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Preface

‘Mass transfer and separation processes’ constitutes a core course of undergraduate programmes
in chemical engineering. I started teaching it at the University of Calcutta more than thirty years
ago. In the process of sharing with the students the joy and hardship of studying the subject, I
felt that some inadequacies remain in the available texts despite the fact that some of them are
excellent treatises. Ideally, a text in this area should present a balanced mix of fundamentals and
applications with a flavour of recent developments and trends. This will give the students a sense
of completeness and help them in their comfortable and confident transition to a chemical
engineer. This volume—a new book on an old subject—is an attempt towards this direction.

Mass transfer deals with transport of a species in a mixture in a single phase or across a phase
boundary in the presence of a concentration driving force. The application of the principles of
mass transfer is ubiquitous in both non-living and living world, and the concepts involved cut
smoothly across the fading interdisciplinary boundaries. The concept of mass transfer and
separation processes as well as the organization of the book has been briefly outlined in the first
chapter that essentially serves as an introduction. The basic principles of mass transfer have been
discussed in Chapters 2 to 4 citing numerous examples from diverse areas to elucidate the theory
with due emphasis on physical understanding and to impress upon the readers the vast scope of
the subject. The remainder of the book is mostly devoted to separation processes although several
fundamental principles that could not be elaborated in Chapters 2 to 4 have been taken up in the
latter chapters depending upon the needs. An attempt has been made to cover most of the topics
of the subject in this sixteen-chapter book. Descriptions of construction and operation of
separation equipment, which are not adequately covered in the available texts on the subject, are
strewn throughout the book. An entire chapter has been devoted to gas—liquid contacting
equipment. Principles and methodologies of design of separation equipment have been
illustrated. Recent developments in both theory and applications have been covered selectively
and references have been cited.

Assimilation of solved examples and working out solutions to exercise problems are perhaps
the best ways of placing one’s understanding of a subject on a solid foundation. Keeping this in
mind, about one hundred and fifty numerical examples have been used to illustrate the principles
and applications. More than twice that number constitutes chapter-end problems, many of which
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xii Preface

relate to practical situations and applications. More than five hundred short and multiple choice
questions have been designed to provoke the thought process and enhance the understanding of
the students. In deviation from other similar texts, hints to the solutions to many chapter-end
problems have been provided. These should provide the students with substantial activation
energy to venture into problem-solving. The problems have been superscripted 1, 2 or 3
depending upon the degree of difficulty. The crux of a problem has been indicated at the
beginning of the problem statement. Complete solutions to the problems are available in the
Solutions Manual for the instructors.

The manuscript has been checked thoroughly, but mistakes may still be there. I shall greatly
appreciate if the readers kindly bring those to my notice. Suggestions for improvement are
always welcome. Although the book is primarily intended for undergraduate students, it will also
be useful to both postgraduate students and practising engineers.

It is my great pleasure to put on record my indebtedness to my students for the stimulus I
received from them over the years. I am thankful to Professor P. Ray, Dr. Sampa Chakrabarti,
Dr. Basab Chaudhuri and Professor Sekhar Bhattacharjee, my colleagues (the last three are my
former students as well) to name a few, who all helped me in many ways in course of preparation
of the manuscript. I am grateful to a number of organizations who allowed me to use pictures
of their products and relevant information. I thank my former students Mr. Abhijitbikash Pal,
Dr. Basudeb Saha, Professor Ajay K. Ray and Dr. Swapan Dhara, for various kinds of help
offered by them. Dr. Dhara provided a few pictures of the operating units of Haldia
Petrochemicals Limited. Finally, the encouragement I received from Ratna, my wife, and Joyita,
my daughter, proved invaluable in all stages of this work.

Binay K. Dutta



Introduction

Separation of mixtures constitutes a major class of operations in the chemical process industry
(CPI) and allied industries. Some mixtures are amenable to separation by purely mechanical
techniques. Typical examples comprise separation of suspended solids from a liquid by filtration,
settling or centrifugation; separation of a mixture of solid particles of different sizes/densities by
elutriation; separation of suspended small particles from a gas by a cyclone or a bag filter; or
separation of two immiscible liquids by phase separation followed by decantation. But there are
many other mixtures, like gas and liquid mixtures (or solutions) in general, which cannot be
separated by any of the above techniques. The strategy of separation of such a mixture is based
on the use of either an externally supplied agent (for example, water is used to separate ammonia
from a mixture with another gas by absorption, or, say, the separation of an organic vapour from
a mixture with other gases by adsorption in active carbon) or by an input of energy (for example,
distillation wherein the thermal energy is used to separate the more volatile component from a
solution). The separation processes of this kind are based on the principles of mass transfer and
have traditionally been called mass transfer operations.

Before going into a brief overview of the separation processes commonly used in chemical
and allied industries, it will be pertinent to make an attempt at defining mass transfer and to cite
a few examples to establish how the phenomenon of mass transfer is inherent to a variety of
natural processes including the life processes. Mass transfer is the transport of a species from
one point to another in a single phase or from one phase to another generally in the presence of
a difference in concentration (or partial pressure), called the ‘driving force’. There are numerous
examples of this phenomenon. Aquatic life uses oxygen dissolved in water for survival and the
supply of oxygen mostly comes from air. The concentration of oxygen in natural water is less
than what it should be at saturation or at equilibrium. As a result, oxygen gets absorbed in the
water of lakes, rivers and oceans. The phenomenon of transport of oxygen from air to water
is a ‘mass transfer’ process since it is caused by a concentration driving force. The driving force
gives a measure of how far a system is away from equilibrium. The larger the departure of a system
from equilibrium, the greater is the driving force and the higher is the rate of transport. Water
exposed to air will absorb oxygen faster if it has a low concentration of oxygen. If a limited
volume of water eventually gets saturated with oxygen, it loses its ability to absorb gas any further.

1



2 Chapter 1 Introduction

Absorption of oxygen of air into blood occurs in the lungs of an animal in the process of
respiration. The absorbed oxygen is supplied to the tissues through blood circulation. Oxygen is
consumed and carbon dioxide that is generated remains dissolved in the blood. As the blood is
pumped back into the lungs, the carbon dioxide gets ‘desorbed’ and leaves with the exhaled air.
Thus the absorption of oxygen and the elimination of carbon dioxide occur simultaneously in the
lungs. An ‘artificial heart-lung machine’ does the same job of oxygenation of blood and purging
it of carbon dioxide when a patient undergoes a heart operation. Hydrolyzed food materials get
absorbed in the intestine by mass transfer. So does a drug orally administered to a patient. An
ointment externally applied diffuses through the minute pores in the skin. In fact, the mass
transfer principles play a major role in a physiological system in diverse ways. Let us take a look
at a few other applications. Consider the case of removal of moisture from food grains by drying.
The moisture present in a grain diffuses through it, reaches the surface and gets desorbed into
the surrounding air. This continues till the vapour pressure exerted by water present in a grain
is higher than the partial pressure of moisture in the surrounding gas; and the drying process
stops when these two pressures become equal. This is again a process of mass transfer. A solid
dissolves in a liquid by a mass transfer process till the liquid becomes saturated. But a
supersaturated solution rejects the excess solute in the form of crystals since the driving force
is now reversed. A variety of substances like CO,, CO, unburnt hydrocarbons, particulates, etc.
issuing from a stack as a plume get dispersed in the ambient air by ‘eddy diffusion’, which is
a mass transfer phenomenon. The process of doping the junctions of a silicon semiconductor
device by a substance like gallium, boron, arsenic, etc. is based on the principles of mass transfer.
The dispersion of a pollutant discharged at a point in flowing water is a mass transfer
phenomenon. Since all of these phenomena are caused by a concentration driving force, we may
call them ‘mass transfer’. However, a mechanical transfer or shifting of a mass or a body from
one place to another is not a mass transfer phenomenon since it is not caused by a concentration
driving force. For the same reason, the separation of a solid from a liquid by filtration or
centrifugation, or the separation of liquid droplets from a vapour in a knockout drum are not mass
transfer phenomena but are definitely examples of mechanical separation processes.

Mass transfer may be diffusional or convective. A purely diffusional mass transfer
phenomenon occurs in the absence of any macroscopic motion in the medium. The migration
of moisture within a grain during drying is purely diffusional. The transport of a reactant or a
product through the pores of a catalyst pellet occurs by diffusion. When mass transfer occurs
in a fluid medium which is in some sort of motion, the rate of mass transfer increases greatly. This
is convective mass transfer although molecular diffusion has an inherent role to play. The stronger
the flow field and mixing and turbulence in a medium, the higher is the rate of mass transfer.

Mass transfer is a transport process. It is one of the three major transport processes central
to chemical engineering operations. The other two transport processes are momentum transport
and heat transport. Similar physical laws govern the rates of transport of momentum, heat and
mass. But studies of heat transfer and of mass transfer have more in common and similar
approaches are made for analyses of many mass and heat transport problems. However, one
notable difference between the two is that practical heat transfer operations mostly occur through
indirect contact. The two phases exchanging heat are kept separated by a thermally conductive
medium. In an evaporator, for example, the latent heat of steam is transferred through a tube wall
to the solution boiling on the other side. On the other hand, most mass transfer operations occur
through direct contact. The phases exchanging mass through direct contact are immiscible or
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partially miscible. If the phases are miscible, a selectively permeating barrier (like the tube wall
in heat transfer) may be placed between them to effect mass transfer without physical mixing
of the phases. Membrane gas separation is an example of selective transport through a permeating
barrier and is an indirect contact process. Another important difference is the fact that the two
phases in thermal equilibrium have the same temperature, but the two phases in equilibrium in
respect of mass transfer do not necessarily have the same concentration of the solute. In fact,
in most cases, they do not have the same concentration. The concentrations of the species in
the two phases bear a thermodynamic relation called the ‘equilibrium relation’. The simplest
equilibrium relation is a linear relation of Henry’s law type. It is to be noted that the driving force
in mass transfer is expressed in a number of different ways depending upon convenience,
whereas in heat transfer the driving force is always expressed in terms of temperature difference.
Further, mass transfer is likely to affect the flow rates of the phases as well as the molecular
motion near the phase boundary. All these factors together make the principles of mass transfer
and their applications seemingly a bit more involved than their heat transfer counterparts.

The principles of mass transfer, both diffusional and convective, form the basis of most of
the separation processes used in the chemical industries. Here we define a separation process as
a technique that transforms a mixture of substances into two or more products differing in
composition (King, 1980). In this text we shall deal with concentration-driven separation
processes only and not with the mechanical separation processes. As a prerequisite to understand
the individual separation processes, the principles of mass transfer—basically the principles of
diffusion and convective mass transfer—have been discussed in Chapters 2, 3, and 4. Chapter
4, in fact, deals with the elementary principles of mass transfer from one phase to another and
these principles are applied to quite a few separation processes described in the latter chapters.
Many separation processes or mass transfer operations are carried out in a stage-wise fashion
and this concept of a stage-wise process has been introduced in Chapter 4. Chapters 6 to 9 and
11 to 14 describe the more common separation processes used in the chemical industries.

Separation of mixtures accounts for about 40 to 70% of both capital and operating costs of
a chemical industry (Humphrey and Keller, 1997). The cost of separation of high-value products
from a dilute solution (as in the case of recovery and concentration of bioproducts) may entail
even 90% of the operating cost of a plant. Some kind of separation process is necessary almost
in every stage from purification of raw materials to product separation and treatment of effluent
streams. This is schematically shown in Figure 1.1. The core separation processes in the
chemical industry are: gas absorption and stripping, distillation, liquid-liquid and solid-liquid
extraction, drying of a wet solid, adsorption, crystallization, membrane separation and separation
of multicomponent mixtures. All these separation processes involve mass transfer from one
phase to another. Such two-phase systems may be categorized as gas (or vapour)-liquid, liquid—
liquid, gas—solid, and liquid—solid.

Gas or (Vapour)-liquid contact

Separation of a soluble species from a gas mixture by using a solvent is called ‘gas absorption’.
This is a gas—liquid contacting operation. A typical application is the separation of CO, from the
ammonia synthesis gas using a solvent like aqueous ethanolamine or carbonate—bicarbonate
buffer (Chapter 6). The absorbed gas is recovered by ‘stripping’ when the solvent also gets
regenerated and fit for reuse. The most common technique of separation of a liquid mixture is
fractional distillation. This technique (Chapter 7) relies upon the difference in volatility of a
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Figure 1.1  The role of separation processes in a chemical industry.

component over another in the mixture. Heat is supplied to vaporize a part of the liquid which
flows up through a properly designed column and gets into intimate contact with a down-flowing
liquid when the exchange of the component occurs. The more volatile components migrate into
the vapour phase and the less volatile ones get transferred into the liquid phase. The concentration
of the more volatiles increases up the column and that of the less volatiles increases down the
column. The top product, which comes up as a vapour, is condensed. The less volatile part is
taken out as the bottom product.

Liquid-liquid contact

If some or all of the components have low volatility and are thermally unstable in a liquid mixture
or solution, it becomes convenient to introduce a suitable liquid, called solvent, into the separation
device to extract the target compounds. This is liquid-liquid extraction (Chapter 8). The desired
species is recovered from the extract by using another separation technique, say distillation or
crystallization. Thus, penicillin is extracted from the fermenation broth by using an ester like butyl
acetate and the final product recovery is done by crystallization.

Solid-liquid contact

One type of solid-liquid contact operation aims at solubilizing or extracting a target substance
from a solid matrix. This is ‘solid-liquid extraction’ or ‘leaching’ (Chapter 9). Some typical
examples are acid-leaching of ores or extraction of oil from flaked oil seeds or fragrance from
flowers. Another type of solid-liquid operation involves simultaneous separation and purification
of a substance from a supersaturated solution by ‘crystallization’. A dissolved solute, particularly
at a low concentration, can be conveniently separated by using a solid ‘agent’ that adsorbs the
target substance. The solid adsorbent loaded with the solute is now further treated to recover
the product. Here the adsorbent plays the same role as a solvent does in gas absorption. Another
important case of solid-liquid contact is the separation of an ionic species from a solution by a
solid ion exchange resin.

Gas-solid contact

Separation of a solute from a gas mixture can sometimes be done by adsorption in a solid material.
The adsorbed solute is recovered frequently by thermal stripping. Another important application
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of gas—solid contacting is for drying of a moist solid using a drying gas. The hot gas is brought
in intimate contact with the solid when the moisture leaves the solid and migrates into the gas as
avapour. A common application is the separation of organic vapours present in low concentration
in a gaseous emission by using a bed of active carbon. Gas—solid contact also occurs in a less
common separation like gas chromatography.

From the above description, it appears that a separation process needs some kind of a
separating agent to split a mixture into more than two streams of different compositions. For
example, a gas mixture gets separated when it is in contact with a solvent that selectively or
preferentially absorbs one or more components. Here the solvent is the separating agent. The
separating agent is left out after a job is completed. Thermal energy is the separating agent in
distillation. It is supplied for vaporization of a liquid mixture and is removed from the top vapour
when it is condensed. In liquid-liquid extraction, the externally added solvent is the separating
agent. It is removed from the extract to recover the product. A hot gas is the common separating
agent in drying and an adsorbent is the agent for separation by adsorption. Table 1.1 gives a list
of the separating agents for the common separation processes.

Table 1.1  Separation processes, separating agents and typical applications (after Humphrey, 1995)

Sepatration process Separating agent Typical applications

Gas absorption and stripping  Solvent Removal of CO, from synthesis gas; removal of CO, and H,S from
natural gas; stripping volatile substances from wastewater by steam.

Distillation Heat Fractionation of crude oil; separation of air.

Liquid-liquid extraction Solvent Removal of aromatics (benzene, toluene and xylene) from gasoline
reformate; recovery of penicillin from fermentation broth.

Solid-liquid extraction Solvent Extraction of caffein from coffee; extraction of herbal products from
barks and leaves.

Drying Heat/drying gas Drying of fruits; drying of polymer beads; drying of ceramic items
before firing.

Adsorption Adsorbent solid Separation of organics from a gas or an aqueous solution; drying of air

lon exchange lon exchange resin  Demineralization of water; separation of salts.

Crystallization Heat (removal) Production of salt, sugar, etc.

Membrane separation Membranes Desalination of water; preparation of absolute alcohol; concentration of

fruit juice; air separation.

A good understanding of the construction and operating principles of separation equipment
is essential for an overall grasp of the area. Considerable space has been devoted in respective
chapters to address these aspects. Recent developments in equipment have been included as
far as possible. The selection criteria for an equipment, from several available alternatives for a
particular separation job, have also been discussed. The procedure of equipment design and
sizing has been illustrated by simple examples. Since gas-liquid and vapour-liquid contacting,
particularly distillation, is more frequent in process industries, an entire chapter (Chapter 5) has
been devoted to the description of the basic features of the relevant equipment including the
recent modifications.

Separation using a membrane as the separating agent or a separating barrier is now an estab-
lished strategy. Spectacular developments have taken place in membrane casting and module
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design to exploit the separation capability of membranes for a variety of applications. An overview
of different applications and aspects of membrane separation have both been discussed in Chapter 14.

Humidification and water cooling is necessary in every process industry. This operation
cannot be considered a separation process since the basic objective is not the separation of a
stream. However, it is a very useful practical example of simultaneous heat and mass transfer.
It has been discussed in Chapter 10.

Unsteady state diffusion occurs in many natural processes relevant to applications in
chemical engineering and allied areas. It is a vast area and an in-depth discussion cannot be made
in a textbook of this size. Similarly, mass transfer accompanied by a chemical reaction is common
to many gas absorption processes and quite a few liquid extraction processes. Elementary
principles of these topics have been dealt with in Chapter 16.

Besides the separation processes described above, there are less common techniques such
as electrophoresis, electrodialysis, zone messing, etc. used for specific separations. The first two
are typical processes in which the major driving force is electrical (difference in voltage). These
techniques have been kept out of scope of this text.

During the last few decades spectacular developments have taken place in several new areas
such as materials, biotechnology, pharmaceuticals, and alternative fuels. These developments are
accompanied by challenging separation problems often beyond the scope of the traditional mass
transfer operations. Improving selectivity of separation by using better separating agents (for
example, better solvents), concentration of high-value products from dilute solutions, improving
efficiency and reducing equipment size, reducing energy requirements are a few of these
challenges. In addition, growing concern for environment and rising energy costs are the two
major factors having significant influence on reshaping separation processes. Some of these
issues have been discussed very recently by Noble and Agrawal (2005).

On a broader perspective, the two important present-day criteria of evaluation of a process,
new or conventional, are whether it is ‘sustainable’ and ‘green’. Alongside development and
adoption of green technologies, has come up the idea of ‘green separation processes’. A few of
their attributes have been mentioned above. So far as the chemical process industries are
concerned, green technologies and green separation processes are complementary. A recent
monograph by Afonoso and Crespo (2005) is devoted to reviewing and exploring the potentials
of such processes.
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Molecular Diffusion

It is a matter of common experience that the molecules of a species move from a region of higher
concentration to that of a lower concentration tending to make the concentration in the medium
uniform. Thus a drop of ink released in the water in a glass gradually spreads to make the water
uniformly coloured; the fragrance of a bunch of roses kept on the centre table of the drawing
room reaches out even to a remote corner of the room; or the smell of petrol is felt when a
car is being fuelled. All these observations are attributed to a basic natural phenomenon called
‘diffusion’. The transport of molecules from a higher concentration to a lower concentration in
a stagnant medium occurs by a mechanism called ‘molecular diffusion’, while in a turbulent
medium the phenomenon called ‘eddy diffusion’ or ‘turbulent diffusion’ has the major role to
play. This latter process occurs through random motion of the fluid elements and is much faster
than molecular diffusion. The tendency of equalization of concentration occurs since there is a
difference in concentration (or partial pressure) of the species between two points, and this
difference in concentration is called the ‘concentration driving force’ in mass transfer.

The transport of a species from a point of higher concentration to a point of lower concen-
tration in a medium by molecular diffusion becomes important if the medium is stagnant or in
laminar motion. But molecular diffusion does not have a significant role to play in mass transfer
in a turbulent medium except in a region very close to the phase boundary. Consider, for example,
vaporization of a layer of water. If the surrounding air is stagnant, vaporization occurs rather
slowly since water molecules escape from the surface by molecular diffusion which is a slow
process. If there is flow of air over the water layer, the rate of vaporization becomes faster.
However, the air velocity remains low in a narrow region adjacent to the water surface where
transport by molecular diffusion plays an important role.

Since the mass transfer operations mentioned in Chapter 1 are based on diffusional phenomena,
the study of molecular diffusion is essential for understanding these phenomena. In this chapter,
we shall explain the theoretical framework of the analysis of diffusion and develop suitable equations
to calculate the rate of transport of a species in a medium by molecular diffusion under a given
set of conditions. The rate of molecular diffusion is intimately connected with molecular velocity
and concentration difference (or driving force). The concentration, the molecular velocity and
the flux of a species in a mixture can be expressed in a number of ways as described below.
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b Chapter 2 Molecular Diffusion

2.1 CONCENTRATION, VELOCITY AND FLUX

2.1.1 Concentration

The concentration of a species in a solution is generally expressed in terms of one of the
following:

p; = ‘mass concentration’ of the species i (i.e. mass of i per unit volume of the solution or
mixture), in kg/m> (or 1b/ft)
p = ‘total mass concentration’ of all the species in a solution, in kg/m?> (or 1b/ft3); the total

mass concentration p is nothing but the density of the solution
w; = p/p = mass fraction of the species i in a solution
C
C
x; = C/C = mole fraction of the species i in a solution.

molar concentration of the species i in a solution, in kmol/m> (or lbmol/ft)

total molar concentration of the solution, in kmol/m> (or Ibmol/ft>)

If there are n species in a solution, we have the following relations.

Zn:pi =p; zn:Ci =G zn:wi =1; zn:xi =1
i=1 i=1 i=1 i=1

In a gas mixture, the ‘concentration’ of a species is more commonly expressed in terms of
its partial pressure p;, or the mole fraction, y; = p,/P, where P is the total pressure. It is customary
to denote the mole fraction of a species i by x; in a solution (liquid) and by y; in a gas mixture.

2.1.2 Velocity

In a liquid solution or in a gaseous mixture, the various components or species move with different
velocities. By ‘velocity’ we mean both the molecular velocity in the microscopic scale and the
bulk motion. By bulk motion we mean the motion in a fluid caused by a pressure difference. A
diffusing species moves with a velocity greater than the average velocity of the medium. Two
types of average velocities with respect to a ‘stationary observer’ are defined in this connection.

Mass average velocity

In an n-component mixture, the mass average velocityT u is defined as

n
pilt;
E i4i ) 1 n

= -y == E,Pi“i (2.1
p “

E,Pi =

i=1

where u; is the linear velocity of the ith species in the concerned direction. The quantity u; does
not mean the instantaneous velocity of a molecule of the component. It is rather a statistical mean
of the velocities of the molecules of component i in the given direction.

u

"This is the velocity which we can measure by a flow measuring device such as an anemometer.
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Molar average velocity

Similarly, the molar average velocity of a mixture, U, is defined as

=== (2.2)

If the concentration of a solute in a solution is small, the contribution of the motion of the solute
molecules to the average velocity also remains small. So the average velocity becomes virtually
equal to the velocity of the medium or the solvent. Again, if the molecular weights of all the
species are equal, the mass and the molar average velocities are the same (this is very simple to
prove).

2.1.3 Mass Flux and Molar Flux

In the study of mass transfer, the term ‘flux’ means the net rate at which a species in a solution
passes through a unit area, which is normal to the direction of diffusion, in unit time. It is
expressed in kg/m2-s, kmol/m? s, or Ibmol/ft> h.

2.1.4 Frames of Reference

Three frames of reference (or coordinate systems) are commonly defined for expressing the
flux of a diffusing species (Skelland, 1974). We imagine that in any frame of reference there
is an ‘observer’ who ‘observes’ or ‘measures’ the
velocity or flux of the species in a mixture. In a
‘stationary frame of reference’ (‘stationary’ means
stationary with respect to the earth), the observer
notes a velocity u; of the ith species. If the observer (b)
is seated in a frame of reference that moves with the
mass average velocity #, he will note a velocity, © U . .
(u; — u), of the species i. This, in fact, is the relative ! f— (u;— U) —>|
velocity of the species with respect to the observer ' '
who himself has a velocity u in the same direction. Figure2.1 Relative velocities of species /in the three
Similarly, if the observer is seated in a coordinate frames of reference: (a) The observer is stationary;
system moving with the molar average velocity U, (b) the observer is moving with the mass average
he finds that the molecules of the species i have a  '81%: (¢) the observer is moving with the molar
. . A average velocity.

velocity (u; — U). The relative velocities in the three
frames of reference are shown in Figure 2.1.

The mass and molar fluxes in the three frames of reference are expressed as

(@) E u;

i‘_ (u;—u) _’i

Mass flux
Relative to a stationary observer ton; = pi; 2.3)
Relative to an observer moving with the mass average velocity : i; = p,(u; — u) 24)

Relative to an observer moving with the molar average velocity : j; = pi(u; — U) (2.5)
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Molar flux

Relative to a stationary observer : N; =Cu; (2.6)
Relative to an observer moving with the mass average velocity : I; = Cyu; — u) 2.7)
Relative to an observer moving with the molar average velocity : J; = Cu; — U) 2.8)

EXAMPLE 2.1 (Calculation of average velocities) A gas mixture (N, = 5%, H, = 15%,
NH; = 76% and Ar = 4%) flows through a pipe, 25.4 mm in diameter, at 4.05 bar total pressure.
If the velocities of the respective components are 0.03 m/s, 0.035 m/s, 0.03 m/s and 0.02 m/s,
calculate the mass average, molar average and volume average velocities of the mixture.

Solution
Let us call N,: 1, Hy: 2, NH;: 3, and Ar: 4.
The volume average velocity (= molar average velocity) is given by

1
U= E(Clul + Couy + Cauz + Cauy) = yiuy + youy + y3uz + yaiy

Here y; is the mole fraction of component i in the gas mixture. Putting the values, we get
U = (0.05)(0.03) + (0.15)(0.035) + (0.76)(0.03) + (0.04)(0.02)

- (om0

The mass average velocity is given by

1 .
u= ;(plul + Polly + P3uz + Paity) ®
Di P
h .= —M. d = 1
where Pi RT M; an p RTM
o pi M, M, )
= A ] o

where
p; = mass density of the ith component
p = total mass density of the mixture
M; = molecular weight of the ith component
M = average molecular weight of the mixture.

Now, M = yM; + y,M, + y3M3 + y,M,
= (0.05)(28) + (0.15)(2) + (0.76)(17) + (0.04)(40) = 16.22
4
1
= u= sziMiui
i=1

_ (0.05)(28)(0.03) + (0.15)(2)(0.035) + (0.76)(17)(0.03) + (0.04)(40)(0.02)

16.22
:
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2.2 FICK'S LAW

The basic law of diffusion, called the ‘Fick’s law’, was enunciated by Adolf Eugen Fick, a
physiologist, in 1885.1 The law states that the molar flux of a species relative to an observer
moving with the molar average velocity is proportional to the concentration gradient of the
species. If A diffuses in a binary mixture of A and B, then according to Fick’s law, the flux of
A is expressed as

oc % Jy = —DAB% 2.9)
Here D,z is the proportionality constant called the ‘diffusion coefficient’ or the ‘diffusivity’ of
A in a mixture of A and B. The diffusional flux J, is a positive quantity by convention. Since
diffusion occurs spontaneously in the direction of decreasing concentration [(dC,/dz) < 0], the
negative sign is incorporated in Eq. (2.9) to make it consistent with respect to sign. Equation (2.9)
is the mathematical representation of Fick’s law for diffusion in a binary mixture.

Here it will be pertinent to point out the similarity of Fick’s law of diffusion given by Eq. (2.9)
with the two other basic laws of transport, i.e. the Fourier’s law of heat conduction and the
Newton’s law of viscosity. In heat conduction (also called ‘diffusion of heat’) the flux of thermal
energy is proportional to the temperature gradient, i.e.

dT
4:= ~k% (2.10)

Here g, is the heat flux in the z-direction and the temperature decreases in that direction.

The shear stress in a viscous fluid in laminar motion can be shown to be equivalent to the
flux of momentum from a faster-moving layer to an adjacent slower-moving layer. The Newton’s
law of viscosity states that the shear stress or the momentum flux is proportional to the velocity
gradient, i.e.

I

du,

u iz (2.11)
Here u, is the velocity in the x-direction which is a function of z. Transport of momentum occurs
in the z-direction (which is normal to the direction of liquid velocity).

It appears from Egs. (2.9), (2.10) and (2.11) that the three processes of diffusive transport
of mass, heat and momentum are governed by similar laws. The transport of mass occurs in the
direction of decreasing concentration, the transport of heat occurs in the direction of decreasing
temperature, and that of momentum occurs in the direction of decreasing velocity (or momentum).
The same sign convention applies to all the three laws as well. The analogy among these laws
is of considerable importance in chemical engineering and is discussed in further details in
Section 3.8.

The Fick’s law given by Eq. (2.9) expresses the molar flux J, with respect to an observer
moving with the molar average velocity. In practice, however, the molar flux N4 in a stationary
frame of reference is more useful. An expression for N4 can be developed by using Egs. (2.8)
and (2.9).

T =

* For more details of Fick’s work, see Cussler (1997).
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Molar average velocity [from Egs. (2.2) and (2.6)] is

U= %(M+NB) 2.12)
Fluxes of A and B [from Eq. (2.6)] are
NA = CAMA and NB = CBuB (213)
Therefore, using Eqs. (2.8) and (2.9),
dac
Jy = _DABd_ZA = Cyluy - U)
= CAuA - CAU
Ca
=N, (Cpup + Cpup)

S C
C
N, _?A(NA + Np)

dz
The molar flux of A in a binary mixture with respect to a stationary observer is given by
Eq. (2.14) on the basis of Fick’s law. The flux N, can be viewed as consisting of two terms as
follows:

C
= Ny= (N, + NB)?A —Dyp (2.14)

(i) The term representing bulk flow, i.e.

(Ny + NB)%" (2.15)
and (ii) the term representing molecular diffusion, i.e.
dc
— Dy —2 2.16
AB = (2.16)

If the concentration of A in a mixture is small (dilute solution), the contribution of the bulk flow
term given in Eq. (2.15) becomes small too. In such a case, we may write

dc,
4B dz
The diffusing molecules move at a velocity greater than the molar average velocity. The relative
velocity of a molecular species with respect to an observer moving with the molar average
velocity U is sometimes called the ‘diffusion velocity’.
Diffusion velocity of species A,

NAzJA= - (2.17)

J D,y dC

¢, C, dz 2.18)

For gas phase diffusion, Eq. (2.14) may be written in terms of partial pressure too. If the gas
mixture is assumed to behave ideally, C4 = p4/RT and C = P/RT, where T is the uniform
temperature of the gas (in K),

_Dyp dps

p
= Ny = (Ny + NB)?A RT 4z

(2.19)
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Although Eqgs. (2.9) and (2.14) are the commonly used T, (hot)
expressions for J4 and N,, it has been argued (see, for example,
Hines and Maddox, 1985) that these quantities should be
expressed in terms of the gradient of mole fraction rather than -
the gradient of concentration or partial pressure. This point

may be explained by taking an example. Let us consider a
volume of air in a rectangular enclosure with the top surface
hot (Figure 2.2). Air in contact with this surface is at a higher T, (hot)
temperature (say 7). The concentration (in kmol/m3, say) of
any of the constituents of air, say N, at the hot surface is
[Cn,)1 = [pN,]i/RT; its concentration at the cold bottom
surface is [Cn,l> = [pn,J/RT,. Here T, is the bottom temperature. The total pressure of air and
the partial pressures of the components are uniform throughout the enclosure, i.e. [pn,]; = [Px, -
Also Ty > T, = [Cy,l; < [Cn,]p, which means that there is a concentration gradient of N, in
the chamber. But does nitrogen diffuse from the ‘higher concentration region’ near the bottom
to the ‘lower concentration region’ near the top? No, because there is no difference in mole
fraction of nitrogen between the top and the bottom regions.'r So the use of concentration
gradient in expressing the Fick’s law and the descendant equations may sometimes be misleading
and erroneous. It is therefore necessary to write down the equations in the following forms
[Egs. (2.20) and (2.21)] in order to take care of the situations like above. However, we shall use
Eqgs. (2.9) and (2.14) wherever these are applicable.

Lower concentration

Higher concentration

Figure 2.2 Airin an enclosure with hot
top surface and cold bottom surface.

dy,
= —CD, 24 .
Iy = ~CDuy - (2.20)
d
Na = (Ny + Ng)ya = CDap 22 @21)

Here C is the average total molar concentration of the mixture.
If the gas mixture is ideal, the mutual diffusivities of A and B are equal. It is rather easy to
prove this result. The flux of B in the mixture can be written following Eq. (2.14), i.e.

Cp dCpg
= -5 _ D, —=
Np = (N4 + Np) c DPm,
Adding the preceding equation to Eq. (2.14),
Cc,+C dc dc
(Ng + Np) = (Ny + NB)( 4 C B)—DAB dzA - BAd_zB = constant
Noting that
dc, dCy
C=C+C and —7%=-—"7"% (2.22)
we get the result
Dyp = Dpa (2.23)

T Here we neglect the coupling effects of concentration and temperature gradients on diffusion. The coupling
effects are dealt with in irreversible thermodynamics (see, for example, Prigogine, 1967).
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2.3 STEADY STATE MOLECULAR DIFFUSION THROUGH
A CONSTANT AREA IN A BINARY GAS MIXTURE

Calculation of the rate of molecular diffusion from one point to another in the presence of a
concentration driving force becomes necessary in numerous practical situations. The flux
equation (2.14) cannot be used directly since it expresses the flux in terms of the concentration
gradient at a point rather than the concentrations of the diffusing species at the two points in
question. The concentration gradient is not an easily measurable quantity, but the concentration
is. A working formula for the diffusion rate in terms of the concentration difference can be
developed by integrating Egs. (2.14), (2.19) or (2.21). This will be done in two practically
important limiting situations given below for a binary mixture of A and B. It is assumed that
(i) the area through which diffusion occurs is constant (i.e. the area does not depend upon the
distance in the direction of diffusion), (ii) the gas mixture is ideal, (iii) the temperature is uniform,
and (iv) diffusion occurs at steady state. The term steady state deserves an explanation.

If a system is at steady state, the variables and parameters associated with it do not change
with time. Or, in other words, the ‘state’ of the system does not change with time. For example,
if diffusion of A occurs from point 1 to point 2 in a medium at steady state, the concentration
distribution of A (and of the other species in the medium as well) and the rate of transport remain
invariant with time." Another term called pseudo-steady state is often used in connection with the
analysis of transport problems. It will be explained later in Section 2.5.1.

In this section we shall consider diffusion through a constant area. The flux of the diffusing
species does not change with position at steady state. But in the case of diffusion through a variable
area, the flux changes with position even when the system is at steady state. For example, in
the case of evaporation from the surface of a liquid drop in an ambient medium, the flux of the
vapour decreases with the radial position, i.e. it becomes less and less as the radial distance
increases. Diffusion through a variable area will be discussed in Section 2.7.

2.3.1 Diffusion of A Through Non-diffusing B

This situation can be illustrated using an example. Dry air is required for burning of sulphur in
a sulphuric acid plant. Air is dried in contact with concentrated sulphuric acid in a ‘packed
tower’ (see Chapter 5). Moisture(A) diffuses through a film or layer of air(B), reaches the acid
surface and gets absorbed in it. But air (we consider air a single substance or component) being
virtually insoluble in sulphuric acid, will not diffuse. In other words, the moisture has a ‘source’
(the bulk of air is the source) and a ‘sink’ (the acid), but ‘dry’ air has a ‘source’ but no ‘sink’.
So air is ‘non-diffusing’. There are numerous other real-life examples of this limiting situation.
The component B being non-diffusing, its flux Nz = 0. So, Eq. (2.19) reduces to

_ Pa Dyp dpy
N, = NA—P RT & (2.24)
_ __ DugP
= Npdz = —RT(P— o dpy (2.25)

t ‘Steady state’ should not be confused with ‘equilibrium’. In a system at equilibrium, no net transport of a
species from one point to another occurs.
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It may be noted that for diffusion through a constant area at steady state, N; = constant. If
diffusion occurs from a point z = 0 (where the partial pressure of A is p; = pyo) to the point
Z = | (where p, = p,)), integration of Eq. (2.25) over the ‘length / of the diffusion path’ yields

Pai

!
D,z P dp, DpzP. P—p,
N, |dz = -2 4 = 28" L 2.2
A! ¢=TTRr p-[OP—pA Na = R1T " P~ puo (2:26)
Since the total pressure in the medium is uniform,
P = pao + po = par + pmi = P — pao = Dgos
P — py = pp and Pao — Pat = P — Ppo
Using the above results, we can rearrange Eq. (2.26) to the following form.
Ny = Dyg P pao — pa In Der _ Dy P Pao — Pai
RT! pao—par Pao RT! (ps — pgo) /In(pp; / ppo)
Dy P pao — pai
= N, = 2.27
A RTl Pem ( )
where

pem = (P — Ppo)/In(ppi/ ppo)
We call pgy, the ‘log mean partial pressure of B’ between the locations z = 0 and z = [
Also, if we consider diffusion of A from the point z = 0 to any point z = z where the partial
pressure of A is p,, we have

Ny = DABPln P—p

RTz P-ps

The molar flux of the species A in a mixture of A and B can be calculated using Eq. (2.26)

or (2.27). Equation (2.27) expresses the flux in terms of the driving force of the species A, i.e.

DPao — Par- Once the flux N, is known, we can use Eq. (2.28) to calculate the partial pressure

pa of A at any intermediate point and the distribution of the partial pressure of A along the

diffusion path can also be determined. The partial pressure of the other component B at any point

is pg = P — p,. Typical distributions of the partial pressures of the components along the diffusion
path are shown in Figure 2.3.

(2.28)

1.00 P=1atm
Ppo 4 Pa

0.75 2

0504 pP=pstpg

pA ) Pg(atm)

0.25 - Pg

Pyo Pp1
0.00

00 02 04 06 08 1.0
Distance, z (cm)

Figure2.3 Partial pressure distribution of Aand B for diffusion of A through non-diffusing B.
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The component A diffuses from the location z = 0 towards the location z = / because it has
a non-zero gradient of partial pressure at each point of the diffusion path. The component B also
has a gradient of partial pressure, although of the opposite sign [see Eq. (2.22)]. So it is expected
that B will diffuse in the opposite direction. But we have started with the basic assumption that
B is non-diffusing! Why is it so? To explain the apparent contradiction, we take the help of an
example. Consider a flock of fish swimming against the water current of a river such that the
absolute velocities of the fish and the water are equal in magnitude but opposite in direction. To
a stationary observer on the bank of the river, the flock of fish appears to be non-moving while
the river water appears to flow. The ‘flux’ of the fish is therefore zero. But a fisherman on a
boat freely floating on the water (that is, the boat is moving with the velocity of the current) will
definitely observe a ‘flux’ of the fish in the direction opposite to that of the current. Similarly,
in the case of diffusion of A through non-diffusing B, the flux of B to a stationary observer appears
to be zero (Np = 0) because the diffusing molecules of B are ‘swept away’ by the molecules of
A (very much like the fish being swept away by the current). But an observer imagined to be
fixed to an avearge molecule of A (like the fisherman on the boat) will note a flux of B in the
opposite direction.

EXAMPLE 2.2 (Diffusion of A through non-diffusing B) There is a 2 mm thick layer of water
on the floor of a room. The water vaporizes and diffuses through a stagnant film of air of
estimated thickness of 2.5 mm on the water surface. Under the condition of evaporation, the
water temperature is essentially equal to its wet-bulb temperature. If the ambient temperature
is 28°C, calculate the time required for the water layer to disappear completely for the following
cases: (a) the ambient air has a relative humidity of 60%; and (b) the floor has micropores and
water penetrates the floor at a constant rate of 0.1 kg/m2-h, the ambient air having a humidity
as in part (a).

Read the wet-bulb temperature from the humidity chart and calculate the vapour pressure
of water using the Antoine equation given below. The diffusivity of water vapour in air is
0.853 ft*/h at 1 atm and 0°C.

Vapour pressure, p, (in bar), of water is given by: In p, = 13.8573 — 5160.2/T, where T is
the temperature in K.

Solution
(a) Substituting 7 = 28°C = 301 K in the Antoine equation, vapour pressure, p, = 0.0374 bar.

For air of 28°C dry-bulb temperature and 60% relative humidity, the psychrometric chart
(Chapter 8) may be used to obtain the wet-bulb temperature which is 22.5°C (the procedure of
reading the chart is not shown here).

The given case corresponds to diffusion of water vapour(A) through a 2.5 mm thick stagnant
layer or film of air(B) which is non-diffusing (Figure 2.4). The temperature in this gas-film varies
from 22.5°C at the water—air interface to 28°C at the other end of the film. So we take the mean
film temperature in the calculations.

Mean air-film temperature = (28 + 22.5)/2 = 25.2°C = 298.2 K

The diffusivity of moisture in the air is given at 0°C; its value at the mean film temperature is
[see Eq. (2.57)]
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Bulk air; 60% relative humidity, temperature = 28°C,
py; = (0.6) (0.0374) = 0.02244

Air-film T
2.5 mm
A (water vapour)

Concrete floor

Figure 2.4 The water layer and the air-film.

1.75
) = 0.2567 cm?/s = 2.567 x 107> m?%/s

2 2
Dys = [0.853&T x (30.48)2 0", 1 h)(”&z

7 X -
ft 3600 s 273

Use Eq. (2.26) to calculate the steady-state flux of water vapour. Here, T = 298.2°C; [ = 2.5 mm
=2.5x 10 m; P = 1.013 bar; p,, = vapour pressure of water at the wet-bulb temperature,
22.2°C (i.e. 295.2 K) = 0.02718 bar; p4; = (0.6)p, = (0.6)(0.0374) = 0.02244 bar. Substituting
these values in Eq. (2.26), the flux of water vapour is

-5
; (2.567 x 107°)(1.013) ( 1.013—0.02244) — .01 x 10-6 kmol

= (0.08317)(2982)(25x 102) " 1.013— 0.02718 s
= 3.623 x 107 kg/m?-s
The water layer on the floor is 2 mm thick in the beginning. The amount of water per m? of floor

area
=2x10°mx1m?=0.002m*> ie  2kg

. . 2 kg/m? "
Time for complete evaporation = =552x%x10"s=|153h
P P 3.623 x107° kg/m?-s
(b) The combined rate of loss of water by penetration in the floor and by vaporization
= 0.1 kg/m>h (penetration) + 3.623 x 107 kg/m?-s (vaporization) = 0.2304 kg/m*h

. . 2 kg/m?
Time for disappearance of water = =1868h
PP 0.2304 kg/m*-h

EXAMPLE 2.3 (Calculation of flux and velocity) Ammonia(A) diffuses through a stagnant
layer of air(B), 1 cm thick, at 25°C and 1 atm total pressures. The partial pressures of NH; on
the two sides of the air layer are p,o = 0.9 atm and p,, = 0.1 atm respectively. Air is non-
diffusing. Calculate (a) the molar flux of NH;, (b) the velocities of the individual components
with respect to a stationary observer, (¢) the molar and the mass average velocities of the
components, and (d) the molar flux of NH; with respect to an observer moving with the mass
average velocity. Also prepare the plots of partial pressure distributions of ammonia and air
along the diffusion path. Given: D,z = 0.214 cm?/s.
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Solution

(a) This again is a case of diffusion of A (NH;) through non-diffusing B (air), i.e. Ny = 0. The
values of the relevant quantities are: p,o = 0.9 atm; p,, = 0.1 atm; D,y = 0.214 cm?/s; T =
298 K; P=1.0 atm; /=1 cm; and R = 82.1 (cm3)(atm)/(K)(gmol). The molar flux of ammonia
[see Eq. (2.26)] is

N, = Py Popy 021D | 1-01

_ = 2
RTT " P pyy ~ (20)(298)(10) "1=09 - (192210 "gmol/em”s

(b) and (c) Substituting Nz = 0 (air is non-diffusing) in Eq. (2.12), N, = UC = U = N,/C =
N,/(P/RT)

_ 1922 x 10~ gmol /cm? -

T 1/(82.1)(298) gmol/ 3S = [ 0.47 cm/s = molar average velocity
. gmol/cm

=

Also, Ny = uyCy = uy = Ny/Cy = UC/Cy = U/lyy, y, is the mole fraction of A.
Since C, varies along the diffusion path, u, also varies. We calculate the values at the end
where NH; concentration is higher,

Pao = 0.9 atm and ys9 = pao/P = 0.9 = uyg = Ulyag = 0.47/0.9 = 0.522 cm/s

and ug = 0 (since Ng = 0)
Mass average velocity [see Eq. (2.1)],u = “aP -;uB Pe_ _ “A,f 4 = (uA)((FI:?MA//Ié]/,fT)
_ UpaMy
M
where
M, =17

M = My, + Mgyp = (17)(0.9) + (29)(0.1) = 18.2

The mass average velocity of A is

_ (0.522)(0.9)17) _
U= 182 - 0.439cm/s

(d) Use Eq. (2.7) directly to calculate the molar flux of NH; relative to an observer moving with

the mass average velocity (i.e. 0.439 cm/s),
Iy = Cy(uy — u)
14
= R
0.9

= @i (0522~ 0439)

= | 3.05x 10~ gmol/cm?- s |

The above flux occurs at the high NHj-concentration end of the diffusion path where
Yo = 0.9.
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In order to find out the partial pressure distribution of A and B along the diffusion path, use
Eq. (2.28).
- | 0214)1.0) , 1-p,
Ny = 1922x107° 282 = 1
- g cm?-s | (821)(298)(z) " 1-09

1 - (0.1) exp(2.197z) atm

= Da

The plots of p, vs. z (in cm) and pp (= P — p,) vs. z may be prepared from the above equation.
These plots are presented in Figure 2.3.

EXAMPLE 2.4 (Flux, velocity and pressure gradient) A test tube, 1.5 cm in diameter and
12 cm tall, is partly filled with a solution of alkaline pyrogallate. The depth of the empty space
above the solution is 5 cm. The temperature is 25°C and the total pressure is 1 atmosphere. Air
may be assumed to contain 21% O, and 79% N,. The diffusivity of O, in N, at the given
condition is 0.21 cm?%s.

(a) Calculate the rate of absorption of oxygen from air in the solution at steady state if air
flows gently over the open end of the test tube. Make plots of the distribution of partial
pressures of the gases along the diffusion path.

(b) Calculate the partial pressure gradient of oxygen midway in the diffusion path.

(c) Calculate the molar average velocity of the mixture and the ‘diffusion velocity’ of the
two components (O, and N,) at the top end, at the middle and at the liquid surface.

(d) Calculate the flux of the components midway of the diffusion path with respect to an
observer moving with twice the molar average velocity at the location in the direction
away from the liquid surface.

Solution

. . . . . Py~ 0.21 atm
The system is sketched in Figure 2.5. Oxygen(A) is absorbed quickly = -
in an alkaline pyrogallate solution. Nitrogen(B) is virtually insoluble T
. . L . z |0x(4) Ny(B)
in it. So the partial pressure of O, at the liquid surface is p,; = 0, 1 I
that at the open mouth of the tube is p,o = 0.21 atm = (0.21)(1.013) py=0/'7°™

= 0.213 bar; length of the diffusion path / = 5 cm = 0.05 m;
Dap = 2.1 x 10 m%/s; R = 0.08317 (m>)(bar)/(kmol)(K).

(a) Use Eq. (2.26) and put the values of the different quantities to . Alkaline :
calculate the flux. E:pyrogallate;

(2.1x1075)(1.013) 1y L013-0

NA = n
(0.08317)(298)(0.05)  1.013-0.213 Figure 25 Diffusion of oxygen
= 405%10-6 kmol _ 13%x10~* kg O, through non-diffusing nitrogen.
' m?-s ' m?-s

Area of diffusion = cross-section of the test tube, a = (7/4)(0.015)? = 1.767 x 10~* m?

Rate of diffusion of oxygen = aN, = (1.767 X 107)(4.05 x 107 = | 7.16 x 10" kmol /s

The partial pressure distribution of A along the diffusion path can be calculated after putting
the value of N4 (= 4.05 X 107%) and other quantities in Eq. (2.28).
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(b) The partial pressure gradient (dp,/dz) of oxygen at any point on the diffusion path can be
calculated from Eq. (2.24) using the steady-state flux of O, (i.e. N4) calculated before. Thus
midway in the diffusion path, z = 0.025, and p, = 0.113 bar. We rearrange Eq. (2.24) and put
pa = 0.113 bar.

RT(P - . 013-0. ;
dps _ _RTE—p) ) _ _ (QO83I7)@98)YIO13-0.13) 5, 10-6) = [~ 4.15 bar/m
dz DysP (21x107°)(1.013)

(c) Let us first calculate the quantities midway in the diffusion path (z = 0.025; p4 = 0.113 bar).
The velocities of the species with respect to a stationary observer can be obtained from Eq. (2.13).

. N RT ) _ _6+(0.08317)(298) _ 4
Oxygen:  uy = roul M(—pA ) = (4.05x10 )—0.113 = 8.88 x 107" m/s
. X _ NB _ 0 _ . . s _
Nitrogen: up = — = —— = 0 (B is non-diffusing; hence Ny = 0)
Cp Cp

The molar average velocity in the z-direction [see Eq. (2.12)] is

1 C 0.113)(8.88x107* =
U= E(MACA +ugCp) = ?AMA = p?AuA = ( )(1.013 ) =[99%x107° mk

The diffusion velocity of oxygen [Eq. (2.18)] is

Vag=ts —U=888x10%-99x10° = |7.9x10*m/s

The diffusion velocity of nitrogen, vgy = up - U= 0 - 9.9 x 10 = [ -9.9x10™ ms |

b

Following the same procedure, at 7 =0, v4 4= | 3.72x10"* m/s

Vg =—9.9 % 10> m/s |

And at z=0.05m, uy = Ny/Cy =00 5 vy = ; VBa = | -9.9%x107 m/s |

(Note that U and vg ;— but not v, ;— remain constant over the length of the diffusion path.)

(d) Molar average velocity, U = 9.9 x 107 m/s; velocity of the observer, V = —2U =
-1.98 x 107* my/s.

Molar flux of A midway in the diffusion path (z = 0.025 m, p, = 0.113 bar) with respect
to an observer moving with a velocity V is

’ DA 6 (- 1.98 x 10_4)(0113)
= — = _ VA = 4, 1 _
NA CA(”A V) 1\{4 RT =4.05%10 ( ) 1 )( )

= | 495%10°® kmol/m?-s

The corresponding flux of B (with respect to an observer moving with a velocity
V=-198 x 107* m/s) is

, oo DBy (1013-0113)
Ni = Cplup = V) = 0= 2rV = — 0 08317)298)

= | 7.2x107® kmol/m?-s

(-1.98x10™%)
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EXAMPLE 2.5 (Diffusion with changing bulk® concentration) A reagent bottle containing 3 kg
of iso-propanol is accidentally dropped on the floor of an empty room adjacent to a laboratory
causing a spill of the entire liquid. The liquid quickly spreads on the floor of the room (3 m X
4 m, 3 m high), and starts vaporizing. Although the temperature of the vaporizing liquid will
be lower than that of the ambient air, for simplicity it may be assumed that both are at the same
temperature, 27°C. The pressure is atmospheric.

(a) Two exhaust fans are switched on immediately after the spill to ventilate the room. It takes
5 minutes for the liquid to vaporize completely. If it is assumed that the concentration
of iso-propanol in the air of the room remains small (because of efficient ventilation),
and the alcohol vapour diffuses out from the liquid surface through a stagnant film of
air, calculate the thickness of the air-film.

(b) If the exhaust fans do not work and the vapour continues to accumulate in the air in
the room, how long will it take for the evaporation of the liquid? The thickness of the
air-film is the same as that calculated in part (a) and the concentration of the organic
vapour in the room remains fairly uniform at any time.

(¢) Ifthe TLV (threshold limit value) of iso-propanol is 400 ppm, determine the minimum
rate of ventilation in the room necessary to ensure that the concentration of the organic
vapour does not exceed the TLV. The air-film thickness over the liquid remains the same
as that calculated in part (a).

Given: vapour pressure of iso-proponal at 27°C = 0.065 bar and its diffusivity in air =
0.0995 cm?s.

Solution
This is a case of diffusion of A (iso-propanol) through non-diffusing B (air).
Area of the floor =3 m x 4 m = 12 m?
Mass of iso-propanol per unit floor area = 3 kg/12 m? = 0.25 kg/m?
If the thickness of the stagnant film of air over the liquid is &, the diffusion flux of the alcohol
vapour through the air-film [see Eq. (2.26)] is
DygP P —pys
Ny = In
A7 RTS ~ P-pyo
(a) Here P = total pressure = 1.013 bar; D, = 0.0995 cm?/s = 9.95 x 10°° m?/s; R = 0.08317
(m3)(bar)/(K)(kmol); T = 273 + 27 = 300 K; Dao = partial pressure of the organic vapour on the
liquid surface = 0.065 bar; p,s = 0 (since the organic concentration in the bulk air is small);
molecular weight of iso-propanol = 60.
_ (995x107°)(1013) = 1013-0 _ 2679x10™* kmol
A7 (008317)(300)5  1.013-0.065 8 m?-s

T Bulk of medium or phase means the region ‘far away’ from a phase boundary.

™t The TLV of a substance is an indicator of the level of exposure that a person can experience without an
unreasonable risk of disease or injury. It suggests a guideline but does not amount to a standard. The TLV may
be of more than one kind. Iso-propanol has a short term exposure limit (STEL) of 400 ppm according to the
‘material safety data sheet’ (MSDS) of Mallinckrodt Chemicals.
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_ 2.679x10™% kmol

0 m2-s

kg _ 1607x107° kg
><6Okmol B 6 m?2-s

Since the liquid evaporates completely in 5 minutes, the flux value can be directly calculated.

_ 025 kg/m? _ 4 kg
Flux = 5x60 s - 8.333 x 10 s
-6
- Flux = 2007X107 kg g 3355 104 K&

13} m?-s m?-s

= The air-film thickness, & = 0.00193 m =

(b) If there is no ventilation in the room, the organic vapour continues to accumulate in the
air and the driving force for mass transfer through the air-film gradually decreases. The rate of
evaporation of the alcohol at any time is equal to the rate of diffusion through the film.

Volume of air in the room = 3 m X 4 m x 3 m = 36 m>. If p, is the partial pressure of
accumulated organic in the room at any time ¢, the total moles of alcohol is

m. = AV _ _ (pa)(36)
AT RT ™ (0.08317)(300)

= 1~443PA

The time rate of change of the amount of alcohol in the room = dstA = 1.443ddL;l

Assuming pseudo-steady state diffusion through the air-film,

Rate of diffusion of alcohol at the time = (Area)(N,)

DygP In P—p,y

RTS6  P-py,

_(12)(9.95 x1076)(1.013) 1 1013 - py
~ (0.08317)(300)(0.00193)  1.013 — 0.065
= 0.002512[In(1.013 — p,) + 0.0534]

= (12m?)

dmy

dt

The above equation is to be integrated in order to calculate the time of complete evaporation of the
liquid. It is to be noted that the initial partial pressure of the organic in the room, p,; = 0, and the
final partial pressure, psr (when the 3 kg liquid, mol. wt. = 60, vaporizes completely) is given
by

=

= 1.443‘%‘ = 0.002512[In(1.013 — p,) + 0.0534] @)

3 )ﬂ _ (1) (0.08317)300) _ o 03465 par

Py = (% v =60 36
Integrating Eq. (i) above within the appropriate limits,
p,=0.03465

| dps _ 0.002512} 0
', In(L0I3-py)+00534 — 1443 )

A
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The integral on the left cannot be integrated analytically. Numerical integration using the Simpson’s
rule gives

0.002512
07653 = = 2=t = 1=

The time required is considerably more than that in case (a). This is because of the gradual
fall in the flux as a result of the reduced driving force for mass transfer.

(c) This part is left as an exercise.

2.3.2 Equimolar Counterdiffusion of A and B

This is a situation in which the components A and B both diffuse at equal rates but in opposite
directions. Like the previous case, there are many real-life examples of this limiting case as well.
Take the example of a particle of carbon burning in air. We visualize that the particle is surrounded
by an ‘air-film’ through which the molecules of oxygen diffuse and reach the surface of the
particle to sustain combustion. If a molecule of O, diffuses to the surface, a molecule of
CO, is formed which diffuses out through the ‘air-film’ (provided that CO, is the only product
of combustion) at steady state. So oxygen and carbon dioxide undergo ‘equimolar counterdiffusion’.
Separation of a liquid mixture containing the components A and B by distillation may be cited as
another practical example. In distillation (see Chapter 7), the vapour rising through the distillation
column remains in intimate contact with the down-flowing liquid. Exchange of mass occurs
between the phases—the more volatile component moves from the liquid to the vapour phase and
the less volatile one gets transported from the vapour to the liquid phase (see Example 2.7). If
the column is perfectly insulated against heat loss and the molar heats of vaporization of the
components are equal, the mass exchange between the phases will occur in equimolar
counterdiffusion mode. For equimolar counterdiffusion of A and B, we may write N, = —Nj,
i.e. Ny + Ng = 0. Substituting this relation in Eq. (2.19),

Ny = - % dszA (2.29)
Since N, remains constant for steady-state diffusion through a constant area, integration of
Eq. (2.29) from the point z = 0 (where p, = pso) to the point z = | (where p, = py) yields

J Par
_ Dy _ Dig(pao — par)
NAldz = - pjdp,, = Ny = AP (2.30)
‘A0

The distributions of the partial pressures of A and B along the diffusion path in this case are linear
as shown in Figure 2.6.

¥ The fluxes N, and Nj are vector quantities and occur in the direction of decreasing concentration of the species
concerned.
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Figure 2.6 Equimolar counterdiffusion of A and B—variation of p, and pg with position (total pressure = P).

2.3.3 Non-equimolar Counterdiffusion of A and B

There are many practical situations where the molecules of A and B diffuse in opposite directions
at different molar rates. Let us consider a case where oxygen diffuses through a gas-film to reach
the surface of a hot char particle and the product is carbon monoxide only. For each mole of
0,(A) diffusing towards the particle, two moles of CO(B) diffuse in the opposite direction. So
it is a case of non-equimolar counterdiffusion, and N4, = — Np/2. The flux of A (or of B) in such
a problem can be determined by integrating Eq. (2.19) after substituting Np in terms of N,.
Examples 2.6 and 2.7 illustrate two cases of equimolar counterdiffusion of A and B.

EXAMPLE 2.6 (Equimolar counterdiffusion) Two large vessels are connected by a tube 5 cm
in diameter and 15 cm in length. Vessel 1 contains 80% N,(A) and 20% O,(B); vessel 2 contains
20% N, and 80% O,. The temperature is 20°C and the total pressure is 2 atmosphere. Calculate
(a) the steady-state flux and the rate of transport of N, from vessel 1 to vessel 2, (b) the same
quantities for O,, (c) the partial pressure of N, and its gradient in the tube 0.05 m from
vessel 1, and (d) the net mass flux with respect to a stationary observer. Given: the diffusivity
of N,-O, pair is 0.23 cm?¥s at 316 K and 1 atm.

Solution
The system is schematically shown in Figure 2.7. The diffusivity value at the given condition
(2 atm and 20°C) is [use Eq. (2.57)]

1Y(273+20\'” s
Dyp = (0.23)(5)(T) cm/s = 1.01 X 10™ m*/s

Also the partial pressures are: p,; = (2 atm)(0.8) = 1.6 atm; p,, = (2 atm)(0.2) = 0.4 atm

(a) This is a case of steady-state equimolar counterdiffusion. Use Eq. (2.30) to calculate the flux
of nitrogen. The length of the diffusion path is 15 cm = 0.15 m.

D,
Ny = RL;I(PM — Pa2)
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—_— N,— 5%
15 cm
J5cm
80% N, 20% N,
0,
20%0, f 80% O,
—

Figure2.7 Equimolar counterdiffusion between two large vessels.

1.01x107°

= (0.082D(293)(015) 0 ~ 04)

= | 3.36%107® kmol/m?-s |

Area of cross-section of the tube, a = (7/4)(0.05)? = 1.963 x 10> m?
The rate of transport of N, from vessel 1 to 2 = aN, = (1.963 X 1073)(3.36 x 107%)

= | 6.6 x 10~° kmol/s

(b) The flux and the rate of transport of oxygen will be the same in magnitude as those of nitrogen
but will occur in the opposite direction, i.e.

Np = | =336 x 107® kmol/m? s |

(c) For steady-state equimolar counterdiffusion through a constant area, the partial pressure
changes linearly along the diffusion path. Therefore the gradient of partial pressure of A along
zis

dn _ P2 pa _ 04-16 = -8 atm/m

dz l 0.15

Partial pressure at a point 0.05 m from vessel 1 is

_ dpa _ _
A= Pai +(d—z)Az = 1.6 — (8)(0.05) =

(d) Net or total mass flux,
nr= MuN, + MgNp= (28 — 32)(3.36 x 107%)
= | —1344 x 10~% kmol/m? s |

EXAMPLE 2.7 (Non-equimolar counterdiffusion in distillation of a binary mixture) ~An aqueous
solution of methanol is being separated by distillation in a column. Methanol(A), which is the
more volatile component, moves from the liquid phase to the vapour phase while water(B), the
less volatile component, gets transported in the opposite direction. At a section of the column,
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the vapour phase contains 0.76 mole fraction methanol and the liquid has 0.6 mole fraction of
it. The temperature is 71.2°C and the total pressure is essentially atmospheric. The diffusional
resistance offered is equivalent to that of a ‘stagnant’ vapour film of 1 mm thickness. If the
latent heat of vaporization of methanol is 274.6 kcal/kg and that of water is 557.7 kcal/kg at
the given temperature, calculate the flux of methanol and that of water vapour. Given: if the
mole fraction of methanol in the solution is 0.6, its mole fraction in the equilibrium vapour would
be 0.825. The vapour-phase mutual diffusivity, Dy = 1.816 x 107> m?%s.

Solution

Methanol being more volatile, it vaporizes during
distillation and diffuses from the liquid surface to
the vapour phase whereas water molecules
diffuse in the opposite direction (Figure 2.8).
The latent heat of vaporization of methanol -
molecules is compensated by the heat of éfriug(flé%l%ﬁn Zl(e) 6
condensation released by the water molecules. If PR DR e
the molar latent heats of the components are
equal, the process of transport through the film
would be of equimolar counterdiffusion type.
Otherwise it will be of non-equimolar counterdiffusion type. Since the molar heats of phase
change of methanol and water are not equal, non-equimolar counterdiffusion occurs in the given
case.

Methanol: Mol. wt. = 32 (= M,); molar latent heat, AH; = (274.6)(32) = 8787 kcal/kmol

Water: Mol. wt. = 18 (=Mp); molar latent heat, AHg = (557.7)(18) = 10039 kcal/kmol
The counterdiffusion fluxes are related as

Stagnant film
of vapour

0= 0.825

Figure2.8 Non-equimolar counterdiffusion of components
through a vapour film of CH;OH(A) and H,O(B).

NyAH]=-NgAH} =  Nzp=-— 1%70%79 N, = - 0.8753N,

From Fick’s law, Eq. (2.19), for diffusion in a binary gas mixture, we may write

Dy d
Ny = (N - 0.8753NA)% - dL;

Rearranging and integrating over the vapour-film thickness / (Figure 2.8),

Ya
N _RT ] dy, __ DpP | 1-01247y

!
di=-| ———— N, =
“ PDip JOZ yJ 1-01247y, AT (01274 RTI " 1= 01247y,

= A0

)

Now the flux of methanol can be calculated from Eq. (i) above. The mole fraction of methanol
in the vapour is y,, = 0.76; the mole fraction of methanol in the liquid = 0.6 and the corresponding
equilibrium mole fraction of methanol in the vapour at the liquid—vapour interface (obtained from
the vapour-liquid equilibrium data of the methanol-water system; see Example 7.15) is y,o =
0.825. Also, P =1 atm, [ = 1.0 mm (1 X 103 m); T = 71.2°C = 344.2 K.
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Methanol flux,

_ (1816 X 107>)(1) 1y 1= (01247)(0.76)
(0.1247)(0.0821)(344.2)(1x 107>) ~ 1—(0.1247)(0.825)

= | 4.65 % 1073 kmol/m? -s |

Ny

Water flux, Ny = —0.8753N, = —(0.8753)(4.65 x 10%) = [ ~4.07x 10~ kmol/m” s |

EXAMPLE 2.8 (Equimolar counterdiffusion in an interconnected system) Two glass vessels
of volumes 3 litre and 4 litre respectively are connected with a 5 mm diameter and 4 cm long
tube fitted with a plug valve. Vessel 2 has a side tube, 3 mm in diameter and 2 cm long (this
tube too has a plug valve), which connects vessel 2 to a ‘large’ vessel (we call it vessel 3).
Vessels 1 and 3 are initially filled with nitrogen and vessel 2 with ammonia, all at atmospheric
pressure and 25°C. The valves in the connecting tubes are opened and diffusion starts. Calculate
the partial pressure of nitrogen in vessel 1 after 5 hours if diffusion through the connecting tubes
is assumed to occur at pseudo-steady state. The diffusivity of ammonia in nitrogen is
0.23 cm?¥s at 25°C and 1 atm pressure. The assembly is schematically shown in Figure 2.9
(the plug valves in the connective tubes are not shown).

Vessel 1
(3 litre)

Vessel 3
(Large)

Figure2.9 Equimolar counterdiffusion in a three-vessel system.

Solution

Equimolar counterdiffusion will occur between vessels 1 and 2 as well as between vessels 2 and
3, the total pressure in each of the vessels remaining constant at 1 atm. The partial pressures of
the two components [N,(A) and NH3(B)] in vessels 1 and 2 will change with time. But the gas
in vessel 3 will essentially contain N, only since it is ‘large’. Let us use the following notations
(Figure 2.9).

Vi, Vi volumes of the vessels 1 and 2; p,y, pao: partial pressures of N,(A) in the vessels
at any time f; p,3 = partial pressure of N, in vessel 3 (= 1 atm, constant); d;, [;: diameter and
length of the tube connecting vessels 1 and 2; d,, /,: diameter and length of the tube connecting
vessels 2 and 3.

We assume that diffusion occurs at pseudo-steady state. The time rate of change of the partial
pressure of A in vessel 1 as a result of its mass exchange with vessel 2 can be written as [also
see Section 2.5.1]

_d(paVi\_ Vi dpa _ Dy B (1 2) .
dt( RT)_ RT a = Rri, PP\ i @
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Similarly, the time rate of change of the partial pressure of A in vessel 2, that exchanges mass
with both vessels 1 and 3, is given by (note the signs of the terms)

da Pszz) _ V2 dpyy _ Dyg B (1 2) Dyp _ (1 2) ..
dt( RT )~ RT df ~ RTI, (a1 — Pa2) 4d1 +_RT12 (Paz — Pa2) 4d2 (ii)

The numerical values of the different quantities in Eqs. (i) and (ii) are:

V, = 3 litre = 3000 cm?, V, = 4 litre = 4000 cm> D,z = Dpy = 0.23 cm?¥s; I; = 4 cm,
di=5mm=05cm; l,=2cm, d, =3 mm = 0.3 cm; and p,; = 1 atm. Substituting these values
in Egs. (i) and (ii), we get

_dpn _ 023 (=& 2 _ 6

dt "~ (3000)(4) (Z) (0.5)" (a1 — Pa2) = 3.763 X 10°(pa1 — Pa2) (iii)
dpr, 023 (E) 2 _ 0.23 (E) 2

=2.032 X 107° + 2.823 x 10"%p,;, — 4.855 x 10 %py, (iv)

The solution of the simultaneous linear first-order ordinary differential equations (iii) and (iv) will
give the partial pressures of N, in vessels 1 and 2 as functions of time. The initial conditions (i.e.
the partial pressures of N, in the vessels at the beginning) are: t = 0; p4; = 1 atm, and p4, = 0.
The solution of the equations can be obtained using any standard technique. Here we use the
Laplace transform technique. Taking the L-transform of both sides of Eq. (iii), we have

- j% et = 3763 x 107 [ (pyy — po) e™dt
0 0

or — ([e_StPAl];zZpMﬂ) - stAl e dt ie. 1=spa = 3763X107° (a1 —Paz) (V)
0

where py, = J Dai e dt is the Laplace transform of p,;, s = L-transform parameter.

0
Next we take the L-transform of both sides of Eq. (iv).

oo

| dZ—’;ze_“dt = 2032 %107 [ e™"dr +2.823x107° [ py e dr — 4855107 [ py, e~ at
0 0 0 0

Integrating and using the initial condition on p,, [t = 0, p4, = O; there was pure NHj; in vessel 2
initially],
SPay = (2.032 x 1075%/s5) + 2.823 x 10°°p,; — 4.855 x 107°°p,, (vi)

Solving the simultaneous algebraic equations (v) and (vi), we get the following expression for
the L-transform of p,, (which is then split into partial fractions).

5. = 4855x10%(s+1575x107%) 1 0.583 _ 0417
"2 s(s+7615%107) (s +1154%x107%) S (s+7.615%x107%) (s+1.005x107%)
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On inversion of the transform by the usual technique, we get the partial pressure of N, in
vessel 2 as a function of time.

paxt) =1 — 0.583 exp(-7.615 X 10°¢ 1) - 0.416 exp(-1.005 x 107 #); 7 is in seconds.
Similarly, the L-transform of p,; can be obtained as

1 1
(s+1005x107%) (s+7.615%x107%)

Pa = +-(057)

when, pa1(® =1 — 0.57[exp(-1.005 x 10°%) — exp(-7.615 x 10-%5)]

At time 1= 5 h = 18,000 seconds, p,;(f) = | 0.937 atm

It is interesting to trace the concentration history in the vessels. The partial pressure of
nitrogen in vessel 2 is a monotonically increasing function of time. But in vessel 1, the partial
pressure of nitrogen decreases for some time while that of NHj; increases because of mass
exchange with vessel 2. Ammonia (A) simultaneously diffuses from vessel 2 to vessel 3. When
the partial pressure of NH3 decreases considerably in vessel 2, NH; starts diffusing back from
vessel 1 to vessel 2 and therefrom to the large vessel 3. As a result, the partial pressure of N,
in vessel 1 starts increasing. Thus the partial pressure of N, in vessel 1 goes through a minimum.
The proof of this as well as the calculation of the minimum partial pressure of N, in vessel 1 are
left as an exercise. (Ans. The lowest value of p,; is 0.637 atm that occurs at 91.3 h)

EXAMPLE 2.9 (Equimolar counterdiffusion with changing bulk concentration) A 5-litre
vessel has two side tubes, each 4 cm long, as shown in Figure 2.10. At the end of the 2 cm
diameter tube (tube 1) is a plug soaked in a nonvolatile acid solution. The 1 cm diameter tube
(call it tube 2) is kept open to the ambient. The vessel is initially filled with a mixture of 60%
ammonia and 40% air at 1 atm total pressure and then transport of the gases through the tubes
is allowed to occur. Ammonia will diffuse at a faster rate through the larger diameter tube and
will get absorbed as soon as it reaches the acid-soaked plug. Air will diffuse into the vessel
through the other tube (which is open to the ambient) so as to maintain the total pressure
constant. Calculate the time after which NH; concentration in the vessel drops down to 20%.
Pseudo-steady state condition may be assumed to prevail. The temperature is 25°C. Given:
diffusivity of ammonia in air is 0.198 cm?/s at 0°C and 1 atm pressure.

Hints: Let V = volume of the vessel; p,y = the partial pressure of NHj; in the vessel at any
time #; N4; and N,, are the fluxes of NH3(A) through the tubes (Figure 2.10). Diffusion of NH3(A)
through non-diffusing air(B) occurs through tube 1. Non-equimolar counterdiffusion occurs
through tube 2, and the magnitude of the flux of air through it will be larger than that of NH;
so that the lowering of total pressure in the vessel because of transport of NH; through both the
tubes together is compensated.

The total pressure P will thereby remain constant at all time. Let N, be the flux of air through
tube 2 and a; and a, be the cross-sections of the tubes. Np, is related to the NH; fluxes (N, and
Ny») as

a2|NB2|=a1|NA1|+a2|NA2| ®
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Plug soaked
in an acid

Figure 2.10 A sketch of the vessel with side tubes.

Dyp dpy -
RT dz @
Here p, is the local partial pressure of NH; in tube 2. Note that at z = 0 (vessel-side end),
Pa = Pav (Pavy is the partial pressure of NH; in the vessel at any instant ) and at z = /, (open end
of tube 2), py = 0. Put Ng, = —(a;/a,)N,1 — Ny, [in consideration of Eq. (i) and the direction of
the flux of ammonia leaving a tube being taken as positive] in Eq. (ii) and rearrange to get

Fick’s law applied to the ammonia flux in tube 2: Ny, = (N, + NB2)p?A -

On integration and rearrangement, we have

pav ! P

(iii)
exp| BT a1t Na |
P Dyp ay P

aiNgy + apNyp = alNy |1+

The flux N,; can be written straightaway as

DsP  P-0 .
= 1
Nar = _r, ™ Py )

The time rate of change of the partial pressure of NH; in the vessel, py, is given by
_V dpw
RT a4t
Substitution for a;Ny; + a,N4, from Eqs. (iii) and (iv) in (v) and integration from p,y = 0.6 atm
(beginning) to p4y = 0.2 (end) gives the required time. The integration has to be done numerically.

Ans. time, ¢t =

= aiNy + aNy, )

2.4 MULTICOMPONENT DIFFUSION

Though multicomponent diffusion is a more complex process, a simple analysis can be done
following the Maxwell-Stefan approach (Taylor and Krishna, 1993). We will first use this
approach for the analysis of diffusion of a species A in a binary mixture and then extend it to
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the case of a multicomponent mixture. The method basically assumes that in a non-uniform
binary mixture of A and B in which A is diffusing at steady state, the difference in the partial
pressure of A (Ap,) over a small distance Az is proportional to

(a) the molar concentrations of A and B (i.e. C4 and Cp),
(b) the length of the diffusion path (Az), and
(c) the difference in the velocities of A and B (i.e. uy — up).

Then, at constant temperature and pressure,

—Apy o< C4CpAz(uy — ug)

= —Ap, = K'C,CpAz(uy — up) where K’ is the proportionality constant.
Taking limit Az — 0,

d

—dLZA = K'C,Cp(uy — ) = K'CsCaity — K'CyCpup = K'CygNy — K'C, Ny (2.31)
Putting C4 + Cp = C (= total molar concentration), and C4 = p4/RT,
dC
- RTd—ZA =K'(C-Cy)N, - K'C,Ng=K'CN, - K'(N4 + Np)C,4
C, Rr d4dC,

= R

RT . .. . .
If we call XC = D,p = diffusivity of A in a mixture of A and B,

C dC
Ny=(Ny+ NB)?A_ Dyp d_zA

The above equation is identical to Eq. (2.14) obtained from Fick’s law. Thus, the Fick’s law can
be derived theoretically by the Maxwell-Stefan approach.

Now we consider a multicomponent mixture containing » components. For component i, we
can generalize Eq. (2.31) by summing up the contributions of all possible binaries containing this
component [there are (n — 1) such binaries]. Thus,

dCi < ’
- RTd_Z = ZKIJ(C]NI - C,N])

~
—

#

~

Dividing both sides by the uniform total molar concentration C, and by RT,

dyi c Kl; 1 1
~z = Rp 0NN = X 5N = iNy) 2.32)
Jai =t
where
D= RT = diffusivity of the component i in a binary mixture of i and j.

CK;
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Again, extending Eq. (2.21) for diffusion of A in a multicomponent mixture, we can write

n
dy,
Ni= 3 Y, N=CDy

j= ¢

(2.33)

where D;, is the diffusivity of i in the mixture. Comparing Eq. (2.32) with (2.33), an expression
for D,, is obtained as

n
N; -y ZNJ
Dip = — 1 =l (2.34)
Z D; (yjiN;: = yiN))
j= i

J#l
According to the above equation, the diffusivity D;, of molecules of component i in the mixture,
depends upon the mole fractions and fluxes of all the components. As a result, integration of
Eq. (2.33) is not straightforward. This makes the solution of multicomponent diffusion problems
pretty complicated. Simple results can, however, be obtained in certain limiting cases. For
example, if all the components except i are non-diffusing or ‘inert’ (i.e. N; = 0, j # i), we see
from Eq. (2.34) that the diffusivity of i in the mixture is independent of the flux. That is,

Dip= 2 = 1 (2.35)
2 Yj Yj
j=1 Dij j=1 Dij
Jj#i Jj#i

where yj’ is the mole fraction of the component j in the mixture on ‘i-free basis’. For this case,
Eq. (2.33) can be directly integrated between z = 0 to z = [ to yield an expression for the flux N;.
That is,

N, = D€y 1=y (2.36)
l 1= i
Equation (2.36) is analogous to Eq. (2.26) for diffusional flux of A in non-diffusing B.

In the general case, Eq. (2.33) is not directly useful for the calculation of the diffusional flux
(since the diffusivity of any of the components depends upon the fluxes in turn) and it is
necessary to solve Eq. (2.32). For diffusion in an n-component mixture, Eq. (2.32) represents
a set of (n — 1) independent, simultaneous, first-order, linear, ordinary differential equations that
can be solved for a given situation. The general solution is quite involved. Here we discuss the
solution methodology for the case of diffusion in a ternary mixture only.

If the components in the mixture are called 1, 2 and 3, Eq. (2.32) may be written as

dy 2 ) N, N
C tl: —CEL = N| 22+ B |y | 242 2.37
omponen dz 1[1)12 Dy n Dy, D ( )
dy, N V3 N, N
Component 2: -C—= = N,| =—+=-1|- —_—t— 2.38
ponen dz 2[1)21 Dy, ¥ Dy, D, ( )
dy Do, M N N
Component 3: —C22 =N 2L+ 22—y | L+ 2 2.39
ponen dz 3[ Dy, Ds, ¥ Dy, Dy, ( )
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If we make use of the relation, Dij = Dj,- for an ideal gas mixture, any one of the above three
equations can be obtained by adding the remaining equations because the sum of the mole
fractions is unity.

it y+ys=1 (2.40)

Thus, there are only two independent, simultaneous, first-order, linear, ordinary differential
equations (there will be n — 1 equations for an n-component mixture as stated before) which may
be solved for a given set of concentrations of the species at the two ends of the diffusion path.
Toor (1964), Krishna and Standardt (1976), among others, developed a matrix method of solution
of the coupled equations for an n-component system. Simpler solution techniques may be
adopted in some special cases and here we show one such solution.

Let us consider a ternary mixture of ideal gases in which (i) components 1 and 2 diffuse while
component 3 is non-diffusing (i.e. N3 = 0), and (ii) diffusion occurs through a path length /.
Equations (2.37) and (2.38) may be written as

dy y Y N
C tl: -C—=L = N| 22+ |-y 2% 2.41
omponen 4z 1[ D, "D, Y D, ( )
dy y Y N
Component 2: -C=22 =N, | 2L+ B |y L 2.42
ponen a2 2[ D, D, Y2 D, (2.42)

Equations (2.41) and (2.42) may be combined into a single equation after considerable algebraic
manipulation and using the relations D, = D,; and D3, = D,3 . For this purpose, we define a
quantity

£ (1/Dyp) = (/Dy3) _ %[DL,,—DHJ
(1/D,)—(1/Dy;) ~ D3\ Dyy — Dy,

Now we divide both sides of Eq. (2.41) by N, multiply both sides of Eq. (2.42) by &/N, and
subtract the resulting equations to get

_C[L@_idﬂ)=_&Y_l+[y_2+y_3)+gﬂy_2_g[i+y_3) 2.43)

N, dz N, dz N, Dy, Dy, Dy N, Dy, Dy, Dy
or C N1+N2@_(§N1+N2dﬁ
N, +N, N, dz N, dz
N» yi o [Nl Y2 }’2) [)’2 }’3) [yl }’3) &y
e B I s e B I
N, D, D, N, D, D, D, D, Dy, Dy D, Dy,
N N1+N2) gy, [N1+N2) Y2 N y3 (D, Dy,
= -0 ¥ (Al R (S DR R
D12[ N, Dy, N, Dy, Dy, D, \ D35 Dy
The above equation can be rearranged to the following form
N, + N. N, + N.
ETTSTN
1 2
D,C = (N, + Ny)dz

N1+N2y N, + N,

N] l_é N2 y2+(€_1)



34 Chapter 2 Molecular Diffusion

Let the mole fractions of the components at the two ends of the diffusion path (i.e. the boundary
conditions) be

atz=0, Y1 = Yio and Y2= Y20
atz = |, Y1 =Yu and Y2 =y

On integration between these limits followed by rearrangement,
N, + N, N;+ N,
- +(&-1
Dy, C " N, Yu N, Eyu (<§ )
l Ny + N, Ny + N,
1N1 2 Yio — 1N2 2<§Y20+(‘§—1)

The two fluxes N and N, cannot be calculated from the single equation (2.44). In order to have
another relation, we turn to Eq. (2.39). Putting N3 = 0 (since the component 3 is non-diffusing
in the particular case under consideration), D3; = D3 and D3, = D,3 in Eq. (2.39), we get

e oy (M )

(N, + Np) = (2.44)

D3 Dy
Integrating from z = 0, y3 = y3gto z = [, y3 = y3,

N Ny

C. Y
= — ln _— 24
D3 Dy Ly @43

Now we have two equations [Eqs. (2.44) and (2.45)] in the two unknown fluxes N; and N,. The
solution of these simultaneous nonlinear algebraic equations gives the fluxes N; and N,.

In many practical situations, we come across ‘non-equimolar counterdiffusion’. To deal with
such a case, we need to relate the fluxes of the components and use these relations in Eqgs. (2.37)
and (2.38) and then proceed with the solution. This is illustrated in Example 2.11.

EXAMPLE 2.10 (Diffusion of only one component in a three-component mixture) A mixture of
60% hydrogen and 40% oxygen is blowing over a pan of water at 1 atm pressure. The bulk gas
temperature is 30°C and the water temperature is 20°C. The vapour pressure of water at this
temperature is 17.53 mm Hg. If the concentration of moisture in the bulk gas is negligible,
calculate the steady-state flux of water vapour through a stagnant film of estimated thickness
1.5 mm on the water surface. The diffusivity values are: Do, y,0 = 0.357 cm?/s at 79°C; Dy, 1,0
= 0.972 cm?/s at 34°C; Dy, 0,=0.891 cm?/s at 43°C (all at 1 atm pressure). Assume that the
volume ratio of H, and O, remains constant along the diffusion path.

Hints: Here water vapour(1l) diffuses through non-diffusing hydrogen(2) and oxygen(3). We
assume that the composition of the mixture on moisture-free basis remains unchanged over the
film, so that Eq. (2.35) may be used to calculate D,,,. At the mean gas-film temperature (298 K),
the diffusivities are D, = 0.923 and D5 = 0.267 cm?/s (calculated from the values given at other
temperatures). The mole fractions of H, and O, on H,O-free basis can be found to be y, = 0.6
and y; = 0.4. From Eq. (2.35), D,,, = 0.465 cm?/s. Put y;; = 0 (dry air) and y,, = (17.53/760)
=0.023, /= 1.5 mm, C = P/RT = 0.0409 kmol/m> in Eq. (2.36) and obtain flux of water vapour,
N, = 2.96 x 107> kmol/m? - .
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EXAMPLE 2.11 (Multicomponent diffusion) In an experimental reactor for the study of catalytic
cracking of ethane(1) to ethylene(2) and hydrogen(3), the bulk gas composition is 60% ethane
and 20% each of ethylene and hydrogen. The mole fraction of the gases at the catalyst surface
are: y; = 0.4, y, = 0.3 and y; = 0.3. Diffusion of ethane to the catalyst surface occurs through
a stagnant gas film of thickness 1.5 mm and the products diffuse back. The temperature is 720°C
and the pressure is 1.0 atm gauge. Calculate the flux of ethane through the gas film. The diffusivities
of the species at the given condition can be estimated using the Chapman—Enskog equation.

Solution
Estimation of the diffusivities D3 and D,; using Eq. (2.54) in Section 2.5.3:
The molecular weights of the components are: M; = 30; M, = 28; M3 = 2. T = 720°C = 993 K
The Lennard-Jones parameters are (Table 2.2):
CHg: 0y = 4443 A, g/k = 215.7
CHy; 0, =4.163 A, glk = 224.7

H,: o3 =2.827 A, &/k =59.7
Ethane(1)-Hydrogen(3) pair: ;3 = (0] + G3)/2 = (4.443 + 2.827)/2 = 3.63 A

1/2
€3 _ (& & _ 12 _ . kT _ 993 _
. (k k) = [(215.7)(59.7)] ' = 113.5; e, =135 = 8.75
From the collision integral (Table 2.3), [Qp];3 = 0.76
3/2 172
From Eq. (2.54), Dy, = (0.001858)(993)~"“[(1/30) + (1/2)] = 212 em?/st

(2)(3.63)*(0.76)
Ethylene(2)-Hydrogen(3) pair: 6,3 = (6, + 63)/2 = (4.163 + 2.827)/2 = 3.5

1/2 172
kT _ (kT kT _ (993 993 _ . _
£, [32 33) - (224.7 59.7) =857 [9phs = 0.762
3/2 172
Dy, = (0.001858)(993) 2[(1/28)+(1/2)] = 298 em?s
(2)(3.5)°(0.762)
Now consider the reaction on the catalyst surface: C,Hg — C,H, + H,
(1 2 O3
Flux relation: Ny = —N, = —N;
Substituting in Eqs. (2.37) and (2.38),
dy, [}’2 Y3 ) [ 1 1 ) .
-C— =N/|=—=—+=—=—|+Ny | —+— @)
daz "D, Dy YI\Dy, Dy
dy, [}’1 Y3 ) [ 1 1 ) "
- C—===-N,|=—+=—=|-N _— (ii)
daz "Dy, Dy 4 D, Dy

* The diffusivity of C,Hg—H, pair is given in Perry’s (1984), at 273 K and 1 atm: D53 = 0.459 cm?/s. So, at 2 atm
and 720°C (993 K) the diffusivity should be: D,; = (0.459)(1/2)(993/273)* = 1.6 cm?/s. This roughly matches
with the estimated value of 2.12 cm?/s.
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Equations (i) and (ii) have to be solved subject to the given values of the mole fractions of
the components at the boundaries of the gas film (boundary conditions), i.e.

at z = 0 (bulk gas): Yio = 0.6, Yoo = 0. 2 Y30 = 0.2
at z = [ (catalyst surface): yiu = 04, vy = 0.3, yy = 0.3

Equations (i) and (ii) may be solved by Laplace transform or by matrix method. Here we make
some approximations and obtain a simplified solution. Adding Eqs. (i) and (ii) and putting
Dy = D3y, Dy3 = D3,

d 11 Yo%
C (yl +y2) 1y3[D13 D23)+N1[D13 + D23)

The estimated diffusivities D3 = 2.12 cm?/s and D,3 = 2.28 cm?/s are reasonably close. The
solution of the above equation can be simplified by assuming D3 = D,3 when the first term on
the r.h.s. vanishes.

. d N Y2
1.€. —_ C— + = N _t =
e 1 +y2) 1 [D13 D23)

Using the average value of the diffusivities, (D3 + D,3)/2 = D, and integrating the above equation,

Oyty2p)

dnty) _ sz N N, = DTCln[)’m +}’20)

Grotra) 1 +y2) Yu T Y

Given: [=15mm=0.15cm; D= (.12 + 2.28)/2 = 2.2 cm%/s;

C = (PIRT) = 2/(82.1)(993) = 2.45 x 10~ gmol/cm?>; and the y values as given above.
(2.2)(2.45x107°) n (0.6 +0.2

Flux of ethane, N, = 015 04 +03

) = ‘ 4.804 x10~° gmol/cm? -s

Detailed treatment of multicomponent diffusion is available in Cussler (1976), Wesselingh and
Krishna (1990) and Taylor and Krishna (1993). A derivation of Fick’s law from the kinetic theory
has been given by Haynes (1986)".

2.5 GAS-PHASE DIFFUSION COEFFICIENT: MEASUREMENT
AND PREDICTION

The experimental values of binary diffusion coefficients for several gas mixtures are given in
Table 2.1. It is seen that for many small gas molecules, the values lie between 0.1 cm?/s
(10 m%s or 0.4 ft*/h) and 1 cm?s (10~* m?%/s or 4 ft*h) at atmospheric pressure and room
temperature. The gas-phase diffusivity generally varies with the absolute temperature raised to
the power 1.5 to 1.75, and inversely to the total pressure up to about 10 atm [D,p o< T'5© 175
D,p o< (1/P)]. It depends significantly also on the molecular weight of a species. As expected
intuitively, a large molecule diffuses slowly compared to a small molecule, and also hinders

# In an interesting article, Kraaijeveld and Wesselingh (1993) showed that in some cases the diffusion coefficients
of ions in a mixture of electrolytes or in an ion-exchange can even be negative.
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Table 2.1  Experimental diffusivity values for selected gas pairs at 1.013 bar pressure

Gas pair Temperature Dygx 10° Gas pair Temperature Dy x 10°
A-B (K) (m%s) A-B (K) (m?/s)
Air-CH, 273 1.96 Air-C,HsOH 273 1.02
Air—CO, 276.2 1.42 Air-H, 273 6.1
Air-H,0 298.2 26 Air-O, 273 1.775
Air-Benzene 298.2 0.9 Air-NH4 333 253
Air-n-Butanal 299.1 0.87 CH,4-Ar 298 2.02
CH,~He 298 6.75 CH4-H, 298 7.26
CO-N, 295.8 2.12 CO-H, 295.6 743
CO,-H, 298 6.46 CO,-N, 2982 165
C0,-0, 273 1.39 C0,-CO 273 137
C0,-H,0 307.5 2.02 Ho—N, 2972 7.73
H,-N, 297 7.79 H,—0, 273.2 6.97
H,—He 2982 1.32 H,-S0, 285.5 525
H,-H,0 307.1 9.15 H,~NHj 298 7.83
N,-SO, 263 1.04 0,-H,0 308.1 2.82
0,-CO 273 1.85 He-H,0 298.2 9.08
He—Benxene 298.2 384 Ar-NHg 295.1 2.32

diffusion of other molecules. For example, the diffusivity of hydrogen in n-butane is 0.272
cm?s at 0°C and 1 atm compared to 0.674 cm?/s in nitrogen. The diffusivity strongly depends
upon the intermolecular forces in a mixture and is also governed by collisions of the diffusing
molecules with others present in the mixture. The rate of collision increases as the mean free path
decreases. This is favoured at a higher pressure, and hence the diffusivity of a gas decreases with
increasing pressure.

There are a few methods of experimental determination of the gas-phase diffusion coefficient.
Two simple methods are described here.

2.5.1 Twin-bulb Method

The apparatus used in this method consists of two reasonably large bulbs or chambers of volumes
V| and V,, connected by a narrow tube fitted with a plug-type valve or a stopcock. There should
be a suitable arrangement for stirring the contents of the bulbs in order to keep the concentrations
in them uniform (the bulbs are said to be ‘well-mixed’). The entire assembly should be maintained
at a constant temperature. A schematic sketch of the apparatus is shown in Figure 2.11.

Initially, the valve in the connecting tube is kept closed. The two bulbs are evacuated. One
of the bulbs is repeatedly flushed with pure A and the other with pure B and then filled with the
gases at the same pressure, P. The valve is then opened to allow diffusion to start and continue
undisturbed for some time, at the end of which the valve is closed. Samples of the gases from
the bulbs are taken and analyzed for their composition.

Because the total pressures in the bulbs remain constant and equal, equimolar counter-
diffusion through the connecting tube occurs. The bulbs being large, the concentrations or partial
pressures of the components in the bulbs will change rather slowly. A theoretical analysis of
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Bulb 1
Valve

t=0,p,=P,pp=0
t=t,p,=D41>Pp=DPg

t=0,p,=0,pg="P

o i o
I1=0,P4= P Pp~Pp

Py tpg =P P trp=P

Figure 211  The twin-bulb apparatus—a schematic sketch.

diffusion in the system can be made with the pseudo-steady state’ approximation. This means
that, at any instant, diffusion through the connecting tube occurs at steady state. As the con-
centrations in the bulbs change a little, a new steady state of diffusion is attained simultaneously.
The assumption is correct if the ‘time scale’ for the change of the concentrations in the bulbs
is considerably larger than the time scale for the attainment of steady-state diffusion through the
connecting tube. The working equation for the calculation of the diffusion coefficient from the
concentration changes in the bulbs is derived below.

If a is the inner cross-section of the connecting tube, [ is its length, and p,,; and pgs,
(pa1 > pa») are the partial pressures of A in the bulbs at any time ¢, the steady-state rate of
transport of A from bulb 1 to bulb 2 can be written as [see Eq. (2.30)]

aDyp(pa1 — paz)  _

aN, = RTI = — aNp (2.46)

If C4, and C,, are the instantaneous concentrations of A in the bulbs, the rates of change of these
concentrations are given by the following equations:

dCy, _ Vi dpa _
-V T =aN, = “RT &t = aN, (2.47)
dC,, _ V, dpas _
and v, T = aN, = RT di = aN, (2.48)

Here C,, decreases with time but C,, increases. Hence the negative sign in Eq. (2.46). Also,
we have used the relations Cy; = p4/RT and Cy, = pao/RT applicable to ideal gases. Combining

Eqgs. (2.47) and (2.48),
aRT[L'l'L)NA _ aDyp(pa1 — Pa2) [L+ 1 )

_i( — ) —
4 \ParT Paz V'Y, ! v,

_d(pn—p) _ 9Dy [L +L)dt
(pa1 — pa2) l

=
i 'V
We use the following conditions:

(2.49)

t=0,ps1—pa2=P-0=P and t = t', pa1 — Paz = Pa1 — Paz (say)

* The pseudo-steady state approximation is used in a number of exercises and examples in this chapter.
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Integration of Eq. (2.49) within the above limits gives the working equation for the calculation
of D,p. That is,

P aDAB 1 1 ’
1 = —+— |t 2.
N 1 [vl Vz) 30)

The quantities to be measured in this experiment are the initial pressure in the vessels and the

partial pressures of one of the components (say A) in the vessels at the end of the experiment.
The mutual diffusion coefficient Dyp can be directly determined from Eq. (2.50).

2.5.2 Use of the Stefan Tube

This method is suitable if, under the given set of experimental conditions, one of the components
(say A) is available as a volatile liquid and the other component (B) is a gas which is not soluble
in A. The apparatus is very simple. A vertical glass tube, sealed at the bottom, is joined to a larger
diameter horizontal tube to form a tee (T) as shown in Figure 2.12. The liquid A is taken in the
narrow vertical tube and the gas B is forced through the horizontal tube. Evaporated A diffuses
through the mixture of A and B in the vertical tube, reaches the top and is swept away by the
flowing stream of B. As B is insoluble in A, it will not diffuse and the situation will conform to
diffusion of A through non-diffusing B. The liquid level in the vertical tube will drop very slowly
and pseudo-steady state assumption (i.e. A diffuses through the tube virtually at steady-state at
all time) is reasonable. This means that as the liquid level falls by a small amount, a new steady-
state rate of diffusion is established simultaneously. The drop in the liquid level over a period of

time is noted.
Gas B O A+B
—_—

\PAz:O

Py = Vapou.r pressure
of liquid 4

Volatile liquid 4

N
Figure 2.12 A schematic of the Stefan tube.

Let, at any time ¢, the liquid level be at a distance z from the top of the vertical tube, p,, be
the partial pressure of A at the liquid surface and p,, that at the top. The diffusional flux of A
through this distance z is given as follows [see Eq. (2.27)].

_ Dyg P(Pay — Paz)
RTzppy

N, (2.51)
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If the fall in the liquid level is dz in a small time df, the number of moles of A that diffuse out
is adz(p,/M,). By a material balance over the time df,

adZPA

aDyp P(psy — pa2) dt
M,

= aNdt =
4 RT ppy 2

Here a is the inner cross-section of the vertical tube, p, and M, are the density (of the liquid)
and molecular weight of A respectively. If at time ¢ = 0, the liquid level is at z from the top, and
at time 7’ (i.e. at the end of the experiment) the liquid level is at 7’, integration of the above equation
and rearrangement gives

RT 2 2
D,y = X1 Pau Pa(Z” — ) 2.52)

2P My (pu1 — pa)?’
The partial pressure of A at the liquid surface, p,, is equal to its vapour pressure at the prevailing
temperature. At the open top of the tube, the partial pressure of A is virtually zero (ps, = 0)
because A is greatly diluted by the gas B flowing at a high rate. All the quantities being known,
D,p can be calculated.

2.5.3 Predictive Equations for the Gas-phase Diffusivity

Although experimental diffusivity values for a large number of binary gas mixtures are available,
we often come across mixtures for which no experimental data have been reported. In such a case,
we take the help of a suitable predictive equation or correlation for the estimation of diffusivity.
Many such predictive equations—theoretical, semi-empirical or empirical—are available. A detailed
account of the more important equations and their suitability is given by Poling et al. (2001).
A useful and reasonably accurate theoretical equation based on the kinetic theory of gases
was suggested independently by Chapman and by Enskog. The diffusion coefficient D ,p strongly
depends upon binary interaction parameters of the A-B pair. Chapman and Enskog used the
Lennard—Jones potential function (Chapman and Cowling, 1970) given below to calculate the

interaction parameters.
12 6
(r) = 43{(%) —(%) } (2.53)

where
®(r) = potential energy

r = distance between the centres of two molecules
€ and ¢ = Lennard-Jones potential parameters.

The Chapman—Enskog equation is given by

1858 x 107 T*2(1/M , +1/Mp)"?

2
m-/s 2.54
Pc%,Q, (2.54)

Dyp =

Here
T = absolute temperature, in K

M,, Mg = molecular weights of the components A and B
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P = total pressure, in atm
G645 = a characteristic length parameter of the binary, in A

Qp = collision integral which is a function of k7/g,5 (Where k is the Boltzmann’s constant
and g,p is another characteristic binary parameter).

The following equations can be used to calculate 0,p and &,p.
Oup = (04 + Op)I2; €45 = [£485]"2 (2.55)

The values of 0 and € are listed for a number of common substances in Table 2.2 and the collision
integral, Qp, is given in Table 2.3. The values of ¢ and ¢ for substances not listed in Table 2.2
can be calculated from the following approximate relations:

ek=075T, and o= (56)V" (2.56)

Table2.2 Lennard-Jones potential parameters for selected compounds

Compound c e/k Compound c e’k

(A) (K) (A) (K)
He 2.551 10.22 Air 3711 786
CCl, 5.947 322.7 CHClg 5.389 340.2
CHsClI 4182 350.0 CH30H 3.626 481.8
CH, 3.758 1486 CS, 4.483 467.0
CoH, 4163 2247 CoHs 4.443 2157
C,HsCl 4,898 300.0 C,HsOH 4530 3626
Propylene 4678 298.9 Acetone 4.600 560.2
n-Butane 4.687 531.4 Di-ethyl ether 5.678 3138
n-Hexane 5.949 399.3 Cl, 4217 316.0
Ethyl acetate 5.205 521.3 HCI 3.339 344.7
HBr 3.353 449.0 Ho 2.827 59.7
H,0 2.641 809.1 H,S 3.623 301.1
NH4 2.900 558.3 NO 3.492 116.7
Ny 3.798 714 0, 3.467 106.7
S0, 4112 335.4 Benzene 5.349 412.3

where T, is the critical temperature (K) and V., is the critical volume (cm3/gmol) of a component.
Use of the Chapman—Enskog equation has been illustrated in Example 2.11.

An empirical equation suggested by Fuller, Schettler and Giddings (1966) is not only simple
to use but also reasonably accurate in predicting binary gas-phase diffusivity up to moderate
pressures.

AB = (2.57)

_ 101331077 7' [ 1,1 }"2 2%
PIEW +Ev)§1?

M My
Here
T = temperature, in K
M, and Mz = molecular weights of A and B respectively
P = total pressure, in bar.
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Table 2.3 Numerical values of the collision integral, Qp

kT/e Qp kT/e Qp kT/e o
0.30 2662 0.95 1476 1.90 1094
0.35 2476 100 1439 200 1075
0.40 2318 105 1406 25 0.9996
0.45 2.184 110 1375 3.0 0.949
050 2066 115 1346 35 0.912
0.5 1.966 120 1320 40 0.8836
0.60 1877 125 1.296 45 0.861
065 1798 130 1273 5.0 0.8422
0.70 1729 140 1283 7.0 0.7896
0.75 1667 150 1.198 100 0.7424
0.80 1612 160 1.167 30 0.6232
0.85 1562 170 1140 50 05756
0.90 1517 180 1.116 70 0.5464

In order to use Eq. (2.57), one has to estimate (Zv) for each of the components by adding
atomic diffusion volumes listed in Table 2.4 for selected molecules and structural groups. The
error in the prediction remains within 5% for many binaries. As an example, let us estimate the
diffusivity of cyclo-hexane(A) in nitrogen(B) at 15°C and 1 atm pressure.

Cyclo-hexane (C4H,,) has one ring. From Table 2.4, the volume terms of A and B are

v, = (6)(16.5) + (12)(2.31) — 20.1 = 106.5;  Zvg = 17.9

Table 2.4  Atomic and diffusion volumes (Fuller et al., 1966)

c 165 H, 7.07 co, 26.9
H 2.31 He 2.88 N,O 35.9
0 548 N, 179 NH, 14.9
N 5.69 0, 16.6 H,0 127
Cl 19.5 Air 20.1 Cl, 377
S 17.0 Ar 16.1 SO, 411
Aromatic ring -20.2 Kr 228

Heterocyclic ring -20.2 Cco 18.9

Also, M, = 84, My= 28, T = 15°C = 288 K, P = 1.013 bar. Substituting the values in the
Fuller’s equation [Eq. (2.57)], Dsp = 8.12 x 107% m?%/s = 0.0812 cm?/s. The experimental value
(Perry, 1997) at the given condition is 0.076 cm?/s; therefore the error in prediction = 7%.

2.6 MOLECULAR DIFFUSION IN LIQUIDS

Here we describe the equations for the calculation of diffusional flux of a species in solution, the
experimental determination and estimation of liquid-phase diffusion coefficients.
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2.6.1 Flux Equations

The flux Eq. (2.14) is valid for both gas and liquid phases. However, unlike ideal gases, the total
molar concentration of a liquid is expected to vary from one point to another. While integrating
Eq. (2.14) for liquid-phase diffusion from point 1 to point 2, use of an average total molar
concentration is justified. Putting x, = C,/C in Eq. (2.14), we get

p ) dx,
Ny= (N, + Npxy — — 2.58
4= Ny + Np)xy AB(M & (2.58)
Here p = density and M = molecular weight of the solution; (p/M),, is the average molar
concentration of the liquid.

Equation (2.58) may be integrated between the points 1 and 2 as we did in the case of gas-
phase diffusion. The integrated equations are given below.

(a) For the diffusion of A through non-diffusing B,

D,z (p/M) XB1 — XBo
Ny = A8 7av (00— xa), where xpyy = —————— 2.59
A ™ (x40 — Xa) ™ (2.59)
(b) For equimolar counterdiffusion of A and B,
D, IM
Ny = M(Mo —Xa1) (2.60)

l

Here x40 and x4, are the mole fractions of A at points 1 and 2 separated by a distance /. It is to
be remembered that very often diffusion in the liquid phase occurs at low concentrations. As a
result, it is reasonable to assume xpy, = 1, so that Ny = J,.

EXAMPLE 2.12 (Liquid-phase diffusion) In a slurry reactor the gas(A) is sparged in an agitated
suspension of catalyst particles, 1 mm in average diameter, in a liquid(B). The gas dissolves in
the liquid and is transported to the surface of the catalyst particles where it undergoes an
instantaneous reaction. In a particular case the concentration of A in the liquid is 1.0 kmol/ m>,
the rate of reaction is 3.15 x 107% kmol/m?-s based on the external surface area of the catalyst
particles, and the diffusivity of A in the liquid is 7 x 107!° m?s. If the diffusion of dissolved A
to the catalyst surface occurs through a stagnant film surrounding a particle, calculate the
thickness of the liquid-film.

Solution

Consider a stagnant liquid-film of thickness & surrounding a catalyst particle. If r is the radial
distance of any point in the liquid-film from the centre of the catalyst particle, we have (for the
details of the derivation of the following equation, see Section 2.7.1)

4rr®N, = constant = W and N, = -D dC,/dr (if the concentration is low).

We combine the above two equations and integrate from r = r, (the radius of the catalyst particle),
C,=0to r=r, + 8(i.e. the other boundary of the liquid-film), C, = Cy, (bulk liquid concentration,
see Figure 2.13).

C

b +

W pdr o W (11 - (. +9)

‘ZdCA__ DJ 5 = [’c rc+6) = W = 4nDCy, 5
r
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A diffuses towards
the surface

C, =0 at the surface of the

catalyst particle since the reaction is
instantaneous

Liquid-film

C, = Cyp at the edge
of the liquid

Figure2.13 Diffusion through the film on a spherical pellet.

Given: r,=0.5mm =5x 10"*m; D=7 x 107! m%s; C;, = 1.0 kmol/m>; and the rate of reaction
= the flux of the reactant to the surface of the catalyst particle, N, = 3.15 x 10~% kmol/m?-s.

= W = 47r2 N, = 42DC,, Q(*TJ"S)
- 1y 2 Nare _ (315x107°)(5x107%)
6  DCy (7x107'9)(L0)
= 1 + (5 x 107/6 = 2.25. The liquid-film thickness, & = 0.0004 m =

2.6.2 Experimental Determination of Liquid-phase Diffusion Coefficient

There are a number of methods for the determination of the liquid-phase diffusion coefficient.
Here we describe a common method that uses a ‘diaphragm cell’ (Dullien and Shemilt, 1961).

The diaphragm cell is a two-compartment cell, as shown in Figure 2.14, separated by a porous
diaphragm usually of sintered glass. Solutions of the species A in the solvent B at two different
concentrations are taken in the two compartments. Diffusion is allowed to occur through the
narrow passageways of the pores from the higher concentration cell to the lower concentration
cell for some time. At the end of a run, samples of the
solutions are taken from the cells and analyzed for the
concentrations of A. The contents of the compartments
are always kept well-stirred. If the area of cross-section of
the diaphragm is a and € is its porosity, then the effective | _Stir bars
area available for diffusion is ae. However, the length of the ;
diffusion path is not equal to the thickness of the

diaphragm since the pores are not straight. Many of the |:|

Diaphragm Feed/sampling

. — O
pores are interconnected and some may even have dead
ends. A simple method to take into account this Rotating
characteristic of the pores is to introduce an empirical magnet

parameter called ‘tortuosity factor’, 7. It is the ratio of the \_ﬁ '
average length of the diffusion path (through the Feed/sampling
diaphragm) to the thickness of the diaphragm. Figure 2,14 The diaphragm cell
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The working equation for the calculation of the diffusion coefficient from the data collected
with a diaphragm cell can be derived following the procedure adopted in the case of the twin-
bulb method (Section 2.5.1). For diffusion in the liquid phase, particularly at low concentrations
[see Eq. (2.17)], it is reasonable to neglect the bulk flow term in Eq. (2.14). The approximate
form of Fick’s law is

dC
=D,y —2 2.61
Ny AB g, (2.61)
Equation (2.61) can be integrated at steady state to give
D,z (Cyy—C
Ny = M; Ca1 > Cay (2.62)

It

Here [ is the thickness of the diaphragm, and [7 is the effective length of the diffusion path. If
V| and V, are the volumes of the solutions in the two cells and C,; and C,, are the concentrations
therein at time ¢, then by invoking the arguments given in Section 2.5.1 (the pseudo-steady state
approximation),

dcC, dcC,,

—AL - 4eN, and V,—22 = qeN, (2.63)

Vi dt

Adding the above two equations and substituting N, from Eq. (2.62),

DAB(CA1 -G) [L+ 1 )

T TS (2.64)

d
—— (G — Gp) = ae
47 (G = G
If Cp10 and Cy,  are the initial concentrations and Cy; s and Cy; ; are the final concentrations
in the compartments at time 7, integration and rearrangement of Eq. (2.64) yields

-1
It (1 1 Caro — Cazp
SLACIN 0 S 0 [ PY I Kl 2] .
Dyp act, (Vl + Vz) n [CAl,f —CA2,f (2.65a)

Equation [2.65(a)] can be used to calculate the diffusion coefficient from the measured concen-
trations and time. However, it is not easy to determine the effective porosity € and the tortuosity
factor 7 of the diaphragm. It is more convenient to carry out separate measurements for a solute
of known diffusion coefficient in the given solvent to calibrate the cell. Then the quantity

ag | 1 1
py [Vl + V2) = B (say) (2.65b)
can be calculated for a particular diaphragm cell. The quantity S is called the ‘cell constant’. Once
the cell constant is determined, the diffusivity of any species in any solvent can be measured.
Potassium chloride—water is a common system used to determine the cell constant. Sample
calculations are illustrated in Example 2.13.

An apparatus based on similar principles, called the ‘Wilke-Kallanbach diffusion cell’, is used
for the determination of effective diffusivity of a gas in a porous solid (for example, a catalyst
pellet).
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EXAMPLE 2.13 (Diffusivity determination—diaphragm cell) A two-compartment diaphragm
cell is used to measure the diffusion coefficient of propionic acid in water at 18.5°C. The cell has
a 1.8 mm thick and 3.5 cm diameter glass frit diaphragm. The volumes of the two compartments
are 60.2 cm® and 59.3 cm? respectively. A calibration experiment is done by filling the large
compartment with 0.3 molar aqueous solution of KCI and the smaller compartment with water.
Molecular diffusion of the solute occurs through the pores of the diaphragm. The concentration
of KCl reduces to 0.215 molar at the end of 55.2 h runtime. The diffusivity of KClI is known
to be 1.51 x 107> cm?/s at the experimental temperature of 18.5°C. Calculate the cell constant
from these data.

The cell is then thoroughly washed and the larger compartment is filled with 0.4 molar
aqueous propionic acid. The smaller compartment is filled with water as before. At the end of
56.4 h, a sample from the larger compartment is found to contain 0.32 molar acid. Calculate
the diffusivity of propionic acid in water. If the average porosity of the diaphragm is 0.39, what
is the tortuosity of the pores?

Solution
Equations [2.65(a) and (b)] are the working equations for this problem. The end concentration
in the smaller compartment has to be obtained by material balance in each case.

Diﬁ‘usion Of KClI: VICAI,O + V2CA2,0 = VICAI,,f + V2CA2,,f
Given: Vi =602 cm® V, = 59.3 cm® Cyy= 0.3; Cppp= 0; Cay = 0.215

= Caz,r = 0.0863 molar
Other quantities given are: D = 1.51 x 107> cm%s; time, 7, = 55.2 h = 55.2 x 3600 s
The cell constant can be calculated from Eq. [2.65(a)].

1 Cato — Cazp 1 03-0 =)
= In . = In = _0.282 cm
p Dy Cary — Casy (L51x107°)(55.2 x3600)  0.215—0.0863

Diffusion of propionic acid:

Given: Cpy0= 0.4; Cpz0=0; Cyy s = 0.32; then by material balance as above, Cy, ;= 0.0812;
also the time allowed is # = 56.4 h = 56.4 X 3600 s. Substituting these values in Eq. [2.65(a)],

= In Caro = Cazo = 1 04-0 =19.01x107% cm?/s
ﬁtf Cary — Cazy (0.282)(56.4 x3600) 0.32—0.0812

(This value compares well with the literature value, 8.74 X 10~® cm?%/s)

Calculation of the tortuosity factor:

Cell constant, f§ = Z_‘? [% + VLZJ

Given: area of the diaphragm, a = (m/4)(3.5)% = 9.621 cm?;, £ = 0.39; [ = 0.18 cm; B =0.282.

. (9.621)(0.39) ( 1 1 )
— =25
= Tortuosity factor, T (0282)(018) \ 602 + 503
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2.6.3 Predictive Equations for Liquid-phase Diffusivity

The magnitude of the liquid-phase diffusivity is much smaller than that of the gas-phase diffusivity.
From the brief list of experimental liquid-phase diffusivity values of several common substances
given in Table 2.5, it is apparent that for diffusion of small solute molecules in water, the
value generally lies between 0.5 x 10 cm?/s and 2 X 107> cm?/s. A larger molecule has a smaller
diffusivity.

Table2.5 Liquid-phase diffusivities of selected compounds at infinite dilution at 25°C

Solute Solvent D% x 107° (m?s) Solute Solvent D% x 107 (m%s)
Carbon dioxide Water 1.92 Benzoic acid Water 1.00
Chlorine Water 1.25 Acetone Water 1.16
Nitric oxide Water 2.60 Acetone Chloroform 2.35
Oxygen Water 210 Benzene Chloroform 2.89
Ammonia Water 1.64 Acetic acid Benzene 2.09
Hydrogen sulphide ~ Water 1.41 Benzoic acid Benzene 1.38
Sulphuric acid Water 173 Water Acetone 456
Nitric acid Water 260 Benzene Ethyl alcohol 1.81
Methanol Water 1.6 lodine Ethyl alcohol 1.32
Ethanol Water 1.28 Water Ethyl alcohol 1.24
Formic acid Water 1.50 Water n-Butyl alcohol 0.988
Acetic acid Water 1.21 Water Ethyl acetate 320

A number of semi-empirical equations and correlations are available for the prediction of the
liquid-phase diffusivity. But generally the accuracy of prediction is not as good as in the case of
gases. This is because the theory of the liquid state is less clearly understood. The more important
equations for the estimation of the liquid-phase coefficient are described by Poling et al. (2001).
Hayduk and Minhas (1982) proposed a simple and useful correlation. Here we cite the Wilke—
Chang equation (1955) which is simple to use but not always good in prediction.

1173x 107" (p Mp)'*T
pve®

Here D3p is the diffusivity of the solute A in solvent B in m?%/s; the superscript ‘0’ refers to an
infinitely dilute solution. The different quantities involved are: Mp = molecular weight of B
(the solvent); ¢ = association factor for the solvent [water: ¢ = 2.26; methanol: ¢ = 1.5; ethanol:
¢ = 1.5; non-associated solvents: ¢ = 1.0]; T = absolute temperature, in K; i = solution viscosity,
in kg/m-s; v, = solute molar volume at the normal boiling point, in m>/kmol.

Let us estimate the diffusivity of acetic acid(A) in water(B) using the Wilke—Chang equation
at 293 K.

Molar volume of the solute (acetic acid) at its normal boiling point, v, = 0.0641 m>*kmol
(Poling et al., p. 54); viscosity of the solvent (water) at 293 K (Poling et al., p. 441), u =
1.0121 x 107 kg/m-s; @ = 2.26 for water, My = 18. Substituting the values of different
quantities in Eq. (2.66), D,z = 1.116 X 10~ cm?/s. This value would be a little larger at 298 K.

0 _
Dyp =

(2.66)
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Experimental value (Table 2.5) is Dyp = 1.19 x 107> cm?%s. Error in prediction = —6.2%.

Certain characteristics of the liquid diffusivity may be noted in Eq. (2.66). The diffusivity,
D,p, varies linearly with the absolute temperature T and inversely as the viscosity of the medium,
M, which is approximately true for many solute-solvent pairs. The well-known Stokes—Einstein
equation given below also shows this type of dependence.

Dyp
T

From the nature of dependence of D,p on v, given in Eq. (2.66), it again appears that larger
molecules have lower diffusivities. Thus the diffusivity of iso-propanol in water is less than
that of methanol. A more viscous medium offers greater hindrance to the movement of solute
molecules. As a result, liquid-phase diffusivity decreases as the viscosity of the solvent increases.

A detailed account of many available correlations and their suitability is given by Poling
et al. (2001) and in Perry’s Handbook (7th edition; Chapter 5).

= constant (2.67)

2.6.4 Concentration Dependence of the Liquid Diffusivity

Diffusivity of a solute in a concentrated solution may sometimes be substantially different from
that in a dilute solution. The reason is that a concentrated solution is more non-ideal and will
have a more complex solute-solvent interaction. The change in the viscosity with concentration
has also some effect on the diffusivity. Sometimes the diffusivity in a binary solution shows a
maximum or minimum with change in the concentration. Here we cite an important equation
proposed by Leffler and Cullinan (1970) for the determination of diffusivity in a concentrated
solution.

dl
Dyg 1t = (D3s 114)"4 (D35 pp)' 4 [1 + “—“] (2.68)

dlnx,
where D3 is the diffusivity of A in an infinitely dilute solution in B, and Dg 4 1s the same for B
in an infinitely dilute solution in A. The activity coefficient of A (i.e. y,) is expressed by the
following equation at ordinary pressure (where the vapour phase is rather ideal), i.e.

ya P

2.69
i Pl (2.69)

%4 =
Here P} is the vapour pressure of A at the given temperature. The derivative (d In7y,/d Inx,) can
be obtained from the above equation. Details of the concentration dependence of diffusivity and
also the phenomenon of diffusion in electrolytes (where the ions present in the solution greatly
influence diffusivity) are given by Poling et al. (2001).

2.7 DIFFUSION THROUGH A VARIABLE AREA

So far we have analyzed problems in which the cross-sectional area of diffusion remains
constant. This is true for a flat geometry. However, there are many situations where the area of
diffusion changes along the direction of diffusion, or changes with time even. Two common
geometries that involve diffusion through a variable area are the cylindrical and the spherical
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geometries. Diffusion in a tapered or conical geometry is also encountered in some cases. A few
typical cases are analyzed in this section.

2.7.1 Diffusion in Spherical Geometry

Evaporation of a drop of water in stagnant air will be analyzed here as a model case. Let us
consider an evaporating drop that has radius r; at any instant 7. Imagine a thin spherical shell of
inner radius r and thickness Ar around the drop as shown in Figure 2.15. This is a binary system
involving diffusion of water vapour(A) through air(B). Then

Rate of input of A into the thin shell (at r = r) : (47rr2)NA|,

Rate of output of A from the thin shell (at r = r + Ar) : (47rr2)NA|,+A,

, Concentric spherical

i shell
Ar Tl S
/’/ “-J-__‘~ S
- ~ N
Dt ! Sso ™
’ 1 < O
Vi /\ - N
A | N
’ 4 r H \
;7 ! \

RN O g
‘. “v_ Shrinking sphere S
S ~ P ’

AN ~ - ’

~a —

Figure 2.15 A sketch indicating shell balance for mass transfer from a sphere.

The notation |, means that the quantity is evaluated at the position .
By a steady-state mass balance (note that the rate of accumulation = 0),

@GRPN, — GRPINpr = 0

Input Output Accumulation

Dividing both sides by Ar and taking the limit Ar — 0,

2 2
tim GEONal = @ar Nl _ oy _d ron = g
Ar—0 Ar dr

= 47r’N, = constant = W (say) (2.70)

Equation (2.70) is a very important result for steady state diffusion through a variable area and
can be generalized as

(Area) (Flux) = Constant 2.71)
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In this case water vapour diffuses out, but air does not diffuse because it is not soluble in water.
So the case corresponds to diffusion of A through non-diffusing B. Since diffusion occurs in
the radial direction, we replace z by r in Eq. (2.19) to get

_ Py Dy dp
Na=WNa+No) = 4y
Putting Np = 0 and rearranging,
DypP  dpy
= - 2.72
Na RT(P—p,) dr (2.72)
From Egs. (2.70) and (2.72),
4 WRT _dr 2.73)

_P—PA - 4Dy P r?

The above equation can be integrated from r = r, (i.e. the surface of the drop) to r = o (i.e. far
away from the drop) where p, = p,... Here p,; is the vapour pressure of water at the temperature
of the drop and p,.. is the partial pressure of water vapour in the ‘bulk air’.

—T dps _ WRT ]"g o mP-m. _ WRT 1
P_pA 4ﬂDABP r2 P_pAS 4ﬂDABP T

Pas Tg

4nDyp Pr; In P — Do

= W= —2r P— s,

(2.74)
Since W is the constant molar rate of mass transfer [see Eq. (2.70)], it is equal to the rate of
vaporization of the drop at any instant. This rate can be related to the change in the drop radius
by the following equation.

W= _%(%,,rg P_A) = —dnbr g % @.75)
A

The negative sign is incorporated because the size of the drop decreases with time. Equating
Egs. (2.74) and (2.75),

Py 2dr, _ 4nDypPrs  P-—py.
_AgplA 20T _ 1
U RT " P-p,

Here again we have made use of the ‘pseudo-steady state’ assumption, that the drop size changes
so slowly that the diffusion of water vapour through the surrounding air occurs virtually at steady
state at all time. The change in the drop size over a considerable period of time can be determined
by integrating the above equation. If at time ¢ = 0, the radius of the drop is ry and at time ¢’ it
is rj,

’

_ DypPM, In P— ppos ,a _ 2DapgPM 1 In P - Dy

+
— | rdr, = dt 2 -ri2=
'[ s s RTPA P— Pas '[ = "s RTPA P - Das

rso 0

(2.76)
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How much time is required for complete evaporation of the drop? The answer is obtained by
substituting r; = 0 in Eq. (2.76).

2
’_ RTPA Iso (277)
2D PMy In[(P— pao)/(P— pas)]
Diffusion in the spherical geometry is encountered in many situations. Typical examples are
diffusion in a spherical catalyst pellet, evaporation of droplets in a spray drier, etc. The rate of
steady-state diffusion in the cylindrical geometry can be determined by a similar approach (see
Example 2.14).

= t

EXAMPLE 2.14 (Diffusion from a sphere) Calculate the time required for the sublimation of
3 g of naphthalene from a naphthalene ball of mass 4 g kept suspended in a large volume of
stagnant air at 45°C and 1.013 bar pressure. Diffusivity of naphthalene in air under the given
conditions is 6.92 x 1078 m?s, its density is 1140 kg/m>, and its sublimation pressure at 45°C

is 0.8654 mm Hg.

Hints: Equation (2.76) can be used directly. Initial mass of the ball = 4 g, radius, r,y = 0.943 cm;
final mass of the ball = 1 g, radius, 7, = 0.594 cm. Other parameters: D,p = 0.0692 cm?/s;
P =1 atm; T = 318 K; M, = molecular wt. of naphthalene = 128; p,.. = partial pressure
of naphthalene in the bulk air = 0; p,; = sublimation pressure of naphthalene at 318 K =

0.8654 mm Hg = 0.00114 atm.
Substituting the values of the various quantities in Eq. (2.76), the time required, t’ = | 219.5h

EXAMPLE 2.15 (Diffusion from a cylinder) Sublimation of a 20 cm long naphthalene cylinder
of mass 10 g occurs in a large volume of air in a room at 45°C and 1 atm pressure. The vapour
diffuses through a stagnant film of air of thickness 3 mm surrounding the cylinder. The air
beyond the film is well-mixed. Calculate the time required for sublimation of half of the
naphthalene. Loss of mass because of sublimation from the flat ends may be neglected (as their
combined area is considerably smaller than that of the cylindrical surface). The data given in

Example 2.13 may be used.

Solution
This is a case of diffusion of A (naphthalene) through non-diffusing B (air) through a variable

area. Taking the help of Eq. (2.71) together with Eq. (2.72), we may write

RT(P-py) ) dr
Here r is the radial distance of any point within the surrounding air-film (thickness of the film
= ) from the axis of the cylinder; W is the molar rate of sublimation. The distance r varies from
r. (the radius of the cylinder) to the outer edge of the air-film, i.e. (r. + 6). The corresponding
values of the partial pressure of naphthalene are: at r = r., py = p,, (the sublimation pressure);
atr=r.+ 8, p4 = 0 (as there is no naphthalene in the bulk air). To calculate the rate of sublimation,
we have to integrate the above equation.

QrrL)N, = Q2rrL) [— DysP ) dpy = W (constant); L = length of the cylinder

T “Pdr | _ 2mDyPLI[P/(P—p,)] o
> P=pa ~ 2mDyPL Y 1 - RTIn(1+6/1.)
As

<
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In order to calculate the required time of sublimation, we make the usual pseudo-steady state
approximation. If at any time ¢, the mass of the cylinder is m (= nrprA), the rate of sublimation
(neglecting the end losses) can be expressed as (M, = mol. wt.)

W= —% = —%(nrfL& IMy) = —2L(p, IMp)r: % (i)
From (i) and (ii),
R e N PHP p) = 2L, M)
Integrating, — :jf 7. In (1 + g) dr, = % % In (P—PpAs ) j; dt
= %rﬁln(l+%)—%rf2 ln(l+%)+g[(rcl—rc2)—51n:Z;—:g]
= % %(ln P—PPAs)t

Initial volume of the cylinder = 10 g/(1.14 g/cm®) = 8.772 cm® = nrL; = r,q = 0.3736 cm
Final volume of the cylinder = 8.772/2 = 4.386 cm® = nr3L; = r., = 0.2642 cm

=3 mm = 0.3 cm; Dyp = 0.0692 cm?/s; P = 1 atm; py, = 0.00114 atm.

Substituting the values of the various quantities in the above equation, the required time,

EXAMPLE 2.16 (Diffusion to a sphere, changing bulk concentration) A 1 cm diameter
spherical pellet of a strongly basic oxide is held at the centre of a closed vessel of 5 litre volume.
Initially the vessel is evacuated and then filled with an
equimolar mixture of H,S and N, at 25°C and 1 atm
total pressure. As the molecules of H,S reach the
surface of the pellet, they get absorbed instanta-
neously so that the concentration of H,S at the sur-
face remains zero at all time. Diffusion of H,S oc-
curs through a stagnant film of estimated thickness
of 4 mm surrounding the pellet. The bulk of the gas
may be assumed to have a uniform composition at
any time. Calculate the time of absorption of 95% of
the H,S gas. The temperature remains at 25°C and the
diffusivity of H,S in nitrogen is 1.73 x 107> m?/s at
this temperature and 1 atm pressure. (Figure 2.16
gives a sketch of the system.)

Closed vessel, volume = 5 litres

Mixture of H,S (4)
and N, (B)
H,S diffuses through N,

Gas-film of
thickness,

6=4
Absorbent sphere mm

Total pressure,
P=05+py

Figure 2.16  Absorption of H,S in a pellet.

Solution
At the time ¢, let the partial pressure of H,S(A) in the bulk gas be p,,. The initial partial pressure
of N,(B), which is not absorbed, is 0.5 atm. This value remains constant all through.

Total pressure at any instant, P = 0.5 + py,
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Diffusion of H,S occurs through non-diffusing N, through a spherical gas-film of i.d. = r; and
0.d. = ry + 8. The thickness of the film is &. Diffusion is assumed to occur at pseudo-steady state.
For diffusion in the spherical geometry at steady state, we have from Egs. (2.70) and (2.72),

D,pP dpa
RT(P—p,) dr

47N, = W (constant),  where N, =

Here p, is the partial pressure of A at any radial position r within the gas-film (thickness = 8)
surrounding the adsorbent sphere. Since p, increases with r, no negative sign is used in the
expression for flux, N,. At the surface of the sphere, r = r| and p, = O; at the outer edge of the
spherical film, r = r; + 8, ps = pa,- Integrating the above equation [see Eq. (2.74)],

n+
dpy dr 1 1 o
=W| =W x| =W—x
P—py I r [n r1+5) (1) +9)
1
= W= 47DypP [ln P ][rl(rl +6)] = the rate of absorption of H,S at time ¢.

RT P pw 5

If V is the volume of the vessel, we may write the following transient mass balance equation.

_V dpa _ W = 4Dyl || 0.5+ pap || +0)
RT 4t RT 0.5 o

At a constant temperature, D,pP = constant. The above equation has to be integrated over a
period of time during which the partial pressure of A changes from the initial value (p4, = 0.5
atm) to 0.05% of it [i.e. py, = (0.05)(0.5) = 0.025 atm].

0.025

Pab

47D,z P
|

dpw _ 4m(DypP) ()(r +6) j u
s In(1+2py) - v 6 !

The integral has to be evaluated numerically. The values of the different quantities are:
V = 0.005 m*; D,gP = (1.73 x 107> m?%s)(1 atm) and remains constant; r; = 0.5 cm = 0.005 m;
6 =4 mm = 0.004 m.

Using the Simpson’s 1/3rd rule, the integral is evaluated to be 1.755.

Required time, = (1L.759)(0.005)(0.004) s=
47(1.73 x 107°)(1)(0.005) (0.005 + 0.004)

2.7.2 Diffusion Through a Tapered Tube

Let us consider two ‘large’ vessels connected by a tapered tube of length L. The end radii of the
tubes are r; (at vessel 1) and r, (at vessel 2). The vessels contain mixtures of the gases A and
B at the same total pressure P and temperature 7. The partial pressures of A in the vessels are
pa1 and py,, respectively. Since the vessels are ‘large’, the compositions of the gases in the two
vessels are assumed to remain fairly constant in spite of the diffusional transport occurring
through the connecting tube. It is required to determine the rate of diffusion through the tube
at steady state.
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A sketch of the system is shown in Figure 2.17. The z-axis coincides with the axis of the
tube and z = 0 is taken at the vessel 1 end. Because py; > p4,, component A diffuses from vessel
1 to vessel 2, while B diffuses in the reverse direction. Thus there will be equimolar counterdiffusion
of A and B through the tapered tube. Considering a thin section of the tube of thickness Az at
a position z where the local radius is r, we can write

Temp.=T

Temperature = T

1
1
Total pressure =P | dz E i -8B E Total pressure = P
1z=0 — e =)
v 2 v _ETL [
. zA
r . 0 ! .
Partial pressure — ; "1 Partial pressure

of4=p,, ofd=p,,
r=r +ztan 6

] =r t(ry—ry) (/L)

Pay 7 Paz
Figure 2.17  Equimolar counterdiffusion through a tapered tube.

Rate of input of A into the section at z = (Tr2)N,],
Rate of output of A from the thin section at z + Az = (7rr2)NA|z+Az
Since there is no accumulation within the section at steady state,
(TN, = (RPN |0, = 0

Dividing by Az throughout and taking the limit Az — 0,

lim (7rr2)NA|z—(7TI’2)NA|z+Az =0
Az—0 Az

= _diz(ﬂr2M) =0 ie. mr’N,= constant = W, (say)'r (2.78)

Following Eq. (2.29), the local flux for equimolar counterdiffusion is given by

Dyp dpy . 287 _ 2 Dpp dps
RT dz ie. r'‘Ny=W,=—-7mr RT _dz

The local radius r can be related to the axial position z by using the property of similar triangles,

ie.
n—n
r=r-+ Z

Substituting for N, and r in Eq. (2.78), rearranging and integrating within the limits z = 0,
pa=parand =L, py = pay,

NA=

t Equation (2.78) can be written directly by using the generalization of Eq. (2.71), i.e. the product of flux and
area of diffusion remains constant.
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PA2 L
W, RT dz tDsp n 1
- JdPA = —1 = W, = AB L2 (par — pa2) (2.79)
”DAB rn—n RT L
PAL 0on+ A Z

The constant W, is, in fact, the constant rate of diffusional transport of A through the tube. So
the rate of transport can be calculated from Eq. (2.79). It is interesting to note that the rate of
diffusion is equal to that through a ‘uniform diameter tube’ of radius (r1r2)”2. So the ‘effective
radius’ of the tapered tube in respect of diffusion is the geometric mean of the end radii.

EXAMPLE 2.17 (Diffusion through a tapered region) Test tubes of tapered shape are
sometimes used in the laboratories. Consider a 15 cm tall tapered test tube, open at the top. Half
of the tube (to a depth of 7.5 cm) is full of ethyl acetate (A) at 25°C. The diameter of the tube
at the top is 20 mm and that at the bottom is 12 mm. Calculate the rate of evaporation loss of
the ester at the beginning. And also calculate the time of fall of the level by 2 cm. The ambient
temperature is 25°C and the pressure is 1.013 bar. The data for the ester are given as follows:
mol. wt. = 88; density = 900 kg/m>; vapour pressure at 25°C = 0.1264 bar; diffusivity in air =
8.66 x 107° m%s.

Hints: At any time ¢, the liquid level is at a depth z (from the open top) where the radius is .
At the bottom of the tube, z = L = 15 cm, where r = r, = 12 mm; at the top, z=0 and r = r,
= 20 mm (neglect the curvature at the bottom of the tube).

If N, is the local flux of ethyl acetate vapour(A) through air(B),

7r’N, = constant = W (say) (@)
The local flux can be written as [diffusion of A through non-diffusing B, see Eq. (2.72)]

DygP dp,

_ n—n
RT(P—-p,) dz

and _,_nh-n ..
r=n 7 Z (ii)

Ny

Substituting (ii) in (i) and integrating,

pv
TDwP [ dpy Wi dz
RT ¢ P-—ps o [n—(n —r)z/ L1

On integration and simplification,

T DypP 1 (z) P
W = - - —_ —_ ln
RT Z l:rl (rl r2) L P- p; (i)

The initial rate of vaporization loss (when z = 7.5 cm), W = | 1.58 x 107" kmol /s

If the fall in the level of the liquid in time dt is dz, then

242) P _ i
(n’r dt)MA =W @iv)
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Equation (ii) gives r in terms of z. Substituting for » and W in Eq. (iv), we get

4]
Jz[n—r‘_rzz]dz=MM—Arlln P_,
L RT p " p_p

|

Integrate and put the values of the different quantities (r; = 0.01 m; r, = 0.006 m; z; = 0.075 m;
2, = 0.095 m; L = 0.15 m; P = 1.013 bar; p; = 0.1264 bar, etc.), and evaluate the integral and
calculate the time.

Ans.

EXAMPLE 2.18 (Diffusion through a converging-diverging region) Two ‘large’ vessels
containing mixtures of O,(A) and CO,(B) are connected by a tube having converging and
diverging sections as shown in Figure 2.18. The partial pressure of oxygen in vessel 1 is ps; =
0.3 bar and that in vessel 2 is p4, = 0.1 bar. The total pressure is 1.013 bar in both the vessels
and the temperature is 20°C. Calculate the rate of diffusion of oxygen through the tube at steady
state. What would be the partial pressure of carbon dioxide and its gradient at the neck (i.e. at
the point of the smallest cross-section) of the connecting tube? Given: D,p = 0.153 cm?/s;
ry =5 cm; r, = 10 cm; throat radius, r = 2.5 cm; length of the two sections, /[, = 12 cm,
I, = 20 cm.

At the neck
2r=5cm P4p=0.1bar

1
, A— 1N
1 1

[}

7 — N
P=1.013bar_- T B %2 p_1013bar
P41 =0.3 bar

Figure 2.18  Equilmolar counterdiffusion through a converging-diverging section connecting two ‘large’ vessels.

Hints: The arrangement is shown in Figure 2.18. At steady state, equimolar counterdiffusion
occurs through the tapered connecting tube. Also the rate of transport of oxygen from the cross-
section 1 to the neck(n) is the same as that from the neck to cross-section 2. Recall Eq. (2.79).
If p4, is the partial pressure of O, at the neck, we can use the condition of continuity of the rate
of transport at that point at steady state.

Dy nr Dy nr

W: — = —
RT |, (pa1 — pan) RT I, (Pan — Pa2)
_ nbhpatnlipso
- Pan = nh +nl

nD,p  nnr
= W= —"F= —= —
RT nl, +nl (par = pao)

d d RT
nd s | [dna] [ RT
dz | dz |, nr® Dyp .
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2.8 KNUDSEN DIFFUSION, SURFACE DIFFUSION AND SELF-DIFFUSION

The kind of diffusion phenomena discussed so far relate to transport in the presence of a
concentration (or partial pressure) gradient in a continuum. Knudsen diffusion and surface
diffusion are two other important diffusional phenomena different from the above. These are
illustrated in Figure 2.19. A simple illustration of diffusion in a continuum is also shown for
comparison.

(b)

©
® An active site O An adsorbed molecule

Figure2.19 lllustration of (a) diffusion in a continuum, (b) Knudsen diffusion, and (c) surface diffusion.

2.8.1 Knudsen Diffusion

The movement of molecules in a mixture is governed by molecular velocity as well as collision
with other molecules. Collision of the diffusing molecules with others present in the mixture
offers the resistance to diffusion. If gas diffusion occurs in a very fine pore, particularly at a low
pressure, the ‘mean free path’ of the molecules may be larger than the diameter of the passage.
Then collision with the wall becomes much more frequent than collision with other molecules.
The rate of diffusional transport of a species is now governed by its molecular velocity, the
diameter of the passage and, of course, the gradient of concentration or partial pressure. This
is called ‘Knudsen diffusion’ and becomes important if the pore size is normally below 50 nm.
Such a situation commonly occurs for intra-particle transport in a catalyst containing fine
pores.

A few models have been proposed to describe and quantify Knudsen diffusion. A simple
approach based on the kinetic theory of gases yields the following expression for Knudsen
diffusivity.

Dy = (%)rpvr (2.80)
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where

r, = radius of the passage or capillary

™
T = temperature, in K

1/2
vr= (SRT) = average velocity of the molecules by virtue of their thermal energy

M = molecular weight.

Equation (2.80) is reducible to the form
Dy = 9700r,(T/M)"2, in cm?s; where r, is in cm (2.81)

The equation for flux due to Knudsen diffusion is similar to that of Fick’s law.

_ dcC, _ Dy dp,
Jx = —Dg iz - RT & (2.82)

EXAMPLE 2.19 Estimate the Knudsen diffusivity of ethylene within a 100 A pore of a catalyst
at 600 K.

Solution
Use Eq. (2.80). Given: T = 600 K; r, = 100A = 10°° cm; M = 28; R = 82.1 cm’.atm/K.gmol.

06 gm.cm/s2

sz

1/2 6 12
= o= 30 (37 = (3Jaore MERUGEONEDT - [ontsens

2.8.2 Surface Diffusion

1 atm = 1.013x 1

Surface diffusion is the transport of adsorbed molecules on a surface in the presence of a
concentration gradient. Molecules adsorbed on a surface remain anchored to the active sites. If
the fractional surface coverage (it is the ratio of the actual amount adsorbed to that required to
form a monolayer) is less than unity, some of the active sites remain vacant. An adsorbed
molecule tends to migrate to an adjacent empty site if it has sufficient energy to jump the energy
barrier. Since the active sites are discrete, the migration or surface diffusion is visualized to occur
by a ‘hopping’ or ‘leap-frog’ mechanism [Figure 2.19(c)]. Several models of surface diffusion
have been proposed in the literature. The flux due to surface diffusion is given by a Fick’s law-
type equation, i.e.

dc,
Js = _Ds dZS

(2.83)

where
D, = surface diffusion coefficient, in m?/s
C, = surface concentration of the adsorbed molecules, in kmol/m?.
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The surface diffusion flux J; is the number of moles transported across unit distance on the
surface normal to the direction of transport (mol/m-s). The experimental values of D, normally
range between 107 and 10~ cm?/s.

A brief review of Knudsen diffusion and surface diffusion is available in Do (1998).

2.8.3 Self-diffusion

The molecules of a gas or a liquid continuously move from one position to another. As a result
of this continual motion, the molecules in a mixture of uniform composition also diffuse but the
net rate of transport across any plane over a macroscopic time scale is zero. Self-diffusion refers
to the diffusion of the molecules in a pure substance; the corresponding diffusion coefficient
is called the ‘self-diffusion coefficient’ or ‘self-diffusivity’. An approximate value of the self-
diffusivity, D44, can be obtained by measuring the diffusivity of molecules of A having an atom
substituted by its isotope in an otherwise pure A. Expectedly, the self-diffusion coefficient of a
molecule is close to that in a mixture with similar molecules. For example, the self-diffusivity of
liquid benzene is 2.2 x 10 m?/s at 25°C [Easteal et al., AIChE J.;30 (1984) 641-642].

2.9 APPLICATIONS OF THE PRINCIPLES OF MOLECULAR DIFFUSION

The principles of molecular diffusion discussed in this chapter are used in a variety of scientific
and engineering calculations. It is particularly important if the transport of a species occurs in
a medium which is rather stagnant or in laminar motion. Even when the medium is turbulent, a
laminar layer of fluid exists at the phase boundary in which transport by molecular diffusion has
a dominating role to play. Transport in a porous medium occurs primarily by molecular diffusion.
A very important example is the diffusion of reactants and products in a porous catalyst
pellet. Besides normal pore diffusion, Knudsen diffusion and surface diffusion often play a
very important role in determining the performance of a catalyst (Worstell, 2004). Above all,
the principles of molecular diffusion form the basis of the study of fundamentals of mass
transport.

NOTATIONS
The units mentioned against the following notations used in this book are not exclusive.
a . cross-section of diffusion, m?
C; : molar concentration of the species i in a mixture, kmol/m>
C : total molar concentration, kmol/m?
Dyg : diffusivity of A in B, m?%/s
D;,, : diffusivity of the ith species in a mixture, m%/s
J : molar flux with respect to an observer moving with the molar average velocity,
kmol/m?-s
L1 : length of the diffusion path, m

M : molecular weight
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Ny
P

R

=

T

Subscripts
1,2

A, B

i

s

: molar flux of A with respect to a stationary observer, kmol/m?s

: total pressure, bar or atm

: partial pressure of the species i in a mixture, bar or atm

: log mean partial pressure of B, bar or atm

: radial position, m

: radius of a sphere, m

: radius of a sphere at time ¢, m

: universal gas constant, 0.08317 (m>)(bar)/(kmol)(K), 0.0821 (m>)(atm)/(kmol)(K)
. time, S

: temperature, K

: molecular velocity of the species i with respect to a stationary observer, m/s
: mass average velocity of the components in a mixture, m/s

: molar average velocity of the components in a mixture, m/s

: diffusion velocity of species A [Eq. (2.18)], m/s

: volume of liquid/gas/vessel/compartment, m>

: mole fraction of the species i in a (liquid) solution

: mole fraction of the species i in a gas mixture

: the longitudinal coordinate (in the direction of diffusion)

: cell constant of a diaphragm cell

: thickness of a stagnant film, m

: porosity of a medium, m> pore volume/m?> of the medium; Lennard—Jones potential

parameter

: viscosity, cP, kg/m-s
: tortuosity factor

: locations 1 and 2 in a mixture

: components A or B in a mixture
: the ith component in a mixture

: surface

SHORT AND MULTIPLE CHOICE QUESTIONS

1. Give afew examples of occurrence of purely molecular diffusion in industrial processes.

Under what conditions are the mass average velocity and the molar average velocity of
the components of a mixture equal?

3. Identify the vector and the scalar quantities from the following: (i) concentration, (ii) length
of the diffusion path, (iii) concentration gradient, (iv) molar flux, (v) mass average velocity,
(vi) partial pressure, and (vii) radial diffusional flux during vaporization of a droplet.
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NAn ok

10.

11.

12.

13.

14.

15.

16.

Give the English units of (i) diffusivity, (ii) molar flux, and (iii) concentration gradient.
Under what condition is the approximate form of Fick’s law, Eq. (2.17), valid?
For what kind of solution/mixture we may take Dyp = Dpg,?

Give a few practical situations (for example, in industries) that involve: (a) diffusion of
A through non-diffusing B, (b) equimolar counterdiffusion.

Consider loss of ethanol vapour by diffusion from a half-filled open test tube. At what
point in the diffusion path will the contribution of the bulk flow term to the molar flux
be maximum?

Consider diffusion of A in non-diffusing B through a constant area from z = z;, py = pa;
t0 2 = 2y, Pa = Pa2 Pa1 > Pan)- At which point in the diffusion path is the magnitude of
the partial pressure gradient maximum?

Under what condition does the diffusivity of the component i in a multicomponent gas
mixture (D;,) remain constant over the length of the diffusion path?

The species A is diffusing through non-diffusing B in a gas mixture. The terminal partial
pressures of A are p,; and p,,. Does a point exist on the diffusion path of length L where
the partial pressure gradient is (p4; — pa2)/L?

Consider two cases of diffusion of A through a gaseous mixture of A and B: (i) B is non-
diffusing, (ii) B undergoes equimolar counterdiffusion. All the parameters (P, T, Dp, L,
etc.) as well as the terminal partial pressures of A are the same in both the cases. In
which case is the flux of A larger? Can you give a qualitative explanation?

How does the binary gas-phase diffusivity depend upon the total pressure and temperature?
Can you give qualitative explanations?

A student attempts to measure the diffusivity of A in air by using the Stefan tube. The
boiling point of A is only several degrees higher than the experimental temperature. Do
you think that the pseudo-steady state approximation is valid in this case? Give a
qualitative explanation.

How does the liquid-phase diffusivity of a solute depend upon the temperature and the
viscosity of the medium?
Identify the correct answer to the following:
(a) The molar average velocity of the components in a binary mixture in which they
are in equimolar counterdiffusion is
(i) equal to the mass average velocity
(ii) zero
(iii) always negative
(iv) always positive.
(b) Which of the following relations is correct for a gas mixture containing 40% CO,,
50% C3Hg and 10% CH;CHO at 1 atm and 40°C?
BHu>U (i)u=U (i) u< U



62

Chapter 2 Molecular Diffusion

©)

(d)

©

(f)

(®

(h)

@

()

(k)

The breathing process within the lungs involves

(i) diffusion of A through non-diffusing B

(ii) equimolar counterdiffusion
(iii) multicomponent non-equimolar counterdiffusion.

The gas-phase reaction 2A + B = C + D occurs on the surface of a catalyst pellet
at steady state. What is the value of the flux ratio Ny/No?

(i) -2 (ii) -0.5 (iii) 2

A mixture of benzene(A) and chlorobenzene(B) is being separated by fractional
distillation. If the heats of vaporization are AH; = 94 kcal/kg and AHp =
78 kcal/kg, what is the ratio of N,/Npg across the vapour film?

(i) -0.83 (ii) -1.0 (iii) -1.2

Equimolar counterdiffusion of A and B occurs between points 1 (y,; = 0.3) and 2
(V42 = 0.1) through a distance of 1 cm. Given: P = 1 atm and D, = 0.2 cm?/s, what
is the ‘diffusion velocity’ of A halfway in the diffusion path?

(i) 2 mm/s (ii) 2 cm/s (iii) 0.2 m/s

The gas A diffuses through non-diffusing B from point 1 to point 2. Given:
P =2 atm; y,y = 0.1; y4, = 0. Then the ratio (dp,/dz),/(dps/dz), is

@i 10 (i) 1.11 (iii) 0.9

Consider the preceding problem (g). The length of the diffusion path is 5 mm and
the partial pressure gradient of A midway in the film is dp,/dz = -7 atm/m. What
is the partial pressure gradient of B at that point?

(i) -14 atm/m (ii) -7 atm/m (iii) 7 atm/m

Two glass bulbs (volume of bulb 1 is 5 lit; bulb 2, 10 lit) are connected by a narrow
tube. Bulb 1 is filled with gas A, and bulb 2 with gas B, both at 1 atm pressure.
Equimolar counterdiffusion of A and B starts. The initial flux of A is (N,);. After
10 hours, half of A diffuses out from bulb 1 to bulb 2 and the flux becomes (N, ).
Pseudo-steady state prevails. The ratio (N,)i/(Ny)y is

@i 0.5 (ii) 2.0 (iii) 4.0

Consider steady-state equimolar counterdiffusion through the converging-diverging
tube shown in Figure 2.18. Given: r; = 1 cm; r, = 2 cm; N, = 107® kmol/m?s
at the vessel 1 end of the tube. The rate of transport of B at the vessel 2 end of
the tube is

(i) 2 x 107° kmol/s, towards vessel 1

(i) 2.5 x 1077 kmol/s, towards vessel 1
(i) 5 x 1077 kmol/s, towards vessel 2.

Two large vessels containing gaseous mixtures of A and B at different concentrations
but at the same total pressure are connected by a tapered tube of length 15 cm and
end diameters 1 cm and 4 cm. What should be the diameter of a cylindrical tube
of the same length that allows the same rate of transport of A?

(i) 2.5 cm (ii) 2 cm (iii) 3 cm



Short and Multiple Choice Questions 63

®

(m)

(n)

(o)

)

@

(1)

(s)

(®

At which of the following locations in the tapered tube of the preceding
problem (k) is the magnitude of flux of B maximum?

(i) At the larger diameter end

(ii) At the smaller diameter end
(iii) Midway in the tube

Equimolar counterdiffusion of A and B occurs through a spherical film of i.d. = r;
and thickness 0. The flux of A is (N4); at r = r;. The flux through a flat film of the
same thickness is (N,)y. If (N,); is larger than (N4); by 5%, the film thickness 0 is
(i) 0.025r; (ii) 0.05r; (iii) 0.17;.

A naphthalene hemisphere is placed on a glass plate and a naphthalene ball of
identical diameter is kept suspended in the stagnant air in two large rooms. The
respective shapes of the balls are maintained while they sublime and reduce in size.
Which of the following statements are true in this connection?

(i) They take the same time for complete sublimation.

(ii)) The sphere disappears first.
(iii) The hemisphere disappears first.

Sublimation of a long cylinder made of naphthalene occurs in a large volume of
stagnant air. The time required for its complete sublimation is

(i) infinite

(ii) half the time of sublimation of a sphere of the same mass
(iii) twice the time of sublimation of a cylinder of the same mass and length/

diameter = 1.

Which of the following is a probable value of D,p for CO,—N, binary at 50°C,
2 atm?

(i) 20 em%s (i) 2.25 ft¥h (i) 107 m%s

Which of the following is a probable value of the diffusivity of ethanol in chloroform
vapour at 15°C and 1 atm pressure?

(i) 8.5x 107 ft>h (i) 1.1 x 10° mm*h (i) 0.136 cm?%/s

Which of the following solutes has the highest diffusivity in water?

(i) tert-butanol (ii) iso-propanol (iii) methanol

Which of the following gas pairs has the lowest mutual diffusivity?

(i) CH;OH-Air (i) CH;0H-CO, (iii) CH;0OH-H,

The species A diffuses in a gaseous A—B binary from point z = 0, y4 = yu0 tO
Z =1, yo = ya, at temperature T and total pressure P. The total pressure is now
doubled, but the mole fractions of A at the two locations and the temperature of
the medium remain the same as before. What would be the fractional increase in
the flux of A?

(i) It will be doubled.

(i) It will be halved.

(iii) It will remain unchanged.
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2.1

2.2

(u) The diffusivity of acetone in water at a low concentration at 25°C is 1.16 X 107°
m?%s. What would be the diffusivity at 60°C? The viscosity values of the solvent
(water) are 0.9 cP at 25°C, and 0.48 cP at 60°C.

(i) 234 x 10° m%s (i) 1.95 x 10° m¥s (i) 6.9 x 107" m%s
(v) The diffusivity of argon in nitrogen at 20°C and 1 atm pressure is 0.194 cm?/s.
What would be the diffusivity of N, in Ar at 50°C and 2.5 atm?
(i) 0.194 cm*s (i) 0.09 cm%s (i) 0.535 cm%/s
(w) How does the velocity of the gas-liquid interface in a Stefan tube change with the
depth of the gas space above the interface?
(i) Changes directly
(i)) Changes inversely
(iii) Is independent of depth

(x) Which of the following diffusion phenomenon can be explained by a hopping

mechanism?

(i) Surface diffusion

(ii) Knudsen diffusion
(iii) Multicomponent diffusion

(y) Which of the following is an approximate range of surface diffusion coefficient?
(i) 1-10 em*s (i) 0.01-0.001 ecm%*s (i) 10*-107 cm%s
(z) In which of the following situations the Knudsen diffusion is expected to be
important?
(i) Liquid-phase diffusion in large pores
(i)) Gas-phase diffusion in a very fine capillary at a low pressure
(iii) Diffusion in a molten metal

PROBLEMS

(Diffusion of A through non-diffusing B)' Water is evaporating from the placid
surface of a lake and the vapour(A) diffuses through a stagnant film of air(B) of
estimated thickness 3 mm. The water temperature is 23°C and the air temperature is
27°C. The relative humidity of air is 65%. If the diffusivity of water vapour through
air is 0.257 cm?/s at 23°C and 0.262 cm?/s at 27°C, calculate the rate of evaporation.
The vapour pressure of water can be calculated using the Antoine equation given in
Example 2.2.

(Diffusion of A through non-diffusing B)' The water level in a large concrete
reservoir is found to drop by 20 mm over a period of 10 days. The average temperature
of water is 23°C and the average humidity of the bulk air is 0.0135 kg per kg dry air.
Permeation through the concrete may be neglected. If loss of vapour occurs through a
stagnant film of air, calculate the thickness of this film. The diffusivity of moisture in
air under the given condition is 1.0 ft?/h and the vapour pressure of water can be
calculated using the Antoine equation given in Problem 2.1.
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24

2.5

2.6

2.7

(Diffusion of A through non-diffusing B)! 1In a sulphuric acid plant, the air used for
burning sulphur must be dry. Drying of air is done by countercurrent contact with
concentrated sulphuric acid in a packed tower. At a particular section of the tower, the
relative humidity of air is 30% and the temperature is 35°C. If moisture in the air diffuses
to the surface of the acid through a stagnant film of thickness 1.2 mm, calculate the flux
of moisture at the given section. The partial pressure of moisture at the acid surface is
zero because the concentrated acid has an extremely high affinity for moisture. The
diffusivity value is given in Table 2.1, and the vapour pressure equation is given in
Example 2.2.

(Flux and partial pressure gradient in diffusion of A through non-diffusing B)'
Ammonia is being absorbed from an ammonia(A)-air(B) mixture in sulphuric acid. The
concentration of ammonia in the air 10 mm from the acid surface is 40% by volume and
that at the acid surface is negligible. The total pressure in the system is 400 mm Hg and
the temperature is 300 K. Calculate (a) the rate of absorption of ammonia across 0.1 m?
gas liquid contact area, (b) the partial pressure gradient of ammonia at 4 mm from the
acid surface, and (c) the rate of mass transfer of ammonia by molecular transport and
that by bulk flow at the two ends of the film.

(Diffusion of A through non-diffusing B)! A test tube, 1.5 cm in diameter and 12 cm
long, has 0.4 g camphor in it. How long will it take for the camphor to disappear? The
pressure is atmospheric and the temperature is 20°C. The sublimation pressure of
camphor at this temperature is 97.5 mm Hg, and the diffusivity of camphor can be
estimated by using the Fuller’s equation, Eq. (2.57).

(Diffusion of A through non-diffusing B, spherical film)> An absorbent sphere of
a basic oxide is kept suspended in a large volume of a mixture of 70% air and 30% CO,
at 40°C and 1 atmosphere total pressure. The bulk gas is well-stirred and diffusion of
CO, to the surface of the absorbent occurs through a stagnant gas-film of 3.5 mm
thickness surrounding the sphere. The radius of the sphere is much larger than the
thickness of the gas-film. Because CO, is quickly absorbed on reaching the surface of
the sphere, its concentration there is essentially zero. Calculate the flux of CO, and its
diffusion velocity midway in the gas-film. The diffusivity of CO, in air at 25°C and
1 atm is 1.62 x 107> m?s.

(Equimolar counter-diffusion, variable area)® Two well-mixed vessels of volume V,
and V), are connected by a tube, 1 cm in diameter and 6 cm in length, fitted with a plug
valve. The vessels are filled with mixtures of N, and CO, at 30°C and 1.013 bar total
pressure. The partial pressures of N, in the vessels are 10* Pa and 8 x 10* Pa respectively.
The valve is opened and the gases are allowed to diffuse through the connecting tube.

(a) Calculate the molar flux of N, with respect to a stationary observer if the vessels
are very large. Also calculate the molar flux midway in the tube with respect to an
observer moving at the average velocity of the N, molecules in the direction from
vessel 1 to vessel 2.

(b) Calculate the rate of transport if the connecting tube is tapered having end diameters
10 mm (vessel 1 side) and 20 mm (vessel 2 side) and is 6 cm in length.
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2.8

29

2.10

2.11

(¢) Recalculate the change in the rate of transport in part (b) if the tube joins the vessels
in the reverse way (i.e. the 20 mm end is connected to vessel 1).

(d) Consider case (a). If the vessels have limited volumes (V| = 5 litres and V, = 3 litres),
calculate the time required for the partial pressure of N, in vessel 1 to be doubled.
Also calculate the partial pressure of N, midway of the connecting tube after 20
hours. Pseudo-steady state diffusion may be assumed.

(Non-equimolar counterdiffusion)! Determine the rates of the following reactions
(based on unit surface area of the catalyst) occurring on a flat catalyst surface at a
temperature T and total pressure P.

(a) Isomerization reaction of the type A — B

(b) Dimerization reaction of the type 2A — B

(c) Decomposition reaction of the type 2A — 3B

It is assumed that (a) the reactions are all diffusion-controlled, i.e. the concentration of
A at the catalyst surface is negligibly small, (b) the diffusion of the gases occurs through
a stagnant gas-film of thickness 6, and (c) the partial pressure of B in the bulk gas is

PBo-

(Equimolar counterdiffusion at pseudo-steady state)> A 2-litre bulb contains carbon
dioxide gas at atmospheric pressure and 25°C. The bulb has a side tube, 3 cm long and
5 mm in diameter, open to the ambient (Figure 2.20) at the same temperature and pressure.
How long will it take for half of the gas to diffuse out of the bulb if the transport occurs
at pseudo-steady state? The temperature is 25°C and the pressure is atmospheric. The
diffusivity of CO, in air is 1.62 x 10~ m%/s.

2-litre bulb

Open-ended tube
length =3 cm
diameter = 5 mm

Figure 2.20 Diffusion of CO, from a bulb.

(Multicomponent diffusion)® In an experiment on the kinetics of catalytic oxidation
of carbon monoxide to carbon dioxide on the surface of a noble metal catalyst, the
composition of the bulk gas is 20% CO, 20% O, and 60% CO,, the temperature is 250°C
and the total pressure is atmospheric. The reaction being very fast, the concentration
of carbon monoxide is negligible at the surface of the catalyst. If the gases diffuse
through a stagnant film, 0.8 mm thick, at the surface of the catalyst, calculate the rate
of formation of carbon dioxide. Take the binary diffusivity values from Table 2.1.

(Multicomponent diffusion)® A mixture of NH; and N, having 10 mole % NH; at
1 atm total pressure and 450°C flows over a hot surface coated with CuQO. The flow
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2.13

2.14

2.15

2.16

rate of the gas is large enough so that the concentration of moisture in the bulk gas is
negligible. If the reaction is diffusion-controlled

3Cu0 + 2NHy(1) —  N,(2) + 3H,03) + Cu

and diffusion of NHj to the solid surface occurs through a gas-film 2 mm thick, calculate
the rate of reaction of NH;. The binary diffusivities at the given condition are:

Dy, = 0.953, Dy; = 1.107, and D, = 1.484 cm?/s.

(Multicomponent diffusion)® In an experimental apparatus CO, and H,S are being
absorbed in an alkaline solution from a gas mixture containing 20% COy(1), 10% H,S(2)
and 70% CH4(3) at 30°C and 5 atm total pressure. The diffusion of the solutes occurs
through a stagnant gas-film of 2 mm thickness. The concentrations of the solutes (CO,
and H,S) at the gas-liquid interface are negligibly small. Calculate the rates of absorption
of the gases. The following binary diffusivity values are given:

Dy, = 0.0303, Dy, = 0.0417, and D,; = 0.0367 cm?s.

(Multicomponent diffusion)? Carbon dioxide is being absorbed in a strongly alkaline
solution from a gas mixture containing 12% CO,(1), 22% N»(2) and 66% H,(3). Nitrogen
and hydrogen are virtually insoluble. Calculate the rate of absorption through a gas-film
of 1.5 mm thickness if the ratio of volume fractions of N, and H, remains constant over
the diffusion path. The temperature is 50°C and the total pressure is 5 bar. Assume that
CO, reaching the solution is absorbed instantaneously.

(Diffusion of A through non-diffusing B, pseudo-steady state)! A test tube, 15 mm
in diameter and 15 cm tall, half-full of ethyl acetate(A) has been kept open to air(B) in
the laboratory. What is the diffusion flux of the ester at the beginning if pseudo-steady
state condition prevails? How long will it take for the level to drop down to 7 cm measured
from the bottom of the test tube? The temperature is 25°C and the ambient pressure
is 1.013 bar. Given: the vapour pressure of ethyl acetate at 25°C = 0.1264 bar, its
diffusivity in air at the given condition is D,z = 0.0866 cm?/s and the density of the liquid
is 900 kg/m>. [Hints: Equation (2.52) may be directly used.]

(Gas-phase diffusivity, twin-bulb technique)® 1In an attempt to measure the diffusivity
of ammonia in nitrogen by the twin-bulb method, a student filled the two bulbs (each
of volume 5 litre and connected by a tube 8 cm long and 3 cm in diameter) with mixtures
of the gases. The initial partial pressures of NHj; in the bulbs were 0.725 and 0.275 atm.
At the end of 5.7 hours, he took samples of the gases from the bulbs. The analysis of
the samples showed that the mole fractions of ammonia in the bulbs were 0.543 and
0.457 respectively. The total pressures in the bulbs were maintained at 1 atm and the
temperature was 30°C. Calculate the diffusivity of NH3 in the mixture from these data
and compare with the literature value of 0.237 cm?/s at the given temperature and
pressure. [Hints: Use the integrated form of Eq. (2.49) for the given conditions.]

(Estimation of gas-phase diffusivity)! Estimate the diffusivities in the following cases:

(a) Mutual diffusivity of (i) NH; and H,O vapour at 100°C and 1 atm, (ii) H,S and N,
at 25°C and 1 atm, and (iii) ethylene oxide and air at 25°C and 1 atm (use the Fuller’s
equation)
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2.18

2.19

2.20

2.21

2.22

(b) Mutual diffusivity of n-hexane and O, at 1 atm and 50°C (use the Chapman—
Enskog equation) and compare with the experimental value of 0.0753 cm?/s at 0°C and
1 atm (Perry, 1997).

(Liquid-phase diffusion at a low concentration)' Oxygen(A) diffuses through a
stagnant film of water(B), 0.5 mm thick, at 25°C. The concentrations of dissolved
oxygen on two sides of the film are 0.0144 kg/m> and 0.008 kg/m> respectively.
Calculate the flux of oxygen using (a) the integrated form of Eq. (2.14) and (b) the
integrated form of Eq. (2.18), i.e. neglecting the bulk flow term. Comment on the values
you calculate. The diffusivity of O, in water is given in Table 2.5.

(Concentration-dependent diffusivity)> The solute A diffuses through the liquid B
from point 1 to 2, distance / apart. The concentrations of the solute at the two points
are C4; and C,, respectively. Determine the diffusional flux if the diffusivity of A in B
depends upon its concentration in the form D,p = K| + K,C4. Consider both the cases
of diffusion of (a) A through non-diffusing B and (b) equimolar counterdiffusion of
A and B.

(Estimation of liquid-phase diffusivity)! Estimate the diffusivity of (a) methanol in
water, (b) ethylene oxide in water, and (c) benzene in ethanol at 25°C using the Wilke—
Chang equation. Compare with the experimental values given in Table 2.5. Estimate
the molar volume (cm>/gmol) of the solute at the normal boiling point using the Tyn and
Clous correlation, V,, = 0.285V,.!%*% where V., is the critical volume, cm*/gmol (get the
necessary data from Poling et al., 2001).

(Liquid-phase diffusivity by diaphragm cell)> A diaphragm cell has two compart-
ments of volumes 45.2 cm> and 46 cm?>, and the fritted glass diaphragm is 2.8 cm in
diameter and 1.8 mm thick. In an experiment for calibration of the cell, the smaller
compartment is filled with 1.0 molar KCI solution and the larger compartment with
water. Diffusion is allowed to occur at 25°C. At the end of 44 h 30 min, the concen-
tration of KCl in the smaller compartment drops down to 0.80 molar.

Now the cell is thoroughly washed and the smaller compartment is filled with 1.0
molar methanol while water is taken in the other compartment. Diffusion occurs at the
same temperature for the same period of time. If the concentration of methanol at the
end is 0.815 molar in the smaller compartment, calculate its diffusivity in water. The
diffusivity of KClI in water is known to be 1.86 x 10 m?/s at 25°C.

(Liquid-phase diffusion in a diaphragm cell)* The following data on a diaphragm cell
are available: compartment volumes—350.2 and 51 cm?; diaphragm diameter = 2.1 cm;
thickness = 0.18 cm. At the beginning of an experiment, the larger compartment is filled
with 0.9 molar aqueous acetic acid at 25°C and the smaller one with water. At the end
of 50 h, the concentration in the smaller compartment is 0.0816 molar. The diffusivity
of acetic acid in water at 25°C is 1.2 x 10~ cm?/s. If the porosity of the diaphragm is
0.35, calculate the tortuosity of the pores.

(Diffusion through a spherical film)*> Redo Problem 2.8 for the case of a spherical
catalyst pellet of radius r;. All other quantities including the gas-film thickness remain the
same. Explain qualitatively why the rate of reaction in each case is different for the two
geometries although the parameters remain unchanged.



Problems 69

2.23

2.24

2.25

2.26

2.27

(Equimolar counterdiffusion through a spherical film)> A sphere of pure carbon,
12 mm in diameter, burns in a flowing stream of oxygen gas. The sphere is surrounded
by a stagnant film of gas of an estimated thickness of 3 mm. The average temperature
of the gas-film is 1300°C and the total pressure is 1 atmosphere. The product of
combustion is assumed to be CO, only and its partial pressure in the bulk gas is 0.2
atmosphere. Calculate (a) the initial rate of combustion and (b) the time required for the
size of the carbon sphere to get reduced to 8 mm. The diffusivity of CO, in O, at the
given condition = 3.4 cm?/s; density of the carbon sphere = 900 kg/m>. Assume that
diffusion occurs at pseudo-steady state and that the thickness of the stagnant gas-film
remains unchanged even when the size of the carbon sphere decreases.

(Sublimation time of a volatile solid)> Calculate the time of sublimation of 80% of
the mass of a 15 mm diameter sphere of naphthalene in air if the sphere is always
surrounded by a 4 mm thick stagnant film of air. The temperature is 35°C and the
pressure is 1 atm. The diffusivity of naphthalene vapour in air under the given conditions
is 0.0892 cm?/s, the density of solid naphthalene is 1140 kg/m>, and its vapour pressure
at 35°C is 0.4303 mm Hg.

(Vaporization of a drop in a stagnant medium)® A drop of ethanol, 2 mm in diameter,
suspended at the end of a thin wire, vaporizes in the ambient air (1.013 bar, 30°C). The
temperature of the drop undergoing vaporization is estimated to be 18°C. The thickness
of the stagnant air-film surrounding the drop is estimated to be 1.5 mm under the prevailing
condition. Assuming that the thickness of the film remains unchanged, calculate the
time required for the drop size to reduce to 1 mm. Also calculate the time required for
disappearance of the drop if the ambient air is totally stagnant. Vapour pressure of ethanol
at 18°C is 0.0516 bar; liquid density = 789 kg/m>; molecular weight = 46. The diffusivity
of ethanol in air is 0.102 cm?/s at 0°C.

(Diffusion through a cylindrical film)® 1In the solvent recovery system of a film coating
unit, toluene vapour is recovered from a nitrogen stream by condensation followed by
adsorption in an active carbon bed. The 19 mm diameter tubes (i.d. = 15.8 mm) of the
vertical condenser used for the purpose are cooled by DM (demineralized) chilled water
flowing through the shell. The gas flows through the tubes and condensation occurs on
the inner surfaces of the tubes.

At a particular section of a condenser tube, the temperature of the film of liquid toluene
is 6.5°C and the temperature of the gas is 15°C. The partial pressure of toluene in the
bulk gas is 25 mm Hg and transport of toluene from the bulk gas to the surface of the
falling condensate film occurs by molecular diffusion through a stagnant gas layer of
3 mm thickness. If the total pressure is 1.2 bar, calculate the rate of condensation per
metre length of the tube. The vapour pressure of toluene at 6.5°C is 10 mm Hg and the
thickness of the condensate film is small. The diffusivity of toluene in N, at the mean
film temperature may be estimated using the Fuller’s equation.

(Vapour loss from a spherical vessel)® A spherical container, 0.8 m in diameter, is half-
full of benzene. The cap of the 70 mm diameter opening at the top of the tank was not
put in place by mistake causing vapour loss through the opening (Figure 2.21). Calculate
the rate of loss of benzene by molecular diffusion if the pseudo-steady state condition
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2.29

is assumed to apply. The temperature is 25°C and the pressure is 1 atmosphere. The cap
is very short and diffusion through the open space within the vessel needs only to be
considered. The vapour pressure of benzene at 25°C is 0.127 bar.

Benzene vapour diffuses through
the 70 mm dia opening

Figure 2.21 Loss of benzene vapour through the opening at the top of a tank.

(Diffusion through a spherical film)* Consider diffusion of A in a binary mixture of
A and B to the surface of a sphere of radius r through a surrounding stagnant gas-film
of thickness 8. Calculate the range of values of &/r for which the rate of transport is
within 95% of that calculated by neglecting the curvature of the stagnant gas-film.
Repeat the calculation for a long cylinder of radius r.

(Diffusion and vapour loss in a carrier gas)® A cylindrical 6-litre vessel (vessel 1) is
half-full of ethanol at 20°C and 1 atm pressure. The vessel is connected by a tubing to
another large vessel (vessel 2) containing the same liquid (Figure 2.22) so that the liquid
depth in it remains unchanged even if some evaporation loss occurs (this means that the
volume of the open space in the vessel remains constant). The upper-half of vessel 1
contains N, saturated with ethanol vapour at the given temperature. Nitrogen gas at
20°C is now passed through the vessel (see the figure) at a rate of 4 litre per minute.
Vaporization of ethanol occurs simultaneously by diffusion through a stagnant gas-film
on the liquid surface of estimated thickness 2.5 mm. The diameter of the vessel is
0.16 m, the vapour pressure of ethanol at 20°C is 0.058 bar, and the diffusivity of ethanol
in N, is 1.02 x 107 cm?/s.

Volume of the vapour

space = 3 litre N, + ethanol/J L\

2 Vessel 2
4 litre/min |V, P,T| _Vessel 1 (large)

Stagnant

gas-film thickness
=2.5mm

Ethanol

Connecting tube

Figure 2.22 Ethanol vapour is carried away by passing N, through the vapour space of vessel 1.
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(a) How long will it take (assuming pseudo-steady state) for the partial pressure of
ethanol in the gas space to drop to 0.045 bar? (b) Calculate the partial pressure of ethanol
in the gas space in the vessel at steady state.

(Pseudo-steady state diffusion)® Two bulbs of volume 1 litre each are joined by a
3 cm long and 2 cm diameter tube provided with a plug valve. Bulb 1 is filled with pure
Ny(B) and bulb 2 with N, containing 5% NH;(A). At time ¢ = 0, nitrogen gas with 10%
ammonia in it starts flowing through bulb 1 at a rate of 2 litre per hour and the plug valve
is simultaneously opened to allow diffusion to start. The bulbs are well-mixed all the time
and diffusion through the connecting tube occurs at pseudo-steady state. When does the
flux through the connective tube become zero? What happens after that? The
temperature is 25°C and the total pressure is always atmospheric. The arrangement is
shown in Figure 2.23. The diffusivity of NH; in N, is 2.3 x 10~ m%/s.

Gas out
21lizh  Valve

_r
X

[

Bulb 1 Bulb 2

t=0,p,=0.05atm
P=1atm

t=0,p=0
P=1atm

10% NH,
90% N, 2 lit/h

Figure 2.23 A sketch of the two-bulb assembly.

(Non-equimolar counterdiffusion)> Carbon monoxide gas reacts with metallic nickel
at nearly room temperature to form nickel carbonyl, Ni(CO),. Reduced nickel is very
active.

Ni + 4CO = Ni(CO),

Carbon monoxide diffuses to a nickel sheet through a gas-film of thickness 2 mm at
40°C and 1 atm. The carbonyl forms instantly and diffuses to the bulk gas that
contains 60% CO nad 40% Ni(CO), by volume. If the diffusivity of Ni(CO), in CO is
1.91 x 1073 m?s, calculate the rate of formation of the compound per unit gas—solid
contact area.

Consider Example 2.6 and calculate (a) the velocity of the observer who finds a zero
mass flux and (b) the velocity of the observer at midway in the tube who finds oxygen
molecules non-diffusing.

(Diffusion of a hydrocarbon through contaminated soil)> Evaporation of volatile
organics from soil is important in connection with ‘remediation’ of contaminated soils.
An example is evaporation of gasoline or diesel from soils contaminated with such
substances by leakage from underground storage tanks. The pores of soil get filled by
the leaking liquid. Kang and Oulman [J. Environ. Eng., 122 (May 1996) 384-386] tested
evaporation of n-heptane, gasoline and diesel from soils contaminated with these liquids
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separately. They observed that with progress of evaporation from a contaminated soil
exposed to air, the interface between the liquid in the pores and the gas gradually recedes
within the soil. Further, the movement of the interface was found to follow the equation
for the drop in liquid level in the Stefan tube [Eq. (2.52), for example]. The phenomenon
is sketched in Figure 2.24.

Interface moving Vapour diffuses

downwards out
AA

Dry soil,
pores filled
with air

Pores filled Interface
with diesel

Impervious bottom

Figure2.24 Transport of diesel vapour through soil.

A sample of soil contaminated with diesel, containing 143 kg diesel per m® soil, is
spread on an impervious surface to form a 100 mm thick bed exposed to air. Given the
following data, calculate the time for complete vaporization of the liquid. Equation (2.52)
may be used after necessary modification.

Data: porosity of the soil = 0.4; temperature = 25°C (assumed constant); pressure =
1 atm; vapour pressure of diesel at 25°C = 0.268 mm Hg; average molecular weight of
diesel = 200; the diffusivity of diesel vapour in air = 6.28 mm?s.
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Convective Mass Transfer and
Mass Transfer Coefficient

While preparing a cup of black coffee you take a spoonful of sugar and a little instant coffee in
a cup, add hot water and stir it with the spoon for about fifteen seconds. The coffee is ready
for you. The crystals of sugar and the particles of coffee have dissolved quickly and the content
is homogeneous. But if the water is left unstirred, it takes more time for the sugar to dissolve
and a much longer time for the liquid to be uniform in concentration. What message does this
convey to us? Dissolution of a solid occurs slowly in a stagnant medium—molecular diffusion
having a major or sometimes the governing role in the process. But the rate of dissolution or, in
other words, the rate of mass transfer increases dramatically if there is motion in the medium.
This occurs because of convection. Mass transfer occurring under the influence of motion in
a fluid medium is called ‘convective mass transfer’. We may try to visualize a simple mechanism
of dissolution of the sugar crystals in a stirred cup of water. The water just in contact with a
crystal (or, in other words, the liquid at the ‘solid-liquid interface’) gets saturated with sugar
almost instantly. Here ‘interface’ means the contact surface between the two phases. The
dissolved sugar diffuses from the interface to the bulk liquid through a thin layer or ‘film’ of the
solution adhering to the crystal. More sugar dissolves in the liquid simultaneously at the interface.
The ‘thickness’ of the film that we visualize decreases if the stirring rate is more rapid. The more
brisk the motion of the liquid is, the thinner is the film and the quicker is the rate of dissolution
or the rate of mass transfer. The picture we visualize is schematically represented in Figure 3.1.

In the previous chapter, we discussed the methods of calculation of the rate of mass transfer
due to molecular diffusion. Now we are faced with another question: how to calculate the mass
transfer rate when there is bulk motion, particularly turbulent motion, in the medium? And, how
can we calculate the rate of ‘convective mass transfer’? In this chapter, we shall address these
questions.

Before we go further into this issue, let us discuss a little the modes of convective mass
transfer. Similar to the case of convective heat transfer, convective mass transfer may be of two
types—forced convection mass transfer and free convection (or natural convection) mass
transfer. In the former case, the motion or flow in the medium is caused by an external agency
(for example, a pump, a blower, an agitator, etc.). In free convection mass transfer, on the other
hand, the motion in the medium is caused by a difference in the density. Let us elaborate this point
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A surface of the crystal in contact
4—"with the liquid
Surface concentration, C; =
saturation concentration in the liquid

Bulk stirred liquid
Solubl .
so(l)i(;l ( Ae) concentration = C,
Mass transfer driving force
= Cs_ Cb
Hypothetical

liquid-film

Figure 3.1 Visualization of the dissolution process of a solid.

a little further. Consider a sugar cube suspended in a glass of water [Figure 3.2(a)]. Sugar
dissolves, the concentration of the liquid near the surface increases and its density increases as
a result. But the density of the liquid below the sugar cube is less. Thus, a density difference is
created. This causes a motion in the medium in the form of free convection currents and thereby
enhances the rate of mass transfer. However, if the sugar cube rests at the bottom, the density
of the liquid at the bottom will be more than that at the top. No buoyancy force comes into play
in this case and there is no free convection mass transfer [Figure 3.2(b)]. Free convection mass
transfer will not be dealt with in this text. The interested readers are referred to Skelland (1974).

Suspending string

Solution of higher
density (because of
higher concentration)

Solution of lower
density

Convection

current Solution of higher

density (because of
higher concentration)

Solution of lower
density

(a) The sugar cube is kept suspended  (b) A small sugar cube rests at the bottom of
in water; natural convection occurs. a beaker; natural convection does not occur.

Figure 3.2 (a) Natural convection occurs due to adverse density gradient; (b) higher density at the bottom, no natural
convection.

The mechanism is similar to that in the case of free convection heat transfer in which the
density difference is caused by a temperature difference. In free convection mass transfer, it is
the concentration difference that creates the density difference.

Convective mass transfer is strongly influenced by the flow field. If the flow field is ‘well-
defined’, it is possible to calculate the mass transfer rate by solving the differential equations
obtained from mass and momentum balance. Typical examples are (i) the dissolution of a solid
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coated on a flat plate in a fluid flowing over it, (ii) the absorption of a solute gas in a laminar liquid-
film falling down a wall, etc. where the flow field is sufficiently well-defined. However, to a
beginner of a course in mass transfer, the physical visualization and the mathematical exercise
may not appear simple and easy. For more complex situations such as the dissolution of a solid
in a mechanically stirred vessel, the absorption of a gas in a liquid flowing down the packing in
a tower or in a liquid in an agitated tank, the theoretical calculation of the mass transfer rate
becomes very difficult and may even be impossible since the flow field is complex and not
properly understood. The concept of mass transfer coefficient has been introduced with a view
to developing a simple and practically useful approach to the solution of such problems. The idea
is similar to defining ‘heat transfer coefficient’ for expressing the rate of convective heat transfer
between a surface and a fluid in motion.

3.1 THE MASS TRANSFER COEFFICIENT

The mass transfer coefficient is defined on the following ‘phenomenological basis’.

Rate of mass transfer o< Concentration driving force (i.e. the difference in concentration)
Rate of mass transfer e« Area of contact between the phases

If W, is the rate of mass transfer (kmol/s) of the solute A, AC, is the concentration driving force
between two points, and a is the area of mass transfer,

WA o< aACA = WA o< kCaACA (3.1)

where k., the proportionality constant, is a phenomenological coefficient’ called the ‘mass
transfer coefficient’. If N, is the molar flux (expressed as kmol/m?-s, say), we may write

WA = aNA = kCaACA = NA = kcACA

N
= Mass transfer coefficient, k. = 4= molar flux (3.2)

AC,  concentration driving force

For the purpose of comparison, we may recall the definition of heat transfer coefficient:

heat flux
temperature driving force, AT

Heat transfer coefficient, & =

The inverse of mass transfer coefficient is a measure of the ‘mass transfer resistance’. If the
driving force is expressed as the difference in concentration (kmol/m>, say), the unit of mass
transfer coefficient is m/s (or cm/s, ft/s, etc. which is the same as the unit of velocity).

If the mass transfer coefficient is expressed as the ratio of the local flux and the local driving
force, it is called the ‘local mass transfer coefficient’. When it is expressed as the ratio of the
average flux (over a surface) and the average driving force, it is known as the‘average mass
transfer coefficient’.

1 The word ‘phenomenological’ implies that the definition of mass transfer coefficient (k.) given by Eq. (3.1)
or (3.2) is based on the ‘phenomenon’, that k. is proportional to the driving force AC, and area a.
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3.2 TYPES OF MASS TRANSFER COEFFICIENTS

Convective mass transfer can occur in a gas or a liquid medium. A few choices of the driving
force (difference in concentration, partial pressure, mole fraction, etc.) are available unlike in the
case of heat transfer where the temperature difference is the only driving force. Different types
of mass transfer coefficients have been defined depending upon: (i) whether mass transfer
occurs in the gas phase or in the liquid phase, (ii) the choice of the driving force, and (iii) whether
it is a case of diffusion of A through non-diffusing B or a case of counterdiffusion.

Convective heat transfer is often visualized to occur through a “stagnant film” adhering to
the surface. The transport of heat through the film is assumed to occur purely by conduction.
In the study of mass transfer too, this concept is frequently used. This will be discussed in more
detail in Section 3.9.1. If the transport of mass occurs through a stagnant film of thickness &,
we may write down the following expressions for the mass transfer flux as the product of a mass
transfer coefficient and the appropriate driving force.

3.2.1 Diffusion of A Through Non-diffusing B

Mass transfer in the gas phase: Ny = kg(Pa1 — Pa2) = k(a1 — Ya2) = k(Cay — Cy2) (3.3)
Mass transfer in the liquid phase: Ny = k(x4 — x42) = k1(Ca1 — Cypo) (3.4)

Here kg, ky, and k. are the gas-phase mass transfer coefficients, and &, and k; are the liquid-phase
mass transfer coefficients; the subscripts 1 and 2 refer to two positions in a medium. The units
of the mass transfer coefficients can be obtained from the definitions above. For example, a unit
of k, is (kmol)/(m2)(s)(Ay), where Ay stands for the driving force in mole fraction unit. If the
gas phase is ideal, the concentration term in Eq. (3.3) is given by C, = p4/RT, where p, is the
partial pressure of A. Supposing that the distance between the two locations 1 and 2 is & (the
film thickness), the expressions for the mass transfer coefficients can be obtained by comparing

Eq. (3.3) with Eq. (2.27) and Eq. (3.4) with Eq. (2.59).

D,pP D,,P* D,pP
Gas phase: kg= ——28__. k, = —A28—__. k. = 2B 3.5a
phase ¢ RTépgy ¥ RTépgy ¢ Opu G-
P DAB(p/M)av DAB
Liquid phase: k= ——=— . k; = —— 3.5b
q p X axBM L axBM ( )
The relations among the three types of gas-phase mass transfer coefficients (i.e. kg, ky, and k)

can be easily obtained from [Eq. 3.5(a)]. Similarly, the relation between the two types of liquid-
phase mass transfer coefficients, k, and k;, can be obtained from Eq. [3.5(b)].

ke = RTkg;  ky= Pkg; K, = (pIM)yky (3.6)

3.2.2 Equimolar Counterdiffusion of A and B
The set of notations for mass transfer coefficients are used here with a prime () to differentiate
them from the case of diffusion of A through non-diffusing B.

Gas phase: Ny = k(a1 — Pa2) = K5(a1 — Ya2) = ke(Cay = Cp2) (3.7)
quuld phase: NA = k;(xAl - XA2) = ki(CAl - CA2) (3.8)
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Comparing Eq. (3.7) with Eq. (2.30) for gas-phase transport, and Eq. (3.8) with Eq. (2.60)
for liquid-phase transport, we can have the following expressions for the mass transfer
coefficients in this case:

. ’r _ DAB . r _ DABP, ’ DAB
Gas phase: kg = RIS Y= RTS’ k. = s (3.9a)
D M
Liquid phase: K, = %; ) = % (3.9b)
. ’ RT ’ ’ ’ ’ ’
Conversion: k. = 7ky = RTkyg; K, = (pIM) k7 = Cuk’ (3.10)

If the concentration of A is expressed in the mole ratio unit (moles A per mole of A-free medium),
the mass transfer coefficients ky and ky are expressed in the following way.

Conversion: Ny = ky(Yy, — Y40, for the gas phase (3.11)
and Ny = k(X4 — X49), for the liquid phase (3.12)

Here Y, and X, are the concentrations of A in the gas or in the liquid phase in mole ratio unit
[note that similar expressions can be written using the mass ratio (mass A/mass B) unit as well].
Note that Y, = y,/(1 — y,) and X, = x,/(1 — x,). The types of mass transfer coefficients defined
above and their interrelations are given in Table 3.1. In order to calculate the mass transfer flux
of a species, we need to know the mass transfer coefficient and the existing driving force.

Table 3.1 Different types of mass transfer coefficients

Diffusion of A through non-diffusing B Equimolar counterdiffusion of A and B Unit of the mass
Flux, N, Mass transfer coefficient Flux, N, Mass transfer coefficient transfer coefficient
Gas-phase mass transfer
_ DygP , , _ Dup mol
KelPa - Prc) k= Frope K& (par = Pac) ke = AT (fme) (@rea)(A py)
_ DABP2 ’ ! DABP mo'_
kY1 = Yao) k= RToPay Ky = Yac) K = SAT (time)(area)(Ay,4)
_ DpgP : , _ Dyg mol
kA{Ca1 - Ca2) k= S Pam ke(Ca1 = Cao) k=5 (time) (area)(AC,)
Liquid-phase mass transfer.
_ D § , _ Dpg mol
K(C - Cpo) ko= S Xay k{(Ca1 - Cao) k=5 (time)(area)(AC,)
_ CDpg v , _ CDas _mil
K(Xa1 = Xa0) ke = SXen K Xa1 = Xa2) ke = 5 (time) (area)(Ax4)
Conversion
k kx
kGHT=H—PTy=kc;kL=C—" k;:k{;HT:H—;k;;kﬁC"
av av

The fundamental difference between the types of mass transfer coefficients defined in
Eqgs. (3.3) to (3.5) and the types of coefficients defined in Eqgs. (3.7) to (3.9) has to be carefully
noted. The former class of coefficients (kg, k,, k., k., and k;) are inherently associated with the
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log mean concentration of the other species(B) which is ‘non-diffusing’. Accordingly, this type
of mass transfer coefficient has a dependence on concentration because of the term ppg, Or xp,
(this dependence can however be ignored at low concentrations of A). On the contrary, the
coefficients k7, k;, k%, k%, k7 do not have dependence on concentration. The second type of
coefficient, k., is called ‘Colburn-Drew mass transfer coefficient’.

Another type of mass transfer coefficient, called the ‘F-type coefficient’, has been proposed
(Treybal, 1980; Benitez, 2002). This coefficient, akin to the Colburn-Drew mass transfer
coefficient, is not concentration dependent even in the case of ‘diffusion of A through

non-diffusing B’. If we integrate Eq. (2.19) over a film thickness 8, we get

N, = N,  DyP n[NA/(NA+NB)]_yA2 - N, n[NA/(NA+NB)]_yA2
Ny+Np RTS ~ [Ny (Ny+Np]-vyay  Na+Np & [Ny(Ny+Np]-vya
(3.13)

where y, = p4/P and DP/RT8 = F is the F-type mass transfer coefficient which is independent
of the concentration of the diffusing species. If we compare Eq. (3.13) with Eq. (3.5) for the
case of diffusion of A through non-diffusing B, it is easy to find out that

Fg = keppu (3.14)

However, for equimolar counterdiffusion, F; and kj are related as F; = k'GP which is
independent of partial pressure of the diffusing species. The F-type coefficients are rarely used
in practice.

EXAMPLE 3.1 Determine the relation between the gas-phase mass transfer coefficients, kg
and ky.

Solution
The driving force in the mole ratio unit, ¥, between two points 1 and 2 can be written as

Yy - Y, = Pai___Paz _ Ppai—paipar—Ppas+paspai _ P(Par—Pas)
P—py  P=pa (P= pa)(P = pa2) Pi Pp2
Pp P
= Pat — Paz = (Yar - Yyp) 2552

P

Now, we have

DypP DypP PBi1PB2
= k — = — - = Y —Y = k Y - Y
Ny = kg(par — pa2) RTS ppoy (Pa1 — Pa2) RTS pany Ya1 — Ya2) P y(Ya1 — Ya2)
Since N, = ky(Y41 — Y45), we may write
_ DasbpiPrr _ g PoiPp2
Y RTSPBM P

A similar relation between kg and ky (in the case of equimolar counterdiffusion) applies.
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EXAMPLE 3.2 (Calculation of the gas-phase mass transfer coefficient for an evaporating
drop) The gas-phase mass transfer coefficient for the evaporation of a drop of ethyl alcohol
in a stream of air at 300 K and 1.2 bar pressure is kg = 2.4 X 107® kmol/(s)(m?)(mm Hg).

(a) Calculate the values of the mass transfer coefficient if the driving force is expressed in
terms of difference in: (i) mole fraction of alcohol in the gas phase, (ii) mole ratio of
alcohol, and (iii) concentration of alcohol in kmol/m>. Also calculate the coefficient, F, G

(b) Express kg in (i) lbmol/(ft2)(s)(psi), (ii) 1bmol/(ft®)(h)(atm), and (iii) Ibmol/(ft>)(h)
(inch Hg).

If the diffusivity of alcohol in air is 0.102 cm?/s at 0°C, estimate the thickness of the
stagnant gas-film. Vapour pressure of alcohol = 0.0877 bar at 300 K.

Solution

In this case, diffusion of A(alcohol vapour) occurs through non-diffusing B(air).

(a) Given: P=1.2 bar = 1.2/1.013 = 1.185 atm = 900.3 mm Hg; R = 0.08317 (m3)(bar)/(kmol)(K);
T=300K

. - kmol
(i) From Eq. (3.6), k, = Pkg = 24x107% ——2 % (900.3 mm Hg)
e (m?)(s)(mm Hg)
= | 2161x10 —Kmol__
(s)(m~)(Ay)
(ii) At the surface of the drop, p4; = vapour pressure of alcohol at 300 K = 0.0877 bar
ie. pp1 =P — psyy = 1.2 - 0.0877 = 1.1123 bar = 834.5 mm Hg

Also, DPar =10, ie. ppp = P = 1.2 bar = 900.3 mm Hg

From Example 3.1,

6 (834.5)(900.3) _

ky = k(;% = 24x10 2,003 x 1073 —_kmol

(900.3) (s)(m>)(AY)
_ km 760 mm H 3b
= =24x107° ol g X m_bar K
(iii)) k., = kgRT x 10 ()(s)(mm He) X 1013 bar x 0.08317 1K x 300

- (G0

Calculation of Fg:
From Eq. (3.14),

) - L6, 9003-8345
- = 24x107. PB27PBI_ _ 9451076 x 22— 09I
Fo=koppu = 241070000 —1 ) S = 24X10 X G0037834.9)

= | 2.081x 1073 kmol/m?-s

(b)
: - kmol
@ ko= 24x1076 — 001
¢ (m2)(s)(mm Hg)
2
= 24x107° kmol % 2.2046 Ibmol % 1m y 51.7 mm Hg

(m?)(s)(mm Hg) kmol 10.764 ft2 psi
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= ke = | 25411075 —omol__
(s)(ft”)(psi)
.. L. Ibmol ... —2 Ibmol
Similarly, kg = __bmol | 4 ke = | 45510
(i) Similarly, kg @) | ) ke (f®)(h)(inch Hg)

Thickness of the stagnant film:
D,gP
kG RT In Pm

The diffusivity value is given at 1 atm and 0°C. At 1.2 bar (= 1.185 atm) and 300 K the
diffusivity is

From Eq. [3.5(a)], film thickness, § =

101
D, = (0.102)(£) (%

175
_ 2 _ 52
1185 ) = (0.103 cm“/s = 1.03 x 10 m*/s

_ Pp—-pm _ 12-11123

kg = 2.4 x 107 kmol/(m?)(s)(mm Hg)

(2.4 x 107%(760 mm Hg/1.013 bar)
1.8 x 107> kmol/(m?)(s)(bar)

5= (1.03x 107> m*/s)(1.2 bar)
[1.8 X 102 kmol/(m?)(s) (bar)] [0.08317(m?)(bar) / (kmol)(K)] (300K)(1.1556 bar)

=2.4><10-4m=

3.2.3 Typical Magnitudes of Mass Transfer Coefficients and Film Thickness

It will be relevant here to mention the ‘order of magnitude"r of gas- and liquid-phase mass
transfer coefficients occurring in a typical separation equipment.
Gas-phase mass transfer coefficient, k. ~ 1072 m/s; film thickness, § ~ 1 mm
Liquid-phase mass transfer coefficient, k; ~ 107 m/s; film thickness, 6 ~ 0.1 mm
Once these typical values are noted, it is rather easy to determine the orders of magnitude of
other types of mass transfer coefficients. For example, at T=298 K and at a ‘low concentration’,
k. 102 m/s

ks = ~ _ 4 )
G= RT 0.08317 [(m3)(bar)/(kmol)(K)] 298K) = kg ~ 4 X 107" kmol/(m“)(s)(Ap, bar)

 The concept of ‘order of magnitude’ is sometimes used in the analysis of physical systems to identify
quantities which are small enough to be neglected compared to other quantities. The boundary layer
approximation of equations of motion is a common example of order of magnitude analysis. Here we use the
term to imply an approximate range of value of a quantity. Thus if we say ‘@ is of order 8’ (sometimes written
as o ~ fB), we mean that @ and S differ by less than a factor of ten.
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For liquid-phase mass transfer in a ‘dilute’ aqueous solution,
k, = k;(p/M),, ~ (107 m/s)(1000/18 kmol/m®) = Kk, ~ 5 x 10~* kmol/(m?)(s)(Ax)
Since the liquid-phase diffusivity of common solutes, D ~ 10~ m?/s,
liquid film thickness, § ~ D/k; = &~ 10"*m or 0.1 mm

Typical values of gas-liquid mass transfer coefficients in industrial equipment are given in
Chapter 5 (Table 5.1).

3.3 DIMENSIONLESS GROUPS IN MASS TRANSFER

In many cases it is convenient to express the transport coefficients and other important
parameters (such as the fluid properties, velocity, etc.) in terms of meaningful dimensionless
groups. In the study of heat transfer, for example, the heat transfer coefficient 4 is often
expressed in terms of the Nusselt number (Nu). The other important parameters and properties
influencing the heat transfer coefficient are taken care of through two other dimensionless
groups—namely the Reynolds number (Re) and the Prandtl number (Pr). Experimental forced
convection heat transfer data are frequently correlated as Nu = @®(Re, Pr) and the resulting
correlation may be used to estimate the heat transfer coefficient for any other set of process
conditions and system parameters. The most important of such correlations is the Dittus—Boelter
equation.

A similar approach is followed in the study of mass transfer too. Here we have the two most
important dimensionless groups—the Sherwood number, Sh (which is the mass transfer
analogue of the Nusselt number) and the Schmidt number, Sc (which is the mass transfer
analogue of the Prandtl number). In fact, the origin of Sh and Sc can be traced to their analogy
with Nu and Pr respectively. Let us discuss this analogy here.

In heat transfer, the Nusselt number is

convective heat flux

Nu =
" heat flux for conduction through a stagnant medium of thickness / for the same AT
hAT
= ﬁ = % [k = thermal conductivity] (3.15)

Similarly, in mass transfer, the Sherwood number is

convective mass (molar) flux
mass (molar) flux for molecular diffusion through a stagnant medium of
thickness / under the driving force Ap,

Sh =

If we consider the gas-phase mass transfer of A through a binary mixture of A and B (B is non-
diffusing),

Convective mass flux [see Eq. (3.3)] = kg Ap,
DygP

Mass flux due to molecular diffusion of A through non-diffusing B = ——7"—
RT ppy

Apy
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_ kcAp, _ kepeuRT1 _ k!l peu
(D,gPIRT  pgy) Ap, D,gP Dyg P

If we consider transport of A in a solution at a rather low concentration (xg, = 1),

Then, Sh

(3.16)

Convective mass flux, Ny = k;, AC,

D
Diffusive flux of A through a stagnant liquid layer of thickness / = TABAC "

[from Eq. (2.60)]

k k
Then, the Sherwood number, Sh = LAC, _ k!

= = 3.17
(D /IDAC,  Dyp @.17)

Here [ is a ‘characteristic length’. The commonly used characteristic lengths are: for a
sphere—diameter, d; for a cylinder—diameter, d; for a flat plate—distance from the leading
edge, x (say).'r

Now let us turn to the Schmidt number which is the mass transfer analogue of the Prandtl
number. We define the Prandtl number as
momentum diffusivity — u/p ¢, U

thermal diffusivity kipc, k

Pr =

Analogously, we define the Schmidt number as

momentum diffusivity  u/p  u vy (3.18)
molecular diffusivity ~ D,z ~ pD.z  Dyp '

Sc =

There are a few more dimensionless groups commonly used in the study of mass transfer. A list
of the important groups along with their physical significances are given in Table 3.2. The heat
transfer analogues of the groups are also given alongside for comparison. It will be useful to have
a look into the orders of magnitude of the above two dimensionless groups, Sh and Sc. Take the
case of gas-phase mass transfer for flow past a sphere, 1 cm in diameter, at low partial pressure
of the solute (i.e. ppy/P ~ 1). The Sherwood number and the Schmidt number may be found
to be
k.d pgy _ (107 m/s)(107 m)
~ =S

D, P 1073 m?/s

v o 10~ m?/s
D,p T 105 m%/s
For liquid-phase mass transport in a similar geometry,
kyd (107 m/s) (107 m)
D,y 10~° m?/s

Sh = h ~ 10

Sc = = Sc ~ 1

Sh = Sh ~ 100

v o 10 m?/s

Sc =
D,p 10~° m?/s

= Sc ~ 1000

¥ The location of a point in the boundary layer is often indicated by the coordinates (x, y). These notations
should not be confused with mole fractions.



Table 3.2 Important dimensionless groups in mass transfer

Dimensionless groups and their physical significance Analogous groups in heat transfer

Reynolds number, Re = lv_p = 12 = M The same
v viscous forces
. _ M _ v _ momemntum diffusivity _Cp# _ plp _ v _ momentum diffusivity
Schmidt number, So = pD = D T molecular diffusivity Pr= k " kipc, ~ o~ thermal diffusivity
. _k!l o kAC convective mass flux _h convective heat flux
Sherwood number’, Sh = D ~ (D/NAC ~ diffusive flux across a layer of thickness / Nu = k ~ conduction heat flux across a layer of thickness /
_ Sh _k _kAC _ convective mass flux _ Nu _ hAT _ convective heat flux
Stanton number, Sty = Ees = " = VAC = Tuxdue to bulk flow of the medium S = Be)Pn = VAT - heat flux dus to bulk flow
_ _Iv._ vAC _ flux due to bulk flow of the medium _ _ (vpep) AT _ heat flux due to bulk flow
Peclet number, Pey = (Re)(Sc) = ‘D ~ (I/ID)AC ~ diffusive flux across a layer of thickness / Pey = (Re)(Pr) = (k/)AT ~ conduction flux across a thickness /
Colburn factor, jp = Sty (Sc)2? = _sh b= Sty (P2 = —NU__
Ip M( ) (Re)(sc)1/3 JH H( ) (Re)(PI‘)“S
3
Grashof number, Gr = lﬁ—cg The same
Lewis number, Le = Sc/Pr See Chapter 10

* The Sherwood number for gas-phase mass transfer is defined in Eq. (3.16). The suffix Mor D refers to mass transfer, Hto heat transfer. The Grashof number is the analogue
of Reynolds number in free convection mass transfer. Pr = Prandtl number; Nu = Nusselt number; /= characteristic length; v = 1/p = momentum diffusivity; a = kjpc, =
thermal diffusivity; Ap = difference in density because of a difference in concentration or temperature.

P8
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3.4 CORRELATIONS FOR THE CONVECTIVE MASS
TRANSFER COEFFICIENT

As stated before, we need to know the mass transfer coefficient for calculating the rate of
convective mass transfer. In practice the mass transfer coefficient in a typical situation may be
obtained from a suitable correlation if an experimental value is not available. A large number of
mass transfer correlations, covering a wide variety of practical situations and geometries, exist
in the literature. These correlations have been developed by researchers on the basis of large
volumes of experimental data. A few important correlations for the convective mass transfer
coefficient in terms of dimensionless groups are listed in Table 3.3. A comprehensive compilation
of mass transfer correlations covering a wide range of systems is available in Perry’s Handbook
(7th ed., 1997, Ch. 5).

Table 3.3 Correlations for the mass transfer coefficient in a few simple situations

Description Range of application Correlation
Laminar flow through a circular tube Re <2,100 Sh = kdD = 1.62[(Re)(Sc)(d/L)]™
Turbulent flow through a tube 4,000 < Re < 60,000; 0.6 < Sc < 3,000 Sh =0.023 (Re)®® (Sc)°%
Boundary layer flow over a flat plate  Re, < 80,000 // Re, > 5x10° jp =0.664(Re)™%%// jp= 0.037(Re) %2
Flow through a wetted-wall tower 3,000 < Re’ < 40,000; 0.5 < S¢ < 3 jp =0.0328(Re’)%%
Gas-phase flow through a packed bed 10 < Re” < 2500 jp = 1.17(Re”)0415
Liquid flow through a packed bed Re” < 55 jp = 1.09(Re”)2°
3 <Re”<10,000 Sh =2 + 1.1(Re)*8(Sc)*

d=tube diameter; Re;= vp/, I= characteristic length; Re” = dv’p/u, v’ = gas velocity relative to the surface of the falling film;
Re” = d,v”plu, d,= diameter of the sphere, v = superficial velocity of the fluid (.. velocity based on the bed cross-section).

But how do we collect and correlate mass transfer data in a given situation or geometry? Let
us illustrate this point by taking a simple example. Suppose we want to develop a correlation for
the mass transfer coefficient for transport from a sphere in convective flow. We take a ball of
naphthalene, suspend it in a flowing stream of gas (say, air) at a temperature T (Figure 3.3). Let
the change in mass of the ball over a period of time At be Am. The partial pressure of naphthalene
at the surface of the ball is p,; which is equal to the vapour pressure (or sublimation pressure)
of naphthalene at the experimental temperature. The partial pressure is zero in the bulk gas. If
M, is the molecular weight of naphthalene, we have

Suspending hook A naphthalene ball

Figure 3.3  Asimple experimental arrangement for measurement of mass transfer coefficient in flow past a sphere.
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Am
Average molar flux, Ny = ————————
£ AT M, A1(md?4) Pas
Driving force, Ap = pas — 0 = pys

where d, is the average diameter of the ball over the time At (if the change in mass is small, the
average diameter can be used to calculate the area of the ball).
Therefore, the gas-phase mass transfer coefficient is

_ Ny _ Am
Aps M, At(mdy14) pas

In a particular experiment, k; can be calculated by using the above equation. The experiment can
be repeated using (i) different fluids (liquids and gases), (ii) different flow rates, and (iii) spheres
of different materials (which sublime or dissolve in the flowing fluids) and sizes. In this way,
a large volume of data on k; and k; against the corresponding Reynolds number (Re) and
Schmidt number (Sc) can be collected. The ks and k; values are converted into Sherwood
numbers. The resulting set of data can be correlated in the form

Sh = a(Re)” (Sc)° (3.20)
The values of the constants a, b, and ¢ can be obtained by a nonlinear least square fitting or a
graphical procedure. Then we arrive at a correlation that gives the Sherwood number as a
function of Re and Sc. Such a correlation is useful for estimation of the mass transfer coefficient
and the mass transfer rate in any other situation involving transport to a fluid flowing past a
sphere. The ranges of Re and Sc for which a correlation is valid should be clearly mentioned.

But how do we identify the dimensionless groups or numbers used for correlating the mass
transfer data? The answer may obtained by ‘dimensional analysis’. One technique is to use the
‘Buckingham Pi theorem’ (see, for example, Dutta, 2001). This technique, applied to the case
of mass transfer for flow past a sphere, tells us that the Sherwood number, Sh, is a function
of Re and Sc as given in Eq. (3.20).

An alternative and simpler technique of dimensional analysis is based on the assumption of
power law dependence of the mass transfer coefficient on the relevant important system
parameters and properties. Let us illustrate this technique for developing the general relation given
by Eq. (3.20) for dissolution of a sphere of material (A) in a flowing liquid (B). The mass transfer
coefficient k; is expected to depend upon the following major quantities: the diameter of the
sphere, d; the velocity of the liquid, v; the density of the liquid, p; its viscosity, i; and the
diffusivity of the solute, D,g. We assume a power-law dependence of k; on these quantities.

ky = KvopPul(D,p)°d° (3.21)

ko (3.19)

where K, is a dimensionless constant and ¢, [3, ..., € are the indices. Putting the dimensions of
the various quantities on both sides,

o B Y1278
L[] (4T [MT T2 oy
t t I Lt t
Equating the powers of L (length), M (mass), and ¢ (time) on both sides,
L: l=0-38-y+28+¢ (3.22)
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M: 0=B+y (3.23)
r -l=-a-y-6 (3.24)

From Eq. (3.23), B = -¥, and from Eq. (3.24), 6 = 1 — a — 7. Substituting these in Eq. (3.22),
l=0+3y-y+2-20-2y+¢ = e=o-1
Putting these results in Eq. (3.21),

ki = Ky ¥ (Dag)' ™" %d ™!

k, d " . dpn\'( u
= L= = Kkpp T u’ (D )V“d":K(—) S
D, wvop T (Dap " oD s

= Sh = K,(Re)%Sc)” where @’ = a + ¥ (3.25)

So the experimental mass transfer coefficient data can be correlated in the form of Eq. (3.25),
which is identical to Eq. (3.20), in terms of dimensionless groups. If enough data on Sh, Re and
Sc for various systems are available or collected, the values of the constants o and & can be
determined by ‘nonlinear regression’. The resulting equation or correlation can be used for
calculating the mass transfer coefficient in any other similar system.

EXAMPLE 3.3 (Mass transfer in flow past a sphere) A naphthalene ball of 1 cm diameter is
suspended in a stream of air flowing at a velocity of 5 m/s at 45°C and 1 atm total pressure.
Calculate the time required for its diameter to be halved. The following correlation for the
Sherwood number may be used.

Sh = 2 + 0.6(Re)*>(Sc)*33

Sublimation pressure of naphthalene at 45°C is 0.8654 mm Hg. The other relevant
physicochemical properties are: Dp = 6.92 X 107° m%/s; the density of naphthalene at 45°C =
1140 kg/m3; p,, = 1.1 kg/m3; f1,;, = 1.92 x 107 kg/m -s. Assume that the ball retains the spherical
shape all through. (Is this assumption correct?)

Solution

Naphthalene vapour(A) is transported through non-diffusing air (B). The mass transfer coefficient
can be obtained from the given correlation. The Reynolds number and, therefore, the Sherwood
number and the mass transfer coefficient depend upon the radius of the ball which decreases with
time. If r is the radius of the naphthalene ball at any time ¢, the Reynolds number is

_2mpy _ @Q)ADEG)
u 192 %107

Re = 5.73 x 10°r (the maximum value of Re is 2864)

g 192x10°
pD,y — (11)(6.92x107%)

Schmidt number, Sc = = 2.522

=  Sh =2 + 0.6(Re)*>(Sc)!® = 2 + (0.6)(5.73 x 10°1)%3(2.522)!3 = 2 + 618 ()2
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Given: Temperature, T = 45°C = 318 K; since the vapour pressure of naphthalene is small,
P/pBM =1
_ kg ppy RT2r _ k;(0.08317)(318)(2r)

= 7.644 x 10°rk
PD,; 6.92 x107° ¢

Then, Sh

_ 2616x107"  8085x10~
= - N

Now we have to relate the rate of change of the size of the ball with the mass transfer rate. At
time ¢, the rate of sublimation can be expressed as

d (iﬂ:f' ﬁ) = (4nr)kg(Pay = Pav) ie. A (M) kG Pav ®

= 7.644 x 10k = 2 + 618(1)'? = kg

a3 M ot p

where
p = density of solid naphthalene at 45°C = 1140 kg/m>
M = molecular weight = 128
P4y = vapour pressure of naphthalene at 45°C = 0.8654 mm Hg = 0.001153 bar
DPap = partial pressure of naphthalene in the bulk air = 0.
Putting the values of various quantities in Eq. (i), we have

_dr ( 128 ) 2616x1077  8085x10~
dr ~ \1140 r Jr

33867 x 1071 N 1.0467 x 1078
r Jr

In order to calculate the required time, the above equation has to be integrated from the initial
radius, r; = 0.5 cm (= 0.005 m) to the final radius, r/2 = 0.25 cm (= 0.0025 m).
0.0025 0.0025
_ dr rdr

=" -1 - =~ -1 =3
005 33867 x107 1.0467J_x 10 33867 x 107" +1.0467 x107* [~
r r

rdr

a+bﬁ;

; make another substitution £ = o+ Bx = x=(&- a)/o; dx = d&IP

J (0.001153)

0.005

The integral is of the form I = | put r =x = dr=2xdx

3
x dx
= 1_2Ja+bx

=2 j[(é—a)/@ﬁ-(dé/ﬁ) _ % [ —éaf dE = %g—@ww-am&}

Put the limits and calculate the integral, I = 13,820 s = | 3.84 h

If there is no convection, i.e. if sublimation occurs in a stagnant medium by purely molecular
diffusion, it can be shown (see Example 2.13) that it takes 76.9 h for the radius to be reduced
to half of the initial value [note that we get the same result by discarding the second term on the
r.h.s. of Eq. (ii) above and integrating the function]. This again shows that convective mass
transfer is a much faster process than transport by molecular diffusion alone.
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EXAMPLE 3.4 (Solid dissolution in an agitated vessel) A solution of K,Cr,07 is to be prepared
by dissolving crystals of the solid in an agitated vessel. Twenty kilograms of the solid is charged
into a vessel containing 500 kg water. The vessel is provided with a flat-bladed turbine that rotates
at 120 rpm. Following data are given: density of the solid = 2690 kg/m>; average particle size
= 0.6 mm; solubility of the solid in water at the given temperature = 8 wt%; average viscosity of
the solution over the concentration range involved = 0.98 cP; density of the liquid = 1000 kg/m>
(assumed constant); diffusivity of potassium dichromate in water = 1.5 X 1073 cm?/s. Calculate
the time required for complete dissolution of the solid.

The following correlation for Sherwood number can be used to calculate the solid-liquid
mass transfer coefficient.

Sh= —F =2 + 0.44(Re)"* (S0)*3%
where
d? P u
Reg = stirrer Reynolds number = P ; Sc = p_D; dp = particle diameter.

Hints: Let at any time #, the mass of the undissolved solid in the vessel be m kg. Mass of solid
already dissolved = 20 — m. Mass of solution = 500 + (20 — m), volume = (520 — m)/1000 m>.
Instantaneous concentration of the solution, C = (20 — m)/[(520 — m)/1000] kg/m3. Solubility,
C, = 80 kg/m>.

Now we express the quantities k; and a (the total area of the particles at the time, f) in terms
of m.

If dy = 0.6 mm (the initial diameter of a particle), the number of particles = 6.574 x 10”. Mass
of a single particle at the time f = m/(6.574 x 10); instantaneous diameter, d, = 2.211 x 10~*(m)">;
area of a particle = 7d,” = (m)[2.211 x 10~*(m)'>]’; total area of the particles, a = (10.1)m*”.
Schmidt number, Sc = y/pD = 653.

Instantaneous Reynolds number, Reg = Ndf,% = (0.09976)(m)*?

kid,

Sh =2 + (0.44)(0.09976 x m**)***(653)™*% = 2 + 1.67m"** = —

k; = (6.784 x 1092 + 1.67m*33¢)(m)~"?
The rate of dissolution of the crystals can be written as
dm
Cdr

kLa(CS - C)

[(6.784 x 107)(2 + 1.67m*>%)m131(10.1m*3) (SO—W) = ¢(m)

Numerical integration of the above equation (from m = 20 to m = 0) gives the time of dissolution.

3.5 TURBULENT OR EDDY DIFFUSION

Turbulent motion of a fluid is characterized by rapid and highly irregular fluctuation of the
velocity at any point in the fluid. Experimental evidences indicate that in a turbulent medium, tiny
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fluid elements move about randomly and are responsible for a high rate of transport of
momentum, heat or mass. These fluid elements, not necessarily of the same size, are called
eddies. It is visualized that eddies are continually formed and they break up by interaction among
themselves or even may disappear in the process. Eddies are, therefore, short-lived.

Mass or heat transfer in a turbulent medium is a result of the mixing process caused by the
movement of the eddies. This is illustrated in Figure 3.4 for transport of a soluble substance from
a pipe wall to a flowing fluid. For the sake of simplicity it may be visualized that the effect of
turbulence does not reach the wall. Transport of momentum, mass or heat occurs by diffusion
through a thin layer, called the laminar sublayer, at the wall. Beyond this layer, transport occurs
predominantly by eddies. However, the motion of eddies and the phenomenon of eddy transport
are not well-understood despite the extensive theoretical and experimental research done on these
phenomenaf. To simplify the analysis of the phenomenon, the physical laws of transport (of heat,
mass and momentum) are very often extended to the case of eddy transport by replacing the
molecular transport coefficient by an ‘eddy transport coefficient’ (also see Section 3.10). For
example, in the case of mass transfer from the tube wall we can write

dC,
JA,turb = -Ep dr (3.26)
Turbulent core Laminar sublayer
I
""" © 4o |Radial momentum\ x
o :
ojojc‘leadlal mass ] transport
hll=a _tramsport T ___

Movement of eddies

Figure 3.4 Momentum and mass transport in turbulent flow by eddy diffusion.

where Ep is the ‘eddy diffusivity’ of mass. This equation is identical to Eq. (2.9) except that D,p
is replaced by Ep. The ‘total flux’ is, therefore, obtained by adding the fluxes due to molecular
diffusion and eddy diffusion (Sherwood et al., 1975).

dc,
dr

The eddy diffusivity Ej, is not as simple a quantity as the molecular diffusivity Dyp. It
depends upon the intensity of the local turbulence. The intensity of turbulence decreases as one
approaches the wall. Therefore, the contribution of eddy diffusion towards the rate of mass
transfer is substantially less than that by molecular diffusion very near the wall. The situation is
just the opposite in the bulk of the turbulent medium. The phenomenon of eddy diffusion and
a few models have been described by Deen (1998).

Jatotat = —(Dap + Ep) (3.27)

* Advanced softwares for computational fluid dynamics (CFD) are now in routine use for the numerical solution
of transport problems in many complicated geometries and flow situations.
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3.6 THE WETTED-WALL COLUMN Gas out
Liquid in
Mass transfer from a flowing gas to a falling liquid-film (or vice 17

versa) is encountered in a number of practical situations (for

example, gas absorption or stripping in a packed tower). The

wetted-wall tower is a classical model experimental set-up for A T;:ﬁf
measuring the mass transfer coefficient. The mass transfer data ~ Liquid |
obtained in such a column also throw light on the mechanism of M\ Al
mass transfer in a system of similar geometry and flow Lt‘ﬂllgd
conditions. The wetted-wall column is a vertical tube or pipe ¢
provided with an arrangement for liquid feeding and withdrawal oo

(Figure 3.5). The gas flows up through the column and the liquid
flows down as a film (which may have a calm or rippling surface Solution
depending upon the ‘film Reynolds number’; see Rosenhow et out
al., 1985) over a section of the column. Most of the experiments Gas in

reported on the wetted-wall column involve evaporation of pure
liquids in flowing streams of air and other gases. In an experiment
on evaporation of water in air, for example, the average mass flux
can be calculated from the known area of the wetted section of the wall, the total rate of mass
transfer (calculated from the flow rate of air and the moisture content at the inlet and at the exit
of the column), and the average driving force. The driving force at any section is the difference
between the vapour pressure of water at the prevailing temperature and the partial pressure of
moisture in the bulk air. Since the area of gas-liquid contact is known and the liquid-film is visible
(it can be photographed), this apparatus has also been used for study of mans transfer in
distillation and in chemically reactive gas-liquid systems. A large number of mass transfer
correlations for the wetted-wall column is available. One such commonly used correlation is
cited in Table 3.3. A simple calculation of mass transfer in a wetted-wall column is illustrated
in Example 3.9.

The wetted-wall column has been used widely for determination of diffusivity of a dissolved
gas in a liquid. If the flow of the liquid is laminar and ripple-free, the mass transfer coefficient
can be obtained using the penetration theory (see Section 3.7.2). The diffusivity can be
calculated from the experimentally measured rate of absorption and the area of gas-liquid contact
(Davies et al., 1967)

Figure 3.5 Schematic of a wetted-
wall column.

3.7 THEORIES OF MASS TRANSFER

At the beginning of this chapter, we defined the mass transfer coefficient just as a phenomeno-
logical quantity to be determined experimentally. No attempt was made to have an insight of the
physical mechanism of convective mass transfer at a phase boundary. However, there are a
number of theories of mass transfer which aim at visualizing the mechanism and developing the
expressions for the mass transfer coefficient theoretically. In fact, any such theory is based on
a conceptual model® for mass transfer. We shall now discuss the more important and simple

TA ‘model’ is an idealized picture of a physical phenomenon or of an object that makes the phenomenon or the
object amenable to theoretical analysis using mathematical equations and tools.
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theories of mass transfer at a phase boundary. These theories are old and rather simple. Nev-
ertheless, these are considered very important in the study of mass transfer, particularly when
the mass transfer is accompanied by a chemical reaction.

3.7.1 The Film Theory (also called ‘Film Model’)

Let us describe this theory (Whitman, 1923) through an illustration. We consider mass transfer
from a solid surface to a flowing liquid. Even though the bulk liquid is in turbulent motion, the
flow near the wall may be considered to be laminar. The concentration of the dissolved solid (A)
will decrease from C,; at the solid-liquid interface” to C,, at the bulk of the liquid. In reality the
concentration profile will be very steep near the solid surface where the effect of turbulence is
practically absent (Figure 3.6). Molecular diffusion is responsible for mass transfer near the wall
while convection dominates a little away from it. The film theory, however, visualizes a simpler
picture. It is based on the following assumptions.

(a) Mass transfer occurs by purely molecular diffusion through a stagnant fluid layer at the
phase boundary (here the wall is the phase boundary). Beyond this film, the fluid is well-
mixed having a concentration which is the same as that of the bulk fluid (i.e. Cyp).

(b) Mass transfer through the film occurs at steady state.

(c) The bulk flow term [i.e. (N4 + Np)C,4/C, see Eq. (2.15)] in the expression for the Fick’s
law is small. So the flux can be written as N, = —D,p(dC4/dz). As stated before, this
is valid when: (i) the flux is low and (ii) the mass transfer occurs at low concentrations
[or the mass transfer occurs by equimolar counterdiffusion]. For many practical situations
this assumption is satisfactory.

Film thickness

Wall or phase boundary of interface I
Ai § !
Stagnant | l :
film I ! True concentration profile
~——3&—) Well-mixed '
A— ! region (bulk) :
I

v 7 -
N 1V
A - A‘:/CAh
1
i oncentration profile in the (hypothetical) stagnant film
/CAI . C ion profil he (hypoth 1) stag fil
1 I
(a) The stagnant film z=0 S 7
C,; = conc. at the interface (Interface)
C, = conc. at the bulk (b) Concentration profiles of the solute near the phase boundary

(d indicates the edge of the film)

Figure 3.6 The stagnant film and the concentration profiles.

The underlying concept of the film theory of mass transfer is analogous to that of heat
transfer (the heat transfer coefficient is frequently called the ‘film coefficient’). Figure 3.6 shows

# It is generally assumed that equilibrium prevails at the interface or the phase boundary. So, C,; is, in fact, the
solubility of the solid in the liquid.
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the stagnant film. We consider an elementary volume of thickness Az and of unit area normal to
the z-direction (i.e. the direction of mass transfer). We make a steady state mass balance over
this element located at position z.

Rate of input® of the solute at z = Ny4l,
Rate of output of the solute at z + Az = Nuly4p,
Rate of accumulation = 0 (at steady state)

= NA'Z - NA|Z+AZ = O

Dividing by Az throughout and taking the limit Az — 0, we get

- dNA/dZ = O
. ac, . . .
Putting Ny = — (L in the preceding equation, we have
d’C d’C
D 1=0 e 1=0 3.28
AB de de ( )

Integrating Eq. (3.28) and using the following boundary conditions (i) and (ii),

(i) z =0 (i.e. the wall or the phase boundary or the interface), C4, = Cy;
(ii) z = 6 (i.e. the other end of the film of thickness, 8), C4, = Cyp,

we get
Cy = Cyi — (Cyi - CAb)§ (3.29)

The above equation indicates that the theoretical concentration profile, according to the film
theory, is linear as shown in Figure 3.6(b) (where the ‘true’ concentration profile is also shown).
The mass transfer flux through the film is constant at steady state and is given as

dcC D
Ny = —Dyp l:d_;lﬂ) = %B(Cm = Cyp) (3.30)
Comparing with Eq. (3.3), the mass transfer coefficient is
D
k, = —4B 31

Thus the mass transfer coefficient can be calculated from the film theory if the diffusivity and
the film thickness are known. Whereas the former can possibly be obtained from the literature
or may be estimated by using a suitable correlation, the latter (i.e. the film thickness 6) is
unknown. So this theory does not help us in reality to predict the mass transfer coefficient.
However, the film theory, like two other theories described below, has been extremely useful in
the analysis of mass transfer accompanied by a chemical reaction (as we shall see in Chapter 16).

The film thickness, however, can be attributed a physical significance. It is the thickness of
the stagnant layer of fluid that offers a mass transfer resistance equal to the actual resistance to
mass transfer offered by the fluid in motion. The film theory predicts linear dependence of &

* The notation | . means ‘evaluated at z’ (see Section 2.7.2).
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upon the diffusivity D,sp. Unfortunately, experimental data for diverse systems show that the
coefficient of mass transfer to a turbulent fluid varies as (D,p)" where n may have any value from
zero to about 0.8.

The film theory is simple indeed and that is why it has got wide acceptance. Nevertheless,
it does not visualize a realistic physical picture regarding the mechanism of mass transfer at the
phase boundary. Two other classical but more realistic models are described below.

3.7.2 The Penetration Theory Liquid elements sliding down

.. . . the surface of the bubble
Before going into the details of this theory, let us

have a close look at the phenomenon of mass
transfer from a rising gas bubble—for example,
absorption of oxygen from an air bubble in a
fermenter. As the bubble rises, the liquid elements
from the bulk reach the top of the bubble, move
along its spherical surface, reach its bottom and
then get detached from it. The detached liquid
elements eventually get mixed up with the bulk
liquid (Figure 3.7). Absorption of oxygen in a small
liquid element occurs as long as the element

. L. L. An element about to
remains at the gas-liquid interface (i.e. in contact leave the surface of
with the gas). Similar phenomena occur in a large the bubble
number of other situations involving mass transfer
at a phase boundary. Thus, we may generalize the
picture by arguing that in the case of mass transfer at a phase boundary, an element of liquid
reaches the interface (by any mechanism whatsoever) and stays there for a short while when
it receives some solute from the other phase. At the end of its stay at the interface, the liquid
element moves back into the bulk liquid carrying with it the solute it picked up during its brief
stay at the interface. In the process, the liquid element makes room for another liquid element,
fresh from the bulk, on the surface of the bubble. The above visualization (or ‘model’) of the
process of mass transfer at a phase boundary forms the basis of the ‘Penetration Theory’
proposed by Higbie (1935). The following are the basic assumptions of the penetration theory.

Rising gas bubble

Figure 3.7 The penetration model illustrated.

(a) Unsteady state mass transfer occurs to a liquid element so long as it is in contact with
the bubble (or the other phase).

(b) Equilibrium exists at the gas-liquid interface.

(c¢) Each of the liquid elements stays in contact with the gas (or the other phase) for the same
period of time.

If we confine our attention to mass transfer to a gas bubble of diameter d,, rising at a velocity
uy, the contact time of a liquid element with the gas is ¢, = d,/u;,, Unsteady state mass transfer to
a liquid element during this period of time can be described by a partial differential equation given
below (this equation can be derived by using an approach very similar to that used in the case
of unsteady heat conduction to a semi-infinite medium, as discussed Chapter 15). The equation is

aC, ’C,

dt = DABF (3.32)
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The appropriate initial and boundary conditions are:

Initial condition =0, z20 Cy=Cyy
Boundary condition 1 : >0, z=0; Cy=Cy; (3.33)
Boundary condition 2 : >0, 7z =oo; Cy=Cyy

The initial condition implies that in a fresh liquid element coming from the bulk, the concen-
tration is uniform and is equal to the bulk concentration. The boundary condition 1 assumes that
‘interfacial equilibrium’ exists at all time. The last condition means that if the contact time of an
element with the gas is small, the ‘depth of penetration’ of the solute in the element should also
be small and effectively the element can be considered to be of ‘infinite thickness’ in a relative
sense. Equation (3.32), subject to the initial and boundary conditions (3.33), can be solved for
the transient concentration distribution of the solute in the element by introducing a ‘similarity
variable’ 7, as in the case of unsteady state heat conduction (see Dutta, 2001). The solution is

Cs —Cap z
—— =1 -erfn; where N = —— (3.34)
Cai —Cyp 2,/Dypt
The mass flux to the element at any time ¢ can be derived from the equation
aC D
NA(I) = _DAB [a—;ilz=0 = #tB(CAi - CAb) (3.35)

The flux decreases with time because of a gradual build-up of the solute concentration within
the element and the resulting decrease in the driving force. At a large time, the element becomes
nearly saturated and the flux becomes vanishingly small.

The average mass flux over the contact time ¢, is given by

t
1§ D
Naa = = [ Nadr = 2| 222 (C,y = Cyp) (3.36)
c 0 c

Comparing Eqgs. (3.35) and (3.36) with Eq. (3.3),
Dyp

Instantaneous mass transfer coefficient, k; = Tt (3.37)
A . _~ | Dus
verage mass transfer coefficient, k; ,, = 2 po (3.38)
c

The above equations show that the mass transfer coefficient is proportional to the square root
of diffusivity. Although this is again not in conformity with experimental observations in general,
this is definitely an improvement over the film theory for a more realistic visualization. Here the
contact time ?, is the model parameter like the film thickness 6 in the film theory.

3.7.3 The Surface Renewal Theory

One of the major drawbacks of the penetration theory is the assumption that the contact time
or the ‘age’ of the liquid elements is the same for all. In a turbulent medium it is much more
probable that some of the liquid elements are swept away, while still young, from the interface
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by eddies while some others, unaffected by the eddies for the time being, may continue to be
in contact with the gas for longer times. As a result, there will be a ‘distribution of age’ of the
liquid elements present at the interface at any moment. This is how Danckwert (1951) visualized
the phenomenon. He assumed that (i) the liquid elements at the interface are being randomly
replaced by fresh elements from the bulk, (ii) at any moment each of the liquid elements at the
surface has the same probability of being replaced by a fresh element, (iii) unsteady state mass
transfer occurs to an element during its stay at the interface. The Danckwert’s theory is thus called
the surface renewal theory. The model parameter is the fractional rate of surface renewal (s, the
fraction of the surface area renewed in unit time). The equation for the mass transfer coefficient
according to the Danckwert’s theory is as follows (the derivation is shown in Chapter 16).

kp = \/Dyps (3.39)

It may be noted that the surface renewal theory also predicts the square root dependence of
the mass transfer coefficient k; on the diffusivity. It also has similar dependence on the fractional
rate of surface renewal, s. Increasing turbulence in the medium causes more brisk surface
renewal (i.e. larger s) thereby increasing the mass transfer coefficient. The expressions for the
mass transfer coefficient obtained from the above three theories and the boundary layer theory
described below are listed in Table 3.4.

Table3.4 Mass transfer coefficients from the different theories of mass transfer

Theory Steady/unsteady Expression for Dependence on Model
state the coefficient, k; diffusivity parameter (unif)
Film theory Steady state k =D& k o< D S (m)
Penetration theory Unsteady state Kiinst = [D/ef]"™ k o< D'?
kL,av = 2[D/mc]1/2 ki o< D" t: (s)
Surface renewal theory Unsteady state K av = (D8] k o D'? s(s™)
Boundary layer theory Steady state Egs. (3.40), (3.41) K o< DPP

inst—instantaneous; av. —average

3.7.4 The Boundary Layer Theory

The foregoing theories of mass transfer have been built up on the basis of idealized pictures of
the way mass transfer occurs at a phase boundary. As such, these theories, though fit well in
some particular cases, do not reflect the real picture in general. The major reason is that none
of these theories explicitly takes into account the hydrodynamics or flow field that characterizes
a system, although the flow field greatly influences the rate of convective mass transfer. What
the foregoing theories do is to use a model parameter (the film thickness, the contact time or the
surface renewal rate) to take into account the effect of fluid motion implicitly. For example, more
intense fluid velocity or a high degree of turbulence in the medium is associated with a decrease
in the film thickness or the contact time or an increase in the fractional rate of surface renewal.
The boundary layer theory (see, for example, Bird et al., 2002), on the other hand, gives a far
more realistic picture of the way mass transfer takes place at a phase boundary.

Before dealing with mass transfer in boundary layer flow, let us recapitulate the formation
of boundary of layer on an immersed surface in a viscous fluid in motion. For simplicity, we take
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the case of flow past a flat plate (Figure 3.8) oriented along the direction of flow (zero angle of
incidence). The fluid velocity is zero at the surface of the plate (the no-slip condition) but
increases with distance from the plate. At a rather short distance away from the surface, the fluid
velocity almost reaches the velocity of the bulk fluid along the direction of orientation of the plate
(called the ‘free stream velocity’, V,,). The region above the plate within which the fluid velocity
changes from zero at the surface to the free stream velocity is called the ‘velocity boundary thickness’,
6. To be more precise, this region is called the ‘velocity boundary layer’ (or the ‘momentum
boundary layer’ or the ‘hydrodynamic boundary layer’). The boundary layer thickness increases
gradually along the plate. It is expressed as a function of the distance from the leading edge, i.c.
0 = O(x). Theoretically, the free stream velocity is reached at a large distance from the plate.
However, in reality the velocity reaches nearly the free stream value at a rather small distance
away from the plate. Typically, the boundary layer thickness at any point on the plate is defined
arbitrarily as the transverse distance from the plate where 99% of the free stream velocity is
attained.

V —

Bulk conc. = C - [ Edge of the velocity or momentum b.1. |

Edge of the concentration b.1. u=V,
Cy=Cy;i=09%Cy; — Cyp)
u=u(x,y)

Boundary layer Ca= =)

8(x) 8,(x) Velocity =0 I—ICA -c,
0 |

Flat plate with a soluble coating

X

Figure 3.8 Momentum and concentration boundary layers on a flat plate for Sc > 1. V., = free stream velocity; C,,= bulk
concentration; C ;= surface concentration or the solubility of the coated solid in the liquid. Since Sc > 1, the momentum diffusivity
is larger than the molecular diffusivity (v..> D,g), and the momentum boundary layer is thicker than the concentration boundary
layer as a result.

If the flow occurs at zero angle of incidence and the plate is ‘wide’, the motion in the
boundary is two-dimensional, u = u(x, y). The general equation of motion of a viscous fluid, called
the Navier—Stokes equation, can be simplified and approximated to write down the equations of
motion for two-dimensional boundary layer flow, which can be solved to get the velocity field
in the laminar boundary layer (Dutta, 2001). The characteristics of the boundary layer depends
upon the Reynolds number defined as Re, = pV..x/i, where Re, is the local Reynolds number
as it is based on the distance x from the leading edge. Boundary layer flow remains laminar if
the Reynolds number is less than about 3 X 105, above which the flow turns turbulent. This value
of the Reynolds number is called the ‘critical Reynolds number’.

Mass transfer in boundary layer flow occurs in a way similar to that of heat transfer. If the
plate is coated with a soluble substance and the liquid (or gas) flows over it, two boundary layers
are formed—the ‘velocity boundary layer’ and the ‘concentration’ or ‘mass boundary layer’
(Figure 3.8). It may be recalled that in boundary layer flow over a heated plate, a thermal boundary
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layer is formed along with the velocity or momentum boundary layer (thickness = 8). The
concentration distribution in the boundary layer is a function of position, C, = C,(x, y), and its
thickness is a function of the distance from the leading edge, 6 = §,,(x). The thickness of the
concentration boundary layer §,, is defined as the distance over which the solute concentration
drops by 99% of the concentration difference between the wall and the bulk liquid. The relative
thicknesses of the velocity and the concentration boundary layers depend upon the value of the
Schmidt number, Sc (which is the ratio of the momentum diffusivity to the molecular diffusivity).
If the Schmidt number is greater than unity, the thickness of the momentum boundary layer at
any location on the plate is more than the concentration boundary layer. It can be shown that
8/8, = Sc'” (Deen, 1998; Bird et al., 2002).

Theoretical analysis of mass transfer in a laminar boundary can be done following the same
approach as adopted in the case of heat transfer, and the following equation for the local
Sherwood number, Sh,, can be developed.

k; . x
Sh, = —=*= = 0.332(Re,)'2(Sc)'? (3.40)
Dyp
Here x is the distance of a point from the leading edge of the plate, £;,, is the local mass transfer
coefficient, and Re, is the ‘local Reynolds number’. If / is the length of the plate, the ‘average
Sherwood number’, Sh,,, can be obtained from the above equation as follows:

Shy = 2Ll _ g 664Re) 2(50)" (3.41)
Dyp
In the above equation, k; ,, is the mass transfer coefficient averaged over the length of the plate,
and Re, = pV_//u is the ‘plate Reynolds number’ based on the length of the plate, /.
It is to be noted that the boundary layer theory predicts that the mass transfer coefficient
k; varies as (Dsp)* which reasonably matches the experimental findings in many cases.

3.7.5 Other Theories

Quite a few other theories were proposed at different times to describe mass transfer at a phase
boundary (for example the film-penetration theory). Theories based on eddy diffusivity have also
been proposed. Although the theories of mass transfer provide an insight into the mechanism of
mass transfer at a phase boundary, these are not directly useful for predictive purposes (the
boundary layer theory is an exception in many practical situations). However, the penetration
theory and the surface renewal theory have proved to be immensely useful for mass transfer
calculations when the dissolved solute undergoes a chemical reaction. Consumption of the
dissolved solute reduces its concentration in the solution, increases the driving force and thereby
increases the rate of absorption compared to the case where no such reaction occurs (i.e. where
only the physical transport of the solute occurs). In fact, any of the above theories can be used
to calculate the degree of enhancement of the rate of mass transfer as a result of chemical
reaction. This aspect will be discussed in detail in Chapter 16. The penetration theory has been
the basis of the Billet model of mass transfer in a packed column (as we shall see in Chapter 6).
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EXAMPLE 3.5 (Gas absorption in a laminar jetf) Gas absorption in a laminar liquid jet is a
model experimental technique for the determination of the liquid-phase diffusivity of a soluble
gas and also for studying the kinetics of gas-liquid reactions. A sketch of a laminar jet apparatus
is given in Figure 3.9. A liquid jet is created by forcing the liquid through a narrow vertical tube,
fitted within an enclosure. If an appropriate flow rate is maintained, the liquid comes out as a
jet (that very much looks like a liquid rod or cylinder). The jet is collected in a tube of a diameter
marginally greater than that of the jet and having a slightly flared opening. This liquid collection
tube is oriented vertically below the jet. The solute gas, diluted with a carrier if necessary, flows
through the enclosure. The rate of absorption of the gas is determined either by measuring the
inlet and the outlet gas flow rates or by analyzing the concentration of the dissolved gas in the
exit liquid.

In an experiment for the determination of the diffusivity of hydrogen sulphide in water, pure
H,S gas is passed through the enclosure of the jet. The following data were collected in a
particular experiment at steady state: temperature = 25°C; total pressure in the jet chamber =
1.03 atm; length of the jet = 5 cm; rate of flow of water = 13.2 ml/s; absorption rate of H,S
= 4.42 x 107 g/s. The solubility of H,S in water at 1 atm pressure and 25°C is 0.1136 kmol/
(m3)(atm). Calculate the diffusivity of H,S in water from the above data.

Absorbent
liquid in Gas out (for sampling
and analysis)
Exposed length of the jet, /
— Gas

Enclosure of the
laminar jet

Gas in —— Collection tube

Receiver of Solution out for
the solution sampling and analysis

Figure 3.9 A simplified sketch of the laminar jet apparatus.

Solution
A liquid jet has arod-like flow; it has a flat velocity profile. In other words, the velocity is uniform
over a cross-section of the jet.

Let us use the following notations: r = radius of the jet; v = (uniform) velocity of the jet;
Q = the liquid flow rate (= r%v) = 13.2 ml/s = 1.32 x 107> m%/s; [ = length of the jet (= 0.05 m);
t. = contact time = //v. Molecular weight of H,S = 34.

The solute gas gets dissolved at the surface of the jet and penetrates into it by unsteady state
diffusion. The situation fits in the penetration theory almost ideally. Accordingly, the average
mass transfer coefficient [see Eq. (3.36)] and the gas—liquid area of contact are
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D , D
kia=2 ZAB _ ﬁﬁ; the area of contact = 27r/ (i)
' e, T |

The rate of absorption of H,S = 27rl)(k; 5, )(Cy; — Cyp) (ii)

where C,; = interfacial concentration of H,S in the liquid, and C,, = H,S concentration in the
bulk of the jet. The interfacial concentration is the same as the solubility of the gas at the given
temperature and pressure, and can be calculated at the given pressure (1.03 atm) using the
Henry’s law:

Cai = (1.03)(0.1136) = 0.117 kmol/m?
Cy4p, = 0 (because of the small contact time, the depth of penetration of the solute in the jet
will be small and the bulk liquid free from H,S)

The given rate of absorption of H,S = 4.42 x 107* g/s = (4.42/34) x 107% x 107, i.e.
1.3 x 10~8 kmol/s.
Using Egs. (i) and (ii) and the given rate of absorption [note that r = (Q/zv)"2,

13 % 10® = 27l /%2 %(0.117—0) = 4D,y (132x 10)(0.05) (0.117)

= Dyp=|117x107° m%fs |

[Diffusivity of H,S in water at 25°C reported in the literature = 1.21 x 10 m%/s]

EXAMPLE 3.6 (Gas absorption from bubbles) A mixture of 50% CO, and 50% N, is bubbling
through water in a laboratory column at 30°C and 1 atm. The depth of water in the column is
30 cm. A single-nozzle gas distributor is used. The gas flow rate is 15 cm® per minute and the
bubbles are of 1 cm diameter on the average. The bubble rise velocity is 20 cm/s. Calculate the
rate of absorption of carbon dioxide. The diffusivity of CO, in water is 2.19 x 107 cm?/s.
Henry’s law can be used to calculate the solubility of CO, in water at the given temperature,
p = 1860x" (p = partial pressure of CO,, in atm; x" is its mole fraction in water at equilibrium).

Hints: Contact time of a liquid element with a gas bubble, #. = d,/v, = (1 cm)/(20 cm/s) = 0.05 s
Mass transfer coefficient, k;, = 2(D,p/7t.)'? = 0.0236 cm/s. Residence time of a single bubble
in the liquid = (liquid depth)/(bubble rise velocity) = 0.3/0.2 = 1.5 s. Volume of a bubble =
0.5236 cm?; area of a bubble = 3.1416 cm?. Solubility of CO, in water (from Henry’s law),
C, = 1.493 x 107 gmol/cm? (Pco, is approximately taken as 0.5 atm). Concentration of CO,
in the bulk water, C, = 0.

Amount of CO, absorbed from a single bubble during its residence time of 1.5 s

= (k;)(area of a bubble)(C; — C,)(1.5 s) = 1.66 x 10 gmol
Average number of bubbles formed per minute = 15/0.5236 = 28.65 per min.

Rate of absorption of CO, from the bubbles per minute

= (1.66 x 10~® gmol per bubble)(28.65 bubbles per min) = 4.757 x 10> gmol/min
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EXAMPLE 3.7 (Gas absorption in an agitated vessel) In an experimental agitated contactor,
pure carbon dioxide is being absorbed in water at 25°C and 2 atm pressure. Water is pumped
into the contactor at a rate of 1 litre per minute and the carbonated water leaves the vessel
continuously so that a constant volume is maintained in the contactor. The outlet water contains
2.3 g CO, per litre. The specific interfacial area of gas-liquid contact is 80 m*m?> of the gas—
liquid dispersion; the volume of the gas-liquid dispersion is 8 litre. The liquid phase can be
assumed to be well mixed. The solubility of CO, in water can be calculated using the Henry’s
law. At 25°C, the Henry’s law constant for CO, is 1640 atm/mol fraction and its diffusivity in
water is 1.92 x 10 m?%s. Calculate

(a) the thickness of the liquid-film if the film theory is applicable,

(b) the contact time between a liquid element with the gas if the penetration theory is

applicable, and
(c) the fractional surface renewal rate if the surface renewal theory is applicable.

The density of the liquid is 997 kg/m? (i.e. the same as that of water at the given temperature).

CO, out
8 litre dispersion
Gas bubbles g%‘
.3 g CO, per litre
‘Water
1 litre/min :
Pure CO, gas

Figure 3.10 CO, gas bubbles through a tank.

Solution
The solubility of CO, at the experimental temperature is given by Henry’s law, p = 1640x"
Atp =2 atm, x" = 2/1640 = 0.00122 (the superscript " is often used to indicate the equilibrium
concentration). We shall first calculate the mass transfer coefficient k;, and then use it to
determine the required quantities.
Molecular weight of the solution = (44)(0.00122) + (18)(1 — 0.00122) = 18.03 = 18
Moles of solution per m> = (997 kg/m3)/(18 kg/mol) = 55.4 kmol/m>
Moles of CO, per m?> solution, C, = (55.4)(0.00122) = 0.0676 kmol/m*

Concentration of the carbonated solution leaving the vessel,
C = 2.3 g COy/litre = 2.3 kg COy/m> = 2.3/44 = 0.0523 kmol/m>

= Concentration of CO, in the liquid in the vessel (since it is well-mixed).
Volume rate of input of water = volume rate of output of the solution

= 1 litre/min = 1.667 x 107 m>/s
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The inlet water is CO,-free. So at steady state, the rate of absorption of CO, in the vessel
= (1.667 x 10~ m*/s)(0.0523 kmol/m?) = 8.718 x 10~ kmol/s

If V = the volume of the gas-liquid dispersion in the vessel (= 8 litre = 0.008 m?), @ = specific
interfacial area of contact between the dispersed gas and the liquid (= 80 m*/m?), and &, = mass
transfer coefficient,

Rate of absorption of CO, at steady state = V gk, (C; — C) = 8.718 x 10”7 kmol/s

= (0.008)(80)(k,)(0.0676 — 0.0523) = 8.718 x 1077; when k;, = 8.903 x 107 m/s
(a) If the film theory is applicable, film thickness,

D 192x107°
§= 248 = = {0.0216 mm
kL 8.903 x 10—5
(b) If the penetration theory is applicable, the contact time [see Eq. (3.38)] is
4D, (4)(1.92 x107%)
t. = = =10308s
C mk} (m)(8903x107%)?
(c) If the surface renewal theory is applicable, the fractional rate of surface renewal [see

Eq. (3.39)],
K2 (8903 x107%)? =
= = =1413s
D,p 1.92x10~°

(This means that the surface is renewed 4.13 times per second on the average.)

3.8 MOMENTUM, HEAT AND MASS TRANSFER ANALOGIES

Transport of momentum, heat and mass in a medium in laminar motion are all diffusional
processes and occur by similar mechanisms. The three basic laws in this connection—Newton’s
law of viscosity that governs the rate of transport of momentum, Fourier’s law of heat
conduction and Fick’s law of diffusion—can all be expressed in similar forms.

d
Newton’s Law: Momentum flux, 7= —g d’;" = T= —vdiz(pux) (3.42)
Fourier’s Law: Heat flux, ¢, = —k4L = = —aL(pe,T) (3.43)
: »dz = dz 9. = az pcp .
., ) dcC,
Fick’s Law: Mass flux (at a low concentration), Ny = _DABd_z (3.44)

In Eq. (3.42), Tis the shear stress which is the same as momentum flux, pu, is the ‘volumetric
concentration of momentum’ in the x-direction (i.e. momentum per unit volume of the liquid),
and v = W/p, is the ‘momentum diffusivity’. In Eq. (3.43), pc,T is the ‘volumetric concentration
of thermal energy’ and ¢ (= k/pc)) is the ‘thermal diffusivity’. Thus, all the above three equations
state that the flux is proportional to the gradient of the quantity transported (momentum, heat
energy, or mass), and the proportionality constant is the corresponding ‘diffusivity’ (that has the
same unit, m?%/s, in all the cases). A negative sign is included in each equation to indicate that
transport occurs in the direction of decreasing concentration (of momentum, heat, or mass).
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In turbulent flow, similar equations are used to express the rate of transport except that an
‘eddy diffusivity’ is included to account for the contribution of eddy transport (see Section 3.5).
Thus,

Momentum flux, 7= —(v + Ev)diz(pux) (3.45)
Heat flux, ¢, = — (o + EH)diZ (pc,T) (3.46)
. Ca
Mass flux (at a low concentration), Ny = —(Dyp + EM)d_z (3.47)

Here E,, Ey and E,, are eddy diffusivities of momentum, heat and mass respectively. Since
turbulent transport is a much faster process than molecular transport, all the eddy diffusivities
are larger than their molecular counterparts by about two orders of magnitude (i.e. a few hundred
times) or even more.

The similarity of the three transport laws has been extended to relate the appropriate
dimensionless groups involving the heat transfer coefficient and the mass transfer coefficient to
the friction factor. Such relations or ‘analogies’ (Skelland, 1974) can be used to estimate the heat
transfer coefficient (), or the mass transfer coefficients (kg, k;, etc.) if the friction factor of
the flowing medium is known. Here we mention a few simple analogies without going into the
theoretical formalism (see Skelland, 1974; Hines and Maddox, 1985; Dutta, 2001). The oldest
such analogy in the case of heat transfer was proposed by Reynolds applicable to transport in
pipe flow. Extending the analogy to the case of mass transfer, we may write

Nu _f sh _f
Sty = = = d Sty = = = 3.48
H= Repr 2 " M (3.48)
Here Sty is the Stanton number for heat transfer and St;, is that for mass transfer, Nu is the
Nusselt number involving the heat transfer coefficient, and f is the friction factor for the fluid
flowing through a pipe.
The Prandtl analogy, also applicable to transport in pipe flow, is given by
f12 f12
= and Sty =
1+5/f/2 (Pr—1) M +50fI2(Sc-1)
The Prandtl analogy reduces to the Reynolds analogy if Pr = 1 or Sc = 1.
Colburn related the mass transfer coefficient to the friction factor by proposing the well-

known ‘Colburn analogy’. He introduced the Colburn j-factor and suggested the following
analogies for transport in pipe flow.

Sty (3.49)

= Sty Pr23 = % = 0.023Re02 (3.50)
c
and ip= StyySc?3 = % = 0.023Re"2 3.51)
€ DC

Here the subscripts ‘H’ and ‘M’ refer to heat and mass transfer respectively [the subscript ‘D’
in jp means diffusion and is synonymous to the subscript M in Eq. (3.49)]. The importance of
the analogies lies in the fact that if the heat transfer coefficient is known at a particular
hydrodynamic condition characterized by the Reynolds number, the mass transfer coefficient in
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a system having similar geometry and at similar hydrodynamic condition (i.e. the same Reynolds
number) can be determined just by putting jy = jp.

EXAMPLE 3.8 (Mass transfer in a packed bed) Water at 25°C flows through a bed of benzoic
acid spheres of size d, = 8 mm at a superficial velocity of 0.022 m? per second per square metre
of bed cross-section. The fractional void volume of the bed is 0.4 and the depth of the bed is
0.7 m. If the inlet water is free from benzoic acid, calculate the concentration of the acid in
the effluent from the bed.

The following data are available: diffusivity of benzoic acid in water = 107 cm?/s; kinematic
viscosity of the liquid = 0.95 centistoke; solubility of benzoic acid in water at the given
temperature = 3.01 kg/m3. For a packed bed of sphere, the specific surface area (i.e. the area
of the spheres per unit volume of the bed) is given by: a = 6(1 - &)/d,,.

Solution
The concentration of benzoic acid in the bulk liquid, C,, Liquid in, 0 em™/s Liquid
increases along the bed from the inlet value of Cp; = 0. Conc. =, | distributor
The concentration of the liquid in contact with the A A
surface of a sphere is, C; = 3.01 kg/m>. As a result, the ~ape
driving force, C; — C,, changes along the bed. B /
. .o . ! X ,/ | An elementary
Let us use the following notations: Q = volumetric h . . section of
flow rate of water; a = cross-sectioal area of the bed. ! \\ /I -
Then, Q/a = liquid flow rate per unit area of the bed = N A
0.022 m*m?s = 2.2 cm/s (this is also the linear velocity dh | o
of the liquid if the entire cross-section is available for A:— DN
flow and is called the ‘superficial liquid velocity’). /| Packed bed
If we consider a differential thickness of the bed, dh, \ | ofspheres
at a distance # from the top of the bed (see Figure 3.11), ! !
the concentration changes by dC, and a differential Cone. =y,

mass balance at steady state over dh gives Solution out

0 dC, = (k @ )Adh)(C, — Cy) Figure 3.11  An elementary section of a packed
bed.
In the above equation, k;a is the ‘volumetric mass
transfer coefficient’ (i.e. the amount of mass transfer per unit time per unit volume of the bed
per unit concentration driving force). Integrating the above equation over the height £,

Cpo h
dcC, _
—2— =k;a=\|dh |
C —Cb 1.4 Q{d =

nG=Cn _pzay @)
Jc 0
bl

Cs - Cb2 -

Now we need to calculate the value of k; at the given flow rate of the liquid through the bed.
We use the correlation

£jp = 0.25Re 3!

Given: diameter of a sphere, d, = 0.8 cm; superficial liquid velocity, v, = 2.2 cm/s; the

%

kinematic viscosity, v = 0.0095 cm</s; diffusivity of the solute, Dp = 10~ cm?/s; bed voidage,
e=04.
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d v
_ %pYo _ (08)(22) _ _ v 0.0095 _
Re = v = 00095 185 and Sc = _DAB =0 - 950
. Sh 031 _(0.0495)(185)(950)"
£jp = s—Re S = 0.25(185)%3'= 0.0495 = Sh= 04 =225

D 1073
k; = Sh| =48 | = 225| = | = 0.00281
L (dp) (0.8) 0.00281 cm/s

6(1-¢) 6(1-04)
d, 0.8
Putting the values of the different quantities in Eq. (i), the effluent concentration,

EXAMPLE 3.9 (Mass transfer in a wetted-wall column) As stated in Section 3.6, one of the
experimental devices for the determination of the mass transfer coefficient is a wetted-wall
column. In an experiment, benzene is absorbed from a stream of nitrogen in a wetted-wall column
in which the absorbent is a non-volatile mineral oil. Under the conditions, the liquid-phase mass
transfer resistance can be safely neglected. The mass flow rate of the feed gas is 13,500 kg/h-m?
at 30°C and 1.013 bar pressure. Mole fractions of benzene in the inlet and outlet gases are 0.02
and 0.0052 respectively. The interfacial concentration of benzene on the gas side is negligibly
small.

Specific interfacial area of contact, a = = 4.5 cm¥/cm?

Calculate the gas-phase mass transfer coefficient.

Can you predict the mass transfer coefficient for the absorption of ammonia in a dilute
solution of H,SO, in the same wetted-wall column if the flow rate of air is 4.51 kg/m?-s at 25°C
and 1.013 bar, and the partial pressure of ammonia in the feed gas is 10 mm Hg?

Given: i.d. of the column = 3.5 cm; thickness of the liquid film is small; height of the wetted
section = 3 m; viscosity: for nitrogen (at 30°C) = 0.018 cP, for air (at 25°C) = 0.0183 cP;
diffusivity of benzene in N, at 30°C = 0.0973 cm?/s, that of NH; in air at 25°C = 0.231 cm?%/s.

Since the concentration of benzene in the gas is small, the Benzene conc. = y,
change of flow rate over the column also remains small. So
calculations may be done on the basis of the average gas flow  Oilin
rate. It is also given that the Colburn factor jj varies as Re 02,

le— d —
Film of the

Hints: Consider an elementary section of the column of thickness bsorbent oil
| T g|| @bsorbent oi

dz at a height z from the bottom as shown in Figure 3.12. Suppose =t=
y = local concentration of benzene (the solute) in the bulk gas S I
(mole fraction); y; = interfacial concentration at the same section; ' Vi
G = molar gas flow rate; and 4 = diameter of the column. Z;
Then the elementary area of gas-liquid contact = (md)(dz). If  --i--| Oal orut
the gas concentration changes by dy over the section, a differen- 1t
. . Benzene conc. = y;
tial mass balance can be written as
-Gdy = (nd)(d2)ky(y — ) Figure 3.12 Gas absorption in a

wetted-wall column.
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Assuming that the gas flow rate remains reasonably constant over the column (this assumption
is valid at low concentration, as in the given case, and an average gas flow rate may be used).
Integrating from z = 0, y = y; = 0.02 (bottom) to z = L =3 m, y = y, = 0.0052 (top), we
get
ky =[G In(y,/y))/(7dL)

Average mol. wt. of the gas at the bottom = (0.02)(78) + (0.98)(28) = 29; at the top it is
28.2; average molar gas flow rate at the bottom = (13,500/29) = 465.5 kmol/m?- h, that at the
top = 458.6 kmol/m?-h. Average = 462 kmol/m>-h.

Area of the cross-section of the tube (0.035 m dia) = 9.62 x 10~% m?.

Actual gas flow rate through the tube,

G =(9.62 x 10‘4)(462) = 0.4448 kmol/h
Then,
ky = 1.786 kmol/(h)(mz)(Ay)

Now, if ‘1’ denotes the N,—benzene system and ‘2’ denotes the air-NH; system, calculate
Re; (= 7140), Re, (= 8630), Sc; (= 1.5) and Sc, (= 0.675). Then

jD,l _ Rel -0.23 N SL_ Rel 0.77 Si 0.33
iz  \Re, Sh, ~ {Re, Sc,

Take pgy = P in Sh, calculate &y, = 4.25 kmol/(h)(m?)(Ay) for the air-NH; system at the given
conditions.

NOTATIONS
Cy . molar concentration of A, kmol/m?
d, dp : diameter of a tube or sphere, or particle, m
D,p : molecular diffusivity of A in B, m%/s
E : Eddy ‘diffusivity’ [suffix vV—momentum, H—heat, M—mass diffusion], m?%/s.
ky, kg, ke, ky @ gas-phase mass transfer coefficients for diffusion of A through non-diffusing

B, Eq. (3.3); a prime is used to mean equimolar counterdiffusion

ke, kr, kx : liquid-phase mass transfer coefficients for diffusion of A through stagnant B,
Eq. (3.4)

l : characteristic length, m

m : mass, kg

Ny : molar flux of species A

)4 : partial pressure, bar, atm, etc.

Dem : log mean partial pressure of the non-diffusing component

P : total pressure
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Ky . fractional rate of surface renewal, s!

tt, . time, contact time, s

u, v : velocity (in the longitudinal or transverse direction), m/s

Ve : free stream velocity (‘far away’ from an immersed surface), m/s
y, Y : mole fraction, mole ratio of a species in the gas phase

x, X : mole fraction, mole ratio of a species in liquid

z . distance, m

Re, : local Reynolds number, xV_, p/u; x is the longitudinal distance
Sc : Schmidt number

Sh : Sherwood number, Egs. (3.16), (3.17)

1) : film thickness; velocity boundary layer thickness, m

O : mass transfer boundary layer thickness, m

u : viscosity of a fluid, kg/m-s

1 : momentum diffusivity, u/p

1,2 : positions 1 and 2.

Subscripts

b : bulk of a phase

i : interface between two phases

av : average value

i

NS R

SHORT AND MULTIPLE CHOICE QUESTIONS

Explain the basic difference between the mass transfer coefficients k, and k)’,.

Obtain the relation between ky and ky. Write down the units of mass transfer coefficients.
Discuss when and how the mass transfer coefficients depend upon concentration.

Give the physical significances of the dimensionless groups in mass transfer.
For mass transfer from a sphere to a stagnant liquid, show that Sh = 2.
Explain the underlying assumptions of the theories of mass transfer.

Derive Eqs. (3.34) and (3.39).

The film theory gives a linear concentration profile of the solute within the stagnant film.
Is there a point within the film at which the gradient of ‘true concentration profile’ and
that of the ‘theoretical concentration’ profile in the film are the same?

Discuss the importance and applications of mass transfer analogies.

A gas A diffuses through a non-diffusing B across a stagnant film of thickness 2 mm.
Given: mole fractions of A on the two sides of the film are y,; = 0.3, y,4, = 0.05; total
pressure = 1 atm; molar flux, Ny = 5 X 10~* kmol/m?-s.
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10.

Calculate the Colburn-Drew mass transfer coefficient. Also calculate the molar flux if
transport of A occurs through a stagnant film of B, 1 mm thick, for y,; = 0.2 and
Va2 = 003

Make the correct choice from the alternatives given against the following questions.

(a)

(b)

()

(d)

(©

()

(€))

(h)

@

()

Identify the quantities that have influence on the mass transfer coefficient:
(i) diffusivity, (ii) solubility of the solute, (iii) molar flux, (iv) hydrodynamics of the
system, (v) viscosity of the medium, (vi) interfacial concentration gradient,
(vii) the interfacial area of contact.

If the mass transfer flux is expressed in terms of a mass transfer coefficient, the
driving force should be

(i) the concentration gradient at the interface

(ii) the concentration difference between the interface and the bulk
(iii) the interfacial concentration.

How does an increase in the liquid flow rate in a packed tower affect the rate of
surface renewal of the liquid in a packed tower? The rate of surface renewal will
(i) increase (ii) decrease (iii) remain unchanged.

How does an increase in the gas flow rate affect the gas-phase mass transfer
coefficient in a packed tower? The mass transfer coefficient will

(i) increase (ii) decrease (iii) remain unchanged.

How do you define the Stanton number for mass transfer?
.. Sh .. Sh ... Pe

(i) Re Sc (ii) Re SciP3 (iii) Sc

How do you define the Peclet number?
(i) Pe = Re-Sc (ii) Pe = Re/Sc (iii) Pe = Sh/Sc
What is the expression for the Colburn factor, j,?
Sh ... Sh
Re Sc'’ (i) Re Sc
The Sherwood number, Sh

(i) increases with the friction factor, f
(ii) increases with the Reynolds number, Re
(iii) decreases with Re.

@) StSc® (i)

Air containing a solute flows over a pan containing water at a velocity of 20 ft/s.
Which of the following all in lbmol/(ftz)(h)(atm), is a probable value of the average
mass transfer coefficient?

(i) 0.45 (ii) 0.00345 (iii) 562

The probable value of the Schmidt number for diffusion of NH; in air at 0°C may
be

(i) 40.5 (ii) 0.665 (iii) 0.0155

The probable value of the Schmidt number for diffusion in water at 15°C may be
(i) 5000 (ii) 0.132 (iii) 650
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(k)

M

(m)

(n)

(o)

)

@

(1)

Dissolution of a solid is being carried out in two identical stirred tanks at the same
solid loading and stirrer rpm except that particles of 1 mm size are charged in
tank 1 and particles of 0.5 mm size are charged in the other tank. In which tank
is the dissolution of mass transfer coefficient expected to be larger?

(i) Tank 1

(ii) Tank 2
(iii) The mass transfer coefficients in the tanks should be practically the same.
What is the significance of ‘film thickness’ in mass transfer? It is

(i) the actual thickness of the stagnant film that adheres to the phase boundary
(i) the depth of penetration of the solute in a liquid element
(iii) the thickness of a stagnant film that offers the same resistance to mass transfer
as is actually being offered under the given hydrodynamic condition.

For gas absorption from a bubble in steady rise through a stagnant liquid, which
of the following theories is most appropriate?

(i) The film theory
(ii)) The penetration theory
(iii) The surface renewal theory

Consider a thin sheet of naphthalene placed in a stream of air. If we assume that
mass transfer of naphthalene occurs through a stagnant film, then the ‘thickness
of the film’ on the sheet will be

(i) greater than the average thickness of the boundary layer
(ii) less than the average thickness of the boundary layer
(iii) equal to the average thickness of the boundary layer.

A solid coated on the surface of a flat plate dissolves in a liquid flowing past the
plate at zero angle of incidence. Convective transport of the solute occurs through
the laminar mass transport boundary layer formed on the plate. In such a case the
thickness of the momentum boundary layer is expected to be greater than the
concentration boundary layer if the Schmidt number is

(i) greater than 1 (ii) less than 1 (iii) equal to 1.

Which of the following is a unit of fractional surface renewal rate?

(i) cm/s (ii) ft*/h (iii) h™!

How does the ‘age’ of a liquid element at the phase boundary affect the rate of mass
transfer to it? The rate of mass transfer

(i) increases with the age of the element

(ii) decreases with the age
(iii) does not depend upon the age.

A student measured the liquid-phase mass transfer coefficient for absorption of A
in water. Applying the film theory he calculated the thickness of the liquid film,
8 = 0.02 mm. If the diffusivity of A in water is 1.1 X 107> cm?/s, what would have
been the value of the surface renewal rate (per second) if he had applied the surface
renewal theory to his study?

(i) 5.5x 107* (ii) 325 (iii) 2.75
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(s)

(®

(w)

)

(w)

(x)

(67)

(2)

Consider a bubble of a pure gas A rising steadily through a stagnant liquid B. The
following data are given: diffusivity = 3.14 X 107 cm?%/s; bubble diameter = 0.5 cm;
bubble rise velocity = 20 cm/s; solubility of the gas = 0.2 gmol/litre. What is the
‘life’ (in seconds) of individual liquid elements that come in contact with the bubble?
@i 10 (ii) 0.1 (iii) 0.025

What is the average rate of surface renewal?

(i) 40 per second (ii) 0.2 per second (iii) 20 per second

What is the value of the average mass transfer coefficient in cm/s?

@i 0.2 (ii) 0.04 (iii) 0.5

A 10 mm diameter bubble of pure gas A rises through a quiescent liquid at a steady
velocity of 25 cm/s and the average mass transfer coefficient is found to be 0.013
cm/s. What would be the average mass transfer coefficient in cm/s if bubbles of
5 mm diameter rise through the liquid at a velocity of 10 cm/s?

(i) 0.0104 (ii) 0.0116 (iii) 0.0162

The mass transfer coefficient for absorption of CO, in water in an agitated tank is
found to be 0.006 cm/s. Which of the following is a probable value of the mass
transfer coefficient in cm/s for absorption of H,S in water under identical
hydrodynamic condition?

(i) 0.005 (ii) 0.05 (iii) 0.5

In an experiment on mass transfer through the laminar boundary layer over a flat
plate, 1 m long, the average mass transfer coefficient was found to be 0.00705
cm/s. What would be the average mass transfer coefficient in cm/s if the plate
length is doubled?

(i) 0.0141 (ii) 0.0035 (iii) 0.005

The Stanton number for heat transfer in a certain system is 0.0048. What would
be the Stanton number for mass transfer under identical geometrical and
hydrodynamic conditions if the Lewis number is 1.2?

(i) 0.00576 (ii) 0.0041 (iii) 0.00425

The mass transfer coefficients obtained by the Reynolds and Prandtl analogies are
the same if

(i) Sc=0 (i) Sc =1 (iii) Sc = oo

Consider mass transfer of a solute in laminar boundary flow over a flat plate. The
local mass transfer coefficient at a distance 0.2 m from the leading edge is
0.012 cm/s. What would be the local mass transfer coefficient in cm/s at a distance
0.4 m from the leading edge?

(i) 0.0085 (ii) 0.006 (iii) 0.017

How does the mass transfer coefficient vary with the diffusivity according to the
boundary layer theory?

(l) Dl/2 (ll) Dl/3 (lll) D2/3
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3.1

3.2

3.3

34

3.5

PROBLEMS

(Calculation of mass transfer coefficients)) Ammonia(A) is being absorbed in water
from a mixture with nitrogen(B). The partial pressure of the solute in the bulk gas is
40 mm Hg and that at the gas-liquid interface is negligibly small. Diffusion occurs
through a stagnant film of thickness 1 mm. The total pressure is 1 atm and the
temperature is 25°C. Diffusivity of NH; in N, is 0.23 cm%s. Calculate the absorption flux

of NH; as well as the mass transfer coefficients kg, ky, k., ky, and F.

(Interrelation among mass transfer coefficients)! A stream of nitrogen containing
7.5% benzene vapour is scrubbed with a nonvolatile absorption 0il in a tower at 35°C
and 1.2 bar total pressure. The gas-phase mass transfer coefficient is estimated to be
kg = 9.8 x 10~* kmol/(m?)(s)(bar). The mole fraction of benzene at the gas—liquid
interface is y; = 0.01. Calculate the gas-phase mass transfer coefficients k,, k. and ky.
Also calculate the values of the mass transfer coefficient in terms of lbmol/(ftz)(h)(Ay),
1bmol/(ft?)(s)(Ibmol/ft®), and 1bmol/(ft?)(h)(psi).

(Dissolution of a bubble)> A 0.8 cm diameter bubble of pure CO, is injected into an
excess well-stirred liquid at 25°C. The bubble diameter shrinks to 0.2 cm after 80 s.
Given: total pressure = 1 atm; solubility of CO, in water = 1.45 x 10~ mass fraction;
diffusivity of CO, in water = 1.9 X 107 cm?s.

Calculate the average value of the mass transfer coefficients, k; and k,. How long will
it take for the bubble to vanish if the mass transfer coefficients remain constant? (Is this
a reasonable assumption?)

(Mass transfer coefficient in counterdiffusion)® The gas-phase reaction A — B occurs
on the surface of a catalyst in the form of a wire gauge. The bulk concentration of the
species A is 0.002 kmol/m> and the rate of reaction of A is measured at 0.08 kmol per
hour per m? area of the catalyst. If the reaction is instantaneous and the entire diffusional
resistance to the transport of the reactive species from the bulk gas to the catalyst
surface is offered by a stagnant film of the gas, calculate (a) the thickness of the film;
(b) the mass transfer coefficients, k5, k', and (c) the concentration of A halfway the gas
film. Given: total pressure = 1.5 bar; temperature = 250°C; D,p = 0.16 cm?/s at
1 bar and 100°C.

(Evaporative mass transfer from a drop in free fall)* A raindrop of initial diameter
0.8 mm starts falling from a sufficiently high altitude. The terminal free fall velocity
depends upon the properties of the medium as well as on the diameter of the drop. As
the drop moves through the air, its size reduces because of evaporation. The gas-phase
mass transfer coefficient for the evaporation of water changes as a result. It is required
to calculate the time required for the size of the drop to reduce to 0.6 mm. The terminal
velocity of fall for the given range of drop size can be calculated from the following
equation:

_ 180
T d

The following assumptions may be made: (i) the drop is always at its terminal velocity
of fall corresponding to its instantaneous diameter (this is also a kind of pseudo-steady

v, (@ -83x107%;  the diameter 4 is in metre and v, in m/s.
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3.6

3.7

3.8

3.9

state assumption); (ii) the ambient air is at 25°C, 1 atm total pressure and 70% relative
humidity; (iii) the shape of the drop remains spherical all the time; and (iv) the drop
temperature is 22°C (which is nearly equal to the wet-bulb temperature). The mass
transfer coefficient can be estimated from the Ranz and Marshall correlation given by

Sh = 2 + 0.6(Re)*>(Sc)?*

The following data are available: diffusivity of moisture in air = 0.257 cm?/s at the mean
film temperature; density of air = 1.18 kg/m?>; viscosity of air = 1.8 x 107 kg/m-s;
vapour pressure of water at 22°C is 0.02605 atm.

(An application of dimensional analysis)® It has been observed experimentally that
the rate of toxin removal in an artificial kidney (see Section 14.5.2) is a function of blood
velocity, density, viscosity, diffusion coefficient of toxin and the diameter of the dialysis
tubing. Using dimensional analysis, determine the dimensionless groups and the type of
correlation that may be applicable.

(Mass transfer in a wetted-wall column)' In a wetted-wall tower, H,S is being ab-
sorbed from air into water at 1.6 bar total pressure and 25°C. The gas-phase mass
transfer coefficient is predicted to be k. = 3.42 kmol/(h)(m?)(AC, kmol/m?). At a given
point in the column, the mole fraction of H,S in the liquid at the gas-liquid interface is
1.8 x 107> and that in the bulk gas is 0.15. The solubility of H,S in water at the given
temperature is 0.00337 mass fraction per atmosphere pressure of the gas. Calculate the
local flux.

(Evaporation of water in a wetted-wall column)' Water is being evaporated into a
counter-current stream of air in a wetted-wall column, 30 mm in diameter. Estimate the
evaporative flux of water at a point in the column where the water temperature is 305 K
and the mole fraction of water vapour in the bulk air is 0.0098.

The following data and information are supplied: air rate (dry basis) = 1 kg/min; water
rate = 0.2 kg/min; air temperature at the location = 38°C; air viscosity (at 38°C) =
1.85 x 1075 Ib/ft-s; total pressure = 1 atm. Vapour pressure of water at the given
temperature can be obtained from Antoine equation (see Problem 2.2). The gas-phase
mass transfer coefficient can be calculated using the Gilliland and Sherwood correlation
given by (note that it resembles the Dittus—Boelter equation for heat transfer)

Sh = 0.023(Re)*¥(Sc)%33

The Reynolds number of air may be calculated at the bulk condition (to be more precise,
the air velocity should be taken relative to free surface velocity of water).

(Gas absorption in a falling film)* Air mixed with a soluble gas flows countercurrent
to water flowing down as a thin film covering the inner wall of an experimental column,
5 cm in diameter (refer to Figure 3.5). The water-film thickness is 1 mm and it flows
at an average velocity, v = 2.1 m/s. The diffusion coefficient D of the solute is
1.7 x 107 cm?/s. If the water leaving the tower is 10% saturated, calculate the height
of the tower. The mass transfer coefficient for a falling film can be calculated using the
correlation

(ky/D) = 0.69(zv/D)"3,

where 7 is the position along the film measured from the top.
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3.10

3.11

3.12

3.13

Assume that the gas flow rate is large so that the concentration of the solute in the gas
remains essentially constant.

(Mass transfer in crystal growth)* In an experiment on the growth of a single crystal
of NaCl at 30°C, a supersaturated solution of the salt containing 39 g NaCl per 100 g
of water flows at a velocity of 0.12 m/s past a suspended crystal of 2.5 mm size. For
the sake of simplicity, the shape of the crystal may be assumed to be spherical. If the
experimentally measured rate of growth of the crystal is dr/dt = 9.5 x 10~ mm/s (where
r is the equivalent radius of the crystal), determine whether the growth process can be
considered to be ‘diffusion-controlled’.

The following data are given: solubility of NaCl in water at 30°C = 36.3 g per 100 g
water; density of the solution = 1300 kg/m?>; density of solid NaCl = 2160 kg/m3;
viscosity of the solution = 1.0 cP; diffusivity of NaCl in water under the given conditions
= 1.4 x 10° m?s. The mass transfer coefficient at the solid surface can be calculated

from the Rowe’s correlation, Sh = 2 + 0.79Re!’2Sc!”3,

(An application of the penetration theory)® Air bubbles of 0.005 m diameter rise
through an otherwise stagnant pool of ‘oxygen-free’ water at 30°C. The steady velocity
of rise is 0.1 m/s. If the diffusivity of O, in water at 25°C is 2.1 x 10 m?/s, calculate
the liquid side coefficient and the rate of mass transfer from a single bubble. The
solubility of O, in water at 30°C can be calculated by using the Henry’s law coefficient
as 4.75 x 10* atm/mol fraction. The viscosities of water are 0.911 cP and 0.817 cP at
25°C and 30°C respectively.

(Mass transfer coefficient from the penetration theory)® For the experimental confir-
mation of his penetration theory, Higbie devised a small set-up comprising a narrow
vertical glass tube filled with water in which pure carbon dioxide was released at the
bottom at a regular frequency. The bubbles moving through the tube were of the shape
of a capsule. The length of a bubble, its residence time in the water in the tube, and the
velocity of rise were measured. The contact time of a liquid element on the surface of
a bubble with the gas was estimated from these measurements. The CO, content in the
exit water was determined by chemical analysis.

In an experiment to test the validity of the Higbie’s theory, carbon dioxide gas (1 atm,
25°C) is introduced at the bottom of a narrow tube, 3 mm in diameter and 0.6 m long,
through which water is flowing downwards slowly. The bubbles are of capsule shape,
0.05 m long. The thickness of the water film between the bubble and the tube wall is
small. The bubble rise velocity is 0.2 m/s. Bubbles enter the tube at '/; second interval
and the rate of absorption of carbon dioxide is estimated to be 40 mg/min. The solubility
of CO, in water at 1 atm and 25°C is 1.5 kg/m3. The concentration of CO, in bulk water
is very small. Does the Higbie’s thoery appear to work in this case? The bubbles may
be assumed cylindrical for calculation of the area.

(Gas absorption from rising bubbles)® A ‘pure gas’ is being bubbled through a column
of liquid. The bubbles are spherical, 6 mm average diameter (assumed constant), and rise
with a constant velocity of 0.18 m/s. The volume of gas—liquid dispersion is 2.5 litre and
the fractional gas hold-up (the volume fraction of gas in the dispersion) is 0.02. The
liquid is well-mixed and there is no dissolved gas at the beginning. The diffusivity of the
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3.14

3.15

3.16

3.17

3.18

gas in the liquid is 1.8 x 10~ m%/s. The liquid-phase mass transfer coefficient may be
calculated by using the penetration theory. Determine the time it takes for the liquid to
attain 50% of the saturation concentration.

(Boundary-layer mass transfer)* A plate, 0.5 m square, coated with a layer of benzoic
acid, is placed in a stream of water flowing at a velocity of 0.25 m/s at a temperature
of 25°C. Calculate the average rate of dissolution of the acid per unit area of the plate
and also the equivalent thickness of a stagnant liquid film that would offer the same
resistance to mass transfer.

The following data are available: solubility of benzoic acid in water at 25°C =

3.01 kg/m?; diffusivity of benzoic acid in water = 10~ m%/s and the viscosity of water
at 25°C = 8.9 x 10 kg/m-s.
(Boundary-layer mass transfer)’> A rectangular pan, 40 cm long and 30 cm wide, full
of water is placed in a wind tunnel (in effect, it is a case of boundary-layer flow on a
flat surface). Wind flows at a linear velocity of 5 m/s through the tunnel. Calculate the
rate of evaporation of water. The resistance to mass transfer is offered only by the
boundary layer on the surface of the liquid. The following data are available:

The air temperature is 300 K and has a humidity of 60%. Vapour pressure of water
at 300 K = 0.0353 bar; diffusivity of moisture in air at 300 K and 1 atm = 0.262 cm?/s;
Pair = 1.16 kg/m>; v, = 1.59 x 107> m?/s. Take the water temperature as 300 K (although,
in reality, it will gradually approach the wet-bulb temperature; see Chapter 10).

(Boundary-layer mass transfer)> A stream of air at 101.3 kPa pressure and 300 K
flows over the top surface of a sheet of naphthalene of length 0.25 m at a velocity of
15 m/s.

Given: diffusivity of naphthalene vapour in air under the given conditions = 6 x 107°
m?/s; kinematic viscosity of air = 1.6 X 107> m?/s; vapour pressure of naphthalene at
300 K = 0.235 mm Hg.

Calculate (a) the molar concentration of naphthalene at the plate surface, (b) the
average mass transfer coefficient, and (c) the rate of loss of naphthalene from the
surface per unit width.

It is known that for boundary layer heat transfer from a flat plate, the average heat
transfer coefficient can be calculated from the equation: Nu = O.664(ReL)” 2(pr').

(Gas absorption in a falling film)* Pure chlorine gas is being absorbed in water in a
small experimental wetted-wall tower, 2 cm in diameter and 30 cm in height. The free
surface velocity of the water film is 40 cm/s. Under the given conditions, the solubility
of chlorine in water is 0.823 g/100 g water and its diffusivity is 1.26 x 107> cm?s.
What is the rate of absorption of the gas in gmol/h?
Assume: (i) the ‘depth of penetration’ of the dissolved gas is small; (ii) a flat velocity
profile of the liquid near the free surface.

(Oxygen absorption in water from air bubbles)® Air at 25°C and 1 atm pressure is
bubbled through water in a 100-litre aquarium for oxygenation. The tank is initially filled
with water having 0.001 kg/m>® oxygen. At any time there is 1 litre of air dispersed in
the water in the form of 5 mm diameter (on the average) bubbles that have a rise velocity
of 0.26 m/s. The solubility of oxygen in water at the given temperature and pressure is
0.0085 kg/m>.



Problems 115

3.19

3.20

3.21

(a) Calculate the average mass transfer coefficient. (b) How long should it take for
the oxygen concentration in the water to reach 60% of the saturation value? (c) Calculate
the maximum and the minimum oxygen flux over this time.

(Problem 3.18 continued)® Let there be a total of 50 fishes in the aquarium described
in Problem 3.18. Each fish needs, on the average, 1.5 x 1073 kg oxygen per second for
healthy survival. What should be the fractional air hold-up in the tank if the oxygen
content in the water is to be maintained at 60% (this is reasonable for survival of fish)
of the saturation value at steady state? The average bubble size, rise velocity, physical
properties are as in Problem 3.18.

(Mass transfer in flow through a pipe)3 Air containing 5% CO, enters a tube of
40 mm i.d. at the bottom at a velocity of 4 m/s. The inner wall of the tube is irrigated
with a strong solution of NaOH. The tube has a 3 m wetted section and 75% of the
entering CO, is absorbed before the gas leaves the tube. Calculate the gas-phase mass
transfer coefficient.

Make differential mass balance over a thin section of the tube taking into account the
variation of the gas flow rate. Also estimate the mass transfer coefficient using the
correlation k.d/D = 0.026Re®85¢%3. Use the gas velocity relative to the free surface
liquid velocity (that has a value of 0.15 m/s) in the calculation of Reynolds number. Take
D = 0.165 cm?¥s. The pressure drop of the gas across the tube may be neglected.

(Mass transfer in a laboratory stirred cell)® The ‘laboratory stirred cell’ is a simple
device for the study of mass transfer accompanied by a chemical reaction in a gas-liquid
system (Danckwerts, P.V., Gas Liquid Reactions, McGraw-Hill, 1970). The apparatus
is a small cylindrical vessel partly filled with the absorbent liquid or solution. A stirrer
enters the cell at the top and the stirrer blades just touch the flat liquid surface. The
surface of the liquid gets continuously ‘renewed’ as the stirrer rotates (Figure 3.13). The
gas, pure or diluted with an ‘inert’ carrier, flows through the space above the liquid.

Gas out

~

L/

Stirrer

The stirrer blades

]
Gagtiret \\D__D touch the liquid surface

Gas in
—_—

—TT1— 1

Liquid sample

Figure 3.13 A simplified sketch of a stirred cell (gas absorption occurs at the flat gas-liquid interface).

An experiment has been conducted with such an apparatus on the absorption of pure
CO, at 1 atm pressure in water in order to measure the rate of surface renewal at a given
stirrer speed. When 100 ml of water is taken in the cell and the experiment is run for
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3.22

3.23

3.24

3.25

12 minutes, the concentration of CO, in the liquid is found to be 0.112 mass%. The gas—
liquid contact area, which is virtually the same as the cross-sectional area of the cell,
is 31.5 cm?. The temperature of the system is maintained at 25°C. The solubility of CO,
in water at 1 atm pressure can be calculated from the Henry’s law: p, = Hx, where
H = 1.64 x 10> atm per unit mole fraction. The gas-phase mass transfer resistance is
absent for absorption of a pure gas.

Calculate the liquid-phase mass transfer coefficient for the given experiment and the
fractional rate of surface renewal.

The liquid in the cell may be assumed ‘well-mixed’ and the solution density may be
assumed to be the same as that of water. The inlet CO, gas is saturated with water
vapour at 25°C so that there is no evaporation of water during the experiment. The
diffusion coefficient of CO, in water at 25°C is 1.92 x 107 cm?s.

(Gas-phase mass transfer coefficient in a stirred cell)! In order to measure the gas-
phase mass transfer coefficient in a stirred cell at a given stirrer speed, absorption of
ammonia diluted with dry air in aqueous sulphuric acid is carried out for a given period
of time. The gas mixture flows into the cell at a constant rate and the outlet gas contains
3% of ammonia by volume. The gas in the cell is ‘well-stirred’ and the cross-sectional
area is 31.5 cm?. If the volume of acid taken is 100 ml at 1(N) concentration and at the
end of 20 minutes the liquid is found to contain 0.82 gmole ammonia per litre, calculate
the gas-phase mass transfer coefficient.

(Mass transfer to suspended catalyst particles)® A liquid-phase catalytic reaction A —
B + C occurs on the surface of 50 g suspended catalyst particles (mean diameter =
1 mm; density = 3800 kg/m?) in an experimental batch agitated reactor. Two litre feed
solution containing 0.5 kmol of A/m? is taken in the reactor. Given that: (i) the reaction
is diffusion-controlled; (ii) the catalyst is non-porous (the reaction occurs on the external
surface only); and (iii) the liquid—solid mass transfer coefficient, k; = 3.5 X 1073 m/s,
calculate the conversion of A at the end of 30 minutes.

(Time of dissolution of suspended particles)® 1In an experiment on the dissolution of
salt in water, 500 g of salt of average particle size 0.7 mm (assumed spherical) is
suspended in 10 litre water in an agitated vessel. The dissolution rate is measured by
collecting and analyzing small volumes of liquid samples from time to time. The density
of salt is 2160 kg/m> and its solubility in water at the experimental temperature is
350 kg/m3. If the initial dissolution rate is 20.8 g/s, calculate the dissolution mass transfer
coefficient. Also, calculate the time of dissolution of the solid if the mass transfer
coefficient is assumed to be independent of particle size. The density of the solution may
be taken to be essentially the same as that of water.

(Dissolution of particles in a stirred vessel)> A 5% solution of a reagent is required
in the process of synthesis of a pharmaceutical intermediate. The solid reagent, available
as crystals (density = 1580 kg/m>) of average particle size 0.75 mm, is dissolved in a
stirred vessel to prepare 1.2 m> solution in a batch. The requisite volume of water and
the calculated quantity of the solid are charged into a 1.15 m diameter tank fitted with
a 0.6 m diameter impeller.
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3.26

3.27

3.28

3.29

Given: agitator rpm = 120; diffusivity of the solute = 1.5 x 10~ cm?s; average
viscosity of the solution = 0.98 cP; solubility of the solid in water = 7.6 g per hundred
gram water.

Calculate the time required for the dissolution of the solid.

The Sherwood number correlation given in Example 3.4 can be used. (Solution density
= 1000 kg/m3.)

(Mass transfer in a packed bed)®  Air at 20°C and 1 atm pressure flows through a bed of
naphthalene balls, 5 mm in average diameter. Given: the superficial gas velocity
= 0.20 m/s; fractional bed voidage = 0.65; specific surface area of the bed = 140
m?/m?>; gas-phase mass transfer coefficient, k. = 70 m/h; vapour pressure of naphthalene
at 20°C = 1.7 x 107 bar. If the air leaving the bed has 0.0138 mol% naphthalene vapour
in it, calculate the bed height. Also calculate the sublimation flux at the inlet and at the exit
of the bed. Estimate the mass transfer coefficient using the correlation, j, = 1.17 Re™%4!3
(see Table 3.3) and compare with the given value. Take v = 1.5 x 107> m%/s for air;
Dap = 5.8 x 10°® m%s.

(Mass transfer in flow past a sphere)® A 0.5 cm diameter spherical pellet is kept
suspended in a flowing stream of water. If the water velocity is 1 m/s, calculate the time
required for the size of the sphere to be reduced to 1 mm. The following correlations
for mass transfer (Sandoval-Robles et al., 1980) may be used.

Sh = 0.803(Re)**"4(Sc)'” for 20 < Re < 2000; Sh = 0.3(Re)*>?3(Sc)!” for 2000 < Re
< 23,000

Given: solubility of the solid = 30 kg/m?; diffusivity = 1.5 x 10~° m?/s; viscosity of liquid
= 0.95 cP; and density of the solid = 1800 kg/m> . The bulk water is free from the solute.
Assume that the spherical shape of the pellet is retained.

(Diffusivity measurement by a laminar jet apparatus)> In an experiment for the
determination of the diffusivity of CO, in water, the rate of absorption of the pure gas
was measured using a laminar jet apparatus (see Figure 3.9) at 1.05 atm and 25°C. The
following data are given: jet length = 4 cm; gas flow rates = 30.5 cm>/min at the inlet,
and 23.5 cm®/min at the outlet; water flow rate = 15 ml/s; Henry’s law constant (p =
Hxy) was H = 1540 atm per unit mole fraction. Calculate the diffusivity of CO, in water.

(Evaporation time of a liquid spill)> Accidental spill of a liquid during storage or
transportation may sometimes happen in a chemical plant. Prior estimation of the evapo-
ration rate from a possible spill is necessary for an analysis of the potential hazard. The
evaporation data is also used as an input to dispersion models to predict the vulnerability
zone and potential hazard to the neighbouring community. Peress (Chem. Eng. Progress,
April 2003, 32-34; also see Berry, J., Chem. Eng. Progress, Jan 2005, 32-39) cited the
following simple correlation for the mass transfer coefficient during evaporation of a
spill in air.

k. = 0.67u®78M,/M)'3, in cm/s

where u = wind speed (m/s), M,, = mol. wt. of water, M, = mol. wt. of the liquid spilled.
One hundred gallons of toluene is spilled during pumping to a storage tank and spreads
over an area of 75 m%. The wind velocity is u = 12 km/h, temperature = 25°C, and
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3.30

3.31

3.32

pressure = 1 atm. Calculate the rate of evaporation of the liquid and the time of its
complete disappearance. Given: vapour pressure of toluene at 25°C = 28.44 mm Hg;
density of the liquid = 860 kg/m>; 1 ft*> = 7.48 gal.

(Correlation of mass transfer data for pipe flow)? Dissolution of a soluble solid coated
on the inner surface of a tube in a liquid flowing through it has been studied by many
workers with the purpose of developing mass transfer correlations. The mass transfer
coefficient k; is expected to depend upon the following variables: tube diameter, d; liquid
velocity, v; its density, p and viscosity, i; and diffusivity of the solute, D. Using the
‘power law technique’, develop a suitable form of correlation for the mass transfer
coefficient in terms of dimensionless quantities.

(Boundary layer mass transfer covering both laminar and turbulent regimes)® A pan
containing water at 80°F is placed in a wind tunnel (Figure 3.14) through which dry air
flows at a velocity of 12 mile/h. The pan has a length of x = 3 m in the longitudinal
direction and contains water at a uniform depth of 10 mm. The correlations for the
‘local’ Sherwood number are:

Sh, = 0.332(Re,)"%(Sc)!”®  for laminar boundary layer flow, Re < 3 x 10°
= 0.0292(Re,)*8(Sc)  for turbulent boundary layer flow, Re > 3 x 10°
Calculate the time of evaporation of the water. Given: pressure = 1 atm; kinematic

viscosity of air = 1.7 x 107 ft¥/s; diffusivity of moisture = 2.8 x 107 ft?/s; vapour
pressure of water = 26 mm Hg.

Turbulent
boundary layer

Laminar
Wind boundary layer

| Evaporation of water |
I

Figure 3.14  Evaporation of water in flowing air.

(Oxygen absorption in a rotating disk device)® The ‘rotating disk reactor’ is a novel
oxygenation device for wastewater treatment [Kim et al., Chem. Eng. Sci., 40(1985)
2281-2286; Dionysiou et al., Env. Sci. Technol., 36(2002) 3834-3843]. It consists of
a number of closely spaced disks mounted on a rotating horizontal shaft. The disks are
kept partly submerged in wastewater (Figure 3.15). The area of a disk above the water
remains covered with a water-film. The time of exposure of a liquid element of the
water-film depends upon the rotational speed of the disk as well as the fraction sub-
merged in water. Mass transfer correlations for oxygen absorption in such a device have
been proposed in the literature (see the above two and related references). However, the
penetration theory provides a simple but approximate method of calculation of the mass
transfer coefficient.



Problems 119

Rotating disk Disk
1
Area above
| water
Motor ' 6
1
1

Figure 3.15 A rotating disk oxygenator.

The segment of a disk, 3 m in diameter, submerged in water forms an angle 8= 120°
at its centre. The rotational speed is 30 rpm. If the water in the trough has 5 ppm of
oxygen in it at steady state, calculate the theoretical rate of oxygen absorption on both
sides of a disk using the penetration theory.

Given: Henry’s law (p = Hx) constant for oxygen, H = 4.2 x 10* atm at the given
temperature, and the diffusivity of oxygen in water, D = 2.05 x 10~ m?/s.

3.33 (DO sag in a non-tidal river)3 Contamination of a natural water system (rivers, lakes,
for example) is partly removed by self purification processes involving dilution, sedimen-
tation and aeration. Wastewater containing biodegradable organics is often discharged
into a river and this is a very important source of contamination. The oxygen demand
for bacterial degradation of organics (called biochemical oxygen demand, BOD) is met
by absorption of oxygen from air. Depletion of oxygen below about 5 ppm becomes
critical for the aquatic life.

A non-tidal river has a BOD load of L, (expressed as milligram oxygen required for
biodegradation of the organics present in one litre wastewater) and a dissolved oxygen
concentration w, (mg/l or g/m%) at a certain position (z = 0) along the river where the
wastewater is discharged. The cross-section of the river (a’, m?) is uniform and the
average water velocity is u (m/s). The breadth of the river at the water surface is b (m).
As the water flows downstream, degradation of BOD continues following a first order
kinetics, L, = Lyexp(- kt), where L, is the BOD in an element of water at a position z such
that z = ut. This means that the rate of consumption of dissolved oxygen at the position
Z = ut is —d(L,)/dt. Absorption of oxygen occurs at the water surface, the mass transfer
coefficient being k; (m/s). Over a certain distance from the reference point (z = 0), the
rate of consumption of oxygen for biodegradation of orgaincs is usually more than the
rate of its absorption from air. This causes a lowering of dissolved oxygen (DO) level,
called the ‘DO sag’. But at a longer distance along the river, the BOD becomes lower
(since much of it has already been removed), the oxygen consumption rate gets reduced,
and the DO level builds up because of replenishment by absorption from air. Under such
an idealized condition, a minimum DO should occur at some distance from z = 0.
Develop a simple model for the process (called the ‘Streeter-Phelp model’) for the
calculation of distribution of DO along the river and the point where the minimum of DO
occurs (see G.M. Masters, Introduction to Environmental Engineering and Science,
Prentice Hall, New Delhi, 1991). A sketch of the system is given in Figure 3.16.
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Oxygen absorption at the water surface

z=0 z=z z=z+tAz

Figure 3.16 Schematic of a river subjected to a BOD load. [ABCD = cross-section of the river at z= 0; breadth of the river
at the free surface, AB = b; EFGH = a differential area (=b.dz on the water surface at z = z]

3.34 (A non-catalytic gas—solid reaction proceeding with the formation of an ‘ash layer’
— the ‘shrinking core model’)® There are many industrially important gas—solid reac-
tions of the type A(s) + B(g) — C(s) + D(g). A typical example is the roasting of zinc
ore (ZnS) in air which is a major step of zinc metallurgy. A porous layer of the oxidation
product, ZnO, forms on the surface of a pellet of ZnS. This is often called the ‘ash layer’.
Oxygen from air diffuses through an external ‘gas-film’ surrounding the pellet, and then
through the ash layer to reach the surface of the unreacted core of ZnS. As the reaction
proceeds, the size of core reduces or ‘shrinks’ and the thickness of the ash layer
increases. The above visualization of the diffusion-reaction process, which pretty much
simulates the phenomenon, is called the shrinking-core model as illustrated in Figure 3.17.
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Figure 3.17  Schematic of the ‘shrinking core model': (a) initial state; (b) state at time .

Consider a non-porous spherical pellet of solid A (initial radius = r,)* that undergoes
reaction with gas B at the surface with the formation of a layer of the product (‘ash’)
of porosity &. It is assumed that the diameter of the pellet remains unchanged even with
the progress of reaction (the diameter of the inner core, however, decreases). The
reaction between A and B at the surface of the unreacted solid core is ‘instantaneous’.
There is an external gas-film resistance as well.

Develop an expression for the rate of reaction of the solid. Assume that the radius of
the core is r, at any time. The gas B diffuses through the air-film (let the corresponding
mass transfer coefficient be k.) and then through the ash layer which is of the form of
a spherical shell. Since the reaction is instantaneous, the concentration or partial pressure

#In reality, the ZnS particles fed to a kiln for roasting are never spherical. A regular shape (for example,
spherical) is often assumed for the sake of a simplified theoretical analysis.
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of B at the core surface is virtually zero. Determine the rate of transport of B (area X
flux) and equate it to the rate of reaction of A. How can the model be verified using
experimental data? What is the time of complete reaction of the sphere?

3.35 The rate and time of dissolution of a drug are important pharmacological parameters.
Seventy-five milligrams of fairly uniform-sized particles (diameter, d, = 150 um) of the
drug tolbutamide was added to 1000 ml water in a stirred vessel to conduct a dissolution
experiment. The amount dissolved was determined by analyzing the samples withdrawn
from time to time and the results are given below.

Determine the ‘dissolution rate constant’ k" = k;C,/d,p; (see Martin, A., Physical
Pharmacy, 4th ed., 2001) of the drug under the prevailing conditions. Here k; = dis-
solution mass transfer coefficient, m/s; C, = solubility of the drug in water, kg/m; d, =
initial diameter in metre; p; = density of the solid, kg/m>. The drug concentration in the
bulk water may be considered negligible.

Time, in min 0 10 20 30 40 50
Solute concentration, in mg/ml 0 0.0197 0.0374 0.0510 0.0595 0.0650
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Interphase Mass Transfer

We have so far discussed the theoretical principles of diffusion and mass transfer from one point
to another in a single phase or in a homogeneous medium by using either the equations of
molecular diffusion or the phenomenological mass transfer coefficients. However, most mass
transfer operations in practice involve transport of one or more solute from one phase to another.
Let us take a few examples. In a sulphuric acid plant, the air supplied to the sulphur burner should
be moisture-free. Drying of the air is done in contact with concentrated sulphuric acid in a
‘packed column’ (see Chapter 5). A packed column used for this purpose consists of a
cylindrical shell filled with an inert packing material irrigated with concentrated sulphuric acid at
the top. The liquid trickles down the packing while the air flows up through it, and an intimate
contact between the two phases occurs. Moisture from the bulk of the air diffuses to the air—
H,S0, interface, gets absorbed in the liquid and then diffuses further into the bulk of the liquid.
In a petroleum refinery, extraction of aromatics from kerosene using sulpholane'r as the
extracting solvent proceeds by diffusion of the aromatic compounds from the bulk of the
kerosene phase to the kerosene—sulpholane interface, dissolution in sulpholane followed by
diffusion into the bulk of the solvent. To take a simple and familiar example, consider aeration
of the pool of water in an aquarium. Oxygen from the rising air bubbles diffuses to the air—water
interface, gets absorbed in water at the interface and is then transported into the bulk of water.
Each of the above is a case of ‘interphase mass transfer’.

How can we calculate the rate of mass transfer in a two-phase system? The theoretical
principles concerned will be dealt with in this chapter. Since diffusion and mass transfer occur
in both the phases, we need to make use of two mass transfer coefficients—one for each
phase.

However, here the driving force is not merely the difference of the concentrations of the
solute in the two phases. The driving force is rather measured by how far the phases are away
from equilibrium. This is an important departure from the way we analyze the phenomenon of
heat transfer from one phase to another. In heat transfer, equilibrium means that the phases are

i Sulpholane is widely used in the refineries for extraction of aromatics. It is a five-member heterogeneous ring
compound, (CH,),SO,.
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at the same temperature so that the driving force is zero. In mass transfer, on the other hand,
equality of concentration of two phases does not necessarily ensure equilibrium.

4.1 EQUILIBRIUM BETWEEN PHASES

Equilibrium between two phases in contact means a state in — DG : e
which there is no net transfer of the solute from one phase :
to the other. At equilibrium, the chemical potentials of the
solute in the two phases are equal. Let us consider an example
in order to describe how equilibrium between phases can be —NX—
studied. A small vessel (provided with side tubes and valves)
contains some amount of water and an air space above it. An
amount of sulphur dioxide gas is introduced into the air space
(Figure 4.1) through a side tube and then the valve is closed.
Sulphur dioxide, being soluble in water, will be absorbed init.  Figure4.1 Equilibration of air-SO,-water
However, some SO, molecules will also simultaneously leave ~ System.

the water phase and re-enter the gas phase but not necessarily at the same rate. The vessel is
maintained at a constant temperature and this process of absorption and desorption continues.
Eventually a time comes when the rate of absorption becomes equal to that of desorption. The
partial pressure of SO, in air and its concentration in water will no longer change. Then we say
that the system is at ‘equilibrium’. If small samples of the phases are taken and analyzed for the
SO, contents, we get the equilibrium partial pressure (p,) in the gas phase and the corresponding
mole fraction (x}) in the liquid phase (here A = SO,). If some more sulphur dioxide is fed into
the vessel and sufficient time is allowed thereafter, the system will reach a new equilibrium state
and we get another set of equilibrium values® (p4, x5). Sets of (p,, x};) values at a constant
temperature and at a constant total pressure generated in this way are called the equilibrium data
for a particular system at the given temperature. If we create turbulence in the gas and the liquid
phases in the container, the rate of transfer of the solute from one phase to the other increases,
thus reducing the time for attainment of equilibrium in an experiment. A plot of these data is called
the equilibrium line or the equilibrium curve. Equilibrium data may also be expressed in mole
fraction (y, vs. x4) or mole ratio (X, vs. Y,) units. Experimental equilibrium data (y vs. x*) for
the SO,—water system at 1 atm total pressure and at different temperatures are plotted in
Figure 4.2. Since the solubility of SO, in water decreases with temperature, the equilibrium line
becomes steeper at a higher temperature (for this choice of the coordinate axes). The following
facts should be noted in this connection.

(a) A particular set of equilibrium data for a system is associated with a particular temperature
and pressure condition. In a system at equilibrium, the number of phases P’, the number
of components C’, and the number of variants F”’, also called the degrees of freedom,
are related by the ‘phase rule’.

F'=C-P +2

# An asterisk (for example, x) is often used to denote the value of a quantity at equilibrium.
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Figure4.2 Equilibrium diagram (solubility) of SO, in water at different temperatures.

The application of the phase rule can be illustrated by taking the example of equilibrium
in the SO,—water system. There are three components in total (assuming the air to be
a single component) and two phases (the gas and the liquid phases). So there should be
three variants or degrees of freedom. These three variants should be specified to define
the system completely. Let us specify two of the variants, temperature and pressure. If,
in addition, we specify the mole fraction of SO, in the gas phase (air), the system is
defined completely and the mole fraction x, of SO, in water becomes automatically
fixed.

If the two phases are at equilibrium, there is no net transfer of the solute from one phase
to the other. However, this does not mean that there is no transfer of solute molecules from
one phase to the other at all. It rather means that if a few molecules go from phase-I
to phase-II, the same number of molecules move from phase-II to phase-I in order to
maintain the concentrations in the phases constant. This equilibrium is sometimes called
‘dynamic equilibrium’.

If the two phases are not in equilibrium, mass transfer from phase-I to phase-II occurs
so long as the concentration of the solute in phase-II is lower than the equilibrium
concentration (see Section 4.5). The extent of deviation from the equilibrium state is a
measure of the ‘driving force’ for mass transfer. For a system at equilibrium, the driving
force is zero. Similar arguments apply if there are more than two phases in contact.

4.2 THE RAOULT’S AND THE HENRY’S LAW

The equilibrium data or the equilibrium distribution of a solute between two immiscible (or partially
miscible) phases are determined experimentally, although there have been numerous attempts
with varying degrees of success to predict the equilibrium data theoretically. Equilibrium data for
many systems are available in Perry’s Handbook (1997) and other data-books (e.g. International
Critical Tables). Two important laws of equilibrium between phases are described as follows:
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4.2.1 Raoult’s Law

For an ideal gas-liquid or vapour-liquid system, the equilibrium relationship obeys the Raoult’s
law. The law is mathematically expressed as

pi = %P, “.1)
where
P, = vapour pressure of A at the given temperature
x, = mole fraction of the solute A in the liquid
pi = equilibrium partial pressure exerted by the solute.

A solution behaves ideally when
(a) the solute and the solvent molecules have similar sizes and similar intermolecular forces,

(b) the excess volume of mixing is zero, and
(c) the heat of mixing is zero when both the solute and the solvent are liquids.

When the solute is a gas, the heat of mixing is equal to the heat of condensation.
Most solutions are, however, non-ideal. There are some solutions which are nearly ideal in
their behaviour.

4.2.2 Henry’s Law

Equilibrium data for many non-ideal gas-liquid systems at low concentrations can be expressed
by the Henry’s law (for more details about Henry’s law, see Carroll, 1999)

pi = Hxy 4.2)
where H is the Henry’s law constant, and p} and x, have significances as stated above. The

constant H for a given solute—solvent pair is a strong function of temperature (it increases with
temperature). There are two other common forms of this law.

ya = mxy 4.3)

pi=HC, (4.4)
where m and H’ are also Henry’s law constants corresponding to the above forms of the law and
C, is the liquid-phase concentration of the solute (in kmol/m>, say).

For equilibrium distribution of a solute (A) in two essentially immiscible liquid phases (L and
L’), a distribution law given below is often valid.

Car=KCyp 4.5)
where C;, L is the concentration of A in the liquid L and C, ;- is that in the liquid L"; K is called
the distribution coefficient. Equation (4.5) is similar to Henry’s law. Yaws et al. (1999, 2005)
gave a list of Henry’s law constants for several gases as a function of temperature and have cited

many references in this context. The temperature dependence of the Henry’s law constant
sometimes follows an Arrhenius-type equation, m = mgexp(— E/RT).

4.3 MASS TRANSFER BETWEEN TWO PHASES

A majority of industrial mass transfer operations involve two phases (fluid—fluid or fluid—solid),
and sometimes even three phases. The phases usually have low mutual solubility or are practically
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immiscible. Consider, for example, the case of absorption of ammonia from a mixture in air by
using water, or absorption of moisture from air using concentrated sulphuric acid for the purpose
of air drying in a sulphuric acid plant. The two “carrier” phases involved (air and water in the
former case, and air and sulphuric acid in the latter) are practically immiscible, while the solute
(ammonia or moisture) diffuses from the gas phase to the liquid phase. If the carrier phases are
partially miscible (this is common in liquid-liquid extraction), the mass transfer calculations may
become a little more complicated.

4.3.1 Concentration Profiles Near the Interface

Mass transfer from one phase (say the gas phase, G) to another phase (say the liquid phase, L)
involves the following sequential steps:

(a) The solute(A) is transported from the bulk of the gas phase(G) to the gas-liquid interface.
(b) The solute(A) is picked up or absorbed by the liquid phase (L) at the gas-liquid interface.
(c) The absorbed solute(A) is transported from the interface to the bulk of the liquid(L).

The steps (a) and (c) above are facilitated by turbulence in the fluid mediums.

The term ‘interface’ means the geometrical plane or surface of contact between two phases.
How should the concentration of solute A on either side of the interface vary in order that solute
A is absorbed by the liquid? The concentration of A should be larger in the bulk of the gas than
at the gas-side of the interface (thereby providing a positive ‘driving force’ for mass transfer
towards the liquid). Similarly, the concentration of A should decrease from the liquid-side of the
interface to the bulk of the liquid ensuring a favourable driving force in the liquid phase as well.
A schematic of the variations of the gas-phase and the liquid-phase concentrations near the interface
is shown in Figure 4.3. The gas-phase concentration of A (in mole fraction unit) decreases from
¥, in the bulk gas to y,; at the gas-side of the interface. The liquid-phase concentration decreases
from x,; at the liquid-side of interface to x4, in the bulk of the liquid (the subscript ‘b’ is used
here to denote the ‘bulk’ of a phase). What does the term ‘concentration at the interface’ (i.e. the
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Figure 4.3 Concentration profile of the solute Aon the two sides of the interface in a dilute solution.
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phase boundary) or the ‘interfacial concentration’ (y,; or x4;) mean? In Figure 4.3, y, and x, are
the functions of z (the abscissa indicates distance), and z = 0 means the interface. So we can
say

lim y, = y4; and lim x4 = x4 4.6)
70— 720+

Physically, y,; is the mole fraction of A on the gas-side of the interface and x,; is the mole fraction
of A on the liquid-side of the interface. Commonly, these are called the interfacial concentrations.

In most situations involving mass transfer, we assume that equilibrium exists at the interface,
i.e. y4; and x,; are at equilibrium. This is sometimes written as

Yai = @(xa7) 4.7)

where the function ¢ represents the dependence of y, on x4 at equilibrium. This function is also
called the equilibrium relation. If it so happens that the Henry’s law is valid for this solute—solvent
pair, the equilibrium relation becomes linear [see Eq. (4.3)], i.e.

Yai [5 @(x4)] = mxy; (4.8)

If the two phases which are not in equilibrium are brought into contact, how long may it take
for the ‘interfacial equilibrium’ to be attained? It is a very relevant question. It can be shown by
simple calculations that the time scale of attainment of the interfacial equilibrium is a fraction of
a second (see Danckwerts, 1970). So the assumption of interfacial equilibrium is a valid one in
most situations. However, there are cases when equilibrium does not exist at the interface, and
we say that there is an ‘interfacial resistance’. Gas-liquid and liquid-liquid interfaces having an
accumulation of a surface active agent (for example, cetyl alcohol at an air—water interface)
exhibit interfacial resistance. During crystal growth in a supersaturated solution (dealt with in
Chapter 13), the solute molecules diffuse from the bulk of the solution to the crystal surface (the
reverse of dissolution), but it takes a little time for the solute molecules to orient themselves into
the lattices. This causes an interfacial resistance at the solid-liquid interface. A brief account of
these phenomena is given by Sherwood et al. (1975).

4.3.2 The Two-film Theory

The steps involved in mass transfer from one phase to another have been described in the previous
section. Since the interfacial resistance is negligible in most cases, resistances to mass transfer
are offered only by the two phases in contact. Lewis and Whitman (1924) visualized that two
stagnant fluid films exist on either side of the interface and mass transfer occurs through these
films, in sequence, by purely molecular diffusion. Beyond these films the concentration in a phase
is equal to the bulk concentration. This is the two-film theory of Lewis and Whitman. The two
films and the concentration distributions are schematically shown in Figure 4.3. The idea is
similar to that of stagnant films described in heat transfer. But, as a matter of fact, a stagnant
film is only a visualization or imagination. It does not exist in reality. Nevertheless, the two-film
model, or the two-film theory, has proved to be extremely useful in mass transfer modeling,
analysis and calculations. Treybal (1980) preferred to call it the two-resistance theory because the
existence of the mass transfer resistances is a physical reality but that of the films is not.
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4.3.3 Determination of the Interfacial Concentrations

The determination of the interfacial concentrations is very often necessary in mass transfer
calculations. We can do it algebraically or graphically. If mass transfer occurs from a gas phase
to a liquid phase at steady state, the mass flux of the solute A from the bulk gas to the interface
must be equal to that from the interface to the bulk liquid. This is because, at steady state, there
cannot be any accumulation of the solute anywhere. In terms of the gas- and the liquid-phase
coefficients (see Table 3.1), we can write

Ny = ky(ap — Yai) = ke(Xai — Xap) 4.9)
Gas-phase flux Liquid-phase flux
to the interface from the interface

Assuming interfacial equilibrium, x,; and y,; are related by Eq. (4.7).

Yai = @(xa7) 4.7

If the bulk concentrations (x4, and y,,) and the
mass transfer coefficients (k, and k,) are known, the T Slope = —k, /k,
algebraic Egs. (4.9) and (4.7) can be solved for the MGy v 20) Equilibrium curve
. . . Xab> Vb

two unknowns x,; and y,; which are the interfacial y,, | ~__ - V=0,
concentrations. This is the algebraic procedure. T '
However, the equilibrium data are mostly available in Gas-side |

the tabular form rather than in the functional form driving force |

such as Eq. (4.7). So a graphical procedure described Yk - _l_ o 1: _________

below is of wider use. ! ! NG g5 ¥ 40)
Refer to Figure 4.4. Equilibrium data are plotted : :

on the x-y plane to obtain the equilibrium curve. The : i '

point M, representing the bulk concentrations of the ! dril\(/litrlllg 't?;rfe !

phases (x45, Yap), is located on the same plane. From —

Eq. (4.9), we may write 0 Yab Yai Xa T
Yab — Vai _ _ ky (4.10) Figure 4.4 Graphical determination of interfacial
Xpp — X4 k y ’ concentrations.

It is now obvious that if a line of slope —k,/k, is drawn through the point M and extended to the
equilibrium line, the point N will be reached. The point N, lying on the equilibrium line, gives the
interfacial concentrations.

4.4 THE OVERALL MASS TRANSFER COEFFICIENT

The calculation of the flux of interphase mass transfer by using Eq. (4.9) becomes an easy job
if the interfacial and bulk concentrations of the solute in either of the phases are known. But, as
a matter of fact, interfacial concentrations are not directly measurable quantities and cannot be
specified as such in a practical problem. Even in an experimental set-up on mass transfer study,
it is only the bulk concentrations that can be measured by taking samples of the phases and
analyzing for the solute contents. In reality, the interfacial concentrations cannot be accurately
measured since it is not possible to collect a sample of any phase from the interface, which is
just a geometrical surface. Thus, Eq. (4.9) does not help us much for practical mass transfer
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calculations. It is rather necessary to develop a method of calculation of the mass transfer rate
using the bulk concentrations of the phases. It may be recalled that in convective heat transfer
calculations (for example, in a double-pipe heat exchanger), the rate of heat transfer is calculated
using the difference of the bulk temperatures as the driving force and an ‘overall heat transfer
coefficient’. Similarly, for the purpose of use in mass transfer calculations, we will define an
‘overall mass transfer coefficient’, suitably combining the ‘individual coefficients’.

At this point, we also need to consider how the ‘overall driving force’ should be expressed
in relation to the overall mass transfer coefficient. In the case of heat transfer, the difference in
the bulk temperatures of the two phases is taken as the driving force. In mass transfer, the driving
force can be expressed in terms of the gas-phase concentration difference or the liquid-phase
concentration difference (unlike in the case of heat transfer where the difference of the bulk
temperature of the two phases is the driving force irrespective of the nature of the phases). So,
depending upon how we express the overall driving force, we define two overall mass transfer
coefficients as shown below (here the concentrations are expressed in the mole fraction unit).

Ny = Ky(Yap — Yab) (4.11)
= K, (xXkp — Xap) (4.12)

In Eq. (4.11), K| is the ‘overall gas-phase mass transfer coefficient’ in which the suffix ‘y’ means
that the corresponding driving force should be expressed in terms of gas-phase mole fraction
difference. But what is y3,? It is the mole fraction of the solute in the gas phase that can remain
in equilibrium with a solution having a mole fraction x,, of the solute A. By virtue of the
equilibrium relation (4.7), we can write

Yir = @Xap) (4.13)

because x,, and yj, are in equilibrium (as stated before, we often use an * to denote the
equilibrium concentration).

The quantity (y,, — yip) is the overall driving force on the ‘gas-phase basis’. We have
assumed here that mass transfer occurs from the gas to the liquid phase. If it is so, the system
must be away from equilibrium, and (y,;, — y4,) gives a measure of how far the system is away
from equilibrium.

Similarly, in Eq. (4.12), K, is the ‘overall liquid-phase mass transfer coefficient’, and
(x3p — x45) is the overall driving force on liquid-phase basis. Here xj, is the mole fraction of A
in the solution that can remain in equilibrium with a gas-phase containing solute A at a mole
fraction y,,. Invoking Eq. (4.7), we can now write

Yap = ©(Xap) (4.14)

It is to be noted that the mole fractions yj, and xj, do not physically exist in the system. These
are merely the equilibrium concentrations corresponding to the bulk concentrations in the liquid-
and the gas-phase respectively.

The next important question is: How to relate the overall coefficients, K, and K,, with
the ‘individual coefficients’, k, and ky‘fr We will do this by taking the help of a geometrical
construction on the x—y plane. The equilibrium curve for a particular system (consisting of the

* The coefficients ky and k, (or, for that matter, kg, k., k;, etc.) are called the individual coefficients since they
pertain to transfer in a single-phase only. These are comparable to the individual coefficients (#; or 4,) in heat
transfer.
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solute, the carrier gas and the solvent liquid) is drawn in Figure 4.5 on the x—y plane and the bulk
concentrations (x,,, y45) are indicated by the point M. The interfacial concentrations are indicated
by the point N, and the slope of the line MN is - k,/k; [see Eq. (4.10)]. The horizontal line through
yap meets the equilibrium curve at the point 7 having an abscissa xj,. The vertical line through
M meets the equilibrium curve at the point S that has the ordinate yj,. Let the slope of the chord
SN of the equilibrium line be m’, and that of the chord NT be m”.

Slope =~k /k,  Equilibrium curve
Vi = Oxy)

M

Yapp====7777" Ny Slopeof 7/ r

i the chord =m” /|,

! : i

Y4 : i

1 1

! |

Slope of the '

yAl = = - Jy mMEERSS S :

chord = m !

1

1

1

1

1

1

1

— Xy *ab
Figure4.5 Geometrical representation of the overall driving force.

Now, at steady state, the flux is the same irrespective of whether the gas- or the liquid-phase
mass transfer coefficient is used, i.e.

Na = k(yap = ya) = keai — Xap) = Ky(Vap — Yab) (4.15)
N

or Oap = yai) = & (4.162)
y
N

Ciai = Xap) = 25 (4.16b)
X
* N

and (Yap — mp) = K—A (4.16¢)
y

From Figure 4.5,
Oas = Yap) = Oap — Ya) + Oai — Yap) = Oap — ya) + M(Xm = Xpp)
(xai — Xap)

= Vap — Ya) + m'(xa; — Xap) (4.17)
From Eqgs. (4.16) and (4.17),
Ny, _ Ny N m'N,

~

Ly
k,

1
K, & K K,

(4.18)

|3
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Equation (4.18) shows how the overall mass transfer coefficient K, is related to the individual
coefficients k, and k,, and the slope m’ of the chord SN of the equilibrium line.

Proceeding in a similar fashion, we can express the overall liquid-phase mass transfer
coefficient in terms of the individual coefficients.

Ny = k(Yap — Yai) = ke(xg; — xgp) = K, (xap — Xap)

. N _ N,
ie. (Xap — Xap) = X, 4.19)
* (x40 — X41)
and (Xap = Xap) = " (ap — Xai) + (Xa; — X4p)
(Yab — yai)
1
= W(yAb = Ya) + (Xa; — Xap) (4.20)
From Eqgs. (4.20), (4.19) and [4.16(a),(b)],
N, Ny Ny 1 1 1
o =t 4.21
K, mk, 'k K, mk k @2

The above equation relates the overall liquid-phase mass transfer coefficient, K,, with k,, &, and
the slope m” of the chord NT of the equilibrium line.

Equations (4.18) and (4.21) lead to the concept of ‘controlling resistance’ in mass transfer.
Since Ky is the overall mass transfer coefficient, its inverse, 1/Ky, can be considered to be the
‘overall mass transfer resistance’ on the gas-phase basis [see Eq. (4.18)]. It is the sum of the
individual mass transfer resistances of the two phases described below.

1 = individual gas-phase mass transfer resistance

k,

ml

. = individual liquid-phase mass transfer resistance (on gas phase basis)

X

Similar is the message of Eq. (4.21).

| - .
- individual liquid-phase mass transfer resistance
X

1

P individual gas-phase mass transfer resistance (on liquid-phase basis)
X

Also,
The fractional resistance offered by the gas-phase

_ resistance offered by the gas-phase Uk,

total resistance of the two phases ~ 1/K y (4.22)
The fractional mass transfer offered by the liquid-phase
_ Iesistance offered by the liquid-phase _ m'lk, 4.23)

total resistance of the two phases ~ 1/K y
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The relative magnitudes of the resistances become immediately understandable from the preceding
expressions. If the slope m’ is large, the fractional liquid-phase resistance becomes high and we
say that the rate of mass transfer is controlled by the liquid-phase resistance. On the other hand,
if m” is very small, the rate of mass transfer is controlled by the gas-phase resistance.

It is possible to draw more direct conclusions from the above. If the gas is highly soluble,
m’ is small. Therefore, the absorption of a highly soluble gas is gas-phase resistance controlled. For
example, absorption of ammonia in water (highly soluble) or absorption of a hydrocarbon in a
non-volatile oil (a hydrocarbon is highly soluble in a mineral oil) is gas-phase resistance controlled.
But the absorption of oxygen in the aqueous medium of an aerobic fermenter (the solubility of
oxygen is low) is liquid-phase resistance controlled. If a gas has a moderate solubility in a liquid,
both the resistances are likely to be important. However, for the absorption of a pure gas,
whatever be the solubility, there is no gas-phase resistance. This is because in such a case, the
solute does not have to diffuse through another gas and its partial pressure at the interface is the
same as that in the bulk gas; so the gas-phase does not offer any resistance.

A few important points may be noted in this connection.

(a) In Figure 4.5, the point M (which indicates the bulk concentrations of the phases) is
located above the equilibrium curve for the particular choice of the coordinates. So there
is a positive driving force for mass transfer from the gas-phase to the liquid-phase. In
another situation, if the bulk concentrations of the same gas-liquid system are repre-
sented by the point M’ in Figure 4.5 (M and M’ lie on the opposite sides of the equilibrium
curve), the driving force (y,, — y4;) becomes negative. So there will be transfer of the
solute A from the liquid-phase to the gas-phase (i.e. ‘desorption’ or ‘stripping’ of the
solute, instead of absorption, will occur).

(b) In the above discussions and derivations, we have taken the example of mass transfer
in a gas-liquid system. Similar treatment is valid for any other system. For example,
mass transfer in a liquid-liquid system (extraction), or in a gas—solid system
(adsorption).

(c) In areal mass transfer equipment, the intensity of turbulence or mixing may vary from
one point to another. As a result, the individual and the overall mass transfer coefficients
may not remain uniform throughout the equipment. An average coefficient is normally
used in such cases.

(d) If the Henry’s law (y = mx) is applicable for any system, the equilibrium line in
Figure 4.5 becomes straight and the slopes of the chords in Eqgs. (4.18) and (4.21)
become equal, i.e. m" = m” = m.

Other overall mass transfer coefficients may also be defined depending upon how we
express the driving force. For example, if the overall driving force in gas-liquid mass transfer
is expressed on gas-phase basis in terms of the difference in partial pressure of the solute A
(Ap,), or on liquid-phase basis in terms of the difference in molar concentration (ACy), the
overall mass transfer coefficients may be written as

TR 4
1oLy 4.4
KG kG kL ( )
! L 1 (4.25)

K, Hk; &
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Here the solubility equilibrium is assumed to follow the Henry’s law as given by Eq. (4.4). The
conversion of one type of overall coefficient to another (for example, K to K;) may be done
using Eq. (3.6).

EXAMPLE 4.1 (Overall coefficient and driving force) The equilibrium distribution of a solute
A between air and water at low concentration at a particular temperature is given below.

y=12x

At a certain point in a mass transfer device, the concentration of solute A in the bulk air
is 0.04 mole fraction and that in the bulk aqueous phase is 0.025. In which direction does the
transport of the solute A occur (i.e. from the gas to the liquid or from the liquid to the gas)?
Calculate the overall gas-phase and the overall liquid-phase driving forces for mass transfer?

At the same point, the local individual mass transfer coefficients for the transport of A are,
ky = 7.2 kmol/(h)(m2)(Ay) and k, = 4.6 kmol/(h)(m?)(Ax). Calculate (a) the interfacial
concentrations in both the gas-phase and the liquid-phase; (b) the overall mass transfer
coefficients, K, and Ky; and (c) the local mass flux, N,.

Which resistance controls the role of mass transfer?

Solution
Bulk concentration of A in the gas-phase, y, = 0.04; equilibrium relation: y = 1.2x
The corresponding equilibrium (or saturation) liquid-phase concentration,

Yy _ 004 _
=13 - 0.0333

The actual concentration of the solute in the bulk liquid is x;, = 0.025 which is less than the
equilibrium value, x} = 0.0333. Therefore, the transport of the solute A will occur from the gas-
phase to the liquid-phase.

The overall driving force:
on gas-phase basis,

vy — ¥5 = 0.04 — 1.2x, = 0.04 — (1.2)(0.025) = 0.01

on liquid-phase basis,

S—
Xp =

xp — x, = 0.0333 - 0.025 = 0.0083
(a) Given: k, =172 kmol/(h)(m2)(Ay); k.= 4.6 kmol/(h)(m?)(Ax). At steady state, the local
flux is
Ny = ky(p — ¥1) = klx; — xp) = 7.2(0.04 - y;) = 4.6(x; — 0.025)
Also y; = 1.2x; (assuming interfacial equilibrium)
Solving the above two equations, the interfacial concentrations are:

(b) The overall gas-phase coefficient,

Lotym L 12 61389 4 02609 = 0.3998

K, &k, k. 72 46

or K, = | 2.501 kmol/(h) (m?)(Ay)
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Similarly, the overall liquid-phase coefficient,
1 1 1 1 1

S 2
or K= gazap = | 3902 kmol(h)(m®)(Ax) |

(¢) The local mass flux,

Na = k(s — ) = 7.2(0.04 - 0.03653) = | 0.025 kmol/(h)(m?) |

The controlling resistance:
Fraction of the total mass transfer resistance in the gas-phase
= (l/ky)/(1/K,) = 0.1389/0.3998 = 0.347
Fraction of the total mass transfer resistance in the liquid-phase
= (I/k)/(1/K,) = 0.2174/0.3331 = 0.653
So the mass transfer resistances are comparable in magnitude and neither of them can be
said to be controlling.

EXAMPLE 4.2 (Interfacial resistance to mass transfer) The individual mass transfer coefficients
for absorption of A in a solvent are: ky, = 60 kmol/(h)(m2)(Ay) and k, = 35 kmol/(h)(m?)(Ax).
The equilibrium relation is y = 0.8x. At a particular section of the equipment, the bulk compositions
are x; = 0.03 and y, = 0.08. The local mass transfer flux is 1.2 kmol/(h)(m?). Is there any
interfacial resistance to mass transfer? If so, calculate its magnitude.

Hints: If there is no interfacial resistance, the overall mass transfer coefficient Ky can be
found to be 25.3 kmol/(h)(m*)(Ay). Theoretical flux = K,(y, - y) = 25.3[0.08 - (0.8)(0.03)] =
1.417 kmol/(h)(m?). This is more than the actual flux of 1.2 kmol/(h)(m?). So there is
an interfacial resistance to mass transfer. The actual overall coefficient is (Kj)yue =
(1.2)/[0.08 — (0.8)(0.03)] = 21.43 kmol/(h)(m?)(Ay). The interfacial resistance

= [1/K el — [1/K,] = | 0.00714 (h)(m>)(Ay)/kmol |

EXAMPLE 4.3 (Application to a gas—liquid system) In a laboratory experiment, the solute A is
being absorbed from a mixture with an insoluble gas in a falling film of water at 30°C and a total
pressure of 1.45 bar. The gas-phase mass transfer coefficient at the given gas velocity is estimated
to be k. = 90.3 kmol/(h)(m?)(kmol/m?). It is known that 13.6% of the total mass transfer
resistance lies in the gas-phase. At a particular section of the apparatus, the mole fraction of the
solute in the bulk gas is 0.065 and the interfacial concentration of the solute in the liquid is known
to be x; = 0.00201. The equilibrium solubility of the gas in water at the given temperature is

p = 3.318 x 10%*x*

where p is the partial pressure of A in the gas in mm Hg and x* is the solubility of A in water
in mole fraction.

Calculate (a) the absorption flux of the gas at the given section of the apparatus, (b) the bulk
liquid concentration at that section of the apparatus, (c) the overall liquid-phase mass transfer
coefficient, and (d) the individual and overall gas-phase driving forces in terms of Ap and Ay.
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Solution

The total pressure, P = 1.45 bar; partial pressure of the solute A in the bulk gas at the given
section of the apparatus, p, = (1.45)(0.065) = 0.09425 bar; temperature, 7 = 303 K. The gas-
phase mass transfer coefficient is [see Eq. (3.6)]

b= P o (45003 _ ., kmol
Y7 RT ° ~ (0.08317)303) T (h)(m?)(Ay)

Interfacial concentration on the liquid side, x; = 0.00201, then
pi = (3.318 % 10%)(0.00201) = 66.7 mm Hg = (66.7)(1.013)/(760) bar = 0.0889 bar

Assuming interfacial equilibrium,

v = % = 0’10229 = 0.0613 = mole fraction of A on the gas-side of the interface.
The equilibrium relation is: p = 3.318 x 10*x*. It can also be expressed as

p (3.318 x 10*mm Hg) x*

Y= = {145 bar) (760 mm He/1.013 bar) ~ 0>

(a) Flux of the solute, Ny = k, (v, — y;) = (5.196)(0.065 — 0.0613) = | 0.01922 kmol/(h)(m?)

(b) To determine the bulk liquid concentration, we need to first calculate the liquid-phase mass
transfer coefficient.

The gas-phase resistance = 1/k, = 1/5.196 = 0.1924 (h)(m2)(Ay)/kmol
13.6% of the total resistance
Total mass transfer resistance = (0.1924/0.136 = 1.415

(1.415)(1 - 0.136) = 1.2223 = kﬂ; but m = 30.5

X

The liquid-phase resistance

30.5
1.2223

The local flux [from part(a)], Ny = 0.01922 = k(x; — x;) = (24.95)(0.00201 — x;,)

.

(c) The overall liquid-phase mass transfer coefficient is given by
1 1 1 1 1

= k, = 24.95 kmol/(h)(m?)(Ax)

K.k mk, - 2495 T (055195 - 040
_ 1 _ 2
= K= 5o = L2155 kmol/(h) (m?) (Ax) |

(d) Individual gas-phase driving force, Ay = y, - y; = 0.065 — 0.0613 = | 0.0037 mole fraction |

Or, in terms of difference of partial pressure, Ap = PAy = (1.45)(0.0037) = | 0.00536 bar

Overall gas-phase driving force, Ay = y, — y, = y, — mx;, = 0.065 — (30.5)(0.00124) = | 0.0272
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EXAMPLE 4.4 (Mass transfer in a continuous-stirred cell) In an experimental study on
absorption of SO, in a stirred cell, 100 ml of water is taken in the cell described in Problem 3.21
and a mixture of 14.2% SO, and 85.8% N, is passed through the cell at a rate of 1.5 litre per
minute at 20°C and 1 atm pressure. Water is also passed through the cell at a rate of 27 ml per
minute, the volume of solution being maintained at 100 ml. Both the gas and liquid phases are
‘well stirred’ The outlet gas has 11% SO, in it at steady state. The gas-phase mass transfer
coefficient has been measured separately (by absorbing NHj in a solution of H,SO4 under
identical conditions of stirring in the cell and making the necessary diffusivity correction) and
is found to be 3.8 kmol/(h)(m2)(Ay).

(a) Calculate the concentration of SO, in the effluent solution, the liquid-phase mass
transfer coefficient and the rate of surface renewal.

(b) What must be the flow rate of water through the cell (keeping the liquid volume constant
at 100 ml) so that the rate of absorption increases and the outlet gas concentration drops
to 10%?

Solubility data of SO, in water at 20°C is given by y = 31.3x in the concentration range
involved; diffusivity of SO, in water = 1.51 x 10~ cm?s.

Hints: Gas flow rate (14.2% SO, and 85.8% air) = 1.5 litres per minute at 20°C and 1 atm.
Yin = 0.142/(1 - 0.142) = 0.165; You = 0.11/(1 = 0.11) = 0.1236

Air flow rate (on SO,-free basis) = 0.0535 gmol/min. Rate of absorption = (0.0535)(0.165
- 0.1236) = 0.002215 gmol/min.

Water flow rate = 27 ml/min = 27/18 = 1.5 gmol/min; SO, concentration in the effluent from
the cell = 0.002215/1.5 = 1.476 x 10> mole fraction at steady state in the cell (since the liquid
is well-mixed, its concentration in the cell and at the cell exit are the same).

(a) The bulk concentrations of the liquid and the gas phases,
x, = 1.476 x 1073  y, = 0.11 (mole fraction)

Equilibrium relation: y = mx, m = 31.3 (given). Then, y; = mx, = (31.3)(0.001476) = 0.0462
The rate of absorption at steady state = 0.002215 gmol/min = 1.329 x 10~* kmol/h
Area of mass transfer = 31.5 cm? = 0.00315 m? (see Problem 3.22). Therefore,

1329 x 107* = K,(0.00315)(y, - y;) = K,(0.00315)(0.11 — 0.0462)

= K, = 0.6613 kmol/(h)(m*)(Ay)
Calculation of the liquid-phase mass transfer coefficient,
1 1 m 1 1 313
- = —+— = = —+
K, "k, Kk, 0.6613 = 38
= k. = | 25.06 kmol/(h)(m?)(Ax)

To calculate the surface renewal rate, we need to know k;. From Table 3.1, k; = k,/C.
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Since the solution is ‘dilute’, total molar concentration of the solution is practically the same as
the molar concentration of water, i.e. C = 1 kmol/(18/1000) m> = 55.5 kmol/m>.

k 25.06
k= —= = —— = 0451 h = 0.012
L= 355 555 0.4515 m/l 0.0125 cm/s

and the surface renewal rate,

Kk} (0.0125)?*
Dsp ~ 1.51x107
(b) If the outlet gas concentration is 10% at the same inlet gas flow rate, absorption rate =
0.002883 mol/min. If the required water flow rate is Q ml/min,
ml \ x;, mol Q- x,
min) 18ml 18

= | 10.4 per second |

0.002883 = (0 ()
Now,

(0.002883)(107)(60) kmol/h = K,(0.00315)(y, — ¥3); ¥, = 0.1 (given)
Putting the value of K|, calculate y; and then calculate

*

X, = yz" =542 x10*  and from Eq. (i) above  Q = [ 95.8 ml/min

EXAMPLE 4.5 (Graphical determination of interfacial concentrations) The equilibrium
solubility of SO, in water at 30°C is given by Sherwood [Ind. Eng. Chem., 17(1925) 745]

Pso, mm Hg 06 17 47 81 118 197 36 52 79
g SO, per 100 g H,O 002 005 010 015 20 03 05 07 10

At a point in an absorption column operating at a total pressure of 4.5 bar, the bulk
concentrations in the gas and the liquid-phases are x = 0.0014 and y = 0.02. The individual
gas-phase and liquid-phase mass transfer coefficients are k, = 80 kmol/(h)(m?)(Ax) and
ky = 15 kmol/(h)(m>)(Ay).

Calculate (a) the interfacial concentrations at the particular location, (b) the overall mass
transfer coefficients and the rate of absorption, (c) the mass transfer coefficients k', and k7,
and (d) the individual and overall driving forces at the location in terms of Ax and AC.

What fraction of the total resistance is offered by the gas-film? What should have been the
value of the coefficient k,, if the gas-phase offered 60% of the total resistance to mass transfer
(for the given liquid-phase coefficient)?

Solution

Computation of the equilibrium data in terms of x and y:

This is shown for one data set, p = 52 mm Hg and liquid concentration = 0.7 g SO, per 100 g
water.

The total pressure, P = 4.5 bar = (4.5)(760/1.013) mm Hg

_ 52 mm Hg
Y= (4.5)(760/1.013) mm Hg

=0.0154
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0.7/64
Mol. wt. of SO, = 64; X = = 0.001965
2 (0.7/64) + (100/18)
The calculated equilibrium data are given below:
10%x 0.0562 0.1403 0.280 0.422 0.564 0.842 1.403 1.965 2.79
p, mm Hg 0.6 1.7 4.7 8.1 11.8 19.7 36 52 79
10% 0.0178 0.0504 0.139 0.24 0.35 0.584 1.07 1.54 2.34

(a) The equilibrium data are plotted and the equilibrium curve is shown in Figure 4.6. The bulk
concentrations of the two phases at the given locations are: x, = 0.0014; y, = 0.02. Locate the
point P(0.0014, 0.02) on the x-y plane. A line PM of slope — k/k, = —80/15 = —5.33 is drawn
through the point P so as to meet the equilibrium line at M. The point M gives the interfacial

concentration of the phases, x; = | 0.00206 | and y; =|0.0164 |.

2.57
P(0.0014, 0.02)
2.0
Tz 1.51 Slope of PM =k /k, ./ 11(0.00206, 0.0164)
107y
1.0
0.5 Equilibrium curve
y*=fx)
0.0 , T T T - s
00 05 1.0 15 20 25 3.0
3
10°x —

Figure4.6 Graphical determination of interfacial concentrations. Pis a point representing the bulk concentrations. Mis the point
representing the corresponding interfacial concentrations.

(b) The overall coefficients: In the region near the interfacial concentration, the equilibrium
line is almost linear having a slope m = 5.65. From Eqgs. (4.18) and (4.21),

1

1 _ 1. m _ 1 565_ _ 3

K oE Tk Cstw tnn = K, = | 728 kmol/(h)(m®)(4y) |
Lo L oL Ll.go = Kk =[4Llkmol(md(n)(Ax) |
K, mk, k. (565015 80 *

Absorption flux, Ny = kv, — y) = 15(0.02 - 0.0164) = | 0.054 kmol/(m?)(h) |
(¢) The mass transfer coefficients, k{ and k:
ky k;

and k, = m; M means ‘log mean’

k,= ———
Y-y

Both x and y are small and (1 - y)y = (1 - x)yy = 1. Therefore, | k; =k, and kj =k, |.

(d) This part is left as an exercise.
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4.5 MATERIAL BALANCE IN A CONTACTING EQUIPMENT—
THE OPERATING LINE

In a conventional mass transfer equipment such as a packed tower, spray column, etc. two
phases remain in direct contact' as they pass through the equipment so that mass transfer from
one phase to the other may occur. During passage through the equipment, the concentrations of
the phases change continuously because of mass transfer from one phase to the other. While the
construction and the operating features of important mass transfer equipment will be discussed
later, here we will explore how to follow the concentration changes of the phases as they move
from the inlet to the exit of an equipment.

These are dictated by the material balance equations over a section of the column. Two
modes of contact between the phases will be considered—‘countercurrent contact’ (in which
the phases move in the opposite directions) and ‘cocurrent contact’ (in which the phases move
in the same direction). Another type of contact called the crosscurrent contact will be taken up
later.

4.5.1 The Steady-state Countercurrent Mass Transfer

A countercurrent contacting apparatus is shown in Figure 4.7. The meanings of the various
notations are also shown in the figure. The phase L is heavier and flows down the apparatus and

GZ’ Gs LZ’ L.v

2 1 T‘@ szst

T R

1

1

1

! Notations
Envelope 1

1

1

1
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: G, = Rate of input of phase G at section 1, mol/time

; G, = Rate of output of phase G at section 2, mol/time
\ G, = Rate of flow of phase G on solute-free basis, mol/time
\ G = Rate of flow of phase G at any section, mol/time
: Y1, Y2, ¥y = Mole fractions of the solute in phase G at respective sections
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Y, Y5, Y= Mole ratios of the solute in phase G at respective sections
L, = Rate of output of phase L at section 1, mol/time
L, = Rate of output of phase L at section 2, mol/time
L, = Rate of flow of phase L on solute-free basis, mol/time
L = Rate of flow of phase L at any section, mol/time
X{, X5, X = Mole fractions of the solute in phase L at respective sections
_____________ Xj, X,, X = Mole ratios of the solute in phase L at respective sections
G y L X

G=1+y Y17 L~1=x X 1=x

Envelope 2| |y, v’ x:XA’

Figure4.7 Mass balance for steady state countercurrent contact.

¥ In the case of heat transfer between two fluids (for example, in a heat exchanger), the two phases are generally
in ‘indirect contact’; their thermal contact occurs through a separating wall like the tube wall. On the other hand,
most mass transfer operations are direct-contact, except membrane separation discussed in Chapter 14.
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the lighter phase G, flows up; the phases may be a liquid and a gas, a solid and a gas, or a solid
and a liquid, etc. We assume that the phases L and G are mutually immiscible and are the ‘carriers’
of solute A. As a matter of convention, the bottom end of a continuous contact equipment (for
example, a packed tower) will be called the end or terminal ‘1’, the top end or terminal, 2’ [we
will follow a different convention for a stage-wise contact unit (see Section 4.6)]. Considering
envelope 1 that encloses a part of the apparatus including one of the ends (Treybal, 1980),
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