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Preface

Many real-world problems are described by partial differential equations whose
numerical solution represents an important part of numerical mathematics. There are
several techniques for their solution: the finite difference method, the finite element
method, spectral methods and the finite volume method. All these methods have
advantages as well as disadvantages. The first three techniques are suitable
particularly for problems in which the exact solution is sufficiently regular. The
presence of interior and boundary layers appearing in solutions of singularly perturbed
problems (e.g., convection-diffusion problems with dominating convection) or
discontinuities in solutions of nonlinear hyperbolic equations lead to some difficulties.
On the other hand, finite volume techniques based on discontinuous, piecewise
constant approximations are very useful in solving convection-diffusion problems,
but their disadvantage is their low order of accuracy.

The most recent technique for the numerical solution of partial differential
equations is the discontinuous Galerkin method (DGM), which uses ideas of both
the finite element and finite volume methods. The DGM is based on piecewise
polynomial but discontinuous approximations, which provides robust numerical
processes and high-order accurate solutions.

During the past two decades the DGM has become very popular and a number of
works has been concerned with its analysis and applications. It appeared that the
DGM is suitable for the numerical solution of a number of problems for which other
techniques fail or have difficulties. We can mention singularly perturbed problems
with boundary and internal layers, which exist in solutions of convection-diffusion
equations with dominating convection.

Another possibility represents problems with solutions containing discontinuities
and steep gradients, as in the case of nonlinear hyperbolic problems and com-
pressible flow. This means that the DGM is suitable for the numerical solution of
problems appearing particularly in fluid dynamics, hydrology, heat and mass
transfer and environmental protection on the one hand, but also financial mathe-
matics and image processing on the other hand. Moreover, the DGM offers con-
siderable flexibility in the choice of the mesh design; indeed, the DGM easily
handles non-matching and non-uniform grids, even anisotropic, with different
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polynomial approximation degrees on different elements. This allows for a simple
treatment of Ap-variants of adaptive techniques. Finally, the DGM can easily be
parallelized, which is demanding in complex numerical simulations.

This book is devoted to the theory and applications of the discontinuous
Galerkin method. The first part of this book deals with theoretical aspects of the
discontinuous Galerkin (DG) method applied to the numerical solution of scalar
nonlinear convection-diffusion problems. Scalar equations serve as models for
several applications treated in the second part of the book. Our aim is to present the
DG discretization of model problems and to derive (a priori) error estimates.
Theoretical results are supported by numerical experiments demonstrating the
accuracy of the DG methods.

In order to better understand the basic principles of the discontinuous Galerkin
method, we start from a numerical solution of the simple Poisson problem having
mixed Dirichlet-Neumann boundary conditions. Hence, in Chaps. 2 and 3, we
describe the DG discretization and the derivation of error estimates in detail in order
to familiarize non-specialist readers with theoretical tools used in the DGM. We
tried to have material self-contained as much as possible. Therefore, these chapters
contain similar material on the DGM as other monographs.

In Chaps. 4-6 the main attention is paid to the analysis of discontinuous
Galerkin techniques for solving nonstationary, nonlinear convection-diffusion
problems. Chapter 7 is devoted to some generalizations of the DGM: the hp-version
of the DGM, the use of general polygonal elements and the effect of numerical
integration. Theoretical results are demonstrated by the solution of numerous test
problems.

The second part (formed by Chaps. 8-10) deals with applications of the DGM to
solving gas dynamics problems. The numerical schemes, proposed and analyzed in
the first part of the book, are extended to solving the system of equations describing
compressible flow, namely, in Chap. 8, the compressible Euler equations are
solved, Chap. 9 is devoted to the solution of viscous flow described by the com-
pressible Navier—Stokes equations, and in Chap. 10 the DGM is applied to simu-
lating compressible flow in time-dependent domains and to the interaction of
compressible flow with elastic structures. We also discuss the numerical solution
of the resulting systems of algebraic equations which is a fundamental aspect in the
practical use of the DGM for solving industrial problems. The treatment in the last
three chapters is accompanied by test problems and also technically relevant
applications proving the flexibility, accuracy and robustness of the described dis-
continuous Galerkin schemes.

We hope that the book will be useful to specialists—namely, pure and applied
mathematicians, aerodynamists, engineers, physicists and natural scientists. We
also expect that the book will be suitable for graduate and postgraduate students in
mathematics and in the technical sciences.

As for references, there is a rapidly increasing amount of literature on theoretical
aspects and applications of the DGM. We tried to quote the works relevant to the
topics of the book, but it is clear that many significant references have been
unintentionally omitted. We apologize in advance to those authors whose
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contributions are not mentioned or do not receive the attention they deserve.
We have tried to avoid errors, but some may remain. Readers are welcome to
send any correction electronically to the address dolejsi@karlin.mff.cuni.cz or
feist@karlin.mff.cuni.cz.

We are grateful to Profs. I. Babuska, F. Bassi, B. Cockburn, M. Dumbser,
A. Ern, R. Hartmann, J. Horacek, P. Houston, M. Kftizek, D. Kroner, M. Lukacova,
C.-D. Munz, R. Rannacher, S. Rebay, H.-G. Roos, A. Séndig, C. Schwab, C.-W.
Shu, V. Sobotkova, E. Siili, P. Svacek, F. Toro, M. Vohralik and W. Wendland for
valuable information, advice, comments, inspiring suggestions and stimulating
discussions which helped us during our work in the area of the DGM and in the
preparation of the manuscript. We also appreciate our cooperation with our col-
leagues V. Kucera and M. Vlasdk and Ph.D. students J. Cesenek, J. Hasnedlova-
Prokopové, O. Havle, M. Holik and J. Hozman in the DGM. Further, we are
grateful to our colleagues V. Kucera, M. Vlasak and Ph.D. students M. Balazsova,
M. Hadrava, A. Kosik, I. Soukup, 1. Sebestova, P. Simanek and A. Ziv&ak for
reading parts of the manuscript. Particularly, we are gratefully indebted to our
colleague K. Najzar, who carefully read the whole book and provided us with a
number of helpful suggestions.

Last but not least, we would like to thank Prof. W. Jdger, who recommended that
we publish the book at Springer and who managed our contacts with this publishing
house. We highly appreciate the cooperation with Springer staff, particularly with
project coordinator Ms. Thanh-Ha Le Thi and copyeditor Ms. Ann Konstant.
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Chapter 1
Introduction

The investigation of convection-diffusion problems is a very topical subject in theo-
retical as well as applied research. On the one hand, these problems play an important
role in fluid dynamics, hydrology, heat and mass transfer, environmental protection,
water transfer in soils, porous media flow, but also on the other hand, in financial
mathematics or image processing. The complexity of these problems prevent from
obtaining their exact solution. Therefore, developing a sufficiently robust, accurate
and efficient numerical method for computing approximate solutions of (nonlinear)
convection-diffusion equations is a challenging problem.

There is an extensive literature devoted mainly to linear convection-diffusion
problems, represented by monographs [187, 226, 245, 250] and references therein.
The main difficulty which has to be overcome in the numerical solution of convection-
diffusion problems is the precise resolution of the boundary layers. In physics and
fluid mechanics, a boundary layer is the layer of fluid in the immediate vicinity of a
bounding surface in which the effects of viscosity are significant.

If the equation under consideration represents a nonlinear conservation law with
a small dissipation, then besides boundary layers, also shock waves appear (slightly
smeared due to the dissipation), which represent the interior layers. This is particu-
larly the case of the Navier—Stokes equations describing viscous compressible flow
treated in the second part of this book.

The discontinuous Galerkin method (DGM) appears suitable for the numerical
solution of problems with solutions containing discontinuities and/or steep gradients,
see Sect. 1.1. For the discretization of convective terms, the DGM uses the concept
of a numerical flux, which is an important tool for the finite volume method (FVM),
using piecewise constant (and hence, discontinuous) approximations. In contrast to
the FVM, similarly, as in the finite element method (FEM), the DGM uses polynomial
approximations of higher-degree, which lead to higher-order schemes in a natural
way. From this point of view, the DGM can be considered as a generalization of the
FVM and FEM.
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2 1 Introduction

In this chapter we present a motivating example demonstrating a potential of the
DGM in comparison to the finite volume and finite element methods. Moreover,
we give a historical overview of the development of the discontinuous Galerkin
discretization of elliptic, parabolic and hyperbolic problems and also an application
of the DGM to the numerical solution of compressible flow. Finally, this chapter also
contains a survey of some mathematical concepts and results that are important for
understanding the subsequent treatment.

1.1 DGM Versus Finite Volume and Finite Element Methods

Among several fundamental techniques developed for the approximate solution of
partial differential equations, two methods figure the principal role:

e finite element method (FEM), which is based on piecewise polynomial approxi-
mations and applied mainly to elliptic and parabolic, i. e., diffusion problems,

e finite volume method (FVM), which is based on a piecewise constant approxima-
tions and applied mainly to convection or hyperbolic problems and problems of
fluid flow.

In the finite element method, the question arises: should we prefer to use conform-
ing or nonconforming finite elements? Conforming (i.e., continuous) finite element
approximations are suitable for problems with sufficiently regular solutions. How-
ever, in the solution of some special problems, using the conforming finite elements
leads to nonphysical solutions. As an example we can mention the approximation
of viscous incompressible flow. In this case, one often applies noncomforming finite
elements, for which the continuity is relaxed to some discrete points on interfaces
between neighbouring elements. This is the case of the well-known Crouzeix—Raviart
piecewise linear finite elements [68] that are continuous at midpoints of sides of tri-
angular elements.

On the other hand, singularly perturbed problems, nonlinear conservation laws
and compressible flow have solutions with steep gradients or discontinuities, and
their approximations by the FEM usually suffer from the Gibbs phenomenon, i.e.,
nonphysical oscillations, called spurious oscillations, in the approximate solution.
One way to avoid this drawback is to use a suitable stabilization as, e.g., the streamline
diffusion method or Galerkin least squares method and shock capturing stabilization,
see, e.g., [191]. These techniques are applied with success to the solution of scalar
equations describing heat and mass transfer or to the solution of the incompressible
Navier—Stokes equations. However, there are difficulties with the application of the
FEM to the solution of compressible flow. The extension of the stabilization methods
to the compressible Navier—Stokes equations (described, e.g., in [127, Chap.4]) is
rather complicated and other suitable methods have been sought.

Approximating discontinuous solutions (or solutions with steep gradients) by con-
tinuous functions (or functions that are continuous at some prescribed nodes) does not
appear quite natural. Therefore, the FVM using a piecewise constant approximation



1.1 DGM Versus Finite Volume and Finite Element Methods 3

could be more suitable, because the finite volume approximations are discontinu-
ous on interelement interfaces. This allows for a better resolution of shock waves
and contact discontinuities. On the other hand, the finite volume schemes are of a
low-order of accuracy. The construction of higher-order finite volume schemes is
connected with various obstacles. We can mention the treatment of boundary condi-
tions. Theoretical analysis of higher-order FVM is not developed.

A combination of ideas and techniques of the FVM and the FEM methods yields
the discontinuous Galerkin method (DGM) using the advantages of both approaches
and allowing us to obtain schemes with a higher-order accuracy in a natural way.
The DGM is based on the idea of approximating the solution of a given problem by a
piecewise polynomial function over a finite element mesh without any requirement
on interelement continuity. Moreover, it is not necessary to construct subsets of finite
element spaces in order to approximate the Dirichlet boundary conditions. This is
replaced by the application of the interior and boundary penalty. This approach
comes from theideas of Babuska, Zlamal and Nitsche [17, 228]. Hence, the DGM
can be considered as a fully nonconforming finite element technique. The use of high
polynomial degree approximations lead to a sufficiently accurate numerical solution
and the discontinuous approximations cause greater flexibility of the method, which
allows us a better resolution of problems having solutions with discontinuities or
steep gradients.

In order to illustrate some of the effects mentioned above, we present a numerical
solution of the 1D convection-diffusion problem

—eu’ +u' =11in 2 :=(0,1), u(0) =u(l) =0,

where u’ and u” denote the first- and second derivative with respect to x € £2,
respectively, and ¢ > 0 is the diffusion coefficient. For ¢ < 1, the problem is
convection dominanted and the exact solution has a steep gradient near x = 1 in the
boundary layer. We solve this problem numerically by three techniques:

e FEM: finite element method using the continuous piecewise linear approximation
over a uniform partition of 2 with spacing 7 = 1/32,

e FVM: finite volume method using the piecewise constant approximation over a
uniform partition of §2 with spacing h = 1/32,

e DGM: discontinuous Galerkin method using the discontinuous piecewise quartic
approximation over a uniform partition of §2 with spacing 7 = 1/8.

Let us note that in all three cases, we use approximately 32 degrees of freedom.
Moreover, no additional stabilization technique is applied.

Figure 1.1 shows approximate solutions obtained by the FEM, FVM and DGM
for e = 1072 and & = 103 in comparison with the exact solution. We observe that
the approximate solutions obtained by the FEM suffer from nonphysical spurious
oscillations, whose amplitude is increasing with decreasing ¢. It is possible to avoid
them by using a suitable stabilization as, e.g., the streamline diffusion method or
Galerkin least squares method and shock capturing stabilization. Further, the FVM
does not give a sufficiently accurate approximation of the exact solution, namely
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in the case ¢ = 1072, The steep gradient is smeared. It is possible to overcome
this drawback partly by, e.g., a higher-order reconstruction technique. Finally, the
approximate solutions obtained by the DGM give the best approximation for both
cases. The approximation of the steep gradient near x

1 is not smeared and
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the solution does not suffer from nonphysical oscillations. Only a small inaccuracy
represented by a small wiggle appears near the boundary layer.

We can conclude that discontinuous piecewise polynomial approximations have
a potential for constructing efficient, accurate and robust methods for the numerical
solution of convection-diffusion problems.

1.2 A Short Historical Overview of the DGM

The numerical solution of partial differential equations with the aid of discontinuous
piecewise polynomial approximations started to appear in the 1970s. This approach,
later called the discontinuous Galerkin method (DGM), was developed almost inde-
pendently for hyperbolic problems and for elliptic and parabolic problems. Within
30years, more than 10 principal approaches were developed. In the following, we
briefly describe the development of the DGM in both communities.

1.2.1 DGM for Hyperbolic and Singularly Perturbed Problems

The discontinuous Galerkin method was used for the first time by Reed and Hill in
1973 [234] for solving the neutron transport equation. The first numerical analysis
of the DGM was carried out by Le Saint and Raviart in 1974 [214], who derived
suboptimal error estimates. After more than 10 years, in 1986, Johnson and Pitkiranta
presented in [192] improved error estimates. Further, Richter in 1988 [236] proved
the optimal order of convergence for a linear first-order hyperbolic equation in R?,
and in 1992 [237] he extended the analysis to the case with a constant linear diffusion.

In the period 1989-1998 a rapid development of the DGM started by the series of
papers by Cockburn, Shu and coworkers [56, 57, 62, 63, 65], where the DGM was
applied to nonlinear conservation laws. In their approach, the space DG discretization
is combined with the Runge—Kutta time discretization. Therefore, this method is
called the Runge—Kutta discontinuous Galerkin (RKDG) method. Due to the local
character of discontinuous Galerkin schemes and the explicit time discretization,
the RKDG method is highly parallelizable. It was further developed for hyperbolic
conservation laws, e.g., by Biswas, Devine and Flaherty in 1994 [34], deCougny et
al. in 1994 [75], Bassi Rebay in 1997 [24], Atkins and Shu in 1998 [9]. The review
of the development of the RKDG method can be found in [66].

In 1997, Bassi and Rebay [23] adapted the RKDG method to the system of the
compressible Navier—Stokes equations in such a way that the solution itself and its
gradient were considered as independent variables. This approach is often called the
BR method. It recalls the well-known mixed method used in the conforming FEM.
However, a counterexample presented by Brezzi et al. in 1997 [39] showed that the
application of the BR method to the Poisson problem is rather problematic, because
the existence of the approximate solution is not guaranteed. Therefore, an additional
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stabilization term was proposed and the resulting scheme was analyzed. Then Bassi
et al. proposed in [27] a modified method, which is usually referred to as the BR2
method, see [203]. The BR2 method (together with a further variant of the DGM)
applied to the Poisson problem was analyzed in 2000 [40].

In 1998, Cockburn and Shu introduced in [64] a generalization of the BR method
called the local discontinuous Galerkin (LDG) method, which is analogous to mixed
methods in the conforming FEM. In 1999, Cockburn and Dawson extended the LDG
method to multidimensional equations in [55]. A summary of the development of the
RKDG and LDG methods for convection-diffusion problems was given by Cockburn
in 1998 [54]. After that, the LDG method became very popular and was extended
to various kinds of partial differential equations. Castillo et al. in 2000 [43] proved
convergence of the LDG method for elliptic problems. Castillo et al. in 2002 [44]
derived optimal error estimates for the 2 p-version of the LDG method for convection—
diffusion problems. In 2001, Cockburn et al. proved in [58] the super-convergence
of the LDG method for elliptic problems on Cartesian grids. Elliptic problems were
further analyzed by Dawson in 2002 [73]. Moreover, the LDG method was applied
by Cockburn et al. in 2002 [61] to the Stokes problem, by Cockburn, Kanschat and
Schotzauin 2005 [59] and by Kanschatin 2005 [193] to the linearized incompressible
fluid flow problems and by Cockburn, Kanschat and Schétzau in 2005 [60] to the
incompressible Navier—Stokes equations. Today there exist more than 160 papers
dealing with the LDG method. Reviews on the LDG methods applied to elliptic
problems and to incompressible fluid flow are contained in [42, 59], respectively.

1.2.2 DGM for Elliptic and Parabolic Problems

Simultaneously, but quite independently, the DGM was developed for the numer-
ical solution of second-order elliptic and parabolic equations. Several variants of
discontinuous approximation were proposed and studied by Douglas and Dupont
in 1976 [106], by Baker in 1977 [18], by Wheeler in 1978 [283], and by Arnold
in 1982 [7]. These techniques were frequently called the interior penalty Galerkin
(IPG) method. Later they were called in the literature the symmetric interior penalty
Galerkin (SIPG) method. The development of these techniques remained indepen-
dent of the development of the DG methods for hyperbolic equations.

In the IPG methods the requirement of continuity for approximate conforming
finite element solutions is replaced by the interior penalty. The Dirichlet boundary
condition is embodied in the DG scheme with the aid of the boundary penalty. It was
inspired by the concept of penalty-imposed Dirichlet boundary conditions already
mentioned by Courant in [67]. It gained interest in the late 1960s, due namely to
the paper by J.-L. Lions [216], in which boundary data with very low regularity
are treated. In 1970, the Lions’ approach was used by Aubin [10] in the frame-
work of finite difference approximations of nonlinear problems. In the finite element
method, this technique was used in 1973 by BabusSka [11] for the solution of the
Poisson problem with Dirichlet boundary condition and by Babuska and Zldmal
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[17] for a fourth-order problem. A similar technique, ensuring the consistency of the
formulation, was developed in 1971 by Nitsche [228] for the Poisson problem with
general boundary conditions.

The interior penalty method was further applied to flow in porous media in 1978
[105] and in 1984 [107]. Since the early 1980s, the IPG methods became less attrac-
tive, probably due to the fact that they were never proven to be more advantageous
or efficient than classical conforming finite element methods.

Since the 1990s, an interest in this class of techniques has been renewed. It was
stimulated by the computational convenience of the DGM, namely its robustness,
high-order accurate approximations, the flexibility in the choice of the mesh design,
a simple treatment of sp-adaptation techniques and its easy parallelization.

A new type of the DGM, the Baumann—Oden (BO) method was introduced in
the works 1997 [28], 1998 [230], 1999 [12, 29]. The BO method is very similar to
the global element method (GEM) introduced and studied by Delves et al. in the
papers [76, 77, 172, 173] in 1979-1980. Although the BO method and GEM differ
only in the sign in certain terms, the BO method is more stable and satisfies a local
conservation property.

In 1999, Riviere, Wheeler and Girault proposed in [239] the nonsymmetric interior
penalty Galerkin (NIPG) method that is an extension of the BO method, involving the
interior and boundary penalty. The NIPG technique was further analyzed by Riviere,
Wheeler and Girault in [240].

In 2003, [243] Romkes, Prudhomme and Oden introduced the stabilized discon-
tinuous Galerkin method which is related to the BO method, but involves an extra
stabilization term with jumps of the normal fluxes across element interfaces.

A simplified version of the IPG method is the incomplete interior penalty Galerkin
(ITPG) method proposed and analyzed by Sun in 2003 [263] and Dawson, Sun and
Wheeler in 2004 [74]. This approach was further developed by Sun and Wheeler in
2005 [264, 265] for transport in porous media.

The interior penalty Galerkin techniques were developed and studied by many
authors. For example, the paper of Houston, Schwab and Siili in 2000 [182] contains
error estimates for an Ap-variant of the DGM for first-order linear hyperbolic equa-
tion. In 2002 [183] error estimates for the 2p-DGM for a linear advection-diffusion-
reaction problem were derived. Furthermore, Wihler, Frauenfelder and Schwab in
2003 [285] proved the exponential convergence of the 2p-DGM for diffusion prob-
lems. In the same year Schotzau and Wihler in [252] proved the exponential con-
vergence of mixed Ap-DGM for the Stokes problem. Wihler and Schwab in 2000
[286] established the exponential convergence of the #p-DGM that was uniform with
respect to the diffusion coefficient for linear one-dimensional convection-diffusion
problems. The interior penalty Galerkin methods were also applied in the framework
of optimal control problems, as e.g., in [2, 3].

Finally, let us mention the fundamental paper [8] by Arnold, Brezzi, Cockburn
and Marini from 2002, introducing a unified analysis of nine different variants of
the DGM, namely the BR method [23], BR2 method [27], Brezzi et al. method [39],
Brezzi et al. method [40], SIPG method [106], NIPG method [240], Babuska, Zlamal
method [17], LDG method [64] and BO method [29].
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It is necessary to mention that the DGM has also been applied to solving ordi-
nary differential equations, e.g., by Johnson [115], and to the time discretization
of parabolic problems discretized in space by conforming finite elements by Jamet
in 1978 [189], Eriksson, Johnson, Thomée in 1985 [117], Eriksson and Johnson in
1991 [116] and later by Makridakis and Babuska in 1997 [219] and Schétzau and C.
Schwab in 2000 [251].

A series of papers published in the period 2002-2013 by Dolejsi, Feistauer et al.
[46, 94, 95,96, 97,99, 125, 129, 134, 139, 168, 257] have been devoted to analyzing
the DGM methods for the numerical solution of nonstationary convection-diffusion
linear or nonlinear problems.

1.2.3 DGM for the Numerical Solution of Compressible Flow

A history of the numerical solution of the compressible Navier—Stokes equations by
discontinuous piecewise polynomial approximations starts at the end of the 1990s. In
1997, Bassi, Rebay and co-authors [23, 27] solved the Navier—Stokes equations with
the aid of the BR and BR2 methods. In 1998, Lomtev, Quillen and Karniadakis [218]
used DG-space discretization to deal with the convective part of the compressible
Navier—Stokes equations and used a mixed method for approximating the diffusion
part of the Navier—Stokes system. In 1999, Baumann and Oden [30] applied the
BO method to the compressible Euler equations and mentioned the possibility of
extending this method to the solution of compressible viscous flow.

From the beginning of the new millennium DGM starts to be intensively applied
to the solution of compressible inviscid as well as viscous flows. The space-time
DGM with dynamic grid motion was proposed by van der Vegt and van der Ven
and co-authors since 2002 in [196, 197, 272, 273]. The SIPG technique was applied
by Hartmann and Houston since 2002 in the papers [163, 164, 165, 166]. The BR2
method was further developed by the group of Bassi, Rebay in papers [20, 21, 22,
25, 26]. A high-order DG-based scheme with respect to space and time for flow
problems was developed by Munz and co-authors in [110, 145, 146, 176] and further
by Dumbser [109]. Dolejsi, Feistauer et al. developed accurate, efficient methods
that are robust with respect to the Mach number and Reynolds number, allowing for
the numerical simulation of compressible flow from the high-speed transonic and
hypersonic regimes up to the incompressible limit flow. (See, [86, 88, 92, 93, 98,
123, 124, 133, 135].) The works [47, 48, 130, 131, 135, 167] are concerned with the
DGM simulation of compressible flow in time-dependent domains and applications
to fluid-structure interaction (FSI). Progress in the development and applications of
DGM for compressible flow simulations until the year 2010 can be found in [203].
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Fig. 1.2 Number of papers in the Web of Science database appearing under the key words discon-
tinuous Galerkin for each year

1.2.4 Monographs Dealing with the DGM

To our knowledge there exist four monographs dealing with the DGM. The book
by G. Kanschat (2007) [194] deals with the discontinuous Galerkin methods for
incompressible Stokes and Navier—Stokes flows.

The book by B. Riviere (2008) [238] introduces the DGM for the linear elliptic
and parabolic equations and gives applications of the DGM to the linear elasticity,
the incompressible Stokes and Navier—Stokes equations and flow in porous media.

Moreover, the monograph by Hesthaven and Warburton (2008) [174] is concerned
with the nodal discontinuous Galerkin method with applications to scalar problems,
the Maxwell equations, the Euler equations, the incompressible Navier—Stokes equa-
tions, and the Poisson and Helmholtz equations.

Finally, the monograph by Di Petro and Ern (2012) [80] deals with first and second-
order scalar equations, the incompressible Navier—Stokes equations, and Friedrichs’
systems. Implementation issues are also addressed.

The DGM is a progressively developing technique for the numerical solution
of partial differential equations. In the Web of Science database, there are 3,846
records (until the year 2014) appearing under the key words discontinuous Galerkin.
Figure 1.2 shows the number of these papers for each year separately. The increase
of the number of works is obvious.

1.3 Some Mathematical Concepts

In this section for the reader’s convenience, we recall some basic tools of mathemat-
ical analysis, which are frequently used in the book. We assume that the reader is
familiar with mathematical analysis, including the theory of the Lebesgue integral,
and elements of functional analysis, see, for example, [247].
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If X is a set or space and n > 0 is an integer, then the symbol X" = (X)" denotes
the Cartesian product X X --- x X (n-times). This means that

X'"=X)"={(x1,...,%0); X1,...,x, € X}. (1.1)

By R and N we denote the set of all real numbers and the set of all positive integers,
respectively. In the Euclidean space R? (d € N) we use a Cartesian coordinate
system with axes denoted by x1, . . ., x4. Points from R will usually be denoted by
x=x1,...,%x2), y=1,-..,Yq), etc. By | - | we denote the Euclidean norm in

1/2
R, Thus, || = (XL, 1 P?) /
Now we introduce some function spaces and their properties, which will be used
in the sequel. For deeper results and proofs, we refer the reader to the monographs
[1, 208, 287].

1.3.1 Spaces of Continuous Functions

Let us assume that d € Nand M C R is a domain (i.e., an open connected set). By
dM and M we denote its boundary and closure, respectively. By C(M) (or C*(M))
we denote the linear space of all functions continuous in M. For k € N and a domain
M c R?, CK(M) denotes the linear space of all functions which have continuous
partial derivatives up to the order k in M. The space C¥ (M) is formed by all functions
from CX(M) whose all derivatives up to the order k can be continuously extended
onto M.

Let M C RY. A function f : M — R is u-Hélder-continuous with i € (0, 1], if
there exists a constant L such that

lf() = fOWI = Llx—y"  Vx, yeM. (1.2)

If w = 1, we speak of a Lipschitz-continuous (or simply Lipschitz) function. If
M c R is adomain, then C*-# (M) denotes the set of all functions whose derivatives
of order k are u-Holder-continuous in M.

Let us put

C®(M) = ﬂ CK(M) and C®(M) = ﬂ ck(m). (1.3)
k=1 k=1

By COoo (M) we denote the linear space of all functions v € C* (M), whose support

suppv = {x € M; v(x) # 0} (1.4)

is a compact (i.e. bounded and closed) subset of the domain M.
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Ifo; >0,i =1,...,d, are integers, then we call « = (oy, ..., «g) a multi-
index, and define its length as |«| = Zf.l:l a;. By D we denote the multidimensional
derivative of order |«|:

o glel
DY = ——. 1.5
axy .. oxg! (1.5)
The linear space C k (M), k=0,1,..., equipped with the norm
lullcery = D, sup [D“u(x)| (1.6)

o <k ¥EM

is a Banach space. This space is separable but not reflexive.
The linear space Ck’“(M), where k = 0,1, ..., and n € (0, 1], equipped with
the norm

[(D%u)(x) — (D%u)(y)]
Nl oo gy = Nl ox gz + E sup (1.7)
Cho (M) ckM) L2 vyeMixty |x — y|H

is a Banach space. It is called the Holder space. This space is neither separable nor
reflexive.

Finally, the symbols V and V- mean the gradient and divergence operators, respec-
tively, i.e.,

T
0 0
Vu =gradu = —u,...,—u eR? foru: M — R (1.8)
axl E)xd
and
d ou;
Veu=divu=) —¢€R, foru=(ui....us): M— R (1.9)
8)6,'

. T
where the superscript denotes the transposed vector.
The symbols D%, V and V- are also used for the distributional derivatives; see
Sect. 1.3.3.

1.3.2 Lebesgue Spaces

First we recall some standard notation and results from the Lebesgue theory of
measure and integral, see, e.g., [247]. Let M C ]Rd, d=1,2,...,be aLebesgue-
measurable set. Its d-dimensional Lebesgue measure will be denoted by meas(M) or
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for short |M|. We recall that two measurable functions are equivalent if they differ at
most on a set of zero Lebesgue measure. Then we say that these functions are equal
almost everywhere (a.e.) in M.

For s € [1, 00) the Lebesgue space L*(M) is the linear space of all functions

measurable on M (more precisely, of classes of equivalent measurable functions)
such that

/ lul® dx < +oo. (1.10)
M

The space L*(M) is equipped with the norm

1/s
||M||LS(M)=(/ Iul‘vdx) ) (1.11)
M

In case that s = 0o, the space L°°(M) consists of such measurable functions on M
for which the norm

lle|l Loo(pry = esssup [u| =inf{ sup |u(x)|; Z C M, meas(Z) =0 (1.12)
M xeM\Z

is finite. The space L® (M) is a Banach space for 1 < s < co. Moreover, it is separable
if and only if 1 < s < 0o and reflexive if and only if 1 < s < oco. The space L% (M)
is a Hilbert space with the scalar product

(u,v)Lz(M)z/ uv dx. (1.13)
M

The Cauchy inequality holds in L*>(M):

[ (u, V)LZ(M)| = ||u||L2(M)||V||L2(M), u,ve LZ(M)- (1.14)

1.3.3 Sobolev Spaces

Let M C Rd, d =1,2,..., be adomain, let k > 0 be an arbitrary integer and
1 <5 < o0. We define the Sobolev space W"’S(M ) as the space of all functions
from the space L®(M) whose distributional derivatives D%u, up to the order k, also
belong to LS (M), i.e.,

whks (M) = {ueL’M); D*u € L*(M) Vo, || <k}, (1.15)

(See e.g. [122, 208, 213].)
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The Sobolev space is equipped with the norm

1/s
leellwes oy = [ D 1D ulys oy forl <s < oo, (1.16)
| <k
||u||Wk-w(M) = lféllggi {||Dau||L°°(M)} for s = oo,
and the seminorm
1/s
ulwrson = | D ID*ullys ) for 1 <s < o0, (1.17)
la|=k
ulywioopry = ‘alag{ {||D°‘u||Loo(M)} for s = oo.

For 1 < s < 0o, the space W** (M) is a Banach space; it is separable if and only if
1 <5 < oo and reflexive if and only if 1 < s < oo. For s = 2, the space Wk’z(M)
is a Hilbert space and we denote it by H*(M). Moreover, we put

”u”Hk(M) = ”u”sz(M) and |u|Hk(M) = |ulwk,2(M). (118)

If k = 0, then we set WO (M) = LS (M), HY(M) = L*(M) and

L Twosany = - llwosary = I - s - (1.19)
For vector-valued functions v = (vy, ..., v,) € (H*(£2))", we put
i 172
san = (D0 Wilduqn) (1.20)
i=1

Moreover, with respect to (1.8), (1.17), (1.18) and (1.20), we write

”VVHLZ(M) = |V|H1(M), S HI(M), |VV|H1(M) = |V|H2(M)’ S HZ(M)
(1.21)

1.3.4 Theorems on Traces and Embeddings

In the modern theory of partial differential equations the concept of a bounded domain
M c R¢ with Lipschitz boundary dM plays an important role. For the definition
of a Lipschitz boundary, see, e.g., [122, 208, 287] or Sect.4.3.2. It is possible to
say that such a boundary dM is formed by a finite number of parts expressed as


http://dx.doi.org/10.1007/978-3-319-19267-3_4
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graphs of Lipschitz-continuous functions in local Cartesian coordinate systems. On
this boundary, the (d — 1)-dimensional Lebesgue measure meas,—; and integral are
defined and also an outer unit normal vector exists at a.e. point x € d M. Moreover,
Lebesgue spaces L*(d M) are defined over d M.

Theorem 1.1 (Theorem on traces) Let 1 < s < oo and let M C RY be a domain
with Lipschitz boundary. Then there exists a uniquely determined continuous linear
mapping y(f"[ : WHS(M) — L5(dM) such that

yOM(u) =ulgy forallu e C®(M). (1.22)

Moreover, if | <s < 00, then Green’s formula

/ (u2 + Va_u) & =/ vo! )yg! (vn; dS, (1.23)
M 1 1 oM

ue WMy, ve WS (M), i=1,....d,

holds, where s’ = s/(s — 1) andn = (ny, ..., ng) denotes the outer unit normal to
oM.

The function )/OM (u) € L*(dM) is called the trace of the function u € W5 (M) on
the boundary d M. For simplicity, when there is no confusion, the notation u|yy =
yOM () is used not only for u € C*(M) but also for u € W'*(M). The continuity
of the mapping y(f” is equivalent to the existence of a constant ¢ > 0 such that

lulamllzsomny = Ive" @llLsomy < cllullwisan, u € WS (M). (1.24)

Let k > 1 be an integer and 1 < s < oco. We define the Sobolev space Wg’S(M)
as the closure of the space C3°(M) in the topology of the space WES(M). If M is a
domain with Lipschitz boundary, then W&’S(M) ={ve wls(M); vigm = 0}.

The space of traces on 952 of all functions u € H'(£2) is denoted by H'2(382).
Hence, we can write

H'2082) = (y§u;u € H'(2)). (1.25)
If k € N, we define the space
H12002) = (yfu; u e HY(2)). (1.26)
We speak of Sobolev—Slobodetskii spaces on 9£2. (See e.g., [127, Sect. 1.3.3].)

Note that the symbols ¢ and C will often denote a positive generic constant,
attaining, in general, different values in different places.
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1.3.4.1 Embedding Theorems

Definition 1.2 Let X, Y be Banach spaces. We say that X is continuously embedded
into Y (wewrite X < Y),if X is asubspace of Y and the identity operator / : X — Y
defined by /x = x for all x € X is continuous, i.e., there exists C > 0 such that

[1vily = Clvilx Vve X.

We say that X is compactly embedded into Y (X << Y) if the embedding operator
I is compact.

Theorem 1.3 The following properties are valid:
(i)Letk > 0,1 <s <ooandlet M C RY be a bounded domain with Lipschitz
boundary. Then

, 1 k d
WES (M) < L9(M) where il ifk < = (1.27)

k,s . d
WSS(M) — L1(M) forall g € [1,00), ifk = —,
s
k,s 0,k—d/s ;(ag\ d d
W (M) — C* M), if— <k<—+1,
s s
_ d
WhsS(M) < C%*(M) foralla € (0,1), ifk = — +1,
s
— d
wks (M) — ¢ (M), ifk > — + 1.
s
(ii) Letk > 0, 1 <s < oc. Then
k,s | 1 k . d
W5S(M) << LY(M) for all g € [1, s*) with il ifk < —,
s s s

WhS (M) <> LI(M) forall g € [1, 00), ifk =

)

v | X

_ d
W5 (M) < C(M), ifk > —.
S

(We set 1/00 :=0.)

(iii) Let 1 < s < 00. Then C®(M) is dense in WS (M) and CSO(M) is dense in
Wes (M).

(iv) By [213, Exercise 1146, p. 342], if the domain M is bounded, then the space
WL (M) can be identified with the space C 0.1 ).

Remark 1.4 In some cases, it is suitable to use the concept of the domain with
boundary having the cone property. This is more general than the concept of the
Lipschitz boundary, but the above definitions and results remain valid. See [1].
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1.3.5 Bochner Spaces

In the investigation of nonstationary problems we work with functions which depend
on time and have values in a Banach space. Such functions are elements of the
so-called Bochner spaces. If u(x, t) is a function of the space variable x and time ¢,
then it is sometimes suitable to separate these variables and consider « as a function
u(t) = u(-,t), which, for each ¢ under consideration, attains a value u(¢) that is
a function of x and belongs to a suitable space of functions depending on x. This
means that u(¢) represents the mapping “x — (u(t)) (x) = u(x,t)”.

Leta, b € R, a < b, and let X be a Banach space with norm ||-||. By a function
definedin the interval [a, bl with its values in the space X we understand any mapping
u:la,bl - X.

We say that a function u : [a, b] — X is continuous at a point ty € [a, b], if

lim [lu(r) — u(to)]| = O. (1.28)
=1

tela,b]

By the symbol C([a, b]; X) we denote the space of all functions continuous in the
interval [a, b] (i.e., continuous at each ¢ € [a, b]) with values in X. The space
C([a, b]; X) equipped with the norm

lullcqa,p; x) = max [lu(@)]| (1.29)
t€la,b)

is a Banach space.
For s € [1, oo], we denote by L®(a, b; X) the space of (classes of equivalent)
strongly measurable functions « : (a, b) — X such that

b 1/s
leell s @.;x) = |:/ 1 dfi| <oo, ifl =s <oo, (1.30)
a

and

llullzoo@a,b;x) =ess sup [lu(®)|x (L.31)
te(a,b)

= inf sup |u(®)llx; N C (a,b), meas(N) =0 < +o0, if s = o0.
re(a,b)\N

We speak of Bochner spaces. It can be proved that L®(a, b; X) is a Banach space.
(The definition of a strongly measurable function u : (a,b) — X can be found in
[208] or [122, Chap. 8].)

If the space X is reflexive, sois L*(a, b; X) fors € (1, 00).Let 1 < s < 0o. Then
the dual of L*(a, b; X) is LY(a, b; X*), where 1/s + 1/q = 1 and X* is the dual
of X (for s = 1 we set g = 00). The duality between LY (a, b; X*) and L*(a, b; X)
becomes
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b

(fiv) =/ (fO),v())x=xdt, feLi(a, b;X"), veLl(a b;X). (132
a

The symbol (f (), v(t))x+ x denotes the value of the functional f(r) € X* at
v(t) € X.

If X is a separable Banach space, then L®(a, b; X) is also separable, provided
s € [1, 00). (See, for example, [112, Sect.8.18.1].)

Let | - |x denote a seminorm in the space X. Then a seminorm in L*(a, b; X) is
defined as

b 1/s
|f|L"(a,b;X) = (/ |f([)|§( d[) for 1 <s5 < 400, (133)
a
and

|f|L°°(a,b;X) = esS supte(a,b) |f(t)|X . (134)

Similarly we define Sobolev spaces of functions with values in X:

d/
W"»f(a,b;X)z{feL(ab X); feL(ab X), j=1,. k}, (1.35)
where k € N, s € [1, o0] and are distributional derivatives. The norm of f €
WX (a, b; X) is defined by
k . 1/s
1w = | LG (150
j:
for s € [1, 00) and
d/f
I Wt i) = maxj:o""‘” dr Hmm,b;x)' (1.37)

If s = 2, we often use the notation Hk(a, b; X) = Wk’2(a, b; X).
Let | - |x denote a seminorm in the space X. Then a seminorm in W% (a, b; X)
is defined as

|f|Wk’S(a,b;X) = (/
a

d“f

1/s
(t) dt) forl <s < 400, (1.38)
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and
k
|f|Wk-°°(a,b;X) = €88 Supte(a’b) d_k(t) (139)
t X
For example,
b dkf 2 1/2
|f|Hk(a,h;Hl(M)) = _k(t) dl . (140)
a dt HI(M)

We also define spaces of continuously differentiable functions on an interval
I = [a, b] with values in X:
k &/ f .
ck(1; X) ={f € CU: X): =5 € C(1: X) forall j = 1,...,k}. (1.41)

The norm of f € Ck(l; X),k=0,1,...,is defined by

d/ f

gs ; '=0,...,k}. 1.42
de/ ”C(I;X) J ( )

||f||ck(1;x) = max{”

These spaces are nonreflexive Banach spaces. They are separable if X is separable.

If X is a Banach space with norm | - || x, then by X* we denote its dual space
(simply dual), i.e., the space of all continuous linear functionals on X. The space X*
is also a Banach space with norm

| f I VFe X",
Ivilx

Ifllx+ = sup,cx (1.43)

Finally, if p > 0 is an integer and @ C R", then by P,(w) we denote the space
of the restrictions on w of all polynomials of degree < p depending on x € R". We
simply speak of polynomials of degree < p on w.

For nonstationary problems, we use spaces of polynomial functions with respect
to time. Let —oo < a < b < oo. If X is a Banach space, then we put

q

Py(a.b; X) ={veCla,b; X); v(t)= D i € X,i=0,....q, t € [a,b]].
i=0

(1.44)
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1.3.6 Useful Theorems and Inequalities
Lemma 1.5 (Young inequality) If s,q € (1,+00), /s +1/q = 1and a,b > 0,
then
a’® bl
ab < — + —. (1.45)
s q

In particular, if s = q = 2 and A > 0, then

Ly A
abfﬁa +§b. (1.46)

Proof See, e.g., [120, Lemmal.11.]

Lemma 1.6 (Lax-Milgram) Let V be a Hilbert space withnorm |-||, let f : V — R
be a continuous linear functional on V, and leta : V x V — R be a bilinear form
on'V x V that is coercive, i.e., there exists a constant o > 0 such that

a(u,u) > allul> YueV, (1.47)

and continuous (also called bounded) and, hence, there exists a constant Cg > 0
such that

la(u,v)| = Cpllulllvl  Yu,veV. (1.48)
Then there exists a unique solution ug € V of the problem
a(ug,v) = f(v) VYveV. (1.49)

Proof See [52, Theorem 1.1.3].

Corollary 1.7 Let Vy be a finite-dimensional Hilbert space with norm | - |, let
f 1V — R be alinear functional on Vy, and let a : Vy x Vy — R be a bilinear
form on Vi x Vi which is coercive, i.e., there exists a constant o > 0O such that

a(u,u) > allul>  Yu e Vy. (1.50)
Then there exists a unique solution ug € Vy of the problem

a(ug,v) = f(v) Vve Vy. (1.51)
Proof Since the space Vy is finite dimensional, the bilinear form a and the func-
tional f are continuous. Then the application of the Lax—Milgram Lemmal.6

gives the assertion. Let us note that all norms on the finite-dimensional space are
equivalent. O
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Lemma 1.8 (Discrete Cauchy inequality) Let {a;}}_, and {b;}}_, be two sequences

of real numbers. Then
n n 172 7 p 1/2
Zaibi g(zaf) ( bf) . (1.52)
i=1 i=1 i=1

In the analysis of nonstationary problems, the following versions of the Gronwall
lemma will be applied.

Lemma 1.9 (Gronwall lemma) Lety, g, z, r € C([0, T]), r > 0, and let
t
y()+q@) <z(t) +/ r(s)y(s)ds, te€[0,T]. (1.53)
0
Then
t t
y(t)+q(t)+/ r () q(v) exp (/ r(s)ds) do (1.54)
0 9
t t
<z(1) +/ r(9) z(¥) exp (/ r(s) ds) dv, tel[0,T].
0 9

Proof Inequality (1.53) can be written in the form

y() = h(t) + /Ol r(s) y(s) ds, (1.55)
where
h(t) =z(t) — q(@). (1.56)
Let us set
z1(1) = /Ot r(s) y(s)ds. (1.57)

Then 2| (t) = r(r) y(t), z1(0) = 0. Since r(¢) > 0, it follows from (1.55) that
i) < h(t)r(t) +r(t) z1(2). (1.58)

If we set

t
w(t) = z1(t) exp (—/ r(s) ds) s (1.59)
0
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then, by (1.58),

t t
w(t) = Z/l () exp (—/ r(s) ds) —z1(t) r(t) exp (—/ r(s) ds) (1.60)
0 0

t t
< (h(t) r(t) +r(t) z1(t)) exp (—/ r(s) ds) — r(t) z1(t) exp (—/ r(s) ds)
0 0

t
= h(t) r(t) exp (—/ r(s) ds) .
0

Taking into account that w(0) = 0 and integrating (1.60) from O to ¢, we get

I
Wity < / Ch@) r@) exp (— / r(s)ds) a9,
0 0

This and (1.59) imply that

t ¥
71(t) <exp (/t r(s) ds) / h(9) r(v)exp (—/ r(s) ds) dd (1.61)
0 0 0
t t
=/ h(9) r(v)exp (/ r(s) ds) dd.
0 »

Hence, by (1.53), (1.55), (1.61) and (1.56), we have

t 1
y@) +q@) <z()+z21(1) = z(t)+/ h(9) r(¥)exp (/ r(S)dS) dv
0 ?

t t
=z(t) —I—/ z() r(9) exp (/ r(s) ds) dv
0 9
- /IQ(l‘/‘)r(l?)eXp (/tr(S)dS),
0 D

which immediately yields inequality (1.54). (]

Lemma 1.10 (Gronwall modified lemma) Suppose that for all t € [0, T] we have

t
x2() + R(t) < A(D) + 2/ B(®)x (9) dv, (1.62)
0

where R, A, B, x € C([0, T]) are nonnegative functions. Then for any t € [0, T]

t
Jx20 +R@) < ﬂm[%x]\/A(z?)—i—/B(l?)dz?. (1.63)
€01

0
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Proof For any ¢ € [0, T] we set

o(9) = 2/00 B(s) x(5) ds.
Then ¢(0) = 0 and
@' (®) =2B®) x (¥). (1.64)
Let us consider an arbitrary fixed ¢ € [0, T] and denote

S; = max A(s).
! s€[0,7] ()

Itis clear that if S; = O for some ¢ € [0, T'], then S; = O for all t € [0, 7]. Similarly,
the condition ¢ () = 0 for some ¥ € [0, T'] implies that ¢(r) = Oforall t € [0, ?].
Letus set 11 = 0, provided S; # O for all # € [0, T], and

ty = max{t € [0, T]; S; =0}, t, = max{ € [0, T]; p(v) = 0}, 13 = min(¢y, 12).
By (1.64) and (1.62),

¢' () < 2BV S + (D).

Then for ¢ € (13, T] we have

< B(®)dv

/t (pl(l?)d'l? 1
13 28 +o@)  Jo

and thus,

t
Vs Fe@|,_ =VSren -5 = [ By

This implies that

t
VS + ot 5\/54’/ B(®) dv. (1.65)
0

Now, by virtue of (1.62) and (1.65),

t
VX20) + R < VS +91) < /§,+/ B(®) do. (1.66)
0
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Taking into account that
vV St max A(s) = m[gx]\/A(s),
ot

from (1.66) we immediately get (1.63). Finally, it is obvious that (1.63) also holds

forall t € [0, 13]. O
Lemma 1.11 (Gronwall discrete lemma) Let x,,,, by, ¢y > 0 and a,, > 0 for
m=0,1,2,... and let the sequence a,, be nondecreasing. Then, if
X0 + co < ap,
m—1
Xm +Cm < am+ Y bjx; form > 1, (1.67)
j=0
we have
m—1
Xm +cm < am [[(1+b)) form > 0. (1.68)
j=0

Proof We start from inequality (1.67), divided by a,,, and use the assumption that
the sequence a,, is nondecreasing. We get

m—1

—+—<1+Zb—'<1+2b,ﬁ. (1.69)
am am am — aj

Letussetvo = land vy, = 1 + 3"V b.2 for m > 1. Then by (1.67) and the
j=0 Yig; y
inequality ¢,,,—1/am—1 > 0, we have

Xm—1 Xm—1 Cm—1
Vi — V=1 = b1 <bn ( + ) <by_1Vm—1, m=>1
am—1 am—1 am—1

This implies that

m—1 m—1
vm < At bp v <vo [+ =[] +bp.
j=0 j=0

Now from (1.69) we get (1.68). ([l
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Chapter 2
DGM for Elliptic Problems

This chapter concerns in basic aspects of the discontinuous Galerkin method (DGM),
which will be treated in an example of a simple problem for the Poisson equation with
mixed Dirichlet-Neumann boundary conditions. We introduce the discretization of
this problem with the aid of several variants of the DGM. Further, we prove the
existence of the approximate solution and derive error estimates. Finally, several
numerical examples are presented.

The book contains a detailed analysis of qualitative properties of DG tech-
niques. It is based on a number of estimates with various constants. We denote
by C4,Cp,Cc, ..., Cq4, Cp, C., ... positive constants arising in the formulation of
results that can be simply named (e.g., 4 corresponds to approximation properties,
p—boundedness, c—coercivity, etc.) Otherwise, we use symbols C, Cy, Ca, . ...
These constants are always independent of the parameters of the discretization (i.e.,
the space mesh-size 4, time step 7 in the case of nonstationary problems, and also the
degree p of polynomial approximation in the case of the 2p-methods), but they may
depend on the data in problems. They are often “autonomous” in individual chapters
or sections. Some constants are sometimes defined in a complicated way on the basis
of a number of constants appearing in previous considerations. For an example, see
Remark 4.13.

2.1 Model Problem

Let £2 be a bounded domain in R?, d = 2,3, with Lipschitz boundary 92. We
denote by d52p and 02y parts of the boundary 92 such that 92 = 02p U 982y,
02pNaf2y =W and 02p # 0.

We consider the following model problem for the Poisson equation: Find a
function u : £2 — R such that
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—Au = f in 2, (2.1a)
u=up Oon 3.QD, (2.1b)
n-Vu=gy ondf2y, (2.1¢)

where f, up and gy are given functions. Letusnote thatn - Vu = g—z is the derivative
of the function u in the direction n, which is the outer unit normal to 2. A function
ue Ci$2) satisfying (2.1) pointwise is called a classical solution. It is suitable to
introduce a weak formulation of the above problem. Let us define the space

V={veH (2): vlsa, =0}

Assuming that u is a classical solution, we multiply (2.1a) by any function v €
V, integrate over £2 and use Green’s theorem. Taking into account the boundary
condition (2.1c), we obtain the identity

/Vu~Vvdx=/ fvdx+/ gnvdS VYveV. 2.2)
2 2 02N

We can introduce the following definition.

Definition 2.1 Let us assume the existence of u* € H'(£2) such that u*|yg p =UD
andlet f € L2(2), gN € L%(32x). Now we say that a function u is a weak solution
of problem (2.1), if

(@ u—u*eV,

(b) u satisfies identity (2.2).

Using the Lax—Milgram Lemma 1.6, we can prove that there exists a unique weak
solution of (2.1), see, e.g., [233, Sect. 6.1.2]. In the following, we deal with numer-
ical solution of problem (2.1) with the aid of discontinuous piecewise polynomial
approximations.

2.2 Abstract Numerical Method and Its Theoretical Analysis

In order to better understand theoretical foundations of the DGM, we describe a
possible general approach to deriving error estimates. (Readers familiar with concepts
of a priori error estimates in the finite element method can skip this section.)

Let u € V be a weak solution of a given problem. Let V) denote a finite-
dimensional space, where an approximate solution uy, is sought. The subscript 4 > 0
(usually chosen as & € (0, h) with & > 0) denotes the parameter of the discretiza-
tion. Further, we introduce an infinitely dimensional function space W), such that
V.C Wyand V, C Wy,. If V, C V, then we usually put Wy, := V and thus, W),
is independent of 4.) Finally, let |||y, be a suitable norm in Wj,. As we see later,
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the spaces Vj, and Wy, will be constructed over a suitable mesh in the computational
domain, and hence the norm || - ||w, may be mesh-dependent.
An abstract numerical method reads: Find u;, € Vj, such that

Ap(up,vip) = F(vp) Yy, € Vy, (2.3)

where Ay, : W, x W), — Ris abilinear form and F : W, — R is a linear functional.
In the numerical analysis, we want to reach the following goals:

e the approximate solution u, of (2.3) exists and is unique,
e the approximate solution u;, converges to the exact solution u in the ||-||y, -norm
ash — 0, 1.e.,

lim = wlly, =0, 24)

e a priori error estimate, i.e., we seek o > 0 independent of 4 such that
lu = unllw, <Ch*, he(0,h), (2.5)

where C > 0 is a constant, independent of # (but may depend on ), and « is the
order of convergence.

Obviously, an a priori error estimate implies the convergence.
The existence and uniqueness of the approximate solution is a consequence of the
coercivity of Ay, i.e., there exists C. > 0 such that

Apn,vi) = Celvallyy, Yvi € Vi (2.6)
Then Corollary 1.7 implies the existence and uniqueness of the approximate solution

uj.
In order to derive a priori error estimates, we prove the consistency of the method,

Ap(u,vp) = F(vy) Vv, eV 2.7

which, together with (2.3), immediately gives the Galerkin orthogonality of the error
ey = uj, — u to the space Vj:

Ap(en,vp) =0 Yy, € Vy. (2.8)
Further, we introduce an interpolation operator (usually defined as a suitable
projection) I, : V. — Vj, and prove its approximation property, namely existence

of a constant o > 0 such that

lv = Mpvlly, < COM® YveV, heh), 2.9)
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where C(v) > 0 is a constant independent of & but dependent on v. A further step is
the derivation of the inequality

Ap(u — Hpu, vyp) < Ru — Hpuw)llvilly, Yva € Vi, (2.10)
where R depends on suitable norms of the interpolation error u — ITyu.

Finally, the error estimate is derived in the following way: for each i € (0, E) we
decompose the error e;, by

en=up—u==%&+n, (2.11)

where & := uy — ITyu € V, and n := ITyu — u € Wy. Putting vy := & in (2.8),
we get

Aplen, &) = Ap(§,5) + An(n,§) = 0. (2.12)

It follows from the coercivity (2.6) and estimate (2.10) that

CcllENy, < AnE.&) = —An(.£) < R, (2.13)
which immediately implies the inequality

R(n)
1ENw, < C. (2.14)

Now, the triangle inequality, relations (2.11) and (2.14) give the error estimate in the
form

R(n)
C.

lenllw, < 1&lw, + lnllw, < + [1nllw, - (2.15)

This is often called the abstract error estimate, which represents an error bound in
terms of the interpolation error 7.

The last aim is to use the approximation property (2.9) of the operator I7;, and to
estimate the expression R(n) in terms of the mesh-size / in the form

R(n) < Ci(u)h®, (2.16)

which together with (2.15) immediately imply the error estimate

leallw, < (€' €1+ Ea) n, 2.17)

validforall 2 € (0, h). We say that the numerical scheme has the order of convergence
in the norm ||-[|y, equal to a.
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This concept of numerical analysis is applied in this chapter. (Among other,
we specify there the spaces W), and V},.) For time dependent problems, treated in
Chaps. 4-6, the analysis is more complicated and the previous technique has to be
modified. However, in some parts of the book, error estimates are derived in a different
way.

Remark 2.2 As was mentioned above, we are interested here in deriving of a priori
error estimates (simply called error estimates). We do not deal with a posteriori error
estimates, when the error is bounded in a suitable norm in terms of the approximate
solution and data of the problem. The subject of a posteriori error estimates plays
an important role in practical computations, but is out of the scope of this book. For
some results in this direction for the DGM we can refer, e.g., to the papers [5, 91,
118, 166, 185, 190] and the references cited therein.

2.3 Spaces of Discontinuous Functions

The subject of this section is the construction of DG space partitions of the bounded
computational domain §2 and the specification of their properties which are used in
the theoretical analysis. Further, function spaces over these meshes are defined.

2.3.1 Partition of the Domain

Let 7, (h > 01is a parameter) be a partition of the closure £2 of the domain 2 into a
finite number of closed d-dimensional simplexes K with mutually disjoint interiors
such that

2= U K. (2.18)
Ke,

This assumption means that the domain 2 is polygonal (if d = 2) or polyhedral (if
d = 3). The case of a 2D nonpolygonal domain is considered, e.g., in [256], where
curved elements are used. See also Chap. 8, where curved elements are treated from
the implementation point of view. We call .7}, a triangulation of §2 and do not require
the standard conforming properties from the finite element method, introduced e.g., in
[37,52, 115, 254] or [287]. In two-dimensional problems (d = 2) we choose K € .7,
as triangles and in three-dimensional problems (d = 3) the elements K € .7}, are
tetrahedra. As we see, we admit that in the finite element mesh the so-called hanging
nodes (and in 3D also hanging edges) appear; see Fig.2.1.

In general, the discontinuous Galerkin method can handle with more general
elements as quadrilaterals and convex or even nonconvex star-shaped polygons in
2D and hexahedra, pyramids and convex or nonconvex star-shaped polyhedra in 3D.
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Fig. 2.1 Example of
elements K;, [ =1, ..., 5,
and faces I, I =1,...,8,
with the corresponding
normals n ;. The triangle K5
has a hanging node.

Its boundary is formed

by four edges:
0Ks=1IuUulr,uryuUrs

As an example, we can consider the so-called dual finite volumes constructed over
triangular (d = 2) or tetrahedral (d = 3) meshes (cf., e.g., [126]). A use of such
elements will be discussed in Sect.7.2.

In our further considerations we use the following notation. By d K we denote
the boundary of an element K € 7}, and set hy = diam(K) = diameter of K,
h = maxgeg,hk. By px we denote the radius of the largest d-dimensional ball
inscribed into K and by | K| we denote the d-dimensional Lebesgue measure of K.

Let K, K’ € 5. We say that K and K’ are neighbouring elements (or simply
neighbours) if the set 9K N 9K’ has positive (d — 1)-dimensional measure. We
say that I" C K is a face of K, if it is a maximal connected open subset of either
9K NIK’, where K’ is a neighbour of K, or dK N32p or K N d§2y. The symbol
|I"| will denote the (d — 1)-dimensional Lebesgue measure of I". Hence, if d = 2,
then |I'| is the length of I and for d = 3, |I"| denotes the area of I". By %), we
denote the system of all faces of all elements K € .7},. Further, we define the set of
all boundary faces by

FPE={IeF; I con},
the set of all “Dirichlet” boundary faces by

FP ={I' € Fy; I Co2p},
the set of all “Neumann” boundary faces by

FN ={r e F, I cay)
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and the set of all inner faces
Fl =7, \ FP.

Obviously, 7, = Z/ U.ZP U Z)N and ZF = ZP U .ZN. For a shorter notation
we put

TP =FLUFp.

Foreach I' € .%), we define a unit normal vector n . We assume that for I" € .%, f
the normal n has the same orientation as the outer normal to d£2. For each face
I e 3‘}{ the orientation of n is arbitrary but fixed. See Fig.2.1.

Foreach I € L%{ there exist two neighbouring elements K }L), K }R) € 9, such
that I' C 0K (FL) NoK (FR). (This means that the elements K 1(~L), K 1(~R) are adjacent to
I" and they share this face.) We use the convention that n is the outer normal to
BK}L) and the inner normal to 8K1(~R); see Fig.2.2.

Moreover, if I' € %2, then there exists an element K 1(~L) € 9, such that I’ C
K" nog.

2.3.2 Assumptions on Meshes

Let us consider a system {%}h c(0.7) h > 0, of triangulations of the domain £2
(h = {K}keg,)- In our further considerations we meet various assumptions on
triangulations. The first is usual in the theory of the finite element method:

e The system {7}, <0,y Of triangulations is shape-regular: there exists a positive
constant Cg such that

h _
2K —Cr YK e T, Vhe(0h. (2.19)
0K

Fig. 2.2 Interior face I,

elements K (FL) and K }R) and

the orientation of n
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Moreover, for each face I' € %, h € (0, h), we need to introduce a quantity
hr > 0, which represents a “one-dimensional” size of the face I". We require that

e the quantity A satisfies the equivalence condition with hg, i.e., there exist con-
stants C7, Cg > 0 independent of s, K and I" such that

Crhg <hr <Cghgx, VKe 9, VI €%, ' COK, Vhe (0,5).
(2.20)

The equivalence condition can be fulfilled by additional assumptions on the system
of triangulations {.7,},, c(0.iy and by a suitable choice of the quantity hp, I' €
Fn, h € (0,h). We introduce some assumptions on triangulations and several
choices of the quantity 4 . Then we discuss how the equivalence condition (2.20) is
satisfied.

In literature we can find the following assumptions on the system of triangulations:

(MA1) The system {‘%l}he(o, ) is locally quasi-uniform: there exists a constant
Co > 0 such that

hx < Cohgr VYK, K' € %, K, K’ are neighbours, Vi € (0,h). (2.21)

(MA2) The faces I' C 0K do not degenerate with respect to the diameter of K if
h — 0: there exists a constant C; > 0 such that

hx < Cydiam(I') YK € 9, VI € %,, ' C 9K, Vhe (0,h). (2.22)

(MA3) The system {},},, €(0.7) is quasi-uniform: there exists a constant Cyy > 0
such that

h<Cyhx YK€ I, Yhe (0,h). (2.23)

(MA4) The triangulations .7, h € (0, h), are conforming. This means that for
two elements K, K’ € .9}, K # K',either KN K’ = @ or KN K’ is a common
vertex or K N K’ is a common face (or for d = 3, when K N K’ is a common
edge) of K and K'.

If condition (MA4) is not satisfied, then the triangulations .7}, are called noncon-
forming.

Remark 2.3 There are some relations among the mesh assumptions (MA1)—-(MA4)
mentioned above. Obviously, (MA3) = (MA1). Moreover, if the system of trian-
gulation is shape-regular (i.e., (2.19) is fulfilled) then (MA4) = (MAl) & (MA2).

Exercises 2.4 Prove the implications in Remark 2.3.

Concerning the choice of the quantity hp, I' € %y, h € (0, f_z), in literature we
can find the following basic possibilities:
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() hpr = diam(I"), T € ., (2.24)
1 I
s(h +h ) forI' € 7
(i) hp = 2( IS v hB (2.25)
hK(L) fOI'FGyh,
r
max (4 . h )forfeﬁl
(iif) hp = ( Y " (2.26)
hK(L) fOI' r (S gh ,
r
min (/4 ) for I e F/!
(@iv) hr = ( K KI("R)) hB (2.27)
hK(L) forI" € gh s
r

where KI(«L), KI(-R) € I, are the elements adjacent to I" € ﬁhl, see Fig.2.2, and
K }L) € 9, is the element adjacent to I" € gz}? .

The following lemma characterizes assumptions on computational grids and the
choice of i, which guarantee the equivalence condition (2.20).

Lemma 2.5 Let {7}, c(0,i) be a system of triangulations of the domain §2 satisfying
the shape-regularity assumption (2.19). Then the equivalence condition (2.20) is
satisfied in the following cases:

(i) The triangulations F;,, h € (0, h), are conforming (i.e., assumption (MA4) is
satisfied) and h are defined by (2.24) or (2.25) or (2.26) or (2.27).
(ii) The triangulations 9y, h € (0, E), are, in general, nonconforming; assumption
(MA2) (i.e., (2.22)) is satisfied and h are defined by (2.24).
(iii) The triangulations 9y, h € (0, f_z), are, in general, nonconforming; assumption
(MA1) is satisfied (i.e., the system {%}he(o,l_z) is locally quasi-uniform) and h
are defined by (2.25) or (2.26) or (2.27).

Exercises 2.6 Prove the above lemma and find the constants C7 and Cg. For
example, in the case (iii), when A is given by (2.25), we have

Cr=01+ Cél)/Z, Co=1+Cp)/2, (2.28)

where Cy is the constant from the local quasi-uniformity condition (2.21).

2.3.3 Broken Sobolev Spaces

The discontinuous Galerkin method is based on the use of discontinuous approxi-
mations. This is the reason that over a triangulation .7, for any k € N, we define the
so-called broken Sobolev space

H¥2, 7)) ={ve L>(Q);v|x € HYK)V K € ), (2.29)
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which consists of functions, whose restrictions on K € 7, belong to the Sobolev
space H k (K). On the other hand, functions from H k (£2, 9p) are, in general, discon-
tinuous on inner faces of elements K € .9j,. Forv € H¥ (82, F,), we define the norm

1/2
IVl k2, 73 =( > ||v||§,k(,0) (2.30)
Ke7,
and the seminorm
1/2
2
|V|Hk(9,«7;,) = ( Z |V|Hk(K)) . (231)
Ke9,

Let I' € ﬁh’ and let KI(-L), K}R) € , be elements adjacent to I'. For v €
HY(£2, ;) we introduce the following notation:

vg-L) = the trace of v| ) on I, (2.32)
r
vgfe) = the trace of v|K(FR) on [,
= Low lue of th fvon I
Wr = AW +vp (mean value of the traces of v on I'),

vl = v%) — vgﬁ) (Gump of von I').

The value [v] depends on the orientation of n, but [v]rn is independent of this
orientation.
Moreover, let I € .%, f and K }L) € 7, betheelementsuchthat I C 0K ;L) nos2.

Then for v € H'(£2, .7;) we introduce the following notation:

vﬁ—L) = the trace of V|K(L) on [, (2.33)
r

Wy =lp=v¥.

IfI' e 7, f, then by V}R) we formally denote the exterior trace of v on I given either
by a boundary condition or by an extrapolation from the interior of 2.

In case that I' € %y, and [-]r, (- ), and n appear in integrals fr ... dS, then
we usually omit the subscript I" and simply write [-], { - ) and n, respectively.

The discontinuous Galerkin method can be characterized as a finite element tech-
nique using piecewise polynomial approximations, in general discontinuous on inter-
faces between neighbouring elements. Therefore, we introduce a finite-dimensional
subspace of H¥(§2, .7;,), where the approximate solution will be sought.

Let .7, be a triangulation of §2 introduced in Sect.2.3.1 and let p > 0 be an
integer. We define the space of discontinuous piecewise polynomial functions

Shp = (v e L*(2); vk € Py(K) VK € T}, (2.34)



2.3 Spaces of Discontinuous Functions 37

where P,(K') denotes the space of all polynomials of degree < p on K. We call the
number p the degree of polynomial approximation. Obviously, S, C H k2, )
for any k > 1 and its dimension dim Sy, < 0.

2.4 DGM Based on a Primal Formulation

In this section we introduce the so-called discontinuous Galerkin method (DGM)
based on a primal formulation for the solution of problem (2.1). The approximate
solution will be sought in the space S, C H 1(£2, 7). In contrast to the standard
(conforming) finite element method, the weak formulation (2.2) given in Sect. 2.1 is
not suitable for the derivation of the DGM, because (2.2) does not make sense for
u e H'(£2, 9,) ¢ H'(£2). Therefore, we introduce a “weak form of (2.1) in the
sense of broken Sobolev spaces”.

Let us assume that u is a sufficiently regular solution of (2.1), namely, let u €
H?(£2). Then we speak of a strong solution. In deriving the DGM we proceed in
the following way. We multiply (2.1a) by a function v € H'!(£2, .7},), integrate over
K € 9, and use Green’s theorem. Summing over all K € .7},, we obtain the identity

Z/Vu-Vvdx— Z/ (nK~Vu)vdS=/ f vdx, (2.35)
K 0K 2

Ke, KeT,

where ng denotes the outer unit normal to d K. The surface integrals over d K make
sense due to the regularity of u. (Since u € H?(K), the derivatives du /dx; have the
traceon 0K and du/0x;|ax € L2K)fori =1,...,d;see Theorem 1.1 on traces.)
We rewrite the surface integrals over d K according to the type of faces I € .7, that
form the boundary of the element K € .7:

-V ds = -V ds + / -V ds
2/31(("K u)v Z/F(np u)v Z F(l’l]“ u)v

KeT rezp rez)
+ >0 [ e () = () P) ds.
rez/ r
(2.36)

in the last integral, since n - is the outer unit normal to 0 K }L)

[T 2]

(There is the sign

but the inner unit normal to E)K;-R), see Sect.2.3.1 or Fig.2.2.)
Due to the assumption that u € H 2(.Q), we have

[ulp = [Vulr =0, Vu'? =vil® = (Vuyr, ezl (2.37)
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Thus, the integrand of the last integral in (2.36) can be written in the form
L) (L R) (R
nr - (Vi) vE —np (Vi) VR = e (V) D r (2.38)

By virtue of the Neumann boundary condition (2.1c),

> /(nr'vu)vdSZ/ gnvds. (2.39)
r 02N

Fe?hN

Now, (2.33) and (2.35)—(2.39) imply that

Z/W-de— > /n-(Vu)[v]dS— > /n-VuvdS
K r r

Keg) rezf rezp
= > / Vu-Vvde— /n'(Vu)[v]dS (2.40)
ke, 'K rez/P r

=/ fvdx+/ gy vdsS, ve H (2, 9).
Q Yol

Here and in what follows, in integrals over I” the symbol # means n.

Relation (2.40) is the basis of the DG discretization of problem (2.1). However,
in order to guarantee the existence of the approximate solution and its convergence
to the exact one, some additional terms have to be included in the DG formulation.

In order to mimic the continuity of the approximate solution in a weaker sense,
we define the interior and boundary penalty bilinear form

JP (u, v) = z /Fo[u][v]dS+ z /FauvdS (2.41)

Feﬁ,{ Feéth
= Z /o[u] vldS, u,ve HY(2,%).
Feﬁh’D r

The boundary penalty is associated with the boundary linear form

pwm= > /FaupvdS. (2.42)

D
re%,

Here o > 0 is a penalty weight. Its choice will be discussed in Sect.2.6. Obviously,
for the exact strong solution u € H 2(.(2 ),

JS(u,v)y=J5(v)  Vve HY(2, %), (2.43)

since[u]p=Of0rF€55hI and[u]pzupzupforFeﬁhD.



2.4 DGM Based on a Primal Formulation 39

The interior penalty replaces the continuity of the approximate solution on inte-
rior faces, which is required in the standard conforming finite element method.
The boundary penalty introduces the Dirichlet boundary condition in the discrete
problem.

Moreover, the left-hand side of (2.40) is not symmetric with respect to # and
v. In the theoretical analysis, it is advantageous to have some type of symmetry.
Hence, it is desirable to include some additional term, which “symmetrizes” the
left-hand side of (2.40) and which vanishes for the exact solution. Therefore, let
u € H' (£2) N H*($2, ;) be a function which satisfies the Dirichlet boundary
condition (2.1b). Then we use the identity

Z /n~(Vv)[u]dS= z /n-VqudS Vve HX(R2,J), (2.44)
r r

rez/P rezp

which is valid since [u] = O for I" € ﬂ’;{, [ulp = ur = up for I' € ﬁhD and
(V) p =Vypfor' € ﬂhD by definition.

Now, without a deeper motivation, we introduce five variants of the discontinuous
Galerkin weak formulation. Each particular method is commented on in Remark 2.10.
Hence, we sum identity (2.40) with —1, 1 or O-multiple of (2.44) and possibly add
equality (2.43). This leads us to the following notation. For u,v € H*($2, 7},) we
introduce the bilinear diffusion forms

ap.v)= > /KVu.dex— > /(n~(Vu)[v]+n~(Vv)[u]) ds,

KeZ, rezm r
(2.452)
apu.v)= Y / Vu-Vvde— > /(n-(Vu)[v]—n-(Vv)[u]) ds,
ke, " K rezip?’l
(2.45b)
ay(u,v) = / Vu-Vvdr— /n-(Vu) [v]dS, (2.45¢)
ke " K reziP r

and the right-hand side linear forms

Fhs(v)z/ fvde+ D /ngdS— > /n-VqudS, (2.46a)
2 r r

rezy rezp
Fh"(v)z/ fvde+ D /ngdS+ > /n-VqudS, (2.46b)
@ rezl r rezp r
Fhi(v)z/ fvde+ D /ngdS. (2.46¢)
2 r

Feﬂ,{v
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Moreover, for u, v € H%($2, 9,) let us define the bilinear forms

A, v) = a}(u,v), (2.47a)
Ap(u,v) =a; (u,v), (2.47b)
Ay (u,v) = af u,v) + J7 (u, ), (2.47¢)
AR, v) = au,v) + JZ (u, v), (2.47d)
A, v) = af(u,v) + I7 (u, ), (2.47¢)
and the linear forms
6V = F ), (2.48a)
6 0) = F' ), (2.48b)
67 ) = Fy () + Jp0), (2.48¢)
£, ) = F(v) + 30, (2.48d)
67 () = Flv) + J5 ). (2.48¢)

Since Sy, C H?(82, ), the forms (2.47) make sense for uy, vj, € Shp- Conse-
quently, we define five numerical schemes.

Definition 2.7 A functionuj, € Sy, is called a DG approximate solution of problem
(2.1), if it satisfies one of the following identities:

@) AjGun, vi) =€) Yy € Sip, (2.492)
Gi) APGun,vi) = L2VR) Vi € Shp, (2.49b)
(i) A} (un, vi) = €°° (V) Y vi € Shp, (2.49¢)
(V) A (un,vi) = € () Yvh € Sip, (2.49d)
V) Ay i) = £, () Yoy € Sip, (2.49)

where the forms A,f, A;l‘, ..., and 6,2, E}ll, ..., are defined by (2.47) and (2.48),
respectively.

The diffusion forms a;}, a;, a,i defined by (2.45) can be simply written in the form

ap(u,v) = Z/Vu-Vvdx— Z /(n-(Vu)[v]+@n-(Vv)[u]) ds,
K r

KeJ), reglp
(2.50)

where @ = 1 in the case of the form a;/, ® = —1 for @' and ® = 0 for a}i and
the bilinear forms A;, A, A7, A" and A;’? defined by (2.47) can be written in
the form

Ap(u,v) = ap(u,v) +9J; (u,v), 2.51)
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where ¥ = 0 for A} and A;} and ¥ = 1for A;"?, A" and A,il’”.
Similarly we can write

Fh(v)z/ fvde+ > /ngdS—@ > /n-vVuDds, (2.52)
2 r r

rezy rezp

with ® =1 for F, hs, ® = —1for F, hn and ® = 0 for F, hi, and then the right-hand side
form reads

Lh(v) = Fr(v) + 0I5 (), (2.53)

where = 0 for £; and £ and ¥ = 1 for £,"°, ¢,"" and ¢,° .

The form a;! (©@ = —1), a,il (® = 0) and a (® = 1) represents the so-called
nonsymmetric, incomplete and symmetric variant of the diffusion discretization,
respectively.

If we denote by Aj, any form defined by (2.47) and by ¢;,, we denote the form
defined by (2.53), i.e., any form given by (2.48), the discrete problem (2.49) can be
formulated to find u;, € Sy, satisfying the identity

Ap(up,vp) =L (V) Yvp € Spp. (2.54)

The discrete problem (2.54) is equivalent to a system of linear algebraic equations,
which can be solved by a suitable direct or iterative method. Namely, let {¢;, i =
1,..., Np} be a basis of the space Sj,, where Nj = dim Sy, (= dimension of Sp).

The approximate solution uj is sought in the form uj (x) = i\l | ulp j(x), where

u’, j =1,..., Ny, are unknown real coefficients. Then, due to the linearity of the
form Aj, the discrete problem (2.54) is equivalent to the system

Np

> Anlgj, eu! = i), j=1,..., Ny (2.55)
j=1

It can be written in the matrix form

AU =L,

N, Nj iV Np
where A = (a;j); i_; = (An(e), ), 1= U = )L, and L = (a(p))) ;L.
From the construction of the forms A and ¢;, one can see that the strong solution

u € H*(2) of problem (2.1) satisfies the identity

Ap(u,v) = €,(v) Yve HX R, ), (2.56)
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which represents the consistency of the method. Relations (2.54) and (2.56) imply
the so-called Galerkin orthogonality of the error e, = uj, — u of the method:

Ap(en,vi) =0 Yv, € Spp, (2.57)

which will be used in analysing error estimates.

Remark 2.8 Comparing the above process of the derivation of the DG schemes with
the abstract numerical method in Sect.2.2, we see that we can define the function
spaces

V =H*2), Wy=H*2,%), Vi=Su. (2.58)

However, as we will see later, the space W;, will not be equipped with the norm
I | 522, 7, defined by (2.30), but by another norm introduced later in (2.103) will
be used.

Remark 2.9 The interior and boundary penalty form J;” together with the form Jj
replace the continuity of conforming finite element approximate solutions and rep-
resent Dirichlet boundary conditions. Thus, in contrast to standard conforming finite
element techniques, both Dirichlet and Neumann boundary conditions are included
automatically in the formulation (2.54) of the discrete problem. This is an advantage
particularly in the case of nonhomogeneous Dirichlet boundary conditions, because
it is not necessary to construct subsets of finite element spaces formed by functions
approximating the Dirichlet boundary condition in a suitable way.

Remark 2.10 Method (2.49a) was introduced by Delves et al. ([76, 77, 172, 173]),
who called it a global element method. Its advantage is the symmetry of the discrete
problem due to the third term on the right-hand side of (2.45a). On the other hand,
a significant disadvantage is that the bilinear form A} is indefinite. This causes
difficulties when dealing with time-dependent problems, because some eigenvalues
of the operator associated with the form Aj can have negative real parts and then the
resulting space-time discrete schemes become unconditionally unstable. Therefore,
we prove in Lemma2.36 the continuity of the bilinear form A7, but further on we
are not concerned with this method any more.

Scheme (2.49b) was introduced by Baumann and Oden in [12, 230] and is usually
called the Baumann—QOden method. 1t is straightforward to show that the correspond-
ing bilinear form A} is positive semidefinite due to the third term on the right-hand
side of (2.45b). An interesting property of this method is that it is unstable for piece-
wise linear approximations, i.e., for p = 1.

Scheme (2.49¢) is called the symmetric interior penalty Galerkin (SIPG) method.
It was derived by Arnold ([7]) and Wheeler ([283]) by adding penalty terms to the
form Aﬁ. (In this case aj; and Fj, are defined by (2.50) and (2.52) with ® = 1.)
This formulation leads to a symmetric bilinear form, which is coercive, if the penalty
parameter o is sufficiently large. Moreover, the Aubin—Nitsche duality technique
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(also called Aubin—Nitsche trick) can be used to obtain an optimal error estimate in
the L2(£2)-norm.

Method (2.49d), called the nonsymmetric interior penalty Galerkin (NIPG)
method, was proposed by Girault, Riviere and Wheeler in [239]. (Here ® = —1.) In
this case the bilinear form A ;l"" is nonsymmetric and does not allow one to obtain
an optimal error estimate in the L?(£2)-norm with the aid of the Aubin-Nitsche
trick. However, numerical experiments show that in some situations (for example, if
uniform grids are used) the odd degrees of the polynomial approximation give the
optimal order of convergence. On the other hand, a favorable property of the NIPG
method is the coercivity of A ;11 "9 (-, -) for any penalty parameter o > 0.

Finally, method (2.49¢), called the incomplete interior penalty Galerkin (IIPG)
method (® = 0), was studied in [74, 263, 265]. In this case the bilinear form A ;,’0
is nonsymmetric and does not allow one to obtain an optimal error estimate in the
L?(£2)-norm. The penalty parameter o has to be chosen sufficiently large in order to
guarantee the coercivity of A ,1’0. The advantage of the IIPG method is the simplicity
of the discrete diffusion operator, because the expressions from (2.44) do not appear
in (2.45c). This is particularly advantageous in the case when the diffusion operator
is nonlinear with respect to Vu. (See, e.g., [87] or Chap.9 of this book.)

It would also be possible to define the scheme A ;l (u,v)y =1¢ ;l () Vv € Spp, where
A},(u, V) = ag(u, v) and E}l ) = Fhi(v), but this method does not make sense,
because it does not contain the Dirichlet boundary data u p from condition (2.1b).

In the following, we deal with the theoretical analysis of the DGM applied to
the numerical solution of the model problem (2.1). Namely, we pay attention to the
existence and uniqueness of the approximate solution defined by (2.54) and derive
error estimates.

2.5 Basic Tools of the Theoretical Analysis of DGM

Theoretical analysis of the DG method presented in this book is based on three
fundamental tools: the multiplicative trace inequality, the inverse inequality, and the
approximation properties of the spaces of piecewise polynomial functions. In this
section we introduce and prove these important tools under the assumptions about
the meshes in Sect.2.3.2.

Our first objective will be to summarize some important concepts and results from
finite element theory, treated, e.g., in [52].

Definition 2.11 Let n > 0 be an integer. We say that sets w, @ C R”" are affine
equivalent, if there exists an invertible affine mapping F,, : @ — w such that
F,(®) = wand

x=F,(%)=Buf+by,cw, %co, (2.59)

where B, is an n X n nonsingular matrix and b,, € R".
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If b : @ — R, then the inverse mapping F I allows us to transform the function
vtov:w — R by the relation

v(x) = 9(F, (%), x€ow. (2.60)
Hence,

v="PboF. !, V=voF, (2.61)

w

and
V(%) = v(x) for all x, x in the correspondence (2.59).

If B is an n x n matrix, then its norm associated with the Euclidean norm | - | in
R™ is defined as | B|| = SUP(Lx c R [Bx|/]x].

The following lemmas give us bounds for the norms of matrices B,, and B!
and the relations between Sobolev seminorms of functions v and ¥ satisfying (2.61).
First, we introduce the following notation for bounded domains w, ®:

h, =diam(w), hy = diam(®), (2.62)
P = radius of the largest ball inscribed into o, (2.63)

p& = radius of the largest ball inscribed into @.

Lemma 2.12 Letw, @ C R" be affine-equivalent bounded domains with the invert-
ible mapping F,(X) = B,x + b, € w for x € @. Then

h hs
1Bl < ﬁ 1B, < ﬁ (2.64)
w w

Further, the substitution theorem implies that
| det(Be,)| = ||/l (2.65)

where |w| and |@| denote the n-dimensional Lebesgue measure of w and ®,
respectively.

For the proof of (2.64) see [52, Theorem 3.1.3]. The proof of (2.65) is a conse-
quence of the substitution theorem. Further, we cite here Theorem 3.1.2 from [52].

Lemma 2.13 Letw, @ C R" be affine-equivalent bounded domains with the invert-
ible mapping F,(x) = B,x + b, € w for x € . If v € W™*(w) for some integer
m > 0 and some o € [1, 00), then the function v = v o F,, € W™ (@). Moreover,
there exists a constant C depending on m and d only such that

Plwma@) < ClIBol™ | detBy,)| ™" vlwma (), (2.66)
Wlwmaw < C 1B, ™ | detBu) | [Plwma ). (2.67)
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In our finite element analysis, we have n = d and the set w represents an element
K € 9 and @ is chosen as a reference element K, i.e., the simplex with vertices

a1 =00,0,...,0), a = (1,0,...,0), a3 = (0,1,0,...,0),... (2.68)
oy dg41=(0,0,...,1) e RY.

The elements K and K are considered as closed sets. The Sobolev spaces over K

and K are defined as the spaces over the interiors of these sets. (In Sect. 7.3, we will

also apply the above results to the case withn = 1,w = I' € %, and @ = (0, 1).)
As a consequence of the above results we can formulate the following assertions.

Corollary 2.14 If K € 9}, and v e H™(K), where m > 0 is an integer, then the
function V(x) = v(Fg (%)) € H"(K) and
dom .
|V|H’"(K) < CchK |V|Hm(]?), (269)
_d
Dl ymy < cchly > Wlam ). (2.70)
where c. > 0 depends on the shape regularity constant Cr but not on K and v.

Exercises 2.15 Prove (2.69) and (2.70) using the shape-regularity assumption (2.19)
and the results of Lemmas2.12 and 2.13.

In deriving error estimates we apply the following important result from [52,
Theorem 3.1.4].

Theorem 2.16 Let @ C R” be a bounded domain and for some integers p > 0 and
m > 0 and some numbers o, B € [1, 00], let the spaces wptla (@) and Wm’ﬂ(a)
satisfy the continuous embedding

WPl @) s Wb (@). (2.71)
Let T be a continuous linear mapping of WP (@) into WP (@) such that

Ip=¢ Ve Pyd). (2.72)
Let a set @ be affine-equivalent to the set ®. This means that there exists an affine
mapping x = Fu,(X) = B,X + b, € w for X € @, where By, is a nonsingular n x n

matrix and b,, € R". Let the mapping I1,, be defined by

Mv(x) = (ITH)(F, ' (x)), (2.73)
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for all functions v € WPTLe (@) and v € WPHh(w) such that V(%) = v(F, (X)) =
v(x). Then there exists a constant C(I1, @) such that

[TT9 = Hyms @) < CUT, @) Plwrs10), (2.74)
and
hp-i-]
= o~ — w
v = HoVlymp ) < CUT, @) |w|V/P~1/@ pr VI p+ia(w) (2.75)
w

Vve WPthe(y),

with h,, = diam(w), p,, defined as the radius of the largest ball inscribed into w and
|w| defined as the n-dimensional Lebesgue measure of the set w. We set 1/00 := 0.

Exercises 2.17 Prove (2.75) using (2.74), (2.66), (2.67), (2.64) and (2.65).

Another important result used often in finite element theory is the Bramble—Hilbert
lemma (see [52, Theorem4.1.3] or [287, Theorem 9.3]).

Theorem 2.18 (Bramble—Hilbert lemma) Let us assume that o C R" is a bounded
domain with Lipschitz boundary. Let p > 0 be an integer and a € [1, oo] and let f
be a continuous linear functional on the space WPTH¥(2) (i.e., f € (WP (w))*)
satisfying the condition

f) =0 Vve Pyw). (2.76)
Then there exists a constant Cpy > 0 depending only on w such that

|f W] < Coull fllwro@ys Vwpriew Yve WP (). (2.77)
(

2.5.1 Multiplicative Trace Inequality

The forms a; and J given by (2.45) and (2.41), respectively, contain several inte-
grals over faces. Therefore, in the theoretical analysis we need to estimate norms
over faces by norms over elements. These estimates are usually obtained using the
multiplicative trace inequality. In the literature, it is possible to find several variants
of the multiplicative trace inequality. Here, we present the variant, which suits our
considerations.

Lemma 2.19 (Multiplicative trace inequality) Let the shape-regularity assumption
(2.19) be satisfied. Then there exists a constant Cy; > 0 independent of v, h and K
such that
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V11725, <Cm (||v||Lz(K> Vg k) + h;lnvnizm) : (2.78)
K €9, ve HY(K), h € (0, h).

Proof Let K € .7, be arbitrary but fixed. We denote by x ¢ the center of the largest
d-dimensional ball inscribed into the simplex K. Without loss of generality we
suppose that x ¢ is the origin of the coordinate system.

Since the space C*°(K) is dense in H'(K), it is sufficient to prove (2.78) for
v € C*(K). We start from the following relation obtained from Green’s identity
(1.23):

/ vzx-ndSz/ V.02x)dx, veC®K), (2.79)
0K K

where n denotes here the outer unit normal to d K. Let - be the outer unit normal
to K on a side I" of K. Then

x-np = |x||np|cosa = |x|cosa = pg, x €T, (2.80)

see Fig.2.3. From (2.80) we have

/ VxondS= > /v2x~nrdS=,0K > /v2d5=pK||v||§z(aK)~
0K r r

rcok rcok

2.81)

Fig. 2.3 Simplex K with its face I’
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Moreover,
/ V- (v2x) dx =/ (vzv-x+x : wz) dx (2.82)
K K

=d/ vzdx+2/ vx - Vvdx 5d||v||§2(K)+2/ lvx - Vv|dx.
K K K

With the aid of the Cauchy inequality, the second term of (2.82) is estimated as

2/ vx - Vvldx < 2sup x| [ WIVVIdx < 2k ViV (283)
K xek K

Then (2.19), (2.79), (2.81)—(2.83) give

=[x lzgo Mg+ | @89

0
d
=< Cr|2Ivliz2xy Vg k) + E”V”B(K) ,

which proves (2.78) with Cpy = Cg max{2, d}. ([l

Exercises 2.20 Prove that the multiplicative trace inequality is valid also for vector-
valued functions v : 2 — R”,i.e.,

V11325 <Cm (||v||Lz(K) Wl k) +hg1||v||iz(,0), ve (H(K)", K € F.
(2.85)

Hint: Use (2.78) for each component of v = (vy, ..., v,), sum these inequalities and
apply the discrete Cauchy inequality (1.52).

2.5.2 Inverse Inequality

In deriving error estimates, we need to estimate the H !-seminorm of a polynomial
function by its L2-norm, i.e., we apply the so-called inverse inequality.

Lemma 2.21 (Inverse inequality) Let the shape-regularity assumption (2.19) be
satisfied. Then there exists a constant C; > 0 independent of v, h and K such that

|V|H1(K) < Clh;IHV”LZ(K) Vv e Pp(K), VK e e%z, Vh e (0, E) (286)
Proof Let K be a reference triangle and Fg : K > K, K e I, be an affine

mapping such that FK(f) = K. By (2.69) (for m = 1) and (2.70) (for m = 0)
we have
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d_1 . R _d
Wi < cchs Bl Pl < cchp IVl)- (2.87)

From [253, Theorem4.76], we have
Bl < P02k, P € Pp(K), (2.88)

where ¢; > 0 depends on d but not on v and p. A simple combination of (2.87) and
(2.88) proves (2.86) with C; = c; cg pz. Let us note that (2.88) is a consequence of
the norm equivalence on finite-dimensional spaces. |

Other inverse inequalities will appear in Sect. 7.3, Lemma7.35.

2.5.3 Approximation Properties

With respect to the error analysis of the abstract numerical method treated in Sect. 2.2,
asuitable Sy, -interpolation has to be introduced. Let .7, be a given triangulation of the
domain £2. Then for each K € .7}, we define the mapping 7x  : L*(K) —> Py(K)
such that for every ¢ € L*(K)

7K. p9 € Pp(K), /(nk,pqa)vdx =/ gvdx Vve Py(K). (2.89)
K K

On the basis of the mappings g , we introduce the Sj,-interpolation 1y, defined
for all ¢ € L?(£2) by

(@) k =7k p(@lk) VK € T (2.90)

It can be easily shown that if ¢ € L?(£2), then
Iy € Spp, /(thgo)vdx =/ pvdx Vv e Sy. 2.91)
Q 2

Hence, I}, is the LZ(.Q)-projection on the space Sj.
The approximation properties of the interpolation operators 7, and [T, are the
consequence of Theorem2.16.

Lemma 2.22 Let the shape-regularity assumption (2.19) be valid and let p, q, s be
integers, p > 0,0 < g < u, where 1 = min(p + 1, s). Then there exists a constant
C4 > 0 such that

|7T](ypv — V|H‘1(K) =< CAhI;{_q|V|H;L(K) Vv e HY(K) VK e€ 9, Yh € (0, ]’_l)
(2.92)
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Hence, if p > 1 and s > 2, then

k. pv — iz < Cah ey Yve H (K)YK € FVh € (0, h),

(2.93)

7k, pv — Vgt k) < Cahls ' Wiy Yve HS(K)YK € Ty Vh e 0, h),
(2.94)

1Tk pv — VIg2k) < CAh‘;(_zlvlyu(K) Vve H(K)VK € Z,Vh € (0, h).
(2.95)

Moreover, we have

lmk.1v = Vi) < Cahg Vo) Vv € WI(K) VK € G, Vh € 0,h).
(2.96)

Exercises 2.23 Prove Lemma?2.22 using Theorem2.16 and assumption (2.19).

The above results immediately imply the approximation properties of the operator
.

Lemma 2.24 Let the shape-regularity assumption (2.19) be satisfied and let p, q, s
be integers, p > 0,0 < g < u, where p = min(p + 1, s). Then

|thV - V|Hq(ﬂ,,7h) S CAh'u_q|v|H”'(.Q,,%)a Ve HS(‘Qa t%l)’ h € (07 }_l)a
(2.97)

where C 4 is the constant from (2.92). Hence, if p > 1 and s > 2, then

Iy = vl 202y < Cah*Wlpni, 7). v € H (2, Fh), h € (0, h), (2.98)
[Tipy = V] 107y < Cah™ Wi, 7). ve HY(2, T, h €O, h),
(2.99)
[Ty =Vl 2, 73 < Cal* Wl 7). v € H' (R, Fp). h € 0. h).
(2.100)

Proof Using (2.90), definition of the seminorm in a broken Sobolev space (2.31)
and the approximation properties (2.92), we obtain (2.97). This immediately implies
(2.98)—(2.100). (]

Moreover, using the combination of the multiplicative trace inequality (2.78) and
Lemma2.22, we can prove the approximation properties of the operator Ty, in the
norms defined over the boundaries of elements.

Lemma 2.25 Let the shape-regularity assumption (2.19) be satisfied and let p > 1,
s > 2 be integers and o > —1. Then
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D Wl gy =ik < 2CuCRR* Do ) (2.101)
Ke9,
DRIV Uy = W2k < 20 CRR Wl g 5y, (2102)
KeJ),

Ve HS(Qa y/fl)a h e (07 Ijl)v

where u = min(p + 1, s), Cp is the constant from (2.78) and C 4 is the constant
from (2.92).

Proof (i) Letv € H*(82, .7},). For simplicity we put n = ITj,v — v. Then relation
(2.90) implies that n|x = 7wk pv|k —v|k for K € . Using the multiplicative trace
inequality (2.78), the approximation property (2.92), and the seminorm definition
(2.31), we have

> g = O D i (Inll g e + A 0 )
Ke, KeJ,
—1 —1,2
< Cy >0 W€ (Weh™ "+ g h ) vl
KeT,
232u—1 2
<2CyCih** +°’|v|H,L(Q’yh).

(i1) Similarly as above, using the vector-valued variant of the multiplicative trace
inequality (2.85), identities (1.21) and the approximation property (2.92), we get

-1
D hIVnltapk < Cu D bk (uvmuzm IVl k) + Iy ||Vn||iz(,<))
Ke 9, Ke7,

=Cuy Z h% (|77|H1(K) g2k + hEllﬂliﬂ(K))
Ke9),
=2 1,201
= Cy >0 €S (W BT D) W
Ke),

< 2cMc§h2“*3+“|v|§,u(Q’%).

2.6 Existence and Uniqueness of the Approximate Solution

We start with the theoretical analysis of the DGM, namely we prove the existence of a
numerical solution defined by (2.54). Then, in Sect. 2.7, we derive error estimates. We
follow the formal analysis of the abstract numerical methods in Sect.2.2. Therefore,
we show the continuity and the coercivity of the form Aj, given by (2.47) in a suitable
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norm. This norm should reflect the discontinuity of functions from the broken Sobolev
spaces H'(£2, .73,). To this end, we define the following mesh-dependent norm

1/2
el 7, = (11 g+ J5 G 0) (2.103)

where | - |1, 7,) and J; are given by (2.31) and (2.41), respectively.
In what follows, because there is no danger of misunderstanding, we omit the

subscript 7. This means that we simply write || - [I| = ||| - [l z,. We call || - || the
DG-norm.
Exercises 2.26 Prove that || - ||| is a norm in the spaces H'(£2, .7;,) and Shp-

2.6.1 The Choice of Penalty Weight o

In the following considerations we assume that the system {7}, e(0,i of triangula-
tions satisfies the shape-regularity assumption (2.19) and the equivalence condition
(2.20).

We consider the penalty weight o : U Fp = R in the form

C
O'|F=O'F=h—W, rezpP, (2.104)
r

where Cw > O is the penalization constant and h(~ h) is the quantity given
by one of the possibilities from (2.24)—(2.27) with respect to the considered mesh
assumptions (MA1)-(MA4), see Lemma?2.5. Let us note that in some cases it is
possible to consider a different form of the penalty parameter o, as mentioned in
Remark2.51.

Under the introduced notation, in view of (2.41), (2.42) and (2.104), the interior
and boundary penalty form and the associated boundary linear form read as

C C
uvy= > /F%[u][v]d& pm= > /F%ul)vdS

rezm rezp

(2.105)

In what follows, we introduce technical lemmas, which will be useful in the
theoretical analysis.

Lemma 2.27 Let (2.20) be valid. Then for eachv € H'(2, ;) we have

2
—1 1
> oy /F[v]2dS = > hyg /8K|v|2dS, (2.106)

rezlp KeTh



2.6 Existence and Uniqueness of the Approximate Solution 53

> hp/ ds <C¢ Y. hK/ [v|?ds. (2.107)

0K

rez/P KeJ,
Hence,
2Cw _
> orlvliagy < o > IV k) (2.108)
rez/P Ke9,
1

2 IOy = —W > hklvlZag, (2.109)
rezP KeZ),

Proof (i) By definition (2.32), the inequality

(y+8)2<2(y2+8), y.8€R, (2.110)
and (2.20) we have
z hp / [v
rezmp

= > iy /‘“) )‘dSJrZ /‘)‘dS

rez/ rezp
2 2
<23 h;‘/ ()v}”‘ +‘V(F’“‘)ds+ > h;‘/ vP[ as
al r o‘*D r
rez, F
<2c;' Y h_m/‘ )‘ ds +2¢5" Z h- (R)/ | ””’
QID
<207 D7 hy / lv|>ds.
KeI, '

This and (2.104) immediately imply (2.108).
(i) In the proof of (2.107) we proceed similarly, using (2.32), (2.20) and (2.110).
Inequalities (2.108) and (2.109) are obtained from (2.106), (2.107) and (2.104). O

2.6.2 Continuity of Diffusion Bilinear Forms

First, we prove several auxiliary assertions.

Lemma 2.28 Any form ay, defined by (2.45) satisfies the estimate

lan @, V)| < lullio Vo Yu,ve H (2, %), (2.111)
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where
WIT o = lvil* + Z/ - (V)P ds (2.112)
e L7'11)
=g TGN+ D) /U_l(n~(Vv))2dS.
g ID r
rez,

Proof 1t follows from (2.45) that

lan(u, v)| < Z / |Vu - Vv| dx (2.113)
Ke7,
X1
+ Z/ (Vu) [v]] dS + z / (V) [u]] dS.
rezb rez[b r
X2 X3

(For the form a;i the term x3 vanishes, of course.) Obviously, the Cauchy inequality,
the discrete Cauchy inequality, and (2.31) imply that

X< D lulmao W) < lula,g W@, g (2.114)
Ke9},

Further, by the Cauchy inequality,

1/2 12
X< . (/ ‘1(n~<Vu))2dS) (/Fa[v]ZdS) (2.115)

rezP

1/2 1/2
< Z/ “ln - (Vu))*dS > /o[v :

rez/P rezjv
and
12 172
X3 < Z/ (Vv)Eds > /o[u] as| . (116

rezpP rezp

Using the discrete Cauchy inequality, from (2.114)—(2.116) we derive the bound

lan(u, V)| < lulgi@.7)Vlu1@.7) (2.117)
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12 1/2
+ > /o_l(n-(Vu))zdS > /G[V]zdS
Fe._@hm r FEL%IID r
172 1/2
+ > /o*l(n-ww)zds > /a[u]zdS
rezip’" regi’
12
<\ wlom+ 2 /a—l(n-<Vu>)2ds+J,;’(u,u)

r
rez/P
12

< | Wiz + 2. /Fo‘l(n~<Vv>)2ds+J,;’(v.v)

Fefhm

= llullio Vio-
]

Exercises 2.29 Prove that | - |1 , introduced by (2.112) defines a norm in the broken
Sobolev space H?(£2, F},).

Corollary 2.30 By virtue of (2.47a) and (2.47b), Lemma 2.28 and Exercise 2.29, the
bilinear forms A;, and A} are bounded with respect to the norm || - ||1,¢ in the broken
Sobolev space H*($2, Fj,).

Exercises 2.31 Prove Corollary 2.30.
Further, we pay attention on the expression J;J (u, v) foru,v € H L2, .%).

Lemma 2.32 Let assumptions (2.104), (2.19) and (2.20) be satisfied. Then

7 )| < T ) 207 0.0 2 Yuv e HY (R, T), (2.118)
and
2CwCy _ _
Row s =2 (hK2||v||iz(K)+hK1||v||L2(K)|v|H1(K)) (2.119)
T Ke,
L Cwlu > (BRI T2y + I Vve HY(R, %)
= Kk Wip2ek) H(K) » Sh)-
Ke,

Proof Letu,v e H' (22, F). By the definition (2.41) of the form J;7 and the Cauchy
inequality,
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VAR /ouu][vnds (2.120)
rez/P r
1/2 1/2
< Z / [u]*dsS Z /U[V] ds
rezm rez

= J7 (u, u)1/2J;l’(v, 02,
Further, the definition of the form J;7, (2.104), (2.20) and (2.108) imply that

Cw _
o= 3 [avras= 3 Pl < 0 3 g,
rezP r rezfp hr Ked

Now, using the multiplicative trace inequality (2.78), we get

2CwCy _ _
oW === 2, (B2 1912 ) + B V2o M) ) - 22121
Ke9,

The last relation in (2.119) follows from (2.121) and the Young inequality. (]

Lemmas2.28 and 2.32 immediately imply the boundedness also of the forms
A7, A7 and A;7 with respect to the norm || - ||1,.

Corollary 2.33 Let assumptions (2.104), (2.19) and (2.20) be satisfied. Then the
forms Ay, defined by (2.47) satisfy the estimate

|ARu, )| < 2lluliolvilie Yu,ve HX (2, Th). (2.122)

Proof For the boundedness of A, = A} and A, = A}, see Corollary (2.30). Let
Ap = Ay or Ay = A, or Ay = A, Then, by virtue of (2.47¢c)—(2.47¢),
Lemmas?2.28 and 2.32 we have

|An@, V)| < lan(, V) + 1J7 @, 0] < Nulhie Ve + 7 @, w2 I7 0,02

< llullto Vlie + lullie IViLe = 2lullo V1o
]

The following lemma allows us to estimate the expressions with integrals over
I' € .}, in terms of norms over elements K € .7},.

Lemma 2.34 Letthe weight o be defined by (2.104). Then, under assumptions (2.19)
and (2.20), for any v € HZ(SZ, Th) the following estimate holds:
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CcCu
Z/ Ly (o2 ds < SEM C S (hK||Vv||L2(K)|Vv|H1(K)+||Vv||iz(K))

rez/® Ke9,
CcCum 2
= C Z (hKlVlHl(K) |V|H2(K)+|V|H1(K))
w Ke,
CcCy 2 2
<Sel Y (R Py #3021 x)) - (2123)
Ke9,

Moreover, if v € Sy, then

CC
> [ o7t (ve?ds < =ZHC + DIl 5y (2124)
r CW sh
regzpP
h

Proof Using (2.109) and the multiplicative trace inequality (2.78), we find that

> /a*‘(n (Vv)2dsS

rezm r
< == > helVVIGagg,
KeJ,
CeCy _
< > hk (Il 2k 1991105y + R IOV )
Cw Ke,

which is the first inequality in (2.123). The second one directly follows from the
Young inequality.
If v € Spp, then (2.123) and the inverse inequality (2.86) imply that

CcCy
> / (Vup)Pas = =2 S (cl||wh||iz(,<)+||Vvh||iz(K))
rezb W ke,
_ C6Cu CoCu 2
Co €11 2 IVWlag = =6 = €+ DVl o g,
Ke,
which we wanted to prove. a

We continue in the derivation of various inequalities based on the estimation of
the || - ||, -norm.

Lemma 2.35 Under assumptions of Lemma 2.34, there exist constants Cy, Cy >0
such that

JZ (u,u)'? < lulll < lull1o < Co Ra) Yu € H*(2, Th), h € (0, h),
(2.125)
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I vi) 2 < vall < valhie < Colllvall Yvi € Sp, h € (0,h), (2.126)

where

1/2
Ra(u>=( > (|u|i,l(K)+h%<|u|§,2<K)+hg2uuniz(m)) L ue HY2, T).
Ke9,
(2.127)

Proof The first two inequalities in (2.125) as well as in (2.126) follow immediately
from the definition of the DG-norm (2.103) and the |-||; ,-norm (2.112). Moreover,
in view of (2.123) and (2.119), for u € H*(2, .7;) we have

Il o =l g5+ S0+ 2 [ o7 (s
e _7'1[)

Cwlum —2 2 2
Z |M|H1(K) T Z (Sh]( ||”||L2(K)+ |M|H1(K))
Ke, KeJ,

CG CM 2
+ 2CW Z (hK|”|H2(K)+3|”|H1(K))
KeJ,

Now, after a simple manipulation, we get

2 2
||uII1,aSK§ (|“|H1<K>(1+ 2Cw + Cr )
h

CeCuy 2 3CwCy
2 2 2 2
+|M|H2(K)hK 2C +||u||L2(K)hK C—T .

Hence, (2.125) holds with

3Cg C CwCy CcCy 3CwC 172
CJZ max 1+ G M+ w M7 G M’ w LM )
2Cw Cr 2Cw Cr

Further, if v, € Spp, then (2.112), (2.124) and (2.103) immediately imply (2.126)
with C; = (1 4+ Cg Cy(Cy + 1)/ Cw)'/2. O

In what follows, we are concerned with properties of the bilinear forms A, defined
by (2.47). First, we prove the continuity of the bilinear forms A;, defined by (2.47)
in the space Sy, with respect to the norm ||| - [||.

Lemma 2.36 Let assumptions (2.104), (2.19) and (2.20) be satisfied. Then there
exists a constant Cg > 0 such that the form Ay defined by (2.47) satisfies the
estimate
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[An(un, vi)l < Cp lluplll Ivalll Y un, vio € Shp- (2.128)

Proof Estimates (2.122) and (2.126) give (2.128) with Cp = ZC’g O

Further, we prove an inequality similar to (2.128) replacing uy € Sp, by u €
H*(2, T).

Lemma 2.37 Let assumptions (2.19), (2.20) and (2.104) be satisfied. Then there
exists a constant Cg > 0 such that

|Ap(u, vi)| < Cp Ra(u) Ivalll VY u € H*(2, Ti) VY vy € Spp ¥ (0, ), (2.129)

where R, is defined by (2.127).
Proof By (2.122) and (2.125),

|An(u, vi)l < 20ulloVallte < 2CsCoRa(@)Ivall,

which is (2.129) with Cg = 2C, Cs. O

2.6.3 Coercivity of Diffusion Bilinear Forms

Lemma 2.38 (NIPG coercivity) For any Cw > 0 the bilinear form A ;11 % defined by
(2.47d) satisfies the coercivity condition

AT = IVIP Vv e HX (2, Jh). (2.130)
Proof From (2.45b) and (2.47d) it immediately follows that
Ay W) = af o) + I7 0 = Wl g g I 00 = VP, (2.131)

which we wanted to prove. a

The proof of the coercivity of the symmetric bilinear form AZ’U is more
complicated.

Lemma 2.39 (SIPG coercivity) Let assumptions (2.19) and (2.20) be satisfied, let
Cw >4CcCy(1+Cy), (2.132)

where Cyy, Cy and Cg are the constants from (2.78), (2.86) and (2.20), respectively,
and let the penalty parameter o be given by (2.104) for all I' € 5@{1). Then

1 _
AT (v, vy) = §|||Vh|||2 Vv € Spp Vi € (0, h).
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Proof Let 6 > 0. Then from (2.41), (2.104), (2.45a) and the Cauchy and Young
inequalities it follows that

aonm) = lg 7y =2 3 [ n-Twmias (2.133)
rez/P
1 1
2 2
1 1
> lhie g~ 215 2 /hF("’<VVh))2dS 5. /h—[mzds
rezpp’" rezp’t "
7] 7]

> |2 —a)—iJU(V )
Z Vh HI(Q,E%L) CW h \VhsVh),

where

1
0= Z /hp|<wh>|2ds. (2.134)

r
D
rez

Further, from assumption (2.20), inequality (2.107), the multiplicative trace inequal-
ity (2.78) and the inverse inequality (2.86) we get

Ce
0= =5 > hIVilgag, (2.135)
Ke9,
CeCy _
== Z hk (lvh|H1(K)|VVh|H1(K) + hK1|vh|%11(K))
Ke9,
CoCy(1+Cyp) )
= Th’ﬂﬂl(g’%)-

Now let us choose
8§ =2CcCu(1 + Cy). (2.136)
Then it follows from (2.132) and (2.133)—(2.136) that

1 4CcCy(1+Cy)
ap(vh, va) = 3 (lvhlill(g,:qh) - TJ,? (Vhs Vi) (2.137)

\%

\Y

1 2 o
z 3 (|vh|Hl(Q’%) —Jy (v, Vh)) .
Finally, definition (2.47c¢) of the form A Z’U and (2.137) imply that
Ay n, vi) = ag Vs vi) + 7 Vs vi) (2.138)
> % (19081, 5, + 95 O vw)) = %mmnz,

which we wanted to prove. (]
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Lemma 2.40 (ITPG coercivity) Let assumptions (2.19) and (2.20) be satisfied, let
Cw >CgCy(1+Cyp), (2.139)

where Cyy, Cy and Cg are constants from (2.78), (2.86) and (2.20), respectively, and
let the penalty parameter o be given by (2.104) for all I" € fhm. Then

i,o0 1 2
Ay (v, vn) > §|||Vh||| Vvn € Spp.

Proof The proof is almost identical with the proof of the previous lemma. ]

Corollary 2.41 We can summarize the above results in the following way. We have
Ann, vi) = Cellvall® Yvi € Shp, (2.140)
with

Cc=1 fO}’Ath;ll’(7 if Cw > 0,
Cc=1/2 for Ay :AZ’G if Cw >4CcCy(1 4+ Cy),
Cc=1/2 for Ay = A;l’a if Cw > CgCy(1+Cy).

Corollary 2.42 By virtue of Corollary 1.7, the coercivity of the forms Ay implies
the existence and uniqueness of the solution of the discrete problems (2.49c)—(2.49e)
(SIPG, NIPG and IIPG method).

2.7 Error Estimates

In this section, we derive error estimates of the SIPG, NIPG and IIPG variants of the
DGM applied to the numerical solution of the Poisson problem (2.1). Namely, the
error uj, — u will be estimated in the DG-norm and the L?(§2)-norm.

2.7.1 Estimates in the DG-Norm

Letu € H?(£2) denote the exact strong solution of problem (2.1) and letand u;, € Sy,
be the approximate solution obtained by method (2.54), where the forms A, and ¢,
are defined by (2.47c)—(2.47¢) and (2.48c)—(2.48e), respectively. The error of the
method is defined as the function ¢, = up, —u € H 2(.{2, T4). It can be written in
the form

ep =E+n, with& =u, — Iypu € Spp, n=Ihpu —u € HX(2, %),
(2.141)
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where Iy, is the Spp-interpolation defined by (2.90). Hence, we split the error into
two parts & and 5. The term 7 represents the error of the §j,,-interpolation of the
function u. (It is possible to say that  approximates the distance of the exact solution
from the space Sy, where the approximate solution is sought.) The term 1 can be
simply estimated on the basis of the approximation properties (2.92) and (2.97). On
the other hand, the term & represents the distance between the approximate solution
uj, and the projection of the exact solution on the space Sj,. The estimation of & is
sometimes more complicated.

We suppose that the system of triangulations {7}, c(0. satisfies the shape-
regularity assumption (2.19) and that the equivalence condition (2.20) holds.

First, we prove the so-called abstract error estimate, representing a bound of the
error in terms of the Sj,,-interpolation error 7.

Theorem 2.43 Let assumptions (2.19) and (2.20) be satisfied and let the exact solu-
tion of problem (2.1) satisfy the condition u € H 2(82). Then there exists a constant
Cag > 0 such that

llealll < Cag Ra(n) = Cag RaUTppu —u), h € (0, h), (2.142)
where R, (n) is given by (2.127).

Proof We express the error by (2.141),1.e.,e, = up—u = £+n. The error ¢, satisfies
the Galerkin orthogonality condition (2.57), which is equivalent to the relation

Ap,vn) = —=Ap(n,vi) Y € Spp. (2.143)

If wesetvy :=& € Sjpp in(2.143) and use (2.47¢)—(2.47¢) and the coercivity (2.140),
we find that

Ccllgll? < AnE, &) = —An(n, ). (2.144)
Now we apply Lemma2.37 and get

|AL(n, £)] < Cp Ry () lE]Il.

The above and (2.144) already imply that

C
gl < C—B Ra(n). (2.145)
C
Obviously,

llenlll < MM+ [Mnll. (2.1406)
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Finally, (2.125) gives
linll <Co Ra(m). (2.147)

Hence, (2.146): (2.145) and (2.147) yield the abstract error estimate (2.142) with
Cag =Cs +Cp/Cc. O

The abstract error estimate is the basis for estimating the error ey, in terms of the
mesh-size A.

Theorem 2.44 (DG-norm error estimate) Let us assume that s > 2, p > 1, are
integers, u € H*(82) is the solution of problem (2.1), {%}he(o,ﬁ) is a system of
triangulations of the domain §2 satisfying the shape-regularity condition (2.19), and
the equivalence condition (2.20) (cf. Lemma2.5). Moreover, let the penalty constant
Cw satisfy the conditions from Corollary2.41. Let u, € Sy, be the approximate
solution obtained by using of the SIPG, NIPG or IIPG method (2.49¢)—(2.49¢). Then
the error ey, = uy — u satisfies the estimate

llenlll < C1h* ulpua), h € (0, h), (2.148)

where i = min(p + 1, s) and C| is a constant independent of h and u. Hence, if
s > p + 1, we get the error estimate

|||€h ”l SCIhP|M|Hp+1 ()

Proof Tt is enough to use the abstract error estimate (2.142), where the expres-
sions e kys MlE2 k) and Il 2y, K € T, are estimated on the basis of
the approximation properties (2.93)—(2.95), rewritten for n|x = (IIppu — u)|g =
g, p(u|lg) —ulx and K € Jj:
Il 2y < Ca hllulmn k), (2.149)
-1
Mgy < Cahle lulmnk),

-2
Ml p2) < Cahle “lulan k).
Thus, the inequality Ax < h and the relation ZKEK% |’4|%1u(1() = |u|%1“(9) imply

1/2

Ran = [ 3 (1l + Wkl + 2 Ml2cx ) (2.150)
Ke,

< V3CAR* N ulpn(a),

which together with (2.142) gives (2.148) with the constant C; = V3CaA Cp. O
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In order to derive an error estimate in the L?(£2)-norm we present the following
result.

Lemma 2.45 (Broken Poincaré inequality) Let the system {J}},, c(.in of triangu-
lations satisfy the shape-regularity assumption (2.19). Then there exists a constant
C > 0 independent of h and vy, such that

1

WalZa gy < C | D0 il + D e lvallga (2.151)

diam([I")
KeJ) rezfp

Y, € Spp Vh e (0, h).

The proof of the broken Poincaré inequality (2.151) was carried out in [7] in the case
where £2 is a convex polygonal domain, d§2p = 92 and the assumption (MA2)
in Sect.2.3.2 is satisfied. The proof of inequality (2.151) in a general case with the
nonempty Neumann part of the boundary can be found in [36].

From Theorem 2.44 and (2.151) we obtain the following result.

Corollary 2.46 (LZ(SZ)-(suboptimal) error estimate) Let the assumptions of Theo-
rem2.44 be satisfied. Then

lenll 2@y < C2h™ Mulgrioy, h e (0,h), (2.152)

where C» is a constant independent of h. Hence, if s > p + 1, we get the error
estimate

lenllL2(2y SCahlulgpii(q)- (2.153)

Remark 2.47 The error estimate (2.153), which is of order O (h”), is suboptimal
with respect to the approximation property (2.97) withg =0, u = p+1 < s of the
space Sy giving the order O (h?*1). In the next section we prove an optimal error
estimate in the L?(§2)-norm for SIPG method using the Aubin—Nitsche technique.

2.7.2 Optimal L*(R2)-Error Estimate

Our further aim is to derive the optimal error estimate in the L?(£2)-norm. It will be
based on the duality technique sometimes called the Aubin—Nitsche trick. Since this
approach requires the symmetry of the corresponding bilinear form and the regularity
of the exact solution to the dual problem, we consider the SIPG method applied to
problem (2.1) with 02p = 952 and 02y = (. This means that we seek u satisfying

—Au=f ing, (2.154a)
u=up ondf. (2.154b)
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Moreover, for an arbitrary z € L%(£2), we consider the dual problem: Given
z € L*(R2), find ¥ such that

Ay =z inf2, ¥ =0 ondf. (2.155)
Under the notation
V=H() = {veHl(Q); v=0on asz}, (2.156)

the weak formulation of (2.155) reads: Find ¢ € V such that
/ Vi - Vvdx =/ vdx = (z, V)12 Yvev. (2.157)
Q Q

Let us assume thatyy € H 2(£2) and that there exists a constant Cp > 0, independent
of z, such that

1V 122y = Collzll2()- (2.158)
This is true provided the polygonal (polyhedral) domain §2 is convex, as follows
from [153]. (See Remark 2.50.) Let us note that H>(£2) C C(£2), ifd < 3.
Let Aj be the symmetric bilinear form given by (2.47c¢), i.e.,

Ap(u,v) = apw,v) + Ji (u, v), u,ve H R, ), (2.159)

where a ﬁ and J; are defined by (2.45a) and (2.105), respectively.
First, we prove the following auxiliary result.

Lemma 2.48 Let v € H?(82) be the solution of problem (2.155). Then
An(W,v) = (0, 2) 200y YV E HA (2, F). (2.160)
Proof The function ¢ € H 2(£2) satisfies the conditions
[Wlr=0 VIeZF, Yhe=0. (2.161)

Letv € HX(2, ). Using (2.155), (2.161) and Green’s theorem, we obtain

(V, Z)LZ(_Q) Z/ Zde = —/ A}”de
2 2

:Z/Kvw-wdx— Z/Mvw-nvds

KeJ, Ke,

= Z Vi - Vvdx

Ke, K
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| = [wnamias+ ¥ [ o-nias
rez} r rez}] r
-1 > /w-nvds+ > /Vv-nl/de
rezp r rezp r
+ > /G[I/f][v]dS—i- > /at/fvdS
rez} rezp r
Hence, in view of the definition of the form Aj, we have (2.160). [l

Theorem 2.49 (L?(£2)-optimal error estimate) Let us assume that s > 2, p>1,
are integers, §2 is a bounded convex polyhedral domain, u € H*(§2) is the solution
of problem (2.1), { T}, c(0.i) I8 a system of triangulations of the domain §2 satisfy-
ing the shape-regularity condition (2.19), and the equivalence condition (2.20) (cf.
Lemma2.5). Moreover, let the penalty constant Cy satisfy the condition from Corol-
lary2.41. Letuy, € Sy be the approximate solution obtained using the SIPG method
(2.49c) (i.e., ©® = 1 and the form A, = AZ’S is given by (2.45a) and (2.47c). Then

lenll2(2) < C3h™ Uiy, (2.162)

where e, = up —u, i = min{p + 1, s} and Cz is a constant independent of h and u.

Proof Let ¥ € H?(£2) be the solution of the dual problem (2.157) with z := e;, =
up —u € L2(2) and let [Ty, ¥ € Sp1 be the approximation of i defined by (2.90)
with p = 1. By (2.160), we have

Ap(Y,v) = (en,V)22)y VVvE H*(2, ). (2.163)

The symmetry of the form Ay, the Galerkin orthogonality (2.57) of the error and
(2.163) with v := ¢, yield

||eh||iz(9) =AY, ep) = Ap(en, V) (2.164)
= Ap(en, ¥ — IIp1yp).

Moreover, from (2.122), it follows that

Anlen, ¥ — ) < 2lenllro 1Y — Mo, (2.165)



2.7 Error Estimates 67

where, by (2.112),
I, = IvIP+ > / o~ (n- (V) ds. (2.166)
Fe«?hm r

By (2.125) and (2.150) (with u = 2), we have

IV — Ml < Co Ra(¥ — Myiy) < V3CoCahly| g2 (q)- (2.167)
Now, the inverse inequality (2.86) and estimates (2.100), (2.99) imply that
IVenlgixy =1V —up)lgi k) (2.168)
=IV(u— thu)|Hl(K) + IVUTppu — Mh)|H1(K)
< Ju— Mhpitl g2 iy + Crhg IV Uppie = up)l 2y
= Callg Pl iy + Cong' (19 = )l 2, + 19 0 = w25

-2 —
< Call+ CRl Ul iy + Crhig IVenll 2 k-

By (2.123), (2.168) and the discrete Cauchy inequality,

> /a*‘(n-(Veh))zds (2.169)
Feﬁ"h”) r
CcaC
< =2 S (hkVenl2gh) IVenl ) + 196l 4)
w Ke9,
C6Cum -1 2
< Cw [CA(H-CI)h |eh|H1(Q,<7,,)|M|H/1(Q)+(1+CI)|eh|H1(_Q’L%)]-

Since |en|y1(2, 7,) < lllenlll, using (2.148) and (2.169), we have

_ CgC _
> /o '(n - (Vey))*dS < %cl(uclxcwcm“ DlulFug)-
rezP r W

Thus, (2.148) and (2.166) yield the estimate

lenllF 5 < Csh* P Vlulfy o) (2.170)

with Cs = C {l +CGCMC‘,_V1(1 + Cp)(Cy +CA)}. It follows from (2.165),
(2.167), and (2.170) that

Aplen, ¥ — I y) < Ceh™ |Vl 20y lulHr (@), (2.171)
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where Cg = 2+/3C, C4+/Cs.
Finally, by (2.164), (2.171), and (2.158) with z = ey,

lenl}2 oy < CoCoh™ lulmn@)llenll 2 (2): (2.172)
which already implies estimate (2.162) with C3 = CpCe. U

Remark 2.50 As we see from the above results, if the exact solution u € HP*! (£2)
and the finite elements of degree p are used, the error is of the optimal order O (hP*+1)
in the L?(£2)-norm. In the case, when the polygonal domain is not convex and/or
the Neumann and Dirichlet parts of the boundary 2y # ¢ and 2p # ¥, the exact
solution ¢ of the dual problem (2.155) is not an element of the space H 2(£2). Then it
is necessary to work in the Sobolev—Slobodetskii spaces of functions with noninteger
derivatives and the error in the L2(§2)-norm is not of the optimal order O (hPthy.
The analysis of error estimates for the DG discretization of boundary value problems
with boundary singularities is the subject of works [137, 284], where optimal error
estimates were obtained with the aid of a suitable graded mesh refinement. The
main tools are here the Sobolev—Slobodetskii spaces and weighted Sobolev spaces.
For the definitions and properties of these spaces, see [37, 209].

Remark 2.51 In [240] the Neumann problem (i.e., 92 = 9£2y) was solved by the
NIPG approach, where the penalty coefficient o was chosen in the form

C
a|p=—;V, e, (2.173)
hF

instead of (2.104), where B > 1/2. If triangular grids do not contain any hanging
nodes (i.e., the triangulations .7}, are conforming), then an optimal error estimate
in the L2(£2)-norm of this analogue of the NIPG method was proven provided that
B >3ford =2and 8 > 3/2 for d = 3. In this case the interior penalty is so strong
that the DG methods behave like the standard conforming (i.e., continuous) finite
element schemes. On the other hand, the stronger penalty causes worse computational
properties of the corresponding algebraic system, see [41].

2.8 Baumann-Oden Method

In this section we analyze the Baumann—Oden scheme (2.49b). Hence, we seek
up € Spp such that

Ap(up,vp) =Lp(vp)  Yvn € Spp, (2.174)

where Ay, (-, -) and ¢;, are given by (2.47b) and (2.48b), respectively:
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Ap(u,v) = > /KVM-Vde— > /(n~(Vu)[v]—n~(Vv)[u]) ds,

Ke9, I‘EEZh’D r
(2.175)
zh(v)z/fvdx+ > /ngdS+ > /(n-VV)uDdS.
2 agN r a D r
rez, rez,
Obviously, (2.175) gives
Ah(v,v)z|v|§{l(9%) Vve HX (2, %), (2.176)

where only a seminorm stands on the right-hand side. We speak about a weak coerciv-
ity. (The above inequality is valid with the sign = of course.) Therefore, it is possible
to derive error estimates in a seminorm only.

This method was presented and analyzed for one-dimensional diffusion problem
in [12]. In [239], Riviere, Wheeler, and Girault showed how to obtain error estimates
under the assumption that the polynomial degree p > 2 and the mesh is conform-
ing. The analysis carried out in [239, Lemma5.1] is based on the existence of an
interpolation operator I, : H 22, 9) — Spp for p > 2 such that

/ (Vv —Ipv) -ndS=0 VT e€.F, ve H (R, ), 2.177)
r

[pV = V| a7y < Cah*WVlnnia, gy, v e H (2, Th), h e 0,h),
(2.178)

where 4 = min(p + 1,s),s >2,¢q =0, 1,2 and C_'A is a constant.
In the following, we present the error estimate for the Baumann—Oden method.
The proof differs from the technique in [239].

Theorem 2.52 Let u € H*(§2) with s > 2 be the exact solution of problem (2.1).
Let the system of triangulations{ 7, }he(o, 3 satisfy the shape-regularity assumption
(2.19) and the conformity assumption (MA4) from Sect.2.3.2, and let up € Spp,
p > 2, be the approximate solution given by (2.174). Then there exists a constant
CBo > 0independent of h € (0, h) and u, such that

lu —unlg@.7) < Cooh* ulpn(a). (2.179)

Proof Let I, be the interpolation operator satisfying (2.177) and (2.178). We put
n=1Ipu—uc HY (2, 7)) and & = uy, — Inpu € Spp. Thene, = up —u = n+&.
From the definition (2.175) of the form Aj and the Galerkin orthogonality (2.57),
we have
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113 .70 = ot = unl3p o 7 = AnUhpu — wp, Dypu —up) — (2.180)
= ApUppu — u, Inpu — up) = Ap(n, §).
Moreover, in view of (2.175) and (2.177),

Ap(Uppu — u,vp) = Ap(m,vi) =0 Y, € Spo, (2.181)

where Sy, denotes the space of piecewise constant functions on .7;,. Hence, if ITjg
is the orthogonal projection of L?(£2) onto Spo, then (2.47b), (2.111) and (2.181)
imply that

[An(m, &) < |Ap(m, & — ITyoé)| + |Ap(m, IThoé)|

< Il 1§ = Mhoéll1.0. (2.182)
where, by (2.112),
I, =vi*+ > / o N - (V)2 ds. (2.183)
rez/m r

Since ITjp| g is constant on each K € .7}, obviously

& — Inoé |y k) = 16l kys K € T (2.184)

Moreover, it follows from the approximation properties (2.90) and (2.93) (with
uw=1, p=0)that

1§ — Mol 2xy < Cahklélpik), K € Th. (2.185)
Lety € H' (82, 9,). Then, using the definition (2.105) of the form J, the definition

(2.104) of the weight o, inequality (2.108), and the multiplicative trace inequality
(2.78), we find that

I I? = 1 .z, + i ) (2.186)
2Cw _
2 1 2
= Wl + o 2 Mk 1V 120k
Ke9},
2Cy Cy - .
< Wl +t g 2 (I + ik ¥ l2ao W)
KeJ},

Letus set y = & — I10& in (2.186). Then, in view of (2.184) and (2.185), we get
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1§ — Mok lI* < (14201 + CAICaACwCu/Cr) D e,  (2187)
Ke9,

= (1+2(1 + CA)CaCwCrM/CDIEl1 . 7

Moreover, using the relation VIT,0§ = 0 and (2.124), we have

> / o~ (n - (V(E — Myot)))* dS (2.188)

g ID
reg}

= > /Fo—l(n-<vs>>2d55<chM(01+1>/Cw)|é|§1(9,%).

zID
rez,

Therefore, (2.183), (2.187) and (2.188) imply that
1§ — Tnoé .o < C1lélg1(2,7,) (2.189)

where C7 = (1 +2(1 4+ C4)CaCwCu/Cr + CcCu(Cr +1)/Cw)'/>.
On the other hand, if we set ¥ := 71 in (2.186), then by (2.178) we obtain

linli* < CaR**~Dlulgu gy +4CACwWCH/Crh* * Plulfu g, (2.190)
= CR(1+4Cw Cu/ COR " Pl o).

Similarly, inequalities (2.123) and (2.178) give

Z /Fo_l(n (Vn)*dS (2.191)
Feﬂhm

CeCuy
< > (V0120 + IVl 20k | V0 ) )
Cw Ke9),

2CCuC3 B
< ZEO M A p2Ap 1)|u|%_w(9)_
Cw

Then (2.183), (2.190) and (2.191) yield
Inlle < Csh* ulpu(q), (2.192)

where Cg = C4((1 +4CwCy/Cr) +2CGCun/Cw) /2.
Further, from (2.180), (2.182), (2.189) and (2.192), we have

€171 2.7y = |1An (0, §)] < C1Csh* (| 1 (0 73 lul () (2.193)
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and thus,
Elne.7) = C7Csh*ulgn(g). (2.194)

Finally, the triangle inequality, the definition of n and &, (2.178), and (2.194)
imply that

|u - uh'Hl(Q,%) = |I/l - Ihp”'Hl(Q,Z,) + |Ihpl/i - uh'[—]l(ﬂ’%) (2195)
< (Ca+ CrC)R" " Huln(e),

which proves the theorem with Cpp := C4 + C7Cs. O

2.9 Numerical Examples

In this section, we demonstrate by numerical experiments the error estimates (2.148),
(2.152) and (2.162). In the first example, we assume that the exact solution is suffi-
ciently regular. We show that the use of a higher degree of polynomial approximation
increases the rate of convergence of the method. In the second example, the exact
solution has a singularity. Then the order of convergence does not increase with the
increasing degree of the polynomial approximation used. The computational results
are in agreement with theory and show that the accuracy of the method is deter-
mined by the degree of the polynomial approximation as well as the regularity of the
solution.

2.9.1 Regular Solution

Let us consider the problem of finding a function u : £2 = (0, 1) x (0, 1) — R such
that

—Au = 872 sin(2mx1) sin(2wx2) in £2, (2.196)
u=~0 onas2.

It is easy to verify that the exact solution of (2.196) has the form
u = sin(2wxy) sin(2wxy), (x1,x2) € £2. (2.197)

Obviously, u € C®(£2).

We investigate the experimental order of convergence (EOC) of the SIPG, NIPG
and ITPG methods defined by (2.49¢)—(2.49¢). We assume that a (semi)norm ||ey, ||
of the computational error behaves according to the formula

llenll = CHEOC, (2.198)
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Moreover, we evaluate the global experimental order of convergence (GEOC) from

f (2.198) with the aid of the least squares method, where all

1mation o

the approx

Itaneously.
triangular grids having 128, 512, 2048, and 8192

1nto account simu

computed pairs [%, ep,] are taken

form

i

elements, shown in Fig.2.4. The meshes consist of right-angled triangles with the

We used a set of four un

18

V2/\/#;, /2, where #.7}, is the number of elements of .7,. EOC
evaluated according to (2.199) for all pairs of “neighbouring” grids. Tables2.1 and
2.2 show the computational errors in the L2(£2)-norm and the H' (£2, .7,)

and EOC obtained by the SIPG, NIPG and ITPG methods using the P,, p

diameter &

-seminorm

I,...,6,

polynomial approximations. These results are also visualized in Fig.2.5.
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Fig. 2.4 Computational grids used for the numerical solution of problems (2.196) and (2.201)
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Table 2.1 Computational errors and EOC in the L?(§2)-norm for the regular solution of problem
(2.196)

SIPG NIPG IIPG
14 h/\/i ”eh”LZ(Q) EOC ”eh”LZ(Q) EOC ||eh||1,2(.(2) EOC
1 1/8 6.7452E-02 |- 2.9602E-02 |- 6.3939E-02 |-
1 1/16 1.8745E-02 | 1.85 7.6200E-03 | 1.96 1.7383E-02 |1.88
1 1/32 4.8463E-03 | 1.95 1.9292E-03 |1.98 4.4579E-03 | 1.96
1 1/64 1.2252E-03 | 1.98 4.8536E-04 | 1.99 1.1239E-03 | 1.99
GEOC 1.93 1.98 1.95
2 1/8 3.9160E-03 |- 1.0200E-02 |- 4.7447E-03 |-
2 1/16 4.9164E-04 |2.99 2.5723E-03 | 1.99 8.4877E-04 |2.48
2 1/32 6.1644E-05 |3.00 6.4259E-04 | 2.00 1.8081E-04 |2.23
2 1/64 7.7184E-06 |3.00 1.6032E-04 |2.00 4.2670E-05 |2.08
GEOC 3.00 2.00 2.26
3 1/8 3.1751E-04 |- 5.5550E-04 |- 3.2684E-04 |-
3 1/16 1.9150E-05 |4.05 3.4481E-05 |[4.01 2.0077E-05 |4.02
3 1/32 1.1775E-06 | 4.02 2.1333E-06 |4.01 1.2414E-06 | 4.02
3 1/64 7.3124E-08 |4.01 1.3250E-07 |4.01 7.7176E-08 |4.01
GEOC 4.03 4.01 4.02
4 1/8 2.3496E-05 |- 3.7990E-05 |- 2.7046E-05 |-
4 1/16 7.5584E-07 |4.96 2.4304E-06 |3.97 1.2929E-06 |4.39
4 1/32 2.3824E-08 | 4.99 1.5512E-07 |3.97 7.2190E-08 |4.16
4 1/64 7.4627E-10 |5.00 9.7626E-09 |3.99 4.3310E-09 |4.06
GEOC 4.98 3.97 4.20
5 1/8 1.4133E-06 |- 2.3017E-06 |- 1.6501E-06 |-
5 1/16 2.2193E-08 |5.99 3.6590E-08 |5.98 2.6160E-08 |5.98
5 1/32 3.4686E-10 |6.00 5.7147E-10 |6.00 4.0753E-10 |6.00
5 1/64 5.4139E-12 |6.00 8.8468E-12 | 6.01 6.3670E-12 | 6.00
GEOC 6.00 6.00 6.00
6 1/8 7.3313E-08 |- 1.1239E-07 | - 9.5990E-08 |-
6 1/16 5.8381E-10 |6.97 1.5138E-09 |6.21 1.1620E-09 |6.37
6 1/32 4.5855E-12 | 6.99 2.2864E-11 |6.05 1.6380E-11 |6.15
6 1/64 3.8771E-14 | 6.89 3.5354E-13 |6.02 2.4417E-13 | 6.07
GEOC 6.95 6.09 6.19

We observe that EOC of the SIPG technique are in a good agreement with the
theoretical ones, i.e., O (hP*!) in the L2(§2)-norm (estimate (2.162)) and O (h”) in
the H'(£2, 7},)-seminorm (estimate (2.148)). On the other hand, the experimental
order of convergence of the NIPG and IIPG techniques measured in the L?(£2)-norm
is better than the theoretical estimate (2.152). We deduce that
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Table 2.2 Computational errors and EOC in the H 1(82, 9},)-seminorm for the regular solution of
problem (2.196)

SIPG NIPG 1IPG
p |h/N2 | lenlmi. 7y |EOC | lenlyi. 2y |EOC | lenlyi .2, |EOC
1|18 1.5018E-+00 |- 1.2423B+00 |- 1.4946E+00 |-
1 |1/16 | 77679E-01 095 | 64615E-01 |0.94 | 7.7519E-01 |0.95
1 [132 [ 39214E-01 [099 | 32741E-01 [0.98 |3.9181E-01 |0.98
1 |64 | 1.9666E-01 |1.00 1.6450E-01 | 0.99 1.9658E-01 | 1.00
GEOC 0.98 0.97 0.98
2 18 24259E-01 |- 1.9985E-01 |- 2.1634E-01 |-
2 |16 | 62760E-02 [1.95 | 5.0217E-02 [1.99 | 5.5693E-02 |1.96
2 132 | 1.5849E-02 |1.99 1.2536E-02 | 2.00 1.4053E-02 | 1.99
2 |1/64 | 39743E-03 [2.00 | 3.1305E-03 [2.00 | 3.5244E-03 |2.00
GEOC 1.98 2.00 1.98
3|18 2.5610E-02 |- 24029E-02 |- 23425E-02 |-
3 |1/16 | 32202E-03 |2.99 | 3.0531E-03 298 | 2.9699E-03 |2.98
3 [132 | 4.0238B-04 [3.00 | 3.8298E-04 (299 | 3.7253E-04 |3.00
3 |64 | 5.0260E-05 [3.00 | 47890E-05 |3.00 | 4.6607E-05 |3.00
GEOC 3.00 2.99 2.99
4 |18 2.2049E-03 |- 2.2096E-03 |- 2.0645E-03 |-
4 116 | 14023E-04 [3.97 1.3801E-04 | 4.00 1.3039E-04 | 3.98
4 132 | 88035E-06 [3.99 | 8.5962E-06 |4.00 | 8.1650E-06 |4.00
4 |1/64 | 55077E-07 400 | 53601E-07 |4.00 | 5.1038E-07 |4.00
GEOC 3.99 4.00 3.99
5 |18 1.5680E-04 | — 1.6457E-04 |- 1.5090E-04 |-
5 |1/16 | 49305E-06 |4.99 | 5.1666E-06 |4.99 | 47527E-06 |4.99
5 132 | L5413E07 |5.00 1.6126E-07 | 5.00 1.4865E-07 | 5.00
5 164 | 48146E-09 500 | 5.0316E-09 [5.00 | 4.6439E-09 |5.00
GEOC 5.00 5.00 5.00
6 |18 9.5245E-06 |- 1.0198E-05 |- 9.3719E-06 |-
6 116 | 1.5092E-07 |5.98 1.5951E-07 | 6.00 1.4762E-07 | 5.99
6 1532 | 23666E-09 599 | 2.4862E-09 [6.00 | 2.3083E-09 |6.00
6 |1/64 |37008E-11 [6.00 | 3.8770E-11 |6.00 | 3.6051E-11 |6.00
GEOC 5.99 6.00 6.00

p+1 for p odd,

p for p even. (2.200)

lenllz2@) = OP), p= [

This interesting property of the NIPG and IIPG techniques was observed by many
authors (cf. [183, 230]), but up to now a theoretical justification has been missing,
see Sect. 2.9.3 for some comments. The EOC in the H'(£2, .7,)-seminorm of NIPG
and ITPG methods is in agreement with (2.148).
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Fig. 2.5 Computational errors and EOC in the L2(£2)-norm (left) and in the H (2, F,)-seminorm
(right) for the regular solution of problem (2.196)
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2.9.2 Singular Case

In the domain £2 = (0, 1) x (0, 1) we consider the Poisson problem

—Au=g in £2, (2.201)
u=0 onas2,

with the right-hand side g chosen in such a way that the exact solution has the form

u(xy, x2) =2r°x1xo(1 —x1)(1 — x2) = ret? sin(2e) (1 — x)(1 — xp2), (2.202)

where r, ¢ are the polar coordinates (r = (x% + x%)l/ 2y and « € R is a constant.
The function u is equal to zero on 952 and its regularity depends on the value of «.
Namely, by [15],

ueHP(2) VB e, at3), (2.203)

where HP (£2) denotes the Sobolev—Slobodetskii space of functions with noninteger
derivatives.

We present numerical results obtained foro = —3/2and o = 1/2. If « = —3/2,
then u € HP(£2) for all B € (0, 3/2), whereas for the value @ = 1/2, we have
u € HP(2)forall B € (0,7/2). Figure 2.6 shows the function u for both values of «.

We carried out computations on 4 triangular grids introduced in Sect.2.9.1 by
the SIPG, NIPG and IIPG technique with the aid of P,, p =1, ..., 6, polynomial
approximations. Tables2.3, 2.4 and Tables2.5, 2.6 show the computational errors
in the Lz(.Q)—norm as well as the H'! (£2, Ip)-seminorm, and the corresponding
experimental orders of convergence for « = 1/2 and ¢ = —3/2, respectively. These
values are visualized in Figs.2.7 and 2.8 in which the achieved experimental order
of convergence is easy to observe.

These results lead us to the proposition that for the SIPG method the error behaves
like

lu—unll2@) = O™,  ue HP(2) (2.204)
lu —uplgg) = 0", ue HP (),
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where u = min(p + 1, ), and for the [IPG and NIPG methods like

lu — unll 20y = o™y, ueHP(Q) (2.205)
= uplgi@y = OG"Y),  ueH(Q),

where u = min(p+1, 8), w = min(p, B), and p is given by (2.200). The statements
(2.204) and (2.205) are in agreement with numerical experiments (not presented here)
carried out by other authors for additional values of «.

Moreover, the experimental order of convergence of the SIPG technique given by
(2.204) corresponds to the result in [121], where for any 8 € (1, 3/2) we get

v = Invli 22y < CBR VIigsay. ve HP (), (2.206)
v = Ivlgoy < COR ligs ). ve H (),

where Iv is a piecewise polynomial Lagrange interpolation to v of degree < p,
w =min(p+ 1, B) and C(B) is a constant independent of /2 and v. By [13, Sect. 3.3]
and the references therein, where the interpolation in the so-called Besov spaces is
used, the precise error estimate of order O (h3/?) in the L?(§2)-norm and O (h'/?) in
the H'(£2, 7;,)-seminorm can be established, which corresponds to our numerical
experiments.

Finally, the experimental order of convergence of the NIPG and IIPG techniques
given by (2.205) corresponds to (2.206) and results (2.200).

2.9.3 A Note on the L*(R2)- Optimality of NIPG and I1PG

Numerical experiments from Sect.2.9.1 lead us to the observation (2.200), which
was presented, e.g., in [12, 238] and the references cited therein. The optimal order
of convergence for the odd degrees of approximation was theoretically justified in
[211], where NIPG and IIPG methods were analyzed for uniform partitions of the
one-dimensional domain. See also [50], where similar results were obtained.

On the other hand, several examples of 1D special non-uniform (but quasi-
uniform) meshes were presented in [157], where the NIPG method gives the error
in the L2(£2)-norm of order O (h?) even for odd p. A suboptimal EOC can also be
obtained for the ITPG method using these meshes, see [238, Sect. 1.5, Table 1.2].

In [101], it was shown that the use of odd degrees of polynomial approximation
of IIPG method leads to the optimal order of convergence in the L?(§2)-norm on 1D
quasi-uniform grids if and only if the penalty parameter (of order O (k™)) is chosen
in a special way. These results lead us to the hypothesis that the observation (2.200)
is not valid in general.

However, extending theoretical results either to NIPG method or to higher dimen-
sions is problematic. Some attempt was presented in [82], where the optimal order
of convergence in the L?(§2)-norm on equilateral triangular grids was proved for the
ITPG method with reduced interior and boundary penalties.
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Table 2.3 Computational errors and EOC in the L2(£2)-norm for the solution of problem (2.201)

witha = 1/2
SIPG NIPG IIPG
14 h/\/i ||€h||1,2(.(z) EOC ||€h||1,2(_(2) EOC ||€h||1,2(_(z) EOC
1 1/8 2.1789E-03 |- 8.1338E-04 |- 1.8698E-03 |-
1 1/16 5.7581E-04 |1.92 2.1069E-04 | 1.95 4.8403E-04 |1.95
1 1/32 1.4740E-04 |1.97 5.3806E-05 |1.97 1.2267E-04 |1.98
1 1/64 3.7248E-05 | 1.98 1.3609E-05 |1.98 3.0848E-05 |1.99
GEOC 1.96 1.97 1.97
2 1/8 5.7796E-05 |- 1.0098E-04 |- 5.9762E-05 |-
2 1/16 7.2545E-06 |2.99 2.6758E-05 |1.92 1.1004E-05 |2.44
2 1/32 9.1150E-07 |2.99 6.9525E-06 |1.94 2.4341E-06 |2.18
2 1/64 1.1434E-07 |2.99 1.7734E-06 | 1.97 5.8760E-07 |2.05
GEOC 2.99 1.94 2.22
3 1/8 2.6233E-06 |- 4.0597E-06 |- 2.7474E-06 | -
3 1/16 1.9366E-07 |3.76 3.3583E-07 |3.60 2.1985E-07 |3.64
3 1/32 1.4898E-08 |3.70 2.8012E-08 |3.58 1.7889E-08 |3.62
3 1/64 1.1930E-09 |3.64 2.3717E-09 | 3.56 1.4838E-09 |3.59
GEOC 3.70 3.58 3.62
4 1/8 2.6498E-07 |- 4.1937E-07 |- 3.0663E-07 |-
4 1/16 2.1097E-08 |3.65 3.4292E-08 |3.61 2.4522E-08 |3.64
4 1/32 1.7819E-09 | 3.57 2.8705E-09 |3.58 2.0460E-09 |3.58
4 1/64 1.5429E-10 |3.53 2.4482E-10 |3.55 1.7516E~10 |3.55
GEOC 3.58 3.58 3.59
5 1/8 5.8491E-08 |- 9.3494E-08 |- 7.2011E-08 |-
5 1/16 49611E-09 |3.56 8.1022E-09 |3.53 6.1832E-09 |3.54
5 1/32 4.2999E-10 |3.53 7.0989E-10 |3.51 5.3944E-10 |3.52
5 1/64 3.7656E-11 |3.51 6.2465E-11 |3.51 4.7387E-11 |3.51
GEOC 3.53 3.52 3.52
6 1/8 1.9318E-08 | - 2.9767E-08 |- 2.6495E-08 |-
6 1/16 1.6677E-09 |3.53 2.6000E-09 |3.52 2.3079E-09 |3.52
6 1/32 1.4570E-10 |3.52 2.2856E-10 |3.51 2.0259E-10 |3.51
6 1/64 1.2809E-11 |3.51 2.0149E-11 |3.50 1.7847E-11 |3.50
GEOC 3.52 3.51 3.51
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Table 2.4 Computational errors and EOC in the H 1(£2, Z,)-seminorm for the solution of problem
(2.201) witha = 1/2

SIPG NIPG 1IPG
p |h/N2 | lenlmi. 7y |EOC | lenlyi. 2y |EOC | lenlyi .2, |EOC
1|18 5.080SE-02 |- 42283E-02 |- 5.0531E-02 |-
1 |1/16 | 25722E-02 |098 | 2.1564E-02 [0.97 | 2.5653E-02 |0.98
1132 | 12919E-02 [0.99 1.0877E-02 | 0.99 1.2902E-02 | 0.99
1 |64 | 64715E-03 |1.00 | 54607E-03 |0.99 | 6.4674E-03 | 1.00
GEOC 0.99 0.98 0.99
2 |18 4.0313E-03 |- 3.2281E-03 |- 3.5738E-03 |-
2 |1/16 | 1.0230E-03 |1.98 | 8.0878E-04 |2.00 | 9.0960E-04 |1.97
2 |132 | 25750E-04 [1.99 | 2.0223E-04 [2.00 | 2.2938E-04 |1.99
2 |1/64 | 64585E-05 [2.00 | 5.0547E-05 [2.00 | 5.7592E-05 | 1.99
GEOC 1.99 2.00 1.99
3|18 22371E-04 |- 2.2267E-04 |- 2.0664E-04 | -
3 |1/16 | 32897E-05 (277 | 3.2455E-05 (278 | 3.0237E-05 |2.77
3 |[132 | 5.0341E-06 |2.71 49281E-06 |2.72 | 4.5992E-06 |2.72
3 |1/64 | 8.0276E-07 |2.65 | 7.8150E-07 |2.66 | 7.2933E-07 |2.66
GEOC 2.71 2.72 2.72
4 |18 2.8019E-05 |- 2.6863E-05 |- 23759E-05 |-
4 116 | 45630E-06 |2.62 | 43388E-06 |2.63 | 3.8426E-06 |2.63
4 132 | 77950E-07 |255 | 7.3892E-07 |2.55 | 6.5504E-07 |2.55
4 |64 | 13572E07 |2.52 1.2850E-07 |2.52 1.1398E-07 |2.52
GEOC 2.56 2.57 2.57
5 |18 8.0765E-06 |- 8.3636E-06 |- 7.0904E-06 |-
5 |1/16 | 1.3891E-06 |2.54 1.4415E-06 | 2.54 1.2239E-06 | 2.53
5 132 | 24249E-07 [252 | 25191E-07 |252 | 2.1413E-07 |2.51
5 |1/64 | 42611E-08 |2.51 4.4293E-08 |2.51 3.7673E-08 | 2.51
GEOC 2.52 2.52 2.52
6 |18 3.2423E-06 |- 34916E-06 |- 2.9734E-06 |-
6 116 | 56456E-07 252 | 6.0843E-07 |252 | 5.1885E-07 |2.52
6 1532 | 9.9090E-08 |2.51 1.0684E-07 | 2.51 9.1177E-08 |2.51
6 |1/64 | 17456E-08 |2.50 1.8826E-08 | 2.50 1.6072E-08 | 2.50
GEOC 2.51 2.51 2.51
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Table 2.5 Computational errors and EOC in the L2(£2)-norm for the solution of problem (2.201)
witha = —3/2

SIPG NIPG IIPG
14 h/\/i ||€h||1,2(.(z) EOC ||€h||1,2(_(2) EOC ||€h||1,2(_(z) EOC
1 1/8 9.2233E-03 |- 1.4850E-02 |- 7.9896E-03 |-
1 1/16 3.2898E-03 |1.49 5.3458E-03 | 1.47 2.8145E-03 | 1.51
1 1/32 1.1569E-03 | 1.51 1.8699E-03 | 1.52 9.8230E-04 |1.52
1 1/64 4.0594E-04 | 1.51 6.5039E-04 | 1.52 3.4327E-04 |1.52
GEOC 1.50 1.51 1.51
2 1/8 2.3410E-03 |- 4.6812E-03 |- 1.7779E-03 |-
2 1/16 8.1979E-04 | 1.51 1.6138E-03 | 1.54 6.0110E-04 |1.56
2 1/32 2.8885E-04 | 1.50 5.6696E-04 |1.51 2.0820E-04 |1.53
2 1/64 1.0199E-04 | 1.50 2.0059E-04 |1.50 7.2989E-05 |1.51
GEOC 1.51 1.51 1.53
3 1/8 9.7871E-04 |- 3.1394E-03 |- 1.0279E-03 | -
3 1/16 3.4597E-04 |1.50 1.1136E-03 | 1.50 3.6119E-04 |1.51
3 1/32 1.2235E-04 |1.50 3.9426E-04 |1.50 1.2736E-04 | 1.50
3 1/64 4.3269E-05 |1.50 1.3948E-04 | 1.50 4.4971E-05 |1.50
GEOC 1.50 1.50 1.50
4 1/8 6.4002E-04 |- 1.6788E-03 |- 7.8547E-04 |-
4 1/16 2.2608E-04 |1.50 5.9262E-04 |1.50 2.7649E-04 |1.51
4 1/32 7.9902E-05 |1.50 2.0934E-04 | 1.50 9.7529E-05 |1.50
4 1/64 2.8245E-05 |1.50 7.3980E-05 |1.50 3.4442E-05 |1.50
GEOC 1.50 1.50 1.50
5 1/8 3.8770E-04 |- 1.1048E-03 |- 6.0190E-04 |-
5 1/16 1.3695E-04 | 1.50 3.9046E-04 |1.50 2.1214E-04 | 1.50
5 1/32 4.8400E-05 | 1.50 1.3801E-04 | 1.50 7.4886E-05 |1.50
5 1/64 1.7109E-05 | 1.50 4.8784E-05 |1.50 2.6455E-05 |1.50
GEOC 1.50 1.50 1.50
6 1/8 2.7881E-04 |- 7.5211E-04 |- 5.2298E-04 |-
6 1/16 9.8519E-05 |1.50 2.6580E-04 |1.50 1.8457E-04 | 1.50
6 1/32 3.4822E-05 |1.50 9.3954E-05 |1.50 6.5195E-05 |1.50
6 1/64 1.2310E-05 |1.50 3.3215E-05 |1.50 2.3039E-05 |1.50
GEOC 1.50 1.50 1.50
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Table 2.6 Computational errors and EOC in the H'!(§2, .9},)-seminorm for the solution of problem
(2.201) with o = —3/2

SIPG NIPG 1IPG
p |h/N2 | lenlmi. 7y |EOC | lenlyi. 2y |EOC | lenlyi .2, |EOC
1|18 4.0604E-01 |- 3.9606E-01 |- 4.0035E-01 |-
1 |[1/16 | 2.8999E-01 049 | 2.8508E-01 |0.47 | 2.8631E-01 |0.48
1 [1/32 [ 20555E-01 |0.50 | 2.0312E-01 |0.49 | 2.0309E-01 |0.50
1 |1/64 | 14539E-01 |0.50 1.4413E-01 | 0.50 1.4370E-01 | 0.50
GEOC 0.49 0.49 0.49
2 |18 1.9294E-01 |- 2.3736E-01 |- 1.8460E-01 |-
2 |16 | 1.3627E-01 |0.50 1.6750E-01 | 0.50 1.3052E-01 | 0.50
2 132 | 9.6419E-02 |0.50 1.I842E-01 |0.50 | 9.2389E-02 |0.50
2 [1/64 | 68224E-02 050 | 83741E-02 |0.50 | 6.5385E-02 |0.50
GEOC 0.50 0.50 0.50
3|18 1.4304E-01 |- 2.3656E-01 |- 1.5217E-01 |-
3 |1/16 | L.O145E-01 |0.50 1.6731E-01 | 0.50 1.0794E-01 | 0.50
3 [132 | 7.1853E-02 |00 1.1833E-01 |0.50 | 7.6459E-02 |0.50
3 |64 | 5.0852E-02 (050 | 83679E-02 |0.50 | 54113E-02 |0.50
GEOC 0.50 0.50 0.50
4 |18 9.4937E-02 |- 1.7438E-01 |- 1O791E-01 |-
4 116 | 67297E-02 |0.50 12334E-01 |0.50 | 7.6474E-02 | 0.50
4 132 | 47649E-02 050 | 87229E-02 050 | 5.4139E-02 |0.50
4 |1/64 | 33715E-02 [050 | 6.1686E-02 |0.50 | 3.8306E-02 |0.50
GEOC 0.50 0.50 0.50
5 |18 7.8490E-02 |- 1.4046E-01 |- 9.6583E-02 |-
5 |1/16 | 55605E-02 050 | 9.9348E-02 |050 | 6.8396E-02 |0.50
5 132 |39357E-02 050 | 7.0261E-02 |050 | 4.8400E-02 |0.50
5 164 | 27843E-02 050 | 49686E-02 |0.50 | 3.4238E-02 |0.50
GEOC 0.50 0.50 0.50
6 |18 6.4288E-02 |- 1.2563E-01 |- 9.3368E-02 |-
6 |1/16 | 45518E-02 050 | 8.8855E-02 |050 | 6.6077E-02 |0.50
6 1532 | 32208E-02 050 | 6.2836E-02 |0.50 | 4.6744E-02 |0.50
6 |1/64 | 22782E-02 [050 | 44434E-02 |050 | 3.3060E-02 |0.50
GEOC 0.50 0.50 0.50
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Fig. 2.7 Computational errors and EOC in the L2(§2)-norm (left) and the H (2, F,)-seminorm

(right) for the the solution of problem (2.201) witha = 1/2
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Fig. 2.8 Computational errors and EOC in the L2(§2)-norm (left) and the H (2, F,)-seminorm

(right) for the the solution of problem (2.201) with o = —3/2



Chapter 3
Methods Based on a Mixed Formulation

In this chapter we introduce two types of the DG discretization that were derived with
the aid of a mixed formulation. Numerical methods based on mixed formulations
are very often used for solving problems in hydrology (e.g., porous medial flows),
where not only the sought solution, but also fluxes defined on the basis of first-order
derivatives have to be evaluated. In this chapter we describe basic results of two
techniques based on a mixed formulation: the Bassi—-Rebay (BR) method and the
local discontinuous Galerkin (LDG) methods.

Let us note that all DG methods can be reformulated either as variational or as
mixed problems, see [8], where a unified analysis of DG methods was presented.
For simplicity, in this whole Chapter , we confine ourselves to conforming triangular
grids satisfying assumption (MA4) from Sect.2.3.2.

3.1 A General Mixed DG Method

Let us consider problem (2.1). Introducing the auxiliary vector variable ¢ := Vu,
this problem can be rewritten in the form

Vu=q inf2, (3.1a)
—V.q=f ing£2, (3.1b)
u=up onoaf2p, (3.1¢)
qg-n=gy onof2y, (3.1d)

which represents a system of first-order differential equations. Problem (3.1) is called
the mixed formulation of the Poisson problem (2.1), see e.g., [38, 232]. For some DG
variants based on the mixed formulation, the auxiliary variable ¢ can be eliminated
from the equations, and thus the implementation becomes simpler. This is usually
not the case for classical mixed methods.
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Let {7} yc0.i> h > 0, be a system of triangulations of the domain £2 C R sat-
isfying the shape-regularity assumption (2.19) and the assumption of the conformity
(MA4) from Sect.2.3.2. Let Sp, be the space of piecewise polynomial functions
defined by (2.34), where we seek an approximation of degree < p of the primal
function u.

Moreover, we define the space X', of vector-valued piecewise polynomial func-
tions, where we seek an approximation of the auxiliary function gq:

T ={r:2—R% rlk € (P (K)? VK € T, (3.2)

where P,+(K) denotes the space of all polynomials on K of degree < p*. In order
to have a well-posed problem, the value p* has to be chosen according to p (the
polynomial degree of the primal space Sj,). A natural requirement is that Vv € X'y,
for any v € Spp.

In this section, we consider the case p* = p, i.e.,

Zhp = (Sup)?. (3.3)

Then, both the approximation of u as well as the approximations to each of the com-
ponents of g belong to the same space. Therefore, implementing the corresponding
methods is much simpler than that in standard mixed methods, especially for high-
degree polynomial approximations. For the case p* # p we refer, e.g., to [73, 270,
271].

In order to derive a mixed discrete formulation, we multiply relations (3.1a) and
(3.1b) by r € H'(£2,.%,)? and by v € H'(£2, .7}, respectively, integrate over
K € 9, and use Green’s theorem. Then we obtain

/q~rdx:—/uV~rdx+/ ur-ndSs, 3.4)
K K 9K

/q-Vvdx:/ fvdx+/ vq -ndS,
K K K

where n denotes the outer unit normal to 0K .
Now, according to [8], we consider the following abstract mixed discrete formu-
lation: find uy, € Sy, and q;, € X'y, such that

Z/th-rhdx:—z

/uhv-rhdx—f— Z/ urp-ndS Vry € Xpp,
K K
0 h

Ke, Ke7, Ke7,

3.5)
Z/qh~Vvhdx=/ fvpdx + Z/ viq-ndS Vv, € Spp, (3.6)
Kea, 'K Q Kez, 'K
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where § = §(up, q) : Uge7,0K — R and &t = ii(uy, q,) : Uge,0K — R are
numerical fluxes approximating q;, and up, respectively, on the boundary of K € .7,.
It means that ¢ and # are double-valued functions on I € ﬁhl and single-valued
functions on I" € 9,?. To complete the specification of a DG method we have to
express the numerical fluxes ¢ and 4 in terms of ¢, and uj; and in terms of the
boundary conditions. We present and analyze two approaches: the BR2 and LDG
methods in Sects. 3.2 and 3.3, respectively.

3.1.1 Equivalent Formulations

For further analysis, we reformulate the abstract problem (3.5)and (3.6) in a more
appropriate form. We use the average and jump operators defined by (2.32) and
(2.33) which also make sense for functions from X,. Let ¢ € H'(£2, .7, and
0 € H'(£2, Z,)?. Then a straightforward computation gives

6 -ndS = 0) -ndS + / 0]-ndS. (3.7
Z/aKw n Z/F[gomn ermn 3.7)

Ke, e, rez/

After a simple application of this identity, from (3.5)and (3.6) we get

Z/qh-rhdx+ Z/uhV~rhdx (3.8)
K K

Ke7, Ke,
= > /[ﬁ](rh>.nds+ > / (@) [rp]-ndS Vry e Zp,,
e r rez} r

> /th - Vv, dx (3.9)

Ke7,
= [ rwacs 3 [ @-nvaas+ 3 [arunoias vies,.

e, rez}

Now we express g, solely in terms of uy. If we take ¢ := v, and @ := rj, in (3.7)
and use Green’s theorem, then for all r, € H'(£2, Z,)? and v, € H (2, F},) we
obtain

_ Z/vhv-rhdx (3.10)
kez;, 'K
= > /Krh-Vvhdx— > /F(rh>'"[vh]d5_ > /F[’h]'"<"h)d5'

Key, e, peglf
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Using (3.10) with v;, := uj, and identity (3.8), we have

> /K(qh—Vuh)-rhdx: > /F[ﬁ—uh](rh)-ndS 3.11)

KeJ, res
+ > / (i —up) [r]-ndS Vry € Ty
rezl r

Therefore, the original abstract problem (3.5)and (3.6) is equivalent to (3.8) and
(3.9) as well as to (3.9) and (3.11).

Finally, in order to express g, in terms of u, we put rj, := Vv, in (3.11), subtract
from (3.9), and get

Z / Vuy, - Vv dx+ Z /F([ﬁ—uh]wvh).n—<q>-n[vh]) ds
K

Ke.7, re%,
+ 3 [ (@) 19v1-n = 11 mon) a5
rezj r
=/ fvndx Vv, € Spp. (3.12)
2

This relation is already independent of g, and it will be used in the following analysis.

3.1.2 Lifting Operators

In order to rewrite the previous formulation in a more compact form, we define the
lifting operators L, : HY (2,9) > Xppand L : HY(2,9) > X, by

> /KLun(go)~rhdx= > /FuDrh-ndS— > /F[(p]n-(rh)dS Vry € Zpp,

Ke rezp rezlp

(3.13)

and

Z/L((p)-rhdxz— > [ lpln-(ra)dS Vry € Ty, (3.14)
KeT) K rez[p r

for ¢ € H'(£2, 7). From (3.13)and (3.14), we see that

Z/L,m((p)-rhdx: Z/L(¢)~rhdx+ > /uDrh ndS Yr, € Zyp.
K K r

KeT, KeJ, rezp

(3.15)
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Further, for each I" € .%), we define the operator I, : HY(2,9) > Xy, by
— [rloln - (rp)dS  forI' € F/
Z KIF,MD(@ rpdx =1 [(up—@)n-rydS forI' € FP Vry € Ty,
Ke,

0 forI' € 35}{\]
(3.16)

Moreover, we set I := Iy (= I, with up = 0) and for K € .7}, we use the
notation .#(K) = {I" € F; I’ C dK}. Obviously, if up = 0, thenlp =1,
forany I' € F. Ifup # 0, thenlf = I, only forany I' € #] U.F}.

If p € H'(2, ), then the support of I, (¢) € X} is the union of (one or
two) elements K € .7}, sharing the face I". This follows from the following reasoning.
Let I' € .%), be arbitrary but fixed, let K’ € .7}, be an element not having I” as its
face, and let ), € X, be such that its support is K’. Then the right-hand side of
(3.16) vanishes for r;l and, therefore, I, , (¢)|x’ appearing on the left-hand side of
(3.16) has to be equal to zero.

This property leads to the identity

> 2 /KIF,MD(um-lr(w,)dx: > /er,wmh)wp(vh)dx,
h

KeJ, FeZy(K) N
(3.17)

valid for all u, vy, € Spp. Finally, for each K € .7, and ¢ € HY(£2, .7,) we have

> Irup@) =Lu,y(p) ink (3.18)
reZy(K)
and
> Ir(p)=L(p) inK. (3.19)
reZ(K)

Moreover, putting r, = I (v;) in (3.16) with v, € Sp, and summing over all
I' € %}, we obtain another useful identity

S [ trw@rtronic =3 [ 1r@)-tronar+ X [ uon-1ronas.

re%, re%, I"Eth
(3.20)

In what follows we present several possible specifications of the numerical fluxes
q and 1.
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3.2 Bassi—-Rebay Methods

In 1997, Bassi and Rebay proposed in [23] the following simple and natural choice
of the numerical fluxes # and q:

(up) if I e F (gp) -n if I' e F!
alp={ up itreF? ., g-nlpr=14 q,-n ifr e 7P, (3.21)
w, ifreFN gy ifreF)y

foreach I' C 9K andeach K € .7},. This means that both values of the double-valued
fluxes & and ¢ on interior faces are identical and thus [i] = [¢q] = 0.

In the following, we introduce the Bassi—Rebay method both as mixed and vari-
ational formulations.

3.2.1 Mixed Formulation

We use (3.8)and (3.9), which are equivalent to the abstract problem. Inserting the
definition (3.21) of the numerical fluxes into (3.8) and (3.9), we obtain

Z/qh~rhdx—|— Z/uhV-rhdx (3.22)
K K

KeT, KeT,
= Z /uDrh-ndS—l— Z /uhrh~ndS+ Z/(uh)[rh]-ndS,
rezp r rezl r rez! r
and

Z/K‘Ih'v"hde z /r(qh>'”[vh]d5+ Z /th-nvhdS

KeT, rez} rezp

+/ fvpdx + Z /nghdS, (3.23)
2 r

Fe._@,fv

respectively.
In order to introduce the mixed formulation, we define the forms

a(gp,rp) = Z / qp - rpdx, (3.24)
Ke, K

b(up.rp) = /Kuhv-rhdx— > /puhrh-ndS— > /th)[rh].nds.

ke, rezy rez}
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Moreover, using Green’s theorem and (3.7), we obtain the identity

S [wvena— 3 [ wrnas (325)
K r

KeJj, rez
=- Z/Vuh'rhdx+ > /(rh>-n[uh]dS+ > /(um[rh]-nds,
ke, " K rezp’l rez]’"

which implies that the form b from (3.24) becomes the form

b(up.rp) =— D /Kwh-rhdx+ > /F(rh)-n[uh]dS. (3.26)

Ke, reFP

Therefore, (3.22) and (3.23) can be reformulated as the saddle-point problem:

Definition 3.1 (BR method) We say that (uy, q;) € Spp x X is the approximate
solution of the mixed formulation of the Bassi—Rebay method, if

a(qp,rp) +b(up,rp) = F@rp) Yrpe Xy, (3.27)
—bp,q,) =GOr)  Yv, € Spp, (3.28)

where the bilinear forms a and b are given by (3.24) and (3.26), respectively, and

Friy= Y| /uprh~ndS, (3.29)
rezp r
G(Vh)=/ fndx + z /nghdS. (3.30)
2 ~ . Jr
rez,

We recall that similarly, as in the IPG methods the Dirichlet as well as Neumann
boundary conditions are incorporated in the right-hand sides of (3.27)and (3.28),
which is not the case of the classical mixed formulation.

It is clear that the corresponding inf-sup condition should be satisfied in order
to ensure the existence and uniqueness of the solution of (3.27) and (3.28), see e.g.,
[38, 232]. Prior to discussing the existence of the solution of (3.27)and (3.28), we
introduce an equivalent formulation.

3.2.2 Variational Formulation

With the aid of (3.26) and (3.24), relation (3.27) can be written as

> /K(qh—Vuh)-rhdxz > /FuDrh~ndS— > /F(rm-n[uh]dS.

Ked, rezp rezP
(3.31)
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Putting r, = Vv, in (3.31) and subtracting from (3.23), we get

> /KVuh~Vvhdx— > /F(<vVh>.n[uh]+<qh)-n[vh]) ds (3.32)

KeJy rezp

:/fvhdx— > /uDVvh~ndS+ > /nghdS.
2 r r

rezp rezyN

Moreover, relation (3.31) together with the definition (3.13) of the lifting operator
L,, gives

Ly, (un) =q, — Vup. (3.33)

Using (3.33) and (3.14), we rewrite the last term on the left-hand side of (3.32) in
the form

- > /F<qh>-n[vh]dsz— > /F<LMD(uh>+wh>~n[vh]ds

Feﬂhm Feyhm

> / (Lup up) + Vuy) - L(vp) dx. (3.34)
K

Ke,

Similarly, from (3.13) we obtain the identity

> /uDVvh~ndS— > /[uh]<wh).nd5= Z/LMD(uh)~Vvhdx.
r r K

rezp rez/p KeJ,
(3.35)
Finally, inserting (3.34) and (3.35) into (3.32) we find that
> / (Vup + Luy (up)) - (Vvr + L(vy)) dx (3.36)
Ke, K
=/ fvnpdx + Z /gNVhdS Yvi € Spp,
I?) r

rezyN

which represents a variational formulation of the BR method. It is equivalent to the
saddle-point problem (3.27) and (3.28).

This approach was proposed by Bassi and Rebay in [23] for the solution of the
compressible Navier—Stokes equations. Although this method gives good results in
some cases, its application to the Poisson problem (2.1) is rather problematic, because
the corresponding inf-sup condition does not hold, as was shown in [39] through a


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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counter-example. Therefore, it seems quite natural to add a suitable stabilization term
to the left-hand side of (3.36).
In [27], Bassi et al. proposed replacing the term

/LuD(Mh)'L(Vh)dx (3.37)
K
in (3.36) by
¢ > [ trap 1) ds (3.38)
reak 7%

for each K € 7, where ¢ > 0 is a stabilization parameter. Then, using (3.17), we
obtain the following formulation

> / (Vup - Vv + Lyyy up) - Vo + Vuy - L(vy)) dx (3.39)
Ke, K

DI NN ATAE

re%,

:/ fondx + > /nghdS Vv, € Spp.
2 r

Feﬁ,{v

In [27], this stabilization was introduced with the value of stabilization parameter { =
1. However, Brezzi et al. in [40] proved the error estimates of scheme (3.39) under
the assumption that { > 3 (for conforming triangular grids). It is not clear whether
the variant proposed in [27] (with the value { = 1) is convergent or not. However,
let us mention an advantage of scheme (3.39). The stiffness matrix corresponding to
(3.38) is much more sparse than the matrix corresponding to (3.37). Indeed, if we
take v;, having its support inside one element K € .7}, (far from the boundary), then,
in general, 10 elements are involved in (3.37), while only 4 elements are involved in
(3.38), see Fig. 3.1. Therefore, the stabilization term (3.38) leads to the same sparsity
as the DG methods based on the primal formulation (2.49a)—(2.49e).

Formulation (3.39) is equivalent to problem (3.5) and (3.6) with the numerical flux
i given by (3.21) and the numerical flux ¢ given by

(@) = &rn)) -n if I e 7P

gN itrez) - (3.40)

q-nlr=

forall I’ C 9K, K € .9,.


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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Fig. 3.1 Elements involved in the stabilization terms (3.37) (left) and (3.38) (right)

Let us define the bilinear form AER cHY 2, %) x HY(2, ) - R by

ABR@u vy = Z /KVu-Vvdx— Z /F(VV)-n[u]dS— Z (Vu) -n[v]dS

r
KeT, rezfp rezfp

+¢ > /er(u)~lr(v)dx, u,ve H (2, F), (3.41)

rez,

where ¢ > 0 is a given constant. By virtue of (3.14), the form AER restricted to the
finite-dimensional space Sy, X Sjp can be rewritten in the equivalent form

ARR@nov) = D~ | (Vup - Vi + Lup) - Vv + Vg, - L)) dx
Ke9, K

+¢ > /lp(uh)-lp(vh)dx, Un, Vi € Shp- (3.42)
2
re%,

Therefore, taking (3.15) and (3.20) into account, we rewrite (3.39) in the form

ABR v = 3Ry Yy € Spp, (3.43)

where AER is given by (3.41) and ZER : Spp — Riis a linear operator defined by

eER(vh)z/Q fondx+ D /FnghdS (3.44)

Feﬁ,{v

- > /uDVvh-ndS—g“ > /uDlp(vh)~ndS.
r r

rezp rezp
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Hence, we introduce the following definition:

Definition 3.2 (BR2 method) Let the forms APR and ¢PR be defined by (3.41) and
(3.44), respectively. We say that uj, € Sy is the approximate solution obtained by
the BR2 method, if identity (3.43) is satisfied.

Obviously, relation (3.43) represents a system of linear algebraic equations (cf.,
e.g., (2.55)), which can be solved by a suitable solver.

3.2.3 Theoretical Analysis

In the following, we deal with the analysis of the previous numerical scheme, namely
with the existence of an approximate solution and error estimates. We employ some
results from [40], where numerical analysis was carried out for homogeneous Dirich-
let boundary condition considered on the whole boundary 952. For simplicity, sim-
ilarly as in [40], we confine ourselves to conforming triangular meshes (d = 2).
Hence, we assume in the following that we have a system of triangulations {7}, 0 i)
satisfying the shape-regularity assumption (2.19) and the assumption (MA4) of the
mesh conformity in Sect.2.3.2.
We start from the consistency results.

Lemma 3.3 (Consistency) The BR2 method (3.43) is consistent, i.e., ifu € H 2(2)
is the weak solution of (2.1), then

APR @, vp) = R vy) Y vu € Sy, (3.45)

where AER and EER are given by (3.41) and (3.44), respectively.

Proof Ifu € H?(£2) is the weak solution of (2.1), then u satisfies (2.37), (2.40) and
u = up on d82p. Therefore, due to (3.16) and the identity

0= / [uln - (Vvy)dS, I eF], (3.46)
r

we obtain

o for ' e 7] UFN,
/er(”) SO dx = [—frulr(vh)-ndS for I' e FP. (3.47)

Moreover, using (3.41), (3.44), (3.46), (3.47), the identity u = up on 0§2p and
(2.40), we get


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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ABR G vy — BR ()

= Z / Vu - Vv, dx — z /Vvh-nudS— Z /(Vu-n)[vh]dS
JK r

KeT rezp rez[Pb r
—¢ /ulp(vh)-ndS—/ fvpdx — / vy dS
> [ s 3 [ oo
re, re?,
+ > /uDVvhvndS—I—{ > /uDlp(vh)-ndS
rezp r rezp r
= Z/Vu-Vvhdx— > /(Vu-n)[vh]dS
ke, K rezp’
—/ fopdx = > /nghdszo, Vi € Shp.
fos ~ T
rez}
which proves the lemma. O

Corollary 3.4 The linearity of A}B;R(-, -) and Lemma 3.3 gives the Galerkin orthog-
onality of the numerical method (3.43), i.e.,

ABR G —up, v = ABR(u, vp) — ABR(up, vi) =0 vy € Sy, (3.48)

where u is the regular weak solution of (2.1) and uy, is the BR2 approximate solution.

The error estimates will be proven in the norm
IVIZR == Wi o g + IVIE,  ve H (2, T, (3.49)
where the broken Sobolev seminorm | - |51 7 is defined in (2.31) and

1/2
Wi = > MrOljag, | -~ veH (R, %), (3.50)
re,
with the lifting operator /- (-) defined by (3.16).
Exercise 3.5 Prove that || - ||| gg is a norm in H'(£2, .7,).

Lemma 3.6 (Coercivity and continuity) Let 95, h € (0, l_z), be a system of
conforming shape-regular triangulations (cf. assumptions (2.19) and (MA4) from
Sect. (2.3.2)). Let AER(', -) be the bilinear form defined by (3.42) with { > 3. Then
there exist constants Cg > 0 and C¢c > 0 such that

|ABR v | <Callunllpr Ibnllse  Yunvi € S (351

ABR v =Cllvallzg Y vi € Shp. (3.52)


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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Proof (i) Due to assumption (MA4) from Sect.2.3.2, each K € .7}, has 3 faces.
Then, as a simple consequence of (3.19) and the inequality (a; + a» + az)? <
3(af + a% + a%) we get

LoD 2y 3 D WrOwlia gy Vi € Sip, (3.53)
reZ,(K)

ILOWIF20) <3 D0 MrOmliagy = 3Ivali v € Shp, (3.54)
re%y,

where the second inequality follows from summing the first inequality over all K €
Jy, and reordering of addends. Then (3.53) together with (3.42), (3.17) and the
Cauchy inequality imply that

\A,‘?Rm,vh)\ < > (IVunllz2cy 1V z2cky + 1L @ 22k 1V VAl 22k (3.55)
KeZ
FIVunll 20 IO 2k)) + & D e @)l 2y IrOn)ll 2
re%,

1/2

< Jup| |Vl + Junl 3 I1r o)l

= WUhlp (2, IVhIHY (2, T) hlHY(2,T) I\l 20
rey,

12
+ aluie,7) <3 Z ||IF(Mh)||iz(Q)> + Cllunlhillvelhi

rez,

Now, the discrete Cauchy inequality immediately gives (3.51) with Cp =3 4 ¢.
(i) Let § > 0. Then from (3.42), (3.17), (3.53) and the Young inequality we derive

ARy = > (|Vvh|i,l(,o+2/ L) - Vopdr 8 3 Wronl )

Ked, K res,

1
> > ((1—5)|Vvh|i,1(,<)—gnL(vh)niz(K)H > ||lr(Vh)||iz(K))

KeZ, ey,
3
= ((1—5>|Vvh|§,1<,o+(¢—g) > Mo )-
KeT, re%,

This implies that (3.52) holds with C¢c = min(1 — §,¢ — %), which is positive for
§e @/, 1. O

Corollary 3.7 By virtue of Corollary 1.7, the coercivity of the form AER implies the
existence and uniqueness of the solution of the discrete problem (3.43).

Remark 3.8 Lemma 3.6 can be easily extended to nonconforming triangulations
with hanging nodes. In this case, we have to assume that the parameter { > gmax,


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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where gmax = maxge g, g and g is the number of faces of the element K € .7,.
Then the proof of Lemma 3.6 remains the same with Cp = gmax + ¢ and C¢ =
min(l —§,¢ — g“(‘si), which is positive for § € (gmax/¢, 1).

In order to derive the error estimates of the BR2 method, we use the following
results. Similarly as in Sect.2.6, for I' € %, we define h either by (2.25) or by
(2.26). Thus,

Crhx <hp < Cghg, Cg'hg' <hp' < cp'ng! (3.56)
VI €%, I'CIK, K € T,

where C7 and Cg are the constants from (2.20).

Lemma3.9 Let I' € .F),, ¢ € H'(22,.9,) and let I (p) € X}, be defined by
(3.16). Then there exists a constant Cy > 0 such that

IKEr @2y < Cshp ||lr(§0)||L2(Q) (3.57)

Proof We consider the case I € fhl (for I € ﬁhD the proof is analogous and for
re f;fv inequality (3.57) is trivial, since I = 0).

Let K ;L) and K }R) denote two elements sharing I € fhl . From (3.16) it follows
that K I(-L) UK }R) is the support of I - (¢). Then

1
1r @) = / Ir ()2 dS = /F 1P @ + @) ) dS
(||lr<¢>||L2(3K<L>) @I, (BK(R>)) (3.58)

Since I () is piecewise polynomial, the combination of (2.78) and (2.86) gives

< Cy(1 4 Cp) diam(K ) (110 () )12

1r @) (3.59)

L2@KY) = L2(K )

and an analogous relation for K}R). Hence, (3.58)and (3.59) and (3.56) yield (3.57)
with C; = (CgCu (1 4+ C)V2. O

Lemma 3.10 There exists a constant Cy > 0 such that

Al 2y < Ceh NPl 2y Vv € Sip VT € FiP, (3.60)
Ir @2 < Chi 2ol 2y Yo € HU(R2, ) VT € FIP, (3.61)

where Cy is the constant from Lemma 3.9.
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Fig. 3.2 Proof of Lemma 3.10: 2D examples of an element K, a face I" and the corresponding
parallelogram K* with the face I™*

Proof (i) We follow the proof in [40]. Let I € .%, hID be a face of an element K € .7,
and ¢, € P,(I") be a polynomial function of degree < p on I'. Let K* be a
parallelogram such that K C K*, I" is one of its faces, and let I"* be the face of K*
neighbouring to I” but not a subset of K (see Fig. 3.2 showing possible 2D situations).
Let Z(¢1) € P,(K*) be the extension of ¢, on K*, which is constant along each
line parallel with I"*. Then, using (3.56), we have

12 g, < /K P(@n)? dx < hg /F 0248 = 7' hrlgnlZa . (362)

Into (3.16) we substitute ¢ := v, € Spp and rj, € X, such that

(3.63)

P Z(vilr)nr onK,
=10 elsewhere,

where n is the outer unit normal corresponding to I”. It means that rj, is parallel
with np and its absolute value is equal to Z2([vy,]). Thus we have

/F (P (v Dm) - ndS = — /K P(Dn-Ire)dr.  (3.64)

Since Z([vy]) = [vi] on I, the left-hand side of (3.64) is equal to ||[vh]||%2(r).
Therefore, the Cauchy inequality, (3.62) and (3.64) give

1122y < 12D 200 I ) 2k (3.65)
—1/2,1/2
< & PRIl 2 e ) 2k,
. . —1/2
which proves (3.60) with C, = C, '~
(ii) In order to prove (3.61),let I" € ﬁﬁ{ andg € H' (2, .%,).Puttingry, := I (¢)
in (3.16) and using (3.57), we obtain
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Ir @2, =~ /F [eln - (Ir@))dS < [l 2 1L @) 2
< Cshp PN @) 22 M1l 2y (3.66)
which proves (3.61). Similarly, we prove (3.61) in case that I" € ﬁhD. O
Lemma 3.11 There exists a constant Cy, > 0 such that
v = Mapvllpr < CLh* ™' Wlan@) Vv e H(£2), (3.67)

where i = min(p + 1, s) and Iy, is the operator defined by (2.90) and has the
approximation properties (2.97).

Proof By (3.49), (3.50) and (3.16), we have

v = Myl = v = Mgyl g gy + 2 M@ = Mipn)lia g (3.68)
rez/m

The use of (3.61) with ¢ := v — ITj,,v, (3.56) and (2.101) (with & = —1) imply that

_ 2
D Mre = Mpnlijag, < €8 D0 bt v = Myl |2, (3.69)
rez/P rez/P
21 —1 2 21 272u-2),2
=CCr Z hy ||V_thV||L2(aK) <2C;Cr CuCyih™ Wln i, 7)-
Ke,

Finally, from (3.68), (3.69) and (2.97) applied to the first term on the right-hand side
of (3.68), we obtain (3.67) with C; = C4(1 +2C2C; ' Can)'/2. O

Now, we are ready to formulate the following error estimate.

Theorem 3.12 (||| ||| pg-norm error estimate) Let us assume thats > 2 is an integer,
u € H*(82) is the strong weak solution of problem (2.1), {'%l}he(o,ﬁ) is the system
of conforming shape-regular triangulations of $2, Sy, is the space of discontinuous
piecewise polynomial functions (2.34), up € Spp is its BR2 approximate solution
defined by (3.42) and (3.44) and . = min(p + 1, 5). Then there exists a constant
C1 > 0 independent of h and u such that the estimate

N — unll gg < Crh* N ulgu(a) (3.70)

holds for all h € (0, h).

Proof From the triangle inequality, we have

llu —unlllgr < lllu = Mppulllgr + IITppu — uplllgg- (3.71)
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The coercivity property (3.52), the Galerkin orthogonality (3.48) and the continuity
property (3.51) imply that

CellMMpu — upllyr < ABR(ITypu — up, Mypu — up) (3.72)

= ABR(Mypu — u, Mypu — up) + APR(u — up, Mypu — uy)

-0
< CpllUTnpu — ulllpg 1 npu — uplllpg-

Hence,
Cp
WM Tppu — uplllpr < C—Clllﬂhpu —ulllgr- (3.73)

Finally, from (3.71), (3.73) and (3.67) we get

Cp Cp _
M —unllgr < {1+ == ) llu — Mppullgg < {1+ == ) CLh* ulgno),
Cc Cc

which proves the theorem with C1 = (1 4+ Cp/Cc)/CL. U

In what follows, using the duality technique, we prove the optimal order of con-
vergence in the LZ(SZ)—norm. To this end, similarly as in Sect.2.7.2, we consider
the dual problem: Given z € L%(£2), find Y satisfying (2.155). We assume that its
weak solution is regular, namely, 1 € H 2(.(2) and moreover, there exists a constant
Cp > 0, independent of z and such that estimate (2.158) is valid. To this end, we
assume that the domain £2 is convex. Then, by [153], the mentioned assumptions are
satisfied.

Theorem 3.13 (L2(£2)-error estimate) Ler us assume that s > 2 is an integer,
u € H*(S2) is the strong weak solution of problem (2.1), {%}he(o,ﬁ) is the system
of conforming shape-regular triangulations of $2, Sy, is the space of discontinuous
piecewise polynomial functions (2.34), up € Spp is its BR2 approximate solution
defined by (3.42) and (3.44) and ;. = min(p + 1, s). Let there exist the weak solution
of the dual problem (2.155) from H?(2) satisfying (2.158). Then there exists a
constant C > 0, independent of h and u, such that the estimate

lu —unl22) < C2hlulus (@), (3.74)

holds for all h € (0, h).

Proof The proof is based on the duality technique, which was applied in the proof
of Theorem 2.49. Let v € H 2(£2) be the solution of the dual problem (2.157) with
z:=ep =up —u € L>(2). Then
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VW lm2@) < Collenll 2o (3.75)

where Cp is the constant from (2.158).

Moreover, let IT,1¢ € Sp1 be the approximation of ¥ defined by (2.90) with
p = 1. Taking the regularity of the solution ¥ of problem (2.155) and the consistency
of the BR2 method (3.45) into account, we can show that

AR v) = (un —u.v) 2y Vv e HX (R, Tp). (3.76)

where the form AER is given by (3.41). The symmetry of AER, the Galerkin orthog-
onality of the error (3.48) and (3.76) with v := ¢, yield

lenlFagg) = ARN G en) = ARR (en, ¥) (3.77)
= AR (en. ¥ — ).

By virtue of (3.41) we can write

AR (en, ¥ — M) = Y /I(Veh VW —Iny)dx (= x1)  (3.78)

Ke9,
-y /F (V= M) - nlen]dS (= x2)

g ID
ez,

- > /F<Veh>~n[w—nh1w]ds (= x3)

Feﬁhm

ey /er(eh)-lr(w—nmwmx. (= 14)

re%,

We estimate the individual terms on the right-hand side of (3.78). The Cauchy
inequality, (3.49), (3.67) and (3.70) imply that

il < lenlg2, 7)Y — Hn¥lgi 2,7 (3.79)
< lllenllgr ¥ = Mni¥lllgr < CLC1A" [ulmn@)| ¥ H2(0)-

Moreover, let h - associated with I € .%), be given either by (2.25) or by (2.26).
Then it satisfies (3.56). The Cauchy inequality implies that

12 12
wl=| X [ araw - maw mras > [ ittt as
rezmP r rezlb r

(3.80)
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Combining (2.107) and (2.102) (with@ = 1 and p = 1), we get

> / hr (V@ — M) - n)* dS (3.81)
Feﬁ"hm r
<Y hK/B IV = M) PdS < 2C6CuCRI By -
KeJ, K

Moreover, the identity e, = u, —u = uy — Ippu+Ippu —u, the Cauchy inequality,
relations (2.106), (2.101) (with @ = —1) and (3.60) give

> | hp'lealds (3.82)
rezPb
<2 > /h;l[u—nh,,u]zd5+2 > /h;l[nh,,u—uh]st
rez/m r rez/m r
<4c;' > h;l/ = Mpu)*dS+2 > /h;l[ﬂhpu—uh]zdS
Ke9, K rez/m

<8CRCMCT W D lulhu o) +2C7 D e UTiptt — up)l72 -
rezP

Further, (3.49), (3.50), (3.67) and (3.70) imply that

D e UThpu = un) 72 gy < Wnpu — unliGr (3.83)

a ID
rez,

< 2l npu — ullfg + 2llu — unlifr < 2(CE + CHRP* P lulf q)-
Finally, (3.80)—(3.83) give
Ix2l < C3h"lulur@)|¥ | g2 (3.84)

with C3 := {2C6CpC%(8CECyCy! +4CHC? + C?))}/2. Similarly, from (3.80)
and the Cauchy inequality it follows that

1/2 1/2

el < > /Fhr«wh)-n)zds > /Fh;lw—nmw]zds

Fefhm Fefhm
(3.85)
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Using (2.168), similarly as in (2.169), we obtain

hr((Veyp) -n)*dS 3.86
Z /F r((Vep) - n) (3.86)

N

=CCu X ik (IVenllzy IVenlqg + i 1Venl2a g, )
Ke,

<C6Cy {CA(l + COM Nenl g, 7 lul i) + (1 + c1>|eh|§,.(9,%)} :

Further, the combination of (2.106) and (2.101) (witha = —1 and p = 1) yields

rezm r
=2 zh;‘c%l/a W = Ty P dS < 4CuCiCr P W -
Ke9, K

Thus, using (3.49), (3.70), (3.85)—(3.87), we get

Ix3l < Cah™lulgr2) ¥ g2 (3.88)

with C4 = 2CyCa(CoCy ' (C1Ca + CH(1 +Cp)' 2.

Finally, it follows from the Cauchy inequality, (3.49), (3.67) and (3.70) that

1/2 1/2

wi=e( X [wreotar) (X[ wre - monkas

re, rezy
< <llenlllgr 1Y — M llgr < CCLCIAM [ulgu2) ¥ | g2y (3.89)

In order to conclude the proof, we combine (3.77)—(3.79), (3.84), (3.88), (3.89)
and (3.75) to obtain (3.74) with

C2 = (1 +9)CLC1 + C3+ Ca)Cp. .

3.3 Local Discontinuous Galerkin Method

The subject of this section is the definition and analysis of a popular DG technique
called the local discontinuous Galerkin (LDG) method. We start again from the
abstract formulation (3.5) and (3.6), where the fluxes & and ¢ are defined in general
by the relations
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(up) — [uplB -n—ylgyl-n  onrl € Ff,

a=3up onl" € FP,
up —y(qy -n—gn) onl" e FV,

(3.90)
(gp) -n+Blg, -nl-n—aluy) onl" € F,
qg-n=13q, n—au, —up) onFeﬁ‘hD,
gnN onfeff}f\],

where o : Upe g, I' — R, B : Upeg, I — R? and y : Ureg,I” — R are suitable
functions. Again both values of the double-valued fluxes & and ¢ on interior faces
are identical and thus [u#] = [¢] = 0.

Remark 3.14 The role of the auxiliary parameters « and y is to ensure the stability
and, hence, the accuracy of the method (see the following analysis). If y = 0, then
formulation (3.5) and (3.6) with fluxes (3.90) represents the LDG method which was
studied in [8]. In this case the numerical flux # does not depend on g, and the
auxiliary variable ¢, can be eliminated, as we show in the following section. This
unusual local solvability property gives its name to the LDG method. Finally, let us
mention that also the BR2 method has the same property.

In the following, we introduce the mixed formulation of the LDG method and
also its variational formulation for y = 0.

3.3.1 Mixed Formulation

Similarly as in Sect. 3.2, we start from relations (3.8) and (3.9), which are equivalent
to the abstract problem (3.5)and (3.6). Substituting (3.90) into (3.8) and (3.9), we
have

Z/qh-rhdx—f- Z/uhv-rhdx (3.91)
K K

Keg, Keg)
= > /MDrh'ndS+ > /(uh—y(qh~n—gN))rh-ndS
rezp r rezy r

+ > /F(<uh>—[uh]ﬁ~n—y[qh]~n) [r4] - ndSs,

gl
rez,
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and

-V d 3.92
Z/th vy dx (3.92)

KeTy

= Z /F((‘Ih)'"'i‘ﬁ[qh'"]'n—ot[uh])[vh]dS

rez!
+ Z /(qh-n—a(uh—up))vhd5+ Z /nghdS+/ fvndx,
Feﬂ,f) r Feﬁ,{v r $2

respectively. In order to introduce the mixed formulation, we define the forms

algp.r) =D /th~rhdx+ > /F<y[qh]~n)([rh1~n>ds (3.93)

KeJ rez}
> /y(qh-nxrh-n)ds, an rn € Snp.
rezyN r
b(up, rp) = Z/uhv-rhdx— Z /uhrh-ndS
ke, "X rezy r

— D | (un) = [wplB-m)[ri)-ndS, up € Sy, ri € Zp,
I
re,

c(up,vp) = Z /a[uh][vh]dS, Up, Vi € Spp.

rez/P
Using identity (3.25), we find that
blup.r) =— > / Vup -rpdx+ / rp-nu,dS (3.94)
Ke9), K Feﬂh’) r

+ ) / () -n+ B - nlral-n) [up]dS, uy € Spp, 14 € Ziyp.
r
rez}

Therefore, (3.91)and (3.92) can be reformulated as a saddle-point problem.

Definition 3.15 (LDG method) We say that (u, q;,) € Spp x Xy is the approximate
solution of the mixed formulation of the local discontinuous Galerkin method, if

a(qp,rp) +bup, rp) =F@rp) Vrp € Xy, (3.952)
—b(n, qp) +c(up,ve) =G(vp) Yy € Spp, (3.95b)
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where the bilinear forms a, b and c are given by (3.93) and

F(ry) = Z /FuDrh~ndS+ Z /F(ygN)rwndS, (3.96)

rezp rezN
G = ) /auDVhdS+ > /nghdS+/ fvndx.
rezp’t rezy @

We recall that similarly as in IPG methods the Dirichlet as well as Neumann
boundary conditions are incorporated in the right-hand sides of (3.95), which is not
the case of the classical mixed formulation.

We are able to establish the existence and uniqueness of the approximate solution.

Lemma 3.16 Let Sy, and X'1,), be spaces of piecewise polynomial functions defined
by (2.34) and (3.3), respectively. Let a, b and c be bilinear forms given by (3.93),
and F and G linear forms given by (3.96). If & > 0,y > 0 and B € R? is
arbitrary for each I' € %y, then problem (3.95) has a unique approximate solution
(Wn, qp) € Spp X Xpp.

Proof Since problem (3.95) is linear and finite dimensional, it is sufficient to show
that the only solution of (3.95) with f = 0, up = O and gy = Oisu, = 0
and g;, = 0. Obviously, this setting implies that F'(r,) = O for all r;, € X', and
G(v) = 0 forall v, € Spp. Putting vy, := uy, and rj, := g, in (3.95) and summing
both relations, we obtain

a(qp. q,) +c(up, up) = 0. (3.97)

This implies that a(qy,q;) = 0 and c(up,up) = 0 since y > 0 and @ > O,
respectively. Obviously, g, = 0. Moreover, (3.97) gives

[uplr =0for I' € Z!,  uylr =0for I' € FP, (3.98)

since & > 0. Furthermore, (3.95b) and the equivalent definition (3.94) of b give

blup.ri)=— D | Vup-rpdx=0 Vrye Xy, (3.99)
Ke, K

Hence, Vu;, = 0 on each K € ., and thus uj, is piecewise constant in £2, which
together with (3.98) implies uj; = 0. (]
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3.3.2 Variational Formulation

If the parameter y = 0, then, by virtue of Remark 3.14, the auxiliary variable
q,, can be eliminated from the formulation. Let us define the lifting operator M :
H'(R2, )" — Z)p by

Z/M(B)-rhdxz— > /[G-n][rh-n]dS Vry € Zpp. (3.100)
K r

KeJ, rez}

Equation (3.95a) with the equivalent definition (3.94) of b(uy,, rj,) yield the identity

> / (g — Vup) - rpdx (3.101)
KeT, K
=- Z /[uh]<rh)-ndS+ Z /unrh~ndS— Z /ﬂ-n[uh][rh]~ndS
rez[p r rezp r rez} r
=> / Lypup) -rpdx+ / M(uyB) -rydx,  ry € Ty,
KeT, K Ke9, k

where the last equality follows from the definitions of the lifting operators (3.13) and
(3.100). Hence, (3.101) gives

qn = Vup + Ly up) + M@uB). (3.102)

Moreover, putting rj := Vv, in (3.101) and subtracting from (3.92), after some
manipulation we obtain the identity

> /Kwh-whdx— > /F([uhum)-n+<qh>~n[Vh]—a[uh][vh]) ds

KeT, rez P

- > /F (B - nlun] [Vva]l-n+ (g - nBlvs] - n) dS (3.103)
rezl
:/ fvpdx + Z /nghdS— Z /uD(Vvh-n—otvh)dS.
@ resp rezp’"

Taking into account the definitions (3.13), (3.14) and (3.100) of the lifting oper-
ators L, ,, L and M, respectively, we rewrite the identity (3.103) in the form
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> (Vun + Ly i) + M(upB)) - Vop dx (3.104)
Ke, K
+ 2 [ @onsmopy-gacs Y [ atuivias
KeJ), K Fe?,l”) r
=/ fvpdx + Z /nghdS+ Z /O[MDVhdS.
@ rez’ " rezp’ "

Putting rj, := L(vy) + M (v;B) in (3.101), we find that

> /th - (L(Vh)+M(Vhﬁ)) dx (3.105)

Ke7,

=2 /K (Vi + Lup @) + M@i)) - (LOw) + M) ) dx.

Ke,

Furthermore, from (3.104) and (3.105) we have

S [ V0t Ly n) + M) - I (3.106)
KeI,

£y /K (Vity + Lup ) + M(unB)) - (L(vi) + M(v8)) dx

Ke9),

+ > /ra[uh][vh]ds

Feﬂh”)

=/ fvnpdx + Z /nghdS—i— Z /auDvhdS.
Q r r

rezy rezp
Finally, with the aid of (3.15), we rewrite (3.106) in the form
AEPS (uyy vy) = 5P (v Yy € S (3.107)

where AkDG  HY(2, %) x HY(2,.9;) — R and EkDG : HY(2,.9,) — R are
linear operators defined by

ARPS vy = Y /a[uh][vh]dS (3.108)
rez/P

+ Z /K (Vup + L(up) + MupP)) - (Vvy + L(vy) + M (v B)) dx,
Ke,
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E%DG(vh)z/;zfvhdx-i— Z /I“gNVhdS (3.109)

FeﬁhN

- > / MD((VVh + L)+ M@pB)) - n — avh) ds.
rezp r

The above considerations lead us to the following definition.

Definition 3.17 (LDG method) Let the forms AXPS and 17.°9 be defined by (3.108)
and (3.109), respectively. We say that uy € Spp is an LDG approximate solution of
problem (2.1), if it satisfies condition (3.107).

3.3.3 Theoretical Analysis

In the sequel, we analyze the LDG method. Similarly, as in [8] we confine ourselves
to the case y = 0 in (3.90). The general case was studied in [43]. We start with
several lemmas.

First, we introduce a local variant of the lifting operator M. Namely, for each
I e 9}{ we define the operator m : H'(£2, T4 — X, by

z/mr(e)-rhdx=—/[e-n][rh.n]ds Vry € Sy (3.110)
Ke9, K r

Obviously, if @ € H'(£2, .,)?, then the support of m () € Xy, where I' € 5‘}{

is the union of two elements K € .7}, sharing the face I". Moreover, due to (3.100),
we have

M®) = > mr@® V0eZ. (3.111)

al
rez,

Furthermore, let K € 9, and I' € Z,(K) = {I" € %,; I’ C 0K} be arbitrary
but fixed. Let rj, € Hl(.Q, %)‘1 vanish outside K. Then [ry]r -npr = 2(ry)r -nr.
Moreover, for ¢, € H (£, 1), by virtue of (3.16) and (3.110), we have

/mF((Ph”F)'rh dx=—/r[<phn-n] [rn-n]dS (3.112)
K
=—2/[<phn-n1<rh~n>ds=2/lr<¢h>~rhdx.
I K

Since rj, and K are arbitrary, we conclude that

mr(gpnr) =2lr(pn) You € HY(2, %), T € . (3.113)
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Now, similarly as in Sect. 3.2, we present the consistency, continuity and coercivity
of the LDG method.

Lemma 3.18 (Consistency) The LDG method (3.107)—(3.109) is consistent, i.e., if
u € H?(82) is the weak solution of (2.1), then

AEPS (v = 8PS (vy) Yy, € Sy, (3.114)

where A%DG(, ) and EkDG(-) are given by (3.108) and (3.109), respectively.

Proof Letu € H 2(£2) be the weak solution of (2.1). Obviously, [u]r = 0 for
I e 35}{ Moreover, M (Bu) = 0,

Z/L(u)rhdxz— > /urh-ndS Vry € Zpp. (3.115)
K r

KeJ rezp

and

Z/VwM(ﬂvh)dx:— > /[ﬁvh-n][Vu-n]dSzo Vv € Shp,
K r

Keryh FELgZhI
(3.116)

which follows from the definition of the lifting operators (3.14) and (3.100). Then,
(3.108), together with (3.115) and (3.116), give

ARPS (4, vy = z / Vu - (Vv + L(vy) + M(vpB)) dx (3.117)
Ke, K
+ > / L) - (Vvp + Ly) + MB)) dx + > /auvhdS
ke, 'K rezp’l
= Z/Vu-Vvhdx— Z /[vh]Vu~ndS
kez;, 'K rezP r

-3 /u((Vw,+L(vh)+M(vhﬂ))-n—avh) ds.
r

a D
rez,

Finally, since u = up on d£2p, the weak solution u satisfies (2.40) and (Vu)p =
Vu|r for I' € .F/P relations (3.117) and (3.109) imply that
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A%DG(u, Vi) —Z%DG(V;,) = Z / Vu - Vy,dx — Z /[vh]Vu -ndS
KeJ, K rezPb r

— fvpdx — /nghdSzo.
IREEEDW

Fe?,{v

O

Corollary 3.19 The linearity of A%DG and Lemma 3.18 gives the Galerkin orthog-
onality of the local discontinuous Galerkin method, i.e.,

AYS (4 —up, vy) = AMPS (u, vp) — AMPS (g ) =0 Yy € Sy, (3118)

where u is the strong weak solution of (2.1) and uy, is its approximation given by
(3.107)—~(3.109).

In what follows, we again employ the norm defined by (3.49), i.e.,
IVl = W5 o) + IVIE, v e H (2, ), (3.119)

where the broken Sobolev seminorm | - |51(g, 7 is defined by (2.31) and | - [1i is
defined by (3.50).

Lemma 3.20 (Coercivity and continuity) Let AIh‘DG be the form defined by (3.108)
witha|r = Cy/hr, I' € Fp, Cyy > 0 and ||Blloo := maxrez, |BllLer) < oo. If

Cw = C; (% +90 + 2||ﬂ||m)2) , (3.120)

where C; is given by (3.57), then there exist constants Cp > 0 and Cc > 0 such that
AP i, )| <Callunllsr vallsr Yt v € Sip, (3.121)
ARG v =Cellvallig Y vi € Sip- (3.122)

Proof (i) Let up, v, € Spp. Then from (3.108) we have

AEPS (v (3.123)
= Z / Vuy - Vv, dx (= x1)
Ke9), K
+ > / (L(up) + M upB)) - Vvj dx (= x2)
KeJ, K
+ D [ L)+ M@iB)) - Vuy dx (= x3)

Ke, K
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+ > (L) + M) - (Lw) + MEap) dx (= xa)
Ke,

+ > /F alup][vy]ds. (=: x5)

Feﬁhw

Now we estimate the individual terms on the right-hand side. Obviously, due to the
Cauchy inequality, (3.60), (3.50) and the fact that the support of I consists of at
most two elements, we have

X1l < lunlpro, g vilui @, 7,), (3.124)

sl < D elllunlll 2oy lvalll 2y < 2CwCF i lva -
res,

Due to assumption (MA4) from Sect.2.3.2, each K € 9, has 3 faces. As a simple
consequence of (3.111) and the inequality (a; + a» + az)? < 3(a% + a% + a%) we
obtain

IMED G2y < 3 D Imr@n)liag, e H @, T (3125
reZ,(K)

3D mrariliag, rweH'($2, %),
e,

IA

1M,

where the second relation follows from the summation of the first inequality over all
K € 9}, and reordering of addends. Now, (3.125) together with (3.50) and (3.113)
give

IM B2 < 121813 D IrGmli7a g, = 120815 vl (3.126)
e,

Hence, from the triangle inequality, (3.54) and (3.126) it follows that
LR + MBI 20y < V3 + 2118l valli Yvi € Spp.  (3.127)
Then, the Cauchy inequality, (3.123) and (3.127) yield

Ix2l < 1L @up) + M @nB)ll 22y vil g2, ) (3.128)
< V31 +21Blloo) llunllilval g1 (2. 7

and similarly

%31 < V3 (1 +21Blloo) Ivalilnl 12, 7)- (3.129)
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Using the same process, we obtain

Xal < ILGup) + M@nB)l 22 ILOR) + MBIl 22 (3.130)
< 3(1+2[Blloo)? Nlunlli v -

Finally, by (3.123), (3.124), (3.128)—(3.130), we have (3.121) with Cp = 2CWCI2 +

2
(1430 +21Bl0)) -
(ii) Let § > 0 and let v, € Spp. We derive from (3.108), the Cauchy inequality,
(3.127), (3.61), (3.50) and the Young inequality the following relations:

APC v = D /K [VvnlPdx +2 D /K (L) + M) - Vvy dx

Keg, Ke)
(3.131)

+ > /KIL(vh)—i—M(vhﬂ)|2 dr+ > /Foz[vh]zdS

Keg), rezpP

> Walyio. 20 = 2vnlai 2. o) 1LOR) + MBI 20

C
HILOW + MBI 20, + D C—anr(vh)niz(g)

rezpp °
= il .y = 2vnlii e, 2 V3 + 211Blloc) Ivall
C
= 3(1+21Blloo)*Ivalf + & Iva I
s

1 C
2 2 2 w
2 lvth'(.Q,,%,)(l - 8) + ”vh”]i [<_] - 8) 3(1 + 2”5”00) + Fg
Putting § = 1/2 and using the choice (3.120), we obtain (3.122) with C¢ = 1/2. O

Corollary 3.21 The Corollary 1.7 and the coercivity of the form AIEDG imply the
existence and uniqueness of the solution of the discrete problem (3.107).

Let ITypu be the Spp-interpolation of u given by (2.90). Similarly, as in Sect. 3.2,
we can use estimate (3.67).

Theorem 3.22 (||| - ||| gg-norm error estimate) Let u € H®(§2) with s > 2 be the
weak solution of (2.1) and let uy, € Spp be the LDG approximate solution defined by
(3.107)—(3.109). Then there exists a constant C > 0 such that

llu = unllpr < Ch*~lul s (e2), (3.132)

where u = min(p + 1, s).
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Exercise 3.23 Prove Theorem 3.22. Hint: Follow the proof of Theorem 3.12. Only
the coercivity and continuity of the form AER have to be replaced by the coercivity

and continuity of ALPY.

Theorem 3.24 (L2(§2)-error estimates) Let u € H*(82) with s > 2 be the weak
solution of (2.1) and letuy, € Syp beits LDG approximation given by (3.107)—(3.109).
Then there exists a constant C > 0 such that the following estimate holds:

llu — unllp2() < Ch*|ulbs ), (3.133)

where u = min(p + 1, s).

Exercise 3.25 Prove Theorem 3.24. Hint: Use the duality arguments similarly as in
Theorem 3.13.
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Chapter 4
DGM for Convection-Diffusion Problems

The next Chaps.4-6 will be devoted to the DGM for the solution of nonstationary,
in general nonlinear, convection-diffusion initial-boundary value problems. Some
equations treated here can serve as a simplified model of the Navier—Stokes system
describing compressible flow, but the subject of convection-diffusion problems is
important for a number of areas in science and technology, as is mentioned in the
introduction.

In this chapter we are concerned with the analysis of the DGM applied to the space
discretization of nonstationary linear and nonlinear convection-diffusion equations.
The time variable will be left as continuous. This means that we deal with the so-
called space semidiscretization, also called the method of lines. The full space-time
discretization will be the subject of Chaps.5 and 6.

The diffusion terms are discretized by interior penalty Galerkin techniques (SIPG,
NIPG and ITPG) introduced in Chap. 2. A special attention is paid to the discretization
of convective terms, where the concept of the numerical flux (well-known from the
finite volume method) is used. We derive error estimates for a nonlinear equation
discretized by all three mentioned techniques. These estimates are suboptimal in the
L% (L?)-norm and they are not uniform with respect to the diffusion coefficient.
However, for the symmetric SIPG variant, the optimal error estimate in the L (L?)-
norm is derived. Finally, for a linear convection-diffusion equation, we derive error
estimates uniform with respect to the diffusion coefficient.

4.1 Scalar Nonlinear Nonstationary Convection-Diffusion
Equation

Let 2 ¢ R, d =2, 3, be a bounded polygonal (if d = 2) or polyhedral (if d = 3)
domain with Lipschitz boundary 062 = 02pUd2y,d2p N2y =@, and T > 0.
We assume that the (d — 1)-dimensional measure of d£2p is positive. Let us denote
Or =2 x(0,7).
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We are concerned with the following nonstationary nonlinear convection-diffu-
sion problem with initial and mixed Dirichlet-Neumann boundary conditions: Find
u: Qr — Rsuch that

d

du ofs(u) .

— =¢cA , 4.1
8t+§ oxs eAu+g inQr (4.1a)
”iaszux(o,r) =up, (4.1b)
8n~Vu|a_QNX(0)T)=gN, (4.1¢)
u(x,0)=ux), xe . (4.1d)

We assume that the data satisfy the following conditions:

f=U1, ..., f), fs ECI(R), fs’arebounded, f0)=0,s=1,...,d,

(4.2a)

>0, (4.2b)

g € C(0,TT; L*(2)), (4.2¢)
up = trace of some u* € C([0, T]; H'(£2)) N L™®(Q7) on 32p x (0, T),

(4.2d)

gn € C([0, T]; L*(92y)), (4.2¢)

u’ € L2(92). (4.2)

The constant ¢ is a diffusion coefficient, f;, s = 1, ..., d, are nonlinear convective

fluxes and g is a source term. It can be seen that the assumption that f;(0) = 0 is not
limiting. If u satisfies (4.1a), then it also satisfies the equation

d
o Afw) — f0)
T > - gAu+ g,

s=1

and the new convective fluxes ﬁ(u) = fi(u) — f50), s =1,...,d, satisfy (4.2a).
Let us note that in Sect. 6.2 we will be concerned with more complicated situation,
where both convection and diffusion terms are nonlinear.

It is suitable to introduce the concept of a weak solution. To this end, we define
the space

Hyp(£2) = {v e H'(22); vlse, = 0},


http://dx.doi.org/10.1007/978-3-319-19267-3_6
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and the following forms:

(w,v) = (U, V)22 :/ uvdx, u,ve LZ(Q),
Q

a(u,v):a/ Vu - Vvdx, u,veHl(.Q),
Q

d
b(u,v) =/ 0fs () vdx, ue H'(2)NL®R), ve L*(2),
2 =1 0X;s

(u, v)n =/ uvdS, u,velL*0R2y).
2N

Definition 4.1 A function u is called the weak solution of problem (4.1), if it satisfies
the conditions

u—u* e L*0,T; Hip(R2)), ue L®(Qr). (4.32)

d
g @@ V) £ bu@), v) +a(u(®),v) = (g(t), v) + (gn (1), )y ¥v & Hyp(82)

(in the sense of distributions in (0, 7)),
(4.3b)

u(0) = ug in £2. (4.3c)

Let us recall that by u(¢) we denote the function in £2 such that u(¢) (x) = u(x, 1),
x € S2.

With the aid of techniques from [235], [217] or [246], it is possible to prove that
for a function u satisfying (4.3a) and (4.3b) we have u € C([0, T]; L2(£2)), which
means that condition (4.3c) makes sense, and that there exists a unique solution of
problem (4.3). Moreover, it satisfies the condition du/dt € LZ(QT). Then (4.3b)
can be rewritten as

ou(t)
( ” ,V) +b(u(),v) +a(r),v) = (g),v) + (gn (1), V)N 4.4)

Vv e HolD(.Q) and almost every ¢t € (0, T).

We say that u satisfying (4.3) is a strong solution, if

ue L*0,T; H*(R2)), ?)—': e L*(0,T; H'(R2)). (4.5)

It is possible to show that the strong solution u satisfies Eq. (4.1) pointwise (almost
everywhere) and u € C([0, T], H'(£2)).
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4.2 Discretization

In this section we introduce a DG space semidiscretization of problem (4.1). We use
the notation and auxiliary results from Sects. 2.3-2.5.

By .7, (h > 0) we denote a triangulation of the domain 2 introduced in Sect. 2.3.1.
We start from the strong solution u satisfying (4.5), multiply equation (4.1a) by an
arbitrary v € H?(£2, .7,), integrate over each K € .7, and apply Green’s theorem.
‘We obtain the identity

d d
ou(t) / av
vdx + fsu(@))ngvdS —/ fs(u(t))— dx (4.6)
/K ot 0K ; ’ ’ K ; ’ X
+8/ Vu(t)-Vvdx—e/ (Vu(t)~n)vdS=/ g(t)vdx.
K aK K
Here n = (n1, ..., ng) denotes the outer unit normal to d K. It is possible to write

av
X

d d
D fns = f@y-n, D fiw)— = fu)- Vv, 4.7)
s=1 s=1

Summing (4.6) over all K € .7}, using the technique introduced in Sect. 2.4 for
the discretization of the diffusion term, we obtain the identity

3 3
( ;it) , V) + Ap®),v) + bp(u(t),v) = £,(v)(@), (4.8)
where
Ap(w,v) = eap(w,v) +eJ; (w,v), 4.9)
ap(u,v) = Y / Vu-Vvdx — > /((Vu)~n[v]+@(Vv)~n[u]) ds,
kez, 'K rezjp r
(4.10)
vy = > /a[u][v]dS, (4.11)
rezlP
d d 9y
ba(u.v) = > [/ Zfs(u(t))nsvdS—/ Zfs(u(t))a—dx], 4.12)
ke, V0K (5 K5 Xs

60 0 = GOW + @O +e X [ (ov- 0@ m)upas.
Feﬁhu r
(4.13)
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(The symbols (-), [-] are defined in (2.32) and (2.33).) We call a;, and J), the diffusion
form and the interior and boundary penalty form, respectively. Similarly asin (2.104),
the penalty weight o is given by

C
olr=or=3" IeFp, (4.14)
r

where & characterizes the “size” of I' € %, defined in Sect.2.6 and Cy > 0 is
a suitable constant. The symbol by, corresponds to the convection terms. It will be
further discretized.

Similarly, as in Sect.2.4, for ® = —1, ® = 0 and ® = 1 the form g, (together
with the form J;7) represents the nonsymmetric variant (NIPG), incomplete variant
(ITPG) and symmetric variant (SIPG), respectively, of the diffusion form.

Remark 4.2 Letus note that in contrast to Chap. 2, the form A, contains the diffusion
coefficient &, compare (2.45a)—(2.45c) with (4.9). Therefore, the estimates from
Chap. 2, which will be used here, have to be equipped with the multiplication factor
¢ > 0. We do not emphasize it in the following.

Now we pay a special attention to the appr0x1mat10n of the convective terms
represented by the form bj,. The integrals J: ok Dos—1 Js@(t))ngvdS canbe expressed

in terms of the expressions || r Zle fs(u(t))nsvdS, which will be approximated
with the aid of the so-called numerical flux H(u, w, n):

d
/Zfs(u(t))nsvdS%/ Huw®P u® m\Pds, ez (@15)
r s=1 r

Here H : RxRxB; — Risasuitably defined functionand B; = {n € R?; |n| = 1}
is the unit sphere in R?. The simplest are the central numerical fluxes given by

d d
H(v]’VZ’n)ZZfS (Vl ‘;‘Vz)ns’ H(vhvz’n)zzwns.
s=1 s=1

However, in the most of applications it is suitable to use upwinding' numerical fluxes
as, for example,

>4 fiunng, if P >0 i +u2
H s s = S= . N h P S
(v, w2, ) [Zf_l fsung, if P <0 where Zfs s

(4.16)

I'The concept of upwinding is based on the idea that the information on properties of a quantity u
is propagated in the flow direction. Therefore, discretization of convective terms is carried out with
the aid of data located in the upwind direction from the points in consideration.
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or the Lax—Friedrichs numerical flux

d
D) + f5(n2)
H(vi,vy,m) =Y fsffsns — Alvi — w2,
s=1

where A > 0 has to be chosen in an appropriate way. For more examples and
theoretical background of numerical fluxes we refer to [127].

Ifr e ﬁhB, then it is necessary to specify the meaning of ug) in (4.15). It is
possible to use the extrapolation from the interior of the computational domain

W =u® o rezp (4.17)

In the theoretical analysis, we assume that the numerical flux satisfies the following
properties:

1. continuity: H(u, v, n) is Lipschitz-continuous with respect to u, v: there exists a
constant L g > 0 such that

|H(u,v,n) — Hu*,v*,n)| < Lg(lu —u™| + [v —v*|), (4.18)
u, v, u*, v eR, neBj.

2. consistency:
d
H(u,u,n) =) fiwns, ueR, n=(n,....n5) €B. (4.19)
s=1

3. conservativity:
Hu,v,n)=—HW,u,—n), u,velR, neBj. (4.20)

By virtue of (4.18) and (4.19), the functions f;,s = 1,...,d, are Lipschitz-
continuous with constant L y = 2L . From (4.2a) and (4.19) we see that

H(@0,0,n) =0 YneB. 421

Using the conservativity (4.20) of H and notation (2.32) and (2.33), we find that

> > / Hw®, ul® myit s (4.22)
I

KeJ, TCdK, €Ty
= Z H(ugf‘),ugfe),n) (V%) —vgfe)) ds + Z / H(u%),ug),n) VE-{‘) ds

I B
re%, re?,

= > [ H@P WP nyprds
e,
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Let us recall that in integrals | - the symbol n denotes the normal .
Then, by Vir~tue of (4.15) and (4.22), we define the convection form bj(u, v)
approximating by, (u, v):

by (u, v) = Z/H(M}L),uf),n)[v]dS— > [ f@ - Vvdx, (4.23)
re%, r

Ke9, K
u,ve H'(2, %), ue L¥(Q).

By the definitions (4.12), (4.23) and the consistency (4.19), we have
bp(u,v) = by(u,v) VYu € H*(2)Vv € HX(2, F}). (4.24)

Let Sy, be the space of discontinuous piecewise polynomial functions (2.34).
Since S, C H?(82, ;) N L% (£2), the forms (4.10), (4.11), (4.13) and (4.23) make
sense for u := uy, v := v, € Sjp. Then, we introduce the space DG-discretization
of (4.1).

Definition 4.3 We define the semidiscrete approximate solution as a function uj, :
Or1 — R satisfying the conditions

up € CH([0, TT; Sip), (4.252)
duy (1)
( Fya Vh) + Ap(up(t), vp) + bp(up(t), vp) = Lp(vp) (t) (4.25b)
Yvp € Spp, Yt €[0,T],
(n(0), vi) = W vi) Yvu € Spp. (4.25¢)

We see that the initial condition (4.25c) can be written as uj(0) = thuo, where
Iy, is the operator of the Lz(.Q)—projection on the space Sy, (cf. (2.90)).

The discrete problem (4.25) is equivalent to an initial value problem for a system
of ordinary differential equations (ODEs). Namely, let {¢;, i = 1,..., Ny} be a
basis of the space Sj,, where N, = dim Sj,,. The approximate solution u, is sought
in the form

Nh
wp(x, 1) = D ul (g (x), (4.26)
j=1
where u/ ) :[0,T] - R, j=1,..., Nj, are unknown functions. For simplicity,

we put

Bp(up, vi) = Lpn(vp) — Ap(up, vi) — bp(up, vi), up, v € Spp.


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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Now, substituting (4.26) into (4.25b) and putting v, := ¢;, we get

Np duJ (t) Np )
2 —q @ie) =B | 2 WO |, =l Ne o (427)
j=1 j=1

which is the system of the ODEs for the unknown functions u’l, j=1,...,Np.

This approach to the numerical solution of initial boundary value problems via the
space semidiscretization is called the method of lines.

If we apply some ODE solver to problem (4.27), we obtain a fully discrete prob-
lem. In Chap.5 we will pay attention to some full space-time discretization tech-
niques. In what follows we are concerned with the analysis of the semidiscrete
problem (4.25).

Taking into account that the exact solution with property (4.5) satisfies [u]r = 0
for I" € ﬁhl, 1y, x0,7) = up and using (4.8) and (4.24), we find that u satisfies
the consistency identity

9
( L;y) ’ Vh) + Ap(u), vi) + bp(u(t), vi) = Lr(va) (1) (4.28)

for all vy, € Spp and almost all ¢ € (0, 7). This will be used in the error analysis.

Exercise 4.4 Verify the relation (4.28).

4.3 Abstract Error Estimate

In this section we analyze the behaviour of the error in method (4.25). We use results
derived in Sects. 2.6 and 2.7 dealing with the properties of the diffusion form a;, and
the penalty form J;7. Similarly as in (2.103), we use the DG-norm

172
il = (1B + I 0o0) . veH' R, T, (@429)

In the error analysis we suppose that the following basic assumptions are satisfied.

Assumptions 4.5 Let the following assumptions be satisfied:

e assumptions (4.2) on data of problem (4.1),

e properties (4.18)—(4.20) of the numerical flux H,

o (T}, <(0.) 18 @ system of triangulations of the domain §2 satisfying the shape-
regularity assumption (2.19) and the equivalence condition (2.20) of hj and hg
(cf. Lemma 2.5),

e the penalization constant Cy satisfies the conditions from Corollary 2.41 for SIPG,
NIPG and IIPG versions of the diffusion form ay,.
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We apply again the multiplicative trace inequality (2.78), the inverse inequality
(2.86) and the approximation properties (2.93)—(2.95) and (2.98)—(2.100).

4.3.1 Consistency of the Convection Form in the Case
of the Dirichlet Boundary Condition

We are concerned with Lipschitz-continuity and consistency of the form bj,. The
consistency analysis is split in two cases. In this section we consider the case when
the Dirichlet boundary condition is considered on the whole boundary 942, i.e.,
082p = 052 and 082y = (. Analyzing the consistency of the form by, in the case of
mixed boundary conditions is more complicated and is presented in Sect.4.3.2.

In what follows we assume that s > 2, p > 1 are integers.

Lemma 4.6 Let 'y = (@ (then .F), = fhm). Then there exist constants Cpy, . . .,
Cpa > 0 such that

1/2

b1, v) = by (i, V| < CorllVlll | Nl = @l 32y + D Bkl =l 2, |
Ke,
(4.30)

u, i € H'(2, ) N L>®(2), ve H' (2, .9), h € (0, h),

b (un, vi) — bu(in, va)l < Cpalllvalll llun — dnllp2(2), (4.31)

Wp, ips Vi € Sip, b € (0, ).

If Mypu is the Spp-interpolant of u € H*(82) defined by (2.90) and we put n =
u — Mypu, then

|bw (u, vir) = b (Mhpit, vi) | < Coz Ro(IlIvall, vi € Shp, b € (0, ), (4.32)

where

1/2
Ry(n) = ( > (Inlha g + h%mﬁ,l(,())) : (4.33)
KeJ,

Moreover, if § = up — Hppu, then under the above assumptions,

|bn e, vi) = b (un, vi)| < Cpalllvall (Ro() + 1€l 2¢0)) » Vi € Shp, b € (0, h).
(4.34)
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Proof (i) By (4.23), foru, i, ve H' (22, .9),

bp(u,v) —bp(u,v) =— Z /K (fw) — f))-Vvdx (4.35)

Ke

0]

+ Z/ H(u}”,u}m, n)y— H@P, a® )) [v]ds

re%,

=0

Let us recall that for I" € .%, f we define the functions u - R) and u(R) by extrapolation:

u(R) M(L) and ii —(R) —(L)
r =Uur up-.
From the Llpschltz-continuity of the functions f;, s = 1, ..., d, and the discrete

Cauchy inequality we have

ol <Ly Y / Z|u—u|

‘ dx < \/_Lf”u —ullp2y Va2, 7,
Ke,

(4.36)

Relation (4.35), the Lipschitz-continuity (4.18) of H, the Cauchy inequality,
(2.20), (4.11) and (4.14) imply that

AT / ‘ @) ‘(L)‘+‘ (R) :z%”‘)uvuds (4.37)

re%,

1 1
2 2
2
/—dS D /hp (| =]+ uf —a®))" as
rez, r
12
| Cq
<Ly ra JZ (v, )1/ Z/ 2hilu —a)*ds
KeZ,
12
2Cq _
=Ly /C—J;,’(v, W2 Rkl =il ok |-
w KeT

(Let us note that the third inequality in (4.37) is valid only if %), = .Z, hID .) Taking
into account (4.35)—(4.37) and using the discrete Cauchy inequality, we get

b (u, v) — by (it, v)| (4.38)

2C :

_ G

sﬁLf||u—ullem)\leug_%)+LH1/EJ;’(V ‘/2<Z hillu — uan(aK))
KeT,
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2

_ 2Cq _ >

< (dLicnu—uniz(mH%,w > hKnu—uniz(aK)) (VB 0.0 + I 020)
Ke,

12
This immediately implies (4.30) with Cp; = (max(dL? L212,Cq /CW)) .

(i1) Further, let uy,, up, vi € Spp. Using the multiplicative trace inequality (2.78)
and the inverse inequality (2.86), for ¢ € S;,, we obtain

> hklolagr, = Cu Y (1902 +hkI0l 2k 1911 (k) (4.39)
Ke I, Ke,
=Cu X (19124, + Crlolagg,) = Cul +CDIgI o)
KeT,

Now, if we set ¢ := uj; — up and use (4.30) with u := uj, u := up and v := vj,, we
get (4.31) with Cpp = Cp1(1 + Cy (1 4+ Cp)V/2.

(iii) In order to prove (4.32), we start from (4.30) withu € H*(2), u := ITjpu
and v := v;, € Spp. Using the multiplicative trace inequality (2.78) and the Young
inequality, we find that

D bkl = il ar, = D hxlnlyzgr, (4.40)
Ke9), Ke9,
<Cu > (122, + Al 2l i)
Ke9,
1 1 3
= Cu X (2 + 510320, + 30k 0001 )) < 5CmRo ).
Ke,

where Ry (n) is defined in (4.33). Consequently,

3
lu = Mipll ooy + 2 hicllu = Mipttlzagy ) < (14 S Ca) Rp(n)?,
Ke9),

which together with (4.30) immediately yield (4.32) with Cp3 = Cp1 (14+3Cpr/2)"/2.
(iv) The triangle inequality gives

|bp(u, vi) — bp(up, vp)| < |bp(u, vyp) — by (Hppu, vi)| + by (Hppu, vy) — by (up, vi)l.

From relations (4.32) and (4.31) with uy, = Ijpu and & = uy, — Iypu, we get (4.34)
with Cpg = max(Cpz, Cp3). (Il
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4.3.2 Consistency of the Convective Form in the Case
of Mixed Boundary Conditions

Since Lemma 4.6 is valid only if a Dirichlet boundary condition is prescribed on 92,
we are concerned here with the consistency of the form b, in the case of a nonempty
Neumann part 9§2y of the boundary 9£2. We start from several auxiliary results.

The first lemma shows the existence of a vector-valued function with suitable
properties. Its proof is based on the usual definition of a domain with the Lipschitz
boundary.

Lemma 4.7 There exists a vector-valued function @ € (W1-°(2))? such that
¢-n>1 onds2, 4.41)

where n is the unit outer normal to 052.

Proof By [208] or [227], it follows from the Lipschitz-continuity of 92 that there
exist numbers «, B > 0, Cartesian coordinate systems

T T
X, = (xr,l s e Xrd—1, xr,d) = (x;a xr,d) s (4.42)
Lipschitz-continuous functions
ar: Ay = {x] = (xr,l,-.-,xr,d_l)T; Xl <o, i=1,...,d =1} > R (443)

with a Lipschitz constant L > 0, and orthogonal transformations A, : RY — R4,
r=1,...,m,such that

Vxed2 Iref{l,...om} Ixl €A : x=A" (x,a,(x])). (4.44)

Under the notation

V= {(x;,xr,d) e R a,(x)) < xra < ar(x)) + B, x] € Ar} ; (4.45)
V=] € R 0 () = B < vna < @), x) € A,
Ay ={(x), x0); X0 = ar(x)) €R, x] € A},

we have

m
VECAW@), A CA®BR), V7 CARN\R), d2c|JU. “46)

r=1
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where the sets U, are defined by the relations
U =VXURAUV", U =AY D,). (4.47)
The mappings A, can be written in the form
Ar(x) =Qx+x°, xeR, (4.48)
where x? e R and Q; are orthogonal d x d matrices, i.e., QrQI = I = unit matrix.
Then the transformation of a d-dimensional vector y € R¥ reads as

yeR? > Q,y e RY. (4.49)

The sets U, are open. There exists an open set Uy such that

m
Upce. 2clJu. (4.50)
r=0

By the theorem on partition of unity [208], there exist functions ¢, € C3°(U,), r =
0,...,m,suchthat0 < ¢, < 1and

m m
thr(x) =1forx € 2 and thr(x) = 1forx € 982. (4.51)
r=0 r=1

Since the functions a, are Lipschitz-continuous in A,, they are differentiable
almost everywhere in A,. Hence, there exists the gradient

T

Va, () = (29 (x) 94 )} foraex €A (4.52)
(x! s e.xl € 4, .
and
|Va,| <L ae.inA,, r=1,...,m. (4.53)

(Here a.e. is meant with respect to (d — 1)-dimensional measure.) Then there exists
an outer unit normal

(Va,(x)), —1) (4.54)

1
nr (@ 0) = e
r\*r

to Bf/\,*' for a.e. X, = (x),ar(x))) € A, (with respect to (d — 1)-dimensional
measure defined on A,—cf. [208]) and
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T —~
n(x) =Q,n,(Ar(x)), a.execdf2, Ar(x)€A,, (4.55)

is the outer unit normal to 952. .
If weseteg = (0,...,0,—1) € R4, then by (4.52) and (4.53)

1 1
>
I+ 1Va, (D2~ 1+ 12
r

n.(X;) e; = X,GK,, r=1,...,m.

(4.56)

By virtue of the orthogonality of Q,, fora.e. x € 952, with A, (x) € K,, we have

n(x) - @ ea) = (Q nr (A, () - (Q ea) (4.57)
T

= (@ ma) (0 e)

= (mr a0 @) - () ed)

1
=n,(A,(x))-eqg> ——, r=1,...,m.
1+ L2

Now we define the function ¢ by
m
e() =V1+L2> ¢(x)Qf eq. xR (4.58)
r=1

Obviously, ¢ € (C°(R?)) and thus ¢ € W!*°(2)?. Moreover, by (4.51), (4.57)
and (4.58),

Q) -n(x) = D ¢ () =1, xei,

r=1
what we wanted to prove. (]
Now we prove a “global version” of the multiplicative trace inequality.
Lemma 4.8 There exists a constant C}; > 0 such that
1/2

2 2 2 2
V1720 < Ch FIVIE[IV1Z200) + D AxlVIT20ry | + V1720 | -
Ke,

ve HY (2,9, he,h). (4.59)
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Proof Letv € H'(£2, 7,), h € (0,h) and K € . Letp € (W1 (£2))¢ be the
function from Lemma 4.7. By Green’s theorem,

/ v2¢-ndS=/V-(v2¢)dx=/ (V-9 + 2vp - Vv) dx.
0K K K

The summation over all K € 9}, implies that

2 . 2 . — 2 . . .
/mvcp nds+ > /F[v]tp nds Z/K(V V. +2vp Vv)dx

rez! KeT,
(4.60)

In view of (4.41) and (4.60),

2 2 2 2
v dS§/ Vo nds < /|vv.¢+2v¢.w|dx+ /‘[v ]‘ gl dS.
IR 2 J 2

KeJ) regzl

Taking into account thatg € (W'-°°(£2))¢ and using the Cauchy and Young inequal-
ities, we find that

19122 0y <l (. / 021 dS + 1912 gy +2 D" Iliage Pl ).
rez|! r KeZ,

4.61)

Further, by the Cauchy inequality, (2.20), (2.107), (4.11) and (4.14), we have

D /F‘[vz]‘d5=2 > /F|[v](v)|dS (4.62)

reg} rez
1/2 1/2
<2 > /o[v]zdS > /a‘l(v>2ds
Feé‘?h] r Feyhl "
1/2
<20, 22 i oD vk,

Ke9),

Now, it follows from (4.61) and (4.62) and the discrete Cauchy inequality that
1/2

—1/2 ~1/2
V17250 < ||¢||(W1,oc(m)d{2cw/ CPI @YD vz ok,
Ke,

+ W22 g + 2120y Wl @,
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126 1/2

which implies (4.59) with C, = max(2Cy, s Dllell w2y O

Now we apply the above results to the derivation of the consistency estimate of
the form by,. This form can be expressed as

by(w,v) = biP (w,v) + b (w, ), (4.63)
where
biPwv) =— > / ny(w)—dx+ > /H( 15w vl ds
Ke7, rez}
+ > /H(w|(L), Oy ds (4.64)

rezp
and, due to (4.19),
Yoy = > /H(w#), Wit P ds = > /Zﬁ(wﬁ“)nm“)ds
rezl rezy

(4.65)

Letus set & = uy — ITypu € Spp. We are interested in estimating the expression

i, §) = ba(un, §) = (BP0, &) = b (un, ©)) + (b (0, &) = b} s, ©))
(4.66)

Then, by (4.34) with vj, = &,

biP @, &) = biP (un, )] = CoallE Nl (Ro) + 16 2(2) (4.67)

where Rj(n) is defined by (4.33).
It remains to estimate the second term on the right-hand side of (4.66).

Lemma 4.9 Letu € H*(82), up € Spp, & = up — Mypu. Then

b 0, €) = b} wn, )] = Cy (R + IENE N2 + 16132g))  (468)

where

B 1/2
Ren = (3 (g Il ) + B0l ) ) (4.69)
Ke,

and Cy is a constant independent of u, uj, and h.
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Proof By (4.65), Lipschitz-continuity (4.18), Cauchy and Young inequalities, and
the relation uy, —u = n + &, where n = Ij,u — u, we get

by (u, &) — by (up, &)| < Crllu — unll 20y 1€l 200y (4.70)
1 2 3 2
< CLHM - uh”Lz(BQ) ”E”Lz(i)()) =< CL §||fl||Lz(39) + E”S”LZ(QQ)

with C; = 2L . Moreover, using the multiplicative trace inequality (2.78) and the
Young inequality, we find that

-1
07250y < 2 1072k < Cu D, (hK ||n||iz(K)+||n||Lz(K)|n|H1(K>)

Ke7, KeJ),
_ ) 1
=Cu X (hx' 02, + 3k 10020y + 5hx M 1))
Ke,
3 2
< SCuRe)?, (@.71)

where R.(n) is defined in (4.69).

We estimate || ||i2 392) according to Lemma 4.8. Taking into account that§ € Sy,

and using the multiplicative trace inequality (2.78) and the inverse inequality (2.86),
we find that

D hklENT k) < Cu D hk (||5||L2(K)|5|H1(K) +h;<1||é||iz(,o) (4.72)
KeJ, Ke,

< Cu(1+CD) €720

Hence, in view of (4.59) and (4.72), we have

1617 2052) < Ch {(CM(l +Cn)+ DY IENNEN 202) + ||s||iz(m} (4.73)
<C* (IIIEIIIIISIILZ(Q) + IISIIiz(Q)) ;

where C* = C},(Cy (1+Cp)+1) 1/2 Finally, (4.70), (4.71) and (4.73) yield estimate

(4.68) with Cy = %CL max(2Cys, 3C*), which we wanted to prove. U

Let us summarize the above results.

Corollary 4.10 Letu € H*(£2), s > 2, u, € Spp, & = up — Mypu, n = Mypu —u.
Then

b1 (at, ) = b, 6] (4.74)
= Cy (IIE N (Ro @) + 160 12029) + 8w (ReD)? + 1E122() )
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where dy =0, if 02y =0, and oy = 1, if 02Ny # O.

Proof Estimate (4.74) is an immediate consequence of (4.67) and (4.68) with the
constant C, = Cps + Cy. O

4.3.3 Error Estimates for the Method of Lines

Now we derive the error estimates of the method of lines (4.25) under the assumption
that the exact solution u satisfies the condition

9 ,
8—2‘ € L2(0, T: H'(2)), (4.75)

where s > 2 is an integer. Assumption (4.75) implies that u € C([0, T]; H*(£2)).
Let ITypu(t) be the Sy,-interpolation of u(¢) (¢ € [0, T']) from (2.90). We set

E=up — ypu € Spp, 1= Ippu—uc H (2,.T,). (4.76)
Then the error e;, can be expressed as
en =up—u==&+n. “4.77)

Subtracting (4.28) from (4.25b), where we substitute v, := &, we get

a 0
(8%; E) + An(§.8) = bp(u, §) — bp(up, §) — (8—25) —An(n,8).  (478)

(Of course, & = &(t), n = n(t) fort € [0, T], but we do not emphasize the
dependence on ¢ by our notation, if it is not necessary.) In what follows we estimate
the individual terms on the right-hand side of (4.78).

The Cauchy inequality implies that

(GUIE

Moreover, using the result of Lemma 2.37, we have

an
ot

1§20 4.79)
L2(£2)

|An(n. &)| < eCaR.IIE, (4.80)

where Cj is the constant from (2.129) and
172

Ram) = [ 3 (10, + Wkl + hiclnlage ) |- @8D
KeJ),
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Finally, we define the term

2C12 2 2 on 2
Rotn) =~ (Rt +eRa() 201 [ Rep*+ {51 ). @82)
L2(2)

where Rp(n) is defined by (4.33), R.(n) is defined by (4.69), and the constant C is
defined as C; = max(Cp + 1, C p). This notation will be useful in the following.

Now we prove the so-called abstract error estimate, representing a bound of the
error in terms of the Sy,,-interpolation error 7. Let us recall that in order to increase
the readability of the derivation of the error estimate, we number constants appearing
in the proofs.

Theorem 4.11 Let Assumptions 4.5 from Sect.4.3 be satisfied. Let u be the exact
strong solution of problem (4.1) satisfying (4.75) and let ujy, be the approximate
solution obtained by scheme (4.25). Then the error ej, = uj, — u satisfies the estimate

T
len()1122,g, + £Cce /0 llex )II> do (4.83)

T T
< Ca(e) ( / Ro (1) dt + 11175, + Cc / |||n<z9>|||2dﬂ),
0 0
te€(0,T), he(0h),

where Cc is the constant from the coercivity inequality (2.140) of the form éAh =
ap + J;, Ro(n) is given by (4.82) and C3(¢) is a constant independent of h and u,
but depending on ¢ (see (4.93)).

Proof Asin(4.76), weset& = up —Ijpu € Spp, n = Iypu —u. Then (4.77) holds:
en = up —u = & + n. Due to the coercivity (2.140) of the form Ay,

eCcllEl* < An(E, €). (4.84)

It follows from (4.78), (4.84) and the relation

& 1d 5
that
15”5”2 +eCcllEN® < by(u, §) — by (up, &) — a—"s — Ap(n, &)
) dt LZ(Q) C = Dp ) h\Uph, atv IAUE .

(4.86)
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Now from (4.74), (4.79) and (4.80), using the inequality (y +8)% < 2(y* +62) and
Cauchy and Young inequalities, we derive the estimates

%nsniz(m +2eCcll NI (4.87)
< 2Cb(|||é||| (Ro() + €l L2(2)) + Re(m)? + ||5||iz(m)
+ 20181 2 181 202) +26CrRa &I
< 2cl[|||s||| (11l 22(2) + Rp(m) + £Ra ()

+ Re()? + 11720, + ||a,n||iz(m]

, . Cf 2
< eCcllEl* + Co (1€ 2y + Ro(n) + €Ra())

+2C [Rcm)2 1572 + ||3t’7||%2(9)]
1
2 2
<& Cclll* + C (1 + Cc) 151172, + Ro (),

where C; = max(Cjp + 1, 53), C3 = 2max(Cy, C12) and Rp(n) is given by (4.82).
Hence,

d 2 2 1 2
EIIE(I)IILz(Q) +eCellEDIN" < C3 (1 + E) 1§72y + Ro((0)).
(4.88)
Since u, ‘;—’f e L0, T; H*(£2)), the right-hand side of (4.88) is integrable over

(0, T). From (4.76) and (4.25¢) we see that £ (0) = 0. The integration of (4.88) from
Otor € [0, T] yields

t
11720, + eCc /0 llE@)I* dy (4.89)

1 t 13
<G (1 +E)/o IE@)172, 4P +/0 Ro(n(®)) dv.

Now we apply the Gronwall Lemma 1.9 with

YO =IO a) =eCe [5 lIE@IP dv,
r(t) = G326, 2(t) = [y Ro((9)) dv.
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Further, let us set

T
R(n, &) =/0 Ro(n(1)) dv, (4.90)

Ce+1 Ce+1
o) =140 e (251 r)
eCc eCc

We easily show that

r t
(1) = / Ro(n(9))d¥ = R(n,¢), exp (/ ,(S)ds) < exp (C38CC + 1T) ’
0 2 eCc

! t
z(1t) +/ r(0)z(%)exp (/ r(s)ds) d® < R(n, e)cy(e).
0 2

This, (4.89) and the Gronwall Lemma 1.9 yield the estimate

t —_
IIS(t)IIiz(Q) +8Cc/0 llE@)IIPdY < R(n, e)ci(e), t €[0,T1, h e (0,h).
4.91)

By virtue of the relation e;, = & 4 1 and the inequality (y + 8)> < 2(y? + 82),
we can write

ety <2 (I61220) + 1nl220gy) - Menll® < 2 (&N + i)
Using (4.91), we deduce that
1
len(1172g) +eCc /0 lle 11> do (4.92)
t -
s2(R(n,e>c1<e>+||n(r>||iz(m+ecc /0 |||n<19)|||2d19), te[0.T1, he(0,h),

which already implies estimate (4.83) with the constant

Co+1 Co+1
o) =2 (14 625 L rexp (QiT)). (4.93)
eCc eCc
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4.4 Error Estimates in Terms of &

Now we derive the first main result of this chapter on the error estimate of the
method of lines for the solution of the nonlinear convection-diffusion problem. It
will be obtained by estimating the right-hand side of (4.83) in terms of 4.

We assume that s > 2 and the exact solution u satisfies the regularity assumption

u 2 .
m € L°(0, T; H’(£2)). (4.94)

Then u € C([0, T], H*(£2)). As usual, we put n(t) = u(u) — Mypu(t), t € (0,T),
and u = min(p + 1, s). Recalling (2.149), we have

Il 2k < Cabilu@®luny, K € Tiy 1 €0, T), (4.95)
N1k < Ca hl;(_l|u(t)|H“(K)’ KeJ, te(0,T1),
N2y < Ca bl 2 u@® k), K € Fi, t € 0,7T),

where Cy4 is the constant from Lemma 2.22. Then, a simple manipulation gives

> (M08 k) + 1k IO ey + IO 2x)) = 3CER D0 B ),
Ke,

for any ¢ € (0, T'). This together with (4.81) implies that
R.(n()) = Ry (u(t) — thu(t)) < \/§CAh“_1|u(t)|Hu(g), te (0, 7). (4.96)
Similarly, from (4.33), we obtain
Ry(n(1)) = Ry (u(t) — Mapu(t)) < N2CAh" u®) i), t € (0.T). (4.97)
Moreover, (4.69) and (4.95) give
Re(n(®) = V2Cah" ™ Plu®)pni), 1€ 0.7). (4.98)

Further, we use the notation o,u = du/dt and d; ([Tppu) = 0(I1pu)/0t. Then
definition (2.90) of the interpolation operator Ty, and the relation

O (Ippu(t)) = Ipp(;u(t)) € Snp (4.99)
imply that

19:mll 2y = [|0: (I ppu — M)HLz(Q) = | Tpp (3ru) — 3zuHLz(9) < Cah* |dulgrg) -
(4.100)
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Exercise 4.12 Using the theorem on differentiating an integral with respect to a
parameter, prove (4.99).

Summarizing (4.82) with (4.96), (4.97), (4.98) and (4.100), we see that for ¢t €
(0, T), we have

2C¢ )
Ro(n(n) = ==L < 255 (Ryr(e) + £Ra(n(1))” +2C1 (Rem@)? + 19m0)12g)

2C
= SCI (\/ECAhMW(t”H/L(Q) +8\/§CAhM_l|u(t)|H/t(_Q)) (4.101)
c

+4CICRR T u(0) [ ) + 2C1 CRR |0,(0) 30 )
2C c?
- eCc
+ 4C1C124h2(ﬂ_1) (|M(t)|2P]/L(Q) + |atu(f)|%_]y,(9)) (h + h2)

ARG () ) (217 + 2v/6eh + 36?)

< C4h2n=D (e*‘h2 thtet h2) (lu(t)ﬁ{#(_o) + |3,u(t)|%1u(m) :

where

6C?
Cy = 4C3 max(‘/— 1,cl). (4.102)

Cc

The integration of (4.101) over (0, T') yields

T
/ Ro(n(t))dt (4.103)
0

2u—2 —1,2 2 2 2
= Cap® 2 (702 e 1) (108200 1y + 1002200 720 c))

Furthermore, using (4.29), (2.119) and (4.95), we get

IO =®131 o 7, + i 0@, 1) (4.104)
= > (0B k) + CwenCrt (BhEInORa ) + OB )
KeJ,

< Csh* D) gy, 1 €0, T),

where Cs = Ci(4CWCMC;1 + 1). Hence,

T
eCe / @17 dr < eCeCsh*“ Pl o 1oy (4.105)
0
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Remark 4.13 The above estimates illustrate a typical situation in numerical analy-
sis, where a number of constants appear. They are often defined recursively in a
complicated way on the basis of constants introduced before. As an example we
illustrate this situation by the process leading to the determination of the constant Cy4
defined by (4.102). This relation contains the constant C4 appearing in Lemmas2.22
and 2.24 and the constant C1, which is defined recursively in the following way:

Ci = max(Cy + 1, Cp),
Cp = Cps + Cn,
Cpsa = max(Cp2, Cp3),
1
CN — ECLmaX(ZCM, 3C*),
Cr =2Ly,
C* = Cl(Cy(1+Cp) + 172,
—-1/2 ~1/2
Cy = max(2Cy, / CG/ s 2D)l@llwioo(2y)ds
Cpp =Cp1(1 4+ Cp(1 + CI))I/za
Cb] = (max(d L2 N ZL%_I CG/CW))I/zv

where C p is the constant from Lemma 2.37, Cyy is the constant from Lemma 2.37
(multiplicative trace inequality), Ly is the constant from the Lipschitz continuity
(4.18) of the numerical flux H, Cj is the constant from the inverse inequality (2.86),
Cyy is the constant from the definition (2.104) of the weight in the penalty form J;,
C is the constant from the equivalence condition (2.20), ¢ is the function from
Lemma 4.7 and L y is the constant from the Lipschitz continuity of the convective
fluxes fs, s =1,...,d.

Now we are ready to present the final error estimates.

Theorem 4.14 Let Assumptions 4.5 from Sect.4.3 be satisfied. Let u be the exact
strong solution of problem (4.1) satisfying (4.75) and let uy, be the approximate
solution obtained by the scheme (4.25). Then the error e, = up — u satisfies the
estimate

T
2 2
max, ”eh(t)”Lz(Q)‘l‘CCS/O lllen ()III* d (4.106)

= Ca(en? = (jul?, he.h),

2
©.1:H12) T |3f”|L2(0,T;HH<9>>) ,

where Cc is the constant from the coercivity inequality (2.140) of the form %Ah =
ap + J; and C»(e) is a constant independent of h and u, specified in the proof.
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Proof 1f t € [0, T1], then the estimation of the right-hand side of (4.83) by (4.103),
(4.105) and (4.95) implies that

T
llen ()72, + Cce /O llen@)II> do

T T
s@(s)(/ﬂ Ro(m())di + N7, +Cc /O |I|r1(19)|||2d19),

~ 2pu—2 2 2
S C2(8)h (|u|L2(0,T;H“(Q)) + |alu|L2(O,T;H“(.Q))) )

where C;(¢) is the constant from Theorem 4.11 given by (4.93) and
Ca(e) = Ca(e)(Cy + CcCs + C2) (s—lﬁz Yhted iﬁ) . (4.107)

This proves (4.106). O

Remark 4.15 Estimate (4.106) implies that
lu = wnll oo o.7: 122y = Oh* 1) forh — 0 +. (4.108)
This is in contrast to the approximation properties (2.98) implying that
lu — Mppull oo, 7:12(2)) = O(hH). (4.109)

Numerical experiments presented in the next section demonstrate that the error esti-
mate (4.106) is suboptimal in the L*°(0, T'; L2(£2))-norm. Similarly as in Sect.2.7.2
we can derive optimal error estimate in this norm. This is the subject of the next
section.

Remark 4.16 From (4.107) and (4.93) we can see that the error estimate (4.106)
cannot be used for ¢ very small, because the definition (4.93) of the constant C;(¢)
contains the term of the form exp(C/¢), which blows up exponentially for & — 0+.
This is caused by the technique used in the theoretical analysis (application of the
Young inequality and the Gronwall lemma) in order to overcome the nonlinearity in
the convective terms. The nonlinearity of the convective terms represents a serious
obstacle for obtaining a uniform error estimate with respect to ¢ — 0+. In Sect. 4.6
we are concerned with error estimates of the DGM applied to the numerical solution of
a linear convection-diffusion-reaction equation, uniform with respect to the diffusion
parameter £ — 0+.
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4.5 Optimal L*°(0, T; L?(R2))-Error Estimate

With respect to Remark 4.15, in this section we derive an optimal error estimate in
the L>°(0, T; L?(£2))-norm. Similarly as in Sect.2.7.2, the analysis is based on the
duality technique. Therefore, we consider only the SIPG variant of the DGM and the
Dirichlet boundary condition on the whole boundary 952.

Let 2 C R?, d = 2,3, be a bounded convex polygonal (if d = 2) or polyhedral
(if d = 3) domain with Lipschitz boundary 02 and T > 0. We are concerned
with the nonstationary nonlinear convection-diffusion problem to find u : Qr =
2 x (0, T) — R such that

d
ou afs(u) .
E+§a—h=wu+g in Or, (4.110a)
s 0.0y = UD> (4.110b)
u(x,0)=ux), xe . (4.110c¢)

The diffusion coefficient ¢ > 0 is a given constant, g : Or — R, up : 982 x
(0,7) — Rand u” : 2 — R are given functions satisfying (4.2c), (4.2d) with
02p = 382, (4.2f), and f; € CI(R), s =1,...,d, are fluxes satisfying (4.2a).

Let us recall the definitions of the forms introduced in Sect.4.1 by (4.9), (4.10)
(with @ = 1), (4.13), (4.11) and (4.23). Namely, for functions u, ¢ € H*(2, F},)
we write

Ap(w,v) = eap(w,v) +eJ; (w,v), 4.111)
an(. @) = . / Vu-Vodr— > / ((Vu) - nl@] + (Vo) - nlul) dS,
ke, "X rezs’r
4.112)
e = > /a[u] [p1dS, (4.113)
e, r

ehw)(r):/gg(r)wdws > /F(Ufﬂ—(vw‘n))uD(l)dS, (4.114)

B
rez,

d
b, @) =~ /KZfs(maaT‘”dH > /FH(m(FL’,m@,n) llr dS
s=1 s

Ke, rez}!

+ > [ H@E ulP mel ds.

Z B
rez,
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By (-, -) we denote the scalar product in the space L?(§2). The weight o is again
defined by (4.14). We assume that the numerical flux H has properties (4.18)—(4.20)
from Sect.4.2.

Let the exact solution u of problem (4.110) satisfy the regularity condition (4.94).
Moreover, let uy € CH([0, T1: Spp) denote the approximate solution defined by
(4.25) and let T, be the operator of the Lz(.Q)—projection on the space Sy, (cf.
(2.90)).

In Sect. 4.3.3, we derived the (sub-optimal) estimate from identity (4.78). The term
Ap(ITppu — u, §) appearing on the right-hand side of (4.78) cannot be estimated in
“an optimal way” (i.e., of order O (h")), because, by virtue of (4.80) and (4.96),

| A (Mput — u, &)| = |An(n, £)| < eC R,

and R, (n) = O (h*~1). Therefore, instead of the LZ(.Q)-projection Iy, we intro-
duce a new projection Py, for which the terms mentioned above vanish.

Hence, for every i € (0, h) and ¢ € [0, T], we define the function Pp,u(z) as the
Ap-projection of u(t) on Sy, i.e., a function satisfying the conditions

Pupu(t) € Spp,  AnPrpu(t), on) = Apu(®), on) Y on € Spp. (4.115)

We are interested in estimates of the functions
d d
X (1) = u(t) — Pppu(t) and 9 x (1) = gx(l) =% (u(t) — Phpu(t)), t [0, T],

in the DG-norm ||| - ||| given by (4.29) and in the L?(£2)-norm. First, we derive
estimates of these functions in the DG-norm.

Lemma 4.17 There exists a constant Cp , > 0 independent of u, € and h such that

lix Ol < Cp.e " u@®)lgr2). t €[0,T], (4.116)
3 x DIl < Cpe K Mou) gn2y, t€l0,T], (4.117)
forall h € (0, h).

Proof Inwhat follows we usually omit the argument of the functions u, Pypu, ITjpu,
etc. By (2.138) and (4.115), we obtain

&
S Thpue - Pupull?® < Ap(Ippu — Pppu, Mypu — Pppie) (4.118)

= Ap(Ippu — Pppu, ppu — Pppu)+ApPppu — u, Hppu — Pppu)

=0
= Ap(Ippu — u, Hppu — Pypu).
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Using the result of Lemma 2.37, we find that
Ap(Mypu = u, Mypu = Prpu) < eCp Ra(Mypu = w) 1 Mypu — Prpull,
where R, is given by (4.81). This and (4.118) imply that
1 Tppu — Prpulll < 2Cp Ry(Mppu — u). (4.119)

Further, recalling (2.125), we have

llu — Mppulll = Co Ra(u — Ippu). (4.120)
Now it is sufficient to use the triangle inequality

Il = Ml = Prpulll < lllw — Mppulll + 11 Tppu — Prpulll,

which implies that

llxIll < (Co +2Cp) Ra(ITnpu — u). (4.121)
Finally, the combination of (4.96) and (4.121) gives

Xl < V3Ca(Co +2C)A"  u@lpn(e), 1€ 0,7T),

which proves (4.116) with Cp . = +/3C4(Cy + 2Cp).
Let us deal now with the norm |||, x |||. As

Ap (u(@) = Pppu(t), p) =0 Vp € Spp, V1 €(0,T),

from the definitions (4.111) of Ay, for all @5 € Spp,, we have

d 0 —P
0= — (An (u() = Pipu(®), @) = Ay ( () o ot ®) wh) . (4122)
ie.,
Ap@rx,0n) =0  You € Spp. (4.123)

Similarly as in (4.118), using the coercivity (2.140) of the form A, and relation
(2.129) from Lemma 2.37, we find that
£ 2
Elllf’z (ITppu — Pppu)ll
< Ay (3 (Tppu — Pppu), 0 (M pu — Pppu)) + Ap (0 Pppu — u), 3 (Ippu — Pppu))

=0
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= Ay (Bt(ﬂhpu —u), O (Hppu — Phpu))
< eCp Ra (3 (Ippu — w)) 18 (Tppu — Pppu)ll.

Hence, we have
119: (MTpue = Prpu) Il < 2C Ra (3 (Mhpue — w)) -
Then, similarly as in (4.120), we get
18, (u — Mp)lll < Co Ry (3w — Mypu))
which together with the triangle inequality gives

1¢ u — Prp) O < 197 — Mapu) Ol + 18 Tpit — Prpi) Ol (4.124)
< (2Cp + Co)Ry (3;(u — Mypu)(1)), 1 € (0, 7).

Finally, we use relation (4.99) and estimate (4.96) rewritten for 8,u(t) — Iy, (3;u(1)):
Ry (du(t) — Myp(@u(1))) < V3CAR* 1 180(0) | 2y -

This and (4.124) already give (4.117). [l

In what follows, for an arbitrary z € L?(£2) we consider the elliptic dual problem
(2.155): Given z € LZ(.Q), find v such that

—AY =z inf2, Ylye =0. (4.125)

Similarly as in (2.157), the weak formulation of problem (4.125) reads: Find ¢ €
Hj (£2) such that

/w-wm:/ zvdx  Vve Hi(f). (4.126)
2 2

As the domain £2 is convex, for every z € L?(£2) the weak solution 1 is regular,
e, e H 2(.Q), and there exists a constant Cp > 0, independent of z such that

1V la22) = Collzll 20, (4.127)
as follows from [153]. Let us note that H2(£2) C C(£2).
Further, let IT,1 be the piecewise linear L2(£2)-projection of the function v on

Sp1 (cf. (2.91)). Obviously, using (2.125), and (4.96) with u = 2, we have

1V — Ml o < CoRa(¥ — M) < V3CaCohlirl (e (4.128)
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Finally, taking into account that the form Ay, is the ¢ multiple of the form A, from
Chap. 2 and using estimate 2.122, we have

|An@u, )| < 2¢llullio Ve Yu,v e H* (2, T). (4.129)

Now we use the dual problem (4.125) to obtain Lz(.Q)-optimal error estimates
for x =u — Pypuand 0, x = (u — Pppu);.

Lemma 4.18 There exists a constant Cp 1 > 0 independent of € such that

IxOl20) = Cp,rh*lu(®)|pre), te(0,7), (4.130)
19 x DI L2(2) < Cp.Lh™|8u®) | ur(2), t€©,T), (4.131)
forall h € (0, h).
Proof We have
1(x., 2|
X2y = sup —— (4.132)

0#zer22) 1zlz2(2)

Taking into account that the form Ay is the ¢ multiple of the form Aj from Chap. 2,
we see that by Lemma 2.48, for z € L?(£2) and v satisfying (4.125), we have

(x.2) = éAh(w, X)- (4.133)
Further, the symmetry of A; and relation (4.115) give
ATy, x) = An(x. I yp) = Ap(u = Pppu, M) =0, (4.134)
and therefore,
x,2) = éAh(W_thlﬁaX)- (4.135)

Now, using (4.129), we have
1
[(x, 2| = - [An(Y — M, O <201 — Dl o Ixlh e (4.136)

Moreover, by (4.128) and (4.127), we obtain

1Y — T le < V3CaACohl¥lg2(a) < V3CACsCphllzll2q).  (4.137)
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Triangle inequality, (2.125), (2.126), (4.96) and (4.116) imply the estimate

Xl = [u—Prpul, , < |u—Tapul; , + | Tnpe = Prpuel|, ,  (4.138)
< CoRa(u — Mypu) + Co || Mppu — Phpul]
< CoRa(u — Mypu) + Co || Mppu — ulll + Colllu — Pppul]
< Co Rq(u — Mppit) + Co Co Ry — Mypit) + Colll x|l
< Co (14 Co)V3Cah" u(®) | pnia) + CoCpe B u(®) | pn(e)
= Ceh" u(®)lgr(). t€,T),

where C¢ = C5(1 + aa)ﬁCA + éng,e. Summarizing (4.136), (4.137) and
(4.138), we find that

(X (1), 2) < 2v/3CACoCphl|zll 122y Coh™ ™ u(®)| e (e)
=CpLh"u®)|gre)lzll2@), te€(©,T),

where Cp 1, = 2\/§CAC5CDC6. Hence,

|(x (1), 2)|

< CpLh"lu®)|gn2), te€(0,T),
0#£z€L2(2) ||Z||L2(.(z)

Ix Ol 22y =

which completes the proof of (4.130).
Finally, let us prove estimate (4.131). Differentiating (4.115) with respect to ¢
yields
Ap@ix, ¢n) =0 Vi € Spp. (4.139)
We have

10 X, 2|
10 x 22y =  sup —no (4.140)

0£z€L2(2) ||Z||L2(.Q) .
Similarly as in (4.133), we get
(0 x,2) = éAh(lﬁ, 9rx)- (4.141)
The symmetry of A;, and relation (4.139) imply that

A1y, 9 x) = Ap O x, Hpiyy) = Ap (0 (u — Prpu), My1r) = 0.

These relations, (4.141) and (4.129) yield
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1
10 x, 2)| = glAh(llf — My, 001 <21 — ¥l o 0 x 1l 6. (4.142)

The term ||y — [T ||, - is estimated by (4.137) and similarly as in (4.138), we
obtain

18:x D10 < Ceh* M 3u®) pu(), te€(0,T). (4.143)

Finally, from (4.140), (4.142), (4.137) and (4.143), we arrive at estimate (4.131). [J

Let us note that assuming the symmetry of the form Aj, is crucial in the presented
proof. It enables us to exchange arguments in (4.134). This is not possible in the
NIPG and IIPG methods, where the analysis of optimal L (L?)-error estimates still
represents an open problem.

Lemma 4.19 Let us assume that u is the solution of the continuous problem (4.110)
satisfying condition (4.75), uy, is the solution of the discrete problem (4.25), Pppu is
defined by (4.115), and { = Pppu — uy, € Spp. Then there exists a constant Cp, > 0,
independent of h € (0, h), such that

|bn (u, £) = by (un, )1 < Cplll Il (" |l () + 118 1l 2(2)) - (4.144)

Proof We proceed similarly as in the proof of Lemma 4.6. The triangle inequality
gives

[br (u, &) — bp(up, £)| < |br(u, &) — by Pppu, O)| + by (Prpu, &) — by (up, ¢)|.

(4.145)
Applying (4.30) with it := Pppu and v := ¢ € Sjp, we get
1/2
i, &) = b Prpue, O < Cotlllelll | 1x 17200y + D, hrlX 17205
KeJ,
(4.146)

(Let us recall that x = u — Pj,u). The multiplicative trace inequality (2.78) and the
Cauchy inequality give

> bl sk = Cn D (ke Il g + 1x By, )
Ke9, Ke,

1/2 1/2

<Cu|h| D Il Dol |+ 20 Il

Ke.7, Ke7, Ke,

= Cor (Rl i@ 12y + 122 g ) -
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The above relations, the inequality |x|g51(2, 7, < llx |l and estimates (4.116) and
(4.130) imply that

D hklx Ol 72, < Cu (cp,ecp,Lh Rt 4+ C%,Lhzﬂ) () 3 2)
Ke,

= Ch*Mu(0) 3 (gy. 1 € (0, T), (4.147)

where C7 = Cy(CpoCpL+ C%’L). Furthermore, (4.146), (4.130) and (4.147) give

1/2
1B, €) = b Prpit, O = Cor (Ch+C7) LN iy (4.148)
Furthermore, estimate (4.31) with uy, := Pppu € Sy, and vy, := ¢ € Sy, gives

|br Prput, &) — b (un, £ < CoallElll Nlun — Prpull 22y = Co2llClNIE 1 2(0)-
(4.149)

Finally, inserting estimates (4.148) and (4.149) into (4.145), we obtain inequality
(4.144) with €, = max (Cpa. Cp1 (€31 +C7)'"?). O

Now we can proceed to the main result, which is the optimal error estimate
in the norm of the space L*°(0, T’; L?(£2)) of the DG method (4.25) applied on
nonconforming meshes.

Theorem 4.20 Ler 2 C R, d = 2,3, be a bounded convex polygonal (if d = 2)
orpolyhedral (ifd = 3) domain with Lipschitz boundary 0S2. Let Assumptions 4.5 in
Sect. 4.3 be satisfied. Let u be the exact solution of problem (4.1), where §2p = 082
and 382y = U, satisfying the regularity condition (4.94) and let uj, be the approximate
solution obtained by scheme (4.25) with the SIPG version of the diffusion terms and
the constant Cy satisfying (2.132). Then the error ey, = uj, — u satisfies the estimate

llenll Looo.7:12(2)) < Csh™, h € (0, h), (4.150)

with a constant Cg > 0 independent of h.

Proof Let Pj,u be defined by (4.115) and let x and ¢ be as in Lemmas 4.17, 4.18
and 4.19,i.e., x =u —Pypu, { =Pppu —up. Thene, =up, —u = —x —¢. Letus
subtract (4.25b) from (4.28), substitute ¢ € Sy, for v;, and use the relations

Ac(t) 1d s
( a7 §(t)) =5 1EON7200)  An(u(t) = Prpu(t), £(2)) =0.
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Then we get

121122, + A @), £(0) (4.151)
= (D), () = b (), C1)) — @ x (1), C0)).

1d
2 dt

The first term on the right-hand side can be estimated by Lemma 4.19 and the
Young inequality. In estimating the second term on the right-hand side we use the
Cauchy and Young inequalities and Lemma 4.18. Finally, the coercivity property
(2.140) (where C¢c = 1/2) of %Ah = ap + J;] gives the estimate on the left-hand
side of (4.151). On the whole, after some manipulation, we get

d 2 2

@ ”{(t)”Lz(.Q) +elllc@Il (4.152)
< 210bp(up(t), C(0)) — by (u(t), £(@))] + 219 x (1), ()]

< 201 (Al + 121200y ) + 210X Ol 20 1Ol 200y

207
PN Ga ) + ChLh Bl o) +HIE D72 g

2 ZC% 2 2
<ellc@®i~ + ?h u'“'HV-(Q) +

1 1
< ellZ @I + Coh? (g|”|%1u(_rz) + |3zu|%1u(9)) +Co (1 + g) ||§||iz((2)’
where Cg = max(2C;, C 1 , 1). This implies that

d 2 2 1 2 2 1 2
ar ||§(t)||L2(_Q) < Coh™* (g|u|yu(g) + |atu|1-1u(g) +Co |1+ e ”{”LZ(Q)'
(4.153)

Using (4.25¢), (2.97), (4.130), we have

1EO)172g) = IPapu(0) = un(O)I75 o) = IPhpu(0) = Mypu ()72, (4.154)
< 2|[Ppu(0) — u()[72g) + 211(0) = Mipu(O) 1175 )

< 2(Ch + Cp R 130y = Croh™ 1),

where Cig = 2(C} + C3. ).
Integrating of (4.153) from O to ¢ € [0, T'] and (4.154) yield

1 [ '
£ 1agg, < ol (g /0 () ) P + /0 |0 Gy ) dz?) (4.155)
1 t
o (1 n g) 1@ gy 90 + Lo .

1 t
<Gy (1 + E)/o 1E@) 172 49 + Crh™ N (e, w),
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where C1; = max(Co, C1g) and

1 t t
N =+ [ 10,0 + [ 10 e, 40 + o
€Jo 0
Now we apply the Gronwall Lemma 1.9, where we put

YO = 1ED172 g q(0) =0,
r(t) =Co(1+1/¢), 2(1) = C11h2* N (¢, u).

Then, after some manipulation, we obtain the estimate

1
IIC(I)IIiz(Q) < C11h* N(e, u) exp (C9 (1 + —) z) : (4.156)

€
Since e, = —x — ¢, to complete the proof, it is sufficient to combine (4.156) with
the estimate (4.130) of [|x (£)[| 2(5) in Lemma 4.18. O

Exercise 4.21 Prove estimates (4.155) and (4.156) in detail.

4.6 Uniform Error Estimates with Respect
to the Diffusion Coefficient

In Sects.4.1-4.5, error estimates for the space DG semidiscretization were derived
in the case of nonlinear convection-diffusion problems. From the presented analysis
we can see that the constants in these estimates blow up exponentially if the diffusion
coefficient ¢ — 0+4-. This means that these estimates are not applicable, if ¢ > 0 is
very small. (See also Remark 4.16.) There is question as to whether it is possible
to obtain error estimates that are uniform with respect to the diffusion coefficient
& — 0+ of convection-diffusion problems.

In this section we are concerned with the error analysis of the DGM of lines applied
to a linear convection-diffusion equation, which also contains a reaction term, and
its coefficients satisfy some special assumptions used in works analyzing numerical
methods for linear convection-diffusion problems (cf. [245, Chap. III], or [183]). As
a result, we obtain error estimates, uniform with respect to the diffusion coefficient
& — 0+, and valid even for ¢ = 0.

4.6.1 Continuous Problem

Let 2 c R? (d = 2 or 3) be a bounded polygonal (for d = 2) or polyhedral (for
d = 3) domain with Lipschitz boundary 92 and 7 > 0. We set Q7 = £2 x (0, T).
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Letv: Qp = £2 x [0, T] — R be a given transport flow velocity. We assume that
02 =02 Ua3RT, andforallt € (0, T),

v(x,1)-n(x) <0ondR", (4.157)
v(x,1) -n(x) >0o0ndf2T,

where n(x) denotes the outer unit normal to the boundary of £2. We assume that the
parts 32~ and 92 are independent of time. With respect to our former notation,
we can write 32p = 052~ and 92y = 322" The part 92~ of the boundary 952
represents the inlet through which the fluid enters the domain £2. The part of 92,
where v - n > 0, represents the outlet through which the fluid leaves the domain §2,
and the part on which v - n = 0 represents impermeable walls.

We consider the following linear initial-boundary value convection-diffusion-
reaction problem: Find u : Q7 — R such that

9
a—IZ+v-Vu—8Au+cu=g in Or. (4.158a)
w=up ond2~ x(0,T), (4.158b)
en-Vu=gy ondf2T x (0,7T), (4.158¢)
u(x,0)=u’x), xe . (4.1584)

In the case ¢ = 0, we put gy = 0 and ignore the Neumann condition (4.158c).
Equation (4.158a) describes the transport and diffusion in a fluid of a quantity u
as, for example, temperature or concentration of some material. The constante > 0is
the diffusion coefficient, ¢ represents a reaction coefficient, and g defines the source
of the quantity u. Such equations appear, for example, in fluid dynamics or heat and
mass transfer.
We assume that the data satisfy the following conditions:

g € C([0, T]; L*(2)), (4.159)
uo € L*(£2), (4.159b)
up is the trace of some u* € C([0, T]; H'(£2)) N L*®(Q7) on 32~ x (0, T),
(4.159¢)
v e C([0, T]; Wh™(£2)), [v| < Cyin 2 x [0, T], |V¥| < Cya.e. in Or,
(4.159d)
c e C(0, TT; L®(2)), le(x,1)] < Cea.e.in OF, (4.159%)
1
c— EV -v > yp > 0in Qr with a constant yy, (4.1591)
gv € C(10, TT; L*(@271)), (4.159g)

e >0. (4.15%h)
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Assumption (4.159f) is not restrictive, because using the transformation u = e*'w,
o = const substituted into (4.158) leads to the equation for w in the form

aw —at
E+v-Vw—sAw+(c+a)w=ge .
Condition (4.159f) now reads ¢ + o — %V -v > yo > 0 and is satisfied if we choose
a > 0 large enough.

The weak formulation is derived in a standard way. Equation (4.158) is multiplied
byany ¢ € V = {9 € H'(2);¢lyo- = 0}, Green’s theorem is applied and
condition (4.158c) is used.

Definition 4.22 We say that a function u is the weak solution to (4.158) if it satisfies
the conditions

u—u*elL?0,T;V), uelL>®0Qr), (4.160a)
d
— u(pdx+8/ Vu-Vgodx+/ (v-n)ugadS—/uV~(g0v)dx
dt Jo 2 AR+ 2
+/cu<pdx:/g(pdx+/ gnedS
Q Q a2+

for all ¢ € V in the sense of distributions on (0, T), (4.160b)

u(0) = u in 2. (4.160¢)

We assume that the weak solution u exists and is sufficiently regular, namely,

9
8—’: € LX(0, T: H'(2)), (4.161)

where s > 2 is an integer. Then also u € C([0, T); H*(£2)) and it is possible to
show that this solution u satisfies equation (4.158a) pointwise (almost everywhere).
(If ¢ > 0, then with the aid of techniques from [217, 235, 246], it is possible to
prove that there exists a unique weak solution. Moreover, it satisfies the condition
du/dt € L*(07).)

4.6.2 Discretization of the Problem

Let .7, be a standard conforming triangulation of the closure of the domain £2 into
a finite number of closed triangles (d = 2) or tetrahedra (d = 3). Hence, the mesh
I, satisfies assumption (MA4) in Sect.2.3.2. This means that we do not consider
hanging nodes (or hanging edges) in this case. Otherwise we use the same notation
as in Sect. 4.2.
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We assume that the conforming triangulations satisfy the shape-regularity assump-
tion (2.19). For K € 7, we set

K™ (t) =[x € 9K; v(x,1) -n(x) <0}, (4.162)
KT (1) =[x € 3K; v(x,1) - n(x) > 0}, (4.163)

where n denotes the outer unit normal to d K. Hence, 9K ~(¢) and 9Kt (¢) denote
the inlet and outlet parts of the boundary of K, respectively. In what follows we do
not emphasize the dependence of 3K ™ and 9K ~ on time by notation.

In order to derive error estimates that are uniform with respect to ¢, we discretize
the convective terms using the idea of the upwinding (see (4.16)). This choice allows
us to avoid using the Gronwall lemma, which causes the non-uniformity of the error
estimates in Sects.4.3 and 4.5 (see Remark 4.30). Multiplying the convective term
v - Vu by any ¢ € H*($2,.7},), integrating over element K and applying Green’s
theorem, we get

/(V'Vu)(pdxz—/ uV~(<pv)dx+/ - -nupdS (4.164)
K K 9K

=—/ uV-(gov)dx—i—/ (v-n)ugodS—i—/ v -n)updsSs.
K - K+

K bl

On the inflow part of the boundary of K we use information from outside of the
element K. Therefore, we write there u~ instead of u. If x € 0827, then we set
u~ (x) := up(x). The integrals over d K™, where the information “flows out” of the
element, remain unchanged. We take into account that [u] = O on I" € ﬁhl and
ulyo- satisfies the Dirichlet condition (4.158b). We further rearrange the terms in
(4.164) and find that

/ v-Vupdx (4.165)
K

:—/uV-(gov)dx—i—/ (v-n)u_cpdS—f—/ v -mupdS
K K~ K+

=—/uV-(<pv)dx+/ (v~n)u(pdS—/ v -nupdS
K 0K AKTUIK~

=0

+/ v -nu ¢dS —I—/ - -nupdS
aK— aK+

=/(v~Vu)g0dx+/ v -n)(u~ —u)pdS
K K~

:/(v~Vu)g0dS—/ (v-n)[u](pdS—/ v-n)(u—up)pds,
K AK—\0R2

dK—Nas2

where we set [u] =u —u~ ondK ™~ \ 952.


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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Remark 4.23 Let us note that identity (4.165) can be derived from the relation

/K(v.Vu)wdx:—/KuV~(¢v)dx+ Z /FH(M}L),ugfe),np)godS,

I'cok

where H is the numerical flux given (in analogy to (4.16)) by

v-nup, ifv-n>0

v-nupy, ifv-n<0 (4.166)

H(M],MQ,”) = [

and H(ui,u>,n) =v-nuponoK~ NJs2.
Exercise 4.24 Verify Remark 4.23.

Now we proceed to the derivation of the discrete problem. We start from
Eq. (4.158a) under assumption (4.161), multiply it by any ¢ € H?($2, .7,), inte-
grate over each element K, apply Green’s theorem to the diffusion and convective
terms and sum over all elements K € .7j,. Then we use the identity (4.165) for
convective terms, add some terms to both sides of the resulting identity or vanishing
terms (similarly as in Sect.2.4 in the discretization of the diffusion term) and use
the boundary conditions (we recall that 32p = 02~ = Ugc g dK~ N 382). After
some manipulation we find that the exact solution u satisfies the following identity
for o € H*(2, F):

d
( Ig(tt) , q)) + AR(u(t), @) + by (u(t), @) +cpu(t), @) =L, (@)t)  (4.167)

fora.e. t € (0,7T),

where the forms in (4.167) are defined in the following way:

(u,(p):/ updx, (4.168)
2
An(u, 9) = eap(u, ) + £J7 (u, ¢), (4.169)
an(u, @) = ) / Vu-Vod — D’ /<<W>-n[¢]+@<w>-n[u1> ds
ke, X rez/ r
— Z/ ((Vu -n)p + O (Vo - n)u) dS, (4.170)
Ked, dK—Nas2

Iy = > /Fa[u][ga] ds + Z/a ocugpds, 4.171)

reg/ Keg, K02


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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bp(u, @) = /(v -Vu)pdx — / - -n)lulpdS 4.172)
— Z/ v -n)upds,
KeJd, IK—Nas2
ch(u,(p)z/ cup dx, 4.173)
Q
Eh((ﬂ)(l)=/ g(pdx + Z / gn()pdS (4.174)
2 ke JIKTNIR
+¢€ / ocup(t)epdS
Kez,/ 0K~Ni2
+e0 > up®) (Ve -n)ds

Ked, dK—Nas2

— / v-mup(t)p dS.
Keg, 0KNI2

In the form representing the discretization of the diffusion term we use the nonsym-

metric (NIPG) formulation for ® = —1, and the incomplete (ITPG) formulation for
® = 0 or symmetric formulation (SIPG) for ® = 1.

The weight o | is defined by (2.104), where A is given by (2.24) or (2.25) or
(2.26) and satisfies (2.20). The constant Cy > 0 from (2.104) is arbitrary for the
NIPG version, and it satisfies condition (2.132) or (2.139) for the SIPG or IIPG
version, respectively.

The approximate solution will be sought for each t € (0, T') in the finite dimen-
sional space

Spp = {¢ € LX(2); 9|k € P,(K) VK € %} (4.175)

where p > 1 is an integer and P, (K) is the space of polynomials on K of degree at
most p.

Definition 4.25 The DG approximate solution of problem (4.158) is defined as a
function uj, such that

up € CL([0, T); Spp), (4.176a)

up (1)
(T’ soh) + Ap(un(t), on) + bn(un(t), on) + cn(up(t), on) = Ln(pn)(t)

Yo, € Shp Vi € (0,T), (4.176b)
n(0), o) = @, @) You € Spp. (4.176¢)


http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
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If ¢ = 0, we can also choose p = 0. In this case we get the finite volume method
using piecewise constant approximations. Thus, the finite volume method is a special
case of the DGM.

4.6.3 Error Estimates

Let us consider a system { T}, ¢ (0. h > 0, of conforming triangulations of 2
satisfying the shape-regularity assumption (2.19). By I1;, we again denote the
Spp-interpolation defined by (2.90) with approximation properties formulated in
Lemma 2.24. Thus, if w = min(p+1,s), s > 2andv € H*(K), then (2.93)-(2.95)
hold.

If we denote

& =up — ypu, n=Ipu—u, “4.177)
where u is the exact solution satisfying the regularity conditions (4.161) and uy, is

the approximate solution, then the error e, = up —u = § +n. By (2.93)~(2.95) and
(4.100), for all K € .7, and h € (0, h) we have

7l 2y < Cah™|ul k), (4.178)
g1y < Cal™ Mulgu k), (4.179)
1 m2 ) = Cah" 2 |u| gk, (4.180)
71l 20y < Cah®lulpn(g), (4.181)
190l 2y < Cah™ [0iul gu(gy » (4.182)

almost everywhere in (0, T'), where d;n = dn/dt and d;u = du/dt. If p > 0 and
s > 1,then (4.178), (4.179), (4.181) and (4.182) hold as well, as follows from (2.92).

In the error analysis we use the multiplicative trace inequality (2.78), the inverse
inequality (2.86) and the modified variant of the Gronwall Lemma 1.10. For simplic-
ity of notation we introduce the following norm over a subset w of either 3§2 or 0K :

ol = IV -1l @l 1200, (4.183)

where n is the corresponding outer unit normal.
Now we prove the following property of the form by, given by (4.172).

. .. — = .
Lemma 4.26 There exist positive constants C, and Cy, independent of u, h, ¢ such
that

1
a1 = 3 D (1R axcsrog +IEN 55100 (4.184)
Ke9,

+Co D Il N2 k) + Ra(),
KeI,


http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
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where
Rom) =y > (Inllaqi Inln iy + g 113 ) (4.185)
KeJ,
Cp=Cy(14CaC)), C,=CCy (4.186)

and C,, is the constant in assumption (4.1594).

Proof Using (4.172) and Green’s theorem, we find that

br(n,§) = Z (/K(V-Vn)ifdx (4.187)

Ke9),
_/ (v-n)éndS—/ (v-n)é(n—n_)dS)
0K—Nos2 K —\0£2

= z (/ (v-n)éndS—/ n(v~V$)dx—/ nEV.vdx
K K K

Ke9),
—/ (v - m)Ends —/ v m)E( — n—)dS),
0K—Nos2 0K —\082

where the superscript ~ denotes the values on d K from outside the element K . Hence,

[br(n, &) < Z/KU(V-VS)dx + Z nEV -vdx (4.188)

Ke, ke K
+1D (/ (v.n)SndS—/ v -n)éndsS
KeT, 0K 0K —Nos2
Th

—/ v-né&mn— n)dS)
AK—\0R2

The second term on the right-hand side of (4.188) is estimated easily with the aid
of the Cauchy inequality and assumption (4.159d):

Z / ngV.vdx| <G z Il L2y 1€ T2k (4.189)
KeJ, K KeJ,
Since
Z/ v-n)éEndS = — Z/ (v-n)E n"dS (4.190)
Kez, JKT\0% Kez, /9K \02
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andv-n > 0on K™, with the aid of the Young inequality, the set decomposition
AK =3KTU@OBK NIR)U DK™\ )

and notation (4.183), the third term on the right-hand side of (4.188) can be rewritten
and then estimated in the following way:

2 (/W(”'”)E” dS*/aK—\ag {0 men — 0w —n7)) ds)

Ke,

=> (/ ‘ (v-n)snds+/ ( (v.n)gnds+/ ‘ (v~n)n*sds)
Kez, JoKTnog AK+H\082 AK—\082

= Z (/ (V-n)énd5+/ (V~n)n_($—$_)d5)
Ked, IK+tNas dK~—\0s2

Z (/ (v-n)§2d5+/ |v~n|[.§]2dS) (4.191)
<7, IK+tNas IK—\082

Z ( (v~n)r;2dS+/ |v-n|(n_)2dS)
7, AK+TNas IK—\082

1602 o + IEVIZ a2

4>\~

Ke9,

2 -2
+ 3 (112 g rnag + 17712 4k 00) -
Ke7,

Using the multiplicative trace inequality, the boundedness of v and estimates (4.178)
and (4.179), we get

> (I sag + 107120k ) (4.192)
KeT

-1
<G X IBagry = GCu > (Il Inlan g + H Il ) -
Ke, KeJ,

By virtue of the definition (4.177) of n and (2.89) and (2.90), the first term on
the right-hand side of (4.188) vanishes if the vector v is piecewise linear, because
v-VE&|g € P,(K) in this case. If this is not the case, we have to proceed in a more
sophisticated way. For every t € [0, T) we introduce a function IT,1v(¢) which is
a piecewise linear L?(£2)-projection of »(r) on the space Shp- Under assumption

(4.159d), by (2.96),

v — MyivllLok) < Cahg Plwroiy. K € Th, h e (0,h). (4.193)


http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
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The first term in (4.188) is then estimated with the aid of (2.89), (2.86), (4.193), the
Cauchy inequality and assumption (4.159d) in the following way:

> /n(vVS)dx (4.194)
KG%'K
<> ‘/ Ny - VE) dx|+ > }/ (v — M) - VE) dx
Ke, K Ke, K
= z ‘/ n((v = Ipv) - V&) dx| < z ||V—Hh1V||L°°(K)||77||L2(K)|€|H1(K)
keg, 'K KeJ),
—1
= Z CAhK|V|W1.00(K) “'7”L2(K) CIhK ||5||L2(1()
Ke9,
< GCACE D Imlip2iy €N L2 () -

Ke7,

Using (4.189), (4.191) and (4.194) in (4.188), we obtain (4.184) with constants
defined in (4.186). This finishes the proof of Lemma 4.26. O

Further, by (4.80) and the Young inequality,

|An(n. &)| < eCaR.)IIEN < lelélll2 +eCiR.(n)* = ZIII%III2 +eRi(n),

(4.195)
where
Rion =C5 3 (3 + Mkl + hicInlag) - 4196)
Ke,
Finally, the Cauchy inequality gives
len(m, &) < Cellnll22) 5 22() (4.197)
1@, ©)1 < 191l 202, I 12(2)- (4.198)

Now we can formulate the abstract error estimate.

Theorem 4.27 Let us assume that {%}he(o’ iy is a system of conforming shape-
regular triangulations (cf. (2.19)) of the domain §2 and let assumptions (4.159) be
satisfied. Let us assume that the constant Cy > 0 satisfies the conditions in Corollary
2.41 for NIPG, SIPG and IIPG versions of the diffusion form. Let the exact solution
u of problem (4.158) be regular in the sense of (4.161) and let uy, be the approximate
solution obtained by the method of lines (4.176). Then the error ey, = uj, — u satisfies
the estimate


http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2
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e t t
(||eh(r)||iz(g)+5 /0 llen (@) I2dd + 20 /0 llen@)1172 ) 40 (4.199)
t

1 2 5 1/2
+5 [ 2 (1es@® ) axrag + IesNp) ax-ona2) 42)
0 KeJ,

t 1/2
=v2( /0 (eR1 (1)) + Ra(n(2))d? )

t
+2\/§/0 (||Tl(l9)||L2(Q)(Cc+Eb)+ 9 (V)

L2(_Q)) o

! g 1/2
+2 (||77(7-9)||2L2(9)+ /0 (5|||n<z9>|||2+2yo||n<ﬁ)||iz(m+Rz(n<z9)>)cm) :
tel0,T], he0,h),

where Ry and Ry are given by (4.196) and (4.185), respectively.

Proof The proof will be carried out in several steps.
We subtract Eq. (4.167) from (4.176b) and for arbitrary but fixed ¢ € [0, T], we put
@ = &(1) to get

(0:8,8) + An(§,8) +bn(§,8) +cn(§, §) (4.200)
=—(0m,8) — Ap(m, &) — bp(n, &) — ca(n, §).

Obviously,
3 1 e 4.201
( ’E’E)_EEHSHH(Q)’ ( . )
and, in view of Corollary 2.41,
€ 2
Ap§,8) = §|||§||| . (4.202)

Further, let us rearrange the terms in the form b;,. We have

bpE.E)= D (/K(v~vg)gdx_/

Ke, AK—NdS2

=> (—1/(V-v)$2dx+l/ (V~n)$2d5—/ (v-mE>ds
o 2 Jk 2 Jok AK—NI

—/ v mEE —s—>dS).
IK-\Q

Using the decomposition 3K = dK~ U dK T, we get

v-n)gE2ds — / v-n)&lE dS)
AK—\0R


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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1
ba(E. &)= > 5(—/ngv-vdx—/aK_mQ(wn)EzdS

KeJ},

—/ (v m)(E2 — 26£7)dS
IK—\0Q

+/ (V'")§2d5+/ (V-n)SZdS).
IK+NIS2 IKT\982

Now, by virtue of the relation

Z/ v-n)E*dS = — Z/ - n)(ET)*dS, (4.203)
aK+t\a82 992

KeJ, Ke, IK™\9

definition (4.162) and (4.183), we find that

bn(§,8) = ( / E2V .y dx — / v-n)E*ds (4.204)
K67 —Nos2
- / v (> — 265 + (D)) dS + / (v-n)szds)
IdK—\082 dKtTNas
Z_Z( /g v-vdx+/ |(v - n)|E2dS
Ke7, JK—Nos2

+/K e |<v-n)|<sz—2ss—+<§—)2>ds+/ |<v-n>|szds)

N2

=5 3 (I ke +VENZ oo + I i)

Ke%

—E/ngv-vdx.

Finally,
cn(€.§) = / &% dx. (4.205)
2
On the basis of (4.200)-(4.202), (4.204) and (4.205) we obtain the inequality
d 2 e 5 1 2
5 16120 + S IENP + / (c— 3V -)&dx (4.206)

1
+5 2 (||s|| oo +IEN 55 \arz)

Ke9},
< 1@, &)+ [An(n, &) + [br(n, E) + lcn(n, §)I.
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Now, assumptions (4.159e), (4.159f) and inequalities (4.184), (4.195), (4.197) and
(4.198) imply that

d £ 1
2 g, + SEN + 20006 B 20y + 5 2. (105 akrs + IEIE o)
Ke,

<2l€N12¢0) (Il 2(2)(Ce + Co) + 13l 12(2)) + 26 R1(n) + 2R (n).
(4.207)

Integrating (4.207) over (0, ¢) and using the relation £(0) = 0, we get

t
2 € 2 2
161220, + /0 SIEIP a9 + 2001812 g, (4.208)

t

1 2 2
+3 / > (1B ) axm0e + IEDIE ) ok oo 42
0 KE‘%,

t
<2 /O 1@ 200 (116 1220 (Ce + To) + 13m0 P
t
+2 /0 (eR1(n(®)) + Ra(n(9)))do.

As the last step we make use of the modified the Gronwall Lemma 1.10 with

X(@) = 15D L2, (4.209)

e [! 2 2
R(1) =5 /0 IEEIP AP +2011€1132g,,

t

1
+ 5/ Z (”%-(19)”5(19),3[(039 + ||[§(19)]||5(ﬂ),3k—(19)\3_@) dﬂv

0 KG,%L
t
A(t) = 2/0 (R (n(®)) + Ra(n(1¥))) dv,
B(1) = [l 2y (Ce + Cp) + 10 D)l 122 -

For simplicity, we denote the left-hand side of inequality (4.208) as L(&, t). Then
fort € [0, T] we get

t 1/2
VvLE, 1) < (2/0 (8R1(?7(t))+R2(77(l)))d19) (4.210)

t
+ /0 (IOl 200 (Ce + T) + 130 12(0,) 49


http://dx.doi.org/10.1007/978-3-319-19267-3_1

164 4  DGM for Convection-Diffusion Problems

To obtain the estimate of e, = up, — u = £ + n, we note that

lenlag) = 2 (1120 + 1n1320))
2 (e + i)

2
lllex I

lenl axnoe <2 (112 sknag + 17120k 0z
”[eh]“ia](f\ag <2 (” ”3’3](7\39 + ”[77]”313](7\39) .

We can find that

VLn 0 =V2JLE D+ L0 < V2 (VLED +VIm D). @21

Similarly as in the proof of (4.192), under the notation (4.185) and (4.186), we find
that

> (nnni,amm + ||[n]||3,3,{,\m) < 2Ry (). (4.212)
Ke,

Now, from (4.210), (4.211) and (4.212) it follows that

t 1/2
v L(en, 1) < 2 / (ER1(n(®) + Ra(n(1))) dl?) (4.213)

2(9))
172

' e
+~/§(||n<r>||iz(9)+ /0 (znmwnuz+zyo||n||iz(m+R2<n<z9>>) dﬁ) :

+ \/_/ ||77(l)||L2(9)(Cc +Cp) +

(1)

which is the desired result (4.199). O

Now, we formulate the main result of this section, representing the error estimate
in terms of the mesh-size /.

Theorem 4.28 Let us assume that {Th},c o jry is a system of conforming shape-
regular triangulations (cf. (2.19)) of the domain $2 and let assumption (4.159) be
satisfied. Let us assume that the constant Cyw > 0 satisfies the conditions from
Corollary 2.41 for NIPG, SIPG and IIPG versions of the diffusion form. Let the
exact solution u of problem (4.158) be regular in the sense of (4.161) and let uj, be
the approximate solution obtained by the method of lines (4.176). Then the error
en = uy — u satisfies the estimate

1/2

€ 2 2
t - 1> do + 2 4214
tg&§)lleh()llL2<g)+ 2/Illeh( I +2vollenliz2 g, ( )
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172

Z / ”eh(t)”v(;) aknae T ”[eh(t)]”‘,(,) aK-— (;)\ag) dr

KG% 0

< Ch* (e +Vh),

where C > 0 is a constant independent of ¢ and h.

Proof Estimate (4.214) will be derived from the abstract error estimate (4.199) and
estimates (4.178)—(4.182) of the term 7.
By (4.196), (4.185), (4.178)—(4.180), the inequality 7x < h and the relation

Z |M|%—1M([() = |u|%1u(9), (4.215)
Ke,
we have
Ri(n) < 3C5CR* " Vulg g (4.216)
Ro(n) < 2C, C3n* ul%u - 4.217)
From (4.104), we have
4CwCy B
linll* < C4 (1 + C—T) WDl g (4.218)

Now, estimates (4.178), (4.182), (4.199), (4.216)—(4.218) and the inequality /a +
Vb + /e <3+ b+ c)'/? valid for a, b, ¢ > 0, imply that

1/2
£ 2 2
s Oll 20y + | 5 [ Hen @I 09 + 2l g, (4.219)
0
T 1/2
+15 / ”eh(t)”v([) akna T ”[eh(t)]”v(l) OK— (t)\z)Q) dr

K %0
T 1/2
((386§c/§h2<“‘)+2cb’cih2“‘)/o () 2 dz?)

B T T
(CA(CC+Cb)h”/O Iu(ﬁ)lﬂu(:zdl?JrCAh“/O |3zu(19)|Hu(9)dl9)
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+ \/E(Cihz"maxte[o,r] |M(l‘)|%{n(9)

e 4Cy C — T 3
+Ch (2ron™ + S (1+ %)h%“*l) +2Cb/h2“’1)/0 @) 22 dﬁ)Z’ :

The above 1nequal1ty and the inequality & < h already imply estimate (4.214) with

a constant C depending on the constants CB, Cy, Cb, C.,Cyp, h, 0, Cw, Cym, Cr
and the seminorms

|”|L2(0,T;Hﬂ((2))v |”|L1(0,T;Hﬂ(9))’ lulcqo, 11; Hr(2)) |3t”|L1(0,T;HM(.Q))- 0

Exercise 4.29 (i) Prove estimate (4.212) in detail.

(i1) Verify relations (4.211).

(iii) Express the constant C from the error estimate (4.214) in terms of the constants
Cp, C4, ..., and the norms of 1 and 0;u.

(iv) Prove relations (4.190) and (4.203) in detail.

Remark 4.30 Let us omit the integrals over 9K~ N 952 and 0K~ \ 952 in the form
by, and the corresponding terms on the right-hand side in the definition of the approx-
imate solution u;, (which means that we cancel upwinding). Proceeding in the same
way as before, we obtain the estimate of the type

I8N g + <SR +2/(c——v v)E? dx + Z/ (v-mE>ds
Ke,

< Ceh®" =D 4 Ch¥ + €17, (4.220)

(82)°
‘We can see that it is difficult to handle the terms f - n)&2 dS on the left-hand side,
as v - n may be both positive and negative. We can make some rearrangements, but
then it is necessary to use the standard Gronwall Lemma 1.9 and we obtain a term
like exp(cT /¢) on the right-hand side of the final estimate, which is not desirable,
especially for small €. The use of upwinding is therefore important for obtaining the
error estimate uniform with respect to the diffusion coefficient e. Similar result is
valid even on an infinite time interval [0, 400) as was shown in [139].

Exercise 4.31 Prove estimate (4.220) and the error estimate following from (4.220).

4.7 Numerical Examples

In Chap.2 we presented numerical experiments which demonstrate the high order of
convergence of the discontinuous Galerkin method (DGM). However, similar results
can be obtained for the standard conforming finite element method (FEM) (e.g., [52]).
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Moreover, in comparison with conforming FEM, DGM requires more degrees of
freedom for obtaining the same level of computational error. On the other hand,
the numerical solutions obtained by the conforming FEM and DGM are completely
different in the case of convection-diffusion problems, particularly for dominating
convection.

Let us consider a simple stationary linear convection-diffusion boundary value
problem to find such a function u that

3
a—” —eAu=1 in £2=(0,1) x(0,1), 4.221)
X

u=0 on 052,

where ¢ > 0 is a diffusion coefficient. The exact solution possesses an exponential
boundary layer along x; = 1 and two parabolic boundary layers along x, = 0 and
x3 = 1 (cf. [244]). In the interior grid points the solution u(x, x2) & x.

We solved this problem with the aid of the conforming FEM and the IIPG variant
of DGM on a uniform triangular grid with spacing & = 1/16 with the aid of piecewise
linear approximation. Figures4.1 and 4.2 show the approximate solutions for ¢ =
1071, 1072, 1073, 10~*, 107> and 10~ obtained by FEM and DGM, respectively.

We can see that the conforming finite element solutions suffer from spurious
oscillations whose amplitude increases with decreasing diffusion coefficient. On
the other hand, for ¢ = 10~%, 1072 and 103 the discontinuous Galerkin solution
contains spurious overshoots and undershoots only in the vicinity of the boundary
layers, but inside the domain there are no spurious oscillations. These overshoots and
undershoots completely disappear for ¢ < 1. Itis caused by the fact that the Dirichlet
boundary condition is imposed in a weak sense with the aid of the boundary penalty.
From this point of view, the DGM does not require such sophisticated stabilization
techniques as the conforming FEM (see [191] for an overview).



Chapter 5
Space-Time Discretization
by Multistep Methods

In practical computations, it is necessary to discretize nonstationary initial-boundary
value problems both in space and time. In the previous chapter only the DG space
semidiscretization, called the method of lines, was applied, leading to a large system
of ordinary differential equations (ODEs). These systems can be solved by suitable
schemes for solving ordinary differential equations. We can mention, for example,
explicit Runge—Kutta methods, which are particularly popular in computational fluid
dynamics, see e.g., [282]. The drawback of these methods is the conditional stability
which requires strong limitation of the time step. Therefore, in some cases also other
(implicit) methods are used. In this chapter we introduce and analyze full space-time
discretizations based on the DGM in space, in combination with multistep methods
applied to the resulting system of ODE:s.

5.1 Semi-implicit Backward Euler Time Discretization

This section is concerned with the analysis of the full space-time semi-implicit back-
ward Euler time discretization combined with the discontinuous Galerkin space dis-
cretization of a scalar nonstationary nonlinear convection-diffusion equation with
linear diffusion and nonlinear convection. In this case the diffusion and additional
stabilization and penalty terms are treated implicitly, whereas the nonlinear convec-
tive terms are treated explicitly. We derive a priori error estimates in the discrete
L%®(0, T; L*(§2))-norm, L?(0, T; H'(£2, F3,))-norm and L®(0, T; H (2, %,))-
norm with respect to the mesh-size 4 and time step t. Although this approach
is a special case of the higher-order backward difference formula—discontinuous
Galerkin method (BDF-DGM) analyzed in Sect. 5.2, we present it separately here in
order to explain the theoretical analysis in a clearer way.

Let us consider the initial-boundary value problem (4.1) to find u : Qr = £2 x
(0, T) — R such that
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d

du afs(u) .

v =cA , 5.1
8t+§ o, eAu+g inQr (5.1a)
“iarsz(o,T) =Uup, (5.1b)
en - Viulgoyx©,17) = &N> (5.1¢c)
u(x,0)=u’x), xe . (5.1d)

We assume that the data satisfy conditions (4.2), i.e.,

f=U1,....fD, fs € CI(R), fy’ are bounded, f;(0)=0, s=1,...,d,
up = trace of some u* € C([0, T]; H' (£2)) N L>®(Q71) on 32p x (0, T),
e>0, geC(0,T]; L*(82)), gy € C(0,T1: L*(382y)), u’ € L*(£2).

We assume that problem (5.1) has a weak solution satisfying the regularity
conditions

9 92
u e L®0,T; H*(£2)), 8—? € L>(0,T; H*(£2)), £ e L%(0, T; L*(£2)),

912
(5.2)

where s > 2 is an integer. Such a solution satisfies problem (5.1) pointwise. Under
(5.2),

ueC(0,T]; H (£2)), Z;—IZ € C([0, T1; L*(£2)). (5.3)

Let us recall that again (-, -) denotes the scalar product in the space Lz(.Q).

5.1.1 Discretization of the Problem

We use the same notation and assumptions as in Sects. 2.4 and 4.2. This means that
we suppose that the domain 2 is polygonal if d = 2, or polyhedral if d = 3, with
Lipschitz boundary. By .7}, we denote a partition of the domain §2 and by S, we
denote the space of discontinuous piecewise polynomial functions defined in (2.34).

Further, we use the diffusion, convection, penalty and right-hand side forms
ap, by, J;7 and £;, defined in Sect.4.2 by (4.10), (4.13), (4.11) and (4.23), respec-
tively. As in previous sections, by (-, -) we denote the L?(£2)-scalar product. More-
over, by (4.9), A = eay, +£J,‘l’. Let us recall that the functions f;, s = 1,...,d, are
Lipschitz-continuous with constant L y = 2L y, where the constant L g is introduced
in (4.18). As was already shown, the exact solution u with property (5.2) satisfies
the consistency identity (4.28):
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d
(a—b;(t), Vh) + Ap(u(t), vp) + bp(u(r), va) = €y (vp) () (5.4

forall v, € Spp and allt € (0, 7).

In order to introduce the fully discretized problem, we consider a partition 0 =
to < t;] < ...,t = T of the time interval [0, T] and set tx = fx4+1 — # for
k=0,1,...,r — 1. The exact solution u(#;) will be approximated by an element
u’;l € Spp, and the time derivative in (5.4) will be approximated by the backward
difference. In order to obtain a stable, efficient and simple scheme, the forms A;, and
£, will be treated implicitly, whereas the nonlinear terms represented by the form
b, will be treated explicitly. In this way we arrive at the following semi-implicit
backward Euler-discontinuous Galerkin method (BE-DGM).

Definition 5.1 We define the approximate solution of problem (5.1) by the semi-
implicit BE-DGM as functions uﬁ € Sup, tx € [0, T], satisfying the conditions

ud = My,u, (5.52)

k+1 k
u —u
( h - e s Vh) + Ah(u];l‘f‘l’ vy) + bh(ué{l, vi) = £n(vp) (fr+1) (5.5b)

Vv € Spp Ve € (0, T].

(The Sjp-interpolation operator 1y, is defined in (2.90)). The function u];l is called
the approximate solution at time #.

Foreach#1 € (0, T], problem (5.5b) is equivalent to a system of linear algebraic
equations with a matrix, which is, in general, nonsymmetric but positive definite. This
implies the following result.

Lemma 5.2 Under the assumptions on Cy from Corollary 2.41, the discrete prob-
lem (5.5) has a unique solution.

Exercise 5.3 Prove Lemma5.2. Hint: Use Corollary 1.7.

5.1.2 Error Estimates

In what follows, we analyze the error estimates of the approximate solution u’,‘l, k=
0,1, ..., obtained by method (5.5) under the assumption that the exact solution u
satisfies (5.2). For simplicity, we assume that the Dirichlet condition is prescribed
on the whole boundary d2. Hence, 0§2p = 952 and d§2y = ¢J. This means that we
want to find u : Q7 — R such that
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d
du afs(u) .
- =¢cA , 5.6
8t+§ ox. eAu+g in Qr (5.6a)
u |B.Q><(O,T) =up, (5.6b)
u(x,0) =u’(x), xe. (5.6¢)

(In this case, the form ¢, is defined by (4.114)). Moreover, we consider a uniform
partitionfy = kt, k =0, 1, ..., r, of thetimeinterval [0, T] withtimestept = T /r,
where r > 1 is an integer.

In the error analysis we use similar techniques as in Sect.4.3. This means that we
consider Assumptions 4.5 from Sect. 4.3 and use the results formulated in Lemma 4.6,
the approximation properties (2.93)—(2.95), (2.98)—(2.100), the multiplicative trace
inequality (2.78), and the inverse inequality (2.86). Moreover, we suppose that the
regularity conditions (5.2) are satisfied.

Let thuk be the Sj,-interpolation of uF = u() (k =0,...,r), where Iy, is
the operator of the L2(£2)-projection satisfying estimates (2.98)—(2.100). We set

b =ub — mpu* € Spp, b = mpu* —uk e BS (2, T). (5.7)

Then the error eﬁ = uﬁ —uk

can be expressed as
=k nt, k=o0,...,r (5.8)
Setting vy, := £T1in (5.5b), we get

(k! = b €Y o (Anf P 65D + b, €91 — £ () =0,

e, ter1 €0, T
(5.9)

Moreover, setting ¢ := fx+1 and vy, := Sk“ in (5.4), we obtain

(). 5°1) 4+ Ap @ £ 4 b D 0 € () = 0,
fee1 €10, T, (5.10)

where u’ = du/dr. Multiplying (5.10) by 7 and subtracting from (5.9), we get

(b = uf 541) = 7 (W ). 65) (5.11)

v (At = b by, £ — by g =0,
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By (5.7) and (5.8), from (5.11) we have

(Ek+l _ %-k’ $k+l) + TAh(Ek+l, é-k-l—l) (512)
= T (tr41), ET) — @A — b g — T -k gR
7 (Br A — b, €471 — A ).
In what follows, we estimate the individual terms on the right-hand side of (5.12).
First, forv € L*°(0, T; H(£2)), s > 2, we put
g = max (VI . 0.7:222))» WlLo.7: 11 @) VLo r:mm(2y).  (5:13)

where © = min(p + 1, s). For the definitions of seminorms, see (1.34). Obviously,
if u satisfies assumptions (5.2), then we can put

/
u

") < oo, (5.14)

|ullg == max (|ulg, ®

R’

where u’ = du/dt,u” = 9%u/dr>.
Now we estimate the terms arising from the approximation of the time derivative.

Lemma 5.4 Under assumptions (5.2), for ty, try1 € [0, T] we have

@ — kY (), $k+1)‘ <7 |M//|R||§k+l||L2(9)a (5.15)
kT — uklle(Q) <7 |M/|R’ (5.16)
= iy < ol 617
W — 1 ST|M/|R' (5.18)

Proof (1) The proof of (5.15) is based on the following result (see [122], Par. 8,2, or
[144]): If w : (0, T) — L2(£2) is such that w, w’ € L1(0, T; L*(£2)), v € L%(£2),
then (w’, v) € L'(0, T) and for 11, 1, € [0, T,

4]
/ W' @), v)dt = (w(tr) — w(t), v). (5.19)
1

The above and (5.2) imply that

73

+1
(Wlter)) — u(t), &) = / W (1), &) dr, (5.20)

173
and hence,
Tkt 1

@ —uk ) — Tt (t11), &) = / W' (t) — ' (te41), §) dt. (5.21)

3
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Since u” € L®(0, T; L%(£2)),

t
W' () —u'(tk+1), 8) = W" (), &) dv, (5.22)

Ti+1

and

Tk+1 tht1 t
/ W' (1) — u (g 1), &) dt =/ ( (u”(ﬁ),%')dﬁ) dr. (5.23)
t 73

Tkt1

Then, (5.21)—(5.23), the Cauchy inequality, and assumption (5.2) imply that

| — ik ) — 1w @), )] = P o rien I 2y (524)

which is (5.15).
(ii) Since u’ € L>®(0, T; H*(£2)) C L>®(0, T; L*(£2)), we can write

Tk+1
/ u/(¢)dt
173
which proves (5.16).

(iii) Since u’ € L>(0, T; H*(£2)) c L>(0, T; H'(£2)) and

o (0 3 (9
(Y (Y, =14 (5.26)
ar \ 9x; ox; \ ot

in the sense of distributions, we obtain

k! < tllu'l o7 2@y, (5:25)

L2(£2)

—I/lk||L2(_Q) = ‘

T+l 9
W — | gy = IV — Vb 2 ) = ‘/ 5VM(I) dr (5.:27)
t LZ(Q)
/ Nlvwn| a / O )
< = Vu(t r = Vi (1) || 2,0, dt
% ot L2(2) tx L

Ti+1
=/ /0 | 1y A < Tl ll Lo, 711 (2)
13

which is (5.17).
(iv) Using a similar argumentation as in (5.27), we derive (5.18). (Il

Lemma 5.5 Under assumptions (5.2), for ty, try1 € [0, T] we have

| — ik D] < Cath*IEF | 2 ) Ju!

o (5.28)

where C 4 is the constant from the approximation properties (2.93)—(2.95).
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Proof The Cauchy inequality, relations (5.7), (2.93)—(2.95) and (5.18) imply that

| =k ED] < I = 0 2 1E I 20 (5.29)
= Ty @ — by — @ — ) 200 1E 1 120
< Cal* "+ — uF e ) IEF 120
< Cath*|u'| 1E 1 20)
which proves the lemma. (]

Exercise 5.6 Prove that (5.26) holds in the sense of distributions.

Further, using the results from the previous chapter, we simply estimate the term
An(nF, €%y in (5.12). By (4.80) and (4.96),

|An(*, €5)| < eCpR.(NIEX I < V3eCaCrR* uX | n( lIEFI  (5.30)
< eCth* ulgllEX, ke (0,h), 1 €10, T1,

where C| = «/§CAC~‘B.
Finally, we derive the estimates of the convective form by,.

Lemma 5.7 Forh € (0, h), t, tr+1 € [0, T] we have

D@ 51 — by, 1| < Callg I (188 2 ) + 0 + Dlulg).

(5.31)
where Co > 0 is independent of h, 7, k, &.
Proof We can write
D@L ETY) — by g 55 = by ML ETY — by £ (= W)

+ bk, ETY — by (Mpu®, £ (=1 W)

+ bp(Mppu*, 571y — bk, 571 (=2 W),
(5.32)

We estimate the individual terms in (5.32). By virtue of (4.30),

1/2
1 = Conllg (1 = k1o + D0 il =2, )
Ke7,
(5.33)

Using the multiplicative trace inequality (2.78), (5.16) and (5.17), we find that
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D il = w1 gk, (5.34)
Ke9,
<Cu Z (hKllukJrl — uF 2y [ = | gy + A - Mk||iz(,<))
Ke9,

< Culh + D |u'[5.

Then (5.33), (5.34) and (5.16) give

2 = 2\ /2
1 = Conllg I (22 u’ [} + Cur G+ D[’ [7) = Camllg il fu’

R?
(5.35)

where C3 = Cp1(1 + Cpr(h + 1))'/2.
Moreover, from Lemma4.6 and (4.97), (5.7) and (5.13), we deduce that
W] < CosllE*THIN Ry (Mpu® — u¥) < V2Cp3CaRMIEF | Julg,  (5.36)

W3] < ConllEFFI N Tnpu® — w1120y = CoallE I 1EX 1 2(0)-

By (5.32), (5.35) and (5.36), we obtain (5.31) with C3 := max(C3, Cp2, v/2Cp3Ca).

O
Now we formulate the main result regarding the error estimate of the BE-DGM.

Theorem 5.8 Let Assumptions 4.5 from Sect. 4.3 be satisfied. Let u be the exact
solution of problem (5.1) satisfying (5.2). Letty = kt, k=0,1,...,r, t =T/r, be
a partition of [0, T and let ulf‘l, k=0,...,r, be the approximate solution defined
by (5.5). Let us set

1k _q.k kyr 2 _ k2
e = {eh}kzo - {uh —u }k:()v ”e”/’L,T,LOO(LZ) - k:moaxr ”eh”LZ(Q)’ (537)
r
2 k2
lelly . 21y = 67 D eI,
k=0

2 _ k2
lelly, - ooty = € max lllep Nl

Then there exist constants C , C > 0 such that
el pmzy < C (P47 (e 4 B2+ 02e) + 2 A+ 1)), (538)
el 2y < € (070 (e + B2+ 027e) + 72+ 1/0)),  (539)

Vh e (0,h)VT € (0,T), T <

N =
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Moreover, provided
h<Cist (5.40)

with a constant C g independent of h and t, there exists a constant C > 0 such that

lelly + pooqy = € (hz(“‘” (1 +e+h+hje+h*+h%/e+ h2/82) (5.41)
1

4T (1 /e + 1/82)) L Vhe©)VreO.T). T <.

Proof Let €% = ul — Myu* € Spp, n* = Mypu* —uk, k = 0,...,7 (cf. (5.7)).
Then (5.8) holds: e = uf — u* = €% + y*. From (5.12) and the relations

ApEHL Y > e gFH)? (5.42)

(cf. (4.84)) and

265 — 65,65 = (18 1 g — 165122 0) + 1! = 412,0)). (543)
fork=0,...,r — 1, we get
1EH 70 ) = 188 172 + 16! = EX117 ) + 276CClIEHIP (5:44)
<2 (r(u’(tk+1), ERFLy (k1 b ghrly (nk+l — §k+1))

+21 (bh @ ERY — by £ — AR (T, s“‘)) =: RHS.

With the aid of Lemmas 5.4 and 5.5, estimates (5.30) and (5.31) and using notation
(5.14), we estimate the right-hand side of (5.44):

RHS| < 2 (v2fu”[ o1 122 + Cath | 165 1120
21 (Colle*H 1 (185 2 + (¥ + Dlulg) + Creh i+ 1)
<201+ CA)T(@ +INIEH | 2y llulla
+20(C2 + CONET N (1681 202) + B + eh" ™ +D)llulla)-
Application of the Young inequality gives
IRHS| < 7l|g* 1175 o) + 71+ C)?(x + 12 Jullg (5.45)

€ k12, 4T 2 (yekn2 P -1 2002
+ S IETNIP + =2+ OO (165172 g + "+ 6h ™ 1) Jul]).
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We put C4 = 4(C, + C1)? and
g(e, h, T) = 2h2H=D ((1 4 CA)*h% +2Ca(s + h%—l)) ]2 (5.46)
Cy
72 ((1 +Ca)% + 7) fluel|?
Using (5.44), (5.45) and the relation C¢c > 1/2, we obtain
k412 k2 T ck+1y2 547
< r||sk+1||iz(m TG4 gk 1720y + Ta (e 1, D).

Hence,

TE
(1= DIEH T2 ) + S METHI® < (1 +7Ca/)IE 7 g) + Tale, b, D).

(5.48)
Moreover, the following inequalities are valid:
165 + 113200 = 2 (185122 0y + 11132 ). (5.49)
gk + I < 2 (X + 11
Now we prove the error estimates (5.38)—(5.41).
(1) By (5.48) (using the assumption that 0 < 7 < 1/2),
1813 ) < %C“/Sns 2 + Tl ). k=00 r =1,
(5.50)
If we set
B = %, (5.51)

then by induction we derive from (5.50) that

—1ltqg(e, h, 1)
B-1 1—1

11720y < BX11E° ||L2(m+ . k=0,....r. (552

By (5.51),

T _ 1 -
(B—1D(1—1) 14C4/e

(5.53)
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Ast <1/2,then 1 — 17 > 1/2 and
B <1+2t(1+ Cs/e) <expt(l + C4q/e)). (5.54)

From (5.52)—(5.54) we have
151172 ) < expQTk(1 + Ca/e)) (||s°||iz(9) +q(e. h, r)). (5.55)

Further, kt < T fork = 0, ..., r, and (5.5a) implies that EO = 0. The above and
(5.55) yield

141172 < expQT (1 4 Ca/e))q(e, h, ), k=0, ..., (5.56)
By (5.7), (2.98) and (5.14),
17117y < CAR* 1 [y < CiA™ Il (5.57)
Using (5.37), (5.49), (5.56) and (5.57), we find that
Il sz < 2, max (16 g, + It 132 q)) (5.58)
22200112
=2 (expT (1 + Ca/e))q (e, h. 1) + Chh2 ul]})
which implies estimate (5.38).

(ii) Now let as prove (5.39). Summing (5.47) over k = 0, ..., r — 1 and taking
into account that £¥ = 0, we get

r—1
TE
1€ W72y + = 2 MEHIP (5.59)
k=0
r—1
<t(1+Cafe) D (||s’<“||iz(9) + ||sk||iz(m) +Tq(e, h, 7).
k=0

The above and (5.56) imply that

TE Z IEXI® < (41 + Ca/e) expT (1 4 Ca/e)) + 1) Tq(e. h, ). (5.60)
k=1

In view of (2.125), (4.96) and (5.14), we have

ellnflI? < eC2 R, (n*)? < e3C3C2R2H V|3 = eCsh®#DYju)?,  (5.61)
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where C5 = 3Cf‘C§. Hence, since (k + 1)t =T + 7,

,
e > |InflI* < eCsh> (T + 7) [ull3. (5.62)
k=0

Using (5.37), (5.7), (5.49), (5.60) and (5.62), we arrive at the estimate

r r
lell} 2y <278 D NEMI +27e D lin*II> (5.63)
k=0 k=0

<241+ Cyq/e)expT (1 + Cyq/e)) + 1) Tq(e, h, 1)
+26Cs(T + )R>V u| 3.
Now, assertion (5.39) of the theorem follows from (5.63) and (5.46).

(iii) In what follows, let assumption (5.40) be valid. Then C[_SIh <t <1/2.
Therefore, (5.48) implies that

1 Cy
elllg*1* <2 (; - ?) 181172y + 24 (e, b, D). (5.64)

Using (5.56), we obtain

ellgF”? < (% + %) expRT (1 4+ C4/e))q(e, h, T) +2q(e, h, 7).  (5.65)

Now, according to (5.37), (5.7), (5.49), (5.65) and (5.61), we arrive at the inequalities

r r
2 k2 k2
lelly - zoqan) < kg)a§r2£(2|||s I+ 2> )

k=0 k=0

(e, h,7)
I

<2(e + 7C4) expT (1 + Ca/e) L +2q (e, h, T) + 2Cseh># =D |ju||3.

Finally, this, (5.46) and assumption (5.40) yield (5.41). (I

Remark 5.9 For simplicity we analyzed here the problem with the Dirichlet con-
dition prescribed on the whole boundary 92. Using the results from Sect.4.3.2, it
is possible to obtain error estimates in the case of the problem (5.1) with mixed
Dirichlet-Neumann boundary conditions.

Remark 5.10 Estimate (5.38) implies that

”u - uh”L“’(O,T;LZ(Q)) = O(h'u_l + T) for ]’l, T—>0 +. (566)
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Comparing this result with the approximation properties (2.93)—(2.95) implying that
lu = Mhpull 0,722y = O™, (5.67)

we see that the error estimate (5.38) is suboptimal with respect to /. There is a
question as to whether this estimate can be improved. Numerical experiments carried
out in Sect.5.2 (see also [94]) indicate that the actual order of convergence in the
L0, T; LZ(.Q))-norm in the case of an odd degree of approximation is better than
the theoretically derived estimate.

Remark 5.11 1t is clear that estimates (5.38)—(5.41) cannot be used for ¢ — 0+,
because they blow up exponentially with respect to 1/e. This is a consequence of
the application of the Young inequality and the Gronwall lemma, necessary for
overcoming the nonlinearity of the convective terms. This nonlinearity represents
a serious obstacle for obtaining a uniform error estimate with respect to ¢ — 0+.
Recently, in [207], error estimates uniform with respect to ¢ — 04 were derived
also in the case of nonlinear convection terms.

Estimate (5.41) in L% (0, T; H'(£2))-norm has been obtained under assumption
(5.40), i.e., h < Cyg 7. This nonstandard “inverse stability condition” also appears
in [244] and [126].

Remark 5.12 Estimates (5.38)—(5.41) were derived without any additional restric-
tion on the time step T < 1/2. It is possible to show that for a fixed ¢ > 0, the
semi-implicit scheme is unconditionally stable. However, there is a natural question
as to what happens when ¢ — 0+ and in the limit we obtain an explicit scheme
for a nonlinear conservation law. Its stability requires using a CFL condition lim-
iting the length of the time step. Our results are not in contradiction with this fact,
because, due to Remark 5.11, the error estimate blows up and the scheme may lose
the unconditional stability for ¢ — 0+.

5.2 Backward Difference Formula
for the Time Discretization

In Sect.5.1, we presented the full space-time discretization of the nonstationary
initial-boundary value problem (5.1) by the semi-implicit backward Euler time
scheme (5.5). This scheme has a high-order of convergence (depending on the degree
of polynomial approximation) with respect to the mesh-size /4, but only the first order
of convergence with respect to the time step 7.

In many applications, computations with a scheme having the first-order of con-
vergence with respect to t are very inefficient. In this section we introduce a method
for solving the nonstationary initial-boundary value problem (4.1) which is based on
a combination of the discontinuous Galerkin method for the space semidiscretization
and the k-step backward difference formula (BDF) for the time discretization. We
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call this technique as BDF-DGM. The BDF methods are widely used for solving
stiff ODEs, see [161, 162].

Similarly as in Sect. 5.1, the diffusion, penalty and stabilization terms are treated
implicitly, whereas the nonlinear convective terms are treated by a higher-order
explicit extrapolation method. This leads to the necessity to solve only a linear alge-
braic problem at each time step. We analyze this scheme and derive error estimates
in the discrete L>°(0, T; L?(§2))-norm and in the L2(0, T; H'(£2, Z},))-norm with
respect to the mesh-size # and time step 7 for k = 2, 3. Mostly, we follow the strategy
from [104]. In this section we analyze only the SIPG technique which allows us to
obtain /h-optimal error estimates in the L?(§2)-norm. Concerning NIPG and IIPG
approaches, see Remark 5.37.

We consider again the initial-boundary value problem (4.1) to findu : Q7 — R
such that

d
du afs (u) .
5+§‘8—xs=sm+g in O7, (5.68a)
u|agpx©.1) = Up, (5.68b)
en - Vit a2y x(0,1) = &N (5.68¢)
ux,0) =u’(x), xe . (5.68d)

We assume that the data satisfy conditions (4.2), i.e.,

f=U1,..., fd), fs € CI(R), fv/ are bounded, f;(0) =0, s=1,...,d,
up = trace of some u™ € C([0, T1; Hl(.Q)) NL*®(Q7)onds2 + D x (0, T),
e>0, geC(0,T); L*(82)), gy € C(0,T1; L*(32y)), u’ € L*(£2).

We suppose that there exists a weak solution u# of (5.68) which is sufficiently
regular, namely,

ue Wheo(0, T HY(2)) N Wh(0, T; H'(2)) n W*H1(0, T; L*(22)),
(5.69)

where s > 2 is an integer. Such a solution satisfies problem (5.68) pointwise. Under

(5.69), wehaveu € C([0, T1; H*(2)), u’ € C([0, T1; L?(£2)), where u’ means the

derivative du(t)/dt. (For the definitions of the above function spaces, see Sect. 1.3.5).
The symbol (-, -) denotes the scalar product in the space L2(£2).

5.2.1 Discretization of the Problem

We use the same notation and assumptions as in Sects.2.4 and 4.2. This means that
we suppose that the domain £2 is polygonal if d = 2, or polyhedral if d = 3,
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with Lipschitz boundary. By .7}, we denote a partition of the domain §2 and use the
diffusion, penalty, right-hand side and convection forms Ay, ap, €5, J, ,f, by, defined
in Sect. 4.2 by relations (4.9)—(4.13) and (4.23). Let p > 1 be an integer and let Sy,
be the space of discontinuous piecewise polynomial functions (2.34). Moreover, we
assume that Assumptions 4.5 in Sect. 4.3 are satisfied. Let us recall that the functions
fs» s = 1,...,d, are Lipschitz-continuous with constant L y = 2Ly, where the
constant L g is introduced in (4.18).

Furthermore, as was already shown (cf. (4.28)), the exact solution u with property
(5.69) satisfies the consistency identity

a
(a—btl(t), vh) + Ap@), vi) +bpu(t), vp) = Lp(vp) (1) Vv € Spp V2 € (0, T).
(5.70)

Now, because of time discretization, we consider a uniform partition of the time
interval [0, T'] formed by the time instants t; = jz, j = 0,1,...,r, with a time
step T = T/r, where r > k is an integer. The value u(¢;) of the exact solution will
be approximated by an element ufl € Shp, J=0,...,r.

Let £ > 1 be an integer. The time derivative in (5.70) will be approximated by a
high-order k-step backward difference formula

k

ou 1 itk k—1 ; 1 i

a—t(tH_k) o - (aku;l+ —I—ak_lu‘}’ﬁ + ... +aou{l) = - E a,-u{l'H, 5.71)
i=0

Jj+

where u; " ~ u(tjy) and o;, i = 0,..., k, are the so-called BDF coefficients
given by
£ K\ 1
= -, = (=D , i=0,...,k—1. 5.72
w=2 = o=(-1 (i)k_l. i (5.72)

i=1
In order to obtain an accurate, stable, efficient and simple scheme, the forms A;, and
£, will be treated implicitly, whereas the nonlinear terms represented by the form by,

will be treated explicitly. In order to keep the high order of the scheme with respect
to the time step, in by, we employ a high-order explicit extrapolation

k
j+k—1 j+k—2 j ki
u(rj+k>w(ﬁ1u;f + Bou +~-+ﬂkuz) =D By T (5.73)
i=1

where B8;, i = 1, ..., k, are the coefficients given by

Bi =(—D'*! (k) =—op_ii, i=1,....k (5.74)
l
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Table 5.1 Values of the

e . k| o, i=k, k—1,..., 0 Bi,i=1,..., k
coefficients o, i =0, ..., k,
and B;, i =1,...,k, for 1 1% -1 1
k=123 20 5 -2, 2-1
3 & 33 -3 3-31

Table 5.1 shows the values of ;, i =0, ..., k,andB;, i = 1,...,k,fork =1,2,3.
Now we are ready to introduce the full space-time BDF-DG discretization of
problem (5.68).

Definition 5.13 Let k¥ > 1 be an integer and let u,ll, ...,ull‘fl € Spp be given.

We define the approximate solution of problem (5.68) obtained by the semi-implicit
k-step BDF-DG method as functions uifk , ik € [0, T, satisfying the conditions

bt € Sy, (5.75a)
k
1 .
;(Z aiuy, vh) + Anu T, o) + b (E" ), vi) = €,(n) (444) - (5.75b)
i=0
Vvp € Spp, 1 =0,1,2,...,r —k,

where E™ denotes the high-order explicit extrapolation operator at the time level £,
given by

k
E™(up) =) By~ (5.76)
i=1

ando;, i =0,...,k,and B;, i = 1, ..., k, are given by (5.72) and (5.74), respec-
tively. The function uil is called the approximate solution attime 77, [ =0, ..., r.

Remark 5.14 (i) We see that the high-order explicit extrapolation E/**(u;,) depends

on uz, e, uifk_] and is independent of uij‘k.
(ii) Since scheme (5.75) represents a k-step formula, we have to define the approxi-
mate solution ug, u}l e, ué‘l_l at times to = 0, 71, . .., txr—1. The initial value u2 is

defined as the L?(§2) projection of the initial data u° on the space S}, p»- This means
that u? € S, and

(u2 — uo, vi) =0 Yy, € Spp.

The values ”111’ e ul,‘l_l have to be determined, e.g., by a one-step method as, for
example, a kth-order Runge—Kutta scheme, see Sect.5.2.1.1.

(iii) The discrete problem (5.75) is equivalent to a system of linear algebraic
equations for each f;; € [0, T]. The existence and uniqueness of the solution of
this linear algebraic problem is proved in Sect.5.2.2.
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(iv) The explicit extrapolation can also be applied tou € C([0, T']; L2(£2)) by

k
E ) =" g™ 4, tgx €10, T, (5.77)
i=1

5.2.1.1 Runge-Kutta Schemes

There are several Runge—Kutta (RK) schemes,which can be used for obtaining ini-
tial values u flw ey u];l_l for the BDF-DGM method (5.75). Here we mention some
versions of the RK method.

Let k € N. For vy, ¢, € Spp, we set

By(p, on) = Ln(on) — Apn, on) — bV, , @n). (5.78)

Then we consider the problem of finding functions uj € Spp,n = 0,1, ..., repre-
senting the approximations at the time instants #, of the function uj (), ¢t > 0, such
that

ouy,
up (0) = ul).

Let us suppose that the approximate solution uj, € Sy, at time instant #, was already
computed. A general k-stage RK scheme for solving problem (5.79) at the time
instant #,+1 can be written in the form

ul® = ul, (5.80)

i—1
i’ son) = (@@ on) + By Buwi? o)) Vo € Sup, i =1, k.
j=0
un+1 — un,k‘
h h

We specify here the following RK schemes:
(1) 2-stage RK scheme

@', on) = @ll, o) + TBRY, on), (5.81)

1 1
(MZ“, on) = E(MZ + MZ’I) + ETBh(MZ’l, ©n), Yon € Shp.

(2) 3-stage RK scheme (i)

@t on) = ull, o) + TBR G, on), (5.82)
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1 1
w2, on) = E(uz +ult on) + ztBh(uZ’l, on),

1 1
W, o) = 0+ W o) + grBhwz’z, on), Von € Snp.

(3) 3-stage RK scheme (ii)

' on) = @, on) + TBR (), on), (5.83)

3,01 .
Wy, on) = (Zuz + ZuZ’], ®n) + Z‘L’Bh(ué’l,gph),

n+1

1 n 2 n,2 2 n,2
(u, ™ on) = (guh + sup on) + T Br(uy”, 0n), Vo € Spp.

3 3

5.2.2 Theoretical Analysis

In what follows we are concerned with the analysis of method (5.75) for the SIPG
variant of the DGM. Hence, we set ® = 1 in the definitions (4.10) and (4.13) of the
forms Ay, and £;. Moreover, we confine our considerations to the case when 02y =
¢. This means that we analyze problem (5.6) from Sect.5.1. Other possibilities will
be mentioned in Remark 5.37.

Similarly, as in the analysis of schemes for the numerical solution of ordinary
differential equations, we introduce the concept of stability of the BDF method.

Definition 5.15 The BDF method (5.75) is stable (by Dahlquist), if all roots of the
polynomial p(§) = Zl;zo a,-g/' lie in the unit closed circle {z € C; |z] < 1} and the
roots satisfying the condition |§| = 1 are simple (the symbol C denotes the set of
complex numbers).

First, we present several results which will be used in Sect. 5.2.3 for deriving error
estimates of method (5.75).

In what follows, as usual, we set u = min(s, p + 1). We recall that due to (2.128)
and (2.140), the form A, satisfies the inequalities

& -
An(en, on) = Elllwhlll2 Yon € Spp, Yh € (0, h), (5.84)
|An(on, vl < eCalllenll Vrll  Yon, ¥n € Shp, (5.85)

where Cp > 0 is a constant independent of &, ¢, and ¥,. Since o > 0, these
properties imply the existence and uniqueness of the approximate solution of (5.75).

Moreover, similarly as in (4.115), for each & € (0, ﬁ), we denote by Pp,w the
“Ap-projection” of w € HZ(SZ) on Spp, i.e.,

Prpw € Spp,  AnPrpw, op) = Ap(w, ¢n) Y on € Spp. (5.86)
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Due to (4.116) and (4.130), we have

IPhpw — wll < Cp e h* ' wlpn(2) Yw € H*($2), (5.87)
IPrpw — wll 2y < CpLh"|w|gr(o) Yw € HH(£2), (5.88)
where Cp . and Cp 1, are constants independent of 4 and w.

Let us recall that Assumptions 4.5 from Sect.4.3 are considered. Then, by
(4.30)-(4.31),

172
|1 (u, w) — by @ w)| < Corllwll [ Nl — @l 2 + ( > hklu —uu%(m)
KeT,

(5.89)

and
|bn(un, vi) — by (Un, vi)l < Cealllvallllun — unll 20, (5.90)

where Cp1 and Cbg are constants independentof u, u, w € H! (2, T),un, up, vy €
Shp, and h € (0, h). Finally, from (4.148), we obtain

b, vi) — b Prpu, vi)| < Crh* lul gy llvalll, (5.91)

where C; = Cbl(C%’L + Cu(CpeCpL + C%,’L) y1/2 is a constant independent of
h,vy € Spp and u € H*(£2).

Exercise 5.16 Prove estimate (5.91) in detail.

Finally, let us note that due to the linearity of E and Py, and time-independence
of Py, the extrapolation E [+k and the projection Py, commute:

k k
E"F®rpv) =" BiPrp)tipx—i) = D Bi(Php v(ti4x-i)) (5.92)
i=1 i=1

k k
=D Pup(Biv(tipk—)) = Pup O Biv(tips—i) = Py E (),

i=1 i=1

for any v € C([0, T, L*(2)).

5.2.2.1 Properties of the k-step BDF Method

In this section we prove some properties of the k-step BDF method which will be
used in Sect.5.2.3. Although the final error estimates in Sect.5.2.3 are obtained for
k = 2,3, some assertions from this section are valid in general for all k > 1.
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First, we present some properties of the coefficients «, . . . , o, of the k-step BDF
method.

Lemma 5.17 Letk > 1 and ay, . .., ay be the coefficients of the k-step BDF given
by (5.72). Then

k
Zai =0, (5.93)
k k-1
Dotk —i) =D aik —i)=—1, (5.94)
= =
k—1
Za,(k—z)l Dotk —i) =0, forl=2,... k. (5.95)
i=0
Proof Based on the values of coefficients «j, j =0, ..., k, from Table 5.1 it is easy

to see that (5.93)—(5.95) are valid for k = 1, 2, 3. For k > 3 these relations will be
proved by mathematical induction using the binomial theorem.

(1) Let us assume that (5.93) is valid for k — 1 > 1, i.e., using (5.72) we have an
induction assumption

k—1 k-2

1 i k—1 1

- —kt ——— =0. 5.96
§l+§ ) ( l. )k—l—i (5.96)

Using (5.72), after some manipulation we get

k—1 k—1 - k 1
gojai=§<—1> (l.)k

—i

C=DF S (DD — 1 1

k l,_li(i—l)!(k—l—(i—1))!k—1—(i—1)

k=2

(1)’< i1 (k=1 1 k
s ()

which together with (5.72) gives

k=2

k
oo i1 (K—1\ & 1
Za’_Zt+ +Z( b ( i )i+1k—1—i' 6:97)

Subtracting the vanishing left-hand side of the induction assumption (5.96) from the
right-hand side of (5.97), we have
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‘ ( l)k k=2 ( l)kll k
;“’_ +Z( i )k—l—z (i+1_1)
1’< -1 1
D) +Z( k1= ( l_ )i—i—l (5.98)
i=0
L& 1)k - h1i (k — 1!
_k +ZZ(_) G+ DIk—1—10)!
k—1
l k —i k!
k(1+( ) +;( 1) ,(k_l.)!)
k 1
Z )’”( )=—(—1+1)k=0,
~ k

which proves (5.93).
(i1) Using (5.72), we evaluate the left-hand-side of (5.94) in the form

k—1 k—1 [k k [k
D aitk—i) =D (=D () = > (=D () —1
i=0 i=0 ! i=0 !
=(—1+DF—1=-1. (5.99)
(iii)) We denote by ozij, i=0,...,j, 2 <j <k,thecoefficients o;;, i =0, ..., j,
of the j-step BDF. Then (5.95) can be rewritten as

'] .
Dlal(ji-i'=0, 1=2..j 2<j<k (5.100)

First, we prove that (5.100) is valid for [ = 2. Putting (5.72) into (5.100) (with/ = 2)
we have

Za G-y —Z( 1)/~ ( ) (G —1i)
— 1) j—1
Z_Z( 1)/1’”(]]” ) JZ( 1)/“( . )
=—J(1—1)]1=

Let us assume that (5.100) is valid for/ — 1 and 2 < j < k. Taking into account this
induction assumption and (5.72), we successively find that
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k k
Zaf‘(k —i)l = Zaf(k — i)k —i)!
i=0

i=0

k k
= kzaf(k — = Zaf(k — Y
i=0 i=0

k—1 k—1 Sk
=0-> ofk—i)li==> (=D (l) (k—i)%
i=l i=l

k—1

_ _Z(_l)k—l—(z‘—l)k(k —Dk=1—=(@G—1)72
B G~ DIk —T— G- D)

i=1
k=2
_1— (k=1 N
=_k _lkll—k_l_ -2
g( S k=T )
k—2
=—k> o 'k—1-i)"" =0,
i=0
which proves (5.100) forl =2, ..., j,2 < j <k, and therefore (5.95) is valid. U

Lemma 5.18 Letk > 1, o, .. ., ak, be coefficients of the k-step BDF method given

by (5.72) and let By, ..., Bi be given by (5.74). Then
k k k
%msA:: 202" — 1), gwsk(z"—l):i/&. (5.101)
1= 1=

Proof Taking into account (5.72) and (5.93) and using the binomial theorem, we get
k k—1 k—1 k—1 k—1
D il = leu| + D lei| = ‘—Zai + D il <2 el (5.102)
i=0 i=0 i=0 i=0 i=0
k=1 Kok
<2 =2 —2=20F-1),
=3 ()) =% (1) 2=

which proves the first assertion. Moreover, from (5.74) we have

k

k k—1 k—1
DB =D ilokil = D (k= Dlei| <k D lexil. (5.103)
i=1 i=0 =0

i=1
In view of (5.102), the last term in (5.103) can be estimated by

k—1
kZlai| <k2QFT— 1) =kQ*—2) <k@F—=1). (5.104)
i=0
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Hence, (5.103)—(5.104) give the second assertion of (5.101). U

We recall that a k-step BDF scheme is stable if and only if & < 6, see [161,
Chap. III, Theorem 3.4]. The following two lemmas will be used in Sect.5.2.3 for
proving local error estimates of the k-step BDF methods.

Lemma 5.19 Letk > 1 and «y, ..., ax be the coefficients of the k-step BDF given
by (5.72). Moreover, letu € W*2(0, T; L*(£2)), w € L*(2),t € (0, T) and t > 0.
By 8}’ u, j =0,...,k we denote the jth-order distributional derivative of u with
respect to t. Then the following identity is valid:

k—1

N
T (' (1), w) = @), w) + > e Z( 1)1%@{”@),@, (5.105)
i=0 j=0
provided atku(t) makes sense.
Proof From (5.95) we have
k—1 k—1
O—Zotl(k—l)] = (- 1)1—(afu(r) w)Zo:l(k—z)f (5.106)
i=0 i=0

for j =2,..., k. Summing (5.106) over j =2, ..., k, we get

k k—1

0=>"> ai(- 1)1 i) @ u(t), w) (5.107)
j=21i=0
k

—Zal Z( i (k Y o ute) .

i=

Further, taking into account (5.94), we have

k—1
Zal Z( R (k L @ u(), w) = —t@' (1), w) > otk — i)
i=0 j=1 i=0
=t'(t), w). (5.108)

Moreover, using (5.93), we derive

k—1
@D (- 1)]”‘]—)@%0) w) = (), w) D = —ax(u(t), w).

(5.109)
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Finally, from (5.107)—(5.109) we obtain

k —
Zal Z(—I)JT ( L @ u(0), w) = T/ (1), w) — (@), w),

i=0 j=0
which proves the lemma. (]

Lemma 5.20 Let n > 0 be an integer and f € W”H'I(O, T). Then for all t, v €
[0,T]

—f0)+ Z( 1y o = (5.110)

=(—1)" / / / FO D (zg1) dzng -

Proof If f € W"1-1(0, T), then the identity

9
f(’”)(ﬁ)—f(m)(t)z/ FD () dzmyr, m=0,...,n  (5.111)
t

is valid for all ¢, ¥ € [0, T].
We prove (5.110) by the mathematical induction. The case n = 0 is a consequence
of (5.111) for m = 0. Let us suppose that (5.110) is valid for n — 1. Then we have

—f<t>+2< b pi L= (5.112)
=0

) (19)

——f(t)+Z( D7 O =D iy o)

=0 1/ / / FM (@) dzn ... dzg — (=D 1f‘”>(z9>“9 2

Applying the identity ft le ... flli—l 1dz, ... dz; = (9 —1)"/n! to the last term
of equality (5.112), we get

9 9 D
w:(_l)"*l/ / / (f(”)(zn)—f(")(ﬂ)) dz,...dz;.  (5.113)
t 21 Zn—1

Finally, applying (5.111) with m = n to the integrand of (5.113) we obtain (5.110).
O
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Furthermore, for the k-step BDF scheme (k > 1), we introduce a sequence
{vj };)i()

Lemma 5.21 Letk > 1 and o, . . ., ay be the coefficients of a stable k-step BDF

scheme (cf. Definition5.15). Moreover, let y;, j = 0,1, ..., be real coefficients
defined by
1 ad .
= izd. 5.114
ak—i-ozkflz—i—...—i-aozk /Z_:‘)yj ( )

Then there exists G > 0 such that
lyjl<G, j=0,1.... (5.115)
Proof Let us denote
PE) =ar +ar_1E+ - +agtk =£FpE™h). (5.116)

The roots of the polynomial p are the reciprocal values of the nonzero roots of the
polynomial p. Since p has all roots in the circle {§ € C; |§| < 1} (by C we denote
the set of all complex numbers), then all roots of p lie in the set {§ € C; |£] > 1}.
Those roots &1, ..., &, (m > 0) of the polynomial p, for which |&;| = 1, are simple.
Hence, the function 1/6(£) is holomorphic in the set {§ € C; || < 1} and has a
finite number of simple poles Sl._l, i = 0,...,m, on the unit circle line |£| = 1.
Therefore, there exist constants §; € C,i = 0, ..., m, such that the function

m 5;
ey 1
pE) —E—g

f = (5.117)

is holomorphic in the set {§ € C; |£] < 1 + ¢}, where ¢ > 0 is sufficiently small.
Then the coefficients a,, in the Taylor expansion of the function f at the point £ = 0
can be expressed with the aid of the Cauchy formula in the form

1 f@

=— [ —=dz, 5.118
2 (pZn+1 ( )

An

where the curve ¢ is the unit positively oriented circle line. This implies that the
sequence of the coefficients a,, is bounded. Further, it is possible to show that for
i=1,...,mand |§] < 1,

1 1

— = —§ — =& » BLEl, (5.119)
§-g L= /5D % ’
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where ,Bj. = (&)/. Hence, since || = 1, also | ﬂ;l = 1. The above considerations
immediately imply the assertion of the lemma. O

Remark 5.22 Let p(z) be the denominator of the left-hand side of (5.114) and let us
sety; =0for j = —k, ..., —1. Then from (5.114) we get

o0 o
1=5) D vzl =h@ D vz
j=0 j=—k

Comparing the coefficients with the same powers m of the variable z, we get the
relations

k
m =0 :Zaiym—k-i-i =kYm + ...+ 0Ym—k = ko = 1,
i=0
k
m>1 :Zaiymfkﬂ' =yYm + ...+ &0VYm—k = 0.
i=0

From this we see that y; can be defined as the solution of the system of linear
difference equations

k
Zaiyj+i=0, j=—Gk-1),...,—1,0,1,..., (5.120)
i=0

with initial conditions y__1y =---=y_1 =0, yo = ock_l.

We proved in Lemma 5.21 that the sequence {y; }?‘;O given by (5.114) is bounded
for any stable k-step BDF method, i.e., for k < 6. Finally, in order to derive the error
estimates, in Sect. 5.2.3, we use the fact that y; > Ofor j =0, 1... . Since the proof
is rather technical, we present this property only for k = 1, 2, 3, which is sufficient
for further considerations in Sect.5.2.3.

Lemma 5.23 Letl <k <3andoaj, i =0,...,k, be the coefficients of k-step BDF
and let {yj}‘l’.io be the sequence defined by (5.114). Then

yi>0, j=0,1,.... (5.121)
Proof On the basis of Remark 5.22 we put y; = 0 for j = —(k —2),..., —1. Then
the sequence {Vj}?o:—k 4 satisfies (5.120).

Letk =1.Theny;, j =0,1,..., satisfy the difference equations (5.120) in the
form

Vit1—vi =0, j=0,1,2,... (5.122)
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with the initial condition yp = 1.
Letk =2.Theny;, j = —1,0,1, ..., satisfy the difference equations (5.120) in
the form

3 1 .
with the initial conditions y_; = 0 and yp = 2/3 (See Table 5.1). The corresponding

characteristic polynom 3¢2 — 4¢ 4+ 1 = 0 has roots ¢; = 1 and &, = 1/3. Fulfilling
the initial conditions, we find that

1 .
vi=l-gmp Jj=-101... (5.124)

Obviously, y; > O0for j =0,1,....
Letk =3.Theny;, j = —2,—1, ..., satisfy the difference equations (5.120) in
the form

11 3 1 )
G Vits =it Svin =3y =0, j=-2-10.1.... (5.125)

with the initial conditions y_» = y_1 =0 and yp = %. By directly using (5.125)
we find that

vj >0, j=1,2,3 and y4 > L. (5.126)
We still have to prove that y; > Ofor j = 5,6, ... . To this end, we define a sequence
Xj =Vj—1—Vj—2, j=0,1,... . Then, we can find that
j+1
vi=vat+ D Xin J=56..... (5.127)
i=6
From (5.125) we have
11 3 1
0= YA 37j+2+ S¥i+t — Vi (5.128)

11 7 1
= F(VH_% —Vj+2) — 8()/,42 —¥Yj+1) + 3(Vj+1 - ¥j)

11 7 1

= g Xitd T gXj+3 + 3 X+ J=-2,—-1,...,

and xo =0, x1 = %. The solution of system (5.128) has the form

. . j . . J
—6i (7~|—lx/@) n 6i (7—1\/@) 7 (5.129)

X = /39 2 /39 2
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which gives

6

j j j
7+i3 6 49 + 39)1/2\/ V88
Ixjl <2—= THiv3 <2 (( 2 +39) ) =21 — (5.130)

22

V39 V36 22 22
22T 7\
() ()

Therefore, with the aid of (5.126), (5.127) and (5.130) we estimate y;, j > 5, by

Jjtl j+1 j+1 3 i
yj=y4+zxizy4—2|xi|>1_22(/ﬁ)
i=6 i=6 i=6
8 & 2\ 16 1 16
1—2—_ JEy o2 220,
13312( 11) 1331 \/7> 13317
0 1-/&

=

which proves the lemma. O

Remark 5.24 1t follows from the real recursive definitions (5.125) and (5.128) that
the sequences {y; 7‘;0 and {y; ?io are real although it may seem from (5.129) that

they are complex.

5.2.3 Error Estimates

Our goal is now to derive the error estimates for the approximate solution ulh, l =
0,1,...,r, obtained by the k-step BDF-DG scheme (5.75) under the assumption
that the exact solution u satisfies (5.69). We define the discrete analogues of the
L°°(0, T; L%(£2))-norm and L2(0, T; H' (82, 9},))-norm.

Definition 5.25 Let# = I7, [ = 0,1,...,r, with T = T/r be a partition of the
time interval [0, T'] and let uél 1 =0,...,r,be the approximate solution defined by
(5.75). We set

e =ul —u', 1=01,...1, (5.131)

r

,,,,,

=0

Let Phpul be the “Aj-projection” of W =u@) A =0,...,r) given by (5.86).
We put

¢ =ul —Pupu! € Spp, x' =Pppu’ —ul € HH(2, Tp). (5.132)
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(We recall that u = min(s, p + 1).) Then the error eél can be expressed as
I _ .l l _
e, =¢+x, 1=0,...,r (5.133)
Moreover, relations (5.86) and (5.132) imply that
An(x o) =0 Vv, € Spp, 1=0,....7. (5.134)
In view of (5.75b),
k .
(Z oy, vh) 7 (An G, ) + b (B ua), vi) = £ 0) (1140) =0,
i=0
ify, ..., 144 €10, T], (5.135)
where E/tk (up,) is defined by (5.76). Moreover, setting t = #;4¢ in (5.70), we get
(w0 t4a)s vi) + Ap o) + b @, vp) — € () (142) = 0. (5.136)

Multiplying (5.136) by 7, subtracting from (5.135) and using the linearity of the form
Ap(-, ), we get

k
(z ault, Vh) — 7 (u' (1), vi) + T (Ah(ufrk —ul, vy
=0
+bp(E* up), vi) — by ' tE, vh)) =0, 1=0,....r—k. (5.137)

Taking into account (5.132)—(5.134), from (5.137) we obtain
k .
(Z%‘(Hl,Vh)+TAh(§l+k,Vh) (5.138)
i=0

k k
= (' (t4), vi) — (Z '™, Vh) — (Z aix'™, Vh)
i=0 i=0
7 (bu ™ ) = B @), )

In what follows, we estimate the individual terms on the right-hand side of (5.138).

5.2.3.1 Estimating of Individual Terms

Let u satisfy assumptions (5.69). We set u = min(p + 1, s) and use the notation
0" u 1= 0™u/0t™. Similarly as in (5.14), we put
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1
[lu|lg :=max (||31k+ ull Loo(0,7:22(82))> ||8tku||L°°(0,T;L2(.Q))’ (5.139)
18full oo, 7: 11 (52)) ””/”L""(O,T;H"(ﬂ))) < o°.

In the proofs of the following lemmas and theorems we frequently use the Young
inequality and (a; + - - - +a,)? < n(a% 4+ 4 a,zl) foray, ..., a, € R. Since these
inequalities are standard, we do not emphasize their use. In what follows, we use the
simplified notation u™ := u(t,,).

Lemma 5.26 Let us assume that u : Qr — R is a function satisfying conditions
(5.69),1 € {0,...,r —k}and oj, i = 0,...,k, and Bi, i = 1,...,k, are the
coefficients given by (5.72) and (5.74), respectively. Let E'* (u) be given by (5.77).
Then there exist positive constants Co, C3 depending on k, but independent of | and
T, such that

k
'(Zaiul+’,Vh)—t(u’(tz+k),w,) < Gt Mullalvall2),  (5.140)
i=0
- < Gt ull. (5.141)
2 2)
ul™F — B ) < 37 |ull4, (5.142)
HY(£2)
! T — u™ @y < Cylulla, (5.143)

where ||\ullg4 is given by (5.139).

Proof (i) From (5.105), where we put t = #;41, we obtain the relation

k
(Z aiu'ti, vh) — 7 (u'(t140), vi)
i=0
k—1 ' . (k iy
=D i | @ Z( 1) ——— &/ utrsx), vi)

i=0

With the aid of Lemmas5.18 and 5.20, the identity

b b U
/ / / dzy ... dzy = (@ — )" /n!
t 21 Zn—1

and the assumption u € Wk+l’°°(0, T: L%(£2)), we find that
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k— .
Za,- '™, vp) Z( l)f%wfumk) Vi)

j=0
f4k  fl+k f4k k1
< Z|a, / / / O u(zirr), vi) dzagr - .. dzy
14i 21 Zk
k+1
< A———F gkt lvall < G ullgllval
= kF ) L, T;L2(2)IVRIIL2(2) = L2 dIIVhIIL2(02)>

Where the constant A is defined in (5.101), ||u|4 is given by (5.139) and Cr =

A This proves (5.140).

(ii) By virtue of (5.74), we have

k k—1
ul+k _ El+k(u) — ul+k _ ZIBiMH*kfi — ul+k + Zai (k _ l.)btl+i. (5144)
= i=0
Using (5.94) and (5.95) we derive the identity
k—1 ) k—1 .
ul+k+ zai(k _ l')ul+l — Zai(k _ i)(ul+l _ ul+k)
i=0 i=0
k—1 )
=> otk — i)™ —u'th (5.145)
i=0
—Za’u(rz+k)—< 1)]20:,(/«—:)1“
j=1
=0
k—1 '
— Zal(k _ i)(ul-‘rl _ ul+k)
i=0
k—1 k—1
—Zal(k—nzafumk)—( D (k= i)/
i=0 j=1
- k—1
=D itk —i) [u =79 u(nm—( D/ (k= i)/
- =

Sinceu € W50, T; H'(£2)) € WK°(0, T; L?(£2)), with the aid of Lemmas 5.20
and 5.18 we estimate the norm of the last term in (5.145) by
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k—1 k—1 ;
' . ‘ i . .

Dtk =iy [u =0 ) — (=1 (k= i)/

i=0 j=0 J: L2(82)
k-1 vk Lk f+k i

= Zai(k—i)(/ / / Btu(zk)dzk...dm)
i—0 h+i Y21 Zk—1 L2(2)
kk+1 v ok ‘

< ATT 107 wll Lo (0,7;22(2)) = €37 llulla,

where C3 = Aki—Tl. This proves (5.141).

(iii) Since u € Wk-°°(0, T; H'(£2)), we have

Wtk gl

) _ Hvul+k — VE** )

HI(2 L2(2)

Now we can use the result (5.141) for Vu instead of u. Taking into account that

5 (0 5 (9
o (ouy_ 9 _"‘), I=1.... .4 (5.146)
at \ dx; dx; \ 0t

in the sense of distributions (see Exercise 5.6), we get

kk-’rl ak
ultk _El+k(u)‘ 1 5A7|Tk = Vu (5.147)
e Kot o2
kk+1 k X kk-‘rl Kk .
= A= T IVl o, 1202)) = AT 10wl Lo, 111 () = €37 llula,

where C3 = A%. This proves (5.142).

(iv) Using (5.146), assumption u € W0, T; H*(£2)) and a similar process
as in (5.147) with k = 1, and taking into account that 1 < kl;(—fl fork=1,2,...,we
derive (5.143). O

Now, we estimate the “Aj-projection terms”. First, we mention an auxiliary
lemma.

Lemma 5.27 Under assumptions (5.69), for t;, t;11 € [0, T] and vy, € Spp we have
1 = X vl < Cath ullalvall 12 (5.148)

with Cq4 > O.
Proof The Cauchy inequality and relations (5.132), (5.88) and (5.143) imply that
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I+1 I I+1 1
1O = xovwl < X = Xy vl 2 @)
= 1@ —u'y = @ppu = Prpu) 20y Vil 12(2)
< CpLh* ™ —ul gy llvall 22
< CpLC3llullath”|vall 2,
which proves the lemma with C4 = Cp 1.C3llull4. O

Lemma 5.28 Letk > 1 and ay, . .., ay be the coefficients of the k-step BDF given
by (5.72). Then under assumptions (5.69), for t;, ..., tizx € [0, T], vy € Spp, we

have
k
(z aix', Vh)
i=0

with Cs depending on C4 and k.

< Csth* lullalval 2y, (5.149)

Proof Let p(y) be the characteristic polynomial defined by

k
p(y) =D aiy', yeR. (5.150)
i=0

From (5.93) it follows that y = 1 is its root. We define the polynomial 7 by

n(y) =p»-D7" (5.151)
Hence,
M —1D=p»). (5.152)
k=1
We write 7(y) = Z 8;y" and determine successively the coefficients §;, i =

i=0
0,...,k—1.Using (5.93), (5.150) and (5.151), it is easy to see that

k
8o =m(0) = —p(0) = —ap = D ai. (5.153)
i=1

From (5.152) we express the ith (i > 1) derivative of p(y):
PV == DrP) +ix V). (5.154)
Evaluating (5.154) at y = 0, we get

ila; = p@0) = —7D0) +ix"D0) = —i!§; +i!8i_1.
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From this and (5.153), we obtain by induction

i k
Si=—Yaj= > aj i=0... k-1, (5.155)
j=0

j=itl

where the second equality follows from (5.93). Moreover, from (5.150) and (5.151)
it follows that

k k—1 k—1
Dy =p=@-Hryp=G-D D siy'=> 60" -y

i=0 i=0 i=0

and, therefore, we can write

k
(Z aix' ™, Vh)
i=0

Using (5.148), (5.155) and (5.101) we get

k—1
(z ai(Xl+l+l _ Xl+l)9 Vh)

i=0

k—1
S z |81| ’(Xl+l+l _ Xl_vah)’-
=0

i=l

k—1
D1l | (= )| = kACsTR a2 -
i=0

which proves the lemma with C5 = kACjy. ]

Further, we estimate the convection form.

Lemma 5.29 Let us assume that for t;, ti1 € [0, T] the expression El+k(uh) is
given by (5.76). Then

k—1
b @, ) = b (B ), v = Collll (Z IEH 2y + B 4+ Tulla |,
i=0
(5.156)

where Ce > 0 is the constant independent of h, t, | specified in the proof, £t
i=0,...,k— 1, are defined by (5.132) and ||u| 4 is given by (5.139).

Proof We can write

by '™, vi) — bp(E™* (up), vi) (5.157)
= b, ) = by (B ), vi) (= ¥)
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+ b (E™ ), vi) — b (E™ Pppu), vi) (=: ¥)
+ by (T Pppue), vi) — by (B (up), vi) (= &),

where E/5 () is given by (5.77). We estimate the individual terms in (5.157). From
(5.89) we have

1

2
B < C H I+k _ pl+k H h H I+k _ pl+k H )
W] < h1|||Vh|||l u O sz K Ol 2x)
(S

(5.158)
Using (2.78), (5.141) and (5.142), we find that
I+k I+k 2
> g Hbﬁ — EMR () (5.159)
L2(0K)
Ke9,
<Cy Z hi Hul+k — Etk () ‘ul-i-k _ El+k(u)‘
L2(K) H(K)
Ke9,
2
I+k I+k 2 2 2k 2
+Cy K% Wt B, < Cu (hC3 + C3) 2|2
e

Then (5.158), (5.159) and (5.141) give
11| < Cort™(C3(Cpr(h + )2 + C)ullalivall = Cre*lullalivall,  (5.160)

where C7 = Cp1(C3(Cpr(h+1))/2 + C3). Moreover, from (5.91), (5.90) and (5.92)
we find that

¥l < CLh* (Ivalll 1™ @) ). (5.161)

W3] < Con lvalll HE" Prpue) — EF i)l 20

By (5.77), (5.76), (5.101), (5.139) and (5.132), we have
I+k k
[E (W) | a2y < EAIIMIId, (5.162)

k
k » y
|ETE @apu) — EMF @il 2oy = 54 D IPpu' ™ — i a0

i=1

k k—1
k B k _
= EAZ £ 2y = EAZ 15+ 1 2)-
i=1 i=0


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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Finally, from (5.157), (5.160), (5.161) and (5.162) we obtain

k—1
b, v = b (B ), v = Collll (Z 15" 12y + (0" + rk>||u||d),
i=0

with C¢ = max (ATkaz, Achl, C7), which proves (5.156). O
Further, we present an estimate which will be the basis for the error estimation.

Lemma 5.30 Ler Assumptions4.5 in Sect. 4.3 be satisfied and let 02y = (. Let
u be the exact solution of problem (5.68) satisfying (5.69). Let t; = Iz, | =
0,1,...,r, T = T/r, be a time partition of [0, T] and let uél, [l =0,...,r, be
the approximate solution defined by the k-step BDF (5.75), where k > 1. Then there

exists a constant K > 0 independent of h, t, | and € such that forl =0, ...,r —k,
k .
2(Za,g’+l,vh)+2mh(;l+k,vh) (5.163)
—

k—1
K ; TE
< tlvalza gy + 7 216 M2y + 5 Iall + TK g, 6, by 7, ),
i=0

where
qu, e h,t,k) = (hz" + er) (14 1/¢) lull?, (5.164)

Vi € Spp and{l, 1 =0,...,r, are given by (5.132).

Proof Multiplying (5.138) by 2, we get

k
2(Zaicl+", Vh) +20 A" v (5.165)
i=0

k k
=20 (' (t144), Vi) — 2(2 aiu'™, Vh) - 2(2 aix'™, Vh)
pary i=0
+27 (bu (™, vi) = bu(E @), vi)) =: RHS.

With the aid of Lemmas5.26, 5.28 and 5.29, we estimate the right-hand side
of (5.165) by

RHS| <2 (Cor**! 4 Csth™) lullallvall 2y (5.166)

k—1
+ 21 Ce|l[valll (Z 15 N 2y + (0 + Tk)”u”d)-

i=0
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We estimate both terms from (5.166) by

2 (czrk+1 + Csfh”) lllallvall 2y < TIvalla g, +27(C3T% + C3h*) ullF,
(5.167)

and

k—1

2t |vlllCs ((h“ + O ulla + D g ||Lz<m) (5.168)
i=0

2

k-1
< —|||Vh||| + Cﬁ ((h“ + ) lullg + Z (Fsa ||L2(Q))

i=0

| /\

k—1
k+2
Sl +2eC3 == (<h2“+r2’<>||u||d+Z”€”’||Lz<m)

=0

Taking (5.165), (5.166), (5.167) and (5.168) together, we get

k
2(2 g™, Vh) + 2T AR, )

< tlvljag) + 20(C3T + C3R*) ull
2+2C3 (
&

i=0

D o) + (WP + rz")nund) + —|||vh|||2

The above and (5.164) imply that

k
Z(Zaid“, Vh) + 2T AR vp)
i=0

k—1

K ; TE
< tlvalZg) + 7 216 M2y + 5 Iall® + TK g, 6, by 7, ),
i=0

with
K = 2max (c%, C2, (k + 2)C§) , (5.169)

which proves the lemma. O

Now we are ready to formulate and prove the main results of this section. We
already mentioned that a disadvantage of the k-step (k > 2) BDF schemes is the fact
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that the first k — 1 steps have to be computed by a one-step method, e.g., a Runge—
Kutta scheme. Therefore, we take into account this fact by including the errors of
the first k — 1 steps in the final error estimate.

5.2.3.2 Error Estimates for the 2-Step BDF-DGM
in the L>°(0, T; L?(£2))-norm

Theorem 5.31 Let Assumptions4.5 from Sect.4.3 be satisfied and let 32y = (0.
Let u be the exact solution of problem (5.68) satisfying (5.69). Let t; = It, | =
0,1,....r, T = T/r, be a time partition of [0, T], let ”2’ Il =0,...,r, be the
approximate solution defined by the k-step BDF-DG scheme (5.75) with k = 2 and
lett < 1. Then there exists a constant C» = O (exp(3GT (1 + 2K /¢))) independent
of h and t such that

1
lell} . poeqz2) < C2 ((W +rhHA+ 1/ + D ||e,’,||iz(m), (5.170)
j=0

where K is defined by (5.169) and G by (5.115).

Proof If we choose C> > 1, then the inequality

lef 72 < Ca | B + (1 + 1/e)+Z||e,1||L2(m (5.171)

holds for / = 0, 1. Hence, we have to prove (5.171) for I = 2,...,r. Putting
vy = ;1” in (5.163) and using (5.84) and the relations

3 1
(22 _oplHl Ll 42
(ZC ¢ +2§,§

_ §||§.l+2 2

- ”LZ(.Q)

1
=208 ) + 518 1720

1
+ 20872 = £ g = F1E2 = i)

1
=20 ) + 518 1720

3 1+22

+ 208" = e ) — 18 = e g, — 18 = 1

1
= —||¢’+2||Lz(m =20 ) + 516 1720
_|_||;.l+2 l-‘rl _”Cl-'rl l=0,...,r—2,

”Lz(Q) - é. ”LZ(_Q)a
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we get

3 1
SNE ) = 206 ) + 518 12 (5.172)

15 = T gy — 1 = £ 117 ) + Tl 2P

< T||§l+2||L2(_Q)+ ch”'uLz(Q)+—|||;’+2||| +TKqu, e, h,7,2).

Letm € {2, ..., r} be arbitrary, but fixed. By (5.172),

2lie 1+2 (5.173)

1
=218 W2 ) + 5112 0

3

2 ”LZ(.Q)

+ 162 = o) = 16 = N7 g
1

K
< TlE PN ey + T DN I + TK G, 8, By T, 2),
i=0

forl =0,...,m—2.Lety;, j =0,1,..., be defined by (5.114) for k = 2. It
follows from (5.124) that

yj =1-(1/3)7%" > 0. (5.174)

Moreover, by virtue of Remark 5.22, the coefficients y;, j =0, 1, ..., satisfy rela-
tions (5.120), which for k£ = 2 have the following form:

1
—yj=0,j=01,.... (5.175)

3 3
=71 — 2% =0, FVite — 2yj+1 + 3

2

Multiplying (5.173) by y;u—1—2 and summing over/ =0, ..., m — 2, we get
™2 +(l — 2Ym)lIC P 41 0)2 (5.176)
”; ”LZ(Q) 2Vm—3 VYm—2 ”C ||L2(Q) 2)’m—2||§ ||L2(Q) .

2 m—3 1+2
+ 31" =" gy +2 2 (5) [ S PP,
=0

— vm=2lg" = ¢Ol7a g

m—3 m—2
< Tl 12y + T D vm—2-tE 2172 ) + TK D Yin—2-19(u, £, h, 7, 2)
=0 =0

m—2

K
+ 7= 2 o2t (I8 By + 112 ) -
=0
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By (5.174), y0 = 2/3.Sincet < I, wehave 0 < 1 —typ < 1. Using (5.115), putting

some terms together and omitting some non-negative terms from the left-hand side
of (5.176), we obtain

m—1

2K
(1= lIE" 132, < TG (1 + 7) D1 a0y + 46112 1720
=0
3
+ §G||;°||iz(m +TGKq(u, e h,t,2). (5.177)

If we set

301002 12
2K /e + 1 s1E7 +4s TGK
G /€ Y= G2 L2(2) 2@

X = , , Z = , (5.178)
-1y -1y -1y
we can write (5.177) in the form
m—1
1" W2y < TX DN o) + ¥ + Zqu, e, h,7,2), m=2,....r. (5.179)
=0

It follows from (5.178) and the inequalities 0 < 1 — tyy < 1 that (5.179) is valid
also form =0, 1.
Now we apply the discrete Gronwall Lemma 1.11, where we set

X =18" 132y €m =0, (5.180)
an =Y + Zq(e.h,1,2), bj =X,

and use the inequality (1 + tX)™ < exp(mtX) < exp(T X). Then we get
1E™ 122y < (Y + Zq(e, b, 7, 2))e" X, (5.181)
Further, from this inequality, the definitions (5.178) of X, Y, and Z and the inequality
(1 — ty)~! < 3, following from < 1 and yy = 2/3 for k = 2, we obtain the
estimate
18" 1720y < (Y + Zq(u, &, b, 7, 2))e"™ (5.182)
9
< (Ecnconiz(m +12Gl5 '35 o) +3TGKqu, &, h, 7, z>)
ATGEE+D,

valid form =0, ..., r. From (5.133), (5.88) and (5.139), for/ =0, ..., r, we have

16132y = 2Me 72y + 21X 1720 (5.183)
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X172y < Chh™ 1 i) < CpyllulGh, (5.184)

and, therefore
12132 ) < 2N l2 g +2Ch H2 3, =0, 1. (5.185)

Now, using (5.131), (5.182), (5.184) and (5.185), we find that

12 12
”e“h T,L0(L2) = < 2 n(}ax (||§ “LZ(Q) + “X ”Lz(ﬂ)) (5186)
< 2(9G||eh||§2(9)+24c||e}l 1720y +Csh* lull;

+3TGKqu, s, h, 1, 2))e367<%+‘>

with Cg = C%,’L(l + 33G), which implies estimate (5.170). O

5.2.3.3 Error Estimates of the 3-Step BDF-DGM
in the L®(0, T; L2(£2))-norm
First, we derive the following estimate.

Lemma 5.32 Let Assumptions 4.5 in Sect. 4.3 be satisfied and let 02y = . Let
u be the exact solution of problem (5.68) satisfying (5.69). Let t; = lt, | =
0,1,...,r, Tt = T/r, be a time partition of [0, T], let ulh Il =0,...,r, be the
approximate solution defined by the k-step BDF-DG scheme (5.75) with k = 3 and
lett < 1. Thenform =3, ...,r we have

m—1
Z " =" M7 (5.187)

<t (3+—) Z 11722y + 5 3 T Kqu e h, . 3)

3 3
+ chzniz(m + chl 12 + 518 N2y + 3 76CBIE,

where K and q are defined by (5.169) and (5.164), respectively.
Proof If we set v, = ¢! — ¢/+2 in (5.163) and use the notation y/ = ¢/ — ¢/~ for

l=1,...,r,weget

11 18 9 2
2 ( A= SR S S o yl“) +21A, (1) (5.188)
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<ty + lec’*l 17200 + —|||y”3||| +tKqu, e h,t,3).
=0

Using the following relations

11 18 9 2
2( g3 22 2l gg_z’ y1+3)

6 6 6

_5 (16_1y1+3 _ %y1+2 n éyl—&-l’ y1+3)

= %ny’”niz(m - gn P00y + én e
n %”yz+3 N §”y1+3 Y g

= DI W) = 2 gy + 20 = P
- %nyl+2 Y 1 20y

together with the identity
243, Y1) = AR, ) — AR ) + AL Y1), (5.189)

obtained with the aid of the symmetry and linearity of the form A, and the coercivity
property (5.84) of the term Ay, (y'*3, y/*+3), from (5.188) we get

32, (5.190)

I+3 _ l+2” 5
L

17 9
il ZyH2)? 2

glly1+2 IHHLZ(Q) g (Ah(§1+3’ eH3) — A, 2, §1+2))
=2t (160 + 1620 ) ) + 71— Z 164135 ) + K, 8,1, 7.3).

Letm € {2, ..., r}. After the summation of (5.190) over/ =0, ..., m — 4 we find
that

8 = 1432 9 m—1,2 9 22 3 m—1 2
=0
3 _ _
=2 =y g T (A1 e = A, 6D) (5.191)
m—4

<20 > (161220, + 18721220, ) + 37— Z 181220,
=0
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m—1

K 12
+ TKqQu, e, h,7,3) < T(443—) > 11E' 152+ TKq(u, &, h, 7, 3).
=0

Due to the coercivity property (5.84), we remove the term A, (¢!, ¢"~1) > 0from
the left-hand side of (5.191). Moreover, using inequality (5.85) with ¢ = ¢ :=¢ 2,
omitting some non-negative terms on the left-hand side of (5.191), and transferring
the initial terms to the right-hand side, we get

|
—_

m

AN o

-1
_ 8'S
e = &' M) = 2 22 1Y 22
=2

.\_
||
S}

m—1

8 K
< guyzuiz(m +1 (4+ 3;) D152 + TR, 1,7, 3)
=0

3 2012

m—1

¥ 23
. (4 + 3?) D e 22 + TKqu. e h,7.3) + ?Ilczllizm)
=0

29
+ 1 G2y + 21601 720) + TECBIIEPI,

which implies inequality (5.187). ]
Now, we formulate the L (L?)-error estimate of the three step method.

Theorem 5.33 Let Assumptions 4.5 in Sect. 4.3 be satisfied and let 02y = (.
Let u be the exact solution of problem (5.68) satisfying (5.69). Let t; = It, | =
0,1,...,r, T =T/r, be a partition of the time interval [0, T], let uﬁl, [=0,...,r,
be defined by the k-step BDF-DG scheme (5.75) with k = 3 and let T < 1. Then
there exists a constant 63 = O (exp(GT (30 + 117K /4¢))) such that

2
lell} . poocz2) < Cs ((W +TO L+ 1/8) + D lley 72 + re|||;2|||2),
=0
(5.192)

where K is defined by (5.169) and ¢*> = u% — Phpu2 is given by (5.132).

Proof By virtue of (5.131), the aim is to prove the inequality

[ — ((h2“+r6) (1+ )+leehllm(m+wllli |||) (5.193)

form =0,1,...,r.Putting v, = §l+3 and kK = 3in (5.163), we get
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11 18
2(_§1+3 Oy §1+1

3 g 2, 4“”3) +20 AL, ) (5.194)

6

K ; TE
< T )+ — Z 16 2y + S NE TP + TK g, &1, 7, 3),
i=0

where by (5.164), g(u, e, h,1,3) = (h2* + 91 + 1/¢). With the aid of (5.84)
applied to the term Ay, (¢!, ¢/*3) and the relations

11 18 9 2
2 ( 6 §.1+3 6 §l+2 + _é-l"rl _ _;l’ §l+3) (5195)
1 gl+3 142 1+1)2

n _”§1+3 _ _ _”§1+3 _ 2

”LZ(.Q) ||L2(Q)

2
+ e - clniz(g)
11 £+3 _ I8 ¢+ S 2

8 1+2 1+1)2
_HC _é‘ ”LZ(.Q)’

we arrive at
18
6

9
_||€l+3||L2(Q) ||§l+2”L2(9) + 6” I+1||L2(_Q) ”g ”LZ(.Q)

2
K .
< e PNy + T D2 NE Mgy + 3162 = ¢ g
i=0
+tKq(u,¢,h,t,3). (5.196)

Let yj, j = 0,1,..., be the sequence defined by (5.114) for k = 3. Due to
Lemmas5.21 and 5.23, the bounds (5.115) and (5.121) are valid, respectively. More-
over, by Remark 5.22, the coefficients y;, j =0, 1, ..., satisfy relations (5.120) (cf.
also Table5.1). For k = 3 they have the following form:

6
= —, 5.197
o= 13 ( )
nooos_
6V1 6V0— ,
oo 9
11 18 9 2

o Vi3 T g Vit2 + gVt T gVi = 0. j=01....
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Multiplying (5.196) by y,,,—3—;, summing over/ = 0, ..., m — 3 and using (5.197),
we find that

18 9 2
2 2,2
”Cm“L2(Q) + (_ 6 Ym-3 + 8)/1’"—4 - g)/m—S) ”C ”LZ(Q) (5198)

9 2 - 2
+ gym73_8)/m74 ”; ”Lz(.Q) 67/m 3”; ”LZ(Q)

m—4
<0t G2y + 7 D Y3153 o) + Z Ym—3— IZ 15172 @)
=0
m—3 m-—3
+3 2 vm—atl 2 = G o)+ TK D ymoa—iq (e T 3).
=0 =0

Omitting some non-negative terms of the left-hand side of (5.198) and using estimate
(5.115), we obtain

3K m—1
1" 1720y < T 720, + TG (1 + T) D172 (5.199)
=0

m—1

+3G D le" = ¢ Mg + TGKqu, e, h, 7. 3)
20 2 2
+ 5 Gl o)+ £GIE N2y + £ GIE I o)
Using estimate (5.187) for the term Z ||g“l o=t ||L2(S2)’ from (5.199) we get

39K\
1" 172y < T 720, + TG (10 + F) Do, (5200
=0

13 9
+ ZTGKq(u, e, h,1,3)+ ZrecBanznlz
247 L2650 29

If we use the notation

2K 110 13 TGK
x=c2 1" z_
11—t

N R L2650 0

_Zl—ryo’
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we can write (5.200) in the form

m—1

1" 1320y < TX DN a0y + Y + Zqu, 8., 7,3), m=3,...,r.
=0
(5.201)

Now, in the same way as in the proof of Theorem 5.31, with the aid of the discrete
Gronwall Lemma 1.11 we derive the estimate

||§m||§2(9) <Y +Zqu,e h,t,3)e’™*, m=3,...,r (5.202)

This inequality and the inequality (1 — tyo)_l < 3 (which is also valid for k = 3
since yp = % and T < 1), imply that

1E" 172y = (Y + Zg(u, 6. h 7. 3))e" (5.203)

29 o0 265 1, 247 5,

27 39
+ erGcB|||;2|||2 + 5 TGKq(u. . h. 7. 3))eTG<“7K/48+30>, m=3,...,r

By (5.133), we have [lej! |17, o) = 21" 17200, + 21X 72 Now. (5.184),

(5.185), and (5.203) imply

2 2 2
”elfr,n”LZ(_Q) S 2 (”;m”LZ(Q) + ”Xm”LZ(_Q))

265 247 27
<2(29Gllepl35 o + ==Gllepl7s o, + ——GlieslI2, o) + —1eGCaIIE I
(£2) 2 (£2) 2 (£2) 4

39
+ 5 TGKq(u, e, h,7,3)+ Cp h*" ||u||§)eTG<”7’</4€+30>, m=3,...,r

which gives (5.192) with

~ 39 27
Cs := max (265 G, (TTGK + cp,L) llull3 + 7) eTOTK /46+30)

form = 3, ..., r. Obviously, 53 > 1 and, hance (5.193) is satisfied also for m =
0, 1, 2, which proves the theorem. O

5.2.3.4 Error Estimates for the 2- and 3-Step BDF-DGM
in the L2(0, T; H' (2, J}))-norm

Theorem 5.34 Let Assumptions 4.5 in Sect. 4.3 be satisfied and let 02y = (.
Let u be the exact solution of problem (5.68) satisfying (5.69). Let t; = lt,
l=0,1,...,r, T = T/r, be a partition of [0, T] andletu;l, [l =0,...,r, be the
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http://dx.doi.org/10.1007/978-3-319-19267-3_4

5.2 Backward Difference Formula for the Time Discretization 217

approximate solution defined by the k-step BDF-DG scheme (5.75) with k = 2, 3.
Then there exists a constant C such that

leliy o 12, (5.204)
k—1 ) )
< C(MZW*” + A+ /20 ) A+ 10D (||efl 2@y + Tellle] |||2) )
j=0
Proof (i) For k = 2, we can use relation (5.172), i.e.,
—||;’+2||L2(Q)—2||¢1+l 1720+ ||; 1720y + 162 =02 o) (5.205)

— e =l ia ) + —|||;l+2|||2

< r||§l+2||L2(Q) +T— Z g+ ”L2(9) +1tKq,e h,t,2), [=0,...,r—2.

Now, after summing (5.205) over/ =0, ..., r — 2, we obtain

3 1
2 1,2 1,2 02
E”Cr”l}(g) - E”é‘r ”Lz(.Q) - 5”( ||L2(.Q) + E”é‘ ||L2(.Q)

r
r_ =12 1_ ,0)2 Te Z L2

r—1
<t Z 181220, + rK (1" 12a gy + 16"~ ) + TKq (a2 1 7. 2),
=2 =1
which implies that
r
{Zm;’mz < %u;’—lniz(m 18720y + ||¢ 1720, (5.206)
=2

+r2||; 17200, 4o 2K Zn; 1720 + TKq, &, h, 7,2).

Using (5.185), from (5.206) we get

.
£ K
= 2 g < (11 +2T + 4T;) (Nell2 ;. pozo, + Chm 1ul3)
=2

+TKq(u,e,h,t,2)
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and therefore,
TE K
= 2 Mg < (11 +2T + 4T;) (el poeqzzy + Ch i Iull})
1=0

1
TE .
+TKq,e,h,1,2)+ — > g (5.207)
j=0

By (5.133), we have [II¢/[II> < 2llle} III* + 21l x"[lI>. This, (5.87) and (5.139) yield
I < 2llel i +2C3 A “DlullF, 1=0,1,....r, (5.208)

Inequalities (5.207) and (5.208) imply that

.

TE K

= 2P < (11 +2T + 4T;) (el pvny + ChLn™ Iul}) (5209)
=0

1
+TKq(u, e h,7,2) +2teCh h* P VljullF + e D lllej I
j=0

Further, summing (5.87) over [ =0, ..., r, we get

,
e > lIx'lI* < eCh VNl J(T + 1) < 26CH TH* Vulf.  (5.210)
=0

Finally, letus set C9 = max(11+27,4T K). Then, from (5.131), (5.133), (5.209)
and (5.170) it follows that

.
el . pagany = 22 > (06712 + 11 11?) (5.211)
=0

< 4Co(1 + 1/e) (Coth® + w41 + 1/2) + C} L1 u]})

+ATKq(u, e, h,7.2) +81Ch H2H D |u))] +4eC Th*H=D |u))}

1
+4Co(1+1/0)C2 Y (llef 132, + Tellepll?)-
j=0

Now, for k = 2, assertion (5.204) of the theorem follows from (5.164) and (5.211)
with C = O (exp(BGT (1 4+ 2K /¢))) since Cr = O(exp(3GT (1 4 2K /¢))).

(ii) For k£ = 3, we start from inequality (5.194). Using (5.195), the coercivity
(5.84) applied to the term Ay (¢/*3, ¢/*3) and summing over / = 0, ..., r — 3, we
find that
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2 —12 —22 22
g”é‘r”LZ(Q) - g”fr ||L2(Q) + g”;r ||L2(.Q) - g”; ||L2(Q)

,
||; 1720y — ||; 12y + 5 2 '
[=3

r=3 2
rZIIC 12y + 75 ZZH;”’MLZ(Q) (5.212)
=3 =0 i=0
r—1
+3D 0 = ¢ 0oy + TR, 6, h, 7, 3).
=2
By (5.187) and (5.212) we have
229 247
1 212 1,2
—;IIIE I < 6|| ¢ ||L2(9)+ B ¢ I|L2(9)+EIIE 72y (5:213)

||r; 172 +rZ||c 172 TELS Zn; 120

r—1

13 27K Lo 9 22
+ 5 TKq, e h,7.3) + (9+K)§;”C 172+ 77eCIIEIP.

This inequality and (5.185) imply that
13
— Z (sl —recgmq I+ TKqGu e, h,7,3)
137 39K
+2 (T +10T + T?) (||€||i,f,Lo<>(Lz> + C%,Lh2“||u||§),
which together with (5.208) yield
9 2u—1) .12 202
—Zmz I* TKq(u e h.7.3) + S1eCp(Ch 20Vl + g )
137 39K
+2 (T +10T + TK) (”e”ﬁ,f,maz) + C%,Lhzﬂnunﬁ)

2
tre (Z llej,I* +3Cp >+ ||uI|§) : (5.214)

=0

Using the notation C19 = 8 max(13Z + 107, ¥1£), from (5.214), (5.192) and
(5.210), we obtain the estimate
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,
lell} . p2qmy < 278 D AL + Ix 1) (5.215)
=0

< Cro(1 + 1/¢) (@(W F 01+ 1/e) + C%YLhz“nuHﬁ)

+13TKq(u, &, h,7,3) + 18teCCp > “ V|ul|f + 4eCp . Th** Vlju|
2

+Cro(1+ 1/6)C3 (Z lej 1720, + re|||e,%|||2) + 187eCxllef I
=0

2
1 4te (Z llehllI? +3C3 h2HD |y ||§) .

=0

Now, Afor k = 3, the assertion (5.204) of the theorem follows from (5.164) and (5.215)
withC = O (exp(GT (30 4+ 117K /4¢))),since C3 = O (exp(GT (30+117K /4¢))).
a

Remark 5.35 We observe that estimates (5.170), (5.192) and (5.204) are opti-
mal with respect to & as well as 7 in the discrete L*°(0, T’; L?(£2))-norm and
L%0, T; H'($2, Z},))-norm.

It can be seen that these estimates are not of practical use for ¢ — 0+, because
they blow up exponentially with respect to 1/e. This is caused by the treatment
of nonlinear terms in the error analysis. The nonlinearity of the convective terms
represents a serious obstacle for obtaining a uniform error estimate with respect to
e — 0+.

Remark 5.36 The proven unconditional stability may seem to be in contradiction
with the Dahlquist barrier (see [162, Theorem 1.4]) which implies that the 3-step
BDF method cannot be unconditionally A-stable. However, in our case, the k-step
BDF scheme withk = 2, 3 was not applied to a general system of ODEs, but to system
(5.68) arising from the space semi-discretization of (5.68) under the assumptions of
the symmetry of the form A, and some favourable properties of the form b;,, which
cause that all eigenvalues of the Jacobi matrix of the corresponding ODE system lie
in the stability region of the k-step BDF method with k = 2,3 forany 7 < 1 and
h € (0, h).

Remark 5.37 The presented numerical analysis can be partly extended also to NIPG
and IIPG variants of the DG method. However, the determination of error estimates
for the 3-step BDF-DG method employs equality (5.189), which is not valid for
NIPG and IIPG variants due to their non-symmetry. It is not clear to us whether it is
possible to avoid this obstacle.

On the other hand, for the 2-step BDF-DG method, a weaker result than (5.170)
can be derived for NIPG and IIPG variants, for example,
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1

lell} ooy C [ WF TV +eH A+ 1)+ D llefliag, | (5:216)
j=0

where C is independent of /& and t. Estimate (5.216) can also be proved in the case
of mixed Dirichlet-Neumann boundary conditions, i.e., for nonempty 92y .

5.2.4 Numerical Examples

In this section we demonstrate the theoretical error estimates (5.170), (5.192) and
(5.204) derived in the previous section. We try to investigate the dependence of
the computational error on & and t independently. Based on (5.170), (5.192) and
(5.204) we expect that the computational error e, ; in the L2(£2)-norm as well as
the H'(£2, .7},)-seminorm depends on / and 7 according to the formula

enr ~ cph?™ 4 ¢ T, (5.217)

where ¢, and ¢, are constants independent of /4 and .

In our numerical experiments we solve Eq. (5.68a) in £2 = (0, 2,002 = 002p,
fi(w) =u?/2, i = 1,2, equipped with the boundary condition (5.68b) and the initial
condition (5.68d).

5.2.4.1 Convergence with Respect to t

In this case we put e = 0.01, 7 = 1 and the functions u p, ¢ and g are chosen in such
a way that the exact solution has the form u(x, x2, 1) = 16 (' — 1)/(e'® — 1) x;
(I —xpx2(1 — x2).

The computations were carried out on a fine triangular mesh having 4219 ele-
ments with a piecewise cubic approximation in space and using 6 different time
steps: 1/20, 1/40, 1/80, 1/160, 1/320, 1/640. For such data setting we expect
that ¢, h?*! « ¢, 7% and, therefore the space discretization errors are negligible.
Figure 5.1 shows the computational errors at# = T and the corresponding experimen-
tal order of convergence with respect to 7 in the L?(§2)-norm and the H'(£2, 9,)-
seminorm for the k-step BDF scheme (5.75) with k = 1, k = 2 and k = 3. The
expected order of convergence O(z*) is observed in each case. A smaller decrease
of the order of convergence in the H 1(£2, ,)-seminorm for k = 3 and T = 1/640
is caused by the influence of the spatial discretization since in this case the statement
cphPt! <« ¢ 7% is no longer valid.

5.2.4.2 Convergence with Respect to &

In this case we put ¢ = 0.1, T = 10 and the functions u p, ug and g are chosen
in such a way that the exact solution has the form u(xy, x2, 1) = (1 — e~ 10 )(x]2 +
x%)xlxz(l —x1)(1 — x3). As we see, we have u = p + 1.
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Fig. 5.1 Computational errors and orders of convergence with respect to the time step 7 in the
L2(§2)-norm (left) and the H' (82, 9,)-seminorm (right) for scheme (5.75) with k = 1 (full line),
k = 2 (dashed line) and k = 3 (dotted line)

The computations were carried out with the 3-step BDF scheme (5.75) on 7
triangular meshes having 128, 288, 512, 1152, 2048, 4608 and 8192 elements, using
the time step T = 0.01. For such data setting we expect that ¢, 7?1 > ¢, 7 and the
time discretization errors can be neglected. Figure 5.2 shows the computational errors
att = T and the corresponding experimental order of convergence with respect to &
in the L2(£2)-norm and the H'(£2, .7},)-seminorm for piecewise linear Pj, quadratic
P, and cubic P; approximations. We observe the order of convergence O (hP*!)
for p = 1,2, 3 in the L2(£2)-norm and O (h?) in the H'($2, F},)-seminorm, which
perfectly corresponds to the theoretical results (5.204).
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Fig. 5.2 Computational errors and orders of convergence with respect to the mesh-size 4 in the
L2(£2)-norm (left) and the H'(£2, Z,)-seminorm (right) for scheme (5.75) with Py (full line), P>
(dashed line) and Pz (dotted line) approximations



Chapter 6
Space-Time Discontinuous Galerkin Method

In Chap.5 we introduced and analyzed methods based on the combination of the
DGM space discretization with the backward difference formula in time. Although
this approach gives satisfactory results in a number of applications (see Chap.9), its
drawback is a complicated adaptation of the space computational mesh and the time
step. From this point of view, a more suitable approach is the space-time discontinu-
ous Galerkin method (ST-DGM), where the DGM is applied separately in space and
in time.

The ST-DGM can use different triangulations arising on different time levels due to
a mesh adaptation and, thus it perfectly suits the numerical solution of nonstationary
problems. Moreover, the ST-DGM can (locally) employ different polynomial degrees
p and ¢ in space and time discretization, respectively.

Section6.1 will be concerned with basic ideas and techniques of the ST-DGM
applied to a model of a linear heat equation. In Sect. 6.2, we extend the analysis to a
more general convection-diffusion problem with nonlinear convection and nonlinear
diffusion. Sections 6.3 and 6.4 will be devoted to some special ST-DG techniques.

6.1 Space-Time DGM for a Heat Equation

In this section we present and analyze the space-time discontinuous Galerkin method
applied to a simple model problem represented by the linear heat equation. We
explain the main aspects of the ST-DG discretization for this problem and derive
the error estimates in the L>(0, T; L2(£2))-norm and the DG-norm formed by the
L%(0, T; H (2, Z},))-norm and penalty terms.

Let 2 c RY, d = 2 or 3, be a bounded polygonal or polyhedral domain, 7 > 0
and Q7 := 2 x (0, T'). We consider the problem to find u : Q7 — R such that
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ou .

§=8Au+g in Or, (6.1a)
u |8QD><(0,T) =up, (6.1b)
Vi nlyoyx0,1) = &N 6.1¢)
ux,0) =u’(x), xe . (6.1d)

Similarly, as in Sect. 4.2 we assume that the boundary 952 is formed by two disjoint
parts 0§2p and 082y with meas;_1(3§2p) > 0, and that the data satisfy the usual
conditions (cf. (4.2)): up = trace of some u* € C([0, T]; H'(£2)) on32p x (0, T),
e>0, geC(0,T]; L>(2)), gnv € C([0, T]; L>(32y)) and u® € L*(2).

6.1.1 Discretization of the Problem

6.1.1.1 Space-Time Partition and Function Spaces

In order to derive the space-time discontinuous Galerkin discretization, we introduce
some notation.

Let r > 1 be an integer. In the time interval [0, T] we construct a partition
0=ty <--- <t, =T and denote

Ly = n—t,tw), Im=I[tm=1,tml, T =tm —tm—1, T= I_nlax Tm-

Then
0,T1=U,_iIm, InNIL,=0 form#“n, mn=1,...,r
If ¢ is a function defined in (J;,_, », we introduce the notation
O = ¢(tnk) = 1im o), {@hn =05 — 0, (62)

provided the one-sided limits lim ¢(¢) exist.
t—tyt

For each time instant ¢,,, m = 0,...,r, and interval I,,, m = 1,...,r, we
consider a partition .}, ,, (called triangulation) of the closure 2 of the domain 2
into a finite number of closed simplexes (triangles for d = 2 and tetrahedraford = 3)
with mutually disjoint interiors. The partitions .7, ,, may be in general different for
different m. Figure 6.1 shows an illustrative example of the space-time partition for
d=1.

In what follows we use a similar notation as in Sect. 2.1, only a subscript ,, has
to be added to the notation because of different grids .7, ,,. By %5, we denote
the system of all faces of all elements K € .7}, ,,. Further, we denote the set of all
inner faces by fh{m and the set of all boundary faces by ﬁf’m. Each I' € )
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Th,3 t3=T
I3
Th,2 K €Ths to
1o
IZ7L,1 t1
K e 7—},,,1
I
Tho to =0
K e /Th,?() Q

Fig. 6.1 Space-time discretization for space dimension d = 1

will be associated with a unit normal vector n, which has the same orientation as
the outer normal to 982 for I' € FPf .InI" € ZP  we distinguish the subsets

the of all “Dirichlet” boundary faces ﬁ,fm ={I' e Zym: I' CoRp} and of all
“Neumann” boundary faces 7\, = {I" € Zjm, I' C 382y }. We set

h,m

hg = diam(K) for K € J , hm = maxgeg, ,hk, h= max hy.

m=1,...,r

By px we denote the radius of the largest ball inscribed into K.
For any integer k > 1, over a triangulation .7, ,,, we define the broken Sobolev
space

HY2, Thm) = v € L2(2); vk € HX(K)VK € T}, (6.3)

with seminorm

12
|V|H"(Q,._%,_m)=( z |V|§.1k(K)) . 6.4)

KeThm

In the same way as in Chap.2, we use the symbols (v) and [v]r for the mean
value and the jump of v € H*(£2, ), ,») on the face I € Fh.m, see (2.32).

Let p, g > 1 beintegers. Foreverym = 1, ..., r we define the finite-dimensional
space

S, = {w € L2(2): ¢l € Py(K) VK € %m} . 6.5)
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Over each mesh .7, ;, we use the L?-projections analogous to 7 k,p and [T, defined
in (2.89) and (2.90). For simplicity we denote these projections by I}, ,,. Hence, if
KeIymm=1,...,r,andv € Lz(K), then

(ITh.mV)|k € Pp(K), (Ipmv—v,9)12k) =0 Vo € Pp(K), (6.6)
and, if v € L?(£2), then

Iy € S,f’m, (ITpmv —v,9) =0 Vo e S,f’m. (6.7)

As in previous sections, (-, -) ;2 (k) and (-, -) denote the L?(K)-scalar product and the

L?(£2)-scalar product, respectively, and P, (K) denotes the space of all polynomials
on K of degree < p. Properties of these projections follow from Lemmas2.22 and
2.24 and they are summarized in (6.28) and (6.29).

The approximate solution will be sought in the space of functions that are piece-
wise polynomial in space and time:

q
spt =o€ L2@n); 0. 0],, = D1 9ni @) (6.8)
i=0

with @, ; eSfm, i=0,...,q, m:l,...,r].

6.1.2 Space-Time DG Discretization

We derive the full space-time discontinuous Galerkin discretization in a similar way
as the space discretization introduced in detail in Chap.2. We consider an exact
regular solution satisfying the conditions

a
ue L20,T: HX(Q)), 8—’: € L20,T; H'(2)). (6.9)
Then u € C([0, T]; H? (£2)). Such solution satisfies (6.1) pointwise. Moreover, let
m € {1, ..., r} bearbitrary but fixed. We multiply (6.1a) by ¢ € S f”f, integrate over

K x I, and sum over all elements K € .7}, ,,. Then

/lm(u,qo)dt—i—s/l ( > /KVM-Vq)dx— > /BKVu-ngpdS)dt

" KeThm KeThm

= (g, @) dt, (6.10)
I

where we use the notation u’ = du /dt.
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First, we deal with the time derivative term. With the aid of integration by parts,
we have

[ o == [ worars e - @i, 6D
In I
Since the exact solution u is continuous with respect to 7, we have u;} | = u, |
(cf. (6.2)) and, thus

W P 1) = (1> @) (6.12)

Substitution of (6.12) into (6.11) and the integration by parts (in the reverse manner)
yield

Z (M/7 90) dt = _Z (Ms (p/) dr + (uy;s (Pn:) - (uy;_p go,-yt_l) (613)

=/ W' @) dt+ @l ob D)= (1 of )

:z (u/, @) dr + ({u}m—lv go;_‘y';—l) :

Remark 6.1 Identity (6.13) also makes sense for a function u, which is piecewise
polynomial with respectto ¢t on I,,, m = 1, ..., r. Then the equality (6.12) can be
interpreted in such a way that the value of the function u at #,,,_; from the right (on
the new time interval) is approximated by the L2(§2)-projection of the value of u at
t;,—1 from the left (on the previous time interval). Therefore, we can speak about the
“upwinding” with respect to time—compare with the “space upwinding” in (4.16).

The discretization of the diffusion term and the right-hand side in (6.10) is the
same as in Chap.2. Hence, by virtue of (2.41)—(2.42) and (2.50)—(2.53), we define
the diffusion, penalty and right-hand side forms as

W, )= D /KVw-de— > /F(<VW)-n[¢]+@(V¢)-n[WDdS

KeThm rezl,
- > (Vw-ng+6Ve-nw)ds, (6.14)
rezp,
o Cw Cw
Iy = > [ wllelds + > = [ weds, (6.15)
—~ hr Jr ' hr Jr

re#, . rez,,

Apmw, @) = eap (W, @) + SJ}Zm(Wv ®), (6.16)

(@) = / godr + / enwds 6.17)
Q 92N
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C
—e® z /Vgo-nuDdS+8 Z h—W/ up ¢ds,
r rJr

D D
Feﬁh’m Feﬁh’m

where Cw > 0isasuitable constant and / - characterizes the face I" (cf. Lemma?2.5).
Moreover, in (6.14) and (6.17), we take ® = —1, ® = 0 and ® = 1 and obtain
the nonsymmetric (NIPG), incomplete (IIPG) and symmetric (SIPG) variants of the
approximation of the diffusion terms, respectively. Obviously, forms (6.14)—(6.17)
make sense for v, w, ¢ € H?(£2, Thm)-

By virtue of (6.10), (6.13) and (6.14)—(6.17), the exact regular solution u satisfies
the identity

/ (W', @) + Apm(u, 9)) dt + ({utm—1. 0, _,) =/ Chm(@)dr  (6.18)

m m

VoeSrd, m=1,....r withu0-) = u’.

Based on (6.18), we introduce the approximate solution.

Definition 6.2 We say thata function U is a ST-DG approximate solution of problem
(6.1),if U € S% and

/ (U, 9) + ApmU, 9) dt + ({Uln-1, 05 _) =/ Chm(p)dr  (6.19)

M m

VoeSlt m=1,...,r, with Uy := I ou’,

where U’ = 9U /dt. We call (6.19) the space-time discontinuous Galerkin discrete
problem.

Remark 6.3 The expression ({U Ym—1, wnt_l) in (6.19) patches together the approx-
imate solution on neighbouring intervals I,,—1 and I,,,. At time t = fo = 0 we have
{U}o = UO+ — Hh,muo. It is also possible to consider ¢ = 0. In this case, scheme
(6.19) represents a variant of the backward Euler method analyzed in Sect. 5.1. There-
fore, we assume that g > 1.

Remark 6.4 With respect to notation in previous chapters, we should denote the
approximate solution by uj,, which would express that the approximate solution
depends on the space and time discretization parameters 4 and t. However, for the
sake of simplicity we use the symbol U'.

Theorem 6.5 Let the constant Cy satisfy the conditions from Corollary2.41. Then
there exists a unique approximate solution of (6.19).

Proof Letm € {1, ..., r} befixed and let U,,_, be given either by the initial condi-
tion or from the previous interval 7,,,_1. Identity (6.19) can be written in the form

%(Uv (/)) = / eh,m((p) dt + (Un:_lv 90;:;_1) ’ (p € S},::‘:—I’mv (620)
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where

AU, ¢) :=/I (U 9) + ApmU. @) di + (UF_ 7)) 621)

and

q
e, =le e 2@ x 1) or. =D i i with g € 5], i =0.....q].
i=0
(6.22)

Obviously, the form Z is a bilinear form on the finite dimension space Sh +.m and
the right-hand side of (6.20) is a linear functional depending on ¢ € S/¢ . Then,

h,t,m*
by virtue of Corollary 1.7, it is sufficient to prove the coercivity of the form % on
Sp 4 » With respect to a suitable norm. Hence, using (4.85), the coercivity of Ap

followmg from (2.140) and integration over I,,, we obtain

R, 9) = / (0. @) + Anm(e. 9) di + (0. 07 ) 623)

m

1
:/1 (2 dr 191172 ) + Anm (@, 90)) dr + ||¢p 1||L2(Q)

_ 2 2
Y (o A S Ay A YO Y Pl

v

1
5 (lon 20y + l9-11200y) +eCc /1 gl dr =: 1ol

It is possible to show that |||, is a norm on the space Sh o and, thus the form Z is
coercive. Then Corollary 1.7 implies the existence and uniqueness of the approximate
solution. (]

Exercise 6.6 Show that ||-||, defined in (6.23) is a norm on the space S/ n t me

Our main goal will be to investigate the qualitative properties of the ST-DG scheme
(6.19). In particular, we are concerned with the analysis of error estimates.
First, we recall some results from previous chapters.

6.1.3 Auxiliary Results

In the theoretical analysis, we consider a system of triangulations
{'%lf}he(o,l_z),re(o,f)’ h > 0, 7 >0, Thr = {%,m}:n:()v (6.24)

satisfying the shape-regularity assumption (2.19) and the equivalence condition
(2.20):
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h _
K ccr, KeThm m=0,....r, he©h), (6.25)
PK

Crhx <hp <Cchg, K€ Iym I'€ Ty, T CK,m=0,....r, h €(0,h),

(6.26)

with constants Cg, Ct, Cg > 0 independent of i, K, I', m and r (cf. Lemma?2.5).
We also assume that the constant Cy from definition (6.15) of the penalty forms
J;l” me M =0, ... r, satisfies conditions from Corollary 2.41.

We again use the DG-norm in the space H! (2, Thm), m=0,...,r, given by

1/2
el =( " lel g + Jim@. 0) (627)
KeThm

If p, s > 1 areintegers and 4 = min(s, p+ 1), then it follows from Lemmas 2.22
and 2.24 that form = 1,...,r and any v € H*(§2), we have the standard error
estimates for the space interpolation:

if s > 1, then

1 Tp,mv = vi2k)y < Ca R e k), (6.28a)
—1
[Thmv = VIgix) < Ca R e k), (6.28b)
if s > 2, then
-2
[T mv — V|H2(K) <Cq hl;( VI (K, (6.28c)

for K € Fm and h € (0, h).
Lemma 6.7 Let K € Jj,n, h € (0, h). Then
||Hh,mV||L2(K) = ||V||L2(K) forv e LZ(K), (6.29a)
|Hh,mV|H1(K) < C1|v|H1(K) fOrV (S HI(K), (629b)
where C1 is a constant independent of h, K, v, m and r.

Proof Inequality (6.29a) is a consequence of the definition (6.6) of the operator I, p, .
Namely, setting ¢ = ITj v in (6.6) and using the Cauchy inequality, we find that
||Hhﬂ"v||i2(1<) < IVl 2y 1HTn,m V|l 12 (k> Which implies (6.29a). Inequality (6.29b)
immediately follows from (2.97) in Sect.2.5, where we set s = ¢ = 1 and, hence
w = 1. Then we get

HTnmV g1 ky < Hnmv — Vg + Wik < (Ca + DPlgik),

which is (6.29b) with C; = C4 + 1. O
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Similarly as in previous chapters, important tools in analyzing the DGM will be

the multiplicative trace inequality and the inverse inequality: There exist constants
Cym, C; > Oindependent of i € (0, h), m,r, K € I} and v such that

W32k, = Cor (IVli2gk) Pl iy + g M)+ v € HUGKDL (630)
and
Wik < Crhg' IVli2). v € Pp(K). (6.31)

We use also the inequalities

1
i 02 W] = T )2, 00, )2 < (T, (0, 9) 4 871, 0, w)),
(6.32)
with an arbitrary 6 > 0, which are consequences of the definition of the form J;

and the Cauchy and Young inequalities. (See (2.118).)

6.1.4 Space-Time Projection Operator

In this section we introduce the S }IZ ’rq -interpolation defined as the space-time projec-
tion operator 7 : C([0, T']; L2(2)) —> Sf;’rq in the following way.
Letv € C([0, T]; L*(£2)). Then

mveSyt, (6.33a)
(v)(x,ty—) = Iy v(x, ty,—) for almost all x € 2 andallm =1, ..., r,

(6.33b)

(wv—v, p)dt =0forall ¢ € S,f’f” andallm=1,...,r, (6.33c)

I

where the operator Iy ,, is given by (6.7). As we see, condition (6.33c) means
that the interpolation error 7v — v is orthogonal to the polynomials of degree <
g — 1 on I,,. The lower degree of test functions ¢ is compensated by the additional
condition (6.33b), which means that the space-time projection 7 v is equal to the
space projection 1 ,, v at the time instants t,, for t — t,,—. Because of our further
considerations it is suitable to set

(@v)(x,0—) := T} ov(x, 0). (6.34)

In what follows, we are concerned with the existence and uniqueness of the inter-
polation operator 7 and its properties.
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6.1.4.1 The Existence and Uniqueness of the Space-Time Projection &

We start from the definition of the Legendre polynomials .Z;(¢), ¢ € [—1, +1].
They are defined by the conditions

L) =1, (6.35)
2A@) =9,
2i +1 i )
ZLi1(¥) = mﬁafi(ﬁ) - i—i—_lﬁ_l(ﬁ)’ i=12,....

By induction it is possible to prove that the polynomials .%; are L2-orthogonal in the
interval [—1, 1] and satisfy the relation .%; (1) = 1 (see, e.g., [210]). Moreover, the
sequence {-%; }?io isdenseinthe space C([—1, 1]). Hence,any ¢ € C([—1, 1]; Sf,m),
m=1,...,r, can be expressed as

P, 1) =D ¢i(x) L),

i=0

where ¢; € Sf:!m, i=0,1,....

Letg > 1and m € {1,...,7} be given. Let P,;(—1, 1; S,f’m) be the Bochner
space of polynomial functions v : £2 x [—1, 1] — R of degree < ¢ with respect to
t € [—1, 1] given by (1.44), where v(-, t) is a piecewise polynomial function from
S;:m forallt € [—1, 1]. Further, let us define the operator 7 : C([—1, 1]; L2(.Q)) —
Py(—1,1; 8} ) by

v e Py(=1,1; Sy ), (6.36a)
@) (x, 1) = T mv)(x, 1), x €82, (6.36b)
1
/ AV =V, 0)dd =0 Vo e Pj_1(—1,1; Sf:m). (6.36¢)
-1 ’
Lemma 6.8 Let g > 1 and m € {1,...,r} be given. Let Iy, ,, be the space

projection operator defined by (6.7). Then the operator & from (6.36) can be
uniquely expressed with the aid of the Legendre polynomials in the following way. If
e C(—1,11; L>(2)), x € L and t € [—1, 1], then

qg—1 qg—1
@) =D W@ L@ + [ w1 =D %) | L), (637)

i=0 i=0

where V; € S}f . are the coefficients in the expansion of the function ITj, ,,V in the
basis formed by the Legendre polynomials in the form
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o

D) (x, 1) =D~ 9i(x) Zi(1), Vi €S),,. (6.38)
i=0

Proof First, we show that 77 v defined by (6.37) and (6.38) satisfies (6.36). Itis obvious
that 79 € Py (-1, 1; S{Zm) and (omitting the variable x) we have

q—1 gq—1
AV =D B L)+ [ Dpwd(D) = D i | Z, (1)
i=0 i=0

qg—1 g—1
=" B+ Mywd(1) = D9 = I ().
i=0 i=0

Let us choose an arbitrary function w € Sf!m and nonnegative integer k < g. Using
(6.7), (6.37) and (6.38) we successively get

1
/ FD =, wL)do
-1

1 fa-1 q—1

= [0+ (M) = 350 2~ i | a0
-1 \izo i=0
1 0 q—1

S R ERERY L FTUED A E A I
—1 . .
i=q i=0

thanks to the orthogonality of the polynomials .%;, i =0, 1,.... L
Now we prove uniqueness. Let us assume that there exist two functions ¢1, ¢ €
Py(—1,1; Sfl’m) satisfying (6.36b) and (6.36c¢) (i.e., relations (6.36b) and (6.36¢) are

valid with #9 := ¢;, i = 1, 2). It follows from (6.36b) that 1 (1) = ¢2(1) € Sy .

Then there exists i € Py—1(—1, 1; S} ) such that ¢ () — 2 () = (¥ — DWw(D).
Further, by (6.36¢),

1 3 1
0= / 1(<231 () — 2(9), w(¥))d? = /1(19 — D) |>dy.

Since the function (% — 1)||[w() ||2 is continuous and non-positive in the interval
(—1, 1), necessarily ||vT/(z§‘)||2 =O0forall ¥ € (—1, 1) and, hence w = 0. (I

Theorem 6.9 The projection 7 defined by (6.33) exists and is unique. Moreover,

(), = n(nh,mv)|,m = Iy m(vly,), m=1,...,r. (6.39)
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Proof First, we express the operator 77 with the aid of the operator 7 from (6.36).
Letm € {1,...,r} be fixed. If we introduce the mapping Q,, : (—1,1) — [, =
(tm—1, t) such that

tn + tu—1 + 0T

) 19 _1717
> €e(=L1D

On () =
we can put
(v)(1) = (ﬁﬁ)(Q,;l(t)) with V() = v(Qm(P)), te€l,, m=1,...,r,

where 7 is defined by (6.36). It is obvious that the mapping 7 defined in this way
satisfies (6.33). The uniqueness of m can be proven in an analogous way as the
uniqueness of 7 in the proof of Lemma 6.8.

Further, we prove (6.39). Obviously, by (6.33b),

(I mv) (tm—) = My Ty vt —)) = Tpmv) (tm—) = (7wV) (tm—). (6.40)
By the definition of [Ty, ,, (v|,) we have

/ Ipmv—v)epdx =0 Vo, € Sfm. (6.41)
o .

Moreover, by virtue of (6.33c),

/ (/(nv(r)—v(r))whdx)tjdt=O VoreS) Vji=0,...,q-1
Im Q ’
(6.42)

Similarly, we can write

0 =/ (/ (JT(Hh,mv) — Hh,mv) Oh dx) t dt
Im Q

Z/I (/:2 (@ (Tyw) (1) = V() + 0 0) = Thnv(1))) dx) t/ dt

=/ (/ (w(ITpmv) (1) — v(1)) @n dx) ) dt,
I 2

as follows from (6.33c) and (6.41). These relations, (6.42) and (6.40) imply that
@1, = 7#Tp,mV)I1,, -
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The proof of the second relation in (6.39) is even simpler. It is possible to write
q .
7TV|[m = Zvitl,

i=0

where v; € 7 . Since ITj, ;v = v;, we have

q q
Iy (rvlp,) = Znh,mvitl = ZV,’I' =mv|y,. U
i=0 i=0

6.1.4.2 Approximation Properties of the Space-Time Projection &

Now we derive the approximation properties of the projection 7 defined by (6.33).
First, we present one technical result.

Lemma 6.10 Leru € H111(0, T; L?(82)). Then, under the notation

th—H =991 /919t g =0,1,..., we have
O (M) = Iy (37 00), (6.43)
AT (VT ) = VT 30 0. (6.44)

Proof Actually, ITy, uu(-,t) € S,f’m and forall t € I,

/Q (I mu(x, 1) —u(x,0)) px)dx =0 Vo€ S}’:’m.

The differentiation with respect to 7 yields
/ (08 (I e (x, 1) — 38 u(x, 1)) p(x)dx =0 Vg eSP .
o ,
Moreover, obviously 8,‘”1 Ty mu(t)) € Sf:m and thus (6.43) holds. Similarly we

can prove (6.44). O

Now, we introduce mappings P,, m = 1, ..., r, which will serve for a represen-
tation of the operator 7 given by (6.33).

Lemma 6.11 Letm € {1, ..., r}bearbitrary butfixedand ¢ € C([t;—1, tm]; S;:m).
Then

Tex,t) =Ppo(x,t) Vx € K VK € Gy Vt € Iy, (6.45)
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where Py, is defined in the following way: For ¢ € C([tm,1 s tm]),

Pt € Py(In), (6.46a)
/1 (Put(®) —¢@®))t/dt =0 Vj=0,...,q— 1, (6.46b)
P (tm—) = S (tm—). (6.46¢)
Proof Letm € {1, ..., r}. Similarly as above, we can prove that conditions (6.46)

uniquely define the operator P,,. From the definition of 7 and P,,, it follows that on
K x I, for every K € .7, ,, the functions 7w¢ and P,,¢ are polynomials of degree
<gqgint € I, and degree < p in x € K. Moreover,

TOX, tm—) = @(X, tn—) = Ppo(x, ty—) Vx € K.

Obviously, condition (6.33c¢) is equivalent to

/ (/ (me(x,t) —elx, 1) ¥(x) dx) t1dr =0 (6.47)
In \JK

Vji=0,....q—1 V¢ € P,(K) YK € Tjm.
Further, by (6.46), for any K € . .,

P, 1) —px, )t/ dt =0, Vj=0,....q—1 VxeK. (648)
lm

Let » € Py(K). Then (6.48) and Fubini’s theorem imply that

0 =/ ( Pre(x, 1) —e(x, 1)) t dt) ¥(x)dx (6.49)
K \JI,

=/ (/ (me(x,t)—w(x,t))llf(X)dX)) t/de
I, K
Vji=0,....,.9—1 Yy € P,(K) YK € Tpm.

Comparing (6.49) with (6.47) and taking into account the fact that the operator 7 is
uniquely determined by conditions (6.33), we immediately get (6.45). ]

In what follows we prove error estimate for the time interpolation and the space-
time interpolation operator . First, we prove the estimate of the operator Py,
m=1,...,r.

Lemma 6.12 Let m € {1,...,r} be given and let P, be given by (6.46). If ¢ €
HI% (1), then

[Pug =212, < Comn a7 |

. (6.50)
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where Co > 0 is a constant independent of {, m and t,,.
Proof We proceed in several steps.
(i) We transform the reference interval [0, 1] onto the interval [f,_1, t,,] by the
mapping

t =ty — 1, O €][0,1]. (6.51)
If ¢ € HIT(I,) and £ (¥) := {(tw — Tu?®), then £ € HIT1(0, 1) and

P (tn — Tw) = PL(),

where the operator P is defined by

Pz € P,(0, 1), (6.52a)
1

/ (ﬁé(ﬂ)—f(ﬁ))ﬁfdﬁzo Vi=0,....q—1, (6.52b)
0

PZ(0+) = C(0+). (6.52¢)

Moreover, if we set

Zi(t) =Pl (t) — £(1), 1 € (tuts ), (6.53)
2(0) =PE(®) — C(®), ¥ € (0,1),

we have

() = Zp(tm — T ), (6.54)
3T () = (=) e d T 90 Z, (hy — Ta®), B € (0, 1).

By the substitution theorem,

1 2
lzl720.1) = —1Zml72 s (6.55)
L20.1) = ¢ NEMRLA(L)
+1 2g+1 +1
195 2l a0y = N0 ZunlTag,, -

(ii) Since conditions (6.52) determine the values of the operator p uniquely, it is
clear that

Py =y for ¢ e P,0,1). (6.56)
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Now we prove that the operator P is a continuous mapping of the space H41(0, 1)
into L%(0, 1). Let u,, € H911(0,1),n = 1,2,... and u, — 0in HI"1(0, 1) as
n — oo. The continuous embedding H4+1(0, 1) < C([0, 1]) implies that
up, — 0 uniformly in [0, 1] (6.57)
and hence by (6.52¢),
Pu, (0) — 0. (6.58)

For j =0,...,9 — 1 we have
1 A .
/ (Pun — u,,) ) 87 dv = 0.
0
This fact and (6.57) imply that
1 A . 1 .
/ Pu, (%) 9/ dv :/ u,(MH v’ dd -0, j=0,...,q9—1. (6.59)
0 0

Since f’un € P,;(0, 1), we can write

q
Pu, () =D ¢ 0" + (Puy)(0). ¥ €0, 1], (6.60)

i=1

(n) . . .
where c;” € R, i =1,..., q. Integration yields

1 1 4 1
/ Pu, (9) v/ dﬂ:/ > it dy + Pu, (0)/ 9/ do (6.61)
0 0I5 0

= 3 c?”)—l + Pu (0)—1 j=0 q—1
perlR i+ '
The matrix (ﬁ) ',‘:OL_“,q,l = (i-sl-_j)?,j=1 is the Gram matrix of the linearly
Jj=0,....q—

independent functions 9l i=0,..., q — 1, defined by the scalar product ((¢, s)) =
fol v (¥)s(v) dv. Hence, this matrix is nonsingular. Using this fact and (6.58),
(6.59) and (6.61), we find that

cl.(")—>0 for i=1,...,qg as n — oo. (6.62)
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Now (6.62), (6.58) and (6.60) imply that Pun — 0 uniformly in [0, 1] and, thus
Pu, — 0in L2(0, 1).
(iii) The above results allow us to apply Theorem2.16 and get the estimate

Izl 20,1y < CIOF T 2l 20,19 (6.63)

with a constant C > 0 independent of z € H a+1(0, 1). This fact and (6.55) imply
that

2
1Zn 1320, 5 < C T 07T 2,17 (6.64)

Um)*

Taking into account that 3,/ + P, ¢ = 0, we immediately get (6.50). (]

In Sect.6.1.11 we give a direct proof of estimate (6.50) without the use of The-
orem?2.16. As a consequence of Lemmas6.11 and 6.12 we get the following result.

Lemma 6.13 There exists a constant C3 > 0 such that

1 1 2
lrp@, ) — @G M ) < Catmn |07 o, ) |12 (6.65)

q+1 . QP Z
mo i) k] ms ’ m
forall o € HI™ (In; S, ), x € K, K € Thm, orx € I'y T' € Fyp and
m=1,...,r.

The error analysis will require the following results, analogous to Lemma6.13.
Their derivation will be based on the continuous embeddings

HY 0, 1; L*(22)) <= C([0, 1]; L*(2)) < L>®(0, 1; L*(R2)). (6.66)

(See, for example, [195].) Hence, there exists a constant C > 0 such that

”V”LOO(O,I;LZ(Q)) = C”V”Hl(o 1: LZ(Q)) Vv e H (0 1 LZ(Q)) (667)
where
”V”H'(O 1; LZ(Q)) ”V”LZ(O 1: Lz(Q)) + ||319V||L2(0 1; Lz(.Q)) (668)
Lemma 6.14 If g € WIt1-0(1,; SV ), then
e —@llpe,.122) = C4 ot |¢|W‘1+1»°°(1m;L2(.Q))v m=1,....,r, (6.69)

where C4 > 0 is a constant independent of ¢, m, Ty,.

Proof We proceed in a similar way as in the proof of Lemma 6.12. Let us use the
transformation (6.51), i.e.,, ¥ € (0,1) —» t = t,, — 1,0 € I,. For (almost all)
x € 82,t € I, we set
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Zn(x,t) =mo(x,t) —e(x,1) (6.70)
and
72(x,0) = Zp(x, ty — ), ¥ € (0,1). (6.71)
By (6.45), Z,,(x,t) = Py, 0(x,t) — ¢(x, t). Moreover,
26, 9) =Po(x, ty — Tn®) — @(X, ty — Tu®),

where the operator P is defined by (6.52). Obviously,

09z(x,0) = — 10 Zim (X, ty — T0),
09 2, ) =(— DI LI 9 2, (3, by — ), O € (0, 1).

It follows from the above relations that

2 a0y = ||Z M2y (6.722)
1992(x, 72,1y = Tm ||af Zn @) 72 (6.72b)

1 2 1 1
108 20, M a0py = T IO Zn e, T - (6.72¢)

From part (ii) of the proof of Lemma6.12 we deduce that the operator Pisa
continuous mapping of the space H9+1(0, 1) into H'(0, 1). Actually, assuming that
u, — 0in H911(0, 1) forn — +o0, taklng into account that Pu,, (0) — 0, (6.60)
and (6. 62) we find that Pun — O and 0y Pun — O uniformly in [0, 1] as n — +o0.
Hence, Pun — 0 forn — +ooin H'(0, 1).

These results, (6.56) and Theorem 2.16 imply that there exists a constant C > 0
independent of z such that

1
120, MF2g0.1y = CIOET 206, M 20 1y (6.73)

+1
19922, 7201y < ClIOG T 2, Ty

Now, by (6.71),
12
zll oo 0,1: 12 (52)) = €SS SUPye (0.1 (/ lz(x, 19)|2 dx) (6.74)
Q

1/2
=esssup,¢; (/ | Zm (x, t)|2dx) =|Zn ||Lm(1m;Lz(9)).
2
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Further, by (6.72c) and Fubini’s theorem we have

1 1
1_2 g+l _2 q+1_p2
||8qu z|| . =/ (/ 05" z| dx) do =/ (/ |05 " z| dz?) dx
D L2(0,1;L2(£2)) ) P -\ 9

2
= / 1087 20, 17200 = Tl T / 107! Z (e, 112, dx (6.75)
2 ’ 2 "

_ _2q+14q+1 2
- Tm ”8t Zm ”Lz(lm;Lz(Q))'

Now, taking into account (6.67), (6.68), (6.73)—(6.75), we find that

2 _ 2 2 2
||Zm “LOO(Im;LZ(.Q)) - ”Z”LOO(O,I;LZ(.Q)) = C (IIZ”Lz(O,l;LZ(Q)) + ”aﬂZ”LZ(O,l;LZ(Q)))

2g+1

+1 +1
<Clla} =Cry 0] Zm

2 2
Z”LZ(OJ:LZ(-\?)) ”LZ(Im:Lz(-Q))'

Finally, this estimate, the inequality

1
alt

187" Z,u 12 (6.76)

2
L2y = Tl Zimll ooy, 12(2))

and the definition (6.70) of Z,, yield (6.69). O

6.1.5 Abstract Error Estimate

The following sections will be devoted to the estimation of the error e = U — u,
where u is the exact solution of problem (6.1) and U is the approximate solution
obtained by the ST-DGM (6.19).

Subtracting (6.18) from (6.19) and using linearity of the forms, we obtain

/ ((U/ —u',p)+ Apm(U —u, </))) dr + ({U}m—l — {ubm—1, ‘P,,_:_l) =0,

I
(6.77)
peSyt,m=1,...,r
Similarly, as in previous chapters, we decompose the error into two parts:
e=U—-u=%&+n, (6.78)

where

E=U—-nueS’!, n=nu—u. (6.79)

h,T°
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Then (6.77) and (6.78) yield

/1 (2 0)+ Apm (. 9) &t + (Emto 0 (6.80)

=—/I (n’,<p>dt—<{n}m4,w,,t,1)—/l A9 dt, peSPL m=1,. ..

m

By (6.34), we have (wu), = Hh,ouo. This relation, (6.19) and (6.33b) imply that

& =Uy — (ru)y =0, (6.81)
& = Uy — (ruw)§ = U — My ou®,
Elo =&,
and
ny = (ru)y — u(0) = My,ou’ — u®, (6.82)

nd = (ruw)d —u(0) = myou’ — u® =ny,

{nto=ng —ny =0.

In order to derive the error estimates, it is necessary to estimate the individual
terms in (6.80), where a suitable test function ¢ is used. Let us set ¢ = &. Then

/ ((E,8) 4+ Apm(E, 8) df + {E)m1, &) (6.83)

Im

:_/1 (n/,é)dt—({n}m—l,é,;f_l)—/l Apm(.&)dr, m=1,....r.

A simple calculation yields

d
2/[m(s’,s>dr+2({s}m1,s,:1) — [ SR gt 2 (€D )

m

= &0 17200 = IEd 117200y +2 (5ot = mis Ei1) (6.84)
and

2 (501~ 1 bi) (6:85)
= ”5;—1”22(9) )+ G = 1 b — 6 )

+ (et~ Gt Emt)
=&y ||i2(.rz) + [{Em-1 ||i2((z) o ||%2(.(2) () + G 6 1)

2 2 — 2
= |&r ||L2(.o) + (&} ||L2(S2) — &, ||L2(S2)'
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Hence, from (6.84) and (6.85), we obtain

2 /1 € &) A+ 208 -1, ) = 160 17200y = 1m_1 17200y + 11EIm—1172q)-
" (6.86)

Now we present a technical lemma.

Lemma 6.15 If§ > 0, then

(', @) dt + ({n} D | 1 et +i||{ b1l (6.87)
n,¢ Mm—1>%Pn—1)| = /P L2(£2) 48 Pim—1 L2(2) .

In

Voes

h,m*

Proof Let ¢ € ;. Integration by parts yields
/1 ' @)t = (1. 03) = (D10 @) = /1 (n, ¢') dr. (6.88)

Since n = wu — u and ¢’ € S{;’f_l, by the definition (6.33) of the operator 7, we
have

(n,¢")dt =0.
In

Thus,

i ', @) dt + ((Mm—1. 95 _,) (6.89)

= (s @) = (15 )+ (s 1) = (15 0 1)
= (s ) = (M 1> P 1) -

Further, (6.33b) implies that
77; = (7wu) (t;;) —u(ty) = Hh,m u(tm) — u(tm).

Taking into account that ¢, € Sy and g, | € S
and ITj, j,—1 (cf. (6.7)) we get

1 from the definition of ITj

(s @) =0, (1, 0_1) = 0. (6.90)
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Relations (6.88)—(6.90) imply that
A(%wmr+ﬁmw4wﬁq)2—0@44$4)=—quiwm4)(6%)

Finally, using the Young inequality on the right-hand side of (6.91) gives (6.87). O

Theorem 6.16 Let the exact solution u of problem (6.1) satisfy the regularity
assumption (6.9) and let U be the approximate solution defined by (6.19). Then
the error e = U — u satisfies the estimate

n
_ &
lex W2y +5 2 /I lelliZ, dt (6.92)
m=1""m

n n n
szz||n,;||iz(m+c82/ R () dr+eZ/ linll, dz,
m=0 m=1 Im m=1 Im
n=1,....r, h e (0,h),

where

Ry = " (1B + BB ey + 2122 ) (6.93)
KeIhm

and C > 0 is a constant independent of h, t, r, u, €.

Proof Using relations (6.83), (6.86) and (6.87) with § = 1/2 and ¢ = &, we get

16 1320y = N6m—1 172y + HEIm—11172g) +2 /1 Apm(§,6)dr (6.94)

< 11320y + E)m-11172q) +2 ’ / Anm(n, £)dt
I

Further, we use the coercivity of the form Ay ,,,, which can be expressed in the same
way as in (2.140) (with C¢c = 1/2) under assumptions on Cy from Corollary 2.41:

2Anm(E, &) > ellEll%. (6.95)

Moreover, by Lemma 2.37 and the Young inequality,

2[Ap,m(, ) (6.96)

~ _ 1
=26C} D (Il + Mk By + eI ) + 5 lIEI,
KeThm

- Lo
= 26ChRu(n) + SelIEIN
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Now (6.94)—(6.96) imply that

_ _ & _ -
16 17200y = W1 1200) + 5 /1 g7 dr < Iy, 1172 ) +26Ch /1 Ry () di.
(6.97)

Let us note that by (6.81), §;° = 0. The summation of (6.97) overm = 1,...,n
(< r) yields the inequality

n n n
_ & _ =~
[ ||iz(m+5§ / WEN dr < D 11720 +26Ca D / Ry (n)dt.
U m=1 m=1 I

m=1"v""m
(6.98)
Finally, since ¢ = £ + 7, we have
e 1220y = 2 (167 12200, + 175 32, (6.99)
JULA(R2) — J TLA(82) J L))
lell? =2 (13 + ninli2)
By (6.99) and (6.98) we get
£ n
-2 2
lei iz + 5 2 [ el ar
m=1"""m
n
< 20l1&, 13200y + Iy 1720 +6 D /I (NE N, + i) dz
m=1""m
n n n
<23 gy +4eCa 3 [ Rumar+e D [ il e
m=0 m=1"Im m=1"1Im
which is (6.92), with C = 4C2. O

6.1.6 Estimation of Projection Error in Terms of h and T

The abstract error estimate formulated in Theorem 6.16, together with approximation
properties of the projection operator 7 treated in Sect. 6.1.4.2, will allow us to derive
error estimates in terms of the sizes of the space and time meshes.
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As above, we assume that # and U denote the exact and the approximate solutions
satisfying (6.1) and (6.19), respectively. According to (6.78) and (6.79), the error is
written as

e=U—-u=U—nmu)+ (ru—u) =& +n. (6.100)

Moreover, we express the term 7 in the form

nl, =G@u-wl, =D +2®, m=1,..r (6.101)
with 0" = (M u = w)], , n® = (AT i) = M) |,
where we used the fact that 7 u|1 =7 (Hh’mu) \I ,m=1,...,r. Werecall that

integers p, g > 1.
We assume that the weak solution u of (6.1) satisfies the regularity condition

ue HIMN 0, T; H'(2)) N C((0, T1; H (2)), (6.102)
where s > 2 is an integer. As usual, we set & = min(p + 1, s). Then u satisfies

relations (6.18). Obviously, C([0, T]; H*(£2)) € L%(0, T; H*(£2)).
Our further goal is to estimate the expressions

||n,;||iz(m,/l ||n||iz(K>dt,/I |n|§,l(,<)dr,/] 0 g A I, ),

which will appear in the error estimation. In what follows, we use the notation

12
ll st k) = ('”'ilff“(lmsz(K)) + '“'2“1(1,,,;;11(10)) / ’ (6.103)
s 5 12
el a1 (110 (2)) = (|M|Hq+1(1m;L2(.Q)) + |M|H‘i+'(lm:H'(.Q))) ’ (6.104)
5 s 1/2
lll ga+10,7: 11 (2)) = (|“|H4+1(0,T;L2(:z)) + |M|H‘7+‘(0,T;H1(Q))) - (6.105)

(For the definitions of seminorms in Bochner spaces, see Sect. 1.3.5.)
By (6.101),

032y < 2001726y + 20021172 (6.106)

Mgy < 2000 gy + 2P gy k= 1,2
Lemma 6.17 The following estimates hold:

g 172y < CAR @) Gy Inmll2 i) < CAR™ 1) ()

(6.107)


http://dx.doi.org/10.1007/978-3-319-19267-3_1

6.1 Space-Time DGM for a Heat Equation

(1)2 2 21 02
/; ||7] ||L2(K) dt S CA hK |u|L2(1m;H[L(K))7
1,2 2 2 2(pn—=1) 12
[ |77 |H1(K) dr = CA hK |u|L2(Im;H“(K))’
2 D)2 2 p2(p=1) 2
hK\/; |Tl |H2(K) dt 5 CA hK |u|L2(]m;H)L(K))’

forK € Iy, m=1,...,r, with constant C 4 from (6.28).

Proof 1t is enough to use (6.28) and (6.40).

The derivation of estimates of terms with 7 is more complicated.

Lemma 6.18 For K € 9, ,,, m=1,...,r, we have

2(g+1
/1 @126 47 < Cy P ulZ 2

2),2 2(g+D),, 2
/[ |77( )|H1(K) dt S CS Imq |u|Hq+1(]m;Hl(K))’

2(g+1
h%(,/[ |’7(2)|%{2(K) dt S C6 Tm(q )|u|%'1‘1+](1m;Hl(K))’

247

(6.108)

(6.109)

(6.110)

(6.111)

(6.112)

(6.113)

where C3z > 0 is the constant from (6.65) and C5 > 0 and C¢ > 0 are constants

specified in the proof.

Proof (i) Using Fubini’s theorem and relations (6.43),(6.65) and (6.29a) yield the

relations

21yt = [ ([ m®Pax) e

/Im L2(K) In \JK

= / ([ m®Pd)ax = / e (T ) = M3, dx
K I K

2(g+1 +1
< Gyttt / 197 (i 72, 4
K

= C; r,,%(‘”‘)/ (/ |a,q+‘(17h,mu)|2dx) dr
In NJK

= Cy r,%,(‘f“)/ (/ |nh,m(a,"“u)|2dx) dr
I VK

2(g+1 +1 2(q+1
<O )/ (/ 19/ u|2dx) di = C3 1, )|u|§-1q“(lm'L2(K))'
I, MK ;
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(i1) Further, due to Fubini’s theorem, (6.65), (6.44) and (6.29b), we find that
2
/] |7’(2)|§-11(K) dr = /[ (/K |V (Hh,mu — n(Hh,mu))| dx) dr
d

ad 9 2
N /K (/1 ; (E(Hh*m“) - (gj(nh,mu))) dt)dx

"

2 1
<Gyt )/ IV Tt 41, dx
K

e Tr%l(qul)/ (/
K 1’11
2
=G, z,,%‘q“)/ (/ ‘V(nh,ma,q“u)‘ dx) dr
I, \JK

2

2(g+1) q+1
=C31 ‘H (8 u)‘
3Tm /l,,, h,m \ O¢ 1K)

2
a,‘f“vmh,mu)’ dt)dx

2
2(g+1) g+1 _ 2(g+1D), 2
SC3C1 Tm /];" ‘at M‘HI(K) dt—C3C1 Tm |u|Hq+1(Im;Hl(K))v
which gives (6.112) with C5 = C3C}.
(iii) Using a similar process as in (ii) together with the inverse inequality (6.30)
and (6.29), we find that

2
@ dr < C3 724D ‘n (aq“u)
/Im In |H2(K) =0L3Tm I h,m \ O¢ H2(K)

2
1
g+l

< C:C 2 72thy -2 3 ‘
=030y T K . t HI(K)

2(g+1), -2
= C3C1C% Tm(q )hK |u|ilq+l(1m;Hl(K))'

This yields (6.113) with Cs = C3C,C2. 0

Finally, we are concerned with the estimation of |, Iy lf (1, ) d under assump-
tion (6.102). It holds that

I < 2(97 D Dy + 07 @ n@)). (6.114)

From (2.119) in Sect. 2.6 and estimates (6.108), (6.109) we get

/1 I (D, M) dr < €3 hz(/‘*”|u|iz(lm;m(m). (6.115)

with the constant C; = 2C4(CywCu/Cr)'/2.
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Further, we estimate the expression
/ I @@ @) dr = / I o (0 (T mt) — Ity 70 (I tt) — Tyt dit.
I Inm

Lemma 6.19 Let the Dirichlet data up = up(x,t) have the behaviour in t as a
polynomial of degree < q:

q
up(x.1) = > )t (6.116)
j=0

where ; € H"YV202) for j=0,..., q (cf- (1.26)). (Let us note that u = up on
082 x (0, T).) Then there exists C7 > 0 such that

2(g+1
/1 I G Tl yt) = T it 7 (T ) = M i) de < Cozgd Vw2 o
m

m=1,...,r. (6.117)
For general data up, if there exists a constant C > 0 such that

Tn < Ch <D (6.118)
r

forall " € FP  m=1,...,r, he o, ﬁ), then there exists Cg > 0 such that

h,m’

2
/ ‘]}?’m(n(nh,mu) - Hh,muv N(Hh,mu) - Hh,mu) dt S Cgfmq|u||%_1q+l(1m.Hl(Q))v
In ’

m=1,...,r. (6.119)
(The symbol |u|l go+1(s,. 51 (2)) is defined by (6.104).)

Proof Letus consider an interval I, and set ¢ = ITj, ,,u. Then ¢ € HY(1,; S;;m).
By (6.15),

J7 o (0 (T me) — Iy e, 70T pt) — My ) (6.120)
=Cw >, h;l/ [mp — > dS+Cw > h;l/ Imp — @[*dS.
Fe'ﬁhl,m r Feyhl,)m r

Now we proceed in two steps.
() LetlI € gihlm If we use the relation [T ¢ — ¢] = 7w [¢] — [¢], Fubini’s theorem
and estimate (6.65), we find that
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/ (/ (o — ¢]2ds) dt (6.121)
Iy r

=/ (/ |n[<o]—[<o]|2dr) dS=/ Ielp(e. ) — (. Nl 45
r \Ji, r

2
2(g+1D) H q+1
< ( J o(x, -
=3 /r o Lot )] L2(I)

:C3‘[,,21(q+1)/ (/ |a,q“[¢(x,r)]|2dt) ds.
r \Ji,

If we take into account that

39 o(x, ) = 107 o(x, )1, 187wl =0, (6.122)

and use (6.121) and Fubini’s theorem, we obtain

/ (/ (7 (I mit) — nh,mu]zds) dr < C3 r,ﬁ(‘f“)/ (/ BT (Tt — u)]zdS) dr.
Iy r Iy r
(6.123)

The application of the multiplicative trace inequality (6.30) implies that

> /F [0/ (T — ] dS < D |08 (T — u)||i2(ak)

I“e,?h’m Kefqh,m
(6.124)
1 1
<Cu Y, (Haif+ (Tt = ) 2 197 (it = )| g1 4
KeThm
— 1 2
i 0 it = 0|72 )-
By (6.43),
AT (Tt — ) = M @2 ) — 990, (6.125)

By virtue of (6.102), 8? e L%(I,; H'(£2)). This fact and the approximation
properties (6.28a)—(6.28b) of 1}, ,,,, where we consider s = 1 and thus i = 1, imply
that
1 1
1T O ) — 87 ull 2y < Cab 197l 1 ) (6.126)

+1 +1 +1
T 7 w) — 07wl 1 iy < Caldf ™ g1 iy-
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Summarizing (6.123)—(6.126) and using (6.26), we get

/ ( > h;l/ [n(nh,mu)—nh,mu]zds)dt (6.127)
1, r

" reg!

7" h,m

2(g+1 +1 12 2(g+1
E CIO 7:m(q )/ Z ’8? M|H|(K) dt = CIO Tm(q )|u|%.]q+l(1m;Hl(_Q))v
Im KeThm

where Cjo = C;'C3Cy C3.

(>ii) In what follows, we assume that I" €
estimate the expression

KIrm :=/ (h;l/ |n(Hh,mu)—Hh,mu|2dS) dz.
In r

Proceeding in a similar way as above, using (6.65), we find that

a D
t/h,m’

e, ' c 92pnokY, and

2 1), — 1 2
krm < C3tndtVny! / Jo7 ! (i) | 12, 4 (6.128)
r
= C; r,,z,(q“)h;l/ (/ |17h,m(a,q“u)|2ds) dr.
I, NJr

If we apply the multiplicative trace inequality (6.30), using assumptions (6.26) and
(6.118) and results of Lemma6.18, we get

2
krm < Cii r,,ﬂ|u||§1q+](1 D) (6.129)
ms I

with Cy; = C3C;1CMC_'. (The symbol | - || is defined by (6.103).) Then, the sum-

mation over I € .%, th yields the estimate

_ 2 2
J O [ e = Myl d5) dr < Co sy

rez, h?m

(6.130)

Now let us assume that the Dirichlet data up = up(x, t) satisfy (6.116). Then
37 Ul = 87 up = 0. These relations and (6.128) imply that

Krm < C3 r,i(‘””/ (h;l/ |nh,m(a?+1u)—a?“u|2ds) dr. (6131
1)71 F
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Again we use the multiplicative trace inequality and estimates (6.126) and get the
estimate

_ 2 2 1
/ ( Z hrl / }n(nh,mu) - Hh,mu| ds) dt < Cy3 Tm(q+ )|u|§1‘1+1(1m'H](.Q))
I r ;

gD
ez, .,

(6.132)

with Ci3 = C3 C;ICMCi. Finally, estimates (6.127) and (6.130) imply (6.117) with
C7 = Cw(Cyp + Cq1) and (6.127) and (6.132) yield (6.119) with Cs = Cw (Cyo +
Ci3). O

Exercise 6.20 Prove in detail estimates (6.128)—(6.132).

From Lemma6.19 we immediately get the following conclusion.

Corollary 6.21 [fup from the boundary condition (6.1b) is defined by (6.116), we
put y = 1. Otherwise, if up has a general behaviour, we set y = 0. Then

2(g+
/ T @ ) de < Cota ™ Nl i1y - (6.133)

where C9 = max(C7, Cg).

From Lemmas6.17, 6.18, 6.19 and relations (6.100) and (6.101), we can derive
the following estimates.

Lemma 6.22 Let the exact solution u satisfy the regularity condition (6.102). Then
there exists a constant C17 independent of h, t,,, m, r and u such that

/ lu — wull?, dt (6.134)
I

— 2(qg+
=< Cl2 (h2(u, 1)|u|L2([m;HM(_Q) + ‘Cm(q y)|u||%_1q+l(1m;H1(_Q)) , m= l» e 1

If
u e WIth, T: L2(£2)) N C([0, T1; H*(2)), (6.135)

then there exists a constant Cy independent of h, t,,, m, r and u such that

+1
lu(t) — wu(®)|2(0) < Cx (h“lulcqo,T];Hﬂ(m) + T |”|Wq+l*°°(0,T;L2(Q)))

Vtel,, m=1,...,r. (6.136)

The choice of the parameter y = 0 or 1 is specified in Corollary6.21.
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Proof (i) From (6.100) and (6.101), we have
au—u=n=nb4+y? (6.137)

and (6.27) with (6.4) give |||r)|||51 = lnﬁll(ﬂ,%,m) + J,ﬁm(n, n). Moreover, (6.106),
(6.4), (6.109) and (6.112) yield

2 32 @2

2 2(u—D).,2 2(g+1), 2
<203 PV WlTa g iy 265 T g 29y

Furthermore, (6.114), (6.115) and (6.133) give

/ JE () dr < 2/ (J}Zm(n(l)’ M+, 0@, n<2>)) dr (6.139)

In In

_ 2(g+
<2C7 " 1)|“|iz<1m;m<m>+2C9Tm(q y)"‘”%fwum;m(m)'

Hence, (6.134) holds with Cy, = 2max(C3} + C3, Cs + Co).
(i1) Using the triangle inequality, (6.39), (6.28a), (6.29a) and (6.69), we have

Nu@) — wu@) 202y < Nu(@) = Hpmu@) | 2¢0) + 1HTpmu) — 7u(®) |20
< Nu@) = Iy mul 120y + HThmu(t) — 7w (Thmu)l 22

+1
= Cah™lule g, ;mnqay + Catn' lulwariceq,;12@));

which proves (6.136) with C;, = max(Cy, Cs). U

6.1.7 Error Estimate in the DG-norm

Now we are ready to formulate error estimates of the ST-DGM. First we prove the
error estimate in the DG-norm on the basis of the abstract error estimate (6.92). We
recall thate,, = (U — u)(ty,—).

Theorem 6.23 Let u be the exact solution of problem (6.1) satisfying the regularity
condition (6.102) and let U € S}[:g be its approximation given by (6.19). Let the
inequality

T > Csh?, (6.140)
hold for all m = 1, ...,r and let the shape-regularity assumption (6.25) and the

equivalence condition (6.26) be satisfied. Then there exists a constant C17 > 0
independent of h, T and u such that
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m
_ &
lemlZaiy +5 2. /1 llel dr (6.141)
j=1"4

2(u—1 2 2(qg+ 2
< Ci7¢ (h (n )|”|C([0,T];HM(Q)) +7T @ w'”“H‘I“(O,T;Hl(.Q))) ’

he(©h), m=1,...r

Here y = 0, if (6.118) holds and the function u p from the boundary condition (6.1b)
has a general behaviour. If up is defined by (6.116), then y = 1 and condition
(6.118) is not required. The symbol | - || is defined by (6.105).

Proof We start from Theorem 6.16, where we estimate the expressions depending

onn=mau—u.
By (6.107), assumption (6.140) and the relation >, _, 7, = T, we have

m r
- 2
> I 1720y < € D01 ) g (6.142)
j=0 j=0

.
2(pn—1
< CHMu® By + € D i3 Pl e
j=1

< C(T + IR " Pulg o1y, 10 (2))-

As for the terms R}, using (6.93) and (6.106)—(6.113), we get
2(u=1) 12 2(g+1) 12
/]. Rj(m)dt <C (hj a |u|L2(]j;H/L(_Q)) + 7 a |u||H‘7+1(1_,-;H1(.Q))) . (6.143)
Further, by virtue of Lemma6.22,
2 2(u—=1), 12 2(q+y) 12
/1,- il dr < € (hj 2 iy 17 |””Hq+1(1j;H1(m)) - (6.144)

Now we use these estimates in (6.92). Taking into account that form =1, ..., r,

m

2 2 2
> 2, mm 2y = 1IL20.7: 10 (2)) = T lleqo, 110 (2))
=1

m

2 2
Z |u||H‘1“(1j:Hl(9)) = |M”Hq+l(0,T;H1(Q))’
j=1

we immediately arrive at (6.141). O

Remark 6.24 As will be shown in Sect. 6.1.10, assumption (6.140) is not necessary,
if the meshes are identical on all time levels, i.e., if 9}, , = Z, forallm =0, ..., r.
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Estimate (6.141) gives the error bound in the L?(£2)-norm only at the nodes
tw, m = 1,...,r.Our aim is to derive an error estimate in the L°(0, T'; L(£2))-
norm, i.e., forallr € (0, T'). This proof is based on results contained in the following
section.

6.1.8 Discrete Characteristic Function

In some further considerations, the so-called discrete characteristic function will
play an important role. This concept was introduced by Chrysafinos and Walkington
in [51].

Definition 6.25 Lety € [t,,—1, t;;]. Wesay that¢, € S f: Tq isadiscrete characteristic

function of the function & € S;/

at the point y if
gy(t) =&() fort e U;.":_llli, ¢ = 0 on the time interval (f,,, T], (6.145)

and in the time interval [, it is defined by the conditions

y
/ Ly, g)dt = / & @)dr Ype S (6.146)
Ln 1, ’

m—1

oy =E@r_ ). (6.147)

(The function ¢y depends also on m, but it is not emphasized by the notation.)

In order to establish the existence and uniqueness of the function ¢, we prove
the following two lemmas. The first lemma introduces the discrete characteristic
function for functions ¢ € P, (0, 7).

Lemma 6.26 Let v > O andt € (0, 1). Then for any ¢ € P,(0, T) there exists
exactly one ¢ € P, (0, 7) satisfying the conditions

T t
/ cﬁzdﬁ:/ ¢zd9 Vze Pyi(0,1), (6.148)
0 0

$(0) = ¢(0).

The mapping V; : ¢ +— ¢ is linear and continuous in P, (0, T) and there exists a
constant C'q > (0 depending on q only such that

P Cqlloll2¢ - (6.149)

|¢ -]
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Moreover,

g

on =4 CPlPll 20,5 (6.150)

Proof (i) First, we prove the existence and uniqueness of the function . Since ¢ €
P,(0, ), for a given ¢ the function ¢ can be sought in the form ¢(¢) = >7_ ;0.
By virtue of (6.148), (5(0) = ¢(0) = c¢o. Taking into account that the functions
#/,j = 0,..,q — 1, form a basis in the space P,_1(0, ), from (6.148) for all
j=0,...,9 — 1 we have

/ Zc,-z?’z?fdz?z/ $vidy (6.151)
0 0
i=0
q T t ) T
:»ch-/ ﬁlﬂdﬁ:/ ¢ v/ dﬂ—co/ O do.
- Jo 0 0

Letusseta;; = [y 97/ do andb; = [j ¢ 0/ d0 —co fy 9/ dd,i=1,...q,j =

0,...,q — 1. The matrix A = (aij)ijzzlo"“

.....

q—1. . ..
; is nonsingular, because it is the Gram

matrix of the elements ¥/, j =0, ..., ¢ — 1, in the scalar product

(0. V) = /O DoV (@)D, ¢ € L0, D).

Hence, the system Ac = b has a unique solution. This proves the existence and
uniqueness of the function ¢ satisfying conditions (6.148).

(ii) The linearity of the mapping v; : ¢ — ¢ is obvious. Let us prove its continuity.
Since $(0) = $(0), we can write  — ¢ = ¥, where ¢ € P,_1(0, 7). By (6.148),
for arbitrary z € P;_1(0, t) we have

/Tﬁaz dﬁ:/r(é—@zdz‘} (6.152)
0 0

=/rq§zdﬁ—/t¢zdﬁ—/r¢zdﬁ=—/T¢zd0.
0 0 t t

The space P;1(0, 1) is finite-dimensional and the expressions

]A 1/2 1 . 1 A 1/2
(/ ¢2d;) , (/ ;¢2d;) and (/ §2¢2d§) (6.153)
0 0 0

are norms in P, _1(0, 1). It follows from their equivalence that there exist positive
constants Cy41 a C,2 depending on g only such that

1/2
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1 1
qu/ P*d¢ 5/ ¢ ¢*de Yo e P,_1(0, 1), (6.154)
0 0
1 1
Cr | §2¢32dcs/0 Hdc Vo e PO, 1),

As 4“2 < 1for ¢ € [0, 1], we can choose Cyz = 1. Putting { = /7 and using the
substitution theorem, we get

T T
Cy1 z/ b dv 5/ 9 d9 Y e Py_i(0,1), (6.155)
0 0

T ) r_2 _
/ ) dﬂsrz/ ¢ dv Vo e P,_1(0,7).
0 0

Now let us set z := ¢ in (6.152). By (6.155), (6.152) and the Cauchy inequality,

T, T, T T, 1/2 T_, 1/2
qur/od)dﬁf/o 0} dz?:—/ d)¢d1?§(/d)d0) (/qﬁdﬁ)
t t t
. 12 4 41 1/2
() ([ #0)"
t /0

Hence,

(Ca1 f)zforazdﬂ s/rcbzdﬁ.
t

This inequality and (6.155) imply that
T - T 0 2 T_2 T
cgl/0 (@ — ¢)?do = cjl/o 929" d¥ < (Cy1 7) /0 é dv g/t ¢ dv,
whichis (6.149) with C‘q = 1/C,1. Finally, summarizing the above results, we obtain

l9

.

L2(0,7)

1
< — +
L200.7) + ”(b“LZ(O’r) = qu ||¢||L2(,,r) ”¢”L2(0,r)

< (1+CPlll 20,1
which gives (6.150). O

In the previous lemma, we presented the concept of the discrete characteristic func-
tion for the function space P,(0, ). Now, we extend this concept to functions
from P, (0, T; S;:m). In the following considerations we use an orthonormal basis
{pr (), k=0,...,q} in the space P,(0, 7), constructed by the orthonormaliza-
tion process applied to the sequence {#*}{_ . Then, any v € P4(0, 7; S, ) can be
written in the form
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q
vt =D o), 1€ (0,1), x €L, (6.156)
k=0
p
where vy € S}, .

Lemma 6.27 Lett € [0, t] be arbitrary and fixed. Then for eachv € P, (0, t; Sf;m)
there exists exactly one function v € Py (0, T; Sf;’ ) Satisfying the conditions

T t
/ w, w)do =/ (v,w)d? VYwe P;1(0,1; Sfm), (6.157)
0 0 ’

5(0) = v(0).

If we write the function v in the form of (6.156), then

q
7= diwr. (6.158)
k

=0

where ¢~>k = &, (¢r) and IZI; is the mapping from Lemma 6.26. Moreover; there exists
a constant Ccy > 0 dependent on q only such that

T T
/0 I 49 < Cen /O VI, do. (6.159)

Proof (i) First we show that the function v defined by (6.158) satisfies (6.157). We
can see that

q q
5(0) = D" dOvi = D ¢ (0)vx = v(0).

k=0 k=0

Further, letw € P;_1(0, T; S,f )+ This function can be expressed in the form

qg—1
w(x,9) = D ¢a(MWa(x), Wy € 5],
n=0
Then, by virtue of Lemma 6.26,
T T 9 q-1
/ (¥, w) dv =/ D G @vr, D du(@)wy | v (6.160)
0 0 \k=0 n=0
q q—1 T q q—1 '
=573 weown) /0 H®) $u@)dd =3 S (v w) /O Bx(9) da(9)dD

0 n=0 k=0 n=0
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t f 4 g-1 t
= /0 D @i, D da(@wy | d0 = / (v, w) .
k=0

n=0 0
(ii) Further, we prove uniqueness. Let us assume that there exist functions vy, v €

Py(0, 7; S}’:m) satisfying (6.157). Since v1(0) = v2(0) = v(0), there exists w; €
P10, 75 S}I:’m) such that v{ () — V2 (%) = 9w (). Then

T T t
/ 1, wydo :/ (vp, w)d® :/ (v,w)ydd Ywe P, 1(0, 7; Sfm).
0 0 0 ’

It is possible to set w = wy and get
T T T
/ (V1 — V2, wpdd = / @wy, wpdd = / ¥ (wy, wi)dd.
0 0 0

The function @ ||w1 (1) || 2 is continuous and positive in the interval (0, 7). This implies
that ||w; ()] = 0 for all & € (0, 7). Hence, wi () = 0 and ¥ = ¥».

(iii) Using Fubini’s theorem, the Cauchy inequality, (6.150), (6.158), the inequal-
ity >0 _gaiaj < (g +1) X]_; a} and the orthonormality of the functions ¢, we

find that
T T
> / W d® = D / (/ (V\”}-sz)dx)dﬂ
KeThm 0 KeThm 0 K
q T
= > > / Gk (9 (2)d? / (Vvi - Vvy)dx
Ke 9, k,n=0 0 K
9 ~ ~
= Z H‘ﬁk 120.7) ®n L2(0,r)|vk|H1(K)|v"|H1(K)
Ke 9 k,n=0
q
<(1+Cp? Z Z NPxll20,0) 1Pnll L20,0) VK 1 (i) VRl 11 ()
KTy kn=0
q
SU+C g+D D0 D lelTaon velhik)
KeTym k=0
q T
=Cen Y, Z/ ¢,§(ﬂ)dﬁ/ |Vvg |dx
K€y m k=0 0 K

q T
=Cen D, D, /0 G (D) (9)d0 /K (Vi - V) dx

Ke T m k,n=0
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=Cen Y, / (/ (Vv - vv)dx)df}

Kehm

where we set Ccy = (1 + @q)z(q + 1). Hence,

> / 191215y d9 < Cen D, / VI ) d0- (6.161)

KGL%, KG—%HH

Similarly, we can show that

s [ (5o

refy,,
w ! ~ il ~

= 2 / (/ —[Zd)k(ﬁ)vk][z¢,,<zs)vn]ds)dzs
I'e gzhlm r k=0 n=0

= > Z / B (9 (2)d / Y vel[valds
regl, kn=0

Srzy‘:l kz H(pk L2(0,7) o 120 Pl [l
€7 hm n

<(1+C)* D] Z —||¢k||Lz<of)||¢n||Lz<oI>|[vk1|Lz(p)|[vn]|Lz(m

1
Fe'g\h m k,n=0

< (1 + Cq) (q + l) Z Z ”¢k”L2(0 .[)|[Vk]|L2(1")

Fey}’llnlk O
=Cen ), Z/ qbk(z‘})dﬂ/ Y [v12ds
321 k=0
=Ccn Y, Z / Bk (9)n (9)d / —[v][valdS
rez), kn=0

q q
—Cen Y / (/ —VFV[Z¢k(ﬁ)vk][2¢n(mvn]ds)dﬁ
k=0 n=0

rez/,

=Ccn / (/ ]st)cw

rezf,
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As we see, it holds that

> /(/F F[]2dS)dz9<CcH > / (/F%V[v]zds)dﬂ. (6.162)

a1 a1
I'e /hm I'e /hm

In the same way we find that
/%) CW 2
> —=dS ) dv < Ccn z ds)do. (6.163)
re gé‘th rezp,
Now, (6.15), (6.27), (6.161)—(6.163) already yield (6.159). ]

Corollary 6.28 It is possible to show that the discrete characteristic function is
translationally invariant. This means that if we set T = t,, and apply the linear
transformationt = 9 + ty—1, 0 € (0, Ty), and set v(¥) = E(U + ty—1), w(¥) =
@ (O + ty—1), then it follows from Lemma 6.27 that for each y € I, there exists a
unique function ¢y satisfying (6.146), (6.147) and

/1 ey IRdr < Cen /1 EN2.dr, (6.164)

where the constant Ccy depends only on q.

Exercise 6.29 Prove relation (6.164) in detail.

6.1.9 Error Estimate in the L*(0, T; L*(82))-norm

Theorem 6.30 Let u be the exact solution of problem (6.1) satisfying the regularity
condition

u e WIth0, T; L3(2)) N C([0, T1; H* (£2)), (6.165)

where s > 2 is an integer and u = min(p+1, s). Let U € Sf;”f be its approximation
given by (6.19). Let (6.140) hold for allm = 1, ..., r, and let the shape-regularity
assumption (6.25) and the equivalence condition (6.26) be satisfied. Then there exists
a constant C1g > 0 independent of h, T and u such that

sup [lu(t) = U172, (6.166)

tely,

2(g+1)
< CIS (h (= )|M|C([() T1; H*(£2)) + Tm |M|Wq+l 12(0,T; LZ(Q)))

he(O,h), m=1,...,r.
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Proof We use the notation § = U — wu. Let us recall that U, = Hh,ouo, & =0
andn, = ul— thouo. Moreover, we set Iy = {tp} = {0} (the set formed by 79 = 0)
and, hence

sup e, 1§22y = 1§y lz22) = 0. (6.167)
Letm € {1,...,r}. We define the values £(,,—1) and &(#,,) as the limits E;{_l =
lim;;, ,+&() and &, = lim,_,,,_&(¢), respectively. Then, by the regularity

assumption (6.165), the function ||§(2)[|,2(p) is continuous in the closed interval
T = [tm—1, tm]._Now by y € 1,, we denote the maximum point of the function
1@l 22y, t € Im. We simply write y = argsup, .7 [1§(1)[l2(p). Hence

SUPser, &) ||L2(_Q) = 1§ ||L2(Q)-

By £ we denote the discrete characteristic function ¢y to & at the point y, introduced
in Definition 6.25. Then, by (6.146) and (6.147),

y

/1 &, Bydr = / D@ edn B = Flet = Eet. (6.168)
m tm—1

since &’ is a polynomial of degree ¢ — 1 with respect to time. In analogy to (6.86)
we get

s
2 [ (L&) dt+2({E 1.6 ) (6.169)

tm—1

= 1ED7 2.0y = 1w 11720y F1HE =112 -

Moreover, the use of identities (6.168) in (6.169) implies the relation

/1 2, B) di + 2((E 1, EF_)) 6.170)

= 1220y = W1 122i0) + HEIm-11220)-

Now identity (6.80), where we set ¢ = &, gives
| (€ .8+ Ann(e.B) ar+ (b B (6171

=—/[ <n/,§>dt+<{n}m_1,§nt_1>—/1 A, By dr.

Then, if we use (6.171), (6.170), (6.87) with § = 1, (6.96) and notation (6.93), and

omit the term with ||{£},,,—1 ||i2 @) On the left-hand side of the resulting relation, we
get
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sup 1EO720) = 15m_111720) (6.172)
< Iy Bz —2/1m Anon (€. By dr 42665 /I Rm(n>dt+§/1m NI dr.
By (2.128),
Anm(E.E) < eCoIIEM NEN,- (6.173)

Since —sup,¢;, |, 1E@Ilr22) < =1, _1llL2(2), by relations (6.164), (6.173)

and the Young inequality, from (6.172) we get

Sup ||$(t)||L2(Q) Sup ”E(I)”Lz(g) (6174)

tely tel

— ~ ~ £ ~
< W12y +2 | |Ah,m(s,5>|dz+ZsC§/ B e+ 5 [N, o

m

_ 1 - -
< Iy 1720 + Cre /1 115, dr + (5 + Cp)e /I EN7, dr +26C / Ry () dt

m

— £ ~
< Iy 1122y + K5 /1 EN2, dr + 26C3 / Ron (1) i,

m

where K = 2Cp + (1 +2Cp)CcH.
Multiplying inequality (6.97) by K and summing with (6.174), we get

K||é,,:||iz(m+sulp 1EON720) = KlEn_ 11320y = sup 1ED72q, (6175
tely,

t€ln—1

<2K + 1>86§/ R () dt + (K + Dy, 111720

I, m

The summation of (6.175) overm = 1,...,n < r and using (6.167) yield

K& 172¢) + sup 1§72, (6.176)

<2(K+1)ECB Z/ m(ﬂ)dt+(K+1)Z||77m 1||L2(.Q)

m=1 m=1

Now, if we use estimate (6.143), the inequality
supye g, llu(t) = U172 q) (6.177)
< 2 (SUpre, 612 ) + SUbrer, 111122g) ) -

and estimates (6.136) and (6.142), we immediately get the error estimate (6.166),
which we wanted to prove. (]
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6.1.10 The Case of Identical Meshes on All Time Levels

In this section we show that if all meshes 9 ,,, m = 1 ..., r, are identical, then the
assumption (6.140) can be avoided. In order to prove it, we are concerned with the
expression

/1 (', &) di + (Mhm—1, &), (6.178)

which was rewritten in (6.91) in a more general form with the function ¢ written
instead of &.
If Gy m = T forallm =1, ..., r,then all spaces S;Z’m and forms an m, by, - - -

are also identical: Sll:,m = S’, anm = ap, Jyw=J7, .. forallm =1,...,r This
implies that {£},,—1 € S,f and, by virtue of (6.100), (6.33b) and (6.7), we have

M,_1s EYm—1) = 0. (6.179)

Now from (6.179) and (6.91) with ¢ := & we immediately see that
/I (', &) dt + ({n}m—1.§,_,) =0. (6.180)

Further, if we follow the proof of Theorem6.16 on the abstract error estimate,
we find out that Lemma6.15 will not be applied, and regarding the right-hand side
of estimate (6.94), the term ||n,, _;|l;2() Will not appear. This implies that in the

abstract error estimate (6.92), the expression ZZ:] 17,,—1 |22 1s missing, which
means that we get the estimate

lle, ||Lz(9)+eZ/ llelll, dt<CsZ/ m<n>dt+sZ/ linll7, dz,
n=1,....,r, he(0,h). (6.181)

From this estimate, following the proofs of Theorems 6.23 and 6.30, we obtain
the error estimates in terms of 4 and T without assumption (6.140).

6.1.11 Alternative Proof of Lemma6.12

Here we prove Lemma6.12 without using Theorem 3.1.4 from [52].

Lemma 6.31 Lets € C*°([0, 1]), s(0) = 0 and
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1 .
/ ?Hs(x)dd =0, i=0,...,q9— 1. (6.182)
0

Then
Isz20.1) < C sVl 20,1, (6.183)

where C is a constant independent of the function s, and the symbol s® denotes the
derivative d*s /do*.

Proof Let us expand the function with the aid of the Taylor formula with integral
remainder

(@) s —_ )4
swhwmﬂ~~+i$9ﬁq+/ Q?%LN“Rﬂm,ﬁemJ}
: 0 :
(6.184)

In the space L?(0, 1) we choose an orthonormal system of polynomials ¢;, i =
0, 1, ..., such that ¢; is a polynomial of degree i and ¢; (0) # 0. (At the end of this
section we show how this system can be constructed.) Obviously,

1 .
/)andﬁzq i=0,...,q—1 (6.185)
0

1
— /l%mnwnmzo,izaan—L
0

By virtue of the properties of the system ¢;, i = 0,1, ..., the expansion (6.184)
can be written in the form
4q b2
8 — 1)
Nm=§}wmﬂ+/ L—%Lw”Wmm,ﬂemu, (6.186)
i=0 0 9
where c¢; are constants depending on the values s(0),s’(0),...,s% (0). From

assumption (6.182) and equivalence (6.185) for j =0, ...,q — 1, we get

1 1 9 (9
0=/ ¢,(ﬁ)s(ﬂ)d0=c;+/ so,w)/ @ =97 @0y dr do.
0o ’ 0o 0 q!

The use of Fubini’s theorem yields

1 » _ 1
cj=- /0 9 (®) /0 e-r q,T)qs(“”(r)drdﬁ = - /O ¥ (0)s 9 (1) dr,
(6.187)
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where '
1 .
K/fj(f):;/ i@ —-1)?dy, j=0,...,9—1
cJT

Since ¢4 (0) # 0, from the assumption that s(0) = 0 and expansion (6.186), we get

1 q—1 1
9= o) ;c,'wi(o) = /0 Y (0)s“9 () dr

with
qg—1
> 0Oy,

Pq 0) =0

1/fq (r) =
Substituting in expansion (6.186) for ¢;, i =0, ..., g, we find that

1
s() = / k@, 7)s“D (1) dr, (6.188)
0

where

C=D 4 0y MWy (1) = Ty eiWi(r) for 129 >7120,

k@, 1) =
0y )y (1) — X970 0i (9 (x) for 1>1>0>0.

The function k(%, t) is continuous on the set [0, 1] x [0, 1] and from (6.188) we get
(6.183). O

Lemma 6.32 Lets € H111(0, 1), s(0) = 0 and
1 .
/ Ps@)d9 =0, i=0,...,9—1. (6.189)
0
Then

Islz20.1) < C Is“ V20,1 (6.190)

where C > 0 is a constant independent of the function s.

Proof The space C*°([0, 1]) is dense in H?T!(0, 1). Therefore, there exists a
sequence s, € C°°([0, 1]) such that

nli?go ”s" - S||HLI+1(0,1) =0.
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This fact and Lemma6.31 imply that

(g+1) 1
Isullz2c0.1) = lsllz20.1ys s 20,1y = Ns“C 0201y asn — oo,

+1
||Sn||L2((),1) = C||Sr(zq )||L2(0’1)7 n=12,....

Hence, (6.190) holds. O

Now we can finish the proof of Lemma6.12. Using the notation in (6.53), we have
z € H11(0, 1), 2(0) = 0 and

1
/ ¥ dd =0 forj=0,...,q—1.
0

By Lemma 6.32, the function z satisfies (6.190) (i.e. (6.63)) and, by virtue of (6.55),
estimate (6.64) holds, which implies estimate (6.50). This finishes the alternative
proof of Lemma6.12.

Finally, we show how to construct a system of orthonormal polynomials ¢;, i =
0,1,..., in the space L?(0, 1) such that ¢; is a polynomial of degree i satisfying
©i (0) # 0. It is possible to put

0i(®) =vV22401-20), 9el0,1],i=01,...,

where .Z; is the Legendre polynomial defined by (6.35), see [212] or [147]. The
system ., i = 0, 1..., is a complete orthogonal basis in the space L>(—1, 1). It
is possible to verify that ¢;, i = 0,1..., form a complete orthonormal basis in
L?(0, 1) and ¢; (0) # 0.

6.2 Space-Time DGM for Nonlinear Convection-Diffusion
Problems

In this section we extend the space-time discontinuous Galerkin method (ST-DGM),
as explained in the previous section on a simple initial-boundary value problem
for the heat equation, to the solution of a more general problem for a convection-
diffusion equation with nonlinear convection and nonlinear diffusion. We derive
the error estimates in the LZ(O, T; LZ(Q))—norm and the DG-norm formed by the
L?(0, T; H'(£2))-norm and penalty terms.

Let 2 C R? (d = 2 or 3) be a bounded polygonal or polyhedral domain with
Lipschitz boundary and 7 > 0. We consider the following initial-boundary value
problem: Find u : Or = £2 x (0, T) — R such that

d

du afs(u) .
o+ > i " V- (BW)Vu) =g in Qr, (6.191a)

s=1
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“‘a:zx(o,r) =Uup, (6.191b)
u(x,0) =u’(x), xeR. (6.191¢c)

We assume that g, up, u, fs are given functions and f; € Cl(R), |fs’| <C, s=
1,...,d. Moreover, let

B:R— [Bo,B1], 0 < Bo<p1 <00, (6.192a)
|B(u1) — B(u2)| < Lgluy —uz| Vup,uz € R. (6.192b)

Remark 6.33 In this section we consider problem (6.191) only with a Dirichlet
boundary condition. This means that 02p = 982, 02y = @, ﬁ’,fm = fhl?m and
ﬁ}fm = (). The analysis of the problem with mixed Dirichlet-Neumann bound-
ary conditions is more complicated due to the properties of the convection form by,
derived in Sect.4.3.2 and represents an open challenging subject.

In the derivation and analysis of the discrete problem, we assume that the exact
solution is regular in the following sense:

2 2 du 2 1
we 20,7 H Q). o € L20.T: H'(2). (6.193)
||vu(l‘)||Loc(Q) <Cpg for t € (0, 7). (6.194)

6.2.1 Discretization of the Problem

We employ the same notation as in Sect.6.1. Hence, we consider a partition 0 =

to <ty < --- < t, = T of the time interval [0, T'], time subintervals I, =
(tm—1,tm), m = 1,...,r, and triangulations 7, ,,, m = 0, ..., r, of the domain
§2 associated with time instants t,,, m =0, ..., r, and intervals [,,, m = 1, T

Further, we consider function spaces Sh m deﬁned by (6.5) and S;: " defined by (6 8)
and the projections ITj ,, and m—see (6 7) and (6.33), respectively.

For the derivation of the space-time discontinuous Galerkin discretization, we
assume that u € C'((0, T); Hz(.Q)) is an exact solution of problem (6.191). We
multiply (6.191a) by ¢ € S{:f, integrate over K x I,, sum over all K € Jj, .,
and perform some manipulation. The time-derivative term is discretized in the same
manner as in (6.11)—(6.13). Discretization of the convection term and the source term
(6.10) is the same as in Chap. 4.

Discretization of the diffusion term is a little more complicated due to the non-
linearity of the function §. Using the technique from Sect.2.4, the application of
Green’s theorem to the diffusion term gives

Z /v (Bu)Vu)p dx (6.195)

KeThm
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= > /ﬁ(u)w-wdx— > /(ﬂ(u)Vu)~n[<p]dS.

K r
KeIhm rezlB

In Sect.2.4, we add to the right-hand side of (6.195) face integral terms, where the
roles of the exact solution « and the test function ¢ are mutually exchanged. However,
in contrast to the case of a linear diffusion (see, e.g., (6.14)), to the right-hand side
we cannot add the expression

CEDS /F(ﬂ(w)v<p>~n[u]d5+@ > /Fﬂ(@ww(u—ua)ds,

7l 7B
Feﬁhym rez;,

obtained by the mutual exchange of u and ¢, because it is not linear with respect to
the test function ¢. Therefore, in the argument of 8 we keep the exact solution u,
i.e., we use the expression

e > /(ﬁ(u)w>-n[u]ds+(~) > /,B(u)V<p-n(u—uD)dS,
rezl, r rezg, d

(6.196)

which vanishes for a regular function u satisfying the Dirichlet condition (6.191b).

Finally, we arrive at the definition of the following forms. If v, w, pe H 2 (82, Thm)
and Cy > 0Ois afixed constant, we define the diffusion, penalty, convection and righ-
hand side forms

apm,w,9)= D [ BWVw-Vedx (6.197)
KeThm
= X [ 0w algl+ 0500 -nlw) ds
rez/, r

- > /(ﬁ(v)w-nw@ﬁ(v)w~n<w—uD)>ds,

Feylfm
o Cw Cw
Tiwney=" 2 = [ wllglds+ 3 —= | weds, (6.198)
Feé‘?hlvm rr rezp, rr
Ah,m(W7 v, (p) = ah,m (Ws v, (0) + ﬂOJ}im(Vs (p)v (6'199)
d
d
Bumn ) == > /Zfs(w)—(pdx—l— > /H(W}L),W}R),n)[w]ds
K 0xs r
Kergh,m s=1 FG%{‘M
- /F 1 (W WP n) pas. (6.200)

7B
rez;,
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C
Lhm(@) = (g, 9)+ Bo Z h—W/ up @ds. (6.201)
w hrJr
rezy,
In (6.197), we take ® = —1, ® = 0 and ® = 1 and obtain the nonsymmetric

(NIPG), incomplete (ITPG) and symmetric (SIPG) variants of the approximation of
the diffusion terms, respectively. In (6.200), H is a numerical flux with the properties
(4.18)—(4.20) introduced in Sect.4.2.

Similarly as in Sect. 6.1, the exact regular solution u of (6.191) satisfies the identity

/ (', @) + Ap s 4, 9) + by (4, 9)) At + ((dm—-1, 9 ) (6.202)

m

:/ Com(p)dt Yo e SP?, withu(0-) = u(0) = u’.
I ’

Here u’ := du/dt and (-, -) denotes the L?(£2)-scalar product.
Based on (6.202), we proceed to the definition of the approximate solution.

Definition 6.34 We say that a function U is an ST-DG approximate solution of
problem (6.191), if U € S,f”rq and

/ (U, 0) + ApmU, U, 9) + by (U, @) dt + ({Uln-1,9,,_;)  (6.203)

m

=/ Com(p)dt YoeSP?, m=1,...,r, Uy = you’.
I ’

where U’ = dU/dt. We call (6.203) the space-time discontinuous Galerkin discrete
problem.

Exercise 6.35 Formulate the ST-DG discrete problem in the case, when mixed
Dirichlet-Neumann boundary conditions are used.

In the sequel, we analyze the ST-DGM, namely we derive an estimate of the error
e = U —u, where u is the exact solution of (6.191) and U is the approximate solution
given by (6.203). We assume that the approximate solution U exists and is unique.

6.2.2 Auxiliary Results

In the analysis of the ST-DGM for the nonlinear problem, we proceed in a similar way
as in Sect. 6.1 for the heat equation. We consider a system (6.24) of triangulations
Th.m» satisfying the conditions of shape-regularity (6.25) and of the equivalence
(6.26).Letzr : C([0, T]; L2(£2)) — S}f”f be the projection operator given by (6.33).
The error of the method is expressed again in the form


http://dx.doi.org/10.1007/978-3-319-19267-3_4
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e=U—-u=&+n, (6.204)
where
E=U—rnuce S,’;”f, n = mTu—u. (6.205)

Then, subtracting (6.202) from (6.203), and using (6.204), for every ¢ € S;"{, we
find that

/I ((E/v (p) + Ah,m(U7 Uv (/7) - Ah,m(ua u, QD)) dt + ({E}m—la (p;j;_l) (6206)

m

_ /1 (Do 112 @) — b (U, @) dt — /1 0 o) dt — (Dt o).

Hence, we need to estimate individual terms appearing in (6.206).
The convection form by, ,, has the following property.

Lemma 6.36 For every k;, > O there exists a constant C, > 0 independent of
U,u,h, t,r and m such that

Bo
< Enwm; +Cp [ 181720y + Inl720) + D HkInlipk)
Kee%z,m

Proof By (4.30),
bhm (U, ) — bpm (u, @) (6.208)

1/2

< Cligl | 10 =ull2y+ [ D hxlU = ullf2 gk :
KeThm

P _
(peSh’m, m=1,...,r.

The use of (6.205), (6.30), and the Young inequality implies that

IU = ull2@) < 1€l 22) + Il 202), (6.209)
D hklU = ullgagg, (6210)
KeIhm

=C 3 (Neiag) + MR IE R ) + Ilag) + Wk 0 ) -
KeThm
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The above inequality and (6.31) applied to & yield

D kU = ulfagg, < C [ 1EN72q) + Il + D Hklnlin g

KeThm KeThm
(6.211)
Now, using (6.208)—(6.211), we get
11 (U, 9) = bim (1, 9| (6.212)
1/2
< Cliplln | 1612y + Inllz) + [ D2 hxlnli
KeThm

Finally by the Young inequality we obtain (6.207). We can see that the constant C}, has
the form C, = Ckp/Bo, where the constant C is independent of U, u, h, t, r, m, kp,
and Bo. (I

Let us note that in the following considerations, in some places the simplified
form of the Young inequality ab < %az + 8b? is used.
As for the coercivity of the forms Ay, ,,, we can prove the following result.

Lemma 6.37 Let

Cw >0, for ® = —1 (NIPG), (6.213)
461\*
Cw > (—) Cy; for® =1 (SIPG), (6.214)
Bo
261\*
Cy>2 /3_ Cy; for® =0{IPG), (6.215)
0

where Cpyyp = Cpy(Cp + 1)Cq. Then, form=1,...,r,

Bo

anm(U, U, &) — apm(U, wu, &) + BoJj, ,, (6, 6) = ?Illélllﬁl- (6.216)

Proof From (6.197)—(6.198) we immediately see that for ® = —1 inequality (6.216)
holds. Let us assume that ® = 1. Then, by (6.197) and (6.192a),

apm(U, U, &) = ap (U, 7w, €) + BoJy , (€, &) (6.217)
= > /ﬂ(U)vs-Vde+ﬂoJ;,’,m<s,s>
KeThm

-2 3 [wwve meus—2 ¥ [ pwive-ncas

a1 7 B
FGJ,”” Fegh,m
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(L) (R)|
VER |+ |V
/ IVER| | &r I[;“]IdS

>fy D, /|v5|2dx+ﬂof,;{m(s,s)—2m

K
1
KE%YW, I'e ‘gh m

28 >, /F|vs||s|ds.

rezf,

If 6 > 0, then the Young inequality implies that

V) ve®
Z /| &r |+| & ||[§]|dS+ Z /|V§||§|dS (6.218)

I B
re7; rez;,

he (16271 + 1vER)?
< /F(SCFW("§ '4'5 . /—|[s]| ds

I I
re. rezl,

97

5C
Z/ ‘vg“) ds + Z/ W|s| s
eFp
Zitm

r rezp,

m

ds

+

L R
-y / hr IV +IVERP
T r 8Cw 2

€

@|? o
+ > /5CW Ve[ ds + 87,66,

aB
I‘e/h’m

Now, by (6.26),

(L)2 (R)2
V \% ds 6.219

%CWZ/ (1vefH 2+ velop) (6.219)

hm

2
Z/ ‘vg(” s
(SCW
Fe?f)ﬂ

(L))2 (R)2
\% h \% ds
MWE/ hgo | VEE P + R | VER2)

hm

8CW z /

<< hg|VEdS.
8Cw Z aK

KeThm

ng *as
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It follows from (6.217)—(6.219) that

(U, U, &) — anm(U. 10, §) + BoJ§ (5. ) (6.220)
28:1C
> BollENI2 — ng > / hi|VEPAS — 281817, (5. 6).
Vokez ., 0K

If we set § = 22 and use inequalities (6.30), (6.31) and assumption (6.214), we get

4B
anm(U, U, &) —apm(U, wu, &) + PoJj, ,, (&, 6) (6.221)
> BollE N2 — 8?‘2?“ > / velax g6 6 = P,
oCw ez K
Similarly, we prove (6.216) for ® = 0, provided (6.215) is satisfied. (]

Exercise 6.38 Prove that inequality (6.216) holds in the case ® = 0 under condition
(6.215).

Lemma 6.39 There exists a constant C > 0 independent of U, &, ¢, h such that
ahm (U, U, @) = anm(U, 7, 9) + BoJj; ,, &, 9) < CIENR, + lell7) (6222)

forany ¢ € Sf’m andm=1,...,r.

Proof By (6.197),
ah,m(U7 U’ (/7) - ah,m (U’ Tu, (0) (6223)

= Z /ﬁ(U)vg:-wdx

KeThm

- Z /F((ﬂ(U)VE)-nr[fp]+@(ﬂ(U)V90>~nr[E]) ds

a1
FEJh,m

- > [ (BW)VE -nre+OBU) Ve nré) ds.

B
Fejh,m

Then, using (6.223), (6.198), (6.192a), (6.26), the Cauchy inequality and Young
inequality, we find that

anmU, U, 9) = apm(U, mu, ) + BoJy ,, (€, ¢)

<t > /K(|vs|2+|V<p|2)dx

KeThm
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h C
Z /( L (1vefP 12 + 19g01) + %monz)ds

L R Cwy

( (1Vef 2+ e ) + ﬁusuz)ds

Feyhlﬂl
r W

( IVel? + A |<p|2) s
ref,fm v

hr CW

(C— h—mz)ds
re 32‘th w r

+ BoJjy . 9)

< 3 [ (1919 ax ﬁIWG Z / ni (961 + Vo) ds

Kegj‘l m
BT €8+ BLIS (0. 9) + Bo TS (6. ).

Now, the above inequalities, (6.30)—(6.32) yield the estimate

anm(U, U, ¢) — apm(U, tu, ) + BoJy , &, ¢)

S / VER + (Vl?) v + DM Z / IVEP + VoP) dx
KeIhm

+ B E.E) + T (0. 0)) + Bo(JF (B, &) + Jh,m(go, )
< CIENZ + Nl

which we wanted to prove. O

Lemma 6.40 For arbitrary k,, k. > 0 there exist constants Cq, = Cq(ky), Co =
C.(k;) > Oindependent of U, &, ¢ and h, such that for each ¢ € S,f’ n the following
estimates hold:

Bo
lan,m (U, wu, ) — apm(u, wu, )| < —|||</)|||2 + Cq (IIEIILz(_Q) + Rin (1)),
(6.224)
lan,m @, wu, ) — apmu, u, )| < %Illwlllfn + CeRun (), (6.225)
C

where

Ron) = Il + 102y + > (10, + kg ) (6:226)
KeThm

Ry =, + > (W0l ) - 6227)
KeThm
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Proof Since Vrru = Vn + Vu, [u] =0, [ru] = [n], we can write

ap.m(U, Tu, @) —ap,m(u, Tu, @) (6.228)
= Z / ((BWU) = Bu)Vn- Vo + (BU) — Bu)Vu - V) dx

Keeyh,m K

- > /F(((ﬁ(U) — BW)Vn) - nle]l + ((BU) — B))Vu) - n[p]) dS

res!

h,m

-e > /F<(ﬂ(U)—ﬂ(u))V¢)-n[n]dS

al
Fefh’m

- Z /r((ﬂ(U)—ﬁ(u))Vn-mp-i-(ﬁ(U)—ﬂ(u))Vu-mp)dS

zB
Fe‘jh,m

-0 > /(ﬂ(U)—ﬂ(u»w-n(nu—umds.

rezf,
This relation, conditions (6.191b) and (6.192) give the inequality

apm (U, wu, ) — ap;m(u, Tu, @)

<Gi-p) > [ Vnivelds Ly 3 [ 10—l ivulivglax

KeThm K €T m
1
b3B—p X [ (19014 901) 1o as
a1 r
rez, .,

1
+5Ls 2. /(|(U—u>}“||Vu<p“|+|(U—u)(p’”||w¥“|)|[go]|ds
r

Feyh]’m
1

b3@-p X[ (1614196 nlas
FGL%II,IN F

w@—po S [ vallelas Ly X [ 10 -ulvulielas
rezg, r rezp, r

+B1—Bo) D, /IlelnIdS-
Fef’f’,fm r

Further, this inequality, (6.194) and the Cauchy and Young inequalities imply that
for any 81, &2, 63 > 0 we have
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anm(U. 71, ) — apm(u. 7, 9) < (B — fo) . /( +81|Vg |2)

KeIhm
|U )
+LgCp +32|w| dx
KeThm
L2 ®12) , Cwér o
+(BL—Bo) D (V02 + 1990 P) + =22 ig) ) as
Cw 8 hr
thlﬁl
L2 ®p2), Cwd o
w50 3 [ (o (1w =0 P+ 10 - w®F) + D2l ) as
Fﬁ”{”l
hr53 (L) (R)2 Cw 2
Vo \Y% — ds
+Bri—po) Y. /( (Ve P + 1961 ) + 10
rezf,
1)
+(B1—pFo) D /( ,f“|go|2)ds
thlg”l
Cwdr, -
L — —re
+LpCs /(CW52|U P + = |<p|)ds
Fﬁ”le
hrés
+Bi—Bo) D, /(F—WQDI +—|77|)
I'e ?th

Now, using the relations |U — u|*> = | +n]> < 2 (1§ + [n]?), (6.26), (6.30) and
(6.31), we find that

ah,m(U7 Tu, 90) - ah,m(uv Tu, ‘P)
— Cyid
< ((B1 — oo + LyCrt) gl + L= LM%

2
Vol?d
Cw [Vol~dx

K
Ke‘%‘l m

2LgCBCyy ZLﬂCB ﬁ B 2
+( s ) Z/|s|d+ Z/mdx

Ke*%l m Ke*%l m

4LgCpClyCq
Cwéo

B1— Bo
> (k) +hk Il )) + =5 I )
ke, 3
€hm
2(B1 — Bo)CmCq B1— Bo
+ CW51 Z (|77|H1(K) \U|H2(K)) + 81 Z |n|H1(K)
KeThm KeIhm

Finally, taking into account that g < h < h and choosing

Bo Bo BoCw

. R S - ,
3ka(B1 — fo) 3k, LCrp 3ka(B1 — Bo)Cur
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we obtain estimate (6.224) with the constant

2LgCgC 2LgCp 2LgC 4L sCgCyC
C, = max | =P =B=MI p~B ZFTB PZBEMZG  (6.229)
Cwéo ) 5o Cwéa
B1—Bo 2(B1 — Po)CuCc N B1— Po N 4LgCpCHCch®
85 Cwé d1 Cwér .

We can see that C, = éaka/ﬁo, where the constant C~’a depends on Cy, Cy, Cg,

Cp, Cw, Lg and B1 — Bo.
Similarly, we proceed in the proof of (6.225). From the definition of the form ay, ,,
and the properties of the function g it follows that

anm(u, Tu, 9) — apm(u, u, ) = / Bw)Vn - Vedx (6.230)
KeThm

- > / (Ba)Vn) -nlpldS — © > / (Bw)Vg) - nnlds

Ji )i
rez, rez; .,

- > /ﬁ(u)vn.mpdS—@ > /Fﬁ(u)w.nnds

rezp, rezg,

(L) (R)
vt |+|Vn |
/|Vn||w|dx+ﬂ1 S / Tllds

KG%’ Fegzhlm

L L

/ Vo H | + [Vl
2

B

+ A1 I[n]ldS

1“3

1B /IanlwldS+/31 /IlelnIdS
rezpf, rezB

h,m

The use of the Young inequality, the multiplicative trace inequality (6.30) and the
inverse inequality (6.31) imply that for arbitrary 81, 6 > 0 we get

Wpn (U, TU, Q) — Ay (U, U, @)

2
<h > /( v +81|w|2)dx

KeThm

Cwé
B2 /( (1vn ‘”|2+|Vn(R>|2)+%|[¢J|2)ds
r

Fgﬂ
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hrﬁz Cw
. / (Ve P+ 19610 P) 4+ i) ds
hré

rezl,
Cwéi, »
—_— ds
pr 2, /(CW51 (el
Fegzlf;m
hré;
By /( Vol +—|n|)
I'e yth
B1Cm1d2 B1
< Bisillelly, + ———— D lelhik + = Ja@m)
Cw 8
KeThm
Bi 2.31CMCG
Ke%,m Ke%,m
If we put
C 281CuC
5 = Bo = w Bo . C, = max [ﬂl ﬁ1+ B1Cu G]’
2k 2kcB1Cumi 8 & Cwéi

we get (6.225). We can see that C, = C’Ckc/,Bo, where C‘c depends on Cy, Cy, Cg,
Cw, Bo and B. ([l

Remark 6.41 In view of (6.226), estimate (6.207) can be written as

bhm (U, ) = bpm(u, )| < @Illfplll + Gy (Ilélle(m + R (n)) (6.231)

6.2.3 Abstract Error Estimate

6.2.3.1 Estimate of &

In what follows, we use the conditions (6.25) of the shape-regularity, (6.26) of the
equivalence, and assumptions from Lemma 6.37.

Let us substitute ¢ := & in (6.206). From the definition (6.199) of the form Ay, ,,
it follows that

/1 (€. &) +anmU, U, &) — apnmU, wu, &) + poJj , (5, §)) dr (6.232)
+ (-1, 61_1)

== / (_ah,m(Uﬂ 7TM, S) + ah,m("t7 ]Tu7 E) - ah,m(uv T[u, é,v:) + ah,m(u’ I/l, %_)) dt
In
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+/I (bhm (4, &) = by (U, &) = BoJy (0, 6) — (', &) dt — ({ndy > 6 1) -

By (6.86), we have

&, &)dt + ({Eh_1 - &5 ) (6.233)

1/71
1 _2 — 2 2
= 5 (I67 12200y = 61 e + 1HEDm1 20y -
Moreover, (6.87) with § := 1 gives
1
/[ (77/7 @)dt + ({n}m—l ’ @:;71) = ||71;1,] ”iZ(Q) + Z”{w}mfl ”%,2(9)’ @ € S/IZ:;Z'
! (6.234)

The use of (6.32), (6.231)—(6.234), the Young inequality, and Lemmas 6.37 and
6.40 imply that for arbitrary 8, k., kp, k. > 0 we have

_ _ 2 1
”‘Em ||il(9) - Hsm—l ”L2(_rz) + 5”{‘5}’”—1”%2(9)

Y (- 28/|||s|||2dt
0 ky kp ke L, m
— 2
fc(/l ||s||iz(9)dt+||nm_1||L2(m+ /1 Rm(n)dt).

This and the choice k, = k) =k, = 16and § = 11_6 imply that
~I? - P ! 2 Po 2 4 6.235
0 V2202 = 8n-iliae) + 3 1HEIm-1 120y + 5 | MENG dr - (6235)

— 2
sc(/l ||§||iz(9)dr+Hnm_ll}Lz(m+/I Rm(n)dt), m=1,...,r

6.2.3.2 Estimate of f; 11§12, ds

An important task is estimating the term f I, IIE ||i2 @) dz. The case, when B(u) =
const > 0, was analyzed in [134] using the approach from [4] based on the applica-
tion of the so-called Gauss—Radau quadrature and interpolation. However, in the case
of nonlinear diffusion, this technique is not applicable. It appears suitable to apply
here the approach in [51] based on the concept of discrete characteristic functions

constructed to § in Sect.6.1.8.
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We proceed in several steps. Let us set
l
m—1+1/q = tm—1+ ;(tm —ty—1) for 1=0,..,q

and use the notation &, —141/q = §(tm—1+1/g)> Em—1 = E,;r,]a Em =§,.

Lemma 6.42 There exist constants Ly, M, > 0 dependent only on q such that

q
2 NEn-111sq Hiz(m / 11132, ) dt (6.236)
1=0

Proof Let qAﬁ € P,4(0, 1) be a polynomial depending on ¢ € (0, 1) of degree < g.

Since the expressions
q
(Z(qs(l/q) ) (/ b dﬁ)

=0

are equivalent norms in the finite-dimensional space P, (0, 1), there exist constants
Ly, M, > 0 dependent only on g such that

L [ #a qu(és(l/q))2 <, [ 30

=0

Putting ¢ = tf—"’" for ¢t € I, and using the substitution theorem, we find that

q
L
> PPtmttiyg) = =L [ pPd (6.238)
1=0 Tn J I
M,
Ptm—r) < 2L / pidr. (6.239)
Tm J1,

for all p € P,(I,). The application of these inequalities to the function p(t) =
E(x,1),t € [ty—1, t;n] considered for each x € £2 yields the inequalities

q
L

D E 0 tuttsg) = —q/ E(x, 0 dt,

=0 Tm I

2 Mq 2
E4(X, ty_) < — | E°(x,t)dt, x € £.
Tm J1y
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Now the integration over §2 with respect to x and Fubini’s theorem immediately lead
to (6.236) and (6.237). O

Further, we return to identity (6.206), where we set ¢ := &. It can be written in
the form

/ (€6 + @ U, U.6) — (U 70,6 + fof €. 0) dr 4 (55,565

m

= / (_ah,m (Ua Tu, E) + ah,m(”a Tu, S) - ah,m(“v Tu, g) +ah,m (M, u, E)) dt
I
[ (0T 008+ b 0.©) = by (U6 = (0. )
~ (&) + (5 i) Ve e ST

Using the relations (6.91) with ¢ := & and
1 _2 2
e g =5 (lnlhe 16 lhe) . 6200

we get

1 _
5 (187 2200 + I 1320

+ /1 (@nm (U, U, &) = anm (U, 710, €) + BoJ{ (&, £)) dt
S /I (|ah,m(U7 Tu, %‘) - ah,m(“» Tu, E)| + |ah,m(”a Tu, E) - ah,m(us u, §)|) dt

[ (Bl O] + b1 0,6) = b, )]

m

+ \(nm 1’ Em l)i + |(§m_—l’$rjz_—l)|'

Now, Lemmas 6.37, 6.40, inequalities (6.32), (6.231) and the Young inequality imply
that

(llsm 122+ &5 Lz(m) / g2, de

< /1 (@n@mm + Callé N} 2 ) + CaRm () + @nvznﬁ + ccRm(m) di

+/1 (’330 Tt 1) +8B0 I, (6.6 + ’3—°|||sn|m + CpllEN 72 ) +Cme(n))dz
[l Jenc,
N % gt 1\\;(9) w ] Hm).
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After some manipulation, taking into account that I§m ) < Ry (n), we get

2 2 2 2 2
l6m 120y + 160120 + Bo (1 el 28) /I ” €12, dz

<2Cu+Cp) /1 €12, gyt + (2<ca L4 Co+ %) /1 R dit

— 2 - 2
PN LT
1

2
5 +451H5;—1HL2(9)'

Finally, the choice k, = k; = k. = 16 and § = 1/16 yields
2 T2 Bo >
(3 HLZ(Q) + & ||L2(m + 2 ), €, e (6.241)

< / 1612201 + 2 / Ry ()dt
In I

_ 2 _ 2
[ ||L2(_Q) Py ([ ||L2(_Q)

|
+2 81 S1

2
+ 441 ”Srjz_fl ”L2(_Q)’

with constants C; = 2(Cy + Cp), C2 = 2(Cy + Cp + C.) + 168p.
Now we prove the following important result.

Lemma 6.43 There exist constants C, C* > 0 such that

/1 €122, dt < C T (Usmlniz(m + i 20 + /1 R (n) dr),
(6.242)

m=1,...,r,
where Ry, (n) is defined in (6.226), provided
0<r1, <C (6.243)

Proof First, let us consider g = 1. Then, from (6.241), (6.236) and (6.237) it follows
that

Lqg 2 /30/ 2
— dr + — dt
T /[m ”é”Lz(Q) + 2 I, ”IEl”m

aM, 5,
<|C 4 2 dt
_( o+ 22 )/1 16122 0,

_2 — 2
[ +2||¥m_; l20)
1

+ Cz/ Ry (n)dt 4 2
I
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If we set
L
S1= 1 C3=—,
8M, 81
then, under the condition
0<t <c*-:i (6.244)
m = . 4C1 k) .

we get

Lqg 2 Bo 2
i /I 18122 g+ 2 /1 NG

= Cz/: R (ndt + Cs]l,, ”izm) + G, ||iz(9), (6.245)

which already implies (6.242).

Further, let g > 2,1 € {1, ...,q — 1} and él = St 141/g> where Stm_111/4 is the
discrete characteristic function of the function & at the point #,,_14;/, defined by
conditions (6.146)—(6.147). Then, these conditions and (6.164) imply that

- Im—1+1/q ~
@6 - / €& EG ) =Bt ), (6.246)
m tm—l
/I WEIR dr < Cen /1 E N2, dr. (6.247)

We proceed again from identity (6.206), where we set ¢ := . Then we get

/1 GRANES CRlNCh ) (6.248)

[ (~ahn 008 + a0, B) = o6 )

—F

+ [ (~anm U 7w, &) + ann 7, 8)) o

m

+ (—ah,m(u, mu, &) + apm(u, u, &) — PoJy (0. 51)) dr

S

+ [ (bnan &) = brn (U B )

=

n

R Gy By TR TR (MR §

—
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By (6.246),
Im—1+1/q

€ Endr+ (51, Gy ) = / EE)+ (G )

I Im—1

1 [im=1+/q ) L2
=5 / e R g+ 5] o (6.249)

1 2
= 5 (Jen-1 2y + 1671 120 -

Then (6.91), (6.249) and (6.248) imply that
3 (1500 ey + 1681 ) (6250)
= /,m (‘ah,m(u, U, &) — apm(U, wu, &) + BoJg (. 51)‘) dr
+ /Im anm(U, wu, &) — apm(u, wu, 51)’) dt
g/

(
| (Janam e 0, B = a0, 80| + |07, 0. 8] ) a
(

+

/ b (U, &) = by, &) )
Ly

G &) F (s 6 1) |-

Using Lemmas 6.39, 6.40, where we set ¢ = 51, k, = ko = 1, inequalities (6.32),
(6.231) (with k; = 1) and the Young inequality, for an arbitrary §; > 0 we get

1 2
3 (len-rssalie + 161120y

< /1 (€ (WEIE, + WENZ) + Boll&IIE, + Callé 22, + CaRn() dt
+ /I (BONEIZ, + CeRn ) + BoJi 1. 1) + o B B ) i
+ /1 (BollEIZ, + CollE 12 ) + CoRu ) dr

~ 2
[ ”LZ(Q)

- 2
n ||§m—1||L2(_Q)
L))

2
5 +86,, ”LZ(Q)'

2
+ & ”En—:—l ||L2(Q) +
This implies that

2 2
”Em—H—l/q ||L2(.(2) + ”Er-r"z_—l ” L2(£2) (6.251)
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< /I (E02, + 18122 + R a

5 [ ”iZ(m ) ([ HiZ(Q) as et 12
+ (32 + 82 + 2”SmleLz(.Q)
with a constant C > 0 independent of £, n, h and 7.

Further, let us multiply (6.251) by 4651071)’ sum over all [ € {1, ...,q — 1} and
add inequality (6.241) to the result. Then we obtain the inequality

q—1

= - p
G ”5m ||iZ(Q) + Z Hsm—lﬂ/q ”i%@) + “5;—1 ”i2(9) + ?0/1 |||é§|||3zd’
=1 m

< /1 (%manfn + Call§ 3 ) + 63R’"(”)) &
2 Bo - 2 o
+ (E + E) (||5m_1 Ir2c0) + s ||L2<9>)
Bod 2
+ (% + 451) I, ||L2(Q)’

where

Ci= mini~L,l], C~‘2=@+C1, C~‘3=@+C2-
4C(g — 1) 4 4

Hence, by Lemma 6.42,

1Lq 2 .BO/ )
dr+ dr
T /, 1817200t + 7 [ EII,

BoMy 5  4M, 6, ~ ~
< ( Mg | tMgd1 | ) / 16122 0,1 + Cs / Ron()dt
Iy I

Ct, Tm
2 Bo - 2 S
(2 ) (15 B )

This, and the choice

CiL, CCiLy, ~ 2 Bo
= s 62 = N C4 ~ )
16M, 4B0M, &1 208,

1

lead to the inequality

CiL, - 2 Bo 2
( 2w C2)/1m IE1172 A1 + Z/I,,, &1, de
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= 63/1 R ()t + Cy (”%.rzfl ”iZ(Q) + [y HiZ(Q)) :

If the condition

O<ty, <C*:= Cl—~Lq (6.252)
4C,

is satisfied, then ~ .
CiLq e > CiLg

’

2'Cm - 4fm
and hence,
O\ L, 5 Bo .
it /Im 1§12 ) dr + 77 A I II,
N ) " o
< C3/[ Ry (n)dt + Cy4 (”Em—] | et 71 ||L2(Q)) . (6.253)

This already implies that (6.242) holds under condition (6.243) with C* defined by
(6.252). O

Now we finish the derivation of the abstract error estimate of the ST-DGM.

Theorem 6.44 Let (6.193), (6.194) and (6.243) hold. Then there exists a constant
Cag > 0 such that the error e = U — u satisfies the following estimates:

m
lew 172 + % > /1 el de (6.254)
j=1"14

m m m
ECAE(leﬂ;—_l”iz(erZ/ Rj(n)dz)+2||n;||22(9)+ﬁ02/ il d,
=1 =171 i—171

J J J
m=1,...,r, he(0,h),

and

,
lellZg,) < Car D rm(un,;_l 1720 + /
1

m=1 4

Rin(n) dt (6.255)

r r

+ DI + D /R,(n)dr)+2||n||§z(QT), he 0, h),
X ; I;
]:1 J:] J

where R, (n) is defined by (6.226).
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Proof (i) Substituting (6.242) in (6.235), we get

_1? Bo 2
G / g i ar (6.256)

2
+ | Ri )dt), i=1.....r
122) /Ij JAY) J

(As usual, by C we denote a positive constant independent of &, t, m, attaining
different values at different places.) Letm > 1.If we sum (6.256)over j = 1, ..., m,
and take into account that &, = 0, as follows from (6.81), we get

- Bo ~
1 720y + 5 22 1 €3 de
j=174
<CZr,||s, 1||Lz(9)+CZ(IIn] 1”L2<9>+/I Rj(mdt).
J

j=1

<a +Cz,)Hs] 1‘

L2(2) C(H nf—l‘

Now the discrete Gronwall Lemma .11, with

xo=a9=co=0,

-2
Xm = ”‘i:m ”Lz(.Q)’

Bo ~
n="y Z/ €N de,
i=171j
J
m
an = CZ(||n,-_1||i2(Q) +/1} R,-(n)dr),
J

j=1

bj:C‘L’j_H, j=0,1,...,m—1,

implies that

- Bo ~
1 1720y + 5 2 gl ar
j=171i

m m—1
= j=0

Taking into account that 1 + C 741 < exp(C 7;41), and hence,

m—1

m
H(1+C Tjyl) = H(1+C Tj) < exp CZ‘L'J') =exp(Cty) < C:= exp(CT),
j=0 j=1 j=1


http://dx.doi.org/10.1007/978-3-319-19267-3_1
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we get

m
&7 1220 + % > /1 Mg dr (6.257)
j=1""

m m
gé(z||n;_l||§2(m+z/l Rindr). m=1.....r
j=1 j=171i

If we use the relation e = & 4 1 and the inequalities

||€ ”LZ(.Q) Z(HE_HLZ(.Q) + ||’7m ||L2(.Q)) (6258)
”e”LZ(Q) S 2(|IE||L2(Q) + ||77||L2(Q)),
llelll; < 2N + lnll3),

from (6.257) we immediately get (6.254).
(i1) It follows from (6.242) and (6.258) that

,
2 2
lellyzo,) = Z/I lellys g dt (6.259)

T
<chm(||sm 2y + l||L2(m+/ m(n)dr)+2/0 01172, dt

m=1

Now we use (6.257) with m := m — 1 < r for the estimate of [|§,_ 1|| take

L2(2)y
into account that §; =0, 5, = Hh,ou —u% and get inequality (6.255). O

Remark 6.45 A detailed analysis shows that the constant C4g from the abstract error
estimate (6.254) behaves in dependence on By as exp(C/Bp), which means that this
constant blows up for fg — 0+, and the obtained error estimates cannot be applied
to the case of nonlinear singularly perturbed convection-diffusion problems with
degenerated diffusion. Uniform error estimates with respect to diffusion tending to
zero were obtained, e.g., in [129] for the space-time DG approximations of linear
convection-diffusion-reaction problems. This will be treated in Sect. 6.4.

6.2.4 Main Result

Here we present the final error estimate of the ST-DGM applied to the nonlinear
convection-diffusion equation. We assume that the exact solution satisfies the regu-
larity conditions (6.194) and
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ue HITH0, T; H' (2)) N C([0, TT; H*(£2)) (6.260)

with integers s > 2 and ¢ > 1. We set 4 = min(p + 1,s). Obviously,
C([0, T1; H*(2)) C L*(0, T; H*(£2)) and condition (6.193) is also satisfied.
Moreover, we assume that

2

Ty > Csh,,, m=1,...,r. (6.261)
Let us note that it will be shown in Remark 6.48 that this assumption is not necessary,
if the meshes are not time-dependent, i.e., if all meshes %, ,,, m = 1, ..., r, are
identical.

We recall that the meshes are assumed to satisfy the shape-regularity assumption
(6.25) and the equivalence condition (6.26).

Now we can formulate the main results in our analysis of error estimates for the

ST-DGM.

Theorem 6.46 Letu be the exact solution of problem (6.191) satisfying the regularity
conditions (6.194) and (6.260). Let the system of triangulation satisfy the shape-
regularity assumption (6.25) and the equivalence condition (6.26) and the time steps
Tm, m =1, ..., r, satisfy conditions (6.243) and (6.261). Let U be the approximate
solution to problem (6.191) obtained by scheme (6.203). Then there exists a constant
C > 0 independent of h, t, m, r, u, U such that

n@@®+%iﬂwwm (6.262)
j=1"14
= C (P o iy + T Wl g 0y m=1or he OB,
and
”e”iz(Qr) =€ (hzw_l)|u|iz(0,T;H/‘(.Q)) + T2(q+)/)|u”%-1‘7+‘(0,T;H1(Q))) L he O h).

(6.263)

Here y = 0, if (6.118) holds and the function up from the boundary condition
(6.191b) has a general behaviour with respect to t. If up is defined by (6.116), then
y = 1 and condition (6.118) is not required. (The symbol | - || is defined by (6.105).)

Proof Let j € {1,...,r}. By virtue of (6.27), (6.106), (6.109), (6.112), (6.114),
(6.115) and Lemma 6.19, we have

2 2(u—1) 2 2+y)y, 12
/ |||7l|||] dt S C Z (hK |M|L2(IJ.;H;L(K)) + Tj |u”H‘7+1(Ij;H1(K)))’
I KG%J‘

(6.264)
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with y defined in the theorem. This, and the inequality hg < h, valid for K € I, j
imply that

2(u—1 2
/,_ il e = € (15 el pmcan + T Wliggsr a2y ) (6:265)
J
Similarly, in view of (6.265), (6.226) and (6.106)—(6.113), we get

2 1 2
/ Rjmar = C(h" Wl oy + 7 W1 ) (6:266)

1

Further, by (6.142),

m
-2 72172(u—1),, (2
D i3y < €T +RHR* Pl o 1y e (6.267)
j=0
Taking into account that | - |L2(0 T H,L(_Q)) <T|- |C([0’T];HM(Q)) and using (6.254)

and (6.265)—(6.267), we arrive at estimate (6.262).

Similarly as above, estimating the individual terms in (6.255) depending on n, with
the aid of (6.107), (6.108), (6.111), (6.265)—(6.267) and the relation >, _; @ = T,
we obtain (6.263). O

Exercise 6.47 Prove estimate (6.263) in detail.

Remark 6.48 The case of identical meshes on all time levels. Similarly as in
Sect.6.1.10, assumption (6.140) can be avoided, if all meshes Jp p,, m = 1...,r,
are identical. Then relations (6. 179) and (6.180) are valid, and it is possible to show
that the expression " =1 In- i 112 122) does not appear in estimate (6.257). We find
that instead of (6.254) we get the abstract error estimate in the form

lew 32 + ﬁ >3 / llell? dr (6.268)

m
<c Z/ R;(n)dr+2||n,,:||iz(m+ﬂoz/ il a,
j=1"1i =171
m=1,....r, he(0,h).

Then Theorem 6.44 holds without assumption (6.261).

Remark 6.49 The error estimate (6.263) in the L%-norm is of order O (h*~1) with
respect to /1, which is suboptimal by comparison with the interpolation error estimate
(6.108), and one would expect the error estimate in the L?-norm of order O (h*). This
is a well-known phenomenon in the finite element method as well as in the DGM. In
several discontinuous Galerkin techniques, similarly as in conforming finite elements
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(cf. [52]), it is possible to prove the optimal error estimate in the L>-norm in the case
of the SIPG version with the aid of the Nitsche method, as for example in [7, 96, 125,
206]. See also Sects.2.7.2 and 4.5. The case, when the space-time DGM is applied
to the nonlinear convection-diffusion problem, remains to be solved.

Remark 6.50 Similarly, as in Remark 6.45, it is possible to show that in the above
error estimates, the constants C depend on Sy as exp(c/Bp), which means that these
constants blow up for fp — 0+. Error estimates that are uniform with respect to the
diffusion coefficient, will be proven in Sect.6.4 in the case of a linear convection-
diffusion problem. The case with a nonlinear convection and linear diffusion was
analyzed recently in [207] in the case, when backward Euler time discretization was
used.

6.2.5 Numerical Examples

In the following, we present numerical experiments demonstrating accuracy of the
space-time discontinuous Galerkin method. Namely, we investigate the experimental
order of convergence inthe L>((0, T); L?(§2))-norm, the L?((0, T); L*(§2))-norm
and the L>((0, T): H'(£2, .7}))-seminorm.

Let 2 = (0, 1)2 and T = 1/2. We consider the scalar nonlinear convection-
diffusion equation

ou du? du? .
— =V -Bw)Vu) —— ——=¢ in2x(0,7), (6.269)
ot ox;  0x2

where S(u) = 0.1(2 + arctan(u)). We prescribe a Dirichlet boundary condition on
052 and set the source term g such that the exact solution has the form

u(xy, x2,1) = (8 + e*Hx1xa(1 — x1(1 — x7), (6.270)

where § = 0.1 and o = 10.

We discretized (6.269) by the ST-DG method, cf. (6.203). The resulting nonlinear
algebraic system was solved by a Newton-like method, where the Jacobian matrix
is replaced by the flux matrix arising from a linearization of nonlinear terms. See
Sect. 8.4.2, where more general problem is treated.

Since the exact solution is a quartic function with respect to space, we use a
coarse triangular grid (having 512 elements) and P4 polynomial approximation in
space. We carried out computations with linear, quadratic and cubic polynomial
approximation in time and with the fixed time steps 7 = 1/10, 1/20, 1/40 and 1/80.
Table 6.1 shows computational errors and the corresponding experimental orders of
convergence (EOC).


http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_4
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Table 6.1 ST-DGM: computational errors in the L*°(0, T'; L2(£2))-norm, the L2(0, T; L%(2))-
norm and the L2 0, T;H 1 (£2, Fp))-norm and experimental orders of convergence forg = 1,2, 3

T q llenllpocz2y | EOC | llenllz2z2y | EOC | llencll2(g1y |EOC
1.00E-01 1 1.63E-01 - 5.057TE-02 | — 2.567E-01 |-
5.00E-02 1 5.05E-02 1.7 1.337E-02 19 6.395E-02 |2.0
2.50E-02 1 1.38E-02 1.9 3.360E-03 2.0 1.555E-02 |2.0
1.25E-02 1 3.59E-03 1.9 8.369E-04 | 2.0 3.835E-03 |2.0
1.00E-01 2 1.32E-02 - 4.130E-03 - 2.019E-02 |-
5.00E-02 2 2.08E-03 2.7 5.292E-04 3.0 2.490E-03 |3.0
2.50E-02 2 2.90E-04 2.8 6.544E-05 3.0 3.018E-04 |3.0
1.25E-02 2 3.81E-05 29 8.116E-06 3.0 3.793E-05 |3.0
1.00E-01 3 8.23E-04 - 2.483E-04 | — 1.187E-03 |-
5.00E-02 3 6.26E-05 3.7 1.582E-05 | 4.0 7.382E-05 |4.0
2.50E-02 3 4.31E-06 3.9 9.865E-07 | 4.0 8.829E-06 |[3.1
1.25E-02 3 9.02E-07 2.3 1.022E-07 3.3 7.595E-06 |0.2

Except the last calculation, where we observe a decrease of the EOC, we get the
order of convergence O(z9%!) in all investigated norms. This phenomenon of the
accuracy can be caused by the limits of the nonlinear iterative solvers in the finite
precision arithmetic.

6.3 Extrapolated Space-Time Discontinuous Galerkin
Method for Nonlinear Convection-Diffusion Problems

The realization of space-time discontinuous Galerkin discretization of a convection-
diffusion problem with nonlinear convection and nonlinear diffusion, introduced
and analyzed in Sect. 6.2, requires solving a nonlinear algebraic system at each time
step. In the case when the diffusion terms are linear, there is a natural question,
as to whether it is possible to construct a similar technique for the solution of the
discrete problem as in Sect. 5.2, using the implicit discretization of linear diffusion
terms and applying a suitable extrapolation from the previous time interval in the
nonlinear convective terms. Then the discrete problem will be equivalent to a linear
algebraic system on each time level. We call such method extrapolated space-time
discontinuous Galerkin method (EST-DGM). The subject of this section will be the
construction and analysis of this method.

Let 2 C R?(d = 2, 3) be a bounded polygonal domain. We consider the initial-
boundary value problem to find u : Q7 — R such that

d

ou ofs (u) .
T > = Au+g in Or, (6.271a)

Ss=


http://dx.doi.org/10.1007/978-3-319-19267-3_5
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u|agx©,r) =up, (6.271b)
ux,0) =u’x), xe . (6.271¢)

We assume that the data satisfy conditions (4.2), i.e.,

f=1.. fa). fr € CY(R), f/arebounded, f;(0) =0, s=1,...,d,
up = trace of some u* € C([0, T]; H' (£2)) N L>®(Q71) on 32p x (0, T),
>0, geC(0, T L*(2)), u’ e L*(2).

For the same reasons mentioned in the previous section in Remark 6.33, we con-
sider here only the Dirichlet boundary condition.

We assume that there exists a weak solution u of (6.271) that is sufficiently regular,
namely,

ue C(0,T]; H (2)) N WIth> 0, T; H'(2)), (6.272)

where s > 2 is an integer. By integers p > 1 and ¢ > 1 we denote given degrees
of polynomial approximations in space and time, respectively. As usual, we set
p = min(p + 1, s). The solution satisfying the regularity condition (6.272) fulfills
problem (6.271) pointwise. We use here a stronger regularity assumption than in
Sect. 6.2 because of a further theoretical analysis.

6.3.1 Discretization of the Problem

‘We use the same notation as in Sect.6.1.1.1 and, therefore we do not recall it. In the
case of problem (6.271) with linear diffusion, the diffusion, penalty, convection and
right-hand side forms (6.197)-(6.201) reduce to

A, )= D /KVW-de— > /F<<w>~n[¢1+c~)<w>~n[w]>ds

KeThm rezl,
- > /(Vw~n<p—|—@V(p-nw)dS, (6.273)
g 4T
Fe‘gzh.m
I aw.o)=Cy > h;lf wllpldS+Cy > h;l/ wedS,  (6.274)
1 r B r
Fefh’m FE'J(Zh,m
Ah,m(W’ (/)) = Sah,m(w’ (/)) + 8‘]}?:," (Ws (p)v (6'275)

d .
bhmv. @) == > L{Zﬁ(w)%’idﬁt > /FH(W‘FL),W(FR),n)[w]dS

KeThm™ " s=I regl .


http://dx.doi.org/10.1007/978-3-319-19267-3_4
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—+ z / H(w%),w%),n)godS, (6.276)
Fey}f"l F

@) =@ -c0 Y [ vompastecy ¥ i [upeas.
Feﬁfm r Feﬁfm r

(6.277)

making sense for v, w, ¢ € Hz(.Q, Ih.m). Here Cy > 0 is a fixed constant, ® =
—1,0, 1 and H is a numerical flux with the properties (4.18)—(4.20) introduced in
Sect.4.2.

In what follows, we use the notation u’ = du/dt. Obviously, the exact solution u
with property (6.272) satisfies the identity

(' (1), () + Apm (), (1)) + bam (u(®), (1)) = Lrm(@) (1) (6.278)

forall 9 € S/"4,t € I, and m = 1,...,r. This leads us, in agreement with
Definition 6.34, to the possible definition of an approximate solution as a function
U € S such that

/ (U, 9) + AnmU, @) + bpm(U, 9)) dt+({U}m—1,<p:,f_1)=/ Chm(p)dt

1, m m

VoeSyd, m=1,...,r, (6.279a)
Uy, 9) =W’ ¢) Yo e Sho. (6.279b)

The presence of the nonlinear convection form by, ,,, causes that (6.279) represents
systems of nonlinear algebraic equations, which have to be solved at each time level.
In order to avoid difficulties with solving the nonlinear discrete problem, we employ
an explicit extrapolation in the first argument of the form b, ,.

In what follows, we use the following Lagrange extrapolation. By /" (t) €
Py(Iy),i =0,...,9,m = 1,...,r, we denote the Lagrange interpolation basis
functions associated with the Lagrangian nodes t,,, j = t;,—1 + érm, j=0,...,q:

9t = (tmet + L)
m . q
L) = | | "jrm

J=0.j#i q

,i=0,...,q9,tely,, m=1,...,r
(6.280)

Under the assumption that r’—"l < Cy with a constant Cy independent of m, using

Tin—

the notation s =t — t,,_1 € (0, 7,,), we obtain the estimate

il t— (tm—2 + lfm—l) q s + q;j‘fm_l
"t ol= 1] e = [l |—/——| ©28D
J=0.j#i g tm-l j=0.j#il g Tm-l
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f[ qs+fm1 ﬁ qu"l‘Tm 1

_ T
J=0,j#i J=0.j#i m-l

IA

q
= H (qC9+61) (qCo +q)1, Vtely.
j=0,j

Nowifw € C(U) _, I,y; X), where X is a Banach space, and w|,,, is continuously

extendable on 7, foreachm = 1, ..., r, we define the extrapolation w: U
R of w in the following way:

”_11 —

() = Ewt) := w(r), Vrel, (6.282)
w(tmfl) = Ew(tﬂ’lfl) = W(tmfl), m :2""7r’

q .
P = Ew(t) = > L OWltnoz + ~tu_1)s 1€ Lyy m=2,....7.

. q

i=0

See Fig.6.2. This defines the extrapolation operator E.
We can see that the operator E reproduces polynomials of degree < g:

Ep=¢ Yo e P40,T), (6.283)

where P, (0, T) denotes the space of all polynomials on (0, 7') of degree < g¢.
Moreover, if w = w(x, 1) € C([0, T1; H'(£2)), then

i(Ew(-, 1)) =E (iw(., z)) e L*(2), tely,, m=2,....,r. (6.284)
3)6]' 3)6]'

4
T

b1 Im t,

]mfl

Fig. 6.2 Extrapolation of a piecewise polynomial function
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P.q
Sh,r .

Therefore, we apply the extrapolation operator in combination with the L2(£2)-
projection ITj, ,, on S;Zm. This means that instead of w, we use [T, ,w € Sf;’f. It
holds that

IfweS f f , then it may happen that in general for non-identical meshes w ¢

(T mW(t), @) = W), @n) Vo € S, 1 1 € L. (6.285)

Now we are ready to introduce the extrapolated space-time discontinuous Galer-
kin method (EST-DGM).

Definition 6.51 We say that the function U € S{”Tq is an EST-DG approximate
solution of problem (6.271), if

WU, ¢) + Anm(U. @) + by TTpwU. @) dt + (U1, ¢,_;)  (6.286a)

I
:/ Chm(p)dt YoeSPt m=2,...r
I ’
Uy . 9) =", 9) Yo e Sho. (6.286b)

Remark 6.52 The existence and uniqueness of the approximate solution follows
from an analogue of Theorem 6.5 since the term bh,m(ﬂh,mf]\ , ¢) does not depend
on the approximate solution on Iy,,.

Scheme (6.286) is not self-started; we need the information from the previous
time interval for constructing U. Therefore, it is necessary to define the approximate
solution on the time interval I} by a suitable self-started method. One possibility
is to apply an explicit Runge—Kutta method with time step t1/g on the interval [
and an interpolation of the obtained approximate values at time instants jti/q, j =
0, ..., q. For Runge—Kutta schemes, see Sect.5.2.1.1.

For piecewise constant approximation in time (¢ = 0), we obtain the backward
Euler method linearized in the convective term by extrapolating from the previous
time level, treated in Sect.5.1.

6.3.2 Auxiliary Results

In what follows, we will be concerned with the analysis of error estimates of the
EST-DGM (6.286). We assume that the regularity assumption (6.272) is valid. We
consider a system of triangulations {Zji},¢(0.j).r€(0.7) h >0, T > 0 satisfying
the shape-regularity assumption (6.25) and the equivalence condition (6.26). We
also assume that the constant Cy from the definition (6.274) of the penalty form
Ji  satisfies the conditions in Corollary 2.42. We recall several auxiliary results
presented in previous sections. By (6.28) and (6.29),


http://dx.doi.org/10.1007/978-3-319-19267-3_5
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I pmv —vli2k) < Cahl Vg, (6.287)
-1
[T mv — Vigi ) < Cably VIge),
MThmvliL2ky < IVIL2(k)-s
forallv € H*(K), K € Jhm, m =0,...,r, h € (0,h), where C4 > 0 is a

constant independent of v, m and h. Moreover, the definition of the norm || - |||,,, and
estimates (2.119) and (6.287) give

W Ty = Vil < e Cah* Wlgue, 70)- (6.288)
forallv e H*(2, F4m), m=0,...,r, h € (0, fz), where C4 > 0 is the constant
in (6.287) and ey = (1 +4CwCyC7 "2,

Further, by Lemma4.6 and the multiplicative inequality, there exist constants
Cp, Cp+, Cp= > 0 such that

b, @) = b 3. 9)1 = Co (v =l 22y + 1Y = 1@, 57,0) Nl

v, v, 9 € H'(2, Thm), (6.289)

bim Vs @) = b Gns @) < Cpy v — Vil 22y 1@l (6.290)
Vis Vs 9h € Sp .,

1B n (1t @) = bh (T mas n) | < Cp"h* |l (2 N @nllln- (6.291)

ue H (2), gn €S}, ,,-
Now, (2.128), (2.129) and (6.287) imply that

| Apm () — I u(t), on)| < caeh™ M Mu @) () @l (6.292)
ae.t€(0,T), ueL*0,T; H (). ¢n €S}, .

|Anm Ons o] < Caellvilll W@allls — vis @ € Sp (6.293)

where ¢, = max(Cp, \/§CAC~'B) is a constant independent of h, m, r, €, u, v, and

©n-

In the error analysis we will use the concept of the discrete characteristic functions
¢y introduced in Definition6.25 to the function & and every y € I,. It satisfies
inequality (6.164), i.e.,

/1 gy N2, dr < Cen /1 IE N2, dr, (6.294)

where the constant Cc g depends only on g.
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As before, for ¢ = ¢(x, ¥) and ¥ = ¥ (x, ¢t) we use the notation dyp = d¢ /93D
and 0,y = 01 /at, respectively.

In the sequel, we will assume that the time partition formed by time instants
tm, m = 0,...,r, is locally quasiuniform. This means that there exist positive
constants Cy and Cy, independent of &, T, T, 7, such that

Cotin—1 <t < Cotu—1, m=2,...,r. (6.295)

The following Lemma characterizes approximation properties of the extrapolation
operator E defined in (6.282).

Lemma 6.53 Let u be the solution of (6.271) satisfying (6.272) and let condition
(6.295) be valid form =2, ...,r. Then

[l (2) _l/[(t)”LZ(_Q) < CE"-'q+1 IulW‘1+1'°O(O,T;L2(.Q))’ tely, m=2,...,r, (6296)
/[ lu =1 ey 4 < CEP? T VWi )y K € Time m=2.0.,
(6.297)
/1 llu _ﬁ”izm) dt < Cg rmr2(‘1+‘>|u|%vq+l,oo(0’T;L2(m), m=2,...,r. (6.298)
/1 =314 = Cp (L4 Co DT W0 romiays M=20er
(6.299)
where Jy, = (tmw—2,tn) and the constants Cg, Cy > 0 are independent of

t,m,t,h, K and u.

Proof (a) In order to establish (6.296), we can proceed in a similar way as in the
proof of Lemma 6.14. We introduce the transformation

F@) =9 (tm + tu—1) +1tm—2, ? € (0, 1), (6.300)
of the interval (0, 1) onto J,,, := I,,_1 U L,, U{t,,_1} = (ty—2, t,,). Further, we set

Zn(x, ) =u(x,t) — Eu(x,t) =u(x,t) —u(x, 1), (6.301)
xe 2, tey,,

and
72(x, V) = Zyu(x, F(¥)), xe 82, 9 e (0,1). (6.302)
(The variable x stands here as a parameter only.)
Now we introduce the operator E obtained by the transformation of the operator

E.If i € H1T1(0, 1), then we set

E(@ii) = (Eu) o F, (6.303)
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where u(t) = #(F~'(1)), t € J.

The application of the same process as in the proof of Lemma 6.14 requires
establishing the continuity of the operator E, considered as a mapping of the space
HIt1(0, 1) into the spaces L2(0, 1) and H'(0, 1).

(i) Continuity of the operator E : H7t1(0,1) — L%(0, 1):
We have the continuous embedding H g+l (0, 1) = L°°(0, 1). Hence, there exists
a constant ¢; > 0 such that

lele@.1) < cilelpeion Yo € HIT(O, 1), (6.304)

Now let i € H91(0, 1) and u € H1t'(J,,) satisfy the relation i = u o F. Then,
by (6.282),(6.281),(6.303) and (6.304),

|EullLo,1) = esssup 1y |Eu| = esssup, |Eul

q
-1
< llullz,) sup D 1L @)

1€9m j—q
< (g +1)(Coq + )il .1y < c2llitll ga+10.1y»
where ¢; = c1(q+1) (Cgq +¢)?. This and the continuous embedding L*°(0, 1) —

L%(0, 1) imply the continuity of the operator E as a mapping of H411(0, 1) into
L2(0, 1). Hence, there exists a constant ¢3 > 0 such that

IEill 2.1y < e3lliill gar1o.1y Vi € HITHO, 1). (6.305)

(ii) Continuity of the operator E : H911(0,1) — H'(0, 1):
In view of (6.305), it is sufficient to establish the existence of a constant ¢4 > 0
such that

d(Ei)

< calliill gasiory Vi € HIT(O, 1). (6.306)
L2(0,1)

By a simple calculation we find that

d O - e e AL
—Z" () = E — | | — .
dr =he =]
n=0 g ‘m—=1 q Tm—1
ni j=0
J#

J#n
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This relation and similar estimates as in (6.281) imply that
e
.i”’” In] < L (Cogq +9)". (6.307)
Tm—1
Further, by virtue of (6.303) and (6.300),
d(Ei)(®) d(Eu)

= (T + Tm—1)

a0 (ﬁ(fm + Tu—1) + tm—2)~

This relation, (6.282), (6.307) and the assumption t,,, /t,,—1 < Cg imply that

< sup

d(Eu)(t)
L®@0,1)  t€n dr

H_(Eu) (T + Ti—1)

< lull oo () supZ —f’" YO (T + Tw1)

t€dm j—p

2
g (g +1
< llullzs ) (Tm + Tm—1) — (Cog + q)*

m—1

<q*(@+ 1) (Cog + )" il Lo 0,1)-

Finally, using this result and the inequalities

|5 )

LZ(O,I) dv L(0,1)
and (6304), we obtain (6306)

Now it is already possible to proceed quite analogously as in the proof of

Lemma6.14. Actually, we have

8191()6, 19) = (Tm + Tm—l)atzm(xs (tm + Tm—l)l? + lm—Z)v (6308)
A 26, 9) = (T + T )T I Zon (6, (T 4 T 1)O + 12), B € (0, 1).

This fact and (6.301) imply that

lz(x, )12 =
20D ™ (g, 4 tn_1)

”Zm (xv )”%‘2(‘] )’ (63093)

18020, 2201y = T+ T D18 Zn (5. )2 - (6.309b)

1087 2, 22001y = @+ T DTN 2, D25, - (63090)
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Taking into account the continuity of the operator E, it follows from Theorem 2.16
that there exists a constant C > 0 independent of z such that

1
20, M F2gpy = CIOET 206, M T2y (6.310)

+1
1992(x, 17201y < ClIOY 26, I Fa01)-

Now, by (6.302) and (6.300),

12
1zl Lo (0,1:22(2)) = €SSSUPye(0, 1 (/ lz(x, ﬁ)lzdx) (6.311)
7)

1/2
= €SS Sup,ejm (/ |Zm(x, [)|2d)6) = ||Zm||LOC(Jm;L2(Q))-
2

Further, by (6.309¢) and Fubini’s theorem we have

1 1
12 qg+1_p2 q+1_2
199t . :/ (/ 199717 dx) dﬁ:/ (/ 19971 7] dz‘}) dx
i L2(0,1;L2(R)) 0 o 0 o\ D

1 1
= /Q 1957 20, 20,1y 4% = (o + Tm) /Q 10771 Z(x, 1122, dx

1
= @+ TN Zi 32, 1202y (6.312)

We will also use relations (6.67) and (6.68), i.e.,
Wlz0.1:0202)) < CVI 10202y Vv e H'(O0, 1, L7(R2),  (6.313)
where

2 — 2 2
V11 0.1:222)) = W20 22)) T 109V 20.1:02(2))- (6.314)

Now, taking into account (6.313), (6.314), (6.310)—(6.312), we obtain

2 _ 2 2 2
”Zm”LOO(Jm;LZ(Q)) - HZ”LOC((),I;LZ(Q)) = C (||Z||L2(0,1;L2(Q)) + ”80Z”L2(0,];L2(Q)))

1 1
< Cllog ™zl = C (tm + T )20 2y

2
L2(0,1;L2(£2)) ”Lz(Jm:Lz(ﬂ))'

Finally, this estimate, (6.312) and (6.301) yield (6.296).

(b) In what follows, we prove estimate (6.297).Letm € {2,...,r}, K € Ty pm,x €
K. Taking into account the continuity of the operator E : HI10,1) — L0, 1)
and relation (6.284), we can apply Theorem 2.16, where we set p := g, o = B := 2,
m: =00 = Jy, hoy = Po = Ty + Tu-1, I1 := E, 1 :=E. Taking into
account that in the part (a) we proved that the operator E: Ht! 0, 1) — L%, 1)
is continuous, by (2.75) we find that fori = 1, ..., d we have


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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H—(u(x )=ty o

= |- 5(5e0)

Further, (6.315) and Fubini’s theorem imply that

S PR

2

(6.315)

2 Jm
du(x, ) |?
ax,‘

L2(J ) — CN‘E (Tm + rm—])Z(q+l)

HI1(J,)

/[|u—ﬁ|§11(K)dt5/J |u—12|%11(K)dt (6.316)

d X

:/J (/KZ‘E(M(X,I)—ﬁ(x,[))‘ dx) d
" i=1 !

d

Z/K(/, Z‘%(u(x,t)—ﬁ(x,t))‘zdt)dx

ml=1 1
d A X
B /K Z Ha—xz'(u(x’ ), '))‘ L2(J)

E (T + 1)2(q+1)/ Z‘au(x )f
<Cit 2<q+1>/ 2‘3“()‘ )P

dx

X
HITL ()

k]

HIT1 ()

which follows from the inequality 7,,_1, 7 < 7 and, thus, C% = 22@+DCp.
Now we show that

/Z‘Bu(x )2

Actually, Fubini’s theorem, the relation 8q+1 (5’)’: ) = 3%(8? 1) in the sense of
distributions and (1.40) imply that

< ulx, ) 2 d
/K ; ‘ ax; THIT(Jy) - /K (/Jm l;

‘aﬁ“ (8“8(if ')))zdt) dr  (6318)
- ;

- /Jm (/K Z:: ‘af+1(§_z)‘2dx) dr = /Jm (/K Z:j ‘%(B?Hu)’zdx) e

qg+1 2 _ 2
=/ 107wl iy 4= 1l g, (k)

_ 2
HI*+(J,) r= |M|H‘1+1(Jm;H1(K))' (6.317)
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Now (6.316) and (6.317) immediately imply estimate (6.297).
(c) The proof of (6.298) is a consequence of (6.296).
(d) The proof of (6.299) is a consequence of the inequalities (6.295), (6.297) and

|M|Hq+l(1m;1-11(9)) < (tm+ Tm—l)|M|W11+1v°0(0,T;H1(_Q))

<71 +Qq_l)|u|wq+l’w(o,r;H1(9))-
O

Remark 6.54 The above results can also be proven with the use of a general approx-
imation theory in Bochner spaces derived in [279]. The technique used in the proofs
of Lemmas 6.14 and 6.53, based on the continuous embedding (6.67), was proposed
by K. Najzar.

Exercise 6.55 (a) Prove that 97" (g—)’é) = 8%(8;’ 1) in the sense of distributions.
(b) Using the properties of operator E, apply the technique from the proof of
Lemma6.14 and prove estimates (6.296)—(6.299) in detail.

6.3.3 Error Estimates

As usual, we express the error e = U — u of the EST-DGM in the form e = § + 7,
where & = U — wu and n = wu — u. For further considerations we put

C, = maX(|“|wq+1,oc((),T;LZ(Q)), |M|C([O,T];Hﬂ(.(2))» |u|W<1+1100(0,T;H1(_Q)))y
(6.319)

which makes sense by virtue of assumption (6.272) and the inequality u < s.

Lemma 6.56 Let u be the solution of (6.271) satisfying (6.272) and let U be its
approximation given by (6.286). Let (6.140), i.e., T, > Csh,zn holdform =1,...,r
with Cg independent of h and t and let (6.295) be satisfied. Then there exists a
constant C1 > 0 such that

/ ((SC @) + Apm (8, so)) At + ({Ehm—1. 01 (6.320)

I, m

< h £ 2 qt ! 2 G N3
R L L LGl

tel,

V(peS;l’,’Tq, Vm=2,...,r,

where Q(h, 7) = O (W*W=D 4 2@*V)) and y is specified in Corollary6.21.
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Proof Integrating (6.278) over I,,, and subtracting it from (6.286), we obtain

/ (E 0)+ Anm(E, 9) df + ({Etm—1. 0} ) (6.321)

In

= —( i (n/,w)dt+({n}m_1,¢;,t_1)) —/ Apm(m, @) dt

I

+ / (Ot ) — b (T 0, @) dt, @ € SPL.
I

We estimate the terms on the right-hand side of (6.321). Using relation (6.87) with§ =
2, approximation property (6.287), the Young inequality, and assumption (6.140),
we find that

/(n’,cp)dt+({n}m_1,¢,ﬁ_1) (6.322)
Iﬂl

<2 P + 1@t o) < Catn® D & Lol

= Um_1 LZ(_Q) 8 (p m—1 LZ(Q) = 2Tm 8 (p m—1 Lz(ﬂ)’

where Cr = ZCi Cy Cgl. Further, the second term on the right-hand side of (6.321)
can be estimated with the aid of (6.292) and (6.293) by

_/ Ah,m(nv ®) dr = / (Ah,m(u - Hh,muv ®) + Ah,m(nh,mu —TTu, </))) dt

In In

<o [ (cuCu™ Mol + call s = el lpll) .
Im

Now we use the Young inequality and the relation

2 2 2
N ITh,mu — wulll,, df < 2/ I Tp mue — wllly, d + 2/ lllee — swaellly, de.
Iy In Iy

Then, by (6.288), in a similar way as in (6.264), we get
£ _
- / Ann(, )01 = / Il dr + 3t (20D 1 2@y (6323)
Ln I

where C3 = C3(c4, Ca, Cy, €).
Finally, we estimate the third term on the right-hand side of (6.321) containing
the nonlinear form by, ,,. By the triangle inequality,

bhm s @) = by (T U, @) < |bpym (4, @) — by (@, @) (6.324)
b @, @) = bpy (T T, 9| 4 1bp (T T 9) = bp (T U, ).
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In what follows, we apply several times the Cauchy and Young inequalities, which
will not be mentioned any more. By (6.289),

/ |bh,m(us @) — bh,m(ﬁs <.0)| dr
I

IA

Co [ (1=l +1u = i 2. 7,) el
I

G

€ Jiy

i =@l 72 g, + lu — @l dr+— | Il dr
W=z T = Uy, 7, 48 J, Plllm G
where Cp1 = Cp1(Cp). Now, this inequality, (6.298) and (6.299) imply that

R Cp &
/ |bh,m(u,<p>—bh,m<u,go)|drsTrmrM“w@ / llll?, dz,  (6.325)
In I

where Cpy = Cp2(Cp1, Cy, Cg, CF).

From the definition (6.282) of i and the assumption thatu € C([0, T]; H*(£2)) C
C([0, T]; H*(£2)) it follows that i(t) € H*($2) for every ¢t € I,. Moreover, by
virtue of (6.281) and (6.282),

~/I |ﬁ|%1u(g) dt < (gCo + C])qu|“|%'([oj];[-1u(g))~ (6.326)
Taking into account (6.291) and using (6.326), we find that
/ B @, ) — bp (M it @) di < CJ* / @l llgll, df - (6.327)
Ly In
< —t,h"*+ — dr
= Tm + 8, el

with Cp3 = Cp3(CL*, Cy).
From (6.290) and (6.287) we get

[ bron Tt 0) = b (10 ) (6328)
In

< C} / 1T (@ = D) 2 Mol dt < C / i — Ul 2l dr.
I I

In order to estimate ||z — ﬁ||Lz(Q), we use definition (6.282), inequality (6.281)
and (6.136). Then

q . )

~ = - J J

I —Ullp2e) = E (Ifjm YO -2 + g":m—l) - Ulty—2+ ;Tm—l)”LZ(_Q))
=0
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q . ,
J J
< (qCo+ )T D lultm— + g =D T =2+t )
j=0

q . .
+(qCo+ )7 Y Imulty—2 + érm_o — Ultm—a + érm_l)ny(m
Jj=0
<G 1)+ Cs sup EDN 2 () (6.329)

t€ln—1

where Cq4 = C4(q, Cy, Cx, Cy) and C5 = Cs5(q, Cp). By virtue of (6.328), (6.329) and the
relation

2
(sup nsanz(m) = s 6N ). (6.330)
1€l t€ly—1
we have
[ hin Tt 0) = b (10 ) (6.331)
Im

Chps e
< — Ty (.[2(114—1) + hzﬂ + sup ”s(t)”iZ(_Q)) + E/ |||¢|||3n dt'
Im

€ tely—1

Due to (6.324), (6.325), (6.327) and (6.331), there exists a constant C| depending
on Cpi,...,Cp4,Cy, Cg, C4, Cs such that

/ bhm (tt, @) — b (T U, @) dt (6.332)
[m

B T sup [|E(0)]1% +i/ llglllZ, dt

— ¢ m rel, LZ(Q) 16 L, m .

Finally, summing (6.332) with (6.322) and (6.323), and using (6.321), we get
(6.320) with

c
Q(h, 7) := C(h® =1 4 p2=D  2@+y)y o ZL 2 4 22442y oo > 0. (6.333)
&

O

Now we are ready to formulate the main result on the error estimates of the
EST-DGM.

Theorem 6.57 Let u be the solution of problem (6.271) satisfying (6.272) and let
UeS ff be its approximation obtained by scheme (6.286). Let (6.140) hold for all
m=1,...,r and let (6.295) hold. Let the shape-regularity assumption (6.25) and
the equivalence condition (6.26) be satisfied. Then there exists a constant C > 0
independent of h and t such that
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sup [|u(t) = UD)II75q) (6.334)

tely,

< C(h2("_l) + 2@ 4 osup () — U(t)llizm))eam/s, m=1,...,r
tel)

r T
> /O llu(e) = U@IIZ, dt (6.335)
m=1

< c(hzw“ + 729 fsup u(n) = U)o, + /1 () = U@IIF dz)eCT/e.
tely 1

Here y = 0, if (6.118) holds and the function up from the boundary condition
(6.271b) has a general behaviour. If up is defined by (6.116), then y = 1.

Proof By (6.233),

/ 28" 6) At + 208 m—1. 65 ) = 1€ 1720y = 15— 1172y + 1HEDm—1172 -
(6.336)

Putting ¢ := 2£ in (6.320) and using (6.336) together with coercivity of the form
Apums 180 Ann (€. 8) = ellE]I2,/2 (cF. (6.95)), we obtain

—2 Ce— 2 £ 2 Ci 2
16 1320y~ V1 V32gy + 5 [, WEIR df < tn@Ch©) 4 ol sup @I -

tely,—
(6.337)

Now we proceed in a similar way as in the proof of Theorem 6.30. Let y =
argsup, i 1§ ()2 (2), Where as the values &(#,,—1) and &(#,) we take the limits

E:{_l and &, , respectively. By £ we denote the discrete characteristic function Ly to
& at the point y, introduced in Definition 6.25. Then, by (6.146) and (6.147),

- Y - -
¢, &)dr =/ € eyde, &5 =61 (Elm-1=1{Em-1, (6338
tm—1

I

since &’ is a polynomial of degree ¢ — 1 with respect to time. Then, similarly as in
(6.336), from (6.338) we have

/1 26" 6 dt + 208 m—1. 54D = 1EW72 ) = W11 2y + HEIm—11172 -
: (6.339)

If we set ¢ := 2§ in (6.320), use (6.339) and the last equality in (6.338) and take

into account that ||£(y) ”%2(9) = sup,¢;, [15(0) ||i2(9), we obtain the estimate
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2 - 2 z
sup 15O ) ~ Wy gy +2 | Ann(E. B (6.340)
tel, In

. C
< Q. T) +¢ / IENZ e+ 7 — sup @125,
I

tely—

Since —sup,¢;, |, 16Dl L22) < —I§,,_1llL2(2), by (6.294), (6.293) and the Young
inequality, from (6.340) we get

sup IIE(t)IILz(Q) sup IIS(t)IILz(_Q) (6.341)
tely tel,—
<2 £ ) Ci )
< 1Anm & Nl + 1 Q(h,7) +& [ gl df +Tn— sup 1§72 o)
In Iy € tely_y

- Cq
<coe [ I dr+ ot core [ B 0+ 500 D) + o sup IO g
m tely 1

Ci
SKS/I NENZ, dr + o Q(h, T) + T — sup IIS(t)IILz(_Q),

tely,

where K = ¢, + (1 + ¢,)Cc . Multiplying inequality (6.337) by 2K and summing
with (6.341), we get

2K”$_”L2(9) + Sup ”E(t)”LZ(Q) 2K”§m 1||L2(.Q) sup ”S(t)”LZ(_Q)

tely—1
(6.342)
Ci2K+1)
=< Tm(2K+1)Q(h,f)+Tm— sup ”E(t)”L2(Q)
& tel,—q
Then, under the notation X, := 2K 1§, I3, o, + sup IE@I17 20 ¥ = aleiss)
and Z := (2K + 1)Q(h, 1), the inequality (6.342) 1mplles that
Xm—Xm—1 S tmZ+t¥Xm—y m=2,...,r. (6.343)
Summing (6.343) overm = 2, ...,n <r yields
n
X, < X, +TZ+YZIXXS_1 n=2,...,r (6.344)
s=2
Then the discrete Gronwall Lemma 1.11 implies that
2K 167 1720y + suP 10172 (o) = Xn (6.345)
tel,

< (T(zK DO, D) + 2K ] 125 ) + sup ||é(z)||iz(m)exp<cl 2K + Din/e).
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The estimate SUp;ey, E163) ||Lz(9) < C, Cy (h* + 1971, which follows from (6.136),
together with inequalities (6.177) and

sup IIE(t)IIiz(Q) < 2(sup lu(t) — U(;)||iz(m +C2CE(n + t2<q+1>))’
tel

tel;

(6.346)

yield (6.334).
In order to prove (6.335), we sum (6.337) overm = 2, ..., r and get

e > [ e ar (6.347)
m=1"v"m

) - i 5
sz(E [ eI dt 7 Qb )+ 16 I g+ T D 5 sup “"30)”%2«»)
| m=2 tely—1

Now we take into account that

llu — U5, < 2017, + N9l (6.348)
and
1E7 172y < SUPrer, 1E@DI72 (o) (6.349)
Moreover, by (6.265),
,
Z/I linll, dt < C(R*H=D 4 £2@H), (6.350)
m=1""m

It follows from (6.346)—(6.349) that
sz/ llu — U7, de 52(82/ NEN, dt+sZ/ i, dt) (6.351)
m=1 I m=1 I m=1 I
r
sc(e/ |||u—U|||%dr+eZ/ linlly, dz
h m=1"1Im

+ sup [Ju(r) — U(’)”%Z(m + R4 t2<q+y))'

tel

This and (6.350) already imply (6.335), which we wanted to prove. (]
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Remark 6.58 (The case of identical meshes on all time levels) Similarly as in
Sect. 6.1.10, assumption (6.140) can be avoided, if all meshes %, ,,, m =1...,r,
are identical. In this case the term ||, _, ||i2 @) does not appear in estimate (6.322)
and then relation (6.320) is valid without assumption (6.140).

Exercise 6.59 Prove (6.335) in detail.

6.3.4 Numerical Examples

6.3.4.1 Solution Procedure

In what follows, we are concerned with the numerical realization of the EST-DGM
discrete problem (6.286). It is obvious that there is no need to solve the problem
simultaneously on all time intervals, because the problem on the interval 7, depends
only on information from 7I,,_;. Hence, we proceed by solving problem (6.286)
step-by-step form = 2, ..., r. From (6.286a) we see that the restriction U, of the
approximate solution and test functions ¢ can be considered as elements of the space
S;:)’gm ={v,v=w|,we S{Z’rq}, see (6.22). Since the discrete problem is linear
on each time interval /,,, it can be solved by a method for the solution of large sparse
linear systems, such as GMRES (see, e.g., [249]). The order of the linear algebraic
system, equivalent to the discrete problem on an individual time level, is equal to the
dimension of the space Sf”f’ m> 1-€., (¢ + 1)N, where N = N, is the dimension of
the space Sf‘m. This means that the application of the EST-DGM requires solving a
system of (g + 1)N linear equations on each time level.

This can be considered as a drawback by comparison with other higher-order
time discretizations, as the BDF schemes from Sect. 5.2, since the BDF methods do
not require solving sparse systems with increasing size depending on the increasing
order of time accuracy. Fortunately, in the special case when the diffusion is linear
and independent of time, it is possible to split the solution of the system of order
(g + )N into smaller systems of order either N or 2N. This procedure is described
in the sequel.

In the following let m € {2,...,r} be arbitrary but fixed. Let us introduce a
suitable basis of S,f’m consisting of ¢1, ..., ¢y, where¢; : 2 - R, i =1,..., N.
In the space P, (1)) formed by all polynomials of degree < g over I,, we consider
a basis consisting of polynomials ¢1, ..., @4+1: I, — R. We assume that ¢; are
Lz(lm)—orthonormal on I,,. This means that

/ @i @jdt = 5jj, / lgi|*dr =1, (6.352)
m Im
where §;; is the Kronecker symbol. The tensor products

Yij(x,t) =;®¢i(x), i=1,...,N, j=1,...,q9+1, (6.353)


http://dx.doi.org/10.1007/978-3-319-19267-3_5
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form the basis of the space S;°7 .

If we express the approximate solution U as a linear combination of the basis
functions and use test functions in (6.286a) equal to the basis functions, i.e.,

N g+1
U= xuvj, o= (6.354)
j=11=1
from (6.286a) we get
N g+1
D> xjfi = by i=1,....N, k=1,....q+1, (6.355)
j=11=1
where

Sijki :/1 ((llfjp Vik) + Anm (W1, Yik) dt + (Y j1(tm—1), Yik(tm—1)),

bik = | ChmWik) — b (T mU, Yix)) dt + WU,,_1> Yir) (6.356)
[”1

fori,j=1,...,Nandk,l =1,..., g+ 1. Now, substituting (6.353) into (6.356),
using the time invariance of Aj, ,, and carrying out a simple manipulation, we obtain
the formula

fijki = aijéuc +mijspe, i, j=1,...,N, kil=1,...,q+1, (6.357)
where

mij = (¢j, ¢i), i,j=1,...,N,
aij = Apm(pj. ¢i), i,j=1,....,N,

Sik =/ o/ Oer(t) At + @1 (tm—1) @i (tm-1), k,I=1,...,q+1.
In

Hence, we get the system

N g+1

D @b +mijxjis =bix, i=1,....N, k=1,....q+1, (6.358)
j=11=1
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which can be written in the simplified form

N g+1

Za,]x]k—i—ZZml]xﬂslk—b,k, i=1,....,N, k=1,...,q9+1.
j=1li=1

(6.359)
Let us introduce the matrices A = (aij)ff/j:l,M = (m,-j)ff’jzl,X = (xj1) j:{::_éﬁl,

Hence, A, M € RV*N X B e RVx@+D)

andS € R(q“) x (’1 *1 (the first subscript denotes the row and the second denotes the
column). Then (6.359) can be written as the matrix equation

B = (bzk) (=Ll and S = (sp)?

z]l

AX + MXS = B, (6.360)

where X is an unknown N X (¢ + 1) matrix. We call this the mixed sparse-full
Sylvester equation or just mixed Sylvester equation. This is a form of the original
equation that alone would make solution by iterative methods more efficient—we
now have the system matrix in implicit form, expressed using the actions of matrices
A, M and S. Nevertheless, it is still a linear system of order (¢ + 1)N that is not
separable, because the matrix S is, in general, full. To overcome this, let us introduce
the Schur factorization of S:

S=ZEZ (6.361)

with Z orthogonal and [E upper quasi-triangular (see, e.g., [281, Theorem 5.4.22]).
Substituting this into (6.360) and multiplying by Z from the right, we get

AXZ + MXZE = BZ (6.362)
and, writing Y = XZ and C = BZ we arrive at
AY + MYE = C. (6.363)

This is again the mixed Sylvester equation, but this time with a block upper triangular
matrix E = {ekl}ZEr The structure of [E allows a more efficient solution procedure:

denoting yi, ..., y441 the columns of Y and cy, ..., c441 the columns of C, we
evaluate vectors yx, k = 1,..., g + 1 sequentially solving either the system
k—1

(A + euxM)y = cx — D eixMy;, (6.364)
i=1
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if exr is a 1 x 1 block corresponding to a real eigenvalue of S, or the system

k-1
[ (A + et M) yr + e k1t My 1 = e — D2 eixMy; 7 (6.365)

ekt 1 kMyx + (A + e M)y 1 = cpy1 — Zf;ll ejr+1My;

if (e;; )f‘J]i . forms a diagonal 2 x 2 block of [E corresponding to a complex eigenvalue
pair of S. It should be noted that by the properties of the Schur decomposition,
ek+1k+1 = exk. The expressions (6.364)—(6.365) allow us to solve problem (6.363)
in a recurrent manner, splitting it into subproblems of order either N or 2N. The
matrix X can be recovered from Y as X = YZ'.

In the following, we present several numerical experiments demonstrating accu-
racy and efficiency of the proposed extrapolated space-time discontinuous Galerkin
finite element method. Namely, we investigate the experimental order of convergence

and compare EST-DGM with the BDF-DGM from Sect.5.2.

6.3.4.2 Experimental Order of Convergence

The first example is a simple test case for investigating the experimental order of
convergence (EOC) with respect to time. Similarly as in Sect.5.2, we solve the
nonlinear convection-diffusion problem (6.271) with £2 = (0,1) x (0, 1), T = 1,
e =0.02, fy(u) = u2/2, s = 1, 2, and functions g, u p and u( chosen in such a way
that the exact solution has the form

exp(10r) — 1
u(xy, x2,t) = 16— x1x2(1 — x1)(1 — x2). (6.366)
exp(10) — 1

The order of accuracy of the time discretization is investigated by using an overkill
in the spatial resolution. We use the uniform triangular grid of the form shown in
Fig.2.4 from Sect.2.9, with 7 = 1/48 (4608 elements), and the polynomial approxi-
mation degree p = 4in space. The time step 7 is successively diminished and for each
pair of successive steps 71, 72 and the corresponding errors, e1, e, the experimental
order of convergence is calculated according to the formula

loge; — log ey

EOC = (6.367)

logt, —logt;’

The EOC is calculated for both the L2°(0, T'; L2(§2))-norm of the error, defined by
(6.334), and the L>(0, T; H' (82, 9},))-norm defined by (6.335).

Table 6.2 shows computational errors, EOC and computational (CPU) time for
the EST-DGM with ¢ = 0, 1, 2, 3. We see that the EOC in time is approximately
q + 1 in both norms.

Table 6.3 shows computational errors, EOC and CPU time for the n-step BDF-
DGM from Sect. 5.2 withn = 1, 2, 3. We observe that the EST-DGM needs a several


http://dx.doi.org/10.1007/978-3-319-19267-3_5
http://dx.doi.org/10.1007/978-3-319-19267-3_5
http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_5
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Table 6.2 EST-DGM: computational errors in the L°(0,T; L2(£2))-norm and the
L0, T; HY($2, F}))-norm, experimental order of convergence and computational time for
q=0,1,2,3

T lenll oo o.7: 122y | EOC | llenll20.7:11 2. 7y | EOC | CPUs)
g =0 | 2000E-01 | 1.034E-01 - 4.824E-01 - 18.3
1.000E-01 | 4.143E-02 1319 | 2.387E-01 1015 | 316
5.000E-02 | 2.122E-02 0.965 | 1.438E-01 0.732 | 576
2.500E-02 | 1.137E-02 0.901 | 8.086E-02 0.830 | 106.6
1.250E-02 | 5.843E-03 0.960 | 4.262E-02 0.924 | 2088
6.250E-03 | 2.990E-03 0.966 | 2.206E-02 0.950 | 409.9
g=12000E-01 | 3.650E-02 - 2.649E-01 - 131.4
1.000E-01 | 1.899E-02 0.943 | 1.385E-01 0.936 | 179.5
5.000E-02 | 6.421E-03 1.564 | 4.718E-02 1.554 | 266.5
2.500E-02 | 1.802E-03 1.833 | 1.331E-02 1.826 | 395.1
1.250E-02 | 4.717E-04 1.934 | 3.487E-03 1.932 | 603.6
6.250E-03 | 1.203E-04 1.971 | 8.891E-04 1.972 | 1030.2
g =2 | 2000E-01 | 2.805E-02 - 2.043E-01 - 189.8
1.000E-01 | 7.672E-03 1.870 | 5.650E-02 1.855 | 276.4
5.000E-02 | 1.296E-03 2.565 | 9.732E-03 2537 | 345.7
2.500E-02 | 1.822E-04 2.831 | 1.375E-03 2.823 | 551.7
1.250E-02 | 2.423E-05 2911 | 1.844E-04 2.899 | 892.4
6.250E-03 | 3.174E-06 2932 | 2.451E-05 2911 | 1564.2
g =3 | 2000E-01 | 1.667E-02 - 1.217E-01 - 185.0
1.000E-01 | 2.350E-03 2.826 | 1.782E-02 2772 | 246.0
5.000E-02 | 1.980E—04 3.569 | 1.559E-03 3515 | 396.2
2.500E-02 | 1.368E-05 3.855 | 1.064E-04 3.873 | 567.7
1.250E-02 | 8.929E-07 3.938 | 6.785E-06 3971 | 999.4
6.250E-03 | 5.696E-08 3.970 | 4.267E-07 3991 | 1779.5

times higher computational time than the BDF-DG method having the same order
of accuracy. On the other hand, for a given magnitude of t, the EST-DGM gives
approximately a ten times smaller error than the BDF-DGM.

6.3.4.3 Moving Interior Layer

The second example is more challenging. We consider the nonlinear convection-
diffusion problem (6.271) with 2 = (—1,1) x (—1,1), T =2,¢& = 0.02, f;(u) =
u2/2, s = 1,2, g = 0. The functions up and ug are chosen in such a way that the
exact solution has the form

1—\\ !
u(xl,xz,t)=(1+exp(%)) : (6.368)

This function contains an interior layer propagating in the direction (1, 1).
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Table 6.3 n-step BDF-DGM: computational errors in the L°°(0, T; L2(£2))-norm and the
L0, T; HY($2, F}))-norm, experimental order of convergence and the computational time for

n=1,2,3
T llenll oo o, 7:22(s2y) | EOC llenllz20,7; 11 (2, 7)) | EOC | CPU(s)
n=1 | 2.000E-01 | 6.594E-01 - 3.062E+4-00 - 15.1
1.000E-01 | 3.011E-01 1.131 | 1.398E+00 1.131 | 233
5.000E-02 | 1.417E-01 1.087 | 6.545E-01 1.095 | 40.0
2.500E-02 | 6.842E-02 1.051 | 3.148E-01 1.056 | 69.3
1.250E-02 | 3.372E-02 1.021 | 1.546E-01 1.026 | 133.6
6.250E-03 | 1.669E-02 1.015 | 7.641E-02 1.017 | 265.4
n =2 | 2.000E-01 | 3.251E-01 - 1.556E+00 - 13.3
1.000E-01 | 1.098E-01 1.566 | 5.307E-01 1.552 | 21.6
5.000E-02 | 3.398E-02 1.693 | 1.643E-01 1.692 | 38.2
2.500E-02 | 9.810E-03 1.792 | 4.735E-02 1.794 | 65.8
1.250E-02 | 2.658E-03 1.884 | 1.285E-02 1.881 | 130.7
6.250E-03 | 6.943E-04 1.937 | 3.365E-03 1.933 | 260.1
n =3 | 2.000E-01 | 2.088E-01 - 1.027E+00 - 13.1
1.000E-01 | 5.228E-02 1.998 | 2.636E-01 1.962 | 20.9
5.000E-02 | 1.044E-02 2.324 | 5.313E-02 2311 | 37.0
2.500E-02 | 1.732E-03 2.592 | 8.865E-03 2.583 | 66.4
1.250E-02 | 2.517E-04 2.782 | 1.299E-03 2771 | 130.6
6.250E-03 | 3.402E-05 2.887 | 1.764E-04 2.880 | 268.8

Table 6.4 Moving interior layer: computational errors in the L2(§2)-norm and the H!(2, %,)-
norm at time ¢+ = 2 and computational time; results on the mesh with 7 = 1/48 for p = 1, 2, 3 and
g = 1, 2 in comparison with mesh adaptation

Method Mesh el 22 o) lenll i@, | CPUCs)
p=1g=1 h=1/48 1.188E-03 3.990E-02 584.7

p=2.q=1 h=1/48 5.668E-04 2.954E-02 1201.4
p=3q=1 h=1/48 6.663E-05 3.453E-03 2316.0
p=1qg=2 h=1/48 1.1256-03 3.887E-02 970.1

p=2,q=2 h=1/48 5.594E-04 2.963E-02 1876.7
p=3qg=2 h=1/48 2.243E-05 2.978E-03 3486.9
p=3g=2 |Adapt 4.690E-05 2.099E-03 1256.7

We carried out computations on a uniform triangular grid with 4 = 1/24 (4608
elements), the equidistant time step ¢ = 0.005 and used the polynomial approxi-
mation in space with p = 1,2, 3 and in time with ¢ = 1, 2. Table 6.4 shows the
computational errors in the L%(£2)-norm and the H'(£2, .Z},)-seminorm at t = 2.
We simply observe a significant reduction of the error for increasing p but an almost
negligible decrease of the error for increasing ¢g. (It is probably caused by the fact
that the error in space is dominant.)
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The space-time discontinuous Galerkin methods can simply treat with different
grids at different time levels. Therefore, we employ an automatic mesh adaptation
strategy, which detects elements with a high error and each of these detected elements
is splitinto four daughter elements. Then hanging nodes arise. On the other hand, four
daughter elements can be derefined back to a mother element if the error indication
is small.

The following adaptive strategy is applied. We start from the uniform initial grid
with 4 = 1/3 and the mesh refinement/derefinement is applied after each 5 time
steps. We allow 4 levels of mesh refinement. Moreover, in the beginning of the
computation, we carry out 4 mesh refinements with a very small time step and then
the solution is restarted. This strategy produces a reasonable mesh for the first time
step.

Similarly as in the previous case, we employ the equidistant time step 7 = 0.005,
piecewise cubic approximation with respect to space (p = 3) and piecewise quadratic
approximation with respect to time (¢ = 2).

Figure 6.3 shows the adaptively refined grids at time instants t = 0, 0.5, 1, 1.5 and
2. The last frame of Fig. 6.3 shows graphs of the solution along the line (s, s), s €
(—1, 1), at the time levels mentioned above. We can observe the propagation of a
moving front, which is in good agreement with the exact solution.

The last line of Table 6.4 shows the errors in the L2-norm and the H'-seminorm
at + = 2 achieved by computation on adaptively refined grids. We see that the
error is comparable with results obtained on the fine uniform grid, using the best
approximation with p = 3 and ¢ = 2. However, the computational time is almost
three times smaller for the computation realized with mesh adaptation.

Exercise 6.60 Show that function (6.368) is a solution of the equation

2 2
ou 1 ou
_ - =¢cA
8t+2§8xs e

for any ¢ > 0.

6.4 Uniform Error Estimates with Respect to the Diffusion
Coefficient for the ST-DGM

Section4.6 was devoted to the derivation of error estimates, uniform with respect
to the diffusion coefficient for a linear nonstationary convection-diffusion-reaction
initial-boundary value problem solved by the method of lines. Now we extend
these results to the full space-time discontinuous Galerkin method (ST-DGM).
Under some assumptions on shape regularity of the meshes and a certain reg-
ularity of the exact solution, we prove error estimates in L%(0, T: L2(£2))-and
VEL*(0, T; H' (2, F.))-norms, uniform with respect to the diffusion coefficient
¢ > 0. The estimates hold true even in the hyperbolic case when ¢ = 0.
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Fig. 6.3 Adaptively refined grids and the propagation of the solution along the diagonal cut
(s,s), s € (—1, 1) (right bottom) at times t = 0, 0.5, 1, 1.5, 2
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6.4.1 Formulation of the Problem and Some Assumptions

Similarly as in Sect. 4.6, we consider the following initial-boundary value problem:
Findu : Qr = £ x (0, T) — R such that

ou

m +v-Vu—eAu+cu=gin Qr, (6.369a)
u=uponaf2- x(0,7T), (6.369b)
en-Vu=gyondR2t x (0, T), (6.369¢)
u(x,0) =u’x), xe . (6.369d)

We assume that 92 = 92~ U 927, and

v(x,1)-n(x) <0Oond2~, Vrel0,T],
v(x,1) -n(x) >0ond2% Vre[0,T].

Here n is the outer unit normal to the boundary 92 of £2, 0§27 is the inflow boundary
and 3527 is the outflow boundary. In the case & = 0 we put gy = 0 and ignore the
Neumann condition (6.369¢).

We assume that the data satisfy conditions (4.159), i.e.,

£20, g€ C(0,T); L*(2)), gn € C([0, T); L*027)), uo € L*(%2),
up is the trace of some u* € C([0, T); H'(£2)) N L>®°(Q7) on 2~ x (0, T),
ve C([0, T); Wl’oo(.Q)), |Vv| < Cyae.in Qr, |v| < C,in 2 x [0, T].

1
¢ € C(0.T): L¥(R). le(x. )] < Ccae.in Q7. ¢ = 5V -v >y > 0in Or.

We assume that the exact solution u# of problem (6.369) satisfies the regularity
condition

ue HIM0, T; H'(2)) N C([0, T1; H(2)) (6.370)

with integers ¢ > 1 and s > 2.

6.4.2 Discretization of the Problem

We use the notation from Sect. 6.1.1.1. We consider a system (6.24) of conforming
triangulations Iy, , (cf. condition (MA4) from Sect. 2.3.2), satisfying the conditions


http://dx.doi.org/10.1007/978-3-319-19267-3_4
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of the shape regularity (6.25) and of equivalence (6.26). Let us recall that similarly
asin Sect.4.6.2 for K € 9, ,, and t € I, we set

0K~ (t) ={x € 9K; v(x,1) -n(x) < 0}, (6.371)
AKT (1) ={x € 3K; v(x,1) - n(x) > 0}, (6.372)

where n denotes the outer unit normal to K.
The space-time discretization can be carried out in a similar way as in Sects. 6.2

and 4.6.2. Hence, we introduce the diffusion, convection, reaction, penalty and right-
hand side forms, defined for u, ¢ € Hz(.Q, Ih.m) in a similar way as in Sect.4.6.2:

anm@, @)= /Vu-V<pdx (6.373)
KeThm K

- > /F ((Vu) - nr (@] + O (Vo) - nr[u]) dS

Feyhl‘m

- > / (Vi -m)p + O (Vg - nyu) ds,
0K—Nos2

K€=7h,m
bim, @)= D | - Vugdx (6.374)
KE‘%LW!
- > / v mupdS— / v - n)[ulgds,
KeTym 0K—Nos2 KeTym daK—\0£2
Ch,m(u,so)z/ cug dx, (6.375)
2
VMUROEEDY / olullpl dS+ > /  oupds, (6.376)
rezi, Ke, ) 0K N2
ﬁh,m(<p)(t)=/ g(pdx + z / gN(@H)epdS (6.377)
2 dK+tNa

KeIhm

+e > / ocup(t)pds
KeTym dK—Nos2

) (Ve -n)ds
TEY /aK*mmuD()( ¢ -n)

Ke‘%l.ﬂl
-3 [ emuntpds.
Ked, 0K—NoK2
Ly (W, @) = eap,m (W, @) + &Jpm W, ©) + bpm U, @) + cpm@, ). (6.378)
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In the diffusion form ay_,, (1, ¢) we use the nonsymmetric (NIPG) formulation for
©® = —1,incomplete (ITPG) formulation for ® = 0 or symmetric formulation (SIPG)
for ® = 1, and the weight o is defined by (2.104), where the constant Cyy > 0 is
arbitrary for NIPG version, and satisfies condition (2.132) or (2.139) for SIPG or
IIPG version, respectively.

In what follows, the symbols U’ and u’ will denote the time derivative of U and
u, respectively.

Definition 6.61 We say that the function U € S ,’: ;1 is the approximate solution of
problem (6.369), if it satisfies the identity

Z/ WU, 0) + (U, 9) dt+2<{U}m LoD+ WU o) (6379)

m=2

- Z / (@) dt + (o, ¢7) Vg € S
It is easy to see that this scheme can be written in a similar way as (6.203), namely,

/ (U, @) + Sy (U, 9)) dt + (Uhr @) = / (@)l (6.380)
I In
VoesSid, m=1,... M, Uy =ou.

If we denote

BU, ¢) = Z/ (U 0+ o)) i+ S (Uhor )+ U 0,
m=2

L(p) = Z / L ) dt + (g, o), (6.381)
m=l1"

we can write (6.379) as
BWU,9)=L(p) VoeSi. (6.382)

It is possible to show that the regular exact solution u satisfies the identity B(u, ¢) =
L(gp) forall ¢ € S,f”f , and, thus we have

BWU. @) =B, @) YpeS. (6.383)

Our goal is the analysis of the estimate of the error e = U — u. To this end, as we
have already mentioned, in the sequel we consider conforming triangulations satis-

fying the shape-regularity assumption (6.25) and assume the equivalence condition
(6.26) holds.
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6.4.3 Properties of the Discrete Problem

In this section we prove some basic properties of 2%, ;,, and .
Letu € C'([tm—1, tm]; H*(2, Tym)) forallm =1,...,randv € §"7.

Lemma 6.62 We can express % as

r r—1
Bu,v) = Z/I ((—u, V) + “p.m (U, v)) dr — Z(u,;, im) + (W, ,v,).
m=1v"m

m=1
(6.384)
Proof The integration by parts yields
r r
Z/ @ vy dt+ " (e, vi_ ) + g )
m=1 I m=2
r r
= Z/ (=, V) At + D (o v) — (v ))
m=1 I m=1
r
Dy =ty V) (g V)
m=2
r r—1
= Z/ (—u V) At + D (U, v = Vi) + (), V).
m=1"1Im m=1
O
Lemma 6.63 We have
-
B.v) = / (v, ) dt £ 1IVI17, (6.385)
m=1 I
where
2 _ Lo 14 2 L
”V”T = EHV() ”Lz(ﬂ) + E Z ||{V}m||L2(_Q) + E”Vr HLZ(Q) (6386)
m=1

Proof By (6.381) and (6.384), we have

r—1

Bw.v) = /1 (V') + G v) de+ D" (Vv + O V),
m=1Y"m

m=1
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r r—1
Br.v) = /1 (=0 V) + o (1, 1) e+ D (=, (VD) + (0, v7).
m=1Y"m

m=1
We arrive at (6.385) by adding these identities and dividing by two. O

In the sequel we use the notation
vi2 - :/ lv-nv?dS forI' C 3K, K € T
r

First, we will be concerned with the coercivity property.

Lemma 6.64 The forms <), ,, are coercive:
Gy, V) = I E e v E HX 2, Thm), (6.387)

where

£ 1
IV = S IV + wllviZ gy + 5 20 (VIS axrae + IIVII5 sk -ag)-

KeThm
(6.388)
Proof Using a similar process as in (4.202)—(4.204), we find that
£ 1
Sy (v, v) 2= IV, +/ (c — =V -v?dx (6.389)
2 ) 2
1
+5 22 W aknag +IVIE ok —a0): v € HAS2, Thm),
KeIhm
which together with assumption (4.159f) yields (6.387). O

6.4.4 Abstract Error Estimate

In deriving error estimates we make use of the space-time interpolation of the exact
solution, introduced in Sect.6.2.2:

mu e Sy, (6.390a)
/ (ru —u, )dr =0 Vg e SPI7, (6.390b)
In '

mu(t, ,x) = Iy u(t, ,x), x €2, (6.390c)
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form =1, ..., r, where I, , is L2(.Q)—projection on S,fm. This means that taking
v e L3(R), we have ITy v € SYand (IT v — v, @) = O forallp € S} .
At this point, we derive error estimates in terms of the w-interpolation error.

Lemma 6.65 We have

BU —nmu, U — mu) (6.391)
r r—1
= Z Ay —mu, U —mu)dt — Z((u—nu),;,{U—n'u}m).
m=1 I m=1

Proof From (6.383) and (6.384) we get

BU —nmu,U—nu)=RBu—nau,U—mu)

r r
=— Z (u—mu, (U —7u))dr + Z Ay — u, U — wu) de
= /1 I

m=1

r—1
— D (= 7wy (U = k) + (= 70);, (U = 7u0);).
m=1

The first term on the second line vanishes due to (6.390b). The second term on the
last line is also zero, because we have

(= mu),, @) = ((u— My mt),,, @) + (Ipmu — 7w10),,, @) (6.392)

forp € § [: . and both terms on the right-hand side of (6.392) vanish (the first term

equals zero because of the properties of the L?(£2)-projection and the second one
due to (6.390c¢)). ([l

The sum on the last line in relation (6.391) does not vanish because, in general,
{U—rmu},, ¢ S,f > s we use different triangulations of £2 on different time levels.
Under the notation

E=U—-nuce Sf”f, n=mwu—u, (6.393)

we have e = £ + n and (6.391) can be rewritten as

r r—1
BEE)=—D /1 im0, €)dt + D (0 Ebm). (6.394)
m=1 m m=1
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Lemma 6.66 Let us denote

1/2
Ru() = lnlem+e [ D kil (6.395)
KeThm
1/2 1/2
DD mE g | DD ke
KeThm KeThm

Then there exists a constant C, independent of u, U, h, m and € such that

|, m (1, §)| < Callé 1l Em R (n). (6.396)

Proof We proceed similarly as in Sect.2.5, where instead of .7, we write 9}, ,,
instead of a, we consider eay 5, and set v, := &. We begin with the form ay, ;.
Using the first inequality from (2.117), (2.123) and (6.376), we have

|anm 0, ©)| < 1y (2, 7,.01E 01 (2, 7m) (6.397)
172 1/2
H X [otmwmras| | X [ ot
rez[Pb r rezP "
1/2 1/2
H X [otmwaras| | X [ owtas
rez[Pb r rez;p "

< w2208 0129,

1/2
| X (hxlnlm Mg + g ) | TonE 62
KeThm
1/2
| X (hxlélm Elma + 163 g) | Tontn w2
KeThm
Moreover, Youngs’s inequality gives
> (rxlnlana Il + 1 ) (6.398)

Kefyh,m

1 2 20,12 3. 1 5 5
= Z D) (3|’7|H1(K) +hK|77|H2(K)) = E'mﬂl(-@’%) + Z EhK|n|H2(K)
KeThm KeTim
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and the inverse inequality implies that

> (hK|5|H1(K> |$|H2(K>+|5|§,I(K))s<1+cl>|5|§lm,%). (6.399)
Kee%z.m

Hence, inserting (6.398) and (6.399) into (6.397), using the discrete Cauchy
inequality and the inequality (c% 4+ cﬁ)l/ 2 <ei| + -+ + |ea|, we obtain

€ |ah,m (. 3] (6.400)
1/2

< C|Velulyig g + Ve Im '+ Ve [ D0 hilnliag,
KeI

x (Ve 1611 (@, + Ve Inm(& ©)'12)
1/2

< ClElEm | Inlem+~e [ D hilnliag,
KeThm

Due to (4.188), where we write by, ,, instead of by, we have

O < | 3 [ 0w verax - | 3 [ evovas (6.401)
Ke, K Ke, K
+1>] (/ (v~n)§ndS—/ (v~n)z§ndS—/ (v~n)§[n]dS) .
Ked, K dK—Nas2 dK—\082

The first term in (6.401) is estimated with the aid of assumption (4.159d), the Cauchy
inequality and the inverse inequality (2.86):

> / no-VE x| <G D Inllz Lk (6.402)
ke 'K KeThm
1/2
<GCr D kIl 1w <C [ D0 Bl g, | 16120
KeThm Ke'%l,m
The second term is estimated by
> gV evdx| < Gllnllz o) €l 20)- (6.403)

ke’ K
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The third term is estimated as in (4.191):

> (/ (v-n)éndS +/ (v-n)én —(v-mén)) dS) (6.404)
aK+ IK—\0%2

Ke,

=1> (/ (V~n)§ndS+/ (V~n)n[§]dS)
Koo, Vok+nie IK—\982

< > lElvokrraelnlvox+rae + D IENaxaeln .ok —oe-
Ke9, Ke,

Summarizing (6.401)—(6.404), we obtain

1/2
|bh,m(775§)|fc ||77||L2(_Q)+< z hE2||77||iz(K)) ||‘§||L2(_Q) (6.405)
KeThm
+ Z €Ny 0k +nag Il ax+nage + z 1Ny, ax—\a2lln lly.ax—\82
Ke9, Ke9},
172
<Climlizy + | 2 hlinlgagg,
K6=7h,m
172 172
2 —2
+< Z ”’7”v,31<+ma.(2> +<Z I ”v,aK\a.rz)
KeThm Ke7,
1/2 172
< [ 1E 1 2q) + ( > ||s|3,3,(+m> + < > ||[s1||§,8,<_\m)
KeJ, Ke9,

KeJ KeThm

1 1
2 2
< ClENgm | InlEm + ( > ||n||3,3,<\39> +< > thnnniz(Q))

Further, we have

lcnm (. 8 < Cellnll 2 1€l L2(2) (6.406)
&m0, )| < ex/Inm (1 DV Jnm (€, §) < el IEN- (6.407)
]

Now, the above estimates for ay m, bp . Chm and Jp, p, imply (6.396).
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From the estimates for by, ,, and cj ,, We see that it is necessary to have yp > 0
as assumed in (4.159f). However, this assumption is not restrictive, as shown in

Sect.4.6.1.

Lemma 6.67 The following estimate holds:

r r r—1
Z/{ 1E13, dr + 1613 54032/[ Ry (mdt +8 " NIy l17200),
m=1"""m m=1"v""m m=1

where Cg is the constant from Lemma 6.60.

Proof From Lemma6.63 and relation (6.394) we get

Z/{ (& E)di + EI3
m=1""m

r r—1
—#60= 3 [ &= 3 5. (€.
m=1""m

m=1

By Lemma 6.64,
(€. €) = €N e
and by Lemma 6.66,
| h,m (M, &) < Call§ | £,m R ().

The Cauchy inequality implies that

r—1

< D Il lEdnl 22

m=1
172

r—1 r—1
1
s(zZHn;niz(m) (Eanmniz(m) :
m=1 m=1
r r 172
Z/I ||$||E,mRm<n>dts(Z/1 Ri(n)dr) (
m=1""" m=1""m

r—1
> s Em)
m=1

1/2

m=1"""

.
Z/, [

(6.408)

(6.409)

(6.410)

(6.411)

)1/2
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From the above estimates, the definition (6.386) of the norm || - |7 and (6.409) we
get

r r 1/2
Z/ ||s||%,mdz+||s||%sﬁ(2/ ||-§||2E,mdz+||s||%)
m=1 I m=1 I
r 1/2 r—1 12
x ca(z /1 Ri(n)dr) +(2Z||nm||iz(m)
m=1""m m=1

This fact and the inequality (a + b)? < 2(a2 +b?) already imply (6.408). O

From the above inequality with a = ||§||g,m. b = |Inllg,m and a = &7, b =
Inll7, Lemma6.67 and definitions (6.388), (6.395) of || - || £,,» and Ry, (17) we deduce
the following abstract error estimate.

Theorem 6.68 There exists a constant Cag > 0 independent of u, U, h, t,r,m, €
such that

.
Z/I lell% ,, dt + lell% (6.412)
m_l m

r—1

,
<Cag ), / Ro (i + Car D 1720 + 200117,
m=1 In m=1

r—1

r r
Z/I IIe|I%,mdr5CAEZ/I Ry, dit+Cag D Inpllaig).  (6:413)
m=1"""m m=1""m m=1

6.4.4.1 Error Estimate in Terms of 2 and t

The estimation of error ¢ = U — u of the ST-DGM (6.379) in terms of & and 7 is
based on the abstract error estimate (6.413) and the approximation properties of the
interpolation operator 7 derived in Sect.6.1.6. We again write

0y, = (ru—w)l,, =n" +n?, (6.414)

1V = (M u — wlp,, 1% = (ru— Oy )y, = @Iy mu) — Hypi)li,,

because, by (6.39), mwul;, = w1y ,u)l;,. We assume that the exact solution u
satisfies the regularity condition (6.370). Then, in a similar way as in Sect.6.2.4, we
can prove the error estimate. It will be derived under several assumptions. We consider
assumptions on the shape-regularity (2.19) and local quasi-uniformity (2.21) of the
space grids .7, and, moreover, some relations between the time steps and space
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sizes. Namely, we have in mind the conditign (6.261),1.e., Ty, > Chfn,m =1,...,r
Instead of condition (6.118), i.e., T, < CI’lK(L), I' € 5"th, m=1,...,r,h €
r

(0, ﬁ), we consider the stronger condition
tw<C hx, K€ Jpm m=1,....r, he(0,h). (6.415)

Theorem 6.69 Let u be the exact solution of problem (6.369) and let assumptions
(4.159) and (6.370) be satisfied. Let U be the approximate solution of this problem
obtained by method (6.379) under assumptions (2.19), (2.21), (6.261) and (6.415).
Then there exists a contact C > 0 independent of h, t, m, r, u, U and ¢ such that

.
2 2(n—1 2 2, 2
Z/ ||e||Em dr < C(/’l (n )|M|C([0’T];HH(_Q)) + 7 q'””H‘I“(O,T;H](Q)))‘

(6.416)

Estimate (6.416) holds for every ¢ > 0. (The symbol | - || is defined by (6.105).)

Proof By the abstract error estimate (6.413), the definition (6.395) of the expression
R, (n) and the definition (6.388) of the norm | - || g m, we have

Z IIellEmdt (6.417)

< CZ/ S(nlg. 7, + Ihn @ m) + vo Inl72 .,

+e D hkhlpg + DL Il
KeThm KeThm

1 _
T35 Z (1113 5k o + “[’7]”%,8K\6.Q +lIn ||§,al<—\afz))dt
KeThm

r—1

+ C O mliaa)

m=1

Let us estimate the individual terms depending on 7. By (6.109), (6.112),(6.115)
and Lemma 6.19,

.
&

Z/, 5('”'311«2,%_,") + Jnm (0, ﬂ))df (6.418)

m=1"""m

2u—1) 1,12 29 .12
= Cs(h ul20, 7 mmy T 7 |”|Hq+'(0,T;H1(.Q)))'
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By virtue of (6.108) and (6.111),

.
2 2 2.2 2(g+1

> /1 171175 g, dt sc(h MNP a0 iy + T >|u|Hq+1<o,T;Lz<g»).

m=1 n

(6.419)

Moreover, taking into account assumption (6.415), we find that

r
2y 12 2u-1)p,,12 212
Z/ > M Il k) df = C(h 20,7, n(2y T T |”|Hq+1<0,T;L2<:2)))'

m=1"1Im KeThm

In view of (6.110) and (6.113),
r
> / > bk Il (6.420)
m=1"1Im KeThm

20u—1) |, 12 241
= C(h V01 iy + T )|”|H‘1+'<O,T:H1(m>)'

Further, under condition (6.261), estimate (6.107) and the relation >, _, ty = T
imply that

r—1 r—1
Dl 2y < C D T bt et (6.421)
m=1 m=1

2u—1 12
= CTh" uleqo,rymm@)):

Finally, we estimate the expression

r
Ry() =Y / > (I akroe + 10012 axvae + 10712 k00 ) &1

m=1 I KeThm
(6.422)
From the multiplicative trace inequality (2.78) and the Young inequality we get
2 2 -2
Inlly,0knae + IS sk + 10 ||v,3K7\3Q (6.423)

< Clnli}a g, < c(hglnnniz(,o+hz<||n||§11(,()).

By virtue of condition (6.415), hg' ta? ™" < C 7p¢ ™" and, thus by (6.111), (6.112),
(6.108) and (6.109),
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,
2u—11,.2 2g+1 2
Ry (1) = CH* Ml 1.y + € 2 (Tm 2 |“|Hq+l<1m;H1(K>>)

m=1 KeThm
(6.424)
= C(hzu_l |“|%2(0,T;Hﬂ(m> + ot |”|§1q+1(0,T;H1<9>))'
Taking into account estimates (6.417)—(6.424) and the relation
lul 20,711 (2)) = Tlulcqo.riHn (@),
we find that (6.416) holds. O

Remark 6.70 (a) In our theoretical error analysis, it was necessary to use assumption
(6.415), which reminds us of the CFL-like stability condition.! It is an interesting
subject to investigate the stability of the ST-DGM (6.379) in order to find out, if the
method is unconditionally stable.

(b) If we compare Theorems 6.69, 4.28 and 6.46, we see that the uniform error
estimates with respect to ¢ derived for the ST-DGM are of a lower-order both in
space and in time. A detailed analysis shows that better estimates can be obtained
in this case under the assumption that the transport velocity v behaves in time as a
polynomial of degree < ¢ — 1 and the function u p behaves in time as a polynomial
of degree < ¢. Then it is possible to avoid the expression >z 5 o m h}z 7l 22 (k) in
the estimate of the term by, ,, (1, §) and thereby to improve the error estimate. We
leave the detailed analysis to the reader.

6.4.5 Numerical Examples

The error estimates derived above will be demonstrated by numerical experiments.
We solve equation (6.369a) in Q7 = (0, 1)2 x (0,1) withvi =vy =1, ¢ =0.5
and two choices of the diffusion coefficient: ¢ = 0.005 (parabolic case) and ¢ = 0
(hyperbolic case). The right-hand side g and the boundary and initial conditions are
chosen in such way that they conform to the exact solution

tex (x1, X2, 1) =(1 — e™") (2x1 420 — xpx 4 2(1 — =D/ evzm—l)/“)) ,
(6.425)

where v = 0.05 is a constant determining the steepness of the boundary layer in the
exact solution.

!CFL condition means the Courant—Friedrichs—Lewy condition, which guarantees the stability of
explicit numerical schemes for the solution of first-order hyperbolic equations. See, e.g., [127,
Sect.3.2.8] or [245, Sect.3.1.3].
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Fig. 6.4 Coarsest mesh .7, (left) and the fine mesh .7, (right)

The problem is solved on a sequence of non-nested nonuniform space meshes
Inys Ty, - ., Which is kept unchanged on all time levels. Figure 6.4 shows the
coarsest mesh .7, and the mesh .7,,. We inspect the experimental order of conver-
gence (EOC) with respect to T and &, which are simultaneously varied. For successive
pairs (z, k) and (z’, h’) we evaluate the experimental order of convergence (EOC)
in space and time defined as

1og (llexnlz207)) — 10g (lecnllz20;r))

EOC;, =
logh’ —logh

El

log (||€r’h/||L2(QT)) — log (||erh||L2(QT))

EOC;; =
! logt/ —logt

I

where e;;, = U — u is the error of the method, when the exact solution u,, is
approximated by the DG approximate solution U that is computed with the aid of
a space triangulation of size & and a time interval partition of size t. Moreover,
we compute the global experimental order of convergence (GEOC) with the aid of
additional data sets with halved time step and fitting a general nonlinear model of
the form

lecrll2¢0p) & C1h" + Ca7°

through the data via the method of nonlinear least squares, using the MINPACK
package [225]. The results are shown in Tables 6.5 and 6.6.
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Table 6.5 Computational errors and the corresponding EOC: ¢ = 0.005 (parabolic case): p = 1,
g =1 (top) and p = 2, g = 2 (bottom)

h T lleznllz20,) EOCs, EOC
0.2838 0.2500 4.5853E-02 - -
0.2172 0.2000 3.5474E-02 0.96 1.15
0.1540 0.1667 2.2387E-02 1.34 2.52
0.1035 0.1000 1.2945E-02 1.38 1.07
0.0768 0.0769 5.3557E-03 2.95 3.36
0.0532 0.0526 2.3742E-03 2.22 2.14
0.0398 0.0400 1.3345E-03 1.98 2.10
0.0270 0.0270 5.2577E-04 2.40 2.38
0.0223 0.0222 2.7946E-04 3.30 3.23
0.0144 0.0145 1.1835E-04 1.98 2.01
GEOC 2.07 2.11
h T leznllz2oq) EOC;, EOCy
0.2838 0.2500 2.0470E-02 - -
0.2172 0.2000 1.0103E-02 2.64 3.16
0.1540 0.1667 4.3992E-03 242 4.56
0.1035 0.1000 1.6821E-03 242 1.88
0.0768 0.0769 4.9668E-04 4.08 4.65
0.0532 0.0526 1.6550E-04 3.00 2.90
0.0398 0.0400 7.7630E-05 2.61 2.76
0.0270 0.0270 2.7654E-05 2.66 2.63
GEOC 2.89 2.78

The numerical experiments were carried out with the aid of the FreeFEM++
modelling environment from [169], which was adapted to the space-time DGM
discretization. The time integrals were evaluated by exact quadrature formulae for
polynomials of degree 5 and 9in the case of elements linear in time and quadratic
in time, respectively. The quadrature formulae used for the integration over triangles
and their sides were exact for polynomials of degree 5 both for linear and quadratic
elements. The nonsymmetric linear problem was solved in each time step by the
multifrontal direct solver UMFPACK [72].

It follows from these examples that the error estimate (6.416) is suboptimal both
in space and time (cf. Remark 6.70b). On the other hand, a positive property of this
estimate is the uniformity with respect to the diffusion coefficient ¢ — 0+. The
derivation of optimal error estimates remains open.
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Table 6.6 Computational errors and the corresponding EOC: ¢ = 0 (hyperbolic case): p = 1,

g =1 (top) and p = 2, g = 2 (bottom)

h T leehllz2(0r) EOCy, EOCy
0.2838 0.2500 4.9212E-02 - -
0.2172 0.2000 3.8843E-02 0.89 1.06
0.1540 0.1667 2.5997E-02 1.17 2.20
0.1035 0.1000 1.5581E-02 1.29 1.00
0.0768 0.0769 6.9089E-03 272 3.10
0.0532 0.0526 3.2904E-03 2.02 1.95
0.0398 0.0400 1.8620E-03 1.96 2.07
0.0270 0.0270 7.5458E-04 2.32 2.30
0.0223 0.0222 4.1924E-04 3.07 3.00
0.0144 0.0145 1.7556E-04 2.01 2.04
GEOC 1.95 1.99
h T leznll2(0p) EOC,, EOCj
0.2838 0.2500 2.3451E-02 - -
0.2172 0.2000 1.2484E-02 2.36 2.83
0.1540 0.1667 6.1746E-03 2.05 3.86
0.1035 0.1000 2.6342E-03 2.14 1.67
0.0768 0.0769 8.0848E-04 3.95 4.50
0.0532 0.0526 2.6400E-04 3.05 2.95
0.0398 0.0400 1.0761E-04 3.09 3.27
0.0270 0.0270 2.7962E-05 3.47 3.44
GEOC 2.87 2.98




Chapter 7
Generalization of the DGM

The aim of this chapter is to present some advanced aspects and special techniques of
the discontinuous Galerkin method. First, we present the i p-discontinuous Galerkin
method. Then the DGM over nonstandard nonsimplicial meshes will be treated.
Finally, the effect of numerical integration in the DGM will be analyzed in the case
of a nonstationary convection-diffusion problem with nonlinear convection.

7.1 hp-Discontinuous Galerkin Method

Since the DGM is based on discontinuous piecewise polynomial approximations,
it is possible to use different polynomial degrees on different elements in a simple
way. Then we speak of the /1 p-discontinuous Galerkin method (Ap-DGM). A suitable
adaptive mesh refinement combined with the choice of the polynomial approximation
degrees, representing the hp-adaptation, can significantly increase the efficiency of
the computational process. It allows us to achieve the given error tolerance with
the aid of the low number of degrees of freedom. The origins of ip finite element
methods date back to the pioneering work of Ivo Babuska et al., see the survey paper
[16]. Based on several theoretical works as, e.g., monographs [253, 258] or papers
[16,78,259], it is possible to expect that the error decreases to zero at an exponential
rate with respect to the number of degrees of freedom.

We present here the analysis of error estimates for the Ap-DGM in the case of
a model of the Poisson boundary value problem. We underline the similarity and
differences with analysis of the i-version of the DGM presented in Chap. 2. Mostly
the same notation is used for several constants appearing also in Chap. 2, but some
constants may have slightly different meaning. However, we suppose that there is
no danger of misunderstanding. On the contrary, it helps us to adapt the techniques
from Chap. 2 to this section.

The analysis of the zp-DGM can be directly extended to nonstationary convec-
tion-diffusion equations from Chaps.4 and 5. See, e.g., [87, 178, 186].
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7.1.1 Formulation of a Model Problem

Similarly, as in Sect.2.1, let £2 be a bounded polygonal or polyhedral domain
in R4, d = 2,3, with Lipschitz boundary 9£2. We denote by d£2p and 02y
parts of the boundary 02 such that 02 = 922p U 02y, d2p N 02y = ¥ and
measy_1(082p) > 0.

We consider the Poisson problem (2.1) to find a function u : £2 — R such that

—Au = f in £, (7.1a)
u=up onoif2p, (7.1b)
n-Vu=gy ondf2y, (7.1¢)

where f, up and gy are given functions. The weak solution of problem (7.1) is
given by Definition?2.1.

7.1.2 Discretization

In this section we introduce the zp-DGM numerical solution of problem (7.1). We
start from the generalization of the function spaces defined in Chap. 2.

7.1.2.1 Function Spaces

Let .7, (h > 0) be a triangulation of £2. In the same way as in Chap. 2, by the symbols

T, ﬁhl , ﬂf , ﬁhD and fhﬂ) we denote sets of faces of elements K € 7},. To each

K € 7, we assign a positive integer s x—local Sobolev index and a positive integer
pk—local polynomial degree. Then we define the sets

s={sx,. K €T}, p={pk.K € T} (7.2)

Over the triangulation .73, we define (instead of (2.29)) the broken Sobolev space
corresponding to the vector s

HY (2, J) = {v;vlk € H'*(K) VK € I} (7.3)

with the norm
172

Wlas.a = D W3 (74)
KeJ,
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and the seminorm

172
2
|V|HS(.Q,<%) = Z |V|HSK(K) , (7.5)
Ke9,
where || - || gsk (k) and | - | gsx (k) denotes the norm and seminorm in the Sobolev

space H*X (K) = Wik-2(K), respectively. If sg = g > 1 for all K € .7, then we
use the notation H?($2, 7)) = H*($2, 9},). Obviously,

HY (2, 9,) C H (2,9, C HX2, F}), (7.6)

where s = max{sx, sk € s} and s = min{sg, sx € s}.
Furthermore, we define (instead of (2.34)) the space of discontinuous piecewise
polynomial functions associated with the vector p by

Shp = {v e L*(22); vk € Py (K)VK € T3}, (1.7)

where P, (K) denotes the space of all polynomials on K of degree < pg. In the
hp-error analysis we assume that there exists a constant Cp > 1 such that

PE <Cp VK, K' € J, such that K and K’ are neighbours. (7.8)

Pk’

Assumption (7.8) may seem rather restrictive. However, it appears that the application
of the hp-methods to practical problems is efficient and accurate, if the polynomial
degrees of approximation on neighbouring elements do not differ too much.

7.1.2.2 hp-Variant of the Penalty Parameter

In Sect.2.6.1 we introduced the penalty parameter o : U eFP = R, which was

proportional to diam(]")_1 ~ h}] where I’ C 0K, I’ € thD . However, the
following numerical analysis shows that for the 2p-DGM, the penalty parameter o
has to depend also on the degree of the polynomial approximation (see also [180]).
To this end, for each K € .}, we define the parameter

h
d(K) = —5. K€ (7.9)
Px

Now for each I' € ﬁhm we introduce the hp-analogue to the quantity ~r from
Sect.2.6.1, which is now denoted by d(I"). In the theoretical analysis, we require
that the quantity d(I"), I € %, h € (0, ﬁ), satisfies the equivalence condition
with d(K), i.e., there exist constants C7, Cg > 0 independent of i, K and I" such
that
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Crd(K)<d(I') <Cgd(K), Ke9,, I'e. %, I' CoK. (7.10)

Let KI(«L) and KI(«R) be the neighbouring elements sharing the face I' € yh’ .
There are several possibilities how to define the parameter d (1) for all interior faces
redl:

)
d(r) = — 2diam@) rezl (7.11)
B (PK}L))Z + (PK<FR>)2’ h .
(i1)
d(I') = max(d(K "), d(K Py, e 7], (7.12)
(iif)
d(I) = min@d(K'"), d(k'®y), I e.7]. (7.13)

Moreover, for the boundary faces I" € ﬁhD , we put
d(Ir) =d(K"), (7.14)

where K I(«L) is the element adjacent to I".
In the sequel we consider a system {7}, <0 of triangulations of the domain £2
satisfying the shape-regularity assumption (2.19), i.e.,

h )
2K < Cr, KeTh he(0h). (7.15)
oK

The following lemma characterizes the mesh assumptions and the choices of
d(I'), which guarantees the equivalence condition (7.10).

Lemma 7.1 Let{7,}, c(0.i) be a system of triangulations of the domain §2 satisfying
assumption (7.15). Moreover; let p be the polynomial degree vector given by (7.2),
satisfying assumption (7.8). Then condition (7.10) is satisfied in the following cases:

(a) The triangulations J,, h € (0, f_z), are conforming (i.e., assumption (MA4) from
Sect. 2.3.2 is satisfied) and d(I") is defined by (7.11) or (7.12) or (7.13).

(b) The triangulations Fy,, h € (0, h), are, in general, nonconforming, assumption
(A2) (i.e., (2.22) is satisfied and d(I") is defined by (7.11).

(c) The triangulations F},, h € (0, h), are, in general, nonconforming, assumption
(Al) is satisfied (i.e., the system {9}, }he(o,ﬁ) is locally quasi-uniform) and d(I")
is defined by (7.12) or (7.13).
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Exercise 7.2 Prove the above lemma and determine the constants C7 and Cg.

Remark 7.3 If px = p € Nforall K € .9, then the constants C7 and Cg from
(7.10) are identical with the constants from (2.20).

7.1.2.3 Approximate Solution
Now we are ready to introduce the hp-DGM approximate solution. Using the same

process as in Chap. 2, we arrive at the definition of the following forms. For u, v €
H* (2, 93), where sy > 2 forall K € 9}, we put

an(u,v) = . /KVu~Vvdx— > /((w>.n[v]+(~)(w>-n[u]) ds,

Ke, rez/P r
(7.16)
uvy= > / olu] [v]dS, (7.17)

rezm r
Ln(v) =/ gvdx — © Z / up (Vv-n)dS + Z / ocupvdS
$2 rezp r rezp r
+/ gnvds, (7.18)
QN
where the penalty parameter o is given by
ol =op = W, rezP, (7.19)
dr)

with d(I") introduced in (7.11)—(7.14), and a suitable constant Cy > 0. In contrast
to the penalty parameter o defined in Sect.2.6.1, we have o | ~ p?h~!, where i and
p correspond to the diameter of I" and the degree of the polynomial approximation,
respectively, in the vicinity of I".

Similarly asin Sect.2.4,for ® = —1,©0 = 0and ® = 1 the form a;, (together with
the form J;7) represents the nonsymmetric variant (NIPG), incomplete variant (IIPG)
and symmetric variant (SIPG), respectively, of the approximation of the diffusion
term. Moreover, we put

Ap(u,v) = ap(u,v) + J7 (u,v), u,ve H (2, T). (7.20)

Now we define an approximate solution of problem (7.1).

Definition 7.4 A function u, € Sy is called an hp-DG approximate solution of
problem (7.1), if it satisfies the identity

Ap(up, vi) = Lp(vp) Yvp € Spp. (7.21)
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From the construction of the forms Ay and £, one can see that the exact solution
u e H*(£2) of problem (7.1) satisfies the identity

Ap(u,v) = ,(v) Yve H (2, ), (7.22)

which represents the consistency of the method. Identities (7.21) and (7.22) imply
the Galerkin orthogonality of the error e, = u;, — u of the method:

Ap(en,vi) =0 Yv, € Spp, (7.23)

which will be used in the analysis of error estimates. (Compare with (2.57).)

7.1.3 Theoretical Analysis

This section is devoted to the error analysis of the Ap-DGM introduced above.
Namely, an error estimate in the analogue to the DG-norm introduced by (2.103)
will be derived. We follow the analysis of the abstract method from Sect.2.2 and
present several “hp-variants” of results from Chap.2. We use the same notation for
constants, although they attain different values in Chap.?2 and Sect.7.1.3.

7.1.3.1 Auxiliary Results

Similarly as in Sect.2.5, the numerical analysis is based on three fundamental re-
sults: the multiplicative trace inequality, the inverse inequality and the approximation
properties.

The multiplicative trace inequality presented in Lemma?2.19 remains the same.
This means that under the shape-regularity assumption (7.15), there exists a constant
Cy > 0 independent of v, 4 and K such that

1912205y = Cor (V2 Wl iy + B 10122 ) (7.24)
K €, ve HY(K), h € (0, h).
The proof of Lemma?2.21 gives us the hp-version of the inverse inequality: Let the

shape-regularity assumption (7.15) be satisfied. Then there exists a constant C; > 0
independent of v, h, pk, and K such that

Wiy < Crprhg IVI2iy, v e Pp(K), K € Th, he©,h). (7.25)
Finally, we introduce the hp-version of approximation properties of spaces Sy .

We present the results from [14]. Since the proof is very technical, we skip it and
refer to the original work.
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Lemma 7.5 (Approximation properties) There exists a constant C4 > 0 indepen-
dent of v, h, K and px and a mapping 7115{[( : HS(K) — Ppp(K), sk > 1, such
that the inequality

MK —q
S Il ) (7.26)
K

K
7 v — VliHak) = Ca

holds forallv € H¢ (K), K € J, andh € (0, l_z) with ug = min(pg+1, sg), 0 <
q = SK,

Proof See Lemma 4.5 in [14] for the case d = 2. If d = 3, the arguments are
analogous. (]

Definition 7.6 Lets and p be the vectors introduced in (7.2). We define the mapping
Myp - HY (2, Ti)) — Shp by

(Mhpu) |k =7X wlx) VYK €T, (1.27)

where an : H'%(K) — Py, (K) is the mapping introduced in Lemma7.5.

Lemma 7.7 Lets and p be the vectors introduced in (7.2) and IT,p : H(2, F},) —
Shp the corresponding mapping defined by (7.27). If v e H*(2, F},), then

) 5 2(uk—q) )
K
| Thpy = V] 02,7 < C2 D e IV 125k (k- (7.28)
Ke, K

where g = min(pg + 1,5¢), K € J and 0 < g < ming, s Sk and C, is the
constant from Lemma7.5.

Proof Using definition (7.27) and the approximation properties (7.26), we obtain
(7.28). O

Moreover, using the previous results, we prove some technical inequalities anal-
ogous to Lemma2.27.

Lemma 7.8 Let (7.10) be valid and let o be defined by (7.19). Then for each v €
HY (2, ) we have

> d(F)_l/[v]zng 2 > d(K)—l/ lv|?ds, (7.29)
ez r Cr Ko7 9K
> d(F)/ (s <Cg D d(K)/ [v|?ds. (7.30)
r 0K

reziP KeJ,
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Hence,
> orlliGay < Z dK) " VI k0 (7.31)
regjv Ked,
1
> ol 14 Mo < Z d(K) V7255 (7.32)
rezlP KE%L

where the penalty parameter o is given by (7.19).

Proof (a) By definition (2.32), (2.33), inequality (2.110) and assumption (7.10), we
have

> da)™! /[v] ds

rezb
2 2
= > aw)” 1/ P =P as+ > d(F)_l/ v ds
rez! rezp r
2 2 2
<2y d(r)—l/ ((V(F”‘ + | ) ds + Z d(r)—l/ v as
al r G‘D r
I'e / 7
<2c7" > Ak / ‘ (“‘ ds +2¢5" Z d(k )1 / ‘ “”( ds
rez/ Tl
<2C;! Z d(K)_l/ lv|>ds,
Ked, 0K

which proves (7.29). Moreover, using (7.19) we immediately obtain (7.31).

(b) In the proof of (7.30), we proceed in a similar way, using (2.32), (7.10) and
(2.110). Inequality (7.32) is a direct consequence of (7.30) and (7.19). O

Analogously to Lemma?2.32, we present its sp-variant.

Lemma 7.9 Letv € H'(2, ;). Then

A

2CwCu p: i
oW = =5 — > (h—fnvuizm + ﬁnvnmmml(m (7.33)
KeZ, K

CwCy 2p2 Py
== 2 (—hz’<||v||izm+—h§< 75k + Pr IV k) )
Ke, K K

Proof Ifv € H'(£2, },), then the definition (7.17) of the form J7,(7.31) and (7.9)
imply that
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o= > /a[v]2d5= > ol Pl
rezP r rezP
2Cw CW P
=5 22 AT MLk = T 2 eIk
Cr Ke7, r Ke,

Now, using the multiplicative trace inequality (7.24), we get

2CwCuy P
o
oW = =5 — > ( V12 g + i eV )

Ke,

which gives the first inequality in (7.33). Moreover, the application of the Young
inequality yields the second one. ]

Finally, we introduce the Ap-variant of Lemma?2.34.

Lemma 7.10 Under assumptions (7.15) and (7.10), for any v € H*(82, F) the
following estimate holds:

CgCuy -
> / A(Vv)2ds < e Z (IVIH1(1<) |V|H2<K)+hK1|v|§11(K>)
y’D w KeJ, pK
2
CoCuy h
< e Z( Vi k) + 'V'H2(K))' (7.34)
w
Ke,

Moreover, for vy, € Spp we have

S [ ot wnplas < LN

rez/P

Cr+ Dl g, (735

Proof Using (7.32), the multiplicative trace inequality (7.24) and notation (7.9), we
find that

C
> / o~ (- (Vv)*dS < C—G > dEIVVIT gk

regip’! Y ke,
CeCu hk
= =2 > = (199l Vol + i IV )
w Ke9, pK
CoCu hg
=C > (|V|H1(K) Wln2k) +hg |V|H](K))
w Ke9, p

which is the first inequality in (7.34). The second one is obtained by the application
of the Young inequality.
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Further, for v, € S p, estimate (7.34), the inverse inequality (7.25) and the in-
equality 1/p% <1 give

> /a—l(n-<wh>)2ds
I‘Gﬁhm r

CcCum
Cw

IA

hg -1 2
> = (I9vl2chy IVl + hg 192 g )
KeZ, Pk

E L szh 1||C l; IVvpll +h l||C ||2
2 1PNk Vh 2(K) Vh L2(K) K Vh L2(K) )"
Ke9, Pk

CcCu
Cw

IA

IA

CoCum CcCu
e i) 3 IVl = o (Crt Dl g 7.
w KT, w

which implies (7.35). O

7.1.3.2 Continuity of the Bilinear Forms

Now, we prove the continuity of the bilinear form Aj, defined by (7.20). In the space
Spp we again employ the DG-norm

172
el = (21 ) + 5 s 0)) (7.36)

Comparing (7.36) with (2.103), both relations are formally identical. However,
the norm in (7.36) is p-dependent, because o depends on the polynomial degrees
Pk, K € .

Exercise 7.11 Prove that ||| - ||| is a norm in the spaces H*(£2, 7,) and S p.

Furthermore, due to (2.122), we have

|An@. V)| < 2uliolvihe Yu,ve H (2, T, (7.37)
where
Wi, =Mvl>+ D [ o7 m-(Vv)*dS (7.38)
rez/P r

=i+ e+ D [ o7 @ (Vv)3ds.

r
Feﬁ"h”)

Now, we derive the hp-estimate of the || - ||1,-norm, compare with Lemma?2.35.
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Lemma 7.12 l:et (7.10) be valid and let o be defined by (7.19). Then, there exist
constants C,, Cy > 0 such that

JZ (u, ) < lull < lulho < Co Ra(u) Yu € H*(2, F3), h € (0, h),
(7.39)
I o vi) 2 < vl < villie < Colllvall Yvi € Shp, h € (0,h),  (7.40)

where

12

h2

Ra(“)z ( Z (h2 ”M||L2(K)+pK|”|H1(K) K|M|H2(K))> ’ MEHZ(Qv yh)
Ke7, Pk

(7.41)

Proof The first two inequalities in (7.39) as well as in (7.40) follow immediately
from the definition of the DG-norm (7.36) and ||-||; ,-norm (7.38). Moreover, in

view of (7.38), (7.4), (7.33) and (7.34), for u € H(2, 9},), we have

Ml o = 11 g ) + I ) + Z/ “(n - (Vu))2ds

rez[P

CWCM 2PK p?{ 2 2
= 2 Ml + 5 2 (h2 el 32 g, + i 1z + PRIl

Keoy, Key K

CcCuy 3 5 h%( 5
+ = + £ .
2Cw Z (pz Il k) i Il k)

Ke T, K

Now, using the inequalities py > 1 and 1/px < 1, we get

3Cg C CwC
2 - (1 GLMm w M) 2
nunl,(,_K%( 4300 O

CeCuy h 3CwCum p[(
2Cw p2 lule(K) * S Ccr W2 h? ”u”LZ(K)

Hence, (7.39) holds with

3Cg C CwCy CcCy 3CwC 172
Co =|max |1+ G M+ W M, G M, v .
2Cw Cr 2Cw Cr

Further, if v, € Sy, then (7.38) and (7.35) immediately imply (7.40) with C‘U =
(14 Cg Cpy(Cy + 1)/ Cy)'/2. O

Lemma7.12 directly implies the continuity of the form A,.
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Corollary 7.13 Let ( 7.{ 0) be valid and let o be defined by (7.19). Then there exist
constants Cp > 0 and Cp > 0 such that the form Ay, defined by (7.20) satisfies the
estimates

|An (s vi)l < Clllupll velll Y un, va € Spp, (7.42)
| A, vl < Cp Ra() lvalll Yu € H*(2, Ti) Vv € Snp VR0, ), (7.43)

where R, is defined by (7.41).

Proof Estimates (7.37), (7.39) and (7.40) give (7.42) with Cp = 2@%. Moreover,
by (7.37) and (7.39),

| A, vi)l < 2[ullio Ivillie < 2CoCo Ra@)lIvalll

which is (7.43) with Cp = 2C, C,,. O

7.1.3.3 Coercivity of the Bilinear Forms

In order to derive error estimates of the approximate solution (7.21), we need the
coercivity of the form Aj. To this end, we present here the generalization of the
results from Sect.2.6.3.

Lemma 7.14 (NIPG coercivity) For any Cw > 0 the bilinear form Ay, defined by
(7.20) with ® = —1 in (7.16) satisfies the coercivity condition

Ap,v) > IVIIP - Yv e HX($2, Th). (7.44)
Proof If ® = —1, then from (7.16) and (7.20) it immediately follows that
An,v) = a0, v) + I 00 = Wi gy + TE 00 = IVIE, (749

which we wanted to prove. (]

The proof of coercivity of the symmetric bilinear form Ay, defined by (7.16) with
® = 1 is more complicated.

Lemma 7.15 (SIPG coercivity) Let assumptions (7.15) and (7.10) be satisfied, let
Cw =4CcCu (1 + Cy), (7.46)
where Cyy, Ct and Cg are the constants from (7.24), (7.25) and (7.10), respectively,

and let the penalty parameter o be given by (7.19) forall I' € fh’D. Then the bilinear
form Ay, defined by (7.20) and (7.16) with ® = 1 satisfies the coercivity condition

1 _
Ap(p, vi) = §|||v;1|||2 Vv, € Shp, Yh € (0, h).
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Proof Let$ > 0. Then (7.17), (7.19), (7.16) with ® = 1 and the Cauchy and Young
inequalities imply that

an(Vh, vi) (7.47)
2
= |vh|H'(Q,$l)_2 Z An-(Vvh)[vh]dS
rezb
1
> vyl Z D) m- (Y >)2ds Vh]2
Z |Vh Hl(.Q,f%,) h d(r)
FeéﬂD JaﬂD
5
= bl o, 73 =@ = g O )
where
1
w=- > / d(I)[(Vvy) > dS. (7.48)
8 r
rezP

Further, from (7.9), assumption (7.10), inequality (7.30), the multiplicative trace
inequality (7.24), the inverse inequality (7.25) and the inequality pEZ <1, we get

Co hg
@ = T”VWH%Z(M) (7.49)
Keg, UK
CeCu hk
=" Z 2 (|vh|H1(K)|VVh|H1(K) +hy |vh|Hl(K))
Keg, V'K
CoCy hk
=7 2 P2 (ClpKhK Va1 () + |Vh|H1(K))
Ke9,
- CcCu(1+Cy)
— S |vh|H1(Q,%)'

Now let us choose
8§ =2CcCy(1+Cy). (7.50)
Then it follows from (7.46) and (7.47)—(7.50) that

1 4CcCu(1+Cp)
anp(Vh, vh) = (lvthl(_Q ) Tff(vh»vh)) (7.51)

V

1 2 o
5 (M8 = 98 Onev)

v
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Finally, from the definition (7.20) of the form A and from (7.51) we have
ApOn,vi) = anp, vi) + I Vi, vi) (7.52)
> % (W1, ) + 95 O v)) = %nwhmz,

|

Lemma 7.16 (IIPG coercivity) Let assumptions (7.15) and (7.10) be satisfied, let
Cw = CeCy(1+Cyp), (7.53)
where Cyy, Cy and Cg are constants from (7.24), (7.25) and (7.10), respectively, and

let the penalty parameter o be given by (7.19) for all I' € ﬁth. Then the bilinear
form Ay, defined by (7.20) and (7.16) with ® = 0 satisfies the coercivity condition

1
An(vp,vp) > Enmmz Vi € Shp.

Proof The proof is almost identical with the proof of the previous lemma. (I

Corollary 7.17 We can summarize the above results in the following way. We have
A, vi) = Cellvall® Y v € Shp, (7.54)
with
Cec=1 for® = —1, if Cy > 0,
Cc=1/2 for® =1, if Cy =24CcCy(1+Cy),
Cc=1/2 for® =0, if Cw>CgCy(1+Cy).

Corollary 7.18 By virtue of Corollary 1.7, the coercivity of the form Ay, implies the
existence and uniqueness of the solution of the discrete problem.

7.1.3.4 Error Estimates in the DG-Norm

In this section we will be concerned with the derivation of the error estimates of the
hp-discontinuous Galerkin method (7.21). Let u and uj, denote the exact solution of
problem (7.1) and the approximate solution obtained by method (7.21), respectively.
The error e;, = uj, — u can be written in the form

en =E+n, withé =up — ypu € Spp, n = Mypu —u, (7.55)

where IT},p is the Sy p-interpolation defined by (7.27). The estimation of the error ey,
will be carried out in several steps.
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We suppose that the system of triangulations {7}, j, satisfies the shape-
regularity assumption (7.15) and that the relations (7.10) between d(I") and d(K)
are valid.

First, we prove the abstract error estimate, representing a bound of the error in
terms of the Spp-interpolation error 7, cf. Theorem2.43.

Theorem 7.19 Let (7.10) be valid, let o be defined by (7.19) and let the exact
solution of problem (7.1) satisfy the condition u € H?($2). Then there exists a
constant Cag > 0 such that

llenlll < Cag Ra(n) = Cag Ra(IThpu —u) Yh € (0, h), (7.56)

where R, (u) is given by (7.41).

Proof The proof is completely identical with the proof of Theorem2.43. We obtain
again Caog = C, + CB/CC, where C, and CB and C¢ are constants from (7.39)
and (7.43) and (7.54). O

The abstract error estimate is the basis for the estimation of the error ¢, in terms
of the mesh size h.

Theorem 7.20 (DG-norm error estimate) Let {9} he(0.i) be a system of triangula-
tions of the domain 2 satisfying the shape-regularity assumption (7.15). Let s and p
be the vectors (7.2) such that sx > 2, px > 1 and ug = min(pg + 1, sg) for each
K € 9. Let the condition of equivalence (7.10) between d(I") and d (K ) be valid (cf.
Lemma7.1). Let u be the solution of problem (7.1) such thatu € H2(2)NHS (2, F)
forany h € (0, h). Moreover, let the penalty constant Cyy satisfy the conditions from
Corollary7.17. Let up, € Spp be the approximate solution obtained by means of
method (7.21). Then the error e, = ujy — u satisfies the estimate

1

. 2(uk—1) 2 _
lleall < € | D s lullfpx iy | + 7€ ©h), (7.57)
Ke9, K

where C is a constant independent of h and p.

Proof 1t is enough to use the abstract error estimate (7.56), where the expressions
|77|H'(K)’ |77|H2(1<) and ||77||L2(K), K € 9}, are estimated on the basis of the approx-
imation properties (7.26), rewritten for n|x = (ITppu — u)|x = 7k pUlx) — ulg
and K € J,:

KK
Inllr2k) < Ca pr el e i) (7.58)
K

MK—l
grky < Ca——— lullar k),
pK
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MK—Z
N2y < Ca———=5 lullark k)-
pK

The above, the definition (7.41) of the expression R, and the inequalities 1/ p%(sfz <
1/pg™>, pk = Limply

3 2
p
Ra)* = > (h—funniz(,() + prInly g + ) Ianz(K))

Ke9,
5 3 2MK h2(lu< 1)) 2 3 2ug—4 )
1< K K "k
=Cy Z 2 2AK S S roens i s why ol | LA VU009
Ked, Pk Pk Pk
5 2(#1( 1) 2(Mk—l) hZ(MK—l) )
K
=Ca Z st 3 2v,< =5t e JulEex k)
Ke, Pk Pk
2(MK 9]
= 3CA Z T ”u”H“K(K)
Ke, pK
Together with (7.56) this gives (7.57) with the constant C = /3Cag Ca. O

Comparing error estimate (7.57) with the approximation property (7.28) with
q = 1, we see that (7.57) is suboptimal with respect to the polynomial degrees
Pk, K € 7. This is caused by the presence of the interior penalty form J;” , see
the last two terms in the second inequality in (7.33), namely the terms

3 2

P P

e V12, + PRIV k) = PE (—h§ V1172 k) + |v|ip(,<)), K € .
K K

The error estimates optimal with respect to p were derived in [150] using an aug-
mented Sobolev space.

As for the analysis of further subjects concerned with the hp-DGM, we refer to
several works, namely [181, 185] dealing with the 2p-DGM for quasilinear elliptic
problems, [148, 149] dealing with the #p-DGM on anisotropic meshes, [285] proving
the exponential rate of the convergence of the h1p-DGM, [44, 183] dealing with the
hp-DGM for convection-diffusion problems and [252, 270] analyzing the 2p-DGM
for the Stokes problem.

7.1.4 Computational Performance of the hp-DGM

In the previous sections we analyzed the 2p-DGM, where the mesh .7}, and the ap-
proximation polynomial degrees px, K € 9, were given in advance. In practice,
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the Ap-DGM can be applied in the combination with an adaptive algorithm, where the
size hg of the elements K € .7}, as well as the polynomial degrees pg on elements
K € 9}, are adaptively determined. The aim of this section is to demonstrate the abil-
ity of the hp-DGM to deal with refined grids and with different polynomial degrees
on different K € .75,. We present one numerical example showing the efficiency and
a possible potential of the Ap-DGM.

7.1.4.1 Mesh Adaptation—An Overview

Numerical examples presented in Sect.2.9.2 show that if the exact solution of the
given problem is not sufficiently regular, then the experimental order of convergence
of the DGM is low for any polynomial approximation degree. Therefore, a high
number of degrees of freedom (DOF) (=dim Sj,) has to be used in order to achieve
a given accuracy. A significant reduction of the number of DOF can be achieved
by a local mesh refinement of the given grid .7, in which we look for elements
K € 9}, for which the computational error is too large. Then these marked elements
are refined. In practice, for each element K € .7}, we define an error estimator ng
such that

lu —unllx = nk, (7.59)

where ||| denotes a suitable norm of functions defined on K € .9,. The ele-
ments, where nk is larger than a prescribed tolerance, are split into several daughter
elements. E.g., for d = 2, by connecting the mid points of edges of the triangle
marked for refinement, new four daughter triangles arise in place of the original one.
This refinement strategy leads to hanging nodes, see Sect.2.3.1. Figure 7.2 shows a
sequence of adaptively refined triangular grids.

There exist a number of works dealing with strategies for the error estimation
and the corresponding mesh adaptive techniques. Since a posteriori error analysis
and mesh adaption are out of the scope of this book, we refer only to [114], where
an introduction to adaptive methods for partial differential equations can be found.
Moreover, an overview of standard approaches was presented in [274, 276, 280].

Here we use the residual error estimator ng, K € 9, developed in [90], which is
based on the approximation of the computational error measured in the dual norm. We
suppose that similar results can be obtained by any other reasonable error estimator.
However, a single error estimator ng cannot simultaneously decide whether it is
better to accomplish /. or p refinement. Several strategies for making this decision
have been proposed. See, e.g., [184] or [113] for a survey.

In the following numerical examples, we employ the approach from [90], where
the regularity indicator is based on measuring the interelement jumps of the DG
solution.
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7.1.4.2 Numerical Example

We illustrate the efficiency of the 4 p-discontinuous Galerkin method by the following
example. Let 2 = (0, 1) x (0, 1), 082p := 352. We consider the Poisson problem
(7.1), where the right-hand side f and the Dirichlet boundary condition u p are chosen
so that the exact solution has the form
u(xy, x2) =207 +x3) " xixa (1= x) (1 = x2), (7.60)

cf. Sect.2.9.2. The function u has a singularity at the origin and, hence, u € H'(£2)
butu ¢ H?($2). Numerical examples presented in Sect. 2.9.2 showed that the experi-
mental order of convergence of DGM in the H'!(§2, .7,)-seminorm is approximately
O (h'/?) for any tested polynomial approximation degree.

In order to study the computational properties of the hp-DGM, we carried out
three types of calculations:

o fix-DGM: P,, p = 1,3, 5, approximations on uniformly refined grids, i.e., the
computation with fixed polynomial approximation degree (px = p for all K €
) on uniform triangular grids with hy = 1/22“, £ =0,1,.... Figure7.1
shows the uniformly refined grids for £ = 0, 2, 4.

e h-DGM: h-adaptive DGM for P,, p = 1, 3,5, polynomial approximations, i.e.,
the computation with fixed polynomial approximation degree (px = p for all
K € 93) on adaptively (locally) refined grids. Figure7.2 shows the example
of the sequence of meshes generated by the h-refinement algorithm for p = 3
together with details at the singularity corner.

e hp-DGM: hp-adaptive DGM, i.e., the computation with adaptively chosen poly-
nomial approximation degree px, K € .7, on adaptively (locally) refined grids
using the algorithm from [90]. Figure 7.3 shows the hp-grids generated by this
algorithm for selected levels of adaptation. Each K € .7}, is marked by the colour
corresponding to the used polynomial approximation degree.

Our aim is to identify the experimental order of convergence (EOC), similarly as
in Sect. 2.9. Since we employ locally adaptive grids and possible different polynomial
approximation degrees on K € .7, it does not make sense to use formula (2.198)

Fig. 7.1 Computation fix-DGM: the uniformly refined computational grids for £ =0, 2, 4
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¢ =0,...,3 (the whole mesh)

¢ =4,...,7 (the whole mesh)

{=4,...,7 (zoom 50x at the singularity)

Fig. 7.2 Computation h-DGM: example of the sequence of the meshes £ = 0, ..., 7, generated
by the A-refinement algorithm for p = 3; the last row shows the details at the singularity corner

and to define the EOC by (2.199). Therefore, we expect that the computational error
ey, = up — u behaves according to the formula

EOC

llenll ~ CN,, (7.61)

where |le;|| is the computational error in the (semi-)norm of interest, d = 2 is
the space dimension, C > 0 is a constant, EOC € R is the experimental order of
convergence and Nj, is the number of degrees of freedom given by (cf., e.g., [37,
Chap. 3] or [52])

d
. 1 .
Ny = dim Spp = D i [Tk + - (7.62)
KeZ, = j=I

Obviously, if the mesh .7}, is quasi-uniform (cf. Remark2.3) and px = p for all
K € 9}, then the experimental orders of convergence defined by (7.61) and by
(2.198) are identical.

Since the exact solution is known and, therefore, |le;| can be exactly evaluated,
it is possible to determine the EOC in the following way. Let |ley,, || and ||ep, || be the
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whole mesh 10x zoom at the singularity 100x zoom at the singularity
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Fig. 7.3 Computation 7p-DGM: the hp-meshes for the levels of adaptation £ = 3,5,7,9, 11; each
K € 9, is marked by the colour corresponding to the used polynomial approximation degree; the
whole domain (left), zooms 10x and 100x at the singularity corner (center and right), respectively

computational errors of numerical solutions obtained on two different meshes .7},
and .7, having the numbers of degrees of freedom Np,, and Nj,, respectively. Then
eliminating the constant C from (7.61), we come to the definition of the EOC in the
form
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_ log(llen, II/lleny 1)
log((Np, /Np)'/4)"

EOC = (7.63)

Table 7.1 shows the results of all types of computations (fix-DGM, h-DGM, hp-
DGM), namely, the computational errors in the L°°(§2)-norm, the LZ(Q)—norm and
the H'(£2, .7;)-seminorm and the corresponding EOC together with the compu-
tational time in seconds. The results with the error in the H'!(£2, .},)-seminorm
are visualized in Fig.7.4. We observe that the fix-DGM computations give a low
experimental order of convergence in agreement with results in Tables 2.5 and 2.6.
Moreover, the h-mesh refinements #-DGM achieve the same error level with smaller
number of DOF. Namely, for P; and Ps approximation the decrease of the number
of DOF is essential. Finally, the hp-adaptive strategy hp-DGM leads to the lower
number of DOF (and a shorter computational time) in comparison to 2-DGM.

We observe that in some cases EOC is negative for the ip-DGM. The relation
(7.63) gives EOC < 0 in two situations:

e The adaptive algorithm increases the number of degrees of freedom N, but the
computational error e, increases too. This is the usual property of hp-adaptive
methods, when at the beginning of the adaptation algorithm we use high polyno-
mial degrees on coarse grids. The polynomial approximation oscillates and thus
ey 1s large.

e The adaptive algorithm reduces the number of degrees of freedom N, together with
a decrease of the computational error ¢, (see level 7 of hp-DGM in Table7.1).
This is in fact a positive property of the used algorithm.

Furthermore, from Table 7.1, we find out that for the Ap-DGM computations, the
errorin the L2 (£2)-norm is almost constant for the levels £ = 8,9, 10 and 11, whereas
the errors in the L>°(§2)-norm and in the H' (2, .7},)-seminorm are decreasing. This
is caused be the fact that the piecewise constant function F? : 2 — R given by

F0|K = lu —unllp2x)y, K€ T

attains the maximal values for K far from the singularity (if the mesh is already
sufficiently refined), whereas the piecewise constant function F! : 2 — R given by

F1|K =|u —Mh|Hl(1<)» K e
attains the maximal values for K near the singularity even for sufficiently refined

grids. Figure 7.3 shows that for £ > 5 only elements near the singularity are adapted,
and hence the error in the L2(£2)-norm cannot be further decreased.
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fixx-DGM Py —+—
fix-DGM Pg ---x---
fix-DGM Py ---%---

- h-DGM P, -

B S h-DGM Py —-#-
T h-DGM Py --o---
hp-DGM - -e- -

slope EOC=1/2 — -

01 f : Lo i

100 1000 10000 100000

Fig. 7.4 Convergence of errors in the H'(£2, 9},)-seminorm with respect to the number of DOF
for fix-DGM, h-DGM, hp-DGM computations. Moreover the slope corresponding to EOC = 1/2
is plotted

The presented numerical experiments show that the zp-DGM can treat locally refined
grids with hanging nodes and different approximation polynomial degrees generated
by an hp-adaptive technique. This approach allows us to achieve the given error
tolerance with the aid of a low number of DOF.

7.2 DGM on General Elements

The versatility of the DGM can also be exhibited by the possible use of general
nonsimplicial partitions of the computational domain. Hence, for d = 2, not only
triangles and quadrilaterals, but also even nonconvex polygons can be treated. Let
us mention, e.g., the dual elements (dual finite volumes) considered in [126] or the
Voronoi cells from [108, 223] widely used in the finite volume methods. The use of
such nonstandard elements can reduce the number of degrees of freedom of the given
problem. On the other hand, the numerical implementation is more complicated, and
therefore this approach has not yet been used in practical applications.

In this section we present the analysis of the DGM applied to the Poisson prob-
lem (7.1) on star-shaped elements. In this way we demonstrate that the DGM can
really be considered as a generalization of both the finite element as well as finite
volume methods. Similarly as in Sect. 7.1, we derive the basic tools for the theoret-
ical analysis, namely the multiplicative trace inequality, the inverse inequality and
the approximation properties of a suitable interpolation operator. We see that then
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the error analysis will be straightforward. Of course, the DGM applied on general
elements can be used for the numerical approximations of more complex problems.
See, for example [99], where the DGM on star-shaped elements is analyzed in the
case of the nonstatinary convection-diffusion problem (4.1).

7.2.1 Assumptions on the Domain Partition

Let us consider a system {.7,} he(0.) h>0,of partitions of the domain 2, formed
by general polygonal (for d = 2) or polyhedral (for d = 3) elements K. Naturally,
we require that Ugc o2 K = 2 and that elements from .7}, have disjoint interiors.

We use the same notation as in Chap.2 and introduce the concept of interfaces
between neighbouring elements and the symbols .7, ﬁhl , 9}? for the sets of all
faces of all elements K € .}, all inner faces and all Dirichlet boundary faces. Now
the faces between neighbouring elements may be formed by several straight lines (if
d = 2) or parts of planes (if d = 3). Each face I" is associated with a normal n,
which may be piecewise constant in general.

We assume that the system { T}, ¢ r)» h > 0, of partitions of £2 has the following
properties:
Assumptions 7.21 (Star-shaped elements) Each element K € .9, h € (0, h), is
a star-shaped polygonal (or polyhedral) domain with respect to at least one point
xx = (xg1,...,xgq) € K°, where K° is the interior of K. (This means that the
straight segment connecting xg with any x € K is a part of K.) We assume that

(i) there exists a constant ¥ > (0 independent of K and & such that

maxyecyk |x — Xk

_ <k VYK e, he,h), (7.64)
minyesk X — Xk |

(i) element K can be divided into a finite number of closed simplexes:
K = USE(VKSﬂ (765)
there exists a positive constant Cs independent of K, S and & such that

h
i) <Cs VSe. % (shape regularity), (7.66)
s

where &g is the diameter of S, pg is the radius of the largest d-dimensional ball
inscribed into S and, moreover,

=

1< X ck<oo VSe.%, (7.67)

S

where k is a constant independent of K, S and A.
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Fig. 7.5 Admissible
elements K and K’, the
common face I" and the
corresponding normal n

Remark 7.22 Assumptions7.21 represent a generalization of the shape-regularity
assumption (2.19).

Moreover, similarly as in (2.21), we assume that elements are locally quasi-
uniform, which means that there exists a constant Cg > 0 such that

hx < Cohxr VK, K' € I, K, K' are neighbours. (7.68)

Elements satisfying Assumptions 7.21 and condition (7.68) are called admissible.
Figure 7.5 shows a possible situation with a nonconvex element and a hanging node.

Moreover, let i, I' € %, be given by (2.25) or (2.26). If Assumptions7.21
and condition (7.68) are satisfied, then the equivalence condition

Crhx <hr <Cghg, K e %, I'e FIP, I Cok, (7.69)

is also valid in the case of star-shaped elements (cf. (2.20)).

Exercise 7.23 Verify relation (7.69) for meshes satisfying Assumptions7.21 and
condition (7.68).

7.2.2 Function Spaces

Let .7}, be a triangulation consisting of star-shaped elements. In the same way as in
Sect. 2.3.3, for a positive integer k we define the broken Sobolev space

HY2, ) ={ve L>(Q2);vix € H'K)VK € F}, keN, (7.70)
. , 12 .
with the norm |vilgk e 7, = (ZKE% IIV”Hk(K)) and the seminorm

1/
2
Wik @, 7, = (ZKE% |v|H"(K)) :
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Similarly, the symbols [v]y and (v) denote the jump and the mean value of a
function v € H*(2, Z,)on I" € .%,.

Finally, for an integer p > 1 we define the space of discontinuous piecewise
polynomial functions

Shpy = (v e L*(2); vk € Py(K)YK € T}, (7.71)

where P, (K') denotes the space of all polynomials on element K of degree < p. We
call the number p the degree of polynomial approximation.

7.2.3 Approximate Solution

In Sect. 2.4 we derived the DGM for the problem (2.1) on simplicial meshes. This
process can be applied in the same way also in the case of general meshes introduced
above. Hence, foru, v € H? (82, T), we define the diffusion, penalty and right-hand
side forms

an(u,v) =Y. /KW-Vvdx— > /F((vbt)-n[v]Jr@(nyn[u]) ds,

Ke re#ip
(7.72)
uvy= > /a[u][v]dS, (7.73)
rezb r
() (t):/ g(Hvdx — O Z /uD(t) (Vv-n)dS (7.74)
2 r
FeﬁhD
+ ds ds,
Z;,D/raup(t)v +/39N gn(@)v
re}
Ap(u,v) = ap(u,v) + J7 (u.w). (7.75)

In the above integrals over each face I € %), the symbol r denotes the normal n .
The penalty parameter o is given by

c
a|r=0~p:%, rezP, (7.76)

where & is given either by (2.25) or by (2.26) and Cw > 0 is a suitable constant.
Similarly as in Sect.2.4, for ® = —1, ® = 0 and ® = 1 the form Aj represents
the nonsymmetric variant (NIPG), incomplete variant (IIPG) and symmetric variant
(SIPG), respectively, of the diffusion form.

Now we are ready to introduce the approximate solution of problem (7.1).
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Definition 7.24 A function uj € Sy, is called an approximate solution on a non-
simplicial mesh of problem (7.1) if it satisfies the identity

Ap(up,vp) =Lp(vp) Yvp € Spp. 1.77)

From the construction of the forms A, and £;, one can see that the strong solution
u € H*(£2) of problem (7.1) satisfies the identity

An(u,v) = ,(v) Yve HXR,), (7.78)

which represents the consistency of the method. The expressions (7.77) and (7.78)
imply the Galerkin orthogonality of the error e, = ujy — u of the method:

An(en,vi) =0 Yy € Spp, (7.79)

which will be used in the analysis of error estimates (compare with (2.57)).

7.2.4 Auxiliary Results

In what follows we consider a system {.7} he(0.h) h > 0, of partitions of the
domain £2 satisfying Assumptions7.21 and condition (7.68). The derivation of
the error of the DGM solution computed on these meshes is based on analyzing the
abstract numerical method in Sect.2.2. Hence, we need to introduce analogies to the
multiplicative trace inequality (Lemma?2.19), the inverse inequality (Lemma?2.21),
Shp-interpolation operator and its approximation properties (Lemmas 2.22 and 2.24).

Lemma 7.25 Let Assumptions7.21 be valid. Then for each K € 9, h € (0, P_L),
there exist axiparallel boxes By, B such that

(i) Bo C K C By,
(ii) centers of By and By are identical and equal to xg,
(iii) we have

=
&

1 <

L <k < o0, (7.80)
Bo

=

where k is a constant independent of K and h, and the numbers hg, and h g, are the
half-sizes of By and By, respectively, i.e.,

d
B = | [txks — hg. xks + byl 1=0.1, (7.81)

s=1
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and

hg <2hp, (= hg <2khp,)). (7.82)
Proof Condition (7.64) implies that there exists a d-dimensional ball Ag with center
xg inscribed into K and there exists a d-dimensional ball A; with the center xg

containing K. The ratio of diameters of Ag and A satisfies

raA maXyegK [X — XK
1 < AL e | | <k. (7.83)
FAp  Migeyg [Xx — x|

This implies the existence of axiparallel boxes By, B satisfying conditions (i)—(ii)
from Lemma7.25. Obviously,

hBl :rAl’ hBO\/c_Z:rAO’ (784)
see Fig.7.6. Then (7.83) and (7.84) imply that

h
B _ T (7.85)

\/EhB() B TAp h

and condition (iii) is valid with & = +/d«. O

Now, we introduce the variant of the multiplicative trace inequality over star-
shaped elements.

Lemma 7.26 (Multiplicative trace inequality) Let Assumptions7.21 be valid. Then
there exists a constant Cy; > 0 independent of v, h and K such that

Fig. 7.6 Balls Ag, A| and B
axiparallel boxes By, B used

in the proof of Lemma7.25 A
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19122 k) = Cor (V2 Wl iy + B 10122 ) (7.86)
K e, ve H(K), h € (0,h).

Proof We prove the lemma in two steps.

(1) Let K € 9} andlet S € .#k be an arbitrary but fixed simplex from (7.65). Then,
applying (2.78) to the simplex S, we have

~ d
2 2
V7255 < Cm [2||V||L2(S)|V|H1(S) * s IIVIILz(S)} : (7.87)

where (:‘M is the constant from (7.66). (Cf. the proof of Lemma?2.19.)
(ii) Let K € 9}, and S € .. Then (7.87) yields

VI2 g5 < € (||v||Lz(S> g (s) + hglnvniz(s)) , Se Ik, ve H(K),
(7.88)

where C = Cp max{2, d}. Using the inclusion 0 KC Ug¢ o, 95, relations (7.88)
and (7.67) and the Cauchy inequality, we find that

|V”L2(8K) Z ||v||L2(8S)
Sey](

=t > (Whias Wl + 5 191 ) (7.89)
SeYK

= C[( Z ”v”%‘Z(S)) ( z |V|H1(S)) +Kh[( ||V||L2(K)]
Se. Sk Se. Sk

= Cor (Ml Mo+ V132 )

where Cy; = kC = kCp max{2, d} and ¥ is the constant from (7.67). [l

We proceed with the generalization of the inverse inequality over star-shaped
elements.

Lemma 7.27 (Inverse inequality) Let Assumptions7.21 be valid. Then there exists
a constant C; > 0 independent of v, h and K such that

Vgt < Crhg 2y v € Pp(K), K € Fh, h e (0,h). (7.90)
Proof Let K € 9, and let By and B be the boxes from Lemma7.25 satisfying

(7.80). Without loss of generality we suppose that the center of By and Bj is the
origin of the coordinate system. Then obviously


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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-1 -1
[—1,11Y C hy K C hy, Bi, (7.91)
where

hEOle[yz(yl,...,yd)eRd; w=hglu =14, x=(x1,...,xd)eK].
(7.92)

Similarly hgol B is defined. Further, we define the reference boxes
By=[-1.11 By =[-kkl (7.93)

where k is the constant from (7.80). It can be verified that ||.|| 12(By) is a norm in

the space P) (B1). The equivalence of norms on the finite-dimensional space P, (B))
implies that there exists a constant C(p, i) such that

Wl 2y < C OV 25, Vv e Pp(B). (7.94)

In what follows by 7 we denote the function obtained by the scaling of v € P),
defined in (7.92). Furthermore, the transformation to the reference element and the
equivalence of the norms || - || L2(Bo) and || - || H1(By) ON the finite-dimensional space

Pp(é()) imply that

d/2—1 d/2—1
”VV”LZ(BO) - hBO ”VVHL2(B()) h / ”V”Hl(l}o) (795)
d/2—1, —
< CIY 0l 23 = C(p>hB;||v||Lz(BO) Vv e Py(Bo).

where C( p) is a constant independent of 4 and v. .
Let v € P,(B1). Then the transformation to the reference box By and relations
(7.91)—(7.95), (7.67) and (7.82) yield
IVVliz2ky < IVVIL2es, = Geay /O IV 25
< (hp, /)7 Cp, OV
= (hpy R i,

(Bo)
C(p. NVVIL2(By)
< C(p, K)C(p)hBO VIl 25y < 2€C(p, )C(PIAE VI L2 (k)

which proves the lemma with C; = 2k C(p, /E)C‘(p). O

Finally, we introduce an interpolation operator over star-shaped elements and its
approximation properties, which generalizes Lemma?2.22.

Lemma 7.28 (Approximation properties) Let Assumptions?7.21 be valid and inte-
gers p, s, q be given satisfying the conditions p > 0,0 < g < s. Then there exist a


http://dx.doi.org/10.1007/978-3-319-19267-3_2
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mapping g p : HY(K) — Py(K) and a constant C5 > 0 independent of v and h
such that

Ik, pv — VIHak) < Cahly 1 lunk)y Yv e HY(K), K € T, (7.96)

where u = min(p + 1, s).

Proof The existence of the mapping 7k, is based on the results of Verfiirth from

[275]. In the same way as in Sect. 1.3.1 we denote by o = («q, . . ., &¢g) a multi-index

with integerso; >0, i = 1,...,d.Forx = (x1,..., xg) we set x% = x‘f” .. -xgd.
Now for any function ¢ integrable over K we define its mean value

1
T go:—/ @dx. (7.97)
Tk Jk

For each v € H*(K) we recursively define polynomials p, xk (v), pop—1,x (V), ...,
po,x (v) in P, (K). First, we set

1
pp.x (V) = Z —!x“nK(D“v). (7.98)
la|=p
Then, fork =p, p—1,...,1 we put
1 o o
Pt k) = pek W+ D —=xmk (DU = prk (W))) . (7.99)
el =k—1 P
Finally, we put
K, pV = P0,k (V). (7.100)

For the proof of the approximation properties (7.96) we refer to [275]. ]

Definition 7.29 Let .7}, be a triangulation and let p > 0. We define the mapping
My, : HY(2, ) — Spp by

(M) & = 7x.p Wlk) VK € T, (7.101)

where g ), : HYK) > Pp(K) is the mapping introduced in Lemma7.28.

Lemma 7.30 Let ), be a triangulation, let integers p, s, q satisfy assumptions from
Lemma7.28 and let Iy, : HY (22, .7) - Snp be the mapping given by (7.101). Then

| Ty — < Cah" Wlynia. 7). vE H (2, T), (7.102)

V|Hq<fz,9h>

where u = min(p + 1, s) and C 4 is the constant from (7.96).
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Proof Using (7.101), the definition of a seminorm in a broken Sobolev space and
the approximation properties (7.96), we obtain (7.102). ]

7.2.5 Error Analysis

Now we present the error estimate in the DG-norm (cf. (2.103)) of the DGM applied
on star-shaped elements. The error analysis follows the technique from Chap.2,
where Lemmas 2.19, 2.21, 2.22 and 2.24 have to be replaced by Lemmas 7.26, 7.27,
7.28 and 7.30, respectively.

Moreover, in order to ensure the coercivity of form A, we have to choose the
penalization constant Cy sufficiently large depending on the used variants of DGM
(® = —1, 0, 1in(7.72)). Particularly, Cy is specified in Corollary 2.41, where Cyy,
C; and Cg are the constants from (7.86), (7.90) and (7.69).

Then, the error estimate is formulated in the following way.

Theorem 7.31 (DG-norm error estimate) Let us assume that s > 2, p > 1 are
integers, u € H*(S2) is the solution of problem (7.1), {%}he(oﬁ)’ h € (0,h), is
a system of triangulations of the domain 2 satisfying Assumptions7.21 and condi-
tion (7.68). Moreover, let the penalization constant Cy satisfy the conditions from
Corollary2.41 with constants Cyy, C; and Cg from (7.86), (7.90) and (7.69). Let
up € Spp be the approximate solution obtained by means of method (7.77). Then the
error e, = up — u satisfies the estimate

llenll < Ch* Mulpu(ay, h e (O,h), (7.103)

where i = min(p + 1, s) and C is a constant independent of h.

Exercise 7.32 Prove Theorem7.31 in details. Hints: Adapt the technique from
Sect. 2.7 to this case.

7.2.6 Numerical Examples

In order to demonstrate the theoretical error estimate obtained in the previous section,
we present examples of the solution of problem (7.1) computed by the DGM applied
on general meshes satisfying Assumptions7.21 and condition (7.68). Namely, we
consider nonconforming meshes containing triangular and nonconvex quadrilateral
star-shaped elements constructed by the following algorithm presented in [95]:

1. We start from a vertically oriented structured triangular grid, see Fig.7.7a.
2. We apply a vertical shift to some vertices, which creates a triangular mesh with
hanging nodes, shown in Fig.7.7b.
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(a) (b) (c)

bl -

vertical movement horizontal movement

Fig. 7.7 Algorithm generating meshes with nonconvex quadrilateral elements

3. We apply a horizontal shift to some vertices, which creates nonconvex quadrilat-
erals shown in Fig.7.7c.

This algorithm allows us to construct meshes with a prescribed constant Cy given
by

h

Cy = max max —~ . (7.104)
KeZ, ez, diam(I")

rcak

(Compare with condition (2.22).) The parameter Cy4 characterizes the nonconformity
of the mesh. Figure 7.8 shows meshes with different numbers #.7, of elements and
different values of C4. Of course, these types of meshes are artificial and not used
in practice. We only want to demonstrate that our scheme is robust with respect to
rather rough meshes.

We solve the Poisson problem (7.1) in £2 = (0, 1) x (0, 1) with 02y = . We
prescribe the right-hand side f and the Dirichlet boundary condition in such a way
that the exact solution has the form

u(xy, x2) = (1 — x2)%(1 — x3)2. (7.105)

The solution of the problem was carried out with the aid of piecewise linear
elements on 6 grids .7,,, | = 1, ..., 6, having different numbers of elements and
different parameters C,, see Table 7.2. Some of the meshes are shown in Fig.7.8.

The computational error e;, = u, — u of the solution is evaluated in the L?(£2)-
norm and we compute the experimental order of convergence (EOC). The global
experimental order of convergence (GEOC) & is obtained by the least squares method.

Table7.2 (left) shows the computational error e, in the L2(£2)-norm and the
experimental order of convergence together with the global experimental order of
convergence, see Sect.2.9.1. Moreover, Table 7.2 (right) shows the error ej, obtained


http://dx.doi.org/10.1007/978-3-319-19267-3_2
http://dx.doi.org/10.1007/978-3-319-19267-3_2

7 Generalization of the DGM

372

0.5

-0.5

0.5

-0.5

05
8.375

-0.5
#7, =136, Cy

0 0.5
136, C; = 2.094

-0.5

#7)

0.5¢

-0.5F

0.5

-0.5F

05
8.375

-0.5
%7, =253, Cy

0.5

-0.5

#7, =253, C; =2.094

N
N
N
N
N

N
N
N
N
N

N
N
N
N
N

R
R Y
R Y
R
R N N N N
R
R Y
R Y
R
R N N N N
R
R
R
R Y
R N N N N N

CEERRRRREERRRRRERRRRRY
O Y

0.5

0oF

-0.5F

0.5

-0.5

0.5

1081, C; = 8.375

-0.5

#7)

0.5

-0.5

#7, = 1081, Cy = 2.094

Fig. 7.8 Example of meshes formed by triangular and nonconvex quadrilateral elements with

different numbers #.7}, of elements and different values of Cy
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Table 7.2 Error ¢, in L%(£2)-norm and EOC for meshes with C; = 2.094 and C; = 8.375 (left)
and dependence of e, on the value of C; for #7j, = 528 (right)

Cy;=2.094 Cq =8.375
[ #Tp, hy Heh”Lz(_Q) EOC Heh“Lz(_Q) EOC I Cy ey
1 136 4.334E-01|1.9775E-02 - |1.5393E-02 - 1 2.094 4.9109E-03
2 253 3.152E-01|1.0404E-02 2.017(7.9873E-03 2.060 2 4.188 3.8514E-03
3 528 2.167E-01]|4.9109E-03 2.004|3.6525E-03 2.088 3 8.375 3.6525E-03
4 1081 1.508E-01|2.3905E-03 1.986(1.7223E-03 2.073 4 16.106 3.6403E-03
5 2080 1.084E-01|1.2450E-03 1.976(8.8145E-04 2.029 529.911 3.6550E-03
6 4095 7.705E-02|6.1307E-04 2.075(4.3596E-04 2.062 6 52.344 3.6676E-03
GEOC 2.005 2.064
08 :
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Fig.7.9 Numerical solution on meshes with nonconvex quadrilateral elements with different num-
bers #.7;, of elements and different values of Cy

on meshes with 528 elements and different values of the parameter C;. We see that
the dependence of the error on Cy is not significant.



374 7 Generalization of the DGM

Figure 7.9 shows the numerical solution obtained on meshes with #.7, = 136,253,
1081 and C4 = 2.094, 8.375. We observe here the convergence of the approximate
solution to the exact solution for 4 — 0.

7.3 The Effect of Numerical Integration

In practical applications of the finite element method, integrals appearing in the
definition of the discrete problem have to be evaluated with the aid of numerical
integration. According to the terminology introduced by G. Strang [262], the use
of numerical integration belongs to finite element variational crimes. The theory of
numerical integration was developed by P.G. Ciarlet and P.A. Raviart in [53]. Their
ideas and results were extended to nonlinear elliptic problems, e.g., in [132, 136,
138, 140, 287].

Here we pay attention to the effect of numerical integration used in the DGM for
the numerical solution of nonlinear convection-diffusion problems equipped with
initial condition and Dirichlet boundary condition.

7.3.1 Continuous Problem

Let us consider a bounded polygonal domain £2 C R? with Lipschitz boundary
252 and time interval [0, T] with T > 0. Similarly as in Sect. 6.2, we consider the
problem with only a Dirichlet boundary condition for the same reasons as explained
in Remark 6.33. We will be concerned with the nonstationary nonlinear convection-
diffusion problem (4.1): Find u : Q7 = £2 x (0, T) — R such that

2
ou afs(u) .
o =ed , 7.106
u’aﬂx(O,T) =Uup, (7.106b)
u(x,0) =u’(x), xe . (7.106¢)

We assume that the data satisfy conditions (4.2), i.e.,

fs € C'(R), f! are bounded, f;(0) =0, s=1,...,d,
up = trace of some u™ € C([0, T]; Hl(.Q)) NL>®(Q7)ond2 x (0, T),
e>0, geCI0,T]; L*(2)), u’ e L*(£2).
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We assume the existence of a solution u of problem (7.106) satisfying the follow-
ing regularity conditions:

3
ue L*0,T; HX(2)), 8—”; € L*0,T; H'(2)). (7.107)

Then u € C([0, T]; H'(£2)) satisfies (7.106) pointwise (almost everywhere). Later
we will introduce a stronger assumption on the regularity of u.

7.3.2 Space Semidiscretization

The space semidiscretization is introduced in the same way as in Sect. 4.2 with the
notation from Sects. 2.3 and 4.2. We get the forms defined in (4.10), (4.23), (4.11)
and 4.13:

ap.v)= > /Kw-de— > /F((Vu)~n[v]+@(Vv)~n[u]) ds,

Ked, rezr
(7.108)
bpu.v) = . /H(u}”,u%”,n)[v]dS— > / fu) - Vvdx, (7.109)
Feyh r KE% K
VAURVERDY /o[u][v]dS, (7.110)
rezb
eh(v)(z)=/ gtyvdx —e® > /MD(Z)(VV~n)dS+8 > /auD(t)vdS.
2 7 D r gD r
re%, ez,
(7.111)

As usual, we set (¥, ¢) = fQ Y@ dx. We assume that the numerical flux H satisfies
conditions (4.18)—(4.20).

Definition 7.33 We say that a function uy, is the approximate solution of problem
(7.1006), if it satisfies the conditions

up € CH([0, T1; Sip), (7.112a)

dup(t) -
( ” ,Vh) + eapwp(t), va) + bn(up(t), vi) + &Jy (up (@), vi) = Lp(vp) (1)

Vv € Spp, Y1 €[0,T1,  (7.112b)
up(0) = ul) and (uy (0), vi) = @®,vp) Yy € Sy, (7.112¢)

where p > 11is an integer and S, = {v; v4|K € P,(K) VK € J}}. The weight o
in the penalty form J; is defined as
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c
olr="Y rews, (7.113)
hr

where A is introduced in Sect.2.6 and Cy > 0 is a suitable constant.

7.3.3 Numerical Integration

In practical computations the integrals appearing in (7.108)—(7.111) are evaluated
with the aid of numerical integration. This means that for functions F € C(K) and
G € C(I'), where K € 9, and I is a face of K, we use the approximations

/ Fdx~|K|Za)KF(xK) (7.114)
a=1
/ GdS ~ |F|Zﬂ G, (7.115)
a=1
where wf , ﬂ(f € R are integration weights and xf €K, x(f € I are integration

points. (We recall that | K| denotes the area of K and |I"| denotes the length of I".)
Examples of the volume and face quadrature formulae are the Dunavant [111] and
the Gauss formulae, respectively. For more formulae in the context of finite element
approximations, see, e.g., [260].

Using quadrature formulae (7.114) and (7.115), we obtain the approximations
(s s Gn,s Jh , by, £, of the forms (-, -), ay,, Ji7, by, £y defined by (7.108)—~(7.111).

Definition 7.34 A function iy, is called the approximate solution of the discrete
problem with numerical integration if it satisfies the conditions

it € C1([0, T1; Sip), (7.116a)
9 s 3
( ugt(t) ) <Ph) + eay (in(t), on) + bpn (), on) + eJ7 (1), @n)
=n(en) (1) Von € Spp, V1 € (0,T), (7.116b)
iin(0) = 3. (7.116¢)

By ﬁg we denote a suitable Sy,-approximation of the initial condition u®. One pos-
sibility is to assume that 122 € Sjp satisfies the condition

@) —u®, o)n =0 You € Shp. (7.117)

(Another possibility is to define the function ﬁg on each K € .7}, as the Lagrange
interpolation, provided u® € C(£2).)
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Our goal is to evaluate the effect of numerical integration and to derive error
estimates of method (7.116). We assume that Assumptions4.5 from the beginning
of Sect.4.3 are valid, and the equivalence condition (2.20), i.e.,

Crhxg <hr <Cghx, Ke.9, I CiK, (7.118)

holds. Then, by Corollary 2.41, the forms a;, and J; have the coercivity property

£
an(on. on) + £J7 (on on) > Enwmnz Yon € Shp. (7.119)

Moreover, let us assume that there exist constants w, 8 > 0 such that

ng mr
Z|w§| <w, Y IBFI<B, VK e T, VI eFy, Vhe(h). (7.120)
1

a=1 o=

7.3.4 Some Important Results

In analyzing the effect of numerical integration we assume that the exact solution
satisfies the regularity condition

9
a—b: e L2(0, T: HPY1(2)). (7.121)

Thenu € C([0,T]; H ptl (£2)). Because of simplicity, here we consider the regu-

larity of the exact solution u related to degree p of the polynomial approximation.
Important tools are the multiplicative trace inequality (2.78), the inverse inequal-

ities and approximation properties of the operator I7j,,. By Lemma2.21, we have

W) < Crhg' vl 2y (7.122)
validforallv € P,(K),K € j,andh € (0, h), with aconstant C; > 0independent

of v, h, and K. By virtue of Lemma2.22, there exists a constant C4 > 0 independent
of v and % such that

1
1 npv — vilL2k) < CAh1;<+ Vg1 (k) (7.123)
[Thpv — Vgt k) < Cah Vg1 (k) (7.124)
~1
Thpv = vig2y < Cahly g (k) (7.125)

forallv € HP*Y(K), K € Jj, and h € (0, h).
Moreover, we use the following results.
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Lemma 7.35 If {%}he(o,ﬁ) is a shape-regular system of triangulations of the
domain $2, then there exist constants C; > 0 and C4 > 0 independent of v, h,
and K such that

IVlliLeoky < Crig' IVl 2 k) (7.126)
Miwteoxy < Crhg! Wl k) (7.127)
Vlizeocry < CHT T 2V 2y, (7.128)

hold forallv € P,(K), K € ,,, I' € #,, I C 3K, h € (0, h). Moreover,
1 Tnpv = vlloery < CalKI™ 2R Wl o k) (7.129)

forallv e HPYY(K), K € F},, and h € (0, h).

Proof Obviously, since d = 2, we have
T h%/C% < |K| < h%/2, (7.130)

which follows from the shape-regularity (2.19) of the system of triangulations. By
K we denote the referencg triangle with Xertices (0,0), (1,0), (0, 1). Since the area
of the reference triangle K is equal to |K| = 1/2, by (2.65) and (7.130) we get

|det(Bg)| = 2|K], (7.131)
C1h% <|det(By)| < h% (7.132)

with the constant Cy = 27 /C%. 2

Now, let v € P,(K). Elements K and K are affine- -equivalent via an invertible
= onto

affine mapping Fx : K — K, x = FK(A) =Bxx +bg € K forx € K with
a nonsingular 2 x 2 matrix Bx. We set Vv = v o Fk. Further, successively we use
the obvious relation ||[v||Lex) = V]| Lo(R)» the equivalence of norms in the space

PP(I?), relation (2.66) with m = 0 and o = 2 and then relations (7.132). We get

Wiz = Plleo@) < C20Pl2R)
< C3|det@Bx)| 2 IVl 2 k)

—-1/2, —
< G PR VI

which is (7.126) with C; = C3 C; /2.
Inequality (7.127) is a consequence of (7.126) applied to Vv.

The proof of (7. 128) can be carrled out in the same way as in the case of (7.126),
replacing K and K by I' and I = [0,1] and using the relations |||z =

Vil ooy and [Vl 2y = [T 1V2 V1l 27
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Finally, estimate (7.129) is a consequence of (2.75) withm := 0, 8 := oo, p := p,
a:=2,w:= K and [Tg := IT;,. We get

—1/2 4 p+1
v — Myplliooky < Cal K172 RET lypiiz k),

which is (7.129). O

It follows from Theorem4.14 that under the mentioned assumptions the error
en = up — u of the approximate solution computed with exact integration satisfies
the estimate

T
max flea(Dl22 0, + 5 / (1en @1 g7 + I (en (@), en®)) dv < Cn??
t€[0,T] L=(£2) 2 0 HY(2,%) h =
(7.133)

In what follows, by C we denote a generic positive constant independent of #,
attaining in general different values in different places.

7.3.5 Truncation Error of Quadrature Formulae

In this section we analyze the error caused by numerical integration. If I € .%,, K €
T, ¢ € C(I') and Y € C(K), then the symbols E(¢) and Eg () will denote
the error of the numerical integration of the function ¢ over I" and of i over K,
respectively:

mr

Ert) = [ vds 1113 Lo G, (7.134)
a=1
ng

Exi) = [ wrdr =K1Y o v ). 7.135)
a=1

We start with integrating along a face I" € .%j,. In the sequel, we set 1/00 := 0.

Lemma 7.36 Lets, p > 0 be integers, r, g € [1,00] and rs > 1. Let assumption
(7.120) be satisfied and let the quadrature formula (7.115) be exact for polynomials
of degree < s + p — 1. Then there exists a constant C > 0 such that

mr
1Er(@0 = | [ 0vas =111 (v ) (7.136)

a=I

< CIC PV =Ya1 0 wer cry IV Lacry,
Qe WS (I, ve P,,(F), I e 7, h (0, B). (7.137)
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onto

Proof First let us consider r € [1, 00). Let Fr : I = [0,1] —> I be an affine
mapping. Then for € C(I"), Q € WS (I"),v € P,(I") we denote

v=voFr, Q=QoFr, V=voFr. (7.138)
Thus,

v eC), QeW" (), e P,D). (7.139)
Let us set?c\(f: = F;l(x(f),oz =1,...,mp, where F;] is the inverse of Fr. Then

we obtain the transformed quadrature formula

mr
/Alﬁdf’%z/ﬁcf@(?{) (7.140)
r a=1
with error
PN . mr R
E(1ﬁ)=/ﬁwdf—2ﬂ§1ﬁ(f§). (7.141)
a=1
We have
/ YdS = |I| /Al/ﬁ\df, (7.142)
r r
which implies that
Er() =T E@). (7.143)

Since rs > 1, by virtue of the embedding Theorem 1.3, we have the continuous
emt/)\edding WS"(I") < C(I"). Hence, there exists a constant ¢; > 0 independent
of Q such that

10llcr = max 101 < c1ll OllysrF- (7.144)

Now, by (7.141), where we put {h\ = /Q\’ﬁe C(f), and (7.120),

mr
|E(QV)| < (1 + Z |,3£|)m1§X|Q| max VI < cr(L+ BN Qllysr 7y max V.
a=1

(7.145)

Taking into account that all norms are equivalent in the finite-dimensional space
P, (I"), there exists a constant ¢ > 0 such that
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max [W| < C [[Wllqpy Y € Pp(D). (7.146)
r

This inequality and (7.145) imply the estimate

IEQD)| < 20| Qllwsr (7Pl Lo 7 (7.147)

with ¢; = cic(1 + B).
Now let us consider v € P,(I") fixed. Then, by (7.147), the mapping

0 € W (I) — f(Q) = E(0V) (7.148)
is a continuous linear functional on W*:" (f ) with the norm
1A% < c2lPll a7y (7.149)

By virtue of the assumption that the quadrature formula (7.115) is exact for poly-
nomials of degree < s 4+ p — 1, by (7.143) we have

EW)=0 Yy e Py (D),
and from (7.148) we find that
/(0)=0 VYQ e P (D).

Together with the Bramble—Hilbert lemm&, i.e., Theorem 2.18, this implies that there
exists a constant c3 > 0 independent of Q and v such that

KD < sl Al* 1Qlysr 7y (7.150)
Hence, from (7.149) and (7.150) we get
|EQW)| < calQlys.r () IPll a7y (7.151)

where ¢4 = cpc3 > 0 is a constant independent of Q, and V.
Now we carry out the transformation back to the face I". Using the relations

\Fpl =1, 109@®)| =TI Fr®), xeT,

(where Q) means the sth derivative of Q with respect to the arclength measured
along I"), by (7.142), for r € [1, 00) we get
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~ . 1/r
1Olwsr () = ( /f 109 @I df) (7.152)
1/r
= (|F|‘/F<|F|S|Q<S>|)’d3) = TP 1Qlwerry.
Moreover,

Wl oy = 17174l La (). (7.153)

Finally, from (7.142), (7.143), (7.151)—(7.153) we immediately obtain (7.136).
In the case r = oo we can proceed similarly. (]

Furthermore, we consider approximation (7.114) of the volume integrals.

Lemma 7.37 Let us consider a shape-regular system {9}, } he(0.in Of triangulations.
Moreover, let z, p > 0beintegers, r, g € [1,00], rz > 2, let the quadrature formula
(7.114) be exact for polynomials of degree < z + p — 1 and let assumption (7.120)
be satisfied. Then there exists a constant C > 0 such that

|Ex(Qv)| = / dex—lKIZwK(QV)(xK) (7.154)

a=1
+2-2/r—2
<chy =291 0w iy IVl La )
0 € W (K), ve Py(K), K € Th, he(0,h).

Proof We can proceed analogously as in the proof of Lemma7.36. Now we use
the standard reference triangle K with vertices (0,0), (1,0), (0, 1) instead of the
interval I”, write K instead of I', z instead of s and use the mapping Fg of K onto
K, Fx(x) = Bgx + bk, instead of F. Here By is a nonsingular 2 x 2 matrix and
by € RZ. Then the standard relation

|detBg| =2|K| (7.155)

yields the transformed integral

/ 1//dx=2|K|/ U dx (7.156)
K K
and integration formula

ng
/Awdfwzaéw@f),
K a=1

where wK = wK /2 and X; Fe (xK ). Thus, the error of numerical integration is
transformed in the f0110w1ng way:
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ng
EK(w)=2|K|E(¢)=2|K|(/A1/fdf—25fw(?§) : (7.157)
K a=I

If we take into account that in view of (1.27), the assumption rz > 2 implies the
continuous embedding W% (K) < C(K), similarly as in the proof of Lemma7.36
we find that

IE(OD)| < ClOly=r )Pl ak)y. Q€ W (K), Ve Py(K).  (7.158)

Now it is necessary to pass to the original element K € .7, using standard scaling
arguments. By Lemmas2.13 and 2.12,

10ly=r®) < CilIBk|* |det Bk | ™/ [Qlwerk). Bkl < Cohg.  (7.159)
Moreover, by (7.130)—(7.132),
h%/2 > |K| > h%/C%. (7.160)
These inequalities, (7.156),(7.155) and (7.159) imply that

o~ = o, =2

Bll ey < Cah U IVllLacxs (7.161)
~ = 72
10lwer ) < Cahls 7101w i), (7.162)

which together with (7.157) and (7.158) yield estimate (7.154).
In the case r = oo we can again proceed similarly. (]

7.3.6 Properties of the Convection Forms

The convection form by, satisfies relations from Lemma 4.6. Namely, if u = p + 1
and & = uy — ypu, u € HPH(2) and ¢y, uy, € Shp, then, by (4.34), (7.123) and
(7.124), we have

|bn(un, on) — bn(u, pn)l (7.163)
= Ca (10l .7 + I @ns o) 2) (W7l govr ) + N = Mgt 2 )

with a constant Cp depending on Cpq and Cy.
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The form by, can be expressed as

br(w, ) = b} (w, @) + bi(w, ), (7.164)
bhov. @) = Z/Zfe(w)—dx
Ke9, K
by (w, ¢) = / HW® w® nrlglds,
re%,

w, ¢ € H* (22, T).

The convection form by, is obtained using the quadrature formulae (7.114) and
(7.115) for the evaluation of integrals appearing in (7.164). We have

bi(w, @) = by, (w, ) + b (w, 9), (7.165)
By =— > |K|Zw Zfe( (& ‘”(x ),
Ke9, a=1
Bovw = 3113 (oD wP D, nr) oG,
rey a=1

w, ¢ € H* (22, T).

Similarly as in the case of the form by, we use in by, extrapolation for the treatment
of the boundary value W(FR) (xOI; ), if I’ C 0£2. This means that we set

WGy =w Ly forr e FE. (7.166)

Let us note that if w € H2(£2, .9},), then w|x € C(K) for each K € ., and the
definition (7.165) makes sense.

Lemma 7.38 Let Assumptions4.5 from Sect.4.3 be satisfied. Then there exists a
constant Cpg > 0 such that

by (un, 01) — b (vh, @n)| (7.167)
= Cuallun = vall 2 (10811, 75 + 5 (on o) 72)

uh? vl’l’ (Ph € S/’lps h € (O’ ]/_l)

Proof Letuy, vy, ¢n € Spp. By (7.165), (7.160) and the Lipschitz continuity of the
functions f; (with constant Ly = 2L g),
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1 1
by, n, o) — by Vi, 1)

<L > |K|Z|w |Z|uh(x ) — va(x >|' u -

Ke9, a=1

< C D hllun = vill Lo l@nlwioo k)
Ke9,

This estimate, (7.126), (7.127) and the Cauchy inequality imply that

|by (un. on) — by (. o) (7.168)
<C Z lun —vallp2ylenlmrky < Cllun — vill L2 lenl (2, 7
Ke,

Further, by the definition of 5% in (7.165), we have

b (un, on) — by (vir, on)
= > AT B lenD)]
re%, a=1
x (H@R D) P od.nr) = HOR D R a8 n).

From this relation, the Lipschitz continuity of the numerical flux H and assumption
(7.120) it follows that

1B7 m—éiw on)l (7.169)
RN AL M (12l =R+ R el = v )
re%, a=1

<C D ACHgnllloe oy llun —villioor)
re%,

Now we use the inverse inequality (7.128), relations (7.113), (7.118) and the
Cauchy inequality and get

By un, i) — b on. o) < C D {n[goh]an(r)nuh —thm)}

F&%
=C 3 ([ otonras) (X [ o7t —wias)”
re%, re%,

12
< CJ{ (on, on)'? i llup — vall3, :
L2(3K)
Ke,
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This inequality, the multiplicative trace inequality (2.78) and the inverse inequality
(7.122) imply that

- - 1/2
B ns on) = B o) = C I o) (3w = vil2agey) - (7.170)
Ke,

= CJZ (on, on)"*llun — VhllL2(2)-
From (7.165), (7.168) and (7.170) we immediately obtain (7.167). U

Lemma 7.39 Let Assumptions4.5 from Sect.4.3 be satisfied. Then there exists a
constant Cgp > 0 such that

151 e, 9) = b (TThpit, 91| = Cph? M ul o g2y (Ionl i 2. 73 + I Gons o) '72)
ue HPTN(R2), gy € Spp, h € (0, h). (7.171)

Proof Since HPT1(2) — C(82), the expression b (u, o) makes sense. Similarly
as in the proof of Lemma7.38, we find that

|bjy (. @n) — by (Mypue, i) < C " Ml — Mypull Loo k) lonlwroe i) -
Ke9,
(7.172)

Taking into account (7.160) and using (7.172), (7.129), (7.127) and the Cauchy
inequality, we easily arrive at the estimate

7 z 1
13w, on) — by Tpu, )| < € D R ul iy lonlg ey (7:173)
Ke9,

1
< ChP ulgori)lonlmi 2. 7)-

Further, we can proceed similarly as in the derivation of (7.169) and show that

b (. i) — b (Myput o)l < C D T @nlllzoecryllu — Mpell ooy
e,
(7.174)

Since (u —ITppu) |k € C(K), wesee that [[u—IMjpu| Loy < ||u—thu||Loc(K<rL>).
By virtue of this inequality, (7.174), (7.128), (7.126), (7.113), (7.123) and the inequal-
ity VS /’ZK(L), we have

r
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72 72
1B7 e, on) = by (it o)) < € D AT gnll ooyl = Miptel] o e 0

e,
(7.175)
=C 2 1T ATz o e = hptl g 0,
re%,
1/2 ,1/2
<C z h /(L) K/(L)”hK(L) [Qoh]”Lz([‘)h (L)”” th’/i”Lz(K(FL))
=
<C > o' [goh]anmhK(L)|u|Hp+1(K<L))
e,
Now we take into account that
D o Plenl ey = I7 (@, 9), (7.176)
re%,
2
>l ki =3 Dl gy = 3l gy
re KeJ),
apply the Cauchy inequality to (7.175) and get the estimate
b5 (u, 1) — by (Tnput, o)1 < CI7 (on, o) P Nl gpar gy (7.177)

Finally, (7.165), (7.173) and (7.177) yield (7.171), what we wanted to prove. O

7.3.7 The Effect of Numerical Integration in the Convection
Form

In this section we will be first concerned with analyzing the effect of numerical
integration in the convection form by,. This means that our goal is to estimate the
expression

Ep(u, on) = by (u, o) — by, o) (7.178)

for @5, € Spp and a sufficiently regular function u.

Taking into account the definitions (7.109) and (7.165) of the forms b;, and Eh,
respectively, we see that it is necessary to investigate the properties of the super-
position operators “u — fy(u)”, £ = 1,2, defined for functions u# from a suitable
Sobolev space whk.r (£2). (For a general theory, see [248] or [6].) By [6], Theorem 9.7,
fe(u) € Wh(2) foru € W™ (2) (k > 1 is an integer, r € [1, 0o]), provided
feeC k (R) and kr > 2. Moreover, if the derivative fﬁ(k) is bounded, then it is also
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possible to consider the case kr = 2. In this section we assume that the functions u
and fy are such that

few) e W), €=1,2. (7.179)
Lemma 7.40 Let s, p > 1 be integers, k = s and let the quadrature formulae
(7.114) and (7.115) be exact for polynomials of degree < s + p —2and s + p — 1,
respectively. Let Assumptions4.5 from Sect. 4.3 be satisfied. Then

1bn e, o) — bi(u i) < CH*~F max {| fe)lwso@)}lgnll2i@)  (7180)
foru satisfying (7.179), ¢, € Spp and h € (0, h), with a constant C > 0 independent
ofu, ¢n and h.

Proof By (7.164) and (7.165), by, = b}l + b% and b, = I;}l + l;i. First we estimate
the effect of numerical integration in the form l;}l. In view of (7.135), we can write

2
- d
Ej(u, gn) = by, on) — by (u, ) = > EK(—§ fe(u)a—Z’), (7.181)
=1

Ke9,
2 don
K(_;ﬂ(")a_xg)
2
(rz) ot
— Mdx — |K n
(/K;fe(u)axg x| |;w Z f(u) (xd ))

In view of (7.179), we have f;(u) € C (£2) and all above terms make sense.
Taking into account that - B‘/’” ‘ € P,_1(K) and using Lemma7.37 with r = o0
gq=2,z=s,p:=p—1, and the inverse inequality (7.122), we find that

2
_ 9¢n
K( ;fz(u) axz)

This inequality and (7.181) imply that

where

< Chid™t max | fo)lwsocx)onl 1 (k)

<Chy max [ fe)lws k) llonllL2(k)-

|Ep(u, @) = €1 max | fo(u) (@) > hllonllz2k)-
Ke,
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By (7.160) and the Cauchy inequality,

1/2
1/2
> hklenllzg < [ Cr 20 1K1 lonlize) = 2121 lonl 12
Ke7, KeJ,
Hence,
|E}(u, on)| < C R ErgallxzIfz(u)lwsvw(.rz)||§0h||L2((z) (7.182)

with a constant C > 0 independen} of u, ¢ and h. o
Now let us deal with the form bﬁ. Since u, fy(u) € C(£2) (¢ = 1, 2), due to the

consistency (4.19) of the numerical flux and the definition (7.165) of b2, we have

bruw, o) = |F|Zﬁ Zfe(u(x ) (e [gn) (x). (7.183)

re%, a=I

Moreover, by (7.164) and (4.19),

by, on) = / Zfz(u)(nr)e[%]dS (7.184)

re%,

Since [(nr)e| < 1,£ =1, 2, we can write

LACR D ETACRDIEES Z|E (fe(u) [onD), (7.185)

re;, t=1

where, in view of (7.134),

E&(fo(u) [gn)) = / o) [gn] dS — |F|Zﬁ fo (D)) lonld). (7.186)

a=I

Since fy (u)_e W$:2°(£2), the derivatives of fy(u) of order s — 1 are Lipschitz-
continuous in §2, and hence these derivatives are also Lipschitz-continuous on each
I' with the same Lipschitz constant. This implies that f, () € W5°°(I") and

| fe@)|ws.oory < | fe(u)|ws.oo(02). (7.187)

If we consider I" C 0K, employ Lemma7.36 with r = oo and ¢ = 2, relation
(7.187), multiplicative trace inequality (2.78) and inverse inequality (7.122) for ¢y,
we find that
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ER(fe@ lgaD| = TP fu@lwsos i lnll 2

1/2 _ 1/2
< CV o) lweos () (||[goh]an(K)ugohqu(K) + hKln[wh]niz(K))
< Chl fe@lws ) llenlll 2 (k)

This estimate and the inequality |[¢p] | < |<p;(5()| + |g0,(11;()| imply that

2
167, on) — B )| < CHT' D 1 fe@lwsos) D hllonll2)-
=1 re
(7.188)
By the Cauchy inequality and (7.160),
1/2
> hklenllzg < | D hk | lenllz < €121 llonl 2 )
Ke, KeJ),
From this, (7.188) and (7.182) we immediately get (7.180). O

Now we analyze the effect of numerical integration on the right-hand side form
£y, (cf. (7.111)), approximated by

ng mr
bhlon) = D IKI D of @)l —e0 D 1T D BY (Von -nrup)(x))

Ke9, a=1 rezp a=1
mr
e D orIlI Y By pen)(aig). (7.189)
rezp a=l1

Lemma 7.41 Let us assume that g € H'2(S2) and up € H*P(082), where
5@, Sp > p = max{2, p} are integers. Moreover, let the system {‘%l}he(o,ﬁ) of
triangulations be shape-regular, let the quadrature formulae (7.114) be exact for
polynomials of degree < sq + p — 2 and let the quadrature formula (7.115) be exact
for polynomials of degree < sp + p — 1 on 052. Then there exists a constant C > (
such that

1€ (@n) — Ln(pn)| < C {hmlgmm(n) +sh”’_3/2I|MD||HSD(aQ)} lenllr2(2)
(7.190)

+ Ceh ™ upll gso o) lonll 22, 7). 00 € Shps h € (0, h).
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Proof In view of (7.111) and (7.189),
€ (pn) — € (pn)| < E1 + E2 + E3, (7.191)

where

Er=|> (/nghdx—|K|Zw5<g¢h)<x§)), (7.192)

Ke9, a=1

mr
Ey=c¢| >, (/F<wh~nr>uuds—|F|Zﬂ£(wh-npuu)<x£>),

rezp a=1
mr
Esy=¢| > 0|r(/ uD¢hdS—|F|Zﬂ£(uD<ph)<x£)).
rezf r a=1

Now we estimate expressions Ep, E», E3. By Lemma7.37 and the Cauchy in-
equality we have

Er < C ). ¢lglmelenl 2k < Ch2Iglmse@)llonll 2. (7.193)

KeJ,
Further,
2
Ey<e > > Ej. (7.194)
regzp =1
where

Ef = /aﬂmmuDds—|F|mZF‘,ﬂFM<nr>euD<xF> .
r 9xg o Axy *

a=1

By Lemma7.36, where we set s = sp and r = ¢ = 2, the multiplicative trace
inequality (2.78), the inverse inequality (7.122) and the inequality |I"| < h @), we
r

get

dpp

ESp < CITF2 upllgsor 5
Xe

- cpp—1/2 )
. ChK(FL) leplmeo orylenl g g o)

sp—3/2 '
< ChK(FL) ||MD||HAD(F)||</)h||Lz(K(FL>),
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which together with (7.194) and the Cauchy inequality implies that
Ey < Cel®® 7 llup |l gso ooy lonll2(2)- (7.195)

Finally, we will estimate the expression E3. We have
E3y<Ce > hil'Esr, (7.196)
rezp
where
mr
Esr = '/ upgn dS — |1 D BY (upen) (x))] -
r a=1
Again, by virtue of Lemma 7.36, the multiplicative trace inequality (2.78), the inverse
inequality (7.122) and the inequality |I"| < hK(L),
r

—12
Esr < CICPPlupllmso ry lenll 2y < Chjdr“ / lup Wi rylienll 2 g w-

These estimates, (7.196), the inequality h;l <C, lh;%m (which follows from rela-
r

tion (7.118)), and the Cauchy inequality imply that
E3 < Ceh*™ 2 up | gsn o) lonll 2(a)- (7.197)

Taking into account (7.191), (7.193), (7.195) and (7.197), we get (7.190). ([l

Corollary 7.42 Under the assumptions of Lemma7.41, where s = p = max{p, 2}
and sp = p + 2, there exists a constant C > 0 such that

1€ (on) — € (gn)] (7.198)

8hp+1/2|

= C (P18l ooy Ionll 2y + unllmrag) 94l 22y

7.3.8 Error Estimates for the Method of Lines with Numerical

Integration

In this section using the obtained results we prove error estimates of the DGM with
numerical integration. We apply the following version of the Gronwall lemma.

Lemma 743 Lety, g € C([0,T]),y,q>0in[0,T], Z, R > 0and

t
y(t)+q@) < Z+ R/ y(s)ds, te][0,T]. (7.199)
0
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Then
y()+q@) < Zexp(Rt), te[0,T] (7.200)

Exercise 7.44 Prove Lemma7.43 on the basis of Lemma1.9.

In the sequel we assume the regularity property (7.121) of the exact solution.
Moreover, let the function «° from the initial condition satisfy

u® € H? (), (7.201)

where p = max(p, 2).
We need the following estimate of the error in the initial condition.

Lemma 7.45 Let the assumptions of the shape-regularity and (7.120) be satisfied
and let the quadrature formulae (7.114) be exact for polynomials of degree < 2p.
Let u2 be defined by (7.112c) and let 122 be defined by (7.117). Then we have

iy — upll 22y < CRP 1| ooy, € (0, h). (7.202)

Proof Let ¢, € Spp. Since (u2<ph)| kx 1s a polynomial of degree <2p, we have
(u?l, op) = (“2’ ©n)h, in view of the assumption of lemma. Moreover, by (7.112)
and (7.117),

Wy —u® o) =0, @) —u’ ) =0, Vou € Spp.

This implies that for €9 = &) — u) € Sj, we have

@, on) = (@9, on) — (S, o) = @, pr)n — W), on)n = @, o) — @, gn)

= > |K|Zw§<u°wh><x§)—/ uppdax.

Ke, a=1 2

Let us put ¢ = e(,) and use the fact that u® € HP(£2). Then Lemma7.37 with
z=p >2, r =q = 2 and the Cauchy inequality imply that

02 p .0 0 py,,0 0
”ellle(Q) =C Z hf}lu |Hﬁ(K)||€1||L2(K) = Chp|u |Hﬁ(_(2)||€1||L2(.Q)-
Ke,

Thus, )
le?ll 122y < ChP U] iy

which we wanted to prove. (]
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Now we formulate and prove the main result on the error estimates of the DGM
with numerical integration.

Theorem 7.46 Let Assumptions4.5 from Sect. 4.3 be satisfied. Let us assume that u
is the exact solution of problem (7.106) satisfying the regularity conditions (7.121)
and let fy(u) € L*(0,T; WPtLo(2)), ¢ = 1,2. Moreover, let uy, be the ap-
proximate solution obtained by scheme (7.116) with numerical integration and let
the quadrature formulae (7.114) and (7.115) be exact for polynomials of degree
<2p.Letg € L>(0, T; H?(2)), up € L*(0, T; HP*2(382)), u® € HP(£2), where
p = max{p, 2}, and let 122 and ug be defined as in Lemma7.45. Then for the error
ey = up — u of the method with numerical integration we have the estimate

T
- 3 - ~5 o~ - -~
max. ln 720y + 5 / (|eh<z9)|3,l(g gy 7 @ @), eh<ﬂ>)) do < Ch*"
s 0 ?
(7.203)

with a constant C depending onu, g, up, T, € and h, but independent of h.

Proof Since e, = ej, + ey, where e, = up — u and e; = uy, — uy, and e;, satisfies
estimate (7.133), it is enough to prove the estimate of e;.

From the assumption on quadrature formulae and from the fact that i1, (¢) € Sp)
we conclude that for all ¢, € Sp, we have

oy, oy,

Q) = (2 , 7.204
( ot §0h) ( o1 %)h ( )
ap(ity, on) = ap(in, gn),

I (i, o) = JF (iin, on)-

It follows from (7.204), (7.112) and (7.116) that

ou ~ - - ~
(a—th <Ph) + by (itn, on) + an(itn, n) + eJi (in, on) = Lr(en), (7.205)

duy,

(?, (Ph) + by (un, on) + an(up, on) + eJy] (up, on) = Lrp(en), (7.206)

for all g, € Spp. If we subtract (7.206) from (7.205) and set ¢, := e;, we get

d
3 letlzae) +anter,en) + i (er, en) (7.207)

= (Zh(e,) — Eh(el)) + (bh(uh, er) — by (iin, 61)) .

N =
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Let us estimate the expression by, (uy,, ej) — 15h(ﬁh, er). We can write

4
by (un, er) = by Gin, er) = D~ D, (7.208)
k=1
where
V1 = byp(un, er) — bn(u, er), 02 = by(u, er) — by(u, er), (7.209)

03 = b (u, er) — by (IMypu, er), Vs = by(IMnpu, e) — by (iin, er),

and estimate the individual terms ¥%. By (7.163), (7.123), (7.133) and the inequality
lun — thu||L2(Q) < llup — MHLZ(_Q) + llu — thu||L2(_Q),

911 = € (J5 ero e +lerlma. ) (B llrory + C207) . (7.210)
Further, Lemma7.40 implies that
(921 < Ch? max {1fe @)y reroe etz (7.211)
In view of Lemmas 7.39 and 7.38,

1931 < ChP M ul o o) (IF Cer e + ler| 1o, 7) (7.212)
(£2)

and
1941 = € (J5 Cer. e + lerl i@ 7 ) 1 gt = inll 2

It follows from this estimate, the inequality

1 Thpu — tnll 22y < Hppu — ullp2(oy + lu —unlp2() + lun — nllp2(o)s

and estimates (7.133), (7.123) that

194 = € (477 er.en'? +lerlgiia, ) (Wl o ) + €172 + lleg 2y ) -
(7.213)

Summarizing (7.208)—(7.213), we find that
\by (fin, e1) — by (un, er)| (7.214)

<C (J}(:(ela 61)1/2 + |e1|H1(.Q,(‘7h)) (hp+1 |M|Hp+l(9) + él/th + ”eIHLZ(.Q))

+Ch? max {1 few wrrroe@)} llerll 2 (g)-
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Now, (7.119), Corollary 7.42, relation (7.207) and estimate (7.214) imply that

%Ilellliz(g) +e (Iﬂlil(g%) + Jy (e, e[)) (7.215)
= Ch* (1glgne) + b P lunl g ) llerll 2y
+C (J,‘,’(el, en'? + IellHl(Q’%)) (th [ul o1 (o) + C\2pr + ||e1||L2(_Q))
+Ch? max {Ife@) w1000y} llerll 22)-

With the aid of the Young inequality and integration with respect to time from O to
t € [0, T], using the relations e; (0) = e? = u% — ﬁ2 and (7.202), we obtain

&

ller 720 + 5

t
/O (le1 @)1 g 7 + I (1D, e1(@))) 4 (7.216)

2002 2 2
=< Ch {|g|L2(0,T;Hﬁ(Q)) + /’l{;‘ ||uD||L2(O,T;Hp+2(3.Q))

1 ¢
2 2 2 0,2
+ max {1 e, 7. wrrioeiop) + S H W20 1 iy + 5 10 'Hﬁm)}

1 ! 5
+C (1 + ;) /0 ler )12, 0.

1 t
<z+cC (1 - ;) / ler )13 20,4, (7.217)
0

where

Z=Ch*he®> +1+h% 24+ (7.218)

with C* depending on 6, |g|L2(O,T;Hﬁ(.Q))’ ”MD ||L2(0,T;Hp+2(3(2))’ |M |L2(0,T;H1’+1(.Q))’
|u0|Hﬁ(9), and maxy—1 2{| fe (”)@Z(O,T;Wpﬂmgz)}’ but independent of ¢ and 4. The

constant C is independentof u, g, up, T, ¢, h, and C is the constant from estimate
(7.133).
The use of the Gronwall Lemma 7.43 leads to estimate

I
2
< Zexp(CT/e), he(0,h).

T
2 2 o
max ler(1)172q, + /0 (11 @)1 g 7 + I (1), e1@))) d

(7.219)
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Finally, from the relations

ep=u—u,=ey;+ep, (7.220)
”gh||i2(9) =< 2 (”e[||iZ(Q) + ||€h ”iZ(Q)) ’

|éh|§{l(9’¢%l) S 2 (|el|%{](9»%) + |€h|%_11(9“%‘)) s
J7 @n,en) <2 (J7 (e, er) + I (en, en))

and estimate (7.133) we obtain (7.203). O

Remark 7.47 (a) It follows from the presented analysis that in the definition of
individual forms appearing in (7.116) one could apply quadrature formulae exact for
polynomials of different degrees. For example, for evaluating the volume integrals in
the form ay, it is enough to use quadratures that are exact for polynomials of degree
<2p — 2, whereas the evaluation of (-, -), and I5h requires formulae to be exact for
polynomials of degree <2 p. For the sake of simplicity, in the formulation of the main
result, we consider the same quadrature formulae for all volume integrals.

(b) The effect of numerical integration has not yet been studied in other DG
techniques. The approach presented in this section can be adapted, for example,
to the BDF-DGM, but in some cases, as for the ST-DGM, analyzing the effect of
numerical integration will require special attention.



Part 11
Applications of the Discontinuous
Galerkin Method



Chapter 8
Inviscid Compressible Flow

In previous chapters we introduced and analyzed the discontinuous Galerkin method
(DGM) for the numerical solution of several scalar equations. However, many practi-
cal problems are described by systems of partial differential equations. In the second
part of this book, we present the application of the DGM to solving compressible
flow problems. The numerical schemes, analyzed for a scalar equation, are extended
to a system of equations and numerically verified. We also deal with an efficient
solution of resulting systems of algebraic equations.

One of the models used for the numerical simulation of a compressible (i.e., gas)
flow is based on the assumption that the flow is inviscid and adiabatic. This means
that in gas we neglect the internal friction and heat transfer. Inviscid adiabatic flow is
described by the continuity equation, the Euler equations of motion and the energy
equation, to which we add closing thermodynamical relations. See, for example,
[127, Sect. 1.2]. This complete system is usually called the Euler equations.

The Euler equations, similarly as other nonlinear hyperbolic systems of conser-
vation laws, may have discontinuous solutions. This is one of the reasons that the
finite volume method (FVM) using piecewise constant approximations became very
popular for the numerical solution of compressible flow. For a detailed treatment
of finite volume techniques, we can refer to [119, 205]. See also [122, 127]. More-
over, the FVM is applicable on general polygonal meshes and its algorithmization
is relatively easy. Therefore, many fluid dynamics codes and program packages are
based on the FVM. However, the standard FVM is only of the first order, which is
not sufficient in a number of applications. The increase of accuracy in finite volume
schemes applied on unstructured and/or anisotropic meshes seems to be problematic
and is not theoretically sufficiently justified.

As for the finite element method (FEM), the standard conforming finite element
techniques were considered to be suitable for the numerical solution of elliptic and
parabolic problems, linear elasticity and incompressible viscous flow, when the exact
solution is sufficiently regular. Of course, there are also conforming finite element
techniques applied to the solution of compressible flow, but the treatment of discon-
tinuous solutions is rather complicated. For a survey, see [127, Sect.4.3].
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A combination of ideas and techniques of the FV and FE methods yields the
discontinuous Galerkin method using advantages of both approaches and allowing
to obtain schemes with a higher-order accuracy in a natural way. In this chapter
we present the application of the DGM to the Euler equations. We describe the
discretization, a special attention is paid to the choice of boundary conditions and
we also discuss an efficient solution of the resulting discrete problem.

8.1 Formulation of the Inviscid Flow Problem

8.1.1 Governing Equations

We consider the unsteady compressible inviscid adiabatic flow in a domain £ c R¢
(d = 2 or 3) and time interval (0, 7),0 < T < oo. In what follows, we present only
the governing equations, their derivation can be found, e.g., in [127, Sect.3.1].

We use the standard notation: p-density, p-pressure (symbol p denotes the
degree of polynomial approximation), E-total energy, v, s = 1,..., d-compo-
nents of the velocity vector v = (vy, ..., vd)T in the directions x;, 6-absolute tem-
perature, ¢, > 0-specific heat at constant volume, ¢, > 0-specific heat at constant
pressure, y = ¢p/c, > 1-Poisson adiabatic constant, R = ¢, — ¢, > 0-gas constant.
We will be concerned with the flow of a perfect gas, for which the equation of state
has the form

p = Rpb, (8.1)

and assume that cp, ¢, are constants. Since the gas is light, we neglect the outer
volume force.

The system of governing equations formed by the continuity equation, the Euler
equations of motion and the energy equation (see [127, Sect. 3.1]) considered in the
space-time cylinder Q7 = §2 x (0, T) can be written in the form

d
ap a(pvs)
oL 2T o, 8.2
ot + ; 0xg (8.2)
d
a(pvi) d(pvivs + 8isp) .
otpvi) DUV TOSP) g i =1,....d, 8.3
or T ; x, ! 8.3)
d
9E A((E +p)vs)
— — =0 8.4
ot + Z 0xg ®4)

s=1

To the above system, we add the thermodynamical relations defining the pressure

p=(y—D(E - pl]*/2), (8.5)



8.1 Formulation of the Inviscid Flow Problem 403
and the total energy
E = p(cf + v[*/2), (8.6)

in terms of other quantities.
We define the speed of sound a and the Mach number M by

a=\yp/p, M= M- (8.7)

a

The flow is called subsonic and supersonic in a region o, if M < 1 and M > 1,
respectively, in w. If M > 1, we speak about hypersonic flow. If there are two
subregions w1 and w; in the flow field such that M < 1 in w1 and M > 1 in wy, the
flow is called transonic.

Exercise 8.1 Derive (8.5) from (8.1) and (8.6).

System (8.2)—(8.4) has m = d + 2 equations and it can be written in the form

d
ow dfsw)
ot + Z 0xg 8.8)
s=1
where
T T m
W=(W1,...,wm) :(lospvls'-~apvd9E) ER ’ (89)
is the so-called state vector, and
fv,l(w) PVs
fs2(w) pv1vs + 815p
fsw) = : = : (8.10)
fs,m—l(w) PVaVs +5dsp
fs,m(w) (E+ p)Vs
W1
S 81y = 1) (o = i T w)

Win—1 Wi 1 m—1_172
'm ‘/LI s+1 + (Sd_y(]/ — 1) (Wm 2wy Zi:2 Wi)
W1 _y—1 m—1_12
w1 (Wm 2w i=2 wi)

is the flux of the quantity w in the direction x5, s =1, ..., d. By §;; we denote the

Kronecker symbol. Often, f,, s =1,...,d, are called inviscid Euler fluxes.
Usually, system (8.2)—(8.4), i.e., (8.8), is called the system of the Euler equations,

or simply the Euler equations. The functions p, vy, ..., v4, p are called primitive (or
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physical) variables, whereas w1 = p, wo = PV, ..., Wy_1 = pVq, Wy, = E are
conservative variables. It is easy to show that

vi=wiy/wi, i=1,...,d, (8.11)

m—1
p=@ -1 (wm — Zw,-z/(ZWl)),
i=2
1m—l
0 = (Wm/Wl —3 ;(Wi/W1)2) /¢y

The domain of definition of the vector-valued functions f,, s = 1,...,d, is the

T . .
openset 2 C R™ of vectorsw = (wi, ..., wy,) suchthatthe corresponding density
and pressure are positive:

m—1
9 = {w eR™ wi=p>0, wy — ZW%/(ZWO =p/ly = 1) > 0}. (8.12)
i=2

Obviously, f, € (C'(2))™.
Differentiation in (8.8) and the use of the chain rule lead to afirst-order quasilinear
system of partial differential equations

d
ow ow
— A =0, 8.13
” + ;:1 s(W) oxs (8.13)

where A (w) is the m x m Jacobi matrix of the mapping f, defined forw € 2:

D ofs.i m
Ay(w) = fs(w)z( fv,t(W)) Cs=1.....d (8.14)
Dw 3Wj ij=1
Let
Bi={neR% |nj=1) (8.15)
denote the unit sphere in RY. Forw € Z andn = (ny,..., nd)T € B we denote
d
P(w.n)=>" f(wn,, (8.16)
s=1

which is the physical flux of the quantity w in the direction n. Obviously, the Jacobi
matrix DP (w, n) /Dw can be expressed in the form

DP(w,n) _

d
o P(w, n) := Z’Ax (w)n. (8.17)
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Exercise 8.2 Letd = 2. Prove that the Jacobi matrices Ay, s = 1, 2, have the form

0
S0
A1 (W) = —ViVy
Vi ()/1|V|2 - V%)
0
—ViV2
Az(W) = %|v|2 _ V%

V2 ()/1|V|2 - V%)

where y; =y — 1.

1 0 0
B =y Y12 | Vi
s wolo |- @
yE —yivi = B |=yiviva|yw
0 1 0
%) V1 0
—Y1V1 B=yn n | G119
—yvin|y £ = yiv; — S |yv

Exercise 8.3 Let d = 2. With the aid of (8.18)—(8.19) show that the matrix P(w, n)

has the form

0

%|v|2n1 —Vviv-n

P(w,n) =
yE

(> -

wheren:(nl,ng),yl=y—1,y2=y—2andG:y%

ni

—y2viny +Vv-n|viny — y1vang
Dvl?ny —vaven | vany — yiving |—yavana +ven|ying |

0
vini

nz

> )v-n Gny — yviv-n|Gny — y1vav-n|yv-n

(8.20)

2
— Svi*

Exercise 8.4 Let d = 3. Prove that the Jacobi matrices A, s = 1,2, 3, have the

0 0 0
Yiva | —V1v3 | V1
Vi 0 0 ,
0 Vi 0

8.21)

form
0 1
2_ 2
Bwl* =i B—=vn -
A = —Viv2 V2
—V1v3 V3
E E
Vi ()/1|V|2 - V;) Y5 = yvi = BIP[=yvive|—yivivs |y
0 0 1
—ViV2 V2 Vi
2
Ay = Bl —v; | —yiv G—-yn
—V13 0 V3

0 0

0 0
—Vivs | Y1 |

12 0

E E
V2 ()/1|V|2 - V;) —ywvialy ¢ = yv; — B —yvavs|yn

(8.22)
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0 0 0 1 0
—V1Vv3 V3 0 Vi 0

Ay = —V2v3 0 V3 v 01,
Liv> —v3 —Y1v1 | —y1v2 B—=yvs V1

v3 (V1|V|2 - V%) —yvivs|=yivava|y ¢ — y1vi — S vy vs
(8.23)

where y1 =y — 1.

Exercise 8.5 Letd = 3. With the aid of (8.21)—(8.23), show that the matrix P(w, n)
has the form

P(w, n) = (8.24)

0 ni ny n3 0
BvlPny —viv-n |—yaving +v-n|vina — yivony | ving — yivang [ yin
Dvl2ny —vov-n | vany — yiving |—yavona +v-n| vans — yivana | yina
§|v|2n3 — V3V-R | V3n| — YIVIN3 | V3np — Y1Van3 |—)Y2V3n3 +v-n vin3
()/1|v|2 — %) v-n|Gny — yviv-n|Gny — y1vov-n|Gnz — y|v3v-n|yv-n

wheren = (n1,n2,n3),y1 =y — Lyp =y —2and G = y £ — L2,

Let us summarize some important properties of the system of the Euler equations
(8.9).

Lemma 8.6 (a) The vector-valued functions f; defined by (8.10) are homogeneous
mappings of order 1:

fslaw) =afiw), o«=>0. (8.25)
Moreover; we have
fsw) = Asw)w. (8.26)
(b) Similarly,
P(aw.n) =aP(w,n), a >0, (8.27)
P(w,n) =Pw, n)w. (8.28)

(c) The system of the Euler equations is diagonally hyperbolic. This means that the
matrix P = 27:1 Aj(w)n; has only real eigenvalues .; = Lij(w,n),i =1,...,m,
and is diagonalizable: there exists a nonsingular matrix T = T(w, n) such that
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AM0... 0 0
020 ... 0

T 'PT=A=Aw,n) =diaglht,....,Am)=| © .. C . (829
0...0 Ayt O
00 ... 0 Ay

The columns of the matrix T are the eigenvectors of the matrix P.
(d) The eigenvalues of the matrix P(w, n), w € 9, n € B| have the form

AMw,n)=v-n—a, (8.30)
w,n)=---=Aigy1(w,n) = v-n,
Am(w,n) =v-n+a,

where a = /yp/p is the speed of sound and v is the velocity vector given by
T
V= (W2/wi, W3/Wi, ..., Wat1/W1) .
(e) The system of the Euler equations is rotationally invariant. Namely, for n =
(ni,...,ng) € B1,w e P it holds

d
Pow.n) = fmng = Q7 (@) f1Q)w). (8:31)
s=1
d
Pow.n) = > A, = Q™ (m)A QmW)Qn), (8.32)
s=1

where Q(n) is the m x m matrix corresponding to n € By given by

1 0 0
Qm)={0" Qumo |. (8.33)
0 0 1

where the d x d rotation matrix Qo (n) is defined for d = 2 by

nyp np
—ny nq

Qo(n) = ( ) . = (ng,ny), (8.34)

and ford =3 by

cosacosPB sinacosfB sinf
Qo(n) = —sina cosa 0 , (8.35)
—cosa sin 8 —sina sin 8 cos 8

n = (cosacos B, sina cos B, sin B), « € [0,2n), B € [—n/2, /2]
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By 0 we denote the vector (0, 0), ifd = 2, and (0, 0, 0), ifd = 3.

Proof See [127, Lemmas 3.1 and 3.3, Theorem 3.4]. U

8.1.2 Initial and Boundary Conditions

In order to formulate the problem of inviscid compressible flow, the system of the
Euler equations (8.8) has to be equipped with initial and boundary conditions. Let
2 c R, d = 2,3, be a bounded computational domain with a piecewise smooth
Lipschitz boundary 9£2. We prescribe the initial condition

wix,0) =wl(x), xe, (8.36)

where w? : 2 — & is a given vector-valued function. Moreover, the boundary
conditions are given formally by

Bw)=0 ondf2 x (0,T), (8.37)

where 4 is a boundary operator.

The choice of appropriate boundary conditions is a very important and delicate
question in the numerical simulation of fluid flow. Determining of boundary condi-
tions is, basically, a physical problem, but it must correspond to the mathematical
character of the solved equations. Great care is required in their numerical implemen-
tation. Usually two types of boundaries are considered: reflective and transparent or
transmissive. The reflective boundaries usually consist of fixed walls. Transmissive
or transparent boundaries arise from the need to replace unbounded or rather large
physical domains by bounded or sufficiently small computational domains. The cor-
responding boundary conditions are devised so that they allow the passage of waves
without any effect on them. For 1D problems the objective is reasonably well attained.
For multidimensional problems this is a substantial area of current research, usually
referred to open-end boundary conditions, transparent boundary conditions, far-field
boundary conditions, radiation boundary conditions or non-reflecting boundary con-
ditions. Useful publications dealing with boundary conditions are [31, 151, 154-156,
160, 170, 204, 241], [152, Chap. V]. A rigorous mathematical theory of boundary
conditions to conservation laws was developed only for a scalar equation in [19].

The choice of well-posed boundary conditions for the Euler equations (or, in
general, of conservation laws) is a delicate question, not completely satisfactorily
solved (see, e.g., the paper [19] dealing with the boundary conditions for a scalar
equation). We discuss the choice of the boundary conditions in Sect. 8.3 in relation
to the definition of the numerical solution of (8.8).

Let us only mention that we distinguish several disjoint parts of the boundary
052, namely inlet 052;, outlet 352, and impermeable walls 02y, i.e., 0§2 = 3§2; U
082, U 02w . In some situations the inlet and outlet parts are considered together.
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Therefore, we speak about the inlet/outlet part of the boundary. On 9 £2y we prescribe
the impermeability condition

y-n=0 on d2y, (8.38)

where n denotes the outer unit normal to d£2y and v is the velocity vector.

Concerning the inlet/outlet part of the boundary 9£2; U 92,, the boundary condi-
tions are usually chosen in such a way that problem (8.8) is linearly well-posed. (See,
e.g., [127, Sect.3.3.6].) Practically it means that the number of prescribed boundary
conditions is equal to the number of negative eigenvalues of the matrix P(w, n)
defined by (8.31). See Sect. 8.3.

8.2 DG Space Semidiscretization

In the following, we deal with the discretization of the Euler equations (8.8) by the
DGM. We recall some notation introduced in Chaps. 2 and 4. Similarly as in Chap. 4,
we derive the DG space semidiscretization leading to a system of ordinary differen-
tial equations. Moreover, we develop a (semi-)implicit time discretization technique
which is based on a formal linearization of nonlinear terms. We will also pay atten-
tion to some further aspects of the DG discretization of the Euler equations, namely
the choice of boundary conditions, the approximation of nonpolygonal boundary and
the shock capturing.

8.2.1 Notation

We recall and extend notation introduced in Chaps.2 and 4. In the finite element
method, the computational domain 2 is usually approximated by a polygonal (if
d = 2) or polyhedral (if d = 3) domain 2, which is the domain of definition
of the approximate solution. For the sake of simplicity, we assume that the domain
£2 is polygonal, and thus 2, = £2. By ), we denote a partition of £2 consisting
of closed d-dimensional simplexes with mutually disjoint interiors. We call .7, the
triangulation of £2.

By %), we denote the set of all open (d — 1)-dimensional faces (open edges when
d = 2 or open faces when d = 3) of all elements K € .7},. Further, the symbol 52}{
stands for the set of all I" € .%), that are contained in £2 (inner faces). Moreover, we
define ﬁhw, ﬂ}’l and.7} asthesetsof all I' € .7, suchthat I' C 0Q2w, I" C 952; and
I' C 082,, respectively. In order to simplify the notation, we put .%, ;;” = % ;l u.zy
and 5‘}? = ﬂhw U f,’l U ﬂ,f . Finally, for each I" € %) we define a unit normal
vector n = (nr,1,...,nrq). We assume that for I" € ﬁhB the vector n has the
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same orientation as the outer normal of 92. For each I" € 5“,{ , the orientation of
n is arbitrary but fixed.

Over the triangulation .7, we define the broken Sobolev space of vector-valued
functions (cf. (1.1))

H' (2, ) = (H"(2, T)", (8.39)
where
H' (2,7)=1{v;v:2 >R, v[x e H(K)VK € T} (8.40)

is the broken Sobolev space of scalar functions introduced by (2.29).

For each I' ¢ ﬁhl there exist two elements K}L), K}R) € J, such that I’ C
K 1(~L) NnK I(«R). We use again the convention that K 1(~R) lies in the direction of n- and
K }L) in the opposite direction of n, see Fig.2.2.

In agreement with Sect.2.3.3, for u € H! (2, ) and I' € ﬁ‘}{ we introduce
the notation:

u(FL) is the trace of u|K<L> on I, ug) is the trace of u|K<R> on I (8.41)
r r
and
Low ,  ®
<u>r=§(up +up ) (8.42)
[l =ul™ —u®. (8.43)

In case that [-], (-) r and n are arguments of fr ... dS, I' € #, we usually omit
the subscript I" and write simply [-], (-) and n, respectively. The value [u] depends
on the orientation of n, but the value [u] - nr is independent of this orientation.

Finally, for u € HY (2, Z)and T € ﬁf, we denote by u%) the trace of u| )
on I', where K € &, suchthat I' ¢ KD N 3.

The discontinuous Galerkin (DG) approximate solution of (8.8) is sought in a
finite-dimensional subspace of H'(£2, .7},) which consists of piecewise polynomial
functions. Hence, over the triangulation .7, we define the space of vector-valued
discontinuous piecewise polynomial functions

Sip = (Spp)™, (8.44)
where
Spp=1{ve Lz(.Q); vk € P,(K)VK € T} (8.45)

is the space of scalar functions defined by (2.34). Here P,(K) denotes the space of
all polynomials on K of degree < p, K € . Obviously, Sy, C H Y82, F).
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8.2.2 Discontinuous Galerkin Space Semidiscretization

In order to derive the discrete problem, we assume that there exists an exact solution
weCY(0,T]; H' (£2, T)) of the Euler equations (8.8). Then we multiply (8.8) by
a test function ¢ € H'(£2, 7), integrate over any element K € .7}, apply Green’s
theorem and sum over all K € .7j,. Then we get

/* @dx— Z/Zfs(W) —dx + Z/ Zfs(w)nY .@dS =0,

Ke, Ke,

(8.46)
where n = (ny, ..., ng) denotes the outer unit normal to the boundary of K € .7,.

Similarly as in Sect. 2.4, we rewrite (8.46) in the form
/— ‘@ dx — Z/Zfs( ) - (8.47)

KeJ,
Y / me)nm las+ > / Zfs(w)nrs 0dS =0.
rez} rezp

The crucial point of the DG approximation of conservation laws is the evaluation
of the integrals over I € %, in (8.47). These integrals are approximated with the
aid of the numerical fluxH: 9 x 9 x By — R™ by

d
/ > finnr - @ds ~ / HowP wi nr) - pds,  (8.48)
Fs:l r

where the functions wg-) and w(R) are defined by (8.41) and By by (8.15). The

meaning of wgfe) for I' € ﬁhB will be specified later in the treatment of boundary
conditions in Sect. 8.3. The numerical flux is an important concept in the finite volume
method (see, e.g., [127, Sect. 3.2] or [282]). It has to satisfy some basic conditions:

e continuity: H(w1, wa, n) is locally Lipschitz-continuous with respect to the vari-
ables w; and w»,
e consistency:

d
Hw.w,n)=> fiw)n;, weP, n=(ni,...,ng) €Bi, (8.49)

s=1

e conservativity:

Hwi, w2, n) = —H(wz, w1, —n), wi,wy2 € I, n € By. (8.50)
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Examples of numerical fluxes can be found, e.g., in [122, 127, 205, 269].

Now, we complete the DG space semidiscretization of (8.8). Approximating the
face integrals in (8.47) by (8.48) and interchanging the derivative and integral in the
first term, we obtain the identity

d
7 " ®.9) +byw(t),9) =0 Vo e H(2,Z) V1 € (0,T), (8.51)
where
(ws ¢)=/ W'¢dx, (8.52)
2
by(w, @) = z /H(W%),Wg),np) [p1dS + Z /H(W%),wg),np)-(pds
regl rezp
- / Zfs(w 3l . (8.53)
Ke,

The meaning of wgf) for I' € ﬁf will be specified in Sect.8.3. We call by, the
convection (or inviscid) form. The expressions in (8.51)—(8.53) make sense forw, ¢ €
HY (2, %,). The approximation of the exact solution w(#) of (8.8) will be sought
in the finite-dimensional space S, C H 1(82, 9,) for each t € (0, T). Therefore,
using (8.51), we immediately arrive at the definition of an approximate solution.

Definition 8.7 We say that a function wj, : 2 x (0, T) — R™ is the space semidis-
crete solution of the Euler equations (8.8), if the following conditions are satisfied:

wi, € CH([0, TT; Sip), (8.54a)
d

T (Wh (1), @1) + bW (1), 9,) =0 Ve, € Sy, ¥t € (0,7), (8.54b)
wi (0) = IT,w°, (8.54¢)

where IT,w" is the S np-approximation of the function w? from the initial condition
(8.36). Usually it is defined as the L>-projection of w” on the space Shp-

Problem (8.54) represents a system of Ny, ordinary differential equations (ODEs),
where Ny, is equal to the dimension of the space Sy, Its solution will be discussed
in Sect. 8.4.

Remark 8.8 If we consider the case p = 0 (i.e., the approximate solution is piecewise
constant on .7}), then the numerical scheme (8.54) represents the standard finite
volume method. See, e.g., [127, 205, 282]. Actually, for p = 0 we choose the basis
functions of Sy as characteristic functions xx of K € 9. Letusrecall that xx = 1
on K and xx = 0 elsewhere. Therefore, putting ¢, = xx, K € Z, in (8.54b), we
obtain
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d
TPKO+ D T Hwk @), wie (0, ng k) =0, (8.55)
K'e NV (K)

where
1
WK = — wpdx, K € 9, (8.56)
K| Jx

and A (K) ={K’, 0K NOK’' € Fy} is the set of all elements K’ having a common
face 'k g’ with K. The set .#"(K) contains also fictitious elements outside of £2
having a common face 3K N £ with K € %, In this case, the value wg/ in the
numerical flux H is determined from boundary conditions. By |I'x k’| and | K| we
denote the (d — 1)-Lebesgue measure of the common face I'x g+ between K and K’
and the d-dimensional measure of the element K, respectively. The symbol ng g
denotes the outer unit normal to 0K on I'k g'.

8.3 Numerical Treatment of Boundary Conditions

Ifr ez f , then it is necessary to specify the boundary state wg) appearing in the

numerical flux H in the definition (8.53) of the convection form bj,. In what follows,
we describe the treatment of the boundary conditions for impermeable walls and the
inlet/outlet part of the boundary. The boundary conditions should be theoretically
determined at all boundary points. In practical computations, when the integrals are
evaluated with the aid of quadrature formulae, it is enough to consider the boundary
conditions at only integration boundary points. Therefore, for the sake of simplicity,
the symbol wg) will mean the value of this function at a boundary point in consid-
eration.

8.3.1 Boundary Conditions on Impermeable Walls

For I' € ﬁhw we should interpret in a suitable way the impermeability condition
(8.38), i.e., v - n = 0, where v is the velocity vector and n the outer unit normal
to 082w. This condition has to be incorporated in some sense into the expression
H(wgf), wsfe), n ) appearing in the definition (8.53) of the form by,.

We describe two possibilities. The first one is based on the direct use of the
impermeability condition in the physical flux P (w, rn). The second one applies the
mirror operator to the state w.



414 8 Inviscid Compressible Flow
8.3.1.1 Direct Use of the Impermeability Condition

Letn = (ny,...,nq) € By. Then from (8.16) and (8.10) we have

Ss,1(w) oV -1
d d Ss2(w) pVIV - R+ pny
Pw.n)=> fiwin,=>" : ny = : . (8.57)
s=1 s=1 Js,m—1(w) PV4v - B+ pPhy
Ss,m(W) (E+pwv-n

Using the condition v - n = 0 in (8.57), we obtain
d T
Pw.n) =Y fiwn,=(0,pni,....pna.0) =: fyyw,n), (8.58)
s=1

where the pressure satisfies the relationp = (y — 1) (wy,, — (w% +-- ~+w,%1_1)/(2w1)).
Then, taking into account (8.48) and (8.58), for I" € ﬂhw we can put

/H(w}f),wf),np)«phdsz/f{V(w‘FL),np).%ds, rez). 859
r r

For the purpose of the solution strategy developed in Sect. 8.4, we introduce a
linearization of f \IN By virtue of (8.28), we have

d
> fswyng=Pw.n)=Pw,nm)w Ywe IV¥n=(n,....na) €By.
s=1

(8.60)

Our aim is to introduce a matrix (denoted by Py hereafter), which is the simplest
possible and such that

Pw, n)w = Py (w, n)w (8.61)
provided that w € 2 and n € B satisfy the impermeability condition v - n = 0,

where v is the velocity vector corresponding to w. Taking into account the explicit
expression (8.24) for P, we remove some of its entries and define the matrix

0 o ... O 0
|v|2n1/2 —Viny| ... —vgni ni

Pww.m)=@ D[ S (8.62)
|V|2nd/2 —VIRg ... —Vghg Ng

0 o ... O 0
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where w € 2, n = (ny,...,nq) € B1,v; = wjyi/wy, j =1,...,d, are the
components of the velocity vector and |v|* = v% + 4+ szz- We can verify by a

simple calculation that (8.61) is valid.
Moreover, we define the linearized form of f {,\, by

fW v, w,n) =Py(w, m)w, w,we P, neBy, (8.63)

which is linear with respect to the argument w. Obviously, due to (8.58), (8.61)
and (8.63), we find that under the condition v - n = 0, the linearized form f %,{,L is

consistent with f \IV, i.e.,
fw w,w,n)= fhw.,n) Ywe ZVn eB suchthat v-n=0.  (8.64)

Exercise 8.9 Verify relation (8.61) for Py given by (8.62), provided v - n = 0.

8.3.1.2 Inviscid Mirror Boundary Conditions

This approach is based on the definition of the state vector wgf), I' e ﬁhw in the
form

wi = ), (8.65)
where the boundary operator ., called the inviscid mirror operator, is defined in
the following way. If w € 2, w = (p, pv, E)T and n € B is the outer unit normal
to 02 at a point in consideration lying on 352y, then we set

1 _

v-=v—2(v-n)n, (8.66)
and
M W)= (p, v, E) . (8.67)
The vectors v and v+ have the same tangential component but opposite normal
components, see Fig. 8.1. Obviously, the operator .# is linear.
Now we define the mapping f %V 9 xB; — R™ by
Sww.m) =Hw, .4 (W), n) (8.68)

and, if I" € ., then in (8.53) we have

Hw o wi np) = f{wi nr). (8.69)
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Fig. 8.1 Impermeability
conditions defined by the
mirror operator, vectors of
velocity of v and

vi=v—20-n)n

rc o9,

8.3.2 Boundary Conditions on the Inlet and Outlet

The definition of the boundary state wg) in (8.53)for I' € ,93’,’;” C 082; U932, (ie.,
I' C 3£2; U 082,) is more delicate. The determination of the inlet/outlet boundary
conditions is usually based on a given state vector function wgc prescribed on (9£2; U
082,) x (0, T). For example, when we solve flow around an isolated profile, the state
vector wpc corresponds to the unperturbed far-field flow (flow at infinity). For flow
in a channel, the state vector wgc may correspond to a flow at the inlet and outlet of
the channel.

However, since system (8.8) is hyperbolic, we cannot simply put W}R) = WBC-
As we will show later (see also [127]), for a linear hyperbolic system with one space
variable

dq | :0q

— 4+ A
8t+ 0x

0, (x,1) € (—00,0) x (0, 00), (8.70)
where ¢ : (—00, 0) x [0, 00) — R” and A is a constant m x m matrix, only some
quantities defining ¢ at x = O can be prescribed, whereas other quantities have to
be extrapolated from the interior of the computational domain. We will see that the
number of prescribed components of g is equal to the number of negative eigenvalues
of A.

However, for nonlinear hyperbolic systems the theory is missing. Therefore,
a usual approach is to choose the boundary conditions in such a way that a lin-
earized initial-boundary value problem is well-posed, i.e., it has a unique solution.
We describe this method in the following part of this section.
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8.3.2.1 Approach Based on the Solution of the Linearized
Riemann Problem

Let I' € ﬁ;;” and let x; € I" be a point in consideration, at which we want to
determine boundary conditions. We introduce a new coordinate system (X, .. ., X4)
such that the coordinate origin lies at the point x -, the axis X1 is parallel to the normal
direction n to the boundary, and the coordinate axes X7, .. ., X4 are tangential to the
boundary, see Fig.8.2. This transformation of the space coordinates is carried out
by the mapping x = Qg (n)(x — x ), where Qq(n) is the rotation matrix defined by
(8.34) for d = 2 and (8.35) for d = 3.

Let w%) be the value of the trace of the state vector w on I" from the interior of
£2 at the point x and let

" =Qurw'®, (8.71)

where Q(r ) is given by (8.33).

Using rotational invariance of the Euler equations introduced in Lemma 8.6e, we
transform them to the coordinates x1, ..., Xg, neglect the derivative with respect to
Xj, ] =2,...,d, and linearize the resulting system around the state q%). Then we
obtain the linear system

dq

d -
+ A1 @)L =0, (%1.1) € (—00.,0) x [0, 00) (8.72)
ot 90X

for the transformed vector-valued function ¢ = Q(ny)w, see Fig. 8.3, left. To this
system we add the initial and boundary conditions

q(51,0)=¢'%, % <o, (8.73)

q0,0=¢"®, t>0,

Fig. 8.2 New coordinate
system (X1, ..., Xq)

o0
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where ¢ }L) is given by (8.71) and the unknown state vector ¢ 55) should be determined
in such a way that it reflects the state vector ggc = Q(n)wpc with a prescribed
state wpc, and the initial-boundary value problem (8.72) and (8.73) is well-posed,
i.e., has a unique solution.

In order to find the vector qg), we consider the linearized Riemann problem

0 ] -

Mm@ =0, G0 e(—00,00) x[0,00)  (8.74)
ot 00X

with the initial condition

(L) .~

- fxi <0
L0y =19r > X <" 8.75
q(x1,0) dnc, if £1 >0, (8.75)

see Fig. 8.3 (right).
The exact solution of problem (8.74) and (8.75) can be found by the method

of characteristics in the following way: Let g,,s = 1, ..., m, be the eigenvectors
corresponding to the eigenvalues s, s = 1,...,m, of the matrix A; = A, (q}L)).

Hence, A1 g, = ngx, s=1,...,m.
Taking into account (8.32), we see that the eigenvalues of the matrices A (g }L))
and P(W%), nr) attain the same values, i.e.,

As=Ag, s=1,...,m, (8.76)

where A are the eigenvalues of the matrix ]P’(W(FL), nr).

The explicit formulae for the eigenvectors g,, s = 1, ..., m, can be found in
[127], Sect.3.1. These eigenvectors form a basis of R™, and thus the exact solution
of (8.74) can be written in the form

m
g, 1) =D pu(Fi,0g,, FIeR, >0, (8.77)
s=1
t t
=
Qr A Qr
(R) S
dr o
[l
&
o
¢?  (00) ¢ 00 g @

Fig. 8.3 Initial-boundary value problem (8.72)—(8.73) (left) and the Riemann problem (8.74) and
(8.75) (right), the computational domains (—oo, 0) x (0, oco) and (—o00, 00) x (0, co) are grey
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where ug, s = 1,...,m, are unknown functions defined in (—o0, c0) x [0, 00).
Similarly, the initial states from (8.75) can be expressed as

m m
L
"= osg,. gpe = A8, (8.78)
s=1 s=1
The vectors @ = («q, ..., o) and B = (B, ..., Bn) are given by the relations
a=T"¢" B=T"gg, (8.79)
where T is the m x m-matrix whose columns are the eigenvectors g, s = 1, ..., m.
The functions us, s = 1, ..., m, are called the characteristic variables.
Substituting (8.77) into (8.74), we get
m
Ops = O
0=Z(at i) 8 s=1,....m, (8.80)

s=1
which holds if and only if

s +3 0 s

o sa)ﬁ:o, X1eER, t>0,s=1,...,m. (8.81)

These equations are equipped with initial conditions following from (8.75) and (8.78)

- ey e, <0,
ns(x1,0) = ns(xy) := [ﬂs,fl -0, s=1,...,m. (8.82)

We can simply verify that the exact solution of (8.81) and (8.82) reads
ps (1, 1) = fis(F1 = Ast), 1 €R, 120,
where i is given by (8.82). This together with (8.82) gives

oy, if X1 — Agt <0,

z =1.....m '
By, it —dg >0, - oo (8.83)

ps (X1, 1) = [

We define the sought state qg) as the solution of problem (8.74) and (8.75) at
x1 = 0. Hence, we put qg) = ¢q(0, 1), and by (8.77) and (8.83), we get

(R) a5, ks >0,
Znsgw Ny = [ﬂ <o (8.84)



420 8 Inviscid Compressible Flow

Finally, we introduce the inlet/outlet boundary operator based on the solution of the
linearized Riemann problem

(L)

BR W wee) = Q  (nr)gt®. (8.85)

Then we define the sought boundary state
wg) = %’LRP(W}L), WBC). (8.86)

Remark 8.10 From the above process (taking into account (8.76)) we can conclude
that the sought boundary state wg) is determined using mp, quantities characterizing
the prescribed boundary state wgc, where mp; is the number of negative eigenvalues
of the matrix }P’(wgf), nr), whereas we extrapolate mex quantities defining the state

L . L .
w} ), where mex = m — my; is the number of nonnegative eigenvalues of the matrix

L
]P’(w} ) ,Rr).
This observation is in agreement with the definitions of boundary conditions on
impermeable walls. Taking into account that by (8.30) the eigenvalues of the matrix
P(W%), nr) read

AM=v-m—a, Ap=---=Agy1 =V-R, Agy2=V-R+a, (8.87)

where v and a represent the velocity vector and the speed of sound, respectively,

corresponding to the state wng), and n = np. Then the impermeability condition
v-n =0implies that A\ < 0, Ay = --- = Ag4+1 = 0, Ag42 > 0. Hence, in this case
we prescribe only one quantity, namely v - n = 0 or the opposite normal component
—v - n of the velocity vector and the remaining quantities defining the state wg) are

obtained by extrapolation.

8.3.2.2 Approach Based on Physical Properties of the Flow

It follows from the above considerations and the form (8.87) of eigenvalues Ag,
s = 1,...,m = d + 2, that in the case of the inlet or outlet, on whichv -n < 0
orv-n > 0, respectively, it is necessary to distinguish between the subsonic or
supersonic regime, when |[v - n| < a or |[v - n| > a, respectively. The number of
prescribed and extrapolated boundary conditions for the mentioned possibilities is
shown in Table 8.1.

On the basis of these results, it is possible to introduce a widely used method for
determining the inlet/outlet boundary conditions based on the use of physical vari-
ables. In this approach we extrapolate or prescribe directly some physical variables.
Particularly, we distinguish the following cases:

e supersonic inlet, mp; = m, we prescribe all components of the boundary state

wg). Hence, we set wﬁﬁ) = WBC,
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Table 8.1 Boundary conditions based on the well-posedness of the linearized problem: number of
prescribed mp, and extrapolated mex components of w for subsonic/supersonic inlet/outlet

Flow regime Mpy Mex
Supersonic inlet m 0
Subsonic inlet m—1 1
Subsonic outlet 1 m—1
Supersonic outlet 0 m

o subsonic inlet, mp; = m — 1, we extrapolate the pressure from the interior of
the domain, and prescribe the density and the components of the velocity on the
boundary,

e subsonic outlet, my: = 1, we prescribe the pressure and extrapolate the density
and the components of the velocity on the boundary,

e supersonic outlet, m,, = 0, we extrapolate all components of w from the interior

of £2 on the boundary. This means that we set wﬁf) = w%).

Hence, we define the inlet/outlet boundary operator based on physical variables:

WBC ifv-n<—a supersonic inlet
Phys(ppc, vBC» p%)) if —a <v-n <0 subsonic inlet

(L) (L)

ggPhys (L), —
wpr”, wBe) Phys(p/ ", v-”, pBc) if 0 <v-n <a  subsonic outlet
(L)

ifv-n>a supersonic outlet

(8.88)

where pgc, VBC, pBc are the density, the velocity vector and the pressure, respec-

tively, corresponding to the prescribed state wgc and ,01(«[‘), vgf‘), pgf‘) denote the

density, the velocity vector and the pressure corresponding to w(FL) . The symbol
Phys denotes the transformation from the physical variables to the conservative
ones, namely, for p > 0,p > Oandv € R? we set

T
Phys(p.v.p) = (o, p¥. p/(y = D+ pP22) €R™.  (8389)

This approach is usually used with success for the transonic flow. However, its
application to low Mach number flows does not give reasonable results, because these
boundary conditions are not transparent for acoustic waves coming from inside of
the computational domain £2. In numerical simulations, we observe some reflection
from the inlet/outlet parts of the boundary. Therefore, in a low Mach number flow,
it is suitable to apply the method based on the solution of a linearized Riemann
problem. This means that the boundary state wgfe) is defined by (8.86). Another more
sophisticated method will be treated in the following section.
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8.3.2.3 Boundary Conditions Based on the Exact Solution
of the Nonlinear Riemann Problem

The generalization of the method based on the solution of the linearized Riemann
problem uses the exact solution of the nonlinear Riemann problem. The only differ-
ence is that we do not linearize the system of the Euler equations around the state

w' 1- , ). but instead of (8.72) we consider the nonlinear system

0 ad
Ay Al(q)—fl =0, (x1,1) € (=00,0) x [0, 0) (8.90)
ot 09X

with the initial and boundary conditions (8.73). This means that instead of (8.74),
we consider the Riemann problem

8t Ai(q )— =0, (x1,1) € (—00,00) x [0, c0) (8.91)

equipped with the initial condition (8.75). The solution of problem (8.91) and (8.75)
is much more complicated than the solution of the linearized problem (8.74) and
(8.75) but for the Euler equations it can be constructed analytically, see e.g., [127,
Sect.3.1.6] or [282, Sect. 10.2]. This analytical solution contains an implicit formula
for the pressure p, which has to be obtained iteratively.

When the solution ¢ of the Riemann problem (8.91) and (8.75) is obtained, then
we define the inlet/outlet boundary operator based on the solution of the nonlinear
Riemann problem as

B W wee) = QN (nr)q(0, 1) (8.92)
and set w(R) : %RP(W%), WEBC).

Fmally, based on the presented approaches to the choice of boundary conditions
we specify the definition (8.53) of the form b, by

biw. @) =— / ZfA(w) (8.93)

Ke9,
> / HoE wi®, nr) - [p]dS
rez}!
+ > /fw(w(“ nr)-ds
rezV
+ Z ( (FL),%(W(FL),WBC),nr)'deS,

Feﬁ”’
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where i = 1 or i = 2, if we use the impermeability boundary condition (8.58)
or (8.68), respectively. Moreover, the inlet/outlet boundary operator % represents
8PS| LR and Z8RP given by (8.85), (8.88) and (8.92), respectively.

Remark 8.11 The definitions of the boundary operators ZPMS, ZZMRP and 2RP and
of the form by, and their evaluations may seem to be rather complicated and CPU time
demanding. However, it is necessary to take into account that the integrals appearing
in the definition of the form b, are computed with the aid of numerical integration
and the boundary conditions have to be determined only at integration points.

8.4 Time Discretization

The space semidiscrete problem (8.54) represents a system of ordinary differential
equations (ODEs), which has to be solved with the aid of suitable numerical schemes.
In the framework of the finite difference and finite volume methods, the explicit Euler
or Runge—Kautta time discretization is very popular for solving the Euler equations. In
early works on the DGM for the Euler equations [24, 30, 62], explicit time discretiza-
tion was also used. Their advantage is a simple algorithmization, but on the other
hand, the size of the time step t is strongly restricted by the Courant—Friedrichs—
Lewy (CFL) stability condition written, for example, in the form

K
7 < CFL min ] ]
ke, o(P(wp, n)|)| ]
I'cok

(8.94)
where o(P(wy,, n)| ) denotes the spectral radius of the matrix P(wy,, n)|r given by
(8.17) and evaluated at the points of I" € .%},, |K| is the d-dimensional measure of
K € 9, and |I'| denotes the (d — 1)-dimensional measure of I" € .%;. Moreover,
0 < CFL < listhe Courant—Friedrichs—Lewy (CFL) number. Our numerical exper-
iments indicate that whereas the value CFL = 0.85 was sufficient for almost all flow
regimes in finite volume computations, the P; discontinuous Galerkin approximation
requires the value CFL & 0.15 in order to guarantee stability. Moreover, the stabil-
ity condition (8.94) becomes more and more restrictive with increasing polynomial
approximation degree p.

Therefore, it is suitable to consider implicit methods for numerically solving
compressible flow problems, see, e.g., [20, 25, 165, 166]. It is well known that the
use of implicit methods contributes to improving the efficiency of numerical schemes
for solving the Euler equations in some cases, because implicit methods allow using
longer time steps. In the framework of the finite volume methods, implicit schemes
were used, for example in [141, 220, 261]. The drawback of the implicit schemes is
having to solve a large nonlinear algebraic system on each time level. To this end, the
Newton method is often applied leading to a sequence of linear discrete problems.
One variant of this approach is a well-known A-scheme by Beam and Warming
[32, 33], see also [177]. This approach is often combined with multigrid techniques,
see e.g., [81, 171, 199].
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The application of the Newton schemes requires, of course, the differentiability
of the numerical flux and the computation of its partial derivatives, which is usually
rather complicated. This is the reason that some authors use artificial pseudo-time-
integration, as was applied together with multigrid in [272, 273] for the DG discrete
problem. Multigrid techniques usually require using structured meshes and, in the
case of the mesh refinement, a sequence of nested meshes. This is not the case when
the anisotropic mesh adaptation (AMA) method is used. Then the algebraic multigrid
would have to be applied, but its efficiency is not high. Therefore, one often uses the
Krylov subspace methods for solving linear systems in linearized schemes for the
Euler equations (cf., e.g., [220]).

In the following we will be concerned with developing several numerical schemes
for the full space-time discretization of the Euler equations. The presented techniques
were developed on the basis of results from [92, 93, 98, 123, 124, 133].

8.4.1 Backward Euler Method

The implicit backward Euler time discretization of (8.54) is the simplest implicit
method for numerically solving ODEs. It can be formally considered either as the
first-order implicit Runge—Kutta method or as the first-order backward difference
formula (BDF), or as the first-order time discontinuous Galerkin method, see [161,
268]. The higher-order time discretizations will be discussed in Sect. 8.4.5.

In what follows we consider a partition 0 = fg < t; < fp--- < t, = T of the
time interval [0, T] and set ty = tx — tx—1 fork = 1, ..., r. We use the symbol wﬁ
for the approximation of wy,(tx), k =1,...,r.

Using the backward Euler scheme for the time discretization of (8.54), we can
define the following method for the numerical solution of problem (8.8).

Definition 8.12 We say that the finite sequence of functions w];l, k=20,...,r,
is an approximate solution of problem (8.8) obtained by the backward Euler—
discontinuous Galerkin method (BE-DGM) if the following conditions are satisfied:

wk € Spp, k=0,1,...,71, (8.95a)
1 _
— (wh—wh™\on) +Ba ) =0 Ve € Sp k=1, (8.95b)

wi) = Iw°, (8.95¢)

n

where IT,w? is the Syp-approximation (usually L2(.Q)-pr0jection on the space Sy))
of the function w® from the initial condition (8.36).

Remark 8.13 The BE-DGM has formally the order of convergence O (h”T! + 1)
in the L0, T; (L*(£2))™)-norm and the order of convergence O(h” + 7) in
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the L2(0, T: (H(§2))™)-seminorm, provided that the exact solution is sufficiently
regular. These results were verified numerically in [89, 93].

Problem (8.95) represents a nonlinear algebraic system for each k = 1,...,r.
Its solution will be discussed in the following sections. First, we present its solution
with the aid of the standard Newton method [79]. Then we develop a Newton-like
method based on the approximation of the Jacobi matrix by the flux matrix.

8.4.2 Newton Method Based on the Jacobi Matrix

In order to develop the solution strategy for the nonlinear systems (8.95b), we intro-
duce their algebraic representation. Let Np, denote the dimension of the space Sy,
andlet By, = {@;(x), i = 1,..., Npp} denote a set of linearly independent functions
forming a basis of Sy, It is possible to construct a basis By, as a composition of local
bases constructed separately for each K € . See Sect. 8.4.8, where one possibility
is described in detail.

Any function wl;l € Sjp can be expressed in the form

Nip

; iN
W) =D e (x) € Sy «— Ep=E) T e RV k=1, 1,
j=1
(8.96)

where ék’j eR, j=1,..., Ny, k=1, ..., r, areits basis coefficients. Obviously,
(8.96) defines an isomorphism between wﬁ € Sypand & € RNw . We call & the
algebraic representation of wl,‘l.

In order to rewrite the nonlinear algebraic systems (8.95b), we define the vector-
valued function Fj, : RNw x RNw — RNw by

Nip

1
Fi (B &) = (E( 'Z—W';Z_lwpi) +bh(wz’¢i))~1’ k=1,...,r, (897)

where &;_; € RVw is the algebraic representation of w’;l_l € Sy forl = 0,1.
We do not emphasize that Fj depends explicitly on 7. Therefore, the algebraic
representation of the systems (8.95b) reads: For a given vector &;_; € RM» find
&, € RVw such that

Frpi_1:6) =0, k=1,....r (8.98)
Here 0 denotes a generic zero vector (i.e., all entries of 0 are equal to zero) and &,

is given by the initial condition (8.95¢) and the isomorphism (8.96). Systems (8.98)
are strongly nonlinear and their efficient and accurate solution is demanding.
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A natural strategy is to apply the (damped) Newton method [79] which generates

a sequence of approximations & i, [ =0,1,..., to the actual numerical solution &
using the following algorithm. Given an iterate & 2 € RVw, the update of & 2 reads

£ =& +28, (8.99)
where 8' € RVw is defined as the solution of the system
Dy (&8 = —FEr_1: ). (8.100)

Here A € (0, 1] is the damping parameter (for its choice see Sect. 8.4.4.1) and Dy, is
the Jacobi matrix of the vector-valued function Fj, given by (8.97), i.e.,

DF;,(&_1; €))

Dy (&) = 8.101
n(&y) DeL ( )
From (8.96), (8.97) and (8.101) we obtain
N,
DaEr) = (dij )); 1 (8.102)
N,
I dby, ( 1= é"*lfpl,rpi) o
dij @) = @00 + Py , Lj=1,..., Ny

For A/ = 1 we get the standard Newton method. This technique was also successfully
applied in [25, 165] for computing viscous flow.

Evaluating of the Jacobi matrix Dy, is not quite easy, since the form b; depends
nonlinearly on its first argument. Moreover, there are difficulties with the differ-
entiability of the mapping Fj, because the numerical flux H is sometimes only
Lipschitz-continuous, but not differentiable.

In the following section we present an alternative approach inspired by the semi-
implicit technique from [93, 133] and based on the so-called flux matrix.

8.4.3 Newton-Like Method Based on the Flux Matrix

Evaluating of the Jacobi matrix I;, in (8.100) can be avoided with the aid of a
formal linearization of the convection form by,. The aim is to define the form b :
Sip X Spp X Spp — R such that it is linear with respect to its second and third
arguments and is consistent with by, i.e.,

by Wi, @) = bE Wi, wi, 0,) — bW, @) Ywi, @, € Sip, (8.103)
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where I;h 2 Spp X Spp — Ris some “residual” form, vanishing for the majority of
functions @, € Sy, see (8.121).
By (8.93), we defined the form

d
09,
b — . —_— d =
B W, @) =— D /K > fiwn) o & (=m)
KeJ, s=1
L R
+ > | B owilt onr) - [p,1ds (=:m)
Feﬂh’ r
+ 2 [ i gyas (= m)
rezYV
+ > [ H(wP 20 weo).nr) @udS (=), (8.104)
rezpe
where W;S“) and w}ff) denote the traces of wy, on I' € %}, cf. (8.41). The individual
terms 7, . .., n4 will be partially linearized.

For 11 we use the property (8.26) of the Euler fluxes and define the form 771L :
Shp X Spp X Spp — Rby

d

_ _ o

L h

__2 EA‘"’W'_ . .1

Ny Wi, wi, @5) /K sWr)wp, ax,s dx (8.105)
Ke9, s=1

Obviously, 77]1“ Wn, wn, @) = n1 and 77]1“ is linear with respect to its second and third
arguments.

Linearizing of the term 7, can be carried out on the basis of a suitable choice of the
numerical flux H. For example, let us use in (8.104) the Vijayasundaram numerical
flux, see [277], [122, Sect.7.3] or [127, Sect.3.3.4]. It is defined in the following
way. By (8.29), the matrix P = P(w, n) defined in (8.17) is diagonalizable: there
exists a nonsingular matrix T = T (w, r) such that

P=TAT !, (8.106)

where A = diag (A1, ..., Ay)and g, ..., Ay are the eigenvalues of P. The columns
of the matrix T are the eigenvectors of the matrix P. We define the “positive” and
“negative” part of P by

PE = TATT!, A* =diag (05, ..., 2D), (8.107)

where a™ = max(a, 0) and a~ = min(a, 0) for a € R. Then the Vijayasundaram

numerical flux reads as
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Hys(wi, wa,n) =P* (wl ;sz,n) wi + P~ (w1 ;wz,n) wa.  (8.108)

We can characterize the properties of the Vijayasundaram numerical flux.

Lemma 8.14 The Vijayasundaram numerical flux Hys = H(w{, wy, n) is Lipschitz-
continuous with respect to wi, wy € 9 and satisfies conditions (8.49) and (8.50),
i.e., it is consistent and conservative.

Proof (a) From (8.10) it follows that the entries of the matrix P are continuously
differentiable. This fact, the definition of the matrices PE, definition (8.108) and the
Lipschitz-continuity of the functions A € R — AT and A € R — A~ imply that the
Vijayasundaram numerical flux is locally Lipschitz-continuous.

(b) The consistency of Hy s is a consequence of the relations (8.16), (8.28) and
P(w, n) =Pt(w,n) + P~ (w, n).

(c) The proof of the consistency of Hy s is more complicated. First, we show that

PEw, —n) = —PT(w, n) (8.109)
forw e Zandn = (ny,...,ng) € By. It follows from (8.16) that
P(w, —n) = —P(w, n).

By differentiation,
P(w, —n) = —P(w, n),

and thus
Ptw, —n) = (—P(w, n))*. (8.110)

Further, by (8.106),

+P(w, n) = T(w,n) (AW, n)) T~ (w, n),

where

A(w, n) =diag(L1(w, n), ..., Ay(w, n)).
Thus,

PE(w, n) = T(w, n) ATw, n) T~ (w, n) (8.111)
and

(=Pw, n)* = Tw, n) (—Aw, )T T (w, n). (8.112)
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Here
AE(w, n) = diag (AT w, n), ..., 25w, ),
(—Aw, n)* = diag (—2)Fw, n). ..., (=)=, n)),

It is easy to find that (—A)* = —AT, which implies that
(—Aw, n)*™ = —AT(w, n).
The above, (8.111) and (8.112) yield

(—=P(w, n))* = —=T(w, n) AT(w, n) T(w, n) (8.113)
= —P¥(w, n).

Now, by (8.110) and (8.113) we get (8.109).
Finally, by virtue of (8.109), forwi,w; € Z and n € By,

Hyswi, wa, n) =P (Wl ;—wz’ n) w; + P~ (w n) w2

w w
= —P~ (W1 ; 2, —n) w, — P (% —n) wy = —Hys(wa, w1, —n),

which is what we wanted to prove. (]

The form of Hy g is a way of defining the form 17% 2 S8np % Spp x Spp — Rby

772(Wh Wh, Q) = Z / 1P’+ (Wr) r,nr)wg,l}-) +P ((Wh)r,nr)w;(fp] -@pdSs,
rez}
(8.114)

where (wy,) r denotes the mean value of wy, on I € %, defined by (8.42). Obviously,
n% Wh, wn, @) = 12 and nlz‘ is linear with respect to its second and third arguments.
Concerning the term 73 in (8.104), we distinguish between the direct use of the

impermeability condition and the inviscid mirror boundary condition presented in
Sect. 8.3.1. For the former case we define the form

s wio@n) = D, | Fy 0w m) @, dS, (8.115)
rezV

where fy" is defined by (8.63), i.e.,
fw w,w,n) =Py(w,n)w, w,we Y, ncBy, (8.116)

with Py given in (8.62).



430 8 Inviscid Compressible Flow

In the case of inviscid mirror boundary conditions we use relations (8.68) and
(8.108) and put

S o, wi, n) = PF (g, m)ywy, + P~ (0, ) M (W), (8.117)

where P are defined by (8.107). Now, on the basis of (8.68), (8.69) and (8.117),
we put

_ _ (L L
s o Wi @) = /f%’}(w,ﬁ},w,ﬁﬁ,n)-gohds. (8.118)
Fe.ﬁhw r

Therefore, (8.115) and (8.118) can be written as

Ny wn. Wi @) = > /f@L(w,gLF),w;LF),n)-cphds, (8.119)
Feézhw r

where o« = 1 for directly using the impermeability condition and « = 2 for the
inviscid mirror boundary condition. It follows from (8.116)—(8.119) and the linearity
of the operator .# that n% is linear with respect to its second and third arguments.
Moreover, ng‘(wh, Wh, @) = 13.

Finally, n4 is approximated with the aid of the forms

s W W @) = > /(P*(w;?,np)wﬁ)-gohds, (8.120)
Feéz,’;"
and
e == > [ (PG nn2GE wso) eds, 121
rezje

where 2 represents the boundary operators ZP"s, LRP and 2RP given by (8.88),

(8.85) and (8.92), respectively. Let us underline that in the arguments of P* we do

not use the mean value of the state vectors from the left- and right-hand side of I" as

in (8.108). Moreover, if suppe;, N (0§2; U 9£2,) = @, then b, (wy,, ¢;,) = 0.
Obviously, due to (8.93) and (8.120), we have

15 Wh, Wiy @) — bW, @) = na. (8.122)

Taking into account (8.93), (8.105), (8.114), (8.119) and (8.120), we introduce
the form

d

_ _ 0

b Wn, wh, @p) = — E / Aswp)wy, - ;oh dx (8.123)

K Xs
KeI, s=1
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+ Z / [P+(Wh ronr)wi P ((w)r,nr)whp] @pdS

rez/

L, - (L L
w2 [ AR gy as
rezV

+ Z ( (wﬁ,Lp) nr) w2, np) B, WBC)) -@;dS.
regje

From the definitions (8.93) of b;, (8.123) of b,f and (8.121) of I;h we can see that
relation (8.103) is valid. Moreover, the form b,’; is linear with respect to the arguments
wy, and @,.

Now we introduce the Newton-like method for solving systems (8.98) based on
the flux matrix. We again return to the algebraic representation of the method. Using
notation from Sect. 8.4.2, we define the Ny, x Ny, flux matrix

— 1 _ th

Cn (§) = (T— (0.9 +b}l[(wh’¢ja¢i))‘ | (8.124)

k i,j=1

and the vector

_ 1 h— N/lp
di (E-1.8) = (T—k (i 0) +bh(wh,¢,)) , (8.125)

i=1
where ¢; € By, i = 1,..., Npp, are the basis functions in the space Shp,é € RVw

and &,_; € R¥w», | = 0,1, are the algebraic representations of w; € Syp and

wl,‘l le Snp, I =0, 1, respectively. (We do not emphasize that C;, and d;, depend

explicitly on 7¢.) Finally, using (8.97), (8.103), (8.124) and (8.125), we have

Fp&_1:8)=CpEéy —dny_1,8), k=1,...,r (8.126)

Obviously, the sparsity of Cj, is identical with the sparsity of the Jacobi matrix Dy,
introduced in (8.101). Therefore, in the following Newton-like method for solving
systems (8.98), we use Cj, as the approximation of D, in the definition of our iterative
Newton-like method, which is represented as the following algorithm.

If the approximate solution w’;l_l € Syp, represented by &, _ |, was already com-
puted, then we set & 2 = &,_, and apply the iterative process

gl —gl 4008 1=0,1,..., (8.127)
with 8’ defined by

ChE)8' = —Fp&,_1: &) (8.128)
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The term A/ € (0, 1] is a damping parameter which should ensure convergence of
(8.127) and (8.128) in case when the initial guess 52 is far from the solution of (8.98).
The initial guess 52 can be defined as

E) =&, k=1,....n, (8.129)
where &, _; corresponds to the approximate solution w];l_l.

In the following section we discuss several aspects of the iterative method (8.127)
and (8.128).

Remark 8.15 Let us note that if we carry out only one Newton-like iteration at each
time level, put A’ = 1, and the matrix Cy, is updated at each time step, then the implicit
method (8.95) reduces to the semi-implicit time discretization approach presented in
[93, 133]. It can be formulated in the following way: We seek the finite sequence of
functions w’fl, k=0,1,...,r,such that

wk € Spp, k=0,1,...,7, (8.130a)

1 _ s

T_k( l;l—wﬁ l,rph)—i—bh(w’;l 1,w§,¢h)=o Vo, € Spp, k=1,...,7,
(8.130b)

w) = ,w°, (8.130c)

where IT,w" is the Syp-approximation of w? from the initial condition (8.36) and
by Owis Wi @) = bj; Wi, wh, @4) — by 0w, 9) (8.131)

with bﬁ and by, given by (8.121) and (8.123), respectively.

8.4.4 Realization of the Iterative Algorithm

In this section we mention some aspects of the Newton-like iterative process (8.127)
and (8.128).

8.4.4.1 Choice of Damping Parameters
The damping parameters A, 1 =0,1,..., should guarantee convergence of the

iterative process (8.127) and (8.128). Following the analysis presented in [79], we
start from the value A’ = 1 and evaluate a monitoring function
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- |Freiisei ™|
T FEED]

(8.132)

where ||| is a norm in the space RV If k! < 1, we proceed to the next Newton-
like iteration. Otherwise, we put A' = A//2 and repeat the actual /th Newton-like
iteration.

8.4.4.2 Update of the Flux Matrix

As numerical experiments show, in the iterative process it is not necessary to update
the flux matrix Cj, (§ i) at each Newton-like iteration/ = 1, 2, ... and each time level
k = 1,...,r. Computational costs of the evaluation of Fj are much smaller than
the evaluation of Cj,. For simplicity, let us consider the case d = 2 and assume that
T, is a conforming triangulation. By #.7;, we denote the number of elements of .7;,.
Then F, has Ny, = #.7,(p + 1)(p + 1)/2 components and C;, has approximately
47, (p+D(p+ 1)/ 2)2 non-vanishing components. Hence, the evaluation of Fy,
is approximately 2(p + 1)(p + 2)-times cheaper than the evaluation of Cy.

Therefore, it is more efficient to perform more Newton-like iterations than to
update the matrix Cy,. In practice, we update Cj,, when either the damping parameter
A achieves a minimal prescribed value (using the algorithm described in Sect. 8.4.4.1)
or the prescribed maximal number of Newton-like iterations is achieved.

8.4.4.3 Termination of the Iterative Process

The iterative process (8.127) and (8.128) is terminated if a suitable algebraic stopping
criterion is achieved. The standard approach is based on the condition

| Fr@iiseh| <o, (8.133)

where |-|| is a norm in RV» and TOL is a given tolerance. However, it is difficult to
choose TOL in order to guarantee the accuracy of the solution and to avoid a too long
iterative process. The optimal stopping criterion, which balances the accuracy and
efficiency, should be derived from a posteriori estimates taking into account algebraic
errors. This is out of the scope of this monograph and we refer, for example, to [5, 49],
dealing with this subject. In [89] a heuristic stopping criterion solving this problem
was proposed.

8.4.4.4 Solution of the Linear Algebraic Systems (8.128)

The linear algebraic systems (8.128) can be solved by a direct solver (e.g., UMFPACK
[72]) in case that the number of unknowns is not high (the limit value is usually 10°).
In general, iterative solvers are more efficient, because a good initial approximation is
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obtained from the previous Newton-like iteration or the previous time level. Usually
it is necessary to compute only a few iterations. Among the iterative solvers, very
efficient are the Krylov subspace methods, see [215].

Itis possible to apply, e.g., the GMRES method [249] with block diagonal or block
ILU(0) preconditioning [102]. Usually, the GMRES iterative process is stopped,
when the preconditioned residuum is two times smaller than the initial one. This
criterion may seem to be too weak, but numerical experiments show that it is sufficient
in a number of applications.

8.4.5 Higher-Order Time Discretization

In Sect. 8.4.1, we have introduced the space-time discretization of the Euler equations
(8.8) with the aid of the backward Euler—discontinuous Galerkin method (BE-
DGM). However, by virtue of Remark 8.13, this method is only of the first order
in time. In solving nonstationary flows, it is necessary to apply schemes that are
sufficiently accurate in space as well as in time. There are several possibilities (see,
e.g., [161, 268]) how to obtain a higher-order time discretizations.

We mention three techniques having the order n with respect to the time dis-
cretization, i.e., the error is of order O (t"):

e backward difference formula (BDF) method,which is a multistep method using
computed approximate solutions from n previous time levels. On each time level,
it is necessary to solve one nonlinear algebraic system with Ny, equations, where
Ny is the dimension of the space Sj,. Hence, the BDF method has (approximately)
the same computational costs as the backward Euler method.

e implicit Runge—Kutta (IRK) method,which is a one-step method and it evaluates
several (at least n) stages within one time step. This means that we solve (atleast)
n-nonlinear algebraic systems with Ny, equations at each time level. Hence, the
IRK method has approximately n-times higher computational cost than the back-
ward Euler method.

o time discontinuous Galerkin (TDG) method, which is based on a polynomial
approximation of degree n — 1 with respect to time. The TDG method was intro-
duced in Sect. 6.2 for a scalar equation. We solve one nonlinear algebraic system
with n Ny, equations at each time level. As we see, the TDG method has approx-
imately n2-times higher computational cost than the backward Euler method or
the BDF method.

The BDF, IRK and TDG time discretizations reduce to backward Euler method for
the limit case n = 1. An overview of theoretical aspects of the higher-order time
discretization in combination with the DG space discretization can be found in [278].

It follows from the above discussion that the cheapest approach is the BDF tech-
nique, which will be described in this section. Againlet0 =7 <t <th < ---t, =
T be a partition of the time interval [0, T], tx = t — tx—1, k = 1,...r, and let
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w’,‘l € Syp denote a piecewise polynomial approximation of wy, (#), k =0,1,...,r.
We define the following scheme.

Definition 8.16 We say that the finite sequence of functions w’fl, k=0,...,r,
is the approximate solution of (8.8) computed by the n-step backward difference
formula—discontinuous Galerkin method (BDF-DGM) if the following conditions
are satisfied:

wk € Spp, k=0,1,...,7, (8.134a)

1 n

;(zan,,w’;’,goh)wh (wﬁ,qoh) =0 Vg, €Sy, k=n,...,r, (8.134b)
=0

w% is the Syp-approximation (usually LZ(SZ)-projection on Syp) of the (8.134c)
initial condition wP,
wél € Spp, [ =1,...,n—1, are determined by a suitable g-step method

(8.134d)
with ¢ </ or by an explicit Runge—Kutta method.

Some Runge—Kutta schemes can be found in Sect.5.2.1.1. Their application to a
system of partial differential equations can be written in the same form.

The BDF coefficients o, ;, [ = 0, ..., n,depend on time steps tx—;, [ =0, ..., n.
They can be derived from the Lagrange interpolation of pairs (#x—;, wﬁ_l), I =
0,...,n, see, e.g. [161]. Table 8.2 shows their values in the case of constant and

variable time steps for n = 1, 2, 3. Obviously, the one-step BDF-DGM is identical
with the BE-DGM defined by (8.95). In Table 8.3 these coefficients are expressed
directly in terms of the time steps ;.

Remark 8.17 (Stability of the BDF-DGM) The n-step BDF method is uncondition-
ally stableforn = 1 andn = 2, and for increasing n the region of stability decreasing.
For n > 7 this method is unconditionally unstable, see [161, Sect.3.5]. In practice,
the n-BDF-DGM with n = 1, 2, 3 is usually used.

Table 8.2 Values of a,,;, [ = 0,..., n, for n = 1,2, 3 for constant and variable time steps,
Ok =t/Th—1, k=1,2,...,r
Constant time step Variable time step
n=1|n=2 |n=3|n=1|n=2 n=3
3 11 260k+1 O Ok—1 26, +1
®n,0 1 3 6 1 e G et s e
Ok +1) (OO —1 +6k—1 +1
g | -1 | =2 | =3 | -1 | —@+D — OADOS1 401 £
1 3 6} O Okbk—1 461 +1)
n.2 2 2 Oc+1 O+ 1
1 _ @x+DOZ6},
%n.3 3 O 1 T DOl 10171
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Table 8.3 Values of the coefficients o, ; expressed in terms of the time steps

n=1 n=2 n=3
o 1 2+ Qutn—)Qutn_1+u—_2)-1¢
0 Tk+Th—1 (Th+Th—1) (T +Th—1+Th—2)
a1 —1 AT _ (@t n- D) (et 1 +n-2)
n, Th—1 Th—1 (Th—1+Tk—2)
o i (it 1+T—2)
n.2 T—1 (T +Th—1) Th—1 Th—2 (Tk+Tk—1)
o _ T2 (t+ti—1)
n3 Tk—2 (T +Tk—1 +Tk—2) (Th—1+Tk—2)

Remark 8.18 (Accuracy of the BDF-DGM) The n-step BDF-DGM has formally
the order of convergence O(hP*! + ) in the L>(0, T; (L*(£2))™)-norm and
O(h? + ") in the L2(0, T; (H'(£2))™)-seminorm, provided that the exact solu-
tion is sufficiently regular. These orders of convergence were numerically verified
for a scalar equation.

Problem (8.134) represents a nonlinear algebraic system foreachk = 1,...,r,
which can be solved with the strategy presented in Sect. 8.4.3.

Again, let Ny, denote the dimension of the space Sy, of the piecewise polynomial
functions and let By, = {@;(x), i = 1,..., Ny} be a basis of Sj,. Using the
isomorphism (8.96) between w’,‘l € Sypand§; € RMw | we define the vector-valued
function Fj, : (RMw)" x RVNw — RNw by

Nip
1 < _

Fi ({&a}_,: 80) = (; (Zan,zwﬁ l,fl’i) +bh(wlﬁ,¢i)) s k=1,...,1,

1=0 i=1
(8.135)
where &;,_; € RV is the algebraic representation of wﬁ_l € Sppforl=1,...,n
Then scheme (8.134) has the following algebraic representation. If &;_;, I =
l,...,n,(k=1,...,r)are given vectors, then we want to find §; € RNw such that
Fr({&}_, 60 =0. (8.136)

System (8.136) is strongly nonlinear. It can be solved with the aid of the Newton-like

method based on the flux matrix, presented in Sect. 8.4.3. Let b,Ll and by, be the forms

defined by (8.121) and (8.123), respectively. Then (8.103) implies the consistency
biWh. 1) = by Wi wh. @1) — baWi. @) Ywi. @y € Sy (8.137)

where the form b}Il‘ is defined in (8.123).
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We see that instead of (8.124) and (8.125), we define the flux matrix Cj and the
vector dj, by

Npp

Ci (§) = (a;;o (05-9:) +b,€(fvh,¢,~,rp,-)) (8.138)

i,j=1
and

Nip

P 1 [« _ =
d ({f;k_l},zl,s):(a(Zan,iwﬁ ’,wi)+bh(wh,<o,~>) . (8.139)
i=1

i=1

respectively. Here @; € By, i = 1,..., Ny, are the basis functions, £ € RVw
and&,_; € RMw, [ =1,...,n, are the algebraic representations of w;, € Spp and
w];l_l € Spp, 1 =1, ..., n, respectively. Finally, using (8.135) and (8.137)—(8.139),
we have

Fr({&ii)_ 60 = ChEpE, —dn({Er)_, 60, k=1,....r. (8.140)

Let us note that the flux matrix C;, given by (8.138) has the same block structure as
the matrix C;, defined by (8.124). The sequence of nonlinear algebraic systems can
be solved by the damped Newton-like iterative process (8.127) and (8.128) treated
in Sect. 8.4.4.

Concerning the initial guess 52 for the iterative process (8.127) and (8.128),
we use either the value known from the previous time level given by (8.129), i.e.,
& 2 =&,_1, k=1,...,r, oritis possible to apply a higher-order extrapolation from
previous time levels similarly as in the high-order semi-implicit time discretization
from [88]. Hence, we put

n
8= Bk s k=1,....r (8.141)

=1
where&,_;, [ =1, ..., n, correspond to the solution w’,‘l_l at the time level #;_; and
Bni, I = 1,...,n, are coefficients depending on time steps tx—;, [ = 0, ..., n.

Table 8.4 shows the values of B, ;, [ = 1,...,n, forn =1, 2, 3. In Table 8.5, these
coefficients are expressed in terms of the time steps.

Remark 8.19 Similarly as in Remark 8.15, if we carry out only one Newton-like
iteration at each time level, put A’ = 1, the matrix C is updated at each time step
and use the extrapolation (8.141); then the implicit method (8.134) reduces to the
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Table 8.4 Values of 8,;, [ = 0,...,n, forn = 1,2,3 for constant and variable time steps,
Ok =t/tk—1, k=1,2,...,r

Constant time step Variable time step

n=1 n=2 n=3 n=1 n=2 n=3
B 1 2 3 1 146 (1.;,.90%
Bn.2 -1 =3 —6k —Ok OkOk—1+0k—1+1)
Bn.3 1 Orbr—1 %

Table 8.5 Values of B, ; expressed in terms of time steps

n=1 n=2 n=3
Bl 1 T+Th—1 (Tt Th—1 +Tk—2) (T +Tk—1)
n, Th—1 Tp—1 (Tk—1+Tk—2)
Buo _ T _ (et m—1+m%—2)
m, Th—1 Th—1Tk—2
B8 T (T +T—1)
n.3 Th—2(Tk—1+7k—2)

high-order semi-implicit time discretization approach presented in [93, 133], which
can be formulated in the following way: We seek the finite sequence of functions
{wﬁ}zzo such that

wk e S, k=0,1,....7, (8.142a)
1 Zn:a wh=! +b iﬁ wh=l wk =0 (8.142b)
o niWy, s @n h n Wy, sWh @p | = .

=0 =1

V(thShp, k=1,...,r

Similarly as in (8.134), w2, R wZ_l are defined by (8.134c) and (8.134d). Here,

Bni, I = 1,...,n, are coefficients introduced above and I;h is the form given by
(8.131), i.e.,

by (wn. Wi, 1) = bf bn. Wi, ;) — ba(Wi.@1). Wi, @, € Spp.
Obviously, i)h is consistent with by, because b, (wp, @) = I;h Wh, wp, @) for all

Wh, @), € Spp. Problem (8.142) represents a sequence of systems of linear algebraic
equations.
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8.4.6 Choice of the Time Step

The choice of the time step has a great influence on the efficiency of the BDF-DGM.
We already mentioned that the implicit time discretization allows us to choose the
time step many times larger than an explicit scheme. Too large time step causes the
loss of accuracy and too small time step reduces the efficiency of the computation.

On the other hand, in the beginning of the computation, we usually start from
a nonphysical initial condition and a large time step may cause failure of the com-
putational process. Therefore, the aim is to develop a sufficiently robust algorithm
which automatically increases the time step from small values in the beginning of the
computation to larger values, but which also ensures accuracy with respect to time.

The standard ODE strategy chooses the size of the time step so that the corre-
sponding local discretization error is below a given tolerance, see, e.g., [161]. Very
often, the local discretization error is estimated by a difference of two numerical
solutions obtained by two time integration methods. However, we have to solve two
nonlinear algebraic systems at each time level which leads to higher computational
costs, see [103].

In this section we present a strategy, which is based on a very low cost estimation
of the local discretization error. For simplicity, we deal only with the first-order
method, but these considerations can be simply extended to higher-order schemes.
Let us consider the ordinary differential equation

dy
y = T S, y(©0) = yo, (8.143)
wherey : [0, T] - R, f : R — Rand yp € R. We assume that problem (8.143) has
a unique solution y € C2([0,T]). Moreover,let0 =tg < t] <th < --- < t, =T
be a partition of [0, T']. We denote by y; = y(#) an approximation of the solution y
atty, k =1, ..., r. The backward Euler method reads as

Ve =Yk—1+wfOw),  k=1,2,....r (8.144)

where 1, = #; — tx—1. By the Taylor theorem, there exists 6 € [fx—1, #] such that
the corresponding local discretization error Ly has the form

1
Li=3 2" (6k), Ok € (tr—1, 10, (8.145)

where y” denotes the second-order derivative of y.

Our idea is the following. We define the quadratic function yi : [tx—2, ] — R
such that yx (tx—;) = yx—i, [ = 0, 1, 2. The second-order derivative of y; is constant
on (tx—2, tx). We use the approximation

1 -
|Lg| ~ L = 5 ZI571. (8.146)
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Let w > 0 be a given tolerance for the local discretization error. Our aim is to choose
the time step as large as possible but guaranteeing the condition leipp <ow k=
1, ..., r.On the basis of (8.146), we assume that

1 .
= E(r,fpt)zly,é’l, (8.147)

where t,gpt denotes the optimal size of 7. We express |3;| from (8.146), insert it in

P
1,2
= (%) . (8.148)
Lk

On the basis of the above considerations, we define the following
Adaptive time step algorithm

(8.147) and express ‘L']? “as

(1) letw > 0,k > 1, yk—1, yk—2 € R and 73 > 0 be given,
(2) compute yi by (8.144),
(3) from [tx—;, yx—1], L =0, 1, 2, construct yy,
(4) compute ;™" by (8.146) and (8.148),
) ifg” = w
then

. . t .
(i) put g1 = min(z,”, ci7, T,

(i) putk =k +1
(iii) go to step 2)
else

@) put = 7.7,

(i) go to step 2).

The constant ¢; > 1 restricts the maximal ratio of two successive time steps. It is
possible to use the value ¢; = 2.5. The value T™ restricts the maximal size of the
time step for practical reasons. For example, t™* = 27,10'2, but any sufficiently
large value yields similar results. If the else branch in step (5) of the algorithm is
reached, then on each time level we solve more than one algebraic problem, which
is expensive. However, this branch is reached very rarely in practice. It may occur
only if the initial time step 7 or the constant ¢| are chosen too large.

This approach is extended to a system of ODEs in the following way. Let y, € RY
be an approximation of the solution of the system of ODEs at#;, k =0, 1, ... . For
each time level 7, we define a vector-valued quadratic function y; (¢) : [fx—2, tk] —
RY such that ¥Yi(tk—1) = yx_;, 1 =0, 1,2. Then the optimal time step is given by
(8.148) with the approximation of the local discretization error

1
L = 5r,3|y;g|, (8.149)
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where y; € RY denotes the second-order derivative of ¥ « () with respect to ¢. The
adaptive time stepping algorithm remains the same, yy is replaced by y; and (8.146)
is replaced by (8.149).

Concerning the choice of the first two time steps in the case of the solution of the
Euler equations, we use the relation (8.94), namely

K
7 = CFL min K] T , k=0,1, (8.150)
kKeJy maxrcokx o(Pwy | r)II|

where o (IP(wﬁ |r)) is the spectral radius of the matrix IP(w’fl |r,nr) givenby (8.17) on
I' € %} and the value CFL is the initial Courant—Friedrichs—Lewy number. In order
to avoid drawback resulting from a nonphysical initial condition (which is the usual
case), we put CFL = 0.5. Thus 7y and t; correspond to the time steps used for the
explicit time discretization with this CFL value. This choice may be underestimated
in some cases, but based on our numerical experiments, it is robust with respect to
the flow regime.

Remark 8.20 The presented technique can be simply extended to n-step BDF-DGM.
For n > 1 we derive (instead of (8.146)) the relation szp = r,?“ |j,£"+l) |, where
¥, > 0. Then relations (8.147) and (8.148) have to be modified.

Remark 8.21 1In order to accelerate the convergence to the steady state solutions, it
is possible to apply local time stepping. However, our aim is to develop a scheme
which can also be applied to nonstationary problems. Therefore, we consider only
global time stepping.

8.4.7 Structure of the Flux Matrix

The flux matrix C;, given by (8.124) can be written in the form

_ 1 _
Cu(€) = ;Mh + By (&), (8.151)

where

_ N,
M = (e @), Buff) = (b;Ll(Wh,goj,goi))i’;i]. (8.152)

The matrix My, is called the mass matrix. If the basis in Sy, is constructed elementwise
(i.e., the support of each basis function is just one simplex from 7},), then M, is block
diagonal. Similarly, the matrices Bj, and therefore C;, have a block structure. By virtue
of (8.123), we easily find that each block-row of B corresponds to one element
K € 9, and contains a diagonal block and several off-diagonal blocks. Each oft-
diagonal block corresponds to one face I € .%#. See Fig. 8.4, where an illustrative
mesh and the corresponding block structures of matrices M, and Cj, are shown.
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Fig. 8.4 Example of a
triangular mesh with
elements K, u=1,...,6
(top) and the corresponding
block structure of the
matrices M, (center) and Cy,
(bottom)
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Similarly, the vector dj, from (8.125) can be written as

_ 1 _
d(§r-1,8) = ;mh( 1) + un(€), (8.153)

where

mp (1) = ((w’;",fpi))%vhp up(E) = (i)h(ﬁ’h"Pi))NhI;. (8.154)

i=1 i=
If the time step tx in (8.151) is small enough, then the matrix M, /7y dominates
over By. Hence, if we construct a basis of Sy, which is orthonormal with respect

to the L?-scalar product, then M), is the identity matrix and the linear algebraic
problems (8.128) is solved easily for small .

Remark 8.22 On the other hand, there exists a limit value T > 1, such that for
any 1 > t° we have

Ci(E) =B(E). &R, (8.155)

where the symbol = denotes the equality in the finite precision arithmetic. Similarly,
for any 1 > t° from (8.153) and (8.154) we obtain the relation

dp(§i-1.8) = un(§). (8.156)

This means that C;, as well as dj, are independent of the size of t;. Moreover, by
virtue of (8.126), problem (8.98)

0=Fp&r_1;8) =CpE)E —dn§r_1.8p) (8.157)
=By Eér —uny), k=1,....r,

is independent (in the finite precision arithmetic) on the size of t; provided that
T > T°°. Our numerical experiments indicated that limit value o, & 10'2 in the
double precision arithmetic.

8.4.8 Construction of the Basis in the Space Spy

In this section we present one possibility, how to construct a basis By, = {¢;(x), i =
1, ..., Npp}inthe space Sy, in order to solve efficiently the Euler equations with the
aid of the DGM. Obviously, it is advantageous to use functions from By, with small
supports. Since Sy, consists of discontinuous functions, for each element K € 7}, it
is possible to define a local basis

Bx = {:/;K,,- € Sip: supp (Yx) C K, i = 1N} (8.158)
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with ¥ ; € (Pp(K))" (= the space of vector-valued polynomials of degree < p

on K € .9,), where N = dd#ﬂle (p + j) is its dimension. Then the basis By, will
be a composition of the local bases Bx, K € 7},.

Let
d
K={(G....8): £ =0, i=1,....d D> %<1 (8.159)
i=1
be the reference simplex. We consider affine mappings
Fx :K > RY,  Fx(K)=K, Ke.Z. (8.160)

(In Sect. 8.6 we deal with curved elements. In this case Fk is a polynomial mapping
of degree > 1.)

On the reference element K we define a basis in the space of vector-valued poly-
nomials of degree < p by

S, =@, (8.161)
d

Sp={bmnaGro . R) = ML G = £)™5 ni,..na =0, > nj < p},
j=1

where (X1, ..., £9) is the barycenter of K . The dimension of the space spanned over

the set S‘p is N = %H;’:

process applied to S p We obtain the orthonormal system {qA& i J=1,..., N }. The
Gram-Schmidt orthonormalization on the reference element can be easily computed,
because N is small (moreover, the orthonormalization can be done for each com-
ponent of Sy, independently). Hence, this orthonormalization does not cause any
essential loss of accuracy.

Furthermore, let Fx, K € ., be the mapping introduced in (8.160). We put

1 (p=+j).By the Gram—Schmidt L? (I% )-orthonormalization

Bk =¥k ;i ¥k ,(0)=¢;(Fg'(x), xeK, j=1,....N}, (8162

which defines a local basis Bx for each element K € .7, separately. For an affine
mapping Fx the basis By is L?(K)-orthogonal with respect to the L?-scalar product
and the blocks Mg g of the mass matrix M given by (8.152) are diagonal. If Fx is not
afine, then the orthogonality of Bk is violated. However, in practical applications,
the curved face Kx N 052 is close to a straight (polygonal) one (see Sect. 8.6), and
thus the matrix block Mg g is strongly diagonally dominant.

Finally, a composition of the local bases B, K € .7}, defines a basis of S hps1.€.,

Bip =¥k, ¥k, €Bk. j=1.....N, K € T}, (8.163)
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which is, for affine mappings Fgx, K € .9, the L2-orthogonal basis of Sy,. In
case that Fi is not an affine mapping for some K € T, the L?-orthogonality is
violated, i.e., (IIIK’i, ¢K,j) #0fori,j=1,...,N,i # j. However, since Fk is
usually close to an affine mapping, we have |(¥ ;. ¥ ¢ ;)| < |(Wx.i. ¥k.;)| for
ij=1,....N,i#j.

Remark 8.23 1t is possible to find that every entry of Fj and/or C;, depends on wy,
on at most two neighbouring elements. This is a favourable property which simplifies
the parallelization of the algorithm.

8.4.9 Steady-State Solution

Very often, we are interested in the solution of the stationary Euler equations, i.e.,
we seek w : 2 — 2 (2 is given by (8.12)) such that

d
zaf ™) o, (8.164)

where w is the steady-state vector and f,, s =1, ..., d, are the Euler fluxes defined
in (8.9) and (8.10), respectively. This system is equipped with boundary conditions
(8.37), discussed in detail in Sect. 8.3.

The stationary Euler equations can be discretized in the same way as the non-
stationary ones, omitting only the approximation of the time derivative.

Definition 8.24 We say that w;, € Sy, is a DG approximate solution of (8.164) if
bywn, @) =0 Yo, € Spp, (8.165)

where by, is given by (8.93). We call wj, the steady-state solution of the Euler
equations.
With the aid of the notation introduced in Sect. 8.4.2, we can formulate (8.165)
as the algebraic problem to find £ € RV» such that
F35() =0, (8.166)

where £ is the algebraic representation of wy, by the isomorphism (8.96) and

Nip Nip

F)® §) = bh(zéjww) €R. (8.167)
j=1

i=
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By virtue of (8.137), (8.152) and (8.154), we have

F33(6) =BE)E —upE), &eRVw, (8.168)

Problem (8.166) represents a system of nonlinear algebraic equations. It can be
solved directly by the (damped) Newton method, see [164]. Another very often used
possibility is to apply the time-marching (or time stabilization) method based on
the solution of the nonstationary Euler equations (8.8) and to seek the steady-state
solution as a limit of the nonstationary solution for + — oo. This means that the
methods for solving unsteady flow are applied as iterative processes, assuming that
wy = limk_,oowﬁ. The nonstationary computational process is stopped, when a
suitable steady-state criterion is achieved.

The usual steady-state criterion often used for explicit time discretization reads
(for an orthonormal basis) as

owy,
ot

NN = iIIWIIZ —wy! 222y = lIEk — &1 <TOL, (8.169)
L2(£2) Tk Tk
where wl,‘l_l, [ = 0, 1, denote the values of the approximate solution at time levels
tr—, I = 0,1, &,_;, | = 0,1, are their algebraic representations given by the
isomorphism (8.96) and TOL is a given tolerance.

Criterion (8.169) is not suitable for the implicit time discretization, when very

large time steps are used, see [102, Sect.4.3.1.]. Then it is suitable to use the steady-
state residual criterion

|FSS )| = IBE &, — un(€p)| < TOL, (8.170)

which is independent of 7; and measures the residuum of the nonlinear algebraic
system (8.167).

However, it is an open question as to how to choose the tolerance TOL in (8.170),
since the residuum depends on the size of the computational domain £2, on the
magnitude of components of wﬁ, etc. Therefore, from the practical reasons, we use
the relative residuum steady-state criterion

SS
SSres(k) := IFy @Ol _ TOL, (8.171)

CIFSEY T

which already does not suffer from the mentioned drawbacks. Here £ is the algebraic
representation of the initial state w%.

Another possibility are the stopping criteria which follow from the physical nature
of the considered problem. E.g., in aerodynamics, when we solve flow around a 2D
profile, we are often interested in the aerodynamic coefficients of the considered flow,
namely coefficients of drag (cp), lift (c1) and momentum (cyr). In the 2D case, the
coefficients cp and ¢, are defined as the first and second components of the vector
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i)
S pnds, (8.172)
%poo|voo|2Lref Tprof

where poo and v, are the far-field density and velocity, respectively, Ly is the
reference length, I'yof is the profile, 7 is outer unit normal to the profile pointing
into the profile and p is the pressure. Moreover, cj; is given by

1

1—/ (x — xpef) X prdS, (8.173)
fpoo|voo|2eref Fpmf
where xref is the moment reference point. We adopt the notation x X y = x1y2 —x2y1
forx = (x1,x2), y = (31, y2) € R%.

Then it is natural to stop the computation when these coefficients achieve a given
tolerance tol, e.g.,

Acy (k) < tol, Acq(k) = max cq(l) — min cy(l), (8.174)
I=k,...k I=k,...k

=K,...,

where « = D, L and M (for the drag, lift and momentum), cy (k) is the value of
the corresponding aerodynamic coefficient at the kth-time level and k is the entire
part of the number 0.9 k. This means that the minimum and maximum in (8.174) are
taken over the last 10 % of the number of time levels.

In contrast to the tolerance TOL in (8.171), which has to be chosen empirically,
the tolerance tol in (8.174) can be chosen only on the basis of our accuracy require-
ments (without any previous numerical experiments). Since the absolute values of
aerodynamic coefficient are (usually) less than one, the stopping criterion (8.174)
with tolerance, e.g., tol = 1074, gives accuracy of the aerodynamic coefficients for
3 decimal digits.

Finally, let us note that since we seek only the steady-state solution, we do not
need to take care of an accurate approximation of the evolution process. Therefore,
we can choose the time step 7 relatively large. Hence, the tolerance w appearing in
(8.148) can also be large.

8.5 Shock Capturing

In higher-order numerical methods, applied to the solution of high speed flows with
shock waves and contact discontinuities, we can observe the Gibbs phenomenon
manifested by spurious (nonphysical) oscillations in computed quantities propa-
gating from discontinuities. In the standard Galerkin finite element methods, these
oscillations propagate far into the computational domain. However, in DG numeri-
cal solutions the Gibbs phenomenon is manifested only by spurious overshoots and
undershoots appearing in the vicinity of discontinuities. These phenomena do not
occur in low Mach number regimes, when the exact solution is regular, but in the
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high-speed flow they cause instabilities in the numerical solution and collapse of the
computational process.

In order to cure this undesirable feature, in the framework of higher-order finite
volume methods one uses suitable limiting procedures. They should preserve the
higher-order accuracy of the method in regions where the solution is regular, and
decrease the order to 1 in a neighbourhood of discontinuities or steep gradients. These
methods are based on the use of the flux limiter. See e.g., [127] and citations therein.
In [57, 62], the finite volume limiting procedures were generalized also to DGM.

Here we present another technique, based on the concept of artificial viscosity
applied locally on the basis of a suitable jump (discontinuity) indicator.

8.5.1 Jump Indicators

Approximate solutions obtained by the DGM are, in general, discontinuous on inter-
faces between neighbouring elements. If the exact solution is sufficiently regular,
then the jumps in the approximate solution are small and, as follows from the theory
as well as numerical experiments, tend to zero if 4 — 0.

The DG solution of inviscid flow can contain large inter-element jumps in subdo-
mains, where the solution is not sufficiently smooth, i.e., in areas with discontinuities
(shock waves or contact discontinuities). Numerical experiments show that the inter-
element jumps in the approximate solution are [w,]r = O(1) on discontinuities,
but [wylr = O(hp‘H) in the areas where the solution is regular. This inspires us
to define a jump indicator, which evaluates the inter-element jumps of the approx-
imate solution. On general unstructured grids, it appears to be suitable to measure
the magnitude of inter-element jumps in the integral form by

/ wi1l>dS, K € (8.175)
KNS

on interior faces I' € %, hI , where wy, 1 denotes the first component, i.e., the density
pn corresponding to the state wj. (Here we take into account that the density is
discontinuous both on shock waves and contact discontinuities.)

This leads us to the definition of the jump indicator in the form

fakm.@[wh,l]z ds
IK| X rcakne diam(I")’

gxwp) = K ¢ 9, (8.176)

where | K| denotes the d-dimensional measure of K and diam(I") is the diameter of
I'". We see that we have

O (h?P) for K € .9, where the solution is smooth,

O(h™2) for K € .7, near discontinuities. ®.177)

gx (wp) = [
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Thus, gg — 0 for & — 0 in the case when K € .7}, is in a subdomain where the
solution is regular, and gx — oo for & — 0 in the case when K € 7, is in the
vicinity of a discontinuity.

There are various modifications of this indicator, as for example,

gK<wh>=/ [wh1°dS /(g | K, K € F, (8.178)
0K

in the 2D case, proposed in [98] and applied in [133]. The indicator gx was con-
structed in such a way that it takes an anisotropy of the computational mesh into
account. It was shown in [98] that the indicator gx (w;,) identifies discontinuities
safely on unstructured and anisotropic meshes.

Now we introduce the discrete jump (discontinuity) indicator

Gxwp) =0, if gxwp) <1, Ggwp) =1, if gg(wp) =1, K e .
(8.179)

Numerical experiments show that under the assumption that the mesh space size
h < 1, it is possible to indicate the areas without discontinuities checking the con-
dition Gk (w,) < 1. On the other hand, if Gg (wy,) > 1, the element K is lying in a
neighbourhood of a discontinuity.

However, it appears that the above discrete discontinuity indicators and the artifi-
cial viscosity forms (8.181) and (8.182) introduced in the following section are too
strict. Particularly, it may happen in some situations that the value of gx in (8.176)
is close to 1 and then during the computational process the value G ¢ from (8.179)
oscillates between 1 and 0. This can disable to achieve a steady-state solution. There-
fore, it is suitable to introduce some “smoothing” of the discrete indicator (8.179).
Namely we set

0, if gxWpn) < &min,

— 1o 8k Wi) — (Emax — Emin) 1 : L.
GK(wh) = 7 Sin (JT m) + bR if gK(wh) € [‘i:mmy émax),

1, if gxwWp) > Emax,

(8.180)

where 0 < &nin < &max. In practical applications, it is suitable to set £y, = 0.5 and
Emax = L.5.

8.5.2 Artificial Viscosity Shock Capturing

On the basis of the discrete discontinuity indicator we introduce local artificial viscos-
ity forms, which are included in the numerical schemes for solving inviscid compress-
ible flow. For example, we define the artificial viscosity form B, : Sp, x Spp X Spp
— R by



450 8 Inviscid Compressible Flow

B Ovn Wi, 1) =vi D hKGK(wh)/ Vwy, - Ve, dx (8.181)
Ke9, K
with v = O(1). Since this artificial viscosity form is rather local, we propose to

augment it by the form y, : Spp X Spp X Spp — R defined as

_ 1 _ _
Y %h, Wi, @) = v2 FZIE(GK}L)(Wh)‘FGK;_R)(Wh)) /F [wi] - [@4]1dS,
€7,

(8.182)

where v, = O(1) and K }L), K }R) € 9, are the elements sharing the inner face
I e ﬂhl . This form allows strengthening the influence of neighbouring elements
and improves the behaviour of the method in the case, when strongly unstructured
and/or anisotropic meshes are used. These artificial viscosity forms were introduced
in [133], where the indicator (8.179) was used.

Because of the reasons mentioned already above, using the discontinuity indicator
(8.180), we also introduce more sophisticated artificial viscosity forms B,y :
Sip % Shp x Spp — R, defined as

B wh @) =vi > Gmh)h”;/ Vwi - Vo dx, (8.183)
Ke9}, K

and

_ 1 _ _
Yo W) =v2 > 7 (G W) + G g (W) h"}z/F[Wh]-[tph]dS,
rez]
(8.184)

with the parameters a1, o, V1, v2 = O(1).

The described approach was partly motivated by the theoretical paper [188]. How-
ever, the artificial viscosity was applied there in the whole domain, which can lead to
a nonphysical entropy production. In our case, it is important that the discrete indi-
cators G vanish in regions where the solution is regular and the artificial viscosity
acts only locally in the vicinity of discontinuities. Therefore, the scheme does not
produce any nonphysical entropy in regions where the exact solution is regular.

The artificial viscosity forms B, and y, are added to the left-hand side of
the numerical schemes presented in previous sections. For example, the backward
Euler—discontinuous Galerkin method with shock capturing now reads as

1 _

Ve, €8, k=1,...,r. (8185)
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Equalities (8.185) represent a system on nonlinear algebraic equations. In the case
when the artificial viscosity forms B, and y;, are defined with the aid of the jump

indicator (8.180), the discrete problem can be solved by the Newton-like method,
presented in Sect. 8.4.3. Namely, in (8.97), we replace bj, (w’;l, @;) by

bWh. ;) + By W, wh.0,) + v, W, wh.9,).
and, in (8.124), we replace b,Ll(Wh, @i Pi) by

bﬁ(ﬁ’hs‘/’j,%) +ByWn, @, 9:) +ViWh, 0, 9;).

Also in other schemes we proceed in a similar way. The discrete problem with
higher-order time discretization and shock capturing reads as

wh e Sy, k=0,1,...,7, (8.186a)
n
Tik(;an,lwz_lvwh) + by (Wﬁ ‘Ph) + Bu Wk wh @) + v, Wk wh @) =0
Yo, €S, k=n,...,r, (8.186b)
where wg, e, wZﬁl are defined by (8.134c¢) and (8.134d).

Similarly we formulate the higher-order semi-implicit scheme with shock
capturing:

wk € Spp, k=0,1,....,7, (8.187a)
1 n n n
L (z e ¢h) b (z Bt wz,«)h) B, (z Bk ¢h)
k =0 =1 =1
n
—i—yh(Zﬁan'Z’,w';l,(ph):O V@, € Sip, k=n,....r, (8.187b)
=1

where wg, R wz_l are defined by (8.134c) and (8.134d). Problem (8.187) rep-
resents again a sequence of systems of linear algebraic equations. In this case the
artificial viscosity can be defined by any jump indicator introduced in Sect. 8.5.1.

8.5.3 Numerical Examples

In this section we present the solution of some test problems showing the performance
of the shock capturing technique introduced above.

We consider transonic inviscid flow past the profile NACA 0012 given by the
parametrization
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Fig. 8.5 Geometry of the NACA 0012 profile

0.12
|:x, iW(O.2969f— 0.126x — 0.3516x2 + 0.2843x3 — 0.1015x4)] , x €[0,1],

see Fig.8.5. We consider the far-field Mach number My, = 0.8 (see (8.7)) and the
angle of attack « = 1.25°. (Let us note that tano = v /vy, where (vi, v3) is the
far-field velocity vector.) This flow regime leads to two shock waves (discontinuities
in the solution). The shock wave on the upper side of the profile is stronger than the
shock wave on the lower side.

We seek the steady-state solution of the Euler equations (8.8) with the aid of
the time stabilization technique described in Sect. 8.4.9, using the backward Euler—
discontinuous Galerkin method (BE-DGM) (8.95). The nonlinear algebraic systems
are solved by the Newton-like iterative process (8.127)—(8.128).

We employ two unstructured triangular grids with piecewise polynomial approx-
imation of the boundary described in Sect.8.6. The first grid is formed by 2120
triangles and is not adapted. The second one with 2420 elements was adaptively
refined along the shock waves by ANGENER code [84] developed in papers [83, 85,
100]. See Fig.8.6. The problem was solved by the DGM using the P, polynomial
approximations with p = 1, 2, 3.

Figure 8.7 shows the Mach number isolines and the distribution of the Mach
number along the profile in dependence on the horizontal component obtained with
the aid of the Py and P, approximation on the non-adapted mesh without the shock
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Fig. 8.6 Transonic inviscid flow around the NACA 0012 profile (M = 0.8, « = 1.25°): the
non-adapted (left) and the adapted (right) computational meshes
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DGM: p=1, without shock capturing DGM: p=1, without shock capturing
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DGM: p=2, without shock capturing DGM: p=2, without shock capturing
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Fig. 8.7 Transonic inviscid flow around the NACA 0012 profile (M, = 0.8, o = 1.25°): DGM
with Py approximation (fop) and P, approximation (bottom), Mach number isolines (left) and the
distribution of the Mach number along the profile (right) on a non-adapted mesh without the shock
capturing technique

capturing technique. We observe overshoots and undershoots in the approximate
solution near the shock waves. Let us note that the P; computation failed.

Figure 8.8 shows the results obtained with the aid of the P;, P, and Pz approxima-
tions on the non-adapted mesh with the shock capturing technique. We can see that
the nonphysical overshoots and undershoots are mostly suppressed. Finally, Fig. 8.9
shows the results for P, P, and P53 approximations on the adapted mesh with the
shock capturing technique. We see that a very good resolution of the shock waves
was obtained.

Further numerical experiment can be found in Sect. 8.7.4, where an example of
the supersonic flow past the NACA 0012 profile is presented.
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Fig. 8.8 Transonic inviscid flow around the NACA 0012 profile (M = 0.8, « = 1.25°): DGM
with Py approximation (fop), P, approximation (center) and P3 approximation (bottom), Mach
number isolines (left) and the distribution of the Mach number along the profile (right) on a non-
adapted mesh with the shock capturing technique
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Fig. 8.9 Transonic inviscid flow around the NACA 0012 profile (M = 0.8, « = 1.25°): DGM
with P; approximation (fop), P> approximation (center) and P3 approximation (bottom) and with
boundary approximation, Mach number isolines (left) and the distribution of the Mach number
along the profile (right) on an adapted mesh with the shock capturing technique
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8.6 Approximation of a Nonpolygonal Boundary

In practical applications, the computational domain £2 is usually nonpolygonal, and
thus its boundary has to be approximated in some way. In [25], Bassi and Rebay
showed that a piecewise linear approximation of 92 can lead to a nonphysical
production of entropy and expansion waves at boundary corner points, leading to
incorrect numerical solutions. In order to obtain an accurate and physically admissible
solution, it is necessary to use a higher-order approximation of the boundary. We
proceed in such a way that a reference triangle is transformed by a polynomial
mapping onto the approximation of a curved triangle adjacent to the boundary 952.

8.6.1 Curved Elements

Here we describe only the two dimensional (d = 2) situation, the case d = 3 has to
be generalized in a suitable way. Let K be a triangle with vertices PL, [ = 1,2, 3,
numbered in a such way that P11< and PIZ( lie on a curved part of 92 and P13< lies in
the interior of 2. By I" we denote the edge Pll( P12<- Moreover, we assume that P}<
and P,% are oriented in such a way that £2 is on the left-hand side of the oriented
edge from Pll{ to P12<, see Fig. 8.10. We consider elements having at most one curved
edge. The generalization to the case with elements having more curved edges is
straightforward.

Let g > 2 be an integer denoting the polynomial degree of the boundary approx-
imation. We define ¢ — 1 nodes PIS’/, j=1,...,9 —1,lying on 92 between PII<

and P,Z( in such a way that nodes P,g’j , J=1,...,q—1,divide the curved segment
of 952 between P1]< and P,z< into g parts having (approximately) the same length. We

assume that P,g 7 j=1,...,9 — 1, are ordered with an increasing index on the

3 3
K K

o0 o0

Fig. 8.10 Triangle K with vertices Pk1 and Plz( lying on a nonpolygonal part of 3£2; adding one
(left) and two (right) nodes on 952
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path along 952 from Pll( to PIZ(. See Fig. 8.10 showing a possible situation for g = 2
and g = 3.
Let
K={Gi): %20, i=12 % +&h <1 (8.188)

be the reference triangle. In K, we define the Lagrangian nodes of degree g by

Q.

PUa=li/g:j/q). 0<i<q. 0<j<q 0<i+j<q. (8.189)
i.e., the vertices of K are the points ISO‘O, PO1and P10, .
Let K be the triangle with vertices P! , 1 =1,2,3, and let Plg’/ €082, j =

1,..., g — 1, be the points lying on 92 between PII< and P,z( as described above. We
define the Lagrangian nodes of degree g of K by

q

Obviously, PI(?O = P,l(, P,l(;0 = P,z( and Pl(?l = P,3(.
Then, there exists a unique polynomial mapping Fx : K — R%of degree < g
such that

Fr(PY0) =Pl Fp(P10) = P2, Fx(P%!) =P} are vertices,

, i=1,...,q — 1, arenodes on the curved edge, (8.191)
N L.l

Fg(P4’4) = Plg 7, 0<i<gq,1<j<qg-—1,0<i+j<gq, areothernodes.

The existence and uniqueness of the mapping Fg follows from the fact that a
polynomial mapping of degree ¢ from R? to R? has (g + 1) (g +2) degrees of freedom
equal to the number of conditions in (8.191). Then we obtain a linear algebraic system,
which is regular, since the Lagrangian nodes on K are mutually different and at most
g nodes belong to any straight line.

Then the triangle K will be replaced by the curved triangle

K = Fx(K). (8.192)

The set K is a plane figure having two straight sides and one curved side I”, which
is an image of the reference edge P00 pLi0 gee Fig.8.11.

Using the described procedure, we get a partition F associated with the trian-
gulation .7,. The partition I, called the curved triangulation, consists of triangles
K € ., and curved elements K, associated with triangles K € .7, with one edge
approximating a curved part of 9£2.
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3 _ 0;1
Pp =Py

1 — p00
Py = Py

Fig. 8.11 Mapping Fk : K - K: quadratic (fop) and cubic (bottom)

Remark 8.25 Letus note that the considerations presented in this section make sense
also for g = 1. In this case, any node Plg ! that is not inserted on 92, mapping Fg
given by (8.191) is linear and K = Fx (K) = K is the triangle with straight edges.

Remark 8.26 The concept of the curved element can be extended also to 3D by
defining a polynomial mapping Fg from a reference tetrahedron Ksp into R3 for
each tetrahedron K with one face approximating a curved part of d§2. Then K is
replaced by Fi (I% 3D).

8.6.2 DGM Over Curved Elements

Let .9, be a curved triangulation consisting of (non-curved) simplexes K as well as
possible curved elements K. By virtue of Remark 8.25, a non-curved element can
be considered as a special curved simplex obtained by a linear (¢ = 1) mapping Fk.
Therefore, we do not distinguish between curved and non-curved elements in the
following and we use the symbol K also for curved elements. Moreover, instead of
T, we write ).
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Since .75, may contain curved elements, we have to modify the definition (8.44)
of the space Sy,,. For an integer p > 0, over the triangulation .7}, we define the
finite-dimensional function space

Sip = (Spp)™, Sy =1{v: ve LX), vk o Fx € P,(K)VK € Z;}, (8.193)

where Pp(Ie ) denotes the space of all polynomials of degree < p on the reference

element K and the symbol o denotes the composition of mappings. Hence, instead
of (8.44) and (8.45), we employ definition (8.193).

Remark 8.27 The definition (8.193) of the space Sy, implies that for a curved ele-
ment K, the function wy|g is not a polynomial of degree < p. Moreover, if all
K € 9}, are non-curved (i.e., Fx are linear for all K € .9},), then the spaces defined
by (8.193) are identical with the spaces defined by (8.44) and (8.45).

Now let us describe how to evaluate the volume and boundary integrals over
elements K and their sides I". We denote by

D Fg

o (X), i€k, (8.194)

Jre (X) =

the Jacobian matrix of the mapping F . Since F is a polynomial mapping of degree
q, Jry is a polynomial mapping of degree ¢ — 1 in the variable X = (X1, X2). The
components of the vector-valued test functions ¢, € Sy, from (8.193) are defined on
the curved elements K (adjacent to the boundary 9£2) with the aid of the mapping F .
Hence, for each ¢;, € Sy, and each K € .7}, there exists a function ¢ x € (Pp(le N™
such that

Px(®) =@, (Fx(®)., ek, (8.195)

In the following, we describe how to evaluate the volume and face integrals appear-

ing in the definition of the forms b;, and bﬁ given by (8.93) and (8.123), respectively.

Evaluating the integrals is based on the transformation to the reference element (or
reference edge) with the aid of the substitution theorem.

8.6.2.1 Volume Integrals

The volume integral of a product of two (or more) functions is simply expressed as

/ wh(x, 1) - @p(x)dx = / Wi (X,1) - @g (X)|det Jp ()| dX, K € Ty, 1 €(0,7),
K JR
(8.196)

where Wk (X, 1) = wp| g (Fx (X, 7)) and @ is given by (8.195).
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Moreover, the evaluation of the volume integral of a product of a function and the
gradient of a function requires a transformation of the gradient with respect to the
variable x to the gradient with respect to x. Hence, we obtain

/ Z Fown(x, "’” (x) dx (8.197)

- 6. (3) 0F L (Fr (%
= / fo(ﬁq((fc,t))-z 8"’8?(_)6) K”; K |det Jr, (£)|d%, K € Fp, 1 € (0, T),
K =1 = s

J

where Fp denotes the jth component of the inverse mapping Fj . In order to
compute the inverse mapping Fr , we use the following relation written in the
matrix form:

-1

Fg .. _(DFk
D (FK(X))—( DR

—1
()%)) (8.198)

following from the identity x = Fg (Fy ! (x)). The computation of the inverse matrix
in (8.198) is simpler than the evaluation of F; I

8.6.2.2 Face Integrals

Finally, we describe the evaluation of face integrals along a curved edge in R2.
The three-dimensional case can be generalized in a natural way. Let I € %, be a
(possibly curved) edge of K € Z},. Our aim is to evaluate the integrals

/f(x)dS, /f(x)-n(x)(p(x)dS, (8.199)
r r

where n is the normal vectorto I" and f : I’ — R, f : I' — R? are given functions.
Such type of integral appears in (8.93) in terms containing the numerical flux. Let
us recall the definition of the face integral. If v = (Y(,v¢n) : [0,1] — ["isa
parameterization of the edge I”, then

1
/F F)ds = /0 FOENW (W]©) + (V) de. (8.200)

where ¥/(£), i = 1,2, denotes the derivative of ; (&) with respect to £.

Integrals (8 199) are evaluated with the aid of a transformatlon to the reference
element. Let I be an edge of the reference element K such that K = F K (K ) and
' = Fg(I'). We call I the reference edge. Let

Xp(&) = (xp (€)X, () 1[0, 1] > T (8.201)
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be a parametrization of the reference edge r preserving the counterclockwise
orientation of the element boundary. Namely, the reference triangle given by (8.159)
(with d = 2) has three reference edges parametrized by

xp (§) =(€,0), &€l0,1], (8.202)
xp () =0-£§8), §el0,1],
xp (6) =(0,1-8), &€[0,1]

. . d
Moreover, we use the notation X (§) = FEXF (€) € R? and have

i =(1,0), &el0.1], (8.203)
ip = (=11, &el0.1],
ip =(0.-1), &el0.1].

Therefore, the edge I” is parameterized by

x = Fr(xp () = (Fka(xp(), Fxa(xp(8))) (3.204)
= (FK,l()?ﬁyl(é“),)?ﬁ)z(é)), FK,z(fﬁyl(é),fﬁ)z(E))), & el0,1].

The first integral in (8.199) is transformed by

1/2

1 2 d 2
/F f)ds = /0 f(FK(xf@)))(Z (£FK,,-<xf(s>))) de  (8.205)
i=1
! 2 (9Fki(xp(6)) 2\
i(Xp X
= /O F(Fx (e p(€))) Z(%xm(s)) dé
i,j=1 J

1
:/O FOFR G pED) [Ty (e p ()i 7| dE,

where JF, is the Jacobian matrix of the mapping Fx multiplied by the vector X 5
given by (8.203) and | - | is the Euclidean norm of the vector. Let us note that if Fx
is a linear mapping, then e is a straight edge and |JFK (xpENxp (é)] is equal to its
length.

Now, we focus on the second integral from (8.199). Let ¢ i~ be the tangential vector
to I" defined by

tr(x(§) = (tr,1(x(§)), tra(x(§))) (8.206)

d
= EFK(va(g)) = (Jre, pENIp(E), TR, (X (ENEA(E)) -
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(If I' is a straight line, then ¢ is constant on I, it has the orientation of I" and
|tr| = |I'|.) Now, by the rotation we obtain the normal vector n pointing outside
of K, namely

nr(x(&)) = mri1(x¢)),nrpx))), (8.207)
nr1(x(&)) =tr2x(€)), nrax ) = —tr,1(x(§)).

Here it is important that the counter-clockwise orientation of the elements is consid-
ered. Therefore, from (8.206) and (8.207), we have

nr(x(€) = (Jrg, pENXpE), —Ipg, (xpENEpE)) . (8.208)
Let us note that because n(x(£)) is not normalized, it is necessary to divide it by
lnr(x (&) = |Jrg (xf(g))xﬁ(gn. Finally, similarly as in (8.205), we obtain
/ fx) -n(x) (x)dS (8.209)
r

nr(x())
Inr(x&))l

1
=/0 J(Fx(xp(8) -np(x(§)) @(xp(§)) dé,

1
= /0 F(Fg(xp&) - |Jre (X pENEp ()| @(Fi (xf(8))) deg

where n(x(§)) is given by (8.208) and ¢ was obtained by transformation of the
function ¢: @ (X) = @ (Fk (x)). Let us note that if Fk is a linear mapping, then I is
a straight edge and |n(x(§))| is equal to its length.

8.6.2.3 Implementation Aspects of Curved Elements

The integrals over the reference triangle K and over the reference edge I"in (8.196),
(8.197), (8.205) and (8.209) are evaluated with the aid of suitable numerical quadra-
tures. For the volume integrals we can employ the Dunavant quadrature rules [111],
which give the optimal order of accuracy of the numerical integration. For face
integrals the well-known Gauss quadrature rules, having the maximal degree of
approximation for the given number of integration nodes, can be used. For other
possibilities, we refer to [260].

Finally, let us mention the data structure in the implementation. Let p be an integer
denoting the maximal implemented degree of the polynomial approximation in the
DGM. We put N = (p + 1)(p + 2)/2 denoting the corresponding maximal number
of degrees of freedom for one element and one component of w for d = 2. Hence,
in order to evaluate integrals appearing in (8.93) and (8.123) with the aid of the
techniques presented above and with the aid of numerical quadratures, it is enough
to evaluate (and store) the following quantities:
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e for each K € .7, the determinant det Jr, of the Jacobi matrix and the transposed
matrix to the inversion of the Jacobi matrix Jj, evaluated at the used edge and
volume quadrature nodes,

e the reference basis functions ¢;(x), i = 1, ..., N, with their partial derivatives
3p;(X)/0x;, j=1,2,i=1,... N, on K evaluated at the used edge and volume
quadrature nodes.

8.6.3 Numerical Examples

In this section we present the results of numerical experiments demonstrating the
influence of higher-order approximation of the nonpolygonal boundary. We consider
an inviscid flow around the NACA 0012 profile with the far-field Mach number

o = 0.5 (see (8.7)) and the angle of attack « = 2°. We seek the steady-state
solution of the Euler equations (8.8) with the aid of the time stabilization described
in Sect. 8.4.9, using the BE-DGM (8.95) combined with the Newton-like iterations
(8.127)—(8.128).

The computation was performed on a coarse unstructured triangular grid having
507 elements, refined around the leading edge of the profile by the ANGENER code
[84] (see Fig.8.12). The polynomial approximations P,, p = 1, 3,5, in the DGM
and the polynomial approximations P, g = 1, 2, 3, of the boundary described in
Sect. 8.6 were used. Figures 8.13, 8.14 and 8.15 show results of these computations,
namely Mach number isolines and the Mach number distribution along the profile.

We observe that the P approximation of the boundary produces nonphysical
oscillations in the solution. This unpleasant behaviour disappears for P, or P3 approx-
imation of the boundary. There is almost no difference between P, and Ps. Finally,
it is possible to see that the high-order DG approximation (Ps) gives very smooth
isolines even on a coarse grid.

Fig. 8.12 Subsonic inviscid flow around the NACA 0012 profile (M = 0.5, o = 2°): computa-
tional mesh, detail around the whole profile (left) and around the leading edge (right)
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Fig. 8.13 Subsonic inviscid flow around the NACA 0012 profile (M, = 0.5, « = 2°): DGM with
polynomial approximation with p = 1, boundary approximation with ¢ = 1 (top), g = 2 (center)

and g = 3 (bottom), Mach number isolines (left) and the Mach number distribution around the
profile (right)
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Fig. 8.14 Subsonic inviscid flow around the NACA 0012 profile (M, = 0.5, « = 2°): DGM with
polynomial approximation with p = 3, boundary approximation with ¢ = 1 (top), g = 2 (center)
and g = 3 (bottom), Mach number isolines (left) and the Mach number distribution around the
profile (right)



466 8 Inviscid Compressible Flow

DGM: p=5, g=1 DGM: p=5, g=1
0.9 T T T T

0.8 B

0.7 b

0.6 b

0.5 H B

0.4

0.3 B

02 | B

0.1 | B

DGM: p=5, =2 DGM: p=5, g=2

DGM: p=5, =3 DGM: p=5, g=3
0.8 T T T T

0.7
0.6
0.5

L\ 04

0.3 [

02 | B

0.1 | B

0 ! ! ! !
0 02 04 06 08 1

Fig. 8.15 Subsonic inviscid flow around the NACA 0012 profile (M, = 0.5, « = 2°): DGM with
polynomial approximation with p = 5, boundary approximation with ¢ = 1 (top), g = 2 (center)
and g = 3 (bottom), Mach number isolines (left) and the Mach number distribution around the
profile (right)
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8.7 Numerical Verification of the BDF-DGM

In this section we present computational results demonstrating the robustness and
accuracy of the BDF-DGM for solving the Euler equations.

8.7.1 Inviscid Low Mach Number Flow

It is well-known that the numerical solution of low Mach number compressible flow
is rather difficult. This is caused by the stiff behaviour of numerical schemes and
acoustic phenomena appearing in low Mach number flows at incompressible limit.
In this case, standard finite volume and finite element methods fail. This led to
the development of special finite volume techniques allowing for the simulation of
compressible flow at incompressible limit, which are based on modifications of the
Euler or Navier—Stokes equations. We can mention works by Klein, Munz, Meister,
Wesseling and their collaborators (see e.g. [198, 242], [222, Chap.5], or [282,
Chap. 14]). However, these techniques could not be applied to the solution of high
speed flow. Therefore, further attempts were concentrated on extending these meth-
ods to solving flows at all speeds. A success in this direction was achieved by several
authors. Let us mention, for example, the works by Wesseling et al. (e.g., [175]),
Parker and Munz [231], Meister [221] and Darwish et al. [71]. The main ingre-
dients of these techniques are finite volume schemes applied on staggered grids,
combined with multigrid, the use of the pressure-correction, multiple pressure vari-
ables and flux preconditioning.

In 2007, in paper [133], it was discovered that the DG method described above
allows the solution of compressible flow with practically all Mach numbers, without
any modification of the governing equations, written in the conservative form with
conservative variables. The robustness with respect to the magnitude of the Mach
number of this method is based on the following ingredients:

e the application of the discontinuous Galerkin method for space discretization,
e special treatment of boundary conditions,

e (semi-)implicit time discretization,

e limiting of the order of accuracy in the vicinity of discontinuities based on the
locally applied artificial viscosity,

the use of curved elements near curved parts of the boundary.

In this section we present results of numerical examples showing that the described
DG method allows for the low Mach number flow, nearly at incompressible limit.
First, we solve stationary inviscid low Mach number flow around the NACA 0012
profile similarly as in [20]. The angle of attack is equal to zero and the far-field
Mach number M is equal to 1071, 1072, 1073 and 104, The computation was
carried out on a grid having 3587 elements (see Fig. 8.16, bottom) with the aid of
the 3-steps BDF-DGM with P,, p = 1, 2, 3, 4, polynomial approximation in space.
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The computations are stop when the relative residuum steady-state criterion (8.171)
is achieved for TOL = 107>,

( i
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Fig.8.16 Low Mach number flow around the NACA 0012 profile for far-field Mach number M, =
10—, 1072, 1073 and 10~*, with the aid of P, (left) and Py4 (right) polynomial approximation:
pressure isolines and the used mesh with its detail (bottom)
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Table 8.6 Low Mach number flow around the NACA 0012 profile for far-field Mach number
Moo = 1071, 1072, 1073 and 107*, with the aid of P, p = 1,..., 4, polynomial approximation:
ratios (Pmax — Pmin)/Pmaxs (Pmax — Pmin)/Pmax, drag coefficient cp and lift coefficient ¢y,

Moo p Pmapxr;fmin pmu;r;fmin o crL

107! 1 9.89E—-03 7.08E—-03 2.57E—-04 | 1.46E—-03
107! 2 9.87E-03 7.09E—03 6.63E—05 | 1.20E—-03
107! 3 9.87E-03 7.06E—03 4.26E-05 |7.97E—-04
107! 4 9.87E-03 7.06E—03 1.90E-05 |6.83E—04
1072 1 9.92E—05 7.10E—05 3.80E—04 | 1.80E—-03
1072 2 9.91E-05 7.11E-05 9.63E-05 |1.22E-03
102 3 9.90E—05 7.65E—05 4.68E—05 |1.11E-03
102 4 9.91E-05 7.13E-05 —5.73E—05 |3.01E-04
1073 1 9.92E—-07 7.11E-07 3.95E-04 |1.57E-03
1073 2 9.93E-07 7.56E—07 3.74E—-05 |4.75E—04
1073 3 9.90E—-07 7.08E—07 5.70E-05 |8.96E—04
1073 4 9.90E—-07 7.08E—-07 3.60E-05 |6.64E—04
1074 1 9.88E—09 4.84E—-08 —1.69E—05 |5.42E—-04
1074 2 9.91E-09 8.29E—08 1.17E—-04 | 1.10E-03
1074 3 9.90E—-09 2.51E-08 —9.56E—06 |5.02E—-04
1074 4 9.93E—-09 3.32E-08 —2.80E—04 |3.17E-04

Table 8.6 shows the relative maximum pressure and density variations (Pmax —

Pmin)/Pmax and (Omax — Pmin)/ Pmax. respectively, the drag coefficient cp and the lift
coefficient cy,, see (8.172). Let us note that

Pmax = Maxp;(X), Pmin = MiNPs(X), Pmax = Max pp(x), Pmin = mMin p;(x),
xesf2 xef2 xesf2 xesf?

where pp(x) and pp(x) are the numerical approximations of the pressure and the
density, respectively, evaluated from wy,.

Both the pressure and density maximum variations are of order Mgo, which is
in agreement with theoretical results in the analysis of compressible flow at incom-
pressible limit. One can also see that the drag and lift coefficients attain small values,
which correspond to the fact that in inviscid flow around a symmetric airfoil with
zero angle of attack these quantities vanish. Figure 8.16 shows the pressure isolines
obtained with the aid of P; and P4 approximations.

8.7.2 Low Mach Number Flow at Incompressible Limit

It is well-known that compressible flow with a very low Mach number is very close
to incompressible flow. This fact allows us to test the quality of numerical schemes
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for solving compressible low Mach number flow using a comparison with exact
solutions of the corresponding incompressible flow, which are available in some
cases. Here we present two examples of stationary compressible flow compared with
incompressible flow. The steady-state solution was obtained with the aid of the time
stabilization using the backward Euler linearized semi-implicit scheme (8.130). The
computational grids were constructed with the aid of the anisotropic mesh adaptation
technique by the ANGENER code [84]. In both examples quadratic elements (p = 2)
were applied.

8.7.2.1 Irrotational Flow Around a Joukowski Profile

We consider flow around a negatively oriented Joukowski profile given by parameters
A =0.07,a = 0.5, h = 0.05 (under the notation from [122], Sect. 2.2.68) with zero
angle of attack. The far-field quantities are constant, which implies that the flow is
irrotational and homoentropic. Using the complex function method from [122], we
can obtain the exact solution of incompressible inviscid irrotational flow satisfying
the Kutta—Joukowski trailing condition, provided the velocity circulation around the
profile, related to the magnitude of the far-field velocity, yer = 0.7158. We assume
that the far-field Mach number of compressible flow My, = 10~*. The computational
domain is of the form of a square with side of the length equal to 10 chords of the
profile from which the profile is removed. The mesh (in the whole computational
domain) was formed by 5418 triangular elements and refined towards the profile.
Figure 8.17 (top) shows a detail near the profile of the velocity isolines for the exact
solution of incompressible flow and for the approximate solution of compressible
flow. Further, in Fig. 8.17 (bottom), the distribution of the velocity related to the far-
field velocity and the pressure coefficient distribution around the profile is plotted in
the direction from the leading edge to the trailing edge. The pressure coefficient was
defined as 107 - (p — poo), Where pso denotes the far-field pressure.

The maximum density variation is 1.04 - 1078, The computed velocity circula-
tion related to the magnitude of the far-field velocity is Vrefcomp = 0.7205, which
gives the relative error 0.66 % with respect to the theoretical value y;ef obtained for
incompressible flow.

In order to establish the quality of the computed pressure of the low Mach com-
pressible flow in a quantitative way, we introduce the function

1
B=24 _pp (8.210)
p 2

which is constant for incompressible, inviscid, irrotational flow, as follows from the
Bernoulli equation. In the considered compressible case, the relative variation of the
function B, i.e., (Bmax — Bmin)/Bmax = 3.84 - 107, where Byax = max,co B(x)
and Bpin, = min, e B(x). This means that the Bernoulli equation is satisfied with a
small error in the case of the compressible low Mach number flow computed by the
developed method.
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Fig.8.17 Flow around a Joukowski airfoil, velocity isolines for the exact solution of incompressible
flow (top left) and approximate solution of compressible low Mach number flow (top right), velocity
(left bottom) and pressure coefficient (right bottom) distribution along the profile: exact solution of
incompressible flow (dots) and the approximate solution of compressible flow (full line)

8.7.2.2 Rotational Flow Past a Circular Half-Cylinder

In the second example we present the comparison of the exact solution of incom-
pressible inviscid rotational flow past a circular half-cylinder, with center at the origin
and diameter equal to one, and with an approximate solution of compressible flow.
The far-field Mach number is 10~* and the far-field velocity has the components
v = x2,v2 = 0. The analytical exact solution was obtained in [142]. This flow
is interesting for its corner vortices. The computational domain was chosen in the
form of a rectangle with length 10 and width 5, from which the half-cylinder was cut
off. The mesh was formed by 3541 elements. We present here computational results
in the vicinity of the half-cylinder. Figure 8.18 shows streamlines of incompressible
and compressible flow. Figure 8.18 (bottom) shows the velocity distribution along
the half-cylinder in dependence on the variable ¢ — /2, where ¥ € [0, 7] is the
angle from cylindrical coordinates. The maximum density variation is 3.44 - 1077,

8.7.2.3 Accuracy of the Method

An interesting question is the order of accuracy of the semi-implicit DG method.
We tested numerically the accuracy of the piecewise quadratic DG approximations
of the stationary inviscid flow past a circular cylinder with the far-field velocity
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Fig. 8.18 Flow past a half-cylinder, streamlines of rotational incompressible (fop left) and com-
pressible (top right) flows and the velocity distribution (bottom) on the half-cylinder incompressible
flow (dots) and compressible flow (full line)

parallel to the axis x1 and the Mach number Mo, = 10~*. The problem was solved
in a computational domain in the form of a square with sides of length equal to
20 diameters of the cylinder. Table 8.7 presents the behaviour of the error in the
magnitude of the velocity related to the far-field velocity and experimental order
of convergence (EOC) for approximating of the exact incompressible solution by
compressible low Mach number flow on successively refined meshes measured in
the L°°(£2)-norm.

We see that the experimental order of convergence is close to 2.5, which is com-
parable to theoretical error estimate (in the L>°(0, T'; L*>(£2))-norm) obtained in
Sect.4.6.

8.7.3 Isentropic Vortex Propagation

We consider the propagation of an isentropic vortex in a compressible inviscid flow,
analyzed numerically in [255]. This example is suitable for demonstrating the order
of accuracy of the BDF-DGM, because the regular exact solution is known, and thus
we can simply evaluate the computational error.

Table 8.7 Error in the L°°(£2)-norm and corresponding experimental order of convergence for
approximating incompressible flow by low Mach number compressible flow with respectto 7 — 0

#9 llerror| L= () EOC
1251 5.05E—01 -
1941 4.23E—01 0.41
5031 2.77E—02 2.86
8719 6.68E—03 2.59
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The computational domain is taken as [0, 10] x [0, 10] and extended periodically
in both directions. The mean flowis p = 1,v = (1, 1) (diagonal flow) and p = 1. To
this mean flow we add an isentropic vortex, i.e., perturbation in v and the temperature
6 = p/p, but no perturbation in the entropy n = p/p?:

—1)e2
wexp[l — r2], én =0,

(8.211)

ov =~ exp[(1 — r?)/2)(~2. 51), 80 = —
b 8yw

where (—xp, x1) = (x1 — 5, xp — 5), P2 = )cl2 + x22, and the vortex strength ¢ = 5.
The perturbations §p and ép are obtained from the above relations according to

i =p/p". 0 =5/,
g4s0\ /"D = 7] 5
5p = (T) — 5, 8p = (5 + 8p)(@ + 56) — p.

It is possible to see that the exact solution of the Euler equations with the initial
conditions

p(x,0) =5 +38p, v(x,0)=9+06v, p(x,0) =p+3p, (8:212)

and periodic boundary conditions is just the passive convection of the vortex with the
mean velocity. Therefore, we are able to evaluate the computational error ||w — w¢ ||
over the space-time domain Q7 := £2 x (0, T'), where w is the exact solution and wj,;
is the approximate solution obtained by the time interpolation of the approximate
solution computed by the n-step BDF-DGM with the discretization parameters s and
7. This means that the function wy,; is defined by

wie(x, ) =wk(x), x € 2, k=0,....r, (8.213)

k+1  k k—n+1
th(x,t)|g><1k=$n(wh yWhs oo s Wi " M2

where I = (fx—1, ty) and £" is the Lagrange interpolation of degree n in the space
R x Sy, constructed over the pairs

k—n-+1 k—n-+2 k k+1
(tent1, Wy D, (kmnga, w2, L (e, W), (tegr, wi ).

In our computations we evaluate the following errors:

llen(T)l(r2(s2yym——error over £2 at the final time 7',

len(T)| (g1 (2)y»—error over §2 at the final time 7,

llent Il (z2(@,yym——error over the space-time cylinder £2 x (0, T),
llentll(r20.7: H1(2))ym—=error over the space-time cylinder £2 x (0, 7).

We perform the computation on unstructured quasi-uniform triangular grids hav-
ing 580, 2484 and 10008 elements, which corresponds to the average element size
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Table 8.8 Isentropic vortex propagation: computational errors and the corresponding EOC

h T k=n| llex(T)ll 2| len(Mlgr(ay | lencllz2oq | Nenll20,7; 11 (2))
5.87E—01] 1.00E—02 | 1 8.54E—01 1.69E+4-00 1.71E400 |4.01E400
2.84E—01] 5.00E—03 | 1 3.30E—01 7.56E—01 6.27E—01 1.81E4-00

EOC | (1.31) (1.11) (1.38) (1.09)
1.41E-01| 2.50E—-03 | 1 1.50E—-01 3.51E-01 2.82E-01 |8.66E—01
EOC | (1.13) (1.10) (1.15) (1.06)

5.87E—01] 1.00E—02 | 2 3.93E-02 2.40E—-01 9.64E—-02 |7.10E-01
2.84E—01] 5.00E—03 | 2 3.84E—03 5.05E-02 1.02E-02 | 1.61E—-01

EOC | (3.20) (2.14) (3.09) (2.04)
1.41E—01) 2.50E—03] 2 6.69E—04 | 126E—02 | 1.55E—03 |3.96E—02
EOC | (2.51) (1.99) (2.70) (2.01)

5.87E—01| 1.00E—-02 | 3 3.97E-03 3.75E-02 1.19E-02 | 1.30E-01
2.84E—01| 5.00E-03 | 3 4.89E—-04 5.04E—-03 1.47E—-03 | 1.56E—02

EOC | (2.88) (2.76) (2.88) (2.91)
1.41E—01] 2.50E—03 | 3 1.14E—04 | 7.38E—04 | 3.45E—04 |2.87E—03
EOC | (2.09) (2.76) (2.08) (2.43)

h = 0.587, h = 0.284 and h = 0.141, respectively. For each grid, we employ the
k-step BDF-DGM with P; polynomial approximation, k = 1, 2, 3. We use a fixed
time step T = 0.01 on the coarsest mesh, T = 0.005 on the middle one and
T = 0.0025 on the finest one. It means that the ratio 4/t is almost fixed for all
computations. The final time was set T = 10.

Table 8.8 shows the computational errors in the norms mentioned above for each
case and also the corresponding experimental orders of convergence (EOC). We
observe that EOC measured in the H!-seminorm is roughly O(hk) fork =1,2,3,
cf. Remarks 8.13 and 8.18. On the other hand, EOC measured in the L2-norms are
higher for k = 2 than for k = 3. However, the size of the error is smaller for k = 3
than for k = 2.

Moreover, Fig.8.19 shows the isolines of the Mach number for P; polynomial
approximation on the coarsest mesh and for P3 polynomial approximation on the
finest mesh.

8.7.4 Supersonic Flow

In order to demonstrate the applicability of the described DG schemes to the solution
of supersonic flow with high Mach numbers, we present an inviscid supersonic flow
around the NACA 0012 profile with the far-field Mach number My, = 2 and the
angle of attack o = 2°. This flow produces a strong oblique shock wave in front the
leading edge of the profile. The computation was performed on the anisotropically
refined grid by the ANGENER code [84] shown in Fig.8.20. We observe a strong
refinement along shock waves. Some elements in front of the oblique shock wave are
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Fig. 8.19 Isentropic vortex propagation: the isolines of the Mach number computed with the aid
of Py approximation on the coarsest mesh (/eft) and P3 approximation of the finest one (right)
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Fig.8.20 Supersonic flow around the NACA 0012 profile (Mo, = 2, ¢ = 2°): the grid used, details
around the profile (left) and the leading edge (right)

very obtuse, however the DGM was able to overcome this annoyance. Figure 8.21
shows the Mach number obtained with the aid of the P; approximation. Due to the
applied shock capturing technique presented in Sect. 8.5 (with the same setting of all
parameters o1, oz, v1 and v), a good resolution of the shock waves is obtained.

DGM: p=3
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Fig. 8.21 Supersonic flow around the NACA 0012 profile (M, = 2, « = 2°): Mach number
isolines, around of the profile (left) and at the leading edge (right)



Chapter 9
Viscous Compressible Flow

This chapter is devoted to the numerical simulation of viscous compressible flow. The
methods treated here represent the generalization of techniques for solving inviscid
flow problems contained in Chap. 8. Viscous compressible flow is described by the
continuity equation, the Navier—Stokes equations of motion and the energy equation,
to which we add closing thermodynamical relations.

In the following, we introduce the DG space semidiscretization of the compress-
ible Navier—Stokes equations with the aid of the interior penalty Galerkin (IPG)
techniques. Since the convective terms were treated in detail in Chap. 8, we focus
on discretization of viscous diffusion terms. We extend heuristically the approach
developed in Chap.2. Semidiscretization leads to a system of ordinary differential
equations (ODEs), which is solved by the approach presented in Chap. 8 for the Euler
equations. We demonstrate the accuracy, robustness and efficiency of the DG method
in the solution of several flow problems.

9.1 Formulation of the Viscous Compressible Flow Problem

9.1.1 Governing Equations

We consider unsteady compressible viscous flow in a domain £2 C R? (d = 2 or 3)
and time interval (0, T) (0 < T < 00). In what follows, we present the governing
equations. Their derivation can be found, e.g., in [127, Sect. 1.2].

We use the standard notation: p-density, p-pressure (symbol p denotes the degree
of polynomial approximation), E-total energy, vs-components of the velocity vector
v = (v1,...,vg)T in the directions x5, s = 1,...,d, 8&—absolute temperature,
¢y > O—specific heat at constant volume, ¢, > O—specific heat at constant
pressure, Yy = c¢p/c, > 1—Poisson adiabatic constant, R = ¢, — ¢, > 0—gas
constant, riy , I, j=1,...,d—components of the viscous part of the stress tensor,
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q = (q1,-...,qq4)—heat flux. We will be concerned with the flow of a perfect gas,
for which the equation of state (8.1) reads as

p = Rpb, 9.1

and assume that cp,, ¢, are constants. Since the gas is light, we neglect the outer
volume force and heat sources.

The system of governing equations formed by the continuity equation, the Navier—
Stokes equations of motion and the energy equation (see [127, Sect. 3.1]) considered
in the space-time cylinder Q7 = §2 x (0, T') can be written in the form

d
ap d(pvs)
hiad =0, 9.2
Jat +g‘ 0xg ©-2)

d
8(,0\/, i 8(,0VlVY + 3isp) Z arly
axg

i=1,...,d, (9.3)
s=1 s=1

d 4 3Vv; d
8E+ 8(E+P)Vv) ZM_Z% 9.4)

0x dxg
s=1 s, j=1 § s=1 $

p=( — D(E - pl’/2). 9.5)

As we see, system (9.2)—(9.4) consists of m = d + 2 partial differential equations.
This whole system is usually simply called compressible Navier—Stokes equations.
The total energy is defined by the relation

E = p(cyf + [v)?/)2). (9.6)

This relation allows us to express the absolute temperature 6 in terms of the quantities
E, p and |v|2. The heat flux ¢ = (q1, . . ., qq) satisfies the Fourier law

q = —kVo, 9.7)

where k > 0 is the heat conductivity assumed here to be constant. Furthermore, we
consider the Newtonian type of fluid, i.e., the viscous part of the stress tensor has the
form

av oV
\Y
T =u (ax‘+axS)+w.vask, s,k=1,...,d, (9.8)

where § is the Kronecker symbol and ;> 0 and A are the viscosity coefficients.
We assume that A = —%/,L. It is valid, for example, for a monoatomic gas, but very
often it is also used for more complicated gases.
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Moreover, we recall the definition of the speed of sound a and the Mach number
M by

a=+yp/p, M=]vl/a. 9.9)

It appears suitable to write and solve numerically the Navier—Stokes equations
describing viscous compressible flow in a dimensionless form. We introduce the
following positive reference (scalar) quantities: a reference length L*, a reference
velocity U*, a reference density p*. All other reference quantities can be derived
from these basic ones: we choose L*/U* for t, ,o*U*2 for both p and E, U*3/L*
for heat sources g, U*?/c, for 6. Then we can define the dimensionless quantities
denoted here by primes:

xi =xi/L*, Vi=v;/U*, Vv =v/U*, p =p/p*, (9.10)
0
p'=p/(p*U*), E' =E/(p*U*), 6 = —;2 t'=tU*/L*

Moreover, we introduce the Reynolds number Re and the Prandtl number Pr
defined as

Re = p*U*L* /i, Pr=cpu/k. (9.11)

In the sequel we denote the dimensionless quantities by the same symbols as
the original dimensional quantities. This means that v will denote the dimensionless
velocity, p will denote the dimensionless pressure, etc. Then system (9.2)—(9.4) can
be written in the dimensionless form (cf. [127])

d d
aw afs(w) OR;(w,Vw) .
- —_— = —_— , 9.12
ar T g‘ x,s ; oxs in QOr ©-12)
where
T T
w=Wi,...,wq+2) =(p, pvi,...,pva, E) (9.13)
is the state vector,
Js.1(w) PVs
fs,Z(W) pPVIVs + 81,sp
fsw) = : = : ,s=1,....d, 9.14)
Sfsm—1(w) PVaVs + 845D

fs,m(w) (E +p)vs
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are the inviscid (Euler) fluxes introduced already in (8.10). The expressions

Ry, 1(w, Vw) OV
Rso(w, Vw) Tl
R,(w,Vw) = = , s=1,...,d,
Rym—1(w, V) L
Ry mw, Vw) Zk=17s\1]<"k + ReyPrE?_)i
(9.15)
represent the viscous and heat conduction terms, and
v L o 2g k=1,....d (9.16)
T, = — —=V.y , s, k=1,...,d, .
sk~ Re \9xx  9x, 3 sk

are the dimensionless components of the viscous part of the stress tensor. The dimen-
sionless pressure and temperature are defined by

p=(y—D(E—-pl?/2), 6=E/p— 1?2 (9.17)

Of course, the set Q7 is obtained by the transformation of the original space-time
cylinder using the relations for " and x.

The domain of definition of the vector-valued functions f,and R, s = 1,...,d,
is the open set 2 C R™ of vectors w = (wy, ..., wm)T such that the corresponding
density and pressure are positive:

m—1
9= [w ER™wi=p >0, wu— > wl/@w) =p/ly — 1) > 0}. (9.18)
=2

Obviously, f,, Ry € (CLY(2)", s =1,...,d.
Similarly as in (8.13)—(8.17), the differentiation of the second term on the left-
hand side of (9.12) and using the chain rule give

d

d
zM :ZAS(W);’TW, (9.19)
s=1 s

p— 00Xy

where A (w) is the m x m Jacobi matrix of the mapping f defined forw € Z:

oy = DI (afs,mw))

cs=1,....d. :
Dw ow; * (-20)

i,j=1
Moreover, let

B ={neR% |n| =1} (9.21)
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denote the unit sphere in RY. Then, forw € 2 and n = (ni,..., nd)T € B we
denote

d
Pw,n) =) f,mn, 9.22)

which is the physical flux of the quantity w in the direction n. Obviously, the Jacobi
matrix DP (w, n)/Dw can be expressed in the form

DP(w, n)
—— = P(w.n) = > Aswn,. (9.23)
The explicit form of the matrices As,s = 1,...,d, and P is given in Exercises

8.2-8.5.
Furthermore, the viscous terms R (w, Vw) can be expressed in the form

d
9
R,(w, Vw) = ZK‘Y,k(w)a—:{, s=1,....d, (9.24)

where K x(-) are m x m matrices (m = d + 2) dependent on w. These matrices
Kk = (K(a ’3))3:;2:1, s,k =1,...,d, have for d = 3 the following form:

0 0 0 0 0
“SRar SR 0 0 0
Ko =| "rewt ° Rewr 0 o .
“Rew O 0 w0
k5 G- pB Ea- B 0- P et
(9.25)
with K1 = =g (3w3 + w3 -+ wl) /wi+ e (—ws/wi + 03+ wi +wh/w)),
0 0 0 0 0
TRt Rew 0 0 0
Ka2(w) = _%R:‘i}l T Rew 0 0 ’
“Rew 1% 0
k5 0-9% kG- 03 E0- P drk

(9.26)
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. 6,1 _
with 1(2‘2 =

with K3 =

1
Re

1
Re
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(3 + 402+ 0) o+ (s /o 03403 o).

0
wo 1
Re w% Rew

1 4 1 y
rell =303 rel = )

0 0
0 0
1
Rew; 0
4 1
0 3 Rew;

wi 1 4 vy

S O o O

w4 )4 1

W RGP e

(9.27)

(63 403+ $03) /s (s /3 03 + 3 + ).

0 0 0 00
2 2 1
Trew? 0 TIRew 00
1
Ko =| “gews w0 00,
0 0 0 00
_1lwows w3 2 _wo 0
3Rew] Rew? 3 Rew?
0 0 0 0 0
2 2 1
§R2}jv% 0 0 T 3Rew 0
Kisw) = (1) 0 0 0},
w2
o w0 00
_1wows _ws O_g wa_
3Rew? Re w% 3Rew%
0 0 0 00
w 1
Reiv% 0 Rewy 00
2 2 1
Ko i) =| S “3mewm 0 00,
0 0 0 00
_1wows 2 w3 w2
3Rew? 3Rew% Rew% 00
0 0 0 0 0
0 0 0 0 0
2 _wg _2_1
Koso) = | SRewt 0 0 Timew O
’ w3 1
_Re:v% ORCWl 0 0
_1wiwg w4 2 _wm 0
3 Rew’ Rew% 3Rew%

(9.28)

(9.29)

(9.30)

(9.31)
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0 0 0 0 O
1
_Rgiv% 0 0 Rew) 0
Ksam=|[ 0 0 0 0 0f, (9.32)
tom, 200 0
Re wy Rew;
Twows 2 wy 0 wo 0
3Rew? 3Rew% Rew%
0 0 0 0 0
0 0 0 0 0
__wg 1
Kio(w) = Rew? O 0 Rew O (9.33)
3.2 2wy 2 1
Trew? O FRewr 0 O
2 Rewj ewq
_lW3W4O_g w4 w3 0
qRew? 3Rew% Rew%

Exercise 9.1 Verify the form of K ¢, s, k = 1, 2, 3, given by (9.25)—-(9.33).

Exercise 9.2 Derive the form of K ¢, s,k = 1, 2, ford = 2.

9.1.2 Initial and Boundary Conditions

In order to formulate the problem of viscous compressible flow, the system of the
Navier—Stokes equations (9.12) has to be equipped with initial and boundary condi-
tions. Let 2 c R?, d =2, 3, be a bounded computational domain with a piecewise
smooth boundary d£2. We prescribe the initial condition

w(x,0) =w'(x), xe, (9.34)

where w? : 2 — Z is a given vector-valued function.

Concerning the boundary conditions, we distinguish (as in Chap. 8) the following
disjoint parts of the boundary 0$2: inlet 052;, outlet 352, and impermeable walls
082w ,1.e.,082 = 0£2;U082,U0d 82y . We prescribe the following boundary conditions
on individual parts of the boundary:

d d
_ _ v y 96 _ 4
p = pp, V=vp, k_El (1_21 TZk”l) Vi + Re Prom — 0 onds2;, (9.35)
d 30
> k=0, s=1,....d, 5. =0 onds, (9.36)
n
k=1

20
yv=0, — =0 ondfRw, (9.37)
on
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where pp and vp are given functions and n = (n1, ..., ng) is the outer unit normal
to 0£2. Another possibility is to replace the adiabatic boundary condition (9.37) by

y=0, 6 =6p ondfRy, (9.38)

with a given function 6p defined on 9£2y. Moreover, in the sequel we apply also
boundary conditions in the discretization of the convective terms, similarly as in
Sect. 8.3.

Finally, we introduce two relations, which we employ in the DG discretization.
If w is the state vector satisfying the outlet boundary condition (9.36), then, using
(9.15) and (9.24), on 052, we have

0
d A%
Zs:lrslns

= : =0. (9.39)
32, >4 Vng

d
> Riw, Vw)n,

s=1

d v v 5d o6
21Tk ks + Repr 2os=1 33,

Therefore, condition (9.36) represents the so-called “do-nothing” boundary condi-
tion.

Moreover, if w is the state vector satisfying the no-slip wall boundary condition
(9.37), then using (9.15) we have

0
d
Z‘v:ltl\;ns
Z Ksk(w>—ns = : Z K, (w) . (9:40)
5,k=1 982w z;l=1tg};n5 5.k=1 39w

where rk are the components of the viscous part of the stress tensor and ]KA o

s,k =1,...,d, are the matrices that have the last row equal to zero and the other
rows are identical with the rows of K ¢, s,k =1,...,d,ie.,
KY = &) “ym . where (9.41)

gV _ Kgg’k/)fori:l,...,m—l,j:l,...,m
s,k 0 fori=m, j=1,...,m,

where K; ; are given by (9.24).
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9.2 DG Space Semidiscretization

In the following, we describe the discretization of the Navier—Stokes equations (9.12)
by the DGM. Similarly as in Chap.8, we derive the DG space semidiscretization
leading to a system of ordinary differential equations.

9.2.1 Notation

We use the same notation as in Sect. 8.2.1. It means that we assume that the domain
2 is polygonal (if d = 2) or polyhedral (if d = 3), .7}, is a triangulation of §2 and
Fy, denotes the set of all faces of elements from .7,. Further, .%, h’ , F ,i, ) and 7, hW
denote the set of all interior, inlet, outlet and wall faces, respectively. Moreover, we
put ff = fhw U f,‘l U.%7. Bach face I' € .% is associated with a unit normal
n, which is the outer unit normal to 02 on I" € ﬁhB.

Further, over 7, we define the broken Sobolev space of vector-valued functions

H*(2, %) = (H*(2, )", (9.42)

where
H*(2,9)={v:2 > R; vl e H(K)VK € T} (9.43)
is the broken Sobolev space of scalar functions introduced by (2.29) (cf. (8.39) and
(8.40)). The symbols [u] and (u) denote the jump and the mean value of u €

H*(2,7)onTl € ﬁ}f and [ulp = (u)r = u|p for I' € £th. The approximate
solution is sought in the space of piecewise polynomial functions

Snp = (Snp)", (9.44)

where
Sip={v e L2(@)ivIk € Py(K) VK € Zi. (9.45)
Finally, let us note that the inviscid Euler fluxes f,, s = 1,...,d, are dis-

cretized (including the boundary conditions) with the same approach as presented in
Sect. 8.2.2. Therefore, we will pay attention here mainly to the discretization of the
viscous terms.
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9.2.2 DG Space Semidiscretization of Viscous Terms

In order to derive the discrete problem, we assume that there exists an exact solution
w e CY0, T1; Hz(.Q, 1)) of the Navier-Stokes equations (9.12). We multiply
(9.12) by a test function ¢ € H?($2, .7;,), integrate over an element K € .7, apply
Green'’s theorem and sum over all K € .7;,. Then we can formally write

/ — -@dx + Inv+ Vis =0, (9.46)
KeJ), K
where

Inv_Z/ Zf(w)ny cpdS—Z/Zf() (9.47)

Ke 9, Ke I,
Vis = — Z / ZR\-(W Vw)n, - dS + Z / ZR‘(W Vw) -
Ke, Ke,
(9.48)

represent the inviscid and viscous terms and (ny, . . ., ng) is the outer unit normal to
oK.

The inviscid terms Inv are discretized by the technique presented in Chap. 8,
namely, by (8.53). Hence,

Inv =~ b,(w, @), (9.49)

where by, is the convection form, given by (8.93). Let us mention that now the invis-
cid mirror boundary condition (8.68) is replaced by the viscous mirror boundary
condition with the viscous mirror operator

MW) = (p, —pv, E) (9.50)
replacing (8.67).

Here, we focus on the discretization of the viscous terms Vis. Similarly as in
(2.36), we rearrange the first term in (9.48) according to the type of faces I, i.e.,

R;(w, Vw)ns - dS 9.51)
> [ z

Ke,

d
= > /Z R,w. VW) n; - [pldS+ > /ZR(W Vw)ng - @dS.

rez|l s=1 rezp =1
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Let us deal with treating of the boundary conditions on the outlet, where only the
“Neumann” boundary conditions are prescribed. With the aid of (9.39), we imme-
diately get the relation

d
Z / z Ry(w,Vw)n, -9 dS = 0. (9.52)
r s=1

re7)

Concerning the boundary conditions on the inlet and fixed walls, the situation is
more complicated, because both the Dirichlet and Neumann boundary conditions are
prescribed there. However, using (9.48), (9.51), (9.52) and (9.24) we obtain

d
. 9
Vis= > /KZRS(W, Vw)~8—de (9.53)
Ke, s=1
d d Iw
= /Z<2Ks,k<w>a—>ns~[¢]ds
rez! 1 s=1 \k=1 Yk

d d
ow
- Z /FZZKY,k(W)a—m{nswpdS

rezi” ! s=1k=1

d d
- Z /FZZKx,k(W)gkans-cpdS.

regy !l s=1k=1

In the last term of (9.53), we use relation (9.40) following from the wall boundary
condition (9.37). Hence, we obtain

d
. 9
Vis= > /K > Ry, Vw)-a—;osdx (9.54)
Ke, s=1
d d Iw
= /Z<ZK‘Y,k<w>a—>ns~[¢1ds
rez! 1 s=1 \k=1 Yk

d d
0
- Z /FZZKS,I((W)B_;;”‘;*'(pdS

resi s=1 k=1
d d Iw
- Y [ XXy g,
rezV /T s=1k=1 k

Similarly as in Sect.2.4, relation (2.44), we have to add to the relation (9.54)
a stabilization term, which vanishes for a smooth solution satisfying the Dirichlet
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boundary conditions. Analogous to scalar problems, by the formal exchange of argu-
ments w and ¢ in the second term of (9.54), for the interior faces we obtain the
expression

-0 > /Z<ZKsk(w)—>ns w]dS (9.55)

rez}

with ® = —1 or 1 depending on the type of stabilization, i.e., NIPG or SIPG variants.
If we do not consider this stabilization, i.e., if @ = 0, we get the simple [IPG variant.
However, numerical experiments indicate that this choice of stabilization is not suit-
able. It is caused by the fact that for ¢ = (¢1,0, ..., O)T, Q1 € HZ(.Q, D), 1 %
const, we obtain a nonzero term (9.55), whereas all terms in (9.54) are equal to zero,
because the first rows of R, Ky i, s,k = 1,...,d, vanish, see (9.15) and (9.25)—
(9.33). This means that we would get nonzero additional terms on the right-hand
side of the continuity equation, which is zero in the continuous problem. Therefore,
in [30, 165, 166] the stabilization term

-6 > /Z<ZKsk(w) >n5[w]dS (9.56)

rez}

was proposed. This avoids the drawback mentioned above. Here, K « denotes the
matrix transposed to Ky 4, s,k = 1, , d. Obviously, expression (9 56) vanishes
forw(t) € (H*(£2))"™, t € (0, T).

Moreover, similarly as in Sect.2.4, we consider an extra stabilization term for
the boundary faces, where at least one Dirichlet boundary condition is prescribed.
Particularly, for the inlet part of the boundary, we add

-0 Z/ ZK”{(W) (v wg)dS, (9.57)

re, s.k=1

where wp is a boundary state. It is defined on the basis of the prescribed density p and
the velocity v in condition (9.35) and the extrapolation of the absolute temperature.
This yields the boundary state

L 1 T :
wglr := (oD, PDVD,1> - -+ PDVD.d> ;0091(w )+ Elelez) ., I'e 7, (9.58)

where 61(}) is the trace of the temperature on I € .% ;l from the interior of £2, and
ppandvp = (vp1,...,vp,.q) are the prescribed density and velocity from (9.35),
respectively.

In the case of the flow past an airfoil, when usually the far-field state vector wgc is
prescribed, it is possible to define w5 to agree with the inviscid boundary conditions
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introduced in Sect. 8.3.2. In this case, we put

wglr = %(W(L) wee), I' e Z}, (9.59)
where the inlet/outlet boundary operator 4 represents ZPMYS, ZRP and #RP given
by (8.88), (8.85) and (8.92), respectively, and w(FL) is the trace of the state vector on
I e f;l from the interior of £2.

The last term in (9.54) is stabilized by the expression

-0 > Z (K ow )) ns(w wg)dS, (9.60)
rezYV
where (K (w)) is the transposed matrix to K k(w) s,k=1,...,m,and wp is

the prescrlbed boundary state vector. In the case of the adiabatic boundary condition
(9.37), we define the boundary state as

walr = (,0,...,0, 0P reF)V, 9.61)
where ,o( ) and 9}” are the traces of the density and temperature on I" € .%, hW from
the interior of £2, respectively. In the case of the boundary condition (9.38), we put

walr = (o). 0.....0. 0 8p) . T eFV, (9.62)
where ,o( ) is the trace of the density on I" € ., hW and Op is the prescribed temper-
ature on the solid wall 32"

As we see, the boundary state wp depends partly on the unknown solution w and
partly on the prescribed Dirichlet boundary conditions. Hence, we can write

wp = BC(w,up), (9.63)

where up represents the Dirichlet boundary data and BC represents the definitions
of boundary states (9.58), (9.59), (9.61) and (9.62).

Analogous to the DG discretization of the model problem in Sect. 2.4, forw, ¢ €
H?($2, ;) we define the viscous form

0 d
anwi. 9)) = Z/ Z( ;k<wh)l:)-ﬂdx (9.64)

Ixg
Ke9j, s,k=1 $

-3 /Z<2Ksk(wh)—>ns (01145

rez/
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- Z/ szk(Wh) nv @y dS

rez; §,k=1

-3 / S v 2%, -, ds

regzV =" sk=l1

d
e Z/Z< (wh>—>ns-[wh]ds
rez/ k=1

+ Z/ ZK (Wh)_”s wh —wp)dS

Fe?’ s,k=1
d
T 9
+ > / > (KEewn) F2n, - vy —wi)dS
r 5 Xk
rezy s.k=1

We consider ® = —1, 0, 1 and get the NIPG, IIPG and SIPG variant of the viscous
form, respectively.

Similarly as in Sect.2.4, relations (2.41) and (2.42), in the scheme we include
interior and boundary penalty terms, vanishing for the smooth solution satisfying
the boundary conditions. Here we define the form

S = /a[wh] oilds+ > /o(wh—w3> S
rez] rezj

+ > /a(wh—wB) ¥ (p;,) dS, (9.65)

rezV

where, in view of (9.63), wp = BC(wj, up) is the boundary state vector (glven
either by (9.58) or (9.59) for I" € ff‘ and either by (9.61) or (9.62) for I" € .7, ).
The operator ¥ : R4+2 — R+2 jg deﬁned as

T T
V() :=0,¢2,...,0441,0) foro =(p1,02,..., 0441, 0a+2) - (9.66)

The role of ¥ is to penalize only the components of w, for which the Dirichlet
boundary conditions are prescribed on fixed walls. Let us mention that we penalize
all components of w on the inlet. It would also be possible to define a similar operator
¥ forI' € .Z, ,’l However, numerical experiments show that it is not necessary.

The penalty weight o is chosen as

Cw

—_ v rea, 9.67
°Ir = famre: | €7 (0.67)
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where Re is the Reynolds number of the flow, and Cy > 0 is a suitable constant
which guarantees the stability of the method. Its choice depends on the variant of
the DG method used (NIPG, IIPG or SIPG), see Sect.9.4.1.1, where the choice of
Cy is investigated with the aid of numerical experiments. The expression diam(/")
can be replaced by the value & defined in Sect.2.6. (Another possibility was used
in [165].)

We conclude that if w is a sufficiently regular exact solution of (9.12) satisfying
the boundary conditions (9.35)—(9.37), then the viscous expression Vis from (9.48)
can be rewritten in the form

Vis = ap(w, @) + Jw,9) Yo e H (2, ). (9.68)

9.2.3 Semidiscrete Problem

Now, we complete the DG space semidiscretization of (9.12). By (-, -) we denote
the scalar product in the space (L2(.Q))d+2:

(w,go):/ w-pdx, w, @ € (L)) (9.69)
2

From (9.46), where we interchange the time derivative and integral in the first term,
(9.47) and (9.68) we obtain the identity

d
T w(),9) +br(w(t), ) +anw(t), @)+ J;w(1), @) =0 (9.70)
Vo € HX (22, F) Vi € (0, T),

In the discrete problem, because of the solution of high-speed flow containing
discontinuities (shock waves and contact discontinuities, slightly smeared by the
viscosity and heat conduction), we also consider the artificial viscosity forms B, and
y,, introduced in (8.183) and (8.184), respectively. Therefore, we set

chw, @) = by(w, @) +anw, @) + J§ (w, @) (9.71)
+Bw, W, 0) +y,w,w,0), w,pcH (2, ),

with the forms by, a, J§, B, and y, defined by (8.93), (9.64), (9.65), (8.183) and
(8.184), respectively. The expressions in (9.70) and (9.71) make sense for w, ¢ €
H 2(.{2, ). For each t € [0, T] the approximation of w(¢) will be sought in the
finite-dimensional space S, C H 2(2, ) defined by (9.44) and (9.45). Using
(9.70), we immediately arrive at the definition of an approximate solution.
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Definition 9.3 We say that a function wy, is the space semidiscrete solution of the
compressible Navier—Stokes equations (9.12), if the following conditions are satis-
fied:

wi € C'([0, T1; Sip), (9.722)
d

i (Wa (), @4) + chwn(t),9,) =0 Yo, € Sy, Vi € (0,T), (9.72b)
wi(0) = ITw°, (9.72¢)

where IT,w% is an S, p-approximation of w? from the initial condition (9.34). Usually
it is defined as the L?(£2)-projection on the space Shp-

9.3 Time Discretization

The space semidiscrete problem (9.72) represents a system of N, ordinary differ-
ential equations (ODEs), where Ny, is equal to the dimension of the space Sy,.
This system has to be solved with the aid of a suitable numerical scheme. Often the
Runge—Kutta methods are used. (See e.g., Sect.5.2.1.1.) However, they are condi-
tionally stable and the CFL stability condition represents a strong restriction of the
time step. This is the reason that we will be concerned with using implicit or semi-
implicit time discretizations. We follow the approach developed in Sect.8.4.1 and
introduce the backward Euler and the BDF discretization of the ODE system (9.72).
Then we develop the solution strategy of the corresponding nonlinear algebraic sys-
tems with the aid of the Newton-like method based on the flux matrix. In Chap. 10,
the full space-time discontinuous Galerkin method will be described and applied
to the solution of flows in time-dependent domains and fluid-structure interaction
problems.

9.3.1 Time Discretization Schemes

In what follows, we consider a partition 0 = #p < t] < f2... < t, = T of the time
interval [0, T] and set Ty = #x — tx—1, k = 1,...,r. We use the symbol wﬁ for the
approximation of wy, (#), k =1,...,r.

Similarly as in Definitions 8.12 and 8.16, we define the following methods for the
time discretization of (9.72).

Definition 9.4 We say that the finite sequence of functions w];l, k=20,...,r,1s
an approximate solution of problem (9.12) obtained by the backward Euler-discon-
tinuous Galerkin method (BE-DGM)), if the following conditions are satisfied:


http://dx.doi.org/10.1007/978-3-319-19267-3_5
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wk € Spy, k=0,1,...,7, (9.73a)
1 _

- (w’,‘l —wh 1,<p,,) +enWh @) =0 Ve, €S k=1,....r, (9.73b)
wh) = I,w°, (9.73¢)

where IT,w" is the Sj, p-approximation of w0,

Definition 9.5 We say that the finite sequence of functions w];l, k=20,...,r,is
the approximate solution of (9.12) computed by the n-step backward difference
formula-discontinuous Galerkin method (BDF-DGM) if the following conditions
are satisfied:

wk e Sip, k=0,1,...,r, (9.74a)

1 n
- (Zan,,w,’;—l,cph) ten (w’;,q)h) =0 Yo, €Sy, k=n,....r, (9.74b)
=0

wi = Iw°, (9.74c)
w% € Spp, L =1,...,n—1, are determined by a suitable g-step method
with ¢ < n or by an explicit Runge—Kutta method—cf. Sect. 5.2.1.1. (9.74d)

The BDF coefficients o, ;, [ =0, ..., n,dependontimesteps tx—;, [ =0, ..., n.
They can be derived from the Lagrange interpolation of pairs [#x—_;, wh_l], I =
0,...,n,seee.g. [161]. Tables 8.2 and 8.3 show their values in the case of constant
and variable time steps for n = 1, 2, 3. One-step BDF-DGM s identical with BE-
DGM defined by (9.73).

Remark 9.6 By virtue of Remark8.18 and Chaps.2-5, we expect that the n-step
BDF-DGM has formally the order of accuracy O (h” 4+1t") inthe L*°(0, T’; L2(£2))-
norm as well as in the L2(0, T; H'(£2))-seminorm, provided that the exact solu-
tion is sufficiently regular. Concerning the stability of the BDF-DGM, we refer to
Remark 8.17.

Schemes (9.73) and (9.74) represent nonlinear algebraic systems for each time
level #x, k = 1, ..., r, which should be solved by a suitable technique. It will be
discussed in the following sections.

9.3.2 Solution Strategy

Since the backward Euler method (9.73) is a special case of the BDF discretization
(9.74), we deal here only with the latter case. The nonlinear algebraic system arising
from (9.74) for each k = n, ..., r will be solved by the Newton-like method based
on the approximation of the Jacobi matrix by the flux matrix, which was developed
in Sects. 8.4.3-8.4.5.
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Again, let Nj, denote the dimension of the piecewise polynomial space Sy, and
let Byp = {@;(x), i = 1,..., Ny} be a basis of Sy, see Sect.8.4.8. Using the
isomorphism (8.96) between w];l € Sppand §; € RMw | we define the vector-valued
function Fj, : (RVw)" x RNw — RNw by

th

({fk l}[ ]7§k ( (Zanlwh s )+ch(wh’(pz)) s k:n,...,r,
i=1

(9.75)

where &, _; € RV is the algebraic representation of w/;l_l € Sppforl=1,...,n
We do not emphasize that F, depends explicitly on tx. Then scheme (9.74) has the
following algebraic representation. If §;,_;,/ = 1,...,n,(k = 1,...,r) are given
vectors, then we want to find §; € RN such that

Fh({§k71}7:1 ;) =0. (9.76)

System (9.76) is strongly nonlinear. In order to solve (9.76) with the aid of the
Newton-like method based on the flux matrix, presented in Sect. 8.4.3, we have to
linearize the form ¢y, similarly as the form b, was linearized in (8.137).

To this end, on the basis of (9.64) we introduce the forms

d ad
ak @ wi o) = Y / Z ( sk<wh)l:)- o1 dx 9.77)

Ke, s, k=1

- Z /Z<2Ksk(wh)—>ns l@,1dS

rez}

- Z/ ZKvk(Wh)—nr 1 dS

rez; s,k=1

d
Z Kka(wh) ns “@pdS
5 k=

d

Z k(wh)—ns wj dS

s,k=1

-2
rezV
d ”
Z < k(wh)a_xz>ns -[wildS
5 k=
+ 2
f

d
AT D
+ > / > (K;Vkm,,)) %ns-whds ,
rezV Fsk=1 Tk
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anwn @) =—0 | > ZK L O h)—né wp dS (9.78)
regi Fsk=1

+ Z / Z K;}Vk( h)) %ns wgdS |,

regzV:= = sk=l1

where wp = BC_(W;,, up) is the boundary state vector given either by (9.58) or
(9.59) for I" € .%; and either by (9.61) or (9.62) for I € th. The above forms are
consistent with the form ay,:

anWn, @n) = @i Wi, Wi, @) = anWi. 94) YW, @ € Spp. (9.79)
The form aﬁ is linear with respect to the second and third variables.

Furthermore, because of the penalty form J§ given by (9.65), we introduce the
forms

ey =Y [ ot teas+ Y [ owppds 050
regf reZj

+ > /owh~“//(¢h)dS,
rezV
Thon o) = > /owB c@pdS+ > /awB Y (pyp)dS,  (9.81)
reZj rezy

where wp = BC(wj,, up) is the boundary state vector corresponding to the function
wp. Obviously,

JSwn, ) = J7 Wi, @) — T Wi @) Y Wi, @ € Sip. (9.82)

Finally, let by, bﬁ and Eh be the forms defined by (8.93), (8.123) and (8.121) and
respectively. By virtue of (9.71), we define the forms

ko, wh, 1) = bEGon, wi, @) + ak B, wi, ) + IS wh,0)  (9.83)
+BrWh Wi, @) + Vi Wn, W @), Wi, Wi, @) € Spp,

&, 01) = by Ovn, @) + @nwn, 1) + I3 %0, @1), Wiy @4 € Sip,

which together with (8.137), (9.79) and (9.82) imply consistency:

chWn, 01) = €k Wi, Wi, @) — Ex(Wh, 1), W, @5 € Sip- (9.84)
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Following directly the approach from Sect. 8.4.5, we transform problem (9.88b)
into a system of algebraic equations. Instead of (8.138) and (8.139),fork =n, ..., r
we define the flux matrix Cy and the vector dj, by

_ th
Ch (&) = (“”0 (@;.9:) +ckOhn.0;. 0 )) (9.85)

T ij=1

and

n Nip
no oz 1 _ -
dy ({1 §) =(a(§ U iW} ’,qo,-)+ch(w;l,<o,-)) . (9.86)
i=1

i=1

respectively. Here ¢; € Bpp, i = 1,..., th, are the basis functions in the space
Shp» & € RVw and ‘;‘ k ; € RVMw [ = 1,... n, are the algebraic representations
of w, € Spp and wh € Spp, I =1,...,n, respectively. Then problem (9.74) is
equivalent to the nonlinear systems (compare with (8.126))

Fr({&i)_p €0 = Ch € —dn({&x_i},_ . 60 =0, k=n,...,r. (9.87)

Let us note that the flux matrix Cj, given by (9.85) has the same block structure as
the matrix C;, given by (8.124). The sequence of nonlinear algebraic systems (9.87)
can be solved by the damped Newton-like iterative process (8.127) and (8.128) treated
in Sect. 8.4.4.

Concerning the initial guess {-‘2 for the iterative process (8.127) and (8.128), we
use either the value known from the previous time level given by (8.129), i.e., & 2 =
Er_1, k = 1,...,r, oritis possible to apply a higher-order extrapolation from
previous time levels given by (8.141).

Remark 9.7 Similarly as in Remarks 8.15 and 8.19, if we carry out only one Newton
iteration (I = 0) at each time level, put A’ = 1 and use the extrapolation (8.141),
then the implicit method (9.74) reduces to the BDF-DG higher-order semi-implicit
method of the viscous compressible flow including the shock capturing, which can be
formulated in the following way: We seek the finite sequence of functions {wﬁ Yeeo
such that

wk € Spp, k=0,1,....,7, (9.88a)

n
(Zan wy )+ch (Z,Bnlwh W’;,,fph)=5h(2ﬂn,zWﬁl,¢h)
=1 =1

Vo, € Spp, k=n,...,r, (9.88b)
wd = MW", (9.88¢)
wél € Spp, I =1,...,n—1, are determined by a suitable g-step method

with ¢ < n or by an explicit Runge—Kutta method—cf. Sect. 5.2.1.1. (9.88d)
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Here tho is the Sp,-approximation of w9, ap, [ =0,...,n, are the BDF coeffi-
cients and B, , [ =0, ..., n, are the coefficients of the extrapolation (8.141). (See
Tables 8.2, 8.3, 8.4 and 8.5, forn =1, 2, 3.)

Setting

n n
ﬁ’ﬁ = Z,Bn,lwl;(,_l’ ék = Zﬂn,lfkfl, (9.89)
I=1 =1

problem (9.88) is equivalent to the linear algebraic systems

Fr({&i}_; 60 = Ch & —dn({€ri}_ 60 =0, k=n,....r. (9.90)

Finally, because of our considerations in Chap. 10, we introduce the notation

an(wn, wi, @) = ak v, wi, @) — an(wn, @y), (9.91)

T5 o wh @) = J0EGon i @1) — T O, 01), (9.92)

for the viscous and penalty forms. Then (9.88b), can be replaced by the identity

1 (< _ s A No
T—k(Zaan';l Z,¢h)+bh(w’;,wﬁ,<ph)+ah(w§,w§,<ph)+JZ(w]f,,w’f,,(ph)
1=0
(9.93)
+,8h(W’;l,wl;l,fph) +yh(w’;l,w’;l,¢h) =0, Vo, €Sy, k=n,...,r,

where l;h is given by (8.131) and W'}‘z is defined in (9.89).

9.4 Numerical Examples

This section is devoted to applications of the presented BDF-DG schemes to the
numerical solution of several test problems for the compressible Navier—Stokes equa-
tions. First, we consider a low Mach number flow past an adiabatic flat plate, where
the analytical solution of incompressible flow is known. This example shows that the
developed method is sufficiently accurate and stable even for compressible flow at
an incompressible limit. Further, we present several flow regimes around the NACA
0012 profile, demonstrate the high accuracy of the DG discretization and mention
some possible problems in the simulation of unsteady flows with the aid of implicit
time discretization. Finally, we present a simulation of the viscous shock-vortex


http://dx.doi.org/10.1007/978-3-319-19267-3_8
http://dx.doi.org/10.1007/978-3-319-19267-3_8
http://dx.doi.org/10.1007/978-3-319-19267-3_8
http://dx.doi.org/10.1007/978-3-319-19267-3_8
http://dx.doi.org/10.1007/978-3-319-19267-3_8
http://dx.doi.org/10.1007/978-3-319-19267-3_10
http://dx.doi.org/10.1007/978-3-319-19267-3_8

498 9 Viscous Compressible Flow

interaction by high-order methods. For the steady-state problems, the backward Euler
method is used for the time discretization.

9.4.1 Blasius Problem

The so-called Blasius problem represents the well-known test case, when a low-
speed laminar flow along an adiabatic flat plate is considered. In this case the exact
analytical solution is known for incompressible flow, see [35]. Since the flow speed
is low, similarly as in Sect.8.7.2, we compare the compressible numerical solution
with the exact solution of the corresponding incompressible flow.

We consider the laminar flow past the adiabatic flat plate {(x1,x2); 0 < x1 <
1, xp = 0} characterized by the freestream Mach number M = 0.1 and the Reynolds
number Re = 10*. The computational domain is shown in Fig.9.1, where two used
triangular grids are plotted together with their details around the leading edge. We
prescribe the adiabatic boundary conditions (9.37) on the flat plate, the outflow
boundary conditions (9.36) at {(x1, x2); x1 = 1, —1.5 < xp < 1.5} and the inflow
boundary conditions (9.35) on the rest of the boundary.

We seek the steady-state solution by the time stabilization approach, in which the
computational process is carried out for “¢# — 00”. As a stopping criterion we use
condition (8.171) (adapted to the viscous flow problem) with TOL = 107°.

In the following, we investigate two items:

e the stability of the method, namely the influence of the value of the constant Cyy
in (9.67) on the convergence of the numerical scheme to the stationary solution,
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Fig. 9.1 Blasius problem: computational grids—B1 with 662 elements (fop) and B2 with 2648
elements (bottom), the whole computational domain (l/eft) and their details around the leading edge
(right)
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e the accuracy of the method, namely the comparison of the numerical solutions
with the exact solution of the incompressible flow.

Exercise 9.8 Modify the stop criterion (8.171) to the viscous flow problem.

9.4.1.1 Stability of the Method

We compare the NIPG, IIPG, SIPG variants of the DGM using piecewise linear,
quadratic and cubic space approximations. Our aim is to find a suitable value of the
constant Cw in (9.67), which ensures the stability of the method and the convergence
to the steady-state solution. First, we carried out computations for the values Cy =
1, 5, 25, 125, 625, 3125 and consequently, several additional values of Cy were
chosen in order to find the limit value of Cy . These results obtained on the grid B1
are shown in Table 9.1, where an indication of the convergence of the appropriate
variant of the DGM with a given value Cy is marked, namely,

e “convergence” (C): the stopping condition (8.171) was achieved after less than
200 time steps,

e “quasiconvergence” (qC): the stopping condition (8.171) was achieved after more
than 200 time steps,

e “no-convergence” (NC): the stopping condition (8.171) was not achieved after 500
time steps.

Table 9.1 Blasius problem: the convergence (C), non-convergence (NC) or quasiconvergence (qC)
of the NIPG, IIPG and SIPG variants of the DGM for P;, P, and P3 approximations for different

values of Cy (symbol “—" means that the corresponding case was not tested)
NIPG 11PG SIPG
Cw P P P3 Py P P3 Py P P3
C C C C NC NC NC NC NC
5 C C C C C NC NC NC NC
10 - - - - C C - - -
25 C C C C C C NC NC NC
100 - - - - - - NC - -
125 C C C C C C C NC NC
150 - - - - - - C - -
250 - - - - - - - NC -
300 - - - - - - - qC -
400 - - - - - - - C NC
500 - - - - - - - C NC
625 C C C C C C C C qC
1000 |- - - - - - - - C
3125 | C C C C C C C C C
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The “quasiconvergence” in fact means that the appropriate value Cy is just under
the limit value ensuring the convergence to the steady-state solution.
From Table 9.1 we can find that

e NIPG variant converges for any Cy > 1independently of the degree of polynomial
approximation,

e [IPG variant requires higher values of Cy for P, and P3 approximations, namely
Cw =5 and Cy = 10 are sufficient, respectively. On the other hand, P; approx-
imation converges for any Cy > 1.

e SIPG variant requires significantly higher values of Cy. We observe that Cy >
125 for P1, Cw > 400 for P; and Cw > 1000 for P3. This is in a good agreement
with theoretical results from [180] carried out for a scalar quasilinear elliptic
problem, where the dependence Cyy = cp? with a constant ¢ > 0 is derived
(p denotes the degree of the polynomial approximation).

Figure 9.2 shows the convergence history to the steady-state solution (i.e., the depen-
dence of the steady-state residuum defined as in (8.170) on the number of time steps)
for some interesting cases from Table9.1.

9.4.1.2 Accuracy of the Method

In order to analyze the accuracy of the method at incompressible limit, we compare
the numerical solution of the Blasius problem for viscous compressible flow with
its incompressible analytical solution. To this end, we introduce the dimensionless
velocities in the streamwise direction and in the direction orthogonal to the stream
by

o= g = JRe, 2 (9.94)

Vool Vool ’

respectively, where
X
n:=+Rey -2,  Re, i= [voo| Re x1, (9.95)
X1

Re is the Reynolds number and v is the freestream velocity.

Figures9.3, 9.4, 9.5 and 9.6 show the velocity profiles v} and v; obtained by P,
P> and P; approximations on the meshes B1 and B2 at x; = 0.1, x; = 0.3 and
x1 = 0.5 in comparison with the exact solution. We present here results obtained
by the NIPG method with Cy = 25. (The difference between the results obtained
by the NIPG, SIPG and IIPG variants are negligible.) We observe a very accurate
capturing of the v}-profile and a reasonable capturing of the v3-profile. An increase
of accuracy for an increasing degree of approximation and a decreasing mesh size is
evident.
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Fig. 9.2 Blasius problem: the convergence of the steady-state residuum (8.170) in the logarithmic
scale on the number of time steps for some computations from Table9.1, (e.g., ‘NIPG-625.P3’
means the NIPG variant of the DGM with Cyy = 625 and P3 approximation)

Moreover, Fig.9.7 shows the comparison of the skin friction coefficient ¢ y com-
puted by Pj, P, and P3 approximations on the meshes B1 and B2 with the exact
solution given by the Blasius formula. The skin friction coefficient is defined by

2t - (TVn)
Cf=——>—o, (9.96)
4 PoolVoo |2Lref

where po and v, are the freestream density and velocity, respectively, Lr is the
reference length, n and ¢ are the unit normal and tangential vectors to the Wall and
TV = (tV)2 =1 is the viscous part of the stress tensor. (The components r are
defined in (9 8) )

We observe good agreement with the Blasius solution. The P, and P3 approxi-
mations give the same value of ¢y at the first element on the flat plate. Similar results
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Fig.9.3 Blasius problem: mesh B1, velocity profiles vi = v} (») for Py, P> and P3 approximations
atx; = 0.1, x; = 0.3 and x; = 0.5 in comparison with the exact solution
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Fig.9.4 Blasius problem: mesh B1, velocity profiles v = v3(») for Py, P> and P3 approximations
atx; = 0.1, x; = 0.3 and x; = 0.5 in comparison with the exact solution
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Fig.9.5 Blasius problem: mesh B2, velocity profiles vi = v} (») for Py, P> and P3 approximations

atx; = 0.1, x; = 0.3 and x; = 0.5 in comparison with the exact solution
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Fig.9.6 Blasius problem: mesh B2, velocity profiles v = v3(») for Pi, P> and P3 approximations

atx; = 0.1, x; = 0.3 and x; = 0.5 in comparison with the exact solution
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Fig. 9.7 Blasius problem: skin friction coefficient computed on the meshes B1 (top) and B2 (bot-
tom) by P, P, and P3 approximation in comparison with the Blasius formula (exact), distributions
along the whole plate (/eft), their details around x| = O (right)

were obtained in [23, Fig. 2], where the improvement of the quality of the approxi-
mate solution on the first cell of the flat plate obtained by increasing the polynomial
degree p = 1, 2, 3 is almost negligible. It is caused by the singularity in the solution
at the leading edge of the flat plate at the point (x, x2) = (0, 0), which causes the
decrease of the local order of accuracy of the DG method. This phenomenon was
numerically verified also for a scalar nonlinear equation in Chap. 2.

9.4.2 Stationary Flow Around the NACA 0012 Profile

We consider laminar steady-state viscous subsonic flow around the NACA 0012
profile for three different flow regimes characterized by the far-field Mach number
Mo, angle of attack o and the Reynolds number Re:

(C1) Mo = 0.50, @ = 2°, Re = 500,
(C2) Mo = 0.50, a = 2°, Re = 2000,
(C3) Mo = 0.85, a = 2°, Re = 2 000.

We carried out computations on four triangular grids N 1-N4. Figure 9.8 shows these
grids around the NACA 0012 profile and their zooms around the trailing and leading
edges.

We evaluate the aerodynamic coefficients drag (cp), lift (cy) and moment (cpy).
The coefficients cp and ¢, are defined as the first and the second components of the
vector
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Fig. 9.8 Computational grids N1-N4 around the NACA 0012 profile (left) with details around
the leading (middle) and trailing edges (right) used for steady-state examples

1

S — (I — TV)ndsS, (9.97)
%pOO |vOO |2Lref /Fprof

where poo and v, are the far-field density and velocity, respectively, Lyt is the
reference length, I',rof is the profile, p is the pressure, I is the identity matrix and TV
is the viscous part of the stress tensor given by (9.8). Moreover, ¢y is given by

1

WA (x — xref) X ((p]I — TV)n) dS, (998)
7 MooV oo ref prof

where xpf = (4—1‘, 0) is the moment reference point. We use the notation x X y =
x1y2 — x2y1 for x = (x1, x2), y = (1, y2) € R%.

For each flow regime C1, C2 and C3, we carried out computations with polynomial
approximation P,, p = 1,3, 5, on grids N1-N4. We apply the stopping criterion
(8.174) with tolerance tol = 10™4.

Tables 9.2, 9.3 and 9.4 show the values of the corresponding drag, lift and moment
coefficients for each computation. These tables show also the number Nj, of elements
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Table 9.2 NACA 0012 (Ms = 0.5, « = 0°, Re = 500): the values of the drag, lift and moment
coefficient obtained by the BDF-DGM for Py, p = 1,3, 5, polynomial approximations on grids

N1-N4

p Np Npp ¢D cL M

1 782 9384 1.7416E-01 1.0260E-01 —3.3278E-03
1 1442 17304 1.7632E-01 1.1225E-01 —2.8440E-03
1 2350 28200 1.7767E-01 1.1291E-01 —2.8089E-03
1 3681 44172 1.7775E-01 1.1338E-01 —2.8734E-03
3 782 31280 1.8086E-01 1.1283E-01 —3.1439E-03
3 1442 57680 1.8093E-01 1.1284E-01 —3.1186E-03
3 2350 94000 1.8080E-01 1.1322E-01 —3.0036E-03
3 3681 147240 1.8085E-01 1.1302E-01 —3.0590E-03
5 782 65688 1.8077E-01 1.1269E-01 —3.1054E-03
5 1442 121128 1.8085E-01 1.1299E-01 —3.0896E-03
5 2350 197400 1.8087E-01 1.1310E-01 —3.0601E-03
5 3681 309204 1.8088E-01 1.1304E-01 —3.0719E-03

Table 9.3 NACA 0012 (M, = 0.5, « = 0°, Re = 2000): the values of the drag, lift and moment
coefficient obtained by the BDF-DGM for P,, p = 1,3, 5, polynomial approximations on grids

N1-N4

p Np Nip ¢D cL M

1 782 9384 8.5405E-02 9.0263E-02 —6.7673E-03
1 1442 17304 8.5231E-02 8.2415E-02 —9.7498E-03
1 2350 28200 8.6387E-02 8.0999E-02 —1.0283E-02
1 3681 44172 8.6219E-02 8.2633E-02 —1.0149E-02
3 782 31280 8.7319E-02 8.5077E-02 —1.0116E-02
3 1442 57680 8.8193E-02 8.4048E-02 —1.0124E-02
3 2350 94000 8.8148E-02 8.4091E-02 —1.0079E-02
3 3681 147240 8.8264E-02 8.4082E-02 —1.0094E-02
5 782 65688 8.8124E-02 8.4008E-02 —1.0048E-02
5 1442 121128 8.8281E-02 8.4201E-02 —1.0091E-02
5 2350 197400 8.8283E-02 8.4290E-02 —1.0075E-02
5 3681 309204 8.8284E-02 8.4317E-02 —1.0068E-02

of each mesh and corresponding number of degrees of freedom Nj,. We observe that
the high degree polynomial approximation gives a sufficiently accurate solution even
on coarse grids. On the other hand, P; polynomial approximation is not sufficiently
accurate even for the finest mesh.

Further, Figs.9.9,9.10,9.11,9.12,9.13 and 9.14 show Mach number isolines and
the distribution of the skin friction coefficient (9.96) obtained for each flow regime
on the meshes N1 and N4.
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Table 9.4 NACA 0012 (Mo = 0.85, @ = 0°, Re = 2 000): the values of the drag, lift and moment
coefficient obtained by the BDF-DGM for P, p = 1,3, 5, polynomial approximations on grids

N1-N4

p Np Nip cD crL M

1 782 9384 1.1610E-01 4.4091E-02 —1.4702E-02
1 1442 17304 1.1444E-01 3.8107E-02 —1.5934E-02
1 2350 28200 1.1605E-01 3.4837E-02 —1.6923E-02
1 3681 44172 1.1566E-01 3.3338E-02 —1.7027E-02
3 782 31280 1.1809E-01 3.1726E-02 —1.7463E-02
3 1442 57680 1.1892E-01 3.1212E-02 —1.7163E-02
3 2350 94000 1.1887E-01 3.0834E-02 —1.7164E-02
3 3681 147240 1.1898E-01 3.0918E-02 —1.7142E-02
5 782 65688 1.1885E-01 3.1034E-02 —1.7048E-02
5 1442 121128 1.1899E-01 3.1056E-02 —1.7128E-02
5 2350 197400 1.1899E-01 3.0971E-02 —1.7154E-02
5 3681 309204 1.1899E-01 3.0981E-02 —1.7148E-02

Fig. 9.9 NACA 0012 (M« = 0.5, @ = 2°, Re = 500): Mach number isolines for Py, P3 and P;s
polynomial approximations on grids N1 and N4

The presented numerical results of examples C1, C2 and C3 show that the high-
order DG method is suitable for the numerical solution of the compressible viscous
flow. With the aid of the Ps polynomial approximation we obtain the aerodynamic
coefficients with sufficient accuracy even on the coarsest grid.

Finally, we demonstrate the stability of the time discretization schemes with
respect to the size of the time steps. According to (8.150), we define the value
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Fig.9.10 NACA 0012 (Ms = 0.5, = 2°,Re = 500): distribution of the skin friction coefficient
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for Pj, P3 and Ps5 polynomial approximations on grids N1 and N4

N4 Py

Fig. 9.11 NACA 0012 (M = 0.5, o = 2°, Re = 2000): Mach number isolines for P;, P3 and
Ps polynomial approximations on grids N1 and N4

CFLy = — - . L k=0,1,...
ming e 7, (IK|~! maxresx o Pwyr)II])

(9.99)

, T

which measures how many times the time step is larger in comparison to the time step
for an explicit time discretization. Here o (IP’(w’,‘l | )) denotes the spectral radius of the
matrix P(wﬁ | ) defined by (9.23). Figure 9.15 shows the dependence of CFL; on the
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Fig.9.12 NACA 0012 (M = 0.5, = 2°,Re = 2000): distribution of the skin friction coefficient
for Pj, P3 and Ps5 polynomial approximations on grids N1 and N4

Fig. 9.13 NACA 0012 (M, = 0.85, @ = 2°, Re = 2000): Mach number isolines for P, P; and
P5 polynomial approximations on grids N1 and N4

parameter k for the flow regime C1, C2 and C3 using P; polynomial approximation
on grid N4. We observe that very large values CFL; are attained, and hence the
BDF-DGFE method is practically unconditionally stable.
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Fig. 9.14 NACA 0012 (M = 0.85, « = 2°, Re = 2000): distribution of the skin friction
coefficient for P;, P3 and Ps polynomial approximations on grids N1 and N4
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Fig. 9.15 Dependence of the value CFL; on the parameter k for the flow regimes C1 (left), C2
(center) and C3 (right)

9.4.3 Unsteady Flow

We consider a transonic flow around the NACA 0012 profile with the far-field Mach
number My, = 0.85, angle of attack « = 0° and the Reynolds number Re = 10 000.
In this case the flow is unsteady with a periodic propagation of vortices behind the
profile, see [224].

In the numerical simulation of nonstationary processes, it is necessary to use a
sufficiently small time step in order to guarantee accuracy with respect to time. In
our computations the time step was chosen adaptively with the aid of the adaptive
algorithm presented in Sect. 8.4.6 with the tolerance w = 1072 in (8.148).

We applied the 3-step BDF-DGM with the P, polynomial approximation on the
mesh from Fig. 9.16. The computation was carried out for the dimensionless time ¢ €
(0, 90). Figure9.17 shows the dependence of the lift, drag and moment coefficients
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Fig. 9.16 NACA 0012, M = 0.85, o = 0° and Re = 10000: triangular grid
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Fig. 9.17 NACA 0012, My, = 0.85, « = 0° and Re = 10 000: dependence of the drag coefficient
cp, lift coefficient ¢;, and moment coefficient cy; on the dimensionless time ¢ € (80, 90)
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on time ¢ € (80, 90). We observe periodic oscillations of ¢ and cj; with period
At =~ 0.7. Figure 9.18 shows the Mach number isolines at time instants #; = 89.3 4
iAt)7, i = 1,2,...,7, demonstrating the periodic propagation of vortices behind
the profile. These results are in a good agreement with results from [88, 224].

This example demonstrates that the presented BDF-DGM is able to resolve steady
as well as unsteady flow without any modification of the scheme. It is very important
in the case, when it is not a priori known, whether the considered flow is steady or
unsteady.

9.4.4 Steady Versus Unsteady Flow

The numerical examples presented in the previous sections lead us to the conclusion
that the presented BDF-DGM is robust with respect to the magnitude of the Mach
number and is practically unconditionally stable. This means that large time steps
can be used, cf. Fig.9.15. However, there is a danger that the use of too long time
steps can lead to qualitatively different results.

As an example we consider a laminar viscous subsonic flow around the NACA
0012 profile with the far-field Mach number My, = 0.5, angle of attack ¢ = 2°
and the Reynolds number Re = 5000. This flow is close to a limit between the
steady and unsteady flow regimes. In [88, 102], we presented steady-state solutions
for this flow regime computed using several degrees of polynomial approximation
and several grids.

Here we present computations carried out by the 3-step BDF-DGM with P; and Py
polynomial approximation, applied on an unstructured mesh shown in Fig.9.19. The
time steps were chosen adaptively with the aid of the adaptive algorithm presented
in Sect.8.4.6 with two different tolerances @ = 1 and @ = 10~* in (8.148). This
means that in the former case we do not take care of the accuracy with respect to
time. In the latter case, the problem was solved with a high accuracy with respect to
time. Of course, the computation needs much longer CPU time.

Figure 9.20 shows the convergence of the steady-state residuum (cf. the criterion
(8.171) adapted to the viscous flow problem) and the corresponding value CFLy (cf.
(9.99)) for both settings w = 1 and w = 1074,

It can be seen that for @ = 1 a steady-state solution is obtained. On the other hand,
for w = 10™* the resolution in time is much more accurate and an unsteady solution
is obtained. Moreover, Fig.9.21 shows the dependence of the lift coefficient c; on
the dimensionless time for P; and P4 polynomial approximations with @ = 10™* in
(8.148). The constant value ¢ -‘steady’ was obtained with the same method but with
o = 1. Finally, Fig.9.22 shows Mach number isolines for P3 and P4 polynomial
approximations and for ® = 1 and w = 1074,

These experiments indicate that an insufficiently accurate resolution with respect
to time can lead to different flow regimes (steady versus unsteady). These results are
in agreement with [203], where this example was solved by several research groups.
They achieved mostly the steady state solution using steady-state solvers or implicit
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Fig. 9.18 NACA 0012,
My = 0.85, « = 0° and
Re = 10000: Mach number
isolines at the time instants
ti =893+ iAt/7,
i=1,..., 7, in one period

time at 6/ 7 of period time at 5/7 of period time at 4 /7 of period time at 3/7 of period time at 2/7 of period time at 1/7 of period
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Fig.9.19 NACA 0012, My, = 0.5, = 0°and Re = 5000: computational grid, around the profile
(left) and a detail at the leading edge (right)
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Fig. 9.20 NACA 0012, My, = 0.5, « = 0°and Re = 5000, P4 approximation, » = 1 and
w=10"% steady-state residuum (/eft) and the value CFL; (right) with respect to the number of
time steps

time discretizations with large time steps. Only a sufficiently accurate (explicit) time
discretization (carried out at the University of Stuttgart) gave the unsteady flow
regime, see [203, Chap.5].

9.4.5 Viscous Shock-Vortex Interaction

This example represents a challenging unsteady viscous flow simulation. Similarly
asin [70, 143, 267], we consider the viscous interaction of a plane weak shock wave
with a single isentropic vortex. During the interaction, acoustic waves are produced,
and we investigate the ability of the numerical scheme to capture these waves. The
computational domain is £2 = (0,2) x (0, 2) with the periodic extension in the
xp-direction. A stationary plane shock wave is located at x; = 1. The prescribed
pressure jump through the shock is pr —pr = 0.4, where p; and pg are the pressure
values from the left and right of the shock wave, respectively, corresponding to the
inlet (left) Mach number My = 1.1588. The reference density and velocity are
those of the free uniform flow at infinity. In particular, we define the initial density,
x1-component of velocity and pressure by
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imation, time evolution of the lift coefficient ¢; with respect to the physical time for the setting
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Fig. 9.22 NACA 0012, My, = 0.5, « = 0°and Re = 5000 for P; and P4 polynomial approxima-
tions and for w = 1 and @ = 10~*: Mach number isolines
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pr=1,u =My p.=1, pr=pLK1, ur =uLKf1, pr = p1K2,
(9.100)
where
+1  M? 2 -1
K=Y L k=——(ymz-Y—). @101
2 1+ 5Mm; y+1 2

Here, the subscripts ; and g denote the quantities at x < 1 and x > 1, respectively,
y = 1.4isthe Poisson constant. The Reynolds numberis 2000. Anisolated isentropic
vortex centered at (0.5, 1) is added to the basic flow. The angular velocity in the vortex
is given by

Vg = C1r exp(—czrz), cl1 =uUc/re, 2= rc_z/Z, (9.102)
r=((x1 —0.5 = (xa— DH'2,

where we set r, = 0.075 and u, = 0.5. Computations are stopped at the dimension-
less time 7 = 0.7.

We solved this problem with the aid of the 3-steps BDF-DGM (9.74) with Py
polynomial approximation in space. The computational grid with 3072 triangles
was a priori refined in the vicinity of the stationary shock wave, see Fig.9.23. This
figure shows also the initial setting of the shock wave and the isentropic vortex with
their details.

Figures9.24 and 9.25 show the results of the simulation of viscous shock-vortex
interaction, namely, the isolines of the pressure and the pressure distribution along
xp = 1 atseveral time instants. We observe a capturing of the shock-vortex interaction
with the appearance of incident and reflected acoustic waves. These results are in
agreement with results presented in [70, 143, 267]. Hence, we can conclude that
the DGM is able to capture such complicated physical phenomena as shock-vortex
interaction.
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Fig. 9.23 Viscous shock-vortex interaction: the used grid (/eft) and pressure isolines (right) at
t = 0, the total view (top), its details near the vortex (center) and the shock wave (bottom)



518 9 Viscous Compressible Flow
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Fig. 9.24 Viscous shock-vortex interaction: pressure isolines at t = 0.2, 0.3, 0.4, 0.5, 0.6 and 0.7
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Chapter 10
Fluid-Structure Interaction

Simulating a flow in time dependent domains is a significant part of fluid-structure
interaction. It plays an important role in many disciplines. We mention, for example,
construction of airplanes (vibrations of wings) or turbines (vibrations of blades),
some problems in civil engineering (interaction of wind with constructions of bridges,
TV towers or cooling towers of power stations), car industry (vibrations of various
elements of a coachwork), but also in medicine (haemodynamics or flow of air in
vocal folds). In a number of these examples the moving medium is a gas and the flow
is compressible. For low Mach number flows, incompressible models are often used
(as e.g., in [266]), but in some cases compressibility plays an important role.

In this chapter we describe the discontinuous Galerkin method applied to the
numerical solution of compressible flow in time dependent domains and present
some applications to problems in fluid-structure interaction. The main ingredient
of this technique is the ALE (arbitrary Lagrangian—Eulerian) formulation of the
compressible Navier—Stokes equations, which is discretized by modifying the DGM
described in the previous chapter.

10.1 Formulation of Flow in a Time-Dependent Domain

We will be concerned with the numerical solution of a compressible flow in a bounded
domain 2, ¢ R? (d = 2 or 3) depending on time ¢t € [0, T],0 < T < oo. We
start from the system of the compressible Navier—Stokes equations written in the
dimensionless form (9.12), i.e.,

d d
ow afs(w) S(w Vw)
— + : n , 10.1
o Z} i, Z Or (10.1)
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where we set Q7 = {(x,1); x € §2;, t € (0, T)}. We use the notation (9.13)—(9.33)
from Chap.9.

In order to take into account the time dependence of the domain, we use the
arbitrary Lagrangian-Eulerian (ALE) method, proposed, e.g., in [229]. We define a
reference domain $2¢ (also called reference configuration) and introduce a regular
one-to-one ALE mapping of §2o onto the current configuration $2; (cf. [229], [266]
and [272])

A Q20— §2,, ie, XeRor— x=x(X,1) = A(X) € 2,.

Here we use the notation X for points in £2¢ and x = x (X, ) for points in £2;.
Further, we define the domain velocity:

0
(X, 1) = EAt(X)’ tel0,T], X e £,
2, 1) = Z(A; (), 1), t€[0,T], x € £,

and the ALE derivative of a function f = f(x,t) defined forx € £2; and¢t € [0, T]:

DA af
where
(X, 1) = f(A/(X), 1), X € R0, x =A(X). (10.3)

As a direct consequence of the chain rule we get the relation

DAf  of
F_E_l_V(f) fv.z

This leads to the ALE formulation of the Navier—Stokes equations

d d
Bgv(w) OR;(w, Vw)
= e e — 10.4
-+ Z o ; ™ (104)
where
gw)i=f,w)—zow, s=1,....d, (10.5)

are the ALE modified inviscid fluxes. We see that the partial time derivative 9/0¢ in
(10.1) is replaced by the ALE derivative D* /Dt, the inviscid Euler fluxes f s(w) are
replaced by the ALE modified inviscid fluxes g,(w) and new linear reaction term
w'V - z appears in (10.4).
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System (10.4) is equipped with the initial condition

w(x,0) =w'(x), x € £, (10.6)

and boundary conditions similar to (9.35)—(9.37). We assume that 02, = 92; U

082, U 082w, is a disjoint partition of the boundary 052;, where the inlet 92; and

outlet 052, are independent of time and the set 92y, represents impermeable walls,
whose part may move in dependence on time. We prescribe the boundary conditions

d d
v y 00
p=pp, ¥="p, Z(Z tlknl)vk t g, =0 onaLi (107)

k=1 \I=1
d
Dlrtime =0 s=1,....d, S =0 ond2, (10.8)
k=1 n
a0
v=zp, — =0 ondQy,, (10.9)
on
where pp, vp and zp are given functions and n = (ny,...,ng) is an outer unit

normal to d2;. The vector function z p represents the velocity of the moving wall.

10.1.1 Space Discretization of the Flow Problem

For the space semidiscretization we use the discontinuous Galerkin method. We
proceed in a similar way as in the previous chapter. We construct a polygonal (or
polyhedral) approximation §2;; of the domain £2;. The parts 952;, 952, and 982w, of
the boundary 0$2; are approximated by parts 0§2;;, 9525, and 082, w,, respectively,
of 382;;. By 7, we denote a partition of the closure £2; of the domain £2; into a
finite number of closed simplexes K with mutually disjoint interiors such that £2, =
Uk <z, K. By Fnt we denote the system of all faces of all elements K € 7. Fur-
ther, we introduce the set of boundary faces .%, hli ={I € Sy, I' C 082y}, thesetof
“Dirichlet” boundary faces .7} = {I" € .Z}%; a Dirichlet condition is given on I"}
and the set of inner faces .7/, = Zj, \ Z5. Moreover, in .Z2 we distinguish
the sets ﬁ,’;t, . and ﬁhv;/ of all inlet, outlet and wall faces, respectively, and put
Thi = Fp VI,

Each I € .%y; is associated with a unit vector n normal to I". For I" € 3‘}5
the normal n i~ has the same orientation as the outer normal to 982y,,. We setd (") =
diameter of I" € .%j,. For each I" € 9’}; there exist two neighbouring elements
K}L), K}R) € I such that I' C 8K1(~R) N BKI(«L). ‘We use the convention that KI(«R)
lies in the direction of n and K }L) lies in the opposite directiontonp. If I' € %, }5,

then the element adjacent to I” will be denoted by K ;«L).
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The approximate solution will be sought in the space of piecewise polynomial
functions

Shpr = Sppn)?™2, with S = (v vix € Pp(K) VK € Ty}, (10.10)

where p > 0 is an integer and P, (K) denotes the space of all polynomials on K of
degree < p. For any function ¢ € Sy, and any face I € %), we use the standard

symbols (o(L) and (055), (¢)r and [@]r. (See e.g., Sect.9.2.1.)

The discrete problem is derived in a standard way: We multiply system (10.4) by
a test function @), € Sy, integrate over K € .7, apply Green’s theorem, sum over
all elements K € .7, use the concept of the numerical flux and introduce suitable
mutually vanishing terms for a regular exact solution. Moreover, we carry out a
linearization of nonlinear terms. Similarly as in Sects.9.3.2 and 8.4.3, we introduce
the partially linearized forms ay,, J Z, B, and y,, depending now, of course, on
time ¢. The forms a;, and ]Z are defined in the same way as in (9.77), (9.78), (9.91)
and (9.92), (9.80), (9.81), respectively. For each t € I,, m = 1,...,r, we get the
viscous form

9 9
an (W Who @y 1) = D / Z( Yk(wh)ﬂ)~%dx (10.11)
K e s,k=1 Yk Xs
- > /Z<2Ksk(wh>—>ns [¢41dS
rezl s=1

-y / ZKA/C(wh)—na 1 dS

regt s, k=1

-3 / ZKM(wh)—nv o1 ds

FG@W s, k=1

—o| > / Z< k(wh)—>ns [(wp]dS

rezl s,k=1

ht

+ Z / ZK (W h)_ns (wp —wp)dS

1“67' 5.k

d
Z / 2 () 520 o = W) as
eV sk=
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The parameter ® can attain the values 1, 0 and —1 for the SIPG, IIPG and NIPG
version, respectively. Moreover, the penalty form now reads

T on Wi, . 1) = > / wil-lppldS + > /G(Wh—wB) @y dS

rez/, re#,
+ % [ ot e (10.12)
rezy

ht

where the operator ¥ is defined by (9.66). The weight o in J Z is defined by (9.67).
The boundary state wp is obtained on the basis of the Dirichlet boundary conditions
in (10.7) and (10.9) and extrapolation:

_ - 1
wglr = (pp, PDVDL, PDVD2, CvaGI(-L) + Elelez), rcos;, (10.13)

welr =w\", I Cag, (10.14)
1

— L L);(L L

Welr =y o a1, b 2pa. by 01 + zp(p)lwlz), I' C 0Q,.

(10.15)

The quantities p, 9, etc. correspond to the state wj. We see that as in (9.63) it is
possible to write wg = BC(wj,, up), where u p represents the Dirichlet data.
Further, we define the reaction form

dywi. @)= > | (wy-9,) V- zdx. (10.16)
K eIy

In order to avoid spurious oscillations in the approximate solution in the vicinity
of discontinuities or steep gradients, we apply local artificial viscosity forms. They
are based on the discontinuity indicator

gt(K)z/ [y (12 dS /(g |KIPY), K € Ty, (10.17)
0K

introducedin (8.178). By [wh I we denote the jump of the density function wﬁ | = Ph
on the boundary 0K, correspondlng to the state wy,, and |K | denotes the volume of
the element K. Then we define the discrete discontinuity indicator

G(K)=0 ifg(K) <1, G(K)=1 ifg(K)=1 KeI, (0.18)
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and the artificial viscosity forms defined in analogy to (8.181) and (8.182):

B on. W@y 1) =vi > hKG,(K)/ Vwy, - Ve, dx, (10.19)
Ke Iy, K

_ 1
Va0 wa @)= v D S (Gi(KR) + Gi(KE)) / Wil - [@;]dS,
r
re7j,

with parameters vy, v = O(1). It is also possible to use more sophisticated local
artificial viscosity forms defined in an analogous way as in (8.180), (8.183) and
(8.184). .

Special attention has to be paid to the convection form bj,. Denoting by I the unit
matrix and taking into account the definition of g, in (10.5) and notation (8.14), we
have

D D
gw) _Df(w) al= A,() — 2L (10.20)
Dw Dw
and can write
d d
Dg.(w
Poowvmy = > 25 S 4 winy — 2T

Dw

s=1 s=1

By Lemma 8.6 (namely, relation (8.29)), this matrix is diagonalizable. It means that
there exists a nonsingular matrix T = T(w, n) such that

P, =T 'AT, A =diag(ri, ..., at2),

where A; = A;(w, n) are eigenvalues of the matrix P,. By virtue of (8.29), (8.30)
and (10.20),

rMw,n)=w—2z2)-n—a, (10.21)
Aw,n)=---=rgy1(w,n)=v-—2)-n,
Adio(w,n) = (v—2)-n+a.

Now we define the “positive and negative” parts of the matrix PP, by

Py =T 'AT, A* =diag(A7..... A7)
where AT = max(A, 0), A~ = min(}, 0). Using the above concepts, for arbitrary
statesw’, wR and a unit 2D vector n, we introduce the ALE modified Vijayasundaram
numerical flux (cf. Sect.8.4.3)
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wp +w _ (WL +wW
Hg(wL,wR,n)zlP’;(%,n)wL+Pg (%,n)w,g. (10.22)

On the basis of the above considerations, we can introduce the convection form
defined for wy,, wy, @), € Spp;:

by Wi, Wi @ 1) = — D Z((A o) — zsDwn) - dx (10.23)

KeI, Ks 1
- / (BF () mry il <<wh>p,nr>whr) p4dS
rez}
> /fW@iLF,nr)-whds
Feﬁ‘hvy
+ Z/ P*(wﬁlLF),np)w(L)—i—P (wﬁ,L,),nr)%(W(pL),WBC))'¢hd5~
rzio

The symbol fy denotes the boundary flux on the approximation 982w, of the
impermeable moving wall. We proceed here in a different way than in Sect. 8.3.1.
On every face I" € .7 h‘};’ (with the normal n = n ) we use the relation

p(v—2zp)-n
d pvi(v —zp) - n +pny
> g wing = : , (10.24)
= pvg(v —2Zp) -1+ png
E(v—zp)-n+pzp-n

which follows from (10.5) and (8.10). In view of (10.9),v =zpon I € ﬂ\h‘y, nd
hence

> g winy =pO.n1.....ng.zp-m)" (10.25)
s=1

This leads us to the choice of boundary flux on 02w, in the form

Fw D onpy =50, n1, .. ng,zp w7, (10.26)

where f);f}) is the trace of the pressure on I” € ﬁh"}/, corresponding to the function

— (L)
Wir-
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10.1.2 Time Discretization by the BDF Method

Let us construct a partition 0 =79 <t < fp < --- < t, = T of the time interval
[0, T'] and define the time step 1, = #,, — t,,—1. We use the approximations wy, () &
Wy € Snpr,» 2(ty) ~ 2", n =0,1,... Let us assume that wj, n =0,...,m — 1,
are already known and we want to determine w}'. We introduce the functions

Wh=whoA, oAl n=mm—1m-2, ..., (10.27)
ie.,
Wi (x) = wh (A, (A;n1 (x)), xe€$2,. (10.28)
Obviously, for n = m, the definition of W} by (10.27) is trivial, since
Wi (X) =wil(x), x €82, (10.29)
The transformation of WZ from the domain £2;, to §2¢ reads
Wi (X) =wi(A, (X)), X € £2. (10.30)
Then
W) (x) = WZ(A;nl (x)), xe€s2,. (10.31)

In order to define the ALE derivative of the exact solution w, by virtue of (10.3),
we introduce the function

w(X, 1) =w(A/(X),t), X e, tel0,T] (10.32)

We use the approximations
w(x, 1) & wy(x), x €82, (10.33)

and thus in view of (10.31),
WX, 1) ®Wh(X) =wi(x), X €, X= A;nl(x), X €82, (10.34)
Now, by (10.2) and the above relations, we can obtain the approximation of the

ALE derivative of the vector function w at time ¢t = 1, and a point x € §2; with the
aid of the backward finite difference:
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D*w _
D¢ (X7 tm> - 5( 5 tm)lszgnl(x)
WX ) = WX 1) W) — W0

Tm Tm

These relations and (10.34) lead to the first-order BDF approximation of the ALE
derivative in the form

DA m _ ~m—1
DV ey a WO =W @ o (10.35)
Dt Tm

In a similar way the ALE derivative can be approximated by the backward difference
formula of order ¢:

DAwh DA Wh 1 i o
O (X, ty) & %(x,tm) = - aow) + ;azw;': ‘W), xe 24,

(10.36)

with coefficients ¢y, [ = 0, ..., q, depending on 7,,_;, [ = 0,...,q — 1, see
Sect.8.4.5. In the beginning of the computation when m < ¢, we approximate the
ALE derivative using formulae of the lower order g := m.

In nonlinear terms we use the extrapolation for computing the state w/':

q
W=y, (10.37)
=1

where B8;, [ = 1,...,q,dependon 7,,—;, I = 0,...,9g — 1. If m < g, then we
apply the extrapolation of order m. The values of the coefficients «;, [ = 0, ..., g,
and g;,1 = 1,...,q, for g = 1,2,3 are given in Tables8.2, 8.3 and 8.4, 8.5,
respectively.

By the symbol (-, -);, we denote the scalar product in L2(.thm), 1.e.,

Wn, @), =/ Wh - @ dx. (10.38)
thm

Definition 10.1 The sequence of functions wZ’ € Supr,-m =1,2,...,r,is called
the approximate solution given by the ALE BDF-DG scheme if it satisfies

D& W _
( aﬁ; (tm),qoh) +an W w9, tm) (10.39)
tm

+I;h(wzn7 Wzn,fph,lm)+jZ(WZ1WZl,¢th)+dh(WZn,fPh,fm)
+ﬂh(wzl7 Wzl,‘Ph, Im) + )’h(w;lnv wzls‘phv tm) =0 Vo, € Shptm-
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10.1.3 Space-Time DG Discretization

Another technique regarding how to construct a method of high-order accuracy both
in space and time is the space-time discontinuous Galerkin method (ST-DGM). We
again consider a partition 0 = 79 < #; < - -+ < t, = T of the time interval [0, T]
and denote I, = (ty—1. tm), Im = [tm_1stm], Tm = tm — tm—1, for m=1,...,r.
We define the space S}[::? = (S}’:,’f)d"rz, where

q
St = [¢> Ll = D Gidi, where ¢ € Spr, G € Py(Iy)m=1,....r
i=0

with integers p, g > 1, P,;(I;) denoting the space of all polynomials in ¢ on I,,, of
degree < ¢ and the space Sy, defined in (10.10). For ¢ € Sﬁ:g we introduce the
following notation:

O =0) = lim o). (phn =05~ 0. (10.40)

Derivation of the discrete problem can be carried out similarly as above. The
difference is now that time ¢ is considered continuous, test functions ¢;, € S,’;’Z
are used and also the integration over I, is applied. In order to stick together the
solution on intervals /,,,_; and I,,,, we augment the resulting identity by the penalty
expression ({Wyrbm—1, @5 (6 ))) - The initial state w; (0—) € Sho is defined

Im

as the L2(£2j,0)-projection of w® on Sfo, ie.,

(Wi 0. 01),, = (#°.94) Vo € Sipo- (10.41)

fo

Similarly as in Sect. 10.1.2 we introduce a suitable linearization. We can use two
possibilities.

(1) We put wy (1) := wp(t,,_,) for t € I,. (This represents a simple time extrapo-
lation.)

(2) Each component of the vector-valued function wy¢|;,, , is a polynomial in ¢ of
degree < ¢, and we define the function wj,.|;,, by the time prolongation using values
of the polynomial vector function wy¢|;,_, at time instants ¢ € I,,. Thus, we write
Whelr, () = Wi, (t) for t € Iy,

Definition 10.2 The ALE space-time DG (ALE ST-DG) approximate solution is a
function wy,; satisfying (10.41) and the following conditions:

wir € 87, (10.42a)
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DAwhr n -
s @ne | T anWnr, Wir, @p, 1) ) df (10.42b)
I Dt t

+/ (i’h(whtv Wht, (phr9 t) + ]Z(W/’LT’ Wht, ¢hf’ t) +d/’l(whf’ ¢h‘[’ t)) dt
I,

m

+/ (ﬁh(whrawhrv(oht’t)+yh(whr»whr’¢hrat)) dt

m

+ Wnhm—1: @ne 1)1, =0 Vo € SPL, m=1,..,r

Remark 10.3 In practical computations, integrals appearing in definitions of the
forms ay,, I;h, dy, J Z, B;, and y,, and also the time integrals are evaluated with the
aid of quadrature formulae.

The linear algebraic systems equivalent to (10.39) and (10.42) are solved either
by the direct solver (e.g., UMFPACK [72]) or by a suitable iteration method (e.g.,
the GMRES method with block diagonal preconditioning [249].

10.2 Fluid-Structure Interaction

This section is devoted to problems of fluid-structure interaction (FSI). We are con-
cerned with two FSI problems:

e flow-induced airfoil vibrations,
e interaction of compressible flow with elastic structures.

In both cases we deal with 2D models.

10.2.1 Flow-Induced Airfoil Vibrations

In the study of aerodynamical properties of airplane wings or blades of turbines
and compressors, the problem of flow-induced airfoil vibrations plays an important
role. We consider an elastically supported airfoil with two degrees of freedom: the
vertical displacement H (positively oriented downwards) and the angle « of rotation
around an elastic axis E A (positively oriented clockwise), see Fig. 10.1. In this case
the boundary of the bounded domain £2, C R? occupied by gas is formed by three
disjoint parts: 9§2; = 952; U 982, U 082yw,, where 952; is the inlet, 352, is the outlet
and 0£2w, denotes the boundary of an airfoil moving in dependence on time.

10.2.1.1 Description of the Airfoil Motion

The motion of the airfoil is described by the system of ordinary differential equations
for unknowns H and «:
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Fig. 10.1 Elastically
supported airfoil with
two degrees of freedom

mH + kygH + Sq & cosa — Sqé” sina + dyyH = —L (1), (10.43)
Sy H cosa + Iyd + koot + dyat = M(1).

The dot and two dots denote the first-order and second-order time derivative, respec-
tively. This system is derived from the Lagrange equations of the second art (see, e.g.,
[266]). We use the following notation: L (#)—aerodynamic lift force (upwards posi-
tive), M (t)—aerodynamic torsional moment (clockwise positive), m—airfoil mass,
Sy—static moment of the airfoil around the elastic axis E A, I,—inertia moment
of the airfoil around the elastic axis EA, kgg—bending stiffness, ky,—torsional
stiffness, dyg—structural damping in bending, d,—structural damping in torsion,
|—airfoil depth (i.e., the length of an airfoil segment in investigation).

System (10.43) is equipped with the initial conditions prescribing the values
H(0), «(0), H(0), ¢(0). The aerodynamic lift force L acting in the vertical direction
and the torsional moment M are defined by

2 2

L= _z/ > wn;dS, M= 1/ > mnjrtds. (10.44)
082w j=1 82w i,j:l
where
1 (0u; Oou; 2

\4 J
Tj = —pdj + 1 =—pag+§(ﬁ;+a—m—§v-v55), (10.45)
it = —(x2 — xg42), 13" = X1 — XEgAlL

By 7;; we denote the components of the aerodynamic stress tensor, §;; denotes the
Kronecker symbol, n = (n1, ny) is the unit outer normal to 92, on 92y, (pointing
into the airfoil) and xg4 = (xga1, XEA2) is the position of the elastic axis (lying in
the interior of the airfoil). Relations (10.44) and (10.45) define the coupling of the
fluid dynamical model with the structural model.
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In contrast to the solution of compressible flow, the numerical solution of the struc-
tural problem is not difficult. System (10.43) is transformed to a first-order system
and approximated by the Runge-Kutta method. In what follows, we are concerned
with the realization of the complete fluid-structure interaction problem.

10.2.1.2 Construction of the ALE Mapping

In the solution of flow-induced airfoil vibrations, for constructing of the ALE map-
ping the following method can be used. We start from the assumption that we know
the airfoil position at time instant #,,, given by the displacement H (#,,) and the rota-
tion angle a(#,,). We want to define the mapping A;, : Qn0 — 5ht,,,~ We construct
two circles K1, K, with center at the elastic axis EA andradii Ry, Ry, 0 < R| < R
so that the airfoil is lying inside the circle K. The interior of the circle K is mov-
ing in vertical direction and rotates around the elastic axis as a solid body together
with the airfoil. The exterior of K5 is not deformed, and in the area between K
and K> we use an interpolation. First, we define the mapping H;, (X1, X2), where
X = (X1, X2) € £2p0, describing the vertical motion and rotation:

cos a(ty) sina(tm) X1 — XEal XEAl 0
H; (X1, X») = . ,
m (X1, X2) (—sm a(tn) cos () ) \ X2 = Xpar ) T\ xiao ) T\ =B ()
where (Xga1, XEA2) represents the position of the elastic axis at time ¢ = 0. If we

denote the identical mapping by Id(X1, X2) = (X1, X2), we define the mapping
A;, as acombination of Id and H,, :

A, (X1, X2) = (1 — §)H,, (X1, X2) + E1d(X1, X2), (10.46)
where
= £(F) = mi ( (0 ;_—R‘) 1) (10.47)
& = £(¥) = min | max "Rk, )’ .

and 7 = /(X1 — Xga1)?> + (X2 — Xga2)? is the distance of a point X € §2j,0 from
the elastic axis.

In the case of the space-time DGM it is necessary to construct the ALE mapping
for all time instants in the intervals I,,,. To this end, we introduce the mapping by the
formula

tm — 1 - t—ty,_1 -
"R (X)) + — LA, (X), tel,, X e (10.48)

m m

At(X) =

Since the mapping A, is nonlinear, the elements from the initial triangulation
Tho would be transformed by this mapping to curved elements. Therefore, the ALE
mapping A; is defined as the conforming piecewise linear space interpolation of A;.
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The domain velocity is approximated in the BDF method by the formula of order
q in the form

1 q
"(x) = — (aox + D A, (A;l(x))) for x € 2, (10.49)
‘Cm m
=1
with coefficients o, I = 0, ..., ¢, given in Tables 8.2 and 8.3. If m < ¢, then we set

q := m. In the case of the space-time DGM we use (10.48) and express z(¢) in the
form

A, AT @) — A, (A7
z(x, 1) = (A (%)) - 1 (Ar (x)), t €Ly, X € 2. (10.50)

10.2.1.3 Coupling Procedure

In solving the complete fluid-structure interaction problem the following coupling
algorithm is used.

0. Prescribe ¢ > 0O—the measure of accuracy in the coupling procedure, and an
integer N > 0—the maximal number of iterations in the coupling procedure.

1. Assume that the approximate solution w];l of the discrete flow problem (10.39) or
the approximate solution wy|j, of the discrete problem (10.42) and the corre-
sponding lift force L and torsional moment M computed from (10.44) and (10.45)
are known.

2. Extrapolate linearly L and M from the interval [#;_1, ] to [#, tx+1]. Setn := 0.

3. Prediction of H, o: Compute the displacement H and angle « at time f| as the
solution of system (10.43). Denote it by H*, a*.

4. On the basis of H*, o™ determine the position of the airfoil at time #;y, the
domain 2y, , ,, the ALE mapping Ap;,,, and the domain velocity zl,‘lﬂ.

5. Solve the discrete problem (10.39) at time #;4; or the discrete problem (10.42)
in the interval 4.

6. Correction of H, «: Compute L, M from (10.44) and (10.45) at time f;4+ and
interpolate L, M in the interval [#x, fx41]. Compute H, « at time #;11 from (10.43).

7. f |H* — H|+ |o* —a| >candn < N,set H* = H,a* =a,n :=n+ 1 and
go to 4. Otherwise, k := k + 1 and go to 2.

If N = 0, then the coupling of the flow and structural problems is weak (loose).
With increasing N and decreasing ¢, the coupling becomes strong.
10.2.1.4 Numerical Examples

In order to demonstrate the applicability and robustness of the developed meth-
ods numerical tests were performed. Here we present the results of computations
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carried out for the flow around the NACA 0012 profile with the following data:
m = 0.086622kg, S, = —0.000779673kgm, I, = 0.000487291kgm~2, kyy =
105.109Nm ™!, koo = 3.696682Nmrad~!, dyy = 0.0 Nsm™!, dyy = 0.0Nms
rad~!, n =172 10 kgm_1 s~! far-field pressure p = 101,250Pa, far-field
density p = 1.225kgm™3, Poisson adiabatic constant y = 1.4, specific heat ¢, =
721.428 m?s~2K~!, heat conduction coefficient k = 2.428 - 10> kgms 2 K™!,
airfoil length ¢ = 0.3 m, airfoil depth / = 0.05 m, initial conditions for the structural
equations H(0) = —20mm, «¢(0) = 6°, H (0) = @(0) = 0. The computations
started at a time instant t = —§ < 0 with a fixed airfoil. Then at time = 0 the
airfoil was released and the FSI process followed.

For the space discretization quadratic polynomials (p = 2) were used. In the case
of the BDF time discretization, the second-order approximation was used (we denote
it by BDF-DGp2q?2). In the case of the ST-DG method the quadratic polynomials in
space and linear polynomials in time were used (denoted by ST-DGp2q1). For both
methods the SIPG variant of the viscous terms was used (i.e., ® = 1). In the penalty
form J Z the weight o was defined by (9.67) with the parameter Cyy = 500 in the
interior part of the penalty form, whereas Cy = 5000 in the boundary penalty, in
order to obtain an accurate approximation of the Dirichlet boundary conditions. The
time step is defined as T = 0.003299 ¢/v« s, where ¢ = 0.3 m is the length of the
airfoil and v is the magnitude of the far-field velocity. The constants in the artificial
viscosity forms were chosen v; = v, = 0.1.

With the use of the triangulation at time + = 0 shown in Fig. 10.2, low Mach
number flow was computed for far-field velocities 20 and 37.5m/s. The results are
shown in Figs. 10.3 and 10.4. We can see that both methods DG-BDF (full lines)
and ST-DG (dashed lines) give very similar results. In the case of the far-field veloc-
ity 20m/s the airfoil vibrations are damped. The velocity 37.5m/s leads already to
flutter, when the vibrations are damped no longer. Our results are comparable with
computations presented in [179], where the Taylor—Hood finite element method was
applied to the model based on the incompressible Navier—Stokes equations.

In the second example, the described methods are applied to the numerical simula-
tion of airfoil vibrations induced by high-speed hypersonic flow with large Reynolds
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Fig. 10.2 Triangulation at time r = 0 with 17,158 elements used for computing subsonic flow and
its detail near the airfoil
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Fig. 10.3 Displacement and rotation angle of the airfoil in dependence on time for far-field velocity
20m/s and far-field Mach number Mo, = 0.0588
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Fig.10.4 Displacement and rotation angle of the airfoil in dependence on time for far-filed velocity
37.5m/s and far-field Mach number My, = 0.1102

numbers. It appears that in the method combining the DG space discretization with
the BDF time discretization some instabilities may appear for flows with far-field
Mach numbers higher than 1.5. This is not the case of the ST-DG method, which is
very robust and stable for a large range of the Mach and Reynolds numbers.

Here we present the results of the simulation of airfoil vibrations induced by the
flow with far-field Mach number M., = 3 and Reynolds numbers Re = 10* and 10°
computed using the initial triangulation shown in Fig. 10.5. In this case damped airfoil
vibrations were obtained for the same data as above except for bending and torsional
stiffnesses, which were now 1000 times higher that before. Figure 10.6 shows the
Mach number distribution in the vicinity of the airfoil at several time instants. One
can see well resolved oblique shock wave, shock waves leaving the trailing edge and
wake. The presented results were computed by the system of programs worked out
by J. Cesenek [45].
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Fig. 10.5 Triangulation at time t = 0 with 42,821 elements used for computing hypersonic flow
and its detail near the airfoil

10.2.2 Interaction of Compressible Flow and an Elastic Body

In this section, the interaction of compressible flow with an elastic body will be
solved. We use the model of dynamical linear elasticity formulated in a bounded
open set 2 C R? representing the elastic body, which has a common boundary
with the reference domain §2¢ occupied by the fluid at the initial time. By u (X, t) =
(1 (X, 1), ur(X, 1)), X = (X1, X2) € ﬁh, t € [0, T'], we denote the displacement
of the body.

10.2.2.1 Dynamical Elasticity Equations

The equations describing deformation of the elastic body £2° have the form

POy Zzl " 0 gt x ©. 7)., i=12 (1051
E— _— el 1 ) ) t=1, 2 :
Pz TP < 0X,

Here ,ob denotes the material density and 1:5 , 1, j = 1, 2, are the components of the
stress tensor defined by the generalized Hooke’s law for isotropic bodies in the form

T =MV usi+2ulelm), ij=1.2. (10.52)

Bye’ = (eg)% j=1 We denote the strain tensor defined by

1 [ ou; ou;
b i J .o
"u)y=-—+ —1), ,ji=1,2. 10.53
el]( ) 2 (3Xj 3X,') b ( )
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p——  ——

Fig. 10.6 Mach number distribution at time instants # = 0.0, 0.00039, 0.00078, 0.00117 s for the
far-field velocity 1020m/s (M« = 3.0) and Reynolds numbers Re = 10* (left) and Re = 10°
(right)
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The Lamé coefficients A? and u” are related to the Young modulus E” and the
Poisson ratio ?:

Ebg? b Eb

b __ — _
M= droha =200 " Taateh)

(10.54)

The expression Cp” % where C > 0, is the dissipative structural damping of the
system.

We complete the elasticity problem by initial and boundary conditions. The initial
conditions read as

du .
u(-,0)=0, 5(-,0) =0, in”. (10.55)

—=b  =b C
Further, we assume that §2° = T’ w YT p, where I' vl{, and I g are two disjoints parts

of 352°. (Fl;v and FZ denote their closures in 3£2.) We assume that I'}; is a common
part between the fluid and structure at time r = 0. This means that I é[’, C 082w,. On
F‘ﬁ’, we prescribe the normal component of the stress tensor and assume that the part
Fll)’ is fixed. This means that the following boundary conditions are used:

1

2
Dotnj=T" onIy x(©0,T), i=12 (10.56)
j=1

u=0 onl}x0,T). (10.57)

By T" = (T, T;') we denote the prescribed normal component of the stress tensor.
The structural problem consists in finding the displacement u satisfying equations
(10.51) and the initial and boundary conditions (10.55)—(10.57).

10.2.2.2 Formulation of the FSI Problem

Now we come to the formulation of the coupled FSI problem. We denote the common
boundary between the fluid and the structure at time ¢ by I'y,. Thus,

[y, = {x €R%: x =X +u(X,1), X ¢ Fé’v} c a%w,. (10.58)
We see that the shape of the domain £2; is determined by the displacement u of the
part I vl{, at time 7. The ALE mapping A; will be constructed with the aid of a special
stationary linear elasticity problem in Sect. 10.2.2.4.

If the domain £2; occupied by the fluid at time ¢ is known, we can solve the
problem describing the flow, and compute the surface force acting onto the body on
the interface I'y,, which can be transformed to the reference configuration, i.e., to the
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interface F‘ﬁ’,. In case of the linear elasticity model, when only small deformations
are considered, we use the transmission condition

2 2
> Xomnjx)=>" ri]f- n;(X), i=12, (10.59)
j=1 j=1
where ‘L'i{ are the components of the aerodynamic stress tensor of the fluid, i.e.,
o =—psj ). ij=1.2 (10.60)
the points x and X satisfy the relation
x=X+ulX,1), Xely, xely, (10.61)

and n(X) = (n1(X), n2(X)) denotes the outer unit normal to the body 2% on Fvl{, at
the point X. Here we consider the dimensional quantities: p is dimensional pressure
and tl-j‘./ is the viscous part of the aerodynamic stress tensor defined by the dimensional
velocity in (9.8):

av; av;
4 i J L
fﬁ‘“(%%?,-)*“'”’f’ bi=le2 (1062)

Further, the fluid velocity is determined on the moving part of the boundary I:W,
by the second transmission condition

u(X,t)

10.63
o7 ( )

vix,t) =zp(x,t) =

The points x and X satisfy relation (10.61).

Now we formulate the continuous FSI problem: We want to determine the
domain £2;, ¢ € (0, T], and functions w = w(x, ), x € 2,, t € [0,T] and
u=u(X,t), X € ﬁb, t € [0, T, satisfying Eqgs. (10.4), (10.51), the initial condi-
tions (10.6), (10.55), the boundary conditions (10.7)—(10.9), (10.57) and the trans-
mission conditions (10.59), (10.63).

Theoretical analysis of qualitative properties of this problem, as the existence,
uniqueness and regularity of its solution, is open. In what follows, we describe a
method for the numerical solution of the elasticity problem.

10.2.2.3 Discrete Structural Problem

The space semidiscretization of the structural problem will be carried out by the
conforming finite element method. By .Q;l’ we denote a polygonal approximation of
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the domain £2°. We construct a triangulation Zlb of the domain 52;: formed by a
finite number of closed triangles with the following properties:

—=b
(a) 2, = UKGZIb K.
(b) The intersection of two different elements K, K’ € ﬂhb is either empty or a
common edge of these elements or their common vertex.
(c) The vertices lying on 3527 are lying on 9£2°.
(d) The set Ty N Ty is formed by vertices of some elements K & Tb.
Further, by F"j, , and Fg ;, we denote the parts of 8.(2;: approximating Fvl{, and FII;.
The approximate solution of the structural problem will be sought in the finite-
dimensional space X, = X, x X}, where

X, = {vh € C(2)): vulk € Po(K), VK € yh”} (10.64)
and s > 1 is an integer. In X, we define the subspace V, = V), x V), where

Vi = {)’h € Xn; yulp = 0}. (10.65)
Dh

Deriving the space semidiscretization can be obtained in a standard way. Mul-
tiplying Eq.(10.51) by any test function ys; € Vj, i = 1,2, integrating over £27,
applying Green’s theorem and using the boundary condition (10.56), we obtain an
identity containing the form

2
ay un, yp) =/Qb WV w V- yy dX+2/_(zb ub D ehup) eh(yy) dX,
h h i,j=1
(10.66)

defined for u, = (up1, un2), ¥, = (Yn1, yn2) € Xp. Moreover, we set

Wiy = [ ewdx. @iy = [ ewas  a0e)
h Wh

We use the approximation T, ~ T" and the notation u), (1) = 3”5';’) and u) (1) =

82wy, (1)
a2
mapping ¢ € [0, T] — u;(t) € V), such that there exist the derivatives u), (1), u} (1)

and the identity

. Then we define the approximate solution of the structural problem as a

(0 uy (1), 1) @b + (Co"u (1), yp) gp + ay n(t). y) = (T3, yi) s, .
Yy,eVy ¥t e(0,T), (10.68)
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and the initial conditions

w,(X,0) =0, u,(X,00=0, XeQ (10.69)

are satisfied.

The discrete problem (10.68), (10.69) is equivalent to the solution of a system of
ordinary differential equations. Let functions ¢, ..., ¢, form a basis of the space
Vj,. Then the system of the n = 2m vector functions

((plv())"'°v((pmv())’ (O?gpl)v"'s(ov(pm)

forms a basis of the space V;, = Vj, x Vj,. Let us denote them by ¢, ...¢,. Then
the approximate solution u;, can be expressed in the form

up(t) =Y pje;, e[0Tl (10.70)
j=1

Let us set p(t) = (p1(t), ..., po(t))T. Using@;, i =1, ..., n, as test functions in
(10.68), we get the following system of ordinary differential equations

Mp” =G —Sp — CMp/, (10.71)

where Ml = (mij):'l, =1 is the mass matrix and S = (sl;,')l'.” =1 is the stiffness matrix
with the elements m;; = (,obt,oj,cpi)_(z;7 and s; = az(goj,tpi), respectively. The
aerodynamic force vector G = G(t) = (G1(t), ..., G,(t))T has the components
Gi(t) = (T} (1), goi)FVth, i=1,...,n. System (10.71) is equipped with the initial
conditions

pj(0)=0, pi0)=0, j=1,...,n (10.72)
One possibility for solving the discrete initial value problem (10.71), (10.72) is

the application of the Newmark method [69], which is popular in solving elastic-
ity problems. We consider the partition of the time interval [0, 7] formed by the

time instants 0 = typ < #; < --- < t, = T introduced in Sect.10.1.2. Let us set
Po = 0,20 = 0, Gk = G(#), and introduce the approximations p, ~ p(t) and
q, ~ p'(t) fork =1,2,...,r . The Newmark scheme can be written in the form

Pis1 = Pr + i + 77 (ﬂ (Mile+l ~M'Spyy — qu+1) (10.73)

+ (% - ﬂ) (M_le - M~'Sp; - qu) )
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Qi+1 =4k + T (J/ (M_le+1 ~M!Spyy — C‘Ik+1) (10.74)
+ (1= y) (MG - M7'Sp; - Cqy) )

where 8, y € R are parameters. From Eq. (10.74) we get

1

941 = T+Cvo ¥ Cyu

(‘Ik + T ()/ (M_leH - M_lSpH]) (10.75)
(- (M”Gk —M!Sp, — qu) ))

The substitution of (10.75) into (10.73) yields the relation

C
2 nr—1 —1
= T o ({M G —M™'S _
Piy1 = Pr g + B k( k+1 Pi+1 1+Cyrqu
Cyu ( —1 —1
- (MG —M™'S )
1+ Cy k+1 Pi+1
Cr -1 -1
- (1 - (M G, —M 'Sp, - C )
14+ Cy =y k P 9k

+ (% — ,3) tkz (M”Gk — M*ISpk — Cgqy.
This implies that
Pret = Pi+ i — Coap + & (M7 Grt —M'Spy )
+ ((% - ,3) P —C(l— V)Ekfk) (M_le ~M'Sp; - C‘Ik) ;

which can be written in the form
(1+ &MT'S) Py = pi+ (i = CE g + &M G (10.76)
1 _ _
+ (C (y—Dé&w + (E — ﬂ) ‘L'kz) (M 1Gk — M 1Spk — qu) .

Here we use the notation

Cyn ) Bt;

2
- |- - . 10.77
Sk = Pri ( 1+Crn)  1+Crm (10.77)

If p; and g, are known, then p;_,, is obtained from system (10.76) and afterwards
41 is computed from (10.75).
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In numerical examples presented in Sect. 10.2.2.6, the parameters 8 = 1/4 and
y = 1/2 were used. This choice yields the second-order Newmark method.

10.2.2.4 Construction of the ALE Mapping for Fluid

The ALE mapping A, is constructed with the aid of an artificial stationary elasticity
problem. We seek d = (d1, d») defined in £2¢ as a solution of the elastostatic system

ST =0 in2, i=12 (10.78)

where rg are the components of the artificial stress tensor

1 (3d; dd; o
Tl =29V - d 8 + 2, eg(d)zz(g;—i-a—xj), i,j=1,2. (10.79)

The artificial Lamé coefficients A* and u“ are related to the artificial Young modulus
E“ and to the artificial Poisson ratio o, in a similar way as in (10.54). On the boundary
052, conditions for d are prescribed by

dlyuae, =0, diry\ry =0, d(X, 1) =u(X,1), X € I'y. (10.80)

__ The solution of problem (10.78)—(10.80) gives us the ALE mapping of 2 onto
£2, in the form

AX)=X+dX,1), X e R, (10.81)

for each time 7.

Problem (10.78)—(10.80) is discretized by conforming piecewise linear finite ele-
ments on the mesh %0 used for computing the flow field in the beginning of the
computational process in the polygonal approximation 250 of the domain £29. We
introduce the finite element spaces

P ={d, = (dn1, di2) € (C(2on)%; diilk € PLK) VK € Tho, i = 1,2},
(10.82)

Y =A{en € Zn; ¢,(Q) = 0 for all vertices Q € 382¢},

and the form

By(dp. @p) = (A" + )V -dy, V “Pn) gy, T+ (1 Vdy, prh)QOh . (10.83)
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Then the approximate solution of problem (10.78), (10.80) is defined as a function

d; € Z), satisfying the Dirichlet boundary conditions (10.80) at the vertices on fI;V
and the identity

By(dh, @) =0 Vg, € % (10.84)

Using linear finite elements is sufficient, because we need only to know the movement
of the points of the mesh.
In our computations we choose the Lamé coefficients 1 and u“ as constants
corresponding to the Young modulus and Poisson ratio £4 = 10,000 and ¢ = 0.45.
If the displacement dﬁ‘lH is computed at time #;1, then in view of (10.81), the
approximation of the ALE mapping is obtained in the form

Apn(X) = X +diTH(X), X € Q0. (10.85)

From the ALE mapping at the time instants fx_1, #x, tx1 itis possible to approximate
the domain velocity with the aid of the second-order backward difference formula

02,08 — @21 Apn (A ] (0) + @20A n(AL ] (0)
2 b

k+1
Zh+ (x) = X € th+lh’

(10.86)

with coefficients o2 g, o2 1, o2 2 from Table 8.3, where we write k + 1 instead of k.

Remark 10.4 In Sects.10.2.2.3 and 10.2.2.4, the dynamic elasticity problem was
solved with the aid of conforming finite elements used for space discretization and
the Newmark method for time discretization. The conforming FEM was also applied
to the construction of the ALE mapping. Recently, in works [128, 158, 159, 200-202],
all ingredients of the dynamic elasticity discretization and interaction of compressible
flow with an elastic body including the construction of the ALE mapping are based
on the use of the discontinuous Galerkin method.

10.2.2.5 Coupling Procedure

The realization of the complete fluid-structure interaction problem can be carried out
by the following coupling algorithm.

(1) Assume that on time level #, the approximate solution wﬁ of the flow problem
and the displacement u, ; of the structure are known.
2) Set u! :=upy, | := 1 and apply the following iterative process:
hok+1 : pply g p
f
ij
structure and transform it to the interface Fvbv n

(a) Compute the stress tensor t;; and the aerodynamical force acting on the
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(b) Solve the elasticity problem, compute the approximation uﬁl’ k41 Of the dis-
placement at time f;4; and the approximation Q,lnkﬂ of the flow domain.

(c) Determine the ALE mapping A!
domain velocity.
(d) Solve the flow problem in the domain .Q,ZUHI.

ferh and the approximation ZZ, iy Of the

e) If the variation of the displacement |u’ — ] is larger than the
p k1 k41 g

prescribed tolerance, goto (a)and/ := [+ 1. Else up, 41 := uﬁz’k, k:=k+1
and go to (2).

This algorithm represents the so-called strong coupling. If in step (e) we directly
set k := k + 1 and go to (2) already in the case when / = 1, then we get the weak
(loose) coupling.

10.2.2.6 Numerical Example

In order to demonstrate the applicability of the developed method, we present here
results of a numerical experiment carried out for a problem modelling the flow in
vocal folds.

We consider flow through a channel with two bumps which represent time depen-
dent boundaries between the flow and a simplified model of vocal folds. Figure 10.7
shows the situation at the initial time t = 0, the flow computational mesh consist-
ing of 5398 elements and the structure computational mesh with 1998 elements. In
Fig. 10.8 we see a detail of the channel near the narrowest part of the channel at the
initial time and the positions of sensor points used in the analysis.

The numerical experiments were carried out for the following data: magnitude of
the inlet velocity v;, = 4 ms~!, the fluid viscosity u = 15- 107 %kgm~'s™!,
the inlet density p;, = 1.225kg m~3, the outlet pressure pou; = 97611 Pa,
the Reynolds number Re = pj,vi, H/it = 5227, heat conduction coefficient
k = 2428 - 1072kgms 2 K~!, the specific heat ¢, = 721.428 m?>s 2 K~!, the
Poisson adiabatic constant y = 1.4. The inlet Mach number is M;, = 0.012. The
Young modulus and the Poisson ratio have values E b — 25,000 Pa and o? = 0.4,
respectively, the structural damping coefficient is equal to the constant C = 100 s~

Fig. 10.7 Computational domain at time r = 0 with a finite element mesh and the description of
its size: L; = 50mm, Ly = 15.4mm, Lo = 94.6mm, H = 16mm. The width of the channel in
the narrowest part is 1.6 mm
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Fig. 10.8 Allocation of the

Sensors
sensor_01

|

b fluid sensor

[

sensor_00

and the material density P = 1040 kgm™3 . The quadratic (p = 2) and linear
(s = 1) elements were used for the DG-BDF approximation of flow and conforming
FE-Newmark approximation of the structural problem, respectively.

We present the results obtained by the fluid-structure interaction computation with
the strong coupling. Figure 10.9 shows the velocity isolines in the whole channel at
several time instants. In Figs. 10.10 and 10.11 we can see the computational mesh and
the velocity field near the vocal folds at several time instants. The maximal velocity
is v ~ 54 m s~!. We can observe the Coanda effect represented by the attachment

5678 91011121314

VELOCITY: 1 2 3 4

Fig. 10.9 Velocity isolines at time instants t = 0.1976, 0.1982, 0.1989, 0.1995s. The legend
shows the dimensionless values of the velocity. For getting the dimensional values multiply by
U*=4
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Fig. 10.10 Detail of the mesh and velocity distribution in the vicinity of the narrowest part of the
channel at time instants r = 0.1950, 0.1957, 0.1963, 0.1970s. The legend shows the dimension-
less values of the velocity. For getting the dimensional values multiply by U* = 4



10.2 Fluid-Structure Interaction 549

RTINS
S
S

RTINS
S

RIS
5RO
RO
RRRRRR
L

OO

KR
YRR
R AAVAVaYS

LR

VAVAV.7avavavs

ERRN)

00X
KLy
L

=

AR
00

X
50

DERKER

v
KRS
T

o

5

5

Y

K S ::f:nv.i;
5

SRR

AR
X

XX

S
B

SRR
X %
R

AR
5
0,
{KEr
,

KRR
O

K

>5§

1k

VELOCITY: 1 2 3 4 56 7 8 91011121314

Fig. 10.11 Detail of the mesh and the velocity distribution in the vicinity of the narrowest part
of the channel at time instants + = 0.1976, 0.1982, 0.1989, 0.1995s. The legend shows the
dimensionless values of the velocity. For getting the dimensional values multiply by U* = 4
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Fig. 10.12 Vibrations of sensor points 00 and 01 on the vocal folds with their Fourier analysis and
the fluid pressure fluctuations in the middle of the gap with their Fourier analysis
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of the main stream (jet) successively to the upper and lower wall and the formation
of large scale vortices behind the vocal folds.

The deformation of vocal folds is tested on two sensor points denoted by 00 and
01 lying on the vocal folds surface shown in Fig. 10.8. The character of the vocal
folds vibrations is indicated in Fig. 10.12, which shows the horizontal and vertical
displacements d, and d, of the sensor points. Moreover, the fluid pressure fluctuations
in the middle of the gap as well as the Fourier analysis of the signals are shown. Vocal
folds vibrations are not fully symmetric due to the Coanda effect and are composed of
the fundamental horizontal mode of vibration with corresponding frequency 113 Hz
and by the higher vertical mode with frequency 439 Hz. The increase of vertical
vibrations due to the aeroelastic instability of the system results in a fast decrease of
the glottal gap. At about t = (0.2 s, when the gap was nearly closed, the fluid mesh
deformation in this region became too large and the numerical simulation stopped.
The dominant peak at 439 Hz in the spectrum of the pressure signal corresponds
well to the vertical oscillations of the glottal gap, while the influence of the lower
frequency 113 Hz associated with the horizontal vocal folds motion is negligible in
the pressure fluctuations. The modeled flow-induced instability of the vocal folds is
called phonation onset followed in reality by a complete closing of the glottis and
consequently by the collisions of vocal folds producing the voice acoustic signal.
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