal processes in the 1–2–3–4 cycle
(see Fig. 10.9) since, in a reversible cycle that produces �p�V , the variation is
zero. Therefore, disregarding superior-order terms, in accordance with Hoyer (1976,
p 224) we have:

1

T

2Z

1

dq D 1

T ��T

3Z

4

dq (10.23)

and by series-expansion of the second member, it is possible to write:

1

T

2Z

1

dq D 1

T

�
1C �T

T
C : : : : : :

	 3Z

4

dq (10.24)
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from which it follows that:

1

T

2Z

1

dq D 1

T

3Z

4

dq C 1

T

�T

T

3Z

4

dq C : : : : (10.24bis)

If we disregard quantities superior to the second order, one can write:

2Z

1

dq D
4Z

3

dq C �T

T

3Z

4

dq:

By using Eq. 10.22 one obtains:

�A D p�V D 1

T
�T�q (10.25)

which is in complete agreement with the mechanical work per unit of heat. Thus, if
we assume our hypothesis is factorizable (see Chapter 9) in accordance with Hoyer,
we can state that:

The theory of the mechanical work produced in the Carnot engine expressed by analytical
equation [see Eq. 10.22], is a second approximation of the two principles of thermody-
namics. From two previous results follows: [1] Carnot’s theory [of caloric] is absolutely
correct in the sense of thermodynamics provided one considers the infinitesimal reversible.
[2] Carnot’s theory [of caloric] is an example of the progress of science by developing
approximation.41

By considering our previous suggestions in Hoyer’s reasonings and, as previously
announced, let us return to Reech’s general result (see above).

By accepting Hoyer’s suggestion of focusing on first order of expansion approxi-
mations, the modern theory of the equivalence can be reached. In fact, from Reech’s
conclusion, we immediately obtain:

dW

dq
D � C dq

�

dq
;

envisioning it as a development in a series, analogously to how Hoyer operated. If
we stop at the first term of expansion (intending an infinitesimal process such as a
constant) we obtain, combining Hoyer and Reech on Sadi Carnot’s reasoning, the
modern theory

dW

dq
D � D const:

41Hoyer (1976), p 226, line 22. Italic style from the author.

http://dx.doi.org/10.1007/978-94-017-8011-7_9


10.4 On a Comparative Analysis Between Paul de Saint–Robert’s. . . 319

10.4 On a Comparative Analysis Between Paul de
Saint–Robert’s Principes de thermodynamique (1865)
and Sadi Carnot’s Réflexions sur la puissance motrice du
feu (1824)

10.4.1 On Paul de Saint–Robert

The Italian scholar Paolo Ballada (1815–1888), also called Paul de Saint–Robert or
Paul comte de Saint–Robert, is not very well known in respect to other distinguished
thermodynamicists and scholars of his time. Nevertheless, he was one of the XL
members of the Società Italiana delle Scienze, and a member of R. Accademia
dei Lincei. He loved poetry, mountaineering, geography, botany and entomology42

and he was the founder and president of the Club Alpino Italiano. Saint–Robert
was a Lieutenant colonel in the army (until age 42), and a ballistics teacher at the
Scuola di applicazione di artiglieria e genio in Torino. He dedicated himself to the
study of ballistics, applying physical–mathematical techniques where in general,
rough calculations were used and became an internationally renowned specialist.
In this sense, his theorems are well known. His collection of work also includes
contributions to hypsometry (Saint–Robert 1872–1874). His scientific production
took place during a particular period in the second half of the nineteenth century. He
was finally commemorated by the Regia Accademia delle Science di Torino which
dedicated notes to him in its Atti (Bassa 1888–1889, pp 235–244). A few other
institutions also commemorated him. (Gianelli 1888, pp 387–389) (Fig. 10.10).

42In the Reference section of our book, we attempted to compile a list of Saint–Robert’s works.
(Cfr.: Drago 1993b; Pisano 2005). Recently the first popular and scientific St Robert’s celebration
(after those by Accademia di Torino in ’70s of the past century) was organized by the Comune di
Castagnole delle Lanze (Piemonte, Italy) and Associazione Culturale Conte Paolo Ballada di Saint
Robert (Ibidem). The event has celebrated both the man and scientific works. It has been patronaged
by European Society for the History of Science and scientifically-historically supported by one of
us (RP).
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Fig. 10.10 Paul de
Saint–Robert (Plate from the
incision (10 � 16.5) cm. With
permission of the Club Alpino
Italiano National Library;
Gianelli 1888)

It is not easy to find an exhaustive work on Paolo Ballada such as an official scientific
biography. He was (maybe) the first to spread the news of Sadi Carnot’s biography43

at the Accademia delle Scienze of Torino in 1868. In Italy he was referenced by a
project (Redondi 1974–1975, pp 281–318) that reevaluated Italian scientists.44 In
biographical literatures (Ghisalberti 1963), one can see that he is given just a brief
profile and is referred to by his last name, Ballada, unlike in the scientific papers
which refer to him as Saint–Robert. He is also remembered for a long series of
literary, scientific and military interests. Concerning science, Saint–Robert wrote,
in addition to various cultural and technological topics, almost exclusively about
thermodynamics and mechanics (see the following Table 10.1).

43Saint–Robert (1869), IV, pp 151–170, 1870c, pp 431–450.
44His physical mathematical approach to thermodynamics concerning the role played by physics
and mathematics of the nineteenth century was studied by Drago (1993a, b) and one of us (Pisano
2005). We also remember Cerruti (1999, pp 95–178) for a work in which he dedicated enough
space to Ballada even though his topic was not strictly related to Saint–Robert.
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Table 10.1 (continued)

Among these writings, the two editions of the thermodynamic textbooks from
1865 to 1870 should be noted. They are a significant sign of great pedagogical
capability in a new (at the time) specific physical subject. In addition to his
capability, a great attention to the history of thermodynamics must be added,
both for the biography on Sadi Carnot and for a pamphlet on Mayer (he likely
obtained the information directly from the author). In addition, Hyppolyte’s son
(Sadi’s nephew45) compiled a biographical sketch which Saint–Robert (1868–
1869b, pp 151–170) published.46

In Saint–Robert’s studies, he summarized Sadi Carnot’s theory and declared it
compatible with the foundations of the mechanical theory of heat, in which, how-
ever, the principle of the conservation of energy is not emphasized. This is important
for our aim since the formulation of the impossibility of perpetual motion used as

45Marie François Sadi Carnot (1837–1894) became the fourth President of the Third French
Republic. On June 24, 1894, Sante Geronimo Caserio (1873–1894), an Italian anarchist, fatally
stabbed President Carnot after his public banquet, to avenge Auguste Vaillant (1861–1894) and
Emile Henry (1872–1894). Thus, Caserio assassinated the president who died after midnight on 25
June. The Board of Pardons decided against all appeals for clemency on August 14. Caserio was
executed by guillotine in Lyon at 5 am, August 16, 1894. President Carnot was honored with an
elaborate funeral ceremony in the Panthéon, Paris.
46Cfr.: Carnot (1986), pp 216–217.
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a basic principle, the problem of the efficiency of machines and its solution greatly
resembled Sadi Carnot’s book. Moreover, he may have been the only scholar of his
time to stress and cite the scientific relationship between Lazare and Sadi Carnot.

One thing that is worth to be remarked is the relationship between the Réflexions sur la
puissance motrice du feu by Sadi Carnot and the considerations claimed in a short book by
his distinguished father. The General Carnot, published it in 1783 with title Essai sur les
machines en général. What his father made for ordinary [“ordinaire”] the son made for the
mechanics of heat [“mécanique de la chaleur”].47 The principle of equivalence is what lacks
to Sadi Carnot.48

In particular, the previous quotation concerns an interesting passage on two theories,
including some ideas on the logical basis49 of the theory (Saint–Robert 1870c,
p 448). Below, we provide Saint–Robert ’s original words on Lazare and Sadi Carnot
(Fig. 10.11).

Fig. 10.11 Saint–Robert cites Lazare and Sadi Carnot (Saint–Robert 1870c, pp 447–448.)

47Saint–Robert (1870c), pp 447–448, line 24.
48Saint–Robert (1870c), p 449, line 7.
49See Chapters 6 and 7.

http://dx.doi.org/10.1007/978-94-017-8011-7_6
http://dx.doi.org/10.1007/978-94-017-8011-7_7
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In our opinion, it seems relevant to mention his Qu’est–ce que la force? which
is a paper written in La revue scientifique de la France et de l’étranger (Saint–
Robert 1872, Qu’est–ce que la force?, pp 985–993). Qu’est–ce que la force?
discusses the role played by the physical concept of force and criticizes several
definitions in history. Lazare Carnot’s Principes fondamentaux de l’équilibre et du
mouvement is also quoted (Ivi, p 986) on cause and motion (Carnot 1803a, p xii) and
his heritage is evident. In fact, Saint–Robert’s approach and criticism concerning
the use of measurable physical quantities, mechanics, Descartes, Leibniz, inertia,
Newton’s second and third principles, Galilean principles, the difference between
force and pressure, Huygens, Jean Bernoulli, et al. is very interesting. For instance,
his (modern) criticism of the use of force as a cause of motion is truly significant,
such as for example, when he quotes Poisson’s debatable definition (Poisson 1833,
I, p 2; see also Poisson 1829).

10.4.2 Historical Analysis of Principes de thermodynamique
(1865)

Principes de thermodynamique50 (Saint–Robert 1865) was published after 5 years
with some substantial modifications (Saint–Robert 1870c). This second extended
edition, still was entitled Principes de thermodynamique by Loecher, Turin et
Florence and by Gauthier–Villars, Paris) (Fig. 10.12).

The first edition is noteworthy for a debate it brought about with Clausius
regarding the concept of perfect gas and for a foreign review (Achard). Principes de
thermodynamique concisely expresses content typical of a modern thermodynamics
textbook. It is also interesting to note that in respect to others, his textbook uses the
modern word thermodynamique.

For the sake of brevity and since the secondary literature is quite extensive below
we provide an incomplete list of textbooks of/on thermodynamics (Table 10.2).

50The book was also reviewed in Les mondes Revue hebdomadaire des sciences et de leurs
applications aux arts et l’industrie (Moigno 1865, VIII, pp 514–515). In the secondary literature,
a book by Saint–Robert entitled Traité de thermodynamique seemed to have been circulated. Its
existence is doubtful since any reference–frontispieces–editions seems to be lacking.
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Fig. 10.12 Two main editions of Thermodynamics by Saint–Robert
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First, we immediately see that Saint–Robert’s first book appears ca. 10 years
after the confirmation of the second principle. That contrasts with both the great
innovation that thermodynamics represented for physics and the great interest in
motive power and engines at the time.51 Of course, among the books listed in the
previous table, we can note that those published52 several times clearly have greater
didactic influence, e.g., de Saint–Robert, Hirn (1815–1890), Clausius (1822–1888),
Verdet (1824–1866), Zeuner (1829–1927).

Saint–Robert excludes traditional Newtonian mechanics in his thermodynamics –
an aspect that we have already presented by using other elements (see Chapters 6
and 7):

In 1686 Newton wrote, in the preface of Mathematical Principles of Natural Philosophy:
“Until it is permitted to infer the other natural phenomena from the principles of mechanics
with the same way of reasoning.” [in Latin in the text]. This wish, as far as the theory of
heat is concerned, was partially granted during our time. Thanks to Meyer’s fortunate idea
regarding the equivalence of heat to mechanical work, thanks to Sadi Carnot’s previous
ingenious reflections on the motive power of fire and on machines useful for developing
this power, published in 1824, thanks to Joule’s celebrated experiments, ultimately thanks
to Thomson, Rankine and Clausius’, etc. mathematical developments, a new science was
achieved; it builds a bridge between mechanics on one side and physics and chemistry on
the other, science of highly philosophical and practical capabilities: because this will allow
us to one day penetrate the mystery of the internal composition of bodies and will allow us,
from today forward, to create a precise idea of heat machines. The principles of the theory,
although formulated over a dozen years ago, mainly by the work of W. Thomson, Rankine
e Clausius, are still not well–known. There are also scientists who look at it mistrustfully.
However, aside from pure mathematics, there are very few sciences that are based on more
solid grounds.53

Before discussing his exposition of the second principle in detail, we believe that
it is important to understand the historical reasoning that led Saint–Robert to his
formulation and then compare it to the original version proposed by Sadi Carnot
in Réflexions sur la puissance motrice du feu. Therefore, we concisely present the
development of the foundations of Saint–Robert’s theory, selected from the chapters
most relevant for our aim: Chapters 1, 2, 3 and 8 (Table 10.3):

51We avoid any possible contribution to the discussion regarding the steam engine, or rather motive
power by heat et al. in society, since this is not the main subject of our research. Historical
foundations on physics and mathematics in the theory are considered here.
52We should note that Maxwell’s (1831–1879) textbook was published in 1870, and accumulated
many new editions.
53Saint–Robert (1865), pp V–VI, line 1. Author’s italics. On Joule see: Joule (1844).

http://dx.doi.org/10.1007/978-94-017-8011-7_6
http://dx.doi.org/10.1007/978-94-017-8011-7_7
http://dx.doi.org/10.1007/978-94-017-8011-7_1
http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_8
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Table 10.3 A concise view of Saint–Robert’s main concepts

Step Saint–Robert’s reasonings (Saint–Robert 1865, Chapter I, pp 1–24)

1. Saint–Robert proposes his theoretical idea on heat theory (Ivi, p 1).
He is only interested in the effects of heat and not in its intimate nature.a

2. The effects of heat are composed by two theoretical parts:
Analytical theory of heat, e.g., by Fourier. (Ivi, p 2)
Definition of thermodynamics (Ivi, p 3)
Dynamic theory of heat, on transformation of heat, (Ivi, p 3)

3. Thermometry: definition of main magnitudes of theory (Ivi, p 3)
Calorimetry: definition of main magnitudes of theory (Ivi, p 5)

4. Thermal expansion of hard–bodies: P D f .V; T / (Ivi, p 7)
5. Relationship between P, V, T: PV D R.˛ C T / (Ivi, p 9)
6. Mariotte’s equation (Ivi, p 8)

Gay–Lussac’s equation: V D V0.1C ˛T / (Ivi, p 8)
R depends on kind of gas used (Ivi, p 10)

7. Equation of elasticity for a gas PV D R (Ivi, p 11)

Legend: to indicate temperature, pressure and volume we use modern symbols,
T, P, and V respectively, instead of “t” “p” and “�” which Saint–Robert uses, SR
Saint–Robert
aIn this sense, he is within a positivist panoramic view of his time as Lamé
previously reported

1. We can see that Saint–Robert’s initial premise on the theory’s close nature, which
he intends to examine. There are no speculations regarding the foundations of the
theory of heat rather than caloric:

The intimate [“intime”] nature of heat [“chaleur”] is not a known argument [ : : : ].
Therefore we will look at heat as a principle whose nature we do not want to know
and we only work with its effects.54

2. Saint–Robert clearly explains that he will only discuss the theory’s effects and
describes two orders of phenomena: [ : : : ] theory of propagation of heat [ : : : ]
and [ : : : ] theory of transformation of heat55 (Saint–Robert 1865, pp 2–3, line
21). For this reason, from the first page on, he rids himself of the problem
regarding the unknown nature of heat (Saint–Robert 1865, p 1). Only on page
51 does he discuss molecular aspects:

These hypotheses [ : : : ] are not necessary in order to establish the theory. The attentive
examination of the facts, provided to us through observation and experiments, aided by
the powerful instrument of infinitesimal analysis is sufficient for establishing laws, to
which their effects are subject [ : : : ].56

54Saint–Robert (1865), p 1, line 1.
55Author’s italics.
56Saint–Robert (1865), p 1, line 6.
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The depth of the preface is extraordinary. He argues, with extreme certainty, for
the theoretical autonomy of thermodynamics as a new theory (Saint–Robert 1865,
p V–VIII). In this sense, Saint–Robert’s foundational attitude is also confirmed by
the preface of the second edition of 1870:

Thermodynamics is independent from every hypothesis on the cause of heat, even though
usually the opposite is believed to be true. The idea that heat is only a movement of particles
in bodies can be traced back to very distant past. However, this concept remained futile
until the idea of comparing heat with the force sensitivity of a body, or with mechanical
work was born. For the entire time in which we were limited to comparing heat to heat
itself, it was of very little importance that it was considered as a fluid material or as a
movement. The hypothesis that molecular movement makes regarding heat, quite differently
than being used as a foundation of Thermodynamics, has received support from this that
it could not have found elsewhere. The foundations of Thermodynamics are much more
solid than any hypothesis on the nature of heat, a hypothesis whose direct verification will
never be possible. Thermodynamics begins with an evident, indisputable principle: that it is
impossible that in nature something comes from nothing. In other words, it is the principle
of the impossibility of perpetual motion [ : : : ].57

3. (4., 5., 6. and 7.) Saint–Robert concludes by introducing a phenomenological
section in which he defines the basic concepts of the theory without resorting to
other physical theories.

Below, we provide an analysis of the second chapter of Principes de thermody-
namique (which proves to be the most important chapter for this paper) in which
Saint–Robert discusses the concept of the cycle and the second principle (see the
following Table 10.4).

Table 10.4 A concise view of Saint–Robert’s main concepts

Step Saint–Robert’s reasonings (Saint–Robert 1865, Chapter II, pp 25–50)

1. Concept of state in PV–diagram (Ivi, p 26)
Concept of heat and path: an infinitesimal succession of equilibrium–states between two
initial states. (Ivi, p 26)

2. Concept of mechanical work (Ivi, p 28)
Assumption of equivalence theory of heat–work
Definition of two heat reservoirs: “Q>Q

0

”;
1st reasoning based on an absurdum proof (1st AP) (Ivi, p 28)
SR cites the erroneous theory of caloric referring to Sadi Carnot “Q D Q

0

” (Ivi, p 29)
SR cites Hirn’s experiences on vapor machines where “Q>Q

0

”;
2nd reasoning based on an absurdum proof (2nd AP) (Ivi, p 29)

3. Concept of a reversible cycle (Ivi, p 30)
3rd and 4th reasonings based on an absurdum proof (3rd and 4th AP) (Ivi, p 31; p 31)

4. Proof of mechanical equivalent of calorimetry in a reversible cycle
5th reasoning based on an absurdum proof (5th AP) (Ivi, p 32)

(continued)

57Saint–Robert (1870c), pp VI–VII, line 2. (Author’s Capital letters).
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Table 10.4 (continued)

Step Saint–Robert’s reasonings (Saint–Robert 1865, Chapter II, pp 25–50)

5. Extension to n operations of the calculation of mechanical work of nL D JnQ
6th reasoning based on an absurdum proof (6th AP) (Ivi, p 32)
SR proves Sadi Carnot’s theorem by cycles
7th reasoning based on an absurdum proof (7th AP)
SR, in this case, does not cite Sadi Carnot (Ivi, p 33)

6. SR uses cycles to convert heat to (mechanical) maximum of work (Ivi, p 34)
7. Assumption of equivalence theory of heat–work (Ivi, p 35)

Definition of 1/J D A “équivalent calorifique du travail mécanique” (Ivi, p 35)
8. Second law of thermodynamics (Ivi, p 37)

SR assumes a different theoretical position in respect to Sadi Carnot (Ivi, p 37)
Assumption of equivalence theory of heat–work (Ivi, p 37)

9. Sadi Carnot’s theorem. SR, in this case, does not cite Sadi Carnot (Ivi, p 40)
SR generalizes, by means several heat reservoirs, a calculation on Sadi Carnot’s theorem
(Ivi, p 41)
SR generalizes, by means equivalence theory of heat–work, a calculation on Sadi
Carnot’s theorem mL D J.mQ1 �mQ0/(Ivi, p 41)
8th reasoning based on an absurdum proof (8th AP)
SR generalizes, by means by means several heat reservoirs and using equivalence theory
of heat–work, a calculation on Sadi Carnot’s theorem (Ivi, p 41)
Proof of second law by Thomson (Ivi, p 43)

10. Proof of Sadi Carnot’s theorem
SR, in this case, does not cite Sadi Carnot (Ivi, p 44)
Calculation of F.T1; T0/ D Q1

Q0
(Ivi, p 44)

Legend: we used modern symbols T, P, V, for “t , “p” and “�”; we use the modern symbol Q
for “q”. Saint–Robert uses “q” until p 38, in particular, to indicate heat in the equation of the
mechanical equivalent “J D L/q”; AP ad absurdum proof, we use the modern symbol W for “T”,
SR Saint–Robert

1. The second chapter is important for our aim since it establishes the theory of
the second law. In the first step, Saint–Robert addresses the basic concepts of
the theory. He specifies the concept of state and the path between states, using,
at least conceptually, infinitesimal analysis, when dealing with an infinitesimal
series of states: “A series of infinitely close, different states will construct a curve
[ : : : ]” (Saint–Robert 1865, p 26, line 14).

2. Saint–Robert addresses the theory of the equivalence of heat and work and
through reductio ad absurdum, including the impossibility of perpetual motion,
demonstrates that in a cycle of an engine, the heat absorbed must be greater than
that given off (Saint–Robert 1865 p 28, line 12). We immediately note two facts:
a) Saint–Robert cites Sadi Carnot’s caloric theory (Saint–Robert 1865, p 29, 37;
see also p 57) and b) indicates his inaccurate formulation of the efficiency.

3. (and 4.) Saint–Robert, differently from Sadi Carnot, formulates the concept of
the cycle as a closed path between two states in which the quantity of heat Q is
not conserved, Q>Q

0

. In particular, Saint–Robert does this by introducing the
mechanical equivalent of calorimetryW =Q D J through the (reversible) cycles
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of a heat machine. From here on, a different theoretical formulation compared to
that of Sadi Carnot in Réflexions sur la puissance motrice du feu can be noted. In
fact, from the beginning, Sadi Carnot constructed his theory according to cycles,
first in three phases and then in four phases. Saint–Robert (obviously thanks
to a better understanding of the phenomena), however, utilizes the mechanical
equivalent of heat in order to construct his reasoning aimed at the formulation of
the second law, which, instead, could be introduced even without the use of the
equivalent. Nevertheless, it must be remembered that Saint–Robert’s textbook is
used for pedagogical purposes as well.

5. At this point, Saint–Robert once again utilizes the cycle method and the
impossibility of perpetual motion, demonstrating Sadi Carnot’s theorem: the
efficiency is equal for all of the reversible heat machines (Saint–Robert 1865,
p 33, line 8). It must be pointed out that Saint–Robert first constructs the concept
of the cycle and then demonstrates Sadi Carnot’s theorem. However, in the
original version, Sadi Carnot firstly provides his theorem on the independence
of working substances (Carnot 1978, p 38) and then proposes his reasoning
regarding a complete four-phase-cycle (Carnot 1978, pp 29–38, line 6). Here,
the pedagogical role played by its content is evident.

6. (and 7.) It is interesting to note that here Saint–Robert succeeds in converting
heat into maximum motive power (Saint–Robert 1865, p 34, line 20). From here,
he once again uses the equivalence to define the value 1 =J D A, which he will
need in the following chapter to work out his definition of the various types of
thermal states and then reach (Gibbs’) potentials.

8. With regard to the erroneous caloric theory, we note that Saint–Robert declares
his – previously announced – position (Saint–Robert 1865, p 37, line 26) to be
different from that of Sadi Carnot. It is interesting to note that just after, Saint–
Robert once again provides his calculations based on the equivalence of heat and
work.

9. (and 10.) Here, Saint–Robert dedicates himself completely to Sadi Carnot’s
theorem (without, however, citing the author) and attempts to generalize it while
considering other sources (as did Carnot). However, differently from the French
author, he relies heavily on the equivalence of heat and work and infinitesimal
analysis (we stress the presence of the seventh reductio ad absurdum that we
encountered in Saint–Robert’s book). In the end, he dedicates several pages to
demonstrating Thomson’s version of the second principle (Saint–Robert 1865,
p 43, line 3), finally affirming that he prefers Clausius’ statement (Ivi, p 50).

Below, we provide an analysis of the third chapter of Principes de thermody-
namique in which Saint–Robert addresses the fundamental equations of the theory
(Table 10.5).
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Table 10.5 A concise view of Saint–Robert’s main concepts

Step Saint–Robert’s reasonings (Saint–Robert 1865, Chap. III, pp 52–90)

1. Reasoning on effects produced by heat expansion of bodies (Ivi, p 51):
(1) An external work (e.g., by pressure); (2) An internal work (e.g., by molecules)
Propagation of heat and definition of four main states (Ivi, p 52):
(1) internal state of a body (H); (2) internal work of a body (I); (3) external work (W);
(4) Work of living force [vis viva] (F).

2. By means of equivalence work–heat he obtains: Winternal CWesternal D WorkTotal (Ivi,
p 52)

3. Fundamental equation for the four states:
dQ D dH C AdI CAdW C 1

2
AdF A D 1=J .I vi; p53/:

4. dQ, in “new theory” is not an exact differential (Ivi, p 62)

5. Equation used for the second law of thermodynamics
f .T /

f 0.T /
D C

SR cites Sadi Carnot. (Ivi, p 63)
6. Calculation of the inverse of the mechanical equivalent of calorimetry

SR uses a method of reasoning opposite to that used in chap II. (Ivi, p 64)
Calculation f specific heat at constant pressure (Ivi, p 65).
SR uses infinitesimal analysis to prove the constancy of Carnot’s function C D T . (Ivi,
p 68)
Introduction to entropy function attributed to Rankine (Ivi, p 69).

Legend: we use modern symbols T, P, V, for “t”, “p” and “�”; we use the modern symbol Q
for “q”. Saint–Robert uses “q” until p 38, in particular, to indicate heat in the equation of the
mechanical equivalent “J D L/q”; AP ad absurdum proof, we use modern symbol W for “T”,
SR Saint–Robert

1. (2. and 3.) Saint–Robert returns to his reasoning regarding the effects of heat
which he began in Chapter 1. After having very precisely defined the behavior of
a body exposed to a source of (temperature and) heat, he uses the infinitesimal
calculation without hesitating: he introduces the thermodynamic potentials and
illustrates their interchangeability in order to obtain the equations of state in
thermodynamics.

4. Let us observe his mastery of the infinitesimal calculation and his connection
to physical theory (the theory of equivalence) in his foundations when he
emphasizes that in the theory of heat, dQ is not an exact differential.

5. (and 6.) Saint–Robert returns to the second law, now citing its original author
(Saint–Robert 1865, p 63, line 11). We also remark that with a method that
is inverse to that used in Chapter 2 (while still using infinitesimal analysis)
he determines constant A D 1 =J which he will need for the calculation
of constant C in Sadi Carnot’s function. He follows Sadi Carnot’s idea (and
therefore Clapeyron’s) which is decisive for quantifying the efficiency of a
thermal process (Saint–Robert 1865, p 68, line 3). He obtains it, and then defines
the entropy function, attributed to William John Macquorn Rankine (1820–
1872), as a primitive function of an exact differential (Saint–Robert 1865, p 69,
line 17).

Below, we end the analysis of Principes de thermodynamique, providing a summary
of Chapter 8 in which Saint–Robert addresses general topics regarding heat
machines (Table 10.6):

http://dx.doi.org/10.1007/978-94-017-8011-7_1
http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_8
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Table 10.6 A concise view of Saint–Robert’s main concepts

Step Saint–Robert’s reasonings (Saint–Robert 1865, Chap. VIII pp 189–203)

1. Analogy between a heat engine and an hydraulic engine.
Reasonings on direct and inverse heat paths. (Ivi, p 190)
Equivalence work–heat (Ivi, p 190)
In a cycle one obtains: W D J .

P
Q�P

Q0/ (Ivi, p 190)
2. Efficiency of a heat machine

� D .
P
Q�

P
Q0/P

Q
D 1�

P
Q0P
Q

(Ivi, p 191)

3. Efficiency of a simple heat machine

� D 1� T 0

T
D T�T 0

T
(Ivi, p 192)

4. Maximum work produced by any kind of a heat machine

� D 1�
P
Q0

Q
(Ivi, p 192)

Legend: we use modern symbols T, P, V, for “t”, “p” and “�”; we use the modern symbol Q for “q”.
Saint–Robert uses “q” until p 38, in particular, to indicate heat in the equation of the mechanical
equivalent “J D L/q”; AP ad absurdum proof, we use the modern symbol W for “T”; To indicate
the efficiency of the work of a heat machine, I used the modern symbol � instead of “E” which
Saint–Robert uses, SR Saint–Robert

In Chapter 8, Saint–Robert essentially dedicates himself to studying running heat
machines.58 First, he addresses a classical analogy, previously proposed by Sadi
Carnot in Réflexions sur la puissance motrice du feu, (Carnot 1978, pp 16–17;
see also Chapter 8) as well as an analogy between the cyclic path of heat in heat
machines and that of water in hydraulic machines. Let us note that, in this case,
Saint–Robert adopts the theory of equivalence, with which he formulates the modern
efficiency of heat machines. He first discusses machines with only two sources and
then expands his analysis to include machines with various thermostats for the
calculation of maximum work (Saint–Robert 1865, p 192, line 1). The textbook
does not ignore the applications (Saint–Robert 1865, pp 192–202), which are, for
instance, elastic fluids, dilation, the flowing of fluids, the motion of projectiles and
the calculation of the efficiency of heat machines.

In conclusion, Saint–Robert bases his arguments mainly on Sadi Carnot’s theory,
but he includes infinitesimal analysis and the equivalence of heat and work (as a con-
stant of the mechanical equivalent of heat) in almost all of his calculations. However,
as it was observed in the previous analysis, Saint–Robert’s position concerning the
two theories was initially neutral. In any case, the equivalence of heat and work
appears to play a secondary role compared to the ideas of the second principle. In
this sense, Sadi Carnot’s heritage is evident. Internal energy is introduced only at the
end of the textbook, and it is given as a particular thermodynamic potential. Saint–
Robert used, since the 1865 edition, the thermodynamic potentials that Reech (see
above) and Masson introduced, without creating a lasting effect. In 1873, Gibbs

58Let us note that this part of the theory is constructed pedagogically like that which appears today
in polytechnic engineering institutes, usually known as technical physics.

http://dx.doi.org/10.1007/978-94-017-8011-7_8
http://dx.doi.org/10.1007/978-94-017-8011-7_8
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(1839–1903) rediscovered them without, however, receiving too much consider-
ation from the scientific community of the time (Truesdell 1980, p 300, 1970,
pp 30–31).

The theory in Principes de thermodynamique shows a great mastery of the
subject, a concrete understanding of thermodynamics and high level of logical and
mathematical attention, as is typical in a pedagogical treatment. It may to represent
an exception among the discussions and theories presented by Truesdell’s historical
outlines in the 1980s (Truesdell and Bharatha 1977; Truesdell 1980) where the
authors discuss the level of inaccuracy in thermodynamic developments by using
intelligent historical irony.

Saint–Robert’s eloquence is very important since it precedes Tait’s (1831–1901)
work from 1868 by several years. It is quite probable that this work had an influence
on Tait’s contemporaries, thanks both to Tait’s authority and to the controversy he
elicited by diminishing Mayer’s work. The textbook concludes with a bibliography
of 32 essays specific to thermodynamics – this is yet another interesting aspect.

Finally, in regard to Sadi Carnot’s heritage, Saint–Robert is certainly the most
important Italian thermodynamicist of his time. Even abroad, he appeared to be one
of the few who understood the theoretical and pedagogical modernity of this new
theory. He exposed it to the maximum level, both theoretically and applicatorily
(Fig. 10.13).

Fig. 10.13 Saint–Robert’s
conclusion on Sadi Carnot
(Saint–Robert 1870c, p 450)

In this sense, he followed the change in the scientific attitudes of his time and
recognized those of the past regarding the foundations of thermodynamic theory
compared to those of mechanics.



Chapter 11
Final Remarks on the Scientific Relationship
Between Père et Fils

Clearly, the relationship between the science of machines and thermodynamics
was similar to that between Lazare and Sadi Carnot. It was one of parentage.

(Gillispie 1971, p 61, line 15).

Mainly based on the historical hypotheses announced by Charles Gillispie (1971),
the Parisian workshop (Taton 1976) and finally on the historical and historical–
epistemological investigations proposed in the previous chapters, we present here
details and correlations on the scientific relationship between the two Carnots.

All evidence shows a common theoretical attitude to science and their sequence
indicates that there is a great convergence of thought between the two theorists, at
least as reflected together in one book.

11.1 An Outline of the Problem

As previously discussed, the thermodynamic theory Sadi Carnot presented in his
Réflexions sur la puissance motrice du feu is essentially (and in a few parts) openly,
based on the caloric hypothesis. We know that at that time, scholars considered
a fluid capable of flowing from hotter to colder bodies; more importantly, this
capability is conserved during phase changes. However, as we frequently discussed
in previous chapters, Sadi Carnot correctly expressed doubts regarding the validity
of caloric1 (Carnot 1978, p 37, p 89) and in Notes sur les mathématiques, la physique
et autres sujets he utilized in a modern way the hypothesis on the equivalence

1In particular, in Notes sur les mathématiques, la physique et autres sujets he explicitly wrote:
“Perhaps at this point [after I dealt with caloric and friction] I may be allowed to offer a hypothesis
concerning the nature of heat [chaleur].” (Carnot 1878a, folio 4 1c, pp 38–39; Picard 1927, pp 76–
77); this is a problem that he was also surely aware of in Réflexions sur la puissance motrice du
feu (Carnot 1978, pp 89–90) but he avoided addressing it explicitly.

C.C. Gillispie and R. Pisano, Lazare and Sadi Carnot: A Scientific and Filial Relationship,
History of Mechanism and Machine Science 19, DOI 10.1007/978-94-017-8011-7__11,
© Springer ScienceCBusiness Media Dordrecht 2014
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of heat–work (see Fig. 11.1.). Here, he even calculated the constant J of the
proportionality between a unit of heat and a unit of work: 1,000 kgm D 2,70 kcal
where 1 kcal D 370 kgm.

Fig. 11.1 Notes sur les mathématiques, la physique et autres sujets (On the left: Carnot 1878a
folio 13. (2011 – with authorization of the Académie des sciences, on the right: an English
language transcription by Robert fox (Carnot 1986, p 191). In French language see also Carnot
1953, pp 133–135; Picard 1927, pp 81–82, III–IV, Feuillet 7–9, pp 44–45)

We should also note two significant occurences:

1. Sadi Carnot wrote on equivalence of heat–work according to a modern definition of
energy, which he referred to as puissance motrice: “[ : : : ] in nature motive power can never
be either created or destroyed.” (Carnot 1878a folio 6v; see also Picard, p 81 [III, feuillet 7,
pp 44–45; Carnot 1986, p 118]; Blanchard, p 134).
2. The content on the equivalence of heat–work in Notes sur les mathématiques, la physique
et autres sujets was surely written before 1832, so it preceded results of Julius Robert von
Meyer (1814–1878) and James Prescott Joule (1818–1889)’s2 (Challey 1971).

Moreover, the value of the equivalent which Sadi Carnot obtained is affected
by only two percent compared to the mechanical equivalent (1 kcal D 365 kgm)
subsequently calculated by Mayer between 1840 and 1842. What is even more
surprising about this agreement is that it is possible to obtain the equivalency above
based on numeric values, proportional to the air, already given by Sadi Carnot in
Réflexions sur la puissance motrice du feu just as both Louis Philibert Décombe
(1919) and Camille Raveau (1867–1953) (Raveau 1919) affirmed in 1919.

2E.g.: Joule 1844, 1845, 1847, 1965.
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Below, we present the most important results (for our purposes) which help us stress
the content of the two Carnots’ work:

1. The long list of the most important historical studies and commented documents
from 1834 to the second half of the past century on Sadi Carnot (see last tables
below and the References at the end of this book).

2. The historical and complete explanation of Lazare Carnot’s mechanics pre-
sented in the two Mémoire sur les machines (Carnot 1778, 1780), Essai
sur les machines en général (Id., 1786; 1808a, b), Principes fondamentaux
de l’équilibre et du mouvement (Id., 1803a) (Gillispie 1971; Gillispie and
Youschkevitch 1979; see above Chapters 2, 3, 4, and 5).

3. Sadi Carnot’s Recherche d’une formule propre à représenter la puissance
motrice de la vapeur d’eau–unpublished manuscript date. The correct date of
publication still lacks historical decisive evidence. Generally speaking, the most
recent Carnot historians3 agree (more or less) that it was written before 1824
(see Chapter 3, ft 44; see also Gillispie 1976, p 30, p 34) or after April 1823
(Carnot 1986, p 168). On this point, Charles Gillispie suggested crucial reasons
regarding the role played by the concepts of reversibility and incompleteness
and completeness of a cycle (see Chapter 3; Gillispie 1976, pp 30–33). Robert
Fox (Carnot 1986, pp 168–169) suggested his “tentative inclination to suppose”
(Ivi, p 169) that the unpublished manuscript was mainly4 written between
November 1819 –when Clément (Lervig 1985) lectured as a professor at
Conservatoire des arts et métiers in Paris– and 8 March 1827, when the latter
acknowledged a “distinguished mathematician” (Carnot 1986, p 167) for infor-
mation which added to his lecture. However, whether the composition of the un-
published manuscript was elaborated before or after (or during?) the composi-
tion of Réflexions sur la puissance motrice du feu, it should still be understood.

4. Essai sur les machines en général is “[...] in important respects, a precursor of
the Réflexions” sur la puissance motrice du feu (Carnot 1986, p 13).

5. The intellectual environment of Sadi Carnot (Fox 1971a, 1995).
6. The historical and complete explanation of caloric theory of gases (Fox 1971b).
7. The role played by new technologies on steam engines before 1824 (Fox 1976).
8. The equation of state of ideal gases by Sadi Carnot (Fox 1971b; Drago and

Vitiello 1986; see below).
9. Lazare Carnot’s mechanics are largely based on the Principle of virtual work

(Gillispie 1971, Chapters 2 and 3; Drago and Manno 1989; Drago and Perno
2004; Drago 1993c, pp 69–80; Pisano and Drago 2013; Pisano and Capecchi
2013; see Chapters 2 and 3 and below).

3See Chapter 3; Gabbey and Herivel 1966; Challey 1971, p 80, p 83; Gillispie 1976, pp 30–33, p
34; Fox 1976, p 34, pp 149–168; Hornix 1982, p 403; Carnot 1986, pp 167–170; Drago and Vitiello
1986; Fox 1988, pp 294–297.
4For Robert Fox: (1) Sadi Carnot citing an equation in the unpublished manuscript (Carnot S–
EP, folio 16; see also Carnot 1986, p 178, equation 12) from Clément’s manuscript. (2) Sadi
Carnot’s doubts on Clément and Desormes’s law. (3) The role played by unit dyname in the
unpublished manuscript and its absence in Réflexions sur la puissance motrice du feu (Carnot
1986, pp 169–170).

http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_4
http://dx.doi.org/10.1007/978-94-017-8011-7_5
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_3
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10. Machines en général in the two Carnots’ work (Pisano-forthcoming).
11. The historical explanation of the “supprimer” (Carnot 1978, p 39) two

adiabatics for the complete cycle in Réflexions sur la puissance motrice du
feu (Pisano 2001; Drago and Pisano 2005; Pisano 2010; see Chapters 7 and 9).

12. The hypothesis of the scientific roots of Sadi Carnot’s cycle in Réflexions sur
la puissance motrice du feu (Pisano 2003; Mach [1896] (1986); see Chapter 8).

13. A model of organization of a scientific theory based on resolving a general
problem (PO) in Réflexions sur la puissance motrice du feu (Drago 1991;
Drago and Pisano 2005, 2008; Pisano and Gaudiello 2009a, b; Pisano 2012a;
see Chapters 6 and 7).

14. The complete interpretation of Sadi Carnot’s famous footnotes (Carnot 1978,
pp 73–79) written in Réflexions sur la puissance motrice du feu (Pisano 2001;
Drago and Pisano 2005; see Chapter 9).

15. The finding of a logical base concerning Double Negative Sentences (DNSs)
in Réflexions sur la puissance motrice du feu (Drago and Pisano 2000, 2002;
Pisano 2004; see Chapters 6 and 7).

16. The mathematical studies regarding Sadi Carnot’s thermodynamic theory and
the overcoming of caloric theory (Pisano 2007a; Drago and Pisano 2008;
Pisano and Capecchi 2009; see Chapter 10).

17. The novelty of a relationship between mathematics and physics in Sadi Carnot’s
Réflexions sur la puissance motrice du feu (Drago and Pisano 2007; Pisano
2011a; see Chapters 7 and 9).

18. Both Lazare and Sadi Carnot’s synthetic method as a method of reasoning
alternative to the infinitesimal analysis in use at the time (Drago and Pisano
2005, 2007; Pisano 2010, see Chapters 6, 7, and 9 and below).

19. The number of principles in thermodynamic theory presented by Sadi Carnot
in Réflexions sur la puissance motrice du feu (Mach [1896] (1986); Drago and
Pisano 2000; Pisano 2004, 2010; see Chapters 6 and 7 and below).

20. The recent study of the Lazare and Sadi’s documents concerning Leibniz in
Sadi Carnot’s archive at École polytechnique in Paris (Pisano preprint).

11.2 A Hypothesis on Structures of the Scientific Parentage

The scientific relationship between the two Carnots is very complex since it
doubtlessly begins with several of Lazare Carnot’s manuscripts. In fact, it is possible
that a very large program of research on the property of machines (mechanical and
heat) en général involved Père et Fils for several years. Nevertheless, we currently
have no historical proof that Sadi Carnot knew and/or read all of Lazare’s works. It
is quite probable, that he studied them, but – as we mentioned in previous chapters –
all his work is lacking in evidence to support this supposition: e.g., he never cited
his “father” or “Lazare Carnot”. Therefore, we establish this scientific relationship
based on parentage, on the content within both of their historical documents and
writings; thus an historical epistemological hypothesis should be advanced. In this
sense, we consider Lazare Carnot’s most interesting books from Sadi Carnot’s point
of view.

http://dx.doi.org/10.1007/978-94-017-8011-7_7
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Therefore, in order to establish a finite set of main elements on which a scientific
relationship can be built, in this last section, we primarily list and summarize
the main scientific concepts, occurrences and common details of the two Carnots
and compare Lazare and Sadi Carnot’s essential works (Carnot 1778, 1780, 1786,
1803a, 1813)5 (Carnot 1878a, 1978, Carnot-EP) (Fig. 11.2).

Sadi Carnot

(ca 1819–ca 1827)
Recherche d’une
formule propre à

représenter la
puissance motrice de

la vapeur d’eau

(1824)
Réflexions sur la

puissance motrice du feu
sur les machinés propre

à développer cette
puissance

(Posthumes notes)
Notes sur les

mathématiques,
la physique

et autres sujets

Lazare Carnot

(1778)

Mémoire sur
la théorie des

machines

(1780)

Mémoire sur
la théorie des

machines

(1803a)
Principes

fondamentaux
de l’équilibre

et du
mouvement

(1813)
Réflexions

sur la
métaphysique

du calcul
infinitésimal

(1786)

Essai sur les
machines
en général

Fig. 11.2 A hypothesis on Lazare and Sadi Carnot’s scientific parentage

Mainly based on previous historical–epistemological investigations (see above
Chapters 2, 3, 6, 7 and 9), in this paragraph, a panoramic view of Lazare and Sadi
Carnot’s similar problematic organizations is presented.

The difference is indicative of that between the two books: in the Principes fondamentaux
Carnot set out in a didactic order what in the Essai sur les machines he had established in
a problematic one. A consequence was that he himself began the process of obscuring the
distinctiveness of his own approach while improving its clarity.6

Let us start this last Carnots voyage by listing the main common assumptions
presented by the two Carnots in their respective general mechanical machines
(Carnot 1778, 1780, 1786, 1803a, 1813) and general heat machines (Carnot 1978,
1878a, (and Carnot S–EP)), mainly focusing on the problems of the two theories.
Some significant passages are added (see in the following Table 11.1):

5For some works, Carnot (1803b), as well.
6Gillispie 1971, p 87, line 21. (Author’s italic style).

http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_6
http://dx.doi.org/10.1007/978-94-017-8011-7_7
http://dx.doi.org/10.1007/978-94-017-8011-7_9
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Based on previous historical–epistemological studies on DNSs (see Chapters 6
and 7; Drago et al. 2001; Bellini et al. 2007), in order to better introduce all crucial
aspects, we provide a concise reconstruction of Lazare and Sadi Carnot’s main
reasonings (Figs. 11.3 and 11.4):

A.1 Preface. Principles of the theory
(Carnot L 1786, pp iii–ix)

A.3 On the collision of bodies, geometric motion and the two fundamental equations
(Ivi, pp 20–46)

A.2 General problems and premises
(Ivi,  pp 10–18)

A.4 On the continuous motions and operative principles on machines
(Ivi, pp 50–199)

A.5 Final remarks on scientific theories
(Ivi, pp 105–107)

Fig. 11.3 Lazare Carnot’s main reasonings (Carnot 1786)

B.1 Problems and premises
(Carnot S 1978, pp 1–14)

B.2 On Independence
of Wmax(Ivi, pp 14–21)

B.5 On validity of theory
of caloric (Ivi, pp 36–37)

B.6 On gases theory and
caloric theory (Ivi, pp 38–112)

B.3 On the impossibility of
perpetual motion (Ivi, pp 21–22)

B.4 on reversibility
(Ivi, pp 23–35)

Fig. 11.4 Sadi Carnot ’s main reasonings (Carnot 1978; Pisano 2010. For the reference and
details, please see Chapters 6 and 7)

As stated in previous chapters there are several hypotheses on the relationship
between the two Carnots: e.g., such as continuity of method and arguments focusing
on mechanical machines and heat machines. Moreover, based on previous historical
and epistemological open problems (Gillispie 1976, pp 23–33 see above Chapters 7
and 9) on Table 11.1 and (Fig. 11.5) we broaden and specify the common parts of the

http://dx.doi.org/10.1007/978-94-017-8011-7_6
http://dx.doi.org/10.1007/978-94-017-8011-7_7
http://dx.doi.org/10.1007/978-94-017-8011-7_6
http://dx.doi.org/10.1007/978-94-017-8011-7_7
http://dx.doi.org/10.1007/978-94-017-8011-7_7
http://dx.doi.org/10.1007/978-94-017-8011-7_9
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two main Carnot books (Carnot 1786, 1978). Below, we present a possible genesis
of the Réflexions sur la puissance motrice du feu based on some crucial facts and
events that occured at the time.

ca. 1778– ca. 1821 • Lazare: letter on aerostat (17 January 1784, lost).
• Lazare: mechanical (memoires), on mechanical and

hydraulic running machines, working substance
studies.

• Lazare an ambitious project on the machines en
general.

• Sadi: visit in Magdeburg. Probable conversation on
new heat machines project. 

ca. 1821– ca. 1823 • Sadi: mathematical and physical studies.
• Sadi & Lazare: a draft booklet, many delete passages.
• Sadi & Lazare: concept of cycle and synthetic method

in the theory of heat machines. 
• Sadi & Lazare: thinking of generalization of theory of

machines…   mechanical and heat machines,
independent from working substance.

• [Fourier & Académie des sciences (18-11-1822)]
• Lazare: dead on 2 August 1823. No commemoration... 

prudence.
1824 • Sadi: publication of Réflexions sur la puissance

motrice du feu based on a theoretical general theory
projected by(–with) Lazare. 

• Girard: publication of Sadi’s topics in Revue
Encyclopédique.

• [Cauchy’s rigorization].
• No significant reactions concerning printout of the

Sadi’s book. 

Fig. 11.5 An idea on the genesis of the book and related factors

Based on our correlation, it seems that some part of Réflexions sur la puissance
motrice du feu (e.g., Carnot 1978, pp 9–98) were prepared or written by four hands,
père et fils.

What follows here is this type of interpretation with the objective of establishing
a convincing conceptual and formal link between the two theories.

11.3 On the Lost Newtonian Paradigm

As previously discussed, like Lazare’s Carnot’s mechanics, Sadi’s thermodynamics
(and also modern thermodynamics) is also radically different from Newtonian
theory. Consequently, the theoretical framework for studies on Sadi Carnot’s heat
could not be based on the Newtonian physical–mathematical paradigm; it is based
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on his father’s mechanics, which comes precisely from an alternative organization,
that is to say, an organization based on the Principle of virtual work (Capecchi
2012). Following this point of view, a correlation between the two theories on
mechanical and heat machines is proposed according to a sequence of theoretical
steps that range from basic ones to those which establish the mathematical formula
of efficiency. Let us examine the details.

Lazare and Sadi Carnot’s theoretical attitudes are independent from the (physical
and mathematical) concept of absolute space typical of Newton (see above
Chapter 6, Table 6.1). In fact, the theories of the two Carnots are independent
from which positions the objects in question assume and which spatial motions
(trajectories) they complete. For example, in Lazare Carnot’s work, the solutions
for the equations of motion are velocity and quantity of motion. In the same way, in
Sadi Carnot’s theory, the spatial paths, due to a hypothetical motion of heat, are not
studied. The concept of space in the theories of the two Carnots reveals itself only
with the finite volume of a system. Time is also different from Newtonian time. For
example, in both Carnot theories, time is not absolute and does not have continual
variations. It has only one dualistic variation: before and after. In this regard, it
can also be noted that by avoiding the use of Newtonian absolute time and space,
both theories also omit the use of physical quantities as non–finite mathematical
variables, which in common theoretical physics are fundamental for the infinitesimal
calculation of the variations of certain physical quantities. Therefore, from the very
beginning, their theories did not contain abstract notions such as absolute space
or force–cause. Both authors considered mathematics as the result of common
empirical knowledge and as an instrument to use when necessary. Lazare Carnot’s
mechanical theory was limited to algebraic and trigonometric equations (because,
in this theory, they are the types of equations of the invariants of motion which are
to be solved with velocity only). In Sadi Carnot’s theory, mathematics was also
basic and, most importantly, it was only operative. Lazare Carnot made this attitude
clear in his second book, Principes fondamentaux de l’équilibre et du mouvement
(1803a) when he stated that all scientific (and mathematical) notions can only come
from experiments (Table 11.2).

Table 11.2 On the common use of physical–mathematical quantities

Lazare Carnot (1786, 1803a, 1813) Sadi Carnot (1824)

No Newtonian space and time No Newtonian space and time
No mathematical space No mathematical space
No mathematical time No mathematical time
Independence from position in space Independence from position in space
Velocity, Quantity of motion Global space D Volume, Work, Efficiency
A finite mechanical Work A finite heat Work
No local and infinitesimal variables No local and infinitesimal variables
Importance of geometric motion Importance of geometric motion

With “Newtonian” we intend the Newtonian science-paradigm in the history,
particularly during 19th century (Pisano and Capecchi 2013)

http://dx.doi.org/10.1007/978-94-017-8011-7_6
http://dx.doi.org/10.1007/978-94-017-8011-7_6
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In Lazare Carnot’s words:

Following this idea [“to avoid metaphysical notion of force” and : : : to use “the theory of
communications of motions”7] we will soon see, as I previously mentioned, the necessity of
turning to the experiment, and that is what I did, without neglecting to support myself with
reasonings that can confirm it in the most plausible way, using or generalizing the results
per induction. At times I even used the name of the force in the vague sense of which I
spoke above [ : : : ].8

[ : : : ] Primitive ideas concerning the matter, the space, the time, the rest, the motion, etc.
7. The first rule to establish in such delicate research on the laws of nature is to only admit
notions so clear that they can comprise the bounds of our logic. We must therefore reject
the definitions of matter, time, space, rest, and motion as expressions that are impossible to
express with more clear terms, and the ideas that these expressions produce in us primitive
ideas outside of which it is impossible to construct. But once these expressions are admitted,
we will easily see that which is a body, speed, a motive force, etc. 8. The body is a given part
of matter. 9. The apparent space that a body occupies is called its volume; the actual space
that this same body occupies, or its real quantity of matter, is called its mass. When the body
is such that equal parts of its volume always correspond to equal parts of its mass, we say
that it has a uniform density, or that it is equally dense in all of its parts; and the relationship
from mass to volume, or the quotient of one times the other, is called the density of this body.
But if unequal masses correspond to equal volumes, we say that the density is variable and
for each particle of matter, we call density the volume of this particle divided by its mass,
or rather, the last reason of these two quantities. The empty parts or gaps lodged between
the parts of the matter, and that make the volume or apparent space greater than the actual
space are called pores.9

[On the concept of force in the theory]. [ : : : ] in my opinion, no rigorous proof of the
parallelogram of forces is possible: the mere existence of the force in the announcement
of the proposition is able to make this demonstration impossible for the nature of things
in itself. “It is extremely difficult”, as Euler said, “to reason on primary principles of
our knowledge [ : : : ]”. This obscurity disappears in the second way [theory of motion]
to conceive the mechanics, but another inconvenience appears; that is the fundamental
principles that in the first way [theory of forces where cause produces motion] are
established such as axioms in favor of the metaphysical expression [ : : : ] that is to say, [ : : : ]
force, are, in this second case [theory of motion], nothing less than self-evident propositions,
and in order to establish them, we need to include the recourse to the experience.10

At this point, what about the relationship between physics and mathematics? By
considering the role played by physics–mathematics in a scientific theory (Pisano
2011a) – as previously mentioned – here we focus on the Newtonian paradigm until
Laplace’s physics (Fox 1974). Generally speaking, from a mathematical point of
view, it interprets physical quantities, such as force and acceleration, by means
of mathematical expressions11 and by using differential equations a mathematical

7Carnot 1803a, p XVI, line 5.
8Carnot 1803a, p XVI, line 10.
9Carnot 1803a, pp 6–7, line 1. (Author’s italics).
10Carnot 1803a, pp xiij–xiv, line 17.
11E.g, the second Newtonian law is not a strictly physical law. It is a second order differential
equation that would interpret (physically) the law of motion. It does so by a mathematical–
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result is obtained as well. In this sense, all of the potential physical effects
and mathematical characteristics can be derived and discussed. Lazare Carnot’s
mechanics is an operative type of mechanics. To use Leibniz’s words (Lazare Carnot
was fashioned by the ideas of Leibniz12), theoretical physics must explain facts with
facts. Therefore, the mathematics introduced is that which is absolutely necessary,
adapted to represent a previously established physical argument.

In thermodynamics, Sadi Carnot should establish what the type of link between
the new theory and mathematics would be. It should be remembered that, by begin-
ning hydrodynamics, Leonhard Euler (1707–1783) had unveiled a new theoretical
tendency. For non–reducible physical systems, such as the Newtonian system, which
had a point or a discrete system of points, he had succeeded in maintaining the
use of the very powerful infinitesimal analysis, conceiving the system as a fluid, to
which he had extended mathematical Newtonian formalism. After this theorization,
the scientists who followed him were naturally able to hypothesize that heat was a
fluid (at an early stage: phlogiston, as a heavy fluid, then caloric, as a weightless
fluid) to follow this type of physical–mathematical relationship. In the conception
of heat as a caloric fluid, infinitesimal analysis constitutes the theoretical tool that is
suitable for providing the solution to Sadi Carnot’s problem. It suffices to express
the differential Q, dQ through differentials of the variables on which it depends: t, V,
etc.; that is to say: dQ D AdV C Bdt C : : : ; from which the expression of function Q
can be obtained and all of its applications can be easily deduced. This mathematical
technique probably became very famous when in 1816 Laplace13 pointed out that
the speed of sound in air depended on the heat capacity ratio and corrected Newton’s
surprising error.

Newton gave, in the second book of his Mathematical Principles of natural Philosophy
the expression of the speed of sound: how he achieves this is one of the most remarkable
features of his genius.14

physical equation, which, of course, one cannot establish experimentally, as instead can be done
by dynamometer to measure magnitudes in a static equation (e.g., Hooke’s law).
12In particular, one can see the concept of collision (adopted by Lazare Carnot) presented by
Leibniz in his Dynamica de Potentia et Legibus Naturae Corporeae (Leibniz 1849–1863, II, sectio
III, proposition 1–18, pp 488–507) and the early concept of potential energy (Ivi, II, sectio I,
p 435). E.g., Lazare Carnot introduced an advancement of potential energy in his theory of motion
applied to machines (Carnot 1803a, pp 36–38). On the Leibnizian background in Lazare Carnot,
one can also see the famous correspondences in 1677 (Ivi, VI, pp 81–106) between Leibniz and
Honoré Fabri (also Honoratus Fabrius, 1607–1688). For a panoramic view on Leibniz and his
dynamics, see Pierre Costabel’s (1912–1989) works (Costabel 1960); see also Drago 2003. For
complete (works and letters) series of Leibniz’s mathematical writings, see Eberhard Knobloch’s
VIII edition for “Berlin–Brandenburgische Akademie der Wissenschaften Leibniz–Edition, Reihe
VIII” (Leibniz 2009).
13See also: Biot 1858, pp 1–9, 1802, pp 173–182.
14Laplace 1816, p 238, line 7. (Author’s italics and capital letters).
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When the temperature of the air is raised, at constant pressure, only part of the heat is used
to produce that effect [to raise the temperature]: the other part, which becomes latent, serves
to increase its volume. This latter part of the heat is liberated when the air is reduced to its
primitive volume by an increase in pressure. When two air molecules come close together in
a vibration, the heat released raises their temperature and tends to radiate out into the nearby
area; but if this happens very slowly relative to the speed of vibration, we can suppose that
the amount of heat remains the same [for the two molecules]. Thus, as the two molecules
approach, they meet a resistant force, first, because since their temperature being supposed
constant, their [forces of] repulsions augment in inverse proportion to their distances; and
second because the latent caloric which develops increase their temperature. Newton only
considered the first of these causes of repulsion; but it is clear that the second cause must
increase the speed of sound, since it increases the pressure. By entering it in the calculation,
I come to the following theorem: “The real speed of sound is equal to the product of the
Newtonian formula times the square root of the ratio of the specific heat of air at constant
pressure of the atmosphere and at different temperatures, to its specific heat at constant
volume”.15

Newton’s calculation gave 968 (920–1085) English feet per second (Newton 1687,
pp 371–372), which is ca. 20% shorter than the value of speed of sound, and later
979 English feet per second appeared (Newton 1714, pp 343–344). It may have been
convenient for the experimental data of the time, but it was undoubtedly too low a
value.16 In effect, the adiabatic compression of the air, which results in a local rise
in temperature and pressure, has also been taken into account.

Laplace’s investigations in practical physics were confined to those carried out
jointly with Lavoisier on the specific heat of various bodies from 1782 to 1784 . It
should also be noted that this is a similar technique that Émile Clapeyron would use
in 1834 to reformulate Sadi Carnot’s theory – but he would not succeed in doing
so with his theorem (Clapeyron 1834, pp 153–190). Lazare Carnot, although he did
not believe in caloric (Carnot 1990), considered the mathematical technique with the
differential to be inaccurate. In fact, he considered infinitesimal analysis (Gillispie
1971, ft 1, p 12, Gillispie and Youschkevitch 1979, pp 251–298, § 13, p 256) to be a
very clear mathematical apparatus in and of itself, which varies with continuity by
means of concrete variables. However, for differentiated variables in the previous
technique, the mathematical problem is the opposite: the aim is to determine the
function Q by using an abstract calculation. Therefore, as Lazare Carnot explains
in a footnote of Principes fondamentaux de l’équilibre et du mouvement (Carnot
1803a, p 11, ft 1), that infinitesimal analysis is not suitable in these cases. A different
type of mathematics, in which geometry acquires a greater importance, is necessary.
Lazare Carnot’s mathematics selects geometric motions, which, by definition, admit
their opposites.

15Laplace 1816, pp 238–239, line 24. (Author’s quotation marks).
16Cfr.: Finn 1964, ft 19, p 8; Newton 1999, pp 772–778.
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Lazare Carnot (1786, 1803a, 1813) Sadi Carnot (1824)

LIX. When this first condition is fulfilled, there is
nothing left to make a given Machine produce the
greatest possible effect, to see that all of quantityQ is
used to produce this effect; [ : : : ] to make Machines
produce the greatest possible effect, it is necessary that
they never change motion, that by impervious degrees;
[ : : : ]a

Every change of temperature
which is not due to a change of
volume or to chemical action (an
action that we provisionally
suppose not to occur here) is
necessarily due to the direct
passage of the caloric from a more
or less heated body to a colder
body. This passage occurs mainly
by the contact of bodies of
different temperatures; hence such
contact should be avoided as much
as possible. It cannot probably be
avoided entirely, but it should at
least be so managed that the bodies
brought in contact with each other
differ as little as possible in
temperatureb. In reality the
operation cannot proceed exactly
as we have assumed. To determine
the passage of caloric from one
body to another, it is necessary that
there should be an excess of
temperature in the first, but this
excess may be supposed as slight
as we please. We can regard it [�t ]
as insensible in theory, without
thereby destroying the exactness of
the argumentsc

(1) Since they are heterogeneous, these two quantities,
time and space, it is not exactly from the quotient of one
to the other that we refer, but from the quotient of the
relationships that these quantities have with respective
rising unities conforming to the use admitted by
geometry, when we refer to discharging, for example, a
surface by a line, or multiplying a line by another [ : : : ]
They are not [ : : : ] quantities that we express with
algebraic characters; but abstract numbers that form the
quotients of these quantities by their respective unitsd

I am looking for the true sense of infinitesimal
analysis.e50. Of the algorithm on differential calculus.
[ : : : ] If the two systems are supposed to get as close to
each other as we like, the difference between the two
values of the same variable can be made as small as we
like, and will become what we call a differential, and
will only be the ordinary difference, simplified by the
suppression of the quantities that, in their expression,
could be found to be infinitely small, compared to the
other terms of which it is composed. This is the general
principle of differentiationf .[ : : : ] that it to say, a method
that unites the ease of a simple calculation of
approximation with the exactitude of the most rigorous
methods, [ : : : ]g

aCarnot (1786), pp 91–92, line 22
bCarnot (1978), p 24, line14
cCarnot (1978), p 25, line 6
dCarnot (1803a), p 11, ft 1
eCarnot (1813), p 1, line 1
fCarnot (1813), pp 65–66, line 24
gCarnot (1813), p 39, line 15

The weakness of differential techniques applied to heat machines before Sadi
Carnot’s book should also be noted (Lacroix1813). Moreover, as previously stated,
differential technique was far from Sadi Carnot’s interests in his Réflexions sur la
puissance motrice du feu. In the unpublished manuscript Recherche d’une formule
propre à represénter la puissance motrice de la vapeur d’eau17 (Drago and Vitiello

17In the first two decades of the nineteenth century, other essays, which are interesting for our
book, are by Hachette (1811), Petit (1818), Navier (Navier in Belidor 1819) and Combes. These
essays were similar in aim (Challey1971), but not in the approach and original synthetic method
used (see above Chapters 7 and 9) for Sadi Carnot’s project on heat engines.

http://dx.doi.org/10.1007/978-94-017-8011-7_7
http://dx.doi.org/10.1007/978-94-017-8011-7_9
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1986, pp 391–402) found in 1966 (Gabbey and Herivel 1966), which should be
placed temporally before the draft of Réflexions sur la pusance motrice du feu, Sadi
Carnot indicated a mathematical expression for motive power. As in Réflexions sur
la pusance motrice du feu, a general solution to cover all types of efficiency of heat
machines was sought out. For the sake of brevity, we concisely reduce his search
and determination by means of the following main operations:

– A quantity Q is considered as a function of the variables which involved
transformations of a cycle.

– The motive power is intended as an integral of pdV.
– Formulas of the different transformations are necessary to know.
– Three basic different transformations–stages for a cycle18: an isothermal expan-

sion, an adiabatic expansion, and an isothermal compression in the condenser.
– Employing Clément’s law for saturated vapors.
– Set up an approximation function for Dalton’s table of vapor pressures.
– The motive power as a function of the initial and final temperatures and pressures

of the steam.
– Due to the importance of the re–establishment of equilibrium of heat, the

calculation of the efficiency (see, Chapter 9) and Dalton’s table relate pressure
to temperature, the motive power can be expressed as a function of temperature
alone (Table 11.3).

Table 11.3 On common use
for non–sophisticated
mathematics

Lazare Carnot (1780, 1786) Sadi Carnot (1824)

No differential equations No differential equations
No idealization in
interpretation of physical
phenomena

No idealization in
interpretation of physical
phenomena

Interaction motion–work Interaction heat–work

Sadi Carnot abandons the path followed in the Réflexions sur la puissance morice
du feu (e.g., see Carnot 1978, ft 1, pp 73–79) because he (like his father) thought
a mathematical interpretation that, while still reasoning en général (e.g. see Carnot
1780 § 102; Gillispie 1971, Appendix C, p 301) followed the physical operations
step by step. With this, a substantial detachment from the traditional physics of
the 17th and 18th centuries (Fox 1992, 1995; Fox and Weisz 2009; Fox and
Guagnini 1993) based on analysis was achieved. Additionally, a detachment from

18Even if Sadi Carnot argued the fact that the cycle was complete, we should remark that there
it was possible only with respect to the motion of the piston and not, surely, with respect to the
working substance, since it could not return to the temperature of the boiler.

http://dx.doi.org/10.1007/978-94-017-8011-7_9
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the traditional theory of caloric took place since Réflexions sur la puissance morice
du feu does not follow the common mathematical foundations, which are analytical
and therefore aprioristic in regard to the physics of observing phenomena.

11.4 On the Constraints and Production of Work

We have just remarked that Lazare Carnot’s mechanics does not depend on the
metaphysical concept of force–cause since in his physics the nature of the cause
is not strictly emphasized. In fact, while mechanics was concerned with the cause
of motion, it was relegated to a theory of the communication of motion, measurable
on any body by the quantity of motion (Table 11.4).

Table 11.4 On the common conception en général of the motive power and a theory

Lazare Carnot (1786, 1803a) Sadi Carnot (1824)

Mechanical work: fi and ıs(¤ 0) Heat work: Q and �t(¤ 0)
Preface. Although the theory here presented is
applicable to all issues concerning the
communication of motions, Essay on machines
in general was given as title of this pamphlet;
first of all, because they are mainly the
Machines that are considered the most
important argument of mechanics; secondly,
because no particular machine is dealt with but
we only deal with properties which are
common to all of them.a [ : : : ] XXXII. If a
force P moves having velocity u, we call z the
angle formed by u and P, the quantity
Pudtcosz, where dt is the element of time, will
be called moment of activity consummated by
the force P during dt; that is the moment of
activity consummated by a force P in an
infinitesimally short time, is the product of this
force, orientated such as its velocity, and the
path that the point, [fds]where this force is
applied, does in an infinitesimally short time. I
will call moment of activity, consummated by
this force in a given time, the sum of moments
of activity consummated by it at every instant
[ : : : ].b [ : : : ] we come back specifically to the
second way [theory of motion] of looking at
the problem, that is to say, that mechanics are
nothing else than the theory of the laws of the
communications of the motions.c

In order to consider in the most general way
the principle of the production of motion by
heat, it must be considered independently of
any mechanism or any particular working
substance. It is necessary to establish
principles applicable not only to
steam–engines[footnote] but to all imaginable
heat–engines, [ : : : ].e [ : : : ] The production of
motive power is then [since re–establishing of
equilibrium in the caloric] due in steam
engines not to an actual consumption of
caloric, but to its transportation from a warm
body to a cold body [ : : : ]. This condition is
found to be fulfilled if, as we remarked above,
there is produced in the body no other change
of temperature than that due to change of
volume, or, what is the same thing in other
words, if there is no contact between bodies
of sensibly different temperatures.f [ : : : ]. The
steam is here only a means of transporting the
caloric. It fills the same office as in the
heating of baths by steam, except that in this
case its motion is rendered useful. [ : : : ]. The
production of motive power is then due in
steam-engines not to an actual consumption
of caloric, but to its transportation from a
warm body to a cold body, that is, to its
re–establishment of equilibrium

(continued)
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Table 11.4 (continued)

Lazare Carnot (1786, 1803a) Sadi Carnot (1824)

[ : : : ] The first method [theory of forces where
cause produces motion] offers much more ease;
so it is, as I mentioned here above, almost
generally followed. Nevertheless, I adopted the
second [theory of motion] as I already did in
the first edition; because I wanted to avoid the
notion of metaphysics of forces, to leave
undistinguished the cause and the effect, in
short, to bring everything to the only theory of
communication of motionsd

an equilibrium considered as destroyed by
any cause whatever, by chemical action, such
as combustion, or by any other. We shall see
shortly that this principle is applicable to any
machine set in motion by heat.g [ : : : ]
[Production of engine power and importance
of thermostats for different temperatures]
[ : : : ] it is necessary that there should also be
cold; without it, [the cold], the heat would be
uselessh

aCarnot (1786), p iij, line 1
bCarnot (1786), pp 65–66, line 21; see also pp 96–97
cCarnot (1803a), p xiij, line 4
dCarnot (1803a), pp xv–xvj, line 24
eCarnot (1978), p 8, line 1
fCarnot (1978), pp 9–10; see also p 38
gCarnot (1978), p 10, line 2
hCarnot (1978), p 11, line 8

Lazare Carnot considers the production of work (by mechanical machines) to be
produced by mechanical machines. The fi–forces are only important when they are
linked to ısi–displacements of bodies. In order to have work (by heat machine),
in Sadi Carnot’s thermodynamics, the heat (parallel to force) must move, passing
from one thermostat to another. In his father’s mechanical theory, the production
of mechanical work occurs with the transference of motion from one body to
another, both bodies being constrained. In thermodynamic theory, the production
of work occurs with the transference of heat, transported from one body between
two hard bodies, thermostats. It should be remembered that even later, William
Thomson –Lord Kelvin (1824–1907) discussed the content in the second principle
of thermodynamics and the necessity of a second thermostat with the aim of
executing a passage of heat between a difference in temperature (Thomson 1848–
1849, pp 541–574; see also Id., 1882–1911, pp 113–155; Id., 1852, pp 248–255;
Thomson in Thurston 1943, pp 127–204). However, it should be noted that the
analogy does not go any further. If Q is analogous to f, since neither are state
functions f must be substituted by potential�V D f�s, while Q must be substituted
by entropy, which however has a different formula�S D�Q/t. (Thomson 1851b, I,
pp 175–183; see also Clausius 1850, vol 155, pp 368–397, pp 500–524). Moreover,
it should be also noted that in the second case, it is not a special physical distance
but it is temperature–range, �t ¤ 0. Sadi Carnot wrote this at the beginning of the
discursive part of Réflexions sur la puissance motrice du feu and repeats it several
times as well as at the end of the demonstration of his celebrated theorem (Carnot
1978, p 38): work can be obtained every time there is a difference in temperature
between which heat passes. Thus, it is possible to note a common way of conceiving
work in comparison with special and heat motions. To be more precise, according
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to Lazare Carnot, an action of every force with the weight force can be reproduced
and, in the end, thanks to the communication of motion (Carnot 1803a, pp xiij–xvj),
one can also theorize on the work it completes. In thermodynamics, Sadi Carnot
maintains that the theory of mechanical machines (which at the time had his father’s
mechanical theory as a point of reference) is already complete (Carnot 1978, p 8)
and that the theory of heat machines, just begun, must follow the example of the
former. Sadi Carnot includes the production of the motion of heat with the aim of
establishing a general principle. In order to theorize on the science of machines en
général and produce a new physical situation of the conversion of heat to work,
the two theories have the same methodological principles of virtual work, and the
impossibility of perpetual motion. Let us also note that the former is expressed by
different variables because of the two different fields of phenomena and the two
different aims of the theories, communication of and production, whereas in both of
these physical theories the role played by motion is fundamental.

Now let us see the work as produced by machines. In this regard, both mechanical
and heat theories present the same type of effective abstraction. As with mechanical
constraints, the relation M � m between M–mass of the effective body and the
m–masses (Carnot 1780; Gillispie 1971, Appendix C) of the bodies being studied is
valid. In this way, in thermodynamics, for the thermal capacity of C of each of the
two thermostats C � c is valid as regards the thermal capacities c and the bodies in
question. Therefore, each theory is based on a quantity that is obtained by the same
type of abstraction. All of the bodies examined in this theory act between two bodies
characterized by a physical quantity whose values are almost infinite. However, we
should of course claim that, this quantity is specific for each theory because the field
of phenomena is different.

It is well known that in the case of constrained motion, one vinculum or simply
one constrain alone cannot produce work. Like Lazare Carnot (1786, pp 60–61,
pp 85–86; 1780, § 108), Sadi does not think that heat, although emitted by a large
reservoir (for example, the sea) provides a motive force on its own (Carnot 1978,
pp 11–12, pp 40–41) (see in the following Table 11.5).

In both theories, it can be maintained that, otherwise, we would have, as Sadi
Carnot notes further ahead (Carnot 1978, p 21, ft 1), a perpetual motion. This
(Ibidem) is the first argument ad absurdum and is the first that can be said to be
at the root of each theory.

In Lazare Carnot’s theory, it is implicit that many bodies with infinite mass, that
is to say the constraints, alone, do not form a machine (Carnot 1786, pp 58–59)
and therefore never produce work. It can be asserted with the reasoning that once
again, otherwise, it would confirm the possibility of perpetual motion. Following
this analogy, we can clearly affirm, with the same reasoning as before, that it is
impossible that, connecting in a way only directed at different temperature of the
thermostats, that is to say letting heat pass without restrictions, they produce work.
In other words, the reflection on the old experiment of the exchange between two
bodies inside a calorimeter cannot show how work is produced. In fact, to produce
work, other intermediary mechanisms are necessary in addition to thermostats in
order to adequately utilize the transference of heat between the two temperatures.
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Table 11.5 On the common way of conceiving vincula and production of work

Lazare Carnot (1780, 1786) Sadi Carnot (1824)

The work as a product of a mechanical machine;
vincula bodies

The work as a product of heat
Machine; vincula bodies

Mechanical vincula: M � m Heat vincula: C � c
(Principle of virtual wok). Systems of bodies,
non–infinitesimal points, but global and with
vincula

A physical complex system of machines C
thermostats C vincula

More than one body having infinite masse cannot
be a machine: no work from vincula, only

More than one body having infinite masse
cannot be a machine: no work from vincula,
only

It is impossible to link (in a direct way) different
potentials systems to produce work freely.
(Impossibility of Perpetual Motion)

It is impossible to link (in a direct way)
thermostats by different temperature to
produce work freely. (Impossibility of
Perpetual Motion)

Lazare Carnot (1780) Sadi Carnot (1824)

108. When a body acts on another one it is
always directly or through some intermediary
body. This intermediate body is in general what
we call a machine. The motion that is lost at
every moment in each of the bodies applied to
this machine is partly absorbed by the machine
itself and partly revised by the other bodies of the
system but as it may happen that the subject of
the matter is only to find the interplay of the
bodies applied to the intermediate bodies without
the need to known the effect on the intermediate
bodies, we have imagined, in order to simplify
the question, to ignore the mass of this body,
however keeping all the other properties of
matter. Hence the science of machines has
become a sort of isolated branch of mechanics in
which it is to be considered the mutual interplay
of different parts of a system of bodies among
which there are some that, lacking the inertia as
common to all the parts of the matter as it exists
in nature, withheld the names of machines. This
abstraction might simplify in special cases where
circumstances indicating those bodies for whom
it was proper to neglect the mass to make it
easier for the objective, but we easily know that
the theory of machines in general has become
much more complicated than before because
then this theory was confined in the theory of
motion of bodies as they are offered to us by
nature, but now it is necessary to consider at the
same time two kinds of bodies, one kind as
actually existing, the other partially deprived of
its natural properties. Now it is clear that the first

According to this principle, the production of
heat alone is not sufficient to give birth to the
impelling power: it is necessary that there
should also be cold; without it, the heat
would be useless. And in fact, if we should
find about us only bodies as hot as our
furnaces, how can we condense steam? What
should we do with it if once produced? We
should not presume that we might discharge
it into the atmosphere, as is done in some
machines; [* Footonote] atmosphere would not
receive it. It does receive it under the actual
condition of things, only because it fulfills the
office of a vast condenser, because it is at a
lower temperature; otherwise it would soon
become fully charged, or rather would be
already saturated[*Footonote]. Wherever there
exists a difference of temperature, wherever it
has been possible for the equilibrium of the
caloric to be re-established, it is possible to
have also the production of impelling power.
[ : : : ] Then the motions of the piston being
slight during the periods 3 and 5, these
periods might have been suppressed without
influencing sensibly the production of motive
power. A very little change of volume should
suffice in fact to produce a very slight change
of temperature, and this slight change of
volume may be neglected in presence of that
of the periods 4 and 6, of which the extent is
unlimited. If we suppress periods 3 and 5, in
the series of operations above described, it is
reduced to the following:

(continued)
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Table 11.5 (continued)

Lazare Carnot (1780) Sadi Carnot (1824)

problem is a special case, since it is more
complicated than the other so that by similar
hypotheses, we easily find the laws of the
equilibrim and of motion in each particular
machine such that the lever, the winch, the screw,
resulting in a blend of knowledge whose binding
can be hardly perceived and only by a kind of
analogy; this must necessarily happen as we will
resort to the particular figure of each machine to
show the property which is common to it and to
all the others. Since these properties are the ones
we have mainly seen in this first section, it is
clear that we will be able to find them only by
putting aside the particular forms. So let us start
by simplifying the state of the issue by ceasing to
consider the system bodies of different natures;
finally giving back to machines their inertia it
will be easy afterwards to neglect the mass in the
result, we will hold the possibility to consider it
or not, and therefore the solution of the problem
will be general and easier at the same time

(1) Contact of the gas confined in abcd (Fig.
2) with the body A, passage of the piston
from cd to ef. (2) Removal of the body A,
contact of the gas confined in abef with tile
body B, return of the piston from ef to cd.
(3) Removal of the body B, contact of the
gas with the body A, passage of the piston
from cd to ef, that is, repetition of the first
period, and so on. The motive power
resulting from the ensemble of operations 1
and 2 will evidently be the difference
between that which is produced by the
expansion of the gas while it is at the
temperature of the body A, and that which is
consumed to compress this gas while it is at
the temperature of the body B. Let us
suppose that operations 1 and 2 be performed
on two gases of different chemical natures
but under the same pressure under
atmospheric pressure, for example.These
two gases will behave exactly alike under the
same circumstances, that is, their expansive
forces, originally equal, will remain always
equal, whatever may be the variations of
volume and of temperature, provided these
variations are the same in botha

aCarnot (1978), pp 11–12, line 3, pp 39–40, line 17. (Author’s italics)

This is the second argument ad absurdum that unites the (implicit) development of
the two theories, according to their common model of theory based on a problem.

11.5 On the machine en général and its Working Substance

When Lazare Carnot dealt with mechanical machines en général he reasoned
independently from the working substance bodies and the particular mechanisms.

But, I repeat, this Essai only concerns machines in general; each of them have their own
particular properties [ : : : ]19

In other words, he commonly conceived a machine independent from the working
substance utilized. Therefore, the idea was to establish the general principles of
physics in order to organize a general and global system–machine.

19Carnot 1786, p x, line 14.
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Lazare Carnot (1780, 1786) Sadi Carnot (1824)

109. The science of machines in general and
all mechanics is thus reduced to the following
question. Knowing the virtual motion of a
system of bodies that is the one that it would
be taken by each body if it was free to find
the real motion that it will have the next
moment because of the interplay of bodies
assuming that each of them is endowed with
inertia as common to all the parts of the
matter. And since this problem is simpler if
we would find, among the bodies, some that
are deprived of this inertia it is clear that we
cannot have a general theory of machines
without having solved this problem in its full
scope. That is what we will try to doa. But, I
repeat, this Essai only concerns machines in
general; each of them have their own
particular properties [ : : : ]b. [ : : : ] we
compare these different efforts regarding the
working substances that produce them,
because the nature of the working substances
cannot change the forces they must exert to
fulfill the different objects for which the
Machines are intendedc

The phenomenon of the production of motion
by heat has not been considered from a
sufficiently general point of viewd. [ : : : ].This
is the character of a complete theory. A
similar theory is evidently needed for
heat–engines. We shall have it only when the
laws of physics shall be extended enough,
generalized enough, to make known
beforehand all the effects of heat acting in a
determined manner on any bodye. [Footnote]
(1) We assume here no chemical action
between the bodies employed to realize the
motive power of heat. The chemical action
which takes place in the furnace is, in some
sort, a preliminary action,–an operation
destined not to produce immediately motive
power, but to destroy the equilibrium of the
caloric, to produce a difference of
temperature which may finally give rise to
motionf

aCarnot 1780, §§ 108–109; see also Gillispie 1971, Appendix C, §§ 108–109, pp 303–305; see
also Carnot 1786, §§ XXIX––XXX, pp 60–61
b20

cCarnot 1786, p 62, line 2
dCarnot 1978, p 7, line 11
eCarnot 1978, pp 8–9, line 14
fCarnot 1978, p 23, ft 1

Therefore, they want to theorize “independently of any mechanism or any particular
working substance” and to apply the reasoning “[ : : : ] to all imaginable heat–
engines [ : : : ]”.21 In fact, later, Sadi Carnot’s famous theorem on heat machines
would achieve the same objectives expressed by Lazare Carnot, e.g., in his two
works in Mémoire sur la théorie des machines (Carnot 1778, 1780; Gillispie 1971,
Appendices B and C). The argument is also remarked in the footnote:

We distinguish here the steam-engine from the heat–engine in general. The latter may make
use of any working substance whatever, of the vapor of water or of any other, to develop the
motive power of heat.22

20Carnot 1786, p x, line 14.
21Carnot 1978, p 8, ft 1.
22Carnot 1978, p 8, ft 1.
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The motive power of heat is independent of the working substances employed to realize
it; its quantity is fired solely by the temperatures of the bodies between which is effected,
finally, the transfer of the caloric.23

Therefore neither are physical quantities that concern points or local passages, but
only global quantities.

11.6 On the Analogy between Hydraulic and Heat Machines

Unrelated to the concept of Newtonian paradigm concerning mathematical use of
the force-cause concept, Lazare Carnot considers work as a fundamental quantity.
Even Sadi Carnot uses it and gives it an analogous role. Moreover, in order to
calculate the work of a gas, Sadi Carnot does not consider intermolecular forces
like his very influential contemporaries did (e.g., Laplace and Poisson).

Although the Réflexions was regarded by contemporaries as primarily an essay on steam
engines, Carnot’s most important innovations lay in a new approach to the study of heat.
While he accepted, and in some theorems furthered, the theory of heat developed by Laplace
and Poisson, Carnot also shifted the emphasis from the microscopic to the macroscopic.
Rather than build upon the notion of gas particles surrounded by atmospheres of caloric, he
began with the directly measurable entities of volume, pressure, temperature, and work. Of
his concepts of an ideal engine, completeness, and reversibility, there were some vague
anticipations. The notion of an abstract heat engine was approximated in the work of
Hachette and was more clearly present in the studies by Cagniard de la Tour and Clément of
the motive power produced by a bubble of gas rising adiabatically in water. Jacob Perkins’s
team engine, widely discussed in 1823, represented an attempt to design a closed, complete
system, and engineers were aware that certain types of hydraulic engines were reversible.
[ : : : ]. Although the exact reasons are impossible to determine, the Réflexions had almost
no influence on contemporary science.24

Table 11.6 On the common
conception of work for a
machine and its working
substance

Lazare Carnot (1786) Sadi Carnot (1824)

Work as a primary magnitude Work as a primary magnitude
No intermolecular forces for
the calculation of the work

No intermolecular forces for
the calculation of the work

Wmax and W D (F/S)S�s Wmax and W D p�V

Instead, Sadi Carnot chooses those variables consider the physical system globally:

Wmax=Q D f .Q; V; t/ :

By means of those variables, he obtains a very simple mathematical formula:

W D p�V;

23Carnot 1978, p 38, line 4.
24Challey 1971, pp 82–83, line 53 (Author’s Italic)
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which, also has theoretical merit: in the exemplary thermal case, which is a gas in a
cylinder, it formally belongs both to mechanical theory and heat theory.

In fact, generally speaking we have

W D F�s D .F=S/ S�s D P�V:

It should be noted that when Lazare Carnot extends his mechanical theory to
hydraulic machines he uses the case of a fluid in a cylinder as an example.

Lazare Carnot (1803a) Sadi Carnot (1824)
Corollary IV. 219. The above–stated theorem
can be applied to the case of motion, since the
motion with which each point tends to move
breaks down in two, of which one rests and
operates the subsequent motion and of which
the other is destroyed. Yet this destroyed
motion is liable (196,190) for the law in the
above–stated theorem; that is to say, that
whatever the state of rest or motion there is a
system of various forces applied to a
machine, if we suddenly make it subject to
any geometric motion, without changing
these forces; the sum of the products of each
of them times the speed that we will have in
the first instant the point it is applied ,
estimated in the direction of this force, will be
equal to zero. [ : : : ] let us imagine, for
example, a winch with a wheel and cylinder
whose weights are suspended by vertical
cords: if there is equilibrium, or if the motion
is uniform, the weight attached to the wheel
will be that of the cylinder, as the radius of
the cylinder is the radius of the wheel. But it
is a different matter altogether, since the
machine accelerates or slows down: therefore
it appears that the forces are not the direction
of these forces; as the proposition should
follow. The response to this is that in the case
of non–uniform motion, the weights in
question are not the only forces exerted in
this system [ : : : ]a

According to established principles at
the present time [First announcement of
his theorem on the independence of
used working substanceb] we can
compare with sufficient accuracy the
motive power of heat to that of a
waterfall. Each has a maximum that we
cannot exceed, whatever may be, on the
one hand, the machine which is acted
upon by the water, and whatever, on the
other hand, the substance acted upon by
the heat. The motive power of a
waterfall depends on its height and on
the quantity of the liquid; the motive.
power of heat depends also on the
quantity of caloric used, and on what
may be termed, on what in fact we will
call, the height of its fall[*] that is to
say, the difference of temperature of the
bodies between which the exchange of
caloric is made. In the waterfall the
motive power is exactly proportional to
the difference of level between the
higher and lower reservoirs. In the fall
of caloric the motive power undoubtedly
increases with the difference of
temperature between the warmc

[*] (1) The matter here dealt with being
entirely new, we are obliged to employ
expressions not in use as yet, and which
perhaps are less clear than is desirable

aCarnot (1803a), Corollary IV, n. 219, pp 196–197, line 19. (Author’s italic)
bCarnot (1978), pp 21–22
cCarnot (1978), pp 28–29, line 1

Therefore, the concept of work used by Sadi Carnot in thermodynamics has the
same mathematical formula as mechanical work in a case that is particular to the
old theory, but which is central to the new theory; in this way, an element of formal
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continuity is given to the two theories. Just after the first announcement of his
theorem (Carnot 1978, pp 21–22) the analogy (Carnot 1978, pp 8–9, pp 28–29)
between the falling of water on a hydraulic wheel and the falling of caloric in a
heat machine is proposed. According to Charles Gillispie (1971, pp 96–98), this
analogy between two apparently different physical systems also reveals the scientific
sensibility and attitude of the young French scholar.

Lazare Carnot was also interested in finding out the criteria (Carnot 1986, ft
23, p 124) for obtaining the greatest possible effect from machines (Carnot 1780,
§§ 149–152, §§ 155–157; Carnot 1786, pp 89–94; Gillispie 1971, pp 327–330, pp
332–333). His reference to the hydraulic engine (Carnot 1786, pp ix–x, pp 88–81;
Carnot 1803a, pp xxi, p 149, pp 247–250) is interesting for our aim. As previously
stated in the first paragraph, the product of communication of motion (Carnot 1780,
ft *, § 148; Carnot 1786, p iij–iv, p 44; Carnot 1803a, pp xiij–xvj) and power should
always be transmitted without percussion and all shocks should be avoided (Carnot
1786, pp (45–48 and) 91–95, pp 89–91, pp 93–99; Carnot 1780, §§ 146–147, § 152,
§ 157; Gillispie 1971, pp 323–325, pp 328–329, p 333). In particular,

[Sadi] Carnot here remarked that the performance of work by heat is quite analogous to that
by waterfall. By the fall of heat (chute du calorique) the performance of work is determined
in quite similar manner to that performed by the fall of water (chute d’eau).25

Below is a summary of that ability (Fig. 11.6; see in the following Table 11.7).

Fig. 11.6 The analogy (“The
Engines of Our Ingenuity is
Copyright © 1988–2004 by
John H. Lienhard” (via:
http://uh.edu/engines/
epi1958.htm))

25Mach 1986, p 201, line 37. (Author’s italics and “( )” ).

http://uh.edu/engines/epi1958.htm
http://uh.edu/engines/epi1958.htm
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Table 11.7 On the analogy and magnitudes employed

Lazare Carnot (1780, 1786, 1803a) Sadi Carnot (1824)

In a waterwheel, the power only depends
on the difference in heights and water
falls through them

In a heat machine, the power only depends on the
difference in temperatures between boiler and
condenser and caloric falls through them

�h (heights values–range) �t (heat values–range)
Two systems–levels of water Two systems–levels of heat
The water falls from higher to lower
system

The heat falls from higher to lower system

Any motion escaping with the water
leaving the waterwheel should be a
minimum

Any motion escaping with the heat leaving the
heat machine should be a minimum

Force expansive of water (and
force–weight) on the system

Force expansive de la chaleur on the system

Efficiency: �D f (h1– h2, Q); (h1 > h2) Efficiency: �D f (t1, t2, x, Q); (t1 > t2) (plus an
unknown variable during �t)

In an ideal waterwheel, no water’s power
would go to waste

In an ideal heat machine no heat’s power would
go to waste

The reasoning is based on the
conservation of the mechanical energy,
and the impossibility of perpetual motion

The reasoning is based on the conservation of the
caloric, and the impossibility of perpetual motion

In a hydraulic machine the decrease in the
potential energy of the water should be
equal to the communication of
motion–work produced

In a heat machine, the transference of heat
without loss follows as well as production
(of part of the heat) into work

No height’s values change without a
corresponding change of volume of the
working substance

No temperature values change without a
corresponding change of volume of the working
substance

No useless dissipation during motions No useless dissipation during motions
The motions might be fully reversible The productions might be fully reversible
The ideal waterwheel can run backward to
become a perfect pump

The ideal heat machine can run in reverse and
become a perfect pump

No reasonings on working substance
speed are required

No reasonings on working substance speed are
required

Percussion of water Fall of caloric

Let us examine some details. Various scholars revealed that this analogy presents
some difficulties. Moreover, let us note Clausius and Thomson’s perplexity when
they read Sadi Carnot’s work for the first time. Reconciling Sadi Carnot’s caloric
ideas with their principle of energy conservation was a problem after Joule’s
experiment (1844). In fact, Sadi Carnot’s Réflexions sur la puissance motrice du
feu was essentially based on (which, as previously mentioned, he stated with
some doubt) caloric conservation (Q1 D Q2) and not on energy conservation. If
heat corresponds to water then the fall should be conserved as occurs with water.
Therefore, the analogy should link Sadi Carnot’s book to the caloric hypothesis,
not to the modern equivalent of heat and work (in which heat is consumed by the
production of work). However, this difficulty would be overcome if – as Wilhelm
Ostwald (1853–1932) asserted (Ostwald 1892) – the anticipation of the concept of
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entropy is attributed to Sadi Carnot. According to Ostwald, Sadi Carnot substantially
defined that concept when he utilized heat at a constant26 temperature, under certain
conditions, Q/t (Carnot 1978, p 32). Nevertheless, that assumption is still weak.
However, presuming that this assumption (or hypothesis) is valid, , within analogy,
the falling of water should be considered analogous to the falling of the quantity of
heat at constant temperatures. That is to say:

Q1=t1 �Q2=t2 D �S between the two temperatures

[chute du calorique is quite similar chute d’eau]. But whilst for the water the performance
of work is simply proportional to the height of fall, we may not put this performance in the
case of heat proportional to the difference of temperature without a closer investigation.27

While in the hydraulic wheel Wmax is proportional only at �h, in the heat machine
Wmax can depend on unspecified variables. However, overall, as Sadi Carnot remarks
(Carnot 1978, p 29) this work is not proportional to �t since Wmax seems to have
greater experimental values at low temperatures (Carnot 1978, p 72). Therefore,
this is a new type of function. Sadi Carnot’s theoretical effort reaches a standstill
at this last difficulty, although he even attempted a calculation in his previously
discussed famous footnote (Carnot 1978, ft 1, pp 73–79) to determine the efficiency
function. However, let us note that the analogy is more persuasive than it appears in
modern times. Moreover, around the eighteenth century, it was common to consider
machines by performing an abstraction from the masses of bodies (Carnot 1786,
§ XXX, p 60) and separate the wire of a pendulum from the mass. Therefore,
the water that falls on the hydraulic wheel could have been thought of without
mass, that is, as a weightless fluid, as caloric fluid was conceived. This way of
envisioning mechanical machines allowed (still within the caloric hypothesis) for
the consideration of the analogy as a true connection of heat machines to the theory
of mechanical machines which includes the case study of falling water and the
hydraulic wheel. Therefore, for Lazare Carnot, this is a fundamental analogy and
for Sadi Carnot, who doubts caloric, it is merely striking; for us it plays a central,
but not essential role.

11.7 On the Efficiency of a Machine

During Sadi Carnot’s time, cannons had become very effective, having reached
an astonishing power; and even ordinary thermal machines revived the chimera of
obtaining the greatest effect possible and limitless results. In the case of mechanical
machines, Lazare Carnot’s idea refuted limitless power (Carnot 1786, 1803a). In
fact, from the beginning, Sadi Carnot also clearly considers the problem of if, when

26Carnot 1978, p 32.
27Mach 1986, pp 201–202, line 40. (Author’s italics and “( )” ).
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utilizing a given quantity of heat, there is or is not a limit greater than the production
of heat (Carnot 1978, pp 6–7) (Table 11.8).

Table 11.8 On the common way to consider efficiency

Lazare Carnot (1780, 1786, 1803a) Sadi Carnot (1824)

What is the best way of utilizing the greatest
possible effect produced by a mechanical
machine in motion?a

Is the motive power of a heat machine
bounded?b

The effect produced is always limitedc No creation of an “indéfinie” quantity of
motive powerd

aCarnot (1786), pp ix–x, pp 89–94; see also Carnot (1780), §§ 149–160; Gillispie (1971),
Appendix C, §§ 149–160, pp 327–340; Carnot (1803a), p xxj, p 149, pp 247–250
bCarnot (1978), p 6; see also Carnot (1878a), folio 2rv(Ia); Carnot (1986), pp 183–185;
Picard 1927, p 73
cCarnot (1786), pp vij–ix, pp 86–87; see also Carnot (1780), §§ 151–152; Gillispie (1971),
Appendix C, §§ 151–152, pp 328–329
dCarnot (1978), pp 21–22; see also Carnot (1878a), folio 5rv; Carnot (1986), pp 189–190;
Picard 1927, pp 78–79

He will also conclude with resolution that there is a limit and for this reason, the
idea of obtaining unlimited work from heat is a chimera. Therefore neither theory
is based on axioms, but on the program of scientifically resolving a crucial problem
that in the minds of the lay people of the time coincided with metaphysics.

Overall, Sadi Carnot writes his book while reasoning according to the idea that
in every thermal engine, in the end, efficiency only depends on the global�t and on
the condition of reversibility of the machine. In this sense, the variation on volume
�V depends on the condition of reversibility. Recently some scholars (Guemeza,
Fiolhaisb and Fiolhaisb 2002) worked on Sadi Carnot’s theorem by using The
International System of Units (SI) and compared the results with those obtained
using modern data (see in the following Fig. 11.7):

11.8 On the Impossibility of Perpetual Motion

As mentioned in the previous paragraph, the idea of obtaining unlimited work from
heat was a chimera; both Lazare and Sadi Carnot’s theories obtain this limiting
result because they are based on the fundamental affirmation that perpetual motion
is impossible.

In Lazare Carnot’s mechanics, the impossibility of perpetual motion (Carnot
1786, p ix, pp 94–96) has a special role in controlling and developing his special
assumptions (Carnot 1786, pp v–xii, pp 88–95) and theses in the theory of
mechanical machines (Carnot 1786, p 21; see Chapters 2 and 3). Sadi Carnot
continues this tradition by dealing with that impossibility (Carnot 1978, pp 21–22)
basing it also on the role played by science and the social progress (Carnot 1978,
p 1, pp 5–6) of heat machines.

http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_3
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Fig. 11.7 Sadi Carnot’s cycle in original and modern data (Guemeza, Fiolhaisb and Fiolhaisb
2002, p 46)

Now if there existed any means of using heat preferable to [reversible] those which we
have employed, that is, if it were possible by any method whatever to make the caloric
produce a quantity of motive power greater than we have made it produce by our first series
of operations, it would suffice to divert a portion of this power in order by the method
just indicated to make the caloric of the body B return to the body A from the refrigerator
to the furnace, to restore the initial conditions, and thus to be ready to commence again
an operation precisely similar to the former, and so on: this would be not only perpetual
motion, but an unlimited creation of motive power without consumption either of caloric
or of any other working substance whatever. Such a creation is entirely contrary to ideas
now accepted, to the laws of mechanics and of sound physics. It is inadmissible. We should
then conclude that the maximum of motive power resulting from the employment of steam
is also the maximum of motive power realizable by any means whatever. We will soon give
a second more vigorous demonstration of this theory. This should be considered only as an
approximation (see p 29).28

Let us remark that Sadi Carnot’s emphasis was made here just before establishing
his famous theorem (Carnot 1978, p 38), which is properly demonstrated by an
ad absurdum proof in which the impossibility of perpetual motion is emphasized.
Moreover, he dedicates a great deal of space to the matter, also inserting a lengthy
note in which his point of view on the impossibility of perpetual motion both in
thermodynamics and other areas of science such as then nascent electricity, emerges
when he cites Volta’s battery which had recently been shown to the King of France
(1799). In this regard, we provide Mach’s reasonings:

28Carnot 1978, pp 20–22, line 13. (Author’s italics and capital letters).
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To-day the law of the conservation of energy, wherever science reaches, is accepted by
all and receives applications in all domains of natural science. The fate of all momentous
discoveries is similar. On their first appearance, they are regarded by the majority of men
as errors, as Mayer, Helmholtz, and even Joule found. Gradually, however, people are led
to see that the new view was long prepared for and ready for enunciation, only that a few
favoured minds had perceived it much earlier than the rest. The majority of the man who
use it cannot enter into a deep-going analysis of it; for them, its success is its proof. It can
thus happen that a view which has led to the greatest discoveries, like Black’s theory of
caloric, may actually become an obstacle to progress by its blinding our eyes to facts which
do not fit in with our ideas. If a view is to be protected from this dubious rôle, the grounds
of its evolution and existence must be examined from time to time with the utmost care.
We will here try to do this for thermodynamics and the principle of energy. 2. The most
multifarious physical changes, thermal, electrical, chemical and so forth can be brought
about by mechanical work. If such alterations can be completely reversed, they yield anew
the mechanical work in exactly the quantity which was required for the production of the
change in question. This is the principle of the conservation of energy, “energy” being
the term used for that indestructible something which characterizes the difference of two
physical states and of which the measure is the mechanical work which has to be performed
in the passage of one state to the other. How did we acquire this idea? The opinions which
are held concerning the foundations of the law of energy diverge very widely from one
another. To many physicists it now suddenly appears to be evident a priori. Others trace
the principle to the impossibility of a perpetuum mobile which they regard as self–evident.
Others start from the theory that all physical processes are purely mechanical processes and
hence deduce the impossibility of a perpetuum mobile in the whole physical domain. Other
inquirers, finally, are for accepting only purely experimental establishment of the law of
energy. We will investigate these views, and it will appear from the discussion to follow
that there is also a logical and purely formal source of the principle of energy which has
hitherto been little considered. [ : : : ]. As far as the history of physics reaches, from the
time of Democritus to the present day, there has been an unmistakable tendency to explain
all physical processes mechanically. [ : : : ]. It is only from experience that we can know
whether and how thermal processes are connected with mechanical ones. Technical interest
and a need for clearness met in the brain of Sadi Carnot and drew his attention to this point.
The great industrial importance of the steam-engine was very influential here, although it is
only a historical accident that the development of science referred to was not connected with
electrotechnics. Franz Neumann, indeed, followed exactly Carnot’s way of thinking when
establishing the laws of induced electric currents (1845). The peculiarity in Carnot’s idea
consists in the fact that he was the first to exclude the perpetuum mobile in a wider domain
than that of pure mechanics, and assumed that even a use of thermal processes cannot give
perpetuum mobile. However, the modem principle of energy ‘was not held by Carnot, for
he still kept Black’s notion of caloric, which completely dominated Black for psychological
reasons that we have already discussed.29

Sadi Carnot wrote a long and deeply interesting footnote in which all his attention
and the tentative of to produce a mathematical interpretation on the matter emerge.
In particular, and very important from an historical point of view, there is a
declaration on the science and the role played by mechanical science and its laws at
the time. In this regard, we provide this declaration in its entirety together with his
father’s assumptions on perpetuum mobile.

29Mach [1896] 1986, pp 295–298. (Author’s italics).
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Lazare Carnot (1786) Sadi Carnot (1824)

[: : :] everyone repeats that in
Machines in motion time or speed
is always lost when force is gained
[ : : : ]a.
LVII. What is finally the veritable
purpose of moving machines?
[ : : : ] the machines in motion,
always lose in time and velocity
what is gained in forceb.
The reflections I propose on this
law [Ivi, p vi] lead me to say
something about perpetual motion
and I will show not only that every
machine which is aborted must
stop, but I will assign the very
instant when this must occurc.
LXII. We can conclude from that
which we have just said regarding
friction and other passive forces,
that perpetual motion is absolutely
impossible, using it to produce
only bodies which are not
sollicited by any motive forces and
even heavy bodies [ : : : ]d.
It is therefore evident that we must
absolutely give up the hope of
producing that which we call
perpetual motion if it is true that
all of the motive forces that exist in
nature [ : : : ]e.

Such a creation is entirely contrary to ideas now
accepted, to the laws of mechanics and of sound physics.
It is inadmissible[*]f .[*(1) : : : ]. The objection may
perhaps be raised, that perpetual motion, demonstrated to
be impossible by mechanical action alone, may possible
not be so if the power either of heat or electricity be
exerted; but is it possible to conceive the phenomena of
heat and electricity as due to anything else than some
kind of motion of the body, and such as should they not
be subjected to general law of mechanics? Do we know
besides, à posteriori, that the all of the attempts made to
produce perpetual motion by any means whatever have
been fruitless? – that we have never succeeded in
producing a motion veritably perpetual, that is, a motion
which will continue forever without alteration in the
bodies set to work to accomplish it? The electromotor
apparatus (the pile of Volta) has sometimes been
regarded as capable of producing perpetual motion;
attempts have been made to realize this idea by
constructing dry piles said to be unchangeable; but
however it has been done, the apparatus has always
exhibited sensible deteriorations when its action has been
sustained for a time with any energy. The general and
philosophic acceptation of the words perpetual motion
should include not only a motion susceptible of
indefinitely continuing itself after a first impulse
received, but the action of an apparatus, of any
construction whatever, capable of creating motive power
in unlimited quantity, capable of starting from rest all the
bodies of nature if they should be found in that condition,
of overcoming their inertia; capable, finally, of finding in
itself the forces necessary to move the whole universe, to
prolong, to accelerate incessantly, its motion. Such
would be a veritable creation of motive power. If this
were a possibility, it would be useless to seek in currents
of air and water or in combustible this motive power. We
should have at our disposal an inexhaustible source upon
which we could draw at willg

aCarnot (1786), p vi, line 14; see also p viii, line 20
bCarnot (1786), pp 88–89, line 24. (Author’s italics)
cCarnot (1786), p ix, line 16
dCarnot (1786), p 94, line 16
eCarnot (1786), p 95, line 33
fCarnot (1978), p 21, line 5
gCarnot (1978), p 22, ft 1, line 11
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Let us continue our historical comments.
In thermodynamics, by using thermostats only, a connection cannot produce positive
work. In fact, in addition to the thermostats, heat, machines, and an appropriate
way to link them by exploiting their differences in temperature is necessary. The
heat machines basically decompose heat Q in more than one operation, as well as
mechanical forces applied to a body (e.g., using d’Alembert’s principle) can be
decomposed into those absorbed by the vincula and the effectives, which – in the
presence of ıs – produce work. In fact, in his Réflexions sur la puissance motrice
du feu, Sadi Carnot decomposed the heat from the reservoir in two ways: first by
means of two isotherms and two isochors (note that the latter do not work) and
then considering all of the absorbed heat on two isotherms only, followed by two
adiabatic curves (without heat exchange) (Carnot 1978, pp 39–40).

Therefore, the two theories begin with the same problem and are based on the
same first fundamental principle (it should be noted that this principle does not
initiate analytical deductions, obtainable from its conceptual concepts, but begins a
new method, capable of resolving the scientific problem proposed at the beginning).

11.9 On the Synthetic Method

In regard to the common choice for the two Carnots’ use of the synthetic method, we
refer the reader to Chapter 9. We fully reported the historical aspect of the synthetic
method and the sections of Réflexions sur la puissance motrice du feu where Sadi
Carnot used it both as an alternative method to using the sophisticated mathematics
of the time, and an original method of reasoning for his cycle.

Lazare Carnot’s synthetic method (e.g., Carnot 1813, pp 217–253) explains
the nature and the frame of mind behind his research against the metaphysical
conception – which prevailed at the time – of the infinitesimals. Sadi Carnot’s
theory states that this is possible when using infinitesimal calculus (e.g., Carnot
1978, p 18, ft 1). We saw that Sadi Carnot introduced the adiabatic as the synthetic
method auxiliary variable to simplify the solution to the problem of how much the
efficiency of a heat machine is; therefore (within an ideal cycle), the contributions
of the work on the two infinitesimal adiabatic transformations mutually cancel each
other out. Thus, the suppression of the adiabatics in Sadi Carnot’s cycle may mean
precisely that operation, typical in the synthetic method, of eliminating the auxiliary
variable ".

In Table 9.2 (see Chapter 9) bibliographical references (Drago and Pisano 2005)
are presented in which Sadi Carnot applied synthetic method in his Réflexions sur
la puissance motrice du feu. Particular attention is paid to Sadi Carnot’s reasoning
process while theorizing from a three–phase primitive cycle (or composed cycles),
until he creates the idea of a four–alternate–phase cycle.

http://dx.doi.org/10.1007/978-94-017-8011-7_9
http://dx.doi.org/10.1007/978-94-017-8011-7_9
http://dx.doi.org/10.1007/978-94-017-8011-7_9
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11.10 On the Principle of Virtual Work

Generally speaking, one can consider two main traditions for the formulation of the
principle of virtual work:

1. By Aristotelian mechanics,30 also called principle of virtual velocities, where a
physical system (e.g., masses subjected to forces) is in an equilibrium state if
and only if the (forces–)weights are inversely proportional to virtual velocities
(to their points of applications).

[On the lever, Problem 3]. Why is it that small forces can move great weights by means
of a lever, as was said at the beginning of the treatise, seeing that one naturally adds the
weight of the lever? For surely the smaller weight is easier to move, and it is smaller
without the lever. Is the lever the reason, being equivalent to a beam with its cord
attached below, and divided into two equal parts?31 [ : : : ] now the ratio of the weight
moved to the weight moving it is the inverse ratio of the distances from the centre. Now
the greater the distance from the fulcrum, the more easily it will move. The reason has
been given before that the point further from the centre describes the greater circle, so
that by the use of the same force, when the motive force is farther from the lever, it will
cause a greater motion32.

2. By Jordanus33 de Nemore’s mechanics (de Nemore 1533), also called principle
of virtual displacement, where a physical system (e.g., masses subjected to

30Aristotle 1963, 1984; see also Baldi 1621; Aristotle 2000. The main Aristotelian works on
mechanical arguments are in Physics (Aristotle 1999), On the Heaven (Aristotle 1984), and in
Problemata Mechanica (Aristotle 1963). In particular, for the principle of virtual velocity one
can also see Physics, 249b30–250a7 and de Caelo, 301b4–11. In the Aristotelian or Aristotelian
school, Problemata Mechanica seems to remain an argument which is still debated. In this regard,
see Drake (Rose and Drake) and, recently, Winter (Winter). See also: Duhem 1905–1906, II, p
292, 1906–1913; Clagett ; Clagett and Moody; Brown; Lindberg; Truesdell 1968a, b. From an
epistemological point of view, Aristotle dealt with the organization of science particularly in The
posterior analytics (Aristotle 1853; see also Id., 1949, 1963, 1996).
31Problemata Mechanica 850a 30 In: Aristotle 1963, 850a 30, p 353; see also Aristotle 1963,
pp 347–349 and image, p 349.
32Problemata Mechanica 850b 5 In: Aristotle 1963, 850b 5, p 353. (Idem page for the image).
33See also Jordanus de Nemore in Tartaglia’s edition (Tartaglia 1565; see also Clagett and Moody).
Moreover, both Elementa Jordani super demostrationem ponderum (1229) and Liber de ratione
ponderis (fl XIII c.) show an interesting proof of Archimedes’ law of the lever, Quaestio Sexta
(Liber de ratione ponderis, in Tartaglia’s Iordani Opvscvlvm de Ponderositate edition: Tartaglia
1565, p 5(–6), line 13), by means of the application of the principle of virtual work and where
the fall of geometric directions of displacements is considered vertical by Jordanus de Nemore.
Moreover, one can also see Jordanus de Nemore’s Supposiotio Sexta (Tartaglia 1565, p 1, line 13;
see also Liber de ratione ponderis edited by Clagett and Moody, pp 174–175) where one can read
that a body is able to raise another lighter body if a lever is utilized, that is like a embryonic engine.
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forces) is in equilibrium state if only if the (forces–)weighs are in inversely
proportional to their virtual displacements.

If two weights descend along diversely inclined planes, then, if the inclinations are
directly proportional to the weights, they will be of equal force in descending [idem
force – equilibrium].34

Particularly, Lazare Carnot dealt with the principle of virtual work and then, by
means of geometric motion (modernly, virtual velocities), canonically formulated
the principle of virtual velocities starting from a fundamental theorem (Carnot 1786,
§ XXXIV, pp 68–69). In effect, since in his theory geometric motions coincide
with velocities and not with displacements, this allowed Lazare Carnot to avoid,
in the formulation of the principle of virtual work infinitesimal displacements,
which could have produced some scientific embarrassment with respect to his
assumptions (Carnot 1813). Idem situation for Sadi Carnot when he considered
the small range of two reservoirs–temperatures. Furthermore, for the principle of
virtual velocity related with any (general) mechanical machine, one can claim
that the (forces–) weights that balance each other are reciprocal to their virtual
velocities. Incidentally, the two conceptually different approaches/formulations can
be mathematical equivalents using the concept of virtual motion as key reasoning.35

34“Quaestio decima. Si per diversarum obliquitatum vias duo pondera descendant, fueritque
declinationum et ponderum una proportio eodem ordine sumpta, una erit utriusque virtus in
discendendo [idem force – equilibrium]” (Tartaglia 1565, p 7v, line 1). See also Tartaglia 1554,
Quesito XV–Def. XII; Quesito XVI–Def. XIII, p 84, line 7. (Pisano and Capecchi 2010; Capecchi
and Pisano 2010a, b; Pisano 2008, 2009c; Pisano and Drago 2013; Pisano and Capecchi 2014
forthcoming).
35Explicit comments regarding the principle of virtual work are reported by Galilei in Mecaniche
(Galileo 1890–1909, II, pp 155–191) and in Discorsi intorno alle cose che stanno in sJul’acqua
(Galileo 1890–1909, IV, pp 3–141). Particularly, in this latter manuscript, Galileo clearly attributed
the law of virtual velocity to Aristotle (1963, 847a 10–15, 847b 10, pp 329–332) also adding
that the idea of the principle of virtual work was born thanks to the observation of the motion
of points, which rotate along a circumference. Galileo also dealt with the law of the virtual
displacement in more than one situation (Galileo 1890–1909 II, pp 240–242, IV, pp 68–69; VIII,
pp 310–331, pp 329–330). We should wait for 1644, when Evangelista Torricelli (1608–1647), in
his Opera geometrica (Torricelli 1644) claimed a rational criterion for the equilibrium, playing
a fundamental role in mechanics and in the history of mechanics (Capecchi and Pisano 2007,
2010a, b). It can surely be considered the origin of the modern statement of the principle of
virtual work: “Two heavy bodies linked together cannot move by themselves unless their common
centre of gravity does not descend” (Torricelli 1644, Liber primus de motu gravium naturaliter
descendentium, p 99, line 4).With regards to Torricelli’s principle, one can also consider John
Wallis’s assumptions (Wallis 1693), and Pierre Varignon’s (1654–1722) (Varignon 1725) essential
and rigorous formulation as a scientific production which aimed at founding all statics upon
an easily geometric principle: the composition of forces. In this sense, it is also alternative to
the principle of virtual work. Let us remark that in his letter to Johann Bernoulli (1667–1748),
Varignon also dealt with concept of virtual velocities, as components of virtual infinitesimal
displacements towards the direction of the forces (Bernoulli J 1742, II). After Bernoulli, the most
significant contribution to the development of the principle of virtual work is probably thanks to
Vincenzo Riccati (1707–1775) who tried to establish it upon simple principles easily accepted
by his contemporaries, introducing Principles of actions in Dialogo di Vincenzo Riccati della
compagnia di GesJu (Riccati 1749) and in De’ principi della meccanica (Riccati 1772). Recently,
on mechanical science of 18th and 19th centuries see Pisano and Capecchi (2013).
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A history36 of principle of virtual work (Capecchi 2002, 2012) states that even if
one could admit that the principle of virtual work was anterior to all of the laws of
mechanics (but not everyone agreed with this), and could therefore be derived by
the principle of virtual work, in the end, the fact that the principle of virtual work
was self–evident could not be accepted. In other words, one could not accept it as
a principle only. A proof was necessary; or a reduction to a theorem of another
approach to the mechanics or an attempt to provide a more convincing version
were necessary.37 The Principle of virtual work, however, deals with extended
systems of bodies that, differently from Euler’s reasonings on fluids38 (Euler 1757,
p 286), include constraints in an essential way. These given forces are constraining
reactions that are not included in the Newtonian scheme because they are unknown
a priori (Lagrange 1788, pt II, IV). Therefore, when we follow Lazare Carnot’s
theoretical attitude, which is based on the principle of virtual work, we consider the
theory of mechanical machines to be theoretically self–sufficient and consequently
independent from Newtonian mechanics.

Lazare Carnot formulated the principle of virtual work by starting from his law
of collisions (Carnot 1786, 1803a) and without (generally speaking) using classical
Newtonian. forces39 Particularly Lazare Carnot uses the principle of virtual work to
discuss and define the conditions of equilibrium of the forces appied to the bodies.

General principle equilibrium and of motion in machines

XXXIV. Whatever is the state of repose or of motion in which any given system of forces
applied to a Machine, exists, if we take it all at once assume any given geometric motion,
without changing these forces in any respect, the sum of the products each of them, by the
velocity which the point at which it is applied will have in the first instant, estimated in the
direction of this force, will be equal to zero. That is to say, by calling F each of these forces
(I), u the velocity which the point where it is applied will have at first instant, if we make the
Machine assume a geometric motion, and z the angle comprehended between the directions

36In 1788, the principle of virtual work was referenced by Joseph–Louis Lagrange (1736–1813) as
the fundamental principle for all of mechanical theory (Lagrange 1788). The Lagrangian principle
of virtual work is usually associated with the first edition of Méchanique analytique and his
comments (Lagrange 1788, p 11, B2 § 18, p 21). However, their crucial elements were already given
in Recherches sur la libration de la Lune (Lagrange 1764) in which he introduced his dynamical
equations of motion by means of a new principle of Mechanics, or the principle of virtual work.
37The problem of the proof of the principle of virtual work sparked a heated debate, especially
in France where Lazare Carnot (1786, 1803a), Vittorio Fossombroni (1754–1844, 1794), Fourier
(1798; see also Id., 1888–1890, pp 475–521), Ampère (1806) and Poinsot (1838; see also Id.,
1806) provided the main contributions. In effect, a specific difficulty was to connect the problem to
Newtonian principles and to obtain its formal validity. In fact, initially this principle is independent
from the Newtonian principles, which concerned an isolated particle (or the systems derived
from it).
38The partial derivates in Euler’s equations or Euler’s fluids are applicable to compressible as well
as to incompressible flow. It consists of an application of either an appropriate equation of state or
assuming that the divergence of the flow velocity field is zero, respectively.
39In this regard, please see Lazare Carnot’s very interesting assumptions on science, and forces
(Carnot 1803a, p xj, p 47) and double–confuse use of the concept of space: Descartesian and
Newtonian (Ivi, p 6).
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of F and of u, it must prove that we shall have for the whole system [˙]Fucosz D 0. Now
this equation is precisely the equation (AA) [˙FucosZ D 0 (Carnot 1786, p 63, line 15)]
found (XXX) [Ivi, p 60] which is nothing else in the end but the same [second] fundamental
equation (F) [˙muUcosz D 0 (Ivi, p 32, line 6)] presented under another form. It is easy to
perceive that this general principle is, properly speaking, nothing else than that Descartes,
to which a sufficient extension is to be given, in order that it may contain not only all the
conditions of the equilibrium between two forces, but also all those of equilibrium and of
motion, in a system composed of any number of powers: thus the first consequence of this
theorem will be the principle of Descartes, rendered complete by the conditions which we
have seen were waiting in it (V).40

Without discussing its historical epistemology,41 below, we investigate whether
Lazare Carnot’s principle of virtual work could have coherently reordered Sadi
Carnot’s thermodynamics, comparing the theoretical developments of the two
theories and their respective exemplary machines as well. Based on previous
excursus, let us also note that

Carnot’s inference about the impermissibility of the perpetuum mobile was then repeated,
and a reference was made to the similarity of Carnot’s method to Lagrange’s proof by
pulleys of the principle of virtual displacements.42

On the other hand, like his father’s mechanics, for the basis of his theory, Sadi
Carnot did not use a single body (let alone infinitesimal) subject to thermal
solicitation, but a complex system of bodies that includes thermostats (or thermal
constraints) in an essential way. Therefore, Sadi Carnot also theorized in a way that
is completely different from Newton’s methods and is based on the principle of
virtual work.

The principle stating that the total virtual work performed by all the forces acting
on a system in static equilibrium is zero for a set of infinitesimal virtual displace-
ments from equilibrium. The infinitesimal displacements are virtuals because they
need not be obtained by a displacement that actually occurs in the physical system.
The virtual work is the work performed by the virtual displacements, which can
be arbitrary and are consistent with the constraints of the system. Its common
mathematical expression is:

ıW D
X
i

F
.a/
i ısi D 0:

The theory of mechanical machines may be based on the principle of virtual work,
and thought of as a consequence of the principle of the impossibility of perpetual

40Carnot 1786, § XXXIV, pp 68–69 and footnote “(I)”. (Author’s italics and capital letters).
41It can be argued that the role played by the principle of virtual work in modern classical
mechanics is still not easily defined, although it is clear that it is important only for the historical
part. In the theoretical treatises of rational mechanics, where one adopts a strongly axiomatic
approach, the principle of virtual work is often not even mentioned, although the techniques of
argument on which the mechanics, such as the Lagrange equations and Hamiltonian ones may be
derived from it.
42Mach [1896] 1986, p 211, line 24.
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motion, e.g., applied to machines and constraints: it is impossible that the reactions
of the constraints on the actions of the bodies, which make up the machine, produce
positive work. In others words it is impossible that constraints forces of bodies
produce work: X

i

Ridsi 6 0

Thus, in the end what can the principle of virtual work suggest in both of the
two Carnots’ theories? In previous paragraphs we discussed the famous analogy
of the efficiency of a general theory of the heat machine (Carnot 1978, pp 7–8)
independently from a working substance,43 as Lazare Carnot demonstrated in Essai
sur le machines en général, e.g., for any kind of working substance.44 As we stated
(see Chapter 9), starting from a function having three variables

Wmax=Q D f .Q; V; t/ ;

Sadi Carnot essentially reduced them to a �t , as one variable only (Carnot 1978,
pp 38–41). We remark

1. Since the machine that reversibly uses�t runs cyclically, then, in order to obtain
work, only the�t of thermostats is important (and the amount of heat transferred;
Carnot 1978, ft 1, pp 73–79).

2. Sadi Carnot used local variables for the working substance but, at the same time,
in his thermodynamic theory they were also global variables.

Consequently, we can imagine the following physical Carnot system (Fig. 11.8):

A physical system composed by:

A heat machine

Two reservoirs

A working substance (e.g, air)

Fig. 11.8 A simplified
performance model of a
Carnot heat machine

43Carnot 1978, p 28, p 35, pp 37–39, p 112; see also Carnot 1878a, folio 2r(Ia); Carnot
1986, pp 183–184 folio 3r(Ib); Carnot 1986, pp 185–186; Carnot 1878a folio 5rv; Carnot
1986, pp 189–190; Carnot 1878a folio 6v; Carnot 1986, pp 188–189; Picard 1927, p 73, pp 76–
79. (As ust mentioned, be careful attention to the page/folio numbers).
44Carnot 1786, pp 86–87, pp 89–93; see also Carnot 1780, §§ 155–156; Gillispie 1971, Ap-
pendix C, §§ 155–156, pp 332–333. Carnot 1878a, folio 5r; Carnot 1986, pp 189–190; Picard
1927, pp 77–78.

http://dx.doi.org/10.1007/978-94-017-8011-7_9
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where from a global point of view, in the end, the magnitudes that produce work
are Wmax, t1, and t2. This assumption is crucial for the scientific advancement of his
theory and it is based on the following consideration45:

In a general heat machine,
local variables are substituted by global variables.

The following chart is provided in regard to his analogy with the hydraulic wheel
(Carnot 1978, pp 28–29) (Fig. 11.9):

A physical system composed by:

A hydraulic machine

Two potential–levels

A working substance (e.g, water)

Fig. 11.9 A simplified
performance model of a
Carnot (analogy) hydraulic
machine

The work produced only depends on the two levels of potential. Thus, generally
speaking, based on previous analogy, for his heat machine we can write:

Wmax=Q D f .Q; t1; t2/ :

This is the exact model of final function Sadi Carnot used to obtain thermal work
(see Chapter 9).

By considering the mechanics of vincula–bodies for a global machine, we
can also emphasize the fact that Sadi Carnot called attention to the concept of
equilibrium and re–establishment of equilibrium (Carnot 1978, pp 9–12). In other
words, one can observe a similar situation in mechanics when the principle of
virtual work studies the role played by the equilibrium of forces that take action
on bodies (Mach [1896] 1986, pp 228–230). In a theoretical hypothesis of an
analogy based on the principle of virtual work, the following situation would occur:
in mechanics a mechanical theory (principle of virtual work) can be established
without wondering about the true nature of the forces (as Lazare Carnot did).
Therefore, in thermodynamics a heat machine theory can be established without
questioning the validity of the nature of heat or caloric (as Sadi did; see also in
Appendix DNSs 61, 62). Moreover, Sadi Carnot also did not follow the chimera
of large reservoirs producing enormous engine power, in mechanics as well, where
one should not expect great results from great forces. This confutation is a crucial
step in more than one of Lazare Carnot’s works (Carnot 1778, 1780, 1786, 1803a)

45We should also note that Sadi Carnot did not give explicit details on it, even though he used it.

http://dx.doi.org/10.1007/978-94-017-8011-7_9
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in which he proposed the crucial concept of work (Carnot 1786, pp 65–66, line 21;
see also pp 96–97): mechanical work.46

Based on Lazare Carnot’s discussions (Carnot 1786, pp 28–30), we can claim
that a geometric motion47 essentially expresses a non–mechanical interaction. The
same situation occurs in thermodynamics where the dynamic of the process is
based on the difference of the two temperatures without any interaction between
work and heat: by an isochoric (without producing work) or adiabatically (without
heat exchange), until the concept of reversibility. Lazare Carnot also defined these
motions as invertible: a motion assigned to a physical system of interacting bodies is
geometric if the opposite motion is also possible.48 The result is a possible motion,
but it is not always invertible (e.g., the motion of a sliding ring on a rotating rod).
Therefore, one should add the hypothesis of invertibility for obtaining the concept
of geometric motion. Conversely, a geometric motion, when integrated, gives an
invertible motion. At this point, for contraints independent of time, a geometric
displacement is equivalent to a virtual invertible displacement is valid (but not vice
versa). On the contrary, a possible displacement only if it is invertible, produces,
after its derivative, a geometric motion. In this sense, we note that initially, the
geometric motion is a kind of uniform motion moving on the whole physical system
when one considers the equivalent of the state of rest and the state of uniform
motion. Consequently, by using the double negative sentences previously discussed
(see Chapter 7) we can write:

: Œ.v D 0/ ¤ .v ¤ 0/� :

In thermodynamics, one can also state : .W ¤ Q/ where work W is a static
situation since it only concerns thermodynamic phenomena. Heat Q concerns
a dynamic situation because it involves the transfer of heat. Consequently, in
thermodynamics, the analogous geometric motion is obtained when one adds Q
to the physical system by implementing a process at a constant–temperature. In
fact, Sadi Carnot considered a cycle composed of two isotherms, the first in one
direction, and the other in the opposite direction (Carnot 1978, pp 29–38). Sadi
Carnot also followed the same idea in his mathematical footnote (Carnot 1978,

46He instead referred to Archimedean equilibrium (e.g., Carnot 1780, § 152).
47Carnot 1786, pp 28–34, pp 41–45; see also Carnot 1780, § 113; Gillispie 1971, Appendix C,
§ 113, pp 308–309.
48Carnot 1978, pp 23–35 included footnotes. Let us also note a special passage where Sadi Carnot
also discussed an irreversible isochoric (Carnot 1978, pp 25–26) just after the statement of his
theorem (Carnot 1978, pp 21–22). For completeness, we add that in modern terms, to define the
principle of virtual work, one can also specify that a displacement is possible if it is compatible with
the fixed constraints. Moreover, it is virtual if it is compatible with the constraints even if they are
moving. Limiting ourselves to the case of time–independent constraints, we can also derive in time
a possible displacement. In this discussion, the term displacement may refer to a translation or a
rotation (and the term force to a force or a momentum). When the virtual quantities are independent
variables, they are also arbitrary.

http://dx.doi.org/10.1007/978-94-017-8011-7_7
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ft 1, pp 73–79) in which at certain point the two isotherms essentially composed
a unique process running in two directions, as well as Lazare Carnot’s geometric
motions. What kind of similar results did the two Carnots obtain? By means of
his main equations (see Chapters 2 and 3), Lazare Carnot obtained his invariants
of motion: conservation of quantity–of–motion and conservations of momentum of
quantity–of–motion49 (see above Chapters 2 and 3). Following another path, Sadi
Carnot also obtained his invariants with regard to the efficiency and reversibility of
a heat machine (Fig. 11.10).

Fig. 11.10 Preface of Principes fondamentaux de l’équilibre et du mouvement (Carnot 1803a)

With regard to thermodynamic theory, Sadi Carnot attempted a mathematical
calculation in his footnote (Carnot 1978, pp 73–79; see Chapter 9) where the
efficiency is calculated by using an isotherm and its opposite. The aim was to obtain

49Lazare Carnot’s reasonings upon his laws of conservation, are mainly reported in both Essai sur
les machines en général (Carnot 1786) and Principes fondamentaux de l’équilibre et du mouvement
(Carnot 1803a). The connections between the bodies constrain the communication of motion of the
bodies. E.g., the theory of interaction–collisions by means of insensible degrees (Carnot 1803a,
§ 293, pp 261–262) as the result of a sequence of infinitesimally small percussions.

http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_2
http://dx.doi.org/10.1007/978-94-017-8011-7_3
http://dx.doi.org/10.1007/978-94-017-8011-7_9


11.11 On the Principle of Virtual Work and the Interactions 383

a mathematical expression of its invariant, or the efficiency of a heat machine with
respect to all possible kinds of working substances. Therefore, in an analogy with
Lazare Carnot’s general principle of virtual work and his mechanical invariants, we
can summarize (Fig. 11.11):

The invariants in the
two Carnot theories

Mechanics
A “δs” invertible – geometric

motions are necessary.

Thermodynamics
A “reversible” phenomenon

is necessary.

The calculation of invariants is
fundamental for Lazare Carnot’s

entire theory.

The calculations of efficiency by Q
on the two isotherms is 

fundamental in Sadi Carnot’s theory.

Fig. 11.11 The invariants in the two Carnot theories

Finally, we should also remark that the previous discussion on the principle of
virtual work in Lazare and Sadi’s work is surely suggestive but it has a limit in the
two different mathematical approaches: Lazare’s approach is more mathematical
than Sadi’s. However, this kind of analogy based on the two Carnots’ principle
of virtual work is not yet completed (Drago and Pisano, Pisano, forthcoming). In
fact, we should clarify the common mathematical formalism which both theories
evidently lack even though Lazare Carnot himself opened his program of research
by explaining the foundation of his mechanics to the reader (Carnot 1803a, p x), that
is to say, the principle of virtual work. In this sense, a new mechanics – with respect
to Newtonian mechanics – would be reworked.

11.11 On the Principle of Virtual Work and the Interactions

We will now note that in the traditional mechanical theory of hard bodies, the
principle of virtual work formally defines the condition of equilibrium of the forces
that act on the bodies. Sadi Carnot’s theory also strongly emphasizes the same
situation: equilibrium reasoning on the production of work when it re–establishes
heat equilibrium, which means that, in a cycle, it passes from a higher to a lower
temperature.
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Lazare Carnot (1786) Sadi Carnot (1824)

Corollary II. General principle of
equilibrium in weighing Machines.
XXXVI. When several weights
applied to any given Machine,
mutually form an equilibrium, if
we make this Machine assume any
geometric motion, the velocity of
the centre of gravity of the system,
estimated in the vertical direction,
will be null at the first instanta

The production of motion in steam–engines is always
accompanied by a circumstance on which we should fix
our attention. This circumstance is the re–establishing
of equilibrium in the caloric; that is, its passage from a
body in which the temperature is more or less elevated,
to another in which it is lower. [ : : : ]b. The production
of motive power is then due in steam–engines not to an
actual consumption of caloric, but to its transportation
from a warm body to a coldbody, that is, to its
re–establishment of equilibrium an equilibrium
considered as destroyed by any cause whatever, by
chemical action, such as combustion, or by any other.
We shall see shortly that this principle is applicable to
any machine set in motion by heat. [ : : : ]c

aCarnot 1786, p 71, line 1. (Author’s italics). See also Carnot 1803a
bCarnot 1978, p 9, line 8
cCarnot 1978, pp 10–11, line 20. (Author’s italics)

Therefore, the two theories focus on the same concept, but with regard to different
physical quantities. Moreover, Lazare Carnot, having the mathematical formula for
the principle of virtual work, studies the theoretical conditions that translate the
practical conditions of equilibrium. Sadi Carnot, instead, who does not have the
principle of virtual work formulas for heat phenomena, tries to reason on that which,
according to the conception of the principle of virtual work in anthropomorphic
motions, causes equilibrium to be found in an analogy with ıs motions in mechanics,
and �t in thermodynamics while in mechanics, in order to find equilibrium, a ısi

motion of a few bodies in the system is given. Consequently, it can be observed
whether or not the system returns to its initial state. In thermodynamics, the
generation of a quantity of caloric with fire unbalances the system, causing a change
in temperature,�t; in this instance heat also moves backwards to find the condition
of equilibrium, or the initial temperature, then work W is obtained. Therefore,
Sadi Carnot can conclude that wherever there is a �t, there is work to be gained.
Using the principle of virtual work as a reference confirmed the results obtained
by reasoning only on the constraints by using the analogy between mechanical
machines and heat machines.

In Réflexions sur la puissance motrice du feu, in order to clarify the problem of
physical interaction with facts, the inside of a machine is examined as an example: a
water vapor machine that worked according to particular mechanisms, which were
common at the time. Two pages of Réflexions sur la puissance motrice du feu were
dedicated to the description, in operative terms, of the work–heat interaction (Carnot
1978, pp 9–10) in a fairly general case, that is to say, the case of those single
technical mechanisms that take advantage of the transformation of heat inside the
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water vapor machine (it should be noted that here there is no adiabatic). The result
obtained is announced at the beginning of the description and then correctly repeated
as a conclusion at the end

Wherever there exists difference of temperature, motive–power can be produced.50

11.12 On the Principle of Virtual Work and State Equations

In the hydraulic wheel, the production of work depends on the difference in
levels between waterfalls and makes the wheel turn (Carnot 1978, pp 28–29). In
Sadi Carnot’s theory as well, the production of motive power in a heat machine
depends on a difference in value, that is to say, it is always associated with the
transference of a quantity of heat from a higher temperature to a lower temperature
(Ivi, pp 9–10). For example, in the case of a heat machine a quantity of heat Q1

passes from the boiler, which is at temperature t1, to the cylinder; and then, at the
end of the operation, a quantity of heat Q2 (which, in the caloric hypothesis, is
equal to Q1) passes to the condenser at temperature t2. Here, once again, Lazare
Carnot’s mechanical theory on the principle of virtual work is helpful. In fact, the
principle of virtual work is a global statement regarding the internal behaviour of
the entire system and in order to apply it, a comment is necessary: e.g., entrance/exit
(Carnot 1786, § XXXII, p 65), active forces/passive forces. In the first dualism,
given any entrance, it acts as a first methodological principle, that is, it offers a
path of reasoning to obtain the exit. In mechanical machines, Lazare Carnot only
schematizes their operations by means of the entrance/exit relations (Ibidem). Sadi
Carnot also considers the in–out efficiency of the physical system in question: his
expression regarding the production of work W from a given quantity of heat Q
involves the concept of the entrance/exit of the machine, efficiency �. It should be
noted that this quantity links the two uncertain quantities into one (Q because it has
an uncertain nature; W because it does not belong to a state), thereby eliminating
part of the problem that they create by themselves. Therefore, any hypothesis on the
nature of heat is valid. Q is no longer the central variable of which the transformation
into work is comprised (as occurs with the calculation on dQ D 0) and there is
nothing left to solve if heat Q is conserved or not in the passage between the two
temperatures. The problem also does not interact with the work inside the machine;
however it is necessary to take only the dependency of � on other variables of state
into account.

The unpublished manuscript found in 1966 (Carnot S–EP; see also Gabbey and
Herivel 1966) covers 21 folia in a sewn notebook and provided Sadi Carnot with an
important advancement, most likely obtained by following the paternal concept of
state of the system. In the theory of the equation of state of perfect gases, three
variables p, t and V (in effect density d in place of V) are expressed. In this
manuscript, his calculation of the efficiency is incorrect because it closes the cycle

50Carnot 1978, p 16, line 7.
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by means of the V–variable only (Carnot S–EP, folia 1–2; see also Gabbey and
Herivel 1966, pp 153–154). A comparable situation also occurs in Réflexions sur
la puissance motrice du feu in which Sadi Carnot’s incomplete cycle consisted of
three stages only: production, expansion and condensation (Carnot 1978, pp 17–18,
82–86). As previously stated (see Chapters 6 and 9), the adiabatic phase and its
suppression would be a central topic in his book.

In Réflexions sur la puissance motrice du feu, however, he presents the valid
concept of state of the system since he clearly states that it is necessary to consider
all of the variables that define the state. Sadi Carnot reasons referring to something
that is clear in all of the possible transformations: in modern times, the state of
the system. In fact, after having established that Q is connected to �t when it
produces Work W and that W is connected to �V, he also expresses his opinion
on the sufficient number of variables. In Sadi Carnot’s words:

Wherever there exists a difference of temperature, wherever it has been possible for the
equilibrium of the caloric to be re–established, it is possible to have also the production
of impelling power. Steam is a means of realizing this power, but it is not the only one.
All substances in nature can be employed for this purpose, all are susceptible of changes
in volume, of successive contractions and dilatations, through the alternation of heat and
cold. All are capable of overcoming in their changes of volume certain resistances, and of
thus developing the impelling power. A solid body–a metallic bar for example–alternately
heated and cooled increases and diminishes in length, and can move bodies fastened to its
ends. A liquid alternately heated and cooled increases and diminishes in volume, and can
overcome obstacles of greater or less size, opposed to its dilatation. An aeriform fluid is
susceptible of considerable change of volume by variations of temperature. If it is enclosed
in an expansible space, such as a cylinder provided with a piston, it will produce motions
of great extent. Vapors of all substances capable of passing into a gaseous condition, as of
alcohol, of mercury, of sulphur, etc., may fulfil the same office as vapor of water. The latter,
alternately heated and cooled, would produce motive power in the shape of permanent gases,
that is, without ever returning to a liquid state. Most of these substances have been proposed,
many even have been tried, although up to this time perhaps without remarkable success.
We have shown that in steam–engines the motive power is due to a re–establishment of
equilibrium in the caloric; this takes place not only for steam–engines, but also for every
heat engine, that is, for every machine of which caloric is the motor. Heat can evidently be
a cause of motion only by virtue of the changes of volume or of form, which it produces in
bodies.51

As previously mentioned, Sadi Carnot also proposed his equation of state for gases
in his unpublished Recherche d’une formule propre à représenter la puissance
motrice de la vapeur d’eau (Carnot S–EP, folio 5; see also Carnot 1978, pp 223–234;
Carnot 1986, pp 167–180) and in the Réflexions sur la puissance motrice du feu
(Carnot 1978, ft 1, p 75) (Fig. 11.12)

51Carnot 1978, pp 12–14, line 5.

http://dx.doi.org/10.1007/978-94-017-8011-7_6
http://dx.doi.org/10.1007/978-94-017-8011-7_9
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Fig. 11.12 Sadi Carnot’s state equation on gas theory in Recherche d’une formule propre à
représenter la puissance motrice de la vapeur d’eau (left) and in Réflexions sur la puissance
motrice du feu. (On the left: Carnot S–EP, folio 5, © Collections archives de la bibliothèque de
l’École polytechnique de Paris (see also Gabbey and Herivel). On the right: Carnot 1953, ft 1,
p 75)

As was common at the time, Sadi Carnot combined Mariotte’s law and Gay–
Lussac’s law to obtain the following result for a state equation:

p D N
t C 267

v
.Carnot 1953; ft:1; p 75/; (11.1)

i D pv .Carnot S-EP folio 3rv/: (11.2)

Here, it is interesting to note the calculation that he included in Recherche d’une
formule propre à représenter la puissance motrice de la vapeur d’eau (CarnotS–EP;
see also Gabbey and Herivel 1966; Carnot 1986, pp 167–180) to establish his state
equation of gases (see Eq. 11.2).
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Sadi Carnot mainly considered the increase of volume of vapor at various values of
temperatures according to Gay–Lussac’s law (Carnot S–EP, folio 4; Carnot 1986,
pp 172–173):

V C 1

367
V

�
at 101ı� I

V C 2

367
V

�
at 102ı� I

V C t � 100
367

V .at a t � temperature/:

By considering the increase of pressure from P to p, Mariotte’s law and the
consequent decrease of volume, he considered the inverse ratio and obtained the
following mathematical reasonings (Ibidem):

P

p
V

�
1C t � 100

367

	
;

PV

367

�
267C t

p

	
;

N
267C t

p

where N–value52 (Ivi, folio 5; see also Carnot 1986, p 172) is:

PV

367
D 10; 40 � 1700

367
D 48; 2:

In the end, for the vapor water transferred to t–temperature, p–pressure and thus v–
volume, and substituting i D N .267C t/ in Eq. (11.2), he obtained the following
final state equation53 written in his unpublished Recherche d’une formule propre à
représenter la puissance motrice de la vapeur d’eau:

v D N
267C t

p
:

52At the beginning Sadi Carnot suggested the following initial conditions: P D 10,40 m. column
of water and V D 1,700 L (that is the volume of 1 kg of steam). (Carnot S–EP, folio 4; see also
Gabbey and Herivel 1966, p 154; Carnot 1986, p 171).
53Carnot S–EP, folio 20; see also Carnot 1986, p 179.
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(In modern terms, we can also write54 PV D nRT). The ratio 1/267 was the value
belonging to Gay–Lussac’s law (Gay–Lussac 1802). Currently, its value is 1/273.
Thus the term “267 C t” is structurally comparable to absolute temperature
T D 273C t .

It is quite probable that Sadi Carnot, during his studies at Conservatoire national
des arts et métiers in Paris, worked closely with his professor and friend Clément
(Clément 1970) on the magnitude calorie, applied and industrial chemistry and other
topics related to his coursework55 (Fig. 11.13).

Fig. 11.13 Frontispieces of Clément–Desormes’ lectures at Conservatoire national des arts
et métiers (Clément–Desormes 1905, pp 109–118. Clément, at that time, was an important
industrialist, physicist, chemist and briefly chaired at Conservatoire national des arts et métiers
where had the opportunity to propose some crucial experiments on heat and temperature. For the
details of Clément–Desormes’ course (see Fig. 11.13) on General Chemistry, please see pp 109–
118. The name “Clément–Desormes” on the frontispiece (Fig. 11.13, please see image on the right)
lets us know that this was after his marriage to Desormes’ daughter when he definitively adopted
the new composed family surname)

54The modern equation cited in the running text officially refers to the number of moles.
55On Sadi Carnot’s debt (especially influence on the free expansion of the working substance
after cut–off) to Clément and Desormes, see: Carnot 1978, pp 98–108 and footnote; Fox 1970,
pp 235–238; Lervig 1985; Carnot 1986, pp 10–11, 19–21, En. 53, p 48, pp 166–170, p 180.
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In fact, the calculation of N is one of the topics that Sadi Carnot dealt with
in his unpublished manuscript between 1819 and 1827 while he was attending
Conservatoire national des arts et métiers. While it is unnecessary to provide a
detailed description, we wish to point out a fact that goes on to become historically
significant for the birth and development of Carnot’s science regarding the motive
power of steam:

Carnot had learnt of Clément’s views, if not personally, then certainly through a joint paper
by Clement and Desormes which had been read before the Académie des sciences in [23
and 30] August 1819 [Clément 1819b]. Although this paper was never published, an extract
from it appeared almost simultaneously in the monthly bulletin of the Société Philomathique
in Paris [Desormes and Clément 1819] and a copy of the complete paper was made available
to Carnot by Clément himself [Carnot 1978, ft 1, p 98]. The problem which was tackled in
the paper was a familiar one, namely the theoretical determination of the maximum effect
which could be obtained in a heat engine from a given mass of different working substances
under various conditions of temperature and pressure [Fox 1970, En. 31, p 249].56

On that day [8 March 1827] (Conservatoire notebooks, volume 3, cahier 2, pp 41–43)
Clément dictated precisely the result which Carnot arrived at in his paper, even to the point
of using the same nomenclature. He did not acknowledge his debt to Carnot by name but
said that the result had been given to him by “un mathématicien distinguée”. Baudot added:
“La formule algébrique [i.e. Carnot’s] n’est ici que comme sujet d’exercice pour ceux qui
voudront l’employer; toutefois, le Professeur avoue qu’il n’en a jamais fait usage; il préfère
le calcul arithmétique”.57

Based on previous discussion and on Clément58 and Desormes’ works (Desormes
and Clément 1819) (Fig. 11.14):

56Fox 1970, pp 236–237, line 36. (Author’s italics. The brackets “[ : : : ]” are ours. They explicitly
report the content of the endnotes cited by Robert Fox. This first one only is ours).
57Fox 1970, p 247, line 5. (Author’s italics and quotation marks. The first bracket “[ : : : ]” is ours,
only). The formal announcement of Clément’s experiments lectured on 23 and 30 August at the
Académie des sciences (Clément 1819b), reported in a few lines in Procès–verbaux des séances de
l’Académie (Clément 1819b, pp 480–481), and its next spread in the Bulletin des Sciences par la
Société Philomathique de Paris (Desormes and Clément 1819, concern a previous presentation of
these experiments, made by Clément at Christophe Oberkampf’s factory at Jouy–en–Josas (April
1819), to the Société d’Encouragement pour l’Industrie Nationale. A brief explanation (but more
detailed than the one that he lectured at Académie des sciences) of these experiments also appeared,
the same year, in the Bullettin de la société d’encouragement pour l’Industrie nationale (Clément
1819a, pp 254–255) under the general title sur les machines à vapeur (Ivi, p 254) in which other
experiments and scientists were commented upon. It is also interesting to note that in the Bulletin of
1819, more of Clement’s comments and results are reported. Here, his name and activities on heat
machines sometimes appeared with “[ : : : ] MM Isnard, Olivier [ : : : ]” (Clément 1819a, p 174,
p 301, p 302, p 304) and, of course, Desormes: e.g., “[ : : : ] la théorie de Clément et Desormes
[ : : : ]” upon “[ : : : ] la formation de l’acide sulfurique [ : : : ]” is also cited (Ivi, p 174, p 375, p 385;
see also the Bullettin de la Société d’Encouragement pour l’Industrie Nationale of 1825, vol XXIV,
pp 219–223). Sadi Carnot on his work published in 1824 is never cited.
58See also Clément–Desormes course on Chimie industrielle at Conservatoire national des arts et
métiers (reported in Conservatoire national des arts et métiers. Journal des Cours de 1825 a 1830).
A significance was noted by Robert Fox (1970, ft 21, p 248) who also cited Payen (1968; see also
Id., 1971) for a detailed discussion on Clément–Desormes’ courses and his relationship with Sadi
Carnot.
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Fig. 11.14 Desormes and Clément’s Mémoire sur la théorie des machines à feu in Bulletin des
Sciences par la Société Philomathique (Desormes and Clément 1819, pp 115–118. Please note
that the volume is divided into three parts by date. The order page numbers restarts in each part
(-years): 1817 (Ivi, pp 1–200), 1818 (Ivi, 1–192) and 1819 (Ivi, pp 1–192). In our case, the third
part is considered)

In the following we comment Recherche d’une formule propre à représenter la
puissance motrice de la vapeur d’eau where Sadi Carnot encountered the state
equation:

If we presume that p
00 D p

0

, the equation [the total motive power produced] can be
reduced to

F D N ln
p

p
0

 
267C t C t

0

2

!
Œ.11:3/�
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or, substituting common logarithms for natural logarithms and inserting the numerical value
of N (D48,2), to

F D 110; 8 log
p

p
0

 
267C t C t

0

2

!
:

This expression is straightforward and easy to use.59

Where

N D 48,2
p,p

0 D Vapors–pressures at the beginning and end of the cycle of operation.
t ,t

0 D Temperatures at the beginning and end of the cycle of operation.

Thus, the value of “N” was calculated for a case study with some incorrect
percentages60 with respect to the modern value of the calorie. To be precise, the case
study given by Sadi Carnot was a numerical example (Carnot S–EP, folia 17–18; see
also Carnot 1986, pp 178–179) of that result see Eq. [(11.3)]. He used the following
values61:

p D 760 [mmHg]
p0 D 9,47 [mmHg]
t D 100ı[C]
t0 D 10ı[C]

Then, Sadi Carnot reported that a value of F equals 66,278.5 kgm (Carnot S–EP,
folio 18; see also Carnot 1986, p 179) but

If we ignore the last four figures on the grounds that they are sufficiently precise, F [can be
rounded to] D 66,000 dynames.62

In regard to Sadi Carnot’s calculation, Robert Fox had already proposed the original
correct value of F in the conditions cited by Sadi Carnot. It equals 66,734.8 (Carnot
1986, En. 6, p 180). With regard to Sadi Carnot’s reasonings and use of a perfectly
efficient machine, ca. 24% efficiency can be obtained.63 On this matter, it can be

59Carnot S–EP, folio 17; see also Carnot 1986, p 178, line 16.
601 cal D 4,186 J. Some texts use the thermochemical calorie (calth) equals 4,184 J (Cfr.: “Heat”,
Quantities and units, Part 4. ISO–International Organization for Standardization 31–4, 1992). The
Kilocalorie, e.g., Kcalorie or Calorie is basically defined as the amount of heat required to raise the
temperature of 1 kg of water from 0 ıC to 1 ıC at 1 atm of pressure. The small calorie or g-calorie
is the amount of heat required to raise the temperature of 1 g of water by 1 ıC with a temperature
change from 14,5 ıC to 15,5 ıC. Currently, other equivalents used can be available with respect to
specific experiments, SI metric and disciplines (Ivi).
61We added (in brackets) the units of measurement since in the unpublished manuscript they were
implicitly lacking (Carnot S–EP, folio 18; see also Carnot 1986, pp 178–179).
62Carnot S–EP, folio 18; see also Carnot 1986, p 179, line 3, En. 79, pp 147–148; Fox 1970, En.
34, p 250.
63Let us note that the physical system should operate under particular conditions which are not
cited.
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historically relevant to report that Sadi Carnot calculated the value of the calorie
(1,000/2.70D 370 kg/cal) in another manuscript, Notes sur les mathématiques, la
physique et autres sujets (Carnot 1878a) in which he claimed:

According to certain ideas that I have conceived on the theory of heat, the production of one
unit of motive power requires the destruction of 2.70 units of heat.64

Finally, in Recherche d’une formule propre à représenter la puissance motrice de la
vapeur d’eau, Sadi Carnot (and Clément) succeeded in establishing a value of the
mechanical equivalent more than 20 years before Mayer or Joule began work on this
subject. Currently, the method for calculating mechanical power is also sometimes
called the Law of Clément–Desormes.

It is also known that Poisson suggested, ca. at the same time, the formula
p D a
T , but he gave neither the method to obtain it, nor the value of the constant.
Moreover, he used density 
 and not volume V . This fact produced some difficulty:
e.g., the comparison between several gas formulas was difficult due to V being
confused with the number of moles.

On Sadi Carnot’s end, in work on two variables (see Chapter 9), a third is
obtainable from the equation of state. In fact, further ahead in Réflexions sur la
puissance motrice du feu (Carnot 1978, p 40), he presents those state laws, which at
the time were lacking, for every possible thermodynamic transformation (adiabatic,
isochoric, etc.), so that he completes the knowledge of all of the laws between
variables p, V and t. In other words, few variables are considered. Let us note
pressure p is obtainable from t and V. Moreover, he knows that workW is not a
function of state (at his time, it was clear that the production of W depended on
the path travelled; materially it depends on the ingenuity of the heat machine).
Therefore, Sadi Carnot should consider W as a variable on a theoretical level which
is different from that of the other variables that define the state of the gas. It also
should be emphasized that these results appear to have realized exactly that program
which Sadi Carnot himself had clearly stated at the beginning of his Réflexions sur
la puissance motrice du feu (Carnot 1978, pp 8–9).

11.13 Scholars, Formulas, Experiments and Sources cited
by Sadi Carnot in his Works

Below, we provide Table 11.9 to show experiments, laws and scholars quoted by
Sadi Carnot in his works. All of these references could be considered the main
bibliography used by the young French intellectual.

64Carnot 1878a, Notes sur les mathématiques, la physique et autres sujets, folio 7v; Carnot 1878b,
p 95; Carnot 1986, p 191, line 21; see also: Ivi, En. 27, p 209; see also Hoyer 1976.

http://dx.doi.org/10.1007/978-94-017-8011-7_9
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Table 11.9 Scholars, formulas and laws quoted by Sadi Carnot in his works

Experiment/Law/
machine/Memoir/device

Scholar/Engineer (in
Sadi Carnot’s order)

Réflexions sur la puissance motrice
du feu (Carnot 1978)

Machines Savery, Newcomen,
Smeaton, Watt,
Woolf, Trevithick

p 6

Battery (“Appareil”) Volta p 21, ft 1
Device Thermometer of

Breguet
p 29, ft 1

Experiment Laplace p 30, ft 1
Experiment Gay–Lussac and

Welter
p 30, ft 1

Law Mariotte,
Gay–Lussac and
Dalton

p 41

Calculus Poisson p 43, ft 1
Experiment Clément and

Desormes
p 43, ft 1

Experiment /results Gay–Lussac and
Welter

p 43, ft 1

Law Gay–Lussac p 44
Law Gay–Lussac and

Dalton
p 46

Experiment Delaroche and
Bérard

p 46

Law Mariotte p 51 (and Ivi, ft 1)
Law Gay–Lussac and

Dalton
p 51, ft 1

Experiment Dulong and Petit p 51, ft 1
Experiment /law Davy and Faraday p 51, ft 1
Experiment Delaroche and

Bérard
p 55

Law Mariotte p 58
Experiment Gay–Lussac and

Welter
p 59, ft 1

Experiment /memoir Delaroche and
Bérard

p 60; p 61

Experiment Dulong and Petit p 64
Law Clément and

Desormes
p 65

Experiment /memoir Dulong and Petit p 65, ft 1
Experiment Dalton p 66
Experiment Dulong and Petit p 66, ft 1
Table Dalton p 67, ft 1
Law Mariotte,

Gay–Lussac
p 67, ft 1

Traité Biot p 68, ft 1

(continued)
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Table 11.9 (continued)

Experiment/Law/
machine/Memoir/device

Scholar/Engineer (in
Sadi Carnot’s order)

Réflexions sur la puissance motrice
du feu (Carnot 1978)

Experiment Delaroche and
Bérard

p 72; p 73

Rule Gay–Lussac p 74, ft 1
Law Mariotte p 74, ft 1
Law Gay–Lussac p 80
Experiment Delaroche and

Bérard
p 81

Law Clément and
Desormes

p 85

Memoir Petit p 86, ft 1
Experiment /results Delaroche and

Bérard
p 87

Experiment Bétancour p 87
Book Prony p 87
Law Dalton p 87, ft 1
Memoir Desptrets [Despretz] p 87, ft 1
Experiment Davy and Faraday p 87, ft 1
Law Clément and

Desormes
p 88

Experiment Ørsted p 93, ft 1
Memoir Clémenta p 98
Machine Perkins, Watt,

Robinson
pp 99–102, ft 1

Law Mariotte p 102, ft 1
Machine Hornblower, Woolf p 103
Machine Watt p 105bis, ft 1
Machine Héron de Villefosse p 105bis, ft 1
Machine Trevithick, Vivian p 106
Machine Niepce pp 110, ft 1
Machine Pyréolophoreb p 110, ft 1
A Machine called Wheal Abraham,

Cornwall
p 116, ft 1

Machine Watt p 116
Machine In Chaillot p 117

Experiment/Law/
machine/Memoir/device

Scholar/Engineer (in
Sadi Carnot’s order)

Recherche d’une formule propre à
représenter la puissance motrice de
la vapeur d’eau (Carnot S–EPc)

Table Dalton folio 3
Traité Biot folio 3
Law Gay–Lussac folio 4
Law Mariotte folio 4
Experience Clément folio 6
Table Dalton folio 7
Law Clément folio 8
Table Dalton folio 8

(continued)
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Table 11.9 (continued)

Experiment/Law/
machine/Memoir/device

Scholar/Engineer (in
Sadi Carnot’s order)

Recherche d’une formule propre à
représenter la puissance motrice de
la vapeur d’eau (Carnot S–EPc)

Law Clément folio 8
Experiments Clément folio 8, ft *
Table Dalton folio 8
Table Dalton folio 10
Table /Traite Biot folio 17
Table Dalton folio 20

Experiment/Law/
machine/Memoir/device

Scholar/Engineer (in
Sadi Carnot’s order)

Notes sur les mathématiques, la
physique et autres sujets (Carnot
1878ad)

Invention Martin folio 2v (Ia)
Experiment Rumford folio 3r (Ib)
Experiment Gay–Lussac and

Welter
folio 3v (Ib)

Experiment Gay–Lussac folio 3v (Ib)
Memoir Navier folio 6re

Experiment Gay–Lussac and
Welter

folio 6r

Value quoted Mécanique céleste folio 6r
Memoir Poisson folio 6r
Experiment Ørsted folio 6r
Machine Perkins folio 6r
Value Laplace folio 6r
Experiment Berthollet folio 8r
Experiment Rumford folio 10r
Experiment Rumford folio 12r
Thermometer Bréguet folio 12v
Experiment Dalton folio 12v
Experiment Gay–Lussac folio 13r
Experiment Davy folio 14r
Experiment Rumford folio 14r
Traité Scheele folio 15v
Notes by Kirwan folio 15v
Introduction by Bergmann folio 15v
Citing Rumford folio 15v
Dictionary Macquer folio 15v
Memoir Rumford folio 15v
Work by Rumford on Thomson folio 15v
Works by Landriani folio 15v
Thermometer Bréguet folio 16r
Law Mariotte folio 19r

(continued)
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Table 11.9 (continued)

Sources cited by Sadi Carnot in his Works

Réflexions sur la
puissance motrice du
feu (Carnot 1978)f

Recherche d’une
formule propre à
représenter la
puissance motrice de
la vapeur d’eau
(Carnot S–EP)

Notes sur les mathématiques,
la physique et autres sujets
(Carnot 1878b)

Traits élémentaire de
physique ou de chimie [e.g.:
Traité élémentaire de chimie
by Lavoisier] (Ivi, p 15, ft 1)

Traité de physique
[expérimentale et
mathématique] by Biot,
p [530–]531 (Ivi, folio 3)

Annales de chimie et de
physique 1821, p 357 (Ivi,
folio 6r)

Annales de physique et de
chimie (Ivi, p 30, ft 1)

Conservatoire des Arts et
Métiers (Ivi, folio 6)

Mécanique céleste, t 12, p 97
(Ibidem)

Annales de physique et de
chimie 1818, t 7, p 122 (Ivi,
p 51, ft 1)

Traité de physique
[expérimentale et
mathématique] , p [530–]531
(Ivi, folio 17)

Annales [de chimie et de
physique]g1823a, b, p 344
(Ibidem)

Annales de chimie [et de
physique 1813] t 85, p 72,
p 224 (Ivi, p 55, ft 1)

Dalton’s table (Ivi, folio 20) Annales [de chimie et de
physique] 1823, p 192
(Ibidem)

[Traité de] Mécanique
céleste(Ivi, p 59, ft 1)

On Perkins [Annales de
chimie et de physique 1821,
t 16, pp 321–327] (Ibidem)

Annales de physique et de
chimie 1822, p 267 (Ivi, p 59,
ft 1)

“Small advertisements 17
March. Manufacture of ice,
rue Michel–le Comte, 27
[ : : : ]” (Ivi, folio 15v)

Annales de chimie et
de physique 1818 (Ivi, p 65,
ft 1)

Journal du commerce, 16
and 17 Marchh (Ibidem)

Traité de physique
[expérimentale et
mathématique] by Biot, vol 1,
p 272, p 531 (Ivi, p 68, ft 1)

American colonizationi

(Ibidem)

Annales de chimie et de
physique 1818, p 294 (Ivi, p
86, ft 1)

On Scheele and Kirwan’s
notes [Supplement au Traité
chimique de l’air et du feu de
M. Scheele, Trans. by le
Baron de Dietrich 1785,
Paris], p 149.j (Ibidem)

(continued)
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Table 11.9 (continued)

Réflexions sur la
puissance motrice du
feu (Carnot 1978)f

Recherche d’une
formule propre à
représenter la
puissance motrice de
la vapeur d’eau
(Carnot S–EP)

Notes sur les mathématiques,
la physique et autres sujets
(Carnot 1878b)

Architecture hydraulique by
Prony, p 180, p 195 (Ivi, p 87)

On Scheele and Bergmann’s
introduction [Traité chimique de l’air
et du feu de M. Scheele, Intr. by
Bergmann, Trans. by Baron de
Dietrich 1781, Paris, p 169n]. (Ibidem)

Annales de physique et de
chimie [1821] t 16, p 105, t 24
[1823], p 323 (Ivi, p 87, ft 1)

Biblioth.[èque] britannique (Ibidem)

Annales de chimie et de
physique 1824, p 80 (Ivi, p 88,
ft 1)

On “Feu” in Macquer’s Dictionnaire
[1788, vol 1, pp 499–500]k (Ibidem)

Annales de physique et de
chimie 1823, p 192 (Ivi, p 93, ft
1)

Journal de physique [de chimie et
d’histoire naturelle et des arts] 1798,
XLVII, p 24, p 228, p 253 (Ibidem)

Académie des sciences (Ivi,
p 98, ft 1)

Bib.[liothèque] britann.[ique],
I,V,VIII, XIII (Ibidem)

Annales de physique et de
chimie 1823, p 429 (Ivi, p 99, ft
1)

Annales de chimie [1802], XLI, p 177
(Ibidem)

Encyclopédie britannique (Ivi,
p 105bis, ft 1)

On [Marsiglio] Landriani’sl article
listedm: Observations sur la physique,
sur l’histoire naturelle et sur les arts
XXIX 1786, p 410 (Ibidem)

aHere Sadi Carnot ascribes the authorship of the paper to Clément without citing Desormes. (Cfr.:
Carnot 1986, p 153, En 97)
bOn invention see Redondi (1980), pp 34–39
cSee also English edition by Fox (Carnot 1986, pp 166–180)
dSee also English edition by Fox (Carnot 1986, pp 181–212)
eWe adopted Raveau (1919) and Fox’s (Fox 1986, p 187, p 208, ft 13) suggestions: folio 6 (r and v)
should be considered before folio 5rv
fThe names are reported as Sadi Carnot cited them. We have added some references in “[ : : : ]”.
Moreover, some “Annales de physique et de chimie” may be evidently Annales de chimie et de
physique
gIn this paper, Poisson (as previously discussed Clément and Desorrmes and Sadi Carnot) proposed
his law for adiabatic changes
hCfr.: Carnot 1986, p 210, ft 42
iIbidem
jPage 149 is a part of the pages that include notes added by Irish chemist Richard Kirwan (1733–
1812) to Scheele’s previously cited Traité
kSee also: Dictionnaire de chimie (1786) vol 1, pp 498–507; Dictionnaire de chimie (edition of
1788) vol 1, pp 481–500. The articles on “Feu” are very different from one another. (Cfr.: Carnot
1986, p 211, ft 45)

(continued)
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Table 11.9 (continued)

lMarsiglio or Marsilio Landriani (1751–1815) was an Italian chemist. He published Ricerche
fisiche intorno alla salubrit dell’aria (1775). In 1776, he was appointed Regius Professor of
Physics at the Ginnasio of Brera (in Milan). Historians of chemistry consider Ricerche fisiche
intorno alla salubrit dell’aria as one of the earliest examples of chemical–pneumatic–analysis of
atmospheric air undertaken in Italy. (He also described the eudiometer to measure the quality of
air). Nevertheless, his research is also considered – a poteriori – discussible. Generally speaking, he
was mainly concerned with the nature of different gases, atmosphere, respiration, electric studies,
important correspondences with Volta and heat. Particularly, studies on latent heat (Landriani
1785, pp 197–207) could have been an object of interest for Sadi Carnot. At the time, several
contributions to heat and latent heat were circulating in France by scholars who had different
scientific backgrounds and aims (e.g., the different approaches to heat between analytical theories
and purely physical theories)
mSadi Carnot quotes Landriani referring to a long index printed at the end of Observations sur
la physique, sur l’histoire naturelle et sur les arts (Landriani 1786, pp 401–473). In this index,
Landriani is quoted on pages 410, 411, 413, 436 (See also Ivi, p 40). Sadi Carnot certainly referred
to a study entitled Suite de la dissertation de M Landriani, sur la chaleur latente (Landriani 1785,
pp 197–207; see also p 88) which is quoted (twice) in in the above cited index (Landriani 1786,
p 410). It is also possbile that Sadi Carnot’s reference might be also addressed to another index (cfr.
Carnot 1986, p 211, ft 48) where Landriani is quoted: Table générale des articles contenus dans les
vingt–six derniers volumes du Journal de physique, depuis 1787 jusqu’en 1802, pour faire suite à
celle qui est imprimée à la fin du second volume de l’année 1786 par L Cotte. In this Table générale,
Landriani is quoted three times concering 3 letters from 1790 and 1791 (Landriani 1806, p 24, p 51,
p 52). This Table générale was published in Journal de physique de chimie, d’histoire naturelle et
des arts where several issues from 1806 were also published (Landriani 1806, pp 1–480). The
Table générale appears at the end of the last issue of the above cited Journal in December 1806
(Landriani 1806, pp 1–106. Let us note that the page numbers ended with page 480 and restarted
with page 2. On the frontispiece of Table générale the number “1” is not cited)

As we have cited in various parts of this research, although his scientific relationship
with Lazare was strong, the lack of reference to his father’s works is made evident
by the previous tables. It is very interesting to note his interest in chemical studies.
This should be considered if one thinks that thermodynamics, like chemistry, were
far from the scientific paradigm produced by Newtonian mechanical approach to
science. For that reason the scientific novelty of gas and heat should have appeared
in other scientific environments.

In the end this consideration also confirms the fact that, since Lazare Carnot’s
references do not include Sadi’s works, it it is very probable that the book was
written by four hands, père et fils.

11.14 On the Equivalence of Work–Heat

According to the hypothesis of the equivalent of work–heat, the heat is not
conserved during the transference between two thermostats at two different tem-
peratures. As already stated, this goes against the hypothesis of the analogy with
the hydraulic wheel discussed above, where, instead, the mass of water is conserved
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during the fall between the two differences. We also cannot follow the innovation of
restoring the weight of the elements of the machines proposed by Lazare Carnot for
which water is also considered a heavy fluid:

Scholium XLIX. This scholium is directed at the development of the principle announced
in corollary V; in fact, this proposition contains the principle which is part of the theory
of Machines in motion because the majority of them create motion by working substances
which can only exert dead force or pressure; like all animals, springs, weights, etc. which
usually makes the Machine change state by imperceptible degrees.65

However, this is not possible in thermodynamics because then heat would be treated
as a heavy fluid, which would take us back to the hypothesis of phlogiston, which
had already been discredited in Lazare and Sadi Carnot’s time. Therefore, the scien-
tific foundations of the analogy with the hydraulic wheel proposed by Sadi Carnot
should be improved and focused on the hypothesis of caloric. In a heat machine,
the caloric, since it is a weightless fluid (in mechanics according to the seventeenth
century simplified performance model of machines, the fluid–water is weightless)
it merely produces work returning, without losses, to the initial state of equilibrium
to the thermostat at a lower temperature. Clearly, the only variation is t. However,
it is necessary to find a response to the problem regarding the interaction. At first
glance, a response (Drago and Pisano’s works) could have come from the analogy
of gases with rigid bodies in elastic collision amongst themselves so that the gases
were commonly defined “fluides élastiques” (see in the following Table 11.10).

According to Ernst Mach, Sadi Carnot, knowing that mechanical work by
collision is transformed into heat, may have conceived that the opposite also occurs,
that is, the equivalent hypothesis. Briefly, following his ideas on the role played by
analogies in different fields of physics, e.g., as just mentioned,

[ : : : ] the first great step in Carnot’s discovery was the consideration of an analogy between
water which, by falling, performed [mechanical] work; and heat which, by sinking in
temperature performed [thermal] work.66

Generally speaking, following Mach’s reasonings on the analogy between the
transformations of a gas in thermodynamics and the mechanism of collision in
mechanics, one might suppose that, e.g., the transformation of heat into work and
vice–versa could became an object of discussion for Sadi Carnot by means of the
phenomenon of collisions – which on the other hand – was already part of his
father’s mechanics. In particular, the formula�miUi

2 concerned lost kinetic energy
(as Leibniz had already indicated) as the energy lost in the environment. Thus,
he could have reasoned on the transference of these concepts to thermodynamics,
e.g., on the compression of a gas in a given closed space. In this sense, generally
speaking, he could have also reasoned on the opposite process of cooling by the
adiabatic expansion of gas. However, some reflections are necessary. This analogy
suggests a kind of interaction, but does not theoretically explain the equivalent.

65Carnot 1786, p 81, line 1. (Author’s italics).
66Mach [1896], 1986, p 306, line 12.
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Table 11.10 On the common way of conceiving elastic fluid

Lazare Carnot (1803a) Sadi Carnot (1824)
The Elasticity is the quality that
certain compressible bodies
have of returning, since
compression ceases, to their
initial state. A perfectly elastic
body is that in which
compression and restitution
operate by the same degrees in
opposite directions. These
bodies are called elastic bodies
or spring bodies. Ivory,
tempered steel and glass are
solid elastic bodies; air and gas
are elastic fluidsa

Experiment has taught us nothing on this subject. It has
only shown us that this caloric is developed in greater or
less quantity by the compression of the elastic fluidsb

The elastic fluids, gases or vapors, are the means really
adapted to the development of the motive power of heat.
They combine all the conditions necessary to fulfill this
office. They are easy to compress; they can be almost
infinitely expanded; variations of volume occasion in them
great changes of temperature; and, lastly, they are very
mobile, easy to heat and cool, easy to transport from one
place to another, which enables them to produce rapidly the
desired effects. We can easily conceive a multitude of
machines fitted to develop the motive power of heat through
the use of elastic fluids; but in whatever way we look at it,
we should not lose sight of the following principles: (1) The
temperature of the fluid should be made as high as possible,
in order to obtain a great fall of caloric, and consequently a
large production of motive power. (2) For the same reason
the cooling should be carried as far as possible. (3) It should
be so arranged that the passage of the elastic fluid from the
highest to the lowest temperature should be due to increase
of volume; that is, it should be so arranged that the cooling
of the gas should occur spontaneously as the effect of
rarefaction. The limits of the temperature to which it is
possiblec

aCarnot (1803a), p 9, line 14. (Author’s italic)
bCarnot (1978), p 32, line 9
cCarnot (1978), pp 93–94, line 14

In fact, the equivalent hypothesis process explains the situation only if another
function can be introduced, U D U(t) (that is, a reserve of heat or something of
the sort). This is also applicable when Q D 0 can produce work W> 0. In fact,
following Mach’s intuition, the heat–work interaction is supposable as a collision
between the caloric fluid of the upper thermostat and (the molecules of) the gas in the
cylinder. In such a collision, (intended globally) the vapor (absorbing heat) becomes
deformed. Consequently, it can be hypothesized that caloric produces work since,
being conceived as a weightless fluid, passing into vapor, it produces a variation in
volume and therefore thermal work, making it expand. Paraphrasing Sadi Carnot,
in the initial premise of his text: it is “[ : : : ] the expansive force of vapor [ : : : ]”67

(Carnot 1978, p 5, line 15) that produces work.

67The term expansive force of vapor or expansive force of heat or expansive force of caloric was
used at the time (e. g., Payen 1967, pp 231–232; Betancourt 1792, p iiij; p 17, p 25, p 26, p 27,
37; Petrini 1808, p 69; Brocchi 1808, pp 229–230; Bouvier 1816–1817, p 132, p 134; Poli 1817,
pp 198–200; Carpi 1836, pp 292–294; Reech 1853, ft *, p 363; Magrini 1861, I, p 259).
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However, this explanation cannot take Watt’s invention into account (which Carnot
is well aware of); which achieves further work, detaching the cylinder from the
thermostat and allowing the fluid to expand (that is, allowing for an adiabatic trans-
formation). One question remains: why in the isolated cylinder, does heat already
captured by vapor still produce work with the reduction of the temperature? The
elasticity of gas could produce further work only if, previously, the isothermal
fall had compressed the gas while the contrary is in fact true. Here, the caloric
hypothesis has an aporia in the adiabatic transformation: the physical mechanism
of the interaction is mysterious. Instead (maybe) Sadi Carnot could have followed
(Carnot 1978, p 32) another simpler path: passing from physical quantity Q to
function Q(t). He may have thought of and presumably introduced another possible
concept, Q/t, referring to calorique.

When a gas passes without change of temperature from one definite volume and pressure
to another volume and another pressure equally definite, the quantity of caloric absorbed
or relinquished is always the same, whatever may be the nature of the gas chosen as the
subject of the experiment.68

Of course, this is a possible explanation but we do not have enough historical facts
and clear book–passages to support it. Thus, it appears as an epistemological and
tentative interpretation.

It should be noted that in caloric theory, the reversibility, intended as an
advancement “[ : : : ] for insensible degrees [ : : : ]”69 does not make enough physical
sense since caloric Q is conserved and is therefore a state function. Moreover, (1)
there is no qualitative difference between infinitesimal and finite processes when
Q is involved; (2) when a value of caloric is fixed, the magnitude W is the only
non–state variable within a system that can have different values.70 Let us note that
the latter reflection has such important results that it cannot be explained by using
the imprecision of an imperfect world in comparison with mathematical precision.
Therefore, either the fact that W (physically and mathematically) depends on other
variables in addition to state variables (including Q), or the fact that W is not a
state function, contradicts the caloric hypothesis: so Q is also not a state function.
Overall, since Sadi Carnot brings all of the variables characterizing the behaviour
of the system into play and wants to base his theory on reversibility, (1) Q is not a
state function and is therefore true only for the equivalent theory. For this reason,
Sadi Carnot could have thought of the equivalent as a hypothesis of his theory.
Currently, we know that in order to fully develop this hypothesis (as the physicists
who reformulated thermodynamics did) (2) the relation J between the measurements
of heat and work must be specified and both the (3) internal energy function U(t) and
the definition of the first principle must be invented. However, these three theoretical
steps were too advanced for Sadi Carnot and more importantly, were outside of

68Carnot 1978, p 41, line 20. (Author’s italics).
69Carnot 1786, p 92, line 8.
70Carnot 1978, p 23.
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his scientific context, which was also technological. Therefore, he only used the
calculation of J (later); but in this instance he was free to not believe that heat is
conserved in the fall. After having presented the analogy of the wheel, Sadi Carnot
announced the second demonstration of his famous theorem:

We shall give here a second demonstration of the fundamental proposition enunciated on
page 22, and present this proposition under a more general form than the one already
given.71

and just after, he noted that in the compressions or dilations the constant temperature
of gas can be maintained in order to respectively remove or give heat or gas as the
transformation is executed.

Similarly, if the gas is rarified, we can avoid lowering temperature [of the gas] by supplying
it with a certain quantity of caloric.72

This Q at t–constant is defined as caloric at a constant temperature produced by a
non–null variation in volume.

[The change of temperature of a gas caused by a variation of volume can be seen as one of
the most important phenomenon in whole physics : : : ]. It seems [this phenomenon] in some
respects singular anomalies.73

Therefore, following the analogy of the water wheel, he could have thought that
work is produced by a physical interaction. That is to say à la two Carnots:

In mechanics, there is an
interaction of water that,
falling on vanes, produces
work as an effect of its weight

In thermodynamics, there is an interaction of expansions and
rapid compressions with heat exchanges which, maintaining a
constant temperature, give work, that is, they produce a �h0 in
the piston which corresponds to the �h of the vanes

In the case of the isochoric transformation, Sadi Carnot thought that passing to
infinitesimal transformations brings reversibility. He applies this to heat Q as well,
which in the equivalent hypothesis is not a state function. Thus, Sadi Carnot knew
how heat best produces work: heat at a constant temperature (e.g., entropy) is that
which gives the maximum �V. In other words, it is heat that produces work under
conditions of reversibility. Overall the problem of the interaction could clarify all
dynamical processes and his relationship with his father’s culture: when t is constant
or quasi–constant, a maximum W corresponds to every Q relative to that temperature
and viceversa.

71Carnot 1978, p 29, line 6.
72Carnot 1978, p 31, line 5.
73Carnot 1978, p 31, ft 1, line 7.
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11.15 On the Cycle and Reversibility of a Machine

Lazare Carnot’s theory on machines clearly indicates that they can produce both
the maximum efficiency and minor efficiencies, until reaching a null efficiency.
It depends on a condition that was well established by Lazare Carnot: invertibil-
ity (generally speaking reversibility in thermodynamics). In order to obtain the
maximum, the transformation should occur while avoiding collisions and abrupt
changes in direction: “[ : : : ] insensible degrees [degrés insensibles] [ : : : ]” (Carnot
1786, p 92). In Lazare Carnot’s words:

Corollary V. Particular law concerning the Machines whose motion changes by
imperceptible degrees. XLI. In a Machine whose motion changes by imperceptible degrees,
the moment of activity in a time given by soliciting forces, is equal to the moment of
activity, exerted at the same time by resistant forces.74

Sadi Carnot does not employ the concept of reversibility in his posthumous
manuscript. We maintain that if he had completed his manuscript, he would have
only obtained value W as a consequence of the variables characterizing a heat
machine. However, with regard to natural phenomena, he states that these machines,
even having the same values of variables, produce very different work. These are
not mere approximations; they represent a preventative problem for the use of
mathematics to interpret a phenomenon. Thus, Carnot is addressing the problem
of the relationship between mathematics and physics in the theory. In the discursive
part of Réflexions sur la puissance motrice du feu (Carnot 1978, pp 1–73), Sadi
Carnot introduces his original concept of the cycle, both as a method of reasoning
and a method of calculation alternative to infinitesimal analysis.75 He dedicates
several pages (Carnot 1978, pp 14–22) to presenting his reasonings regarding the
first demonstration for a three–phase76 cycle and goes on to discuss the cycle of
inverse operations (Carnot 1978, p 19). He then presents the first expression of his
theorem (Carnot 1978, pp 21–22). In the following section, we discuss his main
reasoning:

If we wish to produce motive power by carrying a certain quantity of heat from the body
A to the body B we shall proceed as follows: (1) To borrow caloric from the body A to
make steam with it-that is, to make this body fulfill the function of a furnace, or rather
of the metal composing the boiler in ordinary engines-we here assume that the steam is
produced at the same temperature as the body A. (2) The steam having been received in
a space capable of expansion, such as a cylinder furnished with a piston, to increase the
volume of this space, and consequently also that of the steam. Thus rarefied, the temperature

74Carnot 1786, pp 75–76, line 29. (Author’s italics).
75After the second half of nineteenth century, the infinetisaml calculation was also widely
developped for purely geometrical studies. For example, Jean–Gaston Darboux (1842–1917)’s
contribution was very important for advanced studies between mathematics and geometry (Dar-
boux 1887–1896). He was also a biographer of Poincaré and he edited the Selected Works of
Fourier.
76He will then also discuss a cycle completed in four phases (Carnot 1978, pp 29–38).
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will fall spontaneously, as occurs with all elastic fluids; admit that the rarefaction may be
continued to the point where the temperature becomes precisely that of the body B. (3) To
condense the steam by putting it in contact with the body B, and at the same time exerting
on it a constant pressure until it is entirely liquefied. The body B fills here the place of the
injection water in ordinary engines, with this difference, that it condenses the vapor without
mingling with it, and with-out changing its own temperature.[Footnote]* [ : : : ] By our first
operations there would have been at the same time production of motive power and transfer
of caloric from the body A to the body B. By the inverse operations there is at the same
time expenditure of motive power and return of caloric from the body B to the body A. But
if we have acted in each case on the same quantity of vapor, if there is produced no loss
either of motive power or caloric, the quantity of motive power produced in the first place
will be equal to. that which would have been expended in the second, and the quantity of
caloric passed in the first case from the body A to the body B would be equal to the quantity
which passes back again in the second from the body B to the body A; so that an indefinite
number of alternative operations of this sort could be carried on without in the end having
either produced motive power or transferred caloric from one body to the other. Now if
there existed any means of using heat preferable to those which we have employed, that is,
if it were possible by any method whatever to make the caloric produce a quantity of motive
power greater than we have made it produce by our first series of operations, it would suffice
to divert a portion of this power in order by the method just indicated to make the caloric
of the body B return to the body A from the refrigerator to the furnace, to restore the initial
conditions, and thus to be ready to commence again an operation precisely similar to the
former, and so on: this would be not only perpetual motion, but an unlimited creation of
motive power without consumption either of caloric or of any other agent whatever. Such a
creation is entirely contrary to ideas now accepted, to the laws of mechanics and of sound
physics. It is inadmissible. We should then conclude that the maximum of motive power
resulting from the employment of steam is also the maximum of motive power realizable
by any means whatever. We will soon give a second more vigorous demonstration of this
theory. This should be considered only as an approximation.77

Sadi Carnot’s miscalcution (see Chapter 9) when he closed the cycle by means of
a finite isochors transformation is noteworthy. The inaccuracy is related to the fact
that the cycle reduced itself to be irreversible. We explained (Chapters 7 and 9)
this plausible inexactness by the application of Lazare Carnot’s synthetic method
(Carnot 1978, pp 18–19) where the isochors were conceived as an auxiliary variable
added whereas in Lazare’ s mechanics, the auxiliary variable is a geometric motion.
If we stress the common role played by the synthetic method in the theories of the
two Carnots, we can hypothesize that since Lazare’s Carnot considered the auxiliary
variables indifferently as infinitesimal and finite, Sadi, following his father, could
be persuaded to do the same for his thermodynamic cycle. All of the reasonings
are made up of operations and transformations (now including the adiabatic) aimed
at resolving the crucial problem previously presented (Chapters 8 and 9): how to
establish the maximum work, that is, how to optimally use Q to obtain maximum
W. (Carnot 1978, pp 21–22, p 38). It is in this part of Réflexions sur la puissance
motrice du feu that Sadi Carnot introduces his crucial concept for thermodynamics,
the reversibility for a thermodynamic process which he himself affirms to be
fundamental for his theory:

77Carnot 1978, pp 17–22, line 12.
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The necessary condition of the maximum is, then, that in the bodies employed to realize
the motive power of heat there should not occur any change of temperature which may not
be due to a change of volume. Reciprocally, every time that this condition is fulfilled the
maximum will be attained. This principle should never be lost sight of in the construction
of heat-engines; it is its fundamental basis. If it cannot be strictly observed, it should at least
be departed from as little as possible.78

It is obvious that, having W D p�V, only then is work W, produced by a �V,
maximum. Otherwise, the utilization of a �t can fail; that is, W D 0 for �V D 0.
Sadi Carnot was interested in instances in which �V is different from 0 and if a
possible maximum for every �t possible. Let us examine the correlation between
the two Carnots for this concept.

Lazare Carnot likens the concept of reversibility not to a transformation, but to
a motion (Carnot 1786, pp 28–30). In Lazare Carnot’s mechanics, reversibility is
linked to “geometric motions [mouvements géométriques]” and is defined as the
invertibility in a geometrical space: a motion is geometric if it is invertible. Let us
note that according to Sadi Carnot’s definition, a transformation is irreversible if the
transformation of heat occurs with�V D 0, that is to say, that it is the same when the
thermal work produced is null. Therefore, in both cases, the criterion of reversibility
is geometrically based. However, in this case, it is related to volume; it is still on a
length but this time is thought of globally, in its three dimensions. It also should be
noted that shortly after this theorem, Carnot states that:

According to established principles at the present time, we can compare with sufficient
accuracy the motive power of heat to that of a waterfall.79

This concerns the very intuitive and striking analogy of the hydraulic wheel which
we previously examined. Here, we will attempt to examine its epistemological
role. One may wonder why does Sadi Carnot propose this analogy just after the
first proposition of his theorem? In fact, the position of this analogy at this point
in the text, that is, at a rather advanced point in his discussion, is decisively
the object of attention. This analogy cannot act as a conclusion or verification
for the previous demonstration of the first proposition of his theorem on cycles.
Therefore, we suggest that Sadi Carnot introduces the analogy with the hydraulic
wheel as a consequence of “[ : : : ] established principles [the first announcement of
his theorem]” (Ibidem) suggesting a condition of reversibility by means of a new
sequence of very small thermal changes which today we would call infinitesimal.
Therefore, here we could also hypothesize that even though W, and therefore
efficiency �, are not state variables, Sadi Carnot succeeds in producing a basis of
reasoning in infinitesimal terms. It should be noted, however, that his reasoning on
the infinitesimal degrees are far from pure metaphysical entities belonging to the
infinitesimal analysis of the time. In fact, in Sadi Carnot’s theory they are not part
of a mathematics–physics theory; they are justified by cautious physical reasoning

78Carnot 1978, pp 23–24, line 12. (Author’s italics).
79Carnot 1978, p 28, line 1.
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on phenomena such as the application of gas theory since they were not yet well
interpreted by previous scientific theories, e.g., mechanics. In Sadi Carnot’s words:

We may perhaps wonder here that the body B being at the same temperature as the steam
is able to condense it. Doubtless this is not strictly possible, but the slightest difference of
temperature will determine the condensation, which suffices to establish the justice of our
reasoning. It is thus that, in the differential calculus, it is sufficient that we can conceive
the neglected quantities indefinitely reducible in proportion to the quantities retained in the
equations, to make certain of the exact result. The body B condenses the steam without
changing its own temperature this results from our supposition. We have admitted that this
body may be maintained at a constant temperature. We take away the caloric as the steam
furnishes it. This is the condition in which the metal of the condenser is found when the
liquefaction of the steam is accomplished by applying cold water externally, as was formerly
done in several engines. Similarly, the water of a reservoir can be maintained at a constant
level if the liquid flows out at one side as it flows in at the other. One could even conceive the
bodies A and B maintaining the same temperature, although they might lose or gain certain
quantities of heat. If, for example, the body A were a mass of steam ready to become liquid,
and the body B a mass of ice ready to melt, these bodies might, as we know, furnish or
receive caloric without thermometric change.80

11.16 Final Remarks a mò of Conclusion

The exposition of Réflexions sur la puissance motrice du feu is clear only through
the obtainment of the gas laws (based on the result acquired on the thermodynamic
cycle, that is, reasoning in an unordinary way). A hypothesis may be advanced:
Sadi Carnot returned from his stay in Magdeburg and continued to develop his
idea of resolving the problem of the efficiency, using some foundations of analysis
according to the method already learnt at École polytechnique. Later, he understood
that this method did not work for his purposes, so he decided to follow another
method, possibly discussed with his father in Magdeburg: the synthetic method. Of
course we do not suggest that Sadi Carnot effectively reasoned according to the
sequence previously indicated. However, no one can claim this with certainty.We do
maintain that the aforementioned hypothesises seems plausible since Sadi Carnot,
from a historical point of view, was in Magdeburg before the publication of his
book. Thus, we logically think that he discussed his first important manuscript with
his father. However, in any case, Sadi Carnot showed limits as a son of his time:

He was hasty (ca. 2–3 years to publish) full of corrections,81 with intentional archaisms, not
very attentive to the prevailing academic styles
He was not very familiar with his father’s mechanical theory to which he wished to relate.
He commited an error (finite isochors in a finite cycle).

In effect, based on what he strictly wrote, Sadi Carnot followed neither the
principle of virtual work nor (e.g.) the analogy on caloric and entropy, e.g.,

80Carnot 1978, p 18–19, ft 1, line 1.
81Carnot 1978, p 27.
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mechanical potential energies and entropy presented by Brønsted in the middle
of the past century. Johannes Nicolaus Brønsted (1879–1947) was an important
Danish physical chemist. He elaborated (ca. 1937–1947) a simple and original
formulation of macroscopic thermodynamics. His reasonings also convinced him
to consider Sadi Carnot’s theory, offering very interesting epistemological points
of reflection. Briefly, Brønsted mainly (Brønsted 1955) based his reasoning on the
observation diffused during the eighteenth century: trying to reduce all physical
works to mgh, force–weight of a body with respect to its height and thereby
produce new energetic principles. In other words, all energetic processes are valid
thanks to an energetic quantity K in motion between two states at different p–
potentials, the so–called Fundamental Principles of Energetics (Brønsted 1940,
1941). A work ıA is formulated for each physical, fundamental energetic process:
ıA D .p1 � p2/ ıK . In this way, energetic quantities and potential states appeared
as conjugated magnitudes (first extensives and then intensives) and each of their
couples of values should correspond to a particular physical work. E.g. Table 11.11:

Table 11.11 Examples of physical works proposed by Brønsted

Physical work Potential Physical magnitude

.T1 � T2/ıS Temperature T Entropy

.'1 � '2/ım Gravitational potential ' Mass

.V1 � V2/ıq Electric potential V Electric charge

.F1 � F2/ıd Force F Distance

.P1 � P2/ıV Pressure P Volume

.�1 � �2/ı� Chemical potential � Quantity of substance

When it comes to Sadi Carnot’s thermodynamics, he avoided two fundamental
Carnot aspects: the impossibility of perpetual motion and the role played by cycles.
Moreover,

(a) he used a finite �t as difference between two potentials ,
(b) deleting the synthetic method on �t ! 0,
(c) a priori S–entropy in the theory by direct measures is introduced to obtain the

famous – sought after – analogy (at the time) with Q–caloric at T–constant,
(d) thus Sadi Carnot’s theorem become needless,
(e) and at the same time, the reasoning on cycles is lost.

In this sense, Brønsted’s formulation is interesting and in part generally acceptable,
but it is far from being considered an advancement of Sadi Carnot’s theoretical
approach.

Based on previous discussion and hypotheses in this book, in the following table
we finally provide a summary that lists the main, common concepts adopted by
the two Carnots. Table 11.13 shows the main historical studies thermodynamics
conducted in recent years which more or less concern Lazare and Sadi Carnot.
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Table 11.12 Summary of the main common concepts in Lazare and Sadi Carnot’s scientific
theories

Lazare Carnot (1753–1823) Sadi Carnot (1796–1832)

Main concepts Mechanics Thermodynamics

Space, Time Limited and Relational
(volume); idem.

Limited and Relational
(volume); idem

Bodies Global, machines Global, machines
Inertia Impossibility of perpetual

motion
Impossibility of perpetual
motion

Basic–concept Transformations Transformations
Synthetic method Yes Yes
Interaction Work Work [moment–of–activity]
Setting of theory The laws in Collision theory Integration of dq/t
Techniques Geometric motion; vector

calculus
Cycle

Solutions Invariants; Geometric
motions for mechanical
machines

Maximum efficiency of heat
machines

Analysis mathematics, No No
Lagrangean mathematics No No
Laplace intermolecular forces No No

See also Pisano (2010)

Table 11.13 A concise view of historical studies on thermodynamics, Lazare Carnot and Sadi
Carnot

Years Main scholars (alphabetic order) Main Topics (alphabetic order)

1920s–1960s Barnett Sadi’s biography and manuscript
Brønsted Classical thermodynamics
Buchdahl Efficiency of a machine
Gabbey and Herivel Energy and principles
Gillispie Lazare and Sadi
Kelly Réflexion sur la puissance : : :
Kerker Sadi and Cagnard
Koenig Sadi Carnot’s sources
Mendoza The age of objectivity
Payen The birth of thermodynamics
Picard The second law
Reinhard Thermodynamics efficiency
Renaud Unpublished Sadi’s manuscript
Rosenfeld

1970s–1980s Birembaut Analogy with wheel–hydraulic
Callen Caloric and entropy in Sadi
Challey Caloric theory of gases
Costabel Closing Sadi’s cycle
Fox Concept of state in the theory
Gillispie and Youschkevitch Conservation laws

(continued)
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Table 11.13 (continued)

Years Main scholars (alphabetic order) Main Topics (alphabetic order)

Gillispie Cycles theory in Sadi
Hoyer Equilibrium in the theory
Klein Impossibility of perpetual
Lervig motion
Payen Laplace’s intermolecular forces
Redondi Lazare’s mechanical machines
Scott Lazare’s infinitesimal analyses
Taton Lazare’s works
Truesdell Lazare–Sadi filiaton

No Lagrangean approach
No Newtonian approach
Operative mathematics
Sadi and Clapeyron
Sadi and Clement–Desormes
Sadi and École polytechnique
Sadi and his time
Sadi and new technology
Sadi as engineer
Sadi Carnot’s scientific ideas and
French technology
Sadi Carnot’s biography
Sadi’s book edition
The environment of Sadi Carnot
Thermodynamics and symmetry
Unpublished Sadi’s manuscript
Vapor machines
Work as basic concept

1980s–1990s Drago and Vitiello Analogy with wheel–hydraulic
Drago Essay reviews
Gillispie Heat and thermodynamics
Gillispie and Youschkevitch Impossibility of perpetual motion
Hornix Lazare’s mathematics
Lervig Lazare’s infinitesimal analyses
Redondi Lazare’s mechanics

Logical approach to history
No Lagrangean approach
No Newtonian approach
Operative mathematics
Science, old regime in France
Work as basic concept

1990–2011s Dhombres A reversible and irreversible
Drago and Pisano Absorbed and produced energy
Drago Advancement of caloric theory
Gillispie Analogy wheel–hydraulic
Koetsier Caloric–heat–work equivalent
Kostic Cycle and hypothesis on its birth

(continued)
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Table 11.13 (continued)

Years Main scholars (alphabetic order) Main Topics (alphabetic order)

Lemons and Penner Double negative sentences and non–classical
logic

Pisano In–out as basic machine system
Lazare and Ampere
Lazare Carnot, man and scientist
Lazare’s infinitesimal analyses
Logics and mathematics in Sadi
On principles of Sadi Carnot
Potential and kinetic energy
Principles of virtual work
Problematical organization
Relationship mathematics physics in Carnot’s
theory
Sadi and heat reversible engine
Sadi and the second law
Sadi Carnot and Volta’s battery
Science and Policy in France
State function in Sadi Carnot
Synthetic method in two Carnots
The equilibrium in the theory
The mathematics in Lazare
The works in the theory

2013 Gillispie and Pisano Lazare and Sadi Carnot. A scientific and filial
relationship Lazare and Sadi’s machines

Pisano and Drago Lazare’s mechanics
Pisano On cycle in the theory
: : : Sadi and Lazare’s science

Sadi’s thermodynamics
Science before and after Sadi
The birth of the Sadi’s book

In Table 11.13, the content of the third column is a résumé of the arguments studied by the scholars
cited. (We precise that the Table 11.13 should be only read per column since its formatted–
arrangement in this page). By considering the importance of the authors included, to link each
author with his argument is not necessary. The reader should accept our apology if we, in our
limitations, omitted some authors. The complete references are listed in the main bibliography at
the end of this book.

We would like to conclude this extensive work with the thought that Lazare and Sadi
coexist in one book as pére et fils and as scientists as well.



Appendix to Chapter 7: DNSs Listed
in Réflexions sur la puissance motrice du feu

In square parentheses we added explanations regarding the statement A correspond-
ing to statement ¬¬A so that it is easier to notice the difference in the meanings
of the two sentences. Due to epistemological investigation on ¬¬A, we decided to
use the original French version (Carnot 1978). Moreover, in brackets we attribute
to each sentence (excluding the first two which do not have scientific relevance) its
theoretical role played within scientific theory: PR, GP, TP, MP, *, OP as presented
in Chapter 7.

(1.) Il n’existe peut–être pas en Angleterre un établissement d’industrie dont
l’existence ne soit fondée [ : : : ] [¤ all of them are founded]. (p 4, line 5).

(2.) La destruction de sa marine [ : : : ] lui serait peut–être moins funeste [¤ more
favourable]. (p 4, line 11).

3. L’on a souvent agité la question [D we do not know] de savoir si la puissance
motrice de la chaleur est limitée ou si elle est sans bornes [¤ we are able to
say that it has bounds] [ : : : ]. (p 6, line 18) [PR]

4. La phénomène de la production du mouvement par la chaleur n’a pas été
considéré sous un point de vue assez général. [D not dependent from the
details]. [¤ it has been considered in dependent manner from the details]
(p 7, line 11) [PR]

5. Pour envisager dans toute sa généralité le principe de la production du mou-
vement par la chaleur, il faut le concevoir in dépendamment [¤ separately]
d’aucun mécanisme, d’aucun agent particulier [ : : : ]. (p 8, line 1). [PR]

6. Une semblable théorie [a general theory for heat machines] manque
évidemment pour les machines à feu. On ne la possédera que lorsque
[¤ we will have this theory] les lois de la physique seront assez étendues,
assez généralisées, pour faire à connaître à l’avance tous les effets de la
chaleur agissant d’une manière déterminée sur un corps quelconque. (p 8,
line 15) [PR]

7. La vapeur n’est ici qu’un [¤ it is] moyen de transporter le calorique (p 10,
line 2). [PT]

C.C. Gillispie and R. Pisano, Lazare and Sadi Carnot: A Scientific and Filial Relationship,
History of Mechanism and Machine Science 19, DOI 10.1007/978-94-017-8011-7,
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8. La production de la puissance motrice est donc due, dans les machines à
vapeur, non à une consommation réelle [¤ to conservation] du calorique,
mais à son transport d’un corps chaud à un corps froid [ : : : ] [that is a formal
manner of its conservation] (p 10, line 20). [MP]

9. [Production of engine power and importance of thermostats for different
temperatures – see 8]. [ : : : ] sans lui [the cold], la chaleur serait inutile [¤
through it is always useful]. (p 11, line 8). [MP]

10*. [About vapor] OJu la placerait–on une fois qu’elle aurait pris naissance? Il ne
faudrait pas croire que l’on put [indefinitely] [¤ you can blow off it], ainsi
que cela se pratique dans certains machines, la rejeter dans l’atmosphère:
l’atmosphère ne la recevrait pas. (p 11, line 11) [TP]

11*. L’existence de l’eau à l’état liquide, admise nécessairement ici, puisque sans
elle les machines à vapeur ne pourraient pas s’alimenter, [ : : : ] [¤ through
it, it can stoke]. (p 12, ft 1, line 1). [TP]

12. La chaleur ne peut évidemment que [¤ it is] être une cause de mouvement
qu’en vertu des changements de volume ou de forme qu’elle fait subir aux
corps. (p 14, line 6). [MP]

13. [ : : : ] La puissance motrice de la chaleur est–elle immuable [¤ constant] en
quantité, ou varie–t–elle avec l’agent dont on fait usage pour la réaliser avec
la substance intermédiaire, choisie comme sujet d’action de la chaleur? (p
14, line 18). [PR]

14. [The motive power of heat is unchangeable : : : ]. Il est clair que cette
question ne peut être faite que [¤ it can be seen] pour une quantité de
calorique donnée, la différence des températures étant également donnée.
(p 15, line 2). [TP]

15. [Difference of temperature and heat motive power]. La percussion, le
frottement des corps ne sont–ils pas en effet des moyens d’élever leur
température, de faire arriver spontanément à un degré plus haut que celui
des corps environnans, et par conséquent de produire une rupture d’équilibré
dans le calorique, là oJu existait auparavant cet équilibre? [¤ they are
methods to : : : ] (p 16, line 12). [TP]

16. Le corps B remplit ici le rôle de l’eau d’injection dans les machines
ordinaires, avec cette différence qu’il [B] condenses la vapeur sans se mêler
[¤ staying isolated] [to the vapor] avec elle et sans changer lui–même de
température [¤ maintaining]. (p 18, line 9). [TP]

17. [The body B has the same temperature of vapor]. [ : : : ] Sans doute [¤ cer-
tainly] cela n’est pas rigoureusement possible; mais la plus petite différence
de température déterminera la condensation, ce qui suffit pour établir la
justesse de notre raisonnement. (p 18, ft 1, line 2). [TP]

18. Le corps B condense la vapeur sans changer [¤ conservancy] lui–même de
température [ : : : ] (p 18, ft 1, line 8). [TP]

19. [The operations we have just described could have been reserved and carried
out in the opposite direction]. Rien n’empêchait [¤ we can : : : ] de former
de la vapeur avec le calorique du corps B [ : : : ] (p 19, line 2). [PT]
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20. Si, par exemple, le corps A était une masse de vapeur prête à se liquéfier, et le
corps B une masse de glace prête à se fondre, ces corps pourraient, comme
on sait, fournir ou recevoir du calorique sans changer [¤ conservancy] de
degré thermométrique. (p 19, ft 1, line 9). [PT]

21. [Production and consumption of motive power]. Mais si l’on a agi de part
et d’autre sur la même quantité de vapeur, s’il ne s’est fait aucune perte [¤
there has been constancy] ni de puissance motrice ni de calorique, la quantité
de puissance motrice produite dans le premier cas, sera égale à celle qui
aura été dépensée dans le second, et la quantité de calorique passée, dans le
premier cas, du corps A au corps B sera égale à la quantité qui repasse, dans
le second, du corps B au corps A [ : : : ](p 20, line 2). [PT]

22*. [Return of caloric from B body to A body]. [ : : : ] De recommencer une
opération entièrement semblable à la première [caloric from A body to
B body] et ainsi de suite: ce serait là, non seulement le mouvement
perpétuel, mais une création indéfinie de force motrice sans consommation
[¤ maintaining constant] ni de calorique ni de quelque autre agent que ce
soit. (p 21, line 1). [GP]

23*. Une semblable création est tout–à–fait contraire [¤ motive power creation
is according to] aux idées reçues jusqu’à présent, aux lois de la mécanique
et de la saine physique; [but this creation] elle est inadmissible. [¤ the
conservancy is admissible]. (p 21, line 5). [GP]

24. On objectera peut–être ici que le mouvement perpétuel [D without end],
démontré impossible [¤ every motion has an end has shown] par les seules
actions mécaniques, ne l’est peut–être pas lorsqu’on emploie l’influence soit
de la chaleur, soit de l’électricité; [ : : : ]. (p 21, ft 1, line 1). [PR]

25. [It is impossible to obtain perpetual motion through electric actions]. [ : : : ]
Mais peut–on concevoir les phénomènes de la chaleur et de l’électricité
comme dus à autre chose qu’à [¤ to] des mouvements quelconques de corps,
[ : : : ]. (p 21, ft 1, line 3). [GP]

26. [Carnot reasons about the possibility of obtaining perpetual motion through
electric phenomena – see 25]. [ : : : ] Et comme tels ne doivent–ils pas être
soumis aux lois générales de la mécanique? [¤ they are subjected by]. (p 21,
ft 1, line 5). [GP]

27. [Perpetual motion and electricity – see 24] Ne sait–on pas d’ailleurs à
posteriori que toutes les tentatives faites pour produire le mouvement
perpétuel par quelque moyen que ce soit ont été infructueuses? [D perpetual
motion was not realized ¤ every motion has had an end] [¤ we know it] (p
21, ft 1, line 6). [GP]

28. Que l’on n’est jamais parvenu à produire un mouvement véritablement
perpétuel [¤ we were able to produce motion that has a sure end], c’est–
à–dire un mouvement qui se continuât toujours sans altération [¤ constant]
dans les corps mis en œuvre pour le réaliser? [¤ we are] (p 21, ft 1, line 8).
[GP]
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29*. Si elle était possible [motive power creation], il serait inutile [¤ conser-
vation makes useful] de chercher dans les courans d’eau et d’air, dans les
combustible, cette puissance motrice [ : : : ]. (p 22, ft 1, line 11). [GP]

30*. [see 29*] [If there is motive power creation]. [ : : : ] Nous eu aurions à notre
disposition une source intarissables [¤ conservation leads exhaustion] oJu
nous pourrions puiser à volonté. (p 22, ft 1, line 13) [GP]

31. [To re–establish equilibrium without motive power production is a real loss].
[ : : : ] Or, pour qu’on y réfléchisse, on s’apercevra que tout changement de
température qui n’est pas dû à un changement de volume des corps ne peut
être qu’un rétablissement inutile d’équilibre dans le calorique. [¤ every
change due to �V is useful]. (p 23, line 9). [OP]

32. La condition nécessaire du maximum est donc qu’il ne se fasse dans les corps
employés à réaliser la puissance motrice de la chaleur aucun changement de
température qui ne [¤ there is change that] soit dû à changement de volume.
(p 23, line 12). [OP]

33. Ce principe [to re–establish equilibrium – see 31] ne doit jamais être
perdu de vue [¤ It must constantly be kept in mind] dans la construction
des machines à feu; [ : : : ] (p 24, line 3). [OP]

34. Si [principle of equilibrium re–establishing] l’on ne peut pas l’observer
rigoureusement il faut du moins s’en écarter le moins [¤ to be as near as]
possible. (p 24, line 5). [OP]

35. Tout changement de température qui n’est pas dJu à un changement de
volume ou à une action chimique (action que provisoirement nous supposons
ne pas se rencontrer ici) est nécessairement dJu au passage direct du calorique
d’un corps plus ou moins échauffé à un corps plus froid. Ce passage a lieu
principalement au contact de corps de températures diverses: aussi un pareil
contact [Dbodies with different temperatures] doit–il être évité autant que
possible. [¤ contact between bodies with �t D 0]. (p 24, line 7) [OP]

36. [see 35] Il ne [¤ we can realize contact between bodies] peut pas être évité
complètement, sans doute; [ : : : ] (p 24, line 14) [OP]

37. [see 36] [ : : : ] Mais il faut du moins faire en sorte que les corps mis en
contact les uns avec autres diffèrent peu entre eux de température. [¤ about
equal].
(p 24, line 14). [OP]

38. A la vérité les chose [maximum motive power production using bodies of
peer temperature] ne peuvent pas se passer rigoureusement [ : : : ]. [¤ the
things can happen with variations]. (p 25, line 6). [PT]

39. On peut le regarder [�t] comme nul en théorie, sans que pour cela les
raisonnements perdent rien de leur exactitude. [¤ they continue to be exact
results] (p 25, line 10). [TP]

40. [Irreversible isochoric]. Si l’on veut recommencer une opération semblable
à la première [three phases cycle], si l’on veut développer une nouvelle
quantité de puissance motrice avec le même instrument, avec la même
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vapeur, il faut d’abord rétablir les choses dans leur état primitif, il faut rendre
à l’eau le degré de température qu’elle avait d’abord. Cela peut se faire sans
doute en la remettant immédiatement en contact avec le corps A; mais il y a
alors contact entre des corps de températures diverses et perte de puissance
motrice: il deviendrait impossible d’exécuter [without work] [¤ you can do
it through work] l’opérations inverse, c’est–à–dire de faire retourner au corps
A le calorique employé à élever la température du liquide. (p 25, line 20).
[OP]

41. La force produite par la petite machine n’eut couté aucune dépense de
chaleur [¤ heat conservation], puisque toute celle qui été employée serait
rentrée dans la chaudière avec l’eau de condensation. (p 26, ft 1, line 10).
[OP]

42. [In Gay–Lussac and Welter’s experiment]. [ : : : ] L’on n’a pas observé
d’abaissement [¤ constancy has been observed] sensible dans le degré de
température marqué par le thermomètre. (p 30, ft 1, 4ı, line 15). [OP]

43. [Compression of a gas and consequent increase of its temperature]. [ : : : ]
L’on peut éviter qu’il ne baisse de [of gas] température [¤ constant
temperature] en lui fournissant une certaine quantité de calorique. (p 31,
line 5) [OP]

44. [The change of temperature of a gas caused by a variation of volume
can be seen as one of the most important phenomenona in all of whole
physics : : : ]. Il semble [this phenomenon] présenter dans [¤ it has] plusieurs
circonstances des anomalies singulières. (p 31, ft 1, line 7) [OP]

45. [About air as an substance working]. L’air nous a donc servi de machine à
feu; nous l’avons même employé de la manière la plus avantageuse possible,
car il ne s’est fait aucun rétablissement inutile [D not useful] [¤ a useful re–
establishment has been realized] d’équilibre dans le calorique. (p 35, line 4).
[OP]

46. [see 45]. Nous supposons implicitement dans notre démonstration que,
lorsqu’un [D it seems unexplainable] [¤ it is explainable] corps a éprouvé
des changemens quelconques et qu’après un certain nombre de transforma-
tions il est ramené identiquement à son était primitif, c’est–à–dire à cet état
considéré relativement à la densité, à la température, au mode d’agrégation
nous supposerons, dis–je, ce corps se trouve contenir la même quantité de
chaleur qu’il contenait d’abord [ : : : ]. (p 37, ft 1, line 1). [PR]

47. [Suppositions: quantities of caloric given and absorbed are equal]. Ce fait
n’a jamais été révoqué en doute [¤ it is sure]; [ : : : ]. (p 37, ft 1, line 8).
[MP]

48*. [Q D 0 in a cycle]. Le nier [to negate caloric theory], ce serait renverser [¤
to affirm it would mean to maintain D so theory is correct] toute la théorie
de la chaleur, à laquelle il sert de base]. (p 37, ft 1, line 9). [MP]

49. La puissance motrice de la chaleur est in dépendante [¤ constant] des agens
mis en œuvre pour la réaliser; [ : : : ]. (p 38, line 4). [OP]



418 DNSs Listed in Réflexions sur la puissance motrice du feu

50. [Motive power is independent from kind of gas]. Cette condition se trouvera
remplie si, comme nous l’avons remarqué plus haut, il ne se fait dans
les corps aucun changement de température que ne [¤ every change of
temperature] soit dû à un changement de volume, [ : : : ]. (p 38, line 10).
[OP]

51. [Motive power is independent from kind of gas] [ : : : ] N’y a jamais de
contact entre des corps de températures sensiblement différentes [¤ there
is contact between bodies of equal temperature]. (p 38, line 14). [OP]

521. Lorsqu’un gaz passe, sans changer [¤ staying constant] de temperature,
d’un volume et d’une pression déterminés à un autre volume et à une pres-
sion également déterminés, la quantité de calorique absorbée ou abandonnée
est toujours la même, quelle que soit la nature du gaz choisi comme sujet
d’expérience. (p 41, line 20). [OP]

53. La quantité de chaleur que les fluides élastiques dégagent ou absorbent dans
leurs changemens de volume n’a jamais été mesurée par aucune expérience
direct, expérience qui offrirait sans doute [¤ surely] de grandes difficultés;
mais il existe une donnée qui est à peu près l’équivalent pour nous: [ : : : ].
(p 42, line 16). [OP]

54. Imaginons maintenant qu’au lieu d’échauffer de 1ı [C] l’air soumis à une
pression constant et pouvant se dilater librement, on le renferme dans une
capacité inextensible [D not variable ¤ constant], et qu’en cet état, on lui
fasse acquérir 1ı de température. (sic). (p 44, line 11). [OP]

55. La capacité des gaz pour la chaleur change avec leur volume; il est
très–possible [¤ it is probable] qu’elle change aussi avec la température.
(p 49, line 8). [OP]

56. Ces chaleurs spécifiques [cp and cV ] augmentent toutes deux à mesure que la
densité du gaz diminue, mais leur différence ne varie pas. [¤ it is constant]
(p 59, line 9). [OP]

57. [Constancy of specific heat for different temperatures]. Cette constance n’est
[D it is not more than ¤ it is] qu’une hypothèse, admise pour les gaz par
analogie, vérifiée passablement pour les corps solides et liquides dans une
certaine étendue de l’échelle thermométrique, [ : : : ]. (p 64, line 14). [OP]

58. [see 57]. L’on ne voit pas de raison pour admettre a priori la constance de
la chaleur spécifique des corps à diverses températures, c’est–à–dire pour
admettre que des quantités égales de chaleur produiront des accroissemens
égaux dans le degré thermométrique d’un corps, quand même ce corps
ne changerait [¤ they are constant] ni d’état ni de densité; quand ce serait,
par exemple, un fluide élastique renfermé dans une capacité inextensible.
(p 64, ft 1, line 1). [OP]

1From here forward, the part of Réflexions sur la puissance motrice du feu concerning gas theory
begins.
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59. Non seulement [¤ they are only] les chaleurs spécifiques ne restent pas les
mêmes aux diverses températures, mais en outre elles ne conservent pas
entre elles les mêmes rapports; [ : : : ]. (p 65, ft 1, line 13). [OP]

60. D’après la théorie ci–dessus exposée [Davy–Faraday experiments], l’on peut
prévoir que l’emploi de ces liquides ne présenterait pas d’avantages [¤ it
will be an inferior result] relativement a l’économie de la chaleur. (p 88, ft
1, line 3). [OP]

61. [Doubts about caloric theory]. La loi fondamentale que nous avions en
vue de confirmer [QD0] nous semblerait exiger cependant, pour être mise
hors de doute [¤ it is considered as a valid law], des vérifications nouvelles;
[ : : : ].
(p 89, line 5). [PR]

62. [see 61]. [ : : : ] Elle [QD0] est assise sur la théorie de la chaleur telle qu’on
la concoit aujourd’hui, et, il faut l’avouer, cette base ne nous parait pas d’une
solidité in ébranable [¤ it is questionable]. (p 89, line 8). [PR]

63. [Heat of high pressure machines]. Elle [heat machine built by Perkins]
est composée d’un seul cylindre, de dimensions fort petites, qui, chaque
pulsation, se remplit entièrement de vapeur formée sous la pression de
35 atmosphères. La vapeur ne produit aucun effet par l’extension de son
volume, car on ne [¤ one has effect if there is space] lui présente aucune
capacité oJu cette extension puisse avoir lieu; [ : : : ] (p 99, ft 1, line 7). [OP]

64. [Watt heat machine]. Watt supposait ici que la vapeur observe dans sa
dilatation la loi de Mariotte: ce qu’il devait pas regarder comme exact, parce
que, d’une part, le fluide élastique, en se dilatant, s’abaisse de température,
et que, de l’autre, rien ne prouvait qu’il ne [¤ has shown that a par : : : ] se
condense pas une partie de ce fluide par l’effet de son expansion. (p 102, ft
1, line 3). [OP]

65. [He quotes Niepce’s attempt to produce motive power through Pyréolophore].
Au lieu d’opérer comme le faisaient MM. Niepce, il nous eut semblé
préférable de comprimer l’air par des pompes [ : : : ]. Les principales
difficultés que l’on rencontrées dans ce mode d’opérations eussent été de
renfermer le foyer dans une enveloppe d’un solidité suffisante, d’entretenir
cependant la combustion à un état convenable de maintenir les diverses
parties de l’appareil à une température modérée, et d’empêcher les
dégradations rapides du cylindre et du piston: nous ne croyons pas ces
difficultés insurmontables [¤ they are surmountable]. (pp 111–112, ft 1,
line 14). [OP]



Notes on Manuscripts and Documents

In this section the main manuscripts & documents studied concerning Lazare Carnot
and Sadi Carnot are listed.1 In the previous Chapters special documents and related
references were also classified, e.g, unknown2 letters on Leibniz in Sadi Carnot’s
folder, Sadi Carnot’s engineering design–projects during his study life at X.

Lazare Carnot’s Manuscripts and Documents
Lazare Carnot: three portraits on paper
(20.5 � 28)cm; (19.5 � 27.5)cm; (25.5 � 34.5)cm

[We have plates from
orginal by Académie des
sciences, Institut de
France, Paris]

Dissertation sur la théorie de l’infini mathématique, ouvrage destine it
concourir au prix qu’a propose l’Académie royale des sciences, arts et
belles–lettres de Berlin, pour l’année 1786.

Gillispie (1971)

The manuscript is dated from Arras 8 September 1785.
It is conserved in the Archives of the Deutsche Akademie der
Wissenschaftenzu Berlin, and consists of 100 paragraphs in 90 folia.
It is reproduced in its entirety In: Gillispie (1971), Appendix A, pp
171–267, op. cit.; and microfilm copies of the complete manuscript
are also deposited in the Firestone Library of Princeton University.
Carnot (1778) Mémoire sur la théorie des machines pour concourir au
prix de 1779 proposé par l’Académie royale des sciences de Paris.

[We have plates from
original by Académie
des sciences, Institut de
France, Paris]

The manuscript is dated 28 March 1778.
It is conserved in the Archives de l’Académie des sciences, Institut de
France.

(continued)

1We remind the reader to other lists by Charles Gillispie (1971) and by Robert Fox (Carnot 1986).
2Maybe, for the first time cited. One of us (RP) is working on.
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(continued)

Ms. (18.5 � 23.5)cm consists of: 85 sections in 63 folia (31
folia r/v)
Sections 27–60 are reproduced In: Gillispie (1971),
Appendix B, pp 271–296, op. cit.; and microfilm copies of
the complete manuscript are also deposited in the Firestone
Library of Princeton University
Carnot (1780) Mémoire sur la théorie des machines pour
concourir au prix que l’Académie royale des sciences de
Paris doit adjuger en 1781.

[We have plates from
original by Académie
des sciences, Institut de
France, Paris]The manuscript is dated from Béthune 15 July 1780.

It is conserved in the Archives de l’Académie des sciences,
Institut de France.
Ms. (20.5 � 32)cm consists of 191 sections in 106 folia.
(47 folia r/v C “2 planches de dessins de même dimension”).
Sections 101–160 are reproduced In: Gillispie (1971),
Appendix C, pp 299–343, op. cit.; and microfilm copies of
the complete manuscript are also deposited in the Firestone
Library of Princeton University
Lazare Carnot’s portraits [We have many plates from the

original kindly authorized by
Monsieur Gaetan Carnot of
Carnot’s family. The original
are conserved at Académie
François Bourdon].

Sadi Carnot’s Manuscripts and Documents [We have plates from original
Sadi Carnot: three portraits
“d’après négatif (dont two diapos)”.
They are conserved at Académie des sciences, Institut de
France, Paris

by Académie des sciences,
Institut de France, Paris. We
also have several plates from
the original kindly authorized
by Monsieur Gaetan Carnot of
Carnot’s family. The original
are conserved at Académie
François Bourdon].

Recherche d’une formule propre à représenter la puissance
motrice de la vapeur d’eau is conserved at Bibliothèque de
l’École polytechnique, Paris.
Ms. s.d., (17 � 21.5)cm, 21 folia.
It was a “don du Professor Paul Carnot”

[We have plates from original
by Archives, bibliothèque de
l’École polytechnique route de
Saclay de Paris. © Collections
École polytechnique]

Carnot (1878a) Réflexions sur la puissance motrice du feu [We have plates from orginal
by Académie des sciences,
Institut de France, Paris]

Ms. presented by Hippolyte Carnot to the Académie des
sciences on 16 December 1878.
It is conserved at Académie des sciences, Institut de France,
Paris
Ms. in 4 cahiers (16.5 � 21.5)cm.
22 folia, 24 folia, 20 folia, 26 folia; 92 folia r/v

(continued)
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(continued)

Machine à Vapeur de M. Watt [We have plates from original
by Archives, bibliothèque de
l’École polytechnique route de
Saclay de Paris. © Collections
École polytechnique]

Ms. s.d. (21.5 � 33)cm
On the cover one can read “[1816]”
It is a translation of Watt’s paper by Sadi Carnot from
English to French.
It is conserved at Académie des sciences, Institut de France,
Paris.
Dossier Carnot nı 12: various documents and letters3

Various documents during his military life

[We have plates from original
by Archives, bibliothèque de
l’École polytechnique route de
Saclay de Paris. © Collections
École polytechnique]

Copie d’une correspondance d’Arnaul à Leibniz 1686, 1687,
1688
Machine à vapeur de M Watt (s.d. 1816X, 40 folia).
Recherche d’une formule propre à représenter la puissance
motrice de la vapeur d’eau.

Piece mise a la disposition de
l’École polytechnique par M
P–S Carnot.

3Particularly, this dossier and correspondences are object of study by one of us (RP).
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426 Special Images of Carnot’s Family

Lazare–Nicolas–Marguérite Carnot (Nolay, May 13, 1753 – Magdeburg, August 2,
1823). Plate from the original portrait conserved at Académie des sciences, Paris – France
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Lazare Carnot, portrait en uniforme de capitaine du génie en 1792, peinture de F. Bouchot (1836).
Plate from the original portrait conserved at Académie François Bourdon, Le Creusot – Archives
Lazare Carnot. A very kind authorization from Monsieur Gaetan Carnot, member of Carnot’s
family



428 Special Images of Carnot’s Family

Portrait en uniforme de Gouverneur d’Anvers en 1814, gravure d’après le tableau de Van Bree
(s.d.). Plate from the original portrait conserved at Académie François Bourdon, Le Creusot –
Archives Lazare Carnot. A very kind authorization from Monsieur Gaetan Carnot, member of
Carnot’s family.
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Lazare Carnot à Wattignies, « L’Eventail patriotique » aquarelle dessinée par H. Pillé (s.d.). Plate
from the original portrait conserved at Académie François Bourdon, Le Creusot – Archives Lazare
Carnot. A very kind authorization from Monsieur Gaetan Carnot, member of Carnot’s family.



430 Special Images of Carnot’s Family

Le général Carnot, gravure de H. Mayer, publiée par le Journal Illustré (1887). Plate from the
original portrait conserved at Académie François Bourdon, Le Creusot – Archives Lazare Carnot.
A very kind authorization from Monsieur Gaetan Carnot, member of Carnot’s family
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« Les hommes illustres de la Révolution française 1789-1793 », lithographie de Wentzel (s.d.).
Plate from the original portrait conserved at Académie François Bourdon, Le Creusot – Archives
Lazare Carnot. A very kind authorization from Monsieur Gaetan Carnot, member of Carnot’s
family
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« La constitution de la république française » en 1795, Barras et Carnot, lithographie (s.d.). Plate
from the original portrait conserved at Académie François Bourdon, Le Creusot – Archives Lazare
Carnot. A very kind authorization from Monsieur Gaetan Carnot, member of Carnot’s family
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Nicolas Léonard Sadi Carnot (Paris, June 1, 1796 – Paris, August 24, 1832) 1813 at the age
of 17 in his Polytechnique uniform by Louis Boilly. Plate from the original portrait conserved at
Académie des sciences, Paris – France



434 Special Images of Carnot’s Family

Lazare et son fils Hippolyte à Magdebourg recevant des nouvelles de France (s.d.). Plate from the
original portrait conserved at Académie François Bourdon, Le Creusot – Archives Lazare Carnot.
A very kind authorization from Monsieur Gaetan Carnot, member of Carnot’s family
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Nicolas Léonard Sadi Carnot (Paris, June 1, 1796 – Paris, August 24, 1832) 1832 at the age of 36
years old. Plate from the original portrait conserved at Académie des sciences, Paris – France



436 Special Images of Carnot’s Family

Portrait attribué à Félie Carnot (s.d.). Plate from the original portrait conserved at Académie
François Bourdon, Le Creusot – Archives Lazare Carnot. A very kind authorization from Monsieur
Gaetan Carnot, member of Carnot’s family
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Portrait attribué à Félie Carnot (s.d.). Plate from the original portrait conserved at Académie
François Bourdon, Le Creusot – Archives Lazare Carnot. A very kind authorization from Monsieur
Gaetan Carnot, member of Carnot’s family



438 Special Images of Carnot’s Family

Sadi en uniforme de polytechnicien en 1813, d’après une peinture de Boilly (1878). Plate from the
original portrait conserved at Académie François Bourdon, Le Creusot – Archives Lazare Carnot.
A very kind authorization from Monsieur Gaetan Carnot, member of Carnot’s family
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Sadi en uniforme de polytechnicien en 1813, copie d’après Boilly (XXe siècle). Plate from the
original portrait conserved at Académie François Bourdon, Le Creusot – Archives Lazare Carnot.
A very kind authorization from Monsieur Gaetan Carnot, member of Carnot’s family



440 Special Images of Carnot’s Family

La famille Carnot (s.d.). Plate from the original portrait conserved at Académie François Bourdon,
Le Creusot – Archives Lazare Carnot. A very kind authorization from Monsieur Gaetan Carnot,
member of Carnot’s family
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