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Preface

This book is based on lectures given by the author at the University of Strasbourg.

Functional analysis is presented first, in a nontraditional way: we try to general-
ize some elementary theorems of plane geometry to spaces of arbitrary dimension.
This approach leads us to the basic notions and theorems in a natural way. The
results are illustrated in the small £” spaces.

The Lebesgue integral is treated next by following F. Riesz. Starting with two
innocent-looking lemmas on step functions, the whole theory is developed in a
surprisingly short and clear manner. His constructive definition of measurable
functions quickly leads to optimal versions of the classical theorems of Fubini—
Tonelli and Radon—Nikodym.

These two parts are essentially independent of each other, and only basic
topological results are used. In the last part, they are combined to study various
function spaces of continuous and integrable functions.

We indicate the original sources of most notions and results. Some other novelties
are mentioned on page 375. The material marked by the symbol * may be skipped
during the first reading.

Each chapter ends with a list of exercises. However, the most important exercises
are incorporated in the text as examples and remarks, and the reader is expected to
fill in the missing details.

We list on p. Xi some interesting papers of the general mathematical culture.

We have put a great deal of effort into selecting the material, formulating
aesthetic and general statements, seeking short and elegant proofs, and illustrating
the results with simple but pertinent examples. Our work was strongly influenced by
the beautiful lectures of A. Csészar and L. Czéch at the E6tvos Lorand University,
Budapest, in the 1970s, and more generally by the Hungarian mathematical tradition
created by Leopold Fejér, Frédéric Riesz, Paul Turdn, Paul Erd&s, and others.
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We also thank C. Baud, B. Beeton, A. Besenyei, T. Delzant, C. Disdier,
O. Gebuhrer, V. Kharlamov, P. Loreti, C.-M. Marle, P. Martinez, P.P. Pilfy, P.
Pilibossian, J. Saint Jean Paulin, Z. Sebestyén, A. Simonovits, Mrs B. Széndassy,
J. Vancostenoble, and the editors of Springer for their precious help.

This book is dedicated to the memory of my father.

Strasbourg, France Vilmos Komornik
May 23, 2016



Contents

PartI Functional Analysis

1

Hilbert Spaces............uuuiiiiiii e 3
1.1 Definitions and Examples.............ccoeviiiiiiiiiiiiiiiiiienn.
1.2 Orthogonality .......oovnuuiiiiiiii e 11
1.3 Separation of Convex Sets: Theorems of Riesz—Fréchet

and Kuhn—Tucker ... 16
1.4 Orthonormal Bases ............coooiiiiiiiiiiiiiiiiiii i 24
1.5  Weak Convergence: Theorem of Choice ..................oceennn. 29
1.6 Continuous and Compact Operators. .........oc.eeeevriuniueeeennnn. 35
1.7 Hilbert’s Spectral Theorem ............ccooviiiiiiiiiiiiiiiiienn. 39
1.8 *The Complex Case ........coveiiiiiiieieiiiiiieeiiiiiiieeann. 45
1.9 EXEICISES .ottt ettt ettt e 47
Banach Spaces ... 55
2.1 Separation of Convex Sets ..........ccoiviiiiiiiiiiiiiiiiiieeanannnn. 57
2.2 Theorems of Helly-Hahn-Banach and Taylor-Foguel ............. 65
2.3 The £7 Spaces and Their Duals ..........coooeviiiiiiiiiiinnnn. 69
24 Banach Spaces...........eiiiiiiiiiii i 76
2.5  Weak Convergence: Helly-Banach—Steinhaus Theorem ........... 79
2.6 Reflexive Spaces: Theorem of Choice...................coooiiiii. 87
2.7  Reflexive Spaces: Geometrical Applications........................ 91
2.8 * Open Mappings and Closed Graphs.....................oooiit. 96
2.9  * Continuous and Compact Operators..............ccoeeeeeeennnnnn. 99
2.10  * Fredholm—Riesz Theory ............ccooiiiiiiiiiiiiiiiiiiiiin, 103
2.11 *The CompleX Case ......ccoviuiiiiiiiiiiiie e 112
P8 WA B S (o T 113
Locally Convex Spaces .............ooueiiiiiiiiiiiiiiiiiieiiieenne.. 119
3.1  Families of Seminorms...............ccooiiiiiiiiiiiiiiiiii i 120
3.2 Separation and Extension Theorems ......................oooiiil 123
3.3  Krein—-Milman Theorem ... 126

vii



viii

4

8

Contents
34  * Weak Topology. Farkas—Minkowski Lemma ..................... 130
3.5  * Weak Star Topology: Theorems of Banach—Alaoglu
and GoOldSteIn ......ovviii i 135
3.6  * Reflexive Spaces: Theorems of Kakutani
and Eberlein—Smulian...................c.coooiiiiiiini, 140
3.7  * Topological Vector SPaces ........cceevvuiiiiiiiiiiiiiieennnnns 144
3.8 EXEICISES .uuuiiiitit it 146
PartII The Lebesgue Integral
* Monotone Functions ... 151
4.1  Continuity: Countable Sets ..., 151
4.2 Differentiability: Null Sets..............coooiiiiiiia. 154
43 Jump FunctionsS......... ...t 157
4.4 Proof of Lebesgue’s Theorem ..., 161
4.5  Functions of Bounded Variation ...............coooiiiiiiiinnn.. 164
40 EXOICISES e 165
The Lebesgue Integral in R....................ooiiiiiiin .. 169
5.1 Step Functions...........ooiiiiiiii i 170
5.2 Integrable Functions.................ccciiiiiiiiiiiiiiii 174
5.3 The Beppo Levi Theorem............cccooiiiiiiiiiiiiiiiiiii. 177
5.4  Theorems of Lebesgue, Fatou and Riesz—Fischer .................. 181
5.5 * Measurable Functions and Sets............cocoeiiiiiiiiiiinnnnn. 187
5.6 EXETCISES ..ttt 194
* Generalized Newton-Leibniz Formula........................... ... 197
6.1  Absolute Continuity ..........ooouiiiiiiiiiiiiiie i 198
6.2 Primitive FUNCHON . ........uuuiic e 203
6.3  Integration by Parts and Change of Variable........................ 207
0.4 EXETCISES ..ttt ettt 209
Integrals on Measure SPaces ...............ccoviiiiiiiiiiiiiiiiniiienn.. 211
7 SV (=T 1 1 PP 211
7.2 Integrals Associated with a Finite Measure .....................oo.. 217
7.3 Product Spaces: Theorems of Fubini and Tonelli................... 224
7.4  Signed Measures: Hahn and Jordan Decompositions .............. 229
7.5 Lebesgue Decomposition ...........coeeiiiiiiiiiiiiiiiiiieeennnnnn. 235
7.6  The Radon-Nikodym Theorem.....................oooooiiii 239
7.7 * Local Measurability ..............uuuuuiiiiiiiiiiiiiiiiiiiiieees 247
T8 EXETCISES ..ttt ettt 251
Part III Function Spaces
Spaces of Continuous Functions ..........................ooo 257
8.1  Weierstrass Approximation Theorems ................oocooiiiii. 260
8.2  * The Stone—Weierstrass Theorem .................ccoooiiiii.n. 265



Contents ix

8.3  Compact Sets. The Arzela—Ascoli Theorem ........................ 268
8.4  Divergence of Fourier Series ............oooviiiiiiiiiiiiennnnnn. 270
8.5  Summability of Fourier Series. Fejér’s Theorem ................... 275
8.6  * Korovkin’s Theorems. Bernstein Polynomials.................... 279
8.7  * Theorems of HarSiladze—Lozinski, Nikolaev and Faber ......... 284
8.8  * Dual Space. Riesz Representation Theorem ...................... 289
8.9  Weak CONVEIrZenCe .....couuunntiieteeiie e aiieee e e 299
810 EXOICISES ..ttt et e et e et 300
9  Spaces of Integrable Functions.......................oooiiiiiiiiiiiiin. 305
9.1 L7 Spaces, | <P <00 cuiiiiiii 305
0.2 FCOMPACE SELS « ettt et e 316
9.3 FCONVOIULION ... ettt 320
9.4  Uniformly COnvex SPaces .........eeeeeriuuiiiieerniiiiieeeennnnnns 323
0.5 RefleXiVity «.veentii i 329
9.6 DualS Of L7 SPaCes ....uvveieiie i 331
9.7  Weak and Weak Star CONVergence ............ceevvuiueeeeennnnnnns 336
0.8 EXEICISES .. v vtttttetitttt et et e 339
10 Almost Everywhere Convergence.................ccoevviviiiiiiniiennnnns 341
10.1 L7 Spaces, | < P < 00 vuiiiiiiiiiiii i 341
10.2 L7 Spaces, 0 < p < Lo 344
10.3 L0 SPACES .uvvieieieee et 351
10.4  Convergence in MEaSUIe .......ouvuuuiiteeeeiieeeiiiiieeeennn. 355
Hints and Solutions to Some Exercises .................ccoociiiiiiiiiaa, 363
Teaching Remarks ..............oo i 375
Bibliography ......... ..o 377
Subject INAeX ... 395

Name INndeX ......ooooiiii 401






Some Papers of General Interest

AW =

~

14.

15.

16.

17.

18.
19.

20.

21.

22.

. G.D. Birkhoff, What is the ergodic theorem? Am. Math. Mon. 49, 222-226 (1942)

. J.A. Clarkson, P. Erd6s, Approximation by polynomials. Duke Math. J. 10, 5-11 (1943)

. R. Courant, Reminiscences from Hilbert’s Gottingen. Math. Intell. 3, 154-164 (1980/81)

. J.L. Doob, What is martingale? Am. Math. Mon. 78, 451-463 (1971)

. L.E. Dubins, E.H. Spanier, How to cut a cake fairly. Am. Math. Mon. 68, 1-4 (1961)

. P. Erd6s, Beweis eines Satzes von Tschebyschef. Acta Sci. Math. (Szeged) 5, 194-198 (1930-

32)

. P. Erdés, Uber die Reihe Y 1 /p. Mathematica, Zutphen B. 7, 1-2 (1938)
. L. Fejér, On some characterization of some remarkable systems of points of interpolation by

means of conjugate points. Am. Math. Mon. 41, 1-14 (1934); see in Gesammelte Arbeiten von
Leopold Fejér I-II (Akadémiai Kiadd, Budapest, 1970), I, pp. 527-539

. W. Feller, The problem of n liars and Markov chains. Am. Math. Mon. 58, 606-608 (1951)
10.
11.
12.
13.

P.R. Halmos, The foundations of probability. Am. Math. Mon. 51, 493-510 (1944)

PR. Halmos, The legend of John von Neumann. Am. Math. Mon. 80, 382-394 (1973)

P.R. Halmos, The heart of mathematics. Am. Math. Mon. 87, 519-524 (1980)

R.W. Hamming, An elementary discussion of the transcendental nature of the elementary
transcendental functions. Am. Math. Mon. 77, 294-297 (1970)

G.H. Hardy, An introduction to the theory of numbers. Bull. Am. Math. Soc. 35, 778-818
(1929)

G.H. Hardy, The Indian mathematician Ramanujan. Am. Math. Mon. 44, 137-155 (1937)

D. Hilbert, Mathematische probleme. Gottinger Nachrichten, 253-297 (1900), and Arch. Math.
Phys. 1(3), 44-63, 213-237 (1901). English translation: Mathematical problems. Bull. Am.
Math. Soc. 8, 437-479 (1902)

H. Hochstadt, Eduard Helly, father of the Hahn—Banach theorem. Math. Intell. 2(3), 123-125
(1979)

J. Horvath, An introduction to distributions. Am. Math. Mon. 77, 227-240 (1970)

D.K. Kazarinoff, A simple derivation of the Leibnitz—Gregory series for 77 /4. Am. Math. Mon.
62, 726-727 (1955)

K.M. Kendig, Algebra, geometry, and algebraic geometry: some interconnections. Am. Math.
Mon. 90(3), 161-174 (1983)

J. Milnor, Analytic proofs of the “hairy ball theorem” and the Brouwer fixed-point theorem.
Am. Math. Mon. 85, 521-524 (1978)

J. von Neumann, Zur Theorie der Gesellschaftsspiele. Math. Ann. 100, 295-320 (1928); [25]
VI, 1-26. English translation: On the theory of game of strategy, in Contributions to the Theory
of Games, vol. IV (AM-40), ed. by A.W. Tucker, R.D. Luce (Princeton University Press,
Princeton, 1959), pp. 13-42.

xi



xii

23

24.

25.
26.

217.

28.

29.

30.

31.
32.

33.
34,

35.
36.
37.

38.
39.
40.
41.

42

Some Papers of General Interest

. J. von Neumann, The mathematician, in The Works of the Mind, ed. by R.B. Heywood

(University of Chicago Press, Chicago, 1947), pp. 180-196; [25] I, 1-9

J. von Neumann, The role of mathematics in the sciences and in society, in Address at the 4th

Conf. of Assoc. of Princeton Graduate Alumni (1954); [25] V1, 477-490

J. von Neumann, Collected Works I-VI (Pergamon Press, Oxford, 1972-1979)

D.J. Newman, Simple analytic proof of the prime number theorem. Am. Math. Mon. 87, 693—

696 (1980)

B. Riemann, Ueber die Anzahl der Primzahlen unter einer gegebenen Grosse, Monatsberichte

der Berliner Akademie (1859); in Gesammelte mathematische Werke (Teubner, Leipzig, 1876),

pp. 135-144; H.M. Edwards, English translation: On the number of primes less than a given

magnitude, in Riemann’s Zeta Function (Academic, New York, 1974), pp. 299-305

F. Riesz, Sur les valeurs moyennes des fonctions. J. Lond. Math. Soc. 5, 120-121 (1930); [31]

I, 230-231

F. Riesz, L’évolution de la notion d’intégrale depuis Lebesgue. Ann. Inst. Fourier 1, 2942

(1949); [31] 1, 327-340

F. Riesz, Les ensembles de mesure nulle et leur role dans I’analyse. Az I. Magyar Mat. Kongr.

Kozl., Proceedings of the First Hungarian Mathematical Congress, pp. 214-224 (1952); [31]

I, 363-372

F. Riesz, Oeuvres Completes, I-1I (Akadémiai Kiadd, Budapest, 1960)

C.A. Rogers, A less strange version of Milnor’s proof of Brouwer’s fixed-point theorem. Am.

Math. Mon. 87, 525-527 (1980)

S. Russ, Bolzano’s analytic programme. Math. Intell. 14(3), 45-53 (1992)

A. Seidenberg, A simple proof of a theorem of Erdos and Szekeres. J. Lon. Math. Soc. 34, 352

(1959)

S. Smale, What is global analysis? Am. Math. Mon. 76, 4-9 (1969)

K. Stromberg, The Banach—Tarski paradox. Am. Math. Mon. 86, 151-161 (1979)

G. Szegd, Uber eine Eigenschaft der Exponentialreihe. Sitzungsber. Berl. Math. Ges. 23, 50-64

(1924); see in The Collected Papers of Gabor Szego I-11I (Birkhéuser, Basel, 1982)

F. Tréves, Applications of distributions to PDE theory. Am. Math. Mon. 77, 241-248 (1970)

E.M. Wright, A prime-representing function. Am. Math. Mon. 58, 616-618 (1951)

F.B. Wright, The recurrence theorem. Am. Math. Mon. 68, 247-248 (1961)

D. Zagier, A one-sentence proof that every prime p = 1(mod 4) is a sum of two squares. Am.

Math. Mon. 97, 144 (1990)

. L. Zaleman, Real proofs of complex theorems (and vice versa). Am. Math. Mon. 81, 115-137
(1974)



Topological Prerequisites

We briefly recall some basic notions and results that we will use in this book. The
proofs may be found in most textbooks on topology, e.g., in Kelley 1965.

Topological Spaces

By a topological space we mean a nonempty set X endowed with a topology on
X, i.e., a family 7 of subsets of X that contains @ and X and is stable under finite
intersections and arbitrary unions. For example, the discrete topology contains all
subsets of X, while the anti-discrete topology contains only & and X.

The elements of the topology are called the open sets and their complements the
closed sets of the topological space.

Given a set A in a topological space X, there exists a largest open set contained in
A and a largest open set contained in X \ A. They are called the interior and exterior
of A and denoted by intA and extA. The remaining set X \ (intA U extA) is called
the boundary of A and denoted by dA. The three sets intA, extA, and dA form a
partition of X: they are pairwise disjoint, and their union is equal to X.

If a € intA, then we also say that A is a neighborhood of a.

The sets JA and A := intA U dA = X \ extA are closed; the latter is the smallest
closed set containing A and is called the closure of A. A set D C A is said to be dense
in A if A C D. A topological space X is called separable if it contains a countable
dense set.

A set K in a topological space X is called compact if every open cover of A has a
finite subcover. For example, the finite subsets are compact.

Theorem 1 (Cantor’s Intersection Theorem) If (K,,) is a decreasing sequence of
nonempty compact sets, then NK,, is nonempty.

Let X and Y be two topological spaces. We say that a functionf : X — Y
is continuous at a € X if for every neighborhood V of f(a) in Y there exists a

Xiii



xiv Topological Prerequisites

neighborhood U of a in X such that f(U) C V. Furthermore, we say that f is
continuous if it is continuous at each point a € X.

Theorem 2 (Hausdorff) Let X and Y be two topological spaces andf : X — Y.

(a) f is continuous <= the preimage f~" (V) of every open set V.C Y is open in X,
or equivalently, if the preimage f~' (F) of every closed set F C Y is closed in X.

(b) IfK C X is compact and f is continuous, then f(K) C Y is compact, i.e., the
continuous image of a compact set is compact.

The last result implies another important theorem:

Theorem 3 (Weierstrass) Let X be a compact topological space and f : X — R
a continuous function. Then f is bounded; moreover, it has maximal and minimal
values.

If Z is a nonempty subset of a topological space X, then there exists a smallest
topology on Z such that the embedding' of Z into X is continuous. This is called the
subspace topology of Z. A nonempty set in a topological space X is compact <=
the corresponding subspace topology is compact. A closed subspace of a compact
space is also compact.

A topological space X is called separated or a Hausdor{f space if any two distinct
points of X belong to two disjoint open sets. Hausdorff spaces have many open and
closed sets; in particular, the compact sets of Hausdorff spaces are always closed.

A topological space X is called connected if @ and X are the only sets that are
simultaneously open and closed. A nonempty subset of a topological space X is
called connected if it is connected as a subspace. The empty set is also considered
to be connected.

Theorem 4

(a) The closure of a connected set is also connected.

(b) If a family of connected sets C; has a nonempty intersection, then UC; is also
connected.

(c) (Bolzano) The continuous image of a connected set is connected.

If X is the direct product of an arbitrary nonempty family of topological spaces
X;, then there exists a smallest topology on X such that all projections X — X; are
continuous. This is called the (Tychonoff) product of the spaces X;.

Theorem 5

(a) (Tychonoff) The product of compact spaces is compact.
(b) The product of connected spaces is connected.
(c) The product of separated spaces is separated.

The embedding of Z into X is the function Z > z > z € X.
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Many topological properties may be conveniently characterized by a generaliza-
tion of convergent sequences. By a net in a set X we mean a functionx : [ — X
where [ is endowed with a partial ordering >, i.e., a reflexive and transitive binary
relation having the following extra property: for any i,j € [ there exists a k € [
satisfying k > i and k > j. We often write x; instead of x(i) and (x;) instead of x.

We say that a net (x;) converges to a point a in a fopological space X if for each
open set U C X containing a, the net (x;) eventually belongs to U, i.e., there exists
aj € I such that x; € U for all i > j. Then we write x;, — a or limx; = a, and a is
called a limit of (x;).

Proposition 6 Let X and Y be topological spaces anda € A C X.

(@) a € A <= there exists a net in A converging to a.

(b) A is closed <=> no net in A converges to any point of X \ A.

(¢) A function f : X — Y is continuous at a <= limf(x;) = f(a) in Y for every
converging net limx; = a in X.

(d) X is a Hausdorff space <=> no net has more than one limit.

In order to characterize compactness, we introduce accumulation points and
subnets. By a subnet of anetx : I — X, we mean anetxof : J — X where
f +J — [ is afunction having the following property: for every i € I there exists a
jeJsuchthatk > j = f(k) > i.

We say that a is an accumulation point of a net (x;) in a topological space X if
for each open set U C X containing a, the net (x;) often belongs to U, i.e., for every
i € I there exists aj > i such that x; € U.

Proposition 7 Let X be a topological space and leta € A C X.

(a) ais an accumulation point of a net (x;) <= there exists a subnet converging to
X.

(b) A is compact <= each net in A has at least one accumulation point in A.

(c) Equivalently, A is compact <= each net in A has a subnet converging to some
point of A.

Metric Spaces

By a metric on a nonempty set X, we mean a nonnegative and symmetric function
d : X x X — R satisfying the relation d(x,y) = 0 <= x = y, and the triangle
inequality

d(x,y) <d(x,z) +d(z,)

forall x,y,z € X.
By a metric space we mean a nonempty set X endowed with a metric.
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For example, the usual distance d(x,y) := |x — y| between real numbers is a
metric on R, and the Euclidean distance between the points of R” is a metric on R”.
The discrete metric on an arbitrary nonempty set X is defined by d(x, x) = 0 for all
x € X, and d(x,y) = 1 whenever x # y.

Every metric space has a natural topology as follows. By a ball of radius » > 0
centered at a € X, we mean the set B,(a) :={x € X : d(x,a) <r}. AsetU C X is
called open if for each a € U there exists an r > 0 such that B,(a) C U. Then the
balls are open. In this way every metric space is a Hausdorff space.

We define the diameter of a set A in a metric space by the formula diamA :=
sup{d(x,y) :x,y € A}. A set A is called bounded if diamA < oco.

If K is a nonempty set and X is a metric space, then the bounded functions f :
K — X form a metric space B(K, X) with respect to the metric

deo(f.8) = fg{}gd(f(t),g(t)).

The boundedness of f means that its range (or image) is a bounded set in X.

In metric spaces the convergence x; — a is equivalent to d(x;,a) — 0. The
nets and subnets may be replaced by sequences (nets defined on / = N) and
subsequences (subnets x o f with an increasing function f : N — N):

Proposition 8 Let X and Y be metric spaces anda € A C X.

(a) a € A <= there exists a sequence in A converging to a.

(b) A is closed <= no sequence in A converges to any point of X \ A.

(c) A function f : X — Y is continuous at a <= limf(x;) = f(a) in Y for every
converging sequence limx; = a in X.

(d) a is an accumulation point of a sequence <= there exists a subsequence
converging to x.

(e) Ais compact <= each sequence in A has at least one accumulation point in A.

(f) Equivalently, A is compact <= each sequence in A has a subsequence
converging to some point of A.

We will often use the following properties of compact sets:
Proposition 9 Consider two nonempty compact sets K, L in a metric space.

(a) The diameter of K is attained: there exist a,b € K such that diam K = d(a, b).
(b) The distance between K and L is attained: there exist a € K and b € L such
that d(a,b) < d(x,y) forallx € Kandy € L.

An important property of compact metric spaces is the following:

Theorem 10 (Heine) Ler (X, d), (X', d") be two metric spaces and f : X — X' a
continuous function. If X is compact, then f is uniformly continuous, i.e., for each
& > 0 there exists a § > 0 such that

x,y€X and d(x,y) <8= d'(f(x),f)) <.
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Next we study the metric spaces for which the Cauchy criterion may be
generalized. A sequence in a metric space is called a Cauchy sequence if
diam{x; : k>n} — 0 as n — oo. Every convergent sequence is a Cauchy
sequence. A metric space is called complete if, conversely, every Cauchy sequence
is convergent.

For example, the discrete metric spaces are complete, and the spaces R” are
complete with respect to the Euclidean metrics. If X is a complete metric space,
then the metric spaces B(K, X) are complete.

Cantor’s intersection theorem has a useful variant:

Theorem 11 (Cantor’s Intersection Theorem) Let (F),) be a decreasing sequence
of nonempty closed sets in a complete metric space. If diam F,, — 0, then NF, is
nonempty.

Next we consider a strengthening of uniform continuity. Let (X, d) and (X', d")
be two metric spaces. A function f : X — X' is Lipschitz continuous if there exists
a constant L such that &' (f (x), f(y)) < Ld(x,y) for all x,y € X. If, moreover, L < 1,
then f is called a contraction.

Theorem 12 (Banach—Cacciopoli) In a complete metric space X, every contraction
f : X = X has a unique fixed point, i.e., a point a € X satisfying f(a) = a.

The following extension theorem is often applied in classical analysis, for
example, to define integrals of continuous functions.

Theorem 13 Let X, X’ be two metric spaces, A C X and f : A — X' a uniformly
continuous function. If X' is complete, then f may be extended in a unique way to a
uniformly continuous function F : A — X'

If, moreover, f is Lipschitz continuous, then F is Lipschitz continuous with the
same constant L.

Every metric space may be completed. More precisely:

Theorem 14 For every metric space X, there exists a complete metric space X' and
an isometry f : X — X' such that f (X) is dense in X'

The isometry means that f preserves the distances. This completion is essentially
unique.

A nonempty subset of a metric space may be considered as a metric subspace
with respect to the restriction of the metric to this set. A set in a metric space is
called complete if it is empty or if the corresponding metric subspace is complete.
A complete set is always closed, and a closed subspace of a complete metric space
is also complete.

For example, if K is a topological space and X is a metric space, then the
continuous functions in B(K, X) form a closed subspace C,(K, X). If X is complete,
then C(K, X) is also complete.

We end this section with another characterization of compactness.
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A set A in a metric space is called rotally (or completely) bounded if for each
fixed & > 0 it has a finite cover by sets of diameter < ¢ or, equivalently, if for each
fixed r > 0 it has a finite cover by balls of radius .

Theorem 15

(a) A set A in a metric space is compact <= it is complete and totally bounded.
(b) A set A in a complete metric space is compact <= it is closed and totally
bounded.

Normed Spaces

By a seminorm on a vector space X, we mean a nonnegative, positively homogeneous
function p : X — R satisfying p(0) = 0 and the triangle inequality p(x + y) <
p(x) + p(y) for all x,y € X. If we have also p(x) > 0 for all x # 0, then p is called
a norm, and we often write | x| instead of p(x). A normed space is a vector space X
endowed with a norm.

Every normed space is also a metric (and hence a topological) space with respect
to the metric d(x,y) := ||x — y||.

For example, R” is a normed space with respect to each of the norms

Ixll, = (P + -+ a)'? (1 <p<o0)
and

[6lloo := max {x1], ..., [} .

If I is a non-degenerate compact interval in R, then the vector space C(/, R) of
continuous functions f : I — R is a normed space with respect to each of the norms

1/p
I, = (/, lfl”) (1<p<oo) and [ffle = suplf].

If X is a normed space, then B(K, X) is a normed space for every nonempty set
K, and C,(K, X) is a normed space for every topological space X.

If X, Y are normed spaces, then the continuous linear maps A : X — Y form a
normed space L(X, Y) with respect to the norm

L]l := sup {[|Ax[ly : x € X, [lx[ly = 1}.

More generally, for each positive integer k the continuous k-linear maps A : X¥ — ¥
form a normed space L¥(X*, Y) with respect to the norm
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IL|| :=sup{l|AGx1,....x)|ly : xx€X and x|y <1, i=1,...,k}.

Let X, Y be normed spaces, U C X a nonempty open set, and k a positive integer,
and consider the set Ck(U,Y) of C* functions f : U — Y for which f and its
derivatives f¥) : U — L/(X’,Y) are bounded forj = 1,..., k. Then C}(U,Y) is a
normed space with respect to the norm

= oo + [ o + -+ + F¥ o -

By a scalar product on a vector space X, we mean a nonnegative, symmetric
bilinear functional (-,-) : X x X — R satisfying (x,x) > 0 whenever x # 0. By a
Euclidean space, we mean a vector space endowed with a scalar product.

Every Euclidean space is also a normed space with respect to the norm ||x|| :=
v/ (x, x). Moreover, this norm satisfies the parallelogram identity

2 2 2 2
e+ yII° + llx = yII" = 2 [|x]|” + 2 |y
and the Cauchy—Schwarz inequality

|G| < Ml Iyl

forall x,y € X.

The balls of normed spaces are convex, i.e., if x,y € B,(a), then the whole
segment [x,y] := {tx + (1 —f)y : 0 <t < 1} lies in B,(a).

The connected open sets have a simple geometric characterization in normed
spaces. By a broken line in a vector space, we mean a finite union of segments
L:= Uf.‘zl [xi—1, x;]. We say that it connects xy and x;, and we say that it lies in a set
UifLCU.

Proposition 16 An open set U in a normed space X is connected <= any two
points a,b € U may be connected by a broken line lying in U.

The theory of finite-dimensional normed spaces is considerably simplified by the
following results:

Theorem 17 (Tychonoff)
(a) On a finite-dimensional vector space X, all norms are equivalent, i.e., for any
two norms ||-|| and |-||" there exist two positive constants c, ¢ such that
/
crflxll = lIxl” = ez fix]
forall x € X.
(b) Consequently, if X is a finite-dimensional normed space, then

e X is complete.
e Every bounded set in X is totally bounded.
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* A setin X is compact <= it is bounded and closed.
* X is separable.
e Every bounded sequence in X has a convergent subsequence.

(c) Every linear map A : X — Y, where X, Y are normed spaces and X is finite-
dimensional, is continuous.

We emphasize that the Bolzano—Weierstrass theorem remains valid in every finite
dimensional normed space.



Part I
Functional Analysis

Geometrical and physical problems led to the birth of functional analysis at the
end of the nineteenth century. Following the works of Dini, Ascoli, Peano, Arzela,
Volterra, Hadamard and then the spectacular discoveries of Fredholm, Hilbert,
Riesz, Fréchet and Helly, Banach laid the foundations of this new theory. It was
later enriched by Hahn, von Neumann and many others. In addition to its inner
beauty, it proved to be very useful in, among other areas, the calculus of variations,
the theory of partial differential equations and in quantum mechanics.

Instead of following the historical development,' we will try to extend some well-
known results of Euclidean geometry to infinite-dimensional spaces:

« if K is a non-empty convex, closed set in RY, then K has a closest point to each
x e RV,

« for every proper subspace” M of RY there exists a point x such that dist(x, M) =
x| =1;

 two non-empty disjoint convex sets of RY may always be separated by an affine
hyperplane;

* every bounded convex polytope is the convex hull of its vertices;

* every bounded sequence in RY has a convergent subsequence.

This road will lead in a natural way to many deep theorems but also to surprising
counterexamples.

The more general the space, the more counter-intuitive the phenomena that
appear. We start our investigations with Hilbert spaces, the closest to RY. We
follow with the wider class of Banach spaces. Then we shortly investigate the
still more general locally convex spaces: they play an important role in the theory
of distributions, the basic framework for the study of linear partial differential

I'The last two chapters of this book are devoted mostly to the Lebesgue integral and its applications.

2In this book by a subspace without adjective we always mean a linear subspace. In case of metric
or topological subspaces we will always write metric subspace or topological subspace.
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equations. We end our tour by exhibiting some strange properties of general
topological vector spaces.

From the immense literature we mention for further studies the classical mono-
graphs of Banach [24] and Riesz—Sz.-Nagy [394]: after many decades, they still
keep their freshness and elegance. Many additional theoretical results can be found
in [2,32,35,40,97, 117,119, 254, 266, 285, 309, 321, 349, 367, 397, 403, 406, 411,
488], exciting historical aspects are given in [45, 106, 117, 144, 203, 316, 327, 367,
394, 431, 490], and many exercises are contained in [15, 117, 187, 249, 349, 367,
403, 406, 458].



Chapter 1
Hilbert Spaces

The infinite! No other question has ever moved so profoundly the spirit of man.
-D. Hilbert

Stimulated by Fredholm’s discovery of an unexpectedly simple and general
theory of integral equations in 1900, Hilbert developed a general theory of infinite-
dimensional inner product spaces between 1904 and 1906. This allowed him to solve
several important problems of mathematical physics. His student Schmidt replaced
his algebraic formulation by a more intuitive geometric language, making the theory
accessible to a wider public.

We may define the notion of orthogonality, and many results of plane geometry,
such as Pythagoras’ theorem, remain valid. Hilbert spaces appear today in almost
all branches of mathematics and theoretical physics: since the fundamental works
of von Neumann,' they have formed the mathematical framework of quantum
mechanics.

We give here an introduction to this theory.

1.1 Definitions and Examples

Let X be a real vector space. We recall some basic definitions and properties. By a
norm?* in X we mean a function |-|| : X — R satisfying for all x,y,z € X and A € R
the following properties:

e |xl =0,

o x| =0 x=0,

von Neumann [334, 337].
ZRiesz [383]. Notation of Schmidt [416].

© Springer-Verlag London 2016 3
V. Komornik, Lectures on Functional Analysis and the Lebesgue Integral,
Universitext, DOI 10.1007/978-1-4471-6811-9_1
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Fig. 1.1 Triangle inequality

o [Ax(l = |A[- [lx]l,
o+l = lxl + Iyl

The last property is called the triangle inequality; see Fig. 1.1.
By a normed space we mean a vector space endowed with a norm. The norm is
continuous with respect to the corresponding topology.
By a scalar product in X we mean a function (-, -) : X x X — R satisfying for all
x,y,z € X and ¢, B € R the following properties:
o (ax+fBy.2) = alxz) + B0.2).
o (xy) =019,
e (xx) =0,
e (x,x)=0<4<=x=0.
By a Euclidean or prehilbert space we mean a vector space endowed with a scalar
product.

Every Euclidean space has a natural norm: ||x|| := (x,x)'/2. This norm satisfies
the Cauchy-Schwarz inequality:

|G| < llxll- Iyl
and the parallelogram identity:
e+ 317 + = 017 = 2 xl)* + 211y
Finally, the scalar product is continuous with respect to the corresponding topology:

if x, = xand y, — y, then (x,,, y,) = (x, ).
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Definition By a Hilbert space® we mean a complete Euclidean space.
Examples

»  We recall from topology that RY is a Euclidean space with respect to the natural
scalar product

(x,¥) :=x1y1 + X292 + -+ - + XNYN-

Since every finite-dimensional normed space is complete, R is a Hilbert space.
» The set £> of sequences x = (x,) of real numbers satisfying the condition
> |)c,,|2 < oo is a Hilbert space with respect to the scalar product

00
(-xvy) = anyn-
n=1

First of all, the inequalities

2 2
X < — Xn|” + = < 00,
n§=1| nYn| < ) n§=1| nl ) n§=1 [Vl

and

o0 o0 o0
Y laxy + Byl <200l Yl + 218 Y nl* < o0
n=1

n=1 n=1

(for arbitrary o, 8 € R) imply that £? is a vector space, and that (x,y) is a
correctly defined scalar product.

Now let (x}), (x2), ...be a Cauchy sequence in £>. For every fixed & > 0 there
exists a ko such that

Dol —xP<e (1.1)

=
—_

for all k,£ > ko. In particular, (xfl) is a Cauchy sequence for every fixed n, and
therefore converges to some real number x;,.
Letting £ — oo we deduce from (1.1) the inequality

N

Z |xl;, _xn|2 <e
n=1

3Hilbert [208], von Neumann [334], Lowig [312], and Rellich [368].
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for every k > ko and N > 1. Letting N — oo this yields (x,) € €* and (x') —
(x,) in £2.

Many metric and topological properties of finite-dimensional normed spaces
remain valid in all Hilbert spaces. But we have to be careful: there are important
exceptions. Before giving some examples, we recall some compactness results in
finite-dimensional spaces.

We recall from topology that a subset K of a normed (or metric) space is compact
if every sequence (xx) C K has a subsequence, converging to some element of K.
For example, every finite set is compact.

Theorem 1.1

(a) (Kiirschdk)* Every sequence of real numbers has a monotone subsequence.
(b) (Bolzano—Weierstrass)> Every bounded sequence of real numbers has a conver-
gent subsequence.

Proof

(a) An element of the sequence (x;) is called a peak if it is larger than all later
elements: x; > x,, for all m > k.

If there are infinitely many peaks, then they form a decreasing subsequence.
Otherwise, there exists an index N such that no element x; with £ > N is a peak.
This allows us to define by induction a non-decreasing subsequence.

(b) There exists a bounded and monotone subsequence by (a). Its convergence
follows from the axioms of real numbers. O

Corollary 1.2 Let X be a finite-dimensional normed space.

(a) Every bounded sequence (x;) C X has a convergent subsequence.

(b) A subset of X is compact <= it is bounded and closed.

(c) The distance between two non-empty bounded and closed sets of X is always
attained.

(d) The diameter of a non-empty bounded and closed set of X is always attained.

(e) Every (linear) subspace of X is closed.®

(®) X is complete.

Sketch of Proof

(a) For X = R" endowed with the usual Euclidean norm the results easily
follows from the one-dimensional case by observing that convergence in
norm is equivalent to component-wise convergence.

4Kiirschdk [275]. This elegant result and its combinatorial proof seems to be little known.
SBolzano [54] and Weierstrass [482].
SWe recall that, in this book, by a subspace without adjective we always mean a linear subspace.
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The general case hence follows by a theorem of Tychonoft”: on a finite-
dimensional vector space all norms are equivalent.

(b)—(f) easily follow from (a). |

All these properties may fail in infinite dimensions:

*Examples We show that properties (a)—(e) fail in H := 0.

(a)

(b)
()

(d)

(e)

The vectors

k—1
———
e =(0,...0,1,0,..), k=1,02,...

form a bounded sequence in £ because |e;|| = 1 for all k.
But this sequence has no convergent subsequence. Indeed, we have
llex —emll = +/2 whenever k # m, so that no subsequence satisfies the

Cauchy convergence criterion.

The previous example also shows that the closed unit ball of ¢2, although
bounded and closed, is not compact.

The subset

k—1
F:= 0,...,0,T,0,... tk=1,2,...

of £2 is non-empty, bounded and closed, but it has no element of minimal norm,
i.e., its distance from O is not attained: we have dist(0, F) = 1, but ||y|| > 1 for
everyy € F.

The subset

oo

K=o 3 (14 1) wp <1}

n=1

of £2 is non-empty, convex, bounded and closed,® but it has no element of
maximal norm. Moreover, the diameter of K is not attained: we have diam K =
2,but ||x—y| <2forall x,y € K.

The proper subspace

o0
M= {xeez : an=0}
n=1

of £2 is dense.

"Tychonoff [454].
80bserve that K is the inverse image of the closed unit ball by a continuous linear map.
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For the proof we fix an arbitrary ball B,(x). We choose first a large positive
integer m such that

100, ... Xmg1s Xmg2s .- )| < 7/2,

and then a large positive integer k such that |x; + - - 4+ x,,| < ~/kr/2. Then the
vector

k

A xl+...+xm
yi= (xl,...,xm,c,...,c,0,0,...), c=——-———
k
belongs to M, and
lx = Il < 10, -« o s X1 Xomg2s - - )|
m k
—N— N —
+ H(O,...,O,c,...,c,0,0,...)H <r.

Corollary 1.2 (f) may also fail in infinite dimensions:
Examples

(a) Consider the subspace X spanned by the vectors e, of the first example above:
the elements (x,) of X have at most a finite number of non-zero components.
The formula vy, := Zi:l n~le, defines a Cauchy sequence (u;) in X because

as k > m — oo.
But (u;) does not converge to any point x € X. Indeed, eachx = (x,) € X
has a zero element x,, = 0. Therefore

1
o = I = =
for all k > n, so that ||u; — x|| /A 0.

(b) A more natural example is given if we take a non-degenerate compact interval
I, and we endow the vector space C(I) of continuous functions x : I — R with
the scalar product (x,y) := [ xy dt.

To prove that this space is not complete, we assume for simplicity that I =
[0, 2], and we consider the functions

X, () == med{0,n(r—1),1}, 0<tr<2, n=1,2,...,
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Fig. 1.2 Graph of x,

(see Fig. 1.2), where med {x, y, 7} denotes the middle number among x, y and z.
For x < z we have

med {x, y, z} = max {x, min {y, z}}.

If m > n — oo, then
) (n+1)/n s 1
in =l = [ b0 =0 dr < =0
1

so that (x,) is a Cauchy sequence.
Assume on the contrary that it converges to some x € C(/). Since x is
continuous, then we deduce from the estimate

1 1
/ Ix()|* dt =/ |x() — x,(1)|? dt < ||x— x> = 0
0 0

that x = 0 in [0, 1]; in particular, x(1) = 0.
On the other hand, for arbitrary integersn > N > 1 we have

2 2
[ wo-1Fa=[ 0 -x0F < el

(N+1)/N (N+1)/N
Letting n — oo and then N — oo, we get

2 2
/ |x(r) — 1)* dt = 0, and then / |x(r) — 1)* dt = 0.
(N+1)/N 1
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Hence x = 1 in [1, 2], contradicting the previous equality x(1) = 0.
Our last examples show the importance of the following result:

Proposition 1.3 Every Euclidean space E may be completed. More precisely, there
exists a Hilbert space H and an isometry f : E — H such that f(E) is dense in H.

First we recall for convenience the corresponding result for metric spaces:

Proposition 1.4 (Hausdorff)’ For any given metric space (X,d) there exists a
complete metric space (X', d') and an isometry h : X — X'.

Remark The isometry & enables us to identify (X, d) with the metric subspace h(X)
of X', d).

Proof Consider the complete metric space (X', d") := B(X) of bounded functions
f : X — R with respect to the uniform distance

doo(f. 8) :=sup[f(x) —g(x)|.
XEX
Fix an arbitrary point a € X. For each x € X the formula
h(y) := d(x,y) —d(a,y), yeX
defines a function &, € B(X), because
lhx(¥)| < d(x. a)

for all y € X by the triangle inequality.
Since

|he(z) — hy(2)| = |d(x.2) —d(y,2)| < d(x.y)
for all z € X, we have
d'(hy. hy) < d(x,y)
for all x, y € X. In fact, this is an equality, because for z = y we have

Ihe(y) = hy()| = d(x,y).

9Hausdorff [195]. The short proof given here, based on an idea of Fréchet [157, p. 161], is due to
Kuratowski [273]. If the metric d is bounded, then the proof may be further shortened by simply
taking h,(y) := d(x,y).
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Proof of Proposition 1.3 Every Euclidean space E is a metric space with respect to
the distance

d(xsy) = ”'x_y”E = (x_y7x_y)l/2’

and thus it can be considered as a dense metric subspace of a suitable complete
metric space (H, d).
For any fixed x,y € H and ¢ € R we choose two sequences (x,) and (y,) in E
such that d(x, x,) — 0 and d(y, y,) — 0, and then we set
x4+ y:=lim(x, + y,),
cx = limcx,,

(x,y) := lim(x,, y,).

One may readily check that

¢ the limits exist;

* they do not depend on the particular choice of (x,) and (y,);

* H is a Euclidean and thus a Hilbert space with respect to this scalar product;

e d(x,y) = (x—y,x—y)/>forallx,y € H. O

Definition We denote by L?(I) the Hilbert space obtained by the completion of
c(.'°

*Remark The Lebesgue integral will provide a more concrete interpretation of
L2(I).“

Henceforth, until the end of this chapter the letter H always denotes a Hilbert
space.

1.2 Orthogonality

Definition Letx,y € Hand A, B C H. We say that

e xand y are orthogonal if (x,y) = 0;
¢ xand A are orthogonal if (x,y) = Oforally € A;
¢ A and B are orthogonal if (x,y) = Oforallx € Aandy € B.

We express these relations by the symbolsx L y,x L. Aand A L B.

Now we solve the first problem of the introduction.

10As in the case of metric spaces, the proof shows that the completion is essentially (up to
isomorphism) unique.
!See Proposition 9.5 (b), p. 312.
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Theorem 1.5 (Orthogonal Projection)'> Let K C H be a non-empty convex,
closed set, and x € H.

(a) There exists in K a unique closest point y to x. It is characterized by the
following properties:

yeK, and (x—y,v—y) <0 forevery veK. (1.2)
(b) The formula Pgx := y defines a Lipschitz continuous function Px : H — K
with some Lipschitz constant L < 1.
(c) IfK is a subspace, then (1.2) is equivalent to the orthogonality property
x—ylK, (1.3)

and Pk is a bounded linear map of norm < 1.

Definition The pointy = Pg(x) is called the orthogonal projection of x onto K (see
Fig. 1.3).
Proof

Existence. Set d = dist(x, K), and consider a minimizing sequence (y,) C
K satisfying ||x —y,|| — d. This is a Cauchy sequence. Indeed, by the

Fig. 1.3 Orthogonal
projection

12Levi [300], Schmidt [416], Nikodym [343] (statement), [344] (proof), and Riesz [389].
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parallelogram identity we have

16 =y = G =y P + 10x = ) + (e = ya) I
2 2
=2 e =yull” + 2 lx = ymll”
Using the definition of d this implies
- 2
”ym _yn”Z =2 ||-x_yn||2 +2 ”x _ym”2 —4 ||-x_ 2 l(ym + yn)”
< 2=yl + 2 llx = yull* — 4,

because 27! (y,, + y,) belongs to the convex set K. It remains to observe that the
right-hand side tends to zero as m,n — oo.

The limit y of the sequence belongs to K because K is closed, and we have
||lx — y|| = d by the continuity of the norm.

Characterization and uniqueness. Let y € K be at a minimal distance d from x.

For any fixed v € K the vectors (1 —f)y +tv = y + #(v —y) belong to the convex
set K forall 0 < ¢t < 1, so that

0= (Jx—yI> = lx—y—t@=y[*) =2x—y,v—y) —t|v -yl

Letting + — O this yields (1.2).
Conversely, if (1.2) holds and v € K is different from y, then

Ix— o[> = lx = y[I> + Iy —vl]> —2(x =y, v —y)
2 2
> Jx—ylI* + Iy — v

> b=yl
Lipschitz property. If x, X' € H, then writing y = Px(x) and y = Pg(x’) we have
(x—=yy =y =<0 and (—y,y—y)=0.
Summing them we get
=X +y —yy -y =0
hence

I =y = & =xy =y < ¥ =x] - [y =]
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and therefore

I =yl = ¥ =«

The case when K is a subspace. Let w € K. Applying (1.2) withv =y + w we
obtain

(x—y,xw) <0,

and hence (x —y,w) = 0.

Conversely, (1.3) implies (x —y, v —y) = 0 because v — y € K.

The linearity of Px follows from its uniqueness. Indeed, if y = Px(x), y =
Px(x’) and A € R, then the relations x —y | K and ' —y’ L K imply

x+xX)—@+y)LK and Ax—Ay LK.

O

*Example The example of the set F' in the preceding section shows that the convex-
ity assumption is necessary also for the existence of the orthogonal projection.

In order to state some corollaries we introduce two new notions:
Definitions

s The orthogonal complement of a set D C H is defined by the formula'?
DY :={xeH : x LD}

» The closed subspace spanned by a set D C H is by definition the intersection of
all closed subspaces containing D.'*

Observe that D+ is a closed subspace of H, and that
ACB== Bt cAt, (AuUB?=atnB

Notice also that the closed subspace spanned by D is the closure of the set of all
finite linear combinations formed by the points of D.

B3For instance, the orthogonal complement of a k-dimensional subspace in R” is an (n — k)-
dimensional subspace.

14This is clearly the smallest closed subspace containing D.
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Part (b) of the following result solves the second problem of the introduction:
Corollary 1.6

(@) (Riesz)" Let M C H be a non-empty closed subspace. Every x € H has a unique
decomposition x =y + z withy € M and z € M*. Consequently, M = M.

(b) Let M C H be a non-empty proper closed subspace. There exists an x € H such
that

dist(x, M) = x| = 1.

(c) The closed subspace spanned by D C H is equal to D++. Consequently,

s if D+ = {0}, then D spans H;
s if M+ = {0} for some subspace M C H, then M is dense in H.

See Figs. 1.4 and 1.5.
Proof
(a) Existence. We have y := Pyx € M by definition, and z :=x—y € Mt by (1.3).
Uniqueness. If x = y + z and x = y' + 7 are two decompositions with
v, ¥ € Mandz,7 1 M, then
— /) L
wi=y—y =z —-—zeMNM—.

Hence (w, w) = 0, thus w = 0, and therefore x = x’ and y = y'.

Fig. 1.4 Orthogonal n A
decomposition M

SRiesz [389].
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Fig. 1.5 dist(x, M) = x|

M

If x € M, then x is orthogonal to every z € Mt ie., x e ML, Conversely,
if x € M+ and x = y + z is its decomposition with y € M and z € M+,
then x — y = z belongs to M but also to M+ because M C M++. Hence
x—y =z =0, and thereforex =y € M.

(b) Choosing y € H \ M arbitrarily, x := (y — Pyy)/ ||y — Pmy| has the required
property.

(c) The closed subspace M spanned by D satisfies D = M~ and thus D*L =
ML Using (a) we conclude that DL =M. |

1.3 Separation of Convex Sets: Theorems of Riesz—Fréchet
and Kuhn-Tucker

In a finite-dimensional vector space X two disjoint non-empty convex sets may
always be separated by an affine hyperplane, i.e., by a set of the form

xeX : okx) =c},

where ¢ : X — R is a non-zero linear functional, and ¢ € R. More precisely, the
following result holds:

*Proposition 1.7 (Minkowski)'® Let A and B be two disjoint non-empty convex sets
in a finite-dimensional vector space X. There exist a non-zero linear functional ¢
on X and a real number c such that

p(a) <c=<o@b) forevery acA and be€B. (1.4)

16Minkowski [324, 325].
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First we establish a weaker property that holds in all Hilbert spaces. We recall that
we denote by X’ the dual space of a normed space X, i.e., the space of continuous
linear functionals on X.!7

Theorem 1.8 (Tukey)'® Let A and B be two disjoint non-empty convex, closed
sets in H. If at least one of them is compact, then there exist ¢ € H and c¢1,c; € R
such that

pa <cy<cy <@b) forall acA and beB. (L.5)

(See Fig. 1.6.) In particular, for two distinct points a,b € H there exists a ¢ € H'
such that ¢(a) # ¢(b).

Proof The set
C:=B—-A={b—a:acA beB}

is non-empty convex, closed, and 0 ¢ C. The only nontrivial property is its
closedness: we have to show that if a sequence of the form (b, — a,) converges

Fig. 1.6 Separation of
convex sets

"The terminology of bounded linear maps and bounded linear functionals is frequently used
instead of continuous linear maps and continuous linear functionals.

8Tukey [460].
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to some point x in H, then x € C. Assuming for example that A is compact, there
exists a convergent subsequence a,, — a € A. Then we have

by, = (by, —an) +ay, — x+a.

Since B is closed, x + a € B, and thereforex = (x +a) —a € B—A = C.
Let us denote by y the orthogonal projection of 0 to C; then y # 0 (because
0 ¢ C), and

O—y,b—a—y)<0 forall a€A and b€ B,
ie.,
IylI> + (a.y) < (b,y) forall acA and b€ B.

The formula ¢(x) := (x,y) defines a bounded linear functional ¢ € H’ by the
Cauchy—Schwarz inequality. Since A and B are non-empty, we infer from the just
obtained inequality that

cri=sup(a.y), and ¢ :=inf (b.y)
a€A beB

are finite numbers, and that (1.5) is satisfied.
The last property corresponds to the special case A := {a} and B := {b}. O

*Example The compactness assumption cannot be omitted."” To see this we

consider in H := £ the non-empty convex, closed sets

A= {(x,) €€ : nx;*? <x; forevery n>2}

and
B := {(xn) e’ x,=0 forevery n> 2}.

They are disjoint because a sequence (x,) € A N B should satisfy the inequality
x1 > n'/3 for every n > 2, while x, — 0 and n'/?> — oo.

If A and B could be separated by a closed affine hyperplane, then A — B would
belong to a closed halfspace. This is, however, impossible, because A — B is dense
in £2. This can be seen by using the relation

A-B={(x) el : x**=0(/n)}.

YTukey [460].
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For any fixed (z,) € £? and & > 0 choose a large m such that

Z |z,|> < €2/4 and Zn‘m < &?/4.

n>m n>m
Then the formula
Zn if n<m,
Xp i = .
n 23 if n>m

defines a sequence (x,) € A — B for which
s 1/2 1/2 1/2
(Cb=al) = () T (T l) <
n=1 n>m n>m

The bounded linear functional ¢ obtained in the proof of Theorem 1.8 is
represented by a vector y € H. Next we establish the very important fact that every
bounded linear functional on H has this form.

If y € H, then the formula

oy () == (x.y)
defines a bounded linear functional ¢, € H' for which ||@y|| < [ly||, because
loy@)| < NIyl - lxl
for every x € H by the Cauchy—Schwarz inequality. Setting j(y) := ¢, we obtain

therefore a map j of H into H'. This map is linear by the bilinearity of the scalar
product.

Theorem 1.9 (Riesz-Fréchet)’’ The map j is an isometric isomorphism of H
onto H'.

It follows from the theorem that H’ is also a Hilbert space; using the theorem, H’
is often identified with H.

Proof We already know that H @y || < |ly|| for every y. The equality |¢,(y)| = y|I*
implies the converse inequality ||g0y H > |ly||- Hence j is an isometry; it remains to
prove the surjectivity.

20Riesz [373], Fréchet [155, 156] for L2, Riesz [389] for the general case.
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The kernel
M=N(p):={xeH : ¢x) =0}

of any ¢ € H' is a closed subspace. If M = H, then ¢ = ¢, withy = 0.
If M # H, then applying Corollary 1.6 (p. 15) we may fix a unit vector e,
orthogonal to M. We have ¢(e)x — ¢p(x)e € M for every x € H because

@ (p(e)x — p(x)e) = p(e)p(x) — p(x)p(e) = 0.

By the choice of e this implies

0= (p(e)x—gpx)e.e) = p(e)(x,e) — p(x)(e. e) = (x,9(e)e) — ¢(x),

ie., ¢ = ¢, withy = g(e)e. O
Let us return to Minkowski’s theorem.

Proof of Proposition 1.7 Let us endow X with a Euclidean norm. As a finite-
dimensional space, X is separable, hence the metric subspaces A and B are separable,
too. We may therefore fix a dense sequence (a,) in A and a dense sequence (b,) in
B. Let us denote by A, and B, the convex hulls of ay,...,a, and by, ..., b,, for
n=12,....

The sets A,,, B, are compact because they are the images of the compact?!

simplex
{(t1,....t) R : 1, >0,..., 4, >0, 1 +---+1, =1}
by the continuous (linear) maps f, g : R* — X, defined by

f@t,....t) :=ta +---+tya, and g(ty,...,t,) :=tby+ - -+ t,b,.

Since A, C A and B, C B are disjoint, by Theorem 1.8 there exists a non-zero
functional ¢,, € X’ such that

on(a) < @,(b) forall aeA, and b e B,. (1.6)

Multiplying by a suitable constant we may assume that ||@,| = 1.

2I'We recall that the finite-dimensional bounded closed sets are compact.
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Since X’ is finite-dimensional, there exists a convergent subsequence ¢,, — ¢.
Then we have ||¢|| = 1, so that ¢ is a non-zero functional. We claim that

o(a) < @(b) forall ac€A and be€B;
this will yield the proposition with
c¢:=inf {p(b) : b e B}.
Thanks to the density of the sequences (a,), (b,) it is sufficient to show that

e(ar) < o(bn)

forall k,m = 1,2,.... For any fixed k, m, we have

(pn(ak) = (pn(bm)

for all n > max {k, m} by (1.6). We conclude by letting n — oo. O

*Example Proposition 1.7 does not hold in infinite dimensions.?> To show this we
consider the vector space X of the polynomials and we denote by A the set of
polynomials having a (strictly) positive leading coefficient. Then A and B := {0}
are disjoint non-empty convex sets in X. We claim that if (1.4) is satisfied for some
linear functional ¢, then ¢ = 0.

Indeed, for any fixed polynomial x choose a positive integer k > degx, and
consider the polynomial e (f) := £*. Then Ax + ¢; € A, and thus Ap(x) + ¢(ex) < ¢
for all A € R. Hence ¢(x) = 0.

As an application of Minkowski’s theorem we consider a finite number of convex
functions fy, ...,f, : K — R defined on a convex subset of a vector space X, and
we investigate the minima of the restriction of f; to the convex subset

={xekK : filx)<0, i=1,...,n}.

We are going to prove the following version of the Lagrange multiplier theorem?*:

22Djeudonné [103].
23See the books on differential calculus.
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*Theorem 1.10 (Kuhn-Tucker)**

@) Iffolr has a minimum in a,% then there exist Ao, ..., A, € R, not all zero,
such that

the function Aofo + -+ - + Aofn : K = R has a minimum in a; 1.7

A0y Ay =0 (1.8)

Afila) =0 forall i#0. (1.9)

(b) Conversely, let a € T and Ay, ..., A, satisfy (1.8)—~(1.7). If Ay # O, then fy|r
has a minimum in a.
(c) Ifthere exist a, b € K such that
fi(b) <0 forall i#0, (1.10)

then (1.7)—(1.9) imply that either Ay > 0or Aoy = --- = A, = 0.

Since a differentiable convex function has a minimum in a <= its derivative
vanishes in a, hence we deduce the following

*Corollary 1.11 Let K be a convex open subset of a normed space, and let
fo,---»fu + K — R be convex, differentiable functions. Assume that there exist
a, b € K satisfying (1.10).

Then fylr has a minimum at some point a <> there exist real numbers
Aly..., Ap = 0 satisfying

fol@) +1ifj@@) + -+ + Auf(a) = 0
and
Afi@) =0 forall i

Proof of the Theorem We denote by x - y the usual scalar product of R**! and we
introduce the canonical unit vectors

eo = (1,0,...,0), e, = (0,1,0,...,0),..., e, = (0,...,0,1).

2Karush 1939, Kuhn—Tucker 1951.

25We recall from differential calculus that every local minimum of a convex function is also a
global minimum.
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The formula

C .= {c eR™! : IxekK S fo(x) < fola) + co
and fi(x)fci,iZI,...,n}

defines a non-empty convex set in R"*! with 0 ¢ C. Applying Proposition 1.7
with A = {0} and B = C, there exists a non-zero vector A = (A¢,...,A,) €
R**! such that A - x > 0 for all x € C. By the continuity of the scalar product
this yields

A-c>0 forall ceC. (1.11)

Observe that

{c eR"™ : Ixe K :foyx) <fola) + co
and fi(x) <¢. Vi=1}CC. (112

Indeed, if ¢ belongs to the first set, then (co + 6, ¢y, ..., c,) € C forevery § > 0,
and we conclude by letting 6 — 0.

For each fixed i, choosing x = a in (1.12) we get ¢; € C, whence A; > 0
by (1.11).

For i > 1 this choice also shows that ¢; € C, whence Aifi(a) = 0 by (1.11).
Since A; > 0 and fi(a) < 0 (because a € I'), we conclude that in fact

Afi(a) = 0.

Finally we observe that
¢ = (o) —fo@). fi(x),....(x) € C
for every x € K by (1.12). Applying (1.11) again, we get
A-f(x) = Aofol@) =A-c>0.
Since we already know that A - f(a) = Afo(a), we conclude that
A-f(x) = Aofoa) = A - f(a)
forall x € K.

For any fixed x € I, applying consecutively (1.8)—(1.7) and the property f;(x) <
0 (i > 1), we obtain that

Adfo(a) = A-f(a) = A-f(x) = Agfo(x).

Since Ay > 0, this implies fy(a) < fo(x).
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(c) If Ao = 0, then (1.9) and (1.7) imply
Y Xifib) = A-f(b) = A -f(a) = Aofo(a) = 0.
i=1

Since A; > 0 and f;(b) < O for all i > 1 by (1.8) and (1.10), hence we conclude
that A, =--- =1, =0. O

1.4 Orthonormal Bases

Hilbert spaces provide an ideal framework for the study of Fourier series.

Definition By an orthonormal sequence we mean a sequence of pairwise orthogo-
nal unit vectors.?

Examples

e The vectors

form an orthonormal sequence in 2.
* (Trigonometric system) For any interval I of length 2r the functions

1 sin kt cos kt

eo—m, and ey—j = N ey = Nk
form an orthonormal sequence in L*(I).

e The functions /2/msinkt (k = 1,2,...) form an orthonormal sequence in
L?(0, 7).

* The functions 1/+/7 and /2/mw coskt (k = 1,2,...) form an orthonormal
sequence in L(0, ).

k=1,2,...

Lemma 1.12 [f the vectors xi, . .., X, are pairwise orthogonal, then

It + = xl? = [ ) e+l

26Gram [173] and Schmidt [416].
2TWe write L(0, 7r) instead of L*([0, ]) for brevity.
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Proof Since (x;,x¢) = 0if j # k, we have

n

e+l =)0 ) =Y @) =l + el

j=1 k=1 j=1
O
Proposition 1.13 Let (e;) be an orthonormal sequence in H.
(a) The orthogonal projection Py, onto M, := Vect{ey, ..., e,}*® is given by the
explicit formula
Py, x = Z(x, ejej, x€H.
j=1
Consequently,”
dist(x, M,) = Hx — 3 repe. (1.13)
j=1
(b) (Bessel’s equality)®® The equality
m 2 m
e =D epe] =12 = 10 epP? (1.14)
=1 j=1
holds forallx € Handm = 1,2, ....(See Fig. 1.7.)
(c) (Bessel’s t'nec]l/tality)31 We have
o0
> el < Il (1.15)

J=1

for all x € H. In particular, the series on the left-hand side is convergent.
(d) If (c)) is a sequence of real numbers, then

o0 o0
E cjej isconvergentin H <= E |¢j]* < oo.
J=1 J=1

28The linear hull M,, is finite-dimensional, hence closed.

PToepler [455].

30Bessel [41, 42]. Figure 1.7 shows that this is a generalization of Pythagoras’ theorem.
31Bessel [41, 42].
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Fig. 1.7 Bessel’s equality for
m=1
A
|
|
|
:
v !
'z — (z,€1)eq
|
|
|
i |
(z,e1)eq
Remarks
e The case m = 1 of Bessel’s inequality follows from the Cauchy—-Schwarz
inequality.

* The quantities (x, ¢;) are called the Fourier coefficients of x.3?

Proof

(a) It suffices to observe that the vector on the right-hand side belongs to M,,, and
that the differences of the two sides is orthogonal to M,,, because it is orthogonal
to each of the vectors ey, . .., e, that span M,;:

(x - Z(X, eej, ek) = (xe) — Z(X, ¢j) (e}, ex)
j=1 j=1

=(x,ex) —(x,e) =0, k=1,...,n

32Clairaut [88, pp. 546-547], Euler [131], and Fourier [148].
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(b) Since

n
X—Pyx=x— Z(x, ej)e;
j=1

is orthogonal to M,, by the properties of the orthogonal projection, the n + 1
vectors on the right-hand side of the equality

X = ( — Z(x, ej)ej) + Z(x» €j)ej
j=1 Jj=1

are pairwise orthogonal. Applying the lemma, (1.14) follows.
(c) By Bessel’s equality ||)c||2 is an upper bound of all partial sums of this series of
nonnegative terms.

(d) Since
n 2 n
2
| 3 caf = 3 kol
j=m+1 j=m=+1
for all n > m, the Cauchy criteria are the same for the two series. O

Let us investigate the case of equality in Bessel’s inequality:

Proposition 1.14 Let (ej) be an orthonormal sequence in H. The following four
properties are equivalent:

(a) (Fourier series)®* we have Z;'il(x, ej)ej = x for all x € H;
(b) the subspace® M = Vect {e1,ea,...} is dense in H;
(c) (Parseval’s equality)’> we have 322, |(x, ¢)|* = ||x||* for all x € H;

j
(d) ify € Hand (y,e;) =0 forall j, then’y = 0.

Proof (a) <= (b). Setting M,,, := Vect{ey,...,en}, (a) and (b) are equivalent to
the conditions

— 0 and dist(x,M,) — 0

m
Hx — Z(x, ej)e;
j=1

for all x € H. We conclude by applying the equality (1.13).

BFourier [148].
3%The linear hull M is by definition the set of all finite linear combinations of the vectors e;.
3Parseval [352].
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(a) <= (c) follows from the Bessel equality because the two sides of (1.14) tend
to zero at the same time.

(@) = (d). We have y = 32, (v, ¢))e; = 32,0 = 0.

(d = (a). Sety := x— Z,fil(x, er)er € H: the series converges by parts (c)

and (d) of the proposition. Since

o0
(.¢) = (x.¢) = Y _(x.ex)(er &) = (x.¢)) — (x.¢}) =0
k=1
for all j, using (d) we conclude that y = 0.3 O

Definition An orthonormal sequence (e;) is complete if the equivalent conditions
(a)—(d) are satisfied. In this case we also say that (¢;) is an orthonormal basis.

Examples

* The orthonormal sequence ey, e;,... of 22, given above, is complete because
(x,e;) = x; for all j for every x = (x;) € £2, so that Parseval’s equality follows
from the definition of the norm.

* The three other orthonormal sequences given above are complete as wel
Applying Parseval’s equality for the trigonometric system on the interval I =
[—7, ] and for the function x(f) = ¢ we obtain by an easy computation a famous
result of Euler’®:

1.37

il 2
==
k=1k 6

If (ej) is an orthonormal basis in H, then the finite linear combinations of the
vectors e; with rational coefficients form a countable, dense set in H, so that H is
separable. Conversely, we have the following

Proposition 1.15 Every separable Hilbert space has an orthonormal basis.

Proof Let (y,) be a dense sequence in a Hilbert space H. Let n; be the first index for
which yi,...,y, span a k-dimensional subspace. Then the sequence y,,, yn,.,...1s
linearly independent; furthermore,

Viseoos Ymg and Ynis e oo Ymy

span the same subspace M, for each k.

36The completeness of H was used only in this step, so that (a), (b) and (c) are equivalent in non-
complete Euclidean spaces as well. See Exercise 1.12.

37See Corollary 9.6, p. 314.
3Euler [128] (heuristic proof), [129] (§ 167).
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Writing x; := y,, for brevity, the formulas®

X X, — P, X,
e = -1 and ¢ 1= M7k k=2,3,...
[lx1 ] llxk — Pag— x|

define a sequence of unit vectors satisfying ey, ..., ex—1 € My—1, ex L My—; and
Vect{el, . ,ek_l} = Vect{xl, c.. ,Xk_l}

for all k > 2. Hence (ey) is an orthonormal sequence, and

Vect{ey, ez,...} = Vect{x, x2,...} = Vect{yi,y2,...} = H.

|

*Remark The convergence and the sum of an orthogonal series do not depend on
the order of its terms. Therefore the results of this section may be extended to
arbitrary non-separable Hilbert spaces, by considering orthonormal families instead
of orthonormal sequences.*’

1.5 Weak Convergence: Theorem of Choice

The examples at the end of Sect. 1.1 show that the Bolzano—Weierstrass theorem
fails in infinite-dimensional Hilbert spaces: bounded, closed sets are not always
compact. A simple counterexample is provided by the closed balls of infinite-

dimensional Hilbert spaces*!:

Example Every orthonormal sequence (e,) is bounded, but it does not have any
convergent subsequence because ||, — e, || > 1 for all n # m.

However, Hilbert succeeded in generalizing the Bolzano—Weierstrass theorem
for all Hilbert spaces by a suitable weakening of the notion of convergence. The
idea comes from the following elementary observation:

Proposition 1.16 Let ey, ..., ex be an orthonormal basis in a finite-dimensional
Hilbert space H. Then the following properties are equivalent:

@ x, = x;
(b) (x,,y) — (x,y) for each fixed y € H;
©) (xn.e) = (x,e) forj=1,... k

3 Gram-Schmidt orthogonalization [173], [415].
40See, e.g., Halmos [185].
411t suffices to consider unit balls by a similarity argument.
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Proof The equivalence (a) <= (c) follows from the identity

2
k k
2 2
|x: — x||” = E (xn —x,))ej| = E |(xn —x, ej)| .
j=1 j=1

Property (c) implies the formally stronger property (b) because we have y =
>_j=1 cjej with suitable coefficients c;, and then

k
@ y) = (5.) = Y i €)) — (x.¢))) > 0.
j=1

|

Remark For the usual orthonormal basis of H = R the equivalence (a) <= (c)
means that the convergence of a vector sequence is equivalent to its coordinate-wise
or component-wise convergence.

Definition The sequence (x,) converges weakly** to x in H if (x,,y) — (x,y) for
each fixed y € H.*> We express this by writing x,, — x.

Example In infinite dimensions every orthonormal sequence (e, ) converges weakly
to zero. Indeed, the numerical series Y |(y, en)|? converges for each y € H by
Bessel’s inequality (Proposition 1.13, p. 25), and therefore its general term tends
to zero: (y,e,) — 0 = (y,0).

We recall that (e,) is not norm-convergent.

Let us establish the basic properties of weak convergence:
Proposition 1.17

(a) A sequence has at most one weak limit.

(b) Ifx, — x, then x,, — X for every (xy,) subsequence, too.

(¢) Ifx, =~ xandy, =y, thenx, +y, = x+y.

(d) Ifx, ~xinHand A, — A inR, then A,x, — Axin H.

(e) Let K C H be a convex closed set and (x,) C K. If x, — x, then x € K.
() If ||x.|| < Lforall n and x, — x, then || x| < L.*

(g) The following equivalence holds:

Xp—>X < x,—x and |x| — |x|.

“Hilbert [209].
43We often write the last relation in the equivalent form (x, — x,y) — 0.
4Equivalently ||x]| < liminf|x,].
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Proof

(a) Ifx, — xand x, — y, then (x,,x—y) — (x,x—y) and (x,,x—y) = (y,x—Y).
By the uniqueness of the limit of numerical sequences we conclude (x,x—y) =
(v,x—y),ie,(x—y,x—y) =0,and thusx —y = 0.

(b), (c), (d) follow by definition from the corresponding properties of
numerical sequences. For example, (d) may be shown in the following way:
we have

Anxn, y) = An(Xn,y) = A(x,y) = (Ax.y)

foreachy € H,i.e., A,x, — Ax.
(e) Denoting by y the orthogonal projection of x onto K, we have

(X —y,x—y) <0

for all n by Theorem 1.5 (p. 12). Since x,, — x, taking the limit we find (x —
y,x—y) < 0. Hence ||x—y||2 < 0 and thereforex = y € K.

(f) We apply (e) withK :={ze€ H : |z|| <L}.

(g) Ifx, — x,1ie.,if |x, — x| = O, then

|, y) = 9| < e = x[| -y = 0
for each y € H by the Cauchy—Schwarz inequality, and
[eall = Nl < flxn = x|l — O

by the triangle inequality.
Conversely, if x, — x and ||x,|| — [x||, then the right-hand side of the
identity

2 2 2
[In = X117 = feall™ 4 [1x]1" = 2, %)

tends to zero, so that x,, — x. O
Remarks

* The convexity condition cannot be omitted in (e): every orthonormal sequence
belongs to the closed unit sphere, but its weak limit, the null vector, does not.

* Norm convergence is also called strong convergence because it implies weak
convergence by (g).
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Every weakly convergent sequence is bounded. For the proof of this deeper
property we recall Baire’s lemma from topology™®:

Proposition 1.18 If a complete metric space is covered by countably many closed
sets, then at least one of them has a non-empty interior.

Proposition 1.19

(a) Every weakly convergent sequence is bounded.
(b) Ifx, — x andy, — y, then (x,,yn) = (x,Y).

Example Part (b) expresses a strengthened continuity property of the scalar product.
If (e,) is an orthonormal sequence, then the example x, = y, := e, shows that it
cannot be strengthened further: the relations x, — x and y, — y do not imply
(%1, yn) = (x,y) in general.

Proof

(a) If x, — xin H, then the numerical sequence n — (x,,y) is convergent for each
y € H, and hence it is bounded. Consequently, the closed sets

Fyri={yeH : |(x5,y)| <k forall n}, k=1,2,...

cover H. By Baire’s lemma, one of them, say Fj, contains a ball By, (y).
If x, # 0, then

Y+ 7%l % € Bor(y) C i,
and hence
|Cons y 7 | )| < K
Since y € Fy, this yields
rlleall = 1Gons 7 el ™ )] < &+ [, )] < 2%,

i.e., the boundedness of (x,,).

40sgood [350], Baire [17], Kuratowski [272], Banach [23]. The usefulness of Baire’s lemma in
functional analysis was recognized by Saks: see Banach and Steinhaus [28]. See also the self-
contained proofs of the more general Theorem 2.23 and Proposition 2.24 below (pp. 81-82),
without using Baire’s lemma.
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(b) Since (y,) is bounded, we have

|(xn7yn) - (x,y)l = I(xn _xayn)| + |(X,Yn _y)|
< I = x| - lyall + [Geya) — (¥

-0

asn — oo. |
The following lemma simplifies the verification of weak convergence:

Lemma 1.20 Let (x,) be a bounded sequence in H and x € H. The set

Yi={yeH : (x,y) > (x,y)}

is a closed subspace of H.

Proof Y is a subspace by the linearity of the scalar product. For the closedness we
show thatif (y;) C Y and yy — y € H, theny € Y. Fixing ¢ > 0 arbitrarily, we have
to find an integer N such that |[(x, —x,y)| < e foralln > N.

Choose a large number L such that ||x|| < L, and ||x,|| < L for all n, and then
choose a large index k satisfying ||yx — y|| < &/3L. Since y; € Y, there exists an N
such that |(x, — x, y)| < &/3 foralln > N.

Then the required inequality holds for all » > N because

[ — X, )| < (o — 2,y — )| + (0 — X, yi) |
e
< lxw = x|l - lly = yell + 3

<ot 4 i
-3 3 7

|

Example The sequence x' = (x}), x> = (x7),... converges weakly to x = (x;) in
{? <> it is bounded, and x; — x; for each k (component-wise convergence).

Indeed, writing x{ — x; in the equivalent form (x",ex) — (x,e), the
necessity of this condition follows from the proposition. The sufficiency follows
from Lemma 1.20 because (e;) spans £2.

Now we are ready to generalize the Bolzano—Weierstrass theorem:

Theorem 1.21 (Theorem of Choice)*® In a Hilbert space every bounded
sequence has a weakly convergent subsequence.

46Hilbert [209], Schmidt [416], and von Neumann [336].
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Proof Let (x,) be a bounded sequence in H, and fix a constant L such that ||x,| <
L for all n. Let us denote by M the closed linear hull of (x,). Observe that M is
separable.

If M is finite-dimensional, then (x,) has even a strongly convergent subsequence
by the classical Bolzano—Weierstrass theorem. Henceforth assume that M is infinite-
dimensional, and fix an orthonormal basis (e;) of M by Proposition 1.15 (p. 28).

The numerical sequence n — (x,,e;) is bounded. By the Bolzano—Weierstrass
theorem there exist a subsequence (x}) C (x,) and ¢; € R such that (x}, e;) — ci.

Next, since the numerical sequence n +— (x,ll, e;) is also bounded, there exist a
subsequence (x2) C (x!) and ¢; € R such that (x2, e2) — c».

Continuing by recursion we construct an infinite sequence of subsequences

() D (%) D (x3) D -
and real numbers c; such that
(x,, ex) = ck

for each fixed k = 1,2,.... Applying Cantor’s diagonal method,*’ the formula
zZy := X! defines a subsequence (z,) C (x,) converging weakly to Y oo cxex.

For the proof first we notice that for each fixed k, the truncated subsequence
Zk» Zk+1, - - - Of (2,) s also a subsequence of (x,’; 22 ,, and hence (z,, ex) — ck.

Next we claim that the orthogonal series ) o ckex converges strongly to
some point z € M of norm < L. For the convergence it suffices to check by

Proposition 1.13 that ) ;—, |ck|2 < L? for each fixed m. We have

m
Yo 1Gn e < llml® < 12

k=1

for all n by Bessel’s inequality, and the required assertion follows by letting n — oo.
Finally, the inequality ||z|| < L follows from the continuity of the norm.

We already know that (z,, ex) — cx = (z, ex) for all k. Applying Lemma 1.20 we
conclude that (z,,y) — (z,y) forall y € M, too.

We prove finally that (z,,y) — (z,y) for all y € H. Denoting by u the orthogonal
projection of y onto M, we already know that (z,,, u) — (z, u). Furthermore, we have
y—u Ll M, so that (z, — z,y — u) = 0 for all n. We conclude that

@ y)—(@y) =(@n—zu)+ @n—zy—u) = (zs —z.u) > 0.

4TCantor [75].
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1.6 Continuous and Compact Operators

For brevity a linear map A : H — H is also called an operator. Its continuity may
also be characterized by weak convergence:

Proposition 1.22 For an operator A : H — H the following properties are
equivalent:

(a) there exists a constant M such that ||Ax|| < M ||x|| for all x € H;
(b) A sends bounded sets into bounded sets;

(c) A sends totally bounded sets into totally bounded sets;

(d) x, > x = Ax, > Ax;

(e) x, ~x = Ax, — Ax;

®) x, > x = Ax, — Ax.

Remark 1t suffices to check (d), (e) and (f) for x = 0 by linearity. The same remark
applies to Proposition 1.24 below.

For the proof we introduce adjoint operators:
Proposition 1.23 For each operator A € L(H, H) there exists a unique operator
A* € L(H, H) such that
(Ax,y) = (x,A*y) forall x,y€H. (1.16)

Definition A* is called the adjoint of A.*
Remark Tt follows from the proposition that A** = A for every A.

Proof For any fixed y € H the formula vy, (x) := (Ax,y) defines a bounded linear
functional ¥, € H’. Applying the Riesz—Fréchet theorem there exists a unique
vector y* € H satisfying

(Ax,y) = (x,y*) forall x,y€H.

Hence y* is the unique possible candidate for A*y. On the other hand, defining
A*y := y* the condition (1.16) is satisfied indeed.

For any y;,y, € H and A € R it follows from the definitions of y}, y5 and from
the bilinearity of the scalar product that

(Ax,y1 +y2) = (x,A*y1 +A%y;) and (Ax,Ady) = (x,AA™y)

for all x,y € H. In view of the uniqueness of the vectors A*(y; + y;) and A*(Ay) the
linearity of A* follows.

“8Lagrange [279, p. 471] and Riesz [379, 382] (in L? and {?).
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Applying (1.16) with x = A*y we get for every y € H the estimate
IA*y]1* = (A4%y,y) < [AA*Y] - Iyl < A1 - A% - Iy

this shows that A* continuous, and ||[A*|| < ||A]. O

Proof of Proposition 1.22 The implications (a) <= (b), (a) <= (¢), (a) = (d)
and (e) = (f) follows from the definitions.
(d) = (e). We have

(Ax, — Ax,y) = (x, —x,A*y) = 0

for any fixed y € H because x,, — x.

(f) = (a). If (a) is not satisfied, then there exists a sequence (x,) such that
||| = 1/n and ||Ax,| > n for every n. Then x, — 0, while (Ax,) is unbounded
and hence does not converge weakly. O

Let us strengthen the continuity:

Proposition 1.24 For an operator A . H — H the following properties are
equivalent:

(@) (x,) is bounded = (Ax,) has a (strongly) convergent subsequence;
(b) A sends bounded sets into totally bounded sets;
(©) x, =~ x = Ax, = Ax.

For the proof we need the following result of Cantor:

Lemma 1.25 (Cantor)* In a topological space a sequence x, converges to
x <= every subsequence (x,) of (x,) has a subsequence (x|) converging to x.

Proof 1f x, — x, then x/, — x, so that we can choose x// := x/,. On the other hand, if
X, 7> x, then there exist a neighborhood V of x and a subsequence (x},) of (x,) such
that x/, ¢ V for all n. Then (x],) has no subsequence converging to x. O

Proof of Proposition 1.24 (a) = (b) If (b) does not hold, then there exists a
bounded set B such that A(B) is not totally bounded. It means that there exists
an r > 0 such that A(B) cannot be covered by finitely many balls of radius r.
Using this property we may recursively construct a sequence (x,) C B such that
|Ax, — Axg|| = r for all n # k. Then (x,) is a bounded sequence, but (Ax,) has
no convergent subsequence because the Cauchy criterion is not satisfied. Hence (a)
does not hold either.

(b) = (c¢) In view of the lemma it is sufficient to show that every subsequence
(Ax)) of (Ax,) has a subsequence (Ax])) converging to Ax.

“Cantor [69, p. 89]
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Since the sequence (x],) is weakly convergent and hence bounded, by property
(b) the image sequence (Ax),) belongs to a totally bounded set. Since the closure of
a totally bounded set is compact,” there exists a suitable subsequence Ax” — y. It
remains to show that y = Ax.

Since x, — x implies x// — x, and since A is continuous by (b) and by
Proposition 1.22, we have Ax) — Ax. On the other hand, Ax] — y implies Ax] — y,
so that y = Ax by the uniqueness of the weak limit.

(c) = (a) Every bounded sequence (x,) has a weakly convergent subsequence
x, = x by Theorem 1.21. Then we have Ax), — Ax by (c). O

Definition An operator A : H — H is compact or completely continuous,’" if it
satisfies one of the equivalent properties of Proposition 1.24.

Examples

e If H is finite-dimensional, then every operator A : H — H is continuous, and
hence compact.

* The identity map I : H — H is not compact if H is infinite-dimensional. Indeed,
we have e, — 0 for every orthonormal sequence, but le,, = e, 4 0 in H.

We establish some basic properties of compact operators:
Proposition 1.26

(a) Every compact operator is continuous.

(b) Every continuous operator of finite rank>? is compact.

(c) IfA,B € L(H,H) and A is compact, then AB and BA are compact.
(d) The compact operators form a closed subspace in L(H, H).

Proof (a), (b) and (c) follow from Propositions 1.22 and 1.24 and from the
equivalence of weak and strong convergence in finite-dimensional spaces.

(d) Only the closedness is not obvious. Let A;, A, ...be compact operators
satisfying A, — A in L(H, H). We have to show that A is compact. If (x;)
is a bounded sequence in H, then repeating the proof of Theorem 1.21 we
may construct a subsequence (z) such that the image sequences (A,z;) are
convergent for each fixed n. It is sufficient to show that (Az;) is a Cauchy
sequence.

Fix a constant L such that ||x,|| < L for all n. For each fixed ¢ > 0 choose n such
that

&
”A _An” <3
3L

S0We recall that we are working in a Hilbert space, which is complete by definition.
SIHjlbert [209] and Riesz [383].
52 An operator has finite rank if its range R(A) is finite-dimensional.
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and then choose N such that
1Anzk — Anze| < g forall k> N.
Then

lAze — Aze|| < (A = Azl + [[Anzi — Anzell + [[(An — A)ze|| < €

forall k,£ > N. O
An important example of a compact operator is the following:

Proposition 1.27 (Hilbert-Schmidt Operators)> Let (e,) be an orthonormal
basis in H. If (an,) C R satisfies

o0
> aml® < oo,

mn=1

then the formula

o0 o0

A( 1)c,,e,,) = i(z amnx,,)em

n= m=1 n=1

defines a compact operator on H.

Example Intuitively, we may view (a,,,) as an infinite square matrix. For example,
the diagonal matrix

AL O ...
0Ay...

represents a Hilbert—-Schmidt operator if ) [An]? < oo0.
In fact, the weaker condition A,, — 0 is already sufficient, although we do not
have a Hilbert—Schmidt operator in that case.

Proof 1f

o
X = E Xpen € H,
n=1

S3Hilbert [209] and Schmidt [415].
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then

Ax]? = i‘iamxn "< ( i @) (i::l al?)

m=1 n=1 mn=1

by the Cauchy—Schwarz inequality. Hence A is a bounded operator, and

> 1/2
Al = (2 laml?)

mn=1
Similarly, the formula

N 00

(T er) = (S )en

m=1 n=1

defines a bounded operator of finite rank (< N), hence Ay is a compact operator in
H. Since for N — oo we have

1/2
14 -yl = (3 lamP) " =0

m>N

by an analogous computation, applying the proposition we conclude that A is
compact. |

1.7 Hilbert’s Spectral Theorem

We know from linear algebra that every symmetric matrix is diagonalizable. We
extend this to infinite-dimensional Hilbert spaces.

Definition An operator A € L(H, H) is symmetric>* or self-adjoint if A* = A, i.e.,
if

(Ax,y) = (x,Ay) forall x,yeH.

Example A Hilbert—Schmidt operator is self-adjoint if a,,, = ay,, for all m, n.

S*Hilbert [208] and Schmidt [415].
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The main result of this section is the following:

Theorem 1.28 (Hilbert)> Let A be a compact, self-adjoint operator in a
separable Hilbert space H # {0}. There exist an orthonormal basis (ey) in H
and a sequence (Ay) C R such that

Aey = Arey  forall k.
Furthermore, in the infinite-dimensional case we also have

Ak—>0.

Remarks

It follows from the property A; — O that the non-zero eigenvalues of A have a
finite multiplicity, i.e., the corresponding eigensubspaces are finite-dimensional.

» Using orthonormal families instead of orthonormal sequences the theorem may
be extended to the non-separable case as well.”®

The following proof is due to F. Riesz.’” For each real 1 we denote by N(A — Al)
the kernel of A — Al i.e., the eigensubspace of A associated with the eigenvalue A:

NA-A):={xeH : (A—A)x=0}={xc H : Ax = Ax}.

If A is continuous, then its eigensubspaces are closed. The non-zero elements of
the eigensubspaces are called eigenvectors.

Lemma 1.29 Let A € L(H, H) be a self-adjoint operator.

(a) The eigensubspaces of A are pairwise orthogonal.
(b) Ifey, e, ..., e are eigenvectors of A, then

Hy:={xeH :xLle,...,.x Le}
is a closed invariant subspace of A, i.e.,
xeH, — AxeH,.

Consequently, the restriction of A to Hy is a self-adjoint operator in L(Hy, Hy).

SSHilbert [208, 209], Schmidt [415], and Rellich [368].
36See, e.g., Halmos [185].
STRiesz [379].
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(c) The norm of A may be determined from the associated quadratic form:
Al = sup {|(Ax.x)| : [x]| < 1}. (1.17)

Proof
(a) If Ae = de, Af = uf and A # u, then

Ale.f) = (Ae.f) = (e, Af) = (e. uf) = p(e.f).

whence (e,f) = 0,i.e.,e L f.
(b) If Aej = Ajejforj=1,...,kandx € Hy, then

(Ax,ej)) = (x,Aej) = (x,Ajej)) = Aj(x,e)) =0, j=1,...,k

so that Ax € Hy.
(c) Letus denote temporarily by N4 the right-hand side of (1.17), then

|(Ax,x)| < Ny ||lx|*> forall xeH

by homogeneity arguments.
The obvious estimate

el < 1= [(Ax.0)| < [|Ax]] - 2]l < A - Ix])* < JIA]

shows that Ny < ||A||. For the converse inequality first we observe that, thanks
to the identity

(A%x,x) = (Ax, Ax),
the following estimate holds for all A > 0:
41|Ax|)* = (A(Ax + A7'Ax), Ax + A7 Ax)
— (A(Ax — A 71Ax), Ax — A7 1Ax)
< Ny ||ax + A7 Ax|) + Ny ax— A~ Ax|?
= 2N, (A2 x| + 272 A ).

If Ax # 0, then x # 0, and choosing A2 = ”ﬁ" we get

4 ||Ax||* < 4N, || Ax] - x| :



42 1 Hilbert Spaces

hence
[Ax|| < Na ||x| -

The last inequality also holds if Ax = 0, so that ||A|| < Na. O

Lemma 1.30 IfA € L(H, H) is a compact, self-adjoint operator and H # {0}, then
A has an eigenvalue A satisfying |A| = |A]l.

Proof If A = 0, then A = 0 is an eigenvalue of A. Assume henceforth that
A # 0. By the lemma there exists a sequence (x,) C H satisfying ||x,|| < 1 and
|(Ax,, x,)| — ||A]|. Taking a subsequence and multiplying A by a suitable constant
if necessary, we may also assume that (Ax,, x,) — ||A|| = 1, and that (here we use
the compactness of A) Ax, — x for some x € H. Then we have

0 < [|[Ax, — xu|* = [|Axa]l? = 2(Ax, x0) + ||| < 2 — 2(Axy, x) — O,

whence limx,, = limAx, = x, and thus Ax = limAx, = x. We complete the proof
by observing that

x> = (x,x) = (limAx,, limx,) = lim(Ax,, x,) = 1,

ie., |lx] = L. O

Proof of Theorem 1.28 First we assume that A is also one-to-one. We define
recursively an orthonormal sequence e1, e, ... and (1) C R satisfying Ae; = Aex
for all k, and the inequalities [A;| > |A2| > --- .

By the above lemmas there exist a unit vector ¢; and A; € R with

A€1 = A,]El and M’ll = ||A|| > 0.

Ife,...,erand Ay, ..., Ay are already defined for some k > 1, then we consider
the restriction of A to Hy. If H; # {0}, then applying the lemmas again, there exist
a unit vector ¢;+1 € Hy and Ay € R such that

Aejy1 = Ak+1er+1 and  |Agr1| = ||Alg, || > 0.

We have |Ai| > |Ay+1| because Hy C Hy—y (Hp := H).

If dimH = n < oo, then we get an orthonormal basis of H after n steps, and it
satisfies the requirements of the theorem.

In case dimH = oo it remains to prove that Ay — 0, and that the orthonormal
sequence (ey) is complete.

Assume on the contrary that A; 4 0. Then inf |A;] > 0, and therefore (x;) :=
(A;'ex) is a bounded sequence. This contradicts the compactness of A because the
image sequence (Ax;) = (e) is orthonormal, and hence it cannot have a (strongly)
convergent subsequence. This proves the relation A, — 0.
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For the completeness of (e;) we show that if x € H is orthogonal to every e,
then x = 0. For this we observe that x € H; for all £, i.e.,

lAx]] = Al Xl < [Ar+1] - llx]

for all k. Since A; — 0, this yields Ax = 0, and hence x = 0 because A is one-to-
one.

If A is not one-to-one, then we may apply the above proof to the restriction
of A to N(A)L.%® Since N(A) is a closed subspace of H by the continuity of A,
and therefore H is the direct sum of the orthogonal closed subspaces N(A) and
N(A)*, we complete the proof by completing the orthonormal basis (e;) of N(A)*
by an arbitrarily chosen orthonormal basis (f;,) of the kernel N(A); each f,, is an
eigenvector associated with the eigenvalue 0.%° O

*Remark Using the spectral theorem we may define continuous functions of
compact, self-adjoint operators as follows. We define the spectrum® of A by the
formula

o(A) := {A} U{0};

observe that it is compact. If f € C(c(A)), then the formula

f(A) (Z xk@k) = Zf(lk)xkek

defines a bounded operator f(A) € L(H, H).

One can show that the map f : C(0(A)) — L(H, H) is a linear isometry, and that
(fe)(A) = f(A)g(A) for all f,g € C(0(A)). In particular, the definition reduces to
the usual one for polynomials p(z) = a,7" + - - - + a1z + ao with real coefficients:

pA) :=a,A" 4+ -+ a1A + aol.

This remark shows the intimate relationship between the spectral theorem and
the theory of Banach algebras that we cannot investigate here.®!

Let us consider the linear non-homogeneous equation

x—Ax=y (1.18)

38This is also an A-invariant subspace by Lemma 1.29 (b).

We obtain an orthonormal basis of H satisfying the conditions of the theorem by taking
floeees fumre1, e, ... if dimN(A) = m < oo and ey, f1, €2, /5, ... if dimN(A) = oo.

%OHilbert [209].

61See, e.g., Berberian [34], Dunford—Schwartz [117], Halmos [185], Neumark [341], Rudin [406],
and Sz.-Nagy [447].
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and the associated linear homogeneous equation
z—Az =0, (1.19)

with a given operator A in H. The following result is of great importance in the

theory of partial differential equations®’:

Proposition 1.31 (Fredholm Alternative)®
operator on a Hilbert space H.

Let A be a compact, self-adjoint

(a) The solutions of (1.19) form a finite-dimensional subspace M.
(b) The Eq.(1.18) is solvable <—= y 1 M.
(c) Ify L M, then the solutions of (1.18) form a translate M, of M.

Remark There are thus two mutually exclusive possibilities: either (1.19) has a
nontrivial solution, or (1.18) has a unique solution for every y € H.

Proof Assume for simplicity that H is infinite-dimensional and separable.®*

(a) Since A, — 0 by Theorem 1.28, the eigensubspaces of A are finite-dimensional
for every non-zero A. In particular, N(A — I) is finite-dimensional.
(b) Using the sequences (e,) and (4,) of Theorem 1.28 and using the Fourier series

o0 o0
x = E Xxpe, and y= E Vn€n,
n=1 n=1

(1.18) takes the following form:
A=A)xy=yn, n=12,.... (1.20)

If it has a solution, then y, = O for all n with A,, = 1. In other words, we have
y L M because M is the subspace spanned by {e, : A, = 1}.
Conversely, if y L. M the formula

A (1 - An)_lyn if An 7é 1,

n «—

arbitrary if A,=1

gives a solution of (1.20). Since (y,) € €2, and since the numerical sequence
(1 — A,)~" is bounded (because converges to 1), the relation (x,) € £2 holds,
too. Consequently, x := Y_ x,e, is a solution of (1.18).

(c) We have My, = x + M for any fixed solution x of (1.18). ]

62See, e.g., Riesz and Sz.-Nagy [394], §81.
63 Fredholm [150, 151].

%The proof may be easily adapted to the general case. The finite-dimensional case is well known
from linear algebra.
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1.8 * The Complex Case

Most results of this chapter may be easily adapted to the complex case. Let us briefly
indicate the necessary modifications. We recall that every complex vector space may
also be considered as a real vector space, by allowing only multiplication by real
numbers. For example, CV is isomorphic to RV as a real vector space.

Let X and Y be complex vector spaces. We say that the map A : X — Y is linear
if

Ax+y) =Ax) +A(y) and A(Ax) = AA(x)
forall x,y € X and A € C, and antilinear if
A(x+y) =A(x) +A(y) and A(Ax) = 2A(x)

forallx,y € Xand A € C.
Section 1.1. By a norm defined on a complex vector space X we mean a real-
valued function ||-|| satisfying for all x,y,z € X and A € C the same properties and

in the real case®:

e [xl =0,

e |x| =0 <<= x=0,

o [Ax(l = |A]- [lx]l

o x4yl ==+l
The last property is still called the triangle inequality. A normed space is a vector
space endowed with a norm. A norm induces a metric in the usual way, and the
norm function is continuous with respect to the corresponding topology.

A complex-valued function (-,-) : X x X — C defined on a complex vector

space X is called a scalar product if it satisfies for all x,y,z € X and o, 8 € C the
following properties:

o (ax+ By, z) =a(x,2) + B0, 2),

e (xy) = (),
e (x,x)>0,

e (xx)=0 < x=0.

6SWiener [487].
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A Euclidean space is a vector space endowed with a scalar product. A scalar product
induces a norm in the usual way, which satisfies the Cauchy—Schwarz inequality and
the parallelogram identity. The scalar product is continuous with respect to the norm
topology.

A complete Euclidean space is called a Hilbert space.’® For example, CV is a
Hilbert space with respect to the scalar product

(x,y) := 191 + X252 + -+ + xnIw,

and the complex numerical sequences x = (x,) satisfying the condition |xn|2 <
oo form a Hilbert space with respect to the scalar product

(x,y) := any_n-

On the other hand, the continuous, complex-valued functions defined on a non-
degenerate compact interval form a non-complete Euclidean space with respect to
the scalar product

f.g:= /f? dx.
1
Section 1.2. Condition (1.2) of Theorem 1.5 (p. 12) has to be changed to
yeK, andR(x—y,v—y) <OforallvekK

(the letter N stands for the real part), and we have to write NR(:,-) instead of (-, )
everywhere in the proof.

Section 1.3. We have to write f@(a) and NRe(b) instead of ¢(a) and ¢(b) in
formulas (1.4) and (1.5) of Proposition 1.7 and Theorem 1.8.

In the Riesz—Fréchet theorem (p. 19) the map j is antilinear in the complex case.

Section 1.4. Everything remains valid with one modification: we have to change
(x, ex) to (x, er) in the proof of Bessel’s equality.

The trigonometric system takes a more elegant form: the exponential functions
(2m)~/2¢* where k runs over all integers, form an orthonormal basis in L(I) for
every interval I of length 2.

Section 1.5. Everything remains valid with one modification: in the proof of
Proposition 1.17 (e) (p. 31) we have to write N(x, — y,x —y) < O instead of
(X —y,x—y) 0.

Section 1.6. No modification is needed; Proposition 1.27 of Hilbert—Schmidt
(p- 38) remains valid for complex numbers a,,, too.

%Hilbert [208], von Neumann [334], Léwig [312], and Rellich [368].
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Section 1.7. Everything remains valid with one remark: if we also consider
complex numbers a,,,, then the self-adjointness of the Hilbert—Schmidt operator
is ensured by the condition a,,, = @, instead of a,,, = ay.

In the complex case the spectral theorem may be generalized beyond self-adjoint
operators. Let us state the results:®’

Definition An operator A € L(H, H) is normal®® if AA* = A*A.
Examples

» Every self-adjoint operator is normal.
¢ Every unitary operator is normal. (An operator A € L(H, H) is unitary if it is
invertible and A™! = A*, ie., if AA* = A*A =1)

* The operator in C? given by the matrix (8 (1)) is not normal.

Theorem 1.32 (Spectral Theorem of Normal Operators)® Let A be a compact,
normal operator in a separable, complex Hilbert space H. There exist an
orthonormal basis (ex) in H and a sequence (Ay) C C such that

Aey = Aer  forall k.

Furthermore, if H is infinite-dimensional, then

Ak—>0.

1.9 Exercises

Exercise 1.1 Prove that the sequences x = (x,) C R satisfying ) |x,| < oo form
a normed space with respect to the norm ||x|| := ) |x,| < oo, and that this norm is
not Euclidean.

Exercise 1.2 Let (x,) and (y,) be two sequences in the closed unit ball of a
Euclidean space. Prove that if (x,,y,) — 1, then |y, — x,|| — 0.

7 A proof similar to that of Sect. 1.7 is given in Bernau and Smithies [36]. Another proof is given
in Halmos [185].

%8Frobenius [162, p- 391] in finite dimensions, Toeplitz [456].

®Frobenius [162, p. 391] in finite dimensions, Toeplitz [456] in the general case. Von Neumann
[336] generalized the theorem for unbounded normal operators.
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Exercise 1.3 Is £% a Hilbert space with respect to the new scalar product

(o]

Xk Yk
(x.y) = Z 7?
k=1
Exercise 1.4 Let (x;), (y;) be two biorthogonal sequences in a Euclidean space E,
satisfying (x;,y;) = §;.”° Prove that both sequences are linearly independent.

Exercise 1.5 Consider the subspace E := Vect{ey, e, ...} of £*> with the induced
scalar product and norm. Prove that the formula

M= {x:(xn)eE : Z%:o}

defines a proper closed subspace of E satisfying M+ = {0}. Does this contradict
Corollary 1.6 (a)?

Exercise 1.6 Consider the Euclidean space E of continuous functionsf : [—1, 1] —
R with the scalar product (f, g) := f_ll fg dt. Let M denote the subspace of functions
f € E vanishing in [0, 1].

(i) Prove that M is a closed subspace of E.
(ii) Determine the closed subspace M.
(iii) Do we have E = M & M+? Why?

Exercise 1.7 Consider the Euclidean space of continuous functions f : [—1,1] —
R with the scalar product (f,g) = f_l /g dt. Determine the first three functions
obtained by the Gram—Schmidt orthogonalization of the sequence of polynomials
i =1t".n=0,1,2,....7

Henceforth the letter H denotes a Hilbert space.

Exercise 1.8 Let M,N € H and assume that every x € H has a unique
decompositionx = u 4+ v withu € M and v € N. Are M and N linear subspaces of
H?

Exercise 1.9 (Lax-Milgram Lemma) Let a(-, -) be a continuous bilinear form on
H, satisfying for some positive constant « the inequality

2
lax, x)[ = o |lx]|

"OWe use the Kronecker symbol: §; = 1 and i = j, and §;; = 0 otherwise.
"Legendre polynomials.
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for all x € H. Prove that the variational equality

a(x,y) = ¢(y) forall yeH

has a unique solution x € H for each ¢ € H'.”?

Exercise 1.10 Assume that H is separable and let M be a dense subspace of H.
Prove that H has an orthonormal basis formed by vectors belonging to M.

Exercise 1.11 Consider in £2 the set

o
M=Jx=(m)el’ : Y x=0.
k=1

(i) Show that M is a dense subspace of £2.
(i) Find a linearly independent sequence in M whose orthogonalization leads to an
orthonormal basis of £2.

Exercise 1.12 Let ej, e;,... be an orthonormal sequence in H and consider the
(linear) subspace E spanned by

> e
n

fl::E — and €2,63,....
n

n=1

Show that the truncated orthonormal sequence e, e3, . . . satisfies property (d) of
Proposition 1.14 (p. 27) in the subspace E instead of H, but not the other three.
Explain.

Exercise 1.13 We recall that every Euclidean norm satisfies the parallelogram
identity. The purpose of this exercise is to prove the converse.”> We consider a norm
in a vector space X satisfying the parallelogram identity, and we set

() = 47 (x4 312 = e —»1?)
for all x,y € X. Prove the following assertions for all x,y, z € X:

M) (62 +(0n2) =2 (F.2);
(i) (x,2) =2 (%,z);
(i) (x,2) + (»,2) = (x +y,2);
@iv) (ax,y) = a(x,y) foralla € Q;
(v) the maps o +— ||ax = y|| are continuous;

1f a(-, -) is symmetric, then this follows from the Riesz—Fréchet theorem.
73Jordan and von Neumann [233]. We follow Yosida [488, p. 39].
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(vi) (ax,y) = a(x,y) foralla € R;
(vii) (x,y) is a scalar product associated with our norm.

Exercise 1.14 Prove the following propositions:

(i) Every decreasing sequence of non-empty bounded closed convex sets in a
Hilbert space has a non-empty intersection.
(i) The hypothesis “bounded” cannot be omitted.
(iii) The hypothesis “convex” may be omitted in finite dimensions, but not in
general.

Exercise 1.15 Let P € L(H, H) be a projection, i.e., satisfying the equality P> = P.
Show that the following conditions are equivalent:

(i) P is an orthogonal projector;
(ii) P is self-adjoint: P* = P;
(iii) P is normal: PP* = P*P;

(iv) (Px,x) = ||Px|* forall x € H.

Exercise 1.16 Prove that the Hilbert cube
{x=@,) €l : x| <1/n forall n}

is compact.
Exercise 1.17 Let P be the orthogonal projection of a Hilbert space onto a closed
subspace M. Show that

P iscompact <= dimM < oo.

Exercise 1.18 Consider in the Hilbert space £> the following operators, where we
use the notation x = (x1,xo,...) € £%:

Ax = (0,x1,x2,...);

B_x: (xl,ﬁ,ﬁ,...);
23

X2 X3 )

Cx = (O,xl,g, 3

Are they compact?
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Exercise 1.19 Let (e,) be an orthonormal basis in H, and (4,) a sequence of real
numbers, converging to 0. Prove that the formula

o0
Ax = Z An(x, en)e,

n=1

defines a compact operator A in H.

Exercise 1.20 Let (e,) be an orthonormal basis in H and A € L(H, H). Assume
that

o0
> e, < oco.
n=1

Show that A is compact.
Exercise 1.21 LetT € L(H, H).
(i) Prove that TT* and T*T are self-adjoint.
(i) Prove the following equalities:
2
ITT*|| = | T*T) = |IT|* = |IT*||".
(iii) Let A € L(H, H) be a self-adjoint operator. Does there exist a T € L(H, H)
such that A = T*T?

Exercise 1.22 We define the spectral radius of an operator A € L(H, H) by the
formula

Prove the following:

(i) |A| < p(A) for all eigenvalues of A;
(ii) if dimH < oo and A* = A, then there exists an eigenvalue satisfying |A| =
p(A);
(iii) the following equalities hold”*:

IAll = Vp(A*A) = V/p(AA®).

Exercise 1.23 Let A € L(H, H). Prove that H is the orthogonal direct sum of R(A)
and N(A™).

74Glazman and Ljubic [170, p. 199].
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Exercise 1.24 Let T € L(H, H) satisfy || T|| < 1. Prove that
N(I—T)=N(I-T").

Exercise 1.25 (Mean Ergodic Theorem)” Let T € L(H,H) satisfy |T|| < 1.
Prove the relation

1
Sp(x) = —(x+Tx+ - +T"'%) > Px, n—o00
n
for all x € H, where P denotes the orthogonal projector onto the invariant subspace

N(I —T) of T, by establishing the following facts:

(i) N(I —T) is aclosed subspace of H;
(i) NI —T) =R(I—-T)*;
(iii) S,(x) —> xforallx e NI —T);
@iv) S,(x) > Oforallx € R(I—T);

(v) Su(x) > Oforallx € R(I—T);
(vi) conclude.

Exercise 1.26

(1) Letu, — 0in H. Construct a subsequence (u,,) satisfying

1
|Gang. )| < 7 forall k> .

(i1) Show that

12
_Z“”j -0
szl

as p — oo.
(iii) Prove that every bounded sequence (v,) C H has a subsequence (v,,) for
which
o
35
— vnj
Pimt )2

is strongly convergent.

TSRiesz 1938. Use the preceding two exercises.
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Exercise 1.27 Let (e,) be an orthonormal sequence in a Hilbert space and (c,) a
bounded sequence of real numbers. Set

1 n
un:=—E cei,, n=12,....

n =

=

(i) Show that u, — 0.
(ii) Show that /nu, — 0.
(iii) Give an example such that /nu, # 0.

Exercise 1.28 Letx, — xin H.

(i) Show thatn™'(x; + -+ 4+ x,) — x.
(i) Show that if (x,) belongs to a compact subset of H, then x,, — x.

Exercise 1.29 Fix a bounded sequence o, o7, . . . of real numbers, and set
Tx = (c1x2, 003, ...), x= (x1,x,...) € H := (%

(i) Show that T € L(H, H) and compute || T .
(i) Show that T is compact <= «, — 0.

Henceforth assume that «,, = 1 if n is odd, and «,, = 2 if n is even.

(iii) Show that each A € (—ﬁ, \/E) is an eigenvalue of 7, and determine the
associated eigensubspaces.

(iv) Compute ||T"|| forn = 1,2, ..., and determine lim ||T"||1/".

(v) Determine the adjoint operator 7.

Exercise 1.30 Let A € L(H, H) be an isometric, non-surjective operator.

(i) Prove that there exists a unit vector ey, orthogonal to R(A).
(ii)) Show that the formula e, := Ae,—1, n = 1,2,... defines an orthonormal
sequence in H.
(iii) Show that A*eq = 0 and A*e; = e.
(iv) Compute A*e, foralln > 1.
(v) Show that each A € (—1, 1) is an eigenvalue of A*.

Exercise 1.31 Consider the left and right shifts in £? defined by

L(xy,x,...) := (x2,x3,...) and R(x;,x2,...) = (0,x1,x2,...).
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Prove the following:

@ LI =Rl =15
(i) L* =R;
(iii) the eigenvalues of L form the open interval (—1, 1);
(iv) R has no eigenvalues;
(v) The spectrum of both L and R is the closed interval [—1, 1].76

76See the definition of the spectrum on p. 108 below.



Chapter 2
Banach Spaces

A mathematician, like a painter or a poet, is a maker of patterns. If his patterns are more
permanent than theirs, it is because they are made with ideas.
—G. Hardy

Hilbert spaces are not suitable for many important situations. For example, the
uniform convergence of continuous functions is not associated with any scalar
product. For this and many other situations infinite-dimensional normed spaces
provide an appropriate framework.

Unlike the finite-dimensional case, infinite-dimensional normed spaces are
not always complete, and non-complete normed spaces have many pathological
properties. On the other hand, Banach and his colleagues discovered in the 1920s
that by adding the completeness, many general deep results hold, despite the great
variety of these spaces. In particular, although we cannot define orthogonality any
more, many results of the preceding chapter remain valid.

In this chapter we give an introduction to this fascinating theory.

In the first four sections, mainly devoted to convexity, arbitrary normed spaces
are considered. In the remaining sections the completeness of the spaces plays an
essential role.

For the first reading, we advise the reader to skip the results concerning the
somewhat particular spaces £, £%°, ¢o, and to concentrate on the spaces £” with
1 <p<oo.

We have to be careful: unlike the finite-dimensional case, the closed balls
of infinite-dimensional normed spaces, although bounded and closed, are never
compact. Some first basic results are the following:

Proposition 2.1 (Riesz)! Let X be an infinite-dimensional normed space.

IRiesz [383].

© Springer-Verlag London 2016 55
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(a) If M C X is a proper closed subspace, then there exists a sequence (x,) C X
satisfying

|x2l =1 forall n, and dist(x,, M) — 1. 2.1
(b) If M C X is a finite-dimensional subspace, then there exists an x € X satisfying
|x =1 and dist(x,M) = 1.

(¢) There exists a sequence (x,) of unit vectors satisfying ||x, — x,|| = 1 for all

m# n.

(d) The closed balls and the spheres of X are not compact.”
Proof

(a) Choose an arbitrary point z € X \ M, and then a minimizing sequence (y,) C M
satisfying

lz = yall — dist(z, M).

Since y, € M and the subspace property of M imply that

dist(z, M) = dist(z — yu, M) = ||z — ya| dist (ﬁM) ,
Z—=Yn

the unit vectors x, := (z — yu)/ ||z — ya|| satisfy the relation dist(x,, M) — 1.

(b) Since M is finite-dimensional, the above sequence (y,) has a convergent
subsequence y,, — y. Then x := (z — y)/ ||z — y|| has the required properties.

(c) By arepeated application of property (b) we may construct a sequence of unit
vectors x, such that dist(x,, Vect{xi,...,x,—1}) = 1 for all n > 2. This implies
| — xm|| > 1 for all n > m.

(d) By similarity it suffices to consider the closed unit ball B and the unit sphere S C
B. The sequence constructed in (c) belongs to them but none of its subsequences
has the Cauchy property.

*Remarks

* The finite-dimensional assumption cannot be omitted in (b): see the counterex-
ample following Proposition 2.31, p. 95.

2By spheres we mean the boundaries of the balls.
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+ Kottman® proved that we may even require the strict inequalities ||x,, — x,| > 1
in (c). We recall that if (x,) is an orthonormal sequence in a Euclidean space,
then ||x,, — x| = +/2 for all m # n.

2.1 Separation of Convex Sets

Theorem 1.8 (p. 17) on the separation of convex sets remains valid in all normed
spaces, and this has many important applications. However, a different proof is
needed: even the existence of non-zero continuous linear functionals is a nontrivial
result.

First we investigate the hyperplanes of vector spaces.

Definitions Let X be a vector space.

* By a linear functional on X we mean a linear map ¢ : X — R. They form a set
X* having a natural vector space structure.*

* By a hyperplane of X we mean a maximal proper subspace. In other words, a
proper subspace H of X is a hyperplane if Vect {H,a} = X foreverya € X \ H,
where Vect {H, a} denotes the subspace generated by H and a, i.e., the smallest
subspace containing H and a.>

* By an affine hyperplane of X we mean a translate of a hyperplane.

Lemma 2.2 The hyperplanes of X are the kernels of the non-zero linear functionals
of X.

Proof If ¢ € X* and ¢ # 0, then H := ¢~ '(0) is a proper subspace of X.
Furthermore, if a € X \ H, then Vect{H,a} = X, because®

20 Y Z o= 29 ) =
o (e ) = o0~ e =0

and hence

for every x € X.

3Kottman [265]. See Diestel [104, p-71.

“Tt is a (linear) subspace of the vector space of all functions f : X — R.
SWe will weaken this definition in the remark following the next lemma.
SNote that ¢(a) # 0, because a ¢ H.
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Conversely, if H is a hyperplane of X and a € X \ H, then every x € X has
a unique decomposition x = ta + h with + € R and & € H.” Then the formula
@(x) := t defines a non-zero linear functional X whose kernel is H.® O

Remark Let H be a proper subspace. If there exists a vector a € X such that
Vect{H, a} = X, then H is the kernel of a non-zero linear functional by the second
part of the above proof, and hence H is a hyperplane by the first part of the proof.

The following notion is useful in the study of linear functionals.

Definition A subset U of a vector space X is balanced if
xeU, AeR and |A|<1 = AIxeUl.

Examples

* Every subspace is balanced.

* The intersection of a family of balanced sets is balanced.

* The image of a balanced set by a linear map is balanced.

» The balanced sets of R are the intervals that are symmetric to O.

» The open and closed balls centered at O of normed spaces are balanced.

Lemma 2.3 Let U be a balanced set in a vector space X, and ¢ € X* a linear
Sfunctional satisfying ¢(a) = 1. Then
(@a+0)Ne ' (0) =0 < |p| <1 in U.
Proof First we observe the following equivalences:
(@+U)Ne ' (0) =2 <= 0¢ pa+U) < —p(a) ¢ o(U).
Since ¢(U) C R is an interval symmetric to 0 and not containing —¢p(a) = —1, we
conclude that p(U) C (-1, 1). O
Next we study the hyperplanes of normed spaces.

Lemma 2.4

(a) A hyperplane in a normed space is either closed or dense.
(b) A hyperplane of the form H = ¢~1(0), ¢ € X*, is closed <= ¢ is continuous.

Proof

(a) If H is closed, then H = H_;é X, so that H is not dense. . .
If H is not closed, then H is a subspace of X satisfying H C H and H # H.
By the maximality of H we conclude that H = X, i.e., H is dense.

"The uniqueness follows from the condition a ¢ H.
8The linearity follows from the uniqueness of the decomposition.
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(b) If ¢ is continuous, then ¢~ (0) is closed. Conversely, if ¢! (0) is closed, then
we choose a point a with ¢(a) = 1, and then a small number r > 0 such that
¢ # 0in the ball U := B,(a). Applying the lemma we conclude that |¢| < 1 in
U, and hence |¢| < 1/r.

Remarks

* The following proof’ of part (b) does not use Lemma 2.3. We show that if H =
©~1(0) is closed, then ¢ is continuous. The case ¢ = 0 is obvious. If ¢ # 0, then
there exists a point e € X such that ¢(e) = 1, and then d := dist(e, H) > 0. If
x € X\ H, then e — ﬁ € H, and therefore

x [l

as e (e~ @)H e

whence |¢(x)| < d~! ||x||. This inequality holds of course for x € H as well.

 If X is finite-dimensional, then X* = X’ because every linear functional on X is
continuous. On the other hand, if X is infinite-dimensional, then X’ is a proper
subspace of X*.10

We are ready to generalize Theorem 1.8 (p. 17); see Figs. 2.1, 2.2 and 2.3.

Fig. 2.1 Theorem of Mazur

°Private communication of Z. Sebestyén.
10We can define non-continuous linear functionals by using a Hamel basis of X.
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Theorem 2.5 Let A and B be two disjoint non-empty convex sets in a normed
space X.

(a) (Mazur)'"' If A is open and B is a subspace, then there exists a closed
hyperplane H such that

BCH and ANH=Q.
(b) (Eidelheit)"? If A is open, then there exist ¢ € X' and ¢ € R such that
pla@) <c=<e@b) forall acA and beB.

(c) (Tukey)"® IfAis closed and B is compact, then there exist ¢ € X' and ¢, cs €
R such that

pa) <cy<cy <@b) forall acA and beB. 2.2)

Remark Applying (a) with 0 € 0A and B = {0}, by translation we obtain that
a convex open set has a supporting affine hyperplane at each boundary point; see
Fig.2.1.

The following lemma is the core of the proof:

Lemma 2.6 Let X be a normed space, H a subspace of X, and A a non-empty
convex open set in X, disjoint from H. If H is not a hyperplane, then there exists an
x € X\ H such that Vect {H, x} = X is still disjoint from A.

Proof 1f Vect{H, x} meets A, then a = h 4 sx with suitable vectorsa € A, h € H
and a real number s. Since A N H = @ implies s # 0, this yields

x=—-s'h+s'acH+ UtA.
reR

Therefore it is sufficient to show that H + | J,cg 1A # X.
Assume on the contrary that

HUH,UH_ =X, 2.3)

UBrunn [66] and Minkowski [324, §16, pp- 33-35] in finite dimensions, Ascoli [13, pp. 53-56 and
205] in separable spaces, Mazur [317].

2Eidelheit [122].
B3Tukey [460].
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where we use the notations

Hy:=H+|JiA and H_:=-H; =H+|JiA.

>0 t<0

Observe that Hy, H_ are (non-empty) open sets, and that H, H;, H_ are pairwise
disjoint. Indeed, if there were for example a point x € H4 N H_, then we would
have

x=h+ta=h—-rd

with suitable vectors h,h' € H, a,a’ € A and real numbers ¢, > 0. This would
imply the equality

, ta+td W-—h
a = =

eH
t+7 t+7

Since a@” € A by the convexity of A, this contradicts the relation A N H = @.

The proof of the relations Hy N H = @ and H N H_ = & is similar: we may
repeat the above proof with # = 0 and r = 0, respectively.

Now choose a point a € Hy. Since H # X and H is not a hyperplane, we have
Vect{H,a} # X.Letb € X \ Vect{H,a}, then b € Hy U H_ by (2.3). Changing b
to —b if needed, we may assume that b € H_.

Observe that b ¢ Vect{H,a} implies [a,b] N H = @, and hence [a, b] is the
union of the disjoint sets [a, b] N H4+ and [a, b] N H_. The latter sets are open in the
subspace topology of [a, b]. Since a € Hy and b € H_, they are non-empty, and this
contradicts the connectedness of the interval [a, b]. O

We also need the following equivalent form of the axiom of choice in set theory'*:

Lemma 2.7 (Zorn)"> Let A be a non-empty family of sets satisfying the following
condition: every monotone subfamily I3 has a majorant in A.

In other words, if for any two sets By, B, € B we have either By C B, or B, C By,
then there exists a set A € A containing all B € B.

Then the family A has a maximal element, i.e., there exists an A € A that is not
contained in any other set of A.'®

We will also use the following simple result:

Lemma 2.8 Every non-zero linear functional ¢ on a normed space X is an open
mapping.

14See, e.g., Kelley [247].
1570rn [492].
16There may be several maximal elements in general.
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Proof Let x be an arbitrary point of an open set A, and consider the ball B,(x) C A.
Fix a pointe € X such that |le|| = 1 and ¢(e) > 0.If —r < t < r,thenx+te € B,(x),
and hence ¢(x + te) € p(B,(x)) C ¢(A), i.e.,

(p(x) — ro(e), p(x) + re(e)) C p(A).

This shows that ¢(x) is an inner point of p(A). O
Proof of Theorem 2.5

(a) We consider the family of subspaces H of X satisfying B C HandA NH = &.
The assumptions of Zorn’s lemma are satisfied, hence it has a maximal element
H. By Lemma 2.6 H is a hyperplane. Since H does not meet the non-empty
open set A, H is not dense, but then it is closed by Lemma 2.4 (p. 58).

(b) Applying (a) with B := {0} and with A — B instead of A, we obtain ¢ € X’
such that ¢(A) and ¢(B) are disjoint, non-empty convex sets in R, i.e., disjoint,
non-empty intervals; in particular ¢ is a non-zero functional. Changing ¢ to —¢
if needed, we may assume that

supgp < infg.
A B
Since A and B are non-empty sets, ¢ := infp ¢ is a (finite) real number, and

pa) <c<gp) forall acA and beB.

Finally, by Lemma 2.8 the openness of A implies that ¢(A) is an open interval,
and hence ¢ < c in A.

(c) We claim that dist(A, B) > 0. For otherwise there exist two sequences (a,) C A
and (b,) C B satisfying |la, —b,|| — 0. Since B is compact, there is a
convergent subsequence b,, — b € B. Then we also have a,, — b by the
relation ||a, — b,|| — 0, and then b € A by the closedness of A. However, this
contradicts the disjointness of A and B.

Fix a real number 0 < r < 27!dist(A, B) and introduce the following open
neighborhoods of A and B:

A":=A+ B.(0), B :=B+ B.(0).
Applying (b) to the sets A’, B’, there exist ¢ € X’ and a real number ¢ such that

pd)<c<o®) foral a €A and b €B.
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This yields
@@ +rlell <c<eb)—rl¢| forall acA and beB.

The theorem follows with ¢ := ¢ —r|j¢|| and c; ;= c + r||¢||. O
Using the above theorem we may generalize Corollary 1.6 (p. 15). Given D C X

and A C X’ we define the orthogonal complements

Dri={peX : o(x)=0 forall xeD)}
and

Al = {xeX : p(x) =0 forall xe A}.
They are closed subspaces. If X is a Hilbert space and we identify X with its dual
X', then both definitions reduce to the former one (p. 14).

Corollary 2.9 (Banach)'’ Let X be a normed space and D C X.

(a) We have Vect(D) = (D+)*.
(b) If D+ = {0}, then Vect(D) = X.
(c) If N+ = {0} for some subspace N C X, then N is dense in X.

Proof (a) Set M := Vect(D) for brevity. By definition D C (D*)* and (D*)* is
a closed subspace, so that M C (D+)L. It remains to prove that if x ¢ M, then
x ¢ (DHL.

If x ¢ M, then we apply part (c) of the theorem with A = M and B = {x}: there
exists a ¢ € X’ satisfying

sup @ < ¢(x).
M

As a linear image of a subspace, ¢(M) is a subspace of R: either (M) = R or
@(M) = {0}. Therefore the previous relation implies ¢ = 0 on M, and then ¢(x) >
0. Consequently, ¢ € D+ and x ¢ (D+)+.

(b) and (c) readily follow from (a). |

Remark We will show by some examples at the end of Sect. 2.3 (p. 76) that the role
of X and X’ cannot be exchanged in the above corollary.'®

The following result shows that there are many continuous linear functionals on
a normed space.

1"Banach [22].
18We will give the topological description of (A1)~ in Proposition 3.17, p. 137.
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Corollary 2.10 Let X be a normed space.

(a) Forany two distinct points a, b € X there exists a ¢ € X' such that p(a) # ¢(b).
®) If x1,...,x, € X are linearly independent vectors, then there exist linear
functionals ¢, . .., ¢, € X' such that
¢i(x)) =0 forall ij=1,...,n

Consequently, dim X’ > dim X.

Proof
(a) Apply Theorem 2.5 (c) with A = {a} and B = {b}.
(b) The subspace A := Vect{xj,...,x,—1} is finite-dimensional, hence closed.

Applying Theorem 2.5 (c) with A and B = {x,}, there exist ¢ € X’ and real
numbers ¢ < ¢, such that ¢ < ¢; on A, and ¢(x,) > c».

Since ¢(A) is a linear subspace of R, hence ¢ = 0 on A and then ¢(x,) >
0. Therefore ¢, := ¢/@(x,) has the required property. The construction of
@1, ..., ¢Py—1 1s analogous. O

2.2 Theorems of Helly-Hahn—-Banach and Taylor—Foguel

The following theorem if one of the most important results of Functional Analysis.

Theorem 2.11 (Helly-Hahn-Banach)'® If ¢ : M — R is a continuous linear
functional on a subspace M C X, then ¢ may be extended, by preserving its norm,
to a continuous linear functional ® : X — R.

Because of its fundamental importance, we give two different proofs here. The
first is the original one, essentially due to Helly.

The second one deduces the result from Mazur’s theorem.2°

First Proof For ¢ = 0 we may take ® := 0. Otherwise, multiplying ¢ by a suitable
constant we may assume that ||¢| = 1.

Helly [204] investigated the case X = C([0, 1]), but his proof remains valid in all separable
normed spaces; in fact, his work paved the way to the introduction of normed spaces some years
later. Based on Helly’s crucial finite-dimensional construction, Hahn [182] and Banach [22] treated
the non-separable case as well, by changing complete induction to transfinite induction. See also
Hochstadt [215] on the life of Helly.

20Historically it was the converse: Mazur deduced his result from the extension theorem. See, e.g.,
Brezis [65] or Rudin [406].
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First Step. First we show that for any fixed a € X\M, ¢ may be extended to a
continuous linear functional i : Vect{M, a} — R, with preservation of the norm.
For any fixed real number c, the formula

Y(x+ta) = @x)+tc, xeM, teR

defines a linear extension v : Vect{M,a} — R of ¢. Being an extension of ¢, we
have obviously || || > 1. We have to show that the inverse inequality ||| < 1 also
holds for a suitable choice of c.

Since ¥ (—y) = —¥ (), it suffices to find ¢ satisfying

V(x t1a) < ||lx + 1al

for all x € M and ¢ > 0. This is obvious for + = 0 because we have an extension.
Otherwise, dividing by # > 0 we obtain the equivalent condition

Y £a) < ||x¥ £a| forall x eM;
this may be rewritten in the form
o) —||¥ —a|| <c < |¥ +a|| — () forall x'eM.

In order to ensure the existence of c, it is therefore sufficient to establish the
inequalities

o) = ¥ —af = [ +a] -0
for all X', x” € M. This follows by a direct computation:

() + (") = (' + ")
=< |+
= | —a)+ (" +a)
< | —af + " +a.

Second Step. If X is finite-dimensional or, more generally, if M has finite co-
dimension in X, then the theorem follows by applying the first step a finite number
of times.

In the general case we consider the family of all norm-preserving linear
extensions ¥ of ¢ to subspaces of X. If we identify the linear functionals with their
graphs, then we get a family of sets satisfying the assumptions of Zorn’s lemma (p.
62). There exists therefore a maximal norm-preserving linear extension ® of ¢. By
the first step of the proof'it is defined on the whole space X. O
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Second Proof of Theorem 2.11 In case ¢ = 0 we take simply ® = 0. In the
remaining cases we may assume, multiplying ¢ by a suitable positive number, that
lle|| = 1. Denoting by U the open unit ball of X, centered at 0, then we have |¢| < 1
on U. Lemma 2.8 implies that in fact |¢| < 1 on U.

Fix a € M with ¢(a) = 1. Since |¢| < 1 on U, a + U does not meet ¢~ '(0) by
Lemma 2.3 (p. 58). Applying Theorem 2.5 (a) (p. 61) there exists a hyperplane H
such that ¢~!(0) C H and H does not meet a+ U. By Lemma 2.2 (p. 57) there exists
a (unique) linear functional ® € X* satisfying ®~'(0) = H and ®(a) = 1. Another
application of Lemma 2.3 shows that |®| < 1 on U. Hence ® is continuous, and
[ =1 =gl

It remains to prove that ® is an extension of ¢; this will also imply the reverse
inequality ||®| > |l¢|. If x € M, then

¢ (x—9(x)a) = ¢(x) —pe(a) = ¢(x) —¢(x) =0,
so that x — p(x)a € ¢~'(0) C H = ®~'(0). Hence ® (x — ¢(x)a) = 0, i.e., D(x) =
P()P(a) = ¢(x). o

*Remark There are many generalizations of the theorem for vector valued linear
maps.”!

In general the extension @ is not unique, except the trivial case where M is dense.
The extension is also unique if X is a Hilbert space. In order to formulate a more
precise result we need the following notion:

*Definition A normed space X is strictly convex if for any two distinct points

x1,X2 € X with ||x1]| = ||x2]] = 1 we have ||(x; + x2)/2| < 1.
*Remarks
e If X is strictly convex and xj, x, € X are two distinct points with [|x;|| = ||x| =

¢, then ||(x; 4+ x2)/2|| < ¢ by homogeneity.

e We recall the elementary fact that if f : R — R is a convex function and f(0) =
f(1) = 1,then f(r) < 1forall 0 < ¢ < 1 and f(f) > 1 otherwise. Moreover,
either f = 1 orf < 1 everywhere in (0, 1).

Applying this with f(#) := ||zx; + (1 — 7)x2|| we obtain that a normed space X
is strictly convex <= its unit sphere does not contain any line segment.

We obtain also that if for any two distinct points with |Jx; || = ||xz]| = 1 there
exists r € R such that ||zx; + (1 — £)x,|| < 1, then X is strictly convex.

21See, e.g., Banach-Mazur [27], Fichtenholz—Kantorovich [145], Murray [328], Goodner [172],
Nachbin [330], Kelley [246], and a general review in Narici-Beckenstein [331].



68 2 Banach Spaces

*Proposition 2.12 (Taylor-Foguel)>> All continuous linear functionals defined on
subspaces of a normed space X have a unique norm-preserving extensionto X <=
the dual space X' of X is strictly convex.

Proof Assume that X’ is strictly convex, and let ¢;,¢ € X' be two distinct
extensions of a linear functional ¢ : ¥ — R such that ||¢;|| = ||¢2| = ¢. Then
(¢1 + ¢2)/2 is also a linear extension of ¢, and therefore

lelly < Ie1 + ¢2)/2]x < ¢

by the strict convexity of X’, so that the extensions ¢, ¢, are not norm-preserving.

Conversely, assume that all norm-preserving extensions are unique and consider
two distinct elements ¢, ¢, of X" with ||¢1]| = |l¢2|| = 1. In view of the above
remark it is sufficient to find a real number ¢ satisfying ||t¢; + (1 — 1)@2]|.

The common restriction of ¢ and ¢, to the hyperplane Y := {x € X : ¢ (x) =
©>(x)} has a unique norm-preserving extension ¢ € X’. Since the distinct extensions
©1, ¢, cannot both be norm-preserving, we have necessarily |¢| < 1. It remains to
show that ¢ = t¢; + (1 — 1)¢, for some ¢ € R.

Fix an arbitrary point xo € X \ Y. Since ¢;(x9) # ¢2(xp), there exists ar € R
such that

@(x0) = @a2(x0) + 1 (@1(x0) — @2(x0)) = 11 (x0) + (1 — )2(x0).

Then ¢ and r¢; + (1 —t)@; coincide on Vect{Y,xo} = X, so thatp = 19 + (1 —1)¢,
as required. O

Corollary 2.13 (Banach)*® Let M be a closed subspace of a normed space X.

(a) Foreveryx € X \ M there exists a ¢ € X' such that
lell=1, =0 on M, and ¢(x)= dist(x,M).
(b) For every x € X there exists a ¢ € X' such that
lell =1 and ¢(x) = x| .
(c) We have

x| = max | (x)]
leli=<t

foreveryx € X.

22Taylor [450] and Foguel [147]. See also Phelps [355], Holmes [216, p. 175], Beesack, Hughes
and Ortel [33] and Ciarlet [87, p. 265].

Z3Banach [22]. In part (b) we also have [|¢|| = 1, except in the degenerate case X = {0}.
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Proof
(a) The formula

Y(tx —y):=t disttx, M), teR, yeM

defines a linear functional on the subspace Vect {M, x}. (The linearity follows
from the uniqueness of the decomposition tx — y.) We have obviously ¥ (x) =
dist(x, M), and ¢y = 0 on M. Furthermore, ||| < 1, because for ¢ # 0 and
y € M we have

W (= )| = [edistCe, M) < o]+ e =2 = flex =)

(This is also true for r = 0 because then the left-hand side is zero.)

For the proof of the converse inequality we choose a sequence (y,) C M
satisfying ||x — y, || — dist(x, M). Then ¥ (x — y,) = dist(x, M) for every n, and
therefore

W(X B yn)

[l = lim ————= =
[l =l

We conclude by extending ¥ to X by applying the theorem.

(b) If x = 0, then take ¢ = 0. If x # 0, then apply (a) with M = {0}.

(c) Since ¢ € X’ and |l¢|| < 1imply |@(x)| < |x|| by the definition of the norm,
the result follows from (b).

Remark We may compare the formula in (c) with the definition

lell = sup [p(x)], ¢ €X'

lIxll<1

In the latter we cannot write max in general. We will return to this question later.?*

2.3 The £? Spaces and Their Duals

By Lemmas 2.2 and 2.4 (p. 58) knowledge of the closed hyperplanes is equivalent
to knowledge of the dual space. The case of Hilbert spaces is easy because X’ may
be identified with X by the Riesz—Fréchet theorem (p. 19). In this section we show
by some examples that X and X’ may have different structures for general normed
spaces.

24See Proposition 2.31, p. 91.
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Definitions
¢ The bounded real sequences x = (x,) form a normed space £>° with respect to
the norm

X[l oo := sup- |xal,

because £*° = B(K) with K := {1,2,...}.

* The real null sequences form a subspace ¢y of £°°, and hence a normed space.

* Given a real number 1 < p < o0, let us denote by £” the set of real sequences
x = (x,) satisfying > |x,|” < 0o, and set

Il = (X ba?) "

The following result shows that all £ spaces are normed spaces.

Proposition 2.14 Let p,q € [1, o] be conjugate exponents, i.e., satisfying p~' +

g =1
(a) (Young’s inequality)® If p and q are finite, then
X q
Xy = —+ z
P q

for all nonnegative numbers x and y.
(b) (Holder’s inequality)®® If x € £ and y € {9, then xy € £' and

eyl < lxll, - 1yllg -
(c) (Minkowski’s inequality)”’ If x,y € €7, then x + y € £ and

I+ yll, < lxll, + Iyl -

(d) ¢ is a normed space.

25Young [489].
26Rogers [399], Holder [217], and Riesz [382].
2"Minkowski [323, pp. 115-117] and Riesz [382].
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Fig. 2.4 Young’s inequality

Proof

(a) We may assume by symmetry that p > 2. Consider the graph of the function
y = x*~! or equivalently x = y?~! (see Fig. 2.4). The union of the two shaded
regions contains the rectangle of sides x and y. Hence their areas satisfy the
inequality

x y Ky
xyf/s”_lds+/tq_ldt=—+—.
0 0 p q

(b) Forp =1 and g = oo the result follows from the straightforward estimate

o0 o0
eyl =D bayal < (Z |xn|) sup [yl = %011 [Vl -

n=1 n=1

The case of p = oo and ¢ = 1 is similar.

Assume henceforth that 1 < p < oo, then 1 < g < 0co. We may assume by
homogeneity that |[x[|, = |[y[|, = 1, and we have to prove that |lxy[|; < 1. This
follows by applying Young’s inequality:

o0 o0 o0 xp yq
DIESA ED MEIIED BEFR
n=1 n n=1 p )

1
- =1.
= — p

+

(c) The cases p = 1 and p = oo follow at once from the estimates

oo

o0
D byl < Yl + al) =l + Iyl

n=1 n=1
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and
sup |X, + yu| < sup(|xa| + [ya]) < sup x| + sup [yu| = [x]loo + [[¥lloo -

Assume henceforth that 1 < p < oo, then 1 < g < oo. For each fixed
m=1,2,... we apply Holder’s inequality and the relation (p — 1)g = p to get

m m m
Syl < 3 bl bl Y il ol

n=1 n=1 n=1

“ A\ /P " (r—1) 1/q
= (2 wh) (32 bl )
n=1 n=1
" 1/p 1 & -~ 1/q
+ (o) T bl )
n=1 n=1
- (p—1)q /g
= (Il + W1,) (3 i il 709)
n=1

“ 1/q
= (el + 1) (O b+ o)

n=1

Since 1/¢g = 1 —1/p, hence
mn » 1/p
(3" b+ il?) < el + I,
n=1

Letting m — oo we conclude that the left-hand sum converges, and [|x + y||, <

llx[l, + [I¥ll,,-
(d) We already know that £°° is a normed space; henceforth we assume that 1 <

p < oo. Using (c) we see that £ is a vector space®® and |-, is a norm.

|

Consider X = £? for some p. If y = (y,) € £4, where ¢ is the conjugate exponent
of p, then the formula

(py(-x) = anyns X = (xn) e (2.4)

n=1

Z8More precisely, a subspace of the vector space of all real sequences.



2.3 The ¢” Spaces and Their Duals 73

defines a continuous linear functional. Indeed, applying Holder’s inequality we see
that the definition is correct, and

les@)| = Iyl - Il
for every x. Consequently,
gy € (@), and || < Iyl, forevery ye¢i.

Hence the formula j(y) := ¢, defines a continuous linear map j : {4 — (€)' (of
norm < 1).

Since ¢ is a subspace of £°° the same formula also defines a continuous linear
mapj : £! — (cp)’ (of norm < 1).

A special case of a theorem of F. Riesz>’ shows that much more is true:

Proposition 2.15

(@) If1 <p < oo, thenj: 9 — (LP) is an isometric isomorphism.
(b) j: ' — (co) is an isometric isomorphism.

*Remarks

* According to the proposition we often identify (co)’ with £!, and (£7)" with £ for
1 <p<oo.
+ We show at the end of this section that (£*°)’ is not isomorphic to £'.

We need a lemma:

Lemma 2.16 IfX = {7, 1 <p < oo, or if X = cy, then the vectors

k—1
—_——
ee=(0,...,0,1,0,..), k=1.2,...

generate X. Hence these spaces are separable.

Proof For any given x = (x,,) € 7, 1 < p < o0, the relation

o0
P
= Z |,/ =0 (k— o0)
[

k
HX— E Xn€n
n=1

shows that the vectors ¢, generate £7.

2Riesz [382]: see Theorem 9.14, p. 332.
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If x = (x,,) € co, then

=max {|x,| : n>k} -0,
o0

k
HX— E Xn€n
n=1

because x,, — 0 by the definition of cy.
It follows that the finite linear combinations of the vectors e; with rational
coefficients form a countable, dense set in X. O

*Remarks

* The lemma does not hold in £°° because ¢y is a proper closed subspace of £*° so
that the vectors e; cannot generate {*°.

* The space £*° is not even separable. For the proof we consider the uncountable
set of (open) unit balls, centered at the points x = (x,) such that x, = £1 for
every n. Since they are pairwise disjoint, no countable set D may meet all of
them, and therefore D cannot be dense.

Proof of Proposition 2.15

(a) For any fixed ¢ € (£7) we have to find a unique sequence y € ¢4 satisfying
¢y, = ¢ and [lyl, < ll¢|l. (The converse inequality |¢,| < [lyl, is already
known.)

If there exists a y € £4 such that ¢, = ¢, then we have necessarily
p(en) = @y(en) = yn
for every n, whence
o =¢(e,), n=12,....

Hence there exists at most one such y.
It remains to show that the above formula indeed defines a suitable sequence. If
p = 1, then

ynl = l@(en)| = llell

for every n, so thaty € £*° and ||y, < ¢
If p > 1 and thus ¢ < oo, then we consider for each fixed k = 1,2,... the
sequence x = (x,) defined by the formula

yal" " sign y, if n <k,
0 it >k

X, 1=
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Then x € £? (because the sequence has only finitely many terms), and

k
o) =Y [yl =[xl
n=1

by a simple computation. Using these equalities we deduce from the estimate

le[ = llell - lIxl,

that

k k 1/p
Sl = Dol (3o k)
n=1 n=1

and therefore

k
> al” < llell?
n=1

Letting k — oo we conclude that y € £7 and [|y||, < [l¢].

It remains to prove the equality ¢ = ¢,. Since the continuous linear functionals
¢ and @, coincide at the points e, by definition, they also coincide on the closed
subspace generated by these points, i.e., on the whole space £” by the lemma.*

(b) For any given ¢ € (co)’ we may repeat the proof of (a) with p = co and g = 1.
0

Let us mention the following result:
*Proposition 2.17 If X' is separable for some normed space X, then X is also

separable.

Proof We fix a dense sequence (¢,) in X’, and then we choose for each n a vector
Xp € X satisfying

bl <1 and  [@a ()] = 27" [lgall -

It suffices to prove that (x,) generates X because then their finite linear combinations
with rational coefficients form a countable, dense set in X.

In view of Corollary 2.9 (p. 64) it is sufficient to show that if some functional
@ € X' satisfies ¢(x,) = O for every n, then ¢ = 0. For this we choose a suitable

30The assumption p # 0o is used only at this last step.
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subsequence ¢,, — ¢. Then we have

I@nell < 2 1@n, (n) | = 2 (0m, = @) Cn)| = 2 llgme — @l -

Letting k — oo we conclude that ||¢|| < 0,i.e., ¢ = 0. O

*Remark Since £ is not separable, (£°°)’ is not separable either by the preceding
proposition. Since £! is separable, it is not isomorphic to (£*°)’.

Now we can give some counterexamples promised on p. 64.

*Examples The following examples show that the role of X and X’ cannot be
exchanged in Corollary 2.9, p. 64.

o LetX = cpand X’ = £'. Then
A= {(yn)ex/ : ZynzO}

is a proper closed subspace of X’, while (A1)+ = X’ because A+ = {0}. For the
proof of the latter we observe that if x = (x,,) € AL, thenx L e — e, for every
n, so that x; = x, = --- . Butx € ¢q implies that x, — 0, so that x = 0.

o LetX = {'and X’ = £*°. Then A := ¢ is a proper closed subspace of X’, while
(A1)t = X’ because AL = {0}. Indeed, if x = (x,) € AL, thenx L ¢, for
every n. In other words, x, = 0 for every n, i.e., x = 0.

2.4 Banach Spaces

All finite-dimensional normed spaces are complete. On the other hand, we have
already encountered non-complete normed spaces (even Euclidean spaces) in the
preceding chapter. The rest of this chapter is devoted to complete normed spaces.

Definition A Banach space is a complete normed space.’!

Examples

* Every finite-dimensional normed space is a Banach space.

* Every Hilbert space is a Banach space.

e If K is a non-empty set and X a Banach space, then the vector space B(K, X) of
bounded functions f : K — X is complete with respect to the norm

[ flloo := sup [ fD)lx
teK

and hence it is a Banach space. If X = R, then we write B(K) for brevity.

3IRiesz [383], Banach [19], Hahn [181], and Wiener [487]. Terminology of Fréchet [161].
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» If K is a topological space and X a Banach space, then the bounded continuous
functions f : K — X form a closed subspace C,(K, X) of B(K, X), and hence a
Banach space. If K is compact, then we write simply C(K, X). If X = R, then we
write C,(K) or C(K) instead of C,(K, X) or C(K, X).

e If ] is a non-empty open interval, ¥ a Banach space and k a natural number, then
the C* functions f : I — Y for which f,f’, ..., f® are all bounded form a Banach
space C}(I, Y) with respect to the norm

1flloo + [ £ + -+ FO -

¢ The bounded real sequences x = (x,) form a Banach space £*° with respect to
the norm

I¥llo == sup [xal,

because £*° = B(K) with K := {1,2,...}.
* The real null sequences form a closed subspace ¢y of £°°, and hence a Banach
space.

We give another important example. We recall that if X and Y are normed spaces,
then the continuous linear maps A : X — Y form a normed space L(X, Y) with
respect to the norm

[All := sup {flAx]| - [lx[| < 1}.

Proposition 2.18 If X is a normed space and Y a Banach space, then L(X,Y) is a
Banach space. In particular, the dual of any normed space is a Banach space.

Proof 1f (A,) is a Cauchy sequence in L(X, Y), then (A,x) is a Cauchy sequence in
Y for each fixed x € X, because

1Anx = Apx|| < [[An = Aull - [IxI| — O
as m,n — oo. Since Y is complete, (A,x) converges to some point Ax € Y.
Since the maps A, are linear, A is also linear. Since the Cauchy sequence (A,) is
necessarily bounded, there exists a constant M such that

[Anx]] = M ||x]|

for all n and x. Letting n — oo we conclude that ||A]| < M, i.e.,A € L(X,Y).
Finally, for any fixed & > 0 choose N such that

”An _Am” =¢
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for all m,n > N. Then
[Anx — Apx]| < & [|x]]
for all m,n > N and x € X. Letting m — oo we obtain
[Anx — Ax|| < & ||x]

foralln > Nandx € X,ie.,A, > Ain L(X,Y). |
Corollary 2.19 All €7 spaces are Banach spaces.

Proof We have seen in the preceding section that all £7 spaces are dual spaces, and
hence complete by the preceding proposition.

Alternatively, the completeness of £” for 1 < p < co may be proved by a simple
adaptation of the proof given for £2 in Sect. 1.1, by changing the exponents 2 to p
everywhere. O

*Examples

e If U is a non-empty open set in a normed space, Y a Banach space, and k a natural
number, then the C* functions f : U — Y for which f, £/, ..., f® are all bounded
form a Banach space C¥(U, Y) with respect to the norm

oo + [ oo + - + [F9 o

because the derivative functions map into Banach spaces of the form L(X, Z) by
the proposition.*

e Let I = [a, b] be a non-degenerate compact interval and 1 < p < co. We know
that C(/) is a normed space with respect to the norm

Ity = ([ wor ar) ™

This norm is not complete. For p = 2 we have already proved this on page 10;
the general case follows by changing every exponent 2 to p in that proof.

An easy adaptation of the proof of Proposition 1.3 (p. 10) leads to the following
result:

Proposition 2.20 Every normed space may be completed, i.e., may be considered
as a dense subspace of a Banach space.

Definition We denote by L’ (), for | < p < oo, the Banach space obtained by
completion of C(/) with respect to the norm ||-| ..

32See any book on differential calculus.
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Remark Later we will give a concrete interpretation of these spaces.>

We end this section by giving another proof of the last proposition.

Definition By the bidual of a normed space X we mean the Banach space X” :=
(X/)/.34

Example If x € X, then the formula

D(p) :=9x), ¢eX

defines a continuous linear functional ®, € X”, and || ®,|| < |lx|| because | D, (¢)|
lo()| < lo] - [|x]| for every ¢ € X",

Let us look more closely at the correspondence x — ®,:
Corollary 2.21 (Hahn)® Let X be a normed space.

(a) The formula J(x) := ®, defines a linear isometry J : X — X"
(b) X may be completed: there exist a Banach space Y and a linear isometry J :
X — Y such that J(X) is dense in Y.

Proof

(a) The linearity of J is straightforward. The isometry follows from Corollary 2.13
(c):

[Jx] = sup |(Jx)(p)| = sup |p(x)| = x|
lell<1 lell<t

(b) In view of (a) we may choose for Y the closure in X” of the range J(X) of J: as
a closed subspace of the Banach space X”, it is also a Banach space.

2.5 Weak Convergence: Helly-Banach-Steinhaus Theorem

Weak convergence proved to be a useful tool in the study of Hilbert spaces. We
generalize this notion to normed spaces.

Definition A sequence (x,) in a normed space X converges weakly*® to x € X if

(X)) — @x)

3See Proposition 9.5 (b), p. 312.

34Hahn [182]. We will investigate these spaces in Sect. 2.6, p. 87.
35Hahn [182].

36Riesz [380], Banach [24].
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for every ¢ € X'. We express this by writing x, — x.
Remarks

* For Hilbert spaces this reduces to the former notion by the Riesz—Fréchet
theorem.

* Norm convergence implies weak convergence by the continuity of the functionals
of X’. Therefore norm convergence is also called strong convergence.

* In finite-dimensional normed spaces the strong and weak convergences coincide.

Let us collect the elementary properties of weak convergence:
Proposition 2.22

(a) A sequence has at most one weak limit.

(b) Ifx, — x, then x,, — x for every subsequence (xy,).

(¢) Ifx, =~ xandy, =y, then x, +y, = x+y.

(d) Ifx, ~xinXand A, — A inR, then A,x, = Axin X.

(e) Let K C X be a convex closed set. If x, — x, and x,, € K for every n, then
x € K.

() Ifx, — x, and ||x,|| < L for every n, then ||x| < L’

(&) If xn = x, then x, — x and ||x,|| — ||x]-

*Remark In contrast to Hilbert spaces the relations x, — x and ||x, || — [|x|| do not
imply x, — x in general.’® If this holds, then X is said to have the Radon—Riesz

property.
Proof We may repeat the corresponding proofs given for Hilbert spaces (p. 30),
except for (a) and (e); for the proof of (g) we now apply the continuity of ¢ € X’
instead of the Cauchy—Schwarz inequality.

(a) If x, — x and x,, — y, then by Corollary 2.13 there exists a ¢ € X’ satisfying

@(x —y) = [lx =yl Since ¢(x,) — ¢(x) and ¢(x,) — ¢(y) imply ¢(x) = ¢(y),
hence

[x =yl = ¢(x=y) = p(x) —p(y) =0,
and therefore x = y.
(e) Instead of the orthogonal projection we use Tukey’s theorem (p. 61). Assume
on the contrary that x ¢ K; then there exist ¢ € X’ and ¢y, ¢ € R such that

@(x) <ci <cy <g(y) forevery yeKk.

Then ¢(x,) > ¢, for every n, so that ¢(x,) 4 ¢(x),i.e., x, ~ x. O

37Equivalently, ||x|| < liminf ||x,]|.
38We give soon an example. See also Proposition 9.11, p. 328.
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Every weakly convergent sequence is bounded. Before proving this deeper
result, we establish another essential result of Functional Analysis: the uniform
boundedness theorem:

Theorem 2.23 (Helly-Banach-Steinhaus)*° Consider a family A C L(X,Y) of
continuous linear maps where X is a Banach-space, and Y a normed space. If the

sets
Ax):={AxeY : Ae A}, xeX
are all bounded in Y, then A is bounded in L(X, Y):

sup {||A] : A € A} < o0.

*Remark The idea of this theorem had already appeared in Riemann’s work.*’

*Example The theorem fails in non-complete spaces X. Consider for example the
subspace X of £> formed by the sequences having at most finitely many non-zero
elements. The formula

On(x) 1= nx,

defines a pointwise bounded but uniformly unbounded sequence of functionals in
L(X,R).

Proof Tt suffices to prove*! that A is uniformly bounded in some ball, say
|Ax| < C forevery A€ A and x € By (X).

This will imply forall A € A and x € X, ||x|| < 1, the relations x’, X' + rx € By, ('),
and therefore the inequalities

[AG"+ 0l + 4] _ 2C

r r

3

|Ax|| = % [AG" + ) — AX|| <

whence ||[A|| < 2C/rforevery A € A.

3Helly [204], and Banach-Steinhaus [28]. See Hochstadt [215] on Helly’s contribution. See also
Banach [19], Hahn [181], and Hildebrandt [211].

40 Condensation of singularities, Riemann [371], and Hankel [190]. See also Gal [166].
#'Following a suggestion of Saks, Banach and Steinhaus proved their theorem with the help of
Baire’s lemma (p. 32). We prefer to adapt, following Riesz—Sz. Nagy [394], an argument of Osgood
[350, pp. 163—164], that can also be used to prove Baire’s lemma.
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Assume on the contrary that A is not uniformly bounded on any open ball, and
fix an arbitrary ball By.*?

By our assumption there exist A; € A and x; € By such that |A;x;| > 1. By
the continuity of A; the inequality remains valid in a small ball B; centered at x;.
By choosing its radius sufficiently small, we may also assume that diam B; < 1 and
B_1 C By.

Repeating these arguments, there exist A, € A and a ball B, such that diam B, <
1/2,B; C By, and ||Asx|| > 2 for every x € Bs.

Continuing by induction we obtain a sequence (A;) C .4 of maps and a sequence
(By) of balls such that diam By < 1/k, By C Bi—1, and ||Azx|| > k for every x € B,
k= 1,2,.... Applying Cantor’s intersection theorem we conclude that N B; # @.
If x is a common point of the balls By, then ||Acx|| > k for every k, contradicting the
boundedness of A(x). O

Proposition 2.24 Let (x,) be a sequence in a normed space X.

(a) Ifx, — x, then the sequence (x,) is bounded.
(b) Ifx, =~ xin X and ¢, — ¢ in X', then ¢,(x,) = @(x).
(¢) Ifx, »> xin X and ¢, — ¢ in X', then ¢, (x,) — @(x).

Proof
(a) We apply Theorem 2.23 for the family (®,) C X” of the functionals

®,0:=0¢kx,), oeX, n=12,...,

and we use the equalities || D,|| = ||x,| from Corollary 2.21 (a) (p. 79).
(b) The right-hand side of the identity

@n(xn) - (p(-x) = ((pn - @)(xn) + (p(xn - x)

tends to zero because x, — x implies ¢(x, — x) — 0, and because (x,) is
bounded by (a), so that

[(@n = @) xn)| = lln — @]l sup [[xall — O.

(c) Writing ®(y) := ¥ (x) we have ® € X”, and the right-hand side of the identity

On(Xn) — @(x) = @u(x0 —X) + (@n — @)X = @u(xy — x) + P(@n — @)

42 As usual, all balls are considered to be open.
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tends to zero because ¢, — ¢ implies ®(p, — ¢) — 0, and because (¢,) is
bounded by (a), so that

|0 (0 = 0)| < [l — x| sup [|@a]| — 0.

|

A simple adaptation of the proof of Lemma 1.20 (p. 33) yields the following
results:

Lemma 2.25 Let (x;) be a bounded sequence in a normed space X.

(a) Foreach x € X the set

lpeX 1 o) = @)}

is a closed linear subspace of X'.
(b) The set

{(p €X' : (p(x)) convergesin R}

is a closed linear subspace of X'
*Examples

e LetX = cporX = £ forsome 1 < p < co. Letk > (x) be a bounded sequence
in X, and let (x,) € X. Lemmas 2.16 and 2.25 (pp. 73 and 83) yield the following
characterizations of weak convergence (component-wise convergence):

(*) = (x,) &= x£ > x, foreach n.

* In particular, the sequence of the vectors

k—1
———
e =(0,...0,1,0,..), k=102,...

converges weakly to zero in the above spaces.
* But this sequence does not converge weakly in £!. Indeed, the formula

e =) (D' x= () e !
n=1

defines a functional ¢ € (£')’ for which the numerical sequence of numbers
o(e,) = (—1)" is divergent.
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o Letx, = e; +e,, thenx, — e in ¢y by the first example. Observe that ||x,| ., —
lle1ll oo, but ||x, — e1]ls 7 0. Hence c¢o does not have the Radon—Riesz property.

» Since ¢ is a subspace of £*°, the relation x,, — e; also holds in £°°. Hence £*°
does not have the Radon—Riesz property either.

 On the other hand, it will follow from a later result*’ that €7 has the Radon—Riesz
property forall 1 < p < oco.

* Our next proposition will imply that £! also has the Radon—Riesz property.

The fact that component-wise convergence does not imply weak convergence in
£! also follows from the next surprising result:

*Proposition 2.26 (Schur)** In £! the strong and weak convergences coincide.

Proof Tt suffices to prove that if ** — x in £', then |x* — x|, — 0. Changing x* to
x* — x we may assume that x = 0.

Assume on the contrary that x* — 0in £!, but ||xk || , 7> 0. Denoting the elements
of x* by x*, we have x* — 0 for each fixed n by the definition of weak convergence.

Set®
& := lim sup H)/‘”l >0 and ky=np:=0.

Proceeding recursively, if k,,—; and n,,—; have already been defined for some i,
then choose a large index k = k,,, > k,,—; such that

e g e
H)«,J"” ||1 > 5 and ’; ‘x’,‘l”’ < E

and then a large integer n,, > n,,—; such that

> b

n>ny,

£
< —.
10
The formula

Vp 1= signx’,‘l’” if n,— <n<n,

“Proposition 9.11, p. 328.
4Schur [418].
4SWe apply the gliding hump method of Lebesgue [291].
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defines a sequence (y,) € £°° of norm < 1, satisfying the following inequalities for
eachm=1,2,...:

o0
DB DI B DN A BB A
n=1 Nyp—1 <N=ny n=ny—1 n>np
— bl -2 X -2 e
n=<np—| n>ny
e de
> —_— —
2 10
€
=10
Hence x*» 4 0, and thus x* /4 0, contradicting our hypothesis. O

Finally we prove an interesting converse of Holder’s inequality:

*Proposition 2.27 (Hellinger—Toeplitz)*® Let (y,) be a real sequence and p,q €
[1, 0] two conjugate exponents. If the series Y_ x,y, converges for every (x,) € €7,
theny e £4.

Proof * The formula

k
oe(x) = Zx,,y,,, xetl, k=1,2,...

n=1

defines a sequence (¢;) in (£7).*® By assumption the sequence (¢ (x)) is conver-
gent, and hence bounded, for every x € £7. Applying the Banach—Steinhaus theorem
there exists therefore a constant C such that

k
‘ > Xy

n=1

<Clx[|, forevery xef, k=12,....

If ¢ = oo and thus p = 1, then choosing x = ¢; we deduce that |y;| < C for all
k, and hence y € £°°.
If 1 < g < oo, then introducing for each k the sequence

lyal9'sign x, if n<k,
Xy 1=
0 if n>k,

46Hellinger—Toeplitz [201] and Landau [282].
4TSee also a short elementary proof of Riesz [382, pp. 47-48] by the gliding hump method.
“8The continuity of the functionals is evident because we have only finite sums here.
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similarly to the proof of Proposition 2.15 we obtain that

k
Dl =
n=1

Letting k — oo we conclude thaty € £7 and ||y, < C. O

Our next objective is to generalize the Bolzano—Weierstrass theorem to Banach
spaces. Unfortunately, there are counterexamples even for the weak convergence:

Examples

+ In ¢! the bounded sequence (e,) has no weakly convergent subsequence. Indeed,
such a subsequence would also converge strongly by Schur’s theorem (p. 84). But
this is impossible because no subsequence has the Cauchy property: ||e,, — e,| =
2 for all m # n.

We can avoid the use of Schur’s theorem as follows. If (ey,) is an arbitrary
subsequence of (e,), then the formula

p(x) == Z(—l)kxnk, x = (x,) € !

k=1

defines a functional ¢ € (£')’. Since ¢(e,,) = (—1)* does not converge as k —
00, the subsequence (e,, ) does not converge weakly.

* In¢g the bounded sequence (e; +- - -+¢,) has no weakly convergent subsequence.
Indeed, if we had e; + --- + ¢,, — a for some subsequence, then we would
also have ¢(e; + -+ + ¢,) — ¢(a) for every ¢ € c;. Applying this for each
fixed m = 1,2,... to the functional ¢(y) := y,, we would get the equality
a = (1,1,...). But this is impossible because the last sequence does not belong
to ¢p.

* The bounded sequence (e; + --- + e,) has no weakly convergent subsequence
in £°° either. Indeed, the previous reasoning shows again that the only possible
weak limitis @ = (1, 1,...). But this is impossible because a does not belong to
¢o, which is the closed subspace generated by the sequence (e; + --- + €,,): see
Proposition 2.22 (e), p. 80.

Nevertheless, we will see later*® that the above sequences converge in a natural,
even weaker sense.

In spite of these counterexamples, we prove in the next section that the weak
convergence version of the Bolzano—Weierstrass theorem remains valid in a large
class of Banach spaces.

49See the examples on p. 136.
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2.6 Reflexive Spaces: Theorem of Choice

Let X be a normed space. We recall from Corollary 2.21 (p. 79) that the formula

Du(p) =), @eX
defines a functional ®, € X" for each x € X, where X” denotes the bidual of X.
In certain spaces every element of X” has this form:
Definition A normed space X is reflexive™ if for each ® € X” there exists an x € X
such that

®(p) = p(x) forall ¢ €X'

Before giving many examples, we discuss some consequences of the definition.
We recall from Corollary 2.21 that the formula

(0)(p) :=¢x), xeX, ¢eX

defines a linear isometry J : X — X”.
Proposition 2.28 (Hahn)’' Let X be a normed space.

(a) X is reflexive <= J is an isometric isomorphism between X and X" .
(b) If X is reflexive, then it is complete, i.e., a Banach space.

Proof

(a) We already know that J is a linear isometry. By definition, J is surjective <=
X is reflexive.
(b) X is isomorphic to X” = (X’)’, and every dual space is complete.

0
Remark Reflexive Banach spaces are often identified with their bidual by the map J.
Now we turn to the examples.
Proposition 2.29

(a) Every finite-dimensional normed space is reflexive.
(b) Every Hilbert space is reflexive.
(¢) The spaces P spaces are reflexive for all 1 < p < oo.

S0Hahn [182].
S1Hahn [182].
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Proof

()

(b)

()

We recall from linear algebra that dim X = dim X* for every finite-dimensional
vector space X. Hence we have dimX > dim X" for every finite-dimensional
normed space X.%> Therefore the linear isometry J : X — X” must be onto (and
dimX = dimX").

Let H be a Hilbert space and consider the Riesz—Fréchet isomorphism (Theo-
rem 1.9, p. 19)j : H — H’ defined by the formula

(&) = (x,y), xyeH. (2.5)

For each ® € H”, ® o is a continuous linear functional on H. Applying the
Riesz—Fréchet theorem again, there exists an x € H such that

®(jy) = (y,x) forall yeH.
Using (2.5) this implies
@(jy) = (jy)(x) forall yeH.
Since j : H — H’ is onto, we conclude that
®(p) = p(x) forall ¢ € H'.

Consider the Riesz isomorphism : £9 — (¢7)" (Proposition 2.15, p. 73) defined
by the formula

(@ =Y yuxs. xe€ll, yel. (2.6)

For each ® € (€)”, ® o j is a continuous linear functional on £9. Applying
Proposition 2.15 again, there exists an x € £” such that

D(jy) = anyn forall ye ¢4
Using (2.6) this implies

O(jy) = (y)(x) forall ye £

3In fact we have equality because every linear functional is continuous on finite-dimensional
normed spaces.
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Since j : £9 — (£P)’ is onto, we conclude that

®(p) = p(x) forall ¢ € (£7).

Now we give some examples of non-reflexive Banach spaces.
*Examples

e (o is not reflexive: the formula

()= ¢ ¢ =(p)el'

n=1

defines a functional ® € ¢ = (€'Y which is not represented by any (x,) € co.
Indeed, if such a sequence (x,) existed, then choosing ¢ := ¢ in the
corresponding equality

o0 o0
D_on =D b
n=1 n=1

we would get x; = 1 for every k. But the constant sequence (1, 1,...) does not
belong to cy.

Let us give another proof. Since c{ is isomorphic to £', and (')’ is isomorphic
to £°°, ¢; is isomorphic to £°°. Consequently, c¢{ is not separable. Since ¢ is
separable, it cannot be isomorphic to c{.

 {!'is not reflexive. For the proof we consider the subspace ¢ of £*° formed by the
convergent sequences.

Applying Theorem 2.11 theorem we extend the continuous linear functional
(y») + limy,, given on ¢, to a functional ® € (£*°)" = (£!)". We claim that ®
is not represented by any sequence (x,) € £'.

Indeed, if such a sequence (x,) existed, then choosing y := ¢ in the
corresponding equality

O(y) = anyn
n=1

we would get x; = 0 for every k, i.e., ® = 0. But this is impossible because for
x=(1,1,...) we have ®(x) = lim1 = 1.

» We will give further proofs for the non-reflexivity of ¢o, £' and £* at the end of
this section and in Sect. 3.6 (p. 144).
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One of the most important properties of reflexive spaces is the following:

Theorem 2.30 (Theorem of Choice)> In a reflexive Banach space every bounded
sequence has a weakly convergent subsequence.

Remark The converse of this theorem also holds: see Theorem 3.21, p. 140.

Proof Let (x;) be a bounded sequence in a reflexive Banach space X. We identify X
with its bidual X”, so that for every set A C X’ we have

At:={0eX": ®(p)=0 forall ¢e A}
={xeX : px)=0 forall ¢ e A}.
Let us arrange the finite linear combinations of the vectors x; with rational

coefficients into a sequence (y,). Applying Corollary 2.13 (b) (p. 68) we fix for
each n a functional ¢, € X’ satisfying

leall =1 and  |@a(yu)| = Iyl -

Applying Cantor’s diagonal method similarly to the proof of Theorem 1.21 (p.
33), we obtain a subsequence (z) of (x) such that the numerical sequence

k = @n(z1)

converges for each fixed n. Since for ¢ 1 {z} the numerical sequence (¢(z))
vanishes identically, (¢(zx)) converges for every

peA:={p} U {z}".

Assume temporarily that A generates X'. Then (¢(z;)) converges for every ¢ €
X’ by Lemma 2.25 (p. 83), so that the formula

®(p) 1= lim p(zx)

defines a map ® : X’ — R. This map is clearly linear. Letting k — oo in the
inequalities

lo@)] = llzell - lell = sup llzell - [l

S3Riesz [379, 380] and Pettis [357].
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we obtain

|P(p)| = sup el - fleol

for every ¢ € X'. Since (x;) is bounded, we conclude that @ is continuous and
@]l < supy |[lx||. Since X is reflexive, ® € X” may be represented by a vector
x €X:

D(p) = p(x)

for all ¢ € X'. In view of the definition of ® this yields ¢(z;) — ¢(x) forall p € X,
1.e., 2 — X.

It remains to show that A generates X’. By Corollary 2.9 (p. 64) it is sufficient to
show that A+ = {0}.

For any given y € AL we have ¢,(y) = 0 for all n by the definition of A, and y
belongs to the closed subspace {zk}ll generated by {z;}. (We apply Corollary 2.9
again.) Choose a subsequence y,, — y, then

1Vl = 1 On) | = 10n G = | = Ny — VI -

Letting k — oo we conclude that ||y|| < 0,i.e.,y = 0. O

Examples We have seen in the previous section that £!, £>° and ¢, have bounded
sequences without convergent subsequences. Applying the theorem we conclude
again that these spaces are not reflexive.

2.7 Reflexive Spaces: Geometrical Applications

Using Theorem 2.30 (p. 90) we may generalize several results of plane geometry,
mentioned in the introduction, to arbitrary reflexive Banach spaces.

Proposition 2.31 If X is a normed space, then the properties below satisfy the

following implications:

(@) = (b) = (c) = (d) = (e).

(a) X is reflexive.
(b) (Tukey)** Let A and B be disjoint non-empty convex, closed sets in X. If at least
one of them is bounded, then there exist a functional ¢ € X' and real numbers

S4Tukey [460].
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c1, ¢p such that
pa) <ci<c; <@b) forall ac€cA and b€ B. 2.7

(c) IfK C X is a non-empty convex, closed set and x € X, then there exists a point
y € K at a minimal distance from x:

lx—=yll < lx—2z| forall zeK.

(d) If M C X is a proper non-empty closed subspace, then there exists an x € X
satisfying

lx =1 and dist(x,M) = 1.
(e) If ¢ € X' is a non-zero functional, then there exists an x € X satisfying

Ixll =1 and [px)] = ll¢|.

*Remarks

* Let us compare property (b) with Theorem 2.5 (c) (p. 61): We recall®® that every
infinite-dimensional normed space contains bounded and closed, but noncompact
sets.

o Klee*® proved the converse implication (b) = (a): he constructed in every non-
reflexive normed space two disjoint non-empty convex, bounded and closed sets,
that cannot be separated in the sense of (2.7).

* Property (c) is the generalization of the orthogonal projection Theorem 1.5 (p.
12). In strictly convex spaces®’ the point y is unique. Indeed, if y;,y, are two
distinct points in K with ¢ := ||x —y1|| = [lx — y2||, then ¢ > 0 (for otherwise
y1 =x = y;),and (y; + y2)/2 € K is closer to x:

(x—y1) + x—=y)
2

+
Hx_)’1 Y2 <c

2

See also Proposition 9.10, p. 326.

 Itis interesting to compare (d) with Proposition 2.1 (b), p. 55.

* In Hilbert spaces property (d) is equivalent to the existence of a unit vector,
orthogonal to M.

33See Proposition 2.1, p. 55.
S6Klee [250].
See p. 67.
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* Property (e) shows that in a reflexive space X we have
lell = max |p(x)]
llxl <1

for every functional ¢ € X, i.e., we may write max instead of sup.
+ James® also established the implication (¢) == (a) so that the above five
properties are in fact equivalent.

Proof

(a) = (b). We may repeat the proof of Theorem 2.5 (c) (p. 61), except the proof
of the inequality dist(A, B) > 0. Now we can proceed as follows:

If dist(A, B) = 0, then there exist two sequences (a,) C A and (b,) C
B satisfying |la, — b,|| — 0. If for example A is bounded (the other case is
analogous), then there exists a weakly convergent subsequence a,, — a. Since
a, — b, — 0, this implies that b,, — a. Since A and B are convex, closed sets,
a € A and a € B, contradicting the disjointness of A and B.

(b) = (c). We may assume by translation that x = 0. It is sufficient to show
that every non-empty convex, closed set K has an element of minimal norm.
The case 0 € K is obvious. Henceforth we assume that 0 ¢ K; then r :=
dist(0, K) > 0 by the closedness of K.

Assume on the contrary that K has no element of minimal norm. Then we
may apply property (b) to the sets

A={xeX : |x| <r}

and B := K to get ¢ € X’ and ¢y, ¢; € R satisfying (2.7).
Let (y,) be a sequence in K satisfying ||y,|| — r. Then

cp — Cq,

1yall (¢ 19n [lyn
e setn="Se(p) =

contradicting the inequality c; < ¢;.
(¢) = (d). For any fixed z € X \ M there exists by (c) a closest pointy € M to z:

lz—y| < |lz—u| forall ueM.

Since z — y # 0 (because z ¢ M and y € M), this may be rewritten as

forall ueM,

=1
le=ylI Tz =>

38 James [226]. See, e.g., Diestel [103] or Holmes [216].
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or, using the unit vector x := (z —y)/ ||z — y||, as

u—y
< |lx— forall ueM.
lz =l

If u runs over the subspace M, then — ” }” also runs over M, so that dist(x, M) >
1. Since 0 € M, the converse inequality is obvious.

(d) = (e). Applying (d) to the kernel M := ¢~ 1(0) of ¢, there exists an x € X
satisfying

|lx|| = 1 = dist(x, M).
It suffices to show that

le@] < le)] -zl

for all z € X, because this will imply ||¢|| < |¢(x)|; since ||x|| = 1, the converse
inequality is obvious.

The required inequality is obvious if ¢(z) = 0. If ¢(z) # 0, then the equality

@(x) P(x)
‘”(x qo()) $0 = g P@ =0

implies x — 297 € M, and hence

¢(2)
e (x— @z) H _ el
o(2) lp@)] "
ie. |p@)] < lp@)| - |z H

*Examples We show that properties (b)—(e) may fail in non-reflexive spaces. Let
X = ¢!, and fix a positive, strictly increasing sequence (c,,) converging to one, for
example o, :=n/(n + 1).

1<

* The formula ¢(x) := )_ ayx, defines a functional of norm 1. Indeed, on the one
hand we have

e <> lal = Ix]l,

for all x € £!, whence |¢| < 1.
On the other hand, we have

lell = le(en)] = fen]

for all n, and |ov,| — 1.
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But the norm ||¢| = 1 is not attained because
l(x)] < ||x||, forall x # 0.

Indeed, there is at least one non-zero component x; of x, and then

(] < Lo - bl + D letal - [
n#k

< o] - el + D
n#k

< bl = Jxly -

Hence property (e) is not satisfied.
 The kernel M := ¢~!(0) of the above functional is a closed hyperplane. We show
that dist(x, M) < ||x|| for all x # 0, so that property (d) is not satisfied.
We already know that |p(x)| < |lx||; if x # 0, and hence |p(x)| < o ||x]|; for
all sufficiently large k. Then

=X @ek S M
(075
because
@(x)
#(2) = p(x) — —¢(er) =0,
073
and hence
. @(x)
dist(x, M) < |x—z|, = ’C\f_k < [lxll; -

* Consider the above hyperplane M. If x € X \ M, then the distance dist(x, M) is
not attained, so that property (c) is not satisfied for K = M.

Indeed, if we had dist(x, M) = ||x — z||, for some z € M, then we would also
have dist(x — z, M) = ||x —z]|; because dist(x — z, M) = dist(x, M). But this
would contradict our previous result because x ¢ M and therefore x — z # 0.

¢ We have just seen that the distance r := dist(x, M) is not attained for any x €
X \ M. Therefore the above proof of the implication (b) = (c) shows that
A := B,(x) and B := M cannot be separated in the sense of (2.7).

*Remark Similar examples may be given in X = ¢( by using the linear functional

o(x) := ) 27"x,.
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2.8 * Open Mappings and Closed Graphs

The results of this section play an important role in the theory of partial differential
equations.>’

Theorem 2.32 Let X and Y be two Banach spaces.

(a) (Open mapping theorem)®® If A € L(X,Y) is onto, then A maps every open
set of X onto an open set of Y.

(b) (Inverse mapping theorem)®' If A € L(X,Y) is bijective, then its inverse A~
is continuous.

(c) (Equivalent norms)®* Let |||, and |-||, be two complete norms on a vector
space Z. If there exists a constant ¢ such that ||z||, < ¢ ||z||, for all z € Z,
then there also exists a constant ¢, such that ||z||; < c2 ||z||, for allz € Z.

(d) (Closed graph theorem)® If the linear map A : X — Y has a closed graph

{(x,Ax) : x e X}

inX x Y, then A is continuous.

Remark The converse of the last property always holds: if X, Y are topological
spaces and f : X — Y is continuous function, then its graph {(x,f(x)) : x € X} is
closedin X x Y.

All these theorems are based on the following key lemma. For simplicity we
denote by B, the unit ball of radius r, centered at 0 in both spaces X and Y.

Lemma 2.33 Let A € L(X,Y), where X and Y are Banach spaces. If A is onto, then
there exists an r > 0 such that B, C A(By).

Proof First we prove that there exists an > 0 such that
By C A(BY). (2.8)

Since A is onto,

Y = JA®B = | JA®BY.
k=1 k=1

9See, e.g., Hormander [218, 219].
60Schauder [413].

61Banach [22].

%2Banach [22].

63Banach [24].
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By Baire’s lemma (p. 32) at least one of the sets A(By) contains a ball, say Bs(y) C
A(By).%* Then we have

By(—y) C —A(Bx) = A(By).
If x € By, then x =y € By(+y) C A(By); using the convexity of A(By), this yields

Gy + -y
R G 2 S )

> € A(By).

We thus have B; C A(By), and (2.8) follows by homogeneity with r := 5/2k.
Now we fix an arbitrary point y € B,. We seek x € B satisfying Ax = y. For this
we observe that (2.8) implies by similarity the more general relations

le—nr CA(BZ*H), n = 1,2,....

Using them we may construct recursively a sequence xj, X, . .. in X such that

1 r
ball <55 and ly =A@+ )] < 5
for all n. Then the series ) _ x,, converges to some point x € B;. Using the continuity
of A we conclude that Ax = > Ax, = y. ]

Proof of Theorem 2.32

(a) Given an open set U in X and a point x € U, we have to find s > 0 such that
Bs(Ax) C A(U). Fix ¢ > 0 satisfying B.(x) C U, then the choice s := re is
suitable. Indeed, applying the lemma we have

By(Ax) = Ax + B, = Ax + eB, C Ax 4+ ¢A(B;) = A(B:(x)) C A(U).

(b) follows from (a) by using the characterization of continuity by open sets.

(c) The identity map is continuous from (Z, ||-||;) to (Z,||:|,) by assumption.
Applying (b) we conclude that it is an isomorphism.

(d) The formula

[lxlly == lxll + [lAx]|
defines a complete norm on X by our assumption. Since we have obviously

[II < Il by (c) there exists a constant ¢, such that ||-||; < ¢z ||-||. Hence A is
continuous (and ||A|| < ¢, — 1).

%40Of course, then all the others also contain some balls by homogeneity, but we do not need this
here.
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The above proofs may be simplified for reflexive spaces.®> We show this for the
inverse mapping theorem:

Proof of the Inverse Mapping Theorem if X is Reflexive Since A is onto, the sets
Fi:={Ax : ||x| <k} =ABy)., k=1.2,...

cover Y. Assume for a moment that these sets are closed. Then at least one of them
contains a ball by Baire’s theorem, say B,(y) C Fi. Hence

|A7'x| <k forall xe B.(y).
and therefore
|A™'x| <k+ |A7"'y| forall x e B,(0).

Consequently, [A™! || <rl(k+ ||A_1y||).

It remains to prove the closedness of the sets Fy. If ||x,|| < kand Ax,, > y € 7Y,
then there exists a weakly convergent subsequence x,, — x by the reflexivity of X,
and ||x|| < k by a basic property of the weak convergence. Then® Ax, — Ax by the
continuity of A, and therefore y = Ax € F; by the uniqueness of the weak limit.

O

We give only one application here:
Proposition 2.34 (Hellinger-Toeplitz)’” Let A, B : H — H be two linear maps on
a Hilbert space H. If

(Ax,y) = (x, By)

forall x,y € H, then A and B are continuous.

Proof For the continuity of A (the case of B is analogous) it suffices to show that
X, — x and Ax, — z imply z = Ax. Indeed, then we may conclude by applying the
closed graph theorem.

Letting n — oo in the equality (Ax,,y) = (x,, By) we get

(z.y) = (x,By), ie., (Ax—z,y)=0

forall y € H. Choosing y := Ax — z this yields the required equality Ax = z. O

%5Private communication of O. Gebuhrer.
%6See Proposition 2.36 below
%7Hellinger—Toeplitz [202, pp. 321-327] and Stone [439].
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Remarks

» Instead of the closed graph theorem we may also apply the Banach—Steinhaus
theorem here. Indeed, denote by F the closed unit ball of H and introduce for
each y € F the linear functional ¢, by the formula

@y(x) := (x, By);

we clearly have H @y || = ||By||.
The family {(py} is pointwise bounded because for each fixed x € H we have

oy (0] = [(Ax, )| < [lAx]| - Iy]| < llAx]|

for all y € F. Then the family is uniformly bounded by the Banach—Steinhaus
theorem, and thus

IBIl = sup [|Byl| = sup |¢y| < co.
yEF YEF

2.9 * Continuous and Compact Operators

As in the case of Hilbert spaces, the introduction of the adjoint operator helps to
clarify the relationship between continuity and weak convergence.

Definition Let X and Y be normed spaces and A € L(X, Y). By the adjoint®® of A
we mean the linear map A* : ¥/ — X’ defined by the formula

A*p = @A, ¢evY.

Remarks

* If X = Y is a Hilbert space, then this definition reduces to that of the preceding
chapter if we identify X’ with X by the Riesz—Fréchet theorem.

e In order to emphasize the analogy with the scalar product we often write (¢, x)
instead of ¢(x); then the definition of the adjoint takes the following form:

(A*p,x) = (p,Ax) forall xe€X.

Proposition 2.35 Let X, Y and Z be normed spaces.

(a) IfA € L(X,Y), then A* € L(Y',X") and | A*| = ||A]|.
(b) The map A — A* is a linear isometry.

%8Riesz [379, 380], Banach [22], and Schauder [414].
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(©) IfB € L(X,Y) and A € L(Y,Z), then (AB)* = B*A*.
(d) IfA € L(X,Y) is bijective, then A* € L(Y',X’) is also bijective, and

(A*)—l — (A_l)*,

Proof Only the equality |[A*|| = ||A| requires a proof.%’ The inequality [|A*| <
||A|| follows from obvious estimate

1A%l = llpAll < llell - IAll.

valid for all ¢ € X'.
For the proof of the converse inequality we choose for each x € X a functional
@ € X’ satisfying ||¢|| < 1 and ¢(Ax) = ||Ax|.”° Then we have

lAx]| = @(Ax) = (A"@)x < |A*]| - llgll - x| < [IA*] - [Ix]] .

and hence ||A| < ||A*]|. O

Now we generalize the characterization of continuous and completely continuous
operators.

Proposition 2.36 Let X, Y be normed spaces and A : X — Y a linear map. The
following properties are equivalent:

(a) there exists a constant M such that ||Ax|| < M ||x|| for all x € X;
(b) A sends bounded sets into bounded sets;

(c) A sends totally bounded sets into totally bounded sets;

(d) if x, — x, then Ax, — Ax;

(e) ifx, — x, then Ax, — Ax;

®) if x, — x, then Ax,, — Ax.

Proof Using Propositions 2.24 (a) (p. 82) and 2.35 we may repeat word for word
the proof of Proposition 1.22 (p. 35). O

*Example The embeddings i : £7 — {4 are continuous for all 1 < p < g < oo. For
this we show that [|x]|, < 1 implies ||x[[, < 1.

If |[x]|, = 1, then |x,| < 1 for all n; the case ¢ = oo hence already follows. If
q < oo, then the inequalities |x,| < 1 imply that

o0 o0
Ielld = > bl < Y bal” =[xl < 1.
n=1 n=1

Property (d) follows from (c) applied with B = A~
70We apply Corollary 2.13, p. 68.
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We have also shown here that ||| < 1. Since |[x[|, = [|x]|, > 0 for every vector
having exactly one non-zero component, we have in fact ||i|| = 1.

Definition Let X and Y be Banach spaces. A linear map A : X — Y is
called completely continuous or compact’" if one of the following two equivalent
conditions hold:

(a) forevery bounded sequence (x,) in X, (Ax,) has a convergent subsequence in Y;
(b) A sends bounded sets into totally bounded sets.

Remark The equivalence of the conditions follows from the completeness of Y: see
the proof of Proposition 1.24, p. 36.

Let us list some basic properties:
Proposition 2.37 Let X, Y, Z be Banach spaces.

(a) Every completely continuous linear map is continuous.

(b) IfdimY < oo, then every A € L(X,Y) map is completely continuous.

(¢c) Let Be L(X,Y)and A € L(Y,Z). If A or B is completely continuous, then AB
is completely continuous.

(d) The completely continuous linear maps A : X — Y form a closed subspace of
L(X,Y).

Proof (a) We use the fact that every totally bounded set is bounded.
(b) We observe that the bounded and totally bounded sets are the same in Y.
(c) and (d) The corresponding proofs of Proposition 1.26 (p. 37) remain valid.
O

Examples

e If X is infinite-dimensional, then the identity map / : X — X is not completely
continuous by Proposition 2.1.

¢ The embeddings i : £ — £4 are not completely continuous forany 1 <p < g <
oo: the sequence (e,) is bounded in £7, but it has no convergent subsequence in
{7, because |le, — en|l, = 1 forall n # m.

*Remarks

» If A is completely continuous, then repeating the proof given in Proposition 1.24
we obtain that

X, ~x = Ax, —> Ax. 2.9)

7'Hilbert [209] and Riesz [383].
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* Conversely, property (2.9) implies the complete continuity if X is reflexive: we
may repeat the proof given in 1.24. The reflexivity condition cannot be omitted:
for example, the identity map of X = £' is not completely continuous (see
Proposition 2.1 (d), p. 55), although (2.9) is satisfied (because the strong and
weak convergences coincide here by Proposition 2.26, p. 84).

Now we prove a deeper result:

*Proposition 2.38 (Schauder)’” If X, Y are Banach spaces and A € L(X,Y) is
completely continuous, then A* € L(Y',X’) is completely continuous.

Proof Let A be abounded setin Y': ||¢|| < L for all ¢ € A. We have to show that
A% : p e Ay ={poA : p €A}

is totally bounded in X’. Introducing the closed unit ball F of X, by the definition of
the norm of X’ this is equivalent to the complete boundedness of

{poAlr 1 p € A}

in Cp(F), or to the complete boundedness of
{Wlar) © ¢ €A}

in Cp(A(F)). Setting finally K := A(F), the last property is equivalent to the
complete boundedness of

{olk : p € A} (2.10)

in Cp (K )
Since Y is complete and A is completely continuous, K is compact in Y.
Furthermore, the system (2.10) is uniformly bounded and equicontinuous because

lp()| < L||A| and |o(x) —e()| < Lx—y|

forall p € A and x,y € K. Applying the classical Arzela—Ascoli theorem,”? we

conclude that the system (2.10) is totally bounded. O

72Schauder [414].
73See Proposition 8.7, p. 268. For its proof we will use only basic notions of topology.
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2.10 * Fredholm-Riesz Theory

The fact that we restrict ourselves to continuous functions in this work, is inessential.
F. Riesz [383]

In the applications we often encounter operators of the form I — K where K is
completely continuous.” The purpose of this section is to clarify their structure.

Definition The vector space X is the direct sum of the subspaces N and R if
X=N+R and NNR={0}.

We express this by the notation X = N @ R.

Remark If X = N @ R, then dimN = dim X /R, where X/R denotes the quotient
space formed by the equivalence classes y + R, y € N. Indeed, one may easily
check that the linear map y — y + R is a bijection between N and X/R.

In this section we denote by N(A) and R(A) the null set (or kernel) and range of
a linear map A. By an automorphism of a normed space X we mean an isomorphism
of X onto itself.

Theorem 2.39 (Riesz)”> Let X be a Banach space, K € L(X,X) a completely
continuous operator and T = I — K. There exists a decomposition X = N @ R
such that

e N and R are T-invariant;

* N is finite-dimensional;

* Ris closed, and the restriction T|g is an automorphism of R;
e there exists a constant C such that

Iyl + llzll < Clly +z|

forally € Nandz € R.
Furthermore, there exists an integer n > 0 such that N = N(T"), R = R(T"), and
0} =NT) G- SNT") =NT") =+,
X=RT%2--2RT") =RI"*")=---.

We proceed in several steps.

74For example in electrostatics: see Riesz and Sz.-Nagy [394], §81.
TSRiesz [383].
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Lemma 2.40 For any fixed integer n > 0

(a) N(T") is a finite-dimensional subspace;
(b) R(T") is a closed subspace.

Proof The case n = 0 is obvious: since T = I, N(I) = {0} and R(I) = X. The
case n > 2 may be reduced to the case n = 1, because 7" = I — K,, where

K, =I1—(-K)"

_ _ n 2 n 3 _ .. _1\n—1lpmn
=nkK (2)1( +(3)K + (-D)"'K

is a completely continuous operator. Assume Henceforth Thatn = 1.

(@) We have I = K on N(T), i.e., the identity map of N(T) is completely
continuous. By a lemma of Riesz (p. 55) we conclude that N(T) is finite-
dimensional.

(b) We have to show that if

Tx, -y in X, @2.11)

then y € R(T). We may assume that y # 0, and that Tx, # 0 for all n. Since
dist(x,, N(T)) > 0 for each n, there exists a z, € N(T) such that

%, — za|| < 2 dist(x,, N(T)).
Changing x, to x,, — z, we have
[[xall < 2 dist(x,, N(T)), (2.12)

and (2.11) remains valid.
Assume for the moment that the sequence (x,) is bounded. Then there exists a
subsequence (x,,) for which (Kx,,) is convergent, say Kx,, — z. It follows that

Xpp = Ty, + Kxpy >y +2,

and hence Tx,, — T(y + z). Using (2.11) we conclude thaty = T'(y + z) € R(T).

Assume on the contrary that (x,) is not bounded, and choose a subsequence
satisfying ||x,, || — oo. Changing (x,) to (x/ ||xs||) the properties (2.11), (2.12)
remain valid with y = 0, and we also have

lxl =1 forall n. (2.13)

Repeating the previous reasoning we may get a convergent subsequence x,, —
z. Since Tx, — 0, hence Tz = 0, i.e., z € N(T). On the other hand, we infer
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from (2.13) that | z|| = 1. Applying the estimate (2.12) for n = ny, letting k — oo
we arrive at the impossible inequality 1 < 0. O

Lemma 2.41

(a) There exists an integer n > 0 such that
0} =NT) S SNT") =NT") =+

(b) The subspace N(T") is T-invariant.
Proof
(a) If N(T*) = N(T**") for some k, then N(T**!) = N(T*2), because
x € N(T"?) = Tx e N(T"") = N(T*) < x e N(T"™).
It remains to prove the existence of such a k.
Assuming the contrary, using Proposition 2.1 (p. 55) we could construct a
sequence (x,) satisfying

X, € N(T") and  ||x,| = dist(x,, N(T" 1)) =1

foralln = 1,2,.... Then (x,) would be bounded, but (Kx,) would not have
any convergent subsequence because

|Kxn — Kxp|| > 1 forall n > m.

Indeed,
Kx, — Kx;, = x, —y,
where
Y = X — Ty + Tx, € N(T"7H),
and hence

| Kx, — Kx,p|| > dist(x,, N(T"")) = 1.

This contradicts the compactness of K.
(b) If x € N(T"), then Tx € N(T"*!) = N(T").
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Lemma 2.42
(a) There exists an integer r > 0 such that

X=RT)2---2R(I") =RT ) =--..

(b) The subspace R(T") is T-invariant.
(c) T|rerr) is an automorphism of the subspace R(T").

Proof
(a) If R(T*) = R(T**) for some k, then R(T*T!) = R(T**?) because
R(T*?) = TR(T*Y) = TR(T*) = R(T*).
It remains to prove the existence of such a k.
Assuming the contrary, using Proposition 2.1 again we could construct a
sequence (x,) satisfying

X, € R(T™), |x.l =2 and dist(x,, R(T"TY)) > 1

foralln = 0,1,.... Then (x,) would be bounded, but (Kx,) would not have
any convergent subsequence because

|Kxn — Kxp|| > 1 forall n < m.

Indeed,
Kx, — Kx;, = x, — y,
where
Y = X — Ty + Tx, € R(T™TY),
and hence

1Ky — K| = dist(x,, R(T"1)) > 1.
This contradicts the compactness of K again.
(b) Observe that TR(T") = R(T"T') = R(T").
(¢) The restriction of T to R(T") is onto because

TR(T") = R(T"Y) = R(T").

It follows that T"| Rr(77) 1s onto for every k > 0.
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The restriction of T to R(T") is also injective. Indeed, let x € R(T") satisfy Tx =
0, and consider the integer n of the preceding lemma. By the surjectivity there exists
ay € R(T") such that x = T"y. Then 0 = Tx = T" "1y, ie.,y € N(T""!) = N(T").
Consequently, x = 7"y = 0.

The inverse of T|g(rr) is continuous. For the proof we assume on the contrary
that there exists a sequence (x,) in R(7T"), satisfying Tx, — 0, and ||x,| = 1 for
all n. Since K is compact, there exists a convergent subsequence Kx,, — z. Then
X, = Txy, + Kx,, — z. Here we have z € R(T") because R(T") is closed,

|zl = lim|jx,|| =1 and Tz = limTx, = 0.

This contradicts the injectivity of T'|r(7r). O
The following lemma completes the proof of Theorem 2.39.
Lemma 2.43

(a) The integers n and r of Lemmas 2.41 and 2.42 are equal.
(b) We have X = R(T") & N(T").
(c) There exists a constant C such that

Iy + llzll = Clly + =l

forally e N(T") and z € R(T").
Proof

(a) If T"t!x = 0, then T"x € R(T") and T(T"x) = 0, so that T"x = 0 by the
injectivity of T|g(rr). Hence N(T"!) C N(T"), whence in fact N(T"*!) =
N(T"). This proves that r > n.

If T"x € R(T"), then T""'x € R(T"*") = R(T"*"*!) by the preceding
lemma, so that there exists y € X satisfying 7"y = T"*x. Then

x—Ty e N(T"™) = N(T"),

whence T"x = T"*'y € R(T"*"). This implies R(T") C R(T"*'), whence in
fact R(T") = R(T"*"). This proves that n > r.

(b) Since T” is injective on R(T"), R(T") NN(T") = {0}. On the other hand, for any
given x € X we have T"x € R(T"). Applying the lemma, there exists a unique
u € R(T") satisfying T>u = T'x. Theny := T'u € R(T") and z := x — T'u €
N(T").

(c) Using the notations of (b) the linear map 7"x +— u is continuous by part (c)
of the preceding lemma. By the continuity of 7" we infer that the formula
Px := y defines a continuous projection P : X — R(T").”® Then the projection

76 A linear map P : X — X is called a projection if P> = P.
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Q : X — N(T") defined by Qx := z is also continuous because Q = I — P. This
yields the required estimate with C := | P|| + || Q.

|

As a first application of the theorem we study the spectrum of a completely
continuous operator.

Definition The resolvent set p(A) of an operator A € L(X,X) is the set of real
numbers A for which A — A[ is invertible, i.e., there exists an operator B € L(X, X)
satisfying

(A—AB=BA -l =1.

The complement 6 (A) := R\ p(A) is called the spectrum of A.”’
Examples

* The spectrum contains the eigenvalues.

» If X is finite-dimensional, then the spectrum of A is exactly the set of eigenvalues.

» Using the openness’® of the set of invertible operators in L(X, X), one can show
that 0 (A) is closed and 0 (A) C [— || A]l, ||A]l]-

+ Consider the right shift of X = £ defined by the formula

S,(xl,xz, .. ) = (XZ,X3, .. )

It can be shown that the set of its eigenvalues is (—1,1). Since ||S,|| = 1, we
conclude by using the previous remark that o'(S,) = [-1,1].”
« Consider the left shift of X = £* defined by the formula

S;(xl,xz, .. ) = (O,Xl,XZ, .. )
We have ||S;|| = 1 and o(S;) = [—1, 1]. But S; has no eigenvalues.®"

Proposition 2.44 (Riesz)®! Let K be a completely continuous operator on the
Banach space X.

(a) If A € a(K) and A # 0, then A is an eigenvalue of K.

(b) The eigensubspaces of K are linearly independent.

(c) The spectrum of K is countable.

(d) If K has infinitely many eigenvalues, then their sequence tends to zero.

"Hilbert [209].

78This is proved in most books on differential calculus as a preliminary step for the inverse function
theorem.

7One can check that (n™') ¢ R(S, —I) and ((—1)"n"") ¢ R(S, + I).
805, — Al is not onto for any A € [—1, 1] because e; ¢ R(S; — AI).
81Riesz [383].



2.10 * Fredholm—Riesz Theory 109

Proof (a) We apply Theorem 2.39 for T := [ — A~'K instead of I — K. Since T is
not an isomorphism on X, R(T") # X, i.e.,n > 1. But then N(T) # {0}, so that A is
an eigenvalue of K.

(b) Assume on the contrary that there exist linearly dependent eigenvectors
X1, ...,Xn, belonging to pairwise different eigenvalues. Choose such a system with
a minimal m, and consider a nontrivial linear combination

x:=cixy + -+ cpuxm = 0.
Then we have (A — A,,[)x =0, i.e.,
ci(Ar = Aw)xr + o+ et Am—1 — Ap)Xm—1 = 0.
This contradicts the minimality of m.

(c) and (d) It suffices to show that for any fixed ¢ > O there are at most finitely
many eigenvalues satisfying |A| > &. Assume on the contrary that there exists an
infinite sequence (4,) of such eigenvalues. Let My := {0}, and denote by M, the
vector sum of the eigensubspaces corresponding to Ay,..., A, forn = 1,2,....
Then M,—; is a proper subspace of M, by property (b), and we have clearly

(Anl - K)Mn C Mn—l-

Applying Proposition 2.1 (p. 55) we may fix for each n > 1 a point x, € M,
satisfying

x| = dist(x,, My—1) = 1.

Since the sequence (A, 'x,) is bounded, (K (A 'x,)) has a convergent subsequence.
But this is impossible because

1K ) — Ky )| = 1
for all n > m. This follows from the choice of x, because
Ky ) = KAy, %) = 20—y
where

y = A Al — K)xy + A K € M,y

Now we investigate the equations

x—Kx=y and ¢o—K'¢=1vy
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where K is a compact operator. The following theorem is a far-reaching generaliza-
tion of Proposition 1.31 (p. 44):

Theorem 2.45 (Fredholm Alternative)®? If K is a compact operator in a Banach
space X, then

(a) RI—K) = N(I — K*)*;

(b) R(I —K*) =N —K)*;

(¢c) dimN(I — K*) = dimN(I — K);

(d) N(I—K)={0} <= R(I—K) =X.

Proof LetT =1—K,thenT* =1—K*.

(a) We have the following equivalences for every ¢ € X':
¢ eR(N' < (p.Tx) =0 forall xeX

< (T*p,x) =0 forall xeX
<~ ¢ € N(T").

Since R(T) is closed, applying Corollary 2.9 (p. 64) we obtain the required
equality:

R(T) = R(T) = R(T)** = N(T*)".
(b) If o = T*y € R(T*) and x € N(T), then

(@.x) = (T"Y.x) = (Y. Tx) = (y.0) = 0.

Hence R(T*) C N(T)* .

For the proof of the converse relation we fix a subspace Z of N(T") such
that N(T") = N(T) & Z, and we set Y := Z + R(T"). Then the restriction
Tly : Y — R(T) is an isomorphism by Theorem 2.39 (p. 103).

If ¢ € N(T)*, then ¢ o (T|y)~! is a continuous linear functional on R(T).
Applying the Helly-Hahn—Banach theorem (p. 65) it can be extended to a
functional ¥ € X’. Then we have T*y = ¢ because

(T*y,x) = (Y, Tx) = o(T|y) "' Tx = ¢(x)

for all x € X. This proves the relation N(T)+ C R(T™).

82Fredholm [150, 151], Riesz [383], Hildebrandt [212], and Schauder [413].
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(c) Let T' = T|y(rm), and fix a subspace M of N(T™) satisfying
N(T") = R(T") ® M.

Then X = R(T) & M because X = N(T") & R(T") and R(T") C R(T).
Consequently, dim M = dim X/R(T).

Let us observe that dim N(7”) = dim M because N(T™) is finite-dimensional, and
that N(T") = N(T) because N(T) C N(T"). It follows that

dimN(T) = dimM = dim X/R(T). (2.14)
Notice that N(T*) is finite-dimensional because T* = [ — K* and K* is
completely continuous by Schauder’s theorem (p. 102). Choose a basis ¢y, . . . , ¢y, in

N(T*), then choose x1, . .., x,, € X satisfying ¢;(x;) = §;;. Let us admit temporarily
that X = R(T) & M’ with M’ = Vect{xy,...,x,}. Then

dmN(T*) = m = dimM’ = dimX/R(T). (2.15)

and the equality dim N(T) = dim N(T*) follows from (2.14) and (2.15).
It remains to prove the relations

X=R(T)+M and R(T)NM = {0}.
For any given x € X we consider the vector
yi=@i(X)x] + -+ @u(x)x, € M.

We have foreach i = 1, ..., m the equality
eilx—y) = @i(0) = > gi@ei(x) = @ix) = Y_ ¢;(x)8; =0,
j=1 j=1

so that x — y € N(T*)+ = R(T). Hence X = R(T) + M'.
On the other hand, if x € R(T) N M’, then

X=cix1+ -+ cpxnm
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with suitable coefficients c;, and ¢;(x) = 0 foralli = 1,..., m. Hence
0=gi(x) = ZC]‘%(XJ') = ZQ‘&;‘ =ci
j=1 j=1

foralli,ie.,x = 0.

(d) follows from (a) and (c).

2.11 * The Complex Case

We list the modifications for complex normed spaces.

Section 2.1. In the definition of hyperplanes and in Lemmas 2.2 and 2.4 X is still
considered to be a real vector or normed space. Lemma 2.3 remains valid in the
complex case: in the last line of the proof we obtain that ¢(U) is inside the unit disk
of the complex plane.

In the statement of Theorem 2.5 we change ¢(a) and ¢(b) to their real parts
Ne(a) and Re(b). The result follows from the real case because the correspondence
¥ = Ne is a bijection between complex and real linear functionals: its inverse is
given by the formula®?

@(x) = Y (x) — iy (ix). (2.16)

Corollaries 2.9 and 2.10 remain valid.

Section 2.2. Theorem 2.11 and Corollary 2.13 remain valid by changing R to C
in their statement. In the proof first we extend the real part of ¢ by using the real
case theorem, and then we complexify the extended functional with the help of the
above formula. This leads to a suitable extension because the complexification does
not alter the norm. Indeed, it follows at once from the formula that ||| < |¢]|. On
the other hand, for each x € X there exists a complex number A such that [A| = 1
and Ap(x) = |@(x)|. Then

lo] = @Ax) = v (Ax) < [V - [Ax] = [|¥]| - |x].

Le, el < VIl

Section 2.3. All results and proofs remain valid if we define the sign of a complex
number by the formulas sign0 := 0, and signy := |y|/y for y # 0. The map
J €9 — (£P) is still linear. If we wish to get back the Riesz—Fréchet theorem for

83This complexification method was discovered by Murray [328], Bohnenblust-Sobczyk [48], and
Soukhomlinov [430].
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p = 2, then it is better to define j by the formula
o
(D) = ¢, = Y x0T
n=1

then j : £4 — (£7)’ is antilinear.

Section 2.4. The definition of £, ¢y, C(I,C) and L”(I) is analogous, by using
complex valued sequences and functions instead of real values.

Section 2.5. Only one change is needed: we write R¢ instead of ¢ in the proof of
Proposition 2.22.

Section 2.6. No change is needed.

Section 2.7. We have to write R instead of ¢ in the statement of Proposition 2.31
and in the proof of the implication (b) = (¢).

Sections 2.8-2.10. All results and proofs remain valid. The resolvent set p(A) is
now defined as the set of complex numbers A for which A — A is invertible, and the
spectrum o (A) is its complement in C.

2.12 Exercises

Exercise 2.1 Prove that ¢ is a closed subspace of £*°.

Exercise 2.2 We have seen that if 1 < p < g < 00, then £7 C ¢4, and the identity
map i : £ — {4 is continuous.

(i) Investigate the validity of the following equalities:

(¢ =€ and | )&=t

q9>p rP<q

(i) What happens if we change £°° to ¢ in the above questions?

In the following exercises we denote by X? the vector space X of continuous
functions f : [0, 1] — R, endowed with the norm ||~||p, 1 <p<oo.
Exercise 2.3 Indicate the convex sets in X among the following:
(i) the polynomials of degree k;
(ii) the polynomials of degree < k;
(iii) the continuous functions x satisfying

1
/ |x(7)| dt < 1;
0
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(iv) the continuous functions x satisfying

1
/ Ix()|* dr < 1.
0

Exercise 2.4 Do the sequences (x,), (y,) defined by
X () =1 =7 and  y,(0) = — "

converge in X?, p € [1, 00]?
Exercise 2.5 Is the linear functional f(x) := x(1) continuous

(i) on X°°;
(ii) on X??

Exercise 2.6 Is the nonlinear map f(x) := x? continuous
(i) from X*° into X°°;

(ii) from X? into X?;

(iii) from X into X2?

Exercise 2.7 Prove that the linear operators

Ax(t) = and Bx(?) :=

2 2

are continuous projectors in X for all p, and compute their norms.

Exercise 2.8 Consider the linear functional
1 13
o(x) = / (t — —) x(1) dt
0 2

(i) For which p is ¢ continuous?
(i) Compute ||¢|| when ¢ is continuous.
(iii) Is the norm ||¢| attained?

onX’, 1 <p <oo0.

Exercise 2.9 Consider the set

M =

(i) Show that M is a non-empty convex set.

(ii) Show that M is closed in X°.
(iii) Show that M has no element of minimal norm in X°°.
(iv) Reconsider the questions (ii), (iii) in X I

1/2 1
xeX : /0 x(t)dt—/l/zx(t)dt: 1} .

2 Banach Spaces

x(®) +x(1—1) x(t) —x(1—1)



2.12 Exercises 115
(v) Reconsider the questions (ii), (iii) in X? for 1 < p < oo.
(vi) How are these results related to the theorems of this chapter?

Exercise 2.10 (Quotient Norm) Let L be a closed subspace of a normed space X.
Consider the equivalence relation x ~ y <= x —y € L in X and let X/L be the
quotient vector space. Show that

(1) the formula ||§[|y,, = infie¢ || x[| defines a norm in X/L;
(i) if X a Banach space, then X/L is also a Banach space.
Exercise 2.11

(i) Prove that in a Banach space every decreasing sequence of closed balls has a
non-empty interior.
(i1) Does it remain true in normed spaces as well?

Exercise 2.12

(i) Provethatin areflexive space every decreasing sequence of non-empty bounded
closed convex sets has a non-empty interior.
(i1) Does it remain true in non-reflexive spaces?

Exercise 2.13

(i) Prove that in finite-dimensional normed spaces every decreasing sequence of
non-empty bounded closed sets has a non-empty interior.
(i) Does it remain true in all normed spaces?

Exercise 2.14 Let X, Y be two normed spaces and A € L(X, Y).

(i) Prove that®*
N(A*) = R(A)* and N(A) = R(A*)*.

(i) Prove that® if there exists an o > 0 satisfying |[Ax| > o ||x|| for all x € X, then
R(A) =Y.

Exercise 2.15 (Banach Limit)*® Sete := (1,1,1,...) and
M = {(x1, 00 — X1, X3 —X2,...) : x= (x1,x,...) € L},

Prove the following properties:

(i) M is a subspace £*°;
(i) dist(e, M) = |le|| = 1;

84Compare with Exercise 1.23.
85Banach [24] proved much more in his closed range theorem, see also Yosida [488].
86Banach [24, p. 34]. See Mazur [318] for other interesting properties.
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(iii) there exists an L € (£*°) satisfying ||L|| = Le = 1, and L = 0 on M,
(iv) Lx does not change if we remove the first element of x;

(v) liminfx, < Lx <limsupux, forall x = (x1,xp,...) € £°°;

(vi) Lx = limux, for all convergent sequences x = (x, X2, .. .).

Exercise 2.16 Letf : R — R be a continuous function satisfying for some numbers
p,q > 1 the condition

If()| < |t]P/? forall teR.

Set F(x) = (f(x1),f(x2),...) for every x = (x1,x2,...) € £’. Show the following
results:

(i) F(x) € £4, and the map F : £¥ — {4 is continuous;
(i) if ¥* — xin £7, then A(x*) — A(x) in £9.

Exercise 2.17 A sequence (x,) in a normed space X is called a weak Cauchy
sequence if

(p('xl)v @(XZ)s (/)(X3), ce

is a Cauchy sequence in R for each ¢ € X'.

(i) Show that in finite-dimensional normed spaces every weak Cauchy sequence
is convergent.
(i) Show that in Hilbert spaces every weak Cauchy sequence is weakly conver-
gent.%’
(iii) Does the conclusion of (ii) remain valid in reflexive spaces?
(iv) Does the conclusion of (ii) remain valid in X = £!?
(v) Does the conclusion of (ii) remain valid in X = ¢(?
(vi) Does the conclusion of (ii) remain valid in X = £°°?

Exercise 2.18 Let X be an infinite-dimensional normed space. Prove that there exist
non-continuous linear functionals on X.%

Exercise 2.19 The Hamel dimension of a Banach space cannot be countably
infinite.

87We say that Hilbert spaces are weakly sequentially complete. On the other hand, the duals of
infinite-dimensional normed spaces are never weakly complete: they contain weak Cauchy nets
having no weak limits. See Grothendieck [174] and Schaefer [411].

8We may use a Hamel basis, i.e., a maximal linearly independent set.
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Exercise 2.20

(i) Construct a family {N,},.,., of sets of positive integers such that Ny N Ny is
finite for r # ¢, and each N, is infinite.
(ii)) The Hamel dimension of an infinite-dimensional Banach space is at least 2o 89

Exercise 2.21 We prove again that the Hamel dimension of an infinite-dimensional
Banach space is at least 2%0 %0

(i) The Hamel dimension of £ is 2%,
(i) For each infinite-dimensional Banach space X there exists a one-to-one linear
map of £*° into X.

Exercise 2.22 An infinite matrix A := (au);—, of real numbers is called
convergence-preserving if for each convergent real sequence x;, — £ the formula

o0
Yy = E auxe,, n=0,1,...
k=0

defines a sequence satisfying y, — .
Prove that A is convergence-preserving <= the following three conditions are
satisfied”!:

(1) sup, Y o2 lam| < 003
(i) Y2, am — 1asn — oo;
(iii) foreachfixedk =0,1,..., au — 0asn — oo.

Express conditions (ii) and (iii) in terms of the matrix (a,;).

8Lacey [276].
90See also Bauer and Brenner [31] and Tsing [459].
91Steinhaus-Toeplitz theorem.



Chapter 3
Locally Convex Spaces

There was far more imagination in the head of Archimedes than
in that of Homer.

Voltaire

We have seen in the preceding chapters the usefulness of weak convergence. From a
theoretical point of view, it would be more satisfying to find a norm associated with
weak convergence. In finite dimensions every norm is suitable because the weak
and strong convergences are the same. In infinite dimensions the situation is quite
different. For example, we have the following

*Proposition 3.1 In infinite-dimensional Hilbert spaces weak convergence is never
metrizable.!

Proof Fix an orthonormal sequence ey, ey, . .., and consider the set
A:={e,+me, : n>m>1}.

Let us determine the set A of limits of weakly convergent sequences in A. If a
sequence (xx) = (en, + mye,) C A converges weakly to some x € H, then it
is bounded, and hence the sequence (my) of integers is bounded. We may take a
subsequence, still converging weakly to x, for which the (my) sequence is constant:
my = m every k. If some element e,, + me, appears infinitely many times in (x;),
then x = e,, + me, € A. Otherwise we have ny — oo and x = lime,, + me,, = e.
Hence

ACAU{e, :m=1,2,..}.

Since (e, + mey) converges weakly to e,, for each fixed m, we have equality here.
If weak convergence were Ipetrizable, then A~ would be the closure of A and hence
closed. However, (e,)0>, C Aande, — 0 ¢ A. O

m=

von Neumann [336].
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Similar non-metrizable convergence notions are often encountered in analysis.
We may try at least to topologize them.” This attempt leads in the present case to
an important generalization of normed spaces, called locally convex spaces. Since
these spaces are often non-metrizable, in this section we sometimes use nets instead
of sequences.

3.1 Families of Seminorms

We generalize the normed spaces.
Definition A seminorm on a vector space X is a function p : X — R satisfying for
all x,y € X and A € R the following conditions:

e p(¥)=0,

o p(Ax) = [A] p(x),

e plx+y) =p®)+pH.

Examples

e Every norm is a seminorm.

e If ¢ is a linear functional on X, then |¢| is a seminorm.

* More generally,if A : X — Y is alinear map and ¢ is a seminormin Y, then go A
is a seminorm in X.

e Ifpisaseminorm and A > 0, then Ap is a seminorm.

e Ifpy,...,p, are seminorms, then p; + - - + p, is a seminorm.

Definition By a ball of center a in a vector space X we mean a set of the form
B,,(a) =B,(a;r) :={x€X : px—a) <r}

where p is a seminorm in X and r > 0.
Remark 1t is clear that every ball is convex.

Consider a non-empty family P of seminorms in a vector space X. Let us denote
by P the set of seminorms ¢ in X for which there exist finitely many seminorms
D1, - .., Pn € P and a positive number N satisfying

g <N(p1+--pn).

2BEven this may fail: see the last result of this book: Corollary 10.12, p. 362.
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Furthermore, we denote by 7p the family of sets U C X having the following
property: for every a € U there exist g € P and r > 0 such that

B, (a) C U.

The following proposition is straightforward:
Proposition 3.2

(a) Tp is atopology on X.
Henceforth we consider this topology.
(b) The topology Tp is Hausdorff (or separated) <= for each non-zero point
x € X there exists a p € P such that p(x) # 0.
(c) For any sequence or net, x, - x <= p(x, —x) — Oforallp € P.
(d) Addition and multiplication by scalars, i.e, the operations

XxX>@xy)—»x+yeX and Rx> A, x)—>AxeX

are Continuous.
(e) P contains precisely the continuous seminorms.
(f) A linear functional ¢ on X is continuous <= |¢| € P.
(g) Aball By,(a)isopen <= gq¢€ P.

Definition By a locally convex space we mean a vector space X equipped with a
topology Tp associated with a family P of seminorms.?

Examples

e If P has a single element, and this is a norm, then our definition reduces to that
of normed spaces.

* Given a non-empty set K we denote by F(K) the vector space of the functions
f 1 K — R. Considering the family of seminorms

p(f) = 1fO]. feFK)

where ¢ runs over the elements of K, F(K) becomes a separated locally convex
space, and the corresponding convergence is pointwise convergence:

i —=>finF(K) << f,(t) > f(r) forevery t € K.

We will soon show that F(K) is not always normable.

3von Neumann [233]. The terminology will be explained by Proposition 3.25, p. 145.
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Let us generalize the bounded sets of normed spaces:

Definition In a locally convex space X associated with a family P of seminorms a
set A is bounded if every seminorm p € P is bounded on A.

Remarks

* If A is bounded, then every continuous seminorm p € P is bounded on A.

* Since a continuous seminorm is bounded on every compact set, compact sets of
locally convex spaces are bounded. It follows that in a separated locally convex
space every compact set is bounded and closed. We recall* that the converse is
false in every infinite-dimensional normed space.

Our last remark stresses the interest of the following result:
*Proposition 3.3 Consider the spaces F (K).

(a) For the sets in F(K) we have compact <= bounded and closed.
(b) IfK is infinite, then F(K) is not normable.
(c) IfK is uncountable, then F(K) is not even metrizable.

Proof

(a) Since F(K) is a separated locally convex space, it remains to show that if C is
bounded and closed in F(K), then it is compact.

Since C is bounded in F(K), the sets C(¢) := {f(¢) : f€C} C R are
bounded for all # € K. Choose a compact interval F; D C(¢) for each t.
The product space F := [],cx F; is compact by Tychonoff’s theorem. Let us
observe that topologically F (K) is the product space [ [,cx X; where X, = R for
every t € K. Hence F is a compact subset of F(K). We complete the proof by
observing that C is a closed subset of F, and hence compact.

(b) In view of (a) it suffices to recall that the closed balls are bounded and closed,
but not compact in infinite-dimensional normed spaces.’

Let us also give a direct proof: we show that F(K) has no continuous norms.
Indeed, if g is a continuous seminorm on F(K), then there exist t;,...,t, € K
and a number N > 0 such that

q(f) = N(f@)[ + -+ [f(@)])

for all f € F(K). Since K is infinite, there exists a non-zero function f € F(K)

for which f(t;) = --- = f(t,) = 0. Then g(f) = 0, i.e., g is not a norm.
(c) If the topology of F(K) is metrizable by some metric d, then for each n =
1,2, ... there exist points ¢, 1, ..., t,x, € K and a number N,, > 0 such that

NGl + -4 ) < 1= d(F0) < - =12,

*Proposition 2.1, p. 55.
SProposition 2.1, p. 55.
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for all f € F(K). If K were uncountable, then there would exist a point /' € K
differing from all points #, x,, and then the non-zero function

1 ifr=17;
fo=4
0 ifr#t

would satisfy d(f,0) = 0, contradicting the metric property of d.
O

Remark If the seminorm family is countable: P = {pi,pa,...}, and the corre-
sponding topology is separated, then it is also metrizable by the metric

diy) = S L Pn(x—y)
. 20 1+ pux—y)
PEP

We end this section with a characterization of normable locally convex spaces:

*Proposition 3.4 (Kolmogorov)® For a separated locally convex space X the
following properties are equivalent:

(a) X is normable;
(b) there exists a bounded neighborhood of 0;
(c) there exists a non-empty bounded open set.

Proof The implications (a) = (b) = (c) are obvious.

(c) = (b). If V is a non-empty bounded open set anda € V, then V —a is a
bounded neighborhood of 0.

(b) = (a). Let U be a bounded neighborhood of 0. Fix an open ball B, ,.(0) C U.
If g is a continuous seminorm, then, since U is bounded, there exists a sufficiently
large number R such that U C B, (0). Hence B,,(0) C B,r(0) and therefore
g < Cp with C := R/r. This shows that p alone defines the topology of X. Since X
is separated, p is a norm. O

3.2 Separation and Extension Theorems

One of the main reasons for the usefulness of locally convex spaces is that the Helly—
Hahn-Banach type theorems remain valid. We start with the geometrical results. If
X is a locally convex space, then we denote by X’ the vector space’ of continuous
linear functionals X — R.

SKolmogorov [253].
7We will define later (in Sect. 3.5, p. 135) a locally convex topology on X'.
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Theorem 3.5 Let A and B be two disjoint non-empty convex sets in a locally
convex space X.

(a) IfAisopen, and B is a subspace, then there exists a closed hyperplane H such
that

BCH and ANH=@.
(b) IfA is open, then there exist ¢ € X' and ¢ € R such that
pla@) <c=<e@b) forall acA and beB.

(c) (Tukey—Klee)® If A is closed and B is compact, then there exist ¢ € X' and
c1,¢2 € R such that

pla) <cy<c; <@b) forall acA and beB.

See Figs. 2.1, 2.2, and 2.3 again, pp. 59-60.
Proof

(a) We may repeat the proof of Theorem 2.5 (a) (p. 61) with one small modification:
in the proof of Lemma 2.4 (b) (p. 58) we take an open ball B, ,(a) instead of
B,(a). Then we get |p| < 1 on B,,(0), whence |¢| < r~'p. This implies the
continuity of ¢.

(b) The proof of Theorem 2.5 (b) remains valid.

(c) We modify the proof of Theorem 2.5 (c) as follows. Since A is closed, for each
b € B we can find an open ball B, := B,, ,, () of center b, disjoint from A. A
finite number of them covers the compact set B, say

Bc | By,
j=1

Introduce the open ball U := B,, ,(0) with
p:=pp +--+pp, and r:=2"'min{r,...,r}.

Then A 4+ U and B + U are disjoint non-empty convex open sets satisfying
ACA+UandBC B+ U.

8Tukey [460], Klee [250].
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Applying (b) there exist ¢ € X’ and ¢ € R such that
pd)<c<e®) foral ¢ €A+U and b €B+U.
Hence

w(a) +suple| <c < @) —sup|p| forall acA and beB.
U U

Since ¢ is non-zero, s := supy |¢| > 0, and the required inequalities follow with
cp=c—S,¢c=cC+s. O

The extension theorem 2.11 (p. 65) takes the following form:

Theorem 3.6 Let X be a locally convex space. If ¢ : M — R is a continuous
linear functional on a subspace M C X, then ¢ may be extended to a continuous
linear functional ® : X — R.

Proof We may assume that ¢ # 0. Fix a € M with ¢(a) = 1, and then a continuous
seminorm p with |¢| < 1 on M N B, ;(0). Repeating the proof of Theorem 2.11
we obtain a linear extension ® of ¢ to X, satisfying ®~1(0) N B, (a) = @. We
conclude that @ is continuous. O

Let X be a locally convex space. Similarly to the case of normed spaces, we
define the orthogonal complements of D C X and A C X’ by the formulas
Dt={peX : ¢(x)=0 forall xe D}
and
At ={xeX : okx)=0 forall xeA}.
Using the preceding theorem we may repeat the proof of Corollary 2.9 (p. 64); we
get the following

Corollary 3.7 Let X be a locally convex space, D C X, and M C X a subspace.

(a) We have Vect(D) = (D+)*.
(b) If D+ = {0}, then D generates X.
(c) IfM* = {0}, then M is dense in X.

In separated locally convex spaces Corollary 2.10 (p. 65) and its proof remain
valid:

Corollary 3.8 Let X be a separated locally convex space.

(a) Forany two distinct points a, b € X there exists a ¢ € X' such that (a) # ¢(b).
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®) If x1,...,x, € X are linearly independent vectors, then there exist linear
functionals ¢, . .., ¢, € X' such that

@i(x)) =8 forall ij=1,...,n.

Consequently, dim X’ > dim X.

Remark Every finite-dimensional separated locally convex space is normable.
Indeed, choose a basis ¢1, ..., ¢, in X". Then the formula

Ixll == @1 ()] + -+ + |gm(0)]

defines a continuous norm by the above corollary, and every continuous seminorm
p satisfies the inequality p < c||-|| with ¢ := max {p(x) : ||x|| = 1}.” Hence this
norm induces the topology of X.

3.3 Krein—-Milman Theorem

Every bounded convex polygon is the convex hull of its vertices; see Fig.3.1. This
was generalized by Minkowski for every non-empty bounded closed convex set in
R by a suitable modification of the notion of vertex. His result was further extended
by Krein and Milman for every separated locally convex space. This section is
devoted to this result.

Definition A point x of a convex set C in a vector space is called extremal if C \ {x}
is convex.

It is clear that in locally convex spaces the extremal point of a convex set must
lie on its boundary. For example, on Fig. 3.2 all boundary points are extremal, while
on Figs. 3.3 and 3.4 only the vertices are extremal.

Examples Let us denote by E = Ex the set of extremal points of the closed unit ball
B = By of a normed space X. We recall that E C S where S = Sy denotes the unit
sphere, i.e., the boundary of B.

e If X is a Euclidean space, then E = S.

e IfX =140 (1 <p < 00),then westill have E = S.

* More generally, E =S <= X is strictly convex.

e IfX=4("thenE={Ae; : |A| =1, k=1,2,...}.

o IfX =4 thenE={x=(x,) : |x,/ =1 forall n}.
e IfX =cop,thenE = @.

9 As the maximum of a continuous function on a compact set, c is finite.
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Fig. 3.3 “Unit ball” of
@R[

Fig. 3.4 “Unit ball” of
R loo)

Definition Let E be a set in a locally convex space. By its convex closed hull we
mean the intersection of all convex closed sets containing E.

One can readily verify that the convex closed hull of E is the smallest convex
closed set containing E, and that it is the closure of its convex hull, i.e., of the set of
all convex linear combinations of the elements of E.
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Theorem 3.9 (Krein-Milman)'® Let C be a non-empty convex compact set in a
separated locally convex space X. Then C is the convex closed hull of its extremal
points.

For the proof we generalize the extremal points. We consider segments of the
form

[a,p]:={ta+(1—0b : 0<r<1} with a#b.

Definition Let C be a non-empty set in a vector space. A subset £ C C is called a
side of C if for every segment [a, b] C C, [a, b] N E is one of the following four sets:
a, {a}, {b} and [a, b].

Remark One can check the following properties:

(a) Cis aside of itself;

(b) the intersection of any family of sides is a side;

(c) if Eis aside of C and F is a side of E, then F is a side of C;
(d) if a linear functional ¢ has a maximum on C, then

E:=JzeC: <p(z)=mgxgo

is a side of C;
(e) the one-point sides {x} of a convex set correspond exactly to its extremal points
X.

Proof of Theorem 3.9 We proceed in two steps.

First step. We show that C has at least one extremal point. By the above properties
(a) and (b) the family of compact sides of C satisfies the conditions of Zorn’s
lemma, and hence C has at least one minimal compact side E. In view of property
(e) it remains to show that E cannot contain more than one point.

Assume that E contains two distinct points x # y. Applying Corollary 3.8 we fix
¢ € X' satisfying ¢(x) < ¢(y). Since ¢ is continuous,

F:={z€FE: (p(z)zmgxgo

is a well defined compact set, and it is a side of C by (d) and (c). Since x ¢ F, F
is a proper side of E, contradicting the minimality of E.

10Minkowski [325] (p. 160), Krein—-Milman [269]. See Phelps [359] for further improvements and
generalizations.
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Second step. We already know that the convex closed hull K of the extremal
points of C is a non-empty convex compact subset of C. Assume on the contrary
that there exists a point x € C \ K, and applying Theorem 3.5 (c) choose ¢ € X’
satisfying

max ¢ < @(x).
Then the convex compact set
E:=3zeC: <p(z)=mgx<p

is a side of C, disjoint from K. Applying the first step, E has an extremal point
y. Then y is also an extremal point of C by properties (c) and (e). But this is
impossible because the extremal points of C belong to the set K which is disjoint
from E.

3.4 * Weak Topology. Farkas—Minkowski Lemma

Given a locally convex space X, we denote by o (X, X’) the locally convex topology
defined by the seminorms |¢| where ¢ runs over X’. By Proposition 3.2 (p. 121) we
have

X, —~>xino(X,X) < @) — @) forallg € X’ 3.1

for every sequence or net in X. This motivates the following terminology:

Definition o (X, X’) is called the weak topology of X.!! The corresponding space
(X,0(X, X)) is also denoted briefly by X,,.

Proposition 3.10 Ler X be a locally convex space.

(a) The weak topology of X is coarser than its original topology.
(b) The same linear functionals are continuous for both topologies.
(c) The closed convex sets are the same for both topologies.

(d) The two topologies are separated at the same time.

Proof (a) follows from (3.1), (b) follows from (a) and (3.1), (c) follows from
Theorem 3.5 (c) similarly to the proof of Proposition 2.22 (e), and (d) follows from
Corollary 3.8 (a). O

"yon Neumann [336].
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In general the weak topology is not normable, and not even metrizable:
*Proposition 3.11

(a) The weak topology of infinite-dimensional locally convex spaces is not
normable.
(b) The weak topology of infinite-dimensional normed spaces is not metrizable."?

Remarks

* The theorem of choice (p. 90) is not completely satisfactory in non-metrizable
cases because the convergent sequences do not characterize the topology. We
return to this question later.'?

» The basic properties of the weak convergence (Propositions 1.17 and 2.22, pp. 30
and 80) and the characterizations of continuous linear maps (Propositions 1.22
and 2.24, pp. 35 and 82) and their proofs remain valid for nets instead of
sequences.

Proof

(a) We show that there is no continuous norm on X. Indeed, if ¢ is a continuous
seminorm on X, then there exist functionals ¢i,...,¢, € X’ and a positive
number N such that

q(x) < NZ lpi(x)| forall xe€X.
=1

Since X is infinite-dimensional, there exists a point x # 0 such that ¢;(x) =
-+ = @,(x) = 0. Then g(x) = 0, so that g is not a norm.

(b) Assume that the weak topology of a normed space X may be defined by a metric
d; then X, is separated. For eachn = 1,2, ... we fix finitely many functionals
©nls - -+ s Ok, € X' such that

k
- 1
Nxex : o] <1} c {xeX L d(x,0) < —}.
j=1 "

For each ¢ € X’ there exists an 7 such that

1

dx,0) < - = |p(x)| < 1.
n

Consequently

Pn1(x) =+ = Qu,, (x) = 0 = |p(x)| < 1,

12yehausen [479].
13See Theorem 3.21, p. 140.
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and hence, changing x to #x and letting t — oo,

On1(x) = +++ = @i, (x) = 0= ¢(x) = 0.

Applying a well-known lemma from linear algebra'* this implies that ¢ is a
linear combination of @y, ..., Quk,-

The finite-dimensional (and thus closed) subspaces

F, := Vect{gu1, ..., 0n,}
cover X’. By Baire’s lemma (p. 32) at least one of them, say F),, has interior points.

Then we have F,, = X’ and hence dim X’ < oco. Applying Corollary 2.10 (p. 65) we
conclude that dim X < oo. O

Let us recall a proof of the lemma:

Lemma 3.12 Let ¢y, ..., ¢, and ¢ be linear functionals on a vector space X.
Assume that

xeX and o1(x) =--=¢,x) =0 = ) =0.

Then ¢ is a linear combination of ¢1, . . ., @n.

Proof Consider the subspace

M= {(p1(x),...,0,(x)) e R" : x € X}
of R”. By our assumption the formula
(@10, ... (%) = @(x)
defines a linear functional ¥ : M — R. Introducing the usual scalar product of R"

and considering the orthogonal projection P onto M, ¥ o P is a continuous linear
functional on R”, and hence it can be represented by some vector (cy, ..., c,) € R":

Ir//(Py) = C1)1 + +Cnyn
forally = (y1,...,y,) € R". In particular, we have
P(x) = c1g1(x) + -+ + cuga(x)

forall x € X. ]

14See Lemma 3.12 below.
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We recall from Proposition 2.24 (p. 82) that in a normed space every weakly
convergent sequence is bounded. This also follows from our next result'>:

Proposition 3.13 If is a X normed space, then X and X, have the same bounded
sets.

Proof TIf A is bounded in X, then ¢(A) is bounded for every ¢ € X’ by the
characterization of continuity (p. 100), so that A is bounded for X, by definition.

For the proof of the converse we consider the linear isometry J : X — X" of
Corollary 2.21 (p. 79). If A is bounded for X,, then J(A) is pointwise bounded
because

{(Ux)(p) : x€eA} ={pkx) : x€A}CR

is bounded for all ¢ € X'. Applying the Banach—Steinhaus theorem (p. 81) we
obtain that J(A) is bounded in X”. Since J is an isometry, this is equivalent to the
boundedness of A in X. O

We end this section by proving a famous variant of Lemma 3.12, of fundamental
importance in convex analysis and linear programming.'® We denote the usual scalar
product of R” by (x, y).

Proposition 3.14 (Farkas—-Minkowski)!” Given a,ay, ... ,a; € R", the inequality
(a,x) < 0 is a logical consequence of the system of inequalities (a;,x) =<
0,...,(ar,x) <0 <= ais anonnegative linear combination of ay, . .., a.

In the following elementary proof we avoid the use of topology. For this we give
an algebraic proof of the following lemma where we denote by K the convex cone
generated by ajy, ..., ay, i.e., the set of linear combinations of these vectors with
nonnegative coefficients.

Lemma 3.15 The distance d(a, K) is attained by some point b € K for each fixed
aeR"

Remarks

* The point b is clearly unique but we will not need this here.
e The lemma implies that K is closed but we will not need this explicitly either.

Using the lemma we can quickly prove the nontrivial part of the proposition: if
(a,x) < 0is alogical consequence of the system

(a1,x) <0,...,(ax,x) <0,

thena € K.

!5The proposition holds in all locally convex spaces: see, e.g., Reed—Simon [367], Theorem V. 23.
16See, e.g., Dantzig [94], Rockafellar [398], Vajda [462].
7Minkowski [323] (pp. 39-45), Farkas [135]. We follow Komornik [258].
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First we observe that
(@,a—0b)<0, j=1,...,k (3.2)
and
(=b,a—b) <0. (3.3)

For otherwise we would have for every sufficiently small # € (0, 1) the following
relations:

la— (b + ta))|* = |(a—b) — taj]?
= |a—b|* — 1 (2(aj,a — b) —t]a;|?)

<la—b]%
and

la — (b —1b)|* = |(a —b) + 1b|*

= |a—b]* —t(2(~b.a—b) — 1|b]?)

< |a—bJ*.
This would contradict the choice of b because

b+taje K and b—th=(1-1beKk.
By our assumption (3.2) implies (a,a — b) < 0. Combining this with (3.3) we

obtain (@ — b,a — b) < 0. Hence a = b, and therefore a € K.
Proof of the lemma The case k = 1 is obvious. Let k£ > 2, and assume by induction
that for each j = 1, ..., k, the convex cone K generated by the vectors

al,...,aj_l,aj+1,...,ak

has a closest point b; from a. Now we distinguish three cases.

(a) If a € K, then we may choose b := a.
(b) Ifa € Vect{ay,...,ar} \ K, then let b be at a minimal distance from a among
by..., by. We show that |[a — b| < |a — c| forall ¢ € K.
The segment [a, c] meets one of the sides K; of the cone K. More precisely,
let

a=oa;+--+oar and c=ya;+ -+ yrax
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with y1,..., ¥ > 0, and set
t:=min{y;/(y;— o) : o; <O0}.

(There is at least one such j, because @ ¢ K.) Then 0 < ¢ < 1, and the minimum
is attained for some i. Consequently,

tj + (1 —1)y; >0 forevery J,
and
to; + (1 —t)y; = 0.
Now ta + (1 — f)c € K;, so that
la—bl <la—bi| <la—(@a+ (A -nc)| =1 -n]a—c| = |a—cl|
Ifa ¢ L := Vect{ay,...,ar}, then we apply the above results to the orthogonal
projection @’ of a onto L: there exists a b at a minimal distance from @’ in K.
Since
la—b? =la—d? +ld —bf <la—d'P +|d —c|” = |a—c]

for all ¢ € K, b is also at a minimal distance from a in K.

3.5 * Weak Star Topology: Theorems of Banach-Alaoglu

and Goldstein

Until now the dual X’ of a locally convex space X was not endowed with any
topology. Now we introduce in X’ the locally convex topology o (X’,X) defined
by the seminorms

@ = o)

where x runs over X.
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Definition The topology o (X’,X) is called the weak star topology of X'.'® The
space (X', 0 (X', X)) is also denoted briefly by X/ . The corresponding weak star

convergence is denoted by ¢, X Q.

It follows from the definitions that
On X ¢ <= @,(x) > pkx) forall xeX

for both sequences and nets.
Before giving some examples, we formulate the dual of Lemma 2.25 (p. 83); its
proof is a simple adaptation of the proof of Lemma 1.20 (p. 33).

Lemma 3.16 Ler (¢;) be a bounded sequence or net in the dual X' of some normed
space X.

(a) Forany given ¢ € X' the set

xeX : gx) = e}

is a closed subspace of X.
(b) The set

{xeX : (ge(x)) convergesin R}

is a closed subspace of X.
Examples (Compare with the examples on pages 83 and 86)

+ Let(¢,) € £', and letk — (¢¥) be a bounded sequence or netin £'. Lemmas 2.16
(p- 73) and 3.16 yield the following characterization of weak star convergence in
(co) = L":

(%3] = (pn) <= ¢¥—> ¢, foreach n.

*
For example, ¢, — 0 in (cp)’ = £'.

* We obtain the same characterization for the weak star convergence of bounded
sequences or nets in (£')’ = £*°. For example,

el+...+en—*\a:(1,l,...).

Using the weak star topology we may also complete Corollaries 1.6 and 2.9
(pp- 15 and 64) on the characterization of generated closed subspaces. Similarly to
the preceding chapter we define the orthogonal complements of D C X and A C X’

18Banach [22].
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by the formulas
DY :={peX : p(x)=0 forall xeD}
and

Al :={xeX : p(x) =0 forall ¢ e A}.

Let us establish the basic properties of the weak star topology. For simplicity we
consider only separated spaces.

Proposition 3.17 Let X be a separated locally convex space.

(a) The weak star topology of X' is separated.
(b) The formula (Jx)(¢) := ¢(x) defines a linear bijection between X and (X..,.)".
(¢) If A C X', then (A+)L is the weak star closed subspace generated by A.

Proof

(a) This follows from the definition.

(b) The continuity of the linear functionals Jx : X/, — R follows from the
definition of the weak star topology. The linearity of J is obvious, its injectivity
follows from Corollary 3.8 (p. 125). For the proof of the surjectivity fix an
arbitrary functional ® € (X/,)’. By the definition of its continuity there exist
X1, ...,X%, € X and a number ¢ > 0 satisfying

peX and |p(x)| <& ... le0)| <e = |D(p)|<1.
We may thus apply Lemma 3.12 (p. 132) to Jxi, ..., Jx,, ® € X': we get
D =cJx; + -+ cpdxy, = J(crxy + -0+ cpxn)

with suitable numbers cy, ..., c,.

(c) Let us denote temporarily by M the weak star closure of Vect(A). The inclusion
M C (A+)? is obtained easily, as in Corollary 1.6 (p. 15). For the converse we
fix ¢ € X’ \ M arbitrarily. We have to show that ¢ ¢ (A1)+.

Applying Theorem 3.5 (c) (p. 124) and using property (b) above, there exist
x € X and numbers ¢ < ¢; such that Y (x) < ¢; forall ¢ € M, and ¢(x) > c;.
Since {Y(x) : Y € M} is a subspace of R, hence {(x) = 0 for all y € M, and
therefore ¢(x) > 0. Hence x € AL and ¢ ¢ (AL)L.

In the rest of this section we consider only normed spaces.

Remark For a normed space X we may define three natural topologies on X’
the usual norm topology, which we will denote here by B(X’,X), the weak star
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topology o (X’, X) and the weak topology o (X', X”'). Since X may be identified with
a subspace of X” via the map J : X — X" of Corollary 2.21 (p. 79), the weak star
topology is coarser than the weak topology. We thus have the inclusions

oX',X) co(X',X") C B(X', X).

They all coincide in finite dimensions, but they usually differ in infinite dimen-
sions.!?

Proposition 3.18 If X is a Banach space, then the same sets are bounded in the
three topologies.

Proof In a coarser locally convex topology we have fewer (or the same) continuous
seminorms, and hence the same (or more) sets are bounded.

It remains to show that a weak star bounded set A C X’  is also norm
bounded. This follows by applying the Banach-Steinhaus theorem because the X/ , -
boundedness of A is equivalent by definition to its pointwise boundedness on X. O

Example Tt follows from the proposition that in the dual X’ of a Banach space every
weak star convergent sequence is bounded.

This may fail for non-complete normed spaces X. Consider for example the
subspace X of £> formed by the sequences having at most finitely many non-zero
elements. The formula

@n(x) := nx,

defines a sequence (¢,) C X’ for which ¢, ~ 0and l@nll = oo.
Next we establish a new variant of Theorems 1.21 and 2.30 (pp. 33 and 90):

Proposition 3.19 (Theorem of choice)’® If X is a separable normed space, then
every bounded sequence (¢) C X' has a weak star convergent subsequence.

Proof Fix adense sequence (x,) in X. Applying Cantor’s diagonal method, similarly
to the proofs of Theorems 1.21 and 2.30 we obtain a subsequence () of (¢) such
that the numerical sequences k — V¥ (x,) converge for each fixed n.

Since (¢x) is bounded and (x,) is dense in X, by Lemma 3.16 the numerical
sequence k — Y (x) converges for each x € X, and®! the formula

@(x) = lim 7 (x)

“More precisely, o (X', X") is strictly coarser than S(X’, X), and one can show that 6(X’,X) =
o(X',X") <= Xisreflexive.

20Banach [22].

21Similarly to the proof of Theorem 2.30.
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*
defines a continuous linear functional ¢ € X’. Then ¥, — ¢ by the definition of
weak star convergence. O

Example The separability condition cannot be omitted. For example, the sequence
of functionals defined by the formula

or(x) = x, x=(x,) €L®, k=1,2,...

belongs to the closed unit sphere of (£°°)’, and it has no weak star convergent
subsequence.

Indeed, for any given subsequence (¢y,) we may consider a vector x = (x,) €
£°° satisfying x;, = (—1)" for all m. Then the numbers ¢y, (x) = (—1)" form a
divergent sequence, so that (¢, (x)) is not weak star convergent.

However, we may remove the separability assumption by considering nets
instead of sequences: part (b) of the following theorem implies that every bounded
net has a weak star convergent subnet in X’. This compactness property is perhaps
the most important and useful feature of the weak star topology, because it can be
used to obtain existence theorems.??

Theorem 3.20 Ler X be a normed space, and denote by B, B, B” the closed unit
balls of X, X', X"

(a) (Banach-Alaoglu)® B' is compact in X' with respect to the weak star topology
o(X', X).

(b) (Goldstine)** J(B) is dense in B”, and J(X) is dense in X" with respect to the
weak star topology o (X", X).

Proof

(a) As a topological space, X., is a subspace of F(X). In view of Proposition 3.3
(p. 122) it is sufficient to show that B’ is bounded and closed in F(X).
Since |@(x)| < |lx|| for all ¢ € B’, B is pointwise bounded on X, and hence
bounded in F(X).
Now consider a net (¢,) in B’, converging to some ¢ in F(X).>> We have to
show that ¢ € B'.

22See, e.g., Lions [304] for many applications.
23Banach [24], Alaoglu [3].
24Goldstine [171].

25We could avoid the use of nets, but the proof becomes less transparent: see, e.g., Rudin [406] or
Brezis [65].
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For any given x,y € X and A € R, letting n — o0 in the relations

Pn(x +y) = @) + (), @a(Ax) = Ag,(x) and g, (x)] < [|x]|

we obtain that ¢ is linear, and that |@(x)| < ||x|| for all x. In other words, ¢ € B'.

(b) For the first result we show that if ® € X” does not belong to the o (X", X’)-
closure K of J(B) C X”, then ||®|| > 1. Since K is a non-empty closed convex
set for this topology, by Theorem 3.5 (p. 124) there exist ¢ € X’ and ¢1,¢; € R
satisfying

p(x) =c1 <2 = D(p)
for all x € B. Hence ||¢|| < ®(¢), and therefore | D|| > 1.

The second result follows from the first one by homogeneity. O

Example Combining the Banach—Alaoglu and Krein—Milman theorems (p. 129) we
obtain that the closed unit ball of every dual space has an extremal point. Since this
property is not true for ¢y (see pp. 126), ¢y is not isomorphic to X’ for any normed
space X.

Remark We mention the following equivalences®

* X is separable <= the restriction of o (X’, X) to B’ is metrizable;
* X’ is separable <= the restriction of o (X, X’) to B is metrizable.

Using the first direct implication we may also deduce Proposition 3.19 from the
Banach—Alaoglu theorem.

3.6 * Reflexive Spaces: Theorems of Kakutani
and Eberlein-Smulian

Using the weak fopology instead of weak convergence, we may complete the results
of Sects. 2.6-2.7 by giving new characterizations of reflexivity:

Theorem 3.21 For a normed space X the following properties are equivalent:

(a) X is reflexive;
(b) every bounded sequence has a weakly convergent subsequence;
(c) the closed unit ball of X is weakly compact.”’

26See, e.g., Dunford-Schwartz [117]. The direct implications = are due to Banach [24].

2TBanach [24], Bourbaki [64], Kakutani [239], Smulian [424, 425], Eberlein [118]. See also
Dunford—Schwartz [117], Whitley [486], Rolewicz [400].
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For the proof of the implication (b) = (c) we will use the following simple
lemma:

Lemma 3.22 For any given finite-dimensional subspace F C X" there exist vectors
@1, ...,0, € X' of norm one such that

1
max |®(p,)| > = |®| forall ®€F.
1<m=<n 2

Proof Since the unit sphere S of F is compact, there exist @y, ..., P, € S such that

Fp-

min ||®— d,| <
<m=<n

for all ® € S. Fix ¢,, € X’ of norm one with |®,,(¢,,)| > % for each m. Then for
each ® € §, choosing m such that | ® — &,,|| < 4—11, we have the estimate

1
4 2

W

|P(@m)] = [P (@m)| = [(P = i) (@) =

The lemma hence follows by homogeneity. O

Proof of the theorem (a) = (b) This is Theorem 2.30, p. 90.

(b) == (c)*® We use the notations of Theorem 3.20. The weak compactness of
B is equivalent by definition to the weak star compactness of J(B). Since J(B) C B”
and B” is weak star compact by Theorem 3.20 (b), it is sufficient to show that J(B)
is weak star closed.

Since J : X — X" is a linear isometry, the weak closedness of B implies that the
weak star closure J(B) of J(B) satisfies

J(B) NJ(X) = J(B).

The weak star closedness of J(B) will thus follow if we prove that J(B) C J(X).

Fix ®, € J(B) arbitrarily. We are going to construct a sequence (1;) of positive
integers, a sequence (¢,) C X’ of norm one functionals, and a sequence of points
(xx) C B satistying the following two conditions for k = 1,2, ... :

1
 max | ()| = 3 |®| forall & e Vect{®y,Jxi,...,Jxk—1}; 3.4)
<n=nj
1
max |(®y — Jxp)(@n)| < - (3.5)
1<n<n k

28We follow Whitley [486].
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For k = 1, (3.4) is satisfied with n; = 1 if we choose a functional ¢; € X’ of
norm one, satisfying |®(¢;)| > % |®||- Then we may choose x; € B satisfying (3.5)
by applying the definition of ®, € J(B).

If the sequences are defined until some nx—y, ¢,_, and ay—;, then applying
Lemma 3.22 we may choose n; > n;—; and functionals ¢, € X’ of norm one for
m—1 < n < ny so as to satisfy (3.4), and then we may choose x; € B satisfying (3.5)
by applying the definition of ®y € J(B).

There exists a weakly convergent subsequence x;, — x € B by our assumption.
Then we deduce from (3.4) by continuity that

1
max [(Pg — Jx)(gn)| = 5 [[Po — Jx| .
1<n<oo 2

It remains to prove that (®¢ — Jx)(¢,) = 0 for all n. Indeed, then we will deduce
from the last inequality that ||®¢ — Jx|| = 0, i.e., Py = Jx € J(X).
For any fixed index n we deduce from (3.5) that

I(CDO —JX)(GDn)l = |(q>0 _Jxk()((pn) + @n(xkg _-x)| < k_lg + I@n(xkz —X)I

forall{ =1,2,.... Letting { — oo we conclude (®y — Jx)(¢,) = 0 as required.
(¢) = (a) If J(B) is weak star compact, then it is also closed in B” for this
topology. Since J(B) is also dense in B” with respect to this topology by Goldstein’s
theorem, we must have J(B) = B”. Hence J(X) = X”, i.e., X is reflexive.
O

*Remarks Let X be a reflexive space.

* According to property (c) the theorem of choice 2.30 (p. 90) holds for nets as
well.
+ In the weak topology of X we have the equivalence?

compact <= bounded and closed.

Indeed, the implication = holds in every separated locally convex space. For
the converse let A be a weakly bounded and weakly closed set in X. Then A is
also norm bounded (Proposition 3.13, p. 133), and therefore a subset of some
closed ball K. Since B is weakly compact, the same holds for K by homogeneity,
and then for its weakly closed subset A as well.

» Using the previous remark and applying the Tukey—Klee theorem (p. 124) for X,
we obtain a new proof of Proposition 2.31 (p. 91) on the separation of disjoint,
non-empty, convex, bounded and closed sets in reflexive spaces.

2We recall once again that this is false in every infinite-dimensional norm topology.
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Using the same remark and applying the Krein—Milman theorem (p. 129) for X,
we obtain that in a reflexive space every non-empty, convex, bounded and closed
set is the convex hull of its extremal points.

We end this section by establishing two further properties of reflexive spaces:

Proposition 3.23 (Pettis)’’ Let X be a Banach space.

(a)
(b)

If X is reflexive, then its closed subspaces are also reflexive.
X is reflexive <= X' is reflexive.

Proof Let Y be a closed subspace of X and denote the closed unit balls of X, ¥, X’

by
(a)

(b)

Bx, By, By.

Let Y be a closed subspace of X. In view of the preceding theorem, it is sufficient
to prove that every bounded sequence (y,) C Y has a weakly convergent
subsequence in Y.

Since X is reflexive, (y,) has a weakly convergent subsequence (y,,) in X,
i.e, there exists an @ € X such that ¢(y,,) — ¢(a) forall ¢ € X'.

Since the closed subspace Y is also weakly closed in X, we have a € Y.

Furthermore, since each ¥ € Y’ may be extended to a functional ¢ € X’ by the
Helly-Hahn-Banach theorem, it follows that ¥ (y,,) — ¥ (a) forall ¢y € Y'. In
other words, y,, — ainY.
The closed unit ball B of X’ is ¢(X’, X)-compact by the Banach—Alaoglu
theorem. If X is reflexive, then the topologies (X', X) and o (X', X”) coincide,
so that B’ is also o(X’,X”)-compact. Applying the preceding theorem we
conclude that X’ is reflexive.

If X’ is reflexive, then X” is reflexive by the just proved result. Using the
linear isometry J : X — X” of Proposition 2.28 (p. 87), J(X) is reflexive, as a
complete and therefore closed subspace of X”. Since X and J(X) are isomorphic,
we conclude that X is reflexive.

Examples

We have proved in Sect.2.6 (p. 87) separately that none of ¢y, £! and £ is
reflexive. Since®! (co)’ = ¢! and (£') = £, these results follow from one
another by property (b) above.

Since ¢y is a closed subspace of £°° the non-reflexivity of ¢y directly implies the
non-reflexivity of £*°.

30Pettis [357]. See Dunford and Schwartz [117] for more direct proofs.

SIS

ee Proposition 2.15, p. 73.
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3.7 * Topological Vector Spaces

At first sight the following notion is more natural than that of locally convex spaces:
Definition By a topological vector space we mean a vector space endowed with a
topology 7 for which the operations

XxX>@y)—>x+yeX and Rx> A, x)—>AxeX

are continuous.

Remark Tt follows from the definition that the topology 7 is invariant for transla-
tions and multiplications by scalars: if A is an open, closed or compact set, then
A + x and AA are also open, closed or compact for all x € X and A € R.

Every locally convex space is a topological vector space by Proposition 3.2 (d)

(p. 121).
The following elementary inequality will allow us to give interesting examples
of non-locally convex topological vector spaces.

Lemma 3.24 [f x, y are nonnegative real numbers and 0 < p < 1, then
(x+y) <o+

Proof Consider in R? the norm |-, /p and apply the triangle inequality for the
vectors a := (x”,0) and b := (0, y"):

x4y = lla+0blly, = lall, + 161, =+ + "

|

Example Given 0 < p < 1 we denote by £” the set of real sequences x = (x,)
satisfying 3 |x,|” < oo. By the preceding lemma this is a vector space, and the
formula

oo

dp(xv )’) = Z |xn _ynlp

n=1

defines a metric on £”. For the corresponding topology 7 is a topological vector
space.’? For p = 1 we obtain the already known Banach space £!.

32We will prove a more general theorem later in Proposition 10.5, p. 348.
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Now we may explain the terminology locally convex:

Proposition 3.25 (Kolmogorov)** A topological vector space is locally convex

<= every 0-neighborhood contains a convex 0-neighborhood.

Proof Every locally convex space has this property because the balls B, ,.(0) are
convex. Conversely, assume that a topological vector space X has this property, and
consider an arbitrary 0-neighborhood V. It suffices to find a continuous seminorm p
satisfying B,, 1 (0) C V.

Let U C V be a convex 0-neighborhood, then —U and thus W := —UN U is also
a convex 0-neighborhood. One can readily verify that the formula®*

px) :=inf {r >0 : x e tW}
defines a seminorm on X, satisfying
B,1(0) C W C B,(0).

In particular, B, 1(0) C V.
We show that p is continuous. For any givena € X andr > 0,a + rW is a
neighborhood of a. If b € a + rW, then r~'(b — a) € B,,1(0). Consequently,

lp(b) —p(a)| < p(b—a) <.

Example 1f 0 < p < 1, then £7 is not locally convex because the unit ball
B(0) :={x e : d,(0,x) <1}

contains no convex 0-neighborhood. Indeed, if K is a convex 0-neighborhood, then
there exists a sufficiently small > 0 such that B»,(0) C K. Then the relations

r'/Pe, € B,(0) C By(0) C K

hold foralln = 1,2,..., and hence

. l/pel+'”+e”
=r—
n

Zn ek
by the convexity of K. Since

dy(0,z,) = m'™ = oo,

K cannot belong to B;(0).

33Kolmogorov [253].
3*Minkowski [325], pp. 131-132.
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Remarks The non-locally convex topological vector spaces may have surprising
pathological properties:

» There exist infinite-dimensional separated topological vector spaces X, in which
@ and X are the only convex open sets.>> In these spaces there are no closed
hyperplanes because X’ = {0}.

* Some separated topological vector spaces contain non-empty convex compact
sets having no extremal points.>®

3.8 Exercises

Exercise 3.1 Let B be a setin a normed space X. Prove that the following conditions
are equivalent:

(i) Bis bounded;
(ii) for every neighborhood V of 0 there exists an r > 0 such that B C V for all
¥ € (0,r);
(iii) for every sequence (x,) C B and for every real sequence r, — 0 we have
X, — 0in X.

Exercise 3.2 Prove that the conditions (i) and (ii) of the preceding exercise are
equivalent in every topological vector space.

Exercise 3.3 We recall that the formula

@y(x) = an)’n

n=1
defines a functional ¢, € c{, for eachy = (y,) € £, and that the linear map y — ¢,
is a bijection between £' and c},.

(i) Prove that this result remains valid if we change c;, to ¢/, where c is the subspace
of £*° formed by the convergent sequences.
(ii) Inview of (i) we may define two weak star topologies on £'. Are they the same?

Exercise 3.4 Prove the equivalences mentioned in the last remark of Sect.3.5,
p. 140.

Exercise 3.5 We recall that the formula

Py(x) = Z XnYn

n=1

35We will encounter some examples at the end of Sects. 10.2 and 10.3, pp. 350 and 355.
36Roberts [395, 396]. See also the footnote on p. 349.
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defines a functional ¢, € (')’ for each y = (y,) € £°°, and that the linear map
y > @y is a bijection between £> and (¢')'.

(i) Prove that this result remains valid if we change (£!)’ to (¢7)’ with 0 < p < 1.
(ii) In view of (a) we may define a weak star topology on £{*° for each 0 < p < 1.
Do they coincide?

Exercise 3.6 Does the Krein—-Milman theorem remain valid in £ for 0 < p < 1?

Exercise 3.7 Let us denote by £° the vector space of the sequences x = (x,) C R
having at most finitely many non-zero elements. For x, y € £° we denote by dy(x, y)
the number of indices n such that x,, # y,.

(i) Show that d is a metric on £°.

(ii) Show that do(x,y) = lim,—d,(x,y) for all x,y € £°.
(iii) Identify the topology associated with the metric dy(x, y).
(iv) Prove that every linear functional is continuous on 0.

(v) Is £° a topological vector space?

Exercise 3.8 Given 1 < p < oo, we recall from Exercise 2.2 (p. 113) that

00 = Nyopld

w

is strictly bigger than £7.
The family of norms |||, (p < g < 00) defines a locally convex topology on £4,.
Is it normable?

Exercise 3.9 Generalize Exercise 2.2 for 0 < p < g < oo.
Exercise 3.10 Let0 <p < 1.

(1) Prove that
0= Ny pt?

is a topological vector space for the family of metrics d,, g € (p, 1].
(i) Isitlocally convex?



Part I1
The Lebesgue Integral

Integration (in geometrical form) goes back to Archimedes [6], but he had practi-
cally no followers for almost two millennia. The Newton-Leibniz formula revolu-
tionized the discipline in the seventeenth century, and led to the solution of a great
number of geometrical and mechanical problems. A solid theoretical foundation
became indispensable, especially after the publication of Fourier’s work on heat
propagation in [148].

Riemann [371] extended Cauchy’s integral [80] to a class of not necessarily con-
tinuous functions. Subsequently much research was devoted to the construction of
more general integrals and to the simplification of their manipulation. Following the
works of Harnack [192, 194], Hankel [190], du Bois-Reymond [52], Jordan [230],
Stolz [437] and Cantor [74], Peano [353] introduced the finitely additive measures,
based on finite covers by intervals or rectangles.

Borel [59] discovered that countable covers lead to better, o-additive measures.
Baire [16, 17] enlarged the class of continuous functions by the repeated operation of
pointwise limits of function sequences. Motivated by the works of Borel and Baire,
Lebesgue [287, 288] defined a very general integral. He obtained a much wider class
of integrable functions, and at the same time simpler limit theorems than before. He
also greatly extended the validity of the Newton—Leibniz formula.

The extraordinary strength of the Lebesgue integral was demonstrated by
subsequent important discoveries of Vitali, Beppo Levi, Fatou, Riesz, Fischer,
Fréchet, Fubini (1905-1910) and others. These works also led to the development
of Functional Analysis. The Lebesgue integral later allowed Kolmogorov to give a
solid foundation of probability theory [252] and Sobolev to introduce new function
spaces for the successful investigation of partial differential equations [426, 427].

F. Riesz gave nice historical accounts in two papers [390, 391]; for more complete
surveys we refer to [61, 115, 198, 360-362].

More than a half-century after its publication, the monograph of Riesz and Sz.-
Nagy [394] contains still perhaps the most elegant presentation of this theory. We
follow this approach, with some minor subsequent improvements. Further results
and exercises may be found in the following works: [68, 92, 188, 270, 351, 403,
406, 409, 451].



Chapter 4
* Monotone Functions

I see it, but I don’t believe it!
Letter of G. Cantor to Dedekind

No one shall expel us from the Paradise that Cantor has created
for us.
D. Hilbert

In this chapter the letter I denotes a non-degenerate interval (having more than one
point).

4.1 Continuity: Countable Sets

A monotone function f : I — R has one-sided limits in each interior point a, and f
is continuous at a <= they are equal. (See Fig.4.1.)

What can we say about the set of points of continuity? In order to answer this
question we recall the following notion:

Definition A set A is countable' if there exists a sequence (a,) containing each
element of A (at least once).”

Remarks

* The finite sets are countable.’

e If A is an infinite countable set, then there exists a sequence (a,) C A containing
each element of A exactly once.*

» The image of a countable set is also countable. More precisely,if g: A — Bisa
surjective function and A is countable, then B is also countable.

» If g: A — Bis an injective function and B is countable, then A is also countable.

ICantor [71].

2Vilenkin’s books [467, 468] give a very pleasant introduction to infinite sets.
3The sequence (a,) may contain points outside A.

4We may take a suitable subsequence of the sequence in the definition.

© Springer-Verlag London 2016 151
V. Komornik, Lectures on Functional Analysis and the Lebesgue Integral,
Universitext, DOI 10.1007/978-1-4471-6811-9_4
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Fig. 4.1 Graph of a
monotone function

Examples

¢ The number sets N, Z and QQ are countable.
* Aset P of pairwise disjoint non-degenerate intervals is always countable. Indeed,
selecting a rational number in each interval we get an injective map g : P — Q.

The last example motivates the following terminology:
Definition A set system or set sequence is disjoint if its elements are pairwise
disjoint.

Let us state the basic properties of countable sets. The last result contains a
famous theorem of Cantor’: the set R of real numbers is uncountable.

Proposition 4.1

(a) A subset of a countable set is also countable.
(b) The union of countably many countable sets is also countable.
(c) The non-degenerate intervals are uncountable.

Proof

(a) If B C A, then the formula f(x) := x defines an injective functionf : B — A.
Since A is countable, B is countable, too.

(b) Let (A,) be a countable set sequence. Fix for each n a sequence a,1, a2, - . .
containing the elements of A,. If py, p2, . .. is the sequence of prime numbers,
then the following formula defines a sequence (a,) containing the elements of

SCantor [70], pp. 117-118.
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UA,:
ay  ifm= (pn)k for some » and k,
= 0 otherwise.
We show that no sequence (a,) contains all points of a non-degenerate interval

I. First we choose a non-degenerate compact subinterval I; C I such that a; ¢
I;. Then we choose a non-degenerate compact subinterval /; C [ such that
ay ¢ I. Continuing by induction we obtain a non-increasing sequence of non-
degenerate compact intervals

IDLHDhLD---

such that a,, ¢ I, for every n. By Cantor’s intersection theorem these intervals
have a common point x. Then x € I and x does not belong to the sequence (a,,).

|

Now we return to the study of monotone functions.

Proposition 4.2

(a)

The set of discontinuity of a monotone function is countable.

(b) Every countable set of real numbers is the set of discontinuity of a suitable
monotone function.

Proof

(a) Multiplying our monotone function f : I — R by —1 if necessary, we may

(b)

assume that it is non-decreasing. Let A denote the set of interior points a of 1
where f is not continuous. Since f is non-decreasing, the non-degenerate open
intervals

(fla=0).f(a+0), acA

are pairwise disjoint. By a preceding remark this implies that A is countable.
The set of discontinuity of f has at most two more points (the endpoints of 1),
hence it is also countable.

For the empty set we may choose any constant function. Otherwise, denoting
by (a,) the (finite or infinite) sequence of the points of the given countable set,
the sum of the uniformly convergent series

fay= ) 2™

{n: a,<x}

is a suitable function f : R — R.
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4.2 Differentiability: Null Sets

In this section we investigate the differentiability of monotone functions. The
following notion will be very useful:

Definition A set A of real numbers is a null set® if for each fixed & > 0 it may be
covered by a set of intervals of total length < &:

Ac|Jh and Y il <e

Here and in the sequel we denote by |I| the length of an interval 1.
Remarks

* A set of intervals of finite total length L is necessarily countable. Indeed, it
contains less then nL intervals of length > 1/n for eachn = 1,2,..., and the
union of countably many finite sets is countable.

e If Ais a null set, then there exists an interval sequence (J,,) of finite total length
such that each point of A is covered infinitely many times. Indeed, we may cover
A for each n = 1,2,... by an interval set (I,;x) of total length < 27"g.T We
conclude by arranging all the intervals 7, into a sequence (J,,).

Conversely, the existence of such a sequence (J,,) implies that A is a null set.
Indeed, for any fixed ¢ > 0 there exists a large integer N such that

Dl <e,

m>N

and the intervals J,;, 41, Jyu+2, . . . still cover A.

Examples

* (Harnack)® Every countable set {a,} of real numbers is a null set: for each & > 0:
it is covered by the intervals

(a, — 37", a, + 37"

of total length ¢.
 (Cantor’s ternary set)’ There exist uncountable null sets. Let us remove from
the unit segment [0, 1] its middle third, i.e., the open interval (1/3,2/3). There

SHankel [190] (p. 86), Ascoli [11], Smith [423] (p. 150), du Bois-Reymond [52], Harnack [194].
By slightly enlarging them we may assume that all the intervals are open.
8Harnack [194].

9Smith [423], Cantor [72] (p. 207). Many analogous sets appear “naturally” in combinatorial
number theory, see, e.g., Erd6s—Jo6—Komornik [127], Komornik—Loreti [260], de Vries—Komornik
[101], Komornik—Kong-Li [259], de Vries—Komornik—Loreti [102].
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Fig. 4.2 The sets C, OO

=N S
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remain two disjoint segments [0, 1/3] and [2/3, 1] of total length 2/3. Next
remove from each of them their middle thirds: there remain four disjoint
segments of total length (2/3)?; see Fig.4.2. Continuing by induction, after n
steps we obtain a set C,,, which is the union of 2" disjoint compact segments of
length 37" each. The intersection C of this decreasing set sequence is a compact
set, called Cantor’s ternary set.

It is a null set. Indeed, for each ¢ > O there is a large integer n such that
(2/3)" < e; then the 2" disjoint segments of C, form a finite cover of C with
total length = (2/3)" < &.

By construction C is formed by the real numbers x that may be written in base
3 in the form

o
Z Ci
X = -
1

i=1

with (¢;) C {0, 2}, i.e., without using the digit ¢; = 1. Since all sequences (¢;) C
{0, 2} occur here, the formula

o

2

i=1

w

o0
DI
i i+l

i=1

defines a map of C onto [0, 1]. The latter set is uncountable, hence C is also
uncountable.
It follows from our next proposition that R is not a null set.

Let us resume the basic properties of null sets.
Proposition 4.3

(a) The empty set is a null set.
(b) The subsets of a null set are null sets.
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(c) The union of countably many null sets is a null set.
(d) (Borel)'" If an interval sequence (It) covers an interval I then |I| < Y |I.
Consequently, non-degenerate intervals are not null sets.

Proof (a) and (b) are obvious.

(c) Given ¢ > 0 arbitrarily, we cover the null set A,, by an interval set (/) of total
length < e27™, n = 1,2,.... Then the union of all these intervals form a cover
of UA, of total length < ¢.

(d) We may assume that / is non-degenerate. First we consider the case where
I = [a,b] is compact and the intervals [; are open. Let (a;,b;) be the first
interval in (/) that contains the point a. Continuing by induction, if b, < b for
some n > 1, then let (a,+1, by+1) be the first interval in (/) that contains the
point b,,.

The construction stops after a finite number of steps because by > b for some
N. For otherwise the bounded sequence (b,) would converge to some x < b, and
we would have x € I, for some £. Since I; is open, there would exist an index m
such that b, € I; for all n > m. By construction this would mean that the intervals
(an, b,) would precede I, in the sequence (I;) for all n > m. But this is absurd
because b; < b, < --- by construction, so that the intervals (a,, b,) are pairwise
distinct.

It follows that

N N

| =b—a<by—a ZZ(bi_bi—l)+bl_al SZ(@—%)SZWL

i=2 i=1

In the general case we fix a number o > 1, a compact subinterval J C I of length
||/, and for each n an open interval J, D I, of length «|l,,|. The sequence (J,,)
covers J, so that " |J,| > |J]| by the first part of the proof. In other words we have
a Y |I,| = |I|/«, and we conclude by letting @ — 1. O

Let us introduce a convenient terminology:

Definition A property holds almost everywhere'! (shortly a.e.) if it holds outside
a null set.

10Borel [59]. His proof was based on a construction of Heine [200] (p. 188).
L ebesgue [293] (p. 7).
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We may now state a deep theorem:

Theorem 4.4

(a) (Lebesgue)'* Every monotone functionf : I — R is a.e. differentiable.
(b) For each null set A there exists a non-decreasing, continuous function f :
R — R that is non-differentiable at the points of A.

Part (a) of this theorem will be proved in the next two sections.

*Proof of part (b) Choose a sequence (J,,) of open intervals, of finite total length,
and covering each point of A infinitely many times. Denoting the length of the
interval J,, N (—o0, x) by f,(x), the formula f := _f,, defines a non-decreasing
functionf : R — R.

Since the series is uniformly convergent and each f,, is continuous, f is also
continuous.

We complete the proof by establishing the relation

. fla+h)—fla)
m——-—" =00

li
h\wa h

foreacha € A.
Fix an arbitrarily large number N, and then choose a sufficiently small number
8 > 0 such that at least N intervals J,, contain [a, a + §], say Jy,, . .., Juy. Then

N
fla+h)=f@ =Y fula+h) —fua) = Nh

k=1

forall0 < h < 6. O

4.3 Jump Functions

Since every interval is the union of countably many compact intervals, it is sufficient
to prove Lebesgue’s theorem for compact intervals I = [a, b].

In this section we follow an approach of Lipifiski and Rubel'® to prove some
special cases of the theorem.

12Lebesgue [290], pp. 128-129. He considered only the case of continuous functions. Before him
Weierstrass conjectured the existence of continuous and monotone, but nowhere differentiable
functions; see Hawkins [198], p. 47.

3Lipinski [307], Rubel [401].
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Fig. 4.3 Meaning of E¢

25 -

1.5

05

We start with a lemma:

Lemma 4.5 Let f : [a,b] — R be a non-decreasing function. For each C > 0 we
denote by E¢ the set of points a < x < b for which there exist numbers s = s, and
t = t, satisfying s < x < t and

f@® —f(s) > C(t—s). 4.1

Then Ec is the union of countably many intervals (a,,by,) of total length <
ACT(f(b) — f(a)).
Remark The set E¢ contains all points at which f has a derivative > C, but it may
contain other points as well. For example, consider the function f(x) := /x in the
interval [0, 4]. For C = 1/+/2 we have
{f'>C}=(0,1/2) and Ec=(0,2).
(See Fig.4.3: for 0 < x < 2 we may choose s, = 0 and £, = (x + 2)/2.)
Proof The set E¢ is open by definition, hence it is the union of disjoint open
intervals (a,, b,). We also observe that if x € (a,, b,), then (sy,t,) C (a,, b,) by
definition.
Fix for each n a compact subinterval [a],, b/,] C (an, b,) of length
b, —d, = (by—ay)/2. 4.2)

It is covered by the intervals

(v, 1), x€[a,b].
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Since [a),, b},] is compact, there exists a finite subcover (51, 1), ..., (sy, fy). Choose
a finite subcover with N as small as possible. Then no point of U(s, ) is covered
more than twice, because if three intervals have a common point, then one of them
belongs to the union of the other two. Consequently, using (4.1) and the relations
(Sk» 1) C (an, by), we have

N N
by —dy < ) (e —s1) < €Y (f(0) —f(s) < 2C7 (f(bu) —f(an))-
k=1

k=1

Using (4.2) this yields the required inequality:

Y (bu—ay) <4C' Y (f(ba) — flan) < 4CT(f(b) = (@),

|

As a first application of this lemma, we prove that a non-decreasing function
cannot have an infinite derivative at many points. More precisely, we have the

Lemma 4.6 Iff : [a,b] — R is a non-decreasing function, then

Df (x) := lim sup f—(y) AL

y—x y—x

<oo aein Ja,bl.

Proof 1f Df(x) = oo, then x € E¢ for every C > 0, so that the set of these points
may be covered by a set of intervals of total length < 4(f(b)—f(a))/C. We conclude
by letting C — oo. O

As a second application we prove Lebesgue’s theorem in a special case.

Definition By a jump function we mean a functionf : I — R of the formf = )_ f;
where (a;) C 1 is a given sequence of points, Y S is a nonnegative convergent
numerical sequence, and

filx) =0 if x<a,

fitx) =S8, if x> a,

0 < fi(ak) < Sk

Every jump function is non-decreasing.
Proposition 4.7 Iff : I — R is a jump function, then f' = 0 a.e.

Proof We may assume that I = [a, b] is compact. It suffices to show that Df < C
a.e. for every fixed C > 0.
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Fix an arbitrary ¢ > 0,'* then choose a large N such that

o0
Z Sk < E&.

k=N+1

Then the function
o0
=5
k=N+1

is non-decreasing, and h(b) — h(a) < . By Lemma 4.5 we have Dh < C outside a
set of intervals of total length < 4¢/C.
Observe that the function

N
f=h=>"f
k=1
has zero derivative everywhere, except ay, ..., ay. Hence Df < C outside a set of
intervals of total length < 4¢/C. We conclude by letting ¢ — 0. O

Using jump functions we may isolate the discontinuous part of non-decreasing
functions:

Proposition 4.8 Every bounded non-decreasing function f : I — R is the sum of a
continuous non-decreasing function and a jump function.

Proof Since f is bounded, extending f by constants we may assume that I = R.
Let (ax) be the (finite or infinite) sequence of discontinuities of f, and set Sy =
f(ar+0) —f(ax—0). The series Y _ Sy is convergent because f is bounded. Introduce
the functions f; as in the definition of the jump functions, and set fi(ax) := f(ax) —
f(ar — 0). Then h := }_f; is a jump function by definition, while g := f — h is
non-decreasing and continuous.' O

14The following proof is due to A. Csészdr; see Sz.-Nagy [448].
15See Exercise 4.3 at the end of this chapter, p. 165.
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Fig. 4.4 Dini derivatives

—0.2 1

—0.3 1
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4.4 Proof of Lebesgue’s Theorem

In view of Propositions 4.7 and 4.8 it is sufficient to consider a non-decreasing and
continuous function f : [a, b] — R, defined on a compact interval. In this section
we present an elementary proof due to F. Riesz.'¢

We introduce the Dini derivatives'”:

D_f(x) := lim SupM, Dif(x) := lim Supf(y) —f(x)’
S y—4 ol y—x
df @) = limintt 2 =D 4 = timint LD =S
y<x y—x y>x y—x

y—=>x y—=>x

Since f is non-decreasing, they are all nonnegative.

Example For f(x) := x + xsin(1/x) we have
D_f(0) = D4f(0) =1 and d_f(0) = d+f(0) = 0;

see Fig.4.4.

16Riesz [386, 387]. The proof may be adapted to the discontinuous case: see Riesz and Sz.-Nagy
[394], Sz.-Nagy [448]. See also other elementary proofs of Austin [14] and Botsko [63].

"Dini [109] (Sect. 145).
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Fig. 4.5 Invisible points
from the right

ay by ay by

Assume for a moment the following lemma:
Lemma 4.9 The inequality D.f < d_f holds almost everywhere.

Then applying this lemma to the function —f(—x) we have also D_f(x) < d+f(x)
a.e., and hence

0 < Dif(x) <d_f(x) < D_f(x) < d4f(x) < Dyf(x)

a.e. Since D4f(x) < oo ae. by Lemma 4.6, we conclude that the four Dini
derivatives are finite and equal a.e., proving Lebesgue’s theorem.

The main tool for the proof of Lemma 4.9 is the “Rising sun lemma” of Riesz.
We introduce the following notion:

Definition Let g : [a,b] — R be a continuous function on a compact interval.
The point a < x < b is invisible (from the right) if there exists a y > x such that

g(y) > g(x). (See Fig.4.5.)

Lemma 4.10 (“Rising sun lemma”)'® The invisible points (from the right) form a
union of disjoint open intervals (ay, by), and g(ax) < g(by) for every k."°

Proof The set of invisible points is open by the continuity of g, hence a union of
disjoint open intervals (ay, by).

Assume on the contrary that g(ay) > g(by) for some k. Fix a number g(a;) >
¢ > g(by) and set

x:=sup{ay <t =<b; : gt)>c}.

By the continuity of g we have g(x) = ¢ and thus g; < x < by. Since x is invisible,
there exists ay > x such that g(y) > g(x) = c. Since g < c on (x, b;] by the choice of
x, we have y > by. But this contradicts the visibility of b, because g(y) > ¢ > g(by).
O

Proof of Lemma 4.9 1t suffices to show that for any fixed rational numbers c¢; < c»,

E:={xe(a,b) : d_f(x) <c) <c <Dif(x)}

18Riesz [386, 387]. See the correspondence of Riesz in [443, 444] for the history of this result.
It is easy to see that we even have g(a;) = g(by) if a; # a.
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is a null set. Indeed, then their (countable) union is also a null set, and d_f(x) >
D f(x) outside them.

We are going to show that for any fixed open subinterval (¢, b’) of (a, b), we may
cover EN(d’, b') by a (countable) set of open intervals of total length < (¢ /c2) (b —
a'). Tterating this procedure we will get that E = E N (a, b) may be covered for each
n = 1,2,... by a set of open intervals of total length < (c1/c2)"(b — a). Since
c1/cy < 1, letting n — oo we will conclude that E is a null set.

Ifx e EN(d,b'), then

[0 -fe) _
y—Xx

forsomed’ <y < x,i.e.,
FO) —cy > fx) —cx.
In other words, x is invisible from the left?® for the function
g :=f() —cit, teld,b].

Applying Lemma 4.10 for the function 7 — g(—t), E N (d’, b’) may be covered by a
countable set of disjoint open intervals (ay, by) such that g(ax) > g(by), i.e.,

fb) —flar) < c1(by — ar)

for every k.
Now consider one of these intervals (ay, by). If x € E N (ay, by), then

[0 =10
y—x

for some x <y < by, i.e.,
f) —cy > f(x) — cox.

In other words, x is invisible from the right for the function

g(t) :=f(t) —cat, 1€ [ag, byl

20We say that x is invisible from the left for a function g if —x is invisible from the right for the
function ¢ — g(—1).
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Applying Lemma 4.10, E N (ax, bx) may be covered by a countable set of disjoint
open intervals (ayy, br,n) such that g(ag,) < g(bim), i-e.,

S (bim) — f(aim) = c2(bim — arm)

for every m.
Consequently, the intervals (@, bin) cover E N (a’, 1), and

St = ) = - 3 b))
k.m k.m

= LS (0 - flaw)

C2 k
1
— ) (br—ap)

L - a).

(&)

IA

IA

4.5 Functions of Bounded Variation

The difference of two monotone functions is not necessarily monotone. However, it
follows from Proposition 4.2 and Theorem 4.4 (pp. 153 and 157) that these functions
still also have at most countably many discontinuities, and they are differentiable a.e.
In this section we briefly discuss these functions.

Definition A function f : I — R is of bounded variation®" if there exists a number
A such that

D IfG) —fxi) <A

i=1

for every finite set of points xy < -+ < x, in /. The smallest such number A is called
the rotal variation of f.

Remarks

* Every function of bounded variation is bounded.

21Jordan [229]. He introduced this notion in order to give an elegant formulation of Dirichlet’s
theorem on the convergence of Fourier series.
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* Inthe case of a bounded interval I, f has a bounded variation <= it is rectifiable,
i.e, if its graph has a finite arc length.

* Every monotone and bounded function has a bounded variation.

* The functions of bounded variation form a vector space.

Our last remarks imply that the difference of two monotone and bounded functions
has a bounded variation. The converse also holds:

Proposition 4.11 (Jordan)?? Every function of bounded variation is the difference
of two non-decreasing and bounded functions.

Proof Iff : I — R has bounded variation, then its restriction to any subinterval also
has bounded variation. Let us denote by g(x) the total variation of f on/ N (—o0, x)
foreachx € I. Then 0 < g < T, where T denotes the total variation of f, so that g
is a bounded function.

If y € I and x < y, then g(x) + |f(y) —f(x)] < g(y) by the definition of the
total variation. It follows that g is non-decreasing, and then that g — f is also non-
decreasing because

=N = (g=HE = (80) —8®) = (fO) —f()
> (80) —8) = IF () —f W)
0

%

Since f and g are bounded, & := g —f is bounded, too. Therefore the decomposition
f = g — h has the required properties. O

Remark 1t follows from the theorems of Jordan and Lebesgue that if f : I — R has
bounded variation and I = [a, b], then f has a finite left limit at every a < x < b,
a finite right limit at every a < x < b, and (applying Lebesgue’s theorem) that f is
a.e. differentiable.

4.6 Exercises

Exercise 4.1 Given an arbitrary null set D, does there exist a monotone function
f : R — R that is non-differentiable exactly at the points of D?

Exercise 4.2 If C denotes Cantor’s ternary set, then C — C = [0, 1].

Exercise 4.3 Prove that the function g in the proof of Proposition 4.8 (p. 160) is
non-decreasing and continuous.

22Jordan [229].
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In the remaining exercises we consider bounded closed intervals.

Exercise 4.4 (Lebesgue’s criterium)> Let f : [a, b)] — R, then

f is Riemann integrable <= f is bounded, and continuous a.e.

Exercise 4.5 Let f, g : [a, ] — R have bounded variations.

(i) fg, max{f, g} and min {f, g} also have bounded variations.
(ii) |f| has bounded variation.
(iii) If moreover, inf |g| > 0, then f/g also has bounded variation.

Exercise 4.6 Iff : [a, b] — R is continuous, then f and |f| have bounded variations
at the same time. Is the continuity assumption necessary?

1
Exercise 4.7 For which values of «,  does f(x) := x* sin—ﬁ have bounded
X

variation on [0, 1]?

Exercise 4.8 If f : [a, b)] — R has bounded variation, then f has finite left and right
limits everywhere, and f has at most countably many discontinuities.

Exercise 4.9

(1) Iff : [a, b] — R s Lipschitz continuous, then it has bounded variation.
(i) Construct a Holder continuous function f : [a, b)] — R which is not of bounded
variation.

Exercise 4.10 Write the following functions as the difference of two non-
decreasing functions:

(1) f(x) =signxin [—1,1];
(i) f(x) = sinxin [0, 27].

Exercise 4.11 (Helly’s selection theorem)?* Let fiila,bl > R,n=1,2,...bea
uniformly bounded sequence of functions of bounded variation. Assume that their
total variations are bounded by some constant. Prove the existence of an everywhere
convergent subsequence by proving the statements below.

(i) We may assume that all functions f, are non-decreasing. Henceforth we
consider this special case.

(ii) There exists a subsequence (f') C (f,) converging in a, b and in all rational
points of (a, b). Write

Y (x) = limf!(x), x€E:={a,b}U((a.b)NQ).

ZLebesgue [288], p. 29.

2*Helly [204]. This is a weak compactness theorem in the space of functions of bounded variation.
We follow Natanson [332].
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(iii) ¢ extends to a non-decreasing function v : [a, b] — R.

@(iv) f1(x) = ¥ (x) at all points x € (a, b) where ¥ is continuous.

(v) There exists a second subsequence ( fnz) C ( fnl) which also converges at the
points of discontinuity of y.



Chapter 5
The Lebesgue Integral in R

I turn with terror and horror from this lamentable scourge of continuous functions with no
derivatives!—Letter of Hermite to Stieltjes, 1893

In former times when one invented a new function it was for a practical purpose; today
one invents them purposely to show up defects in the reasoning of our fathers and one will
deduce from them only that.—H. Poincaré

The Riemann integral has the drawback that many important functions are not
integrable and the limiting processes are complicated:

Examples

* (Dirichlet function)' The function

1 if xis rational;
f() =

0 if xis irrational

is not Riemann integrable. However, since f = 0 a.e., it is tempting to define

[fdx:=0.

¢ Let us enumerate the rational numbers into a sequence (r,). Then the functions

1 ifx=r,....1;
fn(—x) =

0 otherwise

are Riemann integrable, [ f, dx = 0 for all n, and f, — f a.e. We would like to
conclude that [ f, dx — [ f dx, but the last integral is not defined.

'Dirichlet [112, pp. 131-132].

© Springer-Verlag London 2016 169
V. Komornik, Lectures on Functional Analysis and the Lebesgue Integral,
Universitext, DOI 10.1007/978-1-4471-6811-9_5
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e The formula ||g|| := [|g| dx defines a natural norm in the vector space of
Riemann integrable functions. For this norm the above sequence (f;) satisfies
the Cauchy criterion, but it is not convergent.

The Lebesgue integral eliminates these difficulties: much more functions are
integrable and they are easier to manipulate. One key of this theory is that we do not
distinguish between two functions if they are equal outside some null set:

Definition The functions fij : D1 — R and o : D, — R are equal almost
everywhere (a.e.) if

D1\ Dy, Dy\Dy and {xeDyND;: fi(x) #f(x)}

are null sets.
This is an equivalence relation that is compatible with the usual algebraic
operations: if fj = g; and f, = g, a.e., then
LAil =1g1l ae.,
hxth=g1Eg ae,
fifo =818 ae.,
min{f;.f2} = min{g.g>} ae.,
max {f1,f2} = max{gi.82} ae.

If, moreover, > # 0 a.e., then f /f, = g1/g> a.e.

Finally, if f, — f a.e., and f, = g, a.e. for every n, then g, — f a.e.

In view of these properties we often identify two functions if they are equal
almost everywhere.> Hence we often write f = g, f > g,f > g instead of f =
gae, f > gae.,f > gae., and a sequence (f;,) is called simply nonnegative,
non-decreasing or non-increasing if it is nonnegative a.e., non-decreasing a.e. or
non-increasing a.e.

5.1 Step Functions

Definition ¢ : R — R is a step function if there exist finitely many points

—00 < Xg < +rr < Xy <00

21t is essential here that we use countable covers in the definition of null sets.

3To be precise, we should use equivalence classes of functions but we follow the traditional, looser
terminology.
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Fig. 5.1 Step function
L
co [T S
s
ro  r 1’2 TJ’3
S S — —
and real numbers ¢y, ..., ¢, such that a.e.,
0 if x < xo,
c1 ifxg < x < x,
px) =
c, ifx,_1 <x<ux,,
0 if x, < x.

See Fig.5.1. The class of step functions is denoted by Cj.

Remarks

We may always add to the definition a finite number of arbitrary points x;.

Consequently, for finitely many given step functions we may always assume that

they are defined by the same points x;.

Once the points x; are given, the corresponding numbers c¢; are uniquely

determined because the non-degenerate intervals in the definition of ¢(x) are not

null sets.

Definition By the integral of a step function we mean the number

n

/(pdxzzz

i=1

ck(xk - xk_l).

In order to show the correctness of this definition we introduce two useful

notions:
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Definitions A vector space C of real functions is a vector lattice if
¢, € C = max{p, ¥}, min{p, ¥} € C.
A linear functional L : C — R defined on a vector lattice C is positive if
©>0=—= Lp >0.

Remarks

* Using the relations |¢| = max {¢, —¢} and

o+ ¥ +le—yl o+v—lp—vl

max {g, y} = > . min{gp, ¥} = 7

we see that a vector space C is a vector lattice <=
peC=|p|eC.
* Every positive linear functional is monotone, i.e.,
>y = Lo =>Ly.
Using the remark following the definition of step functions the next result can be
shown easily:

Proposition 5.1

(@) Cy is a vector lattice.

(b) The integral of a step function does not depend on the particular choice of the
points X;.

(c) The integral of step functions is a positive linear functional on Cy.

The following two “innocent-looking” lemmas are due to Riesz. Almost the
whole theory of Lebesgue integral will follow from them.
The first one is a simple variant of a classical theorem of Dini*:

Lemma 5.2 If a sequence (¢,) of step functions satisfies’ ¢,(x) \, 0 a.e., then
[ ondx — 0.

Proof Fix a compact interval [a, b] and a number M > 0 such that ¢; = 0 outside
[a, b], and ¢; < M on [a, b]. Changing the functions ¢, on some null set if necessary,
we may assume that they all vanish outside [a, b].

4See Proposition 8.24 below, p. 292.
3The notation means that the sequence is non-increasing and converges to zero for almost every x.
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Fix an arbitrarily small number ¢ > 0. Outside a suitable null set E all functions
@, are continuous, and the sequence tends to zero. Let us cover E by a countable
open interval system {/} of total length < ¢/(2M).

If xg ¢ E, then ¢,(xg) — 0, so that

Dny (.X()) < ﬁ

for a suitable index no. Since ¢,, continuous at xo, we have

€
n < 5

Pno (X) 2(b—a)

at each point x of an open interval / = J(x) containing x,. Finally, by the non-

increasingness of (¢,) we have

€
n <
@n(x) 20—a)
forall x € J and n > ny.
The compact interval [a, b] may be covered by finitely many of the intervals /
and J. Let us denote by N the largest index ny among the chosen intervals J, and by
A the union of these intervals J. Then

£
on(x) < m

forall x € A and n > N. Consequently, the integral of the step function ¢, x4, where
x4 denotes the characteristic function® of the set A, is at most /2.

The remainder of [a, b] is a union of closed intervals, covered by the chosen
intervals /. Since the total length of the latter is less than ¢/(2M), the integral of
@n(1 — yxa) is at most /2.

Adding the two equalities we obtain that

0§/<pndx§s

foralln > N. O
Our next result will be greatly extended later.”

Lemma 5.3 Let (¢,) be an a.e. non-decreasing sequence of step functions. If the
sequence of their integrals is bounded from above, then (¢,) has a finite limit a.e.

6de la Vallée Poussin [465, p. 440]: x4 := 1 on A, and y, := 0 outside A.
7See the Beppo Levi theorem, p. 178.
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Remark In view of Proposition 5.1 the sequence of integrals f ¢, dx is non-
decreasing, and hence convergent.

Proof Changing ¢, to ¢, — ¢; if necessary we may assume that the functions ¢, are
nonnegative. We have to show that the points x satisfying ¢,(x) — oo form a null
set Ey.

Let [ f, dx < A for all n. For any fixed ¢ > 0 let us denote by E,, the set of
points x satisfying ¢,(x) > A/e, forn = 1,2,.... Since E, := UE,, contains Ey, it
is sufficient to cover E, with a countable interval system of total length < ¢.

The set sequence (E.,) is non-decreasing by the analogous property of (¢,).
Consequently, E, | and each difference set E, ,, \ E,,—; is the union of finitely many
disjoint intervals, say

K
Ee1 = Ullk
k=1

and
Kn
Ea,n \Ea,n—l = Ulnk, n = 2, 3, e
k=1

The set of all these intervals covers E,. Furthermore, their total length is at most &,
because

m K m
LA
ZZ—UMS/ <P1dx+2/ (pndx§/<pmdx§A
n=1 k=1 ¢ Ee =2 Y Een\Eeni—1
for each m. O

5.2 Integrable Functions

We enlarge the class of integrable functions in two steps. The first one is based on
Lemmas 5.2 and 5.3:

Definition We denote by C; the set of limit functions f of sequences (¢, ) satisfying
the assumptions of Lemma 5.3, and we define the integral of these functions by the

formula
/fdx = lim/qon dx.
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The following lemma will imply the correctness of this definition®:

Lemma 5.4 [ftwo sequences of step functions (¢,), (V) satisfy the relations ¢, /
[V, S gandf < ga.e., then

lim/ Op dx < lim/ Y, dx.
Proof 1Tt suffices to prove for any fixed m the inequality
/ Om dx < lim v, dx,
n—>oQ
or the equivalent inequality

lim Om — Y dx < 0.

n—>oo

Hence the lemma will follow by letting m — oo.
We prove the stronger relation

hm‘/@m—wﬂ+dx§0
n—>o00
where

(om — Wn)—’— ‘= max {wm = Y, 0}
denotes the positive part of the function ¢,, — . For this it suffices to observe that
the sequence n — (¢,, — ¥,) " satisfies the conditions of Lemma 5.2. O
Now we collect the properties of the integral on C':
Proposition 5.5

(a) The integral does not depend on the particular choice of the sequence (¢n).
(b) Iff € Cy, then the two definitions of the integral give the same value.

(c) Iff e Crandf = ga.e., then g € C; andffdx: fgdx.

d) Iff,g € Crandf < ga.e., then

/fﬂf/gm

(e) Iff,g € Cy, then max {f, g} € C; and min{f, g} € C;.

8For clarity, in this section we do not omit the notation a.e. for the equalities and inequalities.



176 5 The Lebesgue Integral in R

®) Iff,g € Cy, thenf + g € Cy, and

/(f+g)dx:/fdx+/gdx.

(g) Iff € C, and c is a nonnegative real number; then cf € C; and
/cfdx:c/fdx.

(a) We apply the preceding lemma with f = g.
(b) Let ¢, = f for every n.
(c) If f f dx is defined by the sequence (¢,), then we also have ¢, — g a.e.
(d) This is a reformulation of the preceding lemma.
(e), (f) and (g) If [ f dx and [ g dx are defined by the sequences (¢,) and
(¥,), then the sequences given by the formulas

Proof

max {(pnv WV!} ., min {Gﬂm %} s Ont Yn Cc@u

satisfy the conditions of Lemma 5.3, and they converge a.e. to max{f, g},
min{f, g}, f + g and cf, respectively. The equalities in (f) and (g) follow from
the similar equalities for step functions.

Next we extend the integral from C; to the vector space spanned by C;:

Definition A function f is integrable if f = fi — f> a.e. with suitable functions
fi.f> € C1. Its integral is defined by the formula

/fdx:z /fl dx—/fzdx.

We often write [ f(x) dx instead of [ f dx.
The set of integrable functions is denoted by C,.

Proposition 5.6

(a) C, is a vector lattice.

(b) The integral of a function f € C, does not depend on the particular choice of
the decompositionf = fi — fo.

(¢) Iff € Candf = ga.e,theng € Cy,and [ f dx = [ g dx.

(d) The integral is a positive linear functional on Cj.
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Proof

(a) Letf = fi —f, and g = g — g2 a.e., where f1, />, 81,82 € Ci, and let ¢ be
a nonnegative number. Applying the preceding proposition, it follows from the
a.e. equalities

fHeg=01+g)—(2+8),
of = ch —cfa,

—cof =cfr—cfi,

|f] = max {f1,/2} — min{fi,/>}

that f + g, ¢f, —cf and | f| are integrable.

b Iff=f—-fr=g1—g ae withfi,fr,g1,8 € C,thenfi + g, = + g1 a.e.,
and hence

/ﬁdx+/32dx:/fl+32dx:/f2+gldx:/f2dx+/gldx

by Proposition 5.5. Consequently,

[ra [ra=[aaw- g

(c) If f =fi — f> a.e., where fi,f> € Ci, then we also have g = fj — f> a.e.
(d) This follows from Proposition 5.5 (d), (f), (g) and from the definition of the
integral.

5.3 The Beppo Levi Theorem

In the preceding section we started with a positive linear functional defined on a
vector lattice, and we extended it to a positive linear functional defined on a larger
vector lattice. It is tempting to reiterate this process in order to obtain new integrable
functions. It is surprising and remarkable that this step is useless:
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Theorem 5.7 (Beppo Levi)’ Let (f,) be a non-decreasing sequence of integrable
Sfunctions. If their integrals are bounded from above, then (f,) converges a.e. to an

integrable function f, and
/fn dx — /fdx. G.D

Remark The use of a.e. convergence is essential here. Using everywhere convergent
sequences the process could be iterated indefinitely by a celebrated theorem of
Baire.!”

We prove the theorem in two steps.

Proofin case (f,) C C; Let

/ﬁldfo

for all n. Fix for each n a non-decreasing sequence (¢,;) of step functions,
converging a.e. to f,,. Then the formula

©On ‘= SUp Qik

i,k<n

defines a non-decreasing sequence of step functions, satisfying

/(pndfo

for all n, because gy < f; < f, forall i, k < n, and therefore ¢, < f,. By Lemma 5.3
we have ¢, — f a.e. for some function f € C;, and

/(pn dx — /fdx. 5.2)

Since ¢, < ¢, whenever k > n, letting k — oo we obtain f, < f for each n.
Integrating the inequalities ¢, < f, < f and applying (5.2) we obtain (5.1). O

Remark We emphasize that in the above special case the limit function is not only
integrable, but even belongs to C;. This will be used in the proof of the general case
below.

Levi [301].
10Baire [16, 17].
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To proceed we need the following lemma:

Lemma 5.8 Given a nonnegative function f € C, and a positive number ¢ > 0,
there exist nonnegative functions fi,f> € Cy such that f = fi — f> and [ f>» dx < e.

Remark We cannot take f, = 0 if f is unbounded from below.

Proof Letf = g, — g, with g1, g2 € Cy. Choose a sequence (¢,) of step functions

such that ¢, /' g; a.e. Then
/qpndx—> /gzdx,

and hence

/g2—<pndx<e

if n is sufficiently large. Since —¢, € Cy C Cj, the functions f; := g; — ¢, and
f» = g — @, belong to C;. Furthermore, f = fi — f» and [ f> dx < e. Finally,
> = g2—@n > 0, because the sequence (¢,) is non-decreasing, andf; =f+f, >0
as the sum of two nonnegative functions. O

Proof of Theorem 5.7 in the General Case Applying the preceding lemma to the
differences f,4+1 — f, we obtain nonnegative functions g,,h, € C; satisfying the
conditions

fot1—Ji = gu—h, and /hndx<2_", n=12,....
Hence

/h1+"'+hndx<1

for all n. Applying the already proven part of the theorem, the series Y i; converges
a.e. to some function 4 € Cy, and

o0
Z/hndxthdx.
n=1

Consequently, assuming again that

/fndeA
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for all n, the following inequalities also hold:

/g1+---+gn_1dx=/ﬁ1—fl +h1+---+hn_1dx<A+1—/fldx.

Applying once again the already proven part of the theorem, the series Y g;
converges a.e. to some function g € C, and

o
Z/g,,dx:/gdx.
n=1

Taking the difference of the two series we conclude that
g1+ +g-1)—+-+h-1)=fi—fi

converges a.e. to g — h € C, and

/f,,—fl dx—>/g—hdx.

Consequently, f, converges a.e. to f := f; + g — h € C, and (5.1) holds. O
Let us mention some important corollaries of the theorem:
Corollary 5.9

(a) Ifanon-decreasing sequence (f,) of integrable functions converges a.e. to some

integrable function f, then
/ fu dx — / f dx.

(b) If (fn) is a sequence of integrable functions, and the numerical series

i/ ol dx

is convergent, then the function series ) _ f, converges a.e. to some integrable
function f, and we may integrate this series termwise:

/fdx:nZ::l/fndx.

(¢) Iff is integrable and [ |f| dx = 0, then f = 0 a.e.
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Proof

(a) The number A := [ f dx is a uniform upper bound of the integrals [ f,, dx.
(b) If the functions f, are nonnegative, then the partial sums of )_f, satisfy the
conditions of the Beppo Levi theorem.
In the general case we consider instead the series Y_fi" and Y f,”, where
fn+ :=max{f,,0} and f :=max{—f,, 0}
denote the positive and negative parts of the functions f,: then f;*, £~ > 0 and

=1 =1
(c) Apply (b) with f,, := f for all n.

5.4 Theorems of Lebesgue, Fatou and Riesz—Fischer

If f, — f a.e., then the Beppo Levi theorem gives a sufficient condition for the

relation
/ fudx — / f dx.

Another important sufficient condition is the following!':

Theorem 5.10 (Lebesgue)'> Let (f,) be a sequence of integrable functions with
fu = f a.e. If there exists an integrable function g such that | f,,| < g a.e. for every
n, then f is integrable, and

fodx— [ fax. (5.3)
Jra= |

The function g is called an integrable majorant of the sequence (f,,).

This theorem greatly extended and at the same time simplified earlier results of Arzela [7], [10,
pp. 723-724] and Osgood [350, pp. 183-189] on the Riemann integral. An elementary proof of the
latter was given by Lewin [302].

12 ebesgue [288] (for uniformly bounded sequences), [294] (general case, pp. 9—10). It is also
called dominated convergence theorem.
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Fig. 5.2 Non-dominated
sequence

Fig. 5.3 Non-dominated
sequence f

n

0 1/n 1

Examples The relation f, — f a.e. alone does not imply the convergence of the
integrals:

e If f, is the characteristic function of the interval [n,n + 1], then f, — 0
everywhere, but f fun dx = 1 for all n, and hence it does not converge to
J 0dx = 0. See Fig.5.2.

o Letf,(x) = n,if0 <x < n~',andf,(x) = 0 otherwise. Thenf, — 0 everywhere,
but f fn dx = 1 for all n, and hence it does not converge to f 0dx = 0. See
Fig.5.3.

Proof Let us introduce for eachn = 1,2, ... the functions

8n = Sup {fnvfn-l-ls . }

and

Cum = Sup{fu,fut1r---ofm}, m=nn+1,....
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Since |gum| < g a.e. for all m, the functions g, are integrable, and their integrals

are bounded from above by f g dx. Since gnn /' gn a.e., the Beppo Levi theorem
implies that g, is integrable.
Observe that g, ~\ f a.e., and that — f g dx is a lower bound of the integrals of

the functions g,, because |g,| < g a.e. for all m. Applying the Beppo Levi theorem
to the sequence (—g,) we conclude that f is integrable, and

/gndx—>/fdx.

Similarly, the functions

By 2= A0F{ fs fogts -}

/hndx—>/fdx.

Since h, < f, < g, a.e., and therefore

/hndxf/ﬁdxf/gndx,

(5.3) follows from the above two convergence relations. O

satisfy i, /' f a.e., and

We may also combine the assumptions of Beppo Levi and Lebesgue:

Theorem 5.11 (Fatou Lemma)'® Ler (f,) be a sequence of nonnegative,

integrable functions with f,, — f a.e. If the integrals [ f, dx are bounded from
above, then f is integrable, and

/fdx§ liminf/fn dx.

Remark The preceding examples show that we do not have equality in general. We
will return to this question later.'*

Proof Let us introduce again the functions

hn = inf{ﬁl,fn+1,...}, }121,2,....

3Fatou [136, p. 375].
14See Propositions 10.1 (c) and 10.6 (c), pp. 341 and 349.
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Since the functions f, are nonnegative, we may apply the Beppo Levi theorem to
conclude that the functions #, are integrable.
Since 0 < h, <f, a.e., we have

OS/hnde/ﬁ,dx

for all n. Therefore we deduce from the assumptions of the theorem that the
sequence of the integrals [/, dx is bounded. Furthermore, since h, /' f ae.,
another application of the Beppo Levi theorem shows that f is integrable, and
[ hydx — [ fdx. O

The integrable functions form a natural normed space'®:

Definition Identifying two integrable functions if they are equal a.e., we obtain a
vector space L' on which the formula

171 = / 1l dx

defines a norm.'©

A fundamental result is that the Cauchy convergence criterion holds in this space:

Theorem 5.12 (Riesz-Fischer)!” L' is a Banach space.

The proof is based on the following lemma, important in itself:

Lemma 5.13 (Riesz)'® Given a Cauchy sequence (f,) in L', there exists a subse-
quence (fy) and two integrable functions f, g such that |f,| < g for all k, and

Ju — fae

Proof Choose a subsequence (f;,) satisfying

/lfn—fnk|dx§2_" forall n>m, k=12,....

5The validity of the norm axioms is straightforward.

16More precisely, the elements of L! are equivalence classes of functions. As a vector space, L! =
C,. We write L! to emphasize that we have a normed space.

Riesz [373, 374, 376] and Fischer [146] for the closely related r? spaces, Riesz [377, 379-381]
for the more general L7 spaces. See also Chap. 9, p. 305.

18Riesz [378].
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Since

o0 o0
Z/ |f"k+1 — [l dx < 22_k < 00,
k=1 k=1

the function series

[ fror | + Z ‘ﬁlk+l _fnk| and f,, + Z (fnk+1 _fnk)

k=1 k=1

converge a.e. by Corollary 5.9 (p. 180) to two integrable functions g, f.
Applying the triangle inequality to the partial sums we obtain that | f,,, | < g for
all k, and f,,, — f a.e. O

Proof of Theorem 5.12 By the preceding lemma there exist a subsequence ( f;,, ) and
an integrable function f such that f;,, — f a.e.
For any given ¢ > 0 choose a sufficiently large N such that

/|fm—fn|dx<8

for all m,n > N. Taking n = n; and letting k — oo, by applying the Fatou lemma
we obtain that

/Ifm—fl dx<e

forallm > N. O

We end this section with two further applications of Lebesgue’s theorem. The
first one states the density of step functions in L!:

Proposition 5.14 For each f € L' there exists a sequence (¢,) of step functions
such that [ |f — @a| dx — 0.

Remark Applying the preceding lemma and taking a subsequence we may also
assume that ¢, — f a.e., and that there exists an integrable function k such that
|@n| < k for all n.

However, the proof below leads directly to such a sequence.

Proof Letf = g — h with g, h € Cy, and choose two sequences (), (0,,) of step
functions such that ¥,, ' g and o, " h a.e. Furthermore, set

k:=max{g—o01,h—vY1} and ¢, =vY,—0, n=12,....
Then k is integrable. Furthermore,

on—>g—h=f ae,and |g,| <k forall n,
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because ¥,—o, < g—o1 and 0,— V¥, < h—;. We conclude by applying Lebesgue’s

convergence theorem. O
Finally we study integrals depending on a parameter:

Proposition 5.15 Consider a function f : R x I — R where I is an open interval.
Assume that the functions x — f(x, t) are integrable, and set

F(@) := /f(x,t) dx, tel.

Letty el
(a) Assume that

e the functions t — f(x, t) are continuous at ty for a.e. x;
* the functions x — f(x, t) have a uniform integrable majorant g:

|f(x, 1) < gx) foreach tel.
Then F is continuous at t.
(b) Assume that
* the functions t — f(x, t) are differentiable at t, for a.e. x;
* the functions x — D, f(x, t) have a uniform integrable majorant g:

|Daf(x,0)| < g(x) foreach tel;

Then F is differentiable at ty, and

F'(1) = /sz(X, 1) dx.

Proof

(a) It suffices to show that F(t,) — F(t) for every sequence f, — fy in I. Setting
hy(x) = f(x,1,) and h(x) := f(x, o), this is equivalent to the relation [ h, dx —
[ h dx. It follows from our assumptions that the functions /, are integrable,
h, — hae., and that |h,| < g a.e. for every n. We may therefore conclude by
applying Lebesgue’s theorem.

(b) Fix again a sequence t, — t( in /. Setting

hy(x) == Fta) —f (% 10) t,;) :{O(X’ fo) and h(x) := Dyf(x, 1),

it follows from our assumptions that 4, — h a.e., and |h,| < g a.e. for every
n. (We apply the Lagrange mean value theorem.) Applying Lebesgue’s theorem
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we get [ h, dx — [ hdnx, ie.,

Flu) = Flt)
t,— 1t

/ D f(x. 0) d.

Remarks

» Part (a) may be generalized for a metric space I in place of intervals.
* Part (b) may be generalized for higher-order derivatives (by induction) and to
open subsets I of normed spaces in place of intervals.

5.5 * Measurable Functions and Sets

It is sometimes convenient to deal with infinite integrals. For this we introduce the
following notion:

Definition A function f : R — R is measurable if there exists a sequence (¢,) of
step functions such that ¢, — f a.e.

We emphasize that f may take infinite values.

Example Every continuous function f : R — R is measurable because the formula

k ok k+1 5 2 2
(pn(_x):: f(z) 1fz§x<T,k——n,...,0,...,}1,
0 otherwise

defines a sequence of step functions converging to f everywhere.

The following proposition clarifies the relationship between measurable and
integrable functions, and it shows that all functions f : R — R usually encountered
in analysis are measurable.'”

Proposition 5.16

(a) Iff is measurable and f = g a.e., then g is measurable.

() If F : RN — R is continuous, F(0) = 0, and fi,....fy are finite-valued
measurable functions, then the composite function h = F(fi,....fy) is
measurable. In particular, if f and g are finite-valued measurable functions,

Even more is true: it is impossible to prove the existence of non-measurable functions without
using the axiom of choice: see the remark on p. 192 below.
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then

|f|s f+gv f_gv fgv max{f,g} and mln{f’g}

are measurable.

(c) Iff is measurable andf # 0 a.e., then 1/f is measurable.

(d) Every integrable function f is measurable.

(e) Iff is measurable, g is integrable, and | f| < g a.e., then f is integrable.

(f) If (fn) is a sequence of measurable functions and f, — f a.e., then f is
measurable.

Remarks

» Since the constant functions are continuous and hence measurable, the assump-
tion F(0) = 0 in (b) could be omitted. We made this assumption in order to keep
the proposition valid in the much more general framework of Chap. 7 below.

* Property (b) may be generalized to the case where fi,...,fy also take infinite

N = . .
values, and F : R — R is continuous on the range of the vector-valued function

(flv o st)'
Proof

(a) This follows from the definition.
(b) Fix for each f; a sequence (¢y,) of step functions converging to f; a.e. Then the
step functions

Pn(x) 1= F(@1a(x), ..., @nn(¥))

converge to & a.e.
(c) Let (¢,) be a sequence of step functions, converging to f a.e. Then the step
functions

0 if g,(x) =0,

Vale) 1/@n(x) otherwise
convergeto 1/f a.e.
(d) Iff is integrable, then by Proposition 5.14 there exists a sequence (¢,) of step
functions satisfying f |f — @n| dx — 0. By Lemma 5.13 we may also assume
(by taking a subsequence) that ¢, — f a.e.
(e) If (¢,) is a sequence of step functions converging to f a.e., then the functions>’

fo = med{—g, ¢, g}

20See the definition of med {x, y, z} on p. 9.
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are integrable, and f,, — f a.e. Furthermore, |f,| < g for all n. We conclude by
applying Lebesgue’s theorem.
(f) Fix a strictly positive, integrable function®! /2 : R — R, and set

hfy hf
= and g:
h+ |/l

8n

Then g, is measurable and |g,| < h, so that g, is integrable. Since g, — g a.e.,
by Lebesgue’s theorem g is integrable, and then also measurable. Since |g| < A,
signf = sign g and hence |f|g = f|g|, then

hg
f =
h— gl
is also measurable.
(]

Now we are ready to generalize the integral. We recall that the positive and
negative parts of a function f are defined by the formulas

S+ =max{f,0}, f-:=max{—f,0} =—min{f,O0},

and that

frdo=0. f=fr—f |fl=fr+f and fef-=0.

If f is measurable, then f and f_ are also measurable.
Definition Let f be a measurable function.

e Iff > 0 a.e. and non-integrable, then set f f dx = oo.
o If at least one of f and f_ is integrable, then set

/fdxz/f+dx—/f_dx.

» If neither f} nor f_ is integrable, then the right hand sum is undefined.

» Iffisintegrable, then f4 and f_ are also integrable, and the above definition leads
to the original integral of f by the linearity of the integral.

*  We keep the adjective integrable for the case where the integral is finite.

Remarks

21'We emphasize that / has finite values a.e. We may take, for example, 2(x) = 1/(1 + x?).
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The usual integration rules remain valid:
Proposition 5.17

(@) If [ f dx exists and f = g a.e., then [ g dx also exists, and [ f dx = [ g dx.
(b) If [ f dx exists and ¢ € R, then [ cf dx also exists, and™

/cfdx:c/fdx.

(c) Ifthe integrals [ f dx, [ g dx exist and f < g a.e., then

/fdxf/gdx.

(d) If [ f dx, [ g dx exist and the sum [ f dx + [ g dx is defined, then [f + g dx

exists, and
/f+gdx=/fdx+/gdx.

(e) (Generalized Beppo Levi theorem) If the functions f,, are measurable, nonnega-

tive, and f, /' f a.e., then
/ﬁ1 dx — /f dx.

(f) If the functions g, are measurable and nonnegative, then

/Zgndx=2/gndx.

Proof

(a) and (b) are obvious.

(c) It is sufficient to consider the case where f g dx < oo and f f dx > —oo,
i.e., where g4 and f_ are integrable. Then fi and g_ are integrable by
Proposition 5.16 (e) because

0<fy<g+ and 0<g_ <f

a.e. Hence f and g are integrable, and the required inequality follows from
Proposition 5.6 (d) (p. 176).

22We adopt for ¢ = 0 the convention 0 - (00) = (£00) - 0 := 0, useful in integral theory.
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(d) If f and g are nonnegative a.e., then the equality follows from the definition of
the generalized integral. In the general case we notice that the function

hi=fr+eg+—(f+&+ =+ —(f+8)-

is measurable and nonnegative a.e.; consequently,

/(f+g)+dx+/hdx:/f+dx+/g+dx
/(f—i—g)_dx—i-/hdx:/f_dx—i—/g_dx

by our previous remark. If we show that in at least one of these rows all four
integrals are finite, then we may conclude by taking the difference of the two
rOows.

If, for example, [ f dx + [ g dx < oo (the case > —oo is analogous), then
f+ and g4 are integrable. Since

and

O<h<fy+g+ and 0<(f+g+<f++sg+

a.e., it follows that 4 and (f + g)+ are also integrable.

(e) The sequence of the integrals [ f, dx is non-decreasing by (c). If it is also
bounded, then we may apply the Beppo Levi theorem. Otherwise we have
fu < f ae. (for every n) and [ f, dx — oo; hence [ f dx = oo, and therefore
[ frdx — o0 = [fdx.

() We apply (e) withf, := g + -+ + gu-

Next we generalize the length of intervals:

Definition A set A is measurable if its characteristic function is measurable; by its
Lebesgue measure we mean the number j(A) := [ ya dx € [0, 00].

We introduce the following notion:

Definition A set system M is a o-ring? if satisfies the following three condi-
tions:

s JeM;
e ifA,Be M,thenA\ B e M;
* if (4,) is a disjoint sequence in M, then UA,, € M.

Z3Fréchet [158].



192 5 The Lebesgue Integral in R

Remarks

* Here and in the sequel the letter o refers to countable unions. If we use only finite
unions in the definition, then we arrive at the notion of rings, to be considered
later (p. 214).

* If M isao-ring, then A := UA, € M and NA, € M for every finite or infinite
sequence (A,) C M. Indeed, in the infinite case the formulas

Bl Z=A1, Bz Z=A2\A1, B3 I=A3\(A2UA1),...
define a disjoint set sequence (B,) C M with A = UB,, so that
UA, = UB, € M.

The finite case may be reduced to the previous one by completing the sequence
with empty sets. Finally, the formula

NA, = A\ U@\ A,)

then shows that NA,, € M.
Let us list the basic properties of the Lebesgue measure:
Proposition 5.18

(a) The measurable sets form a o-ring, henceforth denoted by M.
(b) The Lebesgue measure p : M — R is nonnegative, and

(UA,) =) (A,

for every finite or countable sequence (A,) of pairwise disjoint measurable sets.
(c) The null sets coincide with the measurable sets of zero Lebesgue measure.
(d) The Lebesgue measure is complete in the following sense: if A C B and B is a
set of zero Lebesgue measure, then A is also measurable (and has zero Lebesgue
measure).

Remark Using the axiom of choice, Vitali** proved that there exist non-measurable
sets. Solovay? proved that the use of the axiom of choice cannot be avoided here.
The application of the axiom of choice led to numerous paradoxical results.?®

24Vitali [466]. See Exercise 5.5 below.
25Solovay [429].

26See Banach [21], Banach-Tarski [29], Hausdorff [195], von Neumann [335], Laczkovich [277,
278], Wagon [478].
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Proof

(a)

(b)

()

(d)

The zero function is integrable, so that @ € M. If A,B € M, then ya\p =
XA — Xaxs is measurable by Proposition 5.16 (b), so that A \ B € M.

If (A,) C M is an infinite disjoint sequence and A = UA,, then the finite
sums f, := ya, +-- -+ xa, are measurable by Proposition 5.16 (b), and f;, — yxa
everywhere. Applying Proposition 5.16 (f) we conclude that y4 is measurable.
Hence A € M.

The properties (A) > 0 and u() = 0 are obvious. If (4,) C M is an
infinite disjoint sequence and A = UA,, then applying Proposition 5.16 (f) to
the equality

ZXAn = XA

we obtain

/XAdXZZ/XAndx,

i.e.,

p) =3 [ s,

If A is a null set, then y4 = 0 a.e., and then f xa dx = 0 by Proposition 5.6 (c)
(p- 176). In other words, u(A) = 0.

Conversely, if u(A) = 0, then [ o dx = 0 by definition. Applying
Corollary 5.9 (c) (p. 180) this implies y4 = 0 a.e., i.e. A is a null set.
This follows from (c) because the subsets of a null set are also null sets (p. 155).

|

We end this chapter with a new characterization of measurable functions. Let us

introduce for all ¢ € R the level sets of a function f

{f>ct={xeR : f(x) > c},
fzegi=wweR  f()=c,
{f<ct={xeR : f(x) <c},
{(fsch=eR : f(x) =c}.
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Proposition 5.19 A function f is measurable <> its level sets

f>ct, f<=c, fze, {f=—c

are measurable for all 0 < ¢ < oo.

Remark The measurability of R implies the measurability of all levels sets of all
measurable functions f : R — R. By considering only 0 < ¢ < oo the proposition
will remain valid in the more general framework of Chap. 7 below.

Proof If f is measurable and ¢ > 0, then the functions

min {f, c+ n_l} —min{f, c} max {f, —c+ n_l} —max {f, —c}
- and —

n n

are measurable for all » = 1,2, ... by Proposition 5.16 (b). Since these functions
converge a.e. to the characteristic functions of {f > ¢} and {f < —c}, the latter sets
are measurable. Since the function —f is also measurable, the sets

f<—={+>c ad {fzc}={-f=—c]

are also measurable.
Conversely, if the above sets are measurable, then the formula

o) |

ﬁl(x):zrned{—n, eR, n=1,2,...,

where [z] denotes the integer part of z, defines a sequence of measurable functions
because each f,, is a finite linear combination of level sets of the given form. Since
f» — f a.e., the measurability of f follows. O

5.6 Exercises

Exercise 5.1 The functions in C; are bounded from below by definition. Con-
versely, is it true that if f € C, is bounded from below, then f € C;?

Exercise 5.2 What is the Lebesgue measure of the set of real numbers x € [0, 1]
whose decimal expansion does not contain the digit 7?

Exercise 5.3 Let A be a set of finite measure (A) = o > 0 in R. Prove the
following:

(i) The function x = (A N (—o0, x)) is continuous on R.
(ii) Foreach 0 < B < « there exists a subset B C A of measure .
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Exercise 5.4 A set of real numbers is a Borel set if it can be obtained from the open
sets by taking countable unions, countable intersections and complements at most
countably many times. Prove that they form the smallest o-ring containing the open
sets, the smallest o-ring containing the closed sets, and that they have the power of
continuum.

Exercise 5.5 (Vitali)’’ Consider in R the equivalence relation x ~ y <= x — y is
rational.

Prove that if a set contains exactly one point of each equivalence class, then it is
not measurable.

Exercise 5.6

(i) Every set of positive measure has the power of the continuum.
(i) The set of measurable sets has the same power as the set of all subsets of R.
(iii) Every set A C [0, 1] of positive measure contains two points whose distance is
irrational.
(iv) Every set A C [0, 1] of positive measure contains two points whose distance is
rational.

Exercise 5.7 There exists a measurable set A C [0, 1] such that
0<pu(ANV) < V)

for every non-empty open set of V C [0, 1], where & denotes the usual Lebesgue
measure.

Exercise 5.8 Deduce Lebesgue’s dominated convergence Theorem 5.10 from the
Fatou lemma 5.11.

2TVitali [466].



Chapter 6
* (Generalized Newton—Leibniz Formula

If Newton and Leibniz had thought that continuous functions need not have derivatives, and
this is the general case, the differential calculus would not have been born.—E. Picard

One of the (if not the) most important theorems of classical analysis is the
Newton-Leibniz formula:

/ v = Fb) - F(@),

allowing us to compute many integrals. The purpose of this chapter is to extend its
validity to Lebesgue integrable functions.

We consider in this chapter monotone functions defined on a closed interval
of the extended real line R, where the latter is endowed with its usual compact
topology. We thus allow the cases a = —oo and/or b = oo as well. We notice that
all monotone functions F : [a, b] — R are bounded.

In the preceding chapter we considered only integrals on the whole real line. Now
we introduce the integrals on arbitrary intervals as follows:

Definition A function f : D — R (D C R) is integrable on an interval I if it is
defined at a.e. point of I (i.e., I \ D is a null set), and the function

fx) ifxelInD,
0 ifxe R\ (IND)

'More complete results were obtained by Denjoy [99, 100] and Perron [356] by further generalizing
the Lebesgue integral. Henstock [205, 206] and Kurzweil [274] showed later that these results may
also be obtained by a suitable modification of the Riemann integral. See also Bartle [30].

© Springer-Verlag London 2016 197
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is integrable. In this case the integral of f on / is defined by the formula
/fdx = /gdx.
I

* An integrable function is integrable on every interval by Proposition 5.16 (b) and
(e) (p- 187).

* Since the finite sets are null sets, for any function f and numbers and a < b the
integrals

Remarks

fdx, fdx, fdx, fdx
(a,b) (a,b] [a,b) [a,b]

exist or do not exist at the same time, and if they exist, they are equal. Hence we
denote their common value simply by fa bf dx.

6.1 Absolute Continuity

If f is integrable on [a, b], then it is also integrable on every subinterval of [a, b]; we
may therefore introduce its indefinite integral by the formula

F(y)::/yfdx, a<y<b.

a

Let us investigate its properties.

Definition A function F : I — R, defined on an interval /, is absolutely continuous*

if for every ¢ > 0 there exists a § > 0 such that

> IF(b) — Flay)| < &
for every finite disjoint interval system {(ax, bx)} of total length < §.

Remarks

» Every Lipschitz continuous function is absolutely continuous. On the other hand,
the function F(x) := /x is absolutely continuous on [0, 1], but not Lipschitz
continuous.

2Dini [110, p. 24], Harnack [193, p. 220], Lebesgue [290, pp. 128-129], Vitali [470]. We obtain
an equivalent definition by using arbitrary intervals instead of open intervals.
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Fig. 6.1 The Cantor function

s (Cantor function)® Every absolutely continuous function is uniformly continu-
ous. On the other hand, consider Cantor’s ternary set C (p. 155), and define a
function F : C — [0, 1] by the formula

o0

. &

i = Z 2i+1°
i=1

Then F is surjective, non-decreasing and continuous. (See Fig. 6.1.) By construc-
tion the set [0, 1]\ C is a countable union of disjoint open intervals. If (a, b) is one
of these intervals, then F(a) = F(b) by the surjectivity of F. Set F(x) := F(a)
for a < x < b, then the extended function F : [0, 1] — [0, 1] is continuous on a
compact set, hence uniformly continuous.

But F is not absolutely continuous. To see this we consider the sets C,
introduced during the construction of C. For each n, C, is the union of 2"
disjoint intervals [g;, b;] of length 37" each, hence of total length (2/3)". We
have Y (F(b;) — F(a;)) = 1 for every n by the definition of F, although the total
length (2/3)" tends to zero as n — oo.

e If Iis bounded, then every absolutely continuous functionf : / — R has bounded
variation.* Applying Jordan’s Proposition 4.11 and Lebesgue’s Theorem 4.4
(pp. 157 and 165) it follows that every absolutely continuous function is a.e.
differentiable.

| &

»

i=1

w

3Cantor [73], Lebesgue [290], Vitali [470].
“4The identity map of R shows that this is not necessarily true for unbounded intervals.
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Proposition 6.1 An absolutely continuous function F : I — R sends every null set
of I into a null set.

Proof Since F is uniformly continuous, it can be extended by continuity to I, and
the extended function is still absolutely continuous. We may therefore assume that /
is a closed interval. Fix a null set E C I and a number ¢ > 0 arbitrarily, and choose
8 > 0 according to the definition of absolute continuity. We have to find an interval
system of total length < ¢, covering F(E).

Let us cover E with a sequence of half-open intervals I, = [ax,by) C I, k =
1,2,..., of total length < §.° Replacing each I; with the connected components of

L\ U---UL)

we may also assume that the intervals [; are pairwise disjoint. Moreover, uniting the
intervals having a common endpoint we may even assume that the closed intervals
I are pairwise disjoint.

Applying Weierstrass’s theorem we may choose in each interval [ay, by] two
points aj, bj such that

F(d) < F(x) < F(b) forall x € [a, by

Then the intervals [F(ay), F(b,)] cover F(E), and their total length is at most &,
because for each positive integer n we have

n n
> b = Yl <.
k=1 k=1

whence

Y O |F(b)) - Flay)| <e

k=1

by the choice of §. O

Proposition 6.2 If F is the indefinite integral of an integrable function f : [a, b] —
R, then®

(a) F is absolutely continuous;
(b) F has bounded variation,
(¢c) FF=fae.

For the proof of (c) we temporarily admit the following

SWe may assume that E does not contain the right endpoint of I.
SLebesgue [290], Vitali [470].
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Proposition 6.3 (Fubini)’ If a series Y G, of nonnegative, non-decreasing func-
tions converges a.e. on some interval I, then

(ZG,,)/=ZG; aeon I 6.1)

Proof of Proposition 6.2 (a) Givenany ¢ > 0, by Proposition 5.14 (p. 185) we may
choose a step function ¢ satisfying

b
/ If —o| dx < ¢g/2.

Fix a number A such that |¢| < A.
Consider a finite number of pairwise disjoint intervals (a, by) C [a, b], of
total length < § := ¢/2A. Then

by
SO IFb) — Fal = Y| / o
sZ/abkv—m dx+Z/abk|¢| dx

b
< [r-vlarraYe-a

€
< =+ A8
2+

= ¢&.

This proves the absolute continuity of F.
(b) The nonnegative functions

f+ =max{f,0} and f_:=max{—f, 0}

are integrable, and f = f; — f_. Their indefinite integrals are bounded, non-
decreasing functions, hence their difference F has a bounded variation.

(c) The proposition is obvious for step functions. If f € Cj, then choose a non-
decreasing sequence ( f,,) of step functions, converging a.e. to f. Their indefinite
integrals F, satisfy F/, = f, a.e. by our previous remark, and F,, — F by the
definition of the integral.

Applying Proposition 6.3 with G, := F,4+| — F, we obtain that F}, — F| —
F' —Fj ae.,ie., f, = F"ae. On the other hand, we have f, — f a.e., so that
F' =fae.

"Fubini [165].
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The general case follows because every integrable function is the difference
of two functions of C;.
|

Proof of Proposition 6.3 Since every interval is a countable union of compact
intervals, we may assume that / = [a, b] is compact.

(a) We prove that the series ) G/, converges a.e. Let S, = G| + --- + G, and
S =Y G, then

S, — S on [a,b] everywhere. (6.2)

Since the functions S, and S are non-decreasing, apart from a null set they are
differentiable in [a, b]. The series Y G/ (x), i.e., the sequence (S/,(x)) converges
at each differentiability point x. Indeed, by the non-decreasingness of G, we
have

Sp(x 4+ h) — S, (x) - Spr1(x+h) — Sp+1(x) - S(x+ h) —Sx)
h - h - h

for all & satisfying x + & € [a, b], and hence
§,(x) < 8,11 (0) < §'(x) <00
for every n.
(b) For the proof of (6.1) it suffices to find a sequence n; < ny < --- of indices
such that

§'—S, =0 ae. (6.3)

By (6.2) we may choose n; < ny < --- satisfying S(b) — S, (b) < 27 for every
k. Then the series

D (S(b) = Sy (b))
converges. Since
0 = S(x) = S (x) = S(b) = S (b)

for all @ < x < b, it follows that the series Y (S — S,,,) converges on the whole
interval [a, b].
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The last series is of the same type as Y G,. Applying the already proved
property (a), we conclude that the series ) (S"— ), ) converges a.e. But then its
general term tends to zero a.e., i.e., (6.3) holds.

|
Using Proposition 6.2 we may investigate the density of sets:
Definition A measurable set A set has density d at a point x € R if
ANI,
pANL) 0 ) (6.4)

for every sequence (I,) of non-degenerate intervals, containing x and satisfying
|I,| = 0.

We always have 0 < d < 1; for example a set has density one at each point of its
interior. Much more is true:

Proposition 6.4 (Lebesgue)® Every measurable set A set has density one at a.e.
point of A.

Proof Since density is a local property, we may assume that A is bounded. Then
x4 integrable, and its indefinite integral F satisfies F/ = y4 a.e. by Proposition 6.2
(p- 200).

The equality F'(x) = ya(x) means that (6.4) holds with d = ya(x) if x is an
endpoint of each interval [,,. The general case follows from the identity

Fx+1)—F(x—s) t Fx+1)—F() s F(x)—F(x—ys)
t+s _t+s t +t+s s ’

valid for all ¢, s > 0, and from the equality

t s
+
t+s t+s

6.2 Primitive Function

Proposition 6.2 motivates the following

Definition F : [a,b] — R is a primitive function of f : [a, b] — R if F is absolutely
continuous, has bounded variation, and F’ = f a.e.

8Lebesgue [290, pp. 123-124]. See also Zajicek [491] for a direct proof using measure theory, and
Riesz—Sz.-Nagy [394] for an extension to non-measurable sets A.
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We have the following important generalization of the Newton—Leibniz formula:

Theorem 6.5 (Lebesgue—Vitali)’ Let f : [a, b] — R.

(a) f has a primitive function <= f is integrable.
(b) IfF is a primitive function of f, then

b
/ fdx = F(b) —F(a).

First we complement Lebesgue’s differentiability theorem (p. 157):
Proposition 6.6

(a) IfF : [a,b] = R has bounded variation, then F' is integrable.
(b) IfF : [a,b] — R is non-decreasing, then'’

/bF/ dx < F(b) — F(a).

Examples In the absence of absolute continuity the last inequality may be strict.
* The simplest example is the discontinuous sign function:

1
/ sign’ dx = 0 < 2 = sign(1) — sign(—1).
-1

e The Cantor function F : [0,1] — [0, 1] of the preceding section provides a
more surprising example. We recall that F is continuous, non-decreasing and
surjective. We also have F/(x) = 0 a.e. because F is constant on each interval of
the complement of C by construction. Hence'!

/IF’dx:O<1:F(1)—F(O).
0

+ There exist even continuous and strictly increasing functions F with F/ = 0 a.e.!?

°Lebesgue [290], Vitali [466]. The theorem greatly extended former results of Darboux [95,
pp- 111-112] and Dini [109, Sect. 197]. Denjoy [98—100] obtained even more complete results;
see, e.g., Natanson [332], Bartle [30].

10Lebesgue [290].

T ebesgue [290], Vitali [466]. The graph of F is often called the “Devil’s staircase”; see Fig. 6.1,
p- 199. See a related, “natural” example in Komornik—Kong-Li [259].

12See, e.g., an example of F. Riesz in Sz.-Nagy [448].
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Proof We may assume by Jordan’s theorem (p. 165) that F is non-decreasing.
Extending F as a constant to the left and to the right of its domain, we may also
assume that [a, b] = R. Finally, by Propositions 4.7 and 4.8 we may assume that F
is continuous.

The formula
D,(x) :=n(Fx+nY)—F(k), n=12,...

defines a sequence of nonnegative, continuous functions on R. Their integrals form
a bounded sequence on each compact interval [—N, N] because by the continuity of
F we have

N N+n~! —N+n~!
/ Dndxzn/ Fdx—/ F dx — F(N) — F(—N)
-N N -N

as n — oo. Since D, — F’ a.e. on [—N, N] by Lebesgue’s theorem (p. 157), F' is
integrable on [—N, N] by the Fatou lemma (p. 183), and

N
/ F' dx < F(N) — F(—N).
-N

Since F is non-decreasing,
/F/X[—N,N] dfo(OO)—F(—OO), N=12,....
Finally, F' y—vn /" F' a.e., so that F” is integrable and

/ " F dy < F(oo) — F(—o0)

(o]

by the Beppo Levi theorem. O

Proof of Theorem 6.5 (a) If f is integrable, then its indefinite integral is a primitive
function of f by Proposition 6.2. Conversely, if F is a primitive function of f, then
f = F ae., and f integrable by the preceding proposition. O

For the proof of part (b) we need a lemma:

Lemma 6.7 If H : I — R is non-decreasing, absolutely continuous and H = 0
a.e., then H is constant.

Proof 1t is sufficient to consider the case where I = [a, b] is compact. Let us denote
by E the null set of the points x € [a, b] where the property H'(x) = 0 fails. By
Proposition 6.1 its image H(E) is also a null set.

We are going to show that the image of the complementary set F := [a, D] \ E is
a null set, too. Fix & > 0 arbitrarily. Since H' = 0 on F, for each x € F there exists
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x <y < b such that

HO)—HW
y—x '

This means that x is invisible from the right with respect to the function g(r) :=
et — H(t). Applying the “Rising Sun” lemma (p. 162), F has a countable cover by
pairwise disjoint open intervals (ay, by) satisfying g(ax) < g(by), i.e.,

H(by) — H(ay) < e(bx — az).

Hence H(F) may be covered by the system of intervals [H (ax), H(by)] of total length
< &(b — a). Since ¢ can be chosen arbitrarily small, this proves that H(F) is a null
set.

We conclude from the preceding that the interval H(I) = H(E) U H(F) is a null
set, so that it is a one-point set. In other words, H is constant. O

Proof of Theorem 6.5 (b) We have to show that if F : [a,b] — R is absolutely
continuous and has bounded variation, then

/bF’dx:F(b)—F(a).

a

Observing that in the Jordan decomposition F = g — h of F' (Proposition 4.11)
the functions g, i are also absolutely continuous, we may assume that F is non-
decreasing. By Proposition 6.6 f := F’ is integrable, and by Proposition 6.2 the
indefinite integral G of f is absolutely continuous, and

b
/ F' dx = G(b) — G(a).

a

It suffices to show that H := F—G is constant. This readily follows from Lemma 6.7
because H is absolutely continuous, and H' = F/ — G’ = 0 a.e. O

Remark (Lebesgue Decomposition)'3 Let F : [a, b] — R be a function of bounded
variation, and denote by G the indefinite integral of F’. Then H := F — G has
bounded variation, and H' = 0 a.e. Functions having this property are called
singular. Thus every function F : [a, b] — R of bounded variation is the difference
of an absolutely continuous and a singular function.

13Lebesgue [295, pp. 232-249].
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6.3 Integration by Parts and Change of Variable

Proposition 6.8 If f, g are integrable on [a,b] and F, G are their primitive func-
tions, then fG and Fg are also integrable on [a, b], and

b b
/ fG dx + / Fg dx = F(b)G(b) — F(a)G(a) =: [FG]".

Proof F and G are continuous functions on a compact interval, hence they are
bounded by some constant M. It follows by applying Proposition 5.16 (b) and (e)
(p- 187) that fG and Fg are integrable.

Furthermore, using for the subintervals [«, B] of [a, b] the estimates

IF(B)G(B) — F(@)G(a)| = |(F(B) — F(@))G(B) — F()(G(B) — G())]
< M|F(B) — F(@)| + M|G(B) — G(a)|.

we conclude that FG is absolutely continuous and has bounded variation. Since
(FG) = F' G+ FG =fG+Fg ae.,

applying Theorem 6.5 (p. 204) we conclude that

b b b
/dex+/ ngx:/ fG + Fg dx = [FG]".

|

Proposition 6.9 (de la Vallée-Poussin)'* Let x : [a, 8] — R be an absolutely
continuous, non-decreasing function. If f is integrable in [x(a), x(B)], then (f o x)x’
is integrable in [, B, and

x(B) B
f(x) dx = / FOx()X () dt. (6.5)

x(a)

Proof The statement is obvious if f is a step function. Since the general case may
be reduced to the case of C! functions by using the decomposition f = g — h with
g, h € Cy, it suffices to prove the proposition when f € Cj.

Let f € Cj, and choose a non-decreasing sequence (¢,) of step functions,
converging a.e. to f. Set

E:={x € [x(@).x(B)] : ou(x) A f(0)} (6.6)

14de 1a Vallée-Poussin [465, p. 467].
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and
D:={tea.p] : x() €E and X(1)>0}.

By assumption E is a null set. Assume temporarily that D is also a null set.
Since X’ > 0, the sequence of measurable functions

t @)X (), n=1,2,...
is non-decreasing. Furthermore, we have

Pa(x())X' (1) — f(x())' (1)

a.e. in [o, B] because the exceptional points belong either to D or to the non-
differentiability set of x, both null sets. Finally, the corresponding integrals are
uniformly bounded because using (6.5) for step functions we have

B x(B) x(B)
/ on ()X (1) di = / o dr— [ f0) de.

x(a) x(e)

Applying the Beppo Levi theorem we conclude that (f o x)x’ is integrable, and f
satisfies (6.5).

It remains to prove that D is a null set in [«, B]. For this we consider a system
{I} of open intervals, of finite total length, covering each point of E infinitely many
times. Then

S G @, n=1.2....
k=1

is a non-decreasing sequence of functions whose integrals are uniformly bounded
because using (6.5) for step functions we have

B n x(B) e
0< / S 2 GO @ dr =Y / 1) dx < 3 11 < oo,
@ k=1 vx(@) k=1

k=1

The series converges a.e. by the Beppo Levi theorem. Since it tends to infinity for
each t € D, D is a null set. O

Remark The formula (6.5) remains valid if f has an infinite integral. Considering
the positive and negative parts of f, it suffices to study the case of nonnegative,
measurable functions f. Choose a non-decreasing sequence (¢,) of integrable
functions, converging a.e. to f. Then we may repeat part (c) of the preceding proof
by applying now the generalized Beppo Levi theorem, i.e., Proposition 5.17 (e)
(p- 190).
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6.4 Exercises

Exercise 6.1 Consider the Cantor function F : [0,1] — [0, 1], and set f(x) :=
x + F(x), x € [0, 1]. Prove the following'>:

(1) f is a homeomorphism between the intervals [0, 1] and [0, 2];
(i1) f sends the null set C into a set of measure one;
(iii) there exists a subset of C whose image by f is non-measurable.

Exercise 6.2

(1) For each @ € [0, 1) there exists a perfect nowhere dense set C, C [0, 1] of
measure o.'®
(i) Constructa set A C [0, 1] of measure one and of the first category.'’
(iii) Construct a null set B C [0, 1] of the second category.'®

Exercise 6.3 If f : [a,b] — R is continuous, then f and |f| are absolutely
continuous at the same time. Is the continuity assumption necessary?

Exercise 6.4 Given an integrable function f : [a,b] — R, x € (a, b) is a Lebesgue
point if

1

x+h
lim - / S0 d= £,

(i) If f is continuous at x, then x is a Lebesgue point.
(ii) If f has different finite left and right limits at x, then x is not a Lebesgue point.
(iii)) Almost every x is a Lebesgue point.

15See Gelbaum-Olmsted [167, 168] for other interesting properties.

10A perfect set is a closed set with no isolated points. A set is nowhere dense if its closure has no
interior points.

17A set A is of the first category (Baire [17]) if it is the countable union of nowhere dense sets.

18A set A is of the second category (Baire [17]) if it is not of the first category. Baire’s theorem
(see p. 32) states that every complete metric space and every compact Hausdorff space is of the
second category.



Chapter 7
Integrals on Measure Spaces

In my opinion, a mathematician, in so far as he is a mathematician, need not preoccupy
himself with philosophy — an opinion, moreover, which has been expressed by many
philosophers.
—H. Lebesgue

In Chap.5 we defined the Lebesgue integral of functions defined on R. In this
chapter we show that the theory remains valid in a much more general framework;'
moreover, almost all proofs can be repeated word for word. The results of this
chapter include integrals of several variables and integrals on probability spaces.’

7.1 Measures

In this section we generalize the notions of length, area and volume. We recall that
by a disjoint set sequence we mean a sequence (A,) of pairwise disjoint sets. To
emphasize the disjointness we sometimes write U*A,, instead of UA,,.

We denote by 2% the set of all subsets of a set X. The notation is motivated by the
fact that if X has n elements, then 2X has 2" elements.

'Radon [366], Fréchet [158], Daniell [93]. In this book we consider only real-valued functions,
although Bochner [46] extended the theory to Banach space-valued functions, and this has
important applications among others in the theory of partial differential equations. See, e.g.,
Dunford—Schwartz [117], Edwards [119], Yosida [488], and Lions—Magenes [305].

2Kolmogorov [252].

© Springer-Verlag London 2016 211
V. Komornik, Lectures on Functional Analysis and the Lebesgue Integral,
Universitext, DOI 10.1007/978-1-4471-6811-9_7



212 7 Integrals on Measure Spaces

Definition By a semiring® in a set X we mean a set system P C 2X satisfying the
following conditions:

s geP;
e ifA,Be P,thenANBeP;
* if A, B € P, then there exists a finite disjoint sequence Cy, . .., C, in P such that

A\B=C U*...U* C,.
Remark 1t follows by induction on k that A; N---N Ay € P for every finite sequence
Al,... ,Ak in P.
Examples

* Every o-ring is a semiring.

e The intervals of R form a semiring. The bounded intervals also form a semiring.

» For any given set X and nonnegative integer k, the subsets of at most k elements
of X form a semiring.

* (Restriction) If P is a semiring in X, and ¥ C X, then

Py:={PeP : PCVY}

is a semiring in Y.
* (Direct product) If P is a semiring in X and Q is a semiring in Y, then

PxQ:={PxQ : PeP, Qe 9}

is a semiring in X x Y.

Definitions By a measure* on X we mean a nonnegative set function y : P — R,
defined on a semiring P in X, satisfying u(@) = 0, which is o-additive in the
following sense: if (A,) C P is a disjoint set sequence and A := U*A, € P, then’

pA) =y (A, (7.1)

In this case the triplet (X, P, n) is called a measure space.

3Halmos [184] introduced a slightly more restricted notion, but the present definition has become
standard by now.

4Borel [59].

3Since u(@) = 0, the equality (7.1) holds for finite disjoint sequences as well. Finitely additive

set functions were studied before Borel by Harnack [192], Cantor [74, pp. 229-236], Stolz [437],
Peano [353, pp. 154-158] and Jordan [231, pp. 76-79].
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Examples

* The length of bounded intervals is a measure on R: if a bounded interval 7 is
the union of a disjoint interval sequence (I;), then |I| = Y |[|.° Indeed, an
elementary argument shows that |I;| +- - -+ || < |I| for every n; letting n — oo
this yields the inequality Y |It] < |I|. The reverse inequality has been proved
earlier in Proposition 4.3 (p. 155).

* (Counting measure) Denoting by ((A) the number of elements of a set A C X
we get a measure on P := 2X7

* (Dirac measure) For any fixed point x € X the formula

1 ifxeA,

8,(A) =
@ 0 ifx¢A

defines a measure on P := 2%,
s (Zero measure) The formula j4(A) := 0 defines a measure on P := 2%,
e (Largest measure) The formula

0 ifA=g,

w(A) = .
oo otherwise

defines a measure on P := 2X.
e (Zero-one measure) Given an uncountable set X, the formula

0 if A is countable,

H) : { 1 if X \ A is countable,
defines a measure on the o-ring formed by the countable subsets of X and their
complements.

* (Restriction) If |1 is a measure on a semiring P and Y € P, then the restriction
of i to Py is a measure.

* (Direct product) If p : P — Rand v : Q — R are two measures, then the
formula

(1 xv)(Px Q) := n(P)v(Q)

defines a measure on P x Q.

The statement and its proof remain valid for unbounded intervals, too.

7In this book we do not distinguish between different infinite cardinalities, except in an example
on p. 243 and in some exercises.
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« (Finite part of a measure) For any given measure ¢ : R — R,
P:={AeR : o(A) < oo}
is a semiring, and the restriction of o to P is a measure.

Now we prove that every measure may be extended uniquely to a measure defined
on a set system which is easier to manipulate. This will enable us to establish various
important features of the measures.

Definition By a ring in a set X we mean a set system R C 2% satisfying the
following conditions:

e JeR;
e ifA,BeR,thenA\ B e R,;
e if A, B € R are disjoint sets, then A U* B € R.

Remark If R is a ring, then the identity A U B = (A \ B) U* B shows that the
disjointness is not necessary in the last condition: if A,B € R,then AU B € R. It
follows by induction thatA := A;U---UA,, € R for every finite sequence Ay, . .., Ai
in R.

Using the identity NA, = A\ U(A \ 4,) it follows that A} N --- N Ay € R for
every finite sequence Ay, . .., Ay in R. In particular, every ring is also a semiring.

Examples

 Every o-ring is also a ring. In particular, 2% is a ring in X.
* The finite subsets of a set X form a ring in X.
+ The finite subsets of a set X and their complements® form a ring in X.

Given any set system A C 2%, the intersection of all rings R satisfying A C
R C 2Xis aring in X. It is called the ring generated by A.
There is a simple construction of the rings generated by semirings:

Lemma 7.1 The ring generated by a semiring P is formed by all finite disjoint
unions of the form

R=PU*-..U*P,, P,....,P,eP n=1.2,.... (7.2)

Proof Since every ring containing P contains the sets (7.2), it is sufficient to show
that the system R of these sets is already a ring. We proceed in several steps.

(a) We have @ € R because @ € P.

(b) If Ry,...,R, € R are pairwise disjoint sets for some positive integer m, then
R := R U*---U* R, € R.Indeed, if we decompose each R; similarly to (7.2),
then we obtain a decomposition of the same form of R.

8The so-called co-finite sets.
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(c) If P’,P € P, then P’ \ P € R by the definition of the semiring and of R.
(d) fR e Rand P € P, then R\ P € R. Indeed, considering a decomposition of
the form (7.2) of R and using (b) and (c) we obtain that

R\P=(P;\P)U*-.-U* (P,\ P) € R.

(e) f R,R € R, then R" \ R € R. Indeed, considering a decomposition of the
form (7.2) of R and applying (d) n times we obtain that

R\R=(..R\P)\P)..)\P, eR. O
Proposition 7.2 Every measure i : P — R may be extended to a unique measure

defined on the ring R generated by the semiring P.

Proof If there exists such an extension, then, still denoting it by w, we must have

W(R) = p(Pr) + -+ p(Pr)

for every decomposition of the form (7.2). Since Py,...,P, € P, this proves the
uniqueness.

For the existence first we show that the above equality does indeed define an
extension, i.e., if

R=P U*...U" P,
is another such decomposition of R, then

(P + -4 pn(Py) = w(P)) + -+ + u(Py).

This readily follows from the additivity of 4 : P — R because both sums are
equal to

n k

> w@inp).

j=1i=1

The extended set function is clearly nonnegative, it remains to prove its o-
additivity. Let R = UP2, Ry be a disjoint union with R, R; € R; we have to show
that u(R) = 3 w(Rw).

Replacing each R; with a decomposition of the form (7.2) and using the definition
of (Ryx) we may assume that R; € P for every k. Now consider a decomposition
of the form (7.2) of R; then we have

o0

*
Pi=J (PnRY

k=1
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for each j. Since P;, P; N Ry € P, and since p is o-additive on P, this implies

w(Py) =" (PN Ry).
k=1

Summing these equalities we obtain the required relation:

p(R) = ZM(P/') = Z ZM(Pj N Ry)
Jj=1

j=1 k=1

(o]

(Y@ nro)

k=1 j=1

W(Ry). o

Mo

»
I
-

Now we are ready to establish some basic properties of measures:

Proposition 7.3 Every measure ji : P — R (defined on a semiring) satisfies the
following conditions:

(a) (monotonicity) if A,B € P and A C B, then u(A) < u(B);
(b) (o-subadditivity) if (A,) C P is a countable cover of A € P, then nu(A) <
2 (A

(¢) (continuity) if (A,) C P is a non-decreasing set sequence and A := UA, € P,
then ((A,) — n(A);

(d) (continuity) if (A,) C P is a non-increasing set sequence with (A;) < oo and
A:=NA, € P, then u(A,) — u(A).

Example The intervals A, := [n,00) C R show that the condition ;t(A;) < oo in
(d) cannot be omitted.

Proof By the preceding proposition we may assume that P is a ring.

(a) Using the nonnegativity and the additivity of the measures we have
n(B) = u(A) + u(B\ A) = pu(A).
(b) Setting B; := AN A; and

Bn+1 = (AﬂAn_H)\(Al UUAn), n= 1,2,...
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we have A = U*B,,. Furthermore, B, C A, and B,, € P for all n (because P is

a ring). We conclude by using (a):

HA) =) (B, <Y (A,

Let Ay = &, then the sets Ay \ Ax—; belong to the ring P. Since

o0 n
* *
A= A\A-) and A, = A\ A
k=1 k=1
for all n, we have

w(A,) = ZM(Ak \Ai—1) — ZM(Ak \ Ar—1) = n(A).

k=1 k=1

Since (4(A,) is finite for all n, changing A, to A, \ A we may assume that A = &.

The sets Ay \ Az+1 belong to the ring P. Since
o *
A= A\ Ak,
k=1
by the o-additivity we have
o0
D AN Akgr) = p(AY).
k=1
Since (A1) < oo by assumption, the series is convergent, and hence

D A\ Agyr) = 0

k=n

as n — oco. We conclude by noticing that the last sum is equal to j1(A,) because

o *
U (A \ Ary1) = Ay,
k=n

7.2 Integrals Associated with a Finite Measure

Definition A measure is finite if it takes only finite values.
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Examples

* The finite part of a measure is a finite measure.
* Every bounded measure is finite. The length of bounded intervals shows that the
converse is not always true.

For the rest of this section we fix a semiring P in a set X and a finite measure
n:P—R

Definition By a step function we mean a linear combination

n

¢ = Z Ck X Py

k=1

of characteristic functions of sets in P.
The integral of a step function is defined by the formula

/</) dp = ZCkH(Pk)-

k=1

Proposition 5.1 (p. 172) remains valid: by the additivity of the measure the
integral does not depend on the particular representation of the step function.

Definition A set A is a null set if for each ¢ > 0 there exists a sequence (Py) C P
satisfying A C UP; and >_ u(Py) < e.

Equivalently, A is a null set if there exists a sequence (Py) C P satisfying
> u(Py) < oo, and covering each point x € A infinitely many times.

Proposition 4.3 (p. 155) takes the following form:
Proposition 7.4

(a) The empty set is a null set.

(b) The subsets of a null set are null sets.

(c) The union of countably many null sets is a null set.
(d) P € Pisanull set <= pu(P) =0.

Proof (a), (b) and (c) We may repeat the proof of Proposition 4.3.

(d) If w(P) = 0, then P is null set: we may choose Py = P for all k in the
definition. Conversely, if P € P is a null set, then for each ¢ > 0 there exists a
sequence (Py) C P satisfying A C UP; and > i(Px) < ¢. Using the subadditivity
of the measure this implies i (P) < ¢ for every ¢ > 0, and hence p(P) = 0. O

Chapter 5 was written in such a way that all theorems, propositions, corollaries
and lemmas remain valid without any change. Moreover, the proofs also remain
valid with three exceptions:

* In the proof of Lemma 5.2 (p. 172) we have used the topological properties of
intervals.



7.2 Integrals Associated with a Finite Measure 219

* In the proof of Proposition 5.16 (f) (p. 187) we have used the existence of an
integrable, everywhere positive function. An example following Lemma 7.5 will
show that such functions do not exist for all measures.

* In the proof of Proposition 5.19 (p. 194) we have implicitly used that the constant
functions are measurable.” The just mentioned example will show that this is not
always true either.'”

The following alternative proofs are always valid:

Proof of Lemma 5.2 We extend u to the generated ring R by Proposition 7.2.
Fix a null set Y C X such that ¢,(x) — O foreveryx € X\ Y, and fix ¢ > 0
arbitrarily. Choose a set sequence (H;) C P satisfying

Y C UH; and Z,u(Hi) <e.
Then the sets S, := H; U --- U H, belong to R,
SiCcSC---,

and u(S,) < ¢ for every n.
Set

Ko:={xeX : ¢i(x) >0}
and
K, ={xeX : g(x)>e}, n=1,2,...;
they belong to ‘R, and
KoDKi DKy D+
Setting M := max ¢; we have

oo <M on K,

on<e on Ky\K,,
¢, =0 on X\K,.

9The measurability of the constant functions is equivalent to the measurability of X.

10Tp this book, following F. Riesz, we adopt a more restrictive measurability notion than usual. See
Sect. 7.7 on the advantages of this choice.
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Consequently,

0< /(pn du < eju(Ko \ K,) + Mu(K,)

= SM(KO \ Kn) + M:LL(Kn N Sn) + M“(Kn \Sn)
=< 6‘,LL(I{O) + Me + M“(Kn \Sn)

The set sequence (K, \ S,,) is non-increasing and

w(Ki\ S1) < u(Ko) < oo.

Furthermore, its intersection is empty. Indeed, if x € NK,,, then ¢, (x) # 0, so that
x € Y; but then x € S, for a sufficiently large n and therefore x € S, and x ¢ K, \ S,..

Applying Proposition 7.3 (d) we conclude that (K, \ S,) — 0. Consequently,
we infer from the previous estimate that

0§/<pnd,u< (n(Ko) + M + 1)e

if n is sufficiently large. O

Proof of Proposition 5.16 (f) If there exists a set sequence (P;) C P such that each
fu vanishes outside UP; then we may repeat the proof of Chap.5 by using the
function

XP;
h:= _—
; (1 + u(Po)
and defining the functions g, and g by zero outside UP.
The existence of such a sequence (P;) follows from the next lemma.'! O

Lemma 7.5 To each measurable function f there exists a disjoint set sequence
(Px) C P such that f = 0 outside U*P;."?

Proof Choose a sequence (¢,) of step functions converging to f a.e. By definition
there exists a set sequence (Ag;) C P such that ¢, — f outside UA;.

Furthermore, by the definition of step functions there exists for each n a finite set
sequence (A,;) C P such that ¢, = 0 outside UA,;.

We may arrange all these sets Ag; and A,; into a set sequence (Py). Furthermore,
using the definition of a semiring we may replace each difference P, \ Py, (P3 \

""We apply the lemma for each f,,, and we take the union of the corresponding set sequences.

2We sometimes express this property by saying that f has a o-finite support. Using this
terminology X is measurable <= X is o-finite.
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P>) \ Py, ...by a finite disjoint union of sets in P. Then the sequence (P;) becomes
disjoint, and f = 0 outside U* Py. O

*Examples

* Let u be a finite measure on the ring of finite subsets of an uncountable set X. By
Lemma 7.5 there is no measurable, strictly positive function for this measure. In
particular, the non-zero constant functions are non-measurable.

* Fix a non-empty set X and consider the measure () := 0 on the ring P :=
{@}. Then only the zero function is measurable, and & is the only measurable
set.

Proof of Proposition 5.19 Most of the former proof remains valid. The only prop-
erty to check is that if f is a measurable function and c a positive constant, then the
functions min {f, ¢} and max {f, —c} are measurable.

For the proof we consider the sets Py of the preceding lemma. Then A := UPy is
measurable, hence the functions ¢ y4 and then the functions

min{f,c} = min{f,cysa} and max{f,—c} = max{f,—cya}

are also measurable. O

Starting from an arbitrary finite measure defined on a semiring P, the theory
of Chap. 5 leads to a measure u defined on the system M of all measurable sets.
Our next result states that this is the only possible extension of the original measure

to M.

*Proposition 7.6 Ler v : N' — R be another measure, defined on a semiring
satisfying ? CN C M. If u = v on P, then u = v on N, too.

Proof

(i) Every p-null set is also a v-null set. For, if a set may be covered by a set
sequence (P,) C P of total ;-measure < &, then we have

DovP) =) (P <.

(i) Now consider the two integrals associated with the measures @ and v|p.
We show that every p-integrable function f is also v-integrable, and the two

integrals are equal:
/f du = /f dv. (7.3)

Since

[ wdn= )= vy = [ mav
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for every P € P by assumption, taking their linear combinations we obtain
that (7.3) holds for all step functions.

The equality holds for all functions f € C; (i) as well.'® Indeed, consider a
non-decreasing sequence (¢,) of u-step functions, converging p-a.e. to f, and
satisfying

sup/gon dp < oo.

n

Then we have [ ¢, du — [ f du by definition.
Furthermore, (¢,) converges to f also v-a.e. by (i), and

sup/qondv:sup/qondu<oo

because (7.3) has already been proved for step functions. Applying the Beppo
Levi theorem we conclude that f is v-integrable and [ ¢, dv — [f dv;
hence (7.3) holds for f.

Finally, if f is an arbitrary p-integrable function, then we have f = g —h
with suitable functions g, h € Cj(u). We already know that (7.3) holds for g
and &; taking the difference of these equalities we see that f satisfies (7.3) as
well.

It follows from (ii) that if A € A/ and (A) < oo, then

p(A) =/XA dp = /XA dv = v(A).

Consider finally an arbitrary set A € A. Then A € M, hence it is u-
measurable, so that it may be covered by a disjoint sequence (P,) C P. Since
P C N, we have

ANP, e NCM and u(ANP,) <oo

for all n. Applying the preceding equality for A N P, instead of A we conclude
that

pA) =Y HANP) =) vANP,) = v(A). O

We end this section by characterizing the measures constructed via integrals.

Definition A measure i, defined on a semiring Q, is o-finite if each set in Q has a
countable cover by sets of finite measure.

13The function class C; was defined on p. 174.
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Remark By the definition of a semiring in the o-finite case each set in Q also has a
countable disjoint partition by sets of finite measure.

Examples

¢ The usual Lebesgue measure in R is o-finite.

* Every finite measure is o-finite.

* Given a measure ¢ on some semiring R, let us denote by Q the sets A € R having
a countable cover by sets P € R of finite measure. Then Q is also a semiring.
The restriction of o to Q is called the o-finite part of o.

* The counting measure on an uncountable set X is not o-finite. Its o-finite part is
defined on the countable subsets of X.

Consider again a finite measure defined on a semiring P, and let u be its
extension'* to the set system M of measurable sets.

*Proposition 7.7

(@) M is a o-ring. The extended measure |1 : M — R is o-finite and complete.

(b) Conversely, every o-finite, complete measure, defined on a o-ring may be
obtained in this way.

(c) More generally, every o-finite measure, defined on a semiring, is a restriction
of the measure | : M — R obtained by the extension of its finite part.

Proof

(a) This follows from Proposition 5.18 (p._l 92) and Lemma 7.5.
(¢) Let N be a semiring and v : N/ — R a o-finite measure. Consider the finite
part of v, i.e., the restriction of v to the semiring

P:={AeN : v(P) < oo},

and let & : M — R be the extension of v|p to the o-ring of v|p-measurable
sets. We have to show that ' C M and v = .

Fix an arbitrary set A € A. Since v is o-finite, there exists a disjoint set
sequence (P,) C P satisfying A = U*P,. Since P C M and M is a o-ring,
A € M. Furthermore, since p(P,) = v(P,) for every n by the definition of u,
we conclude that

VA) =) () =) (P = p(A).

(b) Let N be ao-ringand v : N — R a o-finite, complete measure. By (c) we
already know that N' C M and v = | . It remains to prove that M C N.

Fix an arbitrary A € M. Then y4 is a measurable function, so that there

exists a sequence (¢,) of P-step functions, converging to y4 p-a.e. In other

14We already know that this extension is unique.
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words, there exists a p-null set Py such that ¢, — x4 outside it. Observe that

P, is also a v-null set.'?
Then
1
Ay =31xeX @ @u(x) > 3 eN
foreachn = 1,2,..., because A, is a union of finitely many elements of P,

P C N,and NV is aring.
Since N is also a o-ring, the set

N :=limsupA, := N2, U2, Ag

also belongs to .
Now observe for each x € X \ P the equivalences

x € A & x € A, for infinitely many n <= x € limsupA,,.
It follows that
(A\N)U(N\A) C Po,

i.e., A differs from N € N on a v-null set. Since v is complete, we conclude
that A € N. |

7.3 Product Spaces: Theorems of Fubini and Tonelli

In classical analysis the computation of double integrals may be reduced to that of
simple integrals by using the formula'®

sy dvas = [ ([ e dv) as (.4

- /Y ( /X fx.y) d) d.

In this section we prove that this formula remains valid for Lebesgue integrals as
well.

Consider two finite measures ;t : P — Rand v : Q — R, where P is a semiring
in X and Q is a semiring in Y. Then p X v : P x @ — R is a finite measure on the

XxY

15See the beginning of the proof of Proposition 7.6: we already know that P C A/ C M.
16Euler [130], Dirichlet [113], and Stolz [438, pp. 93-94].
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semiring P x Q in X x Y. In what follows we write

f(x,y) dx dy, /Xg(x) dx and /Yh(y) dy

XxXY

/fd(,uxv), /gd,u and /hdv.

The expressions null set and a.e. will referto pin X, tovin Y,andto u xvin X xY.
The following theorem is a far-reaching generalization of the classical results:

instead of

Theorem 7.8 (Fubini)'” If f is integrable in X x Y, then the successive integrals
in (7.4) exist, and the three expressions are equal.

Remarks

* By induction the theorem may be extended to arbitrary finite direct products of
(finite) measures.

» The existence of the successive integrals does not imply their equality. Moreover,
their existence and equality does not imply the integrability of f. See the
examples at the end of this section.

We prepare the proof by clarifying the relationship among the null sets of the
three spaces:

Lemma 7.9 IfE is a null set in X X Y, then the “vertical sections”

{yeY : (x,y) € E}

of E are null sets in Y for almost every x € X.

7Lebesgue [288] (for bounded functions), Fubini [164]. Fubini’s proof was incorrect; the first
correct proofs were given by Hobson [214] and de la Vallée-Poussin [464]. See Hawkins [198].
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Proof Fix a sequence of “rectangles” R, = P, x Q, in P x Q, covering each point
of E infinitely many times, and satisfying

> (X V)(R,) < 00,

n=1
By the definition of the integral of step functions we have

(ux vk = [

Xx

AR, (x,y) dx dy = / ( / IR, (X,Y) dy) dx
Y X Y

(their common value is @ (P,)v(Qy)), so that the series

:i;/x(/ym(x,y) dy) dx

is convergent. Applying the Beppo Levi theorem we obtain that the series

o0
> / XAk, (x,y) dy
n=1 Y

is convergent for a.e. x € X. If xy is such a point, then another application of the
Beppo Levi theorem implies that the series

o
> xr, (x0,¥)
n=1

is convergent for a.e. y € Y. If yy is such a point, then (xg, yo) ¢ E, because at the
points of E we have Y yg, = 00. |

Proof of Theorem 7.8 By symmetry we prove only the equality
sy dvdy= [ ([ s ) 15)
XxY x My
We have to show that

* the integral fY f(x,y) dy is well defined for a.e. x € X;
* the functionx > | yf(x,¥) dy is integrable in X;
* the two sides of (7.5) are equal.

We have seen during the proof of the preceding lemma that these properties hold
true if f is the characteristic function of a “rectangle”. Taking linear combinations
we see that they hold for step functions as well. Since every integrable function is
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the difference of two step functions, it remains only to establish the three properties
for functions belonging to the class C;.

Fix f € C; arbitrarily. Choose a non-decreasing sequence (¢,) of step functions
and a null set E C X x Y such that

ou(x,y) /" f(x,y) foreach (x,y)e (XxY)\E, (7.6)

and therefore

/ ou(x.y) dx dy — / F(ey) d dy
XXY XXY

by the definition of the integral. Since (7.5) is already known for step functions, the
last relation may be rewritten in the form

/X(/Y On(x,y) dy) dx — Xxyf(x, y) dx dy. (7.7)

Applying the Beppo Levi theorem!®

the functions

we obtain that the non-decreasing sequence of

x'—>/<pn(x,y) dy (7.8)
Y

converges, and hence is bounded, for a.e. x € X.
Fix a point x € X where the convergence holds, and for which the section

{yeY : (xy) €k}
is a null set. (By the preceding lemma a.e. x € X has this property.) Then

ou(x,y) /" f(x,y) forae. yeY

by (7.6), so that, in view of the boundedness of the functions (7.8) we may apply
the Beppo Levi theorem again: the function

y=f(xy)

is integrable, and

/Y on(x,y) dy /1 /Y fx,y) dy.

¥n the proof of this theorem the application of Lemma 5.3 (p. 173) is sufficient because we
consider only sequences of step functions.
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We recall that this convergence holds for a.e. x € X. Since the sequence of

integrals
/ ( / Pn(x,y) dy) dx
x My

is bounded by (7.7) and the integrability of f, a third application of the Beppo Levi
theorem shows that the function

x> / f(x,y) dy
Y
is integrable, and

/X(/Yqon(x,y) dy) dx — /X(/Yf dy) dx. (7.9)

The equality (7.5) follows from (7.7) and (7.9). O

Fubini’s theorem remains valid for generalized (infinite-valued) integrals:

Theorem 7.10 (Tonelli)'® If the integral of a function f exists in X x Y, then the
successive integrals in (7.4) also exist, and the three quantities are equal.

Remarks

 Like that of Fubini, Tonelli’s theorem holds for arbitrary finite direct products of
measures as well.
* We recall that every nonnegative, measurable function has an integral.

Proof Considering the positive and negative parts of f, at least one of them is
integrable, hence satisfies the assumptions of Fubini’s theorem. Therefore it is
sufficient to investigate the case of a nonnegative, measurable function f.

Applying Lemma 7.5 we fix a non-decreasing sequence (A,) of sets of finite
measure such that f = 0 outside UA,,. Then the functions

Pn = Ya, min {f,n}

are integrable in X x Y by Proposition 5.16 (e) (p. 187), and ¢, ' f a.e. by
construction. We may therefore choose a null set E in X x Y such that

¢n(x.y) /' f(x,y) foreach (x.y) € (XxY)\E.

19Tonelli [457].
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Let us observe that formally this relation is identical with (7.6). We may therefore
repeat the preceding proof with two small changes:

* instead of the Beppo Levi theorem (or Lemma 5.3) we apply the generalized
Beppo Levi theorem, i.e., Proposition 5.17 (e) (p. 190);

 the validity of the equality for ¢, (instead of f) now follows from Fubini’s
theorem. O

Examples The following examples show the optimality of the assumptions of
Theorems 7.8 and 7.10.%°

¢ The formula

1 ifx<y<x+1,
fy)i=9-1 ifx—1<y<ux,

0 otherwise

defines a measurable function f : R> — R whose integral is not defined, although
the successive integrals in (7.4) exist, and are equal (to zero).?!

¢ Let u be the counting measure on the finite subsets of R. Furthermore, let v(A) =
0 and v(R \ A) = 1 for every finite subset of R. For the characteristic function f
of the set

D :={(x,x) : xeR}

the two successive integrals in (7.4) exist, and they are equal to 0 and 1,
respectively.

Observe that f is non-measurable by Lemma 7.5, hence its integral is
undefined.

7.4 Signed Measures: Hahn and Jordan Decompositions

Consider the integral associated with a finite measure defined on a semiring. Let us
denote by M the o-ring of measurable sets, and by 1 : M — R the corresponding
extended measure.

Equivalently, in view of Proposition 7.7 (p. 223), let i : M — R be a o-finite,
complete measure on a o-ring M.

20The former counterexamples of Cauchy [81, p. 394], Thomae [452] and du Bois-Reymond [53]
were based on the smallness of the class of Riemann integrable functions.

2 Further counterexamples are given in Exercise 7.8 below, p. 253.
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It is natural to define the integrals on a set A € M by the formula

/Afdu = /f)(A dp

when the right-hand side integral is defined.
Let us generalize the indefinite integrals:

Proposition 7.11 If a measurable function f has an integral, then the formula
v = [ £ du
A

defines a o-additive set function v : M — R with v(2) = 0.

Proof Taking the positive and negative parts of f we may assume that f is
nonnegative. Then the result follows from Proposition 5.17 (f) (p. 190). O

The proposition motivates the following definitions:
Definitions

* By a signed measure we mean a o-additive set function v, satisfying v(&) = 0.
» The signed measure in the above proposition is called the indefinite integral of f
with respect to .

Examples

* Every measure is a signed measure.

* The difference of two measures, at least one of which is finite, is a signed
measure.

* (Smolyanov)?? Consider the following ring on an infinite set X:

R:={ACX : A or X\A isfinite}.
The formulas

) == 1A, (X \A):=—[A],

where |A| denotes the number of elements of a finite set A, define a signed
measure on R.

If a signed measure v is defined by an indefinite integral as in Proposition 7.11,
then the indefinite integrals vy, v_ associated with f, f_ are measures, and v =
vy — v_. Furthermore, v4 and v_ are concentrated on the disjoint sets {f > 0} and
{f < 0}, and at least one of the two measures is bounded.

22See Gurevich-Silov [175, p. 180].
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Fig. 7.1 Hahn
decomposition

These properties remain valid for all signed measures, defined on o-rings.
Thanks to the following theorem many questions about signed measures may be
reduced to the study of measures.

Theorem 7.12 Let i be a signed measure on a o-ring M.

(a) (Hahn decomposition)23 There exists a decomposition X = P U* N such that
ANP,ANNeM,

nwANP)>0 and pn(ANN) <0

forevery A € M. (See Fig.7.1.)
(b) (Jordan decomposition)** There exist two measures [iy, i on M, satisfying
the equality @ = 4 — —, concentrated on disjoint sets, and such that at least

one of them is bounded.

Remarks

e If 4 = p4 —p— is a Jordan decomposition, then at least one of the measures /44
and p— is bounded. For otherwise there would exist two disjoint sets A, B with
U4 (A) = pu—(B) =occand u—(A) = p4+(B) = 0,and then 4+ (AUB)—u—_(AU
B) would not be defined.

23Hahn [180, p. 404].
24Jordan [229]. The decomposition is clearly unique.
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* The assumption that M is a o-ring is important: for example, the signed measure
of Smolyanov has no Hahn decomposition. Indeed, for such a decomposition we
should have N = @,% and then u could not take negative values.

* Smolyanov’s signed measure does not have a Jordan decomposition either.
Indeed, if there were two measures (4, u— such that 4 = pu4+ — u—, then we
would have

p+(X) > pi(A) = p(A) = |A]

and

po(X) = po(X \A) = —u(X \ A) = A

for each finite set A. This would imply p+(X) = pu—(X) = oo and then 4 (X) —
U—(X) would not be defined.

* The preceding remarks imply that Smolyanov’s finite signed measure cannot be
extended to a signed measure defined on a o-ring.?® This contrasts with the case
of finite measures.

The following lemma prepares the proof of the theorem.

Definition Let u be a signed measure on M. A set A € M is called negative if
1 (B) < 0 for every subset of A, belonging to M.

Lemma 7.13 Let ju : M — R be a signed measure on a o-ring M.
(a) IfA,BC M and B C A, then

HWA) <oco=—= u(B) <oo and u(A)>—oco = u(B) > —oo.

(b) If w is finite, then it is bounded.
(c) w is bounded from below or from above.
(d) IfA € M and 1(A) < 0, then there exists a negative subset A’ of A such that

WA < pA).
We will often use property (b) in the sequel.
Proof

(a) This follows from the equality n(A) = u(B) + (A \ B) because the sum is
defined by definition.

25For otherwise we would have for every one-point set A C N the impossible inequalities 1 =
wA) = u(ANN) <0.
26This also follows from Lemma 7.13 (c) below.
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(b) If, for example, sup . = oo, then we may define recursively a set sequence (A,)
satisfying

A > 1+ uA), n=12,....

k<n

Then the sets B, := A, \ Ui, Ay are disjoint and p(B,) > 1 for every n, so that
w(UB,) = oo. Hence u is not finite.

(c) For otherwise, by the proof of (b) there would be two sets satisfying u(B) =
oo and w(C) = —oo. Then w(B U C) would not be defined: we cannot have
W(B U C) < oo because u(B) = oo, and we cannot have u(BU C) > —o0
either because w(C) = —oo.

(d) If A is a negative set, then we may take A’ := A. Otherwise let k; be the smallest
positive integer for which A has a subset A; satisfying (A1) > 1/k;. We have

m(A) = w(Ar) + A\ Ay,

whence (A \ Ay) < n(A).”

If A\ A; is a negative set, then we may take A’ := A \ A;. Otherwise let
k, be the smallest positive integer for which A \ A; has a subset A, satisfying
w(Az2) = 1/k,.

Continuing we obtain either a suitable negative set of the form

A=A\ (A U---UA)

after a finite number of steps, or an infinite disjoint sequence (A,) C M,
satisfying w(A,) > 1/k, for all n with suitable positive integers k;,.
In the latter case we have

S = Y ) = w(U%A) < oo

the last inequality follows by applying (a) with B := U*A, C A. It follows that
k, — oo.
SetA’ := A\ U*A,, then A’ € M and

P(A) = p(A’) + u(U*A,).

Consequently, u(A") < u(A).

It remains to show that B € M and B C A’ imply u(B) < 0. Since &k, — 00,
we have k, > 2 and (by construction) u(B) < 1/(k, — 1) for all sufficiently
large n. Letting n — oo we conclude that u(B) < 0. O

2TWe may have equality if (A) = —oo.
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Proof of Theorem 7.12

(a)

(b)

By Lemma 7.13 (c) we may assume for example that i does not take the value
—oo. Set

a = inf u(A),

where A runs over the negative sets in M since & is a negative set, a < 0.

Let (A,) be a sequence of negative sets satisfying (A,) — a. Then N :=
UA, € M is also a negative set, and ;t(N) = a. Since u does not take the value
—00, this implies that a > —o0, i.e., a is finite.

LetP=X\N,then X = PU* N.Let A € M. Since N € M, we have

ANNeM and ANP=A\(ANN)e M,

and (A NN) < 0because N is negative. It remains to prove that u(ANP) > 0.

Assume on the contrary that (A N P) < 0. Applying the preceding lemma,
A N P has a negative subset A’ satisfying 1(A’) < u(A N P). But then N U* A’
is also negative, and the inequality

p(NU*A) = u(N) + (A" =a+ pA) <a

contradicts the definition of a.
Assume again that p does not take the value —oo, and consider the Hahn
decomposition X = P U* N with N € M, obtained in (a).

The formulas

Ut+(A):=puANP) and p_(A):=—-p(ANN) (7.10)
define two measures satisfying @ = w4 — p—, and concentrated on the disjoint
sets P and N.

The measure p— is bounded because

p—(A) = —u(ANN) < —pu(N) = —a < 00

forall A € M. O

Remarks

We stress that at least one of the two sets of the Hahn decomposition X = PU*N
belongs to M.
It follows from the formulas (7.10) that

Ut (A) ;== max{u(B) : Be M,BC A}
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and
U—(A) ;= —min{u(B) : Be M,BCA}.
This alternative definition of the Jordan decomposition does not use the Hahn

decomposition.

Definition The measures 4, u— are called the positive and negative parts of 1.
The measure |u| := pu4+ + p— is called the total variation measure of L.

7.5 Lebesgue Decomposition

We have seen at the end of Sect. 6.2 that every function of bounded variation is the
sum of an absolutely continuous and a singular function. We generalize this result
for measures.

Similarly to the Hahn and Jordan decompositions, in this section we consider
only measures defined on o-rings. Hence the finite and bounded measures are the
same.

Definitions Let i, v and o be three measures on a o-ring N in X.

* We say that v is absolutely continuous with respect to w, and we write v < p, if
nA)=0=v(@) =0.

e We say that u and o are singular, and we write 0 L pu, if there is a partition
X = M U* S of X such that

AeN and ACS = u(A) =0,
AeN and ACM = o(A)=0.

Thus p and o are concentrated on the disjoint sets M and S.

In some cases an equivalent e—§ definition holds:

*Lemma 7.14 Let v be absolutely continuous with respect to 1.?8 If v is finite, then
for every e > 0 there exists a § > 0, that

wA) <é§=vA) <e.

28We recall that they are defined on a o-ring.
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Example The indefinite integral®® v of the function x > 1/x with respect to the

usual Lebesgue measure u in (0, 1) shows that the boundedness assumption cannot
be omitted in the lemma.

Proof Assume on the contrary that there exist & > 0 and a sequence (A,) satisfying
w(A,) <27 and v(A,) > ¢ for every n. Then

A:=limsupA, = NoL, U2 A,

satisfies ;£t(A) = 0 and v(A) > &, contradicting the relation v < u.
Indeed, the sets B,, := A, U A+ U ... form a non-increasing sequence such
that

o0
1By <Y 27" =2""" and v(B,) > v(A,) > &

for all m. Since v(B;) < o0, letting m — oo we get*
w(NB,) =0 and v(NB,) > e. O

In order to state the main result of this section, we strengthen the o-finiteness
property:
Definition A measure ¢ : N' — R is strongly o-finite if there exists a countable set

sequence (P,) C N such that ¢(P,) is finite for all n, and (A) = O forall A € N,
disjoint from UP,.

If this is the case, we may assume that the sequence (P,) is disjoint.
Examples

* Every finite measure ¢ is strongly o-finite. Indeed, it suffices to choose a
sequence (P,) C N satisfying ¢(P,) — supg. If A € N is disjoint from UP,,
then

@(Py) + ¢(A) = ¢(P, U™ A) < supg

and hence ¢(A) < sup ¢ —@(P,) for all n. Since sup ¢ < oo (because every finite
measure on a o-ring is bounded), letting n — oo we conclude that ¢(A) = 0.

» If X is p-measurable, then ¢ is strongly o-finite by Lemma 7.5 (p. 220).

* The counting measure (p. 213) on the o-ring of the countable subsets of an
uncountable set X is o-finite, but not strongly o-finite.

2See Proposition 7.11, p. 230.
30See Proposition 7.3, p. 216.
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Theorem 7.15 (Lebesgue Decomposition)®! Let i1 and ¢ be two measures on a
o-ring N If ¢ is strongly o-finite, then it has a unique decomposition p = v + o
with two measures v and o satisfying

v and o L pu.

Proof Proof of existence for bounded measures ¢. Set
a:=supf{p(S) : Se N and wu(S) =0} < oco.
The upper bound is attained. Indeed, consider a maximizing sequence (S,): 1(S,) =

0 for all n, and ¢(S,) — «. Then S := US, belongs to N, u(S) = 0 and ¢(S) = a.
The formulas

o0(A):=pANS) and v(A):=¢A\S)

define two measures ¢ and v on A such that ¢ = v + o. Furthermore, if A € N,
then

0(A\S) =((A\SNS) =¢(@) =0,
sothato L pu with M := X\ S.

If w(A) = 0, then u(A U S) = 0, and hence (A U S) < o = ¢(S) by the
definition of S. Consequently,

0=v() =9A\S) =pAUS) —¢(S) <0,

whence v(A) = 0. This proves the relation v < p.

Proof of Existence in the General Case. Fix a disjoint sequence (P,) C N such
that ¢(P,) < oo for all n, and ¢ = 0 outside P := U*P,. Applying the preceding
step for each P,, we obtain a sequence of sets S, C P, satisfying 1 (S,) = 0 and the
implications

ACP, and pu(A)=0 = ¢@A\S,) =0.
Set S = U*S,,, and define

0(A) :=¢ANS). v(4):=9¢A\S)

31Lebesgue [295, pp. 232-249].
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forall A € N. We have ¢ = v + o. Furthermore, we have o L u because

p(S) = u(S) =0, and o(A\S)=p@)=0

forallA € NV.
Finally, we have v < u because if A € A and (A) = 0, then

v(4) = p(A\ S)
=Y 9((ANP)\S)
=Y e((ANP)\S,)
=0.

In the last step we have ¢((A N P,) \ S,) = 0 by the choice of S,,.
Uniqueness. We may assume by decomposition that ¢ is bounded. We have to
show that if two measures v’ and ¢’ on A satisfy

V<, o Lpu and ¢ =1 +0,

then the signed measure ¢ := v/ — v = o — ¢’ vanishes identically.
Consider the corresponding partitions X = M U* S = M’ U* §’. ForeachA € A/
we have

HAN(SUS)) = u(S) + u(s) =0;

by the absolute continuity of v’ and v this yields o(A N (S U S’)) = 0.
On the other hand, the inclusion A \ (S U S") C M N M’ implies that

0(A\(SUS)) =0'(A\(SUS)) =0,
and therefore (A \ (S U S’)) = 0. Consequently,
0(A) = oA\ (SUS)) +o(AN(SUS)) =0. 0

Remark The proof shows that § € .

*Example The strong o-finiteness condition cannot be omitted: for example, the
counting measure ¢ has no Lebesgue decomposition with respect to the zero-one
measure (.3

Indeed, assume on the contrary that there is such a decomposition ¢ = v + o,

where u and o are concentrated on the disjoint sets M, S C X. If A is a countable set,

32See p. 213.
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then the relation v < w implies that v(A) = 0, and therefore 0(A) = ¢(A) = |A|.
Hence S = X, and thus @ (X) = 0 by the definition of singularity, contradicting the
definition of u.

Remark The above definitions of absolute continuity, singularity and strong o-
finiteness remain meaningful for signed measures.’ Theorem 7.15 may be gen-
eralized to the case where p is still a measure but ¢ is a strongly o-finite signed
measure: there exists a unique decomposition ¢ = v + o with signed measures v
and o satisfying v < pando L .

Indeed, applying the theorem to the positive and negative parts of ¢ we obtain
four measures v4, o4+ satisfying the relations

Y+ =Vy +04, - =V_+0-,

v L u, v- K W,

and two partitions X = M4 U %S4 = M_ U *S_ with S+ € N such that o4, o_
and p are concentrated on S, S— and M := M N M_, respectively.
It follows that

s vi=vy —vo L U

e pand o := 04 — o_ are concentrated on M and § := S+ U S_ = X\ M,
respectively;

* ¢p=v+o.

The proof of the uniqueness of the decomposition, given above, remains valid for
signed measures.

7.6 The Radon-Nikodym Theorem

As usual, we consider the integral associated with a finite measure defined on a
semiring in X. We denote by M the o-ring of measurable sets, and by pt : M — R
the extended measure.

Equivalently, in view of Proposition 7.7 (p. 223), let u : M — R be a o-finite,
complete measure on a o-ring M.

In this section the expressions “integrable”, “absolutely continuous”, “a.e.” will
be meant with respect to u.

If f is a nonnegative, integrable function, then its indefinite integral

V(A) == /fdu, AeM (7.11)
A

33However, the present definition of absolute continuity is interesting only if y is a measure.



240 7 Integrals on Measure Spaces

is a bounded measure by Proposition 7.11 (p. 230). Moreover, v is absolutely
continuous because

uA) =0= fxa=0ae = v(A):/f)(Ad,u:O.

The converse often holds true:

Theorem 7.16 (Radon-Nikodym)** If w is strongly o-finite, then the for-
mula (7.11) establishes a one-to-one correspondence between

* nonnegative, integrable functions
and

e absolutely continuous, bounded measures.

Definition The function f of the theorem is called the Radon—Nikodym derivative
of v with respect to w, and it is denoted by dv/d .

*Example Let us explain the terminology. If F : [a,b] — R is an absolutely
continuous function on a compact interval [a, b] as discussed in Chap. 6, then the
formula

v(l) := F(d)—F(c), I=lc.d)

defines a signed measure on the semiring of half-open intervals [a, b), and

v@:[ﬁw

for all these intervals by Theorem 6.5 (p. 204). Hence Theorem 7.16 is a far-
reaching generalization of the Lebesgue—Vitali theorem, itself a generalization of
the Newton-Leibniz formula.

Proof of Theorem 7.16%

It remains to show that every absolutely continuous, bounded measure v is the
indefinite integral of a unique nonnegative, integrable function f.

It is sufficient to consider the case where ©(X) < oo. Indeed, in the general
case there exists a disjoint set sequence (X,) C M such that u(X,) < oo for all n,

34Radon [366, pp. 1342-1351] and Nikodym [342, pp. 167-179]. We recall from the preceding
section that the strong o-finiteness condition is satisfied if p is a finite measure or if X is
measurable.

33See also an alternative proof of von Neumann [339, pp. 124-130], based on the orthogonal
projection in Hilbert spaces.
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and . = 0 outside U*X,. Applying the result for each X,,, we obtain nonnegative,
integrable functions f,, on X,,, satisfying

V(A) = /Afn du (7.12)

for all measurable sets A C X,,. Defining f := f, on X,, for all n, and f := 0 outside
U*X,, we obtain a nonnegative, measurable function satisfying (7.11). Moreover, f
is integrable because

/|f| dM:Z/andM:Zv(Xn):v(X)<oo_

The uniqueness of f follows from the uniqueness of each f, because (7.11)
implies the relations (7.12) with f, = f|x,, and from the fact that every measurable
set outside U*X,, is a null set.

In view of this remark we assume henceforth that j1(X) < oo.

Proof of the Uniqueness. Two different integrable functions f and g have different
indefinite integrals. Indeed, at least one of the sets A := {f > g} and B := {f < g}
has a positive measure. If for example @ (A) > 0, then

/Afdu—/Agdu=/A(f—g)du>0

/Afdu#/Ang-

We prove a technical lemma: If v # 0, then there exist A € M and ¢ > 0 such
that u(A) > 0, and

and therefore

eu(B) < v(B) forall measurable subsets B C A.

For the proof we consider for each n = 1,2,... the Hahn decomposition of the
signed measure v — n~' i, and we set

P=UP,, N =NN,.

Since v — n~!' i1 is bounded from above, we have P, € M for every n.3® It remains
to find some n with (P,) > 0 because then we may choose A := P, and ¢ := 1/n.
We have v(B) = 0 for every measurable set B C N because 1 (B) < oo, and

0 v(B) < u(B)

36See the remark on p. 238
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for all n because N C N,. Since v # 0, v(P) > 0, and then u(P) > 0 by the
absolute continuity of v.
Finally, since

0<u(P)< Y n(Py)

by o-subadditivity, we have u(P,) > 0 for at least one n.
Proof of the Existence. Let us denote by F the family of nonnegative, integrable
functions f satisfying

[raw<va
A
for all A € M. Since v is bounded and 0 € F, the formula

oc:zsup/fdu

feF

defines a finite, nonnegative number.
The upper bound is attained. For the proof we choose a maximizing sequence

(fy) € F satisfying
/ﬁl du — «o.

Then g, := max{fi,....f,} € F for each n. Indeed, every set A € M has a
partition A; U* --- U* A, such that g, = f; on each A;, and then

[ svan - ;[fdu <3 i) =ven

Applying the Beppo Levi theorem, the functions g, converge a.e. to a nonnegative,

integrable function f. Applying the Fatou lemma (or again the Beppo Levi theorem)

for the sequences (y4g,), we infer from the inequalities | W gndpu < v(A)thatf € F.

Finally, the relations f, < g, < f and [ f, d; — « imply the equality f fdu =a.
To end the proof we show that the measure

vo(A) :=v(A) — /Af du, AeM

vanishes identically. Assume on the contrary that vy 7 0. Then by the above lemma
there exist A € M and ¢ > 0 satisfying p(4) > 0, and

eu(ANB) < v(AﬂB)—/AmedpL
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for all B € M. Since f € F implies
0=vB\A)— [ f[fdu,
B\A
adding the two equalities we get

SMMHB)Sv@%—LfWL

ie.,

/f+8uduSVW)
B

for all B € M. Hence f + e x4 € F. This, however, is impossible because
/f+£)(Ad,u=/fd,u+£u(A)=a+£u(A)>a. O

*Example We show?” that the strong o-finiteness assumption cannot be omitted in
Theorem 7.16 (p. 240).

Let Z = X x Y with two uncountable sets X, Y satisfying card X > card Y. A set
L C Zis called a vertical line if there exists an x € X such that both sets L\ ({x} x ¥)
and ({x} x Y) \ L are countable.

Similarly, a set L C Z is called a horizontal line if there exists ay € Y such that
both sets L \ (X x {y}) and (X x {y}) \ L are countable.

The countable unions of vertical lines, horizontal lines and points form a o-ring
M. Denoting by p(A) the number of lines contained in A, we obtain a complete,
o-finite® (but not strongly o-finite) measure 4 : M — R, for which the null sets
are the countable sets.

Denoting by v(A) the number of vertical lines contained in A, we obtain another
measure v : M — R, satisfying v < u and hence v < . We claim that the
Radon—-Nikodym derivative dv/du does not exist.

Assume on the contrary that there exists a measurable function f : Z — R
satisfying

v(L) :/fdu for every line L. (7.13)
L

37See Halmos [184, pp. 131-132]. In this example we use the notion of cardinality of infinite sets,
but we need only the simplest results: see, e.g., Halmos [186] or Vilenkin [467, 468].

38Because every measurable set is covered by countably many lines.
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By the measurability condition f is constant a.e. on each line L, and |, f dp is equal
to this constant. Therefore we infer from (7.13) that f = 1 a.e. on every vertical line,
and f = 0 a.e. on every horizontal line. This implies the inequalities

cardX <card{x e Z : f(x) =1} <card?,

contradicting the choice of X and Y.

We may further generalize the preceding theorem for unbounded and even signed
measures v:

*Theorem 7.17 If p is strongly o-finite, then the formula (7.11) establishes a
one-to-one correspondence between

* the functions f having an integral
and

* the absolutely continuous signed measures v.

Remark 1t is easy to see that
Vv isameasure <= f isnonnegative.

Indeed, if f > O, then v is a measure because fy4 > O for every A € M, and
therefore v(A) = [fxa du > 0. Conversely, if f < 0 on some set A of positive
measure, then v(A) = [ fxa dp < 0, and therefore v is not a measure.

Proof of Theorem 7.17 Tt follows again from Proposition 7.11 that if f has an
integral, then the indefinite integral is an absolutely continuous signed measure.

It remains to prove that each absolutely continuous signed measure v is the
indefinite integral of a unique measurable function f. Similarly to the preceding
proof we may assume that ;(X) < oo.

Proof of the Uniqueness of f. Let f and g be two different functions whose
integrals are defined. We have to find a set A such that £(A) > 0, and either f > g
onAorf < gonA.

Assume by symmetry that B := {f > g} is not a null set. Since f > —oo and
g < oo on B, setting

Ay:={xeB : f(x) >—k and gx) <k}
we have

UrAr = B.
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Since 0 < u(B) < u(X) < oo, there exists a k such that 0 < p(Ax) < oo. Then

fduw > —ku(Ay) > —oo and / gdp =< kipu(Ap) < oo.
At Ak

Consequently, the integral f Ak(f — g) dpu exists,® and hence

/Akfdu—/Akgdu=/Ak(f—g)du>0-

A technical lemma:** if v is an absolutely continuous measure, then there exists
a disjoint sequence (F,) of sets of finite v-measure such that for each measurable
set A, disjoint from F := UF,, we have either t(A) = 0 or v(A) = oo (or both).

For the proof we denote by A the o-ring of measurable sets having a countable
cover by sets of finite v-measure. The upper bound

a:=sup{u(B) : Be A} < u(X) < o0

is attained on some set F € A because if (B,) C A and u(B,) — «, then F :=
UB, € Aand u(B,) < u(F) forall n, i.e., u(F) = a.

Consider a measurable set A, disjoint from F and satisfying v(A) < oo. Since
F U* A € A, we have

a > p(F U™ A) = n(F) + p(A) = a + p(A);

since « is finite, we conclude that w(A) = 0.

Proof of the Existence When v is a Measure. Consider the disjoint set sequence
(F,) of the previous step, and set E := X \ UF,,. Apply the already proved result for
each F,, and denote by f, the corresponding Radon—-Nikodym derivatives.

Setting f := f, on each F,, and f := oo on E we get a nonnegative, measurable
function. Each A € M is the disjoint union of the sets A N F,, and A N E, and

VANF,) = Jadp
ANF,
for every n by the choice of f,,. It remains to show that
V(ANE) = oo du.
ANE

Indeed, then adding all these equalities we obtain (7.11).

3 See Proposition 5.17 (d), p. 190.
40See Hewitt—Stromberg [207, p. 317].
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If v(ANE) = oo, then (A N E) > 0 by the absolute continuity of v, and hence
fAﬂE oo dp = oo. Otherwise we have (A N E) = 0 by the definition of E; hence
clearly [, .00 di = 0, while v(A N E) = 0 by the absolute continuity.

Proof of Existence when v is a Signed Measure. Applying the preceding result
to the measures v4, v_ of the Jordan decomposition v = v — v_, we obtain two
nonnegative, measurable functions f4, f— satisfying (7.11) with f4 and vy instead
of f and v. Since at least one of the measures vy and v_ is bounded,*' at least
one of the functions f,f_ is integrable, so that the function f := f. — f_ and the
integral [ f dp are defined. Taking the difference of the equalities for v and v_ we
obtain (7.11) for f and v. |

Using the Radon—-Nikodym theorem we may greatly generalize the change of
variable formula of integration*?:

Proposition 7.18 Assume that p is strongly o-finite, and let v << [ be an
absolutely continuous measure. Then

dv
/g— duz/gdv (7.14)
du

whenever the right-hand integral exists.

Proof We may assume as usual that u(X) < oo.
We write f := dv/du for brevity.

(1) Theset Xp := {x € X : f(x) = 0} satisfies the equality

V(Xo)=/X0fdu=/X00du=0

/gfd,uz/OduzOz/gdv
X() X() X()

for all v-measurable functions g.** Therefore, changing X to X \ X, we may
assume that f > 0. Then the p-null sets and v-null sets are the same by (7.11),
so that we may use the expression a.e. without mentioning the corresponding
measure (4 Or V.

(i) Since p is bounded, every v-step function is also a u-step function, and hence
every v-measurable function is also p-measurable.

and hence

41See Lemma 7.13 (b), p- 232.

“The proposition extends classical results of Euler [130, p. 303], Lagrange [280, p. 624] and
Jacobi [224, p. 436].

43They are also v-measurable because w(X) < oo.
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If g is the characteristic function of a set A € M, then (7.14) reduces to the
equality (7.11). Taking linear combinations it follows that (7.14) holds for all
v-step functions.

If (g,) is a sequence of v-step functions satisfying g, /" g a.e., then (g, f) is
a sequence of u-measurable functions satisfying g, f /' gf a.e. Applying the
generalized Beppo Levi theorem** to the sequences (g, — g1) and (g.f — g1f)
we get the equality (7.14).

In the general case the equality (7.14) holds for g+ and g_ instead of g.
Taking the difference of these equalities we get (7.14) for g. O

7.7 * Local Measurability

As usual, we consider an integral associated with a finite measure defined on a
semiring P. We denote by M the o-ring of measurable sets and by p : M — R the
extended measure.

In the terminology of this chapter the constant functions are not necessarily

measurable. In such cases the non-zero constant functions have no integral, and
the measure of X is not defined either. We are going to extend the notions of the
integral and the measure so as to deal with these cases in particular.

Definition A function f is locally measurable if f y p is measurable for every P € P.

Remarks

Measurability implies local measurability.

The constant functions are locally measurable. If they are also measurable, then
the notions of measurability and local measurability coincide. This is the case for
X = R, studied in Chap. 5, more generally for X = R", and for the probability
measures.

If f is locally measurable, then the product fg is measurable for every measurable
function g. For step functions g this follows at once from the definition. In the
general case we choose a sequence (¢,) of step functions converging to g a.e.
Then the functions f¢, are measurable, and they converge to fg a.e., so that fg is
measurable as well.

An easy adaptation of the proof of Proposition 5.16 (p. 187) leads to the following

Proposition 7.19

(a) The constant functions are locally measurable.
(b) Iff is locally measurable, and f = g a.e., then g is locally measurable.

#Proposition 5.17 (e), p. 190.
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© If F : RY — R is continuous, and fi,...,fy are finite-valued, locally
measurable functions, then the composite function h .= F(fi, ..., fy) is locally
measurable.

In particular, if f, g are finite-valued, locally measurable functions, then | f|,

f+gf—g fe max{f, g} and min{f, g} are locally measurable as well.

(d) Iff is locally measurable and f # 0 a.e., then 1/f is locally measurable.

(e) Iff is locally measurable, g is integrable, and | f| < g a.e., then f is integrable.

(®) If a sequence of locally measurable functions converges to f a.e., then f is also
locally measurable.

Next we generalize the integral:
Definition Let f be a locally measurable function.

« If f is nonnegative and non-integrable, then we define | f dx := oc.
» If at least one of f and f_ is integrable, then we define

/fdx:z /f+ dx—/f_dx.

e If f is measurable, then the new definition reduces to the earlier one.
» If neither f4 nor f_ is integrable, then the right-hand sum is undefined.
* We still keep the adjective “integrable” for the case where the integral is finite.

Remarks

Proposition 5.17 (p. 190) on the integration rules remains valid; we only have to
use the local measurability of 4 in the proof of (d) instead of its measurability.
After the integral we generalize the measure:

Definition A set A is locally measurable if its characteristic function is locally
measurable, i.e., if AN P € M forevery P € P.

Remark The fundamental set X is always locally measurable.*
The following notion will be useful in the sequel:

Definition A o-algebra in X is a o-ring containing X. Explicitly, a set system M
in X is a o-algebra if the following conditions are satisfied:

s BeM;

e ifAe M,thenX\ A e M;

 if (4,) is a disjoint sequence in M, then U*A, € M.
Examples

» {@,X}and 2 are o-algebras in X.

4We recall from Lemma 7.5 (p. 220) that X is measurable <=> it has a countable cover by sets of
P (and hence of finite measure).
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* The usual Lebesgue measurable sets of R form a o-algebra.
* The countable subsets of an uncountable set X form a o-ring, but not a g-algebra.

An easy adaptation of the proof of Proposition 5.19 (p. 194) leads to
Proposition 7.20

(a) The locally measurable sets form a o-algebra.
(b) f is locally measurable <= the sets

f>c, f<e, Uz, {f=q

are locally measurable for all ¢ € R.

Remark The local measurability of {f > c} for all ¢ € R already implies the local
measurability of f. This follows from the relations

{f > —oo} = UL, {f > —n}.
{f>o00} =@ €M,
{fzcp =02 {f >c—1/n}.
{f < =X\{f=zc}.
{f=cd=X\{f>c}.
Three similar statements are obtained by changing {f > c} to {f < c}, {f > ¢} or

{f<c}

We extend the measure y to the o-algebra M of locally measurable sets by
setting

) = [ 1adu.

Observe that [t(A) = oo for every A € M \ M.
Now we clarify the relationship between integrals and arbitrary measures. The
following result complements Proposition 7.7 (p. 223):

*Proposition 7.21

(a) M isao-algebra, and 1t : M — R is complete.
(b) Every measure, defined on a semiring, is the restriction of the measure [ :
M — R associated with its finite part.

Proof

(a) We already know that M is a o-algebra. The completeness of 1 : M- R
follows from that of u : M — R because [1(A) = oo and thus (A) # 0 for
allA e M\ M.
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(b) Letv : N — R be a measure on a semiring,
P:={AeN : v(P) < oo},

and 77 : M — R the measure obtained by the usual extension of u := v|p. We
have to show that N’ C M and v(A) = Tt(A) forevery A € NV.
First we observe the implication

AeN and PeP=ANPEeP. (7.15)

Indeed, since P C A and N\ is a semiring, we have A N P € N. Furthermore,
V(AN P) < v(P) < oo and therefore AN P € P.

Since P C M, (7.15) implies that every A € N is locally measurable, i.e.,
N CM.

It remains to show that v(A) = w(A) for every A € N. We distinguish the
cases A € MandA € M\ M.

If A € NN M, then A has a disjoint cover by sets P, € P. Changing each P,
to A N P, by (7.15), we may also assume that A = U*P,,. Since £(P,) = v(P,)
for every n by the definition of 7z, it follows that

BA) =Y (P =Y v(Py) = v(A).

IfA € Nand A € M\ M, then [i(A) = oo by the definition of .
Furthermore, A ¢ P because P C M, and therefore v(A) = oo by the
definition of P. Hence [x(A) = v(A) again. O

Remark In view of part (b) of the proposition we may speak about the integral
associated with an arbitrary measure, meaning the integral associated with its finite
part.

By the results of this section it is tempting to use local measurability and the
measure 7t : M — R instead of measurability and the measure 1 : M — R.%
The following observations, however, convinced the author to return to the original
definitions of Fréchet and Riesz*':

* Tonelli’s theorem on successive integration (p. 228) does not hold for locally
measurable functions having an integral: the function f in the last example of
Sect. 7.4 is locally measurable.

“6Indeed, this choice is taken by most contemporary textbooks by defining measurability using
inverse images. While Hausdorff’s elegant characterization of continuous functions by inverse
images of open or closed sets is extremely useful in topology, the analogous definition of
measurability leads to several annoying counterexamples.

4TFréchet [158] and Riesz—Sz.-Nagy [394].
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* Proposition 7.6 (p. 221) on the unique extension of measures does not remain
valid for the o-algebra M. To see this we consider the zero measure u on the
semiring P of finite subsets of an uncountable set X. Then M = 2X and

_ 0 if A is countable,
Rr(A) = s
oo if A is uncountable.

But the zero measure on 2% is also an extension of !

Moreover, the two measures already differ on the smallest o-algebra N
containing M, i.e., on the family of countable subsets and their complements.
In fact,*® there are infinitely many other extensions of j to N: the formula

0 if A is countable,
a if X'\ A is countable

Ha(A) = {

defines an extension of u foreach 0 < o < oo.
* The first part of the Radon—Nikodym theorem remains valid for locally measur-
able functions: if a locally measurable function has an integral, then the formula

v(A) := /Afdu

defines an absolutely continuous signed measure v : M — R, and even v :
M —TR.

However, in the counterexample on p. 243 the Radon—Nikodym derivative
f = dv/dp does not exist, even if we allow f to be only locally measurable.

7.8 Exercises

Exercise 7.1 For each measure 4 introduced in the examples on p. 213, determine
its finite part, the o-ring M of measurable sets, and the o-algebra M of locally
measurable sets.

Exercise 7.2 Construct a nonnegative and additive, but not o-additive function on
the o-algebra of all subsets of a countably infinite set X.

Exercise 7.3 Construct a measurable set in R? whose projections onto the coordi-
nate axes are non-measurable.

481, Czéch, private communication, 2005.
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Exercise 7.4 (Outer Measure)*’

we set

Given a finite measure @ on a semiring P in X,

wHA) = inf Y u(Py)
k=1

for each A C X where the infimum is taken over all sequences (P;) C P such that
A C UpPy.

(i) Show that w* is an outer measure: a nonnegative, o-subadditive function on
2X e,

o o0
uwrA) < Zu*(An) whenever A C UA"'

n=1 n=1

(ii) Prove that
W (AUB) + pn* (AN B) < u*(A) + n*(B)

forallA,B C X.
(iii) Prove that A C X is measurable <=

w*(B) = u*(BNA) + u*(B\ A)
forall B C X.
Exercise 7.5 (Riemann-Stieltjes Integral)®® Let us be given two functions
f,g : [a,b] — R on a compact interval. For each finite subdivision I =
{x0, &1, X1, ..., Xu—1, &, X} Of the segment [a, b], where
a=x0 <& <x1 < <Xp1 <& <x, =0,
we set

8(7) := min(x, — xi-1).

and we define the corresponding Riemann—Stieltjes sum by the formula

Sy =Y (&) (2w) — gx-1) -

k=1

49Carathéodory [77]. See also Burkill [68], Halmos [184], and Natanson [332].
OStieltjes [435].
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If S(I) converges to a finite limit L as §(I) — 0, then we say that f is integrable with
respect to g, and we write

f € R(). /fdgzL.

Prove the following properties:

(i) Iff is continuous and g has bounded variation, then f € R(g).
(i) Iff € R(g), then g € R(f), and

[ras+ [ gar= et

Exercise 7.6 For which values of o does the limit

1
lim x* dsin —
h™NO Jp X

exist?

Exercise 7.7 Give an example of a strongly o-finite measure that is not finite, and
for which X is not measurable.

Exercise 7.8 Construct measurable functions f; : R*> — R with the following
properties:

(i) The successive integrals of f; in (7.4) exist, and are equal to zero.
(i) The successive integrals of f, are equal to 0 and oo, respectively.
(iii) The successive integrals of f3 are equal to 0 and 1, respectively.
(iv) One of the successive integrals of f; is equal to 0, and the other is undefined.

Taking linear combinations of the functions fi(x,y) and f;(y,x) show that no
conclusion can be made of the successive integrals if f : R> — R is a measurable
function whose integral is not defined.

Exercise 7.9 (Hausdorff Dimension)’! Given a set A C R and positive real
numbers s, §, let

Hi(A) = inf{i i1},

i=1

S!'Hausdorff [196]. See, e.g., Falconer [134]. Some number-theoretical applications are given in de
Vries—Komornik [101] and Komornik—Kong-Li [259].
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where the infimum is taken over the countable covers of A by intervals of length
|I;] <6, and let

H*(A) := sup Hj(A).*
§>0

Prove the following results:

(i) H{(A) /" H*(A)asd N\ 0.

(ii) H* is an outer measure on R.%3

(iii) There exists d € [0, oo] such that H*(A) = oo if s < d, and H*(A) = 0 if
s > d. It is called the Hausdorff dimension of A.

@iv) Let S; : R — R be a similarity with a scaling constant ¢; € (0, 1),
fori = 1,...,m. If a non-empty compact set K is the disjoint union of
S1(K), ..., Su(K), then the Hausdorff dimension d of K is the solution of the
equation ¢ + -+ + ¢ = 1.

(v) The Hausdorff dimension of Cantor’s ternary set is equal to In2/1n3 =~ 0.63.

32More generally, we may consider countable covers by sets of diameter diam/; < § in a metric
space.

3Carathéodory’s construction (Exercise 7.4) yields the s-dimensional Hausdorff measure.



Part I11
Function Spaces

‘We may resist everything, except temptation.
-0. Wilde

Functional analysis started by studying (in today’s terminology) the space C(/)
of continuous functions defined on a compact interval. The idea of function spaces
had already appeared in the doctoral dissertation of Riemann [370]. Dini [109]
proved that for monotone sequences of continuous functions pointwise convergence
is necessarily uniform. Ascoli [12] gave a sufficient condition for the compactness
of a set in C(I). This forms the basis for Peano’s theorem (1886) on the solvability
of differential equations of the form X = f(z,x) where f is merely continuous.
(The Lipschitz condition serves only for the uniqueness of the solution.) Arzela [8]
proved that Ascoli’s condition is also necessary.

Weierstrass [483] proved the density of polynomials in C(/). Le Roux [299] and
Volterra [472—475] obtained theorems of existence and uniqueness for a wide class
of integral equations. Fredholm [150] discovered that the general theory of integral
equations is much simpler than previously believed. Riesz [379] gave an elegant
description of the dual space of C(I) by using Stieltjes integrals.

Cantor influenced Borel [58], Baire [17] and Lebesgue [287, 288] to widen the
classes of sets and functions to be investigated. In his Ph.D. under the supervision
of Hadamard, Fréchet [154] introduced the metric spaces and the notions of
compactness, completeness and separability. Riesz [373, 374, 376] and Fischer
[146] proved the completeness of the spaces of Lebesgue integrable functions,
Riesz [375, 379] and Fréchet [155] characterized the duals of these spaces, and
the discipline started to grow exponentially.

The following works contain more complete studies of the historical develop-
ment: [37, 45, 61, 106, 117, 203, 327, 365, 394, 421].

This last part of our book also serves as a synthesis: while Parts I and II are
largely independent, here we build upon both.
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We did not resist the femptation to give multiple proofs of some theorems:
either we could not choose among them or because they enlighten the problem
from different angles, and thus contribute to the deeper understanding of the
interconnections between different branches of analysis.



Chapter 8
Spaces of Continuous Functions

From the point of view of Mathematics the XIXth century could be called the century of
the Theory of functions. ... (V. Volterra, 1900)

In this chapter the letter K always denotes a compact Hausdorff space. We recall
from topology that the continuous functions f : K — R form a Banach space C(K)
with respect to the norm

Iflloo = max|FO.

and that norm convergence is uniform convergence on K. We will only present some
basic results.!

Except for some uninteresting degenerate cases, the spaces C(K) are not
reflexive:

Examples

e Set] := [0, 1], and consider in X := C(I) the closed affine subspace

M= {feca) . f(0)=0 and /lf(t)dtzl}.
0

We claim that M has no element of minimal norm, so that the distance dist(0, M)
is not attained.

!Gillman-Jerison [169] and Semadeni [421] treat many further topics.

© Springer-Verlag London 2016 257
V. Komornik, Lectures on Functional Analysis and the Lebesgue Integral,
Universitext, DOI 10.1007/978-1-4471-6811-9_8
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Fig. 8.1 Graph of f,,
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To prove this, first we observe that dist(0, M) > 1 because

1 1
1= [ d < [ 1fle di =171 8.1)
0 0
for all f € M. Furthermore, the formula (see Fig. 8.1)
1 1)t
=" min{(n+ ) ,1} Con=1.2....
n 2
defines a sequence (f,) C M satistying || fu|loc = (n + 1)/n — 1, so that in fact

dist(0,M) = 1.

But this distance is not attained because the inequality in (8.1) is strict for
every f € M because of the continuity of f and the condition f(0) = 0. Applying
Proposition 2.1 (p. 55) we conclude that C(J) is not reflexive.

e Setl = [—1, 1], and consider on X := C(I) the linear functional

1
o(f) = /_ 1(sign Nf (1) dt.

The obvious estimate

1
()] < /_ 1] de <21l (82)

shows that ¢ is continuous, and ||¢|| < 2.
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Fig. 8.2 Graph of g,
L
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Furthermore, the formula? (see Fig.8.2)
gn(?) ;= med{—1,nt, 1}

defines a sequence (g,) C X satisfying ||g,|lo, = 1 for all n, and ¢(g,) — 2; this
implies that in fact ||| = 2.

But the norm ||¢|| is not attained, because |¢(f)| < 2| f]l s for all non-zero
functions f € X. Indeed, we could have equality in (8.2) only if (sign)f(¢) were
constant in [—1, 1], but this condition excludes all non-zero continuous functions.

Applying Proposition 2.1 again, we conclude that C(/) is not reflexive.

e The spaces C(I) are not only non-reflexive: they are not even dual spaces.
Indeed, it follows from the Banach—Alaoglu and Krein—Milman theorems that
the closed unit ball C of every dual Banach space is spanned by its extremal
points.

This is not satisfied for the closed unit ball C of C(): its only extremal points
are the constant functions 1 and —1, and their closed convex hull contains only
constant functions, while C contains non-constant functions as well.

3

Later (on p. 298) we will also give a direct proof of the non-reflexivity.
Despite their non-reflexivity, these spaces occur in many applications. This
justifies their study in this chapter.

2We recall that med {x, v, z} denotes the middle number among x, y and z.
3See Gelbaum—Olmsted [168]. The situation is similar to that of cy; see p. 140.
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8.1 Weierstrass Approximation Theorems

The following theorem has countless applications:

Theorem 8.1 (Weierstrass)* Let [a,b] be a bounded, closed interval, and f :
[a,b] — R a continuous function. There exists a sequence (p,) of algebraic
polynomials, converging uniformly to f on [a, b].

The theorem implies at once that C([a, b]) is separable: the polynomials with
rational coefficients form a countable, dense set.

The following proof is due to Landau.’

Fix a positive number R and define g : R — R by the formula (see Fig. 8.3)

R?—¢* if|t| <R,

q(1) :=
0 if [f| > R.

Lemma 8.2 For each fixed § > 0 we have

./it|>8 q(t)n dr

as n — oQ0.
22, g at

Proof The case § > R is obvious. Assuming henceforth that § < R, we observe
that g is a continuous even function, positive and decreasing in (0, R), and vanishing

Fig. 8.3 Graph of g for
R=1

f Y

-1 -08 -06 04 -02 0 02 04 06 08 1
t

“Weierstrass [483], p. 5.
SLandau [283]. See Proposition 8.16 and Exercise 8.3 below (pp. 282,300) for other proofs.
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outside (—R, R). Therefore

/ q(®)" dt < 2R —26)q(8)" < 2Rq(8)"
[t|>8
and

'[ qUYdﬁ>/‘M2d0“#>5ﬂW2ﬂ

o

so that

0 < Jyjms @) dt - ZR( q(8) )

= g dr — 8 \q3/2)

Since 0 < ¢(§) < g(8/2), the last expression tends to zero as n — 0o.

261

|

Proof of Theorem 8.1 By adding an affine polynomial if necessary, we may assume
that f(a) = f(b) = 0. Then we may extend f by zero to a continuous function

defined on R. The extended function is uniformly continuous, so that

o(f.8) :=sup {[f(x) —f(O| : [x—1] <8} -0

as § N\ 0.°

Let us consider the function g of the preceding lemma with R to be chosen later,

and set

Cn = / OO g0 dr and  Q,(1) = ¢, q(1)"

—0o0

foralln =1,2,...and r € R. Then we have

0,20 in R,
O.(t) =0 if [f| =R,

/wgmmzL

0,(tydt -0 as n—>oo, foreach §>0;
[t|>8

see Fig. 8.4.

Sw(f,8) is called the uniform continuity modulus of f.

(8.3)
(8.4)

(8.5)

(8.6)
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Fig. 8.4 Graphs of 0y, 0,
and Q3 forR =1
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We claim that the functions
o0
P = [ 100,00 a
—00

converge to f uniformly in R.
Indeed, applying (8.3) and (8.5) we have

7@ =l = | [~ )0, 0 8.7
< / £ — £ ()| Qulx — 1) di
|x—1]<é
+ / £ — £ (| Qnx — 1) d
|x—t|>8
<o(f.8) + 2|l / 0,(s) ds
|s|>8

for each x.
For any fixed ¢ > 0 choose § > 0 such that w(f, §) < &/2, and then using (8.6)
choose N such that

2||f||00/ O.(s)ds <e/2 forall n> N.
[s|>8

Then we conclude from (8.7) that | f(x) — pu(x)] < e forallx € Randn > N.
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We complete the proof by showing that the restriction of p, to [a,b] is a
polynomial if we choose R > b — a at the beginning of the proof. Applying (8.4),
using the fact that f vanishes outside [a, b], and taking into account that [a,b] C
[x — R,x + R] for every a < x < b, we obtain the following equality for each
a<x<b:

pal) = /_ FO0u(x— 1) di
x+R

= fOc (R = (x— )" dt

x—R
b
= / f@c (R — (x — D))" dt.

Since
U RP—(x—0)?)" = Z aj(H ¥

with suitable polynomials a;(t), it follows that

pa(x) = be’ with b; = / f(t)a;(t) dt. o

Jj=0

Remark The above proof was perhaps the first example of regularization by
convolution, a technique widely used today to establish density theorems in various
functions spaces.’

Weierstrass also proved a similar result for periodic functions. The 2w -periodic
continuous functions form a closed subspace C5,, in the Banach space B(R), hence
C>y is also a Banach space with respect to the norm ||+ .2

Definition A trigonometric polynomial is a finite linear combination of the func-
tions

1, cost, sint, cos?2t, sin2t, cos3t, sin3t,....

7See the references in the footnote of Sect. 9.3 below, p- 320.
8We recall that in this book by a subspace without adjective we always mean a linear subspace.
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Fig. 8.5 Graph of g for
R=1

Remark Using the three identities’

2 coskt cosmt = cos(k — m)t + cos(k + m)t,
2sinkt sinmt = cos(k — m)t — cos(k + m)z,
2sinkt cosmt = sin(k — m)t + sin(k + m)t
it is easy to show that the trigonometric polynomials form not only a vector

space, but also an algebra: the product of two trigonometric polynomials is again
a trigonometric polynomial.

Theorem 8.3 (Weierstrass)'? For each f € C,, there exists a sequence (p,) of
trigonometric polynomials converging uniformly to f on R.

The following proof is due to de la Vallée-Poussin.'!

Proof Introducing the function

1 +cost ift| <m,

q(t) :=
0 if[t| >m

(see Fig. 8.5), and repeating the preceding proof with R = & we obtain that p,, — f
uniformly in R.

°Several proofs of this chapter could be simplified by adopting the complex framework, and using
Euler’s formula e” = cos x + i sin x. For example, the trigonometric polynomials would be simply
the algebraic polynomials of ¢, and the single identity ¢*T% = ¢"e” would suffice instead of these
three real identities.

0Weierstrass [483]. See Theorem 8.11 and a remark following Proposition 8.21 below (pp. 276,
288) for other proofs.

de 1a Vallée-Poussin [463]. His work was motivated by that of Landau.
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It remains to show that p,, is a trigonometric polynomial. This follows from the
following computation:

pal) = /_ FO0ux—1) di
x+
=c! / F(@OA + cos(x — )" dt

= nf(t)(l + cos(x — 1)) dt

—T

=)' f(@®( + cosxcost + sinxsin?)" dt

-

=ay+ Zakcoskx—f-bksinkx,
k=1

where a; and by are suitable real numbers. The third equality follows from the

2m-periodicity of the function under the integral sign, while the last one from the

repeated application of the three trigonometric identities of the preceding remark.
O

Remark Jackson [221], [222] investigated the error of the approximation as a
function of the regularity of the approximated function. Miintz [329], Szdsz [445],
Clarkson and Erd&s [90] proved important generalizations of Theorem 8.1. See also
Achieser [1], Cheney [85], Jackson [223], Natanson [333], Rudin [405].

8.2 * The Stone—Weierstrass Theorem

Stone proved a far-reaching generalization of the Weierstrass approximation theo-
rems.

Definition A subspace M of C(K) is a subalgebraif f, g € M imply fg € M.

Theorem 8.4 (Stone—Weierstrass)'?> Let K be a compact topological space and
M a subalgebra of C(K). Assume that M contains the constant functions, and
separates the points of K: for any two distinct points x,y € K there exists an
h € M such that h(x) # h(y). Then M is dense C(K).

12Stone [440], [441].
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Examples

* Let K be a compact interval in R. The restrictions of the algebraic polynomials
to K form a subalgebra M satisfying the conditions of Theorem 8.4. Hence
Theorem 8.1 is a special case of Theorem 8.4.

* More generally, if K is a compact set in RY, then the algebraic polynomials of N
variables form a subalgebra M satisfying the conditions of Theorem 8.4.

+ Let K be the unit circle in R2. Setting T(s) := (coss, sins), the function f >
f oT establishes an isometric isomorphism between the Banach spaces C(K) and
C,, . Furthermore, the algebraic polynomials of two variables correspond to the
trigonometric polynomials. Thus Theorem 8.3 also follows from Theorem 8.4.

In the proof we use the notion of vector lattices (see p. 172).

Proof of Theorem 8.4 First step. 1f f, — f and g, — g C(K), then f,g, — fg
because

178 =fagnlloo = Ilf =falloo 18lloo + I fullo 1€ = &nlle = O

Hence the closure M of the subalgebra M is still a subalgebra of C(K).

Second step.  We show that the closed subalgebra M is a vector lattice. Fix h € M
arbitrarily and fix a number T’ > ||| ,,. By Theorem 8.1 there exist polynomials
py satisfying p,(x) — |x| uniformly in [-T', T]. Then p,oh € M, and p,oh — |h|
uniformly in K, so that |h| € M.

The following proposition completes the proof of the theorem. O

Proposition 8.5 (Kakutani-Krein)'® Let K be a compact topological space and
M C C(K) a vector lattice. Assume that 1 € M, and that M separates the points of
K. Then M is dense in C(K).

Proof Fixing f € C(K) and ¢ > 0 arbitrarily, we have to find g € M satisfying
I1f =8l <&

First step.  For each fixed x € K there exists a function f, € M satisfying

fi>f—¢e on K, and fi(x)=/f(x).

Indeed, by our assumption for each y € K there exists a function f;, € M equal
to f at x and y. Then the open sets

Uy :={z€K : fy(@) >fz) —¢}. yeK

3K akutani [240, pp. 1004-1005], Krein—Krein [268].
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cover the compact set K, because y € U, for every y. If
K=U,U---uU,
is a finite subcover, then the function

fr := max {fm,...,ﬂyn}

has the required properties.
Second step.  There exists a function g € M satisfying

f—e<g<f+4+e on K,

and hence the inequality || f — gl < &-
For the proof we consider the functions f, € M obtained in the first step. The
open sets

Vii={zeK : fi(z) <f(r)+¢}, xekK
cover the compact set K, because x € V, for every x. If
K=V, ,U-.-uUV,,
is a finite subcover, then the function

g :=min{fy,....fu,}

has the required properties. O
The following interesting application will be useful later'*:

Proposition 8.6 (Stone)'> Let K be a compact set in a topological space X, and
assume that the points of K may be separated by the continuous functions h : X —
R. Then every continuous function f : K — R may be extended to a continuous
function F : X — R.

Proof The restrictions of the continuous functions F : X — R to K form a vector
lattice M in C(K), containing the constant functions. By our assumption M satisfies
the conditions of the Kakutani—Krein theorem, and hence it is dense in C(K). It
remains to prove that M is closed.

Let (f,) C M converge uniformly on K to some function f. We have to find a
continuous function F : X — R such that F = f on K.

14See the proof of Lemma 8.27, p. 297.
15Stone [441]. This is a version of similar theorems of Urysohn [461] and Tietze [453].
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Taking a subsequence if necessary, we may assume that

lfot1 —ful =27 on K

for every n.'°
By the definition of M the functions f] and f,+1 — f,, have continuous extensions
F and G, to X. Furthermore, we may assume that

|G, <27 on K
for every n: change G, to
med{—27",G,,27"}

if necessary. Then the function series

00
F +ZGn
n=1

converges uniformly to some function F : X — R. We conclude that F is
continuous, and F = f on K. O

8.3 Compact Sets. The Arzela—Ascoli Theorem

In this section we characterize the compact sets of C(K). Since in complete metric
spaces the compact sets coincide with the totally bounded!” closed sets, it is
sufficient to characterize the totally bounded sets.

Definitions Consider a family of functions 7 C C(K).

o F is pointwise bounded if {f(t) : f € F}is boundedin R foreacht € K.
o F is equicontinuous if for each ¢ > 0 and ¢ € K there is a neighborhood V of ¢
such that | f(s) —f(f)] < eforalls € Vand f € F.

Proposition 8.7 (Arzela—Ascoli)'® A family of functions F C C(K) is totally
bounded <= it is pointwise bounded and equicontinuous.

16We have already used this technique when proving the Riesz Lemma 5.13, p. 184.

17We recall that a set A is totally bounded or precompact if for each r > 0 it has a finite cover by
balls of radius r.

18 Ascoli [12] (pp. 545-549, sufficiency for K = [0, 1]), Arzela [8] (necessity), [9] (simplified
treatment), [10], Fréchet [154] (general case).
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Proof Firstlet F be totally bounded. Then it is also bounded in norm, i.e., uniformly
bounded on K, and hence pointwise bounded as well.

To show the equicontinuity, it suffices to find for any fixedr € Kand r > 0 a
neighborhood V of ¢ such that

|f@®) —f(s)| <3r forall feF and seV. (8.8)
Let us cover F with finitely many balls of radius r:
FC Br(fl) U---u Br(fm)

withfi,....fn € F.
Since each f; is continuous at #, we may choose a neighborhood V; of ¢ such that

|fi(®) —fi(s)] < r forall seV,.
Then (8.8) is satisfied with V := V; N --- N V,,.

Indeed, for any given f € F and s € V, choosing i such that | f —fi|| < r, we
have

IF(0) =f&)] = [fO =fiO] + /i) =i + |fis) =f O <r+r+T.
Conversely, if F is equicontinuous, then by the compactness of K we may find
for each fixed r > O finitely many points #;,...,%, € K and their neighborhoods
Vie...,Vpsuchthat K =V, U---UV,, and
|f(®) —f()] <r whenever feF and teV,.
If, moreover, F is pointwise bounded, then the set

{(f@).....f@a) = fe T}

is bounded R™, and also totally bounded there.'® There exist therefore finitely many
functions fi, . .., f, € F such that*

(@), ) = f € Fy CUBAS@), - tn).

J=1

19We recall that the bounded and totally bounded sets are the same in all finite-dimensional normed
spaces.
2Tn this formula the balls are taken in R”™.
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We complete the proof by showing that>!

F C B3r(f1) U-.-u B3r(f;l)

For any given f € F first we choose f; satisfying

(f(#).....f(tw)) € Br(fi(11). - .. .f(tm))-

Next, for any given t € K we choose i such that € V;. Then we have

F® = 0] = 170 =F @) + @) =] + |6 —fD] <r+r+r,

whence f € B3,(f)). O

8.4 Divergence of Fourier Series

By the Fourier series of a function f € C,, we mean the function series>?

ao

o0
> + Zakcoskx+bksinkx,

k=1
with the Fourier coefficients ay, by defined by the formulas
1 [T 1 [T .
a; = — f()cosktdt and by := — f(t) sinkt dt.
T J_, T J_,

Remark C,, is a Euclidean space with respect to the scalar product (f,g) :=
ffﬂ fg dt. A simple computation shows that the mth partial sum of the Fourier
series is the orthogonal projection of f onto the subspace 7, of the trigonometric
polynomials of order < m, spanned by the functions

1, cost, sint, cos?2t, sin2t, cos3t, sin3t,..., cosmt, sinmt.

See Sect. 1.4, p. 24.

2I'We recall that r > 0 was chosen arbitrarily at the beginning.
22Daniel Bernoulli [38], Fourier [148]. Using complex numbers the Fourier series would take the

- o0 i
simpler form Y= _ o cre™*.
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Following Fourier’s revolutionary treatise, many works were devoted to the

convergence of Fourier series®*:

* Dirichlet and Jordan** proved (among others) that if f € C,, has bounded
variation, then its Fourier series converges to f uniformly.

» Lipschitz and Dini*® proved (among others) that if f € Cs,, then its Fourier series
converges to f(a) at each point a where f is differentiable.

It remained an open question for fifty years whether mere continuity already
ensures the convergence of the Fourier series. Finally, a counterexample was found:

Proposition 8.8 (du Bois-Reymond)*® There exists an f € C,, whose Fourier
series does not converge pointwise to f.

Remarks

» However, Carleson proved that the Fourier series of each f € C,,, converges to f
a.e. everywhere.”’

* On the other hand, Kahane and Katznelson?® proved that for each null set E there
exists a function f € C,,, that diverges at the points of E.

First we establish two lemmas.

Lemma 8.9 (Dirichlet)®® The partial sums

ao

a0 =3

+ Zakcoskx ~+ by sin kx
k=1

of the Fourier series of a function f € C,,; may be written in the closed form

T

1
$nH) = 5 / Do — /() dr.

with the Dirichlet kernel D,, € C»,, defined by the formula™

sin(2m + 1)s

Dn2s) := sin §

23 A fascinating historical account is given by Kahane [237].

2Dirichlet [112], Jordan [229].

ZLipschitz [308] and Dini [107], [110]. See a short proof in Exercise 8.5, p. 301.

26du Bois-Reymond [49], [51]. A simpler explicit counterexample was given later by Fejér [139],
[140]. We prove here the mere existence of such functions.

YCarleson [78]. This was a long-standing open problem of Lusin [313]. See also the remark
following Corollary 9.6 below (p. 314) concerning L” convergence.

28Kahane and Katznelson [238]. See also Edwards [120], Katznelson [245] and Zygmund [493]
for many further results.

PDirichlet [112].

3For sins = 0 we replace the right-hand side by its limit (2m + 1).
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Fig. 8.6 Graph of D, 2

1.54

0.5

Fig. 8.7 Graph of D,

-3 1 1 3

See Figs. 8.6, 8.7, 8.8, and 8.9.

Proof Since

S = 2 43" gy coskr + by sinke
2 k=1
= L ”(1 +ZZm:coskxcoskt—i-sinkxsinkt)f(t) dt
21 J_n part
1 (7 -
= _”( +2;cosk(x—t))f(t) d,
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3 = X | 1 3
1 S
—1-

Fig. 8.8 Graph of D,

it is sufficient to prove the identity

m . 2 1
1+2Zcosst: M

sins
k=1
The case m = 0 is obvious. The general case follows by induction, using the
trigonometric identities
2sinscos2(m + 1)s = sin(2m + 3)s —sinCm + 1)s, m=0,1,.... O

Now we introduce the linear functionals

@m(f) = (Suf)(0)

on the Banach space C»;.
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O NEANENERNERNARE

Fig. 8.9 Graph of D3

Lemma 8.10 The linear functionals ¢,, are continuous, and ||@,,| — oo as m —
00.

Proof Since
lakl s 16kl = 2 [ flloo -
we deduce from the definition of §,, that
1
I1Sufllco = (24 3) 21 flloo = (m+ 1) £l

hence ||gn| < 4m+ 1 < oo.
On the other hand, the formula

f(2s) := (signsins) sin(2m + 1)s
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defines a function f € C,, satisfying || f||o, = 1 and

1 g 1 /2
en(f) = I Dy, (—0)f (t) dt == D, (—=25)f (25) ds
T J—n T J—n/2
1/”/2 sin2(2m+1)sd / sm2(2m+1)s
= — _as = —
)2 |sin s sin s
2 J'[/Z 2 2 1 2 (2m+1)n/2 c 2
>_/ sin“(2m + )Sds :_/ smsds
R R
sin’ s 2/” " sin? s
> — > — —d.
1 Z"’:l
il
Hence,
||(pm||>¢m(f)>_z — OQ. O
j= l
Remarks

*  We note for later reference that the test functions used in the proof are even.
 Fejér’! has established the more precise asymptotic formulas

4
lomll = ﬁlogm +0(1), m— oo.

Proof of Proposition 8.8 Assume on the contrary that ¢,,(f) — f(0) for each f €
Cy. Then applying the Banach—Steinhaus theorem (p. 81) with X = C,,; and Y =
R we obtain sup ||¢,,|| < oo, contradicting the preceding lemma. O

8.5 Summability of Fourier Series. Fejér’s Theorem

Thought is only a flash in the middle of a long night, but this flash is everything.
(H. Poincaré)

31Fejér [141]. See also Edwards [120] or Zygmund [493].
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The counterexample of du Bois-Reymond made obvious the difficulties of
representing continuous functions by Fourier series. Minkowski even asked whether
the Fourier series of a continuous function may converge pointwise to another
function.?? The long period of stagnation ended when Fejér discovered the following
remarkable

Theorem 8.11 (Fejér)** Given any f € C,,, the mean values

1
wf = —— St =0,1,...
onf n—i—1m=0 foom

converge to f uniformly on R.

Remarks The theorem has important consequences:

* It provides a new proof of the second approximation theorem of Weierstrass.

e It implies that the Fourier series of f € C,, cannot converge at any point x
to a value different from f(x).>* Indeed, this follows from a classical result of
Cauchy?: if @, — a for a numerical sequence, then we also have (a; + --- +
a,)/n — a.

First we prove a lemma:

Lemma 8.12 We have
) = 5 /_ Folx—0f (1) di

with the Fejér kernel F, € C»,, defined by the formula®®

1 sin’(n+ 1)s

n+1 sin? s

F,(2s) :=

Let us compare Figs. 8.10, 8.11, 8.12, and 8.13 and Figs. 8.6, 8.7, 8.8, and 8.9 on
p. 274: the positivity of the Fejér kernel has a great importance.

32See Hawkins [198]. An analogous phenomenon for Taylor series has been known since Cauchy
[80, p. 230].

33Fejér [137, 138]. He also investigated pointwise convergence for discontinuous functions f.
Lebesgue [292] extended his results to Lebesgue integrable functions.

3Thereby he has answered Minkowski’s question. Banach [20] has shown that Minkowski’s
phenomenon occurs for a slight modification of the trigonometric system.

35Cauchy [79].
36For sins = 0 the right-hand side is replaced by its limit (n + 1).
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Fig. 8.12 Graph of F,

Fig. 8.13 Graph of F3
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Proof By the definition of the operators o, it suffices to prove the equalities

Do+ +D,

F,
n+1

)

or equivalently that

. 2 n .
sin“(n + 1)s sin(2m + 1)s
2 = Z :

sin” s sin s
m=0

They follow by a direct computation:

n 1 n
Z(Sin s)sin(2m + 1)s = 3 Z(cos 2ms — cos(2m + 2)s)
m=0 m=0
1 —cos(2n + 2)s
- 2
=sin(n + 1)s. O

Proof of Theorem 8.11 We obtain the relations

sin

o,1=1, o,cos= cos and o,sin =

n—+1 n+1

directly from the definitions. Hence || f — 0,,.f||oc — O for the three functions f = 1,
cos and sin.

Iff > 0, then 0, f > 0 by the positivity of the Fejér kernels. Therefore we may
conclude by applying Proposition 8.13 below. O

Definition A linear map L : Cp, — Cy, is positive if f > 0 = Lf > 0.
Proposition 8.13 (Korovkin)*’ Consider a sequence of positive linear maps L, :

Cor = Cor. If || f — Luflloe — O for the three functions f = 1, cos, sin, then the
relation || f — L, f|loc — 0 holds in fact for all f € Cy.

We prove a more general theorem in the next section.

8.6 * Korovkin’s Theorems. Bernstein Polynomials

Let us investigate the positive linear maps L : C(K) — C(K) for an arbitrary
compact topological space.

37Korovkin [263]. Many applications are given in Korovkin [264].
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Definition L is positive if f > 0 = Lf > 0.

Remarks If L is a positive linear map, then

* Lis monotone: Lf < Lg whenever f < g: this follows at once from the linearity
of L;

* L is continuous with ||L|| = ||L1||. Indeed, using the monotonicity we infer
from the inequalities — || ]| o <f < || fllo that

—Iflloo L) = Lf < || flloo (L),
and hence ||Lf||o, < ||L1]| || fllso for all f. Since equality holds for f = 1, we
conclude that ||L|| = ||L1|| 5.

Let K be a compact topological space and hy,...,h, € C(K). Assume that the
functions h; separate the points of K: for any two distinct points x, y € K there exists
aj such that i;(x) # h;(y).

Consider a sequence of positive linear maps L, : C(K) — C(K).

Proposition 8.14 (Freud)*®
IfIf —Luf|loo — O for the functions
f=1,hi,...,h, and f=hi+---+Hh, (8.9)
then ||f — Ly f]l oo — 0 forallf € C(K).
Example If K is a compact set in R, then we may apply the proposition to the
projections h;(x) :=xj,j=1,...,m.
Proof Fix f € C(K) and ¢ > 0 arbitrarily.

First step. Foreach N = 1,2,..., let us denote by Uy the set of pairs (x,y) €
K x K satisfying the inequality

1F6) —fO)] <&+ N (o) — B[ (8.10)
j=1

These sets are open by the continuity of the functions f and A;, and they form an
increasing set sequence. Furthermore, since

3 i) — )| >0

j=1

38Freud [153]. See Altomare and Campiti [5] for a very complete review of the subject.
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whenever x # y (by the separation condition), they cover K x K. The latter space
being compact, there exists a positive integer N such that (8.10) is satisfied for
allx,y € K.

Second step.  For any fixed x € K, (8.10) implies the inequality

|FEL D) = (L) )] < e(Lul) ()
+N Y HELDG) = 2N Y B (L) ()

j=1 J=1

+ NL, (Zm: h}) o)

j=1

forall y € K.
Choosing y = x and applying the triangle inequality this yields the following
estimate:

If_Lan = |f| : Il _Lnll +8(Ln1)

+ Nihf(Lnl) - ZNXm:hj(thj) + NLn(Xm: h]?).

J=1 J=1 J=1

Letting n — oo, the right-hand side tends to & uniformly by our assumption, and
hence

If = Laflleo <26

for all sufficiently large . O

Corollary 8.15 (Bohman-Korovkin)* Let I be a compact interval, and consider
a sequence of positive linear maps L, : C(I) — C(I).

If the relation ||f — L,f|loc — O holds for the three functions f(x) = 1,x,x%,
then it holds in fact for all f € C(I).

Proof We apply the preceding example with K = I and m = 1. O

Now we return to the last statement of the preceding section.

3Bohman [47], Korovkin [263].
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—

Fig. 8.14 X + x} -

al

Proof of Proposition 8.13 We apply the preceding example to the unit circle K of
R2. (See Fig.8.14.) Since x% + x% = 1 on K, we have only three test functions
instead of four. Hence, if a sequence of positive linear maps L, : C(K) — C(K)
satisfies || f — L, f]| o, — O for the three functions f(x) := 1, xy, x2, then the relation
|f —Luf|looc — O holds in fact for all f € C(I).

Now we recall (p. 266) that the map f — f o T, where T(s) := (coss, sins), is
an isometric isomorphism between the Banach spaces C(K) and C», . Furthermore,
f >0 foT > 0, and the map transforms the functions f(x) = 1,x1,x2
into f(T(s)) = 1,coss,sins. Hence the result obtained for K is equivalent to
Proposition 8.13. O

As another application of Korovkin’s theorems, we give a new proof of the first
approximation theorem of Weierstrass.*’ Let I = [0, 1] for simplicity, and introduce
for each f € C(I) the Bernstein polynomials*!

n

BfHE) = (Z)f(g)xm —0k xel, n=102,....

k=0

Proposition 8.16 (Bernstein)*

to f onl for eachf € C(I).

The Bernstein polynomials B,f converge uniformly

40Theorem 8.1, p. 260.
41Bernstein’s proof is probabilistic, based on the law of large numbers.
“Bernstein [39]. His result answered a question of Borel [60, pp. 79-82].
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Proof The operators B,, are clearly positive linear on C(I). Let us also observe that*?

B,1 =1 and B, id = id for every n via the binomial theorem:

(B.D)(x) = Z (Z)xka — 0

k=0
=@x+1—-x"
=1

and

Brid)@) = (Z) Sxk(l _

k=0
“(n—1
k=1
=x(x+1—x)""!
=x.

In view of the Bohman—Korovkin theorem (p. 281) it suffices to show that B,,(id*)
converges uniformly to id> on [0, 1]. For this we first note that

oo 500

k=0

(i)

k=2

n—1
= X
n

Hence
-1 1
Bu(id®) = 2~ id® 4~ id
n n
and therefore

|id* =B, (id*) | = % |id* —id|| . — 0. o

“3We denote by id the identity map of /.
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8.7 * Theorems of HarSiladze-Lozinski, Nikolaev and Faber

The main theorem of this section reveals a deep common reason for many diver-
gence theorems. As in Sect. 8.4, we denote by 7, the vector space of trigonometric
polynomials of order < m, and we denote by S,,f the mth partial sum of the Fourier
series of f.

Theorem 8.17 (Harsiladze-Lozinski)** Consider a sequence of continuous
linear maps L, : Coy — Coy. If Ly, is a projection onto T, for each m, then
there exists a function f € Cay such that || f — Ly f] o 7 0.

The main ingredient of the proof is an optimality property of Fourier series:

Proposition 8.18 (Lozinski)* If a continuous linear map L,, : Cax — Cay is a
projection onto Ty, then ||Ly| = ||Sml|-

Indeed, in view of the Banach—Steinhaus theorem (p. 81), Theorem 8.17 follows
from this proposition and from the fact that ||S,| — oo, proved in Lemma 8.10
(p. 273).

Proof of Proposition 8.18 For each real number s the formula
(T x) :=f(x + )

defines in C,,; a continuous linear operator of norm one. It suffices to establish the
following identity*°:

1 T
Snf)x) = 2—/ (T—sL,Tsf)(x) ds, xeR, feCoy. (8.11)
T J—x
Indeed, since

[(T—sLnTs [)(X)| < NT=sLin T f || o
S NT=sl - Lol - N T=s 1 - 11 Nloo
= [[Lmll - 1/ loo

for all f, s and x, (8.11) implies || Syf |l oo < |Lm|l - || flleo for all £, and hence ||S,,|| <
[[Lm]l-

41 ozinski [311].
4L ozinski [311].
46Marcinkiewicz [314], Lozinski [310].
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It is sufficient to prove (8.11) for the functions*’

fi(x) =coskx (k=0,1,...) and gi(x) =sinkx (k=1,2,...).

Indeed, then the identity will hold for all trigonometric polynomials by linearity, and
then for all f € C,, by the Weierstrass approximation theorem because all operators
occurring in (8.11) are continuous.

Iff € T,, then T, f € T,.Hence L, T;f = T,f and therefore

T T

o [ nrpwas= o [ e ds=1w = s
T J—x 2w -

It remains to prove that
(T—sLnTs fi) (x) ds = (T—sLnTsgi)(x) ds = 0

- -

for all k > m and x € R. We deduce from the identities

cos k(x + s) = coskscos kx — sin ks sin kx

and
sin k(x + s) = sin ks cos kx + cos ks sin kx

that

T; fi = (cosks)fy — (sinks)gy and T,gr = (sinks)fy + (cosks)gx.
Consequently,

w
(T—sLnT; fi) (x) ds
= i (cosks) (L, fi)(x —s) — (sinks) (L,gi)(x — 5) ds
-

and

(T—sLm ngk) ()C) ds
-

= (sinks) (L, fi) (x — 5) + (cos ks) (L, gx) (x — ) ds.

-

“TThe proof may be simplified by using complex numbers. See Exercise 8.10, p. 303.
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For any fixed x, (L, fx)(x — s) and (L,,gx)(x — s) are trigonometric polynomials
of order < m in s. Since k > m, they are therefore orthogonal to the functions cos ks
and sin ks, so that the right-hand side of both identities vanishes. O

Next we establish an algebraic variant of Theorem 8.17. For this we need a
variant of Proposition 8.18, where we replace C,, and 7T, by the subspaces 6’2”
and 7~:,l formed by the even functions. Let us denote the restriction of S, to 6’2” by
S‘m, and observe that S’m : C‘zﬂ — C‘zﬂ.

I:roposition 8.19 I~fQ continuous linear map Ly, : 627, — Gy isa projection onto
Tons then ”Lm” = HSm H /2

Proof Using the notations of the preceding proof it suffices to prove the following
identity:
- 1 T
Guh = 5= [ T+ Ta ) ds

-

forallf € Cyy and x € R. Indeed, this will imply
I3nf | < 20Lull - 1171

forall f € Coy.
Since the functions f; span C,,, it suffices to prove the identity for these
functions. We infer from the trigonometric identity

cos k(x — s) 4+ cosk(x + s) = 2 coskscos kx
that

(T—s + To)fk = (2cosks)fr,

and hence

Ruf(9 1= 5- / LT A TN ds = 5 [ eosk)Lufi)x—9) ds.

—T —T

If k > m, then for each fixed x, (L. fi)(x — s) is a trigonometric polynomial of
order < k in s, and thus orthogonal to cos ks. Therefore R, fx = 0 = S, fx-
If k < m, then L, fi = fi, so that

T

(R fi) ()

— 2 coskscosk(x —s) ds
2 J_,

T

1
= — cos kx 4 cosk(x — 2s) ds
2 J_,
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= coskx
= fi(x)
= Sufi(0)
again. O

Let us denote by P, the vector space of algebraic polynomials of degree < m.

Theorem 8.20 (Harsiladze—Lozinski)*® Consider a sequence of continuous
linear maps L,, : C; — Cj, where I is a compact interval. If L,, is a projection
onto P, for each m, then there exists anf € Cy such that || f — Ly, f|lo 7 O.

Proof Let I = [—1,1] for simplicity of notation, and consider the isometric
isomorphism 7 : f — f o cos between the Banach spaces C(I) and C5,. Since

f € Pu = Tf € Tn.
we deduce from the preceding proposition that
Il = |TLu T~ | = [Su] /2.

Let us observe that ||S,,| — oo by the proof of Lemma 8.10 (p. 273), because
in the proof only even test functions were used. Therefore we may conclude by
applying the Banach—Steinhaus theorem (p. 81). O

We end this section with two further famous results. Given a compact interval
I = [a, b], we may ask the following natural questions:

» Does there exist a weight function® on some compact interval J O I such

that, considering the corresponding orthonormal sequence of polynomials p,, the
Fourier series Y_(f, p»)p» converges uniformly to f on I for every f € C(J)?

* Given a system of points x,,,0 < -+ < Xy inl form = 0,1, ..., we may define
for each f € C(I) a sequence of Lagrange interpolation polynomials L, f such
that L,, = f in the points x,, 0, . . . , X Is there a choice of points x,, ; such that

L,,f converges uniformly to f for every f € C(I)?

4Lozinski [311].

“By a weight function we mean a positive, integrable function. If w is a weight function
on a compact interval J, then we may define a scalar product on the vector space P of
algebraic polynomials by the formula (p, ¢) := fl pqw dt, and we may apply the Gram—Schmidt
orthogonalization (Proposition 1.15, p. 28) for the sequence of functions 1, id, id?, ... to obtain a
sequence of orthogonal polynomials satisfying deg p, = k forevery k =0, 1,....
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In case of a positive answer we would obtain a natural proof of the Weierstrass
approximation theorem. But the answer is negative:

Proposition 8.21

(a) (Nikolaev)®® For any given weight function there exists an f € C(J) such that
> (f, pn)pn does not converge uniformly 7o f on I.

(b) (Faber)’" For any given point system (x,,) there exists an f € C(I) such that
L,,f does not converge uniformly fo f on I.

Proof (a) The continuous linear projections

Luf ==y (f,Pu)P,

n=0

satisfy the conditions of Theorem 8.20.
(b) These operators L, also satisfy the conditions of Theorem 8.20. O

Remarks Historically, the theorems of du Bois Reymond and Faber paved the way
to the discovery of the Banach—Steinhaus theorem. Let us mention three further
results related to Faber’s theorem.

+ (Fejér)>? Let us choose for X,0,...,%um € [=1.1] =: I the zeros of the
corresponding Chebyshev polynomial, and for f € C(I) let H, f denote the
Hermite interpolation polynomial of degree < 2m + 1, satisfying the equalities
(Huf)Xmx) = f(xmx) and (Hyf) (xnx) = 0. Then H, f converges uniformly
tof.

* (Erd6s—Turdn)> If w is a weight function on I and X0, . .., X, are the zeros
of the corresponding mth orthogonal polynomial, then L,, f converges to f in the
weaker norm associated with the scalar product (p, g) := f, pqw dt.

+ (Erd6s—Vértesi)™ For any given system of points x,,; there exists a function f €
C(I) such that lim sup |L, f(x)| = oo for almost every x € I. Not only do we not
have uniform convergence, but we even have divergence almost everywhere!

S0Nikolaev [346]. However, we will see later (Corollary 9.6, p. 314) that the answer is affirmative
for the weaker norm associated with the scalar product.

S1Faber [133].

S2Fejér [142]; see also Cheney [85]. In this way, Hermite interpolation can be used to prove the
Weierstrass approximation theorem.

S3Erdés—Turdn [124].
S4Erd6s—Vértesi [125].
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8.8 * Dual Space. Riesz Representation Theorem

Let K be a compact Hausdorff space. Using measure theory we may characterize
the dual of C(K).

Definition Let us denote by B the smallest o-ring containing all sets of the form
{f = 0}, where f runs over C(K). The elements of B are called Baire sets.>

Remarks

e Biseven a o-algebra. Moreover, if g € C(K) and ¢ € R, then the level sets

g=c}, {g=c, {gz¢
and their complements

lg#ct, {g>c}, {g<c}

are also Baire sets, because

g=ct={g—c=0},
{g<ct={@g—-ot =0}

and

lg=ct={g—c) =0}.

* In fact, B contains all open, closed or compact sets of K. This follows from the
Tietze—Urysohn theorem of topology because every compact Hausdorff space is
normal. See, e.g., Kelley [247].

Definition By a (signed) Baire measure we mean a finite (signed) measure defined
on B.

Examples For any fixed a € K the Dirac measure at a is a Baire measure.

The Baire measures have an important regularity property: they may be well
approximated by both open and closed sets:

Proposition 8.22 Let (1 be a Baire measure, A € B and € > 0. There exist a closed
set F and an open set G in B such that

FCACG and w(G\F)<e. (8.12)

S5Baire [17].
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Proof Let us denote temporarily by B the family of Baire sets having the prop-
erty (8.12). We have to show that Bisa o-algebra containing all sets {f = 0} with
f € C(K).

If A = {f = 0} for some f € C(K), then the formulas

F:=A, G, ={fl<1l/n}), n=12,...

define a closed set F' € BB and open sets G, € B satisfying F C A C G, for all n.
Since the set sequence (G,) is non-increasing and

(G \F)=({0<Ifl <1/n} =2,

n=1 n=1

Proposition 7.3 (p. 216) implies that (G, \ F) < ¢ if n is sufficiently large.

It remains to prove the o-algebra property. Choosing the constant functions f = 0
and f = 1 we see that K and & belong to 3. Moreover, since they are both open and
closed, they belong to B as well: we may choose F =G =Jand F = G =K.

IfA € B, then K \A € B. Indeed, if F and G satisfy (8.12), then K \ G is closed,
K \ F is open, both belong to B,

K\GCK\ACK\F and u((K\F)\(K\G))=uG\F)<e.

Finally, if (A,) is a disjoint sequence in B, then A := U*A,, € B. For the proof,
for any fixed ¢ > 0 we choose closed sets F,, € B and open sets G, € B such that

F,CA,CG, and u(G,\F,) < 27l

for all n. Then G := U G, is open, the sets F¥ := UN_| F, are closed for all
N=1,2,...,allbelongto B, FN C A C G, and

N
WG\ FY) = (WG \FD)) + Y w(Gy) < 5+ D n(Go).
n=1 n>N n>N
Since
Z w(G,) < Z(V‘(A”) + 2_”8) = u(A) + & < o0,
n=1 n=1

it follows that u(G \ FV) < ¢ if N is sufficiently large. O
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Setting || 4] := |u| (K) the signed Baire measures form a normed space M(K),%
and the formula

cmxﬁ:=/}du

defines a continuous linear map j : M(K) — C(K)' of norm < 1.

The only non-trivial property is the triangle inequality. For the proof we consider
two measures u, " and the corresponding Hahn decompositions K = P U* N and
K = P' U* N'. Setting

A:=PNPHYU*(NNN) and B:=(PNN)U*(NNP)
we have the following relations:

[+ W] =l + 1 (&)
= |p+ 1| A) + |+ u'| (B)
= (Il + []) Q) + [+ '] (B)
< (Il + W) @) + (Il + [1']) B
= (lul + |1']) )

= llull + ] -

The main result of this section states that every linear functional on C(K) may be
obtained in this way, and that M (K) is complete.

Theorem 8.23 (Riesz)’’ If K is a compact topological space, then j is an
isometric isomorphism between M(K) and C(K)'.

Remark 1t is not necessary to assume the Hausdorff property of K: identifying two
points x,y if A(x) = h(y) for every h € C(K), we may reduce the theorem to
the case where any two distinct points may be separated by a continuous function.
Henceforth we assume this property.>®

We proceed in several steps.

3Here |11| denotes the total variation of yu; see p. 231.

STRiesz [377] (K = [0, 1]), Radon [366] (K C RY, p. 1333), Banach [25] and Saks [410] (compact
metric spaces), Markov [315] (C,(K) certain non-compact spaces), Kakutani [240] (compact
topological spaces). See also the beautiful simple proof of Riesz for K = [0, 1]: Riesz and Sz.-
Nagy [394, Sect. 50].

38We will need it only during the proof of Lemma 8.27 below, in order to apply Proposition 8.6.
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Fig. 8.15 Theorem of Dini

Proposition 8.24 (Dini)* If a non-increasing sequence (f,) C C(K) tends to zero
pointwise, then the convergence is uniform.

Proof For any fixed ¢ > 0 we have to find a positive integer N such that || f,
foralln > N.

For each t € K there exists an index n, such that f, (f) < &; by continuity the
inequality f;,, < e remains valid in some open neighborhood V; of . Since K is
compact, a finite number of such neighborhoods, say V;,,...,V, , already cover K.

Choose N := max {n,,...,n,,}, letn > N, and consider a point s € K. Then s
belongs to some neighborhood V;;, and therefore

loo <&

0 <f(s) <, (5) <6

by the non-increasingness of the sequence (f;,). O

Dini [109, Sect. 99]. See the graphs of the functions f,,(r) := " forn = 1,2, 3 in Fig. 8.15, and
letK =[0,a],0 <a<1.
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Fig. 8.16 An “interval”
[f 8

Lemma 8.25 For each positive linear functional ¢ : C(K) — R there exists a
Baire measure p € M(K) such that ¢ = ju.

Proof Following Kindler® we introduce the “intervals”

[f.9) :={(x.) e KxR : f(x) =1 <gX)}

for all functions f, g € C(K) satisfying f < g.°! They form a semiring P in K x R,
and the formula

v([f,2) == p(g—f)

defines a finite, additive set function on P, satisfying v(&) = 0.
This set function is also o-additive, and hence a measure. For the proof we
consider an arbitrary countable decomposition [f, g) = U*[f,, g,). We have

(). 8(x)) = U*[fa(x). gu(x))

for each x € K, and therefore

g() —f() =) gn() —ful),

n=1

because the length of ordinary intervals is a measure.

60K indler [248].
61See Fig. 8.16.
%2The proof is similar to that of ordinary intervals.
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Setting

hni=g—f=) (gn—fi) m=12...

n=1

we have £, \( 0. By Dini’s theorem the convergence is uniform, and then ¢(k,,) —
0 by the continuity of ¢. This is equivalent to the o-additivity relation

oo

v([f.2) =Y v(lfu2n)-

n=1

Applying Proposition 5.18 (p. 192) we extend v to a measure defined on the
o-ring M of measurable sets, still denoted by v.5
If f € C(K) and c is a positive real number, then the set

o

{f =0} x[0.¢) = (\[min{n|f].c}.c)

n=1

belongs to M. Since B is the smallest o-algebra containing the sets {f = 0}, this
implies that

AeB= Ax][0,1) e M.

Consequently, the formula

w(A) :=v(A x[0,1))

defines a Baire measure u € M(K).%* It remains to prove that ¢(f) = [ f dpu for all
f € C(K).
Given f € C(K), the continuous functions

f[i(x) :=med{0,n(f(x) —1),1}, xeK, n=1,2,...
form a non-decreasing sequence converging to the characteristic function y{s-;.

Hence

o0

{f > 13 x[0,0) = [ JI0. ¢f)

n=1

63 M is even a o-algebra.
%4The finiteness follows from the relation 1 (K) = ¢(1) < co.
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for each positive number ¢, and therefore
v({f > 13 x[0,0)) = lim v([0,¢f,)) = lim ¢(cfy)
= ¢ lim ¢(f,) = ¢ lim v([0,,))
=cv({f > 1} x[0, 1) = cu({f > 1}).

By the additivity of the measures v and p this implies the more general relations

v({a <f = b} x[0,0)) = cu(fa < f < b}) (8.13)

for all numbers 0 < a < 5.

Now we use (8.13) to prove the equalities ¢ (f) = f f du. Separating the positive
and negative parts of f we may assume that f > 0. Then the “interval” [0, f) is the
union of the non-decreasing sequence of sets

n2"

Bn:=2{2in<f§i;l} x[O%)

i=1

and therefore

o(f) = v([0.) = lim v(B,)

=n1;1202—;2u({ =)= fra o

Lemma 8.26 Every continuous linear functional ¢ € C(K)' is the difference of two
positive linear functionals.

Proof We denote by C4(K) the set of nonnegative functions in C(K), and for f €
C4+(K) we define

¥ (f) :=suplo(f) : f € C1(K)andf' < fonK}.
Then all f, g € C+(K) and ¢ > 0 satisfy the following conditions:

o(f) =¥ (f):
0=y () = lell-IlfIl < oo;

%We apply the preceding identity to f/a and f/b, and we take the differences of the resulting
equalities.
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V(cf) = cy(f) forall c>0;
v(f+8) =v()+v(.

Only the last relation is not obvious: for the proof it suffices to establish for each
fixed &€ > O the inequalities

v+ zv()+ v —2e and Y(f+8) =¥ () + V(e +e

To prove the first one we choose two functions 0 < f/ < fand0 < g’ < g
satisfying

o(f)>v(f)—e and ¢(g) > ¥(g) —e
Then we have
V(f+8) = o(f +8) =o(f) + @) > v(f) +¥(g) —2e
To prove the second one we choose a function 0 < &' < f + g satisfying
o) >y (f+g) —e
Setting
fo=min{f, i’} and ¢ :=H —f
we have®
0<f =<f and 0=<g <g,
and therefore
Y(f+8) <o) +e=0(f)+o@E)+e=v(f)+¥() +e
Now we extend ¥ to a positive linear map on C(K) by setting®’
V() =y =y ().

Only the additivity is not obvious. This follows from the additivity of i, by using
the nonnegative function

he=ft4+gt—(f+t=f"+g - (f+9~

66We have g’(x) = 0if f(x) > #'(x), and 0 < g’ (x) = I (x) — f(x) < g(x) otherwise.
7 As usual, £ and f~ denote the positive and negative parts of f.
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as follows:

V(f+g) =v((f+D)—v((f+8))
=v((f +)) + v~y ((f+8)7) — ¥ ()
=y(fT+eH-v(f +g)
=y +vE) -y —vE)
= V() + V().
We complete the proof of the lemma by observing that, as a result of the
inequality ¢ < ¥, ¥ — g is also a positive linear functional on C(K). O

It follows from the preceding two lemmas that the linear map j : M(K) — C(K)’
is surjective. The next lemma completes the proof of Theorem 8.23:

Lemma 8.27 The linear map j : M(K) — C(K)' is an isometry.

Proof We already know that j is continuous, and ||j|| < 1. It remains to prove the
inequality |[ju| > |||l for each .

Fix p € M(K) and ¢ > O arbitrarily, and consider the Hahn decomposition
K = P U* N of u. By Proposition 8.22 (p. 289) there exist two disjoint closed sets
P’ C Pand N’ C N satisfying

WP\ P)| <e and |u(N\N)|<e.
The function

1 iftre P,

g(t) ==
-1 ifteN

is clearly continuous on P’ U* N’. Applying Proposition 8.6 (p. 267), ¢ may be
extended to a function f € C(K). Changing f to med {—1, f, 1} if necessary, we may
also assume that | f| < 1 on K.%® Then || f|| < 1, and

il = () (f)
= d d d d
P,f u+/1wf M+/P\P/f u+ fdu

N\N

S31f K is metrizable, then we may define f explicitly by the formula

__ dist(t, N) — dist(t. P')
T dist(r, N) + dist(r, P)

@
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> n(P) — pn(N') —2¢
> u(P) — u(N) —4e
= ||ul —4e.

Letting ¢ — 0 we conclude that ||ju| > ||u]. O

Example Using Theorem 8.23 we may prove directly the non-reflexivity of
C([0, 1]).%° Given any u € M(K) with K := [0, 1], the formulas

m(t) .= pn([0,1]), te€]0,1]

and

d(p) == Y m(t+) — m(t-)

0<t<1

define a continuous linear functional ® on M(K).”
We claim that @ is not represented by any function f € C(K). Assume on the
contrary that there exists an f € C(K) satisfying

1
Mm=lfm

forall u € M(K). Applying this to the Dirac measures jt := §;, we obtainm =y, 13,
and hence f(r) = 1 foreach 0 < ¢ < 1. But then folfd,u = 1 for the usual Lebesgue
measure, while ®(u) = 0 because now m(f) = t is continuous.

Remark Using the Dirac measures we may also show that the dual of C(]0, 1])
is non-separable. For the proof first we observe that if 0 < a < b < 1, then
|6 — é»|| = 2. Indeed, we have

|60 = 85)(N] = |f(@) = fD)] = 2| flloo
for all f € C([0, 1]), so that ||§, — 85| < 2. On the other hand, choosing

2t—a—>b

f(t) ;= med! —1, py—

’

%We follow Riesz—-Sz.-Nagy [394].

70The second formula is meaningful because m has bounded variation and hence at most countably
many discontinuities.
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(make a figure) we have || f||o, = 1, so that’!

80 = 8ull = 1(8a = 8) (N = [ f(@) —f (D) = 2.

It follows that C([0, 1])’ contains uncountably many pairwise disjoint open balls:
Bi(8.), a€]l0,1],

and no countable set may meet each of them.”?

8.9 Weak Convergence

We recall that the strong convergence in C(K) is uniform convergence on K. Now

we characterize the weak convergence’*:

Proposition 8.28 Iff,.f € C(K), then the following conditions are equivalent:
@ fo =15

(b) the sequence (f,) is uniformly bounded, and converges pointwise to f.

Proof 1f f, converges weakly to f in C(K), then (f,) is bounded in norm by

Proposition 2.24 (p. 82), i.e., it is uniformly bounded. Furthermore, using the Dirac

measures §; € C(K)' we see that 8,(f,) — 6:(f), i.e.,f,(t) — f(¢) foreacht € K.
Conversely, if (f,) is uniformly bounded, and converges pointwise to f, then

[an— [ rau

for every u € M(K) by Lebesgue’s dominated convergence theorem (p. 181). In
view of Theorem 8.23 (p. 291) this means that f,, converges weakly to f.

Example Using the proposition we may give yet another proof of the non-reflexivity
of C([0, 1]). The formula f,,(r) := ¢ defines a uniformly bounded sequence (f;) in
C([0, 1]), converging pointwise to the non-continuous function

0 if 0<tr<l,

TO=0 i o

(See Fig. 8.15, p. 292.)

7I'Komornik—Yamamoto [261, 262] apply such estimates to inverse problems.
72Compare this with the proof of the non-separability of £°°, p. 74.
73For the characterization of the weakly compact sets of C(K) see, e.g., Dunford—Schwartz [117].
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Hence no subsequence of (f,) can converge pointwise to any continuous
function, i.e, (f,) has no weakly convergent subsequence. In view of Theorem 2.30
(p- 90) this implies that C([0, 1]) is not reflexive.

8.10 Exercises
Exercise 8.1 Consider’* the polynomials go(x) = 1 and

gn(x) 1= (qn_l(x)2+1—x2), n=12,....

N =

(i) Prove by induction that

g, >0 and ¢, >¢gu+1 in [-1,1] forall n.

(ii) Prove that g,,(x) — 1 — |x| uniformly in [—1, 1].

(iii) Deduce from the preceding result that |x| is the uniform limit of a suitable
sequence of polynomials in each compact interval [a, b].

Exercise 8.2 Prove that for any given finite subdivisiona = x; < -+ < x,, = b of
I := [a, b], the functions x > |x — x;|, i = 1, ..., n, form a basis of the vector space
L of continuous functions f : I — R which are linear in each subinterval (x;, x;+1).

Exercise 8.3 Prove the Weierstrass approximation theorem in the following
75
way >

(1) Each f € C(I) may be approximated uniformly by continuous and piecewise
linear functions.
(i1) Prove the theorem for piecewise linear functions by applying the preceding two
exercises.

Exercise 8.4 Let ] := [a, b] be a compact interval, f € C(I), and denote by P, the
subspace of C(/) formed by the polynomials of degree < n,n = 0, 1,.. .. Prove the
following’®:

(i) P, hasaclosestelementptof.Setd := || f — pl -
(i) There exist at least n + 2 consecutive values where f(x) — p(x) = =£d, with
alternating signs.
(iii) The closest polynomial p is unique.

T4Visser [469], see Sz.-Nagy [448, p. 77.].
TSLebesgue [286, 296].
76Chebyshev [83], Borel [60].
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Exercise 8.5 (Convergence of Fourier Series) Given f € C,,, set”’

o= [ e an
4

-

and

Sna@) = Y fk)e™.

k=—m

We are going to show that if f € Cy, is differentiable at xy, then S, ,(x0) — f(x0)
as m,n — o0.”® Prove the following:

(i) If g € Gy, then g(n) — 0 as n — £oo.
(i1) Ifxp = 0, f(0) = 0 and f”(0) exists, then

f@) = (" = Dg)

with some g € Cy,.
(iii) Deduce from the last equality that

Sua(0) = Y f(k) = &(=m—1) = 2(n) > 0

k=—m

as m,n — oo.
(iv) Prove the general case by a translation argument.

Exercise 8.6 Prove Ascoli’s theorem (p. 268) for compact metric spaces K as
follows. Let (f,) C C(K) be a pointwise bounded and equicontinuous sequence
of functions.

(i) Choose a countable dense set {xj} C K and prove the existence of a
subsequence (f;,,) C (f,) converging at each x;.
(ii) Prove that (f,, ) converges at each point of K.
(iii)) Prove that the convergence is uniform, and hence the limit function is
continuous.

7TFor brevity we use the complex notation.

78Chernoff [86]. The method is quite general and leads to an improvement of the classical theorems
of Lipschitz and Dini. It was motivated by an earlier simple proof of the Fourier inversion theorem
by Richards [369].
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Exercise 8.7 (A Nowhere Differentiable Continuous Function)” Set®
o0
ap(x) := dist(x, Z), ax(x) := Z_kao(ka) and f(x) := Zak(x)
k=0

for x € R. Prove the following:

(i) f: R — Ris a continuous, one-periodic function.
(i1) For any fixed x € R choose a sequence (m,) of integers such that

ypi=m2 " <x<(m, + 127" =z, n=1,2,....
Show that if f is differentiable in x, then

i f(zn) = f(n)
im —————

n—00 Zn

=f().

n

(iii) Show that

ak(zn) - ak(yn)

Zn _yn

=41 if k<n, and =0 otherwise.

(iv) Conclude that the fractions f(zz”)%fyp(}”) are alternatively odd and even integers,
and hence their sequence is divergent.

Exercise 8.8 (Peano Curve)®' We prove that there exists a continuous map of the
unit interval [0, 1] onto the unit square [0, 1] x [0, 1].

We recall that Cantor’s ternary set C consists of those points ¢ € [0, 1] which can
be written in the form

=R Dbt )
C\3 3 3
with suitable integers #, € {0, 1}. Set
h B Ion—1
t) i = — J— cee
f® 3 + B +- 1+ T

The first examples were due to Bolzano [55] around 1832 (published only in 1930) and
Weierstrass [480, 481]. See also Bolzano [57], Russ [407], Jarnik [227, p. 37], du Bois-Reymond
[50], Dini [108], Hawkins [198].

80Takagi [449]. His example was rediscovered by van der Waerden [477]. See also Billingsley [44],
Shidfar—Sabetfakhiri [422], McCarthy [319].

81Peano [354]. The following proof is due to Lebesgue [297, pp. 44—45]. An interesting variant of
this proof is due to Schoenberg [417]. See also Aleksandrov [4].
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and

15} 171 Iy
==+ =4+ =44
h)= 2+ -

Prove the following:

@) f := (f1,f2) maps C onto [0, 1] x [0, 1].
(ii) f is uniformly continuous.
(iii) fi,f>» may be extended to continuous functions of [0, 1] into [0, 1].
(iv) f is Holder continuous (this last step is not necessary for the proof of the
theorem).

Exercise 8.9 Prove Lemmas 8.9 and 8.12 (pp. 271, 276) on the Dirichlet and Fejér
kernels by using complex exponentials.

Exercise 8.10 Simplify the proof of Lozinski’s Proposition 8.18 (p. 284) by using
complex exponentials.
Exercise 8.11 (Schauder Basis)®> A Schauder basis of a normed space X is a
sequence (f,) C X such that each f € X has a unique representation of the form
f =3 c,f, with suitable coefficients c,.

Let xo,x1,... be a dense sequence of distinct elements in a compact interval
I = [a,b] such that xo = @ and x; = b. Set fo(x) = 1 and fi(x) = (x — a)/(b — a).
Furthermore, for n > 2 set

ap:=max{x; : j<n and x5 <x,},
by:=min{x; : j<n and x; > x,},
Ja(x) 1= med {(x — an)/(xn — an), (by — x)/ (by — x2), 0} .
Draw a figure.
Finally, for f € C(I) and n > 1 we denote by L,f € C(I) the polygonal
approximation of f consisting of n linear segments and coinciding with f in

X0, X1, - -+, Xp. Set also Lof := f(a).
Prove the following statements:

(i) ”f_Lnf”oo — 0.
(i1) We have

Lnf:Ln—lf—‘f_ (f_Ln—lf)(xn)ﬁls n=12....

82Schauder [412].
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(iii) We have

Lf =) ¢
Jj=0
with

co=f(x) and ¢;=(f—Li1f)(x) for j=1,...,n

(iv) If >_ cufyn = 0, then all coefficients ¢, vanish.



Chapter 9
Spaces of Integrable Functions

Beauty is the first test: there is no permanent place in the world for ugly mathematics.—
G. Hardy

The function spaces introduced in this chapter play an important role in many
branches of mathematics, including the theory of probability and partial differential
equations. They are based on the Lebesgue integral.

We consider an arbitrary measure space (X, M, ), i.e., i is a o-finite, complete
measure on a o-ring M in X.

If X = I is an interval of R, then we usually consider the ordinary Lebesgue
measure on /.!

As usual, we identify two functions if they are equal almost everywhere.

9.1 I” Spaces,1 <p < o0

Definitions Given a measurable function f on X, we set?

11, = ([ 177 au) ™", 1<p <o

'We consider only real-valued functions. See, e.g., Dunford-Schwartz [117], Edwards [119] or
Yosida [488] for the study of spaces of Banach space-valued Bochner-integrable functions.
ZRiesz [377]. More general spaces were introduced by Orlicz [347, 348]; see Krasnoselskii—
Rutickii [267].

© Springer-Verlag London 2016 305
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and?

[flloo :=inf{M =0 : [f| <M p.p}.

Furthermore, we denote by L7(X, M, ) or shortly by L7 the set of measurable
functions satisfying || /|, < oo.

We will soon justify the notation by showing that [|-||,, is a norm on L” for each p.

Remarks » The norm || ], is associated with the scalar product

(.9 = [ fedp.
X
» The notation || f|| o, is motivated by the relation

1 lloo = Jim JLA1l, -

valid for all f € L% if u(X) < oo.*
* If we consider the counting measure on the set X of natural numbers, then the
spaces L” reduce to the spaces £? investigated in Part I of this book.

First we generalize Proposition 2.14 and Theorem 5.12 (pp. 70 and 184).
Proposition 9.1 Let p, g € [1, o0] be conjugate exponents.

(a) (Holder’s inequality)’ Iff € L and g € L9, then fg € L' and
I/l < 11, - el -
(b) (Minkowski’s inequality)® Iff,g € L7, thenf + g € LV and

If+ell, = 171, + lel, -

(c) (Riesz—Fischer)’ I is a Banach space. L? is a Hilbert space.

3This is in fact a minimum by an elementary argument.

4Private communication of E. Fischer to F. Riesz, see [379, 380].
SRiesz [379, 384].

®Riesz [379, 384].

7See Footnote 17 on p. 184.
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For the proof we first generalize Lemma 5.13:

Lemma 9.2 (Riesz)® Let (f;,) be a Cauchy sequence in 17, 1 < p < oo. There exists
a subsequence (f,,) and two functions f, g € LP such that |f,,| < g for all k, and

Ju — f ae

Remark For p = oo we do not need subsequences, and the following property
holds: f,, converges uniformly to some f € L* outside a null set.

Indeed, if (f,) is a Cauchy sequence in L*°, then there exist a null set A C X and
a sequence (/,) of bounded functions on K := X \ A such that f, = h, on K for
each n, and (h,,) is a Cauchy sequence in B(K).

Since B(K) is complete, (4,) converges uniformly to some 7 € B(K). Setting
f:=honKandf := 0 onA, we obtain a bounded, measurable function f, satisfying
fu = fin L.

Example (Fréchet)’ The sequence of functions

1 'fi <t<i+l,
Frnilt) = X == o1, i=0.1,....2"~1

0 otherwise,
converges to zero in L7 (0, 1) for each 1 < p < oo, but the numerical sequence
(. (1)) is divergent for each fixed ¢ € [0, 1].

The use of subsequences is therefore necessary in the lemma.

Proof The case p = 1 has already been proved in Lemma 5.13 (p. 184). Let 1 <
p < 0o, and choose a subsequence (f;, ) satisfying

Ifu =Full, <27% forall n>m, k=1.2,....
Next, using Lemma 7.5 (p. 220) choose a sequence (A,,) of sets of finite measure

such that each f;, vanishes outside A := UA,,.
Applying the Holder inequality we obtain for each m the inequalities

Y NNEVATTED STC L VA |
k=1 Y Am k=1

< (A" < oo,

where g stands for the conjugate exponent of p.

8Riesz [377].
9Fréchet [160].
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Applying Corollary 5.9 (p. 180), it follows that the series

il + D s —Ful - and for + D" rys = fon)
k=1 k=1

converge a.e. on A = UA,, to some limit functions g and f.

Comparing their partial sums g and f;, we have f,, — fae.,and |f,| < g < g
for all k by the triangle inequality. Hence | f| < g.

Extending f and g by zero outside A, these relations hold on the whole X. Since
lgll, = I/n ll, 4 1 by the choice of the subsequence (f,,), we have g € L” by the
Fatou lemma (p. 183), and then f € L?, because | f| < g. O

Proof of Proposition 9.1

(a) If f € [ and g € L9, then f, g are measurable and hence fg is also measurable.
If p = 1, then ¢ = oo, and the inequality follows by a straightforward
computation:

1721l Z/Ifgl dr < / 1f1- N8l dt = 11111 lglleo -

The case p = oo is analogous.
Ifl <p<ooandl < g < oo, then we may assume by homogeneity that
/1, = lligll, = 1. Using Young’s inequality (p. 70) we obtain that

e 11
1zl =/|f|-lg| di < /—+—dt= LI
I 1 P q p q

(b) If f,g € L7, then f, g are measurable and hence f + g is also measurable. The
case p = 1 is easy:

17+ gl = [ 15+l de= [ 171+ gl de= 1, + sl
The case p = oo is also simple: we have

If +el = 1Al + 18l = I flleo + llglloo »

and hence

I1f 4 8lloo = [l flloo + llglloo

by definition.
Nowlet]l < p < ooand 1 < g < oo. Since |f + g| < |f| + |g|, we may
assume that both f and g are nonnegative.
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Since f, g are measurable, there exists a non-decreasing sequence A} C A, C
- of sets of finite measure such that f = g = 0 a.e. outside UA,. Let us
introduce the nonnegative functions

fo = xa,min{f,n} and g,:= ya, min{g,n},
then

f;l/rf and gn/g a.c.,

and
/(fn + g dt < 2n)’u(A,) < oo foreach n.

Applying (a) we have for each n the following estimate:

|m+&w=[w+&fm

s/ﬁm+&w*m+/&m+&w*m

1 1

< Wall, - [ G+ &, + lgall, - | G+ 87",
= (Iull, + Ngall,) I + gall’5,1

= (Ifll, + lgall,) IV + gall2™"

whence!?

Ifo + &ull, < [fall, + llgnll, -

Applying the generalized Beppo Levi theorem we have

/Iffdt—>/1f"dt,

ie., |Ifull, = Ifll,- We have similarly |[g.ll, — llgll, and [If, + gull, —
If + gll,,- Therefore, letting n — oo in the preceding inequality we conclude
that ||[f +¢gll, < Ifll, + llgll,- Finally, since the right-hand side of the last
inequality if finite by our assumption f, g € L7, the left-hand side is also finite,

sothatf + g € L.

10Here we use the finiteness of ||f, + g ll,-
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(c) The case p = 1 has already been proved in Theorem 5.12 (p. 184). For 1 < p <
oo we adapt that proof as follows.
Let (f,) be a Cauchy sequence in L”. By Lemma 9.2 there exist f € L¥ and a
subsequence (f,, ) such that f,, — f a.e.
For any given ¢ > 0 there exists an N such that

[ b die <o

for all m,n > N. Choosing n = n; and letting k — 00, an application of the
Fatou lemma yields the inequalities

[ s de <

forallm > N. O
Next we study the density of step functions in L” spaces.
Proposition 9.3 (a) Let f € [P, 1 < p < oo. There exist step functions ¢, and
h € L such that
lon| <h forall n, and on —>f ae (CAY)
(b) If 1 < p < oo, then the step functions are dense in LP.
(¢) The characteristic functions of measurable sets generate L*°.

*Remark The step functions are not dense L* in general, but they are dense in the
weaker locally convex topology o (1>, L!), defined by the family of seminorms!!

pe(f) == Vfgdu, gelL.

Indeed, for any givenf, g € L' we have ||(¢, —f)g|l; — 0 by Lebesgue’s dominated
convergence theorem (p. 181), with the sequence (¢,) defined in (a).

Proof (a) If f € L°°, then f is measurable by definition, and hence there exists a

sequence of step functions satisfying ¥, — f a.e. Furthermore, all functions v,
and f vanish outside some measurable set A. Then the functions

hi=|flloo xa and @, := med{—||flloo . Vn: [flloo}

have the required properties.

See Sect. 9.7 (p. 336) for the study of this topology.
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If f € [P for some | < p < oo, then separating the positive and negative
parts of f we may assume that f > 0.
Since 7 € L' by Proposition 5.14 (p. 185), there exists a sequence (V) of
step functions satisfying ||f” — ¥,|; — 0.
Applying Lemma 5.13 (or the preceding lemma), by taking a subsequence
we may also assume that there exist two functions &, f € L' satisfying v, — f
a.e., and |y,| < h for all n. Then we have ||f Yul, — O by the dominated
convergence theorem, and hence necessarilyf = f? a.e. We conclude that (9.1)
is satisfied with b := h'/? € L7 and @, := |, |'/7.
(b) Given any f € L, the step functions of (a) satisfy [ |, —f|" dx — 0 by the
dominated convergence theorem.
(c) Givenany g € L* and ¢ > 0,

h(t) = [g()}
is a finite linear combination of characteristic functions of measurable sets,
satisfying the inequality ||g — /||, < &. O

Now we prove the L? version of the Hilbert-Schmidt theorem (p. 38). Similarly
to Sect. 7.3 (p. 224) we consider a product measure @ x @ on X x X.

Proposition 9.4 (Hilbert—-Schmidt)'? If a € L*(X x X), then the formula
Af)() = /a(z‘, )f(s)ds, teX
X

defines a completely continuous operator in L*(X).

Proof Using the Cauchy—Schwarz inequality and applying Tonelli’s theorem
(p. 228), the following estimate holds for all f € L?(X):

/X‘/Xa(t,S)f(S) dszdtf /X(/X la(t, )| dS) . (/X 1 (s)]2 ds) dr

2 2
= llallz - 1115 -
Hence A is a continuous operator on L*(X), and ||A| < |a||,."
To prove the compactness, in view of Proposition 2.37 (p. 101), it is sufficient
construct a sequence (A,,) of continuous operators of finite rank on L?(X), satisfying
A —Aull — 0.

"2Hilbert [209], Schmidt [415].
13We even have equality here.
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Applying Proposition 9.3 we choose a sequence (a,) of step functions satisfying
a, — ain L*(X x X), and we define

AN = /Xan(t, $)f(s)ds, felLl*X), teX.

Repeating the above estimates with a, and a — a,, instead of a, we obtain that the
operators A,, are continuous in L?(X), and that

1A = Axll < lla = all, = O.

It remains to show that each A, has a finite rank. For this we observe that, by the
definition of the product measure, each step function @, on X x X is of the form

N
a(t,s) =Y X0 (0) - XK, (5)

i=1

with some sets J;, K; € M of finite measure, and hence the range of A, is generated
by the N functions yk,, ..., xky- O

The rest of this section is devoted to the study of some important special cases.
Let / be an open interval and w : I — R a nonnegative measurable function
with respect to the usual Lebesgue measure. Assume that w is integrable on every
compact subinterval of 1,'* and denote by P the semiring of bounded intervals
whose closures are in /. Then the formula p©(J) := f ;W dt defines a finite measure
on P. Consider the corresponding integral, and denote by I, the corresponding 1
spaces.

For w = 1 this reduces to the usual L”(I) spaces.

We denote by C.(I) the vector space of continuous functions g : I — R that
vanish outside some compact subinterval of I, i.e., vanish in some neighborhood of
the endpoints of 1.1

Proposition 9.5 Let 1 < p < oo.

(a) L2, is separable.

(b) C.(I) is dense in 1.1

(c) If I is bounded and w is integrable on I, then the algebraic polynomials are
densein L7,

(d) If |I| < 27 and w is integrable in I, then the trigonometric polynomials are
densein L7,

“We say in such cases that w is locally integrable.
15The compact subinterval may depend on g.

!SMoreover, the proof will show that for each f € L7, there exists a function 4 € L, and a sequence
(¢n) C C.(I) satisfying the relations (9.1) of Proposition 9.3.



9.1 L Spaces, 1 <p < o0 313

Fig. 9.1 Graph of g,

Proof We denote by |-||, the norm of L.

(a) By Proposition 9.3 the characteristic functions of the intervals in P generate
L7 If we consider only the intervals with rational endpoints, then we obtain
countably many functions that still generates L.

(b) By Proposition 9.3 it is sufficient to find for each fixed compact interval J =
[a,b] C I a sequence of functions (g,) C C.(I) converging to y; in L?. The

formulas
0 ift <a,
nit—a) ifa<t<a+n',
gn(®) =41 ifa+n't<t<b-—nl,
nb—1t) ifb—n"'<t<b,
0 ift>b

forn > 2/(b — a) yield such a sequence (see Fig. 9.1). Indeed,

b
o=l = [ 1= g0 wi di 0
by the dominated convergence theorem, because g, — 1 a.e. in [a, b],
0<|l—g/ffw=<w

for all n, and w is integrable.



314 9 Spaces of Integrable Functions

(c) Given any f € If and ¢ > 0, using (b) we choose g € C.(/) such that
If — gll, < /2. Then applying the first approximation theorem of Weierstrass
(p. 260) we choose a sequence (p,) of polynomials satisfying ||g — pull., — O-
Since

lloo

&
V= pall, = If = 8ll, + lg = Pall, < 5 + 18 = Palloo - 1l -

we have ||[f — pa[|, < e if nis large enough.

(d) Given any f € L, and ¢ > 0, using (b) we choose g € C.(I) again such
that [|f —gl|, < &/2. Since |I| < 27, g may be extended to a 2r-periodic,
continuous function on R. Now applying the second approximation theorem of
Weierstrass (p. 264) we choose a sequence (h,) of trigonometric polynomials
satisfying ||g — hullooc — 0. Repeating the reasoning in (c) we obtain that
If — hull, < & if n is large enough. O

*Remarks Let us consider the special case w = 1.

e By property (b) L”(I) may be considered as a completion of C.(I) with respect
to the norm ||| ,.

* None of the four properties holds for L°°(I) in general. Indeed, each of (b), (c),
(d) would imply (a), i.e., the separability of L*°(1).

But L°°(I) is not separable, because it contains uncountably many pairwise
disjoint non-empty open sets. Indeed, the 2% open balls B, /2(xs), where J runs
over the compact subintervals of 1, are pairwise disjoint.!”

¢ On the other hand, the four properties remain valid if we consider in L*° () the
weak star topology o (L>°, L').!8

Now we prove the completeness of several classical orthonormal sequences intro-
duced in Chap. 1. We recall the importance of this property for the corresponding
Fourier series. '

Consider the Hilbert space L2 with the scalar product (f,g) := [ fow dr. If
the functions ¢ +— t"w(t) are integrable for all k = 0, 1,..., then all algebraic
polynomials belong to L2.%° Applying the Gram—Schmidt method (Proposition 1.15,
p- 28) to the sequence 1, id, id%, ... we obtain an orthonormal sequence (Py) of
polynomials in L2 such that deg p; = k for every k.

Corollary 9.6

(a) IfI is bounded and w is integrable on I, then (Py) is an orthonormal basis of
2.

17Compare this proof with that of the non-separability of £>°, p. 74.
18Use the remark following the statement of Proposition 9.3.

19See Proposition 1.13, p. 25.

20This happens, for example, if 7 is bounded and w is integrable on 1.
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(b) If1is an interval of length 27, then the trigonometric system.

1 sin kt cos kt

eg= — and ey_| = e = ——
0 N 2k—1 N i 2k N

is an orthonormal basis of L*(I).

(c) The functions
2 .,
—sinkx, k=1,2,...
b4

form an orthonormal basis of L*(0, 7).

(d) The functions
1 2
— and —coskx, k=1,2,...
b4 b4

form an orthonormal basis of L*(0, ).

Proof The orthonormality of the functions in (b), (c), (d) may be verified by a
straightforward computation.?!

(a) and (b) follow from parts (c), (d) of the preceding proposition and from
Proposition 1.14 (p. 27).

(c) It suffices to show that if & € L(0, 7r) is orthogonal to the functions sin kz for
allk =1,2,..., then h = 0. Extending A to an odd function on (—m, 7r), we obtain
a function H € L?(—m, ) that is orthogonal to the whole trigonometric system.
Using (b) we conclude that H = 0 on (—, i), and hence 2 = 0 on (0, 7).

(d) It suffices to show that if 4 € L*(0, ) is orthogonal to the functions cos kt for
allk =0,1,...,then h = 0. Extending & to an even function on (—, 1), we obtain
a function H € L?(—m, ) that is orthogonal to the whole trigonometric system.
Using (b) we conclude that H = 0 on (—, 7r), and hence 2 = 0 on (0, 7). O

*Remarks

¢ Without the additional hypotheses in (a) the orthonormal sequence (P;) may be
incomplete.?
However, the Laguerre and Hermite polynomials, that occur in many applica-
tions, are complete, although they are defined on the unbounded intervals (0, co)
and R.%}

2I'This has already been noted on p. 24.
22A counterexample was given by Stieltjes [435].

23Steklov [434]. See Kolmogorov—Fomin 1981. See also a proof of von Neumann in: Courant—
Hilbert [91] or Szegd [446].
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* Since convergence in L? spaces does not imply a.e. convergence in general,
Proposition 1.14 (p. 27) does not imply the a.e. convergence of Fourier series.
Nevertheless, Carleson proved that the trigonometric Fourier series of every
function f € L*(I) converges to f a.e.”*
 Applying an equiconvergence theorem of Haar,? the a.e. convergence also holds
for the Fourier series associated with the Legendre polynomials.

9.2 * Compact Sets

In this section we characterize the compact sets in L” for the usual Lebesgue measure
inR. As in Proposition 8.7 (p. 268), it is sufficient to characterize the totally bounded
sets.

Proposition 9.7 (Kolmogorov—Riesz)*’ Let 1 < p < oo. A bounded set F C L”(R)
is totally bounded <= the following two conditions are satisfied:

sup F®P dt—0 as R — oo,
feF Jt|>R

and

o0
sup / F@ —fGARP di—>0 as h—0.
feF J—oo

We introduce for commodity the translated functions f;,(¢) := f(t + h), and we
rewrite the conditions in the equivalent forms

sup [Ifllzpw\—rR) =0 as R— o0 9.2)
feFr

and

sup If —ful, >0 as h—0. (9.3)
feF

24Carleson [78]. His theorem was generalized to f € L”(I) with p > 1 by Hunt [220].

25Haar [177]. The result remains valid for all classical orthogonal polynomials: see Jo6—Komornik
[228], Komornik [255-257]. Other equiconvergence theorems have already been obtained by
Liouville in [306].

26The Legendre polynomials are the orthogonal polynomials associated with the constant weight
function w = 1.

Y’Kolmogorov [251], Riesz [388]. See also Hanche-Olsen and Holden [189] for a survey and
historical comments.
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Proof of the Necessity

First step. If f € [’ and 1 < p < o0, then
Wl @\(-rR) =0 as R— oo,
and
If —full, >0 as h—0.

For the proof we set

@ ifl] > n,
gn(t) := ,

0 if [t| < n.
These functions are integrable, |g,| < |f|’, and g, — 0 a.e. Applying the
dominated convergence theorem it follows that

o

o< [ Vordas< / g (0 di — 0

|t|>R —

as R — oo. (Here [R] stands for the integer part of R.) This proves the first
relation.

The second relation is obvious if f is the characteristic function of some bounded
interval. By the triangle inequality the relation holds for all step functions as well.
Finally, given any f € L” and ¢ > 0, we choose a step function ¢ satisfying
If —ll, < e Then we also have [|fi, — ¢, < & for all h. If & is sufficiently
close to zero, then [|¢ — ¢, |, < ¢, and therefore

Wf =Aall, = Wf = ell, + e = @ull, + llon =full, < 3e.

Second step. If F is totally bounded, then for each fixed € > 0 it can be covered
by finitely many balls of radius ¢. Let us denote by fi, . . ., f;, the centers of these
balls.

By the first step there exists R > 0 and § > 0 such that

Wfill o e\ j—roRY) < €

and
Ifi = finll, <& if || <§

fori=1,...,m.
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Each f € F belongs to one of the balls B.(f;), so that

Wl rv—rmy = W = Sillp@y—ror) T Wil rmy—rory < 2€

and
U =il = I =Fill, + 1 —full, + s =il < 3¢
if || < 4. O
Proof of the Sufficiency

First step. Applying Steklov’s regularization method”® we reduce the problem to
the case of continuous functions. Setting

SN = %/Orf(t—f—s) ds, fel’, r>0,

first we establish the following estimates:

IS lloo < 7P IIF1l 9.4)

SO = (S + )] < r P =fill, (9.5)
forall r € R;

If =S$ifll, < sup If =fill, - (9.6)

The first estimate is obtained by applying Holder’s inequality:

(S (D] < r! /0 [F(t+ )| ds < Pl parn < 77N,
forall r € R.

Applying (9.4) to f — f;, instead of f we get (9.5).
Finally, we have

|(F = SN (O] =

_l " _ d
r /Of(t) f(t+s)ds

= ([ o -sar s as)”

28Steklov [433].
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for each ¢, and hence (9.6) follows:

/ (= SHOP di < /_ /0 F@) — £+ )P ds di

= ! /Or/:: lf@) —f@+ )P dtds
sup |If —fall, -

O<h<r

IA

Second step. For any fixed ¢ > 0, we will cover F with finitely many balls of
radius < 3e.
Applying (9.2) we choose R > 0 such that

Il @\ —rr)y <& forall feF.
Furthermore, using (9.3) and (9.6) we choose r > 0 such that
|[f—S,f||p <e¢ forall felF.
Since F is bounded, by (9.4) and (9.5) the function system {S,f : f € F} is

uniformly bounded and equicontinuous. Applying the Arzela—Ascoli theorem
(p. 268) on the interval [—R, R], we obtain a finite number of continuous functions

g1,...,8m such that each f € F satisfies for some index i the inequalities
IS.f —gil < 2R)™P¢ in [-R,R]. 9.7)
Extending the functions g; by zero to R, we obtain f, . .. ,f,, € L”. To conclude

we show that ||f —fi||, < 3e for every f € F, where the index i is the same as
in (9.7).
For the proof we use the triangle inequality, the definition of R and r, and finally
the choice of i:
If = fill, = Wil @\—rry + IIf = 8ill p—rp)
<e+ I =S llprr + 1SS = &illp—rr)
<26+ @R |S.f = gill oo rr)

< 3e. |
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9.3 * Convolution

We have encountered integrals of the form

/ £t —s) ds

many times: in the methods of Landau and de la Vallée-Poussin, in the closed
forms of the Dirichlet and Fejér kernels in the preceding chapter, and in the Steklov
functions in the preceding section.

Such integrals often occur in the theory of partial differential equations and in
harmonic analysis to prove density theorems.?’

In this section we give only one basic result.*”

Proposition 9.8 Let 1 < p,q,r < oo satisfy the equality

and let f € [P (RY), g € L1(RM).
The formula

(0@ = [ f=g0)dy
defines a functionf * g € L'(RY), and

I * gl < 71, - llelly -

If f vanishes outside A and g vanishes outside B, then f x g vanishes outside
A+B:={a+beR" :acA and beB}.
Definition The function f * g is called the convolution of f and g.3!

Remarks

e The definition shows that the convolution is commutative: f x g = g * f.

PThe latter applications are based on the celebrated Haar measure (Haar [178]), a natural
generalization of the usual Lebesgue measure to fopological groups.

30There are many more results and applications in Brezis [65], Hormander [218, 219], Katznelson
[245], Pontryagin [364], Rudin [402, 405, 406], Schwartz [420], Weil [485].

31 Fourier [148].
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It follows by induction on k that if

fi e "RV, ... fi € IP(RY)

for some k > 2, where 1 < py,...,pi, r < oo satisfy the equality
1 1 1
-+t —=—-+k—-1,
P1 Pk r

then

g:=fix(xfi)--r) € L'(RY)

and

gl = Wallp, -~ Wl -

Moreover, the associativity relation (f * g) * h = f x (g * h) holds, so that we
may remove the parentheses in the definition of g.
The condition on the exponents is equivalent to the simpler relation

L,
P pp 7

where we use the conjugate exponents.
Proof We proceed in several steps.

(i) If the step functions @,, ¥, converge a.e. to f and g, respectively in R, then the
step functions ¢, (x—y)¥,(y) converge a.e. to f (x—y)g(y) in R?; the verification
is left to the reader. Hence the function (x,y) + f(x — y)g(y) is measurable.

(i) The case r = oo of the theorem readily follows from Hoélder’s inequality.
Henceforth we assume that r < oco. Since p < r and g < r, then p and g are
also finite.

(iii) If f and g are nonnegative and integrable, then applying Tonelli’s theorem we

obtain that
oo ar=[([re-neoa) ax

= /(/f(x—y)g(y) dx) dy
— [ ([ ra-v ax)soay

= Iflly - llglly < oo.
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Hence f * g € L'(RY), and

I * glly = A1 - gl - 9-8)

Turning to the general case (f € L7, g € L9, r < 00), first we prove the
following inequality:

(U1 1gh™ =< I - lglg™ - (IF17 = 1g1?)  ace. (9.9)

Introducing the conjugates p’ and ¢’ of p and ¢, we have

1 1 1
b4 =1
p/ q/ r
Since
P 1 1 1 P
a2 sl D) -
r p r q q
and

q 1 1 1 q
-2=dll-D=a-) -5
r q r p p

the following equality holds a.e.:

=g = (Fee=01P) " (1809 7 (IF =y 1e)19) "

Integrating with respect to y, applying Holder’s inequality and using (iii) we
obtain

(171 % 18 @ < WFIZY - g2 - | (1717 * 1817y |

or equivalently

[(IF1 % 181) O™ < WA/ - gl - (1F17 * 1g17) (x).

We conclude by observing that rp/q’ = r—p and rq/p’ = r —gq.

(v) The right-hand side of (9.9) is integrable by (iii). Hence |f| * |g| € L"(RY), i.e.,

/(/ f(x =gl dy)rdx< .
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Applying this to the positive and negative parts of f and g we conclude that the
four functions

Yy fr(x—y)g+(y)

are integrable for a.e. x. Hence their linear combination

y=fxe—=y)g)

is also (measurable and) integrable for a.e. x. Therefore f * g is well defined
a.e.

Next, applying (9.8) and (9.9) we obtain the following estimate:
[0+ owr a= [| [ra-nem o e

= [([ re=veo &) as
= 171+ bl
< WA gl AP % gl
= 71 - Dl

Hence f + g € L'(RY) and |[f * gl, < IIfll, - Ill,-
(vi) If (f x g)(x) is defined for some x ¢ A + B, thenx —y ¢ A forall y € B.
Consequently, f(x — y)g(y) = 0 fora.e. y € RN, whence (f * g)(x) = 0. O

9.4 Uniformly Convex Spaces

The parallelogram identity is an important property of Euclidean spaces. For 1 <
p < oo the I” spaces have a weaker, but still useful property:

Definition A normed space X is uniformly convex®? if for each & > 0 there exists a
§ > 0 such that if two vectors x, y € X satisfy the inequalities

Ix <1yl =1 and |[lx+y[|>2-3,

32Clarkson [89].
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Fig. 9.2 Uniform convexity T4y

then

lx =yl <e.

(See Fig.9.2.)

It follows from the definition that every uniformly convex space is strictly convex
(see p. 67).

Examples » Every Euclidean space is uniformly convex. Indeed, since
=3I = 20l + 25117 = e+ 37 < 4= 2= 8)° < 48,

we may choose § := &2 /4 for each e.
» The space £! is not uniformly convex, because

e = llezll =1 and [ley 4 e2] = [ler —eall =2,
so that for & < 2 there is no suitable § > 0.
* The space £*° is not uniformly convex either, because the vectors x := e; + e,
and y := e; — e, satisty

x| = llyll =1 and Jix+yl| = [lx=y] = 2,

so that for ¢ < 2 there is no suitable § > 0.
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On the other hand, ¢? is uniformly convex if 1 < p < co. More generally:

Proposition 9.9 Let (X, M, 1) be an arbitrary measure space and 1 < p < oo.
Then L7 (X, M, 1) is uniformly convex.>

Proof

First step. If x and y are distinct real numbers, then

r+yr<MW+WV
2 2
by the strict convexity of the function ¢ > |¢]F.

Second step. For each & € (0,2'77] we denote by 0 = o(&) the minimum of the
function

MW+WV_r+yr
2 2

on the non-empty>* compact set
—ypp
{(x,y)e[E@2 S xfP 4y =2 and ‘xTy‘ 28}.

By the preceding step we have o > 0. By homogeneity it follows that if x,y € R
satisfy the inequality

_ P 14
rzyr28M|+W|

’

then

X'+ P P+l x+ypp
0 < -|=2
2 2 2

Third step. For any given ¢ > 0 we have to find § > 0 such that if two functions
f, g € L7 satisfy the inequalities

/[f|‘"dx§l,/|glpdx§1 and /)J#)pdx>l—8,

3Clarkson [89]. The proof given here is due to McShane [320].
34(21/r 0) belongs to the set.
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then

/‘J% )p dx < 2e.

We may assume that & € (0,2'7"]. Setting

e (557 2 0y

applying the convexity of the function ¢ > |#|”, and using the preceding step we
obtain the following estimate:

/‘f—_g’pdx
2
1 TPy LS T
x\wm! 2 M2
» » P »
S LSy RN
X\M 2 M 2
I I 1 I I2
< 1P+ lgl dx+_/<lf| + lgl _‘f+g‘1’>dx
X\M 2 o Ju 2 2
I P 1 I2 I
58/ 1P+ lgl dx+_/<lf| + I8 _)f+g)f’)dx
X 2 o Jx 2 2
1 1-6
<e+-———
o o
8
=&+ —.
Q
We conclude by choosing § < gp. O

The following variant of the orthogonal projection (p. 12) is valid in all uniformly
convex Banach spaces:

Proposition 9.10 (Sz.-Nagy)* Let K be a non-empty convex closed set in a
uniformly convex Banach space X. For each x € X there exists in K a unique closest
pointy to x.

35Sz.-Nagy [447].
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Proof

Existence. The result is obvious if x € K. Henceforth we assume that x ¢ K, and
we choose a minimizing sequence: (y,) C K, and

lx = ya|l = d := dist(x, K).
Setting
=1/ x—yu| and z,:=t,(x—y),

we have | z,|| = 1 for every n. Furthermore, applying the convexity of K and the
definition of d we obtain the following relation:

”Zn + Zm” = ”tn(x_yn) + tm(-x_ym)”

R )

n
y
b+ bty A+ I

> (tn + tw)d

— 2.

By the uniform convexity this implies that (z,) is a Cauchy sequence; since,
moreover, X is complete, it converges to some point z € X. Consequently,

Vn p— —x—dz=:)y.
n
Hence y € K because K is closed, and ||x — y|| = lim ||x — y,|| = d.
Uniqueness. If y,y’ € K and ||x — y|| = ||x —'|| = d, then the formulas y,,—; :=
yand yy, :=y,n = 1,2,... define a minimizing sequence. This sequence is
convergent by the preceding step, but this is possible only if y = y'. O

*Examples The spaces L' and L*® do not always have the property of the last
proposition, so they are not uniformly convex.

» Consider in X = L!'(—1,1) the closed subspace M formed by the functions
having integral zero, and the constant function g = 1. If f € M, then

1 1
le—/ll, = /_1 1 =) di = /_ll—f(t) dr =2,

with equality for all f € M satisfying f < 1. Therefore the distance dist(g, M) =
2 is attained at infinitely many points.
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e Consider in X = L*°(—1,1) the closed subspace M formed by the functions
vanishing a.e. on [—1, 0], and the constant function g = 1. We have

I8 —flloo = I8 —fllzoo(=10) =1
for all f € M, with equality whenever 0 < f < 2. Therefore the distance
dist(g, M) = 2 is attained at infinitely many points.

In uniformly convex spaces we may complete Proposition 2.22 (p. 80) on the
relation between strong and weak convergence:

*Proposition 9.11 (Radon-Riesz)*® In uniformly convex spaces we have

Xp > x &= x,—~x and |x,| — |x||.

Proof The implication = holds in all normed spaces by Proposition 2.22 (p. 80).

The converse implication is obvious if x = 0. Assume henceforth that ||x|| > 0,
then ||x,|| > O for all sufficiently large n. The assumptions x, — x and ||x,| — ||x||
imply that

Xn

[l I

+ X 2 X
[l Ilxll”

Since the norm of the limit is equal to 2,

Xn

[l

lim ian + iH >0
(4]

by Proposition 2.22 ().’
By the definition of uniform convexity this implies that

B

x H —0
lleall 1] ‘

Consequently,

Xn

X
= x| — = x. O

X = %l -
Tl [l ]

36Hildebrandt [210] (£7), Radon [366] (p. 1358: L), Riesz [382] (pp. 58-59: £7), Riesz [385]
(simple proof for L7).
37In fact, the left-hand norm converges to 2.
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*Remarks

e We recall (p. 83) that the equivalence fails, for example, in ¢y and £°°.

e We also recall that ¢!, although not uniformly convex, has the Radon—Riesz
property: see Proposition 2.26, p. 84.

e The preceding example is an exception: we will soon show (p. 338) that
L'(—m, ) does not have the Radon—Riesz property.

* By a theorem of Kadec?®® every separable Banach space has an equivalent norm
having the Radon—Riesz property.

9.5 Reflexivity

Unlike the spaces C(K), most L? spaces are reflexive:

Proposition 9.12 (Clarkson)® For any given measure space (X, M, ),

LP(X, M, ) is reflexive forall 1 < p < oc.

In view of Proposition 9.9 it suffices to establish the following result:
Proposition 9.13 (Milman—Pettis)*° Every uniformly convex Banach space is
reflexive.

*Remark This result clarifies the relationship between Proposition 2.31 (c) and
Proposition 9.10 (pp. 91 and 326) on the distance from closed convex sets.

Proof *! Consider the canonical isometry J : X — X" of Proposition 2.28 (p. 87).
Since J is homogeneous, it is sufficient to show that if ® € X” and |®|| = 1, then
there exists an x € X satisfying Jx = ®.

Denote the closed unit balls of X and X” by B and B”. By Goldstein’s theorem
(p. 139) there exists a net (x,) in B such that J(x,) — & in the topology o (X", X’).
It follows that the “doubled” net converges to 2®:

I + %) = J (o) + J(xn) = 2.
Consequently,

1Xm + x| = 2@ = 2.

38Kadec [234-236]. See also Bessaga—Pelczynski [40].
3 Clarkson [89].
4OMilman [322], Pettis [358].

4'We follow Lindenstrauss-Tzafriri [303, p. 61]. See, e.g., Brezis [65] for a proof without using
nets.
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Indeed, in the contrary case there would exist a subnet belonging to the ball «B”
for some 0 < o < 2. This ball would be compact by the Banach—Alaoglu theorem
(p. 139), and hence closed in the Hausdorff topology o (X”, X"). This would imply
I2®|| < @ < 2, contradicting the choice of ®.

Since X is uniformly convex, the relation ||x,, + x,|| — 2 implies that (x,) is
a Cauchy net in X. Since X is complete, it converges to some point x € X. Then
J(x,) — J(x) in o(X”,X’) by the definition of this topology. But we also have
J(x,) = D, so that & = J(x) by the uniqueness of the limit. O

The spaces L' and L™ are not reflexive in general:

*Examples * We have seen several proofs of the non-reflexivity of C([0, 1]) in the
preceding chapter. Since it is a closed subspace of L>°(0, 1), by Proposition 3.23
(p. 143) L*°(0, 1) cannot be reflexive either.

 The space L!(0, 1) is not reflexive, because there exist linear functionals ¢ €
(L'(0, 1))’ whose norms are not attained.*> For example, let

1
o(f) ;:/0 if(t)dr, feL'0,1).

The inequalities

1 1
vl = [ ol as [ rord= i, ©9.10)
imply that ||¢|| < 1. Furthermore, the functions (see Fig. 9.3)

o= ngp—n g

have unit norm in L' (0, 1), and |@(f;,)| — 1, so that ||¢| = 1.
But this norm is not attained, because the second inequality in (9.10) is strict
for every non-zero function.

e The non-reflexivity of L!(X, M, i) for most measure spaces also follows from
the existence of bounded sequences with no weakly converging subsequences.
(See Theorem 2.30, p. 90.)

More precisely, if there exists a disjoint set sequence (A,) such that 0 <
u(A,) < oo for all n, then the functions f, := (A,)~'xa, form a bounded
sequence having no weakly converging subsequences.

42See Proposition 2.1, p. 55.
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Fig. 9.3 Graph of nyj—,—1

Indeed, for any given subsequence (f;,,) consider the linear functional defined
by the formula

o)=Y (=D | fdu.

Then the numerical sequence (¢(f;,)) = ((—1)*) is divergent.
We return to the question of reflexivity at the end of the next section.

9.6 Duals of I” Spaces

In this section we generalize the relations (£7) = £ of Proposition 2.15, p. 73). If
p. g € [1, 00] are conjugate exponents, then the formula

(9)() = /X fe du

defines a continuous linear functional on L? for each g € L.
Indeed, the integrals are well defined by Holder’s inequality, and

1GYNN = gl - IF1, -

Since jg is clearly linear, hence

jge ) and gl = ligl,-
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This computation also shows that j : LY — (L”)’ is a continuous linear map of norm
<1

Theorem 9.14 Let (X, M, 1) be an arbitrary measure space, and p,q € [1, 00]
two conjugate exponents.

(a) The linear map j : L9 — (IP) is an isometry.¥

(b) (Riesz)* If1 < p < oo, thenj : LY — (L”)' is an isometric isomorphism.

(c) (Steinhaus)® If w is strongly o-finite, then j : L>® — (L') is an isometric
isomorphism.

Proof

(a) It remains only to prove the inequality ||jg|| > | gl q.46 We may therefore
assume that [|g|[, > 0.
If 1 < p < oo, then the function

fi=lgl" " signg
satisfies the equalities
i = [ = [ lor e die = [ letdre = el = el
Hence

—1
rer’, |fl, = lgly >0,

and
(o) () = / 1817 de = g2 = ligll, - I,

Since ||f ||, > 0, we conclude that [|jg|| > [Igll,-
If p = oo, then setting f := sign g € L* we have

gl = / gl di = () (F) = gl - Iflloe = lgll-

“In the case p = 1 it s essential for the existence of B that the functions in L are measurable by
our definition, and not only locally measurable. It is instructive to consider on an uncountable set
X the measure p that is equal to zero on countable sets, and equal to oo otherwise. This is another
reason in favour of the constructive measurability definition adopted in this book.

4Riesz [380] for X = [0, 1], Nikodym [343], McShane [320].

43Steinhaus [432] for X = [0, 1], Dunford [116].

46See also a direct proof for X = R in Riesz and Sz.-Nagy [394].
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Finally, if p = 1, then for any fixed number 0 < ¢ < ||g]| o the set
A={xeX : |g)| =c}

has a positive measure. Applying Lemma 7.5 (p. 220) there existsa B C A
satisfying 0 < u(B) < oo. Then f := ypsigng € L', and

cn(B) < / fedp = Go)() < gl - 1, = gl - (B).

Hence ¢ < ||jg| for all ¢ < [|g]|oo. s0 that [[glle =< [ljgl|-

(b) We have to prove that j is onto. Since j is an isometry and L? is complete, the
range R(j) of j is a closed subspace of (I)’. It remains to show that it is dense
in (L7)'.

By Corollary 2.9 (p. 64) it suffices to show that if ® € (I)” is orthogonal
to R(j) C (I7)’, then ® = 0. Since L? is reflexive, identifying (L?)” with L?
this is equivalent to the following property: if f € L” and [ fg djx = 0 every
geli thenf =0.

Setting

g := """ signf

and repeating the computation of (a), reversing the role of p and g, we obtain
that

gel? and O:/fgduz/[fl"d,u.

Hence f = 0 a.e.
*(c) Given ¢ € (L") we have to find g € L™ satisfying

() = /ng du 9.11)

forall f € L' ¥
First we assume that j1(X) < oco. Then the formula

v(A) := ¢(xa)

defines a set function on M. It is finitely additive by the linearity of ¢.
Moreover, it is o-additive. Indeed, if A = U*A, with A,A, € M, then
3" xa, = xain L' by Corollary 5.9 (p. 180). Using the continuity of ¢ € (L')’

4TThe following reasoning may be adapted for 1 < p < 0o as well: see Dunford—Schwartz [117].
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we conclude that

V(A) = () = Y @(xa,) = Y _v(A).
Observe that v < p. Indeed, if £(A) = 0, then x4 = 0 a.e., and hence

v(A) = ¢(xa) = 0.

Applying the Radon—Nikodym theorem (p. 240) there exists a measurable
function g such that

b(A) = /A edu 9.12)

for every set A of finite measure.
We show that g € L°°. Given any number 0 < ¢ < ||g|| .. at least one of
the two sets

{xeX : gx)>c¢} and {xeX : —gx) >c}

has a positive measure, and then (as in the proof of (a)) it contains a set
B of finite positive measure. If for example g > ¢ on B (the other case is
analogous), then

cu(B) < /Bgdu = v(B) = 0(xp) < o] - lxsll = Il - 1(B).

Hence ¢ < [lg|| forall ¢ < [|g]l, s0 that [|g]loe < [l@]l (< 00).

We deduce from (9.12) by linearity that (9.11) is satisfied for all step
functions f. Since they are dense in L' by Proposition 5.14 (p. 185), by
continuity (9.11) holds for all f € L', too.

In the general case there exists a finite or countable disjoint sequence (P,)
such that 0 < u(P,) < oo for all n, and u(A) = 0 for all A € M satisfying
ACX\u*p,*

Applying the preceding result for each P, we obtain a function g € L*®
vanishing outside U*P, and satisfying (9.11) for the functions f = hyp,,
hel',n=1,2,....

Using the dominated convergence theorem, the linearity and the continuity
of ¢, (9.11) follows again:

o(h) =Y olhye,) = Z/thmg dp = /th dp. O

48We use the strong o-additivity assumption.
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*Remarks

* Hildebrandt and Fichtenholz—Kantorovich characterized (L*°).*°
o Themapj: L' — (L)’ is onto only in degenerate cases, for example when 1
is the counting measure on a finite set.

We have already seen (p. 79) that j : £! — (£°°) is not onto.

The map j : L'(R) — L*®(R)’ is not onto either because L!(R) is not even
a dual space.” This follows (similarly to the analogous result on co on p. 140)
from the theorems of Banach—Alaoglu and Krein—-Milman, because the closed
unit ball of L' (R) has no extremal points.

For the last property we show that if | |f| dx = 1, then there exists a non-zero
function g € L' (R) satisfying [ |f + tg| dx = 1 forallz € [-1, 1].

For this we first choose a set A of finite positive measure and a number € > 0
such that f > ¢ or f < —e on A. Then we choose any non-zero function g such
that [ g dx = 0, g = 0 outside A, and |g| < & on A.

 Let us also give a direct proof of the non-surjectivity of the map j : L'(R) —
L (R)'. The Dirac functional, defined by the formula

3(g) :=g(0), ge G(R)

is a continuous linear functional of norm one on C,(R). Applying the Helly—
Hahn-Banach theorem (p. 65) it can be extended to a continuous linear functional
on L®(R). We claim that no function f € L!(R) satisfies the equality

/fg dt = g(0) (9.13)

for all g € C,(R).>!

Assume on the contrary that there exists such a function f. The formula
gn(x) := min{n|x|, 1} defines a sequence of functions in C,(R) satisfying
2,(0) = 0, fg, — f ae., and |fg,| < |f| for all n. Applying the dominated
convergence theorem it follows that

/fdt: lim/fg,, dt = lim g,(0) = 0.

But this is impossible because choosing g = 1in (9.13) we get [ f dr = 1.

“Hildebrandt [213, p. 875], Fichtenholz—Kantorovich [145, p. 76]. See also Dunford-Schwartz
[117], Kantorovich—Akilov [243].

30This property and the following proof remain valid for all measure spaces where each set A of
positive measure has a subset B satisfying 0 < w(B) < p(A).

3IThis is an important theorem in the theory of distributions, asserting that the Dirac functional is
not a regular distribution. See Schwartz [420].
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e In the preceding remark we have found a linear functional in L*®(R)’ not
represented by any f € L'(R). Since L®(R)’ = L!'(R)”, this proves directly
the non-reflexivity of L! (R).

+ Since L'(R)’ = L*®(R), by Proposition 3.23 (p. 143) L>®(R) is not reflexive
either.

*Example We show that the strong o-finiteness assumption cannot be omitted in
Part (c).>?

Consider the measure space (X, M, p) and the measure v of the counterexample
on page 243.

Since v < u, we have

[ = [ au =1,

for all f € L', so that the formula
o()i= [ rav

defines an element ¢ of (LY.
We claim that ¢ is not represented by any (measurable or locally measurable)
function g € L*°. Indeed, if we had

[rav=[eran

for all f € L', then (taking f = ya for A € M) g would be a (measurable or locally
measurable) Radon—Nikodym derivative of v with respect to u, contradicting our
results on pp. 243 and 251.

9.7 Weak and Weak Star Convergence

The purpose of this section is to characterize the weak and weak star convergence
of L spaces. Since all weakly convergent and weak star convergent sequences are
bounded by Propositions 2.24 and 3.18 (pp. 82 and 138), it is sufficient to consider
bounded sequences.

52See Schwartz [419] and Ellis—Snow [123] for the characterization of (L')" in the general case.
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Let p,g € [1,00] be conjugate exponents, and let us denote by o (L, L?) the
locally convex topology on L”, defined by the family of seminorms

pe(f) := Vfg dp

, gelLi.

If 1 < p < oo, then this is the weak topology of L”. If our measure space is
strongly o-finite, then o' (L', L) is the weak topology of L', and o (L>, L') is the
weak star topology of L°°.

Proposition 9.15 Let (f,,) be a bounded sequence in I, and f € LF.
(@) (Riesz)* If 1 < p < oo, thenf, — f ino (1P, L) <>

/ fodi— / fdu 0.14)
A A

for each set A of finite measure.
() Ifp =1, thenf, — fino(L', L®) <= (9.14) holds for all measurable sets A.

*Remarks

e If 1 < p < oo, then using Proposition 9.3 (p. 310) the proof below shows that
it suffices to consider in (9.14) the sets A of the semiring at the origin of the
definition of the integral.

Consequently, for the usual Lebesgue measure on an interval I/ C R the
condition (9.14) is equivalent to the pointwise convergence F,, — F, where F,
and F are some primitives of f,, and f that coincide at some fixed point of /.

e Let (I,) be a sequence of disjoint subintervals of an interval I = [a, b] such that
|I,| > 0and I, C (a,a + 27") for every n. The formula

. —1 —1
=Nl Xy — 20l X1,

defines a bounded sequence in L'(I) satisfying the relation F, — F of the
preceding remark with F = f = 0.
But f, does not converge to f in o (L', L>) because (9.14) fails for A := UL,,.
* The functions f;, := x[:»+1] in R show that it is not sufficient to consider sets of
finite measure in (9.14) when p = 1.

Proof of Proposition 9.15 Let us rewrite (9.14) in the form

/fon dp — /fo dp. 9.15)

S3Riesz [380] (for finite p).
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If f,, — fin o(L”,L7), then (9.15) is satisfied for all sets A with the indicated
properties because y4 € LY.

The converse implications hold because the characteristic functions y4 of the
indicated sets A generate L? in all cases by Proposition 9.3 (b), (¢) (p. 310), and
because the functions g € L? satisfying [ gf, du — [ gf du form a closed subspace
of L7 by the boundedness of the sequence (f;,) (see Lemma 2.25, p. 83). O

We end this section by presenting a basic example of weak convergence. Given
a sequence (4,) of real numbers, tending to infinity, we consider the functions

fa(®) :=sinA,t and  g,(f) 1= cosA,t.
*Proposition 9.16 (Riemann-Lebesgue)®* Given any conjugate exponents p,q €
[1, 00], we have f,, — 0 and g,, — 0 in o (L?, L) on each bounded interval I.

Proof The sequences (f;,), (g,) are bounded in L* and hence in all spaces L (I).
Since LY C L', it is sufficient to prove the convergences in the topology o (L*°, L!).

For any fixed point a € I, the primitives of the functions f,, g, vanishing at a
converge pointwise to zero, because

o COS A,a — COS Apx 2
/ sm/\,,tdt):)— < -0,
a An [An]

and a similar estimate holds for cos A, as well. We conclude by applying the first
remark on the preceding page. O

*Remark In the special case where |I| = 2w, p = 2 and A, = n, the proposition
follows from the Bessel inequality for the trigonometric system™: the Fourier
coefficients of each f € L?(I) converge to zero.

*Example We recall>® that £! has the Radon—Riesz property.

On the other hand, L! (—m, ) does not have this property. Indeed, the functions
ha(t) := 1 + sinnt converge weakly to h(f) := 1 in L!'(—mx, ) by the Riemann—
Lebesgue lemma. Furthermore,

Ihall, = / 1 + sinnt dt = 27 = ||k,

-

>4Riemann [371], Lebesgue [289, p. 473] and [293, p. 61]. See an interesting application of
Poincaré [363] to the distribution of small planets.

35Halphén [188].
3See the example preceding Proposition 2.26, p. 84.
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for every n. Nevertheless, &, does not converge strongly to & because
T
|y — R, = / |sinnt| dt =4
—T

for all n.

9.8 Exercises

In the first seven exercises we consider the Hilbert space H = L?(0, 1) with the
scalar product (f, g) := fol fg dt.

Exercise 9.1

(i) Show that every uniformly convergent sequence (x,) C H also convergesin H.
(i) Set x,(f) := n’te™. Show that (x,) converges pointwise to 0 but it does not
converge in H.
(iii) Construct a sequence of continuous functions converging in H but diverging at
each point.

Exercise 9.2 Consider the following sets in H:

(i) The set of functions x € H vanishing a.e. on some neighborhood of t = 1/2.%7
(i1) The set of functions x € H with values in [—1, 1].

Are they convex? Are they closed?
Exercise 9.3

(i) For each A € R we denote by M, the set of all continuous functions x € H
satisfying x(0) = A. Show that the sets are convex, dense and disjoint.
(i) Show that the set of polynomials P vanishing at 1 is convex and dense in H.

Exercise 9.4 Show that
1
M= If e [*(0,1) :/f(t)dt:O
v 0 |

is a closed subspace of L?(0, 1). Determine M~

Exercise 9.5 The formula (Af)(f) := 1f(t) defines a continuous self-adjoint
operator on the Hilbert space H = L?(0, 1) which has no eigenvalues.

Exercise 9.6 There is no translation invariant measure in LZ(O, 1) such that 0 <
1 (A) < oo for all open balls.

57The neighborhood may depend on x.
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Exercise 9.7 There exists a continuous, injective function f : [0,1] — L*(0,1)
such that the vectors f(b) — f(a) and f(d) — f(c) are orthogonal whenever 0 < a <
b < c <d < 1. What is the geometric meaning of this property of the “curve” f?

Exercise 9.8 (Haar System)>® Set

1 ifo<x<1/2,
vx):=1-1 ifl1/2<x<1,

0 otherwise,
and introduce the functions
Yk (x) 1= 2"y 2"x—k), xeR, nkel.

Prove the following:

(i) The functions ¥, form an orthonormal basis in L?(R).
(i) The functions 1 and ¥, forn > 0 and 0 < k < 2" form an orthonormal basis
in L2(0, 1).
(iii) Consider the orthonormal basis of (ii) by starting with 1 and then ordered
according to the lexicographic ordering of the pairs (n, k). If f € C([0, 1]),
then its Fourier series converges uniformly to f.

Exercise 9.9 Consider the spaces L” corresponding to a probability measure.

(i) Show thatif 1 < p < g < oo, then LY C L”.
(i) Show thatif 1 <p <g <00 and xX* — xin LY, then x** — x in L”.
(iii) Investigate the validity of the equalities

UU:Uzm ﬂy:m

q>p p<q

Exercise 9.10 Consider the L” spaces on a measure space.

(i) If there are no sets of arbitrarily small positive measure, then p < ¢ — L’ C
L1,
(ii) If there are no sets of arbitrarily large measure, then p < ¢ = L/ D L9.
(iii) Are the above conditions also necessary?

S8Haar [176]. This is the first wavelet, in modern terminology; see, e.g., Strichartz [442].



Chapter 10
Almost Everywhere Convergence

A youth who had begun to read geometry with Euclid, when he had learnt the first
proposition, inquired, “What do I get by learning these things?” So Euclid called a slave and
said “Give him threepence, since he must make a gain out of what he learns”.—Stobaeus

There is no royal road to geometry.—Menaechmus to Alexander the Great!

We have seen in Part II the importance of a.e. convergence in integration theory.
The purpose of this last chapter of our book is to clarify its relationship to other
convergence notions.

As usual, we consider a measure space (X, M, i), and we identify two functions
if they are equal a.e.

10.1 I” Spaces,1 <p < o0

First we compare the strong and a.e. convergences. We may generalize the theorems
of Lebesgue and Fatou (pp. 181 and 183):

Proposition 10.1 Ler (f,) be a bounded sequence in L7, p € [1,0), and assume
that f, — f a.e.

(@) f el and|fll, <lLminf]|f.]l, .
(b) Ifthere exists a g € LF such that | f,| < g for all n, then || f, — f|, — 0.

© Ll fall, = W flly then | fu = £1l, — 0.2

Proof (a) We apply the Fatou lemma to the sequence of functions |f,|”.

By other sources, Euclid to King Ptolemy.
2Radon [366, p. 1358], Riesz [385].

© Springer-Verlag London 2016 341
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(b) We apply Lebesgue’s convergence theorem to the sequence of functions
|f» —fIP. This is justified because

L =S1" = (Sl + 11 = 277,

and the function 27g? is integrable by our assumption.
(c) Following Novinger® we apply the Fatou lemma to the sequence of functions

Al 1P (et
2 2

P

’

converging a.e. to | f|”. (They are nonnegative by the convexity of the function
t > |t|’.) We obtain that

p P
/|f|p d,ufliminf/ Lol -szl -

:/|f|p du—limsup/

Hence lim sup || f;, —f||£ < 0, and therefore || f, — f]|, — 0.

fnz—f‘f" du

I Z—f)l’ du.

*Remarks

* Part (a) remains valid for p = oo with a simple proof.
¢ The characteristic functions of the intervals [n_l, 1] show that (b) and (c) fail in
L*>(0,1).

Next we investigate the relations between the weak and a.e. convergences. As
usual we denote by g the conjugate exponent of p.

Proposition 10.2 Let (f,) be a bounded sequence in L, p € (1,00). If f, — f a.e.,
then f, — fin o(LP, L) as well.

Proof Since f € L” by Proposition 10.1 (a), changing (f,) to (f,—f) we may assume

that f = 0.
Let us introduce* for N = 1,2, ... the sets
Ey:={xeX : |fi(x)] <1 forall n> N}
and

Gy:={gel!: g=0 ae. outside Ey}.

3Novinger [345].
4See Lions [304].
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Since f, — 0 a.e., almost every x € X belongs to UEy. Since, moreover, the set
sequence (Ey) is non-decreasing, UGy is dense L?. Indeed, each g € L is the limit
in L9 of the sequence of functions yg,g € Gy by Proposition 10.1 (b).

Now assume first that ;£(X) < oo. Since (f;) is bounded in L?, and L? C (L?),
by Lemma 2.25 (p. 83) it is sufficient to show that

/ﬁlg dpu — 0 foreach g e UGy.

The last relation follows by applying the dominated convergence theorem. Indeed,
if g € Gy, then f,g — O ae., |f,g| < |g|foralln > N,and g € LY C L', because
w(X) < oc.

In the general case we change Gy to Gy N L' in the above proof. We have to
show that Gy N L! is dense in Gy with respect to the topology of L?. For this we
approximate each g € Gy by a suitable sequence (¢,) of step functions (this is
possible by Proposition 9.3 (a), p. 310), and then we change ¢, to ¢, g, - O

*Remark The case p = 1 is different: if f, — f a.e., then the weak and strong
convergences are the same: see Theorem 10.10 of Vitali-Hahn—Saks below, p. 357.

*Examples Consider the usual Lebesgue measure on X = [0, 1].

* The nonnegative functions

fu®) ;= ne™

converge a.e. to zero, and

OE/fn(t)dtelaéO:/Odt.

Hence (f,) is bounded in L', but does not converge weakly to zero in L'. (See
Fig. 10.1.) Hence the proposition fails for p = 1.
* For any fixed p € (1, co) the functions

fu(@) = n'/Pe
converge to f := 0 a.e. Furthermore,

1—e 1
Ifall) = —— = =

so that () is bounded in L”, but does not converge strongly to f in L”.
The same conclusion holds in L* for the limit functions f,,(f) := e ™: f, — 0
a.e., and || f,|| o, = 1 for all n.
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2.5

1.5+

0.5

Fig. 10.1 Graph of ne™ forn =1,2,3
Thus we cannot replace weak convergence by strong convergence in the

proposition.

10.2 17 Spaces,0 <p <1

The definition of the sets L remains meaningful for all 0 < p < co: a measurable
function f belongs to L” if

[ 17 i< o
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But (except for some degenerate cases) the usual formula

i1, = ([ 177 )

does not define a norm if 0 < p < 1: the inequality sign in the triangle inequality
and in the other usual inequalities is reversed:

Proposition 10.3 Ler 0 < p < 1 and g = p/(p — 1) < 0 be two conjugate
exponents.’

(a) (Reverse Young inequality) If x, y are nonnegative numbers, then’

xP
e
Poq

(b) (Reverse Holder inequality) If f and g are measurable functions, then

I8l = I1F1, - lell, -

(c) (Reverse Minkowski inequality) If f and g are nonnegative, measurable func-
tions, then

If+gll, = A1, + lell, -

Proof

(a) We may assume that x, y > 0. Consider the graph of the convex function given
by the equivalent equations y = x”~! and x = y?~!. The shaded region in
Fig. 10.2 belongs to the rectangle of sides x and y, hence its area is at most
xy. Furthermore, it is the difference of two unbounded regions, limited by
the coordinate axes, the sides of the rectangle and the graph of our function.
Consequently,

X o0 xp q
xyZ/ P! ds—/ 1! dt:——f—y—.
0 y P q

>Compare with Proposition 9.1, p. 306.

The usual relation p~! + ¢~! = 1 still holds. See Hardy-Littlewood—Pélya [191] or Sobolev
[428].

7If y = 0, then the last fraction is replaced by its limit: —oo.
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Fig. 10.2 Reverse Young
inequality y= zh—1

z=yi~1

y 7 *************** |

/

x

(b) The cases |f]|, = 0 and [g|[, = O being obvious, we may assume by
homogeneity that || ]|, = [|g]l, = 1. Applying the reverse Young inequality
we obtain that

If1", lel” L1
1781l =/If|-|g| dui/—+—du= —+—=1=fl,-lgl,-
P q P q

(c) We may assume by homogeneity that ||f + g||, = 1. Applying the reverse
Holder inequality we obtain that

If+&ll, =175+l

— [+ oy au

- / FF4 e 4+ g+ du
= A0, - |+, + gl - [ + 977,

—1 —1
= £, - I1f + &ll,tyy + lell, - 1Lf + glot)

= [lFll, + llell, -

In the last step we have used the relation (p — 1)g = p.
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Despite the last proposition we may introduce a natural metric on LP for 0 < p < 1.
For this we first generalize the notion of the norm:

Definition Let X be a vector space. A function N : X — R is a pseudonorm if the
following conditions are satisfied for all x,y € X:

e N(x)>0;

o Nx)=0 <<= x=0

* Nx+y =N +Ny):

o N(cx) <N(x) forall —1=<c<I;

e Nn'x) >0 as n— oo.

Note that every norm is also a pseudonorm.

Proposition 10.4 If N is a pseudonorm on X, then the formula
d(x,y) :=N(x—y)

defines a metric on X, and X is a separated topological vector space with respect to
the corresponding topology.

Proof The only non-trivial property is the continuity of the multiplication. For any
given xo € X, Ao € R and ¢ > 0 we choose a large integer satisfying n > 1 + |Ao]
and N(n"'xo) < &. If

A=Al <1/n and N(x—x) <ée/n,
then |A| < |Ao| + 1/n < n, and therefore

N(Ax — Aoxo) < N(A(x —x0)) + N((A — Ag)x0)
< N(n(x —xo)) + N(n_lxo)
<nN(x—x) + & < 2e.
O

Remark If N does not satisfy the last condition of the definition of the pseudonorm,
then we still get a metric space, but not a topological vector space.
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Now we endow the spaces L” with a natural pseudonorm:
Proposition 10.5 Ler0 <p < 1.

(a) L7 is a vector space.
(b) The formula

MU%=HN§=AUVdu

defines a pseudonorm on L.
Henceforth we consider this metric in LP.
(c) For each Cauchy sequence (f,) in LP there exist two functions f,g € LP and a
subsequence (fy,) such that |f,,| < g for allk, and f,, — f a.e.
(d) L? is a complete metric space.

Remark For p = 1 the pseudonorm N is equal to the norm ||-||;.
Proof

(a) If f € L7 and ¢ € R, then N,(cf) = |c[’ N,(f) < oo, and hence ¢f € LF. It
remains to show thatif f, g € L”, then f + g € L”. This follows by applying the
elementary inequality of Lemma 3.24 (p. 144):

Mﬁ+9=/MmVWS/WUMVW=MW+M@<W

(b) The first two properties of the pseudonorms are obvious, while the last two
follow from the equality N,(cf) = |c|’ N,(f). Finally, the triangle inequality
has been proved in (a).

(c) Following the proofs of Lemmas 5.13 and 9.2 (pp. 184 and 307) we may choose
a subsequence (f;,,) satisfying

5 [ U =l <1
k=1

Hence
o0
Z |fnk+1 _fnk‘p < o0
k=1
a.e. by Corollary 5.9 (p. 180) of the Beppo Levi theorem. This implies the

inequality

Z ’f"k+1 _f"k’ <0

k=1
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a.e., because in almost every fixed ¢+ € X we have ‘anl — e |p < lifkis
sufficiently large, and this implies

iﬁlk+l _fnk| = iﬁlk+l _fnk|p

because 0 < p < 1.
It follows that the series

ol Y s —Fu] - and foy D Fonyy =)

k=1 k=1

converge a.e. to some functions g,f. The partial sums g, and f,, satisfy the
inequality |f,, | < gi; letting k — oo this yields | f| < g.
It remains to show that g € 7. Thanks to the choice of (f,,) we have

[ 180 die = Nae) = M)+ Y Ny =) = Ny +
k=1

for all k. Since |gx|” — |g|f a.e., |g|’ is integrable by the Fatou lemma (p. 183),
ie., gel’.

(d) We may repeat the proof of Proposition 9.1 (p. 307), by using property (c) above
instead of Lemma 9.2 (p. 307).

Proposition 10.1 (p. 341) remains valid forall 0 < p < 1:

Proposition 10.6 Ler (f,,) be a bounded sequence in IP for some p € (0,1],
converging a.e. to some function f.

(a) f € I’ and N,(f) < liminf N,(f,).
(b) Ifthere exists a g € L” such that | f,| < g for all n, then N, (f, —f) — 0.
(©) Ipr(fn) - Np(f)’ then Np(fn -f)—0.

Proof

(a) We apply the Fatou lemma to the functions | f;, |7
(b) Since

o =S1" = 1al” + 1S = 28°

a.e., we may again apply the dominated convergence theorem.
(c¢) The functions

|al” + 117 = 1fa = f1



350 10 Almost Everywhere Convergence

are nonnegative by Lemma 3.24 (p. 144), and converge to 2 | f|” a.e. Applying
the Fatou lemma we obtain that

/ 21/ du < liminf / P+ 17 = 1 —f1 dp
- / 21/ dy — lim sup / o117 dp.

Hence lim sup N, (f, —f) < 0,i.e.,N,(f, —f) — 0.
O

Example The spaces L” ([0, 1]) are not locally convex for 0 < p < 1, because their
only convex open subsets are @ and L.}

By translation invariance it suffices to show that if K is a convex open set
containing 0, then K = 7.

Fix r > 0 such that B,(0) C K, and fix x € L arbitrarily. For each natural
number #n there exists a finite subdivision 0 = ¢ty < --- < 1, = 1 such that

1 1
/ |x(t)[” dt:n—lf x(®))P dt, i=1,...,n.
ti—1 0

Setting
X =YX L=1,...,n
we have
1
Ny(x;) = n™! / x@)| dt, i=1,...,n
0
Consequently, choosing a sufficiently large n we have x, ..., x, € B,(0). Since

B,(0) C K and K is convex, we conclude that
x=x +--+x,)/nek.

It follows from this result that (L”)’ = {0}, so that no two points of L” ([0, 1])
may be separated by a closed affine hyperplane.’

8This property and the following proof remains valid in much more general measure spaces.
°Day [96].
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As the preceding example indicates, for 0 < p < 1 the spaces L are not
normable, and not even locally convex in general. Therefore they are much less
useful than the spaces for p > 1.1°

10.3 L° Spaces

The spaces to be studied in this section provide a better understanding of a.e.
convergence.
We denote by L the set of measurable, a.e. finite-valued functions satisfying

— |1
No(f) = / T+ 7] dp < oo.

Proposition 10.7

(a) L is a vector space.
(b) Ny is a pseudonorm on L.
Henceforth we endow L° with the corresponding metric.
(c) (Riesz)'" For every Cauchy sequence (f,) of L° there exist two functions f, g €
L° and a subsequence (f,,) such that |f,,| < g for all k, and f,, — f a.e.
(d) L is a complete metric space.

Proof (a) If f € L° and ¢ € R, then ¢f € L°. This follows from the estimate

_ |cf| |cf] _
Neh) = | i = [ = ot < o0
if |c| < 1, and from
_ |cf| |cf| _

if [c| > 1.

10Except for the construction of counterexamples. For example, Roberts [395, 396] constructed
non-empty, compact, convex sets in L7 ([0, 1]) with 0 < p < 1 that have no extremal points. Hence
the Krein—Milman theorem (p. 129) does not hold in these spaces. See also Kalton [241], Kalton
and Peck [242], Narici—Beckenstein [331].

Riesz [377].
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Iff,g € L°, thenf + g € L°. Indeed, using the monotonicity of the function
t+—t/(1 +1)in [0, 00), we have

_ I/ + gl
NO(f+g)_/ 1+ |f +gl

17+ I8l
—_—d
5/1+m+m

/] g
d d
5/1+V|“+/1+m

= No(f) + No(g)

< 0.

(b) It follows from the definition that Ny(0) = 0, and Ny(f) > 0 if f # 0. The
properties

No(f + g) < No(f) + No(g)

and
No(cf) =No(f) if —1l=<c=1

have been shown in (a). Finally,'? for f € L° and n — oo we have

-1
n
1+ [n=f]
by the dominated convergence theorem (p. 181), i.e., No(n'f) — 0.

(c) Adapting the proof of Proposition 10.5 there exists a subsequence (f;,)
satisfying

Z/ | foe = S| <1
1+ [f =S|

hence

< 0

i i.f;lk _ﬁlk+1i

k=1 1+ ‘f;lk _fnkJrl‘

121t is important here that f is finite-valued a.e. by assumption.
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a.e. by the Beppo Levi theorem (p. 178). Since

|x| 1 |x]|
<S- = x<1l= [x] <2
1+ |x| — 1+ |x]

’

N

this implies that

Z i.f;lk _ﬁlk+li <0
k=1

a.e. Consequently, the partial sums g, f,, of the series
o0 o0

Ifn1| + Z |fnk+1 _fnk| and fnl + Z(fnk_H _fnk)
k=1 k=1

converge a.e. to some finite-valued functions g, f, satisfying | f| < g.
It remains to show that g € L°. By the choice of (f;,) we have

/ 1 —|fk|| k| dp = No(gk) < No(fuy) + ZNO(f”H‘ ~fu) = Nolfm) +1
k=1

for all k. Since

| x| N 8|
I+ gl 1+ ]gl

a.e., the limit function is integrable by the Fatou lemma, i.e., g € L0,
(d) Using (c) we fix a subsequence (f;,) converging a.e. to some f € L°. Next for
any given ¢ > 0 we choose an integer M such that

/ M dM = NO(fm _fn) <é

U+ for— ol
for all m,n > M. Taking n = ny and letting k — o0, an application of the Fatou
lemma yields
| fin = /1
No(fu —1) = / L dp<e
I+ |fm _fl

forallm > M.

O

Now we extend Propositions 10.1 and 10.6 (pp. 341 and 349) to L°:
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Proposition 10.8 Let (f,) be a bounded sequence in L°, converging a.e. to some
finite-valued function f.

(@) f € L° and No(f) < liminf No(f,);
(b) Ifthere exists a g € L° such that |f,| < g for all n, then No(f, —f) — 0;
(©) If No(fa) = No(f), then No(fu — f) — O.

Remark If j1(X) < oo, then Ny(f) < u(X) for all f € L°, so that every sequence
(f.) is bounded in L.

Proof of Proposition 10.8

(a) We apply the Fatou lemma to the functions 7 _|’_f"||f B
(b) Since !
=fl _ Il Al el

L+ 1f=fl = T+l T+ 7 1418l

we may apply the dominated convergence theorem.

(c) The functions

ul 1S lfo =1

L+ 1ful D 1HIf] T+ 1fi— 1]

are nonnegative'? and converge a.e. to 2|f| /(1 + |f]). Applying the Fatou
lemma we get

/] s A
2/1+|fl d“fhmmf/1+m|+1+|f| Ry

= 2/ /1 du —limsuplm—_f| du

1+ /] + [ fo =11
o [ M4y _
= 2/ .y dp —limsup No(f, — f).

Hence lim sup No(f, —f) <0, i.e., No(fn —f) — O.
O

Remark The theorems of Lebesgue and Fatou (pp. 181, 183) and Proposi-
tions 10.1, 10.2, 10.6 and 10.8 (pp. 341, 342, 349) remain valid if we assume
the convergence in L’ instead of a.e. convergence.

For example, if (f;) is bounded in L’ for some 1 < p < oo and f, — f in L°,
then f, — f in o(L?, L?), where g denotes the conjugate exponent.

13See the proof of Proposition 10.7 (a).
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Indeed, by Cantor’s lemma (p. 36) it is sufficient to show that every subsequence
(fw) of (f,) has a subsequence (f,,,) converging to f in the topology o (L, LY).
Since f,, — f in L0 by the Riesz lemma [Proposition 10.9 (c)] there exists a
subsequence (fy,, ) converging to f a.e. We conclude by applying Proposition 10.2.

The other proofs are analogous.

Like L for 0 < p < 1, the L? spaces are not locally convex in general:

Example The only convex open sets in L°([0, 1]) are @ and L°. Hence (L°) = {0},
and no two points of L°([0, 1]) may be separated by a closed affine hyperplane.'*
As before, it is sufficient to show that if a convex open set K contains the point
0, then K = L°. Fix r > 0 such that B,(0) C K and a positive integer n > 1/r.
For any given x € L° we consider the functions

nx(t) if(i—1)/n<t<i/n,

0 otherwise,

Xi(t) = {

We have

No(xi) = /i/n Mdrg 1_ r.
(—ty/n 1+ |nx(1)] n

so that xi, ..., x, belong to the ball B,(0). Since B,(0) C K and K is convex, we
conclude that

x=x +--+x,)/nek.

10.4 Convergence in Measure

In view of the usefulness of a.e. convergence we might try to associate it with some
norm, metric or topology.

As in the preceding section, we consider only measurable, a.e. finite-valued func-
tions. In finite measure spaces we have a simple characterization of the convergence
in L°. The following notion is frequently used in the theory of probability:

15

Definition A sequence of functions (f,) converges in measure™ or stochastically

to f if for each fixed € > 0 we have

plreX o |fi()—=f@O] =) -0

asn — oQ.

4Nikodym [343].
15Lebesgue [293].
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Proposition 10.9 Assume that pu(X) < oo.

(a) If0 <p <q < oo, then L C L?, and the embedding i : L! — L? is continuous.

(b) L is the set of all measurable and a.e. finite-valued functions.

(c) (Fréchet)'® The convergence of L is convergence in measure.

(d) (Riesz)"" Iff, — f in measure, then there exists a subsequence (f;,) converging
tof a.e.

Proof

(a) The case p = ¢q is obvious. If 0 < p < g < oo, then applying the Holder
inequality to the product 1 - | f|” we obtain the estimate

_r
/Iflp dpe < Ulysigepy - NP Ny = 1O 7 £
whence

Ifl, < GO ~1 - 11£1, -

The last inequality holds for ¢ = oo as well, by a direct computation. This
proves the continuity of the embedding i : LY — L forall 0 < p < g < oco.

It remains to show that the embedding i : LY — L° is continuous for all
0 < g < 1. There exists a constant ¢, > 0 such that

|1
1+1/]

=¢q Lf1?

for all f € L4, because the function ¢ > |¢f|'™¢ /(1 + |¢|) is continuous and
bounded on R. This implies the inequality No(f) < c,N,(f) and thus the
required continuity.

(b) This follows from the definition of L because | f| /(1 + | f|) is bounded.

(c) We may assume that f = 0. If No(f,) — 0 and ¢ > 0, then using the non-
decreasingness of the function ¢ — t/(1 + 7) on [0, co) we obtain that

0< u(llfil = &) =/ 1 du

{lful=€}
1 " 1
si/ Ul gy < 280 > 0.
& Jypizer 1+ 1l €

16Fréchet [159, 160]. He used an equivalent metric.
TRiesz [377].
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Conversely, if f, — 0 in measure, then

| /ol | ful
No(fn)Z/ —du+/ A,
pl<er 1+ |ful Uhlzey 1+ [ fal

< ILHM(X) + (1 f] = e}

for each ¢ > 0. Hence Ny(f,) < e (X) if n is large enough.
(d) We combine (c) with Proposition 10.7 (¢) (p. 351).

O

Remark If 1 (X) < oo, then the theorems of Lebesgue and Fatou (pp. 181, 183) and
Propositions 10.1, 10.2, 10.6 and 10.8 (pp. 341, 342, 349) remain valid if we assume
convergence in measure instead of a.e. convergence.

This follows from the last remark of the preceding section by applying Proposi-
tion 10.9 (d) instead of Proposition 10.9 (c).

The assumption ©(X) < oo may be omitted if we assume convergence in
measure on every set of finite measure.

Using convergence in measure we may characterize strong convergence in L7,
and we may clarify the relationship between weak and strong convergence:

Proposition 10.10 Assume that p(X) < oo.
(a) (Vitali)'®® Let 0 < p < oo. We have || fo, — fIl, = 0 <= f, — f in measure, and

sup/|fn|" du—>0 as p(Ad) — 0.
n Ja

(b) Let 0 < r < p < oo. If (f,) is bounded in ¥ and f,, — f in measure, then

I fu = f1l, = 0.
(c) (Vitali-Hahn—Saks)'® The following equivalence holds in L':

fn—flli >0 f,—~f, and f,—f inmeasure.

Example The functions f,(f) := n'/Pe™" defined on [0, 1] have the following

properties®’:

¢ they are bounded in L? for all p € (0, o<];
* they converge to zero in measure;

18Vitali [471, p. 147]. This strengthens the dominated convergence theorem.

Vitali [471, p. 147]; Hahn [181]; Saks [408]. This contains Schur’s theorem (p. 84) as a special
case.

20We have already studied them in Sect. 10.1.
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* they do not converge strongly in L7.
This shows the optimality of (b) in the proposition.

Remark Convergence in measure is not necessary for weak convergence.?! For
example, the functions sin nt do not converge to zero in measure on any bounded
interval 7, but sinnt — 0 in o(L”, L) for all p € [1, co] by the Riemann—Lebesgue
lemma (p. 338).

Proof

(a) First we assume that || f, — f||, — 0. Then f, — f in measure by parts (a) and
(c) of the preceding proposition. Furthermore, for any fixed ¢ > 0 we may fix
an integer N such that || f, — f||, < ¢ foralln > N. By Lemma 7.14 (p. 235)
there exists a § > 0 such that

/|f|”dp,<£”, and /|fn|”du<£”, n=1,...,N—1,
A A

whenever ((A) < §. Then the following conditions are satisfied for all n > N:

P 4 P P
LMAdMSAUWdu+Lugf1du<%

if0<p<1,and

(frmran) < ([0 an) " ([ 15,1 au) "< 2s

if 1l <p<oo.

For the converse direction it suffices to show that (f,,) is a Cauchy sequence
in L. Indeed, then f,, converges to some g € L” by the completeness of L7, and
then also in measure by parts (a) and (c) of the preceding Proposition. Since
f» — f in measure by assumption, we conclude that f = g a.e. by the uniqueness
of the limit.

For the proof of the Cauchy property we fix ¢ > 0 arbitrarily, and we choose
8 > 0 such that

w(A) <5=>/|f,,|‘" du < &’ forall n.
A

Since f, — f in measure, we may choose a large N such that

u«m—ﬂng<§ forall n> N.

2IExcept some special spaces like £! by Schur’s theorem.
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Applying the triangle inequality this yields
w({|fn—ful = €}) <8 forall m,n>N.
Consequently, using the elementary inequality®”
e =y < max {1,277} (Ix” + [y[")

for x,y € R, we obtain following estimate for all m,n > N:

[L@—ﬁfdu
X
=/ Mrﬁfdu+/ U —fil? de
U fn—ful =€} {fn—ful<e}
smwﬂﬂ”%/ foul? + 1l dpe 4 p(X)eP
{ fn—ful=¢e}

< (max {2,27} + pu(X))e’.
We conclude by observing that the right-hand side tends to zero as ¢ — 0.

(b) Applying Holder’s inequality we have the following estimate for each measur-
able set A:

150 dn = [ x50 i < sl AT
A X
= @l
Since (f,) is bounded in L”, the right-hand side tends to zero uniformly in 7 as
(A) — 0. We conclude by applying (a).
(c) If || —fIl; — O, then f, — f by a general property of weak convergence, and

f» — f in measure by part (a) above.
For the converse direction, by (a) it suffices to show that

sup/|f,,| du—0 as pu(Ad) — 0.
n Ja

Using the decomposition

]EMduzji ﬁdu—/ fo dps
A AN{f,>0} AN{f, <0}

22The inequality was proved in Lemma 3.24 (p. 144) for 0 < p < 1. For p > 1 it follows from the
convexity of the function ¢ — |¢|’.



360

10 Almost Everywhere Convergence

it suffices to show that

/f,, du —0 as u(A) -0, (10.1)
A

uniformly in 7.

(10.1) holds for each n by Lemma 7.14 (p. 235). In order to prove the
uniformity in n we denote by L' the set of characteristic functions of measurable
sets.

L' is closed in L', and hence a complete metric space. Indeed, if y4, — gL',
then by the Riesz lemma (p. 184) there exists an a.e. convergent subsequence
XA, — 8 Then g(z) € {0, 1} for a.e. 1, i.e., g is the characteristic function of
some measurable set.

Fix ¢ > 0 arbitrarily. Since (f;,) is weakly convergent, the sets

Fy = {XAEZ,I : ’/A(fm—ﬁ)d,u‘fe for all m,nzN}

(N =1,2,...)cover L'. These sets are closed. Indeed, if x4, — ya in L', then
RAN AL + 1A\ A) = || xa, — xally = 0.
Applying (10.1) for any fixed m, n this yields the estimate

) /A(fm —Ju) du) = lim ) /A (fu —f) du| < e

Applying Baire’s lemma (p. 32) at least one of these sets contains a ball, say
B,(xa) C Fy. This implies the implication

1(B) <r = V(fm —f) du‘ <2¢ forall m,n>N. (10.2)
B

Indeed, using the relations

XB = xaup — Xa\p and  yaup. xa\z € B-(xa)

we obtain the inequalities
’/fm—fndu‘ =|[ fu—tudu|+ ’/ fo—fodpt| = 26,
B AUB A\B
Applying (10.1) forn = 1,...N, there exist r, ... ry > 0 such that

,u(B)<ri:>)/Bfid,u‘§£, i=1,...N. (10.3)
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Setting § := min{r,r; ..., ry} we deduce from (10.2) and (10.3) that

pL(B)<8:>)/Bf,,du)§3s for all n.

O

We have seen in classical analysis the difference between pointwise and uniform
convergence. This difference is smaller than expected from the point of view of
measure theory. As a byproduct we find a close connection between pointwise
convergence and convergence in measure.

Definition The sequence (f,) converges quasi-uniformly to f if for each § > 0 there
exists a set B of measure < § such that f,, converges uniformly to f on X \ B.

Quasi-uniform convergence implies a.e. convergence. Indeed, if f, — f quasi-
uniformly, then for each k = 1,2, ... there exists a set By of measure < 1/k such
that f, — f uniformly in X \ Bi. Then B := NBy is anull set, and f;, — f in X \ B.

By a surprising discovery of Egorov the quasi-uniform and a.e. convergences are
in fact equivalent:

Proposition 10.11 Assume that (X) < oo, and let f,, f be measurable, a.e. finite-
valued functions.

(a) (Egorov)® Iff, — f a.e., then f, — f quasi-uniformly.
(b) (Lebesgue)* Iff, — f a.e., then f, — f in measure.

Remark The functions f;, = x[s.+1) on X = R show the necessity of the assumption
(X)) < oo.

Proof

(a) Fix § > 0 arbitrarily. Since f, — f a.e., for each fixed positive integer k, a.e.
x € X belongs to the union of the sets

Bimwi=4{xeX : |fu—fl<1/k foral n>m}, m=1,2,....

Using the assumption ©(X) < oo, and applying Proposition 7.3 (c¢) (p. 216) to
the non-decreasing set sequence (B ), there exists a sufficiently large index m
such that £ (X \ Bim,) < 27%8. Then f, — f uniformly in B := N{2 By, and
w(X\B) <é.

(b) Given § > 0 and ¢ > 0 arbitrarily, we seek N such that

nllfu —fl >68}) <e forall n>N.

ZEgorov [121].
24Lebesgue [293].
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By Egorov’s theorem there exists a set of measure < ¢ such that f, — f
uniformly in X \ A. It remains to choose a sufficiently large N such that
|fi —fl<8inX\ Aforalln > N.

O

We end this section (and the book) by proving that a.e. convergence is not a
topological convergence in general. This explains some of the difficulties when
dealing with this notion.

Corollary 10.12 (Fréchet)? In L°([0, 1]) a.e. convergence is not topologizable.

Proof Consider the sequence of functions (f,) introduced on p. 307. Since it
converges to zero in measure, by the Riesz lemma (p. 354) every subsequence of
(f) has a subsequence converging a.e. to zero.

If a.e. convergence were topologizable, then by Cantor’s lemma (p. 36) we could
conclude that (f,) itself converges a.e. to zero. But this is false: the numerical
sequence (f, (7)) is divergent for every ¢ € [0, 1]. O

Remark Combining Propositions 10.9 (c), (d) and 10.11 (b) we conclude that
among the topological convergences, convergence in measure is the closest to a.e.
convergence.

Z5Fréchet [160].



Hints and Solutions to Some Exercises

Exercise 1.3. The vectors e; + - - - + ¢, form a divergent Cauchy sequence.
Exercise 1.4. Consider the identities

(cixi 4+ ax ey 4+ o) = lal + -+ lal?, k=1,2,....

Ifcixi 4+ -+ caxr =0o0rciy; + -+ + cyr = 0, then we conclude that |c1|2 +
R |ck|2 =0andhencec)y =---=¢, =0.

Exercise 1.6. If (f,) C M and f, — f, then f € M. Indeed, we deduce from the
relations

1 1 1
2 4 e 2
/Ofdt—/o =l dts/_lu fil?di—0

and the continuity of f that f = 0 in [0, 1].
If g € M+, then g = 0 on [—1, 0]. Indeed, the formula

rg(t) ift <0;

f(t)::{O ift>0

defines a function f € M, so that

1 0
0=/ fgdtz/ 2 g dr.
—1 1

Since g is continuous, we conclude that g = 0 in [—1, 0].
Hence

MMt Cc{feX : f(0)=0}.
The converse inclusion is obvious.
© Springer-Verlag London 2016 363

V. Komornik, Lectures on Functional Analysis and the Lebesgue Integral,
Universitext, DOI 10.1007/978-1-4471-6811-9
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Notice that X is not complete.
Exercise 1.8. Consider the sets H =R, M = Z and N = [0, 1).
Exercise 1.10. It suffices to choose an orthonormal basis in G: the proof of its
existence, given in the text, does not use completeness.
Exercise 1.11. The density has already been proved on pp. 7-8.

Second solution. The vectors e —e;, ej—es, . . . belong to M, and they generate 02,
Indeed, if x € £2 is orthogonal to them, then (x,e,) = (x,e;) for all n. Since
3 (x, e,)* < 00, (x,e,) = O for all n, and therefore x = 0.

The sequence (e; — ¢,) is linearly independent; by orthogonalization we obtain
an orthonormal basis of £2.

Exercise 1.12. The orthonormal sequence ey, es, . .. does not satisfy (a) because f
is not the sum of its Fourier series:

oo

Z(flven)en = Zen_n =fi —ei.
n=2

n=2

Nevertheless, it satisfies (d). Indeed, let x = c¢fi + c2ez2 + -+ + cpen be a finite
linear combination satisfying (x, e,) = 0 for all n > 2. Writing them explicitly we
have the equations

i
— ¢, =0, n=2,....m
n
and
c
— =0, n=m+1m+2,....
n
Hence we first deduce that ¢y = 0, and then that ¢, = 0 forn = 2,...,m. Thus
x=0.

Exercise 1.14.

(ii) LetF, = [n,00) CR,n=1,2,....
(iii) Let (e,) be an orthonormal sequence, and

F,:={ex : k>n}, n=12,...
or
F,={xeH : |x| =1 and xLlej,....xLe,}, n=12,....
Exercise 1.24." If Tx = x, then using ||T*| = ||T|| < 1 we get

2 2.
X" = (Tx.x) = (. T*x) < [lx]| - [IT*x]| < [lx]|”:

'We follow Riesz and Sz. Nagy [393].
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hence (x, T*x) = ||x|| - ||T*x| and ||T*x|| = |lx||. Using these equalities we obtain
that

= T*2” = Jel* = (. T7%0) = (T"x.2) + | T*x|* = 0,
i.e., T*x = x. Exchanging the role of T and T* we conclude that N(I — T) =

NI —T%).
Exercise 2.2.

(i) Consider the sequences x, :== n~'/? and y, := n="/9(Inn)=%/4.
(i) The sequence

K="V 27Vr kYR 00,..), k=1,2,...

converges in {9 <= g > p.

Exercise 2.4. Both sequences converge pointwise to zero. Since

n 1 n 1 n+1
sup x, = x, =(1- —(1- — 0,
n+1 n+1 n+1

the first sequence is uniformly convergent.
Since

w1
Supyn:yn(z l/): Z?L)Os

the second convergence is not uniform.
Exercise 2.5.

(i) Since |x(1)| < ||x||4 for all x € A, the linear functional is continuous, of norm

<1
(ii) First solution. For x,(t) = " we have x,(1) = 1 and ||xn||% =1/2n+ 1),
n=1,2,....Since

kO] D] _

seaxo Xl 7l

)

the linear functional is not continuous.

Second solution. Define y, € Abyy, =0in [0,1 — 1/n] and y,(1 —7) = ntin
[1 —1/n,1]. Theny,(1) = 1 and ||x,|3 = 1/(3n).
Exercise 2.6.

(i) The bilinear map g(x, y) := xy is continuous from Ay, X Ao into A, because

¥ lloe = I¥lloo - 1¥lloo
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for all x,y € A.
The linear map i(x) := (x, x) of Ao into Ao X Ao 1 Obviously continuous,
hence f = g o h is continuous, too.
(i1) The functions

2, (¢) := min {n,x_1/4}, n=12,...

satisfy

1
|mﬁ;£fmm:p¢%=z

for all n, and

1
Mﬁeéx*ﬁzm

Hence our map is not continuous.
(iii) The continuity of f follows from (i) because we have weakened the topology
of the space of arrival.

Exercise 2.10. Write [f] := f + L for brevity. If ([f,]) is a Cauchy sequence in X/L,
then there exists a subsequence satisfying

1] = U] <275 k=1,2,....

Choose hy € [fu,,] — [fw] such that ||| < 27% then h := Y Iy is a well-defined
element of X. Since

k—1 k—1

o = U] =D s —fud = D[,

i=1 i=1

we have [f, ] — [f,,] = [h] and therefore [f, ] — [h + f,,] in X/L.
Exercise 2.11.

() First solution. If B, (x;) D B,,(x2) D ---, then the sequence (r;) is non-
increasing, hence converges to some r > 0. Then we have B, _.(x;) D
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B,,—r(x2) D -+ because
E,l (x1) D Erz()cz) —rn=n-+ ||X1 —x2|| <~ El_r(xl) D Ez_,(xg).

We conclude by applying Cantor’s theorem.

Second solution.* If n > m, then ||x, — X,,|| < r,n—r,. Since () is a bounded
and non-increasing sequence, it is a Cauchy sequence. Its limit belongs to each
closed ball.

(ii) First solution.> We consider the linear subspace X := Vect{e|,es,...} of £!
with the restriction of the norm. Choose a sequence y = (y,) € £! withy, > 0
for all n, and consider the closed balls B,, (x,) with

X = 1,5 ¥0,0,0,..) and 1, =yu41 +Yug2+---, n=1,2,....

Second solution.* Let Y be the completion of a non-complete normed space X,
and y € Y \ X. Starting with an arbitrary point x; € X, we construct a sequence
(x,) C X satisfying ||y — x4+1]| < ||y — x|l /3, and we consider in Y the closed
balls F,, = B,,(x,) of radius r,, := 2 ||y — x,||.

If x € F,, 4, for some n > 1, then

X = xull < [l = X1 [l + X1 = Il + Iy — Xl
<20y = Xl F a1 = Y1+ Ny — xall
< 2|y —xall,

and hence x € F,.
Finally, since y € F), for all n and diam F,, — 0, NF,, does not meet X.
Exercise 2.12.

(i) Let K; D K, D --- be a decreasing sequence of non-empty bounded closed
convex sets in a reflexive space. Choosing a point x,, € K,, for each n we obtain
a bounded sequence. There exists a weakly convergent subsequence x,, — Xx.
Each K, contains all but finitely many elements of (x,, ), so that x € K,,,.

(i1) First solution. Consider in X = ¢ the sets

Ki=fx=W)ec : x1==x,= x| =1}, n=12,....
Second solution. If X is not reflexive, then there exists a non-empty closed convex

set K C X and a point x € X such that the distance d := dist(x, K) is not attained.
Set Kn =KnN Bd+n_l (X), 1, 2, e

2F. Alabau-Boussouira, private communication.
3M. Ounaies, private communication.
4With A. Besenyei.
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Exercise 2.13.

(1) In finite dimensions the bounded closed sets are compact, and we may apply
Cantor’s intersection theorem.

(i) In infinite dimensions there exists a sequence (x,) of unit vectors satisfying
X, — x¢]| > 1foralln # k> Set F,, := {x,, Xpt1....5,n=1,2,....

Exercise 2.17.

(iii) If X is reflexive, then there is a weakly convergent subsequence x,, — x of
(). Therefore ¢(x,,) — @(x) for each ¢ € X’. Since a (numerical) Cauchy
sequence converges to its accumulation points, ¢(x,) — ¢(x) for each ¢ € X,
ie., x, = x.

(i1) follows from (iii) because the Hilbert spaces are reflexive.

(i) follows from (iii) because the finite-dimensional normed spaces are reflexive,
and the weak and strong convergences are the same.

(iv) See Dunford and Schwartz [117].

(v) Setting x, := e; + --- + e, we get a weak Cauchy sequence because each
@ € c}, is represented by some (y;) € ¢!, and hence

o(xn) —9xm) = Ymt1 + -+ yp >0

as n > m — oo. Considering the linear functionals ¢ € ¢, associated with the
sequences e; we obtain that the only possible weak limit of (x,) is the constant
sequence (1,1,...). Since it does not belong to ¢y, (x,) does not converge
weakly.

(vi) Argue as in the last example of Sect. 2.5, p. 79.

Exercise 2.18. The linearly independent subsets of X satisfy the assumptions of
Zorn’s lemma, hence there exists a maximal linearly independent subset B. This is
necessarily a basis of the vector space X. Choose an infinite sequence (f,) C B,
define ¢(f,) := n|fy]| forn = 1,2,..., and define ¢(x) arbitrarily for x € B\
{f1./2,...}. Then ¢ extends to a unique linear functional ¢ : X — R, and ¥ is not
continuous.

Exercise 2.19. If a normed space X has a countably infinite Hamel basis f1, /3, . . .,
then X is the union of the (finite-dimensional and hence) closed subspaces

Vect{fi,....fa},n = 1,2,.... Since none of them has interior points, by Baire’s
theorem X cannot be complete.
Exercise 2.20.%

(i) For each 6 € [0,7) let Sy be the intersection of Z> with an infinite strip of
inclination 6 and width greater than one. Each Sy is infinite, but the intersection
of two such sets belongs to a bounded parallelogram and hence is finite. Since

3This was an application of the Helly-Hahn—-Banach theorem in the course.
5We present the proofs of Buddenhagen [67] and Lacey [276], respectively.
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(0,1) C [0, 7) and since there is a bijection between N and Z?, the desired
result follows.

(ii) By the Helly-Hahn—Banach theorem there exist two sequences (x,) C X and
(¢n) C X' satisfying ¢, (xx) # 0 <= n = k. Then (x,) is linearly independent;
moreover, no x, belongs to the closed linear span of the remaining vectors x;,.
We may assume by normalization that the sequence (x;) is bounded. Then the
vectors

Z;— re0,1)

neN;

form a linearly independent set of vectors, having 2% elements.

Exercise 2.21.

(1) Consider the sets N; of the preceding exercise. Setting

. 1 ifnenN,,
X

0 otherwise

we obtain 2% linearly independent functions x' € £°°.
Since £ itself has 2% elements, its Hamel dimension is 2%°.
(i) Fix a sequence of vectors xp, Xz, . .. satisfying

[lx.|| = dist (x,, Vect {x1,...,x,—1}) =37", n=1,2,...

and define

o

Ac = chxn eX

n=1
for all ¢ € £°.

These vectors are well defined because X is complete and

o0 o0
Y llewinll < llelloo Y Il < o0
n=1 n=1

It remains to show that Ac = 0 implies ¢ = 0.
We have for each positive integer N the following estimate:

lAc]l =

00
E CnXn

n=N+1

N
§ CnXn
n=1
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o

>Jen] 37N = > el 37
n=N+1
o0
> ew] 37V = el D 37"

n=N+1

If Ac = 0, then

> 1
levl < llelloo D237 = 5 llelloo
n=1

1
for all N; therefore ||c||o, < 3 lc|l oo and thus ¢ = 0.

Exercise 4.1. The set of continuous functions f : R — R has the power 2%
of R because it is determined by its values at rational points. The set of jump
functions also has the power 2%, Consequently, the set of monotone functions has
the power 2%,

On the other hand, the set of null sets has the power of 22%0 5 oo,
Exercise 4.2. It suffices to prove that the line y = x + o meets C x C for each
a € [—1,1]. We recall that C = NC, where each C, is the disjoint union of 2"
intervals of length 37". Hence each C,, x C, is the disjoint union of 4" squares of
side 37".

Prove that the line y = x + o meets at least one of the squares in C; x C, say S;.

Next prove that y = x 4+ o meets at least one of the squares in C; x Cj, lying in
S1, say Ss.

Construct recursively a decreasing sequence of squares Sy, S, . . ., each meeting
the liney = x + «.
Exercise4.7.a > Bora = <0.
Exercise 4.11. Apply Jordan’s theorem in (i), Cantor’s diagonal method in (ii) and
(v), and use Proposition 4.2 (a), p. 153.
Exercise 5.6. (1) There is a compact subset of positive measure. Apply the Cantor—
Bendixson theorem. (ii) All subsets of Cantor’s ternary set are measurable. (iii) For
otherwise A is countable. (iv) Apply Vitali’s method modulo 1.
Exercise 5.7. See Rudin [404].
Exercise 6.1. (i) f is continuous and strictly monotone. (ii) The image of its
complement is a union of intervals of total length one. (iii) Consider the inverse
image of a non-measurable subset of f(C).
Exercise 6.2. (i) For « = 0 we can take Cantor’s ternary set. For o € (0, 1) modify
the construction by changing the length of the removed open intervals. (ii) Take
A = UC,, with a sequence a,, — 1. (iii) Take the complement of A.
Exercise 7.2. Let u(A) = 0 if A is finite, and @ (A) = oo otherwise.
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Exercise 7.3. If A C R is a non-measurable set, then
{(x,x) e R : x € A} (10.1)

is a two-dimensional null set.

Exercise 7.5. See, e.g., Riesz and Sz.-Nagy [394] and Sz.-Nagy [448] for detailed
proofs and applications to Fourier series and to the Riesz representation theo-
rem 8.23 (p. 291).

Exercise 7.6. a > 0.

Exercise 7.7. Consider in R the measure generated by the length of bounded
subintervals of [0, co).

Exercise 7.8. For example, let

1 fx<y<x+1,
Sy i=49-1 ifx—1 <y <2,

0 otherwise,

1 if0<x<y<2x,
flxy)i=9-1 if0<2x<y<3x,

0 otherwise,

1—2771 ifx,ye(nn+1),
fxy) =327 -1 ifx,y—1€ mn+1),

0 otherwise

forn=0,1,2,...,

1 if0<y<ux,
falx,y) = ~fa(—x,y) == (-1 ifx<y<2x,
0 otherwise.

Exercise 7.9.

(iii) If () is a §-cover with 0 < § < 1 and ¢ > s, then

o

o0
QI =87y
i=1

i=1
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Hence
Hy(A) < 8 H}(A).
If H°(A) < oo, then
ST H{(A) <8 H(A) - 0

as § — 0, and therefore H'(A) = 0.

Exercise 8.1. Use Dini’s theorem.

Exercise 82. If ¢; |x —x1| + -+ + ¢, |x —x,] = 0 in I, then each term on the
left-hand side is differentiable everywhere.

Exercise 8.4. (We follow Natanson [333].)

(i1) The case d = 0 is trivial. In the case d > 0 prove the following assertions:

e There exists a subdivisiona = x¢ < --- < x, = b such that the oscillation
of f — p is less than d on each subinterval.

e Let us denote, numbering from left to right, by I,...,I, those closed
subintervals where max |f — p| = d. Choose a point x; between I; and I;4
whenever the sign of f — p is different on [ and [;;. If property (ii) fails,
then the product w of the corresponding factors x — x; belongs to P,.

* Changing o to —w if necessary, w and f — p have the same signs on each
subinterval Iy, ..., I,.

¢ If ¢ > 0is sufficiently small, then | f — p — cw| < d on [a, b].

(iii) Assume that both p, g € P, are closest polynomials to f. Prove the following
assertions:

e r:=(p+ q)/2 also satisfies |f —r| < d on [a, b].

e There exist n + 2 consecutive values a < x; < -+ < Xx,42 < b at which
f(x;)) — r(x;) = £d, with alternating signs.

s (f=p)x) = (f —q)(x) = (f — r)(x;) for each i.

* p — g vanishes at more than n + 1 points, and hence p = q.
Exercise 8.5.
(i) follows from Bessel’s inequality (Proposition 1.16, p. 29).
Exercise 8.8.

(i) If

I 1) 1y
t:2<— j—— cee —_ cee
3+32+ +3"+ )
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and
[ t
! = 2(_1 2 4.4 )
R R
are two points of C such that 7, # ¢, then |t —¢| > 1/3". Therefore, if
|t—7| < 1/3% thent; =1, fork = 1,2,...,2n and therefore

| —f)] < 1/2, i=1,2.

(iii) Since [0, 1]\C is a union of pairwise disjoint open intervals, and since f; is
defined at the endpoints of these intervals, we may extend f; linearly to each
open interval.

(iv) Definea € (0,1) by 9* = 2. If

<|t-7| < 1
9n+1 on

for some integer n, then the above computation shows that

11 .
[0 =f)] = 5 = g = 9|t =7

Hence f is Holder continuous with the exponent «.

Exercise 8.10. Using the complexification method (2.16) of Murray (p. 112) we may
assume that L,, is complex linear.
If k > m and A (x) := e, then (Tshy)(x) = e h(x), and therefore

b4

(T—sLyTshi)(x) ds = / ' ¢ (Lnhy) (x — 5) ds = 0

—T —T

because L,/ has order < k and thus is orthogonal to /.
Exercise 8.11.

(iv) If ¢, is the first non-zero coefficient in Y ¢,f;, then f;,(x,,) = 0 for all n > m,

and hence Y c,fu(xm) = cunfou(xm) = cm # 0.
Exercise 9.1.
(iii)) Modify Fréchet’s example (p. 307) by making the functions continuous.
Exercise 9.3.
(i) Foreachn = 1,2,... we define f, € M, such that f,, = f in [1/n, 1], and f, is
affine in [0, 1/n] with £,,(0) = A. Then

A+ 11/ loo

If =tully = T
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(ii) First solution. Given f € H and ¢ > 0 arbitrarily, first we choose g € H
satisfying || f — g|| < & and vanishing in a neighborhood of 1, and then we
choose a polynomial p such that ||g — p|lo < €. Then |p(1)| < &, and hence the
polynomial P := p — p(1) satisfies P(1) = 0 and

If =PIl < lf = gll+llg = pllI+llp = Pll < [If = gll+llg = Plloc+IP(D] <3e.

Second solution. The linear functional ¢(P) := P(1), defined on the linear
subspace P of the polynomials is not continuous, because id" — 0 for the norm
of X, but ¢(id") = 1 does not converge to ¢(0) = 0. Therefore its kernel N(¢) is
dense in P. Since P is dense in X by the Weierstrass approximation theorem, N(¢)
is dense in X.

Exercise 9.4. We have M = 11 and hence M+ = 11+ = Vect{1} is the linear
subspace of constant functions.

Exercise 9.6. If (ey) is an orthonormal sequence and 0 < r < «/5/ 2, then the
pairwise disjoint balls B, (ex) belong to the ball By4,(0).

Exercise 9.7. Set f(t) = y(0.)-

Exercise 9.9.

(iii) Consider the functions

x(t) ;=" and  x(r) := V9 |Ing| 71



Teaching Remarks

Functional Analysis

* Most results of functional analysis and their optimality may be and are illustrated
by the small 7 spaces.

* Although we assume that the reader is familiar with the basic notions of topology,
we could not resist presenting a little-known beautiful short proof of the classical
Bolzano—Weierstrass theorem, based on an elementary lemma of a combinatorial
nature, perhaps due to Kiirschik (p. 6).

* We have included in the English edition a transparent elementary proof of the
Farkas—Minkowski lemma, of fundamental importance in linear programming
(p. 133), the Taylor-Foguel theorem on the uniqueness of Hahn—Banach exten-
sions, and the Eberlein-Smulian characterization of reflexive spaces.

* The simple proof of Lemma 3.24 (p. 144) may be new.

* Chapter 1 and the first seven sections of Chap.2 may be covered in a one-
semester course if we omit the material marked by *. Chapter 3 may be treated
later, in a course devoted to the theory of distributions.

o It seems to be a good idea to treat the £” spaces only for 1 < p < oo in the
lectures, and to consider £!, £%°, ¢, later as exercises.

The Lebesgue Integral

* For didactic reasons Chap.5 is devoted to the case of functions f : R — R.
However, it is shown subsequently in Chap. 7 that all results and almost all proofs
remain valid word for word in arbitrary measure spaces. This approach may lead
to a better understanding of the theory without loss of time.
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» Applying Riesz’s constructive definition of measurable functions we quickly
arrive at essentially the most general forms of the Fubini—Tonelli and Radon—
Nikodym theorems. For strongly o-finite measures this is equivalent to the
familiar inverse image definition. Otherwise the latter definition is weaker (in
this book it is called local measurability), and, as we explain at the end of
Sect.7.7, the usual unpleasant counterexamples to some important theorems
appear because of this weaker measurability notion.

* A one-semester course could start with the definition of null sets and with
Proposition 4.3 (p. 155), followed by Chaps.5 and 7, except Sect.7.7. We
suggest, however, to state without proof two further classical theorems of
Lebesgue on the differentiability of monotone functions and on the generalized
Newton-Leibniz formula (pp. 157, 204), and to treat briefly the L” spaces by
following Sect. 9.1 (p. 305) in Function spaces.

Function Spaces

* In order to make our exposition of functional analysis more accessible, we have
avoided the spaces of continuous and Lebesgue integrable functions. This was
anachronistic, because it was precisely the investigation of these spaces that led
to the first great discoveries of functional analysis. Since they continue to play an
important role in mathematics and its applications, we devote the last part of the
book to these spaces.

* Contrary to the preceding parts, we give several different proofs of various
important theorems, in order to stress the multiple interconnections among
different branches of analysis.

* We present a large number of important examples that are not easy to localize in
the literature.
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