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Preface

The practical interest in contact problems stems from the fundamental role of
contact in mechanics of solids and structures. Indeed, the contact of one body with
another is a typical way how loads are delivered to a structure and the typical
mechanism which supports structures to sustain the loads. Thus we do not exag-
gerate much if we say that the contact problems are in the heart of mechanical
engineering.

The contact problems are also interesting from the computational point of view.
The conditions of equilibrium of a system of bodies in mutual contact enhance a
priori unknown boundary conditions, which make the contact problems strongly
nonlinear, and when some of the bodies are “floating,” then the boundary condi-
tions admit rigid body motions and a solution need not be unique. After the dis-
cretization, the contact problem can be reduced to a finite dimensional problem,
such as the minimization of a possibly non-differentiable convex function in many
variables (currently from tens of thousands to billions) subject to linear or nonlinear
inequality constraints for surface variables, with a specific sparse structure. Due to
the floating bodies, the cost function can have a positive semidefinite quadratic
part. Thus the solution of large discretized multibody contact problems still remains
a challenging task, which can hardly be solved by general algorithms.

The main purpose of this book is to present scalable algorithms for the solution
of multibody contact problems of linear elasticity, including the problems with
friction and dynamic contact problems. Most of these results were obtained during
the last twenty years. Let us recall that an algorithm is said to be numerically
scalable if the cost of the solution increases nearly proportionally to the number of
unknown variables, and it enjoys parallel scalability if the computational time can
be reduced nearly proportionally to the number of processors. The algorithms
which enjoy numerical scalability are in a sense optimal as the cost of the solution
by such algorithms increases as the cost of duplicating the solution. Taking into
account the above characterization of contact problems, it is rather surprising that
such algorithms exist.

vii



viii Preface

Our development of scalable algorithms for contact problems is based on the
following observations:

e There are algorithms which can solve relevant quadratic programming and
QCQP problems with asymptotically linear complexity.

e Duality based methods like FETI let us define a sufficiently small linear sub-
space with the solution.

e The projector to the space of rigid body motions can be used to precondition
both the linear and nonlinear steps of solution algorithms.

e The space decomposition used by the variants of FETI is an effective tool for
solving multibody contact problems and opens a way to the massively parallel
implementation of the algorithms.

The development of scalable algorithms represents a challenging task even when
we consider much simpler linear problems. For example, the computational cost of
solving a system of linear equations arising from the discretization of the conditions
of equilibrium of an elastic body with prescribed displacements or traction on the
boundary by direct sparse solvers increases typically with the square of the number
of unknown nodal displacements. The first numerically scalable algorithms for
linear problems of computational mechanics based on the concept of multigrid
came in use only in the last quarter of the last century and fully scalable algorithms
based on the FETI (Finite Element Tearing and Interconnecting) methods were
introduced by Farhat and Roux by the end of the twentieth century.

The presentation of the algorithms in the book is complete in the sense that it
starts from the formulation of contact problems, briefly describes their discretization
and the properties of the discretized problems, provides the flowcharts of solution
algorithms, and concludes with the analysis, numerical experiments, and imple-
mentation details. The book can thus serve as an introductory text for anybody
interested in contact problems.

Synopsis of the book:

The book starts with a general introduction to contact problems of elasticity with
the account of the main challenges posed by their numerical solution. The rest
of the book is arranged into four parts, the first of which reviews some well-known
facts on linear algebra, optimization, and analysis in the form that is useful in the
following text.

The second part is concerned with the algorithms for minimizing a quadratic
function subject to linear equality constraints and/or convex separable constraints.
A unique feature of these algorithms is their rate of convergence and the error
bounds in terms of bounds on the spectrum of the Hessian of the cost function. The
description of the algorithms is organized in five chapters starting with a separate
overview of two main ingredients, the conjugate gradient (CG) method (Chap. 5)
for unconstrained optimization and the results on gradient projection (Chap. 6), in
particular on the decrease of the cost function along the projected-gradient path.
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Chapters 7 and 8 describe the MPGP (Modified Proportioning with Gradient
Projections) algorithm for minimizing strictly convex quadratic functions subject to
separable constraints and its adaptation MPRGP (Modified Proportioning with
Reduced Gradient Projections) for bound constrained problems. The result on the
rate of convergence in terms of bounds on the spectrum of the Hessian matrix is
given that guarantees a kind of optimality of the algorithms—it implies that the
number of iterates that are necessary to get an approximate solution of any instance
of the class of problems with the spectrum of the Hessian contained in a given
positive interval is uniformly bounded regardless the dimension of the problem.
A special attention is paid to solving the problems with elliptic constraints and
coping with their potentially strong curvature, which can occur in the solution of
contact problems with orthotropic friction.

Chapter 9 combines the algorithms for solving problems with separable con-
straints and a variant of the augmented Lagrangian method in order to minimize a
convex quadratic function subject to separable and equality constraints. The
effective precision control of the solution of separable problems in the inner loop
opened the way to the extension of the optimality results to the problems with
separable and linear equality constraints that arise in the dual formulation of the
conditions of equilibrium. Apart from the basic SMALSE (Semi-Monotonic
Algorithm for Separable and Equality constraints) algorithm, the specialized vari-
ants for solving bound and equality constrained quadratic programming problems
(SMALBE) and QCQP problems including elliptic constraints with strong curva-
ture (SMALSE-Mw) are considered.

The most important results of the book are presented in the third part, including
the scalable algorithms for solving multibody frictionless contact problems, contact
problems with Tresca’s friction, and transient contact problems.

Chapter 10 presents the basic ideas of the scalable algorithms in a simplified
setting of multidomain scalar variational inequalities.

Chapters 11-13 develop the ideas presented in Chap. 10 to the solution of
multibody frictionless contact problems, contact problems with friction, and tran-
sient contact problems. For simplicity, the presentation is based on the
node-to-node discretization of contact conditions. The presentation includes the
variational formulation of the conditions of equilibrium, the finite element dis-
cretization, some implementation details, the dual formulation, the TFETI (Total
finite Element Tearing and Interconnecting) domain decomposition method, the
proof of asymptotically linear complexity of the algorithms (numerical scalability),
and numerical experiments.

Chapter 14 extends the results of Chaps. 10 and 11 to solving the problems
discretized by the boundary element methods in the framework of the TBETT (Total
Boundary Element Tearing and Interconnecting) method. The main new features
include the reduction of the conditions of equilibrium to the boundary and the
boundary variational formulation of the conditions of equilibrium.

Chapters 15 and 16 extend the results of Chaps. 10-14 to solving the problems
with varying coefficients and/or with the non-penetration conditions implemented
by mortars. It is shown that the reorthogonalization-based preconditioning or the
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renormalization-based scaling can relieve the ill-conditioning of the stiffness
matrices and that the application of the mortars need not spoil the scalability of the
algorithms.

The last part begins with two chapters dealing with the extension of the
optimality results to some applications, in particular to contact shape optimization
and contact problems with plasticity. The book is completed by a chapter on
massively parallel implementation and parallel scalability. The (weak) parallel
scalability is demonstrated by solving an academic benchmark discretized by bil-
lions of nodal variables. However, the methods presented in the book can be used
for solving much larger problems, as demonstrated by the results for a linear
benchmark discretized by tens of billions of nodal variables.

Ostrava Zdenék Dostal
January 2016 Tomas Kozubek
Marie Sadowska

Vit Vondrak
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Chapter 1
Contact Problems and Their Solution

We start our exposition by an informal presentation of contact problems, including
those that motivated our research, with a brief discussion of the challenges arising in
their numerical solution. Frictionless problems, problems with friction, and dynamic
contact problems are considered. We discuss their specific features, especially those
that complicate their solution or those that can be used to simplify the solution,
recall some theoretical results concerning the existence and uniqueness of a solution,
present basic ideas related to the development of scalable algorithms for the numerical
solution of contact problems, and mention some historical results. In this chapter,
we assume that the strains and displacements are small and within the elastic limit,
at least in one time step in the case of transient problems, so that linear elasticity can
be used to the formulation of the conditions of equilibrium.

1.1 Frictionless Contact Problems

We speak about frictionless contact problems whenever we can obtain an acceptable
solution under the assumption that the tangential forces on the contact interface can
be neglected. Many such problems arise in mechanical engineering whenever there is
need to predict the stress or deformation of the moving parts of machines or vehicles.

The frictionless contact problems are the most simple ones, so it is not surpris-
ing that the first numerical results were obtained just for them. The first publication
dates back to 1881 when Heinrich Hertz published his paper “On the contact of elas-
tic solids” [1]. Hertz observed that when two smooth bodies come into contact so
that the contact area is much smaller than the characteristic radius of each body, then
the nonlinear non-penetration boundary conditions are confined to a small region of
predictable shape and it is possible to simplify the conditions of equilibrium near the
contact so that they can be solved analytically. A variant of such problem is depicted in
Fig.1.1.

© Springer Science+Business Media LLC 2016 1
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2 1 Contact Problems and Their Solution

Hertz’s results are still relevant for the design of bearings, gears, and other bodies
when two smooth and nonconforming surfaces come into contact, the strains are small
and within the elastic limit, the area of contact is much smaller than the characteristic
radius of the bodies, and the friction can be neglected. We use them to verify the
results of our benchmarks.

Fig. 1.1 Stacked lenses pressed together

As an example of the frictionless contact problem with a small contact inter-
face that can not be solved analytically, let us consider the problem to describe the
deformation and contact pressure in the ball bearings depicted in Fig. 1.2. A new fea-
ture of this problem is the complicated interaction of several bodies, some of them
without prescribed displacements, through the nonlinear non-penetration conditions.
The bodies are of different shapes — we can easily recognize balls, rings, and cages
(see Fig.1.3). The balls are not fixed in their cages, so their stiffness matrices are
necessarily singular and the prescribed forces can not be arbitrary as the balls can
be in equilibrium only if the moment of the external forces on the balls is equal to
zero as in our case. Though the displacements and forces are typically given on the
parts of the surfaces of some bodies, the exact places where the deformed balls come
into contact with the cages or the rings are known only after the problem is solved.
Moreover, the displacements of the balls would not be uniquely determined even if
we replaced all the inequality constraints that describe the non-penetration by the
corresponding equalities describing the related bilateral constraints.

Fig. 1.2 Ball bearings Fig. 1.3 Ball bearings decomposition



1.1 Frictionless Contact Problems 3

A solution of the ball bearing and other frictionless contact problems with “float-
ing” bodies exists provided the external forces acting on each such body are balanced
(including the reaction forces). If the prescribed displacements of each body prevents
its rigid body motion, then the solution exists and is necessary unique.

The first results concerning the existence and uniqueness of a solution to the
contact problem date back to Gaetano Fichera, who published the paper “On the
elastostatic problem of Signorini with ambiguous boundary conditions” [2] in 1964.
Fichera coined the problem as Signorini’s problem to honor his teacher, who draw his
attention to it. Later presentation of the existence results based on coercivity of the
energy function can be found, e.g., in Hlavacek, Haslinger, Necas, and LoviSek [3]
or Kikuchi and Oden [4]. Let us point out that the most popular sufficient condition
for the existence of a solution, the coercivity of the energy functional, does not hold
for the bearing problems.

1.2 Contact Problems with Friction

The contact problems with friction arise whenever we have to take into account the
tangential forces on contact interface. They are important in many areas of engineer-
ing including locomotive wheel-rail or tire—road contact, braking systems, yielding
clamp connections, etc.

|

Fig. 1.4 Leonardo da Vinci experiment with friction

The effort to describe phenomenologically the friction forces dates back to
Leonardo da Vinci. Carrying out the experiments like those depicted in Fig. 1.4,
Leonardo observed that the area of contact interface has no effect on the friction and
if the load on the object is doubled, the friction is also doubled. This is a special
version of the most popular friction law used in many applications that is named
after Charles-Augustin Coulomb. This law was formulated for quasistatic contact by
Amontonos in 1691 and extended to dynamic situations by Coulomb in 1781 [5].
The Coulomb (also Amontonos—Coulomb) friction law claims that “strength due to
friction is proportional to the compressive force.” The Coulomb friction law agrees
in many cases with the observation, but Coulomb himself observed that “for large
bodies friction does not follow exactly this law.”
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Plane of symetry
N

Fig. 1.5 Yielding support Fig. 1.6 Yielding clamp connection

A realistic example of a contact problem with friction is the analysis of the yield
clamped connection of the mine support depicted in Figs. 1.5 and 1.6. The support
comprises several parts that are deformed by applied forces, so it is not possible to
assume that the bodies are rigid. As in the ball bearing example, some parts are also
without prescribed displacements, so that the numerical algorithms for the solution
must be prepared to deal with singular stiffness matrices of the discretized problem.
A brand new difficulty is the necessity to balance the contact forces not only in
the normal direction but also in the tangential direction. To solve the problem with
friction, we have to identify the unknown slip—stick interface. The difficulties arise
also in its variational formulation due to the non-differentiable dissipative term in the
energy function and, in the case of Coulomb’s friction, due to the lack of convexity.

Unlike the frictionless case, the existence theory for the quasistatic contact prob-
lems with Coulomb’s friction is much weaker and does not guarantee that a solution
exists for realistic problems. Moreover, a solution is known to be unique only in
very exceptional cases. A recent overview of the results concerning the existence
and uniqueness of a solution of contact problems with friction can be found in Eck,
Jardsek, and Krbec [6].

The most complete theory has been developed for the Tresca (given) friction,
which assumes that the normal contact area and the pressure force, which defines
the slip—stick bound, are known a priori. Though this assumption is not realistic, it
is useful as the well-understood approximation of the Coulomb friction with strong
theoretical results on the existence and uniqueness of a solution. In our book, we
use the Tresca friction as an auxiliary problem in the fixed point algorithms for the
Coulomb friction.
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1.3 Transient Contact Problems

The transient contact problems arise whenever we have to take into account the inertia
forces. It follows that it is physically more realistic to consider dynamic models
than the static models considered above. Many such problems arise in mechanical
engineering, geophysics, or biomechanics when the bodies in contact are moving
fast, as in car engines.

However, to provide a useful solution to realistic problems requires not only to
overcome the difficulties specified above for the static problems, but also to resolve
the problems arising from the lack of smoothness of time derivatives, which puts high
demand on the construction of effective time discretization schemes. Moreover, since
the solution of transient problems is typically reduced to a sequence of related static
problems, it is natural to assume that their solution is much more time consuming
than the solution of related static problems.

Fig. 1.7 Crash test

An example of a realistic transient contact problem is the analysis of a crash test
depicted in Fig. 1.7. A sophisticated time discretization is necessary to preserve the
energy. A reasonable time discretization requires the solutions of 103-10° auxiliary
static problems per second, so that an efficient solver of the static problems is nec-
essary. Moreover, in each time step, it is necessary to identify a possible contact
interface. The only simplification, as compared with the static problems, concerns
the stiffness matrices of the “floating” bodies as they are regularized by the mass
matrix.

In spite of a lot of research, a little is known about the solvability of the above
problem, so a numerical solution is typically obtained under the assumption that it
exists. Moreover, it is assumed that the solution is sufficiently smooth so that its
second derivatives exist in some reasonable sense and can be approximated by finite
differences. The complications arise from the hyperbolic character of the equations
of motion.
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1.4 Numerical Solution of Contact Problems

Given a system of elastic bodies in a reference configuration, traction, and boundary
conditions, including contact conditions on a potential contact interface, the complete
solution of the associated contact problem comprises the resulting displacements
of the bodies and the reaction forces on the contact interface, from which we can
evaluate the stress and strain fields in the bodies. To describe briefly how to resolve
the challenges posed by the numerical solution of contact problems, we split the
solution procedure into three stages:

e a continuous formulation of the conditions of equilibrium and the boundary
conditions,

e the discretization,

e the solution of the discretized problem.

The choice of a continuous formulation is essential for the success of the next
steps. Many effective solution methods are based on a variational formulation of
the conditions of equilibrium, in particular on the observation that the equilibrium
minimizes the energy function (considered as a function of the displacements) sub-
ject to the constraints specified by the boundary conditions. The energy function
introduces a structure that can be exploited by the solution algorithms and simplifies
the treatment of discontinuous coefficients and traction. The energy formulation in
a suitable function space is also mathematically sound in the sense that it enables to
obtain results on the existence and uniqueness of a solution. More general variational
formulation of the equilibrium conditions is useful for the problems with additional
nonlinearities, such as large deformations or plasticity.

If some additional assumptions are satisfied, it is possible to express the displace-
ments in the interior of the bodies in terms of the displacements and their derivatives
on the boundary. In this case, the energy function can be reduced to the boundary
of the bodies so that it depends only on the displacements near the boundary, which
reduces the dimension of the problem by one. Though the reduced variational for-
mulation is not as general as the full one, there are problems which can be solved
more efficiently in the boundary formulation, including the exterior problems, the
problems with cracks, or the contact shape optimization problems. Moreover, the
surface discretization is much simpler than the volume discretization.

The discretization of contact problems is partly the same as that of the linear
problems of elasticity — the finite element method (FEM) and the boundary element
method (BEM) are widely used for the discretization of the full and reduced energy
functions, respectively. The discretization of contact conditions is more tricky. A
straightforward linearization of the non-penetration conditions is possible and works
for some simple problems, especially when a matching discretization is used. How-
ever, the matching discretization is hardly possible, e.g., for the transient contact
problems or for the contact shape optimization problems as it would require remesh-
ing which could affect related cost functions.
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More sophisticated discretization is important also when the contact interface is
large and curved as that of the hip joint substitute depicted in Fig. 1.8. The remedy
consists in imposing the contact conditions by local averages. Strong approxima-
tion properties of the variationally consistent mortar discretization introduced by
‘Wohlmuth can be found in [7].

Fig. 1.8 Hip joint substitute (left) and its model decomposed into subdomains (right)

Efficient algorithms for the solution of contact problems typically combine a
fast solver of auxiliary linear problems with a strategy for effective identification of
the constraints that are active in the solution. Recent development of direct sparse
linear solvers extended their applicability to larger problems, currently millions of
unknowns, but for the solution of still larger problems, it is necessary to use a suitable
scalable solver that can currently find an approximate solution of the systems with
billions of unknowns and exploit effectively some tens of thousands of processors.

The scalable solvers of linear equations are typically based on multigrid or
domain decomposition methods. Both methods use coarse spaces to generate related
well-conditioned systems, which can be solved efficiently by standard iterative
solvers with the rate of convergence in terms of the condition number. The methods
differ in the way the coarse grids are generated. The auxiliary coarse discretizations
used by the multigrid are typically generated by the hierarchy of coarse discretisa-
tions of displacements, while those used by the domain decomposition are generated
by the decomposition of the domain as in Fig. 1.3.

Here, we present theoretically supported scalable algorithms for contact problems
that are based on variants of the FETT domain decomposition method. The scalability
of the algorithms presented in this book is demonstrated by the solution of contact
problems with billions of nodal variables. In the last chapter, it is indicated how
the algorithms should be modified to be able to solve effectively contact problems
discretized by hundreds of billions of nodal variables.
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Basic Concepts



Chapter 2
Linear Algebra

The purpose of this chapter is to briefly review the notations, definitions, and results of
linear algebra that are used in the rest of the book. There is no claim of completeness
as the reader is assumed to be familiar with the basic concepts of college linear
algebra such as vector spaces, linear mappings, matrix decompositions, etc. More
systematic exposition and additional material can be found in the books by Demmel
[1], Laub [2], or Golub and Van Loan [3].

2.1 Vectors and Matrices

In this book, we work with n-dimensional arithmetic vectors v € R”", where R denotes
the set of real numbers. The only exception is Sect.2.7, where vectors with complex
entries are considered. We denote the ith component of an arithmetic vector v € R”
by [v];. Thus [v]; = v; if v = [v;] is defined by its components v;. All the arithmetic
vectors are considered by default to be column vectors. The relations between vec-
tors u, v € R” are defined componentwise. Thus u < v is equivalent to [u]; < [v];,
i=1,...,n. We sometimes call the elements of R" points to indicate that the
concepts of length and direction are not important.

The vector analog of 0 € R is the zero vector o, € R" with all the entries equal
to zero. When the dimension can be deduced from the context, possibly using the
assumption that all the expressions in our book are well defined, we often drop the
subscript and write simply o.

Given vectors vy, ..., v; € R”, the set
Span{vy,..., vy} ={veR": v=ov|+ -+ Vv, o € R}
is a vector space called the linear span of vy, ..., v;. For example

Span{si,...,s,} =R", [si]; =68, i,j=1,...,n,

© Springer Science+Business Media LLC 2016 11
Z. Dostal et al., Scalable Algorithms for Contact Problems, Advances
in Mechanics and Mathematics 36, DOI 10.1007/978-1-4939-6834-3_2



12 2 Linear Algebra

where §;; denotes the Kronecker symbol defined by §;; = 1 fori = j and §;; = O for
i # j,is the standard basis of R".

We sometimes use the componentwise extensions of scalar functions to vectors.
Thus, if v € R", then v and v~ are the vectors the ith components of which are
max{[v];, 0} and min{[v];, O}, respectively.

If .7 is a nonempty subset of {1,...,n} and v € R", then we denote by [Vv] »
or simply v 4 the subvector of v with components [v];, i € .#. Thus if .# has m
elements, then v » € R”, so we can refer to the components of v » either by the
global indices i € % or by the local indices j € {1, ..., m}. We usually rely on the
reader’s judgment to recognize the appropriate type of indexing.

Similarly to the related convention for vectors, the (i, j)th component of a matrix
A € R™*" is denoted by [A];;, so that [A];; = a;; for A = [a;;] which is defined by
its entries a;;. A matrix A € R™*" is called an (m, n)-matrix.

The matrix analog of 0 is the zero matrix O,,, € R™*" with all the entries equal
to zero. When the dimension is clear from the context, we often drop the subscripts
and write simply O.

The matrix counterpart of 1 € R in R"*" is the identity matrix 1, = [8;;] of the
order n. When the dimension may be deduced from the context, we often drop the
subscripts and write simply |. Thus, we can write

A=1A=Al

for any matrix A, having in mind that the order of | on the left may be different from
that on the right.

A matrix A is positive definite if x” Ax > 0 for any X # o, positive semidefinite
if xTAx > 0 for any x, and indefinite if neither A nor —A is positive definite or
semidefinite. We are especially interested in symmetric positive definite (SPD) or
symmetric positive semidefinite (SPS) matrices.

IfAeR"™", # C{l,...,m},and ¢ C{l,...,n}, # and # nonempty, we
denote by A » y the submatrix of A with the components [A];;, i € ., j € #.The
local indexing of the entries of A » 7 is used whenever it is convenient in a similar
way as the local indexing of subvectors which was introduced in Sect.2.1. The full
set of indices may be replaced by * so that A = A,, and A s, denotes the submatrix
of A with the row indices belonging to .#. Occasionally we simplify Ay = A s,

Sometimes it is useful to rearrange the matrix operations into manipulations with
submatrices of given matrices called blocks. A block matrix A € R™*" is defined
by its blocks A;; = Ay, »,, where . and _Z; denote nonempty contiguous sets
of indices decomposing {1,...,m} and {1, ..., n}, respectively. We can use the
block structure to implement matrix operations only when the block structure of the
involved matrices matches.

The matrices in our applications are often sparse in the sense that they have a
small number of nonzero entries distributed in a pattern which can be exploited
to the efficient implementation of matrix operations or to the reduction of storage
requirements.
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2.2 Matrices and Mappings

Each matrix A € R"*" defines the mapping which assigns to each x € R” the vector
Ax € R™. Two important subspaces associated with this mapping are its range or
image space ImA and its kernel or null space KerA; they are defined by

ImA = {Ax: x € R"} and KerA ={x e R": Ax = o}.

The range of A is the span of its columns. The rank and the defect of a matrix are
defined as the dimension of its image and kernel, respectively.

If f isamappingdefinedon 2 C R"and £2 C 2, then f|$2 denotes the restriction
of f to £2, that is, the mapping defined on §2 which assigns to each x € £2 the value
f(x). If A € R™ " and V is a subspace of R", we define A|V as a restriction of the
mapping associated with A to V. The restriction A|V is said to be positive definite
if xTAx > 0 forx € V, x # o, and positive semidefinite if X’ Ax > 0 forx € V.

The mapping associated with A is injective if Ax = Ay implies x = y. It is easy
to check that the mapping associated with A is injective if and only if KerA = {0}.
If m = n, then A is injective if and only if ImA = R”.

A subspace V € R" which satisfies

AV ={Ax: xeV}CV
is an invariant subspace of A. Obviously
A(ImA) C ImA,

so that ImA is an invariant subspace of A.
A projector is a square matrix P that satisfies

P2 =P.
A vector x € ImP if and only if there is y € R" such that x = Py, so that
Px = P(Py) = Py = x.
If P is a projector, then also Q = | — P and P are projectors as
(I-P2=1-2P+P>=1—P and (P")’=(P})" =P7,

Since for any x € R"
x = Px + (I — P)x,

it simply follows that InQ = KerP,

R" = ImP + KerP, and KerP NImP = {o}.
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We say that P is a projector onto U = ImP along V = KerP and Q is a complemen-
tary projector onto V along U. The above relations may be rewritten as

ImP @ KerP = R". (2.1)
Let (w(1), ..., m(n)) be a permutation of numbers 1, ..., n. Then, the mapping
which assigns to each v = [v;] € R" a vector [vy(, ..., v,,(n)]T is associated with
the permutation matrix
P =[Sz1)s s Sz,

where s; denotes the ith column of the identity matrix I,,. If P is a permutation matrix,
then
PPT =PTP =1.

Notice that if B is a matrix obtained from a matrix A by reordering of the rows of
A, then there is a permutation matrix P such that B = PA. Similarly, if B is a matrix
obtained from A by reordering of the columns of A, then there is a permutation matrix
P such that B = AP.

2.3 Inverse and Generalized Inverse

If A is a square full rank matrix, then there is the unique inverse matrix A~ such
that
AA'=ATTA=1. (2.2)

The mapping associated with A~! is inverse to that associated with A.
If A~! exists, we say that A is nonsingular. A square matrix is singular if its
inverse matrix does not exist. If P is a permutation matrix, then P is nonsingular and

P! =P

If A is a nonsingular matrix, then A~'b is the unique solution of Ax = b.
If A is nonsingular, then we can transpose (2.2) to get

(Afl)TAT — AT(Afl)T — |,

so that
A" =AH" 2.3)

It follows that if A is symmetric, then A~ is symmetric.
If A € R"™" is positive definite, then also A~! is positive definite, as any vector

X # o can be expressed as x = Ay, y # o, and

x'A7'x = (Ay)"A"'Ay = y" ATy =y Ay > 0.
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If A and B are nonsingular matrices, then it is easy to check that also AB is
nonsingular and

(AB)"' =B 'A".

If

ol tdivd i

is an SPD block matrix, then we can directly evaluate

711 -1 _ pA-1RTe-1RA-1 _A-IRTQ-1
le[AB} _[A A-'B’'S™'BA~!, —A~'B'S } 2.4)

B C - —-S-IBA-!, S-!

where S = C — BA~'B” denotes the Schur complement of H with respect to A.
Thus

A7, ,=8"" (2.5)

If A € R™" and b € ImA, then we can express a solution of the system of lin-
ear equations Ax = b by means of a left generalized inverse matrix At € R"™™
which satisfies AATA = A. Indeed, if b € ImA, then there is y such that
b = Ay and X = A'b satisfies

AX = AATb = AATAy = Ay = b.
Thus AT acts on the range of A like the inverse matrix. If A is a nonsingular square
matrix, then obviously

At =A""

Moreover, if A € R"*" and S € R"*? are such that AS = O, then (AT) + SS” is
also a left generalized inverse as

A(A*+8ST)A=AATA+ASSTA=A.
If A is a symmetric singular matrix, then there is a permutation matrix P such that

_ [BCT
A=P [c ce-'cr |7

where B is a nonsingular matrix the dimension of which is equal to the rank of A. It
may be verified directly that the matrix

B-! O
4 _ pT
A" =P [O 0 ]P (2.6)

is a left generalized inverse of A. If A is SPS, then A* is also SPS. Notice that if
AS = O, then AT = A* + SST is also an SPS generalized inverse.



16 2 Linear Algebra

2.4 Direct Methods for Solving Linear Equations

The inverse matrix is a useful tool for theoretical developments, but not for compu-
tations. It is often much more efficient to implement the multiplication of a vector
by the inverse matrix by solving the related system of linear equations. We recall
here briefly the direct methods, which reduce solving of the original system of linear
equations to solving of a system or systems of equations with triangular matrices.

A matrix L = [/;;] is lower triangular if l;; = 0 for i < j. It is easy to solve
a system Lx = b with the nonsingular lower triangular matrix L € R". As there is
only one unknown in the first equation, we can find it and then substitute it into the
remaining equations to obtain a system with the same structure, but with only n — 1
remaining unknowns. Repeating the procedure, we can find all the components of x.

A similar procedure, but starting from the last equation, can be applied to a system
with the nonsingular upper triangular matrix U = [u;;] with u;; = 0 fori > j.

The solution costs of a system with triangular matrices is proportional to the
number of its nonzero entries. In particular, the solution of a system of linear equations
with a diagonal matrix D = [d;;], d;j = 0 for i # j, reduces to the solution of a
sequence of linear equations with one unknown.

If we are to solve the system of linear equations with a nonsingular matrix, we
can use systematically equivalent transformations that do not change the solution in
order to modify the original system to that with an upper triangular matrix. It is well
known that the solutions of a system of linear equations are the same as the solutions
of a system of linear equations obtained from the original system by interchanging
two equations, replacing an equation by its nonzero multiple, or adding a multiple of
one equation to another equation. The Gauss elimination for the solution of a system
of linear equations with a nonsingular matrix thus consists of two steps: the forward
reduction, which exploits equivalent transformations to reduce the original system
to the system with an upper triangular matrix, and the backward substitution, which
solves the resulting system with the upper triangular matrix.

Alternatively, we can use suitable matrix factorizations. For example, it is well
known that any SPD matrix A can be decomposed into the product

A=LLT, 2.7)

where L is a nonsingular lower triangular matrix with positive diagonal entries.
Having the decomposition, we can evaluate z = A~'x by solving the systems

Ly=x and LTz=y.

The factorization-based solvers may be especially useful when we are to solve several
systems of equations with the same coefficients but different right-hand sides.

The method of evaluation of the factor L is known as the Cholesky factorization.
The Cholesky factor L can be computed column by column. Suppose that
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T
_ | an a _|lo
A= [31 Azz} and L= [11 Lzzl

Substituting for A and L into (2.7) and comparing the corresponding terms immedi-
ately reveals that

Iy =an, L =I0a;, Lpll =A,-11l. (2.8)

This gives us the first column of L, and the remaining factor L,; is simply the Cholesky
factor of the Schur complement A, — llllT which is known to be positive definite,
so we can find its first column by the above procedure. The algorithm can be im-
plemented to exploit a sparsity pattern of A, e.g., when A = [a;;] € R"" is a band
matrix with a;; = 0for |[i — j| > b, b K n.

If A € R"*" is only positive semidefinite, it can happen that a;; = 0. Then

0 <x"Ax = y"Apy +2xja]y

T . o .
for any vector x = [xl, yT] . The inequality implies that a; = o, as otherwise we
could take y = —a; and large x; to get

y Any + 2xia]y = af Apa; — 2x;|a|* < 0.
Thus for A symmetric positive semidefinite and a;; = 0, (2.8) reduces to
h1=0, li=o, Lyold, = As. (2.9)

This simple modification assumes exact arithmetics. In the computer arithmetics,
the decision whether a;; is to be treated as zero depends on some small ¢ > 0.
Alternatively, it is possible to exploit some additional information. For example, any
orthonormal basis of the kernel of a matrix can be used to identify the zero rows (and
columns) of a Cholesky factor by means of the following lemma.

Lemma 2.1 Let A € R"™" denote an SPS matrix the kernel of which is spanned by
the full column rank matrix R € R"*? with orthonormal columns. Let

eﬂ:{il,...,id}, 1<ij<ir<---<iy <n,

denote a set of indices, and let ¢ = N — 7, AN ={1,2,...,n}.
Then _
Amin(A g #) = Amin(A) 070 (R, (2.10)

where hmin(A) and omin (R _7+) denote the least nonzero eigenvalue of A and the least
singular value of Rz, respectively.

Proof See Dostdl et al. [4]. U
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If we canidentify anonsingularblock A s » of A, then we canreduce the problems
related to the manipulation with singular matrices to those with smaller matrices using
the decomposition

AssAyss Ly s Oty , Ly,
A= [ij Aﬂfi| [Ly; [ 0 S ' @11

where L y o € R™" is a lower factor of the Cholesky decomposition of A s 7,
Ly s eR>™, r=n-s, Lsy= A,;;ij, and S eR is the
Schur complement matrix of the block A » » defined by

S=Ass—AssA Asy
The decomposition (2.11) is a useful tool for the effective construction of a gen-

eralized inverse or for the effective evaluation of the multiplication of a vector by a
generalized inverse.

Lemma 2.2 Let A denote an SPS block matrix as in (2.11), let e € KerA, and let S
denote the Schur complement matrix of the block A s . Then e ; € KerS and if S*
denote any generalized inverse of S, then the matrix A" defined by

At [L%/ L}T%LTJJS H LL}f—l ﬂ 2.12)
TSI
is a generalized inverse of A which satisfies
[AT] s , =S*. (2.13)
Proof If Ae = o, then
Asses+Asses=0 Asses+Asses=o0,
and

Ses=Ass —AJfA;/]/Ajﬂ)eJ
:A]yey—ijA}j(—A//e/) =o,

i.e., e y € KerS. The rest can be verified directly. O
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Notice that

+ _ A+
S _[A ]fj' (2.14)
If A is a full rank matrix, then we get
—1 _ra-1
s'=[AT], . (2.15)
which agrees with (2.5).
2.5 Norms

General concepts of size and distance in a vector space are expressed by norms.
A norm on R" is a function which assigns to each x € R” a number IxI € R in
such a way that for any vectors X, y € R” and any scalar & € R, the following three
conditions are satisfied:

(i) IxI > 0, and IxI = O if and only if x = o.
(i) Ix + yI < IxI + Iyl.
(iii) ToxI = |o| IX.

It is easy to check that the functions

Il = \/xi +--- +x2 and [X[le = max{|xi], ..., |x,|}

are norms. They are called £, (Euclidean) and £, norms, respectively.
Given a norm defined on the domain and the range of a matrix A, we can define
the induced norm 1Al of A by

TAxI
IAT = sup TAXI = sup X
IxI=1 xo IXI
If B # O, then

IABI TABXI TABXI IBxI - TAyI IBxI
=sup——=Sup ———— < Sup —— sup ——.
o IXI pery IBXI IXI — yoms, Iyl s IxI

y#o

It follows easily that the induced norm is submultiplicative, i.e.,

IABI < TA|ImBI IBI < TAT IBI. (2.16)



20 2 Linear Algebra

If A = [g;;] € R™*" and x = [x;] € R", then

n n n
IAX]loo = max | D ayx;l < max > laillx;] < [X[lo max > lail.
i=1,...m i=1,...m i=1,...m
j=1 j=1 j=1
thatis, ||Allcc < maX;—i,__m Z;‘z 1 la;;]. Since the last inequality turns into the equal-

ity for a vector x with suitably chosen entries x; € {1, —1}, we have

IAlle = max Zl i - (2.17)
p=

2.6 Scalar Products

General concepts of length and angle in a vector space are introduced by means of a
scalar product; it is the mapping which assigns to each couple x, y € R” a number
(x,y) € Rin such a way that for any vectors X, y, z € R" and any scalar ¢ € R, the
following four conditions are satisfied:

i) x,y+2z)=xYy + X,2).
(i) (ox,y) = a(x,y).
(i) (x,y) = (¥, %).
(iv) (x,x) > Oforx # o.
The scalar product is an SPD form, see also Chap. 4.
We often use the Euclidean scalar product or the Euclidean inner product which
assigns to each couple of vectors x, y € R” a number defined by

x,y)=x"y.

In more complicated expressions, we often denote the Euclidean scalar product in R3
by dot, so that
x-y=x'y.

If A is an SPD matrix, then we can define the more general A-scalar product on R"
by
(X, ¥)a = x' Ay.

We denote for any x € R" its Euclidean norm and A-norm by

1/2
Ixl = (x, %)%, [xla = (x,x),".

Itis easy to see that any norm induced by a scalar product satisfies the properties (i)
and (iii) of the norm. The property (ii) follows from the Cauchy—Schwarz inequality
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x, ) < Ix[I? Iyl (2.18)

which is valid for any x, y € R” and any scalar product. The bound is tight in the
sense that the inequality becomes the equality when x, y are dependent.
A pair of vectors x and y is orthogonal (with respect to a given scalar product) if

x,y) =0.

The vectors x and y that are orthogonal in A-scalar product are called A-conjugate
or briefly conjugate.

Two sets of vectors & and F are orthogonal (also stated “& orthogonal to .%”)
if any x € & is orthogonal to any y € .%. The set &+ of all the vectors of R" that
are orthogonal to & C R” is a vector space called an orthogonal complement of &.
If & C R", then

R" = Span & @ &.

A set of vectors & is orthogonal if its elements are pairwise orthogonal, i.e., any
X € & is orthogonal to any y € &,y # X. A set of vectors & is orthonormal if it is
orthogonal and (x, x) = 1 for any x € &.

A square matrix U is orthogonal if UTU = |, that is, U™! = U”. Multiplication
by an orthogonal matrix U preserves both the angles between any two vectors and
the Euclidean norm of any vector as

(Ux)"Uy = x"UTUy = x"y.

A matrix P € R"™" is an orthogonal projector if P is a projector, i.e., P> = P,
and ImP is orthogonal to KerP. The latter condition can be rewritten equivalently as

PT(—-P)=0.

It simply follows that
P’ =PTP =P,

so that orthogonal projectors are symmetric matrices and symmetric projectors are
orthogonal projectors. If P is an orthogonal projector, then | — P is also an orthogonal
projector as
(1-P?=1-2P+P?>=1-P and (I-P)'P=(1—-P)P=0.
If U CR" is the subspace spanned by the columns of a full column rank
matrix U € R™*", then

P=UU"U)'U"

is an orthogonal projector as
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P?=UU"U)'UVTUUTU)'UT =P and PT =P.
Since any vector X € U may be written in the form x = Uy and
Px = UWUTU)"'U"Uy = Uy = x,

it follows that
U = ImP.

Observe that U U is nonsingular; since U7 Ux = o implies
IUx|)* = x" (U"Ux) = 0,

it follows that x = o by the assumption on the full column rank of U.

2.7 Eigenvalues and Eigenvectors

Let A € C"*" denote a square matrix with complex entries. If a vector e € C" and a
scalar A € C satisfy
Ae = Ae, (2.19)

then e is said to be an eigenvector of A associated with an eigenvalue A. A vector
e is an eigenvector of A if and only if Span{e} is an invariant subspace of A; the

restriction A|Span{e} reduces to the multiplication by A. If {eq, ..., e;} are eigen-
vectors of a symmetric matrix A, then it is easy to check that Span{ey, ..., e;} and
Span{ey, ..., ;)T are invariant subspaces.

The set of all eigenvalues of A is called the spectrum of A; we denote it by o (A).
Obviously, A € o (A) if and only if A — Al is singular, and O € o (A) if and only if
A is singular. If A # 0, A € o (A), then we can multiply (2.19) by A~'A~! to get
A~'e = 17 'e, so we can write

oA~ =71 (A).

If U € C" is an invariant subspace of A € C"*", then we denote by o (A|U) the
eigenvalues of A that correspond to the eigenvectors belonging to U.

Since it is well known that a matrix is singular if and only if its determinant is
equal to zero, it follows that the eigenvalues of A are the roots of the characteristic
equation

det(A — Al) = 0. (2.20)

The characteristic polynomial pa(A) = det(A — Al) is of the degree n. Thus there
are at most n distinct eigenvalues and o (A) is not the empty set.
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Even though it is in general difficult to evaluate the eigenvalues of a given matrix
A, it is still possible to get nontrivial information about o (A) without heavy com-
putations. Useful information about the location of eigenvalues can be obtained by
Gershgorin’s theorem, which guarantees that every eigenvalue of A = [a;;] € C"*"
is located in at least one of the n circular disks in the complex plane with the centers
a;i and radii ri = Zj;ﬁi |a,-j|.

The eigenvalues of a real symmetric matrix are real. Since it is easy to check
whether a matrix is symmetric, this gives us useful information about the location of
eigenvalues.

Let A € R"" denote a real symmetric matrix, let .# = {1,...,n — 1}, and let
A'=Ay . Leth; >--->A,andAl > ... > Al | denote the eigenvalues of A and

A, respectively. Then by the Cauchy interlacing theorem

MZA>A>A > > >, (2.21)

2.8 Matrix Decompositions

If A € R"™" is a symmetric matrix, then it is possible to find n orthonormal eigenvec-
tors ey, .. ., e, that form the basis of R". Moreover, the corresponding eigenvalues
are real. Denoting by U = [ey, ..., e,] € R"*" an orthogonal matrix the columns of
which are the eigenvectors, we may write the spectral decomposition of A as

A = UDUT, (2.22)
where D = diag(Aq, ..., A,) € R"*" is the diagonal matrix the diagonal entries of
which are the eigenvalues corresponding to the eigenvectors ey, .. ., e,. Reordering

the columns of U, we can achieve that A; > --- > A,.

The spectral decomposition reveals close relations between the properties of a
symmetric matrix and its eigenvalues. Thus, a symmetric matrix is SPD if and only
if all its eigenvalues are positive, and it is SPS if and only if they are nonnegative.
The rank of a symmetric matrix is equal to the number of nonzero entries of D.

If A is symmetric, then we can use the spectral decomposition (2.22) to check
that for any nonzero x

Al = Amax = ||X||_2XTAX > Amin = A (223)
Thus for any symmetric positive definite matrix A

A = Amaxs IAT =200, XA < Amax[IX], X[ < AgLIXI. (2.24)

min? min

The spectral condition number « (A) = ||A|||A~"||, which is a measure of depar-
ture from the identity, can be expressed for real symmetric matrix by
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K(A) = )\max/)‘-min .

If A is a real symmetric matrix and f is a real function defined on o (A), we can
use the spectral decomposition to define the scalar function by

f(A) =UfDU",

where f(D) = diag (f(X1), ..., f(A,)). It is easy to check that if a is the identity
function on R defined by a(x) = x, then

a(A) =A,
and if f and g are real functions defined on o (A), then

(f+ A =fA) +gA) and (f-g)A) = f(AgA).

Moreover, if f(x) > Oforx € o (A),then f(A)isSPS,andif f(x) > Oforx € o (A),
then f(A) is SPD. For example, if A is SPD, then

A=AIPAI

Obviously
o(f(A) = fo(A), (2.25)

and if e; is an eigenvector corresponding to A; € o (A), then it is also an eigenvector
of f(A) corresponding to f(%;). It follows easily that for any SPS matrix

ImA = ImA!/? and KerA = KerA!/%. (2.26)

A key to understanding nonsymmetric matrices is the singular value decomposi-
tion (SVD). If B € R™*", then SVD of B is given by

B =USV’, (2.27)

where U € R™*" and V € R"*" are orthogonal, and S € R™*" is a diagonal matrix
with nonnegative diagonal entries 07 > - -+ > Omingm,n} = Omin called singular values
of B. If A is not a full rank matrix, then it is often more convenient to use the reduced
singular value decomposition (RSVD)

B =USV, (2.28)

where G e R™*r and V € R™*" are matrices with orthonormal columns, S e R is
a nonsingular diagonal matrix with positive diagoqgl entri}\es oy > >0, = Omin>»
and r < min{m, n} is the rank of B. The matrices U and V are formed by the first r
columns of U and V. If x € R™, then
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~anT ~aaT. ganT. a-lT T
Bx = USV x = (USV )(VSU )(US V'x) =BB'"y,

so that
ImB = ImBB’. (2.29)

IfB = USV’ is RSVD, then
ImB = ImO, KerB = (ImV)L

It follows that
ImB” = (KerB)*. (2.30)

The SVD reveals close relations between the properties of a matrix and its singular
values. Thus, the rank of B € R™*" is equal to the number of its nonzero singular
values,

IBI =B = o1, (231)

and for any vector x € R”
omn|IX]| < IBx|| < [IB]l[Ix]|. (2.32)
Let G i, denote the least NoNzero snlgular value of B € R™*", let x € ImB7, and
consider the RSVD B = USVT with U € R™>", Ve R™" and S € R"*". Then

there is y € R” such that x = Vy and

IBx|l = [|[USV” Vy|| = |USy|l = ISyl = Tminll¥lI-

Since R
Ixl = 1IVyll = llyll,
we conclude that
GminlIX|| < [IBx]|| for any x € ImB7, (2.33)
or, equivalently,
TminlIX]| < IBTx| for any x € ImB. (2.34)

The SVD (2.27) can be used to introduce the Moore—Penrose generalized inverse
of an m x n matrix B by

Bf = VvS'UT,

where ST is the diagonal matrix with the entries [ST];; = 0ifo; = 0and [ST];; = O'i_l

otherwise. It is easy to check that

BB'B = USV’VS'U"USV” = USV” =B, (2.35)
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so that the Moore—Penrose generalized inverse is a generalized inverse. If B is a full
row rank matrix, then it may be checked directly that

Bf =B"(BB")"!.

If B is a singular matrix and ¢ € ImB, then x; s = B¢ is a solution of the system
of linear equations Bx = ¢, i.e.,
BXLS =C.

Notice that x; g € ImB”, so that if X is any other solution, then X = Xy s + d, where
d € KerB, x/¢d = 0, and

Ixcs|® < [Xesll + [1dI* =[], (2.36)

The vector X g is called the least square solution of Bx = c.
Obviously
1B =& in- (2.37)

where o i, denotes the least nonzero singular value of B, so that

Ixcsll = [IBYell < @ mpllell. (2.38)

min
It can be verified directly that

(B =(8")".

2.9 Graphs, Walks, and Adjacency Matrices

We shall need some simple results of graph theory and linear algebra. Let us recall
that the vertices V; and the edges of the graph of the mesh of the triangulation
7 = {1;} of a polyhedral domain §2 are the nodes of the mesh and their adjacent
couples V;V;, respectively. Recall that the edges V; and V; are adjacent if there is
an element 7; € .7 such that V;V; is the edge of 7;. The graph is fully described by
the adjacency matrix D with the nonzero entries d;; equal to one if the nodes V; and
V; are adjacent. Since the graph of the mesh is not oriented and does not contain
loops, the adjacency matrix is symmetric and its diagonal entries d;; are equal to
zero. Let us also recall that the walk of length k in the mesh of .7 is a sequence of the
distinct nodes V;,, ..., V;, such that the edges ViiVij, J = 1,2,...,k — 1 belong
to the graph of the mesh. Thus

di

jli+1 T
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The walk (V;,, ..., V;,) startsat V;, and ends at V;,. Moreover, we call a walk between
nodes V; and V; an (i, k)-walk. We use the following well-known observation [5].

Lemma 2.3 Let D be the adjacency matrix of the mesh of 7 and B = D¥. Then
each entry b;; of B gives the number of distinct (i, j)-walks of length k.

Proof To see why our lemma holds, we use induction on k. For k = 1 the claim
follows immediately from the definition of D. Suppose that for some k > 1 the entry
b;; in B = D* gives the number of distinct (i, j)-walks of length k. For convenience
we denote C = D¥*!, 5o that C = BD. The entries of C are given by

n
Cij = E biedyj,
=1

where the number b; gives the number of distinct (i, £)-walks of length k and d;; = 0
or dy; = 1. If a particular edge V,V; is not in the mesh (graph) then d;; = 0 and
biedej = 0. Thus, there isno (i, j)-walk of length k + 1 with the last-but-one node £.
On the other hand, if d, ; = 1 then we can prolong each (i, £)-walk to an (i, j)-walk.
Thus ¢;; gives the number of all distinct (7, j)-walks of length k + 1. O

The following corollary follows easily from Lemma 2.3.

Corollary 2.1 Let D denote the adjacency matrix of a given mesh and e = [e;],
e =1,i=1,2,...,n. Thenthe numberw(i, k) of distinct walks of length k starting
at node i is given by

w(i, k) = [DFe,.

If the mesh is approximately regular, we expect that more walks of length k
originate from the nodes that are near a center of the mesh than from the vertices
that are far from it. It simply follows that the node with the index i which satisfies
w(i, k) >w(j, k), j=1,2,...,n,for sufficiently large & is in a sense near to the
center of the mesh.
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Chapter 3
Optimization

In this chapter, we briefly review the results concerning the minimization of quadratic
functions to the extent which is sufficient for understanding the algorithms described
in Part II. The results are presented with specialized arguments, typically algebraic,
that exploit the specific structure of these problems. Systematic exposition of opti-
mization theory in the framework of nonlinear optimization can be found in the books
by Bertsekas [1], Nocedal and Wright [2], Conn, Gould, and Toint [3], Bazaraa, Sher-
ali, and Shetty [4], or Griva, Nash, and Sofer [5].

3.1 Optimization Problems and Solutions

Optimization problems considered in this book are described by a cost (objective,
target) function f defined on a subset 2 C R" and by a constraint set 2 € 9. The
elements of §2 are called feasible vectors. Important ingredients of scalable algo-
rithms for the frictionless contact problems are efficient algorithms for the solution
of quadratic programming (QP) problems with a quadratic cost function f and a
constraint set 2 € R” described by linear equalities and inequalities. The solution
of problems with friction requires effective algorithms for special quadratically con-
strained quadratic programmes (QCQP) with the constraints described by linear
equalities and separable quadratic inequalities.

We look either for a solution X € R” of the unconstrained minimization problem
which satisfies

fX < f(x), xe R, (3.1
or for a solution X € §2 of the constrained minimization problem
f®<fx), xeR, 2CR". (3.2)

A solution of the minimization problem is called its minimizer or global minimizer.
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A nonzero vector d € R” is a feasible direction of §2 at a feasible point x if

X + ed € £2 for all sufficiently small € > 0. A nonzero vector d € R" is a recession
direction, or simply a direction, of §2 if foreachx € 2, x+ ad € £2 forall « > 0.

3.2 Unconstrained Quadratic Programming

Let us first recall some simple results which concern unconstrained quadratic pro-
gramming.

3.2.1 Quadratic Cost Functions

We consider the cost functions in the form
1 7 T
fx) = EX Ax — b'x, (3.3)

where A € R"*" denotes a given SPS or SPD matrix of order n and b € R”.
Ifx,d € R”, then using elementary computations and A = A”, we get

1
fx+d) = fx)+Ax—b)’d+ EdTAd. (3.4)
The formula (3.4) is Taylor’s expansion of f at x, so that the gradient of f at x is
given by
Vf(kx) =Ax —b, (3.5
and the Hessian of f at x is given by

V2 f(x) =A.

Taylor’s expansion will be our simple but powerful tool in what follows.
A vector d is a decrease direction of f at x if

fx+ed) < f(x)

for all sufficiently small values of ¢ > 0. Using Taylor’s expansion (3.4) in the form

2
f(x+ed) = f(x)+e(Ax—b)'d+ %dTAd,

we get that d is a decrease direction if and only if

(Ax —b)7d < 0.
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3.2.2 Unconstrained Minimization of Quadratic Functions

The following proposition gives algebraic conditions that are satisfied by the solutions
of the unconstrained QP problem to find

,{2%{3 f(x), (3.6)

where f is a quadratic function defined by (3.3).

Proposition 3.1 Let the quadratic function f be defined by an SPS or SPD matrix
A € R"™" and b € R". Then the following statements hold:
(i) A vector X is a solution of the unconstrained minimization problem (3.6) if and

only if
VfX)=Ax—b=o. (3.7)

(it) The minimization problem (3.6) has a unique solution if and only if A is SPD.

Proof The proof is a simple corollary of Taylor’s expansion formula (3.4). ]

Remark 3.1 Condition (3.7) can be written as a variational equality
A (x—%x)=bT(x—X), xeR"

Examining the gradient condition (3.7), we get that problem (3.6) has a solution if
and only if A is SPS and
b € ImA. (3.8)

Denoting by R a matrix the columns of which span KerA, we can rewrite (3.8) as
RTb = o. This condition has a simple mechanical interpretation: if a mechanical
system is in equilibrium, the external forces must be orthogonal to the rigid body
motions.

If b € ImA, a solution of (3.6) is given by

X =A"b,

where A" is a left generalized inverse introduced in Sect.2.3. After substituting into
f and simple manipulations, we get

. _ L
min fx) = —2b A"b. (3.9)

In particular, if A is positive definite, then

min f(x) = —%bTA*Ib. (3.10)

xeR”
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The above formulae can be used to develop useful estimates. Indeed, if (3.8)
holds and x € R", we get

1 1 1 blI?
f(X) > _—bTA+b = —_bTATb > __”ATHMbHZ - _ ”_” ’
2 2 2 2)‘min

where A" denotes the Moore—Penrose generalized inverse and Amin denotes the least
nonzero eigenvalue of A. In particular, it follows that if A is positive definite and
Amin denotes the least eigenvalue of A, then for any x € R”

L Loz - PP
fx) = 2b b > 2I| bll* = T (3.11)
min

If the dimension n of the unconstrained minimization problem (3.6) is large, then it
can be too ambitious to look for a solution which satisfies the gradient condition (3.7)
exactly. A natural idea is to consider the weaker condition

IV <e (3.12)

with a small epsilon. If x satisfies the latter condition with ¢ sufficiently small and
A nonsingular, then x is near the unique solution X as

Ix =Xl = [ATA(x =%) | = [A"Ax —Db)[| < [AIVF®I.  (3.13)

The typical “solution” returned by an iterative solver is just x that satisfies (3.12).

3.3 Convexity

Intuitively, convexity is a property of the sets that contain the joining segment with
any two points. More formally, a subset £2 of R” is convex if for any x and y in §2
and @ € (0, 1), the vector s = ax + (1 — @)y is also in £2.

Let xy, ..., X be vectors of R”. If «y, ..., o are scalars such that

@ =0, i=1...k D=1

k . . . .
then the vector v = Zizl o;X; is said to be a convex combination of vectors
X1, ..., X;. The convex hull of X1, ..., X;, denoted Conv{xy, ..., X}, is the set of all
convex combinations of x, ..., X.
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3.3.1 Convex Quadratic Functions

Given a convex set £2 € R”, a mapping / : £2 — R is said to be a convex function
if its epigraph is convex, that is, if

hax+ (1 —a)y) <ahx)+ (1 —a)h(y)
forall x,y € £2 and o € (0, 1), and it is strictly convex if
h(ax + (- a)y) < ah(x)+ (1 —a)h(y)

forallx,y € 2, x #y,and @ € (0, 1).
The following proposition gives a characterization of convex functions.

Proposition 3.2 Let V be a subspace of R". The restriction f|V of a quadratic
function f with the Hessian matrix A to V is convex if and only if A|V is positive
semidefinite, and f|V is strictly convex if and only if A|V is positive definite.

Proof Let V be a subspace, letx,y € V,a € (0,1),ands = ax + (1 — «)y. Then
by Taylor’s expansion (3.4) of f ats

f&+ V) (x—s) + %(x —9)"Ax —s) = f(x),

1
fE+VIE (y—s) + S0 - $)'A(y —s) = f(y).

Multiplying the first equation by «, the second equation by 1 — «, and summing up,
we get

fs)+ %(x —9) AKX —s) + 1%“@ —9) Ay —s)
= af(x) + (1 — ) f(y).

(3.14)

It follows that if A|V is positive semidefinite, then f|V is convex. Moreover, since
X = yisequivalentto x = sandy = s, it follows that if A|V is positive definite, then
f1V is strictly convex.

Let us now assume that f|V is convex, letze V, o = %, and denote x = 2z,
y=o.Thens =1z, x —s =12z, y —s = —z, and substituting into (3.14) results in

[
fs)+ 72 Az =af(x)+ (1 —a)f(y).
Since z € V is arbitrary and f|V is assumed to be convex, it follows that

%ZTAZ =afx)+ A -a)f(y) = flax+ 1 —-a)y) = 0.
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Thus A|V is positive semidefinite. Moreover, if f|V is strictly convex, then A|V is
positive definite. O

The strictly convex quadratic functions have a nice property that f(x) — oo
when |x|| — oo. The functions with this property are called coercive functions.
More generally, a function f : R” — R is said to be coercive on 2 € R" if

f(xX) - oo for |x|| — o0, X € £2.

3.3.2 Minimizers of Convex Function

Under the convexity assumptions, each local minimizer is a global minimizer. We
shall formulate this result together with some observations concerning the set of
solutions.

Proposition 3.3 Let f and 2 C R” be a convex quadratic function defined by (3.3)
and a closed convex set, respectively. Then the following statements hold:

(i) Each local minimizer of f subject to X € $2 is a global minimizer of f subject to
X € £2.

(ii) If X, y are two minimizers of f subject to X € 2, then

X —y € KerA N Span{b}™*.

(iii) If f is strictly convex on §2 and X, Y are two minimizers of [ subject to x € §2,
thenX =Y.

Proof (1) Let X € £2 and y € £2 be local minimizers of f subject to x € £2,
f(X) < f(¥). Denoting y, = X + (1 — o)y and using that f is convex, we get

fe) = flex+ (1 —a)y) <af®)+1-a)fF) < f{)
for every @ € (0, 1). Since
Iy = yoll = ally — x|,

the inequality contradicts the assumption that y is a local minimizer.
(i1) Let X and y be global minimizers of f on £2. Then for any « € [0, 1]

X+af-X=(0-a)X+aye 2, y+aX—y) = (I —a)y+oX € 2.
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Moreover, using Taylor’s formula, we get

2
0<fE+aF—%) - f® =aAX—b)"F —%) + %(i—i)TA@—i),
2
0< fF+aE-9)) - f@ =aAF—b) @ —§) + %(i—y)TA&—i).

Since the latter inequalities hold for arbitrarily small ¢, it follows that
AX-=b)'F-%) =0 and (A7-b)'X~-¥) =0.
After summing up the latter inequalities and simple manipulations, we have
~-X-)'AR-¥) = 0.

Since the convexity of f implies by Proposition 3.2 that A is positive semidefinite,
it follows that X — y € KerA.
If f(X) = f(y) and X,y € KerA, then

b'E-y)=f®—-fE =0,

ie., X —y € Span{b}*.
(iii) Let f be strictly convex and let X,y € §2 be different global minimizers of f
on §2, so that f(X) = f(¥). Then KerA = {0} and by (ii)) X — y = o. ]

3.3.3 Existence of Minimizers

Since quadratic functions are continuous, existence of at least one minimizer is
guaranteed by the Weierstrass theorem provided §2 is compact, that is, closed and
bounded. The following standard results do not assume that §2 is bounded.

Proposition 3.4 Let f be a convex quadratic function and let §2 denote a closed
convex set. Then the following statements hold:

(i) If f is strictly convex, then there is a unique minimizer of f subject to x € S2.
(ii) If f is coercive on 2, then a global minimizer of f subject to X € §2 exists.
(iii) If f is bounded from below on S2, then there is a global minimizer of f subject
tox e S2.

Proof (i) If f is strictly convex, it follows by Proposition 3.2 that A is SPD and
z = A~'b is by Proposition 3.1 the unique minimizer of f on R”. Thus for any
x e R"

fx) = f(@).
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It follows that the infimum of f(x) subject to x € §2 exists, and there is a sequence
of vectors x* € 2 such that

. ky _ -
Jim f(x") = inf f(x).
The sequence {xk} is bounded as
k L T A (o Amin | :
F& = f@) =S~ AR —2) = =X — 2,

where Ay, denotes the least eigenvalue of A. It follows that {x*} has at least one
cluster point X € £2. Since f is continuous, we get

f® = inf f(x).
xef2
The uniqueness follows by Proposition 3.3.

(ii) The proof is similar to that of (i). See, e.g., Bertsekas [1, Proposition A.8].
(iii) The statement is the well-known Frank—Wolfe theorem [6]. O

3.3.4 Projections to Convex Sets

Let us define the projection Pg to the (closed) convex set 2 C R" as a mapping
which assigns to each x € R” its nearest vector X € £2 as in Fig.3.1. The following
proposition concerns the projection induced by the Euclidean scalar product.

Fig. 3.1 Projection to the convex set

Proposition 3.5 Let 2 C R"” be a nonempty closed convex set and x € R". Then
there is a unique pointX € 2 with the minimum Euclidean distance from X, and for
anyy € §2

x-®"(y-% <0. (3.15)



3.3 Convexity 37

Proof Since the proof is trivial for x € §2, let us assume that x ¢ £2 is arbitrary but
fixed and observe that the function f defined on R" by

f@=Ix—yl*=y"y —2y"x+ [x|?

has the Hessian
V2 f(y) = 2l.

The identity matrix being positive definite, it follows by Proposition 3.2 that f is
strictly convex, so that the unique minimizer X € §2 of f(y) subjecttoy € £2 exists
by Proposition 3.4(i).
Ify € 2 and @ € (0, 1), then by convexity of £2
(I—-—a)X+ay=X+ay—X) € 2,
so that for any x € R”
Ix -7 < Ix —X - ay DI

Using simple manipulations and the latter inequality, we get

Ix =% —aly - D> = R —xI> +Plly - %> —20x - D' (y - %
<Ix=X—aly -9

+a? [y = XIIF = 2a(x =" (y - %).

Thus
20(x =) (y =) < o?ly —XII?

for any @ € (0, 1). To obtain (3.15), just divide the last inequality by & and observe
that « may be arbitrarily small. ]

Using Proposition 3.5, it is not difficult to show that the mapping Py, which assigns
to each x € R” its projection to §2 is nonexpansive as in Fig.3.2.

Fig. 3.2 Projection Py, is nonexpansive
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Corollary 3.1 Let 2 C R" be a nonempty closed convex set, and for any x € R”,
letX € §2 denote the projection of X to §2. Then for any X,y € §2

IX =3Il < Ix =yl (3.16)
Proof If X,y € R, then by Proposition 3.5 their projections X, ¥ to £2 satisfy
x-®"z-% <0 and y-N'z-% <0

for any z € £2. Substituting z =¥ into the first inequality, z = X into the second
inequality, and summing up, we get

x-X-y+9'FT-% <0
After rearranging the entries and using the Schwarz inequality, we get
IR-FI° < x=9'®=9 < Ix—ylIX-7I,

which proves (3.16). O

3.4 Equality Constrained Problems

We shall now consider the problems with the constraint set described by a set of
linear equations. More formally, we shall look for

gfi?r; fx), (3.17)

where f is a convex quadratic function defined by (3.3), 2z = {x e R" : Bx = ¢},
B € R™*" and ¢ € ImB. We assume that B # O is not a full column rank matrix,
so that KerB # {o}, but we admit dependent rows of B. It is easy to check that £2g
is a nonempty closed convex set.

A feasible set 2 is a linear manifold of the form

Qr =X+ KerB,
where X is any vector which satisfies
Bx =c.

Thus, a nonzero vector d € R” is a feasible direction of 2z at any x € §2 if and
only if d € KerB, and d is a recession direction of §2f if and only if d € KerB.



3.4 Equality Constrained Problems 39

Substituting x = X + z, z € KerB, we can reduce (3.17) to the minimization of
1 —\T
fx(z) = EZ Az —(b—-—AX) z (3.18)

over the subspace KerB. Thus we can assume, without loss of generality, that ¢ = o
in the definition of §2;. We shall occasionally use this assumption to simplify our
exposition.

A useful tool for the analysis of equality constrained problems is the Lagrangian
function Ly : R — R defined by

Lo(x,A) = f(x) +AT(Bx —¢) = %XTAX —b'x+ Bx—c)'A. (3.19)

Obviously

Vi Lo(x, 1) = Vf(x) = A, (3.20)
ViLo(x,A) = Vf(x) + B'A = Ax — b+ B”2, (3.21)

1
Lo(x+d,A) = Lo(x,A) + (Ax —b+B"A)7d + 5dTAd. (3.22)

The Lagrangian function is defined in such a way that if considered as a function
of x, then its Hessian and its restriction to §2 are exactly those of f, but its gradient
VxLo(x, L) varies depending on the choice of A. It simply follows that if f is convex,
then L is convex for any fixed A, and the global minimizer of Ly with respect to x
also varies with A. We shall see that it is possible to give conditions on A, B, and b
such that with a suitable choice A = 5:, the solution of the constrained minimization
problem (3.17) reduces to the unconstrained minimization of L as in Fig.3.3.

Fig. 3.3 Geometric illustration of the Lagrangian function
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3.4.1 Optimality Conditions

The main questions concerning the optimality and solvability conditions of (3.17)
are answered by the next proposition.

Proposition 3.6 Let the equality constrained problem (3.17) be defined by an SPS
or SPD matrix A € R"™", a constraint matrix B € R™*" the column rank of which
is less than n, and vectors b € R", ¢ € ImB. Then the following statements hold:
(i) A vector X € §2 is a solution of (3.17) if and only if

AX—b)Td=0 (3.23)

for any d € KerB.
(ii) A vector X € 2 is a solution of (3.17) if and only if there is a vector A € R"
such that

AX—b+B'x=o. (3.24)

Proof (i) LetX be a solution of the equality constrained minimization problem (3.17),
so that for any d € KerB and @ € R

2
0< fE+ad) — fX) = «(AX — b)d + %dTAd. (3.25)

For sufficiently small values of & and (AX — b)7d # 0, the sign of the right-hand
side of (3.25) is determined by the sign of (AX — b)7d. Since we can choose the
sign of « arbitrarily and the right-hand side of (3.25) is nonnegative, we conclude
that (3.23) holds for any d € KerB.

Let us now assume that (3.23) holds for a vector X € 2. Then

fE+d) - fX) = %dTAd >0

for any d € KerB, so that X is a solution of (3.17).
(i) Let X be a solution of (3.17), so that by (i) X satisfies (3.23) for any d € KerB. The
latter condition is by (2.30) equivalent to AX —b € ImBT, so that there is A eR”
such that (3.24) holds.

If there are A and X € £2 such that (3.24) holds, then by Taylor’s expansion (3.22)

fE+d) — fX) =LoX+d, LX) — Ly, L) = %dTAd >0

for any d € KerB, so X is a solution of the equality constrained problem (3.17). [

The conditions (ii) of Proposition 3.6 are known as the Karush—Kuhn—Tucker
(KKT) conditions for the solution of the equality constrained problem (3.17). If
X € 2p and A € R satisfy (3.24), then (X, A) is called a KKT pair of problem (3.17).
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Its second component A is called the vector of Lagrange multipliers or simply the
multiplier. We shall often use the notation X or A to denote the components of a KKT
pair that are uniquely determined.

Proposition 3.6 has a simple geometrical interpretation. The condition (3.23)
requires that the gradient of f at a solution X is orthogonal to KerB, the set of
feasible directions of §2f, so that there is no feasible decrease direction as illustrated
in Fig.3.4. Since d is by (2.30) orthogonal to KerB if and only if d € ImB7, it follows
that (3.23) is equivalent to the possibility to choose X so that VyLo(X, 1) = o. If fis
convex, then the latter condition is equivalent to the condition for the unconstrained
minimizer of Ly with respect to x as illustrated in Fig.3.5.

Fig. 3.4 Solvability condition (i) Fig. 3.5 Solvability condition (ii)

Notice that if f is convex, then the vector of Lagrange multipliers which is the
component of a KKT pair modifies the linear term of the original problem in such
a way that the solution of the unconstrained modified problem is exactly the same
as the solution of the original constrained problem. In terms of mechanics, if the
original problem describes the equilibrium of a constrained elastic body subject to
traction, then the modified problem is unconstrained with the constraints replaced
by the reaction forces.

3.4.2 Existence and Uniqueness

Using the optimality conditions of Sect.3.4.1, we can formulate the conditions that
guarantee the existence or uniqueness of a solution of (3.17).

Proposition 3.7 Let the equality constrained problem (3.17) be defined by an SPS
or SPD matrix A € R"", a constraint matrix B € R™*" the column rank of which
is less than n, and vectors b € R", ¢ € ImB. Let R denote a matrix the columns of
which span KerA. Then the following statements hold:
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(i) If A is an SPS matrix, then problem (3.17) has a solution if and only if
R’b € Im(RTB7). (3.26)

(it) If A[KerB is positive definite, then problem (3.17) has a unique solution.
(iii) If (X, A) and (y, t) are KKT couples for problem (3.17), then

X —y € KerA N Span{b}* and A — & € KerB”.
In particular, if problem (3.17) has a solution and
KerB” = {o},

then there is a unique Lagrange multiplier x

Proof (i) Using Proposition 3.6(ii), we have that problem (3.17) has a solution if
and only if there is A such that b — BTA € ImA, or, equivalently, that b — BTA
is orthogonal to KerA. The latter condition reads R”b — R”B”A = o and can be
rewritten as (3.26).

(ii) First observe that if A|KerB is positive definite, then f|KerB is strictly convex
by Proposition 3.2 and it is easy to check that f|§2f is strictly convex. Since §2g
is closed, convex, and nonempty, it follows by Proposition 3.4(i) that the equality
constrained problem (3.17) has a unique solution.

(iii) First observe that KerB = {x —y : X,y € £2g} and that f is convex on KerB by
the assumption and Proposition 3.2. Thus if X and y are any solutions of (3.17), then
the left relation follows by Proposition 3.3(ii). The rest follows by a simple analysis
of the KKT conditions (3.24). [l

If B is not a full row rank matrix and A is a Lagrange multiplier for (3.17), then
by Proposition 3.7(iii) any Lagrange multiplier A can be expressed in the form

A=A+d, deKerB. (3.27)
The Lagrange multiplier A; s which minimizes the Euclidean norm is called the least

square Lagrange multiplier; it is a unique multiplier which belongs to ImB. If X is
a vector of Lagrange multipliers, then A g can be evaluated by

s = (BY) B'x (3.28)

and _
XA =As+d, deKerB”.
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If A is positive definite, then the unique solution X of (3.17) is by Proposition 3.6
fully determined by the matrix equation

ABT[x b
5o][]-[¢] 629
which is known as the Karush—Kuhn—Tucker system, briefly KKT system or KKT
conditions for the equality constrained problem (3.17). Proposition 3.6 does not
require that the related KKT system is nonsingular, in agreement with observation that

the solution of the equality constrained problem should not depend on the description
of .QE.

3.4.3 Sensitivity

The Lagrange multipliers emerged in Proposition 3.6 as auxiliary variables which
nobody had asked for, but which turned out to be useful in alternative formulations
of the optimality conditions. However, it turns out that the Lagrange multipliers fre-
quently have an interesting interpretation in specific practical contexts, as we have
mentioned at the end of Sect.3.4.1, where we briefly described their mechanical
interpretation. Here we show that if they are uniquely determined by the KKT con-
ditions (3.29), then they are related to the rates of change of the optimal cost due to
the violation of constraints.

Fig. 3.6 Minimization with perturbed constraints

Letus assume that A and B are positive definite and full rank matrices, respectively,
so that there is aunique KKT couple (X, 1) of the equality constrained problem (3.17).
For u € R™, let us consider also the perturbed problem

min f(x)

Bx=c+u

as in Fig. 3.6. Its solution x(u) and the corresponding vector of Lagrange multipliers
A(u) are fully determined by the KKT conditions
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AB"][xw)] [ b
B O Aw | [et+u |’
so that

xw] [AB"1'[ b 7 _[AB']'[b L[AB o
A | [BO c+u| |BO c B O ul’
First observe that d(u) = x(u) — X satisfies
Bd(u) = Bx(u) — BX =u,
so that we can use V f(X) = —B™x to approximate the change of optimal cost by
VI® du) = —B'0) du) = —A Bdm) = —A u.

It follows that —[f] ; can be used to approximate the change of the optimal cost due
to the violation of the ith constraint by [u];.

To give a more detailed analysis of the sensitivity of the optimal cost with respect
to the violation of constraints, let us define for each u € R the primal function

p) = f(x(u)).

Observing that X = x(0) and using the explicit formula (2.4) to evaluate the inverse
of the KKT system, we get

x(u) =X+ A" 'B’S'u,
where S = BA~!BT denotes the Schur complement matrix. Thus
x(u) —X=A"'B’S u,
so that
p) —po) = f (x(w) — X
=Vi®’ (x(u) —32) + %(X(u) —?)TA(x(u) —i)
=Vf®'A'B'S lu+ %uTS’lBA’IBTS’Iu.
It follows that the gradient of the primal function p at o is given by

Vpo) = (V®'A'B'S) =S 'BA VS (®).
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Recalling that V £ (%) = —B7X, we get
Vp(o) = —S'BA~'B"A = —A. (3.30)

The analysis shows that the decrease of the total differential of f outside §2z near

X is compensated by the increase of i (Bx — ¢). See also Fig.3.3. The components
of A are also called shadow prices after their interpretation in economy.

3.5 Inequality Constrained Problems

Let us now consider the problems

min f(x), £2; ={xe€R":h() <o}, (3.31)

XG.Q]

where f is a quadratic function defined by (3.3) and the constraints are defined
by continuously differentiable convex functions %;(x) = [h(x)];,i =1, ..., s, that
satisfy VA, (x) # o when h;(x) = 0. In our applications, %; are either linear forms

hi(x) = bl-Tx —c¢i, ¢i €R,
or strictly convex separable quadratic functions, i.e.,
hi(x) = (x; —y)"Hi(xi —yi) —¢i, x;,y; € R, H; SPD, ¢; > 0.

We assume that £2; is nonempty. If the definition of §2; includes a quadratic inequal-
ity, we call (3.31) the QCQP (Quadratic Constraints Quadratic Cost) problem.
At any feasible point x, we define the active set

Ax)={i€{l,...,s): hi(x) =0l

In particular, if X is a solution of (3.31) with h(x) = Bx — ¢, B € R**", then each
feasible direction of 27 = {x € R" : [Bx]w ) = €} at X is a feasible direction
of £2; at X. Using the arguments of Sect.3.4.1, we get that X is also a solution of the
equality constrained problem

min f(x), 2r={xeR": [Bxlyxm = Cwm)- (3.32)

XENRE

Thus (3.31) is a more difficult problem than the equality constrained problem (3.17)
as its solution necessarily enhances the identification of .&7 (X).
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3.5.1 Optimality Conditions for Linear Constraints

We shall start our exposition with the following optimality conditions.

Proposition 3.8 Let the inequality constrained problem (3.31) be defined by an SPS
or SPD symmetric matrix A € R™*", the constraint matrix B € R™*", and the vectors
b, ¢ € R™. Let £2; # (. Then the following statements hold:

(i) X € §2; is a solution of (3.31) if and only if

(AX—b)Td >0 (3.33)
for any feasible direction d of §2; at X.
(ii) X € §2; is a solution of (3.31) with linear inequality constraints if and only if
there is A € R™ such that

X>0, AX—b+BX=o0, and X (BX—c)=0. (3.34)

Proof (i) Let X be a solution of the inequality constrained problem (3.31) and let d
denote a feasible direction of §2; at X, so that the right-hand side of

2
fE+ad) — f& = a(AX—b)Td + %dTAd (3.35)

is nonnegative for all sufficiently small o > 0. To prove (3.33), it is enough to take
a > 0 so small that the nonnegativity of the right-hand side of (3.35) implies that

a(AX —b)'d > 0.
Let us assume that X € §2; satisfies (3.33) and x € £2;. Since £2; is convex, it

follows that d = x — X is a feasible direction of £2; at X, so that, using Taylor’s
expansion and the assumptions, we have

F®) - f® = AX—b)Td + %dTAd >0,

(i1) Notice any solution X of (3.31) solves (3.32), so that by Proposition 3.6(ii) there
is y such that
AX —b+B, gy = Cum).
and y > o by the arguments based on the sensitivity of the minimum in Sect. 3.4.3.
To finish the proof, it is enough to define A as y padded with zeros.
If (3.34) holds and X + d € £2;, then AX — b = —BTX and

FE+d) — f® =Ax-b)Td+ %dTAd > -ABd=-ATBE+d)—¢c)>0. [
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Remark 3.2 Condition (3.33) can be written as a variational inequality
AT (x—%) >b(x—X), xe€ 2.

The conditions (3.34) are called the KKT conditions for inequality constraints.
The last of these conditions is called the condition of complementarity.

3.5.2 Optimality Conditions for Bound Constrained Problems

A special case of problem (3.31) is the bound constrained problem

min f(x), 2p={xeR": x> ¢}, (3.36)

Xep

where f is a quadratic function defined by (3.3) and £ € R". The optimality condi-
tions for convex bound constrained problems can be written in a more convenient
form.

Proposition 3.9 Let f be a convex quadratic function defined by (3.3) with a positive
semidefinite Hessian A. Then X € §2p solves (3.36) if and only if

AX—b>0 and (AX—b)Tx—1¢) =0. (3.37)
Proof First observe that denoting B = —1,,, ¢ = —¢, and
2;={xeR": Bx<g¢},

the bound constrained problem (3.36) becomes the standard inequality constrained
problem (3.31) with £2; = §2p. Using Proposition 3.11, it follows that X € §25 is the
solution of (3.36) if and only if there is A € R” such that

L>0, AXx—b—-IA=0, and A" (X—¢) =0. (3.38)

We complete the proof by observing that (3.37) can be obtained from (3.38) and vice
versa by substituting A = AX — b. O

In the proof, we have shown that A = V f(X) is a vector of Lagrange multipliers
for the constraints —x < —#, or, equivalently, for x > £. Notice that the conditions
(3.37) require that none of the vectors s; is a feasible decrease direction of 25 at
X, where s; denotes a vector of the standard basis of R” formed by the columns of
l,,i € (X).
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3.5.3 Optimality Conditions for More General Constraints

If the constraints 4; that define (3.31) are nonlinear, it can happen that their first-
order representation by means of the gradients VA; is not adequate. The reason is
illustrated in Fig.3.7, where the linear cone Z¢, (X) of §2; at X on the boundary of
§2; defined by

Lo X) ={deR":d"VhX) <0, i € 7 (X))

comprises the whole line, while the tangent cone T, (X) of £2; at X on the boundary
of £2; defined by

To,X)={deR": d=limd, X+od €2, lime, =0, a; > 0}

11— 00

comprises only one point. To avoid such pathological situations, we shall assume that
Za,X) = g, (X). This is also called the Abadie constraint qualification (ACQ) [5].
Notice that linear constraints satisfy ACQ. The ACQ assumption reduces the analysis
of the conditions of minima to the linear case, so that we can formulate the following
proposition.

Vi(x)

—211 (%)

Fig. 3.7 Example of £2; = {X}, Lo, X) # J2,(X)

Proposition 3.10 Let the inequality constrained problem (3.31) be defined by an
SPS or SPD matrix A € R"*" and convex differentiable functions h; and let §2;
satisfies ACQ. ThenX € §2; is a solution of (3.31) if and only if there is A € R™ such
that

x>0, AX—b+Vh®X=o0, and X hX® =0. (3.39)
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Proof First notice that due to the definition of tangential cone, X solves (3.31) if and
only if
f&X) =_min_ f(x).
X+ T, (X)

Since we assume Jg, (X) = L, (X), the letter problem has the same solution as

min _ f(x).

X+ Lo, (X)

Using Proposition 3.8, we get that X € £2; solves (3.31) if and only if X satisfies
(3.39). (]

3.5.4 Existence and Uniqueness

In our discussion of the existence and uniqueness results for the inequality constrained
QP problem (3.31), we restrict our attention to the following results that are useful
in our applications.

Proposition 3.11 Letthe inequality constrained problem (3.31) be defined by convex
functions h; and f. Let € denote the cone of recession directions of the nonempty
feasible set $2;. Then the following statements hold:

(i) If problem (3.31) has a solution, then

d’b<0 for de % nKerA. (3.40)
(ii) If the constraints are linear, then (3.40) is sufficient for the existence of minima.
(iii) If the constraints are linear and (X, L) and (Y, ) are KKT couples for (3.31),
then

X —y € KerA N Span{b}* and A — & € KerB”. (3.41)

(iv) If A is positive definite, then the inequality constrained minimization problem
(3.31) has a unique solution.

Proof (i) Let X be a global solution of the inequality constrained minimization prob-
lem (3.31), and recall that

2
fE+ad) — f(X) =a(AX—b) d+ %dTAd (3.42)
for any d € R" and o € R. Taking d € € N KerA, (3.42) reduces to

f&E+ad) — f(X) = —ab’d,

which is nonnegative for any & > 0 if and only if b”d < 0.
(ii) See Dostdl [7].
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(iii) The first inclusion of (3.41) holds by Proposition 3.3(ii) for the solutions of any
convex problem. The inclusion for multipliers follows by the KKT condition (3.34).
(iv) If A is SPD, then f is strictly convex by Proposition 3.2, so by Proposition 3.4
there is a unique minimizer of f subject to X € £2;. (]

3.6 Equality and Inequality Constrained Problems

In the previous sections, we have obtained the results concerning optimization prob-
lems with either equality or inequality constraints. Here we extend these results to the
optimization problems with both equality and inequality constraints. More formally,
we look for

min f(x), 2;p={xeR": [hX®]s =0, [hX)]s =05}, (3.43)

XER

where f is a quadratic function with the SPS Hessian A € R"*" and the linear
term defined by b € R", .#, & are the disjunct sets of indices which decompose
{1, ..., m}, and the equality and inequality constraints are defined respectively by lin-
ear and continuously differentiable convex functions [h(x)]; = h;(x),i =1, ..., m.
We assume that V4, (x) # o when /;(x) = 0 and that £2; # (. We are especially
interested in linear equality constraints and the inequality constraints defined either
by linear forms or by strictly convex separable quadratic functions.
If we describe the conditions that define £2; ¢ in components, we get

QE={xeR": hi(x)<0,ief, blx=c, icé&}

which makes sense even for .# = @ or & = (J; we consider the conditions which
concern the empty set as always satisfied. For example, & = ¢ gives

Q[EZ{XERnZ h,‘(X) SO, i Ej},
and the kernel of an “empty” matrix is defined by
KerBg, = {x e R": b/x =0, i € &} = R".

If all constraints are linear, then £2; is defined by B € R™*" and ¢ € R™,

T
B = b] = BI = €1
bT BE ) ck )

and we get a QP variant of (3.43)

min f(x), 2;r={xeR": Bjx<¢;, Bex=cg}. (3.44)

XERE
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3.6.1 Optimality Conditions

First observe that any equality constraint biT X = ¢;, I € & canbereplaced by the cou-
ple of inequalities b! x < ¢; and —b! x < —¢;. We can thus use our results obtained
by the analysis of the inequality constrained problems in Sect.3.5 to get similar
results for general bound and equality constrained QP problem (3.43).

Proposition 3.12 Let the quadratic function f be defined by the SPS matrix A and
b € R". Let 2,5 # () be defined by

he(x) = Bpx — ¢

and convex differential functions h;, i € 7. Then the following statements hold:
(i) X € 21 is a solution of (3.43) if and only if

VX =(AX—-b)ld=>0 (3.45)

for any feasible direction d of 2, at X.
(ii) If 21 g is defined by linear c_onstraints (3.44), thenX € §2;g is a solution of (3.43)
if and only if there is a vector A € R" such that

*s>0 AX—b+B’A=0, and X ,[BX—c]l, =0. (3.46)

(iti) If 21 is a feasible set for the problem (3.43) and the constraints satisfy ACQ,
then X € §2;g is a solution of (3.43) if and only if there is a vector A € R™ such that

*s >0, AX—b+Vh®Xi=o0, and A, hs (X =0. (3.47)

Proof Firstobserve thatif & = J, then the statements of the above proposition reduce
to Propositions 3.8 and 3.10, and if .# = ¢}, then they reduce to Proposition 3.6. Thus
we can assume in the rest of the proof that .# # ¢ and & # @.

As mentioned above, (3.43) may be rewritten also as

mgl fx), 2;={xecR": [Bx]lys <cy, [Bxlse <cg, —[Bxlse < —cs},
xR
(3.48)

where §2; = £2;. Thus the statement (i) is a special case of Proposition 3.8. Observ-
ing that we can always ignore one of the inequality constraints related tho the
same equality constraint, we get easily (ii) and (iii) from Propositions 3.8 and 3.10,
respectively. (I

Remark 3.3 Condition (3.45) can be written as a variational inequality

AX)Tx—%X)>b'(x—X), x€ 2/z.
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3.7 Duality for Quadratic Programming Problems

The duality associates each problem (3.43), which we shall also call primal problem,
with a maximization problem in Lagrange multipliers that we shall call the dual
problem. The solution of the dual problem is a Lagrange multiplier of the solution of
the primal problem, so that having the solution of the dual problem, we can get the
solution of the primal problem by solving an unconstrained problem. Here we limit
our attention to the QP problems (3.44), postponing the discussion of more general
cases to specific applications.
The cost function of the dual problem is the dual function

O() = inf Lo(x. ). (3.49)

If A is SPD, then L is a quadratic function with the SPD Hessian and ©® is a
quadratic function in A which can be defined by an explicit formula. However, in our
applications, it often happens that A is only SPS, so the cost function f need not be
bounded from below and —oo can be in the range of the dual function ®@. We resolve
this problem by keeping ® quadratic at the cost of introducing equality constraints.

Proposition 3.13 Let matrices A, B, vectorsb, ¢, and index sets .7 , & be those of the
definition of problem (3.44) with A positive semidefinite and ;¢ # 0. LetR € R"*¢
be a full rank matrix such that

ImR = KerA,

let AT denote an SPS generalized inverse of A, and let
1 1
OM) = —EATBA+BTX +AT(BATb —¢) — EbTA+b. (3.50)

Then the following statements hold.: _
(i) If (X, A) is a KKT pair for (3.44), then A is a solution of

max @A), Rpr={ALeR": 1y >0, RIB"A =R"b}. (3.51)

reQpx
Moreover, there is @ € R? such that (\, @) is a KKT pair for problem (3.51) and
x=A*(b—-B"}) + Ra. (3.52)
(ii) If (A, @) is a KKT pair for problem (3.51), then X defined by (3.52) is a solution
of the equality and inequality constrained problem (3.44).

(iii) If (X, N isa KKT pair for problem (3.44), then

fX) =0Q0). (3.53)
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Proof (i) Assume that (X, ) isaKKT pair for (3.44), so that (X, A)is by Proposition
3.12 a solution of

As >0, (3.54)

ViLo(x,A) = Ax —b+B’A =0, (3.55)
[VaLo(x,M)]» = [Bx—¢], <o, (3.56)
[VaLo(x, V)]s = [Bx —¢], =, (3.57)
AL[Bx—cly =0. (3.58)

Notice that given a vector A € R™, we can express the condition
b — B\ € ImA,
which guarantees solvability of (3.55) with respect to x, conveniently as
RT(B"A —b) = o. (3.59)

If the latter condition is satisfied, then we can use any symmetric left generalized
inverse A* to find all solutions of (3.55) with respect to x in the form

x(A, @) = At(b—B"A) + R, o € R,

where d is the dimension of KerA. After substituting for x into (3.56)—(3.58), we get

[ -BA*B"A + (BA*b — ¢) + BRa]» <o, (3.60)
[ —-BA*BTA + (BA*b — ¢) + BRa]s = o, (3.61)
AL, [ -BATB"A + (BA™b —¢) + BRa] s = 0. (3.62)

The formulae in (3.60)—(3.62) look like something that we have already seen.
Indeed, introducing the vector of Lagrange multipliers e for (3.59) and denoting

AL, @) = OA) +a” (R"B"A — R™b)
= —%ATBAJFBTX +AT(BATb —¢) — %bTAer
+a’ (RTB"A — R™b),
g=ViA(\, o) = —BATBTA + (BA™b — ¢) + BRa,
we can rewrite the relations (3.60)—(3.62) as

gs<0, ge=o0, and A, g, =0. (3.63)
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Comparing (3.63) with the KKT conditions for the bound and equality constrained
problem, we conclude that (3.63) are the KKT conditions for

max @ (L) subjectto R'B’A —R’b=0 and A, > o. (3.64)

We have thus proved that if (X, ) solves (3.54)—(3.58), then A is a feasible vector
for problem (3.64) which satisfies the related KKT conditions. Recalling that A% is
by the assumption symmetric positive semidefinite, so that BA*BT is also positive
semidefinite, we conclude that A solves (3.51). Moreover, we have shown that any
solution X can be obtained in the form (3.52) with a KKT pair (X, @), where « is a
vector of the Lagrange multipliers for the equality constraints in (3.51).

(ii) Let (A, &) be a KKT pair for problem (3.51), so that (X, @) satisfies (3.59)—(3.62)
and A > o. If we denote

x=A"(b-B"}) +Ra,
we can use (3.60)—(3.62) to verify directly that X is feasible and (X, 1) satisfies the
complementarity conditions, respectively. Finally, using (3.59), we get that there is
y € R” such that B
b —B"x = Ay.
Thus

AX —b+B"x = A(A*(b —B"X) + Ra) —b+B’1
=AATAy —b+B'A=b—-B'A—-b+B'L =0,
which proves that (X, 1) is a KKT pair for (3.44).

(iii) Let (X, 1) be a KKT pair for (3.44). Using the feasibility condition (3.57) and
the complementarity condition (3.58), we get

X (BX—¢) =1 [BX—cls +1,[BX—cly =0.

Hence ,
fX) = fX)+A1 (BX—c¢) = Lo(X, L).

Next recall that if (X, ) is a KKT pair, then
ViLo(X, 1) = o.

Since L is convex, the latter is the gradient condition for the unconstrained minimizer
of L with respect to Xx; therefore

Lo(X, 1) = min Lo(X, 2 =0Q0).
xeR”



3.7 Duality for Quadratic Programming Problems 55

Thus B -
SX) = Lo(X, ) = OR).

O

Since the constant term is not essential in our applications and we formulate our
algorithms for minimization problems, we shall consider the function

1 1
o) = —OOK) — 5bTA+b = ExTBA+BTx —AT(BA™H —¢), (3.65)

so that
in O(A) = OW0).
e min 60) = are mgx ©G)

3.7.1 Uniqueness of a KKT Pair

We shall complete our exposition of duality by formulating the results concerning
the uniqueness of the solution for the constrained dual problem

min O(A), Rzr={AeR": Ay >0, RTB’A =R"b}, (3.66)

€2

where 0 is defined by (3.65).

Proposition 3.14 Let the matrices A, B, the vectors b, ¢, and the index sets ¥, &
be those from the definition of problem (3.44) with A positive semidefinite, Qg # 0,
and Q2pg # 0. Let R € R4 pe a full rank matrix such that

ImR = KerA.

Then the following statements hold:

(i) If BT and BR are full column rank matrices, then there is a unique solution x of
problem (3.66).

(ii) If Nisa unique solution of the constrained dual problem (3.66),

o ={i: [A]; >0}UZ&,
and B WiR is a full column rank matrix, then there is a unique triple X, X, a) such
that (X, L) solves &e primal problem (3.44) and (A, @) solves the constrained dual
problem (3.66). If A is known, then
a@=(R"B’,,B.,.R'R"B.,, (B.,A*B"X — BsuA*b—c.))  (3.67)

and

X =A"(®b-B’}) + Ra. (3.68)
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(iii) If BT and Bgs.R are full column rank matrices, then there is a unique triple
(X, A, @) such that (X, l) solves the primal problem (3.44) and (A o) solves the
constrained dual problem (3.60).

Proof (i) Let BT and BR be full column rank matrices. To show that there is a
unique solution of (3.66), we examine the Hessian BATB” of . Let RTB"A = o
and BATB” A = o. Using the definition of R, it follows that B” A € ImA. Hence there
is u € R" such that

By =An

and
w'Ap = u"AATApL = ATBATBTA = 0.

Thus p € KerA and
B'A=Aun =o.

Since we assume that B” has independent columns, we conclude that A = 0. We
have thus proved that the restriction of BATB” to Ker(R” B”) is positive definite, so
that 9|KerR” BT is by Proposition 3.4 strictly convex, and it is easy to check that it
is strictly convex on

={LeR": RTB"A =R"b).

Since 2pr # ¥ and 2z C %, we have that 6 is stricth/ convex on $2gg, and it
follows by Proposition 3.3 that there is a unique solution A of (3.66).

(ii) Let X be a unique solution of problem (3.66). Since the solution satisfies the
related KKT conditions, it follows that there is & such that

B ATB’A — (B/,Atb — ¢.y) — B/.R& = o.

After multiplying on the left by RTB;* and simple manipulations, we get (3.67).
The inverse exists and the solution & is unique due to the uniqueness of X and the
assumption on the full column rank of B ,R.

(iii) If BT and B, R are full column rank matrices, then BR is also a full column rank
matrix. Hence, there is a unique solution X of problem (3.66) by (i). Since & C &7
and Bg,R has independent columns, it follows that B/ ,R has also independent
columns. Thus we can use (ii) to finish the proof. U

The reconstruction formula (3.67) can be modified in order to work whenever the
dual problem has a solution A. The resulting formula obtained by the analysis of the
related KKT conditions then reads

o= (R"B!,,B,.R)"R"B.,, (BoxA"B'A — (ByiATb —cy)) . (3.69)
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The duality theory can be illustrated on a problem to find the displacement x of
an elastic body under traction b. After the finite element discretization, we get a
convex QP problem. We assume that the body is fixed on a part of the boundary in
normal direction, so that the vector of nodal displacements satisfies Bg.X = cg as
in Fig.3.9. Moreover, the body may not be allowed to penetrate an obstacle, so that

B.s.x < ¢ asin Fig.3.8.
/b b

Py

s 3 s A S

Fig. 3.8 Unique displacement Fig. 3.9 Nonunique displacement

The displacement X of the body in equilibrium is a minimizer of the convex energy
function f. The Hessian A of f is positive semidefinite if the constraints admit
rigid body motions. The Lagrange multipliers solve the dual problem. The condition
R”b = R”B”2 requires that the resulting forces are balanced in the directions of
the rigid body motions and x s = o guarantees that the body is not glued to the
obstacle. If the reaction forces B X determine the components of X, then A is uniquely
determined by the conditions of equilibrium. Notice that BT is always uniquely
determined by the conditions of equilibrium. If no rigid body motion is possible
due to the active constraints B/, x = ¢, as in Fig. 3.8, then the displacement x is
uniquely determined. If this is not the case, then the displacement is determined up to
some rigid body motion as in Fig.3.9.
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Chapter 4
Analysis

In this chapter, we first give a brief presentation of basic Sobolev spaces on Lipschitz
domains and their boundaries; for more general results we refer to the books by
Adams and Fournier [1], or McLean [2]. Then we review some ideas concerning
semi-elliptic variational inequalities that provide an abstract framework for the for-
mulation of contact problems. More information on variational inequalities can be
found, e.g., in Lions and Stampacchia [3], Glowinski [4], and Glowinski, Lions, and
Trémolier [5].

4.1 Sobolev Spaces

Let 2 Cc R?, d = 2, 3, denote a nonempty bounded Lipschitz domain with a bound-
ary I". The space of all real functions that are Lebesgue measurable and quadratically
integrable in £2 is denoted as L?(£2). We do not distinguish functions which differ
on a set of zero measure. In L?(£2) we define the scalar product

(u,v) = (U, V)22 =/ uvds2 4.1)
2

and the norm
12
lull = llull 20y = (u, u)'/2.

The space L?(£2) with scalar product (4.1) is a Hilbert space. Note that there holds
Holder’s inequality

/ luv|d2 < |lull||v] forallu,v e L*(£2).
2

By C>(£2) we denote the space of all real functions with continuous derivatives
of all orders with respect to all variables in £2 that are continuously extendable to its
closure 2.

© Springer Science+Business Media LLC 2016 59
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Let us define the Sobolev space
1 2 ou 2 .
H (2)=juelL(2): a—eL (2)fori=1,...,d¢,
Xi

where the derivatives are considered in the weak sense. Note that H'(§2) can be
equivalently defined as the completion of

(€@, 1 lla) »

where
2 2 1/
iy = (1120, + 3 )

with
2 2
2y = IVull.

It holds that H'(£2) is a Hilbert space with respect to the scalar product

(u, V)HI(_Q) = (M, V)LZ(Q) -+ (VM, VV)LZ(Q). (42)

For a subset [y of I with meas Iy > 0, we define the Sobolev space HO1 (2, I'y)
as the completion of

(€@, o), - i) »

where C§° (2, I'y) contains all functions from C*(£2) vanishing on I';. Note that
HO1 (82, I'y) is a Hilbert space with respect to the scalar product (4.2). In addition,
due to the Friedrichs theorem, the functional | - | 51y represents on HO1 (82, I'y) an
equivalent norm to || - || g1(). The following theorem defines the trace operator.

Theorem 4.1 (Trace Theorem) There is a unique linear continuous mapping
Yo : H'(2) — L*(I) (4.3)

satisfying o
you = u| " forallu € C*($2).

The function you € L*(I') is called the trace of u € H'(£2).

Proof See, e.g., McLean [2]. O
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Note that it can be shown that

H) (2, Ty) ={ue H(2): you=0o0n Iy}

4.2 Trace Spaces
Let us denote the trace space of H'(£2) by H'/>(I), i.e.,
H'2(I) = yw(H'(2)).

In H'2(I") we introduce the Sobolev—Slobodeckij scalar product

V) eay = W, V)2 +// (@) _”(y))(v(’;) YO grar, @4)
rJr lx — ¥l

and the corresponding norm

2 2 1/2
ey = (W1 + WBagn)

where

W(x) — v(y))?
Ve =/ — " dI dI}.
rJr o llx—=yl

Recall that H'/?(I") is a Hilbert space with respect to the scalar product (4.4), that
there is ¢; > 0O such that

1
lvoull iy < cillullgiey forallu € H (£2),

and that there exists ¢, > 0 and an extension operator & : H'/?2(I") — H'(£2) such
that ypeu = u and

leull @) < callullmrgy forallu e HY2(I).

The dual space to H'/?(I") with respect to the L>(I") scalar product is denoted
by H~'/2(I') and the norm in H~'/2(I") is given by

[ {w, v) |
Wl g-12ry = sup _—
over 2y Va2

where (w, v) = w(v) denotes the duality pairing. Notice that w is a bounded func-
tional on L%-, so that by the Riesz theorem there is w € L%(I") such that

w(u) = (W, u)r2ry.
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A key tool in the development of the boundary element method is the following
Green formula. We shall formulate it for the functions from the space

HA\(2)={ve H'(2): Ave L*(2)}.
Theorem 4.2 (Green’s Theorem) Letu € HA(2) andv € H'(£2).

Then
(Vu, Vv) o) + (Au, v) 20y = (Y1, Yov) 4.5)

where yy : HA($2) — H~'2(I") is the interior conormal derivative defined by

. 0
yiu(x) = legr_l)x on uly), xel. (4.6)

Proof See, e.g., McLean [2]. O

4.3 Variational Inequalities

Let us review some basic ideas concerning semi-elliptic variational inequalities. Let
V denote areal Hilbert space with a scalar product (-, -)y and the induced norm ||-||y,
let | - |y be a seminorm on V, let Z C V be a closed, convex, and nonempty set, let
f be a bounded linear functional on V,i.e., f € V', and let a be a bilinear form on
V.

Definition 4.1 A bilinear forma : V x V — R is said to be

e bounded on ¢ if there is an M > 0 such that
la(u,v)| < M |lully |Ivlly forallu,ve &,
e symmetric on & if
a(u,v) =alv,u) forallu,ve 7,
e elliptic on % if there is an « > 0 such that
a(u,u) > oz||u||%, forallu € ¢,
e semi-elliptic on J¢ if there is an @ > 0 such that

a(u,u) > a|u|%, forallu € ¢ .
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Definition 4.2 A functional f : V — R is said to be

e coercive on X if

vex

Ivlly — oo

]:> f(v) = oo,

e convex on . if forallu,v € # andallt € (0, 1)

fGu+ A=) <t fw)y+A-1) fO).

Theorem 4.3 If a functional f : V — R is continuous, coercive, and convex on
., then there exists a solution of the minimization problem to find u € % such that

fw) =min{f(): veZ}.
Proof Let #g be a closed, origin-centered ball of radius R > 0, i.e.,
Br={veV:|vllyv <R}
Then the coercivity of f on % yields the existence of a large enough R > 0 such
that
g=inf{f(v):veX}=inf{f(v): ve X NABg}
Let us consider a sequence {u,} C % N Ag such that
fu,) = q.
Since {u,} is bounded, there is a subsequence {u,, } of {u,} and u € V satisfying
Up, = U.
Let us recall that every closed convex set is weakly closed, i.e., u € ¢, and since

every continuous convex functional is weakly lower semi-continuous on a closed
convex set, we get

f@) <liminf f(u,)=1m f(u,,) =q < f(u).
O

We are concerned with the following variational inequality: find u € ¢ such that

a(u,v—u) > f(v—u) forallve . 7. 4.7



64 4 Analysis

Note that if JZ is a subspace of V, then (4.7) is equivalent to the variational
equation to find u € J# such that

a(u,v) = f(v) forallv e 7.

Theorem 4.4 (Generalization of the Lax—Milgram Theorem) If a is bounded and
elliptic on V, then there exists a unique solution u € & of problem (4.7).

Proof The proof can be found, e.g., in Glowinski [4], Stampacchia [6], and Glowin-
ski, Lions, and Tremoliere [5]. Let us prove the uniqueness of the solution. Assume
that both u; and u, solve the variational inequality (4.7), so that for all v € JZ" we
have

a(y,v—u)) > fv—uy) and a(uz,v—uz) > f(v—uy).

Substituting u, and u; for v in the first and second inequality, respectively, and
summing up the inequalities, we get

a(uy —uz, u; —uz) < 0.
Since a is elliptic on V, there is an & > 0 such that
2
a(uy —up, uy — uz) > oflu; — uslly,.

Thus we get u; = u,. O

Let us define the energy functional g : V — R by

1
q) =5 a@v, v) = f). (4.8)

Proposition 4.1 [fa is symmetric and semi-elliptic on 'V, then the energy functional
q defined by (4.8) is convex on V.

Proof Let us show that forall u, v € V and allt € (0, 1)
qu+ A —0v) <rq)+ A —-0g).
Since f is linear on V, it is enough to prove that v — a(v, v) is convex on V. Let

u,veVandt e (0, 1) be arbitrary. From the semi-ellipticity and symmetry of a
on V we obtain

O0<a(wu—v,u—v)y=a(, u)—2a(u, v) +av, v). 4.9)
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Then, by (4.9), we get

attu+ {1 =ty tu+ (1 —t)yv) =
=12a(u, u) +2t(1 —au, v) + (1 —)%a, v)
<t2a(u, )+t =t [al, u) +a@, v+ 1 —1)2al, v)
=tal, u)+ {1 —-t)al, v),

which completes the proof. (]

Theorem 4.5 Ifa is bounded, symmetric, and semi-elliptic on V, then problem (4.7)
is equivalent to the minimization problem to find u € J¢ such that

qu) =min{g(v): ve x}. (4.10)

Proof Suppose u € J# is a solution of (4.7). Let us pick any v € # and put
z=v—u € V.Then

a(u,z) = f(z)

and due to the symmetry and semi-ellipticity of @ on V

q(v):q(z+u):%a(z+u,z+u)—f(z+u)

1 1
Ea(z’ 2)+au,z)+ Ea(u, u) — f(2)— fw

1
=qu) + Ea(z, 2)+ (a(u, z) — f(2))
> q(u).

Conversely, assume that u € % minimizes the energy functional ¢ on .%". If we
pick an arbitrary v € 7', then

o) =q((1 —tHu+1tv) > qu) =¢(0) forallt e [0, 1].
Now let us take a closer look at the function ¢. The symmetry of a on V yields
1 2 1,
¢t = A =D%alu)+ (1 -ntaw,v)+ 5%, v) = A =) f@) - 1)
forall ¢+ € [0, 1], and therefore

¢L.(0) = —a(u, u) +au,v) + f) — fO) =a@,v—u) — f(v—u).

Since ¢/, (0) > 0, the proof is finished. O
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Remark 4.1 Let us sketch the proof of Theorem 4.4 using an additional assumption
of the symmetry of @ on V. Due to Theorem4.5, to prove the solvability, it is enough
to show that the energy functional ¢ defined by (4.8) gets its minimum on ¢
By Proposition4.1 we know that g is convex on V. Continuity of both @ and f on V
implies continuity of ¢ on V and, moreover, it can be easily shown that particularly
due to elipticity of a on V the energy functional g is coercive on V. Thus, by
Theorem4.3, we get that problem (4.10) is solvable.

Remark 4.2 If the assumptions of Proposition4.1 are satisfied, g is convex on V.
If, moreover, a is continuous on V, so is g. Thus if we want to use Theorem4.3 in
order to obtain the solvability of minimization problem (4.10) (and the solvability
of variational inequality (4.7)), it is enough to prove coercivity of g on % .
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Chapter 5
Conjugate Gradients

We begin our development of scalable algorithms for contact problems by the
description of the conjugate gradient method for solving

min f(x), (3.1

xeR”

where f(x) = %XTAX —xTb, b is a given column n-vector, and A is an n x n SPD
matrix. We are interested especially in the problems with n large and A sparse and
reasonably conditioned.

As we have already seen in Sect.3.2.2, problem (5.1) is equivalent to the solu-
tion of a system of linear equations Ax = b, but our main goal here is the solution
of auxiliary minimization problems generated by the algorithms for solving con-
strained QP problems arising from the discretization of contact problems. Here, we
view the conjugate gradient (CG) method as an iferative method, which generates
improving approximations to the solution of (5.1) at each step. The cost of one step
of the CG method is dominated by the cost of the multiplication of a vector by the
matrix A, which is proportional to the number of nonzero entries of A or its sparse
representation. The memory requirements are typically dominated by the cost of the
storage of A. In our applications, the matrices come in the form of a product of sparse
matrices so that the cost of matrix—vector multiplications and storage requirements
increases proportionally to the number of unknown variables.

The rate of convergence of the CG method depends on the distribution of the
spectrum of A and can be improved by a problem- dependent preconditioning. For
the development of scalable algorithms for contact problems, it is important that
there are well-established standard preconditioners for the solution of the problems
arising from the application of domain decomposition methods to the problems of
elasticity that can reduce the conditioning of the Hessian matrix of the discretized
elastic energy function.

© Springer Science+Business Media LLC 2016 69
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5.1 First Observations

The conjugate gradient method is based on simple observations. Let us start with
examining the first one, namely, that it is possible to reduce the solution of (5.1) to
the solution of a sequence of one-dimensional problems.

Let A € R"*" be an SPD matrix and let us assume that there are nonzero n-vectors
p',...,p" such that

@, p)a= @) Ap/ =0 for i # /.

We call such vectors A-conjugate or briefly conjugate. Specializing the arguments
of Sect.2.6, we get that pl, ..., p" are independent. Thus pl, ..., p" form the basis
of R” and any x € R” can be written in the form

Xx=&p' +---+&p".

Substituting into f and using the conjugacy results in

fox) = (%Ef(p‘)TApl - slep‘) +ot (%s,f(p")TAp” - sanp")
= fEP) +-+ fEP,
Thus
f®) = min £(x) = min f(EpY) + -+ min £(Ep").

We have thus managed to decompose the original problem (5.1) into n one-
dimensional problems. Since

A tep))| &) Ap' —b'p' =0,
dé &

the solution X of (5.1) is given by
X=6p' +- &P &=bP /@) AP i=1....n. (52

The second observation concerns effective generation of a conjugate basis. Let
us recall how to generate conjugate directions with the Gram—Schmidt procedure.

Assuming that pl, e, pk are nonzero conjugate directions, 1 < k < n, let us
examine how to use h* ¢ Span{p', ..., p*} to generate a new member p**! in the
form

P =h* + Bup' + -+ Bup”. (5.3)
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k41

Since p**! should be conjugate to p', .. ., p¥, we get

0= (p") Ap“™ = (") An* + B () Ap' + - - - + Bu(p) Ap*
= (p) AN + B (p) AP, i=1,..., k.

Thus R
(p')" Ah
Bu=—2 Tk (5.4)
(PHTAp
Obviously
Span{p', ..., p*"'} = Span{p', ..., p*, h*}.
Therefore, given any independent vectors h°, ... h*~' we can start from

p' = h° and use (5.3) and (5.4) to construct a set of mutually A-conjugate directions
p', ..., p" such that

Span{h’, ..., h""!'} = Span{p',...,p}, i=1,... k.

For h°, ... h*! arbitrary, the construction is increasingly expensive as it
requires both the storage for the vectors p', . .., p* and heavy calculations including
evaluation of k(k + 1)/2 scalar products. However, it turns out that we can adapt
the procedure so that it generates very efficiently the conjugate basis of the Krylov
spaces

H* = A, g% = Span{g’, Ag®, ..., A* g% k=1,...,n,

with g = Ax” — b defined by a suitable initial vector x’ and .#° = {o}. The
powerful method is again based on a few simple observations.

First assume that p', ..., p’ form a conjugate basis of #7,i = 1,...,k, and
observe that if x* denotes the minimizer of f on x” 4 #%, then by Proposition 3.6(i)
the gradient g¢ = V f(x*) is orthogonal to the Krylov space ¢ ¥, that is,

€)"x =0 forany x € #*.

In particular, if g¢ # o, then
g ¢ k.

Since g¢ € # %!, we can use (5.3) with h* = g to expand any conjugate basis of
¥ to the conjugate basis of .#**+!. Obviously

HEA, g% = Span{g’, ..., g ).
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Next observe that for any x € #* ! and k > 1
Ax e x*,
or briefly Az *=1 € #* Sincep’ € #" € ¥ i =1,...,k— 1, we have
(Ap)Tgt = () Ag =0, i=1,...,k—1.

It follows that

T Agh
fu=-PVAE o i k-
()" Ap’
Summing up, if we have a set of such conjugate vectors p', ..., p* that

Span{pl,...,pi}zfi, i=1,...k,

then the formula (5.3) applied to p', ..., p* and h* = g* simplifies to
P =g + Bupt (5.5)
with T Agk
(") Ag
Bk = B = )T AP (5.6)

Finally, observe that the orthogonality of g* to Span{p', ..., p*} and (5.5) imply
that

P = lgkll. (5.7)

In particular, if g*=! # o, then p* # o, so the formula (5.6) is well defined provided
k—1
g Fo

5.2 Conjugate Gradient Method

In the previous two sections, we have found that the conjugate directions can be
used to reduce the minimization of any convex quadratic function to the solution
of a sequence of one-dimensional problems, and that the conjugate directions can
be generated very efficiently. The famous conjugate gradient (CG) method just puts
these two observations together.
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The algorithm starts from an initial guess x°, g = Ax® — b, and p' = g°. If
x¥~1 and g~ ! are given, k > 1, it first checks if x*~! is the solution. If not, then the
algorithm generates

xt = x*1 — oy p* with o = (g p*/(p")T AP (5.8)
and

g =Ax" —b=A(x"—p")—b=(Ax""'—b) — aAp*

_ g Ak, (5.9)
Finally the new conjugate direction p’“rl is generated by (5.5) and (5.6).

The decision if x*~! is an acceptable solution is typically based on the value of
lg“=1], so the norm of the gradient must be evaluated at each step. It turns out that
the norm can also be used to replace the scalar products involving the gradient in the
definition of o and B. To find the formulae, let us replace & in (5.5) by k — 1 and

multiply the resulting identity by (g“~!)7. Using the orthogonality, we get
@ DT = 11g" 1P+ B @D = g IR, (5.10)
so by (5.8) i
o = %. (5.11)

To find an alternative formula for B, notice that oy > 0 for g=' # o and that
by (5.9)

1
Apt = — (g —gh),

(623

so that

(@) AP = @) @ —gh = —-lghI?
and NT k k2 k2
@O Agt gl gl

= = TARF ~ m @AY g

(5.12)

The complete CG method is presented as Algorithm 5.1.



74 5 Conjugate Gradients

Algorithm 5.1 Conjugate gradient method (CG).

Given a symmetric positive definite matrix A € R"™" and b € R".
Step 0. {Initialization. }
Choose x° € R, setg® = Ax" — b, p! = g% k=1
Step 1. { Conjugate gradient loop. }
while [|gc=1|| > 0
o = llg" "2/ (") Apt
xk = xk=1 — g pk
g =g —mAp
B = llg"17/11g" =17 = —(ApH) "/ (") Ap¥)
Pt =gt + pupt
k=k+1
end while
Step 2. {Return the solution.}
3(\ = Xk

Each step of the CG method can be implemented with just one matrix—vector
multiplication. This multiplication by the Hessian matrix A typically dominates the
cost of the step. Only one generation of vectors x*, p*, and g* is typically stored, so
the memory requirements are modest.

Let us recall that the algorithm finds at each step the minimizer x* of f on
x0 + % = x0 4 #*(A, g°) and expands the conjugate basis of .#* to that of
%1 provided g¢ # o. Since the dimension of .#* is less than or equal to k, it
follows that for some k < n

%k — fk-‘rl.

Since g¢ € #**+! and g* is orthogonal to .#*, Algorithm 5.1 implemented in the
exact arithmetics finds the solution X of (5.1) in at most n steps. We can sum up the
most important properties of Algorithm 5.1 into the following theorem.

Theorem 5.1 Let {x*} be generated by Algorithm 5.1 to find the solution X of (5.1)
starting from x° € R". Then the algorithm is well defined and there is k < n such
that x* = X. Moreover; the following statements hold fori =1, ..., k:

(i) f(x)=min{f(x): x ex’ + 7 (A, g")}.

(ii) IIp™t' = llg|l.

(iii) (g)"g/ =0 fori # j.

(iv) (p)"Ap’ =0 fori # j.

(v) #(A,g") = Span{g’, ..., g~} = Span{p', ..., p'}.

It is usually sufficient to find x* such that ||g*|| is small. For example, given a
small ¢ > 0, we can consider gk small if

gl < elbl.
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k

Then X = x* is an approximate solution which satisfies

IAR =) <elbll, X=X < ehmn(A)",

where Ayin (A) denotes the least eigenvalue of A. It is easy to check that the approx-
imate solution X solves the perturbed problem

~ ~ 1 ~ ~
min f(x), f(x)=-x"Ax—b"x, b=b+gk

xeR" 2

What is “small” depends on the problem solved. To keep our exposition general, we
shall often not specify the test in what follows. Of course g = o is always considered

small.

5.3 Rate of Convergence

Although the CG method finds the exact solution X of (5.1) in a number of steps which
does not exceed the dimension of the problem by Theorem 5.1, it turns out that it can
often produce a sufficiently accurate approximation X of X in a much smaller number
of steps than required for exact termination. This observation suggests that the CG
method may also be considered as an iterative method. In this section we present the
results which substantiate this claim and help us to identify the favorable cases.

Let us denote the solution error as

e=eX)=x—X

and observe that
gX)=AX—b=o0.

It follows that
gh = Axf — b = Axf — Ax = AF —X) = Aef,
so in particular
HF(A, g% = Span{g®, Ag’, ..., A¥"1g% = Span{Ae’, ..., Ake%}.

We start our analysis of the solution error by using the Taylor expansion (3.4) to
obtain the identity
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fX)—f® = f&+x—-%) - f®
_ 1
f®+g® x-%) + Slx— XA — f®

1 N 1
5% = Xla = Eueni.

Combining the latter identity with Theorem 5.1, we get

e =2 (f&) - f®)= min 2(fx) — fX)

xex0+ 2k (A, g")
. ~2 . 2
= min X —X|a = min eX)|a.
xexV+ 2k (A,g") ” ”A xexO+ 2k (A,g") ” ”A
Since any x € x’ + #*(A, g°) may be written in the form

x=x"+ &g+ 5HAg + - + A" =x0 + £ A" + -+ g AR,

it follows that
x —X = e’ + & Ae’ + - - + Ak’ = p(A)e’,

where p denotes the polynomial defined for any x € R by
px) =1+&x+ 67+ + b,
Thus denoting by &7* the set of all kth degree polynomials p which satisfy p(0) = 1,

we have

k2 . 2 . 02
e = min e(X)||a = min |[p(A)e’|5. (5.13)
e = min  llelix = min Ip(Al;

We shall now derive a bound on the expression on the right-hand side of (5.13)
that depends on the spectrum of A but is independent of the initial error €. Let a
spectral decomposition of A be written as A = UDU7, where U is an orthogonal

matrix and D =diag(}q, ..., A,) is a diagonal matrix defined by the eigenvalues of
A. Since A is assumed to be positive definite, the square root of A is well defined by

Az = UD:U".
Using p(A) = Up(D)U7, it is also easy to check that
Az p(A) = p(A)A:.
Moreover, for any vector v € R”

IVIE = vT Ay = vTATALY = (Aly)TAby = [Aby|2,
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Using the latter identities (5.13), and the properties of norms, we get

. . 1 . 1
le*]I3 = min [|p(A)e’|z = min A2 p(A)e’|* = min |p(A)A2e°|?
pe Pk pe Pk pe Pk

IA

min A)2IAze)2 = min D)% |1e|3.
min PPNl I min lp(D)II7lle"[Ia

Since
PO = max. Ip(l )

we can write
e*la < min max. Ip()» )l 11€°] A (5.14)
pekie{l

.....

The estimate (5.14) reduces the analysis of convergence of the CG method to the
analysis of approximation of zero function on o (A) of A by a kth degree polynomial
with the value one at origin. For example, if o (A) is clustered around a single point &,
then the minimization by the CG should be very effective because |(1 — x/&)*] is
small near £. We shall use (5.14) to get a “global” estimate of the rate of convergence
of the CG method in terms of the condition number of A.

Theorem 5.2 Let {x} be generated by Algorithm 5.1 to find the solution X of (5.1)
starting from x° € R". Then the error

satisfies

llef]la < (5.15)

VeA -1\,
() 1

where k (A) denotes the spectral condition number of A.
Proof See, e.g., Axelsson [1] or Dostdl [2]. [l

The estimate (5.15) can be improved for some special distributions of the eigen-
values. For example, if o (A) is in a positive interval [api,, dmax ] €xcept for m isolated
eigenvalues Ap, ..., A, then we can use special polynomials p € 2%+ of the form

(-~ _r k
p()»)—(l Al)”'(l Am)q(k),qeﬁ”

to get the estimate
— k
ekt ||a < 2( — ) %], (5.16)
+1

S

S

where K = dmax /Amin-
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If the spectrum of A satisfies o (A) C [@min, @max] Y [@min + d, Gmax + d], d > 0,

then .
Vi —1
k 0
ea<2 e'|a, (5.17)
lle®l (ﬁ+1 lle”ll

where k¥ = 4dm,x /amin approximates the effective condition number of A. The proofs
of the above bounds can be found in Axelsson [3] and Axelsson and Lindskgg [4].

5.4 Preconditioned Conjugate Gradients

The analysis of the previous section shows that the rate of convergence of the CG
algorithm depends on the distribution of the eigenvalues of the Hessian A of f. In
particular, we argued that CG converges very rapidly if the eigenvalues of A are
clustered around one point, i.e., if the condition number « (A) is close to one. We
shall now show that we can reduce our minimization problem to this favorable case
if we have a symmetric positive definite matrix M such that M~!x can be easily
evaluated for any x and M approximates A in the sense that M~'A is close to the
identity.
First assume that M is available in the form

M =LLT,
so that M~!A is similar to L-'AL~7 and the latter matrix is close to the identity.
Then {
fx) = LT AL ) - ') LX)
and we can replace our original problem (5.1) by the preconditioned problem to find
min £ (y), (5.18)
yeR”
where we substituted y = L”x and set
_ 1 o~ ~ ~
fy =2y AL Dy — L)y,

The solution y of the preconditioned problem (5.18) is related to the solution X of
the original problem by _
x=L"3.
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If the CG algorithm is applied directly to the preconditioned problem (5.18) with
a given y°, then the algorithm is initialized by

Y=LU"x" g =L"AL7y~L'b=L"g" and p'=g"

the iterates are defined by

Substituting

and denoting

we obtain the preconditioned conjugate gradient algorithm (PCG) in the original
variables.

Algorithm 5.2 Preconditioned conjugate gradient method (PCG).
Given an SPD matrix A € R"™", its SPD approximation M € R"*", and b € R".

Step 0. {Initialization. }
Choose x° € R", set g0 =Ax"—b, 20 = M_lgo, pl =22 k=1
Step 1. { Conjugate gradient loop.}
while ||g¥~1|| is not small
o = (2 HTg /()T A
k

xk = xk=1 — g pt
g =g —auAp
& — Mflgk

B = ()Tt /(T gt
pcHl = 2K 4 Bpk
k=k+1
end while
Step 2. {Return a (possibly approximate) solution. }
X=x




80 5 Conjugate Gradients

Notice that the PCG algorithm does not explicitly exploit the Cholesky factoriza-
tion of the preconditioner M. The pseudoresiduals z* are typically obtained by solving
Mz' = gk. If M is a good approximation of A, then z* is close to the error vector e.
The rate of convergence of the PCG algorithm depends on the condition number of
the Hessian of the transformed function 7, i.e., on k (M~1A) = x(L~'AL~T). Thus
the efficiency of the preconditioned CG method depends critically on the choice of
a preconditioner, which should balance the cost of its application with the precon-
ditioning effect. We refer interested readers to specialized books like Axelsson [1]
or Saad [5] for more information. In our applications, we use the standard FETI
preconditioners introduced by Fahat, Mandel, and Roux [6].

5.5 Convergence in Presence of Rounding Errors

The elegant mathematical theory presented above assumes implementation of the
CG algorithm in exact arithmetic and captures well the performance of only a lim-
ited number of CG iterations in computer arithmetics. Since we use the CG method
mainly for a low-precision approximation of well-conditioned auxiliary problems,
we shall base our exposition on this theory in what follows. However, it is still useful
to be aware of possible effects of rounding errors that accompany any computer
implementation of the CG algorithm, especially for the solution of very large
problems.

It has been known since the introduction of the CG method that, when used in finite
precision arithmetic, the vectors generated by these algorithms can seriously violate
their theoretical properties. In particular, it has been observed that the evaluated
gradients can lose their orthogonality after as small a number of iterations as twenty,
and that nearly dependent conjugate directions can be generated. In spite of these
effects, it has been observed that the CG method still converges in finite precision
arithmetic, but that the convergence is delayed [7, 8].

Undesirable effects of the rounding errors can be reduced by reorthogonalization.
A simple analysis reveals that the full reorthogonalization of the gradients is costly
and requires large memory. A key to an efficient implementation of the reorthogonal-
ization is based on observation that accumulation of the rounding errors has a regular
pattern, namely, that large perturbations of the generated vectors belong to the space
generated by the eigenvectors of A which can be approximated well by the vectors
from the current Krylov space. This has led to the efficient implementation of the CG
method based on the selective orthogonalization proposed by Parlett and Scott [9].
More details and information about the effects of rounding errors and implementa-
tion of the CG method in finite arithmetic can be found in the comprehensive review
paper by Meurant and Strakos [10].
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5.6 Comments and Conclusions

Since its introduction in the early 1950s by Hestenes and Stiefel [11], alot of research
related to the development of the CG method has been carried out, so that there are
many references concerning this subject. We refer an interested reader to the text-
books and research monographs by Saad [5], van der Vorst [12], Greenbaum [13], and
Axelsson [1] for more information. A comprehensive account of development of the
CG method up to 1989 may be found in the paper by Golub and O’Leary [14]. Most
of the research is concentrated on the development and analysis of preconditioners.

Finding at each step the minimum over the subspace generated by all the previous
search directions, the CG method exploits all information gathered during the pre-
vious iterations. To use this feature in the algorithms for the solution of constrained
problems, it is important to generate long uninterrupted sequences of the CG iter-
ations. This strategy also supports exploitation of yet another unique feature of the
CG method, namely, its self-preconditioning capabilities that were described by van
der Sluis and van der Vorst [15]. The latter property can also be described in terms of
the preconditioning by the conjugate projector. Indeed, if Q; denotes the conjugate
projector onto the conjugate complement V of U = Span{py, ..., px}, then it is
possible to give the bound on the rate of convergence of the CG method starting
from x;; in terms of the spectral regular condition number ; = E(QkTAQkW)
of Q,{AQkW and observe that x; decreases with the increasing k. Recall that the
spectral regular condition number x (A) of an SPS matrix A is defined by

Al

E(A) - xmin (A) 7

where Amin (A) denotes the least nonzero eigenvalue of A.
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Chapter 6
Gradient Projection for Separable
Convex Sets

An important ingredient of our algorithms for solving QP and QCQP problems is
the Euclidean projection on the convex set defined by separable convex constraints.
To combine the gradient projection with the CG method effectively, it is necessary
to have nontrivial bounds on the decrease of f along the projected-gradient path
in terms of bounds on the spectrum of its Hessian matrix A. While such results
are standard for the solution of unconstrained quadratic programming problems
[1, 2], it seems that until recently there were no such results for inequality con-
strained problems. The standard results either provide the bounds on the contraction
of the gradient projection [3] in the Euclidean norm or guarantee only some quali-
tative properties of convergence (see, e.g., Luo and Tseng [4]). Here we present the
results concerning the decrease of f along the projected-gradient path in the extent
that is necessary for the development of scalable algorithms for contact problems.

6.1 Separable Convex Constraints and Projections

Our goal is to get insight into the effect of the projected-gradient step for the problem
to find

min £ (x), (6.1)

where f = 1x"Ax — x"b, A € R"*" denotes an SPS matrix, b, x € R",

x=[x],...x' 1", xi=[x},...,x,1, & +--+L4=n,

s g i

and
2 =021 x---x 82

denotes a closed convex set defined by separable constraints #; : R% — R,
i=1,...,s,1e.,

Q2 ={x eRY :hj(x;)) <0}, i=1,...,s.
© Springer Science+Business Media LLC 2016 83

Z. Dostal et al., Scalable Algorithms for Contact Problems, Advances
in Mechanics and Mathematics 36, DOI 10.1007/978-1-4939-6834-3_6



84 6 Gradient Projection for Separable Convex Sets
We assume that b has the same block structure as x, i.e.,
b=[bl,....b[1", b, e R,

We are especially interested in the problems defined by the separable elliptic
constraints

hi(x) = (i —y)'Hixi —yi) —di, x,.y; €R’, d; >0, H; SPD, (6.2)
that appear in the dual formulation of contact problems with Tresca friction, or the
bound constraints

hi(xj) =4£4; —x;, £, x;i €R,

arising in the dual formulation of non-penetration conditions. In what follows, we
denote by Py, the Euclidean projection to §2, so that

Pg(x) = argmin [x — y.
ye
Since the constraints that define §2 are separable, we can define P, block-wise by

Po, (x;) = arg;relg} Ix; —yll. Pox) =[Pe,(x)",..., PQS(X.Y)T]T . (6.3)

The action of Py, is especially easy to calculate for the spherical or bound con-
straints. As illustrated by Fig.6.1, the components of the projection Pg,(x) of x
onto

25p ={X€Rn x>, 0= 1,...,11}

are given by
[Po,X)]; =max{{;, x;}, i=1,...,n.

Poy(z) = (I, 1)

Fig. 6.1 Euclidean projections onto convex sets

The gradient projection is an important ingredient of the minimization algorithms.
A typical step of the gradient projection method is in Fig. 6.2.
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xf—ag

Fig. 6.2 Gradient projection step

6.2 Conjugate Gradient Step Versus Gradient Projections

Since the conjugate gradient is the best decrease direction which can be used to find
the minimizer in a current Krylov space by Theorem 5.1, probably the first idea how
to plug the projection into CG-based algorithms for (6.1) is to replace the conjugate
gradient step by the projected conjugate gradient step

Xk+l — PQ (Xk _ acgpk)-

/
1

O xk+ ap*

Fig. 6.3 Poor performance of the projected conjugate gradient step

However, if we examine Fig.6.3, which depicts the 2D situation after the first
conjugate gradient step for a bound constrained problem, we can see that though the
second conjugate gradient step finds the unconstrained minimizer x* — acgpk, it can
easily happen that

Fx5) < f(Po(x* — aph).

Figure 6.3 even suggests that it is possible that for any o > o

f(Po(x* —ap®)) > f(Po(x* —asph)).
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Though Fig. 6.3 need not capture the typical situation when a small number of com-
ponents of x* — & fpk is affected by Pg, we conclude that the nice properties of
conjugate directions are guaranteed only in the feasible region. These observations
comply with our discussion at the end of Sect.5.3.

On the other hand, since the gradient defines the direction of the steepest descent,
it is natural to assume that for a small step length the gradient perturbed by the
projection Py, defines a decrease direction as in Fig. 6.4. We shall prove a quantitative
refinement of this conjecture. In what follows, we restrict our attention to the analysis
of the fixed steplength gradient iteration

X = Po(x* — agh), (6.4)
where gt = V £ (x).
g
<k
‘.“, ®
o
XK — ot gt

Fig. 6.4 Fixed steplength gradient step

Which values of « guarantee that the iterates defined by the fixed gradient
projection step (6.4) approach the solution X in the Euclidean norm?

Proposition 6.1 Let 2 denote a closed convex set, x € 2, and g = V f(x). Then
forany o > 0
[ Po(x —ag) —XI| < nelx —XI, (6.5)

where Amin, Amax are the extreme eigenvalues of A and
ne = max{|1l — aAminl, |1 — Amaxl}. (6.6)

Proof Since X € £2 and the projected-gradient at the solution satisfies 87 = o, it
follows that

PQGK\—O[@) :5(\

Using that the projection Pg; is nonexpansive by Corollary 3.1, the definition of
gradient, the relations between the norm of a symmetric matrix and its spectrum
(2.23), and the observation that if A; are the eigenvalues of A, then 1 — aA; are the
eigenvalues of | — «A (see also (2.25)), and we get


http://dx.doi.org/10.1007/978-1-4939-6834-3_5
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[ Po(x — ag) —X|| = ||Po(x —ag) — Po(X —ag)|
< x—ag) — X —a@)l
=[x—%) —a@-9l=1x-% —cAx -]
=l —A)x =)

< max{|1 — &Aminl, [1 — @Amax[}Ix —XI|. 0

We call 5z the coefficient of Euclidean contraction. If o € (0, 2||A]|~"), then
ne < 1. Using some elementary arguments, we get that 1z is minimized by

2

opt
oy = —— (6.7)
E )\min + )"max
and
ngpt — )\max - )\min — K — 1’ = )\max ' (68)
Amax + Amin K +1 Amin

Notice that the estimate (6.5) does not guarantee any bound on the decrease of
the cost function. We study this topic in Sect. 6.5.

6.3 Quadratic Functions with Identity Hessian

Which values of o guarantee that the cost function f decreases in each iterate defined
by the fixed gradient projection step (6.4)? How much does f decrease when the
answer is positive? To answer these questions, it is useful to carry out some analysis
for a special quadratic function

1
F(x) = ExTx —c’'x, xeR", (6.9)

which is defined by a fixed ¢ € R”, ¢ = [¢;]. We shall also use
“ 1
nm=gﬁmm Fi(o) = 57 —aix, X =[], (6.10)

The Hessian and the gradient of F are expressed by

V2F(x)=1 and g=VFX)=x—c¢, g=[gil (6.11)
respectively. Thus ¢ = x — g and for any z € R”

Iz —el* = llz]* = 2"z + ||e|* = 2F (2) + |le|*.

Since by Proposition 3.5 for any z € §2


http://dx.doi.org/10.1007/978-1-4939-6834-3_3
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z—cll = [[Pa(e) —cl,
we get that for any z € 2

2F () = llz = ¢|® = llell* = | Po(e) —c|* = lle]®

(6.12)
=2F (Pa(c)) =2F (Po(x—g)).
We have thus proved that if y € £2, then, as illustrated in Fig. 6.5,
F(Po(x—g) < F(y). (6.13)

Fig. 6.5 Minimizer of F in §2

We are especially interested in the analysis of F along the projected-gradient path
p(xv Ol) = PQ (X - OZVF(X)),

where o > 0 and x € 2 is fixed. A geometric illustration of the projected-gradient
path for the feasible set of a bound constrained problem is in Fig. 6.6.

Fig. 6.6 Projected-gradient path
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6.4 Subsymmetric Sets

In the analysis of the rate of convergence in Chaps. 7 and 8, we shall use the following
generalization of a property of the half-interval (see Dostal [5]).

Definition 6.1 A closed convex set 2 C R" is subsymmetric if for any x € 2,
e€[0,1,ceR",andg=x—¢

F(Po(x— (2 —8)g)) < F(Po(x — 8g)), (6.14)

where F is defined by (6.9).

The condition which defines the subsymmetric set is illustrated in Fig.6.7.

Fig. 6.7 The condition which defines a subsymmetric set

Let us show that the half-interval is subsymmetric.

Lemma 6.1 Let ¢ € R and 25 = [£, 00). Let F and g be defined by
Fx) = %xz—cx and g=x—c.
Then for any § € [0, 1]
F(Pgo,(x — (2= 8)g)) < F(Pg,(x —8g)). (6.15)
Proof First assume that x > [ is fixed and denote
g=F@=x—c g0)=0 g =min{x—0/a g}, a#0.
For convenience, let us define
F(Po,(x —ag)) = F(x) + @(a), @(a)=—ag(a)g+ %2 (E@)*, a=>0.

Moreover, using these definitions, it can be checked directly that @ is defined by


http://dx.doi.org/10.1007/978-1-4939-6834-3_7
http://dx.doi.org/10.1007/978-1-4939-6834-3_8
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®p(a) for o€ (—00,E]N[0,00) or g <0,

Pl = [ch(a) for o €[ &,00)N[0,00) and g >0,

where £ = ocoif g=0and & = (x — £)/gif g #0,
o? 1
Pr(a) = (—a + 7) g%, and Pu(a)=—glx —0) + E(x -0

See also Fig.6.8.

0 £ 1 2 0 1 g 2

Fig. 6.8 Graphs of @ for & < 1 (left) and £ > 1 (right) when g > 0

It follows that for any o

2-a)

Pr2—-a) = (—(2—a)+ 5

)g2 = Or(a), (6.16)

and if g < 0, then
D) =Pp() =PrR—a) = P2 — ).

Let us now assume that ¢ > 0 and denote £ = (x — £)/g. Simple analysis
shows that if & € [0, 1], then @ is nonincreasing on [0, 2] End (6.15) is satisfied for
a € [0, 1]. To finish the proof of (6.15), notice that if 1 < &, then

D) = Pp(a), a€l0,1], P(@) <Pr(a), ac€ll,2],
so that we can use (6.16) to get that for « € [0, 1]

PR —a)<Pr2—a) = Pr(a) = D(a).

O

Bouchala and Vodstrcil managed to prove that also the ellipse is a subsymmetric
set [6].
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Lemma 6.2 Let 2 C R? be defined by an elliptic constraint
Q=xeR:hkx)<0}, h(x) =x—-y)'Hx—-y)—d, yeR? d>0,

where H is SPD. Then 2 is subsymmetric.

Proof Clearly, we can assume that the ellipse §2 is centered at the origin, i.e.,

2 2
_ | x 2.1 | X
Q—[X—[XZ}ERE—FEE ],

where a, b € R and a, b > 0. We prove the following three cases:

1. x4+age 2, x—age 2,
2. x+age 2, x—ag ¢ $2,
3.x+agé¢ 2, x—agé¢ s2.

Ad 1. In this case,
[ Po(x +ag) — x| = gl = [|Pe(x — ag) — x|
Ad 2. Since [bcost, a sint] is the outer normal vector of the ellipse
92 ={[acost,bsint] e R*: 1 € R}
at [a cost, bsint], we can write X + og and X — «g in the form

X+ag=s[acost1,bsint1]T, (6.17)

X —ag = [acost, bsin 61" + k[bcost, asint,]”,
where 0 < s <1, k > 0, £, 1, € R. It can be verified directly that
1P (x + ag) — x|I* — [ Po(x — ag) — x||> = abk(1 — s cos(r, —11)) = 0.
Ad 3. Now we can write

X+ ag = [acost, bsint;]" + s[bcosty,asiny]?, (6.18)
X —ag = [acosty, bsint,]7 + k[bcost,, asint],

where s, k > 0, and we can check that
| Po(x + ag) — x||* — | Po(x — ag) — X||* = ab(k — s)(1 — cos(t; — 1)).

It remains to prove that & > s. Due to the symmetry of the ellipse, we can assume
0 <, <t; < . Now we consider such 7y € (1, 7] that the line given by two points
1" 1"

X + ag = [a cos tl,bsintl]T + s[bcosty, asint; and [acosty, bsint

is a tangent to the ellipse. It is easy to calculate that
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ab(l — cos(ty — tl)) L ab(l — cos(ty — t2))
s = . . 9 Z . . b
b2 costycost) 4+ a?sintysint b?costycostr + a?sintysint,

and that the function

Iy ab(1 — cos(ty — 1))
" b2costycost 4+ a?sintysint

has a nonpositive derivative (and therefore f is nonincreasing) on the interval [#,, #,].
This implies k > s. (]

Now we are ready to prove the main result of this section.

Proposition 6.2 Let 2 C R" be defined as a direct product of ellipses and/or
halfspaces. Then $2 is subsymmetric, i.e.,

F(Po(x — (2—98)g)) < F(Po(x — 5g)). (6.19)
Proof Let Q=02 x - x 2, (6.20)
where £2; is either a half-interval or an ellipse. If s = 1, then the statement reduces

to Lemma 6.1 or Lemma 6.2.
To prove the statement for s > 1, first observe that for any y € R

[Pe(W]i = P, (y), i =1,....5s.
It follows that Py, is separable and can be defined componentwise by the real functions
Pi(y) =max{y, ¢}, i=1,...,n.

Using the separable representation of F given by (6.10), we can define a separable
representation of F in the form

s
Fo) =D F(x), i=1,...5s,
i=1

which complies with (6.20). To complete the proof, it is enough to use this represen-
tation, Lemma 6.1, and Lemma 6.2 to get

F(Po(x— (2 —8)g) = D Fi([Pa(x— 2 - 82))

i—1
= Z F;'(PQ[ xi— Q- 8)gi))
i—1

< Z Fi(Pg, (xi — 8g1))

i=I

= F(Po(x — 8g)).
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6.5 Dominating Function and Decrease of the Cost
Function

Now we are ready to give an estimate of the decrease of the cost function
1 7 T
fx) = EX Ax —b'x

along the projected-gradient path. The idea of the proof is to replace f by a suitable
quadratic function F which dominates f and has the Hessian equal to the identity
matrix.

Let us assume that £2 is convex, 0 < §||A|| < 1, and let x € £2 be arbitrary but
fixed, so that we can define a quadratic function

1 T n
Fs(y) =3f(Y)+§(y—X) (I1=8A)(y—x), yeR" (6.21)

It is defined so that

Fs(x) =6f(x), VFs5(x) =8V f(x)=4g, and Vng(y) =1 (6.22)
Moreover, for any y € R”
8f(y) < Fs(y). (6.23)
It follows that
8f (Po(x —88)) — 8f (X) < F5 (Po(x —48g)) — 8f(X) (6.24)
and
VFs(y) =8V f(y) +(=8A)(y—x)=y— (x—3dg). (6.25)

Using (6.13) and (6.22), we get that for any z € £2
Fs (Po(x —8g)) < Fs(2). (6.26)

The following lemma is due to Schoberl [7, 8].

Lemma 6.3 Let 2 be a closed convex set, let My, denote the smallest eigenvalue
of A, g=Vf(x),xe 8§c(0,|A]"] and let

X = argmin f(x)
xXef2
denote a unique solution of (8.1). Then

Fy (Po(x —68)) — 8f(X) < 8(1 — 8Amin) (f(x) — f(X)). (6.27)


http://dx.doi.org/10.1007/978-1-4939-6834-3_8
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Proof Let us denote
[X,x] = Conv{X,x} and d=X—x.

Using (6.26),
[X,x] ={x+td:te[0,1]} C £,

0 < Amind < |A[I6 < 1, and Apiy [|d]|> < d” Ad, we get
F5 (Po(x —8g)) — 8f (X) = min{Fs(y) —8f(X) : y € 2}
< min{Fs(y) —6f(X) : y € [X, x]}

=min{Fs(x+1td) —5f(x+d): ¢t €[0,1]}

12 b

= min{srd” g + E||d||2 —sdl'g— EdTAd s 1 el0,1])
1 8

< 8%Amind’ g + Eszxﬁmndnz —sdTg— EdTAd

1 8
< 8 Amind’ g + zazxmded —sd’g — szAd

1
= 8(Amin — (AT g + EdTAd)

= 0(8Amin — D (f(x+d) — f(x))
=81 = 8min) (f(X) — f(X)).

Now we are ready to formulate and prove the main result of this section.

Proposition 6.3 Let 2 be a product of ellipses and/or half-spaces, let X denote
the unique solution of (6.1), g = V f(X), X € £2, and let hy, denote the smallest
eigenvalue of A.

If @ € (0,2]|A| 7", then

f(Pe(x—ag) — fX) <n(fx) - fX), (6.28)
where
n=n(@) =1—0Anin (6.29)
is the cost function reduction coefficient and & = min{a, 2||A| ™" — a}.

Proof Let us first assume that 0 < «||A|| < 1 and let x € £2 be arbitrary but fixed,
so that we can use Lemma 6.3 with § = « to get

Fy (Po(x —ag)) —af (X) < a(l — admin) (f () — f(X)). (6.30)
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In combination with (6.24), this proves (6.28) for 0 < o < [|A]|~".
To prove the statement for o € (|| A[|~", 2||A|| =], let us first assume that | A|| = 1
andleta =2 — 6,8 € (0, 1). Then F; dominates f and

1-36
SFi(y) = 8Fi(y) + ——lly - x| = Fs(y). (6.31)
Thus, we can apply (6.23), Proposition 6.2, and the latter inequality to get

8f (Pe (x — ag)) < 8F (P (x — ag)) < 8F (Pg (x — 8g))
< F5(Pgo (x — 8g)).

Combining the latter inequalities with (6.30) for ¢ = §, we get

8f (Pe (x —ag)) = 8f () < 8(1 — 8hmin) ((f () — f(X)).

This proves the statement for « € (||A[|~',2]|A||~") and ||A|| = 1. To finish the
proof, apply the last inequality divided by § to the function ||A||~! f and recall that
f and Pg, are continuous. O

The estimate (6.28) gives the best value
N =1—k(A)!

for @ = ||A]| =" with k (A) = |A[||JA7].

6.6 Comments and References

While the contraction properties of the Euclidean projection have been known for
a long time (see, e.g., Bertsekas [3]), it seems that the first results concerning the
decrease of the cost function along the projected-gradient path are due to Schoberl
[7-9], who found the bound on the rate of convergence of the cost function in
the energy norm for the gradient projection method with the fixed steplength
a € (0, |A|""] in terms of bounds on the spectrum of the Hessian matrix A. Later
Kucera [10] observed that the arguments provided by Schoberl are valid for any
convex set.

A successful application of the projections in the energy norm with a longer
steplength to the solution of contact problems by Farhat and Lesoinne in their
FETI-DP code motivated the extension of the estimate for the bound constraints
to a € [0, 2]|A]|~!] by Dostél [5]. The latter proof used a simple property of inter-
val that was generalized to the concept of subsymmetric set. Bouchala and Vodstr¢il
in [6] and [11] extended the estimates to the spheres and ellipses by proving that they
are subsymmetric. Let us mention that it is known that there are convex sets that are
not subsymmetric [11], but no example of a convex set for which the estimates do
not hold is known.
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The estimates of the decrease of quadratic cost function along the projected-
gradient path are important for the development of effective monotonic algorithms
that combine Euclidean projections and conjugate gradients — see Chaps.7 and 8.
Let us recall that the linear rate of convergence of the cost function for the gradient
projection method was proved earlier even for more general problems by Luo and
Tseng [4], but they did not make any attempt to specify the constants.

Very good experimental results were obtained by the so-called fast gradient meth-
ods that use alonger steplength a (x¥) € (A7} )L;ﬁln) defined by various rules. Though

these methods can guarantee neither the decrease of the cost function nor a faster
rate of convergence, their potential should not be overlooked. The idea of the fast
gradient algorithms originates in the pioneering paper by Barzilai and Borwein [12].
For the algorithms and convergence results concerning bound constrained problems,
see, e.g., Birgin, Martinez, and Raydan [13, 14], Dai and Fletcher [15], and Grippo,
Lampariello, and Lucidi [16]. For the experimental results obtained by the spectral
gradient method with a fall-back, see Pospisil and Dostal [17].
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Chapter 7
MPGP for Separable QCQP

We are concerned with the special QCQP problems to find

min f(x), (7.1)

xXef2g
where f(x) = %XTAX —xb,b € R", A € R"™" is SPD,

QS:.(Z] X“'XQS, Qi Z{X,' e R™ Ih,'(X,') 50}, i Ey, y:{l,Z,...,s},

(7.2)
and h; are convex functions. We are especially interested in the problems where £2;
denotes a half-interval, i.e.,

mi=1 and hi(xi)zﬁi—xi, xi,ZieR,

or an ellipse, i.e.,
mi =2, hi(x;) = —y)"Hixi —y) —ci, xi,y; € R*, ¢ >0, H; SPD.

To include the possibility that not all components of x are constrained, we admit
h;(x;) = —1. Problem (7.1) arises in the solution of transient contact problems or in
the inner loop of TFETI-based algorithms for the solution of contact problems with
possibly orthotropic friction.

Here we are interested in efficient algorithms for solving problems with large n
and sparse and well-conditioned A. Such algorithms should be able to return an
approximate solution at the cost proportional to the dimension n and to recognize an
acceptable solution when it is found, as our goal here is also to solve the auxiliary
problems generated by the algorithms for solving more general QCQP problems.
Our choice is a variant of the active set strategy that we coined MPGP (Modified
Proportioning with Gradient Projections). The algorithm uses conjugate gradients to
solve auxiliary unconstrained problems with the precision controlled by the norm
of violation of the Karush—Kuhn—Tucker conditions. The fixed step length gradient
projections are used to change the active set.
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7.1 Projected Gradient, Reduced Gradient,
and KKT Conditions

By Proposition3.11, the solution to problem (7.1) always exists and is necessarily
unique. As 25 satisfies ACQ, the unique solution X of (7.1) is fully determined by
the KKT conditions (3.39), so that there is A € R* such that

g +VhiX)r =0, hi&)r =0, A4 >0,hX)=<0,i=1,...,s, (7.3
where we use the notation g = g(X).

To link the violation of the KKT conditions (7.3) to the solution error, we begin
with some notations. Let . denote the set of all indices of the constraints so that

S =1{1,2,...,s}.
For any x € R”, we define the active set of x by

A x)={i € S :hi(x;) =0}.

Its complement
Fx) ={i € S hi(x;) # 0}

is called a free set.
For x € £2g, we define the outer unit normal n by

IVh:(x)I7'Vhi(x;) for i€ o (x),

n; = n;(x) = o for i€ Z(x).

The components of the gradient that violate the KKT conditions (7.3) in the free set
and the active set are called a free gradient ¢ and a chopped gradient B, respectively.
They are defined by

0;(x) =gi(x) fori € #(x), ¢,;(x)=ofori € & (x) (7.4)

Bi(x) =o0 fori € 7 (x), Bi(x) =gi(x) — (niTgi)_ni fori € #(x), (7.5)
where we use the notation g; = g;(x) and

(n/ g;)~ = min{n/g;, 0}.


http://dx.doi.org/10.1007/978-1-4939-6834-3_3
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Thus the KKT conditions (7.3) are satisfied if and only if the projected gradient

g’ (%) =X +BX)

is equal to zero. Notice that g” is not a continuous function of x in 2. If h; (x;)

defines the bound constraint x; > ¢;, then n; = —1 and the projected gradient is
defined by
g =g for ied(x), g’ =g for iec Fx). (7.6)
Since

g =gX, icF®,
and for any i € <7 (x)

lgl 11> = 18:1I” = (g — (n/ g} )" (g — (n] g} my)
_\2
= |lg/|I* — ({n/ g}") =g g,

we have
leg”1I* =g"e” < lell lg”| (7.7)

and
Ig”ll < lgll. (7.8)

We need yet another simple property of the projected gradient.

Lemma 7.1 Letx,y € 25 and g = V f(x). Then
g'(y-%=@e"Hy-x. (7.9)
Proof First observe that
goy-v=g-g")v-0+eE)y-».

Using the definition of projected gradient, we get

E-g"y-0=>@-egH'y—-x)= D mg)n]@y-x)

ie? ica (x)
To finish the proof, it is enough to observe that for i € .27 (x)
n/ (yi —x) <0

due to the convexity of £2;. (I
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The following lemma can be considered as a quantitative refinement of the KKT
conditions.

Lemma 7.2 LetX be the solution of (7.1) and let g¥ (x) denote the projected gradient
atx € §2g. Then

Ix =X[z <2(f®) — f®) < llg" ®la < Amin(B) 7 g"®%  (7.10)

Proof Let 42?, Z. ,and g denote the active set, free set, and the gradient at the solution,
respectively. Observe that if i € .7 and x; € £2;, then, using the convexity of #;,

(Vhi®))" (6 = %) < hix)) = (%) = hy(x) < 0.
It follows by the KKT conditions (7.3) and g = 0 5 that
Fax-D=>8&-%=2 —4(Vh&) x-%)=0. (71D
iced icd

Thus, for any x € £2g,
o~ ~T N 1 T 1 <112
fE - f®) =g x-X)+5x-%) A(X—@ZEIIX—XIIN

This proves the left inequality of (7.10).

To prove the right inequality, we can use Lemma 7.1 and simple manipulations to
get for any x € £2g

0>2(f® - f(x) =IX—x|z +28" ®—x)
> [R-xl3+2 (") ®—x

1 T
> 2 mi - TA P — _(oFf TAfl P.
> 2min (2y y+ (g") y) eH'A g

The right inequality of (7.10) now follows easily. |

The projected gradient g” is a natural error measure in the energy norm, but it

can be very sensitive to the curvature of the boundary, as illustrated in Fig.7.1.
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Fig. 7.1 Large projected gradient near the solution

If the curvature of the active constraints near the solution is strong as compared
with the norm of the gradient, which is typical for the elliptic constraints near a vertex
or for the spherical constraints with a small radius, then it is necessary to use more
robust error measures, such as the reduced gradient g, = g,(x), which is defined
for any x € 25 and o > 0 by

~ 1
gy = 5 (x — Po,(x — ag)) . (7.12)

It is easy to check that the reduced gradient g, is a continuous function of x and «.
The following lemma is an alternative to Lemma7.2.

Lemma 7.3 Let X be the solution of (7.1) and let g, = g,(X) denote the reduced
gradient at X € 2.
Then
x =X < v(@)llgal. (7.13)

where

) -1 ) -1
b@) — [(xmmm)) for 0 < a < 2(hmin(A) + AN, a1

a@—alAl)"" for 20kmin(A) + AN < < 2|A]7".
Proof Using the properties of norm and Corollary 3.1, we get that for any « > 0

Ix =XIl < [IPo,(x — ag) — x[| + [ Poy(x — ag) —X]|
< af|gll + | Pog(x — ag) — Po, X — ag(X)) |
< a]|goll + max{|l — oAmin(A)], |1 — otdmax (A)[}Hx —X].

After simple manipulations, we get (7.13). (]
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We shall also need the inequalities formulated in the following lemma.

Lemma 7.4 Letx € 25, o > 0, and let us denote g = g(x) = Ax — b, g, = g,(x),
and g¥ = gf (x). Then

2
l

Ig.l* <g"8. <g’g" = lg"II” < lgl*. (7.15)

Proof Using that for all x € 25 andy € R”
(x = Po, )" (v — Pa,(») =0
by Proposition3.5, we get forany o > O andy = x — o g
o (—ag +0B,) = (x— (x— o) (x—ag — (x —aE) 0.

After simple manipulations, we get the left inequality of (7.15).
To prove the rest, notice that x — g” is the projection of x — g to the set

QX)) =02 =8 x-x £,
where R R
Q2 ={y; e RY : hi(y;) <0},
hi(yi) = (yi —x)TVhi(x;) fori € &7 (x),
hi(y) = —1 fori € .7 (x).

Since x — g, is the projection of x — ag to 25, x —ag’ is the projection of x — ag
to 25, and 25 C §2, we have X — ag, € 25 and

lg—g"I* = lx—ag) — (x—agh)|* < |(x—ag) — (x—ag,)|I* = o*|lg—gII°.
It follows that
—g"g" = -2g"g" + "> < —2g"g+ 8 < —¢g"8.

The rest follows by (7.7) and (7.8). O

7.2 Reduced Projected Gradient

Though the reduced gradient provides a nice and robust estimate of the solution error,
closer analysis reveals that it provides a little information about the local behavior
of f in 2. For example, the inequality

g (y—x) > "y —x),
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which is essential in the development of algorithms in Sect. 9.10, does not hold when
we replace the projected gradient g” by the reduced gradient g,. Moreover, there is
no constant C such that C||gf (x)|| < ||, (X)|| for x € £25. The reason is that the
free components of g, (x) are different from the corresponding components of g(x),
which defines the best linear approximation of the change of f(x) near x in terms of
the variation of free variables.

The remedy is the reduced projected gradient

2 x) =9 + B (),

which is defined for each x € £2 by the free gradient ¢ (x) and the reduced chopped
gradient B° (x) with the components

0;(x) =g x) fori € F(x), ¢;(x)=ofori e & (x), (7.16)
B ofori € .7 (x),
B;(x) = { g(x)fori e /(x) and n'g; > 0, (7.17)

1

o

(X,‘ — PQ, (X,’ — agi)) fori e ,Q((X) and ll,-Tgi = 0.

Observe that gf is not a continuous function of x and the KKT conditions (7.3) are
satisfied if and only if the reduced projected gradient is equal to zero.
Comparing the definitions of g, and g7 and using (7.15), we get

IZall =< IE71 < llg". (7.18)
We can also formulate the following lemma.

Lemma 7.5 Let X be the solution of (7.1) and let gF' = ¥ (x) denote the reduced
projected gradient at X € 2g. Then

Ix =Xl < v g, Il < v(e)lg"l, (7.19)

where v(a) is defined in Lemma?7.3.
Proof The inequalities are easy corollaries of Lemma7.3 and (7.18).

Lemma 7.6 Let the set $25 of problem (7.1) be defined by the convex functions h;
with continuous second derivatives and let X denote the solution of (7.1). Then there
are constants ¢ > 0 and C > 0 such that if x € 2, |x —X|| < ¢, and i € .¥, then

lg” I < Clix —XIl. (7.20)

Proof 1t is enough to prove (7.20) for C dependent on i. Let us first consider the
components associated with the free or weakly binding set of the solution

Z={iec?: gX =ol.
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Then
g = llgi(x) — g @ = A& =X < [Alllx —XIl,

where A;, denotes the block row of A which corresponds to g;, i € 2. Observing
that ||gf (X)[| < [l (x)| by (7.7), we get

legf ®)| < Cillx —X||

with C = ||A|| and & = o0.
Let us now consider the components of g(x) with indices in

B={iedX:g ®nE <0}
so there is gy > 0 such that g;(x) # o for |x — X|| < &, and notice that
g ®OVhi&) = —lgf ®|IVA:E)I < 0.
It follows that there is ¢ € (0, &) such that if x € R” satisfies ||x —X|| < ¢, then
gl X)Vhi(x;) <0, iecP.
Moreover, the mapping ¥; : R” — R% defined for ||x —X]|| < ¢ by

g! (X)Vh; (x;)

WP o)

Yi(x) = g (x) —

is differentiable at x and fori € A

(g7 X)Vh;(x;))~

. . —_— P
IVhplp i) =8 (-

Yi(x) = gi(x) —

It follows that we can use the classical results of calculus to get that for each com-
ponent i € 4, there is C > 0 such ||x — X]|| < ¢ implies

19 (%) = ¥ @) = Clix —X]|.
To finish the proof, recall that ¥ (X) = o and that fori € Z and ||x —X|| < ¢
Px) =
g () =i (). O

Now we are ready to prove the main result of this section.
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Theorem 7.1 Let the feasible set 25 = §21 X --- X §2; of (7.1) be defined by the
convex functions h; : R% — R, each with a continuous second derivative. Then
there is C > 0 and & > 0 such that for each x € 25 and a € (0, 2||A]™)

Ig; ol < llg” @l < Cligy . (7.21)
Proof Leta € (0,2||A||~") and x € £2; be fixed, so that we can simplify the notation
by
g=gx, g =g ®, and g’ =g"'®.

The left inequality of (7.21) has already been established—see (7.18). We shall prove
the right inequality of (7.21) componentwise, observing that by the definitions

lg" I =181l for i€ Fx).
Ifi € &(x)and ¢ > 0, C > 0 are those of Lemma7.6, then ||x —X|| < ¢ and by
Lemmas7.5 and 7.6
g/l < Clix =X < v@)Clg" |, (7.22)
where v(«) is defined in Lemma7.3. This proves the right inequality of (7.21) for x

near the solution.
To prove (7.21) for i € 7 (x) and ||x —X|| > &, observe that

lg" Il < gl = 1l (g — &®) +&® | < [Allx =X|| + Ci. (7.23)

Moreover, by Lemma7.5
Ix =X < v(@)lIg” . (7.24)

Thus for ||x —X|| > ¢

lg” I < IALlIx =X + (Ci/e)e < (IA] + (C1/e)) Ix =X
< (1Al + (Ci/e) v@) " |- (7.25)

The rest follows by the finite dimension argument. (]

7.3 MPGP Scheme

The algorithm that we propose here exploits a user-defined constant I” > 0, a test
which is used to decide when to change the face, and two types of steps.
The conjugate gradient step is defined by

T
Xk+1 — Xk _ acgpk+17 Ueg = prk+1/ (pk+1) Apk+17 (726)
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where p“*! is the conjugate gradient direction (see Sect. 5.2) constructed recurrently.
The recurrence starts (or restarts) with p"Jrl = @(x*) whenever x* is generated by
the gradient projection step. If x* is generated by the conjugate gradient step, then
p‘*!is given by

N Ak
. % k o(x")"Ap
— _ , = "= 7.27
P! = o) — yp T A (7.27)
The coefficient o, is chosen so that
f(xk+1) — min{f(xk _apk+1) = R}
=min{f(x) :x e X" + Span{pr“, cees Pk+1}-
It can be checked directly that
1 flo&h)*
k1Y k_ g, ky)y — ky o — TP 70 7.28
O = f (¢ = eep0) = SO = 5 o R ) 7

The conjugate gradient steps are used to speed up the minimization in the face
Wy={x:hx)=0, iec 7}, J=dxh.
The gradient projection step is defined by the gradient projection
Xt = Py (x* — ag(x)) =x" —ag, (7.29)

with a fixed step length o > 0. This step can both add and remove the indices from
the current working set.
If for a given I" > 0 the inequality

1B < Tlloxh)] (7.30)

holds, then we call the iterate x* proportional. Test (7.30) is used to decide if the
algorithm should continue exploration of the current working set by the conjugate
gradients or change the working set by the gradient projection step. If I” = 1, then
the iterate is proportional if the free gradient dominates the violation of the KKT
conditions.

Alternatively, test (7.30) can be written in the form

28]1g" @11 < lloxH)|? (7.31)
with

§=——, §€(0,1/2),
srrgy 0012
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which is more convenient for the analysis of algorithms. It is easy to check that the
tests (7.30) and (7.31) are equivalent.

Now we are ready to describe the basic algorithm in the form which is convenient
for the analysis. More details about the implementation and the choice of parameters
can be found in Sect.7.6.2.

Algorithm 7.1 Modified proportioning with gradient projections (MPGP schema).
Given an SPD matrix A e R"™" b e R", I > 0.
Choose x° € 25 and o € (0, 2| A~ ").
Fork =0,1,..., choose x*t1 by the following rules:
(i) If gF (x*) = o, set xk*+1 = x*.
(ii) If x* is proportional and g% (x*) # o, try to generate x**1 by the conjugate gradient step.
Ifx**t1 € 2, then accept it, else generate X1 by the gradient projection step.

(iii) If x* is not proportional, define x** by the gradient projection step.

Remark 7.1 The gradient projection step in (ii) can be replaced by the expansion
step
X = Py (x* — ap(xh).

7.4 Rate of Convergence

In this section, we give the bounds on the difference between the value of the cost
function at the solution and the current iterate. Let us first examine the effect of the
CG step.

Lemma 7.7 Let 25 denote a closed convex set, letX denote a unique solution of (7.1),
let Amin denote the smallest eigenvalue of A, let {x*} denote the iterates generated
by Algorithm 7.1 with § € (0, 1/2), and let X**' be generated by the CG step. Then

FE) = £ <0 (SIAITY (f&5) — F®), (7.32)

where
7)@) =1- S)\mim

Proof Let x**! be generated by the CG step, so that x* is proportional (7.31), and
denote o = §||A||~". Using (7.28), (7.31), (7.15), and simple manipulations, we get
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k+1y _ £ (o _ k L TgtOl
FEETD = f (& — o) = f6 — 5 mma

1
< f(xH - —||A||—1 lex))? < Fx*) —ag’ x")g" (x")
< f(x" —ogl (x")g(xh
< F(& — gl (g () + go, T (x")Ag, (x*)

= f(PQ (x* — ozg(x"))).

After subtracting f (X) from the first and the last expression, we get

FED = f® = f(Po(x —SIAI86D)) - FR. (733)

The rest follows by (6.28). ([l
The main result reads as follows.

Theorem 7.2 Let 25 be a closed convex set, let X denote a unique solution of (7.1),
let hmin denote the smallest eigenvalue of A, and let {X*} be generated by Algorithm 7.1
withx® € 2, a € (0,2|A|™"), and § € (0, 1/2).

Then for any k > 0

f(xk+1) - f® < n(f(Xk) — f@))’ (7.34)
where
n=n0,a)=1—8Ghnn <1—8c(A)~", &=min{a, 2|Al"" —a}. (7.35)

Proof 1f x**! is generated by the gradient projection step, then the (7.34) is satisfied
by Proposition 6.3. If x**! is generated by the CG step, then (7.34) is satisfied by
Lemma7.7. (]

7.5 Bound on Norm of Projected Gradient

To use the MPGP algorithm in the inner loops of other algorithms, we must be able
to recognize when we are near the solution. However, there is a catch—though the
latter can be tested by a norm of the projected gradient by Lemma7.2, Theorem 7.2
does not guarantee that such test is positive near the solution. The projected gradient
is not continuous and can be large near the solution as shown in Fig.7.2.
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Qp
A
R [e"x)
PR =0, dx

Fig. 7.2 Large projected gradient near the solution

Here we show that the situation is different for the subsequent iterates of MPGP.
To see why, let us assume that {x*} is generated by MPGP for the solution of (7.1)
and let £ > 1 be arbitrary but fixed. The main tool in our analysis is the linearized
problem associated with x* that reads

min f(x) subjectto x € 2F, 2% =0QFx ... x 2k, (7.36)
where R R
.Q ={x; e RY : hj(x;,) <0} forie.”,
hi(x) = (x; —x)TVhi(x¥)  fori € o (x1),
hi(xi) = —1 fori € Z(xb).

Comparing (7.36) with our original problem (7.1), we can see that the original con-
straints on X; are omitted in (7.36) for i € .% (x) and replaced by their linearized
versions for i € o7 (x¥). Since h; are convex by the assumptions, we get easily

Q¢ C Qandn; =1y, i € o (xY). (7.37)

Problem (7.36) is defined so that the iterate x, obtained from x*~! by MPGP for
the solution of problem (7.1), can also be considered as an iterate for the solution
of (7.36). We use the hat to distinguish the concepts related to problem (7.36) from
those related to the original problem (7.1). For example, <7 k(x) denotes the active
set of x € R” with respect to §2*. For typographical reasons, we denote the reduced
gradient for (7.36) by g,. The following relations are important in what follows.

Lemma 7.8 Let x* denote an iterate generated by the MPGP algorithm under the
assumptions of Theorem 7.2, let problem (7.36) be associated with x*, and let g* (x*)
and 8,(x*) denote the projected gradient and the reduced gradient associated with
problem (7.36), respectively. Then

g’ (x) = g7 (x) = &, (x"). (7.38)
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Proof Leti € o/ (x*), n=nx"), g =g(x"), « > 0,8 = g,(x),andn] g; < 0.
Using standard linear algebra and (7.37), we get

X{ — Py (x{ —ag) =af =ag —a® g) n; =ag —a(hg) h;.

Thus
ag = Olgip = a§f~

Ifi € Z(x5 or niTgi > 0, then obviously
g’ =g =g =g O

We shall also use the following lemma on the three subsequent iterations that is
due to Kucera [1].

Lemma 7.9 Ler £°, &', and &* belong to 2 and satisfy
FE) = f® < n(fEH - f®) <P (FE) - F®)). (7.39)

wheregdenotes the solution of (7.36) and n € (0, 1).
Then

fEHY - fE) < — (f($ ) — f(ED).

< 1 -
Proof We shall repeatedly apply (7.39). As
FEY = fEY = (FE) - £®) - (FEH = 1(®)
> (1—n) (FE°) - f&))
Sy )

and
| S ICORA( 2
fEY - fG )—Z(f—f@ ))
1 2

Sz(f(& )+ 76" _f@))

<A+ (FEH - @),
we get

1+ (/&) — (™) = FE) = £® = 17 (/&) —q(h).

This completes the proof. O



7.5 Bound on Norm of Projected Gradient 113

Now we are ready to prove the main result of this section.

Theorem 7.3 Let {x*} denote the iterates generated by the MPGP algorithm under
the assumptions of Theorem 7.2 with

a € (0,2]A™") and § € (0, 1/2).

Then for any k > 1

2
nquF5m¢Uu%—f®ycn=§——; (7.40)

where & and n = 1(8, a) are defined in Theorem?7.2.

Proof Aswe have mentioned above, our main tool is the observation that givenk > 1,
we can consider the iterates x*~! and x* as initial iterates for auxiliary problem (7.36).
Let us first show that

F& = f® < n(f &) = £®), (7.41)

where E denotes a unique solution of (7.36). We shall consider separately two steps
that can generate x*.
If x* is generated by the conjugate gradient step for problem (7.1), then

k_ k=1 . k-1
X; =X; for i € /' (x"7).

Noticing that
' (x) o (%)

for any x € £25, we get
IBEH] < IBE I and 9] = o).
It follows that x*~! is proportional also as an iterate for the solution of problem (7.36)
and (7.41) holds true by Theorem 7.2.
To prove (7.41) for x* generated by the gradient projection step, notice that £2%
is defined in such a way that

Xt = Po (X! —ag(x ) = P (X! —ag(x* ).

We conclude that (7.41) holds true.
Let us define

g0 =x" gl =x* and £ = Pm(’;'] —ag(gl)).
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Using Theorem 7.2 and (7.41), we get
(FE) = £®) < n@, ) (fE) = f®) <0G, > (FE) — £(&). (7.42)

It follows that the assumptions of Lemma7.9 are satisfied with n = (8, o) and

FE £ < 700 (16 - &)
1+
=ﬁ n (F&Y = Fxh))
1
5—1+Z (f& 1) - f®)
< i*" (0O - F®).

Finally, using Lemma 7.8, relations (7.7), and simple manipulations, we get
FE)— &) =71~ f(Pa(E' —agEh))
2
= o] (6)g(E) — T8I ARG

> agl(EMHgE") - —||A||||ga<e H?

(o — 7||A||>§§(§')g(s‘)
1 .
= —||A||oe<2||A||*1 —a) gl EHeEh
> — 5(5 )g(&)——( PEh) g
_ % 5P __Plz_ﬁpkz
= 2||g EHIF = S lg" EDI? = Zle" oI
To verify the last inequality, consider a € (0, |A[|7'] and « € (JA|~L 2]A|7Y

separately. Putting the last terms of the above chains of relations together, we
get (7.40). O

7.6 Implementation

In this section, we describe Algorithm 7.1 in the form that is convenient for imple-
mentation. We include also some modifications that may be used to improve its
performance.
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7.6.1 Projection Step with Feasible Half-Step

To improve the efficiency of the projection step, we can use the trial conjugate
gradient direction p* which is generated before the projection step is invoked. We
propose to generate first

1 — ¢k _ afpk and gk+§ _ gk _ aprk7

where the feasible step length o ; for pX is defined by
oy = max{a : x* —ap’ € 25}, (7.43)

and then define ] ]
X = Py, (x’”ri — ozg(xk+f)) .

The half-step is illustrated in Fig. 7.3. Such modification does not require any addi-
tional matrix—vector multiplication and estimate (7.32) remains valid as

f& — fxk)y <0

and

FE = f® < ar (FEH = F6E) + F& - @)
<r (f& = F®).

Lapadzy

Fig. 7.3 Feasible half-step

Since our analysis is based on the worst-case analysis, the implementation of the
feasible half-step does not result in improving the error bounds.
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7.6.2 MPGP Algorithm in More Detail

Now we are ready to give the details of implementation of the MPGP algorithm
which was briefly described in a form suitable for analysis as Algorithm 7.1. To
preserve readability, we do not distinguish the generations of variables by indices
unless it is convenient for further reference.

Algorithm 7.2 MPGP with a feasible half-step.
Given a symmetric positive definite matrix A € R"" b € R", and 25.

Step 0. { Initialization of parameters.}
Choose x° € Q2s, & € (0,2||A|™Y), I' > 0, and the relative
stopping tolerance ¢ > 0. Setk =0, g = Ax" — b, p = p(x°).
while Hgf (xk) H is not small
if [BCY] < Cllo&H)l|
Step 1. { Proportional x. Trial conjugate gradient step.}
ace =g p/p" Ap
ay =max {o: x* —ap € 25}

if acg <ay
Step 2. { Conjugate gradient step.}
xk+l — xk _ OTlchs g=g— anAp
y = ()" Ap/p"Ap, p = (x“) —yp
else

Step 3. {Gradient projection step with halfstep. }
x+1 = xk —asp, g=g—asAp
X<+ = o x+1 _ag
g=Ax*! _b, p=o (ka)
end if
else
Step 4. {Gradient projection step.}
X = Poo (x* — ag)
g=Ax! —b, p=o (xk“)
end if
k=k+1
end while
Step 5. {Return (possibly inexact) solution. }
¥ k
X =X

Our experience indicates that the performance of MPGP is not sensitive to I as
long as I" ~ 1. Since I" = 1 minimizes the upper bound on the rate of convergence
and guarantees that the CG steps reduce directly the larger of the two components
of the projected gradient, we can expect good efficiency with this value. Recall that
I' =1 corresponds to § = 1/4.
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The choice of o requires an estimate of ||A]l. If we cannot exploit a specific

structure of A, then we can carry out a few, e.g., five, iterations of the following
power method.

Algorithm 7.3 Power method for the estimate of ||A||.

Given a symmetric positive definite matrix A € R"*", returns A ~ ||A|. Choose x € R" such
that X # o, nj > 1

fori =1,2,...,ny
y=Ax x= [yl 'y

end for

A = | Ax||

Alternatively, we can use the Lanczos method (see, e.g., Golub and van Loan [2]).
We can conveniently enhance the Lanczos method into the first conjugate gradient
loop of the MPRGP algorithm by defining

q = lox*) | ex*), i=0,...,p,

where @(x*) and ¢(x**') are free gradients at the initial and the ith iterate in one
CG loop, respectively. Then we can estimate ||A|| by applying a suitable method for
evaluation of the norm of the tridiagonal matrix [2]

TZQTAQ, Q= [(](),...,qp].

Though these methods typically give only a lower bound A on the norm of ||A|],
the choice like « = 1.8A! is often sufficient in practice. The decrease of f can
be achieved more reliably by initializing o« > 2(b” Ab)~!||b||? and by inserting the
following piece of code into the expansion step:

Algorithm 7.4 Modification of the steplength of the expansion step.

A piece of code to be inserted at the end of the expansion step of Algorithm 8.2.
if f (P, (1) > £(x¥)
a = a/2 and repeat the expansion step
end if

The modified algorithm can outperform that with & = ||A||~! as longer steps
in the early stage of computations can be effective for fast identification of the
active set of the solution. We observed a good performance with « close to, but not
greater than 2||A|~!, near azp " which minimizes the coefficient 7z of the Euclidean
contraction (6.8).
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7.7 Comments and References

The MPGP algorithm presented in this section is a variant of the algorithms which
combine conjugate gradients with Euclidean projections. Such algorithms were
developed first for solving the bound constrained QP problems. See Sect.8.7 for
more information.

It seems that the first algorithm of this type for separable QCQP problems was
presented by Kucera [3], who found the way how to adapt the MPRGP algorithm ([4],
see the next chapter), originally proposed for the solution of bound constrained QP
problems, for solving more general problems. He proved the R-linear convergence
of his KPRGP algorithm for the step length & € (0, ||A]| —1. Later he also proved the
R-linear convergence of projected gradients for the step length & € (0, |A[|~'] [1].

The MPGP algorithm presented here appeared in Dostdl and Kozubek [5]. The
estimate of the rate of convergence presented in Theorem 7.2 is slightly better than
that in [1] and guarantees the R-linear convergence of the projected gradient for
a € (0,2]|A|"']. The proof uses the estimates due to Bouchala, Dostdl, and
Vodstréil [6, 7].

Here we provided the analysis of a monotonically decreasing algorithm with the
rate of convergence in bounds on the spectrum of A. However, we observed that
its performance can be sometime improved using some heuristic modifications, in
particular those using longer step length or unfeasible steps, such as the conjugate
gradient or Barzialai-Borwein step length for the solution of a related minimization
problem in free variables or the heuristics proposed in [8]. See also Sect. 6.6.

The performance of MPGP can also be improved by preconditioning. We
have postponed the description of preconditioning to Sect. 8.6 in order to exploit
the simplified setting of the bound constrained QP problem. The preconditioning
in face improves the solution of auxiliary unconstrained problems, while the pre-
conditioning by a conjugate projector improves the efficiency of all steps, including
the nonlinear ones. The effective preconditioners are problem dependent. The pre-
conditioners suitable for the solution of contact problems which comply with the
FETI methodology are in Chap. 16. The preconditioning by the conjugate projector
(deflation) is described in Sect. 13.6 in the context of transient contact problems.
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Chapter 8
MPRGP for Bound-Constrained QP

We shall now be concerned with a special case of separable problem (7.1), the bound-
constrained problem to find
min f(x) 8.1)

XeNRp

with |
Qp=(xeR": x>4{}, f(x) = ExTAx —x'p,

£ and b given column n-vectors, and A an n x n SPD matrix. To include the possibility
that not all components of x are constrained, we admit £; = —oo. The problem (8.1)
appears in the dual formulation of both static and dynamic contact problems without
friction.

There are two specific features of (8.1) that are not explicitly exploited by the
MPGP algorithm of Chap. 7, namely the possibility to move arbitrarily in the direc-
tion opposite to the chopped gradient and a simple observation that knowing the
active constraints of the solution amounts to knowing the corresponding compo-
nents of the solution. Here, we present a modification of MPGP that is able to exploit
these features. The modified algorithm is a variant of the active set strategy that we
coined MPRGP (Modified Proportioning with Reduced Gradient Projections). The
algorithm uses the conjugate gradients to solve the auxiliary unconstrained prob-
lems with the precision controlled by the norm of the dominating component of the
projected gradient. The fixed steplength reduced gradient projections and the opti-
mal steplength chopped gradient steps are used to expand and reduce the active set,
respectively.

It turns out that MPRGP has not only the R-linear rate of convergence in terms
of the extreme eigenvalues of the Hessian matrix as MPGP of the previous chapter
but also the finite termination property, even in the case that the solution is dual
degenerate. We consider the finite termination property important, as it indicates
that the algorithm does not suffer from undesirable oscillations often attributed to
the active set-based algorithms and thus can better exploit the superconvergence
properties of the conjugate gradient method for linear problems.
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8.1 Specific Form of KKT Conditions

Let us introduce special notations that enable us to simplify the form of the projected
gradient (7.6) and of the KKT conditions which read

g’(x) =o. (8.2)

The KKT conditions atx € §2p determine three subsets of the set 4" = {1, ..., n}
of all indices. The set of all indices for which x; = ¢; is called an active set of x. We
denote it by @7 (x), so

rQ{(X)Z{l eN: x,-:Ei}.

Its complement
Fx)={ieN: x; #L}

and subsets
Bx)={ie N xi=Landg >0}, HBox)={ie N : x;=4{ and g; > 0}
are called a free set, a binding set, and a weakly binding set, respectively.

Using the subsets of .4, we can decompose g’ (x) into the free gradient ¢ and
the chopped gradient (Fig.8.1) B that are defined by

¢i(x) =g (x) fori € F(x), ¢;(x)=0fori e o (x),
Bi(x) =0fori € .7 (x), Bi(x) = g; (x) fori € o7/ (x),

where we have used the notation g; = min{g;, 0}. Thus

g’ (x) = p(x) + B(x).

Qp 7

(]
‘Q
S

Fig. 8.1 Gradient splitting
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8.2 MPRGP Algorithm

Let us first recall that if the indices of the active constraints of the solution are known,
then the corresponding components are known. There is a simple result which shows
that if the norm of the chopped gradient is sufficiently larger than the norm of the free
gradient, then it is possible to recognize some indices of active constraints that do
not belong to the solution active set and use the components of the chopped gradient
to reduce the active set [1, Lemma 5.4]. Notice that the latter can be done much more
efficiently with bound constraints then with more general constraints, as any step in
the direction opposite to the chopped gradient is feasible.

MPRGP enhances these observations by replacing the gradient projection step
of MPGP which changes the active set by the free gradient projection with a fixed
steplength which expands the active set. The modified algorithm has been proved to
preserve the R-linear rate of convergence of the cost function and to enjoy the finite
termination property even for QP problems with dual degenerate solution.

The MPRGP algorithm exploits a user-defined constant I” > 0, a test which is
used to decide when to leave the face, and three types of steps.

The conjugate gradient step, defined by

Xk+l — Xk _ acgpk+la (83)

is used in the same way as in the MPGP algorithm introduced in Sect.7.3.
The active set is expanded by the expansion step defined by the free gradient
projection
Xt = pg. (xk — ap(xh)) = max{l, x* — ap(x")} (8.4)

with a fixed steplength «. To describe it in the form suitable for analysis, let us recall
that, for any x € £2p and o > 0, the reduced free gradient ¢, (x) is defined by the

entries
(Zi = %(Xv (X) = min{(-xi - Zl')/(x’ (pi}’ l S JV = {17 ceey n}v (85)

so that
Po,(x — ap(X)) =X — a@, (X). (8.6)

Using this notation, we can write also
Po, (x — ag(®) = x — (F, (%) + BX)). (8.7)
If the steplength is equal to « and the inequality
1B = 6, () 9(x") (8.8)

holds, then we call the iterate x* strictly proportional. Test (8.8) is used to decide
which components of the projected gradient g” (x*) should be reduced in the next
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step. Notice that the right-hand side of (8.8) blends the information about the free
gradient and its part that can be used in the gradient projection step.

It is possible to replace the free gradient by some other direction, e.g., g~. We
have made some experiments, but have not found much difference.

The proportioning step is defined by

X = xb — a, B(xF) (8.9)

with the steplength
Og = arg mil(}f (x* —ap(x")).

It has been shown in Sect. 5.1 that the CG steplength o, that minimizes f (x—ad)
for a given d and x can be evaluated using the gradient g = g(x) = V f(x) at x by

Ueg = ae(d) = d" g/d" Ad. (8.10)
The purpose of the proportioning step is to remove the indices of the components of
the gradient g that violate the KKT conditions from the working set and to move far
from the bounds. Note that if x* € £25, then

X = x* — o, B(xF) € 25.

Now we are ready to define the algorithm in the form that is convenient for
analysis, postponing the discussion about implementation to the next section.

Algorithm 8.1 Modified proportioning with reduced gradient projections (MPRGP schema).

Given an SPD matrix A € R"™" and n-vectors b, £.
Choose x° € 25, o € (0,2|A]™!), and I" > 0. Set k = 0.
For k > 0 and x* known, choose x**1 by the following rules:
(i) If gF (x*) = o, set xk+1 = x*.
(i) Ifx is strictly proportional and gF (x¥) # o, try to generate x*+1 by the conjugate gradient
step. If 1 e Qp, then accept it, else generate xX**1 by the expansion step.

k+1

(iii) If X is not strictly proportional, define X**' by proportioning.

We call our algorithm modified proportioning to distinguish it from earlier algo-
rithms introduced independently by Friedlander and Martinez with their collaborators
[2] and Dostal [3].
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8.3 Rate of Convergence

The result on the rate of convergence of both the iterates generated by MPRGP and
the projected gradient reads as follows.

Theorem 8.1 Let {x*} be generated by Algorithm 8.1 with x° € 25, I’ > 0, and
a € (0,2]|AI™"). Let X and Ay, denote a unique solution of (8.1) and the smallest
eigenvalue of A, respectively.

Then for any k > 1

&Y - f® <nr (f&H - f®), (8.11)
lg” & HII* < amf (F&%) - f®), (8.12)
Ix* =Xz < 2nf (F&0) — F®), (8.13)
where
w:l—iﬂﬂr, [ =max{I", Y, (8.14)
B+ 9I?
9 = 2max{«|A|, 1} <4, @ = min{e, 2||A|"" — ), (8.15)
and 1+
_ nr
ap_ﬁﬁtzs. (8.16)

Proof The proof of (8.11) is technical and may be found in Domoradové, Dostal, and
Sadowska [4] or Dostdl [1]. The proof of (8.12) is a simplified version of the proof
of Theorem 7.3 based on estimate (8.11). Notice that Lemma 7.9 on three iterates
can be applied directly to x*~!, x*, and x**+!. O

Theorem 8.1 gives the best bound on the rate of convergence for I = I'=1in
agreement with the heuristics that we should leave the face when the chopped gradient
dominates the violation of the Karush—Kuhn—Tucker conditions. The formula for the
best bound n(;im which corresponds to I" = 1 and @ = ||A||~! reads

nwt=1-k(A)"'/4, (8.17)

where « (A) denotes the spectral condition number of A.

The bound on the rate of convergence of the projected gradient given by (8.12)
is rather poor. The reason is that it has been obtained by the worst case analysis
of a general couple of consecutive iterations and does not reflect the structure of a
longer chain of the same type of iterations. Recall that Fig. 7.2 shows that no bound
on g” (x*) can be obtained by the analysis of a single iteration!
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8.4 Identification Lemma and Finite Termination

Let us consider the conditions which guarantee that the MPRGP algorithm finds the
solution X of (8.1) in a finite number of steps. Recall that such algorithm is more
likely to generate longer sequences of the conjugate gradient iterations. In this case
the reduction of the cost function values is bounded by the “global” estimate (5.15),
and finally switches to the conjugate gradient method, so that it can exploit its nice
self-acceleration property [5]. It is difficult to enhance these characteristics of the
algorithm into the rate of convergence as they cannot be obtained by the analysis of
just one step of the method.

We first examine the finite termination of Algorithm 8.1 in a simpler case when
the solution X of (8.1) is not dual degenerate, i.e., the vector of Lagrange multipliers
 of the solution satisfies the strict complementarity condition ’):,' > 0 fori € & (X).
The proof is based on simple geometrical observations and the arguments proposed
by Moré and Toraldo [6]. For example, it is easy to see that the free sets of the
iterates x* soon contain the free set of the solution X. The formal analysis of such
observations is a subject of the following identification lemma.

Lemma 8.1 Let {x*} be generated by Algorithm 8.1 with x° € Qp, I’ > 0, and
a € (0, 2||Al|7"1. Then there is ko such that for k > kg

FRX) C F(x), F® CFE —apx)), and BX) < Bx"), (8.18)

where §(x*) = @, (x*) is defined by (8.5).

Proof Since (8.18) is trivially satisfied when there is k = k¢ such that x* = X, we
shall assume in what follows that x* # X for any k > 0. Let us denote x{‘ = [xf];
and X = [X*];,i=1,....n.

Let us first assume that .% (X) # ¥ and B(X) # 0, so that we can define

e=min{x; —¢;: i € F(X)} >0 and § = min{g;(X) : i € BX)} > 0.

Since {x*} converges to X by Theorem 8.1, there is ko such that for any k > kg

g (xh) < 4i fori € F®), (8.19)
109
x>+ % fori € Z®), (8.20)
X od .
xi <4+ ) fori € A(X), (8.21)
5
gi(x*) > 3 fori € BRX). (8.22)

In particular, for k > ko, the first inclusion of (8.18) follows from (8.20), while the
second inclusion follows from (8.19) and (8.20), as fori € .% (X)
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& ae
o

xf —ag;(x") = xF —agi(x*) > ¢ + > I

Let k > ko and observe that, by (8.21) and (8.22), for any i € A(X)

X (x")<£+a6 od ¢
X —Ogi bt T <4,
P § 2

so that if some x**! is generated by the expansion step (8.4), k > ko, and i € B(X),
then

K = max{l;, xf — agi (x")) = ¢;.

X
It follows that if k > ko and x**! is generated by the expansion step, then
B O BX). Moreover, using (8.22) and the definition of Algorithm 8.1, we
can directly verify that if Z(x*) D Z(X) and k > ko, then also ZB(x**!) D A (X).
Thus it remains to prove that there is s > ko such that x* is generated by the expansion
step.
Let us examine what can happen for k > k. First observe that we can never take
the full CG step in the direction p* = @ (x¥). The reason is that

o e TEE) o) L
% (P) = O TR — )T Aeeh = AT Z 3

so that for i € .Z (x*) N A(X), by (8.21) and (8.22),

ad  ad

F— el = xF — aegi (x°) < xf — %g,- <t + < "7 <t 82

x; —
It follows by the definition of Algorithm 8.1 that if x*, k > kq, is generated by the
proportioning step, then the following trial conjugate gradient step is not feasible,
and x**! is necessarily generated by the expansion step.

To complete the proof, observe that Algorithm 8.1 can generate only a finite
sequence of consecutive conjugate gradient iterates. Indeed, if there is neither pro-
portioning step nor the expansion step for k > kg, then it follows by the finite
termination property of the conjugate gradient method that there is / < n such that
@(x*t!) = 0. Thus either X/ =X and #(x*) = A (X) for k > ko +1 by rule (i), or
xk0*+ is not strictly proportional, x*+/*! is generated by the proportioning step, and
xko+1+2 ig generated by the expansion step. This completes the proof, as the cases
F (X) = ¥ and A(X) = ¥ can be proved by the analysis of the above arguments. [

Proposition 8.1 Let {x*} be generated by Algorithm 8.1 withx® € Qp, I' > 0, and
o€ (O, 2||A||_1). Let the solution X satisfy the condition of strict complementarity,
i.e., X; = £; implies g;(X) > 0. Then there is k > 0 such that x* = X.

Proof If X satisfies the condition of strict complementarity, then &7 (X) = %(X),
and, by Lemma 8.1, there is ko > 0 such that for k > ko we have .7 (x) = .Z (X)
and Z(x*) = B(X). Thus, for k > ko, all x* that satisfy X # x*~! are generated by
the conjugate gradient steps and, by the finite termination property of CG, there is
k < ko + n such that x* =X. O
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Unfortunately, the discretization of contact problems with a smooth contact inter-
face typically results in the QP problems with a dual degenerate or nearly dual
degenerate solution. The reason is that there can be the couples of points on the
boundary of contact interface that are in contact but do not press each other. The
solution of (8.1) which does not satisfy the strict complementarity condition is in
Fig.8.2.

Fig. 8.2 Projected gradients near dual degenerate solution

A unique feature of MPRGP is that it preserves the finite termination property
even in this case provided the balancing parameter I” is sufficiently large. The result
is a subject of the following theorem (see [1, Theorem 5.21]).

Theorem 8.2 Let {x*} denote the sequence generated by Algorithm 8.1 with
X' ey >3 (\/K(A) +4) . and a € (0,2]A]"]. (8.24)

Then there is k > 0 such that x* =X.

Let us recall that the finite termination property of the MPRGP algorithm with a
dual degenerate solution and
a e O Al

has been proved for

Fzz(\/m+l).

For the details see Dostal and Schoberl [7].

8.5 Implementation of MPRGP

In this section, we describe Algorithm 8.1 in the form which is convenient for imple-
mentation. To improve the efficiency of expansion steps, we include the feasible
half-step introduced in Sect. 7.6.1, which is now associated with the expansion step.


http://dx.doi.org/10.1007/978-1-4939-6834-3_7

8.5 Implementation of MPRGP 129

Recall that it uses the trial conjugate gradient direction p* which is generated before
the expansion step is invoked. We propose to generate first

1 — ¢k _ afpk and gk-&-% _ gk _ aprk7
where oy denotes the feasible steplength for pX defined by

oap = min {(xf —&)/pf. pf > O},

and then define 1 1
Xk+l — PQS (XkJrf _ a(p(xk+§)) .

To preserve readability, we do not distinguish the generations of auxiliary vectors.
The MPRGP algorithm with the feasible step reads as follows.

Algorithm 8.2 Modified proportioning with reduced gradient projections (MPRGP).

Given a symmetric positive definite matrix A of the order n, n-vectors b, £,
2p ={x: XZZ},XOGQB.
Step 0. {Initialization. }
Choose I' > 0, a € (0,2]|AI7Y), setk =0, g = Ax" — b, p=o(x°)
while ||g” (x%) || is not small
it |B(x)]? < IM2gHT px)
Step 1. { Proportional x*. Trial conjugate gradient step.}
acg =g'p/p"Ap, y =x" —ap
ay = max{o : xk —ap € 2} = min{(x{< —4))/pi: pi >0}
ifo,, <ay
Step 2. {Conjugate gradient step. }
Xl =y, g=g—a,Ap.
B =o(y)"Ap/p” Ap. p = o(y) — Bp
else
Step 3. { Expansion step. }
X+ = xk ofp, g=g—asAp
XK1 = pg, (Xk+% _a(o(xk+%))
g= Axk+l —b, p= (0(Xk+l)
end if
else
Step 4. { Proportioning step.}
d =B, a, =g’d/dTAd

Xkl — xk oced, g =g — acgAd, p= o(xkth)
end if
k=k+1
end while
Step 5. {Return (possibly inexact) solution. }
X=xf

For the choice of parameters, see Sect.7.6.2.
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8.6 Preconditioning

The performance of the CG-based methods can be improved by preconditioning
described in Sect.5.4. However, the application of preconditioning requires some
care, as the preconditioning transforms variables, turning the bound constraints into
more general inequality constraints. In this section, we present a basic strategy for
the preconditioning of auxiliary linear problems.

Probably, the most straightforward preconditioning strategy which preserves the
bound constraints is the preconditioning applied to the diagonal block A & & of the
Hessian matrix A in the conjugate gradient loop which minimizes the cost function
f in the face defined by a free set .%. Such preconditioning requires that we are able
to define for each diagonal block A z # a regular matrix M(.%) which satisfies the
following two conditions. First, we require that M(.%) approximates A 2 so that
the convergence of the conjugate gradients method is significantly accelerated. The
second condition requires that the solution of the system

M(Z)x =y

can be obtained easily. The preconditioners M(.%) can be generated, e.g., by any of
the methods described in Sect. 5.4.

Though the performance of the algorithm can be considerably improved by the
preconditioning, the preconditioning in face does not result in the improved bound
on the rate of convergence. The reason is that such preconditioning affects only
the feasible conjugate gradient steps, leaving the expansion and proportioning steps
without any preconditioning.

In probably the first application of preconditioning to the solution of bound-
constrained problems [8], O’Leary considered two simple methods which can be used
to obtain the preconditioner for A gz &z from the preconditioner M which approximates
A, namely,

M(%)=Mgzgz and M(S) = Lny;g,

where L denotes the factor of the Cholesky factorization M = LLT . It can be proved
that whichever method of the preconditioning is used, the convergence bound for the
conjugate gradient algorithm applied to the subproblems is at least as good as that
of the conjugate gradient method applied to the original matrix [8].

To describe the MPRGP algorithm with the preconditioning in face, let us assume
that we are given the preconditioner M(.%#) for each set of indices .%, and let us
denote .7, = 7 (x}) and ., = o7 (x*) for each vector x* € Q5. To simplify the
description of the algorithm, let M; denote the preconditioner corresponding to the
face defined by .%; padded with zeros so that

[Mk]yg = M(F), [Mk]mg{ =0, [Mk]g{? = [Mk];‘d =0,
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and recall that M] denotes the Moore—Penrose inverse of M; defined by
Milz7 =MZ)™". Ml =0, [Milos = M5, =O.
In particular, it follows that
Mig(x") = M{o(x").

The MPRGP algorithm with preconditioning in face reads as follows.

Algorithm 8.3 MPRGP with preconditioning in face.

Given a symmetric positive definite matrix A of the order n, n-vectors b, £,
Qp={xeR": x> "{); choosex’ € 25, I' >0, a € (0,2||A|""), and the rule which
assigns to each x* € Q2p the preconditioner My which is SPD in the face defined by F (x).
Step 0. {Initialization. }
Setk =0, g:AxO—b, Z:M(T)g, p=z2
while |lg” (x})|| is not small
if |Bx)|1 < MG ()T o (xb)
Step 1. { Proportional x*. Trial conjugate gradient step. }
acg =2"g/pTAp, y =Xk —agep
ay = max{o : xk —ap € 2} = min{(x{‘ —4))/pi: pi >0}
ifo,, <ay
Step 2. {Conjugate gradient step. }
Xl =y g=g—a,Ap z=M,g
B =2"Ap/p"Ap, p=1z—Bp
else
Step 3. { Expansion step.}
X+ = xk orp, g=g—asAp
x = pPo, (x”% - a(o(x“%))
g = Axf*! — b, Z:MZ_Hg, p=z
end if
else
Step 4. { Proportioning step.}
d= ﬂ(xk)’ Aeg = gTd/dTAd
XK =xkF —gd, g =g —a,Ad z= M}:Hg, p=1z
end if
k=k+1
end while
Step 5. {Return (possibly inexact) solution.}
X =x
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8.7 Comments and References

Since the conjugate gradient method was introduced in the celebrated paper by
Hestenes and Stiefel [9] as a method for the solution of systems of linear equa-
tions, it seems that Polyak [10] was the first researcher who proposed to use the
conjugate gradient method to minimize a quadratic cost function subject to bound
constraints. Though Polyak assumed the auxiliary problems to be solved exactly,
O’Leary [8] observed that this assumption can be replaced by refining the accuracy
in the process of solution. In this way, she managed to reduce the number of iter-
ations to about a half as compared with the algorithm using the exact solution. In
spite of this, the convergence of these algorithms was supported by the arguments
which gave only exponential bound on the number of matrix—vector multiplications
that are necessary to reach the solution.

An important step forward was the development of algorithms with a rigorous
convergence theory. On the basis of the results of Calamai and Moré [11], Moré and
Toraldo [6] proposed an algorithm that also exploits the conjugate gradients and pro-
jections, but its convergence is driven by the gradient projections with the steplength
satisfying the sufficient decrease condition (see, e.g., Nocedal and Wright [12]). The
steplength is found, as in earlier algorithms, by possibly expensive backtracking.
In spite of the iterative basis of their algorithm, the authors proved that their algo-
rithm preserves the finite termination property of the original algorithm provided the
solution satisfies the strict complementarity condition.

Friedlander, Martinez, Dostdl, and their collaborators combined this result with
an inexact solution of auxiliary problems [2, 3, 13, 14]. The concept of proportioning
algorithm as presented here was introduced by Dostal in [3]. The convergence of the
proportioning algorithm was driven by the proportioning step, leaving more room for
the heuristic implementation of projections as compared with Moré and Toraldo [6].
The heuristics for implementation of the proportioning algorithm of Dostél [3] can
be applied also to the MPRGP algorithm of Sect.8.2. Comprehensive experiments
and tests of heuristics can be found in Diniz-Ehrhardt, Gomes-Ruggiero, and Santos
[15].

A common drawback of all above-mentioned strategies is possible backtracking
in search of the gradient projection steplength and the lack of results on the rate of
convergence. A key to further progress were the results by Schoberl [16, 17] and
Dostal [18] on the decrease of the cost function along the projected-gradient path.
(see also Sect. 6.6). It was observed by Dostal [19] that these results can be plugged
into the proportioning algorithm in a way which preserves the rate of convergence.
In our exposition of the MPRGP algorithm, we follow Dostal and Schoberl [7] and
Dostél, Domoradova, and Sadowska [4]. See also the book [1].

The preconditioning in face was probably first considered by O’Leary [8]. The
MPRGP with projector preconditioning is a key ingredient of the scalable algorithms
for transient contact problems [20]. See also Chap. 13.
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Chapter 9
Solvers for Separable and Equality
QP/QCQP Problems

We shall now use the results of our previous investigations to develop efficient
algorithms for the minimization of strictly convex quadratic functions subject to
possibly nonlinear convex separable inequality constraints and linear equality con-
straints

m(izn f(x), f(x) = %XTAX —x'b, 9.1

where
Rsp={xeR":Bx=0 and x€ 24}, Q¢={xecR":hix;)<0,i=1,...,s},

b € R", h; are convex functions, A is an n x n SPD matrix, and B € R"*", We
are especially interested in the problems with bound and/or spherical and/or elliptic
inequality constraints. We consider similar assumptions as in previous chapters.
In particular, we assume 2sp # ¢ and admit dependent rows of B. We assume
that B # O is not a full column rank matrix, so that Ker B # {o}. Moreover, we
assume that the constraints satisfy the Abadie constraint qualification introduced in
Sect.3.5.3, so that the solution can be characterized by the tangent cone, though
we shall give some convergence results without this assumption. Observe that more
general QP or QCQP programming problems can be reduced to (9.1) by duality,
a suitable shift of variables, or by a modification of f.

The main idea of the algorithms that we develop here is to treat both of the sets of
constraints separately. This approach enables us to use the ingredients of the algo-
rithms developed in the previous chapters, such as the precision control of auxiliary
problems. We restrict our attention to the SMALSE-M algorithm (Semi-Monotonic
Augmented Lagrangian Algorithm for Separable and Equality constraints), which
will be proved to have important optimality properties. We shall discuss separately
the variant of SMALSE-M called SMALBE-M for the solution of QP problems with
bound and equality constraints. The SMALSE-M and SMALBE-M algorithms are
the key tools for the solution of contact problems with and without friction.
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9.1 KKT Conditions

Since 25 is closed and convex and f is assumed to be strictly convex, the solution of
problem (9.1) exists and is necessarily unique by Proposition 3.4. The conditions that
are satisfied by the solution of (9.1) can be formulated by means of the augmented
Lagrangian

1 N
L g, o p) = X Ax —x"b 4+ x B Az + ZIBxI> + > wihi (%),
2 2 o
the gradient of which reads
VxL(x, A, . p) = (A+ pB'B)x b+ B Ap + D i Vhi(x).
i=1

Using (3.47) and the Abadie constraint qualification, we get that a feasible vector
X € g is a solution of (9.1) if and only if there are Ay € R” and w4, ..., i, such
that

VL (X, Ag, p,p) =0, pu; >0, and u;h;(x;) =0, i=1,...,s. 9.2)

Having effective algorithms for the solution of QCQP problems with separable
constraints, it is convenient to use explicitly the Lagrange multipliers only for the
equality constraints, i.e., to use

1
L(x g p) = 3x Ax=x"b+x"B Az + §||Bx||2.

Denoting by g = g(x, Ag, p) the gradient of the reduced augmented Lagrangian, so

that - -
g=gX A, p) =(A+pB'B)x —b+ B Ag,

we get that x € 25 is a solution of (9.1) if and only if there is Ag € R™ such that
g"(x, kg, p) =0, 9.3)

where g is the projected gradient defined in Sect. 7.1 for the auxiliary problem

min L(x, Ag, p), 25 ={x€R":h(x) <o}. 9.4)

XEQS

However, condition (9.3) is sensitive to the curvature of the boundary, so we shall
consider also an alternative condition (see Theorem 7.3)
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g’ (x, g, 0) =0 (9.5)

with the reduced projected gradient g% (x, A, p) of Sect.7.2 and « € (0, 21AI7Y.

9.2 Penalty and Method of Multipliers

Probably the most simple way how to exploit the algorithms of the previous chapters
to the solution of (9.1) is to enhance the equality constraints into the objective function
f by adding a suitable term which penalizes their violation. Thus the solution of (9.1)
can be approximated by the solution of

min (0. £,00 = £00 + ZIBxI”. 9.6)

Intuitively, if the penalty parameter p is large, then the solution X, of (9.6) can
hardly be far from the solution of (9.1). Indeed, if p were infinite, then the minimizer
of f, would solve (9.1). Thus it is natural to expect that if p is sufficiently large,
then the penalty approximation X, is a suitable approximation to the solution X of
(9.1). The effect of the penalty term is illustrated in Fig.9.1. Notice that the penalty
approximation is typically near the feasible set, but does not belong to it. That is why
the penalty method is also called the exterior penalty method.

Fig. 9.1 The effect of the quadratic penalty

Because of its simplicity and intuitive appeal, the penalty method is often used
in computations. However, a good approximation of the solution may require a very
large penalty parameter, which can complicate computer implementation.

The remedy can be based on the observation that the solution X to (9.1) solves
also

min L(x, Ag, p) 9.7)
XERg

with a suitable Az € R™. The point is that having a solution x,, of the penalized
problem (9.7) with p and A € R™, we can modify the linear term of L in such a
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way that the minimum of the modified cost function without the penalization term
with respect to x € 2 is achieved again at x,,. The formula follows from

min L(x, Ag, p) = min L(x, Az + pBx,, 0).
Xy X€E82y

Then we can find a better approximation by adding the penalization term to the
modified cost function, and look for the minimizer of L(x, A + pBx,, p). The result
is the well-known classical augmented Lagrangian algorithm, also called the method
of multipliers, which was proposed for general equality constraints by Hestenes [1]
and Powell [2]. See also Bertsekas [3] or Glowinski and Le Tallec [4].

9.3 SMALSE-M

The following algorithm is a modification of the algorithm proposed by Conn, Gould,
and Toint [5] for the minimization of more general cost functions subject to bound
and equality constraints in their LANCELOT package. The SMALSE-M algorithm
presented here differs from that used in LANCELOT by the adaptive precision control
introduced by Hager [6] and Dostal, Friedlander, and Santos [7], by using a fixed
regularization parameter, and by the control of the parameter M;. Since we use only
the multipliers for the equality constraints, we denote them by A, i.e., A = Ag. The
complete SMALSE-M algorithm reads as follows.

Algorithm 9.1 Semimonotonic augmented Lagrangians for separable and equality con-
strained QCQP problems (SMALSE-M).

Given an SPD matrix A € R"™" B € R"™*" n-vector b, constraints h.
Step 0. {Initialization.}
Choosen >0,0<B <1, M_1 =0, My >0, p>0, A0 e rm
fork=0,1,2,...
Step 1. {Inner iteration with adaptive precision control.}
Find x* € Qg such that

lg” ", A%, p) || < min{MIBx"|I, ) ©.8)
Step 2. {Updating the Lagrange multipliers.}

A = 2k 4 oBxt (9.9)

Step 3. {Update M provided the increase of the Lagrangian is not sufficient.}
if My =M, and

Lx*, A%, p) < L1 A1 oy + gHBxkllz 9.10)
M1 = BMy
else
My = My,
end else if

end for
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In Step 1 we can use any algorithm for minimizing strictly convex quadratic
functions subject to separable constraints provided it guarantees the convergence of
projected gradients to zero. Our optimality theory requires that the algorithm in the
inner loop has the rate of convergence in terms of bounds on the spectrum of A,
such as the MPGP Algorithm7.2 or MPRGP Algorithm8.2. A stopping criterion
should either follow Step 1 or be enhanced in Step 1. A natural choice is the relative
precision

lg”|l < eclbll and e[Ib] .11

prescribed by small parameters £, > 0 and &, > 0.

The SMALSE algorithm requires four parameters My, 8, n, p. The algorithm
is not very sensitive to the choice of f and n and adjusts properly the balancing
parameter M. A larger value of p increases the rate of convergence of SMALSE at
the cost of slowing down the rate of convergence of the algorithm in the inner loop.
Some hints concerning the initialization of the parameters and the implementation
of SMALSE-M can be found in Sect.9.14.

The next lemma shows that Algorithm9.1 is well defined, i.e., any algorithm
for the solution of auxiliary problems in Step 1 that guarantees the convergence of
projected gradients to zero generates either x* which satisfies (9.5) in a finite number
of steps or the iterates which converge to the solution of (9.1).

Lemma 9.1 LetM > 0, A € R", n > 0, and p > 0 be given. Let {yk} € 25 denote
any sequence such that

¥ = lim y* = arg min L(y, X, p)
k—o00 yER2s

and let g a*, A, p) converges to zero vector. Then {y*} either converges to the
unique solution’X of problem (9.1), or there is an index k such that

lg” (v*, X, p)II < min{M||By*|, n}. (9.12)
Proof If (9.12) does not hold for any k, then
lg” (¥, &, p)Il > M|IBy"||

for any k. Since g” (y*, A, p) converges to zero vector by the assumption, it follows
that ||By*|| converges to zero. Thus By = o and

g"@. 1 p)=o.

It follows that ¥ satisfies the KKT conditions (9.2) and ¥ = X. O
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Remark 9.1 In Step 3, we can replace the update rule to

Myy1 = BMy or p=p/B.

We do not elaborate this option here.

9.4 Inequalities Involving the Augmented Lagrangian

In this section we establish basic inequalities which relate the bound on the norm of
the projected gradient g” of the augmented Lagrangian L to the values of L. These
inequalities will be the key ingredients in the proof of convergence and other analysis
concerning Algorithm9.1.

Lemma 9.2 Lerx,y € 25, }Le R™ p>0,1n > 0,and M > 0. Let Ay, denote
the least eigenvalue of A and A = A + pBx.

(i) If
lg” (x, A, p)|I < M|Bx|, (9.13)
then 5
~ 1 P
Ly, % p) = L X, p) + 5 (p - ) IBxI|* + Z Byl (9.14)
(i) If
leg” (x, A, p)|| < n, (9.15)
then
T P Bx||2 14 By |2 772 (9.16)
L(y, A\, > L(x, A, — — — . .
(¥, A, ) (x, X, p) + 2|| x||© + 2|| yli o
(iii) If 2o € $25E and (9.15), then
nz
L(x, X, p) < f(z9) + . 9.17)

2)"min

Proof Letus denote § =y — x and A, = A + pB”B and recall that by the assump-
tions and Lemma 7.1
T P\T
gy—-x=@)y-—x.

Using

L(x, A, p) = L(x, A, p) + p|Bx|?> and g(x, X, p) = g(x, A, p) + pB”Bx,
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we get

_ - ~ 1
L(y,X,p) = L(x, X, p) +8Tg(x, A, p) + E3TA,,5
1
=L A p)+8Tgx A, p)+ E5TAp<s + p8'B"Bx + p|Bx|?
1
> L(x, A, p)+8"g(x, A, p) + —5TA,)6 + p8"B"Bx + p||Bx||?

mm

zL(x,k,p)+6TgP(x,k,p)+ 1817 + = ||BS||2+,08TBTBX

+plIBx|.
Noticing that
4 p P P
EIIBYII2 = EIIB(S +x)|° = p8"B"Bx + EIIB5II2 + EIIBXHz,

we get _
L(y, X, p) =L(x, A, p) + 8" g"(x, 1, p)

mlﬂ

(9.18)

P
I181% + = ||Bx||2+5||By||2.

Using (9.13) and simple manipulations then yields

mm

L(y, X, p) > L(x, X, p) — M||8]|||Bx]| + == ||6|| +L ||Bx|| +L ||By||

= L(X, A, p) + Ain 21801 — MSNIBx| + ﬂ
2 2)‘-min

M?|Bx||?
2)\min

1
EL(X,)»,,O)'FE(,O—

p 2, P 2
—||B —||B
+2|| X || +2|| Ml

M? P
) IBx||* + 5||By||2.

)\min

This proves (i).
(i) If we assume that (9.15) holds, then by (9.18)

mm

0
I|5|I +3 |||3X||2+5|||3y||2

’72

2)"min .

P
> L(X, %, p) + 5"8""2 + EnByn2 =

This proves (ii).



142 9 Solvers for Separable and Equality QP/QCQP Problems
(iii) Let Z denote the solution of the auxiliary problem
minimize L(z, A, p) s.t. z> £, (9.19)

let zg € 25k so that Bzg = o, and letd =7 — x. If (9.15) holds, then

Py 1~ —~
02 L@ )~ L(x.A p) =3 g(x. A p) + 73 A

2

~T 1/\T o~ o~ 1 o~ 7’/
>8 g’ (x, A, —8 A8 > —|8 —Aminll8]1> = — :
=46 g (x p)+2 p8 = —Il ||r7+2 811° = ST,
Since L(Z, A, p) < L(zo, A, p) = f(2¢), we conclude that
1’
L(x, X, p) < L(X, X, p) — L(Z, X, p) + f(20) < f(20) + T U
min

9.5 Monotonicity and Feasibility

Now we shall translate the results on the relations that are satisfied by the augmented
Lagrangian into the relations concerning the iterates generated by SMALSE-M.

Lemma 9.3 Ler {x*}, (A"}, and My be generated by Algorithm9.1 for solving (9.1)
withn >0,0< B <1, My >0, p, and A0 € R™. Let Ayin denote the least eigen-
value of the Hessian A of the quadratic function f.

(l) Ifk > 0, Mk = Mk-H’ and

Mk = )\minpa (920)

then
LA oy > Lx AK, p) + gan"*' 1%, (9.21)

(ii) For any k > 0

P
LA 0y > Lx, AK, p) + Eankn2

2 (9.22)
4 Ui

+ _”Bxk+l”2 _ .
2 2Amin

(iii) For any k > 0 and 7y € 2sg

2

LA p) = fla) + 35— 9.23)
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Proof In Lemma 9.2, let us substitute x = x*, A =A%, M = M;, and y = x**!,
so that inequalities (9.13) and (9.15) hold by (9.8) and A = AF1. Thus we get
Lemma 9.3 from Lemma 9.2.

If (9.20) holds, we can use (9.14) to get (9.21). Similarly, inequalities (9.22)
and (9.23) can be obtained by the substitution into Lemma 9.2 (ii) and (iii), respec-
tively. (I

Theorem 9.1 Let {x*}, {A*}, and {M}} be generated by Algorithm9.1 for the solu-
tionof (9.1)withn >0,0< B <1, My >0, p >0, and A0 € R™. Let Ay denote
the least eigenvalue of the Hessian A of the cost function f, and let p > 0 denote
the smallest integer such that p > (B My)?* /Amin. Then the following statements hold.

(i) There is ko such that
min{Mo, B/ PAmin} < My, = Miyr1 = My = - -+ (9.24)
(ii) Ion € Q2gE, then

2

2)\min .

(9.25)

D

D IBK P < f(z0) — LA p) + (1 + p)
k=1

(iii)

llirr(l) g’ (xk A%, p) =0 and I!irr(l) Bx* = o. (9.26)

Proof Let p > 0 denote the smallest integer such that p > (BP Mo)? [ kmin and let
& C{1,2,...}denote a possibly empty set of the indices k; such that My, < My, _;.
Using Lemma9.3(1), M;, = BMy,_1 = B My fork; € .#, and p > (B Mo)? / Ains
we conclude that there is no k such that M, < B” M. Thus .# has at most p elements
and (9.24) holds. By the definition of Step 3, if k > 0, then either k ¢ .# and

o 1o
5||Bx"||2 < L(x* A%, p) — L1 A8 ),
or k € .4 and by (9.22)

p k2 _ P k=12 , P k)2
=B < —|B + =B
2|| X | _2|| x| 2|| X |

2

< LA p) — L0 )
2')\min
Summing up the appropriate cases of the last two inequalities fork = 1, ..., j and

taking into account that .# has at most p elements, we get

2

J
STLIBRIR < Lo A p) — LA p) 4 por—. (927)
k=1 2 2)\min
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To get (9.25), it is enough to replace L(x/, A/, p) by the upper bound (9.23). The
relations (9.26) are easy corollaries of (9.25) and the definition of Step 1. (Il

9.6 Boundedness

The first step toward the proof of convergence of SMALSE-M is to show that x* are
bounded.

Proposition 9.1 Ler {x*} and {A*} be generated by Algorithm9.1 for the solu-
tion of (9.1) with n >0, 0<pB <1, My>0, p=>0, and A0 € R". For each
iefl,...,s}, let .Z; denote the indices of the components of X associated with
the argument of the constraint function h;, so that X; = [X] gz, and let us define

T X) =T FX) =AN\IX), X5 =Xzn, Xo =X
Let the boundary of 25 is bounded, i.e., there is C > 0 such that for any x € 2g
IXer I < C.

Then {x*} is bounded.

Proof Since there is only a finite number of different subsets .# of the set of all
indices .#" = {1, ..., n} and {x*} is bounded if and only if {x’;} is bounded for any
F C J[ , We can restrict our attention to the analysis of the infinite subsequences
{x*, : Z(x) = F} that are defined by the nonempty subsets .Z of ./

Let.# C N, F #@,let # = {k: ézv(xk) = .%} be infinite, and denote

o =N \F, H=A+pB'B.

We get
g =g A, p) =Hx"+B"Af —b
and
Hzz Bl 1[x5] _[g% +bs —Hzax, (9.28)
B.z O AT B.ox5 . ‘

Since for k € %
B.#X5 =Bx' —B.uxy, g% = gz " 15 o)l < 18" &A%, po)ll.
and both ||g” (x*, A¥, p) || and || Bx¥|| converge to zero by the definition of x* in Step 1

of Algorithm9.1 and (9.25), the right-hand side of (9.28) is bounded. Since H zF is
nonsingular, it is easy to check that the matrix of the system (9.28) is nonsingular
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when B, # is a full row rank matrix. It simply follows that both {x*} and {A*} are
bounded provided the matrix of (9.28) is nonsingular.

If B, is not a full row rank matrix, then its rank r satisfies r < m, and by the
RSVD formula (2.28) there are matrices

UeR™, VeR™, ¥ =diag(,...,0,), o;>0, U'U=I VIV=I,

such that B, > = UXV’. Thus we can define the full row rank matrix é* 7z =3VT
that satisfies

IBusxzll = IZV x5 = IUEV x5 = |B.sxz|
for any vector x. Let us assign to any A € R the vector X = UTA, so that
AT 3 T
B/zA =VZU'A =B/ 1.

Using the latter identity and (9.28), we get the system

AT k k .
HerBls || X7 | _ [gy +bs :'%XW} 9.29)

with a nonsingular matrix. The right-hand side of (9.29) being bounded due to
IB.zx"; | = IB.#zx%|l, we conclude that the set {x*; : .# (x*) = .Z} is bounded.
See also Dostal and Kucera [8] or Dostdl and Kozubek [9]. ([l

9.7 Convergence

Now we are ready to prove the main convergence results of this chapter. To describe
them effectively, let .% = .% (X) denote the set of indices of the variables that are
involved in the free set of a unique solution X (see Proposition 9.1 for formal definition
of .% (X)), and let us call the solution X regular if B, & is a full row rank matrix, and
range regular if ImnB = ImB,, & . It is easy to check that the regular or range regular
solution of (9.1) satisfies the Abadie constraint qualification.

Theorem 9.2 Let {x*}, {A*} be generated by Algorithm9.1 for the solution of (9.1)
withn > 0,8 > 1,M > 0, p > 0, andA° € R™. Then the following statements hold.
(i) The sequence {x} converges to the solution’X of (9.1).

(ii) If the solution X of (9.1) is regular, then {A*} converges to a uniquely determined
vector hg of Lagrange multipliers for the equality constraints of (9.1).

(iii) If the solution X of (9.1) is range regular, then {\*} converges to

A =2As+ (I =P,
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where P is the orthogonal projector onto Im B = Im B, & and A_g is the least square
Lagrange multiplier for the equality constraints of the solution of (9.1).

Proof (i) Since the iterates x* are bounded due to Lemma 9.1, it follows that there
is a cluster point X of {x*} and .#" C N such that

lim {x"};er =X.
k—o00
Moreover, since x* € 25 and by (9.26)
lim ||Bx*|| =0,
k—o00

it follows that BX = 0, X € 24, and f(X) > f(X).
To show that X solves (9.1), let us denote

d=X—-X, o =max{a €[0,1]: ¥ +ad e 25}, df = od,

so that

Bd=Bd*=0, limd‘=d, Ilmx*+d"=x%,
k— o0 k— o0

and
L +d, 2 0) — L5 A%, p) = fF(x* +d) — (D).

Moreover, if we denote
F = arg min L(x, Ak ),
XeNg

then by Lemma 7.2 and the definition of x* in Step 1 of SMALSE-M

N 1 M2
0< L2 p) — LA A p) < lg” A%, p) I < - 11Bx"|1>.

- 2)‘-min 2)‘-mm

Using the above relations, we get

0 < L(x* +d A% p) — L& A5 p)
= L(x* +d* %, p) — L(x*, A%, p) + L(x*, A5, p) — L& A5, p)

MZ
= F&E 4 dY = F ) + = [BY

The continuity of f implies

2
0< lim (f(xk +d - fx) + %anknz) =f® - f®.

2 min
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It follows that X solves (9.1). The solution X of (9.1) being unique, it follows that x*
converges to X = X. B

(i) Let us denote .# = .% (X) and H = A + pBT”B, so by the assumptions there is a
unique Lagrange multiplier X such that

[HX—b+B"A]# = o. (9.30)

Since we have just proved that (xK} converges to X, there is ki such that # C .% (xK}
for k > k; and
g7 (X", 1, p) = Hzx’ —bz + B[ ;20

converges to zero. It follows that the sequence
BlzA =bs —Hzx' +25(x" 25, p)

is bounded. Since the largest nonzero singular value & ,;, of B, & satisfies
Tainl AIl < 1B #A"),

it follows that there is a cluster point X of A¥. Moreover, A satisfies
[HX—b+B'Alz =o.

After r comparing the last relation with (9.30) and using the assumptions, we conclude

that A = A and AX converges to x. B

(iii) Let us assume that the solution X of (9.1) is only range regular, let A denote any

vector of Lagrange multipliers for (9.1), and let Q = | — P denote the orthogonal
projector onto Ker B = Ker B! .. Using P+ Q = I, B"Q = O, and (2.34), we get

IBI -\ =)l = IBI (P + Q)A* —1)|| = IB(PA* — PL) ||
> GminlPA* — PL].

Using the arguments from the proof of (ii), we get that the left hand side of the above
relation converges to zero, so PA¥ converges to PA. Since

A =204 pBx’ 4 .- + pBxf
with Bx* € ImB, we get
A= (P+ Q7 =Qa%+ Pak,
Observing that A = Ars + QLAY is a Lagrange multiplier for (9.1) and PA = Ars,

we get B B
IAF =X = QA" + PA* — (Ars + QL°) || = [IPA* — PX].
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Since the right-hand side converges to zero, we conclude that A¥ converges to A,
which completes the proof of (iii). (|

9.8 Optimality of the Outer Loop

Theorem 9.1 suggests that it is possible to give an independent of B upper bound on
the number of outer iterations of Algorithm9.1 (SMALSE-M) that are necessary to
achieve a prescribed feasibility error for a class of problems like (9.1). To present
explicitly this new feature of SMALSE-M, at least as compared to the related algo-
rithms [7], let .7 denote any set of indices and let for any ¢ € .7 be defined the
problem

. . . t 1 T T
minimize f;(X) s.t. X € 2¢p, f;(X) = EX Ax —Db,x, (9.31)
where
Qi ={xeR":Bx=o0and x € 25}, 2f{={hi(x;))<0,ieJ,

hf defines the bound, spherical, or elliptic constraints, A, € R"*™" denotes an SPD
matrix, B, € R"* _and b, € R". Our optimality result reads as follows.

Theorem 9.3 Let {xf}, {kf}, and {M, i} be generated by Algorithm9.1 for (9.31)
with

0<n <|bll, 0<p <1, Mypyo=My>0, p>0, and 1! =o.

Let 0 € .QgE and let there be an an, > 0 such that the least eigenvalue hyin (A;) of
the Hessian A, of the quadratic function f,; satisfies

Amin(Ar) > amin, t € 7.
Then for each ¢ > 0 there are indices k;, t € 7, such that
k, <a/e*+1 (9.32)
and xf’ is an approximate solution of (9.31) satisfying
IBx: Il < ellby]I. (9.33)

Proof First notice that for any index j

. J o0
pPJ . i . . 1% i 1Y i
7mm{||th,||2 ci=1,...,j} < ;5||th,||2 < le 5||th,||2. (9.34)
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Denoting by L;(x, A, p) the augmented Lagrangian for problem (9.31), we get for
anyx €e R and p > 0

1 1 b, II*
Li(x, 0, p) = 5" (Ar + pBIB)X = byx = Zamin X" = IIbi]|[x]| = =~
If we substitute this inequality and zy = o into (9.25) and use the assumption
bl = 1., we get

>3

2 2 b 2
B[ < Ib, 12 ++p) _ @+ p)bl ’ 9.35)

- 2 Amin 2amm - 2amin

t\)lb

where p > 0 denotes the smallest integer such that p > 5217 Mg /amin. Using (9.34)
and (9.35), we get

(+P)2

min

pj . 2
7m1n{||th;||2 i=1,...,j} <

b )12,

Let us now denote
a=Q2+ p)/(aminp)

and take for j the least integer which satisfies a/j < &2, so that
a/e* <j<a/e®+1. (9.36)
Denoting for any r € .7
k, = arg min{||B,x!|| :i = 1,..., j},

we can use (9.36) with simple manipulations to obtain

. i . . a
IBrx," |I* = min{|B,x;|* : i = 1,.... j} < j?eznbtuz <&lbl 4

9.9 Optimality of the Inner Loop

We need the following simple lemma to prove the optimality of the inner loop (Step 1)
implemented by the MPGP algorithm.

Lemma 9.4 Let {x*} and {A*} be generated by Algorithm9.1 for the solution of
(9.1)withn >0,0< B <1, M>0,p>0,and A’ € R". Let 0 < amin < Amin(A),
where Amin(A) denotes the least eigenvalue of A.
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Then for any k > 0

2

L 25 p) = LR ) < T 9.37)
min

Proof Let us denote
1 = arg min L(x, AT, p).
XG.QS

Using Lemma 7.2 and the definition of Step 1 of SMALSE-M, we get

L(Xk,)»kﬂ,p) —L(Xk+1,)»k+1,p) < L(Xk,Xk+1,p) _ L(§k+1’xk+1’p)
1 n’
< 5—Ilg"I* < 5 — O
2amin 2amin

Now we are ready to prove the main result of this chapter, the optimality of Algo-
rithm9.1 (SMALSE-M) in terms of matrix—vector multiplications, provided Step 1
is implemented by Algorithm 7.2 (MPGP) or any other, possibly more specialized
algorithm for the solution of separable constraints with R-linear rate of convergence
of the norm of the projected gradient, such as MPRGP described in Chap. 8.

Theorem 9.4 Let
0 < dpin < Amax, 0 < Cmax, and & >0

be given constants and let the class of problems (9.31) satisfy

Amin < Amin(Ar) < Amax (Ar) < dmax and ”BI” =< Cmax- (9.38)

Let {xf}, {Xf }, and {M, \} be generated by Algorithm9.1 (SMALSE-M) for (9.31)
with

bl >n >0 0<B<1, Mo=My>0, p>0, and A’ =o.

Let Step 1 of Algorithm9.1 be implemented by Algorithm7.2 (MPGP) with the
parameters I' >0 and o € (0,2(amax + pcfmx)_l] to generate the iterates
xf’o, xf’l, ceey xf‘l = x* for the solution of (9.31) starting from xf‘o = xk=1 with

X, ' = o, where | = 1, ; is the first index satisfying
lg” AL, ) < M lIBix ). (9.39)

Then Algorithm9.1 generates an approximate solution Xf’ of any problem (9.31)
which satisfies

lg” (xi, A, o)l < ellbell and [Bx;"|| < &b, | (9.40)
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at O (1) matrix—vector multiplications by the Hessian of the augmented Lagrangian
for (9.31).

Proof Lett € 7 be fixed and let us denote by L,(x, A, p) the augmented Lagrangian
for problem (9.31). Then by (9.37) and the assumption n, < ||b;||

k=1 1k k oAk n; b, I
LZ(X[ sltvp)_Lt(Xtv)\-tsp)Sza_‘SZa -
min min

Since the minimizer if of L;(x, Xf, p) subject to x € 2% satisfies (9.8) and is a
possible choice for Xf it follows that

. - b, |1
Li(xf~' AfL p) — LiXE AL, p) < -——. (9.41)

2amin

Using Theorem 7.3, we get that Algorithm 7.2 (MPGP) used to implement Step 1 of
Algorithm9.1 (SMALSE-M) starting from Xf'o = x!~! generates X! satisfying

_ - b, 12
&/ (¢ AL PP < @ (L™ A p) = Li(Ri, A7 ) < any =1l

amm

where a; and n = n(§, ) < 1 are the constants specified for the class of prob-
lems (9.31) in Theorem 7.3. It simply follows by the inner stop rule (9.39) that the
number [/ of the inner iterations in Step 1 is uniformly bounded by an index /jax

which satisfies

2
bl o < M2

21k 112
- | 9

ai
2amin
Thus we have proved that Step 1 implemented by MPGP is completed in a uniformly
bounded number of iterations of MPGP. Since each iteration of MPRGP requires
at most two matrix—vector multiplications, it follows that Step 1 can be carried out
for any instance of the class of problems (9.1) in a uniformly bounded number of
matrix—vector multiplications.
To finish the proof, it is enough to combine this result with Theorem 9.3, in par-
ticular to carry out the outer iterations until

M, IBx"|| < e[b]l and [Bx"| < e|b]l.
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9.10 SMALBE for Bound and Equality Constrained
QP Problems

We shall now consider a special case of problem (9.1), the minimization of a strictly
convex quadratic function on a feasible set defined by the bound and linear equality
constraints

min f(x), pr={xeR":Bx=0 and x> {}, (9.42)

XERpE

where f(x) = %XTAX —x'b, b eR", Ais an n x n SPD matrix, and B € R"*",
We consider the same assumptions as above, in particular, 2z # @, B # O, and
Ker B # {0}. We admit dependent rows of B and ¢; = —oo.

The complete algorithm that we call SMALBE-M (Semi-Monotonic Augmented
Lagrangians for Bound and Equality constraints) reads as follows.

Algorithm 9.2 Semi-monotonic augmented Lagrangians for bound and equality constrained
QP problems (SMALBE-M).

Given an SPD matrix A € R"*" B € R™*" n-vectors b, .
Step 0. {Initialization.}
Choosen >0,0<B8<1, M_1 =0, My >0, p>0, A0 e R
fork=0,1,2,...
Step 1. {Inner iteration with adaptive precision control.}
Find x* > ¢ such that

lg” ", A%, o) < min{My[IBX" I, ) 9.43)
Step 2. {Updating the Lagrange multipliers.}

AL = Ak 4 pBxk (9.44)

Step 3. {Update M provided the increase of the Lagrangian is not sufficient.}
if M, =M;_, and

L 2%, p) < LT o)+ §||Bxku2 (9.45)
Mj1 = BMy
else
Mi1 = My
end else if
end for

In Step 1 we can use any algorithm for minimizing strictly convex quadratic
functions subject to bound constraints as long as it guarantees the convergence of
projected gradient to zero, such as the MPRGP algorithm of Chap. 8.
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9.11 R-Linear Convergence of SMALBE-M

Our main optimality result, Theorem 9.4, guarantees that the number of iterations
k:(¢) that are necessary to get an approximate solution of any problem from the class
of problems (9.31) to the prescribed relative precision ¢ is uniformly bounded by

k(e) = max{k,(e) : t € T}.

Notice that k(&) does not depend on the matrices B, which appear in the description
of the feasible sets £2; ... a feature which is not obvious from the standard analysis
of the Uzawa type methods even for linear problems. However, Theorem 9.3 yields
only

k(e) S €72,

i.e., we proved that there is C > 0 independent of B, such that for any ¢ > 0
k(e) < Ce™2,

which is very pessimistic and has never been observed in practice.

Here we report a stronger result concerning the convergence of a particular class of
problem (9.42) defined by the bound and equality constraints, namely that SMALBE-
M enjoys the R-linear convergence of feasibility errors in a later stage of computa-
tions, when the indices of the free and strongly active variables of the solution are
identified, and show that there are k; (¢) and k, such that for sufficiently small &

ki(e) — Kk, < |log(e)].

Notice that the iterates can remain nonlinear in any stage of the solution procedure,
so the convergence analysis cannot be reduced to that for the equality constraints.
The result does not assume independent equality constraints and remains valid even
when there are some zero multipliers for active bound constraints.

__We shall start with the following lemma which shows that the binding set
P = A(X) and the free set F = .Z (X) are identified in a finite number of steps.

Lemma 9.5 Let the matrices A, B and the vectors b, £ be those from the definition
of problem (9.42). Let x* and A* be generated by the SMALBE-M algorithm for the
solution of (9.42) with the regularization parameter p > 0. Then there is k| such that
fork >k R R

F=F®CF" and B=BRX C BE. (9.46)

Progf First observe that g” (xk, K, p) converges to zero by Theorem9.3. If B = 0
or .# = (J, then the statements of our lemma concerning these sets are valid trivially.

Hence we assume that they are both nonempty and denote

Sz=min{%, — ;i € 7}, 85 =min(g :i € B).
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~

k converges to X, there is k' such that fork > k' and i € .

Since x

v <% 1(S Lk
i <Xi— 20z = X;,
2? 1

ie., i e Fxh.

To prove the second relation of (9.46), observe that g is a continuoEs function, so
gk = g(x*, A¥, p) converges to 8 = g(X, A, p). It follows that if i € 4, then there is
k" such that for k > k”

k 9k ko L
&(xX", AN, p) =g > 559?
Moreover, since g” (x*, A¥, p) converges to zero by the assumption, it follows that
there is kK > k” such that for k > k’” holds x{‘ ={;, ie.,i € B(x¥). We have thus
proved the second relation of (9.46) with k; = max{k’, k"’}. O

Now we are ready to formulate the results showing that the convergence is R-linear
after the free and strong active constraints of the solution are identified.

Theorem 9.5 Let {x*}, {A*}, and {M}} be generated by SMALBE-M for the solution
10 (9.42) withn > 0,0 < B <1, My > 0, p > 0, and A° € R™. Let the solution X
of (9.42) be range regular and let ko and k| be those of Theorem 9.1 and Lemma 9.5,
so that for k = max{ko, k;}

My=Mg, =Mg = and F® =Fx)=FE)=2x?)=....

Let Gin denote the smallest nonzero singular value of B, 7, letH = A + pBTB, and
denote

H) + 1 AP M,k (A?) + 5L IH 2C
C1=MkOK( )+ K£ )’ C2= koK( /)\+o-m1n” ” C=_2
)\min (H) Omin Omin P
Then the following relations hold:
(i) For any k > k
k)2 ¢ e k(2

Bx*|I“<(C+D|=— Bx"||-. 9.47
1Bx*[|” = ( )(C—|-1) 1Bx"|] (9.47)

(ii) For any k > k

k—k
k<2 ¢ Bxt |12
Ix* =X|I” = Ci(C+ 1) Cr 1Bx" |1~ (9.48)
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(iii) If \° € ImB, then for any k > k

c \¥t
[AF = Arsl? < Co(C + 1) (c—+1) IBx*||. (9.49)

Proof See [10, Theorem4.4].

9.12 SMALSE-Mw

The algorithm SMALSE-Mw that we develop here is a modification of SMALSE-M
which can cope with a high sensitivity of the projected gradient when the curvature
of the boundary of a feasible set is strong, as typically happens when the inequality
constraints are elliptic as in the algorithms for contact problems with orthotropic fric-
tion. The difficulties with the curvature are resolved by using the reduced projected
gradient ¥ (see Sect.7.2). The SMALSE-Mw algorithm reads as follows.

Algorithm 9.3 Semimonotonic augmented Lagrangians for separable and equality con-
strained QCQP problems (SMALSE-Mw).

Given an SPD matrix A € R"*" b € R", B € R"*" constraints h.
Step 0. {Initialization.}
Choosen >0,0<B <1, M_1 =0, My >0, p>0, A0 e R
fork=0,1,2,...
Step 1. {Inner iteration with adaptive precision control.}
Find x* € Qg such that

18" (", A%, p)II < min{M|IBx" ||, n) (9.50)
Step 2. {Updating the Lagrange multipliers.}

AFL =k 4 oBxF 9.51)

Step 3. {Update M provided the increase of the Lagrangian is not sufficient.}
if My =M, and

Lt AR p) < L1 a0 p) 4 2B 2 9.52)

M1 = BMy
else
Mi+1 = My
end else if
end for
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In Step 1 we can use any algorithm for minimizing the strictly convex quadratic
function subject to separable constraints as long as it guarantees the convergence
of reduced projected gradients to zero. Since Theorem 7.1 guarantees that for any
A¥ € R™ and p > 0, there is a constant C > 0 such that for any x € £2g

82 (x, A%, p)Il < llg” (x, A%, p)Il < ClIgrl (x, A, p) |, (9.53)

it follows that we can use the MPGP algorithm of Sect.7.3.

The next lemma shows that Algorithm 9.3 is well defined, that is, any algorithm for
the solution of auxiliary problems required in Step 1 that guarantees the convergence
of the reduced projected gradient to zero generates either a feasible x* which satisfies
(9.50) in a finite number of steps or approximations which converge to the solution
of (9.1).

Lemma 9.6 Let M > 0, A € R, « € (0, 2(|All + plIBI) '), n > 0, and p > 0
be given. Let {y*} € 25 denote any sequence such that

X = lim y* = arg min L(y, 1, p)
k—o00 yef2g

and gF (¥*, X, p) converges to the zero vector. Then {y*} either converges to the
unique solution X of problem (9.1), or there is an index k such that

182 (v%, X, p)Il < min{M|IBy*|, n}. (9.54)

Proof 1f (9.54) does not hold for any k, then ||gF (y*, &, p)|| > M|By*| for any k.
Since g* (yfi, A, p) converges to the zero vector by the assumption, it follows that
IBy*|| converges to zero. Thus By = o and using the assumptions and (9.5), we get

gH=e"G.rp =0
It follows that ¥ satisfies the KKT conditions (9.5) andy = X. O

Inequality (9.53) guarantees that x* satisfies
lg” (<, A%, o)l < min{C My |Bx“||, n}, 9.55)

so x* can be considered as an iterate of SMALSE-M for problem (9.1). This is
sufficient to guarantee the convergence of SMALSE-Mw. However, C in (9.55)
depends on A*, so the analysis used above is not sufficient to obtain optimality results
for SMALSE-Mw. In spite of this, it turns out that SMALSE-Mw is an effective
algorithms for the solution of problems with linear equality and separable inequality
constrains with strong curvature, such as those arising in the solution of contact
problems with orthotropic friction. Since A* changes slowly, it is not surprising that
we observe in our experiments a kind of optimal performance.
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9.13 Solution of More General Problems

If A is positive definite only on the kernel of B, then we can use a suitable penalization
to reduce such problem to the strictly convex one. Using Lemma [11, Lemma 1.3],
it is easy to see that there is o > 0 such that A + pB7 B is positive definite, so that
we can apply our SMALBE-M algorithm to the equivalent penalized problem

min f5(x), (9.56)

XeRpE

where |
f5(x) = ExT (A +7pB"B)x — b'x.

If A is an SPS matrix which is positive definite on the kernel of B, which is typical
for the dual formulation of the problems arising from the discretization of contact
problems, then we can use any p > 0, typically p = ||A]l.

9.14 Implementation

Let us give here a few hints that can be helpful for an effective implementation of
SMALSE-M (SMALBE-M) and SMALSE-Mw with the inner loop implemented by
MPGP (MPRGP).

Before applying the algorithms presented to the problems with a well-conditioned
Hessian A, we strongly recommend to rescale the equality constraints so that
|A]| & ||BJ|. Taking into account the estimate of the rate of convergence in The-
orem9.5, it is also useful to orthonormalize or at least normalize the constraints.

A stopping criterion should be added not only after Step 1 but also into the
procedure which generates x* in Step 1. In our experiments, we use

IVL, A5, o)l < eglibll and [IBx“ —c|| < f[b]. 9.57)

The relative precisions ¢, and &, should be judiciously determined. We often use
& = &g = ¢y. Our stopping criterion in the inner loop reads

lg” (v', A%, p) || < min{M;|By' —c|l,n} or (9.57),

so that the inner loop is interrupted when either the solution or a new iterate x* =y’
is found.

The parameter 7 is used to define the initial bound on the feasibility error which
is used to control the update of M. The algorithm does not seem to be sensitive with
respect to n; we use n = 0.1||b||.
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The parameter S is used to increase the precision control. Our experience indicates
that 8 = 0.2 is a reasonable choice.

The regularization parameter p should compromise the fast speed of the outer
loop with large p and a slow convergence of the algorithm in the inner loop. For the
problems arising from the dual formulation of the conditions of equilibrium of contact
problems, the choice p ~ ||A|l does not increase the upper bound on the spectrum
of the Hessian of the augmented Lagrangian and seems to balance reasonably the
speed of the inner and outer iterations.

The basic strategy for initialization of M is based on the relation

M < phnin(A).
which guarantees sufficient increase of the augmented Lagrangian. We use
Mg 2 10002 min(A),

which allows fast early updates of the Lagrange multipliers. Notice that M, is adjusted
automatically, so the performance of the algorithm is not sensitive to M.

If the Hessian H = A 4 pBBT of L is ill-conditioned and there is an approxima-
tion M of H that can be used as preconditioner, then we can use the preconditioning
strategies introduced in Sect. 8.6. We report effective problem dependent precondi-
tioners for contact problems in Chap. 16.

9.15 Comments and References

This chapter is based on the research the starting point of which was the algorithm
introduced by Conn, Gould, and Toint [12]; they adapted the augmented Lagrangian
method of Powell [2] and Hestenes [1] to the solution of problems with a nonlinear
cost function subject to nonlinear equality constraints and bound constraints. Conn,
Gould, and Toint worked with the increasing penalty parameter. They also proved
that the potentially troublesome penalty parameter p; is bounded and the algorithm
converges to a solution also with asymptotically exact solutions of auxiliary problems
[12]. Moreover, they used their algorithm to develop the LANCELOT [5] package
for the solution of more general nonlinear optimization problems. More references
can be found in their comprehensive book on trust region methods [13]. An excellent
reference for the application of augmented Lagrangian for more general problems
can be found in Birgin and Martinez [14]. For the augmented Lagrangian method
with filter, see Friedlander and Leyfer [15].

The SMALSE and SMALBE algorithms differ from the original algorithm in
two points. The first one is the adaptive precision control introduced for bound and
equality constrained problems by Dostdl, Friedlander, and Santos [7]. These authors
also proved the basic convergence results for the problems with a regular solution,
including the linear convergence of both the Lagrange multipliers and the feasibility
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error for a large initial penalty parameter py. The algorithm presented in [ 7] generated
a forcing sequence for the increase of penalty parameter which was sufficient to get
the convergence results.

The next modification, the update rule for the parameter p; of the original
SMALBE which enforced a sufficient monotonic increase of L(x, u*, pr), was
first published by Dostdl [16]. The convergence analysis included the optimality of
the outer loop and the bound on the penalty parameter.

The possibility to keep the regularization parameter fixed was first mentioned in
the book [11]. The algorithm for the bound and equality constraints which keeps
the regularization fixed was coined SMALBE-M. This innovation was important for
experimental demonstration of numerical scalability of the algorithms for multibody
contact problems. The convergence analysis shows that it is possible to combine both
strategies.

The first optimality results for the bound and equality constrained problems were
proved by Dostdl and Hordk for the penalty method [17, 18]. The optimality of
SMALBE with the auxiliary problems solved by MPRGP was proved in Dostal [19];
the generalization of the results achieved earlier for the penalty method was based
on a well-known observation that the basic augmented Lagrangian algorithm can be
considered as a variant of the penalty method (see, e.g., Bertsekas [20, Sect.4.4]).
The generalization to the solution of problems with more general separable con-
straints was easy after the development of the algorithms discussed in Chap. 7. The
presentation of SMALSE-M given here is based on our earlier work, Dostdl and
Kucera [8], and Dostdl and Kozubek [9]. The SMALSE-Mw algorithm adapted for
the elliptic constraints with strong excentricity appeared in Bouchala et al. [21]. Lin-
ear convergence for SMALBE-M has been proved in Dostal et al. [10]. If applied
to the bound and equality constrained problem (9.42), all these algorithms generate
identical iterates. Effective heuristic modifications can be found in Hapla [22].
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Scalable Algorithms for Contact
Problems



Chapter 10
TFETI for Scalar Problems

We shall first illustrate the ideas of scalable domain decomposition algorithms for
contact problems by describing the solution of two scalar problems governed by
elliptic boundary variational inequalities. The problems proposed by Ivan Hlavacek
deal with the equilibrium of two membranes with prescribed unilateral conditions
on the parts of their boundaries and have a structure similar to multibody contact
problems of elasticity. The scalar variational inequalities are of independent interest
as they describe the steady state solutions of problems arising in various fields of
mathematical physics (see, e.g., Duvaut and Lions [1]).

Our presentation is based on the FETI (Finite Element Tearing and Interconnect-
ing) method, which was proposed as a parallel solver for linear problems arising
from the discretization of elliptic partial differential equations. The basic idea is to
decompose the domain into nonoverlapping subdomains that are “glued” by equality
constraints. Using the duality, the original problem is reduced to a small, relatively
well-conditioned QP problem in Lagrange multipliers.

Here we introduce a variant of the FETI method called Total FETI (TFETI),
which differs from original FETI in a way which is used to implement Dirichlet
boundary conditions. While FETT assumes that the subdomains inherit their Dirichlet
boundary conditions from the original problem, TFETI enforces them by Lagrange
multipliers. Such approach simplifies the implementation as the stiffness matrices of
“floating” subdomains have a priori known kernels that define the coarse problem
which does not depend on prescribed displacements. If the procedure is combined
with the preconditioning by the “natural coarse grid” of rigid body motions, the
regular condition number of the Hessian matrix of the dual energy function becomes
uniformly bounded.

Though the FETI methods are well established as efficient tools for the parallel
solution of linear problems, they are even more efficient for the solution of bound-
ary variational inequalities. The reasons are that the duality reduces the inequality
constraints to bound constraints and the “natural coarse grid” defines a sufficiently
small subspace with a solution. As a result, we get a small convex QP problem with
bound and equality constraints and a well-conditioned Hessian that can be solved by
the SMALBE-M and MPRGP algorithms with asymptotically linear complexity.

© Springer Science+Business Media LLC 2016 163
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10.1 Two Membranes in Unilateral Contact

We shall reduce our analysis to two scalar model problems. Let £ = 2! U 22,
2'=(0,1) x (0, 1),and .(22'= (1, 2) x (0, 1) denote open domains with the bound-
aries I'', I'%. Let the parts I}, I'\., and

Ii=Tc={(,y)eR*:ye(0,1)

of I'' be formed by the sides of 2/, i = 1,2.Let f : 2 — R denote a given con-
tinuous function. Our goal is to find a sufficiently smooth (u', u?) satisfying

. ) ) . out )
—Au'=f in2', u'=0 onl}, %:O only, i=1,2, (10.1)
nl

where n’ denotes the outer unit normal, together with the conditions given on
Ie=T}=T¢

2 2 1 2
2 ou %%mz—w)za g%~+%%=o. (10.2)

The solution u can be interpreted as the displacement of two membranes that are
fixed on Iy, pressed vertically by the traction of the density f, and pulled horizontally
by the unit density traction along I'r and the part of I'c where u' < u?. Moreover,
the left edge of the right membrane is not allowed to penetrate below the right edge
of the left membrane and the latter can only be pressed down.

Fig. 10.1 Coercive (left) and semicoercive (right) model problems

We shall distinguish two cases. In the first case, both membranes are fixed on the
outer edges as in Fig. 10.1 left, so that

I} ={0,y)eR*:ye[0,1]}), IF={2,y) eR*:yel0,1]}.
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Since the Dirichlet conditions are prescribed on the parts I ! i =1,2,of the bound-
aries with a positive measure, it follows that a solution exists and is necessarily
unique [2, 3]. In the second case, only the left membrane is fixed on the outer edge
and the right membrane has no prescribed vertical displacement as in Fig. 10.1 right,
so that

ry={0.y)eR*:ye[0, 11}, Ij=0.

To guarantee the solvability and uniqueness, we shall assume

fde <0.
02

More details about this model problem may be found, e.g., in [4].

10.2 Variational Formulation

To reduce the requirements on the smoothness of data and a solution u = (uy, 1) of
(10.1) and (10.2), let us reformulate the problem in a variational form, which requires
that the relations are satisfied rather in average than point-wise. This approach opens
a convenient way to the formulation of the results concerning the existence and
uniqueness of a solution and to the application of efficient QP solvers to the solution
of discretized problems. The variational form of (10.1) and (10.2) uses the forms
defined on suitable Sobolev spaces.

Let H'(£2)), i = 1,2, denote the Sobolev spaces of the first order in the space
L?(£2") of the functions defined on £27 the squares of which are integrable in the
sense of Lebesgue. Let

Vi={ e H'(2):v' =0 on I}}
denote the closed subspaces of H'(£2%), i = 1,2, and let
V=V'xV? and & ={0'v)eV:v —v'>0 on I}
denote the closed subspace and the closed convex subset of
H=H"'(2" x H'(£2?),

respectively. The relations on the boundaries are in terms of traces. On H we shall
consider the L?(£2) scalar product

2
(u,v):Z/ uvids2,
=17
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the symmetric bilinear form
du' 3V Bui v
— ) d£2,
a,v) = Z/ (8x1 v o 3x2)
and the linear form
2
w=w=3 [ /e si=na.
i=1 &

To get variational conditions that are satisfied by each sufficiently smooth solution
u= (u',u?)of (10.1)and (10.2),letv = (v',v?) € C'(2") x C'(£2?) N # . Using
the Green Theorem 4.2, the definition of ., and (10.1) and (10.2), we get

dul Ju?
— (Au,v) = (Vu, Vv) — Vi dr — S dr (10.3)
Ic on Ic aJn
du?
=a(u,v) +/ ﬁ(v —vHdI™ <a(u,v). (10.4)
I'c

For x € £, we define u(x) = u’(x). Since for any v € C'(2") x C!(£2?)

_(AM, V) = (fa V)

and a solution u satisfies

a 2
/ 2w —u?ydr =0,
Ic on

we can use the assumption v — u € C'(£2') x C'(£2?) to get

a(u,v—u)—ﬁ(v—u)=—(Au,v—u)+/ ﬁ(v —v)dF (f,v—u)
I'c

:/F %(V —vhdr >o. (10.5)

The latter condition, i.e.,
a(u,v—u) > Lv—u), ve #NCH (LY x Cc'(£2?),

is by Theorem 4.5 just the condition which satisfies the minimizer of

qv) = la(v v) — £(v) subjectto v e . # NCHRY x C1(£2?). (10.6)


http://dx.doi.org/10.1007/978-1-4939-6834-3_4
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The classical formulation of the conditions of equilibrium does not describe real-
istic situations, e.g., if f is discontinuous, then the description of equilibrium by
(10.1) and (10.2) is not complete, but the problem to find u € . such that

qu) <qW), vex, (10.7)

is defined forany f € L?(£2') x L?(£2?). Using the arguments based on the coerciv-
ity of g, it is possible to prove that (10.7) has a solution [2] and that any sufficiently
smooth solution of (10.7) solves (10.1) and (10.2). Moreover, if f is piece-wise
discontinuous, then it can be shown that the solution of variational problem (10.7)
satisfies additional conditions of equilibrium [2].

10.3 Tearing and Interconnecting

So far, we have used only the natural decomposition of the spatial domain £2 into £2!
and 222. However, to enable efficient application of domain decomposition methods,
we can optionally decompose each £2/ into p = 1/H x 1/H square subdomains

Q1 ... Q7 asin Fig. 10.2. We shall call H a decomposition parameter.
Qll QIZ QZI 922
H
As
913 Ql4 Q23 QZ4
Ay
hy
T
As

Fig. 10.2 Domain decomposition and discretization

The continuity of a global solution in £2! and £2? can be enforced by the “gluing”
conditions

ul (x) = u*(x), (10.8)
Vu'/ .n = —vu'* . n', (10.9)

which should be satisfied by the traces of u*/ and u’* on 'k = i 0 [k,
To get a variational formulation of the decomposed problem, let

Vi={eH(QY): v/ =0 on Iynrv}, i=12, j=1,...p,
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denote the closed subspaces of H'(£2%/) and let

p=WV"1x. .xVIP)yx (V! x...x V),
Hpp = {v € Vpp v —vi>0o0n I}n Fczj and v/ =¥ on Fij*i"].

The relations on the boundaries are again in terms of traces. On Vpp, we shall define
the scalar product

(u,v) = ZZ/ u Vi dg,

i=1 j=I1 29
the symmetric bilinear form
ou/ v Quld vl
= ———) d£2,
a(u V) ;;/ (8)61 8x1 + 3)62 8)62)

and the linear form

L) = (f.v) = ZZ/ fivids,

11119”

where f/ e L?(£22"/) denotes the restriction of f to £2%/.
Observing that for any v € #pp

ij ik ij ik
du'’ WA+ du Vkdr — du'’ 4 ou Jidr =0,
i anlj i 3nlk i oni/ anlk

we get that relations (10.3)—(10.5) remain valid also for the decomposed problem
and u € #pp solves

a(u,v—u) >L(v—u), veH&pp. (10.10)

In what follows, we shall consider the equivalent problem u € J#pp such that

1
qu) <q), q) = Ea(v, v) —L(v), vE Fpp. (10.11)

10.4 Discretization

After introducing regular grids with the discretization parameter 4 in the subdomains
21, so that they match across the interfaces I""/*¥' | indexing contiguously the nodes
and entries of corresponding vectors in the subdomains, and using a Lagrangian
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finite element discretization, we get the discretized version of problem (10.11) with
auxiliary domain decomposition

1
min zuTKu —f"u st. Bju<o and Bpu=o. (10.12)

In (10.12), K € R"*" denotes a block diagonal SPS stiffness matrix, the full rank
matrices B; and Bg describe the discretized non-penetration and gluing conditions,
respectively, and f represents the discrete analog of the linear term £(u). If we replace
the couples of indices by single indices, we can write the stiffness matrix and the
vectors in the block form

KiO...O

K= Ok...0 ,u=| ..., f=| ..., s=2p.

O O ...K;

The rows of Bg and By are filled with zeros except 1 and —1 in the positions that cor-

respond to the nodes with the same coordinates on the artificial or contact boundaries,
respectively. We get three types of equality constraints as in Fig. 10.3.

»O
:71777;;777]:3 [ [ o
i I | l > / i}«—»‘li
k. 0 1 e

Fig. 10.3 Three types of constraints

If b; denotes a row of B; or Bg, then b; does not have more than four nonzero
entries. The continuity of the solution in the “wire basket” (see Fig. 10.3 left) and
on the interface (see Fig.10.3 middle) or the fulfillment of Dirichlet’s boundary
conditions (see Fig. 10.3 right) are enforced by the equalities

Wi =uj, Uy =ug, w; +uj =up+u; u; =u;; u; =0;
respectively, which can be expressed by means of the vectors

T T T.

bij =(si —s;), bie =(sx —80)", bijju=(si +s; —sx —8)";
T. T.

bij = (si —s;)"; bi =s;;
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where s; denotes the ith column of the identity matrix |,. The continuity of the
solution across the subdomains interface (see Fig. 10.3 middle) is implemented by

b,' X = 0,
so that b;;x denotes the jump across the boundary.
The non-penetration is enforced similarly. If i and j are the indices of matching
nodes on Fé and Fg, respectively, then any feasible nodal displacements satisfy

b,‘jX <0.

The construction of the matrices Bg and B, guarantees that any couple of their rows
is orthogonal. We can easily achieve by scaling that B = [B%, BT |” satisfies

BB =I.

10.5 Dual Formulation

Our next step is to simplify the problem using the duality theory, in particular we
replace the general inequality constraints

B]llf()

by the nonnegativity constraints. To this end, let us define the Lagrangian associated
with problem (10.12) by

1
L(u, A, Ap) = EuTKu —f"u+A7TBju+1LBgu, (10.13)

where A; and A g are the Lagrange multipliers associated with the inequalities and
equalities, respectively. Introducing the notation

we can observe that B € R”*" is a full rank matrix and write the Lagrangian briefly
as

1
L(u, L) = EuTKu —fTu+ A"Bu.
Thus the solution satisfies the KKT conditions, including

Ku—f+B"A =o. (10.14)
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Equation (10.14) has a solution if and only if
f — B7A € ImK, (10.15)

which can be expressed more conveniently by means of a matrix R the columns of
which span the null space of K as

R —B"1) = o. (10.16)

The matrix R can be formed directly so that each floating subdomain is assigned to
a column of R with ones in the positions of the nodal variables that belong to the
subdomain and zeros elsewhere. It may be checked that R BT is a full rank matrix.

Now assume that A satisfies (10.15), so that we can evaluate A from (10.14) by
means of any (left) generalized matrix K™ which satisfies

KKTK = K. (10.17)
It may be verified directly that if u solves (10.14), then there is a vector « such that
u=K*"f—-B"1) + Rea. (10.18)
For the effective evaluation of the generalized inverse, we can use
K* = diag(K, ..., K}),

where Kf is defined in (2.6). Using Lemma 2.1, we can check that we can get a full
rank submatrix A; of K;, which appears in the definition of K¥, by deleting any row
and corresponding column of K;. The best conditioning of Kf can be achieved by
deleting those corresponding to a node near the center of £2 [5]. The action of K*
can be evaluated by the Cholesky decomposition. See Sect 11.7 for more details and
an alternative procedure.

Using Proposition 3.13, we can find A by solving the minimization problem

min 6(A) s.t. Ay >0 and RT(f—B'r) =o, (10.19)

where |
O(\) = EATBWBH —ATBK*f. (10.20)

Notice that 0 is obtained from the dual function ® defined by (3.50) by changing the
signs and omitting the constant term. Once the solution X of (10.19) is known, the
vector U which solves (10.12) can be evaluated by (10.18) and the formula (3.67).
We get o o

« = —(R"B"BR)"'R"B"BK*(f — B"%), (10.21)


http://dx.doi.org/10.1007/978-1-4939-6834-3_2
http://dx.doi.org/10.1007/978-1-4939-6834-3_2
http://dx.doi.org/10.1007/978-1-4939-6834-3_11
http://dx.doi.org/10.1007/978-1-4939-6834-3_3
http://dx.doi.org/10.1007/978-1-4939-6834-3_3
http://dx.doi.org/10.1007/978-1-4939-6834-3_3
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where B = [B7, BZ]", and the matrix B, is formed by the rows b; of B; that corre-
spond to the positive components of the solution X, characterized by A > 0.

10.6 Natural Coarse Grid

Even though problem (10.19) is much more suitable for computations than (10.12)
and was used to effective solving of discretized variational inequalities [6], further
improvement can be achieved using orthogonal projectors associated with the feasible
set. Let us denote

F=BK'B’, d=BK'f,
G=R’B", €=Rf,

and let T denote a regular matrix that defines orthonormalization of the rows of G
so that the matrix

G=TG
has orthonormal rows. After denoting
e=Te,

problem (10.19) reads
1 ~
min EATFX —ATd st. ;>0 and GA=ce. (10.22)

Next we shall transform the problem of minimization on the subset of the affine
space to that on the subset of the vector space by looking for the solution of (10.22)
in the form

X=M+I, where GA = e.

The following rather trivial lemma shows that we can even find A such that X; > o.
Lemma 10.1 Thereis A; > 0 such that GA = €.

Proof Take

I
A = arg min §||X|| st. ;>0 and GA =e.
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To carry out the transformation, denote A = p + X, so that

1

1 -~ 1 O P
SMFL—ATd = p/Fu— @ Fh) + 5xTF)n 34

and problem (10.22) is, after returning to the old notation, equivalent to
1 ~
min EATFA —1'd st. GA=o0 and A; > —%; (10.23)

withd =d — FXand X; > o.
Our final step is based on the observation that problem (10.23) is equivalent to

min 6,(A) st. GA=o0 and A; > —A;, (10.24)

where p is a positive constant and

— 1
0,(\) = EXTHA —ATPd, H=PFP+pQ, Q=G'G, P=1-Q.
(10.25)
The matrices P and Q are the orthogonal projectors on the kernel of G and the image
space of G7, respectively. The regularization term is introduced in order to enable
the reference to the results on strictly convex QP problems.

10.7 Bounds on the Spectrum

We shall solve the bound and equality constrained QP problem (10.24) by SMALBE
(Algorithm 9.2) with the inner loop implemented by MPRGP (Algorithm 8.2). These
algorithms can solve the class of problems (10.24) arising from the discretization
of (10.11) with varying discretization and decomposition parameters in a uniformly
bounded number of iterations provided there are positive bounds on the spectrum of
the Hessian H of the cost function 5,).

First observe that ImP and ImQ are invariant subspaces of H, InP+ImQ = R™
as P+ Q = |, and for any A € R™

HPA = (PFP 4+ pQ)PA = P(FPA) and HQA = (PFP + pQ)QA = pQA.

It follows that
o (H[ImQ) = {p},

so it remains to find the bounds on

o (HIImP) = o (F|ImP).
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The next lemma reduces the problem to the analysis of local Schur complements.

Lemma 10.2 Let there be constants 0 < ¢ < C such that for each . € R™
clIM? = IB"A? = Clag. (10.26)

Then for each A € ImP

i=

-1 -1
¢ (.y}ax ||S,-||) AP < ATFA < c( min Xmin<si>) AP (1027)

=l..,s 7  \u=l,...,

where S; denotes the Schur complement of K; with respect to the indices of the
interior nodes of 2" and Amin(S;) denotes the smallest nonzero eigenvalue of S;.

Proof Let B be a block matrix which complies with the structure of K, so that

Kro..07[B"
+ T s
F=BK'B’ =[B).B,.....B]| O O || B => BK'B/.
OO0..K||BT| ™
Since the columns of B; that correspond to the interior nodes of £27 are formed by
zero vectors, we can renumber the variables to get B, = [C; O] and

clIMP < DICTAR < CIA.

i=l

Let us now denote by S; the Schur complement of K;, i =1, ..., s, with respect
to the interior variables. Notice that it is well defined, as eliminating of the interior
variables of any subdomain amounts to solving the Dirichlet problem which has a
unique solution. Moreover, if we denote by 4 the set of all indices which correspond
to the variables on the boundary of £2; and choose a generalized inverse Sf, we can
use Lemma 2.2 to get

F=BK'B" =) BK/B/ = > C;S/C/ =B.4S"Bl,.
i=1 i=1

where

S = diag(Sy, ..., Sy).

For the analysis, we shall choose the Moore—Penrose generalized inverse K.
Observing that for each A € R”, BTPA € ImK, ImK = ImK", and by Lemma 2.2
BI,PA € ImS', we get

ATPFPA = A"PBK'B"PA = A" PB,4S'B’,PA.


http://dx.doi.org/10.1007/978-1-4939-6834-3_2
http://dx.doi.org/10.1007/978-1-4939-6834-3_2
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Using the assumptions, we get for any A € ImP

—1

A (DA < AL (DIBTA? < ATB,2S'BI 40 <

—1
< Chpin ()1

min

(S)IB"A|

min

To finish the proof, notice that

)‘max(s) = max )‘-max(Si) = _lrllax ”Sl ” and Xmin(s) = '_nilil’l Xmin(Si)- U

i=l,...,s 0=l

Remark 10.1 Lemma 10.2 indicates that the conditioning of H can be improved by
the orthonormalization of the rows of the constraint matrix B.

We have reduced the problem to bound the spectrum o (H) of H to the analysis of
the spectra o (S;) of the Schur complements of the stiffness matrices of the subdo-
mains with respect to their interior. The following lemma is important in the analysis
of optimality of the presented algorithms.

Lemma 10.3 Let H and h denote the decomposition and discretization parameter,
respectively, and let Sy j, denote the Schur complement of the stiffness matrix of a
subdomain of 2 with respect to its interior.

Then there are constants ¢ and C independent of h and H such that for each
A€ ImSH,h

h
cﬁnxu2 <ATSuuh < CIA% (10.28)

Proof See, e.g., Bramble, Pasciak, and Schatz [7] or Pechstein [8, Theorem 2.38 and
its proof]. The estimate was a key ingredient of the first optimality analysis of FETI
for linear problems by Farhat, Mandel, and Roux [9]. O

The following theorem is now an easy corollary of Lemma 10.2 and Lemma 10.3.

Theorem 10.1 Let p > 0and letH, y j, denote the Hessian 0f§p resulting from the
decomposition and discretization of problem (10.7) with the parameters H and h.

Then there are constants ¢ and C independent of h and H such that for each
AeR"

H
cIMP < ATHp sk < CFIIXIIZ- (10.29)

Proof Substitute (10.28) into Lemma 10.2, take into account the regularization term
»Q, and notice that (10.26) is satisfied with ¢ = 1 and C = 4. O
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10.8 Optimality

To show that Algorithm 9.2 (SMALBE) with the inner loop implemented by Algo-
rithm 8.2 (MPRGP) is optimal for the solution of a class of problems arising from
the varying discretizations of a given variational inequality, let us introduce new
notations which comply with that used in the analysis of algorithms in Part II.
Let
T ={(H,h)eR*:H<1, 0<2h<H, and H/h € N}

denote the set of indices, where N denotes the set of all positive integers. Given a
constant C > 2, we shall define a subset 7¢ of 7 by

IJe={(H,h)e T : H/h <C}.
Forany t € 7 and p > 0, we define

A, =PFP+pQ, b, =Pd,
B, =G, 0 ==,

by the vectors and matrices arising from the discretization of (10.11) with the dis-
cretization and decomposition parameters H and 4, t = (H, h), so that we get a class
of problems

min f;(A) s.t. BAA=o0 and A; > ¢;, 1€ T, (10.30)

with f;(A) = %XTA,X — thX. Using Lemma 10.1, we can achieve that Z} < 0, and

using GG’ = I, we obtain
1B/l < 1. (10.31)

It follows by Theorem 10.1 that for any C > 2, there are constants a&,, > a&, > 0
such that
agin < Amin(Ar) < Amax (A1) < agax (10.32)

min —

for any t € J¢. As above, we denote by Ayin(A;) and A, (A,) the extreme eigen-
values of A,. Our optimality result then reads as follows.

Theorem 10.2 Let C >2, p >0, and ¢ > 0 denote given constants and let
{Xf}, {/Lf} be generated by Algorithm 9.2 (SMALBE-M) for (10.30) with

bl >n>0,1>p8>0, M;p>0, M?:O-

Let Step 1 of Algorithm 9.2 be implemented by means of Algorithm 8.2 (MPRGP)

with parameters I' > 0 and a € (0, 2/a[gax), so that it generates the iterates

k0 qk,1 ki __ 9k
ARO AR AR =k
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for the solution of (10.30) starting from Xf’o = Xf’l with )»;1 =0, wherel =1, is
the first index satisfying

lig? WS, 1k, pell < My lIBAS (10.33)

or

lg” Ay, wy's pea)ll < elbell and B < ellb|l. (10.34)

Then for any t € J¢ and problem (10.30), an approximate solution Xf’ which
satisfies (10.34) is generated at O (1) matrix—vector multiplications by the Hessian A,

of fi.

Proof The class of problems satisfies all assumptions of Theorem 9.4 (i.e., the
inequalities (10.31) and (10.32)). The rest follows by Theorem 9.4. O

Since the cost of matrix—vector multiplications by the Hessian A, is proportional
to the number of dual variables, Theorem 10.2 proves the numerical scalability of
SMALBE for (10.30) provided the bound constrained minimization in the inner loop
is implemented by means of MPRGP. The parallel scalability follows directly from
the discussion at the end of Sect. 2.4. See also the next section.

10.9 Numerical Experiments

In this section, we illustrate the numerical scalability of TFETT on the solution of
model variational inequalities (10.1).
The domain £2 was first partitioned into identical squares with the side

He({l,1/2,1/4,1/8,1/16, 1/32}.
The square subdomains were then discretized by regular grids with the discretization
parameter h = H /128, so that the discretized problems have the primal dimension n
ranging from 33, 282 to 34,080,768. The computations were performed with the
recommended parameters including
My=1, p=|Al, =1, and e =¢,=¢=10""

Thus the stopping criterion was

gl W) < 107*|b,|| and [IBA*]| < 107*|b,].
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The solutions for H = 1/4 and h = 1/4 are in Figs. 10.4 and 10.5. The results
of computations are in Fig. 10.6. We can see that the numbers of matrix—vector
multiplications (on vertical axis) vary moderately in agreement with Theorem 10.2
up to a few millions of nodal variables. The reason for the increased number of
iterations for large problems is not clear. The latter could have been caused by very
fine discretization, unmatched by the discretization of any 3D problem, the increased
number of zero active multiplicators, rounding errors, etc.

0 02 02
04060311214|,e|320 0 02 04 06 08

112 14 16 18 5 0

Fig. 10.4 The solution of coercive problem Fig.10.5 The solution of semicoercive prob-
lem
Nub Ngup
2 8 32 128 512 2048 2 8 32 128 512 2048
— Coercive problem — Coercive problem
280]\-.. Semicoer. problem 80 f{--+ Semicoer. problem

200
T 150 §
100
sob?”
0
0.13 0.53 2.13 8.52 34.08 0.13 0.53 2.13 8.52 34.08
n [109] n [10°]

Fig. 10.6 Numerical scalability for the coercive and semicoercive problems. Number of Hessian
multiplications n .5 (left) and outer iterations n,,; (right)
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10.10 Comments and References

The solvability, approximation, and classical numerical methods for elliptic bound-
ary variational inequalities are discussed in the books by Glowinski [10], Glowinski,
Lions, and Tremoliéres [11], and Hlavacek et al. [2]. The dual (reciprocal) formula-
tion of boundary variational inequalities can be found, e.g., in the books by Duvaut
and Lions [1] and Hlavacek et al. [2]. More problems described by variational inequal-
ities can be found in Duvaut and Lions [1]. For scalar contact problems, see Sofonea
and Matei [12] or Migorski, Ochal, and Sofonea [13].

The first steps toward the development of scalable algorithms for variational
inequalities were based on multigrid methods. Hackbusch and Mittelmann [14] and
Hoppe [15] used the multigrid to solve auxiliary linear problems and gave a numerical
evidence of the efficiency of their algorithms. Using the observations related to Man-
del [16], Kornhuber [17] proved the convergence of his monotonic multigrid method.
Later overview of multigrid solvers can be found in Griser and Kornhuber [18].

Our presentation is based on FETI which was proposed by Farhat and Roux [19,
20]. A milestone in the development of domain decomposition algorithms was the
proof of numerical scalability of FETI with preconditioning by the “natural coarse
grid” by Farhat, Mandel, and Roux [9]. TFETI was proposed for linear problems
independently by Dostdl, Hordk, and Kucera [21] and Of (all floating BETI) [22],
[23]. The idea was considered earlier by Park, Felippa, and Gumaste [24].

Augmented Lagrangians for equality constraints were often used to implement
active constraints as in Glowinski and LeTallec [25] or Simo and Laursen [26]. The
algorithm that combines FETI with the augmented Lagrangians in the outer loop
and the inexact solution of bound constrained problems in the inner loop appeared in
Dostal, Friedlander, and Santos [27]. See also Dostal, Gomes, and Santos [4, 6]. The
first result on the numerical scalability of an algorithm for the solution of a variational
inequality used an optimal penalty in dual FETI problem [28]. Using special features
of 2D problems, the optimality was proved also for the FETI-DP based algorithm
[29, 30] including the solution of coercive problems with non-penetration condition
imposed by mortars [31]. An experimental evidence of the scalability of the algorithm
with the inner loop implemented by the proportioning [32] was given in Dostél and
Horék [33]. The complete proof of optimality that we present here appeared in Dostal
and Horak [34].

Other results related to the scalability include Badea, Tai, and Wang [35], who
proved the linear rate of convergence for an additive Schwarz domain decomposi-
tion method which assumes the exact solution of nonlinear subdomain problems.
The variants of two-level FETI methods with preconditioning in face applied to the
solution of auxiliary linear problems arising in the solution of the model variational
inequality introduced in Sect. 10.1 can be found in Lee [36]. See also the comments
in the following chapter.
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Chapter 11
Frictionless Contact Problems

Now we shall extend the results introduced in the previous chapter to the solution
of multibody contact problems of elasticity without friction. We shall restrict our
attention to the problems of linear elasticity, i.e., we shall assume small deforma-
tions and linear stress-strain relations. Moreover, we shall be interested mainly in
computationally challenging 3D problems.

The presentation of TFETT for the solution of frictionless contact problems is very
similar to the presentation of TFETI for the solution of scalar variational inequalities
in the previous chapter. The main difference, apart from more complicated formulae
and kernel spaces, is in the discretization of linearized non-penetration conditions.
Here we shall restrict our attention to the most simple node-to-node non-penetration
conditions, leaving the discussion of more sophisticated biorthogonal mortars to
Chap. 15.

The FETI-type domain decomposition methods comply well with the structure
of contact problems, the description of which enhances the decomposition into the
subdomains defined by the bodies involved in the problem. Notice that if we decom-
pose the bodies into subdomains, we can view the result as a new multibody problem
to find the equilibrium of a system of bodies that are possibly glued and do not
penetrate each other. The FETI methods treat each domain separately, which can
be effectively exploited in a parallel implementation. Moreover, the algorithm treats
very efficiently the “floating” bodies, the Dirichlet boundary conditions of which
admit a rigid body motion. A unique feature of FETI is the existence of a projector to
the coarse space the complement of which contains the solution. Thus even though
the presented methods were developed primarily for the parallel implementation,
they are also effective in a sequential implementation.

The basic TFETI-based algorithms presented here can use effectively tens of thou-
sands of cores to solve both coercive and semicoercive contact problems decomposed
into tens of thousands of subdomains and discretized by billions of nodal variables.
For larger problems, the initialization of the iterative solving procedure, in particular
the projectors, starts to dominate the costs. Some modification for emerging exascale
technologies are described in Chap. 19.
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11.1 Linearized Non-penetration Conditions

Let a system of bodies in a reference configuration occupy open bounded domains
Q',...,2° c R? with the Lipchitz boundaries I"!, ..., I'*. Suppose that some I"?
comprises a part I'Y? C I'? that can get into contact with 27 asin Fig. 11.1. We
assume that FCP is sufficiently smooth, so that there is a well-defined outer unit normal
n”(x) at almost each pointx € I'%.

fr
r; ol 1
T
) r
Iy =12
| B=r# Q2
7 I?
=A FU2 A

Fig. 11.1 Two-body contact problem

After the deformation, each point x € 27 U I'? is transformed into
y'(x) =x" +u’(x),

where u” = u”(x?) is the displacement vector which defines the deformation of §27.
The mapping y” : 2° — R? is injective and continuous. The non-penetration con-
dition requires

xP el = xP+u’xP)¢ R4, qefl,....s}, p#q,.

It is difficult to enhance the latter condition into an effective computational
scheme, so we shall replace it by linearized relations. From each couple {p, g}
which identify I'/? # ), we choose one index to identify the slave side of a possible
contact interface. This choice defines the contact coupling set . of all ordered cou-
ples of indices the first component of which refers to the nonempty slave side of the
corresponding contact interface. For each (p, g) € ., we then define a one-to-one
continuous mapping

xP . — ik
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which assigns to each x € I'/? a point of the master side I'}” C I'? that is assumed
to be after the deformation near to X, as in Fig. 11.2. The (strong) linearized non-
penetration condition then reads

(u”(x) —u? o x"(x)) -n”(x) < (x"(x) —x) - 0" (x), xe I, (p.q) .7,

(11.1)
where n” is an approximation of the outer unit normal to /"7 after the deformation.

Pq P
picr

Fig. 11.2 Linearized non-penetration

The linearized condition is exact if n” = n”(x) is orthogonal to I Cp 7 in the
deformed state and the vector x”9(x) —x moves into the position which is par-
allel with n”. This observation can be used to develop an iterative improvement for
enforcing the non-penetration condition. See also the discussions in the books by
Kikuchi and Oden [1], Laursen [2], or Wriggers [3].

11.2 Equilibrium of a System of Elastic Bodies in Contact

Having described the non-penetration condition, let us switch to the conditions of
equilibrium of a system of bodies 2 ..., 025 Leteach I'?, p=1,...,s,consists
of three disjoint parts I/, I'Y, and I'Y, I'? = flpj U F‘; U fg, and let the volume
forces f? : 27 — R3, zero boundary displacements u? : F[j’ — {0}, and the bound-
ary traction £/, : I'¥ — R? be given. We admit I/ = #, but in this case we assume
some additional restrictions to guarantee that a solution exists. To enhance the contact
with a rigid obstacle, we admit the bodies with a priori defined zero displacements. In
this case, only the contact boundary of such bodies is relevant in our considerations.

Let us choose a contact coupling set ., so that for each (p, ¢) € ., I’Cp 7 denotes
the part of FC” which can get into contact with I'?, and let us define a one-to-one
continuous mapping x4 : I'Y* — I'?” onto the part I'%” of I'? which can come
into contact with I'”. Thus

=7 —=pr -4 —=rq
r.= U(p,,)eyl“c and .= U(,,q)eyl“c .
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Letv? : QPUT? - R3, p=1,...,s, denote a sufficiently smooth mapping,
so that the related concepts are well defined, and denote

v=r,...,v), fQ=0'U..02°

Notice that if x € £2, then there is a unique p = p(x) such that x € £27, so we can
define
v(x) = v"®(x) for x e 2.

We assume that the small strain assumption is satisfied, so that the strain—
displacement relations are defined for any x € £2 by Cauchy’s small strain tensor

e(V)(x) = &(v) = 1/2 (Vv + (Vv)')

with the components

(v) = 2 (2 D =123 (11.2)
eV =z\—+—), i,j=123. .
! 2 \0x;  Ox; a

For simplicity, we assume that the bodies are made of an isotropic linear elastic
material so that the constitutive equation for the Cauchy stress tensor o is given in
terms of the fourth-order Hooke elasticity tensor C by

o (v) = Ce(v) = Atr(e(W)Id + 2ue(v), (11.3)

where A > 0 and u > 0 are the Lamé parameters which are assumed to be constant
in each subdomain 27, p = 1, ..., s. The Lamé coefficients can be easily calculated
by means of the Poisson ratio v and Young’s modulus E using

Ev E
A= p=—
(1 4+v)(1—2v) 2(1+v)

so the components of the elasticity tensor are given by

E v
Cite = —— | ———68;0ke + 680 ), 1,j,k,£=1,2,3. 114
ke 1+v(1—2v 0ke + kﬂ) i, J (11.4)

The components of the stress tensor are given by

3
oij(V) = D Cijreew(v), i,j=12,3.
k=1
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Using the above notations, the linearized elastic equilibrium condition and the
Dirichlet and Neumann boundary conditions for the displacementu = (u', ..., u®)
can be written as

—divo(u) =f in £2,
u” =0 onl}, (11.5)
o@P)n? = on I'Y,

where n” denotes the outer unit normal to I"? which is defined almost everywhere.
Here we assume that all objects are sufficiently smooth so that the equations can be
satisfied point-wise, postponing more realistic assumptions to the next section. The
equations can be written componentwise, e.g., the first equation of (11.5) reads

3
el
— E —U,](u)+ﬁ =0 iIl.Q, l=1,2,3
= 8Xj

To complete the classical formulation of frictionless contact problems, we have to
specify the boundary conditions on I'c. Assuming that (p, ¢) € ., wecanuse (11.1)
and (11.7) to get the non-penetration condition

u—uoyx) n<g xelf (pq e, (11.6)

where we use the notation
(u—uox) -n=(w(x) —ulox"x) n’x), xe

g = (x"(x) —x)-n"(x), xe Ik, (1.7

The surface traction A on the slave side of the active contact interface I'//? and on
the rest of I'? is given by

A=Ay =—0c@’)n” and A =o,
respectively. Since we assume that the contact is frictionless, the tangential compo-
nent of A is zero, i.e.,
A= (- -n”)n?,

and the linearized conditions of equilibrium read

A-n? >0 and (X-np)((up—uqox)np—g) =0, xe€ FCM, (p,q) € 7.
(11.8)
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The last condition in (11.8) is called the complementarity condition. Newton’s
law requires that the normal traction acting on the contacting surfaces is equal and
opposite, so that

—o@loyn’ =—-, xel, (pq) e, (11.9)

The system of equations and inequalities (11.5)—(11.9) with the assumption that
the tangential component of A is zero represents the classical formulation of multi-
body frictionless contact problems. Denoting by A, and [u,] the contact stress and
the jump of the boundary displacements, respectively, i.e.,

A=A-0", [u,]= W —uwloy)-n”, xell,
we can write the contact conditions briefly as

() < g *n >0, A(u,]—g) =0, A=xr,n", xeT, (p,q) e
(11.10)

11.3 Variational Formulation

The classical formulation of contact problem (11.5) and (11.10) makes sense only
when the solution complies with strong regularity assumptions which are not satisfied
by the solution of realistic problems. For example, if a body is not homogeneous,
the equilibrium on the material interface requires additional equations.

The basic idea is to require that the equilibrium conditions are satisfied in some
average. To formulate it more clearly, let us define the spaces

sz{ve(Hl(.Q”))B:Vzo on Fé’}, p=1,....s, V=Vix...x Vs,
and the convex set
A ={veV:ilml<gon It (p,q)es}.

Let us first assume that u”, v” € V7 are sufficiently smooth, so that we can define

3
o@?) e (vF) = Z oi; (uP)e;; (vF)

i,j=1



11.3 Variational Formulation 189

and the bilinear form
af (P, vP) :/ o (v7) 1 e (v”) de.
Qr

Using the symmetry of o, we can get an alternative expression for a” by means of

» avf 3V]P
I ETR
i,j=1 J !

: N’ oV
Z oij(@’) — + 05 (V) — (11.11)
=l ’ 8)Cj ’ 0x;

N =
w

2

S

=

~

o (u”):e(vP)

N =

3
P

= Z o,-,-(u"’)L =o(u”): Vv’.
s ' 8xj

Let us assume that u € 7 is a sufficiently smooth solution of (11.5) and (11.10),
and let v € V be sufficiently smooth, so that the Green formula is valid, i.e.,

/ oc?) : V(v —uf)d2 = — / divo@?) - (v/ —u”)df2 (11.12)
Qr Qr
+/ o@”)n? - (v’ —u?)dr.
re

After multiplying the first equation of (11.5) by v” — u” and integrating the result
over 27, we get

—/ divo@?) - (v/ —uf)df2 = f7 . (vP —u?)ds2.
2r 2r

We can also use (11.11) and (11.12) to get

aP@”,vP —uP) = _/

divo (u?) - (vP —up)dQ—I—/ o@@?”)n? . (vP —wuP)dr.
°r rp

After comparing the latter two equations and summing up, we get

5

N N
al’(?, vl —u?) = / 7. (vP —uf)d2 + / o@?)n? . (vP —wuP)dr.

p=1

Using the boundary conditions, the boundary integrals can be modified to

/ o@?)n? . (v/ —u?)dr :/ f; - (vP —u”)d]"—i—/ o@’)n? . (vP —u?)dr.
re rf rr

C
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Denoting
s s s
a@,v) =Y a’,v), &) =Z/ﬁf@~(vl’—ul’)dr+2/ 7. (v/ —uP)de,
p=1 p=1 Iy p=1" 2r

we can rewrite the above relations as

a(u,v—u) = £(v—u)+ Z/ o@”)n”. (v’ —u?)dr. (11.13)
p=171¢
Moreover, assuming that (p, g) € ., n” = —n? o x,and v € %, we get

/ oc”)n? .- (vP —u?)drr +/ ocNHn? - (v —u?)dr
e e
=/ A (U’ —vP 4 (v —uf)o xP)dI
¢

= / )\n([un] - [Vn]) ar
rr

c

= / M(up]l — g+ g — vy dll
rk

= / )"n(g - [Vn]) dar > 01
rr

Cc

so any solution u of the frictionless problem (11.5) and (11.10) satisfies the
variational inequality

a(u,v—u) > £(v—u), ve.r. (11.14)

Inequality (11.14) characterizes a minimizer of the quadratic function
1
q(v) = za(v,v) — £(v)
defined on V (Theorem 4.5). Denoting v = u + d, we can rewrite (11.14) as

a(u,d) —£¢(d) >0, u+de.7,

S0
1
qu+d) —qg) =a.d)—£d)+zald.d) =0,

ie.,
u = arg min g (V). (11.15)
vex
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The inequality (11.14) and problem (11.15) are well defined for more general
functions than the piece-wise continuously differentiable functions assumed in (11.5)
and (11.10). Indeed, if f” € L*(£27) and f/. € L*(I'}), then a and € can be evaluated
with v € V provided the boundary relations concerning v” are interpreted in the
sense of traces. Moreover, it can be proved that if u is a solution of such generalized
problem, then it has a natural mechanical interpretation.

It is well known that a minimizer of ¢ on J#~ exists when ¢ is coercive on .7, i.e.,

veX, |vl—= 00 = g(v)— oo,

with the norm induced by the broken scalar product

(u,v) = Z/ uvds?.
p=175"

If I 5 = () for some p € {1, ..., s}, then the coercivity condition is satisfied if
av,v) =0 = £(v) <0, ve. 7. (11.16)

In this case a solution exists, but it need not be unique.

11.4 Tearing and Interconnecting

Our next step is to reduce the contact problem into a number of “small” problems
at the cost of introducing additional constraints. To this end, let us decompose each
£2? into subdomains with sufficiently smooth boundaries as in Fig. 11.3, assign each
subdomain a unique number, and introduce new “gluing” conditions on the artificial
inter-subdomain boundaries. In the early papers, the subdomains were required to be
quasi-regular and have similar shape and size. The latter conditions indeed affect the
performance of the algorithms, but they are not necessary for the optimality theory.

We decompose appropriately also the parts of the boundaries I/, I'y, and I'Z,
p = 1,...s,and introduce their numbering to comply with the decomposition of the
subdomains. For the artificial inter-subdomain boundaries, we introduce a notation
in analogy to that concerning the contact boundary, i.e., I'2? denotes the part of I"”
which is “glued” to I'#”. Obviously I'Y? = I'2” and it is possible that "7 = J. We
shall also tear the boundary subdomains from the boundary and enforce the Dirichlet
boundary conditions by the equality constraints. An auxiliary decomposition of the
problem of Fig. 11.1 with renumbered subdomains is in Fig. 11.3.
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Fig. 11.3 TFETI domain decomposition with subdomain renumbering

To enhance the gluing conditions

v =u!, xer}, (11.17)
oc’)n” = —og(u?)n?, (11.18)

into the variational formulation, we shall choose the contact coupling set .%” and the
test spaces

3
vh = {ve (H'@") v’ =0 on Flf}, p=1,..s,
Vpp = vik...x VS,

Hpp ={veVpp:lml<gonTl (p.g)e.s;v"=vionrfl pg=1,...,s},

where the relations should be interpreted in the sense of traces. Recall that for
xe I, (p,q) €., andv e Hpp,

[val = (V" = V7o xP)-mP, g = (x"(x) —x)-n".

If u is a classical solution of the decomposed problem which satisfies the gluing
conditions (11.17) and (11.18), then forany v € #pp and p,q =1, ...,

/ o@”)n? . (v’ —u?)dr +/ cNHn? - (vl —u?)dI =0.
gt

qp
FG
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It follows that the inequality (11.14) holds also for the forms defined for the decom-
posed problems. Denoting

)
a(u,v) =Y a’@’,vh),
p=1

g(v)ZZ/pfﬁ-(vP—up)dF+Z/ 7. (v —u”)ds2,
p=1"1F p=1752"

we conclude that any classical solution u of the frictionless decomposed problem
(11.5), (11.10), (11.17), and (11.18) satisfies the variational inequality

a(u,v—u) > €(v—u), V€ #pp, (11.19)

and by Theorem 4.5
1
q(m) <q(v), veApp, q(v)= Ea(v, V) — £(V). (11.20)

It can be proved that any sufficiently sooth solution of (11.19) or (11.20) is a classical
solution of the frictionless contact problem.

11.5 Discretization

Let us now decompose each subdomain into elements, e.g., tetrahedra, the shape of
which is determined by the position of selected nodes (vertices), and let 7 denote
the maximum of the diameters of the elements. We consider such decomposition
as a member of the family of elements .7;,. We assume that the elements are shape
regular, i.e., there is a constant ¢; > 0 independent of / such that the diameter /(7)
of eachelement 7 € .7 and the radius p(7) of the largest ball inscribed into 7 satisfy

p(t) = csh(7),

and that the discretization is quasi-uniform, i.e., there is a constant ¢; > 0 indepen-
dent of & such that for any element 7 € .7/ (£2)

h(t) > cqh.

We also assume that the subdomains consist of the unions of elements, i.e., the
subdomain boundaries do not cut through any element and the grids are matching
on the “gluing” interface of the subdomains. Here we also assume that the grids are
matching on the contact interface, i.e., the set of nodes on each slave part FC” 9 of a
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contact interface is mapped by a bijection x ”¢ onto the set of nodes on the master part
T2 of the contact interface, postponing the generalization to Chap. 15. The finite
element approximation of (11.20) gives rise to the QP problem

1
min EuTKu —fTu subjectto Byu <c¢; and Bgu = ¢y, (11.21)

where
K= diag(Kl, ey Ks)

denotes an SPS block-diagonal matrix of order n, B; denotes an m; x n full rank
matrix, B denotes an mg x n full rank matrix, f € R”, ¢; € R™ and ¢ € Rz,
We use the same notation for nodal displacements as we used for continuous dis-
placements. We shall sometimes denote the nodal displacements by u,, indicating
that it was obtained by the discretization with the finite elements with the diameter
less or equal to A.

The blocks K, which correspond to §27, are SPS sparse matrices with known
kernels, the rigid body modes. Since we consider 3D problems, the dimensions of
the kernels of K, and K are six and 6s, respectively. The vector f describes the nodal
forces arising from the volume forces and/or some other imposed traction.

The matrix B; € R™*" and the vector ¢; describe the linearized non-penetration
conditions. The rows by of B; are formed by zeros and appropriately placed multiples
of coordinates of an approximate outer unit normal on the slave side. If n” is an
approximate outer normal vector at x” € FC” on the slave side and x? = x (x?) is the
corresponding node on the master side, then there is a row by, of B, such that

b, = (u) —uf) 0,

where u) and u/ denote the discretized displacements at x” and x¢, respectively. The
entry ¢ of ¢; describes the normal gap between some x” and x9, i.e.,

cr = (x! —x9)"n?.

The matrix B € R™£*" enforces the prescribed zero displacements on the part of
the boundary with imposed Dirichlet’s condition and the continuity of the displace-
ments across the auxiliary interfaces. The continuity requires that b;u, = ¢; =0,
where b; are the rows of By with zero entries except 1 and —1 at appropriate posi-
tions. Typically m = m; + m is much smaller than n. If k subdomains have a joint

nodex,ie,x e 2" N---N 2", thenthe gluing of the subdomains at x for 3D prob-
lems requires 3(k — 1) rows of Bg. Notice that the rows of Bg that are associated
with different nodes are orthogonal, so that we can use effectively the Gram—Schmidt
orthonormalization procedure to get Bx with orthonormal rows.

Remark 11.1 We can achieve that the rows of B = [BL, BT]” are orthonormal pro-
vided each node is involved in at most one inequality. This is always possible for two
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bodies or any number of smooth bodies. To simplify the formulation of optimality
results, we shall assume in what follows (except Chap. 15) that

BB = 1. (11.22)

11.6 Dual Formulation

Even though (11.21) is a standard convex QP problem, its formulation is not suitable
for numerical solution. The reasons are that K is typically ill-conditioned, singular,
and the feasible set is in general so complex that projections onto it can hardly be
effectively computed. Under these circumstances, it would be very difficult to achieve
fast identification of the solution active set and to find a fast algorithm for the solution
of auxiliary linear problems.

The complications mentioned above can be essentially reduced by applying the
duality theory of convex programming (see Sect.3.7). The Lagrangian associated
with problem (11.21) reads

1
L, A, Ap) = zuTKu —fTu+ AT Bu—c) +ALBru—cg), (11.23)

where A; and A are the Lagrange multipliers associated with the inequalities and
equalities, respectively. Introducing the notation

we can write the Lagrangian briefly as
17 T T
L(u, ) = Eu Ku—f'u+ A" (Bu-—c¢).

Using Proposition 3.13, we get that (11.21) is equivalent to the saddle point problem

L(W, %) = sup inf L(u, ). (11.24)
u

A>o0

For a fixed A, the Lagrange function L(-, A) is convex in the first variable and the
minimizer u of L(-, A) satisfies

Ku—f+B'A=o. (11.25)
Equation (11.25) has a solution if and only if

f — B7A € ImK, (11.26)
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which can be expressed more conveniently by means of a matrix R the columns of
which span the null space of K as

RT (¢ —B")) = o. (11.27)
The matrix R may be formed directly, block by block, using any basis of the rigid

body modes of the subdomains. In our case, each §27 is assigned six columns with
the blocks

0 —zz v 1 00
Zi 0 —X; 010
—Yi Xi 0 0 01

and O € R3*% associated with each node V; € 2" and Vi ¢2" respectively. Using
the Gramm-Schmidt procedure, we can find R; such that

ImR; = KerK;, R=diag(R;,...,R,), RTR=1.

Now assume that A satisfies (11.26), so that we can evaluate A from (11.25) by
means of any (left) generalized matrix Kt which satisfies

KKK = K. (11.28)
It may be verified directly that if u solves (11.25), then there is a vector « such that
u=K"(f—-B"1) +Rea. (11.29)

The evaluation of the action of a generalized inverse which satisfies (11.28) is
simplified by the block structure of K. Using Lemma 2.1, the kernel of each stiffness
matrix K; can be used to identify a nonsingular submatrix K »# » of the same rank
as K;. The action of the left generalized inverse K¥ (2.6) can be implemented by
Cholesky’s decomposition. Observe that

K# = diag(K#, e, Kf).
Alternatively, it is possible to use the fixing points strategy of Sect. 11.7.
After substituting expression (11.29) into problem (11.24), changing the signs,
and omitting the constant term, we get that A solves the minimization problem

min ©(A) s.t. A; >0 and RT(f —B'A) =o, (11.30)

where 1
OO = ExTBK+BTx —AT(BK™f — ¢). (11.31)
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Once the solution A of (11.30) is known, the solution @ of (11.21) may be evaluated
by (11.29) with

o = (R”TB"BR)"'R’B’ (¢ — BK*(f — B'1)),

where B = [§IT, BE]T and B; and ¢ are formed by the rows of B; and the compo-
nents of ¢; that correspond to the positive entries of A;.

11.7 Stable Evaluation of K*x by Using Fixing Nodes

In Sect. 2.4, we described an effective method that can be used for the identification
of a nonsingular submatrix K¢ of the local stiffness matrix K; that has its dimension
equal to the rank of K; and used it to the effective evaluation of the action of K*.
Here we shall describe an alternative procedure that can be applied when Kg4 is
ill-conditioned.

To simplify the notation, let us assume that K = K; € R"*".If we choose M nodes
that are neither near each other nor placed near any line, M > 3, then the submatrix
K% of K defined by the set & of remaining indices is “reasonably” nonsingular.
This is not surprising, since Kz is the stiffness matrix of the body that is fixed at
the chosen nodes. Using the arguments of mechanics, we deduce that fixing of the
chosen nodes makes the body stiff. We call the M chosen nodes the fixing nodes and
denote by .# the set of indices of the fixed displacements.

We start with the reordering of K to get

_ Koz Ko Lz O] LL. LL.
K=PKPT = | #% 47 | _ | =#% AR ~FR | (11.32)
Kzz Kzz Lza | o S

where Ly € R™*" is a lower factor of the Cholesky decomposition of Kgz,
Lzyp e R, s =3M,Lzy = K(g%L:QTQ, P is a permutation matrix, and S € R***
is the Schur complement matrix of K with respect to Kg4 defined by

S =Kz — KzzK,,Kaz.

To find P, we proceed in two steps. First we form a permutation matrix Py to
decompose K into blocks

Koz Kz

where K4 is nonsingular and Kg & corresponds to the degrees of freedom of
the M fixing nodes. Then we apply a suitable reordering algorithm on P;KPT to get
a permutation matrix P, which leaves the block K & & without changes and enables
the sparse Cholesky decomposition of K. Further, we decompose PKP” as shown
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in (11.32) with P = P,P,. To preserve the sparsity, we can use any sparse reordering
algorithm. The choice depends on the way in which the sparse matrix is stored and
on the problem geometry. Using Lemma 2.2, we get

Lt —L T LT S+ L ! o)
K+ — PT RBR 7474 _?%’ %%_1 P, (11'34)
0 S —Lgzal,, |

where ST € R**¥ denotes a left generalized inverse of S.
Since s is small, we can substitute for ST the Moore—Penrose generalized inverse
S € R*** computed by SVD. Alternatively, we can use a sparse nonsingular gen-

eralized inverse. First observe that the eigenvectors of S that correspond to zero are
the traces of vectors from KerK on the fixing nodes. Indeed, if Ke = o, then

Kzzez + Kgpzez =0, Kzgez +Kzzezr =o,

and
Ses = (Kzs — KzzK, ,Kzz)es = o. (11.35)

Having the basis of the kernel od S, we can define the orthogonal projector
Q=Rs. (R%.R5)  RE.
onto the kernel of S and specify S* in (11.34) by
ST=68+4+pQ '=S"+p7'Q, p>0.
We use p ~ ||K||. To see that S* is a left generalized inverse, notice that
SS*S=8(5+pQ 'S=S(S"+p'Q)S=SS'S+,p 'SQS =S.

Such approach can be considered as a variant of regularization [4].

To implement the above-mentioned observations, it is necessary to have an effec-
tive procedure for choosing uniformly distributed fixing nodes. Here we describe

a simple but effective method that combines a mesh partitioning algorithm with a
method for finding a mesh center. The algorithm reads as follows.

Algorithm 11.1 Algorithm for finding M uniformly distributed fixing nodes in the graph of
the discretization.

Given a mesh and M > 0.

Step 1. Split the mesh into M submeshes using the mesh partitioning algorithm.

Step 2. Verify whether the resulting submeshes are connected. If not, use a graph
postprocessing to get connected submeshes.

Step 3. In each submesh, choose a node which is near its center.
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Step 1 can be carried out by any code for graph decompositions such as METIS [5].
The implementation of Step 3 can be based on Corollary 2.1. If the mesh is approx-
imately regular, we can expect that more walks of length k originate from the nodes
that are near a center of the mesh. It simply follows that the node with the index i
which satisfies

w(i, k) >=w(j,k),j=172,...,n,

for sufficiently large k is in a sense near to the center of the mesh and can be used to
implement Step 3 of Algorithm 11.1.
Recall that the vector
p = lim |D'e| ' D'e

is a unique nonnegative eigenvector which corresponds to the largest eigenvalue of
the mesh adjacency matrix D. It is also known as the Perron vector of D [6]. It can
be approximated by a few steps of the Lanczos method [7]. Thus the index of an
approximation of the component of the Perron vector of D is a good approximation
of the center of the graph of triangulation. See Brzobohaty et al. [8] for more details
and illustrations of the effect of the choice of fixing nodes on the conditioning of the
generalized inverses.

11.8 Preconditioning by Projectors to Rigid Body Modes

Asin Chap. 10, further improvement can be achieved by adapting some simple obser-
vations originating in Farhat, Mandel, and Roux [9]. Let us first simplify the notations
by denoting

=BK'B”, F=|F|

=F'F, d=F"'(BKf-o,

=R"B”, €=RTf,

oM m

and let T denote a regular matrix which defines the orthonormalization of the rows
of G so that the matrix _
G=TG

has orthonormal rows. After denoting
e=Te,

problem (11.30) reads

1 ~
min ExTFx —ATd st. A;>0 and GA=ce. (11.36)
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For practical computation, we can use an approximate value of the norm
F~||F].

Notice that a good approximation of || F || can be obtained by substituting the estimates
of ||Sl.’1 || into (10.27). The scaling of F was not necessary in Sect. 10.6.

As in Chap. 10, we shall transform the problem of minimization on the subset of
an affine space to that on the subset of a vector space by means of arbitrary A which
satisfies

GL=e. (11.37)

Having 5:, we can }90k for the solution of (11.36) in the form A = p + . Though a
natural choice for A is the least squares solution

A =G (GG e,

the following lemma sjlows that if we solve a coercive problem (11.20), then we can
even find A such that A; = o.

Lemma 11.1 Let the problem (11.21) be obtained by the discretization of a coercive
problem, i.e., let the prescribed displacements of each body 27 be sufficient to prevent
its rigid body motion and let G = [G;, Gg). Then G is a full rank matrix and

= 0;
= [GE(GEGTE)Ie] (11.38)
satisfies X = o0; and G = e.

Proof First observe that _ _
G =[TG,, TGgl,

so it is enough to prove that GEE = BrRé& = o implies & = o. Since the entries
of BgRé& denote the jumps of RE across the auxiliary interfaces or the violation
of prescribed Dirichlet boundary conditions, it follows that B RE = o implies that
u = RE satisfies both the discretized Dirichlet conditions and the “gluing” condi-
tions, but belongs to the kernel of K. Thus & # o contradicts our assumption that the
problem (11.21) was obtained by a correct discretization of (11.20). ]

Let us point out that the choice of A based on Lemma 11.1 guarantees o to be a
feasible vector of the homogenized problem. If the problem (11.20) is semicoercive,
we can achieve the same effect with A which solves

R S .
min §||l|| subjectto GA =e and A > o.
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To carry out the transformation, denote A = p + X, so that

1

1 ~ 1 T P
SMFL-ATd = p'Fu— @ Fh) + 5xTF)n 34

and problem (11.36) has, after returning to the old notation, the same solution as
minf(A) st. GA=o0 and A; > £, = —A; (11.39)

with {
() = EATFA —2"d, d=d-Fa.

Let us point out that the proof of Lemma 11.1 is the only place where we need the
assumption that our problem (11.21) is coercive.
Our final step is based on the observation that problem (11.39) is equivalent to

minf,(k) st. GA =0 and A; > ¢, (11.40)

where p is an arbitrary positive constant,
— 1
0,(0) = ExT(PFP +pQAr—-ATPd, Q=G'G, and P=1-Q.

Recall that P and Q denote the orthogonal projectors on the image space of G” and
on the kernel of G, respectively. The regularization term is introduced in order to
simplify the reference to the results of QP that assume the nonsingular Hessian of f.

11.9 Bounds on the Spectrum

Problem (11.40) turns out to be a suitable starting point for the development of an
efficient algorithm for variational inequalities due to the favorable distribution of
the spectrum of the Hessian H = PFP + pQ of the cost function 6. The following
lemma, the variant of Lemma 10.3 for linear elasticity, is important for the analysis
of optimality of the presented algorithms.

Lemma 11.2 Let H denote the diameter of a homogeneous body which occupies a
domain 2 C R3, let Ky, denote its stiffness matrix obtained by the quasi-uniform
discretization with shape regular elements of the diameter less or equal to h, and let
Sy i denote the Schur complement of Ky j, with respect to the interior nodes. Let the
constraint matrix B satisfy (11.22).

Then there are constants ¢ and C independent of h and H such that

h2
cﬁ||>.||2 <ATSyuk < Ch|A|?, A €ImS. (11.41)
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Proof The proof of Lemma 11.2 is similar to the proof of Lemma 10.3. The proof
of the upper bound follows from Lemma 13.1 and the obvious inequality

ISHall = IKgull- [

The following theorem is now an easy corollary of Lemmas 10.2 and 11.2.

Theorem 11.1 Let p > Oand letH, y , denote the Hessian of 5,, resulting from the
decomposition and quasi-uniform finite element discretization of problem (11.20)
with shape regular elements using the decomposition and discretization parameters
H and h, respectively. Let (11.22) be true.

Then there are constants ¢ and C independent of h and H such that

H
cIM? <ATH, gk < C7||x||2, A eR™, (11.42)

Proof Substitute (11.41) into Lemma 10.2 and take into account the regularization
term pQ with fixed p and the scaling of F.

Remark 11.2 A variant of the theorem was a key ingredient of the first optimality
analysis of FETI for linear problems by Farhat, Mandel, and Roux [9].

11.10 Optimality

To show that Algorithm 9.2 (SMALBE-M) with the inner loop implemented by

Algorithm 8.2 (MPRGP) is optimal for the solution of a class of problems arising

from varying discretizations of a given frictionless contact problem, let us introduce

anew notation that complies with that used in the analysis of the algorithms in Part II.
Let p > 0 and C > 2 denote given constants and let

Je ={(H,h) eR*: H/h <C}
denote the set of indices. For any ¢t € I, let us define

A[ = PFP + ,OQ, b[ == P(L
B[ = G, ‘e; = _A,[,

where the vectors and matrices are those arising from the discretization of (11.20)
with + = (H, h). We assume that the discretization satisfies the assumptions of
Theorem 11.1 and £/ < o. We get a class of problems

min f;(A) subjectto B,A =0 and A; > E} (11.43)
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with |
i) = EATA,X —b/A.

Using these definitions and GG’ = |, we obtain
IB: |l < 1. (11.44)
It follows by Theorem 11.1 that for any C > 2 there are constants

C C
Amax = Gmin = 0

such that
c

C
min =< Omin (At) = amax(At) <a

a ¢ (11.45)

for any ¢ € J¢. In particular, it follows that the assumptions of Theorem 9.4 are
satisfied for any set of indices ¢, C > 2, and we can formulate the main result of
this chapter.

Theorem 11.2 Let C > 2, p >0, and ¢ > 0 denote given constants and let
{Xf}, {;Lf}, and {M, .} be generated by Algorithm 9.2 (SMALBE-M) for (11.43) with

Ibel >0 >0, 1 >8>0, Mio=My>0, p>0, M,?:o,

Let Step 1 of Algorithm 9.2 be implemented by means of Algorithm 8.2 (MPRGP)
with parameters
I'>0 and « € (0,2/aS,.),

max
so that it generates the iterates
k0 4 k1 kI _ 4k
A A LA =

for the solution of (11.43) starting from Xf’o = Xf‘_l with X;l =0, wherel =1, is
the first index satisfying

lig” AEL ub, o)l < My IBAR (11.46)

or
lig” A5 uk, p)Il < elb,|| and [BAN|| < e|ib,]. (11.47)

Then for any t € J¢ and problem (11.43), Algorithm 9.2 generates an approxi-
mate solution Xf’ which satisfies (11.47) at O (1) matrix—vector multiplications by

the Hessian A, of f;.
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11.11 Numerical Experiments

The algorithms presented here were implemented in several software packages (see
Sect. 19.5) and tested on a number of academic benchmarks and real-world problems.
Here we give some results that illustrate their numerical scalability and effectiveness
usingMatSol (see Sect. 19.5.1 or Kozubek et al. [ 10]), postponing the demonstration
of parallel scalability to Chap. 19. All the computations were carried out with the
parameters recommended in the description of the algorithms in Chaps.7-9. The
relative precision of the computations was & = 10™* (see (9.40)).

11.11.1 Academic Benchmark

Let us consider a 3D semicoercive contact problem of two cantilever beams of sizes
2 x 1 x 1[m]in mutual contact without friction. The beams are depicted in Fig. 11.4.
Zero horizontal displacements were prescribed on right face of the upper beam. The
lower beam (shifted by 1 [m]) was fixed on its left face. The vertical traction f = 20
[MPa] was prescribed on the upper and left faces of the upper beam.

Fig. 11.4 Two beams benchmark and its decomposition

The problem was discretized with varying discretization and decomposition para-
meters & and H, respectively. For each 4 and H, the bodies were decomposed
into 2/H x 1/H x 1/H subdomains discretized by hexahedral elements. We kept
H/h = 8, so that the assumptions of Theorem 11.2 were satisfied.

The performance of the algorithms is documented in the following graphs. The
numbers 7,,, of the outer iterations of SMALBE and n ., of the multiplication by
the Hessian F of the dual function depending on the primal dimension n is depicted
in Fig.11.5. We can see stable numbers of both inner and outer iterations for n
ranging from 431,244 to 11,643,588. The dual dimension of the problems ranged
from 88,601 to 2,728,955. We conclude that the performance of the algorithm is in
agreement with the theory.
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Fig. 11.5 Cantilever beams—numbers of matrix—vector multiplications by F (left) and outer
iterations (right)

The normal traction along the axis of the contact interface is in Fig.11.6.
Figure 11.6 shows that in the solution of the largest problem, most of 11,550 lin-
ear inequality constraints were active.
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Fig. 11.6 Normal contact pressures along the line r

11.11.2 Roller Bearings of Wind Generator

We have also tested our algorithms on real-world problems, including the stress
analysis in the roller bearings of a wind generator that is depicted in Fig. 11.7. The
problem is difficult because it comprises 73 bodies in mutual contact and only one
is fixed in space.
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Fig. 11.7 Frictionless roller bearing of wind generator

The solution of the problem discretized by 2,730,000/459,800 primal/dual vari-
ables and decomposed into 700 subdomains required 4270 matrix—vector multipli-
cations, including outer iterations for exact non-penetration. The von Mises stress
distribution is in Fig. 11.7 (right). Though the number of iterations is not small, the
parallel scalability of the algorithm enables to obtain the solution in a reasonable
time.

11.12 Comments and References

A convenient presentation of the variational formulation, including the dual formu-
lation, the results concerning the existence and uniqueness of a solution, the finite
element approximation of the solution, and standard iterative methods for the solution
can be found in the book by Kikuchi and Oden [1]. For the variational formulation
and analysis, see also Hlavacek et al. [11]. The up-to-date engineering approach to
the solution of contact problems can be found in Laursen [2] or Wriggers [3]. See
Chap. 15 for the discussion of combination of TFETI and mortar approximation of
contact conditions.

Probably the first theoretical results concerning the development of scalable algo-
rithms for coercive contact problems were proved by Schoberl [12, 13]. A numerical
evidence of scalability of a different approach combining FETI-DP with a Newton-
type algorithm and preconditioning in face by standard FETI preconditioners for 3D
contact problems was given in Duresseix and Farhat [14] and Avery et al. [15]. See
also Dostal et al. [16]. Impressive applications of the above approach can be found
in [17].

A stable implementation of TFETI requires reliable evaluation of the action of
a generalized inverse of the SPS stiffness matrix. The presentation in Sect.11.6
combines the earlier observations by Savenkov, Andri, and Iliev [4] and Felippa and
Park [18] on the regularization and Farhat and Géradin [19] on the application of
the LU and SVD decompositions. Our exposition uses the fixing nodes presented in
Brzobohaty et al. [8].


http://dx.doi.org/10.1007/978-1-4939-6834-3_15
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It should be noted that the effort to develop scalable solvers for coercive varia-
tional inequalities was not restricted to FETI. Optimal properties of multigrid meth-
ods for linear problems were exploited, e.g., by Kornhuber and Krause [20] and
Kornhuber et al. [21], to give an experimental evidence of the numerical scalability
of an algorithm based on monotonic multigrid. However, as pointed out by Iontcheva
and Vassilevski [22], the coarse grid used in the multigrid should avoid the con-
strained variables, so that its approximation properties are limited and not sufficient
to support the proof of optimality of the nonlinear algorithm. Multigrid has been used
also in the framework of the nonsmooth Newton methods, which turned out to be
an especially effective tool for the solution of problems with complex nonlinearities
(see Sect. 12.10).

The augmented Lagrangians were often used in engineering algorithms to imple-
ment equality constraints as in Simo and Laursen [23] or Glowinski and
Le Tallec [24]. It seems that the first application of the LANCELOT style [25]
augmented Lagrangians (proposed for bound and general equality constrains) with
adaptive precision control in combination with FETI to the solution of contact prob-
lems is in Dostal, Friedlander, and Santos [26] and Dostal, Gomes, and Santos [27,
28]. The experimental evidence of numerical scalability was presented in Dostél et
al. [29]. The optimality was proved in [30]—the proof exploits the optimal proper-
ties of MPRGP [31] (see also Sect.9.10), SMALBE-M (see [32, 33], or Sect. 8), and
TFETI (see [34]). Here we partly follow [30].

The linear steps of MPRGP can be preconditioned by the standard FETI precon-
ditioners, i.e., the lumped preconditioner or Dirichlet’s preconditioner [35]. The pre-
conditioning by the conjugate projector for the FETI-DP solution of contact problem
was presented by JaroSova, Klawonn, and Rheinbach [36]. However, our experience
does not indicate high efficiency of the modified algorithms for contact problems.
The negative effect of jumping coefficients can be reduced by the reorthogonalization
based preconditioning or renormalization based scaling presented in Chap. 16.

There is an interesting corollary of our theory. If we are given a class of contact
problems which involves the bodies that are discretized by quasi-uniform grids using
shape regular elements, so that the regular part of their spectrum is contained in a
given positive interval, then Theorem 11.2 implies that in spite of nonlinearity, there
is a bound, independent of a number of the bodies, on the number of iterations that
are necessary to approximate the solution to a given precision.
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Chapter 12
Contact Problems with Friction

Contact problems become much more complicated when a kind of friction is taken
into account, even in the case that we restrict our attention to 3D problems of linear
elasticity. The problems start with the formulation of friction laws, which are of
phenomenological nature. The most popular friction law, the Coulomb law of friction,
makes the problem intrinsically non-convex. The other new difficulties which we face
in the development of scalable algorithms for contact with friction include the non-
uniqueness of a solution, nonlinear inequality constraints in dual formulation, and
intractable minimization formulation.

To get some kind of useful optimality results, we concentrate our effort on the
solution of a simpler problem with a given (Tresca) friction. This model of friction
assumes that the normal pressure is a priori known on the contact interface. Though
such assumption is not realistic and violates the laws of physics, e.g., it admits positive
contact pressure on a part of contact interface that is not active in the solution, it makes
the problem well-posed and its solution can be used in the fixed-point iterations
for the solution of problems with Coulomb’s friction. Though such algorithm is
not supported by strong convergence theory, it can often find a solution of contact
problems with friction in a small number of outer iterations.

It is important for our development that the solution of problems with Tresca’s
friction minimizes a convex nonsmooth cost function subject to a convex set. Switch-
ing to the dual formulation results in a convex QCQP (Quadratically Constrained
Quadratic Programme) problem with linear non-penetration constrains and separa-
ble quadratic inequality constraints defined by the slip bounds. The basic structure
of the problem complies well with TFETI. Rather surprisingly, the optimality results
presented here are very similar to those proved for the frictionless problems.

The TFETI-based algorithms presented here can use tens of thousands of cores
to solve effectively both coercive and semicoercive problems decomposed into tens
of thousands of subdomains and billions of nodal variables. For larger problems, the
initialization of the iterative solving procedure starts to dominate the costs. Some
modifications for emerging exascale technologies are discussed in Chap. 19.
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12.1 Equilibrium of Bodies in Contact with Coulomb
Friction

Let us consider a system of bodies 7', ..., 2% introduced in Sects. 11.1 and 11.2,
which is illustrated in Fig.11.1, and let us examine the effect of friction on the
equilibrium in the tangential plane of a smooth contact interface under the assumption
that it complies with Coulomb’s law.

Let us start by assuming that the contact coupling set . was specified and let
(p, q) € 7. Using the notation introduced in Sect. 11.2 and assuming that the dis-
placement

u=@',...,u), vw:R2" >R,

is sufficiently smooth, we can write the non-penetration contact conditions and the
conditions of equilibrium in the normal direction n briefly as

[ual<g, 2 =0, A(u,]—g) =0, xerlI'M, (12.1)

Recall that ), denotes the normal traction on the slave face of the contact interface and
[1,] denotes the jump of the boundary displacements. To formulate the conditions
of equilibrium in the tangential plane, let us introduce the notation

p
Ar=XA—Ay, uy=u,n’, wp=u—uy, xels, p=1,...,53,

and
[ur] =uf —ulox?, xerf, (pq)e.

Let @ > 0 denote the friction coefficient, which can depend on x provided it is
bounded away from zero. The Coulomb friction law at x € I'Y?, (p, ¢) € .7, can
be written in the form

if [u,] =g, then X, >0, (12.2)
if [u,] = ¢ and |[A7| < ®@X,, then ur =o, (12.3)
if |[A7]| = @A,, thenthereis u > 0 such that [uy] = u[rAr], (12.4)

where
g:(x—ld)-np.
The relations (12.1)—(12.4) with constitutive relations (11.4) and
—divo(u) =f in 2,
u” =0 onl}, (12.5)

oP)n? = £ on I'r,

p=1,...,s, describe completely the kinematics and equilibrium of a system of
elastic bodies in contact obeying the Coulomb friction law.


http://dx.doi.org/10.1007/978-1-4939-6834-3_11
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12.2 Variational Formulation

The classical formulation of contact problems with friction (12.1)—(12.5) makes
sense only when the solutions satisfy strong regularity assumptions similar to those
required by the classical solutions of frictionless problems. The remedy is again a
variational formulation which characterizes the solutions by local averages. We shall
use the same tools as in Sect. 11.3, namely the spaces

VPZ{VE(HI(QP))32V=0 on FJ}, p=1...s,
V=V'x. xV
the convex set
H ={veV:lml<gon I (p.q) e},

and the forms
a(u,v) = Z/ o (v/):e(u?) d2, u’, v/ eV, (12.6)
p=1"%

V) = Z/ 0. (v —wP)dI +/ 7 . (v’ —uP)dI, u”,v" € V{12.7)
rr o2

p=I

Moreover, we assume that a contact coupling set .¥” has been chosen and we shall
use the short notation of the previous section.

The effect of friction will be enhanced by a nonlinear functional j which represents
the virtual work of frictional forces

jv= > /M Q|an (] [Ilvr]lldl, w,veV. (12.8)

(p.q)es e

We shall start with identity (11.13) which reads

alu,v—u) —£(v—u)

Z/ o(”)n? . (v’ —w?)dr
p=171¢

> / A(u—v+(V—uoy)dl
rra

(p.g)es "¢

= z / A-([u] —[vDdI, u,veV,
rr

(p.)es "¢
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and show that the classical solution u € . of the contact problem with Coulomb’s
friction (12.1)—(12.5) satisfies

au,v—u) —£4(v—u)+ j(u,v)— ju,u) >0, ve.r. (12.9)
First notice that using (12.9) and v € %, we get

A - ([u] = [v]) =Ar) - ([ur] = [vrD + A, (@) - ([u,] — [va])
=Ar() - ([ur] = [vz]) + A, () - ([u,] — g+ g —[val)
> Ar(u) - ([ur] — [vr]).

After rewriting the left-hand side of (12.9) and using the above inequality, we get

a(u,v—u)—LV—uw+jmv)—ju,u)
= > / (A@ - ([u] = vD) + @A, @] [[[v7]ll = @2 @] [ur]ll) dI°
e

(p.q)es

v

S [ 0@ url = v + @l @ vl = fur ) T
g

(p.g)es

To show that the last expression is greater or equal to zero, let (p, g) € . be arbitrary
but fixed, let
¥ =r,wl, xeld,

denote the slip bound, and consider two cases.
If |A7(u)|| < ¥, then [uy] = 0 and

Ar(a) - ([ur] = [vr]) + @@ (lvrll = llaz ) = ¥lllvrlll = Ar@@) - [vr] = 0.
If [Ar ()| = ¥, then by (12.4) [ur] = pu[Ar(w)], © = 0,50
[ur] - Az ()] = [[[uz][{I[A7 @]

and forx € I/

Ar(u) - ([ur] = [vr]) + @2, @] (I[vr ]Il = [Taz ]l
= Y(Ilvrll — ITuzr ]l + A7 (@) - [ur] = lvr]ll
=Ar(w) - [ur] — ¥|l[ur]
= [[fuz JI(IAr (]| — ¥) = 0.
We have thus proved that each classical solution u satisfies (12.9). Choosing special

v € J, itis also possible to show that each sufficiently smooth solution u of (12.9)
is a classical solution of (12.1)—(12.5).
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Though (12.9) is well defined for more general functions than the ones considered
above, its formulation in more general spaces faces considerable difficulties. For
example, such formulation requires that the trace of o (x) on I'¢ is well defined and
the theoretical results concerning the existence and uniqueness require additional
assumptions. Moreover, no true potential energy functional exists for the problem
with friction. For more detailed discussion, see the books by Hlavacek et al. [1],
Kikuchi and Oden [2], Eck, JarGsek, and Krbec [3], and the comprehensive papers
by Haslinger, Hlavicek, and Necas [4] or Wohlmuth [5].

12.3 Tresca (Given) Isotropic Friction

We shall now consider a simplification of the variational inequality (12.9) that can be
reduced to a minimization problem which can be solved effectively by the methods
similar to those discussed in Chap. 11.

The basic idea is to assume that the normal traction A, on the contact interface is
known. Though it is possible to contrive a physical situation which can be captured
by such model, the main motivation is the possibility to use the simplified model
in the fixed-point iterations for solving contact problems with Coulomb’s friction.
Using the assumptions, we can formulate the problem to find a sufficiently smooth
displacement field

u=@! ... ), v:R" >R}

such that for any (p, q) € . and x € I'P4

if [u,] =g, then A, >0, (12.10)
if [u,]=g and |Ar|] <¥, then ur =o, (12.11)
if [A7|| =¥, thenthereis u > 0 suchthat [ur] = u[ir], (12.12)

where ¥ > 0 is a sufficiently smooth prescribed slip bound. After substituting into
the friction functional j (12.8) and simplifying the notation, we get

jv) = Z/ Ylllvrllldr (12.13)
e

p.qes " C
and the variational problem (12.9) reduces to the problem to find u € ¢ such that
a,v—u) —L(v—u)+ j(v)—jm) >0, ve.r. (12.14)

Observing that

YXlve®]l = max z-[vr(x)],
Iell<¥ (0
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we can write the non-differentiable term in (12.13) as
im= > / wllvlldr = > / max 7 -[vr(x)]dI.
(e’ e (e T 1Y)
(12.15)

For the development of scalable algorithms for solving contact problems with
Tresca friction, it is important that any solution of the variational boundary value
inequality (12.14) solves

min f(v) subjectto ve %, f(v)= %a(v, v) —L(v) + j(v), (12.16)

where a and £ are defined in (12.6) and (12.7), respectively. To verify this claim,
notice that if u, v € J¢ satisfy (12.14), then

W) = fw = %a(v, V) —L(v) + j(v) — %a(u, u) +£4(u) — j(w)
= %a(v+u,v—u) —Lv=—w+ (V) — jw
=a(,v—u)—L(v—u)+j¥)— ju)+ %(a(v,v—u)—a(u,v—u))
> ]a(v—u,v—u) > 0.

2
We conclude that any classical solution of the contact problem with given (Tresca)
friction (12.1), (12.10)—(12.12), and (12.5) satisfies

f() < f(v), vex. (12.17)

Denoting by u(¥) a solution of (12.17), we can try to get a solution of the problem
with Coulomb’s friction by the fixed-point iterations

u’ = uw?),
vt = u (o1, Wh)).

The procedure was proposed by Panagiotopoulos [6].

12.4 Orthotropic Friction

Let us briefly describe orthotropic Coulomb friction, which is defined by the matrix

@0
¢—|:0¢2], @1,¢2>0.
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The diagonal entries of ® describe the friction in two orthogonal tangential directions
which are defined at each point of the contact interface by the unit vectors t;, t,. The
friction coefficients @, @, can depend on X, but in this case we assume that they
are bounded away from zero. The orthotropic Coulomb friction law at x € I'%?,
(p,q) € .7, reads

if [uy] =g, then A, >0, (12.18)
if [u,] =g and |®7'Ar| < A,, then u; =o, (12.19)
if |®7'Az || = A,, then there is i > O such that [uz] = u[®~'A7]. (12.20)

The variational formulation of the conditions of equilibrium for the orthotropic
Coulomb friction is formally identical to (12.9) provided we use the dissipative term
in the form

jav= 3 [ pa@iieviar wvev.

(p.q)es e

The same is true for the variational formulation of the conditions of equilibrium for
orthotropic Tresca friction, which is formally identical to (12.14) and (12.1) provided
we use the non-differentiable term in the form

im=% [ anevar,

(p.9)es r

where A,, > 0 now defines the predefined normal traction. The reasoning is the same
as in Sect. 12.3. Observing that

Ay|[[®vr]ll = max 7 -[$vr] = max &7 -[vr]
Izl<A, Izl<A,
= max OYr-[vr]= max T-[vr],
[e-ldz|<4, [e-tz|<A,

we can replace the non-differentiable term in (12.13) by the bilinear term to get

Z / max T -[vyp(x)]drl.
L JrrelieTlz|<a,

(p.g)es " "¢
(12.21)
Denoting by u(A,) a solution of (12.17) with j defined in (12.21), we can try to
get a solution of the problem with orthotropic friction by the fixed-point iterations

im=3 [ adioviier -

(p.q)es

uw = u(Ag),

vt = (1, (uh)).
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To simplify the exposition, we shall restrict our attention in what follows to the
isotropic friction, leaving the modification to the interested reader.

12.5 Domain Decomposition and Discretization

The problem (12.17) has the same feasible set as the frictionless problem (11.15) and
differs only in the cost function. It turns out that we can use the domain decomposition
in the same way as in Sect. 11.4. To this end, let us decompose each domain £2” into
subdomains with sufficiently smooth boundaries, assign a unique number to each
subdomain, decompose appropriately the parts of the boundaries, introduce their
numbering as in Sect. 11.4, and introduce the notation

v = {veHl(Ql’)3:v=o on FL',’}, p=1,...5
VDDZVIX-“XVS,
Hpp = [VEVDD:[vn]fgoanq, (p,q) € 7 vp:qunF([;q, pog=1,..., s].

The variational decomposed problem with the Tresca (given) friction defined by
a slip bound ¥ reads

find u € #pp suchthat f(u) < f(v), Vve€ HZpp, (12.22)

where i
fv) = za(V, V) —£(v) + j(v).

To get the discretized problem (12.22), let us use a quasi-uniform discretization
with shape regular elements as in Sect. 11.5 and apply the procedure described in
Sect. 11.5 to the components of the discretized linear form ¢, the quadratic form a, the
gap function g, and the matrices that describe the discretized feasible set .25 . Thus
we shall get the block diagonal stiffness matrix K € R"*", the vector of nodal forces
f € R”, the constraint matrix B; € R™/, the discretized gap function ¢; € R™, and
the matrix B € R™ that describes the gluing and Dirichlet conditions.

To define the discretized non-differentiable term j (12.13), we introduce
2m; x n matrix T such that m; blocks of which are T; = T;(x;) € R>*" are formed
by appropriately placed orthonormal tangential vectors t;(x;) and t,(x;) so that the
tangential component of the displacement u is given by T;u. After applying numerical
integration to (12.13), we get the discretized dissipative term in the form

Jj@ =Y w|Tul, (12.23)
i=1
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where ¥; is the slip bound associated with x;. Using (12.15), we get

me

j@ = ¥|Tu| = max t!T:u, (12.24)
i=1

el TS

1

where 7; € R? can be interpreted as a Lagrange multiplier. The right-hand side of
(12.24) is differentiable.
The discretized problem (12.22) reads

find uw € # suchthat f(u) < f(v), ve.r, (12.25)

where

1
fv)y= EVTKv —f'v+j(v), # ={veR":Bu<c; and Bgu = o}.

(12.26)
We assume that B;, B, and T are full rank matrices. Notice that

T'B, =0.

If each node is involved in at most one inequality, then the rows of B; can be
orthogonal and it is possible (see Remark 11.1) to achieve that

Be
BB =1, B=|B, |. (12.27)
T

12.6 Dual Formulation

The problem (12.25) is not suitable for numerical solution, even if we replace j in
the cost function by (12.24). The reasons are that the stiffness matrix K is typically
large, ill-conditioned, and singular and the feasible set is in general so complex that
the projections onto it can hardly be effectively computed. Under the circumstances,
it would be very difficult to solve efficiently auxiliary problems and to effectively
identify the solution active set.

As in Chap. 11, the complications can be essentially reduced by applying the
duality theory of convex programming (see, e.g., Bazaraa, Shetty, and Sherali [7]).
In the dual formulation of problem (12.25), we use three types of Lagrange multipli-
ers, namely A; € R™ associated with the non-interpenetration condition, A € R™#
associated with the “gluing” and prescribed displacements, and

T T T T 2m 2 .
r=[r,,12,...,rmr] eR™M, 1, eR*, i=1,...,m7,
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which are used to smooth the non-differentiability. The Lagrangian associated with
problem (12.25) reads

LA, g, 1) = f)+ 7t Tu+ 1] (Bu—c;) +AL(Bpu—cp).

To simplify the notation, we denote m = mg + m; + 2my = mg + 3my,

A BE o
A=A |, B=[B; |, e=]e¢r ],
T T 0

and
AW) = {Ap A, THT eR": M >0, null <%, i=1,...,mz},

so that we can write the Lagrangian briefly as
1 7 T T
L(u, ) = Eu Ku—f'u+ A" (Bu-—c¢).

Using the convexity of the cost function and constraints, we can reformulate prob-
lem (12.25) by duality to get

min sup L, A;,Ag,T) = max minL(u,A;, Ag, T).
U yeAW) AEAW) u

We conclude that problem (12.25) is equivalent to the saddle point problem

L@@, \) = max minL(u, 1). (12.28)
AeA(W) u

Recall that B is a full rank matrix. For a fixed A, the Lagrange function L(-, X) is
convex in the first variable and the minimizer u of L(-, A) satisfies

Ku—f+B"x =o. (12.29)
Equation (12.29) has a solution if and only if
f — B7A € ImK, (12.30)

which can be expressed more conveniently by means of a matrix R € R"*% the
columns of which span the null space of K as

RT(f —B"A) =o.
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The matrix R can be formed directly, using any basis of the rigid body modes of the
subdomains. See Sect. 11.6 for details.
Now assume that A satisfies (12.30) and denote by K* any matrix which satisfies

KK*K =K. (12.31)
Let us note that the action of a generalized inverse which satisfies (12.31) can be
evaluated at the cost comparable with that of Cholesky’s decomposition applied to
the regularized K (see Sect. 11.7). It can be verified directly that if u solves (12.29),
then there is a vector & € R such that

u=K"¢ —B"%) + Re. (12.32)

After substituting expression (12.32) into problem (12.28), changing the signs, and
omitting the constant term, we get that A solves the minimization problem

min (L) st. A€ AW) and RT(f —B71) =o, (12.33)

where 1
OO = EATBWBTA —AT(BKf —¢).

Once the solution A of (12.33) is known, the solution u of (12.25) can be evaluated
by (12.32) with

a = (R"B’BR)"'R”B’ (€ — BK*(f — B’%)),

where B and € are formed by the rows of B and ¢ corresponding to all equality
constraints and all free inequality constraints.

12.7 Preconditioning by Projectors to Rigid Body Modes

Even though problem (12.33) is much more suitable for computations than (12.25),
further improvement can be achieved by adapting the observations that we used in
the previous chapters. Let us denote

F=BK'B", F=|F.
F=F'F, d=F'(BK'f —¢),
G =R"B7, € =Rf,

and let U denote a regular matrix that defines the orthonormalization of the rows of
G so that the matrix _
G=UG
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has orthonormal rows. After denoting
e = Ue,

problem (12.33) reads
1 ~
min EATF)L —ATd st. Ae A(W) and Gr=ce. (12.34)

Next we transform the problem of minimization on a subset of the affine space to
that on a subset of the vector space using A which satisfies

GA =e. (12.35)

We can choose A similarly as we did in Sect. 11.8. In particular, if the problem is
coercive, then we can use Lemma 11.1 to get

P
- G;(GgGQ)"e ’
or to use A which solves

1
min 5||)~||2 st. A€ A(W) and Gl =ce. (12.36)

The above choices of A are important for the proof of optimality as they guarantee
that o is a feasible vector of the modified problem. For practical computations, we
can use the least squares solution of GA = e given by

A =Ge.

Having ., we can look for the solution of (12.34) in the form A = pu + x. To carry
out the transformation, denote A = u + A and A(¥) = A(¥) — A, so that

1 -~ 1 S Py
SMFL—ATd = pfFu— @ FR) + AFr-1'd

\]

and problem (12.34) turns, after returning to the old notation, into
1 ~ ~ -
min 5xTFx —ATd st. Gh=0 and A e A(W), d=d—FA. (1237)

Recall that we can achieve that o € A.
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Our final step is based on the observation that problem (12.37) is equivalent to
min 6,(A) st. GA=0 and A€ AW), (12.38)
where p is an arbitrary positive constant,
Q=G’G and P=1-Q

denote the orthogonal projectors on the image space of G’ and on the kernel of G,
respectively, and

_ 1
0,(\) = ExT(PFP + pQ)A — ATPd.

12.8 Optimality

To show that Algorithm 9.1 (SMALSE) with the inner loop implemented by Algo-
rithm 7.2 (MPGP) is optimal for the solution of a class of problems arising from
varying discretizations of a given contact problem with Tresca friction, let us intro-
duce a notation which complies with that used in Part II.

Let C > 2 and p > 0 denote given constants and let

Te ={(H,h) eR*>: H/h <C}
denote the set of indices. For any t € ¢, let us define

At == PFP + pQ, bt - Pg,
B' =G, QL = Aw),

where the vectors and matrices are those arising from the discretization of (12.22)
with the discretization and decomposition parameters H and i, ¢t = (H, h). We shall
assume that the discretization satisfies the assumptions of Theorem 11.1, includ-
ing (12.27), and that 0 € £25. We get a class of problems

min f;(X,) s.t. B/A, =0 and A, € £2§ (12.39)

with |
ft()vt) = EX;TAr)w - sz)vt'

To see that the class of problems (12.39) satisfies the assumptions of Theorem 9.4,
recall that GG = I, so
1Bl < 1. (12.40)
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€ = 4€ > 0such that

It follows by Theorem 11.1 that there are constants a,, min

C

C
min = Olmin(At) = amax(At) <a

a o (12.41)
for any t € . Thus the assumptions of Theorem 9.4 are satisfied for any set of
indices J¢, C > 2, and p > 0. Using the arguments specified in the above discus-

sion, we can state our main result:

Theorem 12.1 LetC > 2, p > 0, and ¢ > 0 denote given constants, let {Xf}, {;Lf ,
and {M, 1} be generated by Algorithm 9.1 (SMALSE-M) for problem (12.39) with
parameters

bl >n >0, 0<B <1, Mio=My>0, p>0, and [L?=0.

Let Step 1 of SMALSE-M be implemented by Algorithm 7.2 (MPGP) with the para-
meters
I'>0 and « € (0,2/aS,),

max
so that it generates the iterates
k0 4 k1 kI _ 4k
AT AD LAY =

for the solution of (12.39) starting from lﬁ(’o = lf’l with lfl =0, wherel =1, is
the first index satisfying

llg” Wk, o)l < My ICAR |

or
lg” ', my, p)Il < elb ]l and [[CAL! || < &lbll. (12.42)

Then for any t € Jc and problem (12.39), Algorithm 9.1 generates an approx-
imate solution Xf’ which satisfies (12.42) at O (1) matrix—vector multiplications by
the Hessian A, of f;.

12.9 Numerical Experiments

Here we give some results that illustrate the performance of the TFETI-based algo-
rithms implemented for the solution of contact problems with friction using their
implementation in Mat So1l [8]. All the computations were carried out with the para-
meters recommended in Chaps. 7-9, i.e., My = 1, n = 0.1||Pd||, p = 1 = ||PFP||,
r=1,=0.2, A0 =0, and /,LO = 0. The relative precision of the computations was
e = 107 (see (9.40)).
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12.9.1 Academic Benchmark

To demonstrate the efficiency of TFETI for the solution of contact problems with
friction, we consider the two cantilever beams benchmark described in Sect. 11.11.
The geometry of the benchmark is depicted in Fig. 11.4. Its material properties are
defined in Sect. 11.11.

To demonstrate the scalability, we resolved the problem in Fig. 11.4 with the Tresca
friction defined by the friction coefficient @ = 0.1. The slip bounds were defined
as the product of normal traction from the solution of the frictionless problem of
Sect.11.11 and @. The discretizations and the decompositions were defined by the
discretization parameter / and the decomposition parameter H , respectively. For each
h and H, the bodies were decomposed into cubic subdomains and discretized by the
regular mesh with hexahedral elements. We kept H/h = 8, so that the assumptions
of Theorem 12.1 were satisfied. The normal and tangential tractions along the axis of
the contact interface are shown in Fig. 12.1. This figure also shows that in the solution
of the largest problem, most of the linear and quadratic inequality constraints were
active.

500 500

: — Normal pressure : — Normal pressure
400 1 --- Given slip bound 400 ! --- Given slip bound

-- Tangential pressure 8 -- Tangential pressure
300 f : . 300 f £ L
200:") 200"
100} 100}

0 = 0
800 800
r r

Fig. 12.1 Tresca (left) and Coulomb (right) friction — normal and contact pressures along r

The performance of the algorithms is documented in the following graphs. The
numbers of outer and inner iterations of SMALSE and the multiplications by the
Hessian F of the dual function for the problem with Tresca friction depending on the
primal dimension n are depicted in Fig. 12.2. We can see stable numbers of both inner
and outer iterations for »n ranging from 431,244 to 11,643,588. The dual dimension of
the problems ranged from 88,601 to 2,728,955. We conclude that the performance of
the algorithm is in agreement with the theory. The problem is difficult because many
nodes on the contact interface nearly touch each other, making the identification of
the contact interface difficult.
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Similar results were obtained for the solution of the problem with the Coulomb
friction defined by the friction coefficient @ = 0.1. The results are in the above
graphs. The number of iterations is naturally grater.

Hsub Hsub
500 1372 2916 500 1372 2916
800 == 60 T
700 I~ Tresca friction — Tresca friction | ...
ooy Coulomb friction 50 |\.-- Coulomb friction
., 500 ’ 40 R
u -
$ 400 $ 30
300} 20}
200 °
100 10
0 0
0 2 4 6 8 10 0 2 4 6 8 10
n [10°] n [10°]

Fig. 12.2 Tresca and Coulomb: numerical scalability of cantilever beams—matrix—vector multipli-
cations by F and outer iterations (right)

12.9.2 Yielding Clamp Connection

We have tested our algorithms on the solution of many real-world problems. Here
we consider contact with the Coulomb friction, where the coefficient of friction was
@ = 0.5. The problem was decomposed into 250 subdomains using METIS (see
Fig.12.3) and discretized by 1,592,853 and 216,604 primal and dual variables,
respectively. The total displacements for the Coulomb friction are depicted in
Fig. 12.4. It required 1,922 matrix—vector multiplications to find the solution.

1.415
1.061
0.708

0.353

0.000

Fig. 12.3 Yielding clamp connection — Fig. 12.4 Coulomb friction: total displace-
domain decomposition ment
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12.10 Comments and References

Early results concerning the formulation of contact problems with friction can be
found in Duvaut and Lions [9]. An up-to-date overview of the theoretical results can
be found in the book by Eck, Jartisek, and Krbec [3]. See also Haslinger, Hlavacek,
and Necas [4]. A convenient presentation of the variational formulation, the results
concerning the existence and uniqueness of a solution, the finite element approx-
imation of the solution, and standard iterative methods for the solution of contact
problems with friction can be found in the books by Kikuchi and Oden [2]. For
useful theoretical results, see Hlavacek et al. [1] or Capatina [10]. A comprehensive
presentation of the variationally consistent discretization of contact problems with
friction using biorthogonal mortars (see also Chap. 15), including the approximation
theory and solution algorithms based on the combination of the semi-smooth New-
ton method and multigrid, can be found in the seminal paper by Wohlmuth [5]. An
up-to-date engineering approach to the solution of contact problems with friction
can be found in Laursen [11] or Wriggers [12].

In spite of the difficulties associated with the formulation of contact problems
with friction, a number of interesting results concerning the optimal complexity of
algorithms for solving auxiliary problems were achieved by means of multigrid. The
first papers adapted the earlier approach of Kornhuber and Krause to extend the results
on frictionless problems to the problems with friction and gave an experimental
evidence that it is possible to solve frictional two-body contact problems in 2D and
3D with multigrid efficiency (see, e.g., Wohlmuth and Krause [13], Krause [14], or
Krause [15]).

The semi-smooth Newton method [16] became popular due to its capability to
capture several nonlinearities in one loop (see, e.g., Hager and Wohlmuth [17],
Wohlmuth [5], or comments in Sect. 17.6). The method is closely related to the active
set strategy [18]. The problems suitable for the application of semi-smooth Newton
include combination of contact with electrostatics (see, e.g., Migorski, Ochal, and
Sofonea [19] or Hiieber, Matei, and Wohlmuth [20]). The lack of global conver-
gence theory was compensated by some globalization strategies (see, e.g., Ito and
Kunisch [21] or [22]).

The development of domain decomposition-based algorithms for contact prob-
lems with friction used from the early beginning the scheme proposed by Pana-
giotopoulos [6] which combines the outer fix point iterations for normal contact
pressure with the solution of a problem with given friction in the inner loop (see
Dostél and Vondrdk [23] or Dostdl et al. [24]). Though the convergence of the outer
loop is supported by the theory only for very special cases [25], the method works
well in practice. However, it seems that there is a little chance to develop the theory
for contact problems with Coulomb friction as complete as that for the frictionless
problems in the previous chapter. Thus the effort to develop scalable algorithms was
limited to the solution of problems with a given friction.
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Though the methodology that was developed for the frictionless contact problems
in the previous chapter can be adapted rather easily for 2D problems with Tresca
friction [26], this was not the case for the 3D problems due to the circular or elliptic
constraints arising in dual formulation. The situation changed with the development
of algorithms for the solution of the latter problems with a bound on the rate of
convergence in terms of the bounds on the spectrum of the Hessian (see comments
in Chaps. 7-9). The optimality results presented in this chapter appeared in Dostal
et al. [27]. The latter paper is the result of a graduate development starting with the
approximation of circles by the intersections of squares in Haslinger, Kucera, and
Dostal [28] and the early results without the optimality theory (see Dostdl et al. [24]).
Important issues related to the implementation of anisotropic friction are resolved in
Bouchala et al. [29].
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Chapter 13
Transient Contact Problems

In this chapter, we adapt the methods presented above to the solution of contact
problems which take inertia forces into account. The introduction of time is a source
of many complications, even in the case that we restrict our attention to the 3D
problems of linear elasticity without friction. A little is known about a solution of
continuous problems, and the cost of the solution increases also with the number of
time intervals required by a time discretization. On the other hand, the problem is
physically more realistic, as the real world problems are naturally time dependent,
and the time discretization reduces the problem to a sequence of quasi-static prob-
lems with a good initial approximation. It is even possible to develop an explicit
computational scheme that uses the initial approximation at the beginning of each
time step to evaluate explicitly an approximation of a solution at the end of the time
step [1] at the cost of a large number of time steps. Here, we present an implicit
scheme which uses much smaller number of time steps at the cost of solving two
well-conditioned bound constrained QP problems.

The FETI-type domain decomposition methods like TFETI comply well with the
structure of auxiliary problems arising in the solution of transient contact problems.
It turns out that the implementation of the time step problems by TFETI is even
simpler than that in Chap. 11 since the effective stiffness matrices of the “floating”
subdomains are regularized by the mass matrices and have their condition number
uniformly bounded by a constant which is independent of the number of nodal
variables associated with the space discretization. To reduce the number of iterations,
it is possible to use the preconditioning by a conjugate projector (deflation), which
improves the performance of both linear and nonlinear steps of the algorithms.

The basic TFETI-based algorithms presented here are effective for the parallel
solution of transient contact problems. There is no costly orthogonalization of dual
equality constraints, so that it can use tens of thousands of cores to solve, for a
reasonable number of time steps, as large problems as reported in the previous chap-
ters, i.e., tens of thousands of subdomains and billions of nodal variables. For larger
problems, the communication can dominate the costs. Some hints for massively
parallel implementation can be found in Chap. 19.

© Springer Science+Business Media LLC 2016 231
Z. Dostal et al., Scalable Algorithms for Contact Problems, Advances
in Mechanics and Mathematics 36, DOI 10.1007/978-1-4939-6834-3_13


http://dx.doi.org/10.1007/978-1-4939-6834-3_11
http://dx.doi.org/10.1007/978-1-4939-6834-3_19

232 13 Transient Contact Problems

13.1 Transient Multibody Frictionless Contact Problem

Fig. 13.1 Transient multibody contact problem at the time t = 0, 1, 1>

Let us consider a system of s homogenous isotropic elastic bodies, each of which
occupies at time t = 0 a reference configuration, a bounded domain 27 C R3,
p =1,...,s, with a sufficiently smooth boundary I"”. The mechanical properties
of £27, which are assumed to be homogeneous, are defined by the Young modulus
E?, the Poisson ratio v”, and the density p”. The density defines the inertia forces.
On each £27, there is defined the vector of external body forces

7. QF > RY,

We suppose that each "7 consists of three disjoint parts I, I, and I'” that do
not change in time,
rr=T,Ur,uTg,

and that there are prescribed zero displacements
w =0 on I} x[0,T]

and traction
th. %[0, T] — R’

We denote

=U

20, Ty =U_ Iy, T'e=U,_TI}.
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The part T Cp denotes the part of I'? that can get into contact with other bodies
in a time interval [0, 7], T > 0. We denote by I'/? the part of I'Y that can come in
contact with £27 in the time interval [0, T]. We admit Flf =@Pforany p=1,...,s,
but we assume that all 'Y are sufficiently smooth so that for almost every x” € I'%,
there is a unique external normal n” = n”(x”). See also Fig. 13.1. We assume that
we can neglect the change of n” in time.

The main new features of frictionless transient contact problems, as compared
with Sect. 11.2, apart from the time dimension, are the inertia forces and the initial
conditions defined by uy : £2 — R3and dy : 2 — R3.

To describe the non-penetration on ', we choose a contact coupling set .% and
for each (p, q) € ., we define a one-to-one continuous mapping

rq . rq qp
XM It — I

as in Sect. 11.2. The (strong) linearized non-penetration condition at x € I'** and
time ¢ € [0, T'] then reads

(u”(x) —ufo X”q(x)) -n’(x) < (qu(x) - x) -0’ (x). (13.1)

Denoting the surface traction on the slave side of the active contact interface without
friction by
A=—o@’)n” = -n")n’, (x,1)e ¥ x[0,T],

and using the notation of Sect. 11.2, we can write the complete contact conditions
for (p, q) € .7 in the form

] < g 220, A([u,]—g) =0, (x,1)€lE"x[0,T] (13.2)
The equations of motion and the constraints that should be satisfied by the dis-

placements
uw i QPUT? x[0,T1—> R, T >0,

read
oi—dive (u) =f in 2 x [0, T, (13.3)
u=o0 on Iy x [0, T], (13.4)
o@n=f, on I'r x [0, T], (13.5)
A =A,n on rk? x[0,T], (p,q)e, (13.6)
A >0 on rk? x[0,T], (p,q)e, (13.7)
[un] < g on FC‘”q x[0,T], (p,q)eS, (13.8)
A (U] —g) =0 on FC’)" x[0,T], (p,q)e, (13.9)

u(,0)=u in £, (13.10)
u(.,0 =d in 2. (13.11)
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The relations (13.3)—(13.11) represent the general formulation of a transient
(dynamic) multibody frictionless contact problem. The relations include Newton’s
equation of motion (13.3), the classical boundary conditions (13.4)—(13.5), the con-
tact conditions (13.6)—(13.9), and the initial conditions (13.10) and (13.11).

13.2 Variational Formulation and Domain Decomposition
To get a formulation of transient contact problem (13.3)—(13.11) that is suitable for
a finite element discretization in space, let us first define the test spaces

Ve={veH" (27)}: vV =o0oonTl}}, V=V'x.xV.

If we multiply the Newton equation of motion (13.3) by v € V, integrate the result
over £2, and notice that (13.3)-(13.5) differ from the conditions of static equilib-
rium (11.5) only by the first term in (13.3), we can use procedures of Sect. 11.3 to
get

Z/ Q"W VP AR +a(u v+ D /M Anlvaldl = €(v),  (13.12)
el rg

(p.q)es

where a and £ are defined in Sect. 11.3. For a sound variational formulation of the
equations of motion (13.3)—(13.5), it is useful to admit A, € M+, where

Mt = H {uri e H_%(FC""’) :/ (uPe,[v],)dI = 0forveV, [v], >0}
(p.9)es re

In this case, we should replace the second sum in (13.12) by the duality pairing
(An, [va]). Using the notation

s
m(ii,v):Z/ olii” -vPd2, ii,veV,
Qr
p=1

we can rewrite the variational equations (13.12) in the compact form

m@i,v)+a@v)+ (A, v)=4L(V). veV. (13.13)

To write the contact conditions (13.6)—(13.9) in a form which admits A, € M,
which we shall use in Chap. 15, let us apply u € M ™ to the non-penetration condition
(13.8) and add the result to (13.9). After a simple manipulation, we get

(W= dn, [n]) < (L —Dny &), peEM”. (13.14)

Thus we got the problem to find for almost every 7 € [0, T] a displacement
u(- , )€V and A, € M* that satisfy (13.13), (13.14), (13.10), and (13.11).


http://dx.doi.org/10.1007/978-1-4939-6834-3_11
http://dx.doi.org/10.1007/978-1-4939-6834-3_11
http://dx.doi.org/10.1007/978-1-4939-6834-3_11
http://dx.doi.org/10.1007/978-1-4939-6834-3_15

13.2  Variational Formulation and Domain Decomposition 235

Moreover, we assume that the solution u is sufficiently smooth so that i exists
in some reasonable sense and can be approximated by finite differences.

A little is known about the solvability of transient problems, so we shall assume
in what follows that a solution exists. For a more complete discussion of solvability
and variational formulation of dynamic problems, including problems with friction,
see Wohlmuth [2] or Eck, Jartsek, and Krbec [3].

The domain decomposition is similar to that described in Sect. 11.4. We tear each
body from the part of the boundary with Dirichlet boundary conditions, decompose
each body into subdomains, assign each subdomain a unique number, and intro-
duce new “gluing” conditions on the artificial intersubdomain boundaries and on
the boundaries with imposed Dirichlet conditions. Misusing a little the notation, we
denote the subdomains and their number again by £2” and s, respectively. For the
artificial intersubdomain boundaries, we introduce the notation analogously to the
notation of the contact boundary, so that I'£? denotes the part of I"? that is glued to
£29. Obviously I'}? = I'/”. The gluing conditions require the continuity of the dis-
placements and their normal derivatives across the intersubdomain boundaries. An
auxiliary decomposition of the problem of Fig. 13.1 with renumbered subdomains
and artificial intersubdomain boundaries is similar to that in Fig. 11.3. The procedure
is essentially the same as that in Sect. 11.4.

13.3 Discretization

Using the finite element quasi-uniform semi-discretization in space with shape regu-
lar elements and the procedure similar to that described in Sect. 11.5, we get a matrix
counterpart of (13.13) and (13.6)—(13.11) at the time ¢

Mii + Ku = f — BJA] — B, (13.15)
B/u < ¢, (13.16)
Bru=cz =o, (13.17)

A > o0, (13.18)
AT(Bu—c) =0. (13.19)

Here, we use the same notation (bold symbol) for the continuous displacements
u eV x [0, T] and its vector representation u € R" x [0, T]. Due to the TFETI
domain decomposition, the finite element semi-discretization in space results in the
block diagonal stiffness matrix K = diag (K1, ..., K) of the order n with the sparse
SPS diagonal blocks K, that correspond to the subdomains §27. The same structure
has the positive definite mass matrix M = diag (M, ..., My). The decomposition
also induces the block structure of the vector f € R” x [0, T'] of the discretized form
£ and the vector of nodal displacements u € R" x [0, T'].

The matrix B; € R™*" and the vector ¢; € R™ describe the linearized non-
penetration conditions as in Sect. 11.5. Similarly the matrix B € R"#*" and the
vector ¢ € R™# with the entries ¢; = 0 enforce prescribed zero displacements on
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the part of the boundary with imposed Dirichlet conditions and the continuity of
displacements across the auxiliary interfaces, respectively. Typically, bothm; andm g
are much smaller than r. We assume that the matrix B = [B%, BT ] has orthonormal
rows so that it satisfies (11.22) (see also Remark 11.1).

Finally, let A; € R™ and Ar € R™* denote the components of the vector of
Lagrange multipliers A = A; € R™, m = m; 4+ mg, at time ¢. We use the notation

A | Bs e
)‘_[15]’ B_[BE], and c_[cE]. (13.20)

For the time discretization, we use the contact-stabilized Newmark scheme intro-
duced by Krause and Walloth [4] with the regular partition of the time interval [0, T'],

O=1t<t... < I, =T, K =kA, AZT/I’lT, k=0,....n7.
The scheme assumes that the acceleration vector is split at time #; into two compo-

nents ii{" and ii}™ related to the acceleration affected by the contact and other forces,

respectively, )
iy = "+ w’, (13.21)

where )
il =M~ (f, — Kuy) and i = —M~'BTA;. (13.22)

Denoting
H ={ueR":Bju<c¢; and Bru = o},

we can write the solution algorithm in the following form.

Algorithm 13.1 Contact-stabilized Newmark algorithm.

Step 0. {Initialization.}
Set ug, g, K= %M + K, lgEd, T>0nreNand A=T/ny
fork=0,...,n7 — 1
Step 1. {Predictor displacement. }
p

. S d - d
Find the minimizer ukfl and the multiplier Xifl for

T
Minye » %uTMu — (Muk + AMu;, — BT).Ered) u
Step 2. { Contact-stabilized displacement. }
Find the minimizer uj4 and the multiplier A4 for

~ T
Minye v %uTKu — (%MUET? — Kuy + £} + i1 — BT)»]() u

Step 3. {Velocity update.}
. . d
Uppr =y + % (“k+1 — U,E"fl)
end for

The matrix K introduced in Step O is called the effective stiffness matrix.
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13.4 Dual Formulation of Time Step Problems

The cost of the iterates of Algorithm 13.1 is dominated by the cost of the execution
of its Step 1 and Step 2, the implementation of which requires the solution of bound
and equality constrained QP problems

min f(u) subject to Bju <¢; and Bpu=cg (13.23)

with the strictly convex quadratic function

1
f) = EuTHu —u’h.

The function f for the problem arising in Step 1 is defined by
H=M and h=Muy + AMiy — B AP

and for that arising in Step 2 by
v 4 pred T
H=K and hzﬁMukH—Kuk—i—fk—l—ka -B A.k.

Even though (13.23) is a standard QP problem, its form is not suitable for numer-
ical solution due to general inequality constraints. This complication can be essen-
tially reduced by applying the duality theory of convex programming (see Sect.3.7)
as in Sect. 11.6. In the dual formulation of problem (13.23), we use the Lagrange
multipliers with two block components, namely A; € R™ associated with the non-
penetration condition and Az € R™* associated with the “gluing” and prescribed
displacements, so the Lagrangian associated with problem (13.23) reads

L@, A) = f(u) + A7 (Bu—c). (13.24)

Using Proposition 3.13 (with R = [0]), we get that A solves the strictly convex
minimization problem

1
min 5xTBH*‘BTx —ATBHTh—¢) st A;>o0. (13.25)

Once the solution A of (13.25) is known, the solution u of (13.23) may be evaluated
from the KKT condition R
Hu—h+B’A =o.

Problem (13.25) is much more suitable for computations than (13.23) because we
replaced the general inequality constraints in (13.23) by nonnegativity constraints.
The favorable distribution of the spectrum of the mass matrix M and the nonnegativity
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constraints are even sufficient to implement Step 1 by the standard MPRGP algorithm
with the asymptotically linear complexity. The estimates in the next section show
that similar relations hold also for Step 2.

13.5 Bounds on the Spectrum of Dual Energy Function

To simplify the notation, let us denote
F=BK'B” andd = BK"'h —c,
so problem (13.25) with H = F reads
min @A) s.t. A € 25, (13.26)

where
> 1 TE T m
O = 5)» FA—A'd and 25 ={A e R": A; > o} (13.27)

In order to avoid a proliferation of constants, we shall use the notation A < B (or
B < A) introduced by Brenner [5] to represent the statement that there are constants
Cj and C, independent of i, H, A, and other variables that appear on both sides such
that A < C1B (or B < C,A). The notation A ~ B means that A < B and B < A.
Thus the quadratic form defined by the mass matrix satisfies

x'Mx ~ h?||x|?, x e R" (13.28)

(see, e.g., Wathen [6]). We also need a variant of the standard estimate [7].

Lemma 13.1 Ler K denote the finite element stiffness matrix of Sect. 13.3 arising
from a quasi-uniform discretization of the subdomains 27, p = 1, ..., s, using lin-
ear shape regular tetrahedral elements wip , i =1,...,n, with the discretization

parameter h. Then
K| < h. (13.29)

Proof First observe that we assume that the components ¢/, of Hooke’s tensor
of elasticity C” are bounded, so the energy density produced by the strain £(v?)
associated with the displacement v” in the subdomain £27 satisfies

3
o(v) 1 e(V") < le(v)F = D e (v7).
i,j=1



13.5 Bounds on the Spectrum of Dual Energy Function 239

. . 3
Letg”, ..., ¢! denote a finite element basis of the subspace VP of (H'(27))” that
satisfies the assumptions, p = 1, ..., s, so that any uj: can be written in the form

W= EG] 6B
and observe that
le@)IF S h™2.

Thus the elements k;; of K, satisty

kb =/ a(@!.¢")do =/ o(@!): e@))do SR> =h.
a)pﬂw}) w{’ﬂw‘;

Taking into account that k; = 0 for o] N ! = @, we get
ETK,E S hlIET .

To complete the proof, just notice that K = diag (K, ..., Kj). O
Lemma 13.2 Let the assumptions of Lemma 13.1 hold, C > 0, and

IBTA|? & [|A]|.

Then . R
A ~ A

S —) TR S W = W [} Y E 13.30

W+ ) A S S Al ( )

Proof Let A € R™, let pmn and pm,, denote the extreme eigenvalues of M, and let
= BT\. Then we have iy, & h° by (13.28). Since the smallest eigenvalue of K
is zero, we have

- ~ 4 -1
AMFA =K' =pu" (K + EM) I

2
=

A2 A?
l? ~ ﬁIIBTkII2 ~ ﬁlllllz.

4 min
Similarly, using Lemma 13.1 and the assumptions, we get
- - 4 -1
AMTFA=pu"K ' =T (K + FM) n
2 (h+ra7) il 27 (7 A7) IR

After simple manipulations, we get (13.30). ]



240 13 Transient Contact Problems

The main result of this section is now an easy corollary of Lemma 13.2.

Proposition 13.1 Let the assumptions of Lemma 13.1 hold, C > 0,
IBTA) ~ A1

Then the condition number k (IE) of F generated with the discretization parameters
h and A such that 0 < A < Ch satisfies

k(F) < 1. (13.31)

13.6 Preconditioning by Conjugate Projector

Examining the proof of Lemma 13.2, we can see that if we use longer time steps, the
effective stiffness matrix has very small eigenvalues which obviously correspond to
the eigenvectors that are near the kernel of K. This observation was first exploited
for linear problems by Farhat, Chen, and Mandel [8] who used the conjugate pro-
jectors to the natural coarse grid to achieve scalability with respect to the time step.
Unfortunately, this idea cannot be applied to the full extent to the contact problems
as we do not know a priori which boundary conditions are applied to the subdomains
with nonempty contact interfaces. However, we can still define a preconditioning
by the trace of rigid body motions on artificial subdomain interfaces. To implement
this observation, we use the preconditioning by conjugate projector for partially
constrained strictly convex quadratic programming problems that complies with the
MPRGP algorithm for the solution of strictly convex bound constrained problems.
Our approach is based on Domoradova and Dostal [9]. Even though the method
presented here is similar to that used in Chap. 11, it is not identical, as here we work
with the effective stiffness matrix which is nonsingular.

The choice of projectors is motivated by the classical FETI results by Farhat,
Mandel, and Roux [10] and their application to the unconstrained transient problems
by Farhat, Chen, and Mandel [8]. To explain the motivation in more detail, let us
denote by R € R"*" the full rank matrix, the columns of which whose columns span
the kernel of the stiffness matrix K introduced in Sect. 13.2, i.e.,

KR=0 and KR= *MR.
Az

Since all the subdomains are floating the matrix R is known a priori.

In the static case, we get the same minimization problem as in (13.23) but with
H =K and h = f. In this case, H is SPS, so by Proposition 3.13 the dual problem
reads

1 ~
min 5xTFx —ATd st. A;>0 and G =ce, (13.32)
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where -
F = BK'BT, d =BK'f —¢,
G = TR’B/, e = TR'f,

and T and K™ denote a regular matrix that defines the orthonormalization of the rows
of RTBT and arbitrary generalized inverse to K satisfying K = KKK, respectively.

The final step in the static case is based on the observation that problem (13.32)
is equivalent to

1
min ExT(PFP +pQA —ATPd st. GA=o0 and A; > ¢;, (13.33)

where p is an arbitrary positive constant,
Q=G'G and P=I1-Q

denote the orthogonal projectors onto the image space of G’ and onto the kernel
of G, respectively,d = d — FX, and ¢ = —i, where X is a particular solution of the
equation GA = e used for the homogenization as in Sect. 11.6.

The proof of optimality for static problems in Sect. 11.10 was based on a favorable
distribution of the spectrum of F|KerG. Since F can be considered for a large A as
a perturbation of F, it seems natural to assume that the reduction of iterations to
KerG guarantees also some preconditioning effect for F.

To develop an efficient algorithm for (13.25) based on MPRGP, we have to find
a subspace of R that is near to KerG and is invariant with respect to the Euclidean
projection onto the feasible set. The latter condition implements the requirement for
the convergence of multigrid formulated by Iontcheva and Vassilevski [11] that the
coarse grid should be defined by the subspace which is kept away from the contact
interface. A natural choice U = ImU is defined by the full rank matrix U € R"™",

U=1[0,Gg], Gz =R'BL.
We implement this idea by means of the conjugate projectors
P=1-U"(UFU")"'UF and Q= U"(UFU")"'UF (13.34)

onto the subspaces
V =ImP and U =ImQ =ImU’,

respectively. It is easy to check directly that P and Q are conjugate projectors, i.e.,

P2—P, @*=Q, and P'FQ =0,
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and that
PTF=P’FP=FP and Q'F=Q’FQ=FQ. (13.35)
From the definition of V and (13.35), we get immediately
PTFP(FV) C FV. (13.36)

Thus FV is an invariant subspace of P~T|~:P. The following simple lemma shows that
the mapping which assigns each A € FV the vector PA € V is expansive.

Lemma 13.3 Let P denote a conjugate projector onto V. Then for any A € Fv

[[PA] = [IA]l (13.37)
and _

V =P(FV). (13.38)
Proof See [12]. U

Using the projector Q, it is possible to solve the auxiliary problem
1 ~

in® (&) = min ©(U” p) = min —p UFU p — d"U g,

min (é) min U p) min > n [/

with © defined in (13.27). By the gradient argument, we get that the minimizer
& = UTT of © over U is defined by

UFUT & = Ud, (13.39)

so that R _ _
& =UT(UFU")"'ud = QF 'a. (13.40)

Thus we can find the minimum of ® over U effectively whenever we are able to
solve (13.39).

We shall use the conjugate projectors Q and P to decompose the minimization
problem (13.25) into the minimization on U and the minimization on V N §2p,
V = ImP. In particular, we shall use three observations. First, using Lemma 13.3,
we get that the mapping which assigns to each x € FV a vector Px € V is an isomor-
phism. Second, using the definitions of the projectors P and Q, (13.35), and (13.40),
we get

" =—Ff-d=FQF 'd—d=QFF 'd—d=Q’d—d=-P7d. (13.41)
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Since _ _ _
ImP” = Im(P"F) = Im(FP) = FV (13.42)

and g° € ImP” by (13.41), we get that g° € FV. Finally, observe that it follows by
Lemma 13.3 that the restriction PTFP|FV is positive definite.

For any vector A € R™, let .# C {1, ..., m} denote the set of indices that corre-
spond to A;, so that A » = A;. Due to our special choice of U, we get that for any
AeR™

[PAly =A.s. (13.43)

Moreover, forany £ e U and u € V, [€ +[.u].» > o if and only if p » > 0. Using
(13.40), (13.41), and (13.43), we get

min @A) = mln OE+np = m1n OE¢E) + n\}ln O(n)

re2
s E+ueng

~ ~ 1 ~
=0@&) + min O(p) =O &) + min u'P'FPp —d"Pp
pneVn2g nefv 2
”.g=0
~ 1 ~
= ©() + min E[LTPTFP[L +(2) .
2o
Thus we have reduced our bound constrained problem (13.25), after replacing u by
A, to the problem
1 ~
min ~A"P"FPA + (2°)" 1. (13.44)

reFV
A;=zo0

The following lemma shows that the above problem can be solved by the standard
MPRGP algorithm without any change.

Lemma 13.4 LerA', A%, ... be generated by the MPRGP algorithm for the problem

min EXTPTFPX +(2°)" 2 (13.45)

Ag>o0

starting from A° = Pg, (go), where Pg, denotes the Euclidean projection to the
feasible set 2. Then \¥ e FV, k=0,1,2,....

Proof See Domoradova and Dostdl [9] or the book [13]. U

To discuss at least briefly the preconditioning effect of the restriction of the iterates
to FV let @min and @ denote the extreme eigenvalues of F. Let [T FV and
lm]l = 1. Then by Lemma 13.3

w PTFPu = P FPw = (P FPW/IPLI® = ¢un (13.46)
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and
p'PTFPu < " Q"FQu + n"PTFPu = ' Fit < g (13.47)

Thus, itis natural to assume that the preconditioning by the conjugate projector results
in an improved rate of convergence. The preconditioning effect can be evaluated by
means of the gap between the subspace defined by the eigenvectors corresponding to
the smallest eigenvalues of F and the subspace that is defined by the image space of U7
(see Dostdl [12] or [13]). Let us stress that the unique feature of the preconditioning
by a conjugate projector is that it preconditions not only linear steps but also the
nonlinear gradient projection steps.

Let us compare our analysis with Farhat, Chen, and Mandel [8], who show that
in the unconstrained case, the conjugate projector for large time steps approaches
the orthogonal projector to the natural coarse grid (defined by the kernel of G). This
observation implies that the convergence properties of their algorithm for longer time
steps are similar to the convergence of FETI1. Unfortunately, these arguments are
not valid for our algorithm. The reason is that our coarse space is smaller. Indeed,
if L = [AT, o717, then obviously A € KerU, but not necessarily A € KerG. On the
other hand, the size of A; is typically rather small as compared with the size of A,
so that it is natural to assume that the preconditioning by the conjugate projector
improves significantly the rate of convergence.

13.7 Optimality

Now we are ready to show that MPRGP can be used to implement the time step of
the implicit Newmark method with a uniformly bounded number of matrix—vector
multiplications. Let us consider a class of problems arising from the finite element
discretization of a given transient contact problem (13.13) and (13.6)—(13.11) with
varying time steps A > 0 and the decomposition and discretization parameters H
and &, respectively. We assume that the space discretization satisfies the assumptions
of Theorem 11.1. Given the constants C, C, > 0, we shall define

Tee, ={(H,h, A)eR*: 0<A<Cihand h < C,)

as the set of indices.
For any ¢ € ¢, c,, we shall define

ﬁlzﬁ’ dt=d7 %Zﬂ,

by the entities generated with the parameters H, h, and A, so that problem (13.25)
is equivalent to the problem

1 .~
min E)‘ITF’X’ —d/x st [M]g >0 (13.48)
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The main result reads as follows.

Theorem 13.1 Let Cy, Cp, ¢ > 0, and 0 < ¢ < 1 denote given constants. For each
t € Je,c,, let {Xf} be generated by Algorithm 8.2 (MPRGP) defined for the solution
of problem (13.48) with
r=0 and c|F,|"' <o <Q@=0lF|"
Then MPRGP finds an approximate solution A which satisfies
lg” Xl < eld | (13.49)

at O (1) matrix—vector multiplications by the Hessian F, of the cost function.

Proof We shall show that the contraction coefficient of MPGP

nry=1-— Aa—tkmin(?t) I'=max{I", "}
It ﬁt + 1?,«1—'2 5 5 5
9, = 2max{a, [|F,||, 1}, @ = minfa,, 2||F, |7 — a},

which was established in Theorem 8.1, is bounded away from 1. First recall that by
Proposition 13.1 there is a constant C > 1 such that

k(F)<C, te T
Since

@ = min{o;, 2||F, 7" — e} = minfel|F, |71, @ — oIF A7) (13.50)
=c||F, 7" >0, (13.51)

it follows that
@hmin(F) = cIF ™ Amin(Fy) = e (F) ™' = ¢/C.

Observing that 6, < 4, we get

@ Amin (F
prg=1 - 2mC) g ©
9 + 0, I AC(1+T2)

Thus we have found a nontrivial bound on 1, which does not depend on H, &, A.
The rest follows Theorem 8.1. O

Let us finish by recalling that to achieve any kind of scalability, it is important to
keep H/h bounded in order to keep asymptotically linear complexity of the matrix
decomposition of K that is necessary for the effective evaluation of the action of F.
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Notice that the optimality concerns also the norm of the projected gradients. The rate
of convergence can be improved by the preconditioning by the conjugate projector.

13.8 Numerical Experiments

The algorithms presented here were implemented in several software packages (see
Sect. 19.5) and tested on a number of academic benchmarks and real world problems.
Here, we give some results that illustrate their numerical scalability and effectiveness
using MatSol [14], postponing the demonstration of parallel scalability to Chap. 19.
All computations were carried out with the parameters recommended in the descrip-
tion of the algorithms in Chap. 8,i.e., I" = 1 and = 1.9|F|~!. The relative precision
of the computations was 1074,

13.8.1 Academic Benchmark

We first tested the performance of the TFETI-based algorithms on 3D impact of the
elastic bodies £2; and 2, depicted in Fig. 13.2 (see [15]). The top view of the bodies
is 10 x 10 [mml], the top face of the lower body £2' and the bottom face of the upper
body £2, are described by the functions ¢, and ¢,, respectively, where

¢1(x,y) = 5sin (20 — /400 — x2 — yz) , ¢2(x, y) = sin (,/20.22 —x2—-y2 - 20.2) .

Ql

Fig. 13.2 Geometry with traces of domain decomposition

Material constants are defined by the Young modulus E' = E? = 2.1 - 10° [MPa],
the Poisson ratio v! = v? = 0.3, and the density p' = p?> = 7.85- 1073 [g/mm?].
The initial gap between the curved boxes is set to go = 0.001 [mm]. The initial
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velocity of the upper body 27 in the vertical direction is v = —1 [m/s]. The upper
body is floating and the lower body is fixed along the bottom side. The linearized
non-interpenetration condition was imposed on the contact interface.

The space discretization was carried out with the brick elements using vary-
ing discretization and decomposition parameters 7 and H, respectively. We kept
H/h = 16. The number of subdomains ranged from 16 to 250, the number of dual
variables ranged from 21,706 to 443,930, and the number of primal variables ranged
from 196,608 to 3,072,000. For the time discretization, we used the contact-stabilized
Newmark algorithm with the constant time step A = 341073 and solved the impact
of bodies in the time t = [0, 45A].

The energy development is in Fig. 13.3 shows that the algorithm preserves the
energy as predicted by the theory. The development of contact pressure in the middle
of Fg is in Fig. 13.4.

—— Total energy —=— Kinetic energy —— Potencial energy 350

3.5

300

3
/“ 250

TN /
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1'? “\ / 100
05 \‘ / % b3

s 1 "2
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0 02 04 06 08 1 12 14 16 1.8 Time t [s] x10°
. —5
Time 1 [s] x 10

Fig. 13.4 Contact pressure in the middle of

2 2
2 [MPa]

Fig. 13.3 Energy conservation [ton - mm~ -
-2
s77]

The performance of the algorithm is in Fig. 13.5.

Ngub Nsub
16 54 128 250 16 54 128 250
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20
10 — A;, MPRGP 20 — A5, MPRGP
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0.20 0.66 157 3.07 0.20 0.66 1.57 3.07
n [109] n [10°]

Fig. 13.5 Hessian multiplications for MPRGP and MPRGP-P, A, (left) and Ay j, (right)
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13.8.2 Impact of Three Bodies

We considered the transient analysis of three elastic bodies in mutual contact. The
bottle is a sample model of Autodesk Inventor (“bottle.ipt”). We prescribed the initial
velocity v> = —5 [m/s] on the sphere in the horizontal direction. The L-shape body
was fixed along the bottom side. For the time discretization, we used the constant
time step A = 1-1073 [s] and solved the impact of bodies in the time interval
t = [0, 150A4] [s].

The solution (total displacement of the problem discretized by 1.2 - 10° primal and
8.5 - 10° dual variables and decomposed into 32 subdomains using METIS in time
t1 =204, 1, =404, t3 = 604, 14 = 80A, t5 = 1004, t, = 120A [s]) is depicted
in Fig. 13.6. The whole computational process required approximately 300 and 30
matrix—vector multiplications per time step during the impact and the separation,
respectively.

SOOLBEE

Fig. 13.6 Impact of bodies in time

13.9 Comments

Convenient presentation of the variational formulation, the finite element approxi-
mation of the solution, and standard iterative methods for the solution can be found
in the book by Kikuchi and Oden [16]. More on the formulation of continuous prob-
lem and the existence of solutions can be found in Eck, Jarusek, and Krbec [17]. An
up-to-date engineering approach to the solution of transient contact problems can
be found in Laursen [18] or Wriggers [19]. See Chap. 15 for the discussion of the
combination of TFETT and the mortar approximation of contact conditions.

A conveniently applicable stable energy conserving method, which is based on
quadrature formulas and applicable to frictional contact problems, was proposed by
Hager, Hiiber, and Wohlmuth [20]. The method is based on quadrature formulas.
For its analysis, see Hager and Wohlmuth [21]. Important issues related to the time
discretization and avoiding the nonphysical oscillations that result from the appli-
cation of standard time discretization methods for unconstrained problems were
proposed, e.g., by Chawla and Laursen [22], Wohlmuth [2], Bajer and Demkowicz
[23, 24], Khenous, Laborde, and Renard [25, 26], Deuflhard, Krause, and Ertel [27],
and Kornhuber et al. [28]. A discussion of the advantages and disadvantages of the
respective approaches can be found in [29].
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The experimental evidence of optimal complexity of the time step for some acad-
emic problems has been reported by the methods discussed in the previous chapters,
in particular in Chap. 11. Thus Krause and Walloth [4] documented that even some
transient problems with friction can be solved very efficiently by the monotone
multigrid method. See also Wohlmuth and Krause [30] and Kornhuber et al. [28]. As
mentioned above, the multigrid methods typically reduce the solution of auxiliary
problems to a sequence of linear problems that are solved with optimal complexity,
typically leaving the nonlinear steps without theoretically supported precondition-
ing, so that the theory does not guarantee the optimal performance of the overall
procedure.

The combination of the standard finite element space discretization with the
contact-stabilized Newmark scheme that we use here was introduced by Krause
and Walloth [4] for the transient problems with friction. The results presented in
this chapter appeared in Dostél et al. [15]. The preconditioning by conjugate pro-
jector (deflation) for linear problems was introduced independently by Marchuk
and Kuznetsov [31], Nicolaides [32], and Dostal [12]). For recent references see
Gutnecht [33]. The procedure was adapted to the solution of inequality constrained
problems by Domorddovad—JaroSovd and Dostdl [9]. The lack of sufficiently small
subspace with the solution does not allow stronger theoretical results. Farhat, Chen,
and Mandel [8] used the preconditioning by the conjugate projector onto the subspace
defined by the natural coarse grid to achieve optimality of FETI for unconstrained
transient problems.
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Chapter 14
TBETI

The optimality results presented in the previous four chapters used the formulation of
the conditions of equilibrium in the domains which were decomposed into nonover-
lapping subdomains and “glued” by the equality constraints. The subdomains were
discretized by means of the finite element method. Using the duality, the origi-
nal problem was reduced to the minimization of a quadratic function in Lagrange
multipliers with a well-conditioned Hessian subject to some separable inequality con-
straints and linear equality constraints. Since the multipliers were associated with
the nodes on the boundaries of the subdomains, the procedure can be viewed also as
the reduction to the skeleton of the decomposition.

There is a natural question whether we can reduce the formulation of the condi-
tions of equilibrium to the boundary on continuous level. Such reduction promises a
lower dimension of the primal discretized problem, simplified discretization, higher
precision of numerical solution, improved flexibility in solving the problems that
include a free boundary as in the contact shape optimization, and an effective treat-
ment of the boundary value problems defined on unbounded domains.

In this chapter, we shall indicate how to reduce frictionless contact problems to
the skeleton of the decomposition. The basic observation is that it is possible to find
the formulae for sufficiently rich sets of so-called fundamental solutions that can be
combined so that they satisfy both the boundary conditions of the original problem
and the “gluing” conditions on the artificial interface.

Our development of scalable algorithms for contact problems is based on the BETI
(Boundary Element Tearing and Interconnecting) method, which was introduced by
Langer and Steinbach [1]. The main new feature of BETI is that it generates the
counterparts of the Schur complements directly by the discretization of the conditions
of equilibrium reduced to the boundary. We use a variant of BETI called TBETI,
which is the boundary element counterpart of TFETI. Here we describe the main
steps of reducing the contact problems to the boundary—first for scalar problems,
then for elasticity.

© Springer Science+Business Media LLC 2016 251
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14.1 Green’s Representation Formula
for 2D Laplace Operator

To explain the fundamental ideas of boundary element methods, let us first consider
the scalar problems governed by 2D Laplace’s operator introduced in Chap. 10. Let
2 C R? be a bounded Lipschitz domain with the boundary I', such as £ in the
benchmarks of Chap. 10, but we shall assume that the diameter of £2 satisfies

diam 2 = max ||x —y| < I.
X,yef2

Though our purpose here is only to present the basic ideas in the extent that is

necessary for understating the algorithms, we shall use some abstract concepts to

simplify the formulation of true statements and identify the steps that are relevant

for implementation. In particular, we shall use the standard interior trace operator y;

(see (4.3)) and the associated interior conormal derivative operator y; (see (4.6)).
If u € C®($2), then

0
you = ul|T, {(yru,v) = —uvdF, veC® (Rz),
r on

where n = n(x) is the outer unit normal vector to I" at x. In this case, we can identify

ou
yiu=—=Vu-n, xel.
on

Let 1
Ux,y) = o log x — vl
b4

denote the fundamental solution of A in R?. If dy denotes Dirac’s §-distribution at y,
then
—-AU(x,y) =8, foryeR?

in the sense of distributions in RZ, i.e.,
—/2 AU (X, y)v(x) d§2x = v(y)
R

for any y € R? and v € C*°(R?) with a compact support. A key tool on the way to a
boundary formulation is the following theorem.

Theorem 14.1 (Green’s Representation Formula) Ler u € Hi (£2) be such that
—Au = f on $2. Then for any x € §2
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0
u(x) = / FO) U y) d2y + / YU (x, y) dTy — / o) 5 UG, y) dy.
Jo Jr Jr ny

(14.1)
Proof See, e.g., [2]. |

Since all three summands of (14.1) belong to H!, we can apply the operators
%0, Y1 to the representation formula (14.1) to get

1
zyou(X)z/Qf(y)U(x, y)d9y+/ry1u(y)U(x, y)dly
9
—/ Vou(y)a—U(x,y)dF,
r ny

d
ony

1
Fnux) = J/1,x/9f(Y)U(X, Y)d9y+/FV1u(Y) Ux,y)dly

d
- yl,x/ you(y) 3_ Ux,y) dFy~
r ny

After introducing the standard operators (see [3—5]), we get Calderon’s system of
integral equations valid on I”

|
you| | 5I—K \% You Nof
B R R | oI I

with the following integral operators defined for x € I":

single-layer potential operator
(VDH(x) = / (WU YAy, Vi H () — B,
r
double-layer potential operator

0 1/2 1/2
(Kh)(x>=/ h(y) —U(x,y)dIy, K : HY*(I) — H"*(I),
r 8ny

adjoint double-layer potential operator

0

S U y)dry, K': H'V*(I) — H™V2(I),
ny

K0 = [ 1)
r
hypersingular integral operator

(Dh)(X) = —V1x / h(y)iU(x, y)dly, D: HY*(I) — H'*(I),
r 8ny
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and Newton’s potential operators

(Nof)(x) = /Q FM UK, y) ARy, No: L*(2) — HVA(I),
(N1 f)(X) = y1x /Q fO UK y)dRy, Ni: L*(2)— HX(I).

The mapping properties of the above integral operators are well known, in particular
all are bounded, V is symmetric and elliptic (see, e.g., Steinbach [4], Theorem 6.23),
and D is symmetric and semi-elliptic with the kernel R of the solutions of the
Neumann homogeneous boundary value problem

Au =0 in £2,
yiu=0 on I.

14.2 Steklov—Poincaré Operator

For a given f € L?(£2), observing that the assumption on the diameter of §2
implies that the operator V is elliptic, we get from the first equation of (14.2) the
Dirichlet-Neumann map

1
yiu=Vv- (51 + K) you—V~'Nyf on TI. (14.3)

We can also substitute the latter formula into the second equation of (14.2) to get
another representation of the Dirichlet—-Neumann map

1 1 1
o= () ) - ) )

(14.4)

on I'. The last equation can be expressed by means of two new operators, the
Steklov—Poincaré operator defined by the equivalent representations

s=v"! (%1 + K) (14.5)
= l1+K’ 7 11+K +D (14.6)
=5 5 )

and the Newton operator defined by

1
N=V7INy = (N1 - (51 + K) VINO) )
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The Eqgs. (14.3) and (14.4) now read
yiu=Syu—Nf on I. 14.7)
If g : I' — R is sufficiently smooth, then the solution of
—Au=f, ywu=g (14.8)

can be obtained in the form
Uu=ug+uy,

where u,, u s solve
—Auy, =0, —Auy = f in £,

14.9
youg =9, youy =0 on I ( )
Moreover, (14.7) implies that for any v € H'/2(I")
d
(Sg,v) = (yiug, v) =/ —u,(x)vx)drl" (14.10)
r on
and 5
(Nf,v)y = —=(riuyg,v) = —/ —usx)v(x)dr. (14.11)
r on

The properties of the Steklov—Poincaré operator are summarized in the following
theorem.

Theorem 14.2 The Steklov—Poincaré operator
S: H>(I') — H V>IN
is symmetric and there are a® > 0 and a > 0 such that
(Sv,v) = a” Ill3pgp, for allve HY(I')/R

and
(Sv.v) = @ [vl3ung for allv e Hy> (I, Ty),

where
HYA(M Ty)={ve H/AI') : v=0 on Iy}

and I'y is a part of the boundary I" with a positive measure.

Proof See the books by McLean [2] od Steinbach [4, 6]. O
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Note that the representation (14.5) together with a Galerkin discretization typi-
cally results in nonsymmetric stiffness matrices. The symmetry of the stiffness matrix
is essential in our further analysis, so we consider only the symmetric representa-
tion (14.6).

14.3 Decomposed Boundary Variational Inequality

Now we are ready to reduce the scalar variational inequality that was introduced in
Sect. 10.3 to the boundaries of the subdomains. Let us recall that a solution of the
variational inequality (10.10) defined on the union of the subdomains 2%/ requires
to find u € #pp such that

a(u,v—u) >L(v—u), veAlpp, (14.12)

where
Vil = {vij e H'(2Y): yp/ =0 on Fl’}ﬂﬁij}, i=1,2 j=1,...,p,
Vop = (VI x oo x VIP) 5 (VP x oo x V2P,
Hpp = {v € Vpp : yov2i > yov]j on FCZi ﬂl'gj and yovij = yovik on I'i n Fik},

and

u,v) = ZZ/ u Vil dg2,

i=1 j=I1
du'l gy 8u’7 avi/
——) d£2,
a(u V) IZI:JZ:‘/ (8)(?1 8)61 8x2 axz)
L) = (fiv). (14.13)
If u is a sufficiently smooth solution of (14.12), then u’ defined by

w=ul for xe2?, i=12 j=1,...,p,

is a classical solution of (10.1)—(10.2).
To reduce the variational formulation of the decomposed problem to the skeleton

=TI x...xr'?xr? x...xre,
let

Vi = e HA(r'y:Vi=0o0n IHNIrv}, i=12 j=1,..p
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denote the closed subspaces of H'/?(I"/), and let
VDbD = (Vb11 X -+ X Vblp) X (V1721 X -+ X VbZP),

b _ b2l 2i 1j i ik ij ik
%D_{VGVDD.V —v/>0o0n I'NI and v/ =v" on IV NI L.

On V5, we shall define a scalar product

2 p
(u,v) :ZZ/ uviidr,
i=1 j=1 ry

a symmetric bilinear form

and a linear form

2 p
gb(v)zzz l]fl] i‘

i=1 j=I1
where the ordered couples of upper indices ij associate the objects with the
subdomains 2.

Let us now assume that u € #pp is a solution of (14.12) and v € #pp. After
substituting Au = — f into Green’s identity (see Theorem 4.2)

/Vu'Vvd.Q+/Auvd.Q=(y1u,yov)
Q 2

and using (14.7), (14.10), and (14.11) to its right-hand side, we get
a(u,v—u) — L —u) = a’® ou, po(v — u)) — € (yo(v — u)) . (14.14)
Thus if u € #pp is a solution of (14.12), then their traces on I” satisfy
a’ (you, o(v — 1)) = € (0 (v =), v € Hpp.

Moreover, if we define

1
b, V[b,D — R, qb(v) = zab(v, V) —Zb(v),


http://dx.doi.org/10.1007/978-1-4939-6834-3_4
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we can use the same arguments as in Sect. 10.3 to get that any solution u € J£pp of
(14.12) satisfies
q"(vou) < 4" ), v e Hpp. (14.15)

Now we are ready to formulate the main result of this section.

Theorem 14.3 Let g € 2, satisfy
b b b
q"(9) <q°(v), veAyp, (14.16)

and let u = uy + uy denote a solution of (14.9) with u s, u, defined by (14.9). Then
u solves (14.12).

Proof The proofs follow the definitions and (14.14). [l

14.4 Boundary Discretization and TBETI

The boundary element discretization of the variational inequality defined on the
skeleton X' of the decomposition (10.11) is very similar to the finite element dis-
cretization defined on £2. The only difference is that the basis functions ¢ are defined
on the boundaries of the subdomains £2%/.

Let us assume that each domain £2' is decomposed into p = 1/H? square sub-
domains 2Y,i =1, 2, J=1...,p,as in Sect. 10.4, and decompose the boundary
'/ of 2" into nf; line segments 7,’ of the length /. On each 7,’, we can choose
one or more nodes and use them to define the shape functions (see, e.g., Gaul et al.
[7], Sect.4.2.5) or the boundary element polynomial basis functions. For example,
we can use the piecewise constant functions W,’ associated with the elements 7,” or
the linear basis functions ¢, associated with the vertices of the elements which are
depicted in Fig. 14.1. We denote the number of the basis functions by n;;.

Fig. 14.1 Piecewise constant (/eft) and piecewise linear continuous (right) basis function

We shall look for an approximate solution uy, in the trial space V;, which is spanned
by the basis functions,

1 2
Vi= Vi x o x VP xVE x o x V7P,

v/ =Span{¢), £ =1,...,n;}.


http://dx.doi.org/10.1007/978-1-4939-6834-3_10
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Decomposing u;, into components, i.e.,

11 1
up = (', ... uhp,uh,.. uh)
ij ij ,ij
w/ )= > ul¢/®,
=1,..., nij
we get
(Supup) = D (STuy ujl),
i=1,2; j=1,..., p
(STu )y = > u (SUe, gl ull = (@) SV,
t,m=1,....n;;
. o . y
[Slj]zm = <Slj¢/7 ¢;lq{)5 [ulj](f = M[J'
Similarly

2
e”(uh)=ZZp) N9, i)

i=1 j=1
<thflj’ ulzj(p[') — (ffj)T“ljv

(NY £ il

[£2], = V£, 7). (14.17)

The effective evaluation of (14.17) can be found, e.g., in Steinbach [4], Chap. 10.
Let us now assign each subdomain a unique index and let us index contiguously
the nodes and the entries of corresponding vectors in subdomains, so that we can write

S0 ... 0 .

0 6. & u. f

The SPS matrix S” € R"*" denotes a discrete analog of the Steklov—Poincaré oper-
ator that assigns each vector u of nodal boundary displacements the vector of cor-
responding nodal forces. Our notation indicates that S? is closely related to the
Schur complement S introduced in Chap. 10. If we denote by B’I’ and B’;;- the full
rank matrices which describe the discretized non-penetration and gluing conditions,


http://dx.doi.org/10.1007/978-1-4939-6834-3_10
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respectively, we get the discretized version of problem (10.11) with auxiliary domain
decomposition that reads

1
min zuTSbu — T st B’;u <o and B’gu =o. (14.18)

In (14.18), the matrices B} and BY, can be obtained from the matrices B and B;
used in (10.12) by deleting the columns which correspond to the inner nodes of the
subdomains. In particular, we can easily achieve

b
B"(8") =1, B’'= [g,g].
E

The next steps are very similar to those described in Chap. 10 (details can be found
also in [8]), so we shall switch to the main goal of this chapter, the development of
a scalable BETI-based algorithm for solving the frictionless contact problems of
elasticity.

14.5 Operators of Elasticity

To extend our exposition to frictionless contact problems in 3D, let us briefly recall
some fundamental results concerning the boundary integral operators that can be
used to reduce the conditions of equilibrium of a homogeneous elastic body to its
boundary. Though most of these results are rather complicated, they can be obtained
by the procedures indicated in Sect. 14.1 with Green’s formulae replaced by Betti’s
formulae. The most important point is that the energy associated with a sufficiently
smooth displacement v which satisfies the conditions of equilibrium in the domain
can be evaluated by means of the values of v and its derivatives on the boundary
as in our scalar benchmark (14.14). More details can be found, e.g., in the paper
by Costabel [3] or in the books by Steinbach [4], Rjasanow and Steinbach [5], or
McLean [2]. See also Dostal et al. [9].

Let £2 C R? be a bounded Lipschitz domain with the boundary I" which is filled
with a homogeneous isotropic material and consider the elliptic operator . which
assigns each sufficiently smooth u : 2 — R3 a mapping Zu : 2 — R3 by

Zu = —divo(u) in £2,
where the stress tensor o satisfies, as in Sect. 11.2, Hooke’s law
o(v) = Ce(v).
Let us recall the standard interior trace and boundary traction operators

yvo: (H' () — (H()’ and yi: (HL2)' - (H V2,


http://dx.doi.org/10.1007/978-1-4939-6834-3_10
http://dx.doi.org/10.1007/978-1-4939-6834-3_10
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respectively, where H'/>(I") denotes the trace space of H'(£2), H~Y/?(I) is the
dual space to H 12y with respect to the L%(I") scalar product, and

(HL () = {v e (H'®2)': Zve (L2(5’2))3} .

It is well known (see, e.g., [2—4]) that for any u € (Hi,(.Q))S, there exists the
Dirichlet-Neumann map

yu=Syu—NZu on I'
with the Steklov—Poincaré operator
S=(@I+K)\W ' eI+K) +D: (H*D) - (HXI)’, (1419
where o (x) = 1/2 for almost all x € I", and the Newton operator
N=V"Ny: (L2)’ = (H ). (14.20)

In (14.19) and (14.20) we use the single-layer potential operator V, the double-
layer potential operator K, the adjoint double-layer potential operator K’, and the
hypersingular integral operator D given forx € " andi = 1, 2, 3 by

(V)i (x) = /F t) Ui ydhy, vV (H20) - (HA),

(Kuw); (x) = /F u@) Uiy AL, K (HD) - (HYAI)
(K't)i(x) = /F t) -yl Ay, K (HV20) - (H21),
(Dw);(x) = —y1 /F u) -y Ui Ly, D (HA) > (B2,

and the Newton potential operator Ny given forx € I" andi = 1, 2, 3 by
3 3
(Nof)i (x) = / f¥) - Uix.y)d2y,  No: (L))" — (H'2(D)",
2

where U; are the components of the fundamental solution U of . (Kelvin tensor),

U, = [U, Un, Usl", i=1,2,3, U=U" =[U;, U, Us],

1+v ((3—4v) ij (xi_yi)(xj;)’j))’
8TE(l —v) Ix —yl Ix -yl

Uij(x,y) =
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The mapping properties of the above integral operators are well known [3, 4],
in particular, the single-layer potential operator V is (H - 2(I“))3—elliptic, SO its
inverse exists. We shall need the following lemmas:

Lemma 14.1 The Steklov—Poincaré operator S is linear, bounded, symmetric, and

semi-elliptic on (H'/z(F))S. Moreover, the kernel of S is equal to the space of
linearized rigid body motions, i.e.,

1 0 0 —X2 0 X3
Ker § = Span of,111(,]10], x|, —x3 |, 0 . (14.21)
0 0 1 0 X2 —X]
Proof See the book by Steinbach [4]. O

Lemma 14.2 The Newton operator N is linear and bounded on (LZ(SZ))3.

Proof See the book by Steinbach [4]. O

14.6 Decomposed Contact Problem on Skeleton

Let us consider the variational formulation of the decomposed multibody contact
problem to find u € J#pp such that

g) <q(v), V€ Hpp, (14.22)

where

1
q(v) = za(v, V) — £(v)
and #pp were introduced in Sect. 11.4. Let us recall that

s
a(u,v) = Zap(up,vp), a? (u?, vP) :/ o(vp) : e(u”) ds2,
=1 sar

s s
L(v) = / 2. (v? —uP)dI + / f7 . (vP —uP)ds,
[,Z:; ry r [,Z:; Qr

Vi

o) v — il o
{ve(H(.Q)) .v_oonFU},z_l ,,,,, s,

Vvik...x VS,

Vbp

Hop = {ve Vop il <gon IV, G jyessvi=vion[ i j=1,.... s},

where . denotes the contact coupling set.


http://dx.doi.org/10.1007/978-1-4939-6834-3_11
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To describe the boundary variational formulation of (14.22), let us introduce

Vi={(ve HY ('Y :v=0o0nTI}}, i=1,...,5,
Vi =Vy x - x VS,

l/DbD = {VGVLZ;D 2 [ve]<g on Fij, @i, j) e, vi=v/ on Fg, i,j=1,...,s}

For any displacement

1

s b
u=, ..., u) eV,

let us define the energy functional by
b Ly b
q (u) = Ea (uv u) -4 (u)v

where a’ is a bilinear form on V5, defined by

a’(,v) =D (S"u”, v’

p=1
and ¢" is a linear functional on V), given by
v = Z (vrgr ve) + (82,00
p=1
Recall that
s (HA(r?)’ > (H2rn) and N7 : (L227) — (H'2(1n)

denote the (local) Steklov—Poincaré and Newton operators, respectively.
The boundary formulation of the decomposed problem (14.22) now reads: find
the displacement u € %%, such that

g’ () < ¢ (u) for ve . zp,. (14.23)

Due to Lemmas 14.1 and 14.2, the bilinear form a? is bounded, symmetric, and
elliptic on V} , and the linear functional £” is bounded on V} ;. Thus ¢? is a bounded
convex quadratic functional on V5, and problem (14.23) has a unique solution by
Theorems 4.4 and 4.5.


http://dx.doi.org/10.1007/978-1-4939-6834-3_4
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14.7 TBETI Discretization of Contact Problem

The boundary element discretization of contact problems defined on the skeleton of
the decomposition (14.23) is again very similar to that defined on £2. The main new
feature, as compared with Sect. 14.4, is that the basis functions are defined on 2D
boundaries of subdomains £27 and are vector valued. After decomposing each I"?
into n; triangles rip, p=1,...,s,i=1,...,n°, wecanuse,e.g., the constant basis
functions ¥/ associated with 7/ or the linear basis functions ¢§’ associated with the
vertices of 7/ (see Fig. 14.2). We denote the number of the basis functions by n,, and
look for an approximate solution uy, in the trial space

VhZVhIX"-XV}f’ Vhp=Span{ f,..., ,plp}.

Fig. 14.2 Piecewise constant (left) and linear continuous (right) basis functions on the surface

After substituting into the forms a” and £, we get the matrix of the local discretized
Poincaré—Steklov operators S'I’, and the blocks f ﬁ of the discretized traction

[8}1,,, = (5797 8%,
[£5], = (NP2, 60) + (6], 67).

To evaluate the entries of the boundary element matrices, we have to approximate
(possibly singular) double surface integrals. This can be carried out effectively, e.g.,
by the semi-analytical approach introduced by Rjasanow and Steinbach in [5], where
the inner integral is calculated analytically and the outer one is approximated by using
a suitable numerical scheme. See also Steinbach [4, Chap. 10]. If we denote by Bl,’
and BY, the full rank matrices which describe the discretized non-penetration and
gluing conditions, respectively, we get the discretized version of problem (14.23)
with auxiliary domain decomposition in the form

1
min EuTShu —#""a st. Blu<c and Biu=o, (14.24)
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where S 0 o
/ b
. |osi-0 " . i
S = . . . E) u= N £ f - '
00..8 us e

The SPS matrix S? € R"*" denotes a discrete analog of the Steklov—Poincaré oper-
ator that assigns each vector u of nodal boundary displacements a vector of corre-
sponding nodal forces. Our notation indicates that S” is closely related to the Schur
complement S introduced in Chap. 10. In (14.24), the matrices B} and B, can be
obtained from the matrices Bg and B, from (10.12) by deleting the columns the
indices of which correspond to the inner nodes of the subdomains.

Remark 14.1 Since the matrices B? and B can be obtained from the matrices B;
and Bg by deleting the columns whose indices correspond to the inner nodes of
subdomains, it is always possible to achieve that the rows of B are orthonormal
provided each node is involved in at most one inequality. This is always possible
for two bodies or any number of smooth bodies. To simplify the formulation of the
optimality results, we shall assume in what follows (except Chap. 15) that

B’ (8°)" =1. (14.25)

See also Remark 11.1.

14.8 Dual Formulation

Since the problem (14.24) arising from the application of the TBETI method to the
frictionless contact problem has the same structure as that arising from the application
of the TFETI method in Chap. 11, we shall reduce our exposition to a brief overview
of the basic steps—more details can be found in Chap. 11.

Recall that the Lagrangian associated with the problem (14.24) reads

1
Lu, A, Ag) = EuTs”u —uf? £ AT (B —¢) +AIBL,

where A; and A are the Lagrange multipliers associated with the inequalities and
equalities, respectively. Introducing the notation

R »_[BY |
X_|:)‘Ei|, B _|:B’f5 , and ¢ = op |’
we can write the Lagrangian briefly as

1
L(u, ) = zuTSl’u —u'f? + AT (BPu —¢).
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The next steps are the same as in Sect. 11.6. In particular, we get that if (X, 1) is
a KKT couple of the problems (14.18) or (14.24), then A solves the minimization
problem

min ®(A) s.t. A, >0 and (RHOT(E — (B)"r) = o, (14.26)

where
OO = %xTBb(Sbﬁ(B”)Tx —AT(B(SH) TP — o),

and R? denotes the matrix the columns of which span the kernel of S”. The matrix R?
can be obtained from the matrix R which spans the kernel of the stiffness matrix K
obtained by the volume finite element discretization by deleting the rows which
correspond to the nodal variables in the interior of the subdomains.

Let us denote

F'=B(SH* (B!,  F=|F],
Fb — Fleb’ d’ = F! (Bb(sb)Jrfb _ C) ,

G — (BbRb)T’ e = (Rb)be’

where T denotes a regular matrix that defines the orthonormalization of the rows of
G so that the matrix

G=TG
has orthonormal rows. After denoting
e=Te,

problem (14.26) reads
1 -
min ExTF”x —ATd” st. A; >0 and Gr=e. (14.27)

Next we shall transform the problem of minimization on the subset of the affine
space to that on the subset of a vector space by means of an arbitrary A which satisfies

Gr =e.

If the problem (14.27) is a dual problem arising from the discretization of a
coercive problem, then we can use Lemma 11.1 to get A so that

A >o.
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Looking for the solution of (14.27) in the form A = u + 3:, we get, after substituting
back A for u, the problem to find

1 ~
min EﬂFbx —ATd? st. GAh=o0 and Ay >0, = —L, (14.28)

with _ _
d’=d" - F"1.

Our final step is based on the observation that problem (14.28) is equivalent to
min %xTbe —A"Pd” st. GA=o0 and Ay >¢, (14.29)
where p is an arbitrary positive constant and
H> =PF’P+0Q, Q=G'G, and P=1-Q.
Recall that P and Q denote the orthogonal projectors on the kernel of G and on

the image space of G”, respectively. If A; > o, then o is a feasible vector for the
problem (14.29).

14.9 Bounds on the Spectrum

First observe that ImP and ImQ are invariant subspaces of H? and ImP+ImQ = R”,
as biao]

and for any A € R”

H?PA = (PF’P + pQ)PA = P(F’PA) and H’QA = (PF’P + pQ)QA = pQA.

It follows that
o (H’|ImQ) = {p},

so it remains to find the bounds on
o (H?|ImP) = o (F*|ImP).

The following lemma reduces the problem to the analysis of the local Schur com-
plements.

Lemma 14.3 Let there be constants 0 < ¢ < C such that for each > € R"

Al < 1BY) A < ClIAl>.
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Then for each A € ImP

where Sf’ denotes the boundary element stiffness matrix associated with I'".
Proof See the proof of Lemma 10.2. ]

Remark 14.2 Lemma 14.3 indicates that the conditioning of H can be improved by
the orthonormalization of the rows of the constraint matrix B?.

We have reduced the problem to bound the spectrum of H to the analysis of the
spectrum of the boundary stiffness matrices. The following result, which is due to
Langer and Steinbach, is important in the analysis of the optimality of the presented
algorithms.

Lemma 14.4 Let H and h denote the diameter and the discretization parameter
of a quasi-uniform discretization of a domain 2 C R> with shape regular elements.
Assume that the elements for the discretization of I' are defined by the traces of those
for the discretization of S2. Let SZ’ ,» and Sy ;, denote the boundary stiffness matrix
and the Schur complement of the stiffness matrix K of a subdomain of §2 with respect
to its interior variables, respectively.

Then SZ, , and Sy, are spectrally equivalent, i.e., there are constants ¢ and C
independent of h and H such that for each A € ImS

ATSpuh <ATSY A < CATSy 1. (14.30)

Proof See Langer and Steinbach [1]. O
The following theorem is now an easy corollary of Lemmas 14.3 and 14.4.

Theorem 14.4 Let p > 0 and let Hf). ., denote the Hessian of the cost function of
problem (14.29) resulting from the quasi-uniform discretization of problem (14.15)
using shape regular boundary elements with the parameters H and h. Assume that B?
satisfies (14.25).

Then there are constants ¢ and C independent of h and H such that for each
AeR"

H
AP <ATHE A < cﬁnxnz.

Proof Substitute (14.30) into Lemma 14.3, use Lemma 11.2, and take into account
the fixed regularization term pQ. Notice that F is scaled. O
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14.10 Optimality

To show that Algorithm 9.2 (SMALBE-M) with the inner loop implemented by
Algorithm 8.2 is optimal for the solution of the problem (or a class of problems)
(14.29) arising from the varying discretizations of a given frictionless contact prob-
lem, let us introduce, as in Sect. 11.10, a new notation that complies with that used
in the analysis of the algorithms in Part II.

Let p > 0 and C > 2 denote given constants and let

Je ={(H,h) eR*: H/h <C}
denote the set of indices. For any ¢ € I, let us define the problem

At = PFbP + pQ, bt = P(’lvb,
B[ = G, Elt = _A,[,

where the vectors and matrices of (14.29) arising from varying discretizations
of (14.23) with the parameters H and h, t = (H, h). We shall assume that the dis-
cretization satisfies the assumptions of Theorem 14.4. Using the procedure described
above, we get for each t € ¢ the problem

minimize f;(A;) s.t. B/A, =0 and A, > ¢; (14.31)

with .
£ = 5ATA,A — b7

We shall assume that the discretization satisfies the assumptions of Theorem 14.4
and that
0 <o.

Using GG’ = I, we obtain
Bl < 1. (14.32)

Moreover, it follows by Theorem 14.4 that for any C > 2 there are constants

al,. > a&.. > 0 such that

max n

Apyin < nin(Ar) < Amax(Ar) < gy (14.33)
forany t € J¢. As above, we denote by Apin (A,) and Ay (A,) the extreme eigenval-
ues of A;. Our optimality result for the solution of the class of problems (14.31) arising
from the boundary element discretization of the multibody contact problem (11.15)
reads as follows.
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Theorem 14.5 Let C > 2, ¢ > 0, and p > 0 denote given constants, let {X'f } and
{*} be generated by Algorithm 9.2 (SMALBE-M) for the class of problems (14.31)
with

bl >n >0 1>8>0 Mpy>0 and u’=o.

Let Step 1 of Algorithm 9.2 be implemented by means of Algorithm 8.2 (MPRGP)
with parameters
>0 and « € (0,2/a5,.),

so that it generates the iterates
k0 k.1 kI _ 4k
AN LA =

or the solution of (14.31) starting from Xf‘o =AM with A7! = o, where | = Lk is
t t s
the first index satisfying

lig” A& uk, p)ll < MIIBAK |

or
lig” AF, 1k, p)Il < eM|lb,|.

Then for any t € I¢ and problem (14.31), an approximate solution Xf’ which
satisfies
ko ks Ky
lg” ', i, p)| < eMllbyl| and [|BA;|| < &by

is generated at O (1) matrix—vector multiplications by the Hessian of f;.

Proof The class of problems satisfies all assumptions of Theorem 9.4 (i.e., o is
feasible and the inequalities (14.32) and (14.33) hold true) for the set of indices .7¢.
Thus to complete the proof, it is enough to apply Theorem 9.4. (]

Since the cost of a matrix—vector multiplication by the Hessian A’ is proportional
to the number of dual variables, Theorem 14.5 proves the numerical scalability of
TBETI. The (week) parallel scalability is supported by the structure of A,.

14.11 Numerical Experiments

The algorithms presented here were implemented in MatSol [10] and tested on
a number of academic benchmarks and real world problems, see, e.g., Sadowskd
etal. [11] or [12]. Here, we give some results that illustrate the numerical scalability
and effectiveness of TBETT using the benchmark of Chap. 12. We also compare the
precision of TFETI and TBETT on the solution of a variant of the Hertz problem
with the known analytic solution. All the computations were carried out with the
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parameters recommended in the description of the algorithms in Chaps.7-9. The
relative precision of the computations was the same as in Chaps. 11 and 12, i.e., 10~
for the academic benchmark and the 10~ for the real world problems.

14.11.1 Academic Benchmark

We consider the contact problems of two cantilever beams in contact with friction
that was introduced in Sect. 12.9. The problems were decomposed and discretized
with varying decomposition and discretization parameters # and H as in Sect. 12.9.
We kept H/h = 12, so that the assumptions of Theorem 14.5 are satisfied. The
performance of the algorithms is documented in the following graphs.

Nsub
4 108 500 1372
600 I~ Tresca friction
--- Coulomb friction
500
§ 400 S
< 300
200 //
100 F
0.07 0.19 0.90 2.48

n [10°]

Fig. 14.3 Tresca and Coulomb BETI: numerical scalability of cantilever beams—matrix—vector
multiplications by F

The numbers of outer iterations and the multiplications by the Hessian F of the
dual function depending on the primal dimension # and the number of subdomains
ngyp are in Fig. 14.3, both for the problem with the Tresca and Coulomb friction with
the friction coefficient @ = 0.1. We can see a stable number of outer iterations and
mildly increasing number of inner iterations for n ranging from 7224 to 2,458,765.
The dual dimension of the problems ranged from 1859 to 1,261,493. We conclude
that the performance of the algorithms based on TBETT is very similar to those based
on TFETI and is in agreement with the theory. Notice that the primal dimension of
the problem discretized by BETT is typically much smaller than that discretized by
BETI with the same discretization parameter /.
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14.11.2 Comparison TFETI and TBETI

We consider a frictionless 3D Hertz problem depicted in Fig. 14.4, with the Young
modulus 2.1 - 103 MPa and the Poisson ratio 0.3. The ball is loaded on the top by the
force F = —5000 [N]. The ANSYS discretization of the two bodies was decomposed
by METIS into 1024 subdomains.

Fig. 14.4 Model specification

The comparison of TFETI and TBETI in terms of computational times and the
number of Hessian multiplications is given in Table 14.1.

Table 14.1 Numerical performance of TFETI and TBETI applied to the Hertz problem

Method Number of Number of Preprocessing | Solution time | Number of
primal DOFs | dual DOFs time Hessian
applications
TFETI 4,088,832 926,435 21 min 1h 49 min 593
TBETI 1,849,344 926,435 1h 33 min 1h 30min 667

We can see that the time of computation required by the two methods are compa-
rable, especially if we take into account that the preprocessing time can be reduced
very efficiently on more processors than 24 used in the test.

In Fig. 14.5 we can see a fine correspondence of the contact pressures computed
by TFETI and TBETI with the analytical solution. We can see that BETI returns a
bit more precise results, which is not surprising, as TFETI uses the exact solutions in
the interior of subdomains. The convergence criterion was the reduction of the norm
of the projected gradient of the dual energy function by 107°.
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Fig. 14.5 Correspondence of numerical Hertz contact pressures to the analytic solution

14.11.3 Ball Bearing

We solved also the contact problem of ball bearing depicted in Figs. 1.1 and 1.3. We
imposed the Dirichlet boundary conditions on the outer ring and loaded the opposite
part of the inner diameter with the force 4500 [N]. The discretized geometry was
decomposed into 960 subdomains by Metis. Numerical comparison of TFETI and
TBETI is in Table 14.2.

Table 14.2 Numerical performance of TFETI and TBETI applied to the ball bearing problem

Method Number of Number of Preprocessing | Solution time | Number of
primal DOFs | dual DOFs time Hessian
applications
TFETI 1,759,782 493,018 129 2h Smin 3203
TBETI 1,071,759 493,018 715s 1h 5min 2757

For more information see also [11, 12].

14.12 Comments

For a nice introductory course on the classical boundary element method which cov-
ers also some more advanced topics, see Gaul, Kogl, and Wagner [7]. For more formal
exposition, see the books by Steinbach [4] or McLean [2]. Engineering applications
can be found in the book edited by Langer et al. [13].

The introduction of BETI method by Langer and Steinbach [1] opened the way to
the development of scalable domain decomposition-based algorithms for the solution
of problems discretized by the boundary element method. A variant of BETI which
we use here appeared first in Thesis by Of [14] as AF (all floating) BETI. See also
Of and Steinbach [15]. Here we call it TBETT (Total) as it is shorter and indicates a
close relation to TFETT, which was developed independently at about the same time.
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The scalability results reported here were published first for a scalar model prob-
lem in Bouchala et al. [8], then for 3D multibody elastic problems in Bouchala
et al. [8] and Sadowska et al. [11]. The scalability of the algorithm adapted for the
solution of problems with Tresca (given) friction is reported in Sadowsk4 et al. [12].
We are not aware of other scalable methods for the solution of contact problems by
the boundary element method.

The performance of any algorithm which uses BEM can be improved by so-
called fast methods (see, e.g., Rjasanow and Steinbach [5]). They include the hier-
archical matrices introduced by Hackbusch [16] (see a comprehensive exposition in
Bebendorf [17]), the Adaptive Cross Approximation (ACA) (see, e.g., Bebendorf [18]
or Bebendorf and Rjasanow [17]), or Fast Multipole Method (FMM) (see, e.g.,
Greengard and Rokhlin [19, 20] or Of, Steinbach, and Rokhlin [21]). These methods
accelerate the evaluation of the matrices and the consequent matrix—vector multipli-
cation and lead to asymptotically nearly linear space and time complexities.

References

1. Langer, U., Steinbach, O.: Boundary element tearing and interconnecting methods. Computing
71, 205-228 (2003)

2. McLean, W.: Strongly Elliptic Systems and Boundary Integral Equations. Cambridge Univer-
sity Press, Cambridge (2000)

3. Costabel, M.: Boundary integral operators on Lipschitz domains: elementary results. SIAM J.
Math. Anal. 19, 613-626 (1988)

4. Steinbach, O.: Numerical Approximation Methods for Elliptic Boundary Value Problems.
Finite and Boundary Elements. Springer, New York (2008)

5. Rjasanow, S., Steinbach, O.: The Fast Solution of Boundary Integral Equations. Mathematical
and Analytical Techniques with Applications to Engineering. Springer, New York (2007)

6. Steinbach, O.: Stability Estimates for Hybrid Coupled Domain Decomposition Methods. Lec-
ture Notes in Mathematics. Springer, Berlin (2003)

7. Gaul, L., Kogl, M., Wagner, M.: Boundary Elements for Engineers and Scientists. Springer,
Berlin (2003)

8. Bouchala, J., Dostél, Z., Sadowska, M.: Theoretically supported scalable BETI method for
variational inequalities. Computing 82, 53-75 (2008)

9. Dostdl, Z., Friedlander, A., Santos, S.A., Malik, J.: Analysis of semicoercive contact problems
using symmetric BEM and augmented Lagrangians. Eng. Anal. Bound. Elem. 18(3), 195-201
(1996)

10. Kozubek, T., Markopoulos, A., Brzobohaty, T., Kucera, R., Vondrik, V., Dostal, Z.: MatSol-
MATLAB efficient solvers for problems in engineering. http://industry.it4i.cz/en/products/
matsol/ (2015)

11. Sadowskd, M., Dostdl, Z., Kozubek, T., Markopoulos, A., Bouchala, J.: Scalable Total BETI
based solver for 3D multibody frictionless contact problems in mechanical engineering. Eng.
Anal. Bound. Elem. 35, 330-341 (2011)

12. Sadowska, M., Dostdl, Z., Kozubek, T., Markopoulos, A., Bouchala, J.: Engineering multibody
contact problems solved by scalable TBETI. In: Fast Boundary Element Methods in Engineer-
ing and Industrial Applications, LNACM, vol. 63, pp. 241-269. Springer, Berlin (2012)

13. Langer, U., Schanz, M., Steinbach, O., Wendland, W.L. (eds.): Fast Boundary Element Meth-
ods in Engineering and Industrial Applications. Lecture Notes in Applied and Computational
MechanicsSeries, vol. 63. Springer, Berlin (2012)


http://industry.it4i.cz/en/products/matsol/
http://industry.it4i.cz/en/products/matsol/

References 275

14.

15.

16.

17.

18.

19.

20.

21.

Of, G.: BETI - Gebietszerlegungsmethoden mit schnellen Randelementverfahren und Anwen-
dungen. Ph.D. Thesis, University of Stuttgart (2006)

Of, G., Steinbach, O.: The all-floating boundary element tearing and interconnecting method.
J. Numer. Math. 17(4), 277-298 (2009)

Hackbusch, W.: A sparse matrix arithmetic based on H-matrices. Part I: introduction to H-
matrices. Computing 62, 89—108 (1999)

Bebendorf, M.: Hierarchical Matrices: A Means to Efficiently Solve Elliptic Boundary Value
Problems. Lecture Notes in Computational Science and Engineering, vol. 63. Springer, Berlin
(2008)

Bebendorf, M., Rjasanow, S.: Adaptive low-rank approximation of collocation matrices. Com-
puting 70, 1-24 (2003)

Greengard, L.F., Rokhlin, V.: A fast algorithm for particle simulations. J. Comput. Phys. 73,
325-348 (1987)

Greengard, L.F., Rokhlin, V.: A new version of the fast multipole method for the Laplace
equation in three dimensions. Acta Numerica, Cambridge University Press, 229-269 (1997)
Of, G., Steinbach, O., Wendland, W.L.: Applications of a fast multipole Galerkin in boundary
element method in linear elastostatics. Comput. Vis. Sci. 8, 201-209 (2005)



Chapter 15
Mortars

The theoretical results on numerical scalability of algorithms for the solution of
contact problems presented in Chaps. 10-14 relied essentially on the strong linear
independence of the rows of constraint matrices that describe “gluing” of subdomains
and non-penetration conditions. The constraint matrices with the desired properties
assumed matching grids and node-to-node linearized non-penetration conditions,
possibly obtained by an effective orthogonalization of the equality constraints. How-
ever, such approach has poor approximation properties and causes problems when the
contact conditions are imposed on large curved interfaces or non-matching grids—
the latter are inevitably present in the solution of transient contact problems.

Similar to the description of conditions of equilibrium, most of the drawbacks
mentioned above can be overcome when we impose the non-penetration conditions
in average. Our basic tool will be so called mortars, which enforce the non-penetration
by the discretization of week non-penetration conditions like (13.14), in particular the
biorthogonal mortars introduced by Wohlmuth [1]. The latter are supported by a nice
approximation theory of variationally consistent discretization (see Wohlmuth [2])
and can be effectively implemented.

Until recently, it was not clear whether the mortars can be plugged into the FETI-
based domain decomposition algorithms in a way which preserves the scalability
of the algorithms. The reasons were that the constraint matrices resulting from the
mortar discretization do not have a nice block diagonal structure like those arising
from the node-to-node schemes and that it was not clear how to orthogonalize effec-
tively the rows corresponding to the inequality constraints against those enforcing
the “gluing” of the subdomains, especially those associated with the “wire baskets.”

In this chapter, we briefly review the description of non-penetration conditions by
means of biorthogonal mortars, prove that the constraint matrices arising from the
discretization by some biorthogonal bases are well conditioned under natural restric-
tions, and show that the procedure complies well with the FETI domain decomposi-
tion method. The theoretical results are illustrated by numerical experiments.
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15.1 Variational Non-penetration Conditions

As in Sect. 11.1, let us consider a system of bodies which occupy in the reference
configuration open bounded domains ', ..., 2% c R? with the Lipchitz bound-
aries I'', ..., I'* and their parts F}, F[/, and Fé. Suppose that some nonempty 'Y
comprises a part [2Y C I'Y that can get into contact with 27 as in Fig. 11.1. We
assume that FC” is sufficiently smooth, so that there is a well-defined outer normal
n”(x) at almost each x € I'/’. From each couple of indices {p, g} which identify
X # @, we choose one index to identify the slave side of a possible contact inter-
face and define a contact coupling set .. Thus if (p, q) € ., then I'/? # ¢ is the
slave side of the contact interface that can come into contact with the master side
2.

We shall first discuss the problems that can be explained without loss of generality
on two bodies assuming that . = {(1, 2)}, so that we can simplify the notation to
Fcl = FCH and FCZ = FCZI. We shall use the notation introduced in Sect. 11.2 to write
the contact conditions briefly as

[l < g A >0, A([us]—g) =0, A=xrm, x€lyg, (15.1)

where n = n(x) denotes an outer normal unit vector at x € I}, A is the contact
traction,
[u,] = (@' —u’o x)-n'

denotes the jump in normal displacements, y = x'>: I Cl = I c2 denotes the one-to-
one slave—master mapping and

g=2g(® = (x(®) —x) -n(x)

is the initial normal gap. The first of the conditions (15.1) defines the nonempty,
closed, and convex subset .Z~ of the Hilbert space

V=vxVv: vi=@®H'@R"Y)), VI=(H' (L)

by
H ={veV:[v]<g on I}} (15.2)

The feasible set can be alternatively characterized by means of the dual cone. To
describe the weak non-penetration conditions, let us denote

W=H" (Y, wh={weW:w=>0},
M=H'"*TIH, Mt ={ueM: (uw) >0, weWt},
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so that M denotes the dual space of the trace space W and M denotes the dual
cone. The feasible set (with respect to linearized non-penetration conditions) can be
characterized by

H={veV : (v <(u gpy forallu e M*).

15.2 Variationally Consistent Discretization

Let us assume for simplicity that the domains £2! and £22 are polyhedral, so that
there are independent families of shape regular triangulations 7%, k € {1, 2}, such

—k —
that 2" = |, 7+ @. Let Z¥ denote the set of contact faces 7 of the elements of .7*,

so that .Z* defines a 2-dimensional surface mesh of I, C’f , Flé =U;ea Tk €{1,2}.
The surface mesh on FC2 is mapped by x~' onto FCI, resulting in possibly non-
matching meshes on the contact interface.

Following Wohlmuth [2], we use the standard low order conforming finite ele-
ments for the displacements and the dual finite elements which reproduce constants
for surface traction. We shall use the notation

V=V x V2  Vf=Span{¢p,:pe PV, ke{l, 2}, (153)

Mi=3u= D" BV By R, (15.4)
pePL

where Z7* is the set of all vertices of 7, @é is the set of all vertices which belong to

—k . . . .
I'c,k €{1,2}, ¢, denotes the standard conforming nodal basis function associated
with the vertex p, and v, denotes the dual basis function associated with p. In
particular, for any x € T é‘

> =1, k=12 (15.5)

pe Pk

The following properties of the dual basis functions yr, are essential for our
presentation.

o The support of ¢, is local, i.e.,

supp ¥, = supp ¢,|I¢, p € P (15.6)

o The basis functions ¥, and ¢, are locally biorthogonal, i.e.,

/¢,,¢,,dr = a,,q/¢,,dr, p.qge P, te T, (15.7)
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where .7 ! denotes the set of all contact faces on the slave side. The basis functions
are required to enjoy two other properties, the best approximation property and the
uniform inf-sup condition that are essential for the development of the approximation
theory [1]. Notice that there exists no set of nonnegative basis functions that satisfy
(15.7),so0 M ;r is not a subset of M. Observing that each v € Vj, can be written in

the form
V= Z opXp, + z OpXp, X, € R3,

pe P! peP?

we can write the non-penetration condition in more detail as

/rlt//p Zd)qxq— Z(d)qox)xq -nd]"f/rll//pgds, peﬁé.

¢ qe P, qe P
(15.8)
Our approximation of %" reads
S =1{v e Vi o (t, val)ry < (w, g forall w € M/},

To write (15.8) in a convenient matrix form, let us assign local indices 1, ..., n;
and n; + 1, ...,n; + ny to the vertices on the contact interface on the slave and
master side, respectively, and assume that n(x;) =n(x) fori =1,...,n; and
X € supp ¢;, so that (15.8) is equivalent to

Bvx <X 'gy. By=3X"'[D.-M], x=[x"". &),
where
[din] ... o
D=| . ... . , 4= | ¢ ds, (15.9)
o" ...dyn! re

—m“an mlnzan
M = e , m,-jz/ vl (@t ox)ds,  (15.10)
r} ’

| Mmooy n] ¢
gN:[gi], gi:/]w;gds, i=1,...,n, (15.11)
Ie

and ¥ denotes the scaling matrix which normalizes the rows of [D, —M], so that the
diagonal entries of By BITV are equal to one, i.e.,

(X5 =d? + > mf. i=1.....n. (15.12)
j=1



15.2 Variationally Consistent Discretization 281

To simplify the reading, we added a superscript k, k € {1, 2} to the basis functions
associated with Fé‘ . Due to the block structure of By, we have

ByBl =X ?D*+ = 'MM T, (15.13)

where D is diagonal SPD and MM is SPS. Very useful discussion of implementation
details and catches can be found in Popp et al. [3].

15.3 Conditioning of Mortar Non-penetration Matrix

Now we are ready to give a bound on the squares of the singular values of B, in
particular on the smallest eigenvalue Amin(ByB%) and on the largest eigenvalue
Amax (ByBY). To simplify the description of our results, let us introduce the following
definition.

Definition 15.1 The dual basis functions ¥, v;, i # j, defined on I"C1 are near if
there is a finite element basis function ¢ defined on I'? such that

supp (7 o x) Nsuppy; # @ and supp (¢; o x) Nsupp ¥ # 0.

The cover number of a dual basis function ; is the number of dual basis functions
that are near to ;. The cover number k of the mortar discretization is the maximal
cover number of the dual basis functions on Fcl.

Theorem 15.1 Let By denote the matrix arising from the consistent mortar dis-
cretization of the conditions of non-penetration for our model problem with the finite
elements that satisfy (15.5). Then

(frc' Vi ds)z

~min > < Amn(ByBjY) <1 (15.14)

and

2
_ (S 1wl as)
Amax(ByBY) < 14k max

=1, (frcl ’, ds)2 N (IFC] Iwilds)z, (15.15)

where k denotes the cover number of the discretization.

Proof First observe that

Amin (BVBY) = Amin (Z7°D* + Z7'MM7Z7) > Ay (£72D7)
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and that ¥ ~2D? is diagonal. Using (15.12) and (15.13), we get

d2
d2+zj 1m

_ : (frcl ‘ﬁids)z 5
(g vrds) + 302 (Ji vi(62 0 00 d5)

[Zszz]“ =

Noticing that the basis functions ¢; satisfy (15.5), we can estimate the last sum in
the denominator of the last term by

no 2 ny 2
Z(/ w,-(qsf-ox)ds) = (2] uwon]as
=1 \/T¢ =

2

/ anqs o x ds

L

2
=(/ |1/f,~|ds) =1,
e

which proves the left inequality of (15.14).
To prove the right inequality, just observe that for the vector e; with the entries
d;j, we have due to the normalization

[BBT]Z‘,‘ = eiTBNB,(,ei =1.

To prove the upper bound (15.15), we recall that the € ,-norm of any square matrix
dominates its Euclidean norm, i.e.,

np

Amax (BNBE) < max Z|bT =1+ max > b/byl. (15.16)

j=1 j=1j#

Our next goal will be the upper bound on [b! b;|. Using the Cauchy interlacing
inequalities (2.21), we get that the eigenvalues of any submatrix

1 blb; o
Tij:[bjfbi 1 ] i,jef{l,...,n},

of ByBY satisfy
Amin (Tij) = Amin(ByBY).
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Direct computations reveal the spectrum o (T;;) of T;;; we get
(Tij) = {14 b/ bj|, 1 — |b/b;[}
ollij i g i

Combining these observations with (15.14), we get

(Jr 1)
() + ()
(910
(v + (o)

1 —[b{b;|

A%

)Lmin(BNB]I\‘l) =

)

so that

(Ji it )’
(frcl ¥i ds)2 + (frcl WiIdS)z.

To finish the proof, substitute (15.17) to (15.16) and observe that

binjZZ(/ Wi(¢fox)dS)(/ Iﬂj((bfox)ds).
=1 \/T¢ r}

Itfollows that if the dual functions y; and ¥; arenotnearandi # j,then bin ; #0.0

Ib/b;| < (15.17)

It is possible to evaluate directly the bounds for the linear elements, so we can
formulate the following corollary.

Corollary 15.1 Let By denote the matrix arising from the consistent mortar dis-
cretization of the conditions of non-penetration of two 3D bodies using the linear
finite element basis functions reproducing constants. Then

64 -
< 225 = %min (B¥BY) < By < 1+k. (15.18)

¢/ Vi i 1 vids %frg lyil ds
—/o\— —_ ° *~— A [ °

Fig. 15.1 Illustration to Corollary 15.1

| =
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Proof The proof of the corollary is based on the observation that the relevant char-
acteristics of the biorthogonal basis functions associated with linear elements do not
depend on the geometry. The slave continuous basis functions ¢, and the discontin-
uous dual basis functions ¥} for 2D problems (see Fig. 15.1) have end-point values
{1, 0} and {2, —1}, respectively. To evaluate the estimate (15.14), we need explicitly
the ratio between the integrals of 1//1.1 and |1//l-1| over I}, which can be shown to be
3/5 (see the gray areas in the right part of Fig. 15.1). The corresponding value for the
3D problems is 8/19. Thus

(frcl Vi dS)2 N : ) o
(ffg‘ Vi ds)z + (frcl Vil ds)2 RS (%)2 425°

O

Though the estimate (15.18) captures the qualitative features of the condition-
ing of mortar constraint matrices, it is rather pessimistic. The following Table 15.1
provides information about the singular values of B; for non-matching regular dis-
cretizations of the contact interface of Hertz’s problem with varying discretization
parameters. We can see nice numbers for small values of /gjaye / master, Which are rel-
evant from the point of view of the approximation theory. See also Vlach, Dostdl, and
Kozubek [4].

Table 15.1 Conditioning of the mortar matrices B; for 3D Hertz problem with non-matching grids

hslave/ Fmaster | 1/6 1/3 2/3 1 3/2 3 6

Amin(B/B)) | 0.51 0.52 0.57 0.75 0.89 0.82 0.87
Amax(B/B)) 155 572 2.01 1.32 1.14 1.30 1.20
«(B/B]) |304 114 3.55 1.77 1.28 1.58 1.38

15.4 Combining Mortar Non-penetration with FETI
Interconnecting

To plug our results into TEETI or TBETT, let us decompose each body 2!, £22 into the
subdomains £/, .QJ2 of the diameter less or equal to H in a way which complies with
the triangulations .7, k € {1, 2}, and use the triangulation to discretize separately
the subdomains. The procedure introduces several local degrees of freedom for the
displacements associated with the nodes on the interfaces ﬁf N 51; To simplify the
reference to the above discussions, let us first consider only the variables associated
with the nodes on I'c and denote by x¢ and X¢ the variables associated with the
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problem without the decomposition considered above and the decomposed problem,
respectively. Using a suitable numbering of both sets of variables, we can define the
matrix L € R7¢*"¢ which assigns to each vector x¢ € R of global variables the
vector X¢ € R”¢ of the variables associated with the decomposed problem so that

iC =chc, Lc :diag(e1,~~ ,e,,c), € = [1,...,1]T e R™,

Thus each component x; associated with a node which belongs to m; faces of the
subdomains of £2F is assigned the vectorX; = x;e; € R™ . To test the non-penetration
of the decomposed problem, let us define the matrices

Lc = diag(llesll;"er. - . llenc I 'enc). By =ByLE, (15.19)

so that _ _ _
BNiC = BNLgic = BNLchxC = BNXc.

To enforce the gluing of the subdomains as in Chap. 11, notice that the displace-
menty € ImLc if and only if y; = y;e;, where y; is a block of y induced by the block
structure of ImL¢. It follows that ImL- comprises the displacements which corre-
spond to the displacements of the glued subdomains of 2%, k € {2, 1}, so that the
part B¢ of the “gluing” matrix that acts on the variables associated with I'¢ satisfies

_ _ - [B.O
ImLc:ImLC:KerBG, BG: [ ()G ~B'zGi|

The blocks §’G can be reordered to be block diagonal, with the nonzero blocks

comprising the row vectors of an orthonormal basis of Kere! C R™ so that

LIBL =0

and o o
ByBS = ByL{B; =O. (15.20)

Let us now return to the discretization of our two body contact problems, so
that x € R” denotes the vector of coordinates of v, € V},. The matrices describing
the non-penetration and gluing of variables that correspond to the nodes on I'c can
be obtained by padding By and B with zeros. If we add the matrices Bg with
orthonormal rows which enforce the gluing of the remaining variables and enforcing
the Dirichlet conditions, we get the constraint matrix

6y 0

B, =[By O], BE:[%Gg}, B=|Bs; O =[g’},
R =Y E
0 By


http://dx.doi.org/10.1007/978-1-4939-6834-3_11

286 15 Mortars

and
BB’ = diag(B,B”, BzBL) = diag(ByBY, ). (15.21)

Using (15.19) and assuming that By has m¢ rows, we get for any A € R”¢
IBEA? = ATByLELBLA = ATByIBLA = [ £'/2BIA|%,

where
Y = diag(flesll; ", ..., llenc 7).

To give bounds on the singular values of B, recall that |le; |l denotes the number
of subdomains the boundaries of which contain the node associated with the variable
x; and denote

Smax = | Thax ”eiHI > 1.
i=1,...,nc

Then _
Sl 2 IBRAN < IBRAI < IBEA]L (15.22)

max

Since the rows of By and Bg, are normalized and orthonormalized, respectively,
we can combine (15.21) and (15.22) to get that for any A

Smax IBRALE + 1612 < IBTAI? < IBRA/ NP + IAe ],

max
Under the assumptions of Corollary 15.1, we get

1 _
IAI? < IBTA* < 2+ K)A|% (15.23)

7 max

Now we are ready to formulate the main result on the conditioning of the con-
straints arising in the solution of frictionless contact problems by the TFETI method
with the non-penetration enforced by biorthogonal mortars.

Proposition 15.1 Let the multibody contact problem introduced in Sect.11.4 be
discretized by linear finite elements reproducing constants with the consistent mor-

tar discretization of the conditions of non-penetration. Let FIC] ﬂfkcl =0 and
X(Fg) N x (chl) =0 for any (i, j), (k, 1) that belong to the coupling set .. Then
the constraint matrix B can be formed in such a way that

1

7Smax

< Amin (BBT) < |B|I> <2 +k, (15.24)

where k denotes the cover number of the mortar discretization and smqx denotes the
maximum number of the subdomains of one body that share a point on I ¢.
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Proof First notice that inequalities (15.23) are valid for any couple of bodies that
can come into contact. It follows that if we denote by B s . the block of rows of B
that enforce the gluing or non-penetration of bodies (or domains) on the interface
'Y, (@, J) € &, thenfor each (i, j), (j,£) €.

1

7Smax

< min (B, oBY,.) < Bl =2+ K.

Moreover, the assumption guarantees that for each (i, j), (k, £) € ., (i, j) # (k, 1),
we have
B%;*Bfﬂk,* =0.

Since the blocks B, s (L, J) € . are orthogonal to the block B ¢ of the orthonormal
rows of B that define the equality constraints which do not interfere with the contact
interface, it follows that the estimates (15.23) are valid also for the multibody contact
problems that satisfy the assumptions of the proposition. ]

Proposition 15.1 shows that the matrix F arising from the mortar discretization of
the non-penetration conditions can be assembled so that it satisfies the assumptions
of Theorem 11.1 which established the H/h bound on the regular condition number
K (PFP) with B generated by means of node-to-node constraints. It follows that
Theorem 11.2 on optimality of TFETI for the solution of frictionless problems is
valid also for the non-penetration enforced by biorthogonal mortars.

15.5 Numerical Experiments

We have implemented the mortar approximation of the non-penetration conditions
in MATLAB using our MatSol numerical library [5] and examined the conditioning
of both raint and Schur complement matrices on three benchmarks.

15.5.1 3D Hertz Problem with Decomposition

We shall use the benchmark depicted in Fig. 15.2 (left) that was used in Vlach et
al. [4]. The upper body 2, is pressed down on the upper face x3 = 10 by the bound-
ary traction (0, 0, —2¢3) [MPa]. The material coefficients were the same for both
bodies, v = 0.3 and E = 210 [GPa]. The symmetry conditions are imposed on the
boundaries x; = 0 and x, = 0; the lower body is fixed vertically along the bottom
face x3 = —10.
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Fig. 15.2 3d Herz example — setting (left); decomposition case (middle); von Mises stress (right)

To illustrate our comments on the application of the theory in the analysis of
the domain decomposition methods, we carried out the computations with each
body either undecomposed or decomposed into 3 x 3 x 3 or2 x 2 x 2 subdomains,
depending on Agaye / master- The decomposition for hgjaye / Amaster = 2/3 isinFig. 15.2
(middle).

Table 15.2 3D Hertz problem with domain decomposition

hslave/ hmaster | 1/6 1/3 2/3 1 3/2 3 6

Amin(B1B]) 0.49 0.40 0.43 0.73 0.86 0.83 0.88
Amax (B/B]) 19.2 7.00 2.30 1.32 1.16 1.31 1.20
xk(B/B)) 42.8 17.5 5.36 1.82 1.35 1.57 1.37

Amin (F|KerG) 1.6e-6 2.4e-6 2.8e-6 3.8e-6 2.7e-6 2.2e-6 1.4e-6
Amax (FIKerG) | 1.1e-4 1.1e-4 1.1e-4 1.1e-4 9.9e-5 9.9e-5 9.9e-5
k (F|KerG) 72.8 46.7 40.7 29.9 37.2 44.0 727

The results are in Table 15.2. We can see that the decomposition hurts the con-
ditioning of the dual Schur complement F rather mildly, being obviously affected
more by the irregular decomposition which is far from the one required by the the-
ory of domain decomposition reported in Chap. 11. In the right part of Fig. 15.2, the
distribution of von Mises stress in the deformed state is depicted. The number of
matrix—vector multiplications that were used to get the solution ranged from 72 to
240.
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15.6 Comments and References

Mortars were introduced into domain decomposition methods by Maday, Mavripilis,
and Patera [6] with the aim to admit non-matching discretization of subdomains. The
mortar approximation of contact conditions was used by many researchers including
Puso [7], Puso and Laursen [8], Wriggers [9], Dickopf and Krause [10], and Chernov
et al. [11], and was enhanced into the efficient algorithms for contact problems as in
‘Wohlmuth and Krause [12].

The biorthogonal mortars, which were introduced by Wohlmuth [1], turned out to
be the effective tool for solving problems by means of domain decomposition. Our
exposition is based on the variationally consistent approximation of contact condi-
tions by biorthogonal mortars that can be found in the seminal paper by Wohlmuth [2].
See also Popp et al. [3]. Her presentation includes friction and the discretized prob-
lems are solved by means of multigrid in the framework of the nonsmooth Newton
methods.

The estimates for two bodies without the decomposition are due to Vlach (see
Vlach et al. [4]).
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Chapter 16
Preconditioning and Scaling

So far, the scalability results assumed that the bodies and subdomains involved in a
problem are made of the same material and that the stiffness matrices of the subdo-
mains are reasonable conditioned. If this is not the case, we can try to improve the
rate of convergence of the solvers by preconditioning.

Here we present some results that can be used to improve the convergence of the
algorithms for the solution of QP or QCQP problems arising from the application
of TFETI to the solution of contact problems. We are interested especially in the
methods which not only improve the condition number of the Hessian of the cost
function but also preserve the structure of the inequality constraints, so that they
affect both the linear and nonlinear steps.

We first consider a preconditioning which satisfies the above requirements and
can reduce or eliminate the effect of varying coefficients. Our development uses the
structure of the matrices F, B that were introduced in Chap. 11 and results concerning
the reduction of upper bounds of the condition number by a diagonal scaling. We show
that the proposed preconditioning guarantees the bounds on the regular condition
number of preconditioned systems that are independent of the coefficients provided
the subdomains are homogeneous and each node is involved in at most one inequality
constraint. The preconditioning can be implemented in such a way that it preserves
the bound constraints and affects both linear and nonlinear steps. If some node is
involved in more than one inequality then it can be used for the preconditioning in face
(see Sect.8.6). A simplified diagonal stiffness scaling, which preserves the bound
constraints, is shown to reduce the ill-conditioning caused by varying coefficients in
more general case.

Then we discuss the adaptation of standard Dirichlet and lumped preconditioners
to solving contact problems and their implementation into the preconditioning in
face of the MPRGP and MPGP algorithms.

© Springer Science+Business Media LLC 2016 291
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16.1 Reorthogonalization-Based Preconditioning

We shall start with the preconditioning of the matrix
F=B"K*B, K =diagKy,---, K,

arising from the application of FETI domain decomposition methods to the solution
of frictionless contact problems with matching grids and homogeneous subdomains
made of isotropic material, so that their stiffness matrices depend linearly on their
modulus of elasticity. We assume that the matrices B and K were obtained by the
procedure described in Chap. 11. Notice that the constraint matrix B can be reordered
so that the reordered B is block diagonal with small blocks.

The structure of F, B and Lemma 10.2 suggests that we can try to improve the
conditioning of F by firstimproving the regular condition number of K by the diagonal
scaling to get

R = Ail/zKA_]/z, A= diag(kyi, -« 5 kun),
and
F =BK*B’ = BA~'/2K*A~1/2BT,
so that K does not depend on the Young coefficients E;, i = 1,...,s, and then

determine T by attempting to make
B=TBA™'?

as close to a matrix with orthonormal rows as possible. If each block of B contains at
most one inequality, we can use T arising from the properly ordered Gram—Schmidt
orthogonalization of BA™"/ % to get

TBA V2(TBA™YA)T =1. (16.1)

Notice that B is a reordered block diagonal matrix, so it is not expensive to get
BA~'2(BA~Y*)T  its Cholesky factorization LL” = BA™'B”, and the action of
T = L', The effect of the reortogonalization-based preconditioning is formulated
in the following proposition.

Proposition 16.1 Let the domain of a contact problem be decomposed into homoge-
neous subdomains of the diameter H and discretized by the shape regular elements
with the diameter h. Let the discretization be quasi-uniform with shape regular ele-
ments and let the subdomains be homogeneous and isotropic.
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Then the regular condition number k satisfies
_ T\ — BT H
K(TFT") =k(BK'B") < C? (16.2)

where C is independent of H, h, and Young’s modulus.

Proof Neither K nor the conditioning of B depend on Young’s modulus and
TFT" = TBK'B’ T’ = BK'B’.
The rest follows by Theorem 11.1. (I

We can plug the reorthogonalization-based preconditioning into problem (11.40)
minfA) st. Gh=o0 and Ay > L,
by substituting A = T7 u to get
mind(T ) st. GT'u =0 and [T'uls > €,. (16.3)

Since the reorthogonalization-based preconditioning turns in general case the bound
constraints into more general inequality constraints, it follows that we can use this
preconditioning only as preconditioning in face. However, if each node is involved in
at most one inequality constraint, as in the two-body problem with a smooth contact
interface, i.e., if each block of B has at most one row corresponding to the inequality
constraint, then it is possible to preserve the bound inequality constraints. It is just
enough to start the orthogonalization of each block of B with the rows corresponding
to the equality constraints to get

= [TzO][Be
B= [Tl ZHBI]’ (16.4)

so that
min (T p) st. GT'p=0, n,>x %y, A=T'p, (16.5)

where ¥ is a diagonal matrix with positive entries. Since such transformation pre-
serves the bound constraints, it follows that the preconditioning by reorthogonaliza-
tion can be applied to discretized dual problem (16.3) and improve the bounds on the
rate of convergence of the algorithms like MPRGP, MPGP, SMALBE, or SMALSE
introduced in Part II.
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16.2 Renormalization-Based Stiffness Scaling

Let us now consider a general bound and equality constrained problems (11.36)
arising from the discretization of a contact problem with nonsmooth interface or
which admits nodes on the contact interface which belong to more than two bodies,
so that the reorthogonalization-based preconditioning changes the bound constraints
into more general inequality constraints (16.3). To improve the conditioning of the
non-linear steps, we can try to use A to find a diagonal matrix

Y =diag[oy, ..., 0n]

with positive diagonal entries such that the regular condition number of the scaled
matrix X FX is smaller than that of F. Such scaling can be considered as modification
of the constraints to

YsBsv<Xsgs, XYeBev=o0, and ¥ =diag[X s, Ts],

where > » and ¥ ¢ are the diagonal blocks of ¥ that correspond to B » and B,
respectively.
As above, we shall first improve the regular condition number of K by the diagonal
scaling to get
R — AR

and
F = BK'B” = BA™2KTA~!/2BT,

1/2

and then determine ¥ by attempting to make B = ¥BA /2 as close to a matrix with

orthonormal rows as possible, i.e.,
YBA2(EBATVHT ~ . (16.6)

Probably the simplest idea is to require that (16.6) is satisfied by the diagonal
entries. Denoting by b; the i-th row of B, we get for the diagonal entries o; of ¥

oib, AT 2 (o0, ATV and o; = 1/,/b;A-1b]. (16.7)

Unfortunately, it turns out that the scaling is not sufficient to get an optimality result
similar to Proposition 16.1, though numerical experiments indicate efficiency of the
diagonal scaling. The problem is in the constraints which enforce the continuity of the
solution in the corners of the subdomains with different coefficients. The following
proposition on scalar problem partly explains both observations.

Proposition 16.2 Let a 2D Poisson problem on square be decomposed into homo-
geneous subdomains and discretized by finite elements using a regular matching


http://dx.doi.org/10.1007/978-1-4939-6834-3_11

16.2 Renormalization-Based Stiffness Scaling 295

grids. Let the continuity of subdomains be enforced across the faces by the equations
x; — x; = 0 and in the corners by the equations

xi+xj—x—x=0, x,—x; =0, and x;x —x, =0.

Let the constraint matrix B = ZBA’ILZ and the vectors of Lagrange multipliers
A € R™ be decomposed into the blocks B, and A. € R" associated with the corner
constraints and B, and A, € R™¢ associated with the edge constraints, m = m.+m.,
so that _ _ _

B =B A. +B!1.. (16.8)

Then there is 0 < Cy < 1 such that
Crlkel? < IBTAN? < 2[ac ) and [BTAI> = . |1% (16.9)

Moreover, there there are subspaces V. C R™ and W, C R™¢ of the dimension n.
and m; — n., where n. is the number of corners, such that R" = V. & W, and for
any k. € Vo and p. € W,

AMue=0, CrIA? < IBIA < [Acl? and [lpell® < IBT pell* < 21l mell.

(16.10)
Proof Let us denote by §i’“ the 3 x 4 block of §C associated with variables
Vi, Vj, Vi, v¢ which are ~glue~d by the corresponding three rows of B.. Denoting the
parts of these rows by, b,, b3, we get

U T _L bb; bb
Blcjkf — !32 , BlekZ(BlekZ)T — P}"EZ 1 0
b b’b; 0 I

The direct computation using the properties of the eigenvalues of SPS matrices shows
that the eigenvalues of BY*“(BY*“)T are given by

=152 + (67532 = 0, o = 1, 3 = 14/ BB + (B7B)2 < 2.

It follows that we can take for C; the smallest eigenvalue of the corner blocks. The
rest is easy as the rows of B, are orthonormal and orthogonal to the rows of B..

Remark 16.1 Proposition 16.2 indicates that the effect of varying coefficients can
be reduced by the scaling to a relatively small subspace which does not contain
dominating components of the solution, so that it can improve the convergence of
the iterative contact problems. Notice that the scaling is sufficient to get rid of the
effect of varying coefficients for 2D problems solved by FETI-DP. Nevetherless, the
results indicate that the effect of scaling is limited, at least as far as the non-redundant
coefficients are concerned.



296 16 Preconditioning and Scaling

16.3 Lumped and Dirichlet Preconditioners in Face

There are several well established preconditioners that can be used to improve the
conditioning of the Hessian PFP of the dual function. We can try to adapt them
to improve the rate of convergence for the solution of auxiliary linear problems by
preconditioning in face (see Sect.8.6), but we shall see that the effect of adapted
preconditioners is supported rather by the intuition than by the theory.

The lumped preconditioner was introduced by Farhat and Roux in their semi-
nal paper on FETI [1]. It is very cheap and often outperforms more sophisticated
preconditioners. For the linear problems solved by TFETI, it is given by

M = BKB” = B,»K%%B’ . (16.11)

where % denotes the set of all indices of the nodal variables that are associated with
the nodes on the boundary of the subdomains.

The Dirichlet preconditioner was introduced by Farhat, Mandel, and Roux in
their another important paper on FETI [2]. For the linear problems solved by TFETI,
it is given by

M = B,%SB!, (16.12)

The adaptation for the solution of contact problems is not obvious. Taking into
account that the Hessian of the dual cost function 6, in Sect. 11.8 reads PFP + 0Q,
we can consider the adapted lumped preconditioner in the form

M = BKB" =Bz4KzsB% 4 +0'Qzz, (16.13)

where % denotes the indices of the variables associated with the free variables in
face and the adapted Dirichlet preconditioner in the form

M=Bz%SB,,+0 'Qzz. (16.14)

Though the second term is not a projector any more, our experience showed that
the lumped preconditioner can modestly reduce the cost of the solution [3], [4]. Let
us mention that replacing Q # & by the projector onto the kernel of Bz 2K %%B”;
seems possible only at a rather high cost and that the preconditioning in face does
not improve the performance of the nonlinear steps.

16.4 Numerical Experiments

The variants of scaling were incorporated into MatSol [5] and tested on 2D and 3D
benchmarks.
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16.4.1 3D Heterogeneous Beam

The domain of our first benchmark was a 3D beam of size 2 x 1 [m] divided into
6 x 3 x 3 subdomains made of two materials with Young’s modulus E| = 1e3 and
E, = ale3, ¢ € {1, 10.100, 1000}. The Dirichlet boundary conditions were pre-
scribed on I'p = {(0, y,z) : y € (0, 3), z € (0, 3)}. Three different distributions of
materials labeled by a, b, c that were used in our experiments are depicted in Fig. 16.1.
The grey regions are filled with the material with Young’s modulus E;. The vertical
traction 2000 [N] was applied on the upper face of the beam. The discretization
resulted in a linear problem with 32,152 primal and 1,654 dual variables.

(a) (b) (©

Fig. 16.1 3D heterogeneous beams — material distribution, E5 grey

Table 16.1 3D beam—¥k (PFP) for varying material distributions and preconditioning

EyJE |1 T(diag K) ¥ (diag K)
a b c a b c a b c
1 1.84el | 1.84el | 1.84el |9.89e0 |9.89¢0 |9.89¢0 |9.89¢0 |9.89¢0 |9.89e+00

107! 1.76e2 | 1.79¢2 |1.21e2 |9.85¢0 |1.0lel |1.02el |5.31el |6.07el |5.19¢+01
1072 | 1.76e3 |1.78¢3 |1.20e3 |9.85¢0 |1.0lel |1.04el |5.01e2 |6.09¢2 |5.04e+02
1073 | 1.76e4 |1.78¢4 |1.20e4 |9.85¢0 |1.0lel |1.04el |5.00e3 |6.10e3 |5.02e+03

The regular condition number of PFP for the varying combinations of material
distributions a, b, ¢, material scales E,/E; € {1, 10, 100, 1000}, and preconditioning
by | (no preconditioning), T or ¥ are summarized in Table 16.1. We can see that the
reorthogonalization-based preconditioning eliminates the effect of heterogeneous
coefficients in agreement with the theory, while the renormalization-based scaling
reduces the effect of jumps in the coefficients, but is far from eliminating it.
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16.4.2 Contact Problem with Coulomb Friction

The effect of reorthogonalization-based preconditioning on a problem with at most
one inequality associated with one node is documented by the analysis of the matrix
with circular insets. The friction on the contact interfaces is described by Coulomb’s
law with the coefficient of friction @ = 0.3. The discretized problem was divided into
subdomains in two ways using regular decomposition and Metis, see Fig. 16.2. The
discretization and decomposition resulted in the problem with 9960 primal variables,
12(28) subdomains, 756(1308) dual variables, 36(84) equality constraints, and 384
box constraints.

The problem was resolved with varying E,/E; and the reorthogonalization-based
preconditioning T associated with the diagonal entries of K and S denoted respec-
tively by T(diagK) and T(diagS). The results obtained by a regular and METIS
discretization are reported separately. Young’s modulus E, of the insets was para-
meterized as « times Young’s modulus E; of the matrix. The resulting von Misses
stress and the deformation are depicted in Fig. 16.3.

Fig.16.3 Material with circular insets — deformation and the von Misses stress for £2/E; = 10000

The effective condition number and the number of Hessian multiplications needed
to achieve the relative error le-4 are presented in Table 16.2 (regular grid) and
Table 16.3 (METIS grid). The regular condition number has been improved in all
cases. Moreover, the number of iterations is nearly constant for regular decomposi-
tion in agreement with the theory as there are no corners on the material interface.
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The computations with the Metis decomposition resulted in an increased number

of Hessian multiplications. An obvious reason is the increased condition number due
to the ill-conditioning of the constraint matrices.

Table 16.2 Material with circular insets — x (PFP) / iterations (regular grid)

E>/E; [ T(diagK) T(diag S)

1 9.31lel /112 9.29¢1 /139 7.21e1/128
le-1 1.26€2 /129 6.20el / 145 5.27el / 144
le-2 6.40e2 /230 5.56e1 /188 5.02e1/ 169
le-3 6.26¢3 /371 5.50e1 /148 4.99¢1/128
le-4 6.25¢4 /588 5.48e1/139 4.99¢1 /132

Table 16.3 Material with circular insets — k (PFP) / iterations (Metis discretization)

E>/E; | T(diagK) T(diag S)

1 3.85e¢2 /203 3.40e2 /287 3.22¢2 /269
le-1 6.27¢2 /230 3.03e2/216 2.95¢2 /242
le-2 6.23e3 /345 2.95¢2 /249 2.89¢2 /207
le-3 6.23e4 /712 2.95e2 /192 2.88e2 /195
le-4 6.23e5/972 2.94e2 /251 2.88e2 /200

16.5 Comments and References

The reorthogonalization based preconditioning and renormalization based scaling
presented here appeared in Dostdl et al. [6]. In spite of its simplicity, the renormal-
ization based scaling is just one of the very few methods that are known to precon-
dition the nonlinear steps that identify the contact interface (see also [7]). If there
are no corners on the contact interface as in the problem solved in Sect. 16.3, we can
enhance this preconditioning to get the rate of convergence independent of material
coefficients. Otherwise we can use it as preconditioning in face (see Sect. 8.6).

The reorthogonalization-based scaling has a similar effect as the superlumped
preconditioning developed by Rixen and Farhat (see [8] and [9]). See also Bhard-
way [10]. The results can be extended to the algorithms based on BETI (see Chap. 14).

The scaling is efficient mainly for problems with homogeneous domains of vary-
ing stiffness, but can be useful, at least in some special cases, also for heterogenous
domains [11]. If all the subdomains have the same material coefficient, the renormal-
ization based scaling reduces to the multiplicity scaling. The limits of the precondi-
tioning effect that can be achieved by the diagonal scaling are indicated by the results
of Greenbaum [12], Ainsworth, McLean, Tran [13], Forsythe and Strauss [14], van
der Sluis [15]), or Bank and Scott [16].
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Chapter 17
Contact with Plasticity

In the previous part of the book, we have presented the scalable algorithms for the
solution of some contact problem which comprised elastic bodies, however, these
algorithms are also useful for the solution of more general problems. Here, we shall
indicate how to use the TFETI domain decomposition method for the solution of
frictionless contact problems with elastic bodies that was introduced in Chap. 11 to
the solution of contact problems with elasto-plastic bodies. Let us recall that plasticity
is a time-dependent model of constitutive relations which takes into account the
history of loading.

For simplicity, we shall restrict our attention to the two-body frictionless con-
tact problem. We shall assume that the bodies occupy in a reference configuration
the domains 2!, £2% with the boundaries I"!, I'? and their parts I'yc, I'¥, and T,
k =1, 2. The bodies are assumed to be fixed on Fl’j with a nonzero measure and
can come in contact on [ Ck The load is represented by the surface traction on Fﬁ
and by the volume forces defined on 2% k = 1, 2. We shall assume that the consti-
tutive relations are defined by associated elastoplasticity with the von Mises plastic
criterion and the linear isotropic hardening law (see, e.g., Han and Reddy [1] or de
Souza, Peri¢, and Owen [2]). More detailed description of the elasto-plastic initial-
value constitutive model can be found, for example, in [3]. The weak formulation of
the corresponding elasto-plastic problem can be found in [1].

Here, we start directly with the discretized elasto-plastic problem. For the sake of
simplicity, we confine ourselves to the one-step problem formulated in displacements.
Its solution is approximated by the iterates with the minimization of convex and
smooth functional on a convex set in the inner loop. The discretized inner problem
is a QP optimization problem with simple equality and inequality constraints which
can be solved at the cost nearly proportional to the number of variables.
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17.1 Algebraic Formulation of Contact Problem
for Elasto-Plastic Bodies

Let us start with the discretized formulation of the problem that arises from the
application of the TFETI domain decomposition. We assume that each domain £2*
is decomposed into the subdomains

F 5 .2k k=12,
Sk

and that each subdomain is assigned one index, so that the displacements can be
described by the vector v € R”

V=[V1T,...,VST]T, s =51+ 5.

We define the subspace
V={veR": Bgv=o0}, (17.1)

and the set of admissible displacement
A ={veR" : Bgv=o0, Bjv=<¢/}. (17.2)

Here the matrix By € R™£*" enforces the gluing of the subdomains and their fix-
ing along the appropriate part of I'%, k = 1, 2. The inequality constraint matrix
B; € R™*" enforces the non-penetration condition on the contact interface. Notice
that % is convex and closed.

The algebraic formulation of the contact elasto-plastic problem can be written as
the following optimization problem [4]:

Findue .z : J(u) < J(v) Vve.7, (17.3)

where
JW) =w ) —ftTv, veR" (17.4)

Here, the vector f € R” represents the load consisting of the volume and surface
forces and the initial stress state. The functional ¥ : R" — R represents the inner
energy, it is a potential to the nonlinear elasto-plastic operator F : R" — R”, i.e.,
DY (v) = F(v), v € R". The function F is generally nonsmooth but Lipschitz con-
tinuous. It enables us to define a generalized derivative K : R" — R"*" of F in the
sense of Clark, i.e., K(v) € dF(v), v € R". Notice that K(v) is symmetric, block
diagonal, and sparse matrix.
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Problem (17.4) has a unique solution and can be equivalently written as the fol-
lowing variational inequality:

Findue .# : F)/(v—uw) >f'(v—u) Vve. 7. (17.5)

The properties of F and K can be found in Cermék and Sysala [3].

17.2 Semismooth Newton Method for Optimization
Problem

Problem (17.3) contains two nonlinearities — the non-quadratic functional J (due to
¥) and the non-penetration conditions included in the definition of the convex set 7.
Using the semismooth Newton method, we shall approximate ¥ by a quadratic
functional using the Taylor expansion

Y (u) ~ ¥ ) +Fuh)" (u—u) + %(u —uHTK@W)(u — ub)

defined for a given approximation u¥ € .# of the solution u to the problem (17.3).
Let us denote f;, = f — F(u¥), K, = K(u*) and define:

M= —u ={veR"; Bev=0, B;v < ¢4, ¢4 :=¢; — Bu'},

Je (V) = %VTK/CV - f,fv, v € ;. (17.6)
Then, the Newton step reads
N S
where Su* € .#; is a unique minimizer of J; on %,
J(suh) < I, (v), Vv e, (17.7)
ie., duf € % solves
(Kk(Suk)T (v —8ub) > f] (v — su*) Vve. 7. (17.8)

Notice that if we substitute v = u**! € ¢ into (17.5), v =u — u* € % into
(17.8), and sum up, then we obtain the inequality

(Kahsut)" @ — o) > (Fa) — Fab)" @ —ut*h),
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which can be arranged into the form
@ —w KuH ! —w) = (FEb) - F@) - Keh e —w)" @ -,

Hence, one can simply derive the local quadratic convergence of the semismooth
Newton method provided that u* is sufficiently close to u.

17.3 Algorithms for Elasto-Plasticity

The discretized elasto-plastic problem can be solved by the following algorithm:

Algorithm 17.1 Solution of discretized elasto-plastic problem.

{Initialization.}
u) =0, €07 =0, 007 =0, ko,r =o0forany T € .J,
{Main loop.}
fork=0, ...,n—1
find 8wy yy € A Fp(Suy )T (v — Sugyy) =88] (v —dwgyy), veX
for T € 9,
Sery1,r = NrRrdwiq1, k1.7 = er1 + 861417
80 k+1,7 = Tk, 7 (8€k41.7), Ok+1,T = Ok, T +80)41.T
Okk+1,7 = Tik,7(8€k+1,1), Ki+1,7 = Kk, T + OKik1,T
end for
end for

We solve the nonlinear system of equations (17.5) by the semismooth Newton
method (see, e.g., [5]). The corresponding algorithm reads as follows:

Algorithm 17.2 Semismooth Newton method.

{Initialization.}
Sug,0 = o {Main loop.}
fori =0,1,2,...
find Sw; € A Jy(sub) < Sy (v) Vv e
compute Suy 41 = dug; + ou;
if [|0ugi+1 — Sug i ll/(N6ug iv1ll + 18ugi ) < eNewton
then srop
end if
end for

Here enewton > 0 is the relative stopping tolerance.
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17.4 TFETI Method for Inner Problem and Benchmark

The inner problem (17.7) has the same structure as the primal frictionless TFETI
problem (11.21). Thus, we can switch to dual as in Sect. 11.6 to get the dual problem
to (17.7) in the form

min ®(A) s.t. A; >0 and R} (f—-B"1) =o, (17.9)

where |
OO0 = ExTBK,jBTx — AT (BKf — ), (17.10)

Ry is a full rank matrix such that ImR;=ImK}, and

o= (o] e=[ei]=Le)
B, Crk Crk

After the preconditioning and regularization of (17.10) by the TFETI projector P
to the rigid body modes and regularization by pQ, p >0, and Q=1—P as in
Sect. 11.8, we can solve the inner problem (17.7) in the same way as a contact
problem with elastic bodies in Chap. 11, i.e., to use Algorithm 9.2 (SMALBE) to
generate the iterations for the Lagrange multipliers for the equality constraints and
to use Algorithm 8.2 (MPRGP) to solve the bound constrained problems in the
inner loop. Since the stiffness matrices K, k = 1,2, ... are spectrally equivalent
to the elastic matrices K that were introduced in Sect.11.5 (see Cermik et al. [6]
and Kienesberger, Langer, and Valdman [7]), it is possible to get for the solution of
problem (17.7) by TFETI similar optimality results as those developed in Sect. 11.10.

Using the methodology described in Chap. 12, the algorithm can be modified to
the solution of elasto-plastic contact problem with friction. Due to the arguments
mentioned above, we can formulate for the solution of such problems with friction
by TFETI similar optimality results as those developed in Sect. 12.9. Of course, the
optimality results are valid only for the inner loop.

17.5 Numerical Experiments

We shall illustrate the performance of the algorithms presented in this chapter on the
solution of a variant of the two-beams academic benchmark that was introduced in
Sect. 11.11. The size of the beamsis 3 x 1 x 1 [m]. We use regular meshes generated
in MatSol [8]. The Young modulus, the Poisson ratio, the initial yield stress for the
von Mises criterion, and the hardening modulus are

E =210,000 [MPa], v' =029, o) =450[MPal, H, =10,000[MPa], i=1,2.
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The vertical traction 150 [MPa] was prescribed on the top face of the upper beam.
The initial stress (or plastic strain) state was set to zero.

The problem discretized by 1,533,312/326,969 primal/dual variables and 384,000
finite elements was decomposed into 384 subdomains. The solution with 356,384
plastic elements required six Newton iterations, 67 SMALSE-M iterations, and
5,375 multiplications by the Hessian of the dual function. The precision of the New-
ton method and inner loop was controlled by

1k
[u™ —u?| 4

s+ ot~

and by the relative precision of the inner loop 107, respectively. The distribution
of von Mises stress and total displacement for the finest mesh are in Figs. 17.1 and

17.2.
\ " W00 2000
- 1400

-

2000

= R &3 b oth o@m o~ oo

Fig. 17.1 von Mises stress distribution Fig. 17.2 Total displacement

17.6 Comments

The application of domain decomposition methods to the analysis of elasto-plastic
bodies was considered, e.g., by Yagawa, Soneda, and Yoshimura [9] or Carstensen
[10]. Here we followed Cermak [4] and Cermdk and Sysala [3]; there can be found
also the solution of an elasto-plastic variant of the yielding clamp connection (see
Fig. 1.6). The adaptation of TFETI to the solution of the inner loop is straightfor-
ward and can be especially useful for the solution of large multibody problems. The
proposed method can be used or can be a part of the solution of other contact inelas-
tic problems, e.g., the analysis of von Mises’ elasto-plastic bodies with isotropic
hardening or loading with perfect plasticity [11, 12].
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Chapter 18
Contact Shape Optimization

18.1 Introduction

Contact shape optimization problems in 3D have a structure which can be effectively
exploited by the TFETI-based methods introduced in Part III. The reason is that the
preparation of the solution of the state problem can be reused in the solution of a
number of auxiliary contact problems that arise in each design step.

Let us recall that the goal of the contact shape optimization is to find the shape
of a part of the contact boundary that satisfies predefined constraints and minimizes
a prescribed cost function. The unknown shape is defined by the design variables
o € Daamis defined for o from an admissible set Z,qm C R?. The cost function
J (u(oe), oc) typically depends explicitly not only on the design variables a but also
on the displacement u (a), which corresponds to the solution of the associated contact
problem. The latter problem is called the state problem. The state problem is a contact
problem introduced in Part III, the specification of which depends on a. Thus the
ith body of the state problem which corresponds to a occupies in the reference
configuration the domain £2'(e), the corresponding boundary traction f () can
depend on «, etc. Denoting by % () the set of the displacements u(e), which satisfy
the conditions of equilibrium and possibly some additional constraints specified for
the problem, the shape optimization problem reads

Find @ € Zuam, J(u@), @) < J(u(e), @), o« € Zoam, u(@) € €(a).

Here, we use TFETI to minimize the compliance of a system of bodies in mutual

contact subject to box and volume constraints. The TFETI method is especially
useful in the sensitivity analysis, the most expensive part of the design optimization
process. We use the semi-analytical method that reduces the sensitivity analysis to
a sequence of QP problems with the same Hessian matrix, so that the relatively
expensive formulation of the dual problem can be reused (see, e.g., Dostadl, Vondrak,
and Rasmussen [1]) and many problems can be solved in parallel.
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18.2 Discretized Minimum Compliance Problem

Let us consider a variant of the Hertz 3D contact problems depicted in Fig. 18.1 and
assume that the shape of the upper face of the lower body is controlled by the vector
of design variables &« € Zuim, Zaam = [0, 117 C R”. Our goal is to change the shape
of the lower body in order to minimize the compliance while preserving the volume
of the bodies. The zero normal displacements are prescribed on the faces which share
their boundaries with the axes.

——

Fig. 18.1 Basic notation of the contact problem

After choosing the design vector &, we can decompose and discretize the problem
in Fig. 18.1 as in Chap. 11. We get the energy functional in the form

J(u, o) = %uTK(oc)u —u’f (), (18.1)

where the stiffness matrix K(e) and possibly the vector of external nodal forces f (o)
depend on «.

The matrix B; and the vector ¢; that describe the linearized condition of non-
interpenetration also depend on «, so that the solution u(e) of the state problem with
the bodies that occupy the domains 2 and £2, = £2, () can be found as the solution
of the minimization problem

min J(u, «) subject to u € G, (), (18.2)

where
%n(a) = {u:B;(a)u < ¢;(a) and Bgu = o}.

Denoting the solution of (18.2) by u(e), we can define a function

(o) = J(u(ar), o)
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to get the contact shape optimization problem to find

min ¢ (a¢) = min min J(u, ). (18.3)

«€ Daam «E Doam WEG) ()

The set of admissible design variables Z,qy, defines all possible designs. It has
been proved that the minimal compliance problem has at least one solution and that
the function _¢# (@) is differentiable with respect to o under natural assumptions (see,
e.g., Haslinger and Neittanmaki [2]).

18.3 Sensitivity Analysis

The goal of the sensitivity analysis is to find the influence of the design change on the
solution of the state problem. The minimization of the cost function is then carried
out by improving the initial design in a feasible decrease direction using Vu(a) the
columns of which are defined by the directional derivatives of the solutions of the
state problem

w(@.d) = lim u(e +td) — u(oc)’
t—0t t

where for d are substituted the columns of the identity matrix .

Here we shall briefly describe the semi-analytical sensitivity analysis. Some com-
parisons of the efficiency of alternative methods on practical problems in the context
of domain decomposition can be found in Dostél, Vondrak, and Rasmussen [1] and
Vondrik et al. [3].

Let us recall the Lagrange function of the TFETT state problem (18.2) has the
form

L(u, A, o) = %uTK(a)u — " (@u + 1" (Beu — c(a)), (18.4)

where
b (er)

B(a) = [S’T(“)} —|
£ b, ()

and u and A depend on the vector of design variables o, so that the KKT conditions
for (18.2) read

K(e)u —f(e) + BT (@) =0 Bru=o, (18.3)
B/(@)u—c;(@) <o, A;>o. (18.6)

To find the gradient of the cost function at the solution u of the state problem (18.2),
let us first consider the derivative u’(e, d) of u = u(e) in a given direction d at
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u = u(a), let £ and & denote the indices of the equality and inequality constrains,
respectively, & U & = {1, ..., m}, let us denote by &/ = &7 (u) the active set of u,

o ={iefl,....m}:bu=g},

and let us decompose <7 into the weakly active set <7, and the strongly active set
%7
'qu):{iEﬂ:)\iZO}’ Mzd\ﬂ{w»

where A = A(a) denotes the vector of Lagrange multipliers associated with u. After
the differentiation of the left equation in the direction d, we get that z = u’(«, d)
satisfies

K(a)z — f'(ee, d) + K'(et, d)u + B' (e, d)TA = o, (18.7)

so that u’ (e, d) can be obtained by the solution of
min J, 4(z) subjectto z € Z(a,d), (18.8)

where
~ 1
Je.a(z) = EZTK(OC)Z —z' (f'(a, d) + K'(et, d)u + B'(er, d)"' 1)

and

-@(“a d) = 911)(“7 d)n -@s(aa d),
Dy, d) = {z € R" : b;(e)z < ¢(a, d) — bl (, d) u(ex) for i € 7,}.
Ds(a,d) = {z € R" : b;(0)z = ¢} (a, d) — bl (e, d) u(er) for i € ]}.

Recall thatK' (e, d), f'(e, d), B' (e, d), and ¢/ (e, d) are the directional derivatives
in the direction d that can be simply evaluated. It has been proved (see, e.g., Haslinger
and Mikinen [4]) that the solution of (18.8) is the directional derivative U’ («, d) of
the solution of the state problem (18.2).

Let us now assume that o, d are fixed and denote

f= f(ot, d) =f'(,d) — K'(ot,d)u — B'(ex, )72,
Cy = Cyple,d) = c’%(a, d) — B;{w(a, d)u,
¢, =¢(a,d) = ¢, (e, d) — B, (e, d)u,
B, = By (a) = By, (o),
B, = Bs(a) = By, (),

R Bw ~_ | Cw
=[5 ==[c]
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where B, and By are the matrices formed by the rows of B corresponding to the
weak and strong constraints, respectively, and similarly for the vectors ¢,, and c¢;.

Using the duality as in Sect. 11.6, we can get the dual problem

min @ (p) subject to u, > o0 and RT(a)éTﬁ = RT(oe)f, (18.9)

=]

are the multipliers enforcing the weak and strong constraints and

where

d(p) = %MTEKT(Q)éTﬂ — (EKT(a)fT —E) .

Finally, the derivative u’(c, d) can be obtained by the procedure described in Sect. 3.7.
Problem (18.9) with the bound and linear equality constraints is efficiently solv-
able by the combination of the SMALBE and MPRGP algorithms. Notice that the
semi-analytical method for the sensitivity analysis for one design step requires the
solution of p quadratic programming problems (18.9) with the same matrix

K* (@) = diag (K (@), ..., K} ().

Thus, we can reuse the factorization and the kernel of the matrix K(ear) from the
solution of the state problem to the solution of the problems arising in the semi-
analytical sensitivity analysis and one design step requires only one factorization of
the stiffness matrix. Moreover, if the domains are reasonably discretized so that the
assumptions of Theorem 11.2 are satisfied, then the sensitivity analysis of a design
step has asymptotically linear complexity. Notice that the problems (18.9) for varying
d; e R?,i =1, ..., p are independent so that they can be solved in parallel.

18.4 Numerical Experiments

We have tested the performance of the whole optimization procedure on the mini-
mization of the compliance

I (@) = %u(a)TK(ot)u(oc) —u(a) f(a) (18.10)

of the Hertz system defined above subject to the upper bound on the volume of the
lower body. The compliance was controlled by the shape of the top side of the lower
body that is parameterized by means of 3 x 3 = 9 design variables defined over this
face. The design variables were allowed to move in vertical directions within the


http://dx.doi.org/10.1007/978-1-4939-6834-3_11
http://dx.doi.org/10.1007/978-1-4939-6834-3_3
http://dx.doi.org/10.1007/978-1-4939-6834-3_11

316 18 Contact Shape Optimization

prescribed box-constraints. The results of semi-analytical sensitivity analysis were
used in the inner loop of the sequential quadratic programming algorithm (SQP) (see
e.g., Nocedal and Wright [5]). The distribution of the normal contact pressure of the
initial and optimized system of bodies are in Figs. 18.2 and 18.3.

2000
1500
1000

500

Fig. 18.2 Initial design — contact traction Fig. 18.3 Final design — contact traction

The computations were carried out with varying discretization and decomposition
parameters 4 and H, respectively. The results concerning the solution of the state
problem are in Table 18.1. The relative precision of the computations was 107°.

Table 18.1 State problem — performance for varying decomposition and discretization

Number of 2 16 54 128
subdomains

Primal variables | 24,576 196,608 663,552 1,572,864
Dual variables 11,536 23,628 92,232 233,304
Null space 12 96 324 768
Hessian mults. 64 153 231 276
Outer iterations | 12 16 13 10

The optimized shape was observed after 121 design steps. The history of the
decrease of the cost function is in Fig. 18.4. More details about this problem can be
found in Vondrak et al. [3].
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Fig. 18.4 3D Hertz — minimization history

18.5 Comments

The contact shape optimization problems have been studied by several authors and
many results are known. The approximation theory and the existence results related
to this problem can be found in Haslinger and Neittanméki [4] or Haslinger and
Mikinen [4]. These authors also present basic semi-analytical sensitivity analysis
for the problems governed by a variational inequality, describe its implementation
based on a variant of the SQP (Sequential Quadratic Programming), and give numer-
ical results for 2D problems. More engineering approach to constrained design sen-
sitivity analysis is discussed also by Haug, Choi, and Komkov [6], for enhancing
plasticity and friction see Kim, Choi, and Chen [7]. Younsi et al. [8], who obtained a
numerical solution of 3D problem, exploited the relation between the discretized and
continuous problem by combining the multilevel approach with genetic algorithms.
Their approach can use parallelization on the highest level but does not fully exploit
the structure of the problem. The natural two-level structure of the contact shape
optimization problem for minimization of weight was exploited by Herskovits et al.
[9]. The solution of 3D contact shape optimization problems with friction can be
found in Beremlijski et al. [10].

The presentation of this chapter is based on Dostal, Vondrak, and Rasmussen [1]
and Vondrdk et al. [3]. Similar results as those presented here can be obtained with
TBETI. Such approach would simplify remeshing as BETT uses surface grids on the
boundary of the (sub)domains only.
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Chapter 19
Massively Parallel Implementation

The FETI domain decomposition methods that are presented in this book can effec-
tively exploit the parallel facilities provided by modern computers to the solution
of very large problems, currently up to hundereds of billions of nodal variables
provided they are implemented properly. However, this task is far from trivial and
straightforward.

The FETI methods appeared in the early 90s, when the parallel computers were not
assumed to have some tens or even hundreds of thousands of cores, and an immediate
goal was to use them for the solution of the problems discretized by a few millions
of the degrees of freedom. Thus it is not surprising that we face new problems. For
example, the cost of the assembling of the projector to the “natural coarse grid,”
which is nearly negligible for smaller problems, starts to essentially affect the cost of
the solution when the dimension of the dual problem reaches some tens of millions.
New challenges are posed also by the emerging exascale technologies, the effective
exploitation of which has to take into account a hierarchical organization of memory,
the varying cost of operations depending on the position of arguments in memory,
and the increasing role of communication costs. Last but not least, it is important
to exploit an up-to-date software, either open source or commercial, as the effective
implementation of some standard steps, such as the application of direct solvers, is
highly nontrivial and affects the overall performance of algorithms.

Here, we present some hints concerning the parallel implementation of FETI-type
algorithms for the solution of very large problems, including the implementation of
the action of a generalized inverse K* of the stiffness matrix K and the action of the
projector to the “natural coarse grid” P. We briefly discuss the possibility to overcome
the bottleneck by introducing the third-level grid by a variant of HTFETI (Hybrid
TFETI). The third level is introduced by the decomposition of TFETI subdomains
into smaller subdomains that are partly glued in corners or by averages at the primal
level (see e.g., Klawonn and Rheinbach [1]). We also briefly describe the packages
that were used for the solution of the benchmarks throughout the book, namely
MatSol based on parallel MATLAB, PERMON based on PETSc, and ESPRESO
based on Inte]l MKL and Cilk.
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19.1 Stiffness Matrix Factorization and Action of K+

The cost of TFETI iterations, either of the CG steps or of the gradient projection
step, is typically dominated by the multiplication of a vector x by S™, the generalized
inverse of the Schur complement of the stiffness matrix K with respect to the indices
of variables associated with the interior of the subdomains. Though there are attempts
to implement this step by iterative solvers, it seems that such approach has a little
chance to succeed due to the necessity to carry out this step in high precision. The
same is true for the application of the projector P to the natural coarse grid, which
requires the solution of the coarse problem with high precision.

The implementation of K*x can be parallelized without any data transfers because
of the block-diagonal structure of K,

K = diag(K;, ..., K,),

so that it is easy to achieve that each CPU core deals with a local stiffness matrix K;.
If this is not possible, e.g., when the number of the subdomains is greater than the
number of cores, then it is possible to allocate more blocks to one core. Unfortunately,
the projector P does not possess the block-diagonal structure that is easy to implement
in parallel. We shall discuss this topic in the next section.

A natural way how to exploit effectively the massively parallel computers is to
maximize the number of subdomains so that the sizes of the subdomain stiffness
matrices are reduced, which accelerates both their factorization and subsequent for-
ward/backward solves. On the other hand, the negative effect of that is the increase of
the dual and the coarse space dimensions. The coarse problem becomes a bottleneck
when its dimension, which is equivalent to the dimension of KerK, attains some ten
thousands.

The performance of the algorithms is affected also by the choice of LU direct
solver. The effect of the choice of the direct solver on the performance of TFETI
in PERMON library (experiments with PETSc, MUMPS, and SuperLU on Cray
XE6 machine HECToR) can be found in Hapla, Hordk, and Merta [2]. To evaluate
K*x, each core regularizes a subdomain stiffness matrix using fixing nodes and then
factorizes. The application of K* then consists of purely local backward and forward
substitutions once per each TFETT iteration.

19.2 Coarse Problem Implementation — Action of P

The action time and the level of communication depend primarily on the implemen-
tation of the solution GG” x = y. Here, we consider two strategies of the solution of
coarse problems, namely using the LU factorization and applying the explicit inverse
of GG”. The explicit orthonormalization of G, which was conveniently used in the
description of the algorithms, turned out to be less efficient.
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19.2.1 Assembling GG' in Parallel

The implementation of the action of the projector P to the coarse grid starts by
assembling GG . If the number of subdomains is large, then it can be effectively
generated in parallel using the block structure of R, B, in particular

R = diag(R;,...,R;) and B=[By,..., Bl

The ith core first obtains R;, B; and generates G; = R! B! of G. Then the ith core re-
ceives G from the neighboring subdomains, generates in parallel G; GJT. = [GG"];;,

and sends the result to the master node, where GG’ is assembled and prepared for
the factorization. Since GG’ is symmetric, it follows that for each couple of neigh-
boring subdomains, only the subdomain with a smaller index gets the corresponding
part of G from the subdomain with a greater index ;.

19.2.2 Parallel Explicit Inverse

The approach used in the ESPRESO library is based on hybrid parallelization. It
implements the observation that the factorization of GG’ is significantly less time
consuming than executing the forward and backward substitution m-times, where m
is the order of GG’ . The assembled GG’ is broadcasted from the master compute
node (the node with MPI rank equal to 0) to all compute nodes. The factorization is
then carried out on each compute node using the threaded sparse direct solver. During
this step the identical workload is executed on every node and does not cause any
slowdown. Modern sparse direct solvers also contain the threaded implementation of
the solve routine for multiple right-hand sides. This combination leads to the efficient
utilization of all computational resources. Moreover, since each node computes only
that part of the inverse of GG that is needed by that node, there is no additional
communication.

19.2.3 Parallel Direct Solution

An alternative approach chosen in the PERMON library splits the N, cores of the
global communicator into the groups of cores called subcommunicators in MPI. The
number of the subcommunicators is N, (number of cores doing redundant work),
so that the number of cores in each subcommunicator is equal to N./N,. The GG’
matrix can be factorized sequentially on a master core or in parallel using, e.g.,
MUMPS or SuperLU_DIST in subcommunicators. The matrix—vector multiplication
(GG”)~'x then consists of the backward and forward substitutions, which are not
local and a considerable amount of communication is needed in each iteration, but
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the parallelization reduces the memory requirements — there are nearly no memory
limits as more and more cores can be engaged in the subcommunicators. The optimal
number of cores per subcommunicator for our problems is /N2 based on numerical
experiments.

19.3 Hybrid TFETI (HTFETI)

Even if there are several efficient parallelization strategies, there is still a limit on the
dimension of the coarse problem. It has been observed that we can get beyond this
limit if we aggregate a small number of neighboring subdomains into the clusters,
which naturally results in the smaller coarse problem. The aggregation of the subdo-
mains into the clusters can be enforced partly by the Lagrange multipliers and partly
by identifying the corner nodes as in Fig. 19.1 and/or enforcing zero face and/or edge
averages on the primal level. The result is the HTFETI method (see, e.g., Klawonn
and Rheinbach [1], Riha et al. [3]). The subdomains in clusters are typically joined
in such a way that the clusters have the same dimension of rigid body modes as
each of their floating subdomains (notice that the dimension of the rigid modes of
the cluster in Fig. 19.1 is the same as that of any of its floating subdomains). The
HTFETI decomposition is characterized by the decomposition parameters H, > H;
which correspond to the diameters of the clusters and their subdomains, respectively.

ARLVAL AL L

A
///
» >
T
|| N
\/ \/
» » AV AV
A A =
A A A A

Fig. 19.1 Cluster of subdomains joined in corners

This approach allows the parallelization of the original problem into up to hun-
dreds of thousands of cores, which is not reachable with the standard FETI methods.
Thus it enables to exploit the whole current petascale supercomputers. It is not diffi-
cult to see that the optimality results which we have proved for the TFETI methods
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can also be proved for the HTFETI methods provided H./H, and H;/ h is uniformly
bounded, where £ is the parameter of the discretization of the subdomains. However,
the convergence of the HTFETI method is a little slower as compared with the TFETI
method, especially when no edge or face averages are enforced on the primal level,
so that its application is worth the complications only for the solution of very large
problems.

19.3.1 Description of TFETI Method

Let us illustrate the HTFETI method on the analysis of a 2D cantilever beam decom-
posed into four subdomains and two clusters as in Fig. 19.2.

>

Q 2 Q3 Q4

>

Fig. 19.2 2D cantilever beam decomposed into four subdomains

After the discretization and domain decomposition, the resulting linear system reads

_Kl O OO0 BZ-IO B{_ _lll_ _fl_
O K, O O B,,O Bl || m f,
O O Ky O [0 B£3B3T u3 f3
O O O K4 O BCT4BZ Uy f4 s (191)
B.:B.,O O |[O O |O A )
O O BC'3 Bc,4O O |0 )»0,2 o
B, B, B B[O O [0 [ x| |ec]
where B; and B, ;,i = 1, ..., 4, denote the blocks of the standard gluing constraints

and the copies of their rows which correspond to the components of A acting on the
corners associated with £2;, respectively. Thus if the redundant rows of

B — B.1B..,O O
c O O Bc,3 Bc,4
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are omitted, the primal solution components remain the same. Let us permute (19.1)
to get

Kl 0] BCTJO O O BIT 1§} f1
O Kz BEZO O O Bg uy f2
Bc,l chz O |0 O 0[O 10’1 (]
O O O [K; O BLLIBT || us |=|F|. (19.2)
O O O O K4 BZ-,4 BZ; Uy f4
O O O BC,3 BC,4 O |0 A.c,z (]
B, B, O Bs B, O [0 || A ¢ |

For convenience, let us rewrite (19.2) in the block form which corresponds to the
line partition as

K/|O BT || a f,
O|K B! || & |=|F |. (19.3)
B:|B.|O x €

Eliminating w;, i = 1, 2, we also eliminate the subset of dual variables A, ;, j = 1, 2,
related to the matrix B.. Thus the structure looks like a problem decomposed into
two clusters — the first and second subdomains belong to the first cluster, the third and
fourth subdomains belong to the second cluster. The rigid body modes (rotations)
associated with the subdomains and clusters are depicted in Fig. 19.3.
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Fig. 19.3 Cluster of subdomains joined in corners

_ Matrices Rl s Rz can be interpreted as the cluster stiffness matrices with the kernels
R1, Ry, respectively. Denoting

E = g@g(’t’zlv RZ)a E = [EILEZ]’ ﬁ = diag(ﬁl, ﬁz),
F=BK'BY, G=R'B’.
d = BK*f —¢, €
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we get the Schur complement system

[—ﬁé _ST} [;] = EE] (19.4)

which can be solved by the methods used by the classical FETI. The dimension of
GG is six, i.e., less than twelve corresponding to FETI.

The primal variables and corner multipliers are eliminated by the implicit fac-
torization. We shall illustrate the procedure on the solution of the linear system

K]i] = bl, i.e.,
K]-z BTI'Z X1 b
2 et = 19.
|:Bc,1:20 w]= ] (192

Kio = diag(Ki, Ky), B2 = [Be 1, Beal.

where

Although (19.5) can be interpreted as a FETI problem, we solve it by elimination.
The generalized Schur complement system reads as

Feio —GT1-21| |:IL] |: d. 1~2i|
12 el =| G2 (19.6)
[—Gc,m @) B —€c 12
where
Feia= Bc,l:ZKtszt];z’ Gc,l:2 = RlT;zBZJ;z, dein = Bc,l:ZKtzb —Z,
e.12 = RT,b, Ri2 = diag (R;, Ry).

To obtain X;, both systems (19.5), (19.6) are solved in three steps:

SF 12 (eL 12 _Gc',l:ZF;izzdc',l:Z)a
Fol, (dera + G 18), (19.7)
K > (b—B! 1 1) +RiaB,

B =
n=

where S, 1, = G, 1. 2FC 1 2Gc 12 18 a singular Schur complement matrix.

The kernel Rl of Kl is the last object to be effectively evaluated. The orthogonality
condition K1 R1 O can be written in the form

Kiz B{ip][Ri2 |0 =  [Ri
|:Bc,1:20 @] H];z— o’ Rl_ 0] Hl:2- (198)
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Assuming that the subdomain kernels R; and R, are known, it remains to deter-
mine H;.,. However, the first equation in (19.8) does not impose any condition onto
Hi.; and the second equation gives

Be.12Ri2H12 = Gl ,Hi2 = O. (19.9)

It follows that Hy., is the kernel of G!,.,, which is not a full-column rank matrix
due to the absence of Dirichlet boundary conditions in B, j.;. To get matrix H;.,
efficiently, temporary sparse matrix Gc.l:2GCT,1;z is assembled and factorized by the
routine for singular matrices. Such routine provides not only the factors but also the
kernel of Gc,l;zGZ]:z, in this case the matrix Hi.,. For more details see [4].

Preprocessing in HTFETI starts in the same way as in FETI by preparing the
factors of K; by direct solver and kernels R; for each subdomain. Then one pair
consisting of F, j.x and S, ;. is assembled and factorized on each cluster by a direct
solver. The dimension of F. ;. is controlled by the number of Lagrange multipliers
A1 gluing the cluster subdomains. The dimension of S, ;. is given by the sum of
the defects of all matrices K; belonging to the particular cluster.

19.3.2 Parallel Implementation

In our implementation, the HTFETI decomposition is mapped to the hardware in
the following way. The clusters are mapped to the compute nodes, therefore the
parallelization model for the distributed memory is used. In our case we use the
message passing model (MPI). The subdomains inside the cluster are mapped to the
CPU cores of the particular compute node; therefore the shared memory model is
used for the second level. Our implementation allows us to have multiple clusters
associated with a single compute node, but a single cluster cannot be processed on
more than one node, as this is the limitation of the shared memory parallelization.

There are two major parts of the HTFETI solver that affect its parallel performance
and scalability, the communication layer and the inter-cluster processing routines.
The communication level deals with the optimization of the TFETI algorithm to min-
imize its communication overhead caused mainly by the gluing matrix B multiplica-
tion and the application of the projector P. To have a fully optimized communication
layer is essential for both TFETI and HTFETI methods.

19.3.3 Numerical Experiment

In order to eliminate the effect of nonlinearity of contact conditions, let us illustrate
the power of HTFETI on the analysis of elastic cube without contact computed on
Titan, a supercomputer at the Oak Ridge National Laboratory. It has 18,688 nodes
each containing a 16-core AMD Opteron 6274 CPU with 32 GB of DDR3 memory



19.3 Hybrid TFETI (HTFETI) 327

and an Nvidia Tesla K20X GPU with 6 GB GDDRS5 memory. There are a total of
299,008 processor cores, and a total of 693.6 TiB of CPU and GPU RAM. The results
with iterative solver accelerated by the lumped preconditioner are depicted in two
graphs.

A weak scalability test is depicted in Fig. 19.4 including all relevant information.
Number of degrees of freedom ranges from 30 millions to 70 billions and number
of nodes from 8 to 17, 576.

The strong scalability test is shown on Fig. 19.5. The undecomposed problem was
discretized by 11 billion nodal variables.
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Fig. 19.4 HTFETI—linear elasticity—weak scalability test
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Fig. 19.5 HTFETI - linear elasticity—11 billion DOFs—strong scalability test
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19.4 Communication Layer Optimization

The HTFETI solver can be implemented using the hybrid parallelization, which is
well suited for multi-socket and multicore compute nodes provided by the hardware
architecture in most of today’s supercomputers. The first level of parallelization is
designed for the parallel processing of the clusters of subdomains. Each cluster must
be assigned to a single node, but if necessary, multiple clusters can be processed per
node. The distributed memory parallelization is done using MPI. The essential part
of this parallelization is the communication layer. This layer is identical whether the
solver runs in the TFETT or HTFETI mode and comprises:

1. the parallel coarse problem solution using the distributed inverse matrix which
merges two global communication operations (Gather and Scatter) into one (All-
Gather),

2. the optimized version of global gluing matrix multiplication (matrix B for TFETI
and B for HTFETI)—written as a stencil communication which is fully scalable.

The stencil communication for simple decomposition into four subdomains is shown
in Figs. 19.6 and 19.7, where the Lagrange multipliers that connect different neigh-
boring subdomains are. In each iteration, whenever the multipliers are updated, the
exchange is performed between the neighboring subdomains to finish the update.
This affinity also controls the distribution of the data for the main distributed iter-
ative solver, which iterates over the local multipliers only. In our implementation,
each MPI process modifies only those elements of the vectors used by the solver that
match the multipliers associated with the particular domain in the case of TFETT or
the set of domains in a cluster in the case of HTFETI. We call this operation the
vector compression. In the preprocessing stage, the local part of the gluing matrix is
also compressed using the same approach (in this case it means that the empty rows
are removed from the matrix), so that we can directly use the sparse matrix vector
multiplication on the compressed vectors.

B] Bz B3 B4 A Cl C2 C3 ¢4
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Fig. 19.6 Stencil communication: distribution of B and A on cores c¢;
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Fig. 19.7 Stencil communication: necessary data exchange k; between cores

19.4.1 TFETI Hybrid Parallelization

In pure MPI implementation, each process holds the data of one subdomain, i.e., the
number of cores equals the number of subdomains. The structure of the primal data
and their distribution is shown in Fig. 19.8 left. The matrices K and R have a nice
block-diagonal structure. The diagonal blocks are represented by sequential matrix
types.

The K*y action occurs in each TFETT iteration and is typically implemented with
a direct sparse solver for the sake of robustness. The factorization of the regularized
K is performed in the setup phase. All these computations do not require any MPI
communication.

Fig. 19.8 Parallel distribution of K and R matrices. One core—one subdomain (left) and one
core—more subdomains (right)

For the hybrid parallelization of TFETI with threads, it is necessary to add a new
matrix type holding the array of diagonal blocks. Matrices K, KT, and R can then
be represented in a hybrid way by distributed matrices the diagonal blocks of which
are sequential matrices. It is possible to hold an arbitrary number of subdomains on
one MPI process with this extension. The domain can be divided into any number
of subdomains regardless the number of available cores. The splitting of the original
subdomain into smaller subdomains has a positive effect on the condition number of
the dual operator so the number of iterations decreases. Moreover, the dimensions of
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matrices K; are smaller so their factorizations are faster at the cost of the increasing
size of the coarse problem.

As mentioned in the previous section, three approaches to solve the coarse problem
are used. The approach with the direct solver was also used and tested for the hybrid
implementation. The coarse problem can be again solved fully parallel, using either
a smaller number of processes or a single process. Thus, a direct solver using the
shared memory parallelism can be used on a single process or the hybrid parallelism
on more processes. The hybrid parallelization of TFETI enables solving the coarse
problem on a single node in parallel and without communication. It also reduces
MPI overhead if the coarse problem is solved on more processes.

19.5 MatSol, PERMON, and ESPRESO Libraries

19.5.1 MatSol

The algorithms described in Part II and III were developed, implemented, and tested
in MatSol library. The Matsol library serves as a referential implementation of these
algorithms and was the fundamental tool in our research. To parallelize the algo-
rithms, MATLAB Distributed Computing Server and Parallel Computing Toolbox
are used. Hence, the MatSol has full functionality to solve efficiently large problems
of mechanics.

The solution process starts from the model which is either in the model database or
itis converted to the model database from the standard commercial or noncommercial
preprocessors such as ANSA, ANSYS, COMSOL, etc. The list of preprocessing tools
is not limited and additional tools can be plugged into the library by creating a proper
database convertor.

The preprocessing part proceeds depending on the problem solved. User can solve
the static or transient analysis, the optimization problems, the problems in linear and
nonlinear elasticity, and contact problems. For discretization, the finite or boundary
element methods are used. As the domain decomposition techniques, the TFETI and
TBETI methods are implemented. The decomposition into subdomains is done using
Metis and spectral methods.

The solution process could be run either in the sequential or parallel mode. The
solution algorithms are implemented in such a way that the code is the same for both
sequential and parallel mode. MatSol library also includes the tools for postprocess-
ing and postplotting. The results are then converted through the model database into
the modeling tools for further postprocessing.
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19.5.2 PERMON

PERMON (Parallel, Efficient, Robust, Modular, Object-oriented, Numerical) is a
software package which aims at the massively parallel solution of problems of con-
strained quadratic programming (QP). PERMON is based on PETSc and combines
aforementioned TFETI method and QP algorithms. The core solver layer consists
of the PermonQP package for QP and its PermonFLLOP extension for FETI. Per-
monQP supports the separation of QP problems, their transformations, and solvers.
It contains all QP solvers described in this book.
More can be found on PERMON website: https://permon.it4i.cz.

19.5.3 ESPRESO

ESPRESO is an ExaScale PaRallel FETI SOlver developed at IT4Innovations. The
aim is to create a highly efficient parallel solver. Apart from the algorithms used by
MatSol and Permon, it also enhances the HFETI method, which is designed to run
on massively parallel machines with thousands of compute nodes and hundreds of
thousands of CPU cores. The algorithms can be seen as a multilevel FETT method
designed to overcome the main bottleneck of standard FETI methods, a large coarse
problem, which arise when solving large problems decomposed into the large number
of subdomains. ESPRESO can exploit modern many-core accelerators.

There are three major versions of the solver. ESPRESO CPU is a CPU version that
uses the sparse representation of system matrices. It contains an efficient communi-
cation layer on the top of MPI 3.0 combined with the shared memory parallelization
inside nodes. The communication layer was developed specifically for FETI solvers
and uses several state-of-the-art communication hiding and avoiding techniques to
achieve better scalability.

The ESPRESO solver can take advantage of many-core accelerators to speedup
the solver runtime. To achieve this, it uses a dense representation of sparse system
matrices in the form of Schur complements. The main advantage of using this ap-
proach in FETI solvers is the reduction of the iteration time. Instead of calling a
solve routine of the sparse direct solver in every iteration, which by its nature is
a sequential operation, the solver can use the dense matrix—vector multiplication
(GEMV) routine. The GEMYV offers the parallelism required by many-core acceler-
ators and delivers up to 4 x speedup depending on the hardware configuration. There
are two versions: ESPRESO MIC for Intel Xeon Phi and ESPRESO GPU for graphic
accelerators.

More information can be found on ESPRESO website: https://espreso.it4i.cz.
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19.6 Numerical Experiments

For the demonstration of weak parallel scalability of the algorithms presented in
Part II and III, we used their implementation in the ESPRESSO software (see
Sect. 19.5.3). As a benchmark, we consider a frictionless rigid punch problem
depicted in Fig. 19.9 left. The rigid punch is pressed against the elasticcube 1 x 1 x 1
[m] which is fixed at the bottom. The punch, which is defined in a reference config-
uration by the function

z(x1,x2) = 1.11 — 0.1 * sin(7r * x1),
drops vertically by 0.11 [m]. The material properties are defined by Young’s modulus

E = 2.1 x 10°[MPa] and Poisson’s ratio x = 0.3. The the deformed cube is in
Fig. 19.9 right.

Fig. 19.9 Frictionless rigid punch problem (left) and deformed cube (right)

All computations were done using the Salomon cluster, operated by the National
Supercomputer Center in Ostrava. The code was compiled with Intel C++ Compiler
15.0.2, and linked against Intel MPI Library for Linux 4.1 and PETSc 3.5.3. Salomon
consists of 1,008 compute nodes, totaling 24,192 compute cores with 129TB RAM
and giving over 2 Pflop/s theoretical peak performance. Each node is a powerful
x86-64 computer, equipped with 24 cores with at least 1228 GB RAM. The nodes
are interconnected by the 7D Enhanced hypercube Infiniband network and equipped
with the Intel Xeon E5-2680v3 processors. The Salomon cluster consists of 576
nodes without accelerators and 432 nodes equipped with the Intel Xeon Phi MIC
accelerators.

The computations were carried out with varying decompositions into 64, 1,728,
8,000, 21,952, and 64,000 subdomains. When it was necessary, several subdomains
were assigned to a single core. The stopping criterion was defined by the relative
precision of the projected gradient and the feasibility error equal to 10~* (measured
in the Euclidean norm, see (9.40)) and compared with the Euclidean norm of the
dual linear term. The results of computations are summarized in Table 19.1.
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Table 19.1 Results of the benchmark—cube contact linear elasticity problem

Ns n [10°] Hessian mult. Iter. time [s]
64 5,719,872 73 258
1,728 154,436,544 83 311
8,000 714,984,000 117 364
21,952 1,961,916,096 142 418
64,000 5,719,872 000 149 497

The results vizualized in Fig. 19.10 illustrate good numerical and parallel scala-
bility.

150 500
125 400
100
- y 300
g = 200
50
05 100
% 1 2 3 4 5 % 1 2 3 4 35 &
9 9
n[106] x 10 n[106] x 10

Fig. 19.10 Cube benchmark. Numbers of matrix—vector multiplications by F (left) and solution
times (right)
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