Vincent Franjou
Antoine Touzé

Progress in Mathematics

Lectures
on Functor
Homology

X Birkhauser



% Birkhiuser



Progress in Mathematics
Volume 311

Series Editors

Hyman Bass, University of Michigan, Ann Arbor, USA

Jiang-Hua Lu, The University of Hong Kong, Hong Kong SAR, China
Joseph Oesterlé, Université Pierre et Marie Curie, Paris, France

Yuri Tschinkel, Courant Institute of Mathematical Sciences, New York, USA

More information about this series at http://www.springer.com/series/4848


http://www.springer.com/series/4848

Vincent Franjou * Antoine Touzé
Editors

Lectures on Functor Homology

X Birkhiuser



Editors

Vincent Franjou Antoine Touzé
Laboratoire de Mathématiques Jean Leray Laboratoire Paul Painlevé
Université de Nantes Université Lille 1

Nantes, France Villeneuve d'Ascq, France
ISSN 0743-1643 ISSN 2296-505X  (electronic)

Progress in Mathematics

ISBN 978-3-319-21304-0 ISBN 978-3-319-21305-7 (eBook)

DOI 10.1007/978-3-319-21305-7
Library of Congress Control Number: 2015956619
Mathematics Subject Classification (2010): 14L, 18E, 18G, 19D55, 20G10, 20J, 55U99, 55Q

Springer Cham Heidelberg New York Dordrecht London

© Springer International Publishing Switzerland 2015

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part of the
material is concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation,
broadcasting, reproduction on microfilms or in any other physical way, and transmission or information
storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar methodology now
known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from the relevant
protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this book are
believed to be true and accurate at the date of publication. Neither the publisher nor the authors or the editors
give a warranty, express or implied, with respect to the material contained herein or for any errors or
omissions that may have been made.

Printed on acid-free paper

Springer International Publishing AG Switzerland is part of Springer Sciencet+Business Media
(www.birkhauser-science.com)


http://www.springer.com

Contents

Introduction . .......... o

Homologie stable des groupes a coefficients polynomiaux

A. Djament

1 Introduction . ........ ...t

2 Premier lien entre homologie stable des groupes discrets
et homologie des foncteurs ............ ..o i

3 Foncteurs polynomiaux ; les résultats d’annulation de Scorichenko ......

4 Deuxiéme description de ’homologie stable des groupes linéaires
et unitaires & coefficients polynomiaux par I’homologie des foncteurs .. ..

5 Exemples de calculs et autres applications .............. ... ... ... ..

R rences ...

Lectures on Bifunctors and Finite Generation of Rational
Cohomology Algebras

W. van der Kallen
The CFG theorem . ...........n e e

Some hIStOTy .. ...t
Some basic notions, notations and facts for group schemes ..............
Some basic notions, notations and facts for functors ....................
Precomposition by Frobenius ........ ... ...
Bifunctors and CEG . ...

References .o

S T W N

Polynomial Functors and Homotopy Theory
R. Mikhailov

1 Introduction . ........ ...t

2 Polynomial functors ......... ... i



vi Contents

3 Homology of abelian groups ........ ... ..o 78
4 The splitting of the derived functors ......... .. .. .. .. ... . ... 81
5 Stable homotopy groups of K (A, 1) ..., 84
6 Functorial spectral sequences ............ ... i 91

References . ... 97

Prerequisites of Homological Algebra

A. Touzé

1 Introduction . ........ ...t 99
2 Derived functors of semi-exact functors ...............cciiiiiiiiiiii.. 101
3 Derived functors of non-additive functors .......... ... ... . ... 125
4 Spectral SEQUEIICES . ..\ttt ettt e e 134

References ... 148



Progress in Mathematics, Vol. 311, 1-6
(© Springer International Publishing Switzerland 2015

Introduction

Vincent Franjou and Antoine Touzé

This book is an account of series of lectures held at the conference on functor
homology, which took place in Nantes in April, 2012. Functor homology is short-
hand for homological algebra in functor categories, a topic that potentially covers
a large field of interests. The series presented three different fields where functor
homology has recently played a significant role. For each of these applications, the
functorial viewpoint provides both insights and new methods for tackling difficult
mathematical problems.

The central role is played by the notion of polynomial functor and variants of
this notion. The notion of polynomial functors has two quite independent origines.
The first one from the work of Schur [Sch01] in representation theory. The second
one from the work of Eilenberg and Mac Lane [EML54] in algebraic topology. For
precise definitions, the reader can wait and read the presentation in each lecture.
For this introduction, let us insist on the idea that polynomial functors are tame
functors, good companions like the symmetric powers S¢ or the exterior powers
A?, considered as endofunctors of the category of modules over a commutative
ring R.

In the first series of lectures by Aurélien Djament, polynomial functors appear
in connection with the (co)homology of classical groups and their stabilization. To
be specific, let us take the family of symplectic groups Sp,(R). A group Sp,(R)
acts naturally on R?", defining its standard representation. The dth symmetric
power of this representation, S¢(R?"), inherits an action of Sp,,(R) — mind it, this
is a consequence of the fact that the symmetric power is a functor. Consider the
(co)homology of the discrete group Sp, (R) with coefficients in this representation;
this is denoted by: H(Sp,(R), S¢(R*")). Djament’s theorem tells us that this ho-
mological invariant, if n is large enough, can be computed using only the homology
with trivial coefficients H(Sp, (R)), and homological computations in the category
of functors Fg. The fact that the symmetric power functor S is polynomial is
crucial in the proof of this result, and the result is indeed valid when S? is replaced
by any other polynomial functor. This provides much more than a conceptual ex-
pression of generic homology: such a bridge between stable homology of classical
groups and functor homology is effective to perform computations. Indeed, sev-
eral surprisingly powerful tools are available to do homological algebra in Fg, as
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was explained in the collected lectures [FFPS03]. Djament’s results extends our
understanding of group cohomology by functor cohomology, as initiated by Suslin
[FFSS99, Appendix]| and Scorichenko [Sco00].

Wilberd van der Kallen’s series of lectures study the cohomology of algebraic
groups. This cohomology is sometimes called rational cohomology, or algebraic
cohomology. The cohomology of an algebraic group G is quite different [Tou, Ex.
2.57] from the cohomology of G considered as a discrete group, that we have en-
countered in the previous paragraph. In particular its coefficients are rational (or
algebraic) representations of the group G. However, the two cohomologies, the co-
homology of the discrete group and the algebraic cohomology, are related. This
is the topic of the celebrated result of Cline, Parshall, Scott, and van der Kallen
[CPSvdK77] when R is a finite field. Friedlander and Suslin [FS97] designed a
category of functors to study the cohomology of algebraic groups, and of GL, (R)
in particular. It is the category of strict polynomial functors Pr. The category Pr
is an algebraic analogue of the category of ordinary functors Fpr, and the relation
between the cohomology of classical algebraic groups on one hand, and the coho-
mology of their discrete counterpart on the other hand, can be seen and measured
at the level of the corresponding functor categories [FFSS99]. The relevance of
functor cohomology calculations to algebraic cohomology has been a major step.
It allowed Friedlander and Suslin to prove finite generation of the cohomology of
finite group schemes [FS97] and thus initiate a theory of support varieties [SFB97].
It eventually lead to the solution [TvdK10] of the general cohomological finite gen-
eration problem, the generalization of Hilbert’s fourteenth problem presented in
van der Kallen’s series.

Roman Mikhailov’s series of lectures also show polynomial functors and ho-
mological algebra in action, although the topic and its treatment might seem quite
different from the two previous ones. The aim here is to compute topological in-
variants: homotopy, homology of topological spaces, through derived functors of
non-additive functors [DP61]. Of course, the non-additive functors we have in mind
here are polynomial functors like S¢ and A“.

An emblematic example of functorial techniques is Simson and Tyc’s use
[ST70] of the (exact) Koszul complex:

0= A= ATl st 5 NTiTlg gt L8940

together with the fact that the stable derived functors L!(F ® Q) of a tensor prod-
uct of reduced functors vanish [DP61, Korollar 5.20]. They prove an isomorphism,
of degree d — 1 (or décalage)

LAY (=) ~ L3S
Indeed, to prove the décalage, slice the Koszul complex into successive short exact
sequences. Then, on each short exact sequence, use the long exact sequence for
the stable derived functors L. Simson’s argument was successfully imported (or

rediscovered) in the world of functors. Indeed, by the fundamental result of Pi-
rashvili [Pir88] the cohomology groups, in Fr, of a tensor product Ext* (S, F®G)
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similarly vanish. The argument was extended to compute [FLS94] the algebra
Eaxt (S',5") (and many other cohomology groups in Fr as well). Scorichenko’s
vanishing theorem, as presented in A. Djament’s third lecture, is an advanced form
of this sort of vanishing result.

Derived functors of non-additive functors are also directly related to func-
tor cohomology in the category Pr of strict polynomial functors. For example, a
correspondence recently found [Toul3b] yields natural isomorphisms

L;F(R,1) ~Exty ‘(A" F),  LiF(R,2)~Extp "(S% F),

for all homogeneous strict polynomial functors F' of degree d.

Roman Mikhailov’s series of lectures appeals to modern theory and makes
better use of naturality, to reach calculations, that classical theory could not reach.
For example, natural transformations and extension groups between functors are
made explicit through a new combinatorial description of polynomial functors
[BDFPO1]. Such combinatorial descriptions of polynomial functors are now avail-
able in a much broader context [HPV]. They rely on Pirashvili’s Dold-Kan type
theorem [Pir00], that was unavailable to Eilenberg and Mac Lane in their origi-
nal definition of polynomial functors [EML54]. Modern theory thus feeds back the
classical theory.

The links between functor homology and the three fields mentioned above re-
veal common structure. However, each of these fields requires specific adaptations,
and therefore they enrich the functorial viewpoint. These applications of functor
homology do not constitute an exhaustive list. Other applications already exists,
for example to the Steenrod algebra [FFPS03], and hopefully new applications
will be found in the future. By gathering these lectures together, we hope to give
the reader a feeling of the functorial viewpoint, and new insight to apply on his
favourite problems.

We now focus on the specific content of the different parts of this book.

Aurélien Djament’s lectures explains correspondences between functor ho-
mology, and stable homology (with coefficients) of families of discrete groups.
Djament’s first lecture presents a general setup [DV10, Djal2] designed to simply
lead to explicit and highly nontrivial results. The lectures thus give a smooth intro-
duction to the field, albeit providing all the technical details, and they encompass
various fundamental results of Betley, Suslin, and of Scorichenko. This is already
illustrated by Lecture 2. Scorichenko’s cancellation theorem [Sco00] is generalized
and strengthened in Lecture 3. It is presented in a way that makes this unpub-
lished result available for general use. Lecture 4 contains the main result. The text
also presents motivations, and it includes in the final lecture sample applications
and calculations. On the way, the text surveys other related topics, such as stable
homology of groups with trivial coefficients. The density of the lectures and the
clarity of exposition meet the ambition of a reference paper on the subject.

Wilberd van der Kallen’s lectures deal with the proof [TvdK10] of the coho-
mological finite generation conjecture for reductive algebraic groups. The lectures
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start with a historical introduction. They proceed by introducing and explaining
many mathematical objects which play a role in the conjecture’s proof: represen-
tations of group schemes and cohomology, with an emphasis on the General Linear
Group; and Friedlander’s and Suslin’s strict polynomial functors. The last lecture
presents a key ingredient in the proof of finite generation, that is the construction
of certain “universal cohomology classes” using functor category tools. The lectures
thus provide the non-expert reader with the background she needs when reading
the original proof.

The core of the lectures, however, deals with a related but slightly different
topic, namely a formality conjecture of Chalupnik. The formality conjecture is a
strong form of a conjecture by Touzé on the effect of Frobenius twists on extension
groups, in Friedlander’s and Suslin’s category of strict polynomial functors. This is
strongly connected to cohomological finite generation, since this description leads
[Toul3a] to a second generation, more conceptual, proof of the existence of the
universal classes, which come as a key ingredient to prove the cohomological finite
generation. The penultimate lecture by van der Kallen presents a proof of the
formality conjecture, and it clarifies several of its more subtle points.

Roman Mikhailov’s lectures start with a presentation of polynomial functors
between abelian groups. Mikhailov takes seriously the combinatorics of polynomial
functors in [BDFPO01]. One of the innovative points of his lectures is the use of this
point of view to perform computations. He applies this technique to problems
coming from algebraic topology: the functorial description of low degree homol-
ogy of abelian groups in Section 3, or of low stable homotopy of Eilenberg—Mac
Lane spaces in Section 4, and related algebraic problems about derived functors
of non-additive functors in Section 5. The last section gives examples of the use of
naturality to compute spectral sequences (differentials and extension problems).

The book ends with a short course in homological algebra, by Antoine Touzé.
The first part of the course is a presentation of derived functors. This concept al-
lows a unified presentation of the many different objects of study of the book.
Emphasis is then put on the analogies, similarities, and also differences between
the various (co)homological notions that appear in the three main series of lec-
tures. The second part of the course is a short introduction to spectral sequences,
from the user’s viewpoint. Spectral sequences are especially useful when coming
to explicit computations, and they prove so in every series of the book. Little orig-
inality is claimed here. The purpose is to ease access to the book for everyone,
and to allow this book to be used as a first course in homological algebra for the
absolute beginner. We believe that meeting such objectives largely contributed to
the success of the meeting in Nantes.
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Homologie stable des groupes
a coefficients polynomiaux

Aurélien Djament

Abstract. This series of lectures deals with stable homology of (discrete)
groups with coefficients twisted by a suitable functor. By stable homology
we mean the colimit of the homology of a nice sequence of groups, such as the
symmetric groups or as the general linear groups over a fixed ring. The lec-
tures’ aim is to express stable homology with twisted coefficients using stable
homology with untwisted coefficients and functor homology.

Mathematics Subject Classification (2010). 18A25, 20J06, 18G15, 18A40.

Keywords. Group homology, functor categories, polynomial functors, cross
effects, hermitian spaces, derived Kan extension.

Remarque. Les parties écrites en caractéres linéaux peuvent étre omises en premiére
lecture.

Les cing sections (correspondant aux cing cours) sont congues pour pouvoir
étre abordées de maniére assez largement indépendante.

1. Introduction

Abstract. The introductory lecture sets the stage (the groups are the automor-
phism groups of sums of copies of a given object in a suitable symmetric monoidal
category), and it gives theoretic results and computational or qualitative conse-
quences of the good features of functor homology. It also gives a quick overview of
a few related topics (homological stability, algebraic K -theory. . .).

Ce mini-cours traite d’homologie des groupes discrets, essentiellement a co-
efficients tordus (i.e., avec une action non triviale du groupe sur les coefficients).
On s’intéresse surtout & des phénomeénes stables, ou génériques, c’est-a-dire qui ne

L’auteur sait gré a Christine Vespa, Antoine Touzé et Vincent Franjou d’échanges utiles a
P’amélioration des premiéres versions de ce texte.
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concernent pas un groupe en particulier (dont on saura souvent dire trés peu du
point de vue homologique), mais une famille de groupes.

Précisons un peu. Certaines tours de groupes, i.e., suites (G}, )neny munies de
morphismes de groupes G,, — G,,+1, sont particuliérement intéressantes du point
de vue de 'homologie. Pour nous, il s’agira essentiellement des suites suivantes :

1. la suite des groupes symétriques ¥,, (permutations de I’ensemble {1,...,n}),
ol X, est plongé dans ¥, 1 comme le sous-groupe des permutations laissant
n + 1 invariant ;

2. la suite des groupes linéaires GL,,(A) sur un anneau A4, ou GL, (A) est plongé

M 0
dans GL,11(A) par M ( 0 1 )

3. la suite des groupes orthogonaux O, ,(A) ou des groupes symplectiques
Span(A), ott A est un anneau commutatif, ot les plongements sont donnés
comme précédemment — on considére ici par convention les formes quadra-
tique et symplectique dont les matrices sont constituées de n blocs diagonaux

1 1 .
égaux a ( (1) 0 ) et ( _01 0 > respectivement (cet exemple est suscep-

tible de variations évidentes).

La suite de groupes d’homologie
H.(Gy) = Hi(Gy) = -+ = Ho(Gp) = Ho(Gpy1) = -+

(volontairement, on ne précise pas les coefficients a ce stade) donne lieu & plusieurs
questions fondamentales :

1. sait-on la calculer complétement ? (La réponse n’est qu’exceptionnellement
positive, méme lorsque les coefficients sont constants, néanmoins cela peut
arriver dans quelques cas particuliérement favorables.)

2. Sait-on calculer sa colimite, appelée homologie stable de la suite de groupes ?
(C’est encore, souvent, une question trés difficile, mais on sait dire beaucoup
plus de choses que pour la question précédente.)

3. La suite se stabilise-t-elle (c’est-a-dire que, pour tout d € N, il existe N tel
que Hy(G,) = Hy(Gpq1) soit un isomorphisme pour n > N), et si oui avec
quelles bornes ? (L’un des principaux objectifs est, en ’absence de réponse
positive a la premiére question, de tirer des renseignements sur H.(G,,), a n
fixé, de ’homologie stable.)

Hormis dans cette premiére séance introductive, nous n’aborderons que la
deuxiéme question, dans le cas de coefficients tordus favorables, en supposant
connue 1’homologie stable & coefficients constants : c’est ce pour quoi ’homolo-
gie des foncteurs a montré son efficacité. Pour |'instant, rien de convaincant n'a été
réalisé a I'aide de I'homologie des foncteurs pour aborder I'homologie & coefficients
constants de groupes discrets; toutefois, les raisons conceptuelles de la dichotomie
observée entre coefficients constants et tordus (polynomiaux en un sens adéquat, en
général) demeurent obscures.
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Remarque 1.1. Nous ne parlerons le plus souvent que d’homologie, qui posséde
la propriété commode de commuter aux colimites filtrantes (ainsi, on peut voir
I’homologie stable de notre tour de groupes comme ’homologie de sa colimite) ;
néanmoins, des résultats tout & fait analogues valent en cohomologie.

L’un des intéréts de '’homologie stable est de structurer en général davantage
la situation que ’homologie individuelle d’un des groupes. Ainsi, dans tous les cas
susmentionnés, au moins lorsque les coefficients sont pris sur un corps commutatif
(avec action triviale), on dispose d'une structure d’algébre de Hopf graduée connexe
commutative et cocommutative. Ce type d'observation peut s'avérer crucial pour abor-
der les problémes posés (par exemple, le calcul de I'homologie des groupes symétriques
présenté dans [AMO4] utilise les résultats de structure des algeébres de Hopf sur IF),).

Remarque 1.2. Cette situation rappelle d'une certaine maniére celle de I'lhomotopie
stable par rapport a I'homotopie instable : on dispose de résultats de stabilisation de
la colimite qui définit les groupes d’homotopie stable a partir des groupes d"homotopie
ordinaires pour des espaces possédant de bonnes propriétés de finitude (théoreme de
Freudenthal) ; la catégorie homotopique des spectres posséde une structure plus riche
et maniable (c'est une catégorie triangulée) que la catégorie homotopique des espaces
topologiques pointés, qui n'est méme pas additive.

1.1. Un cadre raisonnable : homologie de groupes d’automorphismes
dans une catégorie monoidale symétrique

(On renvoie a [ML98| pour les définitions et propriétés fondamentales des catégo-
ries monoidales. Le cadre présenté ici, comme une partie significative des résultats
donnés dans les exposés suivants, provient de [DV10].)

Soit (C, @, 0) une catégorie monoidale symétrique (bien qu’on note @ le fonc-
teur donnant la structure monoidale, on ne suppose pas qu’il s’agit d’'une somme
catégorique). On suppose que 'unité 0 est objet initial (mais pas nécessairement
nul) de C!. On se donne par ailleurs un objet X de C. Les groupes auxquels on
s’intéresse sont les groupes d’automorphismes de la « somme » (au sens de @) de
copies de X :

Gp = Aute(X®™).
On rappelle que I'on peut sans restriction supposer que & est strictement associa-
tif; en revanche, malgré la symétrie, il faut toujours prendre garde a 'ordre des
facteurs. De fait, la symétrie procure un morphisme de groupes ¥,, — G,, (action
par permutation des facteurs de la somme).

On fait des G,, une tour de la fagon suivante : & un automorphisme u de
X®" on associe I’automorphisme u @ Idx de X®"*1 ce qui définit un morphisme
de groupes G,, — G,4+1. Noter que 'on aurait pu choisir d’associer Idx @ u, par

1. Rappelons la signification du fait que 0 est objet initial : pour tout objet ¢ de C, il existe
un et un seul morphisme de source 0 et de but c. Exiger que 0 soit objet final reviendrait a
demander qu’il existe un et un seul morphisme de source ¢ et de but 0, pour tout objet ¢ de C.
Un objet nul est un objet a la fois initial et final.
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exemple, a u plutét que u @ Idx, ce qui fournit un morphisme de groupes diffé-
rent. Néanmoins, ces deux choix sont conjugués sous l'action de la transposition
(1 n+1)sur XP" de sorte qu'ils induisent le méme morphisme H,(G,) —
H,(Gp+1) en homologie. Cette observation sera utilisée abondamment.

Ezxemple 1.3.

1. La catégorie des ensembles finis munie de la somme catégorique (réunion
disjointe), avec A ensemble & un élément, donne les groupes symétriques.
Plusieurs variantes fournissent la méme tour de groupes : on peut considé-
rer la sous-catégorie monoidale avec les mémes objets et les injections comme
morphismes, ou des catégories d’ensembles finis pointés (avec la somme poin-
tée comme structure monoidale et en prenant pour X un ensemble pointé &
deux éléments).

2. Si A est un anneau, la catégorie P(A) des A-modules a gauche projectifs de
type fini munie de la somme directe donne, avec X = A, la tour des GL, (A).
Nous reviendrons plus tard sur d’autres variantes de catégories de A-modules
projectifs éventuellement plus adaptées.

3. Soient A est un anneau muni d’une anti-involution, € € {—1,1}, et H.(A)
la catégorie des A-modules & gauche projectifs de type fini munis d’une
forme e-hermitienne. Explicitement, si I'on note D l’endofoncteur contrava-
riant Hom4 (—, A) des A-modules & gauche projectifs de type fini (on utilise
Ianti-involution de A pour convertir 'action naturelle de A a droite sur
Hom (M, A), o M est un A-module a gauche, en une action a gauche), D
posséde une propriété d’auto-adjonction : Homa (M, DN) ~ Hom (N, DM),
isomorphisme noté par une barre, qui est une involution pour M = N, une
forme e-hermitienne sur M est un élément du groupe abélien S?(M) quotient
de Homyu (M, DM) par l'image de I'endomorphisme z +— Z — ex. (Pour A
commutatif avec involution triviale, c’est la notion usuelle d’espace quadra-
tique si € = 1 et symplectique si ¢ = —1.) La structure monoidale est la
somme directe orthogonale ; on prend pour X le A-module A? (auquel il faut
penser comme A & DA) muni de la forme donnée par la classe de la matrice

0 0
unitaires (hyperboliques) ou des groupes symplectiques. Noter qu’on pourrait
se restreindre a la sous-catégorie des espaces hermitiens non dégénérés (nous
reviendrons également en détail sur tout cela ultérieurement).
4. La catégorie des groupes libres de type fini, avec la somme catégorique (pro-
duit libre), s’insére également dans ce formalisme.

1 . .
< 0 . On obtient ainsi, selon que € vaut 1 ou —1, la tour des groupes

Remarque 1.4. Dans ces situations, il est naturel de se demander ce qui se passe
lorsqu’on remplace les groupes en question par des sous-groupes remarquables comme
les groupes alternés dans les groupes symétriques ou les groupes linéaires spéciaux
dans les groupes linéaires (sur un anneau commutatif). lls s’avérent moins commodes
a manier puisqu'’ils ne contiennent pas les groupes symétriques, mais peuvent se traiter
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de fagon analogue « a la main » , en utilisant par exemple l'inclusion GL,,(A) <

) M 0
SL,+1(A) donnée par M — ( 0 (det M)-! )
Montrons comment tordre les coefficients & 'aide d’un foncteur F' : C — Ab.
Utilisant que 0 est objet initial de C, on dispose dans C de morphismes

I1d®(0—X)
_—

X =X g0 X @ X = xont!

(1a encore on pourrait choisir d’inclure d’autres facteurs que les n premiers, mais
il faut que le choix soit compatible avec celui effectué pour les morphismes G,, —
Gpi1), d’ott des morphismes F(X®") — F(X®"F1) compatibles aux actions tau-
tologiques de G,, et G, 41 et au morphisme G,, — G,,+1. On dispose donc de mor-
phismes de groupes abéliens gradués H,(G,; F(X®")) — H.(Gpi1; F(X9"F1))
naturels en F'; la colimite de cette suite de morphismes est appelée homologie
stable de la tour (Gy) (ou de C) a coefficients dans F. Comme homologie et co-
limites filtrantes commutent, cette homologie stable s’identifie canoniquement &
H.(Gwo; Fo), ol Fie est la colimite des F'(X®") et Go celle des Gy,

Le but de ce cours est de montrer comment calculer, dans les exemples fon-
damentaux précédents, 'homologie stable & partir de H, (G ) (homologie a coeffi-
cients dans Z de G ), pour F suffisamment raisonnable (en particulier polynomial
— notion sur laquelle nous reviendrons), en utilisant I’homologie H,(C; F') de la
catégorie C a coeflicients dans F'.

Homologie (de Hochschild) d’un (bi)foncteur. Si C est une petite catégorie (ou
une catégorie essentiellement petite) et k un anneau commutatif fixé, la catégorie
C-Mod des foncteurs de C vers les k-modules est une catégorie abélienne qui se
comporte comme une catégorie de modules (elle a assez d’objets injectifs et projec-
tifs, possédent des limites et colimites, les colimites filtrantes sont exactes...) : on
peut y faire de I’algébre homologique de fagon analogue. On dispose notamment
de 'homologie d'un foncteur F' € ObC-Mod, notée H.(C; F) : Hy(C; F') est sim-
plement la colimite de F', et ’homologie de degré supérieur s’obtient en dérivant &
gauche (la colimite est un foncteur exact a droite C-Mod — Mody). On dispose
également, pour F' € ObC-Mod et G € ObMod-C := C°?-Mod de groupes de
torsion Tor$ (G, F), qui dérivent le produit tensoriel au-dessus de C. On dispose en-
fin, si B est un bifoncteur sur C, ¢’est-a-dire un objet de (C°P xC)-Mod (on prendra
garde que, selon les sources, c’est parfois la premiére variable, parfois la seconde qui
est contravariante!), de ’homologie de Hochschild de C a coefficients dans B, notée
HHy(C; B). En degré 0, c’est la cofin de B (cf. [ML98]), en degré supérieur on dé-
rive & gauche. Si F' est un foncteur covariant sur C et G un foncteur contravariant,
sur le bifoncteur produit tensoriel extérieur G X F : (A, B) — G(A) ® F(B) (les
produits tensoriels de base non spécifiée sont pris sur k), on dispose d’un isomor-
phisme canonique HHy(C; GR F) ~ G ®¢ F qui s’étend, lorsque F ou G prennent
des valeurs plates sur k, en un isomorphisme naturel gradué HH,(C;GX F) ~
Toré (G, F). En particulier, HH, (C; F) ~ TorS (k, F) ~ H,(C; F), ou k désigne le
foncteur constant en k et F' est vu, dans le membre de gauche, comme bifoncteur
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ne dépendant pas de la variable contravariante. On dispose par ailleurs, pour tout
bifoncteur B, d’un isomorphisme naturel HH, (C; B) ~ TorS" *€ (k[Homcer], B).

1.2. Apercgu des résultats principaux présentés dans ce mini-cours

Si A est un anneau, on note P(A) la catégorie des A-modules & gauche projectifs
de type fini.

Théoréme 1.5 (Betley [Bet89]). Soient A un anneau commutatif et F un foncteur
polynomial? de P(A)-Mod tel que F(0) = 0.
Alors H.(GLx(A); Fso) = 0.

Théoréme 1.6 (Betley [Bet99], Suslin [FFSS99] (appendice)). Soient k un corps fini
et B un bifoncteur polynomial sur P(k) ; on suppose que l'anneau des coefficients
est k = k. Alors il existe un isomorphisme naturel

H.(GLx(k); Boo) ~ HH,(P(k); B)
de k-espaces vectoriels gradués.

Théoréme 1.7 (Scorichenko [Sco00]). Soient A un anneau et B un bifoncteur po-
lynomial sur P(A) (i.e., un objet de (P(A)°P x P(A))-Mod). Il existe une suite

spectrale naturelle
E}%,q = HP(GLOO(A)? HHq(P(A)? B)) = Hp-i-q(GLOO(A)? Bw)

(ot Vaction du groupe linéaire est triviale), qui s’effondre a la deuziéme page si k
est un anneau principal.

(Ce résultat est en général énoncé en termes de K -théorie stable, mais nous n'en
aurons nul usage, et c'est de fait la propriété de suite spectrale qui importe toujours
dans les utilisations. Par ailleurs, I'article [DV10] explique comment construire la suite
spectrale sans utiliser la K-théorie stable.)

Théoréme 1.8 (Djament—Vespa [DV10]). Soient k un corps fini de caractéristique
différente de 23 et F' un foncteur polynomial de P (k) vers les k-espaces vectoriels.
1l existe un isomorphisme naturel

H,(Ouo(k); Fao) ~ Tory ) (k[SF]Y, F)
ot S,% désigne la deuziéme puissance symétrique sur k et l'exposant V indique la
précomposition par la dualité Homy(—, k).
On peut également généraliser & un anneau quelconque :

Théoréme 1.9 (|Djal2]). Soient A un anneau muni d’une anti-involution et F un
foncteur polynomial de P(A) vers les groupes abéliens. Il existe une suite spectrale

2. Cette notion sera introduite et discutée plus tard. On peut penser par exemple & un
sous-quotient d’une puissance tensorielle.

3. On a aussi un résultat analogue en caractéristique 2, mais il faut alors remplacer le groupe
orthogonal par son sous-groupe d’indice 2.
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naturelle

Ej ;= Hy(Uso(A); Tory W(Z[S3]", F)) = Hyiq(Uno(A); Fuo)
qui s’effondre o la deuxiéme page.
Exemples de calculs explicites.

Théoréme 1.10 (Djament—Vespa [DV10]). Soit k un corps fini de cardinal q im-
pair. L’algébre de cohomologie stable des groupes orthogonaux sur k & coefficients
dans les puissances symétriques est polynomiale sur des générateurs de bidegré
(2¢°m, q° + 1) (ou le premier degré est le degré homologique et le second le degré
interne) indexés par les entiers naturels m et s.

Théoréme 1.11 ([Djal2]). Soient k un corps commutatif de caractéristique nulle ;
pourn € N, notons 0, ,(k) la représentation adjointe de Oy, (k). Alors le k-espace

vectoriel gradué
COleiINP H* (Onn(k)a On-,n(k))

est isomorphe au produit tensoriel (sur Q) de H.(Oco,00(k); Q) et de la partie
impaire de la k-algebre graduée Qf = A*(Q}) des différentielles de Kdihler de k (vu
comme Q-algebre). En particulier, cet espace vectoriel gradué est nul si k est une
extension algébrique de Q.

Il y a d’autres conséquences, plus qualitatives (changement de corps ou d’an-
neau etc.).

1.3. Stabilité homologique

Le probléme de la stabilité homologique pour les groupes discrets fut d'abord étudié
pour les seuls coefficients constants (I'un des cas les plus considérés, celui des groupes
linéaires, remonte a Quillen, a qui I'on doit, semble-t-il, la premiére démonstration de
ladite stabilité pour le cas des corps commutatifs autres que Fa, qu'il ne publia pas).
Dwyer montra en 1980 (cf. [Dwy80]), dans la situation qui I'occupait (les groupes
linéaires sur des anneaux principaux), que I'on pouvait, tout en adoptant la méme
stratégie générale que celle toujours employée dans les raisonnements de stabilité ho-
mologique (établir la haute connectivité de complexes munis d'une action appropriée
des groupes considérés, faisant apparaitre les groupes précédents de la suite comme
stabilisateurs), raffiner les arguments pour obtenir la stabilité a coefficients tordus fa-
vorables. Fait remarquable, les coefficients favorables dont il s’agit sont essentiellement
ceux provenant de foncteurs polynomiaux en un sens approprié, coefficients qui sont
aussi ceux ou |'on peut obtenir les résultats les plus significatifs en matiére de calculs
d"homologie stable. Depuis ce travail de Dwyer, la plupart des résultats de stabilité
homologique (dans le contexte qui est le nétre) ont été traités (ou pourraient |'étre
sans grande difficulté) aussi bien a coefficients constants que tordus.

Nakaoka ([Nak60]) a calculé entiérement, il y a plus de cinquante ans, I'homologie
de tous les groupes symétriques, démontrant en particulier leur stabilité homologique
(a coefficients constants, mais le cas des coefficients tordus s'en déduit sans peine,
comme |'a observé Betley dans [Bet02]). Dans ce cas advient aussi le phénoméne
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exceptionnel que le morphisme canonique H,(X,,) — H.(X,11) est en tout degré un
monomorphisme scindé. Néanmoins, on peut établir la stabilité homologique pour les
groupes symétriques de facon nettement plus rapide que par un calcul complet, par
des méthodes analogues a (et plus simples que) celles utilisées dans les autres cas.

Les groupes linéaires ont recu une attention particuliére, en raison des liens
avec la K-théorie algébrique et de la difficulté a étudier leur stabilité homologique
sur un anneau quelconque. Celle-ci se trouve en défaut sur certains anneaux (on peut
le déduire facilement de résultats de van der Kallen), mais vaut pour la plupart des
anneaux raisonnables : le cas le plus général connu est celui des anneaux de rang
stable de Bass fini (par exemple, les algébres commutatives de type fini sur un corps).
L'article [vdK80] de van der Kallen qui établit ce résultat demeure un tour de force
technique.

La stabilité homologique pour les groupes orthogonaux (ou unitaires) hyperbo-
liques (i.e., du type O, : la stabilité pour les groupes de type euclidien O,, peut
s'avérer en défaut méme sur des corps commutatifs) et symplectiques vaut également
sous une hypothése analogue (a savoir : que I'anneau de base a un rang stable unitaire
fini), comme |'ont montré Mirzaii et van der Kallen (cf. [MvdK02]). Pour des groupes
orthogonaux non hyperboliques mais euclidiens, par exemple (cas dont nous ne parle-
rons pas du tout ici), la situation est plus compliquée, méme sur un corps commutatif :
on a besoin d'hypothéses arithmétiques (cf. [Vog82] et [Col11]).

L’homologie des groupes d’automorphismes des groupes libres, en lien avec
des considérations de topologie différentielle, a été étudiée de facon intensive depuis
les années 1980 ; Hatcher a obtenu en 1995, dans [Hat95], la stabilité homologique
pour ces groupes. La borne a été améliorée et de nombreux autres résultats connexes
sont apparus depuis.

Remarque 1.12. Malgré les grandes similitudes des méthodes utilisées dans les diffé-
rentes situations évoquées pour établir la stabilité homologique, il semble fort ardu de
dégager un cadre formel convaincant les englobant. En tout cas, il parait raisonnable
de partir d’une catégorie monoidale symétrique pour obtenir des résultats généraux :
les sous-groupes de congruences des groupes linéaires (qu'on peut voir comme groupes
d’automorphismes de sommes itérées dans une catégorie monoidale non symétrique)
ont parfois, méme sur des anneaux finis, une homologie qui ne se stabilise pas (c'est
vrai par exemple pour les groupes Ker(GL,,(Z/p*) — GL,(Z/p)), qui sont abéliens),
méme s'il existe des classes intéressantes de groupes de congruences pour lesquelles
vaut la stabilité. Charney a étudié cette question dans [Cha84].

1.4. Quelques résultats sur I’homologie stable a coefficients constants

Comme on |'a déja mentionné, le calcul de I'homologie des groupes symétriques est
un travail ancien de Nakaoka ([Nak60]), qui utilisait des méthodes topologiques ; dans
[AMO4] c'est une approche algébrique qui est suivie pour ce méme calcul. Un résultat
récent et difficile est le théoréme remarquable suivant de Galatius (voir [Gal]) : I'in-
clusion ,, — Aut (Z*™) des groupes symétriques dans les groupes d’automorphismes
des groupes libres induit stablement un isomorphisme en homologie.
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L’homologie des groupes linéaires est un probléme difficile et fécond (méme
en se restreignant & des corps commutatifs). Les premiers résultats significatifs
sont dus a Quillen (cf. [Qui72]), qui a calculé entiérement, lorsque k est un corps
fini de caractéristique p, la (co)homologie des groupes G L, (k) en caractéristique
premiére a p (ce pour tout n); il a également démontré que H,(G L, (F,);F,) =0
(encore pour tout n; H désigne ’homologie réduite) et que H,(G Lo (k);F,) = 0.
En revanche, le calcul de 'homologie (instable) en caractéristique p des GL,, (k)
(k étant toujours fini de caractéristique p) reste trés largement ouvert.

Disons quelques mots sur la méthode de Quillen pour obtenir cette nullité stable :
le point remarquable est que tout repose sur la nullité de H;(GL, (K);F,) pouri < d
lorsque K est un corps a p” éléments avec r > pfl (n étant la encore arbitraire!).
Cette annulation repose elle-méme sur |'annulation homologique analogue pour le sous-
groupe des matrices triangulaires supérieures, qui s'établit par récurrence en utilisant la
théorie de Galois des corps finis pour comprendre |'action du groupe multiplicatif K *
sur I'homologie du groupe additif sous-jacent & un K-espace vectoriel. Cela acquis, on
utilise, pour k C K extension finie de degré [, les inclusions GL, (k) — GL,(K) —
G'Lyn (k) pour déduire I'annulation de H;(G Lo (k); F,) de celle de H;(G Loo(K);TF,).
Nous mentionnons cet argument non seulement pour son élégance et sa simplicité, mais
aussi parce que c'est sur une variante a coefficients que reposent les premiers résultats
d'annulation homologique stable pour les groupes linéaires a coefficients tordus par un
foncteur polynomial sans terme constant, dus a Betley (cf. [Bet89]). L'un des intéréts
des arguments d’homologie des foncteurs de Scorichenko est de démontrer ce résultat
de fagon totalement générale (et rapide) sans nécessiter aucun argument arithmétique.

Un résultat remarquable de Suslin (cf. [Sus83]) affirme que si & C K est une
extension de corps (commutatifs) algébriquement clos et n > 0 un entier, I'inclusion
induit un isomorphisme H.(GLy(k);Z/n) — H.(GLx(K);Z/n). En particulier,
I"annulation stable de Quillen en caractéristique p s'étend au groupe linéaire infini sur
tout corps algébriquement clos de caractéristique p.

Des résultats sont également disponibles pour I'homologie des groupes linéaires
sur des corps de caractéristique nulle, et méme sur certains anneaux; on évoquera
rapidement certains d'entre eux dans le paragraphe suivant.

Les résultats de Quillen sur I'homologie des groupes linéaires sur les corps fi-
nis ont été généralisés aux autres suites infinies de groupes classiques (orthogonaux,
unitaires, symplectiques) sur les corps finis par Fiedorowicz et Priddy notamment (cf.
[FP78]). En particulier, la trivialité stable en caractéristique naturelle (en remplagant
le groupe orthogonal par son sous-groupe d'indice 2 lorsqu’on est en caractéristique 2)
vaut encore dans ce cadre. La propriété de rigidité de Suslin susmentionnée pour les
extensions de corps algébriquement clos vaut encore pour les groupes orthogonaux (hy-
perboliques) et symplectiques, comme I'a montré Karoubi (cf. [Kar83]), a qui I'on doit
plusieurs autres résultats substantiels sur I'homologie stable des groupes orthogonaux
et symplectiques (cf. [Kar80]).
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1.5. Relations avec d’autres théories et problémes (co)homologiques

K -théorie algébrique. L'homologie du groupe linéaire infini sur un anneau A (a coeffi-
cients constants) est étroitement liée a la K-théorie algébrique de A, qu’on peut définir
comme la suite des groupes d’homotopie de I'espace BG L, (A)™, la construction plus
de Quillen étant relative au sous-groupe distingué parfait de GL (A) engendré par
les matrices élémentaires (une bonne référence pour cette construction est [Lod76];
on peut aussi utiliser la construction catégorique @, due également & Quillen — cf.
[Qui73] —, ou la construction de Volodin, etc.). L'une des motivations de I'introduc-
tion de cet espace est de transcrire homotopiquement la structure d’algébre de Hopf
sur H*(GL(A)) : en effet, les morphismes GL,, x GL,;, — GLy 4., qui induisent
cette structure ne font du classifiant de GLo,(A) un H-espace qu'une fois appliquée
la construction plus.

Plus directement reliée aux considérations de coefficients tordus dont on traite
dans ce cours, la K -théorie stable de I'anneau A a coefficients dans un GL(A)-module
(ici GL := GL) M : c'est par définition I'homologie de la fibre homotopique de
I'application canonique BGL(A) — BGL(A)T a coefficients tordus par M ; on la
note K5(A; M). L'observation essentielle est que, dans la suite spectrale de Serre

E} = Hy(GL(A); K} (A; M)) = Hy(BGL(A)*; K (A; M) = Hpyo(GL(A); M)

I"action du groupe linéaire sur la K-théorie stable est triviale.

Nous n'en dirons pas davantage a ce sujet, car nous ne privilégierons pas la pré-
sentation des résultats de Scorichenko en termes de K -théorie stable, la version reliant
directement I'homologie stable des groupes linéaires a coefficients tordus a I'homologie
stable a coefficients constants et I'homologie de Hochschild de la catégorie P(A) nous
semblant plus adaptée ici (de méme, nous pourrions parler de K-théorie hermitienne
stable pour évoquer les résultats sur I'homologie stable des groupes unitaires).

Conjecture de Friedlander—Milnor. Elle affirme que si G' est un groupe de Lie et
G° désigne le méme groupe muni de la topologie discréte, I'application canonique
H.(BG% 7Z/n) — H.(BG;Z/n) est un isomorphisme pour entier n > 0. Le membre
de droite est raisonnablement calculable, alors que celui de gauche est extrémement
difficile a estimer. Dans [Mil83], Milnor discute cette conjecture et la démontre dans
le cas élémentaire des groupes résolubles.

Suslin a démontré que cette conjecture est valide stablement pour les groupes li-
néaires sur R ou C (cf. [Sus87]). Des progrés majeurs vers une démonstration compléte
de la conjecture ont récemment été réalisés par Morel.

Cohomologie des groupes algébriques, cohomologie continue. La conjecture de
Friedlander—Milnor tombe trivialement en défaut lorsqu’on remplace les coefficients
finis par Q*. Néanmoins, de nombreux résultats existent sur I'homologie rationnelle
des groupes de Lie rendus discrets et de sous-groupes remarquables ; c’est en un sens,
selon 'appendice de [Mil83], une situation plus facile a traiter que celle des coefficients

4. Cf. par exemple le groupe de Lie additif R, dont I’homologie rationnelle comme groupe
discret est énorme — algébre & puissances extérieures de R vu comme Q-espace vectoriel — tandis
que le classifiant du groupe de Lie est homologiquement trivial.
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finis. L'outil essentiel est de relier la cohomologie réelle d'un groupe de Lie rendu dis-
cret a la cohomologie continue du méme groupe de Lie. On doit notamment a Borel
des résultats trés substantiels en la matiére, qui permettent de calculer par exemple
H,(GLx(k);Q) lorsque k est le corps des réels, mais aussi un corps de nombres.

Une sorte d’analogue en caractéristique finie est le lien établi par Cline, Parshall,
Scott et van der Kallen entre la cohomologie d'un groupe algébrique (semi-simple et dé-
ployé) sur F,,, a coefficients dans une représentation rationnelle, aprés |'avoir suffisam-
ment tordue par le morphisme de Frobenius, et la cohomologie du groupe discret des
points sur ¥4, avec d assez grand, de cette représentation (cf. [CPSK77]). Du reste,
les liens profonds entre (co)homologie des foncteurs polynomiaux et (co)homologie
des groupes (discrets) d’automorphismes correspondants dont on traite dans ce cours
possédent un pendant en termes de groupes algébriques, les foncteurs polynomiaux de-
vant étre remplacés par les foncteurs strictement polynomiaux (possédant eux-mémes
des liens étroits avec les foncteurs polynomiaux ordinaires : ainsi, dans [Bet99], Betley
utilise les foncteurs strictement polynomiaux pour démontrer I'isomorphisme entre ho-
mologie des foncteurs et homologie stable des groupes linéaires (discrets) sur un corps
fini & coefficients polynomiaux). Nous tairons dans la suite cet aspect (voir [Toul0]),
que d'autres exposés de cette semaine sur les foncteurs aborderont.

Groupes de découpage. L'homologie des groupes de Lie rendus discrets (mais pas
dans le domaine stable, cette fois-ci, et avec des coefficients tordus appropriés) apparaft
naturellement dans I'étude des groupes de découpage et du troisiéme probléme de
Hilbert. On renvoie le lecteur a I'ouvrage de Dupont [Dup01] a ce sujet.

2. Premier lien entre homologie stable des groupes discrets
et homologie des foncteurs

Abstract. The second lecture presents a first isomorphism result between stable
group homology with twisted coefficients and functor homology. It works in a rather
general setting, and it makes no assumption on the functor. Its proof is therefore
elementary. Unfortunately, but for the case of the symmetric groups (which is
quickly studied), the functor homology which appears is very hard to compute. The
following lectures will compare this functor homology to a much more manageable
functor homology, thus leading to the introduction’s statements.

Le but de cette section est de donner un premier résultat d’isomorphisme
entre homologie stable de groupe a coeflicients tordus et homologie des foncteurs
(modulo la connaissance de ’homologie stable de groupe a coefficients constants)
dans un cadre assez général, sans aucune hypothése sur le foncteur par lequel on
tord les coefficients. De ce fait, la démonstration en est formelle et élémentaire ; en
revanche, hors du cas particuliérement favorable des groupes symétriques, on n’ob-
tient guére de résultat directement exploitable, car ’homologie de foncteurs qui
apparait est assez inaccessible. C’est ensuite la comparaison de cette homologie de
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foncteurs a d’autres groupes d’homologie de foncteurs nettement plus exploitables
qui permettra d’obtenir les théorémes annoncés dans 'introduction (mais cela né-
cessitera davantage d’hypothéses et beaucoup plus de travail : ce sera 'objet des
trois derniéres sections).

Tous les résultats de cette partie sont tirés de [DV10] (plus précisément, de
sa premiére section, sauf les considérations sur les groupes symétriques traitées
dans un appendice de cet article).

Dans toute cette section, k est un anneau commutatif de base fixé (ce sera
en général soit Z, soit un corps) et (C,®,0) est une petite catégorie > monoidale
symétrique dont I'unité 0 est objet initial, X est un objet de C et 'on s’intéresse
aux groupes G, = Aute(X®"). On cherche a relier leur homologie stable, i.e.,
I’homologie de leur colimite (sur n), & 'homologie de la catégorie C. Comme C a
un objet initial, ’homologie de C a coeflicients constants est triviale (le foncteur
constant k de C-Mod est projectif — ou, d'un point de vue topologique, le classifiant
de cette catégorie est contractile) : c’est la situation a coefficients tordus qui est
intéressante.

2.1. Rappels élémentaires d’algébre homologique dans la catégorie
C-Mod des foncteurs de C vers k-Mod

La catégorie C-Mod est une catégorie abélienne agréable : elle possede des li-
mites et colimites quelconques, qui se calculent au but; les colimites filtrantes
sont exactes. De plus, elle posséde un ensemble de générateurs projectifs distin-
gués : P§ := k[Home (A, —)]; en effet, le lemme de Yoneda fournit un isomor-
phisme canonique Hom (P§, F) ~ F(A). Cela permet de faire de l'algebre ho-
mologique dans C-Mod (qui posséde aussi assez d’objets injectifs) comme dans
des catégories de modules sur un anneau. En particulier, on dispose de la notion
de groupes de torsion sur C, qui s’obtiennent en dérivant a gauche le bifoncteur
- %) —: (Mod-C) x (C-Mod) — k-Mod qu’on peut caractériser par sa commuta-

tion aux colimites relativement & chaque variable et des isomorphismes canoniques
PS” @ F ~ F(A), G® P§ ~ G(A), ou par I'adjonction
c c

Homg (G §C§ F, M) ~ Home-mod (F, Hom (G, M))

ou Hom(G, M) := Homg(—, M) o G.

L’homologie de C a coefficients dans F' € ObC-Mod est par définition
H.(C; F) := Tor’ (k, F) (ou k désigne le foncteur constant en k de Mod-C).

On dispose également d’une fonctorialité en la catégorie C : si & : C — D est

un foncteur entre petites catégories, ® induit un foncteur exact de précomposition
®* : D-Mod — C-Mod et on dispose, pour F' € ObD-Mod, d’un morphisme
naturel H,.(C; ®*F) — H.(D; F) vérifiant de nombreuses propriétés de cohérence.

5. Ou plus généralement, essentiellement petite.
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2.2. Les morphismes naturels H,(Goo; Foo) — H.(C; F)
et H,(Goo; Foo) = Hu(Goo X C; F)

Pour tout n € N, on a un foncteur évident d’image X®" de la catégorie a un
objet dont les fleches sont données par le groupe G, (qu’on notera encore G,,)
vers la catégorie C : elle induit un morphisme naturel de k-modules gradués
H.(Gp; F(X®")) — H.(C; F). Le diagramme

H*(GT“F(XGBTL» >H*(Gn+l;F(X®n+l>>

/

commute (parce qu’il y a une transformation naturelle de G,, — C vers G,, —
Gn+1 — C, donnée par le morphisme canonique A — A @ X), de sorte qu’on
obtient un morphisme naturel H,(Gw; Foo) = H.(C; F).

On aimerait qu’il soit un isomorphisme (sous de bonnes hypothéses), mais une
premiére obstruction facheuse vient du cas F' = k (foncteur constant) : 'homologie
H,(C;k) étant triviale, on ne peut s’attendre a ce que la fleche précédente le soit
pour tout F' (raisonnable) que si H.(Gwo;k) est également triviale! Cela arrive
dans un certain nombre de cas importants qui nous intéressent (par exemple : les
groupes linéaires sur un corps fini k, avec k = k), mais pas tous, on va donc faire
en sorte de tenir compte « artificiellement » de I’homologie stable & coeflicients
constants des G, que les méthodes d’homologie des foncteurs développées dans
ce cours ne permettent pas d’atteindre. Pour cela, on considére le foncteur de
projection II : G X C — C et 'homologie H,(Go x C;II*F), notée par abus,
H,(Gsx x C; F) : elle donne le bon résultat pour F' constant, et nous verrons
qu’elle se calcule simplement & partir de H.(Goo;k) et de H,(C; F) (cf. paragraphe
suivant).

On utilise donc les foncteurs G,, — G4, X C dont la composante G,, — G est
le morphisme canonique et G,, — C le foncteur utilisé précédemment : cela procure
des morphismes naturels H,(Gp; F(X®")) = H.(Go XC; F) puis Hy(Goo; Fro) —
H,.(Gsx X C; F).

\
H.(C; F)

2.3. Lien entre H,(C; F), H,(Goo3 k) et Hy(Goo X C; F)

On renvoie a [DV10], £2.3, ou ces questions sont traitées en détail. On dispose
de deux suites spectrales qui aboutissent & H.(Gw X C; F); elles dégénérent sou-
vent & la deuxiéme page. Les deux propriétés suivantes (qui relévent de lalgébre
homologique classique) nous suffiront amplement :

Proposition 2.1. Si k est un corps, alors on dispose d’un isomorphisme naturel

H,(Goe % C;F) ~ H,(Goo; k) ® H,(C; F)
k

de k-modules gradués.
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Proposition 2.2. Sik = Z, alors on a un isomorphisme naturel gradué

H,(Goo X C; F) ~ TorS (H,(Goo; Z), F)

0t H.(Goo; Z) est vu comme un foncteur (contravariant) constant sur C.

Si M est un groupe abélien (vu comme foncteur constant), on dispose de

suites exactes naturelles scindées (en général non naturellement)

0— M ® H,(C; F) — TorS (M, F) — Tor} (M, H,_1(C; F)) = 0
Z

de groupes abéliens.

24.
1.

Les hypothéses pertinentes sur (C, @, 0) et X

(Transitivité stable) Pour tout morphisme f : A — B de C, il existe un
automorphisme o de A @ B faisant commuter le diagramme suivant.

A f>B ~AdB

«
\
AeB
(On pourrait exiger un peu moins encore, mais cette propriété sera vérifiée
dans tous les cas qui nous intéressent. )
Dans certains cas, 'axiome plus fort suivant sera vérifié :

(Version forte : transivité instable) pour tous objets A et B de C, 'action
du groupe Aut¢(B) sur Pensemble Home (A, B) est transitive.

. (Stabilisateurs) Etant donné des objets A et B de C, le morphisme de groupes

canonique Aute(B) — Aute(A® B) est une injection dont 'image est le sous-
groupe des automorphismes ¢ faisant commuter le diagramme suivant.

A ~A®B
%)

v
A®B

. (Engendrement faible par X) pour tout objet A de C, il existe un objet B de

C et un entier naturel n tels que A® B ~ X®"
Dans certains cas, 'axiome suivant sera méme vérifié :
(Engendrement fort par X) tout objet de C est isomorphe & un X ®".

. Les exemples fondamentaux

. (Groupes symétriques) C est la catégorie © des ensembles finis avec injections,

la structure monoidale est la réunion disjointe, on prend pour X un ensemble
a un élément. Toutes les hypothéses précédentes sont satisfaites dans ce cas,
comme on le vérifie aussitot.

. (Groupes linéaires) Soient A un anneau et P(A) la catégorie des A-modules

a gauche projectifs de type fini, qu’on munit de la somme directe. Cette
catégorie ne vérifie évidemment pas les propriétés requises. La sous-catégorie
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des monomorphismes scindés M(A) vérifie 'hypothése de transitivité stable
(et bien sir celle d’engendrement), mais pas celle relative aux stabilisateurs.
Pour y remédier, on considére une troisiéme catégorie (qui nous permet de
simplifier les arguments de Scorichenko), notée S(A), qui a toujours les mémes
objets, mais dont les morphismes M — N sont les couples (v,u) formés
d’applications A-linéaires v: N — M et u: M — N telles que vou = Idy;.
Cette fois-ci toutes les propriétés sont satisfaites avec X = A (la transitivité
n’est toutefois en général pas vraie sous forme instable, sauf dans des cas ou
I’anneau A est particuliérement gentil, par exemple un corps, tout comme
lengendrement fort).

3. (Groupes unitaires) Soient A un anneau muni d’une anti-involution, ¢ €
{=1,1} et H.(A) (on omet par abus toute mention & 'anti-involution) la
catégorie des A-modules & gauche projectifs de type fini e-hermitiens non
dégénérés. Alors toutes les propriétés précédentes sont vérifiées avec pour X
I’espace hermitien hyperbolique standard A2 — 1a encore, la transitivité in-
stable n’est généralement pas vraie (elle est cependant si A est un corps par

le théoréme de Witt), et 'engendrement (qui vient de ce que, si (M, q) est
L
un espace hermitien non dégénére, (M, q) ® (M, —q) est hyperbolique) n’est

vrai que sous forme faible. Il est indispensable de considérer des espaces non
dégénéreés !

La situation précédente est en fait un cas particulier de celle-ci, appli-
quée a 'anneau A°P x A muni de 'anti-involution (a,b) — (b, a) (avec € = 1).

2.6. Résultat principal

Proposition 2.3 ([DV10]). Sous les trois hypothéses précédentes, le morphisme na-
turel de k-modules gradués

H.(Go; Foo) =& Hi(Goo X C; F)

est un isomorphisme pour tout F € ObC-Mod. En particulier, si H, (Goosk) =0,
alors le morphisme H,(Goo; Fxo) — H,(C; F) est un isomorphisme.

Démonstration. Quitte a remplacer C par la sous-catégorie pleine des X®", on se
raméne aisément au cas ou I’hypothése d’engendrement fort est satisfaite.

Il suffit de démontrer cette assertion lorsque F' est un foncteur projectif stan-
dard Pfl (résoudre un foncteur arbitraire par des sommes directes de projectifs
standard et comparer les suites spectrales). On se donne un entier m tel que
A ~ X®™ (hypothése d’engendrement).

Comme H,(C; PS) = 0, Hi(Goo X C; P§) ~ H.(Go; k). Par ailleurs, le lemme
de Shapiro donne

H.(Gn; PS(X®™) ~ (P H.(Stabsk)
orbites

ou la somme est prise sur les orbites de action de G,, sur 'ensemble Home (A4, X ™)
et Stab désigne le stabilisateur d’un représentant de 'orbite. De plus, avec cette
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description, le morphisme H.,(G,; P§(X®")) — H.(Goo xC; P§) qui nous intéresse
a pour composantes les morphismes H,(Stab,k) — H,.(Gw;k) induits par les
morphismes canoniques Stab C G,, — G.

Montrons la surjectivité de notre morphisme. Pour cela, on établit que, pour
tout ¢ € N, I'image de H,.(G;) = H.(Go) (tous les coefficients étant pris dans k)
est incluse dans son image. Pour cela, il suffit de considérer, pour n = m + i, le
morphisme v : A ~ XO™ 5 XOm g X = X0 Son stabilisateur sous I’action de
G, contient 'image de G; (ici on regarde une fleche G; — G,, qui n’est pas celle de
départ, mais lui est conjuguée par un automorphisme de permutation des facteurs,
donc induit le méme morphisme en homologie), ce qui établit notre assertion.

Montrons maintenant I'injectivité. L’hypothése de transitivité stable montre
que le morphisme G,, — Gy, 4., induit en homologie & coefficients tordus par P§
une application dont 'image est incluse (via la décomposition précédente) dans
I’homologie du stabilisateur du morphisme canonique A ~ X®™ — X®m+n \ajs
ce stabilisateur n’est autre que 'image de G,, dans G+, par hypothése. On en
déduit injectivité stable de nos applications, ce qui termine la démonstration. [J

La suite de ce cours consiste & expliquer comment calculer, dans les cas favo-
rables, ’homologie H.(C; F) (on suppose H,(G;k) connue). De fait, les catégories
vérifiant les axiomes utilisés sont fort peu maniables pour le calcul homologique
direct. On cherche donc & se ramener & d’autres catégories, par exemple P(A) plu-
tot que S(A) pour étudier 'homologie des groupes linéaires sur A. Cela demandera
un peu de préparation, exposée dans la prochaine section. Il y a néanmoins un cas
beaucoup plus facile a aborder, qu’on évoque maintenant rapidement.

2.7. Le cas des groupes symétriques

La catégorie «ensembliste» (i.e., dont les groupes d’automorphismes sont les
groupes symétriques) dans laquelle le plus de calculs d’algébre homologique fruc-
tueux ont été menés n’est pas la catégorie © des ensembles finis avec injections
a laquelle on peut directement appliquer la Proposition 2.3, mais la catégorie I'
des ensembles finis pointés (les morphismes étant toutes les fonctions envoyant le
point de base de la source sur le point de base du but) — voir notamment ’article
[Pir00b| de Pirashvili. En fait, on peut relier assez facilement, du point de vue
homologique, les deux catégories. La tache s’avére nettement plus aisée que dans
les cas que 'on étudiera ultérieurement car tous les I'-modules (foncteurs de I" vers
les k-modules) sont analytiques, c¢’est-a-dire colimite d’objets polynomiaux, il n’y
a donc pas a utiliser d’outil homologique spécifique a ces objets : des techniques
d’algebre homologique directes suffisent (on peut se contenter de regarder ce qui
se passe sur les projectifs standard).

Si F' est un I-module et ¢ un entier naturel, on définit l'effet croisé cr;(F)
par

cri(F) := Ker (F([i]) — F([i —1])®%)

(cf. [Pir00b] par exemple), ou [i] := {0,1,...,i} (avec 0 pour point de base) et les
applications F'([i]) — F([i — 1]) sont induites par les morphismes r; : [i]] — [i — 1]
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(j=1,...,i) envoyant 0 et j sur 0, ¢ sur ¢ pour 0 < i < j et suri—1 pour j < i < n.
Le k- module cr;(F') est muni d’une action naturelle du groupe symétrique ¥;.

Théoréme 2.4 (Betley). Il existe un isomorphisme naturel

Ho(Soo; Fao) = @D Ha (S0 % By cri(F))
€N
de k-modules gradués pour tout T'-module F' (0t oo agit trivialement sur cr;(F)).

Ce résultat, démontré de maniere directe par Betley dans [Bet02], est dé-
duit de la Proposition 2.3 dans lappendice E de [DV10], a laide de résultats
de décomposition sur les I'-modules dus a Pirashvili (voir [Pir00a]) élémentaires
mais trés utiles et d’arguments d’adjonction. Ces résultats de décomposition se
traduisent d’ailleurs par 1’équivalence entre la catégorie des I'-modules et celle des
Q-modules, ou Q2 est la catégorie des ensembles finis (non pointés) avec surjections,
ce qui illustre 'un des principaux mots d’ordre de ce cours : ne jamais hésiter a
transiter par de multiples catégories de foncteurs!

3. Foncteurs polynomiaux ; les résultats d’annulation de Scorichenko

Abstract. In this lecture, polynomial functors on an additive category are defined.
Scorichenko’s criterion for cancellation of torsion groups, one of whose argument
is polynomial, is then established. The key point is to consider cross-effects as
natural transformations.

Dans cette séance, A désigne une petite catégorie additive® (c’est-a-dire
qu’elle posséde des sommes et produits finis et qu’ils coincident, on dispose donc
d’un objet nul et d’une notion de somme directe — mais on ne suppose nullement
qu’existent noyaux ou coyonaux). On suit fidélement le travail (non publié) [Sco00],
aux notations pres.

3.1. Effets croisés et foncteurs polynomiaux

Si f: A — B est une fonction entre groupes abéliens, on dit que f est polynomiale

de degré au plus d € N si, pour toute famille (zo,...,z4) d’éléments de A, on a
> D)@y =0
1c{o,...,d}

ou |I| désigne le cardinal de I et I'on note xy = >, ; #;. (Si A = B = Z, par
exemple, cela équivaut a dire que f est la fonction associée & un polynéme de
degré au plus d — toutefois, cette remarque ne s’étend pas a n’importe quel groupe
abélien source A.) Il est exactement équivalent d’exiger que

ST (=) ) =0

IeP(E)

6. On peut considérer des foncteurs polynomiaux dans un cadre plus général, mais nous
n’en aurons pas usage ; les arguments ici présentés sont spécifiques a cette situation, méme si on
peut les modifier convenablement pour traiter d’autres situations.
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pour toute famille (z;) d’éléments de A, ou E est un ensemble pointé a d + 2
éléments (point de base inclus) et P(E) désigne I'ensemble des sous-ensembles
pointés de FE.

On donne maintenant un analogue fonctoriel de cette définition, en partant
de la variante pointée (qui n’est pas la plus habituelle mais sera légérement plus
commode d’un point de vue technique pour nos considérations ultérieures). Les
notions d’effets croisés et de foncteurs polynomiaux qu’on va introduire sont an-
ciennes : elles remontent a Eilenberg-Mac Lane [EML54], dans les années 1950.
Néanmoins, I’étude systématique des foncteurs polynomiaux, spécialement de leurs
propriétés homologiques, a connu un essor plus tardif (a partir des années 1980
sans doute) et n’a probablement pas encore livré tous ses secrets.

Supposons que E est un ensemble fini. On dispose d’un foncteur tg : A —
A A — A®PE. en fait cette construction est également fonctorielle en E. En
particulier, si I est un sous-ensemble de E, on dispose de transformations naturelles
ur: Id —tg et pr:tg — Id dont les composantes (évaluées sur un objet A) sont
Iidentité A — A pour les indices appartenant & I et 0 ailleurs. Si F' est un objet de
A-Mod, on note Tg(F') =t F(= Fotg); si 'on suppose que E est un ensemble
fini pointé, on dispose de transformations naturelles

g (F) = Y (~D)!F(ur): F = Tn(F)
IEP(E)
(effet croisé direct (pointé) ; les exposants seront omis s’il n’y a pas de confusion
possible) et
g™ (F) = Y (-)IF(p): Te(F) > F
IEP(E)
(effet croisé inverse (pointé) ; les exposants seront encore souvent omis).
Définition 3.1. On dit qu’un foncteur F' : A — k-Mod est polynomial de degré au
plus d §’il vérifie les conditions équivalentes suivantes :
1. cré’dir(F) = 0 pour tout ensemble pointé E de cardinal au moins d + 2
crﬁ’dir(F) = 0 pour un ensemble pointé E de cardinal d + 2;
crﬁ’i“V(F ) = 0 pour tout ensemble pointé E de cardinal au moins d + 2;

- w N

crﬁ’i“V(F ) = 0 pour un ensemble pointé E de cardinal d + 2.

On dit que F est analytique 'l est colimite de foncteurs polynomiaux (si c’est
le cas, on peut écrire F' comme la colimite filtrante de sous-foncteurs polynomiaux).

Exemple 3.2. Les foncteurs polynomiaux de degré 0 sont exactement les foncteurs
constants. A tout foncteur F correspond une décomposition canonique F ~ F(0)®
F (ot F(0) est vu comme un foncteur constant), puisque 0 est objet nul de A le
foncteur I est polynomial de degré au plus 1 si et seulement si F' est additif au
sens oil le morphisme canonique F(A) @ F(B) — F(A ® B) est un isomorphisme

pour tous objets A et B de A.
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Remarque 3.3.

1. La classe des foncteurs polynomiaux de degré au plus d jouit de nombreuses
propriétés de stabilité : elle est préservée par limites et colimites quelconques,
stable par sous-quotients et par extensions.

2. Un produit tensoriel de foncteurs polynomiaux est polynomial et son degré
est au plus la somme des degrés des foncteurs d’origine.

3. Lorsque cela fait sens, on vérifie également qu’'une composition de foncteurs
polynomiaux est polynomiale, le degré étant au plus le produit des degrés
initiaux.

4. Les exemples typiques de foncteurs polynomiaux de degré d depuis une caté-
gorie de modules sont les d-émes puissances tensorielles, symétriques, divisées,
extérieures. . . De plus, la puissance tensorielle 7%, munie de son action cano-
nique du groupe symétrique X4, joue un role essentiel dans la classification
des foncteurs polynomiaux de degré au plus d modulo ceux de degré stricte-
ment inférieur, au moins lorsque la source est une catégorie de modules trés
sympathique — par exemple, la catégorie des espaces vectoriels de dimension
finie sur un corps premier.

5. De nombreux foncteurs ne sont pas analytiques; 'exemple 3.8 ci-aprés four-
nira méme un foncteur (non nul) n’ayant aucun quotient analytique non nul.

6. On peut définir une notion de foncteur polynomial dans un cadre plus général
que celui ici abordé (source additive), mais les résultats d’annulation homo-
logique de Scorichenko exposés dans la suite de cette section ne s’appliquent
essentiellement qu’a cette situation.

3.2. Adjonction entre effets croisés, application aux groupes de torsion

Le fait que A est une catégorie additive implique que, pour tout ensemble fini F,
I’endofoncteur ¢z de A est adjoint a lui-méme : Hom 4(A,tg(B)) ~Hom 4 (tg(A),B)
naturellement en A et B (ces groupes abéliens étant tous deux naturellement iso-
morphes & Hom4 (4, B)F). Via cette adjonction, les transformations naturelles uy
et pr (ot I est une partie de E) se correspondent, en ce sens que le diagramme

Hom (A, tp(B)) = >Homu(te(A), B)

Hom 4 (A,pr) Hom 4 (ur,B)
v B v
Hom 4 (A4, B) ~  >Homu(A, B)

commute (de méme qu'un analogue avec les fleches verticales dans 'autre sens).

Pour des raisons formelles, ces propriétés se transportent dans les catégories
de foncteurs .A-Mod et Mod-A = A°°-Mod (noter que dans la catégorie additive
A°Ples roles de uy et p; sont intervertis par rapport & A) : pour X € ObMod-A
et F' € Ob.A-Mod, on dispose d’un isomorphisme naturel

Tor (X, Tg(F)) ~ Tor} (Te(X), F)
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de k-modules gradués et d’un diagramme commutatif, si E est maintenant un
ensemble fini pointé,

TorX (X, Te(F)) = >Tor(Ts(X), F)

Tor:‘<x,crg“'”<F>> Con
ord (e (X),F)

TorA (X F)

On note par ailleurs kg (X) = Ker crﬁ MY(X) et K%, pour n € N, la n-iéme

itération de cet endofoncteur de Mod-.A. On désigne aussi par Kq la classe des
X € ObMod-A tels que cré P inv (X) soit un épimorphisme, ou F est un ensemble
pointé de cardinal d + 2.

Proposition 3.4. Soient d € N, E un ensemble fini pointé de cardinal d + 2, F €
Ob A-Mod polynomial de degré au plus d et X € ObMod-A tel que r}(X)
appartienne o KCq pour tout entier n. Alors

Tor (X, F) =

Démonstration. On procéde par récurrence sur le degré homologique. La suite

exacte courte 0 — kg(X) — Tr(X) LG ON INY (erp(X) est par hypothése

surjectif) induit une suite exacte longue en homologie :
- = TorM(kp(X), F) — Tor (Tp(X), F)

X TorA(X, F) — Tor | (kp(X), F) — -

Mais le diagramme commutatif

TorA(Te(X),F) "~ Tord(x, F)

:V %

Tor (X, Te(F))

(F est polynomial de degré au plus d) montre que cette suite exacte longue se
réduit a la nullité de Tor()A(X F) et des suites exactes courtes

0 — Tor (X, F) — Tory' | (kp(X),F) — Tor* |(Tp(X),F) =0

pour n > 0. L’injectivité de la premiére fléche et I’hypothése de récurrence appli-
quée a kp(X) permettent de conclure. O

3.3. Le critére de Scorichenko

Le critére précédent s’aveére trés peu commode & vérifier en pratique : la surjectivité
d’un effet croisé ne pose généralement pas trop de probléme, mais la description du
noyau devient souvent difficile, et celle des noyaux itérés plutot désespérée. L'idée,
remarquablement simple et efficace, de Scorichenko consiste & trouver une condi-
tion plus forte que la surjectivité des effets croisés, mais qui reste raisonnablement
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vérifiable dans de nombreux cas intéressants, et qui soit préservée par I’application
du foncteur kg pour des raisons formelles.

Un premier critére simple, qu’on mentionne pour mémoire, est trés naturel
mais impose une condition un peu trop forte pour donner de nombreuses applica-
tions utiles :

Proposition 3.5. Soient d € N, E un ensemble fini pointé de cardinal d + 2, F €
Ob A-Mod polynomial de degré au plus d et X € ObMod-A tel que effet croisé
inverse crg(X) soit un épimorphisme scindé. Alors Tor (X, F) = 0.

Théoréme 3.6 (Scorichenko). Notons M(A) la sous-catégorie de A ayant les mémes
objets et dont les morphismes sont les monomorphismes scindés de A et 6 :
Mod-A — Mod-M(A) le foncteur de restriction a M(A). Soient d € N, E
un ensemble fini pointé de cardinal d+2, F € Ob . A-Mod polynomial de degré au
plus d et X € ObMod-A tel que ferg(X) : 0Tg(X) — 0X soit un épimorphisme
scindé. Alors Tor (X, F) = 0.

Démonstration. Comme le foncteur 6 est exact et fidéle, 'hypothése faite sur X
implique que c’est un objet de 4. Il suffit donc de vérifier qu’elle implique la
méme propriété pour kg (X).

Pour cela, on note d’abord que la transformation naturelle créop’i"v s’obtient
a partir des p; de A°P, c’est-a-dire des u; de A, qui sont des monomorphismes
scindés lorsque I est une partie non vide de E. On remarque par ailleurs que T3 :=
TroTg ~ TrxE (qu'on peut voir comme endofoncteur de Mod-.A ou Mod-M(A))
est muni d’une involution y qui intervertit les deux facteurs du produit cartésien
E x E. Elle bénéficie de la propriété suivante : le diagramme

TE o TE
~ Tr(cre)
\
TE o TE > TE

CTE(TE)

commute.
Considérons maintenant une section s : 0X — 0Tg(X) de Ocrg(X). Notons
s’ le morphisme :

0Te(X) = T(0X) 222 Tp(0T(X)) = 0(Tw o Te)(X) 2> 6(Ti 0 Tr) (X).

C’est une section de fcrg(Tr(X)) en raison de la commutativité du diagramme

Te(s _
Te0X UL TwoTyX - ~072x "7 oT2X

TEQCTE(X) QTECT‘E(X)
Id v v QCT‘E(TEX)

Tp0X - >0TpX
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De plus, cette section est compatible & s et au morphisme crg(X) : Tg(X) - X
en ce sens que le diagramme
0TpX ° =0T:X

Oere(X) 0Tgcre(X)
\ v
60X  ° = 0Tp(X)

commute, parce que le diagramme

= Te(s) = 2 2
0T X >Tg0X >Tg0TEX =0T X > 0T X

cre(0X) Ocre(Te X
Ocrp(X) crp(0TE X) v Bere(X)

\
D¢ = 0Tp(X)

0vx

S

commute. Cela montre que s’ induit une section de crg(kg(X)) et achéve la dé-
monstration. g

Corollaire 3.7. Soient F' € ObA-Mod analytique et X € ObMod-A tel que
Ocrp(X) : 0Tg(X) — 60X soit un épimorphisme scindé pour tout ensemble fini
pointé E. Alors Tor (X, F) = 0.

Exemple 3.8. Supposons que T : A — Ab est un foncteur additif.

Alors Tor (kT F) = 0 (si E est un groupe abélien, on note k¥ le noyau
de I’évaluation k¥ — k en 0; cela définit un foncteur contravariant des groupes
abéliens vers les k-modules) si F' € Ob.A-Mod est analytique.

Soit en effet E' un ensemble fini pointé, de point de base a. Pour un objet A de
A, on définit une application linéaire k”(4) — kT(A%") o associant & une fonction
f:T(A) — k (nulle en 0) la fonction g : T(A®F) — k définie par g(y) = f(z)
siy=T()(z), oti:A— A®E est l'inclusion du facteur correspondant au point
de base, g(y) = 0 sinon. On laisse au lecteur le soin de vérifier que cela définit
une section de leffet croisé fonctorielle en A relativement a M(A), permettant
d’appliquer le corollaire précédent.

4. Deuxiéme description de I’homologie stable des groupes linéaires
et unitaires a coefficients polynomiaux par I’homologie des
foncteurs

Abstract. We prove here the main result of this series. It relates stable homo-
logy of linear or unitary groups over a ring A, with coefficients twisted by a po-
lynomial functor, to torsion groups on the category of finitely generated projec-
tive A-modules. We start from the second lecture’s result and a suitable derived
Kan extension, and we study the corresponding Grothendieck spectral sequence. Its
collapsing is proved by the previous lecture’s Scorichenko’s criterion. It does not
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require the computation of the derived Kan extension (which seems out of reach),
but only its qualitative properties as they result from the monoidal structures.

Soient A un anneau muni d’une anti-involution, e = 1 ou —1, P(A) la caté-
gorie des A-modules projectifs de type fini, Hi2(A) la catégorie des A-modules
projectifs de type fini munis d’une forme e-hermitienne éventuellement dégénérée,
et Hc.(A) la sous-catégorie pleine des espaces non dégénéreés.

Chacune de ces catégories est intéressante du point homologique pour les
raisons suivantes.

Tout d’abord, HI°8(A) se préte relativement bien aux calculs homologiques
(au moins lorsque 2 est inversible dans A) car c’est la catégorie des objets de P(A)
munis d'un élément de S?(M), ou S? est vu ici comme un foncteur contravariant
ensembliste depuis P(A). Cela entraine formellement la propriété qui suit :

Proposition 4.1. [ existe un isomorphisme naturel
deg
Tor @ (X (F)) ~ TorP@ (w(X), F)

de k-modules gradués, ou ¢ : A-Mod — HY¢(A)-Mod est le foncteur eract
de précomposition par 'oubli de la forme hermitienne et le foncteur evact w :

Mod-Hd°8(A) — Mod-P(A) est donné sur les objets par

wX)(M)= P X(M.q).

qeS2(M)
Corollaire 4.2. [] existe un isomorphisme naturel
H.(H®(A),(F)) = Tor  (K[S7], F)
de k-modules gradués.

(Nous verrons dans la derniére partie de ce cours comment calculer de tels
k-modules dans les cas favorables.)

D’un autre coté, le résultat principal de la deuxiéme séance nous apprend
que :

Proposition 4.3. Pour tout foncteur F' € ObH.(A)-Mod, il existe un isomor-
phisme naturel

HL(US,(A); Foo) =~ HL(US,(4) x H,(A); F)
(avec action triviale de US(A) a droite) de k-modules gradués.

Dans cette séance, nous allons montrer que, lorsque F est 'image par le fonc-
teur ¢ d'un foncteur analytique de A-Mod, les homologies de H.(A) et HI5(A)
a coefficients dans F' coincident.
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4.1. Extensions de Kan dérivées

Soit i : C — D un foncteur entre petites catégories. Il existe une «adjonction»

WG QF ~G®i*(F)
D C

naturelle en G € ObMod-C et F € ObD-Mod, ot
iW(G)(D) =G ® i*(PE).

En général, le foncteur 7 n’est pas exact, de sorte que cette adjonction ne se
propage pas directement aux groupes de torsion supérieurs. Néanmoins, on peut
dériver cette adjonction en une suite spectrale de Grothendieck (ou de foncteurs
composés) — cf. par exemple [Wei94] Corollaire 5.8.4 (tout marche bien ici car i
préserve les projectifs) qui prend la forme

E} = Torl (Ly(i1)(G), F) = Tor§

p+q

(G,a"(F))

(avec une différentielle d” sur E” de degré (—r,r — 1)), ou les L, (%) sont les
foncteurs dérivés a gauche du foncteur exact a droite ), qui sont donnés par

Ly (i)(G)(D) = Torg (G, i (Pp)).

En particulier, prenant pour G le foncteur constant k, on obtient une suite
spectrale

B2, = Tory (Ly, F) = Hyyq(C;i*(F))
ou
Lg(D) = Hy(C/D;k)

ot C/D désigne la catégorie des objets C' de C munis d’un morphisme D — i(C')
dans D, les fleches étant celles de C qui font commuter le diagramme évident
(équivalence avec la formule précédente s’obtient par un jeu facile d’adjonction).
Si I'on note X,(D) = H,(C/D;k), on a donc la proposition suivante :

Proposition 4.4. Si F' € ObD-Mod vérifie
Tor?(X,, F) =0
pour tout ¢ € N, alors le foncteur i induit un isomorphisme
i : H,(C;i*(F)) = H,(D; F)
en homologie a coefficients dans F.

Nous allons appliquer cette propriété lorsque i : Hc(A) < HIE(A) est le
foncteur d’inclusion et F' 'image par le foncteur ¢ d’un foncteur analytique de
P(A)-Mod. Par la propriété 4.1, on voit qu'on peut le faire en appliquant le
critére de Scorichenko (Corollaire 3.7) aux foncteurs w(X,).
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4.2. Cas de linclusion H(A) < H°8(A) : préparation

Il n’est pas question de calculer les valeurs des foncteurs X,. Nous utiliserons
uniquement les propriétés suivantes :

1. X, envoie 'objet initial 0 de HI®&(A) sur 0;

1
2. X, envoie toute inclusion canonique M — M @ H, ou M est un objet de
Hd°e(A) et H un objet de H.(A), sur un isomorphisme.

La premiére propriété résulte de ce que H.(A)/0 a un objet initial. Pour
L
la seconde, on note que le foncteur H.(A)/M — H(A)/(M & H) induit par

1L
—@®H est une équivalence de catégories. Cela provient essentiellement de ’existence
d’un supplémentaire orthogonal pour tout sous-espace non dégénéré d’un espace

1
hermitien : un quasi-inverse de ce foncteur est donné en associant a (N, f : M ©
H — N) Tobjet (f(H)*(C N),f: M — f(H)*) de H.(A)/M.

Lemme 4.5. Soit V un A-module projectif de type fini. Il existe un objet H(V') de
H.(A) vérifiant, pour toute forme hermitienne (éventuellement dégénérée) q sur
V', les propriétés suivantes :

1. 4l ewiste un morphisme o : (V,q) — H(V) de HI®(A) dont ’application
A-linéaire sous-jacente appartient ¢ M(A) ;

2. de plus, pour ¢ =0, on peut choisir a de sorte que tout morphisme de (V,0)
vers un objet de Hc(A) dont le morphisme sous-jacent de P(A) appartienne
a M(A) se factorise par o ;

3. pour tous morphismes f : V.— W de M(A) et ¢ : (W,0) — E de HI®8(A),
avec E non dégénéré, il existe une factorisation

Id
( f ) Idde

(Vig) - (V.q) & (W,0) ~(V,q) B E

Nous ne donnerons pas les détails, élémentaires et classiques, de cette pro-

priété. Bornons-nous & mentionner que ’on prend pour H (V') le A-module V& V*

0 1p=

muni de la forme hermitienne de matrice ” (E 1y 0

). Une bonne référence pour

les espaces hermitiens sur un anneau quelconque est [Knu91]; on trouvera aussi
une démonstration compléte du lemme précédent dans [Djal2].

7. Plus précisément, il s’agit de la matrice de la forme sesquilinéaire associée M & M™* —
(M @ M*)* ~ M* @& M — le morphisme canonique M — (M*)* est un isomorphisme car M est
projectif de type fini.
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4.3. Le résultat principal

On note ici ¢/ la précomposition par 'oubli de la forme hermitienne H.(4) — P(A).

Théoréme 4.6 (|[DV10] pour A corps fini, [Djal2] pour le cas général). Si F €
ObP(A)-Mod est analytique, linclusion Hc(A) — HI®(A) induit un isomor-
phisme

HL(HL(A); / (F)) =5 H,(HF(A); o(F)).

Démonstration. D’aprés ce qui précéde, il suffit de construire des sections faible-
ment fonctorielles aux applications k-linéaires

rpWXa)(V):w(X) (V) = @ X (VEEQ) = w(X,)(V)
QeSZ(VEP)

= @ Xn(va Q)

qes(V)

ol E est un ensemble pointé fini (de point de base noté e), n un entier naturel
et V un A-module projectif de type fini; ici faiblement fonctoriel signifie foncto-
riel relativement aux monomorphismes scindés. Notons 7 = p. : VEF = V la
projection sur le facteur correspondant & e et définissons une application linéaire
s(V) : w(X,) (V) = w(X,)(VEE) par sa composante sur X,,(V, q) donnée par

L
X ((V.g)Ba)
e

Xo(Voq) = X ((V,q) & H(VEP\)) X, ((V.q) & (VEP\<, 0))

= 'Xn(VEBE?W*Q) — W(Xn)(V®E>
ott a : (VOE\e 0) — H(VEF\e) est comme dans le Lemme 4.5. Vérifions d’abord
que cette définition ne dépend pas du choix de . Supposons 3 : (V,0) — L donné,

avec L € ObH,(A) et le morphisme de P(A) sous-jacent a 3 appartenant & M(A).
Alors il existe (par le lemme) une factorisation

(VGBE\E ) 0) 7 > L

S A
H(VOE\e)

ce qui implique que les diagrammes

1
V,q)®8 L
e ~(V,)BL=< _(Viq)

(V,q) & H(VEP\)

€L
(V.q) ® (VEF\*,0)

€L
(V.q) o
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(ot les deux fleches non spécifiées sont les inclusions canoniques) puis

o) = (Vi b raemey 0L 40 & @eme o))

A L A A
= X, ((V,q)EB’Y)

X, ((v.g)&8)

X.(Vig) = =X, ((V.g)BL) - Xo((V,q) & (VEP\e 0))

commutent.

Cela établit non seulement 'indépendance de s(V') envers le choix de «, mais
aussi le caractére faiblement fonctoriel de cette application : si uw: V — W est un
morphisme de M(A), on peut appliquer ce qui précéde a

(VEE\e 0) X (WEF\e ) 2 g(WwEE\e ()

qui vérifie toutes les hypothéses requises pour 5.
Examinons maintenant les composées

w(X) (V) 29 w(X,) (VEEN) ML (X, ) (V)

ou I est une partie pointée de E. Leurs composantes sont données par

€1
Xlme) (i & vere )

L
Xn(Viq) = Xo((Viq) @ H(VEP\))
= Xa(VEF, 1) =5 Xu(V,ujm*q) = X (V. q)
(on muy = Idy car e € I). Pour I réduit a e, c’est l'identité, car ue : (V,q) —

L E . . .
(V,q) @ (VEE\¢ 0) est I'inclusion canonique.
Si I contient strictement e, alors on peut trouver un diagramme commutatif

Id )
ur=
V@E\e Vq)@a

\/

EBE\e

@ H(V&E\e)

grace au Lemme 4.5, ot J = I'\ e (qui est non vide, donc u ; est un monomorphisme
scindé). Comme H (V®F\¢) est non dégénéré, X, 'envoie sur 0, et notre composée
est donc nulle. Finalement, s(V') est bien (au signe prés) une section de Deffet
croisé crg(w(X,))(V), d’ou le théoréme. O

Cas particulier : le théoréme de Scorichenko sur I’homologie des groupes linéaires.
Nous donnons maintenant le résultat fondamental de [Sco00] (avec nos notations),
qui constitue un cas particulier du théoréme 4.6.
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Théoréme 4.7 (Scorichenko). Soit B : P(A)°P? x P(4) — k-Mod un bifoncteur

polynomaal. Il existe un isomorphisme naturel
H,.(GLx(A); Boo) ¥ HH.(GLo(A) x P(A); B)
de k-modules gradués.

Dans le cas ou A = k est un corps fini, ’homologie de GL (k) a coeflicients
dans k est triviale (Quillen [Qui72]), on peut donc se débarrasser du terme G Lo,
dans le membre de droite.

On déduit le théoréeme précédent du théoréme 4.6 en considérant 'anneau
A°P x A muni de I'anti-involution échangeant les deux facteurs : ses groupes uni-
taires ne sont autres que les groupes linéaires sur A, et obtenir 'homologie de
Hochschild a partir de I’homologie de la catégorie des A°P x A-espaces hermitiens
(éventuellement dégénérés ; ici € = 1) est un jeu élémentaire d’adjonction (& I’aide
de la catégorie des factorisations de Quillen, introduite dans [Qui73]).

5. Exemples de calculs et autres applications

Abstract. The last lecture of the series explains how to carry out computations in
good cases, and how to prove qualitative properties of the functor homology groups
that appear in the main theorem of the previous lecture. The lecture illustrates
classical computational tools in functor homology, such as exponential functors.
Qualitative properties such as base change are obtained by simple adjunction ar-
guments.

On va expliquer comment mener certains calculs de k-modules gradués du

type
Tory Y (k[S3]", F)

pour un foncteur polynomial F, ot A est un anneau commutatif muni de I'in-
volution triviale (et € = 1, i.e., on traite de groupes orthogonaux plutdt que de
groupes symplectiques) — cette restriction, destinée surtout a alléger les notations,
est contingente — et dans lequel 2 est inversible — cette hypothése s’avére en re-
vanche fondamentale pour que les calculs ne soient pas inextricables (dans [DV10],
on donne toutefois quelques résultats trés partiels en caractéristique 2).

5.1. Réductions du probléme

On commence par se ramener a calculer
Tory W (K[TZ]Y, F)

dont le précédent groupe de torsion est facteur direct gréce a 'inversibilité de 2
dans A (qui garantit que S7 est facteur direct dans T%). Cette étape n’est pas
innocente : méme quand on sait déterminer entiérement ces groupes de torsion,
la détermination explicite de 'idempotent donnant le facteur qui nous intéresse
constitue tout sauf un probléme trivial. Néanmoins, on peut y arriver dans cer-
tains cas.
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Le k-module gradué précédent n’est autre qu'une homologie de Hochschild :
Tor? D (K[T3]Y, F) = Tor? PO (M, N) = k[(M © N)*], 6" F)
~ TorP W >*PA) (7 V) i k[Homa(V, U)], s* F)
~ HH,(P(A);s"F)

ous:P(A)P xP(A) - P(4) (U, V)~ U* @V, ou le premier isomorphisme
repose sur ’adjonction entre diagonale et somme directe et la seconde sur l'iso-
morphisme canonique (U* ® V)* ~ Hom(V,U) pour U,V projectifs de type fini.

Nous nous concentrerons maintenant sur quelques cas particuliers impor-
tants :

1. F est (un terme) d’un foncteur exponentiel gradué¢ de Hopf E°, i.e., d’une
suite de foncteurs (E™), ey telle que E° = k et munie d’isomorphismes natu-
rels

E"UaV)~ @ E'U)e E (V)
1+j=n
(les produits tensoriels sont implicitement pris sur k) vérifiant des conditions
de compatibilité (une référence pour cette notion est [FFSS99|, par exemple,
ou l'appendice B de [DV10]), notamment une propriété d’e-commutativité
(ot € € {—1,1} vaut 1 pour les puissances symétriques ou divisées et —1
pour les puissances extérieures) ;

2. F est une puissance tensorielle sur k (on suppose alors que A est une k-

algebre) ; on bénéficie alors (« formule du bindéme » ) d’isomorphismes naturels

TUeV)~ @ (LU) T (V) 15y,

it+j=n
vérifiant encore des conditions de compatibilité.

On peut donc ramener le calcul de Torf(A)(]]&[Tfl]v7 F) a celui de groupes de
torsion entre foncteurs polynomiaux usuels sur P(A) (par exemple, dans le premier
cas, a Tor,((E")V, E7), en supposant que les E¢ prennent des valeurs k-plates). On

dispose des renseignements suivants sur I’idempotent qui nous intéresse :
1% % q

~ D'involution qui échange les deux facteurs dans 75 se lit sur les Tor, ((E*)Y, E7)
(dans le premier cas) ou les Tor, (1), T7) (dans le second) grace a 'invo-
lution canonique de Tor, (X", X) existant pour tout foncteur X (on dispose
d’un isomorphisme d’adjonction Tor, (Y, X) ~ Tor,(X",Y) qui donne cette
involution pour Y = X), au signe ¢ prés dans le premier cas;

— on peut décrire I'idempotent qui nous intéresse — ou plus exactement, le
morphisme induit par z +— x + Z sur T3 (qui a la méme image puisque 2 est
inversible) — comme la convolution entre I'identité et I'involution précédente,
ou l'on utilise la structure de foncteur de Hopf (ou son analogue dans le second
cas) pour munir les groupes de torsion qu’on veut calculer d’une structure
d’algebre de Hopf (bigraduée).
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5.2. Quelques calculs

En se fondant sur les calculs puissants de [FFSS99| (qui procurent la structure
d’algébre de Hopf dont on a besoin et permettent de comprendre I'involution sus-
mentionnée), on parvient par exemple au résultat suivant (qu’on a exprimé en
cohomologie pour le rendre plus intuitif) :

Théoréme 5.1 (Cf. [DV10]). Soit k un corps fini de cardinal q impair. L’algébre de
cohomologie stable des groupes orthogonauz sur k a coefficients dans les puissances
symétriques est polynomiale sur des générateurs de bidegré (2¢°m,q¢* + 1) (ou le
premier degré est le degré homologique et le second le degré interne) indexés par
les entiers naturels m et s.

Dans [Djal2], on montre le résultat suivant, qu’on peut obtenir & partir de
la considération de la seconde puissance extérieure et du théoréme de Hochschild—
Kostant—-Rosenberg, qui décrit (en particulier) ’homologie de Hochschild d’un
corps commutatif.

Proposition 5.2. Soient k un corps commutatif de caractéristique nulle; pour n €
N, notons 0, n(k) la représentation adjointe de Oy, (k). Alors le k-espace vectoriel
gradué

coligl H,(Onn(k); 00,n(K))

ne
est isomorphe au produit tensoriel (sur Q) de Hy(Oso,00(k); Q) (00 Ouo, 00 est la
colimite des Oy.,) et de la partie impaire de la k-algebre graduée 2 = A*(Q4)
des différentielles de Kdhler de k (vu comme Q-algebre). En particulier, cet espace
vectoriel gradué est nul si k est une extension algébrique de Q.

On peut aussi mener certains calculs sur des anneaux qui ne sont pas des
corps : dans [Djal2], on donne plusieurs énoncés pour des anneaux (commutatifs
avec 2 inversible) sans torsion sur Z.

Il est & noter (voir [Djal2]) que la détermination de Tort(k[S%]Y, F)
comme k-module gradué, lorsque F' est une puissance tensorielle, dépend unique-
ment de la connaissance de Torf W (IdY, Id) comme module gradué : la connais-
sance de l'involution sur ces groupes de torsion n’est pas nécessaire.

5.3. Quelques propriétés qualitatives

Une observation élémentaire mais trés efficace de Touzé (voir [Toul0], qui est
déclinée dans [DV10] dans le cadre des groupes discrets qui est le notre) sur les
produits en cohomologie des foncteurs permet de déduire de la comparaison entre
(co)homologie des foncteurs et (co)homologie stable des groupes orthogonaux le
résultat suivant :

Proposition 5.3. Soient k un corps fini de cardinal impair, k = k, F et G deux
foncteurs polynomiauz de P(k)-Mod. Alors le produit externe

H" (00,00 (k); Foo) @ H*(Oso,00(k); Goo) = H* (Ooo,00(k); Foo @ Goo)

est un monomorphisme naturellement scindé.
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Proposition 5.4. Supposons que k est une extension finie (ou méme seulement
algébrique) de Q, quek = Q et que F € ObP(k)-Mod est un foncteur polynomial.
Alors il existe un isomorphisme naturel

H,(Oco,00(k); Foo) 2 Hi(Ooo,00(k); Q) %’ Ho(Oco,00 (k)3 Fixo)
de Q-espaces vectoriels gradués.

La démonstration repose sur le caractére semi-simple de la catégorie des
foncteurs polynomiaux de P(k)-Mod lorsque k est un corps de nombres et sur
la trivialité des auto-extensions du foncteur identité des Q-espaces vectoriels (qui
s’appuie sur la résolution barre — cf. par exemple [FP98], qui traite du cas beaucoup
plus difficile des entiers, dont on peut déduire cette annulation).

Remarque 5.5. Sous certaines hypothéses (par exemple, sur des corps), on peut obtenir
des résultats analogues aux précédents avec des groupes orthogonaux non nécessaire-
ment hyperboliques — par exemple euclidiens. Cela est discuté dans la derniére partie
de [Djal2] (le cas général reste toutefois mystérieux dans ce genre de situation).

Un autre aspect agréable de ’homologie des foncteurs réside dans les chan-
gements de base qui se prétent souvent & des comparaisons assez simples (par des
arguments d’adjonction). Voici un cas particulier spectaculaire, lié d’aprés le Théo-
réme 4.7 de Scorichenko & I’homologie stable des groupes linéaires & coefficients
dans la représentation adjointe.

Soient A un anneau commutatif et S une partie multiplicative de A ; choisis-

sonsk =7 (ou A). Alors
HH,(P(A[S™"]); Hom 4(s-1]) ~ HH,(P(A); Hom)[S™"].

On note en revanche qu’il est extrémement difficile de comparer les homologies a
coefficients constants de G'Loo(A[S7T1]) et GLoo(A).
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Lectures on Bifunctors and Finite Generation
of Rational Cohomology Algebras

Wilberd van der Kallen

Abstract. This text is an updated version of material used for a course at
Université de Nantes, part of ‘Functor homology and applications’, April 23—
27, 2012. The proof [30], [31] by Touzé of my conjecture on cohomological
finite generation (CFG) has been one of the successes of functor homology.
We will not treat this proof in any detail. Instead we will focus on a formality
conjecture of Chatupnik and discuss ingredients of a second generation proof
[33] of the existence of the universal classes of Touzé.
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1. The CFG theorem
In its most basic form the CFG theorem of [31] reads

Theorem 1.1 (Cohomological finite Generation). Let G be a reductive algebraic
group over an algebraically closed field k, and let A be a finitely generated com-
mutative k-algebra on which G acts algebraically via algebra automorphisms. Then
the cohomology algebra H*(G, A) is a finitely generated graded k-algebra.

An essential ingredient in the proof of this theorem is the existence of certain
universal cohomology classes. They were constructed by Touzé in [30]. We will
discuss methods used in the new construction [33] of these classes.

2. Some history

Let us give some background. First there is invariant theory [3], [15], [28]. Classical
invariant theory looked at the following situation. (We will give a very biased
description, full of anachronisms.) Say the algebraic Lie group G(C) := SL,,(C)
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acts on a finite-dimensional complex vector space V with dual VV. Then it also
acts on the symmetric algebra A = SgE(VVY) of polynomial maps from V to C.
One is interested in the subalgebra A%(®) of elements fixed by G(C). It is called
the subalgebra of invariants. More generally, if W is another finite-dimensional
complex vector space on which G(C) acts, then W ®¢ A encodes the polynomial
maps from V to W. The subspace (W ®c A)¢ of fixed points or invariants in
W ®c¢ A corresponds with the equivariant polynomial maps from V' to W. This
subspace of invariants is a module over the algebra of invariants A%(©), When n = 2
and V is irreducible Gordan (1868) showed in a constructive manner that A%(©)
is a finitely generated algebra [13]. Our V corresponds with his ‘binary forms
of degree d’, with d = dimV — 1. Hilbert (1890) generalized Gordan’s theorem
nonconstructively to arbitrary n and — encouraged by an incorrect claim of Maurer
— asked in his 14th problem to prove that this finite generation of invariants is a
very general fact about actions of algebraic Lie groups on domains of finite type
over C. A counterexample of Nagata (1959) showed this was too optimistic, but
by then it was understood that finite generation of invariants holds for compact
connected real Lie groups (cf. Hurwitz 1897) as well as for their complexifications,
also known as the connected reductive complex algebraic Lie groups (Weyl 1926).
Finite groups have been treated by Emmy Noether (1926) [24], so connectedness
may be dropped. (Algebraic Lie groups have finitely many connected components.)

Mumford (1965) needed finite generation of invariants for reductive algebraic
groups over fields of arbitrary characteristic in order to construct moduli spaces.
In his book Geometric Invariant Theory [22] he introduced a condition, often re-
ferred to as geometric reductivity, that he conjectured to be true for reductive
algebraic groups and that he conjectured to imply finite generation of invariants.
These conjectures were confirmed by Haboush (1975) [16] and Nagata (1964) [23]
respectively. Nagata treated any algebra of finite type over the base field, not
just domains. We adopt this generality. It rather changes the problem of finite
generation of invariants. For instance, counterexamples to finite generation of in-
variants are now easy to find already when the Lie group G(C) is C with addition
as operation. (See Exercise 2.1.)

[We now understand that over an arbitrary commutative noetherian base
ring the right counterpart of Mumford’s geometric reductivity is not the geometric
reductivity of Seshadri (1977) but the power reductivity of Franjou and van der
Kallen (2010) [12], which is actually equivalent to the finite generation property.|

Let us say that G satisfies property (FG) if, whenever G acts on a com-
mutative algebra of A finite type over k, the ring of invariants A is also finitely
generated over k. So then the theorem of Haboush and Nagata says that connected
reductive algebraic groups over a field have property (FG). Of course the action
of G on A should be consistent with the nature of G and A respectively. Thus if G
is an algebraic group, then the action should be algebraic and the multiplication
map A ®; A — A should be equivariant.
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We will be interested in the cohomology algebra H*(G, A) of a geometrically
reductive group G acting on a commutative algebra A of finite type over a base
field k. Or, more generally, a power reductive affine flat algebraic group scheme G
acting on a commutative algebra A of finite type over a noetherian commutative
base ring k. Observe that H°(G, A) is just the algebra of invariants A%, which we
know to be finitely generated. The H'(G, —) are the right derived functors of the
functor V - V&,

My conjecture was that the full algebra H*(G, A) is finitely generated when
k is field and G is a geometrically reductive group (or group scheme). Let us say
that G satisfies the cohomological finite generation property (CFG) if, whenever
G acts on a commutative algebra A of finite type over k, the cohomology algebra
H*(G, A) is also finitely generated over k. So my conjecture was that if the base
ring k is a field and an affine algebraic group (or group scheme) G over k satisfies
property (FG) then it actually satisfies the stronger property (CFG). This was
proved by Touzé [30], by constructing classes ¢[m] in Ext groups in the category
of strict polynomial bifunctors of Franjou and Friedlander [10]. If the base field
has characteristic zero then there is little to do, because then (FG) implies that
H>°(G, A) vanishes.

One may ask if (CFG) also holds when the base ring is not a field but just
noetherian and G = GL,, say. This question is still open for n > 3. But see [35].

We are not aware of striking applications of the general (CFG) theorem, but
investigating the (CFG) conjecture has led to new insights [34]. The conjecture also
fits into a long story where special cases have been very useful. The case of a finite
group was treated by Evens (1961) [9] and this has been the starting point for the
theory of support varieties [2, Chapter 5]. In this theory one exploits a connection
between the rate of growth of a minimal projective resolution and the dimension of
a ‘support variety’, which is a subvariety of the spectrum of H*V*"(G, k). The case
of finite group schemes over a field (these are group schemes whose coordinate ring
is a finite-dimensional vector space) turned out to be ‘surprisingly elusive’. It was
finally settled by Friedlander and Suslin (1997) [11]. For this they had to invent
strict polynomial functors and compute with certain Ext groups in the category of
strict polynomial functors. Again their result was crucial for developing a theory
of support varieties, now for finite group schemes.

As H>°(G, k) vanishes for reductive G, there is no obvious theory of support
varieties for reductive G.

Exercise 2.1 (Additive group is not reductive). Let G = C with addition as group
operation. Make G act on M = C? by z - (a,b) = (a + xb,b). Projection onto the
second factor of C? defines a surjective equivariant linear map M — C with G
acting trivially on the target. It induces a map of symmetric algebras SE(M) —
SE(C). View SE(C) as an SE(M)-module. Show that the algebra of invariants in
the finite type C-algebra Sgﬁ ( M)(S(*C‘(C)) is not finitely generated. Hint: Exploit

the trigrading.
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Reductivity can be thought of as what one needs to avoid this example and
its relatives. Reductivity of an affine algebraic group G over an algebraically closed
field forbids that the connected component of the identity of G (for the Zariski
topology) has a normal algebraic subgroup isomorphic to the additive group un-
derlying a nonzero vector space. Originally reductivity referred to representations
being completely reducible, but this meaning was abandoned in order to include
groups over fields of positive characteristic that look pretty much like reductive
groups over C. For example GL, is reductive, but when the ground field has pos-
itive characteristic, GL, has representations that are not completely reducible.
Indeed in positive characteristic the category of representations of GL,, has inter-
esting Ext groups and this is our subject.

3. Some basic notions, notations and facts for group schemes

Let us now assume less familiarity with algebraic groups or group schemes.

3.1. Rings and algebras

Every ring has a unit and ring homomorphisms are unitary. Our base ring k is
commutative noetherian and most of the time a field of characteristic p > 0, in
fact just F,. Let Rg, denote the category of commutative k-algebras. An object
R of Rg;, is a commutative ring together with a homomorphism k£ — R. We write
R € Rg,, to indicate that R is an object of Rg;,. The same convention will be used
for other categories. When C is a category, C°P denotes the opposite category. Let
Gp be the category of groups.

3.2. Group schemes

A functor G : Rg;, — Gp is called an affine flat algebraic group scheme over k if G is
representable [36, 1.2], [19] by a flat k-algebra of finite type, which is then known as
the coordinate ring k|G| of G [7], [18], [36]. Recall that this means that for every R
in Rg;, one is given a bijection between Homgg, (k[G], R) and G(R), thus providing
Homgg, (k[G], R) with a group structure, functorial in R. In particular one has the
unit element € : k[G] — k in the group G(k) = Homgg, (k[G], k). This € is also
known as the augmentation map of k[G]. In the group Homgg, (k[G], k[G] @1 k[G])
one has the elements x : f — f®1land y: f +— 1® f with product xy known as the
comultiplication Ag : k[G] — k|G] ® k[G]. These maps €, Ag make k[G] into a
Hopf algebra (36, 1.4]. (There is also an antipode.) If g, h € Homgg, (k[G], R) then
ghin G(R) is just mpo(g®@h)oAg, where mpg : R®, R — R is the multiplication
map of R.

3.3. G-modules

We will be working in the category Modg of G-modules. A G-module or represen-
tation of G is simply a comodule [36, 3.2] for the Hopf algebra k[G]. In functorial
language this means that one is given a k-module V' with an action of G(R) on
V ®k R by R-linear endomorphisms, functorially in the commutative k-algebra R.
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In particular, the identity map k[G] — k[G] viewed as an element of G(k[G]) acts
by a k[G]-linear map V ®;, k[G] — V ®j, k|G| and the composite of this k[G]-linear
map with v — v ® 1 is the comultiplication Ay : V — V @y, k[G] defining the co-
module structure of V. If g € Homgg, (k[G], R) = G(R), then it acts on V @ R as
v@7r — (Id®g)(Ay (v))r. The category Mod¢ has useful properties only under the
assumption that G is flat over k. That is why we always make this assumption. Flat-
ness is of course automatic when k is a field. Geometers should be warned that it is
a mistake to restrict attention to representations that are representable. So while
our group functors are schemes, our representations need not be. For instance, in
the (CFQG) conjecture finite-dimensional algebras A are of less interest. And if A
is infinite-dimensional as a vector space then as a representation it is no scheme.

3.4. Invariants

One may define the submodule V& of fixed vectors or invariants of a representation
V and get a natural isomorphism Hommod, (k, V) = V&, where k also stands for
the representation k'™ with underlying module k and trivial G action.

3.5. Cohomology of G-modules

The category Modg is abelian with enough injectives. We write Hom¢ for Hompmod,,
and Extqg for Extmod,, . Cohomology is simply defined as follows:

HY(G,V) := Exti(k, V).

It may be computed [18, T 4.14-4.16] as the cohomology of the Hochschild com-
plex C*(V) = (V ®; C*(k[G]))¢. There is a differential graded algebra (=DGA)
structure on C*(k[G]) = k[G]®**V. Let R € Rg,, be provided with an action of
G. So R is a G-module and the multiplication R ®j; R — R is a G-module map. If
u € C"(G,R) and v € C*(G, R), then v U v is defined in simplified notation by

(wU U)(gla ooy Grrs) = ulgr, - - .7gr)-91”'9*v(gr+17 cee 7gr+s),

where 97 denotes the image of 7 € R under the action of g. With this cup product
C*(G, R) is a differential graded algebra.

Remark 3.6. We have followed [18] in that we have used inhomogenous cochains,
although for C*(k[G]) homogeneous cochains might be more natural. Thus one
could take as alternative starting point a differential graded algebra Cp . (k[G])
with C} . (k[G]) = k[G]®U+D) and differential d as suggested by (df)(go, g1, 92) =
f(g1,92)— f(g0,92)+ f(90, g1). View C}_  (k[G]) as G-module through left transla-
tion as in 9f(go,...,9:) = f(97 g0,...,9 1 ¢;). Then H(G,V) may be computed
as the cohomology of (V @y, Cp... (K[G]))C.

3.7. Symmetric and divided powers

For simplicity let k be a field. If V' is a finite-dimensional vector space and n > 1,
we have an action of the symmetric group &, on V" and the nth symmetric
power S™(V') is the module of coinvariants [4, 11 2] (V®™")g, = Hy(S,,V®")
for this action. Dually the nth divided power T™(V') is the module of invariants
(VEm)Sn 18], [27]. One has I(V)Y =2 S™(VV).
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Both §* and I'* are exponential functors. That is, one has
"Vow) EB SHV) @ S"TH (W)

and similarly

"Vow) @rl ) @, T"H(W).

3.8. Tori

A very important example of an algebraic group scheme is the multiplicative group
G- Tt associates to R its group of invertible elements R*. The coordinate ring
k[G,,] is the Laurent polynomial ring k[X, X ~!]. Any G,,-module V is a direct
sum of weight spaces V; on which Ay equals v — v® X . Weight spaces are nonzero
by definition.

Exercise 3.9. Prove this decomposition into weight spaces. Rewrite k[X, X ~!] @y,
k[X, X 1] as k[X, X1 Y, Y ™! where X ® 1 is written as X and 1 ® X as Y,
so that Ag,, X = XY. Use that if Ayv = > m(v) X", then >, m(v)(XY)" =
2 T (mi(0)) XY

More generally the direct product T of r copies of G,,, known as a torus
T of rank r has as coordinate ring the Laurent polynomial ring in r variables
kX1, X7, ..., X, X1, Again any T-module V is a direct sum of nonzero weight
spaces Vy where now the weight A is an r-tuple of integers and Ay restricts to v +—
v®X 1A L... XM on V). So a weight space is spanned by simultaneous eigenvectors
with common eigenvalues and every T-module is diagonalizable. The invariants in
a T-module are the elements of weight zero. Taking invariants is exact on Modp
and H>°(T, V) always vanishes.

3.10. The additive group

The group scheme G, sends a k-algebra R to the underlying additive group. The
coordinate ring of G, is k[X] with Ag,(X) = X ® 1 + 1 ® X. Recall that the
additive group is not reductive. It has no property (FG). (Redo Exercise 2.1 with
k replacing C.) If k is a field of characteristic p > 0 then H!(G,,k) is already
infinite-dimensional, so even with such small coefficient module the cohomology
explodes. Thus cohomological finite generation is definitely tied with reductivity.

3.11. General linear group

Let n > 1. The group scheme GL,, associates to R the group GL,(R) of n by
n matrices with entries in R and with invertible determinant. Its coordinate ring
k[GL,) is k[M,][1/det], where k[M,], also known as the coordinate ring of the
monoid of n by n matrices, is the polynomial ring k[X11, Xi2,..., Xup] in n?
variables Xi1, Xi9,..., X, and det is the determinant of the matrix (X;;). A
ring homomorphism ¢ : k[M,] — R corresponds with the matrix (¢(X;;)) and
¢ extends to k[GL,] if and only if this matrix is invertible. One sees that indeed
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Homgg, (k[GL,|,R) = GL,(R). If n = 1 we are back at G,,, but as soon as
n > 2 the representation theory becomes much more interesting. In fact there is a
lemma (cf. [31, Lemma 1.7]) telling that for proving my (CFG) conjecture over a
field k it suffices to show that the reductive group scheme G = GL,, has (CFG), in
particular for large n. The lemma explains why the homological algebra of strict
polynomial bifunctors becomes so relevant: As we will see, it encodes what happens
to H*(GL,,V,) as n becomes large, for a certain kind of coefficients V,.

3.12. Polynomial representations

Let k be a field until further notice. One calls a finite-dimensional representation V'
of GL, a polynomial representation if the action is given by polynomials, meaning
that Ay factors trough the embedding V &y, k[M,] — V ® k[GL,]. And one calls
it homogeneous of degree d if moreover Ay lands in V' ®y k[M,]4, where k[M,]q
consists of polynomials homogeneous of total degree d. If one lets G,,, act on k[M,,]
by algebra automorphisms giving the variables X;; weight one and k weight zero,
then k[M,]q is just the weight space of weight d. Polynomial representations were
studied by Schur in his thesis (1901). The Schur algebra Si(n,d) can be described
as T'9(Endy (k™)) with multiplication obtained by restricting the usual algebra
structure on Endy (k")®9 given by (f1®---®@f4)(g1®- - -®g4) = f191®- - -®@fagq. The
category of finitely generated left Si(n,d)-modules is equivalent to the category
of finite-dimensional polynomial representations of degree d of GL,, [11, §3].

3.13. Frobenius twist of a representation

Let p be a prime number and k& = IF,. The group scheme GL,, admits a Frobenius
homomorphism F': GL, — GL, that sends a matrix (a;;) € GL,(R) to (af;). If
V is a representation of GL, then one gets a new representation V(1) called the
Frobenius twist, by precomposing with F. If V' is a polynomial representation of
degree d then V() has degree pd. One may also twist  times and obtain V(7).
We do not reserve the notation F' for Frobenius, but V(") will always indicate an
r-fold Frobenius twist.

Exercise 3.14. We keep k = [F),. Let V' be a finite-dimensional representation of
GL,,. Choose a basis in V. The action of g € GL,(R) on V ®;, R is given with
respect to the chosen basis by a matrix (g;;) with entries in R. Show that the
action on V(") @, R is given by the matrix (gZ-T). In other words, when the base
field is IF, one may confuse precomposition by Frobenius with postcomposition.
For larger ground fields one would have to be more careful.

4. Some basic notions, notations and facts for functors

4.1. Strict polynomial functors

Let Vi be the k-linear category of finite-dimensional vector spaces over a field
k. The category I'%Vy, often written I'?V, generalizes the Schur algebras as fol-
lows. Its objects are finite-dimensional vector spaces over k, but Hompay, (V, W) =
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I'Y(Homy (V,W)). The composition is similar to the one in a Schur algebra. We
could call T'9V;, the Schur category. The category of strict polynomial functors
of degree d is now defined, following the exposition of Pirashvili [25], [26], as
the category of k-linear functors I'*V — V.. The reason for the word strict is
simply that the terminology polynomial functor already means something. There
is an obvious functor ¢ from Vi to T'%V. It sends V € Vi, to V € T'?V and
f € Homy(V,W) to f®. This is not k-linear when d > 1. If F € Py, let us
try to understand the composite map Homg (V, W) — Homy(FV, FW). The map
Homray,(V, W) — Homy(FV, FW) is k-linear and is thus given by an element
¢ of the space Homy (I'!(Homy(V,W)), Homy,(FV, FW)) = Homy(FV,FW) ®
S4(Homy (V, W)V) which also encodes the polynomial maps from Homy (V, W) to
Homy (FV, FW) that are homogeneous of degree d. One checks that the composite
map Homyg (V, W) — Homy (F'V, FW) is the polynomial map of degree d encoded
by . This explains why F is called a (strict) polynomial functor of degree d.

Remark 4.2. The original definition of Friedlander and Suslin did not use I'?V,
but just defined strict polynomial functors of degree d as functors F' : V;, — Vi
enriched with elements ¢y in Homy (FV, FW) @ S%(Homy(V, W)Y) that satisfy
appropriate conditions, like the condition that the polynomial map Homy (V, W) —
Homy (FV, FW) encoded by ¢y w agrees with F. That is more intuitive, but the
definition by means of I'?V is concise and has its own advantages. In fact one may
view F : 9 — V), as exactly the enrichment that Friedlander and Suslin need
to add to the composite functor Fv?. One should use both points of view. They
are equivalent [25]. We will secretly think in terms of the Friedlander and Suslin
setting when that is more convenient.

4.3. Some examples of strict polynomial functors
The functor F = @4 maps V € I'?V to V¥4 If f € Hompay,(V, W), view f as an
element of Homy(V, W)®? and define Ff : FV — FW by means of the pairing
Homy (V, W)®4 x V¥4 — W& which maps the pair (fi ® -+ ® f4,v1 @ - -+ @ vgq)
to fi(v1) ® -+ @ fa(va).

The functor I' is the subfunctor of ®? with value I'*(V) on V € TV,

The functor S? is the quotient functor of ®¢ with value S%(V) on V € T4V,

If F € Py, then its Kuhn dual F# is defined as DFD, where DV = V'V is
the contravariant functor on Vj, or I'4V, sending V to its k-linear dual V'V. Thus
Sd# =14,

If k has characteristic p > 0, then the rth Frobenius twist functor I(") € Ppr
is the subfunctor of SP" such that the vector space IV is generated by the
vP" € SP"V. Note that every element of I(")V is actually of the form v?" if k = F,.

4.4. Polynomial representations from functors
If FF € Py then F(k™) is a polynomial representation of degree d of GL,. The
comodule structure is obtained from the homomorphism

Hompay (k" k™) — Hom(F (k™), F(k™))
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by means of the isomorphism
Homy, (Hompay, (K™, k™), Hom(F(k"), F (k™))
>~ Hom(F(k"), F (k")) @) S (Homy (k™, k™)V).

Friedlander and Suslin showed [11, §3] that if n > d this actually provides
an equivalence of categories, preserving Ext groups [11, Cor 3.12.1], between Py
and the category of finite-dimensional polynomial representations of degree d of
GL,. So again there is another way to look at P; and we secretly think in terms
of polynomial representations when we find that more convenient.

Exercise 4.5 (Polarization). If & is a finite field and V' € V, then V is a finite
set. If dim V' > 1 and d is large, then the dimension of I'“V exceeds the number
of elements of V so that I'*V is certainly not spanned by elements of the form
v®?. On the other hand Friedlander and Suslin show that I'*V is spanned by such
elements if & is big enough, when keeping d and dim V fixed. So as long as one
uses constructions that are compatible with base change one may think of I'*V as
spanned by the v®9,

Let V = k™. Show that the v®? generate I''V as a GL,-module. Hint: Let T
be the group scheme of diagonal matrices in GL,,. Show that the weight spaces of T'
in 'V are one-dimensional. Any GL,-submodule must be a T-submodule, hence
a sum of weight spaces. Now compute the weight decomposition of v®? for v € V.

4.6. Composition of strict polynomial functors

If F € Py, G € P, we wish to define their composite F o G € Py.. Associated to F
one has the functor Ft¢ : Vi, — V;, and associated to G one has Gi€ : V), — Vi,. We
want F o G to correspond with the composite of Fi¢ and Gi°. For V € T'%V one
puts (F o G)V = F(GV). For f € Homy(V, W) we want that (F o G)f®? equals
F(G(£®%)2?). Thus let ¢ : Homrey(V, W) — Homy (GV, GW) be given by G and
observe that the restriction of I'?¢ : I'¥ Homrey (V, W) — I'* Homg (GV, GW) to
'’ Homy,(V, W) lands in the source of the map

Homypay, (GV,GW) — Homy (FGV, FGW).
Exercise 4.7. Finish the definition and check all details.

In particular, the composite F o I(") is called the rth Frobenius twist F(") of
the functor F € Pg4. Recall that if n > d we have an equivalence of categories,
between Py and the category of finite-dimensional polynomial representations of
GL, of degree d. Take k = [, for simplicity. Now check that the notion of Frobenius
twist on the strict polynomial side agrees with the notion of Frobenius twist for
representations.

4.8. Untwist
For F, G € P4 and r > 1 we have Homp,(F,G) = Homp, . (F"),G")) by [32,
Lemma 2.2]. So to construct a morphism in P4 one may twist first. This was well

known in the context of representations of GL,, but the proof we know there
involves fppf sheaves [18, 1 9.5; 1 6.3].
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On Extgr, groups Frobenius twist gives injective maps [18, II 10.14], but
often no isomorphisms. Compare the formality conjecture below. In view of the
connection between Ext gy, groups and Extp, groups we may also state this twist
injectivity as
Theorem 4.9 (Twist Injectivity). Let F,G € Py. Precomposition by IM induces
an injective map Ext%;d (F,G) — Ext%;dp (FO,.GM)Y for every i > 0.

4.10. Parametrized functors

If V € I''V define the functor V ®£d — : T9Y — T'9Y by sending an object
W to V ®; W and a morphism f € Hompay,(W, Z) to its image under T'¢(¢) :
I'*Homy, (W, Z) — I'" Homy, (V @ W,V @4, Z) where ¢ : g — idy ® g. One checks
that V' ®£d — is functorial in V.

If F € Py, VeI, then Fy denotes the composite F(V ®£d -), FyW =
FV ®£d W). It is covariantly functorial in V', which is why we use a subscript.
Dually, FV denotes F(Homy(V,—)) = ((F#)y)#. It is contravariantly functorial
in V, which is why we use a superscript. Notice that we did not decorate Homy
with T'? like we did with ®j. We leave that to the reader.

For example, ["V'W = TI'Y(Homy(V,W)) = Hompay,(V,W), so that the
Yoneda lemma (36, 1.3], [19] gives

Homp, (I, F) = FV.
As FV is exact in F, it follows that T'?V is projective in P,. Dually S{‘ﬂ =TWV# is

injective in Py and
Hode(F7 S\d/) = F#(V)

4.11. An adjunction
For F', G € P; we have

Homp, (FY, G) = Homp, (F, Gy)

in Py. So F +— FY has right adjoint [19] G — Gy . Indeed the standard map V ®j,
Homy (V, W) — W in V}, induces a morphism V' ®I,;d Homy, (V, W) — W in T9V so
that if ¢ : F' — Gy one gets a map FVW = F Homy(V, W) — Gy Homg (V, W) —
GW, functorial in G. If G = S% then Homp, (F,Gy) — Homp, (FY,G) becomes
the isomorphism F#(Z ®£d V) — F#(V ®£d 7). As Homp, (—, —) is left exact,
the result follows from this and functoriality in G.

4.12. Coresolutions

If dim V > d then T forms a projective generator [19] of P4 and S¢ an injective
cogenerator. Say V = k™ with n > d and let G = GL,, again. One may also write
G = GLy. For F € P, we have FW = Homp, (F#, S&,) = Homg (F#V, S¢, V) —
Homy (F#V, S&,V) = Homy (F#V, SEW), functorially in W, so that

F < Hom,, (F#V,S%).



Lectures on Bifunctors and CFG 51

And Homy, (F#V,S%) is just a direct sum of dim F#V copies of S&, so it is in-
jective and we conclude that Py has enough injectives. Therefore we know now
how to build injective coresolutions consisting of direct sums of copies of S&. As
Endp, (S%) = Endpay, (V) we also have a grip on the differentials in these coreso-
lutions.

So far we discussed coresolving an object of P;. We also want to coresolve
cochain complexes. When we speak of a cochain compler C*® we do not assume
C' to vanish for i < 0. When f is a cochain map, we may use the symbol < to
indicate that is an injective cochain map. If

= Lot b0 b0 g

is a cochain complex in P, then one may find an injective cochain map C*® — J*®
with each J* injective and J* zero when C* is zero. This is clear when C*® is an

easy complex like -+ —-0—=F —-0— -+ or ---—>O—>F£1>F—>0---.Any c
can be embedded into a direct sum of such easy complexes.

Recall that a cochain map f : C* — D* is called a quasi-isomorphism if each
Hi(f): H(C®) — H'(D®) is an isomorphism.

If C* is a cochain complex in Py that is bounded below, meaning that C7 = 0
for j < 0, then one may find a quasi-isomorphism C*® < .J® with each .J7 injective
and J7 zero when j < 0. One may construct .JJ® as the total complex of a double
complex K obtained by coresolving like this: Construct an exact complex of
complexes 0 —+ C* — K§ — K} — --- where the K are complexes of injectives
with Kij = 0 when C? = 0. (Our double complexes commute so that a total
complex requires appropriate signs.) One calls C* < J*®, or simply J®, an injective
coresolution of C'®. Notice that we prefer our injective coresolutions to be injective
as cochain maps, as indicated by the symbol <. But any quasi-isomorphism C*® —
J*® with each J7 injective is called an injective coresolution of C*.

If f:J®° — J* is a quasi-isomorphism of bounded below complexes of injec-
tives, then the mapping cone of f is a bounded below acyclic complex of injectives,
hence split and contractible, and f is a homotopy equivalence [4, Proposition 0.3,
Proposition 0.7].

Remark 4.13. Actually Py has finite global dimension [37] by [18, A.11] so that
even for an unbounded complex C® there is a quasi-isomorphism C*® < J® with
each J7 injective. Indeed the coresolution 0 — C* — K§ — K} — --- may be
terminated and thus one may use the total complex of the finite width double
complex K§ — K} — --- — K};. Also, a bounded complex is quasi-isomorphic to
a bounded complex of injectives. (A complex C* is called bounded if C* vanishes
for |i| > 0.) Passing to Kuhn duals one also sees that a bounded complex is
quasi-isomorphic to a complex of projectives that is bounded.

Exercise 4.14. Let C'* — D*® be a quasi-isomorphism and let C®* — E*® be a cochain
map. Then E® — (D*®* @ E®)/C* is a quasi-isomorphism. There is a commutative
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diagram
c* — D°
1 1
E* — F°

with E® < F'* a quasi-isomorphism. (Hint: One may also construct an anticom-
mutative square.) We will refer to this diagram as the base change diagram.

Let K*P4 be the homotopy category [37, Exercise 1.4.5] of bounded below
cochain complexes in Py. If f: J®* — C*® is a quasi-isomorphism of bounded below
complexes and the J? are injectives, then f defines a split monomorphism in K+ Py.

The injective coresolution of a bounded below complex is unique up to ho-
motopy equivalence. Here one does not require the coresolutions to be injective as
cochain maps. (But to prove it, consider a pair of injective coresolutions with at
least one of the two injective as cochain map. Then use base change and coresolve.)

Let A® be an exact bounded below complex. Its injective coresolutions are
contractible. If f : A® — J* is a cochain map and J*® is a bounded below complexes
of injectives, then f is homotopic to zero. (Hint: Take C* = A® and E*® = J* in
the base change diagram.)

Let f: J* — J* be a morphism of bounded below complexes of injectives. If
there is a quasi-isomorphism g : C* — J*® so that fg = 0, then f factors through
J*/C* and is thus homotopic to zero.

Definition 4.15. We say that two complexes C'®, D*® are quasi-isomorphic if there
are complexes Ef, ..., F3, and quasi-isomorphisms f; : £3;, — E3, |, gi : By, o —
E3;,, with E§ = C°, E3, = D*. Thus C*, D*® are joined by zigzags of quasi-
isomorphisms E3; — E3;, | < E3; .

It follows from Exercise 4.14 that injective coresolutions of quasi-isomorphic
bounded below complexes are homotopy equivalent. This fact will underlie our
choice of model for the derived category (cf. [37, Theorem 10.4.8]).

5. Precomposition by Frobenius

We will need the derived category D*P, to discuss the formality conjecture of
Chatupnik, which is formulated in terms of D*Py. In 6.8 we will turn to the col-
lapsing conjecture of Touzé. Its formulation and proof do not need anything about
derived categories. That part of the story can be told entirely on the level of spec-
tral sequences of bicomplexes, but we leave it to the reader to disentangle the
derived categories from the spectral sequences. We find the analogy between the
formality problem and the collapsing conjecture instructive. Our use of derived
categories is rather basic. We will model the derived category D’P, by a certain
homotopy category K'Z4. We could have phrased almost everything in terms of
that homotopy category, but we like derived categories and their intimate connec-
tions with spectral sequences.
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On closer inspection the reader will find that even the existence of D*Py is
not essential for the heart of the arguments. One may simply view DV Py as a
source of inspiration and notation.

5.1. Derived categories

One gets the derived category DT Py from the category of bounded below cochain
complexes in Py by forcing quasi-isomorphic complexes to be isomorphic. There
are several ways to do that. The usual way is by formally inverting the quasi-
isomorphisms. (The objects of the category do not change. Only the morphism
sets are changed when throwing in formal inverses.)

In our case there is a good alternative: Replace every complex by an injec-
tive coresolution, then compute up to homotopy. In fact, if C'*, D® are bounded
below cochain complexes and D® < J® is an injective coresolution, then
Homp:p,(C®, D*) may be identified by [37, Cor 10.4.7] with Homycsp, (C*®, J®),
where KTP, is the homotopy category [37, Exercise 1.4.5] of bounded below
cochain complexes in Py. One does not need to coresolve C'*® here, but one may
coresolve it too. If J* is an injective coresolution of C*, then Homy+p,(C*, J*) is
isomorphic to Homy+p,(J°®, J*).

Note that a cochain map f: C*®* — D*® is homotopic to zero if and only if it
factors through the mapping cone of id : D®* — D*®. And this mapping cone is quasi-
isomorphic to the zero complex. Taking into account the k-linear structure it is thus
not surprising that inverting quasi-isomorphisms forces homotopic cochain maps
to become equal [37, Examples 10.3.2]. The derived category may also be described
[37, 10.3] by first passing to KXTP4 and then inverting the quasi-isomorphisms.

Consider the full subcategory K+Z, of the homotopy category whose objects
are bounded below complexes of injectives in Py. It maps into DY Py and KTZ4 —
DtP, is an equivalence of categories [37, Theorem 10.4.8]. One retracts DT Py
back to KTZ4 by sending a complex C*® to an injective coresolution J® of C*. We
use KTZ, as our working definition of DTP,;. Note that the definition of KTZ,4
is easy. No formal inverting is needed. The way it works is that, when we try to
understand morphisms in D+ Py, we may model an object of DYP; by means of
its image under the retract.

We view P, as a subcategory of DT Py in the usual way: Associate to F' € Py
[an injective coresolution of] the complex -+ - 0 — F — 0 — -+ with F in
degree zero. Write the complex as F[—m] when F is placed in degree m instead.
The derived category encodes Ext groups as follows [37, 10.7]. If F', G € Py then

Homp+p, (F[-m], G[-n]) = Exty " (F,G).

One also has the bounded derived category DPPy which we think of as the full
subcategory of DTP; whose objects C' have vanishing H*(C) for i > 0. Let K*Z,4
be the subcategory of KTZ, whose objects are homotopy equivalent to a bounded
complex of injectives in Py. Then KPT, is our working definition of DbP,. (Recall
that Py has finite cohomological dimension.)
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5.2. The adjoint of the twist

We now aim for a formality conjecture of Chatupnik [6] related to the collapsing
conjecture of Touzé [32, Conjecture 8.1]. These conjectures imply a powerful for-
mula (Exercise 5.8) for the effect of Frobenius twist on Ext groups in the category
of strict polynomial functors. For the application to the (CFG) conjecture we will
need to extend the theory from strict polynomial functors to strict polynomial
bifunctors, but the difficulties are already visible for strict polynomial functors.

Let A € P.. The example we have in mind is A = I"), the rth Frobenius
twist. Precomposition with A defines a functor Py — Pge : F — F o A. So the
example we have in mind is F' — F("). The functor F' — Fo A extends to a functor
—0A: KTy — DPg, hence a functor D*Py — DPP,4.. We first seek its right
adjoint K*. For an object J* of K"Z4. put

K% (J*)(V) := Homp, (T 0 A, J*),
where the right-hand side is viewed as a complex in P, of functors
V — Homp, (I 0 A, J%).

Observe that this complex is homotopy equivalent to a bounded complex. If G €
DYPy., then we take an injective coresolution J® of G and put K5 (G) := K% (J*®).
Our claim is that

I‘IOHl'Db'PdC (F 9} A, G) = HOmepd (F, KrA(G)),

for F € D*Py, G € D¥Pye.
Now take Z € I'%V of dimension at least de. Then every object in DtP, is
quasi-isomorphic to one of the form

G=- = k" @ S = k" @ S — -+,

so we may assume that G is actually of this form. Notice that k"™ ®;, S%¢ — k™i+1®),
S%e is given by an n;41 by n; matrix with entries in Endraey,(Z). We may also as-
sume F' = F'*® consists of projectives and is bounded. (We wish to use balancing [37,
2.7], which is the principle that both projective resolutions and injective coresolu-
tions may be used to compute ‘hyper Ext’. See also Section 5.13. We do not use an
injective coresolution of F.) Put F; = F~*. Now Homp+p, (FoA, Q) is computed
as the H" of the total complex associated to the bicomplex Homp, (F; o A,GY)
and Hompsp, (F, K% (G)) is similarly computed by way of a bicomplex [37, 2.7.5,
Cor 10.4.7]. So let us compare the bicomplexes. We have Homp, (F; o A,G7) =
Homp, (FjoA, k™ @ S%) = k™ @, Homp,, (F;o0A, S%) = k™ @y, (F;0 A)#Z and
Homp, (E,KI‘A(G)J) = Homp, (F;,V — Homp,, (de o A k™ R S%e)) = k" Q@
Homp, (F;, (V = (DY 0 A)#Z)) = k™ @ Homp, (F;, 8%, ,) = k™ @), F A#Z.
The claim follows. (Exercise.)

Remark 5.3. These bicomplexes Homp, (F; o A, G7) and Homp, (F;, K% (G)?) are
meaningful by themselves. The fact that their total complexes are quasi-isomorphic
may also serve as motivation for the definition of K* (G). This does not explicitly
involve the derived category. It is closer in spirit to Section 5.13. The bicomplexes
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do not require that F'® is a bounded complex of projectives. A bounded above
complex of projectives would do.

5.4. Formality

A bounded below cochain complex C*® in Py is called formal if it is isomorphic
in the derived category D™ P, to a complex E® with zero differential. Notice that
here we do not replace E°® with an injective coresolution, because that usually
spoils the vanishing of the differential. Notice also that E* & H(E®) = H'(C®).
One can show that the isomorphism in the derived category is given by a single
zigzag of quasi-isomorphisms C* — D® < E* or, dually, a single zigzag of quasi-
isomorphisms C® + D®* — FE°. One may also define a cochain complex to be
formal if it is quasi-isomorphic in the sense of Definition 4.15 to a complex with
zero differential. So one does not need the derived category to introduce formality.

Exercise 5.5. A complex has differential zero if and only if it is a direct sum of
complexes each of which is concentrated in one degree. Let m be an integer. Let C'®
be a bounded below cochain complex with H*(C*®) = 0 for i # m. Show that C*®
is formal by constructing a zigzag of quasi-isomorphisms C® <= D®* — E*® where
D! =0 for i >m, E* =0 for i # m.

Remark 5.6. Let the 2-fold extension 0 — F — G 5 H — K — 0 represent |1,
2.6] a nonzero element of Ext%d (K, F). One can show that

0 GhH S0

is not formal.
For example, consider the 2-fold extension

0TI 557 21P 5 1 40

of [11, Lemma 4.12] where vy : SP(V) — I'P(V) is the symmetrization homomor-
phism, ay(v1---vp,) = degp Vg=1(1) @ -+ @ Vy-1(p). It Tepresents a nontrivial
class by [11, Lemma 4.12, Theorem 1.2]. So

e 0SSP STP 50— -

is not formal. See also Exercise 5.11.

Now let A = I"). Then we write K% as K*. Let E, be the graded vector
space of dimension p” which equals k in dimensions 2i, 0 < i < p". We view any
graded vector space also as a cochain complex with zero differential and as a G-
module with weight j in degree j. For example, if G € P, then the G,, action on
E, induces one on G, so that Gg, is graded and thus a complex with differential
Z€ro.

A conjecture of Chalupnik, now says

Conjecture 5.7 (Formality). For G in Py one has K*(G")) = G, in D*Py. In
particular, K*(GM) is formal.
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This is a variant of the collapsing conjecture of Touzé [32, Conjecture 8.1]. It
is stronger. Both conjectures are theorems now [6], [33], 5.15.

Note that G, is formal by definition. Note also that all its weights are even.
So as a cochain complex it lives in even degrees. That already implies formality.

Exercise 5.8 (Compare [33, Corollary 5]). Let F', G € P4. Assuming the formal-
ity conjecture, define a grading on Ext*®(F,Gp,) so that its degree i subspace is
isomorphic to Extp (F),G0).

Remark 5.9. Let J® be a bounded injective coresolution of G("). If one can show
formality of K*(J*), then one can also show it is quasi-isomorphic to Gg,. The
main problem is formality of K*(.J®). This problem does not require derived cate-
gories. But the problem is easier to motivate in the language of derived categories.

Following suggestions by Touzé let us give some evidence for the formality
conjecture in the simplest case: p = 2, r = 1. Instead of Kr(G(l)) we will study
K*(G™M)oI™ and show that it is formal. So we will be off by one Frobenius twist.
While we know how to untwist in P4 context, something more will be needed to
do untwisting in D*Py context. We postpone this issue until 5.15.

Now K*(GM) o I is represented by the complex Homp,, (T o 11 j*)
in Pyq, where J* is a bounded injective coresolution of GV). Observe that v,
I = (T4M)V| This is where the extra twist helps: It turns out that (T4M)V is
easier than T'% o 1), Rewrite our complex as Homp,, (J*#, (S41))y,). We first
recall a standard injective coresolution of (S41))y,.

5.10. A standard coresolution in characteristic two

It is here that the assumptions on p and r help. In general one needs the Troesch
complexes to see that K*(G() o I") equals G, o I") in D*P,rq and we refer to
[32], [33] for details.

Let T be the group scheme of diagonal matrices in GLy. If W € V), then T’
acts through k2 on the symmetric algebra S*(k?®;, W) with weight space S*(W)®y,
S3(W) of weight (i,7). So the S*(W) ®j S(W) are direct summands of S;T(W)
and S* @y S7 is an injective in P;4; because it is a summand of an injective. Now
recall p = 2. We make the algebra S*(k? @, W) = S*W @ S*W into a differential
graded algebra with differential d whose restriction to S*(k% @4 W) is given by

<(1) 8) ® idy. So if W has dimension one then the differential graded algebra is

isomorphic to the polynomial ring k[x,y] in two variables and the differential is
y 5 . The subcomplex S*"W — S*""1W @, S'W — -+ — S @ S'TW —
o= STW @y, S — S2"W s a coresolution of S"W (N, (Exercise. Use the
exponential property.) So we have a standard coresolution

S 52l 8 s s 8T, §T L ST STl 5 g%
of ™M), We now coresolve (S41)y by

R¥e: SY - SY @St = SET R S = - = Sh @y ST — P
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Exercise 5.11. Keep p = 2. Determine Homp, (52, 5%) and Homp, (I'?, I®I). Show
there is no nonzero cochain map from the complex

C*: - =028 -"5T12 00— ---
of Remark 5.6 to the injective coresolution
D*: . 5085 T®@I—5"=0—---

of I, (In both complexes the first S? is placed in degree 0.) By [37, Cor 10.4.7]
this implies there is no nonzero morphism from C*® to D*® in the derived category
D+tP,. Confirm the claim in Remark 5.6 that C*® is not formal.

5.12. Formality continued

We are studying the complex Homp,,(J*#, (S¥M)y) in Pyy up to quasi-iso-
morphism. We may replace it with the total complex of the double complex
Homp,, (J*#, R24*) and then (by ‘balance’ [37, 2.7]) with the complex

Homp,, (GM# R¥®) in Pyy.

If one forgets the differential then this is just Homp,, (G™M#, Sl%g@kv) =GV (K
V') and we now inspect its weight spaces for our torus T'. Because of the Frobenius
twist in G(1) the weights are all multiples of p, and p equals 2 now. On the other
hand, on Homp,,(GM#, S2~" @, Si,) the weight is simply (2d — i,4). So the
only nonzero terms in the complex Homp,,(GM#, R%4®) are in even degrees and
formality follows. Moreover, in even degree 2i one gets the weight space of degree
(2d — 2i,2i) of G (k? @5, V). Let G, act on k? with weight zero on (1,0) and
weight one on (0,1). So now E; = (k?)") as G,,-modules. As a (graded) functor
in V we get that Homp,, (GV#, R2*) is (GM),2 or G, o IM). So we have seen
that for p = 2, r = 1 the complex K*(J*) o IV is quasi-isomorphic to Gg, o I(1).
That means that K*(G() o IV = Gy o IV in Dt Pyy for p =2, r = 1.

Now we would like to untwist to get the formality conjecture for p =2, r = 1.
It is not obvious how to do that. One needs constructions with better control of
the functorial behavior. In his solution in [30] of the (CFG) conjecture Touzé faced
similar difficulties. As standard coresolutions he used Troesch coresolutions. They
are not functorial. This is the main obstacle that he had to get around in order
to construct the classes c[m]. His approach in [30] is to invent a new category,
the twist-compatible category, on which the Troesch construction is functorial and
which is just big enough to contain a repeated reduced bar construction that
coresolves divided powers.

In the proof [33] of the collapsing conjecture a different argument is used. We
call it untwisting the collapse of a hyper Ext spectral sequence. It comes next.

5.13. Untwisting the collapse of a hyper Ext spectral sequence

Let C*® be a bounded above complex in P; and D® a bounded below complex
in Py. Put C; = C~%. Let J® be a bounded below complex of injectives that
coresolves D®. The homology groups of the total complex Tot Homp,(Ce, J®) of
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the bicomplex Homp, (C;, J7) are known as hyper Ext groups of C*, D®. Consider
the second spectral sequence of the bicomplex Homp, (C;, J7)

EY = H' Homp, (H,(C4), J*) = H™ Tot Homp, (Cu, J*).

We call it the hyper Ext spectral sequence associated with (C®, D*®). It is covariantly
functorial in D® and contravariantly functorial in C®. Say C* — C*, D* — D*® are
quasi-isomorphisms. Let J® be an injective coresolution of D*. Then J*, J* are
quasi-isomorphic complexes of injectives, hence homotopy equivalent. The hyper
Ext spectral sequence associated with (C®, D®) is isomorphic with the hyper Ext
spectral sequence associated with (C*, D®). (Check this.) In particular, if C*® is
formal, then the spectral sequence is a direct sum of spectral sequences with just
one row, so that the spectral sequence degenerates at page two. We also say that
the spectral sequence collapses.

Now suppose that we do not know that C'® is formal, but only that C*(") is
formal. Frobenius twist G — G(!) defines an embedding of P, into Pap. Coresolving
J*M) we get a map from the hyper Ext spectral sequence E of (C'*, D*) to the hyper
Ext spectral sequence E of (C*(V), D*(M). Now we make the extra assumption that
D* is concentrated in one degree. Say degree zero, to keep notations simple. Write
D* as D. Then the second page of E is given by Ey = Ext}, (H;(C.),D) and
the second page of E is given by EY = Ext%;dp (H;(Co)™M, DM). Now the map
E;j — E;j is injective by the Twist Injectivity Theorem 4.9. We conclude that
E itself degenerates at page two by means of the following basic lemma about
spectral sequences.

Lemma 5.14. Let £ — E bea morphism of spectral sequences that is injective at
the second page. If E degenerates at page two, then so does E.

Proof. The second page F5 of E with differential da may be viewed as a subcomplex
of EQ with differential JQ. So the differential do of EFy vanishes and F3 — Eg is
also injective. But the differential of E; vanishes, so the differential of E'3 vanishes
again. Repeat. 0

~So we do not need the formality of C'* to conclude the collapsing of E;j =
Ext}, (H;(C.), D) = H'*i Tot Homp,(C,,J*). Formality of C*(!) suffices. We
have ‘untwisted’ the collapsing.

Exercise 5.15 (Untwisting Formality). Let C* be a bounded complex in Py such
that C*() is formal and let D® a formal bounded below complex in P4. Show that
the hyper Ext spectral sequence E of (C®, D®) collapses. Say C'® has nonzero coho-
mology. Put m = min{ i | H*(C*) # 0 }. Now take for D® the maximal subcomplex
of C* with D* = 0 for @ > m. Then H™(D®) — H™(C®) is an isomorphism and
HY(D®) = 0 for i # m. The complex D*® is formal. Let D®* — J*® be an injective
coresolution again. Recall that H°(Tot Homp,(C,, J®)) = Hom+p,(C*®,J®) by
[37, 2.7.5]. Compare the collapsed hyper Ext spectral sequences of (C®, D®) and
(D*, D*). Show that Homy+p,(C®,J*) = Homg+p,(D*®, J®) is surjective. Choose
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f: C* — J® so that the composite D®* — C* LoJoisa quasi-isomorphism.
Show that C* is quasi-isomorphic to J® & (C*/D®). Show that C*® is formal by
induction on the number of nontrivial H(C*®). This establishes untwisting of for-
mality. Notice that we did not mention D’Py in this exercise. But recall that
Homp+p,(C®, D*) may be identified with Homy+p,(C®, J®).

This finishes the proof of the formality conjecture for the case: p =2, r = 1.

6. Bifunctors and CFG

There are some more ingredients entering into the proof of the CFG theorem in
[31]. The paper [31] has an extensive introduction, which we recommend to the
reader. We now provide a companion to that introduction.

The proof of the CFG conjecture takes several steps. First one reduces to
the case of GL,. This uses a transfer principle, reminiscent of Shapiro’s Lemma,
that can be traced back to the nineteenth century. Next one needs to know about
Grosshans graded algebras and good filtrations. The case were the coefficient al-
gebra A is a Grosshans graded algebra lies in between the general case and the
case of good filtration. In the good filtration case CFG is known by invariant the-
ory. There is a spectral sequence connecting the Grosshans graded case with the
general case and another spectral sequence connecting it with the good filtration
case. We need to get these spectral sequences under control. That is done by find-
ing an algebra of operators, operating on the spectral sequences, and establishing
finiteness properties of the spectral sequences with respect to the operators. It is
here that the classes of Touzé come in. They allow a better grip on the operators.

Now we introduce some of these notions.

6.1. Costandard modules

Let k =, and put G = GL,, n > 2. We have already introduced the torus 7" of
diagonal matrices. Our standard Borel group B will be the subgroup scheme with
B(R) equal to the subgroup of upper triangular matrices of G(R). Similarly U, the
unipotent radical of B, is the subgroup scheme with U(R) equal to the subgroup
of upper triangular matrices with ones on the diagonal. The Grosshans height ht,
also known as the sum of the coroots associated to the positive roots, is given by
ht(A) =) X=X =) (n—2i+1)\.
i<j i

Here we use the ancient convention that the roots of B are positive. If V is a
representation of G, let us say that it has highest weight X if A is a weight of V' and
all other weights p have strictly smaller Grosshans height ht(x). (This nonstandard
convention is good enough for the present purpose.) Irreducible G-modules have
a highest weight and are classified up to isomorphism by that weight. Write L(\)
for the irreducible module with highest weight A. The weight space of weight A in
L()) is one-dimensional and equal to the subspace L(\)Y of U-invariants.
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We now switch to geometric language as if we are dealing with varieties. In
other words, we switch from the setting of group schemes [7], [18], [36] to algebraic
groups and varieties defined over F, [29].

The flag variety [29, 8.5] G/B is a projective variety [17, 1 §2], [29, 1.7],
not an affine variety. Given L(\) as above there is an equivariant line bundle [29,
8.5.7] Lx on G/B so that its module V(X) of global sections [29, 8.5.7-8] on G/B
has a unique irreducible submodule, and this submodule is isomorphic to L()).
The costandard module V() is finite-dimensional (because G/B is a projective
variety). The weight space of weight A in V() is also one-dimensional and equal to
the subspace V()Y of U-invariants. Every other G-module V whose weight space
Vy of weight \ is one-dimensional and equal to VU embeds into V(\). Kempf
vanishing [18, IT Chapter 4] says that £y has no higher sheaf cohomology on G/B.
One derives from this [5] that H>%(G, V())) vanishes. All nontrivial cohomology
of G-modules is due to the distinction between the irreducible modules L(\) and
the costandard modules V(). The dimensions of the weight spaces of V(A) are
given by the famous Weyl character formula

Zwew(_l)é(w)ew(ﬂp)

e’ Ha>0(1 - eQ)
We do not explain the precise meaning here but just observe that the formula is
characteristic free. The dimensions of the weight spaces of V() are the same as in
the irreducible GL,,(C)-module with highest weight A. Determining the dimensions
of the weight spaces of L(\) is less easy in general, to put it mildly.

Char(V()\)) =

Example 6.2. Let V = k" be the defining representation of GL,, over [F,. The
symmetric powers S™ (V) are costandard modules. More specifically, S™(V) is
V((m,0,...,0)). When m = p”" the irreducible submodule L((m,0,...,0)) of
S™(V) is spanned by the v?".

If V is a nonzero G-submodule of V()) then it determines a map ¢y from
the flag variety G/B to the projective space whose points are codimension one
subspaces of V, or one-dimensional subspaces of V. (To a point of G/B one
associates the codimension one subspace of V' consisting of sections vanishing at
the point. Then one takes the elements in the dual that vanish on the codimension
one subspace.) The image of G/B under ¢y is isomorphic to G/ P, where P is the
scheme theoretic stabilizer of the image of the point B. Here ‘scheme theoretic’
indicates that the functorial interpretation of group schemes is needed. The image
of the point B is the highest weight space of V. The group scheme P need not
be reduced [21], [38], but the image of P under a sufficiently high power F” of
the Frobenius homomorphism F': G — G is the stabilizer P of the highest weight
space of V(A)Y. This P is an ordinary parabolic subgroup |29, 6.2] and thus reduced,
meaning that its coordinate ring is reduced. There is a graded algebra associated
with the image of ¢y . This algebra Ay is known as coordinate ring of the affine
cone over the image of ¢y . It is a graded k-algebra, generated as a k-algebra by
its degree one part, which is V. This is typical for closed subsets of a projective
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space: Such a subset does not have an ordinary coordinate ring like an affine variety
would, but a graded coordinate ring [17, II Corollary 5.16].
Similarly one has a graded algebra

Ay = @ I'(G/B, LY)

m2>0

associated with the image G/P of G/B in the projective space whose points are
codimension one subspaces of V(). The algebra Ay may be embedded into Ay y).
Mathieu observed [20, 3.4] that the two affine cones have the same rational points
over fields and concluded from this that for » > 0 the smaller algebra contains all
fP" for f in the larger algebra. This is not always the same r as in F" above.

6.3. Grosshans filtration

The situation above generalizes. If V' is a possibly infinite-dimensional G-module
we define its Grosshans filtration to be the filtration V<_1 =0 C Vg C V¢ C
V<o -+ where Vg; is the largest G-submodule of V' all whose weights p satisfy
ht(p) < i. The associated graded €, V<;/V<i—1 we call the Grosshans graded grV'.
It can naturally be embedded into a direct sum hully (gr V') of costandard modules
in such a way that no new U-invariants are introduced: (gr V)V = (hully (gr V))Y.
We say that V' has good filtration [18, IT 4.16 Remarks| if grV itself is a direct
sum of costandard modules, in which case grV' = hully(gr V) [14, Theorem 16].
As costandard modules have no higher G-cohomology, a module with good filtra-
tion has vanishing higher G-cohomology. One says that a module has finite good
filtration dimension if it has a finite coresolution by modules with good filtration.
Such a module has only finitely many nonzero G-cohomology groups.

If A € Rg;, is a k-algebra with G-action, so that the multiplication map
A®p A — Ais a G-module map, then gr A and hully(grA) are also k-algebras
with G-action. Moreover, if A is of finite type, then so are gr A and hully (grA)
by Grosshans [14]. And then there is an 7 so that gr A contains all f?" for f
in the larger algebra hully(grA). All higher G-cohomology of A is due to the
distinction between gr A and hully(gr A). It is here that Frobenius twists and
Frobenius kernels enter the picture. (In this subject area a Frobenius kernel refers
to the finite group scheme which is the scheme theoretic kernel of an iterated
Frobenius map F" : G — G.) In general we have no grip on the size of the
minimal 7 so that gr A contains all f?". This is where the results get much more
qualitative than those of Friedlander and Suslin.

Problem 6.4. Given your favorite A, estimate the r such that gr A contains all
fP" for f in the larger algebra hully (gr A). Such an estimate is desirable because
one may give a bound on the Krull dimension of H®V**(G, A) in terms of v, n and
dim A by inspecting the proof in [31].

6.5. The classes of Touzé

The adjoint representation gl,, of GL, is defined as the k-module of n by n matrices
over k with GL, (R) acting by conjugation on the set M, (R) = gl,, @R of n by n
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matrices over R. This is also known as the adjoint action on the Lie algebra. The
adjoint representation is not a polynomial representation as soon as n > 2. We
now have all the ingredients to state the theorem of Touzé on lifted classes proved
using strict polynomial bifunctors. The base ring is our field £ = F, and n > 2.

Theorem 6.6 (Touzé [30]. Lifted universal cohomology classes). There are coho-
mology classes c[m] so that

1. ¢[1] € H%(GL,, gl'V) is nonzero,
2. For m > 1 the class c[m] € H2™(GL,,T™(gl\)) lifts 1] U --- U c[1] €
H?™(GLy, @™ (al))).-

6.7. Strict polynomial bifunctors

The representations I‘m(g[,(ll))) in the ‘lifted classes’ theorem of Touzé are not
polynomial. To capture their behavior one needs the strict polynomial bifunctors
of Franjou and Friedlander [10]. We already encountered them in disguise when
discussing parametrized functors. An example of a strict polynomial bifunctor is
the bifunctor

Homrpay, (—1, —2) : TV, x TV, — Vi (V, W) = Hompay, (V, W).

It is contravariant in —; and covariant in —». More generally one could consider
the category PZ of k-bilinear functors FdVZp x 'V, — Vi. Do not get confused
by the strange notation P°? x P for P, P2 used in [10]. It is not a product.

If A and B are k-linear categories, then one can form the k-linear category
A ®j B whose objects are pairs (A, B) with A € A, B € B. For morphisms one
puts Hom g, 58((A, B), (A", B")) = Hom4 (A4, A") ®; Homp(B, B’). One may then
define the category P? of strict polynomial bifunctors of bidegree (d, e) to be the
category of k-linear functors from FdVZp Rk 'V to Vk.

One gets more bifunctors by composition. For instance, I (g™} is the strict
polynomial bifunctor of bidegree (mp, mp) sending (V, W) to T (gi(V 1), w 1)),
where gl means Homy. The GL,-module Fm(g[g)) is obtained by substituting
k™ for both V and W in (V, W) ~— D™ (gl™M)(V, W). Such substitution defines a
functor ’Pj — Modgy, and for n > d a theorem of Franjou and Friedlander gives

Ext3 (T gl, F) = H*(GL,, F(E", k")).
The map from the left-hand side to the right-hand side goes by way of

Exty,, (I'gl,, F(k",k™)). The invariant id®? € gl gives a GL,-module map
k — T gl,, which allows one to go on to

Extyy, (k, F(K", k")) = H*(GLy, F(K",k™)).

6.8. The collapsing theorem for bifunctors

In order to explain the collapsing theorem for strict polynomial bifunctors in [33] we
need to introduce a few counterparts of definitions given above for strict polynomial
functors.
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So let B € PZ be a bifunctor and let Z € I'®V. Then the parametrized
bifunctor Bz is defined by parametrizing the covariant variable: Bz (V,W) =
B(V,Z ®£d W). Now assume Z comes with an action of G,,. Then G,,, acts on Bz
and we write BY, for the weight space of weight ¢. The example we have in mind
is Z = E, asin 5.4.

Define a Frobenius twist B(") of B by precomposition with 7(") in both vari-
ables: BU(V, W) = B(V(") W),

Theorem 6.9 (Collapsing of the Twisting Spectral Sequence [33]). Let B € Pg.
There is a first quadrant spectral sequence
E3' = Extipa (1 gl, By, ) = Ext>ho (D% gl, B™M)

pd

and this spectral sequence collapses.

The proof of this theorem uses the themes that we have seen above for ordi-
nary polynomial functors:
e adjoint of the twist,
e formality after twisting,
e untwisting a collapse.

Once one has the theorem one gets a much better grip on the connection
between H2™(GL,,, T™(gl\")) and H>"(GL,, ®™ (gI"))). This then leads to the
second generation construction of the classes of Touzé [33].

6.10. How the classes of Touzé help
We find it hard to improve on the introduction to [31]. Go read it.
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Abstract. We develop methods for proving that certain extensions of poly-
nomial functors do not split naturally. As an application we give a functorial
description of the third and the fourth stable homotopy groups of the classi-
fying spaces of free abelian groups.
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1. Introduction

Eilenberg-Mac Lane spaces K (A, n) are examples of spaces whose homotopy type
depends naturally on an abelian group A. Other meaningful examples can be built
from these: suspensions X" K (A, n), wedges K (A,n)VK(A, m), etc. The homology
and homotopy groups of these spaces can be viewed as functors on the category
of abelian groups. Describing these as functors is more difficult than giving an
abstract description.

This difficulty can be understood with the case of the homology H.,(A) of dis-
crete abelian groups (with trivial integral coefficients). The abelian groups H,,(A)
are obtained from the computation of the homology of cyclic groups by the Kiin-
neth formula, whereas the functors A — H,,(A) are not [6].

In practice, the functorial description of different homological or homotopical
functors is often obtained with the help of spectral sequences, depending functori-
ally on an abelian group A. For example, suppose that we want to determine the
functor A — 7, (XK (A,1)). There is a functorial spectral sequence (see Section 6
for the description of this spectral sequence):

El;(4) = w1 (SK(A,1).

This material is based upon work supported by the National Science Foundation under agreement
No. DMS-0635607. Any opinions, findings and conclusions or recommendations expressed in this
material are those of the authors and do not necessarily reflect the views of the National Science
Foundation. This research is supported by JSC “Gazprom Neft”, as well as by the RF Presidential
grant MD-381.2014.1.
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In this spectral sequence, the EZ ;(A) are functors of abelian group A, the differ-
entials of the spectral sequence are natural transformations of functors, and the
convergence of the spectral sequence is functorial. Assume that we can compute
the first page of such a functorial spectral sequence. Then we are left with two
problems.

1. Compute the differentials in the spectral sequence.

2. Solve the extension problems. Indeed, the F..-term is only isomorphic to the
graded associated to a filtration on the abutment. So we have to determine
how to glue the different pieces together.

To compute the differentials, we have to study natural transformations between
functors. Given functors F, G, there are much less natural transformations F — G
than morphisms of abelian groups F'(A) — G(A4), so functoriality usually greatly
helps in determining the differentials of spectral sequences. To solve the extension
problems, we have to study extensions between functors. In this paper, we present
some methods to determine Hom and Ext groups between functors, and we show
how they can be successfully applied in computations. Note that all the functors
considered in this paper are over Z, they are defined on the category of (free)
abelian groups; observe that analogous results over fields can be obtained more
easily. This paper continues the research started in [6], 7].

To give some examples which illustrate the spirit of questions considered in
this paper, let us start with two complexes of abelian groups C, D,. One can
compute the homology of their tensor product H(C,. ® D) in terms of H(C,) and
H(D.,) using the well-known Kiinneth formula. Now consider three abelian groups
A, B,C. The Kiinneth formula gives the following exact sequence

L L
0 — Tor(A,B)® C — H; (A@B@C) — Tor(A® B,C) = 0 (1.1)

which splits as a sequence of abelian groups. The middle term of this sequence
is the functor Trip(A, B, C) of Mac Lane [22| which is simply the first homology
group of the derived iterated tensor product. S. Mac Lane proved [22]| that the
sequence (1.1) does not split naturally as a sequence of multi-functors. On the
other hand, let us fix the two groups B = C' = Z/2. In this case the sequence (1.1)
has the form

L L
0 — Tor(A,Z/2) — H; (A RZ/2® Z/2) - A®Z/2 -0,

and this sequence splits as a sequence of functors. This simply follows from the

fact that we can choose a splitting A QL§> 7]2 §L§ Z]2 ~ A QL§> (Z/2 ® Z/2[1]) in the
derived category functorially in A'.

One more example is the following. Let A be an abelian group. A description
of the third homology of A as a functor is given in [6]. There is a natural exact

IWe will always use the traditional notation [n] for the shift of degree n in the derived category.
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sequence
0 — A3(A) — H3(A) = Qy(A) =0 (1.2)
where A3 is the third exterior power and , is the quadratic functor due to
Eilenberg-Mac Lane, which is in fact the first derived functor of the exterior
square. The sequence (1.2) splits as a sequence of abelian groups. One can ask
weather (1.2) splits as a sequence of functors. We prove (see Corollary 3.1) that
this is not the case. More generally, we will prove that, for all n > 3, the natural
injection A"(A) — H,,(A4) induced by the Pontryagin product in homology, does
not split naturally (see Proposition 3.1)2.
On the other hand, there are some cases in which the existence of a functorial
splitting can be proved. For an object C' of the derived category of abelian groups

concentrated in non-positive dimensions DAb<g, we show that the exact triangle
in DAb<g

LS2(C[1]) — LT5(C[1]) — C & Z/2[1] — LS*(C[)[1]

induces a functorial splitting (Theorem 4.1)
m(LT5(C[1]) = m(LS*(C])) & m (c & Z/2[1]> Ci>1 (13)

While the well-known theorem of Dold [13] implies that there is a splitting on the
level of complexes which induces the splitting (1.3) on homotopy, we show that
this splitting is not functorial, i.e.,

LT5(C]) # LS2(C[1]) & C & 7,/2[1]

in the derived category DAb<g.

The paper is organized as follows. We recall in Section 2 the description of
the polynomial functors on the category of free abelian groups in terms of maps
between cross-effects [4]. The language of polynomial Z-modules developed in [4]
and [2] is useful for the description of Hom and Ext-groups for polynomial functors
in the category of free abelian groups. We use this language for proving that certain
exact sequences do not split.

We describe the third and fourth stable homotopy group of K(A,1) as a
functor in Section 5. We show that, for a free abelian group A, there is a short
exact sequence

0— S*(A)@7Z/2 — 1§ K(A,1) = A3(A) =0

which does not split naturally. Moreover, the functor 7r§K (A,1) represents the
unique non-trivial element in the group of functorial extensions Ext(A3,S5? ®
Z/2) = Z/2. Section 4 deals with derived functors. In Section 6, functorial in-
formation is used to compute spectral sequences and solve the extension problems
to their abutment.

2After posting the paper the author was informed by N.Kuhn that this result follows from
Example 7.6 [20].
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2. Polynomial functors

Denote by Ab (resp. fAb) the category of finitely generated abelian (resp. f.g.
free abelian) groups. For a small category C, let Fun(C,Ab) be the category of
functors from C to Ab. Morphisms in Fun(C,Ab) are natural transformations
between functors. It is well known that Fun(C,Ab) is an abelian category with
enough projectives and injectives. By DAb<o we mean the derived category of
abelian groups living in non-negative degrees which is equivalent to the homotopy
category of simplicial abelian groups via the Dold-Kan correspondence [14].
The main functors which we will consider are the following (n > 1):

Tensor powers ®™ : Ab — Ab
Symmetric powers S™ : Ab — Ab
Exterior powers A™ : Ab — Ab
Divided powers I'), : Ab — Ab

Antisymmetric square @)2 : Ab — Ab, defined as

5 (A) =A@ A/{a®b+b®a, a,be A}.

The nth divided power functor T'y, : Ab — Ab is defined, for A € Ab, to the nth
homogeneous component of the graded group I',(A) generated by symbols v;(x)
of degree i > 0 satisfying the following relations for all z, y € A:

(i) o(z) =1,
(i) 7 (z) = =,
(111) Ws(x)Py (LC) = (S_S‘—t)P)/s-i-t(x)a
)

t
(V) m(z+y) = > vs(@)n(y), n>1,
s+t=n

(V) (=) = (=1)"yn(2), n = 1.
In particular, the canonical map A — T'1(A) is an isomorphism. It is known that,
for a free abelian group A, there is a natural isomorphism

[ (A) = (A% n > 1
where the action of the symmetric group 3, on A®" is defined as follows
0TI Q@ RTp) =2e1) @ - @ Ty(n), Ti €A, 0 € X (2.1)
Observe that, for an abelian group A, there is a natural exact sequence
0= ARZ/2 — & (A) — A2(A) — 0.

We will use the same notation for functors on Ab and for their restriction on fAb.
To distinguish Hom and Ext groups for functors on Ab and fAb, we will use the
notation Hom(F, Q) (resp. Ext(F,G)) for ordinal natural transformations (resp.
extensions) of functors F,G : Ab — Ab and Homy(F,G) (resp. Exty(F,G)) for
functors F, G : fAb — Ab.
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Let F' : Ab — Ab be a functor. Recall that the cross-effects of F' are multi-

functors defined as
F(Xi|-|X,) =ker{ F(X1 @ ® X,) 5 @I F(X1 @ Xi- ® Xn)},
X; € Ab, n>2
(2.2)

where the maps F(X1 ®---® X,,)) > F(X1 & X @ X,) are induced by
natural retractions. The functor F' is polynomial of degree d (d > 1) if F(0) =0
and F(X1]|---|Xg) is linear in each variable X;, i =1,...,d.

Given a functor F' and an abelian group A, consider the system of abelian
groups:

F, =F(A), F, =F(AlA),...,F, = F(A]...]A) (n copies of A)
together with the homomorphisms

H : F,(A) = Fopi(A), PP

m m

cFhy1(A) = Fo(A),m=1,2,....,m<n
which are defined as composite maps
HEFY s Fu(A) o F(AP™) 5 F(A®™1) o Fy(4)
Pyt Foyi(A) = F(AP) — F(A®") — F,(4),
induced by natural maps A9 — ATnFTL A+l AN oiven by
(a1, ... an) = (A1, ... Qm, Gy e oy Gp,)
(@1, yant1) = (A1, -y A1, QG F Qg 1y G2y« -+ 5 Qg1 )-

Denote the system of these abelian groups and maps by Jg(A):
JF(A): Fl(A —>F2 gFg

These maps satisfy certain standard relations [4], which do not depend on
F and A. For a polynomial functor F' of degree d and an abstract collection
of d abelian groups {F;(Z)}i=1,... 4 together with corresponding maps which sat-
isfy these relations is known as d-polynomial Z-module. Polynomial functors from
free abelian groups to abelian groups can be described in terms of polynomial
Z-modules [4]. We now consider some particular cases.

2.1. Quadratic functors

In the case of quadratic functors (see [2]), the required relations are simple:
2
A 4, 5o
(2.3)
HiP{H} =2H}, P!HP? =2P}.

Such a diagram of abelian groups is called a quadratic Z-module. It is easy to
compute the quadratic Z-modules, which correspond to the classical quadratic
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functors mentioned above and to — ® Z/2. Here they are:

7% =(Z 5 2L >'7)
7Y = (0 Z — 0)
75 = (2573 7)
75 =z 3725 7)
78 =(z/2 %525 2/2)

ZE? = (Z)2 — 0 = Z/2).

Given a quadratic Z-module M (2.3), one can define a quadratic functor on the
category of abelian groups as follows (see 6.13 [2]): for an abelian group A, A®@ M
is generated by the symbols a ® m, {a,b} @ n, a,b € A, m € A;,n € Ay with the
relations

(a+b)@m=a®@m+bo@m+ {a,b} @ H (m),

{a,a} ®n = a® P%(n),

a ® m is linear in m,

{a,b} @ n is linear in a, b, n.

The correspondence A — A ® M defines a quadratic functor and an equivalence
between categories of quadratic Z-modules and quadratic functors fAb — Ab.

2.2. Cubical functors
The cubical Z-module is given by the diagram
3
m: o H
Ay P7 Ay BT As
— B
P
with the following relations (see [4], [15]):
HYHY = H3H}, P{P{ = P{P;, HyP} =0,
HYP; =0, H{PPHYy = 2H}, PPH{ Py = 2P,
H3PyH3 = 2H3, PYH3P; = 2P;,
HYP}HY = 2H; +2(P{ + P})H{ HY,
PIH}P? = 2P} + 2P} P} (HS + H}),
HYHIPE + H} + H3 = H3PyH Py HS + H} Py H3 Py H7,
HPIP} + P} 4+ P} = PH} PP H3 Py + PP H3 P H P}
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The simplest examples of the cubical Z-modules, which correspond to the exterior
and symmetric cubes are the following:

A 0720 g z (2.4)
(0,2)
(3.3) =0

S3 Z 01 ZSZ 01 L. (2.5)
A 1,0
H

2.3. A-properties

For any functor F', the sequence

p? P
F(@): R@) — R(2) e B2 JEEIREE

is a A-group, that is, the standard simplicial relations for the face maps are sat-
isfied. Taking the homology of this complex, we obtain the values of the derived
functors in the sense of Dold—Puppe [14]:

Hi(F(Z)) ~ Li1 F(Z,1).

This follows from the fact that the cross-effect spectral sequence from [14] degen-
erates to the complex F(Z).

2.4. Natural transformations between functors

All natural transformations between quadratic functors fAb — Ab are given as
morphisms of corresponding quadratic Z-modules. One can therefor use quadratic
Z-modules for the computation of the group of natural transformations between
given quadratic functors.

Examples. 1. A natural map S?(A4) — I'y(A) is given by the following diagram?:

for k € Z, and Hom(S?,T2) = Z.

3For a map between cyclic groups f : A — B, we will use the notation A = B if f(a) = nb,
where a and b are some given generators of A and B. Analogously we describe the maps between
finitely-generated abelian groups by integral matrices.
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2. The natural map T'2(A) — A ® Z/2 is given by the following diagram:

Z/2 > 0 > Z/2.

3. Let us now prove that there do not exist non-zero natural maps
A?(A) — S%(A), S*(A) = AR7Z/2. (2.6)

Since the functors in (2.6) are right exact, it is enough to consider these functors
on the category of free abelian groups. Hence we can look at morphisms between
the corresponding quadratic Z-modules. To every map A? — S2 corresponds a
morphism of quadratic Z-modules:

0 > 7 > 0
\ \% Y
7z *s=7z 's17.

We see that the middle vertical map must be zero, hence the result. Same reasoning
applies to the natural transformation S?(A) — A ® Z/2:

72 > 0 > 7Z]2.

We see that any such vertical map is zero. Hence, there is no any non-zero natural
transformations (2.6).

4. Consider the case of cubical functors. The functors S® and A® are right ex-
act, so that in order to prove that Hom(S3, A®) = 0 it is enough to show that
Hom(53,A3) = 0, i.e., that any map between cubical Z-modules 2.5 and 2.4 is
zero. It is easy to see that all vertical maps in the following commutative diagrams
are zero:

(0,2)

(3.3) ot 0 = 0 = Z

Z T LZeZ pn Z ! ! !
<_ (to (02)
(3,3) 20

{ 4 4 Z <£ Z®Z [©1 Z
0 = 0 £ Z .0
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This case is very simple due to the structure of cross-effects of A® and can be easily
extended to high-dimensional symmetric and exterior powers.

We collect the Hom-functors between main quadratic functors in the category
of free abelian groups in the following table:

G\ F T, ® & Z/2 8% A2 A®Z/?2
Iy Z 7 0o 0 Z 0 0
®? Z 7eZ Z 0 Z Z 0
& zZ/2 Z L Z/2 0 L 0
7/2 zZ/2 0 0 z/2 0 0 0
52 Z Z o 0 Z 0 0
A2 0 7 Z 0 0 Z 0
A2 RZ/)2 0 Z/2 Z/2 0 Z/2 Z]2 7)2

Table 1. Homy(F, G)

Note that some polynomial functors F' of degree n have the property that
Hom(F,G) = Hom(G, F) = 0 for any functor G of degree less than n. Let us now
consider examples of functors which do not satisfy this property.

1. For an abelian group A, we have a natural map
I'y(A) - A®Z)/2.
The kernel K (A) of the inclusion map
I'2(A) > AR A

defines a functor K in the category of abelian groups (see [5] for the description
of this functor). A simple analysis shows that K is a linear functor.

2. There are natural transformations
Tor(A,Z/2) — S*(A), ara®, a€ A, 2a=0
and
A®Tor(A,7/2) = S3(A), a®brs ab? a,be A, 2b=0.

Now observe, that for any functor F' from the set {A", A" ®Z/p, ", 3" ®
Z/p (p is a prime)}, the natural map

F(A) — F(A]...|A) (nth cross effect)

induced by the diagonal embedding A < A @ ---® A (n copies of A) is injective.
It follows that

Hom(G, F) =0 for every functor G of degree less than n. (2.7)

Similarly, the natural projection

Ad--- A=A, (a1,...,an) a1+ -+ an, a; € A,
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induces a natural epimorphism
F(A]l...]A) = F(A)

hence Hom(F, G) = 0 for every functor G of degree less than n.

2.5. Extensions between functors
A natural short exact sequence
0= S*(A)RZ/2 T (ARZ/4) - T2(ARZ/2) =0
is given by the following short exact sequence of quadratic Z-modules?:

0 1

7.)2 ~ 72 ~ 72 (2.8)
\ \ \

v v v
Z/8 > Z/4> > 7./8

v v v
Z/4 > Z7/2> > 7/4.

Similarly, a natural exact sequence

0= A (A)RZ/2—T2(A)RZ/2— ARZL/2 -0

is given by
0 > Z/2 >0
1
\ \ \
z2 ‘s=1z2 °>17/2
\ Y \
Z)2 > 0 > 7/2.

The following proposition follows directly from the structure of polynomial
Z-module which corresponds to the exterior power.

Proposition 2.1. Let F' be a functor of degree d, then
Ext(F, A%T?) = Ext; (AT, F) = 0.

4we will always display quadratic Z-modules horizontally
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Using the language of quadratic Z-modules, one can compute the values of
the Ext-functors for the main quadratic functors F, G : fAb — Ab. For example,

2017/2,Ty) =7/2,
®7Z/2,8%) =17/2,

Ext¢(A
Exty(—

Ext (A2 ®Z/2 -®7Z/2)=17]/2,

Ext([g, 5%) =

Exty(— ®Z/2, A2 ®7Z)2) =172,

Ext¢(I'y,I'y) =

Ext (9, A*® Z/2) =0.

The proofs are direct, they follow from computations of the extensions between
quadratic Z-modules which correspond to the quadratic functors.

The generators of the Ext-groups Extf(A? @ Z/2,T'), Exts(— ® Z/2,5%),
Ext;(A?® Z/2,— ® Z,/2) one can find in the following diagram

S%(A) S%(4)
\
2
\ \
Ly(4)> 7 = §%(A) > A2(A)@7Z/2
¥ ¥

ARZ/2> > S?(A)RZ/2 > A2(A)®Z/2

where the map g is given by setting g : 72(a) = a?, a € A. It is shown in [8] that
Ext(Te®Z/2,—QZ/2)=Z/2®Z)2.

One of the extensions is given by functor I's(— ® /Z/2). This functor together with
the generator of Exts(— ® Z/2,A*> ® Z/2) one can find in the following diagram:

ARZ/2> > S?(A)RZ/2 > A(A)®Z/)2
\ \

\4 Y
A®Z/2> > FQ(A®Z/2) . Fg(A)@Z/Q

\ \
A® L2 ARZL)2.
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3. Homology of abelian groups

We will now show that (1.2) does not split naturally. For an abelian group A, recall
the bar-resolution

BA): - —ZA0ADA BZAGA BzAB 7
where the differential
d; : Z[A®Y]) — Z[A¥Y

is given by
i—1
d; : (al,...,ai) — (al,...7ai_1)+Z(—1)J(a17...7aj +aj+17...7ai)
J=1

+ (—1)%@2, ceey ai).
There is a natural isomorphism in the derived category
Z[A[1]] ~ B(A)
and, in particular, an isomorphism
H;(A) ~ H;(B(A)), i > 0.

Some generators of the homology groups H;(A) can be easily described in terms
of B(A), for example, the map

Hy(A) ~ A%*(A) — ker(dy)
is given by
aANb (a,b) —(b,a), a,be A.
Consider the functor Hy(A;7/2) ~ Ho(B(A)®Z/2). The universal coefficient
theorem implies that there is a natural exact sequence
0— A2(A)®7Z/2 — Ho(A;Z/2) — Tor(A,Z/2) — 0. (3.1)

Consider the map f : Hs(A;Z/2) — H2(A|A;Z/2) = A® A® Z/2 induced
by the diagonal map A — A @& A. Suppose that the sequence (3.1) splits nat-
urally, i.e., Ho(A;Z/2) = A%(A) ® Z/2 @ Tor(A, Z/2). Then the composition map
Tor(A,Z/2) — Hy(A;Z/2) ER Hy(A|A;Z/2) is zero, since we have seen that there
is no non-trivial natural transformation between a linear functor and A® A®7Z/2.
In particular, for A = Z/2, the map

J Ho(Z/ 2 2)2) - Hy(Z/2/Z/2%2/2)

is zero. Let a be a generator of A = Z/2. One has Hy(A;Z/2) = 7Z/2 and the
generator of this Z/2 in the bar-resolution can be chosen as (a,a) € Z/2[A @ A].
This follows from the fact that (a,a) € ker(dz) \ im(ds), since im(ds) lies in the
augmentation ideal of Z/2[A @ A]. Taking B = A = Z/2 and b as a generator of
B, we now consider the map of bar resolutions B(A4) — B(A @ B), induced by the
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diagonal map A — A@® B. We see that the image of the map f is generated by an
element (a +b,a+b) € Z/2[(A® B) ® (A® B)]. It is easy to verify that

(a+b,a+0b)+ (a,a)+ (b,0) = (a,b) + (b,a) mod im(d3)

in Z/2[(A® B)® (A® B)]. This implies that the image of the element (a+b,a+b)
under the map Ho(A® B;7Z/2) — Ho(A|B;Z/2) = A® BQZ/2 is the same as the
image of the element (a, b)+ (b, a). However, the image of the element (a, b) + (b, a)
in A® B®Z/2 is exactly a ® b® 1, which is the generator of A ® B ® Z/2. This
proves that the sequence (3.1) does not split functorially.

Lemma 3.1. There is a natural isomorphism
Hy(A;Z/2) ~ H3(A|Z]2).
Proof. We have
B(A®Z/2) ~B(A) @ B(Z/2).
Since

B(Z/2) ~Z& P Z/22n + 1],
n>0

we have a natural isomorphism
H3(A®Z/2) ~ H3(B(A) ® (B(A) @ Z/2[1]) ® (B(A) @ Z/2[3]))
where the natural maps H3(A) — H3(A® Z/2) and Hs(Z/2) — H3(A®Z/2) are

splitting monomorphisms on the direct summands in (3.2). It follows that

(3.2)

Corollary 3.1. The natural sequence (1.2)
0 — A3(A) — H3(A) = Qu(A) =0 (3.3)
does not split functorially.

Proof. Suppose that the sequence (3.3) splits naturally, i.e., there is a natural
isomorphism

Hy(A) = A¥(A) © Qs (A),
This induces the following natural decomposition for the cross-effect functor
H3(A|Z/)2) ~ A*(A) ® Z/2 @ Tor(A, Z/2).
Lemma 3.1 implies that there is a natural isomorphism
Hy(A;Z/2) ~ A*(A) ® Z/2 @ Tor(A, Z/2),

however this contradicts the fact that the sequence (3.1) does not split functorially.
O
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Observe that, for any free abelian group, there is a natural isomorphism

Hy(A®7Z/2;7/2) ~T3(A) ®Z/2

and the functor Hy(A ® Z/2;7/2) represents the non-trivial element of
Exty(— ®Z/2,A*®7Z/2) =Z/2.

As a consequence of Corollary 3.1, for a free abelian group A, the functor

A~ H3(ARZ/2)
lives in the following short exact sequence
0= A(A)®Z/2— H3(ARZ/2) = To(A)R7Z/2 =0

and is represented by the following cubical Z-module:
1
2
Z)2 PRU Z)2 LU 7/2.
(_

In particular, this functor represents the non-trivial element in the corresponding
Ext-group:

H3(A®7Z/2)(#0) € Ext; (T2 ® Z/2,A* ® Z/2) = Z,/2. (3.4)

We are now ready to generalize Corollary 3.1 to the case of higher homology

functors.

Proposition 3.1. Let A be an abelian group. Forn > 3, the natural monomorphism
induced by Pontryagin product

A" (A) — H,(A)
does not split naturally.

Proof. For n = 3 this is Corollary 3.1. Now the result follows by induction on n,
observing that there is a natural isomorphism
H,(A|lZ)~H,_1(A)

which follows from the Kiinneth formula. Indeed, assuming that the monomor-
phism A™(A) < H, (A) splits naturally, we get the natural splitting of the cross-
effects

AYAZ)> > Ho(A Z)

~ ~

v v
AVHA)= = Hyoa(A)

but the lower map is not split by induction hypothesis. O
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Remark 3.1. For an odd prime p, the functor
A~ H35(A®Z/p), A€fAb
splits as
H3y(A®Z/[p) = N(A) @ Z/p ® T2(A) © Z/p. (3.5)
Proof. First we prove that Exts(I's ® Z/p, A> ® Z/p) = 0. Every element of this
Ext-group can be presented as a diagram of the form

0 = 0 £ Z/p
1 2 -

h1
T’
Zlp [z Llp p ZL/p
— P
%

1

+ { {
Zlp =z ZL/p 0

L

It follows immediately that p; and p, are zero maps. The relations
hipihy = 2hy, hapaha = 2hs
imply that h; and ho are zero map. Hence
Ext;(Te ® Z/p, A* ® Z/p) = 0.

The splitting (3.5) follows from the fact that, for a free abelian A, the sequence
(3.3) has the form

0= A(A)®Z/p— H3(ARZ/p) = T2(A)@Z/p — 0. O

4. The splitting of the derived functors

4.1. Derived functors

Let A be an abelian group, and F' an endofunctor on the category of abelian groups.
Recall that for every n > 0 the derived functor of F' in the sense of Dold-Puppe
[14] are defined by

LZF(A7TL) = m(FKP*[n]), ) > 0
where P, — A is a projective resolution of A, and K is the Dold—Kan transform,
the inverse to the Moore normalization functor

N : Simpl(Ab) — Chain(Ab)
from simplicial abelian groups to chain complexes. We denote by LF(A,n) the

object in the homotopy category of simplicial abelian groups determined by the
simplicial abelian group FK (Py[n]), so that

L,F(A,n)=m(LF(A,n)).
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We set LF(A) := LF(A,0) and L,F(A) := L;F(A,0) for any ¢ > 0. For a functor
F, LF is a functor from DAb<y to DAb<p. In the next section, a generic element
of DAb<g is denoted by C.

4.2. The splitting of the derived functors of I',

The natural exact sequence
0— S?(A) = T2(A) - ARZ/2 =0
implies that, for an object C' € DAb<p, one has a distinguished triangle

L
LS%*(C) — LTy(C) — C ® Z/2 — LS*(C)[1]. (4.1)
Theorem 4.1. For any C € DAb<y, there are natural isomorphisms
L
7;(LT5(C[1])) ~ m(LS*(C[1])) & = (C’ ® Z/2[1]) (4.2)
for all i > 0.

The following lemma follows from (Satz 12.1 [14]).

Lemma 4.1. Let C € DAb<q be such that Hy(C') = 0, then one has m1(S*(C)) = 0.
If H;(C) =0 fori <m (m >1), then

i (LS*(C)) =0, i<m+2.
Lemma 4.2. For every C € DAb<g, the suspension homomorphism
71 (LS?(C)) — m(LS?(C[1)))
s the zero map.
Proof. We have the following natural diagram
m(LS3(C)) T = LiS*(Ho(C)) (4.3)
susp

\ v
m(LS*(C]) 7 = A*(Ho(C)).

The right-hand vertical map is zero by (Corollary 6.6, [14]). Another way to see why
this map is trivial is to write the cross-effect spectral sequence for 7, (LS?(C[1]))
from [14]. The first page of this spectral sequence implies that there is an exact
sequence

0 — LiA%*(Ho(C)) — Tor(Ho(C), Ho(C)) — L1S*(Ho(C))
— A*(Ho(C)) = Ho(C) ® Ho(C) — S*(Ho(C)) = 0

where the middle map is the map from (4.3). It is the zero map since the natural
transformation A%2(Hy(C')) — Ho(C) ® Ho(C) is injective. O
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Proof of Theorem 4.1. The proof is by induction on ¢. Lemma 4.1 implies that
there is a natural isomorphism

m(LT5(CI])) =~ (c 5 Z/zm)

L
which is induced by the map LT'5(C[1]) - C ® Z/2[1] from (4.1).
Let us consider separately the case i = 2. The assertion follows from the
suspension diagram

L L
T3 (C@Z/2[1]> = mo(LS?(C1])) >ma(LT5(C[1]))  >mo (C@Z/2[1])
A A
O \
L L
o (C@Z/2) =m (LS*(C)) > (LT2(C)) >y (C@Z/p)
where the left-hand vertical homomorphism is zero by Lemma 4.2.

Now assume by induction, that, for some j > 2 and for all ¢ > j, there are
natural isomorphisms (4.2), induced by (4.1). Representing the object C as

NG A o/ R
consider the subcomplex Z defined by
Zi=Ci i >j—1,
Zi_g =im(0i_1),
Z;i=0,1<j—2.
The complex Z has the following properties:

1) the natural map Z — C' induces isomorphisms
L L
T (Z@Z/Q) ~ (C@Z/2) , 1> 7
2) Hi(Z) =0, i <j—2.

Consider the natural diagram

w2 (CEZ2) = ma (LS CUD) = mn(ED(CHD) = mon (CEZ/200)
A A

mea(282/200) = ma (LN = mea(Ea(Z1)) = i (2627200,

(4.4)
Lemma 4.1 implies that 7;41(LS?(Z[1])) = 0. The required splitting now follows
from diagram (4.4). The inductive step is complete so that the splitting (4.2) is
proved for all 7. O
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Proposition 4.1. The sequence

L
LS?(C[1]) — LT%(C[1]) — C ® Z/2[1] (4.5)
does not split in the category DAb<g.

Proof. We will prove the statement for the simplest case, when C' is a free abelian

group. Suppose that LT'2(C[1]) ~ LS?*(C[1]) & C é) Z/2[1]. Then
D (LFQ(C’[l]) & Z/2> ~ Ty <L32(0[1]) =) Z)2aC ® 72 & Z/2[1])

~ AN (C)RZ/20CQZ/2.
However, LT'3(C[1]) can be represented by complex
(CRCRZ/2—Ty(C)®Z/2)[1]

with the obvious map, and
L

However, there is no non-trivial natural transformation C ® Z/2 - C @ C @ Z/2.
This contradicts the splitting of (4.5). O

5. Stable homotopy groups of K (A, 1)

5.1. Whitehead’s exact sequence

Let X be a (r — 1)-connected CW-complex, r > 2. Consider the following long
exact sequence of abelian groups [28]:

o Hp1 X = TpX 5 (X)) Ho X 5Ty X oo (5.1)

where I, X = im{m,(X""1) — 7,(X")} (here X? is the ith skeleton of X), h,
is the nth Hurewicz homomorphism. The Hurewicz theorem is equivalent to the
statement I; X = 0, ¢ < r. JJH.C. Whitehead computed the term T',11X (see
[28])5:

r X =2

FTJ,_lX — 2(7T2( ))7 r

(X)QZ/2, r>2
where I's : Ab — Ab is the universal quadratic functor (or equivalently the divided
square).

Consider the stable analog of the Whitehead exact sequence in low degrees.

Here we recall the description of functors T';, i = r+1,7+2,7+3 from [3]. Assume
that X is (r — 1)-connected complex, 7 > 6. In this case, we have the following:

m:m(X)®Z/2 = w1 (X)

5Care should be taken to distinguish between Whitehead’s functors I, X and the divided power
functors I';(A).
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is induced by the Hopf map 7, € m,.41(S7), i.e., n'(a ® 1) = an, and there is a
natural exact sequence

0> 11 (X)®Z/2 = Tyi2X — Tor(m(X),Z/2) = 0

where the composite map m,11(X)®Z/2 — mr42(X) is induced by the Hopf map

Nr+1 € 7TT+1(ST)-
The description of the term I',3X is given as follows. There is a natural
exact sequence

LoT?(m) — T3 (n1,m2) — Drys X — LiT% (') — 0, (5.2)
where the functors in this sequence can be described in the following way:
LiT? (1) = coker{m,(X) ® Z/2 % Tor(m,11(X),Z/2)}
LoT?(m1) = ker(n:)
and I'3(n1,m2) = 7-(X) ® Z/3 @& P, where P is given by the pushout

—_ ~—

W(X)®Z)2 > Tris ®L)2 (5.3)
T (X)®4
\ v

(X)) ®7Z/8 > P

where the upper horizontal map induced by the map S™*2 — S7, which defines a
generator of 75 = 7Z/2.

5.2. A spectral sequence

Recall the spectral sequence from [24]. Consider an abelian group A and its two-
step flat resolution
0— A — Ay — A—0.

By Dold—Kan correspondence, one obtains the following free abelian simplicial
resolution of A:

N_l(Al — A()) : s é Ay EBSQ(A()) E Ag.

Applying the Carlsson construction (see [10] or [24] for the detailed descrip-
tion of this construction) to the resolution N=1(A; < Ag), we obtain the following
bisimplicial group:

FJ\/*(A1HA(J ) é FN " (A1 Ag)s (S™)2 é N7L(A] < Ap)s
Lt ) aadil
FA1®s0(A0) (gn), é FA®so)(gn), = A @ so(Ao)
e W W

FAo(Sm), é FAo(Sm), = Ao
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Here the mth horizontal simplicial group is the Carlsson construction

FNfl(Al‘—)Ao)nl (Sn)'

By the result of Quillen [25], we obtain the following spectral sequence:

E? = mg(mpS K (N (A < Ap), 1)) = mp XS K (A, 1). (5.4)
In particular, for n sufficiently large, the spectral sequence becomes
E.  =mg(my K(NT (AL = Ap), 1)) = 75, K (A, 1), (5.5)

where 72 is the nth stable homotopy group.

5.3. The third stable homotopy group of K(A,1)

We now apply the above results for the description of the stable homotopy groups
of K(A,1) in low degrees. Given an abelian group A, the homotopy functors
72 ¢ Ab — Ab, A+ 12K (A, 1) can be viewed as parts of the Whitehead exact
sequence, which functorially depends on A. Recall that, for r > 2, 75 K (A, 1) =
125" K (A, 1) is the antisymmetric square, and the Whitehead sequence has the
form [9]:

TroX"K(A )= > mp2X"K(A 1) > HyK(A,1)

AQL[2> > A®A > A%(A).

Now consider the next step, the functor 75 K (A, 1) = 7,135 K (A, 1) for
r > 4. First consider the case of a free abelian group A. Observe that, for a free
abelian A, one has a natural isomorphism

ARA®Z/2 ~ §*(A) ® 7./2.

We have the following exact sequence

Hy(A) > T, 138" K (A1) ~ 7§ K(A,1) > H3(A)

A4(A) > Sz(A)®Z/2 > ﬂ'g?K(A,l) . AS(A).

Now observe that any natural transformation A*(A) — S?(A)®Z/2 is zero, since,
for all n > 2, there is no non-trivial transformations between A™(A) and any
functor of degree less than n. Therefore, the functor 5 : fAb — Ab lives in the
following exact sequence

0= S*A)@72/2 = 15 K(A 1) = A3(A) 0. (5.6)



Polynomial Functors and Homotopy Theory 87

It follows from a simple analysis of the extensions of the cubical Z-modules which
correspond to the functors S? ®Z/2 and A? that any nontrivial extension between
these functors can be given by a diagram of the form

Zj2 T 22 2 0
= 1= \
72 T 72 i z
o &
3 3 1=
0 = 0 =2 Z
and
Ext; (A, S? ® Z/2) = Z./2. (5.7)

We will show now that the extension (5.6) presents a non-trivial element of (5.7).
Theorem 5.1. The functor
75 fAb — Ab, A 7§ K(A,1)

is given by the following cubical module:
0
g T
Z]2 PR 72 = Z.
%

Proof. Assume that, for a free abelian group A, the functor 75 K (A, 1) presents
the zero element in (5.7), i.e., 75 K (A, 1) = S?(A) ® Z/2 @ A3(A), and let B be a
non-free abelian group. The spectral sequence (5.5) implies that there is a natural
exact sequence

0— S%(B)®7Z/26 A3 (B) —» S K(B,1) — L1&°(B) = 0. (5.8)
Consider now the functor
S K(—®7Z/2,1): fAb— Ab, A i K(A®Z/2,1).
There is the following short exact sequence (see [24]):
05 ARZ/2— L& (AR Z/2) = To(A) ®Z/2 — 0
and L4 ®2(Z/2) = 7/4. Hence L&’ (A ®Z/2) describes a nontrivial element of
Ext(T'2(A) ® Z/2, AR Z/2) =Z/2 B L/2,

see [8]. One can check that

L@ (AR TZ/2) ~TH(AR Z/2)
and this functor is represented by the quadratic module

Z)4— Z)2 — T/4.
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This follows from the presentation of the functor &% asa quotient S? — ®2 —» &’
and the corresponding exact sequence for the derived functors.
Therefore, the sequence (5.8) can be rewritten for B = A® Z/2 as
0 S2(A)RZ20A(A)RZ/2 = 5 K(A®Z/2,1) = T2 (A®Z/2) = 0. (5.9)

We know from [21] that 75 K(Z/2,1) = Z/8. The diagram of cubical Z-modules
which correspond to the extension (5.9) has the following form

0 0

Zj2 T Z)2 T Z[2
<_

4 \ 1=
. >

Z/s > L/4 T 12
(_

X ) A A

Z/A = )2 &2 0

One verifies that the above extension is unique and therefore,
(AR Z/2,1) ~Ty(ARZ/4) ® A*(A) @ Z/2

(see (2.8)). Observe also that the Whitehead sequence implies that the Hurewicz
map

s K(A®Z/2,1) — H3(A®7Z/2)
is a natural surjection, which induces isomorphism on the triple cross-effects. How-
ever, it is not possible to construct a commutative diagram of the form

7)8 = 7/4 ﬁ 7,2
— o

{ { =
1

Z)2 = 72 = 7/
— -

This gives a contradiction. Therefore, the functor 75 K (A, 1) describes a non-trivial
element of (5.7). O

Theorem 5.1 implies that the functor 75 K(—7Z/2,1) : fAb — Ab is repre-
sented by the cubical Z-module
1
on D
Z/8 T L/4 T L)2.
%
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The portion of the Whitehead sequence which contains the natural transformation
7§ — Hs has the following form

SQ(A)®Z/2> > F(A) > AS(A)®Z/2 (5.10)
\ \ \%
\% v \%

[(ARZ/2)> > nf§K(A®Z/2,1) > H3(A®Z/2)

\ \ \
ARZ/2> > Ty (A®Z/2) > Ty(A)®Z/2

where the functor F': fAb — Ab is given by the cubical Z-module
0
Sp T
Z)2 R Z)2 PR /2.
(_
The spectral sequence (5.5) therefore implies the following
Proposition 5.1. For an abelian group A, there is a natural exact sequence
0 — LoF(A) = n5K(A,1) = Li&*(A) = 0
which does not split.

5.4. The fourth stable homotopy group of K(A,1)

Consider first the case of a free abelian group A. We have the following diagram

Hs(A) > T 14X"K(A,1) > TP K(A,1) > Hy(A)

A5(A) > A®Z/3EBP > 7T4SK(A,1) . A4(A)

where the term P was defined in (5.3). The functor A ® Z/3 @ P is cubical. The
natural transformation A%(A) — A®Z/3 @ P is zero and we have a natural short
exact sequence

02 ARZ/3DP — 17 K(A 1) — AY(A) — 0. (5.11)
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Here, by (5.3), the functor P is given by the pushout diagram
AQRZL[2 ~ 7§ K(A,1)

A®4
\ \

ARZL/8 > P.

It follows that the functor P can be descibed by the cubical Z-module:
0

Srgpn
Z/8 = Z]2 PR 7/2.
%
Theorem 5.2. The functor
w5 fAb — Ab, A 17K (A1)
is described by the following quartic Z-module
0
T zp D
7/24 X Z)2 = Z])2
(_

Z. (5.12)

[RRESER

Proof. The proof is similar to that of Theorem 5.1. Since the quartic Z-module
which corresponds to the functor A* has a simple form, it is easy to see that
Extf(A*, - ®Z/3® P) =7/2 (5.13)
and a nontrivial element in (5.13) is given by the quartic Z-module (5.12). It
remains to show that the sequence (5.11) does not split naturally.
Let us assume that the sequence (5.11) does split. Recall that
Hom(A* ® Z/2,G) = Hom(G,A* ® Z/2) = 0
for every cubical functor G. The spectral sequence (5.5) implies that the functor
(- ®7/2,1): fAb — Ab, A— 7f(A®Z/2,1)
can be represented as a direct sum
(AR Z/2,1) ~ Q& A (A) © Z/2
for some cubical functor @ : fAb — Ab. The description (5.2) of T',; 434K (A ®
Z/2,1) implies that it is a cubical functor for all r. It follows that the image of the
Hurewicz map
i K(A®Z/2,1) — Hy(A®7Z/2)
also has the form Q@ A*(A) ®Z/2 for some cubical functor Q. The diagram (5.10)
implies that the Hurewicz map is an epimorphism, hence we obtain that there is
a natural isomorphism

Hi(A®Z/2)~ Q@A (A) @ Z/2.
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Since we know that there exists a natural exact sequence (see [6])
0= AYA)®Z/2— Hy(ARZ)2) = LiIAN*(ARZ/2) — 0, (5.14)

we have an isomorphism Q ~ LiA%(A ® Z/2) and the sequence (5.14) splits. To
prove this rigorously, one considers a quartic Z-module associated to Q @ A*(A4)®
7Z/2 and compares it with any possible extension of type (5.14). It remains to
observe that

Hy(A®Z/2|Z) ~ H3 (AR 7Z/2)
so that splitting of (5.14) implies the splitting of
0—A*(A)®7Z/2— H3(A®Z/2) — T'9(A) @ Z/2 — 0.
However, by (3.4), this is not possible. O

6. Functorial spectral sequences

In general, the combinatorics of spectral sequences is very difficult. In many impor-
tant cases, nobody knows how to compute the differentials of a spectral sequence
or how to solve the extension problem. However, in the case when we study homo-
topy types which depend functorialy on an abelian group A, one can use the power
of functoriality to solve the above problems. For the examples in this section, the
filtration of a complex by functors gives rise to a functorial spectral sequences, in
the following sense:
1. All pages of the spectral sequence are filled by functors instead of abstract
abelian groups;
2. All differentials of the spectral sequence are natural transformations between
functors;
3. the E*°-page can be glued to the abutment by a sequence of functorial oper-
ations.

6.1. Homology of abelian groups

For an abelian group A, consider a free abelian simplicial resolution of K (A,1) :
P, — K(A,1). The filtration of Z[P,] by powers of the augmentation ideal deter-
mines a spectral sequence

E}, = LppqSU(A,1) = Hppq(A).

This spectral sequence is studied in [6]. In particular, it is shown in [6] that this
spectral sequence stabilizes at the level of the second page, i.e., all its differentials
are trivial. Using décalage, the spectral sequence can be rewritten as

E2, = LyA"(A) = Hyyq(A). (6.1)
For any abelian group A and n > 1, we set

Qn(A) = L, A"(A).
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The symmetric group %, acts on Tor™(A) := L,_; @" (A) and the functor €,
can be identified with X¢-invariants in Tor™ (A) [6], [18, Theorem 2.3.3|:

0 (A) = (Tor™ (4))=n.
There exists a sequence of homomorphisms (see [7] and [18]):
Ap Tn(nA) — Q,(A4) (6.2)

for h > 1 such that the group €,,(A) is generated by the elements

wit (1) - xwil (25) 7= Ay, (1) - i, () (6.3)

with i, > 1 for all k, and Zk ix = n. The following description of the derived
functors L;A™ is given in [18] Theorem 2.3.5:

LiA™(A) ~ (Qiy1(A) @ A" (A))/ Jacy . (6.4)

Here Jacy is the subgroup generated by the expressions
J
D wh (@) e wwf g (a) %k Wl (@) @ TR AYLA - Ynio
k=1

for all h, with 337 i =i + 2.
For the case of a Z/p-vector space (p is a prime), the structure of L;A™ can
be given as follows. Let A be a free abelian group. Then

Qu(A®Z/p) ~T'n(A) @ Z/p.

In this case, the derived functors 6.4 can be identified with images of the Koszul
complex (see [7]):

LN (A®Z/p) = coker{T;42(A) @ A"""2(A) @ Z/p
— Tis1(4) @ A7 H(A4) @ Z/p}
CTi(A) @A (A RZ/pC A®" @ Z/p.

Now we observe that all differentials in the spectral sequence (6.1) are certain
natural transformations of the type:

polynomial functor of degree <n — L,A"(A® Z/p) C A®" @ Z/p.

By (2.7), any such natural transformation is zero. Hence, all differentials of this
spectral sequence are zero maps.

6.2. Homotopy groups of K (A, 2) V K(B,2)

Recall that, for a pair of path-connected spaces X,Y, there exists the following
fibre sequences (see [1, 17])

SOX)A(QY) 5> X VY 5 X xY (6.5)

and
QXA (QX) - 20X — X . (6.6)
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For a pair of abelian groups A, B, taking X = K(A,2),Y = K(B,2), we get the
homotopy equivalence
S(OQX)A(QY) ~XK(A,1)ANK(B,1).

Therefore, for B = Z, we have natural isomorphisms

(K (A,2)V K(Z,2)) ~ 1, (22K (A, 1)), n > 3. (6.7)
Taking A = B, the fibre sequences (6.5) and (6.6) imply the isomorphisms

(K (A,1)) 2 m,(K(A,2) vV K(A,2)) for n > 3. (6.8)

Choose the simplest simplicial model for K (A, 1). Applying the inverse to the

normalization functor in the sense of Dold-Kan to the complex A[l], we obtain
the abelian simplicial group @Q.(A) with components

Qi:(élx-\-,-x/}),z’21
i copies

and the property |Q.(A)| ~ K(A,1). The face and degeneracy maps in Q. (A)
are standard, their structure follows from the construction of the inverse to the
normalization functor.

The following fact follows directly from the Whitehead Theorem [29] (see
[19], Proposition 4.3, for the simplicial version of the Whitehead Theorem): for a
pair of abelian groups A, B, there is a homotopy equivalence

|Q«(A) * Qu(B)| = QK (4,2) V K(B,2)).

Here Q. (A) x Q.(B) is the free product of simplicial groups Q.(A) and Q.(B).
That is, for T := Q«(A) * Q«(B) the components are

T,:=(Ax- -+ xA)x(Bx--+xB).
~ ~ % ~ ~ %
n copies n copies
Consider the lower central series filtration of this simplicial group:
Te Dv(Te) Dys(Ty) Do+ .

This filtration defines the spectral sequence, which is natural on A and B, with
initial terms

Epq = 7q(p(Te) [1p41(T2)) -

There exists an increasing function f : N — N, such that, for m > 2,
i (Y (1) /Ym+1(Tx)) = 0, i < f(m). (6.9)
The proof of 6.9 is routine. Here we give a general idea how to prove it.

Step 1. To reduce the problem to the connectivity for augmentation quotients.
For a group G, denote its augmentation ideal ker{Z|G] — Z} by A(G). Let G
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be a group with torsion-free lower central quotients, then there is the following
decomposition of augmentation quotients [27]:

A"(G)/A"“(G)= Z ®S‘“ (7:(G) [7i+1(G)),

where the sum runs over all non-negative aq, ..., a, such that E _,1a; =n (here
S%(M) = Z for an abelian group M). This “Sum presents a collection of graded
factors of the functor A™/A"+1,

Step 2. To describe the structure of bifunctors
(A,B) — A"(Ax B)/A"" (A x B), n > 1.

There is a natural map

P S (A)®--S"(Ay) - A™(Ax B)/A™T (A B), (6.10)
ti+-+te=n
where all A;, i = 1,...,k are either A or B and A; is not the same as A;;; for

all 7. It is obvious that this map is surjective. Therefore, an abstract isomorphism
between left and right sides of (6.10) implies that this natural transformation is
an isomorphism. For example, there is a natural isomorphism

A3(A*B)/A*(A*B)~(A® B A)® (B® A® B)

D (S*(A) ®B)® (S*(B)® A) @ (A® S*(B)) ® (B ® S5*(A)) ® S*(A) ® $*(B).
Step 3. Use induction on degree of the functor and connectivity results for sym-
metric powers from [14].

Connectivity (6.9) implies that the spectral sequence converges:
B, = (L) /31 (1) = myn (K(A,2) VK (B,2)), > 2. (6.11)
The idea is to analyze the bifunctors in the category of abelian groups:
Fn: (A,B)—= (A% B)/yn+1(AxB), n> 1.
It is clear that
Fi1(A,B)=A®B
F2(A,B) = A® B.
The next terms have the structure
F3(A,B) = (A® SP*(B)) @ (B ® SP%*(A)).
The next functor F4 has graded pieces:
griFy(A,B) = A*(A® B),
gr2Fi(A, B) = (A® S°(B)) ® (B ® §°(4)),
graFi(A, B) = 8%(A) ® S*(B).

The lower terms of this spectral sequence have the following structure:
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El, p=2 3 4 5
L
qg=>5 0 Tor(A, Q(B))® | A® LA*(B) | @ *
Tor(B,Q2(A)) Q2(A ® B) @ Tory(A, B,Z/2)®

m (A % LA3(B)@ B & LA3(A)>

4 0 m (A & LAQ(B)> & A(A®B)eAX(A)@A2(B)e *
™ (B % LA2(A)) A® A} (B) & B® A} (A)®
Tory (4, B,7Z/2)
3 Tor(A, B) A?(A) ® B® A®RB®Z/2 0
A(B)® A
9 A®B 0 0 0

It follows immediately that there is a natural isomorphism
m3(K(A,2) VvV K(B,2)) ~ A® B.
Now let us show that the differential

L L
dy: m (A ® LA*(B)® B ® LAQ(A)> — A®B®Z/2

is zero. We will use the fact that this is a natural transformation between bifunc-
tors. It is enough to show that the vertical map

A®Qy(B)
\

\

™ (A & LA?(B)) — A®B®Z/2

¥
Tor(A, A2(B))

induced by d' is zero, since A and B come to the picture in a symmetric way. First
consider its restriction:

d'|:A®Q(B) - AR BRZ/2.
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Since A ® Q3(B) and A ® B ® Z/2 are additive right exact functors on A4, it is
enough to show that d'| = 0 for A = Z. Recall from 6.7 and [9] that

m4(K(A,2)V K(Z,2)) = m4(3°K (A, 1)) = @2(14) . (6.12)
Therefore, d*| is zero. Hence the homomorphism d' can be extended to

d' : Tor(A,A*(B)) = A® BQZ/2.
Fixing A and looking at these functors as functors on B only, observe that, the
natural map B @ B — B, (b1, ba) — b1 + by, induces an epimorphism from cross-
effect to this functor:
Tor(A, A*(B|B)) = Tor(A, B® B) — Tor(A,A*(B)).

Since the functor A ® B ® Z/2 is additive on B, we see that d" is the zero map.
Hence d* is zero.

Now the spectral sequence (6.11) implies that there are the following graded
pieces of the fourth homotopy group of the wedge K(A4,2)V K(B,2) viewed as a
bifunctor:

A®BQZ/2> > some %unctor > (A®A%(B)) @ (B ® A%(A))

v
m(K(A,2) Vv K(B,2))

v
Tor(A, B). (6.13)
Neither horizontal nor vertical sequence split naturally in (6.13). To see that

the horizontal sequence does not split naturally, take B = Z. In this case, the
diagram (6.13) has the form

0= A®Z/2 — my(K(A,2)V K(Z,2)) = A*(A) — 0. (6.14)
It follows from (6.12) that the sequence 6.14 does not split naturally.
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Prerequisites of Homological Algebra

Antoine Touzé

Abstract. This text recalls the basic notions of homological algebra needed
in the other parts of the book, in order to make them accessible to beginners.
The aim of Sections 2 and 3 is to give a unified presentation of the various
homology theories appearing in the book. In particular, we try to underline
the links, the similarities and the differences between them. Section 4 is an
introduction to spectral sequences, a technical tool which is used in all the
other chapters.

Mathematics Subject Classification (2010). 20G10, 18G10, 55P65, 18G15,
20J06.

Keywords. Derived functors, group homology, functor categories, spectral se-
quences.

1. Introduction

Functors and short exact sequences

Let A be an abelian category, for example the category of modules over a ring R.
To analyze the structure of an object A € A, we often cut it into smaller pieces:
we find a subobject A’ C A, and we study the properties of A’ and of the quotient
AJA’. Then we try to recover some information on A from the information we
have on A’ and A/A’.

Short exact sequences formalize the decomposition of an object into smaller
pieces. They are diagrams in A of the following form, where (i) f is a monomor-
phism, (ii) the kernel of g is equal to the image of f and (iii) g is an epimorphism:

0-ALa% a0
The information we want to know about objects of A is often encoded by
a functor from A to an other abelian category B. For example, A = Ab is the

category of abelian groups and we want to determine the n-torsion part of an
abelian group. In this case, F' is the functor

Ab — Z/nZ-Mod
A = ,A={a€eA;na=0}.
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A functor F': A — B is exact if it sends short exact sequences in A to short
exact sequences in B. If F' is exact and if we know two of the objects FI(A"), F(A),
F(A"), then we have good chances to recover the third one.

Unfortunately, many interesting functors are not exact, but only semi-exact.
For example, the n-torsion functor is only left exact, that is it sends a short exact
sequence is to a sequence

0 oA 20 A 2% A7

where (i) ,,f is injective, (ii) the image of , f equals the kernel of ,,g. But ,g is
not surjective in general as one easily sees by applying the n-torsion functor to
the short exact sequence 0 — Z — 7 — Z/nZ — 0. In that case, to reconstruct
one of the objects F(A’), F(A) and F(A”) from the two other ones, we need the
theory of derived functors.

Derivation of semi-exact functors

By a semi-exact functor, we mean a functor which is left exact or right exact.
When a functor F is left exact we can (if the category A has enough injectives, cf.
Section 2) define its right derived functors R'F, i > 1, which are designed so that
the left exact sequence

0 FA) 29 pay 29 peary

fits into a long exact sequence (i.e., the kernel of each map equals the image of the
preceding map)

R'F(g)

F(f) RlF(A) e

0 FA) 29 poay 29 poary 3 mUpany 2ED,

SRRy B, pipay 2RO, pipary 4

In particular, the cokernel of F(g) equals the kernel of R'F(f), so the derived
functors of F' definitely help to recover one of the objects F/(A’), F(A) and F(A")
from the two other ones.

Similarly, when a functor G : A — B is right exact (i.e., it sends short exact
sequences 0 - A" — A — A” — 0 to right exact sequences G(A’) — G(A) —
G(A") — 0) we can define its left derived functors L'G, i > 1 fitting into long
exact sequences

- L1G(A) = L1G(A") - G(A') - G(A) = G(A") = 0.

(Co)homology theories as derived functors

As we will see in Section 2, the theory of derived functors of semi-exact functors
provides a unified conceptual framework to study many (co)homology theories.
For example the (co)homology of discrete groups or categories which appear in
the lectures of A. Djament in this volume, or the cohomology of algebraic groups
which appears in the lectures of W. van der Kallen in this volume.
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Derived functors of non-additive functors

A functor F' : A — B is additive if it commutes with direct sums, i.e., the canonical
inclusions A < A@® A’ and A’ — A @ A’ induce an isomorphism

F(A® A ~ F(A) @ F(A') .

It is easy to show (see Exercise 2.3) that semi-exact functors are additive, as well
as their derived functors. So the theory of derivation of semi-exact functors lives
in the world of additive functors.

Unfortunately, there is a profusion of non-additive functors in algebra and
topology. For example, the group ring ZA an abelian group A may be thought
of as a non-additive functor Ab — Ab. Similarly the homology H.(A,Z) of an
abelian group A may be thought of as a non-additive functor with variable A.

For such general functors, Dold and Puppe provided a theory of derivation
which we explain in Section 3. This theory provides a conceptual framework to
study non-additive functors. For example, the homology of an abelian group A with
coefficients in Z may be interpreted as derived functors of the group ring functor.
Such derived functors appear in the lecture of R. Mikhailov in this volume.

Spectral sequences

Spectral sequences are a technical but essential tool in homological algebra. They
play a crucial role to study and compute effectively derived functors. In Section 4
we provide an introduction to spectral sequences, with a focus on standard exam-
ples appearing in the remainder of the book.

2. Derived functors of semi-exact functors

2.1. Basic notions of homological algebra

2.1.1. Definitions related to complexes. Let A be an abelian category, e.g., the
category R-Mod (resp. Mod-R) of left (resp. right) R-modules over a ring R.

A complex in A is a collection of objects (C;);cz together with morphisms
dc @ C; — C;_1, satisfying dg o do = 0. The ¢th homology object of C' is the
subquotient of C; defined by:

Hl(C) = Ker(dc : Ol — Oi_l)/lm(dc : Ci+1 — Cl) .

If C' and D are complexes, a map f : C'— D is a collection of morphisms f; :
C; — Dy, satisfying f;od = do f;+1. It induces morphisms H;(f) : H;(C) — H;(D)
on the level of the homology. Two maps f, g : C' — D are homotopic if there exists
collection of morphisms h; : C; — D;41, such that f; — g, = dp o h; + h;—1 o d¢
for all ¢ > 0. Homotopic chain maps induce the same morphism in homology. A
homotopy equivalence is a chain map f : C'— D such that there exists g : D — C
with g o f and f o g homotopic to the identity.

We will use the word chain complexr to indicate a complex concentrated in
nonnegative degrees, i.e., C; = 0 for i < 0. We denote by Chx>((A) the category of
chain complexes and chain maps. We will use the word cochain complex to indicate
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a complex concentrated in nonpositive degrees, i.e., C; = 0 for ¢ > 0. By letting
C'" = C_;, we can see a cochain complex in a more familiar way as a collection of
objects C, i > 0 with differentials d¢ : C* — C*! raising the degree by one. We
denote by ChZO(A) the category of cochain complexes.

For a nonnegative integer n, the n-fold suspension of a chain complex C' is
the chain complex C[n] defined by (C[n]); = Ciyyn and dep,) = (—1)"dc. This
yields a functor [n] : Chx>¢(A) — Ch>o(A).

2.1.2. Additive functors. Let F': A — B be a functor between abelian categories.
The functor F' is called additive if it satisfies one of the following equivalent con-
ditions.

(1) For all objects A, A’ of A the canonical maps A - A® A" and A’ - A A’

induce an isomorphism F(A)® F(A") ~ F(Ag A’).

(2) For all f,g: A— A’, we have F(f +g) = F(f)+ F(9).
If F is an additive functor, then the functors F' : Ch>¢(A) — Ch>((B) and
F : Ch="(A) — Ch=°(B) obtained by applying degreewise F preserve chain ho-
motopies.

2.1.3. d-functors

Definition 2.1. Let A and B be abelian categories. A homological é-functor is
a family of functors G; : A — B, i > 0, together with connecting morphisms
Op 2 Gn(A”") = G,,—1(A’) defined for each exact sequence 0 - A’ - A — A” =0
such that:

(1) For each exact sequence 0 — A" — A — A” — 0 the diagram in A below is
a long exact sequence (by convention, G; = 0 if ¢ < 0):

2 Gi(A) = Gi(A) = Gi(A") 2 Gina(A) =

(2) For each morphism of exact sequences, that is for each triple (f’, f, ") such
that the following diagram commutes:

0 = A’ > A = A" >0 ,
I’ f 1
\ \ \
0 > B’ > B > B >0

we have a morphism of between the corresponding long exact sequences, that
is the following diagram commutes:

~Gi(A) =G4 =GA) =GiaA) >
Gi(f") Gi(f) Gi(f") Gi—1(f")

v v 4 v
~Gi(B) =GiB) =GiB") =Gi1(B) =,
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A morphism of d-functors from (G;,d;)i>0 to (H;, d;)i>0 is a family of natural
transformations 0; : G; — H;, ¢ > 0 such that for each short exact sequence in A,
the 6; induce a morphism between the associated long exact sequences.

The name ‘homological’ d-functor comes from the fact that the connecting
morphisms decrease the degrees by one. Cohomological -functors are defined sim-
ilarly with connecting morphisms raising the degrees by one.

Definition 2.2. A cohomological §-functor is a family of functors F* : A — B,
i > 0, equipped with connecting homomorphisms §° : F#(A”) — FiT1(A’) defined
for each short exact sequence 0 — A" — A — A” — 0, such that we have long
exact sequences:

0 = FO(A') — FO(A) = FOA") 25 preary — ...

and such that each morphism of short exact sequences induces a morphism between
the corresponding long exact sequences.

The following exercise shows that the functors appearing as a component of
a (co)homological d-functor are additive.

Exercise 2.3. Let G : A — B be a functor between abelian categories, such that
for all short exact sequences 0 — A" — A — A” — 0 the image of G(4') — G(A)
is equal to the kernel of G(A) — G(A”). Show that G is additive. (Hint: use the
split exact sequence 0 - A — A® B — B —0.)

2.1.4. Projective resolutions

Definition 2.4. Let A be an abelian category. An object P of A is projective if the
following functor is exact:

Homus(P,—) : A — Ab
A - HOmA(P,A).

Exercise 2.5. Show that the projective objects of the category R-Mod of modules
over a ring R are the direct summands of free R-modules. Show that there might
be projective R-modules which are not free (example: consider the ring Z x Z).

Definition 2.6. An abelian category A has enough projectives if all objects A admit
a projective resolution. This means that for all A, there exists a chain complex P4
of projective objects such that H;(P4) = A if i = 0 and zero otherwise.

Exercise 2.7. Let R be a ring. Show that R-Mod and Mod-R have enough projec-
tives.

It is not true that all abelian categories have enough projectives. The category
of rational GL,-modules in Section 2.6 provides a counter-example. To compare
the various projective resolutions which might occur in an abelian category A, we
can use the following fundamental lemma, whose proof is left as an exercise.
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Lemma 2.8. Let A, B be objects of an abelian category A. Let P* and PP be
projective resolutions of A and B in A. Then for all f : A — B, there exists a
chain map f : P4 — PB such that Ho(f) = f. Such a chain map is unique up to
homotopy. In particular a projective resolution of A is unique up to a homotopy
equivalence.

2.1.5. Injective coresolutions

Definition 2.9. Let A be an abelian category. An object J of A is injective if the
following contravariant functor is exact:
Homu(—,J) : A — Ab
A - HOmA(A, J)

Exercise 2.10. Show that an object of A is injective if and only if it is projective
in the opposite category!.

Definition 2.11. An abelian category A has enough injectives if all objects A admit
an injective coresolution. This means that for all A, there exists a cochain complex
J 4 of injective objects, such that H*(J4) = A if i = 0 and zero otherwise.

Not all abelian categories have enough injectives. With a little work, one can
prove:

Proposition 2.12. The categories R-Mod (resp. Mod-R) of left (resp. right) modules
over a ring R have enough injectives.

Sketch of proof. We do the proof for R-Mod. The proof decomposes in several
steps.

1. We first observe that to prove that an abelian category A has enough injective
objects, it suffices to prove that for all objects A, we can find an injective
object and an injective map A — J.

2. Q/Z is injective in Ab. An abelian group G is divisible if for all z € G and
all n € Z\ {0}, there exists 2’ € G such that na’.

To prove that Q/Z is injective, we first prove that being injective is
equivalent to being divisible. Then we check that Q/Z is divisible.

3. Homy (R, Q/Z) is injective in R-mod. Take the abelian group Homyz(R, Q/Z)
as an R-module, with action of R on a function f : R — Q/Z given by
rf(z) := f(ar). There is an isomorphism of abelian groups, natural with
respect to the R-module M

Homp (M, Homz(R,Q/Z)) ~ Homyz(M,Q/Z) . (%)
In particular, since Q/Z is injective, Homz (R, Q/Z) is also injective.

4. We observe that an arbitrary product of injective R-modules is still injective.

Lthe opposite category of A is the category AP with the same objects as A, with
Hom 4o0p (A, B) := Hom 4 (B, A),

and the composition in A°P is defined by fog := goy f, where o4 denotes the composition

in A.
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5. Finally, let M be an R-module. Let J the injective R-module obtained as
the product of copies of Jg = Homy(R,Q/Z), indexed by the set M =
Homp (M, Jg). There is a canonical R-linear map ¢ : M — J.

To be more specific, the coordinate of ¢ indexed by f € M is the
map ¢f : M — Jr which sends m € M to f(m). To prove that ¢ is an
injection, it suffices to find for all m € M an element f € M such that
f(m) # 0 or equivalently (cf. isomorphism (*)) a morphism of abelian groups
f:+ M — Q/Z such that f(m) # 0. Such an f can be produced using the
injectivity of Q/Z. O

The following fundamental lemma can be formally deduced from Lemma 2.8
and Exercise 2.10.

Lemma 2.13. Let A, B be objects of an abelian category A. Let Jx and Jp be
injective resolutions of A and B in A. Then for all f : A — B, there exists a
chain map f : Ja — Jp such that H°(f) = f. Such a chain map is unique up to
homotopy.

2.2. Derivation of semi-exact functors

2.2.1. Derivation of right exact functors. If (G;, d;);>0 is a homological §-functor,
the ‘end’ of the long exact sequences

coo = Go(A") = Go(A) = Go(A”) = 0

imply that Gy is a right exact functor. In particular, the assignment (G;, d;)i>0 —
Gy defines a functor from the category of homological §-functors, to the category
of right exact functors (with natural transformations as morphisms):

homological J-functors . right exact functors
from A to B from A to B

Derivation of functors yields an operation going in the other way, which enables
(in good cases, cf. condition (ii) in Theorem 2.14) to reconstruct the homological
functor (Gl, 51)120 from G().

Theorem 2.14. Let A and B be two abelian categories, and let G : A — B be a right
exact functor. Assume that A has enough projectives. There exists a homological
d-functor (L;G,6;) : A — B such that:

(i) LoG =G,

(ii) for alli > 0, L;G(P) =0 if P is projective.
Such a d-functor is unique up to isomorphism. Moreover, if G and G’ are right
exact functors, a natural transformation 0 : G — G’ extends uniquely into a
morphism of homological 6-functors 0; : L;G — L;G’ such that 0y = 0.

Definition 2.15. The functors L;G, i > 0 from Theorem 2.14 are called the left
derived functors of G.

We now outline the main ideas of the proof of Theorem 2.14.
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1. If (Gy,6:)i>0 and (G}, 0})i>0 are homological d-functors satisfying condition
(ii), then a natural transformation 6 : Gy — G{, may be uniquely extended
into a morphism of d-functors 6;, such that 6y = 6.

This results from the following ‘dimension shifting argument’. Let 6; :
G; — G, be a morphism of d-functors. For all M € A we can find a projective
P and an epimorphism P — M. Let K be the kernel of this epimorphism.

The long exact sequences of G; and G/, provide commutative diagrams:

0;
GiM) "> Go(Knr) =+, and G (M) "2 Gi(M)  i>1.
01 m 0o K i1 0i K
I ) PR AURS
Gi(M)C > Go(Kn) =+ Gi (M) > Gi(M)

So the natural transformations 6;, ¢ > 0 are completely determined by 6.
Whence the uniqueness of the extension of 6.
For the existence, one checks that taking 6, 5; as the restriction of 05 to

G1(M) and ;41 7 = (5§+1)_1 0 0; x 0 0;41 provides a well-defined morphism
of -functors extending 6.

2. The uniqueness of (L;G, ¢;);>0 satisfying (i) and (ii) follows the existence and
uniqueness of the extension of the natural transformation Id : G — G.

3. The construction of a homological é-functor (L;G, §;);>0 satisfying (i) and (ii)
is achieved by the following recipe. We first fix for each object A a projective
resolution P4. Then L;G is defined on objects by:

LiG(A) = Hy(G(PY)).

To define L;G on morphisms, we use the fundamental Lemma 2.8. Each map
f: A — B induces a chain map f: P4 — PZ and we define L;G(f) as the
map

Hi(G(f)) : Hi(G(PY)) — Hi(G(PP)) .

Since f is unique up to homotopy and G is additive (see Exercise 2.3), G(f)
is unique up to homotopy, hence different choices of f induce the same mor-
phism on homology. So H;(G(f)) is well defined. To finish the proof of Theo-
rem 2.14 it remains to check that the functors L;G actually form a J-functor.
This verification is rather long so we refer the reader to the classical references
[ML, Wei].

Exercise 2.16. Assume that A has enough projectives. Prove that a right exact
functor G is exact if and only if its left derived functors L;G are zero for i > 1.

Exercise 2.17. Find two non-isomorphic d-functors (G;, 6;);>0 and (G%, 6%);>¢ such
that Gy ~ Gj,.

2.2.2. Derivation of left exact functors. Derivation of right exact functors has the
following analogue in the case of left exact functors.
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Theorem 2.18. Let A and B be two abelian categories, and let F' : A — B be a left
exact functor. Assume that A has enough injectives. There exists a cohomological
§-functor (R'G,5%) : A — B such that:

(i) R°F =F,

(ii) for alli >0, R'F(J) =0 if J is injective.
Such a §-functor is unique up to isomorphism. Moreover, if F' and F' are left exact
functors, a natural transformation 6 : F — F’ extends uniquely into a morphism

of 6-functors ' : R'F — R'F’ such that 0 = 6.

The proof of Theorem 2.18 is completely similar to the case of right exact
functors, so we omit it. Let us just mention that the derived functor R‘F sends
an object A to the homology group H*(F(.J4)), and for f : A — B, the morphism
RY(f) is equal to H'(F(f)), where f : Ja — Jp is a lifting of f to the injective
coresolutions.

Exercise 2.19. Prove that a left exact functor F : A — B is equivalent to a right
exact functor A°? — B°P, and that a cohomological d-functor (F*,§%);>0 : A — B
is equivalent to an homological §-functor A°P? — B°P. Deduce Theorem 2.18 from
the statement of Theorem 2.14.

2.3. Ext and Tor

The most common examples of derived functors are the functors Tor and Ext.
Basic references for this section are [ML, III] and [Wei, Chap. 3].

2.3.1. Ext. Let A be an abelian category. Assume that A is enriched over a com-
mutative ring k (one also says that A is k-linear). This means that Hom groups in
A are k-modules, and composition in A is k-bilinear. For example, the category of
left (or right) modules over a k-algebra R are of that kind. And abelian categories
are by definition enriched over Z. Then for objects M, N in A we have left exact
functors:

Homyu (M, —) : A — k-Mod , Homy(—, N) : A’ — k-Mod .
If A has enough injectives, we define Ext-functors by the formula:
Ext’y (M, —) = R'(Hom4(M, —)) .

If A°P has enough injectives (this is equivalent to the fact that A has enough
projectives) then we define Ext-functors by the formula

Ext’y (M, —) = R'(Hom4(—, N)) .

Remark 2.20. Assume that A has enough injectives and enough projectives. Then
the notation Extil(M , N) might have two different meanings: either the value of
R{(Hom_4(M, —)) on N or the value of R{(Hom_4(—, N)) on M. It can be proved
that these two definitions coincide. That is, Extf4(M , N') can be indifferently com-
puted as the ith homology of the cochain complex Hom (P, N) where PM
is a projective resolution of M or as the ith homology of the cochain complex
Hom 4 (M, Jy) where Jy is an injective resolution of N.
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The notation Ext is the abbreviation of ‘Extension groups’. If A, B are objects
of A, an extension of A by B in A is a short exact sequence 0 - B — C — A — 0.
Two extensions are isomorphic if we have a commutative diagram (in this case f
is automatically an isomorphism):

0 > A > - B >0
vf
0 > A >’ >B >0.

An extension is trivial when it is isomorphicto 0 - A - A® B — B — A. We
let £(A, B) be the set of isomorphism classes of extensions of A by B, pointed by
the class of trivial extensions. The following proposition is the reason for the name
‘Ext’ (such an approach of Exts is used in R. Mikhailov’s lectures).

Proposition 2.21. There is a bijection of pointed sets (on the left-hand side
ExtY (A, B) is pointed by 0):
Ext4(A,B) ~ (A, B) .
Actually much more can be said: we can describe explicitly the abelian group
structure in terms of operations on £(A4, B), and higher Ext also have analogous

interpretations. We refer the reader to [ML, III] for more details on these topics
(and for the proof of Proposition 2.21).

Exercise 2.22. Let A, BB be abelian categories with enough projectives and enough
injectives. Let G : B — A be a right adjoint to F' : A — B. Recall that this means
that there is a bijection, natural in x, y:

Homp(F(x),y) ~ Homa(z, G(y)) .

1. Show that F' is right exact and that G is left exact.
2. Show that G is exact if and only if F' preserves the projectives (and similarly
F is exact if and only if G preserves the injectives).

3. Show that F' and G are both exact if and only if there are isomorphisms
Exty(F(2),y) ~ Ext’y(z, G(y)) for all z,y.

2.3.2. Tor. In this section, we fix a commutative ring k and a k-algebra R (if
k = Z, a k-algebra is nothing but an ordinary ring). If M is a right R-module and
N is a left R-module, the tensor product M ®pr N is the k-module generated by
the symbols m @ n, m € M, n € N, with the following relations:

men+m' @n=m+m')@n,
men+men =m+m')en,
A(m@n)=(m\)@n=m® (An) for A ek,
(mr)®@n=m® (rn) forr € R .

Tensor product over the k-algebra R yields functors:

M®p : R-Mod — k-Mod ®rN : Mod-R — k-Mod .
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Exercise 2.23. Prove that we have isomorphisms, natural with respect to M €
Mod-R, N € R-Mod, and K € k-Mod:

Homy (M ®g N, Q) ~ Homyod-g (M, Homg (N, Q)) ,
Homk(M ®r N, Q) o~ HOHlR_MOd(N, Homk(M, Q)) .

Deduce? from these isomorphisms the following properties of the functors M®g
and ®gN: (i) they are right exact, (ii) they commute with arbitrary sums, and
(iil) if M (resp. N) is projective, then M®p (resp. ® g N) is exact.

By Exercise 2.23, M®p and @ gV are right exact. Tor-functors are defined by

the following formulas (recall the category of left or right R-modules has enough
projectives so that left derived functors are well defined).

Tor/'(—,N) = Ly(®gN) , Tor[(M,—) = Li(M®g) .
Remark 2.24. The notation Tor®(M, N) has two different meanings: on the one
hand it is the value on M of L;(®gN) and on the other hand it is the value of
L;(M®pg) on N. However, we shall see in Example 4.22 that they coincide. Thus,
the k-module Tor(M, N) can be indifferently be computed as the ith homology of

the complex PM @ N or of the complex N ® g PV, where PX denotes a projective
resolution of X.

The name ‘Tor’ is the abbreviation of ‘Torsion’, and it is justified by the case
of abelian groups, as the following exercise shows it.

Exercise 2.25. Let A and B be abelian groups. Show that Tor’”(A4, B) = 0 for
i > 1. If B = Z/nZ, show that Tor?(A,Z/nZ) is the functor sending an abelian
group A to its n-torsion part ,A = {a € A : na = 0}.

The following exercise explains why so many examples of left derived functors
can be interpreted as functors Tor (M, —).

Exercise 2.26. Let R be a k-algebra, and let G : R-Mod — k-Mod be a right exact
functor, commuting with arbitrary sums.

1. Show that functoriality endows the k-module G(R) with the structure of
a right R-module.

2. Show that for all free R-modules F', there is an isomorphism of k-modules,
natural with respect to F': G(R) @ F ~ G(F).

3. Deduce that for all i > 0, L;G(—) ~ Tor®(G(R), ).
2.3.3. Bar complexes. Let R be a k-algebra, let M € Mod-R and N € R-Mod.
The double-sided bar complex B(M, R, N) is the complex of k-modules defined as
follows. As a graded k-module, we have (tensor products are taken over k):

B(M,R,N), =M@ R®* @ N .
An element m@r1®---Qxp@n € B(M, R, N)y, is denoted by m[z1]- - - |xg]n, and
an element of B(M, R, N) is denoted by m[ ]n. This handy notation is the origin

2This question requires the Yoneda lemma, see Section 2.5.2.
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of the name ‘bar resolution’. The differential d : B(M, R, N);, — B(M, R, N)j,_1
is the k-linear map defined by

d(m[z1, ..., xgln) = mai (o] - |zk]n
+ 5 N =) iman |- ez | - zgn
+ (=1)"mlaq| - |zp—1]zen .

If M = R, then B(R, R, N) becomes a complex in the category of R-modules. The
action of R on B(R, R, N)y, is given by the formula:

x - (mlzy] - |agln) = (@m)]zy] - - |eg]n .

Proposition 2.27. B(R, R, N) is a resolution of N in the category of left R-modules.
Furthermore, if R and N are projective as k-modules, then it is a projective reso-
lution of N in R-Mod.

Proof. We have already seen that B(R, R, N) is a complex of R-modules. Further-
more, if N and R are projective as k-modules, then the R-modules B(R, R, N)y,
are projective R-modules. So, to prove Proposition 2.27 we want to prove that
H;(B(R,R,N)) = N if i = 0 and zero otherwise. Let us consider N as a complex
of R-modules concentrated in degree zero. The multiplication

A: R®N=DB(R,R,N)y — N
rTRn = xn

yields a morphism of complexes of R-modules B(R, R, N) AN, So, to prove
Proposition 2.27, it suffices to prove that H,()) is an isomorphism.

To prove this, we forget the action of R and consider A as a morphism of
complexes of k-modules. We are actually going to prove that A is a homotopy
equivalence of complexes of k-modules. The inverse of A is the map n : N —
B(R, R, N) which sends an element n € N to 1®@ N € R® N = B(R,R,N)g
(Notice that 7 is not R-linear, it is only a morphism of complexes of k-modules.)
Then eon = 1Id, and 7 o € is homotopic to the identity via the homotopy h defined
by h(z[zi|---|zk]n) = Lz|z1] - - - |xg]n. O

Similarly, we can prove that if R and M are projective as k-modules, then
B(M, R, R) is a projective resolution of M in Mod-R. As a consequence of Propo-
sition 2.27, we obtain a nice explicit complex to compute Tors.

Corollary 2.28. Let R be a k-algebra, let M € Mod-R and N € R-Mod. Assume
that R, and at least one of the two R-modules M and N are projective ask-modules.
Then the homology of B(M, R, N) equals Tor® (M, N).

Proof. Assume that R and N are projective k-modules. Then B(R, R, N) is a
projective resolution of N. Hence M @ B(R, R, N) computes Tor’(M, N). But
M ®gr B(R,R,N) equals B(M,R,N). O

We can also use bar complexes to compute extension groups.
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Corollary 2.29. Let R be a k-algebra, let M, N be left R-modules. Assume that R
and M are projective as k-modules. Then Exty (M, N) equals the homology of the
complex Homp(B(R, R, M), N).

2.4. Homology and cohomology of discrete groups

As basic references for the (co)homology of groups, the reader can consult [Wei,
Chap. 6], [ML, IV], [Br] or [Ben, Chap. 2.

2.4.1. Definitions. Let G be a group, and let k be a commutative ring. A k-linear
representation of G is a k-module M, equipped with an action of G by k-linear
morphisms. A morphism of representations f : M — N is a k-linear map which
commutes with the action of G, i.e., f(gm) = gf(m) for all m € M and all g € G.

Let kG be the group algebra® of G over k. Then the category of k-linear rep-
resentations of G is isomorphic to the category of (left) kG-modules. In particular,
it has enough injectives and projectives.

Let k*™ be the trivial kG-module, that is the k-module k, acted on by G by
gx = x. If M is a representation of G, its fixed points (or invariants) under the
action of G is the k-module M defined by:

MY ={me M ,gm=mVg e G} = Homye(k", M) .
Its coinvariants is the k-module Mg defined by:
Mg =M/{gm—m, méeM,geG)=k" @ M.

The (co)homology of G is defined by deriving the functor of (co)invariants.

H'(G,~) = R'(-“) = Exti(k"™, -) ,

Hi(G,—) = Li(—¢) = Tor{%(&"™",—) .

We don’t mention the ring k in the notations H*(G, M) and H;(G, M). Since

a kG-module is also a ZG-module, these notations have two interpretations, e.g.,

HY(G, M) means Extf. (k1Y M) as well as Extl(Z"1, M). The following exer-
cise shows that these two interpretations coincide.

Exercise 2.30. If M is a ZG-module and N is a kG-module, there is a canonical
structure of kG-module on k ®7 M, and a canonical structure of k-module on
Homya (M, N). Prove that there is an isomorphism of k-modules

Hong(M, N) ~ Homkg(k ®z M, N) .

Recall the bar complex from Section 2.3.3. Show that k ®z B(ZG, ZG,Z"Y) is
isomorphic to B(kG,kG, k") as a complex of kG-modules. Deduce that there is
an isomorphism of k-modules Ext, (ZV, M) ~ Ext{(k®V, M). Similarly, prove
the isomorphism Tor” (Z"V M) ~ Torf (kv M).

3The group algebra kG is the free k-module with basis (bg)gea, with product defined by by by 1=
bygr- The unit of the k-algebra kG is the element 1 = be corresponding to the identity element
e e G.
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The following exercise gives a relation between the homology of a group and
the homology of its subgroups.

Exercise 2.31 (Shapiro’s lemma). Let H be a subgroup of G. Let us denote by
resg : kG-Mod — kH-Mod the restriction functor. If M is a k H-module, we denote
by ind% M the k-module kG @y M, acted on by G by the formula: g(z ® m) :=
gz @ m. We denote by coind$ M the k-module Homy s (kG, M), acted on by G by
the formula (gf)(z) := f(zg).
1. Prove that indg (resp. coindg) is left (resp. right) adjoint to res.
2. Prove that resg is exact and preserves injectives and projectives, that indg
is exact and preserves projectives, and that coindg is exact and preserves
injectives (use Exercise 2.22).

3. Prove Schapiro’s lemma, namely we have isomorphisms, natural with respect
to the kH-module N:

H.(H,N)~ H,(G,ind§N), H*(H,N)~ H*(G,coind,N) .
2.4.2. Products in cohomology. If A is a kG-algebra, the cohomology H*(G, A)
is equipped with a so-called cup product, which makes it into a graded k-algebra.

Moreover, if A is commutative, then H*(G, A) is graded commutative, i.e., the
cup product of homogeneous elements = and y satisfies

zUy = (—1)dee@ des®)y g |

This cup product may be defined in many different ways (there are four different
definitions in [ML]). We present here a description of cup products using the
complex Homyg (B(kG, kG, k"V), M) from Corollary 2.29. We first rewrite this
complex under a more convenient form.

Proposition 2.32. The complexr Homyg (B (kG, kG, k'), M) is isomorphic to the
complex of k-modules C*(G, M) defined by

C"(G, M) = Map(G™", M) ,

where Map(G*™, M) means the maps from the set G*™ to the k-module M, and
G*Y should be understood as a set with one element, and with differential 0 :
C™(G, M) — C"TYG, M) defined by:

(Of) (g1, gn+1) = 91f (92, - -, Gn+1)
+ 2 (D f(g1s - 9igit s+ 1)
+ (=" f (g2, ..., gn) -
Proof. There is an isomorphism of k-modules:
Map(G*™, M) ~ Homyg (kG @ (kG)®™, M)
which sends a map f to the kG-linear morphism fdeﬁned by:

f(bgolbg, |-+ -1bg,1) == gof (g1, -1 9n) -
We check that this isomorphism is compatible with the differentials. O



Prerequisites of Homological Algebra 113

We define the cup product on the complex C*(G, A):
C" (G, A) x C™(G,4) — C™™ (G, A)
Ji, f2 = fiU fo
by the formula (where -4 denotes the product of the kG algebra A)

(LU f2)(g1s s gntm) = f1(grs--59n) ~a [(91 -+ gn) f2(Gnt1, s Gnm)] -

This products makes (C*(G, A),U,d) into a differential graded algebra, that is,
the differential 0 of C*(G, A) acts on products by the formula:

O(frU f2) = (0f1) U f2+ (1) f1U (0f2) -
Since (C*(G, A),U,0) is a differential graded algebra, there is an induced cup
product on the level of cohomology, defined by the formula (where the brackets
stand for the cohomology class represented by a cycle):

[AlULf] = [f1U fo] -
Remark 2.33. If A is commutative, the differential graded algebra C*(G, A) is
not graded commutative, so it is not clear with our definition why H*(G, A)
should be graded commutative. One has to show that the difference f; U fo —
(—1)des(f1)des(f2) £, U f; is a boundary in C*(G, A), which is left as an exercise to
the courageous reader.

2.5. Homology and cohomology of categories

As a reference for the cohomology of categories, the reader can consult [FP], or
the article [Mit].

2.5.1. From groups to categories. A group G can be thought of as a category with
one object, say *, with Hom(x, *) = G and the composite of morphisms g and h
is the product gh. Let us denote by *xg the category corresponding to the group
G. With this description of a group, a k-linear representation of G is the same as
a functor
F:xg — k-Mod .

The k-module on which G acts is F (%) and an element g € G acts on F(x) by
the k-linear endomorphism F'(g). Keeping this in mind, the following definition is
quite natural.

Definition 2.34. Let C be a small* category and let k be a commutative ring. A
left k-linear representation of C is a functor F': C — k-Mod, and a right k-linear
representation is a functor F' : C°? — k-Mod. A morphism of representations
0 : ' — G is a natural transformation of functors.

Since the (co)homology of groups was defined in terms of Tor and Ext in
the category of representations of G, the (co)homology of categories should be
similarly defined in terms of Tor and Ext in the category of representations of C.
This motivates the study of functor categories.

4A small category is a category whose objects form a set. For example, the category of all sets
is not a small category (cf. the classical paradox of the set of all sets).
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2.5.2. The Yoneda lemma. The Yoneda lemma is an elementary result, but it plays
a so crucial role in the study of categories and functors that it deserves its own
section. Let C be a category and let « be an object of C. We denote by h* : C — Set
the functor ¢ — Home (z, ¢).

Lemma 2.35 (The Yoneda lemma). Let F': C — Set be a functor, and let x be an
object of C. Then the natural transformations from h* to F form a set, and the
following map is a bijection:

Nat(h*, F) —  F(x)
6 = 0,(Id,)

Proof. First, a natural transformation 6 is uniquely determined by 6,.(Id,.), since
for all objects y in C and for all f € h*(y)

0y(f) = (0y 0 h*(f)) (Idz) = (F(f) 0 b2) (Id2) = F(f)(0:(Id2) ) -

Hence the natural transformation forms an set and the map of Lemma 2.35 is
injective. To prove it is surjective, we observe that if a € F(z), the maps

oy« h*(y) —  F(y)
= F(f))

define a natural transformation ¢ in the preimage of «. O

Exercise 2.36. Let f € Hom¢(x,y). Show that the maps

(hf)z: hW(z) — h*(z)
a — aof

define a natural transformation h/ : h¥ — h®. Let H be the category with the
functors h* as objects, and with natural transformations as morphisms. Show
that the functor C°P — H, x — h” is an equivalence of categories.

2.5.3. The structure of functor categories. Let C be a small category and let k be
a commutative ring. We denote by C-Mod the category® whose objects are functors
F : C — k-Mod, and whose morphisms are natural transformations of functors.

Direct sums, products, kernels, cokernel, quotients of functors are defined in
the target category. Specifically, this means that the direct sum of two functors
F, G is the functor FOG defined by (F®G)(c) = F(c)®G(c) for all ¢ € C. Similarly,
the kernel of a natural transformation 6 : F' — G is defined by (ker 0)(c) := ker|[f.. :
F(c) — G(c)] and so on. The following lemma is an easy check.

Lemma 2.37. The category C-Mod is an abelian category.

5 Actually we are cheating a bit here. It is a priori not clear that C-Mod is a genuine category.
Indeed, it is not clear that the collection of natural transformations between two functors form
a set. However, this is the case when the source category C is small, and this is exactly why we
impose this condition on C.
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Short exact sequences of functors are the diagrams of functors 0 — F' —
F — F” — 0 such that for all ¢ € C, evaluation on ¢ yields a short exact sequence
of k-modules:

0— F'(¢c) = F(c) = F"(c) = 0.

Since we consider functors with values in k-mod, a linear combination of
natural transformations is a natural transformation. So, the Hom-set in C-Mod are
actually k-modules. Moreover, composition of natural transformations is bilinear.
In other words, the functor category C-Mod is enriched over k (we also say a
k-linear category).

2.5.4. Homological algebra in functor categories. We want to do homological al-
gebra in C-Mod. Let us first define the standard projectives P, for = € C. These
functors will play the same role in C-Mod as the representation k G does in the
category k G-Mod.

Fix an object x € C. We define P, as the k-linearization of the functors h”
from Section 2.5.2. To be more specific, if X is a set, we let kX be the free k-
module with basis (b;)zex indexed by the elements of X. Then P, € C-Mod is
defined by

P,(c) := kHome(z,¢) .
Lemma 2.38 (k-linear Yoneda lemma). Let z € C and let F' € C-Mod. Let us denote
by 1, € kEnd¢(x) the basis element indezed by 1d,, € Ende(z). The following map
is an isomorphism of k-modules, natural with respect to F' and x:
HomC—Mod (Pm, F) — F(x)
0 = 0,(1,)

Proof. The canonical inclusion of sets X < k X induces an isomorphism natural
with respect to the set X and the k-module M:

Homy nod(k X, M) ~ Homget (X, M) .

Hence the canonical natural transformation of functors h* — P? induces an iso-
morphism Home nod( Py, ) ~ Nat(h?, F'). Now the k-linear map of Lemma 2.38
is the composite of this isomorphism and the standard Yoneda isomorphism of
Lemma 2.35, hence it is bijective. 0

Exercise 2.39. Let C be a small category, and let x,y be objects of C. Write an
explicit basis of Home mod (Px, Py).

Let us spell out the homological consequences of the Yoneda lemma.
Lemma 2.40. Let x € C. The functor P, is projective.

Proof. Projectivity of P, means exactness of the functor Home_ nvoq (P, —)- By the
Yoneda lemma, the latter is isomorphic to the functor F' — F(x), which is exact
by the definition of short exact sequences of functors. O
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Lemma 2.41. The category C-Mod has enough projectives, and the family of func-
tors (Py)zec s a projective generator. That is, all F € C-Mod can be written as a
quotient of a direct sum of these functors.

Proof. By the Yoneda lemma, for all x € C and all « € F(z), there is a unique
natural transformation & : P, — F which sends 1, € P,(x) to a € F(z). Taking
the sum of all the a we obtain a surjective natural transformation:

@ P, —» F. O

z€C,a€F ()

Exercise 2.42. Prove that any projective object in C-Mod can be seen as a direct
summand of a direct sum of P,.

The category C-Mod also has enough injectives, but it is slightly more com-
plicated to prove.

Exercise 2.43. Let J be an injective generator of k-Mod (i.e., every k-module
embeds into a product of copies of J). For all z € C, let us denote by I, ; € C-Mod
the functor defined by:

I s(¢) := Homy (k Home(c, ), J) .

Show that I, s is injective, and that the family (I, j)zec is an injective generator
of C-Mod. (Find inspiration from the proof of Proposition 2.12.)

2.5.5. Homology and cohomology of categories. Let C be a small category, let k
be a commutative ring and let F' : C — k-Mod be a k-linear representation of C.
Let us denote by k the constant functor with value k. The cohomology of C with
coefficients in F' is the graded k-module H*(C, F') defined by

,I:I>k (67 F) = EXté—MOd(k7 F) .

To define the homology H.(C, F) of C with coefficients in the representation
F', we need a generalization of tensor products to the framework of functors. Let
us denote the category C°P-Mod of contravariant functors with source C and target
k-Mod by the more suggestive notation Mod-C. Such contravariant functors will
play the role of right modules in our tensor product definition.

Let G € Mod-C and let F' € C-Mod. The tensor product G ®¢ F' is the k-
module generated by the symbols m®mn, for m € G(z) and n € F(x), for all z € C,
subject to the relations:

men+m @n=m+m')@n,

man+men =m+m')en,
A(m@n)=(m\)@n=m® (An) for A €k,
(G(f)(m)) @ n=m (F(f)(n)) for all morphisms f in C .

Exercise 2.44. Prove that P, ®¢ F ~ F(z) naturally with respect to F,z and
similarly that G ®¢ P, ~ G(x), naturally with respect to G, x.
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Exercise 2.45. Prove that the isomorphisms, natural with respect to G € Mod-C,
F € C-Mod and M € k-Mod:

Homy Mod (G ®¢ F, M) ~ Homyjodc (G, Homg (F, M)) ,
Homk_Mod(G ®c F, M) ~ HomC-Mod(F, Homk(G, M)) .

Deduce from these isomorphisms the following properties of the functors F®¢ and
®cF: (i) they are right exact, (ii) they commute with arbitrary sums, and (iii) if
F (resp. G) is projective, then G®¢ (resp. ®@¢F) is exact.

As in the case of modules over an algebra, we define the Tor functors by
deriving the right exact functors G®¢ : C-Mod — k-Mod and ®¢F : Mod-C —
k-Mod. As in the case of modules over a ring, the notation has two interpretations,
but we can prove that they coincide. Thus we have:

Toré (G, F) = Li(G&e)(F) = L2 F)(G) -

The homology H.(C,F) of a small category C with coefficients in the functor
F € C-Mod is then defined by:

H.(C,F):=Torl(k, F) .

2.6. Cohomology of linear algebraic groups

We present three equivalent viewpoints on linear algebraic groups and their repre-
sentations. We may view a linear algebraic groups as a Zariski closed subgroup of
matrices (this viewpoint requires that the ground field k is algebraically closed, and
the reader may take [Bo|, [Hum| and [S] as references), as a commutative finitely
generated Hopf k-algebra, or as a representable functor from finitely generated k-
algebras to groups (we refer to [Wa] for the latter viewpoints, which are valid over
an arbitrary ground field). Then we define their cohomology in terms of Exts. We
recall the definition of the Hochschild complex, and we use it to define the cohomo-
logical product. References for the cohomology of algebraic groups are [F| and [J].

2.6.1. Linear algebraic groups and their representations. Let k be an algebraically
closed field. A linear algebraic group over k is a Zariski closed subgroup of some
SL,(k), i.e., which is defined as the zero set of a family of polynomials with
coefficients in k and with variables in the entries of the matrices [x; ;] € SL, (k).

Example 2.46. Besides finite groups, we have the following common examples of
algebraic groups:

SLo(k) = {M € My (k) ; det M = 1},
e ={| 5 1 |estimm}.
Ga:{|:(1) i ] GMz(k)} ;
On(k) = {M € My (k) ; M*M =TI},
Spn(k) = {M € M, (k) ; M'QM =TI},
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where © is the matrix in the canonical basis (e;) of k2" of the bilinear form w,
defined by wy,(e;,ej) =11if j =i+ n, wy(e;,e;) = —1if i+ n = j, and wy(e;, ;)
is zero otherwise.

A rational (or algebraic) representation of a linear algebraic group G is a k-
vector space V, equipped with an action p : G — Endg(V), satisfying the following
condition.

(C) If V is finite-dimensional, choose a basis of V' and let py ¢(g) be the coordi-
nates of p(g) in the corresponding basis of Endg(V'). Then we require that
the maps g — pg ¢(g) are polynomials in the entries of the matrices [g;;] € G.
(One says that p is regular).

(C’) If V is infinite-dimensional, we require that V is the union of finite-dimen-
sional sub-representations satisfying (C).

Example 2.47.

1. If V is a k-vector space, the representation V%V (i.e., G acts trivially) is a
rational representation.

2. If G € SLy(k), then k™ acted on by G by matrix multiplication is a rational
representation.

3. If G C SL,(k) is an algebraic group, let k[G] be the regular functions on
G. That is, k[G] is the quotients of the algebra k[x; j]i<i j<n by the ideal of
the polynomials vanishing on G. The action of G on k[G] by left translations
(9f)(x) := f(g~'z) is a rational action.

4. If V and W are rational representations of ¢, the diagonal action on V ®; W
(that is g(v ® w) := (gv) ® (gw) makes it into a rational representation of G.

We denote by rat-G-Mod the category whose objects are rational representa-
tions of G and morphisms are G-equivariant maps. Thus, rat-G-Mod is a full sub-
category of kG-mod. It is not hard to check that direct sums, sub-representations
and quotients of rational representations are rational representations, so rat-G-Mod
is actually a full abelian subcategory of kG-Mod. The following exercise provides
an explanation for the name ‘rational G-module’.

Exercise 2.48. Show that a morphism of monoids p : GL, (k) — M,,(k) defines
a rational representation of GL, (k) if and only if its coordinates py ¢ satisfy the
following property. There exists a polynomial Py ¢(z; ;) with n? variables (1 <
i,j <n) and an integer d such that for all [g; j]i1<i j<n € GLy,(k) we have:
P(gi;)

detlgi ;])¢

2.6.2. From algebraic groups to Hopf algebras. The definitions of Section 2.6.1 are
not relevant over general fields k. For example, if k is a finite field, then all subsets
of M, (k) are Zariski closed, and all maps M, (k) — M,,(k) may be expressed as
values of polynomials. Thus, representations of algebraic groups would have the

same meaning as representations of finite groups. This is certainly not what we
want.

pre([9i,5]) = (
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To bypass this problem, we use the coordinate algebra k[G] of a linear al-
gebraic group G C M, (k). It is the finitely generated commutative reduced (i.e.,
without nilpotents) k-algebra obtained as the quotient of k[z; ;,1 < i,j < n] by
the ideal of polynomials vanishing on G. It may be interpreted a the algebra of
regular maps G — k, that is set-theoretic maps which can be obtained as restric-
tions of polynomials with n? variables. The k-algebra k[G] characterizes G as a
Zariski closed set but says nothing about the group structure of G.

Proposition 2.49. Let G be a linear algebraic group over an algebraically closed
field k. The group structure of G yields a Hopf algebra structure on k[G].

Recall that a Hopf k-algebra H is a k-algebra H equipped with morphisms
of algebras (respectively called the comultiplication, the counit and the antipode):

H2H®, gSk, HSH,

which satisfy the following axioms (where all tensor products are taken over k and
7 :k — H is the morphism A — Al):

(i) A is coassociative, i.e.: (A®@Idgy) oA = (Idg ® A) o A,

(ii) A is counital, i.e.: (Idg ® €)oo A =noe=(e®Idy) oA,
(iii) A has a coinverse, i.e.: mo (x ® Idg) o A =Idg =mo (Idg ® x) o A.
A morphism of Hopf algebras f : H — H'is a k-algebra morphism which commutes
with comultiplications, counits and antipodes:

(fefloA=Aof, of=e, xof=fox.

Proof of Proposition 2.49. We respectively define A, x and ¢ as precomposition of
regular functions on G by the multiplication, the inverse and the unit of GG. The
axioms (i), (ii), (iii) follow directly from the associativity of m, the fact that m
has a unit, and the equation g- g~ ' =1=g¢"'.g. O

Example 2.50. Let k be an algebraically closed field. The k-algebra of regular
functions of the algebraic group GL, (k) is

klzij,t]/ (tdet[z: ;] — 1) ,
where there are n2 variables T4 (1 <4,j5 <n), and the brackets on the right refer
to the ideal generated by the polynomial ¢ det[z; ;] — 1. The comultiplication, the
counit and the antipode are given by:

Alwij) =Y ik @wrj, Al)=tot,
k=1

0ij s et)y=1,
H(—1)" M, X(t) = det[z; ;] ,

€(zi ;)
X(wi5)

where M ; refers to the polynomial of degree (n — 1)? obtained as the (i, j)-minor
of the n x n matrix [zk,é]lgk,égn-
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Rational representations of linear algebraic groups can be translated in the
language of Hopf algebras.

Proposition 2.51. Let k be an algebraically closed field, and let G be an algebraic
group scheme over k. The category of rational G-modules is equivalent to the cat-
egory Comod-k[G] of right k[G]-comodules.

Recall that if (H, A, ¢, x) is a Hopf algebra over k, a right H-comodule is a
k-vector space V equipped with a coaction morphism Ay : V — V ®y H satisfying
the following axioms:

(i) compatibility with A, i.e.: (Idy ® A) o Ay = (Ay @ Idg) o Ay,

(ii) compatibility with e, i.e.: (Idy ® €) o Ay = Idy.
A morphism of comodules is a k-linear morphism f : V' — W which commutes
with the coaction, i.e., (f ® Idg) o Ay = Ay o f. If H is a Hopf algebra over a
field k, the category Comod-H of right H-comodules is abelian.

Proof of Proposition 2.51. We first prove that the category of finite-dimensional
rational representations of G is equivalent to the category of finite-dimensional
k[G]-comodules. We let (b;)o<i<r be the canonical basis of k”.

1. Let p : G — M, (k) be a rational representation, and let pr ¢, 1 < k, 0 < n
denote its coordinates. We check that the following formula defines a k[G]-
comodule map on k™:

Ap(be) =300 1 b @ pre -

Moreover, we check that k-linear map f : k™ — k™ is G equivariant if and
only if it is a comodule map for the corresponding coactions. So, by sending
a G-module p to the comodule given by A, (and by acting identically on
Hom-sets) we get a fully faithful functor:

® : {fin. dim. rat-G-Mod} — {fin. dim. k[G]-comodules} .

2. Conversely, if A : k™ — k™ ® k[G] is a comodule structure on k™, then
Agn (bj) can be uniquely written as a sum » ., b; ® A; ; with A; ; € k[G].
We check that the map p : G — M,(k) defined by p(g) = [A;;(g)] is a
morphism of groups. Thus @ is essentially surjective, hence it is an equivalence
of categories.

Now we prove that rat-G-mod is equivalent to Comod-k|[G].

3. Assume that V is the union of finite-dimensional vector subspaces (Vy)acA,
and that there are comodule maps A, : V, — V, ® k[G] such that the
inclusions V,, C Vg are morphisms of comodules. Then we define a comodule
structure V' — V @ k[G] by letting A(v) = A, (v) for any « such that v € V,
(A(v) does not depend on «).

In particular, the functor ® extends to a fully faithful functor:

® : rat-G-Mod — Comod-k[G] .
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4. To prove that ® is an equivalence of categories, it remains to prove that it
is essentially surjective, which is equivalent to prove that all k[G]-comodules
can be obtained as the union of their finite-dimensional subcomodules. This
finiteness property actually holds for comodules over arbitrary finitely gen-
erated Hopf algebras, see [Wa, Chap. 3.3].

This concludes the proof. O

To sum up, a linear algebraic group G over an algebraically closed field k
yields a Hopf algebra k[G], and the study of the rational representations of G is
equivalent to the study of the right k[G]-comodules. Now when k is an arbitrary
field, the definitions of Section 2.6.1 are not relevant, but their Hopf algebra version
still is. So we just think of algebraic groups as commutative finitely generated Hopf
k-algebra, and of rational modules as right comodules.

Example 2.52. If k is an arbitrary field, the formulas of Example 2.50 define com-
mutative finitely generated Hopf k-algebras, which we denote k[GL,]. The cate-
gory of rational representations of the general linear group over k is defined as the
category of right k|G L,]-comodules.

Remark 2.53. If the ground field k is algebraically closed, the coordinate algebra
k[G] of a linear algebraic group G is reduced, i.e., without nilpotent elements. So
by considering all commutative finitely generated Hopf k-algebras H, we introduce
new objects. For example, if k has characteristic p > 0, the finite-dimensional Hopf
algebra k[(GL,),] obtained as a quotient of k|GL,] by the relations xfz = 0;,; has
nilpotent elements. Such Hopf algebras (called Frobenius kernels of GL, in the
group scheme terminology) play a central role in the study of the rational repre-
sentations of the general linear group, even when the ground field k is algebraically

closed, see [J].

2.6.3. From Hopf algebras to affine group schemes. Let k be a field. An affine
group scheme over k is a representable functor

G : {fin. gen. com. k-Alg} — {Groups} .

Representable means that there exists a finitely generated commutative k-algebra
B such that G is the functor Homy a1 (B, —). The algebra B representing G is often
denoted by k[G]. A morphism of affine group schemes is a natural transformation.

If H is a Hopf algebra we endow the set Homy. a1 (H, A) with a group struc-
ture by letting the product of f and g be ma o (f ® g) o A, where my4 denotes
the multiplication of A. (The unit element is the map 1€, and the inverse of f
is f o x). This group structure is natural with respect to A, hence the functor
Sp(H) = Homy.a1g(H, —) has values in groups. This yields a functor

Sp : {fin. gen. com. Hopf k-alg}°? — {Affine Group Schemes over k} .

As a consequence of the Yoneda lemma 2.35, this functor is an equivalence of
categories (compare with Exercise 2.36). Thus affine group schemes are a geometric
way to view Hopf algebras.
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Exercise 2.54. Show that Sp(k[GL,]) is the functor which sends a k-algebra A to
the group GL,(4).

Now we translate comodules over Hopf algebras in the language of affine
group schemes. If V' is a k-vector space, we denote by Endy the functor from
finitely generated k-algebras to monoids, which sends an algebra A to End 4 (V ®
A), where V@i A is considered as a A-module by the formula a-(v®b) := v&(ab). A
representation of a group scheme G is simply a natural transformation of functors
p: G — Endy. A k-linear morphism f : V' — W is a morphism of representations
if for all A, the A-linear map f®Id 4 is G(A)-equivariant. We denote by G-Mod the
abelian category of representations of G. Let H be a finitely generated commutative
Hopf k-algebra. Using the Yoneda lemma once again, we prove an equivalence of
categories:

Comod-H ~ Sp(H)-Mod .

2.6.4. Cohomology of algebraic groups or group schemes. We have several ways to
think of representations of linear algebraic groups or group schemes. For example
we have three equivalent categories for the general linear group: the representations
of the group scheme GL,,, the comodules over the Hopf algebra k[GL,], and the
rational representations of the linear algebraic group GL, (k) (the latter is well
defined over an algebraically closed field only)

GL,-Mod ~ Comod-k[GL,] ~ rat-GL,(k)-mod .
The reader may work with his favourite category. From now on, we fix an affine

group scheme G and we focus on the category G-Mod in the statements, although
we might use another version of this category in the proofs.

Proposition 2.55. The abelian category G-Mod has enough injectives.

Proof. To prove the proposition, it suffices to prove that all k[G]-comodule V' can
be embedded into an injective k[G]-comodule.
1. Let us denote by V'V ® k[G] the k-vector space V @ k[G] equipped with
the coaction Idy ® A. The assignment f +— (f ® Idyjg)) o Aw defines an
isomorphism, natural with respect to V' € k-mod and W € Comod-k[G]:

Homy (W, V) ~ Homcomoaka) (W, V™ @ k[G]) .
Since k is a field, the left-hand side is an exact functor with variable W.
Whence the injectivity of V"V @ k[G].

2. For all k|G]-comodules V, the k-linear map Ay : V — V'V @k[G] is injective
(by the compatibility with €) and it is a morphism of comodules (by the
compatibility with A).

Thus V embeds in the injective comodule V'V @ k[G]. O

As in the case of discrete groups, there is a fixed point functor

—G. G-Mod — k-vect
Vv — VG = Homag-Mod (ktriv7 V)
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Since G-Mod has enough injectives, the right derived functors of the fixed point
functor are well defined and we call them the rational cohomology of G (or simply
the cohomology of G).

H'(G,~) = R'(=%) = Extgyoa(K™, —) -

Remark 2.56. The category G-Mod has usually not enough projectives [J, I, Sec-
tion 3.18]. So in general we cannot hope to derive a functor of coinvariants to
define a notion of rational homology of an algebraic group.

If G is a linear algebraic group over an algebraically closed field k (as in
Section 2.6.1), the notation H*(G,V) is ambiguous. Indeed, this notation might
stand for its rational cohomology Ext’y; c voa (K™Y, V), or for the cohomology of
the discrete group G in the sense of Section 2.4, i.e., Extic yoa (K™Y, V). These
Exts need not be the same, since they are not computed in the same categories:
rat-G-Mod is only a subcategory of k G-Mod. It is usually clear from the context
which notion is used. The following exercise should warn the reader of the dangers

of misinterpreting the notation H*(G,V).

Exercise 2.57. Let k be an algebraically closed field.

1. Let p : GL1(k) — GL,(k) be a representation of the multiplicative group.
Prove that there exists a family of n x n-matrices (M} )xez which are all zero
but a finite number of them such that p(z) = 3 2¥M;,. Show that the M;,
satisfy the relations

S My=1, MM;=0ifk#0, M}=M;.

Deduce that the representation splits as a direct sum of simple representations
of dimension 1.
2. Prove that for all rational representations V' of GL(k),

ExXt/at-G Ly (k)-Mod (K" V) =0if i > 0.

3. If k = R or C, prove that the following representation of the discrete group
G Ly (k) provides a non-split extension of k'V by k'riv:

p: GLi(k) — End(k?)

L In(lz]) | -
o [
Deduce that Exty o7, )-moa (K™, kK™Y) # 0.

2.6.5. Hochschild complex and cohomology algebras. The Hochschild complex
computes the rational cohomology H*(G,V) of an affine group scheme G with
coefficients in V. This complex does not require specific knowledge about G or
V to be written down (but of course, some knowledge is needed if you want to
compute its homology!). It is often used to describe the general (i.e., independent
of G and V) properties of rational cohomology. As an example, we will use it to
define cohomology cup products.
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The Hochschild complex is similar to the complex of Proposition 2.32 (com-
puting the cohomology of discrete groups), but set-theoretic maps G*™ — V have
to be replaced by their algebro-geometric counterpart. To be more specific, if V
is a finite-dimensional vector space, we can consider it as a scheme, that is a
representable functor

{fin. gen. com. k-Alg} — {Sets} .

Its value on A is the set V @i A, and it is represented by k[V]. We shall write
Hom(G*"™, V) for the set of natural transformations from G*" to V. If V is infinite-
dimensional, we let Hom(G*™, V) be the set of natural transformations taking
values in a finite-dimensional subspace of V. By the Yoneda lemma, we have a
k-linear isomorphism:

V @ k[G]®™ ~ Hom(G*", V) .

We can now define the Hochschild complex (compare with Proposition 2.32).
It is the complex of k-modules C*(G, V') with:

C™(G,V) = Hom(G*™, V) ~ V @ (k|G]®") ,

and the differential 9 : C"(G,V) — C"TY(G,V) sends a morphism f to the
morphism Jdf defined by

(8f)(gl7 B 7gn+1) = glf(927 ce 7gn+l)
+ Z?:l(_l)if(gh ey 9iGi4 15 - - 7gn+l)
+ (=)™ (g2, 5 9n) -

The proof of the following proposition is dual to the proof of Proposition 2.27 and
Corollary 2.28, see [J, I Section 4.16]:

Proposition 2.58. The homology of C*(G, V) is equal to H*(G,V).

Let G be a group scheme and let A be a kG-algebra. By this we mean that A
is a k-algebra, equipped with an action of G by algebra automorphisms. Then the
rational cohomology of G with coefficients in A is equipped with a cup product.
This cup product can be defined on the level of the Hochschild complex exactly
as in the case of discrete groups. Namely, if - 4 denotes the multiplication in the
algebra A, we define the cup product of f; € C"(G, A) and f5 € C™(G, A) by:

(LU f2)(g1s - gngm) = f1(g1, -, 9n) A [(91 - 9n) f2(gnits - s Gngm)] -

This product makes the Hochschild complex into a differential graded algebra,
hence it induces a product on homology. As in the case of discrete groups, one
can prove that if A is commutative, then the graded algebra H*(G, A) is graded
commutative.
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3. Derived functors of non-additive functors

Many functors between abelian categories are not additive. In this section, we
explain how to derive arbitrary functors between abelian categories. This theory
was invented by Dold and Puppe, and later generalized by Quillen’s homotopical
algebra. Dold-Puppe theory of derived functors relies heavily on simplicial tech-
niques, for which the reader can take [GJ, May, ML, Wei| as references. The best
reference for derived functors is the seminal article [DP].

3.1. Simplicial objects

3.1.1. The categorical definition. Let A denote the category whose objects are the
finite-ordered sets [n] = {0 < 1 < --- < n} for n > 0, and whose morphisms are
the non-decreasing monotone maps.

Definition 3.1. Let C is a category, a simplicial object in C is a functor A°? — C. A
morphism of simplicial objects is a natural transformation. We denote by sC the
category of simplicial objects in C.

As a functor category, sC inherits the properties of C. For example, if C
has products then so does sC, the product X x Y is defined by (X x Y)([n]) :=
X ([n]) x Y([n]). If C is an abelian category, so is sC. If F' : C — D is a functor,
postcomposition by F' induces a functor sC — sD.

3.1.2. The geometric definition. The categorical definition of simplicial objects
is practical to derive some of their abstract properties, but there is an equiva-
lent geometrical definition which gives a more concrete picture of what simplicial
objects are.

For 0 < i < n we denote by d' : [n — 1] — [n] the unique injective morphism
of A which misses i € [n], and by s’ : [n+ 1] — [n] the unique surjective map in A
with two elements sent to i € [n]. It can be proved that the d’ and the s’ generate
the category A, that is all morphism of A can be written as a composite of these
maps. Thus, a simplicial object X in C is uniquely determined by the sequence of
objects X, = X([n]), n > 0, and by the morphisms

di = X(d"): X(n])) = X(n—1]), si:=X(s"):X([n]) = X([n+1]).

However, the category A is not freely generated by the d’ and the s': rela-
tions hold between various compositions of these maps. So not all data of objects
(Xn)n>0 and morphisms d; : X, = X,,—1 and s; : X;, = X,,41 come from simpli-
cial objects. One can prove that the ones corresponding to simplicial objects are
the ones satisfying the following simplicial identities.

didj = dj_ldi ifi < 7,

§i8j = Sj+154 if 4 S j7
Sj_ldl' if 7 <17,

disj =< id ifi=jori=j+1,
dej—l if 7> 7+ 1.
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This leads us to the geometric definition of simplicial objects.

Definition 3.2. Let C be a category. A simplicial object in C is a sequence of objects
(Xn)n>o of C, together with face operators d; : X,, — X,_1 and degeneracy
operators s; : X,, = X, 41 for 0 < < n, satisfying the simplicial identities listed
above. A morphism of simplicial sets is a sequence of maps f, : X, > Y,, n >0
commuting with the face and the degeneracy operators.

Of most interest for us are the category sSet of simplicial sets and the s R-Mod
of simplicial R-modules.

3.1.3. Examples of simplicial sets. The standard n-simplez A[n] is the simplicial
set defined by:
A[n] := Homa (—, [n]) .

The map d' : [n—1] — [n] in A induces a morphism of simplicial sets d* : A[n—1] —
A[n]. Tts image is a simplicial subset of A[n] called the ith face of A[n] and denoted
by 0;A[n]. The boundary 0A[n] C A[n] is the simplicial subset J<;<,, diA[n].

The Yoneda lemma 2.35 yields bijections Homsset(A[n],X)_f_v_ X,, for all
simplicial sets X. The terminology ‘standard n-simplex’ for A[n] and ‘face’ for
0;A[n] is justified by the following geometrical interpretation.

Geometrical interpretation 3.3. Let (vg,...,v,) be the canonical basis of R"*!.
The geometric n-simplex A" is the subspace of R™*! which is the convex hull of
the n+1 points v;. The v; are the vertices of A™. For each morphism f : [n] — [m]
in A we can define affine maps f : A" — A™ by letting f(vx) = vs). This yields
an isomorphism between the full subcategory of sSet with objects the standard
n-simplices onto the category whose objects are the geometric n-simplices, and
whose morphisms are the affine maps sending vertices to vertices and preserving
the order of the vertices.

Topological spaces provide examples of simplicial sets. Let T be a topo-
logical space. The singular simplicial set of T is the simplicial set S(T') with
S(T), = Homre, (A", T). The face operator d; : S(T), — S(T),—1 is induced
by precomposing an n-simplex o : A" — T by the affine map d* : A»~! — A"
(cf. Example 3.3). The degeneracy operator s; : S(T), — S(T)n+1 is obtained by
precomposing a simplex by the affine map s’ : A"+t! — A", The following exercise
shows that not all simplicial sets can be obtained as singular simplicial sets of
topological spaces.

Exercise 3.4. Let A’[n] be the simplicial subset of A[n] obtained as the boundary
of A[n] with the ith face removed:

A'n] = Uk;éi OkAln] .
1. Show that the singular simplicial set of a topological space T satisfies the fol-
lowing ‘Kan condition’. For all n > 0, for all 0 < ¢ < n and for all morphisms
o : A[n] — X, there exists morphisms o : Aln] — X whose restriction to
A?[n] equals o.
2. Show that A[n] and A’[n] do not satisfy the Kan condition.
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Categories provide another source of simplicial sets. Let C be a small category.
An n-chain of composable morphisms is a chain of n morphisms

C()(£81<f—2"'<f—ncn.
We shall denote such a chain as a n-tuple (f1,..., fn). The nerve of C is the
simplicial set BC defined as follows. BCy is the set of objects of C, BC; is the set
of morphisms of C, and more generally for all n > 1, BC,, is the set of n-chains

of composable morphisms. For n = 1, the face operators dy,d; : BC; — BCy are
defined by

dof = source(f) , dy(f) = target(f) .

For n > 2, the face operators are given by dropping or composing morphisms:

(f27"'7fn) leZO,
di(fio-o o fa) =94 (froooo fifirro o fa) H0<i<m,
(freees fum1) if i = n.

The degeneracy operators s; are given by inserting the identity morphism in ith
position. The following exercise characterizes the simplicial sets obtained as nerves
of categories, and shows that the theory of (small) categories may be seen as a
special case of the theory of simplicial sets.

Exercise 3.5. Let us denote by Cat the category whose objects are the small
categories and whose morphisms are the functors.

1. Show that the nerve defines a functor B : Cat — sSet.

2. The edge [i,i + 1] of A[n] is the image of A[1] by the morphism A[l] —
A[n] induced by the map [1] — [n],  — ¢ + z. The backbone of A[n] is
the simplicial subset [0,1] U --- U [n — 1,n]. Show that a simplicial set X is
isomorphic to the nerve of a category if and only if it satisfies the following
‘backbone condition’. For all morphisms of simplicial sets o : [0,1]U---U[n—
1,n] — X there exists a unique simplex o : A[n] — X whose restriction to
the backbone of A[n] equals o.

3. Show that B induces an equivalence of categories between Cat and the full
subcategory of simplicial sets satisfying the ‘backbone condition’.

3.1.4. Examples of simplicial R-modules and chain complexes. Let R be a ring. If
X is a set, we denote by RX the free R-module with basis X. This yields a ‘free
R-module’ functor

Set — R-Mod

X +— RX.

Interesting examples of simplicial R-modules are provided by applying the free
R-module functor to simplicial sets. Before giving illustrations of this, we need
to introduce one more definition, relating simplicial R-modules to complexes of
R-modules.
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Definition 3.6. If M is a simplicial R-module, we define the associated chain com-
plex CM by letting (CM),, = M,, and the differential d : (CM),, = (CM),_1 is
the sum Y. ,(—1)’d;. This defines a functor:

C : s(R-Mod) — Chxo(R-Mod) .
Exercise 3.7. Check that CM is indeed a chain complex.

Many of the most usual chain complexes are obtained from simplicial R-
modules in this way. For example, let X be a topological space and let S(X) be its
singular simplicial set. We make it into a chain complex of R-modules RS(X). The
associated chain complex CRS(X) is the usual singular chain complex of X [Hat,
Chap. 2|, which computes the singular homology H, (X, R) of X with coeflicients
in R. Another example is provided by the following exercise.

Exercise 3.8. Let G be a discrete group, considered as a category with one object
(cf. Section 2.5.1), and let BG be its nerve as defined in Exercise 3.5. Show that the
chain complex of k-modules CkBG is equal to the bar complex B(k"V kG, k")
defined in Section 2.3.3.

The chain complex CM admits the following variant, which is a smaller chain
complex.

Definition 3.9. Let M be a simplicial R-module. The normalized chain complex
N'M is the subcomplex of CM defined by (N M), = (y<;,, ker d;, with differential
d=(-1)"dy : NM),, = (N M), —1. This defines a functor:

N : s(R-Mod) — Ch>o(R-Mod) .

Proposition 3.10. The normalized chain complex N'M is a direct summand of the
complex CM . Moreover the inclusion N'M — CM is a homotopy equivalence.

Proof. Let us denote by DM the graded subobject of CM generated by the de-
generacy operators, that is (DM)o = 0 and (DM), = > qcicp_q Si(My—1). The
simplicial identities imply that (DM), @ (N M), = (CM),, and that the differ-
ential of CM sends (DM),, into (DM),_;. Hence CM decomposes as the direct
sum of complexes CM = N'M @ DM.

To prove the homotopy equivalence NM < CM, it suffices to prove that
DM is homotopy equivalent to the zero complex, i.e., that Idpas is homotopic to
zero. For this, we write DM as an increasing union of subcomplexes

0=D_ McDMcDMcC---CDxMC---CDM.
where (D M), = Eogigmin(k,n—l) $;(My,,—1) for n > 1 (we use the simplicial
identities to check that the DM are indeed subscomplexes of DM). We define
tr: (DM),, — (DM)p41 by tp(m) = (=1)Fsp(m) if k < deg(m), 0 if k > deg(m),
and we define
fr :=Idpy — dty —trd,

where d is the differential of DM. By its construction, fi : DM — DM is a chain
map, which is homotopic to Id pas (via the homotopy t), and which coincides with
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Idpas in low degrees: fi(m) = m if deg(m) < k. The simplicial identities imply
that for all k > 0:

fk(DkM) C Dy 1M, fk(DjM) C DjM ifj < k. (*)

Now we form the composite f = fofife: - fr---. This composition is finite in
each degree (since only a finite number of fis are not equal to the identity in a
given degree), and is equal to the zero map by (x). Now each f is homotopic to
the identity, hence so is the composite f. O

3.1.5. Simplicial sets and algebraic topology. We now make a very quick digression
on the relations between simplicial sets and algebraic topology. Although this
section is not needed to understand the concept of derived functors of non-additive
functors, it explains some notations and definitions of simplicial R-modules which
originate from algebraic topology.

First of all, simplicial sets are a combinatorial model for topological spaces.
To be more specific, from a simplicial set X we can construct a topological space
|X|, the realization of X, by the following recipe. Consider each X,, as a dis-
crete space, and recall the geometric n-simplex A™ described in the geometrical
interpretation 3.3. Then |X| is the topological space defined as the quotient

(LanXAn)/N7

n>0

where ~ is the equivalence relation generated by (z,d;(0)) ~ (d'(z), o) for z € A"
and o € X,41 and (z,s;(0)) ~ (s'(z),0), for z € A" and 0 € X,,_; (and the
affine maps d* : A" — A"l and s : A" — A" are the ones determined by
d': [n] — [n+1] and s : [n] — [n—1] as explained in the geometrical interpretation
3.3). If Top denotes the category of topological paces and continuous maps, we have
a realization functor:
| —|: sSet — Top .

Among the important properties of the realization functor is the fact that the
realization |S(T')| of the singular simplicial set of a topological space T' is always
weakly homotopy equivalent to T itself (for more complete statements, we refer
the reader, e.g., to [GJ, Chap. I, Thm. 11.4] or [Hov, Thm. 3.6.7]). This means that
all the homotopy-theoretic information (like its homotopy groups or its singular
homology groups) of the topological space T is encoded in the simplicial set S(7").

In particular, the classical invariants of topological spaces have their combi-
natorial counterpart in the world of simplicial sets.

1. We can define the homology of a simplicial set X with coefficient in a ring
R as the homology of the complex of R-modules CRX. The homology of
X is then isomorphic to the singular homology of its realization | X| (when
X = S(T), this was already observed in Section 3.1.4).

2. The homotopy groups m, (X, z) of a simplicial set X with basepoint = € X
can also be defined, at least when X is fibrant, that is when X satisfies the
‘Kan condition’ of Exercise 3.4 (the exercise shows that S(T) is fibrant). We
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refer the reader to [Wei, Def. 8.3.1], [GJ, Chap. 1.7] of [Hov, Def. 3.4.4] for the
definition. As for homology, one has an isomorphism 7, (X, ) ~ 7, (| X|, x).

Now a simplicial R-module M can be considered as a simplicial set by for-
geting that the M,, are R-module, and just considering the underlying sets. This
yields a a forgetful functor

s(R-Mod) — sSet .

In particular, we can consider the homotopy groups of a simplicial R-module
M, i.e., the homotopy groups of the underlying simplicial set. In this situation the
combinatorial definition of homotopy groups specializes as 7, (M, 0) = H,(N'M).
This is why the homology groups of the (normalized) chain complex associated to
a simplicial R-module M is commonly denoted by m, (M).

We can also define simplicial homotopies between morphisms of simplicial R-
modules. This yields Definition 3.12 below. In particular, simplicially homotopic
maps f,g : M — N yield homotopic continuous maps |f|,|g| : |M| — |N| after
realization.

A topological space T is called an Eilenberg—Mac Lane space of type K (A4, n),
with n > 1 and A an abelian group, if its homotopy groups are all zero except
(T, %) ~ A. As another example of application of the viewpoint above, we call
‘Eilenberg—Mac Lane space of type K(A,n)’ a simplicial abelian group M whose
homotopy groups are all zero, except m, (M) = A. The Dold-Kan correspondence
provides a way to build such Eilenberg-Mac Lane spaces, see Remark 3.16 below.

3.2. Derived functors of non-additive functors

Let F' : R-Mod — S-Mod be a functor. If F' is right exact we can derive it by
using the classical theory of derived functors recalled in Section 2. The left derived
functors of F' are then defined by:

LiF(M) = H;(F(P™)), LiF(f)=Hi(F(f)),

where PM is a projective resolution of the S-module M, and f : PM — PN is a
lifting of f : M — N at the level of the projective resolutions. The chain map f is
only defined up to homotopy, but the definition is well founded because F' sends
homotopic chain maps to homotopic chain maps. This fact relies on the crucial
fact that, being right exact, F' is actually an additive functor, cf. Exercise 2.3.

Now if F'is not additive, it does not send homotopic chain maps to homotopic
chain maps (hence homotopy equivalences to homotopy equivalences), as the fol-
lowing example shows it. So we cannot use the formulas above to define its derived
functors.

Example 3.11. Let k be a field, and let A? : k-Vect — k-Vect be the functor which
sends a k-vector space to its second exterior power. Let P and @ be the projective
resolutions of the dimension one vector space respectively defined by: P; = 0 if
Z';éOandPO:k; Ql:01f2>1, lek,QOZkQ andd:Q1—>Qosends/\to
(A, 0). By Lemma 2.8, P and @ are homotopy equivalent. However Hy(A?(P)) = 0
and Ho(A?%(Q)) = k.



Prerequisites of Homological Algebra 131

The suitable generalization of derived functors for arbitrary functors F' :
R-Mod — S-Mod was found by Dold and Puppe [DP], and relies on the Dold-
Kan correspondence.

3.2.1. The Dold-Kan correspondence. We have seen in Definition 3.9 the normal-
ized chain functor

N : s(R-Mod) — Chso(R-Mod) .
We first establish a fundamental property of this functor, namely the preservation
of homotopies.

Definition 3.12. Two morphisms of simplicial R-modules f,g: M — N are simpli-
cially homotopic if there are morphisms h; : M;,, — N, 41 for 0 < i < n satisfying
the following identities:

doho = f,
dn+1hn =9,
hj_ldi if ¢ <J
dihi—y ifi=j#0 |,
hjdi_l if 4 >7+1

dih;

sihi — hj+151' leS]
v hjsi_l if 4 >
Proposition 3.13. Let f,g : M — N be two simplicially homotopic morphisms.

Then the induced chain maps at the level of normalized chain complexes N(f),
N(g) : NM — N'N are chain homotopic.

Proof. Let h; : M,, = Np41, 0 <1i < n be the maps defining the homotopy from
f to g (so doho = f, dnt1hn = g). We let t,, : M,, — N,4+1 be the map defined by

n

ta(m) =) _(=1)(h;(m) = fs;(m)) .

=0

We denote by t5%(m) and t=* the partial sums obtained when the summation
index j varies from 0 to i, resp. from i to n (so t, = t=* +t2*1). The definition
of simplicial homotopies imply that:

dotp = —tn—1do

dit, = tsi_fdi—l — t%ildi

dn-i-ltn =tp_1dn + (_1>n(g - f> :

As a consequence, ¢, maps (NM),, to (MN),+1, and the differential d of N M
satisfies t,d +dt,+1 = f — g. O

Remark 3.14. Let us denote by 7, (M) the nth homotopy group of a simplicial
R-module M, that is the nth homology group of its normalized chain complex
NM. Proposition 3.13 shows that simplicially homotopic maps induce the same
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map at the level of homotopy groups. This should not surprise the reader after the
discussion of Section 3.1.5

Theorem 3.15 (The Dold—Kan correspondence). The normalized chain functor N
is an equivalence of categories. Moreover, it has an inverse K : Ch>o(R-Mod) —
s(R-Mod) which preserves homotopies.

The proof of this theorem is quite long and we will skip it. The reader can
consult [DP, Section 3|, [GJ, Chap. II1.2] or [Wei, Section 8.4] for a proof. We just
insist on the fact that the functor K has a very explicit combinatorial expression.
For example, let M[1] denote the chain complex which is zero except in degree 1,
where it equals the R-module M. Then the value of K on the complex M|[1] is just
the simplicial R-module with K(M[1]),, = M®", the face operators d; : M®" —
M1 are defined by

dg(xl,...,:rk): (xg,...,xn),
di(x17...7xk):(wl,...,xi—i—xiﬂ,...,xn) fo<i<k,
dn($17...,$k> = (x17"'7x7’b—1>7

and the degeneracy operators s; insert a zero in ith position.

Remark 3.16. Let M|[n] denote the chain complex which is zero except in degree
n, where it equals the R-module M. Then IC(M|n]) is a simplicial Eilenberg-Mac
Lane space, i.e., a simplicial R-module whose homotopy groups are zero, except
T (K(M|n])) = M. In particular, the functor K may be used as a constructor of
Eilenberg—Mac Lane spaces.

3.2.2. Derived functors. Let F' : R-Mod — S-Mod be a functor. As already ob-
served, the induced functor F' : Chso(R-Mod) — Chx¢(S-Mod) by applying F
degreewise does not preserve chain homotopies if F' is not additive. The key ob-
servation is that even if F' is not additive, the induced functor F' : s(R-Mod) —
s(S-Mod) does preserve simplicial homotopies. Indeed, simplicial homotopies do
not involve additions in their definition. Since the Dold—Kan correspondence pre-
serves homotopies, the following composite functor preserves chain homotopies:

Chso(R-Mod) £ s(R-Mod) 25 s(S-Mod) 2% Chso(S-Mod) .
So, we can make the following well-founded definition.

Definition 3.17 (|[DP]). Let F' : R-Mod — S-Mod be a functor, and let n be a
nonnegative integer. The ith derived functor of F' with height n is defined by
LiF(M;n) = HNFK(PM[)) , LiF(fin) = HNFK()[)) |

where PM is a projective resolution of the S-module M, f : PM — PV is a lifting
of f: M — N at the level of the projective resolutions, and [n] refers to the n-fold
suspension functor [n] : Ch>o(R-Mod) — Chxo(R-Mod).

The following proposition shows that Definition 3.17 is a generalization of
the classical definition of derived functors of semi-exact functors.
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Proposition 3.18. Let F': R-Mod — S-Mod be a right-exact functor and let n > 0.
For all i > 0, there is a natural isomorphism (with the convention that derived
functors with negative indexes are zero):

L;F(M;n) ~ Li_,F(M).

Proof. Since F is right exact, it is additive. In particular, if X is a simplicial R-
module, the complexes F(CX) and CF(X) are equal (by definition, (F(CX)), =
F(X,) = (CF(X)), and by additivity, F(>_(-1)'d;) = >.(~1)"F(d;), hence
F(CX) and CF(X) have the same differentials). Additivity of F' also ensures that
F preserves homotopy equivalences and commutes with suspension. Thus we have
a chain of homotopy equivalences of chain complexes:

NFK(PM[n])) ~ CFK(PM[n)) = FCK(PM[n)),
~ FNK(PY[n]) ~ F(PM[n]) = F(PM)[n] .
Taking the homology of the corresponding complexes, we get the result. 0

The definition of derived functors can be generalized so that the derived
functors are evaluated on complexes of R-modules, instead of complexes of the
form M{[n]. To be more specific, if C' is a complex of R-modules, we denote by
LF(C) the simplicial S-module

LF(C) = F(K(C")) ,

where C’ is a complex of projective R-modules which is quasi-isomorphic to C.
Such a C’ always exists, and is unique up to a chain homotopy equivalence [Wei,
Section 5.7]. Recall that the homotopy groups of a simplicial R-module M are
defined by m;M := H;(N'M). Then the values of the left derived functor of F' on
C are just the homotopy groups

In particular, the left derived functors with height n of Definition 3.17 are given
by L;F(M,n) := m; LF(M]|n]).

Remark 3.19. Quillen has put the definition of Dold and Puppe into perspective,
in the framework of his homotopical algebra [Q]. There is a model structure on
s(R-mod) where the weak equivalences are the morphisms f : M — N inducing
isomorphisms on the level of homotopy groups, and cofibrant objects are simpli-
cial R-modules M with M,, R-projective for all n > 0. We denote by D> (R-mod)
the localization of s(R-Mod) at weak equivalences. By the Dold-Kan correspon-
dence, it is isomorphic to the localization of the category Chso(R-mod) at quasi-
isomorphisms. So we can indifferently consider the objects of D> (R-mod) as chain
complexes or as simplicial R-modules. If F' : R-Mod — S-Mod is a functor, the
induced functor F : s(R-Mod) — s(S-Mod) admits a Quillen derived functor

LF : D>o(R-mod) — D>((S-mod)

whose value on a complex C'is precisely the simplicial object LF'(C') defined above.
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3.2.3. Examples of derived functors. For the sake of concreteness, we finish the
section by giving two topological situations where derived functors of non-additive
functors appear.

First, derived functors of non-additive functors are related to the singular
homology of Eilenberg-Mac Lane spaces. To be more specific, let ZA denote the
group ring of an abelian group A. We can consider the group ring as a functor

Z—:Ab — Ab.

Then it follows from the discussion of Section 3.1.5 and Remark 3.16 that the
derived functors of the group ring functor with height n compute the singular
homology of the Eilenberg—Mac Lane space K (A, n); there is an isomorphism of
functors of the abelian group A:

L;7Z(A;n) ~ Hi(K(A,n);Z) .

The case n = 1 might be particularly interesting, since the singular homology of
K (A, 1) is isomorphic to the homology of an abelian group A [Br, Chap. II, Section
4]. In particular, there is an isomorphism of functors of the abelian group A:

L’LZ(A7 1) >~ Hl(A, Z) = TOr’L_ZA(ZtTiV, Ztriv) )

Let us denote by S™(A) the nth symmetric power of an abelian group A. We
can consider the nth symmetric power as a functor

S"™:Ab — Ab.

The symmetric power has an analogue for topological spaces; the nth symmetric
product SP"(X) of a topological space X is the space of orbits of X *™ under the
action of the symmetric group &,, acting on X *" by permuting the factors. Dold
proved [Do] that if X is a CW-complex, the singular homology of SP™(X) can be
computed in terms of the homology of X and the derived functors of S™ (evaluated
on the graded object H.(X;7Z), considered as a complex with trivial differential):

m LS (H(X;Z)) ~ H;(SP™(X);Z) .

4. Spectral sequences

Spectral sequences are a powerful tool to compute derived functors. They can be
thought of as an optimal way to organize long exact sequences in computations.

4.1. A quick overview

Let A be an abelian category, e.g., the category of R-modules. Spectral sequences
appear in the following typical situation. We want to compute a graded object
in A, which we denote by K, (e.g., the singular homology of a topological space,
some derived functors, etc.). We don’t know K, but we can break it into smaller
pieces which we understand. Roughly speaking, a spectral sequence is a kind of
algorithm, which takes the pieces of K, as an input, and which computes K,. Let
us state some formal definitions.
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Definition 4.1. Let 7y be a positive integer.

A homological spectral sequence in A is a sequence of chain complexes in A,
(E7,d")y>r,, such that for all r > rq, EIT! = H(ET).

A cohomological spectral sequence in A is a sequence of cochain complexes
in A, (E},dy)r>r, such that for all » > ro, E}, | = H(E}).

T

Cohomology spectral sequences can be converted into homology spectral se-
quences (and vice versa) by the usual trick on complexes E? = E” ;. So we concen-
trate on homological spectral sequences and leave to the reader the translation for
cohomological spectral sequences. The term EJ of a homological spectral sequence
is called the rth page of the spectral sequence, and d" is called the differential of
the rth page. The term E}° is called the initial term of the spectral sequence.

In the sequel, we shall often omit to mention the category A in which the
spectral sequence lives. Thus spectral sequences in A will simply called spectral
sequences, etc. This will cause no confusion since the category A is transparent in
all the definitions, we only need the fact that it is abelian.

Definition 4.2. A spectral sequence (E7,d"),>0 is stationary if for all k € Z, there
is an integer r(k) such that for r > r(k) we have Ej = E;(k). In that case we
define its E*-page by the formula E° := E,Z(k) for all k € Z.

The following definition of convergence of a spectral sequence is not the most
general one®, but it is sufficient for our applications.

Definition 4.3 (Convergence). Let K, be a graded object. We say that a spectral
sequence (ET,d"),>¢ converges to K, if (i) the spectral sequence is stationary, and
(ii) there exists a filtration of each Ky: --- C Fp_1 Ky C FpK) C --- C Ky, which
is exhaustive: Up F,K, = K}, Hausdorft: ﬂp F,Kj, = 0, and there is a graded
isomorphism Gr(K,) >~ E°.

Typical theorems for spectral sequences assert the existence of a spectral
sequence with an explicit initial term, say FEZ2, converging to what we want to
compute: K,. When such a spectral sequence exists, if we know the initial page,
we can run the algorithm provided by the spectral sequence (i.e., compute the
successive homologies) to obtain the E*°-page, hence Gr(K.), hence K..

There are many other possible uses of spectral sequences. For example, we
can use spectral sequences backwards: we know the abutment K, and we want
to compute the initial object E2, so we use the spectral sequence to obtain infor-
mation on E2. Spectral sequences can also be used to propagate properties. For
example, let us take the case of a spectral sequence of abelian groups (ET,d").
Assume that the graded abelian group E? is finitely generated in each degree.
Then all its subquotients are finitely generated in each degree, so E2° is finitely
generated in each degree. Thus we deduce that the abutment K, is also finitely
generated in each degree.

61t is possible to define convergence (in particular the E*-term) for non-stationnary spectral
sequences. We refer the reader to [Boa| for the most general statements.
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4.2. Bigraded spectral sequences

In practice, most spectral sequences are bigraded. In this section, we rewrite the
definitions of the previous section in this more complicated setting.

Definition 4.4. A homological spectral sequence is a sequence (E} ,,d")y>p, of

k%)

bigraded objects E ., equipped with differentials d" of bidegree (—r,r — )7, ie.,

dy restricts to maps d, : Ej , — E_, .. ;. The terms of the spectral sequence
are required to satisfy EIIl = H(E; ).

Let B} = @p+q:k E} , be the summand of total degree k of the rth page.
Then the differential of the spectral sequence lowers the total degree by 1. So
bigraded spectral sequences are a refinement of Definition 4.1.

Bigraded spectral sequences are often depicted by a diagram of the following
type (here we represent the second page, the summands E;q of the second page
are represented by dots, and the dots on the same dashed lines have the same total
degree):

E2
I\ Pq
° ° ° ° ° ° °
N
AN do
N
\
® ° ° ° ° ° °
N N
AN N do
N AN
N \
[ [N ° ° ° ° °

s
s
s
s
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s
s
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s
s
s
s
/
[V
/
M
s

[N [N [N ° ° ° °
N N N
AN N AN
N AN N
AN N AN
° [N [N [N ° ° °
N AN N
N N N
AN AN N
N AN N

Definition 4.5. A spectral sequence is stationary if for all p,q € Z? there is an
integer r(p, q) such that Ey = E,T),(é)’Q) for > r(p,q). For a stationary spectral

sequence, we define £ 1= E  for r > 0.

Bigraded spectral sequences converge to graded objects. Roughly speaking, a
convergent bigraded spectral sequence converges to K, if for all k, K is filtered,
and there is an isomorphism EP° = €, ;. By, =~ Gr(Kj). Thus, only the total
degree in the spectral sequence is really meaningful to recover the abutment. The

7Other conventions on the bidegrees of the differentials are possible, but this convention is the
most common one.
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bidegree should be considered as a technical refinement of the total degree, useful
for intermediate computations®. Having this explained, we can now state the full
definition of the convergence of a spectral sequence.

Definition 4.6. Let K. be a graded object. A spectral sequence (E] ,,d") converges

to K, if (i) it is stationary, and (i7) for all k there is an exhaustive Hausdorff
filtration:

0= (ﬂprKk) C CFy 1Ky CFKyC-C (UprKk) =K,

together with isomorphisms: Ep% ~ F,Kpyq/Fp—1Kpiq -

The convergence of a spectral sequence with initial page 7 is often written
in the symbolic way:
E), = Kpiq -
4.3. A practical example

The archetypal theorem for spectral sequences is the following theorem®.

Theorem 4.7 (Leray—Serre). Let f : X — B be a fibration between topological
spaces. Assume that the base space B is simply connected, and denote by F =
FL{b}) the fiber over an element b € B. There is a homological spectral sequence
of abelian groups

By = Hp(B, Hy(F)) = Hyiq(X) .

In the statement, the spectral sequence is bigraded, and starts at the second
page. The bidegree of the differential is not indicated (so the reader should think
that the rth differential d" has bidegree (—r,r — 1) as it is most often the case).
The summands Eg,q are nonzero only if p > 0 and ¢ > 0: such a spectral sequence
is called a first quadrant spectral sequence.

Thus, assume for example that we know H.(B) and H,(F), hence the bi-
graded abelian group H.(B, H.(F')). Then we can use the Leray—Serre spectral
sequence as an algorithm to compute H,(X). Unfortunately, we immediately en-
counter three practical problems.

4.3.1. Problem 1: does the spectral sequence stop? To compute the E°°-page of
the Leray—Serre spectral sequence, we must start from the initial page, compute its

homology Ef,” ¢» then compute the homology Ez" o of the third page, and so on. Since

the spectral sequence is convergent, we know that for all indexes (p, ¢) the process
stops at some point: £ , = E<, for r big enough. But it may happen that the pro-
cess does not stop for all the indices at the same time. This is a problem, because in

8In Definition 4.6, the bigrading on EZ, gives additional information on the isomorphism
E2* ~ Gr(Kx). But in many cases, this additional information is useless, so the reader can
keep Definition 4.3 in mind.

91n this theorem, the letter H refers to the singular homology of a topological space. The reader
unfamiliar with algebraic topology can think of a fibration X — B with fiber F' as a ‘topological
space X which is an extension of B by F’. The hypothesis that B is simply connected is not
necessary, but in the general case, the statement is slightly more complicated.
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that case we need infinitely many successive computations to compute completely
B¢, (doing these computations would exceed a mathematician’s lifetime).

Definition 4.8. A spectral sequence (E7 ,,d") stops at the sth page if for all 7 > s,

the differential d" is zero. (Thus E°, = EY ..)

In some cases, stopping follows from the shape of the initial page of the
spectral sequence. For example, assume that F' and B are topological spaces with
bounded singular homology. Then E;q might be non-zero only in some rectangle
0 <p <po, 0<¢q<qp. Thus, for all r big enough (r > min(po + 1, go + 2)), either
the target or the source of d" is zero: the differentials d” are ‘too long’. So the
spectral sequence stops at the min(pg + 1, go + 2)th page. Here is another situation
where stopping follows from the shape of the spectral sequence.

Exercise 4.9. Let (E;,q,dr)TZQ be a homological spectral sequence. Assume that

_ . (o . . 2 _
Ep ,=0ifpisodd orif g is odd. Show that E; , = E.
Stopping can also occur under more subtle hypotheses.

Exercise 4.10. Let (E;q,dr)rzg be a spectral sequence. Assume that there is a
graded ring R such that each (E;,q,dr) is a complex of graded R-modules, and
Eg’q is a noetherian R-module. Prove that the spectral sequence stops. (Hint:
consider the sequences of R-submodules of the second page:
B’cB*c...cB'c--- ¢ ---CcZic---cz®cZz?,
where Z2 = ker d?, B> = Im d? and the Z*, B’ for i > 2 are defined inductively by
7 = 7=l (kerd"*t), B! = 77 (Imd**!) where 7 is the map Z° — Z'/B’ =
Ei—‘—l')
4.3.2. Problem 2: differentials are not explicit. Theorem 4.7 asserts that the spec-
tral sequence exist, but does not give any formula for the differential! So, even if
we know what the second page is, it is not possible to compute the third page in
general. It is the main and recurrent problem for spectral sequences.

To bypass this problem, one can use additional algebraic structure on the
spectral sequence (see Section 4.4). Alternatively, some differentials, or some al-
gebraic maps related to the spectral sequence might have a geometric interpre-
tation, which can be used to compute them. For example, the full version of the

Leray—Serre spectral sequence comprises the following statement in addition to
Theorem 4.7.

Theorem 4.11 (Leray—Serre — continued). If ep : E% — Ef),o denotes the canon-
ical inclusion, the composite

Hy(X) » FpHyp(X)/Fpo1 Hp(X) ~ E;,OO == Ezz),o ~ Hy(B, Ho(F)) ~ H,(B)
is equal to the map Hy(f) : Hy(X) — Hy(B). Similarly, if er : Eg, — Eg,
denotes the canonical surjection, the composite
Hy(F)~ Ho(B,Hy(F)) ~ E&q RN By, = FoH,(X) — Hy(X)

equals the map Hy(F) — H,(E) induced by the inclusion F C X.
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The composites appearing in the second part of Theorem 4.11 are called the
edge maps. Edge maps are a common feature of first quadrant spectral sequences,
and the ‘geometric’ interpretation of edge maps can sometimes be used to compute
some differentials. For example, let us assume that f has a section, i.e., there exists
amap s : B — X such that f o s = Idg. Then H,(f) (hence ep) is onto. Thus,
ep is an isomorphism. Therefore, all the elements of Ef,o survive to the £ page.
That is, all the differentials starting from Ef,o must be zero.

4.3.3. Problem 3: extension problems. Assume now that we have (finally) suc-
ceeded in computing E7°,. We have not finished yet! Indeed the E*°-page of the
spectral sequence is isomorphic to Gr(H, (X)), not to H,(X). This can make a
big difference. For example, if E° equals Z/2Z @ Z /27, then Hy(X) could equal
7/27 ®7/27 or Z]/AZ.

In the case of spectral sequences of k-vector spaces (or more generally if the
E*°-page is a bigraded projective k-module) this problem vanishes thanks to the
following lemma.

Lemma 4.12. Let M be a k-module, equipped with a filtration

0=FuM C By M CFMC oo (Uys, FM) = M.

p>m
Assume that Gr(M) is a projective k-module. Then there is an isomorphism of

k-modules M ~ Gr(M).

Proof. Let 0 — M’ — M — M"” — 0 be a short exact sequence of k-modules.
If M" is projective, we can find a section of the map M — M" so M splits as a
direct sum: M ~ M’ @ M". We build the isomorphism M ~ Gr(M) by iterative
uses of this fact. O

To solve extension problems in the general case, we often use additional
structure on the spectral sequence, or additional information on the abutment
H,.(X), obtained independently from the spectral sequence.

4.4. Additional structure on spectral sequences

Many spectral sequences bear more structure than what is stated in Definition 4.4.
This additional structure is usually of great help in effective computations. In this
section we present two properties among the most frequent and useful ones, namely
algebra structures (the pages of the spectral sequences are bigraded algebras), and
naturality (the spectral sequence depends functorially on the object it is built
from).

4.4.1. Spectral sequences of algebras

Definition 4.13. Let (£ ,,d") be a spectral sequence of R-modules, converging to

K,. We say that it is a spectral sequences of algebras if the following conditions
are satisfied.
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1) For all r there is a bigraded product E” satis-
(1) g p .

fying a Leibniz relation

d"(xy - w9) = d" (1) - mp + (1) T2y - d"(22)  fora; € E) .

T I
1,91 ®r Ep27qz - Ep1+p2,lh+qz’

In particular H (E:*) is a bigraded algebra.

(2) The isomorphism H(EZ,) ~ Et! is compatible with products.

(3) The abutment K, is a filtered graded algebra (i.e., the filtration satisfies
F,K;-- - F,K; C FpyqK;yj) and the isomorphism Eg° ~ Gr(K,) is an iso-
morphism of graded algebras.

Spectral sequences of algebras are interesting for many purposes. First, one
might very well be interested in computing the graded R-algebra K. rather than
the graded R-module K. In that case, we need a spectral sequence of algebras
to do the job. But even if we are not interested in the algebra structure of the
abutment, the algebra structure on a spectral sequence (£ ,, d") is an extremely
useful tool to compute the differentials. Indeed, by the Leibniz rule, it suffices
to determine d"(z) for generators x of EJ , to completely determine d” on Ef !

Examples of spectral sequences of algebras are given in Section 4.5.

4.4.2. Naturality of spectral sequences. Let A be an abelian category. To define
the category of homological spectral sequences in A, we need to define morphisms
of spectral sequences.

Definition 4.14. Let (E” ,,d") and (E', ,,d") be two spectral sequences con-

N *,%0

verging to K, and K/ respectively. A morphism of spectral sequences is a se-
quence of bigraded maps f": B} , — E' :7*7 which commute with the differentials:
d'"(f(z)) = f(d"(x)), and such that H(f") = f"+!. (In particular, the morphism

induces a map f>: EX, — E';°,.)

3k

From a practical point of view, morphisms of spectral sequences f" : Ef , —
E :* are very useful for explicit computations. Indeed, if the differentials in the
spectral sequence E” , are known, then one can use f to prove that d’"(x) = 0,
for x in the image of f7, or to prove that some some x in the image of f" are
boundaries.

In practice, spectral sequences usually come from a functor
E : C — Spectral sequences ,

where C is a given category. One also says that the spectral sequence is natural
with respect to the objects C' € C. In this situation, morphisms in C induce maps
of spectral sequences. The Leray—Serre spectral sequence is a typical example (C
is the category of fibrations).

Theorem 4.15 (Leray—Serre — continued). The Leray—Serre spectral sequence is
natural with respect to the fibration f, and the convergence is natural with respect

to f.
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The precise meaning of Theorem 4.15 is the following. If (¢95,9x,9r) is a
morphism of fibrations, i.e., there is a commutative diagram:

gr

E =F
\% \%
X oL x
f 7
\% . \%
B > B’

then (g9p,9x,gr) induces a morphism g" : Ef , — E’;* of spectral sequences
between the two Leray—Serre spectral sequences. On the level of the second page,
g? coincides with the morphism H.,(gp, H.«(gr)). The map H,(gx) preserves the

filtrations on the abutments and Gr(H,(gx)) equals the map g : EX, — E',.

4.5. Examples of spectral sequences

In this section we give some of the most common examples of spectral sequences.
We shall not explain in details how these spectral sequences are constructed, since
their construction is quite involved and usually useless for practical computations.
We refer the reader to [Wei, Chap. 5], [ML, XI|, [Ben, Chap. 3| or [MC] for more
information on their construction.

4.5.1. Filtered complexes. Let C be a chain complex in an abelian category A. A
filtration of C' is a family of subcomplexes --- C F,C' C F,.1C C --- of C. The
filtration is bounded below if for all k, there is an integer pj such that F,, Cj = 0.
It is exhaustive if UpeZ F,C=C.

If C is a filtered complex, we denote by Gr,C the quotient complex: Gr,C =
F,C/F,_1C. The filtration of C' induces a filtration on its homology, defined by

F,H.(C) := Im(H,(F,C) — H.(C)) .

The following theorem provides a spectral sequence which recovers the homology
of C from the homology of the complexes Gr,C.

Theorem 4.16. Let C' be a filtered chain complex, whose filtration is bounded below
and ezhaustive. There is a homological spectral sequence

E} (C) = Hyp4(Gr,C) = Hpyq(C) .
More explicitly, there are isomorphisms
Ex(C) =~ FyHy o(C)/Fy_1Hpyy(C) .

If f : C — C is a chain map preserving the filtrations (i.e., it sends F,C
into F,C"), then f induces a morphism of spectral sequences with Ezl,’q(f) =
Hy1q(Gryf), and E35,(f) coincides on the abutment with GrpHyyq(f).
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Example 4.17. Let us test Theorem 4.16 on the simplest example. Let 0 — C’ —
C — C"” — 0 be a short exact sequence of chain complexes. This short exact
sequence is equivalent to saying that C is filtered with FyC = C" and F1C = C.
Thus we have a spectral sequence whose first page is of the form:

1
q/\ Epvq
0 Ho(C') <% Hy(C”) 0 0
0 H(C) <" Ho(C”) 0 0
0 Ho(C) < Hy(C") 0 0o

The shape of the El-page implies that the differentials d, are zero for r» > 1
(these differentials are ‘too long’: their source or their target must be zero), so
E;%,q = E;7,. As a result we have exact sequences:

0= ES — Hy1(C") ™ Hy(C) — EgS, — 0.

Now the convergence of the spectral sequence is equivalent to the data of short
exact sequences:

0— Egw1 — Hyr1(C) — ET5, — 0.

Splicing all these exact sequences together, we recover the classical homology long
exact sequence associated with the short exact 0 — C' — C — C” — 0.

Theorem 4.16 has a cohomological analogue, which we now state explicitly for
the convenience of the reader. A cochain complex C'is filtered when it is equipped
with a family of subcomplexes --- C FPC C FP~1C C --- (beware of the indices,
which are decreasing for filtrations of cohomological complexes). The filtration is
bounded below if for each k there is an integer pj such that FP*C* = 0, and it is
exhaustive if UpeZ FPC = C. The cohomology of a filtered cochain complex C' is
filtered by

FPH*(C) == Tm(H*(FPC) — H*(C)) .

Theorem 4.18. Let C be a filtered cochain complex, whose filtration is bounded
below and exhaustive. There is a cohomological spectral sequence

EPI(C) = HPTI(FPC/FPTC) = HPT(0).
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To be more explicit, the differentials are maps d, : EP*? — EPT™4TI=" qnd there
are isomorphisms:

EPA(C) ~ FPHPT(C)/FPTHPTI(C) .

If f : C — C' preserves the filtrations, then f induces a morphism of spectral
sequences with EVI(f) = HPT(GrPf), and ELA(f) coincides on the abutment
with Gr? HPHA(f).

The following instructive exercise is suggested by W. van der Kallen. It pro-
vides a conceptual interpretation of the terms of the rth page of the spectral
sequence of a filtered complex.

Exercise 4.19. Let f : C — D be a map of cochain complexes. If f* : C* — D' is
surjective and fit! : C*Tt — DL is injective, show that H*(f) is surjective and
HTY(f) is injective.

If C is a filtered complex, for the sake of brevity, we let C>;, = F'C, and
Ciyj = FiC/FiC if j > i. Let a, b be integers with a < b. We have a map ¢
of spectral sequences from the spectral sequence of the filtered complex C to the
spectral sequence of the filtered complex C'/C'sy, filtered by the images of the C;.
Show that ¢P? is surjective for p +r < b and injective for p < b.

Similarly we have a map v of spectral sequences from the spectral sequence of
the suitably filtered complex Cs,/C>} to the spectral sequence of the filtered com-
plex C'/C>;. Show that ¢P? is surjective for p > a and injective for p —r +1 > a.

Show that the spectral sequence for C>,/Csp has vanishing EP? for p < a
and for p > b.

Now prove the formula EP? = (H?*9(Cp_y 11 /p4r))p/p+1 Dy taking a = p —
r+1,b=p+r.

4.5.2. Bicomplexes. A first quadrant chain bicomplex is a bigraded object C' =
@D, 50,450 Cp.q together with differentials d : Cp g — Cp_1gand 9: Cp g = Cp g1
which commute: d 0 = 0 o d. The total complex associated such a bicomplex is
the complex Tot C' with (Tot C),, = @ Cp,q and whose differential maps an
element of x € C) 4 to dx + (—1)P0x.

p+q=n

Example 4.20. Let C' and D be nonnegative chain complexes of R-modules. Their
tensor product C®pg D is equal to Tot (CK g D), where CX g D is the first quadrant
chain bicomplex defined by (C® g D), =C,® Dy, d =dc®Id and 0 =Id®dp.

If C is a first quadrant bicomplex, we can obtain a spectral sequence converg-
ing to the homology of Tot C' as a particular case of Theorem 4.16. Let us sketch
the construction. We first define a filtration of Tot C' by

F,TotC:=  Cpy-
0<p,0<g<n

Thus FyC equals the 0th column of the bicomplex C, with differential 9, and more
generally F), is the ‘totalization’ of the sub-bicomplex of C' formed by the objects
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of columns 0 to n. So there is an isomorphism of complexes:
F,Tot (C)/F,—1Tot (C) =~ (Cps—n, ) .
By Theorem 4.16, the filtered complex Tot C gives birth to a spectral sequence
starting with page E} ,(C) = Hy(Cy +,d), converging to Tot (C),4,. Looking at
the construction of the spectral sequence of Theorem 4.16, one finds that the
first differential d' : E} (C) — E}_, ,(C) is equal to the map Hy(Cp«,d) —
H,(Cp-1,+,0) induced by the differential d : C}, ; — Cp—1 4. Thus the second page
is given by:
Efy,q(c) = Hp(Hq(07 8)? d) .

This is summarized in the following statement.
Theorem 4.21. Let (C,d,d) be a first quadrant chain bicomplex. There is a homo-
logical spectral sequence

Eg,q(C) = H,(H4(C,0),d) = Hpi4(Tot C) .
To be more specific, we have isomorphisms:

By, (C) =~ FyHyyy(Tot O)/Fy 1 Hpyy(Tot C) .
Moreover, the spectral sequence is natural with respect to morphisms of bicom-

plezes.

First quadrant chain bicomplexes are ‘symmetric’, that is, the transposed
bicomplex C? defined by Cf,,q = (,;p gives rise to another spectral sequence with
second page EZ (C') = Hy(H,(C,d),d) and which converges to Hp,4(C") ~
Hpi+4(C). So there are actually two spectral sequences associated to a bicomplex.

Example 4.22. As an application of Theorem 4.21 we prove that Torf(M, N) is
‘well balanced’, i.e., it can be computed using indifferently a projective resolution
of M or a projective resolution of N. Let P (resp. Q) be a projective resolution of
M (resp. N). We denote by “Tor?(M, N) the homology of the complex P @z N,
and by TTor*R(M7 N) the homology of M ®p Q. We form the bicomplex

(C,d,0) = (PRRrQ,dp®1d,Id®dg) .
Theorem 4.21 yields a spectral sequence (Ej}, ,(C),d);>2, converging to the ho-
mology of Tot (C). Since the objects of P are projectives P,®p is an exact functor
so Hy(P,®Rr Q,0) =P, ®r Hy(Q) = P, ® N if ¢ = 0 and zero otherwise. Thus:
E2 (C) = “Tor, (M, N) if ¢ =0 and zero if ¢ # 0.
The shape of the second page implies that the differentials d", for » > 2 must

be zero (their source or their target is zero), so E2 (C) = E (C) and since the
spectral sequence abuts to H,(Tot C'), we obtain an isomorphism

“Torf (M, N) ~ H,(Tot C) .
The same argument applied to the transposed bicomplex C? yields an isomorphism:
"Tor (M, N) ~ H,(Tot C*) ~ H,(Tot C) .
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This proves that Tor(M, N) is well balanced. (If C is a small category, the same
reasoning also shows that Tor$ (G, F) is well balanced.)

Exercise 4.23.

1. Let R be an algebra over a commutative ring k. Let M be a right R-module
and let P be a complex of projective left R-modules. Show that there is a
first quadrant homological spectral sequence of k-modules

E? = Tory(M, Hy(P)) = Hpyq(M @ P) .

(Hint: consider the bicomplex QM @ P, where QM is a projective resolution
of M.)

2. Assume that M has a projective resolution of length 2 (i.e., of the form
0 — Q1 — Qo). Show that if P is a complex of projective R-modules, there
are short exact sequences of k-modules:

0— M &g Hy(P) — Hy(M ®g P) — Tori'(M, H, 1(P)) = 0 .

Theorem 4.21 has the following cohomological analogue for first quadrant
cochain bicomplexes (i.e., bigraded objects C' = @pZO,qZO CP 4 equipped with
differentials d : CP9 — CPT14 and 9 : CP4 — CP9T! which commute).

Theorem 4.24. Let (C,d,0) be a first quadrant cochain bicomplex. There is a co-
homological spectral sequence

E9(C) = HP(HY(C,0),d) = H"™(Tot C) .

To be more specific, the rth differential is a map EPY — EPY™4H1=" and we have
1somorphisms:

EPA(C) ~ FPHP*(Tot C)/ FPT HPT4(Tot C) .

Moreover, the spectral sequence is natural with respect to morphisms of bicom-
plexes.

4.5.3. Grothendieck spectral sequences. Let A, B, C be abelian categories, and
let F': A — B and G : B — C be right exact functors. On can wonder wether
it is possible to recover the derived functors L;(G o F) of the composition from
the derived functors L;F' and L;G. The Grothendieck spectral sequence answers
this question under an acyclicity assumption. One says that N € B is G-acyclic if
L;G(N) =0 for i > 0.

Theorem 4.25. Let A, B, C be abelian categories such that A and B have enough
projectives. Assume that we have right exact functors F : A — B and G : B — C
such that F sends projective objects to G-acyclic objects. Then for all M € A,
there is a homological spectral sequence:

E[2J,q = LG o LyF(M) = Lpiq(Go F)(M) .

The Grothendieck spectral sequence has a cohomological analogue for right
derived functors.
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Theorem 4.26. Let A, B, C be abelian categories such that A and B have enough
injectives. Assume that we have left exact functors F': A — B and G : B — C such
that F' sends injective objects to G-acyclic objects. Then for all M € A, there is a
cohomological spectral sequence, with differentials d,. : EP:4 — EPTTati=r.

EP? = RPG o RIF(M) = RPT(G o F)(M) .

Example 4.27. Let us illustrate the Grothendieck spectral sequence by a situation
from the algebraic group setting. Let G be an algebraic group over a field k and
let H be a closed subgroup. The restriction functor:

res$; : {rat. G-mod} — {rat. H-mod}
admits a right adjoint, namely the induction functor!®
ind$ : {rat. H-mod} — {rat. G-mod} .

By Exercise 2.22, indg is left exact and preserves the injectives. Moreover,
H*(H, M) is the derived functor of

M > Homyat. #-mod (K, M) =~ Homyat. ¢omod (k, ind % M)
so Theorem 4.26 yields a spectral sequence:
EY® = HP(G, R%ind$ (M) = HPTI(H, M) .

In particular, if by chance the H-module M satisfies the vanishing condition
qundg(M) = 0 for ¢ > 0, the spectral sequence stops at the second page (since
it is concentrated on the Oth row) and yields an isomorphism:

H*(G,ind$ M) ~ H*(H, M) .

The Kempf vanishing theorem, a cornerstone for the representation theory of alge-
braic groups, asserts that the vanishing condition is satisfied when G is reductive,
H is a Borel subgroup of G and M = k) is the one-dimensional representation of
H given by a character y of H, associated to a dominant weight A''. In this case,
the representation ind% (k) is called ‘the costandard module with highest weight
A’ and denoted by Vg (N), or HO(N) |J, 11.2].

10Let us consider the regular functions k[G] as a G x H-module, where G acts by left translations
and H by right translations on G. The induction functor is defined by the formula: indg (M) =
(k[G]l® M)E.

HMFor example, G = GLyn(k), H = By(k) is the subgroup of upper triangular matrices and
M =k, is the one-dimensional vector space k acted on by Bj (k) by multiplication with a scalar

xa(lg.5]) = [T}, where A1 > Xp > - > A,
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4.5.4. Filtered differential graded algebras. A differential graded algebra is a
graded algebra A equipped with a differential d satisfying the Leibniz rule: d(zy) =
d(x)y+(—1)%e%zd(y). A filtration of a differential graded algebra A is a filtration
-+ C FyA C Fpy1 A C -+ A of the complex (A, d) compatible with products, i.e.,
the product sends F,A ® F,A into Fj,A.

If A is a filtered differential algebra, the product of A induces bigraded algebra
structures on P, , Hy(GrpA) and @, , GrpHy(A). Thus, the first page and the
oo-page of the spectral sequence of Theorem 4.16 are bigraded algebras. More is
true: in this situation, the spectral sequence is a spectral sequence of algebras.

Theorem 4.28. Let A be a filtered differential graded algebra, whose filtration is
bounded below and exhaustive. There is a homological spectral sequence of algebras

Ej (A) = Hpyq(GrpA) = Hpig(A) .
More explicitly, there are bigraded algebra isomorphisms
EX(A) = FyHy g(A)/Fy1Hpig(A) .

If f : A — A" is a morphism of differential graded algebras preserving the filtrations
(i.e., it sends F, A into F,A’), then f induces a morphism of spectral sequences with
Bl (f) = Hpyq(Grpf), and EX,(f) coincides on the abutment with GrpHpyq(f).

Theorem 4.28 has an obvious cohomological analogue, whose formulation is
left to the reader.

4.5.5. The Lyndon-Hochschild-Serre spectral sequence. Let G be a discrete
group, let H be a normal subgroup of G, and let M be a kG-module (k is a
commutative ring). The Lyndon—Hochschild-Serre spectral sequence allows to re-
construct the cohomology H*(G, M) from some cohomology groups of H and
G/H. Let us be more specific. We can restrict the action on M to G to obtain a
kH-module, still denoted by M.

Lemma 4.29. The quotient group G/H acts on H'(H, M) for all i > 0.

Proof. Let [g] denote the class of g € G in G/H. Then G/H acts on M by the
formula: [g]m := gm. Consider the cohomological §-functor (F*,§);>, where the
F' are the functors
kG-Mod — k-Mod
M — HY(H,M) "

Restriction from kG-modules to kH-modules preserves injectives (cf. Exercise
2.31), so F* = RY(FY). Each [g] € G/H defines a natural transformation [g] :
FY — FY 50 it extends uniquely into a morphism of §-functors from (F*,d");>¢
to (F,6%);>0. By uniqueness, since the axioms of a group action are satisfied on
FO(M), they are satisfied on all F*(M), i > 0. O

We are now ready to describe the Lyndon-Hochschild-Serre spectral se-
quence.
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Theorem 4.30. Let H be a normal subgroup of G, and let M be a kG-module. There
is a first quadrant cohomological spectral sequence of k-modules, with differentials
d": Epd — pptmatr—1;

EPY = HP(G/H,HY(H,M)) = H"t9(G, M) .

This spectral sequence is natural with respect to M. Moreover, if M is a kG-algebra
then the spectral sequence is a spectral sequence of algebras. (On the second page
of the spectral sequence, the product is the cup product of the cohomology algebra
H*(G/H, A) where A is the cohomology algebra H*(H, M).)

A similar Lyndon-Hochschild—-Serre spectral sequence exists for the homology
of discrete groups, and the rational cohomology of algebraic groups.

Exercise 4.31. Let H be a normal subgroup of G and let M € kG-mod (k is a
commutative ring). Derive from the Lyndon-Hochschild—Serre spectral sequence
the five terms exact sequence:

0— HY(G/H,M") - HY(G,M) — H'(H, M)/
— H*(G/H,M") — H*(G, M).
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