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Preface

What we know is a drop, what
we don’t know is an ocean.

Isaac Newton

The diffusion-wave equation is a mathematical model of important physical phe-
nomena ranging from amorphous, colloid, glassy and porous materials through
fractals, percolation clusters, random and disordered media to comb structures,
dielectrics, semiconductors, polymers and biological systems.

Currently, there is no publishing treatise devoted to systematic presentations
of solutions to the diffusion-wave equation, except some papers that are scattered
in the literature. This book, which for the major part is based on author’s investi-
gations, fills in such a blank. The book, which aims at presenting a comprehensive
view of the state-of-the-art, is organized as follows. In Introduction (Chapter 1)
we show the place and importance of fractional partial differential equations, espe-
cially the time-fractional diffusion-wave equation, in describing different physical
phenomena. As the integral transform technique is used throughout the book,
the material needed for application of this technique is presented in Chapter 2,
where we describe the integral transforms used for solving the considered problems
and discuss the properties of the Mittag-Leffler, Wright, and Mainardi functions
appearing in the solutions. In Chapter 3 we consider the time-nonlocal gener-
alizations of classical Fourier’s, Fick’s and Darcy’s laws. We show that nonlocal
dependence between the heat flux and the temperature gradient with a “long-tail”
power kernel results in the time-fractional diffusion-wave equation with the Ca-
puto fractional derivative. Different kinds of boundary conditions for this equation
are discussed (Dirichlet, Neumann, Robin, perfect thermal contact). Chapter 4,
Chapter 5 and Chapter 6 are devoted to the solutions of equations with one space
variable in Cartesian coordinates, in the case of axial and central symmetry, re-
spectively. Equations with two space variables are studied in Chapter 7, Chapter 8
and Chapter 9 in Cartesian, polar and cylindrical coordinate systems, respectively.
In Chapter 10, Chapter 11 and Chapter 12 the solutions to equations with three
space variables are obtained in Cartesian, cylindrical and spherical coordinates.

xiii



Xiv Preface

In the Conclusions chapter we summarize the obtained results and briefly discuss
general properties of the solutions. For convenience of the reader, the Appendix
contains integrals used to obtain different solutions presented in the book.

The list of References cannot be considered as a compete bibliography, and
the interested reader is referred to bibliographies mentioned in the books in the
bibliography, where additional references can be found.

The corresponding sections of the book may be used by university lecturers
of courses in fractional calculus, heat and mass transfer, transport processes in
porous media and fractals for graduate and postgraduate students. The book can
also serve as a reference textbook for specialists in applied mathematics, physics,
geophysics and engineering science.

Yuriy Povstenko
Czestochowa, 2015



Chapter 1

Introduction

The world-known specialist on parabolic equations
Professor Marian KrzyZanski should present a talk
at “Professor Seminar” at the Jagello University of
Cracaw.

The well-known specialist on elliptic equations Pro-
fessor Frantiszek Leja came to a lecture hall and
asked “What will be your talk about?”

“About parabolic equations,” the speaker answered.

“It 1s not interesting,” claimed the Dean Leja and
went out of the auditorium.

I laughed loudly and, of course, was asked why? “In
fact, only hyperbolic equations are of great interest.”

Tadeusz Trajdos

Partial differential equations arise in various fields of science. Today, the literature
on these equations is unbounded. Usually partial differential equations are divided
into three basic types — elliptic, parabolic and hyperbolic. The simplest example of
an elliptic equation is the Laplace equation, but we begin our consideration from
another representative of this type equations — the Helmholtz equation

T = aAT. (1.1)

The simplest example of a parabolic equation is the diffusion equation (heat con-
duction equation)

oT
= aAT. 1.2
Iy (1.2)
© Springer International Publishing Switzerland 2015 1
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2 Chapter 1. Introduction

The well-known example of a hyperbolic equation is the wave equation

o°T

o2 = aAT. (1.3)

It should be emphasized that the solutions of the equations belonging to each
of the above-mentioned types have their own characteristic features. For example,
dissipation is common to parabolic equations, wave fronts and finite speed of
propagation are specific for hyperbolic equations. There are many excellent books
and textbooks devoted to classical partial differential equations, some of them ([2,
39, 63, 74, 75, 216, 219]) are quoted in the References.

Elliptic partial differential equations are studied in [50, 64, 65, 88], among
others. Solutions to the parabolic heat conduction equation in various spatial do-
mains are presented in the books [26, 31, 98, 140]. The books [5, 16, 86, 199] are
devoted to investigation of hyperbolic partial differential equations. The funda-
mental solutions to standard partial differential equations were considered in [21,
38, 85]. Many solutions have also been given in collections of problems [20, 87, 211].

In the last few decades, considerable research efforts have been expended to
study fractional differential and integral equations — equations with operators of
differentiation and integration of fractional (not integer) order [36, 56, 77, 82, 99,
118, 132, 133, 143, 202, 206].

The notion of the Riemann—Liouville fractional integral is introduced as a
natural generalization of the repeated integral written in a convolution type form:

t
I°f(t) / )L f(r)dr a >0, (1.4)
0

where I'(a) is the gamma function.
The Riemann-Liouville derivative of the fractional order « is defined as left-
inverse to the fractional integral I:

t
am
Do) = D150 = o | = ]
0
m—1<a<m. (1.5)

The Caputo fractional derivative is defined as

d*f(2)
dte

D& f(t) = I""D™f(t)

¢

dm

/(t —rym-e-t /() dr, m—1<a<m. (1.6)
drm

0



Chapter 1. Introduction 3

The Caputo fractional derivative is a regularization in the time origin for
the Riemann—Liouville fractional derivative by incorporating the relevant initial
conditions [57]. The major utility of the Caputo fractional derivative is caused by
the treatment of differential equations of fractional order for physical applications,
where the initial conditions are usually expressed in terms of a given function and
its derivatives of integer (not fractional) order, even if the governing equation
is of fractional order [105, 143]. If care is taken, the results obtained using the
Caputo formulation can be recast to the Riemann—Liouville version and vice versa
according to the following relation [56]:

—

m—

k—a
o f(t) = DEf(t) + !

T(k—a+1) fO0), m-l<a<m  (L7)

k=0

It should be also emphasized that [56]

d“1
p— 1.
e 0, a> 0, (1.8)
whereas
% 1= e >0 (1.9)
RL - — F(l _ 04)7 « = U. .

Fractional differential equations have many applications in physics, geo-
physics, geology, chemistry, rheology, engineering, bioengineering, robotics, medi-
cine and finance (see, for example, the books [23, 99, 104, 132, 143, 198, 221, 230,
235]; the monographs [11, 70, 121, 142, 204]; the extensive surveys [102, 103, 114,
115, 200, 201, 217, 234)]; and several papers [9, 10, 22, 24, 32, 46, 51, 81]). The
interested reader is also referred to a historical survey [218] and a survey of useful
formulas [223].

The time-fractional diffusion-wave equation

0T
ot

describes many important physical phenomena in different media. The limiting
case a = 0 in (1.10) corresponding to the Helmholtz equation (1.1) and is associ-
ated with localized diffusion (localized heat conduction). The subdiffusion regime
is characterized by the value 0 < a < 1. Of course, the standard diffusion equation
(standard heat conduction equation) (1.2) corresponds to o = 1. The superdiffu-
sion regime is associated with 1 < a < 2. The limiting case v = 2 corresponding
to the wave equation (1.3) is also known as ballistic diffusion (ballistic heat con-
duction).

Various mathematical aspects relating to existence, uniqueness, correctness,
well-posedness of solutions to fractional diffusion-wave equations were considered
by many authors. Here we refer to [6, 17, 40-42, 49, 66-68, 76, 78-80, 83, 91, 92,
124, 143, 205, 222, 224-229, 233], among others.

= aAT, 0<a<2, (1.10)
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Starting from the pioneering papers [45, 100, 101, 209, 231], considerable in-
terest has been shown in finding solutions to time-fractional diffusion-wave equa-
tions (1.10). Fujita [45] treated integrodifferential equations which interpolate the
diffusion equation and the wave equation. The fundamental solution for the frac-
tional diffusion-wave equation in one space dimension was obtained by Mainardi
[100, 101], who also considered the signaling problem and the evolution of the
initial box-signal. Schneider and Wyss [209] converted the diffusion-wave equa-
tion with appropriate initial conditions into the integrodifferential equation and
found the corresponding Green functions in terms of Fox functions. Wyss [231]
obtained solutions to the Cauchy problem in terms of H-functions using the
Mellin transform. The studies mentioned above do not consider solutions to the
two-dimensional and three-dimensional diffusion-wave equation in finite domains.
Presently, in the literature there exists no book devoted to the diffusion-wave
equation. This book, which in large part is based on the author’s investigations
[97, 145-193], bridges the gaps in this field. Presenting the solutions to the time-
fractional diffusion-wave equation, we follow the encyclopedical book of Polyanin
[144], where the corresponding results for standard partial differential equations
are given.



Chapter 2

Mathematical Preliminaries

Ha smo s mamemamuxa 60206
1
Braoumup Boicoyruii

2.1 Integral transforms

The integral transform technique allows us to remove partial derivatives from the
considered equations and to obtain the algebraic equation in a transform domain.
Here we briefly recall the integral transforms which are used in this book to reduce
the differential operators to an algebraic form. The Laplace transform with respect
to time is marked by an asterisk, the Fourier transforms are denoted by a tilde, the
Hankel transforms are indicated by a hat and the Legendre transform is designated
by a star. Additional information concerning integral transforms can be found in
[34, 37, 48, 140, 212], among others.

2.1.1 Laplace transform

The Laplace transform is defined as
LU= 1) = [ s at (21)
0

where s is the transform variable.

1 This is mathematics of gods.

Vladimir Vysotsky

© Springer International Publishing Switzerland 2015 5
Y. Povstenko, Linear Fractional Diffusion-Wave Equation for Scientists and Engineers,
DOI 10.1007/978-3-319-17954-4 2
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Figure 2.1: The Bromwich path of integration in the complex s-plane

The inverse Laplace transform is carried out according to the Fourier—Mellin
formula

c+io0o
,c*{f*(s)}:f(t):%lm, / Fo(s)ettds, t>0, (2.2)

where c is a positive fixed number. The transform f*(s) is assumed analytical for
MRes > c, all the singularities of f*(s) must lie to the left of the vertical line known
as the Bromwich path of integration (see Fig. 2.1).

For the primitive of a function f(t)

1£) = [ f(r)ar 2:3)
0

we have .
LU0} = 1), (24)
whereas in the case of the m-fold primitive of a function f(t),

t1

I f(e) = /tdtl /dt2 . t71f(tm)dtm7 (2.5)
0 0

0
the Laplace transform rule reads

LU0 = 56, (26)
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The Laplace transform of the first derivative f’(t) is easily obtained integrat-
ing the appropriate formula by parts which leads to

L{f'()} = sf"(s) = f(0T), (2.7)
and for the mth derivative f("™)(t)

H

m—

L{f(m)(t)} F® (OF)sm—1-k, (2.8)

k=0

The Laplace transform rule for the fractional integral (1.4) is similar to the

rule (2.6):
LA F@) = 7). (29)

The Riemann-Liouville derivative of the fractional order « (1.5) for its
Laplace transform rule requires knowledge of the initial values of the fractional
integral I™~*f(¢) and its derivatives of the order k =1,2,...,m — 1

,_n

LA{DRL (1)} = s f* DI f(0F)sm R,
k=0
m—1<a<m. (2.10)

The Laplace transform rule for the Caputo derivative (1.6) has the following
form

- m—1
E{dd{a(t)} _ FWOHse 1k m—l<a<m.  (211)
k=0

The convolution theorem, often used for inversion of the Laplace transform,
reads as

LT (s

o\“

t

flt=7)g /f g(t —1)dr. (2.12)
0

If the transform f*(s) can be expanded into the absolutely convergent series

Feo=3 3 (2.13)

§Mk
k=0

with arbitrary powers 0 < Ao < A1 < Ay < --- (need not be integers), then the
inverse transform f(t) has the expansion

o0

= F(ka) AL, (2.14)

k=0
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If the transform f*(s) can be expanded into the absolutely convergent series

o0

fr(s) = cps™ (2.15)

k=0

with arbitrary powers 0 < A\g < A1 < A2 < --- (need not be integers), then the
inverse transform f(t) for ¢ — oo has the asymptotic expansion

- Ck —Ap—1
ft) ~ T 2.16
To calculate the inverse Laplace transform the Cauchy residue theorem is of
fundamental importance.

Cauchy residue theorem. If f(z) is analytic within and on a simple, closed contour
¢ except at finitely many points z1, 2o, ..., 2 lying in the interior of €, then

271m' Lf(z) dz = ;Res = f(2), (2.17)

where integration is carried out in the positive direction.

Now choose the integration contour € shown in Fig. 2.2 containing the portion
of the vertical line fRe s = ¢, two parts of the circle of radius R (designating as
€r), and a loop which starts from —oo along the upper side of the negative real
axis, encircles a small circle of the radius ¢ in the negative direction and ends at
—oo along the lower side of the negative real axis.

For a sufficiently “good” function f*(s)

lim / f*(s)estds = 0. (2.18)
Cr

R—o

Hence

f(t) = lim ! f*(s)e’ds + iRessk f*(s)e, (2.19)

€0 273 J g, pt

where the Hankel path of integration Ha, is a loop which starts from —oo along the
lower side of the negative real axis, encircles a small circle in the positive direction
and ends at —oco along the upper side of the negative real axis (see Fig. 2.3). It
should be noted that multiplying f*(s) by e** does not affect the poles of f*(s).
2.1.2 Exponential Fourier transform

The exponential Fourier transform

Py =Fo =, [ s@etar (220)
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\_/

Figure 2.2: The closed path of integration in the complex s-plane

A

Figure 2.3: The Hankel path of integration in the complex s-plane

is used in the domain —oo < & < oo and has the inverse

FUROY= 1w =, [ T (221)



10 Chapter 2. Mathematical Preliminaries

The Fourier transform of the mth derivative of a function has the form

{0 = ciomie. (222)

in particular, ,
d”f(x) ~
]:{ 12:2 } €2f(§) (2.23)

The convolution theorem for the exponential Fourier transform reads:

o) = / (o w) glow)

_ \/QW /f (@ — u) (2.24)

2.1.3 Sin-Fourier transform

The sin-Fourier transform is defined as

F{f(x f(z)sin(z£) d (2.25)
- e
with the inverse
2 o
FUF©) = 7€) sin(x) d (2.26)
.

The sin-Fourier transform is used in the domain 0 < z < oo for Dirichlet boundary
condition with the prescribed boundary value of a function, since for the second
derivative of a function we get

I - e+ erw (2.27)

x=0
2.1.4 Three-fold Fourier transform in the case
of spherical symmetry

If the considered function f(x,y,z) depends only on the radial coordinate

r= (2 +1y*+ 22)1/2, then the three-fold Fourier transform (2.20) can be simpli-
fied. Introducing the spherical coordinates

x =rsinpcost, y=rsinpsiny, z=rcosy,

& =psingcosl, n=psingsinf, (= pcosq, (2.28)
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we have

f(&n,é): (27T1)3/2 / / /f(:c,y,z)ei(z£+yn+z<)dzdydz

1 o cos o c0s
= om / r2f(r)dr / eireeos oSt gin i
0 0

2m
« /eirg sin ¢ sin ¢ cos(Y¥—0) de. (229)
0

Due to the periodic character of the third integrand

27 27
/eirg sin ¢ sin ¢ cos(9—0) dy = /eirg sin ¢ sin ¢ cos ¥ dv.
0 0

Using the integral representation of the Bessel function of the first kind of the

zeroth order [1]
2

/ e8Py = 21 Jy(2), (2.30)
0
we get
femo =, [rrear
0

K

X /singocos (rocospcos @) Jy (rosinpsin¢) de

0
1

= \/72T /er(r) dr/cos (rovcos @) Jy (rg\/l — 02 sin(b) dv.
0 0
Next, we use the integral [196]
1
/cos (av) Jo (b\/l - v2> dv =

0

1
Ja 4 b sin\/a2+b2,
a

and for the three-fold Fourier transform in the central symmetric case we obtain
the following pair of equations:

ity =FUe) =Fo =2 [rio™ P e
0
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o0

F {0} =10)=? [ef0 ™ ap (252)

0
This result coincides with the particular case of the m-fold Fourier transform in
the central symmetric case obtained by another method in [212]:

04" o) = [ ) Iy o), (2.33)
0
rém—lf(r) :/Qém—l J?<Q) J1m-1(re) odo, (2.34)

0
where J,(r) is the Bessel function.
For m = 3, taking into account that the Bessel function of the order one-half

is represented as [1]
2z sinz
B =2, (2.35)

™ z

from (2.33) and (2.34) we get (2.31) and (2.32).

In this case )
d*f(r) | 2.df(r) 27

F = — . 2.36
[T 20 - 2R (2.36)
The pair of transform equations (2.31) and (2.32) seems like the pair of sin-Fourier
transform equations (2.25) and (2.26) for the function rf(r) (accurate to constant
multipliers), but Eq. (2.31) does not need the value of a function at » = 0 as in
Eq. (2.27). This allows us to consider also functions with singularities at r = 0 on

condition that the integral in (2.31) is convergent.

2.1.5 Cos-Fourier transform

For the cos-Fourier transform we have

F{f(x) /f cos(z&)d (2.37)
0

FURE) = / 7€) cos(ze)d (2.38)

The cos-Fourier transform is used in the domaln 0 < x < oo in the case of Neumann
boundary condition with the prescribed boundary value of the normal derivative
of a function, since for the second derivative of a function it leads to the following

formula: , { 2 f(z)} _ _eFe - df ()

da2 du (2.39)

=0
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2.1.6 Sin-cos-Fourier transform

In the case of the Robin boundary conditions with the prescribed boundary value
of linear combination of a function and its normal derivative, the sin-cos-Fourier
transform is employed:

f{f@ﬂ}:f@):l/Bimé)ﬂmﬁh, (2.40)
0
F{F©} = f@ = 7 [ Ko fie)ag (2.41)
0

with the kernel
~ Ecos(x€) + H sin(xf)

\/52 + H2
In classical heat conduction the quantity H is usually connected with the

heat transfer coefficient, in the case of spherical coordinates the quantity 1/R
often stands in place of H.

K(z,8) (2.42)

Application of sin-cos-Fourier transform to the second derivative of a function
gives

I ——efor LI s (2.43)

dax? V€2 + H? dz

=0

It is obvious that for H — oo the sin-cos-Fourier transform turns into the
standard sin-Fourier transform, while for H — 0 it turns into the standard cos-
Fourier transform.

2.1.7 Finite sin-Fourier transform

The finite sin-Fourier transform is the convenient reformulation of the sin-Fourier
series in the domain 0 <z < L:

L
fﬁun:ﬂ&w:/ﬂmmmamL (2.44)
0
FRE@)) = 1) = © 3 F(6) s, (2.45)
k=1
where
& = b (2.46)

I
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The finite sin-Fourier transform is used in the case of the Dirichlet boundary
condition as for the second derivative of a function we have

2 ~
d { ddj;(f) } = =& (&) + & [£(0) = (=D F(D)]. (2.47)

2.1.8 Finite cos-Fourier transform

The finite cos-Fourier transform is the convenient reformulation of the cos-Fourier
series in the domain 0 < x < L:

L
F{f(z) f(x) cos(xz&k) d (2.48)
@[
FUF@) = f) = L F0) sz 6 cos(a&e)
= Z (&) cos(x&y), (2.49)

k=0

where the prime near the sum denotes that the term corresponding to k = 0 should
be multiplied by 1/2 and as in (2.46)

km

&= ;- (2.50)

The finite cos-Fourier transform is used in the case of Neumann boundary condi-

tion as
d2f ~ df
J { dx(;:)} = =& (&) — 1($)

pdf(z)

+ (=D (2.51)
0

2.1.9 Finite sin-cos-Fourier transform

The finite sin-cos-Fourier transform is used in the case of the Robin boundary
condition:

FLf@)} = F(&) /f §1~c cos(x&) + HSln(ﬂfﬁk) dz, (2.52)
\/52 H2 4 28
F YR (@)Y = -2 Z Tl 5;.3 cos(z&r) + Hsm(mgk)’ (2.53)

\/§2+H2 2
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where & are the positive roots of the transcendental equation

it = 2 -
and
I - g
e ; J o - mre) -
ﬁk f;; 211 ?Z 2 O {dﬁ(xx) +Hf (l’ﬂ @5

We have restricted ourselves to the case of the same H in the Robin boundary
conditions at x = 0 and z = L. The general case of different coefficients H; and
Hj is considered in [48].

2.1.10 Finite sin-Fourier transform for a sphere

This type of finite sin-Fourier transform is convenient for central symmetric prob-
lems for a sphere 0 < r < R. In the case of the Dirichlet boundary condition:

R
B - F(r sin(réy) .
FU0} = (&) = / ) " (2.56)
17 2 & sm T{“k)
F Y&} = f(r) = RZskf : (2.57)
=1
where %
& = g (2.58)
and

U0 2MO g e corm. o)

For the Neumann boundary condition

R .
FUS0)} = Fle) = / i) Smg;fw o (2:60)
0
17 _ _ - sin(réy)
FHIE)=f(r) = Z . (2.61)

R = sm R§ ) T
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where & are the positive roots of the transcendental equation

tan(RE,) = REk (2.62)
and
d’f 2 df ~ Rsin(R&) df
f{ dr(;‘) +, dir)} =& f(&) + SH;(k 2 dY) ) (2.63)
For the Robin boundary condition
R .
L} =Fie) = [ 107 ran (264
] k
1,7 - - g & sin(réy)
FHI&)} = () = 2;%) Ree — sin(Rty) cos(Re) v 0 269
where £ are the positive roots of the transcendental equation
tan(RE) = | fi’gH, (2.66)

and for the Laplace operator in the case of central symmetric problem we obtain

A1)
Rsin(RE) [df (r)

N " (2.67)

= —¢2 fl&r) +

+ Hf(r)}

r=R

2.1.11 Finite Fourier transform for 27r-periodic functions

Consider series development of the 27-periodic function in the interval [0, 27]

fle) = ; ap + Z [@m, cos(me) + by, sin(mep)] (2.68)
m=1
where
o
A, = ! /f(n)cos(mn)dn, m=0,1,2,...
"3
o

bm = ! /f(n) sin(mn)dn, m=1,2... (2.69)

™
0
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Now we insert the coefficients (2.69) into the equality (2.68), thus obtaining

1) = o [ Han+ DS [ g costmte =i (270)
m:lO

Z /f cos[m(p —n)]dn, (2.71)

mOO

where the prime near the sum denotes that the term corresponding to m = 0
should be multiplied by 1/2.
Formula (2.71) can be considered as the integral transform

FUH)} = Fm) = / £(n) cosfm(p — )] dy (2.72)
0
with the inverse
F Fem)} = 9) = | 3" lpm). (273)

This transform is used for solving equations in polar, cylindrical and spherical
coordinates as the following equation is fulfilled:

2 ~
f{dd]:p(;p)} = —m%f(p,m). (2.74)

2.1.12 Legendre transform

The Legendre transform is applied to solve equations in spherical coordinates and
reads:

1
P L ()} = F(n,m) = / £ () P () dp, (2.75)
21

where PJ"(u) is the associated Legendre function of the first kind of degree n and
order m. The inverse Legendre transform has the form

,Pil{f*(na m)} = f(:u’v m)
- Z 2n+1 n+$§ By (w) f(n,m), n = m. (2.76)

The importance of this integral transform results from the following formula:

Y (O M-
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2.1.13 Hankel transform

The Hankel transform is used to solve problems in cylindrical coordinates in the

domain 0 < r < oo and is defined as

H{f(r) F(r) J,(ré) rdr,
o= [
1{f Jy(r€) £dg,
o= [0

d*f(r) | 1df(r)
H{ dr? +r dr

-V 10} = -€fe.

where J,(r) is the Bessel function of the order v.

2.1.14 Two-fold Fourier transform in the case of
axial symmetry

If the considered function f(z,y) depends only on the radial coordinate

= (x2 + y2)1/2

)

(2.78)

(2.79)

(2.80)

then the two-fold Fourier transform (2.20) can be simplified. Introducing the polar

coordinates

T =rsinep, Y = TCOoS ¢,
§=posing, 1= gcose,
we have

00 0o 27

(2.81)

1 7 . 1 )
n) = / /f(l’a Y) el(mgﬂn)dxdy = /rf(r)dr/ ewgcos(gpiqﬁ)d@-
2 21

—00 —00 0 0
Due to the periodic character of the second integrand

2m

2m
/eirgcos(gpfc/)) d(P _ /eirgcosgp d(p
0

0
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Using the integral representation of the Bessel function of the first kind of the
zeroth order (2.30) we get

Fif(e)} = Fen) = H{F()} = Flo) = / {0 o(ro)dr,  (2.82)
0

{Fen} =t =1 {F0} = 10) = [ efl@)nrode. @259

Hence, in the case of axial symmetry the two-fold Fourier transform with respect
to the Cartesian coordinates is reduced to the Hankel transform with respect to
the radial coordinate. Formulae (2.82) and (2.83) can also be obtained from the
general formulae (2.33) and (2.34) for m = 2 [212].

2.1.15 Finite Hankel transform

The Fourier—Bessel and Dini series can be interpreted in terms of finite Hankel
transform used in cylindrical coordinates in the domain 0 < r < R. The specific
form of the finite Hankel transform depends on the type of boundary conditions
at » = R. For the Dirichlet boundary condition with the given boundary value of
a function at r = R we have

R
HU() = Flew) = / Jr) (v b, (284)
0
- ré-l/k})
H A F(En)) = Z (&) J’(RSV P (2.85)
where £, are the positive roots of the transcendental equation
Ju(RE) = 0 (2.86)
and
2 2 R
H {d d,;(;«) + :,dﬁ(:) -7 f(r)} = — &uf(Eor) — R&nJ(REk) f(R).  (2.87)

In the case of the Neumann boundary conditions with the given boundary
value of a normal derivative of a function we have

H{f(r)} = F(éur) / f(r) T (réur) rdr, (2.88)
- R J(r&ur)
HH{F (&)} = £( Z (&un) RQEEk—kVQ T RE (2.89)
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where £,; are positive roots of the transcendental equation
Iy (R&uk) = 0. (2.90)

It should be noted that for v = 0 there also appears the zero root £y = 0, which
must be taken into account in (2.89).
The basic equation for this integral transform reads:

H{dzf(r) L s v f(r)} = & f (&) + BRI, (RE) (j{)

dr? r dr r2 - (291)

r=R

For the Robin boundary condition with the given linear combination of values
of function and its normal derivative at the boundary the corresponding finite
Hankel transform has the following form:

R
H{fF(r)} = F(&mn) /f v (1) rdr, (2.92)
0
S R2§3k Ju(réur)
H™ {f(guk)} - g guk R2H? + (R2§3k _ 1/2) [JV(R&/]g)P’ (293)
where £, are positive roots of the transcendental equation
ngJ11/<R£Vk) + HJV(Ré-Vk}) =0 (294)

and

d2f(r 1df(r V2
H{ d]:°(2)+r fdi)_ﬂf(r)}

df(r)

— (e + R e | 4 1170 (2.95)

r=R

Now we consider the particular cases of the finite Hankel transform of the
zeroth order. For the Dirichlet boundary condition we get

R

H{F()} = Flen) = / £(r) To(rei) rdr, (2.96)
0

W) = 100 = g, 30 Fe0 S, (2:97)

with the sum over all positive roots of the zeroth-order Bessel function

Jo(R&k) =0, (2.98)



2.1. Integral transforms 21

and

d*f(r) | 1df(r)
H{ dr? +7’ dr

} = &2 f(€x) + R&J1(RER) F(R). (2.99)

In the case of the Neumann boundary condition

R
(0D} = T = [ 70 hre)an (2100
0
—177F _ _ 2 — 2 Jo(rék)
2 4 2 o= - Jo(réx)
= o [0+ o, ;f(fk) [Jo(zRé‘k)P’ (2.101)
where £ are nonnegative roots of the equation
J1(RE,) = 0. (2.102)

To obtain the correct results it should be emphasized that this equation also has
the root £y = 0. This root should be taken into consideration, and sometimes it is
convenient to treat it separately (see Eq. (2.101)).

The fundamental equation for this transform has the form

2
{0 U — gt + rare () (2:103)
r r dr r)l—n
For the Robin boundary condition we have
R
(0D} = Tl = [ 7o hie) ar (2104
0
with the inverse
173 _ . 2 w— & g}% JQ(T&C)
HHFE@)} = f) = ;; J(&) ot & o(REJ?" (2.105)
where & are the positive roots of the transcendental equation
EeJ1(REL) = HJo(RE). (2.106)
In this instance
2
t{ I PO - g fie) + raren [0+ msn] | aon
r=R
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2.1.16 Weber transform

The Weber integral transform of order v is defined as

W{f(r)} = (&) = / K (r, R.€)f(r) rdr (2.108)
R

having the inverse

~

WHF©)) = f(r) = | Ku(r, R, F(€) € de. (2.109)

The significance of the Weber transform for problems in the domain
R <r < oo is due to the formula

2 2
W{ddigr) n idﬁg) _ :sz“)}
= efio+ riw Y rrmr gD @)
r=R r=R

The specific expression of the kernel K, (r, R,£) depends on the boundary
conditions at r = R.

For the Dirichlet boundary condition the kernel is chosen as

Jy(rg)YV<R£) - Yu(rg)JV(Rg)

(D) _
B =0 e + v (o)

, (2.111)

where J,(r) and Y, (r) are the Bessel functions of the first and second kind, re-
spectively.

Since
KI(/D)(Rﬂ R, 5) =0,
0K (r,R,§) _ J(r§)Yy(RS) — Y (r§) ], (RE) ¢
or VIHRE) + Y2(RE) T
and [1] )
JV(Z)YL:<Z) - YV<Z)JL(Z) = 2
then
d?f(r) 1df(r)_u2 Al e 2 1
w {0 T ) = —efe - L

(2.112)
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Similarly, in the case of the Neumann boundary condition

Ju(ré)Y (RE) = Y, (r€) ), (RE)

™) (e =
R RO = 0 (R + (Y2 (Re)?

, (2.113)

and

W{dzigr) N idﬁg) _ :j f(r)}
s 2 1 {df(r)}

SO re Jrep + vuree | ar @114

r=R
For the Robin boundary condition
KV (r R, €)

_ rOIEY,(R) — HY, (R)] = Y, (rO)[e (RS — HI,(Re)] )0

VIETL(RE) — HI,(RE))? + [€Y;(RE) — HY, (RE)J

and

dr? rodr 2
n 2 1
T /6T, (RE) — HJ,(RE)| + €Y, (RE) — HJ, (RE)]?

2 2 R
w{d f(r)  1dfm) _v f<r>} NG

X {_d{igﬂr) + Hf(r)} (2.116)

r=R

The formulae above simplify considerably in the case v = 0. For the Dirichlet
boundary condition

Jo(r&)Yo(RE) — Yo(r€)Jo(RE)

) (. _ .
Ko '(r, R, ) IR(RE) + Y2 (Re) (2.117)
and
d*f(r) | 1df()) _ o 2 1
W{ P }——E f(g)_ﬁ\/Jg(REHYO?(Rg)f(R)' (2.118)

For the Neumann boundary condition

Jo(r&)Y1(RE) — Yo(r§)J1 (RS)

) = —
Ky (r,R,§) = \/J12(R§)+Y12(Rf)

(2.119)
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and

{1}

2 1 [df(r)}

& /T2 (RE) + Y(RE) (2:120)

=—€2f(6) -

r=R
In the case of the Robin boundary condition
KoV (7, R, €)

_ Yo(r§)[§J1(RE) + HJo(RE)] — Jo(ré) (Y1 (RE) + HYo (RE))]
VIETI(RE) + HIo(RE)]? + [€V1(RE) + HYy(RE)J?

2 ~
w {0 10N e

2 1
T VIET(RE) + HJo(RE)? + [EY1(RE) + HJo(RE))?

[ YO g, )}

(2.121)

and

(2.122)

r=R

2.2 Mittag-Leffler function

The Mittag-Leffler function in one parameter o [119, 120] (see also [43, 56, 59, 77,
143))

o k
Ea(z):;F(aZ+1), a>0, z€C, (2.123)
provides a generalization of the exponential function
z — Zk
e :k:o Tk +1)° z e C. (2.124)

The generalized Mittag-Leffler function in two parameters o and g [43, 56,
59, 71, 72, 77, 143] is described by the series representation

0 0 C. 2.125
kZ:OFak+B a>0,8>0, z€ ( )

Here we recall several particular cases of the Mittag-Leffler functions for
negative real values of argument:

(2.126)
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Eyjo(—x) = ™ erfe (2), (2.127)
Ey(—z) = e ", (2.128)
E>(—z) = cosy/x, (2.129)

1 2
E1/2)1/2(—l’) = \/7'[' —SL’CI erfc (SL’), (2130)
Foo(-2) = (2.131)
0,2 xr) = 1+.’L’7 .
1 42
Bujappa(—2) = [1 — eerfe (z)} , (2.132)
1 ]2 2
Bisa(-a) = , L/fr + e erfe () — 1} , (2.133)
1—e*
Bia(-2) = =, (2.134)
Baa(—1) = S”\l/\x/x. (2.135)

The Mittag-Leffler functions with the index 1/2 often appear in applications.
It is convenient to obtain the helpful integral representations of these functions.
For example, we have

oo

2
Eyjo(—x) = ™ erfe (x) = e J /e_tht.

Substitution ¢ = u + z leads to

2 o0
Eyja(—x) = \/ﬁ/e‘“Q‘Q""”du. (2.136)
0
Similarly,
2 —u?—2uzx
Eij3,1/2(—) = \/W/e 2uzy du. (2.137)
0

Several functional relations between different Mittag-Leffler functions can be
found in [43]. We present the relations which will be used in the following:

Eqp(z) = F(lﬁ) + 2Eq,048(2), (2.138)
d I:ZB_IEa7/@ (Za)} _ Zﬁ72Eo¢“371 (Za), (2139)

dz
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Figure 2.4: The Mittag-Leffler functions E,(—x) for 0 < a <1
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Figure 2.5: The Mittag-Leffler functions E,(—z) for 1 < o < 2
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d [z'@_lEl)B (2)}
dz

The essential role of the Mittag-LefHler functions in fractional calculus results
from the formula for the inverse Laplace transform [56, 77, 143]:

=2P"2F15.1(2). (2.140)

ap
o { . + b} = t771 Eop(—bt%). (2.141)
S

For three important particular cases § = 1, § = 2 and 8 = «, respectively,
we get

El{ st } = B (—bt"), (2.142)

s“+b
) Sa—2 N
L D t By 2(—0t%), (2.143)
L—l{ aib} = t*"L By o(—bt). (2.144)
S

The series representation of the Mittag-Lefller functions is inconvenient for
numerical calculation. The integral representations of these functions suitable for
such calculation were obtained in [52, 56]. In the subsequent discussion we restrict
ourselves to the case of negative real values of argument. We have

a—1 1 Sa—l
Eo(-bt%) = L7147 = / o d
( ) {sa+b} 2me BTe s¢+b §

_ ! / et so7 ds+ZRes et so7
C2mi Jy, s +Db - ok 5% +b

= fa(b,t) 4+ ga(b,t). (2.145)

On the upper and lower sides of the Hankel path
5 =ret™ £ e, (2.146)
If e — 0, then
dr = —ds, s% = r® [cos(ar) £ isin(ar)]
and
folbit) = 1 jm/ooetr ro‘*l[cos(aﬁ).fisin(om)] .
T rofcos(anm) + isin(ar)] + b
0

sin(a) T —t bro—t

= T dr. 2.147

T /e r2a 4 2rap cos(am) + b2 " ( )
0
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Figure 2.6: The Mittag-Leffler functions E, o(—x) for 0 < a <1
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Figure 2.7: The Mittag-Leffler functions Eq o(—z) for 1 < a <2
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It is worthwhile introducing the substitution r = b%/®u which leads to
£b D) sin(a) /oo e uet 4 (2.148)
a\Y, = u. .
T 0 u?® + 2u® cos(am) + 1

a—1

To investigate the poles of i ) it should be mentioned that
s
2k +1 2k+1
sp = b/e {cos @k+1m g GEF DT (2.149)
@ @

but only the poles situated in the main Riemann sheet are relevant, i.e., those s
for which

2k + 1)m
< <7
@
For 0 < a < 1 there are no such poles and

ga(b7 t) =0. (2150)

For 1 < v < 2 there are two such poles:

v o (7)o (1]

and )
ga(b,t) =~ exp [tbl/“ cos (W)} oS {tbl/“ sin (W)} . (2.151)
a a a
Finally we arrive at the following result [52, 56]:
3 7 a—1
sin(am) /eixl/au u du,
™ u?® + 2u® cos(am) + 1
0
0<a<l;
Ea(—a)={ Snom) /e—w”au ut! du (2.152)
“ ™ u?® 4+ 2u® cos(am) + 1 '
0

2
+  exp [Jcl/a cos (Wﬂ cos {ml/a sin (W)} ,
a a a

l<a<2
Similarly, for 1 < a < 2 we obtain
sin(am) Vi _1/a u®=2
Eyo(—2x)=— v d
2(=2) Tal/e /e w2 + 2u® cos(am) + 1 “

0

2
+ exp [Jcl/a cos (W)} Ccos [Jcl/a sin (ﬂ-) - ﬂ-} (2.153)
arl/a o a

(%
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Figure 2.9: The Mittag-Leffler functions E, 2(—x) for 1 < a <2
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and
sin(a) T _/a u®
x u d
rale—1)/a /e w2 + 2u® cos(am) + 1 "
0
0<a<l;
Eaa(-2) =4 *in(em) / ~ d
mxle—1)/a u2“ + 2u® cos(am) + 1 “
0
2 g o ()] e sn(5) 5]
arie—H/e « « «
Il<a<2.

(2.154)
Typical curves for E,(—x) are presented in Figs. 2.4 and 2.5; for Eq o(—2)
are shown in Figs. 2.6 and 2.7; E,2(—x) are depicted in Figs. 2.8 and 2.9 for
various values of «.
In the general case, the integral representation of the generalized Mittag-
Leffler function E, g can be obtained for a > 0, 8 >0, 8 < o+ 1:

o0

1 /eixl/cxuuaiﬁ u®sin(fm) + sin[(8 — a)7) du
(B-1)/a u?® 4 2u® cos(am) + 1

)

0

0<a<l;
Eop(—2) = 1 /e_wl/auua_ﬁ u® sin(fm) + sin[(8 — «)7] du
(B-1)/a u?® 4 2u® cos(am) + 1

0

+ owc(;—l)/a exp [xl/acos (Z)} cos |:1:1/O‘ sin (Z)Jr (1- B)Z}

l<a<2
(2.155)
To investigate convergence of integral containing the Mittag-Leffler function
it may be useful to have their asymptotic representations for large negative values
of argument. Such a representation can be obtained expanding (s®~#)/(s* +b) in
series for small s taking into account that

1 1 P 82a S3a
= 1-— — BRI 2.156
s b b [ b e o T (2.156)

For ¢t — oo (see (2.15) and (2.16)) we have

a—1 1 1
ol ~ - 2.157
{s“ + b} I'(1—a)bte T(1-—2a)b%t2’ ( )
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a—2 1 1
ol ~ - 2.158
{s“ + b} (2 — a)bte=t  T(2 — 2a)b2¢2e—1’ ( )
1 1
-1 ~ — 2.1
£ {s“ + b} I'(—a)b?tatl’ (2.159)

S f s ! - ; (2.160)
s _|_b F(B—Q)bta7ﬁ+1 F(B—2Oé)b2t2a*ﬁ+1' .
Hence, for x — oo the desired results read as follows:

1 1

Eo(—2) ~ - , 2.161
(=2) Nl—a)z T(1-2a)x? ( )
1 1
Epo(—2) ~ - , 2.162
250~ po e T D@ - 20022 (2.162)
1
Epol—2) ~ — 7 2.163
=) ~ =1y (2.163)
Eos(—2) e (2.164)
o rB—a)r T(8-2a)r? '
2.3 Wright function and Mainardi function
The Wright function is defined as [43, 53, 54, 77, 90, 100, 101, 107, 143]
w 12) = -1 C. 2.165
Its integral representation has the following form [100, 143]:
1 —a
Wi(a,8;2) = . / sPesT# " (s, a>-1, zeC, (2.166)
27 Ha

where Ha denotes the Hankel path of integration in the complex s-plane.

The Wright function is a generalization of the exponential function and the
Bessel functions (see [100, 143]):

W(0,1;z) = €%, (2.167)

11 1 22
— s — = — 2.1
W( o ) \/ﬂ_exp< 4)7 (2.168)

W(l,y+1;—z42> = (i)yjy(z), (2.169)
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W(l,y+1;zj> = (i)ul,,(z). (2.170)

Comparison of the definition of the Wright function (2.165) and the series
expansion of the complementary error function [1]

N~ (DR
erfc (z) = kZ:O BT (= 1k +1) (2.171)

allows us to obtain the additional relation

W(—;,l;—z> :erfc<;). (2.172)

The Wright function satisfies the equations
azW(a,a+ B;2) =W(a,—1;2)+ (1 — )W (e, B; 2), (2.173)

W(a, B; 2)
dz

The Mainardi function M («; z) [100, 101, 143] is the particular case of the
Wright function

=W(a,a+ B;2). (2.174)

Mo 2z) = W( 1 (-1t
a;z) = —a,1 —a;—

’ ’ ’ < k! I[—ak+ (1 —a)]’

0<a<l, zeC, (2.175)
and also

1
M(ow;2z)= = W(-a,0;—2), 0<a<l (2.176)

az

For o = 1/q, where ¢ > 2 is a positive integer, the Mainardi function can be
expressed in terms of simpler functions, for example [100, 101]:

(b= Lew(-7), )

1 2/3
M(3;z) = 3940 (7 ) (2.178)

Similarly (see [67]):

Mm(%2) = 22N Tgmvmni (20 ) —svoar (2 2.179
giz)=exp |~ AL oy /3 || (2.179)

where Ai(z) is the Airy function, the prime denotes the derivative.
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The Mainardi and Wright functions appear in the formulae for the inverse
Laplace transform [100, 101]

A
L7 {exp (—\s®)} = :HM (M), 0<a<1, A>0, (2.180)

1
L7 {s* Texp (—As*)} = taM (A7), 0<a<1, A>0, (2.181)
and [214] (see also [47, 100, 101, 117])

“HsPexp (s} =P TW (—a, B - M), O0<a<1l, A>0. (2.182)

The Laplace transform of the Wright function is expressed in terms of the
Mittag-Leffler function [43, 77, 143]

LAW (a, B5t)} = ! Eap (1> : (2.183)
s s
Integration of (2.174) gives

7 W(a, B; —x)d ' (2.184)

a, B —x) dr = 7 :
I'(g—-a)
0
in particular

/M(oz;:c) dz = 1. (2.185)
0

The Mittag-Lefller function and the Mainardi function are related by the
cos-Fourier transform:

/E ) cos(x€) dg, 0<a<2. (2.186)
Similar relations are valid for the following Wright functions:

w (—3,2 - ;; —x) = i/Ea,z(—Sz) cos(z€)d¢, 0<a<?2, (2.187)

2 oo
w (—; ;; —m) = /Ea,a(—§2) cos(z€)d¢, 0<a<2. (2.188)

The relation above are proved in Chapter 4 (see (4.11) and (4.14), (4.27) and
(4.28), (4.34) and (4.35)).



Chapter 3

Physical Backgrounds

It’s a poor sort of memory that
only works backwards.

Lewis Carroll
“Through the Looking-Glass”

Who controls the past controls the future.
Who controls the present controls the past.

George Orwell
“Nineteen FEighty-Four”

3.1 Nonlocal generalizations of the Fourier law

The conventional theory of heat conduction is based on the classical (local) Fourier
law, which relates the heat flux vector q to the temperature gradient

q=—kgradT, (3.1)

where k is the thermal conductivity of a solid. In combination with a law of
conservation of energy

oT
ot

with p being the mass density, C' specific heat capacity, the Fourier law (3.1) leads
to the parabolic heat conduction equation

pC = —divq (3.2)

oT

5t = a AT, (3.3)

where a = k/(p C) is the thermal diffusivity coefficient.
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It should be noted that (3.1) is a phenomenological law which states the
proportionality of the flux to the gradient of the transported quantity. It is met
in several physical contexts with different names. It is well known that from a
mathematical viewpoint, the Fourier law (3.1) in the theory of heat conduction,
and the Fick law in the theory of diffusion,

J = —kcgrade, (3.4)

where J is the matter flux, c is the concentration, k. is the diffusion conductivity,
are identical.

In combination with the balance equation for mass,

oc

= —d. .
P o iv], (3.5)
the Fick law leads to the classical diffusion equation:
0
aj = a. Ac. (3.6)

Here a. = k./p is the diffusivity coefficient, p is the mass density.

Similarly, the classical empirical Darcy law, describing the flow of fluid
through a porous medium, states proportionality between the fluid mass flux J
and the gradient of the pore pressure p [12-14, 30, 207]:

J = —k, gradp, (3.7

where k), is the hydraulic conductivity, and in combination with the balance equa-
tion

0
8o a]Z — —divJ, (3.8)
leads to the parabolic equation for the pressure
op
g = W Ap. (3.9)

Here 3 is the compressibility coefficient characterizing the fluid and skeleton, ¢ is
porosity, a, = kp/(8¢) is the hydraulic diffusivity coefficient.

In this book we discuss heat conduction, but it is obvious that the discussion
concerns also diffusion as well as the theory of fluid flow through a porous solid.

Nonclassical theories, in which the Fourier law and the standard heat con-
duction equations are replaced by more general equations, constantly attract the
attention of researchers.

The general time-nonlocal constitutive equations for heat flux were consid-
ered in [33, 62, 123, 127, 128, 130, 131]. Choosing 0 as a “starting point”, we can
write

q(t) = —k/K(t —7)gradT(r)dr (3.10)
0
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and the heat conduction equation with memory [127, 128]
oT /
5 = a/K(t — 1) AT(7)dr. (3.11)
0

Here K (t — 7) is the weight function (the time-nonlocality kernel).
The classical Fourier law (3.1) and the standard heat conduction equation
(3.3) are obtained for “instantaneous memory” with the kernel being Dirac’s delta.
“Full sclerosis” corresponds to the choice of the kernel as the time derivative
of Dirac’s delta or

0
q(t) = —kat grad T'(t), (3.12)
thus leading to the Helmholtz equation for temperature
T = aAT. (3.13)

“Full memory” [61, 127] means that there is no fading of memory, the kernel
is constant and

t
qt) = —k/gradT(T) dr. (3.14)
0
As a result we have the wave equation for temperature
o*r
52 = aAT. (3.15)

The time-nonlocal dependence between the heat flux vector and the temper-
ature gradient with the “long-tail” power kernel [145, 158, 159, 165, 166]

t

alt) = —F(’“a) gt /(t Pl grad T(r)dr,  O<a <1, (3.16)
0

alt) = —F(ak_ ) /(t P 2grad T(r)dr,  l<a<2 (3.17)
0

can be interpreted in terms of fractional integrals and derivatives
a(t)
q(t) = kI tgrad T(t), l<a<2. (3.19)

In the case 0 < a < 1, as a consequence of (1.5), (3.2) and (3.18), we have

—kDp"grad T(t), 0<a<l, (3.18)

%f = a(;?t F(la) /(t — 1) 'AT(1)dT| . (3.20)

0
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Integrating (3.20) with respect to time, we obtain

T(t)—T(0)=a F(la) /(t — 1) LAT (1) dr (3.21)
0

" T(t) — T(0) = al® AT (3.22)

It should be emphasized that the Caputo fractional derivative of constant is zero
(see (1.8)). Hence, applying to both sides of (3.22) the Caputo derivative g;y and
taking into account that for aw > 0 [77]

80&
19T (t) =T(t 3.23
o 1T () = (1) (3.23)
we obtain gor
Gra = a AT, 0<a<l. (3.24)
Similarly, for 1 < o < 2 we get
or
=al*'AT 3.25
ot = (3.25)
or after applying 68;;11 to both sides of (3.25)
o=t or
=aAT. 2
o=t ot~ ¢ (8:26)

In the general case,
v 9T |, 9otAT

2
ote oth * otats’ (3.27)
but for integer 5 = m [143]
o* omT  9vt™mT
ot otm otetm (3.28)
Therefore, (3.26) can be rewritten as
%tf =a AT, l<a<2. (3.29)

Hence, the constitutive equations (3.18) and (3.19) yield the time-fractional heat
conduction (diffusion) equation with Caputo derivative:

0T
ote
Equation (3.30) describes the whole spectrum from local heat conduction (the
Helmholtz equation (3.13) when a — 0) through the standard heat conduction

equation (3.3) (a = 1) to the ballistic heat conduction (the wave equation (3.15)
when « = 2).

= aAT, 0<a<2. (3.30)
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3.2 Boundary conditions

If the time-fractional diffusion-wave equation is considered in a bounded domain,
the corresponding boundary conditions should be imposed. Different kinds of
boundary conditions for equation (3.30) were analyzed in [180, 183]. It should
be emphasized that due to the generalized constitutive equations for the heat flux
(3.18) and (3.19) the boundary conditions for the time-fractional heat conduc-
tion equation have their traits in comparison with those for the standard heat
conduction equation.

The Dirichlet boundary condition (the boundary condition of the first kind)
specifies the temperature over the surface of the body

T = g(xs,1), (3.31)
where x4 is a point at a surface S.

For the fractional heat conduction equation, two types of Neumann bound-
ary condition (the boundary condition of the second kind) can be considered: the
mathematical condition with the prescribed boundary value of the normal deriva-
tive

oT

o =gk (3.32)

s
and the physical condition with the prescribed boundary value of the heat flux

ar
Dp®o | =g(xs,t),  0<a<l, (3.33)
on
S
0T
et S:g(xs,t% l<a<2, (3.34)

where 0/0n denotes differentiation along the outward-drawn normal at the bound-
ary surface S.

Similarly, the mathematical Robin boundary condition (the boundary con-
dition of the third kind) is a specification of a linear combination of the values of
temperature and the values of its normal derivative at the boundary of the domain

oT
(ClT + o aﬂ)
S

with some nonzero constants ¢; and ca, while the physical Robin boundary condi-
tion specifies a linear combination of the values of temperature and the values of
the heat flux at the boundary. For example, the Newton condition of convective
heat exchange between a body and the environment with the temperature 7,

= g(xs,1) (3.35)

q~n’S:H(T‘S—Te)7 (3.36)
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where H is the convective heat transfer coefficient, leads to

T
(HT+ k:D}{L‘“g > | =g(xs,t), O<a<l, (3.37)
K S
(HT + k1! 2T> ’ = g(xs,1), l<a<?2, (3.38)
n
S

with g(xg,t) = HT.(xs,t).

In the case of the classical heat conduction equation (o = 1) the mathemati-
cal and physical Neumann boundary conditions coincide as well as the mathemat-
ical and physical Robin boundary conditions, but for fractional heat conduction
equation (« # 1) they are essentially different.

It should be noted that in fractional calculus, where integrals and derivatives
of arbitrary (not integer) order are considered, there is no sharp boundary between
integration and differentiation. For this reason, some authors [99, 143] do not use
a separate notation for the fractional integral I®f(¢). The fractional integral of
the order o > 0 is denoted as

I“f(t) = DR f(t), a>0.
Using this notation, Egs. (3.18) and (3.19) can be rewritten as one dependence
q(t) = —kDp;“gradT(t), 0<a<2. (3.39)

If the surfaces of two solids are in perfect thermal contact, the temperatures
on the contact surface and the heat fluxes through the contact surface are the
same for both solids, and we obtain the boundary conditions of the fourth kind:

T1’ e (3.40)
S S

aT _30T:
kyDLe (%1 = kyD}," 8: , 0<a<2 0<pB<2 (3.41)

where subscripts 1 and 2 refer to solids 1 and 2, respectively, and n is the common
normal at the contact surface.



Chapter 4

Equations with One Space Variable
in Cartesian Coordinates

I am among those who think that
science has great beauty.

Maria Curie-Sktodowska

4.1 Domain —oo < £ < 00

4.1.1 Statement of the problem

0T 8°T
gra =@ 52 + O(x, t), (4.1)
t=0: T = f(x), 0<a<2, (4.2)
t=0: %;[;:F(x), l<a<2, (4.3)
wgrfoo T(x,t) = 0. (4.4)
The solution:
T(wt) = [ G -cnd+ [ PO €de

t oo
+ D, 7)Ga(x — &t —7)dEdT, (4.5)

/1

where Gy(z,t) is the fundamental solution to the first Cauchy problem, Gr(z,t)
is the fundamental solution to the second Cauchy problem, G (x,t) is the funda-
mental solution to the source problem.
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4.1.2 Fundamental solution to the first Cauchy problem

9°Gr _ 9°Gy
ot~ ¢ ga2” (46)
t=0: Gy =pod(x), 0<a<2, (4.7
Gy
= : = < 2. .
t=0: 7 =0, l<a<? (4.8)

For the sake of convenience and to obtain the nondimensional quantities used
in calculations we have introduced the constant multiplier pg in (4.7). In the
subsequent text we will use constant multipliers in the fundamental solutions:
po for the first Cauchy problem, wq for the second Cauchy problem, gg for the
source problem, and gy for the boundary-value problem, respectively.

Using the Laplace transform (2.1) with respect to time ¢ and the exponential
Fourier transform (2.20) with respect to the space coordinate x, we obtain

a—1

Gile.s) = f;ﬂ o e (4.9)

where s is the Laplace transform variable, £ is the Fourier transform variable.
The inverse Laplace transform, taking into account (2.142), gives

Gr(e.t) = j’; Eo (—ag®), (4.10)

and the inverse Fourier transform results in [106, 155]
Gr(z,t) = 50 / Eo(—a&?t) cos(x€) de. (4.11)
™

We may change the order of the inverse integral transforms starting from the
inverse Fourier transform, thus obtaining

—+o0

a—1
g; (x,8) = gfr / Sa8_|_ a? cos(z€) d&. (4.12)

— 00

Evaluating the integral in (4.12) (see equation (A.7) from Appendix), we get

Gf(x,8) = ;z;a 52 Lexp (— \|ff|l sa/2> . (4.13)

Using (2.181), we arrive at [100]

_ Db a |z
(ot =, 2o (5 00 ). (1.14)

A comparison of (4.11) and (4.14) proves (2.186).
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Let us now look at the particular cases — solutions of classical equations.

Helmholtz equation (o — 0)

. _ Po —|zl/Va 4.1
Gy 2\/ae (4.15)

Classical diffusion equation (o = 1)

_ Do . z?
gf = 2\/7mt exp ( 4at> . (4.16)
Wave equation (o = 2)
Gy = p2° [0(x — Vat) + 8(z + Vat)] . (4.17)

Subdiffusion with o = 1/2

oo

22
G = \/2a7rt1/4 / exp ( 8a\/tu) du. (4.18)

Subdiffusion with @ = 2/3

2/3
G = 2?:/;7‘17‘/)3 Ai <31/3|5Lt1/3> : (4.19)
Fast diffusion with o = 4/3
1/3 2 2
gr = 2?1/;533 {32/3|\g;(|zt2/3 Ai (34/;2154/3) - A (34/5@4/3)}
X exp <— 2|’ ) , (4.20)

27a?/3t2

where Ai(z) is the Airy function; the prime denotes the derivative.
Dependence of the nondimensional solution

\/ata/2

Gy = Gy (4.21)
Po
on the nondimensional distance (similarity variable)
_ x
= Jatol? (4.22)

is shown in Fig. 4.1 for various values of a.. In Fig. 4.2 we depict the typical curves
for 1 < a < 2and z > 0. The vertical lines in Figs. 4.1 and 4.2 represent the Dirac
delta function.
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Figure 4.1: Dependence of the fundamental solution to the first Cauchy problem
on distance
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Figure 4.2: Representative curves for 1 < a < 2 (the fundamental solution to the
first Cauchy problem) [155]
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4.1.3 Fundamental solution to the second Cauchy problem

9°Gr _ 9%Gr
gra =9 ge2 (4.23)
t=0: Gr=0, l<a<?, (4.24)
OGF
t=0: 5t =wod(z), l<a<2 (4.25)

The Laplace transform with respect to time ¢ and the exponential Fourier trans-
form with respect to the space coordinate x lead to

Wy Sa72

Gr(&,s) = Vo s 4 ag (4.26)

First, we invert the Laplace transform, next the Fourier transform, thus obtaining

o ’LUot

gF (SL’, t) o

/ Eoo(—a&t) cos(x€) dé. (4.27)

— 00

Changing the order of the inverse transforms, we get the solution in terms of the
Wright function (see [67]):

_ wpttTe/? a o ||
gF(x7t)_ 2\/@ w _252_ 27_\/(1#1/2 . (428)

A comparison of (4.27) and (4.28) proves the relation (2.187).
The particular case of the obtained fundamental solution corresponding to
the wave equation (o = 2) has the following form:

wo
, x| < y/at,

Gr(x,t) ={ 2Va v (4.29)
0, |z| > \/at.

4.1.4 Fundamental solution to the source problem

0%Go 0%Go
g =@ 2 + qo6(x)6(¢), (4.30)
t=0: Go =0, 0<a<?2, (4.31)
t=0: ag‘b:o, l<ac<2. (4.32)
ot
The solution in the transform domain:
~ 1
Giles)= (4.33)

/2 5% 4+ ag?’



46 Chapter 4. Equations with One Space Variable in Cartesian Coordinates

First, inverting the Laplace transform, next the Fourier transform, we get

a—1 7
g@(m):qo;r / Eo.o(—ag?t) cos(z€) dE. (4.34)

— 00

Changing the order of the inverse transforms, we obtain the solution in terms of
the Wright function (see [67]):

Qo a « ||
g(b(z’ ) 2\/{11517&/2 ( 27 27 \/ata/Q) ( 35)

A comparison of (4.34) and (4.35) proves the relation (2.188).
In the case of the standard diffusion equation the solution (4.34) coincides

with (4.16); for the wave equation the solution (4.34) coincides with the solution
(4.29).

Subdiffusion with o« = 1/2

2

qo 2 x
Go = / U ex (—u — )du. 4.36
® V2amt3/4 ) v P 8av/tu ( )
Subdiffusion with o« = 2/3

31/3(10 ./ ||
Go = 2\/at2/3A1 (31/3\/at1/3> : (4.37)

Fast diffusion with o = 4/3

3*3q0 . z? 9 3
G = 2\/at1/3 Al <34/3at4/3) P <— 27 a3/2t2> : (4.38)
The solutions (4.37) and (4.38) were obtained in [67].

Dependence of the nondimensional fundamental solutions

1—a/2
Gr = va g Go = Vat

iz 9P W 9 (4.39)

on the similarity variable is presented in Figs. 4.3 and 4.4, respectively. The sim-
ilarity variable Z is the same as in (4.22). Comparison of solutions (4.27) and
(4.34) presented in Figs. 4.3 and 4.4 shows that the step curve corresponding to
the limiting case o = 2 is approximated by solution (4.27) and (4.34) in different
ways. It also should be mentioned that the solution (4.27) is considered only for
1 < ae < 2, whereas the solution (4.34) is valid for 0 < a < 2.
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Figure 4.3: The fundamental solution to the second Cauchy problem
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Figure 4.4: The fundamental solution to the source problem
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4.2 Distinguishing features of the fundamental solution
to the first Cauchy problem

It is well known that the diffusion and wave equations behave quite differently
regarding their response to a localized disturbance: whereas the diffusion equation
describes a process, where a disturbance spreads infinitely fast, the propagation
speed of the disturbance is constant for the wave equation. In a certain sense, the
time-fractional diffusion-wave equation interpolates between these two different
responses. On the one hand, the support of the solution to this equation is not
compact on the real line for each ¢ > 0 for a non-negative disturbance that is
not identically equal to zero, i.e., its response to a localized disturbance spreads
infinitely fast (see [45]). On the other hand, the fundamental solution to the time-
fractional diffusion-wave equation possesses a maximum that disperses with a finite
speed similar to the behavior of the fundamental solution of the wave equation.
The problem to describe location of the maximum of the fundamental solution to
the first Cauchy problem for the one-dimensional time-fractional diffusion-wave
equation of order 1 < a < 2 was considered for the first time in [45]. Fujita proved
that the fundamental solution takes its maximum at the point x, = :i:cato‘/ 2 for
each t > 0, where ¢, > 0 is a constant determined by a. Another proof of this
formula for the maximum location along with numerical results for the constant
¢o for 1 < a < 2 were presented in [155]. An extension and consolidation of these
results was provided in [97].

It should be noted that the similarity variable (4.22) plays a very important
role in the analysis of the maximum point location of the fundamental solution
G¢. The form of the similarity variable can be explained by the Lie group analysis
of the time-fractional diffusion-wave equation (4.6) [19, 54, 95]. In particular, it
has been proved in [19] that the only invariant of the symmetry group of scaling
transformations of the time-fractional diffusion-wave equation (4.6) has the form
\/afa ,» that explains the form of the scaling variable.

In Fig. 4.2 several plots of the fundamental solution Gy for different values
of the parameter 1 < a < 2 are presented. It can be seen that each fundamental
solution has only one maximum and that location of the maximum point changes
with the value of . In Figs. 4.5a and 4.5b, the fundamental solution Gy is plotted
for « = 1.75 from different perspectives. In Fig. 4.6 we compare the shape of the
curves describing the solution for two different times. In this Figure, the similarity
variable is introduced as \/af“ /2, and the solutions are presented for ¢/to = 1 (the

firm curves in Fig. 4.6) and (;f/to = 1.25 (the dashed-line curves in Fig. 4.6) The
plots show that both the location of maximum and the maximum value depend on
the time ¢ > 0: whereas the maximum value decreases with the time (Fig. 4.5a),
the z-coordinate of the maximum location becomes even larger (Fig. 4.5Db).

Because the Mainardi function M («/2;x) is an analytical function for 0 <
a < 2, there exist partial derivatives of the fundamental solution G; (4.14) of



4.2. Features of the fundamental solution to the first Cauchy problem 49

07+
)
2
-
x
N’
(4]
(O]
_~
2n
-
x
’ i
1o 0l
© //;fll'l/l/l’f///////l”fﬁ/’//l/lmrf;;;'
i \/”/;Z,,%IZM,///II 2
i
i

Figure 4.5: The fundamental solution for « = 1.75 (v = «/2). Plots from different
perspectives [97]
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Figure 4.6: Representative curves for 1 < a < 2 and different times (the funda-
mental solution to the first Cauchy problem) [155]

arbitrary orders for ¢ > 0, z > 0 and we can use the standard analytical method
for finding its extremum points. We first fix a value ¢ > 0 and look for the critical
points of the fundamental solution Gy that are determined as solutions to the

equation

or  2ate 2’ Vate/?

or to the equation

a
My ) =0. 4.40
( 2 ? \/at‘l/Q ) ( )
Now we try to find a function z, = z.(t) that gives a solution to the equation
(4.40) for each t > 0. The equation (4.40) can be interpreted as an implicit function

that determines the function x, = x.(¢). Let us find the time-derivative of z, as
a derivative of an implicit function:

o, [« T
dx.(t) 6tM <2’\/at04/2>

&t 0 « T
M’ ;
Oz <2’\/ata/2)

T=T

T=T
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m &, z ) R |
M (2’¢ata/2>( > Va' )

1
M @ v =
(2’ Vate/'2 |\ Jate/?

from which we obtain a simple differential equation for z. (%)

dz.(t) oz
= 441
dt 2t (441)
with the solution
2, (t) = cat®/?, (4.42)

where ¢, is a constant of integration. Formula (4.42) is in accordance with the
Fujita result [45].

As mentioned in [45], the maximum point of the fundamental solution Gy
propagates for ¢ > 0 with a finite speed v(t, ) that is determined by

v(t,a) = xl(t) = g cat®? 1, (4.43)

This formula shows that for every 1 < a < 2 the propagation speed of
the maximum point of the fundamental solution Gy is a decreasing function in ¢
that varies from +oo at time ¢ = 01 to zero as t — +o00. For a = 1 (diffusion)
the propagation speed is equal to zero, whereas for o« = 2 (wave propagation) it
remains constant and is equal to 1/a.

Dependence of &, = ¢, /+/a on the order of fractional derivative « is plotted
in Fig. 4.7, whereas Fig. 4.8 presents the dependence of the maximum value of
the solution on a. The fundamental solution Gy has a unique maximum for each
1 < a €2 and the maximum location changes with a. Surprisingly, the maximum
location does not always lay between zero (maximum location for the diffusion
equation, @« = 1) and one (maximum location for the wave equation, a = 2).
Figure 4.7 shows that the curve ¢, has a maximum located at the point o ~ 1.69.
The value of the maximum is approximately equal to 1.28. It is interesting to
note that for 1.36 < a < 2 the value of ¢, is greater than or equal to one. In this
sense, one can say that the fractional diffusion-wave equation behaves more like the
diffusion equation for a < 1.36 and more like the wave equation for 1.36 < a < 2.

As expected, the maximum value of the fundamental solution tends to infin-
ity as « tends to 2 that corresponds to the case of the wave equation. Another
interesting feature of the curve max gf(x*) = m, that can be seen in Fig. 4.8 is
that the maximum is first monotonically decreasing and then starts to increase.
The minimum location is at a ~ 1.22 and the minimum value is nearly equal to
0.25. Whereas the maximum value changes very slow on the interval 1 < o < 1.9,
it starts to rapidly grow in a small neighborhood of the point o = 2. It should be
noted that despite the fact that the curves ¢, and m, are not monotone and pos-
sess a minimum and a maximum, respectively, the product ¢,m, is a monotone
increasing function for all 1 < a < 2 [97].
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Figure 4.7: Maximum locations of the fundamental solution to the first Cauchy
problem (1 < a < 2) [155]
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Figure 4.8: Maximum values of the fundamental solution to the first Cauchy prob-
lem (1 < a < 2) [155]
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4.3 Evolution of the unit step

53

In order to gain a better insight into the characteristic features of solutions to the
time-fractional diffusion-wave equation we investigate evolution of the unit step.
The first Cauchy problem with the unit step initial condition was considered in
[101]. Mainardi’s results were supplemented with additional numerical calculations
in [162]. The corresponding results for the second Cauchy problem and for the

source problem were obtained in [182].

4.3.1 First Cauchy problem

or " 0*T
ot 9a2’
TOa 0 < |SL’| < la
t=0: T= 0<a<?2,
0, I < x| < o0,
oT
t = M = 1 < 2.
0 ot 0, <a<
The solution: -
T— 2Ty /Ea(—ag%a) cos(z€) sin(l§) de.
™ 3
0
We introduce the nondimensional quantities
x Vat®/? T
T = = T =
A [ Ty

and present a few particular cases of solution (4.47).

Helmbholtz equation (o — 0)

1 1— |z 1 T
1-— {exp (— |1:|) +eXp< —|—|x|>} , 0< |z <1,
2 K K

1 | —1 1+ |2
[exp <_|x| ) —exp( * |m|>} ) 1< 17| < 0.
2 K K

Subdiffusion with @ = 1/2

oo

= \/17r / o [erf (;&lf)u) ot <2l¢;n|j|uﬂ du

0

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)
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Classical diffusion equation (o = 1)

T = ; {erf (1;_/1“) + erf (1 ;I_lﬂﬂ . (4.51)

Wave equation (o = 2)

a)0<rk<1
1, 0<|z/<1-—s,
T=1q 3 1-k<|Z <14k, (4.52)
0, 1+4+k<|Z| <oo.
b)r=1
5, 0< |z <2,
- (4.53)
0, 2<7|< 0.
)l <k<oo
0, 0<|z|<Kk—1,
T=4q, *K-1<[z<1+k, (4.54)

0, 1+k<|Z| < o0.
The solution described by Eq. (4.47) is presented in Figs. 4.9-4.11 for k =
0.75, k = 1 and k = 1.5, respectively.

4.3.2 Second Cauchy problem

o*T 0T

= 1 <2 4.
gra =9 g2 <a<2 (4.55)
t=0: T=0 l<a<2, (4.56)

t=0: =

ot

oT wo, 0 < |z| <,
{ l<a<2 (4.57)

0, I < |z| < o0,
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Figure 4.10: Evolution of the unit box (the first Cauchy problem; x = 1) [162]
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Figure 4.11: Evolution of the unit box (the first Cauchy problem; x = 1.5) [162]

The solution:

2wt [ in(/
wo /EQ)2 a€2%) cos(z€) sin(l§) d&e. (4.58)
™ £
0
Wave equation (o = 2)
a)0<r<1
1, 0< |z <1- s,
1 .
T= th |x|7 11—k <|Z| <14k, (4.59)
2K
0, 14k <|Z| < o0.
b)rk=1
7| .
1 0< 2
T = o0 0sll<2 (4.60)

0, 2 < 7| < 0.
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c)l<k<oo

1
) O§|j|<’i_1a
K
= 1 - .
T +kK |x|7 h—1< 7] <1+ (4.61)
2K
0, 14+ K < 7| < 0.

Here T = T/ (wot).
The solution (4.58) is presented in Figs. 4.12 and 4.13 for k = 0.5 and k =
1.25, respectively.

4.3.3 Source problem

o 2T q0, 0 < |SL’| < la
aa:aa2 ot (4.62)
ot Oz 0, I<|z|< oo,
t=0: T=0, 0<a<?2, (4.63)
oT
t=0: =0 1 < 2. 4.64
ot~ Ses (4.64)
The solution:
2 el 7 in({
qo /Ea7a a§2ta COS(-’L‘S)gSln( 5) dé— (465)
0

is presented in Figs. 4.14 and 4.15 for kK = 0.5 and k = 1.25, respectively; T =
T/(got*1).

4.4 Domain 0 < £ < oo

4.4.1 Dirichlet boundary condition

0T o°T

gra =% gp2 T D(z,t), (4.66)

t=0: T=f(x), 0<a<2, (4.67)

t=0: %{:F(m), l<a<?2, (4.68)
z=0: = g(t), (4.69)
lim T(x,t) =0. (4.70)

Tr—r00



58 Chapter 4. Equations with One Space Variable in Cartesian Coordinates
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Figure 4.12: Evolution of the unit box (the second Cauchy problem; £ = 0.5) [182]
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X

Figure 4.13: Evolution of the unit box (the second Cauchy problem; x = 1.25)
[182]
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Figure 4.14: Evolution of the unit box (the source problem; x = 0.5) [182]
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Figure 4.15: Evolution of the unit box (the source problem; x = 1.25) [182]
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The solution:

o0

/f )Gy (. 0. )d@+/F<p>gF<z,g,t>dg

0 0
t

:/

The fundamental solutions are obtained using the Laplace transform (2.1)
with respect to time ¢ and the sin-Fourier transform (2.25) with respect to the
space coordinate z:

t

®(p,7)Go(z, 0,t — 7)dodT + /g(r) Gg(z, t —7)dr. (4.71)

0

gf (.’177 o, t) 9 fe’e] Po Ea<_a§2ta)
Gr(z,0,t) | = ﬂ_/ wot Eg2(—a?t®) | sin(z€) sin(of)d¢.  (4.72)
Go(z,0.t) 0 qot* Ea,a(_a£2ta)

The fundamental solution to the Dirichlet problem G, (z,t) is calculated as

ago 8gq>(l’, 0, t)

t) =
Ga(w.1) qo do

(4.73)

0=0

Let us analyze the fundamental solution to the first Cauchy problem intro-
ducing the following nondimensional quantities:

o Vat®/? 0
T=" K= ; Gr= "~ Gy 4.74
0 0 £ 90 (4.74)

Helmholtz equation (o — 0)

Gy = 211{ {exp (-'x;”) — exp (—(’3:1)} . (4.75)

Subdiffusion with @ = 1/2

1 71 e (7 — 1)2 (T +1)2
= v - - - du. 4.76
91 TRV2 / Vu ¢ {exp { 8K2u } xp { 8K2u u ( )
0
Classical diffusion equation (o = 1)

G = 2\/17”4 {exp {— (5”4;21)2} — exp {— (5;21)2} } (4.77)
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Wave equation (o = 2)
Gy = 6@+ 5 —1) 02—~ 1) 6 — r+ 1)]. (4.78)

The fundamental solution to the Dirichlet problem (the signaling problem)
was obtained by Mainardi [101].

4.4.2 Neumann boundary condition

0T o°T
gra =@ g2 + &(x, t), 4.79)
t= T = f(x), 0<a<?2 (4.80)
t=0 %sz(x% l<a<2 (4.81)
oT
x=0: — o = g(t), 4.82)
lim T(x,t) =0. (4.83)
Tr—r00

The solution:

oo

T(x,t) = [ f(p)Gs(z,0,t)do+ | F(p)Gr(x,0,t)do
o/ o/
+ O(p,7)Go(x,0,t —7)dodr + (1) G (z,t —7)dr.  (4.84)
[ oo It

0

The fundamental solutions are obtained using the Laplace transform (2.1)
with respect to time ¢ and the cos-Fourier transform (2.37) with respect to the
space coordinate x:

gf ('T7 o, t) 9 [e%s) Po Ea<_a§2ta)
Gr(z,0,t) | = 7r/ wot Eq 2(—a&?t*) | cos(z€) cos(o€)dE.  (4.85)
Go(z,0,t) 0 qot* ! Ea,a(_aéqta)

The fundamental solution to the mathematical Neumann problem G,,(x,t) with
the boundary condition

G
x=0: — oy =90 o(¢) (4.86)
is calculated as
ago
Gm(x,t) = Go(x,0,1t) , (4.87)
qo 0=0
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whereas the fundamental solution to the physical Neumann problem G, (z,t) with
the boundary condition

96,

r=0: —Dp," 5 =godo(t), 0<ac<l, (4.88)
x
x=0: —Io‘fligxp =god(t), l<a<2, (4.89)
is calculated as
Gy, (x,t) = 90 Gr(z,0,t)] . (4.90)
Do 0=0
4.4.3 Robin boundary condition
0T o0°T
gra =@ g2 + &(x, t), 4.91)
t=0: T=f(x), O<a<2 (4.92)
t=0 ?;;:F(Jc), l<a<?2 (4.93)
orT
=0: — HT =g(t 4.94
z=0: —, + g(t), (4.94)
zll»H;o T(x,t) = 0. (4.95)
The solution:
T(z,t) = /f(p) Gr(z,0.t)do+ /F(p) Gr(z,0,t)do
0 0

t oo t
+//<I> 7)Ga(z, g,t—T)dng+/g(T) Gm(x, t —7)dr.  (4.96)
00 0

The fundamental solutions are obtained using the Laplace transform with
respect to time ¢ and the sin-cos-Fourier transform (2.40), (2.42) with respect to
the space coordinate z:

gf (JC, o, t) 0o Dbo Ea<_a§2ta)
Gr(z,0,t) | = 72T / wot Eq 2(—a&?t®)
Go(z,0,1) 0\ got* ! Eg o(—at2t™)

fcos(zf) + H sin(z€)

€4 1 [¢ cos(0€) + H sin(o€)]d¢.  (4.97)
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The fundamental solution to the mathematical Robin problem G, (z,t) with the
boundary condition

o 0Gm B
x=0: — P + HG,, = god(t) (4.98)
is calculated as
ago
Gm(z,t) = " Ga(z,0,t) (4.99)
do 0=0

and has the following form [181]

2agota LT 2401 €2 cos(z€) + HE sin(x€)
Gm(z,t) = /Ema (—a&’t € 1 o2 d¢ (4.100)
0
with the following particular cases:

Classical diffusion equation (o = 1)

1 x?
Gm(z,t) = ago L/mzt exp (— 4at>

— Hexp (Hz + H?at) erfc ( + H\/at> } (4.101)

x
2v/at
Wave equation (o = 2)

G (i1 Vagee HWVat=2) =0 < 2 < \/at,
m\L, 1 =
0, Vat <z < oo.

(4.102)

Now we examine the fundamental solution G,(x,t) to the time-fractional
diffusion-wave equation under physical Robin boundary condition [181]

G,

r=0: —Dp°* % + HG, =godé(t), 0<a<l, (4.103)
a— 16gp

x=0: —1I o +HG,=g06(t), l<a<2. (4.104)
The Laplace transform with respect to time ¢ leads to the following equation

- 82g*
Gy =a 81‘217 (4.105)

and the boundary condition
— 0 - _ ag; a—1 * a—1

x=0: +5*THG, = gos* 7, 0<a<2. (4.106)

ox
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In this case the kernel (2.42) of the sin-cos-Fourier transform (2.40) with respect
to the space coordinate = has the more complicated form

& cos(z€) + s* L H sin(z€)

K(x, &) = , 4.107
@ = ey (4.107)
and in the transform domain we get
a—1
G ¢ 8 (4.108)

go\/£2 Sa 1H2 Sa_’_aé'Q
Inversion of the Laplace transform in (4.108) depends on the value of «. For

0 < o < 1 we have [181]

oo

2ago/ o (—a&?tY) cos(z€) d¢ — 2ago/ e cos(z€) d¢

gp:

™

t
H2
X / (t—7)""2*Ey 902 24 [— e (t—r)zm} Eo(—a&?r*)dr
0

t

+ 2(;90 /Ig sin(x€) d§/(t—7)172a70‘71
0

0
H2
52

whereas for 1 < o < 2 we get

X By 90294 {— (t—T)2_2a:| Epo(—a&?r®)dr, (4.109)

o 2ago r € ao1 e2i00 o 2a90 /OO 52
G, = - /Ht Eqo(—a&*t®) sin(z€) d€ + - e cos(x€) d¢
0 0

; 2
X / 7)2* 3 Eoq_220-2 [—éz(t_T)Qa_Q} Eo(—a&?r%)dr

0
_ 2ago Ji 2a 3 a1

- / sin(x€) d§/
2

X Baa_220-2 [_HQ (t—r)Qa_Q} Epo(—a&?r®)dr. (4.110)

The particular case of the ballistic diffusion has the following form.

Wave equation (o = 2)

_ag
G, = 1—|—\/OaH 3(x — Vat). (4.111)
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4.5 Domain 0 < x < L

4.5.1 Dirichlet boundary condition

0°T o°T

gra =@ 52 + O(x, t), (4.112)

t=0: T=f(x), O<a<2, (4.113)

t=0: %sz(x% l<a<2, (4.114)
x=0: T =g(t), (4.115)
x=L: T=gs(t). (4.116)

The solution:
L

f(p)Gy(x,0,t) d@+/F(p) Gr(z,0,t)do

0

T(x,t) =

+

o S Y—

L
/<I) 7)Go (x, 0,t —7)dodr
0

+

S—__

91(7') Gg (z,t —7)dT + /92(7’) Gyo (z,t —7)dr.  (4.117)
0

The fundamental solutions are obtained using the Laplace transform with
respect to time ¢ and the finite sin-Fourier transform (2.44) with respect to the
space coordinate x:

gf(SC, o, t) 9 00 ( §2to¢)
Gr(ot) | = > thEa,Q( ag2t®) | sin(z&) sin(o&), (4.118)
g©($7 0, t) =t %ﬁlil Ea,a( a§2ta)

where &, = kn/L. The fundamental solutions to the Dirichlet problems are calcu-
lated as

G (a,t) = 1% agé(;, et (4.119)
o N

Gy (e, t) = = 6%(5’ a9 (4.120)
o R .

Several problems for the time-fractional diffusion-wave equation in a domain
0 < z < L under Dirichlet boundary condition were considered by Agrawal [3].
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4.5.2 Neumann boundary condition

0T o°T
e =@ 92 + O(z,t), (4.121)
t=0: T=f(x), O<a<2, (4.122)
t=0: %:::F(x), l<a<?2, (4.123)
oT
r=0: ~ o = q1(t), (4.124)
oT
z=1L: o = g2(t). (4.125)
The solution:
L L
T(w1) = [ £() (@ 0.0)de+ [ F(p)Gr(r.0.6)de
0 0
t L
+//<I) 7)Go(x, 0,t —7)dodr
00

+
S—__

91(7') Gy, (x,t —7)dT + /92(7’) Gy, (z,t —7)dr.  (4.126)
0

The fundamental solutions are obtained using the Laplace transform with
respect to time ¢ and the finite cos-Fourier transform (2.48) with respect to the
space coordinate x:

Gr(z, 0,1) - Po Eo(—a&it®)

Gr(z,0.t) | = I ZI wot Ea2(—a&it®) | cos(z€y)cos(o&r),  (4.127)

gCD (l’, o, t) h=0 q0ta_1 Ea,a(_aglzta)

where &, = kr/L. The fundamental solutions to the mathematical and physical
Neumann problems are calculated as

gml(xat) = agoglb(x7 0, t) ) ng(-T7t) = g0 g¢>(m, 0, t) s (4128)
qo 0=0 q0 o=L
gpl(zat) = agogf(x7 0, t) ) gPQ('Tat) = agogf(x7 0, t) . (4129)
Dbo 0=0 Do o=L
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4.5.3 Robin boundary condition

0T o*r
gra =@ g2 + O(z,t), (4.130)
t=0: T = f(x), 0<a<2, (4.131)
t=0: ?;;:F(Jc), l<a<2, (4.132)
or
=0: — HT = gq(t 4.1
r=0: 0" L HT = (o). (1133)
oT
x=1L: O + HT = g5(2). (4.134)
The solution:
L L
T(w1) = [ £)Gs(we.0)de+ [ F(p)Gr(r.0.0)de
0 0
t L
+//<I) 7)Go (x, 0,t —7)dodr
00

t

+ / 91(7) Gg, (z,t —7)d7 + / g2(7) Gg, (z,t — 7)d7.  (4.135)
0 0
The fundamental solutions are obtained using the Laplace transform with

respect to time ¢t and the finite sin-cos-Fourier transform (2.52) with respect to
the space coordinate x:

Gr(z,0,t) ) po Ea(—a&jit®)
Gr(z,0.1) | = I S| wot Eaa(—agit®)
Ga(w, 0,1) T\ ot Eoa(—agft?)

& cos(xéy) + H sin(z€y) [ .
H ] 1136
ey 12y om/p  |Skeos(es) + Hsin{eg)], (4.136)
where & are the positive roots of the transcendental equation
2HE;,
& - 1

The fundamental solutions to the mathematical Robin problems are calculated as

tan(L{k) =

gml(l', t) = 90 gq’ (.’177 0, t) ) gm2 (.’177 t) - g0 g@ (l’, o, t) . (4137)
qo 0=0 q0 o=L
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4.6 Two joint half-lines

4.6.1 Statement of the problem

Time-fractional heat conduction in two joint half-lines was considered in [183, 187].
The general mathematical formulation of the problem is stated as follows: to solve
the time-fractional heat conduction equations

0*Th 0Ty

g =01 g2 +®4(x,t), >0, 0<a<2 (4.138)
8;1[;2 = as %2522 + ®y(z,t), <0, 0<B<2, (4.139)
under the initial conditions
t=0: Ty=fi(z), >0, 0<a<2, (4.140)
t=0: 3;;1 = F(z), >0, 1l<a<2, (4.141)
t=0: Ty=folz), <0, 0<B<2, (4.142)
t=0: a;;QZFQ(z), £<0, 1<B<2, (4.143)

and the boundary conditions of perfect thermal contact

Tien)|  =men] (4.144)
oT; t _ 30T t
le}%_La g;? ) = klelgLﬁ 26(;67 ) , 0<a<?2, 0<B<2,
=01 z=0—

(4.145)
which state that two bodies in contact must have the same temperature at the
contact point and the heat fluxes through the contact point must be the same.

4.6.2 Fundamental solution to the first Cauchy problem

In this case the following initial-boundary-value problem is solved:

9Ty 9T,
g =0 520 T >0, 0<a<?2, (4.146)
O°T. 0*T.

P=ay 2, <0, 0<pB<2, (4.147)

ots 0x?’
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under the initial conditions

t=0: Ty =pod(x—p0), >0, 0<a<2 (4.148)
t=0: 8;;1:0, >0, l<ac<?2, (4.149)
t=0: T, =0, r<0, 0<B<2 (4.150)
t=0: 65;2:0, r<0, 1<B<2. (4.151)

The boundary condition of perfect thermal contact (4.145) is rewritten as

Ty (¢
kD 0L o), 0<as<a, (1.152)
x=0*t
_p 0Ty (w, t
k2 Dy, 25(; ) =lt), 0<B<2 (4.153)
r=0"

where ¢(t) is the unknown function which should be found from the condition
(4.144).

The Laplace transform with respect to time ¢ (for simplicity neglecting the
initial value of temperature gradient) and the cos-Fourier transforms with respect
to the spatial coordinates z > 0 and =z < 0 give

- a—1

i s) = , b oage? [Po cos(0§) — Zi w*(s)} : (4.154)
. P
&) =) b 1 gpe2 ¥ 1) (4.155)

Inversion of the cos-Fourier transform with taking into account (A.7) re-
sults in

Tf(.’L’7S) — Po S52/2—1 |:eXp (_l’ + Qsa/2> + exp (_ |.’II\/— lea/2>:|
a

2,/a; Vai 1
Vvar /2—1 ( € /2)
— s) s¢ exp | — s¢ , x>0, 4.156
p ) P~ (4.156)
T5(z,s8) = kZQ ©*(s) s72 T exp (— \|/za|2 sﬁ/2> , x<0. (4.157)

The requirement that the temperatures at the two sides of contact are the same
(T7(0,8) = T5(0, s)) allows us to find the function ¢*(s):
X pok1ka 50/ 0 a2
= — « . 4.158
¥ (5) \/al k2\/a18a/2 + kl\/a285/2 exp \/als ( )
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Inversion of the Laplace transform in (4.158) depends on the relation between the
orders a and (3. For a < 8 we have

t
aopok t —7)B/2—a/2-1 « 0
p(t) = o / ( )1 2 ML 2
2a1+/a2 Tita/ 2 \/alTQ/
0

t— 7)B/2—a/2
X Egra_as2 8/2—a/2 [—( )7 } dr, (4.159)
where v = kiy/ay/(kav/ay).
For a > 8 we obtain
k 1 ; /2—B/2—1
t _ Q
"D(t):agpgozl 1 2M<a 2) 'Y/ T1 2
2a1/ tita/ 27 Jay ta/ ) Tita/
0 o/
Xﬂl(g ¢mfwo>ﬁhm—mzwzwm[—7@—4ﬁ/2ﬁ”}d%- (4.160)

Inversion of the Laplace transform with taking into account (2.181) reads:

Po a x+o o |z—o
T t) = M ; M ;
e 2/aste/? { (27\/‘11#1/2)_'_ (27\/‘11#1/2)}

t
o [y (5
— M ; d > 4.161
kl Ta/2 27 \/alTQ/2 T, T = 07 ( 6 )
0
\/az/ elt—7), (B, |zl
; <0. .
To(x,t) = ko 872 M 2 Jay A2 dr, =<0 (4.162)
0

Let us consider several particular cases of the obtained solution. For @ = (8
we have

Do a |z —og
Ti(x,t M ;
(37 ) 2\/(11150‘/2 |: (27 \/alta/2>

v—1 a x4+
M ; >0 4.163
+17 <2’¢a1ta/2ﬂ’ 23>0, (4.163)
PoY a p
To(x,t) = M ; <0 4.164
(1) (v + 1)y/aste/? (27 Vaste/? - \/alt“/2>7 220 | )
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in particular, for o = 5 = 2:

Ty(z,t) = ]?20 [5(1‘ — 0+ Vait) + 6(x — o — y/ast)

-1
+ 1+15(z+g—\/a1t)}, x>0,

To(x,t) = yp?FWlé(j 1|x|+g—\/a1t> x <0.

Fora =1, =2, we get

nien =y 20 Lo [0 e €20}

Do p t > < T+ p \/t>
— exp erfc + , x>0,
TWai <7¢a1 72 2yart v

Do —1ex p t+x/\/as
\/al{ p<\/a17+ 72 )

erfc P Vit e
x o [2\/@1(ﬁ"~‘$/¢@2) * v ]
TQ(SC7t) =
1

+\/7r(t+x/\/a2) exp[ 4a1(t+x/\/a2)} }7

—\/azt <z< 0,

0, —00 <z < —4/ast.

When a = 2, § =1, we arrive at

71

(4.165)

(4.166)

(4.167)

(4.168)

Ti(e,t) = 6w = p = Vart) +0(a = p+ Yart) = 3(a + p = Vart)]

poV{ 1
VTt = (z +p)/ /a1 ]

L)}

0 <z < /ait —p,

0, Vait — p <z < oo,

(4.169)
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Doy 1 oxp | — x2
\/al{\/ﬂ'(t_p/\/al) p[ 4a2(t—ﬂ/\/a1)}
e |V 2
Ty(x,t) = T L/az I <t Wl)} (4.170)
€ricC |(E| — p a
x erf L\/@@_p/\/m) +7\/t \/all }, Vait > p,
0, \/alt < p.

The results of numerical calculations of the fundamental solution to the first
Cauchy problem are shown in Figs. 4.16—4.18. We have introduced the following
nondimensional quantities:

toz/2 T
5 — x7 o — \/a1 . e= \/a1 ta/Qfﬁ/27 ﬁzvta/Qfﬁ/Q’ T — 0 . (4.171)
0 Va2 Do
0.4
a=0.5
— £ =0.5
0.3 a=1.5 oo
B= 1.5\ P
T 0.2
0.1
/
0.0
—-2.0 —-1.0 0.0 1.0 2.0 3.0 4.0

z

Figure 4.16: Dependence of the fundamental solution to the first Cauchy problem
for two joint half-lines on distance; K = 1, ¥ = 0.5, e = 0.8 [187]
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0.3
a=1
f=2

0.2

T
0.1
0.0 J
—2.0 —-1.0 0.0 1.0 2.0 3.0 4.0

z

Figure 4.17: Dependence of the fundamental solution to the first Cauchy problem
for two joint half-lines on distance; K =1, ¥ = 0.5, e = 0.8 [187]

0.4

/ a=1
0.3 _

a=1
0.1 p=0.5
0.0
0.0 1.0 2.0 3.0 4.0
x

Figure 4.18: Dependence of the fundamental solution to the first Cauchy problem
for two joint half-lines on distance; kK = 1, ¥ = 0.5 [187]
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4.6.3 Fundamental solution to the second Cauchy problem

Now we solve the following initial-boundary-value problem:

0T 0Ty
g =01 g2 T >0, 1<a<?2, (4.172)
0Ty 0Ty
568 =92 goa r<0, 0<p<L2, (4.173)

under the initial conditions

t=0: T, =0, 2>0, l<a<2, (4.174)
t=0: 8;;1 —wod(z—p), >0, l<a<?2 (4.175)
t=0: T, =0, x<0, 0<B<2, (4.176)
t=0: 867;2 =0, <0, 1<B<2, (4.177)

and the conditions of perfect contact (4.144) and (4.145) stating the equality of
temperatures and fluxes at the contact point.

It should be emphasized that the second Cauchy problem for the fractional
heat conduction equation (4.172) in the domain z > 0 is formulated for 1 < o < 2,
whereas in the general case heat conduction in the domain x < 0 can occur not
only for 1 < 8 <2, but also for 0 < g < 1.

The solution is obtained in the similar manner and reads:

. wWo « a x4+ 0
Ti(,t) = 2 /ayte/2-1 [W <_2’2_ 2’ mlta/?)
a, a |r-ol

wW(-_,2—_;-
(5 )

t

_Val/‘P(t_T)M<“ v )dT, >0, (4.178)
0

k1 Ta/? 9’ Va2
vi / (t—r1) B
 Vay pt—T1 ) x
To(xz,t) = oy / 8/2 M (2, \/a275/2> dr, x <0, (4.179)

0
where

t

apwoky 1 @ 0
t) = M ;
- 2(1?/2 0/ Tite/2 < 2’ \/a170/2>

t— ﬁ/270¢/2
X {1 — Epja-a)2 [—( T)W Hdr (4.180)
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for a < 8 and

t
awoklp 1 « o
t) = M ;
0= i’ v M (51 S

% Eopr_p/ [—7(15 - T)O‘/HW] dr (4.181)

for a > .
In particular, if a = 5, then

_ wo a, a |r—g
T1(137t) = 2\/a1t0/2_1 |:W <—2,2 27 \/alt“/2>

v—1 o o T+
w-%2-% >0 4.182
HEES ( 9" o mlta/?ﬂ’ v20,  (4182)

. woy
TQ(:I:7t) - (7+1)\/a1t04/271
a a || 0
- ,2— = <0. 4.1
><W|: 9 9 <\/a2t°‘/2+\/a1t°‘/2)}’ <0 (4.183)

If « = 3 =2, then

Ty (x,t) = 4\“;(;1 {sign (x — 0+ y/ait) — sign (z — o — y/ast)

-1
+ st o ] p oo (4.184)

Toe,t) =, o va |z + 0 — \/altﬂ , <0 (4.185)

1 —sign

(r+ Dy [ ° (\/az
Figures 4.19 and 4.20 present the dependence of the fundamental solution

to the second Cauchy problem on distance. In this case T = pT'/(wot), other

nondimensional quantities are the same as in (4.171).

4.6.4 Fundamental solution to the source problem

Consider the time-fractional heat conduction equation with the source term

o°T, 02T,

atal —a 61‘21 +qdx—0)8t), >0, 0<a<2, (4.186)
OPTy 02Ty
58 =92 g2 x <0, 0<p<2, (4.187)
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0.6
a=2

Ry =2
\

0.4
T 03
1.5
0.2 @
B=15

Figure 4.19: Dependence of the fundamental solution to the second Cauchy prob-
lem for two joint half-lines on distance; kK =1, ¥ = 0.5, € = 0.8 [187]

0.30 a=195 a=2
3=195 ///5_2

0.25

a=2

0.20 \

a=1.5
0.10 B=15
0.05
0.00
—-2.0 —-1.0 0.0 1.0 2.0 3.0 4.0

X

Figure 4.20: Dependence of the fundamental solution to the second Cauchy prob-
lem for two joint half-lines on distance; k =2, ¥ = 0.5, e = 0.8 [187]
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under the zero initial conditions

t=0: Ty=0, >0, 0<ac<2, (4.188)
t=0: 8821:07 >0, l<a<?, (4.189)
t=0: Tp,=0, <0, 0<B<2, (4.190)
t=0: 8;;2:0, <0, 1<B<2, (4.191)

and the conditions of perfect contact (4.144) and (4.145).
The solution has the following form:

qot®/2—1 a « x+ o a o« |z — ol
Ti(x,t) = W - ;— W - ;—
(1) 2y/a, 2727 ate/? * 2727 \Ja to/?

t

Va, /@(t_T) a x
— M ; d >0 4.192
k| rer M\ ot gy e )07 220 (4.192)
0
Vay [wlt—=7), (8. Il
 Vay pt—T1 ) x
To(x,t) = o / 8/ M(Q’\/a275/2>d7-’ x <0, (4.193)
0

where

t
k ¢ \B/2—a/2-1
oty = 17 /( " W(—O‘,a_l;— ¢ )
\/alag TN 2 \/alT“/Q

0

t—1 B/2—a/2
X Egra_as2, p/2—a/2 {—( )7 } dr (4.194)
for a < 8 and
t
qQok1 [ (t— T)a/2_5/2_1 a a f 0
p(t) = / 2—a/2—8/2 Wi -yt Li- /2
a1 T 2°2 2 Vait
0
X Eajo-pfa,ajzsp |-t = )22 dr (4.195)
for a > 5.
Consider several particular cases of the solution. For a =
qota/Qfl a « |.Z’ _ Q|
T; t) = W — [
1(567 ) 2\/a1 2a 27 \/alta/2
v—1 a o T+
W - ;— >0 4.196
+’Y+1 ( 2727 \/alt“/2>}’ Tr = U, ( )
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Yot/ * a a Iz| 0
Bolx,1) = W=y, i~ <0. (4.197
2(32‘7 ) (’Y+ 1)\/0,1 2797 \/agta/Q + \/alta/Q , < ( )

It is evident that in the case a = 8 = 2 the solutions to the second Cauchy
problem and to the source problem coincide and are described by (4.184) and
(4.185).

For a« = 1 and 8 = 2 the solution to the source problem coincides with the
corresponding solution (4.167) and (4.168) to the first Cauchy problem.

In the case a =2, B =1, we get:

T = 4\(]/(;1 [1 —sign (x — v/ait + o) — sign (z — /a1t — o)
+ sign (x + ait — Q)} - 2\(]/(;1 exp {72 (t _ I\/—;@)}
x erfc <’y t— x“’) [1—sign(z — ait +0)], >0,  (4.198)
Vai
w [ el o e
\/al{ P {\/Qz A (t \/alﬂ
erfc 1 - ¢
Tty = < lwag@ — o/var) ”V wn] (4.199)
|z
+ erfc 2\/a2(t B Q/\/a1)] }, t>po/va, =<0,
0, t<o/ya1, x<0.

Dependence of the fundamental solution to the source problem T' = pt!=*T'/qq on
distance T = x/p is depicted in Figs. 4.21 and 4.22.

4.6.5 Uniform initial temperature in one of half-lines

Consider the time-fractional heat conduction equations in two half-lines

9Ty 92T,
gra = g2 x>0, 0<a<?2, (4.200)
o°T. O°T.

2oy 2 <0, 0<B<2, (4.201)

otp 0z2”’
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0.6

o=2
. B=2 \ a=1095
: =195
a=1.5
0.4 B=15
_ \ _—
T 0.3 B=1
0.2 / a=0.5
B8=05
0.1 a=9 /
/ B=2 \
0.0
—-20 =10 0.0 1.0 2.0 3.0 4.0
z

Figure 4.21: Dependence of the fundamental solution to the source problem for
two joint half-lines on distance; k =1, ¥ = 0.5, € = 0.8 [187]

0.30 a=2 a=1.95
8=2 \ B=1.95
0.25
a=15
=15
0.20
a=1
_ B=1
T 0.15
0.10
-~ a=05

-2.0 -1.0 0.0 1.0 2.0 3.0 4.0

Figure 4.22: Dependence of the fundamental solution to the source problem for
two joint half-lines on distance; k = 2, ¥ = 0.5, ¢ = 0.8 [187]
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under the initial conditions

t=0: Ty =Ty, >0, 0<a<2, (4.202)
t=0: 681;1:07 >0, l<a<?, (4.203)
t=0: Tp,=0, <0, 0<B<2, (4.204)
t=0: 8822:07 <0, 1<B<2, (4.205)

and the boundary conditions of perfect thermal contact (4.144) and (4.145). The
conditions at infinity are also assumed

8T1 (m, t)
ox

8T2 (.T7 If)

=0
’ Ox

Tr—r00

= 0. (4.206)

Tr—r—00

The solution has the following form [183]:

t

To (t—T)B/Q_l 1 B/2—a/2
T = To— N 0/ sz DB/2-a/2.8/2 _W(t_T) /2ol

X

« T
M d 0 4.207
<2’ ¢a17a/2> nooE20 (4.207)

t

(t—7)B/2=1 1 8/2—a/2
T2 = TO/ o2 EBrmare | = (t — )Pl
0

B, |zl
x M <2, Jagril2 dr, <0, (4.208)

for a < 8, where v = ki1v/ay/(k2v/a,).
Similarly, for @ > 8 we obtain

t
t—1 a/2-1 3
T = To—To/< ) Eoj2-g/2,a/2 —y(t — )22

To/2
0
(0% X
M ; d 0 4.209
X (2, \/alTa/2> T, x>0, ( )
t( ) /2—1
t— 1)~ o/9—
T2 = ’YTO/ T'B/Q Ea/2—5/2,a/2 _V(t_T) /2-6/2
0
Bl
X M <2, a2 dr,  x<O0. (4.210)
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The equations given above simplify for a = 3:

To « T

T, =T — (1+7)W<_2’17_\/a1ta/2>’ x>0, (4211)
_ T a 2|

T, = (1+7)W<_2’1’_\/a1ta/2)7 z <0, (4.212)

where W («, 8; ) is the Wright function.
For the standard diffusion (heat conduction) equation (o = 1) we arrive at
the well-known solution [98, 140]

TO x
T =Ty — f 0 4.213
! 0 1+'}/erc(2\/a1t>’ z =0 ( )
~To |z]
T = f 0. 4.214
2 1+Verc<2\/a2t>’ v (4214)

In the case of the wave equation (o = 2):

7 To, 0<z< \/a1t7

=41t (4.215)
To, \/alt <xr <00,
1 7 To, —\/a2t<m§0,
=4 117 (4.216)
0, —00 <z < —,/ast.

We also present the solutions for two limiting cases:

a=1,=2
T T [erf ( v ) +e ( . + t )
= X
! 0 2v/at P vary 2
x \/t
fi 4.21
xerc(2\/a1t+7>}, x >0, (4.217)
1 || )} 1 ||
Ty e t— erfc t— ,
0P {72 ( Va2 gt Vaz
Ty = (4.218)
—y/azt <z <0,

0, —00 < x < —,/ast.
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a=2,6=1

il (- ) (i 1)

T
0<z< \/a1t7

(4.219)

To, Vait <x < oo,

|| Yzl o
T = 1T, fi — t
5 0 [er C (2\/a2t exp Jas +

||
x erfc (2\/(1215 + Vit |, xz < 0. (4.220)

Figures 4.23-4.26 show the variation of the nondimensional temperature T' =
T /Ty with distance for typical values of the orders of fractional derivatives. In Figs.
4.23 and 4.24, the nondimensional distance is introduced as & = forz >0

\/a;ta/z for z < 0. In Fig. 4.25, & = \/;;lt
x < 0, whereas in Fig. 4.26 T = \/ilt forz >0and Z = \/zzt for = < 0.

x
\/alta/Q

and T = forx > 0 and z = for

xr
\/G,Qt

1.0

AN

0.6 8

Il
—

v\

0.0
-2.0 -1.0 0.0 1.0 2.0

X

Figure 4.23: Dependence of the solution in two joint half-lines on distance for
0<a=p8<1(y=2)][183]
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Figure 4.24: Dependence of the solution in two joint half-lines on distance for
l<a=p<2(y=2)][183]
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Figure 4.25: Dependence of the solution in two joint half-lines on distance for
a=1, =2 (F=v/Vt=2)[183]
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Figure 4.26: Dependence of the solution in two joint half-lines on distance for

a=2 B=1 (J=vyV/t=2)[183]

4.7 Semi-infinite composed body

4.7.1 Statement of the problem

Consider the time-fractional heat conduction equations with the Caputo derivative
in a two-layer medium composed of a region 0 < x < L and a region L < x < oo

[192]:
0°Ty 0*T
8to¢ = a3 axQ +¢1<x7t),
BTy 0*Ty
8tﬁ = a2 8:1:2 + @2($, t)7

under the initial conditions

t=0: lefl(l‘),
p— . aTl p—
t=0: ot —Fl(l‘),
t=0: TQZfQ(l‘),
t=0: T} = Fy(x),

ot

O<z<IL, 0<a<?2,
L<z<oo, 0<pB<2,
O<ax< L, 0<a<?2,
O<z<L, l<a<?2,
L <z < oo, 0<pB <2,
L <z < oo, 1< p8<2,

(4.221)

(4.222)

(4.223)

(4.224)

(4.225)

(4.226)
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and the boundary conditions of perfect thermal contact

x=L: Ti(x,t) =Te(x,t), (4.227)

v=L: kDLe OTi(@ 1) _ pi= OTs(,t)

ox oxr
0<a<2, 0<p<2 (4.228)
The boundary surface x = 0 is kept insulated:
OT (x,t)
=0: =0. 4.229
x O (4.229)

In addition, the boundedness condition at infinity is assumed

lim T(z,t) = 0. (4.230)

Tr—r 00

4.7.2 Uniform initial temperature in the layer

In this case we consider the time-fractional heat conduction equations

a;fl =a %2:217 0<z<L, 0<ac<2, (4.231)

a;% = as a(;cT;, L<z<oo, 0<B<2, (4.232)
under the initial conditions

t=0: Th=Ty), O0<zx<L, 0<a<?, (4.233)

t=0: 881;1:0, 0O<z<L, 1l<ac<?2, (4.234)

t=0: T5=0, L<zx< o0, 0<pB<2, (4.235)

t=0: 8;;2:0, L<z<oo, 1<pB<2, (4.236)

and the boundary conditions (4.227)—(4.230).

The Laplace transform with respect time gives two ordinary differential equa-

tions
d*Ty

STy — s My = ay dx; , 0<z<lL, (4.237)
g ATy
sPTy = as da? L <z < oo, (4.238)
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and the boundary conditions

dTy

=0: =0 4.239
v dx ’ ( )
x=L: Ty =17, (4.240)

dTy dTy

_ . 11—« 1 _ 1-8 2
x=1L: ks A kas P (4.241)
x—o00: Ty =0. (4.242)

The solutions of equations (4.237) and (4.238) have the following form:

T el a/2
Ty = 0+Asinh<\/8 m>+Bcosh \/8 z|, O<z<L, (4.243)
S al

ai

B B
T = Cexp —\/ZQz + Dexp \/221: , L<z<oo. (4.244)

From conditions (4.239) and (4.242) it follows that
B=0, D=0, (4.245)

whereas the conditions of the perfect thermal contact (4.240) and (4.241) give

To 1

S cosh (/57 L) +ys/2o/2sinh (/L)

A=— (4.246)

T cosh (\/Zj L) exp <\/zz L) | (1247)
$ cosh (\/f: L) + ysh/2—a/2ginh (\/f: L)

y= kl\/ag
kg\/al ’

where

Hence,

T = To _To cosh <\/f: 33) (4.248)

% cosh ((/in L) +ys9/2-o/2sinh (/20 L)
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T cosh (\/Zj L) exp {—\/zﬁ (x—L)]
§ cosh <\/ L>+785/2 a/QSlIlh(\/ 1L).

Now we will investigate the approximate solution of the considered problem
for small values of time. In the case of classical heat conduction equation this
method was described in [98, 140]. Based on Tauberian theorems for the Laplace
transform, for small values of time ¢ (the large values of the transform variable s)
we can neglect the exponential term in comparison with 1:

1+ exp (—2\/2 L> ~1, (4.250)
1

T exp [—\/fla (L —x)}
Ty~ "%d1- '

(4.249)

thus obtaining

. | 4 ysB/2-a/2 , (4.251)
Ty sPlres 58
Ty ~ s 14 nshl2—al2 exp | — o (x—=1L)| . (4.252)
Inverting the Laplace transform, we get:
a) 8> a
T : B/2—1 L
t— - —
Ti(e,t) ~ Ty — °/< (e N
~y Ta/? 27 JayTo/?
0
1
X Egjo_aj2,8/2 [— (t — T)B/Q—Q/Q} dr, 0<z<L, (4.253)
Y

t
t—T’l/Q 1 6 x—1L
TQ(zat) 2TO/ T’@/2 (2;\/a27ﬂ/2>
0

1
Eg/o—a2, 0/ [—’y(t — T)ﬁ/“‘/?} dr, L<z< . (4.254)

X
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b) a> g

t

a/2 1 o L — 1
Ty (x,t) ~ Ty — T ;
1z, 1) 0 0/ Ta/Q (2, \/a170/2>
0

X Ea/?—ﬂ/?,ﬂ/? |:_7 (t - T)a/2_5/2:| dTa 0<z< L7 (4255)

¢
(t—r)am*l B x—L
TO’Y/ T8/2 M 27 \JagTh/?
0

X Eaj2-p/2,a/2 [—’Y (t— T)a/Q_B/Q} dr, L<z<oo  (4.256)

TQ(Z‘, t)

R

For example, fora =2, g =1

To, 0§1:<L—\/a1t,

T ~!{ Ty {1 —exp [72 (t - LJH‘/EH erfe (v t— LJH””) } , (4.257)

L— /a1t <x <L

L z—L
Ty ~ Ty |erfe —ex + 2t>
? O{ ( \/a2t> p(7 Va2 !
x erfc x—L+ Vi L<z<oo (4.258)
2+/ast 7 ’ ' '

Fora=1,3=2

= ot (g ) o0 ()

L—xz t
f 0< L 4.259
xerc(2\/a1t+ry>} Sz < L, ( )

r 1 (= o (7).

L<x<L+\/a2t,

R

T (4.260)

0, L+ /a1t <z <oo.
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T

Figure 4.27: Dependence of the solution in a semi-infinite composed body on dis-
tance [192]

In particular, if & = 3, then

To « L—zx
T ~Ty — Wi—-_,1;— 0<z<L 4.261
1 0 1+'Y ( 27 ) \/altO‘/2>’ A ( )
Toy o r—L
Ty ~ Wi - ;— L< . 4.262
2 1+'Y ( 27 ) \/a2ta/2>7 Sr<oo ( )

Several results of numerical calculations are presented in Figs. 4.27-4.29 with
the following nondimensional quantities:

T _ x \/alta/2 _ _ \/al _
T — — — — ~¥/2=B/2 - 12/2=B/2
TO7 z L7 K L ) fY ’Y ) € \/a2

In calculations we have taken x = 0.2, ¥ = 2 and ¢ = 0.6. Such values of
nondimensional parameters show the typical features of the solution.
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Figure 4.28: Dependence of the solution in a semi-infinite composed body on dis-

tance [192]
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Figure 4.29: Dependence of the solution in a semi-infinite composed body on dis-
tance [192]



Chapter 5

Equations with One Space Variable
in Polar Coordinates

You’'re either part of the solution or
you're part of the problem.

Eldridge Cleaver

5.1 Domain 0 < r < o0

5.1.1 Statement of the problem

‘?;QT - @g 4 i ‘Zf) + D 1), (5.1)
t=0: T=f(r), O<a<?2 (5.2)
t=0: %{:F(r), l<a<? (5.3)

Tim T(r1) = 0. (5.4)

The solution:

\8

f(p)Gy(r,pt pdp+/F )Gr(r, p,t) pdp
0 0

t oo
+//<1> 7)Go (1, p,t — 7) pdpdr. (5.5)
0 0
© Springer International Publishing Switzerland 2015 91
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The fundamental solutions to the first Cauchy problem G (r, p,t), to the sec-
ond Cauchy problem Gr(r, p,t) and to the source problem Gg (7, p, t) were obtained
in [148].

5.1.2 Fundamental solution to the first Cauchy problem

Gy 829f 1 0Gy
ote “ ( or? + r or )’ (5.6)
t=0: gf:poé(rr_p), 0<a<2, (5.7)
Gy
= N = < . .
t=0 ot 0, l<a<?2 (5.8)

It should be noted that the two-dimensional Dirac delta function in Cartesian
coordinates §(z) d(y) after passing to polar coordinates takes the form ,! d(r),
but for the sake of simplicity we have omitted the factor 27 in the solution (5.5)
as well as the factor .- in the delta term in (5.7). The condition at infinity (5.4)
will be implied in all the problems in infinite domains considered in this chapter.

The Laplace transform with respect to time ¢ and the Hankel transform of
order 0 with respect to the radial variable r (2.78) give

. a—1
T = pod . 5.9
gf Po 0(p§) e +a§2 ( )
The inverse integral transforms result in
gf(ra Py t) = Po / Ea (_a§2ta) JO<T§) JO (pg) §d§ (510)
0
It is convenient to introduce the following nondimensional quantities:
r \/ato‘/Q _ p2
r= , n=pf K= , Gr=" Gy 5.11
P P d Do d ( )
In this case -
Gy = [ Ea (=) o) Jo(r) (5.12)
0
Consider several particular cases of the solution (5.12).
Helmholtz equation (o — 0)
1 r 1
) 210<T)K0(), 0<F<l,
Gy = "“1 "i ’; (5.13)
2]0<)K0< )7 1 <7 <oo,
K K K

where Ip(z) and Ko(z) are the modified Bessel functions.
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Subdiffusion with @ = 1/2

i 17 , 147 N
= —u? - Io(, ), du 5.14
G 2/mK? /exp( “ 8&2u> O \an2u) o™ (5.14)

0
Classical diffusion equation (o = 1)
. 1 1+72 7

— = I () 5.15
G 2K2 exp( 4K ) 0\ 2k2 (5.15)

Wave equation (o = 2)
a) 0<k<l1

> 1
-1 S(r—1—
gy 2\/1—/@ o(r +I€)+2\/1+H (7 %)
0<7F<1-—k,
47rk2k’2r3/2 [E(k) - k”K(k)], 1-r<F<1l+s, (5.16)

1+r<T <00

- 1

= 5 r _— 1 _
9= o1 4 x 00 ®)
K 1 ~
drkr2e2 T\ ) Osr<r-1,
H —
+ A k2Ll 273/2 [E(k) - k/’lzK(/f)] , k—1<7<1+k, (5.17)
0, 14+ k<7 <00,

where K(k) and E(k) are the complete elliptic integrals of the first and second
kind, respectively,

B \/,%2 —(F=1)2
b= 2T ’

Dependence of the fundamental solution Gy on nondimensional distance 7 is
shown in Figs. 5.1 and 5.2 for various values of k and «. In what follows, three
distinguishing values of the parameter x are considered: 0 < Kk < 1, K = 1 and
K > 1. For a wave equation these values correspond to three characteristic events:
the wave front does not yet arrive at the origin, the wave front arrives at the origin,
and the wave front reflects from the origin.

=1-k2 (5.18)
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3.0

2.0

NG

0.0

Figure 5.1: Dependence of the fundamental solution to the first Cauchy problem
in a plane on distance; k = 0.25 [148]

1.00

0.00

Figure 5.2: Dependence of the fundamental solution to the first Cauchy problem
in a plane on distance; kK = 1
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5.1.3 Fundamental solution to the second Cauchy problem

0°Gr _ (0°Gp | 1 0GR
ot a( or? + r Or (5.19)
t=0: Grp=0, 1<a<2, (5.20)
oG 6(r—p)
t=20: = 1 < 2. 21
00 g =0 ses (5.21)
The solution:
Gr(r,p,t) = wot / Eq o (—a&t®) Jo(ré) Jo(p€) € d€. (5.22)
0
Wave equation (o = 2)
a) 0<k<l1
0, 0<r<1—x,
_ 1 B
Gr = ~K(k), 1—rk<T<1+k, (5.23)
RT\/T
0, 1+k <7 <o0.
b) k=1
1
~ K(k), 0<T<2,
Gp=1{ ™V (5.24)
0, 2 <7< o0.
c) k>1
1 1
K , 0<r<k-—1,
KA/ (k) SrSR
> = 1
r CK(k), k—1<F<l+r, (5.25)
KT/
0, 1+kr <7 <00,

where Gr = p?Gr /(wot), other nondimensional quantities are the same as in (5.11).
Dependence of the fundamental solution to the second Cauchy problem on
distance is shown in Figs. 5.3-5.5.
In the case of the wave equation (a = 2) the fundamental solution has jumps
at7T=1—kand at 7 =14k for 0 < K < 1, has a singularity at the origin ¥ =0
for k = 1, and has a singularity at 7 = x — 1 and a jump at ¥ = kK + 1 for Kk > 1.
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Figure 5.3: Dependence of the fundamental solution to the second Cauchy problem
in a plane on distance; k = 0.25 [148]
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Figure 5.4: Dependence of the fundamental solution to the second Cauchy problem
in a plane on distance; kK = 1
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> a=2
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T

Figure 5.5: Dependence of the fundamental solution to the second Cauchy problem
in a plane on distance; kK = 1.5 [148]

5.1.4 Fundamental solution to the source problem

The fundamental solution to the source problem is obtained in the similar way
and has the following form:

oo

Ga(r,p,t) = gt / oo (—a€%%) Jo(r€) Jo(p€) € de. (5.26)

0

Dependence of the fundamental solution G = p%Ga /(qot®~!) on distance is shown
in Figs. 5.6-5.8.

5.1.5 Delta-pulse at the origin

In the case of the first Cauchy problem we have

9T 9T 1T
ot _a(8r2 o 67")7 (5.27)
t=0: T:poé(r)7 0<a<2, (5.28)
2rr
T
t—0. T _g l<a<?2. (5.29)

ot
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Figure 5.6: Dependence of the fundamental solution to the source problem in a
plane on distance; k = 0.25 [148]
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Figure 5.7: Dependence of the fundamental solution to the source problem in a
plane on distance; £ = 1 [148]
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Figure 5.8: Dependence of the fundamental solution to the source problem in a
plane on distance; k = 1.5 [148]

The solution:
o

T - ;’;’T / B (—a€2%) Jo(r) € dé (5.30)
0
and -
2 /Ea JO 7”77)77d77a (531)
0
where "
r a
F= =Vat*?¢, T=" T 5.32
' Vate/?’ n=Vattle, Po (552
Helmholtz equation (o — 0)
1
T=_ KoF). (5.33)
2m

Here Ko(r) is the modified Bessel function.
Subdiffusion with @ = 1/2

1 1 N
T = 432 / . P <—u - Su) du. (5.34)
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Classical diffusion equation (o = 1)

1 7
T= — . .
4 P ( 4 > (5.35)
Wave equation (o = 2)

po O H(Jat—r)
27‘1\/(1(915 \/atz—rz ’

where H(z) is the Heaviside step function (see also [85]).

T = (5.36)

Now we investigate the behavior of the solution (5.31) at the origin. As for
large values of n we have (see (2.161)):

1

Bal=m)~ p1 oy

for n - 00, 0<a<2, (5.37)

only the fundamental solution to the classical diffusion equation has no singularity
at the origin. To investigate the type of singularity we rewrite the solution (5.31)
in the following form:

17 , 1 )
= QWO/[EQ(_W )_ F(l—a)(1+n2) JO(”?)ndU

27rF l—a / o(7m) ndn. (5.38)
0

The first integral in (5.38) has no singularity at the origin, while the second
one can be calculated analytically (see equation (A.28) from the Appendix) and
yields the logarithmic singularity at the origin

1
T~ Ko(r 2 .
27T (1 — ) o(7), 0<a<?2, (5.39)
or )
~9r(1— a) In7, 0<a<?2. (5.40)

Comparison of (5.40) and (5.33) allows us to substitute the condition 0 < a < 2
by 0 < a < 2. Equation (5.40), rewritten in terms of dimensional solution 7,

Po _
1 0< 2 5.41
2rateT(1 — ) nr Sa<s (5.41)

T~ —

is consistent with the behavior of the solution for small values of r obtained in [208].

Dependence of the nondimensional solution 7" on the similarity variable 7 is
shown in Fig. 5.9.
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Figure 5.9: Dependence of the solution on the similarity variable 7 (the first Cauchy
problem in a plane with the delta-pulse initial condition)

In the case of the second Cauchy problem with the delta-pulse initial condi-
tion the solution is expressed as

wol
= / Eo,2(—a€%t®) Jo(ré) € dé (5.42)
0
with T = at®* = T /wy.
The particular case of the solution (5.42) for the wave equation (a = 2) reads

1
, O0<r<l,
T=/{ 21y/1—-72 (5.43)

0, 1<7r<oo.

To investigate behavior of the solution (5.42) at the origin we recall that for
large values of 77 we have (see (2.162)):

1

T2 — o) for n 00, 1<a<2. (5.44)

Ea,2(_772) ~
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Figure 5.10: Dependence of the solution on the similarity variable 7 (the second
Cauchy problem in a plane with the delta-pulse initial condition)

Computations similar to those carried out above lead to

1

T~ = —a)

In7, l<a<?2. (5.45)
Hence, in the case of the second Cauchy problem with the delta-pulse initial con-
dition the solution also has its logarithmic singularity at the origin.

Dependence of nondimensional solution 7" on the similarity variable is de-
picted in Fig. 5.10.

The solution to the time-fractional diffusion wave equation with the source
term go ‘;S:T) 0(t) under zero initial conditions is expressed as

_ qota—l

T
2

Eq o (—a&t®) Jo(ré) € d€. (5.46)

It should be noted that due to (2.163)

for n - 00, 0<a<2. (5.47)

Hence, the solution (5.46) has no singularity at the origin for all 0 < o < 2.
Dependence of nondimensional solution T = atT'/qo on the similarity variable
is depicted in Fig. 5.11. It should be emphasized that solution (5.43), the same
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Figure 5.11: Dependence of the solution on the similarity variable 7 (the delta
pulse source problem in a plane with zero initial conditions)

both for the source problem and the second Cauchy problem, is approximated by
solutions (5.42) and (5.46) with o — 2 in different ways, in particular the solution
(5.42) has the logarithmic singularity at the origin, whereas the solution (5.46)
has no singularity.

5.2 Evolution of the unit-box signal

5.2.1 First Cauchy problem

0T 09*°T 10T
pu— -4
ote (8r2 +T 67") (5.48)
To, 0<r<R,
t=0: T= 0<a<?2, (5.49)
0, R <r < oo,
t=0: %1;:0’ l1<a<2. (5.50)

The solution [162]:

T =ToR / E, (—a&?t™) Ji(RE) Jo(r€) dé. (5.51)
0
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It is convenient to introduce the following nondimensional quantities:

r Vat®/? T
= T = . 5.52
r " R T, (5:52)

Helmholtz equation (o — 0)

G R () e (D) (D) - ()5 ()]

1 /1 7 i
Hﬁ(ﬁ)KbQJ, 1< 7 < 0. (5.53)

Subdiffusion with o« = 1/2

0o 1

1 1 2 7+ T
T = v — 1 dx du. .54
4/12\/7T/ue /exp( 8/—12u> 0 <4m2u> v (5:54)
0

0

1
1 2+ T\
T = 42 /exp (— 12 ) Iy ( 02 ) dx. (5.55)
0

Wave equation (o = 2)

a) 0<k<l1

1, 0<7F<1—x,

27 rF—kK
T=q¢1-A 51 k K(k 1-— r<1
o<arcs1n\/1+r+ﬁ, )—|— A (k), k<7 <14k,

0, 1+r <7 <00
(5.56)

o Fo1
1-A i % k) + T IK®E), 0<i<2,
T = °<M%m 247 ) e KR 0T (5.57)

0, 2 <7< o00.
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c) 1<k<oo

r—1 1
1—Ap <arcsin\/::1;+17k>

1 1
— K , 0<r<k-—-1,
kT (k> =ren

T = 9 (5.58)
1—-Ap arcsin\/ - Lk
K+7+1
+ TR ®K), K—1<7<l+r,
T
0, 1+r <7 <o0.

where Ag (¢, k) is the Heuman Lambda function,
2
Ao, k) = _[E(R) Fo, k) + K(k) E(p. k) — K(k) F(e, )], (5.59)
F(p, k) and E(p, k) are elliptic integrals of the first and second kind, K(k) and
E(k) are complete elliptic integrals of the first and second kind, respectively, k

and k' are the same as in (5.18).
The solution (5.51) is shown in Figs. 5.12-5.14.

1.00 V\

a=1 / a=1.5
0.25 \
a=2
0.00 \
0.0 0.5 1.0 1.5 2.0 2.5

=

Figure 5.12: Evolution of the unit-box signal in a plane (the first Cauchy problem;
Kk =0.5) [162]
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0.50

0.25

0.00 \\ T

T
0.2 a=1
—0.25
T a=175
—0.50 | a=1.85
- a=2
—0.75
0.0 0.5 1.0 1.5 2.0 2.5 3.0

Figure 5.13: Evolution of the unit-box signal in a plane (the first Cauchy problem;
k=1) [162]

0.50
a=0.5 a=0
0.25
0.00
T a=15
a=1
—0.25 \
a=1.90
—0.50 - a=197
/ a=2
—0.75
0.0 0.5 1.0 1.5 2.0 2.5 3.0
7

Figure 5.14: Evolution of the unit-box signal in a plane (the first Cauchy problem;
Kk =1.5) [162]
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5.2.2 Second Cauchy problem

0T o?°T 10T
ot~ ¢ (31"2 + r 87’) (5.60)
t=0: T=0, l<a<?, (5.61)

we, 0<r <R,

t=0: 6T: ’ l<a<2 (5.62)

ot 0, R <r < oo,

The solution [182]:
T = woRt / Eqo (—a&®t®) Ji(RE) Jo(ré) d€. (5.63)
0

Dependence of solution (5.63) on distance is shown in Figs. 5.15-5.17 for
various values of k and « (T = T/(wot), ¥ = r/R).

1.0
a=2
0.8 / ’/
0.6 a=1.5
T
0.4
a=1.05

0.2
0.0 S~——

0.0 0.5 1.0 1.5 2.0

=

Figure 5.15: Evolution of the unit-box signal in a plane (the second Cauchy prob-
lem; k = 0.5) [182]
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1.0

0.8 ‘/a:2

0.6
T a = 1.05
0.4 /
a=1.9
0.2
0.0 \
0.0 0.5 1.0 1.5 2.0 2.5

T
Figure 5.16: Evolution of the unit-box signal in a plane (the second Cauchy prob-
lem; k = 1)
0.5
0.4

0.3

0.2

a=1.05
0.1

0.0
0.0 0.5 1.0 1.5 2.0 2.5

T

Figure 5.17: Evolution of the unit-box signal in a plane (the second Cauchy prob-
lem; k = 1.25) [182]
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5.2.3 Source problem

We consider the diffusion-wave equation

o°T 9’T 19T Q, 0<r<R,
= ot 5.64
ote a<3r2+r6r>+(){0, R <r < oo, ( )
under zero initial conditions. The solution has the following form [182]:
T = qoRt*™* / Eoo(—a&?t™) Jo(r&) Ji(RE) dE. (5.65)
0

Figures 5.18-5.20 show the solution (5.65) for various values of « and x (T =
tl_aT/(JQ).

1.2

1.0

0.8 ’/

a=1
T 06
a=20.5
0.4
a=1.25
0.2
0.0 0.5 1.0 1.5 2.0

T

Figure 5.18: Evolution of the unit-box signal in a plane (the source problem;
Kk =0.5) [182]
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1.0

r

Figure 5.19: Evolution of the unit-box signal in a plane (the source problem; k = 1)

0.5
/ a=2
0.4
a=1

0.3
7 =19
T @ a=0.5

0.2

0.1

0.0

0.0 0.5 1.0 1.5 2.0 2.5

T

Figure 5.20: Evolution of the unit-box signal in a plane (the source problem;
Kk =1.25) [182]
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5.3.1 Dirichlet boundary condition

‘?;QT —a @g + i Zf) + D, b), (5.66)
t=0: T=f(r), O0<a<?2 (5.67)
t=0: %{:F(r), l<a<? (5.68)
r=R: T=g(t). (5.69)

The solution:
R R
T(T,t):/f()gﬂp, pdp+/F )Gr(r,p,t) pdp
0 0

t R t
+0/0/<I>(p,7) g¢(r7p7t—7)pdpd7+o/g(7) Gy(ryt —7)dr. (5.70)

The fundamental solutions under zero Dirichlet boundary condition have the
form

Gy(r. p,t) ) = Po Bo(—a&it®) e To(6Ee)
Gr(rp,t) | = o> | wot Baa(—agit®) 0 J%’“(ngg’ k (5.71)
Ga(r,p,t) k=1 qot® ! B o(—a&it®)
with the sum over all positive roots of the zero-order Bessel function
Jo(RE,) = 0. (5.72)

They are obtained using the Laplace transform with respect to time ¢ and the
finite Hankel transform (2.96) with respect to the radial coordinate 7.

The fundamental solution to the Dirichlet problem under zero initial condi-
tion is expressed as

aRgo 0Ga(r, p,t)

Gy(r,t) = — .
.‘1( ) % 8p p=R

(5.73)
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For numerical calculations the following nondimensional quantities are intro-
duced:

_ T _ 1% - \/ato‘/2 o R2
r=R PR F=Tgp o 9= O
R? R? R?
_ _ _ . 5.74
gr wot gr, Go goto-1 Go, Gy agoto1 Yy (5.74)

Dependence of the fundamental solution Gy on the nondimensional distance
r is shown in Figs. 5.21-5.22. Dependence of the fundamental solution Gr on
distance is presented in Figs. 5.23-5.25. Dependence of the fundamental solution
Go on distance is depicted in Figs. 5.26-5.28. The fundamental solution to the
Dirichlet problem G, is shown in Fig. 5.29.

10.0
a=1.75
8.0 ,/
a=1.5
6.0 0
o =
Gr a=05
4.0 /
a=1
0.0 \
0.0 0.2 0.4 0.6 0.8 1.0
7

Figure 5.21: The fundamental solution to the first Cauchy problem in a cylinder
under zero Dirichlet boundary condition (p = 0.5, Kk = 0.25)
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2.0
a=0
1.6 /////
a=0.5
1.2 ////
Gy
0.8
a=1
0.4 //
a=15
0.0 \
00 02 0.4 0.6 0.8 1.0
f

Figure 5.22: The fundamental solution to the first Cauchy problem in a cylinder
under zero Dirichlet boundary condition (p = 0.5, k = 0.5)

6.0

a=195

5.0 \
a=1.75

4.0

2.0
a=1.05

1.0

AN

0.0 0.2 0.4 0.6 0.8 1.0

g

Figure 5.23: The fundamental solution to the second Cauchy problem in a cylinder
under zero Dirichlet boundary condition (p = 0.5, k = 0.25)
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10.0
- a=2
8.0 a=1.95
6.0 a=1.75
Gr

a=1.05

4.0

2.0

0.0 \

0.0 0.2 0.4 0.6 0.8 1.0

r

Figure 5.24: The fundamental solution to the second Cauchy problem in a cylinder
under zero Dirichlet boundary condition (p = 0.5, K = 0.5)

3.0
a=1.95
2.5
2.0 / a=1.75
Gr 15
1.0
a=15

0.5
a = 1.05

0.0 \

0.0 0.2 0.4 0.6 0.8 1.0

7

Figure 5.25: The fundamental solution to the second Cauchy problem in a cylinder
under zero Dirichlet boundary condition (p = 0.5, k = 0.75)
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6.0
a=2
a=19
5.0 \
a=1.5
4.0
Go 3.0
2.0 /
a=1
1.0 /
=05 \
0.0
0.0 0.2 0.4 0.6 0.8 1.0
T

Figure 5.26: The fundamental solution to the source problem in a cylinder under
zero Dirichlet boundary condition (p = 0.5, k = 0.25)

10.0
« a=2
8.0 a=1.95
6.0
g—q) a=1.5

Figure 5.27: The fundamental solution to the source problem in a cylinder under
zero Dirichlet boundary condition (p = 0.5, kK = 0.5)
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3.0

a=1.95
2.5

2.0 a=175

1.0

0.5

0.0
0.0 0.2 0.4 0.6 0.8 1.0

7

Figure 5.28: The fundamental solution to the source problem in a cylinder under
zero Dirichlet boundary condition (p = 0.5, kK = 0.75)

14.0
10.0
a=1.25
8.0
gg a=1
6.0
4.0 a=0.5

/
0.0 \

0.0 0.2 0.4 0.6 0.8 1.0

7

Figure 5.29: The fundamental solution to the Dirichlet problem in a cylinder;
Kk =0.25
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Constant source strength. Here we consider the fractional diffusion-wave equa-

tion with constant source term Qo = const

T _ (0T 10T\
3t“_a or?2 r Or 0

under zero initial conditions

t=0: T=0, 0<a<?,
t=0 aT:o, l<a<?2
ot

and zero Dirichlet boundary condition

r=R: T=0,
having the solution [149]
Qo 2) Jo(rék)
T = - E, ta .
4a (7 Z —a 573’ J1(Rék)

Helmbholtz equation (o — 0)

Qo 2 2Qo 1 Jo(r&r)
= 4a (R* - Z 1+ aff & J(R&)’

Classical diffusion equation (o = 1)

2Q0 J
T = ff(j (R2 — r2) — ;}2%0 ;exp (—a{“,%t) 0(r)

The solution (5.81) is presented in [26].

Wave equation (o = 2)

2Q0 J
T = ffs (R?—1r?) — Q%J ; cos (va&it) 0(re)

& J1(RER)

& J1(R&k)

(5.75)

(5.76)

(5.77)

(5.78)

(5.79)

(5.80)

(5.81)

(5.82)

The results of numerical calculations are shown in Figs. 5.30 and 5.31 with

T = aT/(QuR?).
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0.20

0.15 //

010 a=195 a=2

a=0.5
0.05 ="
0.00
0.0 0.2 0.4 0.6 0.8 1.0

7

Figure 5.30: Dependence of temperature in a cylinder on distance (the constant
source strength; k = 0.5 [149]

0.5

0.4 /// a=175

0.3 =

N

0.2
a=1
0.1 a=0.5
a=0
0.0
0.0 0.2 0.4 0.6 0.8 1.0

7

Figure 5.31: Dependence of temperature in a cylinder on distance (the constant
source strength; k = 1 [149]
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Dirichlet problem with constant boundary condition

o~T 8’T 19T
oo~ ¢ (31"2 T r 87’) ’ (5.83)
t=0: T=0, 0<a<?2, (5.84)
oT
0 ot 0, <a<?2, (5.85)
r=R: T=T,. (5.86)
The solution has the form:

- Jo(r&k)

T=Ty|1-2) E,(—a&t® ) 5.87

k=1

The solution (5.87) was obtained by Narahari Achar and Hanneken [126], but
their numerical analysis of this solution and conclusions from such an analysis
need improvement (see [149]). The results of numerical calculations according to
(5.87) are presented in Figs. 5.32-5.34 for typical values of the parameter x with
(T =T/To).

Figure 5.32: Dependence of temperature in a cylinder on distance (the constant
boundary condition; x = 0.5 [149]
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r

Figure 5.33: Dependence of temperature in a cylinder on distance (the constant
boundary condition; £ = 1 [149]

2.5
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~
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7

Figure 5.34: Dependence of temperature in a cylinder on distance (the constant
boundary condition; x = 1.5 [149]
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5.3.2 Neumann boundary condition

o*T o*°T 10T
ot (37’2 + r 31") +&(r, 1), (5.88)
t=0: T=f@r), O<a<2 (5.89)
t=0: T _Fe), 1<a<o (5.90)
ot
oT
r=R: o = g(t). (5.91)

The solution:

R R
/f )Gr(r,p,t pdp+/F(p)gF(7’,p,t)pdp
0 0

t R ¢
+ //q) T)Ga(r p,t—T)pdpd7'+/g(T)gg(r,t—T)dT. (5.92)
00 0

The fundamental solutions under zero Neumann boundary condition have the form

Gy(r,p,t) ) Po
Gr(r,p,t) | = R2 wot
g®<r7p7t) qotail/r(a)
po Eo(—apt™) Jo(rEe)Jo(pEs)
+ o 2| wot Bas(—agitr) | Jgk(ngf " (5.93)

F=1\ gote1 Eo.o(—a&?t®)
with sum over all positive roots of the first-order Bessel function
J1(R&) = 0. (5.94)

The solutions were obtained using the Laplace transform with respect to time
and the finite Hankel transform (2.100) with respect to the radial coordinate.

Dependence of the fundamental solution G; on nondimensional distance r is
shown in Figs. 5.35-5.36. Dependence of the fundamental solution G on distance
is presented in Figs. 5.37-5.39. Dependence of the fundamental solution G¢ on
distance is depicted in Figs. 5.40-5.42. The nondimensional quantities are the
same as in (5.74). For k = 0.25 the fundamental solutions under zero Dirichlet
and Neumann boundary conditions behave very similarly (the solutions do not
“feel” the boundary condition), but for k = 0.5 and x = 0.75 there appears
significant difference.
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10.0

w 7

0.0 0.2 0.4 0.6 0.8 1.0

r

Figure 5.35: The fundamental solution to the first Cauchy problem in a cylinder
under zero Neumann boundary condition (p = 0.5, k = 0.25)

3.0 a=0.5 a=10

2.0

1.5
/ a=1
1.0

05 a =175

0.0
0.0 0.2 0.4 0.6 0.8 1.0

7

Figure 5.36: The fundamental solution to the first Cauchy problem in a cylinder
under zero Neumann boundary condition (p = 0.5, kK = 0.5)
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6.0

a=195

5.0 \
a=1.75

4.0

2.0
a=1.05

1.0

0.0
0.0 0.2 0.4 0.6 0.8 1.0

7

Figure 5.37: The fundamental solution to the second Cauchy problem in a cylinder
under zero Neumann boundary condition (p = 0.5, K = 0.25)

10.0

0.0
0.0 0.2 0.4 0.6 0.8 1.0

T

Figure 5.38: The fundamental solution to the second Cauchy problem in a cylinder
under zero Neumann boundary condition (p = 0.5, kK = 0.5)
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3.0

a=1.05
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2.0

Gp 15 a=1.75

1.0
a=195

0.5

0.0
0.0 0.2 0.4 0.6 0.8 1.0

7

Figure 5.39: The fundamental solution to the second Cauchy problem in a cylinder
under zero Neumann boundary condition (p = 0.5, Kk = 0.75)

6.0
a=2
a=1.95 L
5.0 \
a=15
4.0
Go 3.0
2.0
a=1
1.0
a=0.5
0.0
0.0 0.2 0.4 0.6 0.8 1.0
r

Figure 5.40: The fundamental solution to the source problem in a cylinder under
zero Neumann boundary condition (p = 0.5, k = 0.25)
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10.0
« a=2
8.0 a=1.95
6.0 a=1.75
Go /
4.0
0.0
0.0 0.2 0.4 0.6 0.8 1.0
77

Figure 5.41: The fundamental solution to the source problem in a cylinder under
zero Neumann boundary condition (p = 0.5, k = 0.5)
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7

Figure 5.42: The fundamental solution to the source problem in a cylinder under
zero Neumann boundary condition (p = 0.5, k = 0.75)
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Fundamental solution to the mathematical Neumann problem

G (0%Gm 110G,
ote ( or? + r Or ) ’ (5.95)
t=0: G, =0, 0<a<?2, (5.96)
0Gm

=0: = < .

t=20 ot 0, l<a<?, (5.97)
0Gm
r=R: oy = 90 o(t). (5.98)
The solution reads:
2agot® ! 1 > 9 Jo(r&k)

Gm(r,t) = +»§ Eo.o (—a&it® . 5.99
(’l‘ ) R F(OZ) p 5 ( agk ) JO(ng) ( )

The solution (5.99) is shown in Figs. 5.43 and 5.44, where G, = Rt'~°G,,/(ago)-

_ a=2
25 a=175
2.0
G

15 a=1
1.0 \

=4
0-5 a=0.5
0.0

0.0 0.2 0.4 0.6 0.8 1.0

r

Figure 5.43: The fundamental solution to the mathematical Neumann problem for
a cylinder; k = 0.5
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6.0 a=2

4.0 /
a=175

3.0
2.0
1.0

0.0
0.0 0.2 0.4 0.6 0.8 1.0

T
Figure 5.44: The fundamental solution to the mathematical Neumann problem for

a cylinder; Kk =1

Constant boundary value of the normal derivative. In the case when a constant
boundary value of the normal derivative is considered,

orT
=R: = 5.100
r or = 90 ( )
the solution has the following form [174]:
2agot® go | 2 Jo(r€k)
T= — -2 E, to‘ 5.101
RT(14+a) R E: ~at QJMR&) (5:101)

The particular case of (5.101) corresponding to the classical diffusion equation
(av = 1) coincides with the corresponding solution presented in [26].

The results of numerical calculations are presented in Fig. 5.45 and Fig. 5.46
with T =T/(goR).

Fundamental solution to the physical Neumann problem

0°G,  (0°G, 109G,

ot < o2 T oo (5.102)
t=0: G,=0, O0<a<2 (5.103)
t=0: % _0, 1<a<o, (5.104)

ot
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0.8
a=1.75

0.6 @

LUK

0.2 \
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7

Figure 5.45: Dependence of temperature in a cylinder on distance (the constant
normal derivative of temperature at the boundary; x = 0.5)
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Figure 5.46: Dependence of temperature in a cylinder on distance (the constant
normal derivative of temperature at the boundary; k = 1)
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Figure 5.47: The fundamental solution to the physical Neumann problem for a

cylinder; kK = 0.5

oG,

r=R: Dp" o, —900(t),  0<a<l, (5.105)
r
a—lagp
r=R: I 9 = go 0(¢), l<a<2. (5.106)
r
The solution
2ago - 2 Jo(ré)
G,(r,t) = 1+ E, (—a&;t® 5.107
is shown in Figs. 5.47 and 5.48 with G, = RG,/(ago)-
Constant heat flux at the boundary
0T 0’T 19T
= -1
ote ~ <6r2 + r 67") (5.108)
t=0: T =0, 0<a<2, (5.109)
or
t=0: =0, 1 <2 5.110
ot ’ Sess ( )
oT
r=R: Dp" oy =90 0<a<l, (5.111)
T
r=R: 104*13 =go, l<a<2 (5.112)

or
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Figure 5.48: The fundamental solution to the physical Neumann problem for a
cylinder; k =1

The solution [174]:

_ 2agot = _ L e2qa Jo(Tgk)
T="" 1+;Ea,g( alt )Jo(Rék) . (5.113)

The results of numerical calculations of the solution (5.113) are presented in
Fig. 5.49 and Fig. 5.50 with 7' = t*~1T/(goR).

5.3.3 Robin boundary condition

o*T o*T 10T
gra =0 <8r2 + . 37‘) + o(r, t), (5.114)
t=0: T=f(r), O0<a<?2, (5.115)
T
t=0: ?% —F(r), 1<a<2 (5.116)
orT

r=R: HT+ 9t =g(t). (5.117)
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Figure 5.49: Dependence of temperature in a cylinder on distance (the constant
heat flux at the boundary; k = 0.5)
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Figure 5.50: Dependence of temperature in a cylinder on distance (the constant
heat flux at the boundary; k = 1
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The solution:

R R
10,0 = [ 10 Gs:0.0)pdp+ [ F(o)Grlrpt) o
0 0

t R t
+ //(I)(p,T)g@(T,p,t—T)pdpdT—‘r/g(T)gg(T,t—T)dT. (5.118)
00 0

The fundamental solutions [186]

gf(r7 P t) 9 00 Do Ea(_aglzta)
Gr(rpt) | = po D | wot Baa(—agit?)
Go(r, p,1) "\ gt ! B (—aglt®)
& Jo(rée) Jo(pér) (5.119)
G+H>  J5(RE) '
with sum over all positive roots of the transcendental equation
ErJ1(RE:) = HJo(REx) (5.120)

are obtained using the Laplace transform with respect to time ¢ and the finite
Hankel transform (2.104) with respect to the radial coordinate r.

The fundamental solution to the mathematical Robin problem under zero
initial condition is expressed as

Gy(r,t) = T Garpt)| (5.121)

40 p=R

Dependence of the fundamental solution G¢ on nondimensional distance r is
shown in Figs. 5.51-5.52 (H = RH, Gy = RQQf/po). The fundamental solution Gr
is depicted in Figs. 5.53-5.55 with Gr = R?Gr/(wot). The fundamental solution
Go is presented in Figs. 5.56-5.58 for various values of o, x and H, where Gp =
R?t'=%Gg /qo. The fundamental solution to the mathematical Robin boundary
value problem under zero initial conditions G,(r,t) is shown in Figs. 5.59 and 5.60
with G, = RG,T'~/(ago). The fundamental solutions under Robin boundary
conditions for k = 0.25 do not “feel” the boundary condition, but for x = 0.5 and
k = 0.75 there appears significant difference between solutions under Dirichlet,
Neumann and Robin boundary conditions.
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Figure 5.51: The fundamental solution to the first Cauchy problem in a cylinder
under zero Robin boundary condition (p = 0.5, k = 0.25, H = 1) [186]
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r

Figure 5.52: The fundamental solution to the first Cauchy problem in a cylinder
under zero Robin boundary condition (p = 0.5, k = 0.5, H = 1) [186]
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Figure 5.53: The fundamental solution to the second Cauchy problem in a cylinder
under zero Robin boundary condition (p = 0.5, k = 0.25, H = 1) [186]
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Figure 5.54: The fundamental solution to the second Cauchy problem in a cylinder
under zero Robin boundary condition (p = 0.5, k = 0.5, H = 1) [186]
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Figure 5.55: The fundamental solution to the second Cauchy problem in a cylinder
under zero Robin boundary condition (p = 0.5, kK = 0.75, H = 1) [186]
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Figure 5.56: The fundamental solution to the source problem in a cylinder under
zero Robin boundary condition (p = 0.5, x = 0.25, H = 1) [186]
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10.0
- o =2
8.0 a=1.95
6.0 a=1.75
Go /
a=1
4.0

0.0
0.0 0.2 0.4 0.6 0.8 1.0

g

Figure 5.57: The fundamental solution to the source problem in a cylinder under
zero Robin boundary condition (p = 0.5, k = 0.5, H = 1) [186]
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Figure 5.58: The fundamental solution to the source problem in a cylinder under

zero Robin boundary condition (p = 0.5, k = 0.75, H = 1) [186]
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Figure 5.59: The fundamental solution to the Robin problem for a cylinder under

zero initial conditions (k = 0.5, H = 1) [186]
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Figure 5.60: The fundamental solution to the Robin problem for a cylinder under
zero initial conditions (a = 1.75, k = 1) [186]
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54 Domain R < r < oo

5.4.1 Dirichlet boundary condition

o*T o*T 10T

gra =@ <8r2 + . 37‘) + o(r, t), (5.122)
t=0: T=f@r), O<a<2 (5.123)
t=0: %f:p@; l<a<?, (5.124)
r=R: T=g(t). (5.125)

The zero condition at infinity is also assumed:

lim T(r,t) = 0. (5.126)
T—00

The solution:

/f )Gr(r,p,t Pdp+/F )Gr(r, p,t) pdp
R R

t oo t
+ //@ 7)Ga (1, p, t )pdpdT+/g(T) Gy(r,t —71)dr.  (5.127)
0 R 0

The fundamental solutions under zero Dirichlet boundary condition,

Gi(r, p,t) o po Eo(—ag?t®) To(r) Yo(BE) — Yo(re) Jo(RE)
gmw>:/ wot Eo,»(~ag?t?) °wé&ﬁ%@f§
g<I> (T7 P, t) 0 q()tail Eoz,a(_atha)

X [Jo(pg) Yo(RE) = Yo(pg) Jo(Re)| € e, (5.128)

are obtained using the Laplace transform with respect to time ¢ and the Weber
transform (2.108), (2.117) with respect to the radial coordinate r.

Dependence of the fundamental solution G; = R2G;/po on nondimensional
distance 7 = r/R with p = p/R and k£ = y/at*/R is shown in Fig. 5.61. The
fundamental solution Gr = R2Gr/(wot) is presented in Figs. 5.62 and 5.63. The
fundamental solution to the source problem under zero Dirichlet boundary condi-
tion Go = R?Ga /(qot® 1) is depicted in Figs. 5.64 and 5.65.
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0.6 / a=0

/ ~

Figure 5.61: The fundamental solution to the first Cauchy problem in a body with
a cylindrical hole under zero Dirichlet boundary condition (p = 2, k = 0.5)
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Figure 5.62: The fundamental solution to the second Cauchy problem in a body
with a cylindrical hole under zero Dirichlet boundary condition (p = 2, K = 0.5)
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Figure 5.63: The fundamental solution to the second Cauchy problem in a body
with a cylindrical hole under zero Dirichlet boundary condition (p =2, k = 1)
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Figure 5.64: The fundamental solution to the source problem in a body with a
cylindrical hole under zero Dirichlet boundary condition (p = 2, k = 0.5)
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Figure 5.65: The fundamental solution to the source problem in a body with a
cylindrical hole under zero Dirichlet boundary condition (p =2, k = 1)

Fundamental solution to the Dirichlet problem

R e
t=0: G, =0, 0<a<?2, (5.130)
t=0: a;qzo, l<ac<2, (5.131)

r=R: G,=god(t). (5.132)

The solution [157]:

2agot® 1 T
6,(r,t) = =" [ Bun(-agt)
0
Jo(r&)Yo(RE) — Yo(r€)Jo(RE)
Jg (RE) + Y (RE)
The fundamental solution G, = tG, /go is shown in Fig. 5.66. The plot of solution
for @ = 2 in Fig. 5.66 needs additional discussion. If we consider the axisymmetric
Cauchy problem for the wave equation in a plane with initial value T'(r,0) =
d(r — R), then the nondimensional solution for 0 < £ < 1 has the form
1
= 4]
2v/1 — kK

¢de. (5.133)

Gs (F—1+k) §5(F—1—k)+ (a “tail”) (5.134)

_|_
2vV1+ &k
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1.00

a=2 a=1.75

0.75

0.25

0.00

Figure 5.66: The fundamental solution to the Dirichlet problem for a body with a
cylindrical hole (p =2, k = 1) [157]

(see (5.16)). The first term in Eq. (5.134) presents the delta peak traveling in the
direction of origin, the second term corresponds to the delta peak propagating in
the direction of infinity, and the third term describes a “tail” behind the wave
fronts. In the case of a cylinder with radius R (0 < r < R) the signaling problem
for the wave equation with the Dirac delta boundary condition T(R,t) = §(t)
in the case 0 < xk < 1 has a solution containing the delta peak traveling in the
direction of origin and a portion of “tail” behind the wave front:

1

gg:\/l—n

0(F—1+k) + (a “tail”). (5.135)

Similarly, in the case of an infinite medium with cylindrical cavity (R < r < 00) the
corresponding solution to the signaling problem contains the delta peak traveling
in the direction of infinity and also a portion of “tail” behind the wave front:

§(F—1—k) + (a “tail”). (5.136)

It should be noted that coefficients of delta functions in (5.135) and (5.136) are
twice as large as those in (5.134) (the initial delta pulse does not split in two
parts). The “tails” in (5.135) and (5.136) cannot be calculated analytically as in
(5.134), but can be estimated numerically.
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Figure 5.67: Dependence of the solution on distance (the Dirichlet problem for an
infinite medium with cylindrical hole with constant boundary condition; k = 1)
[157]

Constant boundary value of temperature. In this case equations (5.129)—(5.131)
are considered under the boundary condition

r=R: T=T1T,. (5.137)
The solution has the following form [157]

o, €)Y (RE) — Yo(ré)Jo(RE) d
T—T 4+ 7To/Ea ) Jo( §)J§((R§))+Y§((I§2)o( ¢) ; (5.138)
0

and is displayed in Fig. 5.67 with T'=T'/Ty.
Recall that the solution to the corresponding problem for the classical heat
conduction equation is well known [26, 48]:

L Jo(r€)Yo(RE) — Yo(r€) Jo(RE) dé
T=To+ 0/exp (—a&’t) J2(RE) + Y2 (RE) . (5.139)

5.4.2 Neumann boundary condition

8T 2T 19T
e = <6r2 + m) + ®(r, 1), (5.140)
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t=0: T=f(r), 0<a<2, (5.141)
t=0: g‘tr —F(r), l<a<2, (5.142)
oT

r=r: =T —g0) (5.143)

Tlggo T(r,t)=0. (5.144)

The solution:
T(rt) =/f(p)gf(hp,t)pdwr/F(p)gF(hp,t)pdp
R R
t oo t

+ O/IZq)(p,T) g¢(r,p,t—7)pdpdr+/g(7) Gy(r,t—T)dr. (5.145)

0

The fundamental solutions under zero Neumann boundary condition have the
following form:

Gr(r,p,t) 0o po Eo(—a&?t™) J v (R v (R
Gr(r,p,t) =/ wot Bq 2(—a&?t®) O(TS)JI;((RE));YTQ((gé)l( *
g<I> (T7 P, t) 0 lIOtOﬁl Ea,a(_agzta)

x [ Jo(p€) Yi(RE) — Yo(p€) J1 (Re)| € de (5.146)

and are obtained using the Laplace transform with respect to time ¢ and the Weber
transform (2.108), (2.119) with respect to the radial coordinate r.

Dependence of the fundamental solution G = R2G ¥ /po on nondimensional
distance 7 = r/R with p = p/R and k = y/at*/R is shown in Figs. 5.68 and 5.69.
The fundamental solution Gr = R2Gr/(wot) is presented in Figs. 5.70 and 5.71.
The fundamental solution to the source problem under zero Neumann boundary
condition Gy = R*Gg/(qot®~ ") is depicted in Figs. 5.72 and 5.73. For x = 0.5 the
fundamental solutions under zero Dirichlet and Neumann boundary conditions are
very similar (do not “feel” the boundary condition), but for x > 1 the solutions
under Dirichlet and Neumann boundary conditions are significantly different.
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Figure 5.68: The fundamental solution to the first Cauchy problem in a body with
a cylindrical hole under zero Neumann boundary condition (p = 2, k = 0.5)
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Figure 5.69: The fundamental solution to the first Cauchy problem in a body with
a cylindrical hole under zero Neumann boundary condition (p =2, k = 1)
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Figure 5.70: The fundamental solution to the second Cauchy problem in a body
with a cylindrical hole under zero Neumann boundary condition (p = 2, k = 0.5)
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Figure 5.71: The fundamental solution to the second Cauchy problem in a body
with a cylindrical hole under zero Neumann boundary condition (p = 2, k = 1)
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Figure 5.72: The fundamental solution to the source problem in a body with a
cylindrical hole under zero Neumann boundary condition (p = 2, k = 0.5)
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Figure 5.73: The fundamental solution to the source problem in a body with a
cylindrical hole under zero Neumann boundary condition (p =2, k = 1)
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Fundamental solution to the mathematical Neumann problem

9°Gm  (0*Gm | 1 0Gn
ote —a( or? + r or ) (5.147)
t=0: Gn=0, O0<a<2, (5.148)
t—0: 99—y 1ca<o2 (5.149)
ot
OGm,
r=R: op = 90 o(t). (5.150)

The solution

£

(5.151)

2090750‘ LT o Jo(rE) Y3 (RE) — Yo(r€) J1 (RE)
Gm(r:t) = 0/ Eo,o(~ag’t?) J2(RE) + Y2(RE) 4

is depicted in Fig. 5.74 with G,,, = tG,/(Rgo)-

0.8

0.6

Figure 5.74: The fundamental solution to the mathematical Neumann problem for
a body with a cylindrical hole (p = 2, kK = 1) [157]
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Figure 5.75: Dependence of the solution on distance (an infinite medium with a
cylindrical hole and constant boundary value of normal derivative; kK = 1) [175]

Constant boundary value of normal derivative

oT
r=R: = —go = const.

or
The solution [157]

2% [ 2] Jo(rEYi(RE) — Yo(ré)Jy (RE) d€
r=- wo/[l‘E“(‘““ 1 Rre +viere e
0

is shown in Fig. 5.75 (T =T/(Rgo)).

Fundamental solution to the physical Neumann problem

G, _ (a?gp 1 agp>

ot or? r Or
t=0: G,=0, 0<a<2,
t=0: %9 _0 1<a<o
ot
oG,

r=R: DL®

RL g, :*905(15), O0<a<l,

(5.152)

(5.153)

(5.154)

(5.155)

(5.156)

(5.157)
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0
r=R: Io‘flargp =—god(t), 1<a<2
The solution

Jo(r&)Y1(RE) — Yo(r§)J1 (RS)
JE(RE) + Y (RS)

Gp(r,t) = _ 2ag0 Ea(—a§2t“)

™

Constant boundary value of the heat flux

_o,0T

r=R: Dp, =—g0, 0<ac<l
oT

r=R: 1! =—go, l<a<?2.
or

The solution

_ QG%t/}hz (—agt®) OUfﬁﬁU%)—YGUQJﬂRQ(M
0

JR(RE) + Y (Re)

is shown in Fig. 5.76 with T'= RT/(agot).
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(5.158)

(5.159)

(5.160)

(5.161)

(5.162)

Figure 5.76: Dependence of the temperature on distance (the constant heat flux

at the boundary of a body with a cylindrical hole) [175]
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5.4.3 Robin boundary condition

o*T 0T 10T
gra =0 (37,2 + . 8r> + O(r, t), (5.163)
t=0: T=f(r), 0<a<2, (5.164)
t=0: ‘g:F(m l<a<2, (5.165)
T
r=R: 0 + HT = g(t), (5.166)
or
rlggo T(r,t) =0. (5.167)
The solution:
T(rt) =/f(p)gf(r,p,t)pdwr/F(p)gF(r,p,t)pdp
R R
t oo t

+ O/Zq)(p,r) gq>(r,p,t—7)pdpd7'+0/g(7') Gy(r,t —T)dr. (5.168)

The fundamental solutions under zero Robin boundary condition

gf(T’, P t) o) Do Ea (_a€2ta)
Gr(r,p,t) :/ wot Eq o(—a&?t®)
Ga(r,p,t) 0\ ot Eq o (—ag?t®)

" Yo(r) [§J1(RE) + HJo(RE)] — Jo(r€) [EY1(RE) + HY(RE)]
[€J1(RE) + H Jo(RE)]” + [£Y1(RE) + HYo(RE))?

< {Yo(p€) [€T1(RE) + HJo(RE)] — Jo(p€) [€Y1(RE) + HYo(RE)] } €d€ (5.169)

are obtained using the Laplace transform with respect to time ¢ and the Weber
transform (2.108), (2.121) with respect to the radial coordinate r.

The fundamental solution to the mathematical Robin problem under zero
initial conditions has the following form:

o0
- 2agot> !

Gy(r,t) = Ea,a(—a§2ta)
3
" Yo(ré) [§J1(RE) + HJo(RE)] — Jo(ré) [€Y1(RE) + HYo(RE)]

) 5 €d¢. (5.170)
(€N (RE) + HJo(RE)]™ + [Y1(RE) + HYo(RE)]



Chapter 6

Equations with One Space Variable
in Spherical Coordinates

I feel a recipe is only a theme,
which an intelligent cook can
play each time with variation.

Madame Benoit

6.1 Domain 0 <7r < oo

6.1.1 Statement of the problem

%(;Z: =a <?;rj; + 72“ ?)Z> + O(r, t), (6.1)
t=0: T=f(r), 0<a<2, (6.2)
t=0: %{ZF(T), l<a<?2, (6.3)

Tlggo T(r,t) =0. (6.4)

The solution:

0

0
t oo
+ //@ 7)Ga(r, p,t — 7) p* dpdr. (6.5)
0 0
© Springer International Publishing Switzerland 2015 153
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The fundamental solutions to the first Cauchy problem G¢(r, p, t), the second
Cauchy problem Gg(r, p,t) and to the source problem Gg(r, p,t) were considered
n [151].

6.1.2 Fundamental solution to the first Cauchy problem

0°Gr _ (0°G; 2 0
ote ( or? * r Or (6.6)
o(r —
t=0: G =po (T2P)7 0<a<?2, (6.7)
Gy
= M = < 2. .
t=0 ot 0, l<a<?2 (6.8)

It should be noted that the three-dimensional Dirac delta function in Cartesian
coordinates d(x)d(y) §(z) after passing to spherical coordinates takes the form
4z 6(r), but for the sake of simplicity we have omitted the factor 47 in the
solution (6.5) as well as the factor ' in the delta term in (6.7). The condition at
infinity (6.4) is implied in all the problems in infinite domains considered in this
chapter.

The Laplace transform with respect to time ¢ and the sin-Fourier transform
(2.31) with respect to the radial variable r with £ being the transform variable
give
= _ V2posin(pg) 57!

G . 6.9
PEUr pE st (69)
The inverse integral transforms result in
2p0 2 a
Gr(r,p,t) = E. (—a&?t*) sin(rg) sin(pg) dé. (6.10)
mr
P 0
It is convenient to introduce the following nondimensional quantities:

T at®/? wp3
r=_, n=ps, H:\/ , Gr= pgf. (6.11)

p P Po

The factor m has been entered in the expression for Gy to obtain the same scale
as in [151]. Hence,

= i/Ea (—r*n?) sin(rn) sin(n) dn. (6.12)

Let us consider several particular cases of the solution (6.12).
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Helmholtz equation (o — 0)

Gy = 2; [eXp <|1;r|> — exp <1:T>} . (6.13)

Subdiffusion with a=1/2

111 (F— 1) (7 +1)?
= v - — — du. 6.14
Gy \/ij/ \/ue {exp[ 820 } exp{ 820 u (6.14)
0
Classical diffusion equation (a=1)

Gr = v {eXp { - 1)2} — exp [— (F 1)2} } . (6.15)

- 2kT 4K2 4K?
Wave equation (a=2)

T —14+8) +0F—1—k)—6(F +1— k). (6.16)

gf:2r

Figures 6.1-6.2 show dependence of the fundamental solution G ¢ on nondi-
mensional distance 7 for various values of x and «. Usually, three distinguishing

10.0
« a=2
/
75 a=1.7
\ a=0
gf /
a=0.5
5.0 /
a=15
a=1

0.0
0.0 0.5 1.0 1.5 2.0

Figure 6.1: Dependence of the fundamental solution to the first Cauchy problem
in a space on distance; £ = 0.25 [151]
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-3.0
- a =195
—4.0
0.0 1.0 2.0 3.0 4.0

r

Figure 6.2: Dependence of the fundamental solution to the first Cauchy problem
in a space on distance; Kk = 1.5

values of the parameter « are considered: 0 < k < 1, kK = 1 and £ > 1. For a wave
equation these values correspond to three characteristic events: the wave front
does not yet arrive at the origin, the wave front arrives at the origin, and the wave
front reflects from the origin.

6.1.3 Fundamental solution to the second Cauchy problem

0°Gr _ (0°Gp | 2 0GR
ote a( or? r or ) (6.17)
t=0: Gr=0, l<a<?, (6.18)
oG 6(r—p)
t=0: ge =W 5 l<a<2. (6.19)
The solution:
2U}Ot T 2,0\ - .
Gr(r,p,t rp E, 2 (—a&?t™) sin(r€) sin(p) d¢ (6.20)
0

with Gr = mp3Gr/(wot).
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r

Figure 6.3: Dependence of the fundamental solution to the second Cauchy problem
in a space on distance; k = 0.25 [151]

Wave equation (a=2)

0, 0<7<|l-s|,
i -kl <F<l+ 6.21
= — KR T K
Gr 2KT ’ (6.21)
0, 1+r <7 <00

The numerical results for the fundamental solution to the second Cauchy problem
are shown in Figs. 6.3-6.5 for various values of x and a.

6.1.4 Fundamental solution to the source problem

The fundamental solution to the source problem is obtained in a similar way and
has the following form:

mrp

Gao(r, p,t _ 2ot 1 /Ea,a (—ag?t*) sin(r€) sin(pg) d¢ (6.22)
0

with Go = mp°t' G /qo.
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Figure 6.4: Dependence of the fundamental solution to the second Cauchy problem
in a space on distance; Kk = 1
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0.0

Figure 6.5: Dependence of the fundamental solution to the second Cauchy problem
in a space on distance; k = 1.5
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o3 \

2.5 \ a=0.5

0.0
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r

Figure 6.6: Dependence of the fundamental solution to the source problem in a
space on distance; k = 0.25 [151]

Subdiffusion with ae=1/2

Gum L /¢ feo 200 e[S oo

Dependence of the fundamental solution G on distance is shown in Figs. 6.6-6.8.

6.1.5 Delta-pulse at the origin

In the case of the first Cauchy problem we have

0T o*rT 20T
ot _a(8r2 o 67")7 (6:24)
o(r)
t=0: T= <2 2
0 Po A2’ 0<a< s (6 5)
T
t=0: 0 =0, l<a<2. (6.26)

ot
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0.0

T

Figure 6.7: Dependence of the fundamental solution to the source problem in a
space on distance; x = 1 [151]
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Figure 6.8: Dependence of the fundamental solution to the source problem in a
space on distance; £ = 1.5 [151]
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The solution [150]:

4 2,0\ -
=, 2 /Ea (—a&?t™) sin(r) £ d¢ (6.27)
0
and -
2
_/Ea ) sin(7n) n dn, (6.28)
7
0
where 2. 3/2,30/2
Y el S T
= T, F= = at*/%¢. 6.29
. CTS gger Vat®'=g (6.29)
Helmholtz equation (aw — 0)
T="eT. (6.30)
T
Subdiffusion with o = 1/2
17 , 2\ 1
= 502 /exp <—u — Su) 432 du. (6.31)
0
Classical diffusion equation (o = 1)
=2
T = \/2” exp <—Z ) . (6.32)

Now we investigate the behavior of the solution (6.27) at the origin. Due to
the asymptotics (2.161) of the Mittag-Leffler function E,(—=x) for large values of
x we can rewrite (6.27) as

T= / { (—a®t) = ) : }sin(&r)&d&
0

a)al?t)
Po OOsin(gr)
- 2772F(1—a)atar/ S (6.33)
0

The first integral in (6.33) has no singularity at the origin, while the second one
can be calculated analytically and yields the following singularity at the origin:

Do 1

T~ ArT(1 — a)at> r’ (6:34)
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r

Figure 6.9: Dependence of the solution on the similarity variable 7 (the first Cauchy
problem for a space with the delta-pulse initial condition) [150]

This result is consistent with the behavior of the solution for small r obtained in
[208]. Only the solution to the classical diffusion equation has no singularity at
the origin.

Dependence of the nondimensional solution 7" on the similarity variable 7 is
shown in Fig. 6.9.

In the case of the second Cauchy problem with the delta-pulse initial condi-
tion we get the solution

’wot

= / Eq 2 (—a&t®) sin(ré) £ dé. (6.35)
0

T on2p

The numerical results for T = 472a3/2t3%/271T Jw; are shown in Fig. 6.10. The
vertical line in Fig. 6.10 represents the Dirac delta function corresponding to the
solution of the wave equation.

To investigate behavior of the solution (6.35) at the origin we recall that for
large values of £ we have the asymptotics (2.162) for the Mittag-Leffler function
E,2(—x). As a result, the solution to the second Cauchy problem with the delta-
pulse initial condition also has its singularity at the origin

wo 1

T~ 1 2. 6.36
AnT(2 — a)ate—1 ' sas (6.36)
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Figure 6.10: Dependence of the solution on the similarity variable 7 (the second
Cauchy problem for a space with the delta-pulse initial condition)
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Figure 6.11: Dependence of the solution on the similarity variable 7 (the delta
pulse source problem for a space with zero initial conditions)
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The solution to the time-fractional diffusion wave equation with the source
term go fT(r:)Q 0(t) under zero initial conditions is expressed as

QOta ! 7 2 .
= Eo,o (—a&?t™) sin(r§) £ d€. (6.37)
0

272y

Due to the asymptotics of the Mittag-Leffler function E, o (—2) (2.163) for
large values of x the solution (6.37) has no singularity at the origin. The numerical
results for the solution (6.37) are depicted in Fig. 6.11 for the nondimensional
quantity T = 4m2a®/2t*/>1T / qq.

6.2 Evolution of the unit-box signal

6.2.1 First Cauchy problem

Evolution of the unit-box signal in the central symmetric case was investigated in
[162].

0T o*’T 20T
ote (81"2 + r 87’) (6.38)
To, 0<r<R
t=0: T= 0<a<2, (6.39)
0, R <r < oo,
oT
t=0: =0 1 <2. 6.40
ot ’ Ses (6.40)
The solution:
oy [
T =0 / Eo (—a€?t®) [sin(RE) — RE cos(RE))] Smg(’f) de. (6.41)
r
0
The nondimensional quantities used in numerical calculations are the following:
T T Vat®/?
T = F= = . 6.42
n T rR "7 R (6.42)

Consider several particular cases of the solution (6.41).

Helmholtz equation (av — 0)

1 1-7 147
1— +_K [exp (— r) — exp (— —Hﬂﬂ , 0<r<l,
27 K K
1 r—1 r+1
|:(1K)6Xp<r >+(1+K)6Xp(r+ ﬂ, 1 <7< o0.
2r K K

(6.43)

el
Il



6.2. Evolution of the unit-box signal

Subdiffusion with o = 1/2

oo

P [ () ()

0

N 2\/5:;/11 {exp [_ (TS—/;?T —exp {_ (TS;QST } >du.

Classical diffusion equation (o = 1)

1 41 F—1
T—2{erf< 95 )—erf( or )}

s Sl e R e

Wave equation (o = 2)

a) 0<k<1
1, 0<r<1—x,
T=4""" 1-k<Fi<ldtn,
2r
0, 1+k <7 <00
b) k=1
F—1
r,, 0<r<2,
T = 2r
0, 2 <7< o00.
c) 1<k<o
0, 0<r<k-—1,
r— _
T= o k—1<7<k+1,
27
0, kK+1<7 <oo.

165

(6.44)

(6.45)

(6.46)

(6.47)

(6.48)

The curves presented in Figs. 6.12-6.14 correspond to the solution (6.41) for

k =0.25, kK =1 and k = 1.5, respectively.
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Figure 6.12: Evolution of the initial box-signal in the central symmetric case (the
first Cauchy problem); k = 0.25 [162]
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0.0 0.5 1.0 1.5 2.0 2.5 3.0
r

Figure 6.13: Evolution of the initial box-signal in the central symmetric case (the
first Cauchy problem); k =1 [162]
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Figure 6.14: Evolution of the initial box-signal in the central symmetric case (the
first Cauchy problem); k = 1.5 [162]

6.2.2 Second Cauchy problem

Consider the central symmetric time-fractional diffusion-wave equation

0T 0*T 20T
ot (81"2 t, 81") (6.49)
under initial conditions
t=0: T =0, (6.50)
oT wy, 0<r<R,
t=0: = (6.51)
ot 0, R<r<oo.

The solution has the following form [182]:

21U(ﬂf
r

/ B o(—a€?t) [sin(RE) — RE cos(RE)) bmg(rg) de (6.52)
0
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with the special case corresponding to the standard wave equation (T' = T'/(wot)):

a) 0<k<l1
1, 0<7<1—r,
1— _ =\2
A e A (6.53)
4kT
0, 14+Kk <7 <00
b) k=1
] _
(1—7"), 0<7<2,
T= 2 (6.54)
0, 2<7r<o0
c) k>1
0, 0<r<K—1,
_ _ =\2
7= 1-(k T),Ii—1<77<li-‘r1, (6.55)
4KkT
0, K+1<7 <oo.

The curves presented in Fig. 6.15 and Fig. 6.16 correspond to the solution
(6.52) for kK = 0.5 and k = 1.25, respectively.

1.0

0.8 /

0.6

0.4
a=1.05

0.2

0.0 —
0.0 0.5 1.0 1.5 2.0

r

Figure 6.15: Evolution of the initial box-signal in the central symmetric case (the
second Cauchy problem); x = 0.5 [182]
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Figure 6.16: Evolution of the initial box-signal in the central symmetric case (the

second Cauchy problem); x = 1.25 [182]

6.2.3 Source problem

Consider the central symmetric time-fractional diffusion-wave equation

o°T 0*°T 20T g, 0<r<R,
—a + +48(t)
ote or2  ror 0, R <r < oo,

under zero initial conditions
t=0: T =0, 0<a<?2,
t=20: =0, l<a<?2

The solution [182]:

sin(rg)

d
2 £

2q0ta 1 / Foo(—ag’t®) [sin(RE) — RE cos(RE)]
0

is presented in Figs. 6.17 and 6.18 with T' = T/(qot“™1).

(6.56)

(6.57)
(6.58)

(6.59)
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Figure 6.17: Evolution of the initial box-signal in the central symmetric case (the
source problem); x = 0.5 [182]
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Figure 6.18: Evolution of the initial box-signal in the central symmetric case (the
source problem); k = 1.25 [182]
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6.3 Domain 0 <r < R

6.3.1 Dirichlet boundary condition

o*T o*T 20T
gpa =0 <8r2 + . 37‘) + o(r, t), (6.60)
t=0: T=f(r), 0<a<2 (6.61)
t=0: T _pp), 1<a<o, (6.62)
ot
r=R: T=g(t). (6.63)

The solution:

R R

/f )Gr(rop,t)p dp+/F(p)QF(T7p7t)p2dp
0 0

t

*0/

The fundamental solutions under zero Dirichlet boundary condition

t

®(p,7) G (1, p,t —7) p* dpdr + /g(T) Gy(ryt —7)dr. (6.64)
0

Gr(r,p,t) po Eo(—a&it®)
Gr(r,p,t) | = rpRZ wot Boa(—ait®)  |sin(r&) sin(péy),  (6.65)
g<I> (7’, 12 t) =t thOéil Ea,a(_agita)

are obtained using the Laplace transform with respect to time and the finite sin-
Fourier transform for a sphere (2.56) with respect to the radial coordinate.

Here )
T
§k = R

The fundamental solution to the Dirichlet problem under zero initial condition is
expressed as [152]

(6.66)

a a—1
Gy(r,t) = 0 S ()G B (o) sin(e)  (667)
k=1

with the nondimensional quantities used in numerical calculations

t 7 \/at"“/2
Gy = % Gy, 7= R K= R e = k. (6.68)
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Figure 6.19: The fundamental solution to the Dirichlet problem in a sphere; k =
0.25 [152]

Classical diffusion equation (¢ = 1)

262 & .
G, = - Z(—l)k"'lnk exp(—rk>n3) sin(7n ). (6.69)
k=1
Wave equation (o = 2)
Gy= " dr-1+r), O<k<l (6.70)

The results of numerical calculations for the fundamental equation to the
Dirichlet problem G, (6.67) are presented in Fig. 6.19 for x = 0.25. The vertical line
at p = 0.75 corresponds to Dirac’s delta solution (6.70) of the wave equation. Sev-
eral problems for a sphere under Dirichlet boundary condition were solved in [152].

Delta-type instantaneous source at the origin

0T 0*°T 20T 5(r)
oo~ ¢ (37’2 + r 37’) D g2 ot), (6.71)
t=0: T=0, 0<a<2, (6.72)
T
t=0: %t:(), l<a<?, (6.73)

r=R: T=0. (6.74)
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r

Figure 6.20: Dependence of the solution on distance (the delta-type instantaneous
source at the origin; k = 0.5) [152]
The solution [152]:

ta—l e o
= qQOﬂ-Rr ng o o(—a&it™) sin(7&) (6.75)
k=1

and T = R3%179T /qq.

Classical diffusion equation (o = 1)

1 .
T= - kgl n exp(—rk>n3) sin(7n ). (6.76)
Wave equation (o = 2)
1
T= e I(p — k), 0<k<l. (6.77)

The curves calculated for the solution (6.75) are depicted in Fig. 6.20 for
various values of a.. The vertical line represents Dirac’s delta solution (6.77) to the
wave equation.

Constant source strength. In this case the diffusion-wave equation with the con-

stant source strength Qg
0T o*rT 20T
ote ~° <8r2 + r 67") + Qo (6.78)
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is considered under zero initial and boundary conditions. The solution has the
form [152]:

7= (1; (R*—r?) + i i(—l)kEa(—aékta)sm(ggk) (6.79)

a k=1 Sk

with the nondimensional quantity T' = aT/(QoR?).

Helmholtz equation (o — 0)

-7 2 & 1 sin(Fng)
T = + ) (-1)F . 6.80
6 T ;< ) L+r202  n} ( )
Classical diffusion equation (o = 1)
1—-2 2 w—
T= "y - Z * exp( fiQni)smq(?rnk). (6.81)
1 k

The solution (6.81) can be found, for example, in [98].

Wave equation (o = 2)
For 0 < k < 2 the solution to the wave equation is rearranged as
K /2, 0<7F<[1—kl,
T=<1_7 (6.82)

[F-(1-k)?, |1-kl<F<1.
o P (=] L=l

The results of numerical calculations of the solution (6.79) with typical values
of the parameter x are displayed in Figs. 6.21 and 6.22.

Constant boundary value of a function

0T o?°T 20T
ot~ (31"2 ty 37’) (6.83)
t=0: T=0, O<a<2, (6.84)
T
t=0: %t:(), l<a<?2, (6.85)

r=R: T=T,. (6.86)
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Figure 6.21: The solution to the diffusion-wave equation with constant source

strength in a sphere under zero Dirichlet boundary condition; x = 0.5 [152]
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Figure 6.22: The solution to the diffusion-wave equation with constant source
strength in a sphere under zero Dirichlet boundary condition; x = 1 [152]
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The solution assumes the form [152]:

T =Ty +2Th Z(—l)’“Ea(—a§2ta)Sln(r£k). (6.87)
b1 &k

Let us consider several particular cases.
Helmholtz equation (o — 0)

T=" =142 Z sin () (6.88)

1 + KQ e '
Classical diffusion equation (o = 1)
=142 Z * exp( H%Q)sm(rnk) (6.89)
k)

The solution (6.89) is presented in [26].
Wave equation (o = 2)

0<7<|l-kKl,

0
T=<1 0<k<2 (6.90)
o, 1=kl <TF<1,
F

Figures 6.23-6.25 show the variation of the solution with distance for typical
values of the parameter x. Figure 6.23 describes the situation typical for 0 < xk < 1,
Fig. 6.24 for k = 1, and Fig. 6.25 for 1 < k < 2.

Examples of Cauchy problems. As an example of the first Cauchy problem we
consider the time-fractional diffusion-wave equation with the initial conditions

R
t=0: T=T, , O<a<2, (6.91)
T
or
t=0: o =0 1<a<2 (6.92)

and zero Dirichlet boundary condition.
The solution takes the form [152]

— 2Ty, Z DL 4 1) By (—ag2t®) qufgf’“) (6.93)

with the following particular cases:
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2.0

Figure 6.23: The solution to the Dirichlet problem in a sphere with constant bound-
ary value of a function; x = 0.5 [152]
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Figure 6.24: The solution to the Dirichlet problem in a sphere with constant bound-
ary value of a function; x = 1 [152]
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Figure 6.25: The solution to the Dirichlet problem in a sphere with constant bound-
ary value of a function; x = 1.5 [152]

Helmholtz equation (o — 0)

T > 1 sin(rng)
T=_=2 —1)F 41 . 6.94
D 690

Classical diffusion equation (o = 1)

T =23 (-1 4 expl—ntad) ). (6.95)
k=1 Tk

Wave equation (o = 2)

0, 0<7r<k,
1
T= , k<r<l1-—k, (6.96)
r
0, 1-rk<r<l1,

for 0 < k < 0.5.

The curves calculated according to (6.93) are presented in Fig. 6.26.
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r

Figure 6.26: The solution (6.93) to the first Cauchy problem in a sphere under
zero Dirichlet boundary condition; x = 0.25 [152]

As an example of the second Cauchy problem we consider the diffusion-wave
equation with the initial conditions

t=0: T=0 l<a<2, (6.97)
or
t=0: Iy = wp = const, l<a<?2, (6.98)

and zero Dirichlet boundary condition.
The solution reads [152]:

_QthZ 1)1 B, ag%a)smgg’“) (6.99)
k

with the particular case a = 2 describing the solution to the wave equation (with
0<k<l)
1, 0<r<1—x,

T = = (1—!%)(1—77) | ere (6.100)
KT ’ -7

The typical numerical results calculated from Eq. (6.99) are displayed in Fig. 6.27.
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Figure 6.27: The solution to the second Cauchy problem in a sphere with constant
initial value of time-derivative of a function; k = 0.5 [152]

6.3.2 Neumann boundary condition

0T 0*°T 20T
gra =@ <8r2 + . 37‘) + O(r, t), (6.101)
t=0: T=f@r), O<a<? (6.102)
T
t=0: %t =F(r), 1<a<2, (6.103)
oT
r=R: o = g(t). (6.104)

The solution:

R R
/f )Gr(r,pt) p dp+/F(p)QF(T7p7t)p2dp
0 0

t

®(p,7) Ga (1, p,t —7) p* dpdr + /g(r) Gy(r,t—T1)dr.  (6.105)
0

t
o)
0
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The fundamental solutions under zero Neumann boundary condition have the form

Gr(r,p,t) \ Po
Gr(r.p,t) | = R wot
gCD (7", P, t) qotail/r(a)

Dbo Ea (—afita)

N ey | sin(rg) sin(pgy)
+Rrp; wot Eq(—alft®) (Rey) (6.106)

thail Ea,a(_aglgta)
with sum over all positive roots of the transcendental equation
tan(REy) = Ré. (6.107)

The solutions are obtained using the Laplace transform with respect to time ¢ and
the finite sin-Fourier transform for a sphere (2.60) with respect to the radial co-
ordinate r. Several problems for a sphere under the Neumann boundary condition
were considered in [173].

Fundamental solution to the mathematical Neumann problem

0°Gm  (0*Gm 2 0Gn,
ot a( o2 T o > ’ (6.108)
t=0: Gn=0, O0O<a<2, (6.109)
G,
=0: = < .
t=0: " =0, l<a<2, (6.110)
OGm
r=R: o = g0 0(2). (6.111)

The solution

- 3agot® ! 2aget®!

Gon (1) = ") ! ;Ea,a (—agt®) sin(rée) (6.112)

sin(R&)

is shown in Figs. 6.28-6.30, where G,,, = Rt'=%G,, /(ago)-

Constant boundary value of the normal derivative. In this case the diffusion-
wave equation (6.108) is solved under zero initial conditions (6.109) and (6.110)
and constant boundary value of the normal derivative

T
r=R: (ZT = go = const. (6.113)
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Figure 6.28: The fundamental solution to the mathematical Neumann problem for
a sphere; k = 0.25 [173]
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40
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Figure 6.29: The fundamental solution to the mathematical Neumann problem for
a sphere; k =1 [173]
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4.0

Nég

Figure 6.30: The fundamental solution to the mathematical Neumann problem for
a sphere; k = 1.5 [173]

The solution [173]:

3agot® 290 sin(r&)
T =
RT(1+« Z 51@ sin(R&x)
290 o) 1+ R :
— Z Eq (—a&it®) ¢ sin(r&y) sin(RE). (6.114)
k

Taking into account that

sin(réy) 1 9 9
- 5r2 — 3R 6.115
Z < &2sin(R&) ~ 10R (5 ). (6.115)

we get

3agot® 9o 2y 290 o sin(réy)
T= E, ) . (6.11
RT(1 4+ ) * IOR(5 —3R) Z ot 5,3 sin(REx) (6.116)

In the case of classical diffusion equation (a = 1) from (6.116) we obtain [98, 144]

sin(réy)
& sin(R&)

3agot
T =" 90 (5,2 _3R2) gOZeXp (—ag?t)

= *iom (6.117)

The results of numerical calculations of the solution (6.116) are presented in
Fig. 6.31 and Fig. 6.32 with T'=T/(go R).
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1.0
0.8 a=0
a=1 \ /
T 0.6 \
0.4
a=1.5
a=1.75
0.2 ‘\
a=2
0.0
0.0 0.25 0.5 0.75 1.0

r

Figure 6.31: Dependence of temperature in a sphere on distance (the constant
normal derivative of temperature at the boundary; x = 0.5 [173]

a=1
3.0 \
a=15

i N

1.0 \\ a=175

0.0
0.0 0.25 0.5 0.75 1.0

r

Figure 6.32: Dependence of temperature in a sphere on distance (the constant
normal derivative of temperature at the boundary; x = 1 [173]
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Fundamental solution to the physical Neumann problem

0°Gp 329p 2 0G,
= 11
ot~ ° < oz oo ) (6.118)
t=0: G,=0, 0<a<?2, (6.119)
t=20: Gy =0, l<a<?2, (6.120)
ot
11—« agp
r=R: Dy o = go 0(%), 0<a<l, (6.121)
r=R: Iaflaaip = go6(t), l<a<2. (6.122)
The solution:
3ag0  2ago ~— 5 sin(ré)
t) = E, (—a&t® . 6.123
gp(’l“7 ) R + r ; ( a’é-k: ) Sll’l(R&k) ( )

The solution (6.123) is shown in Fig. 6.33 with G, = RG,/(ago).

6.0
a=1.7
5.0 \
4.0
a=15
g, \
3.0
a=1
2. \
0 a=0.5
1.0 M /
o=
0.0
0.0 0.25 0.5 0.75 1.0

r

Figure 6.33: The fundamental solution to the physical Neumann problem for a
sphere; = 0.25 [173]
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Constant heat flux at the boundary

o°T o*’T 20T
= 6.124
ote a(3r2+r 87’)7 ( )
t=0: T=0, 0<a<?2 (6.125)
T
r=0: T o 1ca<o (6.126)
ot
or
r=R: Dp" oy = 90 0<a<l, (6.127)
or
r=R: I} gy =90 l<as<2 (6.128)
The solution:
3agot  2agot ~— 9 sin(réy)
T = Ey o (—a&it™) . 6.129
R + r ; -2 ( @ ) sin(R&) ( )
is presented in Fig. 6.34-6.36 with T = t*~1T/(goR).
a=2

1.0 /

a=1
0.6
T
0.4
a=1.5

\a1.75

-« a =195

0.2

0.0
0.0 0.25 0.5 0.75 1.0

r

Figure 6.34: Dependence of temperature on distance (the constant heat flux at the
boundary of a sphere; x = 0.5 [173]
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0.0 0.25 0.5 0.75 1.0

r

Figure 6.35: Dependence of temperature on distance (the constant heat flux at the
boundary of a sphere; k = 1 [173]

10.0
a=2
a=1
8.0
|
I
T
6.0
1
Gy
4.0 a=195
a=2
2.0
0.0 0.25 0.5 0.75 1.0
T

Figure 6.36: Dependence of temperature on distance (the constant heat flux at the
boundary of a sphere; x = 1.5 [173]
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6.3.3 Robin boundary condition

0T o*T 20T
gra = <8r + . ar> + O(r, t), (6.130)
t=0: T=f(r), 0<a<2, (6.131)
t=0: %{:F(r), l<a<?2 (6.132)
T
r=R: HT—|—a = g(t). (6.133)
or
The solution:
R R
/f )Gr(rop,t)p dp+/F(p)gF(T7p7t)p2dp
0 0

t
o]
0

The fundamental solutions under zero mathematical Robin boundary condi-
tion have the following form

t

®(p,7) Ga(r,p,t —7) p*> dpdr + /g(T) Gy(r,t —71)dr. (6.134)
0

Gy(r,p,t) , = po Eo(—a&it®)

gr(r.pt) | = Rrp Z wot Eo,2(—agit®)

g@(ra P, t) b=t QOta_l Ea,a(_aé-]%ta)

R&y, — sin(REy) cos(RE)
with sum over all positive roots of the transcendental equation
R&
t 1
an(Rg) = | " (6.136)

The solutions are obtained using the Laplace transform with respect to time and
the finite sin-Fourier transform for a sphere (2.64) with respect to the radial co-
ordinate.

Fundamental solution to the mathematical Robin problem
0°Gu _ | (0%, 2 06,
ote or? r Or

t=0: Gn,=0, 0<a<2, (6.138)

(6.137)
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0Gm
= M = < .
t=0: “M=0, l1<a<2 (6.139)
r=R: HG,+ 3agm = go d(t). (6.140)
T

As usually, the boundedness condition at the origin is also assumed:
}13% Gm (1, 1) # 0. (6.141)

The solution is expressed as [189]

2aRgot™ " 5 &g sin(REE) sin(réy)
m(rt) = Eq o(—a&it” . 6.142
Grm (1) r l; (=g )Rﬁk — sin(R¢&y) cos(RE) ( )
and can be rewritten in the dimensionless form with
Gm = i g H=RH (6.143)
m — agotoéfl my - . .

The results of numerical calculation of the solution (6.142) are presented in
Fig. 6.37 for various values of the order of fractional derivative «.

10.0
a=2
8.0 a=4/3 '
Gm 6.0 a=1 \
2.0
0.0
0.0 0.2 0.4 0.6 0.8 1.0

r

Figure 6.37: Dependence of the fundamental solution to the mathematical Robin
problem for a sphere on the radial coordinate for H = 0.2, k = 0.15 [189]
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Now we will investigate the approximate solution of the considered problem
for small values of time ¢. In the case of classical heat conduction, this method was
described in [98]. Applying to (6.137)—(6.140) the Laplace transform with respect
to time, we obtain the following equation

d*g:  2dg:  s”

. =0 6.144
dr? r o dr a Gm ( )
and the boundary condition
d *
r=R: HG, + jm = go. (6.145)
r

Equation (6.144) has the solution

Gr (r,s) = fsinh <\/S: 7’) + f cosh <\/S: 7’) , (6.146)

where A and B are the constants of integration. The boundedness condition at the
origin (6.141) implies that B = 0, and from the mathematical Robin boundary
condition (6.145) we get

(RH — 1) sinh <\/S: R) + R\/S: cosh <\/S: R)

Hence, the solution (6.146) is rewritten as

Go(ri) = 0 {eXp [_5“/ <j - ﬂ ~exp {_S“/Q(f; T )”

(RH — 1) (1— 72" " RIVe) jz 522 (14 o727 PRIV
a

-1
A= R290

-1

X

Based on Tauberian theorems for the Laplace transform (see, for example [34]),
for small values of time ¢ (for large values of the transform variable s) we can
neglect the exponential term in comparison with 1:

14 e 2" R/Va o 1, a>0

)

and obtain

Go(r.5) = OV {exp [_Sa/ Q(j;‘ ﬂ ~exp {_S“/Q% - )H

1

. 6.147
* Va(RH — 1) + Rso/2 (6.147)

Inversion of the Laplace transform taking into account the convolution the-
orem gives the approximate solution in terms of the Mittag-LefHler function and
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the Mainardi function:

t
aRgy [ (t—7)o/271 Va o
(1) 2 50 [T Bagaraga | Vg (R = 1) =)

0

(3 ) -3 250

or in terms of nondimensional quantities

x dr (6.148)

1
o a/2 1 N
Gm / ua/2+1 a/2,a/2 |:_‘%(H - 1)(1 - U‘) /2:|
0

_ a 1-7 _ a 1+7
X [(1—T>M(2, nua/2> - (1+7)M (2, Hua/2>
It should be emphasized that the integrand in (6.149) has no singularity at u = 0
due to exponential decay of the Mainardi function M («; x) for & — oo [100, 101].

du.  (6.149)

Classical diffusion equation (o = 1)

Taking into account the following formula for the inverse Laplace transform [44]
(with v > 0)

£1{ 1 e’Y\/S} — 1 exp (_72) _ Be,B’Y+ﬁ2terfC ( Y +B\/t>
Vs+p vt 4t 2V/t ’

(6.150)
we obtain

Gm = i{ \/er P [_(14;4§)2} - \/jm

— (H=1)exp [(H -1 —7)+(H - 1)252}erfc [12_,;

exp [_(1:5)1
+(H — 1)4

+ (H—1)exp [(H — 1)(1+7) + (H — 1)°£?]

147
x erfc [ T - 1)4 } (6.151)
2Kk
Wave equation (o = 2)
1 [0, 0<r<1—x,
Gm = _ ] ) (6.152)
KT | e(-H)(s=147) - ] _ g < 7 < 1.

It should be noted that for k = 0.15 the results of numerical calculation
based on (6.142) and (6.148) practically coincide.
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Fundamental solution to the physical Robin problem

0°G, 82gp 2 0G,
ote a( o2 Trar ) (6.153)
t=0: G,=0, 0<a<?2, (6.154)
t=0: aagt”:m l<a<2, (6.155)
l—aagp
r=R: HG,+ Dpg; 9 = go 0(%), 0<a<l, (6.156)
r
a—lagp
r=R: HG,+1I 9 = go 0(%), l<a<2, (6.157)
r
lim G, (r,t) # oc. (6.158)
r—0

Unfortunately, in the case under consideration the finite sin-Fourier trans-
form (2.64) cannot be used to obtain the solution as the eventual transcendental
equation for the roots & (see the transcendental equation (2.66)) would contain
the Laplace transform variable s:

Ré

tan(Rfk) = 1 so—1RH"

Nevertheless, the approximate solution G, similar to solution under the math-
ematical Robin boundary condition studied above and valid for small values of time
t can be obtained for several typical values of the order of fractional derivative a.

In this case, instead of the solution (6.147) we get

Grrs) ~ R2goy/as®! {exp [_SQ/Q(R—T)} - [_saﬂ(Rw)H

r Vva Vva
y 1 (6.159)
Va(RHs*=t — 1) + Rs®/2’ '
Below, the following dimensionless quantities will be used:
R
Gp= _ Gp,  H=R gl (6.160)
ago

Particular case o = 2/3

For this value of the order of fractional derivative, the solution in the Laplace
transform domain reads

s/3 — RH
. (1 * Ra—1/2g2/3 — g1/3 +RH> : (6.161)
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The denominator in (6.161) can be treated as a quadratic equation, which allows
us to obtain the decomposition into the sum of partial fractions:

51/3 - RH o 01 + CQ
Ra=1/2s2/3 —s1/3 4 RH  s/3 —¢g;  s1/3 — oy

where

Ja (1i\/1—4H)2

_va _
0—172_2R<1i\/1—4H), Cra=+ A4

Inversion of the Laplace transform gives the approximate fundamental solu-
tion
goR+/a 1 R—r 1 R+r
Gp(r,t) = rtl/3 {M <37 Vat'/3 ) M 3 \att/3
t
goR+v/a 1 1 R—r 1 R+r
M . - M .
T /(t_T)2/3T1/3 { (37\/0,7'1/3 3’ Varl/3
0
x {01E1/3,1/3 {0’1(15 - 7)1/3} + C2E13,1/3 [Gz(t - 7)1/3] }dT (6.162)

or in the dimensionless form

1 11-7 1147
g [ () e ()

1
1 1 1 1-7 1 147
M . - M .
e ] @ [ () =2 (5 i)

0

{ (1+V1 —4H)2E1/3,1/3 [ (L Vi—am) (- )]

— (1 —V1- 4H)2E1/3,1/3 [';” (1 “V1- 4H) (1- u)l/ﬂ }du. (6.163)

Particular case o = 4/3

In this case the solution in the Laplace transform domain reads

RHs'Y/3 —1
. (1 " Ra-1/2s2/3 + RHs'/3 — 1) ‘ (6.164)
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The denominator in (6.164) can be treated as a quadratic equation, which allows
us to obtain the decomposition into the sum of partial fractions:

RHs'/? —1 G Cy
Ra=1/2s2/3 + RHs'/3 —1  s/3 — o4 * si/3 — gy
where
) 2
s o ()
034 = — H+\VH +4), C34 == .
3,4 2\/R( ) 3,4

VR \/H2+4

Inversion of the Laplace transform gives the approximate fundamental solution

G, (r.t) = PV [M <2 R—r ) oy (g \j%a;;"sﬂ

rt2/3 3’ Vat?/3
2 R+r
M7
(5 yurer )]

t
goR/a / 1 2 R—r
— M ;
r (t —7)2/372/3 37 \ar?/3
0
X {CgEl/g’l/g |:O'3(t - T)l/?il + C4 E1/371/3 |:O'4(t - T)1/3:| } dr (6165)

or in the nondimensional form

1 2 1-—-7 2 1+7
e () ()

1

1 / 1
- 1 — )2/3 42/3
aynr B w4y LW

[M (2 iu;;) - M <§ ;;;)} { <H+ \/H2+4)2
Ersa/s [—\éﬁ <H+ \/H2+4) 1 —u)l/?’} — (H— \/H2 +4>2

B33 [— ‘/2“ (H— \/H2+4> (1 —u)l/?’} }du. (6.166)

X

X

X

Wave equation (o = 2)

In the case of wave equation for temperature, taking into account that

£ {e ) = (¢ - ),
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from (6.159) we get

1
G, ~ ok —1+T
P (H ( )
. 0, 0<7<l—n, 16
+ .
(H+1)2f C(,l-cf14’?)/(1’[4»1)7 1—I*€<1:§ 1. ( )

The results of numerical calculation of the approximate solutions (6.163),
(6.166), and (6.167) as well as (6.151) are presented in Fig. 6.38. The vertical line
in Fig. 6.38 represents the Dirac delta function.

10.0
a=2 -
8.0 a=2/3
gp 6.0 a=4/3

azl\
4.0

2.0

0.0
0.0 0.2 0.4 0.6 0.8 1.0

r

Figure 6.38: Dependence of the fundamental solution to the physical Robin prob-
lem for a sphere on radial coordinate for H = 0.2, k = 0.15 [189]
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6.4 Domain R<r < oo

6.4.1 Dirichlet boundary condition

o*T o*T 20T

gpa =0 <8r2 + . 37‘) + O(r, t), (6.168)

t=0: T=f(r)) O<a<2 (6.169)
oT

t=0: Iy =F(r), l<a<2, (6.170)

r=R: T=g(t). (6.171)

The zero condition at infinity is also assumed

lim T(r,t) = 0. (6.172)

r—00

The solution:

/f )Gy(r,pst pdp+/F )Gr(r, p,t) p* dp
R

R

t

<
0

To obtain the fundamental solutions to the first and second Cauchy problems and
to the source problem we introduce the auxiliary function v = 7" and the auxiliary
variable z = r — R. Next, we use the Laplace transform with respect to time ¢
and the sin-Fourier transform (2.25) with respect to the space coordinate x with
¢ being the transform variable. Thus, we get

?0\8

t
®(p,7)Ga(r, p,t —7) p* dpdr + /g(T) Gy(ryt —7)dr. (6.173)
0

Gr(r, p,t) , po Eao(—ag?t®)
Gr (7", Ps t) = Tp / wot Ea,2(_a’§2ta)
g<I> (7’, P, t) 0 q()tail Ea,a(_a€2ta)
x sin[(r — R)&] sin[(p — R)¢] d&. (6.174)

Similarly, the fundamental solution to the Dirichlet problem is expressed as [153]

a a—1 <
G, (rt) = 2 Rijf / Foo(—a€2t%) sin[(r — R)€] £ d€. (6.175)
0
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The following nondimensional quantities will be used in calculations:
tG, r Vat®/?

= 7 P = = . 6.176
gg 90 ’ r R’ K R ( )

Subdiffusion with o = 1/2

Gy = 216/2_7;7« / Ju exp[ —(r8;22)2}du. (6.177)

Classical diffusion equation (o = 1)

=1 (r—1)2
Gy = 2T exp { A2 } . (6.178)
Wave equation (o = 2)
K
= r—1—kK). .
Gy 1+ k o7 K) (6.179)

Plots of the fundamental solution to the Dirichlet problem G, are shown in
Fig. 6.39 for k = 1 and various values of a.

0.6

Gy 04 /

0.0

r

Figure 6.39: Dependence of the fundamental solution to the Dirichlet problem for
a body with a spherical hole on radial coordinate; k = 1 [153]
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Constant boundary value of a function

o°T _ (0°T 20T
ote ~ N2 o)

t=0: T=0, 0<a<2,

t=0: 8T:(), l<a<?2,

The solution [153]:

oo

[ Bat-agiee)

0

RTy 2RIy

r r

sin[(r — R)¢]

T =
£

Helmholtz equation (av — 0)

T 1 -
T = — —(r-1)/x
To T ¢

Subdiffusion with o = 1/2

o0

2 2 r—1
T= \/ﬂ_F/e erfc (2\/2/1\/u> du.

0

Classical diffusion equation (o = 1)

T = {erfc (r—1>.
T 2K
The solution (6.187) is well known [129, 141, 215].

Wave equation (o = 2)

1
., 1<r<1+k,
T = r

0, 1+ k<7 <o0.

The solution (6.184) is depicted in Fig. 6.40.

dé.

(6.180)

(6.181)
(6.182)

(6.183)

(6.184)

(6.185)

(6.186)

(6.187)

(6.188)
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1.00
0.75
a=2
T /
a=1.95

0.50 -

/ a=1

a=0  a=1s
0.25 / _

a=0.5
0.00
1.0 1.5 2.0 2.5 3.0

r

Figure 6.40: The solution to the Dirichlet problem for a body with a spherical hole
(constant boundary value of temperature; k = 1) [153]

6.4.2 Neumann boundary condition

0T T 20T
T <8r2 + ar> +a(n1), (6.189)
t=0: T=f(r), 0<a<2, (6.190)
t=0: %f:F(m l<a<?, (6.191)
or
r=R: =T =g (6,192
lim T(r, 1) = 0. (6.193)
The solution:
/f )Gr(rop,t)p dp+/F(p)QF(T7p7t)p2dp
R R

t t

—|—/ ®(p,7)Ga (1, p,t —7) p* dpdr + /g(T) Gy(r,t—7)dr.  (6.194)
0

0

Dd\g
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Consider the fundamental solution to the first Cauchy problem:

0°Gy  (9°Gy 2 0G;

oo _a(aﬂ'+rar ’ (6.195)
t=0: @:ﬂm&i;m7 0<a<2, (6.196)
tzO:fmf:Q l<a<?2, (6.197)

ot
_ . 99 _
r=R: =0 (6.198)

Introducing the auxiliary function v = rT" and auxiliary spatial variable xt = r— R
leads to the following initial-boundary-value problem for the function v with the
Robin boundary condition

0%v 9%v
gra = gp2 0< 2z < oo, (6.199)
0 R —
t=0: v=pg (z+p p), 0<a<?2, (6.200)
ov
t=0: =0, l<a<?2 (6.201)
ot
v 1
= N — = . 2 2
z=0 6x+RU 0 (6.202)

Using the Laplace transform with respect to time ¢ and the sin-cos-Fourier trans-
form (2.40) with respect to the spatial coordinate x, we obtain

Gy(r,p,t) /Ea ag?t®) RE cos|(r — R)E] + sin[(r — R)¢]
0

R2¢%2 +1
x AR cos[(p — R)E] +sin(p — R)EJ}dE. (6.203)

Similarly, for the fundamental solutions to the second Cauchy problem and to the
source problem we get

gF(T, P, t) N 2 o0 wot Ea,2<—a§2ta)
<%”%”>_”?!<wauhww&ﬂ>ﬁ%mW—ma

RE cos[(r — R)E] + sin[(r — R)E] d

R 41 I3 (6.204)

+ sin(p — R)E
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Fundamental solution to the mathematical Neumann problem

G (0*Gm | 2 0Gm
ote a( or? + r or ) (6:205)
t=0: Gn=0, 0<a<2 (6.206)
OGm,
=0: = < .
t=0: "M =0, l<a<y, (6.207)
_p. _99m _
r=R: gy =90 o(t). (6.208)

The solution [153]:

2goata R [ 2oy RE COsl(r = R)E] +-sim(r — R)E]
Gon(r,1) = [ Baa(-agtt®) e e
0
(6.209)
with G, = tGn/(goR).
Subdiffusion with o = 1/2
T Y G (F — 1)2
Gm = /ue {\/%wi P {_ 8r2u }
0
— e2rMutr=lopfe (\/QUH + 27;/;;%) } du. (6.210)

Classical diffusion equation (o = 1)
K2 1 (Fr—1)? W2 r1 F—1
Gm = - {\/77/{ exp [ 2 } —e erfc (Ii o, >} (6.211)

Wave equation (o = 2)
,f e_("ﬂ_?)7 1<r<1+k&,
Gm=23 " (6.212)
0, 14+ k<7 <00,

The fundamental solution G,, is presented in Fig. 6.41.
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0.5

0.4

a=1.95

G, 0.3 /
a=1.5

0.2
a=0.5
a=1
0.1 /

0.0
1.0 1.5 2.0 2.5 3.0

r

Figure 6.41: The fundamental solution to the mathematical Neumann problem in
a body with a spherical hole; k = 1) [153]

Constant boundary value of normal derivative. In this case the diffusion-wave
equation is studied under zero initial conditions and constant boundary value of
normal derivative:

oT
r=R: — gy =90 = const. (6.213)

The solution has the following form [153]:

2R%gy [
=" /[1 — Bal(—ag?)] { Rg cos|(r - R)¢]
0
. 1
+ sin[(r — R)g]}gm252 o1 (6.214)
with T'= T/ (Rgo).
Helmholtz equation (o — 0)
T=, % e -/ (6.215)

1+ r)T
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Subdiffusion with @ = 1/2

oo

2 2 r—1 2 - r—1
T = e " |erfc — et e (\/2w€ + )} du.
N4ivE 0/ { (2\/211/1) 2/ 2uk
(6.216)

Classical diffusion equation (o = 1)

1 Fo1\  eins Fo1
T = - [erfc( o ) e erfc (Ii—‘r o )} (6.217)

The solution (6.217) can be found in [129].

Wave equation (o = 2)

[

1— *““‘ﬂ, 1<7<1+r,
T = ¢ sreldn (6.218)

1+kr<7T<o00.

uoﬁ

The solution (6.214) is depicted in Fig. 6.42.

0.6
a=2
0.5 /
0.4
T

0.3 /

a=1
0.2

a=1.75
01 a=0 /
0.0
1.0 1.5 2.0 2.5 3.0

Figure 6.42: Dependence of temperature on distance (a body with a spherical
hole under constant boundary value of the normal derivative of temperature);
k=1 [153]
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Fundamental solution to the physical Neumann problem

0°Gp 0%G, 290G,
= 21
ot a<8r2 T ) (6:219)
t=0: G,=0, 0<a<2, (6.220)
t=0: agp:07 l<a<2, (6.221)
ot
11—« 8gp
r=R: —Dg, oy = 90 a(t), 0<a<l (6.222)
r
aflagp
r=R: 1 oy =90 a(t), l<a<2. (6.223)
The solution:
2000 [0 REcos|(r — R)E] +sinl(r — R)g
Gp(r,t) = o /Ea(—ag t*) R2%2 41 £dg. (6.224)
0
Constant boundary value of the heat flux
0T o*T 20T
= .22
ot a(3r2+r 67")7 (6.225)
t=0: T=0, 0<a<?2, (6.226)
t=0: 8T:O, l<a<2, (6.227)
ot
T
r=R: —-Dp° gr = go, 0<a<l. (6.228)
r=R: —I“‘laT = go, l<a<2. (6.229)
or
The solution:
2agotR? [
T = “90 i /Ea,g(—afzto‘) {R{cos[(r — R)¢]
mr
0
+ sin[(r — R)g]} T (6.230)
R2£2 +1
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6.4.3 Robin boundary condition

0T o*T 20T
= O(r,t 231
ote <6r2+r 8r>+ (1), (6.231)
t=0: T=f(r), 0<a<2, (6.232)
T
t=0: (?% =F(r), l<a<2, (6.233)
r=R: _or +HT = ¢(t). (6.234)
or
lim T(r, 1) = 0. (6.235)
The solution:
/f )Gr(rop,t)p dp+/F(p)gF(T7p7t)p2dp
R R

t
o]
0

The fundamental solutions have the following form

t

®(p,7) Ga(r,p,t —7) p*> dpdr + /g(T) Gy(r,t —71)dr. (6.236)
0

Dd\g

gf(ﬁ P, t) ) S Po Ea<_a’§2ta)

Gr(r,p,t) | = / wot Eq 2(—a&t®)
Trp

Gs (ra P t) 0 qota_l Ea,a<_a§2ta)

, €cosl(r = R)S]+ (1/R + H)sinl(r - R)E]
24 (1/R+ H)?

x {&cos[(p— R)§] + (1/R + H) sin[(p — R)¢]} d¢. (6.237)

Let us consider in more details the fundamental solutions to the mathematical
Gm/(r,t) and physical G, (r,t) Robin boundary value problems [184].

Fundamental solution to the mathematical Robin problem

0Gn _ (32gm 2 0G,,

PR or2 + v or ) , R<r<oo, (6.238)

t=0: Gn=0, 0<a<2, (6.239)
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t=0: ag;”:o, l<a<?, (6.240)

0Gm
r=R: — 8gr + HG,, = god(t). (6.241)
Usually, for the considered geometry the auxiliary function v = r G,,, and the
auxiliary spatial variable x = r — R are used, and the problem (6.238)—(6.241) is
reformulated as:

0*v 0%v
gra =g 0<z< oo, (6.242)
t=0: v=0, 0<a<2, (6.243)
ov
=0: = < .
t=0 ot 0, 1<a<?2, (6.244)
dv 1
x=0: _8z+<R+H>U_gOR6<t)' (6.245)

The Laplace transform with respect to time ¢ and the sin-cos-Fourier trans-
form with respect to the auxiliary spatial coordinate x will be used to solve the
problem (6.242)-6.245). In the case under consideration, the sin-cos-Fourier trans-
form has the following form:

F{f) / Ecos(z€) + (1/R+ H) sin(x€) f(2) de, (6.246)
\/62 +(1/R+ H)*

FHRO} = 1@

(&) de, (6.247)

/{cos + (1/R+ H)sin(xf)
V€ + (/R + H)?

IO~ e

\/52 + (1€/R+ H)? {_ d{i:ﬁ) + (;g + H) f(m)} . (6.248)

In the transform domain we obtain
aRgo& 1

V(g 8) = N .
Ve +/R+H)? 5T

(6.249)
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Inverting the integral transforms, we get
2(1Rgota71 7 2
m (7T, t) = Eyo(— [
G (7,1) - o (—ag’t)
0

R*¢?cos|(r — R 1+ RH)REsin[(r — R
| B2 cos[( 3)2?21 ((1++ R;)Qé r=R 4 (6.250)

Subdiffusion with @ = 1/2

oo

2aRgO/ a2 1 [ (T_R)T

m (T t) = -

Gim (1) rtr ue {\/27ruat1/4 P Suav/t
0

(1+ RH)?

1+ RH 1+RH
- exp { (r—R)+2 2 ua\/t}

R R

X

r—R 1+ RH
erfc + \/Quat1/4> du. 6.251
(2\/2uat1/4 R ( )

Classical diffusion equation (o = 1)

Gm(r,t) = aR;go {\/717at P [_ ' 4_‘1?)2}

2
3 1+RRH exp {1 +RRH (r—R)+ (1 +R}§H) at}
r—R 1+ RH
x erf + t) ¢ 6.252
e (1 ¢)} (6.252)

Wave equation (o = 2)

R 14+ RH
valigo exp { +R (\/at—r+R)},R<r<R+\/at,
0 R+ at <r < oo.
(6.253)

Dependence of nondimensional fundamental solution G,, = tG,,/(Rgo) on
nondimensional distance r/R is presented in Figs. 6.43 and 6.44 for a = 0.5 and
a = 1.95, respectively, for various values of H = RH. In both cases k = 1.
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0.07
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0.05

0.04

Q
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" / \
0.01 H=1

0.00
1.0 1.5 2.0 2.5 3.0

Figure 6.43: Fundamental solution to the mathematical Robin problem for a body
with a spherical hole (o = 0.5) [184]
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Figure 6.44: Fundamental solution to the mathematical Robin problem for a body
with a spherical hole (o = 1.95) [184]
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Fundamental solution to the physical Robin problem

0°G,  (9%°G, 209G,
ra _a<8r2 +r ar | R <r < oo, (6.254)
t=0: G,=0, 0<a<?2 (6.255)
t=0: 99y =0, l<a<?2, (6.256)
ot
_ 1 aagp _
r=R: —Dpg, o +HG, =go6(t), 0<a<l, (6.257)
a— lagp
r=R: -I o +HG, =god(t), l<a<2. (6.258)

In terms of the auxiliary function v = r G, and the auxiliary spatial variable
x =r — R, the problem (6.254)—(6.258) takes the form

0% 0%v
gra = Cgu2 0< < oo, (6.259)
t=0: v=0, 0<a<?2, (6.260)
9
t=0: 872:07 l<a<?2, (6.261)

ov

r=0: D}J‘a (D}%’I—FH)U—QOR&() 0<a<l,  (6.262)

ov

=0: —Jo!
. Ox

+ (Il%la_l—i—H)v:goRé(t), l<a<2. (6.263)

Applying the Laplace transform with respect to time ¢ results in the following
boundary-value problem
0%*v*

s =a 92 (6.264)

ov* 1
e=0: - +(R+Hs°‘1>v*—goRsa1, 0<a<2. (6.265)



210 Chapter 6. Equations with One Space Variable in Spherical Coordinates

In this case the kernel of the sin-cos-Fourier transform with respect to the
auxiliary coordinate x depends on the Laplace transform variable s:

F{f(x)} = f(&)

_ 7§cos(x§) + (1/R + Hs*=1) sin(x€)

f(z) dz, (6.266)
) e /Rt He)

/gcos \/ ;! + (1/R+ Hs*"!) sin(x€) ~ F(&)de, (6.267)
£+

(1/R+ Hso—1)?
{0 - e

da?
\/52 + (1/;+ Hso—1)? [_ dJ;SC) " ( 2t Hsa_l) f@)} - (6.268)

In the transform domain we get

. R a—1
TH(E, 8) = afgot S (6.269)
V€ + (1R + Hsom1)? 5° Ft
After inversion of the sin-cos-Fourier transform we arrive at [184]
N _ 2aRgo T 5@t
Gp(r,5) = r /sa + a&?
0
y R%¢%cos|(r — R)E] + (1 + RHs* 1 )R sin(r — R)¢] e (6.270)

R?§2 + (1+ RHs~~1)?

Inversion of the Laplace transform in (6.270) depends on the value of «. For
0 < a < 1 this equation is rewritten as

2 T
g*( ) lleo /
0

T 5% + af?

' R2¢? cos[(r — R)E] + (s~ + RH) R sin|(r — R)¢]
% (14 R2€2)(s!-)2 + 2RHs!~o + R2H?2 d¢.  (6.271)
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Next, we use the following decompositions into the sum of partial fractions:

1
(14 R262)(s'=>)2 +2RHs'~* 4+ R?H?
i 1 1 ]
= RE) T , 6.272)
2 a RH(144R¢) o RH(1—3iR¢) | (
2HERE | g1 4 MY et MR
Slfa
(1+ R2€%)(s1~)2 + 2RHs'~> 4+ R?H?
1 RE —i RE +i
= ; » ) (6.273)
2R§(R2§2 +1) | s1-a + R%gﬁg) sl 4 R}églfz-i-lfg) ]

where i = v/—1.

Utilizing the convolution theorem, the solution is written as

R RE(t — 1)t
9l " 90// £R%‘T?ﬂ Poe [~ag¥(t = 7)°]
RH(1 4 iR&)r—°
{(RE—Z) B ai-a [— (R2€;+)1T }

b (RE+ i) e RER {_ RH g{;ﬁ;ff);la} }dT de.  (6.274)

It should be emphasized that the fundamental solution (6.274) is a real-valued
function and can be written as

2aR RE( yarlr—a
Go(r,t) = go// 8t R2£2 Ea,o [—a€?(t —7)°]

> ym RHr= \"
8 Z I m—|—1 l—a)] <\/R2§2+1>

m=0

x sin[(r — R)€ 4+ (m + 1) arctan(RE)] dr d&. (6.275)
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The solution (6.274) simplifies significantly for o = 1/2 with taking into
account the representation (2.137):

N 4(1Rgo Vi
Gp(r,t) = 73/2p /R2§2+1/\/Tt—7

2RHu~/T
- / wBipz/ (~a8Vi = 7) exp <_u2 T Rz +\/ 1)
0

2R?Hu~/T
X {Rfcos [(T—R— R2? +\/1 )5}
. 2R?Hun/T
+ sin [(T’—R— R2%? 4+ 1 )5} }dudrd{. (6.276)

Similarly, returning to (6.270) for 1 < « < 2, we get the required decompo-
sitions into the sum of partial fractions

1
R262 + (14 RHs>~1)2

) 1 1
= — 6.277
2R¢ (RHsa_l—i-l—&-iRﬁ RHS“_1+1—iR§) ’ ( )

14+ RHs* !
R26? + (1 + RHs~1)?
1 1 1
= . 6.278
2 (RHsa—1+1+z‘R§+RHsa—1+1—z'R§> ( )

The convolution theorem allows us to invert the Laplace transform and to
obtain the solution [184]:

aRgoi a—2 20y
G _er//g Eq [—ag®(t —7)%]
i(r— 1+iRE
i(r—R)¢ _ a—1
X [e Eozfl,ozfl ( RH T )

o 1—iRE
_ ai(r=R)¢ E _ a—1
e a—1,a—1 ( T )]deg (6279)
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which can be rewritten in the real-valued form as

ot
R
Gy(r,t) = 2:Hi° //gTa—Q Eo [—ag?(t — )%

0

(o) m Tl_a\/R2§2+1 m
XZFm+1 a—l)]< RH )

m=0
x sin[(r — R)§ — marctan(RE)] dr d€. (6.280)

The particular case corresponding to the value o = 3/2 is also obtained using
the representation (2.137):

o= 8 T Tt

X exp (—u2 — 2;}?) sin [(r - R+ 213}/7) 5} dudrdé. (6.281)

Figure 6.45 presents the dependence of the nondimensional fundamental so-
lution G, = RG,/(ago) under the physical Robin boundary condition on nondi-
mensional distance r/R for a = 0.5 and different values of H = RHt'~%. In
calculations we have taken x = 1.

0.35

0.30
0.25
0.20
0.15
0.10 "
0.05 /
0.00
1.0 1.5 2.0 2.5 3.0

r/R

Figure 6.45: Fundamental solution to the physical Robin boundary value problem
in a body with a spherical hole (« = 0.5) [184]
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6.4.4 Infinite medium with a spherical inclusion

The general statement of the problems reads as follows: to solve the time-fractional
diffusion-wave equations in a spherical inclusion and in a matrix

0Ty _ 62T1 n 2 0T,
ote L\ or2 r Or

) , 0<r<R, (6.282)

ot8 - or? +r or

under the initial conditions

8 2
0°T4 (aT2 28%), R<r<oo, (6.283)

t=0: Ty=fi(r), 0<r<R, 0<a<2, (6.284)
t:O:%?:PMﬂ,O<r<R, l<a<?2, (6.285)
t=0: To=fa(r), R<r<oo, 0<p<2 (6.286)
tzozifzfxm R<r<oo, 1<pB<2, (6.287)

and the boundary conditions of perfect thermal contact

r=R: Ti(rt)="Ts(rt), (6.288)
IT (r,t _gO0Ts(r,t
r=R: kD" ﬂ“)szgf 2t <o 0<p<o

or or
(6.289)
In the condition (6.289), D%, f(¢) in the case of the negative order « is understood
as I7*f(t).
The boundedness condition at the origin and the zero condition at infinity
are also assumed:

lim T (r,t) # oo, lim Ty (r,t) = 0. (6.290)
r—0 r—00
In what follows we restrict ourselves to the particular case when a sphere

0 < r < R is at initial uniform temperature Ty and the matrix R < r < oo is at
initial zero temperature, i.e., [185]

t=0: Ty =Ty, 0<r<R, 0<a<2, (6.291)
t:O:%?:0,0<r<R, l<a<?, (6.292)
t=0: Ty=0, R<r<oo, 0<B<2, (6.293)
t=0: MB:Q R<r<oo, 1<p<2. (6.294)
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The Laplace transform with respect to time ¢ applied to (6.282) and (6.283)
leads to two ordinary differential equations

2Ty 24Ty
Qrprk a—1 _ 1 1
STy — s To_a1<dr2 . dr)’ 0<r<R, (6.295)
Ty 24Ty
Brpx 2 2
sPTy = ag < T oar ) , R <r< oo, (6.296)

having the solutions
T, A o B o
Ti(rs)="" + 1cosh<\/8 r)+ 1sinh<\/S r), 0<r<R, (6.297)
S T aq T aq

A 8 B B
T3(r,s) =" " exp \/S r]+ % exp —\/S r], R<r<oo (6.298)
r ag r as

It follows from the conditions at the origin and at infinity (6.290) that
A =0, Ay=o0. (6.299)

The integration constants By and Bs are obtained from the perfect thermal contact
boundary conditions (6.288) and (6.289):

5, _ FoTF (:R\/;‘;) |

ToRexp (\/2R) LE (1+ Ry/3) ) sinh (/50 R)

B =
2 s A )

where

B «
A = |kys® %~ ky 1+R\/8 sinh <\/8 R)
ag a1
— Rklsﬁo‘\/s cosh (\/S R) .
aq aq
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Hence, the solution is written as

Py =T koToR (1 ¥ R\/ZZ) sinh (\/fﬁ r)

= Vo 7 (6.300)
Ts(r,s) = I;EJSR exp —\/Zi (r—R)
e (1+Ry/3] ) sinh SE/A R)exp (—/5 (r = R)) (6301

Now we will investigate the approximate solution of the considered problem
for small values of time. In the case of classical heat conduction equation this
method was described in [98, 140]. Based on Tauberian theorems for the Laplace
transform (see, for example [34]), for small values of time ¢ (the large values of the
transform variable s) we can neglect the exponential term in comparison with 1:

1+ exp <—2\/Z R) ~ 1, (6.302)
1

thus obtaining

kTR (14 Ry /2
T 2To ;
Ti(r,s) ~ 0+ ’

sl (1o Ry ) — ke (1 Ry
X {exp [—\/‘Zj (R—r)} — exp {—\/‘z (R+r)”, (6.303)

ToR B
T5(r,s) ~ 7(’)5 exp —\/S (r—R)

kTR (1 + R\/Zi) exp [—\/Zi (r— R)]

rs [lste (1= Ry [0) ke (14 Ry 20)]

In the following particular cases @« = 2/3, 8 =4/3; a =1, 8 = 2; a = 2,
B =1 the denominator in (6.303) and (6.304) can be treated as a cubed equation
and the decomposition into the sum of partial fractions can be obtained similarly
to (6.272) and (6.273). Below we will consider another particular case when oo = §.

+ (6.304)
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The solution reads:

RTokg « R—r
~ Ty — -, 1=
Tl(r, t) TO (kg _ kl)r |:W ( 977 \/alta/2>

o R+r
w-% 1
( 97 \/alta/2>:|

t
CRTy [ (t—71)*/* 1 (e R—r
r Ta/2 27 JayTo/?
0

Q. R+r
2’\/a17“/2

+

) } B a2 [—b(t - r)a/ﬂ dr,  (6.305)

¢
_ _ \a/2-1
Ty(r,t) =~ — RTolﬁ) W (_a71; r—R >+ CRTy / (t—1)
r

(kg - kl 2 B \/agta/Q r Ta/2
M (% TR g {—b(t - T)a/ﬂ dr (6.306)
9’ \/a27_a/2 a/2,a/2 3 .
where
b* (kg—kl)\/alag C* klkg (\/a1—|—\/a2)
R (k1y/a1 + kav/az)’ (k2 — k1) (k1y/ar + kay/az)’

W (a, B, z) is the Wright function (2.165), M («; z) is the Mainardi function (2.175).



Chapter 7

Equations with Two Space Variables
in Cartesian Coordinates

Ho 5 0adice napy nomaruvix roaneil...
3a smu uxcei-uepexu He oam.

Braoumup Boicoyxuii *

7.1 Domain —co < x < o0, —o0 <y < o0

0T o*T  8°T
= .1
pn =0 (G + ) Bl ()
t=0: T=f(z,y), 0<a<?2, (7.2)
t=0: %sz(@y), l<a<2, (7.3)
Jim T(y0)=0, T Twyt) =0 (7.4)
The solution:
T(z,y,t) = / / f(p,0)Gs(x —p,y —o,t)dpdo
+ / /F(pag)gF(I_pay_g7t)dpdo'

L But I will not give even a few brass yuan
For these X’s and Y’s.

Viadimir Vysotsky
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t oo oo

+// /<I)(p7a,7')gq>(sc—p,y—a,t—T)dpdodT (7.5)

0 —oo —o0

with the fundamental solutions

Gr(x,y,t) L ox s ( wEe [ — a(&® + )]
Gr(z,y,t) | = 12 / / wot EQQ[_ a(€? + 772)#“}
Go(w,y,1) —o0 =00 \ qot* ! B[ — a(g? +n?)t°]
x cos(z€) cos(yn) d€ dn. (7.6)

7.2 Domain 0 < x < o0, —00 < Yy < 0O

7.2.1 Dirichlet boundary condition

?;QT =a <gj:; + gzg> + &(z,y,t), (7.7)
t=0: T=f(z,y), 0<a<2, (7.8)
t=0: %j;zF(%y), l<a<2, (7.9)
x=0: T=g(y,t), (7.10)

mhﬁn;() T(z,y,t) =0, ygrinoo T(z,y,t) =0. (7.11)

The solution is obtained using the Laplace transform with respect to time ¢,
the exponential Fourier transform (2.20) with respect to the space coordinate y
and the sin-Fourier transform (2.25) with respect to the space coordinate z and
has the form:

T(z,y,t) = f(p,0)Gs(x,y —0,p,t)dpdo

+

Elﬁ\g é\g
\8 8\8 0\8 0\8

F(pa 0) gF(x7y —0,p, t)) dde’

+

/(I)(p,O',T) g¢(z,y—a,p,t—7') dde’dT
0

_|_

Y~ T\“

|
8

g(o,7)Gy(z,y —o,t —7)dodr (7.12)
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with
gf(x7yapa t) oo 00 Po Ea[_ a(£2 +772)ta]
1 2 PAWTSY
gF(x7yapat) = 7'1'2 / / thEa,2[_a<£ +77 )t }
Go(z,y, p, t) =00 0\ qot* !t By o[ — a(€? + n?)t?]
x sin(z€) sin(p€) cos(yn) d dn. (7.13)

The fundamental solution to the Dirichlet problem is calculated as [154]

ta_l oo o0
Gy(o,.t) = ", [ [ Eaal-al@ + i)

—oo 0
x & sin(z€) cos(yn) d€ dn. (7.14)

Let us study the fundamental solution (7.14) in more detail. This equation is
inconvenient for numerical treatment. To obtain a solution amenable for numerical
calculations, we pass to polar coordinates in the (£, n)-plane and in the (z, y)-plane:
E=opcost, n=psind, x =rcosy, y =rsinp. Then (7.14) is rewritten as

agot®~* 2 20
gg(zay7t) = 7T2 0 Ea,oz(_a’g t )dQ
0
/2
X / sin(xp cos ¥) cos(ypsindd) cos ¥ dv. (7.15)
—m/2

Substitution of v = sin ¥, taking into account integral (A.22) from the Appendix,

gives
o0

/QQana(—aQQta) J1(roe) do. (7.16)
0

agot® 1! cos
G, = 90 ®

™

Dependence of the fundamental solution G, on the radial coordinate r is
shown in Figs. 7.1 and 7.2 for ¢ = 0, where the nondimensional quantities are

introduced: y /241
at® _ r
gg = o gg7 r = \/atO‘/z . (717)

Constant boundary value of a function in a local area. Of special interest is the
initial-boundary-value problem (7.7)—(7.10) with the constant boundary value of
temperature in the area |y| < I:

To, <,
e—o. 71T W (7.18)
0, lyl > 1.
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Figure 7.1: Dependence of the fundamental solution to the Dirichlet problem in a
half-plane on distance for 0 < o < 1 [154]
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Figure 7.2: Dependence of the fundamental solution to the Dirichlet problem in a
half-plane on distance for 1 < o < 2 [154]
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The solution reads [154]

2Ty [ sin(l
T = 20 [ costumay
55”1 ”35 ) {1 = Ba[—a(& + )]} de. (7.19)

Introducing polar coordinates in the (&,n)-plane and taking into account
integrals (A.5), (A.13) and (A.24) from Appendix, we obtain

1 1-— 1+79
T = {arctan _ y + arctan _|: y}
T T

o y+1
_ x 2.2 1 2 =2
- O/Ea( Ko )da/l Vi 4+ 7 J1 (0\/u +2z )du, (7.20)
g

with the following nondimensional quantities

T = z

. (7.21)

~
<

~

~

Consider several particular cases.

Helmbholtz equation (o — 0)

o Va2 4 3
r=" / . K1< e )du. (7.22)
TK \/’LL2+.T2
g—1

Subdiffusion with o = 1/2

y+1 00
27 1 ,  Tr+u?
T= 32 / w4 du/exp (—v ~ k2o ) dw. (7.23)
g—1 0

Classical diffusion equation (o = 1)

z 1 u? + 22
T = - / w2 4 g2 &P (— 2 ) du. (7.24)
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Wave equation (o = 2)

Having regard to (A.1), (A.2) and (A.44), we get a solution whose analytical form
depends on k. As T is an even function of y, we can consider only y > 0 and
obtain:

a) 0<k<|l-—17|

1
1+sign(1—-17)], 0<Z<xk,
7] ot Hsien(l=9)] Ter (7.25)

0, K< Z < o0

b) [1-gl<k<l+y

; + 717 arctan x f;lz__y()l g 0<Z<+K2—(1-19)2

T= ;[1—&—sign(l—y)]7 VEE—(1-9)2 <7<k, (7.26)
0, K< T < 00;

c) l+g<r<oc

! arctan j\/ﬁi(;;_g()l_g)z
+ ! arctan i\/n2’i(;2+—?jg1+g)2’ 0<z<K2—(1+79)?,

T= é + 71r arctan i\/ﬂi(;;_g()l_ﬂ)z, \/HQ —(1+92<z< \/I€2 - (1-19)?,
311+ sign (1 — )], VEZ—(1-9)2 <7<k,
0, K<IT<o0.

(7.27)

Dependence of nondimensional solution 7" on the nondimensional spatial co-
ordinate Z is shown in Figs. 7.3-7.5 for various values of § and x.
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1.00 \

0.0 0.5 1.5 2.0

2
0.00 \
1.0
z

Figure 7.3: Dependence of solution on distance Z for y = 0 and x = 1 (a half-plane
with the constant value of a function in a local area) [154]

1.00

0.75 \ a=1.95

T 0.50

a=0 / a=1.75
a=0.5 / /
0.25 a=1
a=15
\
0.00
0.0 0.5 1.0 1.5 2.0 2.5 3.0
T

Figure 7.4: Dependence of solution on distance Z for y = 0 and x = 2 (a half-plane
with the constant value of a function in a local area) [154]



226 Chapter 7. Equations with Two Space Variables in Cartesian Coordinates

0.20 a=175

0.15 a=1.5

/ a=0.5
T 0.10

0.05 a=195 N~

0.00
0.0 0.5 1.0 1.5 2.0

T

Figure 7.5: Dependence of solution on distance  for y = 1.5 and x = 1 (a half-
plane with the constant value of a function in a local area) [154]

7.2.2 Neumann boundary condition

0T o*T  9*r
= (b -2
A A PR ) (7.28)
t=0: T=f(zy), 0<a<2, (7.29)
t=0: %sz(&y), l<a<2, (7.30)
oT

zr=0: — P g(y,t), (7.31)
IIL}H;OT(x7y’t) =0, yEIthloo T(z,y,t) =0. (7.32)

The solution is obtained using the Laplace transform with respect to time ¢,
the exponential Fourier transform (2.20) with respect to the space coordinate y
and the cos-Fourier transform (2.37) with respect to the space coordinate x and
has the form:

T(x,y,t //f 0)Gs(x,y —o,p,t)dpdo
—o0 0
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3

0) gF(x7y —0,p, t)) dpdg

+
|
8\8

_|_

(I)(pa g, T) g@(may —o,pt— T) ddedT

|
0\8

\8 8\8 0\8

+

Tt~ T

9(0,7) Gg(x,y — 0, t — 7)dodr (7.33)

|
8

with

Gr(z,y,p,t) Lo po Ea [— a(&? +n°)t°]
gF(SC7 Y, p, t) = 2 / / thEOé 2 - a(€2 + n )ta}
g‘b(m7yapu7t) o 0 qota 1Eaa[—a(€2 +T] )ta}

x cos(z€) cos(p€) cos(yn) dg dn. (7.34)

The fundamental solution to the mathematical Neumann problem is calcu-
lated as [154]

Gyl 9.1) “90”1// vl —a(@ + )]

—oo 0

x cos(z€) cos(yn) A€ dn. (7.35)
Passing to the polar coordinate, we get
a—1

a
gg (l’, Y, t) = g(;_g / QEa7a(_aQQta) dQ

0

/2
X / sin(xp cos ) cos(ypsind) dd (7.36)
—m/2
and after using (A.21)
agot®™t [ 9
Gy = - / 0 Eq o(—ap”) Jo(ro) do. (7.37)
0

Dependence of the nondimensional fundamental solution G, = tG,/go on
nondimensional radial coordinate 7 is shown in Figs. 7.6 and 7.7.
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0.20
0.15 a=1
/ a=0.75
G, 0.10
a=0.5
0.05 a=0.25
0.00
0.0 1.0 2.0 3.0 4.0

r

Figure 7.6: Dependence of the fundamental solution to the mathematical Neumann
problem for a half-plane on distance for 0 < o < 1 [154]

1.00
0.75 o= 2\ a =195
Gy 0.50 a =175
0.25
0.00 S——

0.0 0.5 1.0 1.5 2.0
r

Figure 7.7: Dependence of the fundamental solution to the mathematical Neumann
problem for a half-plane on distance for 1 < a < 2 [154]
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The fundamental solution to the physical Neumann problem is obtained when
Egs. (7.28)—(7.30) are considered under the boundary condition

r=0: —Dp°* %gmp =god(y)d(t), 0<a<l, (7.38)
z=0: I;nggz =god(y)d(t), l<a<2. (7.39)

The solution has the following form:

G,y t) = % / / Eal-a(€® +7°)t°] cos(z€) cos(yn)dedn  (7.40)

—oo 0

or
Gp = ago/o p Ea(—=ap®) Jo(rp) dp. (7.41)

™

Constant boundary value of the normal derivative in a local area. Consider the
initial-boundary value problem (7.28)—(7.30) with the constant boundary value of
normal derivative of a function in the domain |y| < I:

oT wo, <,
p—o. 0T _Jwo Ml (7.42)
Ox 0, lyl>1

The integral transforms technique leads to [154]

2wy [ sin(l
T = %0 / sm7(777) cos(yn)dn

T2

/§2+ ) {1- —a(€? + n?)tY) ]} cos(xzg) d¢ (7.43)

or, after passing to the polar coordinates and taking into account integrals (A.21)
and (A.23) from the Appendix,

0o g+1
/ —k%0?)] i_da / Jo (J\/u2 +i‘2> du, (7.44)
0 g—1

where T'= T'/(wpl), and Z, § and k are described by (7.21).

Examine several particular cases.

Helmholtz equation (o — 0)

s Ja? 132
T— /K0< e )du. (7.45)
s K
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Classical diffusion equation (o = 1)

/OO [1— exp(—r*0?)] i ( Vu2 + 72 ) (7.46)
0

Wave equation (o = 2)

In the case of a wave equation, taking Egs. (A.1), (A.2) and (A.45) into account,
we obtain the following solution (y > 0 is considered as in (7.25)—(7.27)):

a) 0<k<|l—g|

1
(k —Z)[1+sign(l —9)], 0<Z<k,

T={2 (7.47)

0, K <ZT <00
1.00
0.75

T 0.50 /
a=1
a=1.75

a=05

0.25 a=15
a=0
a=2
0.00
0.0 0.5 1.0 1.5 2.0
T

Figure 7.8: Dependence of solution on the coordinate x (the constant boundary
value of the normal derivative of temperature in a local area) [154]
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b) 1-gl<k<l+y

11—
5 (k—Z)+ :_ arcsin 2 _ij
— 1 g
_1: arctan ( )
Ty/K?— 22— (1—-§)?
T= 1 H+\/H2—5_62—(1_g)2
+. (1-9)n , 0<z <R = (1=9)%,
27r( 9) R—\/HQ—J_CQ—(l—g)Q \/ ( &
1 _ . _ T T
2(H*93)[1+Slgn(1*y)]7 VEZ—(1-9)2 <7<k,
07 K< T < 00;
(7.48)
c) 1+y< k<0
1 4y _ 5 K(1-9)
|:I-€ arcsin \/ . ,2 + Kk arcsin \/HQ—yi? — Zarctan j\/ﬁz_jz_y(l_g)z
% r(1+7) 11 _ g PTVAR R (1-0)?
T arctan /w22 (1492 +o(l—g)n ~ VR2—52—(1-7)2
+1(1 4 ) roby/K2—F2— (H.@)z} 0<Z</K2—(147)?
2 r—y/r2—22—(147)2 ]’ ’
1 _ " . 1—3 z r(1-7)
) a(R—2)+ Taresin ¥, — Darctan i\/ﬁz,fzf(l,g)a
1 = nJr\/KQ*fz*(l*g)Q
+2,r(1 y)In Kk—y/R2—32—(1-)2’
VE2—(1+9)2 <z </r2—(1-79)72,
1 _ . _ 2 77)2 T
(r — 2)[1+ sign (1 - )] VR - (g2 <E <n
0, K< T < 00.
(7.49)

Dependence of nondimensional solution 7" on distance Z is shown in Fig. 7.8

for y = 0 and k = 1. The plots of T versus y at the boundary z = 0 are depicted
in Fig. 7.9 for k = 1.5.

Constant boundary value of the heat flux in a local area. Consider the initial-
boundary value problem (7.28)—(7.30) with the constant boundary value of the
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1.25 a=15
/
1.00 //
T 0.75 al//
a=0.5
0.50 wlo
0.25

a:2// \\\\-~_

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Y

Figure 7.9: Dependence of the solution on distance g for 2 = 0 (the Neumann
boundary condition for a half-plane with constant normal derivative of a function

in a local area; k = 1.5) [154]

heat flux in the domain |y| < I:

_ aT wo, |y| < l7
=0: —DLo7" = 0<a<l, 7.50
v RL 9y { 0, lyl > 1, “= (7.50)

r=0: —I1°! l<a<2. (7.51)

7

8T o wo, |y| < l7
ox 0, |yl[>1

The integral transforms technique leads to

T2
—00

7= 200 [ costyyan [ Enal-al€ + )] costag)ag (752
0

or, after passing to the polar coordinates [177]

o g+1
1
T= /Eoé72(—li20'2) odo / Jo (0\/u2 + f2) du, (7.53)
T
0 g1

where T' = RT/(awqt).
Dependence of nondimensional solution 7' on nondimensional distance T is
shown in Fig. 7.10 for y =0 and x = 1.
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1.00 \
=2

0.00
0.0 0.5 1.0 1.5

X

233

Figure 7.10: Dependence of the solution on distance Z for y = 0 (the physical
Neumann boundary condition for a half-plane with the constant heat flux in a

local area; k = 1) [177]

7.2.3 Robin boundary condition

0T (82T 0°T
=a
ote

o2 + ayg) +(I)(l‘,y7t),

t=0: T=f(z,y), 0<a<?2,

T
t=0: %t:F(x,y), l<a<?2,
oT
=0: — HT = t
x 9r T 9(y, 1),
lim T'(z,y,t) =0, lim T(z,y,t) =0.

T—00 y—Foo

(7.54)

(7.55)

(7.56)

(7.57)

(7.58)
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The solution:

T(xay7t) = f(P,U) gf(-'I:7y_0',p,t) dde’

+

é\g é\g
\8 8\8 0\8 0\8

F(p7 U) gF('Ta Yy—o,p, t)) dpd()’

_|_
Ot~ T

|
8

/<I> (p,0,7)Go(x,y — 0, p,t —7) ,dpdodr
0

_|_

9(0,7)Gg(z,y —0,t —7)dodr (7.59)

where the fundamental solutions

gf(zyp, ] 0o oo pOE [_a(£2+77)ta]
gF(xay7p7 772 / / thEQQ - a(£2 +TI )ta]
Go(z,y, p, t) =00 0\ got® ! By o — a(€® 4+ n?)t?]
gcos(xfz) THRE) [ cos(pe) + Hsin(p)| costym) de . (7.60)

are obtained using the Laplace transform with respect to time ¢, the exponential
Fourier transform (2.20) with respect to the coordinate y and the sin-cos-Fourier
transform (2.40), (2.42) with respect to the coordinate z.

Fundamental solution to the mathematical Robin problem. The solution to the
problem under the boundary condition

x=0: —aag;n + HG, = god(y) ot (7.61)

has the form [180]

a—1
Gl 9,1) = ", //E a(€ + )]

—oo 0

y €2 cos(x€) + HEsin(x€)

&4 cos(yn) d¢ dn (7.62)
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and in the case of the classical diffusion equation is expressed as

) = o7 9 (=) [y = (1)
m(z,y,t) = exp [ — exp [ —
Y 2v/rat P\ " dat Vrat P\ " dat

— Hexp (Hz + H?at) erfe < + H\/at> } (7.63)

x

2V at

Dependence of the fundamental solution (7.62) on the space coordinates x

and y is shown in Figs. 7.11-7.14 for different orders of fractional derivative and

different convective heat transfer coefficients. In calculations we have introduced
the following nondimensional quantities:

t T Y

gg = gma T =

j= H = Jat*/?*H. 7.64
go \/ata/27 y \/ata/27 \/a ( )

Fundamental solution to the physical Robin problem. The initial-boundary value
problem (7.54)—(7.56) is considered under the boundary condition

0
x=0: —Dp," ;Z +HG,=g0d(y)o(t), 0<a<l, (7.65)
a—1 agp
x=0: —I P +HG,=g06(y)d(t), l<a<2. (7.66)
0.125 a=15
0.100
Gy a=1
0.075
a=0.5
0.050
0.025
0.000 \
0.0 0.5 1.0 1.5 2.0 2.5

xT

Figure 7.11: Dependence of the fundamental solution to the mathematical Robin
problem for a half-plane on distance T for y =0 and H =1
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0.10
0.08

Gy 0.06 H=05
0.04

0.02

0.00
0.0 0.5 1.0 1.5 2.0 2.5
x

Figure 7.12: Dependence of the fundamental solution to the mathematical Robin
problem for a half-plane on distance z for y =0 and o = 0.5

0.25

0.20 /
H=05
G, 0.15 / H=1

0.10

0.05

0.00 N

0.0 0.5 1.0 1.5 2.0 2.5
T

Figure 7.13: Dependence of the fundamental solution to the mathematical Robin
problem for a half-plane on distance T for y = 0 and o = 1.5.
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0.8
0.6 H=0
Gy \
0.4
H=1
0.2
0.0
0.0 0.5 1.0 1.5

x

Figure 7.14: Dependence of the fundamental solution to the mathematical Robin
problem for a half-plane on distance z for y = 0 and o« = 1.95

The Laplace transform of the boundary condition (7.65)—(7.66) gives

a *
r=0: — 8g:cp +s*THGE = gos®M(y), 0<a<2 (7.67)

It should be emphasized that in this case the kernel of the sin-cos-Fourier
transform (2.40) with respect to the space coordinate = depends on the Laplace
transform variable s and has a more complicated form than (2.42):

£ cos(x€) + s* 1 H sin(x€)

K(x,& 5)= 7.68
w6 = "0 i (7.68)
In the transform domain we obtain
Sa—l
Gy(Em,s) = ¢ (7.69)

\/27r VE + (semLH)? 8% +a(€2 +n?)

The order of the inverse integral transforms is important: inversion of the Laplace
transform should be carried out at the end. For 0 < o < 1, using the convolution
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theorem, we get (see [180])

Golw,y.t) = 5 || Ba[-a(€ +n)t°] cos(a€) cos(yn) € dn

Elﬁ\g

[o.olNe o)

ago o2
- cos(a€) cos(yn) dé dn
™ 4 0 &

t
H2
X / (t—7) "2 Fy_ 90224 {— ¢ (t— 7')220‘} E, [—a(§2 —|—772)Ta] dr

0
4 490 //Izsm x€) cos(yn) d€ dn
—oco 0

t

H2
X (t _ 7_)1—2a E272a,272a |:_ ) (t _ 7,)2—2a:|
/ g

7 Ega [—a(€® +0°)m] dr. (7.70)

Similarly, for 1 < a < 2, we obtain

a—1
Gp(2,y,t) agot //H v [0 (€ +17)t°] sin(z€) cos(yn) A€ dn

—oo 0

4 9 // cos(z€) cos(yn) dédn

—oo 0

§2
X /(t - T)Za_gEga_Q)ga_g |:— H2 (t - 7_)2a—2:| Ea [—a(§2 + 772)7_(1] dr

0

oo o0 3
a .
_ 7:}20 / 23 sin(x€) cos(yn)d¢dn
—oo 0

t
% /(t _ 7_)2(173 E2a72,2a72 |:— 2 (t — 7—)2042:|
0

7 Ega [—a(€® +0°)m] dr. (7.71)
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7.3 Domain 0 < x < o0,0 <y < o0

7.3.1 Dirichlet boundary condition

0T o*T  8°T
gra =@ (81‘2 + 2 ) + O(z,y,t), (7.72)
t=0: T=f(z,y), 0<a<?2, (7.73)
t=0: %sz(xw), l<a<?2, (7.74)
x=0: T=g(y,t), (7.75)
y=0: T =gs(a,t), (7.76)
xhﬁngo T(x,y,t) =0, yhﬁn;o T(z,y,t) =0. (7.77)

f(p,0)Gy(x,y,p,0,t)dpdo

F(p7 U) gF(xa Y,p,0, t)) dde'

91(07 T) ggl (x7y7 Gat - T) dodr

0/
0/
//(I)(p70'77-)g¢‘(zay7p7o'7t_T)dpdeT
0 0
0/
0/

+/ 92(p,7) Gg2(z,y, p,t — 7) dpdr (7.78)
0

with

gf(x7yapa Gat) 4 00 00 POE [_a(§2+77 )ta]
gF(x7 Y,p,0, t) = 7T2 // th Ea 2 - a(£2 + n )ta]
Go(z,y,p,0,1) 00 \got* ' Egol—a(€?+n?)te]

x sin(z€) sin(p€) sin(yn) sin(on) d€ dn. (7.79)
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The fundamental solutions to the Dirichlet problems are calculated as

ago ag¢><x7 Y,p,0, t)
Go(z,y,0,t) = , 7.80
.‘11( Yy ) 0 ap =0 ( )
ago agq§<$7 Y,p,0, t)
t) = 7.81
ggQ('T7yapﬂ ) % 30 o ( )
7.3.2 Neumann boundary condition
0T 0°T  0°T
= P t .82
S A FR ) (7.52)
t=0: T=f(zy), 0<a<2, (7.83)
oT
t=0: 5¢ =F(z,y), 1l<a<2 (7.84)
orT
=0: - = t .
orT
=0: — = t 7.86
Yy ay 92(37, )7 ( )
mhﬁngo T(z,y,t) =0, ylgr;o T(z,y,t) =0. (7.87)
The solution:
T(wp.t) = [ [ F0.0)65(0.0.p.0.0)dpdo
0 0
+ //F<p70) gF(Can7P7U7t))deU
00
t oo oo
+ ///(I)(p70'77-)g¢‘(zay7p7o'7t_T)dpdeT
00 0
t oo
+ //91(0'7T)gg1(x7y707t_T)deT
0 0
t oo
+ [ [ 90071 Guatoppit =) dpr (7.8)
0 0
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with

Gs(z,y,p,0,t) - po Ba | — a(&? +n?)te]
gF(-T7 Y,p,0, t) = 2 // th Ea,2 [ - a(£2 + 772)ta]
0 0

vis
Go(z,y,p,0,1) q0t° ! Ego[ — a(&® 4+ n?)t?]

x cos(z€) cos(p€) cos(yn) cos(on)dE dn. (7.89)

The fundamental solutions to the mathematical and physical Neumann problems
are calculated as

Gt (2,y,0,8) = % Go(w,y,p,0,1)| (7.90)

qo0 p=0

a

Gra(w,y,p.6) = 7 Gulw,y.prot)| (7.91)

4do o=0
gpl (9672/,0, t) = @90 gf(x7yupu g, t) ) (792)

Do p=0
Galw,y.p.1) = " Gy(2,y.p.0.1) (7.93)

Po =0

7.3.3 Robin boundary condition
o“T o*T  0°T
gra = <8z2 + 3y2) + ®(z,y,1), (7.94)
t=0: T=f(zy), 0<a<2, (7.95)
T
t=0: %t:F(x,y), l<a<?2, (7.96)
oT
x=0: ~ o + H1T = g1(y, t), (7.97)
oT

y=0: —% T =) (7.98)
lim T(z,y,t) =0, lim T(x,y,t) =0. (7.99)

—00 Yy—00
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The solution:

T(z,y,t) = f(p,0)Gy(x,y,p,0,t)dpdo

+

F(p7 U) gF('Ta Y,p,0, t)) dpda

/q)p70'7' Go(x,y,p,0,t —7)dpdodr
0

+

+
S O o~ _ 0\8 0\8
0\8 0\8 0\8 0\8 0\8

91(07 T) ggl (x7y7 Gat - T) dodr

92(p,7) Gg2 (2,9, p,t —7)dpdr (7.100)

with

gf(‘ray7p7o' t oo oo Po Ea[_a(§2 ‘5‘772)75&}
gF(may7p7O— t = 72 // th Ea,Q[_a(éQ ‘5‘772)75&}
g@(zay7p7g t 0 0 q0ta_1 Ea,a[_a(§2 -H?Q)ta}

. (€ cos(a€) + Hy sin(a€)] € cos(p€) + Hi sin(pg)]
52 + H2

. [meos(yn) + Ha sin(yn)] [n cos(om) + Hy sin(o7)]

d¢dn. 101
o+ 12 gdn.  (7.001)

The fundamental solutions to the mathematical Robin problems are calculated as

a
gml(x7yao'a t) = i gq’(x7yapa g, t) ) (7102)
qo p=0
a
Gma(2,y, p,t) = goo Go(z,y,p,0,t)| . (7.103)
o=0
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74 Domain 0 < x < L, —oco <y < o0

7.4.1 Dirichlet boundary condition

0T 0*T  0*T
= P t 104
Sl A FR ) (7,104
t=0: T=f(zy), 0<a<2, (7.105)
T
t=0: %t =F(z,y), l<a<2 (7.106)
x=0: T=aqn(yt), (7.107)
x=L: T=g(y,t), (7.108)
ygrfoo T(x,y,t) =0. (7.109)
The solution:
oo L
T(z,y,t) = //f(pycf) Gs(z,y —o,p,t)dpdo
—oo 0
oo L
+ //F(p,ff)gp(%y—o7p7t))dpd0
—oo 0
t oo L
+///q’(p,O',T)g@(l’,y—O'7p7t—T)dde’dT
0 —oo 0
t oo
+ / / 91(0,7)Gg1 (z,y — o, t —7)dodr
0 —oc0
t oo
+ / / 92(0,7) Ggo(z,y — o, t —7)dodr (7.110)
0 —oc0
with
gf(x7yapa O'vt) 1 00 oo pO Elll:_a’(g]%_FnQ)ta]
gF(-T7 Y, p, 0, t) = L / th Ea,Q [ - 0,(5]% + 772)ta:|
g@(za Y,p,0, t) F=lo QOta_l Ea,a [ - Q(Ez + 772)ta]
x sin(z€x) sin(p&x) cos(yn) dn, (7.111)

where &, = kn/L.
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The fundamental solutions to the Dirichlet problem are calculated as

ago ag¢’<x7yupa t)
Go1(z,y,t) = , 7.112
91( Yy ) 90 8p =0 ( )
ago ag@(‘ray7p7 t)
Goo(z,y,t) = — . 7.113
e = =00 KGR0 (7.113)
7.4.2 Neumann boundary condition
0T *T  9*T
t=0: T=f(z,y), 0<a<2, (7.115)
t=0: %f:F(x,y), l<a<2, (7.116)
oT
oT
x=1L: O = g2(y, 1), (7.118)
im T(z.y.1) = 0. (7.119)
The solution:
oo L
T(z,y,t) = //f(pﬂ)gf(z,y—o,p,t)dpda
—oo 0
oo L
+ //F(p,o)gp(gc,y—a,p,t))dpda
—oo 0
t oo L
+///q’(p,O',T)gq)(l’,y—O'7p7t—T)dde’dT
0 —oo 0
t oo
-|—//gl(U,T)ggl(l‘,y—O’,t—T)dO’dT
0 —oc0
t oo
—|—//gg(U,T)ggg(m,y—o,t—T)dUdT (7.120)
0 —oc0
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with
gf(‘ray7p7 t) 1 00 o) Po Ea[_ a(&]?; +T]2)ta}
gF(ajay7p7 t) = L ! thEoz,QI:_ a(f/% +772)ta:|
Ga (2,9, p,t) =0 = \qot* ! Eaja| — al& +0?)t°]
x cos(x&y) cos(péy) cos(yn) dn, (7.121)

where & = kmw/L.
The fundamental solutions to the mathematical and physical Neumann prob-
lems are calculated as

gml(zay7t) = 40 gq)(x7yapa t) ) (7122)
do p=0
a
gm2($ay7t) = g0 g@<x7yapa t) 9 (7123)
do p=L
gpl(zay7t) = 90 gf(x7yapa t) 5 (7124)
Po p=0
Gralw,y.t) = " Grlwypot)| (7.125)
Po p=L
7.4.3 Robin boundary condition
T 0’T  8°T
= d t 12
A A FR ) (7.126)
t=0: T=f(z,y), 0<a<2, (7.127)
t=0: %sz(xw), l<a<2, (7.128)
T
x=0: 0 + HT = ¢1(y, t), (7.129)
Ox
T
x=1L: 0 + HT = g2(y, t), (7.130)
Ox
lim T(z,y,t) = 0. (7.131)

y—Foo
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The solution:

Elﬁ\g Elﬁ\g
T 8T S T —

T(z,y,t) f(p,0)Gs(x,y —0,p,t)dpdo

_|_

F(pa U) gF(%Z/ — 0P t)) dde'

_|_

_|_
O\“ O\“ O\w

L
/(I)(p,O',T) gcb(l’ay—@/)ﬂf _T) ddedT
0

91(0,7) Gg1 (z,y,0,t —7)do dr

8

\8

+ 92(0,7) Gga(z,y,0,t —T7)dodr (7.132)
with
gf(%%ﬂa t) 1 00 [e%s) Po Ea[_ a(&]?; +T]2)ta}
QF(%Z/,Pa t) = 7TL / thEon[_ a(&]?; +T]2)ta}
Go(z,y, p,1) Pl \ ot ! Baa| — al€d +1%)t°]

" & cos(xéy) + H sin(xy)

&4 i 42 [€r cos(p&r) + H sin(p&r)] cos(yn) dn,  (7.133)

where & are the positive roots of the transcendental equation
tan(L&,) = 2HEL/ (& — H?).
The fundamental solutions to the mathematical Robin problem are calcu-

lated as

_ Q90

gml(l’,y7t) - g@<x7yupa t) 3 (7134)
4o p=0

gmg(l’,:%t) = 90 gq)(amy,p, t) (7135)
4do p=L
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7.5 Domain 0 < x< L, 0 <y < o0

7.5.1 Dirichlet boundary condition

o°T 0’T  0°T
t=0: T=f(zy), 0<a<2, (7.137)
T
t=0: %t =F(z,y), 1l<a<2, (7.138)
x=0: T=qn(yt), (7.139)
=L: T=g(y,t), (7.140)
y=0: T=gs(z,1). (7.141)
The solution:
oo L
T(wp.t) = [ [ F0.0)65(0.0.p.0.0)dpdo
00
oo L
+ [ [F0.0) Gty p000) dpo
00
t oo L
+ ///(I) 0,0,7)Gao(z,y,p,0,t —7)dpdo dr
00 0
t oo
+ //91(077—) ggl(x7yao.7t_7—) dodr
00
t oo
+ //92(077—) gg2(x7yao.7t_7—) dodr
00
t L
+ //93(p7T) gg3(zay7p7t_7—)dpd7— (7142)
00
with
gf(‘ray7p7o-7t) 0o X pOE [_ a’(é-k; +n )ta}
QF(CL‘,%/L ag, t) 7T Z/ th Ea 2 - a(gk; + n )ta}
Go(z,y,p,0,1) P\ ot Baa [ — al&l + 2]
x sin(x&y) sin(péy) sin(yn) sin(on) dn, (7.143)

where &, = kn/L.
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The fundamental solutions to the Dirichlet problem are calculated as

ago 3g¢>(9€7y,ﬂa g, t)
Go1(x,y,0,1) = ) 7.144
gl( Yy, o ) % ap p=0 ( )
ago 3g¢>(l’ay7l)7 ag, t)
Gpo(x,y,0,t) = — , 7.145
e A (7.143)
8 ) 7 7 7t
Gya(ay,pt) = P gq)(gcay pot)| (7.146)
q0 g =0
7.5.2 Neumann boundary condition
0T 0*°T  9*T
gra =0 <6m2 + 2 > + O(z,y,t), (7.147)
t=0: T=f(zy), 0<a<2, (7.148)
t=0: %f:F(x,y), l<a<2, (7.149)
oT
x=0: ~ 9 = q(y,t), (7.150)
oT
x oy = 920 0); (7.151)
oT
=0: — = t). 7.152

The solution:

T(x,y,t) = f(p,0)Gs(x,y,p,o,t)dpdo

F(p7 U) gF(xa Y,p,0, t)) dde'

91(07 T) ggl (x7y7 Gat - T) dodr

92(07 T) gg2 (l’, Y,0, t— T) dodr

/L

0

/L

0

oo L

//(I) 0,0,7)Gao(z,y,p,0,t —7)dpdodr
00

0/

0/
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¢ L
+ //93 7) Gg3(x,y, p,t — 7)dpdT (7.153)
00

with
gf(‘ray7p7o-7t) 50 00 pOE [_a(§k+77 )ta}
Gr(z,y,p,0,t) <L Z// wot Eq2[ — a(& + n?)t]
Go(z,y,p,0,1) M0\ got* ! Bao| — a(€} +n?)t?]

x cos(xéy) cos(py) cos(yn) cos(on) dn, (7.154)

where &, = kn/L.
The fundamental solutions to the mathematical and physical Neumann prob-
lems are calculated as

gml(x7yao'7 t) = aqgoo g@(zay7p7 g, t)|P:07 (7155)
gm2(£7 Y,0, t) = 90 gq:.(ﬁC, Y,p,0, t) ) (7156)
do p=L
gm3<x7 Y, P, t) = agoo gq)(.T7 Y,p,0, t) 9 (7157)
o=0
gpl (.177 Y, 0, t) = 90 gf (.177 Y,p,0, t) ) (7158)
0 p=0
Goa (2, y,0,1) = 2 Gl y,p,008)| (7.159)
0 p=L
Gus(,p.1) = 20 Gr(w,y, p 0 D)| (7.160)
Po o=0
7.6 Domain 0 < x < L1,0 <y < Lo
7.6.1 Dirichlet boundary condition
o*T o*T  0*T
gra =0 <6m2 + 2 > + O(z,y,t), (7.161)
t=0: T=f(zy), 0<a<2, (7.162)
t=0: %f:F(x,y), l<a<?2, (7.163)

x=0: T=qn(yt), (7.164)
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x=L1: T=gay,t), (7.165)
y=0: T = gs(z,t), (7.166)
y=DLo: T =gs(x,t). (7.167)

The solution:

t
M
&

T(x,y,t) = f(p,0)Gs(x,y,p,0,t)dpdo

N

5 O\F o\

+

F(pa 0) gF(x7ya P, 0, t)) dde’

Ly
/q)(p’ g, T) g@(mu Y,p,0,1 — T) dde' dr
0

_|_

™)

gl(O', T) ggl ('Ta y707t - T) dodr

5O Ot —

_|_

+
T T

g2(0,7) Gga (2, y,0,t —7)dodr

+

93(Pa T) ggS(x7y7 pvt - T) dpdT

+

9a(p,7) Ggalx,y, p,t — 7)dpdr (7.168)

O\F O\E o

with
Gs(z,y,p,o,t) L oo po Eo| — a(&f +n2,)t°]
— 2 2 o
gF(x7yapa g, t) - L1L2 ;n; th Ea,Q[_ a(£k +nm)t }
g<1';.(.1'7 Y,p,0, t) B h QOta_l Ea,a [ - a(&]% + U?n)ta}

X sin(x&y) sin(p&y) sin(ynm,) sin(ong, ), (7.169)

where & = kn/Ly, nm = mn/Lo.
The fundamental solutions to the Dirichlet problems are calculated as

ago ag¢><x7 Y,p,0, t)

, 7.170
qo0 dp p=0 ( )

ggl (.TJ7 Y, 0, t) =



7.6. Domain 0 <x < Li,0<y< Lo

ago ag@ x,Y, uUat
gg2($uy7o—7t):_ J ( vp ) )
q0 ap p=L1
ago ag‘b<x7yupa g, t)
g 3 x7yupat = )
g ( ) % ao_ o0
ago 8gq>(x7yapa g, t)
g94(zay7p7 t) = - P
qO o O'_L2

7.6.2 Neumann boundary condition

T _ (PT PTY Ly
ate — T\ 922 T 92 HYL),
t=0: T=f(z,y), 0<a<?2,

oT
t=0: ot =F(z,y), l<a<2

oT
z=0: - = g1(y, 1),

oT
x=1L: O = g2(y, 1),

oT
y=0: _3y = gs(x,t),

oT
y=Lo: oy ga(x,t).

The solution:

T(xay7t) = f(p70)gf(l‘,y7p707t)dpdo

F(pa 0) gF(x7ya P, 0, t)) dde’
Ly

/Q(pﬂ g, T) g@(mu Y, p,0,1 — T) dde' dr
0

gl(O', T) ggl ('Ta y707t - T) dodr

251

(7.171)

(7.172)

(7.173)

(7.174)
(7.175)

(7.176)
(7.177)
(7.178)

(7.179)

(7.180)
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t Lo
+ //92(0 7) Gg2(z,y,0,t — 7)dodr
0
t Ly
+ //93 7)Ggs(x,y,p,t — 7)dpdr
0 0
t L1
+ //94( 7) Gga(,y, p,t — 7)dpdr (7.181)
0 0
with
Gr(z,y,p,0,t) po Eo | — a(&f +n7,)t*]
gF(Qf, Y,p,0, t) L1L2 th Ea72 [ - a’(é-]% + ngn)ta]
Go(x,y,p,0,1) R0 =0\ gote ! By o[ — a(€} 4+ 12,)t°]
x cos(x&y) cos(p€r) cos(ynm) cos(anm), (7.182)

where & = kn /L1, 9y = mm/Lo.
The fundamental solutions to the mathematical and physical Neumann prob-
lems are calculated as

a
gml(x7yao'a t) = 90 gq’(x7yapa a, t) ) (7183)
do p=0
a
ng(Ly,U,t) — 9o g¢<1‘7y,p, O',t) s (7184)
0 p=L1
a
gm3(x7yupu t) = gOO g@<x7yapa g, t) 9 (7185)
o=0
a
gm4(x7yapu t) = g0 g@(%ﬁ%% g, t) ) (7186)
qO O’—Lg
a
gpl(x7ya0—a t) = g0 gf<x7yapa g, t) ) (7187)
Po p=0
a
gp2(x7yao'a t) = 90 gf('ray7p7 g, t) ) (7188)
0 p=L1
a
Gos(,9,0,0) = " Gy (g, prot)| (7.189)
o=0
a
Gpa(@.y.p.) = P Gy(2,y. p. 00 1) (7.190)
Po o=L»



Chapter 8

Equations in Polar Coordinates

I'm very good at integral and differential calculus,
I know the scientific names of beings animalculous.

W.S. Gilbert
8.1 Domain 0 <7r < o0,0< p <27
(?;QT =a <(?;Z + i Zf + :2 gig) + ®(r, p,t), (8.1)
t=0: T=f(ry), O0<ac<?2, (8.2)
t=20: %sz(r,cp), l1<a<?2, (8.3)
lim T(r,p,t) = 0. (8.4)

The solution:

27 0o
T(r,p,t) = //f(/a ?)Gr(r, 0, p,0,t) pdpde
0 0

21w oo

t 2

+ 0/0/0/<I>(p,¢,7)g<1>(h<p,p,¢,t—T)pdpdcbdﬂ (8.5)

m™ o0
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where Gr(r,p,p,t) is the fundamental solution to the first Cauchy problem,
Gr(r,p,p,t) is the fundamental solution to the second Cauchy problem, and
Ga(r, p,p,t) is the fundamental solution to the source problem.

Consider the fundamental solution to the first Cauchy problem.

9°Gy  (0°Gy  10Gy 1 0°Gy
ot ¢ ( or? + r or + r2 Op? (8.6)
t=0: gf:po‘s(rr_p) Slp—¢), 0O<a<2, (8.7)
oGy
= N = < . .
t=0: Sf=0, 1<as<2 (8.8)

The Laplace transform with respect to time ¢ gives

1 8(r—p) G 10G; 1 0°G;
amx . a—1 _ _
s*Gy — 5" "po . Slp—¢)=a < ot T oo T2 a2 ) (8.9)

Next we use the finite Fourier transform (2.72) with respect to the angular coor-
dinate ¢ for 2m-periodic functions, thus obtaining

~ S(r — 82G:  19G:  n? -
s*GF — s po (rr 2 cos[n(p — @) =a < 8r2j + 8rf - ZQ g;ﬁ) . (8.10)

The Hankel transform (2.78) with respect to the radial variable r leads to the
solution in the transform domain

Tk Sa—l
G = poJn(pg) cos [n(p — ¢)] 5 (8.11)
s a&
The inverse integral transforms result in
4 - /
Gr(r, 0,0, 6,1) WZ cos [n(p — ¢)]
x / Ea (—a€%%) Ju(r€) Ju(p€) € de. (8.12)
0
Helmbholtz equation (o — 0)
Evaluating integral (A.35) from Appendix, we get
> In(r/va) Ku(p/va), 0<r<p,
Gr="3""cos[n(p - (8.13)
i I(p/Va) Ku(r/Va), p<r<oo,
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where I,,(r) and K, (r) are the modified Bessel functions. The sum in the right-
hand side of (8.13) can be evaluated analytically taking into account that [196)

o0

1
"I,(r) Kn(p) cos(ny) = 5 Ky (\/r2 + p2? — 2rpcos <p) )

n=0

Hence
Gy = Ko (VIr2 + o2 = 2rpcos(o — 9))/a) (8.14)

T 2am

Classical diffusion equation (a = 1)

It follows from (A.34) that

6= ' exp (_ it p2> i ‘cosln(e = &) 1n () (8.15)

2mat dat = 2at

Evaluating the sum in the right-hand side of (8.15) taking into account that [196]

o0

1 .
Z "I,(r) cos(ny) = 5 e cos P
n=0
we finally obtain [144]
% + p* = 2rpcos(p — ¢)
- — . 1
91 dmat P { 4at (8.16)

In a similar way we get the fundamental solutions to the second Cauchy
problem and to the source problem:

Gr(r, ¢, p,d,t) L&,
<g<1>(7’,<ﬂ7p7 ¢,t)> o WT;J cos [n(p — )]

T wot EQ)Q(—a§2tC¥)
X / <q0t°‘1Ea,a(—a§2t°‘)> I (1€) Jn(p€) € dE. (8.17)

8.2 Domain 0 <r< R,0< p <27
8.2.1 Dirichlet boundary condition

o°T 2T 10T 1 0T
- D(r, ot 1
(975“ a < (97"2 + r 67" + T2 6902> + (T7 QO, )7 (8 8)
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t=0: T=f(r), 0<a<?2, (8.19)
t=0: %sz(ngo), l<a<2, (8.20)
r=R: T=g(p,t). (8.21)

The solution:

T(r,p,t) f(p,d) Gy (r,0,p,0,t) pdpde

F(p,¢)Gr(r,p,p,¢,t) pdpdo

+

R
/(I)(p7¢77—) g@(r7<pap7¢7t_7—)pdpd¢d7'
0

9(¢,7) Gg(r, 0,0, t — 7) dgdr. (8.22)

+

+
o O~ O\:‘m o\§
Sy Oy O O~

The fundamental solutions are obtained using the Laplace transform with respect
to time t, the finite Fourier transform with respect to the angular coordinate ¢
(2.72) for 2m-periodic functions and the finite Hankel transform (2.84) with respect
to the radial coordinate r:

gf(r7 ®5 P d)? t) 9 0o 0o Do Ea(_agrzbk:ta)
gF<r7 @, p, d)a t) = TR2 ZIZ ’wot Ea72(_a£721kta)
gq) (T’, 907 P7 ¢7 t) =0 k=l qotail Ea,a(_agikta)

1 (RE )2 cos[n(p — @), (8.23)

where &, are the positive roots of the transcendental equation
Jn(REnk) = 0. (8.24)

The fundamental solution to the Dirichlet problem has the following form:

2090t ! o, —
Gy(r, o, 0,t) = — a0 ZIZEOMI (_a&%kta)

TR
n=0 k=1

J/(Rény) cos [n(p — 9)]. (8.25)
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8.2.2 Neumann boundary condition

0T o*T 10T 1 8°T
ote ¢ (31"2 + r Or * r2 34,02> e e (8.26)
t=0: T=f(r), 0<a<?2, (8.27)
t=0: %sz(ngo), 1<a<?2, (8.28)
oT
r=R: o = g(p, t). (8.29)

The solution:

T(r,p,t) f(p,d) Gy (r,0,p,0,t) pdpde

F(p,¢)Gr(r,p,p,¢,t) pdpdo

+

R
/(I)(p7¢77—) g@(r7§05p7¢7t_7—)pdpd¢d7'
0

+

+
T — . T Ty Sty
Sty Sy O S —

9(¢,7) Gg(r, 0,0, t — 7) dgpdr. (8.30)

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite Fourier transform with respect to the angular coordinate ¢
(2.72) for 2m-periodic functions and the finite Hankel transform (2.88) with respect
to the radial coordinate r:

gf (T7 22 d)u t) 1 Po
gF (T7 P Py d)a t) = 7TR2 ’lUOt
Ga (1,0, p, 4, 1) qot* ! /T'()

[ PoBa(—agt?)
Z ’LUot Ea’g(—afikta)
T\ ot Baja(—ag2t®)

ggzl«]n (Tgnk) JIn (ank)
(RQS’Zk) —n?) [Jn(R&nk)]

200
+WZ

/
n=0

5 cos [n(p — )], (8.31)
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where £, are the positive roots of the transcendental equation
J!(Rén) = 0. (8.32)

The fundamental solutions to the mathematical and physical Neumann problems
under zero initial conditions are expressed as

R
Gun(rp6,0) = P Ga(rop, )] (8.33)
q0 p=R
aRgo
gp(rﬂ907¢7 t) = gf(ra Pa%t) (834)
Po p=R
8.2.3 Robin boundary condition
0T 9*°T 19T 1 8T
oo = <8r2 + . or + 2 6902> + ®(r, p,t), (8.35)
t=0: T=f(ry), 0<a<2, (8.36)
t=0: %{:F(r,(p), l<a<?, (8.37)
r=R: or + HT = g(p,t). (8.38)
or
The solution:
27 R
T(r,p,t //f ?) G (1., p,0,) pdpdg
0 0
2r R
+ [ [ F6.0)600000.6.0) pdpas
0 0
t 2r R
+ [ [ 20,0760 00,0~ 1) pdpdsar
00 0
t 2w
+ //g r, 0,0t —7)dodr. (8.39)
0 0

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite Fourier transform with respect to the angular coordinate ¢



8.3. Domain R<r<oo, 0 <p <21 259

(2.72) for 2m-periodic functions and the finite Hankel transform (2.92) with respect
to the radial coordinate r:

G (r, 0,0, 1) y o o Po Ea(—ag3t)

gF(T7 P Py d)? t) = T Z/Z thEOé,Q(_a’grzbkta)

g‘f—' (T7 @, p, d)a t) =0 k=l qota_l Eaﬂ(_agikta)
ZkJn(rgnk) Jn<p§nk)

(R2E2 + B2, — n2) [ (Rew)? P O (8.40)

where £, are the positive roots of the transcendental equation

The fundamental solution to the mathematical Robin problem under zero initial
conditions is calculated as

R
gg(ra%¢7 t) = @it g@(ru Pa‘P7t) . (842)
do o=R

8.3 Domain R<r <oo, 0< ¢ <27

8.3.1 Dirichlet boundary condition

%C;Z =a <?;rj; + i (ZZ; + r12 6852) + O(r, 0, t), (8.43)
t=0: T=f(re), 0<a<2, (8.44)
t=0: ?;‘tr —F(r,p), l<a<2, (8.45)
r=R: T=g(pt), (8.46)

lim T(r, ¢, t) = 0. (8.47)

T—00
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The solution:

2w oo

T(r,p,t) = //f(p,cb) Gr(r,p,p,0,t) pdpde

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

_|_
o\§

_|_
Tt~
Tty Tty Tty

/q)p7¢7 g®T@aPa¢at—T)pdpd¢dT
R

9(¢,7) Gg(r, 0,0, t — 7) dgpdr. (8.48)

+
o\“

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite Fourier transform for 2m-periodic functions with respect to
the angular coordinate ¢ (2.72) and the Weber transform (2.108), (2.111) with
respect to the radial variable 7:

Gr(r,p,p:9:1) o po Ea(—a&?t®)
gF (T, @, P, ¢7 t) Z / thEa 2 afzta)
g@(ra§07p7 ¢7 t) QOta 1Ea a( §2to¢)

J2(RE) + Y2(RE) cos [n(p — )]

In(p8) Yn(RE) — Yo (p€) Jn(RE)| £ dE. (8.49)

The fundamental solution to the Dirichlet problem under zero initial conditions
reads:

a a—1 00
gg(?“7 2 d)a t) = - 2 g7ort2 Z/ / Ea,a (_a§2ta) CcoS [n(SD - d))]
n=0 0
T (r) Ya(RE) = Ya(r) Ju(RE) o 550

JA(RE) + Y (RE)
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8.3.2 Neumann boundary condition

0T 9?T 10T 1 0T
ot ¢ (37’2 + r or + r2 3902} Termet), (®.51)
t=0: T=f(ry)), 0<a<2, (8.52)
T
t=0: %t:F(r,ga), l<a<?, (8.53)
orT
= M —_ = t . 4
r=~R gy = 9(#:1), (8.54)
lim T'(r,¢,t) = 0. (8.55)
T—>00
The solution:
27 oo

T(r,0,1) = / / (0. 8) Gy (ry 0, 91 6,1) pdpded
R

)
3

_|_

+

S O O~

O\§ O\§ 53\8
:0\8

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

CI)(p7 ¢7 T) g<I>(7°7 ®, P, d)at - T) pdpd(de

_|_

9(p,7)Gy(r, 0, ¢, t — 7) dopdr. (8.56)

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite Fourier transform for 2m-periodic functions with respect to
the angular coordinate ¢ (2.72) and the Weber transform (2.108), (2.113) with
respect to the radial variable r:

gf(r7§07p7 ¢7 t) 1 00 e’} Do Ea(_agzta)

gF(TaSD7P7 ¢7 t) = T ZI/ th Ea,Q(_aé-Qta)

g@(ﬂ%ﬂv ¢7 t) =0 0 qotail Ea,a(_agzta)

In(r€) Yy (RE) — Y (r§) J (RE)
[T (RE)]? + [Yy (RE)]?

x [ (0€) YiL(RE) = Ya(p€) T, (RE)) € de. (8.57)

cos [n(p — ¢)]
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The fundamental solutions to the mathematical and physical Neumann problems
under zero initial conditions have the following form:

a—1 X
Gunlr 0 6,1) = 293 / Eaa (—ag) cos [n(io — 9)
n=0 0
Ju(r€) Y(RE) - Ya(r€) JL(RE)

(RO + V(RO (8.58)

Gy(r, 0, 6,1) = 2“902 / Eo (~a2) cos[n(p — 6)]

Jn(r€) Y(RE) = Ya(r€) JL(RE) |

L REE + ViR (8.59)

8.3.3 Robin boundary condition

T 0T 10T 1 0T
ot (87’2 + r Or + r2 8(,02> +o(rprt), (8.60)
t=0: T=f(re), 0<a<2, (8.61)
T
t=0: %t:F(r,ga), l<a<?, (8.62)
T
r=R: 0 + HT = g(p, t), (8.63)
or
ILm T(r,p,t) =0. (8.64)

The solution:
21 oo
T(r,p,t) = //f(p,cb)gf(r,%maﬁi)pdpdaﬁ

2m

o

/F rpupe6,t) pdpdd
R

+
T~
o\§

/<I> 9,6 7) G (1,0, p, bt — ) pdpddr
R
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t 2w

4 O/ 0/ 9(6,7) Gy (10, 6, t — ) d dr. (8.65)

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite Fourier transform for 2m-periodic functions with respect to
the angular coordinate ¢ (2.72) and the Weber transform (2.108), (2.115) with
respect to the radial variable r:

G (r, 0, p: 0,1) Y Eo(—a&?t®)
gF (T7 @, p, d)a t) = - Z ! / th Ea,2<_a’§2ta) Cos [n((p - d))]
g@(ra<p7p7 ¢7 t) =0 0 QOtOéil Ea,a(_a€2ta)

o In(rOEY(RE) — HY, (RE)] = Y (rE) (€, (RE) — H Jn(RE)]
€Y (RE) — HY,(RE)]? + [§77,(RE) — HJn(RE)J?

< { I (pE)[EV(RE) — HY(RE)] ~ Yalp€)e 1 (RE) — HIL(RE)JEdE.  (3.66)

The fundamental solution to the mathematical Robin problem under zero initial
conditions is written as:

a—1 o]
gg(ru ®, ¢7 t) = 2a90t2 Z //O ECMQ (_a§2ta) cos [n(‘ﬂ - d))]
n=0

™

T (r&)[€Y! (RE) — HY,(RE)] — Y (ré)[€J (RE) — HJ, (RE)]
X €Y (RE) — HY,(RE)J2 + [€J7, (RE) — HJ,(RE)]2 £d¢. (8.67)

8.4 Domain 0 < 7r < 00, 0 < ¢ < g

8.4.1 Dirichlet boundary condition

ol <‘;€ ot ‘Z;{) +0(r,p.1), (3.68)
t=0: T=f(rv), 0<a<2, (8.69)
t=0: %f:F(r,(p), l<a<?, (8.70)
p=0: T=gl(rt), (8.71)

p=¢po: T =gart), (8.72)
lim T'(r,¢,t) = 0. (8.73)

T—00
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The solution:

Yo 00

T(r,0,1) = / / (0. 8) Gy (ry 0, 91 6,1) pdpded
0 O

+ F<p7¢) gF(TaSD7P7¢7t)pdpd¢

_|_

/CI)(p7 ¢7 T) g<I>(7°7 ®, P, d)at - T)pdpd(de
0

_|_

O O O~ O\E
S g O —g T —5 “—y

91(p,7) Ggy (1,0, p,t — ) pdpdr

92(p,7) Ggo (1,0, p,t — 7) pdpdr. (8.74)

To obtain the fundamental solutions we use the Laplace transform with respect to
time ¢, the finite sin-Fourier transform (2.44) with respect to the angular coordi-
nate ¢ and the Hankel transform (2.78) with respect to the radial variable r with
v = nm/pg. Thus, we get [190]

gf(r7§07p7 ¢7 t) 9 0o X® Do Ea(_agzta)

gF(raSD7p7 ¢7 t) = ©o Z / th Ea,Q(_aé-Qta)

g@(ﬂ%ﬂv ¢7 t) =t 0 qotail Ea,a(_agzta)

x sin (”;f) sin (";Tf) T oo (7€) T (06) € . (3.75)

The fundamental solution to the first Dirichlet problem under zero initial condi-
tions is expressed as

2agot® ! & nmw . nmw T
ggl (7‘7 22 t) = 90 2 Z ( ) s ( 90) /Ema (_a§2ta)
0

Yop~ = \¥o %0

X Ty )00 (1) T 0o (P€) € dE. (8.76)

The fundamental solution to the second Dirichlet problem under zero initial con-
ditions is obtained from (8.76) by multiplying each term by (—1)"**.
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8.4.2 Neumann boundary condition

0T 09*°T 10T 1 92T
gt = <8r2 + - or + 2 8902> + O(r, 0, t), (8.77)
t=0: T=f(ry), 0<a<2, (8.78)
t=0: %sz(r,go% l<a<?2, (8.79)
10T
=0: - = t .
2 0 r 6(,0 gl(ra )7 (8 80)
10T
Y=o : r 84,0 - 92<T7 t), (881)
ILm T(r,p,t) =0. (8.82)
The solution:
Yo 0

T(r,p,t) = //f(p,aﬁ) Gr(r, @, p,¢,t) pdpde

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

_|_

/CI)(p7 ¢7 T) g<I>(7°7 ®, P, d)at - T)pdpd(de
0

_|_

o\“ o\“ o\“ o\g =)
0\8 0\8 o\g 0\8 o

91(p,7) Ggy (r, 0, p,t — ) pdpdr

+ 92(p, 7) Gy, (1,0, pst — 7) pdpdr. (8.83)

To obtain the fundamental solutions we use the Laplace transform with respect
to time ¢, the finite cos-Fourier transform (2.48) with respect to the angular co-
ordinate ¢ and the Hankel transform (2.78) with respect to the radial variable r
with v = n7/@g. As a result, we get [190]

gf(T7(P,p,§lj),t) oo pOE ( a§2t“)

9 00
gF(T7 P Py d)a t) = 0 Z / ’LUotEa 2 afzto‘)
0 —
gCD (T7 @, p, d)a t) =0 0 Ota ! Ea a( a£2ta)
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nwY nmwo
X COS o cos o Tz 100 (T1€) T 100 (PE) § dE. (8.84)

The fundamental solution to the first mathematical Neumann problem under zero
initial conditions has the form [190]:

2ag0t® ! o=, nmwe Vi 9
Gmi(r, o, p,t) = cos E, o (—a&™t®
1 ) Yop T;J %o J ( )
X J’I’Lﬂ/tp(] (Té-) Jn‘n’/gpo (pg) §d§ (885)
Classical diffusion equation (o = 1)
Using (A.34) from the Appendix, we obtain [20, 144]
2, 2
9o T+ p
t) = -
1 rp > rp nmwY
I ( ) I, ( ) . 8.86
X[Q 0\ 2at +; /70 \2qt) ©o (8:86)
Wave equation (a = 2)
2\/ago " nrg
Gy, (1,0, p,t) = cos< U(r, p), 8.87
ety = YIS eos (") wir (5.57)
where
a) Vat <p
0, 0<r<p—+at,
_ 1 r2 4+ p2 — at?
U(r,p) = 2 /rp Prr/po—1/2 < %p > . p—iat <r < p+./at,
0, p++at <r < oo;
b) Vat=p

1
U(r,p) =4 2VTP
0, 2p < r < oo

r
Pnﬂ/@o*l/? (2p>a O<T<2p7



8.4. Domain 0 <7 < o0, 0 < ¢ < o 267

c) vat>p

1 nmw? ) at? —r? — p2

— cos oo — )
TP 0 [eot/2 2rp
0<r<at—np,
U(r, p) = 1 r? + p? — at?
Pﬂﬂ/tpo*l/? ;
2\/rp 2rp
Vat —p <r < p+/at,

0, p+at <r < oo,

where P,(r) and Q,(r) are the Legendre functions of the first and second kind,
respectively.

For the physical Neumann problem, the boundary condition at ¢ = 0 is
formulated in terms of the normal component of the heat flux:

1\ ,0G, _ sr—p)
= . — = < .
v=0 TDRL o5 g = 6(t), 0<a<l, (8.88)
1 _
p=0: -— I'J“laGp1 =go o =p) o(t), l<a<2. (8.89)
r dp r

The solution is expressed as

2040 < nw 7
gpl(T7 @5 Py t) = g0 Z/ COS ( 90090) /Ea (_a§2ta)
0

pop =

X Jn‘n’/gpo(rg) Jnﬂ/tpo (p§)§d§ (890)

The fundamental solutions (8.85) and (8.90) are shown in Fig. 8.1 and Fig. 8.2,
respectively, for ¢ = 0.
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2.5

2.0

a=1.5
a=1
Gml
1.0 /a =0.5

0.5

0.0 —_—
0.0 0.5 1.0 1.5 2.0 2.5

r

Figure 8.1: Dependence of the fundamental solution to the mathematical Neumann
problem in a wedge on the radial coordinate [190]

2.5
a=115

2.0

15 /
a=085
1.0 /

0.5

gpl

0.0
0.0 0.5 1.0 1.5 2.0 2.5

r

Figure 8.2: Dependence of the fundamental solution to the physical Neumann
problem in a wedge on the radial coordinate [190]
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85 Domain 0 <r< R, 0< ¢ < g

8.5.1 Dirichlet boundary condition

oo = (s £ on b 2 ) FBOR0, D
t=0: T=f(rp), 0<a<2, (8.92)
t=0: %{:F(r,@, l<a<?, (8.93)

r=R: T=g(pt), (8.94)
0=0: T=grt), (8.95)
p=wo: T=gs(rt). (8.96)

The solution:

T(r,p,t) = f(p,®) Gs(r, 0, p,0,t) pdpde

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

_|_

R
/(I)p7¢7 g®T@aPa¢at—T)pdpd¢dT
0

g1 (¢7 T) ggl (7", @, ¢7t - T) d¢ dr

_|_

_|_
S L Ot O O S5 —%
St~ T T8 T “T— 5 “T—x

92(p,7) Ggs (1,0, p,t — ) pdpdr

_|_

93(0,7) Ggs (1,0, p, t — 7) pdpdr. (8.97)

The problem is solved using the Laplace transform with respect to time ¢, the finite
sin-Fourier transform (2.44) with respect to the angular coordinate ¢ and the finite
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Hankel transform (2.84) with respect to the radial variable r with v = nw /. For
the fundamental solutions we get [188]

Gr(r,0,p, 0, o = Po Ba(—a&lt®)

gF(ra<p7p7 b, t) = Z Z wot Ea72(_a€721kta)

gCI’ (T, ©, P, ¢7 t) k= qota_l Ea7a<_a§721kta)

% sin (nmp) sin (mr(b) nm/po (rgnk) nw/po (2p£nk:)7 (898)
%o %o {JJM/W (ank)}

where £, are the positive roots of the transcendental equation

an/<po(R§nk) = 0. (899)

For the sake of simplicity, we have used the notation &,; for the roots (not

gnﬂ/cpmk)'
The fundamental solutions to the first and second Dirichlet problem under
zero initial conditions have the following form [188]

G (10 6t) = — 12 S Eoo (—a€2,%) sin ("”90) i (Wb)

n=1k=1 ¥o ¥o

gnk Jnﬂ'/cpo (T’Snk) .

: 8.100
T (REk) (8.100)

dat* ! & nT o nmwp
g2 r, p7 - aa CL£2 e Sln( )

% Jnﬂ'/ﬁpo(rg’nk) nﬂ/ipg(pgnk)

) (8.101)
i (BEur)|

The fundamental solution to the third Dirichlet problem is obtained by multiplying
each term in (8.101) by (—1)"*1.
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8.5.2 Neumann boundary condition

0T o?°T 10T 1 0°T
ot (31"2 + r or + r2 34,02> 2t (8.102)
t=0: T=f(ry), 0<a<2, (8.103)
t=0: 2{:F(r,<p), l<a<2, (8.104)
oT
r=R: or = g1(p, 1), (8.105)
10T
= M — = t 1
¥ 0 r 6(,0 92(T7 )a (8 06)
10T
e g3(r,t). (8.107)
The solution:
wo R
T(0.0) = [ [ 160.0)91(r0.0.6:0) pdps
00

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

_|_
O\é}
o\:a

R
/q)p7¢7 g®T@aPa¢at—T)pdpd¢dT
0

_|_
Tt~
o\§

g1 (¢7 T) ggl (Ta ©, ¢7 t— T) d(yb dr

+
o\N
O\E

92(p,7) Ggs (1,0, p,t — ) pdpdr

_|_
T~
St~

+ 93(p,7) Gy (1,0, p,t — T) pdpdr. (8.108)

Tt~
Tt~

The problem is solved using the Laplace transform with respect to time ¢, the finite
cos-Fourier transform (2.48) with respect to the angular coordinate ¢ and the finite
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Hankel transform (2.88) with respect to the radial variable r with v = nw /. For
the fundamental solutions we get [188]

gf(ru907p7 ¢7 t) 9 Po

gF(Ta<P7P7 ¢7 t) = 2 ’UJOt
wo R

Ga (1,0, p, 4, 1) qot* ! /T'(a)

Po Ea(‘“&%kta)

Z wot Ea,g(—aﬁikta) cos (n7r<p> cos (nﬂ-d)>
1 ¥o

¥0
thail Ecua <_a§721kta)

4 oo
_|_
®o

I
n=0

§721k Jn‘n’/gpo (rgnk) Jn‘n’/gpo (pgnk)

) (8.109)
202 2 2
|:R gnk - ("77/900) :| [an/<po (Rgnk)]
where £, are the positive roots of the transcendental equation

The fundamental solutions to the mathematical and physical Neumann problems
under zero initial conditions have the following form

_ aRgo

Gm1(r, ¢, ¢,t) = g@(h%p,d),t)‘ , (8.111)
90 =R
ago2
Gma(r, 0, p,t) = Qr,,,,t’ : 8.112
2nppt) = Galnep o t)] (8.112)
agos
ng(r,go7p7 t) = gcb(ra%/L 0, t)‘ s (8-113)
P40 bd=po
aR
gpl (T; ®, ¢7 t) = Jo1 gf (7’7 @, p, d)a t)‘ 5 (8114)
Po =R
Gpa(r, o, pyt) = "0 Qf(mp,p,qb,t)‘ , (8.115)
P Po ¢=0
agos
gpg(ﬂ ®, P, t) = gf(ra%/% ¢7 t)’ . (8116)
P Po P=w0
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8.6 Domain R<1r < oo, 0< ¢ < gy

8.6.1 Dirichlet boundary condition

0T T 19T 1 8T
ota _a<8r2 +r o +r2 8902> + O(r, 0, t), (8.117)
t=0: T=f(re), 0<a<2, (8.118)
t=0: ?;;:F(r,w), l<a<2, (8.119)
r=R: T=glpt), (8.120)
p=0: T=ga(rt), (8.121)
p=wpo: T =gsrt). (8.122)

The solution:

T(r,p,t) = f(p,d) Gy (r,0,p,0,t) pdpde

_|_

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

/(I)(p7¢77—) g@(r7§05p7¢7t_7—)pdpd¢d7'
R

+

g1 (¢7 T) ggl (Ta ©, ¢7 t— T) d(yb dr

+

+
O O O oY~ O\é} o\é}
P g Py T 6 5 P — g F— g

92(p,7) Gy, (1,0, p,t — 7) pdpdT

93(p,7) Ggs (1,0, p, t — 7) pdpdr. (8.123)

The problem is solved using the Laplace transform with respect to time ¢, the
finite sin-Fourier transform (2.44) with respect to the angular coordinate ¢ and
the Weber transform (2.108), (2.111) with respect to the radial variable r with
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v = nw /. For the fundamental solutions to the first and second Cauchy problems
and to the source problem under zero Dirichlet boundary condition we get

gf(T7 ®5 Py d)a t) 9 o X Po Ea(_a€2ta)

Gr(r,p,p,0,t) | = o Z wot Eoo(—a&?t®) sin (n;w)
0 — 0

g@(ﬁ @, p, d)a t) =t 0 q0t0‘71 Ea,a(_aéata)

% sin <TL7T¢) Jnﬂ'/cpo (7’5) Ynﬂ/cpg (R&) - Ynﬂ'/cpo (T&) Jnﬂ'/cpo (RS)
%o T /oo (RE) + Y2, (RE)

nm/eo /%0
X |:Jn7r/<po (pg) Ynﬂ'/ipo (R&) - Ynﬂ'/%o (pg) Jnﬂ'/ipo (R&):| gdf (8124)

The fundamental solutions to the Dirichlet problems under zero initial conditions
are calculated as

a—1 X x
ggl (T, @, ¢7 t) = - 4ag72<1;0 Z/Ea,a(_a§2ta) sin (nﬂ—(p> sin (an{))
n=1 0

¥o ®o

% Jnﬂ'/cpo (7’5) Ynﬂ/cpg (RS) - Ynﬂ/cpg (T&) Jnﬂ'/cpo (R&)

¢de, 8.125
Jsﬂ/% (R&) + Yn27f/</>o (R¢) ( :
ago2 3gq>(1", @ Py d)a t) ’
Gga(r, 0, p,t) = , 8.126
nlrpspt) = oo S0 00| (8.126)
agos 8g¢>(ru ©, P, ¢7 t) ‘
Gga(r,p,p,t) = — . 8.127
93( ¥ P ) quo a¢ d=v0 ( )
8.6.2 Neumann boundary condition
0T o?°T 10T 1 0°T
gra = (81"2 + - or + 2 8902) + O(r, 0, t), (8.128)
t=0: T=f(ry), 0<a<2, (8.129)
t=0: %{:F(r,(p), l<a<?, (8.130)

oT
r=R: ~ o = g1(p, 1), (8.131)
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10T

' 0 r 6(,0 92(T7 )a (8 3 )
10T

PR, = g3(r,1). (8.133)

The solution:

T(r,p,t) = f(p,d) Gy (r,0,p,0,t) pdpde

_|_

F(p7 ¢) gF(T, @, P, ¢7 t) pdpd¢

/CI)(p7 ¢7 T) g<I>(7°7 ®, P, d)at - T)pdpd(de
R

+

g1 (¢7 T) ggl (T’, ©, ¢7 t— T) d(yb dr

_|_

_|_
O O O o~ O\é} o\é}
P g Py T 6 5 P — g F— g

92(p,7) Ggs (1,0, pst — ) pdpdr

93(p,7) Gy (r, 0, p, t — 7) pdpdr. (8.134)

The problem is solved using the Laplace transform with respect to time ¢, the
finite cos-Fourier transform (2.48) with respect to the angular coordinate ¢ and
the Weber transform (2.108), (2.113) with respect to the radial variable r with
v = n7 /. For the fundamental solutions to the first and second Cauchy problems
and to the source problem under zero Neumann boundary condition we get

gf(r7 @, p, d)u t) 9 50 fe%s) Do Ea(_a§2ta)

gF(TaSD7P7 ¢7 t) = © Z // th Ea,2<_a’§2ta) COS (n;mp)
0 — 0

g@(ﬂ%ﬂv ¢7 t) =0 0 QOtail Eoz,a(_a€2ta)

% oS <TL7T¢) Jnﬂ'/cpo (7’5) YTZT[’/(PO (R&) - Ynﬂ'/cpo (T&) J’n’/ﬂ'/(po (RS)
%0 L (RO + 1Y (RE)P

x [Jnﬂ/@o (pﬁ) Y'nl,‘n'/gpo (RE) — Ymr/sﬂo (pﬁ) Jr/rn'/gpo (Rg)} §d¢. (8~135)
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The fundamental solutions to the mathematical and physical Neumann problems
under zero initial conditions have the following form:

Gm1 (1,0, ¢, 1) = dagont™™ Z//Ea,a(—aSQt“)cos <nmp> cos (nWQS)

LU ——, , %o %o

J"”/ipo (Tf) nﬂ'/(po (Rf) mr/cpo (7’5) nﬂ/gao (RS)

de, 8.136

] ou (RO + 1Y), (RE) ¢ (8.136)

Grna(r, 0, p1) = 2% Ga(r, 0. p, </>,t)‘ ; (8.137)
P 4o $=0

Guns(r 0, prt) = 3g¢(T7<P,P,¢,t)‘ : (8.138)
P 4o =0

Gp1(r, 0, 9,1) 4a901 Z /E —ag?t®) cos( ;f) cos (n(;roqb)

Jnﬂ’/gﬂo (r§) nﬂ/@o (Rg) 717T/<P0 (Té-) n‘n’/(po (Ré-)

[ joo (B + [V (RE)]? dg, (8.139)

gp2(r ©, P, ) 902 gf(ﬂ%@ ¢7t)’ ) (8140)
P Po $=0

gp3( @5 Py ) 14903 gf(h ®5 Py d)at)‘ . (8141)
PPo P=wo



Chapter 9

Axisymmetric Equations in Cylindrical

Coordinates

If an idea’s worth once, it’s

worth having twice.

Tom Stoppard

9.1 Domain 0 <r < oo, —o0 < 2z < o0

0T ((92 Lor 9*T

ot or? + r Or + 322> +2(r 2, 1),

t=0: T=f(rz2), 0<a<?2,

T
t=0: %t:F(r,z), l<a<?2,
lim T'(r,z,t) =0, lim T'(r,z,t) =0.
r—00 z—+oo

The solution:

=
£
=
Il

f(p: Q) Gr(r,z,p,¢,t) pdpd(

Q) Gr(r,2,p,(,t) pdpd(

oo

_|_

+

o\“ é\g Elﬁ\g

8\8 O\S o\g
"11

0

© Springer International Publishing Switzerland 2015
Y. Povstenko, Linear Fractional Diffusion-Wave Equation for Scientists and Engineers,
DOI 10.1007/978-3-319-17954-4_9

/<I> 0,6, 7) Ga(r, 2 p, ot — 7) pdpdC dr.

(9.5)
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Using the Laplace transform with respect to time ¢, the Hankel transform of order
zero (2.78) with respect to the radial coordinate r with £ being the transform
variable, and the exponential Fourier transform (2.20) with respect to the space
coordinate z with n being the transform variable, we obtain the fundamental
solutions:

gf(T7Z7P7<at) 1 oo 00 Po Ea [_a (§2 +772) ta]
gF<T7 Z, P, <a t) = o1t / / U}Qt Eax2 [_a (§2 + 772) ta}
Ga(r,2,p,(, 1) e 0 qota_l Eo o [_a (52 + 772) ta}

X Jo(r€) Jo(pg) cos[(z — ()n] £ dS dn. (9.6)

9.2 Domain 0<r<oo,0< z< o0

9.2.1 Dirichlet boundary condition

0T o?°T 10T 9T
ot (31"2 + r Or + 322> +&(r21), (07)
t=0: T=f(rz), 0<a<2, (9.8)
t=0: aT:F(nz)7 l<a<2, (9.9)
ot
z=0: T =g(rt), (9.10)
TILH;O T(r,z,t) =0, ZILH;O T(r,z,t) =0. (9.11)

The solution:

T(r,z,t) = (0, Q) Gy(r,z,p,¢,t) pdpd¢

+
S O —_ 0\8 0\8
0\8 0\8 0\8 0\8

F(pa C) gF(T727P7 g? t) Pdpdc

+

/‘b p,¢,7)Ga(r,z,p,(,t —T) pdpd{ dr
0

9(p,7)Gy(r,2,p,t — 7) pdpdr. (9.12)
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The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the Hankel transform of order zero (2.78) with respect to the radial
coordinate r, and the sin-Fourier transform (2.25) with respect to the space coor-
dinate z:

gf(7°727p7<at) 9 00 00 Po E, [_a (§2+772) ta]
gF<T7 29 Ca t) = T // th Ea,2 [_a (§2 + 772) ta]
Ga(r,2,p,C,1) 00 \qot* ! Eaa [—a (2 +n?)t*]

x Jo(r) Jo(p€) sin(zn) sin(¢n) £ A& dn. (9.13)

Fundamental solution to the Dirichlet problem

Gy(r.z,pt) = % //Ea,a a (& +1°) %]
0 0
x Jo(rg) Jo(pg) sin(zn) {nd€dn. (9.14)
The solution for p = 0 [160]
a—1 [e. el ]
Gy(r, 2,0,t) = 2ag°t //Ew a (& +n°)t*]
0 0

x Jo(r€) sin(zn) End€dn (9.15)

will be analyzed in detail. Passing to polar coordinates in the (n,£)-plane (n =
ocost, £ =osind), (9.15) is rewritten as

2 tozfl s
Gy = g0 /J3Ea7a(—a02t°‘)d0

™
0
/2
X / Jo(ro sin) sin(zo cos ) sinv cos dv. (9.16)
0

Substitution x = sin ¥ gives

™

1

2 tozfl

Gy = ago / 3Eaa ao?t®) dG/JO rox) sin( za\/l —a22)zdz. (9.17)
0 0
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0.025

0.020 / / o= 0.95
0.015 /

Yy
0.010
0.005 \
0.000
0.0 0.5 1.0 1.5 2.0 2.5 3.0

z
Figure 9.1: Dependence of the fundamental solution to the Dirichlet problem for

a half-space on distance z for p =0, =0, 0 < a < 1 [160]

With taking into account the integral (A.39) from the Appendix we obtain

oo

2agot* 2 2

G, = (12 + 22) Eqy o(—ac"t?)
0

odo. (9.18)

sin r2 4+ 22
X (J\/ ) — 0 cos (0\/7“2 + 22)
V2 + 22

Dependence of the nondimensional solution G, = at**! G,/(27go) on nondimen-
sional spatial coordinate z = z /(\/ata/Q) is shown in Figs. 9.1 and 9.2 for r = 0.
As the numerical values of Qg for 0 < o <1and 1< a <2 are widely different,
the typical results for 0 < @ < 1 and 1 < a < 2 are presented in two figures using
different scales.

Constant boundary value of a function in a local area. Consider time-fractional
diffusion equation (9.1) with zero source, zero initial conditions and the constant
boundary value of a function in the area 0 < r < R:

To, 0<r<R,
z=0: T= (9.19)
0, R <r <oo.
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0.4 .

0.3

0.1 \
0.0 = —_~

—0.1

-0.2

0.0 0.5 1.0 1.5 2.0 2.5

z

Figure 9.2: Dependence of the fundamental solution to the Dirichlet problem for
a half-space on distance z for p =0, =0, 1 < a < 2 [160]

The integral transforms allow us to obtain [160)

[ {1- Eal-a@ + e}
0

X Jo(Tg) Jl (Ré-)

2T0R

¢ Z . sin(zn) d¢ dn. (9.20)

Introducing polar coordinates in the (7, £)-plane and substituting = sin¥, we
arrive at

T = 210k / [1— Eq(—ac®t®)] do
7r

X /Jo(roz) Ji(Rox) sin(za\/l —z2)dz. (9.21)
0
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Taking into account the integral (A.42) from Appendix leads to the expression for
solution in the case r = 0:

T =T (1 : ) _ 2T /Ea(—aUQto‘)
™
0

V224 R
X {sin(za) — \/221 B2 sin(\/z2 + R2O'):| i do. (9.22)
Helmbholtz equation (o — 0)
Using (A.6), we obtain
T = TOR/Jo(rg) Jy(RE) e~ *VE+1/age, (9.23)
0

This equation can be simplified in the case r = 0 accounting for the appropriate
integral (A.38)

T="T, <e—z/¢“ - \/22‘1 RQe—W”RzN“) . (9.24)

Classical diffusion equation (o = 1)

Taking into account (A.26), the solution reads [141]

T = T°2R 7]0(@ J1(RE) {e_’zgerfe (Qjat - \/at§>
0

1 e*erfe ( y L \/at§> }dg. (9.25)

2v/a

In the case r = 0 after some algebra we get (see (A.15))

2 2
T =T, |erfe ( : ) g [VEEER (9.26)
2V at V22 + R2 2V at
Wave equation (o = 2)
For wave equation the solution has the simple form for r = 0:
a) vat <R
Ty, 0<z < /at
T= (9.27)
0, +at<z< oo,
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1.00 \
a=2
0.75 a=1.95
T /
a=1.75

a=0
0.50 /
a=1.5

0.25 a=1
a=2
\ \
0.00
0.0 0.5 0.75 1.0 1.5

Figure 9.3: Solution to the Dirichlet problem with constant boundary value of a
function in a local area of a half-space (r = 0, k = 0.75) [160]

b) Vat > R
z
Tol1— , 0<z<Vat? - R2,
0( \/22+R2>
= Ty, Vat? — R? < z < \/at, (9.28)
0, Vat < z < 0.

Dependence of nondimensional solution T' = T'/T; on nondimensional space
coordinate Z = z/R is shown in Figs. 9.3 and 9.4 for typical values k = v/at®/? /R =
0.75 and k = 1.5, respectively.

9.2.2 Neumann boundary condition

0T 0*T 10T 0°T

ot~ ° (8r2 o T 322) +2(rz0), (9.29)
t=0: T =f(rz), 0<a<2, (9.30)
t=0: aT:F(r,z), l<a<?2, (9.31)

ot
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1.00 \

a=1.99 a=2
0.75 \
a =195
T \
a=19 _
0.50 \ o =2
/ a=1
a=0.5
0.25
a=2
0.00 \
0.0 0.5 1.0 1.5 2.0

Figure 9.4: Solution to the Dirichlet problem with constant boundary value of a
function in a local areal of a half-space (r = 0, k = 1.5) [160]

or
=0: - = t 9.32
: o glr), (9.52)
Tll>rgo T(r,z,t) =0, zll>nolo T(r,z,t) =0. (9.33)

The solution:

oo

T(r,z,t) =

o\

/f (p, Q) Gy (r,2,p,¢,t) pdpdC
0

+

+
S O —_ 0\8
0\8 0\8 0\8

F(p,Q)Gr(r,2,p,(,t) pdpdC
[ 960,671 0u (0.6, = 1) pdpdcar
0

+ 9(p,7)Gy(r,2,p,t — 7) pdpdr. (9.34)

The Laplace transform with respect to time ¢, the Hankel transform of order zero
(2.78) with respect to the radial coordinate r, and the cos-Fourier transform (2.37)
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with respect to the space coordinate z lead to the following fundamental solutions

gf(r727p7<ﬂt) oo oo Po E(l [_a (§2+772) ta]
2
Gr(r,z,p,(,t) | = - // wot Eg 2 [—a (52 + 772) ta]
gqg.<7"7 Z, P, C’ t) 00 qota71 Ea,a [_a (52 + 772) tOé:I
x Jo(rg) Jo(p€) cos(zn) cos(¢n) £ dE dn. (9.35)

Fundamental solution to the mathematical Neumann problem. The diffusion-
wave equation in a half-space is considered under zero initial conditions and the
following boundary condition:

z2=0: — 5, =9 o(t). (9.36)

The solution
2agote~1 i
O //Ea o (€2 +n?) o]
0 0

x Jo(r€) Jo(p§) cos(zn) §dEdn (9.37)
in the case p = 0 [160]

a— 1 oo o0
G, 2.0.0) = 2 / / B [ (€2 + 7%) 2] Jo(ré) cos(zm) € d€ dn
0 0

(9.38)
can be simplified. Passing to polar coordinates in the (n,&)-plane (n = o cos,
& =osind)

2 tafl e
Gm = @90 /GQEQ’Q(—QGQtQ) do

™
0

/2
X / Jo(ro sindd) cos(zo cos¥) sind ddd, (9.39)
0

rewriting (9.39) as

2 tafl e
G = @90 /JQEQ,Q(—aJQta)dU

™
0

X O/Jo(raz) cos(za\/l —z2) /1 z_ 42 dz, (9.40)
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0.25
a=2 a=1.8
0.20 \ /
a=1.75

0.15
_ a=1.5
Gm
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0.05

0.00

0.0 0.5 1.0 1.5 2.0 2.5
z

Figure 9.5: Dependence of fundamental solution to the mathematical Neumann
problem for a half-space on distance z for p = 0, r = 0 [160]

and taking into account (A.40), we get

2agot®" /OO 2 .
Gm = oE, o(—ac”t® sm( r2 + 22 O') do. 9.41
VY S ( )sin (V/ (9.41)

Dependence of nondimensional solution G,, = \/at't®/2G,, /(2mgo) on space
coordinate z = z/(v/at®/?) for r = 0 is shown in Fig. 9.5.

Constant boundary value of the normal derivative of a function in a local area.
The time-fractional diffusion equation with zero source and zero initial conditions
is considered under Neumann boundary condition with constant value of the nor-
mal derivative of a function in the domain 0 < r < R:

z=0:

, 0<r<R,
_or _ { 9o (9.42)

0z 0, R<r < oo.
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The integral transforms allow us to obtain

g

20R [ 1
T = “% /[1—Ea(—ao2ta)] do
s
0
1

g2
x / Jo(rox) Ji (Rox) cos(zovV/1 —a2) (9.43)
V1 — g2
0
Equation (9.43) is simplified for r = 0:
T = go (\/22 + R? — z) _ 29 /Ea(—ao%a)
T
0
X [cos(zo) - cos(\/z2 + RQJ)] 12 do. (9.44)
1%

Let us analyze several particular cases corresponding to the standard equa-
tions.

Helmholtz equation (e — 0)

oo

1
T = goR [ Jo(ré) Ju(RE) e~ *VEH1/a de. 9.45
% O/Om L(RE) et 10 (9.45)
This equation is simplified for r = 0:
T = gO\/a (efz/\/a _ e*\/z2+R2/\/a) ) (946)

Classical diffusion equation (a = 1)

The solution for the standard heat conduction equation was obtained by Parkus
[141] and has the following form:

T = 9°2R O/ Jo(ré) Ji(RE) {ezgerfc (25@ - \/at§>
— e*erfc (25 . + \/at§> } 2 d¢. (9.47)

In the case r = 0 we have:

V22 + R2
T = go{\/22+R2€rfC < o/t — zerfc <

+ 2\/‘: [exp <—j:t) — exp <— 224_;?2)} } (9.48)
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Wave equation (o = 2)

Vat
77— ) 9ok / F(z,r,z)dz, 0<z</at, (9.49)
0, Vat < z < oo,
where
1, r+vr2 - 22 <R,
1 <x2+r2—z2—1)
arccos . ,
Fz,r,z) =4 " 2rv/a? -2 (9.50)
Ir — Va2 — 22| < R<r+ Va2 — 22,
0, R<|r— Va2 - 22|
The solution simplifies for » = 0:
a) vat <R
go(Vat—z), 0<z< at
T= (9.51)
0, Vat < z < oo,
b) vat > R
9o (\/22+R2—z), 0<z<Vat? — R2,
T =9 go(Vat — 2), Vat? — R? < z < \Jat, (9.52)

0, Vat < z < .

Dependence of nondimensional solution T = T/(Rgo) on nondimensional
space coordinate Z = z/R is shown in Fig. 9.6 and Fig. 9.7 for » = 0 with x =
Vat®/? /R = 0.75 and x = 1.5, respectively. The plot of T versus 7 = r/R at the
boundary z = 0 is depicted in Fig. 9.8 for x = 0.75.

Fundamental solution to the physical Neumann problem. In this case the time-
fractional diffusion-wave equation with zero source and zero initial conditions is
considered under the physical Neumann boundary condition with the given flux
at the boundary:
0 o(r —
z=0: —Dp°* agp =g (r p)é(t)7 0<a<l,
z
(9.53)

=0: -1t =
i 0z go T

t), l<a<2.



9.2. Domain 0 <r <o00,0< 2z <0 289
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0.45 / a=175
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Figure 9.6: Dependence of solution on distance z for r = 0 (the Neumann boundary
condition with constant normal derivative of a function in a local area of a half-
space); £ = 0.75 [160]

1.00

0.25 N {/

0.00
0.0 0.5 1.0 1.5 2.0

Figure 9.7: Dependence of solution on distance z for » = 0 (the Neumann boundary
condition with constant normal derivative of a function in a local area of a half-
space); r = 0, k = 1.5 [160]



290 Chapter 9. Axisymmetric Equations in Cylindrical Coordinates

0.75

0.60

0.45

0.30

0.00

Figure 9.8: Dependence of solution on distance r for z = 0 (the Neumann boundary
condition with constant normal derivative of a function in a local area of a half-
space); k = 0.75 [160]

The solution reads:

_2
Gylr, 2, p,t) = 90

™

[ [ Eal-a €+ 2) 1) Jolre) da(og) costem € ac
00

(9.54)
For p = 0 the solution simplifies and after passing to the polar coordinates in the
(n, €)-plane we arrive at

2 T sin (V12 + 220
Gp(r,2,0,t) =~ /Ea (—ac®t®) v ) do (9.55)
™ \/7"2 + 22
0
Constant boundary value of the heat flux in a local area. Of particular interest
is the problem with the constant boundary value of the heat flux in the area
0<r<R:

1—a go, OST<R7
z=0: —-D = O0<a<l,
0, R <r <oo,

(9.56)

oT , 0<r<R,
1 :{go l<a<?2

0, R<r<oo,
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The solution has the following form:

2agORt//Ea,2 €2+77 ) %] Jo(r€) J1(RE) cos(zn) € dn.
0 0

(9.57)
For r = 0 we get
2a90t r 2
Eq 2 (—ac®t®) [cos(za) — cos (\/22 + RQO'):| do. (9.58)
0
In particular, for the standard wave equation (a = 2):
a) vat <R
ago, 0 <z < +/at,
_ J Vago vi (9.59)
0, Vat < z < oo;
b) Vat > R
0, 0<z<at—
T =< vago, +at—R<z</at, (9.60)
0, Vat < z < .

Dependence of nondimensional solution 7' = t*~17T/( Rgo) on nondimensional
spatial coordinate Z = z/R is shown in Fig. 9.9 for » = 0, whereas the plot of T
versus 7 = r/R at the boundary z = 0 is depicted in Fig. 9.10. In both cases
Kk = 0.75.

9.2.3 Robin boundary condition

o*T o?°T 10T 9T
ote (31"2 + r Or * 322> o), (6.61)
t=0: T =f(rz), 0<a<2, (9.62)

T
t=0: %t = F(r,z2), l<a<?2, (9.63)
oT

z2=0: ~ s + HT = g(r, 1), (9.64)
lim T'(r,z,t) =0, lim T(r,z,t)=0. (9.65)

T—00 Z—00
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Figure 9.9: Dependence of solution on distance z for = 0 (the Neumann boundary
condition with the constant flux in a local area of a half-space); k = 0.75
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Figure 9.10: Dependence of solution on distance r for z = 0 (the Neumann bound-
ary condition with the constant flux in a local area of a half-space); k = 0.75
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The solution:

oo

T(50) = [ [ 10.0650:20.6.0) pdpld
0

F(pa C) gF(T7Z7p7<ﬂt) Pdl)dc

oo

/‘I’ ¢, 7)Ga(r,2,p,(,t — 7) pdpd(dr
0

_|_

+

o O~ 0\8 o\
0\8 0\8 0\8

9(p,7)Gy(r,2,p,t — 7) pdpdr. (9.66)

The Laplace transform with respect to time ¢, the Hankel transform of order zero
(2.78) with respect to the radial coordinate r, and the sin-cos-Fourier transform
(2.40) with respect to the space coordinate z lead to the following fundamental
solutions:

Gr(r,z,p,¢ 1) , T po Eo [—a (&2 +n?) ]
gF(T7Z7p7<,t) = - // ’LUotEa’Q [—a (&2 +T]2) ta]
Go(r,z,p,(,t) 0 0 qot* ! Ep 0 [—a (52 + 772) ta]

X Jo E;gljﬁl(fg) [ cos(zn) + H sin(zn)]

x[ncos(¢{n) + H sin(¢n)] £ d€ dn. (9.67)

Fundamental solution to the mathematical Robin problem. The solution was
obtained in [179] and reads:

Gon(ry 2, prt) = 0 //Ea a (& +17) ]
0 0

" Jo(r&) Jo(pt)

4 H [ cos(zn) + H sin(zn)] & nd€ dn. (9.68)

Consider several particular cases of the solution (9.68).



294 Chapter 9. Axisymmetric Equations in Cylindrical Coordinates

Classical diffusion equation (o = 1)

2 2. .2
go r+p°+z rp 1
m 1 2, 0, ) = - I ( )
Gm(r,2,0:1) = o, eXp( dat ) 0\ 2at {\/mt

_Hexp [(\/atH + Nzatﬂ erfc (\/atH + 25@) } (9.69)

Subdiffusion with o = 1/2

o0

2 2 2
9o 2 TPt pT Atz rp
( pt) 2y/nt P 8a/tu 0 dav/tu

0

1 z 2
X — Hex V2auHtY* + >
{ V2mautt/t P [( 2v/2aut!/4

1/4 z
x erfe (\/Qath + 2\/2aut1/4> }du. (9.70)

Wave equation (o = 2)

Under assumption p = 0, we obtain

gm(T7Z70,t)
vago [5 (\/at2 —r2 — z) — He H(Vat?—r2—z) 7
Vat? — r2
= 0<r<+at, 0<z<Vat?2—r2, (9.71)
0, Vat <r <oo, Vat?—1? <z < oo

Fundamental solution to the physical Robin problem. In this case the axisym-
metric time-fractional diffusion-wave equation is considered under zero initial con-
ditions and the physical Robin boundary condition

z2=0: —D};L“%gszngp:go ‘W;p) 5t), 0<a<l,
, : (9.72)
p=0: -1 agzp+ng:go (T;p)a(t), l<a<2

The Laplace transform with respect to time ¢ leads to the boundary condition

og* —
gp = go 5(r—p) a1

_ . a—1 *
z=0: s ng_i?z .

(9.73)
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Hence, the kernel (2.42) of the sin-cos-Fourier transform (2.40) with respect to the
spatial coordinate z will depend on the Laplace transform variable s,

ncos(zn) + s* L H sin(zn)

K(z,n,s) = , 9.74
o) =" iy (0.74)
and in the transform domain we obtain
~ a—1
= . n S
Gy = g0 Jo(p€) : (9.75)

VP (seT )2 s+ a(€ +0?)

Inversion of the Laplace transform in (9.75) depends on the value of a. For 0 <
a <1 we have [179]

oo oo t

_ 2ago a—1 2, .2\ «a
Gp(r,z,p,t) EJo(ré) Jo(pé) T Eaa[‘“@ "‘77)7—)}
0/0//

™

H? H
x{(t —7) " FEr 201-a {— 2 (t — 7')220‘} cos(zn) + ; (t—71)t—2e

2
+ E2—2a,2—2a |:_ H2 (t - 7_)2—20:| Sln('zn)} dr d£ dna (976)
n

whereas for 1 < a < 2 we get

™

Gp(ryz,p,t) = 2ago///§J0 (r€) Jo(p€) Eo [—a (€% +n°) 7*)]
0 0

Us Us 7
X (t = 7)**7° Faa—220—2 {— 72 (t— 7')2&2} cos(21) + I (t—7)*?

H2
X Eoq—2.a-1 {— e (t— 7')220‘} sin(zn)} dr d€dn. (9.77)
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9.3 Domain 0 <r<oo,0< z<L

9.3.1 Dirichlet boundary condition

%(;a ((?;1; + i Z;Z + ?;:;) + ®(r, 2, 1), (9.78)
t=0: T=Ff(rz), 0<a<?2, (9.79)
t=0: ‘Z —F(rz), l<a<?2, 9.80)
z=0: T=g(rt), (9.81)
z=L: T=gs(rt), (9.82)

lim T(r, z,1) = 0. (9.83)

The solution:

T(r,z,t) = f(p, Q) Gy (r, 2, p,¢,t) pdpdC

F(pa C) gF(T7Z7p7<ﬂt) Pdl)dc

/‘b p,¢,7)Ga(r,z,p,(,t —T) pdpd{ dr
0

+

+
T — . T Tt T Tt
Ot —g TT—g T Ty °T—y

91(p,7) Gg1 (7, 2, p,t — T) pdpdr

92(p, 7) Gga (1, 2, p,t — 7) pdpdr. (9.84)

The problem is solved using the Laplace transform with respect to time ¢, the
Hankel transform of order zero (2.78) with respect to the radial coordinate r, and
the finite sin-Fourier transform (2.44) with respect to the space coordinate z. For
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the fundamental solutions we obtain

gf'(T727P7 g? t) 0 oo E [ (52 +nk) ta]
gF(T727P7 Ca t) Z/ thEa2 (52 +nk) ta}
gtI)(T7Z7P7<at) k:10 qota 1E040‘ [_a (52 +n/€) to{}
x Jo(r§) Jo(p€) sin(zmk) sin(Cnk) £ dE, (9.85)
where
Nk = kLW (9.86)

The fundamental solutions to the first and second Dirichlet problems under
zero initial conditions are calculated as

ago ag@(ra Z, P, C7 t)

Gg1(r,2,p,t) = ’ , 9.87
nzpt) = 00 SBROL0ED) (987
ago ag@(ra 2y Py C? t) ’
Goo(r,z,p,t) = — . 9.88
iz == ROS0ED) (9.8%)
9.3.2 Neumann boundary condition
o*T o*r 19T  8*T

oo = (8r2 + . or + 322) + ®(r, 2, 1), (9.89)

t=0: T=f(rz2), 0<a<2, (9.90)

t=0: %sz(nz% l<a<?2, (9.91)
or

z=0: -— 95 = g1(r,t), (9.92)
oT

z2=1L: 5 = g2(r, t), (9.93)

lim T'(r, z,t) = 0. (9.94)

T—00
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The solution:

T(r,z,t) = f(p,Q)Gy(r,z,p,¢,t) pdpd¢

F(pa C) gF(T727P7 g? t) PdeC

+

/(I)(p, <7T) gq’(ra Z5 Py <7t - T) PdeC dTa
0

+

+
Tt — . T Tt T t—
Ot ~—g TT—g T Ty °T—y

gl(p? T) ggl(r7z7p7t - T) pdpdT7

+ 92(p, 7) Gga (1, 2, p,t — 7) pdpdr. (9.95)

Using the Laplace transform with respect to time ¢, the Hankel transform of
order zero (2.78) with respect to the radial coordinate r, and the finite cos-Fourier
transform (2.48) with respect to the space coordinate z, we get the fundamental
solutions to the first and second Cauchy problems and to the source problem:

gf(razapa<7t) 9 0o 00 Po Ea [_a (52 +T]7?:) ta}
gF(raZupuC7t) = L Z/ ’LUotEa,Q [_a’ (52 +T]7?:) ta}
gq:.(T’, Zy Py <7 t) h=0 0 qotail EO"O‘ [_a’ (52 + T]]?:) ta}
x Jo(r€) Jo(p§) cos(znk) cos(¢ni) & d§, (9.96)
where
km
N = I (9.97)

The fundamental solutions to the first and second mathematical and physical
Neumann problems under zero initial conditions are calculated as

a

gml(T,Z,Pa t) = g0 gcp(T,Z,p,C7t) P (998)
q0 ¢=0
a

gm?(razapa t) = g0 gq:.(T’,Z,p,C,t)’ 5 (999)
do ¢=L
a

Gp1(r, 2z, p,t) = 9o gf(r7z7p7<,t)‘ , (9.100)
Do ¢=0
a

Goo(r, 2, p,t) = %0 gf(r7z7p7<,t)‘ . (9.101)
Po ¢=L
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9.3.3 Robin boundary condition

o*T o?°T 10T  9*T

= P t .102
ote a(8r2+r 8r+322)+ (r,2,2), (9.102)
t=0: T=f(rz2), 0<a<2, (9.103)
t=0: %f = F(r,z), 1<a<?2, (9.104)
z2=0: —aT—&—HT:gl(r,t)7 (9.105)

0z
z=1L: ZT+HT:gg(T7t), (9.106)

z
lim T'(r, z,t) = 0. (9.107)

T—00

The solution:

T(r,z,t) = f(p,Q)Gy(r,z,p,¢,t) pdpd(

+

F(pa C) gF(T727P7 g? t) Pdpdc

/‘P(p,Cﬁ)Q@(r,z,p,Qt—T)pdpdCdT,
0

_|_

_|_
T — s T L T T Tt
Ot —g TT—g T Ty Ty

gl(pa T) ggl<r7z7p7t - T) pdpdT

92(p,7) Gy2(r, z, p,t — 7) pdpdr. (9.108)

Using the Laplace transform with respect to time t, the Hankel transform
of order zero (2.78) with respect to the radial coordinate r, and the finite sin-
cos-Fourier transform (2.52) with respect to the space coordinate z, we get the
fundamental solutions to the first and second Cauchy problems and to the source
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problem:
Gr(r,z,p, ¢, 1) y o Po Ea [ a (& +;) t°]
Gr(r.z,p. Gt | = Z/ wot Bz [—a (€2 +nf) t°]
g‘I)(T7 Z, P, <a t) k=t 0 Ota ! EO‘ <« [_a’ (52 + nl%) ta}
Ji J
U:E:i)p()(pg) [77 cos(zng) + Hsm(zmc)}
X |7 cos(Cng) + H sin(Cny )} ¢de, (9.109)

where 7y, are the positive roots of the transcendental equation

2Hmn

tan (Lny) = .
e

(9.110)

The fundamental solutions to the first and second mathematical Robin prob-
lems under zero initial conditions have the following form:

Gra(r,2,,1) = 2 G20, G 1| (9.111)
Gra(r,2,p:1) = " G2, .C.0)| . (9.112)
94 Domain 0 <r< R, —oc0o < z < 00
9.4.1 Dirichlet boundary condition
o°T o*r 10T 0*T
ot (31"2 *, or * 322> + 3 nd), (3-113)
t=0: T=f(rz), 0<a<2, (9.114)
t=0: %{:F(r,z), l<a<2, (9.115)
r=R: T=g(z1t), (9.116)
lim T(r,z,t)=0. (9.117)
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The solution:

é\g é\g
\8 8\8 O\?d O\DJ

T(r, z,1t) F(p: Q) Gy(r,z,p,¢,t) pdpdC

+

F(pa C) gF(T7Z7p7<at) pdpd(

+

T~ ‘O\w

!
8

R
/‘I)(p7 Ca T) g@(T’,Z,p,C,t - T)pdpdCdT
0

+

9(¢,7)Gg(r, 2,¢, t — 1) dC dr. (9.118)

The Laplace transform with respect to time ¢, the finite Hankel transform of order
zero (2.96) with respect to the radial coordinate r with &, being the transform
variable, and the exponential Fourier transform (2.20) with respect to the space
coordinate z with 7 being the transform variable lead to the following fundamental
solutions:

gf(TaZaPaCﬂf) 1 0o ® Po E, [_a (5]% +772) ta}
gF(ra Zy Py <7 t) = 7TR2 Z ’wot Ea72 [_a (513 + 772) ta}
Ga(r,2,p,C,1) oo \ ot ! Eaa [—a (62 +17) 9]
Jo(r&k) Jo(p&k) _
X Ly (REW)? cos[(z — {)n] dn, (9.119)

where £ are the positive roots of the transcendental equation
Jo(R&) = 0. (9.120)

The fundamental solution to the Dirichlet problem under zero initial condi-
tions is expressed as

agnt®1L o 7
gg(r7 2, gv t) = g?TtR Z / Eo‘va [_a (513 + 772) ta}
k=1_"
X &k Jo (1) cos[(z — {)n] dn. (9.121)

J1(REy)

Constant boundary value of temperature in a local area. In this case the time-
fractional heat conduction equation in a long cylinder is considered under zero
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initial conditions and the following boundary condition:

T07 |Z|<l7
r=R:.: T=
0, |z] > L.

The solution of this problem was obtained in [191]:

2T0 &k Jo(rér)
(21 /Z (& +n*) n Ji(RE)

x {1—Eq[~a (5,% + 772) t*] } sin(ln) cos(zn) dn.

It should be emphasized that the relation [212]

oo

2 Z o &k Jo(rér) _ Jo(rB)

R & (& — B*) Ju(R&) — Jo(RB)
for B = in can be rewritten as

oo

2 &k Jo(rée) _ Io(rn)
R = (& +n?) Ju(Rs)  To(Rn)

Hence, (9.123) takes the form

Ty T Iy(rn) sin(in) cos(zn 2T0 &k Jo(rék)
Tnat) = / 0 /Z (€ + 1) J1 (R&r)

m ) To(Rn)
in(!
x Ea[-a (g +o7) 1) ”>;°S<Z’7> a

(9.122)

(9.123)

(9.124)

At the boundary surface r = R, the first integral in (9.124) satisfies the boundary

condition (9.122), whereas the second one equals zero.
9.4.2 Neumann boundary condition

0T o*T n 10T N 0T (2, 1)
e or2 r or 022 n&b),
t=0: T=f(rz), 0<a<?2,
oT
=0: = <
t=0 ot F(r, z), 1<a<2,

or
= N = t
r=R: = g(at),

lim T(r, z,t)=0.

z—+o0

(9.125)
(9.126)

(9.127)

(9.128)

(9.129)
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The solution:

T(r,zt) = F(p: Q) Gy(r,z,p,¢,t) pdpdC

+

é\g é\g
\8 8\8 O\?d O\DJ

F(pa C) gF(T727P7 g? t) pdpdg

+

O — . T

R
[0 Galr 2.t = 1) papacar
0

+

9(¢,7)Gy(r, z,¢, t — ) dC dr. (9.130)

!
8

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.100) with respect to the radial coordinate r, and the exponen-
tial Fourier transform (2.20) with respect to the space coordinate z lead to the
following fundamental solutions:

s(rzp.C.t) = 1, [ Eu (~arft) cos(z = Ol

o0

po & 2 2y a1 J0(rék) Jo(pk) -
+7TR2];/E04 [—a (& +n°) t] o(RE) cos[(z — {)n]dn  (9.131)

— 00

or, taking into account (2.186), as

_ Po Q. |z —¢|
gf(T,ZaPaC7t)— RQ\/atQ/QM(Q’\/atoz/2>

o & < o oy Lo Jo(r€k) Jo(pér) -
+7TR2kZ_1 /Ea [—a (& +n?) t7] o(REW)]? cosl[(z — {)n]dn, (9.132)

-0
where & are the positive roots of the transcendental equation

Ji(R&R) = 0. (9.133)
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Similarly,

gF (7”7 Z,y Py Ca t) th / Ea,2 a772ta) COS[(Z - C)W] d77

wot e T Jo(r&) J,
préé Eop [~a (& +n%)t°] OEJi’&ég]”f’”cos[(z—omdn (9.134)

or (see (2.187))

wot! /2 a a _|z=(
t) = W - 2 - 5T
gF(r7Z7p7<7 ) R2\/a, 27 27 \/ata/Q

e 2 [ Ba atet ) ] T colle = vl 0135

and

ta—l ®
gcb(ra 2,0, G, t) = q(;_RQ /Ea,a (—a772ta) COS[('Z - C)“?] dn

taloo

2\ a1 J0(76k) Jo (P& B
WRQ Z_:ZOEM - ) ] R cos[(z — C)nldy  (9.136)

or, taking into accout (2.188),

_ qot*/*! a o [z=(
gcp(T,Z,PaCﬂf) = RQ\/a W(_27 2’_\/(175“/2)
th“ ' B 2y 4a1 Jo(r&k) Jo(pk) _
Z 4Eaa n°) t*] o(RE) cos[(z — {)n]dn. (9.137)

The fundamental solutions to the mathematical and physical Neumann prob-
lems under zero initial conditions are expressed as

G(r, 2,6, 8) = 9 Go(r,2,0,C,0)| (9.138)
q0 p=R
aRgo
Gp(r, z,¢,t) = Gr(r,z,p, (1) . (9.139)
Dbo p=R
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9.4.3 Robin boundary condition

0T o?°T 10T 9T
ot~ ¢ (31"2 o or * 322> + 3 nd), (3.140)
t=0: T=f(rz), 0<a<2, (9.141)
t=0: %{:F(r,z), l<a<2, (9.142)
r=R: 2T+HT:g(z,t)7 (9.143)
r
zgrinoo T(r,z,t) =0. (9.144)

The solution:

T(r,z,1) f(p,Q)Gy(r,z,p,¢,t) pdpd¢

é\g é\g
\8 8\8 o\bd o\m

+

F(pa C) gF(T7Z7p7<ﬂt) pdpd(

+

O\w O\w

R
[ 6.7 600206t = ) pdpdcar
0

+

9(¢,7)Gy(r, z,¢, t — ) dC dr. (9.145)

|
8

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.104) with respect to the radial coordinate r, and the exponen-
tial Fourier transform (2.20) with respect to the space coordinate z lead to the
following fundamental solutions:

Gy(r,2,p,¢,1) Lo e poBalmalgrn)e]
Gririzipot) | = 32 [ |t Baa a6t +a7) e
g‘I)(T7Z7p7<ut) ST qotail EO‘!O‘ [_a’ (5]% +772) t(l}

& Jo(rée) Jo(pék)
G+ H? [Jo(R&)
where £ are the positive roots of the transcendental equation

EeJ1(REK) = HJo(RE). (9.147)

cos[(z — {)n)] dn, (9.146)
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The fundamental solution to the mathematical Robin problem under zero
initial conditions is calculated as

G, G, 1) = 9 G2 p 1) (9.148)
q0 p=R

9.5 Domain 0 <r< R,0< z<

9.5.1 Dirichlet boundary condition

‘Z;f —q (‘?;f 4 i ‘Z 4 ‘ZZ) +B(r, 2, 0), (9.149)
t=0: T=f(rz), 0<a<2, (9.150)
t=0: %zzF(r7z)7 1<a<?2, (9.151)
r=R: T=g/z1), (9.152)
z2=0: T=ga(rt), (9.153)

zli>nolo T(r,z,t) =0. (9.154)

The solution:

T(r,z,t) = f(p, Q) Gy (r, 2, p,¢,t) pdpdC

F(pa C) gF(T7Z7p7<ﬂt) Pdl)dc

R
/‘I)(p,<77') gcp(r,z,p,c,t - T)pdpdCdT
0

+

+
S O O —_ 0\8 0\8

gl(<77-) gg1 (Ta Z, <7t - T) dC dr

+ 92(p, 7) Ggo (1, 2, p,t — 7) pdpdr. (9.155)

S Sty S S O —

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.96) with respect to the radial coordinate r, and the sin-Fourier
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transform (2.25) with respect to the space coordinate z allow us to obtain the
fundamental solutions:

gf(T’,Z,p,C,t) E [ (§k+77 ) }

gF(raZupuC7t) = 7_;132 Z/ thEaz (§k+n ) ]
g@(razapa<7t) k:10 qota 1E04a [_a (51% +772) ta]
- Jogf’zgzgffk) sin(zn) sin(Cn) d, (9-156)

where & are the positive roots of the transcendental equation
Jo(RE&) = 0. (9.157)

The fundamental solutions to the Dirichlet problems under zero initial con-
ditions are expressed as

G (r, 2, 1) = — “F001 92 2.0 68| (9.158)
’ qo ap p=R
ago2 3gq>(1", 2y P g? t) ‘
Gy, (1,2, p, 1) = . 9.159
L e I (9.159)
9.5.2 Neumann boundary condition
o*T o?°T 10T 9T
ote (31"2 + r Or * 322> + o), (6.160)
t=0: T=f(rz), 0<a<2, (9.161)
t=0: %sz(nz% l<a<2, (9.162)
oT
r=R: o = g1(z, 1), (9.163)
oT
z=0: — 9 = g2(r,t), (9.164)
lim T(r,z,t) =0. (9.165)

Z—00
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The solution:

T(r,z1) f(p: Q) Gr(r,z,p, ¢ t) pdpd(

+

F(pa C) gF(T727P7 g? t) PdeC

R

/‘b p,¢,7)Ga(r,z,p,(,t —T) pdpd{ dr
0

+

+
S O O~ _ 0\8 0\8

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

+ 92(p, 7) Ggo (1, 2, p,t — 7) pdpdr. (9.166)

O\DU 0\8 0\8 O\m O\m

The Laplace transform with respect to time ¢, the finite Hankel transform of order
zero (2.100) with respect to the radial coordinate r, and the cos-Fourier transform
(2.37) with respect to the space coordinate z allow us to obtain the fundamental
solutions.

The fundamental solution to the first Cauchy problem under zero Neumann
boundary condition is

oo
— 4p0 2
Ge(r,z,p,Ct) = /Ea (—an t ) cos(zn) cos(¢n)dn

mR?
0

+

j;zz/fs 0 (& + ) 1]

k=17

y Jo(rék) JO(szk) cos(zn) cos(Cn) dn (9.167)

[Jo(RE)]

_ P a z+¢ o |e=
gf(T,ZaPaCﬂf) - RQ\/ata/Q |:M<2’\/ata/2>+M(27\/ata/2>:|

fg;Z/E @ (& + ) ]

k=1

_|_

cos(zn) cos(¢n)dn, (9.168)
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where & are the positive roots of the transcendental equation
J1(R&) = 0. (9.169)

The fundamental solution to the second Cauchy problem under zero Neu-
mann boundary condition is

4wtOo
Or(r2,p.C.t) = %) [ Eua (~art?) cos(en) cos(Cn)d
0

+j1;§;z/fsa2 @ (& +i7)1°]

k=17

Jo(r&r) Jo(pEk)
o (REW)? cos(zn) cos(¢n)dn (9.170)

or

1—a/2
gF(T727/77Cat):w0t |:W<_;é’2_a._ Z+§>

R2\/a 27 ate/2
2 =CI\ ], dwot o~ [
A GRS B 3 ERSIC RIS
=10
Joz&zl)tfézg]pfk) cos(zn) cos(¢n) dn. (9.171)
0

The fundamental solution to the source problem under zero Neumann bound-
ary condition is

4 ta 1 ®
Ga(r, 2., 1) = 0 /&a an?t®) cos(zn) cos(Cr) dn
0

+4CI0t“ 1 / §k+77) o]

k=1

Jo(r€k) Jo(pSk)
LJo(RER)2 cos(zn) cos(¢n)dn (9.172)
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or

qot/21 a « z+C
t) = wi-% %
g®(7°727p7<a ) RQ\/a 27 27 \/ata/Q

aa [z—( dgotot S T N
+W(_2’2;_\/ata/2”+ ©R? I;/Eava [—a (& + ) 7]
]

o« Jo(r&k) Jo(pEr)

cos(zn) co dn. .
Jo(RE) (2n) cos(¢n) dn (9.173)

The fundamental solutions to the mathematical and physical Neumann prob-
lems under zero initial conditions are expressed as

R
G, (r, 2,60 = P Go(r,2,p,C, 1) (9.174)
q0 p=R
Gon (r, 2, p t) = 1902 g@(T,Z,P,C7t)’ ) (9.175)
qo0 ¢=0
_ aRgo
gpl (T7Z7Ca t) - gf(T’,Z,p,<7t) b (9176)
Po p=R
Gyu(r2..0) = "7 2G| (9.177)
Po ¢=0
9.5.3 Robin boundary condition
0T o*r 10T 0*T
= P t 1
oo a(aﬂ Tror T az2) Fens. (O47%)
t=0: T=f(rz2), 0<a<2, (9.179)
t=0: %{:F(r,z), l<a<?, (9.180)
r=R: (;T + H\T = g1(2,1), (9.181)
r
z2=0: _or + HoT = go(r,t), (9.182)
0z
lim T(r, z,t)=0. (9.183)

z—+o0
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The solution:

T(T7Z7t) = f(p7<) gf(T,Z,p,C7t)pdpdC

+ F(PaC)gF(T7Z7P7<at)PdeC
R
/‘I)(p,<77') gcp(r,z,p,c,t - T)pdpdCdT
0

+

+
S O O —_ 0\8 0\8

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

92(p, 7) Ggo (1, 2, p,t — 7) pdpdr. (9.184)

Tt — 5 Ty Ty Tty TT—x

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.104) with respect to the radial coordinate r, and the sin-cos-
Fourier transform (2.40), (2.42) with respect to the space coordinate z result in
the following fundamental solutions:

Gy(r,2,p,(,1) w oof  PoBa[—a(&f+n?)te]

4 2 2)

Otz Ct) | = o> [ | wntBos[-a(@ )]
0

TR2 —
Go(r, z,p, (1) - Qo1 Eg o [—a (6 + ) t*]

& Jo(ré&e) Jo(p€k) ncos(zn) + Hy sin(zn)
G+HE [ Jo(R&)) n? + H3

x [n cos(Cy) + Ho sin(gn)} dn. (9.185)

The fundamental solutions to the first and second mathematical Robin prob-
lems under zero initial conditions are expressed as

R

gml(r7z7<at) = arrgo1 g@(r727p7<ut) ) (9186)
qo0 p=R

ng(T 2 ) 902 g@(razuPuC7t)’ (9187)
qo ¢=0
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9.6 Domain 0<r< R,0<z<L

9.6.1 Dirichlet boundary condition

o*T o*r 19T  0*T

ore — * (aﬂ T T az2) (20, (9.188)
t=0: T=f(rz), 0<a<2, (9.189)
t=0: %zzF(r7z)7 l<a<2, (9.190)
r=R: T=gi(z1), (9.191)
z2=0: T =ga(rt), (9.192)
z=L: T=g3(rt). (9.193)

The solution:

L R
T(r,z,t) = //f(pyC)gf(r,zap,éyt)pdpdé
0 0
L R
+ F(p,Q)Gr(r,2,p,(,t) pdpd
/]
t L R
+ O(p,(,7)Ga(r,2,p,(,t —7) pdpdCdr
/1]
t L
+ gl(C7T)ggl(T,Z,C7t—T)dCdT
/]
t R
+//gz(p,T)ggz(hz,p,t—T)pdpdT
0 0
t R
+ 93(p,7) Gy (1,2, p,t — 7) pdpdr. (9.194)
/]

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.96) with respect to the radial coordinate r with & being the
transform variable, and the finite sin-Fourier transform (2.44) with respect to the
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space coordinate z with 7, being the transform variable allow us to obtain the
fundamental solutions:

Gr(r,z,p,C,1) | o po Eo [—a (& +7,) t°]
gF<T7 2,5 Py Ca t) = R2L kz Z wot Ea72 [_a (5/% + 777211) ta]

Go(r,2,p, (1) N ot Boo [—a (€2 +02,) t°]
Jo(rée) Jo(p€r) . .
X 1 (R )2 sin(2nm) sin((nm), (9.195)

where £ are the positive roots of the transcendental equation

mm

Jo(R&k) =0 and 7, = I (9.196)

The fundamental solutions to the Dirichlet problems under zero initial con-
ditions are expressed as

Gor(r, 2, 1) = — “Fo01 9Ga(r. 2. 1)) (9.197)
qo (9p p=R
ago2 5gq>(7‘7 Z,5 Py Ca t) ’
Gg2(r,2,p,t) = , 9.198
st = " L0 (9198)
ggS(T7 Z, P, t) _ _a903 (9g<[>(7"7 Z;5 P Ca t) ’ ) (9199)
qo0 ¢ ¢=L
9.6.2 Neumann boundary condition
o*T o*r 19T  0*T
&a‘a(&2+rar+aﬂ)+®m%ﬂ’ (9200
t=0: T=f(rz), 0<a<2, (9.201)
t=0: %{:F(r,z), l<a<2, (9.202)
oT
r=R: o = g1(z, 1), (9.203)
oT
z=0: — 9s = g2(r,t), (9.204)
or

=1L: = t). 2
c=r: O =gy (9.20)
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The solution:

L R
1020 = [ [ 160.0650200.0.0 pdpac

0 0
L R

+ F(p,Q)Gr(r,2,p,(,t) pdpd
/]
t L R

+ (I)(pa<77-)g¢’(razapa<7t_T)pdpdCdT
/1]
t L

+ gl(<77')ggl(7’,2,<7t—T)dCdT
/]
t R

+ 92(p,7) Ggo (1,2, p,t — 7) pdpdr
/]
t R

+ 93(p,7) Gy (1,2, p,t — 7) pdpdr. (9.206)
/]

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.100) with respect to the radial coordinate r with & being the
transform variable, and the finite cos-Fourier transform (2.48) with respect to the
space coordinate z with 7, being the transform variable lead to the fundamental
solutions:

gf(ra Z, pa C? t) 4 0o 0o Po Ea [_a (5]% + 777211) ta}
gF(raZupuC7t) = RQL Z Z/ thEa,Q [_a (&]?: +7772n) ta}
Go(r, 2, p, (1) FE0m=0 N ot B [—a (€ +n2,) t°]
Jo(r&k) Jo(pér)
X cos(2Mm) cos(CNm ), 9.207
o (R (21m) cos(Cm) ( )
where & are the nonnegative roots of the transcendental equation
JU(RE) =0 and 1y, = ”ZT. (9.208)

Recall that Eq. (9.208) has also the zero root & = 0.
The fundamental solutions to the mathematical and physical Neumann prob-
lems under zero initial conditions are expressed as

alRgo1

gml(r727<at) = g®<r727p7<at) 9 (9209)

q0 p=R
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_ @ago2

ng(Tazapat) - g@(razuPuC7t)’ 3
q0 ¢=0
a
ng(ﬁZvPvt) = g0 gq:.(T’,Z,p,C,t)’ ;
qo ¢=L
aR
gpl(r7z7§a t) = gon gf(T,Z7p7 ga t) 5
Po p=R
a
Gpa(r, 2, p,t) = 902 gf(TaZaPaQt)’ )
Do ¢=0
a
gp3(r7 2z, P, t) = 903 gf(T’, 2 <7 t)’
Po ¢=L
9.6.3 Robin boundary condition
o~T 0T n 10T n o*T + o N
=a T,z
ote or2 r or 022 R

t=0: T=f(rz), 0<a<2,
oT

t=0: at:F(r,z), 1<a<?2,
r=R: sz + H1T = gi(z,1),
z2=0: —(ZZ + HoT = ga(r,t),
z=1L: gf + HoT = g3(r,t).

The solution:

T(r,z,t) = (0, Q) Gy(r,z,p,¢,t) pdpd(

F(pa C) gF(T727P7 g? t) PdeC

+
Tt — . T Tt
T — T —y TT—y

R
/‘I)(p,<77') gcp(r,z,p,c,t - T)pdpdCdT
0

315

(9.210)

(9.211)

(9.212)

(9.213)

(9.214)

(9.215)
(9.216)
(9.217)
(9.218)
(9.219)

(9.220)
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+

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

92(p,7) Ggo (1,2, p,t — T) pdpdr

93(p,7) Gy (1,2, p,t — 7) pdpdr. (9.221)

+
O\w O\w O\u-
Tt ~— 5 T TT—n

The Laplace transform with respect to time ¢, the finite Hankel transform
of order zero (2.104) with respect to the radial coordinate r with & being the
transform variable, and the finite sin-cos-Fourier transform (2.52) with respect
to the space coordinate z with 7, being the transform variable result in the
fundamental solutions:

Gy (r,2,p,C, 1) | o po B [—a (& +n5,) t°]
gF(ra Z5 Py C? t) = R2L Z Z_l thEOé,Q [_a (5]% + 77727'7,) ta]
gCI’ (T, 25 P, C7 t) h=tm= QOtOéil EO&,OA [_a (5]% + 777211) ta]
y & Jo(rée) Jo(p€r) Nm cos(21m) + Hasin(zn,,)
G+HY  [Jo(RE&)? 2, + Hi + [
5 [ 7 c0S(Cim) + Hoy sin((nm)} : (9.222)

where &, and 7,,, are the nonnegative roots of the transcendental equations

2H277m

& J1(RE) = HiJo(RE) and tan(Lim) = 1, 1.

(9.223)

The fundamental solutions to the mathematical Robin problems under zero
initial conditions are expressed as

aR
Gon1 (1, 2,C,1) = N Go(r, 2, p, 1) (9.224)
q0 p=R
a
gm?(razapa t) = J02 gq>(r,z,p,<,t)’ ’ (9225)
q0 ¢=0
a
G (r, 2, p, 1) = ;’03 Ga (1, 2, p, m)’ . (9.226)
0

¢=L
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9.7 Domain R<r < oo, —00o < z < o0

9.7.1 Dirichlet boundary condition

%C;Z =a ((?;Z + i (ZZ; + ?;Zj;) + ®(r, 2, 1), (9.227)
t=0: T=f(rz2), 0<a<2, (9.228)
t=0: %{:F(r,z), l<a<?2, (9.229)
r=R: T=g(z1), (9.230)

TangQT(r,z,t) =0, lerinoo T(r,z,t) = 0. (9.231)

The solution:

T(r, z,t) F(p: Q) Gy(r,z,p,¢,t) pdpdC

F(pa C) gF(T7Z7p7<ﬂt) pdpd(

+

+
- O\w é\g é\g

/<1> (p,,7) Ga (12, p, ot — 7) pdpdC dr
R

9(¢,7)Gg(r, 2,¢, t — 1) dC dr. (9.232)

g3 8\8 B— g F—y

+
S

The fundamental solutions are obtained using the Laplace transform with
respect to time ¢, the Weber transform of order zero (2.108), (2.117) with respect
to the radial coordinate r with & being the transform variable, and the exponential
Fourier transform (2.20) with respect to the space coordinate z with 7 being the
transform variable:

Gs(r,z,p, ¢, 1) X po B [—a (€2 4 n?) t°]
gF(T7 z, P, C, t) = o / / wot Ea’g [—a, (52 + 772) toz}
Go(r,z,p,(,t) =0 0\ got* 1 Eq a0 [—a (52 + 772) toﬂ
Jo(r&)Yo(RE) — Yo(ré)Jo(RE)
X COS[(Z - C)U] Jg(Ré“) + Y2(R§)
x[Jo(p€) Yo (RE) = Yop€) Jo (RE)] € dé . (9.233)
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The fundamental solution to the Dirichlet problem under zero initial condi-
tions has the form

a— 1 o0 o0
Gy(r, 7 ¢ 1) = =) L/'J/fz%a 0 (€2 + 1) 1]

0

Jo(r§)Yo(RE) — Yo(r§)Jo(RS)

J2(RE) + Y2 (RE) cos((z — ¢)n] € d€ dn. (9.234)

9.7.2 Neumann boundary condition

o*T o*r 19T  0*T
&a‘a(&2+rar+aﬂ)+®maw’ (6.235)
t=0: T=f(rz2), 0<a<2, (9.236)
t=0: %sz(nz% l<a<2, (9.237)
oT
= M —_ = t 2
r=R: =S =gz, (9.239)
Tlggo T(r,z,t) =0, Zl}rfoo T(r,z,t) =0. (9.239)

The solution:

T(r,z,1) (0, Q) Gy(r,z,p,¢,t) pdpd¢

é\g é\g
8 —3 8\8 :0\8 — g

+

F(pa C) gF(T7Z7p7<at) pdpd(

+

O\w O\w

/@ma)%WzmcrwmmmmT
R

+

9(¢,7)Gg(r, 2,¢, t — 1) dC dr. (9.240)

The Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.119) with respect to the radial coordinate r and the exponen-
tial Fourier transform (2.20) with respect to the space coordinate z result in the
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following fundamental solution:
Gr(r,2,p,¢,t) Lo P Eq [ a (€2 + %) t*]
gF<T7Z7p7<at) = o / / th Ea 2 (§2 +772) ta}
Ga(r,2,p,(,t) 0\ qot* ! Bao [—a (€ +1?) t°]

Jo(r&)Y1(RE) — Yo(ré)J1(RE)

x cos[(z — O)n] le(Rg) + Y12(R§)

x[Jo(p€) Y1 (RE) = Yo(p€) T1(RE) | € de . (9.241)

The fundamental solutions to the mathematical and physical Neumann prob-
lems under zero initial conditions have the following form:

Gn (26 agy o 1Eaa a (& +n%) 7]
(gp(r,z,Ct )_ //< a (& +n?) 1] )

—oo 0

Jo(r&)Y1(RE) — Yo(r§)J1(RS)

J2(RE) + Y2(R) cos[(z — ¢)n] A& dn. (9.242)
9.7.3 Robin boundary condition
o o°r + Lor + o°T + O( t) (9.243)
ote or?2 r or 022 ot '
t=0: T=f(rz2), 0<a<2, (9.244)
t=0: 2€:F(r,z), l<a<2, (9.245)
r=R: _or + HT = g(z,1), (9.246)
or
ILm T(r,z,t) =0, Erin T(r,z,t) = 0. (9.247)
The solution:
1(20) = [ [ 160.065(n 200,60 papac
—o© R
+ //F(PaogF(T7Z7P7<at)Pde<
—o0 R
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8

o0

t
+ 0///@(p,(,r)@p(r,z,p,(,t—T)pdpd(dr
t

—oo R
+ [
0

o0
The fundamental solutions are obtained using the Laplace transform with
respect to time ¢, the Weber transform of order zero (2.108), (2.121) with respect to
the radial coordinate r and the exponential Fourier transform (2.20) with respect
to the space coordinate z:

9(¢,7)Gg(r, 2,¢, t — 1) dC dr. (9.248)

Elﬁ\

gf'(razapa<7t) 1 0o 00 po Eq [_a (52 +772) ta]
gF<T7 2y <a t) = o / / th Ea,? [_a (&2 + 772) ta]
Ga(r,2,p,(,1) o 0 qota_l Eu o [_a (52 + 772) ta]

Yo(ré)[§J1(RE) + HJo(RE)] — Jo(rg)[€Y1(RE) + HYo(RS)]
[§J1(RE) + HJo(RE)]? + [EY1(RE) + HYo(RE)?
< {Yo(r)[e 1 (RE) + HIo(RE)] — Jo(r€) €Y1 (RE) + HYo (RE)] |
x cos[(z — ¢)n] £ A& dn. (9.249)

The fundamental solution to the mathematical Robin problem under zero initial
condition is expressed as

oo o0

Gy(r,z,¢,t) agoto‘ / /Ea o= §2 +n )t“} cos[(z — {)n]

0

Yo(ré)[§J1(RE)+H Jo(RE)|— Jo(r§)[§Y1 (RE) + HYo(RE)]

€1 (RE) + HI(RE)? + Vi (RE) + HYp(RO)2 0o (9:250)

9.8 Domain R<r <oo,0< z < o0

9.8.1 Dirichlet boundary condition

o*T o?°T 10T  9*T

g = (8r2 + . or + 322) + ®(r, 2, 1), (9.251)
t=0: T=f(rz2), 0<a<2, (9.252)
t=0: aT:F(r,z), 1<a<?2, (9.253)

ot
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r=R: T=g(z1), (9.254)
z=0: T =ga(rt), (9.255)
Tlggo T(r,z,t) =0, zll>nolo T(r,z,t) =0. (9.256)

The solution:

T(r,z1) f(p: Q) Gr(r,z,p, ¢ t) pdpd(

+

F(pa C) gF(T727P7 g? t) PdeC

+

/‘b p,¢,7)Ga(r, z,p,(,t —T) pdpd{ dr
R

_|_

o O — . T T3 0\8

gl(C7T) ggl (T, Z, C7t - T) dC dr

S— g g F—y m\g

T3

92(p;7) Gy (r, 2, p,t = 7) pdpdr. (9.257)

]

Using the Laplace transform with respect to time ¢, the Weber transform
of order zero (2.108), (2.117) with respect to the radial coordinate r, and the
sin-Fourier transform (2.25) with respect to the space coordinate z we obtain

(
gf(T’,Z,p,C,t) 5 00 00 po Eo [_a (52 +772) ta]
gF(T,z,p,C7t) = - // ’LUotEa’Q [—a (52 +772) toz}
Go(r,z,p,(,t) 00 qot* 1 Ep [—a ({2 + 772) t“}
Jo(ré)Yo(RE) — Yo(ré) Jo(RE)

J§(RE) + Y (RE)
x[Jop€)Yo(RE) = Yo(p€)Jo(RE)] € ag dn. (9.258)

The fundamental solution to the first Dirichlet problem under zero initial condi-
tions has the following form

4 ja1 0o 00
ggl(r7z7§3 t) a901 / /ané &2 +n ) ]
0 0

Jo(r&)Yo(RE) — Yo(ré)Jo(RE)
J5 (RE) + Y3 (RS)

x sin(zn) sin({n)

sin(zn) sin(¢n) £ dE dy, (9.259)
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whereas the fundamental solution to the second Dirichlet problem is calculated as

ago2 ag@(r7z7p7 g? t)‘
Gy (ry2,p, 1) = . 9.260
i (9.260)
9.8.2 Neumann boundary condition
0T o?°T 10T 9T
otr (31"2 o or * 322> + 3 nd), (3.261)
t=0: T=f(rz2), 0<a<2, (9.262)
t=0: %{:F(r,z), l<a<?, (9.263)
orT
r=R: — o = g1(z, ), (9.264)
oT
z=0: — 5 = g2(r,t), (9.265)
TILH;O T(r,z,t) =0, ZILHC}O T(r,z,t) =0. (9.266)
The solution:
106 = [ [ £6.0)65(r20.6.0) pdpdg
0 R
+//F(pac)gF(r7Z7p7gat)pdpdc
0 R
t oo oo
+ [ [ [e0.cnGatrzpct - pdpacar
00 R
t oo
+ //gl(C7T)ggl(T,Z,C7t—T)dCdT
00
t oo
+ //gz(p, 7) Gy, (r,2,p,t — 7) pdpdr. (9.267)
0 R

The Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.119) with respect to the radial coordinate r and the cos-Fourier
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transform (2.37) with respect to the space coordinate z result in the following
fundamental solution:

Gy(r,z,p,C,t) 5 oo po Eo [—a (§2 4 n?) to]

2
gF<r7 2 Cut) = T // wotEO‘vz [_a (52 + 772) t(l]
gq:.(?", Z, P7 ga t) 00 qota71 Eog,a [_a (52 + 772) t‘l]

Jo(r&)Y1(RE) — Yo(r§)J1 (RS)

x cos(zm) cos(¢n) J2(RE) + Y2(RE)

x[Jo(p€) Y (RE) = Yo(p€) J1 (RE)] € dé an. (9.268)

The fundamental solutions to the first and second mathematical and physical
Neumann problems under zero initial conditions have the following form:

gml(r Gt 40,901 e 1E0404 (52 +n ) } >
<gp1(r,z7<, ) //< a (&% +n?) t°]

Jo(r&)Y1(RE) — Yo(ré)J1(RE)

J2(RE) + Y2(Re) cos(zn) cos(¢n) dE dn. (9.269)

Gma(r,2,p,8) = 0 Ga(r, 2, ., t)‘ : (9.270)
q0 ¢=0

Gpa(r, 2, p,1) = 0% gf<r,z,p,<,t>] - (0.271)
Po ¢=0

9.8.3 Robin boundary condition

(Z;Z =a (?;f + i (ZZ + (?311;> + ®(r, 2, 1), (9.272)
t=0: T=f(rz2), 0<a<2, (9.273)
t=0: %{:F(r,z), l<a<2, (9.274)
r=R: —ZZ + 1T = g1(2,t), (9.275)
2=0: —‘ZZ + HT = go(r, 1), (9.276)

lim T'(r,z,t) =0, lim T'(r,z,t) = 0. (9.277)

T—00 Z—00
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The solution:

T(r, z,t) f(p,¢)Gr(r,2,p,(,t) pdpd(
F(pac) gF<T7Z7p7<at)PdpdC

[ 906,671 602006t = ) pdpdcar
R

+

_|_
S O O~ 0\8 0\8
Ty O g g T —y :a\g

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

+ 92(p, 7) Ggo (1, 2, p,t — 7) pdpdr. (9.278)

The Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.121) with respect to the radial coordinate r and the sin-cos-Fourier
transform (2.40), (2.42) with respect to the space coordinate z give:

Gy(r,2,p,¢s ) , e P Eo [-a (€ +n?) ]
Gt | = 2 [ [ | st Bas (e o)
gqg.<7"7 Z, P, C’ t) 00 qota71 Eog,a [_a (52 + 772) tOé:I

Yo(ré)[§J1(RE) + HiJo(RE)] — Jo(r)[€Y1(RE) + H1Yo(RE)]
[§J1(RE) + H1Jo(RE)]? + [§Y1(RE) + H1Yo(RE)]?

<{Yo(re)lg 1 (RE) + Hiho(RE)] — Jo(r) €A (RE) + HiYo(Re)]}

o 1 cos(zn) + Hasin(zn)

02 + H2 [77 cos((n) + Hz sin(Cn)} £dgdn. (9.279)

The fundamental solution to the first mathematical Robin problem under zero
initial conditions has the form

40,901ta 1 T 2
gml(r Ca ) Eaa g +T]) ]
[ o
o

0
Yo (ré§)[€J1(RE) + HiJo(RE)] — Jo(r§)[€Y1(RE) + H1Yo(RS)]
[€J1(RE) + HiJo(RE)]? + [EY1(RE) + HiYo(RE)]?

M cos(zn) + Haysin(zn)

02+ H2 [?7008(07) + Hy sin(Cn)} ¢ dédn. (9.280)
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The fundamental solution to the second mathematical Robin problem is calcu-
lated as

Gona(r, 2, p,t) = P Go(r, 2, p,C, )| (9.281)
q0 ¢=0

99 Domain R<r<oo,0<z<L

9.9.1 Dirichlet boundary condition

o*T o*r 19T  0*T
= P t .282
ot (3T2+r(‘9r+322)+ (258, (9.282)
t=0: T=f(rz), 0<a<2, (9.283)
t=0: %{:F(r,z), l<a<2, (9.284)
r=R: T=g(z1), (9.285)
z=0: T =ga(rt), (9.286)
z=L: T=gs(rt), (9.287)
lim T'(r, z,t) = 0. (9.288)

T—00

The solution:

T(r,z,t) = f(p, Q) Gy (r, 2, p,¢,t) pdpdC

+

F(p,¢)Gr(r,2,p,¢,t) pdpd

/‘b p,¢,7)Ga(r,z,p,(,t —T) pdpd{ dr
R

_|_

+
Tt — . T T Tt Tt
?J\g O\h o\h pd\g ;U\S

gl(C7T) ggl (7", Z, C7t - T) dC dr

92(p,7) Ggo (1,2, p,t — 7) pdpdr
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t oo
+ //gg 7) Gy (1,2, p,t — 7) pdpdr. (9.289)
0 R

Using the Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.117) with respect to the radial coordinate r, and the finite sin-
Fourier transform (2.44) with respect to the space coordinate z we obtain

Q(TZ/LCt) , o Pobe [—a (&% + ) t°]
Gr(r,z,p,(,t) | = L Z/ thEaz a (& +ny,) t°]
Go(r,z,p,(,t) =0\ gt 'EBao [—a (€2 +n2)t%]

. . Jo(rg)Yo(125) = Yo(r) Jo (L2
X sin(znm) sin({nm) of g)Jg((Rg—&— Y(%((éé)()( ’
(R¢)

x| Jo(p€) Yol RE) — Yo(p€)Jo(RE)] € de, (9.290)

where 7, = mx/L.
The fundamental solution to the first Dirichlet problem under zero initial
conditions has the form

4 a1 oo %
Gpr(r2,Ct) = =" S [ B [a (€4 2) ]
0

m=1

Jo(r&)Yo(RE) — Yo(r€) Jo(RE)

J2(RE) + Y2(RE) sin(21),) sin((rm) € dE, (9.291)

whereas the fundamental solutions to the second and third Dirichlet problems are

calculated as
ago2 ag‘b (T7 Z,y Py C’ t)

Gga(r, 2, p,t) = 00 ac ‘ c:o’ (9.292)
Gg3(r, 2, p,t) = —a§§3 89¢(r,52p, &) ‘ o (9.293)
9.9.2 Neumann boundary condition
T (P e, s
t=0: T=f(rz2), 0<a<2, (9.295)
t=0: T _pus, 1<a<o (9.296)

ot
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oT
= M — = t 2
r R or gl(za )7 (9 97)
oT
z=0: — 95 = g2(r,t), (9.298)
oT
z 2 93(T7 )a (9 99)
lim T'(r, z,t) = 0. (9.300)
r—00

The solution:

T(T7Z7t) = f(p7<) gf(T,Z,p,C7t)pdpdC

F(pa C) gF(T7Z7p7<at) Pdl)dc

+

[ 906,671 Gu (206, = 1) pdpdcar
R

+

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

_|_

C it T —h T T Tt T
B g B S O P P,

92(p,7) Ggo (1,2, p,t — 7) pdpdr

+ 93(p,7) Gy (1,2, p,t — 7) pdpdr. (9.301)

Using the Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.119) with respect to the radial coordinate r, and the finite cos-
Fourier transform (2.48) with respect to the space coordinate z, we obtain

Grrzp GO\ e PoBala(€4un) ]
Gr(r,z,p,C,t) | = I Z // wot Eq 2 [—a (62 4 nZ) t°]
Ga(r,2,p.,1) "0 ot Baa [—a (6 47, 1]
Jo(r§)Y1(RE) — Yo(ré)J1(RE)

JE(RE) + Y{(RE)

x[o(p€) Y1 (RE) = Yo(p€) 11 (RE)| € a, (9.302)

where 7, = mn/L.

X €08(2Mm) cos(Cnm)
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The fundamental solutions to the first mathematical and physical Neumann
problems under zero initial conditions have the form

gml (7’7 2, Ca t) 4a901 t*— 1 Ea a | — (52 + nm) ]
gpl (T, 2, gv t) B Z / < (52 ) } )

Jo(ré)Y1(RE) — Yo(r§)J1 (RE)

B(RE) +vE(Re) ) coCim) 48 (9:303)

whereas the fundamental solutions to the second and third mathematical and
physical Neumann problems are calculated as

ng(T’ 25 P ) 1402 ¢‘(T7'Z7p7 ¢ t)‘ ) (9304)
q0 ¢=0
gm?)(r 2 ) @903 g‘b(ra Z, P, C7t)’ 9 (9305)
q0 ¢=L
Gralr 2, p,t) = gf(r,z,p,at)’ : (9.306)
Po ¢=0
Gps(r, 2, p.t) = 9% gf(r,z,p,at)‘ - (9.307)
Po ¢=L
9.9.3 Robin boundary condition
o o°r + Lor + o°T + O( t) (9.308)
ote or?2 r or 022 ot '
t=0: T=f(rz), 0<a<2, (9.309)
t=0: %sz(nz% l<a<2, (9.310)
T
r=R: o + H\T = g1(2,t), (9.311)
or
z2=0: _or + HoT = go(r,t), (9.312)
0z
T
z2=1L: 0 + HoT = go(r,t), (9.313)
0z
lim T'(r, z,t) = 0. (9.314)

T—00
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The solution:

T(T7Z7t) = f(p7<) gf(T,Z,p,C7t)pdpdC

St~
By

F(p,¢)Gr(r,2,p,¢,t) pdpd(

+ +
Tt~ T

/‘b p,¢,7)Ga(r,z,p,(,t —T) pdpd{ dr
R

gl(<77-) gg1 (7’, Z, <7t - T) dC dr

+
Tt~
St Tt Ty

92(p,7) Ggo (1,2, p,t — 7) pdpdr

_I_
Ot~
e

+

Ot~

/93 7) Gy (1,2, p,t — 7) pdpdr. (9.315)
R

Using the Laplace transform with respect to time ¢, the Weber transform of order
zero (2.108), (2.121) with respect to the radial coordinate r, and the finite sin-cos-
Fourier transform (2.52) with respect to the space coordinate z we get

Gs(r,z,p, ¢, 1) W o po Eo [—a (€2 +12,) t°]

2 2 «
gF<T7Z7p7<at) = L Z / thEOL? (& +T]m)t }
Ga(r,2,p,C 1) "0\ ot B o [—a (62 +n3,) 9]

Yo(ré)[§J1(RE) + HiJo(RE)] — Jo(ré)[EY1(RE) + HyYo(RE)]
[€J1(RE) + H1Jo(RE)]? + [§Y1(RE) + H1Yo(RE)]?

X{YO(Tf)[§J1 (RE) + HiJo(RE)] — Jo(r&)[EY1(RE) + H1Y0(R§)]}

Nm, €O8(2M, ) + Ha sin(2n,)

o i ot | cos(Cm) + Fasin(Gm) | €€, (9:316)
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where 1, are the positive roots of the transcendental equation

2H277m

tan(Lny,) = .
M — H3

(9.317)

The fundamental solution to the first mathematical Robin problem under zero
initial conditions has the form

m=1

dagont®t S T
G (r,z,G,t) = "0 3 / Eoo [~a (€ +72) 1]
0

Yo(ré)[€J1(RE) + HiJo(RE)] — Jo(r§)[Y1(RE) + H1Yo(RE)]
[€J1(RE) + H1Jo(RE)]? + [§Y1(RE) + HiYo(RE)]?

" Nm, c08(27m ) + Ha sin(zn,)

o 1 s ot [ Cos(Cm) + Hasin(Gm) [ €06, (9318)

the fundamental solutions to the second and third mathematical Robin problems
are calculated as

__ ago2

Grna (1, 2,9, ) = "2 G (1, 2, p. . t)‘ , (0.319)
q0 ¢=0

G (1, 2, p, 1) = 903 %(r,z,p,w‘ : (9.320)
4q0 ¢=L



Chapter 10

Equations with Three Space Variables
in Cartesian Coordinates

If A is a success in life,
then A equals = plus y plus 2.

Albert Einstein

10.1 Domain —co<x <00, —o0 <y < 00,
—oo<z<o0

o°T o*T 8T 0T
= P t 10.1
t=0: T=f(x,y,z2), 0<a<2, (10.2)
or
t=0: Iy =F(z,y,2), l<a<2, (10.3)
lerjrtloo T(x,y,z,t) =0, yLlrjrtloo T(x,y,z,t) =0,
Zgrfoo T(x,y,z,t)=0. (10.4)

The solution:
oo

T(m,yi):///f(p707v)gf(m—p7y—o,z—v,t)dpdodv

+/ / /F(p,a,v)gp(x—my—ovz—v7t)dpd0'dv

—00 —O0 — 00

oo o0 oo

t
—|—////<I>(p,o,u77')gq>(x—p7y—o,z—v,t—7)dpdodud7 (10.5)
0

—00 —00 —O0
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with
gf(x,y,z t 0o 0o 0o pOEa[_a(€2+n2+<2)ta]
Gr(x,y,z,t) = g3 / / / wot Ea o[ — a(€? +n? + ¢3)t°]
Go(z,y,2,1) —oo o0 =00 \ ot By o [ — a(€? 4 n? + (?)t7]

x cos(z€) cos(yn) cos(z¢) d&dndC. (10.6)

10.2 Domain 0 < x < 00, — o0 < y < 00,
—o<z< o0

10.2.1 Dirichlet boundary condition

o*T 0*°T  9°T  O*T
= P t 10.7
pn =0 (s + s + s )+ Va0 (107)
t=0: T=f(x,y,z2), 0<a<2, (10.8)
T
t=0: ?‘% =F(z,y,2), l1<a<2, (10.9)
x=0: T=g(y,zt), (10.10)
lim T(x,y,z,t) =0, hm T(x,y,z,t) =0,
r—00 y—rFoo
Zgrf T(x,y,z,t)=0. (10.11)

The solution:

T(x,y,2,t) =

8\8

/ [ 10005y = 0.2~ v.p. ) dpdodv
—oo 0

F(p,a,v)gp(x,y—mz—U7p7t)dpd0dv

‘ +
8 —3
—~—y é\g

+

Tt — . ST

O(p,0,v,7)Go(x,y — 0,2 — v, p,t —7)dpdodvdr

|
8
|
0\8

—g 8T—g3g 0\8

glo,v,7)Gy(z,y — 0,2 —v,t —7)dodvdr (10.12)

+
\8

|
8
|
8
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with
Grlz,y,2,p,t) e e poEa| — a(€® +n?* + ()t
gF(CL’ay7Z7P7 2’]T3 / // thEOLQ —a(§2+77 +C2)ta]
Go(x,y,2,p,t) —oo =00 0\ gt Eg o[ — a(é? +n? + ()t°]

x sin(z€) sin(p€) cos(yn) cos(z¢) d& dndd. (10.13)

The fundamental solution to the Dirichlet problem is calculated as

ago 99 (2,y,z,p,1)
Gy(z,y,2,t) = . 10.14
p(agzt) = SR (10.14)
10.2.2 Neumann boundary condition
o*T o*r  9*r  o°T
= (0] t 10.1
pin =0 ((as * gy * s ) + 250 (10.15)
t=0: T=f(z,y,2), 0<a<2, (10.16)
t=0: %sz(xw,z), l<a<?2, (10.17)
oT
=0 5e = 920, (10.18)
Jim T(z,y,2,t) = 0, ygglooT(z Yy, 2,t) =0,
zgrinoo T(x,y,2,t)=0. (10.19)

The solution:

T(x,y,2

8\8

/ [ 10005y = 0.2~ v.p. ) dpdodv
—oo 0

F(p,a,v)gp(m,y—mz—upﬂﬁ)dpdodv

‘ +
8 —3
—~—y 8‘\8

+

O(p,0,v,7)Go(x,y — 0,2 — v, p,t —7)dpdodvdr

|
8
|
0\8

—g 8T—g3g 0\8

+

Tt — . ST

glo,v,7)Gy(z,y — 0,2 —v,t —7)dodvdr (10.20)

\8

|
8
|
8



334 Chapter 10. Equations with Three Space Variables in Cartesian Coordinates

with
G (x,y,2,p,1) X o Eo[ —a(& + 17 + )t
gF(Qf, Y,z,p, t) 27T3 / / / th Ea 2 - 0,(52 + 77 + §2)ta}
Go (2,9, 2, p,t) —00 =0 0\ got* ! B[ —a(€® + 07 + ()]
x cos(z€) cos(p€) cos(yn) cos(z¢) d¢ dndc. (10.21)

The fundamental solutions to the mathematical and physical Neumann problems
are calculated as

gm(zay7z7t) = 490 gq)(x7yazapat) ) (1022)
do p=0
Gola.y.2,0) = " Gy(e,y.2.p.1) (10.23)
0 p=0
10.2.3 Robin boundary condition
o°T o*T  9°T 0T
= P t 10.24
pin =0 ((gs * gy * s ) + 250 (10.20
t=0: T=f(zy,z2), 0<a<2, (10.25)
or
t=0: ot =F(z,y,2), l<a<2, (10.26)
or
z=0: ~ o + HT = g(y, z,t), (10.27)
lim T'(z,y,2,t) =0, hm T(x,y,2,t) =0,
xr—r0o0
zgrinoo T(z,y, z,t) =0. (10.28)

The solution:

T(x,y,2

8\8

/ [ 10005y = 0.2~ v.p. ) dpdodv
—oo 0

F(p,a,v)gp(m,y—mz—upﬂﬁ)dpdodv

‘ +
8 —3
—~—y 8‘\8

+

O(p,0,v,7)Go(x,y — 0,2 — v, p,t —7)dpdodvdr

|
8
|
0\8

—g 8T—g3g 0\8

+

Tt — . ST

glo,v,7)Gy(z,y — 0,2 —v,t —7)dodvdr (10.29)

\8

|
8
|
8
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with
gf(%%%ﬂﬁ) 1 0O 00 o0 pOE [—a(§2+77 +<2)ta}
gF('Tay727p7 t) = 273 / / / thEa2 - a(§2 +77 +<2)ta}
g@(l’,y727l)7t) —oo =0 0 (Zota lEaa[_a(§2+n +<2)ta}

H
6005(1? i_ HQSIH(OC@ [f cos(p) + Hsin(/)g)}
x cos(yn) cos(z¢) d¢dnd¢. (10.30)

The fundamental solution to the mathematical Robin problem is calculated as

Go(w,y, 2,1) = P Go(a,y,2,p,1)| (10.31)
q0 =0

10.3 Domain 0 < x < 00, 0 < y < o0,
—o<z< o0

10.3.1 Dirichlet boundary condition

a 2 2 2
8T_a<3T 8T—|-8T>—&-<I>(gcy,zt)7 (10.32)

o~ "\ ox2 Ty T 022
t=0: T=f(z,y,2), 0<a<?2, (10.33)
T
t=0: %t =F(z,y,2), l1<a<2, (10.34)
x=0: T=aq(y,zt), (10.35)
y=0: T=ga(x,z1t), (10.36)
lim T(x,y,z,t) =0, lim T(x,y,z,t) =0,
T—00 Yy—0o0
lim T(z,y,z,t)=0. (10.37)

z—+oo
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The solution:

(z,y,2,t) = ///f p,0,v)G¢(z,y,2 —v,p,0,t)dpdodv
—o0 0 0

F(p7 a, U) gF(muwa - v,p,0, t) ddedU

‘ +
8\8

+

T—g 8T—g °o—y

/‘I)([LO',’U,T) gq)(x7yaz_v7p7o'7t_7—) dde’d’UdT
0

g1(0,0,7) Gg1 (z,y, 2 —v,0,t — T)do dvdr

|
8

+

+
O\w O\“ O\“

|
8

92(p7UaT) ggﬂ(x7yaz_v7p7t_7—) ddedT (1038)

\8
0\8 0\8 0\8 0\8

with

so oo [ PoEa|—al&®+n®+ )7
// wot Eg 2| — a(€® + 10 4 ¢?)t%]
00 \gqot* ! Enal —al€®+n* + ¢H)t*]

gf(l’, Y,z,p,0, t)

Gr(z,y,2,p,08) [ = 3

o
|
8 —3

g@(l’ay727p70 t)

x sin(z€) sin(p€) sin(yn) sin(on) cos(z¢) d€ dnd(. (10.39)

The fundamental solutions to the Dirichlet problems are calculated as

Gor (2,9, 2,0,8) = "9 093 (2,97 p:0:1) 7 (10.40)
ago2 ag@(xu Y,z,p,0, t)
t) = . 10.41
ggQ(x7yuzupa ) 7 80 oo ( )
10.3.2 Neumann boundary condition

o°T o*T 0T 0°T
ot = <8z2 + P + 822> + O(z,y, 2, 1), (10.42)
t=0: T=f(zy,z2), 0<a<2, (10.43)
t=0: 8T:F(:c,y,z), l<a<2, (10.44)

ot
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oT
=0: — = t 10.45
x ox g1(y,Z, )7 ( )
oT
y=0: — oy = ga(z, 2, 1), (10.46)
lim T(x,y,z2,t) =0, lim T(x,y,z2,t) =0,
T —00 Yy—00
zgrinoo T(x,y,2,t)=0. (10.47)

The solution:

(z,y,2,t) = ///f p,0,v)G¢(z,y,2 —v,p,0,t)dpdodv
—o0 0 0

F(p70'7’()) gF(‘TvyVZ _Uapagat) dde’d’U

‘ +
8\8

+ +
O\w O\“ o\u-

|
8

/‘I)([LO',’U,T) gq)(x7yaz_v7p7o'7t_7—) dde’d’UdT
0

0\8 0\8 0\8 0\8

g1(0,0,7) Gg1 (z,y, 2 —v,0,t — 7)do dvdr

|
8

+

\8

92(p7UaT) gQQ(I7yaZ_U7p7t_T) ddedT (1048)

with

Gr(x,y,2,p,0,1) s oo [ PoEa [— a(& +n® + )]
// wot Ea 2| — a(&? + 1 + ¢*)t°]
00 qot™™ 1Eaa[_a(§2+77 +§2)ta]

Gr(z,y,z,p,0,t) | =

|
8 —3

g@(l’ay727p70 t)

xcos(z€) cos(p€) cos(yn) cos(an) cos(z¢) d€ dndC. (10.49)

The fundamental solutions to the mathematical and physical Neumann problems
are calculated as

a
gml(x7yazao'a t) = go1 g¢($a9727P7 a, t) 5 (1050)
do p=0
ago2
gmg(l‘ Y, 2, P, ) q gq)(x7yazapa Gat) 5 (1051)
0 o=0
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a
Gpi(z,y,2,0,t) = 501 Gr(x,y,z,p,0,t)
0

ago2
ng(l’ay727p7t): i gf(x7yazup30—ut)
0

10.3.3 Robin boundary condition

T _ (9T T 0T " )
ate — P\ a2 T a2 T 922 »Y &L,

t=0: T=f(z,y,2), 0<a<2,

T
t=0: ?‘% =F(z,y,2), l<a<2,

orT
=0: — H\T = t
xr 8:0 + 1 91(2/727 )a

or
y:O; _ay +H2T:‘92($,Z,t)7

lim T'(z,y,2,t) =0, lim T'(z,y,2,t) =0,

r—00 Yy—00

ZEI:EIOO T("L‘7 y? Z? t) = O'

The solution:

T(x,y,z,t) = ///f p,0,0)Gr(z,y,2 —v,p,0,t)dpdodv
—o0 0 O

F(p7 a, U) gF(muwa - v,p,0, t) ddedU

| +
8\8

+

T—g 8T—g o—

91(0,v,7) Gg1 (2, y, 2 —v,0,t — T)do dv dr

|
8

+

Jr
O\“ O\w O\w

|
8

92(p,v,7) G2 (x,y, 2 — v, p,t — 7)dpdvdr

\8
0\8 0\8 0\8 0\8

/‘I)(/Lmv,T) g@(x7yaz_v7p70—7t _T) ddedUdT
0

(10.52)

(10.53)

(10.54)
(10.55)

(10.56)
(10.57)

(10.58)

(10.59)

(10.60)
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with

0o 0O E [—a(§2+77 +C2)ta}
// wot Ba 2| — a(€® +1* + (*)t°]
00 \got* ! Enal —al&®+n* + ¢H)t*]

Gr(x,y,2,p,0,t)
gF(Can7Z7P7Ut =

|
g ——3

g@(l’ayw%lhg t)

gcos(:c?Qingm(xE) [€ cos(p€) + H sin(p€)]
o cos(yn) + Hy sin(yn)

0+ H3 [ncos(on) + Hy sin(on)] cos(z¢) ddnd¢.  (10.61)

The fundamental solutions to the mathematical Robin problems are calculated as

gml<x7yuzaa—u t) = o1 g@(l’ay727p7 g, t) ’ (1062)
qo0 p=0
ago2

ng(.T Y, 2, P, ) q gq)(x7yazapao'at) (1063)
0 o=0

104 Domain 0 < x <00, 0<y<o0,0< z< 00

10.4.1 Dirichlet boundary condition

%C;Z =a <gj§ + (8;?/1; + 22:;> + O(z,y, 2, 1), (10.64)
t=0: T=f(z,y,2), 0<a<?2, (10.65)
t=0: %{:F(m,y,z), l<a<?2, (10.66)
x=0: T =gy, z2,t), (10.67)
y=0: T =go(z,21), (10.68)
z2=0: T =gs3(z,y,t), (10.69)

ZILH;O T(x,y,z,t) =0, ylgr;o T(z,y,z,t) =0,

lim T(z,y,z,t) =0. (10.70)

Z— 00
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The solution:
T(z,y,2,1) = / / / F(p.0,0) Gy (2,9, 2, 9y 00, £) dpdordo
0O 0 O

4 [ [ [P0y zp00.0dpd0a
0

+

+
S O O O~ 0\8
0\8 0\8 0\8 0\8 0\8

//(I)(PaUaUﬂ')g@(may7Z7P7U7Uat_T)ddedUdT
0 0

/gl (0,v,7)Gp (2,9, 2,0,v,t —7)dodvdr
0

+

g2(p,v,7) Gg2(x,y, 2, p, v, t — T)dpdvdr

+

0/
/93 0,0,7) Gg3(x,y, 2, p,0,t —7)dpdodr (10.71)
0

with

Gr(2,y,2,p,0,0,1) QT po Ea[ — a(€ + n? + ¢(2)t°]
gF(zay7Z7p70'7Uat) :7_‘_3/// thEOAQ —a(§2+77 +C2)ta}
g@(zay7z7p7g7vat) 000 (Zota lEaa[_a(§2+n +<2)ta]

x sin(z€) sin(pg) sin(yn) sin(on) sin(z¢) sin(v¢) d€ dnd(. (10.72)

The fundamental solutions to the Dirichlet problems are calculated as

0 t
Gor (2,9, 2, 0,0,8) = 19 Ga (9,2, p,00,0) | (10.73)
L qo 3/) =0
0 t
Gor 2,9, 7. prv, 1) = 2902 (@0 2P0 v. D) (10.74)
90 do =0
0 t
ggs(z’ Y, %, p, 0, t) _ agos g@(x7 Y,%,0,0,0, ) (1075)
90 Qv v=0



10.4. Domain 0 <z <00, 0<y<o0,0<2z<00

10.4.2 Neumann boundary condition

T _ a o°T + o°T + o°r + O(z,y, 2,t)
ate — Y\ ax2 T a2 T 922 Y2t
t=0: T=f(z,y,2), 0<a<2,

T
t=0: 0 =F(z,y,2), l<a<2,
ot
oT
=0: — = t
x gp = 91w 20),
oT
y:O: _ay 292($uzat)7
oT
z2=0: _32 293('T7yat)7
lim T'(z,y,2,t) =0, lim T'(z,y,2,t) =0,
T—00 Yy—00

lim T'(z,y,z,t) =0.

Z—00

The solution:

T(z,y,2,1) = / / / F(po0,0) Gy (2,9, 2, py 00, £) dpdordo
0O 0 O

+ [ [ [P0 6wy zp000dpdoa
0

+

//(I)(PaUaUﬂ')g@(may7Z7P7U7Uat_T)ddedUdT
0 0

/gl(o, v, 7) G (2,9, 2,0,v,t —7)dodvdr
0

+

g2(p,v,7)Gga(x,y, 2, p,v,t —T)dpdvdr

+

+
S O O~ O~ 0\8
0\8 0\8 0\8 0\8 0\8

93(p,0,7) Gg3(2,y,2,p,0,t — 7)dpdodr

[
[

341

(10.76)
(10.77)

(10.78)

(10.79)

(10.80)

(10.81)

(10.82)

(10.83)
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with
gf(zay7z7p7o'7vat) 8 oo oo 0 pOE [_a(§2+77 +C2)ta]
gF(l‘,%ZJL@Uat) = 3/// thEOAQ —a(§2+77 +C2)ta}
0 0 O

T
Go(z,y,2,p,0,0,1) Qot* ' Ega| — a(€? + 0+ (*)t7]

xcos(z€) cos(p€) cos(yn) cos(on) cos(z¢) cos(v¢) d€ dnd(. (10.84)

The fundamental solutions to the mathematical and physical Neumann problems
are calculated as

gml(x7yazu0—av7t) = o1 g@(xay7z7p7 J7Uat) ) (1085)
q0 p=0
ago2
gm2(x7yazapav7t) = q gq)(x7yazapa O',’U,t) ) (1086)
0 o=0
gm3(x7yazapa Gat) = a§O3 gq)(x7yazapa O',’U,t) ) (1087)
0 v=0
agoi
gp1<x7yaza0—av7t) = gf(x7yazupa O',’Uﬂf) ) (1088)
Do p=0
gp2(x7yazapav7t) = a§02 gf(x7yazapa 07U7t) ) (1089)
0 o=0
agos
gp3<x7yazﬂpu Uat) = P gf(x7yazupa O',’Uﬂf) . (1090)
0 v=0

10.4.3 Robin boundary condition

%?Z =a <gj§ + gj/j; + 22:;> + O(z,y, 2, 1), (10.91)
t=0: T=f(zy,z2), 0<a<2, (10.92)
t=0: %{:F(m,y,z), l<a<?2, (10.93)

x=0: —ZZ + 1T = g1(y, 2, 1), (10.94)
y=0 _?32 + HoT = go(w, 2, 1), (10.95)
z2=0: _oT + HsT = gs(x,y,t), (10.96)

0z



10.4. Domain 0 < 2x<00,0<y<o00,0< 2z < 343

lim T'(z,y,2,t) =0, lim T'(z,y,2,t) =0,

T—00 Yy—o0
lim T'(z,y,z,t) =0. (10.97)
Z—r00

The solution:

T(z,y,2,1) = / / / F(po0,0) Gy (2,9, 2, 9y 00, £) dpdordo
0O 0 O

[ [ [P0y zp00.0dpd0a
0

+

//@(p,o,v,T)g¢(z,y,z,p,a,v,t—T)dpdodvdT
0 0

/gl (o,v,7)Gp (2,9, 2,0,v,t —7)dodvdr
0

+

+
O O O O~ 0\8
0\8 0\8 0\8 0\8 0\8

92(p,v,7) Gg2(2, 9y, 2, p,v,t — T) dpdvdr

+

/
/93 0,0,7) Gg3(x,y, 2, p,0,t —7)dpdodr (10.98)
0
with
Gr(@,y,2,p,0,0,1) 50 00 o o[ —a(@+n* + )t7]
Gr(z,y,z,p,0,v,1) ::3/// thEag [—a(&+n? + )t
Go(x,y,2,p,0,0,t) 00 0 \gyt* tEyo|—al®+n*+ )7

scos(scg - If{l;m@@ [€ cos(p€) + H sin(p€)]

ncos yn) + Hosin(yn .
( )2 . H22 (yn) [77 cos(on) + Ha sm(an)]

H.
X COS(Z?Q “JLF H32s1n(z§) [¢ cos(v¢) + Hssin(v¢)] dé dpdc. (10.99)
The fundamental solutions to the mathematical Robin problems are calculated as

gml(x7yazu0—av7t) = o1 g@(%%%%@%ﬂ ’ (10100)
q0 p=0
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a
gm2(x7yazﬂpﬂv7t) = J02 g@(l’ay727p707vat)

)

q0 =0
a
gm3<x7yuzﬂpﬂo—ﬂt) = 903 g@(l’ay727p707vat)
q0 v=0

10.5 Domain 0 < x < L, —oc0o < y < 00,
—xo < z< oo

10.5.1 Dirichlet boundary condition

0°T 0T N 0T N 0T + "
=qQ X z

ot 8z " 9y " 922 &t
t=0: T=f(z,y,2), 0<a<2,

T
t=0: (?% =F(z,y,2), l<a<2

r=0: T=gl(y,z1),

7

x=1L: T:gg(y,z,t)7

lim T(z,y,z,t) =0, lim T(x,y,z,t)=0.

y—+oo z—too

The solution:

T(x,y,z,

H
8\8

F(p,0,0) Gr (2,5 — 0,2 — v, p,t) dpdor do

| +
8 ~—3
—g Elﬁ\g

+

|
8
|

\8 8\8 O\h

g1(0,v,7)Gg1 (x,y — 0,2 —v,t —7)dodvdr

|
8
|
8

+

Jr
O\“ O\w O\w
\8

g2(0,v,7) Ggo(x,y — 0,2 —v,t —7)do dvdr

\8
\8

|
8
|
8

oo L
/ [ 10005y = 0.2~ v.p. ) dpdodv
—oco 0

(10.101)

(10.102)

(10.103)
(10.104)

(10.105)

(10.106)
(10.107)
(10.108)

L
/<I>(p,o,v77') Go(x,y—0o,z—v,p,t —7)dpdodvdr
0

(10.109)
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with
Gy(@,y,2,p,t) o0 o0 o po Eo[ —a(& + 17 + )t
gF('Tay7Z7p7t) - 7T'2L / / Z thEQQ[_a(€k+n +C2)ta]
gql'(x7 Y,z,p, t) e T b=t lIOta E [ - a(gk + 77 + Cz)ta}
x sin(z&y) sin(py) cos(yn) cos(z¢) dn dd, (10.110)

where &, = kn/L.
The fundamental solutions to the Dirichlet problems are calculated as

agol ag@(za Y,z,p, t)

Go1(x,y,2,t) = , 10.111
nlepap) = 0 R0 (10.111)
Goalay, 2, 1) = 902 00V 200 (10.112)
qo dp p=L
10.5.2 Neumann boundary condition
0T 0*°T  9°T  O*T

ot = <8z2 + P + 822> + ®(z,y, 2, 1), (10.113)
t=0: T=f(z,y,2), 0<a<?2, (10.114)
t=0: %{:F(m,y,z), l<a<2, (10.115)

oT
x=0: — o = g1y, 2, t), (10.116)

oT
x=0L: o = 92(y, 2, t), (10.117)
ykrj:nOO T(x,y,z,t) =0, zgriloo T(x,y,z,t)=0. (10.118)

The solution:

T(x,y,z,t) =

8\3

co L
//fpmv )Gz, y — 0,2 —v,p,t)dpdodu
—oo 0

+ F(p,o0,0)Gp(z,y — —u,p,t)dpdodv

+

I
/1

8\8 Tt~

L
/<I> p,0,0,7) Go (z,y — —v,p,t—7)dpdodvdr
0
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t
o
0

g1(0,v,7)Gg1 (x,y — 0,2 —v,t —7)dodvdr

é\g é\g
é\g é\g

+/ g2(0,v,7) Gga(x,y — 0,2 —v,t —7)dodvdr (10.119)
0
with

gf(‘ray7z7p7t) ) 00 oo DPo Ea[—a(§ﬁ+n2+C2)t“]
_ 2 2 | 2\«

Gr(z,y,2,p,t) | = QWQL/ /kzol wot Ea 2| — a(&f +n? + )]

Go (2,9, 2,p,1) —o0 =0 0\ qot® Eaa [ — al&f +n? + )17
x cos(x&y) cos(p€r) cos(yn) cos(z¢) dndc, (10.120)

where &, = knw/L.
The fundamental solutions to the mathematical and physical Neumann prob-
lems are calculated as

gml(zay7z7t) = o1 gq>(z,y,z,p, t) ) (10121)
do p=0
Gua(w,y,2.) = 0% Gola,y,20,8)| (10.122)
qo p=L
ago1
gp1($,y727t) = gf(x7yazupa t) 5 (10123)
Do p=0
ago2
Gpo(z,y, 2,t) = Gr(z,y,2,p,t) (10.124)
Po p=L
10.5.3 Robin boundary condition
0T 0*°T  9°T  O*T
P t 10.12
e =0 (G O+ o ) F R0, (0125)
t=0: T=f(z,y,2), 0<a<2, (10.126)
T
t=0: (?% =F(z,y,2), l1<a<2, (10.127)
orT
x=0: ~ 5 + HT = ¢1(y, 2, 1), (10.128)
x
oT
x=1L: P + HT = g2(y, 2, t), (10.129)
x
lim T(z,y,z,t) =0, lim T(x,y,z,t)=0. (10.130)

y—+oo z—too
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The solution:

T(x,y,z,t) =

8\3

co L
//fpmv )Gz, y — 0,2 —v,p,t)dpdodu
—oo 0

F(p,a,v)gp(m,y—mz—upﬂﬁ)dpdodv

‘ +
8 —3
—y 8‘\8

+

+
O\“ O\{* o\u-

L
/@(p,o,v,T) Go(z,y—0,z—v,p,t —7)dpdodvdr
0

|
8
|

\8 8\8 O\h

g1(0,v,7)Gg1 (z,y — 0,z —v,t —7)dodvdr

\8

|
8
|
8

g2(0,v,7) Gga(x,y — 0,2 —v,t —7)dodvdr (10.131)

+

\8
\8

|
8
|
8

with
Ge(x,y, 2, p,t) s oo po Ea| — a(& +n? + ¢*)t°]
Gr(z,y,2,p,t) | = QWQL/ / kz_l wot Ba 2| — a(&f +n° + ¢*)t°]
g¢.(.’II7 Y, 2, P, t) Teo T T qotailEOé,a [ - a’(&]% + 772 + §2)ta}

" & cos(x&y) + H sin(xy)

24 24 2H &5, cos(p&k) + H sin(péy)]
k

cos(yn) cos(z¢) dn dc, (10.132)

X

where &, are the positive roots of the transcendental equation tan(L&y) = éf_l 5H’“2
Sk

The fundamental solutions to the mathematical Robin problems are calcu-
lated as

a
ggl(muy7z7t) = go1 g@(l’ay727p7 t) ) (10133)
q0 p=0
a
Go1(z,y, 2,t) = J02 Go(z,y,2,p,t) (10.134)
qo0 p=L
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10.6 Domain 0 < x < L,0 < y < oo,
-0 < z<o©

10.6.1 Dirichlet boundary condition

0°T o’T  9*T  9*T
= P t 10.135
pin =0 (us * e+ s ) FO@HED, (10135
t=0: T=f(z,y,2), 0<a<?2, (10.136)
or
t=0: ot =F(z,y,2), 1l<a<2, (10.137)
x=0: T=aq(y,zt), (10.138)
x=L: T=gs(y,z2t), (10.139)
y=0: T=gs(x,z1t), (10.140)
yhﬁn;o T(x,y,z2,t) =0, zEI:Eoo T(x,y,z,t)=0. (10.141)
The solution:
oo oo L
Tayet)= [ [ [ 10000005 vpot) dpdodo
—oc0 0 0

F(p70'7’(}) gF(‘TvyVZ _Uapagat) dde’d’U

| +
8\8

+

L
/(I)([LO',’U,T) gq)(x7yaz_v7p7o'7t_7—) dde’d’UdT
0

+

91(0,v,7) Gg1 (2, y, 2 — v,0,t — 7)do dv dr

+

92(0,v,7) Gga(z,y, 2 — v,0,t — 7) do dv dr,

é\g

+

Tt~ T T\“ Ot~
3

|
8

S— L Sty Ty T —y O\h

93(p,v,7) Ggs(x,y,z — v, p,t —7)dpdvdr (10.142)

\8
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with
Gr(x,y,2,p,0,1) , % e po Ea[ — a(&f + 1% + )t°]
gF(-'I:7yazupaO—ut) = 7T2L / /Z wotEQQ[—a(€k+77 —|—<2)ta:|
g®<x7yazapu g, t) —o0 0 =1 QOta 1Eaa[_ a(gk +77 +§2)ta}
x sin(x€x) sin(péy) sin(yn) sin(on) cos(z¢) dndc, (10.143)

where &, = knw/L.
The fundamental solutions to the Dirichlet problems are calculated as

t
Gor (2,9, 7, 0,1) = “901 0@V 2P0 8) ) (10.144)
qo dp p=0
0 t
Goo(,y, 2,0,1) = — "2 Ga(@4:2,p,01) 7 (10.145)
' 0 dp P
0 t
Gos(, s 2, p,8) = 2908 OG2l@ v 2P0 t) | (10.146)
90 do o=0
10.6.2 Neumann boundary condition
0T 0T 0T 0°T
ota <8z2 + P + 822> + O(z,y, 2, 1), (10.147)
t=0: T=f(zy,z2), 0<a<2, (10.148)
oT
t=0: ot =F(z,y,2), l<a<2, (10.149)
oT
z=0: —5 = 91(y, 2, 1), (10.150)
oT
=L: = t 10.151
z oz 92(%2, )7 ( )
oT
lim T'(z,y,z,t) =0, lim T(z,y,z,t)=0. (10.153)

Y—00 z—+o0
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The solution:

co oo L
T(x,y,2,t) = ///f p,0,v)G¢(z,y,2 —v,p,0,t)dpdodv
—o0 0 O

F(p70'7’()) gF(‘TvyVZ _Uapagat) dde’d’U

| +
8\8

+

L
/‘I)(/Lmv,T) g@(x7yaz_v7p70—7t _T) ddedUdT
0

+

91(0,v,7) Gg1 (2, y, 2 — v,0,t — 7)do dv dr

|
8

+

g2(0,v,7) Gga(,y, 2 — v,0,t — 7) do dv dr,

é\g

+

T — . T T Tt

95(p.0,7) Gy (2, 2 — v, p,t — 7) dpdvdr (10.154)

—
S L St Ty S —y O\h

|
8

with

Gr(z,y,2,p,0,t) po Bo| — a(&f +n* + )t

gF('Tay727p7o'7t) 2L / /Z/ thEoz2[_a(§k+n +<2)ta}
Ga(x,y,2,p,0,t) =00 0 F=0 N gt By o [ — al€d + 17 + (2)t°]
xcos(x&y) cos(péy) cos(yn) cos(on) cos(z¢) dndd, (10.155)

where &, = kmw/L.
The fundamental solutions to the mathematical and physical Neumann prob-
lems are calculated as

gm1<x7yuzaa—u t) = o1 g@(xay7z7p7 g, t) ’ (10156)
qo0 p=0
gm2<x7yuzaa—u t) = 1902 g@(xay7z7p7 g, t) ) (10157)
do p=L
agos
ng(z Y, %, 0, ) q gq)(x7yazapa Gat) ) (10158)
0 o=0
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a
Gpi(,y.2,0.t) = PN Gr(ay, 2 0,0)| (10.159)
Do p=0
a
Gpo(,y.z,0,t) = 0 Gr(ay, 2 p0yt)| (10.160)
Po p=L
a
Gps(z,y, 2, p,t) = gO?’ Gr(z,y,2,p,0,t) ) (10.161)
0 o=0

10.7 Domain 0 < x < L, 0<y<o0,0< z< o0

10.7.1 Dirichlet boundary condition

%C;Z =a <gj§ + ?327; + ?;:;) + O(z,y, 2, 1), (10.162)
t=0: T=f(zy,z2), 0<a<2, (10.163)
t=0: %1; =F(z,y,2), l<a<2, (10.164)
x = T=qn(y,zt), (10.165)
x=L: T=g(y,z1), (10.166)
y = T = g3(z, 2,1), (10.167)
z2=0: T =gz,y,t), (10.168)

yhﬁn;o T(x,y,2,t) =0, ZILH;O T(x,y,2,t)=0. (10.169)

The solution:

oo oo L

T(z,y,2,1) = / / / F(po0,0) Gy (2,9, 2, py 00, £) dpdordo
0O 0 O

+

F(p,0,v)Gr(2,y,2,p,0,v,t)dpdo dv

L
/(I)(p, g, U7T) gq;.(l‘, Y, 2, P, O',’U,t - T) dpd()’ dvdr
0

+

+
S O —_ 0\8

g1(o,v,7)Gg1(z,y,2,0,v,t —7)dodvdr

0\8 0\8 0\8
0\8 0\8 o —



352 Chapter 10. Equations with Three Space Variables in Cartesian Coordinates

+

/gg(o, v,T) Gg2(2,9y, 2,0,v,t —T)dodvdr
0

g3(pa U7T) gg3(za Y, Z7p7vat - T) dpd’U dr

+

+
o\w o\w o\w
0\8 0\8 0\8

S — L O —0

94(p,0,7) Gga(z,y, 2, p,0,t — 7)dpdo dr (10.170)

with

oo Po Ea[_a’(é-l% +772+C2)ta]
/Z wot B2 [ — a(&f + 0 + ¢?)t°]
0 =1 qota_lEa,a [ - a(&l% + 772 + <2)ta}

Gr(x,y,2,p,0,0,1) s
8
b) ) ) ) ) 7t =
Gr(z,y,z,p,0,0,t) 7r2L/
gq>(x7y,z,p, O',’U,t) 0

x sin(x&) sin(p&x) sin(yn) sin(on) sin(z2¢) sin(v¢) dndc, (10.171)

where &, = kn/L.
The fundamental solutions to the Dirichlet problems are calculated as

0 t
Gyi (2,9, 2,0,0,8) = 0 gq’(m’y’;’p’ avdl (10.172)
4o P p=0
0 t
Gyo(w,y,2,0,0,8) = — 7 gq)(gc,y,az,p, vt (10.173)
do p p=L
agos 0Gs(x,y, 2, p, 0, v,
Gys(x,y, 2, p,0,t) = 9% o ya P ) , (10.174)
90 g o=0
agos 0Gs(x,y, 2, p, 0,0,
Gos(,y, 2, py 1) — 2901 9Fa( ya p o (10.175)
90 v v=0
10.7.2 Neumann boundary condition
o*T o*r  9*r  0°T
ore = a <8z2 + D12 + 822) + O(z,y, 2, 1), (10.176)
t=0: T=f(zy,z2), 0<a<2, (10.177)
T
t=0: (?% =F(z,y,2), l1<a<2, (10.178)
oT
r=0: —_ =ql(y,21), (10.179)

ox
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T
x=1L: gm = g2(y, 2, ), (10.180)
oT
y=0: — oy = g3(x, 2, 1), (10.181)
oT
=0: — = t 10.182
z 9z 94(.%'72/, )7 ( )
ylingo T(z,y,2,t) =0, ZILH;O T(z,y,2,t)=0. (10.183)
The solution:
co oo L
1,50 = [ [ [16.0:0)6.0.2p00.0dpdoav
0 0 0
co oo L
s [ [ [Fi.0.0Getnz 0000 dpdoan
0 0 0
t oo co L
+////(I)(PaUaUﬂ')g@(ma%%@@%t_T)ddedUdT
00 0 0
t oo oo
—‘r///91(0',’[}77')ggl(l‘,y72707v,t—T)dO’d’UdT
0 0 0
t oo oo
—‘r///92(0',1}77')ggg(l‘,y72707v,t—T)dO’d’UdT
0 0 0
t oo L
+///QB(PaUﬂ')ggS(may727P7Uat_T)deUdT
0 0 0
t oo L
+///g4(p,0,7') Gga(z,y,2,p,0,t —7)dpdodr (10.184)
0 0 0
with
gf(zay7z7p7o'7v t) 8 00 00 Po EC!I:_ a(é-]% +772 +<2)ta]
Gr(z,y,2,p,0,0,t) —WQL//I;)' wot Ba 2| — a(&f + 17 + ¢*)t*]
Go(x,y,2,p,0,0,1) 0 0 " \qot* ' Ega | — al& + 1?4 ¢*)t°]
x cos(z€y) cos(p€x) cos(yn) cos(on) cos(z() cos(v() dndd, (10.185)
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where & = kn/L. The fundamental solutions to the mathematical and physical

Neumann problems are calculated as

Qa
gml(x7yazu0—ﬂv7t) = Jo1 g@(l’ay727p707vat)

q0 p=0
g’m2(£7yazagav7t> = 902 g@(‘ray7z7p7g7vat) )
do p=L

a
gm3($ay7z7p7vﬂt) = J03 g@(muy7z7p7o—7vut)|0':07

do
a
gm4<x7yuzﬂpﬂo—ﬂt) = Jo4 g@(l’ay727p707vat) )
q0 v=0
Gy, z,0.0.8) = ' Gr(ay, 2 p.ovt)|
Po p=0

Gp2(x,y,2,0,0,t) = aiog Gr(x,y,2,p,0,0,t)
0

p=L

agos
gpS(zay7Z7p7vat): o gf(zay7z7p7gvvat)|0203

a
G (2,9, 2, p, 0,1) = ]f Gy (2,1, 2, p, 0,0, 1)
0

v=0

10.8 Domain 0 < x < Ly, 0 < y < Lo,
-0 < z<o©

10.8.1 Dirichlet boundary condition

oT
=a

0*°T  9°T  O*T
ote

0x? + Oy? + 022
t=0: T=f(x,y,z2), 0<a<?2,
or

t=0: at:F(:c,y,z), l<a<?2,

x=0: T=gi(y,z2,t),
x=L1: T=gay,z1),
y=0: T =gs(z,2,1t),
y=1Lo: T =gsx,z1),

lim T(z,y,z2,t)=0.

z—+o0

) Dy 1),

(10.186)

(10.187)

(10.188)

(10.189)

(10.190)

(10.191)

(10.192)

(10.193)
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The solution:

o0 L2 L1

(z,y, 2 ///f p,0,v) Gz, y, 2, p,o,v,t) dpdo dv

—oo 0

~
)

F(p,0,v)Gr(2,y,2,p,0,v,t)dpdo dv

‘ +
\8 O\

Ly
/q)(p’ UaU7T) g‘b(muy7z7p7 o,V,t — T) ddedU dr
0

N

+

|
8

+

g1(0,v,7) Gg1 (2, y, 2z, 0,v,t —7)dodvdr

\8

+

g2(0,0,7) Ggo (2, y, 2,0,v,t —7)do dvdr

é\g

o O —p T Tt TY—r

[l

+

T — . ST T\“ Ot~
3

|
8

g3<p7vu T) gg3<x7ya Z, Py U7t - T) dpd’U dr

\8

o~

94(p,v,7) Gga(x,y, 2, p,v,t — T)dpdvdr (10.202)

\8
O\F o

+
o

|
8

with
gf(mﬂy7z7p70'7v,t)
Gr(x,y,2,p,0,0,t)
gcp(l’,y727p70'7v,t)
% o oo po Eo [ — a(€2 +n2, + (H)t°]
tEa — 2 2 2to¢
leLg/Zlkz wot Ea[ — a(& +my, + ¢)t°]

P\ ot Eg o[ — a(€d + 02, + )t

x sin(z€x) sin(p€k) sin(ynm,) sin(onm,) cos(z¢)d¢, (10.203)

where & = kmw/L1, N = mn/La. The fundamental solutions to the Dirichlet
problems are calculated as

ago1 agqs(l’, Yy,z,p,0,0, t)

, 10.204
qo ap p=0 ( )

ggl (9572/, z,0, U7t) =
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N ago2 agqs(l’, Yy,z,p,0,0, t)
do dp

gg2(may7z7o—7vat) =

agos ag@(xu Y,z,p,0,0, t)

‘T7 7’2:7 7U7t:
Gg3(x,y,2,p,v,t) w0 9%

o=0

_agO4 ag@(za Y,z 0, U7Uat)

t) =
g94(zay7z7p7va ) @ 9o

O':Lz

10.8.2 Neumann boundary condition

o~T
=a

0*°T  9°T  O*T
ot

i) t
81’2 + ayg + 822> + (%Zh% )7
t=0: T=f(z,y,2), 0<a<?,
oT
t=0: at:F(:c,y,z), l<a<2,
oT
=0: — = t
x gp = 91w 20),

oT

x=1Ly: o 92(y, 2, 1),
T

y=0: _gy = gs3(x, 2, t),

oT
y:L2: ay 294($,Z,t)7
ZEI:EIOOT(‘Tay7Z7t) =0.

The solution:

o0 L2 L1

T(m,y7z7t)=///f(/wvv)gf(Ly,z,p,U,ut)dpdadv

—oc0 0 0
OOL2L1

+ [ [ [Fe006e 00 dpdoa

—oc0 0 0

&~

oo 2L1

+ (I)(paa'ava) g@(zay7z7p707vat_7-) dde’dUdT

0

8

2

+ g1(o,v,7) Gg1 (2, y, 2,0,v,t —7)do dvdr

—
S O —

/
f

8

(10.205)

(10.206)

(10.207)

(10.208)
(10.209)

(10.210)
(10.211)
(10.212)

(10.213)

(10.214)

(10.215)
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OOL2

///92 (0,v,7) Gga(2,y, 2,0,v,t —7)do dvdr

0 —oc0 0

8

1

+

S O~

93(/77'0, T) gg3(x7ya 2 U7t - T) dpd’U dr

1

94(/)7’0,7) gg4(sc,y,z,p,v,t—7') dpd’U dr (10216)

+
\8

|
8

|
8
S & O~

with
gf(x7yazup30—uv7t)
gp(:c,y,z,p,o,v,t)
g‘b<x7yazapu0—av7t)
o B[ a€ i+ O]
/ / tEa _ 2 2 2 +
= Ll 2/ 2 kz_o wot Ea,a [ — (& +n7, + )]
0 "= 0 N\ ot Eaa| — alf + 1, + ¢t
x cos(x€y) cos(p€k) cos(ynm) cos(onm,) cos(z¢) d(, (10.217)

where & = kn /L1, 9y = mm/Lo.
The fundamental solutions to the mathematical and physical Neumann prob-
lems are calculated as

gml(x7yazao'av7t) = o1 gq)(zay7z7p7o'7vat) ; (10218)
q0 p=0
ago2
gm2(x7yazao'av7t) = gq)(zay7z7p7o'7vat) ; (10219)
do p=L
agos
gm3(x7yazapav7t) = gq)(zay7z7p7o'7vat) ) (10220)
do =0
agos
gm4(x7yazapav7t) = gq)(x7yazapa O',’U,t) ; (10221)
qo O':Lz
agoi
gpl(x7yazu0—av7t) = gf(muy7z7p70—7vut) ) (10222)
Do p=0
ago2
gp?(x7yazu0—av7t) = gf(x7yazupa O',’U7t) ) (10223)
Po p=L1
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agos G
Po

gp3($7y,ZaPaU7t) = f(x7yazapu0—av7t)

a
G (2,9, 2, py 0, ) = ]f Gr (2,1, 2, p, 0,0, 1)
0

O':L2

(10.224)

(10.225)

109 Domain 0 < x < L,0<y< Ly, 0< z2< 0

10.9.1 Dirichlet boundary condition

0T 9°T N 9°T n 8°T +a n
=qQ X z
oo 8z " 9y " 922 &t
t=0: T=f(x,y,z2), 0<a<?2,
T
t=0: ? =F(z,y,2), l<a<2,
ot
T = : ngl(y,z,t)7
r=1L1: T =gy, z1),
Yy = : T:gg(x7z7t),
y:LQ: T:g4($azat)7
z=U: T:g5(zay7t)a
lim T'(z,y,z,t) =0.
Z—> 00

The solution:

Lo Ly

T(xy, 2 ) = / / / F(p.0.0) Gy (.9, 2. pr v, £) dpdo dv
0O 0 O

1

+ F(p,O',’U) gF<x7yazapuO—a’U7t)dde—dU

b O Y——

2 Ly
(I)(p, g, U7T) gq’(za Y, 2, P, O',’U,t - T) dpd()’ dvdr
0

2

+

+
S O~ 0\8

g1(o,v,7) Gg1 (2, y,2,0,v,t —7)do dvdr

S— g o —y O\E‘
Ot — T

(10.226)
(10.227)

(10.228)

10.229
10.230
10.231
10.232
10.233

e e e e e
—_ — — — T T

10.234



10.9. Domain 0<x < L;,0<y <L, 0<2z<00 359

~

2

+

g2(0,v,7) Gga (2, y, 2,0,v,t — 7)do dvdr

1

+

g3(pa U7T) gg3(za Y, Z7p7vat - T) dpd’U dr

1

94(Pa U7T) gg4(aja Y, 2, p, 0,0 — T) dpd’U dr

+

b O Ot O

1

95(p,0,7) Ggs (2, y, 2, p,0,t — 7)dpdo dr (10.235)

+

o\w O\w o\w O\w
O\F Sy Sy S —y

o

with
Gr(z,y,2,p,0,0,1)
gF('Ta Y,z,p,0,0, t)
g@(xa Y,z,p,0,v, t)

8 &
:7TL1LQ/Z
0

m=1

po Eo| — a(&f +nZ, + (*)t°]
wot Eaz| — a(&d + 12, + ()t
"\ ot B[ — al€ + 12, + ¢2)t°]

x sin(z€x) sin(p€x) sin(ynm,) sin(onm,) sin(z¢) sin(v¢) d¢, (10.236)

M8

=~
Il

where & = kmw/L1, N = mn/La. The fundamental solutions to the Dirichlet
problems are calculated as

P ¢
Gor (2,9, 7,0,0,1) = “901 092 (@ v 2P 00 0] (10.237)
qo dp p=0
9 ¢
Gor(e,3, 2,00, 1) = — 202 ey 2o, (10.238)
do ap p=L1
) ¢
Gos 2,9, 2, pyv, 1) = 2903 (@0 2 po v B) | (10.239)
do o o=0
a ) b) b) b) b) 7t
gg4(l’,y72’7p7’0,t) = _agO4 gcp(m Y2000 ) 5 (10240)
qo 0o o—Ly
P ¢
Gos (2,9, 2, p,0,1) = 2908 02 @V 20 0] | (10.241)
q0 v v=0
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10.9.2 Neumann boundary condition

=a

T (9T PT 9T
ote

t=0: T=f(z,y,2), 0<a<?2,

oT
t=0: 8t:F<x7y’Z)’ l<a<?,
oT
z=0: _ax :gl(y72’7t),
oT
x=1L: 333:92(%270,
oT

y:O; _8y 293($uzat)7

T
y=Lo: gy = g4z, 2, 1),

oT
= O: — = t
z 32 95(3773/’ )7

lim T(z,y,z,t) =0.

ZzZ— 00

The solution:

Lo Ly

oo L
T(xy, 2 t) = / / / F(p.0.0) Gy (.9, 2. pro v, £) dpdo dv
0O 0 O

1

+ F(p,O',’U) gF<x7yazapuO—a’U7t)dde—dU

b O ——

2 L1

+

+
St S S S SY—
~ O S—

2

ho\

2

+

1

+

0\8 0\8 0\8 0\8 O\F

S O —

81’2 + 8y2 + 822> +q)<x7yuzat)7

/Q(pﬂ g, U7T) g‘b(mu Y, 2, p,0,0,t — T) ddedUdT
0

g1(o,v,7)Gg1(z,y,2,0,v,t —T)dodvdr
g2(0,v,7) Gga (2, y, 2,0,v,t — 7)do dvdr

g3(pa U7T) gg3(za Y, Z7p7vat - T) dpd’U dr

(10.242)
(10.243)

(10.244)
(10.245)
(10.246)
(10.247)

(10.248)

(10.249)

(10.250)
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1

+

94(Pa U7T) gg4(ma Y, Z7P7Uat - T) dpd’U dr

1

g5(pa g, T) gg5(zay7z7p7g7t_7—) dde'dT7 (10251)

+

o\w O\w
O\F S —
O\h O\b‘

with
Gr(x,y,2,p,0,0,1)
Gr(x,y, 2, p,0,0,t)
Go (2,9, 2,p,0,0,1)
e Too po Eo | — a(€2 + 2, + ()t

— / / tEa _ 2 2 2 e

7TL1L2/mz—:o ;0 wot Eo 2 [ — a(&f + 115, +¢?)t7]

0 M= N qot*  Baga [ — a(&f 4+ n2, + )t

x cos(xy) cos(p€) cos(ynm) cos(anm) cos(2C) cos(v()d¢,  (10.252)

where & = kn /Ly, nm = mn/Lo.
The fundamental solutions to the mathematical and physical Neumann prob-
lems are calculated as

gml(x7yazu0—av7t) = o1 g@(l’ay727p7 J7Uat) ’ (10253)
q0 p=0
Gma(z,y,z,0,0,t) = 4902 Gol(x,y,2,p,0,0,t) , (10.254)
o p=L1
Gums (2,7, 2, p,0,1) = “503 Go(2,y,2,p,0,0,0) (10.255)
0 o=0
gm4(x7yazapav7t) = 1904 gq)(x7yazapa O',’U,t) ) (10256)
qo o=L>
gm5<x7yuzapa g, t) = a505 g@(l’ay727p7 J7Uat) ) (10257)
0 v=0
Gpi1(z,y,2,0,0,1) = ago1 Gr(z,y,z,p,0,0,1) , (10.258)
Po p=0
gp2(x7yazao'av7t) = 902 gf(x7yazapa O',’U,t) ) (10259)
Po p=L1
a
gp3(x7yazapav7t) = ios gf(x7yazap7 07U7t) ’ (10260)
0 o=0
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a
Gpa(a,y. 2, p,0,t) = 9 G(2,y,2,p,0,0,1) (10.261)
Do o=Lo
agos
gp5(x7yazapa Gat) = P gf(x7yazapa O',’U,t) (10262)
0 v=0

10.10 Domain 0 < x < L1, 0 <y < L3,0 < z < L3

10.10.1 Dirichlet boundary condition

%C;Z =a <gj§ + ?327; + ?;:;) + O(z,y, 2, 1), (10.263)
t=0: T=f(z,y,2), 0<a<2, (10.264)
t=0: %{ =F(z,y,2), l1<a<2, (10.265)
x=0: T=aq(y,zt), (10.266)
x=L1: T=gay,z2,1), (10.267)
y=0: T =gs(x, z1), (10.268)
y=DLo: T =gz, z,1), (10.269)
z2=0: T =gs(z,y,t), (10.270)
z=Lg: T=ge(x,y,t). (10.271)
The solution:
Ly Lo L
T(z,y,z,t)= f(p,o,0)Gr(x,y, 2, p,0,0,t)dpdo dv
000

F<p70'7’l)) gF(x7yazupaO—u’U7t)dpdgd’U

2 L
/@(p,a,v,r)gq>(sc,y,z,p,a,v,t—T)dpdadvdT
0

g1(o,v,7) Gg1 (2, y, 2,0,v,t —7)do dvdr

g2(0,v,7) Ggo (2, y, 2,0,v,t —7)dodvdr
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t L3z L1

+///93(p7va7-)gg3<x7yuzapav7t_T)ddedT
0 0 O
t Ls L,

+///g4(p,v,7’) gg4(x7yazapav7t_7-) dpd’UdT
0 0 O
t Lo Ly

+///95(p7J7T)gg5(x7yazup30—ut_T)ddedT
0 0 O
t Lo Ly

—1—///96(/)7077) Goo(x,y,2,p,0,t —7)dpdodr (10.272)
0 0 O

with
Gi(z,y,2,p,0,0,t)
Gr(x,y,z,p,0,0,t)
Go(z,y,2,p,0,0,t)

o o Po Ba [ = a(& + 17, + G)t°]
L1L2L3 Z Z Z wot Eoo[ = a(&f + 7, + G)t°]
=t =t qota_lEa,a [ - a(@% + ?73,1 + Cﬁ)ta]

x sin(z€y) sin(p€k) sin(ynm) sin(onm) sin(z¢,) sin(vé,), (10.273)

where & = kn /L1, Ny = mn/La, ¢, = nw/Ls. The fundamental solutions to the
Dirichlet problems are calculated as

9 ¢
Gyr (2,9, 2,0,0,1) = 901 098020000 | (10.274)
o Jdp p=0
9 ¢
Gor(e,3 2, 0,0, 1) = — 202 ey 2o, (10.275)
do ap p=L1
9 ¢
Gos 2,9, 2, pyv, 1) = 2903 (@ v 2 p 0w B (10.276)
qo do =0
9 ¢
Goa(@,9, 2, py v, 1) = — 2904 092 (@Y 2, p. 000 (10.277)
9o do o=Ls
9 ¢
Gos (0,9, 2, p,0,1) = 2908 O (@Y 220 nE) | (10.278)
q0 v v=0
9 ¢
Goo(2,y, 2, p, 0, 1) = — 9% g‘b(m’yg’p’g’v’ ) (10.279)
do v v=Ls
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10.10.2 Neumann boundary condition

0T 0*°T  9°T  O*T
gra =9 (8952 + P + 822> + ®(z,y, 2, 1), (10.280)
t=0: T=f(z,y,2), 0<a<2, (10.281)
t=0: %sz(xw,z), l<a<2, (10.282)
oT
=0: — = t 10.283
T ox 91(2/727 )a ( )
oT
=L;: = t 10.284
x 1 O 92(:1/727 )a ( )
oT
y=0: — oy = g3(x, 2, 1), (10.285)
oT
y=1Lo: oy = ga(x, 2, 1), (10.286)
oT
z=0: — 9s = g5(x,y, 1), (10.287)
oT
z=1Ls: 9s = g6(x,y, ). (10.288)
The solution:
L3 Lo L4
twyet)= [ [ [ 1000650050000 dpdo do
000

w
~

Tt O Ot Tt O Y—

2 1

_|_

+
O\“ O\w O\“ O\“ O\h

F(p7 a, U) gF(%Z/;%P; O—a’U7t) dde' dv

5o

2 L1
/q)(p7 0'7’(),7-) g@(%l/a%ﬂa o,v,1 — T) dde’ dvdr
0

_|_

2

g1(o,v,7) Gg1 (2, y, 2z, 0,v,t —T)dodvdr

Il o\h o\

2

_|_

g2(0,v,7) Gga(2,y, 2,0,v,t — 7)do dvdr

1

+

93(/77'0, T) gg3(x7ya 2 U7t - T) dpd’U dr

O\E o
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t L3z L1
+///94(p7v T) gg4(x7yazupav7t_7—) ddedT

t
g
0

+

~

2 Ly

/95 p:s0,7)Gg5(2,y, 2,p,0,t —7)dpdodr
0
L

2 1

T~
o O

/96 (p,0,7)Gge(x,y,2,p,0,t —7)dpdodr (10.289)
0

with
Gr(x,y,2,p,0,0,1)
Gr(z,y,2,p,0,0,t)
Ga(r,y,2,p,0,0,t)
o oo oo po Eo[ — a(&} +n2, + 2)t*]
’ ’ ’ tEy | — 9 9 240
= N\t Ea o[ — a(&E + 02, + )t
x cos(w&x) cos(p&k) cos(ynm) cos(anm) cos(2Cn) cos(viy), (10.290)

where & = kn /L1, ny = mm/La, ¢, = nw/Ls. The fundamental solutions to the
mathematical and physical Neumann problems are calculated as

gml(x7yazu0—av7t) = o1 g@(l’ay727p7 J7Uat) ’ (10291)
q0 p=0
agoz2
ng(x7yazuUaU7t) = g@(l’ay727p7 J7Uat) ’ (10292)
qo p=L1
agos
gm3(x7yazupav7t) = g@(l’ay727p7 J7Uat) ) (10293)
do o=0
ago4
gm4(x7yazupav7t) = g®<x7yazapu O',’U7t) ) (10294)
q0 o=L>
agos
gm5(x7yazapa g, t) = g@(zay7z7p7 U7Uat) s (10295)
do v=0
agoe
gm6<x7yuzapa g, t) = g®<x7yazapu O',’U7t) ’ (10296)
qO U:L3
ago1
gpl(x7yuzu0—uv7t) = gf(l’ayw%lk J7Uut) ) (10297)
Do p=0
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Gp2(x,y, 2,0,0,t) = @902 Gr(z,y,2,p,0,0,t) , (10.298)
Po p=L1
agos
gp3(x7yazapav7t) = p gf(x7yazapao'av7t) ’ (10299)
0 o=0
ago4
gp4($7y,ZaP,U7t) = gf<x7yazapu qu7t) ; (10300)
Do o=Lo
agos
gpS(-T7yazapa Uat) = P gf<x7yazapu qu7t) ; (10301)
0 v=0
agoe
ng(-T7yazapa Uat) = P gf<x7yazapu qu7t) (10302)
0 v=L3




Chapter 11

Equations with Three Space Variables
in Cylindrical Coordinates

It is quite a three pipe problem.

Arthur Conan Doyle
“The Adventures of Sherlock Holmes”

11.1 Domain 0 <7r < o0, 0 < ¢ < 27,
—o0o < z < o0

0T o*T 10T 1 8°T O°T
11.
ot (87’ +r 3r+7’2 Op? +8z>+<1>(r<p,zt) (11.1)
t=0: T=f(r,p2), 0<a<2, (11.2)
t=0: %7; F(r, o, 2), l<a<2, (11.3)
Tli>I20 T(r,p,2,t) =0, Zgrfoo T(r,p,z,t) =0. (11.4)

The solution:
27

T(r, 2, 0,1) ///f(/)ﬂbvf)gf(ﬂ%%/%@fat)Pdpd¢dC
—o0 0 O

oo 27 oo

+///F p.6,C) Gr(r, 0.2, p, 6., 1) pdpdey dC
—oco 0 0
27

/1]

The fundamental solutions are obtained using the Laplace transform (2.1) with
respect to time ¢, the exponential Fourier transform (2.20) with respect to the

8

/<I> p.6,C,7) Ga(r 0,29, 6, C,t — 7) pdpdddCdr.  (115)
0

8
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space coordinate z, the finite Fourier transform for 2w-periodic functions (2.72)
with respect to the angular coordinate ¢, and the Hankel transform of order n
(2.78) with respect to the radial coordinate r [168]:

gf(ra90727p7 ¢7<at) 1 00 00 Po Ea[_a(§2 +772)ta}
gF(T7 ©w,z, P, ¢a<7t) = 27‘[’2 / /Z/ th Ea72[_ a(§2 ‘H?Q)ta}
gq) (T7 ©,z, P, d)a <7 t) - 0 =0 QOta_l Ecua [ - a(§2 + 772)ta}
X Jn(r§) Jn(p€) cos[n(p — ¢)] cos[(z — ¢)n] £ A dn. (11.6)

Dependence of fundamental solution G; on the coordinates r, ¢ and z is
presented in Figs. 11.1-11.4, the fundamental solution Gr is depicted in Figs.
11.5-11.8, and Figs. 11.9-11.11 show the fundamental solution Gg. In calculations
we have introduced the nondimensional quantities

ta/?
Fel 2 ?, go VAT (11.7)
p p p
3 3 3
- P . P - p
PG Gpe . Go= , 11.8
gy o gr, Gr wot gr, Go goto-1 Go (11.8)
1.25
a=0.5
1.00 /
0.75 a1
0.50
0.25
Gy 0.00 —
-0.25
\ a=15
—0.50
—0.75 \ 017
—1.00
—1.25
0.0 0.5 1.0 1.5 2.0 2.5

Id

Figure 11.1: Dependence of the fundamental solution G in an infinite medium on
the radial coordinate r for ¢ =0, =0, ¢ =0, 2 =0, kK = 0.5 [168]
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1.25
1.00 —
0.75 a=1
0.50
0.25
Gy 0.00 ——
—-0.25
~0.50 \
—0.75
—1.00 \

—1.25
- —m/2 0 w/2 ™

Figure 11.2: Dependence of the fundamental solution G in an infinite medium on
the angular coordinate ¢ for $ =0, =0,r =p, 2 =0, kK = 0.5 [168]

a=05 a=0
0.50
0.25
Gy 0.00

a=1
—0.25 / \
a=15 a=1.6
—0.50
-7 —m/2 0 /2 ™
®

Figure 11.3: Dependence of the fundamental solution G in an infinite medium on
the angular coordinate ¢ for ¢ =0, ( =0, r = 0.6p, z =0, x = 0.5 [168]
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1.25
1.00 h
0.75
0.50

Gy 0.00

—0.25
—0.50
—0.75 \ a=1T7
—1.00

—1.25
0.0 0.5 1.0 1.5 2.0

0|

Figure 11.4: Dependence of the fundamental solution G in an infinite medium on
the space coordinate z for ¢ =0, =0, r = p, ¢ =0, Kk = 0.5 [168]

2.0

1.5 /
Gr 1.0 /

0.5

0.0
0.0 0.5 1.0 1.5 2.0 2.5

Figure 11.5: Dependence of the fundamental solution Gz in an infinite medium on
the radial coordinate r for ¢ =0, =0, ¢ =0, 2 =0, K = 0.5 [168]
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2.0

\ a=1.85

0.0
- —7/2 0 /2 ™

Figure 11.6: Dependence of the fundamental solution Gz in an infinite medium on
the angular coordinate ¢ for =0, =0, r =p, 2 =0, kK = 0.5 [168]

1.00
0.75
a=1.85
Gr 0.50 /
a=1.5
0.25 \
0.00
- —7/2 0 /2 ™

¥

Figure 11.7: Dependence of the fundamental solution Gz in an infinite medium on
the angular coordinate ¢ for ¢ =0, ( =0, r = 0.6p, z =0, x = 0.5 [168]
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2.0

15 /
a=1.85

Gr 10 /

0.5

0.0
0.0 0.2 0.4 0.6 0.8 1.0

Z

Figure 11.8: Dependence of the fundamental solution G in an infinite medium on
the space coordinate z for $ =0, (=0, r = p, ¢ =0, Kk = 0.5 [168]

0.6

Figure 11.9: Dependence of the fundamental solution G in an infinite medium on
the radial coordinate r for ¢ =0, =0, ¢ =0, 2 =0, K = 0.5 [168]
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0.6

a=17
0.5

0.4 =15

0.2
=0.5

0.1

EANVRNAN

0.0 ———
- —m/2 0 /2 ™
¥

Figure 11.10: Dependence of the fundamental solution G¢ in an infinite medium
on the angular coordinate ¢ for ¢ =0, (=0, r =p, 2 =0, Kk = 0.5 [168]

0.6
a=17
0.5 /
0.4 a=15
Gy 0.3 /
a=1
0.2
a=0.5
0.1 /
0.0 \

0.0 0.5 1.0 1.5 2.0

z

Figure 11.11: Dependence of the fundamental solution G¢ in an infinite medium
on the space coordinate z for ¢ =0, (=0, r =p, p =0, kK = 0.5 [168]
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11.2 Domain 0 <r<o0,0<p<2m0< 2 < 0

11.2.1 Dirichlet boundary condition

%(;Z =a <?;rj; + i gz; + r12 gjj; + gif) + O(r, 0, 2, 1), (11.9)
t=0: T=f(repz2), 0<a<2, (11.10)

t=0: %sz(r,@z% l<a<2, (11.11)

z=0: T=g(r,pt), (11.12)

TILHC}O T(r,p,z,t) =0, ZILHC}O T(r, @, z,t) =0. (11.13)

The solution:

oo 2w oo

T(r,z,o,t) = J(p,0,¢)Gr(r,0,2,p,0,(,t) pdpdedC
/]

_|_

F(p,¢,Q)Gr(r,¢,2,p,¢,(,t) pdpdedC

/‘I)/LQS ga (T7§07Z7p7¢7§3t_T)pdpd¢d<dT
0

+

+
S O~ 0\8

9(p, &, 7)Gy(r, 0,2, p, 0, t — 7) pdpdepdr. (11.14)

o\:m‘ 0\8 o\:m‘
0\8 o\:m‘ 0\8

The fundamental solutions are obtained using the Laplace transform with respect
to time t, the sin-Fourier transform (2.25) with respect to the space coordinate
z, the finite Fourier transform for 27-periodic functions (2.72) with respect to the
angular coordinate ¢, and the Hankel transform of order n (2.78) with respect to
the radial coordinate r and have the following form [171]:

Gr(r, 0,2, 0,0, 1) L % oo po Ea[ = a(€® +1%)t°]
gF<T7 Y, z,p, d)a C7t) = WQ//Z ! thEon [ - 0,(52 + WQ)ta]
Go(r, ¢, 2,p,6,(,1t) 00 "0\ got® 1 Eg o[ — a(€® +n?)t?]

X Jn(r€) Jn(p€) cos[n(e — ¢)] sin(zn) sin(¢n) £ A dn. (11.15)
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The fundamental solution to the Dirichlet problem can be calculated as

gg(r7 0,2, P, d); t) — ago 8g¢;(7°7 ©, 2, P, ¢3C7t) ] (1116)
4o ¢ B
¢=0
11.2.2 Neumann boundary condition
0T _ 0T n 10T n 1 9T n 0T n <I>( ) (11 17)
ot~ “Narz Troar T2 O0p? 022 He 50, '
t=0: T=f(rez2), 0<a<2, (11.18)
t=0: %sz(r,g@z% l<a<2, (11.19)
oT
z2=0: — 95 = g(ryo,t), (11.20)
Tlgr(}o T(r,p,z,t) =0, Zlgr(}o T(r, @, z,t) =0. (11.21)
The solution:
00 2T o0
1000 = [ [ [ 10.:0.00000200.6.6.0 pdpdodc
00 0
00 2T o0
+///F(p7¢7<) Gr(r,p,2,p,¢,¢,t) pdpdedC
00 0
t oo 2w oo
+[ [ [ [o00.606800.200.00 - papasdcar
00 00
t 2w oo
+///9(p7¢77) Gy(r,,2,p,0,t —7) pdpdodr. (11.22)
00 0

The Laplace transform with respect to time ¢, the cos-Fourier transform
(2.37) with respect to the space coordinate z, the finite Fourier transform for
2m-periodic functions (2.72) with respect to the angular coordinate ¢, and the
Hankel transform of order n (2.78) with respect to the radial coordinate r are



376 Chapter 11. Equations with Three Space Variables in Cylindrical Coordinates
used to obtain [171]:

Gr(r, 0, 2,p,6,¢,1) y % o po Eo[ — a(&? +n?)t°]
gF(T7 P25 Py ¢a <7t) = 7-[-2//2 ! thEon [ - a(§2 + WQ)ta]
g@(ﬁ Py 25 Py qsa Cv t) 0 o =0 lIotOﬁlEa,a [ - ll(f? + 7’]2)7504}

X Jn(r8) Jn(p€) cos[n(p — ¢)] cos(zn) cos(¢n) & d& dn. (11.23)

The fundamental solutions to the mathematical and physical Neumann prob-
lems are calculated as

a
G (r, 0, 2,0, 0,1) = % Go(r,0,2,p,6,C,0)| (11.24)
40
¢=0
ago
Gp(r, @, 2,p,0,t) = o gf(ﬂ%%%@(aﬂ‘ : (11.25)
¢=0

The nondimensional fundamental solution G, = 27p*G,,/(goat® 1) to the
mathematical Neumann problem is presented in Figs. 11.12 and 11.13.

1.2

Gm

7

Figure 11.12: Dependence of the fundamental solution G,, in a half-space on the
radial coordinate r for ¢ =0, ¢ =0, z = 0, kK = 0.5 (the mathematical Neumann
boundary condition)
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1.2

0.8

/l
Gm 06 /
«

0 /8 /4 3r/8 /2

7

Figure 11.13: Dependence of the fundamental solution G,, in a half-space on the
angular coordinate ¢ for ¢ = 0, r = p, z =0, kK = 0.5 (the mathematical Neumann
boundary condition)

11.2.3 Robin boundary condition

o*T o*r 10T 1 0*T 0°T
gra = a (81"2 + - or + 2 92 + 322> + O(r, 0, 2, ), (11.26)
t=0: T=f(r,p,2), 0<a<2, (11.27)
T
t=0: ?‘% = F(r,p,z2), l<a<2, (11.28)
oT
z2=0: ~ o + HT = g(r, ¢, t), (11.29)
lim T'(r, ¢, z,t) =0, lim T(r, ¢, z,t) =0. (11.30)

T—00 Z—00
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The solution:

27

T(r,z,0,t) = J(p,0,0)Gr(r,0,2,p,0,(,t) pdpded
_|_

F(p,¢,0)Gr(r,¢,2,p,¢,(,t) pdpdedC

/(I)p7¢ ga (7’,()07Z7p7¢7§,t—T)pdpd¢d<dT
0

+

+
S O~ 0\8

9(p, &, 7)Gy(r, 0,2, p, 0, t — 7) pdpdepdr. (11.31)

o\:m‘ 0\8 o\:m‘
0\8 o\:m‘ 0\8

The Laplace transform with respect to time ¢, the sin-cos-Fourier transform (2.40),
(2.42) with respect to the space coordinate z, the finite Fourier transform for 27-
periodic functions (2.72) with respect to the angular coordinate ¢, and the Hankel
transform of order n (2.78) with respect to the radial coordinate r result in:

Gr(r, e, 2,0, 0,(, ) , %% oo po Eo [ — a(& +1%)t7]
gF(T7 ©w,z, P, d)a <7t) = 7T2//Z ! th Ea72 [ - a(£2 + 772)ta]
g‘I)(T7 Y, z,p, d)a C7 t) 00 =0 QOtQ_IEa,a [ - a(§2 + 772)15&}

ncos(zn) + H sin(zn)
772 + H?2

X [ncos(¢n) + H sin(¢n)] £ d€ dn. (11.32)

In(r€) Jn(pg) cos[n(p — ¢)]

The fundamental solution to the mathematical Robin problem is written as

Gy(r. 0.2 p. b t) = 0 Ga(r, 02,0, 6,C,1)| (11.33)
4do ¢=0
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11.3 Domain 0 <r < o0, 0 < p <2m,0< 2z< L

11.3.1 Dirichlet boundary condition

0T O*T 10T 1 8°T 0T
ot “ (31"2 + r or + r2 0p? + 322} 2.z 1), (11.34)
t=0: T=f(r,p2), 0<a<2, (11.35)
T
t=0: %t = F(r,¢,z2), l<a<?, (11.36)
z2=0: T =gi(r,p,t), (11.37)
z=L: T=ga(r,et), (11.38)
lim T(r,p,z,t) =0. (11.39)
T—00
The solution:
L 27 oo
1000 = [ [ [ 10.:0.00000200.6.6.0 pdpdodc
000
L 27 oo
+///F(pmz%()QF(T7<p,z,p,¢,C7t)pdpd¢dC
000
t L 271 oo
+////‘1>(p7¢7<,7)g@(mo7z7p7¢7<,t—T)pdpd¢dCdT
00 0 0
t 2w oo
+///gl<p7¢77—)ggl<r7@azupa¢at_T)pdpdd)dTﬂ
000
t 2w oo
+///92<p7¢77—) gg?<r790azupa¢at_T)pdpdd)dT' (1140)
00 0

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite sin-Fourier transform (2.44) with respect to the space coordi-
nate z, the finite Fourier transform for 27-periodic functions (2.72) with respect to
the angular coordinate ¢, and the Hankel transform of order n (2.78) with respect
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to the radial coordinate 7:

gf(ra<)07z7p7 ¢7 gat) 2 0 ) pO EQ[_a<£2+n72n)ta}
gF(TaSD7Z7P7 ¢7<at) = 7TL/ Z_lzol thEa,Q[_ a(£2 +7772n)ta}
Go(r, 0, 2,p,0,(,t) 0" N ot Baa| — al(€? +15,)t%]

X Jp(1€) Jn(p€) cos[n(p — @)] sin(zny,) sin(Cny,) € dE, (11.41)

where n,, = mm/L. The fundamental solution to the first Dirichlet problem can
be calculated as

6 ) ) ) ) ) ) t
Gor(r, 0, 2.p. 6, 1) = ! %W@;p¢c) : (11.42)
) ¢ o

The fundamental solution to the second Dirichlet problem Ggo(r, ¢, z, p, ¢,t)
is obtained from the fundamental solution to the first Dirichlet problem
Gg1(r, 0,2, p, ¢, ) by multiplying each term in the series by (—1)™*+1.

11.3.2 Neumann boundary condition

(?;QT =a <(?;Z + i ?3? + :2 (Zig + ?;Zj;) + O(r, 0, 2, 1), (11.43)
t=0: T =f(r,p,2), 0<a<2, (11.44)

t=0: ?‘9{ = F(r,¢,z), l<a<2, (11.45)

z=0: _(ZZ = q1(r, o, 1), (11.46)

z=1L: (Zf = ga(r, ¢, t), (11.47)

Tli_)rrolo T(r,¢,z,t)=0. (11.48)

The solution:

2T

L (o'
T(r,2,0,1) = / / / (9,6, C) Gy (101 2 py 6, G, 1) pdp d G
0O 0 O

2m

L oo
dpdod
+!J!FMQO%MWJ%¢90PP¢C
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+

+
O\w O\w O\w

/‘I)(p7 ¢7 ga T) g<1>(7’a§0727/77 ¢7 gat - T) pdpd¢d<dT
0

3

91(p, 6. 7) Gg1(r, 0,2, p, 6, t — T) pdpdedr

3

0\8 0\8 o\:m‘

92(p, 6. 7) G2 (1,0, 2, p, 6, t — 7) pdpdep dr. (11.49)

+

o\m o\m o\h

The Laplace transform with respect to time ¢, the finite cos-Fourier transform
(2.48) with respect to the space coordinate z, the finite Fourier transform for 27-
periodic functions (2.72) with respect to the angular coordinate ¢, and the Hankel
transform of order n (2.78) with respect to the radial coordinate r give:

gj'(ra<p7z7p7 ¢7 C,t) 9 0o o 50 Po Ea[_a(£2+n72n)ta]
gF(TaSD7Z7P7 ¢7<at) = 7TL/ Z IZI thEa,Q[_a<£2+n72n)ta}
Ga(r, 0,2, p, 6, ) 0= 0 N ot Baa [ — a(€2 + )10

X Ta(r€) Ju(p€) cosln(p — 9)] cos(z1m) cos(Clm) € A€ d, (11.50)

where n,,, = mm /L. The fundamental solutions to the first and second mathemat-
ical and physical Neumann problems are calculated as

a
Gt (1, 0, 2, p b, ) = “9 g@(r,so7z7p7¢7<,t)‘ : (11.51)
qo ¢=0
G (1,0, 2,0, 6, 8) = "9 G (r, 0, 2, p, 6, C, t)‘ ; (11.52)
qo0 ¢=L
a
Go1 (ro 0,2, p,0,1) = 9 Gr(r, 0, 2.0, 6,C, t)‘ : (11.53)
Po ¢=0
a
gp?(ra90727p7 ¢7 t) = J02 gf(ra@727p7 ¢7<at)‘ . (1154)
Do ¢=L
11.3.3 Robin boundary condition
T _ (PT 10T 10T PTY o ) (11.55)
ote —a or? r or 12 9p? 022 h$: 2t '

t=0: T=f(ro,z), 0<a<2, (11.56)
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T
t=0: %t =F(r,¢,z), l<a<2, (11.57)
oT
z=0: ~ o + HT = g1(r, 0, 1), (11.58)
or
z=1L: P + HT = ga2(r, o, t), (11.59)
z
lim T'(r, ¢, z,t) = 0. (11.60)
T—00

The solution:

2m

L (o'
T(r,2 1) = / / / (96, C) G (101 2 p, 6, C, 1) pdpddC
0O 0 O

S
3

S O O O
0\8 0\8 o\:‘m 0\8

_|_

F<p7 ¢7 C) gF<r7 Y, z,p, d)a C7t) Pdpd¢dC

_|_

/‘I)(/)7¢7Ca7) Ga(r,p,2,p,0,¢,t —7) pdpdeod{dr
0

_|_

gl<p7 ¢7 T) ggl (T7 Y, z,p, d)ut - T) pdpdd)dT

3

+

O\w O\w O\w O\h

92(p, &, 7) G2 (1,0, 2, p, 6, t — T) pdpdp dr. (11.61)

The Laplace transform with respect to time ¢, the finite sin-cos-Fourier transform
(2.52) with respect to the space coordinate z, the finite Fourier transform for 27-
periodic functions (2.72) with respect to the angular coordinate ¢, and the Hankel
transform of order n (2.78) with respect to the radial coordinate r result in

gf(rv P25 Py ¢a<7t) 9 O s Po Ea[_a(§2 ‘H?Q)ta}
Gr(r,p,2,p,0,Gt) | = WL/Z:IZ%’ wot Ea2[ — a(€? +m7,)t°]
Go(r, 0,2, p,¢,(,t) 0 " Nqot* ™ Baa| — a(€? +17,)t°]

Nm c08(20m) + H sin(zny,)

X Jn(1€) Jn(p€) cos[n(p — ¢)] n2, + H? + 2H/L

X [m co8(Cnm) + H sin(Cny,)] € dE, (11.62)
where 7, are the positive roots of the transcendental equation
2H N,
tan(Ligm) = o (11.63)

g — H?
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The fundamental solutions to the mathematical Robin problems are calculated as

agoi
ggl( 90727/)7@757 ) g@(ra¢7z7p7¢7§at)‘ )
qo0 ¢=0

ago2
gg2(7’a§0727/77¢7t) = gq>(r,<p,z,p,¢,g,t)‘
qo0 ¢=L

11.4 Domain 0 <r < R,0 < ¢ < 2,
—0 < z< o0
11.4.1 Dirichlet boundary condition
0T o*T 10T 1 0°T 0°*T
ote
t=0: T=f(rez), 0<a<?2,

oT
t=0: at:F(ncp,z), l<a<?,

r=R: T=yg(p,z1t),
ZEI:EOO T(r,p,2,t) = 0.
The solution:

2w

oo R
T(r,2,0,1) ///f(p,¢,<)gf(nso,z,p,gb,m)pdpdasdc
—o0 0 0

-/

o\:‘w

R
[ F(0.6.0)6r(rp.2p.6,¢.1) pdpodd
0

+
o\“
o\§

g(¢7 <a T) gg(ra Y, z, ¢7 Cut - T) dd)d( dT’

é\g é\g

+
o\FF
o\:w‘

or? +T or +T2 0p? + 322) +&(r,p,2,t),

R
/@ P, 6 C,7) Ga (0,2, 6, (ot — 7) pdpdddC dr
0

(11.64)

(11.65)

(11.66)

(11.67)

(11.68)

(11.69)

(11.70)

(11.71)
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The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the exponential Fourier transform (2.20) with respect to the space coor-
dinate z, the finite Fourier transform for 27-periodic functions (2.72) with respect
to the angular coordinate ¢, and the finite Hankel transform (2.84) with respect
to the radial coordinate r [166]:

gf(ra%f’%% ®, ¢, t) 1 0 oo Po Ea[_ a(&%m +772)ta]
gF(Ta<P727P7 ¢7 ga t) = 7T2 / ! Z thEon[_ a(&?ﬂn +T]2)ta}
Ga(r, ¢, 2,0,6,C,t) oo "0 TN gt B [ — (€2, + 0?17

X cos[n(yp — @)] cos|(z — dn. 11.72

R (7 (R [n(¢ — ¢)] cos[(z — ()l dn (11.72)
Here &, are the positive roots of the equation J,(R&,m,) = 0. The fundamental
solution to the Dirichlet problem is calculated as

_ aRgo 89@(7’, ©5 2, P, ¢7 Ca t)

g Y, 2,9, 7t =
.‘1( ¥ QSC ) % ap p=R

(11.73)

Figures 11.14-11.17 show dependence of the fundamental solution G, on
cylindrical coordinates r, ¢ and z. In calculations we have introduced the nondi-
mensional quantities

r z \/ato‘/2 _ R3
= - - - . 11.74
"“rp TR " R 0 997 iy, Yo (11.74)

11.4.2 Neumann boundary condition

0T 0*T 10T 1 0°T 0°*T
= o t 11.
ot~ ° <8r2 + r Oor + r2 Jp? + 322) + e8¢z 0), (11.75)
t=0: T=f(rez), 0<a<2, (11.76)
t=0: %1; = F(r,,z), l<a<?2, (11.77)
or
r=R o 9(p, 2, 1), (11.78)
lim T(r,¢,z,t)=0. (11.79)

z—+o0
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10.0 a=15

a=0.5

0.0 0.2 0.4 0.6 0.8 1.0

T

Figure 11.14: Dependence of the fundamental solution G,(r, ¢, z, ¢, (, ) in an in-
finite cylinder on the radial coordinate r for =0, ( =0, ¢ =0, 2=0, Kk = 0.3
(the Dirichlet boundary condition) [166]

9.0
8.0

7.0

-7 —m/2 0 /2 ™
)

Figure 11.15: Dependence of the fundamental solution G,(r, ¢, z, ¢, (,t) in an in-
finite cylinder on the angular coordinate ¢ for ¢ = 0, { = 0, r = 0.6R, z = 0,
k = 0.3 (the Dirichlet boundary condition) [166]
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8.0
a=15
6.0 /
a=12
gy 4.0 a=1
a=0.5
2.0
0.0
0.0 0.2 0.4 0.6 0.8 1.0

ISy

Figure 11.16: Dependence of the fundamental solution G,(r, ¢, z, ¢, ¢, t) in an infi-
nite cylinder on the space coordinate z for ¢ =0, ( =0, r =0.6R, ¢ =0, Kk = 0.3
(the Dirichlet boundary condition) [166]

0.800

e = NN
P
=== 7
=

0.000

= -
s
S

Figure 11.17: Dependence of the fundamental solution G,(r, ¢, z, ¢, C,
finite cylinder on the space coordinates r and z for ¢ =0, ( =0, p =

t) in an in-
0,
k = 0.5 (the Dirichlet boundary condition) [166]

a=1.5,
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The solution:

¥
3

T(r,z,0,t) = J(p,0,C)Gr(r,0,2,p,0,(,t) pdpded

é\g
o

o
3

F(p,¢,Q)Gr(r,¢,2,p,¢,(,t) pdpdedC

| +
8 ——3
\8 o\

o\§ o\:m‘ o\:a

+

R
/‘I)(/)7¢7Ca7) Ga(r,p,2,p,0,¢,t —7) pdpdeod(dr
0

|
8

+

Tt — . T

|
8

g(¢7 ga T) gg(T7 <p527¢7<7t_7—) dQSdCdT (1180)

\8

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the exponential Fourier transform (2.20) with respect to the space coor-
dinate z, the finite Fourier transform for 27-periodic functions (2.72) with respect
to the angular coordinate ¢, and the finite Hankel transform (2.88) with respect
to the radial coordinate r [166]:

gf(r7 P25 P, ¢a<7t) 1 00 pOEa( - a772ta)
gF(T7 P25 P, ¢3C7t) 272 R2 thEOL,Q( - a’thQ)
Go (1,0, 2,0, 6, 1) = \ qot* ! Ea,a( — an’t®)
o} pOEa [ - a(&%m + WQ)ta]

<aosl(z = Qnldn+ 53 S [ | wotBaal -~ a+ )]

oo QOtOﬁlEa,a [ - a(&%m + 772)ta]
721m Jn<p§nm) Jn(rgnm)

[R26%,, — 1] [Jn(REnm)]

where &,,,,, are the positive roots of the transcendental equation

5 cos[n(p — @)] cos(z — ()n] dn, (11.81)

J! (Rénm) = 0. (11.82)

The fundamental solutions for the mathematical and physical Neumann problems
are calculated as

Gon(rr 0,26, G 1) = “TGa (02 p 6, C 1) (11.83)
qo0 p=R
aRgo
gp(r’ 907 27 ¢7 C’ t) - gf</r'7 (pﬂ Z’ p’ ¢7 C7 t) . (11'84)
Dbo p=R
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3.5
3.0 \
2.5

a=0.5
1.0

0.5

0.0
0.0 0.2 0.4 0.6 0.8 1.0

7

Figure 11.18: Dependence of the fundamental solution G, (r,¢,z,®,(,t) in an
infinite cylinder on the radial coordinate r for ¢ =0, =0, ¢ =0,2=0,x =0.3
(the mathematical Neumann problem) [166]

Dependence of the fundamental solution to the mathematical Neumann prob-
lem G,,, on cylindrical coordinates r, ¢ and z is shown in Figs. 11.18-11.21, where

G = u taRj . Gm- The fundamental solution to the physical Neumann problem G,
is displayed in Fig. 11.22, where G, = ff;o Gp.

11.4.3 Robin boundary condition

(?;Z =a (?;1; + i (ZZ + :2 (;2;; + ?;:;) + O(r, 0, 2, 1), (11.85)
t=0: T=f(r,p,2), 0<a<?, (11.86)

t=0: ?‘;{ =F(r,p,2), l<a<2, (11.87)

r=R: ZZ+HT:g(cp,z,t)7 (11.88)

lim T(r,¢,z,t)=0. (11.89)

z—+o0
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a=1.5

3.0 /
2.5 a=1 “«
N \ /
«
1.0 /

0.5

=12

=05

0.0 ———
- —m/2 0 /2 ™
14

Figure 11.19: Dependence of the fundamental solution G,,(r,¢,z,®,(,t) in an
infinite cylinder on the angular coordinate ¢ for ¢ = 0, ( =0, r = R, z = 0,
k = 0.3 (the mathematical Neumann problem) [166]

3.5
3.0 a=1.5
2.5 /
a=1.2
2.0
Gm a1
1.5
0.5 /
\
0.0
0.0 0.2 0.4 0.6 0.8 1.0

z

Figure 11.20: Dependence of the fundamental solution G,,(r,¢,z,®,(,t) in an
infinite cylinder on the space coordinate z for ¢ =0, ( =0,r =R, p =0, k = 0.3
(the mathematical Neumann problem) [166]
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Figure 11.21: Dependence of the fundamental solution G,,(r, ¢, z,$,(,t) on the
space coordinates r and z for ¢ = 0, ( = 0, ¢ = 0, « = 1.5, kK = 0.5 (the
mathematical Neumann problem) [166]

The solution:

2T

0 R
T(r, 2, 0,1) = / / / (96,0 Gy (101 2 pr b, €, 1) pdp A
—oc0 0 0

o]
-/
00
t

N

T R

/ F(p,6,C) G (10, 2, 9, 6, () pdpdd

1/
co 27 R
[ [ [ 2006000 0.20.0.0t -1 pdpdoacar
0 —c0 0 O
] [ ocossmsc- i
0 —oo

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the exponential Fourier transform (2.20) with respect to the space coor-
dinate z, the finite Fourier transform for 27-periodic functions (2.72) with respect
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G
7500 5000 2500 0.000

Figure 11.22: Dependence of the fundamental solution G,(r, ¢, z, ¢, (,t) in an in-
finite cylinder on the space coordinates r and z for ¢ =0, (=0, p =0, a = 1.5,
k = 0.5 (the physical Neumann problem) [166]

to the angular coordinate ¢, and the finite Hankel transform (2.92) with respect
to the radial coordinate r:

Gr(rop, 2,0, 6,C,t) Lo e poEa| —a(&l,, +n*)t?]
gF (T7 P25 P, d)a C7 t) = 2 Z ' Z / thEa,Q [ - a(ggm + 772)ta]
g<1> (7’, L, 2, P, (rbv Ca t) =0 M=l qotailana [ - a(ggm + 772)ta]

(R2HZ 4 R262 — 12| [ (Réwn)|2 cos[n(p — @)] cos[(z — {)n]dn. (11.91)
Recall that &,,, are the positive roots of the transcendental equation
Enm I (Rénm) + HIp(REnm) = 0. (11.92)

For the mathematical Robin problem

Gn(r,0,2,6,61) = "9 Gar, 6,206, 1) (11.93)
q0 p=R
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11.5 Domain 0 <r< R, 0< p<2m,0< 2z < 0

11.5.1 Dirichlet boundary condition

0T 0*T 10T 1 0T 0?°T
gra =0 <8r2 + . Or + 2 92 + 8,22) + O(r, p, 2, 1), (11.94)
t=0: T=f(rez), 0<a<?2, (11.95)
t=0 %1; =F(r,p,2), l<a<2, (11.96)
r=R: T=g(p,zt), (11.97)
z2=0: T =ga(r,p,t), (11.98)
lim T(r, ¢, z,t) = 0. (11.99)
Z— 00
The solution:
oo 2 R
1000 = [ [ [ 10.:0.00000200.6.6.0 pdpdodc
00 0
oo 2 R
[ [ [F0.6.06000.20.0.6.0) pdpasac
00 0
t oo 27 R
+[ [ [ [o00.606a00.200.00 - papasdcar
000 0
t oo 2w
+///gl(¢7§37)ggl(ra¢7z7ga¢at_T)d¢dCdT
00 0
t 27 R
[ [ [0.6.0600: 020,66~ 1) pdpdoar. (11.100)
00 0

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the sin-Fourier transform (2.25) with respect to the space coordinate
z, the finite Fourier transform for 2z-periodic functions (2.72) with respect to
the angular coordinate ¢, and the finite Hankel transform of order n (2.84) with
respect to the radial coordinate r and have the following form

gf(ra(p7z7p7 ¢7 gat DPo Ea[_a’( %m+n2)ta]

) 50
4 00 o
gF(TaSD7Z7P7¢7<at) = 71_2/2/ Z thEa,QI:_a’( Zm+n2)ta]
g@(ra<ﬂ727/’7 ¢7 ga t) o =0 m=t qota_lEa,a[_ a( %m ‘*‘772)’5&}
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R[], (R&um)]”

Here J,,(£nm) = 0. The fundamental solution to the first Dirichlet problem can be
calculated as

os[n(p — ¢)] sin(zn) sin(¢n) dn. (11.101)

_ aRgOl ag@ (7’7 ©w,z,p, d)a C7 t)

, 11.102
do dp ( )

p=R

ggl(ra ©, 2, ga d)a t) =

the fundamental solution to the second Dirichlet problem has the following form:

a 0Gs (1,0, 2, p, t
Goalr, 0, 2,p,8,7) = 2902 0G0 (020 6. G )| (11.103)
q0 a¢
¢=0
11.5.2 Neumann boundary condition
T _ (T 10T 10T 2T\ o ) (11104
ot~ oz T oo T2 0p? 022 A akibly ’
t=0: T=f(r,p,2), 0<a<?2, (11.105)
t=0: %{:F(r,(p,z), l<a<2, (11.106)
or
= M = t 11.1
r R or 91(%2, )7 ( 07)
oT
= M — = t 11.1
< 0 Oz 92(73907 )a ( 08)
lim T(r, ¢, z,t) =0. (11.109)
zZ—00

The solution:
27

/]

R
/f p,6,C) G (02 pr b, G, 1) pdp A
0

oo 2w R
+O/O/O/Fp7¢< Gr(r, 0,2 p,6,C,1) pdpddC
t oo 2w R
+0/0/0/0/<1> $,6,C,7) Ga (1,0, 26, G, — ) pdpddC dr
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oo 21

+ /gl(¢7§a7—) ggl(r,()O,Z,C,d),t—T)dd)dCdT

_|_

O\w O\w
Sy S —

0

R
/92 p7¢7 ggg(r,w,z,p,gb,t—T)pdpdd)dT. (11110)
0

The Laplace transform with respect to time ¢, the cos-Fourier transform (2.37)
with respect to the space coordinate z, the finite Fourier transform for 2m-periodic
functions (2.72) with respect to the angular coordinate ¢, and the finite Hankel
transform of order n (2.88) with respect to the radial coordinate r lead to

gf(r7 P25 Py d)ac t) 0o POE ( - atha)
gF<T7 Y, z,p, d)a C t 2R2 / thEa 2 - athQ)
gq;.(?", P25 P, d)ac t) 0 Ota lEaa(_aTFta)

(W e
x cos(zn) cos(¢n) dn + 2 Z/ Z / wotEBaa[ — a(€2,, + n*)t?]
0 QOtQ 1Eaa[_a< +’7) }

n=0 m=1

Eﬁm JIn (anm) Jn(rfnm)
X (R2€2 . — 2] [Jo (REnm)2 cos[n(p — @)] cos(zn) cos(¢n) dn, (11.111)
where J,!(&nm) = 0. The fundamental solutions to the first and second mathemat-
ical and physical Neumann problems are calculated as

R
gml(ra <p7 Z? C? ¢’t) = a ‘301 g@(r7 907 Z?p? QS? C’t) ) (11'112)
p=R
ago2
ng(T Y, z, p7¢7 ) g@<r7(puzapa¢a<-7t)’ 9 (11113)
q0 ¢=0
R
Goi(r, 0.2, G, t) = 0 Gr(ryp, 2, 0,0, C0t)| (11.114)
Dbo p=R
Gpa(r, 0,2, 80) = "9 Gy (r, 0,2, p, ¢7<,t>‘ (11.115)
Po ¢=0
11.5.3 Robin boundary condition
0T &T + Lor + 1 &°T + OT + q)( t) (11 116)
ote or2 r or 1?2 9p% 0922 GRS '

t=0: T=f(rez2), 0<a<2, (11.117)
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T
t=0: ?‘% =F(r,¢,z), l<a<2, (11.118)
or
r=R: o + HiT = g1(p, 2, 1), (11.119)
oT
z=0: — P + HoT = ga(r, o, t), (11.120)
z
lim T(r, ¢, 2,t) = 0. (11.121)
Z—00

The solution:

27

oo R
T(r,2 1) = / / / (96, C) G (101 2, 6, C, 1) pdpddC
0O 0 O

+ F(p7¢7<) gp(ntp,z,p,d),gt)pdpd(bdg

_|_

R
/‘I)(/)7¢7Ca7) Ga(r,p,2,p,0,¢,t —7) pdpdod{dr
0

_|_

S O o—_ 0\8
o\§ 0\8 0\8 o\:‘m
o\:c o\:‘w o\:‘w O\Dd

gl(¢7 C’ T) ggl (T, Y, z, Ca d)ut - T) dd)dC dr

+ 92<p7¢77—) gg?<r7@azupa¢at_T)pdpdd)dT' (11122)

The Laplace transform with respect to time ¢, the sin-cos-Fourier transform (2.40)
with respect to the space coordinate z, the finite Fourier transform for 2m-periodic
functions (2.72) with respect to the angular coordinate ¢, and the finite Hankel
transform of order n (2.92) with respect to the radial coordinate r result in

gf(ra<p7z7p7¢7<at) 4 00 o 00 pOEa[_a( 721m+772)ta:|
Gr(r, . 2,p,¢,C,t) | = WQ/Z’ S| wot Eas| —a(&2,, +n)te]
Ga(r, ¢, 2,p,6,(,1) 0 =0 MmN ot Baya [ — al€2,, + 0]

(R2HE + 128, — n) [ (Regm ) ™)

N cos(zn) + Ha sin(zn)
n + H3

Here &m ) (REnm) + H1Jn(Rénm) = 0.

[ cos(¢n) + Hasin(¢n)] dn. (11.123)
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The fundamental solutions to the first and second mathematical Robin prob-
lems are calculated as

aR
gml(ra(p7z7<a¢ﬂt) = Jo1 g@(ruSD7Z7p7 ¢7<at) ) (11124)
qo0 p=R
ago2
ng(ra907Z7p7 ¢7t) = % g‘I)(T7 v, z,p, ¢a<7t)’ . (11125)
¢=0

11.6 Domain 0 <r< R, 0< p<2m,0<2< L

11.6.1 Dirichlet boundary condition

0T o?°T 10T 1 0°T O*T
= d t 11.126
oo~ ¢ (31"2 + r Or + r2 Jp? + 822> T8, z1), ( )
t=0: T=f(rez), 0<a<2, (11.127)

oT

t=0: 5t = F(r,,z), l<a<?2, (11.128)
r=R: T=g(p,z1t), (11.129)
z2=0: T =ga(r,p,t), (11.130)
z=L: T=gs(r,pot). (11.131)

The solution:

2m

L R
T(r,2 1) = / / / (96, C) G (101 2 p, 6, C, 1) pdpddC
0O 0 O

L 27 R
+///F(pmz%()QF(T7<p,z,p,¢,C7t)pdpd¢dC
0 0 O
t L 2w R
+ (I)(p7¢7§a7—) g@(ra¢7z7p7¢7§at_T)pdpd¢d<dT
1]
t L 2w
+ gl(¢7§a7—) ggl(T’,()O,Z,C,d),t—T)dd)dCdT
1]
t 2w R
+ 92(p7¢77-)g92(r7§0725p7¢7t_T)pdpdd)dT
1]
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27

t R
[ [ [nl0.6.0 600 0200.6.t = 1) pdpdoar. (11.132)
0 0 O

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite sin-Fourier transform (2.44) with respect to the space coordi-
nate z, the finite Fourier transform for 27-periodic functions (2.72) with respect to
the angular coordinate ¢, and the finite Hankel transform of order n (2.84) with
respect to the radial coordinate r:

Gr(ryp, 2,00, C,t)

Gr(r,0,2,p,6,(,1)

Ga(r, 0,2, p,0,(, 1)
o s oo po Eo[ = a(&,, +m)t°]

Qot* " Ea,a[ — a(&h +np)t?]

X J”I;ZS[ZZ();QS’;;“) cos[n(p — ¢)] sin(znk) sin(Cmy).  (11.133)

Here &, are the positive roots of the equation J,(R&m) = 0, ni, = kw/L. The
fundamental solution to the first and second Dirichlet problems are:

Go1 (1,2, 6,C, 1) = — 119" 3g¢>(r,<p7az7p7 SO (11.134)
do P p=R
QQQ(T’, 0,2, p, ¢7 t) — ago2 39@(7“7 P52 Py d)a <7t) ) (11135)
q0 a¢ o

The fundamental solution to the third Dirichlet problem Gg3(r, ¢, 2, p, ¢,t)
is obtained from the fundamental solution to the second Dirichlet problem
Gya(r,, 2, p, ¢, t) by multiplying each term in the series by (—1)**+1.

11.6.2 Neumann boundary condition

o*T o*T 10T 1 0*°T  o*T
gra =9 (81"2 + - or + "2 g2 + 822) + O(r, 0, 2, 1), (11.136)
t=0: T=f(rez2), 0<a<2, (11.137)
t=0: %sz(ncp,z), l<a<2, (11.138)
T
r=R: 0 = g1(p, 2, 1), (11.139)

or
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oT
=0: - = t 11.14
z 0 Oz 92(73907 )a ( 0)
aT
=1L: = t). 11.141
: = gslre) (11.141)

The solution:

2T

L R
T(r,2,0,1) = / / / (96, C) Gy (101 2y 6, Co 1) pdp d G
0O 0 O

F(p,¢,Q)Gr(r,¢,2z,p,¢,(,t) pdpdedC

+

_|_

R
/‘I)(/L 6,¢,7)Go (1,0, 2,p,0,C,t —7) pdpdgd(dr
0
gl(¢7<77_) ggl(ra<p7z7<a¢at - T) dd)dC dr

92(p, 6. 7) Gga (1,0, 2, p, 6, t — T) pdpdedr

+

93(p, #,7) Gg3 (1,0, 2, p, b, t — 7) pdpdepdr. (11.142)

+

_|_
T — . T T T — . Tt
Tty Ot —y Tt Tt STy
S S Sy Sy O —

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite cos-Fourier transform (2.48) with respect to the space coordi-
nate z, the finite Fourier transform for 27-periodic functions (2.72) with respect to
the angular coordinate ¢, and the finite Hankel transform of order n (2.88) with
respect to the radial coordinate r:

Gr(r, e, 2,p,0,(,1)
Gr(r, ¢, z,p,¢,(,t)
Ga(r, 0, 2,p,9,(, 1)
. po Eo (— angt®)
_ 7TL2RQ Z, Z/ wot Emz( _ (mita) cos(zny) cos(Cnr)
k=0 n=0 @t Eo o ( — anit®)
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L&z pOEa[_a( 721m+77;%)ta}
+ DD wot Baa[ — al&h, + 0]

=0 m=0 m=1 QOta_lEa,a [ - a( %m + U}%)ta}

gq%mjn (r€nm) Jn(PEnm)
[R2€2,, — 1% [Jn(Rénm)]”
Here &, are the positive roots of the transcendental equation J/ (R&,,) = 0 and
m, = kw/L.
The fundamental solutions to the mathematical Neumann problems are cal-
culated as

cos[n(p — ¢)] cos(zmy) cos(Cng).  (11.143)

aRgo1

g?”nl(ra(p7z7¢7 C,t) = gq>(r,<p,z,p, ¢7 C,t) ) (11144)
qo0 p=R
a
G (r, @, 2.0, 0 8) = 0 Ga(r, 0, 2,p, 6. t)‘ ; (11.145)
qo0 ¢=0
a
oo 200.000) = "0 Golrpr 6.0 (11.146)
do ¢=L
The corresponding results for the physical Neumann problems read:
aR
Gpi(r,p2,0,C) = 0 Gr(rpzp, 0G0 (11.147)
p=R
ago2
gpQ(raSD7Z7p7¢7t) = gf(rﬂ90727p7¢7<at)‘ 9 (11148)
Do ¢=0
a
gp3(r390727p7¢7t) = 903 gf(ra<p7z7p7¢7<at)‘ . (11149)
Do ¢=L
11.6.3 Robin boundary condition
T _ a o°r + Lor + Lo + O°T + O(r, 0, 2, 1) (11.150)
ot or2 1 Ir 1?2 9p? 022 ¥ 25t '
t=0: T=f(repz2), 0<a<2, (11.151)
oT
t=0: ot = F(r,o,z2), l<a<?2, (11.152)
aT
r=R: o + H\T = g1(p, 2,t), (11.153)
oT
z2=0: ~ 9 + HoT = ga(r, o, t), (11.154)
z
aT

z=1L: 95 + HoT = g3(r, o, t). (11.155)
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The solution:

R
/ / (96, C) Gy (ra 01 2y 6, G, 1) pdp A
0 0

F(p,¢,Q)Gr(r,¢,2,p,¢,(,t) pdpdedC

+

+
T — s T T T T

(I)(p7 ¢7 ga T) g.:p(T’, P52, P, ¢7 gat - T) pdpd¢d< dr

gl(¢7 ga T) ggl (7’, ©, 2, ga d)at - T) dd)dg dr

+

92(p, 6. 7) Gga (1,0, 2, p, 6, t — T) pdpdedr

+

93(p, #,7) Gg3 (1,0, 2, p, b, t — 7) pdpdepdr. (11.156)

Ty Tty Tt T Ty
O\:U O\:U o\§ o\§ O\:U

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite sin-cos-Fourier transform (2.52) with respect to the space
coordinate z, the finite Fourier transform for 27-periodic functions (2.72) with
respect to the angular coordinate ¢, and the finite Hankel transform of order n
(2.92) with respect to the radial coordinate r:

gf(rﬂ P25 Py ¢7 Ca t)
Gr(r,@,2,p,0,¢1)
gcp(T, P25 Py ¢7 Cﬂ t)
4 co oo o) pOEQ[_a’( 721m+77]%)ta}
= I 'S wot EBap[ — a(€2,, +n3)t?]
k=1n=0 m=1 tho‘flEa,a [ _ a(&%m 4 m%)toz]

2 T (PEm) Tu(rum)
[R2H? + R2€2, — n2] [ Jo(Rénm))2 cos[n(p — ¢)]
. Mk cos(zmi) + Ho sin(zny)
n?+ H2 + 2H,/L

Here &,,,,, and n; are the positive roots of the transcendental equations
gnquIm(RgnM) + H1Jn(Rum) =0 and  tan(Lny) = 2H277k/(771% - H22)7

respectively.

[k cos(Cr) + Hasin(Cr)]. (11.157)
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The fundamental solutions to the mathematical Robin problems are calcu-

lated as
_ aRgo1

QM1(T3<)07Z7¢7§3t) - gq>(r,<p,z,p,¢,§,t) s

p=R

ng( 90727/)7@757 ) 1902 g¢(r7<pazapa¢a<7t)’ )

q0 ¢=0

gmB( 90727/)7@257 ) 1905 g@(T7<PaZaPa¢a<7t)’
q0 ¢=L

11.7 Domain R < r < 00, 0 < ¢ < 271,
—o<z< oo

11.7.1 Dirichlet boundary condition

0T (82T Lor 1 9°T O*T

ot 3r2+7’ 3r+7’2 02 +8z >+<I>(T<p,zt)7

t=0: T=f(rez), 0<a<?2,

oT
t=0: at:F(ncp,z), l<a<?,

r=R: T=g(pzt),

lim T'(r, ¢, z,t) =0, lim T(r,¢,z,t)=0.

r—00 z—+oo
The solution:

2w

T(r, 2, 0,1) ///f(p,¢,<)gf(nso,z,p,gb,m)pdpdasdc
-0 0 R

N
3

F(p,¢,Q)Gr(r,p,2z,p,¢,(,t) pdpdedC

+ | +
g3
\8 o\

|
8

+

o\w o\“

|
8

g(¢7 <a T) gg(ra Y, z, ¢7 Cut - T) dd)d( dT’

\8
O\:‘m O\§ ?0\8

(11.158)

(11.159)

(11.160)

(11.161)

(11.162)

(11.163)

(11.164)
(11.165)

/‘P(/LM,T)g«p(mp,z,p,qb,at—T)pdpd¢dCdT
R

(11.166)
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The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the exponential Fourier transform (2.20) with respect to the space coor-
dinate z, the finite Fourier transform for 27-periodic functions (2.72) with respect
to the angular coordinate ¢, and the Weber transform (2.108), (2.111) with respect
to the radial coordinate r:

gf(T7 P25 Py ¢a<7t) 1 00 00 Po Ea[_a<£2+n2)ta}

gF<r7 P52 P, d)ﬂ C7 t) = 272 / / Z/ wol Ea,2 [ - a’(§2 + 772)#!}

g.:p(T 22 pa¢ C t) —o0 0 =0 qota_lEa,a[_ a(£2 +772)ta]
In(r&)Yn (RE) — Y (r&) Jn (RE)

x cos[n(e — ¢)] cos|[(z — {)n] £ dE dn. (11.167)

The fundamental solution to the Dirichlet problem is calculated as

oo
oo

a—1 OO
gg(r7<p,z,¢),<7t) agot / /ZIanz _a 52 +7 )ta}

OnO

— 00

Jn(r)Yn (RE) — Y (r§) Jn (RE)

J2(RE) + Y2(RE) cos[n(p — ¢)] cos[(z — ()l £dEdn.  (11.168)

11.7.2 Neumann boundary condition

o*T o?°T 10T 1 0°T O*T
= P t 11.1
oo~ (8r2 o T2 0p? + 622> + (e, 2,1), (11.169)
t=0: T=f(rez2), 0<a<2, (11.170)
oT
t=0: ot = F(r,o,z2), l<a<?2, (11.171)
oT

=R: - = t 11.172
r g = 9, 21), ( )
Tlgr(}lo T(r,p,z,t) =0, zgrinoo T(r,p,2,t) =0. (11.173)

The solution:

2w oo

T(r, 2, 0,1) ///f(Pa¢aC)gf(r7<PaZaPa¢aC7t)Pde¢d<
—oc0 0 R

21 oo

+/ O/IZF(p7¢7<)gF(T,gD7Z7p7¢7<’t)pdpd¢dC
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t oo 2m oo

+O/_ZOO/R/M¢ CT)Ga (0,2, p, 6, ¢t — 7) pdpddC dr

t oo 2w

+///Q‘M’ )Gy (02,6, (0 = 7) dgdCdr. (11.174)

0 —oco 0

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the exponential Fourier transform (2.20) with respect to the space coor-
dinate z, the finite Fourier transform for 27-periodic functions (2.72) with respect
to the angular coordinate ¢, and the Weber transform (2.108), (2.113) with respect
to the radial coordinate r:

gf(T7 P25 Py ¢a<7t) 1 00 00 Po Ea[_a<£2+n2)ta}
gF<r7 P52 P, ¢ﬂ<7t) = 272 / /Z/ thEa,2[_a’(§2 ‘H?Q)ta}
gq>(7’,<p,2’,p, ¢7 Ca t) —o0 0 =0 qota_lEa,a[_ a(£2 +772)ta]
In(ré)Y, (RE) — Yy, ( ) ( £) /
x cos[n(e — ¢)] cos[(z — ¢)n] £ dE dn. (11.175)

The fundamental solutions to the mathematical and physical Neumann problems
are calculated as

gm(T907Z¢Ct _ago r oooo/ L 1Eaa —a(§2+n) ])
<gp(r,<p,z,¢),Ct >_ //Z < _a(§2+77) }

—oo 0
Jn(r&)Y, (RE) — Yo (ré)J, (RE)
. [J/(RE)? + [V (RE))? cos[n(p — @)] cos[(z — ()] dfdn.  (11.176)

11.7.3 Robin boundary condition

oo T 19T 1 PT 0T
= 3 t 11.1
oo~ “ (8r2 o T Op? i 622> + (e, zt), (11.177)
t=0: T=f(r,p,2), 0<a<2, (11.178)
oT

t=0: ot = F(r,¢,z2), l<a<2, (11.179)

oT
r=R: ~ 9 + HT = g(p, 2, t), (11.180)

r
lim T'(r, ¢, z,t) =0, lim T(r,¢,z,t)=0. (11.181)

r—00 z—+o0
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The solution:

2w oo

T(r, 2 0,1) ///f(Pa¢aC)gf(r7<PaZaPa¢aC7t)Pde¢d<
—oc0 0 R

N
3

F(p,¢,0)Gr(r,p,2z,p,¢,(,t) pdpdedC

‘ +
g ——3
\8 O\

+

/‘P(/LM,T)g«p(mp,z,p,qb,at—T)pdpd¢dCdT
R

|
8

+

o\w O\w

|
8

9(0,¢,7) Gg(r,p,2,6,(,t — 7) dpd(dr. (11.182)

\8
O\:‘m O\§ ?0\8

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the exponential Fourier transform (2.20) with respect to the space coor-
dinate z, the finite Fourier transform for 27-periodic functions (2.72) with respect
to the angular coordinate ¢, and the Weber transform (2.108), (2.115) with respect
to the radial coordinate r:

Gr(r, 0,20, 6, ) | F R po Eo [ — a(& +17)t7]
gF(T7 ©w,z, P, ¢a<7t) = 27‘&'2 / /Z/ th Ea72[_ a(£2 +772)ta]
g<1>(7’a§0727/77 ¢7 ga t) —o0 0 =0 QOta_l Ea7a[_ a(£2 +772)ta]

In(r§)[EY, (RE) — HY,(RE)] — Y (r&)[€];, (RS) — H.Jn (RE)]
[§J7.(RE) — HJ,(RE)]? + [£Y,(RE) — HY, (RE)]?
X {Tn(p8) (€Y, (RE) — HY (RE)] — Ya (p8)[§7,,(RE) — HJn(RE)]}
x cos[n(p — @)] cos[(z — ()n] £ dg dn. (11.183)
The fundamental solution to the mathematical Robin problem is written as

/Z’Em —a(& + )]
0

n=0

agota 1

gm(ra ®, 2, ¢7 C’ t)

é\g

In (rE)[EY, (RE) — HY(RE)] — Yo (r&)[§7, (RE) — H Ty (RE))]

8 (€71 (RE) — HJ, (RO + [€Y,(RE) — HY,,(RE))?

x cosin(p — 6)] cos|(z — C)n] € d€ dn. (11.184)
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11.8 Domain R<r < o0, 0< p<2m,0< 2 < 00

11.8.1 Dirichlet boundary condition

0T o?°T 10T 1 9°T O*T
oo (31"2 + v or + r2 92 + 922 ) + O(r, 0, 2, 1), (11.185)
t=0: T=f(r,p,2), 0<a<2, (11.186)

T

t=0: (?% = F(r,o,z), l<a<2, (11.187)
r=R: T=g(p,z1t), (11.188)
z2=0: T =ga(r,p,t), (11.189)
Tlgr(}o T(r,p,z,t) =0, Zlgr(}o T(r,p,z,t) =0. (11.190)

The solution:

27

T(r, 2, 0,1) = / / / (9,6, C) Gy (101 2y 6, G, 1) pdp d
0 0 R

oo 27T 00
4 [ [ [F0.6.06000.2.0.0.¢.0 papasac
00 R
t oo 2w oo
+ (I)p7¢ ga (T7§07Z7p7¢7§3t_T)pdpd¢d<dT
[}
t oo 27
[ [ [a0.cn0nnpzo.ct-nasacar
00 0
t 2w oo
+ 92(p, 6, 7) Gga (r, 0,2, p, &, t — ) pdp de dr. (11.191)
/1]

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the sin-Fourier transform (2.25) with respect to the space coordinate
z, the finite Fourier transform for 27-periodic functions (2.72) with respect to the
angular coordinate ¢, and the Weber transform (2.108), (2.111) with respect to
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the radial coordinate 7:

gf(r7 P25 P, ¢aC7t) 9 00 0O Po Ea[_a(§2 “F?’]Q)ta}
gF(T7 ©w,z, P, ¢a<7t) = 7_[_2 //ZI th Ea,Q[_a’(éQ +772)ta]
gq) (T7 ©w,z, P, d)a <7 t) 00 =0 qota_lEa,a [ - a(§2 + 772)#!}

In(r§)Yn (RE) — Yo (ré) Ju (RE)
JA(RE) + Y (RE)
@

. (€)Y (RE) — Ya(p6) 1 (RE)
— ¢)] sin(zn) sin(¢n) £ dE dn. (11.192)

x cos[n(
The fundamental solutions to the first and second Dirichlet problems are calculated

as

a—1 oo oo 00
Gr(r02,06.0) = = [ [ S B = al€ 4]
o o m=0
Jn(r€)Yn (RE) — Yo (r&) Jn(RE)
J2(RE) + Y2 (RE)

n

cos[n(p — ¢)] sin(zn) sin(¢n) £dEdn, (11.193)

aR902 ag‘b (T7 v, z,p, d)u C7 t)

Goo(r, 0,2, p,0,t) = ’ . 11.194
.‘12( ¥ P ¢ ) 9 ag c=0 ( )
11.8.2 Neumann boundary condition
o*T o*rT 10T 1 0*°T  o*T
= P t 11.1
oo~ (8r2 o T2 0p? + 622> + (e, 2,1), (11.195)
t=0: T=f(r,p,2), 0<a<2, (11.196)
t=0: %1; = F(r,o,z2), l<a<2, (11.197)
oT
= M — = t 11.1
r R or 91(90727 )a ( 98)
oT
z=0: — 95 = g2(r, o, t), (11.199)
lim T'(r, ¢, z,t) =0, lim T(r, ¢, z,t) =0. (11.200)

T—00 Z—00
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The solution:

oo 27T 00
T(r,z,p,t) = f(ps9,Q) Grlr,0,2,p,9,(,t) pdpded(
/1]
00 2T o0
+ F(p,¢.Q)Gr(r, ¢, 2,p, ¢, t) pdpded(
[l]
t oo 2w oo
+ ®(p,6,(,7)Ga (1,0, 2,0, 0,0, t — 7) pdpdedCdr
[1]]
t oo 27
+ 91(6,¢,7) Gg1 (1,0, 2,0, (, t — 7) dpd( dT
/1]
t 27w oo
+ 92(p, &, 7) Gga (r, 0,2, p, &, t — ) pdp de dr. (11.201)
[]]"

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the cos-Fourier transform (2.37) with respect to the space coordinate
z, the finite Fourier transform for 2m-periodic functions (2.72) with respect to the
angular coordinate ¢, and the Weber transform (2.108), (2.113) with respect to
the radial coordinate 7:

gf(r7 ©w,z,p, ¢a<7t) 9 00 00 Do Ea[_a(§2 ‘H?Q)ta}
gF(T7 ©w,z, P, ¢a<7t) = 7_[_2 //ZI th Ea72[_a’(§2 +772)ta]
g‘li' (7”7 Y, z,p, d)a C7 t) 00 =0 qota_lEa,a [ - a(§2 + 772)15&}

In(r€)Y, (RE) = Yo (r&) T, (RE)
[T (RE)? + [V (RE)?

x cos[n(p — ¢)] cos(zn) cos({n) & dE dn. (11.202)

The fundamental solutions to the first and second mathematical and physical
Neumann problems are calculated as

Gmi(r, 0, 2,9,(,t) 4a901 Tr> /<ta 'Eo| —a(® +n?)t ])
<gp1(,§0727¢7§, > !!Z —0,(524-77) ]

[Tn(p€) Y (RE) = Y (pS) T, (RE))]

n=0

In(r€)Y, (RE) = Yo (r&) J, (RE)
[Ja(RE)]? + [V (R

x cos[n(y — @)] cos(zn) cos(¢n) d€ dn, (11.203)
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ng(T Y, z, ¢7 P, ) 2002 g‘I)(T7 v, z,p, ¢a<7t)’ 9 (11204)
¢=0

Ga(r 0,2 6 pr 1) = ﬁgzgf<r,w,z,p7¢7<,t>\ . (11.205)
¢=0

11.8.3 Robin boundary condition

(?(;a ((;9;?2—' + i (ZZ‘ + :2 ZZZ; + ?;:;) + O(r, 0, 2, 1), (11.206)
t=0: T=f(r,p,z), 0<a<?2, (11.207)

t=0: %:tr F(rp,2), l<a<z2, (11.208)

r=R: (ZT—FHlT:gl((p,z,t), (11.209)

z=0: —gj; + HoT = go(r, p, 1), (11.210)

rlggo T(r,p,2z,t =0, zll>nolo T(r,p,z,t) =0. (11.211)

The solution:

00 2T o0
T(r,z,¢,t) = f(ps9,Q)Gr(r,0,2,p,9,(,t) pdpded(
/]
oo 27T 00
4 [ [ [F0.6.06000.2.0.0.¢.0 papasac
00 R
t oo 2w oo
+ (I)p7¢ ga gcp( 90727/)7(773 Cvt_T)pdpd¢d<dT
[}
t oo 27
[ [ [a0.cn0ntnpz0.t-nasdcar
00 0
t 2w oo
+ 92(p, 6, 7) Gga (r, 0, 2, p, &, t — 7) pdp de dr. (11.212)
[]]"

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the sin-cos-Fourier transform (2.40), (2.42) with respect to the space
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coordinate z, the finite Fourier transform for 27m-periodic functions (2.72) with
respect to the angular coordinate ¢, and the Weber transform (2.108), (2.115)
with respect to the radial coordinate 7:

gf(T7 P25 P, ¢aC7t) 9 00 0o DPo Ea[_a<£2+7’]2)ta}
gF<T7 P25 P, ¢a<7t) = 2 //ZI thEa,2[_a’(§2 ‘H?Q)ta}
gq) (T7 ©w,z, P, d)a <7 t) 00 =0 q0ta_1 Ea,a [ - a(§2 + 772)#!}

oo In(rOIEY I (RE) — HiYn(RE)] = Yo (r§)[€ ], (RE) — HuJu(RE))
(€75 (RE) — HiJn(RE)]? + [£Y,(RE) — HiYo(RE)]?

< {In(p€) 8V, (RE) — H1 Yo (RE)] = Yo (p&) (€, (RE) — HuJn(RE)]}

ncos(zn) + Hasin(zn)
n + H3

x [ncos(¢n) + Hy sin(¢n)] € dE dn. (11.213)

The fundamental solutions to the first and second mathematical Robin problems
are calculated as

x cos[n(p — )]

_ dagort*! o 2 24 ,a
gml(ra<p7z7¢7 ga t) - 3 Z Ea,a[_ a(& +T] )t }
o o n=0

In (rO)[€Y, (RE) — H1 Yo (RE)] = Y (r&)[€], (RE) — HiJn(RE)]

© EJU(RE) — HiJu (RO + [€Y(RE) — Hy Y (RE))?
wcoslafip — ) "PC I oty sn(eleaan. (11210
ng(T‘,QD7Z7p7 ¢7 t) = agSQ g®<r7 ©w,z,p, ¢ﬂ<7t) . (11215)

¢=0
119 Domain R<r < oo, 0< p<2m,0< 2< L

11.9.1 Dirichlet boundary condition

0T o?°T 10T 1 0°T O*T

gpa =9 (81"2 t o t 2 P + 822> + ®(r, p, 2, 1), (11.216)
t=0: T=f(rez), 0<a<2, (11.217)
t=0: 8T:F(r,<p,z), l<a<2, (11.218)

ot



410 Chapter 11. Equations with Three Space Variables in Cylindrical Coordinates

r=R: T=qgl(pz21t), (11.219)

z2=0: T =ga(r,p,t), (11.220)

z=L: T=gs(r,et), (11.221)
lim T'(r,,z,t) = 0. (11.222)
T—00

The solution:

27

L (o'
T(r, 2, 0,1) = / / / (96, C) Gy (101 2 py 6, G, 1) pdp d G
0 0 R

o
3

+

F(p,¢,Q)Gr(r,¢,2,p,¢,(,t) pdpdedC

+

/‘I)(p7 ¢7 ga T) g<1>(7’a§0727/77 ¢7 gat - T) pdpd¢d<dT
R

gl(¢7 C’ T) ggl (T, Y, z, ¢7 Cat - T) dd)dC dr

3

_|_

92<p7 ¢7 T) g92<7°7 Y, z,p, d)ut - T) pdpdd)dT

3

P P g Sy S —» T —

_|_

_|_
O\w O\w O\w O\w O\h
O\m o\m o\h o\h o\

g3<p7 ¢7 T) gg3 (T7 v, z,p, d)u t— T) pdp dd) dr. (11223)

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite sin-Fourier transform (2.44) with respect to the space coordi-
nate z, the finite Fourier transform for 27-periodic functions (2.72) with respect to
the angular coordinate ¢, and the Weber transform (2.108), (2.111) with respect
to the radial coordinate r:

gf'(ra<P727P7¢7Cat) 0 o pOEa[_a<£2+nI%)ta]

Gr(r, o, 2,p,6,C,t) | = 2 S| wotBaga| - a(€? +n})te]
F\T",©,2,0,0,(, _7TL 0 a,2 nk

gCI’ (T, P, 2, P, ¢7 Ca t) 0 k=1n=0 qotOéilEOéva [ - a(€2 + nl%)ta]

In (€)Y (RE) — Yo (r€) Jn (RE)
J2(RE) + Y2(RE) [ (p€) Y (RE) — Yy (p€) T (RE)]

x cos[n(¢ — @)] sin(zng) sin(Cny) € dE, (11.224)
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where 1, = km/L. The fundamental solutions to the Dirichlet problems are calcu-

lated as

__dagort* s o 2 2y«
gg1(r,4p,z,¢,g,t) - 2L ZZ EOQOLI:_G’(S +nk)t ]

0 k=1n=0

JA(RE) + Y (RE)

x cos[n(p — @)] sin(zng) sin(Cnx) £ dE,

Go(r, ¢, 2,p,¢,(,t
Goa(r, 0,2, p, O, 1) = agoz 0Ga(r, v, z,p,¢,C )’ .
do aC o

6g y Py 2y Py Dy 7t
Gy (1, 0,2, p, o, 1) = — 003 o(r,o,2,p,0,¢ )’ |
q0 ¢ L

11.9.2 Neumann boundary condition

3°‘T_ 32T+13T+132T+32T + o 0
ot~ “Nar2 Troar T2 Op? 022 skl

t=0: T=f(r,p,2), 0<a<2,
oT

t=0: at:F(ncp,z), l<a<?,
oT
r=R: _ar :gl(¢7z7t)a
oT
=0: - = t
z Oz 92(73907 )a
oT

=1L: = t
z 32 93(7”7(p, )7

lim T'(r, ¢, z,t) = 0.

T—00

The solution:

27

L o
T(r,2,0,1) = / / / F(0.6.0) Gy (rs 0, 2. p 6, G, 1) pdpdedc
0 0 R

2m

L o0
dpdod
+!!ZF(p7¢7g)gF(T7<paZap7¢7<7t)p P ¢ C

(11.225)

(11.226)

(11.227)

(11.228)
(11.229)
(11.230)
(11.231)
(11.232)

(11.233)

(11.234)
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+
Tt~

/‘I)(p7 ¢7 ga T) g<1>(7’a§0727/77 ¢7 gat - T) pdpd¢d<dT
R

3

_|_

gl(¢7 C’ T) ggl (T, Y, z, ¢7 Cat - T) dC dd)dT

3

+

Tt~ T

92(p, &.7) G2 (1,0, 2, p, 6, t — T) pdpdedr

3

—g T T Ty

g3<p7 ¢7 T) gg3 (T7 Y, z,p, d)u t— T) pdp dd) dr. (11235)

o\m o\m O\m o\h

_|_
T~

=

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite cos-Fourier transform (2.48) with respect to the space coordi-
nate z, the finite Fourier transform for 27-periodic functions (2.72) with respect to
the angular coordinate ¢, and the Weber transform (2.108), (2.113) with respect
to the radial coordinate r:

gf(ra(p7z7p7 ¢7 ga t) 9 0o 50 Do Ea[_a(§2 +T]]?:)taj|
gF(TaSD7Z7P7¢7<at) = WL/Z/ZOI thEoz,2[_a(§2+n]%)ta]
Ga(r, 0,2, p, 6, ) 0 0= N ot Baye| — al€ + )17

In (€)Y, (RE) — Yo (r&) J,, (RE)
[T (RE)? + [V (RE)I?

x cos[n(y — ¢)] cos(zng) cos(Cnk) £ dE, (11.236)

where 7, = kn/L. The fundamental solutions to the Neumann problems are cal-
culated as

gml(r7 (Puzud)ugt) - 4(1901 T / = / ta_lEa7a[_a(§2+n]%)ta]
(gpl(ra<)07z7¢7gat) > a 7T2L O/Z Z < Ea[_a(éa—"_nl%)ta}

In(r§) Y, (RE) — Yo (r&) J;, (RE)
[Jn(RE)]? + [V (R

[Tn(p€) Y, (RE) = Y (pg) 1 (RE))]

x cos[n(e — @)] cos(zng) cos(¢ng) dE, (11.237)

G2 (1,0, 2,0, 6,t) = 9 Ga(r, 0, 2,p, qb,C,t)‘ , (11.238)
q0 ¢=0

Gris(r, 9,2, 6,6) = 7 G (10,2, ¢,C7t)’ : (11.239)

¢=L
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ago2
gp2(h90727p7¢7t): gf(ra<p7z7p7¢7<at)‘ )
Po ¢=0

agos
gp?(ra<)07z7p7¢7t): gf(ra<107z7p7¢7gat)‘
Po ¢=L

11.9.3 Robin boundary condition

o°T 32T+13T+162T+32T Lo n
ate ~ Nz T oor g2 0p? 022 A

t=0: T=f(rez), 0<a<?2,

oT
t=0: at:F(r,(p,z), 1<a<2,

oT
=R: -— H\T = t
r or + 1 91(90727 )a

oT
=0: - HoT = t
z 92 + Ho 92(7,7()07 )a

oT

=1L: HyT = t
z 92 + 2 93(7”7(p, )7

lim T'(r, z,t) = 0.

r—00

The solution:

2T

L (o'
T(r, 2 p.t) = / / / (96,0 Gr(ry 0,2, . 6, C, 1) pdp A dC
0 0 R

F<p7 ¢7 <) gF<r7 Y, z,p, d)a C7t) Pdpd¢dC

_|_
Tt~
O\:m‘

+
Tt~
By S— i Sy B

L
/
t 2w
+// 91(¢,¢,7) Gg1 (1, 0, 2,0, ¢, t — 7) dC dpdr
0 0
t 2w
+ 92(p, 6, 7) Gg2 (1,0, 2, p, 6, t — T) pdpdepdr
/]

/‘I)(p7 ¢7 ga T) g<1>(7’a§0727/77 ¢7 gat - T) pdpd¢d<dT
R
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(11.240)

(11.241)

(11.242)
(11.243)
(11.244)
(11.245)
(11.246)

(11.247)

(11.248)
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t 2w oo

+0/0//gs(p7¢77)gg3(r7<p,z,p,¢,t—T)pdpdcbdf- (11.249)

The fundamental solutions are obtained using the Laplace transform with respect
to time ¢, the finite sin-cos-Fourier transform (2.52) with respect to the space
coordinate z, the finite Fourier transform for 27-periodic functions (2.72) with
respect to the angular coordinate ¢, and the Weber transform (2.108), (2.115)
with respect to the radial coordinate 7:

gf(r7 wazapa ¢7<7t) 0 v o pO Ea[_a(§2 ‘5‘771%)75&}
gF<T7 v, z,p, ¢a<7t) = /ZZ th Ea72[_a’(§2 ‘H?;%)ta]
gq’(r7 wazapa ¢3<7t) h=1n=0 qota_lEChQI: - a(§2 +nl%)ta}

In(r)[€Y,) (RE) — H1 Yo (RE)] — Yu(ré) €], (RE) — HyiJn (RE)]
(€15 (RE) — HiJn(RE)]? + [§Y,/(RE) — H1Ya (RE)]?

< {Tn(pO)[EY,/ (RE) — H1 Yo (RE)] = Yo (p€) (€, (RE) — HyJn(RE)]}

Nk cos(zny) + Ha sin(zny)
x cos[n(p — ¢)] W2+ H2 4+ 2H,/L
X [ cos(Cmi) + Hasin(Cne)] € dE, (11.250)

where tan(Lny) = 2Honi,/(n; — H3). The fundamental solutions to the mathemat-
ical Robin problems are calculated as

dagote! TS &
gm1<r7 @azu¢aC7t) = a‘gﬁ;L /ZZ/EQ,C![_ a(§2 +nl%)ta}
0

In(r€)[EY,) (RE) — H1 Y (RE)] — Yu(ré)[€],(RE) — HiJn(RE)]
(€15 (RE) — HiJn (RE)]? + [§Y,/(RE) — H1Ya (RE)]?

Nk cos(zny) + Ha sin(zng)

<eoslnle =l e oy

X [ cos(Cm) + Ha sin(Cme )| € dE. (11.251)
Gma(r, 0,2, p, 6, 1) = 222 Ga(r, 0,2, p, dzc:t)’g_o, (11.252)
G (1, ¢, 2, ps &, ) = 223 Ga(r, 0,2, p, ¢,c7t)‘ . (11.253)

(=L



Chapter 12

Equations with Three Space Variables

in Spherical Coordinates

I have answered three questions, and

that is enough.

Lewis Carroll

“Alice’s Adventures in Wonderland”

12.1 Domain 0 <r<oo, -1 < u<l,
0< ¢ <2m

Consider the time-fractional diffusion-wave equation with a source term in spher-

ical coordinates r, 6, and ¢:
8“T_a 82T_~_28T+ 1 0 SineaT
ot or?2 r Or  r?sinf 00 tolv}
1 0*T
+ (b 9 0’ 7t b
r2sin’ 0 3902} (r,6,¢:%)
0<r<oo, 0<O0<m 0<p<27m.

Change of variable . = cos leads to the equation

0T 82T+28T+1 0 (1- 2)8T
ate ~ o2 Troar T g2 ou K ou
1 O*T

0<r<oo, —-1<pu<l 0<¢p< 2T

© Springer International Publishing Switzerland 2015
Y. Povstenko, Linear Fractional Diffusion-Wave Equation for Scientists and Engineers,
DOI 10.1007/978-3-319-17954-4_12

(12.1)

(12.2)
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In the subsequent text we will consider immediately Eq. (12.2). For this equation
the initial conditions are prescribed:

t=0: T=f(ru,q)), 0<a<?2, (12.3)
oT
t=0: 9t =F(r,u,p), l<a<2. (12.4)

As usually, the zero condition at infinity is assumed:

lim T'(r, u, ¢, t) = 0. (12.5)
T—00

The solution to the initial-value problem (12.2)—(12.5) is written as:

27

1 oo
T(r, o, 1) ///f 9.C.8) Gy (1 1y 0, 9, C, 6, 8) p dpdC db
0 —-10

1
-1
2w

/

The fundamental solution G (r, u, ¢, p, ¢, ¢, t) is the solution to the following
problem:

+ Fp7C d) gF T)Uﬂ(p7p7§ d)a )depdCdd)

+

o — . O\§

[
/

/<1>p7<¢, )G (o pts 0o, Gy 6.t — ) 2 dpdCdgdr. (12,6
0

9°G; _ [9°G; 209G, 1 9 o\ OG; 1 o
ot { Oor? +r or +r2 ou (1 B ) ou +r2 (1—p?) 992 |’ (12.7)
_0- _ . 0(r—p)
t=0: gf = Po r2 6(M - C) 6(()0 - d))a 0<a<?2, (128)
t=0: aagtfzm l<a<2 (12.9)

Now we introduce the new looked-for function v = +/r G;. In terms of this
function, the initial value problem (12.7)-(12.9) is rewritten as

0%v 321)+131)_1 +13 (1_ 2)81)+ 1 0%v
- ' g 2 (1) g |

ote or2  r Or  4r? r2 O ou dp
(12.10)
P
t=0: v= r3?2 S(r—p)d(n—0_dp—¢), 0<a<?2, (12.11)
r=0: % o, l<a<2 (12.12)

ot
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Next, we use the Laplace transform (2.1) with respect to time ¢, the finite
Fourier transform for 2m-periodic functions (2.72) with respect to the angular
coordinate ¢, the Legendre transform (2.75) with respect to the coordinate p,
and the Hankel transform (2.78) of the order n + 1/2 with respect to the radial
coordinate r. It should be emphasized that the order of integral transforms is
important. In the transforms domain we get

0471

e My, p, 6, 5) = j(; Tn1/2(p€) PI*(C) cos[m(p — )]

Inversion of all the integral transforms and bringing back to the fundamental
solution Gy = v/+/r gives [169]:

oo (1219

2n+1 (n—m)! m
Gr(r, 1y 0,0, Co 1) _”anz;)mzo n+m)!P" (1) P™(C)
x coslm / Eo (~a€21%) Jyorjo(r€) Juir jo(p6) €, (12.14)
0

where the prime near the summation symbol denotes that the term corresponding
to m = 0 in the sum should be multiplied by the factor 1/2.

Dependence of the fundamental solution (12.14) on the radial coordinate
r is presented in Fig. 12.1. The following nondimensional quantities have been

1.00

a=1 /
0.50
Gy 0.00 \

—0.50

—1.00
0.0 0.5 1.0 1.5 2.0 2.5

T

Figure 12.1: Dependence of the fundamental solution to the first Cauchy problem
in an infinite medium in spherical coordinates on the radial coordinate r (k = 0.5,

@:07¢:07C:O,,U/:0>
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introduced: ;
3 r at/?
g f= p g 1 r= K= \/ .
Do P P
The fundamental solutions to the second Cauchy problem and to the source

problem are obtained in a similar way and are expressed as [169]

gF(T7ua<p7p7§a¢at) . 1 1 2n+1 (n_m)l
(g‘b(r7uu¢7p7<a¢ut)> B ﬂ'\/T’p Z Z 2 (n+m)'

(12.15)

X Py () Py (C) cos[m(p — ¢)]

n lU()t Eoé72(—a€2ta)
’ O/ < qot® ' B o (—a&?t®) ) Tnt172(1€) Jnt1/2(p€) € dE. (12.16)

The nondimensional fundamental solutions

3 3

QF:p Gr and Go = p
’UJOt

o (12.17)

are shown in Figs. 12.2-12.4 and Figs. 12.5-12.7, respectively.

2.0
a=105
1.5 /
Gr 1.0

0.5 /

0.0 \

0.0 0.5 1.0 1.5 2.0 2.5
r

Figure 12.2: Dependence of the fundamental solution to the second Cauchy prob-
lem in an infinite medium in spherical coordinates on the radial coordinate r
(520579‘7:()’(;5:074-:07”:0)
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0.6
a=1.75

/

0.4

Gr 0.3 //

0.2 a = 1.05

0.1

0.0
0.0 0.2 0.4 0.6 0.8 1.0
1

Figure 12.3: Dependence of the fundamental solution to the second Cauchy prob-
lem in an infinite medium in spherical coordinates on the coordinate p (k = 0.5,
<p:07¢:07<:03f:06)

0.6
0-5 a=175
0.4 /

Gp 03
0.2 a =105

/

\
0.0

0 /8 m/4 3n/8 /2
©

Figure 12.4: Dependence of the fundamental solution to the second Cauchy prob-
lem in an infinite medium in spherical coordinates on the angular coordinate
(k=05 u=0,¢=0,(=0,7=0.6)
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0.35

0.30 ///

0.25

0.20
Go

0.10

0.05

0.00
0.0 0.5 1.0 1.5 2.0 2.5
r

Figure 12.5: Dependence of the fundamental solution to the source problem in
an infinite medium in spherical coordinates on the radial coordinate r (k = 0.5,
u=0,¢=0,(=0,7=0.6)

035
a=15

0.30

0.25 \\\\

0.20 N
Go

0.15

0.10

0.05 //

a=0.5 \
0.00

0.0 0.2 0.4 0.6 0.8 1.0
I

Figure 12.6: Dependence of the fundamental solution to the source problem in an
infinite medium in spherical coordinates on the coordinate p (k = 0.5, p = 0,
$»=0,(=0,7=0.6)



12.2. Domain 0<r <R, -1<u<1, 0<p <27
0.35
0.30

0.25 a=15

0.20 /
o=

0.15

0.10 / a=05

0.05

Go

0.00
0 /8 /4 3r/8 /2
P
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Figure 12.7: Dependence of the fundamental solution to the source problem in an
infinite medium in spherical coordinates on the angular coordinate ¢ (k = 0.5,

)UJ:OaQS:(LC:OaF:OG)

122 Domain 0<r< R, -1 < u<1,0< p <27

12.2.1 Dirichlet boundary condition

o~T {32T 2 0T 1 0
=a

oT
ote

1— 2

6r2+r(‘9r+r26u{( u)(f?u
1 0*T

+ r2 (1_,U'2) a(pg}+q)(r7ua907t)u

t=0: T:f(THU,,QD)7 0<OL§27

T
t=0: %t:F(r,u,go), 1<a<2,

r=R: T=g(uet).
The solution:

27 1

R
T(r, s, 1) = / / / (9 G 8) G (1o 19, 91 €. 6,8) p* dpdC do
0 —-10

(12.18)

(12.19)

(12.20)

(12.21)
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+
y

+
S O O~
o\:m‘ o

F(p, <7 ¢) gF(T7 s P Py ga d)a t) p2 deC dgb

Le—
— "t
O\m

o
3

®(p, ¢, 0.7) Go (1, s 0, p, €, b, t — 7) p* dpd( dgpdr

I
—

+

g(<7¢7 T) gg(r7 #3@7@1 d)at - T) dCd¢dT7 (1222)

—

|
—

with the fundamental solutions obtained by the Laplace transform to with respect
time, the finite Fourier transform for 27-periodic functions (2.72) with respect
to the angular coordinate ¢, the Legendre transform (2.75) with respect to the
coordinate p and the finite Hankel transform (2.84) with respect to the radial
coordinate r:

gf(T,,UNPa paC7¢7t) n )'
/ —m):
gF(T7#a<p7p7Ca¢vt) 7T\/T’pR2 ;nzonlzo 2n+ n—|—m)'
g@(ﬁ Hy @y Py Ca d)a t)
X P () P (€) cos[m(p — ¢)]
po Ea(— a§ Kt
X ’wot EQ)2<_a§ikta) 2
QOtailEa,a(_agikta) [Jé+1/2(R£nk)

Tnr1/2(rénk) Jnt1/2(pEnr) (12.23)

where &, are the positive roots of the equation J, 11 /2(R&uk) = 0.

The fundamental solution to the Dirichlet problem has the following form
[176]:

n

Gy o) = =" TS ST S an ) U B B )

n=0 k=1 m=0

x cos[m(p — )] JTH/Q(& ¢)

2 Jo
7 1o (Rk) nk Eaa (—a&lpt®) . (12.24)

Two known particular cases can be obtained from Eq. (12.24).
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Classical diffusion equation (o = 1)

n

|
Gy 0. 0nt) = = ZZ S Cn ) B )
n+1/2(r£nk:) o s2
x cos[m(p — )] JnH/Q(Rﬁnk) Enk exp (—a&pt) . (12.25)

This solution is presented in [20, 26].
Wave equation (o = 2)

[ e o) n

|
Gyl G0 = = V10 S22 S an 1) 0 R PO

0 k=1m=0

n+1/2(7’§nk)

<oostmle =0 ;T
n+1/2 n

sin (va&nit) - (12.26)

Dependence of nondimensional fundamental solution G4 on the coordinates
7, p and ¢ is displayed in Figs. 12.8-12.10. Here
R? r _ Vat/?

gg: g r=

= 12.27
agote—1 79 R’ " R ( )

12.2.2 Neumann boundary condition

o“r 82T+2 3T+ 1 0 ( B 2) oT n 1 o*r +a( )
ot T or2 r dr 2 0p ) o r2 (1 — p?) dp? hHe b
(12.28)
t=0: T=f(ruyp), 0<a<?2 (12.29)
T

t=0: %t =F(rpe), 1l<a<2 (12.30)

or
r=R: o = g, 0, t). (12.31)

The solution:

N
3

(0. ¢, 0)Gr(r, 0, p,C 0 t) p> dpd( de

—

T(r,p,@,t) =

|
—

F(p, C7 ¢) gF(T7 Hy @y Py C’ QS, t) p2 deC d(b

+

o\:‘w o

—
Ot — 5 “T—x

I
—
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(L0600 0000 0800

Figure 12.8: Dependence of the fundamental solution to the Dirichlet problem for

a sphere Gy (r, 11, ¢, ¢, ¢,t) on coordinates r and p for { =0, ¢ =0, ¢ =0, K = 0.5
[176]

()
000 0000 0600

Figure 12.9: Dependence of the fundamental solution to the Dirichlet problem for

a sphere Gy (r, 11, ¢, ¢, ¢,t) on coordinates r and ¢ for ( =0, ¢ =0, p =0, K = 0.5
[176]
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gt
e

0400 0000 0.400

I\

Figure 12.10: Dependence of the fundamental solution to the Dirichlet problem

for a sphere Gy(r, i, v, ¢, ¢,t) on coordinates p and ¢ for ¢ =0, ¢ = 0, 7 = 0.75,
Kk =0.5 [176]

t 2r 1 R
+ ®(p, ¢, ¢,7) Ga(r, 1, 0, p, (b, t — 7) p* dpd( ddpdr
[11]
t 2w 1
+ 9(C, &, 7) Gy (1, p 0, ¢, b, — 7) dC g dr. (12.32)
/11

The fundamental solutions are obtained using the Laplace transform with
respect to time ¢, the finite Fourier transform (2.72) for 2m-periodic functions with
respect to the angular coordinate ¢, the Legendre transform (2.75) with respect

to the coordinate pu and the finite Hankel transform (2.88) of the order n + 1/2
with respect to the radial coordinate 7:

Gr(rop, @,p,C,,1)
gF(r7 @5 P Ca d)a t)
g@(ra (229 Cv (rbv t)

X Py () Py (Q) cos[m(p — ¢)]

|
=1n=0 m=0 n+ m)
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Po Ea(‘“fikta)
X ’LUot Ea’g(—aggkta)
tha_l Ea,a <_a§721]gta)

where &,; are the positive roots of the equation J' nt1/2 (R¢,) = 0.
The fundamental solution to the mathematical and physical Neumann prob-
lems can be calculated as

gnk: Jn+1/2 (Tgnk) n+1/2 (pgnk:)

R
G (1, 1,0, C, 0, 1) = ai(; Go(r, 1, 0, p,ant)’ = (12.34)

R
Go(rop 0.6, = "DV Gy n 00| (12:35)
Po =R

12.3 Domain R<r<oo, -1 < u<1,
0< ¢ <27

12.3.1 Dirichlet boundary condition

o°T 82T+28T+ 1 0 (1- 2) oT
ote o2 r or 12 ou a ou
Lo b oy o £) (12.36)
7’2 (1 _ ‘LLQ) 8902 T7 /’1/7 (107 b N
t=0: T=f(r,u), 0<a<?, (12.37)
T
t=0: %t =F(rpe), 1l<a<2 (12.38)
r=R: T=g(u,et). (12.39)

The solution:

f(p.C8) Gr(r, 0, p,C, &, t) p> dpd( dep

-/
/

1
T(r, p, p,1)
—1
1
—1
2
0

F(p,¢,¢)Gr(r, 1, 0.p,C, 0,t) p* dpd( do

us

/

+

+
o — o\§ o\:‘w
— :3\8 :0\8

/@mc¢>%wu%mc¢vwmdmmwm
R

[u
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t 27 1
[ [ [atc.omG,mmpcot-rdcasar (12.40)
0 0 -1
with the fundamental solutions [170]

gf(r7 Hs Py Py ga d)a t)

I & 2n+1 (n—m)!
gF(T7MaSD7p7<a¢at) = W\/TPZ Z 2 (n—i—m)’
P CNTREN NN e m=o
Eo(—ag?t®)

< P20 P(Q) cosfm(ip = o) [ wmzwm
0 qot®~ 1Eaa( alt®)

XJn+1/2(7’§) Yiy1/2(RE) = Yoy1/2(ré) Jnsr/2(RE)
P2y ya(RE) 4 V2, (RO

X | Jng1/2(08) Yog1/2(RE) = Yig1/2(pE) Jpy1/2(RE) | £dE (12.41)

obtained using the Laplace transform with respect to time ¢, the finite Fourier
transform (2.72) for 2m-periodic functions with respect to the angular coordinate
©, the Legendre transform (2.75) with respect to the coordinate p and the We-
ber transform (2.108), (2.111) of the order n + 1/2 with respect to the radial
coordinate r.

The fundamental solution to the Dirichlet problem has the form

B agot 1\/R m)'
Go(r, i, 0,¢,0,t) = — m2r nZOﬂIZO n—|—m)!
X P (u) P(¢) cos[m /Ea,a (—ag?t®)
0
o Tn1/2(r) Va2 (BE) = Yo jo(r) g jo(BE) (12.42)

T2, 0(RE) + Y2, o (RE)

Figure 12.11 presents the dependence of the fundamental solution to the
second Cauchy problem on the radial coordinate with Gr = R3Gp/(twp). The
fundamental solution to the source problem Go = R3Gs/(qot® 1) is depicted in
Figs. 12.12-12.13. The fundamental solution to the Dirichlet problem is presented
in Fig. 12.14 with G, = tG,/go.
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2.0
a=1.05
1.5 /
Gr 10
a=1.65

/

0.0 ;

1.0 1.5 2.0 2.5 3.0 3.5
r/R

Figure 12.11: Dependence of the fundamental solution to the second Cauchy prob-
lem for a solid with a spherical hole Gg(r, i, ¢, p, ¢, ¢,t) on the radial coordinate r
forp=0,0=0,p/R=2,(=0, ¢ =0, and k = 0.5 [170]

0.5

0.4
0.3
0.2
0.1

0.0

Figure 12.12: Dependence of the fundamental solution to the source problem for a
solid with a spherical hole Gg (7, i, @, p, ¢, ¢, t) on the radial coordinate r for u = 0,
©=0,p/R=2,(=0,¢=0, and x = 0.5 [170]
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0.5
a=1.65
0.4
a=1.5
0.3 /
Go
a=1
0.2
/a =0.5
0.1 /
0.0 \
0.0 0.2 0.4 0.6 0.8 1.0

Figure 12.13: Dependence of the fundamental solution to the source problem for
a solid with a spherical hole Gg (r, 11, ¢, p, ¢, &,t) on the coordinate u for r/R = 2,
©=0,p/R=2,(=0,¢=0, and k = 0.5 [170]
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Figure 12.14: Dependence of the fundamental solution to the Dirichlet problem
for a solid with a spherical hole G4 (r, i, ¢, ¢, ¢,t) on the coordinate y for r/R = 2,
©=0,(=0,¢=0,and k = 0.5 [170]
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12.3.2 Neumann boundary condition

0T 62T+28T+1 0 (1- 2)8T
ote o2 r or  r?2ou a ou
1 o*T
P t 12.4
a1 ) s ) R (12.43
t=0: T=/f(rue), 0O0<a<2 (12.44)
t=0: %sz(r,m@), l<a<2, (12.45)
T
r=R: _?37“ = g(p, @, t). (12.46)

The solution is obtained using the Laplace transform with respect to time t, the
finite Fourier transform (2.72) for 27-periodic functions with respect to the angular
coordinate ¢, the Legendre transform (2.75) with respect to the coordinate y and
the Weber transform (2.108), (2.113) of the order n+1/2 with respect to the radial
coordinate r:

T(r,p, p,1)

o\:‘w

1 oo
//f (9.C.8) Gy (1 1, 0, 9, G, 6,8) p dp dC db
-1 R

N
3

F(p, <7 ¢) gF(T7 s P Py ga d)a t) p2 deC dgb

+
o

|
—

—
.y

¥
3

®(p, ¢, 0.7) Go (1, s 0, p, €, b, t — 7) p* dpd( dgpdr

+
o .
o

I
—

—
m—y

2m
0

with the fundamental solutions

gf(r7 My @5 Py ga d)a t)

1l K = 2n+ 1 (n—m)!
gF(T7M,SD7p7<,¢,t) _W\/TPT;M; 2 (n+m)'
g@(ny’a(pvf%gad)at)

+ g C ¢7 gg (T7 My Py ga d)a t— T) dg d(,b dT7 (1247)

o .
\H

—

Po Ea <_a§2ta)
’LUot Ea,g(—af%a)
tha_l Ea,a(_agta)

x Py (p) Py (¢) cos[m(p — ¢)]
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XJn+1/2(r§) n+1/2<R§) n+1/2(r§) n+1/2(R§)
1RO+ [¥iaaRO]

[Jn+1/2(/’§) n+1/2(R§) n+1/2(/’§) n+1/2(R€):|§d§ (12-48)

The fundamental solutions to the mathematical and physical Neumann problems
have the form

gm(r7 s P, ga d)a t) - (lgo\/R _ m)[
<gp(7°7ﬂa%<,¢,t) ) B 7T2\/T nZOnIZO 2 + n—|—m)'

oo ta_lEaa g2t
< P20 PG cosim( — 0) [ ( al—a >>
0

E,(—alt®)
Jn+1/2(T€) n+1/2(R€) n+1/2(7’§) n+1/2(R§)

dé€. (12.49)
{Jé+1/2 <R£)} + |:Yn+1/2 (R§)}



Conclusions

All tragedies are finished by a death,
All comedies are ended by a marriage.

Lord Byron

We have shown that the time-nonlocal generalization of the Fourier law with the
“long-tail” power kernel results in the time-fractional diffusion-wave equation

0T
ore = aAT

with the time-fractional Caputo derivative of the order 0 < a < 2. This equation
in the case 0 < « < 1 interpolates the elliptic Helmholtz equation (« — 0) and
the parabolic heat conduction equation (o = 1). When 1 < a < 2, the diffusion-
wave equation interpolates the standard heat conduction equation (o = 1) and
the hyperbolic wave equation (a = 2).

The solutions to the fractional diffusion-wave equation have been obtained in
different space domains. Numerical results depicted graphically are an integral part
of the book. In figures, we have tried to show the transition of solutions from the
Helmholtz equation through the heat conduction equation to the wave equation.
Unfortunately, for reasons of space, it is impossible to exhibit the whole spectrum
of numerical results. Therefore, we have restricted ourselves to the most essential
and representative figures. The solutions of fractional diffusion-wave equations in
the case 1 < a < 2 approximate propagating steps and humps typical for the
standard wave equation in contrast to the shape of curves describing the solutions
for 0 < a < 1. In particular, it is evident from figures how wave fronts arising in
the case of the wave equation are approximated by the solutions of time-fractional
diffusion-wave equation with « approaching the value 2.

The classical theory of heat conduction predicts that the effects of a distur-
bance will be felt instantaneously at distances infinitely far from its source. This
limitation of the theory follows from the fact that the classical heat conduction
equation is a parabolic-type equation. The hyperbolic-type transport equation al-
lows finite wave speed for signals. The wave equation corresponding to a = 2
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permits propagation of waves at finite speed. Nevertheless, in the case of time-
fractional diffusion equation with 1 < o < 2 the propagating peaks approximating
a delta function are also exhibited. The solutions for 1 < a < 2 have peaks
propagating with constant speed (a feature typical for wave equation), but the
strength of these peaks is decreasing with time (dissipation typical for heat con-
duction equation). From the analysis presented in Chapter 4, we can conclude
that for 1 < a < 1.36 the solution has features more closely resembling those
of the heat conduction equation. For 1.69 < a < 2 the solution resembles the
solution to the wave equation and the intermediate behavior corresponds to the
values 1.36 < o < 1.69. The analysis of distinguishing features of the fundamental
solution to the first Cauchy problem carried out in Chapter 4 is based on introduc-
ing the similarity variable \/afa /2 It should be mentioned that the same method
can be applied for any twice-differentiable function that depends on the similarity
variable or another one in the form of the product of the power functions in = and
t (see also [19, 93-97, 155, 160, 210]). The fundamental solutions for many linear
partial differential equations of fractional order possess this property and can be
investigated by the method presented in Chapter 4.

In this book, we have used heat conduction terminology (the generalized
Fourier law, the fractional heat conduction equation). As a rule, fractional heat
conduction and fractional diffusion have the same origin. Sometimes, the diffusion
interpretation (the generalized Fick law, the fractional diffusion equation) may give
a clearer insight into the physical aspects of the theory. At the level of individual
particle motions the classical diffusion corresponds to Brownian motion which is
characterized by a mean-squared displacement increasing linearly with time

(z?) ~ at.

Anomalous diffusion, which is exemplified by a mean-squared displacement with
the power-law time dependence

(z%) ~ at®

at the level of individual particle motion, has been modeled in numerous ways. The
continuous time random walk (CTRW) theory (see [114, 116, 122] and references
therein) is in most common use and allows one to extend classical Brownian ran-
dom walks to variable jump lengths and waiting times between successive jumps.
The velocity model in a CTRW scheme [112, 236] assumes that the particle moves
at constant velocity to the new site. The power-law tails make it possible to have
very long waiting times, and in the subdiffusion regime (0 < « < 1) particles on
the average move slower than in ordinary diffusion which corresponds to o = 1.
In the superdiffusion regime (1 < « < 2) particles on the average move faster
than in ordinary diffusion. For dimensions higher than D = 1, solutions of a time-
fractional diffusion-wave equation for 1 < a < 2 can be bimodal, and from a
waiting time perspective correspond to the velocity model.
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In this book, the integral transform technique has been used, and the funda-
mental solutions are expressed in terms of Mittag-Leffler functions. For particular
cases of the classical heat conduction equation (o = 1) and the wave equation
(a = 2), when the Mittag-LefHler functions are reduced to exponential and trigono-
metric functions, the obtained solutions coincide with those given in [26, 31, 98,
140, 144]. To obtain these particular cases of solutions the integrals presented in
the Appendix have been used. It should be emphasized that infinite Fourier series
appearing in solutions are well convergent. Some difficulties in calculations arise in
the case of the wave equation (o = 2). But in this case the solutions are obtained
in the analytic form which allows us to test the computer routines and to decide
when to truncate the infinite series. Special functions appearing in the particular
cases of the solutions were computed according to routines descibed in [194]. The
Mittag-Leffler functions were calculated by FORTRAN programs that implement
the algorithms proposed in [52] (see equations (2.152)—(2.155)). The interested
reader is also referred to the MATLAB programs [111] which also use the same
algorithms.

In the finite space domains we, as a rule, have considered Dirichlet, Neumann
and Robin boundary conditions. For the time-fractional diffusion-wave equation,
two types of Neumann and Robin boundary conditions can be considered: the
mathematical one formulated in terms of the normal derivative of the sought
function and the physical one formulated in terms of the flux. These two types
of boundary conditions coincide only in the case of the classical heat conduction
equation (@ = 1), but for « # 1 they are essentially different. It should also
be mentioned that using appropriate integral transforms, the mixed boundary
problems can also be considered (see, for example, [48, 144], where the mixed
boundary-value problems were studied for classical partial differential equations).

In Chapter 11, for reasons of space we have not considered the wedge domains
with 0 < ¢ < ¢p. The solutions for such domains can be easily obtained using the
corresponding results from Chapter 8.

The interested reader is also referred to the papers in which the time-frac-
tional diffusion-wave equation was considered in Cartesian coordinates [3, 4, 25,
57, 58, 100, 101, 106, 110, 145, 146, 154, 162, 177, 181-183, 187, 220, 224]; in
cylindrical coordinates [73, 126, 145, 146, 148, 149, 156, 157, 160-163, 166, 168,
171, 174, 175, 179, 182, 186, 188, 190, 197] and in spherical coordinates [89, 150—
153, 162, 164, 169, 170, 173, 176, 182, 184, 185, 189, 197].

In this book, we have considered the time-fractional diffusion-wave equation
with the Caputo fractional derivative. Equations with the Riemann—Liouville frac-
tional derivative have also been studied in [69, 113, 134-139, 203, 225, 226, 229] as
well as more complicated models, in particular fractional diffusion equations of dis-
tributed order (see [7, 8, 27-29, 55, 84, 108, 109, 125, 213] and references therein)
and the generalized diffusion equation containing the fractional time-derivative
with a weight and a scale [232].
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Divide et impera.

Julius Caesar

Divide et integra.

Tadeusz Trajdos

The indefinite integrals are borrowed from [18, 35]:

1 2 1-—
/ dz = arctan \/ “tan , 0<e<l, (A.1)
1+ecoszx V1 — g2 1+¢ 2

1 1 t
/ ) —— dz = o arctan< z.mx> , (A.2)
p? —q2cos?x p?siny sin y

where ¢? < p?, v = arccos (Z).
To obtain the particular case of solutions for the wave equation the following
integral is often used:

/cos(bcc)d:c =md(b). (A.3)
0

Integrals containing elementary functions are taken from [60, 195]; integrals (A.18),
(A.20), (A.23) and (A.24) have been evaluated by the author:

o0
sin(bx T
/ ( )dx = _ signb. (A.4)
T 2
0
o0
x ™
sin(bz)dz = _ e~ !*Isignb. A5
[ o o sin(br)do = T sig (A5)
0
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oo

sin(bx) T ibel\ -
/ 2(2? + c2) dz = 002 (1 —e I) sign b. (A.6)
0
r 1 T _be
2242 cos(bx) dz = 9.8 b>0, ¢>0. (A.7)
0
r — cos(b
/ Cos(ax)ﬁ cos(bz) 4, ;T(b —a), a>0,b >0. (A.8)
0
Vi cos(az) — cos(bx) ™ —b _
d — b _ C __ ac
/ 202 4 2) | O g (- @et e —en ], (A.9)
a>0,b>0, c>0.
Vi sin(az) — az cos(ax) T o .
/ 3 dr = a*signa. (A.10)
0
T _ip
oo op € cosh(bg), 0<gq<p,
/ cos(pz) cos(qz) | b>0.  (A11)
2 + b2 T
0 e " cosh(bp), 0<p<yq,
2b
T
—5¢ sinh(bg), 0<gq<p,
ooxcos(pa;) sin(ga) d T em2p 0<p=gq, b>0 (A.12)
2242 =14 ; p=4q, : :
0
;Te*bq cosh(bp), 0<p<yq,
ooe_pw . .
sin(qz) dz = arctan ) p > 0. (A.13)
€ p
0

2,2 2
/xe_“ T sin(bz) dx = Vb exp (— b ) , a>0. (A.14)
a

4a3
0

T 2a

/ 1 ema’e’ sin(bx) da = g erf( b > , a>0. (A.15)
0
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o0

2
/e_‘12”’2 cos(bz) dz = v exp( b ) , a>0.

2a  4q2
0

oo

2 —a222 o \/ﬂ' . bQ - bQ
/1: e cos(bx) dx = a3 (1 2a2> exp< 1a2 ) a>0.

0

o0

/cos(bz) — cos(cx) e—atat g, _ T cerf( c ) _berf b
2 2 2a 2a
0
2a c? b?
+ \/ﬂ_ exp —4a2 — exp _4a2 3 a > 0.

T
T o 2 2 Jo ax/cQ—b2 , b<eg,
/ S E/C\éz+ +2a ) cos(br)dx = 2 ( )

2 +a

0, c<b.

7 24 42
/Costg/i a—;a ) cos(bz) dx
0
T —ab
a b
2 ° =7
- T —ab T 2 _ 12
9 © 2/J0(a\/u b?)du, b<ec.
b

jm@ﬂ—ﬁ)

1 a2 cos(qz) dx = g Jo (\/p2 + q2) :

0

1

O/Sin(p\/l — x22) cos(gx) da = 72r \/p2p+ - Ji (\/]72 + q2) .

jm@ﬂ—ﬁ) I

V1 — 22
0

sin(qz) dz = ;T /JO <\/p2 + u2) du, ¢q>0.
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(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)

(A.22)

(A.23)
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1
/ sin(pyv/1 — x2) /
sin(qz) d
X \/p —+ u2

Equations (A.25) and (A.26) are taken from [44], equation (A.27) has been
obtained by the author:

Ji (\/1)2 + u2) du, ¢ > 0. (A.24)
0

o1 b
/ 224 ema’e’ cos(bx) dx = Zc ea’e {ebcerfc (ac - 2a>
0
b
+ e*erfe (ac + 2a> } , a>0, b>0, ¢>0. (A.25)
[ = e e g (bz)dz = T e’ le—beerfe b
224 sin(br) dz = ac—
0
b
—eberfe (ac + 2a> } , a>0, b>0, ¢>0. (A.26)
I b
/ 222+ ) ema’e” sin(bz) dx = 4:2 o’ {— e "Cerfe (ac - 2a>
0
b b
+ ePerfe | ac + + 2670 erf ,a>0, b>0, ¢>0. (A.27)
2a 2a

Integrals containing the Bessel functions are taken from [196]; integrals
(A.30), (A.36), (A.37) have been evaluated by the author:

x

/ 22 4 p? Jo(gz)dz = Ko(pg), p>0, g>0. (A.28)
0
/ 2y (gz)dz = pKi(pg), p>0, ¢>0. (A.29)
7 qr)dx = ! —1K( ) >0, ¢>0 (A.30)

22 +p - qp2 p 1\pq), Pp y 4 . .
0
o w 1 q2

e P Ji(gx)d 1—exp|— , p>0, ¢>0. (A.31)
) g 4p

1 2
/sce*’””2 Jo(qz)dx = 2 exp <— Zp) ; p>0, ¢>0. (A-32)
0
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2
226 P Ji(gz)dx = 4;])2 exp (— Zp) , p>0, ¢>0. (A.33)

\8

—az? 1 b2+ be
Jy(bx) Jy(cx) xdr = 9 P (— ig > 1, (2a> . (A.34)

Ip(adb) Ko(ac), 0<b<e,
Jo(bx) Jo(cx)dx = A.35
2
a Ip(ac) Ko(ab), 0<c<b.

8
o
+ 8

0\8 0\8 o

7 Cax? 1 b + 2? bx
/e Jo(bzx) Ji(cx)dx = 20 /xexp (— A ) Iy (2a> dz. (A.36)
0 0
o
/ 22 4 a2 Jo(bzx) J1(cx) dx
0
1 (A.37)
aIl(ac)Ko(ab)7 0<ec<b,
alc [b[l(ab) Ko(ab) + Io(ab) (bKl(ab) - cKl(ac))} , 0O<b<c
/exp (—b\/ac2 + a2) Ji(cx) dz
0
— LT —ab _ _ 2 2
= {e 24 e exp( aVb? + ¢ )} . (A.38)
1
/xsm b\/l - 562) Jo(czx) dz
0
b sin (Vb2 + ¢2) 5 o
= e I cos (\/b +c ) (A.39)
1
T sin (\/b2 + c2)
0/ 12 oS (b\/l - x2) Jo(cx)dx = IR (A.40)

/\/1 1_ g2 60 (b\/l - 562) Ji(cx)da = i {cosb — cos (\/b2 + 02)} . (A41)
0
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1

/ sin (b\/ 1- gcQ) Ji(cx) da = i [sinb - \/b2b+ o sin (\/ b2t 02)} . (A42)
0

The discontinuous Weber—Schafheitlin type integrals read [196]

00 1
» 0<q<p,
/sin(pm) Jo(qz) dx = VD2 — ¢ (A.43)
0 0, 0<p<aq.
q 1
x - ’ 0< q<p,
/cos(pm) Ji(qzr)dz = VIR = p+ VP (A.44)
0 ¢, 0<p<g.
% P+ VP -
1 — cos(px) In , 0<qg<np,
/ P2) 5 (gz) da = q =p (A.45)
0 0, 0<p<aq.

sin (b\/at2 + p2> Jo(cx) dz

/Oo g
2 4 2
. \/.T +p
1
b2 2cos(p\/62—c2), 0<c<b,
—c

0, O<b<e.

(A.46)

The following integrals [196] appear in the case of the wave equation

o0

/sin ax J,(bx) J,(cx)dz

0
1 b2 1 2 — g2
e a>7 b—cl<a<b+ec,

P,

2\/bC 1/2 ( 2bC

= cos(vm) a? - b — 02>

— v , b+cec<a, 0<b<eg, A47
0 Qs (7 (A47)

0, 0<a<|b—¢,

where P,(r) and @, (r) are the Legendre functions of the first and second kind,
respectively. In particular,

0, 0<a<|b—c¢,
* 1

/sin(az) Jo(bx) JO(CQ;) dz = W\/bc K(k)7

’ 1 K<1> btc<a<
, c<a<oo.
kb k

b—cl<a<b+ec, (A.48)
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/cos ax) Jy (bx) Jo(cx) dE
0
0

) O<Cl<C—b7
1 c—a
{I—Ao(wl,kﬂ- K(k)}, 0<|c—bl<a<c+b,
b m/be
= (A.49)
1 1 1 /b 1
b 1—A0<@2,k>—ﬁk\/cK<k>1, 0<b+c<a,
1
. O0<l|la—c|<a+c<b,

where K (k) and E(k) are complete elliptic integrals of the first and second kind, re-
spectively. Heuman’s Lambda function is expressed in terms of incomplete elliptic
integrals of the first and second kind F(p, k) and E(y, k) as [1]

Ao(p, k) = i [B(k) F (e, k) + K(k) E(p, k') — K(k) F(p, k)]

Here
2 _ (h_ )2
g Vi W V1-k2 a>0, b>0. >0,
2v/be
arcsi \/ 2 arcsi \/a+c—b
= arcsin = arcsin .
#1 atbtre 72 a+b+c
/Jo(asc)Jo(bz)Jl(cx)dx
0
0, 0<ec<|a—b,
1 a2+ b2 -2
_ 7rcarccos( 90 ), la —bl <c<a+bd, (A.50)
1
) a+b<C.

c
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