Vincenzo Capasso
David Bakstein

An Introduction
to Continuous-
Time Stochastic
Processes

Theory, Models, and Applications to
Finance, Biology, and Medicine

Third Edition

X Birkhauser



X Birkhduser



Modeling and Simulation in Science, Engineering and Technology

Series Editor
Nicola Bellomo
Politecnico di Torino
Torino, Italy

Editorial Advisory Board

K. Aoki
Kyoto University
Kyoto, Japan

K.J. Bathe

Department of Mechanical Engineering
Massachusetts Institute of Technology
Cambridge, MA, USA

M. Chaplain

Division of Mathematics
University of Dundee
Dundee, Scotland, UK

P. Degond

Department of Mathematics,
Imperial College London,
London, United Kingdom

A. Deutsch

Center for Information Services
and High-Performance Computing
Technische Universitat Dresden
Dresden, Germany

M.A. Herrero

Departamento de Matematica Aplicada
Universidad Complutense de Madrid
Madrid, Spain

P. Koumoutsakos

Computational Science & Engineering
Laboratory

ETH Zirich

Zurich, Switzerland

H.G. Othmer

Department of Mathematics
University of Minnesota
Minneapolis, MN, USA

K.R. Rajagopal

Department of Mechanical Engineering
Texas A&M University

College Station, TX, USA

Y. Tao
Dong Hua University
Shanghai, China

TE. Tezduyar

Department of Mechanical Engineering &
Materials Science

Rice University

Houston, TX, USA

A. Tosin

Istituto per le Applicazioni del Calcolo
“M. Picone”

Consiglio Nazionale delle Ricerche
Roma, Italy

More information about this series at http://www.springer.com/series/4960


http://www.springer.com/series/4960

Vincenzo Capasso* David Bakstein

An Introduction to
Continuous-Time Stochastic
Processes

Theory, Models, and Applications to Finance,
Biology, and Medicine

Third Edition

Birkhauser



Vincenzo Capasso

ADAMSS (Interdisciplinary Centre for
Advanced Applied Mathematical
and Statistical Sciences)

Universita degli Studi di Milano

Milan, Italy

David Bakstein

ADAMSS (Interdisciplinary Centre for
Advanced Applied Mathematical
and Statistical Sciences)

Universita degli Studi di Milano

Milan, Italy

ISSN 2164-3679 ISSN 2164-3725  (electronic)
Modeling and Simulation in Science, Engineering and Technology
ISBN 978-1-4939-2756-2 ISBN 978-1-4939-2757-9  (eBook)
DOI 10.1007/978-1-4939-2757-9

Library of Congress Control Number: 2015938721

Mathematics Subject Classification (2010): 60-01, 60FXX, 60GXX, 60G07, 60G10, 60G15, 60G22,
60G44, 60G51, 60G52, 60G57, 60HO5, 60H10, 60H30, 60J25, 60J35, 60J60, 60J65, 60K35, 91GXX,
92BXX, 93E05, 93E15

Springer New York Heidelberg Dordrecht London

© Springer Science+Business Media New York 2005, 2012, 2015

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of
the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology
now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this book
are believed to be true and accurate at the date of publication. Neither the publisher nor the authors or the
editors give a warranty, express or implied, with respect to the material contained herein or for any errors
or omissions that may have been made.

Printed on acid-free paper

Springer Science+Business Media LLC New York is part of Springer Science+Business Media (www.
springer.com)


www.springer.com
www.springer.com

Preface to the Third Edition

In this third edition, we have included additional material for use in modern
applications of stochastic calculus in finance and biology; in particular, Chap. 5
on stability and ergodicity is completely new. We have thought that this
is an important addition for all those who use stochastic models in their
applications.

The sections on infinitely divisible distributions and stable laws in Chap. 1,
random measures, and Lévy processes in Chap.2, It6—Lévy calculus in
Chap. 3, and Chap. 4, have been completely revisited.

Fractional calculus has gained a significant additional room, as requested
by various applications.

The Karhunen-Loeéve expansion has been added in Chap.2, as a useful
mathematical tool for dealing with stochastic processes in statistics and in
numerical analysis.

Various new examples and exercises have been added throughout the vol-
ume in order to guide the reader in the applications of the theory. The bibli-
ography has been updated and significantly extended.

We have also made an effort to improve the presentation of parts already
included in the previous editions, and we have corrected various misprints and
errors made aware of by colleagues and students during class use of the book
in the intervening years.

We are very grateful to all those who helped us in detecting them and
suggested possible improvements. We are very grateful to Giacomo Aletti,
Enea Bongiorno, Daniela Morale, and the many students for checking the
final proofs and suggesting valuable changes. Among these, the PhD students
Stefano Belloni and Sven Stodtmann at the University of Heidelberg deserve
particular credit. Kevin Payne and (as usual) Livio Pizzocchero have been
precious for bibliographical references, and advice.
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Enea Bongiorno deserves once again special mention for his accurate final
editing of the book.

We wish to pay our gratitude to Avner Friedman for having allowed us
to grasp many concepts and ideas, if not pieces, from his vast volume of
publications.

Allen Mann from Birkhé&user in New York deserves acknowledgement for
encouraging the preparation of this third edition.

Last but not least, we acknowledge the precious editorial work of the many
(without specific names) at Birkh&user, who have participated in the prepa-
ration of the book.

Most of the preparation of this third edition has been carried out during
the stays of VC at the Heidelberg University (which he wishes to acknowledge
for support by BIOMS, IWR, and the local HGS), and at the “Carlos III”
University in Madrid (which he wishes to thank for having offered him a Chair
of Excellence there).

Milan, Italy Vincenzo Capasso
Milan, Italy David Bakstein



Preface to the Second Edition

In this second edition, we have included additional material for use in modern
applications of stochastic calculus in finance and biology; in particular, the
section on infinitely divisible distributions and stable laws in Chap. 1, Lévy
processes in Chap. 2, the It6-Lévy calculus in Chap. 3, and Chap. 4. Finally,
a new appendix has been added that includes basic facts about semigroups of
linear operators.

We have also made an effort to improve the presentation of parts already
included in the first edition, and we have corrected the misprints and errors
we have been made aware of by colleagues and students during class use of the
book in the intervening years. We are very grateful to all those who helped us
in detecting them and suggested possible improvements. We are very grateful
to Giacomo Aletti, Enea Bongiorno, Daniela Morale, Stefania Ugolini, and
Elena Villa for checking the final proofs and suggesting valuable changes.

Enea Bongiorno deserves special mention for his accurate editing of the
book as you now see it.

Tom Grasso from Birkhauser deserves acknowledgement for encouraging
the preparation of a second, updated edition.

Milan, Italy Vincenzo Capasso
Milan, Italy David Bakstein
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Preface to the First Edition

This book is a systematic, rigorous, and self-contained introduction to the
theory of continuous-time stochastic processes. But it is neither a tract nor
a recipe book as such; rather, it is an account of fundamental concepts as
they appear in relevant modern applications and the literature. We make no
pretense of its being complete. Indeed, we have omitted many results that
we feel are not directly related to the main theme or that are available in
easily accessible sources. Readers interested in the historical development of
the subject cannot ignore the volume edited by Wax (1954).

Proofs are often omitted as technicalities might distract the reader from a
conceptual approach. They are produced whenever they might serve as a guide
to the introduction of new concepts and methods to the applications; other-
wise, explicit references to standard literature are provided. A mathematically
oriented student may find it interesting to consider proofs as exercises.

The scope of the book is profoundly educational, related to modeling real-
world problems with stochastic methods. The reader becomes critically aware
of the concepts involved in current applied literature and is, moreover, pro-
vided with a firm foundation of mathematical techniques. Intuition is always
supported by mathematical rigor.

Our book addresses three main groups of readers: first, mathematicians
working in a different field; second, other scientists and professionals from a
business or academic background; third, graduate or advanced undergraduate
students of a quantitative subject related to stochastic theory or applications.

As stochastic processes (compared to other branches of mathematics) are
relatively new, yet increasingly popular in terms of current research output
and applications, many pure as well as applied deterministic mathematicians
have become interested in learning about the fundamentals of stochastic the-
ory and modern applications. This book is written in a language that both
groups will understand, and its content and structure will allow them to

ix
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learn the essentials profoundly and in a time-efficient manner. Other scientist-
practitioners and academics from fields like finance, biology, and medicine
might be very familiar with a less mathematical approach to their specific
fields and thus be interested in learning the mathematical techniques of mod-
eling their applications.

Furthermore, this book would be suitable as a textbook accompanying a
graduate or advanced undergraduate course or as secondary reading for stu-
dents of mathematical or computational sciences. The book has evolved from
course material that has already been tested for many years in various courses
in engineering, biomathematics, industrial mathematics, and mathematical fi-
nance.

Last, but certainly not least, this book should also appeal to anyone who
would like to learn about the mathematics of stochastic processes. The reader
will see that previous exposure to probability, though helpful, is not essential
and that the fundamentals of measure and integration are provided in a self-
contained way. Only familiarity with calculus and some analysis is required.

The book is divided into three main parts. In Part I, comprising Chaps.
1-4, we introduce the foundations of the mathematical theory of stochastic
processes and stochastic calculus, thereby providing the tools and methods
needed in Part IT (Chaps.6 and 7), which is dedicated to major scientific
areas of application. The third part consists of appendices, each of which
gives a basic introduction to a particular field of fundamental mathematics
(e.g., measure, integration, metric spaces) and explains certain problems in
greater depth (e.g., stability of ODEs) than would be appropriate in the main
part of the text.

In Chap. 1 the fundamentals of probability are provided following a stan-
dard approach based on Lebesgue measure theory due to Kolmogorov. Here
the guiding textbook on the subject is the excellent monograph by Métivier
(1968). Basic concepts from Lebesgue measure theory are also provided in
Appendix A.

Chapter 2 gives an introduction to the mathematical theory of stochastic
processes in continuous time, including basic definitions and theorems on pro-
cesses with independent increments, martingales, and Markov processes. The
two fundamental classes of processes, Poisson and Wiener, are introduced as
well as the larger, more general, class of Lévy processes. Further, a signifi-
cant introduction to marked point processes is also given as a support for the
analysis of relevant applications.

Chapter 3 is based on It6 theory. We define the It6 integral, some fun-
damental results of It6 calculus, and stochastic differentials including Ito’s
formula, as well as related results like the martingale representation theorem.

Chapter 4 is devoted to the analysis of stochastic differential equations
driven by Wiener processes and Itd diffusions and demonstrates the con-
nections with partial differential equations of second order, via Dynkin and
Feynman-Kac formulas.
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Chapter 6 is dedicated to financial applications. It covers the core economic
concept of arbitrage-free markets and shows the connection with martingales
and Girsanov’s theorem. It explains the standard Black—Scholes theory and
relates it to Kolmogorov’s partial differential equations and the Feynman—Kac
formula. Furthermore, extensions and variations of the standard theory are
discussed as are interest rate models and insurance mathematics.

Chapter 7 presents fundamental models of population dynamics such as
birth and death processes. Furthermore, it deals with an area of important
modern research—the fundamentals of self-organizing systems, in particular
focusing on the social behavior of multiagent systems, with some applications
to economics (“price herding”). It also includes a particular application to the
neurosciences, illustrating the importance of stochastic differential equations
driven by both Poisson and Wiener processes.

Problems and additions are proposed at the end of the volume, listed
by chapter. In addition to exercises presented in a classical way, problems
are proposed as a stimulus for discussing further concepts that might be of
interest to the reader. Various sources have been used, including a selection
of problems submitted to our students over the years. This is why we can
provide only selected references.

The core of this monograph, on It6 calculus, was developed during a series
of courses that one of the authors, VC, has been offering at various levels in
many universities. That author wishes to acknowledge that the first drafts of
the relevant chapters were the outcome of a joint effort by many participating
students: Maria Chiarolla, Luigi De Cesare, Marcello De Giosa, Lucia Mad-
dalena, and Rosamaria Mininni, among others. Professor Antonio Fasano is
due our thanks for his continuous support, including producing such material
as lecture notes within a series that he coordinated.

It was the success of these lecture notes, and the particular enthusiasm of
coauthor DB, who produced the first English version (indeed, an unexpected
Christmas gift), that has led to an extension of the material up to the present
status, including, in particular, a set of relevant and updated applications that
reflect the interests of the two authors.

VC would also like to thank his first advisor and teacher, Professor Grace
Yang, who gave him the first rigorous presentation of stochastic processes and
mathematical statistics at the University of Maryland at College Park, always
referring to real-world applications. DB would like to thank the Meregalli
and Silvestri families for their kind logistical help while he was in Milan.
He would also like to acknowledge research funding from the EPSRC, ESF,
Socrates—Erasmus, and Charterhouse and thank all the people he worked with
at OCIAM, University of Oxford, over the years, as this is where he was based
when embarking on this project.

The draft of the final volume was carefully read by Giacomo Aletti, Daniela
Morale, Alessandra Micheletti, Matteo Ortisi, and Enea Bongiorno (who also
took care of the problems and additions) whom we gratefully acknowledge.
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Still, we are sure that some odd typos and other, hopefully noncrucial, mis-
takes remain, for which the authors take full responsibility.

We also wish to thank Professor Nicola Bellomo, editor of the “Model-
ing and Simulation in Science, Engineering and Technology” series, and Tom
Grasso from Birkhauser for supporting the project. Last but not least, we
cannot neglect to thank Rossana (VC) and Casilda (DB) for their patience
and great tolerance while coping with their “solitude” during the preparation
of this monograph.

Milan, Italy Vincenzo Capasso
Milan, Italy David Bakstein
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Part I

Theory of Stochastic Processes



1

Fundamentals of Probability

We assume that the reader is already familiar with the basic motivations and
notions of probability theory. In this chapter we recall the main mathematical
concepts, methods, and theorems according to the Kolmogorov approach
Kolmogorov (1956) by using as main references the books by Métivier (1968)
and Neveu (1965). An interesting introduction can be found in Gnedenko
(1963). We shall refer to Appendix A of this book for the required theory on
measure and integration.

1.1 Probability and Conditional Probability

Definition 1.1. A probability space is an ordered triple ({2, F, P), where {2
is any set, F a o-algebra of subsets of 2, and P : F — [0,1] a probability
measure on F such that

1. P(2) =1 (and P(0) = 0).

2. For all Ay,...,A,,...€ Fwith 4;NA; =0,i+# j:

P <U Ai> = ;P(Ai).

The set 2 is called the sample space, ) the empty set, the elements of F are
called events, and every element of {2 is called an elementary event.

Definition 1.2. A probability space ({2, F, P) is finite if {2 has finitely many
elementary events.

Remark 1.3. If §2 is finite, then it suffices to only consider the o-algebra of
all subsets of {2, i.e., F = P(£2).

Definition 1.4. Every finite probability space (£2,F, P) with F = B(2) is
an equiprobable or uniform space if

(© Springer Science+Business Media New York 2015 3
V. Capasso, D. Bakstein, An Introduction to Continuous-Time

Stochastic Processes, Modeling and Simulation in Science, Engineering

and Technology, DOI 10.1007/978-1-4939-2757-9_1



4 1 Fundamentals of Probability
Yw e §2: P({w}) = k (constant),

i.e., its elementary events are equiprobable.

Remark 1.5. Following the axioms of a probability space and the definition of
a uniform space, if ({2, F, P) is equiprobable, then

VweQ:  P{w)) = ﬁ

where | - | denotes the cardinal number of elementary events in {2, and

VAe F=9(2): P(A) = %.

Intuitively, in this case we may say that P(A) is the ratio of the number of

favorable outcomes divided by the number of all possible outcomes.

Ezxample 1.6. Consider an urn that contains 100 balls, of which 80 are red
and 20 are black but which are otherwise identical, from which a player draws
a ball. Define the event

R : The first drawn ball is red.

Then R <0
PR)= —==—=0..
(R) [£2] 100

Definition 1.7. We shall call any event F' € F such that P(F) = 0, a null
event.

Conditional Probability

Let (£2,F, P) be a probability space and A, B € F, with P(B) > 0. Under
these assumptions the following equality is trivial:

P(ANB) = P(B)%

In general one cannot expect that
P(ANB)=P(A) P(B),

in which case we would have

P(AN B)

5@ =P



1.1 Probability and Conditional Probability 5

This special case will be analyzed later. In general it makes sense to consider
the following definition.

Definition 1.8. Let (£2,F,P) be a probability space and A,B € F,
P(B) > 0. Then the probability of A conditional on B, denoted by P(A|B),
is any real number in [0, 1] such that

P(ANB)

This number is left unspecified whenever P(B) = 0.

We must at any rate notice that conditioning events of zero probability
cannot be ignored. See later a more detailed account of this case in connection
with the definition of conditional distributions.

Remark 1.9. Suppose that P(B) > 0. Then the mapping

P(ANB)

BZAEJ:)—}PB(A)Z P(B)

€ [0,1]

defines a probability measure Pg on F. In fact, 0 < Pg(A4) <1 and Pg(f2) =
2B . Moreover, if Ay,..., An,... € F, A;NA; =0, 1% j, then

PB)
A,NB P A B)
<U ! ) UP(B)m - ﬁ ZPB

neN

From the preceding construction it follows that the probability measure
Pg is an additional probability measure on F that in particular satisfies

Pg(B) =1,
and for any event C' € F such that B C C we have
Pg(C) =1,

while if C N B = (), then
Pp(C) =0.

It makes sense, then, to introduce the following definition.

Definition 1.10. Let (£2,F,P) be a probability space and A,B € F,
P(B) > 0. Then the probability measure Pg : F — [0, 1], such that
P(ANB)

VA e F: Pp(A) = Wa

is called the the conditional probability on F given B.
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Proposition 1.11. If A, B € F, then
1. P(ANB) = P(A|B)P(B) = P(B|A)P(A).
2. If Ay,..., A, € F, then

P(AiN---NA,) = P(A)P(As|Ay)P(As|AiNAy) - - P(An] Ay - -NA,_y).

Proof . Statement 1 is obvious. Statement 2 is proved by induction. The propo-
sition holds for n = 2. Assuming it holds for n — 1, (n > 3), we obtain

P(ArN---NA)
= P(Al n---N An_l)P(An|A1 n---N An—l)
= P(Al) .- 'P(An_1|A1 N---N An_g)P(AnlAl NN An—l)?

thus it holds for n as well. Since n was arbitrary, the proof is complete. [

Definition 1.12. Two events A and B are independent if
P(ANnB)=P(A)P(B).

Thus A is independent of B if and only if B is independent of A, and vice versa.

Proposition 1.13. Let A, B be events and P(A) > 0; then, the following
two statements are equivalent:

1. A and B are independent.
2. P(B|A) = P(B).

If P(B) > 0, then the statements hold with interchanged A and B as well.

Ezample 1.14. Considering the same experiment as in Example 1.6, we define
the additional events (z,y) with z,y € {B, R} as, e.g.,

BR : The first drawn ball is black, the second red,
‘R : The second drawn ball is red.
Now the probability P(-R|R) depends on the rules of the draw.

1. If the draw is with subsequent replacement of the ball, then, due to the
independence of the draws,

P(-R|R) = P(-R) = P(R) = 0.8.

2. If the draw is without replacement, then the second draw is dependent on
the outcome of the first draw, and we have

P((RNR) P(RR) 80-79-100 79
P(R) ~ P(R) 100-99-80 99

P(-R|R) =



1.1 Probability and Conditional Probability 7

Definition 1.15. Two events A and B are mutually exclusive if AN B = 0.

Proposition 1.16.

1. Two events cannot be both independent and mutually exclusive, unless one
of the two is a null event.

2. If A and B are independent events, then so are A and B, A and B, and
A and B, where A := 2\ A is the complementary event.

Definition 1.17. The events A, B, C are independent if

. P(ANB) = P(A)P(B)
. P(ANC) = P(A)P(C)
. P(BNC) = P(B)P(C)
. P(ANBNC) = P(A)P(B)P(C)

=W N

This definition can be generalized to any number of events.

Remark 1.18. If A, B, C are events that satisfy point 4 of Definition 1.17, then
it is not true in general that it satisfies points 1-3 and vice versa.

Ezxample 1.19. Consider a throw of two distinguishable, fair six-sided dice, and
the events

A: the roll of the first dice results in 1, 2, or 5,
B: the roll of the second dice results in 4, 5, or 6,
C: the sum of the results of the rolls of the dice is 9.

Then P(A) = P(B) = 1/2 and P(ANB) =1/6 # 1/4 = P(A)P(B). But
since P(C) =1/9 and P(AN BN C) =1/36, we have that

P(A)P(B)P(C) = 3—16 = P(ANBNC).

On the other hand, consider a uniformly shaped tetrahedron that has the
colors white, green, and red on its separate surfaces and all three colors on
the fourth. If we randomly choose one side, the events

W: the surface contains white,
G: the surface contains green,
R: the surface contains red

have the probabilities P(W) = P(G) = P(R) = 1/2. Hence PW N G) =
P(W)P(G) =1/4, etc., but P(W)P(G)P(R) =1/8# 1/4=P(WNGNR).

Definition 1.20. Let Cy,...,Cx be subfamilies of the o-algebra F. They
constitute k mutually independent classes of F if
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VAL €C1,... VAL €Cr: P(Ain---nAg) =[] P(4).

Definition 1.21. A family of elements (B;);ecs of F, with I C N, is called a
(countable) partition of 2 if

1. Iis a countable set
2.i#j=B,NB;=0
3. P(B;) #0foralliel
4. 2 =U,e; Bi

Theorem 1.22(Total law of probability). Let (B;)icr be a partition of
2 and A € F; then
=> P(A|B)P(B
iel

Proof.

> P(A|B;)P(B;) = Z(PA(—HB ZP (AN B;)

| oy (MUB)

= P(AN Q) = P(A).

O

The following fundamental Bayes theorem provides a formula for the ex-
change of conditioning between two events; this is why it is also known as the
theorem for probability of causes.

Theorem 1.23 (Bayes). Let (B;)icr be a partition of 2 and A € F, with
P(A) = 0; then

PAIBIP(B)
5,1 P(AIB;)P(E))

Viel:  P(Bi]A) = ——YP(AB;) =

Proof . Since A = U§:1(Bj N A), then
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Also, because
P(B;nA)=P(A)P(B;|A) = P(B;)P(A|B;)
and by the total law of probability, we obtain

1y PBIP(AB) _ P(B)P(ABy)
PO ==y S Pl (B

O

Ezxample 1.24. Continuing with the experiment of Example 1.6, we further
assume that there is a second indistinguishable urn (Us) containing 40 red
balls and 40 black balls. Randomly drawing one ball from one of the two urns,
we make a probability estimate about which urn we had chosen:

P(Us)P(B|U) 1/2-1/2 5
2 PU)PB|U;)  1/2-1/5+1/2-1/2 T

P(Us|B) =

thus, P(U1|B) = 2/7.

1.2 Random Variables and Distributions

A random variable is the concept of assigning a numerical magnitude to ele-
mentary outcomes of a random experiment, measuring certain of the latter’s
characteristics. Mathematically, we define it as a function X : 2 — R on
the probability space ({2, F, P) such that for every elementary w € (2 it as-
signs a numerical value X (w). In general, we are then interested in finding the
probabilities of events of the type

[X e Bl :={weNX(w)eB}CN (1.1)

for every B C R, i.e., the probability that the random variable will assume
values that will lie within a certain range B C R. In its simplest case, B can
be a possibly unbounded interval or union of intervals of R. More generally,
B can be any subset of the Borel o-algebra Bgr, which is generated by the
intervals of R. This will require, among other things, the results of measure
theory and Lebesgue integration in R. Moreover, we will require the events
(1.1) to belong to F, and so to be P-measurable. We will later extend the
concept of random variables to generic measurable spaces.

Definition 1.25. Let (2, F, P) be a probability space. A real-valued random
variable is any Borel-measurable mapping X : 2 — R such that for any
B € Bg : X YB) € F. It will be denoted by X : (2,F) — (R,Bgr). If X
takes values in R, then it is said to be extended.
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Definition 1.26. If X : (£2,F) — (R,Bg) is a random variable, then the
mapping Py : Bg — R, where

Px(B)=P(X"Y(B))=P(X € B]), VBe€DB,

is a probability on R. It is called the probability law of X.

If a random variable X has a probability law Px, we will use the notation
X ~ Px.

The following proposition shows that a random variable can be defined in
a canonical way in terms of a given probability law on R.

Proposition 1.27. If P : Bg — [0,1] is a probability, then there exists a
random variable X : R — R such that P is identical to the probability law Px
associated with X .

Proof. We identify (R, Bgr, P) as the underlying probability space so that the
mapping X : R — R, with X(s) = s, for all s € R, is a random variable, and
furthermore, denoting its associated probability law by Px, we obtain

Px(B)=P(X Y(B))=P(B) VB € Bg.
O

Definition 1.28. Let X : (2,F) — (R,Bgr) be a random variable; the
o-algebra Fx := X ~1(Bg) is called the o-algebra generated by X.

Lemma 1.29. (Doob-Dynkin). If XY : 2 — R% then Y is Fx-
measurable if and only if there exists a Borel measurable function g : R* — R?
such that Y = g(X).

Definition 1.30. Let X be a random variable. Then the mapping
Fx : R —[0,1],
with
Fx(t) = Px(] — 00,t]) = P([X <)) vVt € R,

is called the partition function or cumulative distribution function of X.

Proposition 1.31.

1. For all a,b € R, a < b: Fx(b) — Fx(a) = Px(]a,b]).
2. Fx is right-continuous and increasing.

Proof . Points 1 and 2 are obvious, given that Px is a probability. Point 3 can
be demonstrated by applying points 2 and 4 of Proposition A.24. In fact, by
the former we obtain
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lim Fx(t) = lim Px(]—oo,]) = lim Px(] - 00,n])

t——+o0 t——+o0

I&(U}ﬂmﬂ)zf&@%:L

n

Analogously, by point 4 of Proposition A.24 we get lim;, o Fx(t) =0. O

Proposition 1.32. Conversely, if we assign a function F : R — [0,1] that
satisfies points 2 and 3 of Proposition 1.31, then by point 1 we can define a
probability Px : Bg — R associated with a random variable X whose cumula-
tive distribution function is identical to F.

Definition 1.33. If the probability law Px : Bg — [0, 1] associated with
the random variable X is endowed with a density with respect to Lebesgue
measure! g on R, then this density is called the probability density of X.
If f:R — Ry is the probability density of X, then

t —+o0
VieR: FX(t):/ fdu and tiigrnooFX(t):/ fdu =1,

— 00

as well as
Px(B) :/ fdu VB € Bg.
B

We may notice that the Lebesgue—Stieltjes measure, canonically associated
with Fx as defined in Definition A.51, is identical to Px.

Definition 1.34. A random variable X is continuous if its cumulative distri-
bution function F'x is continuous.
Remark 1.35. X is continuous if and only if P(X = z) =0 for every z € R.

Definition 1.36. A random variable X is absolutely continuous if Fx is
absolutely continuous or, equivalently, if Px is defined through its density.

Proposition 1.37. Every absolutely continuous random variable is continu-
ous, but the converse is not true.

Ezample 1.38. Let F : R — [0,1] be an extension to the Cantor function
f:[0,1] — [0, 1], given by

1 ifz>1,
VeeR: F(z)=< f(z)if z €]0,1],
0 if x <0,

! See Definition A.53.
2 See Proposition A.57.



12 1 Fundamentals of Probability

where f is endowed with the following properties:

1. f is continuous and increasing.
2. f’ =0 almost everywhere.
3. f is not absolutely continuous.

Hence X is a random variable with continuous but not absolutely continuous
distribution function F'.

Remark 1.39. Henceforth we will use “continuous” in the sense of “absolutely
continuous.”

Remark 1.40. If f: R — Ry is a function that is integrable with respect to
Lebesgue measure 1 on R and
[ fau=1.
R

then there exists an absolutely continuous random variable with probability
density f. Defining

F(z) = /_w ft)dt Vz € R,

then F'is a cumulative distribution function.
Ezample 1.41. (Continuous probability densities).
1. Uniform [its distribution denoted by U(a,b)]:

Vz € [a,b] : flz) = a,beR a<b.
2. Standard normal or standard Gaussian [its distribution denoted by N (0, 1)
or &(z)):

Vz eR: o(z) = \/%exp{—%xz}. (1.2)

3. Normal or Gaussian [its distribution denoted by N(m,o?)]:

2
VreR: flz) = L exp{—l<x_m> }, o>0,meR.

oV 2 2 o

4. Log-normal:

VeeRL:  f(z) = — exp{—%(m—_m>2}, (1.3)

g

where o > 0,m € R.
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5. Exponential [its distribution denoted by E(\)]:
Ve e Ry : f(x) = e 7,

where A > 0.
6. Gamma [its distribution denoted by I'(\, a)]:

Vr e R, : f(z) = AAz)*

where A\, € R.. Here

I'(@) :/ y“le Vdy
0

13

is the gamma function, which for n € N* is (n — 1)!, i.e., a generalized

factorial.
7. Standard Cauchy [its distribution denoted by C(0,1)]:

1 1
8. Cauchy [its distribution denoted by C(a, h)]:
1 h
R: L —
Vo € f(z) Ry P

Definition 1.42. Let X be a random variable and let D denote an at most
countable set of real numbers D = {x1,...,x,,...}. If there exists a function

p: R — [0,1], such that

.Forallz e D :p(z) >0
.Forallz e R\ D : p(x)=0

. Forall B € Br: ) pp(x) <400

. For all B € Bg: Px(B) =) ,cpp(x)

=~ W N

then X is discrete and p is the (discrete) distribution function of X . The set D

is called the support of function p.

Because of 1 and 2, in 3 and 4 we clearly mean ) _p =>" p-p-

Remark 1.43. Let p denote the discrete distribution function of the random

variable X, having support D. The following properties hold:

L > eppx) =1
2. For all B € By such that DN B =0, Px(B) =0.
3. For all x € R:

ifeé¢ D,

0
Px({z}) = {p(;v) itexeD.
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Hence Px corresponds to the discrete measure associated with the “masses”
p(z), z € D.

Ezample 1.44. (Discrete probability distributions).

1. Uniform: Given n € N*, and a set of n real numbers D = {.Il, NN ,.In},
p\x x € D.
TL,

2. Poisson [denoted by P(\)]: Given A € R* ,
Ail)
Py =espiA} T wen,
(A is called intensity).
3. Binomial [denoted by B(n,p)]: Given n € N*, and p € [0, 1],

n! N -
=P (1-p)" ze€{0,1,...,n}.

Remark 1.45. The cumulative distribution function F'x of a discrete random
variable X is a right-continuous with left limit (RCLL) function with an at
most countable number of finite jumps. If p is the distribution function of
X, then

p(x) = Fx(x) — Fx(z7) Ve e D
or, more generally,

p(z) = Fx(z) — Fx(z7) Vo € R.

1.2.1 Random Vectors

The concept of random variable can be extended to any function defined on
a probability space (2, F, P) and valued in a measurable space (E, B), i.e., a
set E endowed with a o-algebra B of its parts.

Definition 1.46. Every measurable function X : 2 — E, with X ~}(B) € F,
for all B € B, assigned on the probability space (§2, F, P) and valued in (E, B)
is a random variable. The probability law Px associated with X is defined
by translating the probability P on F into a probability on B, through the
mapping Px : B — [0, 1], such that

VB € B: Px(B) = P(X"Y(B)) = P(X € B).

Definition 1.47. Let ({2, F, P) be a probability space and (E, B) a measur-
able space. Further, let F be a normed space of dimension n, and let B be
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its Borel g-algebra. Every measurable map X : (2, F) — (E,B) is called a
random vector. In particular, we can take (E, B) = (R™, Bgn).

Remark 1.48. The Borel o-algebra on R" is identical to the product o-algebra
of the family of n Borel o-algebras on R: Br» = &),, Br.

Proposition 1.49. Let (£2,F, P) be a probability space and X : 2 — R"™ a
mapping. Moreover, let, for alli =1,...,n, m; : R™ — R be the ith projection,
and thus X; = m;0X, ¢ = 1,...,n, be the ith component of X. Then the
following statements are equivalent:

1. X is a random vector of dimension n.
2. Forallie{l,...,n}, X; is a random variable.

Proof . The proposition is an obvious consequence of Proposition A.18. (|

Definition 1.50. Under the assumptions of the preceding proposition, the
probability measure

B, € Bg — Px,(B;)=P(X;'(B))€0,1, 1<i<n,
is called the marginal law of the random variable X;. The probability Px

associated with the random vector X is called the joint probability of the
family of random variables (X;)1<i<n-

Remark 1.51. If X : (2,F) — (R™, Bgrn) is a random vector of dimension n
and if X; = m;oX : (2,F) = (R,Br), 1 < i < n, then, knowing the
joint probability law Px, it is possible to determine the marginal probability
Px,, for all i € {1,...,n}. In fact, if we consider the probability law of X,
i€ {l,...,n}, as well as the induced probability m;(Px) for all i € {1,...,n},
then we have the relation

PXi :Wi(Px), 1§Z§TL
Therefore, for every B; € Bg, we obtain

Px,(B;) = Px(m; '(B;)) = Px(X1 €R,..., X; € B;,..., X,, €R)
where Cp, is the cylinder of base B; in R™. This can be further extended

by considering, instead of the projection ;, the projections mg, where S C
{1,...,n}. Then, for every measurable set Bg, we obtain

Px4(Bg) = Px(ng"(Bs)).

Notice that in general the converse is not true; knowledge of the marginals
does not imply knowledge of the joint distribution of a random vector X unless
further conditions are imposed (see Remark 1.61).
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Definition 1.52. Let X : (£2,F) — (R",Bgrr) be a random vector of
dimension n. The mapping Fx : R" — [0, 1], with

t=(ty,....tn):  Fx(t):=P(X; <ty,...,X,<t,) VteR"

is called the joint cumulative distribution function of the random vector X.

Remark 1.55. Analogous to the case of random variables, Fx is increasing
and right-continuous on R™. Further, it is such that

lim  F(x1,...,z,) =1,

x;—+00,Vi
and for any i =1,...,n:

lim F(zy,...,2,)=0.
T;—>—00

Conversely, given a distribution function F satisfying all the preceding proper-
ties, there exists an n-dimensional random vector X with F' as its cumulative
distribution function. The underlying probability space can be constructed in
a canonical way. In the bidimensional case, if F' : R? — [0, 1] satisfies the
preceding conditions, then we can define a probability P : Bgz — [0, 1] in the
following way:

P(]a, b]) = F(bl,bQ) — F(bl,ag) + F(al,ag) — F(al,bg)

for all a,b € R?, a = (a1,az), b = (b1, b2). Hence there exists a bidimensional
random vector X with P as its probability.

Remark 1.54. Let X : (2, F) — (R™, Bgrn) be a random vector of dimension n,
let X; = moX, 1 < i <mn,bethe nth component of X, and let Fx,, 1 <i <mn,
and Fx be the respective cumulative distribution functions of X; and X. The
knowledge of Fx allows one to infer Fx,, 1 <i < n, through the relation

FXi(ti) :P(Xz Sti) :Fx(-i-OO,...,ti,...,—f—OO),
for every t; € R.

Definition 1.55. Let X : (£2,F) — (R",Bg») be a random vector of di-
mension n. If the probability law Px : Bgrr — [0,1] with respect to X is
endowed with a density with respect to the Lebesgue measure p, on R™ (or
product measure of Lebesgue measures p on R), then this density is called the
probability density of X. If f : R®™ — R is the probability density of X, then

t
t) = / fdpn vt € R,
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and moreover,

Px(B) = / f(:vl, . ,,Tn)dun VB € Bg.
B

Proposition 1.56. Under the assumptions of the preceding definition, defin-
g X; =m0X, 1<4<n, then Px, is endowed with density with respect to
Lebesgue measure p on R and its density function f; : R — Ry is given by

fi(fCi):/ f(xr, .o n)dpn—1,

where we have denoted by fl the integration with respect to all variables but
the ith one.

Proof. By (1.4) we have that for all B; € Bg

PXI(B’L) = Px(cBi) = f(a:l,...,xn)d,un

Cp
:/da:1~-~/ dxiw-/f(xl,...,:z:n)d:z:n
R B; R
:/ dxz/ f(xla"'axn)d:unfl-
B;

By setting fi(z;) = fi f(z1, ..., xp)dun—1, we see that f; is the density of Px,.
O

Remark 1.57. The definition of a discrete random vector is analogous to
Definition 1.42.

1.3 Independence

Definition 1.58. The random variables Xi,...,X,,, defined on the same
probability space (£2,F, P), are independent if they generate independent
classes of o-algebras. Hence

P(Ayn---nAy) =[] P(A) VA € X; ' (Br).

What follows is an equivalent definition.

Definition 1.59. The components X;, 1 < i < n, of an n-dimensional random
vector X defined on the probability space ({2, F, P) are independent if
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Px = ® Px,,
=1

where Px and Px, are the probability laws of X and X;, 1 < i < n, respec-
tively (see Proposition A.44.)

To show that Definitions 1.59 and 1.58 are equivalent, we need to show
that the following equivalence holds:

P(An--nAy) =[][P(A) e Px =R Px, VA€ X, (Bg).

=1 =1

We may recall first that Px = ®?:1 Px, is the unique measure on Bgrn that
factorizes on rectangles, i.e., if B =[]\, B;, with B; € Bg, we have

Px(B) = ﬁPXi (B;).
=1

To prove the implication from left to right, we observe that if B is a rectangle
in Brn as defined above, then

Px(B) = P(X"'(B)) = P (x (H B)) oy (ﬂ XﬂBZ—))

- _H P(X;Y(By) = _H P, (By).

Conversely, for all: =1,...,n:
A; € X;l(B]R) = dB; € B]R,SO that A; = X;l(Bi).

Thus, since A4y N---N A, =N, X; '(B;), we have

P(AN---NA) =P (ﬁ Xi_l(Bi)> = P(X™'(B)) = Px(B)
i=1

= [ Px.(B) =[] P(x; " (B) = [] P(A»).
i=1 i=1 i=1
Proposition 1.60.
1. The real-valued random variables X1, ..., X, are independent if and only

if, for every t = (t1,...,t,) € R,

Fx(t) ZZP(Xl Stlﬁ'-'anStn):P(Xl Stl)P(XnStn)
= Fx,(t1) - Fx, (tn).
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2. Let X = (X1,...,X,)" be a real-valued random vector with density f and
probability Px that is absolutely continuous with respect to the measure i, .
The following two statements are equivalent:

o Xi,..., X, are independent.
o f=fx, - fx, almost surely a.s.

Remark 1.61. From the previous definition it follows that if a random vector
X has independent components, then their marginal distributions determine
the joint distribution of X.

Ezxample 1.62. Let X be a bidimensional random vector with uniform density
f(x) =ceRforal x = (z1,22) € R. If R is, say, a semicircle, then X;
and X, are not independent. But if R is a rectangle, then X; and X, are
independent.

Proposition 1.63. Let X1,..., X, be independent random variables defined
on (2, F, P) and valued in (E1,B1),...,(Fn,By). If the mappings

gi « (Bi, B;) — (F;,Us), 1<i<n,

are measurable, then the random wvariables g1(X1),...,gn(Xn) are indepen-
dent.

Proof . Defining h; = ¢;(X;), 1 <1i < n, gives
h H(U) = X, g H(U) € X, (B)

K2 K3 K3

for every U; € U;. The assertion then follows from Definition 1.58. [l

Sums of Two Random Variables

Let X and Y be two real-valued, independent, continuous random variables
on (2, F, P) with densities f and g, respectively. Defining Z = X 4+ Y, then
Z is a random variable, and let Fz be its cumulative distribution. It follows
that

Fz(t)=P(Z <t)=P(X +Y <t) = Px,y)(Rst),
where R; = {(z,y) € R?*|z + y < t}. By Proposition 1.60 (X,Y") is continuous

and its density is f(x,y) = f(2)g(y), for all (x,y) € R%. Therefore, for all ¢ € R:
Felt) = P (R) = [ [ r@)aty)dody
Rt
400 t—x +o00 t
— [ w [ s@ewdy= [ fads [ ge- e

t —+o0
/ dz/ f(2)g(z — x)dx Vz € R.
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Hence, the function

+oo
fa(z) = / f(@)g(z — 2)de (1.5)

— 00

is the density of the random variable Z.

Definition 1.64. The function fz defined by (1.5) is the convolution of f
and g, denoted by f % g. Analogously it can be shown that if f1, fa, f3 are the
densities of the independent random variables X7, X5, X3, then the random
variable Z = X; 4+ X5 4+ X3 has density

+oo +oo
fo% fo x fa(z) = 1 1 Fu(@) oy — 2) falz — y)dady

for every z € R. This extends to n independent random variables in an anal-
ogous way.

1.4 Expectations

Definition 1.65. Let ({2, F, P) be a probability space and X : (2,F) —
(R, Bgr) a real-valued random variable. Assume that X is P-integrable, i.e.,
X € LY, F, P); then

EM%iLX@MHm

is the expected value or expectation of the random variable X.

Remark 1.66. By Proposition A.29 it follows that if X is integrable with
respect to P, then its expected value is given by

Mﬂ:ém@ﬂﬂ@:/m&.

Remark 1.67. If X is a continuous real-valued random variable with density
function f of Px, then

E[X] = /:vf(x)du.
On the other hand, if f is discrete with probability function p, then

E[X] = pr(ac)

Proposition 1.68. If X : (2, F) — (E,B) is a random variable with prob-
ability law Px and H : (E,B) — (F,U) a measurable function, then, defining
Y = HoX = H(X), Y is a random variable. Furthermore, if H : (E,B) — (R,
Br), then Y € LY(P) is equivalent to H € L(Px) and

Emz/H@&um
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Corollary 1.69 Let X = (Xi,...,X,)" be a random wvector defined on
(2, F, P) whose components are valued in (E1,B1), ..., (En, By), respectively.
Ifh:(Bxx - XEp,,Bi® - B, = (R,Br), thenY =h(X)=hoX isa
real-valued random variable. Moreover,

E[Y] :/h(:vl,...,;vn)dPX(xl,...,xn),

where Px is the joint probability of the vector X.

Proposition 1.70. Let X be a real, P-integrable random variable on the
space (£2,F, P). For every a, 8 € R, E[aX + 8] = aE[X] + 5.

Definition 1.71. A real-valued P-integrable random variable X is centered
if it has an expectation zero.

Remark 1.72. Tf X is areal, P-integrable random variable, then X — E[X] is a
centered random variable. This follows directly from the previous proposition.

Definition 1.73. Given a real P-integrable random variable X, if E[(X —
E[X])"] < 400, n € N, then it is the nth centered moment. The second
centered moment is the variance, and its square root, the standard deviation
of a random variable X, denoted by Var[X] and o = y/Var[X], respectively.

Proposition 1.74. Let (£2,F) be a probability space and X : (2,F) —
(R, Br) a random variable. Then the following two statements are equivalent:

1. X is square-integrable with respect to P (Definition A.62).
2. X is P-integrable and Var[X] < 4o0.

Moreover, under these conditions,

Var[X] = E[X?] — (E[X])% (1.6)

Proof.

1=2: Because £L%(P) C L'(P), X € L*(P). Obviously, the constant E[X] is
P-integrable; thus, X — E[X] € £L2(P) and Var[X] < +oo.

2=1: By assumption, F[X] exists and X — E[X] € L2(P); thus, X = X —
E[X] + E[X] € £?(P). Finally, due to the linearity of expectations,

Var[X] = E[(X — E[X])?] = E[X? - 2XE[X] + (E[X])%]
= E[X?] - 2(E[X])? + (E[X])* = E[X?] - (E[X])*.
O

Proposition 1.75. If X is a real-valued P-integrable random variable and
Var[X] =0, then X = E[X] almost surely with respect to the measure P.
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Proof. Var[X] = 0= [(X — E[X])?dP = 0. With (X — E[X])? nonnegative,
X — E[X] = 0 almost everywhere with respect to P; thus, X = E[X] almost
surely with respect to P. This is equivalent to

P(X # B[X]) = P({w € 2X(w) # E[X]}) = 0. .

Proposition 1.76 (Markov’s inequality). Let X be a nonnegative real
P-integrable random wvariable on a probability space (2, F, P); then

P(X>)\) <

E%ﬂ VA € RY.

Proof. The cases E[X] =0 and A <1 are trivial. So let E[X] > 0 and X\ > 1;
then setting m = E[X] results in

—+oo —+oo
m = / zdPx > / xdPx > dmP(X > Am),
0 A

m

thus P(X > Am) < 1/A. O
Proposition 1.77 (Chebyshev’s inequality). If X is a real-valued and
P-integrable random variable with variance Var[X] (possibly infinite), then

Var[X]

) .

P(X - E[X]| 2 ¢) <

€

Proof . Apply Markov’s inequality to the random variable (X — EF[X])2. O

More in general, the following proposition holds.

Proposition 1.78. Let X be a real-valued random variable on a probability
space (2, F,P), and let h : R — R ; then

En(X)]

Ph(X)>)) < 3

VA ERY.

Proof . See, e.g., Jacod and Protter (2000, p. 22). O
Ezxample 1.79.

1. If X is a P-integrable continuous random variable with density f, where
the latter is symmetric around the axis = a, a € R, then F[X] = a.

2. If X is a Gaussian variable, then F[X] = m and Var[X] = o2

3. If X is a discrete, Poisson-distributed random variable, then E[X] = A,
Var[X] = A

4. If X is binomially distributed, then E[X] = np, Var[X] = np(1 — p).
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5. If X is continuous and uniform with density f(z) = Ij,4)(2) 5, a,b € R,

b—a’
then E[X] = %2, Var[x] = {52°,

6. If X is a Cauchy variable, then it does not admit an expected value.

Definition 1.80. Let X : (£2,F) — (R™, Brr) be a vector of random variables
with P-integrable components X;, 1 <14 < n. The expected value of the vector
X is

EX] = (E[Xi],..., E[X2])".

Proposition 1.81. Let (X;)1<i<n be a real, P-integrable family of random
variables on the same space (2, F, P). Then

E[Xi+--+Xa] = Y E[X,).
Further, if oz, 1 =1,...,n, is a family of real numbers, then

Elai Xy + -+ anXn] = Y o E[X].
i=1

Definition 1.82. If X;, X5, and X; X5 are P-integrable random variables,
then
CO’U[Xl, XQ] = E[(Xl — E[Xl])(Xg — E[XQ])]

is the covariance of X; and Xs.
Remark 1.83. Due to the linearity of the E[-] operator, if E[X;X5] < 400,
then

Cov[X1, Xs] = E[(X1 — E[X4])(X2 — E[X3])]
[Xng — XlE[Xg] — E[X]_]X2 + E[Xl]E[XQ]]
[X1X5] — E[X1]E[X3).

E
E

Proposition 1.84.

1. If X is a square-integrable random variable with respect to P, and a,b € R,
then
Var[aX +b] = a*Var[X].

2. If both X1 and Xo are in L*(2,F, P), then

Var|X; + Xo] = Var[X1] + Var[X2] + 2Cov[ X1, X2].
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Proof.
1. Since Var[X] = E[X?] — (FE[X])?, then
Var[aX +b] = E[(aX +b)?] — (E[aX +b])?
= a’E[X?] + 2abE[X] + b* — a*(E[X])? — b* — 2abE[X]
=d*(E[X?) - (E[X])?) = a®*Var[X].

Var[X1] + Var[Xs] + 2Cov[ X1, X2]

= E[X7]—(E[X\1])*+E[X3]—(E[X2])® + 2(E[X1 X2] — E[X1]E[X2])
= B[(X1 + X2)?] — 2E[X1]E[X,] — (E[X1])* — (E[X2])?
= E[(Xl + X2)2] — (E[Xl + Xz])2 = Var[Xl + XQ].

O

Definition 1.85. If X; and X> are square-integrable random variables with
respect to P, having the respective standard deviations o; > 0 and g2 > 0,
then

Cov [Xl, XQ]
0102
is the correlation coefficient of X; and Xo.

Remark 1.86. If X1 and X, are £2(§2, F, P) random variables, then, by the
Cauchy-Schwarz inequality (1.20),

Ip(X1, X2)| < 1;

p(X1, X2) =

moreover,

|p(X1,X2)| :1<:>E|a,b€Rso that XQZCLX1+b, a.s.

Proposition 1.87. If X1 and X5 are real-valued independent random vari-
ables on (£2,F,P) and endowed with finite expectations, then their product
X1Xs € El(.g,]:, P) and

E[X1X5] = E[X41]E[X;].

Proof. Given the assumption of independence of X; and Xo, it is a tedious
though trivial exercise to show that X; X, € £(£2, F, P). For the second part,
by Corollary 1.69:

E[X,X,] = /Xlxzdp(xlxz) = /XlXQd(PXI ® Px,)

= /dele /depxz = E[X1]E[X,].
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Remark 1.88. From Definition 1.82 and Remark 1.83 it follows that the
covariance of two independent variables is zero.

Proposition 1.89. If two random variables X1 and X5 are independent, then
the variance operator Var[-] is additive, but not homogeneous. This follows
from Proposition 1.84 and Remark 1.88.

Proposition 1.90. Suppose X and Y are independent real-valued random
variables such that X +Y € L2(P); then both X andY are in L2(P).
Proof. We know that

X24+Y?2 < (X +Y)?+2/XY];
because of independence we may state that
E[IXY]] < E[IX[JE[Y]].

It will then be sufficient to prove that both X,Y € £}(P).

Since |Y| < |z] + | + Y|, if by absurd E[|Y|] = 400, this would imply
E(Jz +Y|) = +oo, for any x € R, hence E[|X + Y|] = +oo, against the
assumption that X +Y € £L2(P). O

Characteristic Functions

Let X be a real-valued random variable defined on the probability space
(£2,F,P), and let Px be its probability law. For any ¢ € R, the random
variables costX and sintX surely belong to £'; hence, their expected values
are well defined:

E[e"X] = E[costX +i sintX] € C.

Definition 1.91. The characteristic function associated with the random
variable X is defined as the function

t € R ¢x(t) = E[e™™] = / e Py (dx) € C.
R

Ezxample 1.92. The characteristic function of a standard normal random vari-
able X is

. 1 oo 1,
¢X(S) — E[GZSX} _ m/ e ; 2d(E

2 2

1 1 .
- — 3 (x—1is) =
e 2 dr=ce
\ 21 /_OO

Il

(9]
m“”w
m“”
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Proposition 1.93 (Properties of a characteristic function).

1. ¢x(0)=1.

2. lox ()| <1 forallt € R.

8. ¢x is uniformly continuous in R.

4. Fora,b€ R, let X =aY +b. Then ¢x(t) = e ¢y (at),t € R.

Proof . See, e.g., Métivier (1968). O

Theorem 1.94 (Inversion theorem). Let ¢ : R — C be the characteristic
function of a probability law P on Bg; then for any points of continuity a,b € R
of the cumulative distribution function associated with P, with a < b, the
following holds:

P((a,b)) = lim_

Further, if ¢ € L1 (') (where v is the usual Lebesque measure on Bg), then
P is absolutely continuous with respect to v', and the function

+o0 )
flz) = / e "pt)dt xR
s a probability density function for P. The density function f is continuous.
Proof . See, e.g., Lukacs (1970, pp. 31-33). O

As a direct consequence of the foregoing result, the following theorem
holds, according to which a probability law is uniquely identified by its char-
acteristic function.

Theorem 1.95. Let P; and Py be two probability measures on By, and let
¢p, and ¢p, be the corresponding characteristic functions. Then

P =P, & ¢p,(t) = ¢p(t), tER.
Proof . See, e.g., Ash (1972). O

Theorem 1.96. Let ¢ : R — C be the characteristic function of a probability
law on Bgr. For any x € R the limit

T

p(a)= Jim [ ettt

exists and equals the amount of the jump of the cumulative distribution func-
tion corresponding to ¢ at point x.

Corollary 1.97 Let ¢ : R — C be the characteristic function of a continuous
probability law on Bgr. Then for any v € R,
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T

lim e H(t)dt = 0.
T—o0 -7

Corollary 1.98 A probability law on R is purely discrete if and only if its
characteristic function is almost periodic (Bohr (1947), p. 60). In particular,
if ¢ : R — C is the characteristic function of a Z-valued random variable X,
then for any x € 7Z,

P(X =) ! /ﬂ e T (t)dt.

:ﬁ o

Proof. See, e.g., Lukacs (1970, pp. 35-36) and Fristedt and Gray (1997,
p. 227). O

Characteristic Functions of Random Vectors

Let X = (X1,..., X)) be a random vector defined on the probability space
(£2, F, P) and valued in R*, for k € N, k > 2, and let Px be its joint probability
law on Bgk.

Given t,x € R*, let t - x := t121 + - - - txxr € R be their scalar product.

Definition 1.99. The characteristic function associated with the random
vector X is defined as the function

ox(t) :=E[e*X] eC, teR" (1.7)

A uniqueness theorem holds in this case too.

Theorem 1.100. Let Px and Py be two probability laws on Bgr having the
same characteristic function, i.e., for all t € R,

% (t) ://R e * Px (dx) = //R ™Y Py (dy) = ¢y (t).

Then X ~Y, i.e., Px = Py.

The characteristic function of a random vector satisfies the following prop-
erties, the proof of which is left as an exercise.

Proposition 1.101. Let ¢x : R¥ — C be the characteristic function of a
random vector X : (2, F) — (R¥, Bgx); then

1. ¢x(0) = ¢x((0,---,0))) = 1.
2. |¢px(t)] <1, for any t € RF.
3. ¢x is uniformly continuous in RF.
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4. LetY be a random vector of dimension k such that for any i € {1,... k},
Y; = a; X; + b;, with a,b € R*. Then, for any t = (t1,...,t) € R¥,

Py (t) = et ox(arty + - - agty).

An interesting consequence of the foregoing results is the following one.

Corollary 1.102 Let ¢x : R¥ — C be the characteristic function associated
with a random vector X = (X1,...,Xx) : (2,F) — (R¥,Bgs); then, the
characteristic function ¢x, associated with the ith component X; : (2, F) —
(R, Br) fori e {1,...,k} is such that

where t() = (t;i))gjgk € R” is such that, for any j =1,...,k,

t(i){O,sejaéi;

i Tt osej=1.

The following theorem extends to characteristic functions the factorization
property of the joint distribution of independent random variables.

Theorem 1.103. Let ¢x : RF — C be the characteristic function of the
random vector X = (X1,..., Xx) : (2, F) — (R¥, Bgx), and let ¢x, : R — C
be the characteristic function of the component X; : (2,F) — (R,Br),t €
{1,...,k}. A necessary and sufficient condition for the independence of the
random variables X1, ..., Xy is

for any t = (t1,...,tx) € R¥.

Proof. We will limit ourselves to proving that the condition is necessary. Let
us then assume the independence of the components X;, per i = 1,... k.
From (1.7) we obtain



1.4 Expectations 29

Corollary 1.104 Let X = (X1,..., Xk) be a random vector with independent
components. Let ¢px and ¢x,, for i=1,...,k, be the characteristic functions
associated with X and its components, respectively. Consider the random vari-
able sum of the components

k
S:=> Xi: (2, F) = (R,Bg);

i=1
then the characteristic function ¢g associated with it is such that

k

¢S(t):H¢Xi(t):¢X((tvta"'at))v teR.

=1

In the case of identically distributed random variables we may further state
the following corollary.

Corollary 1.105 Let X;,i=1,...,n be a family of independent and identi-
cally distributed (i.i.d.) random variables.

a. If X =) X, then
=1

ox(t) = (¢x, (1)" .

N
b. If X = — X, th
'f nz en

=1

o0 = (ox (1))

Ezxample 1.106. An easy way, whenever applicable, to identify the probability
law of a random variable is based on the uniqueness theorem of characteristic
functions associated with probability laws.

An interesting application regards the distribution of the sum of indepen-
dent random variables.

1. The sum of two independent binomial random variables distributed as
B(ry,p) and B(rg,p) is distributed as B(r1 + re,p) for any ri,ro € N*
and any p € [0, 1].

2. The sum of two independent Poisson variables distributed as P(\;) and
P()2) is distributed as P(A; 4+ A2) for any Aj, A2 € R%..

3. The sum of two independent Gaussian random variables distributed as
N(my,0?) and N(mg,03) is distributed as N(my + ma, 07 + 03) for any
m1,mo € R and any o, 05 € R%.. Note that

aN(my,02) + b= N(am; +b,ac?).
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4. The sum of two independent Gamma random variables distributed as
I' (a1, M) and I' (ag, A) is distributed as I' (o 4+ aa, A).

Definition 1.107. A family of random variables is said to be reproducible if
it is closed with respect to the sum of independent random variables. Corre-
spondingly, their probability distributions are called reproducible.

We may then state that binomial, Poisson, Gaussian, and Gamma distri-
butions are reproducible.
Remark 1.108. Exponential distributions are not reproducible. In fact the sum
of two independent exponential random variables X; ~ exp{A} and X3 ~
exp {\} is not exponentially distributed, though it is Gamma distributed:

X=X1+X,~T (2.

The following theorem, though an easy consequence of the previous results,
is of great relevance.

Theorem 1.109 (Cramér—Wold theorem). Consider the random vec-
tor X = (X1,...,Xy), valued in R*, and the vector of real numbers ¢ =
(c1y...,c) € R¥. Let Y. be the random variable defined by

and let px and ¢y, be the characteristic functions associated with the random
vector X and the random variable Y¢, respectively. Then

i. dy.(t) = ¢x(tc) for anyt € R.
ii. ¢x(t) = ¢y, (1) for any t € RF.

As a consequence the distribution of Y is determined by the joint distri-
bution of the vector X and, conversely, the joint distribution of vector X is
determined by the distribution of Y. by varying c € R*.

1.5 Gaussian Random Vectors

The Cramér—Wold theorem suggests the following definition of Gaussian ran-
dom vectors, also known as multivariate normal vectors.

Definition 1.110. A random vector X = (Xi,...,X), valued in R*, is
said to be multivariate normal or a Gaussian vector if and only if the scalar
random variable, valued in R, defined by

k
Yer=c-X=) X,
=1

has a normal distribution for any choice of the vector ¢ = (c1, ..., ;)T € R¥,
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Given a random vector X = (X7i,...,X3)’, valued in R*, and such that
X; € L% ie{l,...,k}, it makes sense to define the vectors of the means

and the variance—covariance matrix
Ix = cov(X) = E[(X — px)(X — pix)'].

It is trivial to recognize that ¥x is a symmetric and positive semidefinite
square matrix; indeed, in the nontrivial cases it is positive definite.
Recall that a square matrix A = (a;;) € RF** is said to be positive

semidefinite on R¥ if, for any vector x = (x1,...,75)7 € R¥, x # 0, it
results in
Eok
x-Ax = Zinaij:vj > 0.
i=1 j=1

The same matrix is said to be positive definite if the last inequality is
strict (>).

From the theory of matrices we know that a positive definite square matrix
is nonsingular, hence invertible, and its determinant is positive; in this case,
its inverse matrix is positive definite too. We will denote by A~! the inverse
matrix of A.

Let X be a multivariate normal vector valued in R* for k& € N* such that
X € L2 If ux € RF is its mean vector, and Xx € RF** is its variance-
covariance matrix, then we will write

X ~ N(px,¥x)-

Theorem 1.111. Let X be a multivariate normal vector valued in R* for
k€ N*, and let X € L2, If ux € R¥, and Yx € R¥** is q positive definite
matriz, then the characteristic function of X is as follows:

1
itux — =t t
ox(t) e VX T U IXE e

Further, X admits a joint probability density given by

fx(x) = ; %e*%(x*#x)’ézx 1 (x—px)
(2m)k det Xx
for x € R¥.
Proof . See, e.g., Billingsley (1986). 0

The following propositions are a consequence of the foregoing results



32 1 Fundamentals of Probability

Proposition 1.112. If X is a multivariate normal vector valued in R* for
k € N*, then its components X;, per i = 1,...,k, are themselves Gaussian
(scalar random variables).

The components are independent normal random variables if and only if
the variance—covariance matrix of the random vector X is diagonal.

Proposition 1.113. Let X be a multivariate normal vector valued in RF for
k € N* such that X ~ N(ux, Yx). Given a matriz D € RP*F with p € N*,
and a vector b € RP, the random vector Y = DX + b is itself a Gaussian
random vector:

Y ~ N(Dux + b,D ¥xD").

Proof . The proof is not difficult and is left as an exercise. We may at any rate
notice that, for well-known properties of expected values and covariances,

E(Y) = D pux + b,

whereas
Yy =D ¥xD".

We may now notice that, if X' is a positive-definite square matrix, from the
theory of matrices it is well known that there exists a nonsingular square
matrix P € RF** such that

Y=prPPT.

We may then consider the linear transformation
Z =P~ (X - px),

which leads to
E(Z) = P'E(X — ux) = 0,

while

Yz =P " Yx(P7HT

=p'pPT (P
= (P7'P)(P'P)"
= Ika

having denoted by Ij the identity matrix of dimension k. From Theorem 1.111
it follows that Z ~ N (0, I ), so that its joint density is given by

falz) = (%) L

for z € R*. It is thus proven that the random vector Z has all its components
i.i.d. with distribution N(0,1). O
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A final consequence of the foregoing results is the following proposition.

Proposition 1.114. Let X = (Xq,...,X,) for n € N* be a multivariate
normal random vector such that all its components are i.i.d. normal random
variables, X; ~ N(p,0%) for any j € {1,...,n}; then any random vector
that is obtained by applying to it a linear transformation is still a multivariate
normal random vector, but its components may not necessarily be independent.

1.6 Conditional Expectations

Let X,Y : (2, F,P) — (R, Bg) be two discrete random variables with joint
discrete probability distribution p. There exists an, at most countable, subset
D c R? such that

plz,y) #0  V(z,y) € D,
where p(z,y) = P(X = 2 NY = y). If, furthermore, D; and Dy are the
projections of D along its axes, then the marginal distributions of X and Y
are given by

pl(x):P(sz)=Zp(:v,y)7éO Vo € Dy,
pa(y) = P(Y =y) = plz,y) #0  Vy€ Ds.

Definition 1.115. Given the preceding assumptions and fixing y € R, then
the probability of y conditional on X =z € D, is
plry) PX=znY =y
p €Tr) = =
Furthermore,

) =P =y|X =2x).

y — p2(y|X =) € [0,1] Yz € D
is called the probability function of y conditional on X = x.

Definition 1.116. Analogous to the definition of expectation of a discrete
random variable, the expectation of Y, conditional on X = z, is Vax € D1,

ElY|X =a] = Zypzylx
B D " ()
x?
=@ yp(z 1(90) Ryp (7
1

_pl(:zr // ydP(XY)UCy)

Y (w)dP(w),

P(X = I) /[X—;E]
with R, = {z} x R.
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Definition 1.117. Let X : (£2,F) — (E,B) be a discrete random variable
and Y : (2,F) — (R, Br) P-integrable. Then the mapping

v B[Y|X = a] = ﬁ /[X_m] Y (w)dP(w) (1.8)

is the expected value of Y conditional on X, defined on the set z € F with

Remark 1.118. Tt is standard to extend the mapping (1.8) to the entire set
E by fixing its value arbitrarily at the points © € F where P([X = z]) = 0.
Hence there exists an entire equivalence class of functions f defined on E such
that

flx)=EY|X = a] Vx € E such that Px(z) # 0.

An element f of this class is said to be defined on E almost surely with respect
to Px. A generic element of this class is denoted by E[Y|X = |, E[Y|], or
EX[Y]. Furthermore, its value at € E is denoted by E[Y|X = z|, E[Y|z],
or EX=*[Y].

Definition 1.119. Let X : (£2,F) — (E,B) be a discrete random variable
and x € E so that Px(x) # 0, and let F € F. The indicator of F', denoted by
Ir : 2 — R, is a real-valued, P-integrable random variable. The expression

P(FN[X = 1)

PFIX =) = BlIp|X = 2] = —5 5

is the probability of F' conditional upon X = x.

Remark 1.120. Let X : (2, F) — (E, B) be a discrete random variable. If we
define Ex = {z € E|Px(z) # 0}, then for every x € Ex the mapping

P(|X =2x): F—10,1],
so that
P(FN[X =1x))
P(X =x)
is a probability measure on F, conditional on X = z. Further, if we arbitrarily

fix the value of P(F|X = x) at the points € E where Px is zero, then we
can extend the mapping

P(F|X =z) = VFeF

x € Ex — P(FIX =x)

to the whole of E, so that P(-|X = z) : F — [0,1] is again a probability
measure on F, defined almost surely with respect to Px.

Definition 1.121. The family of functions (P(:|X = z))zep is called a
reqular version of the conditional probability with respect to X.
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Proposition 1.122. Let (P(-|X = z))zer be a regular version of the condi-
tional probability with respect to X. Then, for any Y € LY(2,F, P):

/Y(w)dP(w|X =2z)=E[Y|X =z, Px-a.s.

Proof. First, we observe that Y, being a random variable, is measurable.?
Now from (1.8) it follows that

ElIe|X = 2] = P(F|X = 2) = /IF(W)P(deX — )

for every x € E, Px(x) # 0. Now let Y be an elementary function so that

Y = zn: N,
1=1

Then, for every x € Ex:

EY|X =] = Z NE[Ig|X = ] Z Ai / YP(dw|X = )

/ (Z/\ IF> P(dw|X = ) = /Y(w)dp(wp( _ o).

If Y is a positive real-valued random variable, then, by Theorem A.14, there
exists an increasing sequence (Y, )nen of elementary random variables so that

Y = lim Y, =supV,.

n—oo neN

Therefore, for every z € E:

ElY|X =z] =sup E[Y,|X =z] = sup/Yn(w)dP(w|X =1x)
neN neN

_ / (squn> (@)dP(w|X = z) = /Y(w)dP(w|X — ),

neN

where the first and third equalities are due to the property of Beppo-Levi
(Proposition A.29). Lastly, if Y is a real-valued, P-integrable random variable,
then it satisfies the assumptions, being the difference between two positive
integrable functions. O

A notable extension of the preceding results and definitions is the subject
of the following presentation.

3 This only specifies its o-algebras, not its measure.



36 1 Fundamentals of Probability

Expectations Conditional on a o-Algebra

Proposition 1.123. Let (2, F, P) be a probability space and G a o-algebra
contained in F. For every real-valued random variable Y € L(£2, F, P), there
exists a unique element Z € L'(£2,G, P) such that for all G € G:

/YdP:/ ZdP.
G G

Proof . First we consider Y nonnegative. The mapping v : G — R, given by
v(G) = / Y (w)dP(w) VG eg
G

is a bounded measure and absolutely continuous with respect to P on G. In
fact, for G € G
P(G)=0=v(G)=0.

Since P is bounded, thus o-finite, then, by the Radon—-Nikodym Theorem A.54,
there exists a unique Z € L'(§2,G, P) such that

V(G)z/ ZdP VG €.
G

The case Y of arbitrary sign can be easily handled by the standard decompo-
sition Y =Y+t —Y~. O

Definition 1.124. Let (£2, F, P) be a probability space and G a o-algebra
contained in F. Given a real-valued random variable Y € £1(2, F, P), any
real-valued random variable Z € £(£2,G, P) that satisfies the condition

/YdP:/ ZdP, VG eg (1.9)
G G

will be called a version of the conditional expectation of Y given G and will
be denoted by E[Y|G] or by E9[Y].

Definition 1.125. Let now X : (£2, F) — (R, Bgx) be a random vector, and
let Fx C F be the o-algebra generated by X. Given a real-valued random
variable Y € £1(§2, F, P), we define the conditional expectation of Y given X
the real-valued random variable such that

E[Y|X] = E[Y|Fx].

Again thanks to the Radon-Nikodym theorem, the following proposition
can be shown directly.



1.6 Conditional Expectations 37

Proposition 1.126. Let X : (£2,F) — (R¥,Bgx) be a random vector and
Y : (2,F) = (R,Br) a P-integrable random variable. Then there exists a
unique class of real-valued h € L*(R*, Bgx, Px) such that

/ Y(w)dP(w):/ hdPx, VB € Bgr. (1.10)
X-1(B) B

By known results about integration with respect to image measures
(change of integration variables), we may rewrite Equation (1.10) as follows:

/ Y(w)dP(w):/ (ho X)(w)dPy, VBe€Ba. (111)
X-1(B) X-1(B)

By direct comparison of (1.11) and (1.9), uniqueness implies that
EY|X]=hoX.
The usual interpretation of h is as follows. Given = € R¥,
h(z) = E[Y|X =z], Px-a.s.
We can then finally state that, for w € 2,
ElY|X](w) = E[Y|X = X(w)], P-as.

Remark 1.127. We may obtain the preceding liaison E[Y|X] = ho X as
above by referring to the Doob—Dynkin Lemma 1.29. The quantity E[Y|X] =
E[Y|Fx] surely is Fx-measurable; hence, there exists a unique class of real-
valued h € L' (R¥, Bgx, Px) such that E[Y|X] = h(X) (Jeanblanc et al. (2009,

p. 9)).

Proposition 1.128. Let G be a sub-o-algebra of F. If Y is a real G-
measurable random variable in L1(£2,G, P), then

E9Y] =Y.

More generally, if Y is a real G-measurable random variable and both Z and
Y Z are two real-valued random variables in L1 (2, F, P), then

EY9YZ] =YE9(Z).
Proof . The first statement follows from the fact that for all G € G : f G YdP =

J. ¢ YdP, with Y G-measurable and P-integrable.
For the second statement, see, e.g., Métivier (1968). O

Proposition 1.129 (tower law). Let Y € £1(2,F, P). For any two subal-
gebras G and B of F such that G C B C F, we have
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E[E[Y|B]|G] = E[Y|G] = E[E[Y|G]|B].
Proof . For the first equality, by definition, we have

LEM%W:AYW:LEMMW:LEWHW%W

for all G € G C B, where comparing the first and last terms completes the
proof. The second equality is proven along the same lines. O

Definition 1.130. Let ({2, F, P) be a probability space, and let G be a sub-
o-algebra of F. We say that a real random variable Y on (2, F, P) is inde-
pendent of G with respect to the probability measure P if

VB € Bg, VG € G: P(GNYY(B)) = P(G)P(Y~(B)).

Proposition 1.131. Let G be a sub-o-algebra of F; if Y € LY(2,F,P) is
independent of G, then
E[Y|G] = E[Y], a.s.

Proof. Let G € G; then, by independence,
/YM:/MWW:HMH:HMHH:HQMH:/EMM{
G G
from which the proposition follows. O

Proposition 1.132. Let (2, F,P) be a probability space and F' a sub-o-

algebra of F. Furthermore, let Y and (Yy)nen be real-valued random variables,

all belonging to LY(2,F, P). The following properties hold:

1. E[E]Y|F']|=E[Y);

2. ElaY + B|F'| = aE[Y|F]+ 8 as. (o, €R).

3. (Extended monotone convergence theorem) Assume |Y,| < Z for all n €
N, with Z € LY(2,F,P); if Y, 1Y a.s., then E[Y,|F'] 1 E[Y|F'] a.s.

4. (Fatou’s lemma) Assume |Yy,| < Z for all n € N, with Z € L*(£2,F, P);
limsup,,_, .o E[Yn|F'] < E[limsup,,_, ., Yn|F'] almost surely.

5. (Dominated convergence theorem) Assume |Y,| < Z for all n € N, with
Z € LY, F,P);if Y, =Y as., then E[Y,|F'] — E[Y|F'] almost surely.

6. If ¢ : R — R is convex and ¢(Y) P-integrable, then ¢(E[Y|F']) <
E[¢(Y)|F'] almost surely (Jensen’s inequality).

Proof.

1. This property follows from Proposition 1.123 with B’ = (2.
2. This is obvious from the linearity of the integral.
3-5. These properties can be shown as the corresponding ones without con-
ditioning as they derive from classical measure theory.
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6. Here we use the fact that every convex function ¢ is of type ¢(z) =
sup,, (anx + by,). Therefore, defining I, (x) = anx + by, for all n, we have
that

W(E[Y|F]) = E[l.(Y)|F] < E[p(Y)|F']

and thus
P(EY|F]) = sup L(E[Y|F') < E[p(Y)|F'].
O

Proposition 1.133. IfY € LP(§2, F,P), then E[Y|F'] is an element of
Lr(02,F', P) and

IEY |l < Y], (1<p<oo). (1.12)

Proof. With ¢(z) = |z|P being convex, we have that |E[Y|F']|? < E[|Y|P|F']
and thus E[Y|F'] € LP(£2,F, P), and after integration we obtain (1.12). O

Proposition 1.134. The conditional expectation E[Y|F'] is the unique F'-
measurable random variable Z such that for every F'-measurable X : 2 — R,
for which the products XY and X Z are P-integrable, we have

E[XY] = E[XZ]. (1.13)

Proof. From the fact that E[E[XY|F']] = E[XY] (point 1 of Propo-
sition 1.132) and because X is F’-measurable, it follows from Proposi-
tion 1.128 that E[E[XY|F']] = E[XE[Y|F']]. On the other hand, if Z is
an F'-measurable random variable, so that for every F’-measurable X, with
XY € LY2,F,P) and XZ € LY(2,F, P), it follows that E[XY] = E[X Z].
Taking X = Ig, B € 7' we obtain

/ YdP = E[YIs] = E[ZI5] :/ ZdP

B B

and hence, by the uniqueness of E[Y|F'], Z = E[Y|F'] almost surely. O
Theorem 1.135. Let (£2,F,P) be a probability space, F' a sub-c-algebra
of F, and Y a real-valued random variable on (2, F, P). If Y € L*(P), then

E[Y|F'] is the orthogonal projection of Y on L*(£2,F', P), a closed subspace
of the Hilbert space L*(£2, F, P).

Proof. By Proposition 1.133, from Y € L?(£2, F, P) it follows that
ElY|F] € L*(2,F,P)

and, by equality (1.13), for all random variables X € L2(§2, 7', P), it holds
that
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E[XY] = E[XE[Y|F],

completing the proof, by recalling that (X,Y) — E[XY] is the scalar product
in L2. (]

Remark 1.136. We may interpret the foregoing theorem by stating that
E[Y|F'] is the best mean square approximation of Y € L2(£2,F,P) in
L2(0,F', P).

Definition 1.137. A family of random variables (Y, )nen is uniformly inte-

grable if
lim sup/ Y, |dP = 0.
m—00 [Yo|>m

Proposition 1.138. Let (Y,,)nen be a family of random wvariables in L.
Then the following two statements are equivalent:

1. (Yo)nen is uniformly integrable.
2. sup,en E[|Yn|] < 400, and for all € there exists § > 0 such that A € F,
P(A) <6 = E[|Y,la]] <e.

Proposition 1.139. Let (Yy,)nen be a family of random variables dominated
by a nonnegative X € L' on the same probability space (2,F,P), so that
|V, (w)] < X (w) for all n € N. Then (Yy,)nen is uniformly integrable.

Theorem 1.140. Let Y € L' be a random variable on (£2, F, P). Then the
class (E[Y|G))gcr, where G are sub-o-algebras, is uniformly integrable.

Proof . See, e.g., Williams (1991). O

Theorem 1.141. Let (Y, )nen be a sequence of random variables in L' and
1

let Y € LY. Then Y, 5y if and only if

1Y, 2y,

2. (Yo)nen is uniformly integrable.

Proof . See, e.g., Williams (1991). O

1.7 Conditional and Joint Distributions

Let (2, F, P) be a probability space, X : (2, F, P) — (E,B) a random vari-
able, and F' € F. Following previous results, a unique element E[Ip|X = z] €
LY(E, B, Px) exists such that for any B € B
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P(Fﬂ[XeB]):/

Ip(w)dP(w):/ E[Ip|X = 2]dPx(z). (1.14)
[XeB]

B
We can write
P(F|X =) =E[Ip|X =].
Remark 1.142. By (1.14) the following properties hold:
For all F € F: P(F|X = z) > 0, almost surely with respect to Px.
P(B|X =) =0, almost surely with respect to Px.
P(2)X = z) = 1, almost surely with respect to Px.

For all F € F:0 < P(F|X = z) <1, almost surely with respect to Px.
For all (A,)nen € FY collections of mutually exclusive sets:

P <U AplX = a:) =) P(A)X =x),  Px-as.

neN neN

AN

If, for a fixed z € E, points 3, 4, and 5 hold simultaneously, then P(:|X = z) is
a probability, but in general they do not. For example, it is not in general the
case that the set of points € F, Px(x) # 0, for which 4 is satisfied, depends
upon I € F. Even if the set of points for which 4 does not hold has zero
measure, their union over F' € F will not necessarily have measure zero. This
is also true for subsets 7' C F. Hence, in general, given « € FE, P(-|X = x) is
not a probability on F, unless F is a countable family, or countably generated.
If it happens that, apart from a set Ey of Px-measure zero, P(-|X = z) is a
probability, then the collection (P(:|X = z)),cp—g, is called a regular version
of the conditional probability with respect to X on F.

Definition 1.143. Let X : (2,F) — (E,B) and Y : (2, F, P) — (E1,B1) be
two random variables. We denote by Fy the o-algebra generated by Y, hence

Fe=Y ' (B) = {y (BB eB}.

If there exists a regular version (P(-|X = z)),ep of the probability conditional
on X on the o-algebra Fy, denoting by Py (-|X = z) the mapping defined on
Bl, then

Py(BIX=2)=P(Y€B|X=12) VBeB,zckE.

This mapping is a probability, called the distribution of Y conditional on X,
with X = =z.

Remark 1.144. From the properties of the induced measure it follows that

E[Y|X = 1] = /Y(w)dP(w|X —2) = /deymx — ).
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Existence of Conditional Distributions

The following proposition shows the existence of a regular version of the con-
ditional distribution of a random variable in a very special case.

Proposition 1.145. Let X : (2, F) — (E,B) and Y : (2, F) — (E1,B1) be
two random variables. Then the necessary and sufficient condition for X and
Y to be independent is

VA e Bi: P(Y € Al-) = constant(A), Px-a.s.

Therefore,
P(Y € Al) = P(Y € A), Px-a.s.,

and if Y is a real-valued integrable random variable, then

E[Y|] = E[Y], Px-a.s.

Proof. The independence of X and Y is equivalent to
P([X e Bln[Y € A]) = P([X € B])P([Y € A)) VA e By, B € B,
or

/ Iy e a)(w)P(dw) = P(Y € A)/IB(:E)CZPX (x)
[X€eB]

_ /B P(Y € A)dPx (),
and this is equivalent to affirming that
P(Y e Al)=P(Y € A), Px-as., (1.15)
which is a constant k for z € E. If we can write
P(Y € Al') = k(A), Px-as.,
then

VB € B: Iy en (w)dP(w) = / k(A)dPx (z) = k(A)P(X € B),
[XeB] B
from which it follows that
VB e B: P([X e BIn[Y € A]) = k(A)P(X € B).
Therefore, for B = E we have that

P(Y € A) = k(A)P(X € E) = k(A).
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Now, we observe that (1.15) states that there exists a regular version of the
probability conditional on X, relative to the o-algebra F' generated by Y,
where the latter is given by

P(Y € Al) = Py(4) Vo € E.
Hence, by Remark 1.144, it can then be shown that E[Y]] = E[Y]. O
We have already shown that if X is a discrete random variable, then the
real random variable Y has a distribution conditional on X. The following

theorem provides more general conditions under which this conditional distri-
bution exists.

Theorem 1.146. Let Y be a real-valued random variable on (2, F, P), and
let G C F be a o-algebra; there always exists a regular version Py (- | G) of
the conditional distribution of Y given G.

Proof . See, e.g., Ash (1972, p. 263). O

A further generalization to Polish spaces is possible, based on the following
definition (Klenke (2008, p. 184)).

Definition 1.147. Two measurable spaces (E, Bg) and (F1,Bg,) are called
isomorphic if there exists a measurable bijection ¢ : (E,Bg) — (E1,Bg,)
such that its inverse ¢ is also measurable ¢ : (Ey, Bg,) — (E, Bg).

Definition 1.148. Two measure spaces (E,Bg,u) and (E1,Bg,,p1) are
called isomorphic if (F,Bg) and (E1, Bg,) are isomorphic measurable spaces

and 1 = @(p).

In either case, ¢ is called an isomorphism.

Definition 1.149. A measurable space (F,Bg) is called a Borel space if
there exists a Borel set B € By such that (E, Bg) and (B, Bg) are isomorphic
measurable spaces.

The following theorem holds.
Theorem 1.150. If E is a Polish space and & is its Borel o-algebra, then
(E, &) is a Borel space.
Proof . See, e.g., Ash (1972, Sect. 4.4, Problem 8). O
Theorem 1.151. Let (§2, F, P) be a probability space, and let Y : (2, F) —

(2, F"), where (', F") is a Borel space. Then there exists a reqular version
of the conditional distribution of Y with respect to any sub-c-algebra G C F.
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Proof . Let (£2/, F") be isomorphic to (R, Br), and let ¢ : (2, F') — (R, Bg)

be the corresponding isomorphism. Consider the sub-o-algebra G C F, and let
B e Br— Qu(B) = P(p(Y) € B|G)

be a regular version of the conditional probability of the real-valued random
variable (YY) : (£2,F) — (R, Br) given G.
Now let A € F'; from the foregoing discussion we obtain

P(Y € Alg) = P(o(Y) € ¢(4)[G) = Qo(p(4)) = Q(A)
if we denote Q = ¢~ 1(Qo). In fact,
Q(A) = Qo((¢™1)7H(A)) = Qolp(A)).

Since @y is a probability measure on Bg, the same will be @ on ¢~
(Br) = F'. (]

1

As a consequence of the preceding results, the following theorem holds.

Theorem 1.152 (Jirina). Let X and Y be two random wvariables on
(2, F, P) with values in (E,B) and (Ey,B1), respectively. If E and E; are
complete separable metric spaces with respective Borel o-algebras B and By,
then there exists a reqular version of the conditional distribution of Y given X.

Definition 1.153. Given the assumptions of Definition 1.143, if Py (-|X = )
is defined by a density with respect to the measure p; on (E7,B;), then
this density is said to be conditional on X, written X = x, and denoted by

fr (X =2).

Proposition 1.154. Let X = (X1,...,X,) : (2,F) = (R™,Bgn) be
a vector of random variables whose probability is defined through the den-
sity fx(x1,...,x,) with respect to Lebesgue measure p, on R™. Fizring ¢ =
1,...,n, we can consider the random vectors

Y = (X1,...,X,): (2,F) — RY

and

Z=(Xgi1,.... Xn): (2,F) > R4,

Then Z admits a distribution conditional on'Y for almost every’Y € R defined
through the function

fx(@1,. ., g, Tgg1, - Tn)
f@gg1s- s xn|xr, .. xq) = ,
a " q fy(:vl,...,xq)
with respect to Lebesgue measure fi,—q on R"~9. Hence, fy(x1,...,2q) is the
marginal density of Y at (x1,...,24), given by

fy(z,...,zq) = /fx(xl, o @)t —g(Tqgis .- Tn)-
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Proof. Writing y = (x1,...,24) and x = (z1,...,2,), let B € Bra and
Bl E B]Rnfq. Then

P(Y € BN [Z € Bi)) = Px((Y,Z) = X € B x By) = / Fx(x)din

Bx By
= / dpg(za, ..., xq) fx(x)dpn—q(Tgtis- .. Tn)
B By
_ fx(x)
= [ reoong [P

_ / APy ( fX(X)dun—q) ’
B B1 fY(Y)

where the last equality holds for all points y for which fy(y) # 0. By the
definition of density, the set of points y for which fy(y) = 0 has zero measure
with respect to Py, and therefore we can write in general

fx(x)
B fY(Y)

P([Y € BIN[Z € By]) = /BdPy(y)

Hn—q-

Thus the latter integral is an element of P(Z € B1|Y =y). Hence

x
Ix( >dﬂn,q =P(Z e B|Y =y) =Pz(B]Y =),
B, fx(¥)
from which it follows that ;ﬁg;g is the density of P(-|[Y =y). O

Ezample 1.155. Let fxy(z,y) be the density of the bivariate Gaussian dis-
tribution. Then

fxy(z,y) = kexp {—%(a(ﬂﬁ —m1)? + 2b(x — m1)(y —ma) + c(y — m2)2)} :

where
1 1
k e a — ﬁ’
2noyoy/1 — p? (1—p?)oz
b P 1
= c=——+—.
(1= p*)ozoy (1= p*)ag

The distribution of Y conditional on X is defined through the density

_ _ fX,Y(iZ?,y) o 1 1 /z—m\>
fY(Y|X = ZZ?) = fX—((E), where fX(.I) = meXp{—i ( o ) } .
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From this it follows that

o, 2
1 1 y—my— 2(x—m)
= — X —
o,/ 21(1 — p?) Pl 20— oy

Therefore, the conditional density is normal, but with mean
o
BIYIX =l = [ yaPr(ylX = 2) = [ uf0lX = 2)dy = ma+ p2(z — m)

and variance (1 — p2)05. The conditional expectation in this case is also called
the regression line of Y with respect to X.

Remark 1.156. Under the assumptions of Proposition 1.145, two generic ran-
dom variables defined on the same probability space (2, F, P) with values
in (E,B) and (FE,B;), respectively, are independent if and only if Y has a
conditional distribution with respect to X = z, which is independent of z:

Py(A|X = :E) = Py(A), Px—a.S., (116)

which can be rewritten to hold for every x € E. If X and Y are independent,
then their joint probability is given by

P(ny) = Px ® Py.

Integrating a function f(x,y) with respect to P(X,Y) by Fubini’s theorem
results in

/ F(.9) Py (de, dy) = / 0Py () / F(,9)dPy (). (1.17)

If we use (1.16), then (1.17) can be rewritten in the form
[t Pecr@odn) = [ apx(a) [ feg)apy ol = o).

The following proposition asserts that this relation holds in general.

Proposition 1.157 (Generalization of Fubini’s theorem). Let X and
Y be two generic random wvariables defined on the same probability space
(2, F, P) with values in (E,B) and (E,By), respectively. Moreover, let Px
be the probability of X and Py (-|X = x) the probability of Y conditional on
X = for every x € E. Then, for all M € B® By, the function

h:zxeFE — /IM(%Q)PY(dy|$)
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is B-measurable and positive, resulting in

Porn) = [ Petan) ([ Iueapvain). 19

In general, if f : E X E1 — R is Px y)-integrable, then the function

W:zxeE— /f(a:,y)PY(dy|33)

is defined almost surely with respect to Px and is Px-integrable. Thus we
obtain

[ )Py dndy) = [ 0Py (s) (1.19)
Proof. We observe that if M = B x By, B € B, and By € By, then

Px.v)(Bx By) = P(X € BIN[Y € By]) = /BP(Y € Bi|X = z)dPx (z),

and by the definition of conditional probability
P(Xﬁy)(B X Bl) = /IB(,T)Py(Bl|£L')dP)(($)

_ / 0Py (2) / Py (dy|) [ (2)I5, ().

This shows that (1.18) holds for M = B x Bj. It is then easy to show that
(1.18) holds for every elementary function on B® B;. With the usual limiting
procedure, we can show that for every B® Bi-measurable positive f we obtain

/ " flasy) APy (ay) = / Py () / " Flay) Py (dyla).

As usual, we have denoted by [ * the integral of a nonnegative measurable
function, independently of its finiteness. If, then, f is measurable as well as
both P(x y)-integrable and positive, then

[ apst@) [ )P anie) < o,
where
/* f(z,y)Py (dy|z) < oo, Px-as.z € E.
Thus &’ is defined almost surely with respect to Px and (1.19) holds. Finally,

if fis P x,y)-integrable and of arbitrary sign, applying the preceding results
to fT and f~, we obtain that

/f(w,y)Py(dylév) =/f+(:v,y)Py(dylw) —/f‘(way)Py(dylw)

is defined almost surely with respect to Px, and again (1.19) holds. ([l



48 1 Fundamentals of Probability
1.8 Convergence of Random Variables

Tail Events

Definition 1.158. Let (A4, )nen € F be a sequence of events and let
O'(An,AnJrl,...), n €N
and
T={)o(An, Ani1,...)
n=1
be o-algebras. Then T is the tail o-algebra associated with the sequence
(An)nen, and its elements are called tail events.
Ezxample 1.159. The essential supremum
limsup 4, = ﬂ U A;
n n=11=n
and essential infimum
liminf A, = | J (] 4
n=1i=n
are both tail events for the sequence (4, )nen. If n is understood to be time,

then we can write
limsup A, = {4, i.0.},

i.e., A, occurs infinitely often (i.0.), thus, for infinitely many n € N. On the
other hand, we may write

liminf A,, = {4,, a.a.},
i.e., A, occurs almost always (a.a.), thus for all but finitely many n € N.

Theorem 1.160 (Kolmogorov’s zero-one law). Let (A,)nen € FY be a
sequence of independent events. Then for any A € T:, P(A) =0 or P(A) = 1.

Lemma 1.161. (Borel-Cantelli).
1. Let (Ap)nen € FY be a sequence of events. If Y P(A,) < +oo, then

P (limsup An> =0.

2. Let (Ap)nen € FY be a sequence of independent events. If Y., P(Ay) =
400, then

P (limsup An> =1.

Proof . See, e.g., Billingsley (1968). d
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Almost Sure Convergence and Convergence in Probability

Definition 1.162. Let (X, )nen be a sequence of random variables on the

probability space (£2, F, P) and X a further random variable defined on the

same space. (X, )nen converges almost surely to X, denoted by X, 2% X or,
n

equivalently, lim,, . X,, = X almost surely if

35Sy € F such that P(Sp) =0 and Yw € 2\ Sy: 1Lm Xn(w) = X(w).

Definition 1.163. (X, ),en converges in probability (or stochastically) to X,
denoted by X, Pox or, equivalently, P — lim, ., X,, = X if

Ve>0: lim P(|X, —X|>¢) =0.
n—00

Theorem 1.164. A sequence (X, )nen of random variables converges in prob-
ability to a random variable X if and only if

. |Xn B X|
lm F|————| =0.
o {1 X, - X|
Proof . See, e.g., Jacod and Protter (2000, p. 139). O

Theorem 1.165. Consider a sequence (X, )nen of random variables and an
additional random variable X on the same probability space, and let f : R — R
be a continuous function. Then

(a) Xn =5 X = f(Xn) =5 f(X)
(b) Xn—X = f(Xn)—> f(X)

Proof . See, e.g., Jacod and Protter (2000, p. 142). O

Convergence in Mean of Order p

Definition 1.166. Let X be a real-valued random variable on the probability
space ({2, F,P). X is integrable to the pth exponent (p > 1) if the random
variable | X |P is P-integrable; thus, | X|P € L£1(P). By LP(P) we denote the
whole of the real-valued random variables on (£2, F, P) that are integrable to
the pth exponent. Then, by definition,

X € LP(P) < |X|P € £LY(P).
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The following results are easy to show.

Theorem 1.167.

aX € LP(P) (e € R),
X +Y e Lr(P),
sup{X,Y} € LP(P),

inf {X,Y} € LP(P).

X,Y € LP(P) =

Theorem 1.168. If X € LP(P), Y € LI(P) with p,q > 1 and 1—1) +% =1,
then XY € L1(P).

Corollary 1.169 If1 <p' < p, then LP(P) C L¥ (P).
Proposition 1.170. Setting N,(X) = ([ |X|de)% for X € LP(P) (p > 1),

we obtain the following results.

1. Holder’s inequality: If X € LP(P),Y € LI(P) withp,q > 1 and %—l—% =1,
then N (XY) < N,(X)N,(Y).
2. Cauchy—Schwarz inequality:

}/XYdP’ < Nao(X)No(Y), X,Y € L*(P). (1.20)

3. Minkowski’s inequality:

Npy(X 4+Y) < N(X)+ Np(Y) for X, Y € LP(P), (p>1).

Proposition 1.171. The mapping N, : LP(P) — Ry (p > 1) has the follow-
ing properties:

1. Ny(aX) = |a|Ny(X) for X € LP(P), « € R
2. X =0= Ny(X)=0

By 1 and 2 of Proposition 1.171 as well as 3 of Proposition 1.170, we can
assert that N, is a seminorm on LP(P), but not a norm. It is then defined the
space LP(P) as the quotient space of LP(P) with respect to the equivalence

X~Y&X=Y P—a.s.

Definition 1.172. Let (X, )nen be a sequence of elements of LP(P) and let
X be another element of LP(P). Then the sequence (X, )nen converges to X

in mean of order p (denoted by X, L—p>X) if limy, o0 || X0 — X || = 0.
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Convergence in Distribution

Now we will define a different type of convergence of random variables that is
associated with its partition function [see Loeve (1963) for further references].
We consider a sequence of probabilities (P,,),en on (R, Br) and present the
following definitions.

Definition 1.173. The sequence of probabilities (P, )nen converges weakly to
a probability P if the following conditions are satisfied:

for all f: R — R continuous and bounded: lim [ fdP, = / fdP.
n—oo

‘We write
p, X P

n—r oo

Definition 1.174. Let (X, )nen be a sequence of random variables on the
probability space (£2, F, P) and X a further random variable defined on the
same space. (X, )nen converges in distribution to X if the sequence (Px,, )nen
converges weakly to Py. We write

X, 4 x
n—oo
or
X, = X.

n—oo

Theorem 1.175. Let (X,,)nen be a sequence of random variables on the prob-
ability space (£2,F,P) and X another random variable defined on the same
space. The following propositions are equivalent:

(a) (Xpn)nen converges in distribution to X

(b) For any continuous and bounded f : R — R:
limy, o0 E[f(Xn)] = E[f(X)]

(¢) For any Lipschitz continuous f : R — R:

(d) For any uniformly continuous f : R — R:
limy, o0 B[f(Xn)] = E[f(X)]

Theorem 1.176. Denoting by F' the partition function associated with X,
and, for every n € N, by F, the partition function associated with X,,, the
following two conditions are equivalent:

1. For all f : R — R continuous and bounded: lim,,_,~ [ fdPx, = [ fdPx.
2. For all z € R such that F is continuous in x: lim,_,o F,(x) = F(z).
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Theorem 1.177.(Polya). Under the assumptions of the previous theorem,
if F' is continuous and, for all x € R,:

lim F,(z) = F(x),

n—oo
then the convergence is uniform on all bounded intervals of R.

We will henceforth denote the characteristic functions associated with the
random variables X and X,, by ¢x and ¢x, , for all n € N, respectively.

Theorem 1.178 (Lévy’s continuity theorem). Let (P,)nen be a se-
quence of probability laws on R and (¢ )nen the corresponding sequence of
characteristic functions. If (Pp)nen weakly converges to a probability law P
having the characteristic function ¢, then for all t € R: ¢, (t) — o(t).

If there exists ¢ : R — C such that for all t € R: ¢,(t) — &(t) and,

moreover, ¢ is continuous in zero, then ¢ is the characteristic function of a
probability P on Br such that (P,)nen converges weakly to P.

A trivial consequence of the foregoing theorem is the following result.

Corollary 1.179 Let (Pp)nen be a sequence of probability laws on R and
(¢n)nen the corresponding sequence of characteristic functions; let P be an
additional probability law on R and ¢ the corresponding characteristic func-
tion.

Then the following two statements are equivalent

(a) (Pn)nen weakly converges to P.
(b) For allt € R: ¢ (t) — ¢(t).

Relationships Between Different Types of Convergence

Theorem 1.180. The following relationships hold:

1. Almost sure convergence = convergence in probability = convergence in
distribution.

2. Conwvergence in mean = convergence in probability.

3. If the limit is a degenerate random variable (i.e., a deterministic quantity),
then convergence in probability < convergence in distribution.

The following theorems represent a kind of converses with respect to the
preceding implications.

Theorem 1.181. Consider a sequence (X, )nen of random variables and an
additional random variable, X, on the same probability space; and suppose

X i>X; then there exists a subsequence (X, )ren such that X, %X
n



1.8 Convergence of Random Variables 53
Proof . See, e.g., Jacod and Protter (2000, p. 141). O

Theorem 1.182 (Dominated convergence). Consider a sequence
(Xn)nen of random wariables and an additional random wvariable, X, on

the same probability space; suppose X, L5 X and that there exists a random
variable Y € LP such that | X,| <Y for all n € N; then X,,, X € L? and
X, 25X,

Proof . See, e.g., Jacod and Protter (2000, p. 142). O

Theorem 1.183 (Skorohod representation theorem). Consider a se-
quence (Pp)nen of probability measures and a probability measure P on

(R*, Bgr) such that P, 2y P. Then there exists a sequence of random vari-
n—oo

ables (Yn)nen and a random variable Y defined on a common probability space
(2, F, P), with values in (R*, Bgk), such that Y, has probability law P,, Y
has probability law P, and

Y, &% V.
n—oo
Proof . See, e.g., Billingsley (1968). O

Laws of Large Numbers for Independent Random Variables

Consider a sequence (X, )nen—{o} of i.i.d. random variables on the same prob-
ability space ({2, F, P).
The sequence of cumulative sums of (X, )nen is

So=0, Sp=2Xi+-+ X, neN-{0},

so that the sequence of its arithmetic means is

X, =18, neN={0}.
n

Theorem 1.184 [Weak law of large numbers (WLLN) for independent and
identically distributed random variables] Let (X, )nen—go} be a sequence of
independent and identically distributed (i.i.d.) random variables on the same
probability space (12, F, P). Suppose that they all belong to L2(£2, F, P), and
denote m = E[X1]; then

X, s m.
n
Proof. This is a trivial consequence of Chebyshev’s inequality. O

Actually, the existence of the second moment is not a necessary condition
for the WLLN; indeed, a stronger result holds.



54 1 Fundamentals of Probability

Theorem 1.185 (Strong law of large numbers (SLLN) for i.i.d.
random variables). Let (X,,)nen—{0} be a sequence of i.i.d. random vari-
ables on the same probability space (2, F,P). Then

v a.s.
X, —a,
n

for some real constant a € R, if and only if all elements of the sequence of
random variables belong to L*(£2, F, P).
Under this condition a = m.

Proof . See, e.g., Tucker (1967). O

Due to Theorem 1.180 it is now clear that for a WLLN the only require-
ment of existence of the first moment is sufficient.

A fundamental result for statistical applications is the well-known
Glivenko—Cantelli theorem, sometimes called the Fundamental Theorem of
Statistics.

Given a sequence (X,),en—o} of independent and identically distributed
(i.i.d.) random variables on the same probability space ({2, F, P), its empirical
distribution function F,, is defined as

~ 1 &
j=1

Theorem 1.186 (Glivenko—Cantelli theorem). Let (X,,),en—{o} be a se-
quence of i.i.d. random variables with arbitrary common distribution function
F. Then R

sup |Fy (z) — F(z)] 23 0.

z€R n

Proof . See, e.g., Tucker (1967, P. 127). O

The Central Limit Theorem for Independent Random Variables

Theorem 1.187 (Central limit theorem for i.i.d. random variables).
Let (X,)nen be a sequence of i.i.d. random wvariables in L2($2,F, P) with
m = E[X;], 0® = Var[X;], for all i, and

S = %Z?:lXi_m:Z?lei_nm
" o/v/n o/n

Then
S, -% N(0,1),

n—00

i.e., if we denote by F,, = P(S, < z) and the cumulative distribution function

of Sn,
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o1
d(x) :/ 5 e 2V dy, z € R,
then lim,, F,, = &, uniformly in R, and thus

sup | Fy, () — &(z)] — 0.
z€R n

A generalization of the central limit theorem that does not require the
random variables to be identically distributed is possible.

Consider an independent array of centered random variables, i.e., for any
n € N—{0} consider a family (X1, ..., Xnn) of independent random variables
in £2(2,F, P), with E[X,,;] =0, forall k =1,...,n. Let

o2, = Var[Xur]) = E[X2] >0, k=1,...,n,
be such that .
k=1
Take

Sy = ZX"’“ neN-—{0};
k=1

Fo.=PXp <z), z€R, neN-{0}, k=1,...,n.

Given the cumulative function of the standard normal distribution

o
&(x) = / meféyzdy, z €R,

denote

B, () _gp(i), z€R.

Onk

We now introduce the following two conditions:

n

(L) [Lindeberg] forall e > 0: Z/ 22dF(z) — 0;
|z|>e

n— o0
k=1

(A) for all € > 0 : Z/ | 2| | Fpr(a) — @pp(z) | dz —> 0.
—1 /z|>e

n—oo
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Theorem 1.188. In general

(i) (L) = (4),

but
Ly 2 e
(i) if 1r<nka%(nE[X k]n:;() (Feller condition),

n

then (A) = (L).
Proof . See, e.g., Shiryaev (1995). O
Theorem 1.189. Within the preceding framework,

(A) <= S, -% N(0,1).
n—oo

Proof . See, e.g., Shiryaev (1995). O

Thanks to the foregoing results, the Lindeberg theorem for noncentered
random variables is a trivial corollary.

Corollary 1.190 (Lindeberg theorem). Let (X,,)nen be a sequence of in-
dependent random variables in L2(£2, F, P) with m,, = E[X,], 02 = Var[X,].
Denote

Spi=Y Xi, neN-{0}
k=1
and

V2 =VarlS,] = ZU,%.
k=1

If for all e > 0

|Xk — mk|2dP — O,
nop_q | X—mp|>eV, n—o0
then

Sp — E[Sa]
——— — N(0,1).
VVarS, n—o 0.1)

Theorem 1.191. Let (X,,)nen be a sequence of i.i.d. random variables, with
m = E[X;] 0? = Var[X;] for all i, and let (V;)nen be a sequence of N-valued
random variables such that

Vo Py,

n n
Then

1 « P
\/V_n;XiT)N(m,JQ).

Proof . See, e.g., Chung (1974). O



1.9 Infinitely Divisible Distributions 57
Note

For proofs of the various results, see also, e.g., Ash (1972), Bauer (1981), or
Métivier (1968).

1.9 Infinitely Divisible Distributions

We will consider first the case of real-valued random variables; the treatment
can be extended to the multidimensional case with suitable modifications.

Definition 1.192. Let X be a real-valued random variable on a probability
space (§2, F, P), having cumulative distribution function (cdf) F' and charac-
teristic function ¢. We say that X (or F or ¢) is infinitely divisible (i.d.) iff,
for any n € N — {0}, there exists a characteristic function ¢,, such that

o(t) = [¢n(1)]", teR.

In other words, for any n € N — {0}, X has the same distribution as the sum
of n i.i.d. random variables.

Proposition 1.193. The following three propositions are equivalent.

(a) The random variable X is i.d.

(b) For any n € N — {0}, the probability law Px of X is the convolution of n
identical probability laws on Bg.

(c) For anyn € N—{0}, the characteristic function ¢x of X is the nth power
of a characteristic function of a real-valued random variable.

Proof. This is an easy consequence of the definition (e.g., Applebaum (2004,
p. 23)). O

Proposition 1.194. If ¢ is an i.d. characteristic function, it never vanishes.

Proof . See, e.g., Ash (1972, p. 353), and Fristedt and Gray (1997, p. 294). O

Corollary 1.195 The representation of an i.d. characteristic function in
terms of the power of a characteristic function is unique.

Corollary 1.196 If Px is the probability law of an i.d. random variable,
then for any n € N — {0}, there exists a unique probability law Py such that

Px = (Py)™™.
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Ezxample 1.197.

1. Poisson random variables.
The characteristic function of a Poisson random variable X with param-
eter A > 0 is

ox(t) =exp{A(e” —=1)}, teR,

so that it can be rewritten as

ox(t) = (ew {2 -}) . rer

n

for any n € N— {0}. Hence, for any n € N — {0}
ox(t) = (ov(1)", tER,

where ¢y is the characteristic function of a Poisson random variable Y
with parameter A/n. So we may claim that a Poisson random variable
is i.d.

2. Gaussian random variables.
The characteristic function of a Gaussian random variable X ~ N (m,o?)
with parameters m € R, 02 > 0 is

1
dx(t) = exp {imt - 502152} , teER,

so that it can be rewritten as
m 102 "
ox(t) = <exp {i—t - ——t2}> , teR,
n

for any n € N — {0}. Hence, for any n € N— {0}
¢x(t) = (ov(1)", tEeR,

where ¢y is the characteristic function of a Gaussian random variable Y
with parameters m/n,o?/n. So we may claim that a Gaussian random
variable is i.d.

Theorem 1.198. Let X be a real-valued random variable; the following two

propositions are equivalent.

(a) X isi.d.

(b) There ezists a triangular array (Xni1,...,Xnn), n € N — {0} of iid.
random variables such that

Zn:xnk A x

n— o0
k=1
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Proof.

(a) = (b) : If X is i.d., then for any n € N — {0}, we may choose a family
(Xn1, ..., Xnn), of L.i.d. random variables such that

ank = X;
k=1

the consequence is obvious.
(b) = (a) : The proof of this part is a consequence of the Prohorov theorem
on relative compactness B.87 (Ash (1972, p. 350)).

O

Theorem 1.199. The weak limit of a sequence of i.d. probability measures is
itself an i.d. probability measure.

Proof . See Ash (1972, p. 352) or Lukacs (1970, p. 110). O

Compound Poisson Random Variables

Definition 1.200. We say that X is a real-valued compound Poisson random
variable if it can be expressed as

N
X =) Y,
k=0

where N is a Poisson random variable with some parameter A € R%, and
(Yk)ken- is a family of i.i.d. random variables, independent of N; it is assumed
that Yy = 0, a.s., and that the common law of any Y} has no atom at zero. If
Py denotes the common law, then we write X ~ P(\, Py).

Proposition 1.201. If X is a compound Poisson random variable, then it
1s 1.d.

Proof. Let Py denote the common law of the sequence of random variables
(Yi)ken+ defining X, and let ¢y denote the corresponding characteristic func-
tion. By conditioning and independence, the characteristic function of X will
be, for any ¢t € R,

N \n
exp itZYk IN=n ef)‘m,

k=0

ox(t)=>_E

neN

g Dov(or

n!
neN

— exp Ay (1) — D}
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As a consequence,

¢x(t) = exp {/R et — 1)Py(dy)} , tER.

It is then clear that X ~ P(\, Py) is an i.d. random variable; for any
neN-{0}

(ZSX(t):((bX;")(t))nv tERu jE{l,...,?’L},
where ¢ is the characteristic function of a compound Poisson random
j
variable X ™ ~ P(2, Py). 0

Theorem 1.202. Any i.d. probability measure can be obtained as the weak
limit of a sequence of compound Poisson probability laws.

Pmof Let ¢ be the characteristic function of an i.d. law Px on Bg, and let

Pg denote the probability law associated with the characteristic function ¢n
for any n € N — {0}.
Define

6u(0) = exp {n(F 0} —exp{ [ (e~ v

so that ¢, is the characteristic function of a compound Poisson distribution.
We may easily observe that

6u(t) = exp {n(eF 90 — 1)} = exp {1n¢>(t> T no%)} ,

which converges to ¢(t) as n — oo.
The result follows from Levy’s Continuity Theorem. O

Theorem 1.203. Let i1 be a finite measure on Br. Define

o(t) = exp {/R(eim -1- it:t)x—lzu(dx)} , teR. (1.21)

Then ¢ is the characteristic function of an i.d. law on R with mean 0 and
variance u(R).

Proof. We recall that, for any n € N, and for any = € R,

— (ix)* [+t 2]
_ < LIl
D | S min CES T

k=0
the first term on the right provides a sharp estimate for || small, whereas the
second one provides a sharp estimate for |z| large.
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As a consequence,
- 1
le?* — 1 — itz| < min {§t2x2, 2|t3:|} ,

so that, for = | 0 (using n = 1),

, 1 1
1tx_1_-t —<—t2
(€~ 1~ it) | < o2
and so the integrand in (1.21) is integrable.
Moreover, since (using n = 2)

|eim—1—itx N 1t2| < 1| |

_—+ - —|z
x? 2 67"

we may claim that the integrand tends to —%t2 for x | 0; we may then assume
for continuity that this is its value at 0.

We may further observe that if p is purely atomic with a unique atom
at 0, with mass p({0}) = o2, then (1.21) is the characteristic function of a
N(0,0?) distribution.

On the other hand, if p is purely atomic with a unique atom at xy # 0,
having mass p({zo}) = Az3, for A\ € R*, then (1.21) is the characteristic
function of the random variable 2o(X — \), where X ~ P()).

Consequently, if p is purely atomic with a finite number of atoms on the
real line, then ¢ in (1.21) can be written as the product of a finite number
of characteristic functions like those above, so that it is still a characteristic
function.

We may now proceed with the general case. If p = 0, then the result is
trivial. If u(R) > 0, then we may consider a discretization of u by means of a
sequence of atomic measures {ux, k € N}, each of which has masses

k(5277 = (275, (G + D277,

for j =0,+1,42,...,+£2"

It can be shown that ux tends to u for k tending to oo, so that, for k
sufficiently large, 0 < ux(R) < 4-o00. If we take py instead of p in (1.21), then
we will obtain a sequence {¢g, k € N} of characteristic functions such that

oi(t) = ¢(t), forany te€R.

By the Levy Continuity Theorem we may then claim that ¢ is itself a
characteristic function.

As far as the infinite divisibility is concerned, let us take, for any n € N*,
¢ defined by (1.21), but with 14 instead of p; then

o(t) = (Yn(t))™, forany teRR.
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The rest of the proof is a trivial consequence of the differentiability of ¢
at 0 up to the second order. ([

An important characterization of i.d. probability laws is the following.

Theorem 1.204 (Lévy—Khintchine formula). A function ¢ is an i.d.
characteristic function if and only if there exist a € R, o € R, and a measure
AL on R, concentrated on R* satisfying

/ min {z*, 1} A, (dz) < +o0,

such that

o252

In ¢(s) = ias—

—l—/ (e —1—isx(x))Ar(dz), for any s € R, (1.22)
R—{0}

where
X(®) = =L 1)() + L1 1(T) + 1 100

The triplet (a,0?,\1) is called the generating triplet of the i.d. charac-
teristic function ¢. Moreover the triplet (a,0?, ) is unique. The function in
Equation (1.22) is called the characteristic exponent of the i.d. law having ¢
as characteristic function.

Proof.
See, e.g., Fristedt and Gray (1997, p. 295). O

Definition 1.205. A measure A;, on R, concentrated on R*, and satisfying
: 2
/ min {z”,1} A (dz) < +o0, (1.23)

is called a Lévy measure.

Further examples of i.d. distributions are left as exercises (Sect. 1.11).

In what follows we will consider an independent triangular array
(Xn1y---, Xnn), n € N— {0}, of random variables, i.e., for any n € N — {0},
(Xn1,---sXnn) is a family of i.i.d. random variables.

We will further consider the following assumptions:

(H1) E[X,4] =0, o2, =E[X%]<+4ocoforanyneN—{0},1<k<n

(H2) supZaik < 400
" k=1

. 2
(H2) h}ln nax oy = 0

Theorem 1.206. Let X be an i.d. real-valued random variable, having mean
zero and finite variance. Then there exists an independent triangular array
{(Xnk)1<k<n, n € N—{0}}, satisfying conditions (H1)-(H3) such that
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ank = X.

n— o0
k=1

Proof. If X is an i.d. real-valued random variable, then for each n € N — {0}
we may find a family (X,x)1<k<n of i.i.d. random variables such that X ~

Z Xnk. Then clearly
k=1

ZXM = X.

n—o00
k=1

Moreover, for each n € N — {0} and any 1 < k < n we have
ElXu]=0;  Var[Xu] = B[X5] = —,

n
so that (H1)—(H3) are automatically satisfied. O

Theorem 1.207. Let {(Xnk)i<k<n, n € N—{0}} be an independent trian-
gular array, satisfy conditions (H1)-(H3), and denote by Fyy the cumulative
distribution function of the random wvariable X,j. Consider the sequence of
finite measures {pin, n € N—{0}} such that

o ((—00, ]) Z/ y?dFi(y), © € R. (1.24)

Note that, by setting s% = >}, 02, we have, because of (H2), sup,, jin(R) =
sup,, sfl < 400.
Under the foregoing circumstances, the following two propositions are
equivalent.
n
(a) Sy := ZX"k converges in distribution to a random variable having a
k=1
characteristic function of the form (1.21), where u is a finite measure
on R.
(b) The sequence of finite measures {pn, n € N—{0}} defined in (1.24)

weakly converges to the measure p.

Proof .

(a) = (b) If we denote by ¢,, the characteristic function of S,,, then under (a)
we may state that
Dn(t) = ¢(t), for any t € R. (1.25)
Since pp, (R) = s2 is uniformly bounded for n € N—{0}, by Helly’s theorem
we can state that from {u,, n € N— {0}} we may extract a subsequence
{ttn,,, m € N—{0}} weakly convergent to some finite measure v on Bg.
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Because of the convergence (1.25) it must then also be

: 1
o(t) = ¥(t) = exp {/(em -1- it:t)—Qu(dx)} , teR.
R T
The same should hold for the derivatives

¢"(t) =¢"(t), t R,

i.e.,
/emu(dx) :/eitxl/(d:v), teR.
R R

By the uniqueness theorem for characteristic functions we may finally
state that
w=v.
()= (a) It
[Ln nfoo :ua

then, by known results,

on(t) — o), teR,

n—r oo

which implies (a).

1.9.1 Examples
1. The Central Limit Theorem

The case
S, = N(0,1)
n— o0

corresponds, by Theorem 1.207, to the Dirac measure at 0 in (1.21):
n = €p.

In fact, let us recall that we have taken as the value of the integrand at 0
in (1.21) the quantity —%, so that

o(t) = exp{/R(em 1 —itx)%zso(x)da:} = exp{—g}, teR.

If we suppose s2 = 1 for any n € N — {0}, condition (b) in Theorem 1.207
becomes the Lindeberg condition

(L) [Lindeberg] forall e > 0: Z/ 22dFy(x) — 0,

=1 lzl>e n— 00

so that the result follows from Theorems 1.188 and 1.189.
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2. The Poisson Limit

Let {(Znk)1<k<n, n € N—{0}}, be an independent triangular array in £2. If
we denote myr = E[Z,k], then we take

Xk = Zpie — Mk, 1 <k<n, nEN—{O}.
According to Theorem 1.207,
Z Xnk = Zy— /\,
n—oo
k=1
with Zx ~ P()), if and only if

Un = Ae, (1.26)
n—oo

where €; denotes the Dirac measure at 1.
If we assume that 02 — ), then condition (1.26) is equivalent to

n—oo

pn([l—€,14¢]) — X forany e>0

n—oo

or to
Z/ (Znk — Mni)?dP — 0 (1.27)
Znk—Mnr—1|>¢ nTreo

for any € > 0.
Suppose that both

si — A and Zm"k —> A

n—00
k=1

hold; then (1.27) becomes a necessary and sufficient condition for

> Zu = Zn~P(N).
b1 n—oo

This case includes the circumstance that, for any n € N — {0}, and 1 <

n
max ppr — 0 and E Pk — A
1<k<n n—00 1 n—00

hence the well-known convergence of a sequence of binomial variables B(n, p,,)
to a Poisson variable P(\) is also included once p, - 0 and np, — A.

n— n—r oo
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1.10 Stable Laws

An important subclass of i.d. distributions is that of stable laws, which we
will later relate to a corresponding subclass of Lévy processes. We will limit
ourselves to the scalar case for simplicity; the interested reader may refer
to excellent monographs such as Samorodnitsky and Taqqu (1994) and Sato
(1999).

Definition 1.208. A real random variable X is defined as stable if for any
two positive real numbers A and B there exist a real positive number C' and
a real number D such that

AX| + BXy ~CX + D, (1.28)

where X; and X, are two independent random variables having the same
distribution as X (as usual the symbol ~ means equality in distribution).

A stable random variable X is defined as strictly stable if D = 0 for any
choice of A and B; it is defined as symmetric if its distribution is symmetric
with respect to zero.

Remark 1.209. A stable symmetric random variable is strictly stable.

A second equivalent definition for the stability of real-valued random vari-
ables is as follows.

Definition 1.210. A real random variable X is defined as stable if for any
n > 2 there exist a positive real number C,, and a real number D,, such that

X1+ Xo4...4+ X, ~ Cpo X + Dy,

where X1, Xs,..., X, are a family of i.i.d. random variables having the same
distribution as X. A stable random variable X is defined as strictly stable if
D,, =0 for all n.

The preceding definition implies the following result.

Proposition 1.211. With reference to Definition 1.210 there exists a real
number o € (0, 2] such that

Q=

C,=n
The number « is called the stability index or characteristic exponent.
A stable random variable X having index « is called a-stable.

Ezxample 1.212. If X is a Gaussian random variable with mean p € R and
variance 02 € Ry — {0} (X ~ N(p,0?)), then X is stable with o = 2 since

AX| + BX, ~ N((A+ B)u, (A% + B%)1/25%),

i.e., (1.28) is satisfied for C' = (A% 4+ B*)Y/?2 and D = (A4 B — C)p.
It is trivial to recognize that a Gaussian random variable X ~ N(u,o?) is
symmetric if and only if p = 0.
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The following theorems further characterize stable laws.

Theorem 1.213. A random wvariable X is stable if and only if it admits
a domain of attraction, i.e., there exist a sequence of i.i.d. random variables
(Yo )nen—goy, @ sequence of positive real numbers (Ay)pen—{oy, and a sequence
of real numbers (By)nen—goy such that

Vi+Yo+...+Y,
An

- B, = X,
n—oo
where = denotes a convergence in law.

Theorem 1.214. A random wvariable X is stable if and only if there exist
parameters 0 < a <2, ¢ >0, =1 < 3 <1 and a real number p such that its
characteristic function is of the following form:

exp{—ao‘|s|a (l—iﬁ (sign s) tan (%)) +i,us}, if a#l,
E [eisX} _
exp{—0|s| <1+iﬁ% (signs)1n|s|> —l—i,us}, if a=1,

for s € R. The parameter « is the stability index of random variable X.

Here
1, if s>0,
signs =< 0, if s=0,
“1,if s<0.
Proof . See, e.g., Chow and Teicher (1988, p. 449). O

Theorem 1.214 shows that a stable random variable is characterized by
the four parameters o, 8, o, and u. This is why an a-stable random variable
X is denoted by

X’\“Soc (Uvﬂnu)'

We have already stated that « is the stability index of the stable random
variable X. As far as the other parameters are concerned, one can show the
following results.

Proposition 1.215. Let X ~ S, (0,8, 1), and let a be a real constant. Then
X+4+an~S,(o,6,1+a).

We may then state that p is a parameter of location of the distribution
of X.

Proposition 1.216. Let X ~ S, (0,58,1), and let a # 0 be a real number.
Then

aX ~ S, (olal,sign(a)B,au), for a#1,

2
aX ~ 5 (U lal, sign(a)B, ap — —a(ln |a|)0ﬁ), for a=1.
T
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The preceding proposition characterizes o as a scaling parameter of the
distribution of X.

Proposition 1.217. For any « € (0, 2],
X ~ 84 (0,8,0) & —X ~ S, (0,—5,0).

X ~ S, (0,8, 1) is symmetric if and only if 5 =0 and p = 0. It is symmetric
with respect to p if and only if B = 0.

The preceding proposition characterizes 8 as a parameter of asymmetry of
the distribution of X.
We usually write
X ~ Sas

to denote that X is a symmetric a-stable random variable, i.e., when
B =p=0.

As a consequence of Theorem 1.214 we may recognize that the character-
istic function of an a-stable law is such that, for some ¢ € R,

|p(s)] = exp{—c|s|*}, seR.

It is then easy to show that ¢ € £ (v!), so that, because of Theorem 1.94, we
may finally state the following.

Proposition 1.218. Any stable random variable is absolutely continuous.

Unfortunately, the probability densities of stable random variables do not
have in general a closed form, but for a few exceptions.

(1) Gaussian distributions: X ~ N(u,20%) = Ss (0,0, 1) with density

) = e (<),

(1) Cauchy distributions: X ~ Cauchy(o, u) = S1 (0,0, 1) with density
o

f(z) = 7T((:17—,u)2+(72)'
(ii7) Levy distributions: X ~ Levy(o, u) = S1/2 (0, 1, u) with density

0= (5)" gogrerl e )

Proposition 1.219. A stable random variable is i.d.

Remark 1.220. In general the converse of Proposition 1.219 does not hold.
For example, a Poisson random variable is i.d. but not stable.

With reference to Definition 1.107 the following proposition holds.

Proposition 1.221. A stable random variable is reproducible.

Remark 1.222. The converse does not hold in general; in fact, we know that
a Poisson distribution is not stable, though it is reproducible (Exercise 1.21).
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1.10.1 Martingales

What follows extends the concept of sequences of random variables and intro-
duces the concepts of (discrete-time) processes and martingales. The latter’s
continuous equivalents will be the subject of the following chapters.

Let (£2,F, P) be a probability space and (Fy,)n>0 a filtration, that is, an
increasing family of sub-o-algebras of F:

FoCFC - CF.

We define Foo := o(UJ,, Fn) € F. A process X = (X,,)n>0 is called adapted
to the filtration (Fy,)n>o if for each n, X,, is F,,-measurable.

Definition 1.223. A sequence X = (X,,)nen of real-valued random variables
is called a martingale (relative to (F,,P)) if

e X is adapted
E[|X,]] < oo for all n (& X, € L)
E[Xy|Fn-1] = Xpn—1 almost surely (n > 1)

Proposition 1.224. If (X, )nen s a martingale, then its expected value is
constant, i.e., for alln € N, F[X,] = E[Xo].

Ezxample 1.225.

1. Show that if (X, )nen is a sequence of independent random variables with
E[X,] =0 for all n € N, then S, = X; + X5 + --- + X,, is a martingale
with respect to (F, = o(X1,...,X,), P) and Fo = {0, 2}.

2. Show that if (X,,)nen is a sequence of independent random variables with
E[X,)=1foralln €N, then M,, = X; - Xo----- X, is a martingale with
respect to (F, = o(Xq,...,X,), P) and Fo = {0, 2}.

Definition 1.226. A sequence X = (X, )nen of real-valued random vari-
ables is called a submartingale (respectively a supermartingale) (relative to

(Fn, P)) if

e X is adapted
E[|X,]] < oo foralln (& X, € L)
E[X,|Fn-1] > X1 (respectively E[X,|Fn—1] < X,—1) almost surely
(n>1)

Theorem 1.227 (Doob decomposition). Let (X,,)n>0 be a submartin-
gale. Then X admits a decomposition

X=Xo+M+A,
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where M is a martingale null at n = 0 and A is a predictable increasing
process null at m = 0. Moreover, such decomposition is a.s. unique, in the
sense that if X = Xo+ M + A is another such decomposition, then

P(M,, = M,, A, = A,,¥n) = 1.

Proof . See, e.g., Jacod and Protter (2000, p. 216). O

Theorem 1.228. Let (X, )nen be an adapted process with X,, € L for all n.
Prove that X admits an a.s. unique decomposition

X =Xo+ M + A4,

where M is a martingale null at n = 0 and A is a predictable process null at
n=0. (Xn)n>o0 is a submartingale if and only if A is a predictable increasing
process, in the sense that

P(An S AnJrl,VTL) =1.

Proof . See, e.g., Williams (1991, p. 120). O
A discrete-time process C' = (Cy,)n>1 is called predictable if

C,, is F,—1-measurable (n > 1).

We define

(CoX)y =) Cr(Xy— Xp 1)
k=1

Proposition 1.229 (Stochastic integration theorem). If C is a bounded
predictable process and X is a martingale, then (C o X) is a martingale null
atn =0.

Definition 1.230. Let N = NU {+o0}. A random variable T : (2, F) —
(N, By) is a stopping time if and only if

VneN: {T <n}eF,.

Proposition 1.231. Let X be a martingale with respect to the natural filtra-
tion (Fi)ner, and let T be a stopping time with respect to the same filtration;
then the stopped process Xr;= (Xnyar(w))n>0 i a martingale with the same
expected value of X.

Proof. Hint: Consider the predictable process C, = I(r>y,) and apply the
preceding results to the process (X7 — Xo), = (CT o X),,. O
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Proposition 1.232(Martingale convergence theorem). Let (X,,)nen be
a nonnegative submartingale, or a martingale bounded above or bounded below;
then, the limit X, =2 X exists, and X € L.

n

Proof. See, e.g., Jacod and Protter (2000, p. 226). Warning: we are not

1
claiming that X, I x , and indeed this is not true in general. ]
n

Theorem 1.233 (Martingale convergence theorem). Let (X,,)nen be a
uniformly integrable martingale; then the limit X, == X exists, X € L', and,
n

additionally, X,, = X
Moreover, X,, = E[X | Fy].
Proof . See, e.g., Jacod and Protter (2000, p. 232). O

Theorem 1.234 (Martingale central limit theorem). Let (X,,)nen+ be a
sequence of real-valued random variables on a given probability space (£2, F, P)
endowed with a filtration (F,)nen. Assume that

o FE[X,|Fn-1] = 0 almost surely (n >1)
E[X2|F.-1] = 1 almost surely (n >1)
E[X3|F,-1] < K < +00 almost surely (n>1) for a K >0

Consider

d
Then \/LES,, T>N(O7 1).

Proof . See, e.g., Jacod and Protter (2000, p. 229). O

1.11 Exercises and Additions

1.1. Prove Proposition 1.16.
1.2. Prove all the points of Example 1.79.
1.3. Show that the statement of Example 1.62 is true.

1.4. Prove all points of Example 1.106 and, in addition, the following: Let
X be a Cauchy distributed random variable, i.e., X ~ C(0,1); then, ¥ =
a+hX ~ C(a,h).

1.5. Give an example of two random variables that are uncorrelated but not
independent.
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1.6. If X has an absolutely continuous distribution with pdf f(x), its entropy
is defined as (Khinchin (1957))

1X) = [ fa)n fa)ds,

where D = {x € R|f(z) > 0}.

1. Show that the maximal value of entropy within the set of nonnegative
random variables with a given expected value u is attained by the expo-
nential F(u~1).

2. Show that the maximal value of entropy within the set of real random
variables with fixed mean p and variance o2 is attained by the Gaussian
N(p,0?).

1.7. Show that an i.d. characteristic function never vanishes.

1.8. Let ¢ be an i.d. characteristic function. Show that (¢)* is an i.d. charac-
teristic function for any real positive a. The converse is also true.

1.9. Let ¥ be an arbitrary characteristic function, and suppose that A is a
positive real number. Then

o(t) =exp{Aly(t) — 1]}, teR,
is an i.d. characteristic function.

1.10. 1. Show that the negative binomial distribution is i.d.
2. Show that the exponential distribution E'()) is i.d.
3. Show that the characteristic function of a Gamma random variable X ~
I'(a, B) is i.d.
4. Show that the characteristic function of a Cauchy random variable is i.d.
5. Show that the characteristic function of a uniform random variable X ~
U(0,1) is not i.d.

1.11. Show that any linear combination of independent i.d. random variables
is itself an i.d. random variable (the reader may refer to Fristedt and Gray
(1997, p. 294)).

1.12 (Kolmogorov). Show that a function ¢ is an i.d. characteristic function
with finite variance if and only if

et —1 —isx

5 G(dz) for any s € R,

In¢(s) = ias + /

R X
where ¢ € R and G is a nondecreasing and bounded function such that
G(—00) = 0. The representation is unique (the reader may refer to Lukacs
(1970, p. 119)).
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1.13. With reference to the Lévy—Khintchine formula (Theorem 1.204), show
that in the generating triplet (a,o?, A1)

(i) for a Gaussian random variable N(a,0?), a equals the mean, o equals
the variance, and A;, = 0;
(i) or a Poisson random variable P()\), a = 0, 02 = 0, and A, = \e1, where
€1 is the Dirac measure concentrated in 1;
(iii) For a compound Poisson random variable P(\, i), a = 0, 0% = 0, and
)\L = )\/L.

1.14. Show that ¢ is the characteristic function of a stable law if and only if
for any a; and ap in R7 there exist two constants a € R% and b € R such that

P(a1s)p(azs) = eibséf’(as)-

1.15. Show that if ¢ is the characteristic function of a stable law that is
symmetric about the origin, then there exist ¢ € R* and « €]0, 2] such that

d(s) = eI for any € R.

1.16. A stable random variable is symmetric if and only if its characteristic
function is real. From Theorem 1.214 it may happen if and only if 3 = 0 and
uw=0.

1.17. A stable symmetric random variable is strictly stable, but the converse
is not true.

1.18. Let X; and X5 be independent stable random variables such that X; ~
Se (04, Biy pi), for i = 1,2. Then X3 + X5 ~ S, (0, 8, 1), where

U:(of‘—l—og‘)l/a,

_ prof + Paof
of + 0§

B

)

= p1 =+ p.

1.19. Let X7, ..., X, be a family of i.i.d. stable random variables S,, (o, 8, u);
then

Xid oo+ Xy L0l X, +p(n—n/o), ifa#l,
and

X1+...+Xngnl/o‘Xl—i-%aﬁnlnn, if o =1.
1.20. Show that every stable law is i.d. What about the converse?

1.21. Show that a Poisson random variable is i.d. but not stable.
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1.22. If ¢ (t) = sint and ¢a(t) = cost are characteristic functions, then give
an example of random variables associated with ¢, and ¢, respectively.

Let ¢(t) be a characteristic function, and describe a random variable with
characteristic function |¢(t)|?.

1.23. Let X3, X,..., X, be ii.d. random variables with common density f,
and

Y; = jth smallest of theX;, X»,..., X, j=1...,n.

It follows that Y7 <--- <Y; <--. <Y,. Show that

iy _ LS fya), iy <ya <o <yn,
17---;)/71 O,

otherwise.
1.24. Let X and (Y},)nen be random variables such that

n, if X(w) <1
0, otherwise.

)

O A

Give, if it exists, the limit lim Y,:
n—oo

In distribution
In probability
Almost surely
In mean of order p > 1

1.25. Let (X, )nen be a sequence of uncorrelated random variables with com-
mon expected value E[X;] = p and such that sup Var[X;] < +oc0.

Show that >, il converges to u in mean of order p = 2.
n

1.26. Give an example of random variables X, X1, X, ... such that (X, )nen
converges to X

In probability but not almost surely

In probability but not in mean

Almost surely but not in mean and vice versa

In mean of order 1 but not in mean of order p = 2 (generally p > 1)

1.27. Let (X,,)nen be a sequence of i.i.d. random variables such that X; ~
B(p) for all i. Let Y be uniformly distributed on [0,1] and independent of
X; foralli. If S,, = %22210{1@ —Y)2, show that (S,)nen converges almost
surely, and determine its limit.

1.28. Let (X, )nen be a sequence of ii.d. random variables; determine the

limit almost surely of
LS e (5
— sin
i Xit1
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in the following case:

e X; = =+1 with probability 1/2.
e X, is a continuous random variable and its density function fyx, is an even
function.

(Hint: Consider the sum on the natural even numbers.)

1.29 (Large deviations). Let (X, )nen be a sequence of i.i.d. random vari-
ables and suppose that their moment-generating function M (t) = E[e!*1]
exists and is finite in [0, a], a € R%.. Prove that for any ¢ € (0, a]

P(X > B[X)] +¢) < (e "EXIFI () < 1,

where X denotes the arithmetic mean of X1,..., X,, n € N.
Apply the preceding result to the cases X7 ~ B(1,p) and X; ~ N(0,1).

1.30 (Chernoff). Let (X,,)nen be a sequence of i.i.d. simple (finite-range)
random variables, satisfying E[X,] < 0 and P(X,, > 0) > 0 for any n € N,
and suppose that their moment-generating function M(t) = E[e!*1] exists
and is finite in [0, a], @ € R%. Show that

1
lim —InP(X;+---+X,>0) = lnirtlfM(t).

n—o00 N,

For an extended treatment of large deviations we refer to Dembo and
Zeitouni (2010).

1.31 (Law of iterated logarithms). Let (X,,)nen be a sequence of i.i.d.
simple (finite-range) random variables with mean zero and variance 1. Show
that

Sn
Pllimsup ————==1| =1.
( n p\/2nln1nn )
1.32. Let X be a d-dimensional Gaussian vector. Prove that for every Lip-
schitz function f on RY, with ||f||zip < 1, the following inequality holds for
any A > 0:
2
P(f(X)~E[f(X)] =) <e =

1.33. Let X be an n-dimensional centered Gaussian vector. Show that

lim i1nP (max X; > r> = b

r—+oo 12 1<i<n 202"
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1.34. Let (Yy,)nen be a family of random variables in £!; then the following
two statements are equivalent:

1. (Y3)nen is uniformly integrable.
2. sup,,en E[|Yn|] < 400, and for all € there exists a 6 > 0 such that A € F,
P(A) <= E[|Yala]] <e.

(Hint: [,|Yn| < rP(A)+ f‘Yn|>T Y, for r > 0.)

1.35. Show that the random variables (Y}, ),en are uniformly integrable if and
only if sup,, E[f(]Y,])] < oo for some increasing function f : Ry — R4 with
f(z)/x — o0 as n — oo.

1.36. Show that for any Y € L! the family of conditional expectations
{E[Y|G], G C F} is uniformly integrable.

1.37. Show that if (X, )nen is a sequence of independent random variables
with F[X,,] =0 for all n € N, then S,, = X7 + X5 + --- + X,, is a martingale
with respect to (F,, = o(X1,...,Xy,), P) and Fy = {0, 2}.

1.38. Show that if (X,,)nen is a sequence of independent random variables
with E[X,] =1 for all n € N, then M,, = X; - Xo - ---- X,, is a martingale
with respect to (F,, = 0(X1,...,X,), P) and Fo = {0, £2}.

1.39. Show that if {F,, : n > 0} is a filtration in F and £ € £L(£2, F, P), then
M, = E[§|Fy] is a martingale.

1.40. An urn contains white and black balls; we draw a ball and replace it
with two balls of the same color; the process is repeated many times. Let X,
be the proportion of white balls in the urn before the nth draw. Show that
the process (X,,)n>0 is a martingale.

1.41. Consider the model
AXn = XnJrl —Xn = an + AMn;

where M, is a zero-mean martingale. Prove that

is an unbiased estimator of p (i.e., E[p] = p). (Hint: Use the stochastic inte-
gration theorem.)
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Stochastic Processes

2.1 Definition

We commence along the lines of the founding work of Kolmogorov by
regarding stochastic processes as a family of random variables defined on
a probability space and thereby define a probability law on the set of tra-
jectories of the process. More specifically, stochastic processes generalize the
notion of (finite-dimensional) vectors of random variables to the case of any
family of random variables indexed in a general set T. Typically, the latter
represents “time” and is an interval of R (in the continuous case) or N (in
the discrete case). For a nice and elementary introduction to this topic, the
reader may refer to Parzen (1962).

Definition 2.1. Let ({2, F, P) be a probability space, T' an index set, and
(E, B) a measurable space. An (E, B)-valued stochastic process on (£2, F, P)
is a family (X;)ier of random variables X, : (2,F) — (E,B) fort € T.

(£2, F, P) is called the underlying probability space of the process (Xy)ier,
while (E,B) is the state space or phase space. Fixing ¢t € T, the random
variable X; is the state of the process at “time” t. Moreover, for all w € {2,
the mapping X (-,w) : t € T — X;(w) € E is called the trajectory or path of
the process corresponding to w. Any trajectory X (-,w) of the process belongs
to the space ET of functions defined in 7' and valued in E. Our aim is to
introduce a suitable o-algebra B” on ET that makes the family of trajectories
of our stochastic process a random function X : (2, F) — (ET,BT).

More generally, let us consider the family of measurable spaces (F:, Bt)ter
(as a special case, all E; may coincide with a unique F) and define W7 =
[l;er Bi- If S € S, where S = {S C T'| S is finite}, then the product o-algebra
B = Xcs Bt is well defined as the o-algebra generated by the family of
rectangles with sides in By, t € S.

(© Springer Science+Business Media New York 2015 7
V. Capasso, D. Bakstein, An Introduction to Continuous-Time

Stochastic Processes, Modeling and Simulation in Science, Engineering

and Technology, DOI 10.1007/978-1-4939-2757-9_2
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Definition 2.2. If A € B%, S € S, then the subset mg(A) is a cylinder in
WT with base A, where mgr is the canonical projection of W7 on W5,

It is easy to show that if C'4 and C 4/ are cylinders with bases A € B and
A e BY, 8,8 €8, respectively, then Ca NCar, CaUCar, and Ca \ Cys are
cylinders with base in W55 ". From this it follows that the set of cylinders with
a finite-dimensional base is a ring of subsets of W7 (or, better, an algebra).
We denote by BT the o-algebra generated by it (see, e.g., Métivier (1968)).

Definition 2.3. The measurable space (W71, BT) is called the product space
of the measurable spaces (E¢, Bt)ter.

From the definition of BT we have the following result.

Theorem 2.4. BT is the smallest o-algebra of the subsets of WT that makes
all canonical projections wsT measurable.

Furthermore, the following lemma is true.

Lemma 2.5. The canonical projections msr are measurable if and only if
myyr for all t € T are measurable as well.

Moreover, from a well-known result of measure theory, we have the follow-
ing proposition.

Proposition 2.6. A function f : (2, F) — (W, BT) is measurable if and
only if for all t € T the composite mapping wgyr o f 1 (2, F) = (B, By) is
measurable.

For proofs of Theorem 2.4, Lemma 2.5, and Proposition 2.6, see, e.g.,
Métivier (1968).
Remark 2.7. Let (2, F, P,(X;)ter) be a stochastic process with state space
(E,B). Since the function space E7 = [I;cr £, the mapping f : 2 — ET,
which associates every w € {2 with its corresponding trajectory of the process,
is (F — BT)-measurable, and in fact we have that

vieT:  myyro f(w) =mur(X(Hw) = Xi(w),

where 7g;yp o f = Xi, which is a random variable, is obviously measurable.

Definition 2.8. A function f : 2 — E7 defined on a probability space
(£2, F, P) and valued in a measurable space (ET,G) is called a random func-
tion if it is (F-G)-measurable.

How can we define a probability law PT on (ET,BT) for the stochastic
process (X¢)ter defined on the probability space (£2, F, P) in a coherent way?
We may observe that from a physical point of view, it is natural to assume
that in principle we are able, from experiments, to define all possible finite-
dimensional joint probabilities

P(th eBla"'ath EBH)
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for any n € N, for any {t1,...,t,} C T, and for any By,...,B, € B,
i.e., the joint probability laws P° of all finite-dimensional random vectors
(X4ys ..., Xy,), for any choice of S = {t1,...,¢,} C S, such that

P3(B; x---x B,)=P(Xy, € By,...,X;, € By).
Accordingly, we require that, for any S C S,
PT(ngh(By x -+-x By)) = P9(By x -+~ x By) = P(Xy, € By,..., X, € By).

A general answer comes from the following theorem. Having constructed
the o-algebra B” on ET, we now define a measure pz on (W7, BT), supposing
that, for all S € S, a measure ug is assigned on (W B%). If S€ S, S’ € S,
and S C S, we denote the canonical projection of WS on W5 by msgs, which
is certainly (BS'-B5)-measurable.

Definition 2.9. If, for all (5,5") € § x &, with S C §’, we have that
mss (fs') = ps, then

S s
(W=,B”, s, Tss1)s,5€8;5C8"

is called a projective system of measurable spaces and (ug)ses is called a
compatible system of measures on the finite products (W9, B%)scs.

Theorem 2.10 (Kolmogorov—Bochner). Let (Ey, Bi)ier be a family of
Polish spaces (i.e., metric, complete, separable) endowed with their respective
Borel o-algebras, and let S be the collection of finite subsets of T and, for
all S € S with WS = [l,cs Et and BS = Rycs Bt let ps be a finite mea-
sure on (W, B%). Under these assumptions the following two statements are
equivalent:

1. There exists a ur measure on (W7T,BT) such that for all S € S: ps =

msr(pr).
2. The system (W%, B%, g, mss')s,s7es:5cs 18 projective.

Moreover, in both cases, pur, as defined in 1, is unique.

Proof . See, e.g., Métivier (1968). O

Definition 2.11. The unique measure pp of Theorem 2.10 is called the pro-
jective limit of the projective system (W?*, B, 1S, TSS)S,8'€S;SCS -

As a special case consider a family of probability spaces (Ey, B, Pr)ier- If,
for all S € S, we define Ps = ®t6S P;, then (WS,BS,Ps,ﬁgg/)gﬂsles;gcs/ is
a projective system and the projective probability limit &),., P, is called the
probability product of the family of probabilities (P;)ter.

With respect to the projective system of finite-dimensional probability
laws Ps = @,cg Px, of a stochastic process (X;)ier, , the projective limit
will be the required probability law of the process.



80 2 Stochastic Processes

Theorem 2.12. Two stochastic processes (X;)ier, and (Yy)icr, that have
the same finite-dimensional probability laws have the same probability law.

Definition 2.13. Two stochastic processes are equivalent if and only if they
have the same projective system of finite-dimensional joint distributions.

A more stringent notion follows.

Definition 2.14. Two real-valued stochastic processes (X¢)ier, and (Y;)er,
on the probability space ({2, F, P) are called modifications or versions of one
another if,

foranyte T, P(X; =Y:) = 1.
Remark 2.15. 1t is obvious that two processes that are modifications of one
another are also equivalent.
An even more stringent requirement comes from the following definition.

Definition 2.16. Two processes are indistinguishable if
PX:=Y,VteRy)=1.

Remark 2.17. Tt is obvious that two indistinguishable processes are modifica-
tions of each other.

Ezample 2.18. Let (Xi)ier be a family of independent random variables
defined on (2, F, P) and valued in (E, B). [In fact, in this case, it is sufficient
to assume that only finite families of (X, );er are independent.] We know that
for all t € T the probability P, = X;(P) is defined on (E, B). Then

VS ={t1,...,t.} €S: Ps=®Ptkf0rsomer€N*,
k=1

and the system (Ps)ses is compatible with its finite products (E°, B%)secs.
In fact, let S,5" € S, with S = {t1,...,t,} € S = {t1,...,tw};if Bisa
rectangle of B°, i.e., B = By, x --- x By, , then
PS(B):PS(Btl X"'XBtT):Ptl(Btl) """ PtT(BtT)
=P, (By) - P, (B )P, (E)----- P, ,(E)

= Ps/(m54 (B)).

r+1(

By the extension theorem we obtain that Ps = mgg/(Ps/). As anticipated
above, in this case we will write Pr = @, 1 P

Remark 2.19. The compatibility condition Ps = wgg/(Ps/), for all S,58" € S
and S C §’, can be expressed in an equivalent way by either the distribution
function Fs of the probability Pg or its density fs. For E = R we obtain,
respectively,
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1. For §,58 € S, with S = {t1,...,¢,} € S = {t1,...,t}; and for

(,Ttl,...,!EtT)E]RSZ
Fs(xty,...,2¢,) = For(X4y, ..., T, ,+00,. .., +00).
2. For 5,8 € S, with S = {t1,...,t,} € S = {t1,...,t»}; and for
(T4y,--.,21,) ERS:
fS(iZ?tl,...,iZ?tT) :f“'fd‘rtr+1 "'dItT/fS'(Itlv'-';Itrvxtr+17'-'7xt7,/)'

Definition 2.20. A real-valued stochastic process (Xt)te]R+ is continuous in
probability if

P —lim X, = X, s,t e R.
s—t

Definition 2.21. A function f : Ry — R is right-continuous if for any
t e Ry, with s > ¢,

li = f(t).

i £(s) = /(1)
Instead, the function is left-continuous if for any ¢t € R, with s < ¢,

lim f(s) = /(2).

Definition 2.22. A stochastic process (Xi)ier, is right-(left-)continuous if
its trajectories are right-(left-)continuous almost surely. A stochastic process
is continuous if its trajectories are continuous almost surely

Proposition 2.23. A stochastic process that is continuous a.s. is continuous
in probability. A stochastic process that is L?-continuous is continuous in
probability.

Definition 2.24. A stochastic process (X¢)scr, is said to be right-continuous
with left limits (RCLL) or continu & droite avec limite & gauche (cadlag)
if, almost surely, it has trajectories that are RCLL. The latter is denoted
Xi- = limgpy X

Theorem 2.25. Let (X;)ier, and (Y;)ier, be two RCLL processes. Xy and
Y: are modifications of each other if and only if they are indistinguishable.

As discussed in Doob (1953) and in Billingsley (1986), the finite-
dimensional distributions, which determine the existence of the probability
law of a stochastic process according to the Kolmogorov—Bochner theorem,
are not sufficient to determine the properties of the sample paths of the
process. On the other hand, it is possible, under rather general conditions, to
ensure the property of separability of a process, and from this property vari-
ous other desirable properties of the sample paths follow, such as continuity
for the Brownian paths.

Definition 2.26. A real-valued stochastic process (X¢)icgr, on the
probability space (£2, F, P) is called separable if
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e There exists a Ty C R, countable and dense everywhere in R
e There exists an A € F, P(A) = 0 (negligible)

such that

e Tor all t € R, : there exists (,)nen € T such that lim,, o t, = t.
e Forallwe 2\ A:lim,_,o Xt (w) = Xi(w).

The subset Ty of Ry, as defined previously, is called the separating set.

Theorem 2.27. Let (X;)ier, be a separable process, having Ty and A as
its separating and mnegligible sets, respectively. If w ¢ A, to € Ry, and
lim;y;, Xi(w) for t € Ty exists, then so does the limit limy_;, Xi(w) for
t € Ry, and they coincide.

Proof . See, e.g., Ash and Gardner (1975). O

Theorem 2.28. FEwvery real stochastic process (Xi)icr, admits a separable
modification, almost surely finite, for any t € R, .

Proof . See, e.g., Ash and Gardner (1975). O

Remark 2.29. By virtue of Theorem 2.28, we may henceforth only consider
separable processes.

In general, it is not true that a function f(wi,ws) is jointly measurable
in both variables, even if it is separately measurable in each of them. It is
therefore required to impose conditions that guarantee the joint measurability
of f in both variables. Evidently, if (X;):cr, is a stochastic process, then for
all t € Ry: X(¢,-) is measurable.

Definition 2.30. Let (X;);cr, be a stochastic process defined on the proba-
bility space (£2,F, P) and valued in (E, Bg). The process (X;)icr, is said to
be measurable if it is measurable as a function defined on Ry x 2 (with the
o-algebra Br, ® F) and valued in E.

Proposition 2.31. If the process (X;)icr, is measurable, then the trajectory
X(-,w) : Ry — E is measurable for all w € £2.

Proof. Let w € 2 and B € Bg. We want to show that (X(-,w))™*(B) is an
element of Bg, . In fact,
(X () M(B) = {t € R, [X(1,w) € B} = {t € Ry [(,w) € X1(B)},

meaning that (X(-,w))"!(B) is the path w of X~!, which is certainly
measurable, because X *(B) € Br, ® F (as follows from the properties of
the product o-algebra). O

If the process is measurable, then it makes sense to consider the integral
f; X (t,w)dt along a trajectory. By Fubini’s theorem, we have



2.1 Definition 83

/Q P(dw) / bth(t,w): / it /Q P(dw)X (t,w).

Definition 2.32. The process (X¢)¢cr, is said to be progressively measurable
with respect to the filtration (F;)scr, , which is an increasing family of subal-
gebras of F, if, for all t € Ry, the mapping (s,w) € [0,¢] X 2 — X(s,w) € E
is (B, ® Fi)-measurable. Furthermore, we henceforth suppose that F; =
o(X(s),0 <s<t),teRy, which is called the generated or natural filtration
of the process Xj;.

Proposition 2.33. If the process (X;)icr, s progressively measurable, then
it 1s also measurable.

Proof. Let B € Bg. Then
X"HB) = {(s,w) € Ry x 2|X(s,w) € B}

o0

= [J {(s,w) € [0,n] x 2|X(s,w) € B}.
n=0

Since
Vn {(s,w) € [0,n] x 2| X (s,w) € B} € Bjgn) @ Fn,

we obtain that X ~*(B) € Br, ® F. O

Theorem 2.34. Let (X¢)icr, be a real stochastic process continuous in prob-
ability; then it admits a separable and progressively measurable modification.

Proof . See, e.g., Ash and Gardner (1975). O

Definition 2.35. A filtered complete probability space (£2,F, P, (Fi)ier, )
is said to satisfy the usual hypotheses if

1. Fo contains all the P-null sets of F.
2. Fy = (goy Fs, for all t € Ry, ie., the filtration (Fi)ier, is right-
continuous.

Henceforth we will always assume that the usual hypotheses hold, unless
specified otherwise.

Definition 2.36. Let (2, F, P, (F¢)icr. ) be a filtered probability space. The
o-algebra on Ry x {2 generated by all sets of the form {0} x A, A € Fp, and
la,b] x A, 0 < a <b< 400, A € Fg, is said to be the predictable o-algebra
for the filtration (F;)iecr, -

Definition 2.37. A real-valued process (X;);er, is called predictable with
respect to a filtration (F;)ier, , or Fy-predictable, if as a mapping from R x
2 — R it is measurable with respect to the predictable o-algebra generated
by this filtration.
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Definition 2.38. A simple predictable process is of the form

X =koltopwa+ Y kilja, bi)x A

=1

where Ay € Fo, A; € Fo,, i =1,...,n, and ko, ..., k, are real constants.

Proposition 2.39. Let (X;)icr, be a process that is F;-predictable. Then,
for any t > 0, Xy is F;— -measurable.

Lemma 2.40. Let (X;)ier, be a left-continuous real-valued process adapted
to (Fi)ier, - Then Xy is predictable.

Lemma 2.41. A process is predictable if and only if it is measurable
with respect to the smallest o-algebra on Ry x (2 generated by the adapted
left-continuous processes.

Proposition 2.42. Fvery predictable process is progressively measurable.

Proposition 2.43. If the process (X)ier, is right-(left-)continuous, then it
is progressively measurable.

Proof . See, e.g., Métivier (1968). O

Let (X¢)icr, bean R?-valued stochastic process defined on the probability
space (£2,F, P).

We say it is continuous (resp. right-continuous, left-continuous) if, for
almost all w € {2, the trajectory (X¢(w))ier, is continuous (resp. right-
continuous, left-continuous) with respect to t.

We say it is F-adapted (or simply adapted) if, for every t € Ry, X; is
F-measurable.

Let O (resp. P) be the smallest o-algebra on Ry x {2 with respect
to which every cadlag-adapted process (resp. left-continuous process) is a
measurable function of (t,w). We say that the stochastic process (Xi)ier,
is optional (resp. predictable) if the process regarded as a function of (¢,w) is
O-measurable (resp. P-measurable).

We say that a real-valued stochastic process (X;)icr, is an increasing
process if, for almost all w € 2, X;(w) is nonnegative nondecreasing right-
continuous with respect to t € R,..

We say it is a process of finite variation if it can be decomposed as X; =
X, — X;, with both X, and X, increasing processes.

It is obvious that processes of finite variation are cadlag. Hence adapted
processes of finite variation are optional.

The relations among various properties of stochastic properties are
summarized below.
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continuous adapted continuous adapted adapted increasing
4 4 4
left-continuous adapted cadlag adapted < adapted finite variation
4 4
predictable = optional
I
progressive = adapted
4
measurable

2.2 Stopping Times
In what follows we are given a probability space (£2,F, P) and a filtration
(Ft)ter, on F.

Definition 2.44. A random variable T' defined on {2 (endowed with the
o-algebra F) and valued in Ry is called a stopping time (or Markov time)
with respect to the filtration (F;);ecr, , or simply an Fi-stopping time, if

Vi e Ry {w|T(w) <t} € F.

The stopping time is said to be finite if P(T = o0) = 0.

Remark 2.45. 1f T(w) = k (constant), then T is always a stopping time. If T
is a stopping time with respect to the filtration (F;)icr, generated by the
stochastic process (X¢)icr, , t € Ry, then T is called the stopping time of the
process.

Definition 2.46. Let T be an Fi-stopping time. A € F is said to precede T
if, for antGR+l Aﬂ{TSt}G]:t

Proposition 2.47. Let T be an Fy-stopping time, and let
Fr ={A € F|A precedes T'};
then Fr is a o-algebra of the subsets of 2. It is called the o-algebra of

T-preceding events.

Proof . See, e.g., Métivier (1968). O

Theorem 2.48. The following relationships hold:

1. If both S and T are stopping times, then so are S AT = inf{S,T} and
SVT =sup{S,T}.

2. If T is a stopping time and a € [0, +00[, then T A a is a stopping time.

3. If T is a finite stopping time, then it is Fr-measurable.
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4. If both S and T are stopping times and A € Fg, then AN{S < T} e Fr.
5. If both S and T are stopping times and S < T, then Fs C Fr.

Proof . See, e.g., Métivier (1968). O

Theorem 2.49. Let (X;)er, be a progressively measurable stochastic process
valued in (S,Bg). If T is a finite stopping time, then the function

XT):we > XTw),w) eE
is Fr-measurable (and hence a random variable).
Proof. We need to show that
VB € Bg: {w|X (T (w)) € B} € Fr,

hence

VB € Bg,Vt € R, : {w|X(T(w)) € B} n{T <t} € Fi.
Fixing B € B we have

Vte Ry : {wX(T(w)) e BIn{T <t} ={X(T'At)e B}n{T <t},
where {T <t} € Fy, since T is a stopping time. We now show that
{X(T' At) e B} € F.

In fact, T At is a stopping time (by point 2 of Theorem 2.48) and is
Frat- measurable (by point 3 of Theorem 2.48). But Fray C Ft and thus TAt
is Fi-measurable. Now X (T A t) is obtained as a composite of the mapping

we N = (T At(w),w) €10, x £2, (2.1)

with
(s,w) €10,t] x 2 — X(s,w) € E. (2.2)

The mapping (2.1) is (F; — By, ® Ft)-measurable (because T' At is Fi-
measurable) and the mapping (2.2) is (Bjo,gq ® F+ — Br)-measurable since X
is progressively measurable. Therefore, X (T At) is Fi-measurable, completing
the proof. (I

2.3 Canonical Form of a Process

Let (2, F, P,(X:)ter) be a stochastic process valued in (E, B) and, for every
S € 8, let Pg be the joint probability law for the random variables (X;)ies
that is the probability on (E°,B%) induced by P through the function
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X% :we = (X (w)hes € BS =[] E.
tes
Evidently, if

5cC5(8,8es), XS=nggoX",
then it follows that
Ps = X5(P) = (wgsr 0 X¥')(P) = mss (Ps),

and therefore (ES,BS,PS,WSS/)S,SIGS,SC:;/ is a projective system of
probabilities.

On the other hand, the random function f : 2 — ET that associates
every w € {2 with a trajectory of the process in w is measurable (following
Proposition 2.6). Hence we can consider the induced probability Pr on BT,
Pr = f(P); Pr is the projective limit of (Pg)ses. From this it follows
that (ET, BT, Pr,(m)ier) is a stochastic process with the property that,
for all S € S, the random vectors (m;)ics and (X;)ies have the same joint
distribution.

Definition 2.50. The stochastic process (ET, BT, Pr, (m;)ier) is called the
canonical form of the process (2, F, P, (X¢)ter)-

Remark 2.51. From this it follows that two stochastic processes are equivalent
if they admit the same canonical process.

2.4 L? Processes

Consider a real-valued stochastic process X = (X;)er on a probability space
(£2, F, P), which admits finite means and finite variances, i.e. X; € L?(2), for
any t € T. For our treatment we may take T as an interval of R . We shall
denote by

m(t) = E[Xy], t €T,

the mean value function of the process. The covariance function is well defined
too, as
K(s,t) := Cov[Xs, Xy], s,t €T.

It is then easily shown that
(i) K is a symmetric function, i.e.
K(s,t)=K(t,s), s,t €T,

(ii) K is nonnegative definite, i.e. for all ¢1,...,t, € T, and all real numbers
ai,...,an (n € Nyn > 1),

Z aa; K tz,t > 0.

1,7=1
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2.4.1 Gaussian Processes

Definition 2.52. A real-valued stochastic process (2, F, P, (X;)er, ) is
called a Gaussian process if, for all n € N* and for all (¢1,...,t,) € R, the n-
dimensional random vector X = (Xy,,..., Xy, ) has a multivariate Gaussian
distribution, with probability density

Jto, o, (X) = m exp {—%(X —m) K ' (x - m)} , (2.3)

where
m; = E[X,,] €R, i=1,...,n,
KZJ = COU[Xti,th] S R, 'L,] - 1,. .o, n.

The covariance matrix K = (0y;) is taken as positive-definite, i.e., for all
a= (al, Ce ,an) € R™: ZZj:l aiKijaj > O)

The existence of Gaussian processes is guaranteed by the following
remarks. By assigning a real-valued function

m ]RJ,_ — R,
and a positive-definite function
K : R+ X ]RJ,_ — R,

thanks to well-known properties of multivariate Gaussian distributions, we
may introduce a projective system of Gaussian laws (Ps)ses (where S is the
set of all finite subsets of R} ) of the form (2.3) such that, for S = {t1,...,tn},

m; =m(t;), i=1,...,n,

Kij = K(ti,tj), 4,j=1,...,n.

Since R is a Polish space, by the Kolmogorov—Bochner Theorem 2.10,
we can now assert that there exists a Gaussian process (X;);er, having the
preceding (Pg)ses as its projective system of finite-dimensional distributions.

Ezample 2.53. The standard Brownian Bridge (see later Proposition 2.187)
is a centered Gaussian process (X¢);e0,1] on R such that

vVt €[0,1]: E[X,] =0;
{V(s,t) € [0,1] x [0,1],s < t: Cov[Xs, X¢] = s(1 —1).

The above result concerning the existence of a Gaussian process, can be
extended to any L? process.

Theorem 2.54 Let K = K(s,t), s,t € T, be a symmetric, and nonnegative
definite real valued function on T xT. Then there exists an L? process (Xi)ie,
whose covariance function is precisely K.



2.4 L? Processes 89

Remark 2.55. 1t is clear that Theorem 2.54 does not include uniqueness. In
fact for any L? process one can always build a Gaussian process with the same
mean and covariance functions.

Definition 2.56. Let T'C R, ; then we say that an L? process (X;)ier, is
weakly stationary if and only if

(i) its mean function is independent of ¢, i.e.
m(t) = E[X] = const;

(ii) K (s,t) depends only on the difference ¢ — s, i.e. for any s, ¢, h such that
s,t,s+ht+heT,

K(s,t) = K(s+ h,t+h).

Proposition 2.57 Let T C R.. If the covariance function of an L? process
is continuous at (t,t) for allt € T, then it is continuous at any (s,t) € T x T.

As usual, let us denote by m the mean value function of an L? process
(Xt)ter, and by K its covariance function.

Proposition 2.58 Let T' C Ry. Assume that m is continuous on T. Then
an L? process (X)er i L?—continuous at a point t € T if and only if K is
continuous at (t,t).

2.4.2 Karhunen-Loéve Expansion

Let K be a real valued continuous covariance function, hence continuous,
symmetric, and nonnegative function defined on [a,b] X [a,b], with a,b €
R4, a < b. Consider the operator

A ¢ L*([a,b]) — L*([a,b])

/ K(s,t)f s € [a,b]. (2.4)

Due to the assumptions on K, the eigenfunctions of the operator A span
the Hilbert space L?([a,b]). Moreover A admits an at most countable num-
ber of nonnegative real eigenvalues which have 0 as the only possible limit
point. We can build an orthonormal basis e,,,n € N* for the Hilbert subspace
spanned by the eigenvectors corresponding to the nontrivial eigenvalues, in
such a way that e,, is an eigenvector corresponding to the eigenvalue A, (see
e.g. Renardy and Rogers (2004, p. 235)). For this specific case we may then
apply Mercer’s Theorem (Mercer (1909); see e.g. Parzen (1959), Courant and
Hilbert (1966, p. 138), Bosq (2000, p. 24)) to state that
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)= Anen(s)en(t), st € [a,b], (2.5)
n=1

where the series converges absolutely and uniformly in both variables on
[a,b] x [a,b].

By subtracting its mean function, an L? stochastic process will maintain
its covariance function, so that we may reduce our analysis to zero mean
stochastic processes.

Theorem 2.59 (Karhunen-Loéve Theorem) Let (X¢).c[q,5] be a zero mean
L? process with a continuous covariance function K. Let e,,n € N* be an
orthonormal basis for the Hilbert subspace spanned by the eigenvectors corre-
sponding to the nontrivial eigenvalues of the operator A associated with the
covariance function K, as in (2.4), in such a way that e, is an eigenvector
corresponding to the eigenvalue \,,. Then

X = i Znen(t), te€la,b], (2.6)

where the Z,, n € N* are orthogonal random wvariables such that, for any
n € N¥,

(i) Zn=[, Xiea(?);
(i) E[Zn] =
i) B2 —
(v) E|Z;jZy) =0, for j # k.

The series in (2.6) converges in L? uniformly in t.

Corollary 2.60 In the Karhunen-Loéve expansion (2.6) for a Gaussian pro-
cess, the random variables Z,,, n € N*, form a Gaussian sequence of indepen-
dent random variables.

For example, it can be shown that the standard Wiener process for ¢ € [0, 1]
admits the following Karhunen-Loéve expansion

W, = \/52 Z, sin {(2n+ 1)%4 L teo1],

where (Z,,)nen is a sequence of independent zero-mean Gaussian random vari-

ables, with
4
=———— nelN.

] (2n + 1)2x72 "

For the proofs of the statements in this section, we refer, e.g., to Parzen
(1959), Ash and Gardner (1975), and Bosq (2000, p. 24).

This theorem has gained a great relevance in functional principal compo-
nent analysis (see Bosq (2000), Ramsey and Silverman (2005)).

e[Z2

n
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In numerical analysis, a point of great practical importance is that the
Karhunen-Loéve expansion can be used in a numerical simulation scheme to
obtain numerical realizations of the relevant process. The expansion is used
in the fields of pattern recognition and image analysis as an efficient tool to
store random processes (see, e.g., Devijver and Kittler (1982)).

Remark 2.61. Tt is worth remarking that the resulting structure in the
Karhunen-Loéve expansion splits the randomness (w) and the time depen-
dence (t) of the process Xi(w), t € [a,b],w € (2. From the statistical and
numerical point of view, it will be appreciated the fact that the basis of the
expansion is now deterministic.

Remark 2.62. It may seem that any basis of the Hilbert space L? might be
used instead of the Karhunen-Loeve expansion. Actually it can be shown that
this expansion possesses some desirable properties that make it a preferable
choice in numerical analysis (see Ghanen and Spanos (2003, p. 21))

(i) The choice of the basis in the Karhunen-Loeéve expansion is optimal in the
sense that the mean-square error resulting from a finite representation of
a stochastic process is minimized.

(ii) The random variables appearing in an expansion of the kind (2.6) are
orthogonal if and only if the vectors e,,n € N*, respectively, the con-
stants A\,,n € N*, are the eigenvectors, respectively, the eigenvalues of
the operator A associated with the covariance function K, as from (2.4).

2.5 Processes with Independent Increments

Definition 2.63. The stochastic process (£2, F, P, (X;)cr, ), with state space
(E,B), is called a process with independent increments if, for all n € N and
for all (¢1,...,t,) € R?, where t; < --- <t,, the random variables X;,, X}, —
Xy, Xy, — X4, , are independent.

Theorem 2.64. If (2,F,P (X,)ier,) s a process with independent
increments, then it is possible to construct a compatible system of proba-
bility laws (Ps)ses, where again S is a collection of finite subsets of the
index set.

Proof. To do this, we need to assign a joint distribution to every random
vector (Xy,,...,Xy,) for all (t1,...,t,) in R} with t; < --- < t,. Thus, let
(t1,...,tn) € RY, with t; < --- <y, and po, ps, be the distributions of Xg
and X; — X, for every (s,t) € Ry x Ry, with s < ¢, respectively. We define
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Yn = th - th—lv

where Yy, Y1, ..., Y, have the distributions g, oz, - - -, .1t » TESPECtively.
Moreover, since the Y; are independent, (Yp,...,Y;) have joint distribution
po @ pot, @+ @ e, 1, - Let f be a real-valued, @" B-measurable function,
and consider the random variable f(Xy,,..., Xy, ). Then

Elf(Xe,.., X4,)]

n

=FE[fYo+1,....Y0+---+Y,)]
= /f(yo+y1,...,yo+ ) d (1o @ poty @ @ ity b)) W05 Yn )

In particular, if f = Ip, with B € @" B, we obtain the joint distribution of
th, ooy Xt :

P((th, . ,th) S B) = E[IB(th, . ,th)]
= /IB(yo+y17---,yo+"'+yn)d(#0 ® fo,ty @+ @ fht, 4 ,t,) (Y05 -+ -5 Yn )
(2.7)

Having obtained Pg, where S = {t1,...,t,}, with t; < -+ < t,, we show
that (Ps)ses is a compatible system. Let 5,58 € §;5 C S, S = {t1,...,tn},
with t; < --- < t, and S = {tl,...,tj,S,tj+1,...,tn}, with t1 < -+ < tj <
s < tjy1 < -+ < t,. For B € BS and B’ = m54,(B), we will show that
Ps(B) = Ps/(B').

We can observe, by the definition of B’, that

I (Teyy oo @y, Tsy Tyyy s e e Ty,
does not depend on z, and is therefore identical to Ig(zy,,...,x:, ). Thus
putting U = X — Xy, and V = Xy, |, — X, we obtain
Ps/(B') :/IB’(?JO+y17--'7y0+"'+yj7y0+"'+yj+u7y0+"'

+y;tutv,. Yo+ e+ yn)d(po @ pog, @
Opbts,s @ Psytjpy @ - ®/’Ltn71;tn)(y07 e Y U U Y42, - uyn)

:/IB(yo+y1,---,yo+~-~+yj,yo+-~-+yj+U+v,yo+-~-

+u+v+yjro, .Y+ Fyn)d(o ® pog @ -
®th,s ®Msxtj+1 & ®Mtn—1,tn)(y07 s Y WV Y42, - 7yn)'

Integrating with respect to all the variables except v and v, after applying
Fubini’s theorem, we obtain

Po(B) = [ b 0)dlpe 0 © ey ) ,0).
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Letting y;41 = u 4+ v we have

Ps(B) = / By ) (s, o % to ) (51).

Moreover, we observe that the definition of y;41 = u + v is compatible with
the preceding notation Y;11 = Xy, , — Xy,. In fact, we have

u—!—v:xs—xtj—l—xtjﬂ—xszxt].H—xt]..

Furthermore, for the independence of (X
of random variables

— X;) and (X, — X4;) the sum

j+1

Xipor = Xo+ Xy — Xp, = Xy, — X,

J

must have the distribution p; s * pis¢,,, where * denotes the convolution
product. Therefore, having denoted the distribution of Xy, , — X¢. by pie; ¢4,
we obtain

/J’tj,s * /'I’S,tj+1 = Mtj,tj+1 N

As a consequence we have

PorB) = [ yssa)din, 1 0521).
This integral coincides with the one in (2.7), and thus
Ps(B') = P((X4,,...,X:,) € B) = Ps(B).
If now 8" = SU{s1,..., sk}, the proof is completed by induction. O

Definition 2.65. A process with independent increments is called time-
homogeneous if

Mst = Ms+h,t+h Vs, t,h e Ry, s <t

If (£2,F, P, (X:)er, ) is a homogeneous process with independent increments,
then as a particular case we have

Mt = H0,t—s Vs, t € Ry,s <t.

Definition 2.66. A family of measures (y¢)¢cr. that satisfy the condition

Foty o = Mty * Hty
is called a convolution semigroup.

Remark 2.67. A time-homogeneous process with independent increments is
completely defined by assigning it a convolution semigroup.



94 2 Stochastic Processes

2.6 Markov Processes

Definition 2.68. Let (X;):cr, be a stochastic process on a probability space,
valued in (E,B) and adapted to the increasing family (F;);er, of o-algebras
of subsets of F. (X¢)ier, is a Markov process with respect to (F;)ier, if the
following condition is satisfied:

VB € B,¥(s,t) e Ry xRy, s < t: P(X: € B|Fs) = P(X: € B|X;) a.s.
(2.8)

Remark 2.69. 1If, for all t € Ry, F; = 0(X,,0 < r <), then condition (2.8)
becomes

P(X, € B|X,,0<r < s)=P(X; € B|X,) as.

for all B € B, for all (s,t) € Ry x Ry, and s < t.

Proposition 2.70. Under the assumptions of Definition 2.68, the following
two statements are equivalent:

1. For all B € B and all (s,t) € Ry xRy, s <t: P(Xy € B|Fs) = P(X; €
B|X;)almost surely.

2. For all g : E — R, B-Bg-measurable such that g(X;) € L*(P) for all t,
for all (s,t) € R%,s < t: E[g(X¢)|Fs| = Elg(X.)|Xs] almost surely.

Proof. The proof is left to the reader as an exercise. O

Lemma 2.71. If (Yi)ken~ is a sequence of real, independent random
variables, then, putting

X, =YY, VneN,
k=1

the new sequence (Xp)nen~ s Markovian with respect to the family of o-
algebras (o(Y1,...,Yn))nens-

Proof. From the definition of X}, it is obvious that
o(Y1,...,.Y,) =0(X1,..., Xp) VYn € N*.
We thus first prove that, for all C, D € Bg, for all n € N*:

P(X,_1€C,Y, € D|Y1,..., Y0 1)
= P(Xn_l S C, Y, € D|Xn_1) a.s. (29)

To do this we fix C, D € Bgr and n € N* and separately look at the left- and
right-hand sides of (2.9). We get
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RX,_1€C)Y,€DY1,...,Yn1) = E[lc(Xn-1)IpYo)|Y1,..., Yn_1]
=Ic(Xn_1)E[Ip(Yn)|Y1, ..., Y1) = Ic(Xn—1)E[Ip(Ya)] a.s.,

(2.10)
where the second equality of (2.10) holds because Ic(X,—1) iso(Y1, ..., Yn_1)-
measurable, and for the last one we use the fact that Ip(Y;,) is independent
of Y1,...,Y,_1. On the other hand, we obtain that

P(Xn_l (S C, Yn S D|Xn_1) = E[Ic(Xn_l)ID(Yn)an_l]
= Ico(Xn-1)E[Ip(Yy)] as. (2.11)

In fact, Ic(Xp—1) is o(X,—_1)-measurable and Ip(Y;) is independent of
Xp_1= 2;11 Y% For (2.10) and (2.11), (2.9) follows and hence

P((Xn_l,yn) e (C x DlYl, S uYn—l)
= P((Xn_l,yn) e (C x D|Xn_1) a.s. (212)

As (2.12) holds for the rectangles of Bgz (= Br®Bg), by the measure extension
theorem (e.g., Bauer 1981), it follows that (2.12) is also true for every B € Bg:.
If now A € Bg, then the two events

{Xpn-14+Y, € A} = {(X,,-1,Y,) € B},

where B € Bg: is the inverse image of A for a generic mapping + : R? — R
(which is continuous and hence measurable), are identical. Applying (2.12) to
B, we obtain

P(X,1+Y,€AY:,....Y1)=P(X,1+Y, € A|X,1) as,,
and thus
P(X,1+Y,€AlXy,...,.Xn1)=P(Xpn_1+Y, € A|X,—1) as,
and then
P(X, € A|Xy,...,Xn-1)=P(X, € A|X,,—1) as.

Therefore, (X, )nen+ is Markovian with respect to (o(X1,...,Xn))nen or,
equivalently, with respect to (o(Y1,...,Yn))nen-- O

Proposition 2.72. Let (X;)icr, be a real stochastic process defined on the
probability space (2, F, P). The following two statements are true:

1. If (X¢)er, is a Markov process, then so is (Xy)icy for all J C Ry.
2. If for oll J C Ry, J finite: (Xi)ies is a Markov process, then so is
(Xt)ter, -
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Proof . See, e.g., Ash and Gardner (1975). O

Theorem 2.73. Every real stochastic process (X;)ier, with independent in-
crements s a Markov process.

Proof. We define (t1,...,t,) € R’} such that 0 < ¢; < --- < t, and tg = 0.
If, for simplicity, we further suppose that Xo = 0, then X, = Y7 (X;, —
Xt,_,). Putting YV, = Xy, — Xy, _,, then, for all k = 1,...,n, the Y} are
independent (because the process (X;);er, has independent increments) and
we have that

From Lemma 2.71 we can assert that
VB € Bg: P(th € B|Xt1, . 7th—1) = P(th S Blth—l) a.s.

Thus VJ C Ry, J finite, (X;)ies is Markovian. The theorem then follows by
point 2 of Proposition 2.72. O

Proposition 2.74. Let (E,Bg) be a Polish space endowed with the o-algebra
Bg of its Borel sets. For tg, T € R, with to < T, let (Xt)ef,, 1) be an E-valued
Markov process, with respect to its natural filtration.

The function

(s,t) € [to, T] X [to,T), s<t; x € E; A€ Bg
p(s,z;t, A) .= P(Xy € Al Xs = x) € ]0,1] (2.13)

satisfies the following properties:
(i) For all (s,t) € [to,T] X [to,T], s <t, and for all A € Bg, the function
x € Ew p(s,x,t,A) is B — Br-measurable.
(i) For all (s,t) € [to,T] X [to,T], s < t, and for all x € E, the function
A € Bg — p(s,z,t, A) is a probability measure on Bg such that

1,ifx €A,
p(SaIaSaA)_{O Z§$¢A

(iii) The function p defined in (2.13) satisfies the so-called Chapman
—-Kolmogorov equation, i.e., for all x € E, for all (s,r,t) € [to,T] X
[to, T] X [to,T], s <r <t, and for all A € By

p(s,,t, A) = / p(s, 7,7, dy)p(r,y,t, A) as. (2.14)
R
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Proof. The proofs of properties (i) and (i7) are trivial consequences of the
definitions (e.g., Ash and Gardner 1975). On the other hand, the proof of (7ii)
is left to later analysis, after the introduction of the semigroup associated with
the Markov process. O

Definition 2.75. Any nonnegative function p(s,z,t, A) defined for ¢ty < s <
t <T,x € E,A € Bg that satisfies conditions (¢), (i), and (iii) is called a
Markov transition probability function.

Definition 2.76. If (X;).c[,, 17 is @ Markov process, then the distribution Py
of X (to) is the initial distribution of the process.

Theorem 2.77. An (E, Bg)-valued process (Xt)tefto,r) i a Markov process,
with transition probability function p(r,z,s,A),to <r<s<T,x € E,A € Bg
and initial distribution Py, if and only if, for any to < t1 < --- < tg, k € N,
and for any family f;, i = 0,1,...,k of nonnegative Borel measurable real-
valued functions

E

k
E)fi(Xti)‘| :/EPo(dxo)fo(a?o)/p(O,xO,tl,d;pl)fl(xl)_,_

E

: / P(t—1, Th—1, tk, day) fr(xr)-
E

Proof . See, e.g., Revuz and Yor (1991, p. 76). O

Theorem 2.78. Let E be a Polish space endowed with the o-algebra Bg of
its Borel sets, Py a probability measure on Bg, and p(r,x,s,A),to <r < s <
T,x € E; A € Bg a Markov transition probability function. Then there exists
a unique (in the sense of equivalence) Markov process (Xt)ie(sy, 1) valued in
E, with Py as its initial distribution and p as its transition probability.

Proof . See, e.g., Ash and Gardner (1975), Dynkin (1965), Applebaum (2004,
p. 124), and Kallenberg (1997, p. 120). O

Remark 2.79. From Theorem 2.78 we can deduce that

p(s,x,t, A) = P(X; € Al X, = x),a.s. to<s<t<T,xeFE AcBg.

Remark 2.80. 1t is of great importance to remark here that for Markov
processes, the compatibility condition required by the Kolmogorov-Bochner
Theorem 2.10 for the well posedness of a process, is due to the Chapman-
Kolmogorov equation (2.14).
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Semigroups Associated with Markov Transition Probability
Functions

In this section we will consider the case £ = R as a technical simplification.

Let BC(R) be the space of all continuous and bounded functions on R,
endowed with the norm || f|| = sup,cp | f(2)|(< 00), and let p(s,z,t, A) be a
transition probability function (tgp < s <t < T,z € R, A € Bg). We consider
the operator

T..: BC(R) —» BC(R), ty<s<t<T,

defined by assigning, for all f € BC(R),

(T f)(a / (s, 2.1, dy) = E[f(X(£)|X(s) = 2.

Proposition 2.81. The family {Ts:}, <<
probability function p(s,x,t,A) (or with its corresponding Markov process)
is a semigroup of linear operators on BC(R), i.e., it satisfies the following
properties.

o associated with the transition

For any to < s <t <T, Ts; is a linear operator on BC(R).

s <T,Tss=1 (the identity operator).

S S tf;j‘jEil,: 1.

s <t <T,||Ts.l| <1 (contraction semigroup).
s<t<T,and f € BC(R), f >0 implies T +f > 0.
r<s<t<T, T, Tst =T, (Chapman—Kolmogorov).

A

For any tg
For any tg
For any tg
For any tg
For any tg

S s Lo~

<
<
<
<

Proof. All the preceding statements, apart from 4 and 6, are a direct
consequence of the definitions that we are going to prove.
Proof of 4: Let to < s <t < T, and f € BC(R);

T fIl = Sup |E(f(X ()X (s) =z)]
< iléﬁE(If(X(t))l |X(s) =)
< sup|f(z)|sup E(1| X (s) = x)
z€R z€eR
=flIL= 1l

as stated. This fact lets us claim in particular that indeed Ts: : BC(R) —
BCR), fortg <s<t<T.
Proof of 6: Let tg <r <s<t<T, and f € BC(R); for any x € R

(Trif)(2) = E[f(X(1))[X(r) = 2]
(by the tower property) = E[E[f(X (t))|Fs]| X (r) = z]
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(since F, C Fy) = E[E[f(X ()| X (s)][ X (r) = 2]

= E[(Ts1f)(X(9))| X (r) = 2]
= (Trs(Ts.t ) (),
as stated. O

As the transition probability function p(s,x,t, A) defines the semigroup
{Ts .} to<s<i<r associated with it, conversely we may obtain the transition

probability function from the semigroup, since we may easily recognize that
p(s,z,t,A) = P(Xy € Al Xs =x) = (Ts1a)(x) as.

fortg <s<t<T,xeR, A€ Bg.
We may now finally prove the following proposition.

Proposition 2.82. Let X be a real-valued Markov process, indexed in R;
the function p defined in (2.13) satisfies the so-called Chapman—Kolmogorov
equation, i.e., for all x € R, for all (s,r,t) € [to, T]x[to, T| X [to,T], s <r <t
and for all A € Br

p(87x7t7 A) = /p(s7x7r7 dy)p(T‘?y?t?A) a.s
R

Proof . From definitions and Proposition 2.81 we easily obtain
p(s, 2, t, A) = (Ts,ela)(x) = (Ts,r (Tre1a)) (2)
— [t wpts.ard
= /Rp(s,x,r, dy)p(r,y,t, A) a.s
O
Definition 2.83. Let (X;);cr, be a Markov process with transition proba-

bility function p(s,z,t, A), and let {Ts,} (s,t € Ry, s < t) be its associated
semigroup. If, for all f € BC(R), the function

(t,2) € Ry x R = (Tyaf)(2) = / p(t,z,t+ M dy) () € R

is continuous for all A > 0, then we say that the process satisfies the Feller
property.
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Theorem 2.84. If (X;)ier, is a Markov process with right-continuous trajec-
tories satisfying the Feller property, then, for all t € Ry, Fy = Fi+, where
Fir = My 0(X(5),0 < s < t'), and the filtration (Fi)ier, is right-
continuous.

Proof . See, e.g., Friedman (1975). O
Remark 2.85. It can be shown that F;+ is a o-algebra.

Ezxample 2.86. Examples of processes with the Feller property, or simply Feller
processes, include Wiener processes (Brownian motions), Poisson processes,
and all Lévy processes (see later sections).

Definition 2.87. If (X;);cr, is a Markov process with transition probability
function p and associated semigroup {75}, then the operator

TS,erhf - f

sf=1 >0, BC(R
Asf i A s> 0,f e BC(R)
is called the infinitesimal generator of the Markov process (X¢)i>o. Its domain
D4, consists of all f € BC(R) for which the preceding limit exists uniformly

(and therefore in the norm of BC(R)) (see, e.g., Feller 1971).

Remark 2.88. From the preceding definition we observe that

(Af)@) =lim~ [ [F@) - F@)]p(s. 2.5 + b, dy).

rlo h Jp

Remark 2.89. Up to this point we have been referring to the space BC(RY)
of bounded and continuous functions on R?. Actually, a more accurate anal-
ysis would require us to refer to its subspace Co(R?) of continuous functions,
which tend to zero at infinity. This one is still a Banach space with the sup
norm. In such a space it can be shown that a Feller semigroup is completely
characterized by its infinitesimal generator (e.g., Kallenberg 1997, p. 317).

Examples of Stopping Times

Let (X):er, be a continuous Markov process taking values in R”, and suppose
that the filtration (F;)¢cr, , generated by the process, is right-continuous. Let
B € Bgo \ {0}, and we define T': 2 — R, as

Vw € 92, T(w) = {inf {t > 0|X(t,w) € B} if the set is # 0,

RS if the set is = 0.
This gives rise to the following theorem.

Theorem 2.90. If B is an open or closed subset of RV, then T is a stopping
time.



2.6 Markov Processes 101

Proof. For B open, let t € R,. In this case it can be shown that

{r<ty= |J {wX(rw)eB}.
r<t,reQt
Since X(r) is F-measurable,

{w|X(r,w) € B} € F. C F Vr <t,reQT,

and therefore the (countable) union of such events will be an element of F; as
well, and thus {T' < t} € F;. Now, fixing § > 0 and N € N such that § > +,
we have that

1
YneN,n>N: {T<t+—}€ft+5.
n

Hence
oo

{r<ty=) {T<t+%}e}}+5

n=N

and, due to the arbitrary choice of §, this results in

(T <tye () Frs=F' =Fu
6>0

For B closed, for all n € N, we define V,, = {x € R"|d(x, B) < 1} and

T inf {t > 0|X(t,w) € V,, } if the set is # 0,
T 4o if the set is = 0.

It can be shown that B = (1, Vi, and {T <t} = (), o {7 < t}, and, since
(with V,, open) {T,, < t} € Fy+, we finally get that {T' <t} € Fi+ = F. O

Definition 2.91. The stopping time 7' is the first hitting time of B or,
equivalently, the first exit time from RV \ B.

Definition 2.92. A Markov process (X;)icr, with transition probability
function p(s,x,t, A) is said to have the strong Markov property if, for any
stopping time T of the process and for all A € Bg,

P(X(T+t)e AlFr) =p(T,X(T), T+t A) a.s. (2.15)

Remark 2.95. Equation (2.15) is formally analogous to the Markov property
P(X(t) € AlFs) =p(s,X(s),t,A) for s < t,

with which it coincides when T' = s (constant).
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Proposition 2.94. Equation (2.15) is equivalent to the assertion that for all
f: R —= R, measurable, bounded,

E[f(X(T +))|Fr] = E[f (X(T + )| X(T)]  as.

Proof . See, e.g., Ash and Gardner (1975). O

Remark 2.95. By Proposition 2.43 and Theorem 2.49, if (X;);cr, is right-
continuous and if T is a finite stopping time of the process, then X(T') is
Fr-measurable.

Lemma 2.96. Every Markov process (X;)icr, that satisfies the Feller prop-
erty has the strong Markov property, at least for a discrete stopping time T'.

Proof . Let T be a discrete stopping time of the process (Xi)ier, and {t;};

its codomain. Fixing a j € N we have {T'<t;} € F, and {T <t;} =
Ut <, {T < i} € Fi,. Therefore,

G ={T=t;} = {T <t} \{T <t;} € 7,

and

0 fort; >t,

vt € Ry, Gjm{TSt}:{ijortth.

From this we obtain, for all t € Ry, G; N{T <t} € F, that is, G; € Fr.
Proving (2.15) is equivalent to showing that if t € R4, A € Bg, then:

1. p(T,X(T), T +t,A) is Fr-measurable.
2. For all E € Fp, P(X(T+1) € A)NE) = [, p(T, X(T),T +t, A)dP.

Before proving point 1, we will show that 2 holds. Let E € Fp; then, by
2 =U,en Gj, it follows that

P(X(T+t) e A)NE) =Y P(X(T+t)€ ANENG,)
JEN

=Y P(X(T+t)e A)NEN(T =t))
JeN

=Y P((X(t+t;) e ANEN(T =t;))
JeN

=Y P((X(t+1t;) € ANENG;). (2.16)
jeN

But
EﬂGj:Eﬁ({TStj}\{T<tj})€]:tj

(in fact, EN{T < t;} € F;, following point 4 of Theorem 2.48), and therefore
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P((X(t+t;) e ANENG;) :/ P(X(t+t;) € AlFy,)dP
ENG;
Moreover, by the Markov property,

P(X(t+1;) € AIF,) = plt;, X(t;),t; + 1, A) a (2.17)

Using (2.16) and (2.17), we obtain

PUX(T+1) € A)N E) / p(ts. X (), 1; +t, A)dP
JEN
/ p(ts, X (), 1, +t, A)dP
BEn{T=t,}
/ X(T), T +t, A)dP
jEN En{T= t}

- / (T, X (T), T +1, A)dP
E

For the proof of 1, we now observe that, by the Feller property, the mapping
(r,z) e Ry xR — /p(r,z,r+t,dy)f(y) eR
R

is continuous [for f € BC(R)]. Furthermore, T' and X (T") are Fpr-measurable,
and therefore the mapping

we N - (Tw),X(T(w),w))

is Fr-measurable. Hence the composite of the two mappings
we N — /p(T,X(T),T—i—t,dy)f(y) eR
R

is Fr-measurable [for f € BC(R)]. Now let (fm)men € (BC(R))Y be a se-
quence of uniformly bounded functions such that lim,, ,o fn = I4. Then,
from our previous observations,

vmeN, [ pTX@LT+td) )
R
is Fr-measurable and, following Lebesgue’s theorem on integral limits, we get

/R (T, X(T), T+ t,dy)La(y) = lim [ p(T, X(T). T+ t.dy) fm(y),

m—r oo R
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and thus
P X(TLT+6.4) = [ o X(T)T +tdy)alo)
R
is Fr-measurable. O
Before generalizing Lemma 2.96, we assert the following lemma.

Lemma 2.97. If T is a stopping time of the stochastic process (Xi)ier, , then
there exists a sequence of stopping times (T, )nen such that

1. For alln € N, T,, has a codomain that is at most countable.
2. ForallneN, T, >T.

3. T, 1 T almost surely for n — co.
Moreover, {T,, = co} = {T = oo} for every n.

Proof . See, e.g., Friedman (1975). O

Theorem 2.98. If (Xt)te]RJr s a right-continuous Markov process that satis-
fies the Feller property, then it satisfies the strong Markov property.

Proof . Let T be a finite stopping time of the process (X;)ier, and (Th)nen
a sequence of stopping times satisfying properties 1-3 of Lemma 2.97 with
respect to T'. We observe that, for alln € N, Fpr C Fr, . In fact, if A € Fp, then

Yt e Ry, AT, <t} =(An{T <t})n{T, <t} € F,

provided that AN {T <t} € F,{T, <t} € F;. Just like for Lemma 2.96,
we will need to show that points 1 and 2 of its proof hold in this present
case. Following Proposition 2.94, point 2 is equivalent to asserting that for all
E € Fr and all f € BC(R):

/f(X(T+t))dP:/ dP/p(T,X(T),T+t,dy)f(y). (2.18)
E E R

Then, by Proposition 2.43, for all n € N, we have that for all £ € Fr, and
all f € BC(R)

[Ef(X(Tn—i—t))dP:[EdP/Rp(Tn,X(Tn),Tn+t7dy)f(y).

Moreover, since T,, | T for n — oo and by the right-continuity of process X,
it follows that

X(T,) = X(T) for n — oo.
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From the continuity* of the mapping
Nz)eRy xR — /p(/\,x,)\ +t,\y)f(y) for f € BC(R),
R
we have that, for n — oo,

/p(Tn,X(T)T +t,dy) f( —>/ (T, X(T),T+t,dy)f(y). (2.19)
R

On the other hand, if f is continuous, then we also get
F(X(Tn+1) = f(X(T +1)) for n — co. (2.20)

Therefore, if E € Fr and f € BC(R), then E € Fr, for all n, and we have

lim [ f(X(T,+t)dP = hm/dP/ (T, X(T0), Ty + t,dy) f(y).
n—oo E n—oo

Since f and p are bounded, following Lebesgue’s theorem, we can take the
limit of the integral and then (2.18) follows from (2.19) and (2.20). The proof
of point 1 is entirely analogous to the proof of Lemma 2.97. O

The preceding results may be extended to more general, possibly uncount-
able, state spaces. In particular, we will assume that F is a subset of R¢ for
d e N*.

Time-Homogeneous Markov Processes

An important class of Markov processes is the time-homogeneous case.

Definition 2.99. A Markov process (X¢)¢cjt,,7 is said to be time-homoge-
neous if the transition probability functions p(s,z,t, A) depend on t and s
only through their difference t — s. Therefore, for all (s,t) € [to, T]?, s < t, for
all w € [0,T —t], for all A € Bg, and for all z € R:

p(s,x,t, A) = p(s+u,z,t 4+ u, A) a.s.

Remark 2.100. 1f (X¢)¢ept,, 1) is @ homogeneous Markov process with transition
probability function p, then, for all (s,t) € [to, T]?,s < t, for all A € Bg, and
for all x € R, we obtain

p(thI;tO +t- SvA) :p(S,I,t,A) a.s

where p(tg, z,to +t — s, A) is denoted by p(t, z, A), with t = (t —s) € [0, T —
to],z € R, A € Bg.

4 By the Feller property.
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If we consider the time-homogeneous case, a Markov process (X;)ier, on
(E,Bg) will be defined in terms of a transition kernel p(t,z, B) for t € Ry,
r € E, B € Bg, such that

p(h,,Xt,B):P(Xt+h €B|]:t) vt,h€R+,B€BE,

given that (F;)icr, is the natural filtration of the process. Equivalently, if we
denote by BC(E) the Banach space of all continuous and bounded functions
on F, endowed with the sup norm, then

Elg(Xin)|Fi] = /Eg(y)p(h,Xt,dy) Vt,h € Ry, g9 € BO(E).

In this case the transition semigroup of the process is such that
Ts,t = TO,t—s = T(t — S)

for any s,t € Ry, s <t, which defines a one-parameter contraction semigroup
(T'(t),t € Ry) on BC(E); it is then such that

T(t)g(x) == /E o)p(t 2. dy) = Elg(X)|Xo =),  z€E,

for any g € BC(E).
Hence in this case the semigroup property reduces to

T(s+1t) = T(s)T(t) = T()T(s)

for any s,t € R,

Up to now we have referred to BC(R), i.e., the family of bounded and
continuous functions on R. For various reasons, as the reader may see later, it
is more convenient to refer to its Banach subspace Cy(R), the family of con-
tinuous functions vanishing at infinity, since it has nicer analytical properties.

Definition 2.101. Let (T'(t))¢cr, be the transition semigroup associated with
a time-homogeneous Markov process X = (X;);er, . We say that X is a Feller
process if the following statements hold:

(i) T(t)(Co(R)) C Co(R) for all t € Ry.
(ii) limy—o ||T(¢)f — fI| =0 for all f € CoH(R).

In this case we say that the semigroup (T'(t)):er, is a Feller semigroup.
Proposition 2.102. For any Feller semigroup on Cy(R) there exists a unique

time-homogeneous transition probability measure p(t,z, B) on (R,Bgr) such
that, for all f € Co(R),

1)) = [ fpltady), zeR teR,.
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Proof . See, e.g., Revuz-Yor (1991, p. 83). O

Definition 2.103. A time-homogeneous transition probability measure
associated with a Feller semigroup is called a Feller transition function.

For time-homogeneous Markov processes the infinitesimal generator will
be time independent. It is defined as

1
Ag = lim ;(T(t)g —-9)

for g € D(A), the subset of BC(E) for which the preceding limit exists, in
BC(E), with respect to the sup norm. Given the preceding definitions, it is
obvious that for all g € D(A),

1
Agla) = lim —Plg(X,) - g(Xo)Xo =],  w€F.

If (T(t),t € Ry) is the contraction semigroup associated with a Markov
process, it is not difficult to show that the mapping ¢ — T(t)g is right-
continuous in ¢t € Ry provided that ¢ € BC(F) is such that the mapping
t — T(t)g is right-continuous in ¢ = 0.

The following properties hold, by considering Riemann integrals and strong
derivatives (Applebaum 2004, p. 129).

1. Forany t > 0: T(¢t)D(A) C D(A).
. For any ¢t > 0 and for any g € D(A): ( )Ag = AT (t)g.

2
3. For any ¢ > 0 and for any g € D(A): / T(s)gds € D(A).
4. For any t > 0 and for any g € D(A):

t
t)g — g—A/ gds—/ AT (s gds—/ T(s)Agds.
0

5. For any t > 0 and for any g € D(A):
[T ()g] = AlT(t)g] = T(t)[Ag]-

6. For any g € D(A), the function t € Ry — T'(t)g = u(t) € D(A) is a solu-
tion of the following initial value problem in the Banach space BC(R?):

d
{ Sult) = Au(t)
u(0) =g.

These results justify the notation T'(t) = e,
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Holding Times for a Markov Process

Suppose that a Markov process (X;)icr, on R starts at a point . We wish
to evaluate the probability distribution of the holding time at z, i.e., the time
it spends in that state before leaving it:

o i=inf {t e Ry | X5 = ¢, Xiq s # 2}
for any given s € R..
The following proposition holds.
Proposition 2.104. For any right-continuous time-homogeneous Markov
process, we have
Fx(t):P(TxSt)zl_exp{_cxt}v te Ry,
for some ¢ € [0, +00].

Proof . See, e.g., Lamperti (1977, p. 195). O

Markov Diffusion Processes

Definition 2.105. A Markov process on R with transition probability
function p(s,z,t, A) is called a diffusion process if

1. It has a.s. continuous trajectories.

2. For all € > 0, for all ¢ > 0, and for all z € R: limp o %f‘
h,dy) = 0.

3. There exist a(t,z) and b(¢,x) such that, for all € > 0, for all ¢ > 0, and
for all x € R,

m_y‘>€p(t, z,t+

1

lim — —x)p(t,xz,t + h,dy) = a(t, x),

lim Im_y|<6(y )p( y) = al(t,z)
1

lim — —z)%p(t,x, t + h,dy) = b(t, x),

i [ e bl hdy) = )

where a(t, x) is the drift coefficient and b(t, z) the diffusion coefficient of the
process.

Lemma 2.106. Conditions 1 and 2 of Definition 2.105 are satisfied if

1.* There exists a § > 0 such that, for all t > 0 and for all x € R,
limy, 0 % fR |z — y|>*°p(t, z,t + h,dy) = 0.
2.% For allt > 0 and for all x € R,

1

fim [ (0= alplta,t+ hdy) = alt.a),
1

i [ (0= aPplt,a,t+ hdy) = bt 2)
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| _x|2+6

Proof. Wefixe >0,z €R, |z —y| >e= Y > 1, and hence

219

1 1
E/ p(t,fE,t—f—h, dy) S m/ |y_$|2+5p(t,$,t+h7dy)
lr—y|>e € |lr—y|>e

1
< — z*TOp(t, z, t + h, dy).
_h62+5/R|y z|*p(t, z,t + h, dy)

From this, due to 1*, point 1 of Definition 2.105 follows. Analogously, for
J=12

1/ ; 1 245
L alptat o hdy) < s [l e+ bdy)
h lz—y|>€ he2+0= R
and again from 1* we obtain
lim — —xp(t,x, t + h,dy) = 0.
e U )

Moreover,

1 .
lim — /|y—x|ptazt—|—h dy)—hmh</ ly — z[ p(t, x, t + h,dy)
lz—y|>e

hi0 h hl0
lz—y|<e
which, along with 2*, gives point 2 of Definition 2.105. O

Proposition 2.107. If (X;)ier, is a diffusion process with transition proba-
bility function p and drift and diffusion coefficients a(x,t) and b(x,t), respec-
tively, and if As is the infinitesimal generator associated with p, then we have
that

0 f

of
z) oz?’

—+b()

(Asf)(@) = als, 2) 5

provided that f is bounded and twice continuously differentiable.

Proof. Let f € BC(R) N C?(R). From Taylor’s formula we obtain

fy) = f(@) = f'(@)(y —2) + %f”(x)(y —2)* +o(ly — ) (2.21)

for |y — x| < & (which is in a suitable neighborhood of x), and thus

(Af)(@) = lim - [170) = 1@lpts..5-+ he)

= lim — / —z)p(s,z,s + h,dy)
hi0 h ly— w|<5
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+— lim F( —x)%p(s,z, 5+ h,d
2mhﬂmw )2p( )

+ hm

hi0 h (|y—$| ) (57$75+h7dy)

ly—z|<d

TR /y IM — f@)p(s, 2,5+ h, dy).
Because f € BC(R),

lim —

e [f(y) = f(@)]p(s, 2,5 + h, dy)

ly—z|=6
1
Shm—c/ p(5;$55+hady) 207
hO0 by a5

by point 1 of Definition 2.105, where c is a constant. By point 2 of the same
definition:

. / _
lim @)y —2)p(s,z, s + h,dy)
= f(z)lim — / (y —z)p(s,x,s+ h,dy)
hlo h ly— w\<5
as well as

1
Zli f( 2 h,dy) = = f"(2)b(z, t).
2h?3h/|y e’ — @) pls s +hdy) = 5 /@), )

Fixing € > 0, we finally observe that if we choose d such that Taylor’s formula
(2.21) holds, so that

|y—$| <= O(|y—1‘|2)

y—a ="
we get
lim— / o(ly — z|*)p(s, z, s + h, dy)
hi0h ly—z|<5
< lim — + h,d
imy [ alplom s+ hdy)
= eb(t, z)

and, from the fact that € is arbitrary, we conclude that

lim

hJ,Oh/y s o(ly — z|*)p(s, z,s + h,dy) = 0.

O
A detailed account of conditions that ensure a.s. path continuity of the

trajectories of Markov processes can be found in Lamperti (1977, p. 188).
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Markov Jump Processes

Consider a Markov process (X;);cr, valued in a countable set E (say, N or Z).
In such a case it is sufficient (with respect to Theorem 2.78) to provide the
so-called one-point transition probability function

pij(87t) = p(87iat7j) = P(Xt :]|Xs - Z)

for tp < s < t, 4,7 € E. It follows from the general structure of Markov
processes that the one-point transition probabilities satisfy the following re-
lations:

(a) pij(s,t) >0

(b) > jeppij(s,t) =1

(c) pij(s,t) = X ep Pir(s, 1)k (1, 1)

provided tp < s <r <t,in Ry, and 4,5 € E. To these three conditions we
need to add

(d)
. . _ < _J1 fori=y,
tE»I?erij(S’t) = Pig(s:9) = 0ij = {O for i # j.
The time-homogeneous case gives transition probabilities (p;;(t))ier, such
that ~
pij(s,t) = pi;(t — 9), s <t.
Henceforth we shall limit our analysis to the time-homogeneous case whose
transition probabilities will be denoted by (pi;(t))ier, . The following theo-
rems hold (Gihman and Skorohod 1974, pp. 304-306).

Theorem 2.108. The transition probabilities (pij(t))ier, of a homogeneous
Markov process on a countable state space E are uniformly continuous in
t € Ry for any fized i,j € F.

Theorem 2.109. The limit

. 1-— Pii (h)
. = m ——~ < 4+
7 hlal 0+ h -

always ezists (finite or not), and for arbitrary t > 0:

1 — pii(t)

. < q-

If q; < 400, then for all t > 0 the derivatives pgj (t) exist for any i,j € E and
are continuous. They satisfy the following relations:

1. pi;(t+ f) =2 ke Pir(O)pr; (s)
2. ZjeEpi?(t) =0
8. Y jer P (O] < 2¢;
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In the following theorem the condition ¢; < +00 is not required.

Theorem 2.110. The limits

= p;;(0) =: gij < 400

always exist (finite) for any i # j.

As a consequence of Theorems 2.109 and 2.110, provided ¢; < 400, we
obtain evolution equations for p;;(t):

pi;(t) = Z ik Prj(t),
keE

with ¢;; = —¢;. These equations are known as Kolmogorov backward equations.
Consider the family of matrices (P(t)):cr. , with entries (p;;(t)):er, , fori,j €
E. We may rewrite conditions (c¢) and (d) in matrix form as follows:
(¢') P(s+1t)= P(s)P(t) for any s,t >0
(d) limpooy P(h)=P0)=1
A family of stochastic matrices fulfilling conditions (¢’) and (d’) is called a
matrix transition function. If the matrix @ satisfies the condition

Z%‘j =—Qi =¢q¢ <+

J#i
for any ¢ € E, it is called conservative. The matrix Q = (¢;;)ijer is called
the intensity matriz. The Kolmogorov backward equations can be rewritten
in matrix form as

P'(t) = QP(t), t>0,

subject to
P(0)=1.

If @ is a finite-dimensional matrix, then the function exp {tQ} for ¢t > 0 is
well defined.

Theorem 2.111 (Karlin and Taylor 1975, p. 152). If E is finite, then
the matrix transition function can be represented in terms of its intensity
matriz Q via

Given an intensity matrix ¢ of a conservative Markov jump process
with stationary (time-homogeneous) transition probabilities, we have that
(Doob 1953)

P(X, =i Yu €]s,s + ]| Xy = i) = e"9*
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for every s,t € R4, and state ¢ € E. This shows that the sojourn time in
state i is exponentially distributed with parameter ¢;. This is independent of
the initial time s > 0.

Furthermore, let 7;;, ¢ # j, be the conditional probability of a jump to
state j, given that a jump from state ¢ has occurred. It can be shown (Doob
1953) that

Tijg = —»
qi

provided that ¢; > 0. For ¢; = 0, state ¢ is absorbing, which obviously means
that once state ¢ is entered, the process remains there permanently. Indeed,

P(X, =i, forallu €]s,s +t]|Xs =i) = e ' =1

for all t > 0. A state i for which ¢; = +00 is called an instantaneous state. The
expected sojourn time in such a state is zero. A state ¢ for which 0 < ¢; < +00
is called a stable state.

Example 2.112. 1f (X{)ier, is a homogeneous Poisson process with intensity
A > 0, then

At (A7 * s g
IO S
0 otherwise.

This implies that

A forj=i+1,
gij = pi;(0) 3 =X for j =1,
0  otherwise.

For the following result, we refer again to Doob (1953).

Theorem 2.113. For any x € E there exists a unique RCLL Markov process
associated with a given intensity matriz Q and such that P(X(0) =z) = 1.

Further discussions on this topic may be found in Doob (1953) and Karlin
and Taylor (1981) [an additional and updated source regarding discrete-space
continuous-time Markov chains is Anderson (1991)]. For applications, see, for
example, Robert (2003).

2.7 Martingales

Extension of the concept of continuous-time martingales is mainly due to P.A.
Meyer and his coworkers (Meyer (1966)).

Definition 2.114. Let (X;);ecr, be a real-valued family of random variables
defined on the probability space (2, F,P), and let (F;)cr, be a filtration.
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The stochastic process (X¢)icr, is said to be adapted to the family (F;)ier,
if, for all t € R4, X; is Fy;-measurable.

Definition 2.115. The stochastic process (X;):er, , adapted to the filtration
(Ft)ter, , is a martingale with respect to this filtration, provided the following
conditions hold:

1. X; is P-integrable for all ¢t € R...
2. For all (s,t) € Ry x Ry, s < t: E[X,|Fs] = X, almost surely.

(X¢)ter, is said to be a submartingale (supermartingale) with respect to
(Ft)ter, if, in addition to condition 1 and instead of condition 2, we have:

2'. For all (s,t) € Ry x Ry, s < t: E[X;|Fs] > X (E[X¢|Fs] < Xs) almost
surely.

Remark 2.116. When the filtration (F;);er, is not specified, it is understood
to be the increasing o-algebra generated by the random variables of the process
(0(Xs,0 < s <t))er, - In this case we can write E[X;|X,,0 < r < s], instead
of E[X¢|Fs.

Ezxample 2.117. The evolution of a gambler’s wealth in a game of chance,
the latter specified by the sequence of real-valued random variables (X}, )nen,
will serve as a descriptive example of the preceding definitions. Suppose that
two players flip a coin and the loser pays the winner (who guessed head or
tail correctly) the amount « after every round. If (X,,)nen represents the
cumulative fortune of player 1, then after n throws he holds

Xn:iAi.

The random variables A; (just like every flip of the coin) are independent and
take values a and —a with probabilities p and g, respectively. Therefore, we
see that

E[Xn+1|X0, L. ,Xn] = E[An-i-l =+ Xn|X0, L. ,Xn]
=X, + E[An+1|X0, ... ,Xn].

Since A, 11 is independent of every Zf:o Ak =0,...,n, we obtain
E[Xn+1|X0, R ,Xn] =X, + E[An-i-l] =X, + a(p - q).

If the game is fair, then p = ¢ and (X, )nen is a martingale.
If the game is in player 1’s favor, then p > ¢ and (X,)nen is a
submartingale.

e If the game is to the disadvantage of player 1, then p < ¢ and (X, )nen is
a supermartingale.
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Example 2.118. Let (X;)icr, be (for all ¢ € R} ) a P-integrable stochastic
process on (2, F, P) with independent increments. Then (X; — E[X;])icr, is
a martingale. In fact®:

E[Xt|‘Fs]:E[Xt_Xs|]:s]+E[Xs|]:s]; s < t,

and recalling that X is Fg-measurable and that (X; — X;) is independent of
Fs, we obtain that

E[X,|Fs] = E[X; — X, + X, = X, s < t.

Proposition 2.119. Let (X;);cr, be a real-valued martingale. If the function
¢ : R — R is both conver and measurable and such that

VieRy:  Ellg(Xy)]] < +oo,

then (¢(X¢))ier, is a submartingale.

Proof. Let (s,t) € Ry x Ry,s < t. Following Jensen’s inequality and the
properties of the martingale (X;);cr, , we have that

P(Xs) = O(E[Xe|Fs]) < E[¢(Xe)|Fs].

Letting
Vs =0(d(Xr),0 <71 <s) Vs € Ry

and with the measurability of ¢, it is easy to verify that V, C F;, for all
s € R4, and therefore

$(Xs) = E[o(X,)|Vs] < E[E[)(X0)|Fo]|Vs] = E[o(X0)[Vs].

O

Lemma 2.120. Let X and Y be two positive real random variables defined
on (2,F,P). If X € LP(P) (p > 1) and if, for all o > 0,

aP(Y > a) < / XdP, (2.22)
{v>a}

then Y € LP(P) and ||Y||p, < q|| X]||p, where 1—17 + % =1.

5 For simplicity, but without loss of generality, we will assume that E [X:] =0, for
all ¢t. In the case where E[X¢] # 0, we can always define a variable Y; = X;— E[X],
so that E[Y}] = 0. In that case (Y})teR+ will again be a process with independent
increments, so that the analysis is analogous.
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Proof. We have
Y (w)
E[Y?] = / YP(w)dP(w) = / dP(w)p / APt
Q 2 0
=p/ dP(w)/ N <y @)y (A)dA
fo) 0
:p/ d/\/\p_l/gdp(w)l{ng(w)}()‘)
0

= p/ AMWTITPALY) = p/ AMPT2AP(Y > \)
0 0

dANP2 / XdP
{Y>x}

dP(w)X (w) / AN Iy ()20 (V)
0

<p

’g
;Q\o\é

Y(w)
=p [ dP(w)X (W) / a2 =L / AP (W)X (w)Y? ™ (w)
2 0 r—1Jg
= L Ey'x],
where, throughout, A denotes the Lebesgue measure, and when changing the
order of integration we invoke Fubini’s theorem. By Holder’s inequality, we
obtain
p 1 p 1 p=1
EYP|< —FE[YP ' X| < —F[XPIpE[YP] >
(7] < Lo ByrtX] < LBl BT

which, after substitution and rearrangement, gives
E[Y?]» < qE[X"]5,

as long as E[YP?] < 400 (in such a case we may, in fact, divide the left- and

right-hand sides by F [Yp]%). But in any case we can consider the sequence
of random variables (Y An),en (Y An is the random variable defined letting,
for all w € 2, Y An(w) = inf {Y(w),n}); since, for all n, ¥ A n satisfies
condition (2.22), then we obtain

1Y Anllp < gl X[,

and in the limit
1Yl = lm Y An], < g X]],
O
Proposition 2.121. Let (X, )nen+ be a sequence of real random variables

defined on the probability space (2,F,P), and let X, be the positive part
of X,,.
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1. If (X)) nen~ is a submartingale, then

1
P(max Xk>)\)§—E[X,J{], A>0,neN".
1<k<n A

2. If (Xn)nen+ is a martingale and if, for alln € N*, X € LP(P), p > 1, then

P » \?
E {( max |Xk|> } < (—) E[| X, |P], n € N*.
1<k<n p—1

(Points 1 and 2 are called Doob’s inequalities. )
Proof.

1. Forall k € N* we put Ay = (;_{ {X; < A}N{Xi > A} (A > 0), where all
Aj, are pairwise disjoint and A = {maxj<r<n Xp > A}. Thus it is obvious
that A = UZ:I Ag. Because in Ay, X} is greater than A\, we have

XpdP > /\/ dP.

Ak Ak

Therefore,
Vk € N¥, AP(Ag) < XidP,

resulting in

gZ/ XpdP =" X;CIA,ch ZE[XkIAk].(2.23)
Ay

k=1 k=1

:ZE[IAICE[X:|X1’ Z IAk X |X1a---an]]a
k=1

where the last row follows from the fact that I, is o(Xy,...,Xk)-
measurable. Moreover, since (X, )nen- is a submartingale, we have
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Z L, Xx]- (2.24)

By (2.23) and (2.24), E[X,[] > AP(A), and this completes the proof of 1.
We can also observe that

n

ZE[IAR:X:]

k=1

E[E[X14,|X1,..., Xk]]

[
M=

el
Il
—

M=

> B[4, B[Xn|X1,..., Xi]] > Y Ella, Xi] > AP(A),

b
Il
—
E
Il
—

and therefore

AP (1r<nka<xn X > A) < ; E[la, X (2.25)

2. Let (X, )nen+ be a martingale such that X,, € LP(P) for all n € N*.

Since ¢ = |x| is a convex function, it follows from Proposition 2.119 that
(|Xn|)nen is a submartingale. Thus from (2.25) we have

AP < max Xy > /\) <D B X =D Ella, | X
k=1

k=1
:Z/ |Xn|dP:/ | Xn|dP (A > 0,n € N¥).
k=17 Ak A

Putting X = maxj<k<n | X% and Y = | X,,|, we obtain

P(X > \) g/YdPZ/ YdP
A {X>\}

and from Lemma 2.120 it follows that || X||, < ¢||Y|/,. Thus E[X?] <
P E[Y'P], proving 2.

Remark 2.122. Because
P
max |Xg|P = (max |Xk|) ,
1<k<n 1<k<n
by point 2 of Proposition 2.121 it is also true that

p
E { max |Xk|p] < (L> E[| X, ).
1<k<n p—1

Corollary 2.123. If (X, )nen+ @8 a martingale such that X,, € LP(P) for all
n € N*, then
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1
< p
P (1r§11£1§xn|Xk| > A) < )\pE[|Xn| 1, A> 0.

Proof . From Proposition 2.119 we can assert that (| X,|?),en+ is a submartin-
gale. In fact, ¢(z) = |z|P,p > 1, is convex. By point 1 of Proposition 2.121, it
follows that

1
P P) <« = P
P (ggganM > A > R

which is equivalent to

1
< — Py,
P <1r<nl§12<n|Xk| > /\) < )\pE[|Xn| ]

Lemma 2.124. The following statements are true:

1. If (X¢)ier, is a martingale, then so is (Xy)ier for all I C Ry.

2. If, for all I C Ry and I finite, (Xt)ier s a (discrete) martingale, then so
is (Xt)ter, -

Proof.
1. Let I C Ry, (s,t) € I?,s < t. Because (X, )rcr, is a martingale,
Xs = E[Xy|X,,0<7r<s,reRy]
Observing that
o(X,,0<r<srel)Co(X,0<r<sreRy)
and remembering that in general
E[X|B1] = E[E[X|Bs]|B1], By C By C F,

we obtain

E[XyX,,0<r <s,rel
= E[EX|X,,0<r<sreRy]|X,,0<r<s,rel
=E[X | X,,0<r <s,rel
= X,.
The last equality holds because X is measurable with respect to o(X,., 0 <

r<s,rel).
2. See, e.g., Doob (1953).

O

Proposition 2.125. Let (X;);cr, be a stochastic process on (£2,F, P) valued
mn R.
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1. If (X¢)ier, is a submartingale, then

1
P(sup XS>/\) gXE[XJ], A>0,t>0.

0<s<t

2. If (Xi)ier, is a martingale such that, for all t > 0, X, € LP(P), p > 1,
then

E { sup |Xs|p} < <p%1)p15[|xt|?].

0<s<t
Proof . See, e.g., Doob (1953). O

Definition 2.126. A subset H of L'($2, F, P) is uniformly integrable if

lim sup/ |Y|dP = 0.
2O yeH J{|y|>c}

Theorem 2.127. A martingale is uniformly integrable if and only if it is of
the form M, = E[Y|F,], where Y € L' (Q2,F,P). Under these conditions
{M,}, converges almost surely and in L*.

Proof . See, e.g., Baldi (1984). O

The subsequent proposition specifies the limit of a uniformly integrable
martingale.

Proposition 2.128. Let Y € L'(2, F, P), {F,}, be a filtration and Foo =
U,, Fn the o-algebra generated by {F,}, . Then

lim E[Y|F,] = E[Y|Fwx] almost surely and in L*.

n—r oo

Proof . See, e.g., Baldi (1984). O

Doob—Meyer Decomposition

In the sequel, whenever not explicitly specified we will refer to the natural
filtration of a process, suitably completed.

Proposition 2.129. FEvery martingale has a right-continuous version.

Theorem 2.130. Let X; be a supermartingale. Then the mapping t — FE[X}]
is right-continuous if and only if there exists an RCLL modification of X;.
This modification is unique.

Proof . See, e.g., Protter (1990). O
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Definition 2.131. Consider the set & of stopping times 7T, with
P(T <o00) =1, of the filtration (F;)ier,. The right-continuous adapted
process (Xi)ier, is said to be of class D if the family (X7)res is uniformly
integrable. Instead, if S, is the set of stopping times with P(T < a) =1, for a
finite @ > 0, and the family (X7)7es, is uniformly integrable, then it is said
to be of class DL.

Proposition 2.132. Let (X;);cr, be a right-continuous submartingale. Then
X is of class DL under either of the following two conditions:

1. Xy > 0 almost surely for every t > 0.
2. X has the form

XtZMt+At, tER+,

where (My)ier, s a martingale and (A;)ier, an adapted increasing
process.

Lemma 2.133. If (Xy)icr, is a uniformly integrable martingale, then it is
of class D.

If (Xi¢)ier, is a martingale, or it is bounded from below, then it is
of class DL.

Definition 2.134. Let (X;);cr, be an adapted stochastic process with RCLL
trajectories. It is said to be decomposable if it can be written as

Xy = Xo+ My + Zy,

where My = Zy = 0, M, is a locally square-integrable martingale and Z; has
RCLL-adapted trajectories of bounded variation.

Theorem 2.135 (Doob—Meyer).  Let (X¢)icr, be an adapted right-
continuous process. It is a submartingale of class D, with Xo = 0 almost
surely if and only if it can be decomposed as

vt€R+, Xt:Mt—l—Ata.s.,

where My is a uniformly integrable martingale with My = 0 and A; € L' (P)
18 an increasing predictable process with Ay = 0. The decomposition is unique
and if, in addition, X; is bounded, then M; is uniformly integrable and A; is
integrable.

Proof . See, e.g., Ethier and Kurtz (1986). O

Corollary 2.136. Let X = (X;)icr, be an adapted right-continuous sub-
martingale of class DL; then, there exists a unique (up to indistinguishability)
right-continuous increasing predictable process A adapted to the same filtration
as X, with Ag = 0 almost surely, such that
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Mt:Xt—At, t€R+
is a martingale, adapted to the same filtration as X.

Definition 2.137. Resorting to the notation of Theorem 2.135, the process
(A¢)ter. is called the compensator of X;.

Proposition 2.138. Under the assumptions of Theorem 2.135, the compen-
sator Ay of Xy is continuous if and only if Xy is regular in the sense that for
every predictable finite stopping time T we have that E[Xt]) = E[Xp-].

Definition 2.139. A stochastic process (M;).er, is a local martingale with
respect to the filtration (F%):er . if there exists a “localizing” sequence (Th)nen
such that for each n € N, (Mya1, )ier, is an F;-martingale.

Definition 2.140. Let (X;);cr, be a stochastic process. Property P is said
to hold locally if

1. There exists (T}, )nen, a sequence of stopping times, with T, < T}, 4.
2. lim, T;, = 400 almost surely.

such that Xr, It7, -0y has property P for n € N*.

Theorem 2.141. Let (M;)icr, be an adapted and RCLL stochastic pro-
cess, and let (T )nen be as in the preceding definition. If Mr, Iir, oy 5 a
martingale for each n € N*, then M, is a local martingale.

Lemma 2.142. Any martingale is a local martingale.

Proof . Simply take T,, = n for all n € N*. (]

Theorem 2.143 (Local form Doob—Meyer). Let (X;);cr, be a nonnega-
tive right-continuous Fi-local submartingale with (‘/—"t)te]RJr a right-continuous
filtration. Then there exists a unique increasing right-continuous predictable
process (Ay)ier, such that Ay = 0 almost surely and P(A; < co) =1 for all
t >0, so that X; — Ay is a right-continuous local martingale.

Definition 2.144. A martingale M = (M;);cr, is square-integrable if, for
allt € Ry, E[|M,|?] < +oo.

We will denote by M the family of all right-continuous square-integrable
martingales.

Remark 2.145. If M € M, then M? satisfies the conditions of Corollary 2.136;
let (M) be the increasing process given by the theorem with X = M?2. Then
(Mo) = 0, and M? — (M) is a martingale.
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Definition 2.146. For two martingales M and N, in M the process
1
(M, N) = (M + N) ~ (M = N))

is called the predictable covariation of M and N. Evidently (M, M) = (M),
and so it is called the predictable variation of M.

Remark 2.147. Hence (M, N) is the unique finite variation predictable RCLL
process such that (M, N)o = 0 and M N — (M, N) is a martingale. Further-
more, if (M, N) = 0, then the two martingales are said to be orthogonal. Thus
M and N are orthogonal if and only if M N is a martingale.

Definition 2.148. A martingale M is said to be a purely discontinuous
martingale if and only if My = 0 and it is orthogonal to any continuous
martingale.

Definition 2.149. Two local martingales M and N are said to be orthogonal
if and only if M N is a local martingale.

Definition 2.150. A local martingale M is said to be a purely discontinuous
local martingale if and only if My = 0 and it is orthogonal to any continuous
local martingale.

Having denoted by M the family of all right-continuous square-integrable
martingales, let M. C M denote the family of all continuous square integrable
martingales, and let My C M denote the family of all purely discontinuous
square-integrable martingales.

Theorem 2.151. Any local martingale M admits a unique (up to indistin-
guishability) decomposition

M = My + M+ M?,

where M. is a continuous local martingale and My is a purely discontinuous
local martingale, with M§ = M = 0.

Proof . See, e.g., Jacod and Shiryaev (1987, p. 43). (]

Remark 2.152. The reader has to be cautious about the meaning of the
term “purely discontinuous”; it is indeed referring just to an orthogonality
property with respect to the continuous case, but it does refer to the kind of
discontinuities of its trajectories (e.g., Jacod and Shiryaev 1987, p. 40).

Proposition 2.153. Let X = (X;)ier, be a right-continuous martingale.
Then there exists a right-continuous increasing process, denoted by [X], such

that for each t € Ry, and each sequence of partitions (t](cn))nEN,OSkgn of [0,¢],

with maxk(tg_?l — t,(cn)) 5 oo:
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Sox ) - x ) L x). (2.26)

n— o0
k

If X € M, then the convergence in (2.26) is in L*. If X € M., then [X] can
be taken to be continuous.

Proof . See, e.g., Ethier and Kurtz (1986). O
Definition 2.154. The process [X] introduced above is known as the qua-
dratic variation process associated with X.

Proposition 2.155. If M € M, then M? — [M] is a martingale.

Remark 2.156. If M € M., then, by Proposition 2.26, [M] is continuous,
and Proposition 2.155 implies, by uniqueness, that [M] = (M), up to indis-
tinguishability.

Proposition 2.157. Let M € M.. Then (M) = 0 if and only if M is
constant, i.e., My = My, a.s., for any t € R;.
Proof . See, e.g., Revuz-Yor (1991, p. 119). O

2.7.1 The martingale problem for Markov processes

The following so-called Dynkin’s formula establishes a fundamental link be-
tween Markov processes and martingales (Rogers and Williams 1994, p. 253).
Given a process (X;);ecr, , we will denote by (F¢)icr, its natural filtration.

Theorem 2.158. Assume (X¢)ier, is a Markov process on (E,Bg), with
transition kernel p(t,z,B), t € Ry, x € E, B € Bg. Let (T(t),t € Ry)
denote its transition semigroup and A its infinitesimal generator. Then, for
any g € D(A), the stochastic process

M(t) == g(X¢) — g(Xo) / Ag(X

is an Fi-martingale (indeed a zero-mean martingale).

Proof . The following equations hold:
E[M(t+ h)|Fi] + g(Xo)

=F

9(Xevn) / Ag(X;)ds| Fy

- frons

E[g(Xewn)| Fi] = E[g(Xeyn)| Xi] = T(h)g(X2),

Now, thanks to the Markov property,
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As a consequence

E[M(t + h)|Fi] + 9(Xo)

= T(h)g(X2) — T(h)g(Xe) + g(X:) — / Ag(X,)ds

— g(X) - / Ag(X.)ds = M(t) + g(Xo).

O

The next proposition shows that a Markov process is indeed character-
ized by its infinitesimal generator via a martingale problem (e.g., Rogers and
Williams 1994, p. 253).

Theorem 2.159 (Martingale problem for Markov processes). If an
RCLL Markov process (X;)ier, is such that

Q(Xt)—g(Xo)—/O Ag(Xy)ds

is an Fy-martingale for any function g € D(A), where A is the infinitesimal
generator of a contraction semigroup on E, then X; is equivalent to a Markov
process having A as its infinitesimal generator.

Remark 2.160. Note that, from
t
M(t) = g(X0) ~ 9(Xo) ~ [ Ag(X.)ds
0
one may derive
t
9(0) = 9(Xo) = [ Ag(X.)ds + M (1),
0

Formally, by a suitable definition of differential of a martingale, this may be
rewritten as
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dg(X;) = Ag(X,) + dM (1),

Hence, apart from the “noise” M (t), the evolution of any function g(X;) of a
Markov process {X;,t € Ry} is determined by its infinitesimal generator.

Theorem 2.161. Let {X;,t € Ry} be a Feller process on R having infinitesi-
mal generator A with domain D 4. If g € Co(R) and there exists an f € Co(R)
such that

M(t) = g(X) — g(Xo) - / f(X.)ds, tE Ry,

is an Fy-martingale, then g € D4, and f = Ag.
Proof . See, e.g., Revuz-Yor (1991, p. 262) O

The preceding results lead to an extension of the concept of infinitesimal
generator called an extended infinitesimal generator (Revuz-Yor 1991, p. 263).

In what follows we shall denote by C%-(R), p € K:, the set of real functions
with compact support, which are continuous with their derivatives up to the
order p.

Theorem 2.162. Let {X;,t € Ry} be a Feller process on R, having infinites-
imal generator A with domain D 4, such that C2(R) C D4. Then

(i) Ck(R) C Da.
(i1) For any relatively compact open set U there exist functions a, b, and ¢ <0
on U, and a kernel measure N(xz,B), © € U, B € R — {0}, which is a

Radon measure for any x € U such that, for f € C%(R) and x € U,
_ L, O%f
(AN@) = 502 2L + )2 4ot

of
+f " 700 = @) = )y = ) 5E | N e

If the process {Xi,t € Ry} has continuous paths, then

_ L, 0% of
(Af)(z) = §b (m)@ + a(x)% + c(z).
Proof . See, e.g., Revuz-Yor (1991, p. 267) O

Ezample 2.163. A Poisson process (see the following section for more details)
is an integer-valued Markov process (N¢)ier, . If its intensity parameter is
A > 0, then the process (Xt)teR+a defined by X; = N; — A, is a stationary
Markov process with independent increments. The transition kernel of X; is

= (\h)F
p(h,z, B) = Z ( k') e I ik—snepy forr € Nhe Ry, BC N
k=0 ’
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Its transition semigroup is then

RSO L) _
T(h)g(x) =) ¢ g(@+k—Ah) forz € N,g € BO(R).

k=0

The infinitesimal generator is then
Ag(z) = Mg(z + 1) — g(x)) — Ag(a+).
According to previous theorems,
t
M) = g0 — [ ds(a(Xe +1) — 9(X) = Mg/ (X )
0

is a martingale for any g € BC(R) (where ¢g(0) = 0).

The martingale problem for Markov jump processes

Consider a time-homogeneous Markov jump process (X;);cr, on a countable
state space E with a conservative intensity matrix @ = (gi;): jeE;

qij > 07 { 7& j7
qi ‘= —Qii = Z%’j'
J#i

The matrix @ can be seen as a functional @ : f — Q(f) on functions
f+E— Ry, by setting

QUG =Y 4 f(7) =Y ai;(f(j) = £(i), forany i€ E.
JEE i
For f bounded in E we have, for any s,t € R4,
E[f (Xiys)] — E[f(X1)]
= E[E[f(Xi+s) — f(Xe)[Xe]]
= Z P(Xy=1) Z(f(]) — [(0))P(Xeys = j|X¢ = 0).

i€E j#i
Since the process is time homogeneous

E[f(Xe4s)] — E[f(X0)]
=Y P(X;=1i)Y _(f(j) = f()P(Xs = j| Xo = i)
i€cE J#i

=D P(Xe =)y (f(G) = F(0)pi(s)-

i€E j#i
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We may then compute the limit

linn E{E[ﬂxtﬂ)} — E[f (X))}

. ; 1 ) ;
=lm{>_ P(Xe =)} ~pi(s)(FG) = F@)},
i€E j#i

Suppose we may interchange the limit with the sums of the series

d . ) ;

ZEX @)=Y P(Xe =) Y a;(f(4) — (D)

i€E i

which can be written as

d

(X)) = ElQ(f)(X:)]-

By returning to the integral formulation, we gain Dynkin’s formula for
Markov jump processes in terms of the intensity matrix @

E[f(X,)] - B[f(X))] = / E[Q(f)(X.)ds. (2.27)

Indeed, from Rogers and Williams (1994, pp. 30-37) we obtain the following
theorem.

Theorem 2.164. For any function g € CY°(R, x E) such that the mapping
0
t— —g(t

is continuous for all x € E, the process

(6.0 = 0.0 = [ (25822 + Quato. ) ) (x5

is a local martingale.

teR

Corollary 2.165. For any real function [ defined on E, the process

(700 = s - [ t QU)X (22)

teRL

18 a local martingale. Whenever the local martingale is a martingale, we
recover (2.27).

Proposition 2.166 (Martingale problem for Markov jump processes).
Given an intensity matriz Q, if an RCLL Markov process X = (X;)ier, on
E is such that the process (2.28) is a local martingale, then @ is the intensity
matriz of the Markov process X .
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2.8 Brownian Motion and the Wiener Process

A small particle (e.g., a pollen corn) suspended in a liquid is subject to
infinitely many collisions with atoms, and therefore it is impossible to ob-
serve its exact trajectory. With the help of a microscope it is only possible
to confirm that the movement of the particle is entirely chaotic. This type
of movement, discovered under similar circumstances by the botanist Robert
Brown, is called Brownian motion. As its mathematical inventor Einstein had
already observed, it is necessary to make approximations in order to describe
the process. The formalized mathematical model defined on the basis of these
facts is called a Wiener process. Henceforth, we will limit ourselves to the
study of the one-dimensional Wiener process in R, under the assumption that
the three components determining its motion in space are independent.

Definition 2.167. The real-valued process (W;)icr, is a Wiener process if
it satisfies the following conditions:

1. Wy = 0 almost surely.
2. (Wi)ier, is a process with independent increments.
3. W, — Wy is normally distributed with N(0,¢—s), (0 < s < ¢).

Remark 2.168. From point 3 of Definition 2.167 it becomes obvious that every
Wiener process is homogeneous.

Proposition 2.169. If (W;)ier, is a Wiener process, then
1. EW] =0 for allt € Ry

2. K(s,t) = Cov[Wy, W] = min{s, t}, s,te Ry
Proof.

1. By fixing ¢t € R, we observe that W, = Wy + (W, — W) and, thus, E[W;] =
E[Wy] + E[W; — W] = 0. The latter is given by the fact that E[W,] =
0 (by point 1 of Definition 2.167) and E[W; — Wy] = 0 (by point 3 of
Definition 2.167).

2. Let s,t € Ry and Cov[W,,W,] = E[W, W] — E[W,|E[W;], which (by
point 1) gives Cov[Wy, W] = E[W,W;]. For simplicity, if we suppose that
s < t, then

E[WW,] = EW(W, + (W, — Wy))] = E[W2] + E[W,(W; — Wy)].
Since (W})ter, has independent increments, we obtain
E[W,(W; — W) = E[W|E[W; — W],

and by point 1 of Proposition 2.136 (or point 3 of Definition 2.167) it follows
that this is equal to zero, thus

Cov[Wy, W] = E[W?2] = Var[Wy].
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If we now observe that Wy = Wy + (W, — Wy) and hence Var[Wy] =
Var[Wy + (W5 — Wy)], then, by the independence of the increments of the
process, we get

VCL’I”[W() + (WS — W())] = VCLT[W()] + VCLT[WS — Wo]
Therefore, by points 1 and 3 of Definition 2.167 it follows that
Var[Ws] = s = inf {s,t},

which completes the proof.

Proposition 2.170. The Wiener process is a Gaussian process.

Proof . In fact, if n € N*,(t1,...,t,) € R} with 0 =ty <t < ... <t, and
(a1,...,an) € R (b1,...,b,) € R™, such that a; < b;,i = 1,2,...,n, then it
can be shown that

a1<Wt1<b1,.. anth <b)

by
/ / g(0lz1,t1)g(x1]|22, t2 —t1) - g(@n—1|Tn, tn — tn_1)day - - - dry,
(2.29)

where

_lz—yl?
e 2t

g(xly,t) 5=

In order to prove that the density of (Wy,,..., Wy, ) is given by the inte-
grand of (2.29), by the uniqueness of the characteristic function, it is suffi-
cient to show that the characteristic function ¢’ of the n-dimensional real-
valued random vector, whose density is given by the integrand of (2.29),
is identical to the characteristic function ¢ of (Wy,...,Wy, ). Thus, let
A=(\1,...,\n) € R™. Then

o) = E [ei(Mth-‘f-----ﬁ-)\nth)}

— B [ OnWe =W, D+ QA1) (We,,_, — Wi ,2)+~»+<A1+---+An)wt1)}

n

= E |:€i>‘n(th_th71):| E |:€i()\n+)‘n*1)(wtn—l_th72)i|

)

B |:ei(>\1+"'+>\n)Wt1:|

where we exploit the independence of the random variables Wy, — Wy, .,
i =1,...,n. Furthermore, because (W;, =W, ,)is N(0,t;—t;—1),i=1,...,n
we get
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2
-2

oA =

~(An+r,_1)2
2

— 2
(tn_tnfl)e (tnfl_tan) .. ewtl

We continue by calculating the characteristic function ¢’:

+oo +oo
(25/()‘) _/ / eu'xg(mxlvtl)'"g(lﬂnflwmtn_tnfl)dzn"'dlﬂl

—0o0 —00
400 +oo
= / . </ EZAnmng(xnflLrnvtn - tnl)dxn) ceedxy.
—00 o0
Because
+oo ) 1 —Jo—m|? A AZo?
/ e e 22 dx=e"" "2, (2.30)
oo oV22w
we obtain

+o0 ) 22
¢'(N) = / e <e”‘"z"1;(tnt"1)> codxy
“+oo
= 67%%@"71571*1)/
+oo
(/ e O AT g (o1t — tn—2)d$n—1) eedxy.
Recalling (2.30) and applying it to each variable, we obtain

2
-2

(ZS/(A) —e 2 (tn_tnfl)e

—(ntrn_1)? — (A1t 4An)?
nfnl(tnfl—tnfz) . ewtl

and hence ¢'(A) = ¢(A). We now show that g(0|z1,¢1) - - g(Tn—1|Tn, tn—tn-1)
is of the form
1
(27)% Vdet K

e—%(x—m)/Kfl(x—m)_

We will only show it for the case where n = 2; then

—_

2
B (zy—z1)?
2|t to—tq]

g(0lz1,t1)g(x1 |zt — 1) =

—F——€
271’\/151 tg - tl)

1 22 (tg—t1)+(wg—x1)%ty
e 2 t1(ta—t1)

—~

—_

B 271’\/151 tg —tl)

—~

If we put

K= <§1 §1> (where K;; = Cov[Wy,,Wy,]5i,5 = 1,2),
1 t2
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then

resulting in

L ~1(x—m)' K~} (x—m)

O|lzq,t T1|xo,to — 1) = ——F——
90z, t1)g(@1|w2, t2 — t1) VAot
where my = E[W;,| = 0,me = E[Wy,] = 0. Thus

1 1orge—1
0z, t1)g(z1|za, te — t1) = ———e 2 K%,
g(O0lz1,t1)g(z1|22, t2 — t1) VAot i

completing the proof. O

Remark 2.171. By point 1 of Definition 2.167, it follows, for all ¢t € R, that
Wy = W — Wy almost surely and, by point 3 of the same definition, that W;
is distributed as N(0,t). Thus

1 b2
P(aSWtSb)zﬁ/ e 2 dx, a <b.

Proposition 2.172. If (W}).cr, is a Wiener process, then it is a martingale.

Proof. The proposition follows from Example 2.118 because (W;)icg, is a
centered process with independent increments. O

Theorem 2.173 (Kolmogorov’s continuity theorem). Let (X;);cr, be
a separable real-valued stochastic process. If there exist positive real numbers
r,c,€,0 such that

Vh < 6,Vt € Ry, E[|Xin — X¢|"] < ch*t, (2.31)

then, for almost every w € {2, the trajectories are continuous in R .

Proof . For simplicity, we will only consider the interval I =|0, 1], instead of
Ry, so that (X¢)¢ejo,1- Let t €]0,1] and 0 < h < ¢ such that t 4 h €]0, 1[.
Then by the Markov inequality and by (2.31) we obtain

P(|Xtyn — X¢| > h%) < hTFE[| Xy — X|7] < chTemk (2.32)
for £k > 0 and € — rk > 0. Therefore,
. _ Ky _ (.
%%P(|Xt+h Xt| > h ) 0,

namely, the process is continuous in probability and, by hypothesis, separable.
Under these two conditions, it can be shown that any arbitrary countable
dense subset Tp of ]0,1[ can be regarded as a separating set. Thus we define
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%_{;

and observe that, by (2.32),

j:L”wW—nneNﬁ

2" —2
1 1
P ¥ X2 ) < 2 P (e -]z 3)
J:
< 2nc27n(1+efrk) — C2fn(efrk)'

Because (e —7k) > 0 and 3", 27"(<7"%) < o0, we can apply the Borel-Cantelli
Lemma 1.161 to the sets
1
= W )

yielding P(B) = 0, where B = limsup,, F,, = (,, Ux<,, Fx- As a consequence,
if w¢ B, then w € 2\ (N,, Up>,, Fr), L.e., there exists an N = N(w) € N*
such that, for all n > N, -

\

Fn={ max ‘XjJrl - X

0<y<2n -1

1

g J=0...,2" -1 (2.33)

X%(w)—X%(w) <
Now, let w ¢ B and s be a rational number such that
§=j27" 40,27 4 g, 27 s e [j27 (G+1)277,
where either a; = 0 or a; = 1 and m € N*. If we put

b’l" = ]27’”’ _|_ a127(n+1) + e + aﬁr27(n+r)7

with bg = 727" and b,,, = s for r =0, ..., m, then

[ Xs(w) = Xjon(w)] < j{:|3Ybr+1 Xp, (W]

If ary1 = 0, then [b.,b.41[= 0; if a,y1 = 1, then [b,,b,.41] is of the form
[12=(dr+D) (1 4 1)2~ (474D Hence from (2.33) it follows that

|Xs( ) ]2 n | < Z 2 (n+7‘+1 S 2—77,1622—(7‘-‘1-1)]{} S j\42—nk}7
r=0
(2.34)

with M > 1. Fixing € > 0, there exists an N7 > 0 such that, for all n > Ny,
M2k < 5, and from the fact that M > 1 it also follows that, for all
n > Np, 277 < § Let tl,tg be elements of T, (separating set) such that

|t1 — ta| < min {271 27 N(w } If n = max { N1, N(w)}, then there is at most
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one rational number of the form 32%1 (j =1,...,2™ = 1) between t; and to.

Therefore, by (2.33) and (2.34), it follows that
| X1, (w) — X, ()]
< | X, (w) —Xi(w)‘ + ‘Xj+1(w) - Xy

J
I 27 b

()] + [ Xea (@) = X2 (@)

€ € €
< 3 + 3 + 3= €.

Hence the trajectory is uniformly continuous almost everywhere in 7 and
has a continuous extension in [0, 1]. By Theorem 2.27, the extension coincides
with the original trajectory. Therefore, the trajectory is continuous almost
everywhere in ]0, 1. O

Theorem 2.174. If (W,)ier, is a real-valued Wiener process, then it has
continuous trajectories almost surely.

Proof. Let t € Ry and h > 0. Because Wiy, — W, is normally distributed as
N(0,h), if we put Z; ), = W, then Z; j, has a standard normal distribu-
tion. Therefore, it is clear that there exists an r > 2 such that E[|Z; |"] > 0,
and thus E[|Wiy, —Wy|"] = E[|Zi4|"]h% . If we write r = 2(1+¢), then we ob-
tain E[|[Wipn — Wi|"] = ch!™<, with ¢ = E[|Z; ,|"]. The assertion then follows
by Kolmogorov’s continuity theorem. O

Remark 2.175. Since Brownian motion is continuous in probability, then
by Theorem 2.34, it admits a separable and progressively measurable
modification.

Theorem 2.176. Every Wiener process (Wy)ier, is a Markov diffusion
process. Its transition density is

_(=—y)?

e 3t

g(z,yit) = ———, for z,y€R, teRY.
2mt

Its infinitesimal generator is

167

A= 352

with domain D4 = C*(R).

Proof. The theorem follows directly by Theorem 2.73. See also Lamperti
(1977) and Revuz-Yor (1991, p. 264) O

Theorem 2.177 (Lévy characterization of Brownian motion). Let
(X¢)ter, be a real-valued continuous random process on a probability space
(2, F, P). Then the following two statements are equivalent:
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1. (Xi)ier, is a P-Brownian motion.
2. (X¢)ier, and (X? — t)ier, are P-martingales (with respect to their re-
spective natural filtrations).

Proof. (For example, Tkeda and Watanabe (1989)). Here we shall only prove
that statement 1 implies statement 2.

The Wiener process (W;);er, is a continuous square-integrable martingale,
with Wy, — W, ~ N(0,t — s), for all 0 < s < t. To show that W? — t is also a
martingale, we need to show that either

EW? —t|F]=W2—-s VY0<s<t
or, equivalently, that

EW2 -W2F)=t—-s Y0<s<t.
In fact,

EW? -WZ|F)=E {(Wt - Ws)2’ .7:5} =Var[W, — W] =t —s.
Because of uniqueness, we can say that (W;) = ¢ for all ¢ > 0 by indistin-
guishability. O

Additional characterizations are offered by the following proposition.

Proposition 2.178. Let (X;)icr, be a real-valued continuous process starting
at 0 at time 0, and let FX denote its natural filtration. It is a Wiener process
if and only if either of the following statements applies:

2
(i) For any real number X, the process (eXp {)\Xt - A—t}) is an FX -
teRL
local martingale.
)\2
(i) For any real number X, the process (exp {i)\Xt + ?t}> is an FX -
teR 4

local martingale.

Proof . See, e.g., Revuz-Yor (1991). O
We may state the converse of Proposition 2.170 as follows.

Proposition 2.179. Let (X;)icr, be a real-valued continuous process starting
at 0 at time 0. If the process is a Gaussian process satisfying

1. E[Xy]=0 forallt € Ry
2. K(s,t) = Cov[Xy, Xs] = min {s,t}, s,t e Ry

then it is a Wiener process.

Proof . See, e.g., Revuz-Yor (1991, p. 35). O
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Lemma 2.180. Let (W;)icr, be a real-valued Wiener process. If a > 0, then
P (max W, > a) =2P(W, > a).
0<s<t

Proof. We employ the reflection principle by defining the process (Wy)icr as

Wi =W, if W, < a,Vs < t,
Wy = 2a — W, if s < t such that W, = a.

The name arises because once W, = a, then Wy becomes a reflection of W
about the barrier a. It is obvious that (W;);cr is a Wiener process as well.
Moreover, we can observe that

max Wy > a
0<s<t

if and only if either W; > a or W; > a. These two events are mutually exclusive
and thus their probabilities are additive. As they are both Wiener processes,
it is obvious that the two events have the same probability, and thus

P (max W, > a> =P(W; >a)+P(W, > a) =2P(W; > a),

0<s<t
completing the proof. For a more general case, see (B.8). O

Theorem 2.181. If (W;)ier, is a real-valued Wiener process, then
1. P(supep, Wi = +00) =1
2. P(inft€R+ Wt = —OO) =1

Proof . For a > 0,
P<suth>a> ZP(sup Ws>a) _P(maXWS>a>,

teR, 0<s<t 0<s<t

where the last equality follows by continuity of trajectories. By Lemma 2.180:

Wt a
— > —, fort > 0.
NG \/¥>

teR4

P<sup Wt>a> Z2P(Wt>a)—2P(

Because W; is normally distributed as N (0, ), % is standard normal and,
denoting by @ its cumulative distribution, we get

() -2(-0(3))
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By lim; o @(\%) = %, it follows that

lim 2P

t2r (V> 1) -

o0
sup Wy = 400 p = ﬂ sup Wy >a p,
teR a1 | tER:
we obtain 1.

Point 2 follows directly from point 1, by the observation that if (W;)iecr,
is a real-valued Wiener process, then so is (—Wp)ter 4 O

L,

and because

Theorem 2.182. If (W;)ier, is a real-valued Wiener process, then

Vh > 0, P(maxWS>0)—P<minWS<0>—
0<s<h 0<s<h

Moreover, for almost every w € {2 the process (Wy)ier, has a zero (i.e.,
crosses the spatial axis) in 10, h] for all h > 0.

Proof. If h > 0 and a > 0, then it is obvious that

P(OmaxW >O)>P<maxW >a).

Then, by Lemma 2.180,

P(&lsax W, >a> —2P(Wh>a)—2P(:}/Vﬁ \;Z) :2(1—@(%)).

For a — 0, 2(1 — &(%)) — 1, and thus P(maxo<s<n Ws > 0) =

Furthermore,

P(mmW <0) <max(—WS)>O)—1.

0<s<h

Now we can observe that
P(max W5>O,Vh>0> 2P(ﬂ (max W5>0>> =1.
0<s<h ne1 \0<s<i

Hence

P<maxW>OVh>O) 1
0<s<
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and, analogously,

P(min WS<O,Vh>O) =1.
0<s<h

From this it can be deduced that for almost every w € 2 the process (Wy)ier,,
becomes zero in ]0, h] for all A > 0. On the other hand, since (Wy)icr, is a
time-homogeneous Markov process with independent increments, it has the
same behavior in |k, 2h] as in ]0, k], and thus it has zeros in every interval. [J

Theorem 2.183. Almost every trajectory of the Wiener process (Wy)ier, s
nowhere differentiable.

Proof. Let D = {w € 2|W,(w)be differentiable for at least one t € Ry}. We
will show that D C G, with P(G) = 0 (obviously, if P is complete, then
D€ F). Let k>0 and

Ak:{w

Then, if w € Ay, we can choose m € N sufficiently large such that ]%1 <t< #

Jim sup [Wiin(w) — Wi(w)]
h10 h

< k for at least one ¢ € [0,1[} .

for je{l,...,m},and for t < s < j%?’, W (s,w) is enveloped by a cone with
slope k. Then, for an integer j € {1,...,m}, we get

Wit (@) = W )] < [Wisa (@) = Walw)| + |- Wile) + W, @)

m

1 i . i
(G ) G )
m m m m
2k k 3k
=2 (2.35)
Analogously, we obtain that

’Wj 2 (W) — W, l(w)] <2 (2.36)

and

’Wj s (W) — Wia (w)’ < (2.37)
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Because % is distributed as N (0, 1), it follows that

Putting A, ; = {w|(2.35),(2.36),(2.37) are true}, because the process has in-
dependent increments, we obtain

P(Ap,;) = P{wl(

(o

and thus P(A,, ;)

(2.35) is true}) P({w]|(2.36) is true})P({w|(2.37) is true})
) ? 3k 5k Tk
<c

I /\

mmm

mm

,j=1,...,m. Putting A,, = U;n:l A, i, then

NJ=

| /\

Now let m =n* (n € N*); we obtain P(A,1) < ¢n~? = -5 and thus

DD P <0 5 < oo

n

Therefore, by the Borel-Cantelli Lemma 1.161,
P <lim sup An4> =0.

A, C liminf A4,, U ﬂ A; C hm inf A2 C lim sup Apa,

m i>m

It can now be shown that

hence Aj, C A;;4 and P(A;;4) = 0. Let
Dy = {w|W(-,w) is differentiable in at least one ¢ € [0, 1[}.

Then Dy C Uiozl A = Gy, which means that Dy is contained in a set of
probability zero, namely, Dy C Gy and P(Gp) = 0. Decomposing Ry =

U,,[n, n + 1[, since the motion is Brownian and of independent increments,

D,, = {w|W(-,w) is differentiable in at least one ¢t € [n,n + 1[},
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analogously to Dy, will be contained in a set of probability zero, i.e., D,, C G,
and P(Gy) =0. But D C {J,, D», C U,, Gn, thus completing the proof. O

A trivial consequence of the preceding theorem is the following corollary.

Corollary 2.184. Almost every trajectory of a Wiener process (Wy)ier, is
of unbounded variation on any finite interval.

An important property of the trajectories of a Brownian motion is their
Holder continuity. We may recall that a real function f defined on a real
line satisfies a Holder condition, or is Holder continuous, when there are
nonnegative real constants C, o such that

|f(y) = f(@)] < Cly — =|*

for all x and y in the domain of f. The number « is called the exponent or
order of the Holder condition.
The following theorem holds.

Theorem 2.185. Almost every trajectory of a Wiener process (Wy)ier, is

Holder continuous for any order a < —.

Almost every trajectory of a Wiener process (W;)icr, is not Hélder con-

1

tinuous for any order o > 3
Proof . See, e.g., O
Proposition 2.186. Let (W;)icr, be a Wiener process; then the following
properties hold:

(i) (Symmetry) The process (—Wy)ier, is a Wiener process.

(ii) (Time scaling) The time-scaled process (Wy)ier, defined by

W, =tWy, t>0, Wo=0

is also a Wiener process. ~
(iii) (Space scaling) For any c # 0, the space-scaled process (Wy)ier, de-
fined by

Wt:CWt/Cz, t>0, WQZO,
is also a Wiener process.

Proof . See, e.g., Karlin and Taylor (1975), Rogers and Williams (1994, p. 4),
Klenke (2014, p. 465). O
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Proposition 2.187. If (W;)icr, is a Wiener process, then the process
X, =W, —tWi, tel0,1]
18 a Brownian bridge.
Proof . See, e.g., Revuz-Yor (1991, p. 35). O

We may observe that Xy = X; = 0, from which the name follows.

Proposition 2.188 (Strong law of large numbers). Let (W;)icr, be a
Wiener process. Then

Wi
e — 0, as t — +o0, a.s.

Proof . See, e.g., Karlin and Taylor (1975). O

Proposition 2.189 (Law of iterated logarithms). Let (W;)cr, be a
Wiener process. Then

li W 1

imsup —m—— = a.s.,
t—>+oop Vv2tinlnt

. Wi

lim inf a.s

t=+o0 /2¢tInlnt T

As a consequence, for any ¢ > 0 there exists a tg > 0 such that for any t > t
we have

—(14+e)V2tlnlnt <W; < (1+¢)V2tinlnt, a.s.

Moreover,
PWy > (1+e¢€)v2tinlnt, io0.) =0;
while
P(W; > (1—¢€)V2tinlnt, i.0.) = 1.
Proof . See, e.g., Breiman (1968). O

Proposition 2.190. For almost every w € 2 the trajectory (Wy(w))ier, of

a Wiener process is locally Hélder continuous with exponent ¢ if § € (0, 5)

But for almost every w € (2 it is nowhere Holder continuous with exponent &

. 1
Zf5> 5
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Wiener Process Started at x

Let (W;)ier, be a Wiener process. For any x € R the process (W;)ier,,
defined by
th Z:J/"i‘Wt tERJ,_,

is called a Wiener process started at x. It is such that for any ¢ € R} and any
B € Br

z 1 _w-=)?
P(Wf € B) = e 2 dy.
27t JB

Reflected Brownian Motion

If (Wy)ier, is a Wiener process, the process (|Wy|)ier, is valued in R ; its
transition density is

9(@,y;t) = \/% [@m{—%} +eXp{—%H ;

for x,y e Ry, t € RY.
It is known as reflected Brownian motion.
Its infinitesimal generator is
1 02
2 0x2’
(Lamperti (1977), pp. 126 and 173).

A= with domain Da = {f € C*(R})| f/(0) =0}

Absorbed Brownian Motion

Let (W;)ier, be a Wiener process; for a given a € R let 7, denote the first
passage time of the process started at Wy = 0. The stopped process (X¢)icr,
defined by

Xy =W, for 0<t<T,
X; =a, for t>71,,

is called absorbed Brownian motion.
Its cumulative probability distribution is given by

) too 2
P(X, <y) = \/ﬁ/iooe 2tdz—/2 e 2tdz for y<a,

a—y
1 for y > a,

for any t € R4 and any y € R.
Its infinitesimal generator is
1 0%
2 92’
with domain Dy = {f € C?*(Ry)|f(z) =0, forz>a} (Schuss (2010,
p. 58)).

A:
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Brownian Motion After a Stopping Time

Let (W (t)):er, be a Wiener process with a finite stopping time 7" and Fr the
o-algebra of events preceding T. By Remark 2.175 and Theorem 2.49, W (T)
is Fpr-measurable and, hence, measurable.

Remark 2.191. Brownian motion is endowed with the Feller property and
therefore also with the strong Markov property (This can be shown using the
representation of the semigroup associated with (W (t))icr, .).

Theorem 2.192. Resorting to the previous notation, we have that

1. The process y(t) = W(T +t) —W(T),t > 0, is again a Brownian motion.
2. o(y(t),t > 0) is independent of Fr.

(Thus a Brownian motion remains a Brownian motion after a stopping time.)

Proof. If T = s (s constant), then the assertion is obvious. We now suppose
that T has a countable codomain (s;);en and that B € Fr. If we consider
further that 0 <t¢; < --- < t, and that Ay,..., A, are Borel sets of R, then

P(y(tl) € A17 v 7y(tn) € AnuB)

= Zp(y(tl) (S Al, c. ,y(tn) S An,B,T = Sj)
JEN

=Y P((W(t1 +s5) — W(s;)) € As, ...
JEN

,(W(tn + Sj) — W(S])) €A, BT= Sj).

Moreover, (T' = s;) N B = (BN (T < s5)) N (T = s;) € Fs, (as observed
in the proof of Theorem 2.49), and since a Wiener process has independent
increments, the events (W (t14s;)—W(s;)) € A1,..., W(tn+s;)—W(s;)) €
A,) and (B, T = s;) are independent; therefore,

P(y(tl) S Al, A ,y(tn) (S An,B)

=Y P((W(t1+s;) = W(s;)) € Ay, ...
JEN

e (W(tn + Sj) — W(Sj)) S An)P(B,T = Sj)

=Y P(W(t) € Ar,...,W(ty) € A,)P(B,T = s;)
JEN

= P(W(ty) € Ay,...,W(t,) € A,)P(B),

where we note that W (ty + s;) — W(s;) has the same distribution as W (¢x).
From these equations (having factorized) follows point 2. Furthermore, if we
take B = {2, we obtain

P(y(tl) S Al, e ,y(tn) S An) = P(W(tl) S Al, .. ,W(tn) S An)
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This shows that the finite-dimensional distributions of the process (y(t)):>0
coincide with those of W. Therefore, by the Kolmogorov—Bochner theorem,
the proof of 1 is complete.

Let T be a generic finite stopping time of the Wiener process (W;):>o and
(as in Lemma 2.97) (T, )nen a sequence of stopping times such that T;, >
T,T, 1T as n — oo and T}, has an at most countable codomain. We put, for
allm € N y,(t) = W(T,, +t) — W(T,) and let B € Fr,0 < t; < -+ < .
Then, because for all n € N, Fr C Frp, (see the proof of Theorem 2.98) and
for all n € N, the theorem holds for T}, (as already shown above), we have

P(yn(t1) < @1, yn(te) < @p, B) = P(W(t1) < a1,...,W(tk) < ax)P(B).

Moreover, since W is continuous, from T,, | T as n — oo, it follows that
yn(t) = y(t) a.s. for all ¢ > 0. Thus, if (x1,...,2%) is a point of continuity
of the k-dimensional distribution Fy, of (W (t1),..., W(tx)), we get by Lévy’s
continuity Theorem 1.178

Py(t1) < x1,...,y(tx) < zk, B)
=PW(t1) <x1,...,W(ty) < z)P(B). (2.38)

Since F} is continuous almost everywhere (given that Gaussian distributions
are absolutely continuous with respect to the Lebesgue measure and thus
have density), (2.38) holds for every x1,...,xk. Therefore, for every Borel set
Aq,..., A, of R, we have that

P(y(tl) S Al, Ce ,y(tk) S Ak, B) = P(W(tl) S Al, ceey W(tn) S Ak)P(B),
completing the proof. (|

Definition 2.193. The real-valued process (Wi(t),..., Wn(t))i>, is said to
be an n-dimensional Wiener process (or Brownian motion) if

1. For alli € {1,...,n}, (W;(t))e>0 is a Wiener process
2. The processes (W;(t))i>0, ¢ = 1,...,n, are independent

(thus, the o-algebras o(W;(t),t > 0),4=1,...,n, are independent).

Proposition 2.194. If (Wi(t),...,Wnu(t))i>¢ is an n-dimensional Brownian
motion, then it can be shown that

1. (W1(0),...,W,(0)) = (0,...,0) almost surely.

2. (Wi(t),...,Wq(t))i;>o has independent increments.

3. (Wi(t),...,Wn(t)) — (Wi(s),...,Wn(5)),0 < s < t, has multivariate
normal distribution N (0, (t — s)I) (where 0 is the null vector of order n
and I is the n x n identity matriz).

Proof . The proof follows from Definition 2.193. O
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2.9 Counting, and Poisson Processes

Whereas Brownian motion and the Wiener process are continuous in space
and time, there exists a family of processes that are continuous in time, but
discontinuous in space, admitting jumps. The simplest of these is a counting
process, of which the Poisson process is a special case. The latter also allows
many explicit results. The most general process admitting both continuous
and discontinuous movements is the Lévy process, which contains both Brow-
nian motion and the Poisson process. Finally, a stable process is a particular
type of Lévy process, which reproduces itself under addition.

Though not necessary in general, here we refer to simple counting processes
(see later for a definition).

Definition 2.195. Let (7;);en+ be a strictly increasing sequence of positive
random variables on the space (£2,F,P), with 79 = 0. Then the process

(Ni)ier, given by

Ny = Z I[n,-i—oo](t)v te ]RJH
1€N*

valued in N, is called a counting process associated with the sequence (7;);en-.
Moreover, the random variable 7 = sup; 7; is the explosion time of the process.
If 7 = oo almost surely, then Ny is nonexplosive.

We may easily notice that, due to the following equality, which holds for
any t1,t2,...,ty € R+,

P(Tl Stl,Tg Stg,...,TnStn)ZP(N(tl) 2 1,N(f2) 22,...,N(tn)2n),

we may claim that it is equivalent to knowledge of the probability law of
(Nt)ier, and that of (7, )nen-.

Theorem 2.196. Let (]-})te]yh be a filtration that satisfies the usual hypothe-
ses (Definition 2.35). A counting process (Ni),cg, is adapted to (Fi)ieg, if
and only if its associated random variables (T;);en+ are stopping times.

Proof . See, e.g., Protter (1990, p. 13). O
The following proposition holds (Protter 1990, p. 16).

Theorem 2.197. Let (Nt),ge]R+ be a counting process. Then its natural filtra-
tion is right-continuous.

Hence, by a suitable extension, we may consider as underlying filtered
space the given probability space (£2, F, P) endowed with the natural filtration
Fi = o {Ns|s < t}.

With respect to the natural filtration, the jump times 7, for n € N* are
stopping times.
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Remark 2.198. A nonexplosive counting process is RCLL. Its trajectories
are right-continuous step functions with upward jumps of magnitude 1 and
Ny = 0 almost surely.

Proposition 2.199. An RCLL process may admit at most jump
discontinuities.

Definition 2.200. We say that a process (X;):cr, has a fized jump at a time
tif P(Xy # X4-) >0

Poisson Process

Definition 2.201. A counting process (N;)ier, is a Poisson process if it is
a process with time-homogeneous independent increments.

Theorem 2.202(Cynlar (1975, p. 71); Protter 1990, p. 13). Let
(Nt)ier, be a Poisson process. Then a X > 0 exists such that, for anyt € Ry,
Ny has a Poisson distribution with parameter At, i.e.,

Y (A)™

n'

P(N; =n) = ., neN

Moreover (N¢)ier, is continuous in probability and does not have explosions.

Proposition 2.203 (Chung (1974)). Let (N;)ier, be a Poisson process.

Then
P(Too = 0) =1,

namely, almost all sample functions are step functions.

The following theorem specifies the distribution of the random variable
Ni, t € R+.

Theorem 2.204. Let (N¢)ier, be a Poisson process of intensity A > 0. Then
for any t € Ry, E[Ny] = At, Var[Ny] = At, its characteristic function is

() = B[] = (-
and its probability-generating function is

gn,(u) = B [u™] = MU=l ueRY.

Proof. All formulas are a consequence of the Poisson distribution of N; for
any t € Ry:

- i n()\i' =\t Z it_nl ' = At,
n=0 :



2.9 Counting, and Poisson Processes 147

L LISV o T S L) LY
n=0

n! o (n—1)!

= (/(t)z + X,
Var[Ny] = E [N?] - (E[N)?,

E [eiuNt] _ i eiun (/\t)n e~ At _ 7)\t(1 exp{iu}) Z

e—)\t(l—exp{iu}) ,

)\te — At exp{iu}

o0

E [’U,N':I _ Z u" ()\t?n e_)\t _ e)\t(u_l) Z (U)\T)n e—u)\t _ ekt(u—l)'
n. n.
n=0 n=0

O
Due to the independence of the increments, the following theorem holds.

Theorem 2.205. A Poisson process (Ni)icr, is an RCLL Markov process.

Proposition 2.206 (Rolski et al. (1999), p. 157; Billingsley (1986),
p- 307). Let (Ny)ier, be a counting process. From the definition, T, =
inf {t € Ry : N, > n}; we denote by T,, = 7, — Tn—1, for n € N\ {0}, the
interarrival times. The following statements are all equivalent:

Pt (Nt)ier, is a Poisson process with intensity parameter A > 0.

P? : T, are independent exponentially distributed random variables with pa-
rameter \.

P3 : For any t € Ry, and for any n € N — {0}, the joint conditional distri-
bution of (Th,...,Tyn), given {N; = n}, has density

n!
t_n]-{0<t1<---<tn}

with respect to the Lebesque measure, i.e., it has the same distribution of
the order statistics of n independent real random variables having uniform
law on [0,t].

P* : For any 0 <ty < --- <t the increments Ny, — Ny, ..., Ny, — Ny, _, are
independent and each of them is Poisson distributed:

Ny, — Ny, oy~ P(/\(tl - ti*1>)'
P> (Nt)ier, has time-homogeneous independent increments and, as h | 0,

P(Np =1) = A+ o(h),
P (Ny, >2) = o(h);

moreover, (N¢)ier, has no fized jumps.
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Theorem 2.207. A process (Nt)teRJr with stationary increments has a
version in which it is constant on all sample paths except for upward jumps
of magnitude 1 if and only if there exists a parameter A > 0 so that its char-
acteristic function

o, (u) = B [¢N1] = e M(mowtivh)

or, equivalently, Ny ~ P(At).
Proof . See, e.g., Breiman (1968). O

Remark 2.208. Let us consider a Poisson process (N¢)icr, with intensity
parameter A > 0; for any a,b € Ry, a < b we denote

N((a,b]) = Ny — N,. (2.39)

Due to the fact that (N¢)¢cr, is nondecreasing and cadlag, with N(0) = 0, by
means of (2.39) it will generate a random measure on Bg, in the usual way.
It is such that, for any B € Bg,,

N(B) =t{n e N*|r,, € B}.

It is not difficult to show that N(B) is a Poisson random variable with
parameter Av'(B), where v! denotes the usual Lebesgue measure on Bg, .

A particular consequence of this is the fact that a Poisson process (NV;)cr,,
cannot have a fixed jump at any ty € Ry since

P(Nto - Nto*) = P(N({t()} > O) =1- 67)\1,1({150}) =1—-1=0.

Theorem 2.209. Let (N;)ier, be a Poisson process of intensity \. Then
(Ne — At)ier, and ((Ny — Mt)* — At)ier, are martingales.

Remark 2.210. Because My = (N; — At)? — \t is a martingale, by uniqueness,
the process (At)icr, is the predictable compensator of (Ny — At)?, i.e., (N; —
At)?) = M, for all t € R4, as well as the compensator of the Poisson process
(Ni)ier, directly.

The following theorem, known as the Watanabe characterization, provides
the converse of Theorem 2.209 (e.g., Bremaud (1981), p. 25).

Theorem 2.211. Let (Ny)ier, be a counting process. Suppose that a deter-
ministic A € R ewxists such that (N, — )\t)teR+ is a martingale with respect to
the natural filtration of the process; then, (N¢)icr, is a Poisson process.

Corollary 2.212 (Cynlar (1975, p. 76)). Let (N;)ier, be an integer-
valued stochastic process such that its trajectory almost surely satisfies the
following statements:
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1. It is nondecreasing.

2. It increases by jumps only.
3. It is right continuous.

4. No=0.

Then (N¢t)ier, is a Poisson process with (deterministic) intensity A € R if
and only if

(a) Almost surely each jump of the process is of unit magnitude.
(b) For any s,t € Ry
E[Nt+s - Ntlj:t] =)As a.s.

Theorem 2.211 can be extended to the nonhomogeneous case.

Theorem 2.213. Let (N;)ier, be a counting pmcess and let A : Ry — Ry

be a locally integrable function such that (N — fo 5)ds)ier, s a martingale
with respect to the natural filtration of the process; then (Nt)ter, is a Poisson
process, with nonhomogeneous intensity A(t), i.e., for all 0 < s <t, Ny — Ny
is a Poisson random variable with parameter fst A(7)dr, independent of Fs.

Definition 2.214. A counting process (Ny):er, is simple if

P(Ny — N;- €{0,1} forany teRy)=1.

Definition 2.215. A counting process (Ny)ier, is orderly if

> J—
%%hP(Nt 2) = 0.

Proposition 2.216. A Poisson process with intensity A > 0 is orderly and
simple.

Proof . A Poisson process has time-homogeneous increments; since it is orderly,
it is also simple by Proposition 3.3.VI in Daley and Vere-Jones (1988). Further,
since A is finite, simplicity implies orderliness by Dobrushin’s lemma (e.g.,
Daley and Vere-Jones (1988), p. 48). O

Theorem 2.217. Let (N¢)ier, be a simple counting process on R, adapted
to Fy. If the Fi-compensator (Ai)ier, of (Ni)ier, is a continuous and Fo-
measurable random process, then (Ny)icr, is a doubly stochastic Poisson pro-
cess (with stochastic intensity), directed by Ay, also known as a Cox process.

Proof . For u € R let

M, (’U,) _ eiuNt —(exp{iu}—1)A,
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Then, using the properties of stochastic integrals, it can be shown that

B[M;(w)|Fo] = B | ¢~ (exelinl=na

fo} —1.

Because A; is assumed to be Fy-measurable,

E [eiuNt |‘/—"O] — e(cxp{iu}fl)At,

representing the characteristic function of a Poisson distribution with
(stochastic) intensity Ay. O

Definition 2.218. We say that (Z;)icr, is a compound Poisson process if it
can be expressed as

Zy=0
and
Nt
Zy = ZY’“ for t > 0,
k=1

where Ny is a Poisson process with intensity parameter A € R* and (Yi)ren-
is a family of i.i.d. random variables, independent of NV;, whose common law
Py has no atom at zero.

By proceeding as for the compound Poisson distribution, we may easily
show that the characteristic function of a compound Poisson process, for any
t € Ry, is given by

ox. ) =exp{ =t [ 21 =P |
= exp {—t/R(l - eiuy)u(dy)} , u € R, (2.40)

if we set v := APy.

2.10 Random Measures
Consider a locally compact Polish space (E, Bg) (for example, E = RY, d €
N*); we denote by N the family of all c—finite measures on (E, Bg); we define

the measurable space (N, Byr) by assigning Bar as the smallest o—algebra on
N with respect to which all maps

peN— {M(B) EBR+,B€BE}

are measurable.
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Definition 2.219. Given a probability space (£2, F, P), a random measure
on (E,Bg) is any measurable function

N: (2, F) = (N,By).

We say that N is a random point measure on (E,Bg) if N is the family
of all o—finite integer valued measures on (E,Bg), ie., for any B € B,
N(B) e N:=NU{co}.

2.10.1 Poisson Random Measures

Definition 2.220. Given a probability space (£2,F, P), a Poisson random
measure with intensity measure A on the Polish space (E,Bg) is a random
point measure N on (E, Bg) such that

(i) for any B € Bg, N(B) is an integer valued random variable on (£2, F, P),
admitting a Poisson distribution with parameter A(B), i.e.

where A is a deterministic c—finite measure on Bg, called the intensity
measure of the process.
An obvious consequence is that

A(B) = EIN(B)], B e Bg.

(ii) for any finite family of disjoint sets By, Ba, ..., B,k € N\ {0,1}, of el-
ements of By, the random variables N(By), N(Bs),..., N(By) are inde-
pendent.

In (i) we assume that whenever A(B) = 0, then N(B) = 0, a.s.; while
whenever A(B) = +00, then N(B) = o0, a.s.

Theorem 2.221 Given a deterministic c— finite measure A on a Polish space
(E, Bg), there exists a Poisson random measure N on (E,Bg), such that for
any B € Bg,

Proof . See, e.g., Ikeda and Watanabe (1989, p. 42). O

Proposition 2.222 Suppose that N is a Poisson random measure with inten-
sity measure A on the Polish space (E,Bg); then the support of N is P—a.s.
countable. If in addition A is a finite measure, then the support of N is P—a.s.
finite.

Proof . See, e.g., Kyprianou (2014, p. 42). O
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The following theorem somehow extends to Poisson random measures the
known characterization of the Poisson process as from Section 2.9.

Theorem 2.223 Let A be an atom-free measure on the Polish space (E,Bg);
that is A({z}) = 0, for any x € E. Let N be a random point measure on
(E,Bg). Then the following statements are equivalent:

(i) N is a Poisson random measure with intensity measure A.
(i) N is a simple point measure; i.e.

P(N({z}) >1, forsome z¢€ E)=0,
and

P(N(B)=0)=e 4®  for all bounded B € Bg. (2.41)

Proof . See, e.g., Klenke (2008, p. 529). O

Theorem 2.224 Consider

a) a Poisson random measure N with intensity measure A on the Polish space
b) a measurable function f: (E,Bg) — (R, Br).

Then
(1)
X(1) = [ f@n)
is absolutely convergent if and only if

/E(l A f(z))A(dz) < +oo; (2.42)

(i) when Condition (2.42) holds, then, for any 8 € R,

E [e“’XO‘)} = exp {—/E (1 - eiﬁf(z)) A(d:z:)} ; (2.43)

hence the characteristic functional of N is

on(f)=E {eiX(f)} = exp {—/E (1 - eif(z)) A(da:)} ; (2.44)

(iii) further, when
/Elf(x)l/l(dar) < 400, (2.45)
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then
X = B[ f@N@)] = [ foads: (240
and when both

/(f(x))ZA(dx) < +o0, / |f(z)|A(dx) < +o00, (2.47)
E E

then

BIX() = [ (F@)Atae) + ( / f(:v)/l(d:v)>2; (2.48)

E
hence
Var[X(f)] = E[X(f)*] - (E[X()*; (2.49)
Varl [ fa)N@)] = [ ()2 a(da), (2.50)
Proof . See, e.g., Kyprianou (2014, p. 43), and Klenke (2008, p. 530). O

Remark 2.225. Equation (2.46) is known as the first Campbell formula.

2.11 Marked Counting Processes

We now extend our presentation to the class of counting processes at large,
including the so-called marked counting processes.

For a more detailed updated account on random measures and point pro-
cesses, the reader may refer to Daley and Vere-Jones (2008), Karr (1986).

2.11.1 Counting Processes

A counting process N, introduced in Definition 2.195, can be represented as
a random point measure on R, as follows:

N = ZeTn,

neN*

defined by the sequence of random times (73, )nen+ on the underlying proba-
bility space ({2, F, P). Here ¢ is the Dirac measure (also called point mass)
on R4, ie.,

1 ifte A,
VA€ Bg, : Et(A)_{OiftgéA.
Definition 2.226. (A*): Let F; = 0(N,,0 < s <), t € Ry, be the natural
filtration of the counting process (IV;);er, . We assume that
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1. The filtered probability space (£2,F, (F;)icr, , P) satisfies the usual hy-
potheses (Definition 2.35).

2. E[Nt] < oo for all t € R4, thus avoiding the problem of exploding
martingales in the Doob—Meyer decomposition (Theorem 2.143).

Proposition 2.227. Under assumption (A*) of Definition 2.226, there exists
a unique increasing right-continuous predictable process (A¢)ier, such that

1. Ag =0.

2. P(At < o0) =1 for any t > 0.

3. The process (M,g),ge]R+ defined as My = Ny — A; is a right-continuous zero-
mean martingale.

The process (At)ier, is called the compensator of the process (Ni)icr, -

Proposition 2.228 (Bremaud (1981); Karr (1986)). For every nonneg-
ative Fy-predictable process (Cy)ier, , by Proposition 2.227, we have that

E [/OOO ctht} =E UOOO CtdAt]. (2.51)

Theorem 2.229. Given a point (or counting) process (Ni)ier, satisfying as-
sumption (A*) of Definition 2.226 and a predictable random process (A¢)ier.,
the following two statements are equivalent:

1. (Ay)ier, is the compensator of (N¢)ier, -
2. The process My = Ny — A is a zero-mean martingale.

Remark 2.230. In infinitesimal form, (2.51) provides the heuristic expression
dA; = E[dN¢|Fi_],

giving a dynamical interpretation to the compensator. In fact, the increment
dM; = dN; — dA; is the unpredictable part of dN; over [0, [, therefore also
known as the innovation martingale of (N;)ier,, -

In the case where the innovation martingale M, is bounded in L?, we may
apply Theorem 2.145 and introduce the predictable variation process (M),
with (M)o = 0 and M? — (M), being a uniformly integrable martingale. Then
the variation process can be compensated in terms of A; by the following
theorem.

Theorem 2.231 (Karr (1986, p. 64)) Let (N)icr, be a point process on
Ry with compensator (At)teR+; and let the innovation process My = N; — A
be an L?-martingale. Defining AA; = Ay — Ay_, then

(M) = /(:(1 — AA,)dA,.
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Remark 2.232. In particular, if A, is continuous in ¢, then AA; = 0, so that
(M); = A;. Formally, in this case we have

E [(dN; — E[dNy|F_])?| Fe—] = dA; = E[dNy|F_],
so that the counting process has locally and conditionally the typical behavior
of a Poisson process.

Let N be a simple point process on Ry with a compensator A, satisfying
the assumptions of Proposition 2.227.

Definition 2.233. We say that N admits an F;-stochastic intensity if a
(nontrivial) nonnegative, predictable process A = (A)ier, exists such that

t
At - / Asd57 t e R+.
0

Remark 2.234. Due to the uniqueness of the compensator, the stochastic
intensity, whenever it exists, is unique.

Formally, from

dA, = E[dN|F,_]

it follows that
Aedt = E[dNy| Fi—],

i.e.,

) 1
o= i, g ELANIZ]

and, because of the simplicity of the process, we also have

. 1
)\t = A%E}(IH- EP(ANt = 1|]:t—)7

meaning that \;dt is the conditional probability of a new event during [¢, t4dt],
given the history of the process over [0, t].

Ezample 2.235. (Poisson process). A stochastic intensity does exist for a
Poisson process with intensity (A;).er, and, in fact, is identically equal to the
latter (hence deterministic).

A direct consequence of Theorem 2.231 and of the previous definitions is
the following theorem.

Theorem 2.236 (Karr 1986, p. 64). Let (N;)icr, be a point process satis-
fying assumption (A*) of Definition 2.226 and admitting stochastic intensity
(At)ier, - Assume further that the innovation martingale
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t
Mt:Nt—/ Asds, t€R+
0

is an L?-martingale. Then for anyt € R, :

(M) = /Ot Asds.

An important theorem that further explains the role of the stochastic
intensity for counting processes is as follows (Karr 1986, p. 71).

Theorem 2.237. Let (£2,F,P) be a probability space over which a simple
point process with an Fy-stochastic intensity (\¢)ier, is defined. Suppose that
Py is another probability measure on (§2, F) with respect to which (Ny¢)ier, s
a stationary Poisson process with rate 1. Then P << Py, and for any t € R

we have AP t t
= exp{/ (1—Xs)ds +/ ln)\SdNS}. (2.52)
dfb 0 0

Conversely, if Py is as above and P a probability measure on (2, F), absolutely
continuous with respect to Py, then there exists a predictable process \ such
that N has stochastic intensity A with respect to P [and (2.52) holds].

2.11.2 Marked Counting Processes

We will now consider a locally compact Polish space endowed with its Borel o-
algebra (E, Bg) and introduce a sequence of (E, Bg)-valued random variables
(Zn)nen+ in addition to the sequence of random times (7, )nen+, which are
R -valued random variables.

Definition 2.238. The random measure on R, x E,
N = Z e(Tn;Zn);
neN*

is called a marked counting process with mark space (E,Bg). The random
variable Z,, is called the mark of the event occurring at time 7,. The process

N, =N([0,t] x E), teRy,

is called the underlying counting process of the process N. As usual, we assume
that the process (IVy)ier, is simple.

For B € By the process
Ni(B) := N([0,t] x B) = > Ijy <.z, em(t), te Ry,
neN*

represents the counting process of events occurring up to time ¢ with marks
in B € Bg. The history of the process up to time ¢ is denoted as
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Fi:=0(Ns(B)|0<s<tBEeBg).

We will assume throughout that the filtered space (2, F, (F;)ier, , P) satisfies
the usual hypotheses (Definition 2.35).

Remark 2.239. Note that, for any n € N*, while 7,, is F-, _-measurable, Z,
is Fr, -measurable but not F,, _-measurable; indeed

Fr, =0 ((11,21)y ., (Tns Zn))

whereas
‘FTnf =0 ((7-17 Zl); ey (Tnfla anl)v'rn) .

Hence 7, is an (F;)¢cr, stopping time.

By a reasoning similar to that employed for regular conditional proba-
bilities in Chap. 1, the following theorem can be proved, which provides an
extension of Theorem 2.229 to marked counting processes.

Theorem 2.240 Bremaud (1981); Karr (1986); Last and Brandt
(1995). Let N be a marked counting process such that the underlying counting
process (Ny)ier, satisfies the assumptions of Proposition 2.227. Then there
exists a unique random measure A on Ry x E such that

1. For any B € Bg, the process A([0,t] x B) is Fi-predictable.
2. For any nonnegative Fi-predictable process C on Ry x E:

E [/ C(t, z)N(dt x dz)} ) [/ C(t, 2)A(dt x dz)

The random measure A introduced in the preceding theorem, i.e. the Fy-
compensator of the process IV, is called intensity measure of the process. The
preceding theorem again suggests that formally the following holds:

A(dt x dz) = E[N(dt x dz)|Fo_].

Definition 2.241. Let N be a marked counting process as in Definition 2.238.
If the sequence of marks (Z,,),en+ is made of i.i.d. random variables, indepen-
dent of the underlying counting process (N;):er, , with common probability
law @z, then N is called a marked counting process with independent marking.

Proposition 2.242 (Independent marking) Consider a simple marked
counting process N on Ry, with independent marking given by a sequence
(Zn)nen+ of i.i.d. random variables taking values in (E,Bg). Let Qz be the
common distribution of the marks, and let v be the (random) intensity measure
of the underlying counting process (Nt)ier, . Then the intensity measure of the
marked counting process N is given by
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A(dt x dz) = v(dt)Qz(dz).

Proof .
See, e.g., Karr (1986, p. 17), Mikosch (2009, p. 246). O

The following proposition extends the previous one to the case of depen-
dent marking.

Proposition 2.243 Consider a simple marked counting process N on R, de-
fined as in Definition 2.238, with marks given by a sequence (Zy,)nen+ random
variables taking values in (E,Bg). Assume that

a) (Zn)nen+ is an independent sequence conditional upon FT := o{7,, n €
N*};

b) for any n € N*| the random wvariable Z, is independent of T, m €
N*, m # n;

¢) for anymn € N*, and any B € Bg, and any t € Ry,

P(Zn€B|Tn:t):@(taB)a

where & : (Ry x Bg) — [0,1], such that, for any B € Bg, the map

t € Ry — &(t, B) is measurable and, for anyt € Ry, P(t,-) is a probability

measure on Bg.

If v is the (random) intensity measure of the underlying counting process
(Ni)ier, , then the intensity measure of the marked counting process N is
given by

A(dt x dz) = v(dt)P(t, dz). (2.53)

Proof .
See, e.g., Last and Brandt (1995, p. 177), or Karr (1986, p. 66). O

We may remark that, thanks to the fact that, for any ¢t € Ry, &(¢,-) is a
probability measure on Bg,

A(dt x E) = v(dt),

as expected.

It may happen that v is absolutely continuous with respect to the usual
Lebesgue measure on R, so that it admits a density A € £ (R;.), such that,
for any a,b € R,

b
v(dt) = / A(t)dt.
Then, from (2.53) we get
A(dt x dz) = A(t)P(t, dz)dt,

and, for any B € Bg,
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A(dt x B) = A(t)®(t, B)dt.
If we set
M(B) == AD)®(t, B),
we have that, for any B € Bg,

A(B) == A([0,1] x B) = /Ot s (B)ds,

ie. for any B € Bp, A:(B) is itself absolutely continuous with respect
to the usual Lebesgue measure on R;. Under these circumstances we say
that the marked counting process N admits the F;— stochastic intensity

(/\t (B))t€R+ ,BeBE -
In general we may give the following definition.

Definition 2.244. Let N be a marked counting process on R} x E. We say
that (\¢(B))ier, ,BeBy is the Fi-stochastic intensity of N provided that

1. For any ¢t € R4 the map
B e Brg — M(B) e Ry

is a random measure on Bg;
2. forany t e Ry, B € Bg

At(B) = )\S(B)ds,
0

ie., for any B € Bg, the process (A;(B))icr, is the stochastic intensity of the
counting process

Ni(B) = Y Iir<t.z,e8)(t)-
neN*

In this case the process (A¢(B))icr, ,BeBy is known as the cumulative stochas-
tic intensity of N.

The following propositions mimic the corresponding results for the un-
marked counting processes.

Proposition 2.245. For any B € Bg, the process
My(B) := N¢(B) — A([0,t] x B), te Ry,
18 a zero-mean martingale.

We will call the process M = (M;(B))icr, ,BeBy the innovation process
of N.

Proposition 2.246 (Karr 1986, p. 65). Let N be a marked counting
process on Ry x E, with compensator A, and let By and Bs be two disjoint
sets in Bg for which My(By) and M(Bz) are L?-martingales. Then
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t
<Mt(Bl),Mt(Bg)>t = —/ AAS(Bl)AAS(Bg)dS
0

Hence, if (A¢(B))icr, s continuous in t for any B € Bg, then the two mar-
tingales My(B1) and M(Bs) are orthogonal, i.e.

(My(B1), My(B2)), =0, forany teR,.

Representation of Counting Process Martingales

Let N be a point process on R with F-compensator A. From the section on
martingales we know that if M = N — A is the innovation martingale of N
and H is a bounded predictable process, then

t
Mt:/ H(s)dM,, teR,,
0

is also a martingale. In fact, the converse also holds, as stated by the following
theorem, which extends an analogous result for Wiener processes to marked
counting processes.

Theorem 2.247 (Martingale representation). Let N be a marked
counting process on Ry with mark space (E,Bg), and let M be its inno-
vation process with respect to the internal history (Fi)icr, . Suppose the

assumptions of Proposition 2.227 are satisfied, and let (]V[,g),geR+ be a right-
continuous and uniformly integrable Fy-martingale. Then there exists a process
(H(t,x))tcr, wcr such that

M; = My +/ H(s,x)M;(dz).
[0,t]xE

Proof . See Last and Brandt (1995). O

2.11.3 The Marked Poisson Process

Definition 2.248. Given a o-finite deterministic measure A on Ry x E, N
is a marked Poisson process if, for any s,t € Ry,s <t and any B € &,

(A(]s, t] x B))"

P(N(]s,t] x B) = k|Fs) = il

exp {—A(]s,t] x B)},

for k € N, almost surely with respect to P.
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In the preceding case the intensity measure A is such that
A(ls,t] x B) = E[N(]s,t] x B)]

for any s,t € Ry, s <t and any B € Bg. It is the (deterministic) compensator
of the marked Poisson process, formally:

A(dt x dz) = E[N(dt x dx)|F,_] = E[N(dt x dz)],

thereby confirming the independence of increments for the marked Poisson
process.

Given a Borel set B € £, we will denote by N (- x B) the counting process
(N¢(B))ter, , and by A(-x B) the measure on B, defined by A(-x B)((a,b]) =
A((a,b] x B), for any a,b € Ry, a < b.

The following theorem is a consequence of the definitions.

Theorem 2.249. Let N be a marked Poisson process and By,..., By, € By
for m € N* mutually disjoint sets. Then N(- x By),...,N(- x B,,) are inde-

pendent Poisson processes with intensity measures A(- x By),..., A(- X Bp,),
respectively.
Proof . See Last and Brandt (1995). O

The underlying counting process of a marked Poisson process
N(]0,t] x E) is itself a univariate Poisson process with intensity measure

A(]s, t]) = A(]s,t] x E) for any s,t € Ry, s < t. The intensity measure may
be chosen to be continuous, in which case A({t}) = 0, or even absolutely
continuous with respect to the Lebesgue measure on R, so that

Afo.t) = [ Asyas
where A € L}(R).

Time-Homogenous Marked Poisson Process

A particular case of interest for our subsequent analysis is the following one.

Definition 2.250. A marked Poisson process N on Ry x FE is
time-homogenous if there exists a o-finite deterministic measure v on Bg
such that the intensity measure A of N is given by

A(ls,t] x B) = E[N(]s,t] x B)|] = (t — s) v(B)
for any s,t € Ry,s <t and any B € Bg.
Formally:
E[N(dt x dx)|F;—] = E[N(dt x dzx)] = dt v(dz).
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We will have in particular
E[N([0,t] x B)] =tv(B)
for any t € R} and any B € Bg and
v(B) = E[N1(B)] = E[N([0,1] x B)]

for any B € Bg.
Proposition 2.251. For any B € Bg, the process

My(B) := Ni(B) — tv(B),  teR,

18 a zero-mean martingale.

The random measure N(dt x dz) — dtv(dz) is usually called the com-
pensated Poisson measure. The measure v is called the characteristic of the
time-homogeneous marked Poisson measure.

As a consequence of the preceding theorems we may state the following.

Proposition 2.252. If N is a Poisson random measure with intensity mea-

sure A(]s t] x B) = E[N(]s,t] x B)] = (t — s) v(B), then for any B € Bg,

o fo fB (dt x dx), t € Ry is a Poisson process, with intensity
tl/(B)

e For any finite family of disjoint Borel sets By, ..., B,k € N\ {0,1}, the
random variables N¢(B1), ..., Ny(By) are independent, for any t € R..

Theorem 2.253. Given a deterministic o-finite measure v on a Polish space
(E, Bg), there exists a time-homogeneous marked Poisson process N on Ry x
FE having characteristic measure v.

Proof . See, e.g., Ikeda and Watanabe (1989). O

2.11.4 Time-space Poisson Random Measures

In the sequel, it will be of interest the particular case of a time-homogeneous
marked Poisson process N with marks on R, endowed with its usual Borel
sigma algebra Bg, having intensity measure A on Br, ® Bg, such that, for
(a,b] C [0,+00), and B € Bg,

A((a,b] x B) = (b— a)v(B), (2.54)

where v is a o—finite measure on By concentrated on R\ {0}.
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They will be of particular interest integrals of the form

X = / / xN(ds x dx), te R, (2.55)
[0, /B
for t € R4, and B € Bg.

By taking into account Theorem 2.224, we may state that the integral in
(2.55) is absolutely convergent if and only if

/B(l Alz)v(dx) < +oo, (2.56)

which guarantees that also the characteristic function of X; is well defined.
Further, in order that E[X;] be finite, we have to require that

/ |z|v(dz) < +o0; (2.57)
B
while for a finite second order moment of X; we need to require that
/ r?*v(dr) < +o0. (2.58)
B

This justifies the assumptions in the following Lemmas.

Lemma 2.254. Within the above framework, if we take a B € By such that
0 < v(B) < +00, then the process

X; = / / xN(ds x dx), te R, (2.59)
[0,t] /B
is a compound Poisson process with arrival rate v(B), and common jump
distribution M.
v(B)

Proof. Since 0 < v(B) < 400, the integral in 2.60 is reduced to a finite
sum thanks to Proposition 2.222, so that the process (X¢);cr, is RCLL. By
construction it has independent and stationary increments. Further, according
to (2.43) in Theorem 2.224, we have that the characteristic function of X,
for t € R4, is given by

dx, (u) = E[e"Xt] = exp {—t/B(l - ei“z)u(dx)} . ueR,

which is the characteristic function of a compound Poisson process with arrival
d
rate v(B), and common jump distribution V|B(—(B)I) O
v
Lemma 2.255. Within the above framework, if we now take B € Bg such
that 0 < v(B) < +o0, and [ |z|v(dx) < +00, then the compensated compound
Poisson process
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My = / / zN(ds x dzx) — t/ zv(dr), teR, (2.60)
(0.4 /B B

18 a martingale.
Further, if [52?v(dx) < +oo, then (My)icr, is a square integrable mar-
tingale.

Proof . See, e.g., Kyprianou (2014) p. 47. O

2.12 White Noise

Very often in applications we read about white noise, typically associated with
a property of the Wiener process. Actually we may quote two major cases of
white noise in stochastic processes, Gaussian and Poisson.

2.12.1 Gaussian white noise

The Gaussian white noise is associated with a Wiener process (W )ter + which
is a Gaussian process. If we take two time intervals of the same duration At,
but shifted by a nontrivial quantity h # 0, the corresponding time increments
of the standard Wiener process are Wiy Ay — Wy, and Wiyniar — Wegn.

The covariance of the corresponding incremental ratios is given by

Wt+At - Wt Wt+h+At - WtJrh
h):=
Car(h) : = Cov At At
1
= WE[(WtJrAt — W) Withgyae — Wegn)). (2.61)

By the property of independent increments of the Wiener process, we may
claim that
0, if h<-At,
1 At +h, if —At<h<O0,

Calh) =252 At—h, if 0<h<At, (262)
0, if h> At
i.e. 1
Ca¢(h) = W(At_ | h 1= at, a4 (h). (2.63)

Anticipating the result, let us compute the following integral, where g is a
sufficiently smooth test function,

+oo
[ cwtnamian = [

+1
_ / (1= | u |)g(udt)du, (2.64)

-1

+ At 1

(At—1| h|)g(h)dh =
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which implies
—+o00 +1
i [ Carg(idh=9(0) [ (- uldu=g(0). (269
Atl0+ — 00 -1
Hence we may claim that, in a generalized sense,
Cat(h) = do(h), (2.66)
having denoted by g the Dirac delta function centered at 0. This is the reason

why the Wiener process is known as a delta-correlated Gaussian noise.

2.12.2 Poissonian white noise

Similarly to the Gaussian case, for a standard Poisson process (P;)ier, , with
parameter 1, proceeding as above, we get

1
Cat(h) = W(At_ | b )I-at,a0(h), (2.67)
so that, as above
Ca(h) = Altiﬁ}+ Cat(h) = do(h). (2.68)

In either case, the name white noise derives from the fact that the Fourier
transform of the Dirac delta is a constant

- 1 1
Jo(w) = —/ e~ hso(h)dh = g for any w €R. (2.69)

— 00

2.13 Lévy Processes

Definition 2.256. Let (X;);cr, be an adapted process with Xo = 0 almost
surely. If X;

1. has independent increments,
2. has stationary increments,

3. is continuous in probability so that X ig X,
5—

then it is a Lévy process.

Proposition 2.257. Both the Wiener and the Poisson processes are Lévy
processes.

Proposition 2.258. The compound Poisson process is a Lévy process.

Proof . See Exercise 2.18. ]
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Theorem 2.259. Let (Xy)icr, be a Lévy process. Then it has an RCLL
version (Y;)ier, , which is also a Lévy process.

Proof . See, e.g., Kallenberg (1997, p. 235). O

For Lévy processes we can invoke examples of filtrations that satisfy the
usual hypotheses.

Theorem 2.260. Let (X;)icr, be a Lévy process and Gy = o(F, N), where
(Ft)ter, is the natural filtration of X and N the family of P-null sets of F;.
Then (Qt)tenh is right-continuous.

Proof . See, e.g., Protter (2004, p. 22). O

Remark 2.261. Because, by Theorem 2.259, every Lévy process has an RCLL
version, by Proposition 2.199, the only type of discontinuity it may admit is
jumps.

Theorem 2.262. Let (Xy)icr, be a Lévy process. Then it has an RCLL
version without fized jumps (Proposition 2.199).

Proof . See, e.g., Kallenberg (1997). O
Definition 2.263. Taking the left limit X;- = lim,_,; X5, s < t, we define
AXy =Xy — Xy-

as the jump at ¢. If sup, |AX;| < ¢ almost surely, ¢ € Ry, constant and
nonrandom, then X; is said to have bounded jumps.

Theorem 2.264. Let (X¢)ier, be a Lévy process with bounded jumps. Then

E[|X?] < oo, i.e., Xy € LP for any p € N*.

Proof . See, e.g., Protter (2004, p. 25). O

Proposition 2.265.

(i) Let X = (X;)ier, be a Lévy process. For anyt € Ry, the distribution of
Xy is infinitely divisible.
(i) For any infinitely divisible law P one can construct a Lévy process X =

(X¢)ter, such that X1 has law P.

Proof . Proof of (7).
It is a trivial consequence of the following remark; by definition, we have
Xo = 0. Now, for any n € N* we may decompose

X=Xy + (Xiojm — Xign) + -+ (Xt = Xy (1) /n)
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where, again by definition, all random variables X/, X¢2/ — X¢/ny -+, Xt —
Xt (n—1)/n all have the same distribution and are independent.

Proof of (it).

We postpone to Theorem 2.268. ([

Proposition 2.266. The characteristic function of a Lévy process X =
(X¢)ier, at timet € Ry admits the following representation, for any t € R :

ox,(u) = (6x, (u))', uweR. (2.70)

Proof. Consider the complex function
Yr(u) := —In Ele™Xt],  ueR; (2.71)
it is such that
exp{—t;(u)} := E[e""**] =: ¢x,(u), u€eR (2.72)

which is the characteristic function of Xj;.
Thanks to the above decomposition, we may state that, for any two inte-
gers m,n € N*

m1(u) = Ym(u) = 1y, p(u), ueR; (2.73)

i.e., for any rational ¢t € Q% , we may state
Yi(u) =t1(u), uweR. (2.74)

If now ¢ € R% , we may always take a sequence of rational numbers (%, )nen,
such that ¢, | ¢t as n tends to co. We know that we can choose a version of
the Lévy process which is right-continuous; by the Dominated Convergence
Theorem, we may then claim that Equation (2.74) holds for any ¢ € RY. As
a consequence Equation (2.70) holds true, with

bx, () = exp{—r(u)}, ueR. (2.75)
O

To summarize, the previous result states that the characteristic function
of a Lévy process, for any ¢t € R% , admits the representation

ox,(u) = exp{—ty(u)}, ueR, (2.76)

where 9(u), u € R, is the characteristic exponent of X;.
From now on ¥(u), u € R, will be called the characteristic exponent of the
Lévy process (Xt)teRj-
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A trivial consequence of the above is the following theorem.
Theorem 2.267. Let (X;)ier, be a Lévy process. Then
(i) If Xy € L for somet € Ry, then X; € L' for any t € Ry, and

E[X;] = tE[X4].
(ii) If X; € L2 for some t € Ry, then X; € L2 for any t € Ry, and

Var|X:] = tVar[Xi].

Proof . See, e.g., Mikosch (2009, p. 338). O

We now complete the proof of (ii) of Proposition 2.265, by proving the
following theorem.

Theorem 2.268 (Lévy—Khintchine formula for Lévy processes).
Given an infinitely divisible law P with characteristic triplet (p, 02, v), where
pwEeR, 0 €R, and v is a measure on R, concentrated on R* satisfying

/ min {z?,1} v(dz) < 400,

there exists a probability space (2, F,P) on which a Lévy process X =
(X¢)ier, can be defined such that its characteristic function at time t € Ry
is given by

ox,(u) = E [e"¥] =exp{—ty(u)}, u€R,

where 1 is the characteristic exponent of X1, whose probability law is P,

P(u) = 1U2u2 —ipu + / (1 — exp {iuz} + iuz)v(dz)  (2.77)
2 {lol<1}

1 — exp {tux})v(dx), 2.78
+/{m21}< p {iuz})w(dz) (2.78)

Further, the triplet (u,0%,v) characterizes the probability law of the Lévy
process (Xi)ier, in a unique way.

Proof.

Given an i.d. law, from Theorem 1.204 we know that it is characterized by
its generating triplet (u,0?,v), satisfying the given conditions. We may then
consider first the process

XM =oW, —put, teRy, (2.79)

where (W;):er, is a standard Wiener process, on a suitable probability space
(W, FO p),
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Now, given the Lévy measure v, we know by Theorem 2.221 that a
Poisson random measure N (dt x dz) exists, on a suitable probability space
(2@, F2) P@) having intensity measure dtu(dx) on (Ry xR, Br, ® Bg).

Then mtroduce the process

t
>:// zN(ds x dz), teR,. (2.80)
0 J]|z|>1

The Lévy measure v either is trivial, in which case we take Xt(2) =0, or

0<v(R\(-1,1)) < 400,

(2)
t

in which case we know by Lemma 2.254 that (X,™);cr, is a compound Poisson

v |]R\(—1,1)
v(R\ (=1,1))°
We wish now to introduce an additional Lévy process having only small
jumps.
Take 0 < € < 1, and consider the compensated compound Poisson process
defined as

process with arrival rate v(R\ (—1,1)) and jump distribution

X8 = //< . (ds x dz), teR,, (2.81)
x| <

with _
N(ds x dx) = N(ds x dx) — dsv(dzx). (2.82)

Its characteristic exponent will be
Y& (u) = / (1 —e™* +juz)v(dr), u€R. (2.83)
<|z|<1

Under the above assumptions, we may claim that f(—Ll) 2?v(dr) < 400,
hence (see, e.g., Kyprianou (2014), p. 48) we may state that, on a suitable
probability space (2, F3) P®)) there exists a Lévy process (Xt(3))t€R+
(which is a square integrable martingale) to which (Xt(g’s))teR L converges

a.s. uniformly on any [0,7], for € | 0. This process will have characteristic
exponent

P& (u) = /<| |<1(1 — "™ 4 juz)v(dr), u€R. (2.84)

Due to the independence of N over [0,¢] x {R\ (—1,1)}, and [0,¢] x (=1, 1),
we may claim that the two processes (Xt(2))t€R+ and (Xt(B)),geR+ are indepen-
dent; we may further take (X;);cr, independent of N.

For our scopes, we may finally take the process (X;)ier, = (X,g(l))te]R+ +
(X rer, + (X ren,
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It is indeed a Lévy process on the probability space
(2,F,P) = (W, FO pM)) g (22 FO PR g (G FB PO)) with
characteristic exponent
w(u) = o0 () + ¢ () + v (u)

1 .
= qpu + 502u2 + /(1 — e fiuxly<)v(de), ueR. (2.85)
R

O

This is why the triplet (u,0?,v) is called the characteristic triplet of the
Lévy process X = (X¢)ier, -

Remark 2.269. 1t is worth noticing that, as a subproduct of the proof of
the convergence of the sequence of ¥(3%) to 13 one may realize for the

corresponding sequence of random processes (Xt(g’s))teR . that the following
holds (rigorously in L?) along a specific subsequence

~ t
lim Xt(3’2 9~ fim / / xN(ds x dx) — t/ av(dr)
ktoo ktoo Jo Ja-k<|z|<1 2-k<|z|<1

k

—1 t
= lim / / xN(ds x dx)
kToo =0 0 Jo-G+D<|z|<2-i

- t/ :Cl/(d:v)}, (2.86)
2= G+ <] <2

according to which we may state that (Xt(g))teR . Tepresents the superposition

of an infinite sequence of compound Poisson processes (see, e.g., Kyprianou
(2014), p. 48).

Remark 2.270. We may remark that the integral in Equation (2.85) is always
integrable with respect to v, since

i) outside a neighborhood of 0 it is bounded;
ii) for || =0 .
1— €™ +jualj, < = O(2?), (2.87)

and, for the Lévy measure v, we have assumed that
/ 2?v(dr) < +oo0.
|z|<1

Remark 2.271. A very important additional remark regarding the process
(Xt(g))teR ., is the following. In order to ensure the convergence of the integral

¢
/ / xN(ds x dx), teR,, (2.88)
0 Jz|<1
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a necessary and sufficient condition is
/ |x|v(dz) < 400, (2.89)
|z|<1
which, in our framework, is equivalent to
/(1 Alz|)v(dr) < +o0. (2.90)
R

It is clear that condition (2.90) is more stringent than the usual condition on
v as a Lévy measure, i.e. [(1Az?)v(dz) < +oo. Under these more restrictive
circumstances, we may then write explicitly

t
Xt(3) = / / zN(ds x dzx) — t/ av(dr), teR;. (2.91)
0 J|z|<1 lz|<1

Consequently we may state the following theorem.

Theorem 2.272 (Lévy-It6 decomposition). Let (X;);er, be a Lévy
process with characteristic triplet (u, o2, v). Suppose that the Lévy measure v
satisfies the additional assumption

/ min {1, |z|} v(dz) < +o0. (2.92)
R
Then, for anyt € Ry,

X =W + put —|—/ x[Ni(dx) — tv(dx)] +/ xN;(dx),
{l=|<1} {|z|>1}

where

(i) Wi is a standard Brownian motion;
(i)  Ny(dx) fO (dt x dx),
N(dt x da:) bemg a mndam Poisson measure with intensity dtv(dx) on
(Ry x Br., ® Bg).

Proof . See, e.g., Sato (1999, p. 119), Kyprianou (2014, p. 56),Mikosch (2009,
p.353) . 0

Remark 2.273. In the preceding formula we may recall that the process
/ iZ?Nt(d.I), te R+,
{lz|>1}

describing the “large jumps” of a Levy process is a compound Poisson process.
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We may further notice that while the process
Xt — / ZZ?Nt(dZZ?), te R+,
{lz|>1}

has finite moments of any order, the process f{|m|>1} xN¢(dx), t € Ry, may
have no finite moments (e.g., Applebaum (2004), p. 110).

The following result is a natural consequence of Theorems 2.272 and 2.268.

Theorem 2.274. Any Lévy process X = (Xi)ier, can be decomposed as
follows:

Xi=pt+oW(t)+S(t), teRy, (2.93)
where p € R and 0 € Ry are constants and W(t) is a standard Brownian
motion independent of the process S.

Notice that the component (ut+ oW (t)).er, has continuous sample paths
almost surely, while (S(t))¢cr, has almost surely discontinuous sample paths
(for any t € Ry, S(t) can be obtained as the weak limit of a sequence of
compound Poisson random variables); this is why S is called the pure jump
process of X, and the Lévy measure v is known as the jump measure of X.

Corollary 2.275. Let X = (X,)icr, be a Lévy process. If X, € L* for
t € Ry, then

[ laPutan) <+,
|z[>1
and the representation (2.93) can be written more explicitly as

X(t) = pit + oW () —I—/ z[Ny(dx) — tv(dx)], te Ry, (2.94)
R—{0}
with py = p+ 1\1\21 av(dz).

Proof . See, e.g., Di Nunno et al. (2009, p. 162). O

We may introduce the compensated measure

N(dt x dz) = N(dt x dx) — dtv(dx).

Accordingly, (2.94) may be rewritten as

t
X(t) = pat +oW(t) +/ / xN(ds x dx), teRy. (2.95)
0 Jr—{0}
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Subordinators

We may remark that (Xt(2))t€]R+, being a compound Poisson process, has

always paths of bounded variation, but the process (Xt(s))teR . will be of
bounded variation if and only if condition (2.90) applies. Then we may state
the following (Kyprianou (2014) p. 56)

Proposition 2.276 A Lévy process with characteristic triplet (u,o0%,v) has
paths of bounded variation if and only if 0 =0, and (2.90) holds.

We may notice that, under the assumptions of Proposition 2.276, we may
rewrite (X;);er, as follows

X(t)—(st—l—/ot/R:rN(dsxd:r), teRy. (2.96)

having characteristic exponent

Y(u) = —idu+ /R(l — e y(dr), u€R, (2.97)

d=— (,u + /1<1 xu(d:v)) . (2.98)

In this case we may recognize that, apart from d, known as the drift of the
Lévy process, (X;)ier, reduces to a compound Poisson process.

If now v((—00,0)) = 0, the Lévy process (X;)icr, does not have negative
jumps, hence, under the assumptions of Proposition 2.276, the process given
by (2.96) has nondecreasing paths. Viceversa if it has nondecreasing paths it
is of bounded variation, so that by Proposition 2.276 it must be ¢ = 0, and
satisfy condition (2.90), which leads to ¢ > 0.

where

Definition 2.277. A subordinator is a Lévy process whose paths are (a.s.)
nondecreasing.

Proposition 2.278 A Lévy process with characteristic triplet (u,o?,v) has
paths of bounded variation if and only if o = 0, v((—00,0)) =0, (2.90) holds,

and § == — (u—i— f‘z‘dxu(d:v)) > 0.

Proposition 2.279 A subordinator has bounded variation. Any Lévy pro-
cess of bounded variation can be written as the difference of two independent
subordinators.

Proof . See Exercise 2.35 O

In terms of its characteristic triplet (u,0?,v), a subordinator has p > 0,
o =0, and a Lévy measure v concentrated on (0, +00).
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The following theorem holds

Theorem 2.280 If Z = (Z;)icr, is a subordinator, then its characteristic
triplet is of the form (u,0,v), with p > 0, and the Lévy measure v satisfying
the additional requirements

Al v(—00,0) =0;
A2 fOJroo(x Ay (dz) < 4o0.

Its characteristic exponent takes the form
+oo
P(u) = iuu —|—/ (e = Dv(dx), wueR, (2.99)
0

Proof . See, e.g., Bertoin (1996, Theorem 1.2). O

Ezxample 2.281. A Poisson process is clearly a subordinator.
A Compound Poisson process is a subordinator if and only if all random
variables Y}, in Definition 2.218 are valued in R,.

Example 2.282. Consider the Gaussian process C; = W +~t, t € Ry, where
(W¢)ier, is a standard Wiener process, and v € R. The Inverse Gaussian
subordinator is the real valued process (S;):er, defined by

Sy :=inf{s > 0|Cs > t}, teRy, (2.100)

i.e. the first time the process (Cy)icpr, crosses the level t € R..
Thanks to the continuity of the Wiener process we may take the equivalent
definition
Sy:=inf{s > 0|Cs =t}, teR;. (2.101)

The process (S¢)ier, is a family of Markov times for the process (C)cr,
which, as far as we know, is a strong Markov process; as a consequence, the
process (Ciis, — 8)ter, has the same distribution of the process (Cy)er. , for
any s € Ry, s < t. Hence, for all s,t € Ry, s <,

Sy =S¢+ Si_s, (2.102)

where gt,s is independent of S, and admits the same distribution of S;_g.
It is not difficult to show the other characteristic properties of a subordi-
nator. It is left to the reader to show (see Exercise 2.39) that

(i) the characteristic exponent of (S;)ier, is

P(u) =—y+ /v —2iu, ueR; (2.103)
(ii) the Lévy measure of (S;)icr, on Ry is

2

v(dz) = e~ T, (2.104)

1
V23



2.13 Lévy Processes 175

(iii) the drift of (S¢)ier, is

2 v 1 7y2/2
w=—-— ; me dy; (2.105)

(iv) the pdf of Sy, for any ¢t € Ry is

t2
eMem3(5 ) g e Ry (2.106)

t
fSt(x)_ m

The following proposition can be useful in applications.

Proposition 2.283 Let X = (X;)ier, be a Lévy process with characteristic
triplet (p, 0,v), and let Z = (Zy)er, be a subordinator with drift 3 and Lévy
measure Vz, independent of X. Then the subordinated process (Xz,)icr, 15 a
Lévy process with characteristic exponent

P(u) = —ifiu + %52112 + / (1 — exp(iuz) + iuzlyy<1y) v(dz),  (2.107)

R

where

M= ﬁllz + / / Vz(dS)I{|m|§1}IPXS (dCL'); (2.108)
0 R
7% = fo?; (2.109)
+oo
v(dz) = Br(dw) +/ vz(ds)Px, (dz). (2.110)
0

Proof .

See, e.g., Sato (1999, Theorem 30.1). O

Translation-Invariant Semigroup
Let, for a € R, 7, denote the translation operator
f € BC[R) — 1,f € BO(R)

such that
(Taf)(x) = f(x —a), for any x €R.

Definition 2.284. Given a one-parameter semigroup (73)¢cr, on BC(R), we
say that it is translation invariant if, for any @ € R and any ¢t € R,

TtTa = TaTt.
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According to Definition 2.65 and the following remark, since a Lévy process
X = (X¢)ier, is a time-homogenous process with independent increments
(with X = 0), it is completely characterized by the convolution semigroup of
the probability laws pu; = Pkx,.

Thanks to Theorem 2.73 we may state the following proposition.

Proposition 2.285. Any Lévy process is a Markov process; further, it is a
Feller process.

Proof . See, e.g., Applebaum (2004, p. 126). O

Theorem 2.286. Let (X;)icr, be a Lévy process and T a stopping time.
Then the process (Yy)ier, , given by

Y, = Xpyy — X,
is a Lévy process on the set |T, 00|, adapted to Fryi. Furthermore, Y; is in-
dependent of Fr and has the same distribution as X;.
Proof . See, e.g., Protter (2004, p. 23). O

The following result is a consequence of the stationarity and independence
of increments of a Lévy process.

Theorem 2.287. The one-parameter semigroup (T})icr, associated with a
Feller process X such that X(0) = 0 is translation invariant if and only if X
is a Lévy process.

Proof . See, e.g., Bauer (1981, p. 410) and Applebaum (2004, p. 137). O

In particular, if (u;)ier, denotes the convolution semigroup of probability
measures associated with the Lévy process (X;)ier, ,

w(B)=P(X,€B), BebBgr, teRy,
then the following relation holds:
ut(B—12)=P(Xi4s € B|lXs=12), BeBr, z€R, s,teR,.

As a consequence, the transition semigroup of a Lévy process X =
(X¢)ier, is a one-parameter contraction semigroup (7;):cr, given by

(T(t) ) () = / f@+ymdz), zeR

for any BC(R) (e.g., Bauer (1981, p. 405)).

If the characteristic triplet of the Lévy process is (i, 02, v), then one can
show (e.g., Sato (1999, p. 208) and the references therein) that the infinitesimal
generator A of the semigroup (7})icr, is well defined on BC(R)NC?(R), and
it is given by
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(Af) (&) = —uf'(@) + 507 (@)

+ / (Fx+y) — f(@) — Iyeyy (@) v(dy), = € R. (2.111)
R

The following examples are trivial consequences of (2.111).

Ezample 2.288. For the standard Brownian motion the triplet is (0, 1,0), so
that the infinitesimal generator is

(Af)@) = 31"(@),  weR,

for f € BC(R) N C%(R).

Ezample 2.289. For a Brownian motion with drift the triplet is of the form
(1, 02,0), so that the infinitesimal generator is

(Af)(&) = —nf(@) + 520" (@), R,

for f € BCO(R) N C%*(R).

Ezample 2.290. For a Poisson process with triplet (0,0, Ae1) the infinitesimal
generator is

(Af)(@) = Mf(z +y) - f(z)), =R,
for f € Co(R).

Ezample 2.291. For a compound Poisson process with triplet (0,0,v) the
infinitesimal generator is

(Af)() = / (f@+y) - f@)(dy), zeR,

for f € C()(R)

Stable Lévy Processes

As a particular important subclass of Lévy processes we will briefly mention
the case of stable Lévy processes.

Definition 2.292. A Lévy process X = (X;)icr, is stable if, for any ¢t € R,
X, is a stable random variable.

According to Definition 1.214 and Proposition 1.217, symmetric stable
distributions have a characteristic function of the form

o(w) = exp {—oJul"}, ueR,
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for o0 € R* and o € (0,2]. The case a=2 corresponds to the Normal
distribution N(0,202).

Corollary 2.293. A Lévy symmetric stable process (X;)ier, has the scaling

property, i.e., for some « € (0,2], the rescaled process (k_éth)tenh has the
same probability law as (Xi)ier, , for any k > 0.

For a Lévy process this is equivalent to state that, for each t > 0, the
random variables Xy, and t& X, have the same probability law.

This is a generalization of the specific case for the Wiener process (for
which a = 2) of Proposition 2.186.

Proof . See, e.g., Bertoin (1996, pp. 13, 216), and Rogers and Williams (1994,
p. 77). d

This is one reason why Lévy symmetric stable processes are so important in
applications. Another reason why general Lévy stable processes are important
in applications is that they exhibit heavy tails, i.e., for any ¢ € Ry, P(|X;| >
y) x y~® for y — 400, as opposed to the exponential decay of the Gaussian
case (e.g., Applebaum (2004) and the references therein).

2.14 Exercises and Additions

2.1. Let (F¢)ier, be a filtration on the measurable space (§2,F). Show that
Fi+ = (Nys¢ Fu is a o-algebra (Theorem 2.84 and Remark 2.85).

2.2. Prove that two processes that are modifications of each other are
equivalent.

2.3. A real-valued stochastic process, indexed in R, is strictly stationary if
and only if all its joint finite-dimensional distributions are invariant under a
parallel time shift, i.e.,

Fxy X, (@1 2n) = Fixy X0 (2150, @)
for any n € N, any choice of t1,...,t, € Rand h € R, and any z1,...,x, € R.

1. Prove that a process of i.i.d. random variables is strictly stationary.

2. Prove that a time-homogeneous process with independent increments is
strictly stationary.

3. Prove that a Gaussian process (X;):cg is strictly stationary if and only if
the following two conditions hold:
(a) E[X:] = constant for any t € R.
(b) Cov[s,t] = K(t — s) for any s,t € R, s <.

2.4. An L? real-valued stochastic process indexed in R is weakly stationary if
and only if the following two conditions hold:

(a) F[X¢] = constant for any t € R.
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(b) Cov[s,t] = K(t — s) for any s,t € R, s < t.

1. Prove that an L? strictly stationary process is also weakly stationary.
2. Prove that a weakly stationary Gaussian process is also strictly stationary.

2.5. Show that Brownian motion is not stationary.

2.6. Compute the mean function and the covariance function of the Brownian
bridge.

2.7 (Prediction). Let (X,_;,...,X,) be a family of random variables repre-
senting a sample of a (weakly) stationary stochastic process in L?. We know
that the best approximation in L? of an additional random variable X,
for any s € N*, in terms of (X,_;,...,X,) is given by E[Y|X,_;,..., X,].
The evaluation of this quantity is generally a hard task. On the other hand,
the problem of the best linear approximation can be handled in terms of the
covariances of the random variables X,_;,..., X;, X, 44, as follows.

Prove that the best approximation of X, ;¢ in terms of a linear function
of (X,—j,...,X,) is given by

J
Xr—i—s = E aer—ku
k=0

where the ay satisfy the linear system
J
> akc(|k —il) = c(s + i) for 0 <i < j.
k=0

Here we have denoted c¢(m) = Cov[X;, Xiym].

2.8. Refer to Proposition 2.47. Prove that Fr is a o-algebra of the subsets
of 2.

2.9. Prove all the statements of Theorem 2.48.
2.10. Prove Lemma 2.97 by considering the sequence
Tn = Z k2inl(k,1)27n <T<k2—-m-
k=1

2.11. Let (F})¢er, be a filtration and prove that 7" is a stopping time if and
only if the process X; = ;7<) is adapted to (F)ier, - Show that if 7" and S
are stopping times, then so is T+ S.

2.12. Show that any (sub- or super-) martingale remains a (sub- or super-)
martingale with respect to the induced filtration.



180 2 Stochastic Processes

2.13. Let (X;)ier, be a martingale in L?. Show that its increments on
nonoverlapping intervals are orthogonal.

2.14. Prove Proposition 2.70. (Hint: To prove that 1=2, it suffices to use the
indicator function on B; to prove that 2=-1, it should first be shown for simple
measurable functions, and then the theorem of approximation of measurable
functions through elementary functions is invoked.)

2.15. Prove Remark 2.88.
2.16. Verify Example 2.112.

2.17. Determine the infinitesimal generator of a time-homogeneous Poisson
process.

2.18. Show that the compound Poisson process (Z;):ecr, is a stochastic pro-
cess with time-homogeneous (stationary) independent increments.

2.19. Show that

1. The Brownian motion and the compound Poisson process are both almost
surely continuous at any ¢ > 0.

2. The Brownian motion is sample continuous, but the compound Poisson
process is not sample continuous.

Hence almost sure continuity does not imply sample continuity.

2.20. In the compound Poisson process, assume that the random variables Y,
are i.i.d. with common distribution

PY,=a)=P{Y,=-a)= %,

where a € R7.

1. Find the characteristic function ¢ of the process (Z;):er, -
2. Discuss the limiting behavior of the characteristic function ¢ when
A — 400 and @ — 400 in such a way that the product A\a? is constant.

2.21. An integer-valued stochastic process (INVi)ier, with stationary (time-
homogeneous) independent increments is called a generalized Poisson process.

1. Show that the characteristic function of a generalized Poisson process
necessarily has the form

o, (1) = eMle(w)—1]

for some A € R and some characteristic function ¢ of a nonnegative
integer-valued random variable. The Poisson process corresponds to the
degenerate case ¢(u) = e"™.
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2. Let (Nt(k))teR , be a sequence of independent Poisson processes with re-
spective parameters A;. Assume that A = Zz:i Ar < +o0. Show that the
process

—+oo
N =3"kN", te Ry,
k=1

is a generalized Poisson process, with characteristic function

+oo
Ak
ezku'

A
k=1

$(u) =

3. Show that any generalized Poisson process can be represented as a com-
pound Poisson process. Conversely, if the random variables Y} in the com-
pound Poisson process are integer-valued, then the process is a generalized
Poisson process.

2.22. Let (X, )nen C E be a Markov chain, i.e., a discrete-time Markov jump
process, where E is a countable set. Let i,j € E be states of the process; j
is said to be accessible from state i if for some integer n > 0, p;;(n) > 0,
i.e., state j is accessible from state ¢ if there is positive probability that in a
finite number of transition states j can be reached starting from state . Two
states ¢ and j, each accessible to the other, are said to communicate, and we
write ¢ > j. If two states ¢ and j do not communicate, then

pij(n) =0 ¥n>0,

pji(n) =0 ¥Yn>0,

or both relations are true.

We define the period of state i, written d(), as the greatest common divisor
of all integers n > 1 for which p;;(n) > 0 (if p;;(n) = 0 for all n > 1, define
d(i) = 0).

1. Show that the concept of communication is an equivalence relationship.

2. Show that if ¢ <> j, then d(i) = d(j).

3. Show that if state ¢ has period d(¢), then there exists an integer N de-
pending on ¢ such that for all integers n > N

pii(nd(i)) > 0.

2.23.

1. Consider two urns A and B containing a total of IV balls. A ball is selected
at random (all selections are equally likely) at time ¢t = 1,2, ... from among
the IV balls. The drawn ball is placed with probability p in urn A and with
probability ¢ = 1 — p in urn B. The state of the system at each trial is
represented by the number of balls in A. Determine the transition matrix
for this Markov chain.
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2. Assume that at each time ¢ there are exactly k balls in A. At time ¢+ 1 an
urn is selected at random proportionally to its content (i.e., A is chosen
with probability k/N and B with probability (N — k)/N). Then a ball is
selected either from A with probability p or from B with probability 1 —p
and placed in the previously chosen urn. Determine the transition matrix
for this Markov chain.

3. Now assume that at time ¢+1 a ball and an urn are chosen with probability
depending on the contents of the urn (i.e., a ball is chosen from A with
probability p = k/N or from B with probability ¢; urn A is chosen with
probability p and B with probability ¢). Determine the transition matrix
of the Markov chain.

4. Determine the equivalence classes in parts 1, 2, and 3.

2.24. Let (X, )nen be a Markov chain whose transition probabilities are p;; =
1/le(j—i)!] for i =0,1,...and j = 4,i+1,.... Verify the martingale property
for

Y,=X,—n
U,=Y2—-n
Vi =exp{X,, —n(e—1)}

2.25. Let (X¢)icr, be a process with the following properties:

Xo=0.
For any 0 < tg < t; < -+ < t, the random variables X; — X; , (1 <
k < n) are independent.

o If0<s<t X;— X, is normally distributed with

BE(X, — X,) = (t — s)u, E[(Xy— X,)?] = (t —s)o”
where p, o are real constants (o # 0).

The process (X¢)icr, is called a Brownian motion with drift ;1 and variance
o?. (Note that if u = 0 and o = 1, then X, is the so-called standard Brownian
motion.) Show that Cov(X;, X) = 0? min {s,t} and (X;—put)/o is a standard
Brownian motion.

2.26. Show that if (X;)icr, is a Brownian motion, then the processes

Y =cX;je2 for fixed ¢>0,

_ JtXy for >0,
Ur = {O for t =0,
and
Vi=Xiyn — Xy forfixed h>0

are all Brownian motions.

2.27. Let (X;)ier, be a Brownian motion; given a € R, let 7, denote the first
passage time of the process started at X (0) = 0.
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1. Show that for any ¢t € R

2 “+o0o y2
P(Tagt):m/ exp{—g}dy

Conclude that the first passage time through any given point is a.s. finite,
but its mean value is infinite.

2. Use the preceding result to show that one-dimensional Brownian motion
is recurrent, in the sense that, for any x € R and any 7" € Ry,

PWy ==z forsome t>T)=1.

This means that a Brownian motion returns to every point infinitely many
times, for arbitrary large times.

2.28. Let (X;);er, be a Brownian motion, and let M; = maxo<s<¢ Xs. Prove
that Y; = M; — X; is a continuous-time Markov process. (Hint: Note that for
t <t

Y(t) = max{ max {(Xs — Xt/)},Yt/} — (X — Xp).)

t'<s<t

2.29. Let T be a stopping time for a Brownian motion (X;);ecr,. Then the
process

Y = Xoyr — X7, t >0,

is a Brownian motion, and o(Y;,¢ > 0) is independent of o(X;,0 <t <T).

(Hint: At first consider T' constant. Then suppose that the range of T' is a
countable set and finally approximate T' by a sequence of stopping times such
as in Lemma 2.97.)

2.30. Let (X,g),geR+ be an n-dimensional Brownian motion starting at 0, and
let U € R" " be a (constant) orthogonal matrix, i.e., UUT = I. Prove that
)A(:t = UXt

is also a Brownian motion.

2.31. Let (X¢):er, be a Lévy process:

1. Show that the characteristic function of X; is infinitely divisible.

2. Suppose that the law of X; is Px, = p. Then, for any ¢ > 0 the law of X,
is Px, = ut.

3. Given two Lévy processes (X;)ier, and (X{)icr, , if Px, = Px;, then the
two processes are identical in law.

We call p = Px, the infinitely divisible distribution of the Lévy process
(Xt)ter, -
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2.32. Consider a Lévy process X = (Xy)icr,. Show that the finite-
dimensional distributions of X are determined by the one-dimensional
marginal distributions.

2.33. Show that a Lévy process (X;);er, is a subordinator if and only if
X1 > 0 almost surely.

2.34. Show Proposition 2.279.

2.35. Let W = (W})ier, be a standard Wiener process, (X;)icr, given by
Xy = pt + oWy, t € Ry, and (N;)ier, a Poisson process independent of W.
Prove that the process {Z;, = Xn,, t € R4} is a compound Poisson process.
Give the law of Z;.

2.36. Show that Brownian motions with drift, i.e.,
Xy = oW + at for a,0 € R,

are the only Lévy processes with continuous paths.
2.37. Consider two sequences of real numbers (ay)reny and (Bk)ken such that
Y keN Biay < +00. Let N} be a sequence of Poisson processes with intensities

ar and k € N, respectively.
Then the process

Xi =Y Bu(Nf —axt), teRy,
keN

is a Lévy process having v as its Lévy measure.

2.38. Show that

1. Any Lévy process is a Markov process.
2. Conversely, any stochastically continuous and temporarily homogeneous
Markov process on R is a Lévy process.

2.39. Show that properties (2.103)—(2.106) hold for an Inverse Gaussian sub-
ordinator (see, e.g., Applebaum (2004, p. 51), and Kyprianou (2014, p. 29)).

2.40. According to, e.g., Jacod and Shiryaev (2003) (see also Grigoriu (2002)),
we define as a classical semimartingale any adapted RCLL process X; that
admits the following decomposition:

Xy = Xo + My + Ay,

where M; is a local martingale and A; is a finite variation (on compacts)
RCLL process such that My = Ay = 0.
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1. Show that any Lévy process is a semimartingale.
2. Show that the Poisson process is a semimartingale.
3. Show that the square of a Wiener process is a semimartingale.

2.41 (Poisson process and order statistics). Let X,..., X, denote a
sample, i.e., a family of nondegenerate i.i.d. random variables with common
cumulative distribution function F'. We define an ordered sample as the family

Xn,n S e S Xl,na

so that X, ,, = min {X4,...,X,,} and X3 ,, = max {X1, ..., X,,}. The random
variable X}, ,, is called the k-order statistic.

Let N = (Ny)ier, be a homogeneous Poisson process with intensity A > 0.
Prove that the arrival times 7; of N in ]0,t], conditionally upon {N; = n},
have the same distribution as the order statistics of a uniform sample on 0, ¢
of size n, i.e., for all Borel sets A in Ry and any n € N we have

P(Th,Ts,...,TN,) € ANy =n) = P(Uppn,-..,U1n) € A).

2.42. (Self-similarity). A real-valued stochastic process (X¢)¢er, is said to
be self-similar with index H > 0 (H-ss) if its finite-dimensional distributions
satisfy the relation

(Xat17 s 7Xatn)iaH(th, ceey th)

for any choice of @ > 0 and ¢y, ...,t, € Ry. Show that a Gaussian process with
mean function m; = F[X;] and covariance function K (s,t) = Cov(Xs, X}) is
H-ss for some H > 0 if and only if

my = et and K(s,t) = s*HC(t/s,1)

for some constant ¢ € R and some nonnegative definite function C. As a
consequence, show that the standard Brownian motion is 1/2-ss. Also, show
that any a-stable process is 1/a-ss.

2.43 (Affine processes). Let & = (&;);cr, be a process on a given probabil-
ity space (£2, F, P) such that E[||®,|]] < +oo for each t € Ry. The past-future
filtration associated with @ is defined as the family

For =0 {Pylu € [0,s] U[T,+o0[}.
We shall call @ an affine process if it satisfies
Tt t—s
E® | Fs1) = =——&4
(@1 Fsr] T—s +T—s
Show that the preceding condition is equivalent to the property that for s <
t < t' < wu the quantity

b, — Dy
E[ t t

br, s<t<T.

b, — D

t—t u—38

‘Fs,u:| =

and, hence, does not depend on the pair (¢,¢).
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2.44. Prove that Brownian motion is an affine process.

2.45. Let X = (X;):er, be a Lévy process such that E[||X;||] < +oo for each
t € Ry. Show that X is an affine process.

2.46. Consider a process M = (M;)icr, that is adapted to the filtration
(Ft)ter, on a probability space (§2, F, P) and satisfies

t
E[||M;]]] < +o0 and E [/ du|Mu|] < o0 for any ¢t > 0.
0

Prove that the following two conditions are equivalent:

1. M is an Fi-martingale.

2. For every t > s,
1 t
F [ / dubl,,
t—s J,

2.47 (Empirical process and Brownian bridge). Let Uy,...,U,,..., be
a sequence of i.i.d. random variables uniformly distributed on [0, 1]. Define
the stochastic process b(™ on the interval [0, 1] as follows:

b (1) ( ZIM Us) —t) teo,1].

1. For any s and ¢ in [0, 1], compute E[b(™ (¢)] and Cov[b(™ (s), b (t)].
2. Prove that, as n — oo, the finite-dimensional distributions of the process
(6™ (t))4e(0,1) converge weakly toward those of a Gaussian process on [0, 1]

T,

whose mean and covariance functions are the same as those of b(").
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The Ito Integral

3.1 Definition and Properties

The remaining chapters on the theory of stochastic processes will focus
primarily on Brownian motion, as it is by far the most useful and applicable
model and allows for many explicit calculations and, as was demonstrated in
the pollen grain example, arises naturally. Continuing the formal analysis of
this example, suppose that a small amount of liquid flows with the macroscopic
velocity a(t, u(t)) [where u(t) is its position at time ¢]. Then a microscopic par-
ticle that is suspended in this liquid will, as mentioned, display evidence of
Brownian motion. The change in the particle’s position u(t + dt) — u(t) over
the time interval [¢,¢ + dt[ is due to, first, the macroscopic flow of the liquid,
with the latter’s contribution given by a(t, u(t))dt. But, second, there is the
additional molecular bombardment of the particle, which contributes to its
dynamics with the term b(¢, u(t))[Witar — Wi], where (W;)i>o is Brownian
motion. Summing the terms results in the equation

du(t) = a(t,u(t))dt + b(t, u(t))dW,

which, however, in the current form does not make sense because the trajec-
tories of (W});>0 are not differentiable. Instead, we will try to interpret it in
the form

Yw € §2: u(t) —u(0) = /0 a(s,u(s))ds —l—/o b(s,u(s))dWs,

which requires us to give meaning to an integral f: f(t)dW, that, as will be
demonstrated, is not of the Lebesgue-Stieltjes® or, hence, of the Riemann—
Stieltjes type.

6 For a revision, see the appendix A or, in addition, e.g., Kolmogorov and Fomin
(1961).
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Definition 3.1. Let F' : [a,b] — R be a function and IT the set of partitions
Tia=x0 <z < - <z, =Db of the interval [a, b]. Putting

n

Vrell: VF(W)ZZ|F(I1')—F(I1'—1)|,

i=1
then F' is of bounded variation if

sup Vp(m) < oo.
mell

Also, Vr(a,b) = sup,c Vr(r) is called the total variation of F' in the interval
[a, b].

Remark 3.2. If F' : [a,b] — R is monotonic, then F' is of bounded variation and

Vr(a,b) = [F(b) — F(a)|.

Lemma 3.3. Let F' : [a,b] — R. Then the following two statements are
equivalent:

1. F is of bounded variation.
2. There exists an Fy : [a,b] — R, and there exists an Fy : [a,b] — R
monotonically increasing, such that F' = Fy; — F5.

Lemma 3.4. IfF : [a,b] = R is monotonically increasing, then F is A almost
everywhere differentiable in [a,b] (where X is the Lebesque measure).

Corollary 3.5. If F : [a,b] — R is of bounded variation, then F is differen-
tiable almost everywhere.

Definition 3.6. Let f : [a,b] — R be continuous and F' : [a,b] — R of
bounded variation, for all m € II,m:a = xg < 21 < -+ - < x,, = b. We will fix
points & arbitrarily in [z;—1,2;[, 4 = 1,...,n and construct the sum

Sp = Z fE)F (i) — F(xi-1)].

If for max;ec 1, ny (@i —23-1) — 0 the sum S, tends to a limit (which depends
neither on the choice of the partition nor on the selection of the points &; within
the partial intervals of the partition), then this limit is the Riemann—Stieltjes
integral of f with respect to the function F over [a,b] and is denoted by the
symbol f; f(x)dF (z).

Remark 3.7. By Theorem 2.183 and by Corollary 3.5, it can be shown that a

Wiener process is not of bounded variation, and hence f: f(t)dW, cannot be
interpreted in the sense of Riemann—Stieltjes.
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Definition 3.8. Let (W;);>0 be a Wiener process defined on the probability
space (2, F, P) and C the set of functions f(t,w) : [a,b] x 2 — R satisfying
the following conditions:

1. fis Bjap) ® F-measurable

2. For all t € [a,b], f(t,-) : 2 — R is Fy-measurable, where F; = o(Ws,0 <
s <t)

3. Forall t € [a,b], f(t,-) € L*(2,F, P) and [ E[|f(t)[2]dt < oo

Remark 8.9. Condition 2 of Definition 3.8 stresses the nonanticipatory nature
of f through the fact that it only depends on the present and the past history
of the Brownian motion, but not on the future.

Some authors instead of the above condition 2. require the stronger condi-
tion that the process (ft)ie[q,5) is progressively measurable, in order to guar-
antee desirable properties for the Itd integral defined below. Actually (see
Proposition 2.43) if the process is right-continuous with left limits (cddlag
or RCLL) or left-continuous with right limits, it is progressively measurable.
Since we usually refer to either of these two cases, the restriction becomes
irrelevant (see, e.g., Klenke (2014, p.566)).

Definition 3.10. Let f € C. If there exist both a partition 7 of [a,b], 7 : a =
to <t1 < --- <t, = b, and some real-valued random variables fy,..., fn—1
defined on (2, F, P), such that

Z f’L tl,tl+1[ )

(with the convention that [t,—1,tn[= [tn—1,b]), then f is a piecewise function.

Remark 8.11. By condition 2 of Definition 3.8 it follows that, for all i €
{0,...,n}, fi is Fi,-measurable.

Definition 3.12. If f € C, with f(t,w) = 300 fi(w) s, 1,,,((t), is a piece-
wise function, then the real random variable &(f) is a (stochastic) Ité integral
of process f, where

Yw € 2 &(f Z filw) Wy, (w) = Wy, (w)).

&(f) is denoted by the symbol f f(t)dWy, henceforth suppressing the explicit
dependence on the trajectory w wherever obvious.
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Lemma 3.13. Let f,g € C be piecewise functions. Then they have the prop-
erties that

1. E[[ f(t)dw;] = 0,

2. E[f; F(H)dW, [, g(t)dW:) = [ BIf(t)g(t)]dt.
Proof.

1. Let f(t,w) = Z?;OI fi(@) I, 45, ,1(t). Then

E / pwaw,

[n—1
=K Z fi(Wtz‘+1 - th)‘|
Li=0

n—1
=F Z ElfiWi . — W) ]'—ti]]
Li=0

n—1
=F Z fiE[Wt'H»l - Wt1|ftl]‘| )
Li=0

where the last step follows from Remark 3.11. Now, because (W;);>0
has independent increments, (W;,,, — W, ) is independent of F;,. Hence
EWy,,, — Wy |F,] = E[Wy,,, — Wy,], and the completion of the proof
follows from the fact that the Wiener process has mean zero.

2. The piecewise functions f and g can be represented by means of the
same partition a = tg < t1 < -+ < t, = b of the interval [a,b]. For
this purpose it suffices to choose the union of the partitions associated
with f and g, respectively. Thus let f(t,w) = I} fi(@W) I, 1,,,((t) and

g(t,w) = 3070 9i(w) it 4,,,(t)- Then

/a " foa, / b g(t)th]

n—1 n—1
=F Z fi(Wti+l - th) Z gj(Wtj+1 - Wtj)
i=0 j=0

E

n—1n—1
=FE Z Z figj(Wti+1 - Wti)(Wtj+1 - Wt]‘)
i=0 j=0

n—1ln—1

=F Z Z E[figj (Wtiﬂ - Wti)(Wtj+1 - Wtj)lj:ti\/tj] )
i=0 j—0

where t; Vt; = max {t;,t;}. If i < j, then t; < t;, and therefore 73, C F,,
resulting in f; being F; -measurable (already being F3 -measurable) and
(Wi, — Wh,) being F; -measurable (already being F;,, ,-measurable with
tir1 < t;). Finally, by Remark 3.11, g; is F3,-measurable. Thus
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E[figj(Wti+1 - Wti)(Wt]‘+1 - Wt]‘)|‘Ft]‘]

= figj(Wti+1 - Wtz)E[Wt - Wtj |]:tj]

J+1

given that (Wy,,, — Wy,) is independent of F;, ((W;):>0 having indepen-
dent increments) and E[W;,,, — W] = 0.
Instead, if i = j, then

- Wtz)

E[figi(wti+1 - th)(Wt ]:tl] = figiE[(Wti+1 - Wti)2|]:ti]

= figiE[(Wti+1 - Wti)z]'

i+1

But since (Wy,,, — W;,) is normally distributed as N (0,t;41 — t;),

E[(Wy Wi )% =tiy1 — t;

i+l i
and therefore
E[flgl(Wtz+1 - Wti)2|‘7:ti] = figi(ti-l‘l - tl)

Putting parts together, we obtain

E

b
=F

[ swawe [ gwaw,

n—1

Z figi(tiv1 — fi)]

1=0
n—1 b

=3 Blfigil(ties —ts) = / E[f(t)g(t))dt.
=0 a

O

Corollary 3.14. If f € C is a piecewise function, then

E (/ f(t)th> :/ E[(f(t))?] dt < o

Lemma 3.15. If S denotes the space of piecewise functions belonging to the
class C, then S C L*([a,b] x 2) and ® : S — L?(£2) is linearly continuous.

Proof. By point 3 of the characterization of the class C, it follows that S C
L?([a,b] x §2), whereas by Corollary 3.14, it follows that @ takes values in
L?(£2). The linearity and continuity of @ can be inferred from Definition 3.12
and, again, from Corollary 3.14, respectively, the latter by observing that if
f €8, then

b
1o = | ELS®]
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b 2
I2(N)i20) = E[(@(N))] = E (/‘ﬂﬂﬂﬂ>

Thus H@(f)HQLz(Q ||f||L2( (a,b]x)> Which guarantees the continuity of the
linear mapping &.” (I

Lemma 3.16. C is a closed subspace of the Hilbert space L*([a,b] x 2) and
is therefore a Hilbert space as well. The scalar product is defined as

b b
g) = / /Q £ (tw)g(t, w)dP(w)dt = / E[f(t)g(t)]dt

Hence @ has a unique linear continuous extension in the closure of S in C
(which we will continue to denote by @), i.e., ® : S — L*(£2).

Lemma 3.17. S is dense in C.

Proof . See, e.g., Dieudonné (1960). O

Theorem 3.18. The (stochastic) Ité integral  : S — L2(.Q) has a unique
linear continuous extension in C. If f € C, then we denote $(f) by f f(@&)dWs.

Remark 3.19. Due to Theorem 3.18, if f € C and (f,)nen € SV is such that
fn = fin L?([a,b] x £2), then

1. &(f,) = &(f) in L?(£2) (by the continuity of )

2. &(fn) = D(f) in LN(02)

3. &(fn) = @o(f) in probability

In fact, as was already mentioned, with P being a finite measure, conver-

gence in L?(§2) implies convergence in L!(2) and, furthermore, convergence
in L'(£2) implies convergence in probability, by Theorem 1.180.

Proposition 3.20. If f,g € C, then

E[f’ f(t)dWy] =0

E[f; f(t) dwt f g YAW] = [ BIf(£)g(t))dt

E[(fj Ft) = [P E[(f(t))2)dt (It6 isometry)
Proof.

1. Let f € C; then there exists (f,)nen € SV such that lim, o f, = f in
L?([a,b] x £2). Because of Remark 3.19 we also have that

" For this classical result of analysis, see, e.g., Kolmogorov and Fomin (1961).
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‘| - O,

b
/ (f(t) - fn(t))th] =0,

lim F

n—r oo

b
/ () = Ju(t)dWV,

from which it follows that

lim F

n—oo

and from the linearity of both the stochastic integral and its expectation

we obtain
b b
/ fulhyaw,| = E / f(t)th].

Now item 1 follows from point 1 of Lemma 3.13.
. Let f,g € C. Then

lim F

n—r oo

I(fu)nen € SN such that f, = f in L?([a,b] x £2);
3(gn)nen € SN such that g, = g in L*([a,b] x £2).

By the continuity of the scalar product (in L?([a, b] x 2)),

(fnsgn) = ([, 9),

and thus
b b
ti [ Elf, (09,00t = [ Elf©g(o)de. (3.1)

n—r oo a

Moreover, by point 2 of Lemma 3.13,

/ Elfu(t)gn(D)]dt =

b b
Fu(6)dW, / gn(t)th]. (3.2)

From the fact that f, — f in L?([a,b] x £2) it also follows that &(f,) —
&(f) in L?(£2) (by the continuity of @) and, analogously, since g, — g
in L2([a,b] x £2), it follows that ®(g,) — @(g) in L?(§2). Then, by the
continuity of the scalar product in L?(§2), we get

(D(fn), D(gn)) = (2(f), 2(9)),

/ W, / (t)dwt].

(3.3)

and hence

b
/ (DA / Gn(B)dWV,

The assertion finally follows from (3.1)—(3.3).

lim F

n—oo
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Point 3 is a direct consequence of point 2. (I

An extension of the concept of a stochastic integral is as follows.

Definition 3.21. Let C; be the set of functions f : [a,b] x £2 — R such that
conditions 1 and 2 of the characterization of the class C are satisfied, but
instead of condition 3, we have

P (/b F(O)Pdt < oo) _ 1. (3.4)

Remark 3.22. It is obvious that C C Cy, and thus S C C;. We will show that
it is also possible to define a stochastic integral in C; that, in C, is identical
to the (stochastic) Itd integral as defined above.

Lemma 3.23. If f € S C Cy, then for all ¢ > 0 and for all N > 0:

P</abf(t)th >c> SP(/ab|f(t)|2dt>N> +iv—2. (3.5)

Proof . See, e.g., Friedman (1975). O

Lemma 3.24. If f € Cy, then there exists (fn)nen € SY such that

b
lim If(t) — fu(t)?dt =0 a.s.

Proof . See, e.g., Friedman (1975). O

Remark 3.25. Resorting to the same notation as in the preceding lemma,
we also have that P — lim,,_,o f: |fn(t) — f(t)|?dt = 0 because almost sure
convergence implies convergence in probability. Let f € C;. Then, by the

preceding lemma, there exists (fn)nen € SV such that lim, . f; lf (&) —
fn(t)]?dt = 0 a.s. Let (n,m) € N x N. Then, because (a +b)? < 2(a® + b?), we
obtain

/Ifn — fml( )Izdt<2</ | fu(t) — 2dt+/ | f(t) — |dt>

and hence lim,; - 00 f; | fn(t) — fm(t)|?dt = 0 a.s. Consequently

—hm/|fn — fin(®)[2dt = 0.

But (fn, — fm) € SNCy (for all n,m € N), and by Lemma 3.23, for all p > 0
and all e > 0
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b
P< >e>§P</ |fn—fm|2dt>p62>+p.

Finally, by the arbitrary nature of p, we have that
> e) =0.

lim P <
m,n— 00

Hence the sequence of random variables ( f: frn(t)dW)pen is Cauchy in
probability and therefore admits a limit in probability [see, e.g., Baldi (1984)

for details]. This limit will be denoted by f f(&)dwy.

b
(fn(t) = fm(t))dW;

b
(fu(t) = fm(t))dWy

Definition 3.26. If f € C; and (fn)nen € SV such that lim,, o f: |f(t) —
fn(t)|?dt = 0 a.s., then the limit in probability to which the sequence of ran-

dom variables ( f: Jn(t)dWy)nen converges is the (stochastic) Ité integral of f.

Remark 3.27. The preceding definition is well posed because it can be shown

that f f(#)dW; is independent of the particular approximating sequence
(fn)nen- [See, e.g., Baldi (1984) for details.]

Theorem 3.28. If f € Cy, then (3.5) applies again.
Proof . See, e.g., Friedman (1975). O

Theorem 3.29. Let f € C; and (f,)nen € CY. If

- hm/|fn (t)]2dt = 0,

n—00

then

b b
P — lim fn(t)th :/ f(t)th

n—00 a

Proof . Fixing ¢ > 0, p > 0, by Theorem 3.28, we obtain

P( ><P</ | fn(t) — |2dt>c2p>+p.

Now, the proof follows for n — oc. O

b
(fu(t) = f(£))dW:| >

Now we are able to show that the stochastic integral in C; of Definition 3.26
is identical to that of Theorem 3.18 in C. In fact, for f € C, because S is dense
in C, there exists (f,)nen € SV such that

| fn(t) = f(t)|2dt] =0. (3.6)
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Putting X,, = fab | fn(t) — f(t)|?dt for all n € N, by the Markov inequality we
obtain

YA > 0: P(X, > \E[X,]) < (n € N),

1
A
and thus P(X,, > ¢) < 22l for e = AE[X,,]. But by (3.6), lim, 0 E[X,,] =0,
and therefore also lim,, o, P(X,, > €) =0 and

— lim / |fn(t) — f(t)dt = 0. (3.7)

n—00

From (3.7) and by Theorem 3.29, it follows that

b b
P— lim [ fo(t)dW, = / F) AW, (3.8)

n—oo a

where the limit f; f(t)dW, is the stochastic integral of f in C;. But, on the

other hand, (3.6) implies, by point 2 of Remark 3.19, that &(f,) - ®(f) in
probability (& is the linear continuous extension in C), and thus again

b b
P—lim [ fo(t)dW, = / F(t)dWs. (3.9)

n—oo a

Now by (3.8) and (3.9), as well as the uniqueness of the limit, the proof is
complete.

Remark 3.50. 1f f € C; and P(f; |f(t)|?dt = 0) =1, then

VN > 0: P(/b|f(t)|2dt>N> -

and, by Theorem 3.28,
b
/ f@)dWy| >¢c] =0 Ve > 0,

d
P(/bf(t)th _0> =1.

Theorem 3.31. If f € C1 and continuous for almost every w, then, for every
sequence (T, )nen of the partitions m, : a = t(") < tg") - < t(n) = b of the
interval [a,b] such that

o

so that

)

|7n| = sup — 0,

KE{0,..n}
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we have
n—1 b
P lim 525 (1) (W, ~Wipo) = [ o
k=0 @

Proof. Consider the piecewise function

(n)
n(t,w) Z (t ) t(n)7tl(c7:»)1[(t)'

k=0
By definition of It6 integral, we have that

7 (87) (0, -) - [

Now by Theorem 3.29 all that needs to be shown is that

P — lim / |fn(t) — f(t)2dt = 0,
n—oo
which follows by the continuity of f for almost every w. O

Proposition 3.32. Let (mn)nen be a sequence of the partitions m, : a =

t(n) t(n) o<t = of the interval [a,b] such that |m,| = 0, and for
all n € N, let S, = Z?;&(Wt(m — Wt<n))2, i.e., the quadratic variation of
i+ j

(W) tela,p) with respect to the partition m,. Then we have that

1. E[S))=b—a for alln e N;
2. Var[S,] = E[(S, — (b—a))?] > 0.

Proof.

E[S,] = E[(Wt@l W) } va[ i~ W

=) (tg.’fl - t§")) =b—a.

2. Because Brownian motion, by definition, has independent increments, we
have that

Var[S Z Var [( o, = Wt;"))z} )
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Writing §; = t(n) — W, then, by (1.6),

’il Var[,y] = ”Zl (B[6)Y] - (B[(6)7)°) < nZlE [6,)1]

Now, by the definition of Brownian motion, the increments §; are Gaussian,
ie., N(0,t;4+1 —t;), and direct calculation results in

(8,)®

e P\ T3 1) n
E[(5;)"] :/ (d;)°" 2{7r(t4+1+— t‘)}disj =3(tj41 — ;) 0.
—0o0 J J

O

Remark 3.33.  Given the hypotheses of the preceding proposition, by the
Chebyshev inequality,

Var[Sn] n

P(ISy—(b—a)|>e) < =28 %o (e>0).

€

It follows that P — lim, .+ S, = b — a. On the other hand, if we compare it
to the classical Lebesgue integral, we obtain

n—1

nllnéoZ((Tl t]n>) < lim |7rn|Z(J+1 t ):nli_)ngo 7| (b — @) = 0.
=0

j=

Remark 8.84. Since the Brownian motion (W;);>o is a continuous square-
integrable martingale, due to Proposition 3.32, we may state that its quadratic
variation process is

Remark 3.35. Because the Brownian motion (W;);>¢ is continuous for almost
every w, we can apply Theorem 3.31 with f(¢) = W, obtaining the result of
Proposition 3.36.

. b —a
Proposition 3.36. [/ W, dW; = (W2 — W2) — 252,
Proof Let (7, )nen be a sequence of the partitions m, : a = t((J") < tg") <

- <t = b of the interval [a, D] such that |m,| < 0. Then, by Theorem 3.31,
we have

b
‘/a Wtth — nh_)rn Z W(n) ( t(n) — thcn)) . (310)

Because, in general, a(b— a) = 1 (b — a2 — (b — a)?), therefore

1 2
Wi (Wi, = W) = 3 (W, =W = (W, = Wi))
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Substitution into (3.10) results in

b o 1 2
i = i 15 (w2, w3~ g )

k=0 k+1

n—1
1 2

— 2 ;

- §(Wb W2)— P lim o §_ (Wtwl - Wtin))

[ 9 o1, 1, 9 b—a

= §(Wb - W) —P—n1LH;O§Sn = §(Wb W) — 7
by Remark 3.33. 0
Remark 3.37. The classical Lebesgue integral results in f tdt = ¥=a* _“ . How-

ever, in the (stochastic) Ité integral we obtain an additional term (—559).
Generally, in certain practical applications involving stochastic models, the

Stratonovich integral is employed. In the latter, t(n) is replaced by r]in) =
£ ()

51+, thereby eliminating the additional term (—bT) Therefore, in gen-

eral, one obtains a new family of integrals by varying the chosen point of the
partition. In particular, the Stratonovich integral has the advantage that its
rules of calculus are identical with those of the classical integral. But, nonethe-
less, the It integral is often a more appropriate model for many applications.

3.2 Stochastic Integrals as Martingales

Theorem 3.38. If f € C and, for all t € [a,b], X(t) = f;f(s)dWS, then
(Xt)te[a,p] i a martingale with respect to Fy = o(Ws,0 < s <

Proof . Initially, let f € C N'S. Then there exists a m, a partition of [a, b],
Tia=1ty <t <---<t, =>b, such that

n—1

Fltow) = fltiw) g (), € a,bwe L,

i=0

and for all ¢ € [a, b]

t k—1
= [ W =3 F W, — W)+ S0~ W)
a i=0

for k such that ¢t < t < tgy1. Because for all i« € {0,...,k}, f(t;) is
Fi,-measurable (by Remark 3.11), X (¢) is obviously F-measurable for all
t € [a,b]. Now, let (s,t) € [a,b] x [a,b] and s < t. Then it needs to be shown
that

E[X()|F,] = X () as.
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and thus
E[X(t)— X(s)|Fs] =0 as. (3.11)
We observe that

X(t) — X(s)

t k—1
:/j@mn:Zﬂwmm—MJ
s 1=0

F () (We = Wi) = > F(t)(Wayy, — Wa,) = F(tn) (W — W)

j=0
if tp, <s<tpy1 and ty <t <tpy1, where h < k. Therefore,

X(t) = X(s)

k—1
= ft) Wi, = W) + F(t)(We = We) — f(tn)(We — Wa,)
i=h

k—1

Z 1+1 - ) + f(tk)( Wtk) + f(th)(Wt}L+1 - WS)

i=h-+1

Because s < t;, for i = h+1,...,k, thus Fs; C F;,, and by the properties of
conditional expectations we obtain

E[X(t
k—1
= 3" Bl Way — W)

~—

— X(s)|F3]

Fs)

+E[f(tk)(Wt - Wtk)lj:s] + E[f(th)(Wth+1 - Wts)l}—s]
1

I

+E[E[f (t) (W = We )| Fo )| Fs] + ELf () (Wi o — Wi, )| F]
1

= E[E[f{t:) (Wi = We,)

= E[f(tl)E[Wtwl - Wti |]:t¢]|]:5]
TE[f () EWe = We | F )| Fs] + f(n) EIWy, .0 — Wi | F]
1

= Ef(t:) EWiyy — Wi, ]| Fs]
i=h+1
TE[f(tr) EWy — Wi || Fs] + f(tn) EWy, ., — W]
=0
since E[W;] = 0 for all ¢ and (W});>0 has independent increments. This com-
pletes the proof for the case f € CNS.



3.2 Stochastic Integrals as Martingales 201

Now, let f € C; then 3(fn)nen € (C N S)N such that lim,, o f; [f(t) —
fn(t)|?dt = 0 a.s., by Lemma 3.24. We put

Xn(t) = /t Sfn(8)dWs VYn € N, Vt € [a, b],

for which we have just shown that ((X,(t))ie[q,5])nen is a sequence of martin-
gales. Now, let (s,t) € [a,b] X [a,b] and s < t; it will be shown that

E[X(t)— X(s)|Fs] =0 aus. (3.12)
We obtain for all n € N

E[X(t) — X (s)|F]
= E[X(t) — X0 (t)|Fs] + E[Xn(t) — X0 ()| Fs] + E[Xn(s) — X (8)|Fs)-
Because (X, (t))ic[q is a martingale, E[X,(t) — X, (s)|Fs] = 0. We also
observe that
E[(BIX(t) - Xa(t)|Fs])?]
< B[E[1X(t) - Xu)P| 7] = B [IX () - Xa(9)?]

-y / (F(w) = foulw)dW,

] :/ B [|f(u) = fa(w)]*] du = 0,

following the properties of conditional expectations and by point 3 of Propo-
sition 3.20. Hence E[X () — X,,(t)|Fs] converges to zero in L?(§2), as it does,
analogously, E[X (s)— X, (s)|Fs], thus proving (3.12). Finally, we need to show
that X (¢) is F;-measurable for ¢ € [a, b]. This follows from the fact that X,,(¢)
is Fy-measurable for n € N and, moreover,

B [IX(0) - X,(0F] = [ E (5w~ fulwl]du* o

following the preceding derivation. Hence X,,(t) — X (¢) in L?(£2). O

Remark 3.39. We may remark here that Equation (3.12) can be rewritten
more explicitly as

| / F)dW|F] =0, as., (3.13)

for any (s,t) € [a,b] X [a,b], s < t.
Similarly it can be shown (see Exercise 3.3)

E[(/ f(u)qu)2|fS]:/ E[(f(w)?|Fsldu, a.s., (3.14)

for any (s,t) € [a,b] X [a,b], s < t.
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Note that the integral in C; is not in general a martingale. It is, however,
a local martingale (see, e.g., Karatzas and Shreve (1991, p. 146)) .

Proposition 3.40. Resorting to the notation of the preceding theorem, the
martingale (Xt)ie(q,p) s continuous (in L*(£2), and in probability).

Proof. If t, s € [a,b], then

%gr;E X1t —X(s)’] =limE

t—s

= lim E [(f(u)?] du =0,

t—s s

by point 3 of Proposition 3.20 and following the continuity of the Lebesgue
integral. O

Theorem 3.41. If f € C1, then (Xit)ie[a,p) admits a continuous version and
thus admits a modified form, with almost every trajectory being continuous.

Proof . See, e.g., Baldi (1984) or Friedman (1975). O

Following Theorems 2.28 and 3.41, henceforth we can always con51der con-
tinuous and separable versions of (Xt)te[a p- If f € Cand X(t f f(w)dW,,
t € [a,b], then because (by Theorem 3.38) (X¢)¢c[a,p) is @ martlngale it satisfies
Doob’s inequality (Proposition 2.125), and the following proposition holds.

Proposition 3.42. If f € C, then
1. Elmaxe<s<y | [7 f(w)dW,[?] < 4B Ifbf )W, 2] = 4B [ |f (u)|?du];
2. P(maxo<s<p | [ f(u)dWy| > A) < 45 f |f(u)]?du], X > 0.

Proof . Point 1 follows directly from point 2 of Proposition 2.121 with p = 2.
Point 2 follows by continuity

(max u)_max/f VAW, |
a<s<b a<s<b
therefore
< max, > )\> (( max, > > /\2>
a<s< a<s<
:P<max / fu)dW, >/\2>
a<s<b

and the proof follows from point 1 of Proposition 2.125. O

Remark 3.43. Generally, max,<s<p X5, almost everywhere with respect to P,
is defined due to the continuity of Brownian motion.
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Stochastic Integrals with Stopping Times

Let f € Ci([0,T]), (W;)ier, a Wiener process, and 71 and 7 two random
variables representing stopping times such that 0 < 74 <7 <T. Then

/TIT2 f(t)dw, = /OT2 f(t)dw, — /OT1 F()dW,.

Lemma 3.44. Defining the characteristic function as

1l t<n,
Xl(t)_{o ’Lf t>7, 2_1725

we have that

1. xi(t) is Fr = O’(WS, 0 < s < t)-measurable (i =1,2);

o [T F0)AWs = [T xa () F(OAW: — [T X (8)F(£)dW.

Proof . See, e.g., Friedman (1975). O

Theorem 3.45. Let f € C1([0,T]) and let 71 and T2 be two stopping times
such that 0 <1 <719 <T. Then

1. E[f2 f()dW,] =0
2. B f”f (H)dW:)?] = B[ |f(t)[*dt]

Proof. By Lemma 3.44, we get
T2 T
| rwam = [ ta® - s,

and after applying Proposition 3.20 the proof is completed. This theorem is,
in fact, just a generalization of Proposition 3.20. O

The following lemma is very useful in applications.

Lemma 3.46. For any T > 0, let f € C1([0,T]), with respect to a Wiener
process (Wy)ier, , and assume further that

P (/OOO fA(t)aw, = oo) =1.

Then the random process
:/ fdW,,  seRy,

with 75 = inf {t € Ry fO 2 (u)du > s)} is a Wiener process, and

P( lim —fof“dW :0):1
t—)+oof f2

Proof . See, e.g., Lipster and Shiryaev (2010), p. 235. O
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3.3 Ito Integrals of Multidimensional Wiener Processes

We denote by R™" all real-valued m x n matrices and by
W(t) = (Wi(t),...,Wa(t)',  t=0,
an n-dimensional Wiener process. Let [a,b] C [0, 400, and we put

Cw([a,b])
= {f a, bl x 2 > R™VLI <i<m,V1<j<n:f ECWj([a,b])},
Ciw([a, b])
= {f : [a,b] x 2 — Rmn|V1 <i<m,V1 <j<n: fij € Cle([a,b])},

where Cw;,([a,b]) and Ciw,([a,b]) correspond to the classes C([a,b]) and
C1([a, b]), respectively, as defined in Sect. 3.1.

Definition 3.47. If f : [a,b] x 2 — R™" belongs to Ciw([a,b]), then the
stochastic integral with respect to W is the m-dimensional vector defined by

/

/f t)dW (t Z/fw )W, ( ,

1<i<m

where each of the integrals on the right-hand side is defined in the sense of
Ito.

Proposition 3.48. If (i,j) € {1,...,n}* and

fi:la,b] x 2 —= R belongs to Cw, ([a, b])and
[+ la,b] x £2 = R belongs to Cw, ([a,b]),

b b b
E /fi(f)dWi(t)/ fj(f)de(t)] =0, E /fi(t)fj(t)df]7

where §;; =1, if i = j or 65 =0, if i # j, is the Kronecker delta.

then

Proof. Suppose i # j. Then the processes (W;(t));>0 and (W;(t))i>o are
independent, as are hence, the o-algebras F(*) = U(W( ),s > 0) and FU) =
o(W;(s),s > 0). Moreover, for all t € [a,b]: fi(t) is F@-measurable, f;(t) is
FU)-measurable, and ]—'(. oc(Wi(s),0 < s < t) € F@ as well as ]—'t(J) =
o(W;(s),0 < 5 < t) C FU). Therefore, fl - <>>te[a 0o and f; = (/5(0)refus
it

(
are independent, as are f fi(®) f , and therefore
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Bl [ " fawi / ' waw, <t>]
/ Fi()dW; (¢t / £ (0)dW;( 1

by Proposition 3.20. If instead ¢ = j, then the proof immediately follows by
Proposition 3.20. ([

=F

Proposition 3.49. Let f : [a,b] x 2 = R™ and g : [a,b] X 2 — R™". Then
1. If f € Cw([a, b]), then

E /b f(t)dW(t)] _0eR™

2. ]f fug € CW([avb])7 then

b b !
E ( / f(t)dW(t)> ( / g(t)dw<t>)

8. If f € Cw([a,b]), then

=F

b
/ (f(t))(g(t))’dt] ;

f HAW (1 / £t |dt1
where o
|f|2:ZZ fl]
i=1 j=1
and
2
m n b
/ FHAW Z(Z / fu(t)de(t)) .
i=1 j=17a
Proof.

1. Let f € Cw([a,b])(C Ciw([a,b])). Then

b n b !
E / f(t)dW(t)] (E [g / fiju)dwj(t)])w
b /__
/ fz:j(t)de(t)D —0cr™,
¢ 1<i<m

I
PR
-
=

by Proposition 3.20.
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2. Let f,g € Cw([a,b]) and (1,k) € {1,...,m}>. Then

B ( / bf(t)dW<t>> ( /(lbf’(t)dw(t))/] "
_E[(z/m s )(Z/g’“ p ))}

:iiE /flj(t)de(t/gkjldW ] ZE /fl7 gk] dt‘|
/ Z(flj(t)gkj(t))dt]

=F

Z/ f15 () gk (t)dt

b
/ ((f(t))(g(t))/nkdt],

=F

by Proposition 3.48. With each of the components verified, the proof of
point 2 is complete.
3. Let f € Cw([a,b]). Then by point 2 we have

<[ ([ o) ([ o)

Furthermore, it is easily verified that if a generic b € R™", then

|b]? = i i = trace(bd’),

i=1 j=1

=F

/ (f(t))(f(t))’dt] .

(3.15)

and if a generic a € R™, then

m

la? = Z(ai)2 = trace(aa’).

=1

Therefore, if in (3.15) we consider the trace of both the former and the
latter term, we obtain point 3.

O

3.4 The Stochastic Differential

Definition 3.50. Let (u(t))o<it<T be a process such that for every (¢1,t2) €
[0,T] x [0, T],t1 < ta:
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to to
u(te) —u(ty) = / a(t)dt +/ b(t)dWy, (3.16)
t1 t1

where (a)'/? € C1([0,T)) and b € Cy([0,T]). Then u(t) is said to have the
stochastic differential
du(t) = a(t)dt + b(t)dW, (3.17)

on [0,T].

Remark 3.51. If u(t) has the stochastic differential in the form of (3.17), then
for all ¢ > 0, we have

u(t) = u(0) —l—/o a(s)ds—i—/o b(s)dWs.

Hence

1. The trajectories of (u(t))o<i<r are continuous almost everywhere
(see Theorem 3.41).

2. For t € [0,T], u(t) is F; = o(Ws,0 < s < t)-measurable, thus u(t) €
Cl([ovT])'

Ezample 5.52. The stochastic differential of (W2);>0 is given by
dW2 = dt + 2W,.dW,. (3.18)

In fact, if 0 < ¢; < to, then, by Proposition 3.36, it follows that

to — 1

ta
1
/ WedW, = é(Wt‘i - W2) - 5
t

1

Therefore, W2 — W2 = t5—t1+2 fttf WdWy, which is of the form (3.16) with
a(t) =1 and b(t) = 2Wy, t > 0.

Ezample 3.53. The stochastic differential of the process (¢W,);>¢ is given by
d(tWy) = Widt + tdW,. (3.19)

Let 0 < t; < t2 and (m,)nen be a sequence of partitions of [tq,ts], where
n)

T 1t = rgn) < <™ =t such that |7n| = 0. Then, by Theorem 3.31,

to n—1
/ tW, = P = Tim > o (W = W) (3.20)
n—oo k+1 k
k=1

t1

Moreover, because (W;);>o is continuous almost surely, we can consider
t ..
ftf Wdt, obtaining

n—1
_ (n) _ (n)>
Wedt nli)n;o ; WT;(JQl (Tk+1 T, ) a.s.

ta

t1
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But since almost sure convergence implies convergence in probability, we have

to n—1
W,dt = P — i W (W _ <">). 3.1

Combining the relevant terms of (3.20) and (3.21) we obtain

/t ", + /t Wt = P - P~ lim Z (W, o, W)
1 1
=t Wy, — t1Wt1,
which is of the form (3.16) with a(t) = W; and b(t) = ¢, proving (3.19).
Proposition 3.54. If the stochastic differential of (u;(t))iejo,r) is given by
du; (t) = a;(t)dt + bi(t)dWy, i=1,2,

then (ui(t)uz(t))tcjo, ) has the stochastic differential

d(uy (t)uz(t)) = ui(t)dug(t) + ua(t)duy (t) + bi(t)ba(t)dt, (3.22)
and thus, for all0 <t; <ty <T

w1 (t2)ua(te) — ug(tr)us(ty)

:flﬂ)uﬁ+flﬁm@mq

t1 t1

+/t2 us(t)a ()dt+/t2 uQ(t)bl(t)th+/t2 bi(H)ba(t)dt. (3.23)

ty1 t1 t1

Proof . (See, e.g., Baldi (1984)):

Case 1: a;,b; constant on [t1,t], i.e., a;(t) = a;, bi(t) = b;, for all ¢t €
[tl,tQ],i = 1,2, ai,bi in Cl([O,TD Then

ul(tg) = ul(tl) + al(tg — tl) + 01 (W, — W), (3.24)
UQ(tQ) = u2(t1) + £L2(t2 — tl) + bQ(Wt2 — Wt1>. (325)

The proof of formula (3.23) is complete by employing Equations (3.18),
(3.19), (3.24), and (3.25) and the definitions of both the Lebesgue and
stochastic integrals.

Case 2: Tt can be shown that (3.23) holds for a;, b;, ¢ = 1,2, which are piece-
wise functions.

Case 3: Ultimately it can be shown that (3.23) holds for any a;,b; (a;,b; € C,
i=1,2).

O
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Remark 5.55. Generally, if (u(t)),c(0,7) admits a stochastic differential and
b(t) € C1([0,T]), then, by the Holder inequality (see Proposition 1.170),
u(t)b(t) € C1([0,T]) and so fOT u(t)b(t)dW; is well defined (see Friedman (2004,
p.79)).

Remark 3.56. 1f f : R — R is a continuous function, then f(W;) € C1([0,T));
in fact, the trajectories of (f(W})):epo,r] are continuous almost everywhere,
and thus condition (3.4) is certainly verified. In particular, we have

(W{")tero,m € C1([0,T7) Vn € N*.

Corollary 3.57. For every integer n > 2 we get

1
d(W) = nWtdW, + (= DnW,2dt.

Proof . The proof follows from Proposition 3.54 by induction. O

Corollary 3.58. For every polynomial P(x):

dP(W,) = P (W,)dW, + 1P”(Wt)d (3.26)

Remark 3.59. The second derivative of P(W,) is required for its differential.

Proposition 3.60. If f € C?(R), then

df (W) = f'(Wy)dW, + %f”(Wt)dt

Proof . Since f € C?(R) it can be shown (see Friedman (2004, Problem 11,
p.95)) that there exists a sequence of polynomials (@ (z))ren such that

Qu(x) = f, Qu@) = f,  Quz) = f" (3.27)
uniformly on compact subsets of R. Take 0 < t; < ta < T for any Q,(z) we
have by (3.26)

Q (Wt2) Qn(th / Q Wt th / QN Wt (3.28)

By the above quoted result it is clear that

1 [* n 1 [%
3 Qr(Wy)dt — 3 " (Wy)dt a.s. (and thus in probability),
t1 t1
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we also have

to
/ Q. (Wy) — f(t)]>dt 2 0 a.s. (and thus in probability),

t1
so that by Theorem 3.29 we have

ta

ta
—lim [ QL (Wy)aw; = / F(W)dw,.
ty

n—oo t

Finally, taking n — oo in (3.28), we have

F(Wiy) = F(Wi,) / F (W)W, + / 7w,

3.5 Itd’s Formula
As one of the most important topics on Brownian motion, It6’s formula

represents the stochastic equivalent of Taylor’s theorem about the expansion
of functions. It is the key concept that connects classical and stochastic theory.

Proposition 3.61. Ifu(t,z):[0,7] x R — R is continuous with the deriva-
tives Uy, gy, and ug, then

du(t, Wt) = (ut(t, Wt) + %um (t, Wt)) dt + Uy (t, Wt)th (329)

Proof.

Case 1: We suppose u(t,z) = g(t)y(z), with g € C1([0,T]) and ¥ € C?*(R).
Then, by Proposition 3.60,

1
dp(Wy) = ¢'(Wa)dW, + 59" (We)dt,
and, by formula (3.22), we obtain an expression for (3.29), namely,
1
d(g(t)p(Wr)) = g(t)y'(We)dWy + EQ(t)Q/’I/(Wt)dt +P(We)g' (t)dt.
Case 2: If

u(t, ) = Zgi(t)wi(x), g€ CY[0,T)),v € C*(R),i =1,...,n,

(3.30)
then (3.29) is an immediate consequence of the first case.
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Case 3: If u is a generic function, satisfying the hypotheses of the proposition,
then it can be shown that there exists (un)nen, & sequence of functions of
type (3.30), such that for all K > 0

lim sup sup {|un —u|+ [(un)e — ut| + |(tun)z
"0 2| <K te[0,T)
Therefore, we can approximate v uniformly through the sequence w,,, and
the proof follows from the second case.
O

Remark 3.62. Contrary to what is obtained for an ordinary differential,
Equation (3.29) contains the additional term Luge(t, Wy)dt. This is due to
the presence of Brownian motion.

Remark 3.63. If u(t,z,w) : [0,T] x R x 2 — R is continuous with the deriva-
tives u,, u,,, and u; such that, for all (¢, 2), u(t, z,-) is Fy = o(Ws,0 < s < ¢)-
measurable, then formula (3.29) holds for every w € 2.

Theorem 3.64 ( Ité’s formula). If du(t) = a(t)dt+b(t)dWy, and if f(t,x) :
[0,T] x R — R is continuous with the deriwatives fy, fra, and fi, then the
stochastic differential of the process f(t,u(t)) is given by

df (t,u(t)) = (ft(t, u(t)) + %fm(t, u(t))b?(t) + fult, u(t))a(t)) dt
+ fu (8, u(t))b(t)dWy. (3.31)

Proof . See, e.g., Karatzas and Shreve (1991). O

3.6 Martingale Representation Theorem

Theorem 3.38 stated that, given a process (ft)icfo,r7 € C([0,77]), the It6 in-
tegral fot fsdWy is a zero-mean £2-martingale. The martingale representation
theorem establishes the relationship between a martingale and the existence
of a process converse.

Theorem 3.65 (Martingale representation theorem I). Let (M;):c(0,1)
be an L2-martingale with respect to the Wiener process (Wi)eepo,m and
to (Ft)iepo,r), its natural filtration. Then there exists a unique process

(ft)tepo,m) € C([0,T7), so that

vVt e [0,T7: M(t) = M(0) + /t f(s)dWs a.s. (3.32)
0
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Theorem 3.66 (Martingale representation theorem II). Let
(Mt)epo,r) be a martingale with respect to the Wiener process (Wi)iepo,r
and to (Ft)iepo, 1), its natural filtration. Then there exists a unique process
(ft)tepo,r) € C1([0,T7), so that (3.32) holds.

The martingale representation theorems are a direct consequence of the
following theorem (@ksendal 1998).

Theorem 3.67 (Itd representation theorem). Let X € L*(2, Fr, P) be a
random variable. Then there exists a unique process (ft)ico, ) € C([0,T]) such
that

X = BIX] + /OT F(s)dW,.

For the proof of the It6 representation theorem we require the following
lemma.

Lemma 3.68. The linear span of random variables of the Doléans exponential

type . .
exp{/o h(t)dW; — %/O (h(t))zdt}

for a deterministic process (hy)iejo,r) € L*([0,T)) is dense in L*(£2, Fr, P).

Proof of Theorem 8.67. Initially suppose that X has the Doléans exponential
form

T T
1
X = exp{/ h(s)dW, — 5/ (h(s))st} vt € [0, 7]
0 0
for a deterministic process (h¢)iepo, 7] € L*([0,T7]). Also define

Y (t) = exp {/Ot h(s)dWs — %/Ot(h(s))st} vt € [0,7).

Then, invoking It6’s formula, we obtain
dY (t)
=Y (h(t)th — %(h(t))zdt) + %Y(t)(h(t))th =Y (t)h(t)dW;.
(3.33)

Therefore,
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and in particular
T
X=Y(T)=1 +/ Y (s)h(s)dWs,
0

so that, after taking expectations, we obtain E[X] = 1. By Lemma 3.68, the
proof can be extended to any arbitrary X € L2?(§2, Fr, P). To prove that
the process (ft)icfo,r] is unique, suppose that two processes f', fZ € C([0,T])
exist with

X(T) = E[X]+ /T frt)dw, = E[X] + /T FA(t)dw;.

Subtracting the two integrals and taking expectation of the squared difference,

we obtain
2

T
B (/ (f (t)—f(t))th> ~0,

and using the It0 isometry we obtain

implying that f} = f? a.s. for all t € [0, T). O

Proof of Theorem 3.65. Take T =t and X = M,;. By Theorem 3.67, there
exists a unique process () € C([0, T]) such that

t
M, = E[M,] +/ FO(s)dW.
0
Since, by assumption, M is a martingale, we may then claim
t
M, = E[M] +/ FO(s)dW.
0
In particular, this will apply to any time to, for some f(#2),
ta
M;, = E[My) +/ £U2) (5)dw.
0
Take now an additional time ¢; < t9; by the martingale property, we get

My, = E[M,, | F,] = E[My] + E| / L P ()W, | F)
0

= E[Mo +/ 1 f(t2)(5)dWsa
0
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but we will also have
t1
M,, = E[M] + / FE (s)dW,
0

for some f(1). Thus, because of uniqueness, up to t, f&) = f(2) We may
then take f = f(*) to obtain, finally,

M, = E[My] + /0 " Hs)aw. (3.34)

To conclude, we may notice that from (3.34) we easily derive
My = E[Mo] + 0,

which completes the proof. (I

3.7 Multidimensional Stochastic Differentials

Definition 3.69. Let (u;)o<t<7 be an m-dimensional process and

a: [O,T] x 2 >R ac Clw([O,T]),
b: [O,T] x 2 —-R™,be Clw([O,T])

The stochastic differential du(t) of u(t) is given by
du(t) = a(t)dt + b(t)dW (t)

if, forall 0 <ty <ty < T,

ults) — u(t) = / * attydt + / " b aw (o)

t1 t1

Remark 3.70. Under the assumptions of the preceding definition, we obtain
for1<i<m

j=1
Ezxample 3.71. Suppose that the coefficients a1 and a1 of the system

{dul(t) = ay1 (t)us (t)dt + ara(t)ua(t)dt, (3.35)

d’lLQ (t) = a1 (t)u1 (t)dt + a9g9 (t)UQ (t)dt
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are subject to the noise

The first equation of (3.35) becomes

du1 (t)
= (a% (H)ur (t) + aly(t)u(t))dt + ary (t)uy (t)dW (t) + ar2(t)us(t)dWa(t)
= a1 (t)dt + bll(t)dwl (t) + bra(t)dWa(t),

where the meaning of the new parameters a1, b11, and b5 is obvious. Now, if
both a9 and aqs are affected by the noise

a1 (t)dt = a9, (t)dt + gy (t)dW3(t),
aga(t)dt = ady(t)dt + ana(t)dWy(t),

then the second equation of (3.35) becomes

dUQ (t) = C_LQ (t)dt + b23 (t)de (t) + b24 (t)dW4 (t)

b— bi1 b1 0 O
0 0 bog b

is of order 2 x 4, but, in general, it is possible that m > n.

In this case the matrix

Theorem 3.72 (Multidimensional Ité6 formula). Let f(¢,x) : Ry X
R™ — R be continuous with the derivatives fy,, fz,z;, and f;. Let u(t) be an
m-dimensional process, endowed with the stochastic differential

du(t) = a(t)dt + b(t)dW (1),
where a = (a1,...,amn) € Cw([0,T]) and b = (bij)1<i<m,i<j<n € Cw([0,T]).
Then f(t,u(t)) has the stochastic differential

df (t,u(t)) = (fttu +meltu i(t)

=1
#3202 Fr (a0
1=11,j=1
+ 307 fo ()b (Wi (2). (3.36)

=1 1i=1
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If we put a;; = (bV')i5, 3,5 = 1,...,m, introduce the differential operator

0 0
22 o 83:J+;al 5 E’

1,5=1

and introduce the gradient operator

) a\
Vx— (6—$1,,—axm> B

then, in vector notation, (3.36) can be written as
df (t,u(t)) = Lf(t,a(t))dt + Vi f(t,u(t)) - b(t)dW (1), (3.37)

where Vyx f(t,u(t)) - b(t)dW(t) is the scalar product of two m-dimensional
vectors.

Proof. Employing the following two lemmas the proof is similar to the
one-dimensional case. [See, e.g., Baldi (1984).] O

Lemma 3.73. If (W1(t))i>0 and (Wa(t))i>0 are two independent Wiener
processes, then

d(Wi(t)W2(t)) = Wi(t)dWa(t) + Wa(t)dWi (1). (3.38)

Proof . Since Wy (t) and Wa(t) are independent, it is easily shown that W, =
\%(Wl (t) + Wa(t)) is also a Wiener process. Moreover, for a Wiener process

W (t) we have
dAW?(t) = dt + 2W (t)dW (t). (3.39)

Hence from

Wa(OWalt) = W2(1) — 5W2() — S W3()

it follows that Wy (¢)Wa(t) is endowed with the differential

d(Wi(t)Wa(t))
= dW?3(t) — %de(t) - %dWQQ(t)

= dt + 2W (£)dW (t) — %dt — Wy () AWy (t) — %dt — Wa(t)dWa(t)

=2 <%W1 ()W, (1) + %Wl (t)dWa (t) + %WQ ()W, (1) + %Wg(t)dWQ (t)>
WL () AW (1) — Wa () dWa (2),

completing the proof. (|
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Lemma 3.74. If Wy, ..., W, are independent Wiener processes and

dui(t) = a0yt + S (AW, 1), =12,

j=1
then

d(U1U2)(t) = 'LLl(t)dUQ (t) + uz(t)dul(t) + i blijjdt. (340)

J=1

Proof. Tt is analogous to the proof of Proposition 3.54 (e.g., Baldi 1984).
Use (3.38), (3.39), and (3.19) and approximate the resulting polynomials. [

Remark 3.75. Equation (3.39) is not a particular case of (3.38) (in the latter,
independence is not given), whereas (3.40) generalizes both.

Remark 3.76. The multidimensional It6 formula (3.37) asserts that the pro-
cesses

f(t,u(t)) — £(0,u(0))

and
/ Lf(s,u(s))ds +/ Vxf(s,u(s)) - b(s)dW(s)
0 0

are stochastically equivalent. They are both continuous, and so their trajec-
tories coincide a.s. Taking expectations on both sides, we therefore get

E[f(t,u(t))] - E[f(0,u(0))] = E [/0 Ef(&U(S))dS} :

3.8 The It6 Integral with Respect to Lévy Processes

Motivated by the representation (2.41) of a Lévy process, it seems natural to
consider more general processes (X (t))icr, , admitting an integral represen-
tation of the form

X(t) _x—l-/otoe(s)ds+/0tﬁ(s)dWs +/Ot /R_{O}V(S,Z)N(ds,dz), teR,,

(3.41)
where z € R for a suitable choice of the stochastic processes a, 3, and +.
Here (W;);er, is a usual Wiener process, while N (ds, dz) is a compensated
random Poisson measure.
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Since we already know about the stochastic integral with respect to the
Wiener process, we shall concentrate on the stochastic integrals

/ / (s,z)N(ds,dz)
{0}

by adopting the approach by Gihman and Skorohod (1972, p. 253ff) [see
also Skorohod (1982, p. 34)].
Since we are dealing with R — {0}, for the associated Borel o-algebra we

take By = o <U B: | , where, for any € > 0, we take
e>0

1
BE—O’{BEBR|BC{IER|ES|I|§ g}}

Assume we are given a probability space (£2, F, P) and a filtration (F;)ier,,
subject to the usual assumptions.

As for the compensated random Poisson measure, we take first a random
Poisson measure N(ds,dz) such that

(a) For any B € By and for any t € Ry the random variable N([0,¢], B) =
fo [ N(ds,dz) is F;-measurable.

(b) The compensatmg measure v(B) = E[N([0, 1], B)] is finite on any B € Br
such that 0 ¢ B.

(c) For any t € Ry the family of random variables

{N((t,t+ h),B); B € By,h >0}

is independent of F.

Take now a given time 7' > 0. As far as the integrand process
{’Y(tvz% te R+7Z € R}

is concerned, we assume that the function {y(w,t,2); w € 2,t € Ry, 2z € R}
is measurable with respect to all variables w, t, z.

(d) For any z € R, 7(t, z) is Fy-measurable;
further, either

(e)
T
/ / E[’y2(t, 2)|v(dz)) < 400
o JrR—{0}

T
P(/D /]R—{O} v(t, 2)v(dz)) < +o0) = 1.
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In cases (d) and (e), we say that v € H(v); in cases (d) and (¢’), we say
that v € Ha(v). In either case, v can be approximated by a sequence (v, )nen

of stepwise processes with respect to time, all belonging to H(v), in the mean
square topology, i.e.,

T
[ Bl =t oP @) S o,
o Jr-{0}

For any n € N the integral

T n
/ / v (t, 2)N(dt, dz) = Z/ A (th1, 2)N (tr, — to_1,dz)
0 R—{0} k-1 /R—{0}

is well defined, so that we may extend this to any v € H(v) as follows:

/ / y(t, z)N(dt,dz) = hm/ / w(t, 2)N(dt, dz).
R— {0} =00 R— {o}

For the more general case v € Ha(v), provided (v, )nen in H (v) approximates
v in the following sense

[ - Lo (3.
R—{0}

we may define

T
/ / y(t, z)N(dt,dz) = hm / / w(t, 2)N(dt,dz).  (3.43)
0 JrR—{o} e {0}

Clearly, if (vn)nen approximates v in H(v) in the mean square sense,
then (3.42) will also hold, and consequently (3.43) applies, too. The fol-
lowing result holds.

Theorem 3.77. If v € H(v), then the process

€10,T] — &(t) // (s,2)N(ds, dz)
R— {0}

is an Fy-martingale, and for any s,t € Ry, s <,

Blow ~#)PIF) = [ i [ vt

Remark 3.78. The definition of @ allows its extension to a separable process,
a.s. bounded, without discontinuities of the second kind.

Further, the following inequalities can be proved.
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Theorem 3.79. If v € H(v), then, for any a > 0,

P(sup | 9(1) |>a<—/ dt/R V@I ED ),

T
B sup | 9(1) ) < 4 [af | YAIB )

Theorem 3.80. If~y € Hy(v), then, for any a > 0,K > 0,

P( sup | D) |>a) <—+P/dt/ v(dz)v%(t, 2) > K).
0<t<T {0}

3.9 The It6—-Lévy Stochastic Differential
and the Generalized It6 Formula

Within the framework established in the previous section, we are now ready
to generalize the concept of stochastic differential so as to give a rigorous
meaning to (3.41).

We are given an underlying probability space (£2,F, P) and a filtration
(Ft)ter, subject to the usual assumptions. Consider a real-valued Wiener
process (W,g),geR+ such that for any t € Ry, W; is Fy-measurable; consider a
random Poisson measure N (ds, dz) satisfying Conditions (a)—(c) of the previ-
ous section, with respect to the filtration (F;)cr, -

Consider now the processes (a(t))er, , (B())ier, such that («)*/2 and
belong to C1, with respect to the filtration (F})ecr, ; further, take a process v €
Hs(v), where v is the compensating measure of the random Poisson measure
N(ds,dz). Finally, take X(0), a given random variable on the probability
space (§2, F, P), independent of (F);cr, -

Thanks to the definition of the It6-Lévy integral introduced in the previous
section, it makes sense to consider the process (X (t))¢cjo, 7] defined, for any
t € 10,71, by

X(t) = X(0)+ / ds+/ﬂ )W, +// o (s,2)N(ds,dz). (3.44)

Any process defined as in (3.44) is called an Ité—-Lévy process.

Under the preceding assumptions, if the process (X(t))icjo,r satis-
fies (3.44), then we say that it admits, on [0, 7], the (generalized) stochastic
differential

dX (t) = a(t)dt + B(t)dW; + /R o y(t, z) N (dt, dz).
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We are now ready to state a main theorem of the Lévy-Ito6 calculus.

Theorem 3.81. Under the preceding assumptions, let the process
(X (8))epo, 1) satisfy (5.44), let f € CH2(R* x R, and define

Y(t) = f(t, X(t)), teR,.

Then the process (Y (t))ier, s itself an Ito—Lévy process, and its stochastic
differential is given by

dY (t) = %(f, X(t))dt + g—i(t, X (¢)a(t)dt + %(f, X (£)B(t)dW;
+ %%(f,X(t))BQ(t)dt

+f [f(aX(t) £3(,2)) — [ X(0) ~ 224 X)) ol
R—{0} €z

+/ [f(t, X () +(t2) — f(t, X (¢7))] N(dt,dz).
R—{0}

Proof. See, e.g., Gihman and Skorohod (1972, p. 272), Medvegyev (2007,
p. 394), Di Nunno et al. (2009, p. 163). O

For the extension of the It6—Lévy formula to the multidimensional case,
see, e.g., Medvegyev (2007, p. 394), or Di Nunno et al. (2009, p. 164).

3.10 Fractional Brownian Motion

In recent years the well-studied stochastic calculus based on the usual Wiener
process turns out not being adequate for describing many phenomena, in
telecommunication, financial mathematics, bioengineering, etc. where pro-
cesses with long memory are better suited. A Wiener process has no memory
(see Section 2.12), so that various authors started paying attention to the
so-called fractional Brownian motion, thanks to the impulse due to the pi-
oneering work by Mandelbrot and van Ness (1968) (see, e.g., Franke et al.
(2011, p. 347)).

Definition 3.82. (Nualart (2006), Mishura (2008)) The fractional Brow-
nian motion (fBm) with Hurst index H € (0,1) is a Gaussian process
B = (Bf')cr, on a probability space ({2, F, P) which satisfies the following
properties

(i) Bi=0, as;
(i) E[BA]=0, t€R,;
(iii) E[BfBH] =1 (*" + *H — (t — s)*1) =: Ry (t,s), s,teR4, s<t
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It is clear that the usual Brownian motion (the standard Wiener process)
W = (W})ser, is then obtained for H = %

For H = 1, it is usually taken B} = tZ, t € Ry, where Z is a standard
normal random variable.

As a consequence of the axioms, for 0 < s < ¢,

E[(B{f = B! = (t - s)*"; (3.45)

then the process has stationary increments, though the process itself is not
stationary.
Further, for any integer n > 1, and for any 0 < s < ¢,

N e e (3.46)
T2 2
so that we may apply the Kolmogorov Continuity Theorem 2.173 in Chapter
2, and claim that a fBm admits a continuous modification.
An fBm keeps the property of non-differentiability, as from the following
proposition (see, e.g., Biagini et al (2007, p. 12)).

Proposition 3.83 For H € (0,1), a fBm (Bf)icr, is a.s. nowhere differen-
tiable.

The Hurst index plays the role of parameter of self-similarity according to
the following proposition Mandelbrot and van Ness (1968).

Proposition 3.84 For H € (0,1), a fractional Brownian motion is self-
similar with Hurst parameter H, i.e., for any a > 0 the processes (Btg)te]R+
and (aHBtH),ge]R+ have the same system of finite-dimensional distributions.

We now compute the covariance of the increments of a fBm, for 0 < s <
t<u<w,

B(B{' - BI) (B - B,)] =

(w—s)*" + (v =) — (u— )" — (v —)*7), (3.47)

DN =

from which we may recognize that, while for H = % (standard Wiener process)
the increments are non-correlated, hence independent (by Gaussianity), they
are correlated for H € (0, 2) U (%,1).

Moreover, for H € (0 %) U (% 1), and &1 < to < t3 < t4, from (3.47) we

)9 2
have
to tq
E[(Bff - B\ (Bl - B{")] = 2aH/ / (u — v)** dudv, (3.48)
t1 ts

WithOé:H—%.

Hence the increments are positively correlated for H € (%, 1), and nega-
tively correlated for H € (0, 3).
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Take now n € Z \ {0}, and consider the autocovariance function

r(n):= E[B{{(Br?qu - Bf)] =

1 n+1
= 2aH/ / (u — v)** L dudv
0 Jn

~2aH |n[**7t as | n|— oco. (3.49)
Hence
1 . 2a—1
for H€(0,5): Slrm) ~ Y nfet < 4oo, (3.50)
neZ n€Z\{0}
while

for HE(%,l):Z|r(n)|~ S Pt = oo (3.51)

nez n€Z\{0}

this shows that for H € (3,1) a fBm B¥ has the property of long range
autocorrelation.

3.10.1 Integral with respect to a fBm

Let [0,T] C Ry be a bounded time interval, and consider a fBm (Bf),c(.1]
with Hurst index H € (0,1).

Let S denote the set of step functions on [0,77], and H the Hilbert space
obtained by the closure of S with respect to the scalar product

T
Ry (t,s) :== (I, Lj0,s)) :/ 1o, (w) I 0,5 () du, (3.52)
0

for any s,t € [0,7].
Let cy denote the following constant

1
2H +3)I" (5 —H) |”
cy = ( T )L (5 ) , (3.53)
I'(3+H)I'(2-2H)
and consider the kernel Ky (¢, s) given by
3 HoL
Ku(ts)=cu | (L)~ (t-s)n
s
1
- (H E)sf—H/ w3 (u S)H—édu] (3.54)
for s < t, and
Kg(t,s) =0, (3.55)

for s > t.
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It is known (Mandelbrot and van Ness (1968)) that an fBm (B/?),cr, can
be represented as

t
Bl = / Kg(t,s)dWs, (3.56)
0

where (W,g),geR+ is a standard Wiener process.
The operator defined by

K} S — L*([0,T))
(Kilp)(s) = Kul(t,s), s €[0,4,

is a linear isometry that can be extended to the whole Hilbert space H. In
fact, for any s,t € [0,T], we have

(KiIog, Kirlo,6) L2 ([0,1)) =
= (Ku(t,"), Ku(s, ')>L2([O,T])
tAs

= Ky (t,u)Kg(s,u)du
0

= (Lo, Tpo,s))n = R (¢ 5)- (3.57)

The above allows the construction of a stochastic integral of a deterministic
function in H with respect to an fBm B by means of the following equality,
which takes into account the representation (3.56):

T T
/ o(t)dBH = / (K3y)(H)dW.. (3.58)
0 0

The representation (3.58) requires additional care with respect to the usual
Ito integral, since B is not a semimartingale for H # %

We may just report that for H > % the operator K7, can be expressed in
terms of fractional integrals, while for H < % it can be expressed in terms of
fractional derivatives (Mishura (2008)).

Major problems arise when we wish to extend directly formula (3.58) to the
integration of stochastic processes, as required in stochastic differential equa-
tions driven by fractional Brownian motions. This is due to the fact that even
if a stochastic process u = (u(t))icr, is adapted to the filtration generated
by a fBm B (which coincides with the filtration of the Wiener process, as
from the representation (3.56)), the related process Kj;u is no longer adapted,
because the operator Kj; does not preserve adaptability. Therefore the defini-
tion of stochastic integrals of random processes with respect to a fBm requires
further analysis which is beyond the background required in this introductory
volume; we refer to Biagini et al (2007) and Mishura (2008), and the references
therein, for a detailed presentation.

In financial applications long range dependence has a long history (see, e.g.,
Williger et al. (1999)), since it may provide an explanation of the empirical law
commonly known as the Hurst effect. We refer again to Biagini et al (2007) and
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Mishura (2008), and the references therein, for an extensive presentation of the
mathematical problems and issues which are relevant in financial applications.

Further mathematical problems arise in connection with stochastic dif-
ferential equations driven by fBm’s, and in particular the extension of It6’s
formula. For a discussion about these concepts and the application to the
Black-Scholes model for a fractional Brownian noise, the reader may re-
fer, e.g., to Dai-Heyde (1996), Zahle (2002), and the references therein. In
Shevchenko (2014) stochastic differential equations including Wiener noise,
fractional Brownian motion, and jumps are discussed together with their rel-
evance in economic and financial models.

3.11 Exercises and Additions

3.1. Show that, if W is a scalar Wiener process, and f € C([a,b]) is a given
process on [a,b] C R, then for all ¢ >0

(/f AW, >C>_f B () Pt

3.2. Show that, if W is a scalar Wiener process, and f € £2([a, b]) is a deter-
ministic real-valued function on [a,b] C R, then

/ ), ~ N (o, / b If(t)|2dt> .

Hint: The proof is based on the following result [see also Arnold (1974)]. Let
(X, )nen be a sequence of Gaussian random variables, i.e., X, ~ N(u,,02),
for any n € N. If

(tins 07) = (1, 2),
with 4 € R, and X' > 0, then

X, = N X).
n—oo

3.3. Let W = (W;)ier, be a scalar Wiener process, and let (F;)icr, be the
filtration generated by W. Let f € Cw ([a, b]) be a given process on [a,b] C R.
Show that the following holds

/f VAW, )2 | 7] /E V2| Fuldu, as., (3.59)

for any (s,t) € [a,b] X [a,b], s < t.
3.4. Let (X¢)icr, be the It6 integral

X, = /0 p(aw

where (W;)er, is a Brownian motion, and f € Cw (0,T).
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1. Give an example to show that X7, in general, is not a martingale.
2. Prove that

M= xF = [ ifPas

is a martingale. Hence the process (X); = fot |f(s)|?ds is the quadratic
variation process of the martingale X;.

3.5. Prove Lemma 3.46.

3.6. Let W = (W})ier, be a scalar Wiener process, and let (F;)icr, be the
filtration generated by W. Let f € Cw([a,b]) be a given process on [a, b] C R;
prove that, for any bounded real-valued F,—measurable random variable Y,
the following holds

(i) YfeClwl([ab));
Gi) [CY @) AW =Y [° f(t)dW,.

3.7. Let (X;)ier, be a Brownian motion in R, X = 0. Prove directly from
the definition of It6 integrals that

t 1 t
/ X2dX, = - X} —/ Xds.
0 3 0

3.8. Prove Corollary 3.57.

3.9. Prove Lemma 3.74.

3.10. Prove the multidimensional It6 formula (3.37).

3.11. Let (W;);er, denote an n-dimensional Brownian motion, and let f :
R™ — R be C?. Use It6’s formula to prove that

A (W) =V F(WdW, + 3 AF (W),

where V denotes the gradient, and A = Y"1, 88—;— is the Laplace operator.

3.12. Let (W;)ier, be a one-dimensional Brownian motion with Wy = 0.

Using It6’s formula, show that

1 t
E[WkF] = 5k(k - 1)/0 E[Wk=2]ds, k>2,t>0.

Further, for any k € N,
E[WE] = 0(t"),

whereas
E[Wt2k+1] — 0
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3.13. Use Ito’s formula to write the following stochastic process u; in the

standard form

for a suitable choice of a € R™, b € R™™, and dimensions n, m:

Loup (t, Wy (t)) = 3 + 2t + 21 () [ (¢) is one-dimensional];

2. us(t, W) = WE(t) + Wi(t) [Wy = (Wa(t), Ws(t)) is two-dimensionall;

3. ug(t, W) = In(uq (t)ua(t));

4. uy(t, Wy) = exp{Z;g; };

5. us(t, W) = (5 + t,t + 4W;) (W, is one-dimensional);

6. ug(t, W) = (Wi (t) + Wa(t) — Wa(t), W(t) — Wi(t)Wa(t) + Wa(t)) [W, =

(W1(t), Wa(t), Ws(t)) is three-dimensional].

3.14. Let (W;);cr, be an n-dimensional Brownian motion starting at  # 0.
Are the processes
up = In (|W,[?)
and
1
|We|

martingales? If not, find two processes (u;)ier. , (U¢)icr, such that

VUt

Uy — Uy

and
vt — Ut

are martingales.

3.15 (Exponential martingales). Let dZ; = adt+8dW;, Zy = 0 where «, 3
are constants and (Wy)ier . is a one-dimensional Brownian motion. Define

1 1
M,; = exp {Zt — (a + §BQ> t} = exp {—5[32t+ ﬂWt} )
Use It6’s formula to prove that
dMy = M dWy.

In particular, M = (M;)cr, is a martingale.

3.16. Let (W;)ier, be a one-dimensional Brownian motion, and let ¢ €
L? [0,T] for any T € Ry. Show that for any § € R

loc

t t
Xi :=exp {29/ o(s)dWs + %92/ ¢2(5)d8}
0 0

is a local martingale.
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3.17. With reference to the preceding Problem 3.16, assume now that

P (/;oo #*(s)ds = +oo) =1,

T = min{uR+|/ #*(s)ds > t} , teRy.
0
Show that (X, )ier, is an Fr -martingale.

3.18. With reference to Problem 3.17, let

and let

t
Zy ;:/ B(s)dW,, t € Ry
0

Show that (Zr,)¢er. has independent increments and Z,, — Z,, ~ N(0,t—s)
for any 0 < s < t < +oo. (Hint: Show that if 7/ C F” C F are o-fields on
the probability space (£2,F, P) and Z is an F"-measurable random variable
such that

E [ewz’ ]_-/} _ 679202/27
then Z is independent of 7’ and Z ~ N(0,0?).)

3.19. With reference to Problem 3.18, show that the process (Zr,)icr, is a
standard Brownian motion.

3.20. Let (W;)icr, be a one-dimensional Brownian motion. Formulate suit-
able conditions on wu, v such that the following holds:
Let dZ; = uidt + vidWy, Zg = 0 be a stochastic integral with values in R.

Define
t 1
M; = exp {Zt — / {us + 5050;] ds} .
0

Then M = (M;);cr, is a martingale.

3.21. Let (W,g),geR+ be a one-dimensional Brownian motion. Show that for
any real function that is continuous up to its second derivative the process

(sw =3 [ rromgas)

3.22. Let X be a time-homogeneous Markov process with transition probabil-
ity measure P;(x, A), x € RY A € Bga, with d > 1. Given a test function ¢,
let

teR4

is a local martingale.

u(t:x) = Blo(X ()] = [ o)Pi(x.dy), t Ry, xR
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Show that, under rather general assumptions, the function u satisfies the

so-called Kolmogorov equation

0
au(t, X)

2

Z ql] 8171 (t7 X)

3,7=1

d 0
—I—ij(x)%u(t,x)
j=1 J

d
1 0
+/ U(t,X—FY) —u(t,x) - E yja .’U,(t,X) V(XadY)
Rd Lj

2
L+ yl* =

for t > 0, x € R%, subject to the initial condition

u(0,%) = #(x), x € R

Here f and Q are functions with values being, respectively, vectors in R¢
and symmetric, nonnegative d x d matrices, f : R? — R% and Q := (g;;) :
R? — L, (R4 RY), and v is a Lévy measure, i.e., v : R? — M(R?\ {0}), with
M(R?\ {0}) being the set of nonnegative measures on R?\ {0} such that

[ 0528 Dty < +oc.
Rd

The functions f, @, and v are known as the drift vector, diffusion matriz, and
jump measure, respectively. Show that the process X has continuous trajec-

tories whenever v = 0.
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Stochastic Differential Equations

4.1 Existence and Uniqueness of Solutions

Let (W;)iecr, be a Wiener process on the probability space (£2,F,P),
equipped with its natural filtration (F;)ier, , F¢ = 0(Ws,0 < s < t). Further-
more, let a(t,z), b(t,x) be deterministic measurable functions in [tg, 7] x R
for some to € R, . Finally, consider a real-valued random variable u%; we will
denote by F,o the o-algebra generated by u’, and we assume that F,o is
independent of (F;) for t € (t9,4+00). We will denote by F,o; the o-algebra
generated by the union of F,0 and F; for ¢ € (¢g, +00).

Definition 4.1. The stochastic process (u(t)):e(s,, 1) (T € (to, +00)) is said
to be a solution of the stochastic differential equation (SDE)

du(t) = a(t,u(t))dt + b(t, u(t))dWs, to <t <T, (4.1)
subject to the initial condition
u(ty) = u” as. , (4.2)
if
1. u(t) is measurable with respect to the o-algebra Fo 4, tg <t <T.
2. |a( u())[?,b(-,u()) € C([to, T))-
3. The stochastic differential of u(t) in [to,T] is

du(t) = a(t,u(t))dt + b(t, u(t))dWr,
thus
u(t) = ulto) + [} a(s,u(s))ds + [} b(s, u(s))dWs, t € [to, T).

Remark 4.2. If u(t) is the solution of (4.1) and (4.2), then it is nonantic-
ipating (by point 3 of the preceding definition and as already observed in
Remark 3.51).

(© Springer Science+Business Media New York 2015 231
V. Capasso, D. Bakstein, An Introduction to Continuous-Time

Stochastic Processes, Modeling and Simulation in Science, Engineering

and Technology, DOI 10.1007/978-1-4939-2757-9_4
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The following lemma will be of interest for the proof of uniqueness of the
solution of (4.1).

Lemma 4.3. (Gronwall). If ¢(t) is an integrable, nonnegative function,
defined on t € [0, T, with

o) < aft) + L/o o(s)ds, (4.3)

where L is a positive constant and o(t) is an integrable function, then
t
o) < alt) + L/ eFt=3)a(s)ds.
0

Proof . Putting 9 (t) = Lfo s)ds, as well as z(t) = ¥(t)e” L, then 2(0) =
¥(0) = 0, and, moreover,

() = (e " — Ly()e ™™ = Lo(t)e™ ™ — Lis(t)e
< La(t)e™" + Ly(t)e ™ — Lis(t)e .

Therefore, 2/(t) < La(t)e™ 't and, after integration, z(t) < Lfot a(s)e E4ds.
Hence

t t
Y(t)e H < L/ a(s)e Fids = (t) < L/ et a(s)ds,
0 0

but, by (4.3), Lfo s)ds > ¢(t) — a(t), completing the proof. O

In the sequel, unless explicitly specified, we take t9 = 0 to reduce the
complexity of notations.

Theorem 4.4 (Existence and uniqueness). Suppose constants K*, K
exist such that the following conditions are satisfied:

1. Forallt € [0,T) and all (z,y) € RxR: |a(t, z)—a(t,y)|+|b(t, z)=b(t,y)| <
K|z -yl

2. Forallt € [0,T) and all x € R: |a(t, z)| < K(14]|z|),|b(t, z)| < K(1+|x]).

3. E[Ju’?] < oo.

Then there exists a unique (u(t))iepo,r) solution of (4.1) and (4.2) such that

o (u(t))epo,m 15 continuous almost surely (thus almost every trajectory is
continuous).

o (u(t))iepo,m € C([0,T7).

Remark 4.5. If (u1(t))iejo,r) and (u2(t))iepo,r) are two solutions of (4.1)
and (4.2) that belong to C([0,T1]), then the uniqueness of a solution is un-
derstood in the sense that
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P( sup |ur(t) — ua(t)| = o) ~1.

0<t<T

Proof of Theorem /.4.

STEP 1: Uniqueness. Let u;(t) and uz(t) be solutions of (4.1) and (4.2) that
belong to C([0,7T7]). Then, by point 3 of Definition 4.1,

U1 (t) — Uz (t)

:/ [G(S,U]_(S))_G(S,UQ(S))]dS+/ [b(s,u1(s)) — b(s,ua(s))]dWs
0 0
—/0 &(s)dS—F/O b(s)dWs, t €]0,T],

where a(s) = a(s,u1(s)) — a(s, uz(s)) and b(s) = b(s,u1(s)) — b(s, uz(s)).
Because, in general, (a + b)? < 2(a? + b?), we obtain

Jus (t) — ua(t)]? < 2 (/Ot d(s)d8>2 +2 (/Oté(s)dws>2,

and by the Cauchy—Schwarz inequality,

(/Ot&(s)ds)z <t (/Ot |a(s)|2ds) :
</0t d(s)ds)2 <tE Uot |&(s)|2ds] :

Moreover, by assumption 2,

therefore

E

T
i\ S 2 S
B[ bsuts)ias| < B

T
/0 (K(1+ |ui<s>|>>2ds]

< 2K2’E < 400

T
/ (1+ us(s) 2)ds
0

for i = 1,2 and because u;(s) € C. Now, this shows b(s,u;(s)) € C for
i = 1,2, and thus b(s) € C. Then, by Proposition 3.20,

(/ t iaw.) | =5 [ t<6<s>>2ds] |

2
E
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from which it follows that

E(uy(t) — uz(t))?] < 2tE [/Ot(&(s))st} +2FE [/Ot(l;(s))zds} .
By assumption 1, we have that

ja(s)|* < (K)*[ua(s) — ua(s) P,
b(s)* < (K)?fua(s) — ua(s)|?,

and therefore, by Fubini’s theorem,
Bllui(t) — u2(t)]
t

< 2t(K7)? / Elus (£) — ua(t)?)ds + 2(K*)? / Elus (£) — ua(t)[?)ds

0
< 2T(K*)? Ot ElJuq(t) — ua(t)[*]ds + 2(K*)? /Ot El|uy (t) — ua(t)|*]ds

= 2(K*)*(T + 1)/0 ElJuy(t) — ua(t)*]ds.

Since, by Gronwall’s Lemma 4.3,
Ellui(t) —ua(t)*] =0 vt € [0, T,

we get
ul(t) — UQ(t) =0, P-a.s. Vit € [O,T]

or, equivalently, for all ¢ € [0,T7:
AN, C 2, P(Ny) = 0 such that Vw ¢ Ny: uq (t)(w) — ua(t)(w) = 0.

Because we are considering separable processes, there exists an M C [0, T,
a separating set of (u1(t) —ua(t))e[o,r], countable and dense in [0, T}, such
that for all ¢ € [0, T

I(tn)nen € MY such that limt, = t,

and
li7rln(u1(tn) — ug(tn)) = u1(t) — ua(t), P-a.s.

(and the empty set A, where this does not hold, does not depend on t).
Putting N = (J,c,; N, we obtain P(N) = 0 and

Yw ¢ N: ui(t) —us(t) =0,t € M,

hence
Vit € [0,T],Vw ¢ NUA: ui(t) —uz(t) =0,
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and thus

P( sup |uy(t) — us(t)| = 0> -1

0<t<T

STEP 2: Euxistence. We will prove the existence of a solution u(t) by the
method of sequential approximations. We define

uo(t) = u°,
{un(t) =u + fot a(s,up—1(s))ds + fg b(s,up—1(s))dWs, vVt € [0,T],n € N*.

Take u® Fo-measurable; by assumption 3, it is obvious that u® € C([0,T1).
By induction, we will now show both that

c n+1
Y € N & Ef|uni1(t) — un(t)]?] < ((n%l)' (4.4)

where ¢ = max {4K*(T + 1)(1 + E[[u°?]),2(K*)*(T + 1)}, and
Vn € N:upyq € C([0,T]). (4.5)
By assumptions 1 and 2, we obtain
Bllo(s, u”)]?] < EIK*(1+ [u®])?] < 2K*(1 + B[[u°[?]) < +oo,
where we make use of the generic inequality
(] + ly)? < 2|zf* + 2[y|%, (4.6)

and thus
b(s,u’) € C([0,T]).

Analogously, a(s,u®) € C([0,T]), resulting in u; being nonanticipatory
and well posed. As a further result of (4.6) we have

2
Jur (t) — u’* =

t t
/ a(s,u®)ds + / b(s, u®)dW,
0 0

t 2
/ a(s,u’)ds
0

+ 2
and by the Schwarz inequality,

t
/ a(s,u’)ds
0

Moreover, by Itd’s isometry (Proposition 3.20), we have

jﬁtb(s,uo)dvmg =E {}£t|b(s,u0)|2ds].

2
<2

)

t
/ b(s, u®)dW,
0

2 t t
< t/ la(s,u)|?ds < T/ la(s,u®)|?ds.
0 0

2
E
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Therefore, as a conclusion and by assumption 2,
t t
Eljuy(t) —u°?] < 2TE [/ |a(s,u0)|2ds] +2E {/ |b(s,u0)|2ds}
0 0
t t
<2TE [/ K2*(1+ |u0|)2ds} +2E [/ K2*(1+ |u0|)2ds}
0 0

= (2TK? + 2K*)E Uotu + |u°|)2ds]

= 2K*(T + DtE[(1 + [u°])?]
<AKA(T + Dt(1 + E[[u’|?]) = e,

where the last inequality is a direct result of (4.6). Hence (4.4) holds for
n = 1, from which it follows that u, € C([0,T7).

STEP 3: Suppose now that (4.4) and (4.5) hold for n € N; we will show that
this implies that they also hold for n + 1. By the induction hypotheses,
un € C([0,T]). Then, by assumption 2, and proceeding as before, we obtain
that

a(s,un(s)) € C([0,T]) and b(s,un(s)) € C([0,T7)).

Therefore, uy,41 is well posed and nonanticipatory. We thus get

s (£) — un(1)? < ( [ tats. (s = ats. s o)

+ )

/0 (b(s,un(s)) — b(s,un—-1(s)))dWs

<o/ (s, un(s)) — als, un1<s>>|ds)2

t 2
+2 (/ (b(s,un(s)) — b(s,un_l(s)))dWs) ,
0
and by the Schwarz inequality,
t 2 t
(/ la(s,un(s)) — a(s,un,l(s))|ds) < t/ la(s,un(s)) — a(s,un,l(s))|2d5
0 0

t
< T(K")? /0 fun(5) — un_1(s) 2ds,

where the last inequality is due to assumption 2. Moreover, by It0’s isom-
etry (Proposition 3.20),
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E

(/ (bl () — b(s,um(s)))dvvsﬂ
= 5[ [/ 166s.0) ~ s )|

<weee| [ un(s) - wa(o)ds).

again by point 1. Now we obtain
Ellunia(0) - un(0)) < 275 | | () (9|
sae2e| [ () — (9|

< & [ [ un(s) — a7

t(es) ct)™ 1
SC/O (n') dS:((n—)Fl)!’

where the last inequality is due to the induction hypotheses. Hence the

proof of (4.4) is complete, and so u,4+1 € C([0,T]).
STEP 4: From (4.6) it follows that

t 2
sup |up41(¢) —un(t)|2 <2 sup (/0 la(s,un(s)) — a(s,unfl(s))|ds)

0<t<T 0<t<T
2

+2 sup
0<t<T

)

t
/0 (b(s,un(s)) — b(s,up—1(s)))dWs

where, after taking expectations and recalling point 1 of Proposition 3.42,

T 2
E| sup |un+1<t>—un<t>|2} sw[( /0 |a<s,un<s>>—a<s,un1<s>>|ds>]

0<t<T

+8F

T
/0 b(s, un(s)) — b(s,unl(s))|2ds]

T
/ un(s) — un1(3)|2ds:|
0

T
/ lun(s) — un1(3)|2ds:|
0

T
— oT(K")? /0 Bllun(s) — tn_1(s) 2)ds

< 2T(K*)*E

+8(K*)’E
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T
18(K*)? /0 Elfun(s) — wn_1(s)[2}ds

(cT)"
n!

<

(2(K")T? 4+ 8(K*)*T),

where the last equality is due to assumption 1, as well as the Schwarz
inequality, and the last inequality is due to (4.4). Hence

REAL

E| sup |un+1<t>—un<t>|2]s a

0<t<T

, (4.7)

with ¢* = 2(K*)?T? + 8(K*)*T. Because the terms are positive,

2
sup fumsa(6) — wn (O] = ( sup |un+1<t>—un<t>|) ,
0<t<T 0<t<T

and therefore

1 1
P (st = w01 > 57 ) = sup Junia) = (0P > 57
0<t< 0<t<T

<FE [ sup |up41(t) — un(t)|2] 92n
0<t<T
T n
D)

2271
n!

where the last two inequalities are due to the Markov inequality and (4.7),
respectively. Because the series Y ° | %22” converges, so does

1
ZP< sup |un+1(t) — ()|>2—n),
0<t<T
and, by the Borel-Cantelli Lemma 1.161, we have that
1
P <limsup{ sup |upt1(t) — un(t)] > —}) =0.
n 0<t<T 2n
Therefore, putting A = limsup,, {SUPogth [un+1(t) — un(t)| > 5=}, for
allw e (22— A):
1
dN = N(w) such that Vn € N,n > N(w) = sup |[unp41(t)—un(t)] < =,
0<t<T A

and u® + Y07 ((unt1(t) — un(t)) converges uniformly on ¢ € [O T)
with probability 1. Thus, given the sum wu(t) and observing that u® +
S o (w1 () — up(t)) = un(t), it follows that the sequence (u,(t)), of
the nth partial sum of u® + Y77 (un41(t) — un(t)) has the limit

ILm un (t) = u(t), P-a.s., uniformly on ¢t € [0,T). (4.8)

Analogous to the property of the processes u,,, it follows that the trajec-
tories of u(t) are continuous a.s. and nonanticipatory.
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STEP 5: We will now demonstrate that u(¢) is the solution of (4.1) and (4.2).
By point 1 of the same theorem, we have

/Ota(s,unl(S))ds - /Ota(s,u(s))ds <K* /Ot um1(5) — u(s)|ds,

and since we can take the limit of (4.8) inside the integral sign,

t t
/ a(s,un_1(s))ds = / a(s,u(s))ds, P-a.s., uniformly on ¢t € [0, 7],
0 0

and therefore also in probability. Moreover,
[b(s, un—1(s)) = b(s, u(s))* < (K*)?|un—1(s) — u(s)|?,
and thus
t
/ |b(s, un—1(s)) — b(s,u(s))*ds = 0, P-a.s., uniformly on ¢ € [0, 7],
0

and therefore also in probability. Hence, by Theorem 3.29, we also have
t

P — lim b(s, un—1(8))dWs —/0 b(s,u(s))dWs.

n—oo 0

Then if we take the limit n — oo of
un (t) = u® + /t a(s,un—1(s))ds + /t b(s, un—1(8))dWs, (4.9)
by the uniqueness of Othe limit in probabili(tJy7 we obtain
u(t) = u® + /Ot a(s,u(s))ds + /Ot b(s,u(s))dWs,

with u(t) as the solution of (4.1) and (4.2).
STEP 6: It remains to show that

E[u?(t)] < oo, for all t € [0,T].
Because, in general, (a+ b+ c)? < 3(a? 4+ b + ¢?), by (4.9), it follows that

)
<3 (Bl + 7B Jas, e

+E [/Ot Ib(s,unl(S))IQdSD ;

E[uZ(t)] <3 <E[(u0)2] +E /0 a(s,un—1(s))ds

+E /0 b(s, un—1(s))dWs
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where the last relation holds due to the Schwarz inequality as well as
point 3 of Proposition 3.20. From assumption 2 and inequality (4.6) it
further follows that

la(s, un—1(s))]* < K21+ [un—1(s)))* < 2K7(1 + |un—1(s)

2
)’
b5, -1 () < K21+ [ (5)])? < 2K2(1+ s (5)):

|
)
Therefore,

t

Bl (1)) < 3 (E[(a‘))ﬂ 2k + 1) [

(Ut Ellun-1(5) s

<3 (E[(u0)2] +2K*T(T+1) +2K*(T +1) /tE[|un_1(s)|2]ds>
0

< (1 + E[@®)?]) + c/o Elfun—1(s)|?)ds,

where c is a constant that only depends on K and 7T'. Continuing with the
induction, we have

2 n

Blug (1) < (c+02t+c3% + "-—l—c”“%) (1 + E[u)?),

and taking the limit n — oo,

lim E [u3(t)] < ce® (1+ E [(u°)?]) < ce” (1+ E [(u°)?]).

n—oo
Therefore, by Fatou’s Lemma A.27 and by assumption 3, we obtain
E[u?(t)] < ce” (14 E [(u%)?]) < +o0, (4.10)

and hence (u(t)):epo,r7 € C([0,T7]), completing the proof.

Remark 4.6. By (4.10), it also follows that

OiltlETE [W?(t)] < ce” (1+ E [(u°)?]) < 4o0.

Remark 4.7. Theorem 4.4 continues to hold if its Hypothesis 1 is substituted
by the following local condition.

1.

For all n > 0 there exists a K,, > 0 such that, for all (z1, 22) € R?,|z;| <n
i=1,2:

(

—a t, )
|b(t, LL‘l) — b(f, To

)|
)|

S Kn|$1 _$2|;
<

Kn|£L'1 —£L'2|.
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See, e.g., Friedman 2004 or Gihman and Skorohod 1972, pp. 45-47.

Remark 4.8. If the functions a and b in Theorem 4.4 are defined on the whole
[to, +00), and if the assumptions of the theorem hold on every bounded subin-
terval [to, T'], then the SDE (4.1) admits a unique solution defined on the entire
half-line [tg, +00). In this case we say that the SDE (4.1) admits a global so-
lution (in time) (see, e.g., Arnold 1974, p. 113).

The assumptions in Remark 4.8 hold in particular in the case of
autonomous SDEs, i.e., in the case where the coefficients a and b do not
depend explicitly on time.

Proposition 4.9 Consider the following autonomous SDE:
du(t) = a(u(t))dt + b(u(t))dWr, to <t < o0, (4.11)
subject to the initial condition
ulto) = u®, (4.12)

where u® is a random variable satisfying the same assumptions as in The-

orem 4.4 and a and b satisfy the following global Lipschitz condition; there
exists a positive real constant K such that for any x,y € R

la(z) = a(y)| + [b(z) = b(y)| < K|z —yl.

Then (4.11), subject to the initial condition (4.12), admits a unique global
solution on the entire [to, +00).

Proof . See, e.g., Arnold (1974, p. 113). O

Ezample 4.10. We suppose that in (4.1) a(t,u(t)) = 0 and b(¢, u(t)) = g(t)u(t).
Then the SDE

u(ty) = u?,
du(t) = g(t)u(t)dW;
has the solution

uw=u%m{4}@mu—§4}%ww}

In fact, by introducing

X@=Ammm—§4f@w

and Y (t) = exp{X ()} = f(X(t)), then u(t) = Y (¢) and, thus, du(t) =
u®dY (t). We will further show that u°dY (t) = g(t)u(t)dW;. Because

AX (1) = —%gQ(t)dt + g(H)dm,
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with the help of Itd’s formula, we obtain

a¥ () = (5P OLXO) + 50 fX(0) ) i+ 9O (X O)a,

- <——g (0exp (X(0) + 300 exp (X(O} ) dt -+ 9(t)xp (X (1)) ¥
Y (t)g(t)dWr,
resulting in du(t) = u®Y (t)g(t)dW; = u(t)g(t)dW;.

Ezample 4.11. (Linear time-homogeneous stochastic differential equations).
Three important SDEs that have wide applicability, for instance in financial
modeling, are

1. Arithmetic Brownian motion:

du(t) = adt + bdW;.

2. Geometric Brownian motion:

du(t) = au(t)dt + bu(t)dW,.

3. The (mean-reverting) Ornstein—Uhlenbeck process:
du(t) = (a — bu(t))dt + cdW;.

Since all three cases are time-homogeneous, we may assume 0 as the initial
time, impose an initial condition u(0) = u°, and look for solutions in R . The
derivations of the solutions of 1-3 resort to a number of standard solution
techniques for SDEs.

1. Direct integration gives
u(t) = u® + at + bW,
so that we can take the expectation and variance directly to obtain
Elu(t)] = u" + at, Var[u(t)] = b*t.

2. We calculate the stochastic differential d1nwu(t) with the help of It6’s for-
mula (3.31) and obtain

1
dlnu(t) = (a - 5192) dt + bdW;.
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We can integrate both sides directly, which results in

1
Inu(t) =Inu’ + (a - §b2) t+ bW,

u(t) = u® exp{<a— %b2> t+bWt}. (4.13)

To calculate its expectation, we will require the expected value of 4(t) =
exp {bW:}. We apply It6’s formula to calculate the latter’s differential as

dexp (BWi} = dii(t) = bi(t)dW; + %bzﬁ(t)dt,

which after direct integration, rearrangement, and the taking of expecta-
tions results in

t
1
Elu(t) =1 +/ 5b?E[a(s)]d.s.
0
Differentiating both sides with respect to ¢ gives

dE[a(t)]

1, .
L~ SPEL),

which, after rearrangement and integration, results in
Ela(t)] = e2?’t.
Therefore, for a deterministic initial condition, the expectation of (4.13) is

E[u(t)] _ uoe(a—%bz)tE [ebWt} — %t

For the variance we employ the standard general result (1.6), so that we
only need to calculate E[(u(t))?]:

(u(t))? = (u®)? exp {(2a - bt + 26W4)}

as previously Elexp {20W;}] = exp {2b¢}, and by easy computations the
variance of (4.13) is

Var[u(t)] = Elu(t)?’] — Elu(t)]” = (u°)® exp {2at} [exp {b*t} — 1].

. To find the solution of the Ornstein—Uhlenbeck process, we require an
integrating factor ¢ = exp {bt}, so that

d(du(t)) = p(bult) + du(t)) = ¢(adt + cdW,).
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Because the drift term, which depended on wu(t), has dropped out, we can
integrate directly and, after rearrangement, obtain

a

u(t) = 2 +ul exp {0t} + c/ot exp {—b(t — s)} dWs. (4.14)
Therefore, for a deterministic initial condition the expectation of (4.14) is
Elu(t)] = % +u® exp {—bt},
and for the variance we again resort to (1.6), so that we require E[(u(t))?].
Squaring (4.14) and taking expectations yields

t
<c/ eb(ts)dWS)
0

= (E[u(t)])?* + 2 /Ot e~ 20(t=9) g,

2

El(u(t))?] = (% + u%*bt)2 +E

where the last step is due to the Itd isometry (point 3 of Proposition 3.20).
Hence the variance of (1.6) is

Var[u(t)]

(Elu(®)])* + 62/0 exp {~2b(t — 5)} ds — (E[u(t)])*

2

2b

(1 — exp {—2bt}).

Proposition 4.12. Let (X;); be a process that is continuous in probability,
stationary, Gaussian, and Markovian. Then it is of the form Y; + ¢, where Y;
1s an Ornstein—Uhlenbeck process and c is a constant.

Proof . See Breiman (1968). O

Ezample 4.153. (A generalized Ornstein—Uhlenbeck time-inhomogeneous SDE.
see, e.g., Kloeden and Platen 1999, p. 110ff). Consider the SDE

du(t) = (a1(t)u(t) + a(t))dt 4 c(t)dW;. (4.15)
Consider the linear ODE
dz(t) = a1(t)z(t)dt;

its fundamental solution is

B(t, ) = exp {/tt al(s)ds} .

Apply the It6 formula to D(t, to)u(t), where u(t) is the solution of (4.15), so
to obtain
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AP~ (t, to)u(t)) = (Wu(ﬂ + (a1 (B)u(t) + aa(t))d (¢, t0)> dt
()P (t, to)dW,
= ax()®(t, to)dt + c(t)P (¢, to)dW; (4.16)
since 011 14)
dt
By integration of (4.16) we obtain

— (¢ to)ar (0).

c(s)P (s, to)dWS)

(4.17)

u@z@mw@wﬂjzmw*mmw+/

to to

as the solution of (4.15), subject to an initial condition wu(tg).

Remark 4.14. The solution (4.17) is a Gaussian process whenever the ini-
tial condition w(tg) is either deterministic or a Gaussian random variable
(Problem 4.16).

We saw in the proof of Theorem 4.4 that if E[(u®)?] < +o0, then
E[(u(t))?] < +o00. This result can be generalized as follows.

Theorem 4.15. Given the hypotheses of Theorem 4.4, if E[(u°)?"] < +oo
for n € N, then

1. E[(u(t)*"] < (1+ E[(u®)*"])e!
2. Elsupgccy [uls) —u®"] < e(1+ E[(u®)*"])t" et

where ¢ and ¢ are constants that only depend on K, T, and n.

Proof. For all N € N we put

W0 (w) = ug(w) for [u®(w)| < N,
N Nsgn {u’(w)} for [u(w)| > N;

an(tz) = a(t,x) for |z| < N,
MBI alt, Nsgn {z}) for |z| > N;

[ b(t, ) for |z| < N,
by (t,z) = {b(t,ngn {}) for |z| > N,

and we denote by un(t) the solution of

{UN(O) = uly,
d’U,N(t) = aN(t, ’U,N(t))dt + bN(t, ’U,N(t))th

(the solution will exist due to Theorem 4.4). Then, applying Itd’s formula to
flun(t)) = (un(t))?", we obtain
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d(un ()™
= (n(2n — 1)(un (£)*" 7203 (t, un (1))
+2n(un ()" tan (t,un(t)))dt + 2n(un (t)** Loy (t, un (t))dW;.

Hence
(un(t)™"

= () 2= 1) [ (ux ()P 2Bl (5)ds
0

—0—271/0 (uN(s))Q"1aN(s,uN(s))ds+2n/0 (un (8)*" Lo (s, un(s))dWs.

Since uy (t) = u?v—l—fot an (s, uN(s))ds—FfOt by (s, un(8))dWs, E[(ul)*"] < 400
and both ay(t,z) and by (¢, z) are bounded, we have

El(un(t))*"] < +o0,

meaning® (uy (t))™ € C([0,T]). By 2 of Theorem 4.4 and by (a+b)? < 2(a?+b?)
it follows that

lan (s, un(s))] < K(1+ [un(s)]),
b (5, un(5))]* < 2K2(1 + |un(s)]?).

Moreover, because (un(t))™ € C([0,T]), we have

E {211/0 ()27 by (5, i (5))|dWs | = 0,
and therefore
Blun(t)*"] = E[(u})*"] +/O E[(2nun(s)an(s,un(s))
+n(2n — 1)b% (s, un(s)))un(s)*"?]ds

2n
8 It suffices to make use of the following theorem for E {(fg b (s, uN(s))dWS) } :
Theorem. If f* € C(|0,T]) for n € N*, then

E [(/OT f(t)th>2n

Proof . See, e.g., Friedman (1975). O

< [n@2n - 1)]"T"'E [/OT fZ”(t)dt} .
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< 168+ n(zn-+ 1) [ Bl(uv(ay(s,ux(s)
+b% (s, un(s))un (s)*"?]ds
< B + n(zn 4 DR? [ B+ (v 5=,
where the first inequality follows when condition 2 of Theorem 4.4 is substi-
tuted by za(t,z) +b2(t,x) < K*(1 +22) for all t € [0, T], and all z € R. Now

since, in general, £2"~2 < 1 4 22", we have

un ()21 +u(s) <14 2un(s)?".

Therefore,
t
Elun ()] < Bl(u%)?] + n(2n + 1)K> / B[l + 2un(s)2"]ds,
0

and, by putting ¢(t) = Elun(¢)?"], we can write
t
6(t) < 9(0) + n(2n + 1K / (1+ 20(s))ds
0

= ¢(0) +n(2n + 1)K?t + 2n(2n + 1)K2/0 o(s) = a(t) + L/o @(s)ds,

where a(t) = ¢(0) + n(2n + 1)K?t and L = 2n(2n + 1)K?2. By Gronwall’s
Lemma 4.3, we have that

o) < alt) + L/Ot e =) q(s)ds,

and thus
Elun (t)*"]
0 \2n L ! L(t—s) 0 \2n L
< E[(uy) ]—|—§t—|—L e El(uy) ]+§S ds
0

L ¢ I
= Bl(u})*") + 5t - El§)*] + E[(u})*"]e"" + Le™ / et sds
0

L

L
= St Bl(ud)et -

1
Et - §€Lt(67Lt —1) < (1 + E[(u%)™).
Therefore, point 1 holds for un(t) (N € N*) and, taking the limit N — oo, it
also holds for u(t). For the proof of 2, see, e.g., Gihman and Skorohod (1972).

O

Remark 4.16. The preceding theory provides only sufficient conditions for the
global (in time) existence of solutions to SDEs. It is interesting to realize that,
for example, the linear growth condition on the coeflicients is not necessary
for global existence. We will report here two interesting examples from the
literature, one regarding an application to finance and the other to biology.
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Application: A Highly Sensitive Mean-Reverting
Process in Finance

According to Chan et al. (1992) and Nowman (1997), a large class of mod-
els regarding the short-term riskless interest rate R(t) are included in the
following model:

dR(t) = Mp — R(t))dt + o R (t)dW,, (4.18)

for suitable choices of the parameters A, u, o, and v; W denotes a standard
Wiener noise.

Statistical analysis carried out by the aforementioned authors evidence
that the most suited models of this kind are those that allow a high sensitivity
of the volatility to the interest rate, i.e., v > 1. The problem is that these
values for « imply that the diffusion coefficient does not satisfy the linear
growth condition, so that the preceding theory cannot be applied to show
global existence at the time of the solutions to (4.18) and the boundedness of
its moments. However, Wu et al. (2008) have been able to show the following
important result.

Theorem 4.17. For any set of parameters A >0, p > 0, 0 > 0, v > 1, and

any nontrivial initial condition R(0) > 0, there exists a unique solution R(t),

global in time, of (4.18) that stays, almost surely, in RY., for all times t € R .
Further, the solution R(t) of (4.18) satisfies the bounds

EIR()] < RO)+ 1, teRy

and
limsup E[R(t)] < p.

t—+oo

Application: A General Lotka—Volterra Model

A mathematical problem of interest in population dynamics in presence of
Wiener noise has been discussed in Mao et al. (2002).

A general Lotka—Volterra model for a system of n € N — {0} interacting
components appears in the form

z(t) = diag(z1(t),. ..,z ()b + Az(t)], (4.19)

where z(t) = (21(¢),...,2,(t)) is the vector of the component populations,
b= (b1,...,by) is a vector of real coefficients, and A = (a; ;)1<i j<n is the
real-valued interaction matrix; diag(z1(t), ..., x,(t)) denotes a diagonal n x n
matrix having on the diagonal the elements x1(t),. ..,z (¢).
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If we assume that the matrix parameters are perturbed by a Wiener noise
W, i.e.,
aijdt — aijdt + Uidet,

System (4.19) becomes a system of SDEs
dz(t) = diag(z1(t), ..., zn(8))[b + Az(t)]dt + ox(t)dW,, (4.20)

where 0 = (05 ;)1<i,j<n is subject to the following condition:
(H1) 0;; >0for 1 <i<mnjand o;; >0for 1 <4,j <mn, i#j.

Now, system (4.20) does not satisfy the linear growth condition, though
it satisfies the local Lipschitz condition; according to the theory, the solution
of (4.20) might explode in a finite time, and indeed the authors, in Mao
et al. (2002), have shown that this is the case as far as the solution of the
corresponding deterministic system (4.19) is concerned, but they have also
shown the following interesting result, according to which they might claim
that environmental noise suppresses explosion.

Theorem 4.18. Under Hypothesis (H1), for any system parameters b €
R™ A € R™ ™ and any nontrivial initial condition, there exists a unique
solution, global in time, of system (4.20) that stays, almost surely, in R’} for
all times t € Ry.

Remark 4.19. (Weak Solutions of Stochastic Differential Equations).
In the analysis carried out in Sect. 4.1 with respect to the SDE

du(t) = a(t,u(t))dt + b(t, u(t))dW,

the probability space ({2, F, P), the Wiener process W, and the coefficients
a(t,x) and b(t,z) were all given in advance, and then conditions were given
for the existence and uniqueness of the solution. Such a solution is known
as a strong solution. Existence and uniqueness theorems may also hold by
assigning only the coefficients of the SDE, leaving open the problem of finding
a suitable Wiener process and the corresponding filtration. In this case we
speak of a weak solution. Clearly a strong solution is also a weak solution, but
the converse does not hold (Rogers and Williams 1994).

Two solutions (either strong or weak) are called weakly unique if they
possess the same probability law, i.e., if their finite-dimensional distributions
are equal.

4.2 Markov Property of Solutions

In the preceding section we showed that if a(t,z) and b(t, ) are measurable
functions on (¢, z) € [0, T] x R that satisfy conditions 1 and 2 of Theorem 4.4,
then there exists a unique solution in C([0,7]) of
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u(0) = u® a.s.,
{ du(t) = a(t,u(t))dt + b(t, u(t))dW;, (4.21)

provided that the random variable v is independent of Fr = o(Wj,
0<s<T) and E[(u”)?] < +oo. Analogously, for all s €]0,7], there ex-
ists a unique solution in C([s, T]) of

u(s) = us a.s.,
{ du(t) = af(t, i(t))dt + b(t, u(t))dW,, (4.22)

provided that the random variable u, is independent of F r = o(W;, — W, t €
[s,T]) and E[(us)?] < 4+o0. (The proof is left to the reader as a useful exercise.)

Now, let to > 0 and ¢ be a random variable with u(tg) = ¢ almost surely
and, moreover, ¢ be independent of Fy, 7 = o(W; — Wy, to < t < T) as well as
E|[c?] < +00. Under conditions 1 and 2 of Theorem 4.4 there exists a unique
solution {u(t),t € [to, T|} of (4.21) with the initial condition u(tg) = ¢ almost
surely, and the following holds.

Lemma 4.20. If h(x,w) is a real-valued function defined for all (x,w) € Rx 2
such that

1. h is Br ® F-measurable.
2. h is bounded.
3. For all z € R : h(z,-) is independent of Fs for all s € [to, T,

then

Vs € [to, T: Elh(u(s), )| Fs] = E[h(u(s), ) |u(s)] a.s. (4.23)

Proof. We limit ourselves to the case of h being decomposable of the form
how) = 3 Vil@) Zi(w), (4.24)

with the Z; independent of F;. In that case

n n

Elh(u(s), )| Fs] = Y EYi(u(s)) Zi(-)|Fs] = D Yilu(s) B[ Zi()|Fs),

i=1 i=1
because Y;(u(s)) is Fs-measurable. Therefore

n

E[h(u(s),)|F] = Y Yi(u(s)) E[Zi(-)),

=1
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and recapitulating, because o(u(s)) C Fs, we have

-

@
I
s

Elh(u(s), )|Fs] = ) Yi(u(s))E[Zi(-)|u(s)]

I

Il
-

ElYi(u(s))Zi(-)lu(s)] = Elh(u(s),)|u(s)].

(2

It can be shown that every h that satisfies conditions 1, 2, and 3 can be
approximated by functions that are decomposable as in (4.24). (Il

Theorem 4.21. If (u(t))iep,,m 5 the solution of the SDE problem (4.22)
on [to,T), then it is a Markov process with respect to the filtration Uy =
o(u(s),to < s <t), i.e., it satisfies the condition

VB € Bg,Vs € [to, t[: P(u(t) € B|lUs) = P(u(t) € Blu(s)) a.s. (4.25)

Proof . Putting F; = o(c, Ws, tg < s < t), then u(t) is Fi-measurable, as can
be deduced from Theorem 4.4. Therefore, o(u(t)) C F; and thus Uy C F;. In
order to prove (4.25), it is now sufficient to show that

VB € By, Vs € [to, t[: P(u(t) € B|F,) = P(u(t) € Blu(s)) a.s.  (4.26)

Fixing B € Bg and s < ¢, we denote by u(t,s,z) the solution of (4.22)
with the initial condition u(s) = z a.s. (x € R), and we define the mapping
h:Rx 2 —Ras

h(z,w) = Ig(u(t,s,z;w)) for (z,w) € R x £2.

h is bounded and, moreover, for all z € R, h(x, -) is independent of Fg, because
so is u(t, s,x;w) (given that u(s) = x € R is a certain event). Furthermore,
observe that if tg < s, s € [0, 7], we obtain by uniqueness

u(t, to, c) = u(t, s, u(s,to, c)) for t > s, (4.27)

where ¢ is the chosen random value. Equation (4.27) states the fact that
the solution of (4.21) with the initial condition u(tg) = c is identical to the
solution of the same equations with the initial condition wu(s) = u(s,to,c)
for t > s (e.g., Baldi 1984). Equation (4.27) is called the semigroup property
or dynamic system. (The proof of the property is left to the reader as an
exercise.) Now, because h(x,w) = Ip(u(t,s, z;w)) satisfies conditions 1, 2,
and 3 of Lemma 4.20 and by (4.27), we have h(u(s),w) = Ip(u(t;w)). Then,
by (4.23), we obtain

P(u(t) € B|Fs) = P(u(t) € Blu(s)) a.s.,

completing the proof. O
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Remark 4.22. By (4.27) and (4.26), we also have
P(u(t) € Blu(s)) = P(u(t, s, u(s)) € Blu(s))
and, in particular,
P(u(t) € Blu(s) = z) = P(u(t,s,u(s)) € Blu(s) = z), x eR.
Hence

P(u(t) € Blu(s) = x) = P(u(t, s,x) € B), z € R. (4.28)

Theorem 4.23. If (u(t))iep,, ) 5 the solution of
{u(to) =c a.s.,
du(t) = a(t,u(t))dt + b(t, u(t))dW,
defining, for all B € B, alltg < s <t <T and all x € R:
p(s,z,t,B) = P(u(t) € Blu(s) = z) = P(u(t, s,z) € B),
then p is a transition probability (of the Markov process u(t)).

Proof. We have to show that conditions 1, 2, and 3 of Definition 2.75 are
satisfied.

1. Fixing s and ¢ such that to < s <t < T and B € Bg,
p(s,2,1, B) = P(u(t) € Blu(s) = 2) = Ellp(u(®))lu(s) =a], R

Then, as a property of conditional probabilities, p(s,-,t,B) is Bg-
measurable.

2. is true by the definition of p(s, z,t, B).

3. Fixing s and ¢ such that top < s < t < T and = € R, p(s,z,t,B) =
P(u(t,s,z) € B), for all B € Br. This is the induced probability P of
u(t, s, ). Therefore, if 1) : R — R is a bounded Bg-measurable function,
then

/R B()p(s, . t, dy) = /Q Blult, 5, 7,0))dP(w).

Now, let ¥(y) = p(r,y,t, B) with B € Br, y € R, to < r <t < T. Then,
for s < r, we have

/ p(r,y,t, B)p(s, @, dy)
R

= / p(r,u(r, s, z,w), t, B)dP(w)
E[p(r,u(r,s,z),t,B)] = E[P(u(t) € Blu(r) = u(r, s, x))]

= E[E[Ip(u(t))[u(r) = u(r, s, z)]] = E[lp(u(t))[u(s) = 7]
= P(u(t,s,z) € B) = p(s,z,t,B).
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In fact, u(t) satisfies (4.21) with the initial condition u(s) = . O
Remark 4.24. By Theorem 2.78, the knowledge of the solution u(t) of
{u(to) =c a.s.,
du(t) = a(t, u(t))dt + b(t, u(t))dW,
is equivalent to assigning the transition probability p to the process u(t) and

the distribution Py of c.

Remark 4.25. Every SDE generates Markov processes in the sense that every
solution is a Markov process.

Implicit in the underlying hypotheses of Theorem 4.4 is the following
theorem.

Theorem 4.26. If the SDFE is autonomous of form (4.11), then the Markov
process {u(t,to,c),t € [to,T]} is homogeneous.

Remark 4.27. The transition measure of the homogeneous process ()¢, 7]
is time-homogeneous, i.e.,

P(u(t+ s) € Alu(t) = z) = P(u(s) € Alu(0) = z)almost surely
for any s,t € Ry, x € R, and A € Bg.
Theorem 4.28. If for

{u(to) =c a.s.,
du(t) = a(t,u(t))dt + b(t, u(t))dWr,

)
the hypotheses of Theorem 4.4 are satisfied, with a(t,xz) and b(t,z) being con-
tinuous in (t,x) € [0,00] X R, then the solution u(t) is a diffusion process with
drift coefficient a(t,z) and diffusion coefficient b2(t,z).

(t

Proof. We prove point 1 of Lemma 2.106. Let u(¢, s, ) be a solution of the
problem with initial value

u(s) =z as., z € R (fixed), t > s (s fixed).
By (4.28):
p(t,z,t +h, A) = P(u(t + h,t,u(t)) € Alu(t) = z) = P(u(t + h,t,z) € A).
Hence p(t,z,t + h, A) is the probability distribution of the random variable
u(t + h,t,z), and thus

E[f(u(t+ h,t,x) —z)] = /Rf(y —z)p(t,z,t + h,dy)
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for every function f(z) such that® |f(2)] < K(1 + |2|*"), with a > 1, K > 0,
and f(z) continuous. It is now sufficient to prove that

1 4
i 2 Efju(t + h,t, ) — 2] = 0.
Given that z% is of the preceding form f(z), the preceding limit follows from
1 1
FElu(t + hit,z) = 2f'] < = KR*(1+ |a[)

by point 2 of Theorem 4.15.
Now we prove point 2 of Lemma 2.106. This is equivalent to showing that

.1
%JI,IOI EE[u(t + h,t,x) — x] = a(t, ).

Because u(t,t,2) = z almost surely, due to the definition of the stochastic
differential we obtain

Elu(t+ h,t,x) —z]=F

t+h t+h
/ a(s,u(s,t,x))ds—l—/ b(s,u(s,t,:z:))dWS] .
t t
But since E[ftt+h b(s,u(s,t,x))dW] = 0, we get

/t o als, u(s,t, x))ds]

t+h
/t (a(s,u(s, t,z)) — a(s,x))ds

Elu(t+ h,t,z) —z] = F

t+h
+ / a(s,x)ds
t

t+h t+h
= /t Ela(s,u(s,t,x)) —a(s,xz)|ds + /t a(s,x)ds,

after adding and subtracting the term a(s, ). Moreover, since | - | is a convex
function, by the Schwarz inequality,

t+h
/t Ela(s,u(s,t,x)) — a(s,z)|ds

t+h
< t Ella(s,u(s,t,z)) — a(s,x)|]ds

9 The assumption |f(z)| < K(1 4 |z|*™) implies that E[|f(2)|] < K(1 + E[z|*"])
and, by Theorem 4.15, E[|u(t + h, t,x)|*"] < +o0o. Therefore, f(u(t+ h,t,z)— )
is integrable.
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t+h ?
<h? </t (Ella(s,u(s, t,z)) — G(S=$)|])2d5>

1
2

IN

) t+h
h2 < t Ella(s,u(s, t,z)) — a(s,:v)|2]ds>

Then, by Hypothesis 1 of Theorem 4.4,
la(s,u(s,t,x)) —a(s,z)|* < (K*)?|u(s, t, ) — z|?,
and, by point 2 of Theorem 4.15,
El|lu(s,t,z) — z|*] < Kh(1 + |z|?), K constant, positive,
and thus for h | 0

t+h

! Ela(s,u(s,t,x)) — a(s, z)]ds

- hi K*(hKh(1+|z[?))% — 0.

t

Hence, as a conclusion, by the mean value theorem for t <r <t + h,

1 1 t+h 1
1}3?01 EE[u(t + ht,x) —x] = }518 7 /t a(s,x)ds = 1}5,18 Ea(t, x)h = a(t, ).

Lastly, we have to show that the assumptions of Lemma 2.106 are satisfied
(e.g., Friedman 1975). O

Strong Markov Property of Solutions of Stochastic
Differential Equations

Lemma 4.29. By Hypotheses 1 and 2 of Theorem 4.4, we have that
VR > 0,YT >0: E| sup |u(t,s,z) —u(t,r,y)*| < C(lz—y|*>+|s—71|)
r<t<T

for|z] <R, |yl <R, 0<s<r <T, where C is a constant that depends on
R and T.

Proof . See, e.g., Friedman (1975). O
Theorem 4.30. By Hypotheses 1 and 2 of Theorem 4.4, (u(t,s,x))te[s,1, the

solution of

du(t) = a(t,u(t))dt + b(t, u(t))dW;
satisfies the Feller property and, hence, the strong Markov property.
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Proof. Let f € BC(R). By the Lebesgue theorem, we have
E[f(u(t+rs,2))] = E[f(u(t + s,s,2))] for r — s.
Moreover, by Lemma 4.29, and again by the Lebesgue theorem,
Elf(u(t+mr,rmy))] — E[f(u(t+7rs,x))] = 0fory — z,r—s;
therefore,
E[f(u(t+r,ry))] — E[f(u(t+s,s,2))] =0 for y = x,r — s.

Hence (s,x) — [pp(s,z,s +t,dy)f(y) is continuous, and so (u(t, s, x))ie(s1]
satisfies the Feller property and, by Theorem 2.98 (because it is continuous)
has the strong Markov property. O

4.3 Girsanov Theorem

The Girsanov theorem is an interesting result in that it states that the addition
of a drift to a standard Brownian motion with respect to a law P leads to a
Brownian motion with respect to a new probability law @ that is absolutely
continuous with respect to P.

Lemma 4.31. Let Z be a strictly positive random variable on (2, F, P) with
E[Z] = Ep[Z] = 1. Furthermore, define the random measure dQ = ZdP. If
G is a o-algebra with G C F, then for any random variable X on (£2,F) such
that X € L1(Q) we have that

E[XZ|G]

Proof. This easily follows from the definition of conditional expectation of a
random variable with respect to a o-algebra (e.g., @ksendal 1998, p. 152). O

Lemma 4.32. Let (Ft)iepo,r), for T > 0, be a filtration on the probability
space (£2,F, P), and let (Z;)icjo,1) be a strictly positive Fy-martingale with
respect to the probability measure P such that Ep[Zy] = 1 for any t € [0,T).
A sufficient condition for an adapted stochastic process (Yi)iepo,r] to be an
Fi-martingale with respect to the measure dQQ = ZpdP is that the process
(Z:Yt)iepo,1 is an Fi-martingale with respect to P.

Proof . Because (Z;Y};):e[o,) is an Fy-martingale with respect to P, for s <
t < T, by the tower law of probability, we have that

E[ZrYi|Fs] = EE[ZrY:| F]|Fs| = EYiE[Zr|Fi]|Fs] = E[Yi Zi| F]
=Y. Zs.
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As a consequence we have that

BlZrYi|Fs] _ ZsYs

BeMlFl =Zzmy — 2~

Proposition 4.33

1. Let hy € L*([0,T]) be a deterministic function and Wi(w) a Brownian
motion, and define

Yt(w)_exp{/othsdws(w)—%/Othﬁds}, t €10,7).

Then, by Ité’s formula [see (3.33)],
dYy = Yih dWy.
2. Let ¥ € C([0,T]), with T < 0o, and define

Zi(w) —exp{/(fﬂs(w)dws(w) - %/Otﬂi(wds}, te o,

Then, by Ité’s formula,
dZy = Zy 9 dWy.

Lemma 4.34. (Novikov condition). Under the assumptions of point 2 of

Proposition 4.33, if
e )
exp = [9(s)|"ds
2 Jy

then (Zt)epo,r) is a martingale and E[Z;] = E[Zo] = 1.

E < 400,

Theorem 4.35 (Girsanov). Let (Z;):ejo,1) be a P-martingale (i.e., let 9
satisfy the Novikov condition). Then the process

t
Yt:Wt—/ Vsds
0

is a Brownian motion with respect to the measure dQ = ZpdP.

Proof. We resort to the Lévy characterization of Brownian motion proving
point 2 in Theorem 2.177. Let M; = Z;Y;. Then, by Lemma 4.32, to prove
that (Y3)¢cjo,7] is a Q-martingale, it is sufficient to show that (M;).eqo, 1) is a
P-martingale. Assuming that (J;):cjo,7) satisfies the Novikov condition and
that (Z¢)ie[o,r) is a martingale with E[Z;] = 1, by It6’s formula, we obtain
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th = th}/t + }/tdZt + Zﬂ%dt = Zt(th — ﬁtdt) + YtZtﬁtth + Zﬂ%dt
= Z,(dW; + Yi9,dWy) = Zy(1 + 9, Y,)dW,.

Hence (My)ic[o,r is a martingale. Further showing that Y? —t is a martingale
is left as an exercise. O

Remark 4.36. The Girsanov theorem implies that for all Fy,..., F, € B,
where B is the Borel g-algebra on the state space of the processes, and for all
t1,...,tnh € [O,T]Z

Q(}/tl S F17"';}/tk S Fk) = P(th S Fl,...,Wtk S Fk)
and @Q < P as well as with the Radon—Nikodym derivative

d
% = ZT, on ]:T-

Furthermore, because by the Radon-Nikodym Theorem A.54

aF) = [ Zew)P(a)
and Z7 > 0, we have that

QF)>0=P(F)>0
and vice versa, so that

Q(F)=0= P(F) =0,

and thus P < @Q. Therefore, the two measures are equivalent.

Application to the Statistics of Stochastic Differential Equations

Consider an SDE of the form

dXt = 9a(X (t))dt + dW;, (4.29)

where the parameter is unknown. We wish to estimate such a parameter
based on the observation of the process X (¢), solution of (4.29), during a time
interval [0, T.

If we assume that the real-valued function a belongs to C; and sat-
isfies a global Lipschitz condition, then Proposition 4.9 assures that for
any given square-integrable random variable X, independent of the Wiener
process, taken as initial condition, SDE (4.29) admits a unique global solution
X € C([0,400)).
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If we assume that, for any given T > 0, the function a satisfies the Novikov

condition
1 T
exp{§192/ az(X((s))ds}
0

we may apply Girsanov’s Theorem 4.35 and state that the process X ()
solution of (4.29) in the interval [0,T], subject to the initial condition Xo,
is a standard Wiener process with respect to the probability measure

E < o0,

Q= ZrPy

if PY is the law of the process X (¢) and

Z; = exp{—ﬂ /Ota(X(s))dWS - %W /Ot aQ(X(s))ds}, t€[0,T]. (4.30)

If we take into account (4.29), then we may rewrite (4.30) in the following
form:

t t
1
7y = exp {—19/ a(X(s))dX(s) + 5192/ aQ(X(s))ds} , tel0,T].
0 0
We may now notice that, since Zp > 0, we may state (Lipster and Shiryaev
1977, p. 237) that the two measures P}Z and @ are equivalent on the time
interval [0,7] , and Zfl is the density of Py with respect to @, i.e.,
dP?
X Zfl.
dQ
Since the measure @) is now independent of the unknown parameter ¢,
while P}? is the measure associated with the process and depends upon the
parameter, we can claim that Z, ! may play the role of the likelihood function
with respect to ¥, i.e., given a trajectory of the process {X(¢),t € [0,T]}, dur-
ing a finite interval of time, the corresponding (random) likelihood function is

T T
L1 (¥, X) =exp {19/0 a(X(s))dX(s) — %192/0 az(X(s))ds} .

By maximization, we obtain the maximum likelihood estimator of ¥

. i a(X(5))dX (s)

o T) = fOT a?(X (s))ds

as a random variable depending on the random process up to time 7.
The following theorem holds.
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Theorem 4.37. Under the preceding assumptions, the mazimum likelihood
estimator O(X,T) is consistent for ¥, i.e., for any ¥ € R,

Pﬁ(Tlggoé(X,T) =) =1.

Proof . See Lipster and Shiryaev (2010, p. 234). O

For a more detailed account of this topic, the reader may refer to p. 225
of Lipster and Shiryaev (2010).

4.4 Kolmogorov Equations

This section is devoted to establishing evolution equations for the transition
probabilities of Markov processes that are solutions of SDEs; as a natural fall-
out we obtain the infinitesimal generators of the evolution operators of such
processes.

We will consider the SDE

du(t) = a(t, u(t))dt + b(t, u(t))dW, (4.31)

and suppose that the coefficients a and b satisfy the assumptions of the exis-
tence and uniqueness Theorem 4.4. We will denote by u(t,z), for s <t < T,
the solution of (4.31) subject to the initial condition

u(s,s,) =z as. (z € R).

Remark 4.38. Under assumptions 1 and 2 of Theorem 4.4 on the coefficients a
and b, if f(t, x) is continuous in both variables as well as | f (¢, )| < K(14]z|™)
with k, m positive constants, then it can be shown that

1 t+h
1}5101 . E[f(s,u(s,t,z))]ds = f(t,x), (4.32)
lig%h/ (s,u(s,t,x))]ds = f(t,x).

The proof employs arguments similar to the proofs of Theorems 4.28 and 4.15.

Lemma 4.39. If f : R — R is a twice continuously differentiable function,
and if there exist C > 0 and m > 0 such that

F@]+ @]+ @) < CA+z[),  zeR,

and if the coefficients a(t,z) and b(t,x) satisfy assumptions 1 and 2 of
Theorem 4.4, then

1 ! 1 2
lim - (E[f (u(t, = h,2))] = (@) = a(t,2)f' (@) + 30(L2) (@), (433)



4.4 Kolmogorov Equations 261

Proof. By 1t6’s formula, we get

flut,t = h,z)) = f(z) = /t a(s, u(s,t — h,x)) f'(u(s, t — h, z))ds

&

h
—|—/ —b2 (s,u(s,t — h,2)) f" (u(s,t — h,z))ds
—|—/ b(s,u(s,t —h,z))f'(u(s,t — h,x))dWs,

and after taking expectations
E[f(u(tvt - h,l’))] - f(i[])
t
=FE [/ a(s,u(s,t —h,z))f'(u(s,t — h,z))ds
t—h

+/t h;b% u(s, t = h,2))f" (u(s,t — h,x))ds| |

hence
(Bl (ult,t — h,2)] ~ (x)
== [ Blals,uls,t — b)) (uls,t — by )))ds
t—h
' 2(s.u T s,t—h,x S.
+/t_hE[2b( (5,0 — b)) f"(u(s,t — b)) | d
Then (4.33) follows from (4.32) because u(t,t,z) = x. U

Remark 4.40. Resorting to the notation of Definitions 2.81 and 2.87, (4.33)
can also be written as

T — / 1 "
Aof =tim T L o L,

Moreover, by Theorem 4.28 and Proposition 2.107, we also have

TS,erhf - f

=a(s,")f + %b2(5,~)f” (4.34)

if f € BC(R)N C?(R). On the other hand, in the time-homogeneous case we

have
Thf—f
h

Af = lim = a()f' + PO

Theorem 4.41. If u(t) is the Markovian solution of the homogeneous
SDE (4.11) and A the associated infinitesimal generator, then for f €
BC(R) N C%*(R) the process
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M, = f(ult)) - / LA (u(s))ds (4.35)

18 a martingale.
Proof . By 1t6’s formula, we have that

t
0

Flue) = 1)+ [ (ARl s+ [ bluls) (s

which, substituted into (4.35), results in

Since an Ito integral is a martingale with respect to filtration (F;)icr, gen-
erated by the Wiener process (W;);cr, , therefore

E[M:|Fs] = M.
If we now consider the filtration (My);c(o,7], generated by (My)iecjo,7), then
E[M;|M,] = E[E[M;|F]|M.] = E[M| Fs] = M,
because F, C M. O

Furthermore, we note that it is valid to reverse the argumentation of The-
orem 4.28, as the following theorem states.

Theorem 4.42. If (u(t))iepo,r) s a diffusion process with drift a(t,x) and
diffusion coefficient c(t,x), where

1. a(t,x) is continuous in both variables as well as |a(t,z)| < K(1+ |z|), K
a positive constant.

2. c(t,x) is continuous in both variables and has continuous as well as
bounded derivatives %c(t,x) and a%c(t,aj), and, moreover, ﬁ 18
bounded.

3. There exists a function ¥ (x) that is independent of t and where

Y(x) > 1+ [, OilngE[zb(U(t))] < +oo,

as well as

/ (y — 2)°p(t, 2, t + h, dy)| < ¥(@)h,
0

/ (y —x)p(t,z,t + h, dy)’ +
2

/Q (Il + s2)p(t. .t + b dy) < (2),
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then there exists a Wiener process Wy, so that u(t) satisfies the SDE
du(t) = a(t,u(t))dt + v/ c(t, u(t))dW;.

Proof . See, e.g., Gihman and Skorohod (1972). O

Remark 4.43. Equation (4.34) can also be shown by Itd’s formula, as in the
proof of Lemma 4.39.

Proposition 4.44. Let f(x) be r times differentiable and suppose that there
exists an m > 0 such that |f®) (z)] < L(1 + |z|™). If a(t,z) and b(t,x) both

satzsfy the assumptions of Theorem /4.4 and there exist kk a(t, :E),B: b(t, x),
k=1,...,7, that are continuous, as well as

oF oF

‘Wa(tax) +‘Wb(t,x) < Cr(1+ |z|™), kE=1,...,r

(with Cy and my, being positive constants), then the function

¢s(z) = E[f(u(tv 5, Z))]

is r times differentiable with respect to z (i.e., with respect to the initial
condition,).

Proof . See, e.g., Gihman and Skorohod (1972). O

Theorem 4.45. If the coefficients a(t,x) and b(t,x) are continuous and have
continuous partial derivatives az(t,x), a,(t,x), b.(t,z), and by, (t,x), and,
moreover, if there exist a k > 0 and an m > 0 such that

k(1 [x)),

la(t, )] + [b(t, )| <
< R+ o™,

(@ (t, 2)| + aza (t, 2)| + [be (t, 2)| + [bea (t, 2)
and furthermore if the function f(zx) is twice continuously differentiable with
IF@)]+ 1 @)+ 1 (@)] < B+ [™),

then the function
q(t,z) = E[f(u(s,t,x))], 0<t<s, z e€R,s€]0,T],

satisfies the equation

q(t, ) + alt, x)a q(t,z) + = bz(t ) o (t,z) =0, (4.36)
ot Oz 9221 '
subject to the condition

limq(¢, x) = f(x). (4.37)

t1s



264 4 Stochastic Differential Equations

Equation (4.36) is called Kolmogorov’s backward differential equation.

Proof . Since, by the semigroup property, u(s,t — h, z) = u(s,t,u(t,t — h, z)),
and in general E[f(Y (-, X))|X = z] = E[f(Y (-, x))], we have

q(t = h,x) = E[f(u(s,t — h, z))] (4.38)
= E[E[f(u(s,t — h 3:))|u(t t—h,z)]
= B[E[f(u(s, t,u(t,t — h, x)))|u(t,t — h, z)]]
= B[E[f(u(s, t,u(t,t — h, x)))]] = Elq(t, u(t,t — h,x))].

By Proposition 4.44, ¢(¢,x) is twice differentiable with respect to z, and, by
Lemma 4.39, we get

Elg(t, ult,t = h2))] — q(t, 2) = a(t, ;v)%q(t, x) + %b2(t,x)88—;q(t,x).

i h

Therefore, by (4.38), the limit

Q(ta I) — Q(t — ha I) li Q(ta I) — E[Q(ta u(tv t— hv :E))]

i h = hlo h ’
and thus
0 q(t,x) —qt —h,x) 0 1, 0?
&q(t I) - 1}3}01 L - —a(t,az)%q(t, I) - ib (t,.fb)@q(t,.f)

It can further be shown that % (t,z) is continuous in ¢, as are gg as well as

(%2 We observe that

|E[f(u(svt7 ‘T)) - f(x)]l < E[|f(u(s,t, ‘T)) - f(CL')”,

and, by Lagrange’s theorem (also known as the mean value theorem),

[f(u(s,t, ) = (@) = u(s, t, ) — 2| f'(E)],

with & related to u(s, t, z) and z through the assumptions |f/(£)| < k(1+(¢|™)

and
m 1+ |z if u(s,t,x) <& <z,
(L+[E™) < {1+|u(8tx)|mlf$<§<u(st$)

Therefore, by both the Schwarz inequality and the fact that

E[(u(svtvx) - .%')2] < ‘i(l + |CL'|2)(S - t)27
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we obtain

|E[f (u(s, t,x)) — f(x)]|
< LE[|u(s, t,x) = x|(1+ |2[™ + |u(s, ¢, )[™)]
< L(E[(u(s, t,x) — 2)*]) 2 (E[(1+ |2 + |u(s, t,2)™)?]) 2,

where L is a positive constant. Since L(1+|x|?)(s—t)2 — 0 for t 1 s, it follows
that

lim E[f (u(s, t,2))] = f(x).

t1s
(I

Remark 4.46. If we put t = s —t for 0 < t < s, then a% = —% and the limit
limyy is equivalent to limg . Hence (4.36) takes us back to a classic parabolic
differential equation with initial condition (4.37) given by limg  ¢(f, z) = f(z).

Theorem 4.47 (Feynman—Kac formula). Under the assumptions of The-
orem 4.45, let ¢ be a real-valued, nonnegative continuous function in |0, T[XR.
Then the function, for x € R,

q(t,z) = E | f(u(s,t,z))e J& cwta)ndr| O<t<s<T, (4.39)

satisfies the equation

1 2
2 0(0,2) + alt, ) 5qlt, ) + 500, 0) 5 alt, @) — elt, a)alt ) = O,
subject to the boundary condition lims q(t,x) = f(z). Equation (4.39) is
called the Feynman—Kac formula.

Proof. The proof is a direct consequence of Theorem 4.45 and It6’s formula,
considering that the process

Z(t) e -]ts c(T,u(‘r,t,z))dT7 0<t<s< T,:E c R,

satisfies the SDE
dZ(t) = —c(t,ult, to, x)) Z(t)dt

with initial condition Z(tg) =1 (see e.g. Pascucci (2008)). O

Remark 4.48. We can interpret the exponential term in the Feynman-Kac
formula as due to a killing process (e.g., Schuss 2010). Suppose that at any
time 7 > ¢ the trajectory u(7,t,x) of a particle subject to the SDE (4.31),
with initial condition wu(t,t,z) = x, may terminate at a rate c(7,u(7,t,x))
(probability per unit time independent of past history F,); hence, the killing
probability over an interval |7, 7 + dt] will be equal to ¢(7, u(7,t, z))dt + o(dt).
Then the survival probability until s is given by
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(L= (s, ults, £, 2))d0)(1— clta, ul(ta, £, 2))d8) -+ (1—c(tn, ultn, t,2))dt) +o(dt),
(4.40)
where t =t < t1 < -+- < tp, = s, dt = t;31 —t;, 1 =0,1,...,n— 1. As
dt — 0, (4.40) tends to
e~ fts c(T,u(‘r,t,w))dT'
Hence for any function f € BCO(R)

q(t,z) = E[f(u(s,t,x)), killing time > s]
= E[f(u(s,t,x))]P(killing time > s)
- B f(u(s,t, a:))e_ IN c(T,u(‘r,t,aa))d‘r:| )

Introduce the following operator as from (4.36):

1 0? 0
Lo[] = =b3(t,2) =— t,z)—
0[] 2 (ax)ax2+a(ax)axv
and suppose that (Appendix C)
(A1)  There exists a p > 0 such that b(z,t) > p for all (z,t) € R x [0,T].
(B1) a and b are bounded in [0,7] x R and uniformly Lipschitz in (¢, x)
on compact subsets of [0,7] x R.

(B2) b is Holder continuous in 2 and uniform with respect to (t,z) on
[0,7T] x R.

Proposition 4.49. Consider the Cauchy problem:

{Lo[q] + %= in [0, T[xR, (4.41)

limgr q(t, ) = ¢(z) in R,
where ¢(x) is a continuous function on R, and there exist A > 0,a > 0 such

that
[p(z)] < A(L + [z[*). (4.42)

Under conditions (A1), (B1), and (Bz), the Cauchy problem (4.41) admits
a unique solution q(t,z) in [0, T] x R such that

lq(t, 2)] < C(1+ [z]?),

where C' is a constant.
If we denote by I'f(x,s;y,t) the fundamental solution of Lo + % (s < t),
the solution of the Cauchy problem (4.41) can be expressed as follows:

q(t,z) = /RFS‘(% t;y, T)o(y)dy. (4.43)

Proof. The uniqueness is shown through Corollary D.7, and existence fol-
lows from Theorem D.10. Then (4.41) follows, by Theorem D.9, with m = 0.
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The representation (4.43) follows from Theorem D.10, by replacing ¢ by
T —t (Friedman 2004, Chap. 6). O

By a direct comparison of the Cauchy problem (4.41) and prob-
lem (4.36), (4.37), because of the uniqueness of the solution of (4.41), we
may finally state the following.

Theorem 4.50. Under the assumptions of Proposition /.49, the solution of
the Cauchy problem (4.41) is given by

q(t, 2) = Elp(u(T,t,2))] = Epo[o(u(T))]. (4.44)

From (4.44) and (4.43) it then follows that

Elp(u(t, s,2))] = / I3 (. 559, 0)(y)dy

R

or, equivalently,

/ o(9)pls, o, t, dy) = / I3 () 59, T)(y)dy, (4.45)
R R

and because (4.45) holds for an arbitrary ¢ that satisfies (4.42), we may state
the following theorem.

Theorem 4.51. Under conditions (A1) of Appendiz D and (By), the transi-
tion probability p(s,x,t, A) = P(u(t,s,z) € A) of the Markov process u(t, s, x)
[the solution of differential equation (4.31)] admits a density. The latter is
given by I'5(z,s;y,t), and thus

p(s,z,t,A) = / Ig(z,s3y,t)dy (s <t), for all A € Bg. (4.46)
A

Definition 4.52. The density I (z,s;y,t) of p(s,z,t, A) is the transition
density of the solution u(t) of (4.31).
Remark 4.53. By the definition of fundamental solution, we may realize that

the transition density Ij(z,s;y,t) of the Markov process associated with
SDE (4.31) obeys itself to the following Kolmogorov backward equation:

1 2 02 % 0 * 0 *
§b (ta I)_FO (Ia t;ya T) + a(tv'r)%FO (Ivt; va) + _FO (Ia t;ya T) = 07

Ox? ot
(4.47)
for x € R, t € [0,T], subject to

lim Iy (2, t;y,T) = 6(z —y).
t—T

where we recall that § denotes the Dirac ¢ function centered at 0.
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As a direct consequence of (4.46), the transition density Iy (z,s;y,t) sat-
isfies the Chapman—Kolmogorov equation.

Corollary 4.54. For any s,r,t € [0,T] such that s < r < t, the following
holds:

Fé‘(x,S;y,t):/ dz I (z, 85 2,7) 15 (2,759, 1),
R

Ezample 4.55. The Brownian motion (W})¢>¢ is the solution of

{ du(t) = th,
u(0) =0 a.s.

We define the operator Ly by %A, where A is the Laplacian 88—;2. The funda-
mental solution I (z,s;y,t) of the operator %A + %, s < t, corresponds to
the fundamental solution Iy(y,t; x, s) of the operator %A — %, s < t, which,

apart from the coefficient %, is the diffusion or heat operator. We therefore

find that

L3 5:9.1) = D(y, 2, 8) = —— e~ S5
xT,s5Y, = ,thx,8) = e —s)
oLy Y or(t— )

the probability density function of W; — Wj.

Under the assumptions of Theorem 4.51, the transition probability
p(s,z,t, A) = P(u(t, s,z) € A)

of the Markov diffusion process u(t, s, ), the latter being the solution of the
SDE (4.31), subject to the initial condition u(s, s,z) = x a.s. (x € R), admits
a density I (z,s;y,t), which is the solution of system (4.47). Under these
conditions the following theorem also holds (Gihman and Skorohod 1974,

p. 374ff):

Theorem 4.56. In addition to the assumptions of Theorem 4.51, if the tran-
sition density I'§ (z, s;y,t) is sufficiently reqular so that there exist continuous
derivatives

ory o . 02
ot (xvsvyat)v a_y(a(tay)FO (x,s,y,t)), 8_3/2

O ()G (2, 559,1)),

then I (x,s;y,t), as a function of t and y, satisfies the equation

ory 0 10?

i @ su )+ 5 @GP @ sy0) — 555

2 * . —
ot 8y (b (tuy)FO (J/',S,y,t)) =0

(4.48)
in the region t €]s,T], y € R, subject to

lim I (2, 5:9.1) = b — ).
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Proof. Let g € CZ(R) denote a sufficiently smooth function with compact
support. By proceeding as in Lemma 4.39 [see also (4.34)],

h—0

iy ([ 950t + 1)y = 0(0) ) = alt )9’ (0) + 30700, 0)0" 0

uniformly with respect to . The Chapman—Kolmogorov equation for the tran-
sition densities is

Fg($,t1;y,t3) = /Fg(l‘,tl;z,tg) Fé‘(z,tg;y,t;g)dz for t1 <ty < t3.

If we take t; = s, to = t, t3 =t + h, then we obtain
8
I3 (w,s39,t)g(y)dy
/m%wsw)U@
—tim 1 (o5 se 0 [ o152,

h—0

)
— i+ ([ rszo ([awrGse s iy o))
= /I‘O*(x, s;2,t) (a(t, 2)g'(2) + %b(t, z)g”(z)) dz.

An integration by parts leads to

d .
/Em@ﬁ%m@@

— [ (-3 ) i) + 5 020 )T 5000 ) )

which represents a weak formulation of (4.48). O

Equation (4.48) is known as the forward Kolmogorov equation or Fokker—
Planck equation. While the forward equation has a more intuitive interpreta-
tion than the backward equation, the regularity conditions on the functions a
and b are more stringent than those needed in the backward case. The prob-
lem of existence and uniqueness of the solution of the Fokker—Planck equation
is not of an elementary nature, especially in the presence of boundary con-
ditions. This suggests that the backward approach is more convenient than
the forward approach from the viewpoint of analysis. For a discussion on the
subject, we refer the reader to Feller (1971, p. 326/f), Sobczyk (1991, p. 34),
and Taira (1988, p. 9). An extended treatment of the Fokker—Planck equa-
tion with a view on applications can be found in Risken (1989). A discussion
on the Fokker—Planck equation associated with a Langevin system, and its
Smoluchowski approximation can be found in Appendix C.
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4.5 Multidimensional Stochastic Differential
Equations

Let a(t,x) = (a1(t,%), ..., am(t,x)) and b(t,x) = (bs; (t,X))i=1,....m,j=1,....n D€
measurable functions with respect to (¢,x) € [0,7] x R™. An m-dimensional
SDE is of the form

du(t) = a(t,u(t))dt + b(t,u(t))dW(t), (4.49)

with the initial condition
u(0) = u as.,

where u® is a fixed m-dimensional random vector. The entire theory of the

one-dimensional case translates to the multidimensional case, with the norms
redefined as

m
al* =) a,* ifaeR™,
1=1

b2 = zmjzn: bi;|? if b€ R™™.

i=1j=1
Further, for @ = (aq, ..., ay), we introduce the notation

o 5a1+---+am

Dlel — = ,
x ox*  Qxft---Oxp

al = on o+,

which, as an application of It6’s formula, gives the following result.

Theorem 4.57. If for a system of SDEs the conditions of the existence and
uniqueness theorem (analogous to Theorem 4.4) are satisfied and if

1. There exist DZa(t,x) and Db(t,x) continuous for |a| < 2, with
|D2a(t,x)| + |D2b(t,x)| < ko(1 + [x|?), la| <2,

where kg, B are strictly positive constants.
2. f:R™ — R is a function endowed with continuous derivatives to second

order, with )
IDEFEI< e+ x7), ol <2,

where ¢, B are strictly positive constants;

then, putting q(t,x) = E[f(u(s,t,x))] for x € R™ and t €]0, s[, we have that
Qt> e, » Qoiz; are continuous in (t,x) €]0,s[xR™ and q satisfies the backward
Kolmogorov equation

Lg(x,t) =0 in]0,s[xR™,

limg(t,%) = f(x) in B",
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where

‘C._ﬁ—’—i .i_ﬁ’_li(bb’),,i (450)
Tor T "o T2 I Ow,0z; '

J=1

Applications of It6’s Formula: Dynkin’s Formula

Following Theorem 3.72, if ¢ : (x,t) € R™ x Ry — ¢(x,t) € R is sufficiently
regular, then we may apply It6’s formula to obtain

do(u(t),t) = Lo(u(t), t)dt + Vxo(u(t),t) - b(t, u(t))dW(t).

By integration on the interval [s,t] C R, we obtain

$(u(t).)-0(u(s).s) = [ Lo(a(r). Tydr+ [ Txd(u(r), 1) b(r u(r)W (D).

(4.51)
Since the It6 integral is a zero-mean martingale by Theorem 3.45, by applying
expected values to both sides of the preceding formula, we get

Elp(u(t),t)] — Elp(u(s), s)] = E [/t Efb(u(T),T)dT} :

In particular, if u(t) is the solution of (4.49) subject to the initial condition
u(s) = x, almost surely, for s € R, x € {2, then

ot0x.5) = Elo(ule). 0] ~ B | [ £otatr),ar]

Applications of It6’s Formula: First Hitting Times

Let 2 C R™ and u(t) be the solution of (4.49) with the initial condition
u(s) = x, almost surely, for s € R, x € £2. Putting

Tx,s = inf {t > S|U.(t) S 69},

then 7y s is the first hitting time of the boundary of 2 or the first exit time
from {2. Because 042 is a closed set, by Theorem 2.78, 7 ; is a stopping time.

Following Theorem 3.72, if ¢ : (x,t) € R™ xR — ¢(x,t) € R is sufficiently
regular, then by applying (4.51) on the interval [s, 7x 4],

Hres)omes) = o)+ [ Lotu(t).)ar

+/T"~S Vxp(u(t'),t) - b(t', u(t’))dW ('),

and after taking expectations

El¢(u(rx,s), %,5)] = ¢(x,8) + E {/Tx,s Lo(u(t),t)dt'| . (4.52)
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If we now suppose that ¢ satisfies the conditions

Lo(x,t) = -1Vt >s,Vx € (2,
{qs( H=0 Vxeon, (4.53)
then, by (4.52), we get
E[(b(u(Tx,s)u Tx,s)] = ¢(X7 3) - E[Tx,s] + s,

and by (4.53),

E[p(u(rx,s), Tx,5)] = 0.
Thus

Elrxs] = s+ ¢(x, s). (4.54)

Equation (4.54) states in particular that, if ¢(x,s) is a finite solution of
problem (4.53) at point (x,s) € £2 x R4, then the mean value E[7x 5] of the
first exit time from (2, for a trajectory of (4.49) started at point x € {2 at
time s € R, is finite.

Based on this information, it makes sense to consider the problem of finding
a stochastic representation of the solution 1 (x, s) of the following problem:

{ [V)(x,t) =0 Vt > s,Vx € (2,
D(x, 1) = f(x) ¥x € O2.

By (4.52), we obtain

¢(X, S) = E[f(u(Tx,s)u Tx,s)]7 (454b18)

which is Kolmogorov’s formula.

Time-Homogeneous Case

If (4.49) is time-homogeneous [i.e., a = a(x) and b = b(x) do not explicitly
depend on time], then the process u(t), namely, the solution of (4.49), is
time-homogeneous. Without loss of generality we can assume that s = 0.
Then (4.54) becomes

Elrx] = ¢(x), x€4, (4.55)
which is Dynkin’s formula. Notably, in this case, ¢(x) is the solution of the
elliptic problem

Lo[¢] = ~1in 2,
{ ¢=0 on 02, (4.56)

2

where LQ = Zl 1Aig &E + 5 Zl J= 1(bbl)z.7 é)mlamj :
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As before, (4.55) states in particular that, if ¢(x) is a finite solution of
problem (4.56) at point x € 2, then the mean value E[rx] of the first exit
time from 2, for a trajectory of (4.49) started at point x € (2, at time 0, is
finite.

Based on this information, it makes sense to consider the problem of find-
ing a stochastic representation of the solution ¥ (x) of the following elliptic
problem:

Lol¢] = 0in 2,
{ Yv=f on 0f2.

For the time-homogenous case (4.52) leads to
Y(x) = E[f(u(r))],  x€ Q. (4.56bis)

Equations (4.39), (4.44), (4.54bis), and (4.56bis) may suggest the so-called
Montecarlo methods for the numerical solution of PDE’s by means of the
approximations of expected values via suitable laws of large numbers (see,
e.g., Lapeyre et al. 2003).

For a general reference on Dynkin’s formula, and diffusion processes the
reader may refer to Ventcel’ (1996).

4.6 It6—-Lévy Stochastic Differential Equations

Within the framework established in Sects. 3.8 and 3.9, we are now ready to
generalize the concept of SDE with a general Lévy noise (e.g., Gihman and
Skorohod 1972, p. 273).

We may consider SDEs of the following form:

du(t) = a(t,u(t))dt + b(t, u(t))dW; + /R—{O} f(t,u(t), z)N(dt,dz), (4.57)

subject to an initial condition

u(to) = u° a.s.,
where u° is a real-valued random variable.
The well-posedness of the preceding problem can be established under
frame conditions inherited from the definition of the It6—Lévy stochastic dif-
ferential in Sect. 3.9, i.e., (W,g),ge]R+ is a standard Wiener process:

N(dt,dz) = N(dt,dz) — dtv(dz),

where N(dt,dz) is a Poisson random measure, independent of the Wiener
process, and dtv(dz) is its compensator.

Further we assume that a(t, z), b(t,x), and f(t,z, z) are deterministic real-
valued functions such that



274 4 Stochastic Differential Equations

1. An L > 0 exists for which
la(t, ) + [b(t,2)[* + [ |f(t,2,2)[Pv(dz) < L(L+ |zf*)
Ro

for t € [0,7], = € R.
2. They satisfy a local Lipschitz condition, i.e., for any arbitrary R > 0 a
constant Cg exists for which

|a(ta I) - a(ta y)|2 + |b(ta I) - b(ta y)|2 + ~/]R |f(t,:E, Z) - f(ta Y, Z)|2V(dz)
< OR(|$ - y|2)7

for t€[0,T], z,y € R,|z|, |y| < R.
3. There exist K > 0 and a function g(h) such that g(h) L 0 as h — 0, for
which

la(t + h,x) — a(t,z)|* + |b(t + h, ) — b(t, z)|?

+ ] |f(t+ Rz, 2) = f(t,2,2)*v(dz) < K(1+|z[*)g(h)

for z € Rand ¢t € [0,T], h € Ry, such that t + h € [0,T].
Theorem 4.58. Under conditions 1, 2, and 3, (4.57), subject to an initial
condition u° independent of both the Wiener process and the random Poisson

measure, admits a unique solution that is right-continuous with probability 1.
If f is identically zero, then the solution is continuous with probability 1.

Proof . See, e.g., Gihman and Skorohod (1972, p. 274). O

As far as the moments of the solution are concerned, the following theorem
holds.

Theorem 4.59. Under the assumptions of Theorem 4.58, if, in addition, for
m € N— {0},

A |f(t, 2, 2)[Pr(dz) < L1+ |]?),

forp=2,3,...,2m, t € [0,T], = € R, then

Ellu(t)|*] < Ly(1 + |z[*7)
forp=2,3,...,2m, t € [0,T], where L, depends only on L,T, and p.
Proof . See, e.g., Gihman and Skorohod (1972, p. 275). O

SDEs of the general type (4.57) are very important in applications; an
example from neurosciences is discussed in Sect. 7.4, and an additional case
can be found in Champagnat et al. (2006).
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4.6.1 Markov Property of Solutions of It6—Lévy Stochastic
Differential Equations

By methods already taken into account for SDEs with only the Wiener noise
in Sect. 4.2, the following theorem holds.

Theorem 4.60. Under the assumptions of Theorem 4.58, the solution of the
Ito-Lévy SDE (4.57) is a Markov process. Its infinitesimal generator is

2
(A)@) = 2 @)a(s,2) + £ 0 2 (@)(s,2)

- P\T —%a: s,x,z)| vidz

+/]R{O} {¢(x+f(s,x,z)) () 6:5( Vf(s,2,2)| v(dz)

for ¢ € C12([0,T], R).

4.7 Exercises and Additions

4.1. Prove Remark 4.7.
4.2. Prove Remark 4.12.

4.3. Prove that if a(¢, z) and b(t, x) are measurable functions in [0, 7] x R that
satisfy conditions 1 and 2 of Theorem 4.4, then, for all s €]0,T], there exists
a unique solution in C([s, T]) of

u(s) = us a.s.,

du(t) = a(t,u(t))dt + b(t, u(t))dWs,
provided that the random variable u, is independent of Fy r = o(Wy — W, t €
[s,T]) and E[(us)?] < oo.

4.4. Complete the proof of Theorem 4.21 by proving the semigroup property:
If to < s, s € [0,T], denote by wu(¢, s,x) the solution of

u(s) =z as.,
{ du(t) = a(t,u(t))dt + b(t, u(t))dWs.

Then
u(t, to, c) = u(t, s,u(s,tg,c)) for t > s,

where z is a fixed real number and c is a random variable.

4.5. Complete the proof of Theorem 4.35 (Girsanov) showing that
(Y? — t)iefo,7) is a martingale where

t
Yt:Wt—/ Byds,
0

(Wi)iepo,r) is a Brownian motion, and (¥;)iepo,r) satisfies the Novikov
condition.
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4.6. Show that
Iy(x,s;y,t) = / I (z, 85 2,m) 5 (2,75, t)dz (s<r<t). (4.58)
R

Expression (4.58) is in general true for the fundamental solution I'(z,t;&,r)
(r <t) constructed in Theorem D.9.

4.7. Let (Wy)ier, be a Brownian motion. Consider the population growth

model
dN;

dt
where N is the size of population at time ¢ (Ny > 0 given) and (r, + - W) is
the relative rate of growth at time ¢. Suppose the process r; = r is constant.
1. Solve SDE (4.59).
2. Estimate the limit behavior of N; when t — co.
3. Show that if W; is independent of Ny, then

E[N;] = E[NoJe™.

= (’f‘t +04Wt)Nt, (459)

An extension model of (4.59) for exponential growth with several indepen-
dent white-noise sources in the relative growth rate is given as follows. Let
(Wi(t),...,Wq(t))ier, be Brownian motion in R%, with v, ..., a, constants.
Then

AN, = <rdt + zn: adek(t)> N, (4.60)

k=1
where N; is, again, the size of population at time ¢ with Ny > 0 given.

4. Solve SDE (4.60).

4.8. Let (W;)ier, be a one-dimensional Brownian motion. Show that the
process (Brownian motion on the unit circle)

us = (cos We, sin Wy)

is the solution of the SDE (in matrix notation)
1
dut = —§Utdt + K’thth, (461)

0 -1
1 0
More generally, show that the process (Brownian motion on the ellipse)

uy = (acos Wy, bsin Wy)

where K =

is a solution of (4.61), where K = {Q _()E}

a
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4.9 (Brownian bridge). For fixed a,b € R consider the one-dimensional
equation

u(0) = a,
b—ut
dutzl tdt—th (0<t<1).

Verify that

u,g—a(l—t)—l—bt—i—(l—t)/tdVVS 0<t<1)

0 — S

solves the equation and prove that lim;—,; ux = b a.s. The process (Ut)te[0,1[
is called the Brownian bridge (from a to b).

4.10. Solve the following SDEs:

du1 o 1 10 dWl
] = o @ o] ]
2. duy = ugdt + dW,. (Hint: Multiply both sides by et and compare with

d(e tuy).)
3. dut = —utdt + e_tth.

4.11. Consider n-dimensional Brownian motion W = (Wy,..., W,,) starting
at a = (a1,...,an) € R” (n > 2) and assume |a| < R. What is the expected
value of the first exit time 75 of B from the ball

K =Kp={xe€R" x| < R}?
(Hint: Use Dynkin’s formula.)

4.12. Find the generators of the following processes.

1. Brownian motion on an ellipse (Problem 4.8).
2. Arithmetic Brownian motion:

u(0) = ug,
du(t) = adt + bdW;.

3. Geometric Brownian motion:

{ u(0) = uy,
du(t) = au(t)dt + bu(t)dW,.

4. (Mean-reverting) Ornstein—Uhlenbeck process:

{ u(0) = ug
du(t) = (a — bu(t))dt + cdW;.
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4.13. Find a process (u¢)¢cr, whose generator is the following:

1. Af(z) = f'(z) + f"(z), where f € BC(R) N C%(R).
2. Af(t,z) = 4 + cxdl + %a2x2%, where f € BC(R?) N C?(R?) and ¢, o
are constants.

4.14. Let A denote the Laplace operator on R, ¢ € BC(R"™) and « > 0.
Find a solution (u):er, of the equation

(a—%A)u—qﬁ in R™.
Is the solution unique?
4.15. Consider a linear SDE
du(t) = [a(t) + b(t)u(t)]dt + [e(t) + d(t)u(t)]dW (¢), (4.62)

where the functions a, b, ¢, d are bounded and measurable. Prove:

1. If a = ¢ = 0, then the solution u(t) = ug(t) is given by

uo(t) = uo(0) exp {/0 {b(s) - %d%s)] ds —I—/O d(s)dWs} .
2. Setting u(t) = uo(t)v(t), show that u(t) is a solution of (4.62) if and only
if
v(t) = v(0) —l—/o [uo(s)a(s) — c(s)d(s)]ds —l—/o c(s)up(s)ds.
Thus the solution of (4.62) is ug(t)v(t) with u(0) = ug(0)v(0).

4.16. Show that the solution (4.17) of (4.15) is a Gaussian process when-
ever the initial condition u(to) is either deterministic or a Gaussian random
variable.

4.17. Consider a diffusion process X associated with an SDE with drift u(z,t)
and diffusion coefficient 2 (z,t). Show that for any 6 € R the process

Ya(t) —exp{ox<t>—o/oth(s),s)ds— %/Ota%X(s),s)ds}, teR,,

is a martingale.

4.18. Consider a diffusion process X associated with an SDE with drift
u(z,t) = at and diffusion coefficient o2 (x,t) = t, with a > 0 and 8 > 0. Let
T, be the first passage time to the level a € R; evaluate

E |:e—>\T3

X(0) = o} for A > 0.

(Hint: Use the result of Problem 4.17)



4.7 Exercises and Additions 279

4.19. Let X be a diffusion process associated with an SDE with drift
p(z,t) = —az and constant diffusion coefficient o%(z,t) = 3, with a € R
and 8 € R. Show that the moments ¢,(t) = E[X(¢)"], r = 1,2,... of X(¢)
satisfy the system of ordinary differential equations

d B2r(r — 1)

Zap(t) = —arg(t) + T

eo(t), T=1,2,...,
dt ar—2(t), 7

with the assumption ¢, (t) = 0 for any integer r < —1.

4.20. Let X be the diffusion process defined in Problem 4.19. Show that the
characteristic function of X (t), defined as ¢(v;t) = Elexp {ivX(t)}],v € R,
satisfies the partial differential equation

d d 1
FrP(it) = —avgrp(vit) - 562v2<p(v;t)-
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Stability, Stationarity, Ergodicity

Here we shall consider multidimensional diffusion processes {u(t),t € I} in
R?, (d € N\ {0}) solution on a time interval I C R, of a d—dimensional
system of stochastic differential equations of the form

du(t) = a(t,u(t))dt + b(t,u(t))dW(t), (5.1)

subject to a suitable initial condition.

We may remind here the existence and uniqueness theorem (see
Theorem 4.4 for the one-dimensional case; for a multidimensional SDE,
see, e.g., Friedman (2004, p. 98)).

Theorem 5.1 Suppose that

1. the components of the parameter functions a(t,x) = (a1 (t,x), ..., aq(t,x))’
and b(t,x) = (bi;(t,X))i=1,....d,j=1,...,m are real-valued functions, measur-
able with respect to (t,x) € [to, T| x R%.

2. a real constant C exists such that, for any t € [to, T], and x € R? :

d
lat, )| + Y loi;(t.x)] < C(1+ [x|);

5,J=1

3. a real constant B exists such that, for any t € [to,T], and x,y € R?:

d
la(t,x) —a(t,y)| + Y loy(t,x) — oy5(t,y)] < B(jx — yl).

i,j=1

4. ug is a d—dimensional random vector independent of the sigma algebra
Fi=0(Ws,tg <t <T), such that E[|ug|?] < +oo.

(© Springer Science+Business Media New York 2015 281
V. Capasso, D. Bakstein, An Introduction to Continuous-Time

Stochastic Processes, Modeling and Simulation in Science, Engineering

and Technology, DOI 10.1007/978-1-4939-2757-9_5
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Then the SDE (5.1) subject to the initial condition
u(to) = Uo, (52)

admits a unique solution {u(t;tg,up),t € [to, T|} € C([to, T)).
Moreover, there exists a constant K > 0, depending on the constants B, C,
and on T, such that

E[t Sup lu(t)]] < K(1+ E[lu(to)[’]). (5:3)

The above theorem can be improved, as anticipated in Remark 4.7, as
follows.

Theorem 5.2 Under the same assumptions of Theorem 5.1, but Assump-
tion 3. therein, substituted by

3. For any N > 0 a real constant By exists such that, for any t € [to, T,
and x,y € RY, subject to |x| < N, |y| < N,

d
la(t,x) —a(t,y)| + Z |03 (1, %) — 03 (1, )| < Bn(x —yl).  (54)

Then the SDE (5.1) subject to the initial condition
u(to) = Ug, (55)

admits a unique solution {u(t;tg,up),t € [to, T|} € C([to, T)).
Moreover, there exists a constant K > 0, depending on the constant C,
and on T, such that

E[t Sup lu(t)]] < K(1+ E[lu(to)[’]). (5.6)

Remark 5.3. We wish to remark that for the estimate (5.6) only Assumption 2.
is required, while Assumption 3’ is required for uniqueness.

A global (in time) existence result for the solutions of Equation (5.1) can
be obtained under more restrictive assumptions on the coefficients, as in the
following proposition.

Proposition 5.4 Suppose that the parameters of system (5.1) are continuous
with respect to all their variables, and satisfy, uniformly in the whole R, x RY,
the following assumptions

Ay a real constant C exists such that, for any t € Ry, and x € R? :

d
la(t,x)| + Y oy (t,%)] < C(1+ [x]);

ij=1
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As. a real constant B exists such that, for any t € Ry, and x,y € R%:
d
la(t,x) —a(t,y)| + Y loi;(t,x) — 03 (t, )| < B(lx —y|).
i,j=1

Then the SDE system (5.1) admits a unique solution for any time t > to, such
that E[|lu(t; to, up)|] < +oo, for all t > to.

Proof . See, e.g., Tkeda and Watanabe (1989, p. 177), or Has'minskii (1980,
p. 83). O

5.1 Time of explosion and regularity

The results in the previous section apply whenever Assumptions 2. and 3’ on
the parameters are guaranteed. In general this is not true, so that the solution
of the initial value problem for Equation (5.1) may not exist globally, i.e. for
all times in a given interval of time, finite or not. A more general existence
result may be indeed obtained if we relax Assumption 3/, and admit that the
solution may blow up (explode) in a finite time.

So, for the time being we shall only assume that Assumptions 2. and 3’
hold in every cylinder I x Ur C Ry x RY, where we have denoted by Ug the
ball Ug := {x € R?||x| < R}, for R € R*.

Given a deterministic point xg € R%, we denote by u(t; tg, xo) the solution
of the SDE (5.1) subject to the initial condition u(to; to, Xg) = X0, at any time
t > to at which it exists with E[|u(;to,x0)[%] < +oc.

Let now ng € N, and consider the balls U,, := {x € R?||x| < n}, for any
n € N,n > ng, and denote by 7, the first exit time from the ball U, of the
process solution of the SDE (5.1), subject to the deterministic initial condition
xg € Up,.

By varying n € N;n > ng, we may constitute a sequence of processes
{u,(t;t0,x%0),t > to}, each of which is well defined up to time 7,,. Thus

T := Inf{t > to||u, (¢; to, %0)| > n}.

Since, for ng < n < m, it is U, C U,,, by uniqueness, it can be shown
that any two processes u,,(t;tg, Xg) and u,,(¢; to, Xo) are indistinguishable up
to time 7,.

It is clear that the sequence of stopping times (7, )neNn>n, 1S mono-
tonically increasing, so that it will admit a limit 7, for n — oo, ei-
ther finite or infinite. This stopping time 7 is called time of explo-
sion of the process {u(t;to,xo),t > to}. It is not difficult to show
that the definition of the explosion time given above is independent
of the choice of the sequence of bounded domains (Up)neNn>ng, Pro-

vided that sup |x| — 400 as n — oo. By continuity of the solutions
xeU,
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of SDEs, we may state that u(r;tp,xo) = lim,_eo u(7s;t0,X0); thus,
[u(r;to,%0)| = limy 00 [U(Th; to, X0)| = limy, 00 1 = 400.

Definition 5.5. We say that the solution of the SDE (5.1) started at a point
xo € R? explodes if
P(T < +OO|U.(t0) = XQ) > 0.

Definition 5.6. We say that the SDE system (5.1 ) is regular if, for any initial
condition xo € R,
P(1 = 4oolu(ty) = x¢) = 1.

Corollary 5.7 Under the assumptions of Proposition 5.4 the SDE sys-
tem (5.1 ) is regular.

Interesting conditions for regularity are offered in the following theorem.
We know that the drift vector of the diffusion processes solutions of (5.1)
is given by a(t,x), and the diffusion matrix by

045 = (bb/)ij = Zbikbjka i,j = 1, ey d. (57)
k=1

As usual, in the sequel we shall refer to the operator £ such that, for any
function ¢ € CT2(Ry x RY),

X X d 2 X
£otx) = 2202 15 ) a“;(i’i Ll Y out 0B )

with ¢ € Ry, x € R%.
In the autonomous case the parameters a(x), and b(x) are time indepen-
dent. In this case solutions of

du(t) = a(u(t))dt + b(u(t))dW(t) (5.9)

are time-homogeneous Markov diffusion processes, with drift a(x), and diffu-
sion matrix o(x) = b(x)b’'(x). We shall then consider the operator Ly such
that, for any function ¢ € C?(R?),

d d 2 (x
L) = S0 %) 5 Y oy el (610)

i=1 ij=1
with x € R<.

Theorem 5.8 Let the conditions of the theorem on existence and uniqueness
on the parameters of the SDE system (5.1) apply on any cylinder I x Ug
(Ur = {x € RY|x| < R},R>0), and let v € C*?(R, x R?) be a nonnegative
real-valued function such that, for some constant C > 0,
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(i) Lov(t,x) < Cv(t,x), teR,,xecR%

(i%) | iInva(t,x) — 400, teRL,R— +oo.
x|>

Then

Elv(t,u(t; to, ug))] < Elv(to, ug)]eC ), (5.11)

provided the expected value on the right-hand side exists, which is guaranteed
whenever the initial condition is a deterministic one.

Proof . See Has’minskii (1980, page 84). O

Under the assumptions of Theorem 5.8, by Dynkin’s formula, for a deter-
ministic initial condition xo € R?, it implies that

v(to,X0) et (5.12)

P <t
(Tn h ) inf|x|2n,s>ifo U(Su X) ’

IN

if 7,, denotes the first exit time of u(¢;tg,xo) from the ball U,, n € N, defined
above,
o, := inf{t € Ry||u(t; to, xo0)| > n}.

Corollary 5.9 Under the assumptions of Theorem 5.8 the SDE system (5.1)
is regular.

An interesting consequence of Theorem 5.8 is the following corollary as-
suring the existence of an invariant region for the solution of the SDE sys-
tem (5.1).

Corollary 5.10 Let D and (D,)nen be open sets in RY such that (here D,
denotes the closure of Dy,)

D, C Dpy1, D, D, D=|]Dy,

and suppose a and b satisfy conditions A1 and Az above on each cylinder
I x Dy, for some ty € Ry. Suppose further that a nonnegative function v €
C12([to, +oo[x D) exists which satisfies

(i) for some positive constant C
Lo(t,x) < Co(t,x) (5.13)

for any t > to, and x € D;
(i)
lim inf o(t z) = +c0.

n—oo t>tg
x€D\Dnp,
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Then, for any initial condition Xo, such that P(xq € D) = 1, the conclusion
of Theorem 5.8 holds.
Moreover u(t; tg,xo) € D almost surely for all t > ty. Thus

P(rp = +o00) =1,

where Tp s the first exit time of u(t,to,xo) from D (which means that D is
an invariant region for the SDE system 5.1).

Proof . See Has’minskii (1980, p. 86), and Gard (1988, p. 132). O

The above corollary is of great importance in applications, as one can see
in the following one.

5.1.1 Application: A Stochastic Predator-Prey model

In Barra et al. (1978) the following prey-predator model had been considered

dul = ul[al — b11u1 — meg]dt + ulkl (ul)dWl, (5 14)

dUQ = UQ[—CLQ + b21’U,1 — b22u2]dt + u2k2(u2)dW2, ’
with all parameters positive, and k;, ¢ = 1,2 Lipschitzian positive, and
bounded functions in the open positive quadrant. Let x* = (xf,23) de-

note the nontrivial equilibrium of the corresponding deterministic system
(ki =0, i = 1,2); then by taking the function

2
X X
= 2 —-In= -1 5.15
0 = (Fr w1 (5.15)
the assumptions of Corollary 5.10 are satisfied for D the open positive quad-

rant; thus, system (5.14) admits a global solution in time and D is an invariant
set, as desirable.

5.2 Stability of Equilibria

For the time being consider a temporally homogeneous processes which are
solutions of a d—dimensional system of stochastic differential equations of the
form (5.9), such that the operator Lj defined in (5.10) is uniformly elliptic (see
Appendix C) in an open bounded subset 2 of R, and the elliptic problem

Lol¢] = ~1in @,
o=0 on 912

has a bounded solution ¢ € C2(£2).

If we denote by 7% the first exit time from {2 of the process solution of
the SDE system (5.9), subject to a deterministic initial condition x € {2, by
Dynkin’s formula we know that
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Elry] = ¢(x).

It then follows that 7« < +o00 almost surely and thus the trajectory started
at x exits {2 in a finite time with probability 1. Therefore, even though 0 € (2
might have been an asymptotically stable equilibrium (a(0) = 0) for the
associated deterministic system, the addition of the Wiener noise in this case
has made it “unstable” for the stochastic system. It becomes then of great
relevance to reexamine the concepts of stability of equilibria for an SDE system
corresponding to Equation (5.1).

Anyhow we shall assume that 0 is an equilibrium for system (5.1), i.e. we
suppose that a(t,0) = 0, and b(¢,0) = 0, for any ¢t € R,.. We shall also assume
that system (5.1) is regular; in particular, we assume that

1. the conditions of the existence and uniqueness theorem are satisfied glob-
ally on [tg, +00);
2. a and b are continuous.

Denote by {u(¢; t,c),t € [to, +00)}, the unique solution of system (5.1) sub-
ject to a deterministic initial condition ¢ € R,

With ¢ being deterministic, all moments E[| u(t;to,c) |¥], k > 0, exist for
every t > {p.

Let v € C12([tg, +00) x RY) be a real-valued positive definite function and
define the process V(¢) := v(t, u(t, to, c)). By It6’s formula

dV (t) = L]v]( bij (¢, u(t))dW;(t). (5.16)
If we require that
Vt > to,Vx € RY: L[v](t,x) <0, (5.17)
then
E[dV(t)] <0
and hence
E[L[v](t,u(t))dt] <O0. (5.18)

Functions v(¢,x) that satisfy (5.17) are the stochastic equivalents of Lya-
punov functions.
We may observe that, by integrating equation (5.16), we obtain

t

V() = v(to, €) + E[ |(r, u(r))dr

+f ZZ 0 (), )V ),

011_]1
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V(s) = v(to,c) + /S Lv](r,u(r))dr

to
s d m 9
+ / > 500 u(r) i (r, u ()W (r),
to j=1j=1 "
and subtracting one from the other gives
t t d P
V(t)—=V(s) :/ E[v](r,u(r))dr—l—/ Z &C.v(r,u(r))bij(r,u(r))de(T).
8 s 4=14=1 """

By putting

m

t+ d
H(t) = / ZZai%v(r,u(r))bij(r,u(r))de(r),

i=1 j=1

and denoting by F; the o—algebra generated by all Wiener processes up to
time ¢, we obtain

E[V(t) =V (s)|Fs]=E {/ Lv](r,u(r))dr|Fs | + E[H(t)|Fs)- (5.19)

By known properties of the It6 integral, we may recognize that H(t) is a zero
mean martingale with respect to {F3,t € Ry} Therefore

E[H(t)|Fs] = H(s) = 0.
Then (5.19) can be written as
BW @ - VIR = | [ ilatar| 7.
and by (5.17)

E[V(t) - V(s)|F.] <0.

Thus V(¢) is a supermartingale with respect to {F,t € Ry }. By the super-
martingale inequality

Vla,b] C [to, +00) : P ( sup v(t,u(t)) > e> < %E[v(a,u(a))]

a<t<b

and, for a = tg, u(a) = c (constant), b — +oco we obtain

a |-

P < sup  o(t, u(t)) > ) <

to<t<+oo

v(to, €) Ve > 0,c € R™.
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If we suppose that lime_,o v(tg,c) = 0, then

lim P ( sup o(t,u(t)) > 6) < 1v(to,c) =0 Ve > 0, (5.20)
€

c—0 to<t<+oo

and hence, for all €5 > 0, there exists a d(ey, tp) such that
Vic| <6 P< sup  wv(t,u(t)) > e) < e.
to<t<+oo

If we suppose that
[u(t)| > e2 = v(t,u(t)) > e,

as, for example, if v is the Euclidean norm, then (5.20) can be written as

lim P ( sup |u(t, to,c)| > e) =0 Ve > 0.

e20 \to<t<+oo
Definition 5.11. The point 0 is a stochastically stable equilibrium of (5.1) if

lim P ( sup |u(t, to,c)| > e) =0 Ve > 0.
€20 \to<t<+oo
The point 0 is asymptotically stochastically stable if

0 is stochastically stable,
lime—yo P(limy— 400 u(t,to,c) = 0) = 1.

The point 0 is globally asymptotically stochastically stable if

0 is stochastically stable,
P(hmt%+oo U(t,to, C) = O) =1Vc e R™.

Theorem 5.12 The following two statements can be shown to be true (see
also Arnold (1974) and Schuss (1980)):

1. If Lv](t,x) <0, for all t > ty, x € By, (B}, denotes the open ball centered
at 0, with radius h), then 0 is stochastically stable.

2. If v(t,x) < w(x) for all t > to, with positive definite w(x) and negative
definite L[v], then 0 is asymptotically stochastically stable.

Example 5.13. Consider, for a,b € R, the one-dimensional linear equation
du(t) = au(t)dt + bu(t)dW (t),

subject to a given initial condition u(0) = ug. We know that the solution is
given by
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u(t) = ug exp { (a - g) t+ bW(t)} .

By the strong law of large numbers (see Proposition 2.188)

t
W—() — 0 a.s. for t — +o0,

and we have
e u(t) — 0 almost surely, if a — % <0,

o u(t) — +oo almost surely, if a — % > 0.

If a = %, then
u(t) = ug exp {dW (1)},
and therefore
P <limsupu(t) = —l—oo) =1

t——+o0

Let us now consider the function v(z) = |z|® for some o € Ry — {0} . Then
1 2 «
Lv](z) =|a+ §b (a—1) ) alz|®.

It is easily seen that, if a — % < 0, we can choose v such that 0 < a < 1 — i—‘;
and obtain a Lyapunov function v with

Lv)(z) < —kv(z)
for k > 0. This confirms the global asymptotic stability of 0 for the stochastic
differential equation.

The result in the preceding example may be extended to the nonlinear
case by local linearization techniques (see Gard (1988, p. 139)).

Theorem 5.14 Consider the scalar stochastic differential equation
du(t) = a(t,u(t))dt + b(t,u(t))dW (t),

where, in addition to the existence and uniqueness conditions, the functions a
and b are such that two real constants ag and by exist so that

a(t,x) = apx + a(t, x),
b(t,z) = box + b(t, x),

for any t € Ry and any z € R, with a(t,z) = o(x) and b(t,r) = o(x),
2

uniformly in t. Then, if ag — %“ < 0, the equilibrium solution u®? = 0 of

equation (5.14) is stochastically asymptotically stable.
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Proof. Consider again the function
v(z) = [z|*
for some « > 0. From It0’s formula we obtain

Lv](x)
_ = 2
= (ao + _a(ta,jx) + %(Oz -1) (bo + _b(t;c)) ) alz|®

B b ooalt,z) 1, b(t,r) b3(t,x) o
_<a0—5—|— . —|—§ab0+(a—1) bOT+ 572 alz|*.

Choose o > 0 and r > 0 sufficiently small so that for x €] — r,0[U]0, 7] we
have

) o () P )

[
+ 504()0 + 212

[\

We may then claim that a constant k > 0 exists such that
Lv)(z) < —kv(z),

from which the required result follows. O

5.3 Stationary distributions

We now consider the autonomous multidimensional case, i.e., a stochastic
differential equation in R¢ of the form (5.9) that we report here for convenience

du(t) = a(u(t))dt + b(u(t))dW(t). (5.21)

The preceding results provide conditions for the asymptotic stability of 0 as an
equilibrium solution. In particular, we obtain that, for suitable assumptions
on the parameters and for a suitable initial condition ¢ € R", we have
lim u(¢,0,¢) =0, a.s.
t—+oo

We may notice that almost sure convergence implies convergence in law of
u(t,0,c) to the degenerate random variable u®? = 0, i.e., the convergence of
the transition probability to a degenerate invariant distribution with density
dp(x), the standard Dirac delta function:

P(t,x,B) — / do(x)dx for any B € Bgn.
B
If (5.21) does not have an equilibrium, we may still investigate the possibility

that an asymptotically invariant (but not necessarily degenerate) distribution
exists for the solution of the stochastic differential equations.
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5.3.1 Recurrence and transience

As for Markov chains (see, e.g., Kemeny and Snell (1960), Norris (1998)) the
concepts of recurrence and transience of a process are instrumental for ana-
lyzing the possible existence of an invariant distribution and the applicability
of ergodic theorems.

For simplicity we shall consider only temporally homogeneous processes
which are solutions of systems of stochastic differential equations with time
independent coefficients as in (5.21).

Consider an open set U in R, and let U° denote its complement.

Definition 5.15. We say that the stochastic process (u(t));er, solution
of (5.21) is recurrent with respect to U, or U—recurrent, if it is regular, and,
for any x € U, and any open subset V C U,

P(u(ry) € V. for a sequence of finite random times 7,

increasing to  + ooju(0) = x) = 1. (5.22)
If, in the above, U = R?, then we just say that the process is recurrent.

Definition 5.16. We say that the stochastic process (u(t));er, solution
of (5.21) is transient with respect to U, or U—transient, if it is regular, and,
for any x € U,

P(tEeroo [u(t)| = +ooju(0) =x) = 1. (5.23)

If, in the above, U = R?, then we just say that the process is transient.

It is well known (see, e.g., It6 and McKean (1965)) that an n—dimensional
Brownian motion is recurrent if n < 2, and transient if n > 3. This fact will
follow from the results of this chapter.

In addition to Assumptions A;, and As introduced at the beginning of
this chapter, we now introduce two additional assumptions on the coefficients
of the system of stochastic differential equations (5.21) , which will be instru-
mental in the following analysis.

Ajz. The matrix (04)1<i.j<a is positive definite for any x € R%;
As. As|x| = +o0

0i(x) — J?j

(5.24)

and .
Z x;ai(z) — 0, (5.25)
i=1
where the matrix (U?j)lgi)jgd admits at least three positive eigenvalues.
As.  As x| =+
1
oij(x) — oy =0 (—) , (5.26)

In |x|
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; 0091 =0 () (5.27)

and the matrix (07;)1<i <4 admits precisely two positive eigenvalues.

The following theorems allow the identification of either transience or re-
currence of the process (u(t);cr, ), solution of the system of SDEs (5.21) in
terms of its coefficients.

Theorem 5.17
1. If Assumptions Ay, A, As, A4 hold, then the solution of (5.21) is tran-

sient.

2. If Assumptions Ay, Aa, As, A5 hold, then the solution of (5.21) is re-
current.

Proof . See Friedman (2004, pp. 197-203). O

The following theorem relates the recurrence with respect to an open
bounded subset of R? to the recurrence with respect to the whole R<.

Theorem 5.18 Suppose that the diffusion matriz (0i;)1<s,j<a is nonsingular,
i.e. its smallest eigenvalue is bounded away from zero in any bounded domain
of R If the process (u(t)ier, ), solution of the system of SDEs (5.21) is
recurrent with respect to some open bounded subset U C RY, then (u(t)icr, ),
is recurrent with respect to any nonempty open bounded subset of RY.

Proof . See Has’minskii (1980, p. 111). O

We may then claim that, under the assumptions of Theorem 5.18, recur-
rence with respect to the whole R? is a consequence of recurrence with respect
to any open bounded subset of R

Equivalent definitions for recurrence and transience can be expressed in
terms of exit times.

Given an open bounded subset U C R%, denote by 7r7c := inf{t > Olu(t) €
U} the first exit time from U¢ (hence the first time of visit of U)

Definition 5.19. We say that the stochastic process (u(t));er, solution
of (5.21) is recurrent with respect to U, or U—recurrent, if it is regular, and,
for any x € U¢,

P(rye < +oolu(0) =x) = 1. (5.28)

Definition 5.20. We say that the stochastic process (u(t));er, solution
of (5.21) is transient with respect to U, or U—transient, if it is regular, and,
for any x € U¢,

P(mye < +oolu(0) = x) < 1. (5.29)

The following lemma adds an important class property on the finiteness
of the mean time of first visit to any open subset U of R
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Lemma 5.21. Suppose that system (5.21) satisfies the assumptions of
Theorem 5.18. If the mean value E[tye|u(0) = xo] is finite for some open
bounded subset Uy of R, and some x¢ € U§, then E[rye[u(0) = x| is finite
for any open bounded subset U of R, and any x € U°.

Proof . See Has'minskii (1980, p. 116). O
This result leads to the following definition.

Definition 5.22. A homogeneous recurrent Markov process, solution of sys-
tem (5.21), is said positive recurrent if its mean recurrence time for some (and
then for any) open bounded subset of R? is finite. Otherwise it is said null
recurrent.

Consider an open bounded subset U of RY. From Dynkin’s Formula (4.55)
we know that, if ¢(x) is a finite solution of problem (4.56) at point x € U, then
the mean value F[7y] of the first exit time from U, for a trajectory of (5.21)
started at point x € U, at time 0, is finite.

Actually this result does not relate explicitly to the parameters of the SDE
system. Has’'minskii (1980, Chapter III) offers various results about conditions
on the coefficients of (5.21) that may guarantee the finiteness of E[7y].

A sufficient condition for the finiteness of the mean recurrence time, i.e.
the positive recurrence is the following one, based on Lyapunov functions.

Theorem 5.23 Assume that the Markov process (u(t)icr, ), solution of the
system of SDEs (5.21) in R? is regular. It is positive recurrent if there exists
an open bounded subset U C R, and a nonnegative real valued function v €
C?(U)such that, for some constant C' > 0,
(i) Lov(x)<C. x€Us
(1) inf v(x) = 400, as R — +oo.

|x|>R

Proof . See Has’minskii (1980, p. 99). O
An interesting corollary of the above theorem is the following one.

Corollary 5.24 Under the assumptions of the above theorem, suppose that
the set U is bounded with respect to one of the coordinates, i.e. there exist an
ie€{l,...,d}, and :vl(-o),:vl(-l) € R, such that, for any x € U : ,Tl(-o) < <
,Tl(-l). Suppose further that 0 < o¢ < 04(x), and a;(x) < ag (or a;(x) > ag)
for any x € U. Then the random variable Ty admits a finite mean value, so
that the process (u(t)ier, ), solution of the system of SDEs (5.21) is positive
recurrent.

Proof . See Has’minskii (1980, p. 99). O
An obvious consequence of the above corollary is the following one.

Corollary 5.25 Under the assumptions of the above theorem, suppose that
the set U is bounded, the parameters of the SDE system (5.21) are bounded
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in U, the diffusion matriz is nonsingular in U. Then the random variable
v admits a finite mean value, so that the process (u(t)er, ), solution of the
system of SDEs (5.21) is positive recurrent.

Finally we report a theorem which guarantees necessary and sufficient
conditions for the finiteness of the mean recurrence time.

Theorem 5.26 Assume that the parameters of the system of SDEs (5.21)
satisfy conditions Ay and As in every compact set of R%, so that its solution
1s reqular. Assume further that the diffusion matriz satisfies the following
nondegeneracy condition; for any x € RY, there exists an M (x) > 0 such that

d
D 036 > M(x)|]?, forall €eR% (5.30)

i,j=1
A necessary and sufficient condition for the finiteness of the exit time Ty
is the existence of a nonnegative real valued function v € C?(U) such that
Lov(x) = -1, xeU. (5.31)

The function ¢(x) := Ex[ty], x € U, is then the smallest positive solu-
tion of the boundary value problem

Lo[¢] = -1,in U,
{¢ =0, on OU. (5.32)
Under the above conditions, we may further state that Ex|[ty] < v(x).

Proof . See Has'minskii (1980, p. 102). O

Additional criteria for recurrence and existence of invariant measures for
multidimensional diffusions can be found in Bhattacharya (1978), and the
references therein.

5.3.2 Existence of a stationary distribution

As in Has’'minskii (1980, p. 117), we shall make the following assumptions on
the Markov process (u(t)er, ), solution of the system of SDEs (5.21) in R%.

B. An open bounded subset U of R? exists with a sufficiently regular (with
respect to the elliptic operator Lg) boundary I" such that

Bi. In U, and some neighborhood thereof, the smallest eigenvalue of
the diffusion matrix (o;;(x))1<i j<d is bounded away from zero.
Bs. For any x € U° the mean exit time E[rye|u(0) = x] is finite, and

Supye ¢ Elrve[u(0) = x] < 400, for any compact set K C R9.
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Remark 5.27. Thanks to Assumption Bj, we may state that we are in the
conditions of Theorem 5.18, so that Assumption By guarantees the positive
recurrence of the process all over R?. Notice that Assumption B; implies some
sort of strong connectivity of R% with respect to the process; in the language of
finite Markov chains, this would mean that the whole state space constitutes
a unique recurrent class. We might then expect that, under Assumptions B,
the process admits a unique stationary distribution to which all initial distri-
butions would converge. This is the leit motiv of the following results.

Theorem 5.28 If the Markov process (u(t)er, , solution of the system of
SDEs (5.21) in R? satisfies Assumptions B, then it admits an invariant dis-
tribution.

Proof . See Has’minskii (1980, p. 119). O

We may remind that an invariant distribution of the Markov process
(u(t))er, , having a homogenous transition measure {p(x,t, 4);x € R%,t €
Ry, A € Bga}, is a probability measure p on Bga such that, for any A € Bga,

/R dp(x,t, A) = (). (5.33)

Equivalently, for any real valued integrable function f with respect to the
measure [,

[ m@0Bl a0 =x) = [ panfe. 634

Rd

5.3.3 Ergodic theorems

As a consequence of the results in the above sections, we may state the first
ergodic theorem.

Theorem 5.29 Let the Markov process (u(t))ier, , solution of the system
of SDEs (5.21) in R? satisfy Assumptions B, and let ju denote its stationary
distribution. Then, for any real valued integrable function f with respect to
the measure p,

1 T
—/ dtf(u(t)) — pldx)f(x), P—as. (5.35)
T 0 T— o0 R4

Proof . See Has’minskii (1980, p. 121). O

A trivial consequence of the above theorem is the following corollary, which
guarantees the uniqueness of the invariant distribution.

Corollary 5.30 Under the assumptions of Theorem 5.29 the stationary dis-
tribution of the process (u(t)ier, ) is unique.



5.3 Stationary distributions 297

Let {p(x,t,A);x € R%t € Ry, A € Bga}, denote the homogeneous tran-
sition probability of the Markov process (u(t):cr., ), solution of the system of
SDEs (5.21) in R%.

Theorem 5.31 Let the Markov process (u(t)icr, ), solution of the system
of SDEs (5.21) in RY satisfy Assumptions B, and let ju denote its stationary
distribution. Then, for any real valued continuous and bounded function f,

[ ptetan)) = [ uanse). (5.36)

t—o00 Rd

For any continuity set A of u, i.e. a measurable set A € Bgra, having a
boundary OA such that u(0A) =0,

p(x,t,4) — p(A) (5.37)

P—a.s. with respect to x € R,
Proof . See Has'minskii (1980, p. 130). O
In presence of an invariant region, we may apply the following result.

Theorem 5.32 Given the same assumptions as in Corollary 5.10, suppose
further that ng € N and M,k € R\ {0} exist, such that

130 05(x)&&; = MIEP for all x € Dy, & € RY;

2. L[v](x) < —k for all x € D\ Dy,.

Then there exists an invariant distribution P with nowhere-zero density in D,
such that for any B € Brae,B C D:

P(t,x,B) = P(B) as t — +oo,

where P(t,x,B) is the transition probability P(t,x,B) = P(u(t,x) € B) for
the solution of the given stochastic differential equation.

Proof . See Has’minskii (1980, p. 134), and Gard (1988, p.145). O

A relevant result concerning the existence of an invariant distribution has
been obtained in Veretennikov (1997) (see also Veretennikov (2005), and the
references therein).

Theorem 5.33 Assume that the parameters of the system of SDEs (5.21)
satisfy conditions Ay and As in every compact set of R%, so that its solution
is reqular. Assume further that the diffusion matriz is nondegenerate in RY.
A nontrivial invariant distribution exists if there exist constants My > 0, and

r > (d/2) + 1, such that

(a0 Z) <=L 2 0 (5.39)
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Application: A Stochastic Food Chain

As a foretaste of the next part on applications of stochastic processes we take
an example from Gard (1988, p. 177). Consider the deterministic system,
representing a food chain,

d

% = Zl[al —bi1z1 — b1222]7

dz

d_t2 = 22[—(12 + bo121 — bogzo — b2323]7
dz

d_t3 = z3[—ag + bzaza — b3323].

If we suppose now that the three species’ growth rates exhibit independent
Wiener noises with scaling parameters o; > 0, ¢ = 1,2, 3, respectively, i.e.

a;dt = a;dt +o0;dW;, i=1,2,3,
this leads to the following stochastic differential system,

dup = ul[al —biiur — bm’dg]dt + u101dWh,
dUQ = UQ[—(IQ + bzl’ul — b22u2 — b23’U,3]dt + UQUQdWQ, (539)
dU3 = U3[—a3 + ng’UQ - bggUg]dt + U30'3dW3,

subject to suitable initial conditions. This system represents a food chain in
which the three species’ growth rates exhibit independent Wiener noises with
scaling parameters o; > 0, i = 1,2, 3, respectively. If we assume that all the
parameters a; and b;; are strictly positive and constant for any 7,j = 1,2, 3,
it can be shown that, in the absence of noise, the corresponding deterministic
system admits, in addition to the trivial one, a unique nontrivial feasible equi-
librium x*? € Ri. This one is globally asymptotically stable in the so-called
feasible region R3 \ {0}, provided that the parameters satisfy the inequality

ay — (@) ay — <bub22 +b12b21) as > 0
ba1 ba1b32 '

This result is obtained through the Lyapunov function

n

.
_ ... eq _, eq i
v(x) = E C; (:10Z x; z;?In a:‘?q) ,

i=1 g

provided that the ¢; > 0, i = 1,2, 3, are chosen to satisfy
c1b12 — c2b21 = 0 = c2bag — c3b3.

In fact, if one denotes by B the interaction matrix (bi;j)i1<i ;<3 and C =
diag(cq, co, ¢3), the matrix
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Clbll 0 0
CB+ B'C=-2 0 cabay O
0 0 Cgbgg

is negative definite. The derivative of v along a trajectory of the deterministic
system is given by
1

(x) = 3 (x —x°) - [CB+ B'C] (x — x°9),
which is then negative definite, thus implying the global asymptotic stability
of x°7 € R3.
Returning to the stochastic system, consider the same Lyapunov function as
for the deterministic case. By means of Itd’s formula we obtain

1
Lo[v](x)_§<(x—xeq)~[C'B+B/C' x — x“ —I—cha z; )
It can now be shown that, if the oy, i = 1, 2, 3, satisfy
3
Z ciorr; < 2min {cibuzi},
i=1 !

then the ellipsoid
(x —x°) - [CB + B'C] (x — x* —I—ZcZ 28l =

lies entirely in Ri. One can then take as D,,, any neighborhood of the ellipsoid
such that D,, C R? and the conditions of Theorem 5.32 are met. As a
consequence the stochastic system (5.39) admits an invariant distribution with
nowhere-zero density in R3.

Notice that this is not a realistic model as far as the parameters are con-
cerned (see, e.g., Mao et al. (2002)) since the parameters affected by the
Brownian noise may become negative; still the solution remains positive as
required by the model.

An additional interesting application to stochastic population dynamics
can be found in Roozen (1987).

5.4 The one-dimensional case

5.4.1 Stationary solutions
In the one-dimensional case Equation (5.9) reduces to

du(t) = a(u(t))dt + b(u(t))dWs. (5.40)
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By assuming sufficient regularity of the parameters a and b in R, we know
that the solution {u(¢;0,20);t € Ry} of (5.40), subject to the initial condition
u(0) = zg € R, is regular and admits a probability density f(zo;z,t) solution
of the Fokker-Planck equation (see (4.48))

0 0 10,
g (xo;,t) = —a—x[a(x)f(xo,x,t)] + iﬁ[b () f(zo; x,t)], (5.41)
for zp € R, and t € R;.

A regular time invariant solution 7 of Equation (5.41) will then satisfy the

following

3 fala)r(@)] + g g ().

Given sufficient regularity on the parameters, we may then state that

0:

— [a(x)w(z)] + %%[b%z)w(x)] = constant. (5.42)

If we further impose that both 7(z) and diw(x) tend to 0, as © — %00, then
x

the constant = 0, and Equation (5.42) becomes
= la(@)n(2)] + 5 b (@)m(2)] = 0. (5.43)

By imposing further that v?(z) > 0 and 7(x) > 0 for z € R, we may easily
find a solution of the form

(z) = % exp {—0(2)} | (5.44)
with
t ooy [ 20y,
o V(y)

and normalizing constant

K= {/M Wlx) exp {—B(z)} d:c}

— 00

-1

Hence the condition for a nontrivial 7 > 0 in (5.44) is that

0< K < 4o0.
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Ezample 5.34. In the case a(z) = p € R, and b*(z) = o? € R%, given

constants, we have
2
/ Ly 2 z, z€R,

leading to K = 0, so that we do not have a density with the required
regularities.

This is the case of the standard Brownian motion, for which a(z) = 0 € R,
and b*(z) = 1,€ R.

Ezample 5.35. (Ornstein-Uhlenbeck) In the case a(x) = —kx, with k € R%,
and b?(z) = 02 € R%, given constants, we have

N|=

2 _
leading to K = (k:/ ) , so that

kE \? k
w(;v)z(ﬁ) exp{—;:ﬁ}, z €R,

which is a Gaussian density.

[SIE

More in general, let us consider the time homogenous SDE (5.40) in the
state space E = [, 8] C R.

As above, we denote by f(xo; x, t) the transition density of Equation (5.40),
i.e. the conditional pdf of u(t) at z, given u(0) = xo.

Definition 5.36. The boundary point « is said accessible from the interior of
E if and only if, for any £ > 0, and any zg € («, 3), there exists a time ¢ > 0
such that f:‘ﬂ f(xo;y,t)dy > 0. Similarly, an interior point zg € («, §), is
said accessible from the boundary point « if and only if for any € > 0, there
exists a time ¢ > 0 such that f$°+€ (o y,t)dy > 0.

Definition 5.37. The boundary point « is said a regular boundary point if
and only if « is accessible from the interior of F, and any interior point of F
is accessible from the boundary point «.

Clearly the same definitions apply to the boundary point 8. The following
theorem holds.

Theorem 5.38 Let (u(t))icr, be the solution of the time homogenous
SDE (5.40) in the state space E = [a, 8] C R, and assume that both o and
B are regular boundary points. If the normalized solution g : S — Ry of the
following equation

fa()g(@)] + 5 [P (@)g(a)] =0,
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is unique, and it satisfies

lim [a(2)g(x)] = lim [a(2)g(x)] = lim [b*(x)g(x)] = lim [b*(z)g(2)] = 0,

T z—f T z—f

then g is the density of the unique stationary distribution of the process

(u(t))rer, -
If the above conditions hold, the stationary density is given by
K
g9(z) = W exp(—9(z)),
with

T 2a
oo [

and K is the normalizing constant.

Proof . See, e.g., Tan (2002, p. 318). For a general theory, the interested reader
may refer to Skorohod (1989). O

Ezample 5.39. (Diffusion approzimation of the Wright model of popu-
lation genetics) In the Wright model of population genetics presented
in Tan (2002, ; pages 279, 320) (see also Ludwig (1974, ; pages 74-77)),
given two alleles A and a, the Markov chain (X,,)en describes the number
of A allele in a large diploid population of size IN.

The rescaled process u(t) = 55 X(t), t € Ry, in absence of selection, is
approximated by a diffusion process in the state space E = [0, 1], with drift
parameter

a(x) = —mr +72(1 — z),

and diffusion parameter
b (z) = z(1 — ),

where v; > 0, ¢ = 1,2, so that both 0 and 1 are regular boundary points.
Under these conditions, the stationary distribution of (u(t)):cr, exists and
its density is the Beta distribution given by

1
B(ZFYQa 271)

where B(-,-) is the special function Beta.

glx) = :102”2_1(1 — :C)QVI_I, x € [0,1],

Ezample 5.40. (Diffusion approzimation of a two-stage model of carcinogene-
sis) In a two-stage model of carcinogenesis presented in Tan (2002; pages 263,
323), the number of initiated cells (I;);cr, is modelled as a birth-and-death
process with immigration. If the number of normal stem cells Ny is very large,
the rescaled process u(t) = NLOI (t), t € Ry, is approximated by a diffusion
process in the state space E = [0, 400), with drift parameter

A
a(I) = —é..f + Fov
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and diffusion parameter

b (z) = %0:17,

where £ =d — b, and w = d + b, with both b,d > 0, and A > 0.

Under these conditions, the stationary distribution of (u(t));ecr, exists
only under the condition d > b, so that £ = d — b > 0. The invariant density
is then given by

—):1071_1 exp{—7z}, = €R;.

Additional interesting examples can be found, e.g., in Cai and Lin (2004).

5.4.2 First passage times

It is worth recalling Dynkin’s formula for an autonomous one-dimensional
SDE (5.40). Under sufficient regularity on the parameters that guarantee
existence and uniqueness of an initial value problem, let {u(t;z);t € R}
denote the solution of the SDE (5.40) subject to the initial condition u(0;z) =
z € R. Given «, 8 € R, with a < x < (3, let 7 be a Markov time associated
with {u(t;z);t € Ry }. For any real function ¢ € C?(a, 3), the following holds

P(u(r,z)) = ¢p(x) + /0 ’ Loo(u(t', z))dt'

T / d /
+/0 bu(t ,x))£¢(u(t ,x))dWy, (5.45)
with
Log(x) := %bQ(a:)% (x) + a(x)%gb(x), z € (a, B). (5.46)

By taking expectations on both sides we then obtain the well-known Dynkin’s
Formula for autonomous one-dimensional SDEs.

E$(u(r, 2))] = $(z) + E| / " Lo(u(t', 2))dt']. (5.47)

Let us now analyze the first passage times for the one-dimensional case.
Let {u(t;z);t € Ry} denote the solution of the SDE (5.40) subject to the
initial condition u(0;z) = z € R. Given «, 8 € R, with a@ < = < 8, we shall
denote by 7, [a, (] the first exit time of u(t; ) from the interval («, 3), i.e.

Tz|e, B] i= inf{t > O|u(t; x) ¢ (o, B)}
= 400 if the set on the right hand side is empty. (5.48)

As a consequence of Dynkin’s formula (5.47) we have the following
theorem.
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Theorem 5.41 If b(z) > 0, for any x € [a, ], then the random variable
Tz, B] is finite a.s., and v(x) := E[r.[a, B]] is the solution of the boundary
value problem

In this case we may obtain an explicit solution (which is left to Exer-
cise 5.2).

Corollary 5.42 Under the assumptions of Theorem 5.41, let

,7 * 2a(y) ,
s(z) == exp{—/o 2(y) dy}, z € (a,p); (5.49)
m(z) = (V*(y) s(x)) ™", =€ (o, pB); (5.50)
and
S(x) = /0 s(y)dy, =z € (a,p). (5.51)

Then the solution of problem (5.41) is given by

z)—S(a) [? Y
Em[a,m]ﬁ[% [ avst) [ azmiz)

- /amdys(y) /:, dzm(z)} (5.52)

The function m, defined in (5.50), is known as the speed density, and the
function S, defined in (5.65), is known as scale function of the process. It is
worth noticing that the scale function is strictly monotone increasing.

We wish now to compute the probabilities of first exit from the interval
[ev, B] of the solution u(t; x), when the initial condition is = € («, ).

Denote by

pa(z) := P(u(t; z) hits « before 8), =z € («,B), (5.53)

and by
pa(z) := P(u(t; z) hits 8 before o), = € (o, f). (5.54)

Again thanks to Dynkin’s formula we may state the following theorem.

Theorem 5.43 If b(z) > 0, for any x € [, §], then
z € (o, f), (5.55)

while
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pg(z) = =——=—=, z€ (a,p). (5.56)

Proof. Thanks to Dynkin’s formula, we just need to remind that p, is the
solution of the following boundary value problem

1o,  d? d :
§b (x)@u(x) + a(ac)d—xu(ac) =0, in («,f),
u(a) =1, u(B) =0,

while pg is the solution of the following boundary value problem

2
SV ) u(@)] + a(e)eu() =0, in (a,),

dz
u(a) =0, u(B) =1
(see Exercise 5.3).
]

Remark 5.44. Tt is of interest the case a(z) = 0, for any = € («, ). In this
case the expression (5.55) reduces to

Pa(z) = g :z z € (a, B), (5.57)
while (5.58) reduces to
pa(z) = Z:Z, z € (a, B). (5.58)

5.4.3 Ergodic theorems

With respect to the Ergodic Theorem 5.29, and Theorem 5.28 for the existence
of an invariant distribution, more explicit results can be obtained in the one-
dimensional case (5.40).

Under the conditions of Theorem 5.43 in the previous section, we know
that the probability that the process u(t;z), started at € («, 8), hits 8
before « is given by (5.58). So that, if we refer to any point y € («, 3), such
that @ < & < y, and denote by 7, (resp. 7,) the hitting time of y (resp. ),

P(ry < 7o) = z € (o, B). (5.59)
We may then claim that

P(ry < 4oolu(0) =2) = lim

a——00 m’ T e (Oé,ﬁ). (560)
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Thus, if S(—o00) = —o0, it will be
P(1y < +oolu(0) =z) =1, z€ (o, f). (5.61)
Similarly, for y € («, ), such that y < z < 3,

P(7, < 4o0lu(0) = z) = Gim %, z € (a, B). (5.62)

Thus, if S(+00) = 400, it will be
P(r, < +oofu(0) =2) =1, @ € (a,B). (5.63)

On the other hand, it is not difficult to prove that, if one of the values
S(—o00) or S(+00) is finite, then for some y € (o, )

P(ry, < 4oolu(0) =2) <1, z¢€(a,p). (5.64)

Hence we may state the following theorem (see also Gihman and Skorohod
(1972, p. 115), or Friedman (2004, p. 219)).

Theorem 5.45 Under the conditions of Theorem 5.43, if S(—o0) = —o0, and
S(+00) = 400, then the solution of (5.40) is recurrent; in all other cases, it
18 transient.

Suppose that the parameters of system (5.40) are continuous with respect
to their variables, and satisfy, uniformly in the whole R, the assumptions A1,
and Ap of Section 5.1. Then we know that the SDE (5.40) is regular. Assume
turther that b(x) > 0, for any = € R.

Under the above assumptions the scale function

| exor [ 200) .
S(x) .—/0 p{ /0 bQ(y)dy}dy’ € R, (5.65)

is strictly monotone increasing.

We are under the conditions of Theorem 5.43, and assume further that
S(—00) = —00, and S(400) = 400, so that the solution of the SDE (5.40) is
recurrent.

The process Y (¢) := S(u(t)),t € Ry, will be itself a diffusion, solution of
the SDE

dY (t) = o (Y (t))dWre, (5.66)

with
o?(y) = b3S (y)[s(S7 (y)]? >0, forany ye€R. (5.67)

To Equation (5.66) all assumptions made on Equation (5.40) apply.
From now on we will refer to the following assumption.
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0 oo ([ ) <o

It is not difficult to realize that, under Assumption D, the function

D/ 7 Ve R, (5.68)

is a nontrivial invariant distribution for the SDE (5.66)
(see Gihman and Skorohod (1972, p. 138)).

As a consequence of the above, the following ergodic theorems can be
proved for Equation (5.66); they can easily be translated to Equation (5.40).
For the proofs of both theorems, we refer to Gihman and Skorohod (1972, pp.
141-144).

Theorem 5.46 If Assumption D holds, for any real measurable function ¢

such that N 02|
= le(2)
d 5.69
/_OO 20) 2z < 400, (5.69)
the following holds:
) 1 T +o0o (,0(2)
TEIEOOT/O cp(Y(t,y))dt—D/ﬁOo 02(Z)dz, a.s., (5.70)

for any initial condition Y (0) =y € R.
Theorem 5.47 Under Assumption D, if we denote by
Fiziy) = P(V(ty) <2), 2€R, (5.71)

then
lim Fi(z;y) D/ dm, for any z € R, (5.72)

t—+oo

for any initial condition Y (0) =y € R.

5.5 Exercises and Additions

5.1. Let u(t), t € R4, be the solution of the SDE
du(t) = a(u(t))dt + o(u(t))dW (t)

subject to the initial condition
u(0) =wuo > 0.

Provided that a(0) = ¢(0) = 0, show that, for every ¢ > 0, there exists a
0 > 0 such that
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whenever 0 < uy < ¢ if and only if

/Oéexp{/OyZZ—g}dy<oo.

Further, if o(z) = ooz + o(x), and similarly a(z) = aoz + o(x), then the
stability condition is

ap 1
— <
og 2

5.2. Let u(t) be the solution of the SDE
du(t) = a(u(t))dt + b(u(t))dW (t)
subject to an initial condition
u(0) =z € (o, 8) CR.
Show that the mean pp(z) of the first exit time
T=inf{t> 0] u(t) ¢ (o, 3)}

is the solution of the ordinary differential equation

dur 1 d?pr
—l=a(z)——+ 5172(33) dn2

subject to the boundary conditions

pr(a) = pr(B) = 0.

Find an explicit solution for this problem (see, e.g., Karlin and Taylor
(1981, p. 193)).

5.3. Let u(t) be the solution of the SDE
du(t) = a(u(t))dt + b(u(t))dW (1),
subject to an initial condition
u(0) =z € (o, ) CR.
Show that the probability of hitting the boundary (for the first time) at « is

given by
Plu(ry) = a) = 1 — Ja W%

JPo(y)dy’
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B(y) = exp {—2 /: ;Q((ZZ)) dz} .

5.4. [Gard 1988, p. 108] Show that the solution of the following SDE, sub-
ject to the conditions on parameters r, 5, K > 0 and an initial condition
X0)=z2>0

where

dX(t) =rX()(K — X (t))dt + BX (t)dW (1),
is given by
exp {(rK — 18%) + W (t)}

1 i 1 '
;—I—T/O exp{(rK—§ﬂ2)+ﬁW(s)}ds

X(t) =

5.5. [Friedman 2004, p. 223] Let u(t) be the solution of the SDE
du(t) = a(u(t))dt + b(u(t))dW (t)

subject to a suitable initial condition %(0), and set

Yoa(z
—2
/obzz }’

Ii(z) = dy exp

I(z) = dy exp

Prove that, if I1 (z) < 400, and I3(x) < 400, then

o S 1, (u(0))

PA dim ult) = +oo} = P{supu(t) = +oo} = B [11 (w(0)) + 12<u<o>>} ’
S L(u(0))

P{ lim u(t) = oo} = P{infu(t) = —oo} = E [Mu(o» n 12<u<o>>}
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Applications of Stochastic Processes



6

Applications to Finance and Insurance

The financial industry is one of the most influential driving forces behind the
research into stochastic processes. This is due to the fact that it relies on
stochastic models for valuation and risk management. But perhaps more sur-
prisingly, it was also one of the main drivers that led to their initial discovery.

As early as 1900, Louis Bachelier, a young French doctorate researcher,
analyzed financial contracts, also referred to as financial derivatives, traded
on the Paris bourse and in his thesis (Bachelier 1900) attempted to lay down
a mathematical foundation for their valuation. He observed that the prices
of the underlying assets evolved randomly, and he employed a normal distri-
bution to model them. This was a few years before Einstein (1905), in the
context of physics, published a model of, effectively, Brownian motion, later
formalized by the work of Wiener, which in turn led to the development of It6
theory in the 1950s and 1960s (It6 and McKean 1965), representing the inter-
face of classical and stochastic mathematics. All these then came to promi-
nence through Robert Merton’s (1973) as well as Black and Scholes’ (1973)
derivation of their partial differential equation and formula for the pricing of
financial options contracts. These represented direct applications of the then
already known backward Kolmogorov equation (4.36) and Feynman—Kac for-
mula (4.39). Still today they serve as the most widely used basic model of
mathematical finance.

Furthermore, in his work, Bachelier concluded that the observed prices
of assets traded on the exchange represent equilibria, meaning that one or
more buyers and sellers are happy to trade a certain amount at the same
time. If the market is efficient and rational, their riskless profit expectations
must therefore be zero. The latter represents the economic concept of no-
arbitrage, which mathematically is closely connected to martingales. Both

(© Springer Science+Business Media New York 2015 313
V. Capasso, D. Bakstein, An Introduction to Continuous-Time

Stochastic Processes, Modeling and Simulation in Science, Engineering

and Technology, DOI 10.1007/978-1-4939-2757-9_6
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are fundamental building blocks of all financial modeling involving stochastic
processes, as was demonstrated by Harrison and Kreps (1979) and Harrison
and Pliska (1981).

Many books on mathematical finance start out by describing discrete-time
stochastic models before deriving the continuous-time equivalent. However, in
line with all the preceding chapters on the theory of stochastic processes, we
will only focus on continuous-time models. Discrete-time models in practice
serve, primarily, for numerical solutions of continuous processes but also for
an intuitive introduction to the topic. We refer the interested reader to the
classics by Wilmott et al. (1993) for the former and Pliska (1997) as well
as Cox et al. (1979) for the latter.

In this chapter we commence with the mathematical modeling of the
concept of no-arbitrage and then apply it in the context of the original Black—
Scholes—Merton model. We employ the latter for the valuation of different
types of financial contracts. In the subsequent section we give an overview
of different models of interest rates and yield curves, followed by a descrip-
tion of extensions to the Black—Scholes—Merton model like time dependence,
jump diffusions, and stochastic volatility. The final section introduces models
of insurance and default risk.

6.1 Arbitrage-Free Markets

In economic theory the usual definition of a market is a physical or conceptual
place where supply meets demand for goods and services or, more generally,
assets. These are exchanged in certain ratios. The latter are typically for-
mulated in terms of a base monetary measuring unit, namely a currency,
and called prices. This motivates the following definition of a market for the
purpose of (continuous-time) stochastic modeling.

Definition 6.1. A filtered probability space (£2,F, P, (Fi)icjo, 7)) endowed

with adapted stochastic processes (St(i) i = 0,...,n, representing

)te[o,T]’
asset prices in terms of particular currencies, is called a market.

Asset prices are usually considered stochastic because they change over
time, and unpredictably so, due to a multitude of factors like supply vs. de-
mand or other external shocks.

Remark 6.2. The risky assets (S’gi)) 017 i1 =1,...,n, are RCLL stochastic
telo,T
processes, thus their future values are not predictable.

In reality, no asset is entirely safe. Nonetheless, for modeling purposes it
is often convenient to consider the concept of a riskless asset.

Remark 6.3. If we define, say, Sgo) := By as a riskless asset, then (B).c[0,1)
is a deterministic, and thus predictable, process.
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Furthermore, in a market, it is possible to exchange or trade assets. This
is represented by defining holding and portfolio processes.

Definition 6.4. A holding process H; = (Ht(o),Ht(l), .. .,Ht(")), which is

adapted and predictable with respect to the filtration (F)icjo,7], together

with the asset processes (St(i) t = 0,...,n, generate the portfolio

)te[O,T]’
process
/
1 =H;- (B S, s
where (I1;)¢ejo,7] is also adapted to (F)¢ejo,7-

As usual, in the equation above, A’ denotes the transpose of matrix A,
and v - w denotes the scalar product of vectors v and w.

Note that the drivers of the asset price and holding processes are
fundamentally different. The former are exogenously driven by information,
aggregate supply/demand, and other external factors in the market, whereas
the latter are controlled by a particular market participant. In its simplest
form, the individual holding process is considered to be sufficiently small such
that it has no influence on the asset price processes. The respective under-
lying random variables also have different dimensions. Each price process S
is stated in currency per unit, whereas each H} represents a dimensionless
scalar. It is also often important to distinguish the following two cases.

Definition 6.5. If T' < oo, then the market has a finite horizon. Otherwise,
if T = 400, then the market is said to have an infinite horizon.

So far, the definition of a market and its properties are insufficient to
guarantee that the mathematical model is a realistic one in terms of economics.
For this purpose, conditions have to be imposed on the various processes that
constitute the market:

Proposition 6.6 A realistic mathematical model of a finite-horizon market
has to satisfy the following conditions:

1. (Conservation of funds and nonexplosive portfolios). For every 0 < T <
+o00 the holding process Hy has to satisfy:

T nooeT _
Iy = Iy + / HYdB, + Y / HD a5, (6.1)
0 = Jo
along with the nonexplosion condition

T
/ dIl;
0

The conservation-of-funds condition s also called the self-financing
portfolios property.

< o0 a.S.
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2. (Nonarbitrage). A deflated portfolio process (II})ieo,7) with almost surely
11§ = 0 and IIT > 0 or, equivalently, with almost surely 115 < 0 and
117 > 0 is inadmissible. Here 11 = Ht/S’t(J) for any arbitrary numeraire
or deflator asset j.

8. (Trading or credit limits). Either (Hy)epo,1) s square-integrable and of
bounded variance or Iy > c for all t, with —oo < ¢ < 0 constant and
arbitrary.

Condition 1 is intuitively obvious as, like the conservation of mass principle
in physics, no wealth can vanish, nor can it grow to infinity in a finite horizon.
For condition 3 there is a standard example (Exercise 6.4) demonstrating that
in continuous time there exist arbitrage opportunities if it is not satisfied.
Lastly, condition 2 is also obvious, in the sense that if an investor were able
to create riskless wealth above the return of the riskless asset (in economic
language: “a free lunch”), it would lead to unlimited profits. Hence the model
would be ill posed. Formally, the first fundamental theorem of asset pricing
has to be satisfied.

Theorem 6.7 (First fundamental theorem of asset pricing). If in
a particular market there exists an equivalent martingale (probability) mea-
sure Q ~ P (Definition A.53) for any arbitrary deflated portfolio process

(Hf)te[o,T]; namely,
Il = Bp [IT; A) = Bg|II;] Ve 0,7,
where Ay is the Radon—Nikodym derivative (Remark 4.36)

d
£ =A; on Fi,

then the market is free of arbitrage opportunities, provided the conditions of
Girsanov’s Theorem 4.35 are satisfied.

Proof. For a proof in the general continuous-time case, we refer to Delbaen
and Schachermeyer (1994). O

We now make the first step into the application of valuing financial options,
more generally called contingent claims.

Definition 6.8. A financial derivative or contingent claim (W(St(i)))te[oﬂ,
i = 0,...,n is an R-valued function of the underlying asset processes

(St(i))te[o,T] adapted to the filtered probability space (£2, F, P, (F¢)tcjo,17)-

Definition 6.9. A deflated contingent claim (V,f*(S,f(i)))te[O)T], i =20,...,n
is attainable if there exists a holding process H, = (ﬁt(o),ﬁfl), . ,ﬁt(n))

generating the deflated portfolio process (II; (ﬁt))te[o,T], such that

3

V(S eor) = U1 (H) ieor) V€ [0,T).
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Definition 6.10. A market is complete if and only if every deflated contingent
claim (V* (Sﬁl)))te[w], 1 =0,...,n is attainable.

Theorem 6.11 (Second fundamental theorem of asset pricing).
If there exists a unique equivalent martingale (probability) measure @ ~ P
for any arbitrary deflated portfolio process (II} )icjo,1) in a particular market,
then the market is complete.

Proof. For a proof in the general continuous-time case, we refer the reader
to Shiryaev and Cherny (2001). O

We attempt to make the significance of the two fundamental theorems
more intuitive and thereby demonstrate the duality between the concepts of
nonarbitrage and the existence of a martingale measure. Assume a particu-
lar portfolio in an arbitrage-free market has value ITr(w) for each w € Fr.
If another portfolio 1Ty can be created so that a self-financing trading strategy
(ﬂt)te[o,T] exists replicating ITr(w), namely,

n T . . ~
[r(w)=Ho-So+ Y / HY48"Y > [Ip(w)  Vw € Fr,
i=0 70

then, necessarily,

and, in particular,
Iy > IIo.
Otherwise there exists an arbitrage opportunity by buying the cheaper port-

folio and selling the overvalued one. In fact, by this argumentation, the value
of ITy has to be the solution of the constrained optimization problem

HO = min Ho,
(H¢)tefo, 1)

subject to the value-conservation condition (6.1) and the (super)replication
condition (6.2). Hence if we can find an equivalent measure @ under which

3 /0 Hg”dst(”] <0,
=0

then the value of the replicated portfolio has to satisfy

Eq

ﬁo = mngQ |:]~YT:| y
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subject to, again, the value-conservation condition and the (super)martingale
condition

Eq |11 > Iy,

The latter can be considered the so-called dual formulation of the replication
problem. By the second fundamental theorem of asset pricing, if @) is unique,
then all inequalities turn to equalities and

[Ty = Eq [UT} — 1. (6.3)

This result states that the nonarbitrage value of an arbitrary portfolio in
an arbitrage-free and complete market is its expectation under the unique
equivalent martingale measure.

Here we have implicitly assumed that the values of the portfolios are stated
in terms of a numeraire of value 1. Generally, a numeraire asset or deflator
serves as a measure in whose units all other assets are stated. The following
theorem states that a particular numeraire can be interchanged with another.

Theorem 6.12 (Numeraire invariance theorem). A self-financing hold-
ing strategy (Hy¢)iepo,r) remains self-financing under a change of almost surely
positive numeraire asset, i.e., if

T
Fe a5,
SO s Jo o\ 8¢

T
= alsm)
S@s@ o T\ sV

with © # j, provided fOT dIl; < oo.

then

Proof. We arbitrarily choose St(i) =1 for all t € [0,7T], and for notational
simplicity write St(] ) = S,. Now it suffices to show that if

T T
Iy = 1, +/ dIl, = I, +/ H, - dS,, (6.4)
0 0

IIr I, /T (st>
— =4 H,-d|Z). 6.5
St So 0 ! St (6:5)

then this implies
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Taking the differential and substituting (6.4),
11, dIl; 1 1
d\ — | =——+1Ld| =+ dIld | —
<5t) 5 (St)+ t <5t>

o ((3) 2d) ()

after integration gives (6.5). O

In fact, in an arbitrage-free complete market, for every choice of numeraire
there will be a distinct equivalent martingale measure. As we will demonstrate,
the change of numeraire may be a convenient valuation technique of portfolios
and contingent claims.

6.2 The Standard Black—Scholes Model

The Black—Scholes—Merton market has a particularly simple and intuitive
form. Tt consists of a riskless account process (Bt)ie[o, 17, following

with constant instantaneous riskless interest rate r, so that

By = Boe™ WVt e[0,T]
and typically By = 1 normalized. Here r describes the instantaneous time
value of money, namely, how much relative wealth can be earned when saved
over an infinitesimal instance dt, or, conversely, how it is discounted if received
in the future.
Furthermore, there exists a risky asset process (St).e(o,7], following geo-
metric Brownian motion (Example 4.11)

@ = pdt + odW;
St

with a constant drift g and a constant volatility o scaling a Wiener process
dW,, resulting in

1
St_SOexp{<,u—502)t—|—0Wt} Yt € [0, T].

Both assets are adapted to the filtered probability space (£2, F, P, (F)icjo,1])-
The market has a finite horizon and is free of arbitrage as well as complete.
To demonstrate this we take B, as the numeraire asset and attempt to find
an equivalent measure ) for which the discounted process
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S
S == 6.6
t Bt ( )
is a local martingale. Invoking It6’s formula gives
dsy = Sy ((p — r)dt + odWy), (6.7)
which, by Girsanov’s Theorem 4.35, shows that
we =w, + L=
turns (6.6) into a martingale, namely,
1
Sy = S; exp {—502t + thQ} vt € [0,T7, (6.8)
and therefore
S0 = Eq [S/]

under the equivalent measure @, given by

dQ -7 —r\*¢
F_GXP{_#U Wt—(ua > 5} on (]:t)te[O,T]-

Now, by the numeraire invariance theorem, this means that there will be
unique martingale measures for all possible deflated portfolios, and hence
there is no arbitrage in the Black—Scholes model and it is complete. This now
allows us to price arbitrary replicable portfolios and contingent claims with
formula (6.3). But going back to the primal replication problem, we can derive
the Black—Scholes partial differential equation from the conservation-of-funds
condition (6.1). Explicitly, the replication constraints for a particular portfolio

Vi = 1II;
in the Black—Scholes model are
Vi = Iy + /Ot H®dS, + /Ot HP)dB,,
=H®S, + HP B, (6.9)

subject to the sufficient nonexplosion condition

t t 2
/ ‘HS(B)‘CZS-"-/ }HS(S)} ds < 00 a.s.,
0 0
and because by definition

Vo = H"'Sy + HSP) By = 11,
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Invoking It6’s formula, we obtain

oVi oV 0? Vt

= —dt d 257 1
vy N +BS Sy + = aSt 85’2 (6.10)
on the left-hand side of equation (6.9) and
av, = Hds, + HP) dB, (6.11)

on the right. If we equate (6.10) and (6.11), as well as choose

v,
05

Vi  OVi Si

1Y = and H =1L

then the hedging strategy (Ht(s),Ht(B))We[oﬁT] remains predictable with re-
spect to (Ft)iepo, 1], and is thus risk free. Rearranging the result gives the
Black—Scholes equation

_ W1 500 oV,

=95 27 Yigsr T%s,

LpsVy:
BsVi: a5,

—rVy =0. (6.12)
First, it is notable that the drift scalar p under P has canceled out when
changing to the measure Q. This is given by the logic that hedging will always
be riskless and thus the statistical properties of the process are irrelevant as
the random factors cancel out. Second, the partial differential equation is a
backward Kolmogorov equation [see (4.36)] with killing rate . As such we
know that we require a suitable terminal condition and should look for a
solution given by the Feynman-Kac formula (4.39). In fact, the valuation
formula (6.3) provides us with exactly that.

Remark 6.13. Common financial derivatives are forwards and options. They
have a particular time T' (expiry) value Vi, also called the payoff. The payoff
of a forward is

Vi =8 - K
So-called vanilla options are calls and puts, whose respective payoffs are
V¥ = max {Sr — K,0} (call)
and
VY =max {K — Sr,0} (put),

where K is a positive constant of the same dimension as S, called the strike
price.

As was demonstrated in Theorems 6.7 and 6.11, in an arbitrage-free and
complete market, financial derivatives can be regarded as synthetic portfolios
(I1t)tefo, 17, Which provide a certain payoff
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VT(w) = HT(M) Yw € Fr.

Hence, substituting the payoff of a forward into formula (6.3) and employ-
ing the normalized riskless asset B; as numeraire, we obtain

Vi = Eqg {ZTT} (6.13)
= Eq [e7"(Sr — K,0)]
=e " (Eg[Sr] - K). (6.14)

Now by (6.7), it becomes obvious that changing to the martingale measure
implies setting the drift of the risky asset to r. Hence, using (6.8)

Eq[Sr] = / " Srf(S7)dSy

/ Soe —30%)T+oVTe o(x)dz
:Soe

where f(x) is the log-normal density of St (1.3) and () the standard normal
density (1.2), after substitution into (6.14), finally resulting in

Vi =85 —e K. (6.15)

The value of a forward (6.15) is not dependent on the volatility o of S in the
Black—Scholes—Merton market. A forward is considered to be a linear financial
derivative.

Definition 6.14. A contingent claim (V}(St(i)))te[oﬂ, 1 =0,...,n is called

linear if it does not depend on the distribution of any St(z)

Also note that a forward can be replicated statically. In (6.11) the hedging
strategy results in

ovF

B —7r
Se = 1 and HP = _Ke™T,

H" =

both of which are independent of ¢. Conversely, we have the payoff of a call
option:

V{ = Eg [e”" max {Sy — K, 0}]
=T (EQ [STI[ST>K](ST)} — KEQ [I[ST>K] (ST)]) . (6.16)
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Similarly to a forward we obtain the integrals

Eq [St1is;>r)(ST)] = /: Srf(Sr)dSt (6.17)
Y Spe(r= 4ot THoV T
= S;Z:Tgp(dl)
and
Eq [Iis;>x1(S7)] = Q(ST > K) = &(d>), (6.18)

where again [see (1.2)] ¢(x) is the standard normal density and &(zx) its
cumulative distribution, and

In 52 302) T
g = mRE (507 , (6.19)
oVT

as well as do = dy — oT (we leave the interim steps in the derivation as an
exercise). Hence the so-called Black—Scholes formula for a call option is

VBs(So) := V& = So®(dy) — Ke "1 d(dy), (6.20)
and similarly, the Black—Scholes put formula is
Vi = Ke "'®(—dy) — Sod(—dy). (6.21)
In fact, both are related through the so-called put—call parity:
VE =V -V (6.22)

Obviously, options are nonlinear (also called convez) financial derivatives
because their value generally depends on the distribution of (S;)wefo,r)-
However, call and put options in particular only depend on the terminal
distribution of Sp.

Digital Options and Martingale Probabilities

As was shown for contingent claims that only depend on the terminal
distribution of S, we can simply substitute their respective payoff ker-
nel Vr into (6.13). A binary or digital call option has the simple payoff
Vr = I1s, >k (ST). Hence its value is

Vi = e "M Eq[Lis,> k) (S7)]
= efTT@(dg),



324 6 Applications to Finance and Insurance

as was already demonstrated in (6.18). In fact, the option has the interpreta-
tion
VP =eTQ(Sr > K), (6.23)

meaning it is the probability under the martingale measure of the risky asset
value exceeding the strike at expiry 7. In fact, if (Vtc)te[o,T] is a call option,
then

ove

-t —yP, 6.24

aK t ( )
i.e., the derivative of a call option with respect to the strike is the negative
discounted probability of being in the money at expiry under the risk-neutral
martingale measure. Also, from (6.24) it can be directly observed that

VE (K +dK) - VE(K)
D _ 1 t t
Ve = im dK ’

hence the digital option is a linear call-option spread, which is model-
independent, if the values of V,* are known.

Barrier Options and Exit Times

A common example of derivatives that depend on the entire path of an
underlying random variable (S})c[o,7] are so-called barrier options. In their
simplest form they are put or call options with the additional feature that if
the underlying random variable hits a particular upper or lower barrier (or
both) at any time in [0, 7], an event is triggered. One particular example is a
so-called down-and-out call option (D);c[o,7] that becomes worthless when a
lower level b is hit. Hence the payoff is

DT = max {ST — K, 0} I[ (625)

miny o, 7] Se>b"
Here the time 7 = inf {¢t € [0, T]|S; < b} is a stopping time and, more specif-
ically, a first exit time, as defined in Definition 2.91. Also note that 7 can
be directly inferred from (S¢):cjo, 7). Thus, inserting the payoff (6.25) into the
standard valuation formula (6.13), we need to calculate

Dy = e—TTEQ [max{ST - K,0} I[mthE[O’T] St>b]}

=T (EQ {(ST - K)I[minte[o,ﬂ St>bﬂ5T>K]D

_ ,—rT
=’ (EQ {STI[minte[o,T] St>bﬂST>Kﬂ

—KQ(min St>bﬂS’T>K)). (6.26)

t€[0,T]
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It is not difficult to see that the latter probability can be transformed as

in W2 > g(b 9> g(K
@ min WE > 90) W > 4(0))

Q (WTQ < —g(K)) -Q (tg[l()i%] W < gb)nW¢ > g(K))a (6.27)

where

lnsio— (r— 102)T

g(x) = -

Now using the reflection principle of Lemma 2.180, we see that the last term
of (6.27) can be rewritten as

Q((WF < g uW < gv)) NWE > g(K))
= Q (WP <g®)nWg > g(K))
= QWE < 29(b) — 9(K)).

Since WTQ is a standard Brownian motion under ), we obviously have the

probability law
Q _ Y
Q (WT < y) =9 <_\/T>

for any y € R. Backsubstitution gives the solution of the last term
of (6.26). We leave the remaining (rather cumbersome) steps of the derivation
to Exercise 6.8. Eventually, the result turns out as

So\'" p?
Dy = Vps(Sy) — (f) VBs (S_o)

in terms of the Black—Scholes price (6.20).

American Options and Stopping Times

Options, like vanilla calls and puts, that only depend on the terminal distri-
bution of St are called Furopean options. Conversely, options that can be
exercised at any 7 € [0,T] at the holder’s discretion are called American.
It can be shown through replication nonarbitrage arguments (e.g., @ksendal
1998; Musiela and Rutkowski 1998) that their valuation formula is
T€[0,T]

where 7 is a stopping time (Definition 2.44). In general, we are dealing with
so-called optimal stopping or free boundary problems, and there are usually
no closed-form solutions, because 7, unlike for simple barrier options, cannot
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be inferred directly from the level of S;. The American option value in the
Black—Scholes model can be posed in terms of a linear complementary problem
(e.g., Wilmott et al. 1993). Defining the value of immediate exercise as P,
we have

LpsV: <0 and Vi > Py, (6.28)

with
ﬁstt(Vt — Pt) =0 and VT = PT.

Now, if there exists an early exercise region R = {S.|7 < T'}, we necessarily
have V. = P,. If LpsV, = LpgsP- > 0, then this represents a contradiction
of (6.28). Therefore, in this case, early exercise can never be optimal, as, for
instance, for a call option with payoff P, = max {S, — K, 0}, because

1
Lpsmax {S, — K,0} = 502K25(ST - K)+rKIig, >k (S-) >0,

where ¢ represents the Dirac delta. Conversely, if V(A4) < P(A) for some
region A, then A C R, meaning it would certainly be optimal to exercise
within this region and generally within a larger one. As an example, for a put
option with P, = max {K — S;,0}, we have that

Vo(0) = Ke™™ < Pr(0) = K.

Hence, an American put V;* has a higher value than a European one V7. In
fact, Musiela and Rutkowski (1998) demonstrate that in the Black—Scholes
model it can be represented as

T
VtA = Vg + EQ / e_T(T_t)TKI[STeR] (ST)dT
t

Typically, American options are valued employing numerical methods.

6.3 Models of Interest Rates

The Black—Scholes model incorporates the concept of the time value of money
through the instantaneous continuously compounded riskless short rate 7.
However, it assumes that this rate is deterministic and even constant through-
out time or, in other words, the term structure (of interest rates) is flat and
has no volatility. But in reality it is neither. In fact, a significant part of the
financial markets is related to debt or, as it is more commonly called, fixed
income instruments. The latter, in their simplest form, are future cash flows
promised to a beneficiary by a debtor, who may be a government, corpora-
tion, individual, etc. The buyer of the debt hopes to pay as little upfront as
possible and earn a maximum stream of interest payments; the converse is
true of the debtor. These securities can be regarded as derivatives on interest
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rates. The latter are used as a tool of expressing the discount between the
value of money today and money to be received in the future. In reality, this
discount tends to be a function of the time to maturity T of the debt,'° and,
moreover, it changes continuously and unpredictably. These concepts can be
formalized in a simple discount-bond market.

Definition 6.15. A filtered probability space (£2, F, P, (F¢)c[o,r]) endowed
with adapted stochastic processes (B,Ei))te[oﬁTi], i=0,...,n, T, <T, with
BY =1  Vi=0,...,n,

representing discount-bond prices is called a discount-bond market. The term
structure of (continuously compounded) zero rates (r(t,T))ve 0<i<7T is given
by the relationship

Bt(i) — o rT)(Tit)

By the fundamental theorems of asset pricing, the discount-bond market is
free of arbitrage if there exist equivalent martingale measures for all discount-

bond ratios Bt(i)/B,gj), i,7 € {0,...,n}. But instead of evolving the discount-
bond prices directly, models for fixed income derivatives focus on the dynamics
of the underlying interest rates. We will give brief summaries of the main
approaches to interest rate modeling.

Short Rate Models

Motivated by the Black—Scholes model, the first stochastic modeling
approaches were performed on the concept of the short rate.

Definition 6.16. The instantaneous short rate
re = r(t, 1) vt € [0,T]
is connected to the value of a discount bond through
i) _ — fTi rsds A
B, =Eg |e It Vi=0,...,n, (6.29)
under the risk-neutral measure Q.
Vasicek (1977) proposed that the short rate follows a Gaussian process
dry = pur(t,re)dt + o (t,re)dWE

under the physical or empirical measure P. This then results in a nonarbitrage
relationship between the short rate and bond processes of different maturities
based on the concept of a market price of risk process (At):efo,17-

10 Other very important factors are, for example, the creditworthiness of the debtor
or the rate of inflation.
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Proposition 6.17. Let the short rate ry follow the diffusion process
dry = pr(re, t)dt + O'T(Tt,t)thP.

Furthermore, assume that the discount bonds B,gi) with t < T; for all i have
interest rates as their sole risky factor and follow the sufficiently reqular
stochastic processes

dB") = pi(r,t, Th)dt + o3 (r,t, T,)dWE Vi (6.30)
Then the nonarbitrage bond drifts are given by
Wi = 1 + o A(re, t),
where \(ry,t) is the market price of the interest rate risk process.

Proof . Let us define the portfolio process (I1;):eo0,] as
i, = HYB" + HY B (6.31)

and normalize it by putting Ht(l) =1 and Ht@) := H; for all t. The dynamics
over a time interval dt are then given by

dIl, = dB{" + H,dB® . (6.32)
Invoking It6’s formula we have

dB®) dB®W 1 92B®
Hi = ot + Hr or §UT or2

for the bond drift and

OB
or

(6.33)

0; = Op

for the bond volatility. Substituting both along with (6.30) into (6.32) after
cancelations, we obtain

—— — Hiop—— )
or "or ¢

9B oB®)
dIT; = (py — Hypo)dt + (or ) awlt

It becomes obvious that when choosing the hedge ratio as

(6.34)

t=O0r

aBM 9B\ !
V(”’”V) ’

the Wiener process dW ', and hence all risk, vanishes so that

dHt = Tthdt, (635)
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meaning that the bond must earn the riskless rate. Now, substitut-
ing (6.33), (6.34), and (6.31) into (6.35), after rearrangement, we get the

relationship

(1)

w1 — By :

pp— By

o1 02

Observing that the two sides do not depend on the opposite index, we can
write

i — BW
u = )\(Tta t) V’L,
0;
where A(r¢,t) is an adapted process, independent of T;. ([l

Corollary 6.18 By changing to the risk-neutral measure @ given by

dQ 7 t P t )\2
F_GXP{_/O AW —/0 7ds on Fi,

the risk-neutralized short rate process is given by
dry = (pr — o N)dt + o dW R,
where

t
W, :WtP+/ Ads.
0

The reason why A arises is that the short rate, representing the stochastic
variable, contrary to the asset price process S; in the Black—Scholes model,
is not directly tradeable, meaning that a portfolio Hyr; is meaningless. One
cannot buy units of it directly for hedging. In practice, however, A is rarely
calculated explicitly. Instead, in a short rate modeling framework some func-
tional forms of pu, and o, are specified and their parameters calibrated to
observed market prices. This implies that one is moving from a physical mea-
sure P to a risk-neutral measure ). For that purpose it is useful to choose the
short rate processes such that there exists a tractable analytic solution for the
bond price. In fact, the Vasicek SDE under the measure @ for the short rate is
chosen to be the mean-reverting Ornstein—Uhlenbeck process (Example 4.11)

dry = (a — bry)dt + cdW2,

which, by using it in (6.29), leads one to conjecture that the solution of a
discount bond maturing at time 7', namely with terminal condition B(TT) =1,
is of the form

B)ET) _ eC(t,T)—D(t,T)rt7
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thereby preserving the Markov property of the process. Some cumbersome,
yet straightforward, calculations show that

D(t,T) = % (1 - e*b<T*t>) (6.36)
and
C(t,T) = %2 /T(D(s, T))%ds — a/T D(s,T)ds. (6.37)

It becomes apparent that the model only provides three parameters to describe
the dynamics of a potentially complex term structure. Therefore, another
common model is that of Hull and White (1990), also called the extended
Vasicek model, which makes all the parameters time-dependent, namely,

th = (at — bt’l”t)dt + UtthQ,

thereby allowing a richer description of the yield curve dynamics.

Heath—Jarrow—Morton Approach

As an evolution in interest rate modeling Heath et al. (1992) defined an ap-
proach assuming a yield curve to be specified by a continuum of traded bonds
and evolved it through instantaneous forward rates f(t,T) instead of the short
rate. The former are defined through the expression

B = ¢~ i fts)ds, (6.38)
and thus
oln B
tT) = ————
and
Ft.) =70, (6:39)

In fact, the Heath—Jarrow—Morton approach is very generic, and most other
models are just specializations of it. It assumes that forward rates, under the
risk-neutral measure Q associated with the riskless account numeraire, follow
the SDE

df (t,T) = p(t, T)dt + o (t,T) - AW, (6.40)

where o (t,T) and dW are n-dimensional. In fact, due to nonarbitrage argu-
ments, the drift function u(t,T) can be fully specified. Invoking Itd’s formula
on (6.38), we obtain the relationship



6.3 Models of Interest Rates 331

dt

T 1], 2
— = - / w(t, s)ds + = / o(t,s)ds
t 21/

T
—/ o(t,s) - dW?
t

because
T T T
/ mds = / w(t, s)ds —i—/ o(t,s) - AW,
¢ ot ¢ ¢

and by noting (6.39) and (6.40) as well as Fubini’s Theorem A.42. But now,
for the deflated discount bond to be a martingale, the drift has to be r;. Thus

T 1T 2
/ w(t,s)ds = = / o(t,s)ds
t 21k

T
w(t,T)=0o(tT)- /t o(t,s)ds (6.41)

)

and so

Substituting (6.41) into (6.40), we obtain arbitrage-free processes of a contin-
uum of forward rates, driven by one or more Wiener processes:

T
df(t,T):a(t,T)~/t o(t,s)ds +o(t,T) - dWZ,

Unlike for short rate models, no market price of risk appears. This is due to
the fact that forward rates are actually tradeable, as the following section will
demonstrate.

Brace—-Gatarek—Musiela Approach

As a very intuitive yet powerful approach, Brace et al. (1997) and other au-
thors (Miltersen et al. 1997; Jamshidian 1997) in parallel introduced a model

of discrete forward rates (Ft(i)) 011 t = 1,...,n, that span a yield curve
telo,
through the discrete discount bonds
k , -1
B =] (1 + FO(T; - TH)) . 1<k<n (6.42)

i=1
The forward rates are assumed to follow the system of SDEs

dFt = [,l/(t, Ft)dt + E(t, Ft)th,
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where X' is a diagonal matrix containing the respective volatilities and dW
is a vector of Wiener processes with correlations

E [th(i)th(j)] = pydt.

In particular, all forward rate processes are considered to be of the log-normal

form ©
dF}" - i i
F(ti) =D, Fdt + oVaw? v (6.43)
t

Again, similar to the Heath—Jarrow—Morton model, a martingale nonarbitrage

argument determines the drift x(?) for each forward rate Ft(i). To see this, we
can write (6.42) as a recurrence relation, and after rearrangement we obtain

1—1 1
) _ BB

Ft(l)B,g T T‘_l ,

(6.44)
which states that the left-hand side is equivalent to a portfolio of traded
assets and has to be driftless under the martingale measure associated with
a numeraire asset. In fact, we have a choice of numeraire asset among all
combinations of available bonds (6.42). We arbitrarily choose a bond Bt(N),
1 < N < n, with associated forward measure @y, and thus

(@)
o B
Bt

The derivation is left as an exercise, and the end result is

EQGN

=0. (6.45)

N (=T P o oV pi; ifi< N
Z,_, 1 5 1 <N,
@) g=it 1+ (Tj41—T5) Fy?
4D =10 if i = N, (6.46)
n (T =T)F o o pi if 4
2 j=Nt1 ) iti>N.
J=NF L+(Tjr —T5) Fy?

This model is particularly appealing as it directly takes real-world observable
inputs like forward rates and their volatilities and also discrete compound-
ing/discounting. But the potentially large number of Brownian motions makes
the model difficult to handle computationally, as it may require large-scale
simulations.

6.4 Extensions and Alternatives to Black—Scholes
In practice Black—Scholes is the most commonly used model, despite its

simplicity. Much of the modern research into financial mathematics looks at
extensions and alternatives that try to improve on some of its shortcomings.
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As already discussed, the introduction of stochastic interest rate processes
is a significant step. Another important issue is that the volatility parame-
ter o is constant across time ¢ and underlying level S;. However, in reality,
put and call options of different strikes K and expiries T' are traded on ex-
changes, and their prices V(T, K) are directly observable. This allows one to
invert Vpg and determine so-called implied volatilities omp(T, K) because the
simple Black—Scholes formula for calls (6.20) and puts (6.21) are one-to-one
mappings between prices of options for respective T' and K to their volatility
parameter o. The implied volatility is then such that

VBS(Uimp(Tv K)) = V(T7 K)

Quoting option prices in terms of their implied volatility makes them directly
comparable across T" and K in the sense that an option with a higher im-
plied volatility is relatively more expensive than one with a lower implied
volatility.'!

0.25
0.23 —4—Black-Scholes
——Bachelier

aq 021 =i Stochastic Volatility
E + »
© 0.19

0.17

0.15

0.7 0.8 0.9 1 1.1 1.2 13
K/S

Fig. 6.1. The implied volatility skew generated by the Black—Scholes, Bachelier,
and stochastic volatility models

If the Black—Scholes model were an accurate description of the real world,
then oimp(T, K) = o constant. But in the real world this is not the case.
Usually implied volatilities are dependent on both K and T'. Typical shapes
of the implied volatility surface across the strike are so-called skews or smiles.
If the underlying is regarded as being floored, namely S; > 0, then usually
Cimp (K1, T) > 0imp(K2,T), if K1 < K», giving a negative correlation between
S¢ and oy,p. Intuitively this can be explained by the fact that a fixed change

1 By put-call parity (6.22), the implied volatility for puts and calls in an arbitrage-
free market has to be identical for all pairs T, K.
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in Sy has a relatively larger impact the smaller the level of S;. One simple
way of capturing this negative correlation is to change the process of S; to
a normal model, namely (St)te[O,T]u following arithmetic Brownian motion
(Example 4.11)

dSt = /J,dt + Uth.

This is sometimes referred to as the Bachelier (1900) model. The derivation
of the call option formula is straightforward and similar to the Black—Scholes
model (do as an exercise), resulting in

Ve" = (So = K)2(d) + SorVTip(d),
with @ and ¢ as in (6.18) and

y_ S K
SQO'\/T'

Figure 6.1 demonstrates the difference between the Black—Scholes and
Bachelier models in terms of implied volatilities.

Local Volatility

Dupire (1994) demonstrated that extending the risky asset process under the
martingale measure to

dsS;

< =rdt+o(t, S AW (6.47)
t

results in a probability distribution that recovers all observed option prices

V(T, K) as quoted in the market. By (6.16) and (6.17), it is clear that we can
write the observed (call) option price as

VI(T,K) = e_TT/ (St — K)f(0, S0, T, Sr)dSt.
K
Having differentiated with respect to K we obtained the cumulative distribu-
tion as (6.23) and (6.24). Differentiating one more time with respect to K, we
obtain the so-called risk-neutral transition density

o 02V

f(Ov‘S’OaTvK)Ze m

(6.48)

Now, by Theorem 4.56, f(0, Sy, T, K) has to satisfy the Kolmogorov forward
equation
9 _ 1T E)KY) 9K

or 2 OK? 0K (6.49)
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with initial condition
f(S07 Oa €T, O) = 6(I - SO)
Substituting (6.48) into (6.49), integrating twice with respect to K (after

applying Fubini’s Theorem A.42, when changing the order of integration),
and noting the boundary condition

L%
a7 =0
we obtain
v o1, , 02V oV
a1 37 DK G —rK g
Thus
o(T,K) =

fully specifying the process (6.47). Note that this is a one-factor model with
a time- and level-dependent volatility parameter. While it recovers all option
prices perfectly at ¢ = 0, it may no longer do so at ¢ > 0 if S; has changed,
meaning that while the static properties of the model are satisfactory, the
dynamic ones may not be. To improve on these, various multifactor modeling
approaches exist.

Jump Diffusions

Merton (1976) introduced an extension to the Black—Scholes model that ap-
pended the risky asset process by a Poisson process (N):e[o, 77, With No = 0
and constant intensity A, independent of (W;),cj0,7), to allow asset prices to
move discontinuously. The compensated risky asset price process now follows

dS

o = (r—dm)dt + cdWR + J,dNy, (6.50)
t7

under the risk-neutral equivalent martingale measure, with (J;):epo,7) an i.i.d.
sequence of random variables valued in [—1, 00 of the form J; = Jilsr,((t)
with Jy = 0, 7; an increasing sequence of times, and where

Then the solution of (6.50) can be written as

2 Nt
S’T:Soexp{(r—%—)\m)T—i—an}H(l—i—Ji).

=1
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Defining an option value process by (V;(St))¢cjo, 7], we apply 1td’s formula,
along with its extension, to Poisson processes and assume that jump risk in
the market can be diversified [see Merton (1976) and the references therein],
so that we can use the chosen risk-neutral measure ). We obtain

[LsVi](St) = A (mg—g — E[Vi(JeSt) — Vt(St)])-

The solution to this partial differential equation can still be written in the
form (6.16). But closed-form expressions of the expectation and probability
terms only exist for special cases. Two such cases were identified by Merton
(1976), first when N, € {0,1} and J; = —1, i.e., the case where there exists
the possibility of a single jump that puts the risky asset into the absorbing
state 0. Then the solution for, say, a call option is Vpg but with a modified
risk-free rate » + A. The second case is where J; > —1 and

InJy ~ N(u,7?),

so that
m=eltar
Then
0 e )\mT()\mT)l
VOC = Z il VB(UMTZ)v
1=0 ’

where the risk-free rate is given by

- 2
ri:r—i-%(u—i—%) —A(m—1)

)
Op = \/02+T”Y2-

Another, semiclosed-form, expression exists when J; are exponentially dis-
tributed (Kou 2002), but usually the solution has to be written in terms of
Fourier transforms that need to be solved numerically.

and the volatility by

A Model for Spot Prices in the Electricity Market

Another application of jump diffusion processes is the market for electricity
spot prices. The latter tend to exhibit severe sudden spikes. In Branger et al.
(2010) the spot price has been modelled as the sum of a (deterministic) sea-
sonal component plus a jump-diffusion component X = (X;);cr, , and a spike
component Y = (Y;)icr, . Under suitable assumptions, the dynamics of X
and Y, under a risk neutral probability measure @, are given by
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dXy =k (—AI‘;—U - Xt> + odW2 + JXAN; (6.51)
dYy = —vY; + JY AN, (6.52)
where
(i) W= (WtQ),geR+ is a standard Wiener process under );
(ii) N* = (N;*)icr, is a time inhomogeneous Poisson process with deter-

ministic intensity (h;*)icr, ;

(iii) NY = (N} )ier, is a time inhomogeneous Poisson process with deter-
ministic intensity (b} )ier, ;

(iv) JX,t € Ry is a family of real valued random variables with time depen-
dent pdf g, t € Ry;

(v) JY,t € Ry is a family of real valued random variables with time depen-
dent pdf g, t € R,.

Finally, A\;dt stands for the compensation of the price for taking one unit
of diffusion risk due to WtQ; it is assumed a time dependency.

It is left as an exercise (Exercise 6.14 ) to recognize that the final value
problem for the prize V(z,y;t) of a European-style option is given by

0
aV-F(ACD-I—‘CJ—T‘)V:O, (6.53)
subject to a suitable final value.

The diffusion part leads to the differential operator

292 A 0
Cortonit) = 5 osuteyit) b (<2 o) Loten), (650

while the jump part leads to the integro-differential operator

+oo
Lovla,yit): = hY / (v(z + 25,43 8) — vl 5 )g (%) d=X

— 00

+oo
+ hf/ (v(x,y + 2 t) —v(z,y; t))gty(zy)dzy

— 00

B)
- vya—yv(w,yi)- (6.55)

For further details, and for the well-posedness and numerical solution of
the above final value problem, see, Branger et al. (2010).

Further extensions of the classical Black-Scholes model including frac-
tional Brownian noise, the reader may refer, e.g., to Dai-Heyde (1996), Zahle
(2002) and the references therein. In Shevchenko (2014) SDE models including
Wiener noise, fractional Brownian motion, and jumps are discussed together
with their relevance in economic and financial models.
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Stochastic Volatility

As demonstrated in Fig.6.1, the volatility skew across K/S need not be a
straight line, but it may have a pronounced curvature or so-called smile.
A model that gives this feature and on top of it adjusts for the dynamic
shortcomings of local volatility is stochastic volatility, where (0¢)icjo,] is a
stochastic process. In a general representation we can write it as a system of
SDEs:

dSt :/,L(O't,St, )dt+f(0t,5t, ) Su
dg(o¢) = (o, t)dt + w(oy, t)dWy,
< dWS,dW7 > = pdt.

Stochastic volatility models have an additional driving factor and increase the
tail density of the distribution of S;. Two popular specific models are Heston
and SABR. We will give a brief outline on how these models are applied. First,
the Heston model (Heston 1993) has the specific form

dS; = pSidt + /v SedW7,
dve = a(m — vg)dt + b\/vedW,,
< dWS dWP > = pdt,

where v, = 07 is a stochastic variance process. If we extend the Black—Scholes
market with a traded option V;, then the contingent claim-hedging equa-
tion (6.9) becomes

V, = 2P B, + HY S, + 7V, (6.56)

Applying It6’s formula on both sides, choosing appropriate hedges Ht(B), Ht(s),
Ht(v), and following a similar argument on the risk-neutral drift conditions as
in Proposition 6.17, it can be shown [Exercise 6.15 or see Lewis (2000)] that
V; follows the equation

oV, 1b2 2614 0%V,

LpsVi+d(m' — Ut)a » 8 + PbUtStasta o

=0, (6.57)

where a’ and m’ are the risk-neutralized parameters under the Q measure
and Lpg is employing /v; instead of o. Heston (1993) derives a closed-form
solution of (6.57) through Fourier transforms.

A second widely used model is referred to as SABR (Hagan et al. 2002),
standing for stochastic alpha, beta, rho. It is specified by the system

dS; = o SPdw,
dO’t = Utl/thg,
<dW7,dW7? > = pdt,
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withog=a>0,0< <1, v>0,and —1 < p < 1. For simplicity the model
is typically written in forward space or, alternatively, without much loss of
generality, r = 0. Hagan et al. (2002) show through singular perturbation
analysis, by considering v to be small, that the model has an asymptotic
expansion solution similar to the Black—Scholes formula

VE = So®(d3) — K&(dy),

with

where the so-called implied SABR volatility approximation is given by

a z
SOK)U;B) [1 N (155)2 In2 % + (11550)4 Int %} <:L'(Z))
(a — ap)? piva__ (2-3p°)0°
147
* (24(S0K)1ﬁ sk = ’

a-p . S
z=—(SoK) = ln%,

6:

—~

SHIAN

1—2pz+224+2—0p
1—p ’

z(z) =In

Typically the SABR model is used through its analytical approximation
formula as an interpolation scheme between different traded options across
T and K. The approximation formula is fairly precise for Sy/K not far from 1
and v not too large.

6.5 Insurance Risk

Another very important application of stochastic processes is in the field of
insurance. These are typically discrete event dynamics in a continuous-time
framework. The model often has to give information about the probability
and time of default or ruin of an asset or company (see, e.g., Embrechts et al.
(1997)).

Ruin Probabilities

A typical one-company insurance portfolio is modeled as follows. The initial
value of the portfolio is the so-called initial reserve u € R* . At random times
on € RY (not to be confused with volatilities), a random claim U, € R*
occurs for n € N*. During the time interval ]0,¢] C R% an amount II; € RY
of income is collected through premia.
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The cumulative claims process up to time t > 0 is then given by
o0
Xi =2 Ulig,<u (0)
k=1

In this way the value of the portfolio at time ¢, the so-called risk reserve, is
given by

Ry =u+ II; — X;.
The claims surplus process is given by
Sy = Xy — 1.
If we assume that premiums are collected at a constant rate 8 > 0, then
II; = S, t>0.

Now, the time of ruin 7(u) of the insurance company is a function of the
initial reserve level. It is the first time when the claims surplus process crosses
this level, namely,

7(u) :=min {¢t > 0|R, < 0} = min {¢t > 0|S; > u}.

Hence, an insurance company is interested in the ruin probabilities; first, the
finite-horizon ruin probability, which is defined as

Y(u,z) == P(r(u) <z) Vo =0;
second, the probability of ultimate ruin, defined as

P(u) = lim Y(u,z) = P(r(u) < 4+00).

r— 400

It may also be interested in the survival probability defined as

It is clear that

¢(u,x)=P(max St>u>.

0<t<z

The preceding model shows that the marked point process (o, Uy )nen on
(R% x R%) plays an important role. As a particular case, we consider the
marked Poisson process with independent marking, i.e., the case in which
(0n)nen+ is a Poisson process on R% and (Up)pen- is a family of ii.d.
R?* -valued random variables, independent of the underlying point process
(0 )nen+- In this case, we have that the interoccurrence times between claims
Tn = on — op—1 (with og = 0) are independent and identically exponentially
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distributed random variables with a common parameter A > 0 (Rolski et al.
1999). In this way the number of claims N; during ]0,¢], ¢ > 0, i.e., the un-
derlying counting process

Ny = ZI[UkSt] (t)7
k=1

is a Poisson process on R’} with intensity A. Now, let the claim sizes U, be
i.i.d. with common cumulative distribution function Fy and let (U, )nen+ be
independent of (N¢)¢cr, . We may notice that in this case the cumulative claim
process

Ny o
Xt:ZUk:ZUkI[akgt](t)a t>0,
k=1 k=1

is a compound Poisson process. Clearly, the latter has stationary independent
increments and, in fact, is a Lévy process, so that we can state the following
theorem.

Theorem 6.19 (Karlin and Taylor 1981, p. 428). Let (X;)icr: be a
stochastic process having stationary independent increments, and let Xo = 0.
(Xt)te]R*+ is then a compound Poisson process if and only if its characteristic

function ¢x,(z) is of the form

ox,(z) = exp{—Mt(1 — ¢(2))}, z € R,
where A > 0 and ¢ is a characteristic function.

With respect to the preceding model, ¢ is the common characteristic
function of the claims U,,,n € N*. If u and o2 are the mean and the variance
of Uy, respectively, we have

E[Xt] = IUAtv
Var[X,] = (0 + p?) At.

We may also obtain the cumulative distribution function of X; through the
following argument:

Ny
P(X,<z)=P <2Uk §x>

(e N;

=Y P(> Up<uw Nt:n> P(N; = n)
n=0 k=1

. i ()\t)"e_k (n)
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for x > 0 (it is zero otherwise), where

F™M(@)=PUy +--+U,<z), x>0,
with

1 for x >0,
F(O)(x):{o for z < 0,

In the special case of exponentially distributed claims, with common param-
eter p > 0, we have

Fy(u)=PUy <u)=1—e"" u>0

)

so that Uy + - -+ + U, follows a gamma distribution with

(n) (e !
Fy (u)zl—z x z(n_l)!/oe“v dv
k=0

for n > 1, u > 0. The following theorem holds for exponentially distributed
claim sizes.

Theorem 6.20. Let
Fy(u)=1—e"H", u > 0.

Then
Y(u,z) =1 — e M= FATg (10 4 eda, M),

where

c=p

)

B
A

z 1 cb
g(z,0) = J(0z) + 0JM (02) +/ e*7 v J(Ov)dv — —/ el (z¢™ M) dv,
0 ¢ Jo

with 0 > 0. Here

oo :L'n
and JM () is its first derivative.
Proof . See, e.g., Rolski et al. (1999, p. 196). O

For the general compound Poisson model, we may provide information
about the finite-horizon ruin probability P(7(u) < x) by means of martingale
methods. We note again that, in terms of the claims surplus process S¢, we
have
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7(u) = min {¢|S; > u}, u >0,
and
Y(u,x) = P(1(u) < z), x>0,u>0.

The claims surplus process is then given by
Ny
Sy = Up—pt,
k=1

where A > 0 is the arrival rate, § the premium rate, and Fy the claim size
distribution. Let
No

Yo=Y U t20,
k=1

be the left-continuous version of the cumulative claim size X;. Based on the
notion of reversed martingales (Rolski et al. 1999, p. 434), it can be shown
that the process

Zy =X}

oy te0,z[,x >0,
with

Y, Yy, U
Xf=—t %, 0<t<u,
¢ u+6t+/t v (u+ Bv)? v =7

for u > 0 and x > 0, is an F;*-martingale. Let
70 = sup {v|v > z, S, > u},

and 70 = 0 if S(v) < u for all v € [0,2]. Then 7 := z — 7° is a bounded
]-'tX -stopping time. As a consequence,

E[Z;] = E[Z],
ie.

)

Yo n Y, U
u+ 870 Jo v (u+ Pu)?

E{ Y ‘Ymgu—kﬂx}—E[ dv

u+ Bx

Se_ < u] .
On the other hand, we have
P(r(u) >2) =P (S; <unt’=0)=P(S; <u)— P (S, <unt’>0).

Now, since

Yo =u+ B0 for 70 > 0,
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we have

Y o
L <u| =B | —7
S _u} |:’U,+BTO

=P (S: <unt’>0).

Y o
Bl —
|:’U/+ﬁ7'0

SISUQTO>O]

Thus, for u > 0, we have the following result.

Theorem 6.21 (Rolski et al. 1999, p. 434). For alluw >0 and z > 0,

Y, Y, u
vy =mac (B 1 Lofe e [3

In particular, for w =0,

ngu].

1—1/)(O,x)—max{E [1—%} ,o}.

A Stopped Risk Reserve Process

Consider the risk reserve process

Ny
R, :u—i—ﬁt—ZUk.
k=1

A useful model for stopping the process is to stop R; at the time of ruin 7(u)
and let it jump to a cemetery state. In other words, consider the process

[ (,Ry) ift <7(u),
Xi = { (0, Ry(yy) if t > 7(u).

The process (X;,t)er, is a piecewise deterministic Markov process as defined
in Davis (1984). The infinitesimal generator of (X;,t);cr, is given by

Ag(y,t)
B %(y, t) + Iy>0)(y) (ﬁg_z(y’ 0+ (/0 5y~ )dF () = 50, t)>)

for g satisfying sufficient regularity conditions, so that it is in the domain of
A (Rolski et al. 1999, p. 467). If g does not depend explicitly upon time and
g(y) = 0 for y < 0, then the infinitesimal generator reduces to

Ag(s) = 55 )+ A < / " gy — 0)dFy () - g<y>) .

The following theorem holds.
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Theorem 6.22. Under the preceding assumptions,
1. The only solution g(y) to Ag(y) = 0, such that g(0) > 0 and g(y) = 0, for
y €] — 00,0][, is the survival function ¥ (y) = P(T(u) = +00).
2. Letx > 0 be fized and let g(y,t) solve Ag =0 in (R x [0, z]) with boundary
condition g(y,x) = Ijy>q(y). Then g(y,0) = P(r(y) > x) for any y € R,
z e RY.

6.6 Exercises and Additions

6.1. Let (Fp)nen and (Gp)nen be two filtrations on a common probability
space ({2, F, P) such that G, C F,, C F for all n € N; we say that a real-
valued discrete-time process (X, )nen is an (Fy, Gn)-martingale if and only if

e (Xn)nen is an F,-adapted integrable process;
e ForanyneN, F[X,,11 — X,|G,] =0.

A process C = (C,)n> is called G,,-predictable if C,, is G,_1-measurable. Given
N € N, we say that a G,,-predictable process C'is totally bounded by time N if

e (, =0 almost surely for all n > N;
e There exists a K € R, such that C,, < k almost surely for all n < N.

Let C be a G,-predictable process, totally bounded by time N. We say that
it is a risk-free {G, } y-strategy if, further,

N N

> CiXi-X;1)>0 as, P <Z Ci(X; — Xi1) > 0) > 0.

i=1 i=1
Show that there exists a risk-free {G, } y-strategy for X = (X, )nen if and only
if there does not exist an equivalent measure P such that X,y is a (Fny Gn)-
martingale under P. This is an extension of the first fundamental theorem
of asset pricing, Theorem 6.7. See also Dalang et al. (1990) and Aletti and
Capasso (2003).

6.2. Given a filtration (F,,)nen on a probability space (§2, F, P), the filtration
F = Fn_m is called an m-delayed filtration. An F,-adapted, integrable
stochastic process X = (Xp)nen is an m-martingale if it is an (Fp, F*)-
martingale (Problem 6.1). Find a real-valued (2-martingale) X where no profit
is available during any unit of time, i.e.,

Vi, P(Xz — X1 > O) > 0, P(Xz - X1 < O) > 0,
but admits a risk-free {F,ll}g—strategy C,ie.,

3 3
ZC’i(Xi—Xi,l) >0 a.s., P (ZCZ(X’L_X’L:[) >O> >0

=1 =1

(Aletti and Capasso 2003).
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6.3. With reference to Problem 6.2, consider a risk-free {F,,} \-strategy. Show
that there exists an n € {1,..., N} such that

Cn(Xn — Xn—l) >0 a.s., P(Cn(Xn — Xn—l) > O) >0,

i.e., if no profit is available during any unit of time, then we cannot have a
profit up to time N (Aletti and Capasso 2003).

6.4. Consider a Black—Scholes market with r = 4 = 0 and ¢ = 1. Then
a value-conserving strategy Ht(s) =1/ VT vyields a portfolio value of I, =

3 dW, /T —s. Show that
P(II, > ¢,0<7<T)=1,

with ¢ an arbitrary constant and 7 a stopping time. Hence any amount can
be obtained in finite time. It is easy to see that (unlike conditions 1 and 2)
condition 3 of Proposition 6.6 is not automatically satisfied (e.g., Duffie 1996).

6.5. For both the Black—Scholes and the Bachelier models calculate the hedge

ratio Ht(s) = 9V,C /08, for a call option. The latter is also called the delta
of an option. Furthermore, calculate OV,C /0t (theta), OV,C /0o (vega), and
02V, /0S2 (gamma). These hedge ratios are called the Greeks of an option.

6.6. Show that in a Black—Scholes market, when using the martingale measure
Q* associated with S; as the numeraire asset, the probability Q* (St > K) =
b(dy).

6.7. For a drifting Wiener process Xy = Wy + ut, where Wy is P-Brownian
motion and its maximum value attained is

apply the reflection principle and Girsanov’s theorem to show that
P(Xp <anMp >b)=e*P(Xr > 2b—a+2ul)
for a < b and b > 0. See also Musiela and Rutkowski (1998) or Borodin and
Salminen (1996).
6.8. Referring to the barrier option Problem (6.26), show that

in W% b N WS K
Q(té?gg] > g(b)NWr > g( ))

%1 I 4 (r— Lo?
= B(dy) — (S%) @(1 SoK +JE/T 2 )T>, (6.58)

where d; is given by (6.19). From (6.58) obtain the joint density of St and
its minimum over [0, 7], and thus solve

Eq [STI[mintE[o’T] St>bmST>K]} :
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6.9. Two American options have an explicit solution:

e (American Digital Call) It pays 1 unit of currency if St > K at expiry
and can also be exercised early. Show that its value under Black—Scholes
is

2z S S
Vo — (5) a2¢<1n7“—(r+%:72)T> +&¢ (1n7“+(r+%a2)T>

So oVT K ovVT
by considering that you need to solve
Vo = Eq e Iir<n]

with the first exit time 7 = inf {¢|S; > K}.
e (American Perpetual Put) It pays K — S, upon exercise at time 7 but has
no expiration date. Show that its value under Black—Scholes is

where

is the time-homogeneous optimal exercise level of (S;);>0. Consider that
perpetual options have no theta, namely 0V;/0¢ = 0, thus turning the
Black—Scholes partial differential equation (6.12) into an ordinary differ-
ential equation, as well as its boundary conditions at S.

6.10. Why can it be conjectured that the bond equation in the Vasicek model
is of the form
B)ET) — (CHT)=D(t,T)reg (6.59)

Derive the results (6.36) and (6.37). [Hint: Derive a partial differential
equation for Bt(T) using a similar argumentation as for the Black—Scholes
equation. Substitute (6.59) and solve.] Note that interest rate models whose
discount-bond solution is of this form are called affine [see Problem 2.43

and Hunt and Kennedy (2000)].

6.11. In the Brace-Gatarek-Musiela model, derive the nonarbitrage

drifts (6.46) of the log-normal forward rates th')' (Hint: In (6.45) note
B

that =G is a martingale under @ . Given this, derive the drift as
t
@ 1y Bt
d h’lFt 7IDW
po= dt

and solve.)
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6.12. A so-called par swap rate S(t,Ts,T.) has to satisfy

D imetl FYBINT, — Tiy)

S(tuTsaTe) = A )

(6.60)

where

e

Ave= Y B (ti—tin)

i=s+1

is called an annuity. If relationship (6.44) holds and the forward rates are
driven by (6.43), then show that the swap rate process can approximately be
written as

dS(t, Ty, T.) = o501, 1.)S(t, Ts, T) AW,

s,e

. e Age . . .
where og(; 1, 7.) is deterministic and dW; is a Brownian motion under
the martingale measure induced by taking A, . as numeraire. (Hint: Assume

that the coefficients of all the forward rates Ft(z) in (6.60) are approximately
deterministic, invoke Itd’s formula, and apply Girsanov’s theorem.) Convince
yourself that a contingent claim with a swap rate as underlying (a so-called
constant maturity swap or CMS payoff) is a nonlinear instrument.

6.13. The constant elasticity of variance market (Cox 1996; Boyle and Tian
1999) is a Black—Scholes market where the risky asset follows

dS; = pS,dt + oS AW,
for 0 < a < 2. Show that this market has no equivalent risk-neutral measure.
6.14. For the spot price model show that Equation (6.53) holds.

6.15. Find the appropriate hedge ratios Ht(B), Ht(S), Ht(v) in (6.56) that
eliminate the Wiener processes dW;° and dW;° and thus derive (6.57).
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Applications to Biology and Medicine

7.1 Population Dynamics:
Discrete-in-Space—Continuous-in-Time Models

In the chapter on stochastic processes, the Poisson process was introduced
as an example of an RCLL nonexplosive counting process. Furthermore, we
reviewed a general theory of counting processes as point processes on a real line
within the framework of martingale theory and dynamics. Indeed, for these
processes, under the usual regularity assumptions, we can invoke the Doob—
Meyer decomposition theorem [see (2.135)/f] and claim that any nonexplosive
RCLL process (X;):er, satisfies a generalized SDE of the form

dX, = dA, + dM,, (7.1)

subject to a suitable initial condition. Here A is the compensator of the
process, modeling the “evolution,” and M is a martingale, representing the
“noise.”

As was mentioned in the sections on counting and marked point processes,
a counting process (Ny)icr, is a random process that counts the occurrence of
certain events over time, namely N; being the number of such events having
occurred during the time interval ]0,¢]. We have noticed that a nonexplosive
counting process is RCLL with upward jumps of magnitude 1; here, we im-
pose the initial condition Ny = 0, almost surely. Since we are dealing with
those counting processes that satisfy the conditions of the local Doob—Meyer
decomposition Theorem 2.143, a nondecreasing predictable process (A¢)icr,
(the compensator) exists such that (N, — A;);er, is a right-continuous local
martingale. Further, we assume that the compensator is absolutely continuous
with respect to the usual Lebesgue measure on Ry . In this case we say that
(Ni)ier, has a (predictable) intensity (A¢)¢cr, such that

(© Springer Science+Business Media New York 2015 349
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t
A = / Asds, for any t € Ry,
0

and SDE (7.1) can be rewritten as
dX, = \dt + dM,.

If the process is integrable and A is left-continuous with right limits (LCRL),
one can easily show that

1
= 1l —FE|N, — Ny| Fi— S.
A=l P Na = NiF] - as.,

and if we further assume the simplicity of the process, we also have

. 1
)\t = A%l—%—i- EP(NH‘At - Nt = 1|]:t—) a.s.;

the latter means that \;dt is the conditional probability of a new event during
[t,t +dt) given the history of the process during [0,¢). It really represents the
model of evolution of the counting process, similar to classical deterministic
differential equations.

FEzxample 7.1. Let X be a nonnegative real random variable with absolutely
continuous probability law having density f, cumulative distribution func-

t
tion F, survival function S = 1—F, and hazard rate function a(t) = & t>

S(t)°

0. Assume
t
/ a(s)ds = —In(1 — F(t)) < +o0, for any ¢t € Ry,
0
but
+oo
/ a(t)dt = +oo.
0
Define the univariate process N; by
Ni = Iix<q(t)
and let (NV;):cr, be the filtration the process generates, i.e.,
./\/t = O'(NS,S < t) =0 (X/\t,I[XSt](t)) .
Define the left-continuous adapted process Y; by

Y, = I[XZt](t) =1—N;_.
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It can be easily shown [e.g., Andersen et al. (1993)] that N; admits

t
A = / Yia(s)ds
0
as a compensator and hence N; has stochastic intensity A; defined by
A = Yia(t), teRy.

In other words,
XAt
Ny —/ a(s)ds
0

is a local martingale. Here a(t) is a deterministic function, while Y3, clearly, is a
predictable process. This is a first example of what is known as a multiplicative
intensity model.

Ezample 7.2. Let X be a random time as in the previous example, and let U
be another random time, i.e., a nonnegative real random variable. Consider
the random variable T'= X A U and define the processes

Ny = Iip<yI1x<u(t)
and
NtU = I[Tgt]I[U<X] (t)

and the filtration
Ny =0 (N, NV,s<t).

The hazard rate function « of X is known as the net hazard rate; it is given by
(t) li 1 P[X <t+h|X > 1]
= im — .
@ h—0+ h -
On the other hand, the quantity
1
at(t) = lim —P[X <t+h|X >t,U >t

h—04 h

is known as the crude hazard rate whenever the limit exists. In this case,

t
Nt—/ I[TZt]O[(S)dS
0

is a local martingale.
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Birth-and-Death Processes

A Markov birth-and-death process provides an example of a bivariate counting
process. Let (X¢)icr, be the size of a population subject to a birth rate A and
a death rate p. Then the infinitesimal transition probabilities are

ARAE + o( At) it =h+1,
o uhAt oA ifj=h—1,
P(Xepar=31X = h) = § 1 2 (b 4 uh) At 4 o(At) i j = b,
o(At) otherwise.

Let Nt(l) and Nt(2) be the number of births and deaths, respectively, up to
time ¢ > 0, assuming Nél) =0 and NéQ) = 0. Then

(Ni)ter, = (Nt(l)th(Q))

is a bivariate counting process with intensity process (AX;_,uX;_)ier,
(Figs. 7.1 and 7.2). This is an example of a formulation of a Markov pro-
cess with countable state space as a counting process. In particular, we may
write an SDE for X; as follows:

dXt = )\thdt - ‘U,thdt + th,

where M, is a suitable martingale noise.

45

40t
351
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time

Fig. 7.1. Simulation of a birth-and-death process with birth rate A = 0.2, death rate
u = 0.05, initial population Xo = 10, time step dt = 0.1, and interval of observation
[0,10]. The continuous line represents the number of births Nt(l); the dashed line
represents the number of deaths Ntm
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A Model for Software Reliability

Let N; denote the number of software failures detected during the time interval
10, ¢], and suppose that F is the true number of faults existing in the software
at time ¢ = 0. In the Jelinski-Moranda model (Jelinski and Moranda 1972) it
is assumed that N; is a counting process with intensity

)\t = p(F - Nt—)7

where p is the individual failure rate (Fig.7.3). This model corresponds to a
pure death process in which the total initial population F' usually is unknown,
as is the rate p.

Contagion: The Simple Epidemic Model

Epidemic systems provide models for the transmission of a contagious disease
within a population. In the “simple epidemic model” (Bailey 1975; Becker
1989), the total population N is divided into two main classes:

12

Pt )

0 1 2 3 4 5 6 7 8 9 10
time
Fig. 7.2. Simulation of a birth-and-death process with birth rate A = 0.09, death
rate p = 0.2, initial population Xy = 10, time step dt = 0.1, and interval of obser-
vation [0, 10]. The continuous line represents the number of births Nt(l); the dashed
line represents the number of deaths Nt(2)

(S) The class of susceptibles, including those individuals capable of contract-
ing the disease and becoming infectives themselves.

(I) The class of infectives, including those individuals who, having contracted
the disease, are capable of transmitting it to susceptibles.

Let I; denote the number of individuals who have been infected during the
time interval ]0,¢]. Assume that individuals become infectious themselves
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Fig. 7.3. Simulation of a model for software reliability: individual failure rate
p = 0.2, true initial number of faults F' = 50, time step d¢ = 0.1, and interval
of observation [0, 50]

immediately upon infection and remain so for the entire duration of the
epidemic. Suppose that at time ¢ = 0 there are Sy susceptible individuals
and Iy infectives in the community. The classical model based on the law
of mass action (e.g., Bailey 1975; Capasso 1993) assumes that the counting
process I; has stochastic intensity

At = Be(Io + I )(So — I1—),

which is appropriate when the community is mixing uniformly. Here g; is
called the infection rate (Fig.7.4).
Formally, this corresponds to writing the evolution of I(t) via the SDE

dly = Be(Io + I~ )(So — I;—)dt + dM;,
where M, is a suitable martingale noise. In this case, we obtain

t
<M>t :/ Ast
0
for the variation process (M), so that
t
Mt2 — / Asds
0
is a zero-mean martingale. As a consequence,
t
Var[My) = E {/ /\sds} = E[L].
0

More general models can be found in Capasso (1990) and the references
therein.
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Contagion: The General Stochastic Epidemic

For a wide class of epidemic models the total population (N;);cr, includes
three subclasses. In addition to the classes of susceptibles (S¢)ier , and
infectives (I;)ier. , already introduced in the simple model, a third class is
considered, i.e., (R), the class of removals. This comprises those individuals
who, having contracted the disease, and thus being already infectives, are no
longer in the position of transmitting the disease to other susceptibles because
of death, immunization, or isolation. Let us denote the number of removals as
(Rt)ter,, -

60
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0 100 200 300 400 500 600 700 800 900 1000
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Fig. 7.4. Simulation of a simple epidemic (SI) model: initial number of susceptibles
So = 500, initial number of infectives Iy = 4, infection rate (constant) 8 = 5x 107,
time step dt = 1, interval of observation [0, 1000]

The process (Si, Iy, Ri)ier, is modeled as a multivariate jump Markov
process valued in E’ = N3. Actually, if we know the behavior of the total
population process Ny, because

S+ 1 + Ry = Ny for any t € Ry,

then we need to provide a model only for the bivariate process (S, It)ier.
which is now valued in E = N2. The only nontrivial elements of a resulting
intensity matrix @ (Sect. 2.6) are given by

®  ((s,i),(s+1,i) = @, birth of a susceptible;

®  ((s,i),(s—1,i) = VS, death of a susceptible;

®  ((s,i),(s,i+1) = B, birth of an infective;

®  ((s,i),(s,i—1) = 07, removal of an infective;

®  ((s,i),(s—1,i+1) = ks, infection of a susceptible.
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For a = 8 = v = 0 we have the so-called general stochastic epidemic (e.g.,
Bailey 1975; Becker 1989). In this case the total population is constant (assume
Ry = 0; Fig.7.5):

N, =N =50+ I for any t € R...

Contagion: Diffusion of Innovations

When a new product is introduced in a market, its diffusion is due to a
process of adoption by individuals who are aware of it. Classical models of

500 120
100
450 80
@& —= 60
400 40
20
%0070 200 300 400 500 00700 200 300 400 500
t t
14 504
12 502
10 500
. 8 . 498
T Z 406
4 494
2 492
%0700 200 300 400 500 4900760 200 300 400 500

t t

Fig. 7.5. Simulation of an SIR epidemic model with vital dynamics: initial number
of susceptibles Sp = 500, initial number of infectives Iy = 4, initial number of
removed Ry = 0, birth rate of susceptibles @ = 1074, death rate of a susceptible
v =5 x 1075, birth rate of an infective § = 1075, rate of removal of an infective
§ = 8.5 x 1074, infection rate of a susceptible k = 1.9 x 1072, time step dt = 1,
interval of observation [0, 500]

innovation diffusion are very similar to epidemic systems, even though in
this case rates of adoption (infection) depend upon specific marketing and
advertising strategies (Capasso et al. 1994; Mahajan and Wind 1986). In this
case the total population N of possible consumers is divided into the following
main classes:

(S) The class of potential adopters, including those individuals capable of
adopting the new product, thus themselves becoming adopters.

(A) The class of adopters, those individuals who, having adopted the new
product, are capable of transmitting it to potential adopters.

Let A; denote the number of individuals who, by time ¢t > 0, have already
adopted a new product that has been put on the market at time ¢ = 0.
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Suppose that at time ¢ = 0 there are Sy potential adopters and Ag adopters
in the market. In the basic models it is assumed that all consumers are homo-
geneous with respect to their inclination to adopt the new product. Moreover,
all adopters are homogeneous in their ability to persuade others to try new
products, and adopters never lose interest but continue to inform those con-
sumers who are not aware of the new product. Under these assumptions the
classical model for the adoption rate is again based on the law of mass action
(Bartholomew 1976), apart from an additional parameter A\ (t) that describes
adoption induced by external actions, independent of the number of adopters,
such as advertising, price reduction policy, etc. Then the stochastic intensity
for this process is given by

A(t) = (Ao(t) + BtAi—)(So — As-),

which is appropriate when the community is mixing uniformly. Here B; is
called the adoption rate (Fig.7.6).

1.5 2 25 3
t

Fig. 7.6. Simulation of the contagion model for diffusion of innovations: external
influence Ao(t) = 5 x 107*¢, adoption rate (constant) 8 = 0.05, initial potential
adopters So = 100, initial adopters Ag = 5, time step dt = 0.01, interval of observa-
tion [0, 3]

Inference for Multiplicative Intensity Processes
Let
dNt = OétS/tdt + th

be a stochastic equation for a counting process N;, where the noise is a zero-
mean martingale. Furthermore, let
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Js—

S

By is, like Yy, a predictable process, so that by the integration theorem,
t
M} = / BgdM;
0

is itself a zero-mean martingale. Note that

t t t
Mt*:/ BSdMS:/ BSdNS—/ g ds,
0 0 0

t t
FE {/ BSdNS} =F {/ asJSds} ,
0 0

ie., fg B,dNy is an unbiased estimator of E[fot asJs—ds]. If « is constant and
we stop the process at a time T such that Y; > 0,¢ € [0,T], then

so that

1 [T an,
o= —
T /) Y,

is an unbiased estimator of a. This method of inference is known as Aalen’s
method (Aalen 1978) [see also Andersen et al. (1993) for an extensive appli-
cation of this method to the statistics of counting processes].

Inference for the Simple Epidemic Model

We may apply the preceding procedure to the simple epidemic model as dis-
cussed in Becker (1989). Let

I[Ss>0] (s)

Bs = )
I,_S,_

and suppose [ is constant. Let T be such that S; > 0,¢ € [0,7]. Then an
unbiased estimator for 5 would be

. 1/T dI, 1 1 1 1
f== == + 4+ .
T )y SeI.— T Solo  (So—1)To—1) (Sr+ 1)(Ir + 1)

The standard error (SE) of 3 is

Nl=

T 2
/ B2dl, | .
0
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By the central limit theorem for martingales (Rebolledo 1980), we can also
deduce that
B—5

SE(B)

has an asymptotic N(0,1) distribution, which leads to confidence intervals
and hypothesis testing on the model in the usual way [see Becker (1989) and
the references therein].

Inference for a General Epidemic Model

In Yang (1985) a model was proposed as an extension of the general epidemic
model presented above. The epidemic process is modeled in terms of a mul-
tivariate jump Markov process (S, Iy, Ri)ier, , or simply (St I;)ier, , when
the total population is constant, i.e.,

Nt :St+It+Rt:N+1

In this case, if we further suppose that So = N, I = 1, Ry = 0, instead
of using (S, It), the epidemic may be described by the number of infected
individuals (not including the initial case) M;(¢) and the number of removals
M;(t) = R, during ]0,t], t € R’. Since we are dealing with a finite total
population, the number of infected individuals and the number of removals
are bounded, so that

EM,H]<N+1, k=12

The processes M (t) and Mz (t) are submartingales with respect to the history
(Ft)ter, of the process, i.e., the filtration generated by all relevant processes.
We assume that the two processes admit multiplicative stochastic intensities
of the form

Ai(t) = KG1(t=)(N — My (t-)),
Aa(t) = 6(1 + My (t—) — Ma(t—)),

respectively, where G1(t) is a known function of infectives in circulation at
time t. It models the release of pathogen material by infected individuals.
Hence

Zk(t) = Mk(t) - /t Ak(s)ds, k= 1,2,
0

are orthogonal martingales with respect to (F;);er,. As a consequence,
Aalen’s unbiased estimators for the infection rate x and the removal rate
0 are given by

M (t)
By(t—)’ By(t—)’

/%:
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where
Bu(t) = /O Gr(s)(N — Mi(s))ds,
Ba(l) = /O (14 My(s) — Ma(s))ds.

Theorem 1.3 in Jacobsen (1982, p. 163) gives conditions for a multivariate
martingale sequence to converge to a multivariate normal process. If such
conditions are met, then, as N — oo,

(Vaas5) v ((5)-)
I = (’8 g) .

In general, it is not easy to verify the conditions of this theorem. They surely
hold for the simple epidemic model presented above, where § = 0. Related
results are given in Ethier and Kurtz (1986) and Wang (1977) for a scaled

infection rate x — & (see the following section). See also Capasso (1990) for
additional models and related inference problems.

where

7.2 Population Dynamics: Continuous Approximation
of Jump Models

A more realistic model than the general stochastic epidemic of the preceding
section, which takes into account a rescaling of the force of infection due to
the size of the total population, is the following (Capasso (1993)):

s 1

K.
Q(s,i),(s—l,i—i-l) = NS’L = N/{NN
We may also rewrite
)

A(s,i),(ssi—1) = 5NN

so that both transition rates are of the form
N _ k
Qi k+1 = Ny <N>

for
k= (s,1)
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and;

)

_ (877;_1)7
k+l_{(s—1,i+1).

This model is a particular case of the following situation:
Let E =Z%U{A}, where A is the point at infinity of Z¢, d > 1. Further, let

B : 24 — Ry, lez?,

Z Bi(k) < +o0, for each k€ 2%
lezd

For f defined on Z%, and vanishing outside a finite subset of Z<, let

Af(z) = {%lezd Bi(x)(f(x +1) = f(=)), ’ iZAd',

Let (Y});eze be a family of independent standard Poisson processes. Let
X (0) € Z* be nonrandom and suppose

X(t) = X(0) +IGZZ; 1y, (/O m(X(s))ds) Lt < T (7.2)
X(t) = A, t> Too, (7.3)

where

Teo = Inf {t| X (t—) = A}.
The following theorem holds (Ethier and Kurtz 1986, p. 327).
Theorem 7.3.

1. Given X (0), the solution of system (7.2) and (7.3) above is unique.
2. If Ais a bounded operator, then X is a solution of the martingale problem
for A.

As a consequence, for our class of models for which

k
QI(CJ,\I?Jrl =Np (N) , kez ez

we have that the corresponding Markov process, which we shall denote by
X W) satisfies, for t < Too:

X(N)(t) _ X(N)(O) + Z Y, (N/tﬁl (%) ds) ,
0

leza
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where the Y; are independent standard Poisson processes. By setting

F(z) = Zlﬁl(:v), r e R?

lezd
and
1 -
xWV) — — x)
N )
we have
l N t
(N (4) = x(N) . (N)
XMy = XM (0)+ Y N (N/O B (X (s))ds>
lez?
t
+/zmwm@M& (7.4)
0
where

Yi(u) = Yi(u) —u

is the centered standard Poisson process. The state space for X (V) is
E —Em{kkezﬂ
N — Nu

for E C R%. We require that z € Ey and B(z) > 0 imply = + % € En. The
generator for X ) is

AN f(x)

_E:Amm@(f6w+%)—f@g

lez?

= Y N6 (£ (04 ) - 1) - §I@) + F@VI@), € By,

lezd

Of interest is the asymptotic behavior of the system for a large value of
the scale parameter N.
By the strong law of large numbers, we know that

lim sup

=0, a.s.,
N —o00 w<v

Ti(Nu)

for any v > 0. As a consequence, the following theorem holds (Ethier and
Kurtz 1986, p. 456).

Theorem 7.4. Suppose that for each compact K C E

S 1] sup () < +ox,

lezd rzeK
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and there exists Mg > 0 such that
|F(z) = F(y)| < Mg|z —yl,  zyek;
suppose X N) satisfies (7.4) above, with

lim X™(0) =z € R%

N —oc0

Then, for every t > 0,

lim sup | X ™) (s) — x(s)’ =0, a.s.,
N—o0 s<t

where x(t), t € Ry is the unique solution of

x(t) = a0+ /Ot F(xz(s))ds, t>0,

wherever it exists.

For the application of the preceding theorem to the general stochastic
epidemic introduced at the beginning of this section, see Problem 7.9. For
a graphical illustration of the foregoing calculations, see Figs.7.7 and 7.8.
Further, interesting examples may also be found in Sect. 6.4 of Tan (2002).
For further examples of models for population dynamics described by SDEs,
the reader may refer to Mao et al. (2002) and Mao et al. (2005).

7.3 Population Dynamics: Individual-Based Models

The scope of this chapter is to introduce the reader to the modeling of a sys-
tem of a large, though still finite, population of individuals subject to mutual
interaction and random dispersal. These systems may well describe the collec-
tive behavior of individuals in herds, swarms, colonies, armies, etc. [examples
can be found in Burger et al. (2007), Capasso and Morale (2009), Durrett and
Levin (1994), Flierl et al. (1999), Gueron et al. (1996), Okubo (1986), and
Skellam (1951)]. Under suitable conditions, the behavior of such systems, in
the limit of the number of individuals tending to infinity, may be described
in terms of nonlinear reaction-diffusion systems. We may then claim that
while SDEs may be utilized for modeling populations at the microscopic scale
of individuals (Lagrangian approach), partial differential equations provide a
macroscopic Eulerian description of population densities.

Up to now, Kolmogorov equations like that of Black—Scholes were linear
partial differential equations; in this chapter, we derive nonlinear partial dif-
ferential equations for density-dependent diffusions. This field of research,
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Fig. 7.7. Continuous approximation of a jump model: general stochastic epidemic
model with So = 0.6N, Iy = 0.4N, Ry = 0, rate of removal of an infective § = 107%;
infection rate of a susceptible k = 8 x 1072N; time step dt = 1072; interval of
observation [0,1500]. The three lines represent the simulated I;/N as a function of
time t for three different values of N

already well established in the general theory of statistical physics (e.g., De
Masi and Presutti 1991; Donsker and Varadhan 1989; Méléard 1996), has
gained increasing attention since it also provides the framework for the mod-
eling, analysis, and simulation of agent-based models in economics and finance

(e.g., Epstein and Axtell 1996).

The Empirical Distribution

We start from the Lagrangian description of a system of N € N\ {0,1}
particles. Suppose the kth particle (k € {1,...,N}) is located at X% (t) €
RY, at time ¢ > 0. Each (X} (t))ier, is a stochastic process valued in the
state space (R?, Bga), d € N\ {0}, on a common probability space (£2, F, P).
An equivalent description of the foregoing system may be given in terms of
the (random) Dirac measures exr ) (b =1,2,..., N) on Bga such that, for

any real function f € Cy(R?), we have

/Rd F@exk @ (dy) = f(XN(1)) -

As a consequence, information about the collective behavior of the N particles
is provided by the so-called empirical measure, i.e., the random measure on R%

] =

1
XN(t) Z:N €X§,(t)7 tER.,.

k=1



7.3 Population Dynamics: Individual-Based Models 365

0.95

0 0.02 0.04 0.06 0.08 0.1 0.12 0.14
S/N

Fig. 7.8. Continuous approximation of a jump model: the same model as in Fig. 7.7
of a general stochastic epidemic model with Sy = 0.6N, Iy = 0.4N, Ry = 0, rate
of removal of an infective § = 1074, infection rate of a susceptible k = 8 x 1073 N,
time step dt = 10~2, interval of observation [0,1500]. The three lines represent the
simulated trajectory (S¢/N, I:/N) for three different values of N

This measure may be considered as the empirical spatial distribution of the
system. It is such that for any f € Co(R%)

N
1
WX Oy = 5D F (XK (D).
k=1
In particular, given a region B € Bpa, the quantity
[Xn()](B) = %card{X]’f,(t) e B)

denotes the relative frequency of individuals, out of N, that at time ¢ stay
in B. This is why the measure-valued process

N
1
XNZf€R+ —>XN(t) = NZGX}%@) EMRd
k=1

is called the process of empirical distributions of the system of N particles.

Evolution Equations

The Lagrangian description of the dynamics of a system of interacting parti-
cles is given via a system of SDEs. Suppose that for any k € {1,..., N} the
process (X% (t))ier, satisfies the SDE
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AX5(t) = Fx[Xn(O))(XE(t)dt + ondWE (1), (7.5)

subject to a suitable initial condition X% (0), which is an R%-valued random
variable. Thus, we are assuming that the kth particle is subject to random
dispersal, modeled as a Brownian motion W*. In fact, we suppose that W,

k=1,...,N,is a family of independent standard Wiener processes. Further-

more, the common variance o3 may depend on the total number of particles;

o
we will suppose that lim - =0.
N—o0

The drift term is defined in terms of a given function
Fy : Mga — C(R)

and it describes the “interaction” of the kth particle located at X% (t) with
the random field X (t) generated by the whole system of particles at time ¢.
An evolution equation for the empirical process (Xn(t)):cr, can be obtained
thanks to Itd’s formula. For each individual particle k € {1,..., N}, subject
to its SDE, given f € CZ(R? x R;), we have

t
f(XR(0),t) = £ (XX(0),0) +/0 Fx[Xn(s)] (XX (5)) VI (XN(s),5) ds
‘1o k o k
+/0 [%f (XN(S),S) + 7Af (XN(S),S) ds
+on /t VI (XR(s),s) dWk(s). (7.6)
0
Correspondingly, for the empirical process (Xn(t))ier, we get the following

weak formulation of its evolution equation. For any f € Cg ’1(Rd x Ry) we
have

t
(Ex (), £ 0) = (Xn(0) FC,0) + [ (Xn (o), Ex X))V} s
0
t 2
# [ (v B st + it )as
t
o
+WN/ STVF (XK (s),5) dW(s). (7.7)
0 %
In the previous expressions, we used the notation
.y = [ f@nto) (7.9
for any measure u on (R Bra) and any (sufficiently smooth) function f :
R? — R.
The last term of (7.7) is a martingale with respect to the natural

filtration of the process (Xn(t))icr, . Hence we may apply Doob’s inequality
(Proposition 2.125) such that, for any finite T' > 0,
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] _ AR IVSIET

B [sup (s | < 225

t<T
This shows that, for IV sufficiently large, the martingale term, which is the
only source of stochasticity of the evolution equation for (Xn())cr, , tends to

zero, for N tending to infinity, since Vf is bounded in [0, T], and %\2‘}—[ — 0 for
N tending to infinity. Under these conditions we may conjecture that a limit-
ing measure-valued deterministic process (Xo(t))ier, exists whose evolution
equation (in weak form) is

(Xoo(t), f(-11)) = (Xs0(0), f(-,0)) +/0 (Xoo(8), F[Xoo(s)|()Vf (-, 8)) ds
t 0.2
+/0 <XOO(S), ?”Af(v S) + %f(v S)> ds
for Ugo > 0.

Actually, various nontrivial mathematical problems arise in connection
with the existence of a limiting measure-valued process (X (t))tcr, - A typical
procedure includes the following:

(a) Show the convergence of the stochastic empirical measure process Xy to
a deterministic measure process X:

Xy B Xo € C([0,T], M(R%)).

(b) Identify the limiting measure process and possibly show its absolute
continuity with respect to the usual Lebesgue measure on R?, i.e., for
any t € [0, T

Xoo = p(-, t)v.

(c) Prove existence and uniqueness for the solution of the deterministic
density p(x,t) of X (t) satisfying their asymptotic evolution equation.

7.3.1 A Mathematical Detour

In the following subsections we will show how the foregoing procedure has been
carried out in particular cases. We start by recalling basic facts regarding the
relevant mathematical environment required for carrying out the foregoing
procedure.

The Relevant Processes

Within the measurable space (R, Bga), consider the following family of
stochastic processes on a common probability space:
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Xypt)eRY, tel0,T], 1<k<N,

for N € N\ {0}; then define the empirical measure associated with the
preceding family:

N

1
XN(t):NZEX}%(t) EM(Rd).
k=1

If, for all 1 < k < N, the trajectories of {X}(t) € R, t €[0,T]} are
continuous on [0, T}, then

Xy = {Xn(t), t €[0,T]} € C([0,T], M(R%)).

The Relevant Metrics

On M(RY) take the BL (bounded Lipschitz) metric

dpr(p,v) == sup ({u, f) — (v, f)) =: [ — v,
feEH

where

Mo = {fer(Rd)l £l = sup @)+ sup =IO 1},
zERY

cyeRiary T =Y

and (u, f) has been defined in (7.8).

Note that on M(R?) BL-convergence is equivalent to weak convergence
(Sect. B.1).

Correspondingly, on C([0,T], M(R%)), T > 0 we shall use the uni-
form metric with respect to ¢t € [0,T], so that the distance between p,v €
C([0,T], M(R%)) is given by

sup_|[u(t) —v(t)]1.
0<t<T

On the space of probability measures M (C([0, T], M(R?)) we shall adopt
the topology of weak convergence, too.

The Relevant Polish Spaces

Theorem 7.5. R? endowed with the usual Euclidean metric, is a Polish
space; hence, M(R?), C([0,T], M(R?)), and M(C([0,T], M(R%))), endowed
with the aforementioned metrics, are Polish spaces.
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Recall that in Polish spaces relative compactness and tightness are
equivalent.

An important criterion to show relative compactness (tightness) in
C([0,T], M(R%)) is the following one, derived from Theorem B.91 (Ethier
and Kurtz 1986).

Theorem 7.6. Consider a sequence (Xn)nen of stochastic processes in
C([0,T), M(RY)), and let FYN = o {Xn(s)|s <t} be the natural filtration
associated with {Xn(t),t € [0,T]}. Suppose that

(i) (Pointwise compactness control) for any real positive € and for any non-
negative rational t, a compact Iy o exists such that

i%fP(XN(t) €l)>1—¢

(i) (Small variations during small time intervals) let « > 0; for any real
§ € (0,1), a sequence (v%(8))nen of nonnegative real random variables
exists such that

lim limsup E[y% (6)] =0

-0 Nooo
and, for any t € [0,T],
E[[| Xn(t+0) = Xn(O)IT1F] < ELR (9)IF].
Then (L(XN))Nen 45 a tight sequence of probability laws.

Within this mathematical setting, procedures (a), (b), and (c) mentioned
previously become

(i) Show the relative compactness of the sequence (L(Xn))nem {0}, Which
corresponds to an existence result for the limit £(X);

(ii) Show the regularity of the possible limits; we show that the possible limits
{X(t),t € [0,T]} are absolutely continuous with respect to the Lebesgue
measure for almost all ¢t € [0,T] P — a.s.;

(iii) Identify the dynamics of the limit process, i.e., all possible limits are
shown to be a solution of a certain deterministic equation that we assume
to have a unique solution (this corresponds to the uniqueness of the limit

L(X)).

It will be realized that actually items (i) and (iii) are taken together.

7.3.2 A “Moderate” Repulsion Model

As an example we consider the system [due to Oelschliager (1985)]

1

N
-~ >V (XR() = XR () dt + dWE(2), (7.9)

m=1,m#k

dxk (1) =
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where Wk, k = 1,...,N, represent N independent standard Brownian
motions valued in R? (here all variances are set equal to 1). The kernel Vi is
chosen of the form

Vn(x) =xiZVilxwx),  xeRY, (7.10)

where V] is a symmetric probability density with compact support in R% and
xv =N, geo

With respect to the general structure introduced in the preceding subsection
on evolution equations, we have assumed that the drift term is given by

Fx[Xn ()] (XK (1) = =[VVN * Xn(1)] (X3 (1))
== > I (X - XR0).
m=1,m#k

System (7.9) describes a population of N individuals, subject to random
dispersal (Brownian motion) and to repulsion within the range of the ker-
nel Viy. The choice of the scaling (7.10) in terms of the parameter S means
that the range of interaction of each individual with the rest of the population
is a decreasing function of N (correspondingly, the strength is an increasing
function of ). On the other hand, the fact that /5 is chosen to belong to 0, 1|
is relevant for the limiting procedure. It is known as moderate interaction
and allows one to apply suitable convergence results (laws of large numbers)
(Oelschlager 1985).
For the sake of useful regularity conditions, we assume that

Vi= W= Wy,

where W is a symmetric probability density with compact support in R?,
satisfying the condition

/ (14 |A[*)[I71 (A)[2dA < oo (7.11)
Rd

for some a > 0 (here W, denotes the Fourier transform of W1). Henceforth,
we also make use of the following notations:
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so that system (7.9) can be rewritten as
AX % (t) = —Vgn (XX (), t)dt + dWk(t),  k=1,...,N.

The following theorem holds.
Theorem 7.7. Let

1 N
Xn(t) =5 D_exio
k=1

be the empirical process associated with system (7.9). Assume that

1. Condition (7.11) holds;

2. B €0, z%551;
3.
sup E[(Xn(0), 1)) <00,  ¢i(zx) = (1L +2H)%
NeN
4. ,
sup E [||hn (-, 0)][3] < oo
NeN
5.

lim £(Xn(0) = ex, in M(M(R?)),

N—o0

where Xg is a probability measure having a density pg € CZ?JFO‘(Rd) with
respect to the usual Lebesque measure on RY.

Then the empirical process X converges to a deterministic law Xoo; more
precisely,

lim £(Xy)=ex. in M(C(0,T], M(R%)),

N—o00

where
Xoo = (Xoo(t))o<t<r € C([0,T], M(R?))

admits a density

peC TR < [0, 1)),
which satisfies
0 1

Equation (7.12) includes nonlinear terms, as in the porous media equation
(Oelschlager 1990). This is due to the repulsive interaction between particles,
which in the limit produces a density-dependent diffusion. A linear diffu-
sion persists because the variance of the Brownian motions in the individual
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equations was kept constant. We will see in a second example how it may
vanish when the individual variances tend to zero for N tending to infin-
ity. We will not provide a detailed proof of Theorem 7.7, even though we
are going to provide a significant outline of it, leaving further details to the
referred literature.

By proceeding as in the previous subsection, a straightforward application
of Doob’s inequality for martingales (Proposition 2.125) justifies the vanishing
of the noise term in the following evolution equation for the empirical measure

(XN (t))teﬂhi
<XN(t)u f(vt)> = <XN(O)= f(70)> +‘/0 <XN(S)7 VQN(W S)Vf(', S)) ds
¢ o? 0
—|—/0 <XN(5), 7Af(-, s)+ &f(,s)> ds
o [ k k
#5 f)  (ks)0) W),

for a given T > 0 and any f € Cf’l(Rd x [0,7T]). The major difficulty in a
rigorous proof of Theorem 7.7 comes from the nonlinear term

¢
Zxs(0) = [ C0n(). Van (s)VI ) ds. (7.13)
0
If we rewrite (7.13) in an explicit form, we get

t N
Enf(t) = /0 % Z VVn (lef[(s) — X}(}(s)) A\ (X]]f,(s),s) ds.

k,m=1

Since, for g > 0, the kernel Vy — &g, namely the Dirac delta function, this

shows that, in the limit, even small changes of the relative position of neigh-

boring particles may have a considerable effect on = ¢(¢). But in any case,

the regularity assumptions made on the kernel Viy let us state the following

lemma, which provides sufficient estimates about gy and hy as defined above.
The proof of Theorem 7.7 proceeds by the following steps.

Lemma 7.8. Under the assumptions of Theorem 7.7,

(i) The process

t — <XN(t),<p1 >6_Ct

is a supermartingale, for a suitable choice of C' > 0;
(i) The process

t = <XN(t),(p1 >60t

s a submartingale, for a suitable choice of C' > 0.
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Thanks to Doob’s inequalities for martingales, a significant consequence
of the foregoing lemma is the following one.

Lemma 7.9. Given a T > 0, for any 6 > 0 there exists a compact Ks in
(Mp(RY),dpL) such that

: ~1_6
z%/%fN]P){XN(t) €Ks, Vt€[0,T]}>1-6

Furthermore, the following can be shown using It6’s formula.

Lemma 7.10. Given a T > 0, for any A > 0, there exists a sequence
{vﬁ(A)}NeN of nonnegative random variables such that

Eldpr(Xn(t+2), Xn(0))|F] SENR(A)F] 0<t<T-ANEeN,

with
lim limsup E[y% (A)] = 0.

-0 nooo

The following proposition is a consequence of the foregoing lemmas,
together with Theorem 7.6.

Proposition 7.11 With Xy as above, the sequence L(Xy) is relatively
compact in the space M(C([0,T], M(R?))).

By Proposition 7.11, we may claim that a subsequence of (L(Xn))nyen exists
that converges to a probability measure on the space M(C([0,T], M(R%))).
The Skorohod representation Theorem B.71 then assures that a process X%
exists in C([0, T, M(R?)) such that

lim Xy, = X*

l JA a.s. with respect to P.
xde el

If we can assure the uniqueness of the limit, then all X* will coincide with
some X .

By now, we assume uniqueness, so that we may take {N;} = N; by the
Skorohod theorem, we may assert that, corresponding to the possible unique
limit law, we can also have an almost sure convergence, i.e.,

lim supdpr(Xn(t), Xeo(t)) =0 P—as.
N~>ootST

The following theorems holds (Oelschlager 1985).

Theorem 7.12. Under the foregoing assumptions, suppose further that Wy €
L2(R%) is such that, for some § > 0 and oo > 0,

sup E
NeN

T —_—
/ /(1+|)\|0‘2)|hN(/\,t)|2d/\dt < +oo.
d Rd
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Then the limit measure Xoo € Mp([0,T] x RY) has P-a.s. a density
hoo € L* ([0,T] x RY)

with respect to the Lebesque measure on [0,T] x R?, ie., for any
f € Cy([0,T] x RY)

T T
/ ft,2) X oo (da, dt) = / flt,x)hoo (t, x)dx dt. (7.14)
0 R4 0 Rd

Remark 7.13. A priori, the limiting process X, may still be a random process
in C([0, T], M(R?)). Further, we do not know whether, given a time ¢ € [0, T,
Xn(t) admits a density (possibly deterministic) with respect to the usual
Lebesgue measure on R%. The following analysis leads to an answer to both
questions.

The proof of Theorem 7.7 requires further analysis in order to acquire
more information about the limit dynamics.

The following result can be shown (M p denotes the subspace of probability
measures of M).

Theorem 7.14. Under the hypotheses of Theorem 7.12, let us suppose that
a law of large number holds at initial time
Jim L(Xn(0)) = by, in Mp(Mp(RY),
—00

where o has a density po in L2(R%) N CZ(RY). Then, almost surely, for any
feCr (RERY),0<t<,T,

(Xoo(t), f(-,1)) = (1o, £(-,0))
1

— 5/0 (Vhoo(+,8), (1 + 2hoo (-, 8))V f(+,8))ds  (7.15)

+ /0 (hoo(+, 8), %f(’ s))ds.

So far we have shown that any limit measure X., € C([0, T], Mp(R?)) is
a solution of (7.15), with hee € L? ([0, T] x R?), satisfying (7.14).

We should prove that for any ¢ € [0,T], the measure X (¢) is absolutely
continuous with respect to the Lebesgue measure, so it admits a density for
each t € [0,T]. Thanks to a known result, we can prove that by showing that
the Fourier transform of the measure X (t) is in L? for any ¢ € [0, T]; thus,
a density exists which belongs to L?(R?%), and we prove that it is also L2
uniformly bounded. Indeed one can show that (Oelschldger 1985)

Il > [ 150 P (7.16)
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Thus we may state that for any fixed ¢ € [0,7T] the measure X, (¢) has a
density with respect to the Lebesgue measure on R?, and because of (7.14),
we also have

Xoo(t) = hoo (-, )%, (7.17)

where v¢ denotes the Lebesgue measure on R%. Furthermore, again from (7.16)
and (7.17), the density is bounded in L?

1o (-5 t)ll2 < [lPoll2-

So we may finally state the following theorem.

Theorem 7.15. Under the hypotheses of Theorem 7.12, let us suppose that
a law of large number applies at initial time

#mﬁ@ﬂ%z&bm,MﬂMﬂW»
— 00
where Xo has a density po in L*(RY) N CZ(RY). Then, almost surely, the

sequence X n converges in law to a Xo. For any t € [0,T] the measure Xoo(t)
has a density hoo(+,t) such that for any f € Cg’l(Rd,RJr),O <t<,T,

(hoo (-5 1), f (- 1)) = (po, f (-, 0))
1

- 5/0 (Vhoo (-, 8), (1 + 2heo (-, 8))Vf (-, 8))ds (7.18)

K 0
+ [ hocle9) g s,

One can easily see that (7.18) is the weak form of the following partial
differential equation:

D oa,t) = 500(,0) + V- (p(a, ) Vp(a)
p(z,0) = po(z), =R (7.19)

The uniqueness of the limit ho, derives from the uniqueness of the weak
solution of the viscous Equation (7.19), in C§+a’l+a/2(Rd x [0,T7), as it can
be achieved via classical arguments (Ladyzenskaja et al. 1968).

We may thus conclude that if we assume that X (0) admits a determinis-
tic density po at time ¢ = 0, then (Xoo(t))se[o,r] satisfies a deterministic evo-
lution equation and is thus itself a deterministic process on C([0, T], M(R?)).

From the general theory we know that (7.19) admits a unique solution
pe CHrITe2 (R [0, T7)).

It satisfies itself (7.14), so that we may claim it is a version of the density
of the limit measure X, thereby concluding the main theorem.
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7.3.3 Ant Colonies

As another example, we consider a model for ant colonies. The latter provide
an interesting concept of aggregation of individuals. According to a model
proposed in Morale et al. (2005) (see also Burger et al. 2007; Capasso and
Morale 2009), [based on an earlier model by Griinbaum and Okubo (1994)],
in a colony or in an army (in which case the model may be applied to any cross
section), ants are assumed to be subject to two conflicting social forces: long-
range attraction and short-range repulsion. Hence we consider the following
basic assumptions (see Figs. 7.9, 7.10, 7.11):

(i) Particles tend to aggregate subject to their interaction within a range of
size R, > 0 (finite or not). This corresponds to the assumption that each
particle is capable of perceiving the others only within a suitable sensory
range; in other words, each particle has a limited knowledge of the spatial
distribution of its neighbors.

(ii) Particles are subject to repulsion when they come “too close” to each
other.

We may express assumptions (i) and (ii) by introducing in the drift term
Fy in (7.5) two additive components (Warburton and Lazarus 1991): F7,
responsible for aggregation, and F3, for repulsion, such that

Fny =F + Fs.

Aggregation Term F}

We introduce a convolution kernel G, : R¢ — R, having a support confined
to a ball centered at 0 € R? and radius R, € R, as the range of sensitivity for
aggregation, independent of N. A generalized gradient operator is obtained
as follows. Given a measure x on R%, we define the function

VG # i) (z) = / VGl - yluldy), 7R,

as the classical convolution of the gradient of the kernel G, with the measure
u. Furthermore, G, is such that

Ga() = Ga(|2]), (7.20)

with Gy a decreasing function in R;. We assume that the aggregation term
Fy depends on such a generalized gradient of Xy (t) at X (¢):

AXn (0] (X5 (1) = [V * Xn(0)] (X5 (). (7.21)
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This means that each individual feels this generalized gradient of the measure
Xn(t) with respect to the kernel G,. The positive sign for F; and (7.20)
expresses a force of attraction of the particle in the direction of increasing
concentration of individuals.

We emphasize the great generality provided by this definition of a gener-
alized gradient of a measure y on R?. Using particular shapes of G, one may
include angular ranges of sensitivity, asymmetries, etc. at a finite distance
(Gueron et al. 1996).

Repulsion Term F3

As far as repulsion is concerned, we proceed in a similar way by introducing
a convolution kernel Vy : R — R, , which determines the range and the
strength of influence of neighboring particles. We assume (by anticipating a
limiting procedure) that Vi depends on the total number N of interacting
particles. Let V; be a continuous probability density on R% and consider the
scaled kernel V() as defined in (7.10), again with 8 €]0, 1[. It is clear that

lim VN = 60,
N—+oco

where dg is Dirac’s delta function. We define

B[Xn®)] (XK (#) = = (VVN = Xn(#)) (XK (2))

N
_% D VN (XK () - X)) . (T:22)

m=1

This means that each individual feels the gradient of the population in a small
neighborhood. The negative sign for Fy expresses a drift toward decreasing
concentration of individuals. In this case the range of the repulsion kernel
decreases to zero as the size N of the population increases to infinity.

Diffusion Term

In this model, randomness may be due to both external sources and “social”
reasons. The external sources could, for instance, be unpredictable irregular-
ities of the environment (like obstacles, changeable soils, varying visibility).
On the other hand, the innate need of interaction with peers is a social factor.
As a consequence, randomness can be modeled by a multidimensional Brow-
nian motion Wy.

The coefficient of dW, is a matrix function depending upon the distri-
bution of particles or some environmental parameters. Here, we take into
account only the intrinsic stochasticity due to the need of each particle to
interact with others. In fact, experiments carried out on ants have shown this
need. Hence, simplifying the model, we consider only one Brownian motion
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dW; with the variance of each particle o depending on the total number of
particles, not on their distribution. We could interpret this as an approxima-
tion of the model by considering all the stochasticities (also those due to the
environment) modeled by ondW;.

Since oy expresses the intrinsic randomness of each individual due to its
need for social interaction, it should be decreasing as N increases. Indeed,
if the number of particles is large, the mean free path of each particle may
reduce down to a limiting value that may eventually be zero:

lim oy = 05 > 0. (7.23)

N —oc0

Scaling Limits

Let us discuss the two choices for the interaction kernel in the aggregation
and repulsion terms, respectively. They anticipate the limiting procedure for
N tending to infinity. Here we are focusing on two types of scaling limits, the
McKean—Vlasov limit, which applies to the long-range aggregation, and the
moderate limit, which applies to the short-range repulsion. In the previous
subsection, we already considered the moderate limit case.

Mathematically the two cases correspond to the choice made on the inter-
action kernel. In the moderate limit case (e.g., Oelschlédger 1985) the kernel
is scaled with respect to the total size of the population N via a parameter
B €]0,1[. In this case the range of interaction among particles is reduced to
zero for N tending to infinity. Thus any particle interacts with many (of order

N 1

a—N)) other particles in a small volume (of order W); if we take a(N) = N7,

then both «(N) and % tend to infinity. In the McKean—Vlasov case (e.g.,
Méléard 1996) 5 = 0, so that the range of interaction is independent of N,
and as a consequence any particle interacts with order N other particles.

%

Fig. 7.9. A simulation of the long-range aggregation (7.21) and short-range repul-
sion (7.22) model for an ant colony with diffusion
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This is why in the moderate limit we may speak of mesoscale, which lies
between the microscale for the typical volume occupied by each individual
and the macroscale applicable to the typical volume occupied by the total
population. Obviously, it would be possible also to consider interacting particle
systems rescaled by 8 = 1. This case is known as the hydrodynamic case, for
which we refer the reader to the relevant literature (De Masi and Presutti
1991; Donsker and Varadhan 1989).

The case f > 1 is less significant in population dynamics. It would mean
that the range of interaction decreases much faster than the typical distance
between neighboring particles. So most of the time particles do not approach
sufficiently close to feel the interaction.

Ra =7;t=25 Ra = 5; t=350

0.15.. -
04
0.05)

10

0.15..
01l
0.05

10

Fig. 7.10. A simulation of the long-range aggregation (7.21) and short-range repul-
sion (7.22) model for an ant colony with diffusion (smoothed empirical distribution)

Evolution Equations

Again, the fundamental tool for deriving an evolution equation for the em-
pirical measure process is It6’s formula. As in the previous case, the time
evolution of any function f (X% (t),t), f € CZ(R? x Ry), of the trajectory
(X}f,(t))te]R+ of the kth individual particle, subject to SDE (7.5), is given

by (7.6). By taking into account expressions (7.21) and (7.22) for F} and F,
and (7.8), then from (7.6), we get the following weak formulation of the time
evolution of Xy (t) for any f € C’g’l(Rd x [0, 0ol):
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(v (0,70 = (Xn0).56.0) + [ (X(s), (X(s) 5 VGa) - V() ds
-/ (X (), Van(rs) - V1 ) ds
# [ (o) Beasts + ) as

Zk:Vf (XN (5),5) dW*(s), (7.24)

gn (2, 1) = (Xn(t) * Vi)(2).

Also for this case we may proceed as in the previous subsection on evolution

Ra = 3; t=25 Ra = 5; t=35
20 20
40 40
60 60
80 80
100 100
20 40 60 80 100 20 40 60 80 100
Ra = 3; t=50 Ra = 1;t=100
20 20
40 40
60 60
80 80
100 100
20 40 60 80 100 20 40 60 80 100

Particle = 100; alpha = 1; gamma = 1

Fig. 7.11. A simulation of the long-range aggregation (7.21) and short-range re-
pulsion (7.22) model for an ant colony with diffusion (two-dimensional projection of
smoothed empirical distribution)

equations with the analysis of the last term in (7.24). The process

Mu(£,0) = [ 32VI (Xh(s),5) aWHs), e (0,7)
k
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is a martingale with respect to the process’s (Xn())icr, natural filtration.
By applying Doob’s inequality (Proposition 2.125), we obtain

2
402 IV FIIZ.T
E [SUP|MN(f,t)|:| < %
t<T

Hence, by assuming that oy remains bounded as in (7.23), My (f,-) vanishes
in the limit N — oo. This is again the essential reason for the deterministic
limiting behavior of the process, since then its evolution equation will no
longer be perturbed by Brownian noise.

We will not go into more detail at this point. The procedure is the same as
for the previous model. But here we confine ourselves to a formal convergence
procedure. Indeed, let us suppose that the empirical process (Xn(t))ier,
tends, as N — oo, to a deterministic process (X (t))ter,, which for any ¢
is absolutely continuous with respect to the Lebesgue measure on R?, with
density p(z,t):

lim (Xn (1), f(,1)) = (X (), f(-,1))

N —o00

= [ f(z,t)p(z, t)dx, t>0.
As a formal consequence we get

lim gy(x,t) = lim (Xn(¢) * Vn)(x) = p(x,t),

N—o0 N —oc0

N—00

Jim (X (1) = VGa)(z) = (X(1) * VGa(x))

= /VGa(w —y)p(y,t)dy.

Hence, applying the foregoing limits, from (7.24) we obtain

f(z, t)p(x, t)dx
Rd
= f(,0)p(z, 0)dx

Rd
t
+/ ds/ dz [(VGq * p(-,8))(x) — Vo(z,8)] - Vf(z,9)p(z,s)
0 Rd

¢ 0 o2
—l—/o ds /]Rd dx [af(:v,s)p(:v,s) + TAf(x,s)p(x,s) , (7.25)
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where 04 is defined as in (7.23).
Note that (7.25) is a weak version of the following equation for the spatial
density p(z,t):

& 1) = T2 0pla ) + V- ol )V, 1)

=V - [p(x,t)(VGq * p(-, 1) (2)], reRYt>0, (7.26)

p(x,0) = po().
In the degenerate case, i.e., if (7.23) holds with equality, (7.26) becomes

0

S50l@,t) =V (o, )Vp(w,6)) = V- [pl, ) (VGa  p( D) (@)).  (727)

As in the preceding subsection on moderate repulsion, we need to prove the
existence and uniqueness of a sufficiently regular solution to (7.27). We refer
the reader to Burger et al. (2007) and Nagai and Mimura (1983) as well as to
Carrillo (1999) for a general discussion of this topic; for rigorous convergence
results in the case 0o > 0, the reader may refer to Capasso and Morale (2009).

A Law of Large Numbers in Path Space

In this section we supplement our results on the asymptotics of the empirical
processes by a law of large numbers in path space. This means that we study
the empirical measures in path space

1 N
XN:N E 6X§(-)’
k=1

where X% (-) = (X% (¢))o<i<r denotes the entire path of the kth particle in
the time interval [0, T]. The particles move continuously in R?. Moreover, X y
is a measure on the space C([0, 7], R?) of continuous functions from [0, 7] to
R?. As in the case of empirical processes, one can prove the convergence of X x
to some limit Y. The proof can be achieved with a few additional arguments
from the limit theorem for the empirical processes.

By heuristic considerations in Morale et al. (2005), we get a convergence
result for the empirical distribution of the drift Vgy(-,t) of the individual
particles

T
j\}gnm o (Xn(),IVgn (1) = Vp(, 1)]) dt =0, (7.28)
b [ (X (), [Xn () % TG — VG % (o)) di = 0

N—oo Jq
So (7.28) allows us to replace the drift
Vgn(-,t) — Xn(t) * VG,



7.3 Population Dynamics: Individual-Based Models 383

with the function
Vo(-,t) = VGg * p(-,t)

for large N. Hence, for most k, we have Xy (t) ~ Y (¢), uniformly in ¢ € [0, 7],
where Y =Y (t), 0 <t < T, is the solution of

AY () = [VGa * p(, )Y (£)) = Vp(Y (1)) dt + 0sdWE(E),  (7.20)
with the initial condition, for each k =1,..., N,
Y (0) = X%(0). (7.30)

So not only does the density follow the deterministic Equation (7.26), which
presents the memory of the fluctuations by means of the term %=Ap, but also
the stochasticity of the movement of each particle is preserved.

For the degenerate case 0o, = 0, the Brownian motion vanishes as N — oo.
From (7.29) the dynamics of a single particle depends on the density of the
whole system. This density is the solution of (7.27), which does not contain
any diffusion term. So, not only do the dynamics of a single particle become
deterministic, but there is also no memory of the fluctuations present when the
number of particles N is finite. The following result confirms these heuristic
considerations (Morale et al. 2005).

Theorem 7.16. For the stochastic system (7.5)—(7.22) make the same as-
sumptions as in Theorem 7.7. Then we obtain

N —oc0

1 N
lim E |— Xkt -y =0
im N;?g! k() —Y () ,

where Y is the solution of (7.29) with the initial solution (7.30) for each
k=1,...,N and p is the density of the limit of the empirical processes, i.e.,
it is the solution of (7.27).

Additional problems of the same kind arising in biology can be found in
Champagnat et al. (2006) and Fournier and Méléard (2004).

Long Time Behavior

In this section we investigate the long time behavior of the particle system,
for a fixed number N of particles.

Interacting-Diffusing Particles
First of all, let us reconsider our system, with a constant o € RY,

dXN @) = [(V(G—Vn)xXy) (X§(1)] dt
+odWk(t), k=1,...,N.
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It can be shown (Malrieu 2003) that the location of the center of mass Xy
of N particles,

_ 1L,
XN(t) = NZXN(t)v
k=1

evolves according to the equation

N
dXn (1) = —% SOV (Vi — G) (XK () — X (5)dt + odVV (2),
k=1

where W (t) = + Zszl Wk (t) is still a Brownian motion; because of the sym-
metry of kernels V7 and G, the first term on the right-hand side vanishes,
which leads to

dXn(t) = adW (1),

i.e., the stochastic process Xy is a Wiener process. Hence, its law, conditional
upon the initial state, is

— — — — 0’2
L(Xnt)|Xn(0) =L (Xn(0),0°W(t) =N <XN(O), Nt) ,
with variance ‘7—; t, which, for any fixed N, increases as t tends to infinity.
Consequently we may claim that the probability law of the system does not
converge to any nontrivial probability law since otherwise the same would
happen for the law of the center of mass.

A Model with a Confining Potential
We then consider a modification to the foregoing system as follows:

dX§(t) = [MVUXK () + 72 (V (G = V) * Xn) (X3 (1))] dt
+odWk(t), k=1,...,N,

where 1,72 € Ry
This means that particles are also subject to a force due to the confining
potential U. Equations of the type

dXt = —VP(Xt) + Uth (731)

have been thoroughly analyzed in the literature. Under the sufficient condition
of strict convexity of the symmetric potential P it has been shown (Malrieu
2003; Carrillo et al. 2003; Markowich and Villani 2000) that system (7.31)
does admit a nontrivial invariant distribution.

From a biological point of view a strictly convex confining potential is
difficult to explain; it would mean an infinite range of attraction of the force
which becomes infinitely strong at the infinite.
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A weaker sufficient condition for the existence of a unique invariant mea-
sure has been suggested more recently by Veretennikov (1997), Veretennikov
(2005), following Has'minskii (1980). This condition states that there exist
constants My > 0 and r > 0 such that for |z| > My

x r
—VP(x), —) < ——. (7.32)
< || ||

It is easy to prove that without any further condition on the interaction
kernels Vy and G, condition (7.32) is satisfied by considering the following
condition on U.

There exist constants My > 0 and 7 > 0 such that
x

(VU(,T) ) < —é, |z > Mo, (7.33)

'z

where (-, ) denotes the usual scalar product in R%.

We may then apply the results by Veretennikov (2005) and prove the exis-
tence of a unique invariant measure for the joint law of the particles locations.

Condition (7.33) means that VU may decay to zero as |z| tends to infinity,
provided that its tails are sufficiently “fat.”

Let Py’ (t) denote the joint distribution of N particles at time ¢, condi-
tional upon a nonrandom initial condition z(, and let Ps denote the invariant
distribution. As far as the convergence of Py (t) is concerned, for ¢ tending to
infinity, as in Veretennikov (2005), one can prove the following result (Capasso
and Morale 2009).

Proposition 7.17 Under the hypotheses of existence and uniqueness and
the foregoing assumptions on U, for any k, 0 < k < 7 — %i — 1 with m €
(2k + 2,27 — Nd) and 7 = 1 Nr, there exists a positive constant ¢ such that

|P]gf,0(t) - Pf}‘ < (1 + |xo|™)(1 + t)—(k-l,—l)’

where | PP (t) — Py| denotes the total variation distance of the two measures,
i.e.,

|PRe(t) — Py| = o [PRO(t)(A) — PR(A)],

and xg the initial data.

So Proposition 7.17 states a polynomial convergence rate to invariant mea-
sure. To improve the rate of convergence, one has to consider more restricted
assumptions on U.

Important and interesting results, extending those presented in this chap-
ter, regarding the mean field approximation to a system of N interacting par-
ticles whose time evolution is governed by a system of stochastic differential
equations, can be found in Bolley (2005) and Bolley et al. (2007).
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7.3.4 Price Herding

As an example of herding in economics we present a model for price herding
that has been applied to simulate the prices of cars (Capasso et al. 2003).
The model is based on the assumption that prices of products of a similar
nature and within the same market segment tend to aggregate within a given
interaction kernel, which characterizes the segment itself. On the other hand,
unpredictable behavior of individual prices may be modeled as a family of
mutually independent Brownian motions. Hence we suppose that in a segment
of N prices, for any k € {1,..., N} the price Xk (t), t € Ry, satisfies the
following system of SDEs:

axk (1
X5

= FL[X(®)] (XK (1)) dt + ou(X(t))dW"(t).

As usual, for a population of prices it is more convenient to consider the
evolution of rates. For the force of interaction F}, which depends upon the
vector of all individual prices

X(t) = (Xn(t),..., XN (),

we assume the following model, similar to the ant colony of the previous
subsection:

N , Bi .
RIXOI(80) = 5 3 5 (7)) 98 (X0 - x40) s (130

the drift (7.34) includes the following ingredients:
(a) The aggregation kernel

1 2

Kolw) = e ™
1 22
VEK,(z) = - a e 27

a2 V2ma?

(b) The sensitivity coefficient for aggregation

1 < (1) > P
A \ g (t) ’
depending (via the parameters A;; and §;z) on the relative market share
I;(t) of product j with respect to the market share Ix(t) of product k.
Clearly, a stronger product will be less sensitive to the prices of competing
weaker products;
(c) The coefficient + takes into account possible crowding effects, which are

N
also modulated by the coefficients A;y.
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As an additional feature a model for inflation may be included in F). Given
a general rate of inflation (at)tenh, Fj may include a term sia: to model via
sk the specific sensitivity of price k. We leave the analysis of the model to the
reader, who may refer to Capasso et al. (2003) for details.

Data are shown in Fig. 7.12; parameter estimates are given in Tables 7.1,
7.2, 7.3, 7.4; Fig.7.13 shows simulated car prices based on such estimates
(Bianchi et al. 2005).

7.4 Neurosciences

Stein’s Model of Neural Activity

The main component of Stein’s model (Stein 1965, 1967) is the depolarization
V, for t € Ry. A nerve cell is said to be excited (or depolarized) if V; > 0 and
inhibited if V; < 0. In the absence of other events, V; decays according to

dv
a Y

where oo = 1/7 is the reciprocal of the nerve membrane time constant 7 > 0.

x10° real prices
T T T

1991 1992 1993 1994 1995 1996 1997 1998 1999 2000
Year

Fig. 7.12. Time series of prices of a segment of cars in Italy during years 1991-2000
(source: Quattroruote Magazine, Editoriale Domus, Milan, Italy.)

In the resting state (initial condition), V5 = 0. Afterward, jumps may
occur at random times according to independent Poisson processes (N[ );er "
and (N} )ier +» with intensities Ag and Ay, respectively, assumed to be strictly
positive real constants. If an excitation (a jump) occurs for N, at some time
to > 0, then

‘/;50 - ‘/t()— =ag,
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x10° simulation
T T T

L n L L n L L n
1991 1992 1993 1994 1995 1996 1997 1998 1999 2000
Year

Fig. 7.13. Simulated car prices

whereas if an inhibition (again a jump) occurs for N, then
‘/t() - ‘/tf)f = —ay,

where ap and a; are nonnegative real numbers. When V; attains a given value
0 > 0 (the threshold), the cell fires. Upon firing, V; is reset to zero along with
NF and N, and the process restarts along the previous model. By collecting
all of the foregoing assumptions, the subthreshold evolution equation for V;
may be written in the following form:

dV; = —aVidt + apdNF — a;dN},

subject to the initial condition V) = 0. The model is a particular case of the
more general stochastic evolution Equation (4.57); here, the Wiener noise is
absent and the equation is time-homogeneous, so that it reduces to the form

dX; = o Xy)dt + / ¥ (X, u)N(dt, du), (7.35)
R

where N is a random Poisson measure on R\ {0} (in (7.35) the integration
is over u). In Stein’s model a(z) = —ax, with a > 0 (or simply a(x) = —z
if we assume o = 1), y(x,u) = u, and the Poisson measure N has intensity
measure

A((s,t) x B) = (t — s)/ o(u)du for any s,t € Ry,s <t,B C Bg.
B

Here
(b(u) = )\E50(u — CLE) + )\[50(’(1, + CL[),

where §y denotes the standard Dirac delta distribution. The infinitesimal gen-
erator A of the Markov process (X;);er, in (7.35) is given by
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Table 7.1. Estimates for price herding model (7.34) for initial conditions X} (0)

and range of kernel a

Table

Parameter Method of estimation Estimate Std. dev.

X1(0)
X3(0
X3(0

(=)=}
oo oo o=

4

0
0
0

7
8

(
(
(
(
(
(
(

B b b 2

ML
ML
ML
ML
ML
ML
ML
ML
ML

1.6209E4-00 5.8581E—02
8.4813E—-01 6.0740E—-03
7.4548E—01 2.3420E—02
1.0189E4-00 1.2273E-01
1.4164E4-00 1.4417TE—-01
2.4872E+00 6.2947E—02
1.2084E4-00 4.7545E—-02
1.0918E4-00 4.7569E—02
5.0767TE+03 6.5267E4-02

7.2. Estimates for price herding model (7.34) for parameters A;;

Parameter Method of estimation

Estimate Std. dev.

A1
A1z
Ais
Ass
Ass
A7
Aig
Aas
Ags
Ass
Ase
Aar
Aog
Azy
Ass
Ass
Az
Aszs
Ays
Ase
Aur
Aug
Ase
Asr
Asg
Aer
Aes
Arg

ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML
ML

1.0649E—-03 3.0865E—-02
1.1489E—-04 4.1737E—-04
1.5779E—-03 5.4687E—02
7.6460E—04 1.8381E—02
1.2908E—-03 4.0634E—-02
1.8114E—-03 6.5617E—02
1.5956E—-03 5.5572E—-02
1.0473E—04 7.2687E—05
1.7397TE—04 6.0809E—04
1.7550E—04 5.1100E—04
1.2080E—-03 3.7392E—-02
9.4809E—-04 2.6037E—-02
2.7277TE—-04 2.0135E-03
4.0404E—-04 5.5468E—-03
1.8136E—04 8.6471E—04
9.5558E—-03 4.9764E—-01
1.0341E—04 4.4136E—-05
7.0953E—-04 1.6428E—02
1.0066E—03 2.8485E—-02
1.3354E—-04 1.3632E—-03
2.5239E—-04 1.6979E—-03
1.1232E—-03 3.3652E—-02
2.3460E—03 9.2592E—-02
1.0143E—-03 2.8898E—02
1.1026E—03 3.2724E—-02
1.8560E—03 6.8275E—02
2.2820E—-03 8.9278E—-02
6.4630E—04 1.4003E—-02
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Table 7.3. Estimates for price herding model (7.34) for parameters f;;

Parameter Method of estimation Estimate Std. dev.

Bi2 ML 6.8920E—01 5.8447E+00
Bis ML 2.3463E+400 2.7375E+00
B4 ML 7.2454E—01 6.6182E+00
Bis ML 8.4049E—01 6.2349E+00
Bis ML 7.7929E—01 5.6565E+00
Bi7 ML 6.6793E—01 5.4208E+00
Bis ML 7.6508E—01 5.8422E+00
P23 ML 2.4531E400 4.5883E—01
B4 ML 1.6924E+00 6.8734E+00
Bas ML 1.6262E+00 5.7128E+00
Bas ML 1.2122E+00 2.1666E+00
Bar ML 7.5140E—01 7.4760E+00
Bos ML 1.3537E+00 6.0109E+00
Baa ML 1.2444E+00 8.1509E+00
Bss ML 1.7544E+00 8.4976E+00
Bss ML 1.0572E+00 8.0208E+00
Bar ML 2.4730E400 1.9801E—01
Bss ML 1.0674E4+00 8.4626E+00
Bas ML 7.5781E—01 6.7267E+00
Bas ML 2.2121E400 6.9754E+00
Bar ML 1.7360E+00 6.4971E+00
Bas ML 8.1043E—01 6.1451E+00
Bse ML 7.1269E—01 4.5857E+00
Bs7 ML 7.7251E—01 6.3947E+00
Bss ML 7.0792E—01 6.5014E+00
Ber ML 8.4060E—01 6.8871E+00
Bes ML 8.1190E—01 6.0759E+00
Brs ML 1.0794E+00 8.4994E+00
of

Af@) = alw) g @) + [ (f@+(.0) = Fe)otu)du

for any test function f in the domain of A.
The firing problem may be seen as a first passage time through the thresh-
old # > 0. Let A =] — 00, 0[. Then the random variable of interest is

Ty(z)=inf{t e R4| X, € A, Xop =2 € A},
which is the first exit time from A. If the indicated set is empty, then we set
Ts(x) = 4+00. The following result holds.

Theorem 7.18. (Tuckwell 1976; Darling and Siegert 1953). Let
(X¢)ter, be a Markov process satisfying (7.35), and assume that the existence
and uniqueness conditions are fulfilled. Then the distribution function

Fa(z,t) = P(Ta(z) <t)



satisfies
OF4

ot

(Iat) = AFA('at)(I)a

subject to the initial condition

and boundary condition

FM%W—{

FA(CC,t) =1,

Corollary 7.19 If the moments

pin () = E[(Ta(2))"],

7.4 Neurosciences

reAt>0,

0 forxe A,
1 foraxé¢ A,

x ¢ Az >0.

n € N*,

ezist, they satisfy the recursive system of equations

Apin () = =npin—1(z),

subject to the boundary conditions

Table 7.4. Estimates for price herding model (7.34) of s, and o

T €A,

Parameter Method of estimation Estimate

Std. dev.

s1
S2
s3
sS4
S5
S6
s7
s8
o1
o2
o3
04
o5
o6
o7
o8

ML
ML
ML
ML
ML
ML
ML
ML
MAP
MAP
MAP
MAP
MAP
MAP
MAP
MAP

2.0267E—03 2.1858E—-04
5.1134E—-03 1.6853E—-03
3.6238E—-03 2.5305E—-03
3.6777TE—-03 2.3698E—-03
1.0644E—04 1.1132E—-04
5.4133E—-03 1.2452E—-03
1.0769E—04 1.4414E—-04
2.1597E—-03 2.8686E—03
7.0000E—-03 2.9073E—06
7.0000E—-03 2.9766E—06
7.0000E—03 3.0128E—06
7.0000E—-03 2.9799E—06
7.0000E—03 3.0025E—06
7.0000E—03 2.9897TE—06
7.0000E—03 2.8795E—06
7.0000E—03 2.9656E—06

,LLH(I) =0,

x ¢ A

391

(7.36)

The quantity uo(x), x € A, is the probability of X; exiting from A in a finite
time. It satisfies the equation
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Apo(z) =0, x €A, (7.37)

subject to

The following lemma is due to Gihman and Skorohod (1972, p. 305).
Lemma 7.20. If there exists a bounded function g on R such that

Ag(z) < -1, x € A, (7.38)

then i < oo and P(Tx(x) < +o00) = 1.

As a consequence of Lemma 7.20, a neuron in Stein’s model fires in a
finite time with probability 1 and with finite mean interspike interval. This
is due to the fact that the solution of (7.37) is po(x) = 1, € R, and this
satisfies (7.38). The mean first passage time through # for an initial value x
satisfies, by (7.36),

d
_ x%(fﬂ) + A (z + CLE) + Arpa(x — CL]) — ()\E + )\I)Ml(.%') =-1, (7.39)

with z < 6 and boundary condition
w(z) =0, for x > 6.

The solution of (7.39) is discussed in Tuckwell (1989), where a diffusion
approximation of the original Stein’s model of neuron firing is also analyzed.

An optimal control problem for the diffusion approximation of Stein’s
model was recently analyzed in Lu (2011).

7.5 An SIS Epidemic Model

Let us consider another class of deterministic models for the population dy-
namics of the spread of infectious diseases which do not induce permanent
immunity; this class of models is known as SIS models (see, e.g., Capasso
(2008)). In this case the total population of size N(t) at time ¢ € Ry includes
only two subclasses; the class of susceptibles, of size S(t), t € R, and the
class of infectives, of size I(t), t € Ry, such that N(¢) = S(t) + I(t), t € Ry.

A classical model for such an epidemic system is described in terms of the
following system of ordinary differential equations (see, e.g., Hethcote and
Yorke (1984))

ds(t)

= = N () = mS(OI(E) +61(t) — pS (1)
d;_it) = KSI(t) — (u+ )I(2).

(7.40)
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Here 1 denotes the death rate of any individual in the population, equal
to the birth rate of new susceptibles (any newborn is susceptible); 51 is the
average infection period; and finally « is the infection rate.

Since, at any time t € Ry, N(t) = S(t)+ I(t), for the model under consid-
eration N(¢t) = N(0) = N a constant, given by assigning initial conditions at
time t = 0, i.e. S(0) =Sy € (0,N), I(0) = Iy € (0, N) such that S+ Ip = N.
This implies that it is sufficient to analyze only the equation for the infective
population

di(t)
T k(N = S@)I(t) — (p+6)I(t), (7.41)
subject to I1(0) = I,.

For this model it is not difficult to show (see, e.g., Hethcote and Yorke

(1984)) that the following threshold theorem holds.

Theorem 7.21. Let

N
RP = (7.42)
p+9
(i) If RE < 1, then, for any initial condition I1(0) = I, € (0,N),
lim I(t)=0.
t——+o0
(ii) If REY > 1, then, for any initial condition 1(0) = Iy € (0,N),
. 1

This is the reason why the parameter RY, which has an epidemiological
meaning, is known as the threshold parameter of System (7.40).

In Gray et al. (2011), the authors analyze the consequences on the dynam-
ics of System (7.40) once an environmental perturbation is included on the
infection rate k, of the following form

Rdt = kdt + odW (1), (7.43)

where (W(t)):er, is a standard Wiener process.
Upon such a perturbation, Equation (7.41) becomes

dI(t) = I(t) ([&(N = I(t)) — (u+ &) I(t)]dt + o(N — I(t))dW (t)), (7.44)

subject to a deterministic initial condition I(0) = Iy € (0, N).
The steps the authors have considered are

1. existence (global in time) of a unique nonnegative solution;

2. threshold theorems for the eventual extinction of the epidemic, or for its
persistence;

3. existence of a nontrivial stationary distribution.
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7.5.1 Existence of a unique nonnegative solution

Particular attention has to be paid to the fact that a realistic solution of
Equation (7.44), started from an Iy € (0, N), should stay in (0, N) for all
times ¢ > 0, almost surely. Indeed the following theorem has been proven.

Theorem 7.22. For any given deterministic initial value I(0) = Iy € (0, N),
the stochastic differential equation (7.44) admits a unique positive solution
I(t) € (0,N), for all times t € Ry, almost surely.

Proof . The proof is based upon Corollary 5.9 of Chapter 5, by considering the
following auxiliary function

v(z) ==+ xz € (0,N). (7.45)

In fact it is easy to recognize that
v(z) = 400, as x /0", or zT N, (7.46)

as required in Assumption (ii) of Theorem 5.8 of Chapter 5.
Moreover, it is not difficult to show that, for a suitable C' > 0,

Lov(z) < Cv(z), forany z € (0,N), (7.47)

as requested in Assumption (i) of Theorem 5.8 of Chapter 5 O

7.5.2 Threshold theorem
A new threshold is introduced, smaller than the one for the deterministic case

2 N2
RS :=RP-Z 7.48
0 0 2 lu + 57 ( )
such that the following theorem holds.
Theorem 7.23.

(i) If R§ <1, then, for any deterministic initial condition I(0) =
IO € (07 N)a
1
limsup—InI(t) =0, a.s;
t—+oo
namely 1(t) tends to zero exponentially, a.s.
(i) If R§ > 1, then, for any deterministic initial condition I(0) =
IO € (07 N)a
liminf I(t) < I*,
t—+o0
and
limsup I(t) > I*,

t——+oo
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where )
* . 2
I '_F( K2 —202(+0) — (k—o N)), (7.49)
is the unique root in (0, N) of

o2

- (V- I+ kI* — [kN — (u+96)] =

This means that I1(t) will cross the level I* infinitely often, a.s.

Proof . Let us consider only the case (i). By It6 formula, we have

InI(t)=1Inl +/ f(I(s))ds +/ o(N —I(s))dW(s), teRy, (7.50)

where f is the real-valued function defined by

o2

f(z):= —7(N —x)? —kx+ KN — (u+46), x€(0,N). (7.51)

Under the condition R < 1,
o2
fI(s)) < —?N2 + &N — (u+46), =€(0,N),
for any s € (0,t), so that, for any t € Ry,

o? ¢

InI(t) <Ilnlp— 7N2 + kN — (u+9) +/ o(N = I(s))dW(s). (7.52)
0

This implies

1 2
limsup = InI(t) < — %NQ—I—/@N— (4 9)

t——+oo

+ lim sup 1 /t o(N —I(s))dW(s), a.s. (7.53)
0

t——+o0
By the law of large numbers for martingales (see, e.g., Mao (1997, p. 12))
1 t
limsup—/ o(N —1(s))dW(s), a.s., (7.54)
t—+4oo 0

from which part (i) of the theorem follows (see Gray et al. (2011) for further
details). O

An interesting result concerns the behavior of I* as a function of o2, the
variance of the noise added on the infection rate.
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Proposition 7.24 Let R§ > 1. The value I*(0?), as a function of o2, for

2(kN = (p+9))

0<o?< N2 ,
18 strictly decreasing, and
lim I*(6*)=N(1- 1 : (7.55)
02,0t Rg)

which is the nontrivial equilibrium state of the corresponding SIS deterministic
model (7.41).

7.5.3 Stationary distribution

We conclude the analysis, as reported from Gray et al. (2011), with the
following theorem.

Theorem 7.25. If R > 1, then the SDE (7.44) admits a unique stationary

distribution, having mean value

26(RE —1)(p +6)
2k(k — 02N) + 02(kN — (u+9))’

(7.56)

m =

and variance N 5
po PN = (+9) o (7.57)

KR

Proof. The proof is based on Theorem 5.28 of Chapter 5. In order to apply
the theorem, we have to consider the following stopping time

71, := inf{t € Ry|I(¢t) € (a,b)}, (7.58)
and show that, for any (a,b) C (0, N), and for any Iy € (a,b),
E[r1,] < 400, (7.59)

and moreover, for any [a, 8] C (0, N),

sup Elr,] < +o0. (7.60)
Ip€le,f]
See Gray et al. (2011) for a detailed proof. O

An additional interesting example can be found in Cai and Lin (2004).
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7.6 Exercises and Additions

7.1. Consider a birth-and-death process (X(t))icr, valued in N, as in
Sect. 7.1. In integral form the evolution equation for X will be

X(t) = X(0) + a/X(s—)ds + M(1),

where oo = A — p is the survival rate and M (t) is a martingale. Show that

1 (M) (t) = (M /\+M/X

2. E[X(t)] = ( )
3. X(t)e~* is a square-integrable martingale.

4. Var[X (t)e ] = X(O)f\\i——/;(l —e o).

7.2. (Age-dependent birth-and-death process). An age-dependent pop-
ulation can be divided into two subpopulations, described by two marked
counting processes. Given ¢ > 0, U(V)(Ay,t) describes those individuals who
already existed at time ¢ = 0 with ages in Ay € Bg, and are still alive at time
t; and U®) (T, t) describes those individuals who are born during Ty € Bgy,
To C [0,1] and are still alive at time ¢. Assume that the age-specific death rate
is u(a), a € Ry, and that the birth process B(Tp), To € Bry+ admits stochastic
intensity
+oo to—

alte) = Blao + to) UM (dao, to—) + B(to — T)UP (dr, to—),
0 0

where (a), a € R is the age-specific fertility rate. Assume now that suitable
densities ug and b exist on R such that

E[U(l)(Ao,O)]:/A uo(a)da
and
E[B(T,)] = /T b(r)dr.

Show that the following renewal equation holds for any s € R :

+o0 s
b(s) = /0 daug(a)n(s+a)B(a+ s) —|—/ dr B(s — 7)n(s — 1) b(7),

0

where n(t) = exp{ fo }, t € Ry. The reader may refer to Capasso
(1988).



398 7 Applications to Biology and Medicine

7.3. Let E be the closure of an open set E C R for d > 1. Consider a spatially
structured birth-and-death process associated with the marked point process
defined by the random measure on R¢:

1(?)

v(t) = Z EXi(t),
=1

where I(t), t € Ry, denotes the number of individuals in the total population

at time ¢, and X*(¢) denotes the random location of the ith individual in E.

Consider the process defined by the following parameters:

1. u: E — R, is the spatially structured death rate;

2.7 : E — R, is the spatially structured birth rate;

3. For any x € E, D(z,-) : Bra — [0,1] is a probability measure such that
fE\{z} D(x,dz) =1; D(z, A) for z € E and A € Bga represents the proba-
bility that an individual born in x will be dispersed in A.

Show that the infinitesimal generator of the process is the operator L defined

as follows: for any sufficiently regular test function ¢

Lo(w) = [E v(dz) / (@)D, d)[-9(0) + D + v
(@)~ + S — ex)].

The reader may refer to Fournier and Méléard (2003) for further analysis.

7.4. Let X be an integer-valued random variable, with probability distribution
pr = P(X = k), k € N. The probability-generating function of X is defined as

gx(s) = E[s*] =) s"mi, [s| < 1.
k=0

Consider a homogeneous birth-and-death process X (t),¢ € Ry, with birth rate
A, death rate p, and initial value X (0) = ko > 0. Show that the probability-
generating function Gx (s;t) of X (t) satisfies the partial differential equation
0 0

EGX(S;L‘) + (1 —s)(As — M)&GX(S;L‘) =0,

subject to the initial condition

Gx(s;0) = sko,

7.5. Consider now a nonhomogeneous birth-and-death process X (¢),t € Ry,
with time-dependent birth rate \(t), death rate p(t), and initial value X (0) =
ko > 0. Show that the probability-generating function Gx (s;t) of X (t) satis-
fies the partial differential equation

&G (s:0)+ (1= )0 — (D) oG (551) = 0,
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subject to the initial condition
Gx(s;0) = sko.

Evaluate the probability of extinction of the population.
The reader may refer to Chiang (1968).

7.6. Consider the general epidemic process as defined in Sect. 7.1, with infec-
tion rate kK = 1 and removal rate 6. Let Gz(z,y;t) denote the probability-
generating function of the random vector Z(t) = (S(t),I(t)), where S(t)
denotes the number of susceptibles at time ¢ > 0 and I(¢) denotes the number
of infectives at time ¢ > 0. Assume that S(0) = s¢p and I(0) = ip, and let
p(m,n;t) = P(S(t) = m, I(t) = n). The joint probability-generating function
G will be defined as

so So+ig—m

Gz(z,y;t) = By’ D) =3 3" p(m,n;t)a™y".

m=0 n=0
Show that it satisfies the partial differential equation
82

0 0
EGZ(xuyvt) - y(y - x)aI_ayGZ(xui%t) + 5(1 - y)a_yGZ(‘ruyvt)u

subject to the initial condition
Gz(x,y;0) = z*0y".

7.7. Consider a discrete birth-and-death chain (Yn(A))neN valued in S =
{0, £A,£2A,.. .}, with step size A > 0, and denote by p;; the one-step
transition probabilities

pij =P (Ygf{ - jA‘ Y4 = m) for i, € Z.
Assume that the only nontrivial transition probabilities are
Lopiic1 =7 =202 — LpA,
2. Piiv1 = Bi = 30% + Fud,
3-1%‘,1':1—[31'—%':1—027

where 2 and y are strictly positive real numbers. Note that for A sufficiently
small, all rates are nonnegative. Consider now the rescaled (in time) process
(Yé/Ag))neN, with ¢ = A?; show (formally and possibly rigorously) that the
rescaled process weakly converges to a diffusion on R with drift ;4 and diffusion

coefficient 2.
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7.8. With reference to the previous problem, show that the same result may
be obtained (with suitable modifications) also in the case in which the drift
and the diffusion coefficient depend upon the state of the process. For this case
show that the probability ¢(x) that the diffusion process reaches ¢ before d,
when starting from a point x € (¢,d) C R, is given by

B fmd exp {— fcz (2;2(—('7’11))) dy} dz
e {7 (2005 dv} =

The reader may refer, e.g., to Bhattacharya and Waymire (1990).

7.9. Consider the general stochastic epidemic with the rescaling proposed at
the beginning of Sect. 7.2. Derive the asymptotic ordinary differential system
corresponding to Theorem 7.4.
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Measure and Integration

A.1 Rings and o-Algebras

Definition A.1. A collection F of subsets of a set {2 is called a ring on {2
if it satisfies the following conditions:

1.0eF
2. ABe F=AUBecF
3. ABe F=A\BeF

Furthermore, F is called an algebra if F is both a ring and 2 € F.
Definition A.2. A ring F on {2 is called a o-ring if it satisfies the following
additional condition:

4. For every countable family (A, )nen of elements of F: |, oy An € F.

A o-ring F on {2 is called a o-algebra if 2 € F.

Definition A.3. Every collection F of elements of a set {2 is called a semiring
on {2 if it satisfies the following conditions:

1. 0eF.

2. ABe F=ANBEeF.

3. AB e F,AC B = 3(4))i<j<m € Filwm} of disjoint sets such that
B\A:Ujm:1 A;.

If F is both a semiring and {2 € F, then it is called a semialgebra.

Proposition A.4. A set {2 has the following properties:
1. If F is a o-algebra of subsets of {2, then it is an algebra.

(© Springer Science+Business Media New York 2015 401
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2.

3.

If F is a o-algebra of subsets of §2, then
° El,...,Ene]::>ﬂ?:1Ei€]:

e Ei,....E,,...e F=_ E,eF
e BeF=0N\BeF

If F is a ring on {2, then it is also a semiring.

Definition A.5. Every pair ({2, F) consisting of a set 2 and a o-ring F of
the subsets of {2 is a measurable space. Furthermore, if F is a o-algebra, then
(2, F) is a measurable space on which a probability measure can be built. If
(2, F) is a measurable space, then the elements of F are called F-measurable
or just measurable sets. We will henceforth assume that if a space is measur-
able, then we can build a probability measure on it.

Ezxample A.6.

1.

If B is a o-algebra on the set E and X : {2 — E a generic mapping, then
the set

X YB)={AC 3B € Bsuch that A= X' (B)}

is a o-algebra on 2.

Generated o-algebra. If A is a set of the elements of a set {2, then there
exists the smallest o-algebra of subsets of {2 that contains .A. This is the o-
algebra generated by A, denoted o(A). If, now, G is the set of all o-algebras
of subsets of {2 containing A, then it is not empty because it has o({2)
among its elements, so that o(A) = (g C.

Borel o-algebra. Let {2 be a topological space. Then the Borel o-algebra
on {2, denoted by By, is the o-algebra generated by the set of all open
subsets of 2. Its elements are called Borelian or Borel-measurable.

. The set of all left-open, right-closed bounded intervals of R, defined as

(a,b] :={x e Rla <z < b}, for a,b € R, is a semiring but not a ring.
The set of all bounded and unbounded intervals of R is a semialgebra.

If By and By are algebras on (21 and (25, respectively, then the set of
rectangles By X Bo, with B; € By and By € By, is a semialgebra.

Product o-algebra. Let (£2;, F;)1<i<n be a family of measurable spaces, and
let £2 =[]\, £2;. Defining

R—{ECQWi_l,...,nEEie]i-suchthatE_HEi},

=1

then R is a semialgebra of elements of (2. The o-algebra generated by R
is called the product o-algebra of the o-algebras (F;)i<i<n-

Proposition A.7. Let (£2;)1<i<n be a family of topological spaces with a
countable base, and let {2 = H?:l £2;. Then the Borel o-algebra By is identical
to the product o-algebra of the family of Borel o-algebras (Bg,)1<i<n-
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A.2 Measurable Functions and Measure

Definition A.8. Let (§21,F1) and ({22, F2) be two measurable spaces.
A function f : 7 — (25 is measurable if

VE € Fo: f7H(E) € Fi.

Remark A.9. 1f (£2, F) is not a measurable space, i.e., {2 ¢ F, then there does
not exist a measurable mapping from (2, F) to (R, Bg) because R € Bg and
IRy =02¢ F.

Definition A.10. Let (£2,F) be a measurable space and f : 2 — R" a
mapping. If f is measurable with respect to the o-algebras F and Bg-n, the
latter being the Borel o-algebra on R"™, then f is Borel-measurable.

Proposition A.11. Let (Eq,B;1) and (E2,Bs) be two measurable spaces and
U a set of the elements of Eo, which generates Ba and f : E1 — FEa. The
necessary and sufficient condition for f to be measurable is f~1(U) C By.

Remark A.12. If a function f : RF — R™ is continuous, then it is Borel-
measurable.

Definition A.13. Let (2, F) be a measurable space. Every Borel-measurable
mapping h : £2 — R that can only have a finite number of distinct values is
called an elementary function. Equivalently, a function h : £2 — R is elemen-
tary if and only if it can be written as the finite sum

r
g inEiv
=1

where, for every ¢ = 1,...,r, the E; are disjoint sets of F and Ig, is the
indicator function on FEj;.

Theorem A.14 (Approximation of measurable functions through
elementary functions). Let (2, F) be a measurable space and f: 2 — R
a nonnegative measurable function. There exists a sequence of measurable el-
ementary functions (8n)nen such that

1.0<s <+ <5, << f

2. limy, 00 Sn = f

Proposition A.15. Let (12, F) be a measurable space and X,, : 2 - R, n €
N, a sequence of measurable functions converging pointwise to a function
X : 2 = R; then, X is itself measurable.
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Proposition A.16. If fi, fo : 2 — R are Borel-measurable functions, then
so are the functions fi1+ fa, f1— fa, f1f2, and f1/fa2, as long as the operations
are well defined.

Lemma A.17. ]ff : (91,]:1) — (QQ,FQ) and g : (QQ,J—"Q) — (Qg,]:g) are
measurable functions, then so is go f: ({1, F1) — (23, F3).

Proposition A.18. Let (£2;, F;)i<i<n be a family of measurable spaces, 2 =
[T, 92, and m; = 2 — 2; for 1 < i < n is the ith projection. Then the
product o-algebra Q) F; of the family of o-algebras (F;)1<i<n is the smallest
o-algebra on (2 for which every projection ; is measurable.

Proposition A.19. Ifh : (E,B) —» (2 = [[,2,F = Qi F) is a
mapping, then the following statements are equivalent:

1. h is measurable.
2. Foralli=1,...n, h; = m; o h is measurable.

Proof. 1 = 2 follows from Proposition A.18 and Lemma A.17. To prove that
2 = 1, it is sufficient to see that given R, the set of rectangles on {2, it follows
that, for all B€ R : h™'(B) € B. Let B € R. Then for all i = 1,...,n, there
exists a B; € F; such that B = [, B;. Therefore, by recalling that due to
point 2 every h; is measurable, we have that

h ' (B)=h"t <ﬁ Bi> = ﬁ h;*(B;) € B. O
i=1 i=1

Corollary A.20. Let (2,F) be a measurable space and h : 2 — R" q
function. Defining h, = m;oh : 2 — R for 1 < 1 < n, the following two
propositions are equivalent:

1. h is Borel-measurable.
2. Forallt=1,...,n, h; is Borel-measurable.

Definition A.21. Let ({2, F) be a measurable space. Every function y : F —
R such that

1. For all E € F: p(E) > 0.
2. For all En,...,E,,... € F such that E; N E; = (), for i # j, we have that

Iz (G Ei) = iM(Ei)
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is a measure on F. Moreover, if ({2, F) is a measurable space and if

u(2) =1,
then p is a probability measure or a probability. Furthermore, a measure p is
finite if
VAe F: u(A) < +oo
and o-finite if

1. There exists an (A )neny € F" such that 2 = Unen An-
2. For all n e N: p(4,) < +oo.

Definition A.22. The ordered triple ({2, F, u), where (2 denotes a set, F a
o-ring on {2, and px : F — R a measure on F, is a measure space. If ;1 is a
probability measure, then (§2, F, i) is a probability space.*

Definition A.23. Let ({2, F, 1) be a measure space and A : F — R a measure
on §2. Then A is said to be absolutely continuous with respect to p, denoted
AL, if

VAe F: p(A)=0= A(A) =0.

Proposition A.24 (Characterization of a measure). Let i be additive
on an algebra F and valued in R (and not everywhere equal to +00). The
following two statements are equivalent:

1. @ is a measure on F.
2. For increasing (An)nen € FY, where Unen An € F, we have that

I (U An> = lim p(An) = ilelgu(An)-
neN

If w is finite, then 1 and 2 are equivalent to the following statements.

3. For decreasing (A, )nen € FY, where Mpen An € F, we have
(010) - b g
4. For decreasing (Ap)nen € F, where Npen An =0, we have

lim u(Ap) = 711161%;1(1471) =0.

n—oo

12 Henceforth we will call every measurable space that has a probability measure
assigned to it a probability space.
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Proposition A.25 (Generalization of a measure). Let G be a semiring
on E and p: G — Ry a function that satisfies the following properties:

1. w is (finitely) additive on G.
2. u is countably additive on G.
3. There exists an (Sp)nen € GN such that E C UneN Sh.

Under these assumptions
3| : B— Ry such that filg = p,
where B is the o-ring generated by G.'> Moreover, if G is a semialgebra and

w(E) =1, then [ is a probability measure.

Proposition A.26. Let U be a ring on E and ju: U — Ry (not everywhere
equal to +00) a measure on U. Then, if B is the o-ring generated by U,

3| : B— Ry such that fily = p.
Moreover, if i is a probability measure, then so is fi.

Lemma A.27. (Fatou). Let (A,)nen € FY be a sequence of random vari-
ables and (2, F, P) a probability space. Then

P(liminf A,) < liminf P(A,) < limsup P(A4,,) < P(limsup A4,,).
If liminf, A, =limsup,, A, = A, then A, — A.

Corollary A.28. Under the assumptions of Fatou’s Lemma A.27, if
A, — A, then P(A,) — P(A).

A.3 Lebesgue Integration

Let (£2,F) be a measurable space. We will denote by M(F,R) [or, respec-
tively, by M(F, R )] the set of measurable functions on (§2, F) and valued in
R (or Ry).

Proposition A.29. Let (2, F) be a measurable space and K a positive mea-
sure on F. Then there exists a unique mapping @ from M(F,Ry) to Ry, such
that:

1. For every a € Ry, f,g € M(F,R,),
P(af) = ad(f),
O(f +g) =2(f) + 2(9),
f<g=o(f) < 2(g).

13 B is identical to the o-ring generated by the ring generated by G.
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2. For every increasing sequence (fn)nen of elements of M(F,R,) we have

that sup,, @(fn) = ®(sup,, frn) (Beppo—Levi property).
3. For every B € F, ®(Ig) = u(B).

Definition A.30. If @ is the unique functional associated with p, a measure
on the measurable space (£2, F), then for every f € M(F,R;):

/fdu /f dxor/f

the upper integral of p.

Remark A.81. Let (£2, F) be a measurable space, and let @ be the functional
canonically associated with p measure on F.

1. If s: 2 — Ry is an elementary function, and thus s = Y. | 2;Ig,, then

P(s) =/ sdy = szﬂ

2. If f € M(F,Ry) and defining 27 = {s: 2 — R |s elementary ,s < f},
then {2; is nonempty and

gT’(f)—/* fdp = sup/ sdp = sup (qu )

s€Q; se2y \i

3. If f € M(F,R;) and B € F, then by definition

/Jg*fdﬂz/*IB'fdﬂ-

Definition A.32. Let ({2, F) be a measurable space and p a positive measure
on F. An F-measurable function f is u-integrable if

/f+du<+ooand/ fdp < 400,

where f™ and f~ denote the positive and negative parts of f, respectively.

The real number
/ frdp — / fdp

is therefore the Lebesgue integral of f with respect to u, denoted by

[tawor [ adutz)on [ sain

Proposition A.33. Let (2,F) be a measurable space endowed with mea-
sure p and f € M(F,Ry). Then
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1. f* fdp =0« f =0a.s. with respect to p.
2. For every A € F,u(A) =0, we have

/A*fduzo.

3. For every g € M(F,R.) such that f = g, a.s. with respect to ju, we have

/*fdu:/*gdu-

Theorem A.34 (Monotone convergence). Let (£2,F) be a measurable
space endowed with measure p, (fn)nen an increasing sequence of elements of
M(F,Ry), and f: 2 — Ry such that

Vo € 21 fw) = Tm fo(w) = sup fu(w).

Then f € M(F,Ry) and
/ fdp = lim / fndp.
n—oo

Theorem A.35 (Lebesgue’s dominated convergence). Let (2, F) be a
measurable space endowed with measure (i, (frn)nen @ sequence of p-integrable
functions defined on 2, and g : 2 — Ry a p-integrable function such that
|fnl < g for all n € N. If we suppose that lim, o fn = f exists almost surely
in {2, then f is p-integrable and we have

/fdu:nli_)ngo/fndu.

Lemma A.36. (Fatou). Let f, € M(F,R.). Then
lim inf/ frndu > / liminf f,du.

Theorem A.37 (Fatou-Lebesgue).

1. Let |fa] < g€ L' Then

limsup/fndu < /limsup fndu.
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2. Let |fn] < g€ L' Then
liminf/fndu > /liminffndu.

3. Let |fn] < g and f = lim, f,, almost surely with respect to u. Then

li?/fnduz/fdu.

Definition A.38. Let ({2, F) be a measurable space endowed with measure p,
and let (E,B) be an additional measurable space; let h : (2, F) — (E,B)
be a measurable function. The mapping py : B — Ry, such that uj,(B) =
w(h=1(B)) for all B € B, is a measure on F, called the induced or image
measure of p via h, and denoted h(u).

Proposition A.39. Given the assumptions of Definition A.38, the function
g : (E,B) = (R,Bgr) is integrable with respect to up if and only if g o h is
integrable with respect to p and

/gohdu=/gduh.

Theorem A.40 (Product measure). Let (21, F1) and ({22, F2) be mea-
surable spaces, and let the former be endowed with o-finite measure py on JFi.
Further suppose that for all w1 € 1 a measure p(wi,-) is assigned on Fo,
and that, for all B € Fs, pu(-,B) : 1 — R is a Borel-measurable function.
If w(wy,-) is uniformly o-finite, then there exists a sequence (Bp)nen € Fo
such that {25 = Uzozl B,, and, for all n € N, there exists a K,, € R such that
wlwi, By) < Ky, for allwy € 1. Then there exists a unique measure p on the
product o-algebra F = F; @ Fo such that

VA e Fi,B € Fa: w(A x B) = / p(w, B)p (dwr)
A

and

VF € F: w(F) = /Q wlwi, F(w))p (dwy).

Definition A.41. Let (21, F1) and ({22, F2) be two measurable spaces en-
dowed with o-finite measures p11 and ps on F1 and JFa, respectively. Defining
2 =01 x {25 and F = F1 ® Fo, the function p : F — R with

VFEF:  u(F)= /Q o (F(wn))dpis (1) = /Q i1 (F(w2)) o (w3)
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is the unique measure on F with
VAe Fi,BeFy:  u(Ax B) = (A) x pa(B).

Moreover, p is o-finite on F as well as a probability measure if g1 and pe
are as well. The measure p is the product measure of 1 and us, denoted by

H1 @ 2.

Theorem A.42 (Fubini). Given the assumptions of Definition A.41, let
f:(2,F) = (R, Bg) be a Borel-measurable function such that [, fdu exists.

Then
/ fp = / T / Fdurdp.
.Q .le .sz 92 -Ql

Proposition A.43. Let (24, Fi)1<i<n be a family of measurable spaces. Fur-
ther, let py : F1 — R be a o-finite measure, and let

V(wl,...,wj')691><"'><9jl u(wl,...,wj,-):fj+1 —R

be a measure on Fjy1, 1 < j<n—1.If u(wi,...,wj,-) is uniformly o-finite
and for every ¢ € Fji1

/L(...,C)Z(.Ql ><"'XQj,fl@"'@fj)%(R,BR)
such that
V(w,...,wj) € 21 X -+ X 2 p(eno)(wiy. . wi) = p(wr,...,w;,c)

is measurable, then, defining 2 =21 X -+ X 2p and F=F1 Q-+ Q Fp:

1. There exists a unique measure ji : F — R such that for every measurable
rectangle Ay X -+ X A, € F:

/J,(Al X---XAn)
= [ ) [ uonsden) - [ plors o, dan).
Ay Ag A

n

w is o-finite on F and a probability whenever pi and all p(wa,...,wj,-)
are probability measures;
2. If f: (92, F) = (R, Bg) is measurable and nonnegative, then

fdp
(]

:/ ul(dwl)/ ,u(wl,dwz)-u/ flwr, .. we)p(w, .. wp—1, dwy,).
(P21 29 2n
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Proposition A.44.

1. Given the assumptions and the notation of Proposition A.43, if we assume
that f = Ip, then for every F € F:

n(EF)
:/ul(dwl)/ ,u(wl,dwg)-u/Ip(wl,...,wn)u(wl,...,wn,l,dwn).
o 2 0

n

2. Forallj=1,...,n—1, let pji1 = p(wi,...,w;, ). Then there exists a
unique measure | on F such that for every rectangle Ay X --- x A, € F
we have

Az x - X Ap) = pa(Ar) -+ pin (An).
If f: (2, F) = (R, Bg) is measurable and positive, or else if fQ fdu exists,

then
/fdu:/ dulm/ S,
(9] 21 2n

and the order of integration is arbitrary. The measure p is the product
measure of 41, ..., Uy and is denoted by (1 Q « -+ @ Ly,

Definition A.45. Let (v;)1<i<n be a family of measures defined on Bg, and
'U(n) :U1®"'®Un

their product measure on Bgn. The convolution product of wvi,...,v,, de-
noted by vy * - - - % v, is the induced measure of v(™ on Bg via the function
fi(@r,...,an) ER" = Y0 2 €R.

Proposition A.46. Let v, and vo be measures on Br. Then for every B € By
we have

vy % va(B) :/Bd(vlw) :/]RIB(z)d(vl*UQ) ://IB(x1+x2)d(v1®vg).

A.4 Lebesgue—Stieltjes Measure and Distributions

Definition A.47. Let 1 : Bg — R be a measure. It then represents a
Lebesgue—Stieltjes measure if for every interval I we have that pu(I) < 4oo.

Definition A.48. Every function F : R — R that is right-continuous and
increasing is a (generalized) distribution function on R.

It is in fact possible to establish a one-to-one relationship between the set
of Lebesgue—Stieltjes measures and the set of distribution functions in the
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sense that to every Lebesgue—Stieltjes measure can be assigned a distribution
function and vice versa.

Proposition A.49. Let p be a Lebesgue—Stieltjes measure on Bg and the
function F : R — R defined, apart from a constant, as

F(b) — F(a) = p(la,b]) Ya,b e R, a <b.

Then F is a distribution function, in particular the one assigned to .
Conversely, the following holds.

Proposition A.50. Let F' be a distribution function, and let p be defined on
bounded intervals of R by

u(Ja, b)) = F(b) — F(a) Va,b € R,a <b.

There exists a unique extension of u that is a Lebesgue—Stieltjes measure
on Br. This measure is the Lebesque—Stieltjes measure canonically associated

with F'.

Definition A.51. Every measure j : Bg» — R that for every bounded interval
I of R™ has p(I) < +o0 is a Lebesgue—Stieltjes measure on R™.

Definition A.52. Let f : R — R be of constant value 1, and we consider the
function F' : R — R with

F(z) — F(0) = /0 fOydt Vo >0,

F(0) - F(z) = /Of(t)dt v < 0,

where F(0) is fixed and arbitrary. This function F' is a distribution function,
and its associated Lebesgue—Stieltjes measure is called a Lebesgue measure on
R. It is such that

w(la, b)) =b—a, Va,b € R,a <b.

Definition A.53. Let ({2, F,u) be a space with o-finite measure p, and
consider another measure \ : F — R,. ) is said to be defined through its
density with respect to p if there exists a Borel-measurable function g : 2 —

AA) = / gdp VAe F.
A
This function g is the density of A with respect to u. In this case \ is absolutely

continuous with respect to p (A < p). If p is a Lebesgue measure on R, then
g is the density of p. A measure v is called p-singular if there exists N € F
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such that u(N) = 0 and v(N \ F) = 0. Conversely, if also x(N) = 0 whenever
v(N) = 0, then the two measures are equivalent (denoted X ~ p).

Theorem A.54 (Radon—Nikodym). Let (£2,F) be a measurable space, 1
a o-finite measure on F, and A an absolutely continuous measure with respect
to p. Then A is endowed with density with respect to u. Hence there exists a
Borel-measurable function g : £2 — R, such that

AMA) = / gdp, AeB.
A

A necessary and sufficient condition for g to be p-integrable is that X is
bounded. Moreover, if h : 2 — Ry is another density of A\, then g = h,
almost surely with respect to p.

Theorem A.55 (Lebesgue—Nikodym). Let v and pu be a measure and a
o-finite measure on (E, B), respectively. There exists a B-measurable function
f: E—= Ry and a p-singular measure v’ on (E,B) such that

W(B) = /B fdu+v(B) VBeB.

Furthermore,

1. V' is unique.
2. If h: E — Ry is a B-measurable function with

v(B) = / hdu + v'(B) VB € B,
B
then f = h almost surely with respect to .

Definition A.56. A function F': R — R is absolutely continuous if, for all
€ > 0, there exists a > 0 such that for all Ja;,b;[C R for 1 < i < n with
]a/iu bl[ﬁ]a]7 b][: @7 v # j7

bl—az<5:Z|F(bl)—F(al)| < €.
i=1

Proposition A.57. Let F' be a distribution function. Then the following two
propositions are equivalent:

1. F 1is absolutely continuous.
2. The Lebesgue measure canonically associated with F is absolutely
continuous.
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Proposition A.58. Let f : [a,b] — R be a mapping. The following two
statements are equivalent:

1. f s absolutely continuous.
2. There exists a Borel-measurable function g : [a,b] — R that is integrable
with respect to the Lebesgue measure and

f@) - 1@ = [ g0 v

This function g is the density of f.

Proposition A.59. If f:[a,b] — R is absolutely continuous, then

1. f is differentiable almost everywhere in [a,b).
2. f', the first derivative of f, is integrable in [a,b], and we have that

f@) - 1@ = [ o

Theorem A.60 (Fundamental theorem of calculus). If f : [a,0] = R
is integrable in [a,b] and

F(z) = /x ft)dt Vi € [a,b],

then

1. F is absolutely continuous in [a, b].
2. F' = f almost everywhere in [a,b].

Conversely, if we consider a function F : [a,b] — R that satisfies points 1 and
2, then

b
/ f(x)dx = F(b) — F(a).

Proposition A.61. If f : [a,b] — R is differentiable in [a,b] and has inte-
grable derivatives, then

1. f is absolutely continuous in [a,b].

2. f(x) = [T f(t)dt.

Definition A.62. Let (£2,F,u) be a measure space, and p > 0. The set
of Borel-measurable functions defined on §2, such that [, |f[Pdp < +o0, is
a vector space on R; it is denoted with the symbols £P(u) or LP(£2,F, ).
Its elements are called integrable functions, to the exponent p. In particular,
elements of £2(u) are said to be square-integrable functions. Finally, £ ()
coincides with the space of functions integrable with respect to pu.
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A.5 Radon Measures

Consider a complete metric space E endowed with its Borel o-algebra Bg.
Definition A.63. A o-finite measure p on B is called

(i) locally finite if, for any point x € F, there exists an open neighborhood
U of x such that u(U) < +o0.
(ii) inner regular if

w(A) =sup{u(K)| K compact, K C A} VA € Bg.
(iii) outer regular if
w(A) =sup{w(U)|U open, ACU} VA € Bg.
(iv) regular if it is both inner and outer regular.

(v)  a Radon measure if it is an inner regular and locally finite measure.

Proposition A.64. The usual Lebesque measure on R is a reqular Radon
measure. However, not all o-finite measures on R are reqular.

Proof . See, e.g., Klenke (2008, p. 247). O

Proposition A.65. If u is a Radon measure on a locally compact and com-
plete metric space E endowed with its Borel o-algebra, then

n(K) < 400, VK compact subset of E.

/ fd,u‘ < +o00

E

for any real-valued continuous function f with compact support.

Proof . See, e.g., Karr (1991, p. 411). O

Let us now stick to a locally compact and complete metric space E endowed
with its Borel o-algebra Bg.

Definition A.66. A Radon measure p on Bg is

(i) A point or (counting) measure if u(A) € N, for any A € Bg.
(ii) A simple point measure if u is a point measure and p({z}) < 1 for any
r e k.
(iii) A diffuse measure if p({z}) =0 for any = € E.

The fundamental point measure is the Dirac measure €, associated with
a point x € FEj it is defined by

1, ifzxe A,
€ (4) = { 0, ifzrdA
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A point x € E is called an atom if u({z}) > 0.

Proposition A.67. A Radon measure i on a locally compact and complete
metric space E endowed with its Borel o-algebra has an at most countable set
of atoms. It can be decomposed as

K

= /Ld+zai€xia
=1

where g is a diffuse measure, K € NU{oo}, a; € R, x; € E. The decom-
position is unique up to reordering.

Proof . See, e.g., Karr (1991, p. 412). O
A Radon measure is purely atomic if its diffuse component is zero.

Remark A.68. A purely atomic measure is a point measure if and only if
a; € N for each 7, and in this case the family {x;, i =1,..., K} can have no
accumulation points in F.

A.6 Stochastic Stieltjes Integration

Suppose ({2, F, P) is a given probability space with (X;);cr, a measurable
stochastic process whose sample paths (X¢(w))ier, are of locally bounded
variation for any w € (2. Now let (Hy)secr, be a measurable process whose
sample paths are locally bounded for any w € 2. Then the process H o X
defined by

(HoX)t(w):/O H(s,w)dXs(w), we 2,teRy

is called the stochastic Stieltjes integral of H with respect to X. Clearly,
((H ® X)¢)ier, is itself a stochastic process.

If we assume further that X is progressively measurable and H is Fy-
predictable with respect to the o-algebra generated by X, then H e X is
progressively measurable. In particular, if N = 3" . €, is a point process
on Ry, then for any nonnegative process H on R, the stochastic integral
H o N exists and is given by

(HeN); = Z I, <y (1) H (Tn).
neN*

Theorem A.69. Let M be a martingale of locally integrable variation, i.e.,
such that

t
E [/ d|MS|] < oo for any t >0,
0
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and let C be a predictable process satisfying

t
E[/ |C'S|d|MS|] < oo for any t > 0.
0

Then the stochastic integral C' e M is a martingale.



B

Convergence of Probability Measures
on Metric Spaces

B.1 Metric Spaces

For more details on the following and further results, refer to Loéve (1963);
Dieudonné (1960), and Aubin (1977).

Definition B.1. Consider a set R. A distance (metric) on R is a mapping
p: R x R — R, that satisfies the following properties.

D1. For any z,y € R, p(z,y) =0z =y.
D2. For any z,y € R, p(x,y) = p(y, ©).
D3. For any z,y,z € R, p(z, 2) < p(z,y) + p(y, 2) (triangle inequality).

Definition B.2. A metric space is a set R endowed with a metric p; we shall
write (R, p). Elements of a metric space will be called points.

Definition B.3. Given a metric space (R, p), a point ¢ € R, and a real
number r > 0, the open ball (or the closed ball) of center a and radius r is
the set B(a,r) := {x € R|p(a,x) <71} (or B'(a,r) :={x € R|p(a,z) < r}).

Definition B.4. In a metric space (R, p), an open set is any subset A of R
such that for any « € A there exists an r > 0 such that B(a,r) C A.

The empty set is open, and so is the entire space R.

Proposition B.5. The union of any family of open sets is an open set. The
intersection of a finite family of open sets is an open set.

Definition B.6. The family 7 of all open sets in a metric space is called its
topology. In this respect the couple (R, 7)) is a topological space.

(© Springer Science+Business Media New York 2015 419
V. Capasso, D. Bakstein, An Introduction to Continuous-Time

Stochastic Processes, Modeling and Simulation in Science, Engineering

and Technology, DOI 10.1007/978-1-4939-2757-9
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Definition B.7. The interior of a set A is the largest open subset of A.

Definition B.8. In a metric space (R, p), a closed set is any subset of R that
is the complement of an open set.

The empty set is closed, and so is the entire space R.

Proposition B.9. The intersection of any family of closed sets is a closed
set. The union of a finite family of closed sets is a closed set.

Definition B.10. In a metric space (R,p), the closure of a set A is the
smallest subset of R containing A. It is denoted by A. Any element of the
closure of A is called a point of closure of A.

Proposition B.11. A closed set is the intersection of a decreasing sequence
of open sets. An open set is the union of an increasing sequence of closed sets.

Definition B.12. A topological space is called a Hausdorff topological space
if it satisfies the following property:

(HT) For any two distinct points z and y there exist two disjoint open
sets A and B such that z € A and y € B.

Proposition B.13. A metric space is a Hausdorff topological space.

Definition B.14. In a metric space (R, p), the boundary of a set A is the
set 0A = AN (R\ A). Here R\ A is the complement of A.

Definition B.15. Given two metric spaces (R, p) and (R',p'), a function
f: R — R is continuous if for any open set A" in (R, p'), the set f~1(A4’) is
an open set in (R, p).

Definition B.16. Two metric spaces (R, p) and (R’, p) are said to be homeo-
morphic if a function f : R — R’ exists satisfying the following two properties:

1. f is a bijection (an invertible function).
2. f is bicontinuous, i.e., both f and its inverse f~! are continuous.

The function f above is called a homeomorphism.

Definition B.17. Given two distances p and p’ on the same set R, we say
that they are equivalent distances if the identity ir : © € R+— =z € Ris a
homeomorphism between the metric spaces (R, p) and (R', p’).

Remark B.18. We may remark here that the notions of open set, closed set,
closure, boundary, and continuous function are topological notions. They de-
pend only on the topology induced by the metric. The topological properties
of a metric space are invariant with respect to a homeomorphism.
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Definition B.19. Given a subset A of a metric space (R, p), its diameter is
given by 0(A) = sup,e 4 yea d(@,y). A is bounded if its diameter is finite.

Definition B.20. Given two metric spaces (R, p) and (R’,p’), a function
f: R — R is uniformly continuous if for any € > 0 a § > 0 exists such that

x,y € R, p(z,y) < § implies p'(f(z), f(y)) <e.

Proposition B.21. A wuniformly continuous function is continuous. (The
converse is not true in general.)

Remark B.22. The notions of diameter of a set and of uniform continuity of a
function are metric notions.

Definition B.23. Let A, B be two subsets of a metric space R. A is said to
be dense in B if B C A. A is said to be everywhere dense in R if A = R.

Definition B.24. A metric space R is said to be separable if it contains an
everywhere dense countable subset.

Here are some examples of separable spaces with their corresponding
everywhere dense countable subsets.

e The space R of real numbers with distance function p(z,y) = |x — y|, with
the set Q.
e The space R™ of ordered n-tuples of real numbers z = (z1,22,...,Zp)

with distance function p(z,y) = {>p_, (yx — a:k)2}%, with the set of all
vectors with rational coordinates.

e The space Rf} of ordered n-tuples of real numbers = = (x1, xa, ..., x,) with
distance function po(z,y) = max {|yr — zx|; 1 < k < n} with the set of all
vectors with rational coordinates.

e C?([a,b]), the totality of all continuous functions on the segment [a, b] with
distance function p(z,y) = f; [z(t)—y(t)]?dt with the set of all polynomials
with rational coefficients.

Definition B.25. A family {G,} of open sets in metric space R is called a
basis of R if every open set in R can be represented as the union of a (finite
or infinite) number of sets belonging to this family.

Definition B.26. R is said to be a space with countable basis if there is at
least one basis in R consisting of a countable number of elements.

Theorem B.27. A necessary and sufficient condition for R to be a space with
countable basis is that there exists in R an everywhere dense countable set.

Corollary B.28. A metric space R is separable if and only if it has a count-
able basis.
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Definition B.29. A covering of a set is a family of sets whose union contains
the set. If the number of elements of the family is countable, then we have a
countable covering. If the sets of the family are open, then we have an open
covering.

Theorem B.30. If R is a separable space, then we can select a countable
covering from each of its open coverings.

Theorem B.31. FEvery separable metric space R is homeomorphic to a subset
of R*.

Definition B.32. In a metric space (R, p), a sequence (2, )nen is any function
from N to R.

Definition B.33. We say that a sequence (z,)nen admits a limit b € R (is
convergent to b) if b is such that for any open set V', with « € V, there exists an
ny € N such that for any n > ny we have z,, € V. We write lim, o z, = b.

Definition B.34. A subsequence of a sequence (2, )nen is any sequence k €
N — z,, € R such that (ny)ken is strictly increasing.

Proposition B.35. Iflim, o z, = b, then limy_ o zy, = b for any subse-
quence of (Tn)nen-

Definition B.36. b is called a cluster point of a sequence (Z, )nen if a subse-
quence exists having b as a limit.

Proposition B.37. Given a subset A of a metric space (R, p), for any a € A
there exists a sequence of elements of A converging to a.

Proposition B.38. If x is the limit of a sequence (x,)nen, then x is the
unique cluster point of (x,)nen. Conversely, (x,)nen may have a unique clus-
ter point x, and still this does not imply that x is the limit of (xn)nen (See
Aubin 1977, p. 67 for a counterezample).

Definition B.39. In a metric space (R, p), a Cauchy sequence is a sequence
(Zn)nen such that for any € > 0 an integer ng € N exists such that m,n € N,
m,n > ng implies p(x,, x,) < €.

Proposition B.40. In a metric space, any convergent sequence is a Cauchy
sequence. The converse is not true in general.

Proposition B.41. In a metric space, if a Cauchy sequence (x,)nen has a
cluster point x, then x is the limit of (zp)nen-
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Definition B.42. A metric space R is called complete if any Cauchy sequence
in R is convergent to a point of R.

Definition B.43. A subspace of a metric space (R, p) is any nonempty subset
F of R endowed with the restriction of p to F' x F'.

Proposition B.44. If a subspace of a metric space R is complete, then it is
closed in R. In a complete metric space, any closed subspace is complete.

Definition B.45. A metric space R is said to be compact if any arbitrary
open covering {O,} of the space R contains a finite subcovering.

Definition B.46. A metric space R is called precompact if, for all € > 0, there
is a finite covering of R by sets of diameter < e.

Remark B.47. The notion of compactness is a topological one, whereas the
notion of precompactness is a metric one.

Theorem B.48. For a metric space R, the following three conditions are
equivalent:

1. R s compact.
2. Any infinite sequence in R has at least a limit point.
3. R is precompact and complete.

Proposition B.49. FEvery precompact metric space is separable.

Proposition B.50. In a compact metric space, any sequence that has only
one cluster value a converges to a.

Proposition B.51. Any continuous mapping of a compact metric space into
another metric space is uniformly continuous.

Definition B.52. A compact set (or precompact set) in a metric space R is
any subset of R that is compact (or precompact) as a subspace of R.

Proposition B.53. Any precompact set is bounded.

Proposition B.54. Any compact set in a metric space is closed. In a compact
metric space, any closed subset is compact.

Proposition B.55. Any compact set in a metric space is complete.

Definition B.56. A set M in a metric space R is said to be relatively compact
if M =M.
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Theorem B.57. A relatively compact set is precompact. In a complete metric
space, a precompact set is relatively compact.

Proposition B.58. A necessary and sufficient condition that a subset M of
a metric space R be relatively compact is that every sequence of points of M
has a cluster point in R.

Definition B.59. A metric space R is said to be locally compact if for every
point x € R there exists a compact neighborhood of z in R.

Theorem B.60. Let R be a locally compact metric space. The following prop-
erties are equivalent:

1. There exists an increasing sequence (Uy,) of open relatively compact sets in
R such that U, C Upi1 for every n, and R = U,U,.

2. R 1is the countable union of compact subsets.

3. R is separable.

Convergence of Probability Measures

Let now (S, p) be a separable metric space endowed with the o-algebra S
of Borel subsets generated by the topology induced by p. As usual, given a
probability space (£2, F, P), an S-valued random variable X is an F — S-
measurable function X : (2, F) — (S,S).

Definition B.61. A sequence (X, )nen of random variables, with values in
the common measurable space (5, S), converges almost surely to the random
variable X (notation X,, % X) if for almost all w € 2, X,,(w) converges to
X (w) with respect to the metric p.

In a metric space, in the foregoing definition only the elements of (X, )nen
are required to be measurable, i.e., random variables, since in any case the
limit function will automatically be itself measurable, i.e., a random variable
(e.g., Dudley 2005, p. 125). We further remark that, since (S, p) is a separable
metric space, for any two S-valued random variables X and Y, the distance
p(X,Y) is areal-valued random variable, so that the following definition makes
sense.

Definition B.62. A sequence (X,,)nen of random variables with values in
the common measurable space (S, S) converges (in probability) to the random

variable X (notation X, 45 X) if for any € > 0,
P(p(Xn,X)>e) =0,

as n — o0.
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Theorem B.63. For random variables valued in a separable metric space,
almost sure convergence implies convergence in probability.

The converse of this theorem does not hold in general, though the following
theorem holds.

Theorem B.64. For random variables (X, )nen and X, valued in a separable

metric space, X, Ex if and only if for every subsequence of (X, )nen there
exists a subsubsequence that converges to X a.s.

Proof . See, e.g., Dudley (2005, p. 288). O

Within the foregoing framework, let £°(£2, F, S, S) or simply £°(S,S) de-
note the set of all F — S-measurable functions (i.e., S-valued random vari-
ables); we will then denote by L°(S,S) the set of equivalence classes of ele-

ments of £°(S,S) with respect to the usual P-a.s. equality. Given two elements
X,Y € £°(S,S), define

a(X,Y):=inf{e > 0] P(p(X,Y) >¢) <e}.

Theorem B.65. On L°(S,S), « is a metric that metrizes convergence in
probability, so that for random variables (X, )nen and X, valued in the sepa-

rable metric space S, X, 5x if and only if a(X,,,X) — 0.
Proof . See, e.g., Dudley (2005, p. 289). O
The metric « is called the Ky Fan metric.

Theorem B.66. If (S, p) is a complete separable metric space, then L°(S,S),
endowed with the Ky Fan metric «, is complete.

Proof . See, e.g., Dudley (2005, p. 290). O

Let (S, p) be a metric space endowed with its Borel o-algebra S as above.
Let P, P;, Py, ... be probability measures on (5,S), and let Cy(S) be the class
of all continuous bounded real-valued functions on S.

Definition B.67. A sequence of probability measures (P,)nen on (S,S) con-
verges weakly to a probability measure P (notation P, 144 P)if

/S fdpP, — /S fap

for every function f € Cy(S).

Proposition B.68. If (S, p) is a metric space, then P and Q are two prob-
ability laws on S, and, for any f € Cy(S), [ fdP = [4 fdQ, then P = Q.

An important consequence of the previous proposition is uniqueness of the
weak limit of a sequence of probability laws.
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Definition B.69. A sequence (X,,)nen of random variables with values in
a common measurable space (S,S) converges in distribution to the random

variable X (notation X, Bx ) if the probability laws P, of the X,, converge
weakly to the probability law P of X:

P, Xp

If we denote by L£(X) the probability law of a random variable X, then
the foregoing convergence can be equivalently written as

LX) 5 £(x).

Proposition B.70. If (S, p) is a separable metric space, for random variables
(Xn)nen and X, valued in S,

X, 5x=x,8x

Recall that if for some x € S, L(X) = ¢, i.e., X is a degenerate random
variable, then

X, 5 x—=x,2x.

Theorem B.71 (Skorohod representation theorem). Consider a se-
quence (Ppn)nen of probability measures and a probability measure P on a sep-

arable metric space (S,S) such that P, Y, P. Then there exists a sequence

n—oo
of S-valued random variables (Y, )nen and a random variable Y defined on a

common (suitably extended) probability space such that 'Y, has probability law
Py, Y has probability law P, and

Y, &% V.
n—oo
Proof . See, e.g., Billingsley (1968). O

Consider sequences of random variables (X, )nen and (Y, )nen valued in
a metric separable space (5, p) having a common domain; it makes sense to
speak of the distance p(X,,Y,), i.e., the function with value p(X, (w), Y, (w))
at w. Since S is separable, p(X,,Y,) is a random variable (Billingsley 1968,
p. 225), and we have the following theorem.

Theorem B.72. If X,, 3 X and p(X,,Y,) 50, then Y, B X.

Let i be a measurable mapping of the metric space S into another metric
space S’. If P is a probability measure on (S,S), then we denote by h(P)
the probability measure induced by h on (S’,S’), defined by h(P)(A) =
P(h=1(A)) for any A € S'. Let Dy, be the set of discontinuities of h.
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Theorem B.73. If P, X P and P(Dy) =0, then h(P,) &% h(P).

For a random element X of S, h(X) is a random element of S’ (since h is
measurable), and we have the following corollary.

Corollary B.74. If X,, 3 X and P(X € Dy,) = 0, then h(X,) 2 h(X).
We recall now one of the most frequently used results in analysis.

Theorem B.75. (Helly). For every sequence (Fy)nen of distribution
functions there exists a subsequence (Fy, )ken and a nondecreasing, right-
continuous function F (a generalized distribution function) such that
0 < F <1 and limy F,,, (z) = F(x) at continuity points x of F.

Definition B.76. A set A in S such that P(OA) = 0 is called a P-

continuity set.

Theorem B.77 (Portmanteau theorem). Let (P,)nen and P be probabil-
ity measures on a metric space (S, p) endowed with its Borel o-algebra. These
five conditions are equivalent:

1. P, %P

2. lim, [ fdP, = [ fdP for all bounded, uniformly continuous real
functions f.

3. limsup,, P,(F) < P(F) for all closed F.

4. liminf,, P,(G) > P(G) for all open G.

5. limy, P,,(A) = P(A) for all P-continuity sets A.

Consider a metric space (5, p). Given a bounded real-valued function f on
S, we may consider its Lipschitz seminorm defined as

11l o= sup L@ = W) |
ey PEY)

and its supremum norm || f|le := sup, | f(z) | . Let

115z == 1z + [ flloo;

and consider the set BL(S, p) of all bounded real-valued Lipschitz functions
on S, i.e.,
BL(S,p) = {f: S = R ||| 1 < 0}

Theorem B.78. Let (S, p) be a metric space.

1. BL(S, p) is a vector space.
2. |- llBL is a norm.
3. (BL(S,p), || - |BL) is a Banach space.
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For any two probability laws P and @ on the Borel o-algebra of (S, p) we
may define

B(P.Q) = sup{|/fdp—/fdcz| £l < 1}.

Theorem B.79. Let (S, p) be a metric space endowed with its Borel o-algebra
S. B is a metric on the set of all probability laws on S.

Now on a metric space (5, p) consider any subset A C S and for any & > 0
let

A® :={ye S| p(z,y) < ¢ for some z € A}.
For any two probability laws P and @ on the Borel o-algebra S we may define

~(P,Q) :=inf {¢ > 0 | P(A) < Q(A%) +¢, for all A€ S}.

Theorem B.80. Let (S, p) be a metric space endowed with its Borel o-algebra
S. v is a metric on the set of all probability laws on S.

The metric v is known as the Prohorov metric, or sometimes the Lévy—
Prohorov metric.

Theorem B.81. Let (S, p) be a separable metric space endowed with its Borel
o-algebra S; consider a sequence (P )nen and a P probability measure on S.
These four statements are equivalent.

(a) P, X P
(b) lim,, [ fdP, = [ fdP for all functions f € BL(S, p)
(c) Tim, B(Po, P) = 0

Proof . See, e.g., Dudley (2005, p. 395). O

The fact that convergence in probability implies convergence in law can
be expressed in terms of the Prohorov and the Ky Fan metrics as follows.

Theorem B.82. Let (S, p) be a separable metric space endowed with its Borel
o-algebra S, and let X,Y be two S-valued random variables defined on the
same probability space. Then

(LX), L(Y)) € (X, Y).
For an interesting account about metrics on probability measures and the

relationships among them, we recommend the reader to refer to Gibbs and Su
(2002).



B.1 Metric Spaces 429
Convergence of Empirical Measures

Consider a metric space (5, p) endowed with its Borel o-algebra S, and let
(X )nen+ be a sequence of i.i.d. S-valued random variables defined on the
same probability space (2, F, P). The sequence (P,,)nen- of empirical mea-
sures associated with (X,,)nen+ is defined by

1 n
P.(B)(w) :ZEZEXJ.(W)(B), BeS, wen,

Jj=1

where €, is the usual Dirac measure associated with a point x € S.
The following theorem is a generalization of the Glivenko—Cantelli theo-
rem, also known as the Fundamental Theorem of Statistics.

Theorem B.83 (Varadarajan). Let (S, p) be a separable metric space en-
dowed with its Borel o-algebra S; let (X, )nen+ be a sequence of i.i.d. S-valued
random variables defined on the same probability space (2, F, P); and let Px
denote their common probability law on S. Then the sequence of empirical
measures (P )nen+ associated with (X, )nen= converges to Px almost surely,
i.e.,

P{we 2|P,(")(w) = Px}) =1.

Proof . See, e.g., Dudley (2005, p. 399). O

On the set of probability measures on (S, S), we may refer to the topology
of weak convergence.

Definition B.84. Let IT be a family of probability measures on (S,S). II is
said to be relatively compact if every sequence of elements of IT contains a
weakly convergent subsequence, i.e., for every sequence (P, )nen in IT there
exists a subsequence (P,, )ken and a probability measure P [defined on (S, S),

but not necessarily an element of I7] such that P,, X p.

Theorem B.85. Let (P,)nen be a relatively compact sequence of probability
measures and P an additional probability measure on (S,S). Then the follow-
ing propositions are equivalent:

(a) P, X P.
(b) All weakly converging subsequences of (Py)nen weakly converge to P.

Definition B.86. A family IT of probability measures on the general metric
space (S,8) is said to be tight if, for all € > 0, there exists a compact set K.
such that

PK)>1—¢ VP e II.
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B.2 Prohorov’s Theorem

Prohorov’s theorem gives, under suitable hypotheses, equivalence among rel-
ative compactness and tightness of families of probability measures.

Theorem B.87 (Prohorov). Let IT be a family of probability measures on
the measurable space (S,S). Then

1. If II is tight, then it is relatively compact.
2. Suppose S is separable and complete; if II is relatively compact, then it is
tight.

Proof . See, e.g., Billingsley (1968). O

Corollary B.88. Let (S, p) be a Polish space endowed with its Borel o-algebra
S; then, the metric space of all probability measures on S is complete with
either metric 3 or .

Proof . See, e.g., Dudley (2005, p. 405). O

B.3 Donsker’s Theorem

Weak Convergence and Tightness in C([0,1])

Consider a probability measure P on (R*°, Br=), and let 7 be the projec-
tion from R* to R*, defined by m;,. ;. (z) = (z4,...,2;, ). The functions
7k(P) : R¥ — [0,1] are called finite-dimensional distributions corresponding
to P. It is possible to show that probability measures on (R, Bge) converge
weakly if and only if all the corresponding finite-dimensional distributions
converge weakly. Let C' := C([0, 1]) be the space of continuous functions on
[0,1] with uniform topology, i.e., the topology obtained by defining the dis-
tance between two points z,y € C as p(z,y) = sup, |z(t) — y(t)|. We shall
denote with (C,C) the space C with the topology induced by this metric p.
For ty,...,t; in [0,1], let m¢, .+, be the mapping that carries point = of C' to
point (x(t1),...,z(t;)) of R¥. The finite-dimensional distributions of a proba-
bility measure P on (C,C) are defined as the measures 7y, 4, (P). Since these
projections are continuous, the weak convergence of probability measures on
(C,C) implies the weak convergence of the corresponding finite-dimensional
distributions, but the converse fails (perhaps in the presence of singular mea-
sures), i.e., weak convergence of finite-dimensional distributions of a sequence
of probability measures on C' is not a sufficient condition for weak convergence
of the sequence itself in C. One can prove (e.g., Billingsley 1968) that an ad-
ditional condition is needed, i.e., relative compactness of the sequence. Since
C is a Polish space, i.e., a separable and complete metric space, by Prohorov’s
theorem we have the following result.
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Theorem B.89. Let (P,)nen and P be probability measures on (C,C). If
the sequence of the finite-dimensional distributions of P,, n € N converge

weakly to those of P, and if (Py)nen is tight, then P, X p.

To use this theorem we provide here some characterization of tightness.
Given a § €]0, 1], a d-continuity modulus of an element x of C' is defined by

wy(6) = w(x,0) = sup |z(s) — z(t)], 0<o<1.
|s—t|<d

Let (P,)nen be a sequence of probability measures on (C,C).

Theorem B.90. The sequence (P,)nen is tight if and only if these two con-
ditions hold:

1. For each positive n there exists an a, such that
P, (z||z(0)] > ay,) <, n > 1.

2. For each positive € and 7 there exists a §, with 0 < § < 1, and an integer
no such that
Po(zlwg(8) > €) <n, n>no.

The following theorem gives a sufficient condition for compactness.
Theorem B.91. If the following two conditions are satisfied:

1. For each positive n, there exists an a such that
P, (z]|z(0)] > a) <n n > 1.

2. For each positive € and n, there exists a §, with 0 < § < 1, and an integer
ng such that

%Pn (:v

for all t € [0,1], then the sequence (Py)nen i tight.

sup |z(s) — x(t)] = e) <n,  nZ>ng,
t<s<t+d

Let X be a mapping from (£2,F, P) into (C,C). For all w € 2, X(w)
is an element of C, i.e., a continuous function on [0,1], whose value at t
we denote by X (t,w). For fixed ¢, let X(¢) denote the real function on {2
with value X (t,w) at w. Then X(¢) is the projection m;X. Similarly, let
(X (t1), X (t2),..., X (tx)) denote the mapping from (2 into R* with values
(X (t1,w), X (t2,w), ..., X (ts,w)) at w. If each X (t) is a random variable, X
is said to be a random function. Suppose now that (X, )nen is a sequence of
random functions. According to Theorem B.90, (X, )nen is tight if and only
if the sequence (X,,(0))nen is tight, and for any positive real numbers € and
7 there exists d, (0 < § < 1) and an integer ng such that
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P(wx,(6) 2 €)<n,  n=>no.

This condition states that the random functions X,,, n € N, do not oscillate
too much. Theorem B.91 can be restated in the same way: (X, )nen is tight if
(X, (0))nen is tight, and if for any positive € and 7 there exists a §, 0 < § < 1,
and an integer ng such that

lp ( Sup |Xn(s) - Xn(t)| > 6) <n
0 t<s<t+6

forn >ngand 0 <t <1.

Donsker’s Theorem

Let (§n)nem fo} be a sequence of i.i.d. random variables on ({2, F, P) with
mean 0 and variance 2. We define the sequence of partial sums S,, = & +
<o 4+ &y, n € N, with Sg = 0. Let us construct the sequence of random
variables (X, )nen from the sequence (S, )nen by means of rescaling and linear
interpolation, as follows:

) 1 )
Xn (E,w) = ——=5;(w) for ~€ [0,1[;
Xo(t) - X, (&) t—-=2

n

Xo(o)-X (5 4

n n

With a little algebra, we obtain

- ()52 1) (59)

i (i—1)
1 E A R G A |
= o—ﬁsl,l(w) % % U\/ﬁSl(w)
1 iy ¢-i41 1 - &b
= aﬁSi,l(w) ( % + % ) + U\/ﬁ % &(w)
1 1—1 1
= —=5i- t— i
o\/n 1) —i—n( n ) o ng (@)
Since i — 1 = [nt], if t € [(121), 1], we may rewrite (B.1) as follows:

Xo1:0) = == Sp@) + (01 = () —=tluia(). (B2
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For any fixed w, X, (-, w) is a piecewise linear function whose pieces’ amplitude
decreases as n increases. Since the &; and hence the S; are random variables it
follows by (B.2) that X,,(¢) is a random variable for each ¢. Therefore, the X,
are random functions. The following theorem provides a sufficient condition
for (X, )nen to be a tight sequence.

Theorem B.92. Suppose X,, n € N is defined by (B.2). The sequence
(Xn)nen s tight if for each positive € there exists a A, with A > 1, and an
integer ng such that, if n > ng, then

P (anwm — S| > )\o\/ﬁ) < % (B.3)

holds for all k.

If the sequence (£,)nen 0} is made of i.i.d. random variables, then condi-
tion (B.3) reduces to

€
P (Iln<ag(|Si| > /\a\/ﬁ) <3z (B.4)

Let us denote by Py the probability measure of the Wiener process as de-
fined in Definition 2.167 and whose existence is a consequence of Theorem 2.64.
We will refer here to its restriction to ¢ € [0,1], so that its trajectories are
almost sure elements of C([0, 1]).

Theorem B.93 (Donsker). Let (,)nen {0} be a sequence of i.i.d. random
variables defined on (2, F, P) with mean 0 and finite, positive variance o2 :

Blg]=0,  Elg]=0"

Let S, =& + & + -+ &, n€N. Then the random functions
1 1
. D
satisfy X, = W.

Proof. We wish to apply Theorem B.89; we first show that the sequence of
the finite-dimensional distributions of X,,, n € N converge to those of W.
Consider first a single time point s; we need to prove that

X, (s) & w,.

Since

1
ovn

1

Xn(s) - U_\/ﬁg[ns]Jrl

Sins]

~ (ns = )|
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and since, by Chebyshev’s inequality,

(

IN

2
E |: #ﬁg[ns]ﬁ-l’ :|
)
62

1 ¢ S

O'\/ﬁ [ns]+1| =
1

———F [5[2715]+1:| =

o2ne?

=— —0, n — 00,
ne

we obtain
Xn(s) —

1 P
—— S| — 0
U\/ﬁ [ ]

"] — 1, by the Central Limit Theorem for i.i.d. variables

Since lim,, o o

[ns]

S & BN, 1),

so that

Therefore, by Theorem B.72, X,,(s) B W,. Consider now two time points s
and t with s < t. We must prove

(Xn(s), Xn(t)) D (Ws, Wa).
Since

by Chebyshev’s inequality, so that

I e ),

and by Theorem B.72, it is sufficient to prove that

R2

U\/— (S[ns S[nt) 3 (WS;Wt)'

By Corollary B.74 of Theorem B.73 this is equivalent to proving

1

U_\/ﬁ (S[ns]u S[nt] - S[ns]) 2} (Wsu Wt - Ws)
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For independence of the random variables §;, i« = 1,2, ..., n, the random vari-
ables Sj,,5) and S},y) — S} are independent, so that

[nt]
jn:[nS]Jrl gj]

ns]
lim F [e“\fz

n—oo

ns] iv [nt] .
= lim E [eofz ] - lim E {effﬁ Zj[nsmﬂ . (B5)

n—r oo n—oo

Since lim,, oo [ns S] =1, by the Lindeberg Theorem 1.190

n

0_\/—5[115 —>N(0 8)

and for the same reason

1 D
—— (St — S N(0,t —
Uﬁ( [nt] [ns]) — ( ’ 5)7
so that

u?s

lim F {e"\/ﬁs"ﬂ =e 2

n—00

and

w2s

. _v_g -5, _uZs
lim E[edﬁ (4] ["5]} =e 7.

n—oo

Substitution of these two last equations into (B.5) gives
1
ovn

and consequently

D
(S[ns]a S[nt] - S[ns]) — (Ws; Wy — Ws)7

(Xn(s), Xn(t)) D (Ws, Wa).

A set of three or more time points can be treated in the same way, and hence
the finite-dimensional distributions converge properly. To prove tightness we
apply Theorem B.92; under the assumptions of the present theorem, it can
be shown (Billingsley 1968, p. 69) that

P <m<ax|Sl-| > /\\/ﬁa) <2p (|Sn| > (A — \/5)\/50) :
For % > /2 we have
A
P <m<ax|5’i| > )\\/ﬁ0> < 2P (|S’n| > 5\/50) .
By the Central Limit Theorem,

1 1
P (18,12 rovir) > P (1312 32) < 5B [INF).
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where the last inequality follows by Chebyshev’s inequality, and N ~ N(0,1).
Therefore, if € is positive, there exists a A such that

lim sup P (maX|Si| > /\U\/ﬁ) < i,

n—00 i<n )\2
and then, by Theorem B.92, the sequence of the distribution functions of
(Xn)nen is tight. O

An Application of Donsker’s Theorem

Donsker’s theorem has the following qualitative interpretation: X, 2 W im-
plies that, if 7 is small, then a particle subject to independent displacements
&1, &9, ... at successive times 11, 7o, . . . appears to follow approximately a Brow-
nian motion.

More important than this qualitative interpretation is the use of Donsker’s
theorem to prove limit theorems for various functions of the partial sums 5,,.
Using Donsker’s theorem it is possible to use the relation X, 3 W to derive
the limiting distribution of max;<, S;.

Since h(x) = sup, x(t) is a continuous function on C, X, B W implies,
by Corollary B.74, that

sup X, (t) B sup Wi

0<t<1 0<t<1
The obvious relation
X (t) L g
su = max ——=35;
OStEI " i<n Uﬁ ¢
implies
1 D
——max.S; = sup Wi (B.6)
gy/n i<n 0<t<1

Thus, under the hypotheses of Donsker’s theorem, if we knew the distribu-
tion of sup, Wy, we would have the limiting distribution of max;<, S;. The
technique we shall use to obtain the distribution of sup, W; is to compute

the limit distribution of max;<, S; in a simple special case and then, using

h(X5) 3 h(W), where h is continuous on C' or continuous except at points

forming a set of Wiener measure 0, we obtain the distribution of sup, W; in
the general case.

Suppose that Sy, .S1, ... are the random variables for a symmetric random
walk starting from the origin; this is equivalent to supposing that &, are
independent and satisfy

(B.7)
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Let us show that if a is a nonnegative integer, then

P (max Si > a) =2P(S,, > a)+ P(S, = a). (B.8)

0<i<n

If a = 0, then the previous relation is obvious; in fact, since Sy = 0,

P(maxSiZO)zl

0<i<n
and obviously, by symmetry of S,
2P (S, > 0)+ P(S, =0)=P(S, >0)+ P(S, <0)+ P(S, =0) =1.
Suppose now that a > 0 and put M; = maxo<;<; S;. Since
{8, =a} C {M,, > a}

and
{8, >a} C {M, >a},

we have
P(M, >a)— P(S, =a) = P(M, >a,S, <a)+ P(M, >a,S, >a)

and
P(M, > a,S, >a)=P(S, > a).

Hence we have to show that
P(M, > a,S, <a)=P(M, >a,S, > a). (B.9)

Because of (B.7), all 2™ possible paths (57,52, ...,S,) have the same proba-
bility 27". Therefore, (B.9) will follow if we show that the number of paths
contributing to the left-hand event is the same as the number of paths con-
tributing to the right-hand event. To show this, it suffices to find a one-to-one
correspondence between the paths contributing to the right-hand event and
the paths contributing to the left-hand event.

Given a path (51,52, ...,S,) contributing to the left-hand event in (B.9),
match it with the path obtained by reflecting through a all the partial sums
after the first one that achieves the height a. Since the correspondence is one-
to-one, (B.9) follows. This argument is an example of the reflection principle.
See also Lemma 2.180.

Let o be an arbitrary nonnegative number, and let a, = —[—anz].
By (B.9), we have

Nl=

1
P (max =51 2 a0 ) = 2P(S, > a2) + P(5, = ).
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Since S; can assume only integer values and since a,, is the smallest integer
1
greater than or equal to an?z,

—_— > = =
P (rzn<ag< \/_S’ a) 2P(Sy, > apn) + P(S, = an).

By the central limit theorem,
P(S, > a,) > P(N > «),

where N ~ N(0,1) and 02 = 1 by (B.7).
Since in the symmetric binomial distribution S, — 0 almost surely, the
term P(S,, = a,) is negligible. Thus

P (I}Lari( TS > a) —2P(N > a), a > 0. (B.10)

By (B.10), (B.6), and (B.7), we conclude that

2 @
Pl sup W <a) = —/ e 2% du, a>0. B.11
(0921 ' > vam Jo ( )

If we drop assumption (B.7) and suppose that the random variables &, are
i.i.d. and satisfy the hypothesis of Donsker’s theorem, then (B.6) holds and
from (B.11) we obtain

P (L max S; < a) — i/ e_%“2du, a>0.
ov/N i<n \/ﬂ 0

Thus we have derived the limiting distribution of max;<, S; by Lindeberg’s

theorem. Therefore, if the &, arei.i.d. with E[£,] = 0 and E[¢2] = 02, then the

limit distribution of h(X,,) does not depend on any further properties of the

&, For this reason, Donsker’s theorem is often called an invariance principle.
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Diffusion Approximation of a Langevin System

The following result has gained interest in recent literature of Biophysics and
Biochemistry (see, e.g., Schuss (2013)). It concerns the possibility to obtain
a spatial diffusion approximation for the Langevin system of stochastic equa-
tions on R, describing the evolution of the position X (t) and the velocity V (¢)
of a particle subject to a potential &(z), during time t € R,

{dX(t) =V (t)dt, (C.1)

AV (t) = [V (t) + & (X (t))]dt + /ZeydW,.

Here we have taken a constant friction parameter v, while € derives from
the Stokes-Einstein relation T
B
= (C.2)
in terms of the temperature T, the mass m of the particle, and the Boltzmann
constant kp; (W;)icr, denotes a standard Wiener process.

The solution process (X (t))icr, of the only position is not a Markov pro-
cess, but the couple (X (t), V(t)):er. is a diffusion Markov process, whose joint
probability density p(x,v;t) is the solution of the following Fokker-Planck
equation, for x € R, v € R, t € Ry, also known as Kramers Equation (see,
e.g., Risken (1989, p. 87)),

0P (w5 t) = — Dol v 1) 42 [0k @ @), v: ) byl ), (C.3)
—(z,v;t) = ——wvp(z,v; —[yv x)|p(x, v; —p(x,v; .
at 3 ) ax p 3 ) 6’1) FY p ) ) ’Y a’U2p 3 ) )
subject to suitable initial conditions.

In the case of a large friction parameter 7y, the above problem can
be approximated by a Markov diffusion process involving the sole position

(X (t))ter, , by reducing system (C.1) to the following scalar SDE

(© Springer Science+Business Media New York 2015 439
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dX (t) = —%@’(X(t))dt + ﬁdwt. (C.4)

We start with the following heuristic derivation (Gardiner (2004, p. 197)).
For large -y, we may assume that the second equation in (C.1) reaches very
soon a “quasi” stationary value V for the velocity, which then satisfies

— [V 4+ &' (X (t))]dt + \/2evdW; = 0; (C.5)

from which we may then get
— 1
Vdt = ——@' (X (t))dt + /2evdWy; (C.6)
8

by substituting this “quasi” stationary value V for the velocity in the first
equation of (C.1), we obtain Equation (C.4) for the position X (t), which is
then known as the high friction or Smoluchowski-Kramers approximation of
the Langevin system (C.1).

Recently an extended and an updated treatment based on a rigorous prob-
abilistic approach has been developed in Hottovy et al. (2014).

Here we present the following theorem, based on previous results by Pa-
panicolau (1977), and recently reproposed in Schuss (2010, p. 265), which
has been proven by usual asymptotic methods (see also Kervorkian and Cole
(1996, p. 138)).

Theorem C.1 If the initial value problem

OP°(,t) _ 0 {% [ij@'(mpo(x,t)”, (C.7)

ot ox
P°(z,0) = ¢(x)

admits a unique solution for ¢ € L*(R) N L>(R), such that
E@PO(:E, t)
Ox

is bounded for allt > to (for somety € Ry ), then, for all (z,v,t) € RxRxR,
such that

+ & (2) P%(,1)

v > v

)

9 0 1 !
%hlP (x,t) + g@ (x)

the probability density function p(xz,v;t), solution of (C.3), admits the asymp-
totic expansion

p(z,v;t) ~ e v/ {Po(x,t) - % {M + éq’)’(x)PO(x,t)] L0 { 1 ]}

2me Ox ?
(C.8)

Proof . Here we will only outline the proof, as from Schuss (2010); we encourage
the reader to refer to the cited literature for more details.
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Under the time scaling ¢ = s, the Fokker-Planck Equation (C.3) can be
rewritten in the form

10 0 0 0?

- _-“ c) ) 9 / ) s )
0= S5 (x,v;8) vaxp(x,v,s)—i—av [vo+@' (2)]p(z, v; s)+758U2p(x,v,s).
(C.9)
By introducing the operators
L (arzv's)*2 v—l—E3 (z,v; 8); (C.10)
opP(Z, V3 - v v DPLZ,v58); .
Lip(x,v;s) = —v2 (x,v;s) —l—@’(az)2 (x,v;8); (C.11)
1P\, V3 - (9xp s Uy a’Up » Vs o)y .
Egp(!E,’U;S) = —agp(:’ﬂ,’l};S), (012)
s
we may rewrite Equation (C.9) as follows
1
Lo+ L1 + ;Eg]p(x,v; s)=0. (C.13)
. . 1
By expanding p(x, v; s) in terms of the small parameter —
Y
1 1
pla,vis) = p°(z,v;s) + Qpl(%v;s) * [?} p(x,vi8) +--,  (C.14)

1
so that, by comparing terms of the same order in — in (C.13), we obtain the
Y

following hierarchy of equations

Lop®(z,v;5) = 0; (C.15)
Lop*(z,v;5) = —L1p°(x, v; 5); (C.16)
Lop*(z,v;8) = —L1p* (2, v;5) = Lap(x,v5 5). (C.17)
Take Equation (C.15)
0 21 o B
0 [v + E%} p°(z,v;8) =0, (C.18)

subject to the integrability condition

//po(a:,v;s)d:zrdv =1. (C.19)

Under the required regularity assumptions on p°(z,v;s), we may then
claim that
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0 0
v+ €50l P (x,v;8) = const. (C.20)
v

If we impose that both p°(z, v; s) and 2p°(z,v; s) tend to 0 as [v] — +00
(coherently with the integrability condition (C.19)), we obtain const = 0, so
that Equation (C.20) reduces to

0

a—po(:zr, v;8) = —vpo(x,v; s), (C.21)
ov

which admits solutions of the form

2
e1;/25

Pz, s), (C.22)

0
p(x,v;8) =
( ) 2me

where P°(x,s) is a function to be determined, satisfying the integrability
condition

/PO(:E, s)dx < 400. (C.23)
Since we have shown that Equation (C.15) admits a nontrivial solution,
by the Fredholm alternative theorems (Riesz and Sz—Nagy (1956, p. 161),

Michajlov (1978, p. 85)), the solvability condition for next equation (C.16) is
(Schuss (2010, p. 230), Gardiner (2004, p. 195))

/Elpo(x,v; s)dv = 0. (C.24)

It is then shown that an integrable solution of Equation (C.16) is given by

—v?/2¢ 0
P 0; 8) = e { v {8P (z,s) 1
Y

~¢'(z)P° : C.25
— R LT IO) | S

Once it is shown that Equation (C.16) admits a nontrivial solution, the
solvability condition for Equation (C.17) becomes

/(Elpl(:z:, v;8) + Lop®(,v;5))dv = 0. (C.26)

The above eventually implies that PY(z, s) is an integrable solution of the
following PDE

%Po(x, s) = % {E%PO(I, s) + &' () P(x, 5)|. (C.27)

By taking into account expansion (C.14) and returning to the original time
variable ¢t = 7s, we obtain the approximation (C.25). O

We may like to observe that Equation (C.14) is now the Fokker-Planck
equation for the pdf of the solution of the SDE (C.4).



D

Elliptic and Parabolic Equations

We recall here basic facts about the existence and uniqueness of elliptic and
parabolic equations; for further details, the interested reader may refer to
Friedman (1963, 1964).

D.1 Elliptic Equations

Consider an open bounded 2 C R", (for n > 1). We are given a;j, b;, and
¢, 1,7 = 1,...,n, real-valued functions defined on 2. Consider the partial
differential operator

M= Z:: 8%8% +Zbi(x)ai + ¢(x). (D.1)

The operator M is said to be elliptic at a point xo € (2 if the ma-
trix (a;,;(%0))i,j=1,...,n is positive-definite, i.e., for any real vector & # O,
D1 @ij(0)&i&s > 0.

If there is a positive constant p such that

n

D ai(@)&g > pl €I

i,j=1
for all x € §2, and all £ € R", then M is said to be uniformly elliptic in 2.

Definition D.1. A barrier for M at a point y € 32 is a continuous non-
negative function w, defined on 12 that vanishes only at the point y and such
that M[w,|(z) < —1, for any = € £2.
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Proposition D.2. Let y € 9(2. If there exists a closed ball K such that
KN =0, and KN ={y}, then y has a barrier for M.

The First Boundary Value or Dirichlet Problem

Given a real-valued function f defined on {2 and a real-valued function ¢
defined on 9f2, the Dirichlet problem consists of finding a solution u of the
system

{M[ ul(z) = f(x) in £,

f
¢(r) in OS2 (D-2)

E\
8
S~—"
[

Theorem D.3. Assume that M is uniformly elliptic in 2, that c¢(x) < 0,
and that a;j, b, (i,5=1,...,n), ¢, [ are uniformly Holder continuous with
exponent o in 2. If every point of 982 has a barrier, and ¢ is continuous on
092, then there exists a unique u € C?(£2) N C°(2) solution of the Dirichlet
problem (D.2).

Proof . See, e.g., Friedman (1963, 1964). O

D.2 The Cauchy Problem and Fundamental
Solutions for Parabolic Equations

Let
2

i (x,t) =——— 9
gt %ig 89018:10]

be an elliptic operator in R"™, for all ¢ € [O,T], and let f: R™ x [0,T] — R,
¢ : R — R be two appropriately assigned functions.
The Cauchy problem consists in finding a solution u(z,t) of

wl»—‘

(z,1) (D.3)

{L[u] = Lo[u] —us = f(z,t) in R"x]0,T], (D.4)

u(z,0) = ¢(x) in R™.

The solution is understood to be a continuous function defined for (z,t) €
R™ x [0,T], with its derivatives g, , Uz, us continuous in R™x]0, T'.

Theorem D.4. Let the matric (a;;(z,t)); j=1,..n be a nonnegative definite
real matriz, and let

| aij(‘rvt) |S C, |bi(x7t)| < C(|$| + 1)7 C(,T,t) < C(|$|2 + 1)7 (D‘5)

for a suitable constant C. If L[u] < in R"x]0,T], and if u(x,t) >
—Bexp {Blz[*} in R™ x [0,T] (for some B,j positive constants), and if
u(x,0) >0 in R™, then u(z,t) >0 in R™ x [0,T].
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Proof . See, e.g., Friedman (2004, p. 139). O

.....

Corollary D.5. Let the matriz (ai;(x,t))i j=1,...n be a nonnegative definite
real matriz, and let (D.5) hold. Then there exists at most one solution of the
Cauchy problem (D.4) satisfying

u(z, t)] < —Bexp {Blz|*}

in R™ x [0,T] (for some B, positive constants).

The next theorem, and consequent corollary, considers different growth
conditions on the coefficients of the operator L.

Theorem D.6. Let the matriz (a;j(z,t)); j=1
real matriz, and let

n be a nonnegative definite

.....

laij(z,t)| < C(jz]> + 1), |bi(z,t)] < C(jz|+1), clz,t)<C,  (D.6)

where C is a constant. If Liu] < 0 in R"x]0,T], u(z,t) > —N(|z|? 4+ 1) in
R™ x [0,T] (where N,q are positive constants), and u(x,0) > 0 in R™, then
u(z,t) >0 in R™ x [0,T].

Proof . See, e.g., Friedman (2004, p. 140). O

Corollary D.7. Let the matriz (a;j(z,t))ij=1,..n be a nonnegative definite
real matriz, and let conditions (D.6) be satisfied; then, there exists at most
one solution u of the Cauchy problem with

u(z, )] < N(1+ [z|?),

where N, q are positive constants.
Later the following conditions will be required.

(Ay) There exists a p > 0 such that 7. aj;(z,t)§& > p&? for all
(x,t) € R™ x [0,T].

(A2)  The coefficients of Ly are bounded continuous functions in R™ x [0, T,
and the coefficients a;;(z, t) are continuous in ¢, uniformly with respect to
(x,t) € R™ x [0,T].

(As)  The coefficients of Lo are Holder continuous functions (with exponent
«) in z, uniformly with respect to the variables (z, ) in compacts of R™ x
[0,T7, and the coefficients a;;(x,t) are Holder continuous (with exponent
«) in x, uniformly with respect to (x,t) € R™ x [0, T].

Definition D.8. A fundamental solution of the parabolic operator Ly — %
in R™ x [0, 7] is a function I'(x,t;£, 1), defined, for all (x,t) € R™ x [0,T] and
all (&,t) € R® x [0,T], t > r, such that, for all ¢ with compact support,** the
function

' The support of a function f : R™ — R is the closure of the set {z € R"|f(z) # 0}.
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u(et) = [ Pt
satisfies

(i) Lul(z,t) —w(z,t) =0 for z € R™, r <t <T
(i) u(x,t) — P(x) as tlr for z € R"

Theorem D.9. If conditions (A1), (Az2), and (As) hold, then there exists a
fundamental solution I'(x,t;&,r), for Lo — %, satisfying the inequalities

g2
ID?F(M;&T)IScl(t—r)Wexp{—cz'x d } m=0,1,

t—r

where ¢1 and ca are positive constants. The functions DI'I", m = 0,1,2,,
and DiI" are continuous in (z,t;€,r) € R™ x [0,T] x R* x [0,T], t > r, and
Lo[I'] = I, =0, as a function of (x,t).

Finally, for any bounded continuous function ¢ we have

/n F(.I,t,g,?”)d)(x)dx — ¢(§) fO’f’ t J, T.

Proof . See, e.g., Friedman (2004, p. 141). O

Theorem D.10. Let (A1), (Az2), (As) hold, let f(z,t) be a continuous func-
tion in R™ x [0, T, Holder continuous in x, uniformly with respect to (x,t) in
compacts of R™ x [0,T], and let ¢ be a continuous function in R™. Moreover,
assume that

f(x,t)] < Ae® " in R x [0, T,
6(x)] < Ae !’ in R™,
where A, a1 are positive constants. Then there exists a solution of the Cauchy

problem (D.4) in 0 < t < T*, where T* = min {T, 3} and € is a constant,

ay

which depends only on the coefficients of Ly, and
lu(z, t)] < Ae®ilel® in R x [0,77),

with positive constants A’ al.
The solution is given by

uet) = [ r@ue0e@d- [ [ rasen e
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The adjoint operator L* of L = Ly — % is given by

ov
(f% ’

Lo Z 83:1 aw T, t E

by assuming that all quoted derivatives of the coefficients exist and are
bounded functions.

L*[v] = L[v] +

x,t))+c(z,t),

Definition D.11. A fundamental solution of the operator LS—F% in R"x 0,7
is a function I'*(x,t; &, ), defined, for all (z,¢) € R™ x [0,T] and all (&,r) €

x [0,T], t < r, such that, for all g continuous with compact support, the
function

oat) = [ I tigrg(€)dg
satisfies
L*lv]4+v, =0 for zeR* 0<t<r
v(z,t) »> gx) as t1Tr, for x eR”

We consider the following additional condition.
(A4) The functions a;, 6;71;, 821_‘;1;]_ , bi, gb ¢ are bounded and the coef-

ficients of L§ satisfy conditions (Ag) and (As).

Theorem D.12. If (A1)—(A4) are satisfied, then there exists a fundamental
solution I'*(x,t;€,7) of L + %; it is such that

I(x,t;€,7) = I™(§, 1352, 1), t>r.

Proof . See, e.g., Friedman (2004, p. 143). O



E

Semigroups of Linear Operators

In this appendix we will report the main results concerning the structure
of contraction semigroups of linear operators on Banach spaces, as they are
closely related to evolution semigroups of Markov processes. For the present
treatment, we refer to the now classic books by Lamperti (1977), Pazy (1983),
and Belleni-Morante and McBride (1998).

Throughout this appendix, F will denote a Banach space.

Definition E.1. A one-parameter family (7});cr, of linear operators on E is
a strongly continuous semigroup of bounded linear operators or, simply, a Cy
semigroup if

(i)  To = I (the identity operator)

(11) T5+t = TsTt, for all S, te R+
(iii)  limyso4 || iz — 2z ||=0, forall z € E

Theorem E.2. Let (T,g),ge]R+ be a Cy semigroup. There exist constants w > 0
and M > 1 such that

| T: |I< Me*t,  for teR,. (E.1)

Corollary E.3. If (T})ier, is a Cy semigroup, then, for any x € E, the map
t € Ry = Thx € E is a continuous function.

Definition E.4. Let (T});cr, be a semigroup of bounded linear operators.
The linear operator A defined by

Tix —x
Da= {:E € E| tli%lthT exists}
—
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Jim o for x € Dy,

where the limit is taken in the topology of the norm of F.

Theorem E.5. Let (T})icr, be a Cy semigroup, and let A be its infinitesimal
generator. Then

(a) Forx € E,
1 t+h

%12% 7 t Tixds =Tix.

(b) Forx € E, ngsdeEDA, and

¢
A(/ Tsxds) = Tyx — x.
0

(¢) Forx € Da, Tix € Dy, and

d
%Ttx = AT,x = T} Ax

(the derivative is taken in the topology of the norm of E).
(d) For x € Dy,

t t
Tix — Tsx :/ T.Ax dr :/ ATz dT.

Corollary E.6. If A is the infinitesimal generator of a Cy semigroup, then
its domain D4 is dense in E.

Corollary E.7. Let (T})ier,, (St)ier, be Co semigroups with infinitesimal
generators A, and B, respectively. If A =B, then Ty = Sy, fort € R,.

Definition E.8. Let (T});cr, be a Cp semigroup. If in (E.1) w = 0, we say
that (T}):er, is uniformly bounded; if, moreover, M = 1, we say that (T})cr,
is a Cy semigroup of contractions.

The resolvent set p(A) of a linear operator A on E (bounded or not) is
the set of all complex numbers A for which the operator AI — A is invertible,
and its inverse is a bounded operator on E. The family

{RA:A4) = (M —A)7", XNep(4)}
is called the resolvent of A.

Definition E.9. A linear operator A : Dy C E — FE is closed if and only if
for any sequence (z,,)nen C Da such that u, — u and Au,, — v in E we have
that u € Dy and v = Au.

Theorem E.10. Let (T})icr, be a Cy semigroup of contractions. A is its
infinitesimal generator if and only if
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(i) A is a closed linear operator, and D4 = E.
(ii) The resolvent set p(A) of A contains R , and for any A > 0,

1

1RO A <+ (5.2

Further, for any A >0 and any x € E,

+oo

R\ : Az = / e MT, xdt.
0
For any A >0, and any x € E, R(\: A)x € D 4.

Proof . See, e.g., Pazy (1983, p. 8). O

Note that, since the map ¢ — T} z is continuous and uniformly bounded,
the integral exists as an improper Riemann integral and defines indeed a
bounded linear operator satisfying (E.2).

Theorem E.11. Let (T})icr, be a Cy semigroup of contractions, and let A
be its infinitesimal generator. Then, for any t € Ry and any x € E,

n—oo n—oo

T,z = lim (I - %A) z = lim [QR(ﬁ : A)r x.

The foregoing theorem induces the notation T, = e**.

Finally, based on all the foregoing treatment we may further notice that
if x € D4, then we know that Ty x € D4, for any t € Ry, and it is the unique
solution of the initial value problem

d

Eu(t) = Au(t), t>0,

subject to the initial condition

u(0) = .



F

Stability of Ordinary Differential Equations

We consider the system of ordinary differential equations

4u(t) = u
(a0 =teuon > 10 )

in R? and we suppose that, for all ¢ € R?, there exists a unique general
solution u(t,tp,c) in [tg, +oo[. We further suppose that f is continuous in
[to, +0o[xR? and that 0 is the equilibrium solution of f. Thus f(¢,0) = 0 for
all t > to.

Definition F.1. The equilibrium solution 0 is stable if, for all € > 0:

36 = 6(e,tg) > 0 such that Ve € R |c| < 6 = sup |u(t, to,c)| < e.
to<t<+o0
(F.2)

If condition (F.2) is not verified, then the equilibrium solution is unstable. The
position of the equilibrium is said to be asymptotically stable if it is stable and
attractive, namely, if along with (F.2), it can also be verified that

lim u(t to,c)=0 Ve € RY, || < 6 (chosen suitably).

t—+oo

Remark F.2. There may be attraction without stability.

Remark F.3. If x* € R? is the equilibrium solution of f, then the position
y(t) = u(t) — x* tends toward 0.

Definition F.4. We consider the ball B, = B;,(0) = {x € RY|[x| < h} ,h >0,
which contains the origin. The continuous function v : By, — Ry is positive-
definite (in the Lyapunov sense) if
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v(0) =0,
{v(x) >0 Vx € B\ {0}.

The continuous function v : [tg, +00[x By, — Ry is positive-definite if

v(t,0) =0 Vit € [to, +00],
Jw : By, — Ry positive-definite such that v(t,x) > w(x) Vt € [to, +00].

v is negative-definite if —v is positive-definite.

Now let v : [to, +o0[x B — R4 be a positive-definite function endowed
with continuous first partial derivatives with respect to ¢t and x;, ¢ = 1,...,d.
We consider the function

V(t) = v(t,u(t, tg, c)) : [to, +oo[— Ry,

where u(t, to, c) is the solution of (F.1). V is differentiable with respect to t,
and we have

< o du;

6:51- dt '

d ov
EV(t) =95 +

=1

But L4 = fi(t, u(t, to,c)), therefore

U

d ov 4 v
EV(t) = E + ; 8—@]‘;(15, u(t, to, C)),

and this is the derivative of v with respect to time “along the trajectory” of
the system. If £V (t) < 0 for all t € (to, +00, then u(t, to, c) does not increase
the value v, which measures by how much u moves away from 0. Through this
observation, the required stability of the Lyapunov criterion for the stability
of 0 has been formulated.

Definition F.5. Let v : [to, +oo[xB, — Ry be a positive-definite func-
tion. v is said to be a Lyapunov function for the system (F.1) relative to the
equilibrium position 0 if

1. v is endowed with first partial derivatives with respect to ¢ and z;,7 =
1,...,d.
2. For all t €]tg, +ool: 0(t) <0 for all ¢ € By,

Theorem F.6 (Lyapunov).

1. If there exists v(t,x) a Lyapunov function for system (F.1) relative to the
equilibrium position 0, then O is stable.

2. If, moreover, the Lyapunov function v(t,x) is such that, for allt € [tg, +ool:
v(t,x) < w(x) with u being a positive definite function and v negative-
definite along the trajectory, then 0 is asymptotically stable.
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Example F.7. We consider the autonomous linear system

{ %u(t) = Au(t), t > tOv
u(ty) = c,

where A is a matrix that does not depend on time. A matrix P is said to be
positive definite if, for all x € R% x # 0 : x’ Px > 0. Considering the function
v(x) = x' Px, we have

d
b= %U(u(f)) =y g; (Au(t)); = u'(t)PAu(t) + u’'(t) A’ Pu(t).
i=1

Therefore, if P is such that PA+ A’P = —Q, with Q being positive-definite,
then v = —u’Qu < 0 and, by 2 of Lyapunov’s theorem, 0 is asymptotically
stable.
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Nomenclature

“Increasing” is used with the same meaning as “nondecreasing”; “decreasing”
is used with the same meaning as “nonincreasing.” In strict cases, “strictly
increasing/strictly decreasing” is used.

Equal by definition

= Coincide
1] Empty set
f* Integral of a nonnegative measurable function, finite or
not
\Y% Gradient
® Product of o-algebras or product of measures
0A Boundary of a set A
O End of a proof
% Almost sure convergence
N Convergence in distribution
n
P .
— Convergence in mean of order p
n
L5 or P—lim Convergence in probability
n
w
— Weak convergence
n
Measurable space with E a set and Bg a o-algebra of
(E7 BE)
parts of
(2,F,P) Probability space with (2 a set, F a g-algebra of parts of
T 2, and P a probability measure on F
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(M, N)

Cy(A) or BC(A)
Cov[X,Y]

E[Y|F]
E[]
Ep[]
Ey|]
Fx
HeX

Iy

Closed interval of extremes a and b
Semiopen interval closed at extreme a and open at

extreme b
Semiopen interval open at extreme a and closed at

extreme b
Open interval of extremes a and b
Cardinal number (number of elements) of a finite set A

Absolute value of a number a; or modulus of a complex
number a
Norm of a point x

Predictable covariation of martingales M and N
Predictable variation of martingale M

Scalar product of two elements f and g in a Hilbert space

Closure of a set A depending on context

Transpose of matrix A

Set of elements of A that do not belong to B

Open ball centered at x and having radius r
Complement of set C' depending on context

Set of continuous functions from A to R

Set of continuous functions from A to B

Set of functions from A to R with continuous derivatives
up to order k

Set of functions from A to R whose kth derivatives are
Lipschitz continuous with exponent a

Set of continuous functions on A with compact support

Set of bounded continuous functions on A

Covariance of two random variables X and Y’
Conditional expectation of random variable Y with
respect to o-algebra F

Expected value with respect to an underlying probability
law clearly identifiable from context

Expected value with respect to probability law P
Expected value conditional upon a given initial state z in
a stochastic process

Cumulative distribution function of a random variable X
Stochastic Stieltjes integral of process H with respect to
stochastic process X

Indicator function associated with a set A, i.e., [4(x) = 1,
if x € A, otherwise I4(z) =0



LP(P)

N(u,0?)
0(4)
o(6)
P-a.s.
P(A|B)
PxQ
P<Q
P~Q
Px

Var[X]
Wi
X~P

alb

aVb
a.e.
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Set of equivalence classes of a.e. equal integrable functions
with respect to measure P

Normal (Gaussian) random variable with mean g and
variance o2

Of the same order as A

Of higher order with respect to §

Almost surely with respect to measure P

Conditional probability of event A with respect to event
B
Convolution of measures P and @

Measure P is absolutely continuous with respect to mea-
sure Q)
Measure P is equivalent to measure

Probability law of a random variable X
Probability law conditional upon a given initial state x in
a stochastic process

Variance of a random variable X
Standard Brownian motion, Wiener process

Random variable X has probability law P

Minimum of two numbers

Maximum of two numbers

Almost everywhere

Almost surely

Exponential function e®

Convolution of functions f and g

A function f composed with a function X
Preimage of set B by function f

Negative (positive) part of f, i.e., f~ = max{—f,0}
(f* =max{f,0})

Restriction of a function f to set A

Limit for s decreasing while tending to ¢

Limit for s increasing while tending to ¢

Sign function; 1if z >0,0if x =0, —1if x <0

Complex plane
Set of natural nonnegative integers
Set of natural (strictly) positive integers

Set of rational numbers



472 Nomenclature

Brn
BE
Dy

]:t or ]:iX

n-dimensional Euclidean space

Extended set of real numbers, i.e., R U {—o00, 400}
Set of positive (nonnegative) real numbers

Set of (strictly) positive real numbers

Set of all integers

Infinitesimal generator of a semigroup

o-algebra of Borel sets on R"™

o-algebra of Borel sets generated by the topology of F
Domain of definition of an operator A

History of a process (X¢)¢cr, up to time ¢, i.e., o-algebra
generated by {X;,s <t}

o-algebra generated by o(X;,s <1t)

ﬂs>t Fi

o-algebra generated by random variable X
Probability law of X

Set of integrable functions with respect to measure P
Set of all F-measurable functions with values in R

Set of all measures on F
Set of all parts of a set {2

Laplace operator

Cumulative distribution function of a standard normal
probability law

Underlying sample space

Kronecker delta, i.e., =1 for i = j, =0 for ¢ # j
Dirac delta function localized at x

Dirac delta measure localized at x

o-algebra generated by family of events R

Element of underlying sample space



Index

absolutely continuous, 405, 413
absorbing state, 113
adapted, 113, 145
affine
rate model, 347
algebra, 401
o-, 401
Borel, 15, 402
generated, 9, 402
product, 15, 77, 402
semi, 401, 402
smallest, 78, 402, 404
tail, 48
annuity, 348
arithmetic Brownian motion, 277
asset
riskless, 314
risky, 314
attainable, 316
attractive, 453
autonomous, 253

Bachelier model, 334
ball, 419

closed, 419

open, 419
barrier, 443
basis, 421
bicontinuous, 420
bijection, 420

binomial
distribution, 14
variable, 22, 29
Black—Scholes
equation, 321
formula, 323
model, 319
Borel
o-algebra, 402
—Cantelli lemma, 48
algebra, 15
measurable, 402, 403, 409
boundary, 420
boundary point
accessible, 301
regular, 301
bounded, 421
bounded Lipschitz norm, 427
Brownian bridge, 88, 141,
277
Brownian motion, 129
absorbed , 142
arithmetic, 242, 277
first passage time, 182
fractional, 221
geometric, 242, 277
Holder continuity, 140
Lévy characterization, 134
recurrence , 182
reflected, 142
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cadlag, 81
Cantor function, 11
Cauchy
—Schwarz inequality, 50
distribution, 13
problem, 266, 444
sequence, 422
variable, 23, 71
cemetery, 344
Chapman—Kolmogorov, 96
characteristic exponent, 62
Characteristic functions
vectors, 27
Chernoff, 75
class, 7, 17, 37
D, 121
DL, 121
equivalence, 34
closed
ball, 419
set, 420
closure, 420
point, 420
compact, 423
locally, 424
relatively, 423, 429
set, 423
compacts, 209
compatible system, 79, 91
compensator, 122, 148
complement, 420
complete, 423
market, 317
composite
projection, 78
condition
Feller, 56
conditional
density, 44
distribution, 41
expectation, 33
expectation, on o-algebra, 36
probability, 4
probability, regular version, 34, 41, 43
conservative, 112
contingent claim, 316
linear, 322
continuous
absolutely, 405, 413

function, 403, 420

Hoélder, 266

in probability, 81

left-, 81

random variable, 11

right-, 10, 81, 83, 411

uniformly, 421
convergence

almost sure, 49

dominated, 408

in distribution, 51

in mean, 49

in probability, 49

monotone, 408

pointwise, 52

uniform, 52

weak, 51, 425
convex, 38
convolution, 20, 93, 376, 411

semigroup, 93
corollary

Lévy’s continuity, 52
correlation, 24
countable, 81

additive, 406

base, 402

basis, 421

family, 13

partition, 8

set, 33
covariance, 23, 25
covariation, 123
covering, 422
cylinder, 15, 78

decomposable, 121
decomposition
Doob, 69
Doob—Meyer, 120
Lévy-Ito, 171
definite
negative, 454
deflator, 316, 318
delta, 346
Dirac, 291
Kronecker, 204
dense, 81, 421
everywhere, 421
density, 80, 412



conditional, 44
Gaussian, 12
lognormal, 12
normal, 12
probability, 11

risk-neutral transition, 334

transition, 267
uniform, 12, 23
depolarization, 387

derivative, 316
diameter, 421
diffusion
coefficient, 108, 253
matrix, 229
operator, 268
process, 108, 253
Dirac
delta, 291
measure, 153
Dirichlet problem, 444
distance, 419
equivalent, 420
distribution
binomial, 14
Cauchy, 13
conditional, 41
cumulative, 10
discrete, 13, 14
empirical, 364
exponential, 13

finite-dimensional, 430

function, 80, 411

Gamma, 13

Gaussian, 88

initial, 97

joint, 19, 41

marginal, 15, 19, 33

Poisson, 14

uniform, 14
divisible

infinitely, 57

Doléans exponential, 212

Doob

—Meyer decomposition, 120

decomposition, 69
inequality, 117
drift, 108, 253, 319
change of, 256

vector, 229

Index

dynamic system, 251
Dynkin’s formula, 124, 272

elementary
event, 3
function, 35, 403, 407
random variable, 35
elliptic, 272
equation, 443
entropy, 72
equation
Black—Scholes, 321

Chapman—Kolmogorov, 96, 269

elliptic, 443
evolution, 365
Fokker—Planck, 269
Kolmogorov, 229

Kolmogorov backward, 112
Kolmogorov forward, 269, 334

parabolic, 443
equiprobable, 3
equivalent, 258, 413

distance, 420

process, 80
ergodic theorem, 296, 297
Ergodic theorems

the one dimensional case, 305

ergodic theorems
one dimensional case, 307

essential
infimum, 48
supremum, 48

event, 3, 155
T-preceding, 85
complementary, 7
elementary, 3
independent, 6
mutually exclusive, 7
tail, 48

excited, 387

exit time, 271

expectation, 20
conditional, 33

conditional on o-algebra, 36

expected value, 20

Feynman—Kac formula, 265
filtration, 83, 113
generated, 83
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natural, 83

right-continuous, 100
finite, 3

o-, 405

additive, 406

base, 78

dimensional distribution, 430

horizon, 315

measure, 405, 409

product, 79

space, 3

stopping time, 85

uniformly, 409
first exit probabilities, 304
first passage times, 303
Fokker—Planck, 269
formula

Black—Scholes, 323

Dynkin, 124, 272

Feynman—Kac, 265

1to, 210

Kolmogorov, 272
forward, 321

measure, 332
function

Cantor, 11

characteristic, 52, 146

characteristic of a random vector,

27

continuous, 403, 420
convex, 38
cumulative distribution, 10
distribution, 80, 411
elementary, 35, 403, 407
equivalence class of, 34
Gamma, 13
indicator, 403
Lyapunov, 287, 454
Markov transition, 96
matrix transition, 112
measurable, 403
moment generating, 75
partition, 10, 51
piecewise, 189
random, 78
space, 78
test, 390

fundamental solution, 444

gamma, 346
Gaussian

bivariate, 45

density, 12

distribution, 88

process, 88

variable, 22, 30, 58

vectors, 30
generating triplet, 62
geometric Brownian motion, 277
Girsanov, 257
Glivenko-Cantelli theorem, 54
gradient

generalized, 376
Greeks, 346

Hausdorff topological space, 420
heat operator, 268
Heston

model, 338
Hille-Yosida theorem, 450
history, 156
hitting time, 271
Holder

continuous, 266

inequality, 50
holding, 315
homeomorphic, 420
homeomorphism, 420
horizon

finite, 315

infinite, 315
Hurst index, 221

independent
class, 7
classes, 17
event, 6
increments, 91
marking, 340

mutually, 7
variable, 25, 42
index

indistinguishable, 80

modifications, 80
indicator, 34

function, 403
indistinguishable, 80



induced
measure, 409
probability, 86, 409
inequality
Cauchy—Schwarz, 50
Chebyshev, 22
Doob, 117
Holder, 50
Jensen, 38, 115
Markov, 22
Minkowski, 50
infinitely
divisible, 57
infinitesimal generator, 100
extended, 126
inhibited, 387
initial reserve, 339
instantaneous state, 113
integrable
P-, 20
P(X,Y)_7 47
-, 407
square-, 21, 414
uniformly, 40, 120
integral
1to, 187, 195
Lebesgue, 198, 407
Lebesgue—Stieltjes, 187
Riemann—Stieltjes, 188
stochastic Stieltjes, 416
Stratonovich, 199
upper, 407
intensity, 146
cumulative stochastic, 159
matrix, 112
multiplicative, 351
stochastic, 155
interior, 420
invariant distribution, 296
inverse Gaussian subordinator, 174
Ito
formula, 210
integral, 187, 195
isometry, 192, 244
It6-Lévy integral, 217
representation theorem, 212

jumps
jump diffusions, 335

Index

bounded, 166

fixed, 146

jump diffusions
electricity market, 336

Karhunen-Loéve Expansion, 89
killing, 265
Kolmogorov
—Chapman equation, 96, 269
backward equation, 112, 263
continuity theorem, 132
equation, 229, 260
formula, 272
forward equation, 269, 334
theorem, 60
zero-one law, 48

Lévy processes, 165
Lévy
measure, 62
Lagrangian, 363
Langevin equations
diffusion approximation, 439
Laplacian, 268
large deviations, 75
law
of iterated logarithms, 75, 141
of large numbers, 141
tower, 37
law of large numbers
strong, 54
weak , 53
Lebesgue
—Stieltjes integral, 187
—Stieltjes measure, 11, 411

477

dominated convergence theorem, 408

integral, 198, 407
integration, 406
measure, 11, 412
Nikodym theorem, 413
lemma
Borel-Cantelli, 48
Fatou, 240, 406, 408
Gronwall, 232
Lévy
—Khintchine formula, 62, 168

characterization of Brownian motion,

134
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continuity theorem, 52
process, 165
Lévy-1to
decomposition, 171
limit, 422
McKean—Vlasov, 378
moderate, 378
projective, 79, 87
Lindeberg
theorem, 56
Lindeberg condition, 55, 64
Lipschitz, 75, 266
local
volatility, 334
locally compact, 424
Lyapunov
criterion, 454
function, 287, 454
theorem, 454

mark, 156
market, 314
complete, 317
discount-bond, 327
Markov
chain, 181
inequality, 22
process, 94
Feller process, 106
Feller property, 99
property, 249, 275
property, strong, 101, 255
sequence, 94
stopping time, 85
transition function, 96
Markov process
holding time, 108
martingale, 69, 113, 199
central limit theorem, 71
convergence theorem, 71
innovation, 154
local, 122
orthogonal, 123
problem, 125
purely discontinuous, 123

representation theorem, 211, 212

reversed, 343
semi-, 184

sub-, 69, 114

super-, 114
mean reverting process, 277
measurable, 35, 83

(F—B")-, 77
F-, 402, 407
Fi-, 113

Borel-, 402, 403, 409
function, 403
jointly, 83
mapping, 403
progressively, 83, 84
projection, 404
rectangle, 410
set, 402
space, 402, 403
measure, 404
characterization of, 405
compatible system of, 79
Dirac, 153
empirical, 364
equivalent, 258, 413
finite, 405, 409
forward, 332
generalization of, 406
induced, 409
jump, 229
Lebesgue, 11, 412
Lebesgue—Stieltjes, 11, 411
physical, 327
probability, 3, 34, 404
product, 409-411
Radon, 415
random, 150
regular, 415
space, 405
metric, 419
Ky Fan, 425
notion, 421
space, 419
models
epidemic, 392
modifications
progressively measurable, 83
separable, 82, 83
moment
centered, 21
generating function, 75



nonexplosive, 145
norm, 98
Euclidean, 289
semi-, 50
sup, 106
normal
bivariate, 45
density, 12
Novikov condition, 257
numeraire, 316, 318

open
ball, 419
set, 419

operator
closed, 450
diffusion, 268
expectation, 23
heat, 268
parabolic, 445

option, 321
American, 325
barrier, 324
binary, 323
Call, 321
digital, 323
European, 325
Put, 321
vanilla, 321

Ornstein—Uhlenbeck process, 277

orthogonal, 123

parabolic

differential equation, 265

operator, 445
partition, 8, 188
function, 10

path, 77, 82
space, 382
payoff, 321
point, 419
cluster, 422
of closure, 420
Poisson

compound process, 150, 341

compound variable, 59
distribution, 14

generalized process, 180

intensity, 14

Index 479

marked process, 160, 340
process, 146
random measures, 151
time-space random measures, 162
variable, 22, 29, 58
polynomial, 209
portfolio, 315
positive
definite, 454
precede, 85
precompact, 423
predictable, 83
covariation, 123
premia, 339
probability, 3, 404
axioms, 4
conditional, 4
conditional probability measure, 5
conditional, regular version, 34, 41,
43
density, 11
generating function, 146
induced, 86
joint, 15, 46, 86
law, 10, 86, 91
law of a process, 79
measure, 3, 34, 404
one-point transition, 111
product, 79
ruin, 340
space, 3, 77, 405
survival, 340
total law of, 8
transition, 96, 252
process
L? process, 88
adapted, 113
affine, 185
canonical form, 86
claims surplus, 340
compound Poisson, 150, 341
counting, 145
Cox, 149
cumulative claims, 340
diffusion, 108, 253
equivalent, 80
Feller, 100
Gaussian, 88
generalized Poisson, 180
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holding, 315
homogeneous, 105, 253
It6—Lévy, 220
Lévy
stable, 177
Lévy, 165
marked point, 156, 340
marked Poisson, 160, 340
Markov, 94
mean reverting, 277
measurable
progressively, 83
orderly, 149
Ornstein—Uhlenbeck, 242, 277
piecewise deterministic, 344
Poisson, 146
portfolio, 315
recurrent, 292, 293
positive recurrent, 294
regular, 284
self-similar, 222
separable, 81
simple, 149
stochastic, 77
time of explosion, 283
time-homogeneous, 93
transient, 292, 293
weakly stationary, 89
Wiener, 129
Gaussian, 130

with independent increments, 91

processes
Lévy, 165
product
convolution, 411
measure, 409411
scalar, 192, 216
projection, 15, 33, 404
canonical, 78
composite, 78
orthogonal, 39
projective system, 79
property
Beppo-Levi, 35, 406
Feller, 99, 255
scaling, 178

Radon measures, 415
Radon-Nikodym derivative, 258

random
function, 78
variable, 9
variables, family of, 77
variables, family of,
reproducible, 30
vector, 14, 44, 88
rate
forward, 330
interest, 326
riskless, 319
short, 327
swap, 348
zero, 327
RCLL, 81
rectangle, 19, 80, 402
measurable, 410
reflection principle, 136, 437
regression, 46
ring, 78, 401
o-, 401
semi-, 401
risk
insurance, 339
reserve, 340
riskless
account, 319
asset, 314
rate, 319
risky
asset, 314
ruin
probability, 340
time of, 340

SABR model, 338

sample, 185

scale function, 304

scaling property, 140, 178

self-similar, 185

semicircle, 19

semigroup, 98
contraction, 125, 450
convolution, 93
infinitesimal generator, 449
property, 251
transition, 106

semigroup of linear operators, 449

separable, 421



sequence, 35
Cauchy, 195, 422
Markovian, 94
set
closed, 420
compact, 423
countable, 33
empty, 3
negligeable, 82
open, 419
separating, 82, 132
singular, 412
Smoluchowski-Kramers approximation,
440
space
complete, 44
function, 78
Hilbert, 39, 192
mark, 156
measurable, 402, 403
measure, 405
metric, 44, 419
normed, 14
on which a probability measure can
be built, 402
path, 382
phase, 77
Polish, 79
probability, 3, 77, 405
product, 78
separable, 44
state, 77
topological, 402, 419
uniform, 3
spaces
Borel, 43
isomorphic, 43
speed density, 304
stability, 286
equilibria, 286
stable, 453
asymptotically, 453
Lévy process, 177
law
absolute continuity, 68
domain of attraction, 67
stability index, 66
state, 113
un-, 453

Index 481

standard deviation, 21
stationary
strictly, 178
weakly, 178
stationary solution
the one dimensional case, 299
stochastic
differential, 206, 214
differential equation, 231
autonomous, 241
existence and uniqueness, 232
global existence, 241
Ito-Lévy , 273
process, 77
stability, 289
stopping time, 70, 85, 325
subordinators, 173
inverse Gaussian, 174
support, 13, 446
swap rate, 348

Taylor’s formula, 109

term structure, 327

test
function, 390

theorem
Bayes, 8
central limit, 54
Cramér-Wold, 30
dominated convergence, 408
Donsker, 433
Doob—Meyer, 121
ergodic, 296, 297
Fatou-Lebesgue, 408
first fundamental of asset pricing, 316
Fubini, 46, 83, 92, 410
fundmental theorem of calculus, 414
Girsanov, 257
inversion, 26
It6 representation theorem, 212
Jirina, 44
Kolmogorov zero-one law, 48
Kolmogorov’s continuity, 132
Kolmogorov—Bochner, 79
Lagrange, 264
law of iterated logarithms, 75, 141
Lebesgue—Nikodym, 413
Lévy’s continuity, 52
Lyapunov, 454
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martingale representation, 160, 211,
212
mean value, 255
measure extension, 95
monotone convergence, 408
numeraire invariance, 318
Polya, 52
portmanteau, 427
product measure, 409
Prohorov, 430
Radon—Nikodym, 36, 413
second fundamental of asset pricing,
317
Skorohod representation, 53, 426
strong law of large numbers, 141
total law of probability, 8
Weierstrass, 209
theorem approximation of measurable
functions through elementary
functions, 403
theta, 346
threshold, 388
tight, 429
time
exit, 101, 271, 324
explosion, 145
hitting, 101, 271
homogeneous, 93
of ruin, 340
stopping, 85, 100, 203, 325
value of money, 326
topological
notions, 420
topological space, 419
topology, 419
tower law, 37

trajectory, 77, 82
translation invariance, 175

uniformly
continuous, 421
integrable, 120

usual hypotheses, 83

variable
binomial, 22, 29
Cauchy, 23, 71
centered, 21
compound Poisson, 59
elementary, 35
extensive, 9
Gaussian, 22, 30, 58
independent, 25, 42
Poisson, 22, 29, 58
random, 9
sums of, 19
variance, 21, 25
constant elasticity of, 348
variation
bounded, 188
predictable, 123
quadratic, 123
Wiener, 198
total, 188
vega, 346
volatility, 319
implied, 333
local, 334
skew, 333, 338
smile, 338
stochastic, 338

white noise, 164
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