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For God’s sake, I beseech you, give it up.
Fear it no less than sensual passions because
it too may take all your time and deprive you
of your health, peace of mind and happiness
in life. ..

Letter of Farkas Bolyai to his son, April 4,
1820.

I created a new, different world out of
nothing. ..

Letter of Janos Bolyai to his father,
November 2, 1823.



Preface

This textbook contains the lecture notes of three one-semester courses given by the
author to third year students at the University of Strasbourg. We assume that the
reader is familiar with the calculus of one real variable. The first part on Topology is
used everywhere in the sequel. The following two parts on Differential calculus and
Approximation methods are logically independent.

We have made much effort to select the material covered by the lectures, to
formulate aesthetical and general statements, to seek short and elegant proofs, and
to illustrate the results with simple but pertinent examples. (See also the remarks
on p. 369.) Our work is strongly influenced by the beautiful lectures of Professors
Akos Csaszar and Laszl6 Czach during the 1970s at the E6tvos Lorand University
in Budapest, and more generally by the mathematical tradition created by Leopold
Fejér, Frédéric Riesz, Paul Turdn, Paul Erd6s and others.

On p. 337 we cite many papers of historical importance, indicating the origin of
most of the notions and theorems treated here. They often contain different versions
of the theorems we treat, illustrating the genesis of mathematical interest.

We suggest that, on the first reading, the reader should skip the material marked
by *. At the end of each chapter we give some exercises. However, the most
important exercises are incorporated into the text as examples and remarks, and
the reader is expected to fill in the missing details.

We list on p. ix some books of general mathematical interest.

We thank A. Besenyei, C. Baud, L. Czich, C. Disdier, D. Dumont, J. Gerner,
P. Loreti, C.-M. Marle, P. Martinez, M. Mehrenberger, P.P. Plfy, M. Pedicini, P.
Pilibossian, J. Saint Jean Paulin, Z. Sebestyén, A. Simonovits, L. Simon, Mrs. B.
Széndssy, G. Szigeti, J. Vancostenoble, Zs. Votisky and the editors of Springer for
their precious help.

This book is dedicated to the memory of Paul Erdds.

Strasbourg, France Vilmos Komornik
March 26, 2017
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Part I
Topology

Topology is the science of continuity. Following the polyhedron formula of
Descartes [127]' in 1639 and Euler [153] in 1750, Euler’s paper [149] in 1736
on the bridges of Konigsberg, and the works of Bolzano [53] (in 1817) and Cauchy
[87] (in 1821), J. Bolyai [50] (in 1831) and Lobachevsky [337] (in 1829) stepped
out of the two thousand year-old framework of Euclidean geometry. Their work was
extended by Riemann [409, 410] (in 1854 and 1857).

Weierstrass [S07-509] (1841-1874) and his students completed and clarified the
earlier results. Most of today’s basic notions (cluster points, interior and boundary
points, density, closed sets, neighborhoods, . ..) are due to Cantor [75-79] (1872-
1884).

Grassmann [202] introduced the spaces R” in 1862; after Jordan [263] and Peano
[380, 382] (1882-1890), they were thoroughly studied by Poincaré [392] in 1895.

In order to overcome various difficulties occurring in the calculus of variations
and in the study of Fourier series and partial differential equations, Ascoli [20]
(1883), Arzela [18, 19] (1889-1895), Volterra [500, 501] (1896-1897), Fredholm
[179, 180] (1900-1903), Hilbert [238, 239] (1904-1906) and others started to study
infinite-dimensional spaces.

Fréchet [174] introduced in 1906 metric spaces and the notions of completeness,
compactness and separability.

Riesz [412] introduced topological spaces in 1906. The general theory of
topological and metric spaces was developed and greatly enriched by Hausdorff
in his influential monograph [225] in 1914. It already contains almost all the results
of the first two chapters of this book.

Riesz [416] also introduced normed spaces in 1917, which are very useful in
Differential Calculus and Functional Analysis.?

I'The references refer to the bibliography at the end of this volume, on page 349.
2 Analysis in infinite-dimensional spaces.



2 I Topology

Readers interested in historical aspects of the subject may find much more
information in the following works: [21, 31, 60, 62, 72, 81, 131, 137, 139, 217, 225,
277, 341, 429, 485].

The following books contain many interesting exercises and additional results:
[22, 102, 106, 118, 131, 273,278, 297, 431].

Most of the definitions and notations of this book are traditional; a few exceptions
will be stated explicitly. The notation (x,) C A means that (x,) is a sequence of
elements of the set A.

The domain and the range of a function f will be denoted by D(f) and R(f),
respectively. When it is not necessary to indicate the domain of f explicitly, we
sometimes write f : X < Yinsteadof f : D — Y, D C X.



Chapter 1
Metric Spaces

Metric spaces are very convenient in the study of continuity and uniform continuity.
In this chapter we generalize a number of results on real sequences and functions of
a real variable to sequences and functions defined on arbitrary metric spaces.

The reader may notice, however, the absence of monotone sequences: metric
spaces are not suited to this notion.

Bounded sets may be defined easily in metric spaces, but they play a less
important role than in R. The related notion of totally (or completely) bounded sets
proves to be more useful.

1.1 Definitions and Examples

Definitions
» By adistance or metric on a non-empty set X we mean a functiond : X xX — R
satisfying the following four properties for all x, y, z € X:
o dxy) =0,
o dx,y)=0x=y,
o dxy) =dy.x),
e dx,y) <d(x,2) +d(z.y).
The last property is called the triangle inequality (see Fig. 1.1).

e If dis ametric on X, then (X, d) is called a metric space. When there is no risk of
confusion, we write X instead of (X, ). The elements of X are also called points.

© Springer-Verlag London Ltd. 2017 3
V. Komornik, Topology, Calculus and Approximation, Springer
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4 1 Metric Spaces

Fig. 1.1 The triangle z
inequality

Examples

e X =R, d(x,y) = |x—y|. This is the usual metric of R. Unless stated otherwise,
we always consider this metric on R.
* Given a non-empty set X, the formula

0 ifx=y,

d(x,y) =
®.) 1 ifx#y

defines the discrete metric, and (X, d) is called a discrete metric space.
* Given a non-empty set K, the set of bounded functions f : K — R is denoted by
B(K).

The formula
deo(f.8) = sup [f(1) — g()]

defines a metric on B(K). Henceforth B(K) will be endowed with this metric.
* We generalize the previous example. Given a metric space (X, d), the diameter
of aset A C X is defined by the formula'

diamA := sup{d(x,y) : x,y € A}.
A is bounded if diam A < oo, and a function f : K — X is bounded if its range is

a bounded set in X.
The formula

doo(f8) := sup{d(f(1). g(n)) : t € K}

defines a metric on B(K, X). Henceforth B(K, X) will be endowed with this
metric.

'We have diam & = —o0, and diam A € [0, 0o] otherwise.



1.1 Definitions and Examples 5

Definition Let (X, d) be a metric space, y € X and r > 0. The set
B.(y) ={xeX : dx,y) <r}
is called the (open) ball of radius r, centered at y.

Remarks

o If r < s, then B,(y) C B,(y). But we may have equality! For example, in a
discrete metric space X we have B,(y) = {y} forall » < 1 and B,(y) = X for all
r>1.

* The preceding example also shows that the radius and the center of a ball are not
always uniquely defined.

* The diameter of a ball of radius r is at most 2r by the triangle inequality.

* A setis bounded if and only if it is contained in some ball.

Definition In a metric space a set U is open if for each y € U there exists an 7 > 0
such that B,.(y) C U.

Let us collect the basic properties of open sets:
Proposition 1.1 Let (X, d) be a metric space.

(a) The sets @ and X are open.

(b) The intersection of finitely many open sets is open.

(c) Any union of open sets is open.

(d) The open balls are open sets.

(e) Any two points x,y € X may be separated by open sets U and V:

xeU, yeV and UNV =g2.

Proof

(a) Xisopenbecausex € Bi(x) C X for each x € X. The empty set is open because
no condition has to be verified.

() Ify e Uy N---N Uy, where Uy, ..., U, are open sets, then for each i there
exists an r; > 0 such that B,,(y) C U;. Then r := min{r,...,r,} > 0, and
B.(yy cU N---NU,.

(c) If y belongs to the union U of a family {U;} of open sets, then y € U; for a
suitable index i. Since U; open, there exists an r > 0 such that B,(y) C U;, and
then B,(y) C U.

(d) Given y € B,(x), we seek s > 0 such that B;(y) C B,(x). We may choose
s 1= r —d(x,y) (see Fig. 1.2). Indeed, then s > 0 by the definition of B,(x).
Furthermore, if z € B;(y), then

dx,z) <d(x,y)+d(y,z) <dx,y)+s=r,

so that z € B,(x).
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Fig. 1.3 Separation of points

(e) We may choose, for example, U = B,(x) and V = B,(y) with r := d(x,y)/2 >
0.Indeed, if z € U, then d(y, z) > d(x,y) —d(x,z) > r by the triangle inequality
(see Fig. 1.3), and hence z ¢ V. O

Example The open intervals of R are indeed open sets. First, the (non-empty)
bounded open intervals are open balls: (a, b) = B,(y) with

a+b b—a
y= and r= .
2 2
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Next, every unbounded open interval is the union of (countably many) bounded
open intervals: for any a € R we have

(a,0) = U(a,a+n), (—00,a) = U(a—n,a) and R = U(—n,n).
n=1 n=1 n=1

We introduce two common constructions of new metric spaces.
Definitions

* By a subspace of a metric space (X,d) we mean a non-empty subset ¥ of X
endowed with the restriction of the metricd to Y x Y.

* By the product of finitely many metric spaces (X1, d1), ..., (Xu, dn) we mean the
product set X = X; x - - x X;,, endowed with the metric

dx,y) :=di(xi,y1) + -+ duxm.ym), xy€eX,
where we use the notations
x=(x,...,%xy) and y=(1,...,Vm)-

One may readily verify that both definitions do indeed yield metric spaces.
Applying these constructions to R, R™ becomes a metric space for the metric

d(x7y) = |X1 _y1| +--- 4 Ixm _ym|a

and all non-empty subsets of R™ also become metric spaces.
Finally, we generalize the closed intervals:

Definition A set in a metric space is closed if its complement is open.

Examples

* A closed interval of R is indeed a closed set: the complement of an unbounded
closed interval is either empty or an open interval:

R\R=@, R\ (—00,b]=(b,00), R\ [a,o0) = (—00,a),

while the complement of a bounded closed interval is the union of two open
intervals:

R\ [a,b] = (—o0,a) U (b, 0),

hence is again an open set.
¢ The bounded half-closed intervals [a, b) and (a, b] are neither open, nor closed.



8 1 Metric Spaces
1.2 Convergence, Limits and Continuity

The convergence of a sequence in a metric space is defined by using the convergence
of number sequences:

Definition A sequence (x,) in a metric space (X, d) is convergent if there exists a
point x € X satisfying d(x,,x) — 0. The point x is called the /imit of the sequence.
We also say that x,, converges or tends to x, and we write x, — x or limx, = x.

Examples

¢ In X = R the definition reduces to the usual convergence.
e If x, = x for all sufficiently large indices n, then x, — x.2 In discrete metric
spaces there are no other convergent sequences.
e If Y is a subspace of a metric space X, y € Y and (x,,) C Y, then
X, =y in Y<=x,—y in X

e In B(K) we have f, — f if and only if the function sequence (f,) converges
uniformly to f on K, i.e., for each ¢ > 0 there exists an index N such that

[fo(®) —f(D] <&
foralln > Nandt e K.

¢ More generally, in B(K, X) we have f, — f if and only if for each ¢ > 0 there
exists an index N such that

d(fa(0).f (1) <€

foralln > Nandt € K.
¢ For the product (X, d) of the metric spaces (X,d}), ..., (Xu,d,) we have

X, —~>a in X< x,;—>a in X; foreach j=1,....,m,
where we use the notation
Xp = (Xnls .. X)) and a = (ay,...,ay)

(component-wise convergence). An important case is X = R™.

2Such sequences are called eventually constant.



1.2 Convergence, Limits and Continuity 9

The usual properties of convergent number sequences (except those related to
monotonicity) remain valid in metric spaces:

Proposition 1.2

(a) The limit of a convergent sequence is unique.

) Ifx, = xandy, — y, then d(x,, y,) — d(x,y).

(¢) Ifx, — x, then x,,, — x for each subsequence (x,,) of (x,).

(d) (Cantor) If x, #> x, then there exists a subsequence (xy,) such that x,,, 7> x for
every further subsequence (xy, ) of (xu,).

Proof

(a) If x, > x and x, — y, then
d(x,y) <d(x,x,) +d(x,,y) = 0

by the triangle inequality. Hence d(x,y) < 0, so that x = y.
(b) By the triangle inequality, we have

d(xp, yn) < d(xn,x) +d(x,y) + d(y,yn)
and
d(x,y) < d(x,x,) + d(xn, yn) + d(n, ¥),

so that

|d(-xnv yn) - d(-xv y)' = d(xnv-x) + d(ynvy)

We conclude by observing that the right-hand side tends to zero.

(c) Ifd(x,,x) — 0, then d(x,,,x) — 0, because the number sequence (d(x,,, x)) is
a subsequence of (d(x,, x)).

(d) If x, 4 x, then there exists an ¢ > 0 and a subsequence (x,,) such that
d(xy,,x) > ¢ for all k. Then no subsequence (x,,) of (x,) converges to x,
because d(xnkl ,x) > ¢ forall . |

There is a sequential characterization of closed sets (see Fig. 1.4). First we prove
a lemma:

Lemma 1.3 Givenaset D C X and a point a € X in a metric space X, the following
properties are equivalent:

(a) every open set containing a meets D;
(b) every ball B,(a) meets D;
(c) there exists a sequence (x,) in D, converging to a.

Proof

(a) = (b) because the balls B,(a) are open.
(b) = (c) Choose a point x, € By/,(a) ND for each n, then (x,) C D,andx, — a
because 0 < d(x,,a) < 1/n — 0.
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Fig. 1.4 A sequence in a
closed set

A

(c) = (a) Choose a sequence (x,) in D, converging to a. For each open set U
containing a, choose a ball B,(a) C U.If nis sufficiently large, then x,, € B.(a)N
DcUND. O

Proposition 1.4 A set F in a metric space X is closed if and only if

X, —~>a in X and (x,) CF =— ac€kF.

Proof F is not closed if and only if X \ F is not open, i.e., there existsana € X \ F
such that all balls B,(a) meet F'. By Lemma 1.3 this is equivalent to the existence of
a sequence (x,) C F converging to a. O

Next we investigate the limit of a function:

Definition Let (X, d) and (X', d’) be metric spaces, a € X and ¢’ € X’. A function
f: X — X' has the limit a’ at a if for each ¢ > 0 there exists a § > 0 such that

x€X and 0<d(x,a)<§ = d(f(x),d) <e.

In this case we write lim,, f = @’ or lim,—,, f(x) = a'.
Remarks

* Evenif f is defined at a, neither the existence, nor the value of the limit depends
on f(a).

e We say that a is an accumulation point (or a cluster point) of X if every ball B,(a)
contains at least one point, other than a. In this case f has at most one limit in a.
Indeed, by Lemma 1.3 there exists a sequence (x,) C X \ {a} converging to a.
If lim, f = d, then f(x,) — d by the definition of the limit of a sequence. We
conclude by recalling that a sequence has at most one limit.

e We say that a is an isolated point of X if it is not an accumulation point, i.e., if
there exists an r > 0 such that B,(a) = {a}. In this case we have lim, f = &’ for
all @ € X'. In order to avoid this pathological case the limit is usually defined
only at accumulation points.
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Our broader definition avoids the notion of accumulation points. More
importantly, it leads to some simplifications in the sequel.’

Now we study continuity.

Lemma 1.5 Let (X, d) and (X',d’) be metric spaces, a € X and f : X — X'. The
following three properties are equivalent:

(a) lim,f = f(a).

(b) For each ¢ > 0 there exists a § > 0 such that
x€X and dx,a)<8§ = d({fx),f(a) <e.
Equivalently, each ball B(f (a)) contains the image f(Bs(a)) of some ball Bs(a).
() Ifx, — ain X, then f(x,) — f(a) in X'.
Proof

(a) = (b). For any fixed ¢ > 0 we choose § > 0 according to the definition of
lim,f = f(a). Thus x # a and d(x,a) < § imply &' (f(x),f(a)) < e. The last
inequality holds for x = a, too.

(b) = (c). For any fixed ¢ > 0 we have to find N such that

d'(f(n).f(a) <&

for all n > N. Choose § > 0 according to (b). Since x, — 1, there exists an N
such that d(x,,a) < § foralln > N. Then d’'(f (x,).f(a)) < s foralln > N.

(c) = (a). If (a) is not satisfied, then we may fix ¢ > 0 such that for each § > 0
there exists an x € X satisfying

0<d(x,a) <8 and d'(f(x),f(a)) > s.
Applying this with § = 1/n we obtain a sequence xi, x», . .. such that
0 <d(xy,a) <1/n and d'(f(x,).f(a)) > ¢

for all n. Then d(x,,a) — 0, but d’'(f(x,),f(a)) # 0, so that (c) is not satisfied
either. O

Definition Let (X, d), (X', d’) be metric spaces and @ € X. A functionf : X — X’
is continuous at a if the equivalent conditions of the preceding lemma are satisfied.

Proposition 1.6 Consider two functions g : X — X' andf : X' — X", where X, X',
X" are metric spaces. If g is continuous at a € X and f is continuous at g(a) € X/,
then the composite function f o g : X — X" is continuous at a.

3See, e.g., Lemma 1.5 below.
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Proof We use definition (c) of Lemma 1.5. We have to show that if x, — a in X,
then (f o g)(x,) — (f o g)(a) in X".

Since g is continuous at a, g(x,) — g(a) in X’. Therefore, since f is continuous
at g(a), f(g(xn)) — f(g(a)) in X" o

There are several useful notions of global continuity:
Definitions Let (X, d) and (X', d’) be metric spaces. A functionf : X — X’ is

* continuous if it is continuous at each point a € X;
* uniformly continuous if for each ¢ > 0 there exists a § > 0 such that

x,y€eX and d(x,y)<8é§ = dF®X).fQO)) <e;

* Lipschitz continuous if there exists a constant L > 0 such that

d'(f(x).f () < Ld(x.y)

forall x,y € X.

Remark Every Lipschitz continuous function is uniformly continuous (choose § =
¢/L), and every uniformly continuous function is continuous (choose the same § for
each a € X). The converse implications may fail:

Examples (See Fig. 1.5)

 The functionf : R — R, f(x) = x? is continuous, but not uniformly continuous.

e The functionf : R — R, f(x) = |x] 12 is uniformly continuous, but not Lipschitz
continuous.

e The function f : R — R, f(x) = x is Lipschitz continuous.

e If (X,d) is a metric space, then the distance function d : X x X — R is
Lipschitz continuous. Indeed, applying the triangle inequality as in the proof of
Proposition 1.2 (b) (p. 9), we obtain that

|d(x1,x2) —d(y1,y2)| < d(xr,y1) + d(x2,y2)

for all pairs (x1,x2), (y1,y2) € X x X. Since the right-hand side is the distance
between these pairs in the product metric of X x X by definition, this estimate
shows the Lipschitz continuity of d with L = 1.

Proposition 1.7 Consider two functions g : X — X' and f : X' — X" where (X, d),
X', d"), (X",d") are metric spaces.

(a) Iff and g are continuous, then f o g is continuous.
(b) Iff and g are uniformly continuous, then f o g is uniformly continuous.
(c) Iff and g are Lipschitz continuous, then f o g is Lipschitz continuous.
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Fig. 1.5 Different versions 4
of continuity

13
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Proof

(a) Apply the preceding proposition for each a € X.
(b) For any fixed ¢ > 0 we seek § > 0 such that

if x,yeX and d(x,y) <8, then d"(f(g(x)).f(g()) <e.
Since f is uniformly continuous, there exists a 0 > 0 such that
if ¥,yeX and d&,yY) <o, then d'(F(X).f()) <e.
Furthermore, since g is uniformly continuous, there exists a § > 0 such that

if x,yeX and d(x,y) <8, then d(g(x),g(y)) <o.

Applying the definition of o with X' = g(x) and y = g(y) we get the desired

result.

(c) If f and g are Lipschitz continuous with constants L; and L,, then f o g is

Lipschitz continuous with constant L; L, because

d"(f(8().f(g0))) = L1d'(8(x).8(y)) = LiL2d(x,y)

forall x,y € X.
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1.3 Completeness: A Fixed Point Theorem

The classical Cauchy criterion often allows us to prove the convergence of a
numerical sequence without knowing its limit. In this section we study the metric
spaces where this useful property still holds.

Definition A sequence (x,) in a metric space (X, d) is a Cauchy sequence if
diam{x, : n>N} —->0 as N — oco.

In other words, for each ¢ > 0 there exists an N such that d(x,,,x,) < ¢ for all
m,n > N. We express this property by writing

d(xpy,x,) =0 as m,n— oo.

Example Every convergent sequence is a Cauchy sequence. Indeed, if x,, — x, then
letting m, n — oo we have

0 < d(xm, xn) < d(xpm,x) +d(x,x,) = 0.

Definition A metric space is complete if every Cauchy sequence is convergent.
Examples

* R is complete by Cauchy’s classical theorem.

* The discrete metric spaces are complete because every Cauchy sequence is
eventually constant.

* The spaces B(K) are complete. More generally:

Proposition 1.8 If (X,d) is a complete metric space, then the metric spaces
B(K, X) are also complete.

Proof Let (f,) be a Cauchy sequence in B(K, X): for each fixed ¢ > 0 there exists
an N such that

d(fu(t).fu(t) < & (1.1)

forallr € K and m,n > N. We have to find a bounded function f : K — X such that
[, converges uniformly to f on K.

It follows from our assumptions that for each fixed t € K, (f,(¢)) is a Cauchy
sequence in X. Since X is complete, this sequence converges to some limit f(¢) € X.
We thus obtain a function f : K — X such that

Jo@) = (1)

foreachr € K.
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Letting m — oo in (1.1), and using the continuity of the metric we obtain that

d(fu(1),f() < e (1.2)

forall r € K and n > N. Hence f is bounded, i.e., f € B(K, X). Indeed, since fy is
bounded, there exists a constant M such that

d(fv(s).fn() =M

for all s,t € K. Applying (1.2) with n = N and using the triangle inequality we
obtain the boundedness of f:

d(f(s).f(t)) <M +2¢ forall s.t€cKkK.

Finally, (1.2) shows that f;,, converges to f in B(K, X). O

The following proposition often enables us to prove the completeness of metric
spaces:

Proposition 1.9

(a) The product of finitely many complete metric spaces is complete.
(b) The closed subspaces of complete metric spaces are complete.

Proof
(a) Let (x,) be a Cauchy sequence in the product (X, d) of the complete metric
spaces
Xi1,d1), ..., X, dn).
Writing x,, = (X1, - - - , Xum), we deduce from the equality
d(xns xk) = dl (xnl 7-xk1) +- dm(xnmv -ka)
that (x,;) is a Cauchy sequence in (Xj, d;) for eachj = 1,...,m. These spaces
being complete, there exist points a; € X; satisfying d;(x,;,a;) — 0. Setting
a:=(ay,...,an) € X, we deduce from the equality

d(xm Ll) = dl (xnh al) + -+ dm(xnm7 le)

that d(x,,a) — 0, i.e., x, = ain (X, d).

(b) If (x,) is a Cauchy sequence in Y, then it is also a Cauchy sequence in X. Since
X is complete, (x,) converges to some point x € X. Since Y is a closed set,
x € Y,and hencex, — xinY. |

Example R™ (with the product metric) and more generally every non-empty closed
subset of R™ (with the subspace metric) is a complete metric space.
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The following existence theorem is often used to solve equations.*

Definitions Consider a function f : X — X on a metric space (X, d).

* fisacontraction if it is Lipschitz continuous with some constant L < 1:

d(f(x).f(y)) = Ld(x.y)

forall x,y € X.
e x € X is afixed point of f if f(x) = x.

Theorem 1.10 (Banach-Cacciopoli Fixed Point Theorem) In a complete met-
ric space X every contraction f has a unique fixed point x.

Moreover, starting from an arbitrary point xo € X, the formula x, = f(x,—1)
defines a sequence converging to x, and

d(x,x,) < L"(1 —L)"'d(x;, x0)

foralln =0,1,....

Remarks

e The function f(x) := x + 1 on R shows the necessity of the hypothesis L < 1.
* The function f(x) := x/2 on R* := R\ {0} shows the necessity of the hypothesis

of completeness.
* A more general result will be given in Proposition 12.4, p. 292.
* There is another important fixed point theorem, due to Brouwer; see also the

comments on p. 338.

Proof Let f be a contraction on a complete metric space X. Fix an arbitrary point
Xo € X and define a sequence by the recursive formula x, := f(x,—1). This is a
Cauchy sequence because for any m > n > 0 we have

d(xma xn) < d(xmv xm—l) + -+ d(xn+l7xn)
< (Lm_l —+ -+ L”)d(xl,xo)
< L'"(1—L)"'d(x1,x0),

and L" — 0 as n — oo. Since X is complete, the sequence converges to some point
x € X. Letting n — oo in the equation x, = f(x,—;) and using the continuity of f at
x we obtain that x = f(x).

If y is an arbitrary fixed point of f, then

d(x.y) = d(f(x).f(y)) = Ld(x, y).

4See, e.g., the proof of Theorems 6.2, 7.7, and Exercise 11.4 below, pp. 148, 179 and 281. See also
Proposition 12.4, p. 292.
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Since L < 1, we have d(x,y) < 0 and therefore x = y. The fixed point is thus
unique.

Finally, the estimate of d(x, x,) is obtained by letting m — oo in the inequality
at the beginning of the proof. O

Example The functionf : [1,00) — [1, 00) defined by the formula

fx) = ;(x+)zc>, x>1

18 a contraction because

[xy —2|

1
F() =10 = =yl < 2 =yl = b=l
Xy 2

2xy

for all x,y > 1.° Since the interval [1,00) is closed in R, it is a complete metric
space. Therefore f has a unique fixed point by the theorem, and starting from an
arbitrary number xy > 1, the sequence

1
2

2

Xn

Xnt1 = (xn—i— ), n=20,1,...

converges to this unique fixed point (equal to /2).°

Definition A non-empty set F in a metric space is complete if the corresponding
metric subspace is complete, i.e., if every Cauchy sequence in F converges to some
element of F.

The empty set is also considered to be complete.

Proposition 1.11 The complete subsets of a metric space are closed.

Proof Let F be a complete set in a metric space X, and consider a sequence (x,) in
F, converging to some point x € X. We have to show that x € F.

Being convergent, (x,) is a Cauchy sequence. Since F is complete, it converges
to some y € F. By the uniqueness of the limit of a sequence we conclude thaty = x,
and therefore x € F. O

Proposition 1.12 (Cantor’s Intersection Theorem) Let (F,) be a non-increasing
sequence of non-empty closed sets in a complete metric space. If the diameters
diam F), tend to zero, then the sets F, have at least one common point. (See Fig. 1.6.)

STf xy < 2, then we have —1 < xy — 2 < 0, and therefore |xy — 2| < 1 < xy.
6See Exercise 1.1 for a generalization, p. 280.
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Fig. 1.6 Cantor’s

intersection theorem P
1

D

Remarks

¢ Since diam (NF,) = 0, there is a unique common point.

* The sets F,, = [n, 00) in R show the necessity of the assumption diam F,, — 0.

e The sets F,, = (0, 1/n] in R show the necessity of the closedness of the sets F),.

» Cantor used this result to prove the uncountability of R as follows. We have
to show that no sequence (x,) of real numbers contains all elements of R. For
this we construct by induction a non-increasing sequence of closed intervals F,
satisfying’ 0 < diam F,, < 1/n and x,, ¢ F, for each n. There exists a common
point x of these intervals, and x # x, for all n by construction.

Proof Choose for each n a point x,, € F,,. Then (x,) is a Cauchy sequence. Indeed,
if m > n, then x,, € F,,, C F,, and x,, € F},, so that

d(xm7 xn) < diam F},,

and the right-hand side tends to zero as n — co.

Since X is complete, (x,) converges to some point x. It remains to show that
x € F,, for each m.

This follows by observing that the subsequence x,,, X+, ... belongs to the
closed set F),,, and converges to x. O

The remainder of this section is related to the notion of density. Given a set D in
a metric space X, by Lemma 1.3 the following three conditions are equivalent:

* every non-empty open set meets D;
* every ball meets D;
» for each a € X there exists a sequence (x,) in D, converging to a.

Definition A set D in a metric space X is dense if the above equivalent conditions
are satisfied.

The next result is often applied in Functional Analysis.®

70f course, diam F,, is the length of this interval.
8See also Exercise 1.14 (iii) (p. 34) for one of its first applications.
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*Proposition 1.13 (Baire) Let (X, d) be a complete metric space.

(a) If (Gy) is a sequence of open dense sets, then their intersection is also dense.
(b) IfXis the union of countably many closed sets, then at least one of them contains
a non-empty open set.

Remark The completeness assumption is essential: consider in X = Q (with the
usual distance) the (closed) one-point sets and their open complements.

Proof
(a) We define the closed balls

B.(x):={yeX :dx,y)<r}, r>0,xeX.

Their complements are open,” so that the closed balls are indeed closed sets.
Let (G,) be a sequence of open dense sets and B, (xo) an arbitrary (open) ball
in X. We have to show that NG, meets By, (xo).

Since G is dense, there exists a pointx; € G; N By, (xo). Since the latter set
is open, there exists 0 < r; < 1 such that

Brl (.Xl) C Gl n BV()(-XO)'

Since G, is dense, there exists a point x, € G, N By, (x1). Since the latter set
is open, there exists 0 < r, < é such that

By, (x2) C G, N B, (x1).

Continuing by induction we obtain a non-increasing sequence of closed balls
such that

1
0<r < k and B,k(xk) Cc G N B,k_l(xk_l)

for all k. We may apply Proposition 1.12 with Fj := B, (x) to find a point
x € NB,, (xx). Then x € NG, and x € B,,(xo) by construction.

(b) If none of the closed sets F; contains a non-empty open set, then their
complements Gy are dense open sets, and hence they have a common point
x by (a). Then x does not belong to any Fy, so that X # UFy. O

Let (X, d), (X', d’) be two metric spaces, D C X anon-empty set, andf : D — X’
a continuous function (for the subspace metric of D). It is natural to ask whether f
may be extended continuously to the whole space X. The example of the function

f)=1/x, X=X =R, D=R\{0}

°Indeed, if 7 € X \ B,(x), then s := d(z,x) —r > 0 and B,(z) C X \ B,(x).
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shows that some extra hypotheses are needed. Here we study only the simpler case
of uniformly continuous functions.'”

Proposition 1.14 Let (X, d), (X', d’) be two metric spaces, D C X a dense set, and
f : D — X' a uniformly continuous function.

If (X', d") is complete, then f may be uniquely extended to a continuous function
F : X — X'. Moreover, F is also uniformly continuous.

If f is Lipschitz continuous, then F is also Lipschitz continuous with the same
constant.

Finally, if f is an isometry, i.e., d' (f(x),f(y)) = d(x,y) forall x,y € D, then F is
also an isometry: d'(F(x), F(y)) = d(x,y) forall x,y € X.

Proof 1If there is a continuous extension F, then for every sequence (x,) C D
converging to some point a € X the relation f(x,,) — F(a) holds. (Since D is dense,
there exists such a sequence for each a € X.) This proves the uniqueness of F.

For the existence we show that the formula F(a) := limf(x,), where (x,) C D
is an arbitrary sequence converging to a, defines a uniformly continuous extension
F:X— X off.

The limit always exists because X’ is complete, and (f(x,)) is a Cauchy sequence.
To show the latter we have to find for each fixed ¢ > 0 an index N such that

d'(f(xa). f () <& (1.3)

for all n,k > N. Choose a § > O for ¢ by the uniform continuity of f, and then
choose a sufficiently large N such that d(x,, x;) < & for all n,k > N. Then (1.3) is
satisfied.

The limit does not depend on the special choice of the sequence (x,). Indeed,
if (y») C D is another sequence converging to a, then the combined sequence
X1,¥1,X2,¥2, ... also has this property. By the preceding assertion the sequence
Sx1),f01),f(x2),f(y2), ... converges in X’. We conclude that its subsequences
(f(xn)) and (f(y,)) converge to the same limit.

If a € D, then choosing the constant sequence x, := a we get F(a) = f(a), i.e.,
F is an extension of f.

We claim that F is uniformly continuous. Given ¢ > 0, choose § > 0 by the
uniform continuity of f. It suffices to show that

if abeX and d(a,b) <8, then d(F(a),F(b)) <e.

Choose two sequences (x,) and (y,) in X with x, — a and y, — b, and then choose
N such that d(x,,y,) < 8 forall n > N. Then

d'(f(n).f ) < &

10See Exercise 1.15 (p. 34) and the comments on p. 339 on the continuous extension of continuous
functions.
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for all n > N. Letting n — oo, and using the continuity of the metric d’, we obtain
the inequality d'(F(a), F(b)) < e.

If f is Lipschitz continuous with some constant L, then consider two arbitrary
points a, b € X. Choosing again two sequences (x,) and (y,) in X with x, — a and
Yu — b, letting n — oo in the inequality

d'(f(a).fn)) < Ld (X, yn)

we obtain
d' (F(a), F(b)) < Ld(a, b)

as desired.
Finally, if f is an isometry, then using the above notations, letting n — o0 in the
identity

d/(f(xn)sf())n)) = d(xnvyn)

we obtain that
d' (F(a),F(b)) = d(a,b)

foralla,b € X. O

The following important property was essentially established at the beginning of
the above proof:

Proposition 1.15 Let X, X' be two metric spaces and F, G : X — X' two
continuous functions. If F = G on a dense set D of X, then F = G on X.

Proof Given any a € X, by the density of D there exists a sequence (x,) C D
converging to a. Letting n — oo in the equality F(x,) = G(x,) and using the
continuity of F and G in a we conclude that F(a) = G(a). O

In view of the usefulness of completeness it is important to know that every
metric space may be completed. More precisely, we have the following

Proposition 1.16 (Hausdorff) Given a non-complete metric space (X, d), there
exists a complete metric space (X', d") and an isometry h : X — X'

Remark Using the isometry & we may identify (X, d) with the subspace h(X) of
X', d.

Proof Consider the complete metric space (X', d’) = B(X,R) and fix an arbitrary
point a € X. For each x € X we define a function i(x) = h, : X — R by setting

hy(y) :=d(x,y) —d(a,y), ye€X.
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Then h, € B(X,R) because

Ihe(y) = he(@)] < ()] + [he(2)] < 2d(x, a)

for all y, z € X by the triangle inequality.
Since

|he(2) = hy(2)| = |d(x,2) —d(y,2)| = d(x.y)
forall z € X, we have
d'(hy, hy) < d(x.y) (1.4)
for all x, y € X. The converse inequality also holds because
d'(hy, hy) = |he(y) = By()| = d(x.y).

|

Remark 1f the metric d is bounded, then the proof may be simplified by setting
() = d(x.y).

If (X', d’) is replaced by the set of limits of the convergent sequences in /(X),!!
then we may also assume in the preceding proposition that the range of 4 is dense
in (X’,d’). Then (X', d’) is essentially unique:

*Proposition 1.17 Let X be a metric space and X, X, two complete metric spaces.
Assume that there exist two isometries h; : X — X; such that h;(X) is dense in X;
(i = 1,2). Then there exists an isometric bijectionf : X; — X, such thatfoh; = h,.

Proof Applying Proposition 1.14 the isometries
hyo (h)™' i hi(X) = hy(X) and  hy o (ha)™! : hy(X) = hi(X)
may be extended to two isometries f : X; — X, and g : X, — X. Since

(gof)(x) = xforall x € h)(X), and h;(X) is dense in X,
(f o g)(x) = x for all x € hy(X), and h,(X) is dense in X5,

applying Proposition 1.15 we have
gof =idy, and fog=idy,.

This shows that f is a bijection between X; and X. O

This is called the closure of h(X), see the end of Sect. 2.1 below, p. 42.
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1.4 Compactness

We start by recalling a basic theorem of classical analysis:

Proposition 1.18 (Bolzano—Weierstrass) Every bounded real sequence has a
convergent subsequence.

Proof 1t follows from the usual axioms of real numbers that every bounded and
monotone sequence is convergent. Therefore the theorem follows from the next
proposition. O

Proposition 1.19 (Kiirschak) Every real sequence has a monotone subsequence.
Proof An element x, of the sequence (x,,) is called a peak if x,, > x,, for all m > n."?
If there are infinitely many peaks, then they form a decreasing subsequence.
Otherwise there are no peaks after some index N. Starting with xy4+; we may
therefore define by induction a non-decreasing subsequence. O

It follows from Proposition 1.18 that in a bounded closed set of real numbers
every sequence has a convergent subsequence. This may fail even in complete metric
spaces:

Example Let K be an infinite set in a discrete (and hence complete) metric space,
and (x,) a sequence formed by distinct elements of K. Then K is bounded and
closed, but (x,) has no convergent subsequence.

A more useful generalization of bounded closed number sets is provided by the
compact sets:

Definitions Let X be a metric space.

* a € X is a cluster point of a sequence (x,) C X if (x,) has a subsequence
converging to a.

* X is compact if every sequence in X has at least one cluster point.

* More generally, a set K C X is compact if every sequence in K has at least one
cluster point belonging to K.'?

Examples

* By the Bolzano—Weierstrass theorem the compact sets of R are the bounded
closed sets.
* In discrete metric spaces the compact sets are the finite sets.

12Representing x, by the vertical halfline { n)eER? : t < xn}, X, is a peak if (n, x,,) is “visible
from the right”.
13The empty set is compact because there is no sequence to check this property.
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Remarks

e The limit of a convergent sequence is also a cluster point. Moreover, by
Proposition 1.2 (c) it is its unique cluster point.

* In compact metric spaces the converse of the preceding property also holds. For if
a is a cluster point, but not a limit of a sequence (x,), then by Proposition 1.2 (d)
there exists a subsequence (x,,) of (x,) for which a is no longer a cluster point.
By compactness this sequence has a cluster point b that is necessarily different
from a, and b is also a cluster point of the original sequence (x;,).

* For Cauchy sequences the two notions coincide. Indeed, let a be a cluster point
of a Cauchy sequence (x,), and consider a subsequence x,, — a. For any given
& > 0 choose N such that d(x,, x,,) < /2 for all n,m > N, and then choose a
large index n; > N such that d(x,,,a) < ¢/2. Then

d(xy,a) < d(xy, xp) +d(xy,,a) < ; + ; =¢

for all » > N. This shows that x, — a.
The following result is analogous to Lemma 1.3, p. 9:

Lemma 1.20 Given a sequence (x,) and a point a in a metric space, the following
conditions are equivalent:

(a) every open set U containing a contains infinitely many elements of (x,);
(b) every ball B.(a) contains infinitely many elements of (x,);
(c) ais a cluster point of (x,), i.e., there exists a subsequence x,, — a.

Proof

(a) = (b) because the balls B,(a) are open.

(b) = (c) We may define by induction a strictly increasing sequence (n;) of positive
integers such that x,, € B/ (a) for all k.

(¢) = (a) Choose aball B,(a) C U. There exists an index ko such that d(a, x,,) < r
for all k > ko, and then x,,, € U for all k > k. O

There is a variant of Proposition 1.9 (p. 15):
Proposition 1.21

(a) The product of finitely many compact metric spaces is compact.
(b) The closed subspaces of compact metric spaces are compact.

Proof

(a) Consider a sequence (x,) in the product (X, d) of the compact metric spaces
(Xy,d1), ..., X, dn), and write x, = (Xu1, - - -, Xm)-
Since (X;,d;) is compact, there exists a point a; € X; and a subsequence
(x}) of (x,) such that d;(x!,, a;) — 0.
Next, since (X»,d») is compact, there exists a point a, € X, and a
subsequence (x2) of (x!) such that d»(x%,, a2) — 0.

Since (xﬁl) is a subsequence of (xrlu)’ we also have d (x>

nl,al) — 0.
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Continuing, after m steps we obtain a subsequence (x') of (x,) and suitable
points a; € X; such that

dj(x’,f},aj)—>0, j=1,...,m.
Setting a := (ay, ..., a,) € X we conclude that
d(x),a) =di(x, a1) + -+ dp(x),, am) = 0,

ie.,x) — ain (X, d).

(b) Let F be a closed subspace of a compact metric space (X, d), and (x,) a sequence
in F. Since X is compact, (x,) has a subsequence (x,, ) converging to some point
x € X. Since Fisclosed, x € F. O

Proposition 1.22 The compact sets of metric spaces are closed.

Proof Consider a convergent sequence x, — x in a metric space X, and assume that
the elements x,, belong to some compact set K. We have to show that x € K.

Since K is compact, there exists a convergent subsequence, say x,, — y € K.
Since we also have x,, — x, by the uniqueness of the limit we conclude that x = y.
Therefore x =y € K. O

Next we establish the following version of Proposition 1.12 (p. 17):

Proposition 1.23 (Cantor’s Intersection Theorem) Let (F,) be a non-increasing
sequence of non-empty compact sets in a metric space X. Then the sets F, have at
least one common point.'*

Proof We select a point x,, in each set F,. Since (x,) C F| and F is compact, there
exists a point x € F| and a subsequence x,, — x € X. Since F}, is closed and
(X ) i=m C F,, for each m, x belongs to each F,,. O

Next we study the continuous functions defined on compact sets.

Theorem 1.24 (Weierstrass) If f : X — R is a continuous function on a
compact metric space X, then f is bounded; moreover, it has maximal and minimal
values.

Proof Choose a minimizing sequence, i.e., a sequence (x,) C X satisfying

fCa) — inff(x) =:m.

Since X is compact, there exists a convergent subsequence x,,, — a. We clearly have
f(xnk) — nm.

4By Proposition 1.21 (b) the hypotheses are satisfied if (F,,) is a non-increasing sequence of non-
empty closed sets in a compact metric space X.
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Fig. 1.7 Weierstrass’
theorem

Since f is continuous at a, we also have f(x,,) — f(a), and hence f(a) = m by
the uniqueness of the limit (Fig. 1.7).
The proof for the maximum is analogous. O

We illustrate the usefulness of this theorem by studying the diameter
diamK := sup{d(x,y) : x,y € K}
of a set and the distance
dist(K,L) := inf{d(x,y) : x€ K,y e L}
of two sets in a metric space (X, d)."

For non-empty compact sets these upper and lower bounds are attained:

*Proposition 1.25 Let K and L be non-empty compact sets in a metric space
(X, d).

(a) There exist points a, b € K such that diam K = d(a, b).
(b) There exist points a € K and b € L such that dist(K, L) = d(a, b).
Proof

(a) The restriction of the metric d to the product set K x K is continuous. Since
K x K is compact, this function has a maximal value.

(b) The restriction of the metric d to the product set K x L is continuous. Since K x L
is compact, this function has a minimal value. O

I5Tf one of the sets has only one point, e.g., if K = {a}, then we write dist(a, L) instead of
dist({a}, L).
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The following important generalization of Theorem 1.24 states that the continu-
ous image of a compact set is compact:

Theorem 1.26 (Hausdorff) Let X,Y be metric spaces and f : X — Y a
continuous function. If K is a compact set in X, then f(K) is a compact set in Y.

Proof Given an arbitrary sequence (x,) in K, we have to find a subsequence (x,,)
and a point a € K such that f(x,,) — f(a).

Since K is compact, there exists a subsequence (x,,) and a point a € K such that
Xy, — a. Since f is continuous at a, this implies that f(x,,) — f(a). O

Another important property is that in compact spaces the notions of continuity
and uniform continuity coincide:

Theorem 1.27 (Heine) Let X, X' be metric spaces and f : X — X' a continuous
Sfunction. If X is compact, then f is uniformly continuous.

Proof We denote by d and d’ the metrics of X and X’. Assume on the contrary that
f is not uniformly continuous. Then there exist ¢ > 0 and two sequences (x,), (y,)
in X such that d(x,,y,) — 0, but &' (f(x,),f(v»)) > ¢ for all n. Since X is compact,
(x») has a convergent subsequence x,, — a. Since d(xy,, y,,) — 0, using the triangle
inequality we also have y,, — a:

d(a,yn) < d(a,xy) + d(xy, ys) — 0.

Since f is continuous at a, we have f(x,,) — f(a) and f(y,,) — f(a), so that
d'(f (xn,),f (¥, )) — O by the triangle inequality in X’. This contradicts the choice of
the sequences (x,) and (y,). O

Next we give two important characterizations of compactness.

Definition A set K in a metric space is fotally bounded (or completely bounded or
precompact)'® if for any given > 0 it has a finite cover by balls of radius r.

Since a ball of radius r has a diameter < 2r and since every set of diameter < r is
contained in a ball of radius r, an equivalent definition is obtained by replacing the
words “balls of radius »” by “sets of diameter < r”.

Examples

* The implications

finite =— totally bounded =— bounded

16See the footnote to Corollary 1.29 below on the terminology “precompact”.
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always hold. The first one is obvious. To prove the second we fix ¢ > 0 arbitrarily
and we cover K by the balls B,(x), ..., B;(x,). Then

diam K < 2r 4+ max {d(xi,xj) Tij= 1n} < 00.
* In discrete metric spaces we have the equivalence
finite <= totally bounded.
» InR" we have the equivalence
totally bounded <= bounded;

see Theorem 3.10 (c) below (p. 79) for a more general result.

Theorem 1.28 Given a set K in a metric space (X, d), the following properties
are equivalent:

(a) every open cover of K has a finite subcover;

(b) K is compact, i.e., every sequence in K has a subsequence converging to some
element of K;

(c) K is totally bounded and complete.

Property (a) means that if K C UU, for an arbitrary family {U,} of open sets,
then

KC Uy U---UU,,

for a suitable finite subfamily.

Proof

(a) = (b). If K is not compact, then there exists a sequence (x,) C K having
no cluster point in K. Using Lemma 1.20, p. 24, we may fix for each x € K an
open ball U, centered at x that contains at most finitely many elements of the
sequence (x,). These balls form an open cover of K without any finite subcover,
because any finite union of sets U, contains at most finitely many elements of the
sequence (x,) C K. Hence K does not have property (a) either.

(b) = (c). First we show that K is complete. If (x,) is a Cauchy sequence in
K, then it has a cluster point in K by (b). Since (x,) is a Cauchy sequence, this
cluster point is also its limit by the last remark on p. 24.

Now assume that K is not totally bounded, and fix r > 0 such that K cannot be
covered by finitely many balls of radius r. Fix an arbitrary point x; € K, and
construct by recursion a sequence (x,) satisfying

n—1

X, € K\ UB,(xi)
i=1
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foralln = 2,3,.... Then d(x,, x,,) > r whenever m # n, so that the sequence
(x,) C K cannot have cluster points, contradicting the compactness of K.

(c) = (a). Assume on the contrary that K has an open cover {U,} without any
finite subcover. We say that a closed subset of K is bad if it cannot be covered by
finitely many sets U,,. For example, K itself is a bad set.

Each bad set F has arbitrarily small bad subsets. Indeed, since K is totally
bounded, for each r > 0 it has a finite cover by closed balls B; of diameter
< r. At least one of the sets B; N F'is bad, for otherwise each of them and hence
also F would have a finite cover by sets Uy, contradicting our assumption.
Using this property, starting with | := K we may construct a non-increasing
sequence (F,) of bad sets, satisfying diam F,, — 0. By Proposition 1.12 (p. 17)
they have a common point x. Since x € F; = K, it belongs to some set Ug.
Since Ug is open and diam F,, — 0, we have F,, C Uy if n is sufficiently large,
contradicting the badness of F,. O

Now we generalize the Bolzano—Weierstrass theorem:

Corollary 1.29 [n a complete metric space a set is compact if and only if it is totally
bounded and closed."”

Proof If K is totally bounded and closed, then it is complete by Proposition 1.9 (b)
(p- 15), and hence compact by the preceding theorem.

If K is compact, then it is closed by Proposition 1.22 (p. 25) and totally bounded
by the preceding theorem. O

We end this section by proving that compact metric spaces are not “too big”.

Definition A metric space is separable if it contains a countable dense set.

Example R is separable because the rational numbers are dense in R.
Proposition 1.30

(a) Every compact metric space is separable.

(b) All subspaces of a separable metric space are separable.

(c) Let X, Y be metric spaces and f : X — Y a continuous function. If A is a dense
setin X, then f(A) is a dense set in the subspace f(X) of Y.

(d) The continuous image of a separable metric space is separable.

Proof

(a) If X is a compact metric space, then for each positive integer # it has a finite
cover by balls of radius 1/n:

X=Bl/n(anl)U"'UBl/n(ank,,)a n=1,2,....
17Since the closure of a totally bounded set is still totally bounded (see the footnote on p. 22 on the

notion of closure), hence a set in a complete metric space is precompact if and only if its closure is
compact.
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Then the countable set
A= {anj tn=12,..., j= 1,...,kn}

is dense in X because each ball B,(a) C X meets A.
Indeed, fix an integer n > 1/r and then choose an index j such that a €
Bl/,,(anj). Then apj € B,(a).

(b) Let A be a countable dense set in a separable metric space X, and consider a
subspace Y. If the ball B, /,(a) meets Y for some a € A and n > 1, then choose
apointy,, € Y NBj/,(a). We claim that the countable set {y,,} C Y meets each
ball B,(y) C Y.

Fix an integer n > 2/r, and then choose a point a € A N By/,(y). Then
y € YN By,(a), so that we have chosen earlier a point y,, € Y N By/,(a). Since

d,ya) < d(y,a) + d(a,ym) <2/n<r,

we conclude that y,, € B,(y).

(c) It suffices to show that if A is dense in X, then f(A) is dense in f(X). Given
f(x) € f(X) arbitrarily we choose a sequence (a,) C A converging to x. Then
(f(an)) C f(A), and f(a,) — f(x) by the continuity of f.

(d) Apply (c) with a countable dense set A in X. |

1.5 Exercises

Exercise 1.1 If a function d : X x X — R satisfies the conditions
dx,y) =0<=x=y
and

d(x,y) <d(z,x) +d(z.y)
for all x,y, z € X, then d is a metric on X.

Exercise 1.2 An ultrametric is a metric satisfying the following strengthening of
the triangle inequality:

d(x,y) < max {d(x,z),d(z.y)}.

If d is an ultrametric on X, then (X, d) is called an ultrametric space. Prove that the
following metrics are ultrametrics:

(i) The discrete metrics.
(i) We define the distance between two sequences of real numbers to be equal to
27" if they first differ at their nth elements.
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(i) Fix a prime number p, and define the distance between two rational numbers
x # ytobe p™if x —y = ap"/b with integers a, b, neither of which is a
multiple of p.'8

Henceforth, let (X, d) be an ultrametric space. Prove the following:

(iv) All triangles are either equilateral, or isosceles with the unequal side being the
shortest.
(v) Every point in a given ball is a center of that ball, with the same radius.
(vi) If two balls intersect, then one of them contains the other.
(vii) All open balls are closed and all closed balls are open.

Exercise 1.3 Prove the following results concerning the fixed point Theorem 1.10,
p. 16.

(i) We cannot take L = 1 in the theorem, even if X is compact.
(ii)) We cannot weaken the contraction assumption to

d(f(x),f(y)) <d(x,y) whenever x #y.

(iii) However, the weaker assumption of (ii) implies the existence of a unique fixed
point in compact metric spaces.
(iv) The function f(x) := x? on the compact interval [0, 1] has a unique fixed point,
although the above assumption is not satisfied.
(v) Every monotone and continuous function f : I — I, where I is a non-empty
compact interval, has at least one fixed point.

Exercise 1.4 Let X be a metric space.

(i) The accumulation points of a set in X form a closed set.
(i) The cluster points of a sequence in X form a separable closed set.
(iii) Conversely, every non-empty separable closed subset of X is the set of cluster
points of a suitable sequence in X.
(iv) X is compactif and only if every infinite subset of X has an accumulation point
in X.
(v) If a sequence (x,) of real numbers satisfies x,4+; — x, — 0, then its cluster
points form a closed interval.

Exercise 1.5 Let f : [0,00) — [0, 0c0) be a non-decreasing, continuous function
satisfying f(a) = 0 <= a = 0, and f(a + b) < f(a) + f(b) for all a,b." Prove
that if d is a metric on X, then f o d is also a metric on X.

Furthermore, the convergent or Cauchy sequences, and the closed, open, com-
plete and compact sets are the same for the two metrics.

Exercise 1.6 (Lebesgue) Let (U;) be an open cover of a compact set K in a metric
space (X, d). Prove that there exists a § > 0 such that if x,y € K and d(x,y) < §,
then there exists an index i satisfying x,y € U;.

8The completion of Q for this metric is the field of p-adic numbers.
19A function satisfying the last condition is called subadditive.
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Exercise 1.7 Prove that we may define the product of countably many metric
spaces by the formula

oo

d[(—xi7 yl)
d 9 :: ] '
(x,y) ; 1+ 2id;(xi,y:)

Prove that the metric convergence in the product space is equivalent to the
component-wise convergence.

Exercise 1.8 (Cantor’s Ternary Set) Starting with C; := [0, 1], we define a
decreasing family (C,) of compact sets as follows. First we remove from C; its
open middle third (é, §) to get C; = |0, é] u* [g, 1]: the union of two disjoint
closed intervals.

Next we remove the open middle third (é, g) and ;, g) from the latter two closed
intervals to get Cs: the union of four disjoint closed intervals.

Continuing by induction, in the nth step we remove 2"~ open middle thirds to
get Cy,4: the union of 2" disjoint closed intervals.

The intersection C := NC, is called Cantor’s ternary set. Prove the following:

(1) C consists of those points ¢ € [0, 1] that can be written in the form

t—2(t1+t2+ + 0y ) (1.5)

3 732 3n '
for suitable integers 7, € {0, 1}.

(i) Cis closed, and has no isolated points.

(iii) C has the power of the continuum.

Exercise 1.9 A set A C R is called perfect if it is closed and has no isolated points.
For example, every non-degenerate” closed interval is perfect, and Cantor’s ternary
set in the preceding exercise is perfect. Prove the following:

(i) A setis perfectif and only if it is equal to the set of its accumulation points.
(i) Every open set U C R is the union of countably many disjoint open intervals.
(iii) Every closed set F C R has the form

F=R \ U;"el(ai,bi) (16)

with countably many disjoint open intervals (a;, b;).>!

(iv) A closed set F C R is perfect if and only if the closed intervals [a;, b;] in (1.6)
are also pairwise disjoint.

(v) (Cantor—Bendixson theorem) Every closed set F C R is the union of a perfect
set and a countable (maybe finite or empty) set.

20 An interval is non-degenerate if it has at least two (and hence infinitely many) points.

2IThe superscript * indicates that the intervals (a;, b;) are pairwise disjoint. The union may be
finite or even empty.
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Exercise 1.10 A set A C R” is called perfect if it is closed, and has no isolated
points. For example, every closed ball is perfect. We say that x € R" is a
condensation point of A C R" if each neighborhood of x contains uncountably
many points of A. Prove the following:

(i) A setis perfect if and only if it is equal to the set of its accumulation points.
(i1) (Lindelof) Every uncountable set A C R” has at least one condensation point.
(iii) The condensation points of a set A C R” form a perfect set P, and P \ A is

countable (maybe finite or empty).
(iv) (Cantor—Bendixson theorem) Every closed set F' C R” is the union of a perfect
set and a countable set.

Exercise 1.11 (Alexandroff’s Theorem) Let (X, d) be a complete metric space.
Prove the following:

(i) If Gis a non-empty proper open subset of X, then the formula

1 1
Dy i=de) 1y x\ 6) ~ distr. X\ G)
defines a complete metric on G.

Furthermore, (G, D) and the metric subspace (G, d) have the same conver-
gent sequences, and the same open, closed and compact sets. We say that the
metrics d and D are equivalent on G.

(ii) More generally, if Y = N2, G; where Gy, G», . .. is a sequence of open sets in
X (such sets are called Gy sets), then the formula

defines a complete metric on Y that is equivalent to d on Y. In other
words, every non-empty Gs subset of a complete metric space is completely
metrizable.

(iii) Every closed set in a metric space is also a Gy set.

(iv) Only the non-empty Gs subsets of complete metric spaces are completely
metrizable.

1 1

D) = d(x.y) + ) 27 min { M diste X\ G ™ dist(y. X \ Gy

i=1

Exercise 1.12 (Hausdorff Distance) Consider the family A of bounded closed
sets in a metric space. For A € A and r > 0 we set V,.(A) = {x : dist(x,A) < r}.
Prove that the formula

d(A,B):=inf{r : ACV,B) and B C V,(A)}

defines a metric on A.
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Exercise 1.13 The null set f~!(0) of a continuous function f : R — R is closed.
Conversely, every closed set of real numbers is the null-set of a suitable continuous
functionf : R — R.

Exercise 1.14 We define the oscillation function w; : R — R of a function f :
R — R by the formula

wf(x) :=lim [ supf — inf f ] .
() := lim (B,(E)f B,‘(X)f )
Prove the following:

22

(1) wy is well-defined, nonnegative, upper semi-continuous,* and

f iscontinuousin x <= ws(x) = 0.

(ii) f is continuous in x if and only if

= 1
xeﬂ{yeR : a)f(y)<n

n=1

Hence the set of continuity of f is a Gs set.

(iii) There is no functionf : R — R that is continuous exactly at the rational points.

(iv) There exists a function f : R — R that is continuous exactly at the irrational
points.

(v) Every Gs set of real numbers is the set of continuity of a suitable function
f:R—R.

Exercise 1.15 Let X be a metric space.

(i) (Urysohn) If A and B are non-empty disjoint closed sets in X, then the formula

__ dist(x, A) — dist(x, B)
FO = i, A) + dist(x, B)

defines a continuous function f : X — R satisfyingf = —1 onA andf = 1 on
B.

(ii) Given a closed set F C X and a continuous function g : F — [—M, M|, there
exists a continuous function

M M M
fi: X—[— ,3] satisfying  |g —fi| < 3 on F.

3

22The upper semi-continuity means that if wy(x) < A, then wy(y) < A for all y in a neighborhood
of x. See also Exercise 2.11, p. 64.
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(iii) Given a closed set F C X and a continuous function g : F — [—M, M|, there
exists a continuous function f : X — [-M, M] satisfying f = g on F.

(iv) (Tietze) Given a closed set F C X, every continuous function g : F — R may
be extended continuously to X.



Chapter 2
Topological Spaces

Metric spaces are convenient for many applications in geometry and physics, but
sometimes we need a broader framework: that of topological spaces. In this chapter
we give a short introduction to this theory.

The results of the preceding chapter on continuous functions remain valid. On
the other hand, the reader may observe the absence of sequences: they retain their
usefulness only in special topological spaces.'

Topological spaces are not suitable for the study of uniform continuity either.?

2.1 Definitions and Examples

Definitions By a fopology on a non-empty set X we mean a family 7 of subsets of
X satisfying the following conditions:

(a) €T andX € T;
(b) the intersection of finitely many sets of T still belongs to T
(c) the union of an arbitrary subfamily of T still belongs to 7.

If 7 is a topology on X, then the pair (X, T) is called a topological space, and
the elements of 7 are called the open sets of (X, T). When the topology is evident
from the context, we speak simply of the open sets of X. The elements of X are also
called points.

'In the last, optional section of this chapter we introduce a generalization of sequences that is well
suited for all topological spaces.

2The convenient framework for such studies is provided by the uniform spaces, see, e.g., Csdszdr
[118] or Kelley [273].
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If T, S are two topologies on the same set X and 7 C S, then we say that T is
coarser or weaker than S, or that S is finer or stronger than T3

Examples Let X be a non-empty set.

* The family of all subsets of X is called the discrete topology on X: every subset
of X is open. This is the finest topology on X.

e The family 7 = {@, X} is called the antidiscrete topology on X: there are only
two open sets. This is the coarsest topology on X.

We introduce an important special class of topological spaces:
Definition A topological space X is separated or is a Hausdorff space if any two
points x, y € X may be separated by disjoint open sets U and V:

xeU, yeV and UNV=ga.

Examples

* Every discrete topological space is a Hausdorff space.
» The antidiscrete topology on a set of at least two points is not separated.

Proposition 1.1 (p. 5) shows that the open sets of a metric space form a separated
topology. Henceforth we associate this topology with the metric. Then we have the

Proposition 2.1 Every metric space is a Hausdorff space.
*Remarks

» The topology associated with a discrete metric is the discrete topology, so that
our terminology is consistent.

e Two metrics d; and d, on the same set X are called equivalent if they are
associated with the same topology. This is the case, for example, if there exist
two positive constants cy, ¢, such that

cidi(x,y) < da(x,y) < c2di(x,y) 2.1
forall x,y € X.
* The condition (2.1) is sufficient, but not necessary for the equivalence. For
example, on the set of positive integers the two metrics
di(x,y) = |x—y| and dr(x,y) = x"" =y
define the same (discrete) topology, although (2.1) is not satisfied.

* Although the above two metrics define the same topology, d; is complete, while
d, is not. This shows that completeness is not a topological property.

3We do not exclude equality.
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* Not all Hausdorff spaces are metrizable*: see, e.g., the second example on p. 45
and the examples on p. 58. Other, natural examples appear in the study of weak
topologies in Functional Analysis.

Next we define products and subspaces of topological spaces.

Proposition 2.2 If T is a topology on X and Y C X is a non-empty set, then
Ty:={UNY : UeT}
is a topology on Y.

Proof We check the three properties of topologies.

(@ =@NYeTyandY =XNY € Ty.
(b) IfU; € T fori=1,...,n,then

N (U:NY) = (N, U) NY €Ty
(c) If {Ui},; is an arbitrary subfamily of 7, then
Uier(UiNY) = (UigtUi) N Y € Ty.
O

Definition By a (topological) subspace of a topological space X we mean a non-
empty subset ¥ C X endowed with the topology 7y.>

If 7; is a topology on X; fori = 1, ..., m, then we denote by I3 the family of base
sets

B=U x---xU,

inX := X; x---x X,,, where U, runs over 7; for each i.
Furthermore, we denote by 7 the family of arbitrary (finite or infinite) unions of
base sets:

T ={UgeaB® : B* € B forall «ocA}.

Proposition 2.3 7 is a topology on X.
Proof We check again the three properties of topologies.
(@) =@ x---xgeTandX=X; x---xX,€T.

“See, e.g., Csdszér [118] or Kelley [273] for the characterization of metrizable topological spaces.

SThis is consistent with our terminology on metric spaces: the topology of a metric subspace
coincides with the subspace topology.
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(b) IfUj x---x Ui, € Bfori=1,...,n, then

(n](Ui X x Ub) = (ﬂUl) X +oe X (ﬂUm) €B.
i=1 i=1

i=1
Next, if U!, ..., U" € T, then each U’ has the form
U= B
;€A
with suitable sets B* € 5. Hence
Av=1 B n-nmHeT.
i=1 a1 €A o, €A,
(c) Each U' again has the form

U= B"

Wi €EA;

with suitable sets B* € 5. Hence

Yv=JUB"eT.

i€l i€l o;€A;

|

Definition The pair (X,7) is called the (fopological) product of (Xy,7Ti),...,
Xins T) 0

Different topological spaces may have the same structure:
Definition X and Y are homeomorphic if there exists a bijection f between X and Y
such that

Uisopenin X <= f(U) is openin Y.

The map f is then called a homeomorphism.

It is clear that homeomorphism is an equivalence relation between topological
spaces. Homeomorphic topological spaces have the same topological properties.
For example, if X is compact, separable or separated, then every homeomorphic
topological space is also compact, separable or separated.

5The topology of a product of metric spaces coincides with the product of the corresponding
topologies. We will also define the product of infinitely many spaces in Sect. 2.4, p. 53.
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The following result asserts that the topological product is essentially commuta-
tive, associative, and the projections are homeomorphisms.

Proposition 2.4 Let X1, X, X3 be topological spaces.

(a) Xy x Xy is homeomorphic to X, X X].
(b) (X; x X3) x X3 is homeomorphic to X; X X; X X3.
(¢) Xy x {ay} is homeomorphic to X, for each fixed a, € X;.

Proof Tt follows from the definition of the product topology that the maps
(x1,x2) = (x2,x1), ((x1,x2),x3) = (x1,x2,x3) and (x1,a2) — x; are suitable
homeomorphisms. O

*Proposition 2.5

(a) All subspaces of Hausdorff spaces are Hausdorff spaces.
(b) The products of Hausdorff spaces are Hausdorff spaces.

Proof

(a) LetY be asubspace of X, and a, b € Y two distinct points. Since X is separated,
there exist two disjoint open sets U, V in X satisfying a € U and b € V. Then
UNYandVNY aredisjointopensetsinY,andac UNY,be VNY.

(b) Let (X, 7) be the product of the Hausdorff spaces

(X17 ﬂ)a sy (Xma 7;11)’

anda = (ay,...,ay,),b = (by,...,by,) be two distinct points in X. There exists
an index j such that a; # b;, and then there exist two disjoint open sets U}, V; in
Xj such that a; € U; and b; € V;. Then

U:={(xi,....xn) €X : x;€ Uj}
and
Vi={(x.....xp) €X 1 €V}
are disjoint open sets in X witha € Uand b € V. O
We define the closed sets in the same way as in metric spaces:
Definition A set in a topological space is closed if its complement is open.
The definition yields at once the following

Proposition 2.6 Let X be a topological space.

(a) @ and X are closed sets.
(b) The union of finitely many closed sets is closed.
(c) The intersection of any (finite or infinite) family of closed sets is closed.
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The closed sets of (topological) subspaces are easily characterized:

Proposition 2.7 Let Y be a subspace of a topological space X. The closed sets of Y
are the sets F N'Y where F runs over the closed sets of X.

Proof The closed sets of Y are the complements of the open sets of Y, i.e. the sets
Y\ (Y N U), where U runs over the open sets of X. Since

Y\(xrnU)=vYn(x\U),
we conclude by observing that X \ U runs over the closed sets of X. O

Definitions Let A be a set in a topological space X.

* The union of all open subsets A C X is the largest open subset of A. It is called the
interior of A, and is denoted by intA. Its elements are called the interior points
of A.

» The intersection of all closed sets F' D A is the smallest closed set containing A
as a subset. It is called the closure of A, and is denoted by A.

* We have

intACACA

by definition. The set A := A \ intA is called the boundary of A. Its elements
are called the boundary points of A.

* The union of all open sets disjoint from A is the largest open set disjoint from A.
It is called the exterior of A, and is denoted by extA. Its elements are called the
exterior points of A.

Remarks

e It follows from the definitions that the sets extA, intA, dA form a (disjoint)
partition of X.
¢ Since A = X \ extA,

a € A< eachball B,(a) meets A.
By Lemma 1.3 there is a sequential characterization of A in metric spaces:
a € A <= A contains a sequence converging to a.

* Since dA = AN (X \ intA) is the intersection of two closed sets, the boundary of
a set is always closed.

In the rest of this chapter the letters X, Y, Z will always denote topological
spaces.
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2.2 Neighborhoods: Continuous Functions

In order to define continuity we introduce the neighborhoods of a point.

Definition Leta € X and V C X. We say that V is a neighborhood of a if there is
an open set U in X satisfyinga € U C V.

Lemma 2.8 Let (X,d) and (Y,d') be two metric spaces, f : X — Y and a € X. The
following two properties are equivalent:

(a) forevery e > O there exists a § > 0 such that f(Bs(a)) C B.(f(a)), i.e.,
x€X and d(x,a)<8 = d(f(x).f(a) <s¢;

(b) for each neighborhood V of f(a), f~' (V) is a neighborhood of a.
Proof

(a) = (b). Since V is a neighborhood of f(a), there exists an open set U in Y
such that f(a) € U C V. By the definition of open sets in a metric space there
exists an ¢ > 0 such that B,(f(a)) C U. Choose § according to property (a), then

f(Bs(a)) C B:(f(a)), so that
a € Bs(a) C [ (B:(f(@) C /' (U) Cf7H(V).

Since the ball Bs(a) is open, f~!(V) is a neighborhood of @ in X by definition.

(b) = (a). For any fixed ¢ > 0 the open ball B.(f(a)) is a neighborhood of f(a)
in Y by definition. Then £~ (B,(f(a))) is a neighborhood of a in X by property
(b). There exists therefore an open set U satisfying a € U C f~'(B:(f(a))).
Using the definition of open sets in a metric space, there exists a § > 0 such that
Bs(a) C U. Then Bs(a) C f~'(B,(f(a))), whence f(Bs(a)) C B.(f(a)). O

Comparing Lemmas 1.5 and 2.8 we see that the following definitions are
consistent with those given earlier for metric spaces:

Definitions A function f : X — Y is continuous at a € X if for each neighborhood
V of f(a) (in Y), its inverse image f~! (V) is a neighborhood of a (in X).
The function f is continuous if it is continuous at every a € X.

The earlier results on the continuity of composite functions remain valid:
Proposition 2.9 Consider two functions g : X — Y andf : Y — Z.

(a) If g is continuous at a and f is continuous at g(a), then f o g is continuous at a.
(b) Iff and g are continuous, then f o g is continuous.
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Proof

(a) If V is a neighborhood of (f o g)(a) = f(g(a)) in Z, then f~!(V) is a neigh-
borhood of g(a) in ¥ because f is continuous at g(a), and then g~' (f~1(V)) is
a neighborhood of a in X because g is continuous at a. This proves our claim
because

(fo)™'V) =g~ (/71 (V)).

(b) Apply (a)toeacha € X. |
There is an elegant characterization of continuity in terms of open or closed sets:

Proposition 2.10 (Hausdorff) Given a function f : X — Y, the following
properties are equivalent:

(a) f is continuous;
(b) the inverse image f~'(U) C X of each open set U C Y is open;
(c) the inverse image f~'(F) C X of each closed set F C Y is closed.

As a consequence, a bijection f between X and Y is a homeomorphism if and
only if both f and f~' are continuous.

Proof

(a) = (b). Let U be an open set in Y. We have to show that f~!(U) is open
in X, i.e., it is a neighborhood of each a € f~!(U). Since U is open and f(a) €
f ( ! (U)) C U, U is aneighborhood of f(a). Using our assumption we conclude
that = (U) is a neighborhood of a.

(b) = (a). If V is a neighborhood of some point f(a) € Y, then there exists an
open set U in Y such that f(a) € U C V. It follows that a € f~'(U) C f~1(V).
Since f~!(U) is open in X by (b), £~ (V) is a neighborhood of @ in X.

(b) = (c). If F is closed in Y, then Y \ F is open in Y, and therefore f~' (Y \ F)
is open in X by assumption. Using the equality

' E) =X\f'(Y\F)

we conclude that f~!(F) is closed.
(c) = (b).If Uis openin Y, then Y \ U is closed in Y, and therefore f~!(Y \ U)
is closed in X by assumption. But then its complement

MO =x\fr\v)

is open.
The last assertion follows from the equivalence (a) <= (b). |

Next we generalize two more notions from the theory of metric spaces.
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Definitions Let X be a topological space.

e Aset D C X is dense if it meets every non-empty open set, i.e., if D = X.7
* X is separable if it contains a countable dense set.

Two properties in Proposition 1.30 (p. 29) remain valid:

Corollary 2.11 Let X, Y be topological spaces and f : X — Y a continuous map
onto Y.

(a) If D is dense in X, then f(D) is dense in Y.
(b) If X is separable, then Y is also separable.

Proof

(a) Given any non-empty open set V in Y, its preimage f~' (V) is a non-empty open
set in X. By our assumption f~!(V) N D contains at least one point x, and then
f(x) e VOf(D).

(b) If Dis a countable dense set in X, then f(D) is a countable dense set in Y by (a).

O

The two other properties in Proposition 1.30 may fail in topological spaces:
Examples

» The empty set and the sets containing 0 form a separable topology on R because
the one-point set {0} is dense. But its subspace R \ {0} is not separable because
it is an uncountable set endowed with the discrete topology, so that no countable
set is dense.’

* A compact Hausdorff topology is defined on R by the complements of the finite
sets and the subsets of R \ {0}. Then the closed sets are the finite sets and the
sets containing 0. Hence D C D U {0} for all sets, and therefore the closure of
any countable set is also countable. Since R is uncountable, no countable set is
dense.

Corollary 2.12 Letf : X — R be a continuous function and c € R.

(a) IfU is an open set in X, then the sets

(xeU :fx)y<c}, {xeU:f(x)>ct, {xelU: f(x)#c}

are open in X.
(b) IfFis a closed set in X, then the sets

{xeF : f(x) <c}, {xeF :f(x)=c}, {xeF :f(x)=c}

are closed in X.

"This definition is consistent with the definition of density in metric spaces; see pp. 18 and 42.
8 All sets are closed in the discrete topology.
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Proof Introducing the open interval / := (—o0, ¢), the set
{xelU : fx) <c}

is the intersection of the open sets f~! (/) and U, hence it is also open.
The other proofs are similar. O

Before giving an important example we generalize a classical theorem stating
that the uniform limit of a sequence of continuous functions is also continuous:

Proposition 2.13 Ler K be a topological space, (X, d) a metric space, and (f,) a
sequence of functions f, : K — X. Assume that (f,) converges uniformly to some
functionf : K — X.

If each f,, is continuous at some point a € K, then f is also continuous at a.

Proof For any given ¢ > 0 we choose n such that
d(f(@),f,(t) <e/3 forall teKk,
and then we choose a small neighborhood U of a such that

d(f,(®),fu(a)) <e/3 forall teU.

Then
d(f(0).f(@) = d(f(@)./u(1) + d(fa(1).fa(@)) + d(fa(a).f (a))
e € ¢
RERE R T
for every point € U. O

Example Let K be a topological space and X a metric space. By the preceding
proposition the continuous and bounded functions f : K — X form a closed
subspace C,(K, X) of the metric space B(K, X). Consequently, if X is complete,
then C(K, X) is also complete.

When X = R we often write Cy,(K) instead of Cp,(K, X) for brevity.

2.3 Connectedness

The intervals C of the real line are connected in the sense that whenever x,z € C
and x <y < z, we also have y € C. There is also a topological characterization:

Proposition 2.14 A non-empty set A C R is an interval if and only if in its subspace
topology only A and & are both open and closed.
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Proof If A is not an interval, then there exist points x < y < z such that x,z € A,
buty ¢ A. Then B := {a € A : a < y}is a non-empty proper subset of A. Since the
relation y ¢ A implies that

B=A N (—o00,y) =A N (—00,y],

B is both open and closed by the definition of the subspace topology and by
Proposition 2.7 (p. 42).

Now let B be a non-empty proper subset of an interval A. Fix two points x € B
and z € A \ B. Assume that x < z (the other case is similar), and consider the point
y=sup{aeB :a<z}. Thenx <y <z sothaty € A.If y & B, then B is not
closed. If y € B, theny < zand (y, z] N B = @, so that B is not open. O

The preceding proposition suggests the following

Definition A topological space X (and its topology) is connected if only X and @
are both open and closed.

Equivalently, X is connected if every non-empty proper subset of X has a
boundary point.

A subset of X is connected if it is empty, or if its subspace topology is connected.

Examples

» Every antidiscrete topological space is connected.
» The discrete topological spaces having at least two points are not connected.

A well-known theorem of Bolzano states that continuous images of intervals are
also intervals: see Fig. 2.1. More generally, continuous images of connected sets are
also connected:

Theorem 2.15 Let f : X — Y be a continuous function. If X is connected, then
f(X) is also connected.

Fig. 2.1 Bolzano’s theorem

S

-<-----=-- -
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Proof We have to show that if B is a non-empty, open and closed subset of the
subspace f(X), then B = f(X). Since f is continuous, f~' (B) is a non-empty, open
and closed subset of X. Since X is connected, this implies that f~'(B) = X. We
conclude by using the relations

fX =f(f"'(®) CBCfX).

Let us prove some basic properties of connected sets:
Proposition 2.16

(a) Let {Ay}ye; be a (finite or infinite) family of connected sets in a topological
space. If NA, # @, then UA,, is connected.

(b) The product of finitely many connected topological spaces is connected.

(c) The closure of a connected set is connected.

Proof

(a) Let Cbe anon-empty, open and closed set in UA,. We have to show thatA, C C
for each «.

If C meets one of the sets Ay, then A, C C. Indeed, C N A, is a non-empty,
open and closed set in the subspace topology of A,. Since A, is connected,
CNAy =Aqy, 16,4y CC.

Since C is non-empty, it meets at least one of the sets Ag. Then it contains
this set, and hence it contains NA, # & as well. Therefore C meets each A,
and thus A, C C for each .

(b) Using induction on the number of factors, by Proposition 2.4 (b) (p. 41) it
suffices to prove that the product Z of two connected sets X and Y is connected.

Fix a € X arbitrarily, and consider the sets

Zy = ({a} x Y)U (X x {b}), beY:

see Fig. 2.2.

Fig. 2.2 A product of X
connected spaces oo pTTTToToTTTmTmTmTTTTT
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By Proposition 2.4 (c) the subspaces {a} x Y and X x {b} of Z are
homeomorphic to Y and X, respectively, and hence connected. Since they have
a common point (a, b), Z, is connected for all b by (a).

The intersection of the sets Z, contains {a} x Y, hence it is non-empty.
Applying (a) again we conclude that Z = UjeyZ;, is connected.

(c) Let C be a non-empty, open and closed set in A. We have to show that C = A.
Since A is the smallest closed set containing A as a subset, it suffices to show
that A C C.

C is a non-empty open set in A, hence it meets A by the definition of
the closure. Therefore C N A is non-empty, open and closed in A. Since A is
connected, we conclude that CNA = A,ie.,A CC. O

Remarks

* We say that two points of a topological space X may be connected if they
belong to some connected set. By the preceding proposition this is an equivalence
relation, and the corresponding equivalence classes are connected and closed.
They are the maximal connected sets of X, called its connected components.

» Each open and closed subset A of X is a union of connected components. Indeed,
if A meets a component C, then A N C is a non-empty open and closed subset of
the subspace C, and hence equal to C by its connectedness. Equivalently, C C A.

* A connected component is not necessarily open. To see this we consider the
subspace of R formed by 0 and the numbers 1/n, n = 1,2,.... The one-
point sets {1/n} are both open and closed, hence connected components by our
preceding remark. Then the remaining set {0} is also a connected component,
and it is not open.

We end this section by giving a useful and intuitive sufficient condition for
connectedness.

Definition

* Two points a and b in a topological space X may be connected by a path if there
exists a continuous function f : [0, 1] — X satisfying f(0) = a and f(1) = b.
The function f is also called a path.

* X is pathwise connected if any two points of X may be connected by a path.

Proposition 2.17 Every pathwise connected space is connected.

Proof Fix a € X arbitrarily, and choose for each x € X a path f; connecting a
and x. Their ranges have a common point a, hence their union, i.e., the space X, is
connected by Theorem 2.15 and Proposition 2.16 (a). O
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2.4 * Compactness

Compactness may be defined in every topological space. Moreover, all results of
Sect. 1.4 remain valid except those using the notions of metric, completeness,
boundedness or complete boundedness. However, new proofs are needed that avoid
the use of sequences.

Definition A set K in a topological space X is compact if every open cover of K has
a finite subcover.
If X itself is compact, then X is called a compact topological space.

Remark Theorem 1.28 (p. 28) shows that the above definition is consistent with the
earlier one for metric spaces. The other two properties of Theorem 1.28 cannot be
used here. Indeed, as we observed on page 38, completeness is not a topological
property. Furthermore, we should modify the definition of cluster points to avoid
the countable nature of sequences.’

Proposition 2.18

(a) In a compact topological space all closed subsets are compact.
(b) The product of finitely many compact topological spaces is compact.

Proof

(a) Let F be a closed subset of a compact topological space X, and {U;} an open
cover of F. Then adding X \ F we obtain an open cover of X. By assumption the
latter has a finite subcover:

X=U,U---Uy,

In

or

X=X\F)UU,U---UU,,.

In

In both cases we have

F C Uil U---u U,'n,
so that {U;} has a finite subcover of F.

(b) Using induction on the number of factors, by Proposition 2.4 (b) (p. 41) it
suffices to consider the product Z = X x Y of two compact topological spaces.
Let {W,} be an open cover of Z.

9See Sect. 2.5 for such a modification.
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By the definition of the product topology each point z = (x,y) € Z has a
neighborhood W = U, x V; such that W, C W, for some & = a(z). Then
{WZ’ 1z € Z} is an open cover of Z. It suffices to find a finite subcover

Z=W, U---UW,
of the latter because then we will also have
Z = Woc(zl) U---u Wa(zn).

Fix a € X arbitrarily and consider the sets W, = U. x V. meeting {a} x Y.
The corresponding open sets V, cover the compact set Y, hence there exists a
finite subcover: Y = Uf(:l)Va,Zi. Setting U/, := ﬂf(:l) U,.,, we also have U/, xY C
Ui,

The sets U/, form an open cover of the compact set X, hence there exists a
finite subcover X = U;.":anj. Then

k(aj)
Z=UL Ul W,

a2

as required. O
Proposition 2.19 [n Hausdorff spaces every compact set is closed.

Example The Hausdorff property cannot be omitted: for example, in an antidiscrete
topological space X all sets are compact, but only & and X are closed.

Proof Let K be a compact set in a Hausdorff space X. For any fixed pointa € X\ K
we have to find an open set U satisfying a € U C X \ K: this will prove that X \ K
is open, i.e., K is closed.

By the separation hypothesis, for each point b € K there exist open sets U, and
Vp satisfying a € Uy, b € V, and U, NV, = . Since K is compact, the open cover
K C Upeg 'V has a finite subcover, say

KCV,U---uV,.
Then U := U, N ---N Uy, is an open neighborhood of a, and U N K = & because

U does not meet any of the sets V,. O

Proposition 2.20 (Cantor’s Intersection Theorem) Let (F,) be a non-increasing
sequence of non-empty compact sets in a topological space X. Then the sets F, have
at least one common point.""

10By Proposition 2.18 (a) the hypotheses are satisfied if (F,) is a non-increasing sequence of non-
empty closed sets in a compact topological space.
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Proof Assume on the contrary that NF,, = . Then their complements form an
open cover of X, and hence also of F;. Since F is compact, it has a finite subcover.
Furthermore, since the complements form a non-decreasing sequence, we have F; C
X\ F,, for a sufficiently large index m. Since F,, C F|, this implies that F,, is empty,
contradicting our assumption. O

Theorem 2.21 (Hausdorff) Letf : X — Y be a continuous function. If K is a
compact set in X, then f(K) is compact in'Y.

Proof If {U;} is an open cover of f(K) in Y, then {f‘l(Ui)} is an open cover of K
in X by the continuity of f. Since K is compact, there exists a finite subcover:

Kcf'uyu---ufr-u,).
Hence

f(K) CU; U---UU;

no

i.e., {U;} contains a finite subcover of f(K). O

Theorem 2.22 (Weierstrass) Iff : K — R is a continuous function on a
compact topological space K, then f is bounded; moreover, it has maximal and
minimal values.

The result may be deduced from the preceding theorem: the set f(K) C R is
compact, hence bounded and closed. Since K and hence f(K) is non-empty, it has a
maximal and a minimal element.

Let us also give a direct proof:

Proof Assume on the contrary that & := infx f is not attained (the proof for supy f
is similar).
Then the open sets

1
U,:=3x€eK : f(x) >a+ , n=1,2,...
n

cover K. By the compactness of K there exists a finite subcover. Since (U,) is a
non-decreasing set sequence, we have K = Uy for some N. This implies that f(x) >
a + N1 forall x € K, contradicting the definition of . O

Remark Consider the spaces Cp(K,X) (p. 46) where K is compact. Then every
continuous function f : K — X is bounded, so that we often write C(K, X) and
C(K) instead of C,(K, X) and Cp(K). Furthermore, we may write

doo(f.8) = maxdoo(f(1).8(1))

instead of sup forall f, g € C(K, X).
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The following sufficient condition is often used to check that a given map is a
homeomorphism:

Proposition 2.23 (Hausdorff) Ler f : X — Y be a continuous bijection of a
compact topological space onto a Hausdorff space. Then f is a homeomorphism.

Proof We have to prove that the inverse map f~! : Y — X is continuous.
Equivalently, we prove that if A is a closed set in X, then f(A) is closed in Y.

If A is closed in X, then it is also compact because X is compact. Then the
continuous image f(A) of A is also compact. Finally, since Y is a Hausdorff space,
f(A)isclosedin Y. O

Example By a simple plane curve we mean the range of a continuous one-to-one
function f : [0,1] — R2. Such curves are homeomorphic to the interval [0, 1].
Indeed, [0, 1] is compact, and a simple plane curve, as a subspace of the Hausdorff
space R? is also a Hausdorff space.

Remark In view of the importance of compactness we remark that every topological
space may be considered as a dense subspace of a compact topological space. There
are usually many ways to do this.'!

We may also define infinite products of topological spaces:

Definition Let (X;);e; be an arbitrary family of topological spaces. Let us denote by
X the set of points of the form x = (x;);e; where x; € X; foreachi € I 12 We endow
X with the following topology: a set U C X belongs to 7 if for each a € U there
exists a finite index set J C I and for each j € J an open set U; in X; such that

aef{xeX :xeU forall jeJjcCU.

One can readily check that 7 is indeed a topology on X, and that for finite index
sets [ this definition is equivalent to the earlier one.
This notion is justified by the following important theorem:

Theorem 2.24 (Tychonoff) An arbitrary product of compact topological spaces
is compact.

For the proof we need two lemmas on a generalization of the method of induction
to the uncountable case and on the verification of compactness by considering only
special open covers.

ISee Exercise 2.8 (p. 63) for an example, and Csészar [118] or Kelley [273] for a general
treatment.

2More precisely, but less intuitively, we could consider the functions x : I — X defined by the
formula x(i) := x;.



54 2 Topological Spaces

Definitions Let A be a family of sets and B C A a subfamily. We say that

* A € Ais amaximal element if it is not a proper subset of another element of A;
* Bis monotone if for any two sets By, B, € B we have either B; C B, or B, C By;
e A e Ais an upper bound of Bif B C A forall B € B.

*  We similarly define the lower bounds and the minimal elements.

The following lemma is equivalent to the axiom of choice in set theory:

Lemma 2.25 (Zorn) Let A be a family of sets. If every monotone subfamily has
an upper bound, then A has at least one maximal element.

Similarly, if every monotone subfamily has a lower bound, then A has at least
one minimal element.

Remark Applying the hypotheses of the lemma to the empty subfamily we see that
A has at least one element.

Proof See, e.g., Hajnal and Hamburger [218] or Kelley [273]. O

Definition A family S of open sets in a topological space X is a subbase if for each
open set V and for each a € V there exist finitely many sets Sy, ..., S, € S such that

acSnN---N§, CV.
Example The unbounded open intervals form a subbase in R.

*Proposition 2.26 (Alexander) Let S be a subbase in a topological space X. If
every cover U C S of X has a finite subcover, then X is compact.

Proof Assume on the contrary that every cover { C S of X has a finite subcover,
but X is non-compact. Then it has an open cover without any finite subcover.

The family of such open covers satisfies the hypothesis of Zorn’s lemma. Indeed,
the union of any monotone subfamily is still an open cover without any finite
subcover. For otherwise the finite subcover would already belong to some open
cover of the subfamily. Applying Zorn’s lemma we obtain the existence of a
maximal open cover V without any finite subcover.

In particular, V N S has no finite subcover, and therefore it cannot cover X by
our assumption on the subbase. We may thus fix a point a € X not covered by these
sets, and then an open set V € )V containing a. Finally, since S is a subbase, we may
choose finitely many sets Sy, ..., S, € S such that

aeSnN---nN§, CV.

Since ¥V N S does not cover a, none of the sets S; belong to V. Therefore, using
the maximality of V), {S,} UV already has a finite subcover for each j. There exists
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therefore finitely many sets in )V such that their union A; satisfies the equality S; U
A; = X. Then

X = (SlﬂmﬂSn)U<A1UmUAn) CVUA U---UA,.

contradicting our hypothesis that V has no finite subcover. O

*Proof of Theorem 2.24 Introducing the projections 7; : X — X;, m;i(x) := x;, by
the definition of the product topology the family

S:={n"(U) : U; isopenin X;, i€l

is a subbase of X. Therefore it suffices to prove that every cover i/ C S has a finite
subcover.

For each i € I we denote by f; the family of open sets U; in X; satisfying
;o 1(Ui) € U. There exists an index k € I such that U/, covers X;. For otherwise
there would exist a point x € X such that 7;(x) is not covered by U; for any i. Then
U would not cover x, although it covers the whole space X by assumption.

If U, covers Xi, then the compactness of the latter implies the existence of a finite
subcover

Xk =UU---UU,.
This implies the equality
X = "(U)U---Un " (U,);

we have thus found a finite subcover of /. O

2.5 * Convergence of Nets

Due to their countable character, sequences are less useful in topological spaces than
in metric spaces.

Example Let X be an uncountable set (for example X = R). The empty set and the
complements of the countable sets form a topology on X. Although it is different
from the discrete topology, the convergent sequences are the same in both of them:
the eventually constant sequences.

The following notion may replace sequences in all topological spaces.
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Definitions

* ByanetinasetX'? we mean a functionx : I — X defined on a directed set, i.e.,a
non-empty set / endowed with a partial order having the following properties:

— i>iforalliel,
— ifi>jandj >k, theni > k;
— forall i,j € I there exists a k € I such that k > i and k > j.

Usually we write x; instead of x(i), and (x;) or (x;);e; instead of x.

e We say that a net (x;);e; eventually satisfies some condition (or satisfies this
condition for all sufficiently large i) if there exists aj € I such that x; satisfies this
condition for all i > j.

e A net (x;)ie in X converges to a € X if for each neighborhood U of a, x; € U
for all sufficiently large i. We also say in this case that a is a limit of (x;), and we
write x; — a, limx; = a or lim (x;);e; = a.

e We say that a net (x;);e; often satisfies some condition if for each j € I there
exists an i > j such that x; satisfies this condition.

e A net (x;);e; in a metric space (X, d) is a Cauchy net if

diam{x; : j =i} >0

in R. Equivalently, this means that the net (d (%, xj))
I x I is endowed with the following order relation:

(iyeIxi CONVerges to 0, where

(i,j) = (k,£) if i>kandj>{.

Examples

* Sequences correspond to the case I = N with the usual ordering.
* Consider the following partial ordering of the set ¢/ of neighborhoods of a point
a of a topological space:

U>V< UCV.

If we choose a point xy € U for each U € U, then we obtain a net (xy)yey
converging to a.
* Every Cauchy sequence is also a Cauchy net.

Now we generalize some results on sequences:
Proposition 2.27 Let X and Y be topological spaces, a € X and D,A C X.

(a) X is separated if and only if every net in X has at most one limit.
(b) a € D <> D contains a net converging to a.

3This notion is equivalent to the more elegant but less transparent notion of a filter. See Csdszar
[118].
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(c) Ais closed in X if and only if

(x)) CA and x;—a=— a€A.

(d) A functionf : X — Y is continuous at a € X if and only if

xi—~a in X=f(x;)—>f(a in Y.

(e) A metric space is complete <= every Cauchy net is convergent.

Proof

()

(b)

()

(d)

(e)

Let X be separated and x; — a in X. We show that x; /A b if b # a. For this
we separate a and b by two disjoint neighborhoods U and V. Since x; — a, we
have x; € U for all sufficiently large i, say i > j. Thenx; ¢ V forall i > j, so
that Xi 7L> b.

On the other hand, if X is not separated, then there exist two points a and b
such that each neighborhood U of a meets each neighborhood V of b. Let us
consider the set  of all such pairs (U, V) of neighborhoods with the following
partial ordering:

(U, V) > (U(),V()) <— UCUy and V CV,.

Choosing a point x; € U NV for each i := (U, V) € I we have x; — a and
x; — b.

If a net (x;) C D converges to a, then each neighborhood U of a contains x; if i
is sufficiently large, so that U meets D. Hence a € D by definition. Conversely,
if a € D, then choosing for each neighborhood U of a a point x;; € U N D, we
getanetxy — a.

If A is closed, (x;) C A and x; — a, thena € A = A by (b). If A is not closed,
then there exists a point a € A \ A, and then by (b) there exists a net (x;) C A
satisfying x; — a ¢ A.

Letf : X — Y be continuous at a, and x; — a in X. We have to show that

f(x;) — f(a) in Y. If V is a neighborhood of f(a), then U := f~1(V) is a

neighborhood of a by continuity, hence x; € U for all sufficiently large i. Then

f(x;) € V for all sufficiently large i. This proves that f(x;) converges to f(a).

If f is not continuous at a, then there exists a neighborhood V of f(a) for

which f~1(V) is not a neighborhood of a. Choose for each neighborhood U of
aapointxy € U\f~' (V). Then xy — a, but f(xy) /4 f(a), because f(xy) ¢ V
forall U.
If x; — a is a convergent net in a metric space (X, d), then for each fixed ¢ > 0
there exists an index k such that d(x;,a) < &/2 for all i > k. Applying the
triangle inequality we obtain that d(x;, x;) < ¢ for all i,j > k, so that (x;) is a
Cauchy net.

If every Cauchy net is convergent in X, then in particular every Cauchy
sequence is convergent, so that X is complete.
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It remains to show that if X is complete, and (x;) is a Cauchy net in X, then
(x;) is convergent. For each positive integer n we may choose an index i(n) such
that

d(xi,x)) <1/n forall i,j>i(n).

We may assume that i(1) < i(2) < ---.'* Then x;1), X2, ... is a Cauchy
sequence, hence it converges to some point a.

We prove that x; — a. For any given ¢ > 0 there exists a positive integer n
such that 1/n < &. Then

d(xi, X)) < 1/n forall i>i(n) and m>n.

Since X, — a, letting m — oo and using the continuity of the metric we
conclude that

d(xj,a) <1/n<e forall i>i(n),

ie., x; — a. |

The following examples show that the existence of convergent subsequences does

not characterize the compact topological spaces.

Examples

We consider the set X of functions f : R — [0, 1] as the product X := [],cp I: of
the compact intervals I, = [0, 1]. Convergence in X is pointwise convergence on
R. By Tychonoff’s theorem (p. 53) X is compact.

Let us denote by f,,(x) the nth binary digit of x; if possible we consider finite
expansions. Then the sequence (f,,) has no convergent subsequence. Indeed, for
any given subsequence (f;, ) consider a number x € [0, 1] whose n;th binary digit
is 0 or 1 according to whether k is even or odd. Then (f,,) is divergent at x.

The functions f : R — [0, 1] vanishing outside a countable set (that may depend
on f) form a proper dense subset Y of X, so that Y is not compact. Nevertheless,
in Y every sequence (f,,) has a convergent subsequence.

Indeed, since the union of countably many countable sets is still countable,
there exists a countable set A outside which all function f, vanish. Hence they
belong to the compact subspace Z := ]_[re]R J;of Y, where J; = [0, 1] if t € A, and
J; = {0} otherwise. One may readily check'” that the topology of Z is metrizable
with the metric

d(f.8) ==Y 27" [f(ta) — g(ts)|

14Use the last property in the definition of directed sets.
15 Adapt the solution of Exercise 1.7, pp. 32 and 301.



2.5 * Convergence of Nets 59

where (#,) is an arbitrary enumeration of the elements of A. Hence (f,) has a
convergent subsequence in the compact metric space Z, and then the convergence
holds in X as well.

We may eliminate the above pathological situations by generalizing subse-
quences and cluster points.

Definition By a subnet of a net (x;) we mean a net of the form (xs(j));e; where the
function f : J — [ satisfies the following condition: for each i € I there exists a
Jj € J such that

k>j=f(k) > i.

Remark Subsequences correspond to the special case where I = J = N and f is an
increasing function.

The following variant of Lemma 1.20 (p. 24) holds:

Lemma 2.28 Given a net (x;);e; and a point a in a topological space, the following
conditions are equivalent:

(a) x; often belongs to each neighborhood V of a;
(b) x; often belongs to each open set U containing a;
(c) there exists a subnet xz(j) — a.

Proof

(a) = (b) because U is a neighborhood of a.

(b) = (c) Let us denote by U/ the family of open sets containing a, and consider
the set E of all pairs (i, U) in I x U for which x; € U. Then E is a directed set for
the partial order

(,U)>(j,V)<i>j and UCV.
Indeed, the reflexivity and transitivity relations are obvious. Furthermore, if
(i,U), (j,V) € E, then by (b) there exists a k € [ satisfying k > i, k > j and
X € UN Vbecause U NV € U. We conclude that

*k,UNV)=(G,U), *kUNV)=(,V), and (k,UNYV)E€eE.

Setting f(i, U) := i we obtain a subnet (x;v))uv)ee of (x;)ier. Indeed, fixing
V € U arbitrarily, for each i € I we have the implication

W) > G, V) = k>i=fk, W) > i

by the definition of f.
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Finally, for any fixed U € U we have to find (i, V) € E such that x;w) € U
for all (k, W) > (i, V). It suffices to choose V := U and i € [ satisfying x; € U.
Indeed, then we have the implication

(k, W) > (i, V) = Xf(,w) = Xk € wcCcU.

(c) = (a) There exists a k; € I such that xr;y € V for all j > k;. Furthermore,
there exists a ky € I such f(j) > i forall j > k,. Choose k € [ satisfying k > k;
and k > ky, then f(k) > i and xpq) € V. |

In view of Lemmas 1.20 (p. 24) and 2.28 the following definition is consistent
with the former one given for metric spaces:

Definition In a topological space a is a cluster point of a net if the equivalent
conditions of Lemma 2.28 are satisfied.

Remark Similarly to the last remark on p. 24, the limits and cluster points are the
same for Cauchy nets.

Proposition 2.29 Let X be a topological space.

(a) Ifx; — a, then every subnet of (x;) converges to a.

(b) If x; & a, then (x;) has a subnet of which a is not even a cluster point.

(¢) A set K in X is compact <= every net (x;) C K has a cluster point in K.

(d) Let X be a compact Hausdorff space. A net in X is convergent <= it has a
unique cluster point.

Proof

(a) Let (xf(j) be a subnet of (x;) and U a neighborhood of a. Since x; — a, there
exists an index iy such that x; € U for all i > ij. By the definition of a subnet
there exists an index jo € J such that f(j) > iy for all j > jo. Then xs;) € U for
all j > jo. This proves that x;(;, — a.

(b) If x; 4 a, then a has a neighborhood U such that for each index iy there exists
an [ > i satisfying x; ¢ U. Then considering the identical map f : J — I on
the subset J := {i € I : x; ¢ U} of I we obtain a subnet (x;);e; of (x;). Since no
element of this subnet belongs to U, a cannot be its cluster point.

(c) First we assume that K is not compact, and we fix an open cover {U, : o € A}
of K without any finite subcover. Consider the family / of the finite subsets of A
with the partial ordering i > j <= i D j. By our assumption we may choose a
point

XiGK\(Ual U"'UUan)

foreach i := {oy,...,a,} € I. No subnet of (x;) C K convergesto any a € K
because a belongs to some Uy, and then x; ¢ U, for alli > {«}.

Now assume that no subnet of the net (x;) C K converges to any point of K.
Then for each a € K there is a neighborhood U, of a and an index i, such that



2.6

(d)

Exercises 61

x; ¢ U, for all i > i,. We prove that the open cover

KCUUu

a€k
has no open subcover.
Indeed, choosing arbitrarily a finite number of points ay,...,a, € K, there
exists an index i such thati > i,,,..., i > i,,, and then

X ¢ Uy U---UU,,.

Hence K is not compact.
We already know that every net (x;) has at least one cluster point a. If (x;) does
not converge to a, then (x;) has by (b) a subnet (x(;) of which a is not even a
cluster point. By (c) this subnet also has at least one cluster point b, necessarily
different from a. But then b is also a cluster point of (x;) by (a), so that (x;) has
at least two cluster points.

If x; — a, then (x;) cannot have a cluster point different from a. Indeed,
if x;(j) — b for some subnet, then x7;, — a by (a), and therefore a = b by
Proposition 2.27 (a). O

2.6 Exercises

Exercise 2.1 Let A be a set in a topological space X. Prove the following equalities:

int(X \ A) = extA;

ext(X \ A) = intA;

X\ A) = 04;

A = (intA) UJA = AU 0A = X\ extA.

Exercise 2.2 Let A C X and a € X. Prove the following:

a€intA <<= A isaneighborhood of a;

acextA <= X\A isaneighborhoodof a;

ac€A <= eachneighborhood of a meets A;
—

a € o0A each neighborhood of @ meets both A and X \ A.
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Exercise 2.3 Prove the following statements:

(i) any two non-empty open intervals are homeomorphic;

(ii) any two non-degenerate bounded closed intervals are homeomorphic;
(iii) any two non-empty half-closed intervals are homeomorphic;
(iv) (0,1),[0,1] and [0, 1) are pairwise non-homeomorphic;

(v) no interval is homeomorphic to a circle of the plane.

Exercise 2.4 (Accumulation Points) Given a point a and a set D in a topological
space X, prove that the following properties are equivalent:

(i) every neighborhood of @ meets D;
(i) every open set containing a meets D;
(iii) there exists a net in D that converges to a.

We say that a is an accumulation point of a set A C X if the above conditions are
satisfied with D := A \ {a}. Show that this definition is compatible with the former
one in metric spaces.

Show that in a compact topological space every infinite set has an accumulation
point, but the converse statement may fail.

Exercise 2.5 (New Characterization of Compact Sets) We say that a family of
sets has the finite intersection property if any finite number of sets of the family has
a non-empty intersection.

Given a set K in a topological space, prove that the following properties are
equivalent:

(i) K is compact;
(i1) if a family of closed sets in K has the finite intersection property, then the whole
family has a non-empty intersection.

Exercise 2.6 (Initial Topology)

(i) Let Y be a non-empty set in a topological space X, and consider the embedding
i 1Y — X, i(x) := x. Prove that the subspace topology on Y is the weakest
topology on Y for which i is continuous.

(i) Let (X;);e; be an arbitrary non-empty family of topological spaces, and X the
direct product of the sets X;. Prove that the product topology on X is the weakest
topology on X for which all projections 7; : X — X; are continuous.

(iii) Given a non-empty set X, a family (Y;);e; of topological spaces and a
corresponding family of functions f; : X — Y;, prove that there exists a weakest
topology on X for which all functions f; are continuous. It is called an initial
topology on X.
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Exercise 2.7 (Quotient Topology and Final Topology)

(i) Consider a function f : X — Y where X is a topological space. Prove that there
exists a strongest topology on Y for which f is continuous.

Henceforth we consider this topology on Y. A map f : X — Y is called open if it
sends open sets into open sets, and closed if it sends closed sets into closed sets.

(i) fis open <= f~!(f(U)) C X is open for each open set U C X.
(iii) fis closed <= f~!(f(F)) C X is closed for each closed set F C X.

If there is an equivalence relation on X and f(x) denotes the equivalence class of
x for each x € X, then it is called the quotient topology on Y := f(X).

(iv) Given a non-empty set Y, a family (X;);e; of topological spaces and a
corresponding family of functions f; : X; — Y, prove that there exists a finest
topology on Y for which all functions f; are continuous. It is called a final
topologyon'Y.

Exercise 2.8 (Alexandroff’s One-Point Compactification) If X is a non-compact
topological space, then add the new symbol co to X, and consider the larger set

X := X U {oo}. Prove the following properties'®:

(i) The open subsets of X and the sets X\ K, where K runs over the closed compact
subsets of X, form a topology 7 on X.
(i) This topology is compact.
(iii)) X is a dense subspace of X.
Exercise 2.9 Prove that an arbitrary (finite or infinite) product of connected spaces
is connected.

Exercise 2.10 (Peano Curve) We recall from Exercise 1.8 (p. 32) that Cantor’s
ternary set C consists of those points 7 € [0, 1] which can be written in the form

=24 D )
S\ 3 3
with suitable integers t,, € {0, 1}.

(i) Prove that the formula

hh B fan—1 h 14 fon
( 2 22 2n 2 22 2n
defines a continuous function f of C onto [0, 1] x [0, 1].
(ii) Extend f to a continuous function of [0, 1] onto [0, 1] x [0, 1].
(iii) For each positive integer N, construct a continuous function of [0, 1] onto
[0, 11V,

16This a generalization of the definition of the complex sphere in complex analysis.
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Exercise 2.11 (Semi-continuity) A functionf : X — R on a topological space
X is called upper semi-continuous if {x € X : f(x) < «} is an open set for every
a € R, and lower semi-continuous if {x € X : f(x) > «a} is an open set for every
a € R. Prove the following results:

(i) f is upper semi-continuous <= —f is lower semi-continuous.
(i1) f is continuous <= it is both upper and lower semi-continuous.
(iii) Let{f; : i € I} be a non-empty family of upper semi-continuous functions on
X.Iff := infi¢; f; is finite-valued everywhere, then f is upper semi-continuous.
(iv) If X is compact and f is upper semi-continuous, then f has a maximal value.



Chapter 3
Normed Spaces

Normed spaces are vector spaces endowed with a special metric that is compatible
with its linear structure. They are very useful in Differential Calculus and in Applied
Mathematics, among other subjects.

In this chapter we give an introduction to these spaces. For simplicity we consider
only real vector spaces.'

3.1 Definitions and Examples

Definitions Let X be a real vector space.
* By a norm on X we mean a function |-|| : X — R satisfying the following
conditions for all vectors x,y,z € X and scalars (i.e., real numbers) A:
e [x[=0,
o |x|=0 <<= x=0,
o [Axll = |A- [lx]l,
o x+yll = lxl + Iyl
The last property is called the triangle inequality.
* By a normed space we mean a vector space X endowed with a norm on X.
* A set A is bounded in a normed space if there exists a constant M such that
|lx|| < M for all x € A.

* A functionf : K — X, where X is a normed space, is bounded if its range is a
bounded set in X.

'The complex case will be considered briefly in Sect. 3.6.
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Examples

* X =R, ||x|| = |x|. Henceforth we always consider this norm on R.

» If K is anon-empty set and X a vector space, then the functionsf : K — X forma
vector space F (K, X) for the pointwise operations of addition and multiplication
by scalars.

e If K is a non-empty set and (X, ||-||) a normed space, then the bounded functions
f : K — X form a linear subspace of F(K,X), denoted by B(K,X).?
Furthermore, the formula

[flloo := sup [LF()lx
teK

defines a norm on B(K, X). Unless stated otherwise, henceforth B(K, X) will be
endowed with this norm.
For X = R we simply write B(K) instead of B(K, R).

We may define subspaces and products of normed spaces:
Definitions

* By a (normed) subspace of a normed space (X, ||-||) we mean a linear subspace
Y of X, endowed with the restriction of the norm ||-|| to Y.

* By the product of the normed spaces (X1, |‘|l,),---» Xm, |I|l,,) we mean the
vector space X := X X --- x X, with the norm

ell s= flelly = A ol s x = G ) € X

The norm properties are easily verified in both cases.
Examples

« If K is a topological space, then the bounded continuous functions f : K — R
form a linear and hence normed subspace C(K) of B(K) for the norm |-|| .
e The formula

xlly = x| + -+ |xm|, x=1,..0,x,) € R”

defines a norm on R™.

Now we introduce an important class of normed spaces.

2We will show in the next section that the definition of the function spaces B(K, X) and Cj,(K) on
this page are consistent with the definition of these spaces in the preceding chapter.
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Definitions
* By a scalar product on a vector space X we mean a function (-,-) : X x X - R
satisfying for all vectors x, y, z € X and scalars «, 8 the following conditions:
e (x,x) >0,
e (x,x) =0 <= x=0,
o (ax+py.2) =alx2) + B(.2).
o (xy)=0.%).
* By a Euclidean or prehilbert space3 we mean a vector space endowed with a
scalar product.
Examples

e X =R" (x,y) :=x1y1 + X292 + -+ + XpVm-
e Jisacompactinterval, X = C(/) and (f, g) := flfg dt.

Every Euclidean space has a natural norm:

Proposition 3.1 If(,-) : X x X — R is a scalar product, then the formula ||x|| :=
(x,x)'/2 defines a norm on X.
This norm satisfies the Cauchy—Schwarz inequality*

|G| < llxll - Myl
and the parallelogram identity
lbe+ Y12+ e = yI17 = 2 jell” + 2 [yl
(see Fig. 3.1) forall x,y € X.°

Proof The parallelogram identity follows by a direct computation:

Ix+ 17 + [x=yI* = ¢+ y.x+9) + = y.x—)
= (x.0) + () + 0.0 + (0.)
+ (rx) — (@) — (0.0 + (0.)
=2(x,x) +2(,y)
= 21Ixl* + 2 Iy]I*

3In our terminology a Euclidean space is not necessarily finite-dimensional.
“The proof below also shows that equality holds if and only if x and y are proportional.

SConversely, every norm satisfying the parallelogram identity may be defined by a suitable, unique
scalar product. See Exercise 3.11, p. 91.
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Fig. 3.1 The parallelogram
identity

Fig. 3.2 The
Cauchy—Schwarz inequality A

(x, y)y

The norm properties are also easily checked, except for the triangle inequality.
For |y = 1 the Cauchy-Schwarz inequality is obtained by another direct
computation®:

0 < x— @yl = (x= (x.9)y.x— (5. 0))
= (x,x) — (x. ) (x.y) = (£ ) 0. %) + (5, y)(x, 9) (5, y)
= [lxll* — (e, )
=[xl IylI* = 1o )

The general case follows by homogeneity. The case y = 0 is obvious. Fory # 0
we write y = 1y’ with # = ||y||; then ||y’|| = 1, and hence

(@) =t |G| < elxl ] = lIxl- Iyl

The result is essentially a consequence of Pythagoras’ theorem: see Fig. 3.2.
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Now the triangle inequality follows easily:

x4+l = (@ +y.x +) = [ + [y]> + & y) + (¢,%)
2
< Il + 11+ 20l Iyl = (el + Dyl )

O
Henceforth every Euclidean space will be automatically endowed with this norm.
Until now we have introduced three different norms on R” :
lxlly = Pxea| + -+ |2,
2 23\1/2
Ixlly = (et + -+ Jonl”) 77
[[*[loo = max {xi], ..., [xnl}
The second norm of R comes from the natural scalar product defined above, while
the third one is a special case of the norm of B(K,R) when K = {1,...,m}.

Figure 3.3 shows the “unit balls” of R? for these norms.
Generalizing the first two examples we will prove that the formula

1/
el = (el oo o)

defines a norm on R” for each 1 < p < oo.

Definition The numbers p,q € [1,00] are called conjugate exponents if p~' +
—1
qg =1

Remark We have p € (1,00) if and only if ¢ € (1, 00). In this case the relation

p~! 4+ ¢~ = lis equivalent to each of the following:
p q
q= s P= . (p=Dg-1) =1
p—1 q—1
1 I
Jon, [ : ]
y i ! )
— ,_' SN i L
R 1 : 1
\.\ // I___ _.__:
[ 1
p= 1 p= 0

Fig. 3.3 “Unit balls”
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Proposition 3.2 Let p and q be conjugate exponents.
(a) (Young'’sinequality) If x,y > 0 and p, q are finite, then
X q
w4
p q
(b) (Holder’s inequality) If x,y € R™, then

m
) Z XiYi
i=1

(c) (Minkowski’s inequality) If x,y € R™, then

= llxll, - l1yllg -

e+ yll, =< llxll, + Iy, -
(@) |I[l, is @ norm on R™.
Proof

(a) We assume by symmetry that p > 2, and we consider the graph of the function
y = x"!or x = y97!; see Fig. 3.4. The shaded region contains the rectangle of
sides x, y, hence its area is at least xy. Therefore

L Yo oyl
xyf/sp_ ds—}—/ﬂ_ dt = + .
0 0 p q

(b) The cases x = 0 and y = 0 being trivial, we assume that they are non-zero.
First we assume that p, g € (1, 00). If [|x||, = [ly[|, = 1, then using Young’s
inequality we obtain the following estimate:

‘inyi) <Y il =Y+ =pT g =1
i=1 i=1 1 I3 q

i=

Fig. 3.4 Young’s inequality




3.1 Definitions and Examples 71

In the general case we write x = sx’ and y = 1y’ with s := ||x|,, # := [|y],.
Then [|X'||, = [[y'll, = 1, and hence

m m
| o] =t 2o
i=1 i=1

The case p = 1 follows from the definition of the norms:

m
) Z XiYi
i=1

and then the case p = 0o by exchanging the role of x and y.

(c) The cases p = 1, 0o are already known, so we assume that p, g € (1, 00). The
case x + y = 0 being obvious, we also assume that x + y # 0. Furthermore,
we may also assume by homogeneity that |lx + y[|, = 1.7 Then the required
relation follows by applying Holder’s inequality and the equality (p — 1)g = p:

<stl¥|,- [, = 1=, - Iy,

m m
= 2 bl bl = Dl - max byl = flxl - Do
i=1 i=1

m
e+ yl, = e+ 3015 =D b + wil?
i=1

m m
<Y bl byl Y il bl
i=1

i=1

= o\ Va " \1/q
< IIxII,,(Z lxi + il ”‘1) + ”y”p(z i+ i 1)q)
=1 i=1

= (Ixll, + Iyll,) llx + yli2/e
= xll, + lIyll, -

(d) We have just proved the triangle inequality. The other properties are obvious.
|

Similarly to the above, if I is a compact interval, then the formula

i1, = (1700 @)

defines a norm on C(I) for each 1 < p < oo®:

7We multiply both x and y by the same positive constant.
8The norm ||-|| o on C(I) has already been defined earlier.
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Proposition 3.3 (Riesz) Let p and q be two conjugate exponents.
(a) Iff,g € C(I), then

| [sea] <171, -1l
(b) Iff,g € C(), then

If+egll, = I, + lell, -

(©) |-ll, is @ norm on C(I).

Proof (a) The case p = 1 is obvious:

| [rea < [191-1ela = [171- Vgl dr =111 Do

and the case p = oo follows by symmetry.
For p, g € (1, 00) it suffices to consider, as before, the case || |, = [lgll, =
1. Then the desired relation follows by applying Young’s inequality:

el
[rea = [ir1ras [0 4 ¥ =g = =71, e,
1 I I q

(b) The case p = oo is already known, while the case p = 1 is straightforward:

I+ gl = /I|f+g| dr < /Ilfl T lgl dr = 11 + lglh

For p € (1,00) it suffices to consider, as in the preceding proposition, the
case |/ + gll, = 1. Applying Holder’s inequality we get

1f+gll, = If + gl = /I|f+glp di

< /, A 1f + gl dr + /, gl 1f + gl dr

<l 17+, + lsl - 1+ P71,
= /1, + lgll,

because

|1f -+l ], =1 el = If +el " = 1.

(c) We have just established the triangle inequality. The other properties are
straightforward. O
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3.2 Metric and Topological Properties

If ||-|| is a norm on a vector space X, then

dlx,y) == |If =gl

is a metric on X. (Sometimes we write ||-||y instead of ||| to avoid confusion.)
We will therefore consider every normed space as a metric, and hence also as a
topological space.

Remark Boundedness in the metric and normed sense are equivalent. Indeed, if a
set A is bounded for the norm: ||x|| < r for all x € A, then A C B,(0). Conversely, if
A C B,(y) for some ball, then ||x|| < ||y|| + r for all x € A.

In the rest of this chapter the letters X, Y, Z denote normed spaces.
Proposition 3.4

(a) A sequence (x,) converges to x in X if and only if ||x, — x|| — 0.
(b) A functionf : D — Y (D C X) is continuous at a point a € D if and only if for
each € > 0 there exists a § > 0 such that

xeD and |x—aly <8= |f(x)—fla)ly <e.

(c) A functionf : D — Y (D C X) is uniformly continuous if and only if for each
& > 0 there exists a § > 0 such that

x,x €D and x —xlly <8 = [ f(x1) —f()|y <e

(d) The norm ||| : X — R is Lipschitz (and hence uniformly) continuous; more
precisely,

|l =Myl | < llx =yl
forall x,y € X.
(e) Let (x,), (yu) C X and (A,) C R be three sequences satisfying x, — x, y, = y
and A,, — A. Then
Xp+ VY —>x4+y and Aux, — Ax.

(f) If the functions f,g : X < Y are continuous at a, then f + g : X — Y is
continuous at a.’

9The notation <> was introduced on p. 2.
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(g) Ifthe functions h : X — R and g : X < Y are continuous at a, then hg : X —
Y is continuous at a.
(h) The scalar product (-,-) : X x X — R is continuous: if x, — x and y, — y, then

(s yn) = (x,).

Proof (a), (b) and (c) are just reformulations of the definitions given for metric
spaces.

(d) follows from the triangle inequality of the norm.

(e) and (h) are consequences of the following three estimates:

[Gen + 30) = G+ = M = x| + [lyn = yI;
[Anxn = Ax| = [(An = ) (x0 = X) + (A — A)x + A(x, — ) |
< A = Al = x|+ 1A = AL [l 4+ [A] - [l — x5
| (s yn) — e V)| =[G — 2,30 — ¥) + (o — X, ¥) + (6,30 — Y)]
< b =l = e =yl + lloee = X1 Iyl + Nl - lya = ¥

because the expressions on the right-hand sides tend to zero by assumption.
(f) and (g). If x,, — a, then f(x,) — f(a), g(x,) — g(a) and h(x,) — h(a). Using
(e) we deduce that

(f + ) () =f(xa) + 80n) = fla) + g@) = (f + g)(a)

and

(hg)(xn) = h(xn)8(xn) = h(a)g(a) = (hg)(a).

Examples

e Let us consider in X = R™ a sequence (x,) and a point a, and write x, =
(Xn1s ey Xum), @ = (ai,...,ay). For each norm ||'||p, 1 < p < o0, the norm
convergence x, — a is equivalent to the component-wise convergence: x,; — a;
inRfori = 1,...,m. In particular, the convergence is the same for each p.

* Let us endow Y = R" with the norm |-[|, for some 1 < p < oco. Consider a
function f : X < R™, and write f = (fi, ..., fn).- Thenf is continuous at a point
a if and only if each component function f; : X < R is continuous at a.

¢ The metrics associated with the norms of B(K) and B(K, X) coincide with the
metrics introduced in Chap. 1 (p. 4). In particular, the norm convergence is the
uniform convergence on K.

e We may generalize the normed spaces C,(K) introduced on p. 66. If K is a
topological space and (X, |-||) a normed space, then the bounded continuous
functions f : K — X form a linear and hence normed subspace Cy(K,X) of
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B(K, X) for the norm |- ,,.'° If K is compact, then we may write C(K, X) instead
of Cp(K, X) by Weierstrass’ theorem (p. 25) and we may write

[l = max | £

instead of using sup for every f € C(K, X).

Definition A complete normed space is called a Banach space. A complete
Euclidean space is called a Hilbert space.

Examples

e We will prove in Theorem 3.10 below (p. 79) that every finite-dimensional
normed space is complete.

e If X is a Banach space, then the spaces 5(K,X) are also Banach spaces by
Proposition 1.8, p. 14. In particular, the spaces 3(K) are Banach spaces.

« If K is a topological space and X a Banach space, then C,(K, X) is also a Banach
space, because it is a closed subspace of the Banach space B(K,X) by the
example on p. 46. In particular, the spaces C(K) are Banach spaces.

¢ If/is a compactinterval, then the norms ||-||, for p < oo are not complete on the
vector space C(I): see Exercise 3.7, p. 90.

Remark A version of Proposition 1.16 (p. 21) states that every normed space may
be considered as a dense subspace of some Banach space, and every Euclidean space
may be considered as a dense subspace of some Hilbert space.'!

There is a transparent characterization of connected open sets in normed spaces.

Definitions By a segment in a vector space X we mean a set of the form
[a,b) :={(01 —fHa+1th : 0<r<1}

where a, b € X.'? The points a, b are called the endpoints of the segment.
A set A in a vector space X is convex if [a, b] C A whenever a, b € A.
By a broken line in a vector space X we mean a set of the form

L = [.X(),.X]] U [xlsxz] U U [—xn—lsxn] (31)

where xo, . .., x, € X. (See Fig. 3.5.) We say that L connects the points xo and x;,.

10The associated metric is the same as that introduced on p. 46.

"'"The proof of Proposition 1.16 allows us to define a suitable linear structure on the completion.
See also [285, Corollary 2.21 (b)] for a direct proof using dual normed spaces.

12We do not exclude the case a = b.
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Fig. 3.5 A broken line _-m T T T TN
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Lemma 3.5 The balls of normed spaces are convex.

Proof We have to show that if a,b € B,(y) and x € [a, b], then |x — y|| < r. Since
x = (1 —1t)a + tb for some 0 < ¢ < 1, using the norm axioms we have!3

[x=yl=10=0@a=y) +tb=y|=A=0lla=yl+1]b-yll
<(=Hr+wr=r.

|

Proposition 3.6 For an open set U in a normed space the following three properties
are equivalent:

(a) any two points of U may be connected by a broken line lying in U;
(b) any two points of U may be connected by a path lying in U;
(c) U is connected.

Proof
(a) = (b) It is sufficient to observe that every broken line L C U is the range of
a suitable path f in U. For example, if L is given by (3.1), then the formula

O =@G—k+Dx+ (k—0xey, tek—14, k=1,....n

defines such a path f : [0,n] — U.

(b) = (c) This is a special case of Proposition 2.17 (p. 49).

(c) = (a) There is nothing to prove if U is empty. Otherwise fix a pointx € U,
and consider the set A of points that may be connected to x by a broken line lying
in U. We have to show that A = U. Since U is connected and A is non-empty (it
contains x), it suffices to prove that A is both open and closed.

First we prove that A is open. If y € A, then the open set U contains a small ball
B,(y). This implies that B,(y) C A. Indeed, if L C U is a broken line connecting
x and y, and z € B,(y), then the broken line L' := L U [y, z] connects x and z.

3The last inequality is strict because (1 — #) la—y|| < (1 —)rift < 1, and ¢ ||b — y|| < trif
t > 0. As a matter of fact, it is sufficient to prove these relations for 0 < ¢ < 1.
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Furthermore, this broken line still lies in U because [y,z] C B.(y) C U by the
preceding lemma.

Next we prove that A is closed in U, i.e., U\ A is open. If z € U\ A, then U again
contains a small ball B,(z). It suffices to show that B,(z) C U \ A. Assume on the
contrary that there exists a point y € B,(z) N A, and consider a broken line L C U
connecting x and y. Then L' := L U [y, z] is a broken line connecting x and z in U,
contradicting the choice of z. O

We say that two norms on a vector space X are equivalent if they define the same
topology on X.

Proposition 3.7 Two norms ||-||, ||-|" on a vector space X are equivalent if and only
if there exist two positive constants ¢, ¢, such that

et xll” < x| < ez flx]f (3.2)

forall x € X.
Furthermore, equivalent norms have the same Cauchy sequences, and therefore
they are complete or non-complete at the same time.

Proof If the condition (3.2) is satisfied, then the same sequences converge to the
same limits for both norms:

(| —a||/ — 0= ||x, —a| — 0.

Hence the same sets are closed for both induced topologies, and therefore the open
sets are also the same.

If the condition (3.2) is satisfied, then the same sequences have the Cauchy
property for both induced metrics.

If there is no constant c, satisfying the corresponding inequality in (3.2), then
there exists a sequence (x,) satisfying ||x,|| = 1 for all n, and ||x,|" — 0. Then
x, — 0 for the second norm, but not for the first, so that the induced topologies are
different.

If there is no constant ¢, satisfying the corresponding inequality in (3.2), then we
may repeat the preceding proof by exchanging the norms ||-|| and ||-||’. O

Remarks

e It is interesting to compare the proposition with our earlier remarks on the
equivalence of metrics on p. 38 concerning the inequality (2.1).

* It follows from the proposition that changing a norm to an equivalent one the
open, closed, compact, separable, dense, bounded or totally bounded sets, and the
convergent and Cauchy sequences remain the same. Furthermore, the continuity,
uniform continuity or Lipschitz continuity of a function f : X — Y is preserved
if we change the norm of X and/or Y to equivalent ones.
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3.3 Finite-Dimensional Normed Spaces

We recall that a set of real numbers is compact if and only if it is bounded and
closed. We will extend this useful characterization to all finite-dimensional normed
spaces.

We start with a lemma concerning the norm |-||, on R™.

Lemma 3.8 The normed space (R",||-||o,) is complete, separable, and every
bounded set is in fact totally bounded.

Proof The space (R", ||-||o,) is complete because it is isomorphic to the Banach
space B({1, ..., m}).

It is separable because Q" is a countable dense subset.

Finally, let K be a bounded set, and fix a number M such that ||x|| < M for all
x € K. Given r > 0 arbitrarily, choose a large integer N such that Nr > M, and
consider the balls B,(a;) with

ap = (kyry ... k), ki,....knw € {—N,...,N}.

If x = (x1,...,xn) € K, then one of these balls satisfies the inequalities |x; — k;r| <
r/2 <rforallj=1,...,m,ie., x € B.(a). |

A fundamental result of this section is the following

Theorem 3.9 (Tychonoff) On a finite-dimensional vector space X all norms are
equivalent.

Proof of Theorem 3.9 Since every finite, say m-dimensional, vector space is isomor-
phic to R™ as a vector space, we may assume that X = R”.
Fix an arbitrary norm ||-|| on R™. It suffices to prove its equivalence with |-|| :=

[/l oo
Consider the function

JiK=>R, f) = x|
defined on the unit sphere
K:={xeR" : x| =1}
of (R, ||']l0)- The set K is closed (by the continuity of the norm) and bounded,
hence compact by Lemma 3.8 and Corollary 1.29 (p. 29).

The function f is continuous, even Lipschitz continuous. Indeed, introducing the
canonical basis

er = (1,0,...,0),....en=(0,...,0,1)
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of R™ and setting
M = max{[le] ..., lenl},
the obvious inequality
Ixll = llxier + -+ + xmem| < M(x1| + -+ + |xn|) < Mm x|

yields the estimate

F@ £ = |l = 91| = lhe =1 < Mo i = vl

forall x,y € R™.
Applying Theorem 1.24, p. 25 (or Theorem 2.22, p. 52), there exist two points
a,b € K satisfying

lall < || < lI2]

forall X’ € K.
Every x € R” may be written in the form x = / with 7 = ||x||, and X’ € K.
Multiplying the above inequalities by ¢ we obtain that

lall - Ixlloo =[xl < 151 - 1¥]l oo

for all x € R™. We conclude by observing that a, b € K, so that these vectors are
non-zero, and therefore ¢; := |la|| > 0 and ¢, := ||b|| > 0. O

The above theorem has important consequences:

Theorem 3.10 Let (X, ||-||) be a finite-dimensional normed space. Then

(a) X is complete;

(b) X is separable;

(c) a set in X is totally bounded if and only if it is bounded;

(d) a setin X is compact if and only if it is bounded and closed;
(e) every bounded sequence in X has a convergent subsequence.

Proof We may assume again that X = R™ as a vector space. Furthermore, in view
of the preceding theorem it suffices to consider the space (R”, ||-||o,)-
Properties (a), (b) and (c) have been proved in Lemma 3.8.
Property (d) follows from (a) and (c) by applying Corollary 1.29 (p. 29).
Property (e) follows by observing that a bounded sequence belongs to a
sufficiently large closed ball, and that this ball is compact by (d) as a metric space.
O
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Remark We emphasize again that all finite-dimensional normed spaces are Banach
spaces, and all finite-dimensional Euclidean spaces are Hilbert spaces.

The following consequence of Theorem 3.10 is of great importance in Approxi-
mation theory.

Proposition 3.11 IfY is a finite-dimensional (linear) subspace of a normed space
(X, |IID, then for each x € X there exists in Y a closest point a to x:

|lx—al < ||lx—y|l forall yeY. 3.3)

Proof Choose a minimizing sequence (y,) C Y:

[x =yl = inf [|lx — y|| =: M.
ye€Y

Then (y,) is a bounded sequence in a finite-dimensional space Y, hence it has a
convergent subsequence: y,, — a € Y. Then

X =Yl = M, and |lx —=yu | = |x—a

by the continuity of the norm. Hence ||x — a|| = M by the uniqueness of the limit.
|

The closest point a is not always unique:
Examples (See Fig. 3.6.)

e Let
Y={yeR*:y +y, =0} and x=(1,1)
in (R2, ||-||,). Then for a = (1, —1) € Y we have
lx—all=11—¢+|1+1 =2
if || < 1, and ||x — a| > 2 otherwise, so that a satisfies (3.3) forall -1 < < 1.
* Considering the same Y and x in (R?, ||-||,), now only @ = (0, 0) satisfies (3.3)
because

lx—al3= 0=+ 1 +0>=2427

has a unique minimum for ¢ = 0.

Fig. 3.6 Closest points
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o If
Y={eR:y =0} and x=(01)
in (R2, ||-|| o), then for a = (¢, 0) € Y we have
I = alloe = max{e|, 1} =1

if |#| < 1, and ||x — a|| > 1 otherwise, so that a satisfies (3.3) forall —1 <t < 1.
Let us generalize the second example:

Proposition 3.12 (Legendre—Gauss) If Y is a finite-dimensional (linear) sub-
space of a Euclidean space (X, (-,+)), then for each x € X there exists in Y a unique
closest point a to x:

lx—all <|lx—y|| forall yeY. (3.4)

This is the orthogonal projection of x onto Y in the following sense'*:

acY, and (x—a,z)=0 forall zeY. 3.5)
Finally, the map x > a is linear, and ||a| < ||x|| for all x € X.

Remark The method of least squares in Approximation theory is based on the above
proposition.

Proof By the preceding proposition there exists at least one point a € Y satisfy-
ing (3.4). This point satisfies (3.5). Indeed, for each + > 0 we deduce from (3.4)
that

0> (fx—al® ~ k- (@+)|?) = 20— a.2) — 1]z

Letting + — 0 we get (x — a,z) < 0. Applying the result to —z instead of z we get
the converse inequality, so that in fact (x — a,z) = 0.

In order to complete the proof of the uniqueness and the characterization it
remains to show that if a point a € Y satisfies (3.5), then ||x —y| > |x —a]| for
eachy € Y \ {a}. Since z = a —y € Y \ {0}, this may be shown as follows:

lx=yI” = lx =) + @@=y
= |x—al® +lla = y* + 2(x —a,a —y)

2 2 2
= lx=all” + lla=yI" > [lx=al”.

14The proof will show that a is the only point satisfying (3.5).
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If a and b are the orthogonal projections of x and y onto Y, then for any scalars
a, B we deduce from (3.5) by linearity that

((ax + By) — (@a + Bb),z) =0

for all z € Y. Hence aa + Bb is the orthogonal projection of ax + By onto Y. This
proves the linearity of the orthogonal projection.

Finally, applying (3.5) with z = a and using the Cauchy—Schwarz inequality we
obtain

2 .
lall® = (@,a) = (x,a) < ||x|| - [lall;

hence ||a|| < ||x|. O

3.4 Continuous Linear Maps

Motivated by matrix theory, the values A(x) of a linear map A : X — Y are usually
denoted by Ax. As before, the letters X, Y, Z stand for normed spaces.

For a linear map continuity at merely one point implies uniform and even
Lipschitz continuity:

Lemma 3.13 [fa linear map A : X — Y is continuous at some point a, then there
exists a number L > 0 such that

|Ax|| < L|x|| forall xeX. (3.6)
Hence A is Lipschitz continuous with the constant L.
Proof 1If A is continuous at a, then there exists a 6 > 0 such that

z€X and |z—a|| <8 = ||[A(z—a)| = |Az —Aa| < 1.

Applying this with z := a 4+ x we obtain (3.6) with L = 1/4 for all x € X satisfying
|lx|| < 8, and then by homogeneity for all x € X.
Furthermore, (3.6) implies Lipschitz continuity:

|Ax — Ay|| = [Ax—y)|| < LJx—y|
forall x,y € X. =

We denote by L(X, Y) the set of continuous linear maps A : X — Y. If A €
L(X,Y), then

|A]l := sup [|Ax[| < oo

lIxll<1

by the lemma.
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Remark Excluding the trivial case X = {0}, ||A| is the smallest constant L
satisfying (3.6), and the equalities

[A]l = sup and  [A] = sup [|Ax|
v B =1
also hold.
The notation ||A|| is justified:
Proposition 3.14 (L(X,Y), ||-||) is a normed space.

Proof As a linear subspace of the vector space F (X, Y) of all functionsf : X — Y,
L(X,Y) is a vector space.

Among the norm axioms only the triangle inequality is not obvious. Using the
triangle inequality in ¥ we have for each x € X the estimate

A + B)x|| < [|Ax]| + [|Bxl| < [[A[l - [lx[| 4+ [1BI - [|xI| = (A + Bl - [lxII

and hence ||A + B|| < ||A|| + ||B|| by the definition of |A + B||. O

Example We recall that every matrix (ay) of size n x m defines a linear map A :
R™ — R" by matrix multiplication if we represent the elements of R” and R" as
column vectors. If we endow R™ with the ||-||; norm and R" with the |||, norm,
then

Al = max |a
i,k

by a simple computation.

The following result greatly simplifies the study of finite-dimensional linear
maps.

Theorem 3.15 [f X is finite-dimensional, then every linear map A : X — Y is
continuous.

Proof By Theorem 3.9 (p. 78) we may assume that X = (R”, ||-||,). Introducing the
canonical basis ey, . . . , e, of R™ again, setting

L := max {||Ae(],..., ||Aen]|}
we have

|Ax|| = ||x14e; + - - + xAen||
< |l lAer]l + -+ + |xn| - [[Aenl

= L|lx[l;

forall x € X. O
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Proposition 3.16
(a) IfBe L(X,Y)and A € L(Y, Z), then

AB e L(X,Z) and |AB| < [A]-|BIl-
(b) The formula ¢(A, B) := AB defines a continuous bilinear map
o :L(Y,Z) x L(X,Y) - L(X, 2).

Proof

(a) The linearity of AB is obvious. It remains to observe that
|ABx|| < [|A]| - [|Bx]| < [[A]l - IBI| - [lx]|

forall x € X.
(b) Only the continuity is not obvious. Consider the following estimate:

lo(4".B) — p(A. B) |
= |4 —as|
= ||(A’=A)(B'— B) + A(B'— B) + (A’ — A)B|
<[4 —a] -8 ~B] + 1Al - |8~ B] + |4"— ] - 151

If A’ — A and B’ — B, then each term on the right-hand side tends to zero. 0O

*Remark If X = Y, then L(X, X) is not only a normed space, but also a normed
algebra. This means that the product of the operators is also defined, and it is
compatible with the normed space structure.'> More precisely, if A, B, C € L(X,X)
and o € R, then

e «a(AB) = (¢A)B = A(aB),

e (A+B)C=AC+BC,

e A(B+C)=AB+ AC,

e |[AB| = [|A] - |IBI|-
The product is not commutative in general: AB # BA. See, e.g., Neumark [365] or

Rudin [431] for an introduction to this theory.

Different normed spaces may have the same structure.

5The product is by definition the composition of the operators.
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Definition X and Y are isometrically isomorphic if there exists a linear bijection
g : X — Y such that

lgCll = llxll

forall x € X.

It is often useful to identify isometrically isomorphic spaces. For example, every
linear map A : R — R has the form Ax = ax for a suitable real number a. This
enables us to identify A with a. More generally, we have the following

Proposition 3.17 The normed space L(R, X) is isometrically isomorphic with X via
the function

g LR.X) = X, g(p):= o).
Proof The map g is clearly linear, and is invertible with inverse
f:X—=>LR,X), f(a):=ta, teR,
because g(f(a)) = aforalla € X, and f(g(¢)) = ¢ forall ¢ € L(R, X).

Finally, ||¢|| = |¢(1)| = |g(¢)|, so that g is an isometry. O

We end this section by proving a simple extension theorem that is widely applied
in classical analysis.'®

Proposition 3.18 Lerf : M — Y be a continuous linear map defined on a (linear)
subspace M of a normed space X. If Y is a Banach space, then f may be uniquely
extended to a continuous linear map F : M — Y defined on the closure of M.
Furthermore, ||F| = || f

Proof Changing X to M we may assume that M is dense in X. Then one may
readily verify that the unique continuous extension F : X — Y of f, given by
Proposition 1.14 (p. 20), is linear and satisfies the equality || F|| = || f]|- O

3.5 Continuous Linear Functionals

Definitions

* A real-valued linear map is also called a linear functional.
e The Banach space L(X,R) of continuous linear functionals is called the dual
space of the normed space X, and is often denoted by X’.

16See, e.g., the proof of Theorem 3.20 below in the separable case, Exercise 3.6 and the proof of
Proposition 6.1 (a), pp. 88, 90, 142.



86 3 Normed Spaces

Normed spaces have “many” continuous linear functionals:
Proposition 3.19 Let (X, ||-||) be a normed space.

(a) Foreach c € X there exists a ¢ € X' such that ||¢|| = ||c|| and ¢(c) = ||c|*.
(b) For any two distinct x1,x, € X there exists a ¢ € X' such that ¢(x1) # @(x2):
the continuous linear functionals separate the points of X.

Proof for Euclidean spaces (X, (-, ))

(a) The formula ¢(x) := (c,x) defines a linear functional satisfying the equality
o(c) = ||c||2. This implies that ||¢|| > ||c||. The continuity of ¢ and the converse
inequality ||¢|| < ||c|| follow from the Cauchy—Schwarz inequality:

le)] = [(c.0)] = lle]l - lIx]l

for all x € X.
(b) Apply (a) with ¢ := x; — x». O

Part (a) of the proposition for arbitrary normed spaces is deeper. Let us assume
temporarily the following very important result:

*Theorem 3.20 (Helly-Hahn-Banach'”) [ff : M — R is a continuous linear
functional on a (linear) subspace M C X, then f may be extended, preserving the
norm, to a continuous linear functional ¢ : X — R.

Remark Let us compare this theorem with Proposition 3.18. The theorem allows us
to extend the linear map f to the whole space X, but only if ¥ = R, and without
ensuring the uniqueness of the extension.'$

*Proof of Proposition 3.19 (a) in the general case The formula
f@e):=t|c|*. teR

defines a linear functional of norm ||c| on the linear subspace M generated by the
vector c. Since f(c) = ||c||2, the preceding theorem yields a suitable extension ¢.
O

The crucial step in the proof of Theorem 3.20 is the following

Lemma 3.21 (Helly) Under the assumptions of Theorem 3.20, if a € X \ M, then
f may be extended, preserving its norm, to a continuous linear functional  defined
on the linear subspace Y generated by M and a.

17See p. 341 on Helly’s essential contribution to this theorem.

3The extension is unique if X is a Buclidean space. Taylor [480] and Foguel [171] have
characterized the normed spaces having the unique extension property; see, e.g., [109] or [285,
Proposition 2.12].
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Proof If f = 0, then we may choose ¢ := 0. Otherwise multiplying ' by some
constant we may assume that || f|| = 1.

Fix a real number o (to be chosen later), and extend f linearly to a functional
¥ : Y — R by the formula'”

Y(x+ta):=f(x)+ta, xeM, teR.
Since ¥ is an extension of f, we have obviously ||| > 1. It remains to show that «
may be chosen so as to satisfy the converse inequality ||| < 1.
Since ¥ (—y) = —v¥ (), it suffices to find « satisfying
V(x + ta) < |x + ta

forall x € M and ¢ > 0. Since V¥ is an extension of f, the inequality is satisfied for
t = 0. In the remaining cases dividing by ¢ > 0 we obtain the equivalent condition

Y ta) < |x¥ +a| forall ¥ eM;
this may be rewritten in the form
f&)—a<|¥—a| and f()+a<|x+a].
or equivalently
FO) =¥ —a] <o < |¥ +a] =)

forall X' € M.
Hence a suitable « exists if and only if

fE) =¥ —a| = " +a] =&
forall X', x” € M. This inequality may be proved as follows:
FOO) +fO) =f& + ") < & + 27|
=& -a)+ (" +a)| <|¥—a|| + ¥ +4].

O

*Proof of Theorem 3.20 If M has finite co-dimension m,” then the theorem follows
by m successive applications of Helly’s lemma.

19The uniqueness of the decomposition x + ra implies that the definition is correct, and that ¥ is
linear.

20For example, if X is finite-dimensional.



88 3 Normed Spaces

In the general case we consider the family of all linear, norm-preserving
extensions of f. If we identify the linear functionals with their graphs, then this
family satisfies the hypotheses of Zorn’s lemma (p. 54), so that f has at least one
maximal linear, norm-preserving extension ¢. By Helly’s lemma ¢ is defined on the
whole space X. O

Remark The application of Zorn’s lemma may be avoided if X is separable: first we
extend f to a dense subspace of X by repeating the first step countably many times,
and then we apply Proposition 3.18 (p. 85). This was exactly the procedure used by
Helly for X = C(I) where [ is a compact interval.

3.6 Complex Normed Spaces

Most results of this chapter may be easily adapted to the complex case. Let us briefly
indicate the necessary modifications. We recall that every complex vector space may
also be considered as a real vector space, by allowing only multiplication by real
numbers. For example, C™ is isomorphic to R>" as a real vector space.

Let X and Y be complex vector spaces. We say that the map A : X — Y is linear if

Ax+y) =A(K) +A(y) and A(Ax) = AA(x)
forall x,y € X and A € C, and antilinear if
Ax+y) =A@K) +A(y) and A(Ax) = AA(x)

forallx,y € Xand A € C.

By a norm defined on a complex vector space X we mean a real-valued function
||I-]| satisfying the same axioms as in the real case for all x,y,z € X and forall A € C
(instead of A € R). A normed space is a vector space endowed with a norm. A
norm induces a metric in the usual way, and the norm function is continuous for the
corresponding topology.

A complex-valued function (-, ) : X x X — C defined on a complex vector space
X is called a scalar product if it satisfies for all x,y,z € X and «, B € C (instead
of a, B € R) the same axioms as in the real case, with one modification: we change
the symmetry relation (x,y) = (y,x) to (x,y) = (y,x).

A Euclidean space is a vector space endowed with a scalar product. Since (x, x)
is still real for all x € X, the scalar product induces a norm in the usual way, which
satisfies the Cauchy—Schwarz inequality and the parallelogram identity. The scalar
product is continuous with respect to the norm topology.

A complete Euclidean space is called a Hilbert space. For example, C" is a
Hilbert space for the scalar product

(xv )’) =Xy Xy 4 XY
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Since a complex normed space induces the same metric as the associated real
normed space (of double dimension), all metric and topological results of Sects. 3.1—
3.4 remain valid with slight changes in some proofs. In condition (3.5) we have to
replace the relation (x —a, z) = 0 by R(x —a,z) = 0,?! and in the proof we have to
write

x—a,2)+ (z,x—a) =2R(x—a,2)
instead of 2(x — a, z), and
x—a,a—y)+(@a—y,x—a) =2R(x—a,a—y)

instead of 2(x — a,a — y).

The only delicate problem is the extension of the Helly-Hahn-Banach theo-
rem 3.20 to the complex case. In its statement we change R to C. For the proof we
first extend the real part of f by using the real case theorem, and then we complexify
the extended functional ¥ : X — R by setting

@(x) = Y (x) — iy (ix).
Then Ry = ¥, ||l = ¥l < |l¢ll, and ¢ is a complex linear functional because
p(ix) = Y (ix) — iy (=x) = iy (x) + ¥ (ix) = ip(x).

It remains to show the converse inequality [|¢| < ||¥|. For each x € X there
existsa A € C such that [A| = 1 and Ap(x) = |¢(x)|. Then

()] = @(x) = Y () < Y] - [Axl = [l - Il
i, ol < [yl indeed.

3.7 Exercises

Exercise 3.1 Prove that ||x|, — [x||s for each x € R™ as p — oco.

Exercise 3.2 Let A, B be two sets in a normed space and set
A4+B:={x+y:x€A, yeB}.
Prove the following:

(i) If A is open, then A + B is open.
(i) If A is compact and B is closed, then A + B is closed.
(iii) If A and B are compact, then A + B is compact.
(iv) If A and B are closed, then A + B is not necessarily closed.

21The symbol R stands for the real part.
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Exercise 3.3 Consider the vector space of matrices of order n endowed with an
arbitrary norm. Prove the following:

(i) The orthogonal matrices form a compact set.
(i1) The invertible matrices form an open set.
(iii)) The symmetric matrices form a closed set.

Are these sets connected?

Exercise 3.4 Let X, Y be normed spaces, K C X a convex compact set, and f :
K — Y alocally Lipschitz continuous function: for each point a € K there exist a
neighborhood V, of a in K and a constant L, such that

IlfCe1) —fC)|| < Lo [lx1 — x2]

forall xi,x, € V,.
Prove that f is (globally) Lipschitz continuous.

Exercise 3.5 (Dini’s Theorem) Let K be compact topological space and (f;,) C
C(K) a monotone sequence of continuous functions, converging pointwise to some
f € C(K). Then the convergence is in fact uniform.

Exercise 3.6 (Integral of Continuous Functions) Given a Banach space X, we
consider the Banach space C({[a, b], X) of the continuous functions f : [a,b] — X
with the supremum norm.

A function f € C([a,b],X) is called piecewise linear if there exists a finite
subdivision

a=xp<--<x,=0b

such that f is affine in each subinterval [x;—1, x;]. Its integral is defined by

I(f) ==

(oxx — xx—1).

Zn:f(xk—l) + /()
2

k=1

Prove the following assertions:

(i) the piecewise linear functions form a linear subspace M;
(i) M is dense in C([a, b], X);
(iii) 1 : M — R is a continuous linear functional,
(iv) I extends to a unique continuous linear functional 1 on C([a, b], X).

b
We usually write / f(x) dx instead of I f).

Exercise 3.7 Prove that C([a,b]) is not complete for any norm |[|-[|, with
1 <p<oo.
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Exercise 3.8 (Carathéodory’s Theorem) If x € R” belongs to the convex hull*?
of a set A C R”, then there exists a subset B C A of at most n + 1 elements such
that x already belongs to the convex hull of B.

Exercise 3.9 (Radon’s Theorem) Any set of at least n 4+ 2 points in R” can be
partitioned into two disjoint sets whose convex hulls intersect.

Exercise 3.10 (Helly’s Intersection Theorem)

(i) Let Cy,..., Cy be a finite collection of convex subsets of R”, with k > n. If the
intersection of every n 4 1 of these sets is non-empty, then the whole collection
has a non-empty intersection.

(i) Let (C;)ies be an infinite collection of convex compact subsets of R”. If the
intersection of every n 4 1 of these sets is non-empty, then the whole collection
has a non-empty intersection.

Exercise 3.11 (Jordan—von Neumann Theorem) Consider a norm on a vector
space X that satisfies the parallelogram identity. We are going to prove that it is
associated with a uniquely defined scalar product.

(1) Show that the only possible scalar product is given by the formula

1
@) =, (k1> = =>1?).

The next assertions, where x,y,z € X are arbitrary vectors, show that this
formula does indeed define a scalar product, and that the induced norm is the
given one:

i) (62 + .0 =2(".2);

(i) (x,2) =2(3.2);

(iv) (x2) + (.2 = (x+y.2);

(v) (nx,y) = n(x,y) forall n € Z,

(vi) (ax,y) = a(x,y) forall @ € Q;

(vii) the maps @ — |jax + y| and & + ||ex — y|| are continuous;
(viii) (ax,y) = a(x,y) forall o € R;

(ix) (x,y) is a scalar product associated with our norm.

22We recall from linear algebra that the convex hull of a set A in a vector space is the set of all
convex combinations of the vectors in A. Equivalently, it is the intersection of all convex sets
containing A as a subset.



92 3 Normed Spaces

Exercise 3.12 (A Fixed Point Theorem of Jo6) Let X,Y be non-empty convex
sets in normed spaces, and y — K(y) a mapping of Y into the family of non-empty
convex compact subsets of X. Assume that

* K(y) CK(1) UK(y2) whenevery € [y1,y2];
¢ x € K(y) whenever x, — x, y, — y, and x,, € K(y,) for all n.

The goal of this exercise is to show that the sets K (y) have a non-empty intersection.
First we consider the intersection of two sets. We assume on the contrary that
there exist y;, yo € Y such that K(y;) N K(y;) = @.

(i) Prove that for each y € [y;, y»] we have either K(y) C K(y;) or K(y) C K(y2).
(ii) Prove that there exists y3 € [y, y2] such that K(y) C K(y;) forall y € [y, y3)

and K(y) C K(y,) forall y € (ys, y2]-
(iii) Assuming by symmetry that K(y3) C K(y;), show that K(ys) C K(ys) for any

ys € (y3,y2] and y4 € (y3,ys5),> and hence

ﬂye(y&yz]K(Y) # .

(iv) Show that

Nye(ys 1K) C K(y3),

and hence K(y;) N K(y2) # @, contradicting our assumption.
Now we consider intersections of more than two sets.

(v) Assume by induction that any n sets K(y) have a non-empty intersection, but
there exist n + 1 sets K(y;), ..., K(y,+1) with an empty intersection. Find a
contradiction by applying the above results for the sets

K*() = N K@) NKQY), yeY

instead of K(y).
(vi) Conclude that

ﬂerK(Y) 7é a.

Exercise 3.13 (von Neumann’s Minimax Theorem) Let X,Y be non-empty
convex compact sets in normed spaces, and f : X x ¥ — R a continuous function
satisfying the following conditions:

* the subfunctions x — f(x, y) are concave for each y € Y;
* the subfunctions y — f(x, y) are convex for each x € X.

2Considering a linear order relation on [ y;, y,] we may express these conditions by the inequalities
Y1 <y3 <ys <ys = y.
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The goal of this exercise is to prove the equality

max minf(x,y) = min max f(x, y). (3.7
X y y x

(i) Show that both sides of (3.7) are well-defined, and

max minf(x,y) < minmaxf(x,y).
X y y x

(i) Denoting by « the right-hand side of (3.7), show that the sets

Ky)={xeX: fxy=a}, yeY

satisfy the conditions of the preceding exercise.
(iii) Show that the relation

NyerK(y) # @
implies the inequality

max minf(x,y) > min max f(x, y).
X y y X

(iv) Show that if the maximum on the left-hand side of (3.7) is attained in x* and
the minimum on the right-hand side of (3.7) is attained in y*, then (x*, y*) is a
saddle point, i.e.,

FO,y") <f(xX*,y") <f(x*,y) forall x€X and yeY. (3.8)

(v) Conversely, show that the existence of a saddle point implies (3.7).



Part 11
Differential Calculus

Kepler [274] and Fermat [167] noticed that (using today’s terminology) the
derivative of a function vanishes at points of minima and maxima. Fermat [167]
and Descartes [125] solved geometrical problems using differential calculus.

Partial derivatives first appeared in the works of Newton and Leibniz around
1670-1680. Newton [368] solved problems of mechanics by applying power series
to integrate differential equations like ' = 1—3¢+x+ >+ tx. This stimulated many
subsequent works by Leibniz, the Bernoulli brothers, Euler, Lagrange, Laplace and
others.

Euler [151] and Lagrange [302, 308] extended the results of Kepler and Fermat
to several variables and for conditional extrema.

Lagrange [310] and Cauchy [87] generalized Taylor’s formula [481] for functions
of several variables.

Using Euler’s approximate solutions [156], Cauchy [89] established the existence
of unique solutions for a large class of differential equations. His unpublished results
were rediscovered by Lipschitz [336].

Peano [380] gave a new proof by using successive approximations. This method,
going back at least to Liouville [335] or maybe even Cauchy [89], became very
popular after the works of Picard [389], Bendixson [35] and Lindelof [332].

Peano [379, 382] proved the existence of solutions under much weaker assump-
tions.

In Weierstrass’ era of rigor, Dini [134] published the first proof of Descartes’
implicit function theorem [125].

Peano [191] gave a new form of the remainder term in Taylor’s formula, which
is very useful when computing limits.

The total derivative was introduced by Weierstrass [508] and Stolz [470], and
became widely accepted after the works of Fréchet [177]. Clarifying some earlier
results of Euler [147, 155], Schwarz [441] and Young [515] proved that the higher-
order derivatives are usually symmetric functions.
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The following works contain detailed historical accounts: [60-62, 72, 81, 120,
137,216,217,277] and [475]. Numerous exercises and further results may be found
in the books: [15, 63, 105, 118, 124, 130, 170, 224, 278, 398, 430, 450, 451].

In this chapter the letters X, Y, Z denote arbitrary normed spaces. However, the
reader may first consider that they are equal to RV N=1,2,....



Chapter 4
The Derivative

4.1 Definitions and Elementary Properties

The classical definition (see Fig. 4.1)

@ it @

x—>a X—d

of the derivative remains meaningful for vector-valued functions f : R < Y.! For
functions f : X < R of vector variables, however, the fraction is undefined if
dim X > 1. But there exist two equivalent definitions that may be adapted to these

cases:
Let us observe that for A € R the relation
f() = fla) —A as x—a
x—a

is equivalent to

[f (@ + h) — f(a) — Ah]|
I

The relation (4.1) means that the function

L0 —f@

X—a

I'The notation <> was introduced on p. 2.

© Springer-Verlag London Ltd. 2017
V. Komornik, Topology, Calculus and Approximation, Springer
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—0 as h—0.
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Fig. 4.1 The notion of the
derivative

has a continuous extension to a. Equivalently, there exists a function u : D(f) — R
that is continuous at a, and satisfies the identity”

Jx) = f(a) = u(x)(x —a). (4.3)

By Proposition 3.17 (p. 85) the number A in (4.2) may be identified with the
linear map & +— Ah in L(R,R), and the function u in (4.3) may be considered as
a function u : R — L(R, R). Using this interpretation and changing the absolute
values to norms in (4.2), both relations are meaningful for more general functions
f 1 X < Y as well, and they are still equivalent:

Lemma 4.1 Given a functionf : X < Y, a point a € D(f) and a number r > 0,
the following properties are equivalent:

(a) there exists a continuous linear map A € L(X,Y) such that

Ifta+h) —fla) —Ar|

0 as |h|l — 0; (4.4)
1Al

(b) there exists a function u : D(f) — L(X,Y) satisfying (4.3), and continuous at
a.
(c) there exists a function u : D(f) N B.(a) — L(X,Y) satisfying (4.3), and
continuous at a.
Furthermore, (a) implies the existence of u satisfying u(a) = A, and (b), (c) imply
(a) with A = u(a).

Proof
(b) = (c) is obvious.
(c) = (a) The relation

If @@+ —f@) —u@h] _ | (uta+h) —w@)h

il il < uta +h) — u(@)]|

>The symbol = means in this book that equality holds for all points where both sides are defined.
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implies (4.4) with A := u(a) because for 1 — 0 the right-hand side tends to zero
by the continuity of u at a.

(a) = (b) For each x € D(f) \ {a} there exists a ¢, € X’ such that’
lgell = 1/ llx—all  and  g(x—a) = 1.
Then the formula
u(x)h := Ah + @x(h)(f(x) —fla)—A(x—a)), heX
defines a continuous linear map u(x) € L(X, Y) satisfying (4.3).

It remains to show that, setting u(a) := A, the function u : D(f) — L(X,Y) is
continuous at a. We have for each & € X the estimate

| () = u(@)h]| = |e)(f@) = f(a) — A — )|
< llgall - 2] - If ) = F(@) = Ax — @) ;

A

and since ||¢x]| = 1/ ||x — a|, we have

) —fl@) —Alx—a)|

llx —al

l[uCx) —u(@)|| <

If x — a, then the fraction tends to zero by (a), so that u(x) — u(a). O

The relation (4.4) is often written in the more convenient form
fla+h)=f(a) + Ah+ o(h), h— 0.

This expresses transparently that the derivative yields a good linear approximation
of f in a neighborhood of a.

Remark If dimX > 1 the function u is not unique: a natural example will occur
later (p. 115).

Definitions Letf : X — Y.

» fisdifferentiable at a € D(f) if it is defined in a neighborhood of a, and satisfies
one of the equivalent properties in Lemma 4.1. The map A is called the (Fréchet
or total) derivative of f at a, and is denoted by f”(a).

 The derivative function of f is the function f’ : D; — L(X, Y) defined by the
formula a — f’(a) on the set D; of points where f is differentiable.

e f is differentiable if D; = D(f), i.e., if it is defined on an open set, and is
differentiable at every point of its domain of definition.

3We apply Proposition 3.19 on p. 86 with ¢ = x — a, and we divide the resulting functional by

2
llell”.
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e fis continuously differentiable or belongs to the class C' if it is differentiable,

and if its derivative f’ : D(f) — L(X,Y) is continuous (everywhere). We write

f € C" in this case.

Remarks

Neither the differentiability nor the derivative of f changes if we change the norm
of X or Y to an equivalent one.

We define the derivative only in interior points in order to simplify several
important theorems in the sequel.

Property (a) is usually easier to check, while property (b) allows us to simplify
many proofs.

Examples

Every constant function is differentiable, and its derivative is identically zero
because the numerator in (4.4) vanishes.

Every continuous linear map f € L(X,Y) is differentiable, and its derivative is
the constant function f'(a) := f for every a € X because the numerator in (4.4)
vanishes again.

Let ¢ : XxY — Z be a bilinear map satisfying for some constant M the estimate

oGl < M x| - Iyl

forallx e Xandy e ¥.*
Then g is differentiable, and ¢’ (x,y) € L(X x Y, Z) is given by the formula

¢ (. y)(h.k) = @(x.k) + @(h.y), (h.k)€XxY.

Using this formula we see that the derivative function is a continuous linear
map

¢ e LXxY,L(X xY,2)).

Indeed, the linearity of ¢’ follows from the bilinearity of ¢. Furthermore, we infer
from the estimate

o' Gy (k)| < M |\x]] - |Ik]| + M ||A]| - Iyl
and from the definitions

ICe I = [lxll + [Iy[l - and [|(2, )| =[]l 4[|kl

“This is equivalent to the continuity of ¢, see Lemma 5.1 below, p. 118.
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that

|o" ) B) | < M| e )| - ([ (R, B
for all (x,y), (h, k) € X x Y. Hence
H(p’(x, y) H <M|(xy)| forall (x,y)eXxY,

i.e., ¢’ is continuous with ||¢’|| < M.

Proposition 4.2

(a) Iff is differentiable at a, then it is continuous at a.
(b) Iff : X — Y is differentiable at a, then

fim @+ ) —f(@)
1m

t—0 t

=f'(a)h (4.5)

forall h € X. Hence the derivative f'(a) is unique.
(c) Differentiation is a linear operation: if f, g : X — Y are differentiable at a and
a,B € R, then af + Bg : X — Y is differentiable at a, and

(af + Bg) (a) = af (a) + Bg (a).
(d) Ifg : X — Y is differentiable at a and f : Y — Z is differentiable at g(a), then
fog:X < Zisdifferentiable at a, and

(fog)(a) =f"(3(a)s'(a).

(e) The preceding implication remains valid if we replace the words “differentiable
at a” by one of the following: “continuously differentiable at a”, “differen-
tiable” or “continuously differentiable”.

Proof
(a) It follows from (4.3) that

If @) =f@] < u@)l - x —all.

If x, — a, then u(x,) — u(a), so that |u(x,)| - ||x, — a|| — 0, and therefore
f(x,) = f(a) by the preceding inequality.

(b) Apply (4.3) with x = a + h and use the equality u(a) = f'(a).

(c) As the intersection of two neighborhoods,

D := D(af + pg) = D(f) N D(g)

is a neighborhood of a. By our assumptions there exist two functions #, v : D —
L(X,Y), continuous at a and satisfying the identities

J) —fl@) =ux)(x—a) and gx)—g@) = v(x)(x—a).
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(d)

(e)
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Then the identity

(af + Bg)(x) — (af + pg)(a) = (aux) + fv(x))(x —a)

is also satisfied. Since ou + Bv : D — L(X,Y) is continuous at a by
Proposition 3.4 (p. 73), af + Bg is differentiable at a, and

(af + Bg)'(a) = (au + Bv)(a) = au(a) + pv(a) = af'(a) + B&'(a).
Since g is continuous at @, D := D(fog) = D(g)Ng~ ' (D(f)) is a neighborhood

of a. By our assumptions there exists a function v : D(g) — L(X, Y), continuous
at a and satisfying the identity

8 — gla) = v (x —a),

and there exists a function u : D(f) — L(Y,Z), continuous at g(a) and
satisfying the identity

FO) —f(g(a) = uy)(y — g(a)).
Then we have
f(g(x) —f(g(a) = u(g(x)(g(x) — g(a)) = u(g(x))v(x)(x —a)
forall x € D, ic.,
(fog)x) = (fog)a) =wx)(x—a)
in D with
w(x) = u(g(x))v(x) € L(X, Z).

Since the composite function® w = ¢ o (u o g,v) is continuous at a by
Proposition 1.6 (p. 11), we conclude that f o g is differentiable at a, and

(fo8)(a) = wla) = u(g(@)v(a) = f'(s(a)g'(a).

If ¢’ is continuous at @ and f” is continuous at g(a), then (f o g)’ is continuous
at a by the preceding formula. The other two versions are obtained by applying
the obtained results to every a € D(g). O

SHere ¢ denotes the continuous bilinear map introduced in Proposition 3.16, p. 84.
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Remarks

The limit (4.5) is called the derivative of f at a in the direction h. Thus a (Fréchet)
differentiable function is differentiable in every direction. The last example on
p. 104 shows that the converse implication may fail.®

The derivative of a composite function f o g takes a simpler form when f is linear:
since f'(g(a)) = f, we have

(fog) (@)= (fog)a) =fg'(a).

This remark will frequently be used in the sequel.

Examples

Iff : X — Rand g : X — Y are differentiable at a, then fg : X — Y is
differentiable at a, and

(f8) (@)h = (f'(@)h)g(a) + f(a)g'(a)h (4.6)

forall h € X.

For the proof we introduce the function F : X < R x X defined by F(x) :=
(f(x), g(x)), x € D(f) N D(g) and the bilinear function ¢ : R x X — X defined
by ¢(c,x) := cx. Thenfg = @ o F.

If ||| — O, then

IF(a+ h) = F(a) = (f"(@)h. g'(@h) |
(172

_ fta+nm —fla) —f'(@h]
(172

lg(a+ ) —gla) — g'(@)h]
1211

by the differentiability of f and g at a. Hence F is differentiable at a and F’' (a)h =
(' (a)h, g'(a)h) forall h € X.
Next we observe that
e, )l = llex|| = e[ - [|lx[|  forall (c,x) € RxX,

so that ¢ is differentiable by the example on page 100, and

o' (c,x)(t, k) = @(c, k) + o(t,x) = ck + tx

SWe return to this question in Proposition 4.12, p. 113.
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for all (¢, x), (t,k) € R x X.
Applying Proposition 4.2 (d) we conclude that fg = ¢ o F is differentiable at
a, and

(f8)' (@)h = (¢ o F)'(a)h = ¢'(F(a))F'(a)h
= ¢'(f(@). g(@)(f (@)h. g'(a)h) = f(a)g'(a)h + (f'(@h)g(a)

forall h € X.
e We show that if A € L(H, H) is a continuous linear map on a Euclidean space,
then the quadratic form f : H — R defined by f(x) := (Ax, x) is differentiable.
First we compute the directional derivatives. For any fixed a, h € H we have

i f(a+th) —f(a)
im

t—0 t

= }1_1)13 [(Aa, h) + (Ah, a) + t(Ah, h)]
= (Aa, h) + (Ah, a).
Hence the derivative, if it exists, is given by the formula
f'(@h = (Aa,h) + (Ah,a), a,h€H.
Now we check the relation (4.4): since

If(a+h) —f(a) — (Aa, h) — (Ah,a)| _ |(Ah, h)|
= < llAR[| < Al - lIA]l .
il il
it suffices to observe that as # — 0 the last expression tends to zero.
+ The function f : R> — R defined by the formulas

2xy

otherwise
X2 + y2

f(0,0) =0 and f(x,y) =

is differentiable in every direction at 0, but it is not totally differentiable because
it is not even continuous at 0. Indeed, it takes any value between —1 and 1 in
every neighborhood of (0, 0).

As in the case of functions of a real variable, the derivative is very helpful when
finding extremal values of functions. By symmetry we consider only the case of
minima.

Definition A function f : X < R has a local minimum at a € D(f) if there exists
an r > 0 such that f(x) > f(a) for all x € D(f) N B,(a).

Proposition 4.3 (Fermat) Iff has a local minimum at a and is differentiable at a,
then f'(a) = 0.
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Proof Fix h € X arbitrarily. By our assumptions we have
fa) = f(a+th) = f(a) + 1f'(a)h + o(t)
as t — 0 (see Fig. 4.2). Dividing by t > 0 we get
0 < f/(a)h + o(1);

letting 7 N\, O this yields f'(a¢)h > 0. Changing h to —h we obtain the converse
inequality f’(a)h < 0, so that finally f'(a)h = O forall h € X. O

4.2 Mean Value Theorems

First we recall some classical theorems:

Proposition 4.4 Let f,g,h : [a,b] — R be continuous functions on a non-
degenerate interval, differentiable on (a, D).

(a) (Rolle) If h(a) = h(b), then there exists a ¢ € (a, b) such that ' (c) = 0.
(b) (Lagrange) There exists a c € (a, b) such that f(b) — f(a) = f'(c)(b — a).
(¢) (Cauchy)If g’ # 0in (a,b), then there exists a ¢ € (a, b) such that

F0)—f(@) _ F(©)
gb)—gla)  g(c)

See Fig. 4.3 for the geometric meaning of Lagrange’s theorem.

Fig. 4.2 Minimum

T
|
|
|

a

Fig. 4.3 The mean value
theorem
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Proof

(a) The function & has maximal and minimal values by Weierstrass’ theorem. Since
h(a) = h(b), at least one of them is attained at some point ¢ € (a, b), and then
1 (c) = 0 by Fermat’s theorem.

(b) We apply (a) to the function

ny =10 -7 1)

(c) Since g’ # 0in (a, b), applying (b) to g we see that the fraction on the left-hand
side is well defined. The existence of ¢ follows by applying Rolle’s theorem to

f(b) =f(a)

h(t) := f(1) - ol )( () — g(a)).

(b) -
8(b) -

The last result allows us to establish a useful method of finding limits.

Corollary 4.5 (L’Hospital) Let f,g : (a,b) — R be two differentiable functions
with g’ # 0in (a,b). If

!
limf =limg=0 and limf =A,
b b b g
then
lim f =A.
b g
Proof We have to prove that
) _
bog(t)

for every sequence t, /' bin (a, b).
Fix an arbitrary closed convex neighborhood V of A.” If n > m, then

f(tn) _f(tm) — f/(cn,m)
g(tn) - g(tm) g/(cn,m)

7A bounded closed interval if A is finite, and a closed halfline if A is infinite.
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for some ¢, € (¢, 1,) by Cauchy’s mean value theorem. If m is sufficiently large,
then the right-hand side belongs to V by our assumption. Then letting n — oo we
obtain that f(,,) /g () also belongs to V. O

Lagrange’s theorem remains valid for functions of a vector variable. In what
follows a segment [a, b] in a vector space is called non-degenerate if a # b, and we
use the natural notation (a, b) := [a, b] \ {a, b}.

Proposition 4.6 (Lagrange) Iff : X <— R is continuous on a non-degenerate
segment [a,b] C X and differentiable on (a,b), then there exists a ¢ € (a,b)

satisfying

f®) =f(@) =f' ()b - a). 4.7)

Proof Setting £(f) := (1 — t)a + tb, the composite function g := fo £ :[0,1] > R
satisfies the conditions of the preceding proposition. There exists therefore 0 < ¢ <
1 such that

(Fo)(1) = (fFo)(0) = (fol) ().

Equivalently, we have

f®) —fl@) =f (L) (b —a),

i.e., (4.7) is satisfied with ¢ := £(¢). O

Example The proposition may fail for vector-valued functions. For example, the
function f(x) := (cosx, sinx) satisfies

If' ()| = [(—sinx,cosx)| = 1

for every x € R. Since f(27) — f(0) = 0, we have f(27) —f(0) # 27f’(c) for all
ceR.

For vector-valued functions a weaker, but still useful result holds:

Theorem 4.7 Iff : X < Y is continuous on a non-degenerate segment [a, b] C X
and differentiable on (a, b), then there exist ¢y, c; € (a, b) such that

IF®) =f@] < |f'(c)®—a) (4.8)

and

lf®) —f(@ =f @b —a)| < [((c) =f @) b-a) . (4.9)
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Proof Fix ¢ € Y’ (to be chosen later) and apply the preceding proposition to ¢ o f :
X — R instead of f: there exists a ¢; € (a, b) such that

¢ (f(b) —f(@) = o(f (b)) — ¢(f (@) = ¢f (c1)(b — a). (4.10)
This implies (4.8) if we choose ¢ satisfying
¢ (f0) —f(@) = |f(b) —f(@)|| and o[ =1
(this is possible by Proposition 3.19, p. 86), because
of )b —a) < gl - |f' ()b -a)| < |f(c)b-a).

For the proof of (4.9) we apply the preceding proposition to ¢ o g : X — R with
g :=f(x) —f'(a)(x — a) and with ¢ € Y’ satisfying |¢|| < 1 and

¢ (fb) —f(@ —f @b~ a)) = |f®) —f@) —f (@b -a) .
There exists a ¢, € (a, b) such that
(2(h)) — ¢(g(a)) = g’ (c2)(b — a),
ie.,
¢ (F(0) —f(@) = f(@)(b—a) = ¢(f'(c2) —f (@) (b — a).
and hence

[f(®) —f(@) —F (@b —a)| = ¢(f'(c2) —f' (@) (b~ a)
= () =f @) —-a).

The above theorem has important consequences.

Corollary 4.8 Let f : D — Y be a differentiable function. If D is connected and f’
vanishes on D, then f is constant.

Proof For any given a, b € D there exists a broken line
L= U:-l:l [xi_l,xi] cD

connecting xp = a and x, = b by Proposition 3.6 (p. 76). Since f'(x) = 0,
applying (4.8) on each segment [x;_;, x;] we obtain the equalities

fxo) =fx) = -+ = f(x),

whence f(a) = f(b). O
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Fig. 4.4 Graph of f
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Fig. 4.5 Graph of f/
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Now we consider a sequence of differentiable functions f, : U — Y. If
fo — f and f| — g pointwise on U, then we cannot conclude in general that f
is differentiable and ' = g. We recall a counterexample, and then we generalize a
classical sufficient condition to normed spaces.

Example Let f(x) = x/(1 + x*), x € R; see the graphs of f and f’ in Figs. 4.4
and 4.5. Then the sequence of functions f;,(x) := n~!f(nx) tends to zero uniformly
in R, and

0 ifx#0,
ifx=0.

[ =f(nx) —

Proposition 4.9 If the convergence f, — g is uniform, then f is differentiable and

=g
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Proof Since the functions f, are differentiable, U is an open set. For any givena € U
we fix a ball B,(a) C U. By Theorem 4.7 the following inequalities hold for all
x€B,(a)andm,n=1,2,...:

1o = F) @) = (o =S (@) = sp |G =D - lIx =al.

YEB,(a

Letting m — oo this yields

If (x) =f(@) = (fua(x) = fa(@)]| = sup : l(¢ =)D - lIx = all.

YEB,(a

For any given & > 0 we fix n such that

swp | (g —£)0)] < 3
)

YEB,(a

then
IF@) —F(@) = () = (@) = J Ir—al

for all x € B,(a).
Since f;, is differentiable at a, there exists 0 < ' < r such that

1,00 =fit@) ~f@—a)] < ] lx—al
for all x € B,»(a). Since
Js@—fi@] <

by the choice of n, using the triangle inequality we deduce from the preceding three
estimates that

If(x) =f(a) = g(@(x = a)|| = & |x —al

for all x € B,»(a). Hence f is differentiable at a, and f'(a) = g(a). O

Example Let U be a non-empty open set in X, and denote by Cé(U ,Y) the vector
space of all continuously differentiable functions f : U — Y for which f and f” are
bounded. If Y is complete, then Cé(U ,Y) is a Banach space for the norm

IFII := sup [IF ()| + sup [[f' ()| -
x€U x€U
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Indeed, if (f,) is a Cauchy sequence for this norm, then (f;) and (f]) are Cauchy
sequences in C, (U, Y). Since C,(U, Y) is a Banach space there existf, g € C,(U,Y)
such that f, — f and f, — g uniformly on U. By the preceding proposition we have
g =f"shencef € C)(U,Y),andf, — f CL(U,Y).

4.3 The Functions R” — R"

The differentiability of vector-valued functions may be reduced to that of real-
valued functions:

Proposition 4.10 Letf = (fi,....f,) : X — R" and a € D(f).
(a) f is differentiable at a if and only if all components f; : R"™ < R are
differentiable at a. Then the equality

f(@h= (f@h.....f(ah @.11)

holds for all h € X.

(b) The preceding implication remains valid if we replace the words “differentiable
at a” by one of the following: “continuously differentiable at a”, “differen-
tiable” or “continuously differentiable”.

Proof Assume first that f is differentiable at a. We have f; = P; o f, where
Pi(y1,...,yx) :=yj is a continuous linear projection. Applying Proposition 4.2 (d)
(p. 101) we conclude that the functions f; are differentiable at a, and

fi(a) = Pi(f(@)f'(a) = Pf'(a), 1=j=n
If, moreover, f is continuous at a, then the composite functions ];/ = P;jof’ are also
continuous at a by Proposition 1.7 (a) (p. 12).

Now assume that the functions f; are differentiable in a. Introducing the
continuous linear embeddings

By :=(0,...,0,»,0,...,0)

of R into R”, where y stands in the jth position, we have

f=Y_Biof
j=1
Applying Proposition 4.2 (c) and (d) we conclude that f is differentiable at a, and

fl@) =) Bi(fi(@)ff (@) = Y _Bif(a).
Jj=1 j=1
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The last equality is equivalent to (4.11). If, moreover, the functions fj/ are continuous
ata, thenf’ =} Bjof] is also continuous at a by Proposition 1.7 (a).
Finally, the global statements follow by applying the above results for each a €

D(f). O

Next we study real-valued functions f : R” — R. We introduce the usual
orthonormal basis ey, ..., e, of R™.

Definition By the ith partial derivative of a function f : R” < R at a we mean its
derivative in the direction e; at a; it is denoted by

af' (@) or 9f(a).

Df(a).

Equivalently, D;f (a) is the derivative of the function
R > X; |—>f(a1, e A1, X, i1, ,am) eR

at a; (if it exists).
We also introduce the partial derivative function Dif : R™ — R.

Remark If f : R™ — R is differentiable at a, then the partial derivatives D;f (a) also
exist, and D;f (a) = f’(a)e; for each i by Proposition 4.2 (b). Hence

f(@h=">"Df(ah; (4.12)
i=1
for all 4 € R™. Defining the gradient vector of f by the formula®
Vf(a) := (Dif(a).....Dnf(a)),
by (4.12) the relation
fla+h)=f()+ Vf(@)-h+oth), h—0

holds, where the dot stands for the usual scalar product of R™. This reveals the
geometrical interpretation of Vf(a): starting from a it is the direction of the largest
growth of f.

It is often convenient to identify f with V£, and to consider the partial derivatives
as the components of f”.

If we represent the elements of R” and R” as column vectors, then combin-
ing (4.11) and (4.12) we obtain the

81t is pronounced “nabla f”.
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Proposition 4.11 Iff : R" — R” is differentiable at a € R™, then its derivative
may be computed by the following formula:

D\fi(a) --- Dyfi(a) h

f(@h = ., heR™ (4.13)

Difu(a) -+ Dufu(@)) \hm

Generalizing the identification of f/ and Vf for real-valued functions, it is often
convenient to identify f’(a) with the matrix in (4.13).

The example on p. 104 shows that the existence of the partial derivatives does not
imply total differentiability, and hence the validity of the formula (4.13). We have,
however, the following useful result:

Proposition 4.12 A functionf : U — R, U C R™, is continuously differentiable if
and only if its partial derivatives exist and are continuous in U.

Proof We identify f” with Vf for convenience.

If f is continuously differentiable, then we already know that the partial
derivatives exist, and f' = (Dif,...,D,f). Since f’ is continuous, its components
D/f are also continuous.

Now assume that the partial derivatives exist and are continuous in U, and
consider the norm |||, on R™.

First we show that f is differentiable at each pointa = (ay,...,a,) € U.Fix a
ball B,(a) C U2 If x = (x1,...,%,) € B,(a), then the broken line

L= [Yanl] U---u [Ym—lyym]

defined by the points
yO = (a17a27"'7am—17am)7
yl = (xlvaZs---vam—lvan)s
le—l = (xlv-x25---s-xm—lvam)7
le = (-xlvst---s-xm—lv-xm)

connects a and x, and lies in B,(a) by the definition of the norm. (See the right-hand
side of Fig. 4.6 form = 2.)

9We recall that a differentiable function is defined on an open set by definition.
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ay -~

ap X1 ai X1
Fig. 4.6 Proof of Proposition 4.12

Applying the classical mean value theorem to the differences on the right-hand
side of the equality

f@) =f@ =D _fO) —f G-
j=1
we obtain the relation
f@) —fl@) =" Dif(5)(x — a))
j=1

with suitable points z; € [yj—1, y;]."

Now the formula

u@h =Y Dif (z)h;

j=1
defines a continuous linear map u(x) € L(R™, R) satisfying the equality

J@) =f(a) = u(x)(x - a).

We claim that u is continuous at a. It follows from the trivial estimate

| () = u@)h| < Y |Dif () = Dif (@)| - ]

J=1

10The points z; depend on x. If y;—; = y; we may take z; = y;.
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and the inequalities |;| < ||&]| that

m

lu() = w@ll < Y [Dif (z) = Dif (@)]

Jj=1

If x - a,thenz; — aforj = 1,...,m, so that the right-hand side tends to zero by
the continuity of the partial derivatives. Hence u(x) — u(a).

We have proved that f is differentiable and /' = (D:f,...,Dyf). Since the
components D;f of f’ are continuous by assumption, f” is also continuous. O

*Remark There are m! different ways to introduce broken lines L for which the
above proof remains valid (see the left-hand side of Fig. 4.6 for m = 2). They
usually lead to different functions u. This shows that the function u in the definition
of the total derivative is not always unique.

4.4 Exercises

Exercise 4.1 Prove that the function
R SR, f(xy,2) = (sin(x — €), 2 +7)

is differentiable, and compute its derivatives.

Exercise 4.2 Study the continuity and differentiability of the function f : R> — R
defined by

2

2
f(0,0) =0 and f(x,y) = ny , otherwise.
X~ +y

Exercise 4.3 Prove the following statements:

(i) The function f : R> — R defined by the formulas £(0,0) = 0 and

otherwise

_ Xy
Sy = RS

is continuous and has bounded partial derivatives Df and D,f in a neighbor-
hood of (0, 0), but it is not differentiable at (0, 0).
(i) The functionf : R? — R defined by the formulas £(0,0) = 0 and

P 2\ o3
fey) = +y)sin Ly

has unbounded partial derivatives D;f and D,f in every neighborhood of (0, 0),
but it is differentiable at (0, 0).
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Exercise 4.4 Let E be a Euclidean space and |-|| the corresponding norm. Prove
that the inversion

f) = ”;”2, x€E\ {0}

is differentiable, and compute its derivative.

Exercise 4.5 Let f : X — Y be differentiable in B,(a) \ {a} and continuous at a.
Prove that if /" has a limit A at a, then f is differentiable at a, and f’(a) = A.

Exercise 4.6 Letf : X — Y be a differentiable function on a convex open set U.
Prove the following:

(i) f is (globally) Lipschitz continuous <= f” is bounded.
(ii) Iff € C!, thenf is locally Lipschitz continuous.'!

Exercise 4.7 (Euler’s Identity) A function f : R"” \ {0} — R is said to be
homogeneous of order m for some real constant m if f(xx) = ¢"f(x) for all
xeR"\ {0} andr > 0.

(i) Are the functions

fl.y,z) == (x—2y+32)° and g(x.y,2):= (;)y/z

homogeneous? If yes, of what order?
(ii) Prove that every differentiable homogeneous function satisfies Euler’s identity
x - Vf(x) = mf (x).
(iii) Prove that, conversely, if a differentiable function satisfies Euler’s identity, then
it is homogeneous.

Exercise 4.8 (Differentiation with Respect to a Parameter) Let f : (—r,r) X
[a, b] — R be a continuous function, and set

b
F) = / Foy)dy. x€ (—r.p.

Assume that Df exists and is continuous in (—r, r) X [a, b]. Prove that F : (—r,r) —
R is differentiable, and

b
F/(x) = / D\f(x,y)dy, xe€(—r,r).

!1See the definition in Exercise 3.4, p. 90.



Chapter 5
Higher-order derivatives

As in the preceding chapter, the letters X, Y, Z always denote normed spaces.

5.1 Continuous multilinear maps

Let (X, ||-||) be the product of the normed spaces

K 11D - - Ko [-10)5

we recall that

[l s= 1 Ges - ) 2= Al - = [l -

Definition A map A : X — Y is m-linear if the functions
Xi>x =A@, ..., xp) €Y
are linear for any fixedj € {1,...,m}andx; € X;, i € {1,...,m} \ {j}.

Examples

e Form = 1 we get the usual linear maps.
» Every matrix (a;;) of size m x n defines a bilinear map A : R” x R” — R by the
formula

m n
Ax,y) = Z Zaijxiyj.
i=1 j=1

e A determinant of order m is an m-linear map R” x - .- x R" — R.
* The scalar product of a Euclidean space H is a bilinear map H x H — R.
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Lemma 5.1 An m-linear map A : X — Y is continuous if and only if there exists a
constant M > 0 such that

lAGer - xn)lly = Ml == 1% ], G.D

forallx;e X;,i=1,...,m.

Proof If A is continuous at 0, then there exists an » > 0 such that
lzllx < r= llAz]ly = L.
Setting M := (m/r)", (5.1) follows. Indeed, writing the vectors x; in the form
xi =tz 1= (m/r) x|,
we have
Izllx = llztlly + -+ 4 lzmll,, = mr/m =r
and therefore
Axlly = 1=+t [Azlly < t1-et = Mlxi]]y - 1]l , -

Conversely, if (5.1) is satisfied, then for any x, 2 € X we have
A(x+h) = ZA(xl Ry Xkt A Rty B X1 - e X),s
k=0
and hence
[A(x + 1) — Ax]|ly < MZ e + Al - lloe—1 + et Il - Pl - o[l - ] -

k=1

For any fixed x the right-hand side tends to zero as & — 0, so that A(x + h) — Ax.
|

We denote by L™ (X, Y) the set of continuous m-linear maps A : X — Y. Similarly
to the earlier case m = 1, for A € L™ (X, Y) we have

Al := sup --- sup [JACxr,...,xn)|ly <00
Ixilli <l <1

by the lemma, and ||A|| is the smallest nonnegative constant M satisfying (5.1).
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Proposition 5.2 (L"(X,Y), ||-||) is @ normed space.

Proof A simple adaptation of the proof of Proposition 3.14 (p. 83). O

The study of multilinear maps may be reduced to that of linear maps. Given
A e LX) XX Xy, Y), the formula

FA) ) (2, .o xm) = ACL, . X))

defines a map f(A) of X; into the set of functions X, x --- x X;, — Y.
It follows from the multilinearity of A and from the estimate

[F (A D) (2, - xm) | = [AG - x| < AL (]| [l
that f(A)(x;) € L '(X, x - -+ x X,,, Y) for each x; € X, and, moreover,
f(A) € LXy L™ (Xa X -+ X Xy, V)

with [ f(A)] =< [|A]l-
Even more is true:

Proposition 5.3 The map
FiL"Xy XX X, ¥Y) = LX, L™ (X X -+ X X, )

is an isometric isomorphism.

Proof If B € L(X,,L" "' (X5 X - - - X X,, Y)), then the formula
gBY(x1, ... xp) 1= (Bx1)(x2, ..., Xm)
defines a continuous m-linear map
gB) e L"(X; x -+ x X, Y).
The m-linearity is obvious. Furthermore, the estimate

B (x1s - - o, xm) | = [[BGe)(xas - oo x|
< [1Bxall - [l =+ [l

< IIBI -l ll- =+ e

implies that g(B) is continuous, and ||g(B)|| < ||B]|-
It follows from the definitions that f, g are linear,

f(g(B) =B forall BeLX,,L" '(X;x-xXp,,Y))
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and
g(f(A) =A forall Ael™(X;x - -xX,7Y).

Hence f is a (linear) bijection between the two vector spaces with f~! = g. Finally,
f is an isometry because

Al = llg(fFANI < [lF A =< [lA]

for all A. O
The above proposition has important consequences:
Corollary 5.4

(a) The normed spaces
LX{,L(X;,...L(X,,,Y)...) and L"(X.,Y)

are isometrically isomorphic.
(b) IfdimX < oo, then every m-linear map A : X — Y is continuous.

Proof

(a) This follows from the preceding proposition by induction on m:.

(b) Combine (a) with Theorem 3.15 (p. 83). O
Remark Henceforth we identify the spaces in (a). If X; = --- = X,,, = Z, then we

write X = Z™, so that we identify
L(Z,L(Z,...L(Z,Y)...) and L™(Z")Y).

If, moreover, Z = R, then these spaces may be identified with Y by Proposition 3.17

(p- 89).
These identifications simplify the manipulation of higher-order derivatives.

5.2 Higher-order derivatives

Higher-order derivatives are defined recursively:
Definitions Letf : X < Y, a € D(f) and k > 2.

* fis k times differentiable at a if it is differentiable in a neighborhood of a, and
f' X < L(X,Y) is (k — 1) times differentiable at a. Then (f')*~V(q) is called
the kth derivative of f at a, and is denoted by f*)(a). Thus we have

f®@@) e LFX*,Y) and f¥:X — XX Y).
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* fis k times differentiable if (its domain of definition is open, and) f is k times
differentiable at each a € D(f).

e fis k times continuously differentiable at a if it is k times differentiable at a, and
£® is continuous at a.

o fis k times continuously differentiable or belongs to the class C* if it is k times
differentiable, and f® is continuous. We write f € C¥ in this case.

 fis infinitely many times differentiable or belongs to the class C*®, if f € C* for
allk =1,2,.... We express this property by writing f € C*.

Examples

* Every constant function is differentiable, and its derivative is identically zero,
hence also a constant function. Consequently, the constant functions belong to
the class C*°.

* Every continuous linear map belongs to the class C* because it is differentiable,
and its derivative is a constant function.

* Every continuous bilinear map belongs to the class C* because it is differ-
entiable, and its derivative is a continuous linear map: see the last example
preceding Proposition 4.2, p. 101.

* Given a non-empty open set U in X, we denote by C,’j(U , Y) the set of functions
f: U — Y of class C* such that all functions f, f/, ..., f*® are bounded. If Y is
complete, then using Proposition 4.9 (p. 109) it follows that C,’j(U ,Y) is a Banach
space for the norm

I1£1l 2= sup [|F)|| + sup || /@) || + -+ sup [ fP @) .
xeU xeU xeU

We may extend Proposition 4.2 (p. 101):

Proposition 5.5 Consider two functions g : X — Y, f : Y < Z and their

compositionfog: X — Z.

(a) The map f +— f®(a) is linear.

(b) If g is k times differentiable at a and f is k times differentiable at g(a), then fo g
is k times differentiable at a.

(c) The preceding implication remains valid if we replace the words “differentiable

at a” by one of the following: “continuously differentiable at a”, “differen-
tiable” or “continuously differentiable”.

Proof The case k = 1 is contained in Proposition 4.2. Let kK > 2, and assume that
the results are already known for k — 1.

(a) Each linear combination «f + Bg satisfies the equality

(k=1)

of + 9V (@) = ((ef + 82)) (@
= (o +8¢)" (@)
= of Y@ + B (@).
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(b)

(©

Since k > 2, g’ is defined in a neighborhood of a, and f’ is defined in a
neighborhood of g(a). By Proposition 4.2 the function f o g is differentiable
in a neighborhood of a, and

(fog) =¢o(fogg). (5.2)

where ¢ denotes the continuous bilinear map of Proposition 3.16 (p. 84). On the
right-hand side the functions g and g’ are k — 1 times differentiable at a, and f”
is k— 1 times differentiable at g(a). Since ¢ € C*, by the induction hypothesis
the function (f o g)’ is k — 1 times differentiable at a. Consequently f o g is k
times differentiable at a.

If g™ is continuous at @ and f*) is continuous at g(a), then the preceding proof
yields that (f o g)® is continuous at a. The other two versions are obtained by
applying (b) and this result to every point of D(g). O

In the rest of this section we study a symmetry property of higher-order

derivatives.

Example We recall again that every continuous bilinear functional ¢ : X x Y — Z
is differentiable, and

@' (x,y)(h, k) = @(x,k) + ¢(h,y).

Since ¢’ : X x Y — L(X x Y, Z) is a continuous linear map, it follows that

¢" (. y) (. k1), (ha. ko)) = @(h1.k2) + @(ha, ky) :

the bilinear functional ¢” (x, y) is symmetric.

Remarks

The above example is a special case of a result of Euler, stating that the mixed
partial derivatives DD, f(a) and D,D; f(a) are usually equal. Schwarz proved
this under the assumption that DD, f and D, D, f exist in a neighborhood of a,
and are continuous at a.

Schwarz also gave an example of a function f : R> — R such that D1 D, (0, 0)
and D,D; f(0, 0) exist, but are not equal. A simpler counterexample was given
by Peano: f(0,0) := 0, and

'CZ y2 2 2
X, =Xy if x + > 0.
f( y) x2 y2 y

We will show that total differentiability also implies the equality D1D,f =

DD, f.

Definition A € L¥(X*,Y) is symmetric if A(xy, ..., x;) is invariant under permuta-
tions of the vectors xq, ..., x; € X.
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Theorem 5.6 (Young) Iff : X < Y is k times differentiable at a for some k > 2,
then the derivative f® (a) € L*(X*, Y) is symmetric.

Proof for C? functions f : R> < R We assume by translation that a = (0, 0). Since
f"(@)(h,k) = DD f(a)hiki + D1D> f(a)hik,

+ DyDi f(a)haki + DoDs f(a)hoks,

it suffices to show that DD f(a) = D,D; f(a). Choose a small ball B,(a) on which
f is defined. Then the functions

F(x) := /:/:DIsz(s, t) ds dt

and

G(x) := /Ox /OxDlef(s, t) dt ds

are defined for all 0 < x < r and

PO papu£(0.0) = tim O

x2 x—a x2

Dlsz(0,0) = lim
x—>a

by the continuity of the functions under the integral sign. This yields the required
result because F(x) = G(x). Indeed, applying the Newton—Leibniz formula we have

F) = [ et = DafOun
— f63) — £(0,3) — £(5,0) +(0,0)
and
Gx) = /O "Dy f(s.x) — Dy f(5.0) ds
— (53 — (3, 0) — £(0,3) +£(0,0).

|

*Proof for twice differentiable functions Let g : R?> < R be twice differentiable at
(0,0). We claim that

Dlng(0,0) = Dleg(0,0). (53)
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Fixing a sufficiently small number £ > 0, the formula

u(x) == g(x. £) — g(x.0)

defines a function u : R < R that is differentiable at each point of the segment
[0, £]. Applying the classical mean value theorem there exists 0 < ¢ < £ such that

u(€) —u(0) = u' ()l = (D1g(t.£) — D1g(t, 0))L. (54
Since D, g differentiable at 0 by our assumption, for £ — 0 we have
D, g(t,£) = D1g(0,0) + D1D;g(0,0)t + D>,Dg(0,0)f 4+ o(t + £)
and
Dyg(¢,0) = D1g(0,0) + D1Dg(0,0)t + o(2),
and hence, since 0 <t < £,
u(€) — u(0) = D,D1g(0,0)£2 + o(£?). (5.5)
Similarly, the function v : R < R defined by the formula
v(y) == g(£.y) —¢(0.y)
satisfies
v(£) — v(0) = D1 D,g(0,0)* + o(£?). (5.6)
Now we observe that
u(f) — u(0) = v(f) — v(0).
Therefore (5.5) and (5.6) yield the equality

EZ
DyD;g(0,0) — D1D2g(0,0) = 0(62 g

Letting £ — 0, (5.3) follows. O

Remark Using the above functions u# and v, Schwarz’s theorem may be proved
as follows. Since D,D,g and D|Dg exist in a neighborhood of (0, 0), we deduce
from (5.4) for each sufficiently small £ > 0 that

u() — u(0) = DD, g(t, 5))0>
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for some ¢, s € (0, £). Similarly, we have
v(l) —v(0) = D1 Dg(r,5'))E>

for some 7', s’ € (0,¥). Since u(€) — u(0) = v(£) — v(0), and D,D;g, D1D,g are
continuous at (0, 0), dividing by £ and then letting £ — 0 we get (5.3).

To prepare the proof of the general case we present a method to reduce the study
of derivatives of functions X — L¥(X*, Y) to that of simpler functions X — Y:

Lemma 5.7 Letf : X < Y be k times differentiable at a for some k > 2. For any
fixed vectors hy, ..., h € X the function  : X — Y defined by

V() =V (o, )

is differentiable at a, and

V' (@)h = fP@)(h, ... k).
Proof We may write ¥ in the form ¢ = A o f*~D with the evaluation map

A € L(L*'(X*"1,Y), Y) defined by the formula AL := L(hy,..., k). Using this
formula we obtain that v is differentiable at a, and

V' (@h = AfO (@) = fP @) (hy, ... ).

|
Proof of Theorem 5.6 in the general case For any fixed vectors
hi,....hy €X
we have to prove the equalities
fO@ . ) = O @ . i)

for all permutations iy, ..., of 1,..., k. Since each permutation is composed of
finitely many transpositions of consecutive elements, it suffices to show that

@, ... ) =Py (b, .o bt b, By B, By (5.7)

forj=1,...,k—1.
We start with the case j = 1. For any given functional ¢ € Y’ the formula

g(s. 1) := o(f* D (a + shy + thy)(hs, ..., )
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defines a function g : R?> <> R that is twice differentiable at (0,0). A simple
computation shows that

Drg(s,0) = o(f*V(a + shi)(ha, hs, ..., ),
D1D1g(0,0) = o(f*(a)(h1, ha, ... ),
and
D1g(0.1) = o(f* V(a + thy) (1. hs. . ... ).
D>D;g(0,0) = o(f®(a)(ha. hy, ... 1)).

By what we already know, it follows that

o(FO@ I 1)) = p(f Y @) (oo . ... ).

Since this equality is satisfied for all ¢ € Y’, applying Proposition 3.19 (p. 86) the
relation (5.7) follows.

Now letj > 2. Since k—j+ 1 < k, the function f is k —j + 1 times differentiable
in a neighborhood of a. Applying the preceding case we have

FETED Q) By, it - ) = FETD ) By By, - )

in this neighborhood. Differentiating this equality j — 1 times at a, and using the
preceding lemma, (5.7) follows. O

5.3 Taylor’s formula

The purpose of this section is to establish several variants of Taylor’s formula,
providing good local approximations of sufficiently smooth functions.
For brevity we denote by 4 the vector (h, ..., h) € X*.

Theorem 5.8 (Peano) Iff : X < Y is n times differentiable at a, then

(k)
! f“) W4 o([h|"), h— 0. (5.8)

fla+hy =)

k=0

Proof Forn = 1 this is the definition of the derivative. Let n > 2, and assume by
induction that

i

R SN hi
Fatm =3 OM o, o (59)
i=0
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Choose a ball B,(a) in which f is defined and is n — 1 times differentiable. For each
fixed h € B,(0) the formula

"0 (q)
g(1) = f(a—i—th)—zf /(:'l) i+

k=1

defines a function g : [0, 1] — Y satisfying the assumptions of Theorem 4.7 (p. 107).
Therefore there exists a t € (0, 1) such that ||g(1) — g(0)| < ||g’@)|], i-e.,

fosn- 30"

, = O (a)nk
a+th)h—; (k—l)!tk 1”

Applying (5.9) with h; = th, the right-hand side may be estimated as follows:

f (a)h
1!

A < olhl ™) 1l = o (AN

Next we generalize the Lagrange mean value theorem.'

Proposition 5.9 (Lagrange) Iff : X — R is n times differentiable on a non-
degenerate segment [a,b] C X, then there exists a ¢ € (a, b) such that

(k) (n)
1ib) = §jf Do-a+ TV o-ar.

*Remark The proposition and the following theorem remain valid, with the
same proof, under the weaker assumptions that f is continuous on [a, b], n times
differentiable on (a, b), and n — 1 times continuously differentiable at a. See also
the comment on p. 342.

Proof Similarly to the proof of Proposition 4.6 we may reduce the problem to the
case X = R and [a, b] = [0, 1] with the help of the affine function £(f) = (1 —t)a +
tb. Then we repeatedly apply the Cauchy mean value theorem (Proposition 4.4 (c),
p. 105) to the functions

g : —f(t)—Zf © )tj‘ and A1) :=1"
as follows.

!Proposition 4.6 (p. 107) corresponds to the case n = 1.



128 5 Higher-order derivatives

Since g®(0) = h® () =0fork =0,...,n— 1, we have
g(l) _ g(1)—g(0)
h(1) k(1) — h(0)

_&m) _ ¢m)-¢0)
W(t) — K(n)—H(0)

_ g(") (tn)
R (2,)

for suitable points 0 < 7, < t,—] <--- <t < 1.
Since h(1) = 1, g™ (t,) = f™(t,) and K" (t,) = n!, the proposition follows with
c =1, O

Now we generalize Theorem 4.7 (p. 107):

Theorem 5.10 If f : X < Y is n times differentiable on a non-degenerate
segment [a, b] C X, then there exist c1, ¢, € (a, b) such that

=l _a) ® () (b — a)"
Hﬂb)—Zf (a)(b a) H < I (1)n(!b )| (5.10)
and
"0 (@) (b — a)k (n) () —q)"
Hf<b>—Zf ()(b ) H < (2 (e2) =™ (@) (b - a) || 5.11)
k=0

n!

Remark The assumptions are stronger than those of Theorem 5.8, but the error
estimates are also stronger.

Proof Fix a functional ¢ € Y’ (to be chosen later). Applying the preceding
proposition to the composite function ¢ o f : X < R, there exists a ¢ € (a,b)
(depending on ¢) such that

=l e® ok o Y e
onpy =3 ¥ NV@E-a"  onPOG-ar,

k! n!

Since (¢ o f)® = ¢ o f® for all k, this may be rewritten as

O b —ak FP (b — a)
(p(f(b)):(p(zf (@b —a)t  f"()b—a) )

! !
= k! n!
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and this equality implies the estimates

=L (o) (b — a)k ™ ()b = a)
o1y - Oy g VOG0

!
= k!

and

n (k)a b — a)k (n) ) b— )
o(rer -7 T < g [ e) fn!(a))( ar|

!
purd k!

The estimates (5.10) and (5.11) hence follow by applying Proposition 3.19 (p. 86)
to choose ¢ such that ||¢|| < 1, and

(f(b) Zf(k)(a)(b ) Hf(b) Zf(k)(a)(b—a)kH

or

(70~ ka>(a)(b " = e - Zf”"(a)(b—a)"

)

respectively. O

Our last version of Taylor’s formula uses the integral of continuous, Banach
space-valued functions that we will introduce in Section 6.1 (p. 141). However, in
the most important finite-dimensional case we may simply write f = Z;"zl fiej in
some fixed basis ey, ..., e, of Y, and define

b m b
/ f@yde:=Yy" (/ 50 dt) e.
a ]=l a

The following theorem reduces to the Newton—Leibniz formulaif Y = Randn = 1.

Theorem 5.11 (Taylor’s formula with integral remainder) [ff : R < Yisn
times continuously differentiable on a segment [a, b], where Y is a Banach space,
then

n—1
_ f(k) (a) L b @ (b— t)n—l
f) = kio X (b—a) +/a () (n—1)! dt. (5.12)
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Proof If Y = R, then for n = 1 this is the Newton—Leibniz formula, while the cases
n > 2 follow by induction because

b _ \n—2
[rra 0

(n—2)!

—(b=p""1qb b b — !
=" En—tl))! ]a+/f(n)(t)((n—t)l)! dt
@ bty

b
w—w*+/ﬂ%&

(n—1! (n—1)!

In the general case we fix a functional ¢ € Y’, and we apply the just obtained
result to the composite function g o f : X «— R:

b—-0!
(n—1)!

/)P (a)

dt.
k!

<« (¢ b
@oNB) =3 b=t + [ @on™0
k=0 a

Since (¢ 0 f)® = ¢ o f® for all k, and

b b
[weowa=q [ soa
for every continuous function g : [a, b] — Y, we conclude that

@A) = ¢(B)

for all ¢ € Y, where A and B denote the two sides of (5.12). Applying
Proposition 3.19 we conclude that A = B. O

5.4 Local extrema

We complete Proposition 4.3 (p. 104) by using the second derivative. By symmetry
we consider only the case of minima.

Definitions

¢ A function f : X < R has a strict local minimum at a € D(f) if there exists an
r > 0 such that f(x) > f(a) for all x € D(f) N B,(a), x # a.

2See Proposition 6.1 (d) below, p. 142.
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* The quadratic form associated with the bilinear form A € L*>(X?, R) is positive
semidefinite if A(h,h) > 0 for all h € X. We express this property by writing
A>0.

 The quadratic form associated with the bilinear form A € L*>(X?, R) is positive
definite if there exists a constant ¢ > 0 such that A(h, h) > ¢ ||h||2 forall h € X.
We write A > 0 in this case.’

Theorem 5.12 (Lagrange—Hesse) Letf : X < R be twice differentiable at a.

(a) Iff has a local minimum at a, then f'(a) = 0 and f (a) > 0.
(b) Iff'(a) = 0 and f" (a) > O, then f has a strict local minimum at a.

Proof

(a) Fix an arbitrary vector # € X. Using the minimality of f(a) and applying
Theorem 5.8 (p. 126) we obtain

2
f@) = fla+th) = f(@) + 1 @h+ '@ h) + o). 0.

Since we already know from Proposition 4.3 that f”(a) = 0, hence

I
0=/ @an+ " im0
Letting t — 0 we conclude that f”' (a)(h, k) > 0.
(b) Since f’(a) = 0, by Theorem 5.8 we have
1
fla+h) =f(a) + 2f”(ﬁt)(h, h) +o(|k]*), h—o0. (5.13)

Fix ¢ > 0 such that
f"(@(hh) = 2c||h]?
for all h € X, then for A — 0 (5.13) yields
fla+h) —f(@ = (c+o(D) ]

If ||2]| is sufficiently small, but i # 0, then the right-hand side is positive, and
therefore f(a + h) > f(a). O

3If dim X < oo, then an equivalent definition is that A (%, k) > 0 for all non-zero vectors A.
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Fig. 5.1 A convex epigraph

Example (Peano) Given p > g > 0 we define a polynomial f : R> — R by the
formula

f@y) = (07 = 2p0) 07 — 2qx).
Then
f(0.0) =f'(0,0) =0 and f"(0,0) >0,
but f has no local minimum at (0, 0) because f takes both positive and negative

values in each neighborhood of (0, 0). Nevertheless, the restriction of f to each line
containing (0, 0) has a local minimum at (0, 0).

5.5 Convex functions

Definition A functionf : K — R is convex if K is a convex set in a vector space,
and

F(A=Dx+1y) <(1=0fx) + 1)
forall x,y € K and ¢ € [0, 1].* Equivalently, f is convex if its epigraph
epi(f) :={(x,y) e KxR : xeKandy > f(x)}

is a convex set (see Figure 5.1).

4Since x, y € K, it suffices to check this inequality for x # y and ¢ € (0, 1).
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Examples

* The constant functions defined on convex sets are convex.

* Every linear functional is convex.

* Every norm is convex.

¢ The sum of convex functions is convex.

* A positive multiple of a convex function is convex.

e Ifg:K— R,f: R — Rare convex functions and f is non-decreasing, then f o g
is convex, because

F (A =Dx+1y) <f((1-0gk) +18(y) = (1 —)f (g(x) + 1f(g(y)

forall x,y € K and ¢ € [0, 1].

Proposition 5.13 (Jensen’s inequality) Iff : K — R is convex, then
ftxr + -+ taxn) < 00 f(x1) + - 4 1f ()

forallxy,...,x, € Kandty,...,t, €[0,1]witht; +---+1, = 1.
Proof This follows from the definition by induction on n. O
The following result simplifies the minimization of convex functions:

Proposition 5.14 A local minimum of a convex function in a normed space is
necessarily a global minimum.

Proof Letf : K — R be a convex function, a € K, and U a neighborhood of a in K
such that f(a) < f(y) forall y € U. Given x € K arbitrarily, there exists az € (0, 1]
(close to zero) such that

yvi=1—-ta+tx=a+tlx—a)eU.
Then

fl@) =f(y) =f((1—na+w) < (1-0f(a) +1f(x),

whence f(a) < f(x). O
There are two useful characterizations of differentiable convex functions:
Proposition 5.15 Lerf : K — R be a differentiable function on a convex open set
K of a normed space X. The following properties are equivalent (see Figure 5.2 for
K =R):
f is convex; (a)
f(x) > f(a) +f'(a)(x — a) forall x,a € K; (b)
f' is monotone, i.e., (f'(x) —f'(a))(x —a) > 0 forall x,a € K. (©)
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a X b

Fig. 5.2 Characterizations of convexity

Remark If X = R, then (c) is equivalent to the monotonicity relation

a<x=f'(a) <f'().

Proof
(a) = (b) We have

flax+ (1 —1a) < 1f(x) + (1 —)f(a)
for all € (0, 1) by convexity, and hence

flx+ (1 =na) —fa) _ fla+1(x—a)) —f(a)'

t t

J) = fla) =

Letting t — 0 we get (b).
(b) = (c) Exchanging the roles of a and x in (b) we have

f@) = f(x) +f (x)(a—x).

Summing the two inequalities we get (c).

(¢c) = (@) Letx,y € K, x # y. Fix 0 < t < 1 and consider the point 7 =
tx + (1 — 1)y. Applying Proposition 4.6 (p. 107) there exist points ¢ € (x, z) and
d € (z,y) such that

_ @+ A =0f() —f(2)

A:
t(1—1)
O =f@ | fO)—f@
= - 7 t
:f’(C)(x—Z)+f’(d)(Y—Z)
1—1¢ t

= (f'(©) = f(@d)(x—y).
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Since ¢ # d, we have x —y = a(c — d) with a suitable number & > 0, and hence
A=a(f' () —fd)c—d)=0

by (c). o

We have seen that the local and global minima coincide for convex functions.
Our next result further simplifies work with minima:

Corollary 5.16 A differentiable convex function f : K — R has a minimum at a if
and only if f'(a) = 0.

Proof The necessity of the condition f'(a) = 0 follows from Proposition 4.3
(p. 104). Conversely, if f'(a) = 0, then f(x) > f(a) for all x € K by
Proposition 5.15 (b). O

Proposition 5.17 Iff : K — R is a twice differentiable function on a convex open
set, then the properties (a), (b), (c) of Proposition 5.15 are also equivalent to the
following:

(@) =0 forallaeK. (d)

Proof

(c) = (d) Fix h € X arbitrarily. If r > 0 is sufficiently small, then a + th € K,
and therefore

(fa+th)y—f'(@)(a+th—a)>0
by (c). Dividing by > we get

Satm =1 @,

’

and letting 7 — 0 we obtain that /" (a)(h, h) > 0.
(d) = (b) Fix a, x € K arbitrarily. Applying Proposition 5.9 (p. 127) there exists
a b € [a, x] such that

FO) = f(@) + 1@ —a) + ;f”(b) (—a.x—a).

Since the last term is nonnegative by assumption, (b) follows. O
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In finite dimensions convexity implies continuity:

Proposition 5.18 If U is a convex open set in a finite-dimensional normed space,
then every convex function f : U — R is locally Lipschitz continuous.> each point
a € U has a neighborhood V- C U such that for some constant L = L(V) we have
the estimate

[fCe) =fC)ll < Lllx1 =22l forall xi,x €V
with some constant L depending only on'V.

Proof By Theorem 3.9 (p. 78) we may assume that X = (R”, ||||,)- Fix a small
r > 0 such that By.(a) C U, denote by by, ..., by the vertices of the cube By.(a),
and set

M = max {f(by),....f(bx)}.

First we prove that f is bounded in Bj,(a). Every point x € Bj.(a) has a
representation of the form

o on
x:Ztibh >0, Zl‘i=1:
i=1 i=1

using Jensen’s inequality this implies the upper estimate
2”
f) <) ufb) <M. (5.14)
i=1
Since 2a — x € By,(a), applying the convexity inequality

<7020~

we obtain the lower estimate

f() = 2f(a) —f(2a — x) = 2f(a) — M. (5.15)
If x1, x, € B,(a) are two distinct points, then (see Figure 5.3)

X2 — X1
X3 =X+ r € By (a).

[lx2 — x1 ]

SWe have already encountered this notion in Exercises 3.4 and 4.6, pp. 90, 116.
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Fig. 5.3 Proof of
Proposition 5.18

X1 o 12 X3
a
B,(a)
By(a)
U
Then
rxyp + [l — x| xs = (e —xi || + r)xs,
whence
X =tx3+ (1 —0)x; with 7:= 2 = € (0,1).
llx2 = x1f| +r
Since f is convex, we have
f2) = 1f(x3) + (1 = 0)f (x1):
hence, using (5.14) and (5.15), we obtain the inequality
2M — 2f(a)
F2) = fxr) < t(f(x3) = f(x1)) < . flxz —xq ]| -

Since the roles of x; and x, are symmetric, we conclude that f is Lipschitz
continuous on B,(a) with the constant L := (2M — 2f(a))/r. O

5.6 The functions R” — R”

We generalize the results of Section 4.3 (p. 111).
Proposition 5.19 Letf = (fi,....[,) :R" — R"and k > 1.
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(a) f is k times differentiable at a if and only if fi, . .. ,f, are k times differentiable
at a.

(b) f is k times differentiable if and only if fi, . . . ,f, are k times differentiable.

(c) f € C*ifand only iffy,....f, € C.

Proof We again use the continuous linear maps P; and B; introduced in the proof of
Proposition 4.10 (p. 111). They belong to the class C*° by the remark on p. 121.
(a) If f is k times differentiable at a, then the functions f; = P; o f are also
k times differentiable at @ by Proposition 5.5. Conversely, if fi, . ..,f, are k times
differentiable at a, then f = By ofi 4 -+ + B, o f, is also k times differentiable at a
by the same proposition.
The proofs of (b) and (c) are analogous. ]

Now we generalize Proposition 4.12 (p. 113):

Proposition 5.20 A function f : R" — R is k times continuously differentiable
(k > 1) if and only if all partial derivatives D1 f, ..., Dy, exist and are k — 1 times
continuously differentiable at D(f).

Proof The case k = 1 is contained in Proposition 4.12. Assume henceforth that
k> 2.

If f € C*, then by Proposition 4.2 (p. 101) the partial derivatives D;f exist, and
they are given by the formula D;f = L; o f’ where L; denotes the continuous linear
map L;A := Ae;. As compositions of C¥~! functions, the functions D;f also belong
to C*=! by Proposition 5.5.

Conversely, if the partial derivatives D;f : D(f) — R exist and belong to C¥~!,
then f belongs to C! by Proposition 4.12, and

f@h=73 Dif@h; or f(@h=Vf(a)-h

i=1

for all @ € D(f) and h € R™ by Proposition 4.11 (p. 113).
Since the components D;f of Vf belong to C*~!, applying the preceding
proposition we conclude that f € C*. O

Finally, we discuss the matrix representation of the second derivative:

Proposition 5.21 (Hesse) Iff : R™ < R is twice differentiable at a, then

DD f(a) --- DiDnf(a)\ (ki
(@) (h, k) = (h, ... .~y : : :
DDy f(a) --- DuDuf(a@)) \kmn

forall h,k € R™.
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Proof For any fixed k € R™ we have

o) = (k=Y kDif (x)

J=1

by Proposition 4.11. Applying Lemma 5.7 (p. 125) and using Proposition 4.11 again
the required equality follows:

@k =g (@h=Y kY DDf)h =YY DiDif(a)hik;.

j=1 =1 j=1 i=1
O

Remark By Theorem 5.6 (p. 123) the Hessian matrix is symmetric, and hence
diagonalizable.S It follows that f” (a) is positive definite (resp. positive semidefinite)
if and only if all eigenvalues of its Hessian are positive (resp. nonnegative).

5.7 Exercises

Exercise 5.1 Every continuous m-linear map belongs to C°° and its kth derivative
vanishes for all k > m.

Exercise 5.2 Compute the first and second derivatives of the Euclidean norm in R”.

Exercise 5.3 Find the local and global extrema of
fey) =2t +y* and glxy) =2 +)2

Exercise 5.4 (C* functions of compact support)

(1) Prove that the formula

“Ut ifr>0
h(r) = e ift >0,
0 ift <0

defines a function # : R — R of class C*°, all of whose derivatives vanish at 0.

SWe recall the proof in Section 7.3 below (p. 174).
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(ii) Prove that the formula’

VA=) if x| < 1,

7=, if ] = 1

defines a function f : R” — R of class C*°, strictly positive in the unit ball, and
vanishing outside this ball.

Exercise 5.5 (Laplace equation) Given a twice differentiable function f : R" —

R, we denote by Af(x1,...,x,) the trace of the Hessian matrix " (xy, ..., x,), i.€.,
Af = Zfo;
i=1

A is called the Laplacian operator.®

(i) Prove that the function f(x) := In |x| satisfies the Laplace equation Af = 0 in
R?\ {0}.

(i) Prove that the function f(x) := |)c|_1 satisfies the Laplace equation Af = 0 in
R*\ {0} forn = 3,4,....

Exercise 5.6 (Heat equation) Prove that for any non-zero real number a, the
formula

XZ
e w2, t>0,xeR

1
Fltx) = 2a./mt

defines a solution of Fourier’s heat equation’

D\ f = a*Dif.

Exercise 5.7 (Wave equation) Prove that if f,g : R — R are two arbitrary
functions of class CZ and a is a positive constant, then d’Alembert’s formula

u(t,x) :=f(x+at) + g(x — ar)
defines a solution of the one-dimensional wave equation
D%u - azDéu =0.
"We consider the usual Euclidean norm.

8See also Section 12.3 below, p. 290.
9See Section 12.5 (p. 294) for a derivation of this equation.



Chapter 6
Ordinary Differential Equations

This chapter is an introduction to ordinary differential equations.' The letters X, Y,
Z will always denote Banach spaces, i.e., complete normed spaces.

On the first reading Sect. 6.1 may be skipped, and the reader may assume that
X = R: this simple special case already suffices for many important applications.

6.1 Integrals of Vector-Valued Functions

Let [a,b] C R be a non-degenerate compact interval. We have seen in Sects. 3.1
and 3.2 (pp. 65 and 73) that the bounded functions f : [a,b] — Y form a Banach
space B([a, b], Y) for the norm

[flleo := sup [lF (@]
t€la,b]

of uniform convergence. We could adapt the Riemann integral to vector-valued
functions, but a simpler notion will suffice for our purposes.?

Definition f : [a,b] — Y is a step function if there exist pointsa =ty <t} < -+ <
t, = b and vectors yq,...,y, € Y such that

f(@®) =y; forall . <t<t, i=1,...,n

'The books of Arnold [16, 17], Burkill [70], Coddington-Levinson [112], Hartman [224], Ince
[252], Pontryagin [398] contain many more results.

’In Exercise 3.6 (p. 90) a slightly less general notion was introduced by the same method.
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The step functions form a linear subspace £ of B([a, b], Y), and the formula

I(f) ==Y (ti— ti1)yi

i=1

defines a linear map / : £ — Y. The obvious estimate

O <D = ti) [yl < =) | lloo

i=1
shows that I is continuous.

Definition f € B([a,b],Y) is integrable if there exists a sequence (f,) of step
functions converging to f uniformly on [a, b]. Then the integral of f is defined by
the formula

/bf(t) dt .= limI(f,).

Remark The case when Y = R™ is particularly simple: f : [a, b] — R is integrable
if and only if its components are integrable, and then

/abf(t) dt = (/abfl (1) dt, .. .,/abﬁ,,(t) dt),

Proposition 6.1

(a) The integrable functions f : [a, b] — Y form a Banach space £, and the integral
is a continuous linear map of € into Y.

(b) Every continuous function f : [a,b] — Y is integrable.

(¢) Iff : [a,b] — Y is integrable, then || f|| : [a, b] — R is also integrable, and

(d) Iff : [a,b] — Y is integrable and A € L(Y,Z), then Aof : [a,b] — Z is
integrable, and

/abf(t) ar| < /ab IfO di < (b—a) || f]lu - 6.1)

/ A0 di = / 'ty .

(e) Let a < ¢ < b. A function f : [a,b] — Y is integrable if and only if its
restrictions f|ja.c) and f|c) are integrable. Then

/abf(t) dt = /acf(t) dt + /be(t) dr.
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Proof (a) By definition the set of integrable functions is the closure of & in
B([a, b], Y). The existence and uniqueness of the integral is a special case of
Proposition 3.18 (p. 85).

(b) For each positive integer n we define f,,(a) = f(a), h = (b — a)/n and

L) =fa+kh) if a+Gk-VDh<t<a+kh, k=1,....n

Then f, is a step function, and || f — f,| .o — O by Heine’s theorem (p. 27).

(c), (d) and (e) The results are elementary for step functions. Hence the general
case follows by continuity because if a sequence (f;) of step functions converges
uniformly to f, then (|| £,|), (Afy)s (fuxiae)® and (fux(cs)) are sequences of step
functions, converging uniformly to || f||, Af, f X{a.c] and f x|c.»], respectively. O

6.2 Definitions and Examples

Let X be a Banach space, D C R x X be an open set, (7,£) € D,andf : D — X a
continuous function. We consider the initial value problem

X =ftx). x(t)=¢ (6.2)

consisting of the differential equation x' = f(t, x) and the initial condition x(t) = £.

Definition By a solution of (6.2) we mean a differentiable function x : I — RV,
defined on some open interval I C R, and satisfying the following conditions:

(t,x(®)) e D and X'(t) =f(t,x(t)) forall tel,
tel and x(r)=E¢&.

Geometrically the solution is a function whose graph is a curve in D, passing
through the point (z, §). If we draw a small segment of slope f(z,x) at each point
(t,x) € D (see Fig. 6.1), then the graph is tangent to the corresponding segment at
each point.

Remark Since f is continuous, the right-hand side of (6.2) is continuous for every
solution x, and hence x € C'. It follows by induction* that if f € C* for some
k=1,2,..., then the solutions belong to C¥*1.

3We denote by y, the characteristic function of a set A, i.e., ya(x) = 1if x € A, and y4(x) = 0
otherwise.

4This is a so-called “bootstrap argument”.
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Fig. 6.1 Geometric
interpretation of the solution

Examples In the first five examples we set X = R, D = R2andt = 0.

(i) If f is continuous and f(z, x) does not depend on x, then our problem reduces
to that of finding a primitive function: the solution is given by the formula’

x(7) =S+/Otf(s)ds, teR.

(ii) Iff(¢,x) = x the formula
x(f) =&, teR

gives an obvious solution; see Fig. 6.2.°
(iii) For f(t,x) = x? the formula

§/(1 =&, te(—oo0,1/8) if £€>0;
x(t) = 10, teR if £€=0;

E/(1—E1), te(l/E,00) if £<0

gives a solution; see Fig. 6.3.
(iv) (Peano) If f(z, x) = 3x2/3, then the formula

x(t) = E"P +1)? treR

SWhen f£(t, x) does not depend on x, then changing the initial value £ the graph of the solution is

translated “vertically”.

SWhen f(t, x) does not depend on ¢, then changing the initial value £ the graph of the solution is

translated “horizontally”.



6.2 Definitions and Examples

Fig. 6.2 Example (ii)

Fig. 6.3 Example (iii)
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gives a solution. In particular, for £ = 0 the function x(f) = £ is a solution;
see Fig. 6.4. But the constant function x(¢) = 0 is also a solution!
(v) It is hopeless to try to find explicit solutions to differential equations like the

following:

X = sinsine™, x(e) = .
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Fig. 6.4 Example (iv)

20+

10+

However, it will follow from the general results of the next section that it has
a unique solution x : R — R, and we will show in Chap. 12 that this solution
may be approximated with arbitrary precision.
(vi) Finally, we consider an example with X = R?. Let
f:R* >R f(t.x1.x) = (—x2,x1), 7=0 and &= (0,1).
In other words, we consider the system of differential equations
X} =-x and Xx)=ux

with the initial conditions

Xl(()) =1 and )CQ(O) =0.
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One may readily check that a solution is given by the formula
x(f) == (cost,sint), t€R.

Its graph is a spiral in R3.

If x : I — X is a solution of (6.2), then infinitely many other solutions are
obtained by restricting x to open subintervals of I containing t. This suggests the
following notion:

Definition A solution of (6.2) is maximal if it cannot be extended to a solution
defined on a larger interval.

For example, the solutions given in the above Examples (i), (ii), (iv), (vi) are
maximal because they are defined on the whole real line. The solutions of Example
(iii) are also maximal because for § # 0 they have no finite limits at 1/&, and hence
they have no continuous extensions to this point.

In Example (iv) we found two different maximal solutions. The reason behind
this curious phenomenon will be revealed in the next section.

Remark We could also investigate differential equations of higher order:

2 =fex x0T, D)y =¢§,i=0,....n—1,
where n > 1, D C R x X" is an open set, f : D — X is a continuous function, and
(t,&,...,&—-1) € D. By definition a solution is an n times differentiable function
x I — X, satisfying

(. x(), X @), ... x" V) eD
and
A1) = f(t.x(0,2 (1), ... X"V ()

forallt e,

rel, and xX?()=§,i=0,....n—1.

This problem may be reduced to the earlier one as follows. Set § =
(&0, ...,&,—1), and introduce a function F : D — X" by the formula

F(t,yo,....¥n=1) i= 01, ., Y1, (t. Y0, - .., Yn1)).

Then D is an open set in R x X", and ' : D — X" is continuous.
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If x is a solution of the n-order problem, then y := (x, x/, ... ,x("_”) is a solution
of the problem

y =F(y)., y()=E.

Conversely, if y is a solution of the latter problem, then x := y, solves the n-order
problem.

Example Applying this reduction to the second-order problem
X=—x, x(t) =6, Y@ =&

we obtain Example (vi) above.

6.3 The Cauchy-Lipschitz Theorem

We consider the problem
¥ =fx)., x(x)=E§, 6.2)
where X is a Banach space, D C R x X is an open set, f : D — X is a continuous

function and (z, £) € D. Let us generalize the partial derivatives’:

Definition Let (79, xo) € D. If the function
Xoxf(ty,)) €X
has a (total) derivative at xo, then it is called the second partial derivative of f at
(t0, x0), and is denoted by D;f (#o, x9). This defines a function D,f : D — L(X, X).
The following theorem is of the highest importance:
Theorem 6.2 (Cauchy-Lipschitz) Iff and Df exist and are continuous in D,
then the problem (6.2) has a unique maximal solution.

Remarks

* The assumptions of the theorem are satisfied in all examples of the preceding
section, except Example (iv). In Examples (ii), (iii), (v), (vi) the function f even
belongs to C*°.

* Peano proved that if X is finite-dimensional, then the mere continuity of f already
ensures the existence of at least one maximal solution. Example (iv) of the

7For X = R the following definition reduces to the earlier definition of D,f.
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preceding section shows that the maximal solution is not necessarily unique in
this case.
See p. 343 for further comments on Peano’s theorem.
* Instead of using the partial derivative D,f, Lipschitz assumed that each point
(t,x) € D has a small neighborhood V such that all points (71, x1), (1, x2) € V
satisfy the estimate

If(r1.x1) = f(,x2) || < Llxi — x2| (6.3)

with some constant L depending only on V.#

It follows from the mean value theorem 4.7 (p. 107) that Cauchy’s assumption
implies that of Lipschitz with any L > ||D,f(¢,x)| in a sufficiently small ball
V centered at any given (#,x) € D. Our proof below will use this (somewhat
weaker) condition (6.3).

The first proofs of the theorem were based on Euler’s piecewise linear approxi-
mating solutions.” Here we apply the method of successive approximations.
We introduce an equivalent integral equation:

Lemma 6.3 Given an open interval I containing t, a function x : I — X is a
solution of (6.2) if and only if it is continuous, and

x(t) =&+ /tf(s,x(s)) ds forall tel. (6.4)

Proof Every solution x : I — X of (6.2) belongs to C', and therefore

=g+ [ ) ds= £+ / (s.x(s)) ds

for all ¢ € I by the Newton—Leibniz formula.
Conversely, if a continuous function x : I — X satisfies (6.4), then x(r) =
&. Furthermore, since the right-hand side of (6.4) is a primitive of a continuous
function, x € C'; differentiating (6.4) we obtain the differential equation in (6.2).
O

The equation (6.4) suggests a natural recursive approximation of the solution by
defining xo(¢) := £ and

Xnt1(2) ::,E—l—/of(s,x,,(s))ds, n=0,1,....

8Lipschitz was not aware of Cauchy’s unpublished work, see p. 343. The condition (6.3) is weaker
than the local Lipschitz property of Proposition 5.18 (p. 136).

9We will also use Euler’s method in Chap. 12.
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Example Applying this method to the problem
X =x, x(0) =1

we get the recursive relations xo(¢) := 1 and

t
Xnt1(2) :=1+/0xn(s)ds, n=0,1,....

We obtain by induction that

n

*
OEDS "

k=0

and
x(t) ;= limx,(t) = ¢

is indeed a solution.
Remarks

¢ In the above example the sequence (x,) converges on the whole real line. In
general the convergence holds only in some small neighborhood of <.

* The following proof of the theorem shows that the integral equation (6.4) may
also be used to obtain good approximating solutions.

Proof of Theorem 6.2 First step: existence of a “cylinder of security”. Fix M >
lf(z, )|, L > |D2f (z, )| and then a small » > 0 such that

t—z|<r and |x—§&| <Mr=
(tLx)eD, |f(t.x)| =M and |D2f(t,x)| <L.

It follows that f satisfies the Lipschitz condition (6.3) in this cylinder.'”
We claim that each solution x : I — X of (6.4) satisfies the inequality

|x() —&|| <Mr forall telnfzt—r,t+7].
See Fig. 6.5 for X = R: the graph of the solution stays in a “cylinder of security”.

Assume on the contrary that |x(z) — &|| > Mr forsomet € IN[t —r, T + r].
We may assume by symmetry that t > t. Since x(r) = &, we have r > 7, and by

10The condition (6.3) will be used only in Step 2. If the local Lipschitz condition is assumed instead
of the continuity of D,f in the theorem, then (6.3) is satisfied for sufficiently small r.
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Fig. 6.5 Rectangle and cone
of security

E+ Mrh--1-
e o
E—Mrr-- E

T—7r T T+r

continuity there exists a ¢’ € (z, f) such that ||x(¢) — &|| = Mr, and ||x(s) — &|| < Mr
forall s € [t, ). Then

4
) — £ < / 1 (s x(s)| ds < M( — 7)< Mr.

contradicting the choice of 7.

Remark Applying the above estimate for the endpoints of [t — r, T + r] we obtain
that ||x(z & r) — £|| < Mr. Since we may repeat the proof for any r’ € (0, r) instead
of r, we have the stronger conclusion

lx(r) —&| <Mt —z| forall relN[t—r,7+7r].

This means that the graph of the solution stays in a smaller “cone of security”.!!

Second step: local existence and uniqueness. We prove that (6.4) has a unique
solution defined on J = [t — r, T + r]. Since every solution x : J — X belongs to
the closed ball

Byr(§) :={y e Cp(/;X) : |ly(r) —&|| <Mr forall relJ}

by the preceding step, it is sufficient to prove that the map F defined by

EV(@) = & + / Fls.v(s) ds, v € Buy(®), 1€

has a unique fixed point.

"We do not need this stronger property in the sequel.
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If y € By (&), then using the choice of r and J we have

[(Ey) (@) =&l = ‘/f(s,y(S)) ds| =Mt —z| < Mr

for all r € J. Hence F is a well-defined map of By, (§) into itself.
Next we observe that the formula!?

Iyl == sup [[y(®)[| e !
teJ

defines an equivalent norm on Cj(J; X) because

Iyll, < I¥lloo < € IVl

for all y. Since, as a closed subset of the Banach space Cj(J; X), By (€) is a complete
metric space, it remains to show that F is a contraction for the new metric of By, (§).
If x,y € By, (§) and r € J, then using (6.3) we have

0 - ol = [ ((5.306) (5. 5(60)) ds

’

< / Lxts) — ¥ ds

and hence

A

I(Fx) (1) — (Fy) (@] e ™ < / L1lx(s) — y(s)| e L= ds‘

= / L afs) = (o) ds|

T

t
< | [ Lot -, g

T

= (1=t ) e =y,
<(1=e)x=vl,.
Since this holds for all ¢, we have

|Fx—Fyll, < (1—e ™) [lx—yl,

for all x,y € By, (€), i.e., F is indeed a contraction.

120bserve that the choice of L was not needed before.
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Third step: existence and uniqueness of a maximal solution. We consider the set
{xq : Iy — X} of all solutions of (6.4). By the local existence this set is non-empty.

We claim that any two solutions are equal on the intersection of their domains.
Assume on the contrary that there exist two solutions x, : [, — X and xg : Ig — X
such that x, (') # xg(f') in some ¢ € I, N Ig. Assume by symmetry that 7/ > 7, and
let us denote by 7’ the greatest lower bound of these values ¢'. Then &' := x, (') =
xp(’): this is obvious if 7/ = , while for 7’ > 7 this follows by continuity from
the equality x, = xg on [z, 7’).

It follows that the problem

X =ftx), x()=¢

has at least two solutions in every arbitrarily small neighborhood (' — r, v’ + r) of
’. This contradicts the result of the preceding step.'3

Now we introduce the open interval'* I := U,l,, and for each t € I we define
x(t) := x4(f) where « an arbitrary index satisfying ¢ € I,. By the just proven
uniqueness property the definition does not depend on the particular choice of «,
and hence x : I — X is a solution of (6.4) that is an extension of every other
solution. O

6.4 Additional Results and Linear Equations

The conclusion of the Cauchy—Lipschitz theorem may be strengthened, and its proof
simplified under a somewhat stronger assumption. Let f : /xX — X be a continuous
function, where I is an arbitrary non-degenerate interval and X a Banach space.
Assume that there exists a continuous'® function L : I — R such that

|ftx)—ft, | <L@®|x—y| forall tel and x,ye€X.

We denote by C(1, X) the vector space of continuous functions x : / — X.'°

Proposition 6.4 For any given t € I and h € C(I, X) the integral equation

x(t) = h(r) + /rf(s,x(s)) ds, tel

has a unique solution x € C(I; X).

3The reasoning of the preceding step is valid for any other point (z’, §’) € D instead of (t, £).
14This is an interval because T € NI,.

5The local boundedness is already sufficient.

161f [ is compact, then this reduces to the former notation.
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Proof 1t is sufficient to prove that for each compact subinterval K C [ satisfying
7 € Kthemap F : C(K,X) — C(K, X) defined by the formula

(Fy) (1) = h()) + / Flsy(s) ds, 1€k

has a unique fixed point.

This is obtained by repeating the second step of the proof of the Cauchy—
Lipschitz theorem with C(K, X) instead of By, (£), and with the Lipschitz constant
L := max,ex L(1)."” O

The assumptions of the proposition are satisfied for the linear problems
X =A(x+ @), x(r)=§&, (6.5)

where A : [ — L(X,X) and ¢ : I — X are given continuous functions on an open
interval I = («, B). This is a special case of (6.2) with

D:=1xX and f(t,x) =A(t)x + c(1).

Indeed, since D,f (¢, x) = A(f), f and D,f are continuous.
An important feature of linear equations'? is the following:

Corollary 6.5 The maximal solution of the linear problem (6.5) is defined on the
whole interval I.

Proof We apply the preceding proposition with L(?) := ||A(?)]| . O

In the rest of this section we return to the general assumptions of the Cauchy—
Lipschitz theorem.

Proposition 6.6 Let x : (a,b) — X be the maximal solution of (6.2) and K C D. If
K is compact, then there exist two points t,t, such thata < t; <t < t) < b and
(ti,x(ti)) ¢ K, i=1,2.

Remark

e If dimX < oo, then the intuitive meaning of the proposition is that the maximal
solutions are defined up to the boundary of D.
In particular, if D = R x X and b < oo for the maximal solution x : (a, b) —
X of (6.2), then ||x(¢)| is unbounded as + — b. (A similar property holds if
a> —00.)
The last property does not hold in any infinite-dimensional Banach space,
even if f(#, x) is independent of #: see the comments on p. 343.

'"The first part of that proof is obvious here: F maps C(K, X) into itself.

I8Linear differential equations are studied in detail in Pontryagin [398], Burkill [70], Coddington
[111], and Walter [505].
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* The proof will show that for the existence of ¢, (resp. #;) it is sufficient to assume
instead of the compactness that X is closed, f is bounded on K, and b < oo (resp.
a> —oo).

Proof of Proposition 6.6 1f, for example, (z,x(¢)) € K forall ¢ € [7,b), then b < oo
by the compactness of K.

We claim that the limit x(b — 0) € X exists. Indeed, if a sequence (z,) C (z,b)
converges to b, then setting M := supy || f|| we have

Ittn) — (6| = |

/trmf(s,x(s)) dsH <Mlt,, —t,| = 0

as m,n — 00, so that (x(z,)) is a Cauchy sequence. Since X is complete, x(z,)
converges to some point x;, € X. As in the proof of Proposition 1.14 (p. 20), the
limit x;, does not depend on the particular choice of the sequence (#,). Therefore
lim;,_o X = Xp.

Since (b, x,) € K C D, applying Theorem 6.2 in (b, x,) we obtain an extension
of the solution x beyond b, contradicting the maximality of the solution. O

Next we prove that the solutions depend continuously on the initial data. This is
important for applications because the initial data usually come from measurements,
and hence they are only approximately known.

*Proposition 6.7 (Niccoletti) Assume that the conditions of Theorem 6.2 are
satisfied. Consider a solution x : J — X of (6.2) and fix a compact subinterval
[c,d] C J such that ¢ < © < d. For each ¢ > 0 there exists a § > 0 such that if
I — nll <6, then the maximal solution of the problem

Y =fty), y@) =n
is defined on an interval (a, b) containing [c, d] as a subset, and
|x(£) —y(®)|| <& forall te]c,d].

For the proof we need a lemma:

Lemma 6.8 (Gronwall) Let ¢ : [t,b) — R be a continuous, nonnegative
Sfunction. If there exist two constants C,L > 0 such that

t
p(t) < C+L/ @(s)ds forall t € [t,b)
then

@(1) < CH™  forall t e [t,b).
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Proof Integrating the inequality

i(e_”/ttqo(s) ds) =l ((p(t) - L/Itqo(s) ds) < Cel

between t and ¢ we obtain that

d C
e_L’/ o(s) ds < I (e_LI — e_L’).

Hence

t
o) < C+ L/ @(s) ds < C + Ce' (e — ™M) = e,

Proof of Proposition 6.7 First step. Let us introduce for each ¢ > 0 the set
Ko :={(t.y) eRxX : t€[c,d] and |x(r)—y| <¢'}.

Since Ko C D is compact and f, D,f are continuous, there exist two positive
constants M, L such that M > || f|| and L > ||D,f|| on Ky. If &’ > 0 is sufficiently
small, then K,y C D because D is open, and the inequalities M > | f|| and L >
|IDof || still hold on K- by continuity. We may assume that ¢’ < ¢. Applying the
Lagrange inequality it follows that

£, x(@) —f&. | < Llx(2) =y
for all (¢,y) € K.
Second step. Now choose 0 < § < e H4=9¢/ and assume on the contrary that
T < b < d (the case ¢ < a < 7 is similar). Then by Proposition 6.6 (and the second
remark following its statement) there exists a ¢’ € (z, b) such that ||x() — y(¥)| =
¢ and ||x(t) — y(t)|| < & forallt € [z,7).
Then we deduce from the integral equation for all 7 € [z, ¢') the estimates

I+ =30 = Je =l + | [ (53069 — 5,506 s

t
<5+ L/ |x(s) — y(s)|| ds.
T
Applying Gronwall’s lemma we obtain that

[ x(2) — y(0)|| < 8070 < §eld—O
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forall ¢ € [, 7). By continuity this holds for t = 7, too. This yields ||x(') — y(7')| <
¢’ by our choice of §, contradicting our initial assumption on 7. O

*Remark If we assume the local Lipschitz condition instead of the continuity of
Dyf, then the first step of the above proof may be modified as follows. For each
t € [c, d] there exist positive numbers &, &;, M;, L, such that if

t—7| <8 and |x(®)—y| <e.
then

(' x().(7.y) €D, |f(7.y] =M,

and

@ x() =& )| < L |xt) —y] -

We may cover [c, d] with finitely many intervals (¢;—6,,, #;+3;,). Then the required
property follows by choosing

¢ :=mineg;, M:=maxM; and L:=maxL,.

6.5 Explicit Solutions

Few differential equations may be solved explicitly. We briefly indicate two methods
here.!”

Separable equations We consider the problem
X =gOh(x), x(r)=¢

where g,h : R < R are continuous functions defined on open intervals. If t €
D(g), & € D(h) and h(§) # 0, then a maximal solution is given by the formula

/; h(ly) dy = /Ttg(S) ds.

Formally we integrate the equality

1

d.
h(x) dx = g(t) dt coming from d): = g(Oh(x).

1YMany more are given in Kamke [269]. See also Exercises 6.1-6.5, pp. 160-162.
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Fig. 6.6 Separable equation:
solution of the example

0.5 1

If & is locally Lipschitz continuous, then Theorem 6.2 applies, so that the maximal

solution is unique.?’

Examples

* The maximal solution of the problem
X =0, x(0) =1

is given by the formula

xl t
/ 2dy:/sds;
1y 0

hence (see Fig. 6.6)

x() =2/2—-1), —V2<t<2.

20The uniqueness holds without this extra hypothesis: see, e.g., Walter [505, pp. 16-17].
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* Consider the homogeneous linear differential equation
¥ =a(x, x(r)=E&,

where a : I — R is a given continuous function. If § # 0, then the formula

/;;)dy = /Tra(s) ds =: A(r)

yields the maximal solution
x(1) =&Y, rel. (6.6)

The last formula is also valid for § = 0.
Introduction of a new unknown function
Examples

e The problem
¥Y=14+x-0% x(0)=1
becomes separable by setting y(f) := x(¢) — #:
Y=y, y0)=1

Applying the preceding method we obtain the maximal solution

, —o<t<l.

1=t
=1+,

See Fig. 6.7.
* Finally we consider the non-homogeneous linear differential equation

X =a@®x+ b)), x(x) =§,

where a,b : I — R are given continuous functions. Motivated by the
formula (6.6) we seek the solutions in the form?!

x(1) = E(n)e?.
Then we get for & the homogeneous equation

£(1) = e Db(1).

2I'This is the simplest case of the method of variation of constants, due to Euler and Lagrange.
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r6

Fig. 6.7 New unknown function: solution of the example

Solving this we obtain at last the formula

r—2

-4

t
x(1) = A0 + / AVAOp(s)ds, rel

T

for the maximal solution of the original problem.

6.6 Exercises

Exercise 6.1 Solve the following problem:

(P —DxX +2t> =0, x(0) = 1.
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Exercise 6.2 (Homogeneous Equations) Prove that a differential equation of the
form

where f : I — R is a continuous function on some interval /, may be transformed
into a separable equation by introducing the new unknown function y := x/z.
Apply this to the equation

, 2 —x°

X = P

Exercise 6.3 (Exact Equations) Given two continuous functions g,h : D — R
defined on a non-empty open set D C R2, the formal expression

g(t,x)dt+ h(t,x)dx =0 (6.7)
means either one of the differential equations

dc  g(t,x) an dt h(t,x)
dt — h(t,x) de  g(t.x)’

i.e., we may consider either x as a function of #, or ¢ as a function of x.2
Prove that if there exists a function F : D — R of class C! satisfying?’

dF dF
D\ F = =g and D,F:= =h
dt dx

in D, then the solutions of the algebraic equations
F(it,x)=c, ceR

solve the differential equation (6.7).
Apply this method to the equation

, 214 3x
X = .
3x2—p3

22Sometimes it is easier to solve the second problem than the first one.
ZThen F is called a potential function for the vector field (g, h).
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Exercise 6.4 (Characterization of Exact Equations) Assume that the functions
g, h:D — Rin (6.7) are of class C!.

(i) Prove that if (6.7) is exact and g, h : D — R are of class C', then D,g = Dh
onD.

(i) Conversely, prove that if D is a rectangle and D,g = D;h on D, then (6.7) is
exact.

Exercise 6.5 (Multipliers) Sometimes an equation of the form (6.7) is not exact,
but there exists a non-zero function m : D — R such that the equivalent equation

m(t,x)g(t,x) dt + m(t,x)h(t,x) dx =0

is exact.
Solve the differential equation

xdt —(4Px+1)dx=0

by finding a suitable multiplier m(t), depending only on ¢.

Exercise 6.6 (Liouville’s Formula) Let A : I — R™" be a continuous matrix
function on an open interval I, and W : I — R™" a differentiable matrix function
satisfying the matrix differential equation W' = AW. Show thatw := detW : I — R
satisfies the differential equation

w = (trA)w.

Exercise 6.7 Consider the differential equation x'(f) = f(,x) where f : R> — R
is given by the formula

2t ifx> £,
flt.x) == q2x/t if |x| < 2,

-2t ifx < —£.

For which initial conditions does this equation have a unique solution?

Exercise 6.8 We consider the initial value problem
X =2t —2y/max{x,0}, x(0)=0.

Prove the following statements:

(i) The problem has a unique solution x : [0, c0) — R.>

24We consider a one-sided derivative at 0.
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(i) The method of successive approximations does not converge if we start with
xo() = 0.

(iii) The method of successive approximations converges to the solution if we start
with xo(f) = af? for some o > 0.

Exercise 6.9 Show that the function f : R? — R defined by

3

4t
f(0,0) =0, and f(t,x) = “ +);2 otherwise

is continuous.
Does the problem x’'(¢) = f(t,x), x(0) = 0 have a unique solution?

Exercise 6.10 (A Mean-Value Formula) Let u solve the differential equation
—u" 4 qu=Au

in an open interval I, where ¢ : I — R is a continuous function and A is a

nonnegative number.
Prove that
x+t . Wt — _
u(x — 1) + u(x + 1) — 2u(x) cos VAt = / 2(5)u(s) sin +/. (\/)L |x —s]) s
x—t

wheneverx ¢t € 1.

Exercise 6.11 (An “anti-Gronwall” Inequality) Prove that if a non-increasing
function E : [0, 0o) — [0, 00) satisfies for some o > 0 the condition

o0
O{/ E(s) ds < E(¢)
t
for all ¢+ > 0, then
E(1) < E(0)e'™

forallz > 0.



Chapter 7
Implicit Functions and Their Applications

In this chapter we continue to use the letters X, Y, Z to denote Banach spaces, i.e,
complete normed spaces.'

7.1 Implicit Functions

We consider the equation f(x,y) = 0 for some given function f : R? < R. When
we may solve it explicitly to get a function y = g(x), then the level curve

I':={(x.y) € D(f) : f(x,y) =0}

is equal to the graph

1(x,g(x)) = x € D(g)}

of g.

Such a representation does not always exist. For example, the level curve
of f(x,y) = x*> 4+ y? — 1, the unit circle, is not the graph of any function g : R < R,
because it has different points having the same abscissa. (See Fig. 7.1.)

However, if (xg, yo) € T and yy # 0, then in a small neighborhood of (xo, yo) the
level curve I' is the graph of the function

V1—x2  ify, >0,

gx) =
—V1=x2 ify, <0.

'We recall that all finite-dimensional normed spaces are complete.

© Springer-Verlag London Ltd. 2017 165
V. Komornik, Topology, Calculus and Approximation, Springer
Undergraduate Mathematics Series, DOI 10.1007/978-1-4471-7316-8_7



166 7 Implicit Functions and Their Applications

Fig. 7.1 Implicit functions

This example may be generalized:

Proposition 7.1 Let f : R” x R < R be a continuous function in a neighborhood
of (xo,¥0), satisfying f(xo,yo) = 0. Assume that for some neighborhood D x [yy —
d,yo + d] of (x0, o) the function

y = fxy)
is (strictly) increasing in [yo — d, yo + d] for each fixed x € D.

Then there exist an open neighborhood D' C D of xq and a continuous function
g : D' — R such that

{(y) eD xyo—dyo+dl : f(x,y) =0} = {(x.g() : xeD}. (1D

The proposition remains valid if we change the adjective “increasing” to “decreas-
ing”: it suffices to consider —f instead of f.

Proof Since f(xo,yo) = 0, and f(xo, -) is increasing in [y — d., yo + d], we have?

f(x0,y0 —d) <0 < f(x0,y0 + d).

2We indicate in Fig. 7.2 the sign of f at some points in the case n = 1.
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Fig. 7.2 Proof of
Proposition 7.1
Yotd Lo T +
R SR 0
Yo—d p--------- R -
X X0

Since f is continuous at the points (xo, yo = d), there exists an open neighborhood
D’ C D of xj such that

f(x,y0—d) <0 <f(x,y0 + d)
for all x € D’. By Bolzano’s theorem (p. 47) there is a point yg —d <y < yo + d
such that f(x,y) = 0. Since the function f(x, -) is increasing, this point is unique.
Setting g(x) := y we obtain therefore a function g : D’ — R satisfying (7.1), and
the inequalities
yo—d<glx) <yo+d (7.2)
forall x e D'.

It remains to show that g is continuous at each x € D’. For any fixed ¢ > 0,
using (7.2) we may choose 0 < &’ < g such that

[g(x) — &', g(x) + &1 C [yo —d.yo +d.
Repeating the above reasoning with
(x.g(x)) and D' x[g(x) — ¢ g(x) + €]
instead of

(x0,y0) and D x[yo—d,yo+d],
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we obtain a neighborhood D” of x such that

lg(®) —g)| <& <&

forall x € D". O

Next we give a more practical sufficient condition that also ensures the differen-
tiability of the implicit function:

Proposition 7.2 (Descartes—Dini) Let f : R" x R < R be a C* function in a
neighborhood of (xo, yo) for some k > 1. Assume that

f(x0,y0) =0 and D,f(xo,y0) # 0.

Then there exist a neighborhood V' C D(f) of (xo.yo) and a C* function g : R" —
R such that

{y) eV i fxy) =0} = {(x,g(x) : x € D(g)}. (7.3)

Proof Assume, for example, that D,f(x9,y9) > 0, and fix a neighborhood
D x [yo — d,yo + d] of (x0,y0) in which D,f(x,y) > 0. Then the hypotheses of
the preceding proposition are satisfied. Therefore there exist an open neighborhood
D' C D of xo and a continuous function g : D' — R satisfying (7.3) with
Vi =D x[yo—d,yo+d].

We prove that g is differentiable. Given (x1,y;) € D(f) arbitrarily, by the
differentiability of f there is a function u : D(f) — L(R" x R, R), continuous at
(x1,y1) and satisfying the relations

O y) = fGayn) = ulx, y)(x —xi,y — y1)
and u(x,y1) = f'(x1, y1). Equivalently, there exist two functions
u :D(f) = L(R",R) and u;:D(f) — R,
continuous at (x1, y;) and satisfying the relations
FOy) = fxyn) = wi(x, y)(x —x1) 4+ ua(x, y) (v — y1)

and?

ur(x1,y1) = D1 f(x1,y1),  ua(xr,y1) = Daf(x1,y1).

3For n > 1 the partial derivative D; f(x;,y) is defined in a generalized sense, as D, f (to, Xo) in the
Cauchy-Lipschitz theorem, p. 148.
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Choosing y = g(x) and y; = g(x;) we infer that

0= u1(x, g(0)(x —x1) + uz(x, g(x) (g (x) — g(x1)).

Since the composite function

x = uy(x, g(x)) = Do f(x, g(x))

is continuous and positive at xj, u(x, g(x)) > 0 in a suitable neighborhood D" C D’
of x1, and then

B _ mlngx)
gx) —glx) = uz(x’g(x))(x x1)

in D”. Since the fraction is continuous at x;, we conclude that g is differentiable at
X1, and

_ui(x, 8(x1)) _ Dy f(x1, 8(x1))
uz(x1, g(x1)) D> f(x1,8(x1))

Since x; is arbitrary, g is differentiable, and

gx) =

D ()
Ds f(x, g(x))

Moreover, the fraction on the right-hand side is composed of continuous functions,
sothat g € C'.

If f € C?, then the right-hand side of (7.4) is composed of C! functions (because
we already know that g € C'), so that g € C2. If f € C* for some k > 2, then by a
“bootstrap” argument (p. 143) we obtain that g € C*. O

g = forall xeD'. (7.4)

Remark In general we cannot express g explicitly from the defining equation
f(x,g(x)) = 0. However, its derivative may be computed at any given point
(x,y) € V' as follows. Differentiating the equation f (x, g(x)) = 0 we get

Dy f(x,g(x)) + D2f(x, g(x))g'(x) = 0,
whence*

Dy f(x.g(x)) _  Dif(x.y)

$ ) = g @)~ Daflry)

For f : R?> < R this formula often enables us to draw the graph of g and hence I'.

4Compare to (7.4).
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r—2

Fig. 7.3 Folium of Descartes

Examples
e Let us return to the example of the circle I'. Applying Proposition 7.2 to the
function

flx,y) :=x2+y2—1

at a point (xo, yo) € I" with yp # 0, we obtain the well-known fact that in a small
neighborhood of this point I' is the graph of a C*° function g : R — R.

* Descartes applied his theorem and the preceding remark to construct the tangents
to the curve defined by the equation x* + y* = 3xy. See Fig. 7.3.

* Let us consider the C* function f : R3 — R given by the formula

flu,v,y) = u? +v* + y* = 3uvy.

Since

af(l,l,l) =—1+#0,
dy
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writing x := (u,v) and choosing xo0 = (1,1), yo = 1 we may apply
Proposition 7.2. We obtain that in a suitable neighborhood of (1, 1, 1) the set

Ii={v,y) eR : u® +v> +y* = 3uvy}

is the graph of a C* function g : R? < R. Geometrically this is a surface.

In Sects. 7.4-7.5 we will generalize Proposition 7.2 for vector-valued functions
f by using a different method.

7.2 Lagrange Multipliers

Proposition 7.3 (Lagrange) Let fy,f : R" < R be C! functions, m > 2. Assume
that the restriction of fy to

I':={x € D(fo) N D(f) : f(x) =0}

has a local extremum at some point a € I'. Then

dofo(@) + Af' (@) =0 (7.5)

for suitable real numbers Ay and A, at least one of which is different from zero.

Remarks

* Apart from some pathological cases, the set I" is not open in R™, so that Fermat’s
theorem (p. 104) does not apply.

e The Lagrange multipliers Ag, A have a geometric interpretation. First let m = 2,
and consider a path on I' passing through a, i.e., a function y : (a, ) — R?
satisfying y(t9)) = a, y'(ty) # 0, and y(rf) € T for all . Then f o y vanishes
identically, while f; o y has a local extremum at #y. Hence

(foy) () = (fooy)(t) =0,
i.e.,
f(@)y'(t) = fo(a)y'(t) = 0.

Identifying y’(tp) € L(R,R?) with a non-zero vector v € R? and using
gradient vectors (p. 112) we may rewrite them in the form

Vf(a)-v = Vfy(a)-v = 0.
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Fig. 7.4 Orthogonality of the
gradient v

Vi(a)

Being orthogonal to the same non-zero vector, Vf(a) and Vfy(a) are parallel, and
the relation (7.5) follows. Geometrically v is the tangent vector at a to I, so that
Vf(a) and Vfy(a) are orthogonal to I" at a. See Fig. 7.4.
If m > 2, then we apply the above argument for every tangent vector v at a.
e Writing @ = (ai,...,a,) the proposition reduces to the problem of finding
the conditional extrema of the solutions of the (usually nonlinear) system of
algebraic equations

flay,...,an) =0,
AoDifo(a) + ADif(a) =0, k=1,...,m,
having m + 1 equations and m + 2 unknowns: ai, ..., an, Ao, A. The solutions

with Ag = A = 0 are of no interest.
In applications one can often show the implication

AM=0=—=A1=0

for all solutions. Then we may assume by a homogeneity argument that A = 1,
and the number of unknowns becomes equal to that of the equations. This new
system often has only finitely many solutions.
We give an important application in the next section.
* Sometimes (following Lagrange. .. ) the theorem is formulated with Ao = 1. The
examples

for,x) i=x1 and f(x1, %) =1 +23, (x1,x) € R?
and
Jo(x1,x) :==x; and f(x],x) = x? —x%, (x1,x) € R?

show that without further assumptions this formulation is incorrect.
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Proof If f’(a) = 0, then we may choose Ay = 0 and A = 1. Otherwise there
exists a k such that Dy f(a) # 0. To simplify the notation we assume henceforth that

Dy f(a) # 0.

By the results of the preceding section a has a neighborhood U C R™ such that
U N T is the graph of a suitable C' function g : D’ — R, defined on an open set D’
of R™~1,

Let (¢, g(c)) = a, then the function

hQ) :=fo(y.g(), yeD

or more explicitly

ROy Ym=1) = foO0ns e oo Y1801+« s Ym=1))s OVlsevvsYma1) €D’

has a local extremum at ¢, and hence /'(c) = 0, because D’ is open. Equivalently,’
Dy fo(a) + Dpfola)Drg(c) =0, k=1,...,m—1.
On the other hand, differentiating the identity
f(y.g») =0
at ¢ we get the equality
Dyf(a) + Dy f(a)Drg(c) =0, k=1,...,m—1.
Eliminating the terms Dyg(c) from these equations we obtain that
D, .f(a)Difo(a) — Dpfola)Dif(a) =0, k=1,...,m—1.
The last equality obviously holds for k = m, too, so that
Dy f(a)fg(@) = Dnfo(a)f'(a) =0,
i.e., (7.5) holds with

Ao =Duf(@ #0 and A= —D,f,(a). O

SWe differentiate fy (v1,. . ., Yin—1,801, -+ -» Ym—1)) With respect to yy.
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7.3 The Spectral Theorem

We use Lagrange multipliers in the proof of an important theorem of linear algebra.

Definition A linear map A € L(H, H) on a Euclidean space H is symmetric if

(Ax,y) = (x,Ay)

forallx,y € H.

Example Consider the usual scalar product on H = R™, and represent the elements
of H = R™ as column vectors. If (a;) is a symmetric matrix of order m, then the
formula

ap -+ Aim X1
Ax =

Aml *** Amm Xm
defines a symmetric map A € L(H, H) because
m m
(Ax,y) = Y agry; = Y axiyy = (x,Ay)
ij=1 ij=1
forallx,y € H.

Theorem 7.4 (Cauchy) If A € L(H,H) is a symmetric map on a finite-
dimensional Euclidean space H # {0}, then H has an orthonormal basis formed
by eigenvectors of A.

The key to the proof is the following lemma:
Lemma 7.5 A has at least one eigenvalue.

Proof The example on p. 104 shows that the formulas
fox) := (Ax,x) and f(x):= (x,x)—1
define two differentiable functions, and that

fol@h = (Aa, h) + (Ah,a) = (2Aa, h),
f(@h = (a,h) + (h,a) = (2a.h)

for all a,h € H. Since A is continuous, the linear maps fé,f’ :H — L(H,R) are
continuous, and hence belong to C*.
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Since H is finite-dimensional, its unit sphere
F={xeH : f(x) =0}

is compact (see Theorem 3.10, p. 79), so that the continuous function fy|r has a
maximal value fy(e). We claim that e € I" is an eigenvector of A.
By Proposition 7.3 we have

Aofo(e) + Af'(e) = 0,
ie.,
AoAe +Ae =0

for suitable real numbers Ay, A, at least one of which is non-zero. Since ¢ € T
implies that e # 0, the equality A¢ = 0 would imply that A = 0. Since this case is
excluded, we have Ay # 0, and then Ae = (—A/A¢)e. O

Remark Here we may avoid the use of Lagrange multipliers as follows. By the
definition of e, and since e # 0, for any given & € H we have

( e+ th e+ th
lle + th|| ||le + th||

) < (Ae,e)
or equivalently
(A(e + th), e + th) < (Ae,e)(e + th, e + th)
for all ¢ sufficiently close to zero. Since (¢, e) = 1 and (Ae, h) = (Ah, e), this yields

2t(Ae, h) + o(t) < (Zt(e, h) + o(t))(Ae, e).

Dividing by 2¢ and then letting t — +0 we conclude that (Ae, k) = (Ae, e)(e, h) for
all 1. Hence Ae = (Ae, e)e.

Proof of Theorem 7.4 We seek n := dim H vectors ey, ..., e, € H and real numbers
At, ..., A, satisfying the relations
(ei,e)) =38; and Aej = Aje; (7.6)
foralli,j = 1,...,n. Here §; denotes the usual Kronecker symbol:
1 ifi=j,

i =

0 ifisj.
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By the preceding lemma there exists a vector e; € H and a real number A; such
that

(@1,6‘1) =1 and AE] = A]El.

Let 1 < k < n, and assume by induction that there exist vectors ey, ..., e, € H and
real numbers A4, ..., A; satisfying (7.6) fori,j = 1,... k.
Let us introduce the linear subspace

Hy:={xeH : (x,e1) == (x,¢) =0}
and the restriction A; of A to Hy. If x € Hy, then Ax € H) because
(Ax,e;)) = (x,Ae;) = (x,Aie;)) = Ai(x,e;)) =0 forall i=1,...,k

by the symmetry of A.

Applying the preceding lemma for Ay € L(H,, Hy) instead of A, there exist a unit
vector ex41 € Hy and A;41 € R such that Aeg+; = Agyier+1. Using the definition
of H, the relations (7.6) are now satisfied forall i,j = 1,...,k+ 1.

After n steps we obtain a basis having the required properties. O

Remark The spectral theorem has countless generalizations to linear operators in
Banach spaces of arbitrary dimension. They play an important role in physical
applications.®

7.4 * The Inverse Function Theorem

It follows from the continuity of the determinant function that an invertible matrix
remains invertible if we slightly change its elements. The following proposition
extends this property to arbitrary Banach spaces.

Definition A continuous linear map A € L(X,Y) is continuously invertible if it is
bijective and if its inverse A~ is also continuous: A~! € L(Y, X).

Let us denote by Q (resp. ') the set of continuously invertible linear maps in
L(X,Y) (resp. in L(Y, X)).

%See, e.g., von Neumann [362] and Reed—Simon [406].
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Proposition 7.6
(a) Q2 is anopen setin L(X,Y). More precisely, if A € Q, B € L(X,Y) and

|A—B|| <1/ A7

: (1.7)

then B € Q.
(b) The formula ®(A) := A~! defines a homeomorphism between Q2 and .
(c) The functions ® : Q — Q' and ®~' : Q' — Q belong to the class C*.

Remark The set 2 may be empty. This is the case when X and Y have different
finite dimensions. In parts (b) and (c) we assume that 2 is non-empty.

Proof

(a) First we prove that B is a bijection, i.e., for each y € Y the equation Bx = y has
a unique solution. It suffices to show that the function ¢ : X — X defined by
the formula

e(x) :=x+A""(y—Bx)
has a unique fixed point, because the equality ¢(x) = x is equivalent to y = Bx.

By Theorem 1.10 (p. 16) it is sufficient to show that ¢ is a contraction. This
follows from the hypothesis ||A_l H -||A = BJ| < 1 because

lp(x) —p)ll = |[A™'(A - B)(x1 —x2) |
< A7 - 1A =Bl - lxi — x|

for all x;,x, € X.
To prove the continuity of B~ first we observe that

Ixll = A7 Ax]| < A7 - [lAx]

and

lAx][ < (A = B)x|| + [|Bx|| < [|[A = BI| - [|x[| + [|Bx]| .
Consequently,

Il < A7) - 1Axl < A7 1A = B - flxll + [1Bx]).
and hence

(= [A7 ] - 1A =Bl IIx]l < [|A7"] - 1Bx]
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for all x € X. Using (7.7) we conclude that B € €2, and

[a~"]

. (7.8)
1— A=t -]A - B

=

(b) The relation (A~!)"! = A implies that ® : Q@ — Q' is a bijection.
IfBeL(X,Y)and ||A—B| < 1/|A7"|, then using (7.8) we have

|57 A7 =[BT A -Ba™|
<|B7'- 1A - BIl- a7

_12
[a=]" 1A - BI
1= ATl A - B
If B — A, then the right-hand side tends to zero, so that & is continuous.
Exchanging the roles of X and Y we obtain the continuity of ®~! as well.
(c) By symmetry it suffices to show that ® € C*. First we show that @ is
differentiable at each A € 2, and
' (A)H = —A"'HA™" forall H e L(X.Y). (7.9)

Indeed, the linear map H ~ —A"'HA™! is continuous from L(X,Y) into
L(Y,X) because

|4~ HA™ | < a7 1)
for all H € L(X,Y). Furthermore,

OA+H)— dA) + A THA™!
=A+H '—AT" A THAT!
=A+H 'A-A+H +A+HA'HA™!
= A+ H) 'HAT'HA™!
= o(H)

as H — 0. Indeed,
A+ HAT HAT | < A+ B - A7) 1H)
and

lA+8)7"-[a7") 1H] — o.
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To prove that ® € C*, we write (7.9) in the form & = ¢ o (P, ®) with the
bilinear map

¢(C.D)H := —CHD.

The trivial estimate
[-CHD| < ||C|| - [|H]| - |1D|

shows that
¢ L(Y,X)* > L(L(X, Y), L(Y, X))

is a continuous bilinear map (with norm < 1). Hence ¢ € C°. Since @ is

differentiable, using the formula ® = ¢ o (®, @) a bootstrap argument (p. 143)
shows that ® € C*°. O

Definition Let U C X and V C Y be two open sets. A bijection f between U and V
is called a C*-diffeomorphism if f € C* andf~! € C*.

Example The map A — A~! of the preceding proposition is a C*°-diffeomorphism
of € onto Q’.

Now we are ready to prove the following fundamental theorem:
Theorem 7.7 (Inverse Function Theorem) Let X, Y be Banach spaces and
f 1 X < Y a C* function for some k > 1. If f'(a) € L(X,Y) is invertible at

some point a € D(f), then there exist an open neighborhood U of a and an open
neighborhood V of f(a) such that f|y is a C*-diffeomorphism of U onto V.

Proof We proceed in five steps.

(i) Changing f to [f’(a)]”! o f we may assume that ¥ = X and f'(a) = I (the
identity map of X). Since f’ is continuous at a, there exists an open ball U
centered at a such that

[1-f'@| < ; forall xeU. (7.10)

Then f/(x) is invertible for each x € U by the preceding proposition.

(i) Since U is convex, it follows from (7.10) by applying the mean value theorem
that

G —f0a) — (2 — F))]| < ; I — (7.11)
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for all x;,x, € U. Since

1 =22l = 1 Ce) =f O = [[Ger = f(x1)) = G2 = f )

this yields the estimate

1
lf(x1) —f(2)| = ) |lx1 —x2]] forall xj,x € U. (7.12)

The inequality (7.12) implies that f|y has a continuous inverse g.
We show that V := f(U) is an open set. Fix yo = f|y(xo) € V arbitrarily, and
then fix r > 0 such that

K := By (xp) C U.

It suffices to show that B,(yo) C V.
Choose y € B,(yy) arbitrarily and consider the map  : K — X defined by
the formula

Y =y +x—fx).

The estimate (7.11) shows that ¥ is a contraction. Furthermore, ¥ (K) C K,
because for x € K we have

1Y () = xoll < [[¥(x) = ¥ (xo) || + [[¥ (x0) — xo|

1
=, llx = xoll + Iy — yoll
<r+r=2r

Since K is closed and hence complete, ¥ has a fixed point x € K by
Theorem 1.10 (p. 16). Then x € U and y = f(x) € V by the definition of

V.
We show that g is differentiable and g’ = ®of’ o g, where ® : Q — Q denotes
the C*°-diffeomorphism of Proposition 7.6. (Now we have Q' = Q because
Y=X)

Fix yo € V arbitrarily. Since f is differentiable in xyp := g(yo) € U, there
exists a function u : U — L(X, X), continuous at xo and satisfying

J () —f(x0) = u(x)(x — xo)

for all x € U. Writing y = f(x) this implies that

y—yo =u(g(y) (&) —g0o))

forally e V.
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Since (1o g)(yo) = u(xg) = f’(xo) is invertible and u o g is continuous at yy,
by Proposition 7.6 there exists a neighborhood V' C V of y such that u(g(y))
is invertible for all y € V’. Hence the formula

v:i=®ouog

defines a map v : V' — L(X,X) that is continuous at y, and satisfies the
equality

g —8(o) = v(¥)(y—yo)

for all y € V'. We conclude that g is differentiable at y,, and
8'00) = v(yo) = ®(f'(g(0))).
(v) In the just proven equality
g =®of og

we have f’ € C*~! by assumption. Since ® € C* and g is continuous, g’ is
also continuous, i.e., g € C'. By the usual bootstrap reasoning (p. 143) we
obtain that g € CK. If f € C™, then we get g € C for all finite k, i.e., g € C*.

O

Remark 1f X is finite-dimensional, then we may avoid the application of the fixed
point theorem as follows.” Without loss of generality we may assume that the norm
is Euclidean. Choose yo = f|y(xo) € V and r > 0 as in part (iii) of the preceding
proof. Given y € B,»(yo) arbitrarily, we minimize the differentiable, and hence
continuous, function p(x) := || f(x) — y||2 on the compact ball By, (xg). Since

,
I1f Cro) = yll = flyo =¥l <.
while on the boundary of this ball using (7.12) we have

r 1 r r
— — — > — — =
1£G) =31 > £ =yoll = ) = ) lx =0l = = .

the minimum is attained at some interior point x of the ball, and therefore p’(x) = 0.
The required equality f(x) —y = 0 follows because

0= p'()h =2(fx) —y.f ()h)

for all h € X, and f’(x) is onto.

It may be adapted to infinite-dimensional Hilbert spaces, too.
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7.5 * The Implicit Function Theorem

Using the inverse function theorem we may greatly generalize Proposition 7.2
(p. 168).

Definition The Banach space X is the direct sum of its closed linear subspaces R
and S if

RNS={0} and R+S=X.

Theorem 7.8 (Implicit Function Theorem) Letf : X < Y be a C* function
where X, Y are Banach spaces and k > 1. Let a € D(f) and consider the set

I:={xeD(f) : f(x) =f(a)}.
Assume that X has a direct sum decomposition X = R + S such that f'(a)|s €
L(S, Y) is invertible. Then there exists a neighborhood U of a and a C* function
g : R < S such that
UNT ={(r,g(r)) : reD(g)}.
Proof We proceed in four steps.
(i) The formula
F(r,s) = (r.f(r,s))
defines a C* function F : D(f) — R x Y. Setting
A=f(a)lg and B=f"(a)ls
we have

fl(a)x =Ar+Bs forall x=r+s with reR, s¢cS&,

i.e.,
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Since B is invertible by assumption, a matrix computation shows that F/(a) is

invertible, and
—1 1 0 r
Fl(a) ' (r,y) = (—B_lA 51)\)

Applying the inverse function theorem there exist open neighborhoods U, V

of a € X and F(a) € R x Y such that F| is a C*-diffeomorphism of U onto V.

(i) We claim that U N I" is the graph of a suitable function g : R < S. It is

sufficient to show that if (r, s), (r,5) € U and f(r,s) = f(r,5), then s = §. This
follows from the injectivity of F|y because

F(r.s) = (r.f(r.s)) = (r.f(r.5) = F(r.5).
(iii)) We show that g is defined on an open set. We observe that

D(g) = {r € R : forsome s € S we have (r,s) € U and f(r,s) = f(a)}
= {reR : forsomes € S we have (r,s) € U and F(r,s) = (r,f(a))}
={reR : (r,f(a) € V}.

Since V is open, the last expression shows that D(g) is open, too.
@iv) If r € D(g), then

F(r,g(r) = (r.f(r,g(r)) = (r.f(a)),
so that
(Flo)~ (r.f(@) = (r,8(r)).

Since (F|y)~" € C*, its component g is also of class C*. O

Example We consider the function
f: R} — Rz, flxr,x2,x3) = (x] + x2 +x3,x% +x§ +x§)

in a neighborhood of a = (0, 1, 0). Since

(111
r@=(g50)-
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representing R? as the direct sum of
R={(r,0,0) : reR} and S ={(0,s2,53) : 82,53 € R},

f'(a)|s is invertible: its matrix is composed of the last two columns of the above
matrix.
Applying the theorem near (0, 1, 0) we obtain that

I = {(xl,xz,x3) eR i xi+xm+x= xf —i—x% —}—x% = 1}
is the graph of a suitable C* function g : R < R?. Geometrically this is a space

curve.

Remark More generally, if the theorem may be applied to a function f : R" < R"
in some pointa € R™, then I is an (m—n)-dimensional manifold® in a neighborhood
of a.

7.6 * Lagrange Multipliers: General Case

Let D be an open set in a Banach space X, and fy : D — R, f : D — R" two
C' functions. We seek the local extrema of f; under the condition f = 0. Writing

f=(fi,....f,) we have

F={xeD: filx) =---=f(x) =0}.

Theorem 7.9 (Lagrange) If fo|r has a local extremum at a, then
Aofo(@) + -+ Aufr(@) =0 (7.13)
for suitable real numbers Ay, ..., A, at least one of which is non-zero.

Remarks

* The existence of non-trivial Lagrange multipliers with Ao = 0 means that the
derivatives f{(a), . . ., f,(a) of the constraint functions are linearly dependent, but
it does not provide any information concerning the possible extremal values.

* Lyusternik generalized this theorem for functions f : D — Y with arbitrary
Banach spaces Y.

+ Kuhn and Tucker proved sharper results when the functions f; are convex.’

8See, e.g., Milnor [348] for more details.
°See, e.g., [285, Theorem 1.10].
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Proof We consider the C! function
F:=(fo.....f,) : D - R"*!

where R"*! is endowed with the usual scalar product. It is sufficient to show that
the linear map F'(a) € L(X,R""') is not onto. Indeed, then there exists a non-

zero vector (Ao, . .., A,) that is orthogonal to its range M in R"*!, and hence (7.13)
follows.'?
Assume on the contrary that M = R"*! and choose ey, . . ., e, € X such that

F'(a)eg, ..., F (a)e,

is a basis of R"™!. We claim that the restriction of F to Y := vect{eo....,e,}
satisfies at a the assumptions of the inverse function theorem.

Indeed, F € C! in a neighborhood of a, and F’'(a) € L(Y,R"™") is onto by our
assumption. Moreover, since dim Y = dim Rt F! (a) is an isomorphism.

By Theorem 7.7 the function F : ¥ < R"*! is a local diffeomorphism at a.
Consequently, the formula'!

1
= F_l(fo(a) + ,0,...,0)
n
defines two sequences in I', converging to a and satisfying the inequalities

fox)) < fola) < folxh)

if n is sufficiently large. But then fy| cannot have a local extremum at a. O

7.7 * Differential Equations: Dependence on the Initial Data

We return to the initial value problem

X =ftx), x(r)=E¢& (7.14)

investigated in Chap. 6. We assume that f : D — X satisfies the conditions of the
Cauchy—Lipschitz theorem (p. 148). We fix a solution x : J — X (7.14) and a
compact subinterval I = [c, d] of J satisfying ¢ < t < d.

10We may take, for example, (A, ..., A,) := x —y, where y is the orthogonal projection of an
arbitrarily chosen point x € R"*!\ M in the sense of Proposition 3.12, p. 81. The subspace M is
finite-dimensional, hence closed.

'The formula is meaningful if n is sufficiently large.
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By Proposition 6.7 (p. 155) there exists a continuous function g : U — C(I, X)
defined in some neighborhood U of £ such that for each n € U, g(n) is the restriction
to I of the maximal solution of the problem

Y =fty). y(@) =n.

In fact, g is more regular'’:

Proposition 7.10 The map g is continuously differentiable. If, moreover, Déf exists
and is continuous for some k > 2, then g € C~.

Proof

(i) Since the graph of x|; is compact, there exists an » > 0 such that s € [ and
llz = x(s)|| < rimply (s,z) € D. Therefore the formula

F(1.3) (1) = () — 7 — / Fls.y(s)) ds

defines a function F : X x V — C(I,X) for some open neighborhood V of
g(&) = x|y in C(I, X). Since F(n, g(n)) = 0 for all n € U, it remains to prove
that F satisfies the conditions of the implicit function theorem (p. 182).

(ii)) The map

VoursDyf(-,u(r) € CU,X)

is continuous. For otherwise there exist u € V, ¢ > 0 and two sequences
(ux) C Vand () C I such that ||ux — u|,, — 0, and

| D2 f (tx, uk(tx)) — Do f (tr, u(t))|| > & (7.15)

for all k. Since the interval I is compact, we may assume by taking a
subsequence that f;, — ¢ € I. Then u(t;) — u(¢) and ui(t;) — u(t), so that
the left-hand side of (7.15) tends to zero by the continuity of D, f at (¢, u(¢)).
This contradicts the choice of €.

(iii) We claim that F € C! in X x V, and

F'(n,3)(0,2)(1) = z(t) — 6 — / Dy f (s, y(5))z(s) ds (7.16)

for all

(n,y)eXxV, (0,2)eXxC(,X) and tel.

12Further results are given, for example, in Coddington—Levinson [112] and Pontryagin [398].
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For each fixed (17, y) € X x V, denoting temporarily by A(6, z)(¢) the right-hand
side of (7.16), the trivial estimate

4G, = (14 [1D2£(5:56)] ds) - 18] + el

shows that A € L(X x C(I,X), C(I, X)).
Furthermore, if (0, z) is sufficiently close to 0, then the following equality
holds for all ¢ € I

h() - = F(n+ 0.y + 2) (1) — F(1.y)(1) — A(6,2) (1)

. / F.3(5) + 2(5)) — £(5. ¥(8)) — Daf(s. y(s))=(s) ds

-/ [D2(5:5(6) + r26)) — D5 YO Jes) i .
Using (ii) we conclude for each fixed (1, y) € X x V the relation
17loo = o(llzlloe) as  llzllee = O
This estimate is even stronger than the estimate
7o = 0101 + llzlleo) as 18] + [|z]log = O

ensuring the differentiability.

Using (ii) again, the equality (7.16) also implies that F’ is continuous at
every point (1,y) € X x V.
We show that D,F(§,g(§)) = D,F(&,x|;) is invertible. For any fixed & €
C(1,X) the equation D,F(§,x|;)z = h is equivalent to the linear integral
equation

z() — /tsz(s,X(S))z(s) ds =h(t), tel.

This equation has a unique solution by Proposition 6.4 (p. 153)."
If D’if exists and is continuous for some k > 2, then a straightforward
adaptation of the computation in (iii) above shows that F € C* and

FOMy) (0r.20). .. (65)) () = — / DLf(s.v(5))z1(5) - 21(s) s
forj=2,...,kand forall

(.y) €XxV, (Br.z1).....(0.2) €eXxCUI.X) and el O

13We may choose L(f) = ||D,f(t, x(1)|.
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7.8 Exercises

Exercise 7.1 (Cayley—Hamilton Theorem) Let A be a real or complex matrix of
order n with characteristic polynomial

det(tI —A) = C()tn —+ Cltn_l + o4 Ch.
(i) Show that
det(I—tA) =co+cit+ "'+Cnln

for all 7 # 0.
(i) We recall the identity

det(l — tA)I = (I — tA) adj(I —tA)*

where adj B denotes the determinant formed by the algebraic adjugates of the
matrix B.

Show that if 7 is sufficiently close to zero, then I — fA has an inverse equal
to ] + tA + rPA% + -, so that

I+ 1A+PA2 4o+t + -+ cut”) = adj(l — 1A).

(iii)) Show that the right-hand side is a matrix-coefficient polynomial of degree <
n — 1, so that after development and simplification the left-hand side does not
contain the power ".

(iv) Infer from the preceding assertion that

A" + A" 4+ 4l = 0.

Exercise 7.2 (Tangent Lines) Determine the equations of the tangent lines at a
given point (xo, yo) of the following curves:

(i) the ellipse

PR

a2+b2 =1 (a>b>0)
(ii) the hyperbola

2y

2 =1 (a>b>0)

(iii) the parabola

X =2py (p>0).
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Exercise 7.3 (Folium of Descartes) Consider the equation'*
P 4+y =3y =0.
Assuming that y is a function of x, find the maxima and minima of y(x).

Exercise 7.4

(i) Prove that the function f : R — R defined by the formula f(0) := 0 and
5 .1 .
f(x) ;= x4+ 2x"sin otherwise
X

has a bounded derivative at (—1, 1), f/(0) # 0, but f is not monotone in any
neighborhood of 0.
(ii) Prove that the formula

f(x,y) := (e* cosy, e siny)
defines a C* functionf : R?> — R? whose derivative does not vanish anywhere,
but f is not one-to-one.
Why don’t these examples contradict the inverse function theorem?

Exercise 7.5 (Inequalities) Prove the following inequalities by using Lagrange
multipliers:

(i) (Euclid, Cauchy) The arithmetic and geometric means of any positive numbers
X1, ..., X, satisfy the inequality

. Xp+X2+ -t X
XXy Xy < .
n

(i) (Young)If p,q > 1 are conjugate exponents, i.e.,if p~' 4+ g~' = 1, then

xP x4
xy= +
p q

for all x,y > 0.
(iii) (Holder) Given two conjugate exponents p,q > 1, any positive numbers
X1, ..., X%, and yy, ..., y, satisfy the inequality

XXy o Xy < O+ e x)POT e+ yD)

When do we have equality in the above inequalities?

14See Fig. 7.3.
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Exercise 7.6 (Power Means) Given positive real numbers ay, . .., a,, set f(0) :=
Jaas ... ay, and

f) = (ajl(+a§+m+af‘)l/x if xeR\{0}.

Prove that f is non-decreasing and continuous.

Exercise 7.7 Solve the following problems:

(i) Among all right parallelepipeds of a given volume, which has the smallest
surface area?
(i1)) Among all triangles of a given perimeter, which has the largest area?
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Approximation Methods

The computational needs of celestial mechanics and navigation led Napier [358] and
Biirgi [68] to the discovery of the logarithm. Briggs [66] improved Napier’s tables;
in his work he employed the divided differences of Harriot [223] and interpolation.

Descartes’s analytical geometry [125] increased the importance of the solution
of algebraic equations.

Independently of some similar results of Briggs [66] and Gregory [208], Newton
[367] generalized the binomial formula by expanding the function (1 + x)'/? into a
“Taylor series”.

In his differential calculus, Newton [369] developed a general method for the
numerical solution of not necessarily algebraic equations. It was subsequently
studied by Raphson [403].

Newton [369] also obtained integral estimates by interpolation. His method was
completed by Cotes [113].

Euler [146, 148] and Maclaurin [340] found a powerful way to estimate the sum
of series of the form )_ f(n) for regular functions f.

Euler [156] invented a classical method for the numerical solution of ordinary
differential equations. It was improved by Runge [433]. Generalizing his idea, Heun
[235] and Kutta [299] constructed efficient algorithms.

Gauss [187] improved the Newton—Cotes formulas by a clever choice of the
interpolating abscissas. His results led to the rich theory of orthogonal polynomials,
developed by Legendre [325], Jacobi [255], Chebyshev [95, 96], Hermite [232],
Posse [399], Laguerre [313], Stieltjes [463], Markov [342, 343] and many others.

Completing the unpublished work of Fourier, Sturm [473] devised an elegant
algorithm for the localization of the real roots of polynomials. Sturm-type polyno-
mial sequences also appear in a natural way in the theory of orthogonal polynomials
and when finding eigenvalues of symmetric matrices.

The following works contain rich historical accounts on this subject: [62, 72, 81,
100, 137, 197, 216, 217, 246, 277, 475, 493].

In this chapter we can only treat some selected topics. Many other questions are
studied in the following books: [100, 108, 110, 121, 246, 254, 298, 316, 404, 476].



Chapter 8
Interpolation

In order to shorten tedious astronomical computations, for centuries multiplication
was transformed into addition by using the trigonometrical identity

2cosa cos B = cos(e + B) + cos(a — B).

The increasing pressure imposed by navigation led Napier and Biirgi to the
independent invention of the logarithmic function, which yielded the more tractable
identity

log(ab) = loga + logb.

After twenty years of hard work, Napier published his logarithmic tables.

Briggs, greatly impressed by his achievement, with the agreement of the already
old Napier, constructed much more precise logarithmic tables, in base 10. Thanks
to his clever ideas on accelerating the computations, it took him much less time
than before. As we will see in this chapter, his interpolation technique proved to be
extremely fruitful in the later development of mathematics.

In this chapter we denote

* by P the vector space of real algebraic polynomials,
* by degp the degree of a polynomial p, and
* by P, the subspace {p € P : degp < n} of dimensionn + 1 forn =0,1,....
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We recall that, counted with multiplicity, a non-zero polynomial has at most as
many real roots as its degree.! It follows that if a polynomial p € P, has more than
n real roots, then p = 0.

Until now the spaces C"(I) have only been defined for open intervals. It is useful
to generalize them as follows:

Definition Given an arbitrary interval / and a nonnegative integer n, we denote by
C"(I) the set of functions f : I — R that may be extended to functions of class C",
defined on some open interval containing /.

Equivalently, f belongs to C" in the interior of I, and f,f’,..., f(”) may be
extended continuously to 1.3

We write simply C(/) instead of C°(I).

In this chapter we assume that I = [a, b] is a non-degenerate compact interval,
e, —o0o <a<b< oo.

8.1 Lagrange Interpolation

Given finitely many points xi,...,x, € I and corresponding real numbers yy, ...,
yu, 1 > 1, we seek a polynomial p of minimal degree, satisfying the equalities (see
Fig. 8.1)

pOx) =y, k=1,...,n (8.1)

Proposition 8.1 (Lagrange)

(a) There exists a unique polynomial p € P, satisfying (8.1).

(b) Foreveryf € C(I) there exists a unique polynomial p € P,—, satisfying
pxe) =f(w), k=1,...,n.

Definition The polynomial p is called the Lagrange interpolating polynomial of f
associated with the points or nodes xi, . .., x,.

"We say that a is a root of multiplicity m of a function f if

fP2%) =0 for j=0,...,m—1, and f™(a)#0.

2We recall that in this book the symbol = means that equality holds for all points where both sides
are defined.

3In higher dimensions this equivalence holds only for domains having a sufficiently regular
boundary. See, e.g., Grisvard [211].
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Fig. 8.1 Lagrange
interpolation

Proof 1t is sufficient to prove (a): (b) then follows by choosing y; := f(xt).
Existence. Introducing the Lagrange basis polynomials

1<j<n k_x]
J#k
we have
1 ifk=j;
ﬁk € P,—1 and Kk(xj) = 8kj = . J
0 ifks#j

for all k. Then p := Y ;_, yi{x belongs to P,—; and satisfies (8.1).
Uniqueness. If g € P,—; satisfies

qxy) =w, k=1,...,n,
then p — ¢ has more roots than its degree, because deg(p —q) < n—landp — ¢
vanishes at xi, ..., x,. Hence p — g = 0 and thus p = q. O
Remark Setting w(x) := (x — x1) - - - (x — x,,) we have the more compact formula
w(x)
be(x) =
o' (xg) (x — x)
for each k and for every x # x;.

The formula Lf := p defines a linear projection L : C(I) — P,—;, because
Lf = f forevery f € P,—i.
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If f is sufficiently smooth, then Lf is a good approximation of f:

Theorem 8.2 (Cauchy) Letf € C"(I). Foreachx € I there existsa & = £(x) € 1
such that

w(x)

f) = @LH) = fOE). (8.2)

n!

Consequently,

I~ Ll = 12V 0, 83)

Proof 1t suffices to prove (8.2). If x € {xi, ..., x,}, then both sides vanish for all &.
Henceforth we assume that x ¢ {x1, ..., x,}. Then the formula

f0) - wHe

g(y):==f(y) — LNy - 0(0)

(») (8.4)

defines a function g € C"(/) that has at least n + 1 different roots in /: g(x) = 0,
and g(x;) =Oforallk=1,...,n.

A repeated application of Rolle’s theorem yields that g’ has at least n different
roots, g” has at least n — 1 different roots, and so on. Finally, g™ (§) = 0 for at least
one point £ € I.

Differentiating (8.4) n times we obtain the identity

f0) - LHe

My — £00( oy _
gy ="y ()

because (Lf)™ = 0 and 0™ = n!. Choosing y = £ we obtain the required
equality. O

Remark The estimate (8.3) is optimal in the sense that we have equality for every
polynomial f € P, (and both sides are different from zero if degf = n), because
f — Lf is a multiple of w by (8.2).

8.2 Minimization of Errors: Chebyshev Polynomials

The estimate (8.3) suggests the problem of seeking xy, ..., x, € I so as to minimize
the constant ||| . To simplify the notation we assume that / = [—1,1].*

4The general case follows by an affine change of variable.
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Theorem 8.3 (Chebyshev) We have
o)l = 2"
for every choice of points x; > --- > x, in I := [—1, 1], with equality if
2k —1
xkzcos( ]T), k=1,...,n. (8.5)
2n
For the proof we introduce the functions
T,(x) := cos(narccosx), x€[-1,1], n=0,1,...; (8.6)
see Figs. 8.2-8.7.
Lemma 8.4 We have To(x) = 1, T\ (x) = x, and
Thr1(x) = 2xT(x) = Tp—1(x), n=1,2,.... (8.7)
Consequently, T, is a polynomial of degree n. Finally, the equality
. 2k—1
70 =27 (x=eos (7, ")) -
() [T (x=cos 0y T (8.8)
k=1
holds foralln > 1 and x € [-1,1].
Fig. 8.2 T;(x) 14
0.5
-1-08-06-04 02 02 04,06 08 1
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Fig. 8.3 T»(x) 1
0.5

-1 -0.8 X0.6 -0.4 -0.2
Fig. 8.4 T;(x) 14

0.5

02 04 XO.G 0.8

1

-1 40.8 0.6 -0.4 -0.2

Fig. 8.5 T4(x)

02 04 06 0.8
X

1




8.2 Minimization of Errors: Chebyshev Polynomials 199

Fig. 8.6 Ts(x) 14
0.5

-1/ <08 -0k -0.4 <02 02 04 0% 08 |1
-0f5
1
Fig. 8.7 Ts(x) 1
0.5

7 04 06 KJ1

X

Proof The equalities To(x) = 1 and T;(x) = x are obvious. The relation (8.7)
follows from the trigonometric identity

cos(n + 1)t = 2 costcos(nt) — cos(n — 1)t

with the substitution ¢ := arccos x.

Using (8.7) we obtain by induction on n that 7, is a polynomial of degree n, and
that its main coefficient is equal to 2~ forn = 1,2,.... For (8.8) it remains to
show that T}, vanishes at the n points

3 2n—1
(1 >)cosn > cos n>--->cos< " n)(>—1).
2n 2n 2n

This can be checked by a direct computation: using (8.6) we have

Tn<cos(2k2; lrr)) = cos <2k2_ lrr) = (—l)kcos;r =0

forallk=1,...,n. O
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Proof of Theorem 8.3 It follows from the definition (8.6) of the Chebyshev polyno-
mials that the polynomial p := 2'7"7T, satisfies ||p|l, = 2'™. If we choose the
points x; according to (8.5), then @ = p by (8.8), so that |||, = 2'™". It remains
to establish the inequality ||@| s > |IP|loo in the general case.

Assume on the contrary that ||®] s, < ||plle fOr some point system (x), and
consider the points

km
yy=cos , k=0,...,n
n

Observe that
I=yy>y >->y, =—1,

and that p(yr) = (=1)*||plle for k = 0,...,n by (8.6). Using the assumption
lo]loo < llPlleo We conclude that

sign (p—w)() = (=DF, k=0,....n.

Hence the polynomial® p — w € P,_; has at least one root in each of the pairwise
disjoint intervals (y,, yu—1), - - - » V1, Yo). Since it has more roots than its degree, we
conclude that p = w, contradicting our hypothesis |®| oo < |P]loo- O

8.3 Divided Differences: Newton’s Interpolating Formula

The Lagrange interpolation formula has a drawback: when we add a new point, we
have to recompute all the coefficients. For practical computation it is better to follow
Newton’s original suggestion to seek an interpolating polynomial of the form

(Lf)(x) = A1 + As(x —x1) + -+ Ap(x —x1) -+ (X — Xp—1). (8.9)
Choosing x = xj,...,x, we may determine consecutively the coefficients
A Ag, .. A

We may also give an explicit formula for the coefficients as follows. Given k

distinct points xj, . . ., x;, we introduce the polynomial

wp(x) = (x—x1) -+ (x — xz)

3Observe that the main terms of p and  eliminate each other.
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and the symmetric function

k
f(xl,...,xk) = Z f('xj)
j=1

— (%)

For k = 1 the latter coincides with the usual meaning of f(x;), while for n = 2 we
have

f) = f0)

X2 — X1

fx1,x2) =

Proposition 8.5 (Newton)

(a) The Lagrange interpolating polynomial is given by the formula

n k—1
LHE) =Y fOr x| [e—x). (8.10)
k=1 j=1
(b) The coefficients in (8.10) may also be computed by the formulas of divided
differences:
. x0) _ S S f e me) s gy
Xk — X1
Proof
(a) Define the numbers A; by (8.9), and introduce for each m = 1,...,n the
polynomial
m k—1
pn@) =Y A [ [x—x. (8.12)
k=1 j=1

Then p,,, € Piu—1, and p,,,(xx) = (Lf) (xx) = f(xx) whenever k < m, so that p,, is
the Lagrange interpolating polynomial of f associated with xi, ..., x,,. Hence,
using the remark preceding Theorem 8.2,

Pn(@) = > f(x) “n') (8.13)
k=1

o}, () (x — xz)

for every x € R\ {x1,...,xn}. The equality A,, = f(x1,...,xn) follows by
comparing the main coefficients on the right-hand side of (8.12) and (8.13).
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(b)

8 Interpolation

We introduce the Lagrange interpolating polynomials p,g € Pi—, defined by
the conditions

px) =f(x), 1 <j<k—1 and q(x) =f(x), 2<j=<k
and we define r € Py_; by the formula

T+ T pw. (8.14)
X1 — X1

x—
r(x) =
Xk — Xk

It is easy to check that r(x;) = f(x;) for every 1 < j < k, so that r is the
Lagrange interpolating polynomial of f associated with xp, ..., xx.

Using (a) the main coefficients® of p, ¢, r are equal to

fxr, .o, xk—1),  flx,...,x) and f(xg,...,xx),

respectively. Using (8.14), (8.11) follows. O

Example Letf(x) =x3,n=3,x = 1,x, = 2, x3 = 4. The scheme

x1 f(x1)
fx1,x2)

X2 f(x2) S, x2,x3)
S(x2,x3)

x3 f(x3)

makes it easy to determine the polynomial

(L) (x) = f Q1) + fe1, x2) (x — x1) + f(x1, %2, 23) (X — X1) (x — x2);

in the present case we may deduce from the scheme

that

LHx)=14+7x—1)+7(x—1)(x—2).

SMore precisely, we take the coefficients of x*~2 in p, ¢ and of x*"!in r.
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8.4 Hermite Interpolation

Consider n distinct points xj,...,x, € [ and corresponding positive integers
mi,...,m,. Given a set

{y]((’)kzl,,n, j:()""’mk_l}

of real numbers, we seek a polynomial p of minimal degree, satisfying the following
conditions:

) =y, k=1.....n. j=0.....m—1. (8.15)

The following generalization of Proposition 8.1 holds:
Proposition 8.6 (Hermite) Putm = m; + ---+ m,.
(a) There exists a unique polynomial p € P, satisfying (8.15).
(b) Iff € C™(1), then there exists a unique polynomial p € P,— such that
P00 =), k=1,....n, j=0,....m—1. (8.16)

Proof As in Proposition 8.1, it is sufficient to prove (a). We have to show that the
linear map A : P,,—; — R™, defined by the formula

Ap = (p(a), ... p" V), () PV (),

is bijective. Since
dimP,—; = dimR" < oo,

it is sufficient to check that A is one-to-one, i.e., Ap = 0 = p = 0.

If p € P,—1 and Ap = 0, then x; is a root of p with multiplicity > my. Hence p
has at least m; + - -+ + m, = m roots, which is larger than its degree. We conclude
thatp = 0. O

Definition p is called the Hermite interpolating polynomial of f associated with
X1, ..., X, and the multiplicities my, ..., m,.

The formula Hf := p defines a linear projection H : C""(I) — Pp—i.
Examples

e The case m; = --- = m, = 1 corresponds to Lagrange interpolation.
e Ifn =1, then Hf is the Taylor polynomial of order m; of f at x;.
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e We prove thatif m; = .-+ = m,, = 2 then we have

0 1
p() = Yy H) + ¥ B (),
k=1

where
h(x) = (x — )i (x)?,
B(x) = (1 = 204000) (x — x1)) £ ()
= 4(x)* = 20 () g (),
and {1, ..., £ are the Lagrange basis polynomials:

b € Pty Li(x)) = By

Since p € P,,—1, it is sufficient to check the relations

R(x) = (h)'(xj) =8 and  (h)) (x;) = hy(x;) = O.

A straightforward computation shows that
() = (5 — ) (x)* = (4 —x)8y = 0,
R (x5) = £i(x))* — 26, () by (x) = Li(x)) = 8,
() () = €3(x7) + 235 — 1) L () € (x;)
= 8 + 205 — %) 85 () = 8.

and finally

()" (x7) = 22 () 3,(x) — 25,0 () ()
= 28k,(€;((x]) - E;((xk)) =0.
In order to generalize Theorem 8.2, we set

Qx) 1= (x—x1)™ - (x — x,)™.

(8.17)
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Theorem 8.7 (Stieltjes) Let f € C"(I). For each x € I there exists a point £ =
£(x) € I such that

Q(x)

m!

Jx) = (Hf)(x) = 7). (8.18)

Consequently,

Q
I~ Hle = 120 ooy (8.19)

Remark The estimate (8.19) is again optimal: we have equality for every polyno-
mial f € P, because f — Hf is a multiple of 2 by (8.18), and the two sides are
different from zero for polynomials of degree m.

For the proof we need a generalization of Rolle’s theorem for multiple roots:

Lemma 8.8 Counted with multiplicity,” if g € C'(I) has at least m + 1 roots, then
g has at least m roots.

Proof By hypothesis there exist points x; < --- < x, in [ and natural numbers
my,...,mysuchthatm;+---+m, = m+1, and x; is a root of multiplicity > my of g
for each k. By Rolle’s theorem g’ has at least one root in each of the disjoint intervals
(x1,x2), ..., (xp—1,x,). Furthermore, each x; is a root of multiplicity > nmy — 1 of g’.
Summarizing, g’ has at least

(n—l)—i—Z(mk—l):ml—i—'u—}—mn—l:m
k=1

roots with multiplicity. O

Proof of Theorem 8.7 1t suffices to prove (8.18). If x € {x1, ..., x,}, then both sides
of (8.18) vanish for any choice of &.

Assume henceforth that x ¢ {xi,...,x,}. Then Q(x) # 0, and we may define a
function g € C™(I) by setting

£o) = (HPG

80) =70~ HNm =" g

o). (8.20)

We claim that g has at least m + 1 roots (counted with multiplicity). Indeed, we
have g(x) = 0; furthermore, each x; is a root of multiplicity > my of g by (8.16)

7See the definition of multiplicity in the footnote of page p. 193.
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and (8.17). Since g € C™(I), a repeated application of the preceding lemma yields
g™ (&) = 0 for some & € 1.
On the other hand, differentiating (8.20) m times we get the equality

J @) — (Hf)(x)
Q(x)
@-HW
Q(x) h

g ) =" ) — HNH™ () ~ Q™ (y)

=) -

Choosing y := £ this yields

S0 -HHE

0=g"®) =" =" o 0

and this is equivalent to (8.18). O

Example Consider the following special case withn = 3 and m = 4:
I = [_rs V], (xlv-x25x3) = (—V,O, V), (ml,mz,m3) = (1525 1)
If f € C*(I), then Hf € Ps is defined by the conditions

(Hf)(x) = f(x) for xe€{—r,0,r}, and (Hf) (0) =f(0). (8.21)

By Theorem 8.7 we have

Q
= Hpe) = 2D

for every x € I. Integrating this inequality in / and using the equality

11 = | (42’ —x) dx

=/ X (2 — x%) dx
4r°
15°

we get the following estimate:

‘/Ifdx—/IHfdx

P19
= (8.22)
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Let us compute the second integral. Since Hf € Ps, it can be written in the form
H ) x)=a+bx+cx(x+r)+dc(x+r)(x—r)
for suitable real numbers a, b, ¢, d. Then®

2r3¢

Hf dx = / a+ cx? dx = 2ra + , (8.23)

-, -, 3

and it remains to determine the coefficients a and c.
The first three conditions in (8.21) lead to the linear system

f=r) = (H) (=) =a—br
f(0) = (Hf)(0) = a
f(r) = (Hf)(r) = a+ br + 2cr*;

solving it we get

a=f(0) and 2r%c =f(—r)—2f(0) +f(r).

Substituting these values into (8.23), and putting the result into (8.22), we obtain an
error estimate of Simpson’s formula:

AUl
< 9% (8.24)

f(=1) +4£(0) +£(7)

dx —2
‘fx’ 6

-r

for all f € C*([—r, r]).

8.5 Theorems of Weierstrass and Fejér

One of the most important theorems in approximation theory is the following’:

Theorem 8.9 (Weierstrass) For each f € C(I) there exists a sequence (p,) of
polynomials, converging uniformly to f in I.

The theorem enables us to replace complicated functions by simpler polynomials
in many investigations.

8The integrals of the odd powers of x vanish.
9We recall that in this chapter the letter 7 denotes always a compact interval.
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There is a natural approach to proving this theorem. Choose n distinct points
x{,...,x;, € I foreachn = 1,2,..., and consider the corresponding Lagrange
interpolation polynomials of f:

Lf €Put, L) =&, 1<k<n n=12,....

We might hope that for some clever universal choice of the node system {xZ}, we
have || f — L,f|loc — 0asn — oo, for every f € C(I). After decades of fruitless
efforts, this turned out to be impossible:

Theorem 8.10 (Faber) For any given node system {xZ} there exists an f € C(I)
such that || f — Lyf || o 7 0.

*Remarks

* Faber’s proof was a new application of the method of condensation of sin-
gularities, introduced by Riemann, that eventually led to the fundamental
Helly—-Banach—Steinhaus theorem of Functional analysis. See, e.g., [285], Propo-
sition 8.21 (b), for a proof based on this theorem.

* FErdés and Vértesi proved a far-reaching improvement of Faber’s theorem: for any
given node system {x{} there exists an f € C(I) such that

lim sup |L,f(x)] = o0
for almost all x € 1.'° In particular, (L,f(x)) C R is divergent for almost every

xel

In spite of all this, Fejér discovered that Weierstrass’s theorem may be proved in
this way, by using Hermite interpolation. Assume by an affine change of variable
that I = [—1, 1], and consider the Chebyshev nodes of Theorem 8.3 (p. 197):

2k—1

X = (
* COS 2n

71), 1<k<n<oo.
For any given f € C(I) define the Hermite interpolating polynomials by
hy € Pon—1,  ha() =f(F), K& =0,1<k<n

foreachn = 1,2, ...; see Fig. 8.8.!!

10We use the expressions “almost all” and “almost every” in Lebesgue’s sense. See, e.g., Burkill
[69], Halmos [220], Rudin [430], or [285].

UFejér used the expression step parabolas to emphasize that their graphs have horizontal tangents
at the nodes.
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Fig. 8.8 Graph of i,

13

f&d)

Theorem 8.9 will readily follow from the following:
Theorem 8.11 (Fejér) We have || f — hylloo — 0 as n — oo.

Proof From the example following Proposition 8.6 we have

DO (1 =206 () (x = X)) € (1)

k=1

hy,(x)

LY FEALR). (8.25)

k=1

Assume temporarily the identity

(1 — xxx) cos?(n arccos x)

Ar(x) = 2 — x)? :

xel\ {x}. (8.26)
Observe the following properties of the numbers A} (x) for all x € I:
Aj(0) =0, a-x)A{) <2 and Y Al =1.
k=1

Indeed, the first two follow from (8.26) and the inequalities |x|, |x2‘| < 1. For the
third one we apply (8.25) with f = 1, and we observe that i, = f by the definition
of Hermite interpolation.
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For any fixed f € C(J) and ¢ > 0 we have to find a natural number N such that
If —"lloo < & (8.27)

foralln > N. Since f is uniformly continuous on the compact interval I, there exists
ad > 0 such that

x,yel and |x—y| <d= |f(x)—f)| < ;
Setting
Koy = {l <k<n:|x—xp| <8}

we have for every x € I the following estimate:

£ = )] = | > AL () — ()
k=1
<Y AIWIF® — G
k=1

4
= Y AW+ Y o I

k€K, x k¢K,,_x
N
=D BEHONE D D 1]
k=1 =1t
_ e 4l
2 + né? -
Hence
e 47l
”f_hn”ooS 2+ ’15200,
so that (8.27) holds by choosing
81/ loo
N > .
T ed?

It remains to establish (8.26) for each fixed n. We omit for brevity the index #,
and we write x; and £, instead of x} and £}. Using the notation

o) = x—x1) - (x —x),
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the equality

w(x)

GO = =)

holds for all x # x;, whence

@' (x)(x — xx) — w(x)
' () (x — xe)?

(x) =
Applying L’Hospital’s rule (Corollary 4.5, p. 106) we deduce that

roy e @ D& —x) — o)
ek(xk) - xll)n;k o (x) (x — xk)z

") —x0) o)

= 20" (X)) (x — xx) B 20’ (xz) '

We recall from Lemma 8.4 (p. 197) that
w(x) = 2" cos(n arccos x)
for all x € [—1, 1]. Hence
o' (x) = n2' 7" sin(n arccos x)(1 — x?) /2,
for all x € (—1, 1), and therefore'?
o'(n) = n2 (=D (1 a7
and
o () = n2'" sin(narccos x; ) (1 — x2) ™3/ 2x;.

Using these relations we conclude that

Xk 1— x2
O () = 21— ) and £ (x)> = nz(x—;k)z cos?(n arccos x).

2k—1

"2We use the relations arccos x;, = >~

.

211
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Now (8.26) follows from (8.25):

(1 = 26,(x) (x — x0)) e (x)?

_ (1 _xk(x—xk)) 1—x,%

2
cos”(n arccos x
1—x2 /n?(x—x)? ( )

(1 = xx) cos?(n arccos x)
B n2(x — xp)?

There are many other proofs: see the comment on p. 346.

8.6 Spline Functions

We consider only a special case here.!? Fix n(> 2) real numbers x; < --- < x,, and
set I = [xq, x,].

Definition (Schoenberg) By a (cubic) spline we mean a function s € C2(I)
satisfying the following conditions:

Sligagq] €P3 for j=1,....n—1, and s"(x;) =s"(x,) =0.

The splines have the Lagrange interpolation property:

Proposition 8.12 For any given real numbers yy, . .. ,y, there exists a unique spline
s such that

s(x) =y, j=1,....n (8.28)

First we prove a lemma:

Lemma 8.13 Given a spline s, we denote by c; the constant value of s’

interval (xj,xj+1), j=1,...,n—1. Then

in the open

n—1
/1 F1s" dx =Y (£ 0g) = f(41))
=1

forall f € C*(I).

13See, e.g., Laurent [316] for a general exposition.
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Proof We integrate by parts and we use the conditions s”(x;) = s”(x,) = 0 as
follows:

/ f// " d / //]x,, f/ §" dx

e

Xj+1
=— ch/ fdx
=1

X

n—1
Cj (f(x/) f(xj+1))
j=1
O
Proof of Proposition 8.12 The splines are given by the formula
s(x) =ax> + bix> + cix+d;,  x <x<Xxiy,i=1,...,n—1,
where the parameters a;, b;, c;, d; satisfy the compatibility conditions
sPa—0)=sPx+0), i=2,....n—1, k=012 (8.29)
and
s" (1) = 5" (x,) = 0. (8.30)

Thus we have to show that the linear system (8.28), (8.29), (8.30) has a unique
solution a;, b;, ¢;, d;.

Since the number 4n — 4 of equations is equal to the number of unknowns, it
is sufficient to show that the homogeneous system has only the trivial solution.
Equivalently, we have to show that if a spline s satisfies

s(x)) =+ =s(xy) =0, (8.31)

then it vanishes identically.
For this we apply the preceding lemma with f := s. Using also (8.31) we obtain
the equality

n—1

/(S”)2 dx = ¢i(s09) = sj+1)) =

j=1
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Hence s” = 0, i.e., s is an affine function in /. Since by (8.31) it has at least two

roots, we have necessarily s = 0. O

The importance of splines comes from the fact that they are the smoothest
solutions of the interpolation problem

g) =y, j=1,...,n (8.32)

in the following sense:

Proposition 8.14 (Holladay) Let s be a spline satisfying
sCg) =y, j=1,....n (8.33)

and g € C*(I) an arbitrary function satisfying (8.32). Then
/ig"|2 dx > /|s”|2 dx,
1 1

Proof Applying Lemma 8.13 with f = g —s and using (8.32), (8.33), we obtain that
[;(g —5)"s" dx = 0. Therefore

with equality only if g = s.

/I\g”|2 dx = /Ii(g—s)” +5' dx = /,|(g_s)”|2 + \sﬁiz dx.

This proves the inequality, and that equality holds only if (g — s)” = 0. In the last
case g — s is affine in /, and it has at least n > 2 roots by (8.32) and (8.33), so that
g—s=0. O

8.7 Exercises

Exercise 8.1 Prove the formula for the Lagrange basis polynomials given in the
remark on p. 195.

Exercise 8.2 If p is a polynomial of degree d, then (p(k)) is called a generalized
arithmetic sequence or an arithmetic sequence of order d.

Given a sequence (a;) we define the difference sequences (A,(CO) ), (A,((l) ),... by
the recurrence relations

AP :=a, and AVTV:=AV —AV j=01,....
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Prove the following:

(i) A non-zero sequence (i) is an arithmetic sequence of order < d <=
Al+D _ g
) = 0.
(ii) If (ay) is a generalized arithmetic sequence, then

k
k .
a=Yy (j)Ag’), k=0,1,....14

j=0
(iii) Apply this formula to compute 12 + --- 4+ k?> and 13 + --- 4+ &3.

Exercise 8.3 Generalize Lagrange interpolation to several variables as follows. '3

Fix two integers n, k > 1 and consider in R” the simplex
K = {_x: (_xl,___,xn)E]Rn cx1>0,...,x,>0, X1+"'+Xn§k}.

We denote by X the set of points x € K with integer coordinates, and by F the
vector space of functions g : ¥ — R. Finally, we denote by P = P, the vector
space of polynomials of variables xi, ..., x,, of total degree < k.

The purpose of this exercise is to show that each g € F has a unique extension
peP.

(i) Given g € F arbitrarily, show that the formula

n Li—1 .
o Xj—1
p(.X],...,Xn) T Zg(xlv'--v-xn)l_[ 1_[ Ej—l
tex j=0 i=0
with
X0 ::k—xl—u'—xn, E() Z:k—ﬁl—"'—gn
defines an extension p € P of g.
(i) Show that the map
4 L

Wi, ly) = xeeex,
is a bijection between X and a basis of P.

(iii) Prove that F and P have the same (finite) dimension.

(iv) Conclude.

41f (ay) is of order d, then for j > d the binomial coefficients vanish.

5The result of this exercise is the starting point of the finite element method for the numerical
solution of partial differential equations. See, e.g., Ciarlet [107], Raviart—-Thomas [405].
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Exercise 8.4 (Cauchy) Consider the divided differences for a function f €
.

(i) Prove that

@)
f(xlv ce 7xn) = (I’l _ 1)'
for some £ € (minx;, maxx;).
(ii) Show that
(n—1)
Feeim) =T

as Xq,...,X; —> X.
Exercise 8.5 (Theorems of Eudoxos and Archimedes)

(i) Consider a conical frustum created by slicing the top off a right circular cone
(with the cut made parallel to the base). Prove that its volume may be computed
by Simpson’s formula

h
V= (A+4B+0) (8.34)

where h, A, C, B denote the height of the frustum, its base areas and and the
area of the parallel middle section, respectively. See Fig. 8.9.
Simplify (8.34) to

V= ;l(A + VAC + ©). (8.35)

(i) Consider a spherical segment obtained by cutting a ball with a pair of parallel
planes. Prove that its volume may be computed by Simpson’s formula (8.34)
where &, A, C, B denote the width of the spherical segment, its base areas and
and the area of the parallel middle section, respectively.

Fig. 8.9 Conical frustum

x=0 x=h/2 x=nh
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Fig. 8.10 Theorem of
Archimedes

Show that for A = 0 the formula reduces to
h
— 2 _
V =nh (R 3) (8.36)

where R denotes the radius of the sphere.

(iii) Let us inscribe into a rectangle an isosceles triangle and an ellipse having the
same symmetry axis as shown on Fig. 8.10. Determine the proportion of the
corresponding volumes of revolution.

Exercise 8.6 (Painlevé) Generalize Weierstrass’ theorem: if f € C*(I) for some
positive integer k, then there exists a sequence (p,) of polynomials such that pﬁ/)
converges uniformly to f 0 for each j=0,1,...,k



Chapter 9
Orthogonal Polynomials

The Chebyshev polynomials have an interesting orthogonality property. Namely,
using the orthogonality of the trigonometrical functions cos nt on (0, ), we obtain
by the change of variable ¢ = arccos x that T,,(x) = cosnt, dt/dx = —(1 —x*)71/2,
and therefore

1 b4
/ T,(0) T (x)(1 —x*) V2 dx = / cosntcosktdt =0
1 0

for all n # k.
There are many similar orthogonal polynomial sequences for other weight
functions w(x) in place of (1 — x?)~/2. We give here an introduction to this theory.
In this chapter we denote by [ an arbitrary non-degenerate interval.

9.1 Gram-Schmidt Orthogonalization

We recall that using orthogonal coordinates, i.e., orthogonal bases, we may simplify
many computations in analytical geometry. We show that similar bases exist in
infinite-dimensional Euclidean spaces, too.

In this section we denote by E a Euclidean space endowed with the scalar product
(x,y) and the associated norm x| := (x,x)"/2.

Definitions Let (x,),>0 be a sequence of vectors in E.
* The sequence (x,) is linearly independent if for any finite sequence o, . . . , o of

real numbers the following implication holds:

Oloxo+"'+01kxk:():>a0Z"':Olk:()-
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¢ The sequence (x,) is orthogonal if

l;'éj:> (xi,xj) = 0.

Proposition 9.1 (Gram—-Schmidt Orthogonalization) Let xo,xi,... be a
sequence of non-zero vectors in E.

(a) If (x,) is orthogonal, then it is also linearly independent.
(b) If (x,) is linearly independent, then there exists a unique orthogonal sequence

(vn) of the form

n—1

Y =dn— Yy ofx, of €R. n=0,1,.... 9.1)
k=0

Furthermore, (y,, x;) = 0 whenevern > k.
Proof

(a) Ifx := apxg + - -+ + oyxy = 0, then

k k
2 2 2
0=[x* = (x.0) = Y i) = Y _ o i]”.
i=0

ij=0

Hence g = --- = o = 0 because ||x;|| > 0 for all i.
(b) Let z,—; be the orthogonal projection1 of x, onto the finite-dimensional and
hence closed subspace vect{xo,...,x,—1}. Then y, = x, — z,—; has the

form (9.1), and satisfies (y,,x;) = O for k = 0,...,n — 1. Since y; €
vect {xo, . .., X,—1} if k < n, it follows that (y,, yx) = 0.

Conversely, if (y,) is an orthogonal sequence of the form (9.1), then we have

necessarily yo = xp, and then we see by induction that each x; is a linear
combination of yo, ..., ¥, so that (y,,x;) = 0 for all k < n. Hence y, is orthogonal
to vect {xp, . .., x,—1 }. The latter contains x, —y,, so that it is necessarily the (unique)
orthogonal projection of x,, onto vect {xo, ..., X,— }. O

9.2 Orthogonal Polynomials

We introduce a class of Euclidean spaces.’

ISee Proposition 3.12, p. 81.
2See Szeg6 [476] for a more general class.
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Definition By a weight function we mean a continuous, positive function w defined
on a non-degenerate interval /, for which all integrals

/x”w(x)dx, n=0,1,...
I

converge.3

Remark Tt follows from the definition that the integral [, gw dx converges for all
polynomials g, too. If I is compact, then this is obvious because gw € C([).

For the rest of this section we fix a weight function w : I — R, and we introduce
the scalar product

P, q) = /Ipqwdx

on the vector space P of polynomials.

Proposition 9.2 There exists a unique orthogonal sequence of polynomials
D0, P1, - - - such that the leading term of p,(t) is t".
Furthermore, (p,, q) = 0 for all polynomials q of degree < n.

Proof We apply Proposition 9.1 (b) to the sequence x,,(f) := ¢*. The latter sequence
is linearly independent because non-zero polynomials have only finitely many roots,
and therefore do not vanish identically in /. O

Examples

e Ifa, B > —1, then the formula
w(x) = (1 —x)%(1 +x)*

defines a weight function on the interval I = (—1,1). The corresponding
polynomials given by Proposition 9.2 are called the Jacobi polynomials of indices
(o, B). In the special cases « = § = 0, —;, ; we get the Legendre polynomials
and the Chebyshev polynomials of the first and second kind, respectively. We
have already encountered the Chebyshev polynomials of the first kind during the
proof of Theorem 8.3 (p. 197); the Chebyshev polynomials of the second kind
play a similar role in Proposition 10.2 below (p. 233).
e Ifa > —1, then the formula

w(x) = x%e™"

3In other words, the integrals exist and are finite.
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defines a weight function on the interval / = (0,00). The corresponding
polynomials given by Proposition 9.2 are called the Laguerre polynomials.
* The weight function

w(x) 1= e

leads to the Hermite polynomials on I = R in a similar way.

Remark The above classical orthogonal polynomials play an important role in
many problems of practical interest. See the exercises at the end of this chapter
for some of their interesting properties.*

The following recursive formula simplifies the computation of orthogonal poly-
nomials: each element is already determined by the two preceding ones.

Proposition 9.3 (Stieltjes) The orthogonal polynomials satisfy the recurrence

relations

pn+l(-x) = (X_Mn)pn(x)_/\npn—l(x)s n=12,...
with

() w(x) dx

o o) d
" J; Pn(x)?w(x) dx

and A, = .
J; Pn—1(x)?w(x) dx

Remark We have py(x) = 1 and p;(x) = x — o with

flxw(x) dx
Ho =
Jw(x) dx
by a straightforward computation. After this, p,, p3,... may be computed recur-

sively by using the formula of the proposition.

Proof Since py, ..., p, form a basis of P, and xp,(x) — p,+1(x) € P, (the leading
terms eliminate each other), we have

Pu0) = a1 () = 3 eipi(x) 9.2)
i=0

4Courant-Hilbert [114], Jackson [254], Natanson [359] and Szegd [476] contain many additional
results.
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for suitable real numbers cy, . . ., ¢,. It remains to show that ¢, = 0if k < n—2, and
that

_ Jrpa(0)*w(x) dx

. P d
" pa(0)w(x) dx

d ey = .
an Cn=l flpn_l(x)zw(x) dx

Multiplying (9.2) by pi(x)w(x) for k = 0, ..., n, and using the orthogonality of
the polynomials p;, we obtain the equalities

n

[apiopmnta) d = Y- et p) = au ©.3)

1 i=0

Choosing k = n this yields ¢, = uy,.

If k = n— 1, then xp;(x) — p,(x) belongs to P,—;, and hence it is orthogonal to
pn- Hence we can change xpy(x) to p,(x) on the left-hand side of (9.3); this yields
Cp—1 = An.

Finally, for k < n — 2 the polynomial xpi(x) belongs to P,—i, and hence is
orthogonal to p,,. Therefore the left-hand side of (9.3) vanishes. Since ||pi| > 0, we
conclude that ¢, = 0. O

9.3 Roots of Orthogonal Polynomials

The roots of orthogonal polynomials have surprising properties.

Proposition 9.4 (Stieltjes) Let po,p1, ... be a sequence of orthogonal polynomi-
als.

(a) pn has n distinct simple real roots, all lying in the interior of I.
(b) The roots of consecutive polynomials separate each other: if

X< <x, and y; <--- <Y
are the roots of p, and p,—, respectively, then

X <Yy <X <ot < Xpel < Y1 < Xp. 9.4)

Proof

(a) Since p, has at most n roots, it suffices to prove that it changes sign at least n
times in the interval /. Assume on the contrary that p, changes sign only k < n

3See the graphs of some Legendre polynomials in see Figs. 9.1-9.4.
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Fig. 9.1 n=1,2 1

0.5+

120.8-0.5.0.4-0.2 1

Fig. 92 n=2.3
0.6

0.4+

0.2+

-1 -0/8-08-04-02 O\ 02 04 06 b8 1

times inside / (we do not exclude the case k = 0), and let x; < -+ < x; be the
corresponding roots of p,,. Then the polynomial

q) =@ —x)--(x—x)  (g):=1 if k=0)

has degree k < n, and therefore it is orthogonal to p,. This is, however,
impossible, because the non-zero product function p,gw does not change sign
in 7 and therefore [, p,qw dx # 0.
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Fig. 9.3 n =34 0.4

0.2

02 04,06 pg 1

Fig. 94 n=14,5

0.2

0.154

0.14

“1]40.8-0.6\0

(b) First we prove the following property:
pe(@) = 0= pry1(@)pi—1(a) <O. 9.5)

In particular, consecutive orthogonal polynomials have no common roots.

Indeed, since pg has no root, py(«) = 0 may hold only if k£ > 1. Then we deduce
from the recurrence relations of Proposition 9.3 that

Pir1(@)pi—1 (@) = —Agpr—1(e)* <0,

because A; > 0 from the formula of Proposition 9.3.
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For the strict inequality it remains to show that p;—;(@) # 0. If pr(a) =
Pi—1(a) = 0 then we would have py_»(e) = 0 from the recursion formula, and
we would obtain successively p;(a) = 0 for all j < k. This, however, is impossible
because pg has no root.

Property (9.4) holds (formally) for n = 1. Assume by induction that it holds for
some n > 1. Then

signp,—1 () = (—1)"_k, k=1,...,n,

because p,—1 changes sign at the points y; by (a), and p,(c0) = oo (the leading
coefficient is positive). Using (9.5) this implies that

signpp1() = (=)™ k=1,... 1.
Since®
Pa+1(00) =00 and  signp,41(—00) = (=1)"*,
Pn+1 changes sign in each of the disjoint open intervals

(—OO, xl)s (xlsXZ)s cees (xn—lvxn)s (xns OO), (9.6)

and therefore it has a root in each of them. Since the number of intervals is equal
to deg p,+1, none of the intervals may contain more than one root, and p, 4 cannot
have other roots. O

Remarks

* The proof of (b) also provides a second proof of (a).
* In the proof of (b), besides (9.5) we only need that py has no real root, and that
degp, < nforall n.

Later we will need the following result:

Corollary 9.5 Let (p,) be an orthogonal sequence of polynomials. Then

po has no real root; (a)
pr(a) = 0= prt1(a)pr—1(a) <0; (b)
() =0= (pnpn—l)/(a) > 0. ©

%This follows from (a), but it is sufficient to recall that the number of non-real roots of a real
polynomial is even.
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Fig. 9.5 Graph of pyp;

0.2 4

0.1

-1 -0.8 -0.6°<0.4 0.2 02 04 OM.S 1
X

-0.14

-0.2 A

Proof

(a) is obvious because py = 1.

(b) was established during the above proof.

(c) The product polynomial p,p,—; changes sign at each root, because the roots
are simple by the preceding proposition, and therefore (p,p,—1) is alternately
positive and negative at these points. Since the roots of p, and p,—; are
alternating, using the notation (9.4) we conclude that (p,p,—1)’ (x¢) has the same
sign for all k. (See Fig. 9.5 for the Legendre polynomials.) To finish the proof
we observe that (p,p,—1)’(x,) > 0, because the polynomial p,p,—; is positive
for all x > x,,. |

9.4 Exercises

Exercise 9.1 Let w be an even weight function on / = (—1, 1) and consider the
corresponding orthogonal polynomials. Show that p,, is even if n is even, and p,, is
odd if n is odd.

Exercise 9.2 Is the sequence of polynomials 1, x,x?, ... orthogonal for a suitable
weight function on some interval?
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Exercise 9.3 Consider the Legendre polynomials p,(x) = x* + --- corresponding
to the weight functionw = 1on/ = (-1, 1).

n

d
(i) Show that g, := d (x> — 1)" is a polynomial of degree n, and the sequence
le

(gn) is orthogonal.
(ii) Deduce from (i) that p, = a,q, for all n with suitable coefficients a,,.
(iii) Show thaty = g,, and hence y = p,, satisfies the differential equation

(1 —x*)y" —2xy +n(n+ 1)y =0.

Exercise 9.4 Generalizing the preceding exercise, consider the Jacobi polynomials
Pn(x) = x" + -+ corresponding to the weight function w(x) = (1 —x)*(1 + x)# on
I=(-1,1).

(i) Show that
gn = (1 —x)"(1 + _x)—ﬂ [Z:n [(1 _x)n+oc(1 + _x)n+5]

is a polynomial of degree n, and the sequence (g,) is orthogonal with respect
tow.
(ii) Deduce from (a) that p,, = a,q, for all n with suitable non-zero coefficients a,,.
(iii)) Show that y = p, satisfies the differential equation

A—=x2)y' +PB—-a—(@+B+2x)y +nn+a+p+1)y=0.

Exercise 9.5

(i) Prove that fora = = —1/2 the Jacobi polynomials reduce to the Chebyshev
polynomials’:

pa(x) = 27" cos(narccosx), n=1,2,....
(ii) Prove that for ¢ = = 1/2 the Jacobi polynomials are given by the formulas

_,sin((n + 1) arccos x)
a(x) =27" ) , =0,1,....
Pa(x) sin(arccos x) "

They are called the Chebyshev polynomials of the second kind.

7See the formula (8.6), p. 197.
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Exercise 9.6 Consider the Laguerre polynomials p,(x) = x" + -+ corresponding
to the weight function w(x) = x*¢™* in I = (0, 00).

(i) Show that

e xdn +o —x
qn =X edxn(x” e )

is a polynomial of degree n, and the sequence (g,) is orthogonal with respect
tow.
(ii) Deduce from (a) that p,, = a,q, for all n with suitable non-zero coefficients a,,.
(iii) Show thaty = p, satisfies the differential equation

xy" + (@+1—x)y +ny=0.

Exercise 9.7 Consider the Hermite polynomials p,(x) = x" +--- corresponding to
the weight function w(x) := e~ inl=R.

(i) Show that

= (< ().

(i) Show thaty = p, satisfies the differential equation
y' —2xy + 2ny = 0.

(iii) (Generating function) Prove the identity

o Pu(x)
—2xt—12 _ n _ n
e = E_O ! (=2n".

Exercise 9.8 Show that the weight functions w of all classical orthogonal polyno-
mials satisfy Pearson’s differential equation

wix) = D+Ex
w(x) A+ Bx+ Cx2

with suitable parameters A, B, C, D, E.

Exercise 9.9 Fix two electric charges of mass 1/2 at 1, and place n unit charges
at xi,...,x, € (—1,1). Assume that the system is in an electrostatic equilibrium.
Prove that xy, .. ., x, are the zeros of the nth Legendre polynomial.
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Numerical Integration

For his celestial mechanics Newton had to evaluate complicated integrals. He and
his followers generalized the trapezoidal rule

/f(x)d (a)+f(b)( _a)

and Simpson’s rule

(b—a)

b a+b
[y 1O 0

by seeking approximations of the form

/ £ dx &~ A + -+ Anf ()
I

where the points x; and coefficients A; do not depend on the particular choice of the
function f. We will present some of these results.'

As in the preceding section, w denotes an arbitrary weight function on some non-
degenerate interval /. Besides the usual norms ||-||, on / we will also use the norms

= [11w s 1= ([ 1P war)”

and the scalar product (-, -),, associated with the last norm.

ISee, e. g., Ralston—Rabinowitz [404] for a more detailed exposition.
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10.1 Lagrange Formulas

Given n distinct points xy, ...,x, € I, n > 1, we seek real numbers Ay, ..., A, such
that the equality

/fw dx = ALf() + -+ Anf(xn)
I

holds for all polynomials p € P,,, with the greatest possible m.
Let us introduce the usual polynomial

w(x) = (x—x1) - (x = xn)
and the Lagrange basis polynomials

Ly € Ppy, Zk(xj) = (Sk,

Proposition 10.1 There exist real numbers Ay, . .., A, such that
/fwdx: D Af(x) forall f€ Py (10.1)
1 k=1

They are determined uniquely:
A = /ka dx forall k. (10.2)
I

Furthermore, if f € C"(I) and ||f(") ||oo < 00, then

| /,f was= Y acsin| = N0 (10.3)
k=1 :

Proof Uniqueness. If (10.1) is satisfied, then choosing f = ¢; the relations (10.2)
follow:

/ﬁjw dx = ZAkEj(xk) = ZAijk =Aj.
I k=1 k=1

Existence. Define the numbers Ay by (10.2). For any given f € C"(I) consider the
corresponding Lagrange interpolation polynomial:

pi=Y f)l. (10.4)

k=1
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By Theorem 8.2 (p. 196) we have

()I

f@—p@I ="

for all x € I. By the definition of the weight function this implies that (f — p)w is
integrable. Then fw = (f — p)w + pw is also integrable, and

)/Ifwdx—/lpwdx) - \/I(f—mwdx)
[lohwas ol

”w“l w ”f(n) ”

IA

This yields the estimate (10.3) because (10.2) and (10.4) imply that

[owax= [ st e = Y A,
1 I =1 k=1

Finally, (10.1) follows from (10.3) because if f € P,—, then f" = 0, so that the
right-hand side of (10.3) vanishes. O

Similarly to Theorem 8.3 (p. 197) we may try to minimize the norm |w],,,
in (10.3) by an appropriate choice of the points x;. For w = 1 the answer is given by

the following theorem?:

*Proposition 10.2 (Korkin-Zolotarev) [fI = [—1,1]andw = 1, then
o), = 2"

for all choices of points x| > -+ > x, in I. Equality holds if and only if

k
Xp = COS i , k=1,...,n.
n+1

Remark The optimal nodes x; are the roots of the Chebyshev polynomials of the
second kind?:
sin((n + 1)6))

pn(cos0) = . , n=0,1,....
sin 6

2For the proof we refer to Achieser [3], Natanson [359] or Timan [491].
3See Exercise 9.5 (ii), p. 228.
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10.2 Newton—Cotes Rules

Newton and Cotes investigated the case of equidistant nodes

Xy =a-+ i:i(b—a), k=1,...,n
for the weight function w = 1 on a compact interval [a, b].
Examples
* Forn = 2 we have

(b—a)’

b—a b
A=A = ) and |o|; =] x—a)(b—x)dx= 6

and the estimate (10.3) of Proposition 10.1 takes the form

b )+ 1) b-ap
/afdx— DO < T

for all f € C2(I). This is the error estimate of the trapezoidal rule.
e If n = 3, then an easy computation shows that

b—a 4(b—a)
A=A = 6 Ay =

(b—a)!

and ol =

Proposition 10.1 now leads to the error estimate of Simpson’s rule*:

b—a)*

b fla) + 4F(“3") + f(b) ( "
[ g R R T

6

forall f € C3(I).

It is natural to expect that by increasing n the Newton—Cotes formulas become
more and more efficient, and that (with obvious notations)

iAZf(ﬁ)a/fdx if n—o0
1

k=1

4Compare with the estimate (8.24), p. 207.
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1 08 06 04 02 0 02 04 06 08 1
X

Fig. 10.1 Runge’s example

for all f € C(I). It came as a surprise when Méray gave a counterexample for a
similar problem. The following counterexample is due to Runge: for the integral

1
1 tan 4
/ de= T L 0.66291
—1 1 + 16X2 2

(see Fig. 10.1) the Newton—Cotes formulas give the following values:

0.11765 for n =2,
1.37255 for n =3,
0.59306 for n =26,
0.69993 for n =38,

but

—1.19379 for n=2I....

10.3 Gauss Rules

Proposition 10.1 (p. 232) is valid for all node systems. Gauss asked and answered
the following question: is it possible to choose the nodes so as to make the
equality (10.1) hold for polynomials of higher degree as well? In order to formulate
his result we consider the orthogonal polynomials p, associated with a weight
functionw : I — R.
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Theorem 10.3 For each fixed n > 1 there exist points xi,...,x, € I and real
numbers Ay, . .., A, such that
/fw dx =" Acf(x) forall f€ Py . (10.5)
! k=1

There is a unique choice: the points xy are the roots of p,, and
Ak=/€kwdx, k=1,...,n. (10.6)
I

Moreover; if f € C*(I) and Hf(z”) ||oo < 00, then

- 1300 om
‘/Idex_;Akf(xk)‘ = o) 7% - (10.7)

Remark The estimate (10.7) is optimal: the proof given below shows that we have
equality for all polynomials f € P,,. Moreover, if degf = 2n then the two sides of
this equality are different from zero, so that equality (10.5) does not hold any more.

Proof Uniqueness. It is sufficient to show that (10.5) implies @ = p,: the
uniqueness of the coefficients Ay and the formula (10.6) will then follow from
Proposition 10.1. First we show that w is orthogonal to P,—;. Indeed, if g € P,—,
then applying (10.5) for the polynomial f := wq € P»,—; and using the equalities
w(x;) = --- = w(x,) = 0 we obtain that

@) = [ogeds= 3 Aot = 0.

k=1

Since p, is also orthogonal to P,—; and w — p,, € P,—1, it follows that
|12 _pn”%,w = (0 = pp, @ = pp)w = (@, ® = pp)w — (Pn, @ — pu)w = 0;

hence w = p,.

Existence. Let w := p,, i.e., let x1,...,x, be the roots of p,, and define the
numbers A; by (10.6). If f € P,,—1, then we have f = wq + r for suitable
polynomials g, € P,—;. Applying the equality (10.1) of Proposition 10.1 for r,
and taking into account that f(x;) = r(x;) for all k (because w(x;) = 0), we obtain
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the following equality:

/rw dx =Y " Awr(xe) = ) Acf (%) (10.8)
1 k=1 k=1

Furthermore, since w = p, is orthogonal to ¢ € P,—;, we have

/fwdx:/(a)q—i—r)wdx:(w,q)w—i—/rwdx:/rwdx. (10.9)
1 i 1 I

The required equality (10.5) follows from (10.8) and (10.9).
The estimate (10.7). For any fixed f € C*'(I) we introduce the Hermite
interpolation polynomial p € P,,—; satisfying

p(x) =f() and p'Ox) =f (), k=1,...,n

It follows from Theorem 8.7 (p. 205) that®

@ —po) < 9

< o0 1.,

for all x € 1. Consequently,

| [rwas— [pwas| = | [ =pwa] < ”g'j’;“ 172 -

This implies (10.7) because applying (10.5) for p and using the relations p(x;) =
f(xx) we have

/Ipw dx = ZAkp(xk) = ZAkf(xk). O
k=1 k=1

Example Let us reconsider Runge’s integral

1

1

/ dx ~ 0.66291.
—1 1 + 16X2

The following table illustrates the superiority of the Gauss rules over the Newton—
Cotes rules.

SHere we have m = 2n and Q = 2.
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n Newton—Cotes  Gauss

0.11765 0.31579
1.37255 0.99371
0.56942 0.51182
0.56941 0.77215
0.59306 0.60292
0.83220 0.70192
0.69993 0.64002
0.48527 0.67721
0.60771 0.65431
0.89889 0.66820
12 0.73523 0.65970
13 0.33365 0.66487
14 0.55908 0.66171
15 1.14721 0.66364
16 0.81773 0.66246
17 —0.07551 0.66318
18 0.42423 0.66274
19 1.82088 0.66301
20 1.04035 0.66285
21 —1.19379 0.66295
22 0.05366 0.66289
23 3.69423 0.66292
24 1.66303 0.66290
25 —4.36075 0.66291
26 —1.00204 0.66291
27 9.09388 0.66291
28 3.46778 0.66291
29  —13.63928 0.66291
30 —4.11077 0.66291
31 25.15105 0.66291

—_ =
—_— O O X NN W

For a long time the Newton—Cotes rules were preferred because of the simple
formula for the nodes. Since the proliferation of computers the Gauss rules have
become more popular.®

10.4 Theorems of Stieltjes and Erds—Turan

In this section we assume that the weight function is defined on a compact
interval.

SHowever, the composite Newton—Cotes rules (like in Sect. 10.9 below, p. 260) remain efficient.
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In contrast to the Newton—Cotes rules, the efficiency of the Gauss rules increases
with 7. In the following theorem we express the dependence on n by writing A} and
x instead of Ay and xi.

Theorem 10.4 (Stieltjes) Iff : I — R is a continuous function defined on a
compact interval, then

SaLed) > [rwax
k=1 1
as n — oQ.

We first prove a stronger result. We introduce the orthogonal polynomials p,
associated with w, and then we introduce for each n the Lagrange basis polynomials
EZ associated with the roots x, ..., x} of p,:

b € Pumry (X)) =6, 1 =<kj=n
We are investigating the sequence of Lagrange interpolation polynomials

Lif =Y f@)l €Pur. n=12,....

k=1

Theorem 10.5 (Erdés-Turan) Iff : I — R is a continuous function defined on
a compact interval, then || f — Ly fl|,,, — 0 as n — oo.

Remark 1t is interesting to compare this result with Faber’s theorem (p. 208): the
norm |-||,,, is weaker than |- .-

Proof

(1) First we establish for each fixed n > 1 the following properties of the Lagrange
basis polynomials:

Zeg =1, (10.10)
k=1
/ﬁzﬁ;?wdx=o if k£, (10.11)
1

Z/I(EZ)ZW dx = |lw]; . (10.12)
k=1
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The equality (10.10) follows from the definition of interpolation because
L,1 = 1. The fundamental orthogonality relation (10.11) is obtained by
applying formula (10.5) of Theorem 10.3 (p. 236) to the polynomial £i.£} of
degree 2n — 2:

[t an =Y arerein = Y atsus, = o
! i=1 ‘ i=1

Finally, (10.12) follows from (10.10) and (10.11):

~ fitwie= [(56)w i [oar= ol
/;/I(k)de 1<; k)wdx dex Iwll,

(i) We simplify the notation by writing | f|| instead of [ f],,,. Applying Weier-
strass’ Theorem 8.9 (p. 207), for any fixed ¢ > 0 we choose a polynomial p
satisfying

If = Plloo <& (10.13)
If n > degp, then L,p = p, and therefore
If = LS| < If =Pl + Lap = Lo S|
by the triangle inequality. If we show that
If=pll < elwly” and ||Lp = Lufl| <& wl”. (10.14)
then we will deduce from the preceding inequality the estimate

1/2
If = Lof]) < 2¢ ]}/

for every n > degp. This will prove the relation || f — L, f|| — O.
The first inequality of (10.14) follows from (10.13):

IIf—PIIZ=/I(f—p)2wdx§82/1wdx=£2 Wl -

For the proof of the second one we start with the identity

Lip—Lnf = Li(p—f) = Y _(p =N,

k=1
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and we use (10.11), (10.13) and (10.12):
2 . n 2
=1t = [ (X =D6e) was
k=1

=Yl -nedf [@rwa
k=1 1
<& |l 0

Proof of Theorem 10.4 Using the Cauchy—Schwarz inequality we have

V= Lafll = /, \f = Loflw dx

< (/IWdx)l/z(/l|f—Lnf|2wdx>l/2

1/2
= Wl I = Laf Doy -

The last expression tends to zero by the preceding theorem. Hence

/I(Lnf)w dx — /sz dx,

which is equivalent to the assertion. O

10.5 Euler’s and Stirling’s Formulas

Euler and Maclaurin developed an efficient way to numerically evaluate finite and
infinite sums of the form

N
$0:=>"f(n).
n=1
like
1“+24+---4+N¥ or Inl4+1In2+---+InN = In(N!).

Let us introduce the more general sums

N
$:=>"fPm). k=0.1....
n=1



242 10 Numerical Integration

where f : (0,00) — R is a C* function. Applying Taylor’s formula to a primitive
F of f, we obtain the heuristic estimate

N
/0 F(x) dx = F(N) — F(0)

N
=Y (F(n) = F(n—1))
n=1

N F'(n) F'(n) F" (n)
~ 2 o2 3
n=1

ie.,

N SO Sl SZ
/0 f(x) dx ~ 0o + IR (10.15)

Applying the same reasoning to the derivatives of f, we get the analogous formulas

st 0§
f(N)—f(O)%1!—2!+3!—~w

S2 S3 S4
/ / ~ —_ —_— .
J'(N) =f(0) ~ 0 s ,

Using these relations we may eliminate the quantities S', S, ... from (10.15) one
by one, obtaining a relation of the form

N N [ore}
S [ dre Ya (740 -0 0). (10.16)
n=1 k=1

where the coefficients a; converge rapidly to zero:

1

a= 12’

a) = a3:O,a4:— a5:O,a6

2’ 720° 302407

Example Consider the sum

(&)
1 x?
Si=) 5= A 16449340644,
n=1
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+ Applying (10.16) with f(x) = (x + 1)"2 and N = oo we get

21 o0 1
Z 2%/ (x+1)_2dx+2+2a2—6a3+24a4—---,
n 0

n=1
which yields the following approximations:

S~14+1—a; =1.5,
S~14+1—a; +2a, ~ 1.667,
S~1+4+1—ay+ 2a, — 6az + 24a4 ~ 1.633,

+ Applying (10.16) with f(x) = (x + 10)"2 and N = oo we get

o0
1 o _ aq 2(12 6613 24(14
~ +10)2dx— 4+ — ¢ —
2 /O(X )T e e T oo

n=11

Computing the initial finite sum directly
0
>, ~ 15497677311,
n
n=1

we eventually obtain the following much more precise approximations:

1
S~ 1.5497677311 + & — - 1.6447677311,
10 10?

! 2
S ~ 1.5497677311 + oy m

_ ~ 1.6449343978,
10102 T 103

S~ 15497677311 4 L — @y 2ar Gas 24 09340644

- 10 102 103 104~ 105 ~ ’

In order to achieve the same precision by a direct summation, we should have to
sum the first billion terms of the series!

Remark Continuing the previous computation, the next approximation is less
precise:

a, 2a, 6as; 24as 120a;  720aq
S~ 1.5497677311 + 0.1 — — —
+ 102 + 103 104 10° 100 + 107

~ 1.6449344001.

Thus we need a careful study of the error of this procedure.
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A first result is the following, where we write f; instead of f(j) for brevity, and [x]
denotes the integer part of x, i.e., the largest integer p satisfying p < x.

Proposition 10.6 Iff € C' ([0, n]), then

fo+ - +fi= /O fx) dx+fo -;fn +/O (x— [x] — ;)f’(x) dx. (10.17)

Proof Integrating by parts we obtain for each k = 0,1, ...,n — 1 the equality

/k M de= (== @] - /k R ) dx

which is equivalent to

k+1 ‘ﬁc—i_fk-l—l k+1 1 ,
A flx)dx = 5 —/k (x—[x]— Z)f (x) dx.

Summing them we get (10.17). O

1

1+, and replacing n by n — 1 we obtain the equality

Example Taking f(x) =

T R R /"x—[x]—;d
=1Inn — X.
2 n 2 2n 1 x2

For n — oo the last integral has a finite limit because

o0 o0 1
/ dx < / dx < 00,
1 1 2x2

and we obtain the existence of Euler’s constant’

. 1 1 I e
C=Ilm|(l4+ +---+ —-lnn)=_-— dx.
2 n 1

n—>o00 2 x2

x—[x]—;

X2

A more important application is the estimation of n! for large n:

Proposition 10.7 (Stirling’s Formula) We have

I & 1
nl>nc}o (n)” \/27_”/1 -

e

7See also Exercise 10.2 (p. 263) for a geometric proof.
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This result is widely used in the theory of probability, in combinatorics and in
number theory.

Proof Applying Proposition 10.6 with f(x) := In(1 + x) and n — 1 in place of n we
get

n 1 nx—[x] -}
ln1+~~~+lnn=/1nxdx+ 112n+/ b 2 dx.
1

1 X

Since
/ Inxdx = [xInx—x]{ =nlnn—n+1,
1

this may be rewritten as

1 "x =[] -,
Inn! — n+2 Inn+n=1+ dx.
1

X

Since the periodic function B;(x) := x — [x] — ; has zero mean value, it has a
periodic and hence bounded primitive function 8, (x), and therefore

nx—[x] =1 1" n X
1+/ b 2dx=1+|:'32)f):|+ B .
1

x R R

is a Cauchy sequence of n. Denoting its finite limit by y, we have
1
Inn!—(n+ 5 Inn4+n—vy

or equivalently

It remains to compute e”. We have

ai _ (n|)4 (Zn)4n+1

a2, ()2 2

242t 2
T (1-2---2n)? n

8See again Exercise 10.2 (p. 263) for a geometric proof.
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Q4?2
T 1-3--2n=1))2 =n
2.2 4.4 2n-2n dn+2
T 13735 =1+ 1) n

Letting n — oo and applying the Wallis formula’
2:2 4.4 2n-2n T
1m . P —
n»o0l1-3 3.5 (2n—1)-Q2n+1) 2
we conclude that 2 = 27, and hence ¢! = \/ 2. O

Proposition 10.6 will be greatly improved in Sect. 10.7.

10.6 Bernoulli Polynomials

Given a nonnegative continuous function f; : [a, b] — R on a compact interval, we
define a sequence of functions f; : [a, b] — R by the recurrence relations

b
fo=fam1 and /fndX=0, n=12,....

Example Starting with fy(x) = cosx in [—, 7] we obtain a 4-periodic sequence of
functions with

filkx) =sinx, fo(x) = —cosx and f3(x) = —sinux.

In the general case the sequence is not periodic, but certain properties of the
trigonometric functions are preserved in a weaker form:

Lemma 10.8 Assume that fy is nonnegative, and even with respect to the midpoint
¢ := (a + b)/2. Then we have the following properties:

(a) f, is even (resp. odd) with respect to ¢ when n is even (resp. odd);
®) fu(a) = f,(b) forn = 2,4,6,...;

©) fi(c) =0, and f,(a) = f,(c) = f,(b) =0forn=13,57,...;

(d) (=D*u_1 >0inla,clfork=1,2,....

) (=D*u(a) <O0fork=1,2,....19

°See Exercise 10.3, p. 264.
10The proof will show that the inequalities are strict except in the trivial case where f(x) = 0.
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Proof

(a) Setting g,(c + x) := (—1)"f,(c — x), a straightforward computation shows that

b
go =fo, furthermore g, =g,—; and / gndx=0, n=12,....

a

By the uniqueness of (f,) we conclude that g, = f, for all n.

(b) This follows from the evenness of f,,.

(c) It follows from the oddity of f, that f,(c) = 0 and f,,(b) + f,(a) = 0. It remains
to observe that f,,(a) = f,,(b) for all n > 2 because

b b
ﬂ@—M@z/ﬂﬁ=/ﬂ4M=0

by definition.

(d) Since f{ = fo > 0in [a,c] and fi(c) = 0 by (¢), fi < 01in [a, c]. We proceed
by induction on k. If (=1)¥f5s—; > 0 in [a, c] for some k > 1, then the same
property holds for g := (—1)*T!fy 1 because g’ = (—1)fT!fy—; < 0in[a, ],
so that g is concave in [a, c], and g(a) = g(c) = 0 by (c).

(e) Fork = 2,4, ...itfollows from (a) and (d) that'!

m@—mwszHmmzo

for all x € [a, b]. Hence

b
Sula) < b 1 ; /a For(x) dx = 0.

For k = 1,3, ... we may repeat the above proof by changing the sense of the
inequalities, to conclude that fo;(a) > 0. O

Definition Starting with [a¢,b] = [0,1] and fy = 1 we obtain the sequence
bo(x), b1(x), . .. of Bernoulli polynomials."

See Figs. 10.2-10.7; the last four figures show the 4-periodic qualitative picture.

Example 1t follows directly from the definitions that

1

1 1 1
bo(x) =1, bi(x) =x-— 5 by(x) = 2x2 — 2x+ 12"

The inequality follows from (d) if a < x < ¢. The case ¢ < x < b hence follows by observing

that [ = faz"_“.

2In order to avoid any misunderstanding, henceforth we indicate the variable x of the Bernoulli
polynomials. We observe that deg b, (x) = n.
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Fig. 10.2 by (x) 2
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Proposition 10.9 The Bernoulli polynomials are given by the formula

‘ Xk
bu(x) :an_kk!, n=0,1,... (10.18)
k=0
for a suitable sequence by, by, . . . of real numbers.

Proof Since by(x) = 1, the formula holds for n = 0 with by = 1. If (10.18) holds
for some n > 0, then

n )Ck+1 n+1 )Ck
b1 (X) = ( by ) b= by
1w =() kot )] 1= but o
k=0 k=0
by definition, with b, chosen by the condition fol bpy1(x)dx = 0. |

Definition The coefficients by, by, . .. are called Bernoulli numbers.
Corollary 10.10 The Bernoulli numbers have the following properties:

(a) b, = b,(0) for all n;
(b) b3 :bs :b7 :...:0"
(c) the remaining numbers by, by, by, by, bg, . . . have alternating signs.

Proof (a) follows from Proposition 10.9; applying this to the above examples we see
that by > 0, b; < 0 and b, > 0. The remaining properties follow from Lemma 10.8
(c) and (e). ]

Remarks

e Applying (10.18) for n > 2 with x = 1 and using the equality b,(1) = b,(0) =
b, we obtain the equalities

by
== m=23. (10.19)
k=2

Starting with by = 1 they allow us to recursively compute the Bernoulli numbers:

1 1 1 1
= b = — b = s
) 7 30240
* Once the Bernoulli numbers are known, the Bernoulli polynomials may be

computed by (10.18). Introducing the modified Bernoulli polynomials B, (x) :=
n! b, (x) and numbers By, := k! by, (10.18) and (10.19) may be written in the form

B =Y (Z) B for n>0

k=0
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B, = (Z)Bn_k for n>2,

k=0

and

reminding us of the binomial expansion of (B + x)" and (B + 1)".

We have B; = B; = By = --- = 0 and
By=1, B;= ! B _ ! B, = ! B¢ = !
0o— 1 1 = 25 2_67 4 = 307 6 42’

Tt can be shown'? that

by, >0 and B, — co.

10.7 Euler’s General Formula

Now we are ready to generalize Proposition 10.6. For eachm = 0, 1, ... we denote

by B..(x) the one-periodic function that coincides with the Bernoulli polynomial
by(x) in [0, 1).

Theorem 10.11 (Euler’s Formula) Iff € C"([0, n]) for some integers m,n > 1,
then

+ fa

fieeetho= [ swa+

+ DD+ Ry
k=2
with the remainder term

R = (—1)™ /0 B0 ™ (2) d.

Remark Since by = bs = b7 = --- = 0 by Corollary 10.10 (b), we may also write
the formula in the form
n [m/2]
+ n — n
ﬁ)++ﬁ1:/ f(x)dx+f0 f +Zb2k[f(2k 1)]0 +Rm
0 2 k=1

where [x] denotes the integer part of x.

13See Exercise 10.7 below, p. 265.
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Hence Ry = R+ forallj > 1.

Proof '* For m = 1 the equality holds by Proposition 10.6. If it holds for some
m > 1, then it also holds for m + 1 because, using the relations B;(0) = B(n) = by
fork > 2,

Ry = (—1)"! /0 B (™ (x) dx

= (=) [Busrf "] + (—1)m/0 B ()f " TV (x) dx
= (=" b1 [F15 + Ryt

O

»
Example (Jacob Bernoulli) Applying the theorem for f(x) := v | with a positive
p

integer p and m = p + 1 the remainder term vanishes because f(**!) = 0, and we
obtain the equality

+1
P4+ dtn? n b nP 4 xPH1=k n
:/ dx + +Z(—1)"bk[ ]
p! o P! 2(p") = (p+1—=Kk'lo
n+ 1) n? u pP 1=k
R ST :
(p+D!  2(pYH = (p+1-k)!
Since by = 1, by = —1/2 and b3 = b5 = --- = 0, this may be written in the form
1744 (n—1)P r 1k

=Y 1 :
p! ; (p+1-h)!

Using the modified Bernoulli numbers By := k!b; this yields the formula

1 &fp+1
P gk (n—1y = Btk
o=, LE(T )

or symbolically"

_ (B + n)p+1 _Bp+1

P+--4+m—1)Y
( ) p+1

4Compare to that of Theorem 5.11, p. 129.
15We apply the binomial formula and then we replace each B* by By.
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For example, '®

12+ +(n_1)2 _ (B+n)3—B3 n3+3Bln2+3an

3 3

_ 2n3 —3n® +n _n(n—=12n-1)

B 6 - 6

and
Bt (1) = (B+n)*—B* _ n* + 4B\n’ + 6Bon® + 4B3n

4 4

_ n* —2n® +n? _ n*(n—1)°
4 N 4

Let us investigate more closely the remainder term in Euler’s formula.

Proposition 10.12 Iff € C*"*1([0, n]) for some integers m,n > 1 and both f?"=Y
and @™V are non-increasing, then

Rop—1 = 9b2m[f(2m_l)]g
for some 9 € [0, 1].

Remark Changing f to —f we see that the proposition also holds if both £~ and
£+ are non-decreasing.

Proof 1t suffices to show that Ry,,—; and Ry, have opposite signs. Indeed, then
we have either

0 <Ryu—1 < Rop—1 — Ropm41 = me[f(zm_l)]g
or
0>Ryp—1 > Ryp—1 — Ropy1 = me[f(Zm_l)]g,

implying the assertion.
Using Lemma 10.8 (a) we may rewrite R,,,—; in the form

1/2

n—1
Royp—1 = Z/ bom—1(Dh(k + 1) dt
k=00

16Compare with Exercise 8.2, p. 214.
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with
hk + 1) = fC" Dk 4 1) —fO" Dk + 1 —1).

Since A > 0 by our assumptions and b,,,—; (f) has the constant sign (—1)" in (0, é)
by Lemma 10.8 (d), Ry,,—1 has the same sign (—1)".
Similarly, Ro,,+1 has the opposite sign (—1)"*!. O
If f € C*([0,00)), then we may study the limiting formulas as n — oo:
Henceforth we write £\ instead of £ (n) for brevity.

Corollary 10.13 Letf € C*°([0, 00)), and assume that all odd-order derivatives of
f converge monotonely to zero as x — co. Then

ot =" 7 [ ax

converges to a finite limit y as n — oo.
Furthermore,

m—1

2%—1 2m—1

)’Z—E b2kfo( )—mezmém )
=1

with some 0,, € [0, 1] form =1,2,....
Remarks
 Iff’is non-increasing,'” then

— f is non-decreasing;
— all odd-order derivatives of f are non-increasing;
— all even-order derivatives of f are non-decreasing, and converge to zero.

See the following proof and Exercise 10.4, p. 265.
* Since by, by, .. . have alternating signs by Corollary 10.10 (c), it follows from the
preceding remark that the partial sums of the series

o0
2%—1
—E bzkfé )
=1

are alternately < y and > y, and the errors do not exceed the first omitted terms.
* The series itself may be divergent: see the last remark in the next section and
Exercise 10.8, p. 266.

171f f” is non-decreasing, then we may apply this remark to —f.
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Proof Applying Proposition 10.6 we have

(ﬁ)+...+fn)_f0+f" /f(x)dx—/o ( —[X]—;)f/(x)dx-
Since

(== | acs ) [T lrw)a= "<

o
J
by our assumptions, the right-hand side of the above equality is a Cauchy sequence
of n and hence it converges to some real number ).

If f®m+1) is non-decreasing for some m > 1, then f?"*1) < 0 (because it tends
to zero by assumption as x — 00), and therefore f*"~1) is concave. Since £~ (x)
is monotone, concave and tends to zero as x — oo, we conclude that "~V is also
non-decreasing. Similarly, if f?”+1 is non-increasing for some m > 1, then f?"=D
is also non-increasing.

It follows that either all odd-order derivatives are non-increasing, or all odd-order
derivatives are non-decreasing.'® Changing f to —f if necessary we may assume
that all odd-order derivatives of f are non-increasing. Applying Theorem 10.11 and
Proposition 10.12 we obtain for all integers m,n > 1 the relations

Gott i =" 7= [ rew P T A A

k=1
for some 6,,,, € [0, 1].

We conclude by letting n — oo and using the hypothesis limy, f?*~1 = 0 for
allk > 1. O

10.8 Asymptotic Expansions: Stirling’s Series

We give three applications of the results of the preceding section. We recall Euler’s
celebrated result'®:

21
Lp=

First we give a numerical evaluation of this constant:

8The two cases occur simultaneously only if f’ is constant, and thus f* = 0.
19 A proof is given in Exercise 10.6, p. 265.
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Proposition 10.14 For any fixed integers n,m > 1 there exists a 0,,, € [0, 1] such
that

2m—1

E z )
nk+l Onm p2m+1’

Proof Applying Corollary 10.13 for f(x) := (x + n)~2 we have

19 = (- 1)f(f+2) forall j=0,1,...,
so that
m—1
\ b (2k) ! bow(2m)! By Bon
Z n2k+1 Onm p2mtl Z gkt T Onm p2m+1
k=1

for some 6, ,, € [0, 1], where
im (! T / "y
= lim — by
v j—~>oo \ n? J? 2n2 252 X2
. 1 T 1 1 1 n 1 1
= lim e — —
j—~>oo \ n? J? 2n2 22 j n
K11
6 _;jz—i_an_n'

Combining the two expressions of y,, we obtain the equality

.7t2 - 1 ! BZk Bzm
6 :Zj2+n 22+Zn2k+1+ I omAL
=1
The proposition follows by using the equalities By = 1, By = —1/2 and B3 =
Bs=..-=0. O

Examples

e For m = 3 the formula takes the form
2 n
b4 1 1 1 1 1 O3
6 _;ﬁ T T e T 30w 4o
For n = 1 this yields

~ 1.63
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with an error < 0.03, while for n = 10 we get

72

6 ~ 1.644 934 064
with an error < 3 - 107°.

The proposition implies the asymptotic expansion

7'[2 " 1 ad Bk 102
6~ij+znk+1 (10.20)
j=1 k=0
in the following sense:
Definition A series
a a
a+ "+
non

is an asymptotic expansion of a sequence (f;,) if

m

1
fnzzzl]i—i—o(nm) as n— oo

k=0

for each fixedm =0,1,2,....
We express this property by writing

a a
fo ~aop + 1_|_ i_}_
n n

The more general relation

ai az
gn’\’hn+a0+ + 2+"'
n n

means that the preceding relation holds with f,, = g, — h,,.
Our second application provides a numerical evaluation of Euler’s constant C:>°

Proposition 10.15 For any fixed integers n,m > 1 there exists a 6,,, € [0, 1] such
that

2m—1

"1 B By
C= —1In O .
; J " + ; k ) nk + ! 2m ) nzm

20See the example following Proposition 10.6, p. 244.
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Proof Applying Corollary 10.13 for f(x) := (x + n)~! we have
~ ! .
ﬂhqqmm forall j=0,1,...,
so that

m—1 m—1
by 2k —1)! by (2m — 1)! B By,
V”:Z 2k ( )+9n,m2( ):Z % g 2

n2 n2m 2k -n2k """ 2m . p2m
k=1 =1
for some 6, ,, € [0, 1], where
1 1 1
Yo = lim e S +
jroe\n J 2j
. 1 1 1
= lim 4 —Inj+Inn
j—>oo \ n Jj 2]
fim (L4 o ey ! b
= lim n - nn
e 1 i ™) n—1)" 2n
1

1 1
=C—| ++ |+ . +nn
1 n 2n

Combining the two expressions of y,, we obtain the equality

m—1
1 1 Boy Bom

C = + b + - 1 + + n,m .

( 1 no n) Z 2k - n2k 2m - n2n
The proposition follows by using the equalities B; = —1/2and B3 = Bs = --- = 0.
O

The proposition implies the asymptotic expansion
1 1 — B

C ~ o+ —In - 10.21
(1+ + n)+zj_n/ (10.21)

j=1
Example For m = 3 and n = 10 the proposition yields

C ~ 0.577 215 665

with an error < 4 - 107°.

Finally improve Proposition 10.7 (p. 244):
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Theorem 10.16 (Stirling’s Series) For any fixed integers n,m > 1 there exists a
Bn.m € [0, 1] such that

m—1

1 By
Inn! = (n+ 2)lnn—n—i—ln Var + ; 22k — 1) - 21

BZm
+ Qnm .
T 2m(2m — 1) - p2m—1

Proof Fix two integers m,n > 1. Applying Corollary 10.13 for f(x) := In(n + x)
we get

m—1
bZk(Zk - 2)' bzm(zm - 2)'
Vn == Z k-1 Onm 2m—1
k=1

m—1

__ Z Boy _e Bom
£ 2k(2k — 1) - n2=t T 2m(Q2m — 1) - p2n!

for some 6, ,, € [0, 1], where

nn+inj [/
Yo = lim (Inn+ -4 Inj)— T n’-/ Inx dx

j—>00 2
Inn+Inj .
— Gim(nn+-+nj)— T inx—af
Jj—>00 2

1 1
= lim(nn+---+1Inj)—{j+ Inj+j+(n— Inn —n.
j—>00 2 2
Since
Inn+---+1Inj=Inj! —Inn! + Inn,

hence (using Proposition 10.7 in the last step)

J—>00

1 1
yn:llimlnj!—(j—k2)1nj+j—lnn!+(n+2)lnn—n
jle 1
=limln~ | —lnn!+(n+ )lnn—n
+ 2

J—00 JT2

1
=1In+27 —Inn! + (n+ 2)lnn—n.
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Combining the two expressions of y,, we obtain

1 By
lnn!=(n+2)lnn—n+ln\/2n+22k(2k 1) el

B2m
en m
+On. 2m(2m — 1) - n2m—1

for some 6,,, € [0, 1]. O

The preceding theorem yields the asymptotic expansion

1 > By
Inn! ~ (n+ 2)1nn—n+ln«/27t +;2k(2k— 1) et (10.22)

Remark The asymptotic expansions (10.20)—(10.22) of this section are divergent
because |B,,| — oo very fast.2! Nevertheless, even divergent asymptotic expansions
are very useful in representing many important special functions.?

10.9 The Trapezoidal Rule: Romberg’s Method

Let g be a continuous real function on a compact interval I = [a, b]. Subdividing /
into n equal subintervals of length 4 = (b — a)/n, applying the trapezoidal rule on
each of them, and adding them together, we obtain the composite trapezoidal rule:

Z gla+ (j—Dh) + gla +Jh)

/g(y)dy~T(g) = 5

j=1

It was observed long ago®® that for some functions the convergence of 7,(g) to
fl g dx is unexpectedly fast as n — oo. This superconvergence is a consequence of
the following result.

Proposition 10.17 If g € C"(I), then

[m/2]
[y =160+ 3 e + 067

k=1

2ISee Exercises 10.7 and 10.8, p. 265.
22See, e.g., Burkill [70], Erdélyi [140], Watson [506], Whittaker—Watson [511].
23See Hairer—Wanner [217], pp. 129 and 164.
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as n — oo, with the constants

b
Co = —bzk[g(Zk I)L(b —a)*.

Proof Applying Euler’s formula for

f(x) := g(a + xh)h

we obtain the following relations:

Jo +f

T@) = o+ +h) ="

n [m/2] n
= [(r@acs 3 a0+ 0 [ B de
0 — 0

b /2]
= / g dy+ > bu[g® V]
a k=1

+ (-1 / bﬁm(y L))y

b [m/2]
= [ ewras— Y cwn + 0
a k=1

/1 g dx = T,(g) + O(n™)

foreachm =1,2,....

/g dx =T,(g) + czn_2 + O(n_4)
I

261

as n — oo. In the last step we have used the equality # = (b — a)/n and the
boundedness of the functions f,,, g/, implying that the last integral is bounded by
a constant independent of &.

O

Corollary 10.18 If g € C*°(R) is a (b — a)-periodic function, then the constants
cox all vanish, so that

Remarks Romberg noticed that the above proposition allows us to construct
efficient numerical integration formulas. We give two examples.

» If g € C*(I), then applying the proposition with n and 21 we obtain the relations
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and

€2

) —4
0 .
1 n-+0n")

/g dx =T (g) +
I
Combining them to eliminate ¢, we obtain the composite Simpson’s rule
4 1
Su(g) := ,Tan(g) — , Tu(8)
3 3
It is more efficient than the composite trapezoidal rule because
[edx=s.0+ 067
1
instead of
/g dx = T,(g) + O(n™?).
1
o Ifg e CO(), then
_ -2 —4 -6
/g dx=T,(g) + con” "4+ can " 4+ 0(n™),
1
and repeating the preceding reasoning we now get
/g dx = S,(g) — c:n_4 +0n™°).
1

We may eliminate c4 by introducing the integration rule

15 1
R.(g) = 1652,, — 16Sn.

This is even more efficient than the previous one, because

/g dx = R,(g) + O(n™9%).
I

This is no longer a composite Newton—Cotes rule.

Continuing this procedure we may construct powerful integration rules for suffi-
ciently smooth functions.
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10.10 Exercises

Exercise 10.1 Let (p,) be a sequence of orthogonal polynomials on some interval
land x, 1, ...,x,, be the zeros of p,, n = 1,2, .... Prove that the set {x, x} is dense
inl.

Exercise 10.2 Let f : [0,00) — R be a continuous, non-increasing function. As
usual in this section, we write f; instead of f(k) for brevity. For each integer k > 0
we denote by #, and T} the open domains bounded by the vertical line x = k, the
straight line joining the points (k,f;) and (k + 1,fi+1), and the graph of f and its
tangent line at k 4 1, respectively. See Fig. 10.8.

Prove the following:

(i) t; C Ty for each k;

(ii) if we translate the triangles T} such that their right vertices move to (1,f}),
then the translated triangles are pairwise disjoint, and they all belong to a right
triangle of sides 1 and fy — f1;

(iii) the sequence

ottt =P 70 = [ o

0.2 1

Fig. 10.8 Exercise 10.2 for f(x) := 1/(1 + x)



264 10 Numerical Integration
has a finite limit y as n — oo, and
0<y < fo—=h .
-T2
Apply (iii) to the functions f(x) := 1/(1 + x) and f(x) := —1In(1 + x) to prove
the convergence of the sequences*

nle"

1 1
1+ +---4+ —Inn and .
2 n nn+2

asn — oQ.

Exercise 10.3 (Wallis Formula) Set

1
jm;:/(l—xz)mzldx, m=1,2,....
0

(i) Show thatJ; = landJ, = 7.
(ii) Verify the following recursive relation form = 3,4,...:

Jn = (m - 1)(Jm—2 _Jm)-
(iii) Introducing the semifactorial notation
em!:=(2n)-2n—2)---4-2 and QCr+D!N:=Q2n+1)-2n—-1)---3-1,

show that

Cn—-DI! & 2!
J: n — . d J n =
2 I S i o P T
forn=1,2,....
(iv) Show that Jp,4+1 < Jo, < Joup—; for all n > 1, and that they are equivalent to
the inequalities

2n 7'[<2'2 4.4 2n-2n <7'r
2n+1 2 —1:3 3.5 Cn—1-Cn+1) — 2°

(v) Infer from (iv) the Wallis formula:

b4 . 2-2 4-4 2n-2n
= 1im . cee .
2 nso0l-3 3.5 (2n—1)-Q2n+1)

24See Propositions 10.6 and 10.7, p. 244.
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Exercise 10.4 Let f satisfy the hypotheses of Corollary 10.13, and assume that f”
is non-increasing. Prove the following:

(i) all odd-order derivatives of f are non-increasing;
(ii) all even-order derivatives of f are non-decreasing, and converge to zero as
X — 00;
(iii) f is non-decreasing.

Exercise 10.5 (Fourier Series of Bernoulli Polynomials) Starting from the
Fourier series

o0
sin nx
Z (0 <x<2m)

n=1

prove that

2 sin2nmx
by(x) = Z 0<x<1),

and then that

by (x) = (— l)k 1 Z 2 cos(2nmx)

ot (2nm)2
and

2 sin(2nmx)
(2nm)2k+!

bar1(x) = (1) IZ

forallk =1,2,...and x € [0, 1].

Exercise 10.6 (Sums of Hyperharmonic Series) Deduce from the preceding
exercise the equalities

o

1 e
> ok = @7

n=1
fork=1,2,....

Exercise 10.7 (Size of the Bernoulli Numbers) Using the preceding exercise
prove the following relations:

4
< |bxu| < fork=1,2,...;

2
) 2% 2%
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(i) Qm)%* |by| — 2;
(iii) byx — 0 and |By| — o0. Moreover, p(k)by, — 0 and
polynomial p.

p(f) — 0 for any

Bok

Exercise 10.8 Prove that all three asymptotic expansions in Sect. 10.8 are diver-
gent.

Exercise 10.9 (Generating Functions)

(i) Prove the identity

t P )
L g o (bo+ bit+ b +--) =1

for all ¢ satisfying |f| < 27, and infer from this the relation

o0
t
(= D bt if i < 2m. (10.23)
o —

n=0

(ii) Show that the series Y b," is divergent if |z| > 27.
(iii) Take the Cauchy product of the series

o

o0 xn

n Xt __ n
E b,/ and €Y = E n't
n=0

n=0

to prove that

te

e’—lz

o0
Y by if xeR and | <2m.
n=0

Exercise 10.10 Starting with (10.23), prove the following Taylor expansions:

o0
xcothx =14 Y by - 20)* if x| < m;
k=1

o0
xcotx = 14 ) (=Dfby - 20)* if  |x| < 7
k=1
o0
tanx = (=Dfby - 2% =492 i x| < 7/2.
k=1



Chapter 11
Finding Roots

Since Descartes’s groundbreaking work the exact or numerical solution of polyno-
mial equations has become a frequent task in analytical geometry. We also have
to find the roots of orthogonal polynomials for the implementation of the Gauss
rules of numerical integration. Based on his differential calculus, Newton invented
a powerful method for localizing the roots of twice differentiable functions.

In this chapter we give an introduction to these questions.

11.1 * Descartes’s Rule of Signs

We start with a theorem of Descartes.
Definition Given a polynomial p(x) = a,x" + - -+ + ao, we denote by

* n4 =n4(p) the number of its (strictly) positive roots (counted with multiplicity);
* Ny = N (p) the number of sign changes' in a,, a,—1,. ... a.

Theorem 11.1 (Descartes) We have ny < Ny.

Proof More generally, we consider a function of the form
px) = anxbn + an—lxbn_l + -+ aoxb"

with non-zero real coefficients a; and arbitrary real exponents b, > --- > by. We
prove the inequality n4(p) < N4+(p) by induction on N4 (p).

I After the removal of its zero elements. For example, the sequence 1,3, —2,0, 1, —4 has 3 sign
changes.

© Springer-Verlag London Ltd. 2017 267
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If Ny(p) = 0, then each term of p(x) has the same sign for x > 0, so that
ny(p) =0.

Proceeding by induction, let N1 (p) > 0, and consider an index i for which
ai+1a; < 0. Since ny(p) and N4 (p) do not change when we divide p(x) by some
real power of x, we may assume that b;; > 0 > b;. If we differentiate p, then none
of the coefficients a,, . . ., a;+1 changes sign, while all coefficients a;, . . . , @y change
sign, so that Ny (p’) = N4 (p) — 1. Since n4(p’) > n4(p) — 1 by the generalized
Rolle theorem (Lemma 8.8, p. 205), using the induction hypothesis we obtain that

ny(p) <ni(p)+1=<Ny(p)+1=Ny(p).

Remarks

* If a,, is the last non-zero coefficient, then the factorization of p shows that a,
and a,, have equal signs if ny(p) is even, and different signs if n4(p) is odd.
Consequently, N4+ (p) and ny (p) always have the same parity.

e We can also estimate the number n— = n_(p) of negative roots of p. Indeed,
putting g(x) := p(—x), we obviously have n_(p) = n4(g), so that setting N_ =
N_(p) := N+(q) we deduce from the theorem that n_ < N_.

e Since N_(p) —n—(p) = N+(q) — n+(q), N—(p) and n_(p) also have the same
parity.

Example For the polynomial p(x) = x*+3x*>—1 we have N4 (p) = 1. Since N+ (p)

and n4(p) always have the same parity, we conclude that p has a unique positive

root.

If the polynomial is known to have only real roots,” then the theorem may be
sharpened:

Proposition 11.2

(a) We have N+ (p) + N_(p) < degp for all non-zero polynomials.
(b) If p has only real roots, then

ny =Ny and n_ = N_.

Proof

(a) Letus write

px) = anxb” + an_lxb”—l 4.4 aoxb()

2For example, when p is the characteristic polynomial of a symmetric matrix.
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with non-zero real coefficients a; and nonnegative integers b, > --- > bg. Then
p(=x) = (=D)"apx’ + (=D ap_yx" + - 4 (=1)apx™.

Hence Ny is the number of elements of the set of indices 1 < i < n satisfying
a;ai—1 < 0, and N_ is the number of elements of the set of indices 1 <i <n
satisfying (—1)%a;(—1)P—'a;,—; < 0.

If an index i belongs to both sets, then b; — b;—; is a positive even integer,
hence b; — b;—; > 2. Since the other differences b; — b;—; are positive integers,
this implies that

Ni(p)+N-(p) = Z(bi —bi1) =b,— by < b, = degp.

i=1

(b) Our assumption implies that p is not identically zero. If p(0) = 0, then dividing
p(x) by x the numbers n4, Ny, n—, N_ remain unchanged. We may therefore
assume that p(0) # 0. Then p has only non-zero real roots and therefore degp =
n4+ + n—. Using the preceding theorem and part (a) above it follows that

degp =ny +n_ <Ny + N_ <degp,

and hence ny 4+ n— = N4 + N_. This implies that none of the inequalities
ny < N4 and n— < N_ of the preceding theorem may be strict. O

11.2 * Sturm Sequences

Completing the unpublished work of Fourier, Sturm developed an efficient method
of localizing the real roots of a polynomial.

Definition A finite sequence po,p1,...,p, of C' functions R — R is a Sturm
sequence if

(a) po has no root;

(b) pk(()é)=0:>pk_1(06)pk+1((¥)<0, k=1,....,n—1;

(©) pu(@) =0 = (papn-1)'(«) > 0.

Example If (pn)a>0 is an orthogonal sequence of polynomials, then po, p1, ..., pn
is a Sturm sequence for each n by Corollary 9.5 (p. 226).

Lemma 11.3 Ifpo,p1,...,pn is a Sturm sequence, then

(d) pn has no multiple roots;
(e) conmsecutive functions have no common roots.
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Proof If p, had a multiple root &, then the equality p,(a) = p/,(«) = 0 would imply

(Pupn—1)' (@) = pu(@)p),_ (@) + py(@)pu—i(@) =0,

contradicting (c).
If pr(e) = O for some real @ and integer k < n, then k > 1 by (a), and then

Pi—1(@)pi+1(a) < 0by (b). Hence py+1 () # 0. o

Let po,p1,...,pn be a Sturm sequence. For any real ¢ we denote by N(c) the
number of sign changes in po(c), pi(c), ..., pa(c) (after the removal of the zero
elements).

Remark If the sequence po(c), p1(c), ..., pn(c) contains three consecutive elements
Pi—1(¢), pr(c), pr+1(c) such that p_i(c)pr+1(c) < 0, then the removal of pi(c)
does not alter the number of sign changes. Repeating this elimination procedure,
we eventually arrive at a reduced sequence of length 1 + N(c).

Theorem 11.4 (Sturm) Ifpo,pi,...,psis a Sturm sequence, then p, has exactly
N(a) — N(B) roots in any interval («, B].

Proof Consider the function ¢ +— N(c) defined on R. If po(c), ..., p,(c) are all non-
zero for some ¢, then N keeps a constant value in a neighborhood of ¢ because the
continuous functions p; do not change sign here.

This property remains valid under the weaker condition p,(c) # 0. Indeed, if
pi(c) = 0 for some k < n, then k > 1 by (a), and py—1(c)pi+1(c) < 0 by (b). Hence
pr—1 and pi4 keep their different signs in a neighborhood of ¢, so that the sign
pr in this neighborhood does not affect the number of sign changes by the remark
preceding the statement of the theorem.

Since p,, has only simple roots by (d), it remains to show that N(c) decreases by
one when we cross a root ¢ of p,,.

If pu(c) = 0, then (pupu—1)(c) = 0, and (pupu—1)'(c) > 0 by property (c), so
that p,p,—1 < 0 just before ¢, and p,p,—1 > 0 just after c. Hence N(¢’) = N(c) + 1
for ¢’ just before ¢, and N(¢’) = N(c) for ¢’ just after c. O

Remarks

» Ifthe sequence po, p1, .. ., p, satisfies (a), (b) and (c’) where (c’) is obtained from
(c) by changing the inequality > to <, then p, has exactly N(8) — N(«) roots in
every interval [o, B): it suffices to apply the theorem for the functions p;(—x).

* If we consider a sequence of orthogonal polynomials p; with positive leading
coefficients in an interval (a, b), then N(x) = 0 for all x > b, because pi(x) > 0
for all k > 0 and x > b. Hence p, has exactly N(c) roots in (c, co) for any c.
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11.3 * Roots of Polynomials

We seek the real roots of a given polynomial p. Dividing p by the greatest common
divisor of p and p’,> we may assume that p has no multiple roots. We are going to
construct a Sturm sequence allowing us to localize the roots of p, = p.

We may assume that degp > 1. Set go = p, ¢1 = p’, and define the polynomials
q2,q3, ... and ry, ry, ... by the Euclidean algorithm“:

Gk—2 = Gk—1Tk—1 — Gk, degqy <deggi—1, 2=<k=mn;

we stop at the last non-zero polynomial g,,.

Since p has no multiple roots by our assumption, the greatest common divisor g,
of p and p’ is a non-zero constant. This implies that consecutive polynomials g, have
no common roots, because such a root would also be a root of g,, by the algorithm.

Proposition 11.5 The formula

Pk ‘= Gn—k
defines a Sturm sequence pg, pi,...,pp Withp, = p

Proof Condition (a) is satisfied because pg = g, is a non-zero constant.
For the proof of (c) we remark that if p,(«) = 0 for some real «, then

(papn—1)' (@) = (pp) (@) = p'(@)* = 0;

moreover, the last inequality is strict because « is a simple root of p.

Finally, we establish (b) equivalently for the polynomials g; instead of py. If
gr(a) = 0 for some real @ and for some 0 < k < n, then multiplying the equality
qk—1 = qrTx — qr+1 bY gik+1, we obtain for x = « the equality

Gi—1(@)qit1(@) = —gry1(@)* < 0.
The last inequality is strict because consecutive polynomials ¢; have no common
roots, so that g+ (a) # 0. O

Before starting Sturm’s procedure it is useful to find an initial bounded interval
containing all roots of the polynomial under investigation. We may apply the
following simple result:

Proposition 11.6 All roots o of

px) =x"+ a1 X"+ +ax+ao

3Tt can be computed by the Euclidean algorithm.
“4Notice the sign change for the remainders.
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satisfy the inequality
le| < 1+ max{|a,—1],---.,|aol}-
Proof Denote the above maximum by A. If |x| > 1 + A, then

X 4 aix +aol <A(X" + 4 x|+ 1)
< (Il = D"+ 6+ 1)

=" =1 < I,

so that p(x) # 0. O

Example Let us return to the polynomial p(x) = x> + 3x> — 1 of Sect. 11.1.
By the preceding proposition its real roots belong to the interval (—4,4). A short
computation shows that the roots of p are simple and its Sturm sequence is the
following:

p3(x) = x° + 35> — 1,

pa(x) = 3x° + 6x,

pi(x) =2x+1,

9
Po(x) = 4

This yields the table

c =3 =2 -1 0 1
Ney 3 2 2 10

implying that p has exactly three real roots, one in each of the intervals (—3, —2],
(—1,0] and (0, 1]; see Fig. 11.1.

11.4 * The Method of Householder and Bauer

In this section we show that every symmetric matrix is similar to a tridiagonal
symmetric matrix. This will be used in the next section for the evaluation of
eigenvalues of symmetric matrices, a frequent task in geometry and physics.

We denote by B* the transpose of the matrix B, and the elements of R™ are
considered as column vectors. We recall that a matrix is orthogonal if and only if
the linear map v > Av is an isometry.’

SWe consider the usual Euclidean norm on R”.
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Fig. 11.1 Graph of p(x) = x> + 32> — 1

Definition A square matrix A = (ay) is tridiagonal if
Ii—j| 22:>a,j=0

In other words, only the entries on the diagonal and those having a neighbor on the
diagonal may be different from zero.

Proposition 11.7 (Householder-Bauer) For every symmetric matrix A there
exists an orthogonal matrix P such that P*AP is tridiagonal.

Remark The matrix P*AP is also symmetric because
(P*AP)* = P*A*P** = P*AP.

For the proof we introduce the Householder matrices:
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Fig. 11.2 H(a—b)a= b a—>b

Definition For any non-zero vector v € R™ we denote by H(v) the matrix of the
reflection to the hyperplane that is orthogonal to v:

Hw) v =—-v, and H@u=u forall u Ll v.
Furthermore, we set H(0) := I (the identity matrix).®

Lemma 11.8

(a) The Householder matrices are orthogonal.
(b) Foreach a € R™ there exists av € R™ such that

H@)a = (|a],0,...,0)*.

Proof

(a) Neither the identity map nor the reflections change the norm of a vector.
(b) We claim that H(a — b)a = b for b := (|a|,0,...,0)*.

The case a = b is trivial. If a # b, then a and b are at the same distance
from 0, and therefore they are symmetric to the hyperplane orthogonal to a — b
(see Fig. 11.2). Hence H(a — b)a = b again. O

Proof of Proposition 11.7 There is nothing to prove if n < 2. Given a square matrix
A = (ay) of order n > 3, we construct by induction a sequence of orthogonal
matrices Hy, ..., H,—, such that setting

A1 :=A and Ak+1 ZZH;:Aka, k:l,...,n—Z,
the matrices Ay = (a¥ ;) satisfy the following conditions:

j<k—1 and izj+2=a;=0. (11.1)

5The matrices H(v) are symmetric, but we do not need this property here.
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Since the matrices A; are symmetric by construction,’ this will imply that A,—; is
tridiagonal. Finally, the product matrix P := H; - - - H,—, is orthogonal, and A,,—; =
P*AP.

The condition (11.1) is void for k = 1. Assume by induction that A; has already
been defined for some 1 < k < n—2, and satisfies (11.1). Applying the lemma there
exists a vector vy such that

H(vk)(a’,iﬂ’k, .. ,afl’k)* = (c,0,...,0)*

with a suitable number ¢ > 0. Then the formula

(I O
M= (0 H(Uk)) ’

where [ denotes the identity matrix of order k, defines an orthogonal matrix.

If we write
Ap = (Bk C;:)
Ck Dy
where By is a square matrix of order k, then
A = ( B CyH(vi) )
. H(vi)Cr H(vi)DiH (v)

by a direct computation.

The first k — 1 columns of C; vanish by the induction hypothesis; they
remain null vectors in H(vi)Cy, too. Furthermore, the last column vector of Cy is
replaced by (c,0,...,0)* in H(v;)Cy because of the choice of vi. This shows that
condition (11.1) is also satisfied for k + 1 instead of k. |

11.5 * Givens’ Method

We seek the eigenvalues of symmetric matrices. In view of the preceding section we
consider only tridiagonal matrices:

by ¢

C1 b2
A:

‘. bn—l Cn—1
Cn—1 bn

7See the remark following the statement of the proposition.
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If ¢; = 0 for some j, then A is the direct sum of two smaller symmetric tridiagonal
matrices, and the spectmm8 of A is the union of their spectra. Therefore it is
sufficient to consider the case where none of the numbers ¢; vanish.’

We introduce for k = 1, ..., n the submatrices
by c
C1 b2
Ak =
bg—r cre
Ck—1 by

and their characteristic polynomials
pk(k) = det(AIk — Ap).

We also set po(1) = 1.

Proposition 11.9 (Givens) If none of the numbers ci vanish, then po,pi, ..., pn is
a Sturm sequence.

Proof We have to check the properties (a), (b), (c) on page 269. Property (a) is
obvious because py = 1 has no root.

It follows from the definition of the determinant that py is a polynomial of degree
k with leading coefficient 1.

Developing the determinant py41(A) according its last column we obtain the
recurrence relation

Pir1(A) = (A — b )pe(A) — eZpi—i (L)

fork=1,...,n—1.
Since the numbers ¢y are different from zero, henceforth we may repeat the proof
of Proposition 9.4 (b), and then that of Corollary 9.5 (pp. 223-226).'° O

The above proposition enables us to apply Sturm’s theorem for the evaluation
of the eigenvalues of A. The next result allows us to find an initial set of disks
containing all eigenvalues:

8The spectrum of a matrix is by definition the set of its eigenvalues.
9We will find that A has n distinct (real) eigenvalues in this case.
10See also the second remark following the proof of Proposition 9.4.
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Proposition 11.10 (Gerschgorin) If A is an eigenvalue of the matrix (ajj), then
there exists an index i such that

A —ail <Y lag|-

J#i
Proof If x = (x1,...,x,)* is a non-zero eigenvector associated with A, then

n
Z a,:,'.x]' = /\x,-,
J=1
or equivalently

Z a,:,'.x]' = (A — a,-,-)x,-
J#i

foralli=1,...,n. If |x;] = maxi<j<n |%j|, then

N
r=ail =Y ai7| =Y eyl o

JE T

11.6 Newton’s Method

Newton invented a general method for the solution of equations of the form f(x) = 0
for sufficiently smooth functions f. Here we consider only a special case.'!
Letf : [a,b] — R be a C? function satisfying

fla)f(b) <0,
and'?
f(x)>0,f'(x) >0 forall x€ [a,b].

Then the equation f(c) = 0 has a solution in (a, b) by Bolzano’s theorem (p. 47),
and this solution is unique because f is increasing by the condition f* > 0.

!See Exercise 11.3 for a more general result, p. 281.

2The more general condition “f’ # 0 and f”/ # 0 in [a,b]” may be reduced to this one by
replacing f(x) with f(—x), —f(x) or —f(—x).
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Fig. 11.3 Newton’s method

()

c Xn+1 Xn

Proposition 11.11 (Newton) [f xo € [a,b] and f(x0) > O, then the recursive
formula

_ S )
VHEDD

defines a (strictly) decreasing sequence, converging to c. (See Fig. 11.3.)

=0,1,... (11.2)

Xp+1 *= Xp

Proof Since f is strictly increasing and f(xo) > 0 = f(c), we have ¢ < xp < b. We
show that if ¢ < x, < b for some n, then ¢ < x,41 < x,. In particular, (x,) is a
well-defined, (strictly) decreasing sequence in (c, b].

First we observe that

. S ) <
S (xn)

because f(x,) > 0 and f’(x,) > 0. On the other hand, applying the Lagrange form
of Taylor’s formula (p. 127) we have

Xp4+1 = Xp Xn

f"(d)

5 (c — xp)? (11.3)

0 =f(c) =f(xa) +f (x)(c— 1) +
for a suitable point d € (c, x,). Hence

S ) +f/(xn)(c —x2) <0
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because /”/(d) > 0, and this is equivalent to

J ()

C < Xp— = Xn+1

S (xn)

because f”(x,) > 0.

The sequence (x,) is monotone and bounded, hence it converges to some limit
x € [c, b].

Letting n — oo in (11.2) we get f(x) = 0 by continuity, and then x = ¢ by the
injectivity of f. O
Remark Under additional assumptions we may estimate the convergence speed, too.
For this we deduce from (11.3) the equality

f@) _ 1)
F) 2 )

Xpp1 —C =Xy —C— (¢ —x0)2

Setting

_ maxf”
" 2minf’

we deduce from this equality the inequalities
ACo+1 =l < 1A =), n=0,1....
and then by induction the estimates
A, — )| < Ao — ¥, n=0,1,....

This shows that if |xo — ¢| < 1/A, then the convergence x,, — c is very fast.!?

Example We apply Newton’s method to the function f(x) := x> — 2 in an interval
[a,b] with 0 < a < +/2 < b. Starting from an arbitrary point +/2 < xo < b, the
sequence defined by the formula

xzn—Z 1( n 2)
Xl = Xp — = (x,
+ 2x, 2 X

converges rapidly to ~/2. It is interesting to compare the convergence speed estimate

of the preceding remark with the one obtained after the fixed point theorem 1.10
(p. 17). The case a < xy < ~/2 is also worth investigating.

13A convergence of this kind is called quadratic.
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11.7 Exercises

Exercise 11.1 Apply Newton’s method to the function f(x) := x” — A where p > 2
is an arbitrary integer and A is an arbitrary positive number.'*
What happens if we start Newton’s method with a point 0 < xo < A'/7?

Exercise 11.2 (Secant Method) Let f : [a,b] — R satisfy the conditions of
Proposition 11.11 (p. 278). We change the formula (11.2) as follows. If x;,, x,,4+1
have already been defined for some n > 0, then consider the affine function g
that coincides with f at x,, x,+1, and define x,4, by the equation g(x,+,) = O.
Given xo,x; € [a, D], assume that this procedure allows us to define a sequence
(xn) C [a,b].

(i) Show that

S Gt 1) G — xn)

f(xn-i-l) _f(xn) ’

(i) Denoting by c the solution of the equation f(c) = 0, prove that

Xn+2 = Xn+1 — n=0,1,....

Ot )
Xp42 —C Xp1—C Xp—C

= . 114
(st — ) — ) fCorpr) —f() (14

(iii) Apply Cauchy’s mean value theorem (Proposition 4.4 (c), p. 105) and Taylor’s

formula
1"(B)
0=f(c) =f(a) +f(@)(c—a) + , (e— )’
to write the right-hand side of (11.4) in the form
1"(B)
2f" ()
for a suitable 8 between x,, and x,,1.
(iv) Assuming that
/!
T
2 minf’
infer from the above results that the quantities d, := A |x, — c| satisfy the

inequalities

dyyor <dyt1d,, n=0,1,....

14Compare to the example on p. 280.
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(v) Setting d := max {dy, d; }, prove the estimates
A |x, — | <d™ n=0,1,...,
where the exponents are the Fibonacci numbers
Fop=1, F; =1, and Fy4p=F,11+F, for n=0,1,....
We recall that

n+1 _p\—n—1 n+1
Fn:<ﬂ +(=¢) =7 +o0(l1) as n— oo,

NE NG

where ¢ := (1 ++/5)/2 ~ 1.618 denotes the Golden Ratio. Hence the convergence
speed is slightly smaller than that of Newton’s method.

Exercise 11.3 (Newton—-Kantorovich Method) Let X be a Banach space, xy € X,
R > 0,and F : Br(xy) — X a function of class C'. Furthermore, let t € R,
0 <r < R,and ¢ : [ty, to + 1] be a continuous function, of class C! in (to, ty + 7).
Assume that the following hypotheses are satisfied:

| F(x0) — xoll < @(t0) — to:

IF @] <@ if llx—xll <t—10;

¢ has at least one fixed point.

(i) Prove by induction that, starting from f, the formula t, | := ¢(¢,) defines a
non-decreasing sequence, converging to some t* € [to, to + r].
(i1) Show that r* is the smallest fixed point of ¢.
(iii) Prove by induction that, starting from x, the formula x,; := F(x,) defines a
sequence satisfying the inequalities

||xn+1—xn|| <tw1—t,, n=0,1,....

(iv) Infer from the above results that (x,) converges to a fixed point x* of F, and
that

Ix* —x,|| <t —t,, n=0,1,....

Exercise 11.4 Given a linear operator A in a finite-dimensional normed space X
and a vector b € X, we seek the solution of the equation x = Ax + b as the limit of
the sequence (x,) defined by the recursive formula

Xn+1 = Ax, +b, n=0,1,..., (11.5)
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where xo € X is an arbitrarily given vector.
Prove the following'3:

(i) If (x,) converges for some xo, then limx, is a solution of the equation x =
Ax +b.
(ii) If |JA|| < 1, then the equation x = Ax + b has a unique solution x; for any
given b, and x,, — x;, for any given xy.
(iii) If ||A]| > 1, and A is symmetric, then there exist b and x( for which (x,) does
not converge.

Exercise 11.5 We consider the same problem as in the preceding exercise, but in
a finite-dimensional complex normed space X.'® We define the spectral radius of A
by the formula

p(A) == max {|A{],...,|Ar}, (11.6)

where A1, ..., A, are the (complex) eigenvalues of A. Prove the following results:

(i) If (x,) converges for some xy, then limux, is a solution of the equation x =
Ax + b.
(i) We always have p(A) < ||A]|.
(iii) If p(A) < 1, then the equation x = Ax + b has a unique solution x; for any
given b, and x, — x,, for any given xy.
@iv) If p(A) > 1, then there exist xo and b for which (x,) does not converge.
(v) If X is a Euclidean space, then ||A| = \/,o(A*A).
(vi) If X is a Euclidean space and A is selfadjoint, then |A|| = p(A).
(vii) The equality ||A|| = p(A) may fail in general.

SProperties (ii) and (iii) will be improved in Exercise 12.3, p. 295.
16See Exercise 12.3 for the real case.



Chapter 12
Numerical Solution of Differential Equations

Integration is just a special case of the solution of differential equations. Similarly to
numerical integration, the approximate solution of differential equations is of great
importance in, among other subjects, physics, engineering and chemistry. We give a
short introduction to this subject.

12.1 Approximation of Solutions

Differential equations of the form

X =ftx), x(r)=¢ (12.1)

rarely may be solved explicitly. But we may find good approximations of the
solutions. Euler proposed the following method. Assuming, for example,' that
7/ > 1, let us divide the interval [z, 7] into n equal subintervals for some large
integer n, and approximate f by a suitable constant in each of them. Introducing the
notations

h=""" and fn:=t4kh, k=0,.. . .n (12.2)
n

this is equivalent to approximating x(z’) by x, := z,, where the numbers z; are
defined by the following recurrence formula (see Fig. 12.1):

z0:=§& and zZy =z +f(Gz)h, k=0,....,n—1.

In order to justify this method we first establish an important inequality.

I'The results of this chapter remain valid for t” < t with obvious modifications.
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Fig. 12.1 Euler’s method

23

22
21

Definition A continuous function x : I — X, defined on an interval I, is an &-
approximate solution of the differential equation X' = f(¢,x) if it is piecewise
continuously differentiable with ||x'(t) — f(t,x(1))|| < & for each ¢t € I, except at
a finite number of points.”

In particular, every solution is also a 0-approximate solution.
Proposition 12.1 (Peano) Let x; : I — X be an &;-approximate solution of
X =f(t,x) fori = 1,2. If | Dof || < L, then

] &1t € _
1)) = x20) | < Ioni (@) = o) 27 4 7175 (el 1)
forall t,t €I

Proof Assuming by symmetry that # > 7, we have
t
[Ger =)@ = I(xr = x2) (D) +/ |Gt =x2) ()| ds
T

= [ =x) (@)l +/ g1+ e+ [ f(s.x1(5) —f(s. x2(5))|| ds

T

<l @l +L [ T -l s

Hence the function

&1+ &

e0:=" "+ —x)0)]

2We assume that the one-sided derivatives exist and are continuous at the exceptional points.
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satisfies the assumptions of Gronwall’s lemma 6.8 (p. 155):

&1+ & !
o= (7 7w =) + L [ o0 s
and we conclude that
e1+e .
o= (7] 7+l - )

forall t € I, t > t. This is equivalent to the assertion of the proposition. O

Henceforth we assume that f : D — X satisfies the assumptions of the Cauchy—
Lipschitz theorem. We consider the following generalization of Euler’s recurrence
formulas, where @ : D x (—r, ) — X is some given function for some r > 0: given
an integer n > ’/r_f, we define h and 1y, . . ., f, as in (12.2), and then we set

20 = Ea Zk+1 = Zk+¢(tkszksh)hs k:()v"'vn_lv Xp 1= Zp.

Proposition 12.2 Let the solution of (12.1) be defined in some interval [t, 7], and
set

K :={(tx(1),0) : te[r,7]}.

3

Assume that ® is uniformly continuous’ in some neighborhood U of K, and

®(1,x,0) = f(t,x)
forall (t,x,0) € U.

Fix ¢ > O arbitrarily. If n is sufficiently large, then 2y, ..., z, are well defined,
and the formula

Z(l) =+ cD(lk,Zk,h)(l‘ — lk), te [l‘k, tk+1], k=0,....,.n—1

defines an e-approximate solution of (12.1).

Proof Fix a constant M satisfying M > ||®|| on the compact set K, and choose by
continuity an open set V such that K C V C U and M > || ®|| on V. Fix two positive
numbers 7, r» such that

(t,y,h) €V whenever te€[r,7'], |y—x(@®|| <r and |k <r.

3Tt is sufficient to assume the mere continuity if dimX < oo because we may assume U to be
compact and then Heine’s theorem implies the uniform continuity.
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We may assume that ¢ > 0 is sufficiently small such that

¢ (eL(t/_r) - 1) <ri.
L

Choose n sufficiently large such that
0<h<n, z (eL(T/_t) — 1) + 2Mh < 1y,

and
[@(t1,y1.h) — P2, y2, 0)[| < &
whenever
(t1,y1,h),(t2,52,0) €V, |1 —t| <h and |y —y| < Mh.
We prove by induction on k that z(z) is well defined for ¢t € [z, #], and z is an
g-approximate solution on [z, ].

There is nothing to verify for k = 0. If our claim is true for some 0 < k < n,
then applying Peano’s inequality we have

() = x| < [lz(1) — 2@l + llz(t) — x(@)|| + [x(%) — x(@) ||
=M+ (M7~ 1) 4 M
<r
for all ¢ € [ty, tx+1]. Hence (¢, z(¢),0), (¢, 2(¢t), h) € V for all t € [ty, ty+1], and
|20 = . 2@) | = 1P, 2(0), h) — Dt 2(1), 0)|| < &

forall t € (t, ty+1). |

We are going to investigate the speed of convergence of x, = z, to x(z'). If
f € CP for some p > 1, then we introduce for convenience the notation

o= 7 and fU =D, AN 4 Do TN for i=1,...,p.
It follows by induction on i that the maximal solution of (12.1) satisfies the equalities

xD() = [, x(r)) forall tel and i=1,....p+1. (12.3)
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Indeed, for i = O this is just the differential equation (12.1). If it holds for some
0 < i < p, then it also holds for i + 1 because

. d ..
@+1) 1) = (@) t
X = 00

= 10

— D0, x(0) + Do f e, X)X 0
= Dy x(®) + £ x)Da s 1, x(0)
— 91, x(1).

Proposition 12.3 Assume that the hypotheses of the preceding proposition are
fulfilled. Assume furthermore that ® € CP for some p > 1, and

1
Dier.x0) = M) (12.4)

forall (t,x) e Dandk =0,...,p—1.
Then

X, =x(t)+0m™?) as n— oo. (12.5)

Proof Fix two constants L, M satisfying

L>|D®|. M>|®| and M> _ ||Di| (12.6)

2
p! |
on K, and fix an open set K C V C U on which these inequalities are still satisfied.
If n is sufficiently large, then zo,...,z, are well defined by the preceding
proposition, and (¢,y,s) € U whenever r € [t,7'], y € [x(?),z(t)] and s € [0, A].
Henceforth, we consider only such large values of n.
It suffices to establish the inequalities

Ix(ti41) — zer | < (1 + Lh) |Ix(t) — 2| + MRPF! (12.7)

fork =0,...,n—1.Indeed, since x(t)) —z0 = § — & = 0, they imply the estimate*

[[x(t2) — x|l = [|x(0) — 2a]|
n—1
< > (1 + Ly mirt!
k=0

4We recall that nh = t/ — 7 and that (1 + x/n)" < e* for all x > 0.
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< n(l + Lh)"Mr"*!
L —1)\"
:(f/—f)(1+ ( T)) MR
n

< (¢ = 1) Mw

=Mt — )Py,

For the proof of (12.7) first we apply Taylor’s formula. We have

p—l (i+1) p+1
X (1) i+1H (+1) h
x(f —x(ty) — < max ([x t
|x(t) = 2(0) > i | = e 0l
and
p—1

Déq)(tk;!x(tk)a O)hi H

EEONED

i=

h’
= max D50t x@. 0] )

Using (12.3), (12.4) and (12.6) we get
[Px(trr) = x(5) — (1 x(tk), Rl < MAPF. (12.8)
Next we apply the Lagrange inequality to get
lzk+1 — 2k — ok, x(t), Wh|| < b || Pk, 2k h) — P, x(1), h) |
< Lh|lze — x(t) || -

Combining with (12.8) and using the triangle inequality, the estimate (12.7) follows.
O

Definition A method is said to be of order p if it satisfies (12.5), but does not satisfy
the similar estimate with p + 1 instead of p.

Examples

* For Euler’s method ®(t,x,h) = f(t,x) the condition (12.4) of Proposition 12.3
is satisfied for k = O by definition, so that it has at least order one.’
» The modified Euler method is defined by the formula

&1, x, h) :f<t + z,x—i- zf(t,x)).

SIn fact, it is exactly one: see Exercise 12.1 below, p. 295.
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Its order is at least two® because the condition (12.4) of Proposition 12.3 is
satisfied for k = O and k = 1: ®(z,x,0) = f(¢,x) and

J(.x)

D;®(t,x,0) = ;le(t,x)+D2f(t,x) x =z, x).

1,
2

12.2 The Runge-Kutta Method

According to an idea of Runge, developed by Heun and Kutta, we may construct
methods of arbitrarily high order in the following way. We replace the integral in
the equation

t+h
x(t+h)—x(t) = / f(s,x(s)) ds

with a suitable numerical integration formula
+h m
/ fs.x(s)) ds ~ h Y _bif(t + aih.x(t + aih)).
! i=1
and we replace the integrals of the identities

t+aih
x(t + aih) = x(t) + / f(s,x(s)) ds

with suitable numerical integration formulas as well:

i—1

t+aih
/ f(s,x(s)) ds ~ h Z ciif (t + ajh, x(t + a;h)).

j=1
This leads to the investigation of functions of the form
O(t.x. h) =Y biki,
i=1
where the quantities k, . . ., k,, are defined recursively by formulas of the type

i—1

k= (0 ahox+ B eghy), = 1.om.

J=1

SIn fact, it is exactly two: see Exercise 12.2 below, p. 295.
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Suitable choices of m, a;, b;, c¢;; yield powerful numerical methods.
Examples

e Form =1, a; = 0and by = 1 we recover Euler’s method:

(1, x,h) = f(t,x).

e Form=2,b; =0,b, =1,a; = 0and a; = ¢3; = 1/2 we recover the modified
Euler’s method.:

O(1, x, h) = f(t + Z,x + Zf(t, x)).

» The classical Runge—Kutta method corresponds to the choice

ki + 2ky + 2k3 + ks

O(t,x,h) :=
(t.x.h) .
with
kl :f(tsx)v
h h
ky = f(t + 2,x+ 2k1),
h h

ks = f(t + 2,x+ 2k2)’
ka = f(t + h,x + hks).

The last method is of order four.

12.3 The Dirichlet Problem

Important physical questions’ require the solution of the Dirichlet problem

—Au=0 in Q, u=f on T, (12.9)

7See, e.g., Brezis—-Browder [65], Evans [158], Feynman [169], Petrovsky [388], Sobolev [455],
and Tikhonov—Samarskii [490].
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where 2 is a given bounded domainin R”, f : I' — R is a given continuous function
on its boundary I', and the Laplacian operator denotes the trace of the Hessian:

n
Au = ZD?M.
i=1

The solution of this problem being out of our scope here, we instead solve an
approximate problem. If u solves (12.9), then applying Taylor’s formula and using
the canonical basis ey, ..., e, of R”, we obtain for each x € Q the relations

1
u(x + he;) — u(x) = £hDu(x) + 2Dizu(x)h2 +o(h?), h—0

fori = 1,...,n. Summing them we obtain the relation

n 2
Zln Z(u(x + he;) + u(x — he;)) = u(x) + ;ln Au(x)+o(h*), h—0. (12.10)

i=1

Fix a small positive real number %, and consider the set L, of lattice points x € R”
whose components are integer multiples of /4. Each lattice point has 2n neighbors
y € Ly, satisfying

n

Z|Xi—)’i| =1

i=1

Let us denote by 2, := € N L, the set of lattice points lying in €2, and by I'; the set
of lattice points outside €2 that have at least one neighbor in 2. Pick for each x € '),
apointy € I' N By(x) and set f;,(x) := f(y).

If h is sufficiently small, then in view of (12.10) we may approximate the solution
of (12.9) by the solution of the system of linear equations

Aju=u in Q, and u=f, on Iy}, (12.11)

with

2n
1
Apu) = > u@i) if xeQ (12.12)

i=1

where yy, . .., y2, denote the neighbors of x.
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For the solution of this problem we generalize the Banach—Cacciopoli fixed point
theorem 1.10 (p. 16)%:

Proposition 12.4 Let X be a complete metric space and f : X — X. If there exists
a positive integer m such that the m-fold composition f* := fo---of of fis a
contraction, then f has a unique fixed point x.

Moreover, [ (xg) — x for each fixed x( € X.

Proof Since f™ has a unique fixed point by Theorem 1.10, for the first part it suffices
to show that f and f™ have the same fixed points. Each fixed point of f is obviously
also a fixed point of f. Conversely, if x is a fixed point of f, then f"(f(x)) =
f(f™(x)) = f(x), so that f(x) is also a fixed point of f. Since f™ is a contraction,
we conclude by uniqueness that f(x) = x.

For the second part it suffices to observe that each of the m subsequences
((f™"f"(x0)), r = 0,...,m — 1, converges to this fixed point by Theorem 1.10
asn — o0. O

Proposition 12.5 The problem (12.11) has a unique solution.

Proof Let us denote by X the set of functions u : 2, U I, — R satisfying u = fj
on [',. This is a complete metric space for the distance

d(u,v) = ||u — vl = max {Ju(x) —v(x)| : x € Qu}.
Let us extend the definition of A;, for 2, U I';, by setting
Apu(x) ;= fulx) if xely,
thenA, : X — X.

If u,v € X, then Aju(x) — Apv(x) = 0 for all x € I, while for x € ), we have

2n
|Apu(x) — Apv(x)| < zln ; lu(yi) —v(yi)| < d(u, v),

where yi, ..., ¥y, denote the neighbors of x. Hence d(Ayu,Av) < d(u,v), and
iterating this we obtain the inequalities

d(Aku, A¥v) < d(u,v) (12.13)
forallu,v e Xandk=1,2,....

We need a sharper estimate. Let us denote by m(x) the distance of x € Q, U [,
from the boundary I',. More precisely, let m(x) := 0 if x € I';,. Then, by induction,

8This proposition is closely related to the definition of the spectral radius in Exercise 12.3, p. 295.
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let m(x) := k + 1 if m(x) has not yet been defined, but x has a neighbor y satisfying
m(y) = k.

By the definition of 2, and T, m(x) is well defined for all x € , U T}.
Furthermore, since 2;, U T, is a finite set, there exists a positive integer m such
that m(x) < mforall x € Qj, U T,

We prove by induction that if m(x) = k for some x € Q;, U I[';, then

|Afu(x) — Ajv()| < (1= @2n)F)d(u,v) (12.14)

forall u,v € X.

This is true for k = 0 because then u(x) = v(x) = f;(x). Let k > 1 and assume
that the estimates hold for all y € Q;, U I'j, with m(y) = k — 1.

If m(x) = k, then at least one neighbor y of x satisfies m(y) = k—1. Using (12.13)
and applying the induction hypothesis, (12.14) follows:

|Aku(x) — Afo ()| < zln(l — ) " Md(u, v) + 2"2; 1d(u, v)
= (1—2n)"d(u,v).
It follows from (12.14) that
d(AJu, Ay'v) < (1 —(2n)™™") d(u, v)

for all u, v € X. We conclude by applying Proposition 12.4 with f = A,. O

Remark Since our problem was solved by applying the fixed point theorem of
contractions, the proof also provides an algorithm for the numerical approximation
of the solution.

12.4 The Monte Carlo Method

For the approximate solution of the Dirichlet problem another very efficient
approach is provided by the so-called Monte Carlo method of von Neumann and
Ulam. Let us consider the following random walk problem of Pélya. A person is
walking on the lattice points of €2, U I'j, as follows. If he is at some point x, then in
the next step he moves to one of the 2xn neighbors of x with equal probability = zln
When he arrives at a point y of the boundary, then he stops and receives the reward
fn(»). Let us denote by u(x) the expected value of his reward when he starts from x.

Proposition 12.6 The function u : 2, U T, — R solves (12.11).

Proof If x € T, then the person does not move, so that u(x) = f,(x) by definition.
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If x € 2, then he moves to one of the 2n neighbors yy, ..., yz, € 2, U I';, with
equal probability. Therefore

2n

w0 =Y ) uty)

J=1

by elementary properties of the expected value, i.e., u(x) = Apu(x), as required. O

Remark This method provides a probabilistic method of solving (12.11) numeri-
cally, by repeating a large number of times the random walk, starting from a given
point x, and taking the average of the corresponding rewards.

This is particularly useful if we only need to approximate the solution at some
particular points x instead of all x € Q: it requires much less computation than the
method of the preceding section.

12.5 The Heat Equation

Given two positive numbers & and 7, we consider the following diffusion problem.
If a particle is found in some position x € R” at time 7, then, subject to independent
random impacts, it will be at time ¢ + 7, with equal probability, in one of the
neighboring positions x & he;, i = 1,...,n.

We do not know the particle’s position at time # = 0, but we know that it belongs
to the lattice L, := hZ",° and we know the probability g(x) that it is in position x.
We are looking for the probability u(t, x) that the particle will be in position x at
timet = 1,27,....

We have

u(0,x) = g(x) forall xe Q,

by definition, and

2n
1
ult+ 7,x) = o Zu(t,y,-) forall t=0,7,27,... and x€ Qy

i=1

by elementary probability considerations, where y;, ..., y», denote the neighbors
of x. In principle, they allow us to compute the probability distributions u(kt, x),
x € Qp, by inductiononk =0, 1,... ,'0 but the results are not practical.

See Sect. 12.3.
10Using the linear operator A;, of Sect. 12.3, now defined on L, we have u(kt, x) = (A¥g)(x).
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We are interested in the limit problem as % and 7 tend to zero. Let us rewrite the
last equation in the form

2n

u(t+ 7,x) —u(t,x) = 21n Z (u(t, vi) — ult, x))

i=1

Applying Taylor’s formula and using the relation (12.10) from Sect. 12.3, we obtain
for h, T — 0 the relation

u h? )
T 5 (t,x) + o(r) = o Au(t,x) + o(h ),

where we use the traditional notation %’; for the first partial derivative Dyu of u.

. 2 . .
Assuming that 2}; . converges to some positive number a®,"! letting h, T — 0 we
obtain Fourier’s heat equation

du

af:azAu for +r>0 and xeR".

12.6 Exercises

Exercise 12.1 Prove that the exact order of Euler’s method is one.
Exercise 12.2 Prove that the exact order of the modified Euler method is two.

Exercise 12.3 Given a continuous linear operator A in a real or complex Banach
space X, we define its spectral radius by the formula'?

p(A) := inf /]jA").

Prove the following results:

(i) Inthe finite-dimensional complex case this is equivalent to the definition (11.6)
in Exercise 11.5, p. 282.
(i1) The following limit relation always holds:

VA = p(A) as n— oo.

(iii) If p(A) < 1, then the equation x = Ax + b has a unique solution x;, € X for
each fixed b € X. Furthermore, for any given xy € X the sequence (x,) defined

'This assumption is justified by physical motivations; a? is called the diffusion coefficient.
2Note that p(A) < ||A|| by definition.
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by the recursive formula
Xpnt1 :=Ax, +b, n=0,1,...
converges to Xp.
@iv) If p(A) > 1 and dim X < oo, then there exist xo and b for which (x,) does not

converge.

Exercise 12.4 Given a linear operator A in a finite-dimensional normed space X,
prove that

p(4) = inf[|A]’

where ||-||" runs over all norms on X, and ||A|| is the corresponding operator norm,
i.e.,

IAII":= sup [lAx|".

llxl’ <1
Exercise 12.5 (Volterra operator) Leta : T — R be a continuous function on
the closed triangle
T:={(ts)eR* : 0<s<r=<1}.

Given a function x € C([0, 1]), set

(Ax) (1) := /Ota(t, s)x(s) ds, te€]0,1].

Prove the following results:

(i) A is a continuous linear operator in C([0, 1]) with the supremum norm.
(i) p(A) =0.

Exercise 12.6 (Maximum Principle for Harmonic Functions) Let 2 be a
bounded open domain with boundary I' in R”, and f : Q2 — R a continuous
function. Prove that if u is harmonic in Q, i.e., if Au = 0in , then
minu < u(x) < maxu
r r

forall x € Q.

Exercise 12.7 (Maximum Principle for the Heat Equation) Let 2 and I" be as
in Exercise 12.6, and T > 0. Consider the cylinder Q := (0, T) x €2, and denote by



12.6 Exercises 297

3 the union of its lower base and its lateral boundary:
Y:={0}xQ)uU[0,T] xT.

Prove that if a continuous function f : Q — R satisfies in (0, 7] x 2 the heat
equation

du
— Au =0,
ot "

then

minu < u(t,x) < maxu
b b

forall (t,x) € Q.13

3There is a natural physical interpretation of this property: if the boundary of a body is maintained
at a constant temperature, then its temperature at any point always remains between the minimal
and maximal temperatures of the body at the initial moment.



Hints and Solutions to Some Exercises

Exercise 1.1. Applying the second inequality with x = y and using the first one we
get the nonnegativity of d. Applying the second inequality with z = y and using the
first one we get d(x,y) < d(y,x) + d(y,y) = d(y, x). Exchanging the role of x and
y this yields d(x, y) = d(y, x).

Exercise 1.2.

(v) If
d(x,y) = d(y,2) = d(z,x),

then

d(x,y) < max{d(y,2),d(z,x)} = d(y,2)

and hence d(x,y) = d(y,z).
(v) Ify € B,(x) and z € B,(y), then

d(x,z) < max{d(x,y),d(z,y)} <r,

so that B,(y) C B,(x).
Since y € B,(x) <= x € B,(y), the converse inclusion also holds.
(vi) If z € B,(x) N Bs(y) and say r < s, then

B, (x) = Br(z) C Bs(2) = Bs(y)

by ().
(vii) It suffices to show that the open sets

{yveX :dx,y)>r} and {yeX :dxy <r}

are also closed for any fixed x € X and r > 0.
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Hints and Solutions to Some Exercises

First we prove the following: if y, — y # x, then d(x,y,) = d(x,y) for all
sufficiently large n. Indeed, we have d(y,y,) — 0, and d(x,y,) — d(x,y) > 0
by the continuity of the metric, so that d(x,y,) > d(y,y,) for all sufficiently
large n, and then d(x, y,) = d(x,y) by (iv).

Now letx € X and y, — y.

If d(x,y,) > r for all n, then y, 4 x, so that y # x; applying the
above claim we conclude that d(x,y) > r. This shows that the closed balls
{y € X : d(x,y) < r} are also open, because their complements are closed.

If y # x, and d(x,y,) < r for all n, then applying the above claim we
conclude that d(x, y) < r. The result obviously holds if y = x, too. This shows
that the open balls B,(x) are also closed.

Exercise 1.3.

®
(i)

(iii)
(v)

Consider a rotation of a circle.

Consider the function f(x) 1= /1 4+ x2in [0, c0) or f(x) := x—i—)l( in[1,00). We
have f(x) > x for all x, hence there is no fixed point. Furthermore, 0 < " < 1
in (0, 00) and (1, 00), respectively, so that |f(x) —f(y)| < |x —y| whenever
x # y by the Lagrange mean value theorem.

Consider a minimal value of the function x + dist(x,f(x)), and compare
dist(x, f(x)) with dist(f(x),f(f(x))).

Consider the sign of x — f(x).

Exercise 1.4.

®
(i)

(iii)

If a is not an accumulation point, then it has a neighborhood containing no
accumulation points.

If F is the set of cluster points of a sequence (x,) in X, then F belongs to the
closure of the countable set {x|,x,,...} so that F is separable. (Since X is a
metric space, we can also find a countable dense subset of F.) If a ¢ F then a
has an open neighborhood U containing at most a finite number of elements of
the sequence (x,). Since U is a neighborhood of each of its elements, it follows
that no element of U belongs to F. This proves that X\ F is open, and hence F
is closed.

Choose a dense sequence (y,,) in F and then let (x,) contain each element of
(ym) infinitely many times, and no other element, e.g.,

(X0) = YL Y1 Y2, Y1, Y2, Y3, Y1, Y2, Y35 Vs o o« -

The set F of cluster points of (x,) satisfies the inclusions

Dy CTFo C Ly, -0

whence

F() = {yl,yz,...} =F.

Since F) is closed by (ii), we conclude that Fy = F.
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@iv)

v)

If X is compact and A is an infinite set in X, then there exists a sequence (x,,) of
distinct elements of A. By compactness this sequence has a cluster point, and
this is an accumulation point of A.

If X is non-complete, then there exists a non-convergent Cauchy sequence
(x;) in X. Then (x,) has no cluster point, so that (x,) has no constant
subsequences. It follows that A := {x;,x»,...} is an infinite set without
accumulation points.

If X is not totally bounded, then there exists an » > 0 and a sequence (x,)
in X satisfying d(x, x,) > r for all k # n. Then A := {x;,x2, ...} is an infinite
set without accumulation points.

We already know that the cluster points form a closed set. It remains to show
thatif a < b < c and q, c are cluster points, then b is also a cluster point.

Since (x,) has infinitely many elements satisfying x, < b (because a is a
cluster point) and infinitely many elements satisfying x, > b (because c is a
cluster point), there exists a subsequence (x,, ) of (x,) such thatx,, <b < x, 41
for all k. Then

0<b—xpy < Xyt1—Xn-

Since the right-hand side tends to zero by assumption, we conclude that
Xy, — b.

Exercise 1.5. Observe that a, — 0 <= f(a,) — 0.

Exercise 1.6. If there is no such §, then there exist two sequences of points
(x), (yu) such that d(x,,y,) — 0, and x, € U; = y, ¢ U, for all n,i. Since
K is compact, there is a subsequence satisfying x,, — x € K, and then we have also
Ve = X.

There exists an i such that x € U;, and then x,,,, y,, € U; if k is sufficiently large.
This contradicts the choice of the sequences (x,) and (y,).

Exercise 1.7. The functions

t

fi) = 1+ 2t

satisfy the conditions of Exercise 1.5,and 0 < f; < 2~ Hence

d(x,y) = Zfi (di(xi, yi))

i=1

is a metric satisfying 0 <d < 1.
If d(x", x) — 0, then f;(d;(x}, y;)) — O for each i because

0 < fildi(x},y)) < d(x",x),

and hence d;(x},y;) — 0 because a, — 0 <= fi(a,) — 0.
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Conversely, if d;(x},y;) — 0 for each i, then also fi(d;(x],y;)) — 0 for each i.

For any fixed ¢ > 0, choosing m = m(e) such that ) . 27" < &, we have

0<d(".x) e+ Y fldix.y)) — e.

i=1

Letting ¢ — 0 we conclude that d(x", x) — 0.
Exercise 1.8.

(iii) The function

f t2 t, h 15} In
2( + + .o+ +),_> + + -+ + ..
3 32 3n

maps C onto [0, 1].
Exercise 1.10.

(i1) Since R”" is the union of countably many compacts sets (for example, of closed
balls), there exists a compact set K such that A N K is uncountable. We claim
that A N K even has a condensation point. For otherwise each point x € K has
an open neighborhood U, containing at most countably many points of A N K.
A finite number of these neighborhoods cover A N K, implying that A N K itself
is countable, contradicting the choice of K.

(iii) The complement of P is open.

Exercise 1.11.

(1) Set F = X\ G. For brevity we denote by d(x, F) the distance of x to F. Since
F is closed, f(x) := 1/d(x, F) is well defined on G, and hence

D(x,y) :=d(x,y) + [f(x) =f(¥)]

is also well defined on G. The axioms of the metric are straightforward.
Since f is continuous, we have

d(yn,y) = 0 <= D(yn,y) > 0

in G. Hence the two metrics define the same open, closed and compact sets
in G.

If (y,) is a Cauchy sequence in (G, D), then it is also a Cauchy sequence
in (G, d), and the sequence (f(y,)) is bounded. Therefore its limit in (X, d)
belongs to G, so thaty, — yin (G, D). This proves the completeness of (G, D).
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(ii) Set F; := X\G;and f;j(x) := 1/d(x,F;) on Y foreachi =1,2,....
Generalizing the results of the first step we obtain that the formula

min {1, |£ix) —fi(»)}

D(x.y) == d(x.y) + Y i

i=1

defines a complete metric on Y which defines the same topology as the
restriction of d onto Y.!

(iii) If F is a closed set, then the sets G, := {x € X : d(x,F) < 1/n} are open for
n=12,...,and F = NG,.

(iv) Now let D be a complete metric on some subset Y of X, equivalent to the
restriction of d to Y. Then for each positive integer n and for each y € Y there
exists 0 < &(n,y) < 1/n such that

1
x€Y and d(x,y) <e(ny) = D(x,y) <
n

Then the sets
Ghn=Upey{xeX 1 dx,y) <e(ny}, n=12,...

areopenin X, and Y C N2, G,.

To prove the converse inclusion we fix x € N2, G, arbitrarily, and we
choose for each n a point y, € Y satisfying d(x, y,) < &(n,y,). Since e(n,y) <
1/n, we have d(x, y,) — 0.

Furthermore,

1 1
D(ym,yn) < D(x,ym) + D(x,yn) < " + L 0 as m,n— oo,

so that (y,) is a Cauchy sequence in (Y, D). By the completeness of D we have
D(y,y,) — 0 for some y € Y, and then also d(y,y,) — 0 by the equivalence
of the metrics on Y.

Since d(x,y,) — 0 and d(y,y,) — 0, by uniqueness of the limit we
conclude thatx =y € Y.

Exercise 1.13.Iff : R — Ris continuous and f(x) # 0 for some x, then f(y) # 0
for all y in a neighborhood of x, so that the complement of £~!(0) is open.

Conversely, if F C R is a non-empty closed set, then F = f~1(0) for the
continuous function f(x) := dist(x, F). For F = @& we have F = f~1(0) for the
constant function f = 1.

'We adapt the solution of Exercise 1.7.



304 Hints and Solutions to Some Exercises

Exercise 1.14.

(i) We prove the upper semi-continuity: if wy(x) < A, then wy(y) < A forall y in
a neighborhood of x. Choose r > 0 such that

sup f — inf f < A.
Br(gf Br”)f

Ify € B,/»(x), then

sup f— inf f <supf— inf f < A.
Bj2(y) By/2(y) B,(x) B, (x)

(iii)) Assume on the contrary that
pag 1
= eR : o <
Q Ol { y (<

for some function f : R — R. Then the closed sets {y eR : w(y) > :l} and
the one-point closed sets {a}, a € Q, form a countable cover of R. By Baire’s
Theorem 1.13 at least one of them contains a non-empty open interval /. This
cannot be a one-point set, so that

1
IC%yeR : wf(y)zk}
for some k. Take a rational number a € I, then
1
agyeR: wf(y)<k .

contradicting our hypothesis.
(v) Consider Thomae’s function: let f(0) = 1, f(x) = 0 if x is irrational, and

f(p/q) = 1/q otherwise.
(vi) See Oxtoby [377], Theorem 7.1.

Exercise 1.15.
(i) Assume by scaling that M = 3, and apply (i) with
A={xeF : gx)<—1} and B:={xeF : glx)>1}.

(iii) Iterating (ii) we obtain a sequence of continuous functions f, : X — R
satisfying

2\"M . 2\"
|/l < N on X, and ‘g—ka‘f 3 M on F
k=1

forn=1,2,.... Thenf := Y 2, f has the required properties.
(iv) Apply (iii) to arctan g(x).
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Exercise 2.3.

(i) The maps f(x) := (1 —x)/x and g(x) := Inx show that (0, 1), (0, c0) and
(—o00, 00) are homeomorphic. The non-constant affine maps A(x) := ax + b
show that all other open intervals are homeomorphic to them.

(ii) It suffices to use the affine maps A(x) := ax + b in (i).

(iii) Use the same maps as in (i).

(iv) The intervals (0, 1) and [0, 1) are not homeomorphic because every continuous
and injective function f : (0,1) — [0, 1) is strictly monotone, and hence it
cannot take the value 0. The other cases are similar.

Alternatively, the removal of any point of (0, 1) yields a non-connected
subspace topology, while removing 0 from [0, 1) or [0, 1] the resulting subspace
topology is still connected. Furthermore, removing any two points from [0, 1)
yields a non-connected subspace topology, while removing the two endpoints
from [0, 1] we still obtain a connected subspace topology.

A third argument is that [0, 1] is compact, while the other two intervals are
not, hence [0, 1] is not homeomorphic to any of the other two.

(v) If we remove an arbitrary point from a circle, then the remaining set is
connected in the subspace topology. On the other hand, we may remove a point
from any non-degenerate interval so that the remaining set is not connected in
the subspace topology.

Exercise 2.4.

(i) = (i) Every open set containing a is a neighborhood of a.
(il) = (iii) Fix a point xy € V N D for each neighborhood V of a. Then the net
(xv) converges to a for the usual order relation V > W <— V C W.
(ili) = (i) If a net (x;) in D converges to a, and V is a neighborhood of «, then
x; € V for all sufficiently large i, and hence D NV # @.

For the definition of accumulation points, compare Lemma 1.3 (p. 9) with the
above equivalences.

In a compact topological space every infinite set has an accumulation point:
the solution of Exercise 1.4 (iv) remains valid. On the other hand, in the non-
compact topological space of the second example on p. 58 every infinite set has
an accumulation point.

Exercise 2.5.

(i) = (i) If NF; = & for a family of closed sets F;, then their complements form
an open cover of K. By compactness there exists a finite subcover of K,
but then the corresponding sets F; have an empty intersection.

(i) = (i) If a family of open sets U; covers K, then the sets K \ U; have an empty
intersection. By assumption (ii) there exists a finite number of these
complements with an empty intersection, but then the corresponding
finitely many open sets U; already cover K.
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Exercise 2.6.

(i) Ifiis continuous for some topology on Y, then i~!(U) = U N Y must be open
in Y for each open set U of X by Proposition 2.10. Hence the topology of Y
contains the open sets of the subspace topology.

(ii) If all projections 7; : X — X; are continuous for some topology on X, then
771 (U;) must be open in X for each index i and for each open set U; of X; by
Proposition 2.10. Hence the topology of X contains all elements of the subbase
defining the product topology.

(iii) If all functions f; are continuous for some topology on X, then ;"' (U;) must be
open in X whenever i € I and U; is an open set in Y;. On the other hand, they
form a subbase for a topology on X.

Exercise 2.7.

(iv) If all functions f; are continuous for some topology on Y, then fi_1 (U) must be
open in X; for each open set U C Y and for each i € I. On the other hand, the
sets U C Y having this property form a topology on Y by a direct verification.

Exercise 2.8.

(i) We have @ € T because @ is openin X, and X = X \ @ € 7 because @ is
closed and compact in X.

It remains to show that 7 is stable under arbitrary unions and finite
intersections. This is true separately for the subfamilies of the sets U (because
this is a topology by assumption), and the sets X \ K, because the intersections
and finite unions of closed compact sets are again closed and compact. We
conclude by observing that all sets U N (X \ K) and U U (X \ K) belongto 7.
Indeed,

UNX\K)=U\K
is an open set in X, while using the closed set F := X \ U of X we have
UUX\K)=X\(FNK),
and F N K is closed and compact in X.
(ii) Consider an arbitrary open cover of X by some sets U; (i € I) and X\K; (j € J).
Then J # @, and
NjesK; C Uier Ui
Since the intersection is compact in X, there exists a finite subcover

NjesKj C Ui Ui =2 U,
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whence
mjeJ(Ki \ U) =d.

The sets K; \ U = K; N (X \ U) being compact in X, by Exercise 2.5 (ii) there
exist a finite number of Kjs such that

m’é=1(1<jz \U) =2.
This is equivalent to
Ni=1Kj, C U = Ui Uy,
i.e., to
(i va) U (Ve x\K)) = x.

(iii) Since the sets X N (X \ K) = X \ K are open in X, X is a subspace of X. The
density follows by observing that each neighborhood of oo is of the form X \ K
for some compact set K in X. Since X is not compact,

XN(X\K)=X\K # @,

i.e., each neighborhood of oo meets X.

Exercise 2.9. Fix an arbitrary point x = (x;);e; € X, where X = ]_[l.el X;isa
product of connected spaces, and consider the set D of points y = (y;) that coincide
with x, except for at most finitely many components. Then D is the union of the sets

Diy:={(y)eX : yi=x if iel\ly},

where /o runs over the finite subsets of /. Each D, is homeomorphic to [ [;¢;, X;, and
hence connected by Proposition 2.16 (b), p. 48. Furthermore, they have a common
point (x;), so that D is also connected by Proposition 2.16 (a).

In view of Proposition 2.16 (c) we complete the proof by showing that D is dense
in X. Given an arbitrary non-empty open set of the form

U:={(y)eX :yeU if iely},
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where Iy is a finite subset of /, and U; is an open set of X; for each i € Iy, it meets
D;, and hence D.? Since they form a basis for the topology of X, we conclude that
D is dense in X.

Exercise 2.10.

G If

=24 D )
S \3 32 3n

and
t t v
l‘/=2(1 2 n )
e R

are two points of C such that #, # ¢, then |r — /| > 1/3". Indeed, if they first
differ at the kth digit, then k < n, and therefore

i —t. 2 2 1 1
Z 3i Z3l<_Z:3i:3kZ3n'

>k i>k

lt—1]=2

Hence, if [t — | < 372", thent, = t; fork = 1,2,...,2n and therefore the
components fi, > : C — [0, 1] of f satisfy the inequalities

i) —fi()| <27, i=12.

This shows that the functions f; are uniformly continuous.

(ii) Since [0, 1]\ C is a union of pairwise disjoint open intervals, and since f, f> are
defined at the endpoints of these intervals, it suffices to extend each of them
linearly to each open interval.

(iii) Definef = (fi,...,fv) with

[e.]

N LG—1)N+i -
f,(t).—z; o o i=LLN.
=

Exercise 2.11.

(iv) If B := supf is not attained, then the sets

xeX : fx)<a}, a<p

2The intersection U N Dy, is formed by the points (z;) satisfying z; € U; for i € Iy and z; = x; for
iel\I.
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form an open cover of X. Since X is compact, there exists a finite subcover, and
then (by monotonicity) there exists @ < S suchthat X C {x € X : f(x) < o},
contradicting the definition of §.

Exercise 3.1. Setting A := ||x|| 5, We have
A < |, < (A7) P =m0,

and m'/? — 1.
Exercise 3.2.

(iv) If

then
0€A+B\(A+B).

Exercise 3.3. The first two sets are not connected, because their images by the
continuous determinant function are not connected. The symmetric matrices form a
convex set.

Exercise 3.4. We may assume that the neighborhoods V,, are open. Since K is
compact, it may be covered by a finite number of these neighborhoods, say

KCV,U---uUV,.
Set L := max {L,,,..., L, }. Next, by Exercise 1.6 we may fix § > O such that if

x,y € K and d(x,y) < J, then there exists 1 < j < n satisfying x,y € V.
For any given x,y € K, consider a subdivision of the segment [x, y] into a finite

number of subsegments [xo, X1], ..., [Xu—1,Xn] Of length < § each, with @ = x and
b =y. Then
£ —fWI = | D _(Fa-) —fE) | < D [ F -1 = £
j=1 =1
< ZL |xi—1 — x| = Lllx—yl.

Jj=1

Exercise 3.5. Given any ¢ > 0, for each x € K there exists an index n, such that
|(fn, —f)(x)| < . Then by continuity there exists a neighborhood V, of x such that
|(fo, —)()| < e forall y € V,. Furthermore, by the monotonicity of the sequence
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(fn) we even have
|(fu —f)(y)| <e forall yeV, andforall n> n,.

Choosing a finite subcover V,, U---U V, of the compact set K and setting N(¢) :=
max {ny,, . .., Xy, }, we conclude that

|(fu =f)(y)| <e forall ye K andforall n> N(e).

Exercise 3.6.

(i) Iff and g are piecewise linear, then we may consider a common subdivision in
their definition.
(i) Use the uniform continuity of the functions in C([a, b], X).
(iii) The following trivial estimate holds:

/abf(t) dt

Exercise 3.7. Assume for simplicity that [a,b] = [0,2], and consider the
functions

=sb=-a)|flloo-

(iv) Apply Proposition 3.18.

fu(@® :=med{0,n(t—1),1}, 0<t<2, n=12,...,
where med {x, y, z} denotes the middle number among x, y and z. They form a
Cauchy sequence for each norm ||-[|,,, 1 < p < ooc.
If the sequence (f,) converged in a norm ||-[|, to some continuous function f,

then we should have f = 0in [0, 1] and f = 1 in (1, 2], contradicting its continuity.
Exercise 3.8. Let

XxX=cix1+ -+ cpxm
forsomecy,...,c, € R.If m > n + 1, then the number of the vectors x, — x;, x3 —
X1,...,%, — x1 exceeds the dimension of R”, hence there exist d,, ...,d,, € R, not
all zero, such that
dy(x2 —x1) +d3(x3 — x1) + -+ - + dpu(x — x1) = 0.

Setting d; := —d, — - - - — d,, this may be written in the form

0=dx; + -+ dpxp.
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For each t € R the above two equalities imply that
X = (Cl + tdl)xl +-+ (Cm + tdm)-xm-

Choosing a non-zero coefficient d; and then choosing t = —c;j/d; we obtain that x
belongs to the convex hull of x1, ..., xj—1,Xj—1,..., Xp.

The theorem follows by repeating this procedure until at most n 4 1 points x;
remain.

Exercise 3.9. It is sufficient to consider a set of n + 2 points xi, ..., x,+2 € R™.
The homogeneous linear system

n+2 n+2

ZC,’X,’ZO, ZC,’ZO
i=1 i=1

has n 4 2 unknowns and n + 1 scalar equations, hence there is a non-trivial solution
Cl,-..,cnt+2 € R. Then the convex hull A of {x; : ¢; > 0} meets the convex hull B
of {x; : ¢; < 0}, because

c::Zci:—Zci>0,

;>0 ¢;i<0

and hence both contain the point

i Zcixi = i Z(_Ci)xi-

¢;>0 c;i<0

Exercise 3.10.

(i) Assume first that k = n + 2. By assumption we may choose for each j =
1,...,n + 2 a point x; belonging to all C;, except perhaps C;. If two of these
points coincide, then this point belongs to all C;.

Otherwise, applying Radon’s theorem (Exercise 3.9) there exists a partition

{xl,...,x,,+2} :Al UA2

such that the convex hull K| of A; meets the convex hull K, of A,. We claim
that each x € K| N K; belongs to each C;.

Indeed, if x; € Ay, then x; ¢ A, and therefore x; € C; for all i € A,. Since C;
is convex, the convex hull K, of A; is a subset of C;, and therefore x € C;. The
case xj € A follows by exchanging the role of A| and A,.

Proceeding by induction, let k > n + 2, and assume that the result holds for
k — 1 sets. We already know that any n 4 2 sets have a non-empty intersection.
Hence, replacing Cy and Ci4; by their intersection, any n + 1 of the sets
Ci,...,Cr— and Cy N Ciy4; have a non-empty intersection. Applying the
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induction hypothesis we conclude that
ﬂf.‘zlci = (ﬂf‘;lz C,') N (Ck N Ck-H) #* .

(ii) The system (C;) has the finite intersection property by (i). We conclude by
applying Exercise 2.5, p. 62.

Exercise 3.13.

(i) Use Exercise 2.11.
(i) Use the convexity-concavity conditions.
(iii) If xo belongs to all sets K(y), then

max minf(x,y) > minf(xp,y) > o = minmaxf(x,y).
x y y y x
(iv) We have
max minf(x,y) = minf(x*,y) < f(x*,y*) < maxf(x,y") = minmaxf(x, y)
x y y X y X

by the definition of x* and y*. By (3.7) we have equality everywhere, and this
implies (3.8).
(v) If (x*,y*) is a saddle point, then

max minf(x,y) > minf(x*,y) > f(x*,y") > max f(x,y*) > min max f(x, y),
X y y X y X

proving the non-trivial inequality of the minimax equality.

Exercise 4.1. All three partial derivatives of both components of f exist and are
continuous on R, so that g € C', and (using the matrix notation)

(v, 2) = (Cos(x— €) 0 —e cos(x — ez))

2x 2y 0

forall (x,y,7) € R3.

Exercise 4.2. The partial derivatives of f exist and are continuous in U := R? \
{(0,0)}, so that f € C! in U. f is not continuous at (0, 0), because it takes all values
between —1 and 1 in each neighborhood of (0, 0), so it is not differentiable at (0, 0)
either.

Exercise 4.4. For any fixed x # 0 and & — 0 the following relations hold:
xX+h X
e+ Al
[lxll? G+ h) — [lx + Al x
b+ A1 1]

Jx+h) —fx) =
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4 (x,x)h —2(x, h)x + o(h)

14 2||x[| 7% (x, h) + o(h)
= ||x||_4 [(x, xX)h —2(x, h)x + o(h)] . [1 -2 ||x||_2 (x, h) + o(h)]
= x| [0 = 2(x, h)x] + o(h),

= [l

so that f is differentiable, and
F1 b =[xl ™ (e 0k = 2(x, h)x]

forallx e E\ {0} and h € E.
Exercise 4.5. We have to show the relation

fla+h)—f(a)—Ah=o0(h) as h—0.
Equivalently, given € > 0 arbitrarily, we have to find > 0 such that
If(a+h) —f(a) — Ah|| < ¢ Al

for all 4 € X satisfying 0 < ||h| < r.
Since lim, f” exists, we may fix r > 0 such that

|/ @) =f (| <& forall x,yeB.(a)\{a}.

Then, for any 4 € X satisfying 0 < ||k|| < r and for any ¢ € (0, 1), applying
Theorem 4.7 there exists an s € (¢, 1) such that

| fa+ h) —fla+th) —f'(a+ th)(1 —0)h|
< |(f'(@+sh) —f"(a+th)(1 =0k < e|lh] .
Letting + — 0 the required estimate follows.
Exercise 4.6.

(i) Iff’ is bounded by a constant L, then || f(x) —f(y)|| < L|lx —y| forallx,y € U
by Theorem 4.7.
Conversely, if the last estimate holds, then

flath=@) _p

| @] = tim

foralla € Uand h € X, so that || f'(a)|| < Lforalla € U.
(ii) f’ is continuous, hence locally bounded.
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Exercise 4.7.

(i) Yes, of order 2 and 0.
(ii) Differentiating the composite function ¢ + f(g(z)) where g(t) = tx, for any
fixed x # 0 and using the identity f(zx) = "f(x) we obtain for all # > 0 that
f'(tx)x = m"'f(x) orequivalently x-Vf(tx) = mt""f(x).
For t = 1 this is the required result.

(iii) It suffices to show that the function ~"'f(tx) is independent of ¢ > 0 for any
fixed x # 0. This is true because its derivative vanishes:

it"”f (tx) = —mt™" " (tx) + £ "x - Vf(tx)
= —mt "V f(tx) + " ax - VF(2x)
= —mt " f(1x) + " mf (1x) = 0.

Exercise 4.8. Fix x € (—r, r) arbitrarily. Given any ¢ > 0, there existsa § > 0
such that [x — §,x + 8] C (—r,r), and

|Dif(z,y) — Dif(x,y)| <& forall (z,y) €[x—38,x+ 8] x[a,b]

by the uniform continuity of D,f on this compact rectangle.
If |h| < 8, then

|f (x4 h.y) = f(x.5) = Dif e, )h| = |(D1f (x + th,y) — Df(x. )| < eh

with some 7 = #(y, h) € [0, 1] by Theorem 4.7, and therefore

b b b
/ FOx+ huy) dy— / Fley) dy - / Duf(x.y) dvh| < (b= a)eh.

This implies that

b
Flx+h) = F(x) + (/ Dif(x, y) dy)h +o(h), h—s 0.

Exercise 5.1. The case m = 1 has already been proved. Let m > 2, and assume
that the property holds until m — 1.

Iff: X, x---xX, — Y is a continuous m-linear map, then it is differentiable,
and

f/(a)h = Zf(alv"'7ai—lvhisai+ls--- 7am)

i=1
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foralla,h € X; x - -+ x X;,,. We may write

m
= ZgiOpi
i=1

where
pii Xy XXXy = Xy X X Xjmp X Xjpp X o0 0 X X
is a continuous linear projection and
gi Xy X X Xj—g XXjg1 X+ XXy = L(X;,Y)
is a continuous (m — 1)-linear map.

This allows us to conclude by using the differentiability of composite functions.
Exercise 5.2. The function

fOxq, . ox) = \/X%—l-m—}-xﬁ.

may be written in the form f = g o h with the polynomial A(xy,...,x,) = x% +
-+++ x2 and with g(#) := /t. Since h is of class C* in R”, and g is of class C* in
(0, 00), the composite function f is of class C*° in R" \ {0}.

Let us compute the partial derivatives of f. We have

in Xi

Dif(x1,...,x,) = = L i=1,...,n,
2 x%+---+x5 [l
so that
X
= "".
[l
Furthermore, for j # i we have
Xio X XiXj
D‘Dif(Xl,...,x):— . = — s
' S R
while for j = i we get
Xi Xi 1 x2

DX (xt, .. sxa) = . — S T
: Il el Nl Il )
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Hence the Hessian matrix is equal to?

1 1

el g =

Exercise 5.3. Since f'(x,y) = 0 <= x = y = 0, f may have an extremum only
in (0, 0). It has a strict global minimum here by a direct inspection.

Similarly, g may have an extremum only in (0, 0). Since g(0, 0) = 0, and g takes
both positive and negative values in each neighborhood of (0, 0), g has no extremum
here.

Exercise 5.4.

(i) Prove by inductionon k = 0, 1,... that

pe(1/e” V" if t > 0,

WO @) = ift <0
mwr=9,

with suitable polynomials py, and then that
pe(1/0e/" =0 as 1N\ 0.

(ii) Observe that f = h o g with the polynomial

g i=1—|xP=1-x3—--—x%

Exercise 6.1. This is a separable equation. The solution is

_x([) , te€ (—1, 1)

T 14+In(l-£)

Exercise 6.2. Differentiating x(r) = ty(r) we get X'(r) = y(r) + ty/(¢), and the
equation is transformed into

ﬂw—x

YO +0'(0)=f(y) =y = .

2tx—x

The solutions of X' = 2 * are given by the formulas

2
x(t) =0, and x(r) = for ceR.

3We denote by I the identity matrix.



Hints and Solutions to Some Exercises 317

Exercise 6.3. If x : I — R satisfies F(t, x(t)) = c forall ¢ € I, then differentiating
we get

0 = DiF(t,x(t)) + D2F(t, x())x' () = g(t, x(1)) + h(t, x()x' (¢),

which is equivalent to (6.7).
The concrete differential equation may be rewritten in the form

(2t 4 3%x) dt + (£ — 3x%) dx = 0.

This is exact, because
d d
204 3°Px) =37 = (£ —3x),
i x) u& =3
hence there exists a primitive F satisfying

F dF
=2t + 37 d =7 —3x%.
dt tory and o "

The first condition implies that
F(t,x) = 4+ Px + ¢1(x)

with a function ¢; (x) not depending on 7. Inserting this into the second condition we
obtain ¢} (x) = —3x%, whence ¢ (x) = —x° and thus

F(t,x) =7 4+ x—x°
is a suitable primitive. We conclude that the solutions of the algebraic equations
t2+t3x—x3+c=0, celR

satisfy our differential equation.
Exercise 6.4.

G If

dF dr
DlF = =8 and D2F = =h
dt dx

in D, then F is of class C? by Proposition 5.20 (p. 138), and then
ng = D2D1F = D1D2F = Dll’l

by Theorem 5.6 (p. 123).
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(i) Fix (tp,xo) € D arbitrarily, and set

t
Fi(t,x) :=/ g(t,x)dt.
to

Then D F; = g and

t t
D,Fi(t,x) = / Dog(?,x)dlf = / Dyh(f, x) df' = h(t,x) — h(ty, x).
to

fo

In order to eliminate the last term we set

Fr(x) = /x h(to,x)dx' and F(t,x) := Fi(t,x) + F»(x).

X0

Then
D\F =g and D,F = D,F, +F§ =h

as required.

Exercise 6.5. Dividing the equation by 7> we obtain the exact equation

1
S di+ (—4x— ) dx =0,
t t

Indeed,

d x 1 d 4 1
= = —4x — .
dx? £ dt t

Therefore there exists a function F satisfying

dF X dF
= and = —4x—
dt 1 dx

The first condition implies that

F(t,x) = —): o)

with a function ¢;(x) independent of 7. Inserting this expression into the second
condition we obtain that ¢ (x) = —4x, so that

F(t,x) = —2x* — ):
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is a suitable primitive. We conclude that the solutions of the algebraic equations
X
252 + . =c¢, ceR

solve our differential equation.
Exercise 6.6. Let n = 2 to simplify the formulas. Using the equality

/ A
(w“ wlz) _ (au alz) (W11 le)
/ A 2
Wr1 Wy az) ax w21 w22

/

we have

/ /
wit wi2| _ (Wi Yo + Wit W12

W21 W22 W21 W22

/ /
Wa1 Woo

anwi + apwszi anwiz + apwan
wai w2

w11 wi2
awii + anwzi anwi + anwn

_|anwi anwiz w11 Wiz

Wi Wy anwii anw
Wil Wiz
= (a1 + an) .
Wil W2

Exercise 6.7. The local Lipschitz condition is satisfied everywhere except at
(0, 0). Determine all maximal solutions in the domain

{(t,x) eR? : |x| # tz}.

Conclude that the initial value problem with x(#y) = xo has a unique maximal
solution if |xo| > t(z), and it has infinitely many maximal solutions otherwise.
Exercise 6.8.

(i) The formula x(r) = 3_2“/ 312 defines a solution. Its uniqueness follows by a
monotonicity argument.
(i) Show that x»,(f) = 0 and x4 (f) = 2,n=0,1,....

Exercise 6.9. There are infinitely many solutions, for example x(f) = ¢ —
Vit + 2 fore > 0, and x(f) = ¢ + V/t* + 2 forc < 0.

Exercise 6.10. Replace qu by u” + Au under the integral sign and integrate by
parts in (x — ¢, x) and in (x, x + f) to make u” disappear.



320 Hints and Solutions to Some Exercises

Exercise 6.11. The function
o0
flx) = e‘”/ E(s)ds, x>0

is non-increasing because

flix) = e‘“(a /XOOE(S) ds—E(x)) <0

almost everywhere. Hence

ae™ /OOE(S) ds = of (x) < af (0) = O‘/OOE(S) ds = E(0)
; 0

for all x > 0. Since E is nonnegative and non-increasing, we conclude that

00 xta!
E(0)e ™™ > o / E(s)ds > a / E(s)ds > E(x+a™").
Putting t = x + a~! the inequality
Ex+a™ ) <E@0)e™, x>0
takes the form
E(t) <E@0)e'™™, t>a .
The last inequality also holds for 0 < r < a~! because E(¢) < E(0).

Exercise 7.2. The equations of the tangent lines at any given point (xo, yo) are
obtained by half substitutions:

XoX Yoy XoX Yoy
. + o =1, P =1 and xpx = p(yo+Y).

Exercise 7.3. Differentiating
¥4y =3xy=0
we obtain that

3x% + 3y*y — 3y —3xy = 0.
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If y'(x) = 0, then y(x) = x?, and hence
¥4+ =38° =0.
This leaves two candidates: (x,y) = (0,0) and (x,y) = (2!/3,2%/3).
Exercise 7.4.

(i) f is not continuous.
(i) f is still locally invertible.

Exercise 7.5.

(i) By homogeneity it suffices to show thatif x; > 0,...,x, > O0Oandx; + --- +
X, = n,thenx; ---x, < 1. By compactness the product x; - - - x,, has a maximum

on this set. Since it is necessarily attained at a point satisfying x; > 0, ..., x, >
0 and x; + --- + x, = n, it is a maximum of fy(x) := x; - - - x, in the open set
defined by the inequalities x; > 0, ...,x, > 0, under the condition

fik) =x1 4+ 4+x,—n=0.
This leads to the condition Aof(x) + Af{(x) = 0, or equivalently
Aoxi o xp+Ax; =0, i=1,...,n.
Hence x; = --- = x, = 1, and thus fy(x) = 1.
(ii) Minimize ’f: + yqq under the condition xy = 1.

(iii)) Maximize x;y; + - - - + x,, ¥, under the conditions x’l’ +--4+x)=1and y’f +
cee + yz = 1'

Exercise 7.6.
(1) If0 < x < yory < x < 0, then apply Holder’s inequality for a7, ..., a; and
I,...,1withp = y/x:

a')lc +a’£ + .o+ ai < (a}lv +a“§ + .- +ai;)x/ynl_(x/y)'

Hence f(x) < f(y) in the first case, and f(x) > f(y) in the second case.
It remains to deal with the case x = 0. Applying for @}, . .., @) the inequality
between arithmetic and geometric means we obtain that

Y MR ¥
atat--+a,

n

SO = @ ---a) < = FOy).
Hence f(0) < f(y) ify > 0, and f(0) > f(y) if y < 0.

Ifa; = --- = a,, then f(x) does not depend on x. Otherwise f is (strictly)
increasing.
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(ii) Only the continuity at 0 is not obvious. Applying 1’Hospital’s rule for Inf(x)

we obtain
lim Inf(x) = lim "
x—>0 x—>0 X
~ lim n 'a’l‘lnal—i—m—f—a’n‘lnan
—=0ay + -+ a} n

_ Ina; +---+1Ina,

’

n
hence
lin(l)f(x) = Yay--+ ay.

Exercise 7.7.

(i) Minimize the function fy(x,y,z) := 2xy + 2yz + 2zx under the condition
filx,y,z) i=xyz—V =0.
(i) Recalling Heron’s formula

4A=Jax+y—2O+z-0E+x—)r+y+2)
for the area of a triangle of sides x, y, z, maximize the product
oy, x+y—2(y+z-x)z+x—y)(x+y+2z)

under the condition fi(x,y,z) :==x+y+z—P =0.
Exercise 8.2.

(i) This is a special case of Newton’s interpolation formula. A direct proof by

induction is as follows. For k = 0 the formula reduces to the definition of Af)o) .
If it holds until some k, then

k k
K\ K\
a= :(,)Agﬁ and A" =3 :(,)Mf“)
=\ =\

because (A,(cl) ) is also a generalized arithmetic sequence. It follows that

1
Ar+1 = ag + Ai)

= (j‘) (a8 +a§™]

k
J=0
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k
k k ;
NN Z[(,.) + (J,_l)]Agﬂ 4 Al
=1

so that the formula holds for £ + 1, too.
(iii) We have

) [k k k K\ k(k+1D)(2k+1)
o) (o) o) -

and

P i = o(l(;) + 1(’1‘) +7(’2‘) + 12(’3‘) +6<’;) _ [k(k;r 1)}2.

Exercise 8.3.

(i) Foreach £ € X, the expression
n ti—1 .
I,
j=0 i= =i

defines a polynomial of total degree £; + --- + £, < k, and it vanishes for all
x € X, exceptifx; > {;forall j =0,...,n. Since

Xo+-F+x,=k=Lo+---+4,,

this can only happen if x = ¢, and then the expression is equal to one.

Exercise 8.4. Apply Rolle’s theorem (n — 1) times to f — Lf, and use Proposi-
tion 8.5 (a).
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i Ta 1 1 i Ta

h h

Fig. 1 Solution of Exercise 8.5

Exercise 8.5.

(1) and (ii) If we revolve the area between the graph of a function f : [a,c] — R
and the x-axis, then the volume of the body of revolution is given by the
formula

V= N/Cf(x)z dx.

Observe that f(x) = ax + B is an affine function in the first case, and
fx) = VR2 — 2 in the second case; see the figure where r,, rp, 1.
denote the radii of the discs of area A, B, C. In particular, the fourth
derivative of f 2 vanishes in both cases, and hence Simpson’s formula is
exact by formula (8.24), p. 207 (Fig. 1).

The proof of (8.36) is as follows (see Fig. 2):

V= ’Z’((RZ—(R—h)Z) +4(R2— (R— 2)2)) - Jrh2<R— }3’)

(iii) The proportionis 1 : 2 : 3.

Exercise 8.6. Approximate f¥) uniformly with a sequence of polynomials ¢,, and
take suitable kth primitives.

Exercise 9.1. The functions g,(x) := (—1)"p,(x) have the same properties, hence
qn = pn by uniqueness.

Exercise 9.2. Orthogonal polynomials do not have multiple roots.

Exercise 9.3.

(i) Fix n arbitrarily and set u(x) := (x> — 1)". Since u is a polynomial of degree

2n, g, = u" is a polynomial of degree n. It remains to prove that u is
orthogonal to all polynomials v of degree < n. Integrating by parts n times we
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Fig. 2 Proof of (8.36)
\‘\ R
h/2 h/2 R—h
obtain the equality
! 1
/ u™y dx = [u(”_l)v — Uy (—1)"_luv("_l)]_l
-1
1
+ (=1)" / uv™ dx.
—1

(i)
(iii)

We conclude by observing that all terms on the right-hand side vanish. Indeed,
since —1 and 1 are zeros of multiplicity n of u, u’”(£1) = Oforj =0,...,n—
1. Furthermore, the last integral also vanishes because v has degree < n, and
hence v = 0.

This follows from (i) and the uniqueness part of Proposition 9.1 (b), p. 220.
Fix n arbitrarily. Differentiating the function u(x) := (x> — 1)" we get

% — D (x) = 2nxu(x).

Differentiating n + 1 more times and using the Leibniz formula for the
derivation of products we obtain the equality

2 = Du"2 (x) + (n + 1) 20"V (x) + 2u™ (x)

(n+ Dn
2
= 2nxu™ D (x) + (n + 1)2nu™ (x).

Since ¢,(x) = u" (x), this is equivalent to the differential equation

(1 =x)q! —2xq,, + n(n + 1)g, = 0.

Exercise 9.4. Adapt the solution of Exercise 9.3 for

u(x) 1= (1 —x)" 1 + x)" P,
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Exercise 9.5.

(1) It may be proved by induction that
gn(x) := 217" cos(n arccos x)

is a polynomial of degree n with leading coefficient one. By uniqueness it
remains to show that they are orthogonal. This follows from the orthogonality
of the cosine system by the change of variables x = cos t: if n # k, then

1
/ an(a () (1 — ) dx
-1

0 .
—sint
= pl-npl—k / cosntcoskt . dt
- sint

= 21_”21_"/ cosntcoskt dt = 0.
0

(i) It may be proved by induction that

L sin((n + 1) arccos x)

gn(x) =27 .
sin arccos x

is a polynomial of degree n with leading coefficient one. By uniqueness it
remains to show that they are orthogonal. This follows by the same change
of variables x = cost as in (i): if n # k, then

/1 G (g (1 — )"/ dx
-1

-sint - (—sin¢) dt

p— /0 sin(n + D)t sin(k + 1)
. sin ¢ sin ¢

= 2_"_"/ sin(n 4+ 1)tsin(k 4+ 1)t dt = 0.
0

Exercise 9.6. Adapt the solution of Exercise 9.3 for u(x) := x**"e™,
Exercise 9.7. Set u(x) := e,

(i) We have u™(x) = gu(x)e™ forn = 0,1,... by induction with suitable
polynomials g, of degree n. Furthermore, the main coefficient of g, is equal to
(—2)". Finally, g, is orthogonal to every polynomial v of degree < n, because
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integrating by parts »n times we have

o 2 o0
/ gn(x)v(x)e ™ dx:/ u™v dx

—0o0 —00

— [M(n—l)v _ M(n—Z)v/ NI (_l)n—luv(n—l)]io

o0

o0
+ (=1)" / uv™ dx.
—00

Since v = 0, and all derivatives of u tend to zero in +oo, the last expression
vanishes. We conclude that g, (x) = (—2)"p,(x).
(ii) We have u/(x) = —2xu(x). Differentiating n + 1 times this yields

u("“)(x) + 2xu("+l)(x) +2(n+ l)u(”)(x) =0.
Since u™ (x) = g,(x)e™™, and hence
n —Xz
u"th(x) = [4,,(x) — 2xg,(x) |e
and
U (x) = (q)(x) — 4xg},(x) — 24(x) + 4% () e,

we conclude that

(40 — 450}, = 24,() + g ()]~
+ 2x[q),(x) — 2an(x)]e_’(2 +2(n+ Dgu(x)e™ = 0.
This may be simplified to
dy () = 2x,(x) + 2ng,(x) = 0.

(iii) Applying Taylor’s formula we have
o (n) o _
TR W o

n!

n=0 n=0

for all x, t € R. Multiplying by ¢° hence we obtain that
o0 o0
—oxt—12 __ qn (X) _ Pn (X) n
e _’; n!f’_’; 20"

Exercise 9.8. See Jackson [254].
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Exercise 9.9. We admit from electrostatics* that there is a unique equilibrium
position —1 < x; < --- < x, < 1, characterized by the system of equations’

1 1 1

4 + =0, j=1,....n
X—x  2x5—1)  2(x+1) /

k#j

Setting

J&) = (x—x)-(x—xp)
it may be rewritten in the form

1 () n 1 1

=0, j=1,....,n.
fr)  g=1 " x+1 ’ "

Since f(x;) = 0 for all j, this is equivalent to
(1= () — 2f'(g) +nln + Df () =0, j=1.....n.
Since

(1= 2)f" (%) = 2xf"(x) + n(n + 1)f (x)

is a polynomial of degree < n by a direct computation of the coefficient of x”, it has
to vanish identically, so that f satisfies Legendre’s differential equation

(1 =x2)f" () = 22" (x) + n(n + Df (x) = 0.

Exercise 10.1. Given an arbitrary non-empty open subinterval J of I, choose a
continuous function f : I — R vanishing outside J and positive in J. If none of the
nodes x; belonged to J, then the convergence in Theorem 10.4 (p. 239) could not
hold.

Exercise 10.2.

(i) By convexity the graph of f is between the straight line joining the points (k, f;)
and (k + 1,fi+1), and the tangent line at k + 1.

(i) By convexity the slope of the tangent line at £k + 1 is between the slopes of
the straight lines joining the point (k + 1,fi+1) to (k,fy) and (k + 2, fit2),
respectively. Furthermore, all slopes are < 0 because f is non-increasing.

4See Szegd [476], Section 6.7 for more details and to a generalization to all Jacobi polynomials.
SFor each fixed j the sum is taken over the n — 1 indices k different from j.
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(iii) We infer from (i) and (ii) that

k+1
< Je + fir _

) fx)dx =1 <T;

for each k, and
Srehh
k=0
Summing for k = 0,...,n — 1 this yields

fO +fn

0<(fo+-+f)— /f(x)dx<f;fl

for each n. Since the expression in the middle is non-decreasing, it has a limit
y as n — 00, and

Applying this result with f(x) := (1 + x)~! and f(x) := —In(1 + x) we obtain
respectively

1< 1+ +1 1 1<3

e _nn —

2~ \1 n 2n — 4
and

1 In2

1>1Inn!— n+2 Inn+n>1-—

for every n, and hence

n—>oo

1 1 1
0.5 < lim +-.-4+ —Inn)-— <0.75
1 n 2n

and

1o~ ¢ < tim M <en2718
922 ~ < lim <ea 2.718.
Ng) ‘

n—00 pnt,

We recall that the limits are equal to C & 0.522 and ~/27 ~ 2.507, respectively.
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Exercise 10.3.

(1) J, represents the area of a quarter of the unit disk.
(ii) Integrate by parts.

Exercise 10.4.

(1) Since f'(x) \{ 0 as x — 00, f* > 0 and hence f is non-decreasing.
(i) This was established during the proof of the corollary.
(iii) If m > 1, then f@"*D is non-increasing by (ii). Since @+ — 0 by
hypothesis, we conclude that f?"+1 > 0 and hence f®™ is non-decreasing.
It remains to show that @ := limy, f®™ = 0. In case @ > 0 there would
exist an xo > 0 such that f(zm) (x) > a/2 for all x > xo, and this would lead to
a contradiction:

0 = limf® D (x) > lim "D (xp) + © (x — x0) = o0.
oo oo 2
In case o < 0 we would obtain similarly the contradiction
0= limf(zm—l)(x) < hmf(Zm—l)(xO) 4 o (x —XO) = —00.
[ ) 2

Exercise 10.5. The function

X

fo="

is differentiable on (0, 27), hence its Fourier series converges to f(x) at each x €
(0,27m).° This proves the first equality, which is equivalent to the series of b (x).
The others follow by induction, by taking successive primitive functions.

Exercise 10.8. Apply Exercise 10.7.

Exercise 10.9.

(i) The sum of the first series is (¢’ — 1)/, and the second series converges by
Exercise 10.7. Apply Proposition 10.9 (p. 250).
(i1) Use Exercise 10.7.

SWe recall that a piecewise continuous, 27 -periodic function is the sum of its Fourier series at each
point where it is differentiable. This is a special case of a theorem of Lipschitz and Dini; see, e.g.,
Chernoff [101] (or [285, Exercise 8.5]) for a simple proof.
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Exercise 10.10. If |x| < 7, then applying 10.9 (iii) we get

e+ e* e+ 1

xcothx = x =x
X — o—* er_l
2x s "
:x+62x_1 =x+ E b, - (2x)

n=0

o0 o0
=x+l-x+) by (20" =1+ by-(20*
k=1

n=2
Using Euler’s relation ™ = cosx + i sin x it follows that’
o
xcotx = (ix) coth(ix) = 1+ Y (—=D*bay - (20)*.
k=1

Finally, using the identity
tanx = cotx — 2 cot(2x),

for |x| < /2 we obtain
o0
xtanx = xcotx — 2xcot(2x) = Z(—l)kak [2x0)* — (40*]
k=1
and hence
o0
tanx = Z(—l)kak (2% — 4Py
k=1

Exercise 11.1. We obtain the iteration

JGw) _ (p—Dr"+A

ST oy T !

"The use of complex numbers may be avoided, but the computations are longer; see, e.g., [170,
Section 449].
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Exercise 11.2.

(i) and (ii) Direct computation.
(iii) Applying Cauchy’s mean value theorem (Proposition 4.4 (c), p. 105),
the right-hand side of (11.4) is equal to

f(@)(e—c)—f(a)
(@ —c)’f' ()

for a suitable o between x,, and x;, .
Applying Taylor’s formula

0=10) = f@) + @)+ e~

this expression is equal to

1"(B)

2f"()
for a suitable 8 between x,, and x,,41.

(iv) The last equality is equivalent to
Xpta — € = JZC;’((I?) (Xnt1 — )Xy —©).
Hence
AGinta — )] < JAGat1 — O] - 4G — 0)]

i.e.,

dptr < dyt1d,, n=0,1,....

(v) Easy proof by induction.
Exercise 11.4.

(i) Use the continuity of A.
(i) The map F(x) := Ax + b is a contraction.

(iii) There exists a (non-zero) eigenvector xo with an eigenvalue A of modulus > 1.
If A = 1, then I — A is not onto, and the equation x = Ax + b has no solution
for any b outside the range of / — A. Otherwise for b = 0 the sequence (x,) =
(A"xg) does not converge.
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Exercise 11.5.

(1) Use the continuity of A again.
(ii) If Ax = Ax for some x # 0, then

AL [lxll = [lAx]] < AL - [l -
whence [A]| < ||A]|.

(iii) If X has a basis formed by eigenvectors ey, ..., e,, then the map F(x) :=
Ax + b is a contraction for the equivalent Euclidean norm

crer + -+ crer|| := \/|C1|2 tot |Cr|2‘
The general case may be treated similarly, by considering the Jordan decom-
position of A; see the details, e.g., in Varga [498].

(iv) Repeat the proof of Exercise 11.4 (iii).
(v) Observe that A*A is selfadjoint, and hence®

sup (A*Ax,x) = p(A*A).

Il
Since
Ax]* = (Ax,Ax) = (A*Ax, x)

for all x, this is equivalent to

sup [|Ax| = /p(A*A).

llxll <1

(vi) The definition of the spectral radius implies that p(A?) = p(A)?. Since A* =
A, it follows that

1A = Vp(A*A) = v/p(A2) = p(A).

(vii) Consider the matrix

8See the proof of Lemma 7.5, p. 174.
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Exercise 12.1. Consider the differential equation x’ = x with the initial condition
x(0) = 1. Show that for t’ = ¢ > 0 and h = t/n we have x,, = (1 + t/n)" and

infn(e' —x,) > 0.

Exercise 12.2. Consider the differential equation ¥ = 4+ with the initial
condition x(0) = 0. Its solution is x(f) = ¢*. Applying the modified Euler method
with 7/ = 1 and h = 1/n we have zp = 0 and

k1)1 (k4 1)°
r1 =%+ 4 + =z +
n 2n) n 2n*

fork=0,1,...,n— 1. Hence

n—1

2n n
1 3 1 3 -3
SR SOSIEIN e 90
k=0 k=1 k=1

1 2 2 2 o @n+1)2=2(n+1)
= gt ((Zn) Cn+1)"=8n“(n+1) ) = o2
1
=1- s
2n?

and therefore
x(1) —x, =

Exercise 12.3.

(i) Since both definitions remain unchanged if we replace the norm by an
equivalent norm, we may consider a norm as in the proof of Exercise 11.5

(iii).
(i1) It suffices to show that

lim sup \”/||A”|| <o
n—o0
for every fixed o > p(A). Fixing a positive integer m such that (’/ A" < e, it
suffices to show that

limsup "R/ |Ak+r || <o for r=1,....m.
k—>00

This follows from the estimate

||Akm+rH < ”Ar” . ”Am”k < ”Ar” Olmk — ”Ar” a—ramk-i—r,
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implying that
km+\V/||Akm+r|| < (||Ar|| a—r)l/(km-f'r)a S

(iii) If p(A) < 1, then there exists a positive integer m such that ||A™|| < 1. The the
mth iteration of the function f(x) := Ax + b is a contraction in X, and we may
apply Proposition 12.4.

(iv) The complex case was solved in Exercise 11.5; henceforth we assume that X
is a finite-dimensional real normed space.

If I—A is not onto, or if A has a real eigenvalue of modulus > 1, then we may
repeat the proof of Exercise 11.5 (iv). Otherwise identify X with RY, A with a
real square matrix, and consider the operator defined by this matrix in C¢. It
has a non-real eigenvalue A = re® of modulus » > 1 and a corresponding
non-zero complex eigenvector v € C?. Then xy := v + v € R?, and for b = 0
the sequence

x, = A"xy = 1" cos(ng)xy

does not converge as n — 00.

Exercise 12.4. Given a > p(A) arbitrarily, choose an n such that Q/ 1A < «,
and define

" Z ~ 4t A

This is a norm on X, and

||Ax|| Z HAkx” (Z ” A ”) + [l = [Ix]l’

forall x € X.
Exercise 12.5. Show by induction on n that

n

Mt
@0l < " 7l
n.

forallz € [0,1]andn = 1,2, ..., where M denotes the maximum of |a(¢, s)| on T.

Exercise 12.6. We prove the maximum case: the other case is obtained by
considering —u instead of u. If’ max, is not attained on T, then the modified
function

v(x) == u(x) +e(xf + -+ xﬁ)

Observe that Q and I are compact, so that max, « and maxr u exist.
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has the same property if ¢ > 0 is chosen sufficiently small. Indeed, denoting by M
the maximum of xJ + --- + x2 on £, it suffices to take & > 0 satisfying

maxu + eM < max u.
r Q

It follows that maxg, v is attained at some interior point x € £2. Then Dizv(x) <0
forallj = 1,...,n, and hence Av(x) < 0. This, however contradicts the relation

Av(x) = Au(x) 4+ 2ne = 2ne > 0.

Exercise 12.7. By linearity it suffices to consider again the maximum case.
Assume on the contrary that u takes at some point of Q a larger value than maxy u,
and choose, similarly to the solution of the preceding exercise, a small ¢ > 0 such
that the modified function

v(t.x) = u(t,x) el +--+x2), (tx)€Q
has a maximum at some point
(1,x) € Q\ X =QU({T} x Q).
If (t,x) € Q, then Dyv(t,x) = 0 and Dizv(t,x) <Oforallj=2,...,n4+1,
and hence Dyv(t,x) — Av(t,x) > 0.If (t,x) € {T} x Q, then D;v(t,x) > 0 and
Djzv(t,x) <Oforallj=2,...,n+ 1, and hence D v(t, x) — Av(t, x) > 0 again.

This, however, is impossible, because

Dyv(t,x) — Av(t,x) = (Dyu(t,x) — Au(t, x)) — 2ne < 0.
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Uniform convergence: Weierstrass [507], Seidel [448], Stokes [469], pp. 279-
281.

Subsequence: Cantor [74], p. 89.

Proposition 1.4: Cantor [79], p. 226.

Limit: d’ Alembert [6], p. 542, Cauchy [87].

Cluster points and isolated points: Cantor [75].

Continuous functions: Bolzano [52, 53], Cauchy [87], Weierstrass [507].

Uniform continuity: Heine [228], p. 361. See the remark on Theorem 1.27 below.

Lipschitz continuity: Lipschitz [336].

Cauchy sequence: Bolzano [53]; Cauchy [87], pp. 115-116.

Completeness of R: Cauchy [87], pp. 115-116.

Completeness in metric spaces: Fréchet [174].

Fixed point theorem 1.10: Banach [26], Cacciopoli [71].

Brouwer’s fixed point theorem: Brouwer [67]; see, e.g., Lax [317], Milnor [349],
Pontryagin [397], Rogers [425], Aigner—Ziegler [4] for proofs.

Example on the application of the fixed point theorem: W. Bolyai [51] 1, 442,
447-449.

Cantor’s intersection theorem (Propositions 1.12, 1.23): Cantor [79], p. 217.

Density: Cantor [76], p. 140.

Baire’s lemma (Propositions 1.13): Osgood [376], pp. 163—164, Baire [24], p.
65, Kuratowski [294], Banach [28].

Continuous extension of functions: See the comments on Exercise 1.15 (p. 34)
below.

Completion of metric spaces (Proposition 1.16): Hausdorff [225]. Generalizing
a method of Cantor [75] and Méray [344], he considered as the elements of (X, d")
certain equivalence classes of Cauchy sequences. The short proof given here, based
on an idea of Fréchet [175], p. 161, is due to Kuratowski [296].

Proposition 1.18: Bolzano [53], Weierstrass [509].

Proposition 1.19: See Kiirschdk [300], p. 60. We do not know of an earlier
publication of this result. See the Rising Sun lemma of Riesz [418, 419] (see also in
Riesz—Sz.-Nagy [421], p. 6) for an important application of this notion to integration
theory.

Compactness: Fréchet [174].

Theorem 1.24: the first version on continuous functions on bounded closed
intervals was published by Weierstrass [508] and Cantor [73], p. 82. However, the
result had already appeared in Bolzano’s book [54], written between 1833 and 1841,
but published only in 1930.

Theorem 1.26: Hausdorff [225].

Theorem 1.27: Heine [229], p. 188. It was discovered recently that the notion of
uniform continuity and Heine’s theorem was already known to Bolzano; see [55].

Precompact sets: Hausdorff [225].

Theorem 1.28: The characterization by finite open subcovers goes back to Heine
[229], p. 188, Cousin [115], p. 22, Borel [58], p. 51, Lindelof [333], Lebesgue [320],
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p- 105. See also the historical account of Hildebrandt [241]. The equivalence with
complete precompact sets is due to Hausdorff [225].

Exercises 1.9—1.10: Cantor [78], p. 575, Bendixson [34], p. 415, Lindelof [334].
See, e.g., Alexandroff [11] (pp. 135-147), Kuratowski [295] (pp. 140-141), Sz.-
Nagy [479] (pp. 45-50) for more details and further results.

Exercise 1.11: Alexandroff [9]. A simple proof was given by Hausdorff [227].
See also Oxtoby [377].

Exercise 1.12: Hausdorff [225].

Exercises 1.13—1.14: See Oxtoby [377] for a nice exposition of these and related
results. The set of differentiability of a continuous function f : R — R was also
characterized by Zahorski [518]. Thomae’s function was defined in [483, p. 14].

Using his theorem, Baire also proved that if a sequence of continuous functions
fu : R — R converges pointwise to f : R — R, then f is continuous on a dense
set of R. We recall® that if the convergence is uniform, then the limit function is
(everywhere) continuous.

In fact, Baire proved sharper results: see Oxtoby [377] again.

Exercise 1.15: Tietze’s theorem [484] was proved earlier in R? by Lebesgue
[321], pp. 99-100.

Hausdorff [226] gave an explicit formula for a Tietze type extension. Assuming
without loss of generality that g : F — [0, 1], we may take

lx =yl

fo) = inf (f D+ Giste. )

— 1) , xeX\F.
See also Kuratowski [295], pp. 212-213.
Urysohn [495] extended Tietze’s theorem to normal topological spaces; see, e.g.,

Csészar [118], Engelking [139], Kelley [273]. See also [285, Proposition 8.6] for a
related result.

Topological Spaces

Topological space: Riesz [412], Hausdorff [225].

Homeomorphism: Poincaré [392], p. 9.

Interior point: Cantor [76], Riesz [412].

Closure: Riesz [412].

Boundary point: Cantor [76], p. 135.

Exterior point: Hausdorff [225]. Neighborhood: Cantor [75].

Continuity in topological spaces and Proposition 2.10: Hausdorff [225].

Counterexamples following Corollary 2.11: they are taken from Steen—Seebach
[459], Examples 12, 14.

!See Proposition 2.13, p. 46.
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The space Cy(K): Fréchet [174].

Connected set: Riesz [412].

Theorem 2.15: Lagrange 1769, pp. 541-542, Bolzano [53], Hausdorff [225].

A simple proof of von Neumann’s minimax theorem [265], a fundamental
theorem of game theory, is based on the notion of connectedness and mathematical
economy.

Cantor’s intersection theorem (Proposition 2.20): Cantor [79], p. 217.

Theorem 2.21: Hausdorff [225].

Theorem 2.22: Weierstrass [508], Cantor [73] p. 82.

Proposition 2.23: Hausdorff [225].

Tychonoff’s theorem 2.24: Tychonoff [488, 489], Cech [99].

Zorn’s lemma 2.25: Kuratowski [293], Zorn [519].

Proposition 2.26: Alexander [7].

Nets: Vietoris [499], Moore and Smith [355], Picone [391].

Filter: Vietoris 1921, H. Cartan [84].

Counterexamples following Proposition 2.27: they are inspired by Steen—
Seebach [459].

Exercise 2.8 (Alexandroff’s one-point compactification): Alexandroff [10].

Exercise 2.10 (Peano curve): Peano [383]. The construction given here is due to
Lebesgue [323], pp. 44—45. This is a modification of Cantor’s functionf : [0, 1] —
[0, 1], a continuous function defined by the formula

3 +32++3n _2+22++ n + .-

f(Zl‘l 2t 2t n ) - h 13 fn—1
on Cantor’s ternary set C, and constant on the connected components of [0, 1] \ C.
See [242] for a survey of various other interesting features of Cantor’s function.
Other interesting constructions of Peano curves were given by Hilbert [237] (see
also Hilbert—Cohn-Vossen [240]) and Schoenberg [438].

Normed Spaces

Norm: Riesz [416].

Proposition 3.1 (Cauchy-Schwarz inequality): Lagrange [305], pp. 662—-663 in
R3, Cauchy [87], pp. 375-377 in R", Bouniakowsky [59], p. 4 and Schwarz [442],
p- 251 for integrals of functions of one or several variables.

Optimality of Proposition 3.1: Jordan—von Neumann [265].

The norms ||x||,, |x]l5, [|X]le of R™ were introduced respectively by Jordan [263],
p. 18, Cantor [78], p. 197 and Peano [380], p. 450, [382], p. 186.

Proposition 3.2: Young [516], Rogers [424] and Holder [248], Minkowski [350],
pp- 115-117.
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Proposition 3.3: Riesz [415, 417].

Theorem 3.9: Tychonoff [489].

Proposition 3.11: Kirchberger [276], Borel [58], p. 82, Riesz [416].

Proposition 3.12: Legendre [326], Gauss [186]. See the historical account of
Goldstine [197].

Lemma 3.13: Banach [26].

Dual space: Hahn [215].

Theorem 3.20: Helly [230], Hahn [215], Banach [27]. Helly’s name is seldom
mentioned in this theorem, although the crucial Lemma 3.21 below is due to him.
See Hochstadt [243].

Uniqueness of norm-preserving extensions: Taylor [480], Foguel [171].

Lemma 3.21: Helly [230].

Norm in a complex vector space: Wiener [512].

Hilbert space: Hilbert [238], von Neumann [360], Lowig [338], Rellich [407].

The complexification formula ¢(x) := ¥ (x) — iy (ix) was discovered by Murray
[357], Bohnenblust—Sobczyk [49] and Soukhomlinov [457].

Exercise 3.1: observation of Fischer; see Riesz [414], in [411] I, p. 404.

Exercise 3.5: Dini [133].

Exercise 3.8: Carathéodory [82].

Exercise 3.9: Radon [402]. See Bajm6czy—Barany [25] for a generalization.

Exercise 3.10: Helly [231].

Exercise 3.11: Jordan—von Neumann [265]. We follow Yosida [514], p. 39.

Exercise 3.12: Jo6 [261]; see also Stacho [458].

Exercise 3.13: von Neumann [361]; this is the founding theorem of game
theory. See also von Neumann—Morgenstern [363] for many applications, including
economy. See also [496] for an elementary introduction.

The present proof is due to Jo6 [261]; see also Staché [458] and Komornik [280]
for some generalizations.

The Derivative

Lemma 4.1 (a): Weierstrass [508], Stolz [470], Fréchet [176].

Lemma 4.1 (b): Hadamard [213], Carathéodory [83].

Directional derivative: Gateaux [185]. The last example on p. 104 is due to
Peano; see Genocchi and Peano [191], Section 123.

Proposition 4.3: Oresme [375], Kepler [274], Fermat [167], Newton [367].

Proposition 4.4 (a): Rolle [426]. He considered only polynomials. Cauchy [88],
pp. 45-46 proved the theorem for functions of class C', including the endpoints.
The present proof is due to Bonnet, published by Serret [449] I, pp. 17-19.

Proposition 4.4 (b): Lagrange [310], p. 154.

Proposition 4.4 (c): Cauchy [87].

Corollary 4.5: Johann Bernoulli [39], L’'Hospital [245]. See Truesdell [492] for
the interesting story of its discovery.
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Proposition 4.6: Lagrange [310], p. 154.

The example preceding Proposition 4.9 is taken from Gelbaum—Olmsted [189].

Exercise 4.2: The example is due to Peano; see Genocchi and Peano [191],
Section 123.

Higher-Order Derivatives

Definition of higher-order derivatives: Newton [367], Leibniz [327], Johann
Bernoulli [40], Fréchet [178].

Remarks preceding Theorem 5.6: Euler [147, p. 177], [155, §226], Schwarz
[441], Peano in Genocchi—Peano [191, §123].

Theorem 5.6: Young [515], p. 22.

Early versions of Taylor’s formula: Gregory [206], Johann Bernoulli [41], Taylor
[481].

Theorem 5.8: first stated in Genocchi and Peano [191]; the first proofs were
published by J. Konig [290], pp. 532-538 and Peano [381].

Proposition 5.9: Lagrange [310], p. 154. The proof given here is due to Cauchy
[88], p. 152. Previously Ampére [12] applied Rolle’s theorem only once as follows.”

For any fixed number A the function

n—1 (k)
g(x) = (Zf ® (b—x)") + A —x)"

!
= K

is continuous on [a, b], differentiable on (a, b), and

’ f(n) () n—
gx) = ((n— ) —nA)(b—x) L
Choose A such that g(a) = g(b), i.e., set
n—1 (k)
A=(b—a)y™" (f(b) — Zf kf“) b — a)k).
k=0

Then Rolle’s theorem yields ¢ € (a, b) such that g’(c) = 0, and then

RION

A= 0.
-1 "

2See Valiron [497]. This proof works under the weaker assumptions that f is continuous on [a, b],
n times differentiable on (a, b), and n — 1 times continuously differentiable at a and b.
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Taking the value of A into account, the proposition follows.

Theorem 5.11: Johann Bernoulli [41], Cauchy [87], Graves [204].

Theorem 5.12: Lagrange [302], Hesse [234], p. 251.

The example at the end of Sect. 5.4 is due to Peano in Genocchi and Peano [191],
Section 123.

Definition of convex functions: Holder [248] (for C? functions), Jensen [260].

Proposition 5.13: Holder [248], Jensen [260], p. 180 in the French translation.

Proposition 5.15: Jensen [260], Minty [351].

Proposition 5.17: Holder [248].

Proposition 5.18: Stolz [471], Jensen [260], pp. 189—190 in the French transla-
tion, Blumberg [46]. The present proof follows Roberts—Varberg [422].

Proposition 5.21: Hesse [234], p. 251.

Ordinary Differential Equations

Section 6.1: Riemann introduced his integral in [408]. The simpler integral of this
section was studied for scalar functions in Dieudonné [130].

Section 6.2: Peano’s example was published in Peano [382].

Theorem 6.2: Cauchy [89], Lipschitz [336], Elconin—Michal [138]. Cauchy could
not publish this result; see, e.g., Hairer—Wanner [217] for possible reasons. It was
rediscovered and published only in 1981 (!): see Cauchy [89], p. XIX. See also
Choquet [103, p. 22] on a weaker geometric condition ensuring the uniqueness of
the solutions.

Remarks following Theorem 6.2: Peano [379, 382]. See also Coddington—
Levinson [112] and Walter [504] for proofs of Peano’s theorem.

Generalizing an example of Dieudonné [129], Godunov [196] proved that
Peano’s theorem fails in every infinite-dimensional Banach space.

Piecewise linear approximation: Euler [156], p. 424. See, e.g., Coddington—
Levinson [112]. We will also use Euler’s method in Chap. 12.

Successive approximation: Cauchy [89] (?, part of his notes is still
missing), Liouville [335], p. 19, Peano [380], Picard [389], Bendixson [35],
Lindelof [332].

Equivalent integral equation: Laplace [315], p. 236.

Proof of Theorem 6.2: The idea to use the equivalent norm |[y|, :=
sup,c; [[y(®) | e = is due to Bielecki [45].

Proposition 6.4: Volterra [500, 501].

Remark following Proposition 6.6: The result mentioned on infinite-dimensional
spaces was proved in Dieudonné [129] and Deimling [123] in special cases,
and in Komornik—Martinez—Pierre—Vancostenoble [286] for all infinite-dimensional
Banach spaces.

Proposition 6.7: Niccoletti [374].

Lemma 6.8: Peano [379], Gronwall [212].

Section 6.5, variation of constants: Lagrange [306, 307].
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Exercise 6.4: The second result remains valid for all simply connected domain D
instead of rectangles: see, e.g., Walter [505], p. 39.

Exercise 6.8: This exercise is taken from Walter [505], pp. 79-80. Concerning
the convergence of the successive approximations, see also Rosenblatt [428] and
Hartman [224].

Exercise 6.10: This formula is very useful in the theory of non selfadjoint
differential operators; see, e.g., II’'in-Joé [251], Jo6—Komornik [262], and
[281, 284].

Exercise 6.11: Haraux [222], Lagnese [301], Komornik [282], p. 103. See also
the nonlinear generalization of this result in [282], p. 124.

Implicit Functions and Their Applications

Proposition 7.2: Descartes [125], Dini [134], pp. 153-164.

Folium of Descartes: Descartes [126]. The shape of the curve was determined by
Roberval [423] for x,y > 0 and by Huygens [249] in the general case.

Proposition 7.3: Euler [151], Lagrange [308], pp. 78-79.

Lemma 7.5 and Theorem 7.4: Cauchy [90]. We present his original proof.

Proof of Theorem 7.7: The use of the fixed point theorem in this proof is due
to Goursat [199]. The alternative proof in finite dimensions, indicated in the last
remark of Sect. 7.4, is due to Kowalewski [288].

Theorem 7.8: Dini [134], pp. 153-164, Graves—Hildebrandt [205]. Originally
Dini proceeded by induction on the dimension; see also Fichtenholz [170].

Theorem 7.9: Lagrange [308].

Remarks following Theorem 7.8: Lyusternik [339] (see also Alekseev—
Tikhomirov—Fomin [5]), Kuhn-Tucker [292] (see also [285], Theorem 1.7 and
Corollary 1.8).

Proposition 7.10: Bendixson [36], Picard [390], Peano [384].

Exercise 7.1 (Cayley—Hamilton theorem): Frobenius [182]. We follow Bernhardt
[37].

Exercise 7.5.

(i) Euclid [145]1I1. 5, V. 25 for n = 2, Cauchy [87], pp. 373-374 (in his complete
works). There is also an elementary proof as follows.> The case n = 1 is
obvious. If the inequality holds for some n, and aja;---a,+; = 1, then we
may choose two elements, say a; and a,, such that a; < 1 and a; > 1. Then
(a1 —1)(a; — 1) <0,sothata; + a; > 1 + aja;. Since

ajay +az+--+dpr1>=n

3See, e.g., Beckenbach—Bellman [32], Korovkin [291].
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by the induction hypothesis, we infer that
aitata+-tap=l+aat+at+--+ a1 >1+n

The case aja; - - - a,+1 7 1 follows by homogeneity.
(i) Young [516]. The inequality follows at once from the concavity of the
logarithmic function: we have

1 1 1 1
In ( a’ + bq) > Ind’”+ Inbq,
V4 q P q

and we conclude by taking exponentials.

There is also an elementary proof. We may assume by continuity that p =
n/m and g = n/(n — m) with suitable positive integers m < n. Applying (i)
with

ag=-=a,=d and au4, =---=a, =>b?
we obtain the equivalent inequality

ma’ + (n —m)b?

n

i@y oy <

There is also a transparent geometric proof; see, e.g., [285, Proposi-
tion 2.14].

(iii) Rogers[424], Holder [248], Cauchy [87], pp. 457459 (see also [93] (2) 111, pp.
375-377). Let us recall an elementary proof. We may assume by homogeneity
thatd +db+---+a = b{+b%+---+ b1 = 1. Applying (ii) for each product
a;b; we obtain

dl+d+--+a b+ b4+ b
+
p q

arby +asby +--- +a,b, <

which is equivalent to our assertion.

Exercise 7.6: Duhamel-Reynaud [136], p. 155, Schlomilch [436].
Exercise 7.7: Heron’s formula was probably known by Archimedes two centuries
before.
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Interpolation

Proposition 8.1: Gregory [208], Newton [369], Lagrange [309], pp. 284-287.

Theorem 8.2: Cauchy [92].

Theorem 8.3: Chebyshev [95], p. 301. He also proved that equality holds only in
the above mentioned case: see, e.g., Achiezer [3], Natanson [359] or Cheney [100].

Proposition 8.5: Gregory [208], Newton [369].

Proposition 8.6: Hermite [233].

Theorem 8.7: Stieltjes [462], pp. 142-144.

Simpson’s formula: Cavalieri [94], p. 446, Gregory [207], Simpson [452], pp.
109-111.

Theorem 8.9: Weierstrass [510], p. 5. Among the many proofs, those of Lebesgue
[318], Landau [314] and Bernstein [43] are reproduced in [285], Exercises 8.1-8.3,
Theorem 8.1 and Proposition 8.16, respectively. See also Borel [58].

Theorem 8.10: Faber [159]. His proof was simplified by Fejér [162]. See, e.g.,
Natanson [359], or [285].

Erdds—Veértesi theorem: Erd6s—Vértesi [144].

Theorem 8.11: Fejér [161].

Definition of splines: Schoenberg [439].

Proposition 8.12: Schoenberg—Whitney [440], p. 258.

Proposition 8.14: Holladay [244].

Exercise 8.2. This is an application of Newton’s interpolation formula. We follow
Erd6s [141].

Exercise 8.4: Cauchy [92].

Exercise 8.5: Archimedes [13] computed the volume of a spherical segment.
In the same work he attributes the discovery of the volume of cones to Eudoxos.
However, the formula (8.35) for truncated pyramids appears already in the Moscow
papyrus [356] around 1850 BC; see van der Waerden [502].

See Gould [198] for the method of discovery of Archimedes, and Heath in [14]
for more on Archimedes’ life and work.

Exercise 8.6: Painlevé [378].

Orthogonal Polynomials

Proposition 9.1: Gram [200], Schmidt 1907.

Proposition 9.2: Stieltjes [463], Schmidt [437].

Legendre polynomials: Legendre [325].

Chebyshev polynomials: Chebyshev [95], p. 301, [96], p. 418.

Jacobi polynomials: Jacobi [257].

Laguerre polynomials: Lagrange [303], pp. 534-539, Abel [1], p. 284, Cheby-
shev [97], Laguerre [313], pp. 78-81, Sonine [456], p. 41.
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Hermite polynomials: Sturm [474], pp. 424-426, Chebyshev [97], Hermite
[232].

Proposition 9.3: Stieltjes [463], Schmidt [437].

Proposition 9.4: Stieltjes [463].

Exercise 9.9: Stieltjes [464—466].

Numerical Integration

Proposition 10.2: Korkin—Zolotarev [287], Stieltjes [461].

Newton—Cotes rules: Newton [369], Cotes [113].

Meéray’s example: Méray [345, 346].

Runge’s example: Runge [434]. See Montel [354] or Steffensen [460] for a
complete analysis. The Newton—Cotes formulas are unstable for n = 8 and for
all n > 10 because some of the coefficients A} become negative: see Bernstein
[44].

Theorem 10.3: Gauss [187], Jacobi [255], Christoffel [104]. The last estimate is
due to Markov [342].

Theorem 10.4: Stieltjes [463].

Theorem 10.5: Erdés—Turan [143]. The special cases of Legendre polynomials
and of the Chebyshev polynomials of the first kind were studied earlier by Fejér
[164] and Erd&s—Feldheim [142], using a different method.

Proposition 10.7: De Moivre [353] without the exact constant /27, Stirling
[468]. See Pearson [386], Hald [219].

Bernoulli polynomials: Jacobi [256].

Bernoulli numbers: Jacob Bernoulli [38]; see p. 99 of the German translation.

Theorem 10.11: Euler [146, 148, 155], p. 310, Maclaurin [340], Book II, Chap.
IV, p. 663. It is also called the Euler—Maclaurin formula. The remainder term first
appeared in the work of Poisson [394]. The first rigorous proof was given by Jacobi
[256]. The proof given here is due to Wirtinger [513] and Jordan [264].

Example to compute 17 4 - -- 4 nP: Jacob Bernoulli [38].

Theorem 10.16: De Moivre [353], Stirling [468].

Romberg’s method: Romberg [427].

Exercise 10.3. We follow the original reasoning of Wallis.

Finding Roots

Theorem 11.1: Descartes [125]. The first proofs were published by Segner [446,
447]; his first paper was believed to have been lost for more than two centuries: see
Szénéssy [477]. The proof given here is taken from Komornik [283].
Theorem 11.4: Sturm [473]. See its introduction in Fourier’s contribution.
Proposition 11.7: Householder—Bauer [247].
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Proposition 11.9: Givens [193, 194].

Proposition 11.10: Gerschgorin [192].

Proposition 11.11: Newton [368].

Exercise 11.2: We follow Szidarovszky [478].

Exercise 11.3: Kantorovich [270, 271]. We follow Kantorovich—Akilov [272].

Exercises 11.4-11.5: We follow Varga [498].

Exercise 12.3: (ii) is closely related to a classical theorem of Kakeya [267, 268]
on subadditive sequences; see also [396], Part 1, Exercise 131.

Exercise 12.4: We follow Walter [505], pp. 352-353, where the following
corollary is also proved:

p(A+ B) < p(A) + p(B) and p(AB) < p(A)p(B)

whenever AB = BA.

The results and the proofs remain valid in infinite-dimensional normed spaces if
we define the spectral radius as in Exercise 12.3, and the infimum is taken over all
norms on X that are equivalent to ||-|.

Numerical Solution of Differential Equations

Euler’s method: Euler [156], p. 424.

Proposition 12.1: Peano [379].

Modified Euler method: Runge [433], p. 168.

Runge—Kutta method: Runge [433], Heun [235], Kutta [299].

Monte-Carlo method: Ulam—von Neumann, see [347, 494], pp. 196-200, and
also [454].

Random walk: Pearson [386], Pélya [395], see also Alexanderson [§].

Heat equation: Fourier [172], and also Bochner [48] and Kahane [266] for
historical comments. A slightly more general model leads to the Fokker—Planck
equation: see, e.g., Gnedenko [195], pp. 288-290.

Exercise 12.6: The proof given here is due to Privalov [400].
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Teaching Suggestions

We mention some main differences from conventional textbooks.

Topology

e It would be more logical to start with topological spaces, and then to treat
successively the more special metric and normed spaces. Our teaching expe-
rience shows that the present treatment is easier for the majority of students.
Incidentally, this reflects the historical evolution of the subject.

* The very short and elegant proof of the completion of metric spaces (p. 21) does
not seem to be well-known.

* The simple proof of the Cauchy—Schwarz inequality (p. 67) is not well-known
either.

* Baire’s theorem (p. 17) is not used in this book (except in Exercise 1.14, p. 34),
but is very important in Functional Analysis; see, e.g., [285].

* General topological spaces are rarely used in this book, but they are important,
for example, when describing weak convergence in Functional Analysis; see,
e.g., [285] again.

Differential Calculus

* The general framework of arbitrary normed spaces simplifies the statement and
proof of most theorems. The readers are encouraged, however, to consider
systematically the special cases of R and R”.

e Carathéodory’s equivalent definition of the derivative (formula (4.3), p. 98)
simplifies the proof of Propositions 4.2 and 4.10 on composite functions, on
the relationship between total and partial derivatives, and of the inverse function
theorem 7.7 (pp. 101, 111 and 179).

* Applying Proposition 3.19 (p. 86) we obtain short and transparent proofs for
vectorial versions of the mean value theorems and of Taylor’s formula. Moreover,
we obtain optimal results which are sharper than usual. When dealing with R” or
with Hilbert spaces, Theorem 3.20 may be avoided by using the simple Euclidean
case of Proposition 3.19.
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* We give a simple alternative proof of an important special case of the Schwarz—
Young theorem (p. 123).

* The proof of the local Lipschitz continuity of convex functions (p. 136) is not
well-known either.

» Before treating the general case, we give short and transparent proofs of the
scalar case of the implicit function theorem and of the Lagrange multiplier
theorem (Sects. 7.1 and 7.2, pp. 165 and 171). This special case suffices for
many applications: we illustrate this by Cauchy’s proof of the diagonalizability
of symmetric matrices.

Approximation Methods

* We present numerical analysis by starting from simple problems and arriving at
important general theorems in a natural way. This approach enables us to present
several beautiful classical results, which had almost been forgotten.

* As a curiosity, Sturm sequences appear unexpectedly in various places.

e A short and transparent geometric proof is given for Stirling’s formula in
Exercise 10.2, p. 263.

e We stress some fundamental and rarely taught results of Hungarian mathemati-
cians (Segner, Kiirschak, Fejér, Riesz, Erdds, Turdn).
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