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PREFACE

This book is an introduction to the theory of computability and non-
computability, usually referred to as the theory of recursive functions.
This subject is concerned with the existence of purely mechanical pro-
cedures for solving various problems. Although the theory is a branch
of pure mathematics, it is, because of its relevance to certain philosophical
questions and to the theory of digital computers, of potential interest to
nonmathematicians. The existence of absolutely unsolvable problems
and the Gédel incompleteness theorem are among the results in the
theory of computability which have philosophical significance. The
existence of universal Turing machines, another result of the theory,
confirms the belief of those working with digital computers that it is
possible to construct a single “all-purpose’ digital computer on which
can be programmed (subject of course to limitations of time and memory
capacity) any problem that could be programmed for any conceivable
deterministic digital computer. This assertion is sometimes heard in the
strengthened form: anything that can be made completely precise can
be programmed for an all-purpose digital computer. However, in this
form, the assertion is false. In fact, one of the basic results of the theory
of computability (namely, the existence of nonrecursive, recursively
enumerable sets) may be interpreted as asserting the possibility of
programming a given computer in such a way that it is impossible to
program a computer (either a copy of the given computer or another
machine) so as to determine whether or not a given item will be part of
the output of the given computer. Another result (the unsolvability of
the halting problem) may be interpreted as implying the impossibility
of constructing a program for determining whether or not an arbitrary
given program is free of ‘‘loops.”

Because it was my aim to make the theory of computability accessible
to persons of diverse backgrounds and interests, I have been careful
(particularly in the first seven chapters) to assume no special mathe-
matical training on the reader’s part. For this reason also, I was very
pleased when the McGraw-Hill Book Company suggested that the book
be included in its Information Processing and Computers Series.

Although there is little in this volume that is actually new, the expert
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viit PREFACE

will perhaps find some novelty in the arrangement and treatment of
certain topics. In particular, the notion of Turing machine has been
made central in the development. This seemed desirable, on the one
hand, because of the intuitive suggestiveness of Turing machines and the
analogies between them and actual digital computers and, on the other
hand, because combining Turing’s approach with the powerful syntactic
methods of Gédel and Kleene makes it possible to present the various
aspects of the theory of computability, from Post’s normal systems to
the Kleene hierarchy, in a unified manner.

Some of the material in this book was used in a graduate course, given
by me, at the University of Illinois and in lecture series at the Control
Systems Laboratory of the University of Illinois and at the Bell Tele-
phone Laboratories. Part of the work for this book was done while the
author was at the Institute for Advanced Study on a grant from the
Office of Naval Research. The book could be used as a text, or supple-
mentary text, in courses in mathematical logic or in the theory of
computability.

T should like to thank Mr. Donald Kreider, Professor Hilary Putnam,
Professor Hartley Rogers, Jr., and Dr. Norman Shapiro for suggesting
many corrections and improvements.

MARTIN Davis
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INTRODUCTION

1. Heuristic Remarks on Decision Problems. The primary task of
present-day mathematicians is that of determining whether various
propositions concerning mathematical objects (e.g., integers, real num-
bers, continuous functions, ete.) are true or false. Our principal con-
cern, however, will be with another kind of mathematical task, one
which was considered of great importance during the earliest phases of
the development of mathematics and which still yields problems of con-
siderable mathematical interest. That is, we shall be concerned with
the problem of the existence of algorithms or effective computational pro-
cedures for solving various problems. What we have in mind are sets of
instructions that provide mechanical procedures by which the answer to
any one of a class of questions can be obtained. Such instructions are
to be conceived of as requiring no ““creative’” thought in their execution.
In principle, it is always possible to construct a machine for carrying out
such a set of instructions or to prepare a program by means of which a
given large-scale digital computer will be enabled to carry them out.

As an example, consider the problem of obtaining the sum of two
positive integers given in the ordinary decimal notation. An algorithm
that can be used will be found in any textbook of arithmetic. Intuitively,
we are at once prepared to admit that this procedure is purely mechani-
cal, that it can be carried out by a human computer who does nothing
but obey direct and elementary commands. Moreover, there do exist
adding machines which accomplish exactly this.

A more sophisticated example is given by the theory of linear dio-
phantine equations. Let g, b, ¢ be given integers positive, negative, or
zero. Suppose we wish to know whether or not there exist integers z, y
such that

ar + by = c. ¢))
Ifa=2 b= —1,c=1,it is easily seen that £ = 1, y = 1 provides a
solution of the desired sort. If a =2, b = —6, ¢ = 1, it is easy to see

that there are no integers z, y that provide a solution of (1) [for, in this
case, the left-hand side of (1) would always be even, whereas the right-
hand side is simply 1, which, of course, is odd]. Is there an algorithm

Xv



xvi INTRODUCTION

which will enable us to decide, for given values of @, b, ¢, whether or not
there are integers x, y that satisfy (1)? A basic result in the elementary
theory of numbers asserts that (1) has an integral solution if and only if
the largest positive integer that is a divisor of both a and b is also a
divisor of ¢. It is not difficult to convince oneself that this criterion
actually does furnish an algorithm of the desired kind.

An immediate generalization of the problem just considered is obtained
by replacing linear polynomials in two variables by polynomials of arbi-
trary degree in arbitrarily many variables. That is, the problem is that
of determining, of a given polynomial equation:

where the a;, . ..’s are integers, whether or not there exist integers
Zy . . ., xx which satisfy it. However, no algorithm is known for
solving this problem. Moreover, we shall see (cf. Chap. 7) that, for a
suttable further generalization of this problem, not only is no algorithm
known, but none is possible.

Problems of this kind, which inquire as to the existence of an algorithm
for deciding the truth or falsity of a whole class of statements, are called
deciston problems to distinguish them from ordinary mathematical ques-
tions concerning the truth or falsity of single propositions. A positive
solution to a decision problem consists of giving an algorithm for solving
it; a negative solution consists of showing that no algorithm for solving
the problem exists, or, as we shall say, that the problem is unsolvable.
Positive solutions to decision problems oceur quite frequently in classieal
mathematics. To recognize such a solution as valid, it suffices to verify
that the alleged algorithm really is an algorithm; this is ordinarily taken
for granted and remains on the level of intuition. However, in order to
obtain the unsolvability of a mathematical decision problem, this does not
suffice. It becomes necessary to give an exact mathematical definition
of the term “algorithm.” This will be done in Chap. 1. The rest of
the present section is devoted to showing, still on the intuitive level, that
the problem, mentioned above, of verifying that an alleged algorithm is
indeed an algorithm is not so simple as might be supposed and is, in fact,
itself unsolvable.

We consider functions of a single variable f(z), defined on the positive
integers (that is, for x = 1, 2, 3, ete.) and whose values are positive
integers. Examples of such functions are z2, 2¢, the xth digit in the
decimal expansion of 7, etc. We shall say that such a function f(z) is
effectively calculable if there exists a definite algorithm that enables us to
compute the functional value corresponding to any given value of z.
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Let us assume that such an algorithm can be expressed as a set of instruc-
tions in the English language. Furthermore, let us imagine all such sets
of instructions ordered according to the number of letters they contain:
first, those (if any) that consist of a single letter; then those that employ
two letters; etc. Where there is more than one set of instructions con-
sisting of the same number of letters, they are to be ordered among
themselves, alphabetically, like the entries in a dictionary. Thus, there
will be a first set of instructions, a second set of instructions, a third, etc.
With each positive integer 4, there is associated the 7th set of instructions
in this list, E;, which tells us how to compute the values of some function.
The function associated in this way with E; we will call f;(x).
Now, let
9(z) = folx) + 1. )

Then, g(z) is a perfectly good function. Its value for a given integer z
is obtained by finding the xth set of instructions E., then applying it to
the number z as argument, and finally increasing this result by 1. We
have:

1. For no value of 1 is it the case that g(z) = fi(z).

PROOF. Suppose that g(z) = f, (x) for some integer 7. Then, by (2),

fild) = fo(x) + 1

for all values of z. In particular, this equation would have to hold for
x = 1, yielding

Jildo) = fi,(30) + 1.
But this is a contradiction.

Now, from the manner of choice of the E,, the functions f,(z) were to
include all effectively calculable functions. This yields:

ILI. g(x) is not effectively calculable.

In spite of the interdiction which IT seems to impose, let us try to
develop an algorithm for computing g(z). A first attempt might run as
follows:

“Given a value z,, in order to compute the number g(z¢), begin by
generating the list E;, until E,, is obtained. Having E,,, apply its very
instructions to the number z,. Finally, add 1 to the number thus
obtained.”

Since we know, from II, that this set of instructions cannot really be
an algorithm, let us see wherein it fails to qualify. Clearly, it must be
in our gratuitous assumption that the list E; can be generated in a purely
mechanical way. But what is wrong with the following attempt at a
mechanical procedure for generating E,?

“Begin by generating a list of all possible pieces of English writing,
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whether meaningful or not. This can be done by taking all possible
permutations of the letters and punctuation marks which make up the
English alphabet (including the space between words!) that have a given
length (first one letter, then two letters, etc.). After obtaining each
such piece of writing, check to see whether it is a set of instructions for
computing & numerical function f(z). If it is, place a v before it in
the list.

“Then the list of E; can be generated by simply crossing off, from the
list obtained above, all pieces of writing not preceded by a v.”

Here, the difficulty is not quite so easy to find. It lies in our assump-
tion that one can determine mechanically whether or not an alleged
algorithm for computing a function f(x) is indeed such an algorithm.
If we believe II (and, as we shall see later, it can be quite rigorously
justified), our only recourse is to conclude:

III. There is no algorithm that enables one to decide whether an alleged
algorithm for computing the values of a function whose domain of definition
1s the set of positive integers, and all of whose values are positive integers,
1s indeed such an algorithm.

If the methods by which these results have been inferred seem some-
what questionable, it is only because the notion of algorithm has not yet
been accurately defined. We shall remedy this situation in Chap. 1.

2. Suggestions to the Reader. For the most part, this book is self-
contained. Although the reader should possess the ability to follow a
detailed proof, no specific knowledge of advanced mathematics is neces-
sary. It has become quite usual to employ some of the notation of
symbolic logic in various mathematical subjects. This notation is not
used in any essential way, but rather serves to abbreviate conveniently
certain frequently occurring logical notions. This has been particularly
true of the theory of recursive functions, in part because it was developed
primarily by professional logicians and in part because of the nature of
the subject. Section 3 of this Introduction is devoted to the special
notation (largely borrowed from symbolic logic) that we find convenient.
We suggest that the reader use this material for reference, referring to it
only when necessary in following the text. It should be emphasized that
no formal knowledge of symbolic logic is necessary on the reader’s part.

Chapters 1 to 7 constitute a general introduction to recursive-function
theory. Chapters 1 to 5, i.e., Part 1, develop the theory to the point
where unsolvable problems can be produced. Chapters 6 and 7 give
applications to other branches of mathematics, Chap. 6 to algebra and
Chap. 7 to number theory. In these first seven chapters, we have kept
particularly in mind the reader who has had little experience with pro-
fessional mathematics; that is, we have made a special effort to avoid
leaving details as ‘“‘exercises for the reader” and to include enough
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intuitive explanations so that the reader who wishes to skip many of
the proofs, or at least not to follow them in detail, will not be entirely lost.

Some of the material in the earlier chapters consists of detailed proofs
that certain rather complicated procedures can be accomplished by suita-
ble iteration of more basic procedures. As might be supposed, such
proofs are very much like programs for use with a digital computer.
The details tend to become both routine and tedious, and the reader
may well wish merely to skim much of it. Most of this material is to be
found in Chap. 1, Sec. 3; in Chap. 2; and in Chap. 4, Sec. 1.

In Chap. 3, we have need of several notions (e.g., prime number,
congruence) and results (i.e., the unique-factorization theorem and the
Chinese remainder theorem) from the elementary theory of numbers.
For the benefit of the reader who is not familiar with these results and
who does not wish to take them on faith, we have included a brief
appendix on number theory, where they are proved.

The most spectacular applications of recursive-function theory, thus
far, have been to mathematical logic. These applications are discussed
in Chap. 8. In their most general form the results have little meaning
except to specialists; their interest stems, to a large extent, from their
application to specific systems of logic. Unfortunately, however, a
detailed development of the properties of several of the better-known
systems of logic would in itself require a book larger than the present
volume. The compromise which we have adopted should present no
difficulty to one who is familiar with Church [4], Church [5], or Hilbert
and Ackermann [1].

The material in Part 3 is of rather specialized interest, and we have
felt free to make our exposition there more terse than that in the earlier
chapters.

The numbering of theorems, definitions, etc., begins anew with each
section. Thus, Theorem 3.2 is the second theorem in Sec. 3. When
referring to an item from a previous chapter, we precede the item’s num-
ber with that of the chapter. Thus, in Chap. 4, a reference to Theorem
1.7 is a reference to Theorem 1.7 of Chap. 4, Sec. 1, whereas (still in
Chap. 4) a reference to Theorem 2-3.2 is a reference to Theorem 3.2
of Chap. 2, Sec. 3.

3. Notational Conventions. The following discussion of the special
notation we employ is intended largely for reference. It might be well,
however, to read Secs. 3.1, 3.2, and 3.3 before beginning Chap. 1.

3.1. Numbers and n-tuples. Ordinarily, we shall be dealing with the
natural numbers 0,1,2,3, . . .. The words “number” and “integer”
are to be regarded as synonymous with ‘“natural number’ wunless the
contrary 1s explicitly stated.

We shall also be concerned with ordered n-tuples (n = 1) of natural
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numbers. Ordinarily the word *ordered” will be omitted, and we shall
speak simply of n-tuples. An n-tuple will be denoted by such an expres-
sion as (@i, as, . . . , @,). It is, of course, by no means required that
the a;’s be distinet. Thus,

(3, 2, 7) is a 3-tuple,
(6) is a 1-tuple,
and (5, 4, 1, 4) is a 4-tuple.

A 2-tuple is called a pair; a 3-tuple is called a iriple. We shall not
ordinarily distinguish between the 1-tuple (a) and the number a itself.
For our purposes, the characteristic feature of n-tuples is given by the
relation
(al, A2y, « . . ,(I/n) = (b], bz, “ e . ,bn)
if and only if
a1 = by, a; = by, . .. ,and @, = ba.

In dealing with n-tuples the following abbreviative convention will be
useful:

™ is to mean 1, T2, . . . , Zn,
p™ is to mean y1, Y2, - . . , Yn,
and 3 is to mean z1, 2, . . . , 2Zn.

3.2. Sets. We shall ordinarily designate sets or collections of numbers
by capital letters of the Roman alphabet. If m is a number and S is
a set, we write

me& S
to indicate that m is a member of S, and we write
m &S

vo indicate that m is not a member of S.

We shall also consider sets which consist of n-tuples (usually for fixed n;
thus, we shall not ordinarily consider sets which contain both pairs
and triples). We indicate that the n-tuple (a;, . . . , @.) is or is not
a member of the set 8 of n-tuples by writing (ai, . . . ,a.) € S or
(a1, . . ., an) & 8, respectively.

If R and S are sets, then R\J § is the union of R and 8§, that is, the
set of all numbers (or of n-tuples of numbers, as the case may be) that
belong to either R or S or both. Also, R M 8 is the intersection of E
and S, that is, the set of all numbers (or of n-tuples of numbers, as the
case may be) that belong to both R and S. TFinally, R is the complement
of R, that is, the set of all numbers (or of n-tuples of numbers, as the
case may be) that do not belong to R. In order that every set of num-
bers (or of n-tuples of numbers) may have a complement, it is necessary
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that we allow the empty or null set, which has no members, as a legitimate
set. The null set is written g. We write

RCS
if each element of R is also an element of S. In particular,

RCR
¢ CR
for any set R whatever.

We shall, on occasion, employ the notation of this section even when
dealing with sets whose elements are not natural numbers or n-tuples of
natural numbers.

3.3. Functions. Let n = 1 be fixed in the following discussion. Let
D be some set of n-tuples. Then, by a function on D or a function whose
domain 13 D is meant a definite correspondence by which there is associ-
ated with each element of D a single natural number, called the value of
the funetion for this element of D. Such a function is called n-ary or a
function of n variables. A 1-ary function is called singulary; a 2-ary
function is called binary; a 3-ary function is called ternary.

A function will ordinarily be designated by a single letter, such as
f, g, h, or a lower-case Greek letter. If f is an n-ary function and if

(@1, . . ., @,) is in the domain of f, then we write f(a;, . . . , @.) to
designate the number associated with the n-tuple (a;, . . . , a.) by the
function f. We shall tolerate the “abuse of language’’ whereby an n-ary
function f is written f(z1, . . . , za).

An n-ary function whose domain is the set of all n-tuples is called ¢otal.
To say of the n-ary functions f, g that

f=9
means that f and g have the same domain D and that, for every n-tuple
(a1, . . ., an) for which (a4, . . . , a.) € D, we have
flas, . . ., a.) =g¢glay, . .., an).

The set of all numbers that are values of a function f is called the
range of f.

Thus, the process of squaring a number gives rise to a singulary func-
tion which we write z2. The domain of z? is the set of all integers; its
range is the set of all perfect squares. =z?is a total function.

The process of division by 2 gives rise to a singulary function which we
write /2. The domain of z/2 is the set of even numbers; its range is
the set of all numbers.

The process of subtraction gives rise to a binary function which we
write z — y. The domain of z — y is the set of all pairs (z, ) for which
Z Z y; its range is the set of all integers.
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Let S be a set of n-tuples. Then, by the characteristic function of the
set S, written Cs(z1, . . . , %), is to be understood the total n-ary function
whose value, for a given n-tuple (a;, . . . ,a.),is0if (ay, . . . ,a.) €8
andis 1if (@1, . . . , @) &S. Setting M = R\USand N =RNS,
we have

CM=CR'CS)
Cy = Cr+ Cs — (Cr- Cy),
Cz =1~ Cg.

3.4. Statements. The fundamental property of a statement is that it
asserts a proposition that must be either true or false.

If p, ¢ are given statements, then:

p A q (read “p and ¢’’) is the statement that asserts that both p and
g hold. Thus, p A ¢ is true if and only if both p and ¢ are true.

p V ¢ (read “p or ¢”’) is the statement that asserts that either p or g
or both hold. Thus, p V ¢ istrueif and only if at least one of p, ¢ is true.

~ p (read “not p”’) is the statement that asserts that p does not hold.
Thus, ~ p is true if and only if p is false.

3.5. Predicates. Consider the expression

x+y =5

As it stands, this is clearly not a statement. (For how can we say that
it is true or that it is false?) If, however, we replace the letters x, y by
numbers, a definite statement, true or false, is obtained. Thus,

2 + 3 = 5 is true,
but 2 + 6 = 5 is false.

An expression that contains lower-case letters of the Roman alphabet
(with or without subscripts) and that becomes a statement when these
letters are replaced by any numbers whatever (always assuming that the
same letter, at two different occurrences in the expression, is replaced by
the same number) is called a predicate. We shall usually employ upper-
case letters of the Roman alphabet, such as P, @, R, S, to designate
predicates. The lower-case letters that occur in a predicate are called its
arguments. If a predicate P has the arguments xi, x2, . . . , &a, then
the statement which results on replacing z; by the number a4, z2 by the
number as, . . . ,and z, by the number a, is written P(a;, az, . . . , an).
Such a predicate is called n-ary. As with functions, “1-ary’’ and “2-ary”’
may be replaced by “singulary’ and “binary,” respectively. We shall
tolerate the “abuse of language” whereby an n-ary predicate is written
P(Zl, e e ey xn).

Let P(xi1, . . . , z.) be an n-ary predicate. Then, by the extension
of P, written

{xlyx% s oee ’xnlp(xlyx% e ,xn>},
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we shall mean the set of all n-tuples (@, ..., @, for which

P(ay, . . ., aa) is true.
Hence,
((11, N ,a,,)E {x1, .« .. ,x,.[P(xl, PO ,xn)}
if and only if P(a1, . . . , a.) is true.

Thus, if we let
S = {x,ylx+y= 5}7
we have

@3es @Gnes 6,2)&ES G0es

Two predicates are said to be equivalent if they have the same extension.
We write

Py ...,z Qy ...,z
to indicate that P and @ are equivalent. Thus,
Py ...,z.0 Q@ ... ,%Tu)
if and only if
{1, . . ., 2| P&y, - . .,z =21, . - . 2| Qzy, . . ., T0)}.

For example,
zr+y=5e—z+y+1=086.

By the characteristic function of an n-ary predicate P(zy, . . . , z,) is
understood the characteristic function of its extension, {zi, . . . , Z. |
P(zy, . .., z.)}. The characteristic function of P(zy, . . ., z.) is
written Cp(z1, . . . , Z»). We have

Cp(as, . . . ,a,) =0if Play, . . ., @) is true,
Cplay, . . ., a,) = 1 otherwise.

It is clear that the connectives “ V7, “ A7, and “~"’ can be applied
to predicates to obtain new predicates. Thus, for example,

~@+y=5ezt+y=5,
@<yVz=y eozsy

3.6. Quantifiers. Let P(y, z1, . . . , z.) [or, as we may write, follow-
ing the convention of Sec. 3.1, P(y, t™)] be an (n + 1)-ary predicate.
Then the expression

PO, ™) V P(1,t™) V + - - V P(z, t™)

is another (n 4+ 1)-ary predicate, which we may write Q(z, ). The
statement obtained by inserting definite numbers z, £ for the letters in
the expression is true if and only if there is a number y < z for which
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P(y, t™) is true. We designate this predicate by

\ Py, ™).

y=0
That is,
V Py, t™) < P(0,1™) V P, ™) V - - - V Pz, ™).
y=0

2
\/ P(y, t™) is read, “There exists a y between 0 and z such that

y=0
P(y, t™).” Similarly, we write

N\ P, t™) & PO, ™) A P(L,t™) A - - - A Pz, ™).

y=0

/\ P(y, t™) is read, “For all y between 0 and z, P(y, t™).” We have

y=0

N P, ™) &~ \/ ~ Py, ™).

y=0 y=0
z 2
The symbols “\/” and “ /\” are referred to as a bounded existential
y=0 y=0

guantifier and a bounded universal quanitifier, respectively.

\/ P(y, t™) may be regarded as an abbreviation of the “infinite

v
expression”’

PO, ™) V P, t™) V - -
More accurately, \/ P(y, £') is an n-ary predicate which gives rise to a

Yy
true statement, for a given choice of values for the arguments ™, if and
only if there is a number y, such that P(y,, £¥) is a true statement for
the given choice of values.

Similarly, /\ P(y, t™) may be regarded as an abbreviation of the

Yy
“infinite expression’’

PO, t™) A P(Lix™) A - - -

More accurately, /\ P(y, t™) is an n-ary predicate which gives rise to a
v



INTRODUCTION XXV

true statement, for a given choice of values for the arguments ¢, if and
only if, for every number yo, P(yo, t™) is a true statement for the given
choice of values.

\/ Py, £™) is read, “There exists a y such that P(y, t™).”

Y

/\ Py, t™) is read, “For all y, P(y, t™).”

Y

“\/” and “/\” are referred to as an existential quantifier and a

Yy Y
universal quantifier, respectively. We have

A P, 1) & ~\/ ~ P(y, t™).
¥ ¥
The following equivalences serve to illustrate the above concepts:

Ve&t+ty=5eozss,

Y

5
Vety=58e\ (z+y=25),

y=0

A @y =0 ez =0,

Ve+ty=5olz+zz5) A= =5)
y=0
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THE GENERAL THEORY OF COMPUTABILITY







CHAPTER 1

COMPUTABLE FUNCTIONS

1. Turing Machines. We shall proceed to define a class of functions
which we propose to identify with the effectively calculable functions, i.e.,
with those functions for which an algorithm that can be used to compute
their values exists (cf. Introduction, Sec. 1). Our point of departure is
the remark that, if an algorithm for performing a task exists, then, at
least in principle, a computing machine for accomplishing this task can
be constructed. Such a computing machine is determinisiic in the sense
that, while it is in operation, its entire future is completely specified by its
status at some one instant.?

Thus, we shall give a mathematical characterization of a class of
objects which we shall call Turing machines.? These will be defined by
analogy with physical computers of a certain kind. With this will come
a mathematical characterization of a class of numerical functions, the
functions “computed’ by these Turing machines. These functions will
be called computable functions, and it will be proposed to identify the
intuitive concept of effectively calculable function with the new precise
concept of computable function. Discussion of whether this identifi-
cation is too narrow (i.e., omits functions that should be considered
effectively calculable) or too wide (i.e., includes functions that should
not be considered effectively calculable), or perhaps both, had best await
the detailed definition.

It is important that, in the following, the reader carefully distinguish
between formal definitions and more or less vague explanations intended
to appeal to intuition, and, particularly, that he satisfy himself that only
formal definitions are employed in actual proofs.

Whereas physical computing machines are handicapped by having only
a finite region available for storing input data and the various inter-
mediate expressions formed in the course of a computation (e.g., the
partial products in a multiplication), we shall imagine a computing
machine that prints symbols on a linear tape, assumed to be infinite in
both directions, ruled into a two-way infinite sequence of boxes (cf.

1 This excludes from our consideration both analogue computers and computers
that contain “random” elements.

2 After A. M. Turing. Cf. Turing [1].

3
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Fig. 1). We assume that the machine is capable of only a finite number
of distinct internal states or configurations and that its next immediate
operation at a given moment is determined by its internal configuration
at that moment, taken in conjunction with the (finite) expression that
then appears on the tape. If the machine is regarded as “sensitive” to
only one of the squares on the tape at a time (the square “scanned” by
the machine), then its future behavior must be determined by its internal
configuration taken in conjunction with the symbol that appears on the
scanned square. For, although a physical computing machine will con-
sist of parts such as gears or vacuum tubes (so that, at any point in its
operation, the internal configuration of such a machine is the actual
arrangement of these parts), in effect the only function of the internal

FiG. 1

configuration is to specify the next act of the computer, given knowledge
of the symbol that appears on the scanned square. We shall assume that
this next act must be one of the types that we now indicate. It can be
a complete halt of operations; or it can be either a specified change in the
symbol that appears on the scanned square or a change of the scanned
square itself to the square one to the left or one to the right, followed by
a specified change of internal configuration. Thus we may regard an
internal configuration to be determined mathematically by a set of rules
that specify, for each symbol the machine is capable of printing, what
the next act of the machine (in the sense of the previous sentence) will
be, given that the symbol in question is the one that appears on the
scanned square.

For the purpose of symbolic representation of these concepts, we intro-
duce the following notational conventions.

The symbols ¢1, g2, g3, g4, . . . will be regarded as denoting internal
configurations; the symbols So, Sy, Sz, . . . will be regarded as symbols
which various machines may be capable of printing; the symbols R and L
will represent a move of one square to the right and one square to the left,
respectively.

The above material is to be considered a preliminary explanation
intended to help make the following more formal material readily
comprehensible.
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DerFiNiTION 1.1. An expression is a finite sequence (possibly empty)
of symbols chosen from the list: q1, g2, g3, . . . ;80, 81,82, . . . ; R, L.

DeriniTiON 1.2. A quadruple ¢s an expression having one of the follow-
ing forms:

(1) ¢ S; Sk qu.
@) ¢S R q.
@) @S L q.
4) @S g

A Turing machine will be defined so as to consist entirely of quadruples.
A quadruple of the form 1, 2, or 3 above specifies the next act of a Turing
machine when in internal configuration ¢; and scanning a square on which
appears the symbol S;. Thus, quadruple 1 indicates that the next act is
to replace S; by S; on the scanned square and to enter internal configu-
ration ¢;. Quadruple 2 indicates motion of one square to the right
followed by entry into internal configuration ¢ Quadruples of type 3
similarly indicate motion leftward. Quadruples of the form 4 will enter
our development only in Sec. 4 of this chapter, and discussion of their
role is therefore deferred until that point.

DeriniTioNn 1.3. A Turing machine 7s a finite (nonemply) set of
quadruples! that contains no two quadruples whose first two symbols are the
same.?

The q.’s and S;’s that occur in the quadruples of a Turing machine are called
its internal configurations and its alphabet, respectively.

If none of the quadruples of @ Turing machine Z is of the type 4, Z is
called simple.

In Secs. 1 to 3, we are concerned entirely with simple Turing machines,
although our statements will hold for any Turing machines.

The symbols S, and S; will have a special role in our development.
S, will also be written B, and S; will be written 1. 8, will serve as a
blank; so replacing a symbol by S, will amount to erasing it.

In order to bring change into our, at present, static picture of the
Turing machine, we must indicate how to capture in a single expression
an entire present state of a Turing machine. Our intuitive description
indicates that such an expression should include:

(1) The expression on the tape.
(2) The internal configuration.
(83) The square scanned.

! Turing’s original development employed quintuples rather than quadruples. The
present formulation (including the use of a two-way infinite tape) follows Post [6].

% This last restriction is one of consistency. That is, it guarantees that no Turing
machine will ever be confronted with two different instructions at the same time.
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DeriniTiON 1.4. An instantaneous description ¢s an expression that
contains exactly one gi, neither B nor L, and ts such that q; is not the right-
most symbol.

If Z is a Turing machine and « is an instantaneous description, then we
say that « is an instantaneous description of Z if the g, that occurs in o is an
internal configuration of Z and if the S;'s that occur in « are part of the
alphabet of Z.

DEeFINITION 1.5. An expression that consists entirely of the letters S; is
called a tape expression.

In what follows, P and @ usually are tape expressions.

Now, we visualize each instantaneous description of a Turing machine
as determining at most one immediately subsequent instantaneous
description of this same Turing machine in a manner determined by an
appropriate quadruple of this Turing machine. Thus, the instantaneous
descriptions of a Turing machine may be regarded as an abstract substi-
tute for successive moments of time. This gives rise to the following
suggestive language:

DeriniTioN 1.6. Let Z be a Turing machine, and let o be an instan-
taneous description of Z, where q; is the internal configuration that occurs in
a and where S; is the symbol immediately to the right of q;. Then we call g,
the internal configuration of Z at «, and we call S; the symbol scanned by Z
at . The tape expression obtained on removing q; from o s called the
expression on the tape of Z at o.

At this point, we must remove a basic inconsistency between our
rigorous definitions and our intuitive picture. We have visualized our
machine as possessing an infinite tape; yet, formally, the expression on
the tape of a Turing machine at an instantaneous description « is always
finite, and we have required that there always be a symbol scanned at
any instantaneous description. This difficulty is removed by means of
the special symbol S, or B. We change our intuitive picture to that of
a machine with a tape that is always finite but that can be extended.
The machine is to have the property that, whenever it is about to rush off
an end of the tape, a new square, on which appears a B, is “spliced’’ onto
that end of the tape.

We now indicate the precise manner in which an instantaneous descrip-
tion of a Turing machine is replaced by a succeeding instantaneous
description.

DeriNiTioN 1.7. Let Z be a Turing machine, and let o, 8 be instan~
taneous descriptions. Then we write a — 8 (Z), or (when no ambiguity
can result) simply o — B, to mean that one' of the following alternatives
holds:

1 By the definition of Turing machine, at most one of the alternatives can hold.
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(1) There exist expressions P and Q (possibly empty) such that

o ts PQiSjQ,
B is PqiSiQ,
where
Z contains q; S; Sk qu.

(2) There exist expressions P and Q (possibly empty) such that

a1s PqiSjSkQ,
B is PS;qiS:Q,
where
Z contains ¢;: S; R qu.

(8) There exists an expression P (possibly empty) such that

a1s PqiSj,
6 18 PSjQzSo,
where
Z contains ¢;: S; R q..

(4) There exist expressions P and Q (possibly emply) such that

o118 PSkq;SjQ,
6 ] quSijQi
where
Z contains q; S; L qu.

(5) There exists an expresston Q (possitbly empty) such that

a ts ¢:S;Q,
B 15 @1SeS;Q,
where
Z contarns q; S; L qu.

The following theorems are immediate consequences of this definition.

Tueorem 1.1. Ifa— B8 (Z)and a— v (Z), then B = ~.

TueoreMm 1.2. Ifa— B8 (Z),and Z C Z',} then a — B (Z').

DeriniTION 1.8. An instantaneous description a s called terminall
with respect to Z if for no 8 do we have o — 8 (Z).

DeriniTioN 1.9. By a computation of a Turing machine Z is meant a
finite sequence oy, as, . . ., ap of instantaneous descriptions such that
a;— aipr (Z) for 1 £¢ < p and such that «, is terminal with respect to
Z. In such a case, we write o, = Resz (1) and we call a, the resultant of
ay with respect to Z.

t For the meaning of the symbol “ ("’ of set inclusion, see the Introduction,

Sec. 3.2.
1 Thus, the machine interprets the absence of an instruction as a “stop’” order.
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Ordinarily, the internal configuration at «; will be taken as gi.
By way of illustrating some of these concepts, let Z consist of the
following quadruples:

q1 So R q1

g1 S: B q1

q1 Ss R q1

g1 S5 S5 q2

g2 Ss L g3

qs So Ss ¢s

qs S2 Ss g3

92 S3 S5 ¢a.

Z has the internal configurations qi, qs, g3 and the alphabet Sy, Sz, S, Ss.
The following are computations of this Z:

(1) Szstossss - stOQ1ssss
- stoSstSa
- 325085Q285
— 8580¢385S5;

hence, Resz (S:q1808:8;3) = S 280q386Ss.

@) q1S3 — 2S5
- q:sSoSs
- Qassss;

hence, Resz (q18;) = ¢35585. Thus the “effect of Z”’ is to hunt for the
symbol §;, looking first in the square initially scanned (i.e., scanned at
a;) and then moving steadily to the right. If an S; is located, it is
replaced by S;, and another Sy is then placed in the square immediately
to the left.

Now, what if @: is so chosen that there is no occurrence of S; to the
right of ¢:? Then the computation will go on “forever,” or, more accu-
rately, there will be no computation beginning with «; in the sense of
Definition 1.9. Thus, if a1 = 8:¢18:5:S,, then we may write

SzstoSssz g S2SOQIS5S2

- SZSOSSQIS2

— 828085824150
— 8280552509180

3

so one never arrives at a terminal instantaneous description. Hence,
ReSz (SzQpSoSsSz) iS undeﬁned.

2. Computable Functions and Partially Computable Functions. In the
previous section we introduced Turing machines and showed how they
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could be used to perform symbolic computations. In order to have
Turing machines perform numerical computations, it is necessary that
we introduce a suitable symbolic representation for numbers. The
simplest way of doing this, and the best for our purposes, is to choose
one symbol as basic—we choose S;—and to symbolize 2 number by an
expression consisting entirely of occurrences of this symbol (recall that
we have agreed to write 1 for S;). If n is a positive integer, we write
S for the expression S;8; - - - S; that consists of n occurrences of S;.
———

n

For completeness, we take S to be the null expression. Then, we may
write

DeriniTiON 2.1, With each number n we associale the lape expression
7 where 1 = 171,

Thus 3 = 1111 and, in general, # = 11 - - - 1,

s ra

DeriniTiON 2.2. With each k-tuple (ny, na, . . . , ni) of integers we

associate the tape expression (ny, s, . . . , ng), where

(n1, ng, . . . , M) = nBn.B - - - Bmn.

Thus, (2, 3, 0) = 111B1111BI.

This notation is convenient in connection with initial data or inputs.
For outputs, we use

DeriNiTiON 2.3.  Let M be any expression. Then (M) is the number of
occurrences of 1 in M.

Thus, (11BS.gs) = 2;{(g:¢25s) = 0. Note that (m — 1) = m and that
(PQ) = (P) + (Q)-

DerintTiON 2.4. Let Z be a Turing machine. Then, for each n, we
associate with Z an n-ary function!

Yz (21, 22y . . ., Tn)
as follows.
For each n-tuple (my, ma, . . . , my), we set ay = q1(My, M3, . . . , My)
and we distinguish between two cases:
(1) There exists a computation of Z, a1, . . . , ap. In this case we set
\I/z(">(m1, Mo, « o ., m,.) = (a,,) = (ReSz (a1)>.
(2) There exists mo computation i, . . . , a, [that 18, Resz (ay) s

undefined]. In this case we leave
\I’z(”)(ml, me, . .., m”)
undefined. We write Vz(z) for ¥zV(x).

! For a discussion of ‘“‘n-ary,” “total functions,” ete., cf. Introduction, Sec. 3.3.



10 THE GENERAL THEORY OF COMPUTABLIITY [CraP. 1

DerFINiTION 2.5. An n-ary function f(x:, . . . , x.) ts partially com-
putable if there exists a Turing machine Z such that

f(xly ... yxn> = \I/Z(n)(xl, . e ,xn).

In this case we say that Z computes f. If, in addition, f(z1, . . . , Za) i5 @
total function, then it is called computable.

It is the concept of computable function that we propose to identify
with the intuitive concept of effectively calculable function. A partially
computable function may be thought of as one for which we possess an
algorithm which enables us to compute its value for elements of its
domain, but which will have us computing forever in attempting to
obtain a functional value for an element not in its domain, without ever
assuring us that no value is forthcoming. In other words, when an
answer is forthcoming, the algorithm provides it; when no answer is
forthcoming, the algorithm has one spend an infinite amount of time in
a vain search for an answer. We shall now comment briefly on the
adequacy of our identification of effective calculability with computability
in the sense of Definition 2.5. The situation is quite analogous to that
met whenever one attempts to replace a vague concept, having a powerful
intuitive appeal, with an exact mathematical substitute. (An obvious
example is the area under a curve.) In such a case, it is, of course,
pointless to demand a mathematical proof of the equivalence of the two
concepts; the very vagueness of the intuitive concept precludes this.
However, it is possible to present arguments, having strong intuitive
appeal, which tend to make this identification extremely reasonable. We
shall outline several arguments of this sort.

Historically, proposals were made by a number of different persons
at about the same time (1936), mostly independently of one another, to
identify the concept of effectively calculable function with various pre-
cise concepts. In this connection we may mention Church’s notion of
M-definability,! the Herbrand-Godel-Kleene notion of general recursive-
ness,® Turing’s notion of computability? (defined in a manner differing
somewhat from that of the present work), Post’s notion of 1-definability,*
and Post’s notion of binormality.® These notions, which (except for the
third and fourth) were quite different in formulation, have all been proved
equivalent® in the sense that the classes of functions obtained are the

t Cf. Chureh [1, 3].

2 Defined in Goédel [2]. The proposal to identify with effective caleulability first
appeared in Church [1]. Cf. also Kleene [1, 4, 6].

3 Cf. Turing [1].

4 Cf. Post [1].

5 Cf. Post {2, 3]; Rosenbloom [1].

6 The equivalence of A\-definability with general recursiveness is proved in Kleene
[2]. The equivalence of A-definability with Turing’s notion of computability is



SErc. 2] COMPUTABLE FUNCTIONS 11

same in each case. Now, the fact that these different concepts have
turned out to be equivalent tends to make the identification of them
with effective calculability the more reasonable.

Next, we may note that every computable function must surely be
regarded as effectively calculable. For let f(m) (for simplicity, we con-
sider a singulary function) be computable, and let Z be a Turing machine
which computes f(m). Then, if we are given a number m,, we may begin
with the instantaneous description ay = ¢imo = qi11 - + - 1 and suc-

S
mo-+1

cessively obtain instantaneous descriptions as, a3 . .., ap Wwhere
a1— az— az— '+ + — a, and where «, is terminal. Since f(m) is
computable, such a terminal «, must be obtainable in a finite number of
steps. But then f(mo) = {(a,), and {a,) is simply the number of 1’s in «a,.
That this procedure would ordinarily be regarded as ‘““effective’ is clear
when one realizes that to decide, for a given instantaneous description
a of Z, whether or not there exists an instantaneous description 8 such
that « — 8 (Z), and, if the answer is affirmative, to determine which
B satisfies this condition, it suffices to write « in the form Pg¢.8;Q and to
locate that quadruple of Z, if one exists, that begins ¢; S;.

This indicates, at any rate, that our definition is not too “wide.”
Is it, perhaps, too “narrow”? An answer as satisfying as the one given
for the previous question is, presumably, not to be expected. For how
can we ever exclude the possibility of our being presented, some day
(perhaps by some extraterrestrial visitors), with a (perhaps extremely
complex) device or “oracle’” that “computes” a noncomputable func-
tion? However, there are fairly convincing reasons for believing that
this will never happen. It is possible to show directly, for various
possible theoretical computing devices which seem to possess greater
power than Turing machines, that any functions computed by them are,
in fact, computable. Thus, we might consider machines which could
move any number of squares to the right or left, or which operate on a
two-, three-, or one-hundred-dimensional tape, or which are capable of
inserting squares into their own tape. Now, it is not very difficult to
show that any computation that could be carried out by such a machine
can also be performed by a Turing machine. This will be more readily

proved in Turing [2]. It follows at once, from the results of our Chap. 4 and the main
result of Kleene [1], that our present notion of computability is equivalent to general
recursiveness. Equivalence proofs for Post’s notion of 1-definability and binormality
do not appear in the published literature. 1-definability is quite similar, conceptu-
ally, to computability, and an equivalence proof is quite easy. A direct proof of the
equivalence of binormality with general recursiveness is given in the author’s disserta-
tion (Davis [1]). This equivalence is, in fact, an immediate consequence of the results
of our present Chap. 6.
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apparent in the light of the results of Chap. 4, at which point we shall
resume this discussion.

3. Some Examples. In this section we shall consider several com-
putable and partially computable functions. These examples are intro-
duced at this point primarily for their illustrative value. However, the
fact that the functions chosen are computable will be employed later.

ExampLE 3.1. AbpprtioN. Let f(z, y) = 2z + y. We shall construct
a Turing machine Z which computes f(z, y), that is, such that

Yz P(z,y) =z + y.
We take Z to consist! of the quadruples

qllBQ1
@1 BRg,
q21RQ2
q: B R g
Q31BQ3.

Let a1 = qi(mi, ms) = gim;Bm,. Then

ay = ¢111™Bl1m
— q1B1™Bl11ms
- qulm‘Bllm2
...

— Blmg,Bl11™

— Bl"”BQ311m’

— B1™Bq;B1™,

which is terminal. Thus,

Yz (my, my) = (Resz (a;))
= (B1™Bg;B1m)
= m; + Mma.

ExamrLe 3.2. THE Successor Function. Let S(z) =z + 1. We
shall show that S(x) is computable.

In fact, let Z be any Turing machine with respect to which g7 is
terminal for all m. Thus, Z may consist of the single quadruple ¢; B B ¢;.
Then

Yz(m) = {g1m) = m + 1.

ExampLE 3.3. SusTrRACTION. Let f(z, ¥) = z — y. This function

is defined only for z =z y. We shall show that f(z, y) is a partially com-

1 The purpose of Z is simply that of erasing two 1’s. (Recall that for “input’ the
number n is represented by a sequence of 1’s of length n + 1, whereas for “output”
it is represented by a tape expression containing exactly n 1's.)
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putable function; that is, we shall construct a Turing machine Z such that
¥z P(z,y) =z — y.

Z will operate by successively canceling 1’s from both ends of the tape
expression 1™+1B17*! until one of the two groups of 1’s is exhausted.
As might be expected, this Turing machine is considerably more compli-
cated than those we have considered so far. To aid the reader, various
of the quadruples (or groupings of quadruples) which make up Z will be
followed by brief comments suggesting their function. Such comments
(e.g., the first sentence of this paragraph) unavoidably tend to become
animistic in nature. Of course, such remarks are not part of our formal
development, and they may be ignored by the reader who is so minded.!
We take Z to consist of the following quadruples:

@11 Bq (erase 1 on the left)

[“43 BR qe

q:1 R q, (locate the separating B)

q2 B R qs

1 Rygs (locate the right-hand end)

qs B L g4

g1 1 B (erase 1 on the right)

gs B L gs

gs 1 L gs (if m2 has been exhausted, stop; otherwise continue)

gs 1 L g (locate the separating B)
gs BL ¢«

g1 1 L gs (if m1 has been exhausted, go to ¢1; otherwise continue)
g7 B R g

gs 1 L g¢s (locate the left-hand end, and return to qi)
s BRq

ge B R ¢ {compute in an infinite cycle)
ds 1L qdo.

To show formally that ¥z (m;, ms) = m; — m,, we proceed as follows.

1 Other readers may well prefer to read only the informal remarks. Cf. the third
paragraph of the Introduction, Sec. 2.
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Let a; = qi(my, ms) = qumiBm,. TFirst, suppose that m, = m,, and let
k= my — Mo, Then

ay = g 1mt1Bmt1

= q;11m:1¥B1m]

— q1B1m:1*B1™:1

= Bqs1m:1*B1m™1
~> Blm™1kq,B1ma]
— B1™:1%Bg;1™1
— B1m™1%B1m:1¢;B
— B1m™1¥Blmq,1 B
—> B1™1%B1™q,BB
~ B1™1*Bq¢1™BB
- Blm1*qsB1™BB
— ¢qsB1™1*B1™BB
— Bq;1™1*B1™BB = «,.

Now, except for initial and final B’s, «, is like «; with a pair of Us
canceled. The process is now repeated. Eventually,

oy -
— o
.
— Bmq,11¥B]1 Bmt1
— Bmitilkg, Bl Bmtl
— Bmrt11kBg 1 Brott
— Bmt11kBqBBmt!
— Bmtilkg,BBBmt! = q,

which is terminal. But {(a,) = k = m; — mo. Hence, if m1 = mq,
;P (my, ma) = my — Mma.
Next, suppose that m; < m., and let & = m; — my. Then

ay = q11m1+131m2+1
= ¢11™B1*1m1

— Bq,1™B1¥1m BB
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— B™q;1B1¥1 Bm+1
— Bm™q;BB1*] Bt}
— B™Bq,B1*¥1 Bm™+1
— BmBBgsl*1Bm+t
— BmBBl*qs Bmtl
— B™BBl*q,BB™+!
— B™Bq¢Bl1*BBm:*1
— B™g¢;BB1*BB™+!
— B™BqB1¥*BB™*1 = q,
— B™BBg,1*BB™+!
— B™Bg,B1*BB™*!

—

Here, the last two instantaneous descriptions listed are transformed back

and forth into each other; so no terminal instantaneous description is

ever reached (that is, the Turing machine “moves” back and forth

between two adjacent squares). So, if my < mq, ¥z2 (M1, m,) is undefined.
Hence,

Y2, y) =z — y.

ExampLE 3.4. PropPER SuBTrRACTION. Consider the function z = y,
defined by
z-y=zx—yifz =y,
z~y=0ifz<y.

Thus, z = yisdefined forall z, y. We shall show that it is computable.
Let Z’ be obtained from the Z of Example 3.3 by deleting the quad-
ruples go B R ¢q¢ and ¢o 1 L go and then adding the quadruples:

gs B R g0 (erase all 1’s)
G110 1B qs.

Then it is clear that, if m; = m., the analysis given for the Z of Example

3.3 holds just as well here, and that we have
‘I’z'(2)(m1, ’l'nz) = ‘I’z(m('ﬂ’h, m2) = M1 — My = My = Ma.

Furthermore, if m; < me, then the analysis that led to the instan-
taneous description «, = B™Bq,B1*BB™*! holds with respect to Z’.
However, with respect to Z’, o, leads to a terminal instantaneous descrip-
tion as follows:
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a, = B™BqeB1*BBm+
—> BmBBq1ol*BBm+1
—> BmBBgoB1*-1BBm+
— BmBBBg;l*1BBm+
- ...
—> Bmtit2g BBt = q,

which is terminal. Since {a;) = 0,

‘I’z’(z)(ml, mz) = 0
if m1 < ma.
Thus,
VzP(z,y) =z = y.

Hence z = y is a computable function.

Now, just as we have “completed’ subtraction to obtain proper sub-
traction, we can complete any partially computable function f(m) by
setting

g(m) = f(m), where f(m) is defined,
g(m) = 0, elsewhere.

However, it is possible to show (cf. Theorem 5-1.8) that there exists
a partially computable function f(m) whose completion g(m) is not
computable.

ExampiLE 3.5. THE InpenTiTY FUunctioNn., Let I{(z) = z. We show
that I(z) is computable.

Let Z consist of the single quadruple

q:11 B q1.
Then
@1 = 111" — ¢:B1*,
which is terminal.
Hence,
¥z(n) = {:B1*) = n.

Exampie 3.6. OteER IDENTITY FUuNcTIONS. We consider the n-ary
functions U (x1, 22, . . . , Za), 1 £ ¢ £ n, such that

Uy, s, . . < , Ta) = i

Thus, U:'(z) = I(z). We proceed to show that these functions are all
computable. That is, for each n and for each 7, 1 < ¢ < n, there is a
Turing machine Z such that

\I/z(")(xl, T2y o o oy xn) = Z;.

We let Z consist of the following quadruples, where j runs over all inte-
gers #= ¢ such that 1 < j £ n.
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gi 1 B qanyy

g¢; B R ¢j1 (erase a block of 1’s)
Qenti B R g;

¢: 1 B q (erase the initial 1, only)

¢: B R qonys

Q2nts 1 R @anys
Gonti BR git1.

Then

qllm,+lBlm2+lB «+« « BlmA1B - . . Blma.ti
— BmHBgyl™+iB « . - BImHB . . . Blmatl
— BmHBBm™*IB - - - Bgdm+lB - - « Blmtl
— Bm,—*—lBBmz-{-lB e e . quBlm,B IO Blm,;i-l
— BmH+1BBmt1B - - - BBganyl™B -+ - Blmatl
— Bm+1BB™t1B « - - BBIm Bgiyy + - - Blmat!
— B#1™Biq,1m-t1 (for s, t suitably chosen)

— B*1™B!B™+1Bq,.,B,

which is terminal (note that, if we had used g.;; rather than gs..;, this
would not be terminal). Hence,

Y™ (my, . . ., M) = M.

ExampLE 3.7. MULTIPLICATION. As our final example we choose the
function (z + 1)(y + 1). Because of our notational convention, and
also because 0 -z = 0, it is easier to show directly that (x + 1)(y + 1)
is computable than that zy is. However, the fact that zy is computable
will appear as an immediate corollary of the fact that (z + 1)(y + 1) is,
in the light of the results of Chap. 2.

We shall construet a Turing machine Z such that

Y P(z,y) = (x + Dy + 1).
Our construction is based on the fact that

E+Dy+H=@w+L++H+ - +@+ D

z + 1 times
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That is, we shall let the block of 1’s of length y + 1, which originally
appears on the tape, be duplicated z times. The alphabet of Z will con-
tain two symbols other than 1, B. They may be, say, S; and S;. We
write them e and 7, respectively. They play the role of counters. That
is, they “mind the place’ of the machine while it is off on an auxiliary
mission.

We take Z to consist of the following quadruples:

@1 1 Bq (erase a single 1, leaving m; 1’s to be counted)
q1 B R qe
g2 1 € g3 (if the my 1’s have all been counted, stop; otherwise count

another one of them)

gs € B qs

qs 1 R qs

¢s B R qa (go right until a double blank is reached)

qs 1R qs

qs B L qds

g 1L gs

gs B L gs

gs 1 9 qe (count another 1 from a group of m, + 1 1’s)

g6 v Rqq .

gs B B g0 (m2 + 1 U’s have been counted; prepare to (duplicate
repeat the whole process) one

group

gr 1 Rq; of

g7 BRgs I’s

9 1 Rgs 1er(1)fth

gs B1 g (write another 1 to correspond to the 1 that _% 1)
has just been counted) me

9o 1 L go

gs BL g (go left until » has been reached; prepare to

g 7 1 gs count again)

q1o 1L 10
gio B L g1 (go left until e is reached).
qio € B d1

The operation of this Turing machine is more complex than that of
any considered hitherto. This is because there are two distinct proc-
esses involved—that of duplication and that of counting and regulating
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the total number of duplications—each of which is iterative in character.
The situation is completely analogous to what digital-computer pro-
grammers call a “double inductive loop.” This is in contradistinction
to our ‘“subtracter” (Example 3.3) which employs a “single inductive
loop.” (The term “inductive loop”’ refers to successive repetitions of a
certain act until some counting operation signals a halt.)

It is convenient to begin our proof that

Yz P (my, me) = (m1 + 1)(me + 1)

in the middle (that is, at the inner inductive loop), rather than at the
beginning. Thus, we let

a = PBl»+1gBB,
where P is an arbitrary tape expression, and we note that

a— PBl1™q;1BB
— PBl1™qmBB
— PBl™+%q;BB
— PB1™4BqB
—_ PBlm""r}BQQl
— PBl™nq,B1
— PBl™qemB1
— PBl1™qs1B1
— PB1m1¢s11B1
— PBl1m~1gs1 Bl
— e
— PB1™~41Bl¢sB
— PB1™ 151 Blg,l
— e
—_ e .
— PByl™Blmg,l
— PBggnlm:B1mt1
— PBglm+t1B1mt1
— PgeBl1m+1B1mst!
— PqoB1m+1B1mH1,
To recapitulate,

PBlm2+IQ5BB_) e e — Pq10B1m2+1B1mz+1; (1)

so the effect has been to duplicate on the tape the expression 174+,
Now, let

oy = qlllm‘Blm'+1.
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Then,
ay — qlBl‘"‘xBlmz'H

— Bg,1™ Blmstt

— Bgzel™—1B1metl

— Bel™—1gsBlm:t1

— Bel™1Bglmet!
— Bel™1B1m+1g;B
— Bel™—1B1m*+1Bq,B
— Bel™1B1m*1q,BB

.
—> Bel™—ig;B1m+iBlmtl  [by (1)]
.

—> Bqioelm—1Blmet1B]mrtl
—> BqBlm—1B1mrt1 Bl mett
— BBqyl™m—1B1mHiBlmet! = o

Thus, the effect of our procedure is to delete a 1 from the expression
1™ and to duplicate 1™*1 This process occurs again and again, until

o= v
— BmlqmeBlm2+1B1mz+lB P Blmz-H
my1 + 1 times
_) . . 0
— Bmitlg,Blm+iBlmHIB -« - Blmtl = g,

m1 + 1 times

But «, is terminal, and

(ap) = (m1 + 1)(m2 + 1).

Hence,
VP, y) = (¢ + D + .

4. Relatively Computable Functions. Thus far, we have dealt only
with closed computations. However, it is easy to imagine a machine
that halts a computation at various times and requests additional infor-
mation. We shall show how our formalism can be adapted to include
such computations. We do this, not only because the extended concept
possesses a certain interest in itself, but also because of the insight it will
eventually afford into the relationships between computable and non-
computable functions. Our treatment of computable functions is inter-
rupted at this point to allow for this extended kind of computability
(which we shall call relative computability) because in developing the
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theory of relative computability we are enabled to obtain the theory of
computability as a special case. Moreover, the complexity is increased
but little thereby.

What sort of information can a Turing machine be expected to request?
We shall restrict the interrogations permitted the machine to those of
the form

Isn & A7

where n is an integer and where A is a set of integers, fixed for a given
context. Actually, as we shall see later, this limitation is not nearly so
restrictive as might be supposed.

It is at this point that we make use of quadruples of type 4, that is,
those of the form

4 Si @& Q.

Let A be a set of integers, to be thought of as remaining fixed in
what follows.

DeriNtTiON 4.1. Let o, B be instantaneous descriptions. Then we
write a:) B (Z) if there exist expressions P and Q (possibly empty)

such that

ais P qiSjQ,

Z contains ¢; S; qx qu,
and etther

(1) (@) € A and B is Pqi8;Q, or
2) (@) & A and B is Pg:S;Q.

(When no ambiguity can result, we shall sometimes omit explicit refer-
ence to the set 4 or to the Turing machine Z.)

This provides a Turing machine with a means of communication with
“the external world.” When a machine is at an instantaneous descrip-
tion Pg¢.S;Q, where ¢: S; ¢: ¢:is a quadruple of the machine, the machine
may be interpreted as inquiring:

If n is the number of occurrences of 1 on my tape at the present
moment, isn € A?

If the answer is yes, this is indicated by changing the machine’s
internal configuration to ¢; if the answer is no, by changing it to ¢..

DeriniTiON 4.2. Let o be an instantaneous description of the form
PgS;Q. Then, a is final with respect to Z if Z contains no quadruple
whose wnitial pair of symbols is q; S;.

We have the following immediate corollaries:

THEOREM 4.1. If Z is simple, then a is terminal with respect to Z if
and only if it 1s final with respect to Z.
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THEOREM 4.2. o« 1s final with respect to Z if and only if

(1) « is terminal with respect to Z, and
(2) No matter what set A is chosen, there is no 8 such that « -2 8 (2).

DEeriNiTION 4.3. By an A-computation of a Turing machine Z is
meant a finite sequence ai, az, . . . , ap of instantaneous descriptions such
that, for each i, 1 < 1 < p, etther

a; — Qg1 (Z) or (244 7 Aig1 (Z))

and such that a, is final. In this case, we write o, = Resz? (1), and we
call a, the A-resultant of o, with respect to Z.

Note that, if Z is a simple Turing machine, then the requirement of
Definition 4.3 is quite independent of A and that an A-computation in
the sense of this definition is simply a computation in the sense of Defi-
nition 1.9. [This is true because a:) B8 (Z) can never hold if Z is a

simple Turing machine.]
DeriNiTioN 4.4. Let Z be a Turing machine. Then, for each n, we
assoctate with Z an n-ary function (which, in general, depends on the set A)

\I’(Zrtk(xly Ty « -y xn)
as follows:
For each (my, ma, . . . , Mn), we set ay = qi{my, Ma, . . . , M,), and we
distinguish between two cases:
(1) There exists an A-compulation of Z, a1, @3, . . . ,ap Inthis case,
we set

Y(my, o .., ma) = (&) = (Resz? (o).

(2) There exists no A-computation, ai, az, . . . , ap; that 1s, Resz? (ay)
is undefined. In this case, we leave

\P%’th(ml’ L mﬂ)
undefined.
We write ¥z4(z) for ¥, ().
By the remark immediately following Definition 4.3, it is clear that,
if Z is simple, then
‘I,(Zﬁl(xly s ey x")

is independent of A and that, in fact,
V@, o . .y Za) = Pz (zy, . .., ).

DeriNiTION 4.5. An n-ary function f(xi, zs,. . ., z.) ¢s partially
A-computable if there exists a Turing machine Z such that

@y, ooy za) = V(2 - L, )

In this case, we say that Z A-computes f.
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If, in addition, f(xi,. . . , x.) is a total function, then it is called A-
computable.?
CoROLLARY 4.3. If f(z1,. . . , za) ts (partially) computabdle, then it is

(partially) A-computable for any set A.?
PROOF. Immediate from the remark following Definition 4.4.
TureoreM 4.4. To every Turing machine Z, there corresponds a simple
Turing machine Z' such that

V™ (zy, . .. &) = TPy, . . ., 2a).3

PROOF. Let Z’ be obtained from Z by replacing each quadruple of Z
having the form ¢: S; ¢x ¢: by ¢: S; S; ¢.. The result follows at once.

CoROLLARY 4.5. If g(x, . . . , z.) 48 (partially) g-computable, then
g(zy, . . ., za) 18 (partially) computable.

THEOREM 4.6. ¢(x1,. . . , Ta) s (partially) computable if and only if it
is (partially) g-computable.

proo¥. This is an immediate consequence of Corollaries 4.3 and 4.5.

Thus, from each theorem we prove concerning A-computability, we
can infer a comparable theorem concerning computability simply by
taking A = g4. That is, the theory of computability is a special case of
the theory of relative computability,

DEeriniTiON 4.6. We say that the set S is computable (A-computable)
if the characteristic function® of S, Cs(z), 18 computable (A-computable).

TrEOREM 4.7. A is A-computable.

PROOF. Let Z consist of the quadruples

@lBag
Q1BQ2Q3
g: B R qs
Q4lBQ2
qs B R ¢s
qsqu;;
Q5Bl qs.

1 The basic idea of this definition goes back to Turing [3]. The theory of relative
computability has been studied in Kleene [4, 6], Post [7], Kleene and Post [1], and
Davis [1]. The first complete formulation of a definition equivalent to our 4.5 appears
in Kleene [4].

2 An assertion, such as this corollary, containing a word in parentheses, is intended
to abbreviate two assertions, one containing the parenthetical word and one omitting
it. Thus, the present corollary abbreviates the following pair of assertions:

If fxy, . . . 5 Za) is compulable, then il is A-computable for any set A.

If f(zy, . . ., Ta) is partially computable, then it is partially A-compulable for any
set A.

3 ¢ is the empty set. Cf. Introduction, Sec. 3.2.

4 The characteristic function of a set is 0 on the set, 1 elsewhere, Cf. Introduction,
Sec. 3.3.
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Then, we assert that
VzA(m) = Cyu(m).

Let a; = q1 = @11™*. Then a; = ¢:11" — ¢:B1™. Now,
{q:1B1™) = m.
First, suppose that m € A. Then
¢:.B1™ 2 q.B1™

—_ v v .

— B™*1¢,B,
which is final. Also, (B™+1¢,B) = 0. Thus, if m € 4,
Vz4(m) = 0 = Ca(m).
Next, suppose that m & A. Then
q:B1™ e qs;B1™

— BmHg,B
— B™+2q:B
— Bmggl,

which is final. Also, (B™*%q;1) = 1. Thus, if m & 4,
Yz4(m) =1 = Cya(m).

This proves the theorem.

[CHAP. ]



CHAPTER 2

OPERATIONS ON COMPUTABLE FUNCTIONS

1. Preliminary Lemmas. As we have seen, a T'uring machine that will
compute so simple a function as (x + 1)(y + 1) is rather complex. In
what follows, we shall often wish to establish that some quite compli-
cated functions are computable. This and the following chapter are
devoted to the development of techniques which will make it possible
to do this efficiently. In the present chapter, we introduce two oper-
ations by means of which new computable functions are obtained from
given computable functions. These operations can then be repeatedly
performed on the functions proved computable in Chap. 1, Sec. 3, and
on the new functions thus obtained, to yield a huge class of computable
functions. In Chap. 3, we shall study this class in detail, and in Chap. 4,
we shall see that it actually includes all computable functions.

The procedures developed in the present chapter are analogous to sub-
routines for use with electronic digital computers.

We shall adopt the convention of systematically omitting final occurrences
of a blank, B, in an instantaneous description. Thus, if Z contains the
quadruple g3 B L g3, we shall write

1183821Q3B—) 118382(131 (Z)

On the other hand, we shall not omit indtial occurrences of B.  For example,
if Z were to contain the quadruple ¢g: B R g., then we should write

q:B11 — Bg.11 (Z).

The following definitions will prove convenient in our work with
Turing machines (except for a brief occurrence in Chap. 9, their use is
confined entirely to the present chapter).

DeriniTioN 1.1. If Z is a Turing machine we let 6(Z) be the largest
number © such that q; 1s an internal configuration of Z.

DeriNiTiON 1.2. A Turing machine Z is called n-regular (n > 0) if

(1) There is an s > 0 such that, whenever Resz4 [qi(my, . . . , ma)] s
defined, it has the form qoz(ry, . . . , 7s) for suitable ry, . . . , 75, and

(2) No quadruple of Z begins with qgz).

n-regular Turing machines are useful because they present the results

25
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of a computation (“outputs’) in a form suitable for use (as “inputs’)
at the beginning of a new computation by another Turing machine.

[Note that, by our convention permitting omission of B, the expression
goczy(ry, . . . , 7s) may include additional occurrences of B on the right.
However, ¢sz) must be the leftmost symbol.]

DerinNiTION 1.3. Let Z be a Turing machine. Then Z™ is the Turing
machine obtained from Z by replacing each internal configuration g¢;, at all
of its occurrences in quadruples of Z, by qni-

We begin with several lemmas. The first of these enables us to rewrite
the numerical result of a computation in such a form that it is available
for use as the beginning of a new computation.

LemMa 1. For every Turing machine Z, we can find a Turing machine
Z' such that, for each n, Z' is n-regular, and, in fact,

Resz4 [ql(m17 L )m")] = qg(z')\I/<Z”;>A(m1, L ,mn)-T

proOF. OQur first attempt at a proof might well be as follows. We let
Z' begin where Z haltg, and we have it count up the number of 1’s on its
tape, assembling them into a block and erasing everything else. The
difficulty with this plan is that we should not know how to tell Z’ when its
computation was at an end. No matter how long it had been searching
unsuccessfully for more 1’s, it could not be certain that it had located
all of them. To circumvent this difficulty, we rearrange Z’s computation
so that it is carried out entirely between two special markers. These
markers must be moved as more computing space is required. Then,
at the end, all of the 1’s on the tape will appear between the markers.
We now proceed formally. Let A, p be the first two symbols in the
list Sz, S3, Si, . . . that are not in the alphabet of Z. Let Z; consist
of the quadruples
q1 1L 73}
@iBXaq (print A on the left)
@1 ARy

g:1 Rq,

9: B R gs (move right until & double blank is reached)
gs 1 R g
g3 B L q4
9B p qs
gsp L g5
gds 1L s
gs B L ¢s (move left until A is reached)
qs A R qJs.

t Equality between partial functions is understood to imply equality of their
domains. Cf. Introduction, Sec. 3.3.

(print p on the right)
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It is easy to see that, with respect to Z;,

@lmy, ..., ma) > —‘)Xqﬁ(mli e e ey Ma)p, ey

which is final. Thus, the effect of Z; is to seal the initial instantaneous
description with the letters A, p.

Now, Z® (ef. Definition 1.3) will behave precisely like Z except that
it will begin in internal configuration g¢ instead of ¢: and the index of
all of its other internal configurations will be similarly advanced. Thus,
we set K = §(Z®), and we let Z, consist of all of the quadruples of
Z® and, in addition, the following quadruples, where ¢; may be any
internal configuration of Z®:

¢ N B qryi {erase the marker \)
[1): &% BL JoR+4i
Qex+i B N Qorys (print N one square to the left)
Qexvi M R g: (return to the main computation)

g p B qsxys (erase the marker p)
q3K+i BR G4K+i
gik+i B p Qurs (print p one square to the right)
Qikvi p L ¢ (return to the main computation).

These last quadruples serve to define the actions of Z, with respect to
the new symbols A, p. Now, either Resz4 [gi(my, . . . , m,)] is defined,
in which case we have, with respect to Z,,

Ags(my, . . ., Ma)p— * * * > Aap, @

which is final, where

(@) = (Resz* [qa(my, . . ., ma)]), 3)
or Resz4 [g:(ms, . . . , my)] is undefined, in which case
ReSZzA D‘QG(mla c e ey mn)p]

is likewise undefined.
Let L = 5K + 1, and let Z; consist of all quadruples of the form

¢ S; S; qu,

where ¢; is any internal configuration of Z,, where S; belongs to the
alphabet of Z., and where no quadruple beginning with q; S; belongs to Z.
Clearly, if APg¢:Qp is a final instantaneous description with respect to Z,
we have

APg:Qp — NPqiQp (Zs) 4)

which last is final.



28 THE GENERAL THEORY OF GOMPUTABILITY [CHap. 2

Next, let Z, consist of the following quadruples, where S may be any
symbol in the alphabet of Z other than 1 and B:

gr1Lgqg

g BL q1 (move leftward looking for \)
g S L g

gt N R qrq1

g1 8 B qr1

gr+1 B R qra {move rightward looking for a 1)

gry1 1 B qrye

gr+1 p B qrys (if p is reached without a 1, prepare to terminate)

gr+e B L qrye
Qe 1 R qrys (locate the block of 1's)

gr+2 A B qdr+3

qry3 B 1 qrys (add 1 to the block of 1’s)
gr+s 1 R qrpa

9r+4 B L qris
gr+e 1 L g1y (terminate)

gr+4 M 1 grys.

The effect of Z, is to consolidate all of the 1’s on the tape into a block,
to erase everything else, and finally to add an additional 1. Thus, with
respect to Z,

APqrQp— -+ - -

— qAPQp

— Ar+1PQp

e e
i )\BSQL_HlMp
— AB*qr2:BMp
— qri2AB* Mp
— Mgr3B ' Mp
— Al B*Mp
- )\1(1L+1B3Mp,

and the process is repeated. If there were originally p 1’s present on
the tape, we eventually have

e
— N?B'qr11p
— MrBig. 4B
e

= qr4al?

— qryslPL
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Finally, let 2’ = Z,\J Z, U Z3\J Z,. Then, combining (1) to (4)
and our present observation, we have

Resz4 [qi(my, . . . , ma)] = qrisl<Resz*lartmy,ma)l>+1

= Qo ¥ (my, Mo, . . ., Ma).

LeEMMA 2. For each n-regular Turing machine Z and each p > 0, there
s a (p + n)-regular Turing machine Z, such that, whenever

Resz4 [qa(m, . . ., ma)] = qazy(r1, . . ., 74),

it 18 also the case that

ReSZpA [Q1(k1, s ey km my, . . 9mﬂ)] = QG(Zp)(kli e v ey km Ty - .. ,7':))
whereas, whenever Resz4 [qi(my, . . . , m,)] is undefined, so 1s -
Resz,4 [qulky, . . ., kp, ma, . . ., ma)l.
In other words, Z, will act on m,, . . . , m, as Z would have, but will
leave ki, . . . , k, untouched.
Our proof will be motivated as follows. We will construct Z, in such
a manner that it will rewrite the arguments ky, ks, . . . , kp, replacing 1

by a special symbol ¢, except that the leftmost 1 will be replaced instead
by 8. In addition, one more ¢ will be placed to the right of these trans-
literated arguments. Then, matters will be so arranged that whenever
¢ is encountered in the course of a computation, the entire block of
arguments (now written in terms of ¢) is moved a single square to the left.
Finally, at the termination of the computation, the arguments will be
rewritten in their original form.

PROOF. Let 8, € be distinct symbols not in the alphabet of Z. Let U,
consist of the following quadruples:

qll 5q1
@18 Ry,
gilégf 1<i<p
€
: * replace 1 by e
B R g (rep y €

gp+1 1 € gpia
Gpr1 € B gpp1
@p+1 B € @pyo
do+2 € R gpyia
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With respect to U,,

ql(kl, ..

. ,kp,ml, PR

which is final.

)
— q1818B - - « Bl&HBImHB - - . Blmatl
— 8q;18B - -+ - Blk+BImHIB - . . Blmatl
— 8¢:B - - + Bebstlg, \BlmtiB - - . Blmt1
— 8¢mB - - + Bebstlg,pel™t1B - - - Blmatl
~ 3B - - - Beiag iy ),

Next, let N = §(Z@*9), and let U, consist of all of the quadruples of

Z»+tD gnd, in addition, the following quadruples, where ¢; may be any
internal configuration of Z®»+»;

g €1 qnys

gn+i 1 L ognys
gN4: € L gN+4i
gn+i B L gvis
gnyi 6 B qonys

Qovei B L qanys

Qsnys B 8 qavys
Qavys 8 B quvge

qianN4s € R gswys
qav+i B B gsnyi
G4N i 1B qi

gsN1i € L qenis
gsnyi B L qavys
gongi 1 L qenys

QoN+i € € (N4
genis B € qanss

ginyi € B gsnye
qin+i B B gsnt

gaNti € R G4N4¢

qsv+i B B qanis-

(interrupt computation)

(search for 8)

(copy @)

(resume main computation)

(observing ¢, prepare to copy e)
(observing B, perpare to copy B)

(copy ¢€)
(copy B)

(repeat)

If P is any tape expression, then, with respect to Us,

3¢¥B + - - BetotlqeP — 8¢B - - - Betrtlgy 1P
e
— gnyidéiB - - - Bebt11P

— qanBeaB - - - Beb+iP
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— qsnBBe®B - - - Bt P
— gsn40BefB + « - BettiP
— SqunBeB - - - BetstiP
— Bqsn i€ B - -« Bef»TiLP

— .
— 8B - - - Bekp+1EQ5N+;1P
— 8B - - - Bétwtleq,BP.

Thus, under the action of Uy, all of the ¢’s are moved over one square
to the left whenever one of them is encountered.
Let Uy = Ui\J U,. Then, with respect to Us,

ql(kl, e ,k,,,ml, P ,mn)—> c o
— 88 B - - -+ Beétvtlequia(my, . . ., Ma)
—_> ..
— 8B - - - Beétrtlegn(ry, . . ., 1s)
whenever Resz4 [qi(my, . . . , m,)] is defined; otherwise, there is no
A-computation beginning qi(ky, . . . , kp, m1, . . ., Ma).

Finally, let L = §(Us), and let Z, consist of all the quadruples of Usj
and, in addition, the following quadruples:

gy 1 L gn
gy € B qri1 (erase one ¢)

qr4+1 BL qr+1
gri1 € 1 qryt (go left, replacing e and & by 1)
gr+1 1 L qrys
qdri1 61 qrie.

Then, using what we have just shown for Us, we have, with respect

to Z,, whenever Resz4 [q:(m1, . . . , m,)] is defined,

gilks, . .. ks, my, o . M)
e
— 8¢ B - -+ Befotlegn(ry, . . . ,Ts)
— 8B - - - Bé»tlgye(ry, . . . ,75)
— §emB - - - Bék’+qu+1B(7‘1, P ,7‘3)
R
—> qriolBHIB - o o BlEHIB(ry, U, 1)
= QO(Zp)(kly CERI ykm T, o o s ,7‘3>,

which is final.

In applying and extending Lemmas 1 and 2, it will be important to
have available Turing machines that accomplish certain simple transfor-
mations on a sequence of arguments.



32 THE GENERAL THEORY OF COMPUTABILITY [Cuap. 2

THE coPYING MACHINES Cp. For each n > 0 and p = 0 (note carefully
that p = 01is permitted!), we shall define a (p + n)-regular Turing machine
such that

ReSc, [Q1(k1, [P ,k,,, my, . . . ,mn)]

= gpr16(M1, . . - ,Mn k1, . . . ,kp,my, . .. My).
That is, the arguments my, . . . , m, are recopied to the left of the
ki, - . ., ky

C, i8 to consist of the following quadruples:

11 L g

q1 B L q2

g: f ;\?, g: (set marker X\)

¢ 1 Ry 3=isp+2

¢: B R qiy1 {move over p blocks of 1’s!)
@r3 1 B gpys
dptz B 8 Qpis (set marker 8)
Qp+3 0 R qpis
gp+s 1 B gpis
Grt4 B B gpis (hunt for double blank)
9p+s 1 B gpia
2p+5 B L gpio
Opre 1 L gpir
@o+s B L @pin
i1 1 & Qpi7 (seeing 1, replace it by w, and prepare to copy 1)
Qi1 @ L @pis
Op+7 B B Qpir (seeing B, replace it by B8, and prepare to copy B)
ap+1 B L gpin
Qo7 & B gpi1s (seeing §, prepare to terminate)
98 1 L gpis
9p+s B L qpis (go left)
9p+s 8 L gpis
Gprs M @ Qpi1o (finding A, replace it by w)
Qors @ 1 Qpro (replace w by 1)
Go+s B B gpro (replace 8 by B)
goro 1 L gpi10 (go left one square)
gp+9 B L gpi10
gpr10 B @ ¢pi10 (copy 1, temporarily using w)

gp+10 @ R gpi1s

! Note that, if p = 0, none of these quadruples occurs.
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gpr11 1 L gpinn
go+11 B L qpin1 (go left)

gpt11 8 L gpen
gpr11 @ 1 Qpp12 (replace w by 1)
Gpr11 B B Qpi12 (replace 8 by B)

Qer1z 1 L gpi1a (go left one square)
gpt12 B L qpyas

gpr13 B B gpis (eopy B, temporarily using B)
gpi13 B B gpiua

Ip+1a 1 R gpras
gp+14 B R gpi14 (go right)

@pr1s 8§ R gpiua
Gpi1¢ @ 1 Qpre (restore 1, and repeat)

Qpr1s B B gpss (restore B, and repeat)

gpi15 1 L Qpi1s5 (go left)
Gp+15 B L gpi1s
Iri1s @ 1 gpiie (replace w by 1 and terminate).

With respect to Co,

glmy, . .. ,my) — - - -
—>q2)\B(m1, N ,mn)
——>)\q3B(m1, P ,mn)
-—»)\qaé(ml, - e . ,mn)
e e
——))\3(7711, PR ,mn_l)Bl""'q-,l
...
— g\s(mny ) Blmo
= quwd(m, . . ., Map_1)Bl™mw
— e e
s b ) Bl
e
e
— guelmo(my, oL )L
= qrl™F8(my, . . ., ma_y)Blmetl
e
> quBlm (s L Al
— wl™B(m,, . . ., my)g:d(my, . . ., my)
—>q15w1"‘lB(m2, - .. ,mn)B(ml, e . ,m,.)

= qe{My, . . ., Muy, My, . . ., My).
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Forp > 0,
ql([ﬁl, e e . ,k,,,ml, e . ,mn)—> v
-*’Qz)\B(]C], e ,[Cp, my, . . . ,mn)
[
—*’)\B(kl, e . ,lc,,)q,,+38(m1, N ,mn).

The computation now proceeds like the case p = 0. The final instan-
taneous description is

Gorrs(My, « o o M, k1, . o o kM, o L L, M),

THE TRANSFER MACHINES R,  For each n > 0 and p > 0, we shall
define a (p + n)-regular Turing machine R, such that

Resg, [q1(ks, . . . , kpymy, . . ., my)]
= qy—*—lﬁ(ml) e ey My, klr .. 7kp)‘

That is, the arguments (k1, . . . , k) are interchanged on the tape
with the arguments (my, . . . , m,).

We begin by noting that, in the copying operation of C,, each 1 that
occurs in the tape expression (my, . . . , m,) is replaced by w, which in
turn is again replaced by 1. Hence, all we have to do in order to define
our Turing machine R, is to erase these «'s instead of replacing them by 1’s.
Hence, we may define R, to consist of precisely the quadruples of C,
except that the quadruple

Ipr1a @ 1 gpie
is replaced by

Ip+14 @ B gprs.
LemMma 3. For each n-regular Turing machine Z, there is an n-regular
Turing machine Z' such that, whenever
Resz4 [qi(ma, . . ., ma)] = qey(ry, . . ., 74),

it is also the case that

Resz4 [gi(my, . . ., mu)] = gozn(Py, « - < T, My, . . ., Ma),
whereas, whenever Resz4 [qi(my, . . . , m,)] is undefined, so is
Resz4 [gi(my, . . ., ma)].
That is, the original arguments my, . . . , m, are “preserved’” by Z'.

PROOF. By Lemma 2, there is a 2n-regular Turing machine U such
that

Resy4 [gi(my, . . ., Mp, My, . . ., My)]
= Qoy(Mi, o o o , Mny F1y o o o, To)e
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Then, we need only take

Z' = Co\J UG® U R+,
For, with respect to Cs,

ql(mly L ;mn)_) T
— qie(My, . . ., May, My, . . ., My).

With respect to U9,

Qis(my, « . . ,Muyymy, . . . ,My)— * * *
—>Q9(U(1s))(’m1, [ ({25 5 VPN ,7‘3).

Finally, with respect to R{4+0@»

QG(Uua))(ml, e ey My, Ty, L L ,7‘3)——* cot
_)QG(Z')(TI, e ey Ty, My, oL ,m,,).
LemMa 4. Let Zy, . . . , Z, be Turing machines. Let n > 0. Then,
there exists an n-reqular Turing machine Z’ such that
ReSZIA [ql(mb LI ,mn)]
= q9(z')(‘I’(Z7?;A(m1> L 7mn)7 L )\II(Z?;A(MI) L 1 :mn>)'

PROOF. Our proof is by induction on p. For p = 1, the result is
precisely Lemma 1. Let the result be known for p = k; we show that it
must then also hold for p = k + 1.

Let Z1, Z», . . . , Zxy1 be given Turing machines, and let

ry = \I/(Zni);A(mly D 7mn)

for 1 £¢=£k 4+ 1. By induction hypothesis, there is an n-regular
Turing machine ¥ such that

ResYlA [ql(ml, e ,mn)] = qa(yl)(rl, ey Tk).

Hence, by Lemma 3, there is an n-regular Turing machine Y, such that

ResYzA [q;(ml, N ,mn)] = qG(yl)(Tl, oo e Gy Ty, My, L. L, m,.).

By Lemma 1, there is an n-regular Turing machine Y; such that

RGSY,A[Qx(mx, et ,mn)] = JorpTe+1

Hence, by Lemma 2, there is a (k + n)-regular Turing machine Y,
such that

RGSY‘A [q1(7‘1, e e 3 T, My, o . L, m,.)] = Qo(y‘)(TI, v ey Ty Tk+1).

Thus, we need only take Z' = ¥V, \U Y %¥9-D {0 obtain the result for
p=k+1
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2. Composition and Minimalization. The lemmas of the previous
section have dealt directly with Turing machines. In the present sec-
tion, we employ these lemmas in deriving two important results con-
cerning computability.

The first of these concerns the operation of composition. That is, we
wish to assert, for example, that, if f(y), g(z) are partially computable,
then so is f(g(x)). This requires, to begin with, agreement as to the
domain of this function. We agree that f(g(x)) is defined for precisely
those numbers ¢ for which a is in the domain of g(z) and g(a) is in the
domain of f(y). The value of f(g(z)) at ais, of course, the number f(g{(a)).
More generally, we may write

DeriviTion 2.1. The operation of composition associates with the

functions' f(y), g1(x™), g2(t™), . . ., gu(t™), the function
h(x™) = flg1(x™), g=(x™), . . ., gu(&T™)). M

This function is defined for precisely those n-tuples (a1, . . . , a,) for
which (a1, . . ., @.) s in the domain of each of the functions g.(xr™),
t=1,2 ... ,m, and for which the m-tuple

(g1lay, - . ., @a), g2(01, - . ., Ga), o o o, gm(ay, . . ., Ga))
18 in the domain of f(y™). Iisvalue at (a1, . . . , @) s

f(gl(alr L) an)) gz(al) L 7an)) LR 7gm(a17 [} an))'

We now prove

TrHEOREM 2.1. Let f(h™), g:(x™), g2(t), . . ., gu(t™) be (partially)
A-computable. Let h(x™) be given by (1). Then h(x™) is (partially)
A-computable.

PROOF. By Lemma 4, there is an n-regular Turing machine Z such
that

Resz4 [:E™)] = g0 (0:G™), 9:G™), .. ., gaG™)).
Let Z, be chosen so that
T ™) = f),
and let 2’ = Z U Z,%2-b_  Then, with respect to Z’,

GE) = - - - = G GED), GG, - gaE)
R a,
where
(@) = flg1&™), g2&™), - . ., gu@™)),
! Here, for example, f(§™) is an abbreviation of f(yy, ¥z, . . . , ym). Cf. Intro-

duction, Sec. 3.1,
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when each ¢:(r™) and f(g:(z™), . . ., ga(t™)) is defined; otherwise
Resz4 [q1(z™)] is undefined. Hence,

YPLAE™) = f(@:@®), g2&™), .« . ., galt™))
= h@&™).

This proves the theorem.

Theorem 2.1 may be restated as follows:

CoRrOLLARY 2.2. The class of (partially) A-computable functions is
closed under the operation of composition.

Theorem 2.1 enables us to enlarge considerably the class of functions
that we know to be computable.

Thus, let

@y ze) = o1 = 22501z, 9) = (@ + Dy + 15022, 9) =y + 1.
Then, by Examples 1-3.4 and 1-3.7, f and ¢, are computable.

g:(z, y) = S(Us%z, y)),

where S(z) = z + 1, and so is computable, by Examples 1-3.2 and 1-3.6
and Theorem 2.1. Hence, by Theorem 2.1, we can infer the computa-
bility of

h(z, y) = fgi(z, ¥), g:(=, ¥))
=@+ D@+ =@+
=@+ D@+ -@w+
= zy + x.

Again, taking f(z:, z2) = 21 =+ z, and taking
gl(x7 y) =zy + z, gz(x7 y) = Ulz(x; y) =z,
we have the computability of

k(z,y) = (zy + 2) =~ 2

= zy.

Thus, we have proved

COROLLARY 2.3. zy 18 computable.

It is not difficult to see that z* is computable for each fixed k. We
have the result for & = 1; to infer it for k + 1, given the result for k,
we set f(zy, 22) = T1%s, g1(x) = 2, go(x) = Ui*(z) = z, and we apply
Theorem 2.1. Then, it follows easily that every polynomial with inte-
gral coeflicients is computable.

The function |z — y|T is computable since |z — y| = (z =~ y) + (y = ).

tle —yl =z —ywhenz 2 y;jz —yl =y — 2z wheny = z.
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Functions whose computability we are yet unable to obtain (except,
of course, by direct construction of Turing machines) are 2= and [/},
this last being the largest integer < +/z (thus, [v/5] = 2, [\/9] = 3).

DeriNiTiON 2.2. The operation of minimalization associates with each
total function f(y, ') the function h{z™), whose value for given t™ is the
least value of y, if one such exists, for which f(y, t™) = 0, and which is
undefined if no such y exists. We write

h(z™) = min, [f(y, ™) = 0].
Thus, for example, consider
z/2 = min, [[(y + ) — 2| = 0].

z/2 is a partial function, defined only when z is even. It will follow at
once from Theorem 2.4 below that x/2 is partially computable.
DeriniTION 2.3.  The total function f(y, t™) is called regular if

miny [f(y, t™) = 0]
1s total.
TeHEOREM 2.4. If f(y, t™) 1s A-computable, then

h(x™) = min, [f(y, t™) = 0]

is partially A-computable. Moreover, if f(y, t™) 1s regular, h(x®™) is
A-computable.

Our proof will proceed by constructing a Turing machine that will
successively compute f(0, ), f(1, £*), . . . , until a zero is arrived at.
If no zero is ever obtained, the Turing machine will compute *“forever.”

prOOF. Let U consist of the quadruples

q1 1L q1

g1 BL g

QQ B 1 Q3-
Then, with respect to U,

(II(F"_)) ot
- q3(0> g(ﬂ))y
which is final.
By Lemmas 1 and 3, there is an (n + 1)-regular Turing machine Y
such that

Resy [q1(y, ™)1 = qory(Fy, £™), ¥, 1™).
Hence, if we let N = (Y ®), then, with respect to Y®,

Q3(y, g(n))_) . e .
— gn(fly, ™), y, T™).
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Let M consist of the quadruples

gy 1 B gn

gv B R qny1
gyt 1 1 gwge
gn+1 B R qnia

Thus, if f(y, t™) = k& > 0, then, with respect to M,

an(f(y, £™), ¥, t™) = gn11*B(y, t™)

—_—
— qn421*B(y, t™),
which is final.t
On the other hand, if f(y, t™) = 0, then, with respect to M,

an(f(y, t™), ¥, t™) = qn1B(y, t™)

—_) ————
— gnpa(y, 1™).

Let Q consist of the quadruples

gnye 1 B gnys
gviz B 1 g3
gNy3 BR gN4-2.

Then, with respect to @,
av421*B(y, 1) — - - -
— gy + 1, ™).

By Example 1-3.6 and Lemma 1, there is an (n + 1)-regular Turing
machine Z, such that

Resz, [q:1(y, £™)] = oz Ut (y, ™)
= gozylvtL.

Let E consist of all of the quadruples of Z, and, in addition, the quadruple

Qoczy 1 B gozy-
Then, with respect to EV+®  letting K = §(EX+3),

gu (Y, 1) — - - -
— qKBl".
Now, let
Z=UUY®PUMUQ\J EWN,

1 Here, and elsewhere in this proof, we shall omit initial as well as final occurrences
of B in instantaneous descriptions, although, strictly speaking, this violates the con-
vention laid down at the beginning of the present chapter,
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We shall see that
TP E™) = h(z™).

To see this, let the numbers ™ be fixed; let f(¢, t™) = r;; and suppose
that ro # 0,71 =% 0, . . . , -1 # 0, 1, = 0. Then, with respect to Z,

w@®) - -

— ¢3(0, t™) (using U)
_) . . .
—> gn(re, 0, £™) (using Y®)
s e
— gnye(re — 1, 0, £™) (using M)
e
= ¢s(1, t™) (using Q)
_) . . -
_) - . -
- q3<k, I(ﬂ))
_) - . -
— qn(rs, k, t™) (using Y®)
= av1B(E, 1)
e
— gnya(k, 1™) (using M)
..
— qxB1* (using EN+9),
Hence,
V5, (™) = (gxB1¥)
=Fk
= min, [f(y, 1) = 0]
= hr®).

If r, £ 0 for all ¢, then Z is never in internal configuration g4, and
no final instantaneous description is ever reached (that is, the machine
computes “forever’”). In this case both ¥, (tr*) and A{z™) are
undefined.

This completes the proof.




CHAPTER 3

RECURSIVE FUNCTIONS

1. Some Classes of Functions. The results of the previous chapter
have made it possible to demonstrate the computability of quite complex
functions without referring back to the original definition of computability
in terms of Turing machines. In the present chapter, we shall develop
this systematically. We begin by defining certain classes of functions,
employing the operations of composition and minimalization as defined in
the previous chapter.

DerFiNiTION 1.1. A function s A-partial recursive or partial recursive
in A if it can be obtained by a finite number of applications of composition
and minimalization beginning with the funciions of the following list:

(1) Culx), the characteristic function of A.
@) Sx)y =z + 1.

@) UMzy, ... ,2) =2,12171=2n.
4 z+y.

5) z - y.

(6) zy.

A function is partial recursive if it ¢s g-partial recursive.

DeriniTiON 1.2. A function is A-recursive, or recursive in A if it can
be obtained by a finite number of applications of composition and minimal-
tzatton of regular! functions, beginning with the functions of the list of
Definition 1.1.

A function s recursive? if it is g-recursive.

CorOLLARY 1.1. Every A-recursive function s total and ts A-partial
recurstve.

As will appear later, the converse? of this is also true.

1 Cf. Definition 2-2.3.

2 This is not the way in which recursiveness is usually defined. That a character-
ization of recursiveness based on applying composition and minimalization beginning
with a finite set of initial functions was possible was first proved in Kleene [3]. The
present development follows J. Robinson [1].

3 This converse is not quite obvious, since it seems possible for composition of par-
tial recursive functions to produce a total function that is not recursive.

41
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As thus presented, the concepts of recursive function and partial
recursive function seem completely artificial. And indeed, their interest
stems entirely from their relation to computability.

Thus, we have at once

TarorREM 1.2. If a function is recursive, A-recursive, partial recursive,
or A-partial recursive, then it is computable, A-computable, partially com-
putable, or partially A-computable, respectively.

We shall see later that the converse of this is also true; so recursiveness
is equivalent to computability.

PrROOF. That the initial functions 2 to 5 are computable (and hence
partially computable, A-computable, and partially A-computable) was
seen in Examples 1-3.1, 1-3.2, 1-3.4, and 1-3.6. Tor (6), that is, zy, the
computability was proved as Corollary 2-2.3. That C4(z) is A-com-
putable (and hence partially A-computable) was proved as Theorem
1-4.7 (cf. Definition 1-4.6). In particular, Cy(z) is g-computable, and
hence computable (and partially computable); cf. Theorem 1-4.6.

The theorem now follows from Theorems 2-2.1 and 2-2.4.

TurEoREM 1.3. If a function is (partial) recursive, it is A-(partial)
recursive for any choice of A.

PROOF. The proof follows from the observation that

Cy(x) = S(UiMz) ~ Uil(x)).

We now list some recursive functions. By the above, they are also
computable and, hence, A-computable for all A.

(7) N(@) = 0. N(z) = Ui'(z) =~ Ui'(x).
8) a(x) =1 = z; that is,

a(0) =1,

a(z) = 0forz > 0.

a(z) = S(N(z)) ~ Uil(z).
9) z* = Uilx) - Uil().
(10) [V/z], the largest integer < +/z.

[Vz] = min, [(y + 1)? = 2 = 0]
= min, [a((S(U:Xz, ¥)))? = Uiz, y)) = Ol

) |z —yl=(@+y) + @y = 2.

(12) [x/y]. If y == 0, [x/y] is the greatest integer < =1 If y = 0,

z
Y
t Note that in this context g; for example, means a definite rational number. As

we have understood the symbol z/y (cf. Introduction, Sec. 3.3), we should have to
regard 3/2 as undefined.
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[z/y] = 0. We have

[z/y]l = min, [y = 0V y(z + 1) > 2]
=min [y =0V ylz+1) -z = 0]
=min, [y = 0V a(y(z + 1) = z) = 0]
= min, [y - a(y(z + 1) = z) = 0L

Here, the symbol V (which we have borrowed from symbolic logic)
means “or” (cf. Introduction, Secs. 3.4 and 3.5). The difficulty is that
minimalization involves a single function set equal to 0. Our device
depends on the fact that to say that either one or the other (or both)
of a pair of numbers is 0 is equivalent to saying that the produect of the
numbers is 0.

(13) R{z, ). If y = 0, R(z, y) is the remainder on dividing z by .
That is,

z _ Rz, 9).

v [z/y] + y
S0

Rz, y) = z — ylz/y].
We take

R(z,y) = ¢ = ylz/y];
so R(z, 0) = z.

Thus we see that our present techniques enable us to prove the com-
putability of a large class of functions. However, such functions as 27,
z!, the zth prime,! are still beyond our powers. The concept of primitive
recursion will enable us to deal with them also.

2. Finite Sequences of Natural Numbers. It isa well-known fact that
there exist one-one correspondences between the set of natural numbers
and the set of ordered pairs of natural numbers and, indeed, that such a
correspondence can be set up in an “effective’” manner. We show how to
set up such a correspondence by recursive (hence computable) functions.

Consider the function

J(z,y) = 3z + v)* + 3z + yl.

Now, @ + )2+ 3z+y=(+ y)(x+y+ 1) + 2z, which is always
even. Hence, J(z, y) is always an integer.? J(z, y) is recursive, since

J(@,y) =z +y)*+ Ure) + U@ + Ui'(@) + Udl(m) }/SS(V (2)))]

Clearly, with each ordered pair of natural numbers (z, y), the function
J(z, y) associates a single natural number z. We shall show that, for

“«

! For the meaning of the term “prime,” see the Appendix.
2 In fact,

Je,y=01+24+---+@+pl+ts
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every natural number z, there is one and only one ordered pair of num-
bers (z, y) such that z = J(z, y).
Suppose z, z, ¥ are natural numbers such that

2=(+y)?+32z+y 1)
Then
8+ 1= Q2+ 2y + 1)% 4 8.
Therefore,

2 +2y+1)2=28+4+1< (24 2y + 3)2
20+ 2y +1 =8 +1<2c+ 2y +3.

Hence, [\/8z + 1]liseither2z +2y +1or2z + 2y + 2. [v/8 +1]+1
is either 22 + 2y + 2 or 2z + 2y + 3. Therefore,

(V8 + 1+ 1)/2l=z+y+ 1

z+y=[[v8+1] 4+ 1)/2] — 1. 2
By (1),
3z +y =2z — ([(([Vv8 +14+1])/2] — 12 3)

But Eqgs. (2) and (3) clearly prove our contention that, for each z,
at most one z, y exists satisfying (1).T Such z and y, if they do exist,
can be calculated by recursive functions; for, if we write

Q) = (V8 + 114+ 1)/2] = 1,
Q:(2) = 22 ~ (Q:(2))?,

then, clearly, @:(2) and @:(2) are recursive functions, and (2) and (3)
may be written in the form

z 4y = Q:i2),
3z +y = Qa2).
These equations yield

z = [(Q:2) = Q1(2))/2] = K(2),
y = Q1(2) = [(Q2(2) = Q:1(2))/2] = L(2),

where K(z) and L(z) are recursive functions. Thus, if z, y, z satisfy (1),
then z = K(), y = L(z). Now, if z and y are chosen arbitrarily,
z = J(x, y) satisfies (1). Hence z = K(J(z, ¥)), y = L(J(z, y)).

Next, let z be any number. Let r be the largest number such that

142+ - +r=a
Let
z=z—(14+24 -+

11

t For 3 1

Pt
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Then,z < r. [For,ifx=r+41,thenl 424 -+ +r+(r+1) Se
contradicting the choice of r.] Lety = » — z. Then,

z=[1424 - -4+ @+yl+=
e+ pe@+y+1)+z
= J(z, y).

z=K(J(z,y) = K@),
y = L{U(z, y) = L@);

z = J(K(2), L(2)).

Thus,

that is,

We have thus proved
THEOREM 2.1. There exist recursive functions J(x, y), K(z), L(z) such
that
J(K(2), L(2)) = 2,
K(J(z,y) = =,
LJ(z, ) = y.

CoroLLARY 2.2. If K(2) = K(2'), L(z2) = L(2'), then z = 2.

PROOF. 2z = J(K(2), L(2)) = J(K(z"), L(z")) = 7.

This solves the problem of “effectively’ obtaining the ordered pairs
of integers. We next consider the problem of doing the same for all the
finite sequences (of whatever length) of integers.

We have first the

LemMA.  Let v be divistble! by the numbers 1, 2, . . ., n. Then the
numbers 1 +ov(z 4+ 1),2=0,1,2,. .., n, are relatively prime' in pairs.

PROOF. Letm; = 1 4+ v(¢ 4+ 1). Sincevisdivisibleby 1,2,. . ., n,
any divisor of m;, other than 1, must be greater than «.

Now suppose that d|m;, d|m;, ¢ > j. Then d|(Z + D)m; — (5 + V)my;
that is, dj¢ —j. But7 —j = n. Henced = 1.

TrEOREM 2.3. Let ay, a1, Gy, . . . , G be a finile sequence of integers.
Then there are integers u and v such that

Ru,1+v@E+ 1)) = a: t=0,1,...,n

PrRoOF. Let A be the largest of the integers ao, a1, . . . , @, and let
v=24-n! Letm;=1+ v+ 1). Then, by the lemma, the m, are
relatively prime in pairs. Also,

a; <v < m.

Now, by the Chinese remainder theorem (Theorem 12 of the Appendix),

! For the meaning of such number-theoretic terms as “divisible” and “relatively
prime,”’ see the Appendix.
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there exists a number u such that

u = a; (mod m;) t1=01...,n
That is,
R(u, m;) = R(a;, m;) 1=0,1,...,n

But a; < m;. Hence, E(a;, m;) = a;. Thus,
R(u, 1 4+ v 4+ 1)) = R(u, m)) = R(a;, m;) = a..

THEOREM 2.4. There is a recursive function T:(w) such that, if ao, ai,

. ., Qs are any 1integers whatever, there exists a number w, such that
T(wo)—a,,z—Ol ., N

PROOF. We define T (w) by the equation

Tiw) = R(K(w), 1 + {L(w)( + D).

Clearly, T:(w) is recursive.

Let us be given the integers ao, a1, . . . , @.. Then, by Theorem 2.3,
there exist numbers u and v such that
Ru,1 +9@ + 1)) = a; t=0,1,...,n

Let wo = J(u, v). Then,

Ti(wo) = R(K(J(u,0)), 1 + L(J(u,v)) - (z + 1))
= R(u,1 + (@ + 1))
= q; 1=0,1 ..., %

3. Primitive Recursion. We now consider the question of proving the
computability of such functions as z¥ and z! Suppose one were asked
the value of 75, One natural procedure for obtaining the desired result
is to obtain successively

=77 =T.7T=7-7=49 73 =72-7=49-7 = 343,
T4 =T73-7=2343-7=2401,75 =7¢-7 = 2401 -7 = 16,807. This
procedure ean be represented by the “recursion’ equations
zt = z,
xl/+1 = ¥ - .

Clearly, the first of these equations could be replaced by z° = 1. The
function n! can be computed similarly from the equations

0! =1,
n+ 1= (n+ Dn!
We shall begin by showing that such a pair of recursion equations
always defines one and only one total function.
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TaeoreM 3.1.  Let f(z™), g(x™+?) be total functions. Then there exists
at most one total function h(r"*P) that satisfies the recursion equations

R0, ™) = fx™), )
h(z + 1, 2™) = g(z, h(z, t™), t™).

PROOF. Suppose hi(z™*D) and h.(r™+V) both satisfy (1). We shall
see that hi(y, t™) = ho(y, £™) for all y, t™. This is certainly true for
y = 0and all t™, since

hi(0, t™) = f(x) = ha(0, ™).

Suppose it true for y = 2. Then
hi(z + 1, ™)

g(zy hl(zy I(n))r g(n))
g(z) h2(z7 2(")), E(n))
ho(z + 1, ™).

Thus, hi(y, 1™) = ha(y, t™) for all y, ¢™.

Proving the existence of a function h that satisfies (1) is a peculiar
matter. For there are those whose suspicion of nonconstructive argu-
ments is so strong that, although they are happy to accept the existence
of such an A, they will insist that our proof of this fact, below, is invalid.

TrEOREM 3.2. Let f(x™), g(x™+?) be total functions. Then, there exists
a total function k(D) that satisfies (1).

PROOF. We consider sets of (n + 2)-tuples (y, ¢, u) of numbers.
Such a set S of (n + 2)-tuples will be called satisfactory if

(a) For each choice of ™, (0, t™, fx™)) € §; and
(b) For each choice of ¢, if (z, 1™, u) € S, then

e+ 1,17, 9(z,u, ™) € 8.

Let @ be the class of all satisfactory sets S. Then © is nonempty, since
the set of all (n + 2)-tuples of numbers is satisfactory. Let S, be the
intersection of all sets S that are members of Q. Then it is easy to see
that S, is satisfactory and that S, is contained in every satisfactory set.

Next, suppose that (0, t™, u) &€ So. Then we have v = f(r™). For
otherwise the set obtained on deleting (0, £, u) from S, would be satis-
factory and would not contain S,.

We next claim that, for each choice of y and £, there is one and only one
value of u for which (y, t™, ) & So. By what has just been said, this is
true for y = 0. Suppose it known for y = z. Then for a suitable u,
and for no other,

(1™, u) € So.
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Since Sy is satisfactory,

(z+ 1, ™, g(z, w, t™)) € Se.
Suppose that
(z + 17 I(n)r 1)) e SO v #= g(z7 U, Z("))-

Then the set obtained by deleting (z + 1, ™, v) from S, would clearly be
satisfactory and would not contain S,. This proves our last claim.
This enables us to define the function A(y, ™) by the requirement

u = h(y, ™) if and only if (y, t™, u) € S,.

The fact that S, is satisfactory immediately shows that h(y, t™) satisfies
(1).

DeriNtTION 3.1. The operation of primitive recursion associates with
the given total functions f(x™), g(x"*?) the function h(xr™+D), where

hO, 1) = f&™),
hz + 1,1™) = g(z, h(z, 1™), 1™).

THEOREM 3.3. Let h(x*+D) be obiained from f(r™), g(x™+») by primi-
tive recursion. If f and g are A-recursive, then so is h.

PrOOF.! By Theorem 2.4, for each choice of ™ and y, there exists at
least one number w, such that

T:(we) = k{1, t™) i=01 ...,y
Hence,
h(y, t”) = T, (miny, [(To(w) = f(z™)) 1
A N (Toa(w) = g(z, T.(w), t”)]).1
z=0

Now, to say that a condition holds for all numbers z less than y is equiva-
lent to saying that y is the least number for which it could fail. That is,

h(y, t™) = Ty(min, ({To(w) = fz™)}
A {y = min, [(T.11(w) # g(z, T.(w), ™)) V (z = yI}).
Let

H(y, w, 1) = min, [(To41(w) # g(z, To(w), 1)) V (z = y)].

! This proof is that of J. Robinson [1] following Kleene [3], which in turn follows
Gédel [1].  The argument employed could be used to yield another proof of Theorem
3.2

y—1
t The symbol /\ is read, “for all z between 0 and y — 1.7 Cf. Introduction,
2=0
Sec. 3.6.
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Then

H(y, w,z™) = min, [z — y| - a(|T.y1(w) — g(z, To(w), t)}) = 0J;
so H(y, w, ™) is A-recursive. But

h(y, 1) = Ty(miny [(To(w) = fG@™) A (y = H(y, w, t))])
T, (min, [|To(w) — fG™)| + ly — H(y, w, t™)| = 0]).

Therefore, Ay, ™) is A-recursive. This completes the proof.

Thus, if we take
fl@) = S(N(@)) =1,

g(z7 u? v) = uv’
then, clearly, fand g are recursive. Therefore, sois h(z, z), which satisfies

k0, z) = f(z) = 1,
h(z + 1, 2) = g(z, h(z, x), ) = zh(z, z).

But h(y, ) = z¥ satisfies this pair of equations. Thus, by Theorem 3.1,
x¥ 1s recursive and is, therefore, computable.

4. Primitive Recursive Functions. In this section, a certain subclass
of the class of recursive functions, the so-called primitive recursive func-
tions, will be singled out for study. This class does, in fact, contain all
numerical functions ordinarily encountered. Nevertheless, it possesses a
certain constructive character® which the class of all recursive functions
does not possess. Actually, there are many classes? which possess these
properties and which could be studied instead.

DeriNiTioN 4.1. A function is A-primitive recursive (or primitive
recursive in A) if 1t can be oblained by a finite number of applications of the
operalions of composition and primitive recursion beginning with functions
from the following list:

(1) Cal2).

2) S(@) ==+ 1.

8) N(z) =0.

(4) U;"(a:l, « .. ,a:,,) = 1 é ’L é n.

A function is primitive recursive if it is g-primitive recursive.
TueoreM 4.1. If a function is A-primitive recursive, then it is A-
recursive.

1 Thus, for example, it can be proved that there exists a binary recursive function
f(n, z) such that, for each singulary primitive recursive function g(z), there exists n
for which f(n, z) = g(=).

However, this assertion does not hold with the word “primitive’ deleted. For, if
such an f could be obtained, g(z) = f(z, z) + 1 would yield a contradiction.

2 Thus, there are the multiply recursive functions and the elementary functions
(cf. Péter [1}).
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PROOF. The proof is clear from the definitions involved, from the fact
[noted in (7) of Sec. 1] that N(z) is recursive, and from Theorem 3.3.

It can be shown that there exist recursive functions that are not
nrimitive! recursive.

We now list some primitive recursive functions:

6) z+y.
For
z+ 0= U, z),
z+ (y+ 1) =S+ y).
6) z-y.
For
z-0 = N{z),
z-(y+1) = (zy) + Ul yp).
(7) P(x), where P(0) = 0, P(z) =z - - 1ifz > 0.

For

P(0) = N(x),

Pz + 1) = U,Yx).
8 z+y.
For

z = 0= U (2),
z=(y+1)=Pz-=y).
(9) n!, wheren! =1-2-3- - -n.

For

0! = S(N(z)),

(n 4+ 1)! = n!- Sn).
(10) av.
For

z° = S(N(z)),
vt = gv - Uz, ¥).
11) afz) =1 = .

For

a(z) = S(N(z)) = U (z).
(12) |z -yl
For

lz —yl=(==y + =2

1 Cf. Péter {1, pp. 68-72] or R. M. Robinson [2].

In fact, the result follows at once from the statement of the first footnote at the
beginning of this section.

The class of primitive recursive functions was first employed in Gédel [1], where
Godel referred to them as “‘rekursive Funktionen.” Kleene [1]formalized and investi-
gated a more general notion proposed by Herbrand and Gédel (Goédel [2]). These
functions (our recursive functions) Kleene called general recursive; and Gédel’s rekur-
sive Funktionen Kleene called primitive recursive (to distinguish them from the general
recursive functions).
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We note the following theorems:

TraEOREM 4.2. A function is A-partial recursive if and only if it can be
obtained by a finite number of applications of the operations of composition,
primitive recursion, and minimalization to the functions in the list of
Definition 4.1.

The class of A-recursive functions will be obtained if minimalization is
applied only to regular functions.

PROOF. These results follow at once from the facts that all A-primitive
recursive functions are A-recursive and that the functions from the list
of Definition 1.1 are A-primitive recursive.

TueorEM 4.3.  If f(k, 1) is A-(primitive) recursive, so are

g(n, 1) = ) f(&, 1)

g,M:

and

3

hin, 1) = [ f(k, t®).
k=0
PROOF
9(0, £*») = f(0, ),
gin + 1,1?) = g(n, t?) + f(n + 1, 1).

R0, 1) = f(0, 1),
h(n + 1,1®) = h(n, 1) - f(n + 1, 1@).

TreoreEM 4.4. If a function is primitive recursive, it is A-primitive
recursive, for any choice of A.

prooF. Like that of Theorem 1.3.

6. Recursive Sets and Predicates. It is convenient to speak of recur-
sive sets and predicates as well as functions. We assume familiarity
with the contents of Secs. 3.5 and 3.6 of the Introduction.

DeriNiTION 5.1, Let S be a set of n-tuples. Then, we say that 8 s
A-(primitive) recursive if its characteristic function® Cs(z‘™) ¢s.

We say that S is (primitive) recursive if it is g-(primitive) recursive.

TurorREM 5.1. Let R and S be A-(primitive) recursive sets. Then so are
RUS, RN 8, and R.

PrROOF. The result follows at once from the three identities at the very
close of Sec. 3.3 of the Introduction.

DEeriNiTION 5.2. The predicate P(t™) s called A-(primitive) recursive
if its extension {g™ | P(x'™)} is.

P(x™) is called (primitive) recursive if it is g-(primitive) recursive.

CoROLLARY 5.2. P(®™) is A-(primitive) recursive if and only if its
characteristic function is.

1 Cf. See. 3.3 of the Introduction
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PROOF. The characteristic function of a predicate is precisely that of
its extension,

TrHEOREM 5.3. Let P and @ be A-(primitive) recursive predicales.
Then soare P v Q, P A Q, and ~ P.

proor. This follows at once from the identities

CPVQ = CP " CQ:
Crre = (Cp + Co) = (Cp - Cy),
CNP =1 Cp.

THEOREM 5.4. If P(y, t™) is an A-(primitive) recursive predicate,
then so are

V Py, ™)  and A Py, ™).
y=0 y=0
PROOF. Let
Q1) & \/ Py, t).

y=0

Then
Colz, 1) = [] Crly, ™),

y=0

from which the first part follows, by Theorem 4.3.
For the second part, we note that

N\ P, 1) o~ \/ ~ Py, 1™)
y=0

y=0
and we apply the first part and Theorem 5.3.

The boundedness of the quantification is essential to this result. In
fact, as we shall see later, there exists a primitive recursive predicate

R(y, z) such that \/ R(y, x) is not recursive.

Yy
DEerintTiON 5.3. Let P(y, t™) be an (n + 1)-ary predicate. Then, by

fi, ™) = M Py, t™)
y=0

we understand the (n + 1)-ary total function that satisfies the equation
fz, t™) = min, [y = 2z A Py, t™)]

where this is defined, and

fz,x™) =0
elsewhere.
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TueorREM 5.5. If P(y, ©'”) is A-(primitive) recursive, then so also is

flz, ™) = M P(y, ™).
y=0

PrROOF. First suppose that there exists y = z such that P(y, ™).
Let

t
et x) = ] Cely, z™).
y=0
1

Now, ¢(t, ™) is the characteristic function of the predicate \/ Py, t™).
y=0

Hence, ast = 0,1, 2, . . ., o(, t™) remains equal to 1 until a value £,

of {is encountered that makes P(to, ™) true. For this value of ¢ and for

all subsequent values, ¢(f, £) = 0. Hence,

z to—1
Y et t®) = ) olt, 1)
t=0 t=0
to—1
= 1
t=0
=1

=M P(y, t™).
y=0

Thus, assuming that there is a y =< z such that P(y, t™),

2 z ¢
m P,z = ) [ Cely, ).
y=0

t=0y=0

Finally, we note that, since ¢(z, ™) is the characteristic function of the
predicate

z
\V Py, ™),
y=0
the function a(e(z, £™)) is 1 or 0 according as there does or does not
exist a y = 2 such that P(y, t™). Hence, in any case,

z

z ¢
M P, ™) = alels ™) - ) 1 Cely, 1)

t=0y=0

P (]’[ Cr(y, z‘"’)) z f[ Ce(y, t™).
y=0

]

t=0y=0

The result follows at once from Theorem 4.3.
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THEOREM 5.6. The predicates ¢ = y and x < y are primitive recursive.

PROOF. Their characteristic functions are e(a(jz — y|)) and a(y = z),
respectively. [Alternatively, the primitive recursiveness of z = y could
be established from that of 2 < y by noting that

r=yeo~E<y) A~F<2)]

Our present methods enable us to prove the primitive recursiveness of
some very complicated functions and predicates. For example:

(1) y|z. (yisadivisort of z.) Namely,

ylzo \/ z = yz.
z2=0
(2) Prime (x). (x is a prime® number.) Namely,

Prime (z) « (x > 1) A /\[(z =)V {iz=2 V ~(z]|2)]
z=0

(3) Pr (n). (The nth prime in order of magnitude, where we arbitrarily
take the Oth prime equal to 0.) Namely,

Pr (0) =0,
Pr(nm)1+1
Prin+1) = Tllo [Prime (y) A y > Pr (n)].

In this case it may not be clear either that the recursion equations
given do define the function Pr (n) or that the function defined by the
equations is primitive recursive.

To see that the equations do define Pr (n) it is necessary only to note
that

Pr(n) <Pr(n+1) =Pr(n!+1

But this is proved in Theorem 4 of the Appendix.?
That the primitive recursiveness of Pr (n) follows from the equations
can be seen from the following analysis. Let

H(w, 2) = nui [Prime (y) A y > z].

y=0
Then, H(w, 2) is primitive recursive. Next, let

G(z) = HE'+ 1,2)
2141 .
= m [Prime (y) A y > 2],
y=0
1 Cf. Appendix.
2 Actually there are far better estimates of Pr (n + 1), for example, Pr (n + 1) S
2 Pr (n).
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so that G(z) is primitive recursive. But our second recursion equation
now becomes simply

Pr (n + 1) = G(Pr (n)).
4) [z/2]. (The largest integer = g) Namely,
[w/21 = M@y +2> 2.

(5) J(z,y). Namely,
J(,y) = [{z +y*+ 3z + y}/2].
(6) K(2). Namely,

Ko = m V= J@)
= z/=0
(7) L(2). Namely,

L) =M V= J )l

¥y=0 z=0



CHAPTER 4

TURING MACHINES SELF-APPLIED

1. Arithmetization of the Theory of Turing Machines. In this section
we show how the theory of Turing machines and of A-computable func-
tions can be developed in terms of A-primitive recursive funections and
hence by means of Turing machines. Our method involves using the
natural numbers as a code or cipher for expressing the theory of Turing
machines.

The basic symbols used in our discussion of Turing machines are

R, L
8o, 81, Ss, . . .
q1, 92, 43, - . - -

Each of these symbols we associate with an odd number = 3, as follows:

3,5 7,9 11,13, 15,17, 19,21, . . .
rrrrrrrT 1
R: Ly SO: q1, Slr qs, 82; g3, S3; Qs - - . -
Thus, for each ¢, S; is associated with 47 4+ 7, and ¢; is associated with
47 + 5.
Hence, with any expression M there is now associated a finite sequence
of odd integers ai, as, . .., a.. For example, with the quadruple

g1 1 R q: is associated the sequence 9, 11, 3, 13; with the instantaneous
description ¢:1111 is associated the sequence 9, 11, 11, 11, 11. We shall
now see how to associate a single number with each such sequence and
hence with each expression.

DerintTiON 1.1. Let M be an expression consisting of the symbols
Y1, ¥2, - - - , Yn. Letay, as, . . . , @, be the corresponding integers associ-
ated with these symbols. Then the Godel number® of M is the integer?

1 Actually, the representation of a sequence of integers by a single integer was
already accomplished in the previous chapter by means of the function T:(w). The
formal properties of the present representation, however, are slightly simpler.

Both methods for reducing sequences of integers to integers first appear in Gédel [1].

* Pr (k) is the kth prime in order of magnitude.

56
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r =[] Pr (k).

k=1

We write gn (M) = r. If M is the empty expression, we let 1 be the Gidel
number of M, and we write gn (M) = 1.

Thus, gn (g1 1 B qo) = 29- 3155713,

The following is an immediate consequence of the fundamental
theorem of arithmetic (Appendix, Theorem 10).

Cororrary 1.1. If M and N are given expressions such that gn (M) =
gn (N), then M = N.

DerNiTioN 1.2. If n = gn (M), we also write M = Exp (n).

DeriNiTiON 1.3. Let My, . . . , M, be a finite sequence of expressions.
Then, by the Godel number of this sequence of expressions is understood
the number

Il Pr ()=t
k=1

Thus, the Goédel number of the sequence ¢11 Bgi, ¢1 B R g is
220816170 . 32T g rather large number.

CoroLLARY 1.2. No inleger is the Giodel number both of an expression
and of a sequence of expressions.

prOOF. A Godel number either of an expression or of a sequence of
expressions is of the form 2 -m, n > 0, m odd. But, if 2" - m is the
Godel number of an expression, n is odd; whereas, if 2* - m is the Goédel
number of a sequence of expressions, n is itself the Godel number of an
expression and, hence, is even.

It is also easy to verify

CoroLLARY 1.3, Two sequences of expressions that have the same Godel
number are identical.

A computation is a finite sequence of expressions; a Turing machine,
however, is simply a finite set, i.e., order is irrelevant.

DEriNtTION 1.4,  Let Z be a Turing machine. Let M., . . . , M, be any
arrangement of the quadruples of Z without repetitions. Then, the Gédel
number of the sequence M1, . . . , M, is called a Godel number of the Tur-
ing machine Z.

(A Turing machine consisting of n quadruples has n! distinet Godel
numbers.)

DeriniTioN 1.5. For each n > 0 and for each set of integers A, let
T.A(z, 1, . . . , Tn, y) be the predicate! that means, for given z, xy, . . . ,
Zn, Y, that z 1s a Godel number of a Turing machine Z, and that y is the

1 Predicates having essentially the properties of these “T-predicates’ were first
considered by Kleene [4].
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Godel number of an A-computation, with respect to Z, beginning with the

instantaneous description q(x1, . . . , Tn)-

Tz, 1, . . . , Tn, ¥) will be written simply as Tw(z, Z1, . . . , Zn, ¥)-
T14(z, z, y) will be written simply as T4(z, z, y).

The predicates T.4(z, z1, . . . , Za, y) will play an extremely impor-

tant role in what follows. Their importance stems from the fact that
they express, by themselves, the essential elements of the theory of
Turing machines. The rest of this section is devoted to a detailed proof
that, for each n > 0, T,4(2, 21, . . . , Za, y) is A-primitive recursive.

The proof proceeds by a detailed list of primitive recursive and
A-primitive recursive functions and predicates culminating in the T,4
predicates. With each function (predicate), a formula is given that
proves the function (predicate) to be primitive, or A-primitive, recursive.
Most of them will be primitive recursive; those for which we can only
assert A-primitive recursiveness will be marked with an “A4.”

Group I. Functions and Predicates Which Concern Godel Numbers of
Ezxpressions and Sequences of Expressions

(1) nGlz = ilo [(Pr () | 2) A ~ (Pr (n)»+ | 2)].

If ¢ = gn (M), where M consists of the symbols vy, . . . , v,, then if
0 < n = p, n Gl z is the number associated with v,, whereas if n = 0 or
n> p,thenn Glz = 0.

If z is the Godel number of the sequence of expressions My, . . . , M,
then if 0 < n £ p, n Gl x = gn (M,), whereas if n = 0 or n > p, then
nGlz = 0.

@) £@) = ilo[(y Glz>0 A A(@+i+1Glz=0]

1=0

If z = gn (M), then £(x) is the number of symbols occurring in M.

If z is the Godel number of the sequence of expressions My, . . . , M,
then £(z) = n.
L)+
(3) GN (x)<—)~\/ (yGlz =0 A ((y+1)Glz=0)]
y=1

GN (z) holds if and only if there exist positive integers ax. 1 < k < #,
such that

Pr (k).

1

r =

n

k
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£(2)
(4) Term (z,2) ©GN (&) A \/ [z =n Glz) A (n = 0)].

n=0

Term (z, z) holds if and only if z = H Pr (k)e for suitable a; > 0, and

k=1
z = o, forsomek, 1 £k < n.
L +1
(5) zxy =2z [] Pr (@) +1i+ 1)evay
i=0

If M and N are expressions, then gn (MN) = gn (M) *xgn (N).T If
z and y are the Goédel numbers of the sequences of expressions M, . . .,
M,, and Ny, . . ., N,, respectively, then z % y is the Godel number of
the sequence M, . . . , M., Ny, . . ., N,

Group [1. Functions and Predicates Which Concern the Basic Structure
of Turing Machines

6) IC (z) & \/ (x =4y + 9).

y=0
IC () holds if and only if z is a number assigned to one of the ¢.

x

(7 Al (x)H\/ =4y + 7).

y=0

Al (z) holds if and only if z is a number assigned to one of the S;.

(8) 0dd (z) « \/ (z = 2y + 3).

y=0
Odd (z) holds if and only if z is an odd number = 3.

(9) Quad (z) < GN (x) A (&(z) =4) AIC (1 Gl 2) A Al (2 Gl z)
A0Odd BGlz) A IC (4 Gl ).

Quad (x) holds if and only if Exp (2) is a quadruple.

(10) Ine (z, y) « Quad () A Quad (y)
A(QGlz=1Gly) A 2Glz=2Gly) A (x=y).

Inc (x, ) holds if and only if z and y are Godel numbers of two quad-
ruples beginning with the same two symbols.

t Note that this remains correct if one or both of M, N are empty.
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(11) TM (z) <> GN (x)
L(x) £(=)

A A [Quad v Gle) A A ~ (Ine (n Glz, mGla)) |
n=1

m=1

TM (x) holds if and only if z is a Gédel number of a Turing machine.
(12) MR (0) = 21,

MR (n + 1) = 211 « MR (n).
That is, MR (n) = gn (1**!) = gn (A).
(13) CU (n, ) = 0if n Gl z = 11,

CUMm,z) =1ifnGlz = 11.
CU (n, z) is the characteristic function of the predicate n Gl z = 11

and, as such, is primitive recursive.

L)
(14) Corn (z) = z CU (n, z).

n=1

If £ = gn (M), then Corn (z) = (M).
(15) U(y) = Corn (£(y) Gl y).

If y is the Godel number of the sequence of expressions M1, M, . . .
M., then U(y) = (M,).

(16) ID ()
L) +1 L£(z)
SGN@ AV {IC@G) A A (m=n) V AlGl)}.
n=1 m=1

ID (z) holds if and only if z is the Gédel number of an instantaneous
description.

(A7) Init, (@1, . . . , Za)
= 2% MR (z1) *27 * MR (23) *27 % - - - %27 « MR (z.).
[It should be noted that (17) defines an infinite class of functions,
one for each value of n.]
Init, (1, . . . , z.) = gn (q1lxy, . . ., ZTu)).
Group III. The— Relation, etc.

(18) Yield; (z,,2) < ID (2) AID (y) A TM (2)

z z z z y v

AVVVVV VIE=Fx2x2x0
F=0G=07=035=02=0u=0

ANy=Fx2tx2*«G) ANIC () ANIC (1) A Al (s) A Al (w)

A Term (27 - 3¢ - 5 - 7¢, 2)].
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Yield; (z, y, 2) holds if and only if z and y are the Goédel numbers of
instantaneous descriptions, z is a Godel number of a Turing machine Z,
and Exp (z) — Exp (y) (Z), under Case 1 of Definition 1-1.7.

(19) Yield; (z,y,2) «ID () A ID () A TM (2)

AVVVVV Vl@=Fx2r22:0

F=0G@=0r=038=0¢=0u=0
AN@y=F2%2"x2t «G) ANIC () ANIC (u) A Al (s) A AL (D)
A Term (27 -3¢ 5% - 7%, 2)].

Yield, is like Yield;, but deals with Case 2 of Definition 1-1.7.
(20) Yield; (z,y,2) <« ID (2) A ID () A TM (2)

T x T v
A \/ \/\/\/[(x=F*2'*2“)
F=0r=0s=0¢t=0
AY=Fx22%x2t2") AIC(r) AIC () A Al (s)
A Term (27 - 3¢ - 5% - 7¢, 2)].

Yield; is like Yield;, but deals with Case 3 of Definition 1-1.7.
(21) Yieldy (z,y,2) & ID () AID (y) A TM (2)

/\\/ \/\/\/\/\/[(x=F*2’*2’*2‘*G’)

F=0G=0r=0s=0¢=0u=0
AN@=Fx2»x2rx2txG@) AIC (s) ANIC (u) A Al (r) A AL (B)
A Term (2¢ - 3t - 55 - 74, 2)].

Yield, is like Yield;, but deals with Case 4 of Definition 1-1.7.
(22) Yields (z, y,2) < ID (z) A ID () A TM (2)
x z x v
A \/ \/\/\/[(x=2’*23*G) Ay =2%27 %2 Q)
G=0r=0s=0t =0
AIC () AIC () A AL(s) A Term (27-32- 557 2)].
Yields is like Yield,, but deals with Case 5 of Definition 1-1.7.
(23) Yield (x, y, 2) <> Yield, (z, y, 2) V Yield: (z, y, 2)
V Yield; (z, y, z) V Yield, (z, y, 2)
V Yields (=, y, 2).

Yield (z, y, 2) holds if and only if z and y are the Godel numbers of
instantaneous descriptions, z is a Gédel number of a Turing machine Z,
and Exp (z) — Exp (y) (Z).
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(24) Fin (z, 2) « ID (z) A TM (2)

AV V VV {e=Fx2s246) AICH) AALG

F=0G@=0r=0s=0
£(2)

AAIAGLRGLz =) V (2Gl(rGl2) = 9]},

ne=l

Fin (z, 2) holds if and only if z is a Gédel number of a Turing machine Z
and z is the Goédel number of an instantaneous deseription final with
respect to Z.

(254) Ha(z,y,2) «>ID () A ID () A TM (2)

/\\/\/\/\/ \/ \/ {(x=F %2 %2 x@)
F=0G=0r=0s=0 ¢t=0 u=0

ANIC () AIC () AIC (w) A Al (s) A Term (27-3*- 5 - 7+, 2)

A(Ca(Corn (2)) =0 Ay =F %2652 x()

V (Ca(Corn (z)) = 1 Ay =F x2* x2¢ «]}.

This formula shows that Hu(z,y, 2) is A-primitive recursive.
H,(z, y,2z) holds if and only if z is a Godel number of a Turing
machine Z, z and y are Godel numbers of instantaneous descriptions,
and Exp (z) e Exp (y) (2).

(264) Compy (y, 2) <> TM (z) A GN ()

Lyy~+1
A /\ [Yield (n Gl y, (n + 1) Gl y, 2)

n=1

V HinGly, (n + 1) Gly, 2)] A Fin (£(y) Gl y, 2).

This formula shows that Compy (y, z) is A-primitive recursive.
Compy (y, 2) holds if and only if 2z is a Godel number of a Turing
machine Z and y is the Godel number of an A-computation of Z.

We have now:

THEOREM 1.4. T4 (2,21,. . ., Zs y) is A-primitive recursive,

PROOF. By Definition 1.5,

TA(z, 21, . . ., Za, y) <> Compy (y,2) A (1 Gly = Init, (21, . . ., za)).

2. Computability and Recursiveness. The class of partially A-com-
putable functions was defined in terms of the functions ¥§, (r™) (cf.
Definition 1-4.4). We now seek to evaluate these functions in terms of
the predicates T,4(z, t™, y).

TrEOREM 2.1. Let Zo be a Turing machine and let z, be a Godel number
of Zo. Then, the domain of the function ¥, (x™) is equal to the domain
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of min, Tw4(2e, £, y). Moreover,
V4 @™) = Ulmin, Twt(z0, 1™, 1)1
Also, tf T.A(zo, £, yo) 1s true for given ™, then
Yo = min, To4(20, 1™, ).

PROOF. min, T.4(2, ™, ¥) is defined for given ¢ if and only if there
exists an A-computation of Z, beginning with ¢,(t™), that is, if and only
if ¥4, (™) is defined. This proves our first contention.

Furthermore, when ys = min, T.%(zq, £, y) is defined, y, is the Godel
number of an A-computation of Z, beginning with ¢:(t™). (This remark
also proves the final assertion of the present theorem.) Hence, £(yq) Gly,
is the Godel number of the final instantaneous description a of this
A-computation, and U(y,) = Corn (£(ye) Gl yo) = (a). But

(@) = ¥, @™),
whence the result follows.

Theorem 2.1 is our most important result thus far. The reader will
notice that all of our subsequent results of interest in Parts 1 and 2 are
based essentially on this theorem.

CoroLLARY 2.2. f(r'™) s partially A-computable if and only if there
is a number zq such that

f(z(")) =5 U(min,, TnA(ZO, z(n)’ y))'

This important result is due to Xleene [4, 6], and is called by him the
“normal form theorem.” Cf. also Davis [1].

PrROOF. That every partially A-computable function can be repre-
sented in the desired form is an immediate consequence of our preceding
theorem and Definition 1-4.5. The converse results from Theorems 1.4
and 3-1.2.

CoroLLARY 2.3.  Every (partially) A-computable function is A-(partial)
Tecursive.

PROOF. That every partially A-computable function is A-partial
recursive follows at once from Corollary 2.2. For an A-computable
function, we note that min, T,4(ze, £™, y) must be defined for all ¢™;
so the minimalization is of a regular function (cf. Definition 2-2.3),
Hence, by Definition 3-1.2, the result follows.

Combining Corollary 2.3 with Theorem 3-1.2, we have:
CoROLLARY 2.4. A function is (partially) A-computable if and only if
it is A-(partial) recursive.

t The function U(y) is that defined in (15) of Sec. 1 of the present chapter.
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Having proved the equivalence of computability and recursiveness, we
shall henceforth use the two terms more or less interchangeably.

The converse of Corollary 3-1.1 now follows trivially.

COROLLARY 2.5. If a function is total and A-partial recursive, then it
is A-recursive.

PROOF. Such a funection is partially A-computable and hence, being
total, A-computable. Therefore it is A-recursive.

In Theorem 3-4.2, we saw that the A-(partial) recursive functions
could be obtained from the functions Cu(z), N(z), S(z), U E™),
1 <7 < n, by employing composition, primitive recursion, and mini-
malization. Corollary 2.2 shows that minimalization need be employed
only once.

We take this opportunity to return briefly to our discussion of the
adequacy of the identification of the intuitive notion of effective calcu-
lability with the precise concept of computability (cf. Chap. 1, Seec. 2).
Let us imagine an attempt to deseribe procedures which are intuitively
effective but which cannot be carried out by Turing machines. Such
procedures would presumably consist of the iteration of certain atomic
operations. Now, our technique of arithmetization of the theory of
Turing machines could presumably be modified to apply to such pro-
cedures if the atomic operations correspond to recursive functions. In other
words, a function computed by means of any procedure that consists of
the iteration of atomic recursive procedures is itself recursive. In par-
ticular, these remarks apply to Turing machines modified, say, to operate
on a multidimensional “tape.”

3. A Universal Turing Machine.! Consider the partial recursive
binary funection? ¢(z, ) = U(min, T(z, z, y)). This function is com-
putable; so there is a Turing machine U such that

Yy ®(z, 2) = ¢(z, ).

We call this Turing machine untversal.®* It can be employed to com-
pute any partially computable singulary function as follows: If Z, is any
Turing machine and if z, is a Gédel number of Z,, then

Py (20, ) = Vz,(2).

Thus, if the number z, is written on the tape of U, followed by the
number z,, U will compute the number ¥z (z;).

! The present section is a digression and may be omitted without disturbing con-
tinuity.

2 By the convention immediately following Definition 1.5, T'(2, z, y) is T1#(z, z, ¥)-

3 The term universal was introduced by Turing [11.
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The machine U can also be employed to compute n-ary functions,
n = 1, by first transforming these into singulary functions. That is,

the function f(zy, . . . , z.) can be replaced by
gle) =f1Glz,2Glz, ... ,nGlz).
Then, to compute f(zi, . . . , z.) for given 1, . . . , z., we compute

n
z = H Pr (k)=
k=1
and then compute g(x).

Thus, from the point of view of recursive-function theory, there is no
essential distinetion between singulary and n-ary (n > 1) functions. It
is as though, in analysis, one possessed analytic homeomorphisms between
one-dimensional and n-dimensional (n = 1) euclidean space.



CHAPTER 5

UNSOLVABLE DECISION PROBLEMS

1. Semicomputable Predicates. In our first four chapters we have
developed the theory of computability. In the present chapter we begin
our treatment of noncomputability with a discussion of the class of semi-
computable predicates to be defined below. As we shall see, although ali
computable predicates are semicomputable, there exist semicomputable
predicates that are not computable. In studying semicomputable predi-
cates, we are in effect remaining as close to the domain of the computable
as we can. Later, in Part 3, we shall consider predicates that are very
badly noncomputable.

DeriniTion 1.1. A predicate P(x™) s called A-semicomputable if
there exists a partially A-computable funciion whose domain is the sel
{r@» [ P™)}.

P(x™) 75 called semicomputable if it is g-semicomputable.

TraEOREM 1.1. Every A-computable predicate is A-semicomputable.

PROOF. Let R(x™) be A-computable. Then, {r® | R(z™)} is the
domain of the partially A-computable function min, [Ce(z™) + y = 0].

Next, we shall see that the A-semicomputable predicates are precisely
those obtained by prefixing an existential quantifier to an A-computable
predicate.

TraEOREM 1.2. Let R(x™) <—>\/ P(y, ), where P(y, t™W) is A-com-

v
putable. Then R(z'™W) is A-semicomputable.
PROOF. {r™ | R(t™)} is the domain of the partially A-computable
function min, [Cp(y, t™) = O].
TrEOREM 1.3. Let R(x™) be an A-semicomputable predicate. Then,
there exists an A-computable predicate P(y, t™) such that

R@™) < \/ P(y, t™).
v
PROOF. By Definition 1.1, {r™ | R(z™)} is the domain of a partially
A-computable function f(z). But, by Corollary 4-2.2, there is a num-
ber z, such that

f(I(")) = U(miny TnA(ZO) Z(n)y y))‘
66
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Hence, the domain of f(x™) is the set

{£9 1V Tuteo, 1, )
Yy

Thus,
a0 | R} = {0 [\ Twtteo, £, 1)}

Yy
SO

R(™) & \/ Tat(zo, £™, ).

Yy

Actually, we have proved more. Our proof yields the following
“enumeration” theorem of Kleene:!

TurorREM 1.4. Let R(x™) be any A-semicomputable predicate. Then
there is some number zo such that

Ra™) <> \/ Tut(z0, 1, y).

Y

Note that, whereas the proof of Theorem 1.2 was quite direct, the
proof of Theorem 1.3 employed the results of our arithmetization.
Theorem 1.3 is thus the “deeper’ of the two.

Our next result concerns the relationship between A-computability
and A-semicomputability.

TurorEM 1.5. R('W) is A-computable if and only if both R(x™)
and ~ R(x™) are A-semicomputable.?

proor. If R(z'W) is A-computable, then so is ~ R(t™), by Theorem
3-5.3. Hence, by Theorem 1.1, R(z™) and ~ R(z'®) are both A-semi-
computable.

Next, suppose that both R{(z™®) and ~ R(z™) are A-semicomputable.
Then, by Theorem 1.3, there exist A-computable predicates P(y, t™),
Q(y, £™) such that

R@™) < \/ P(y, t™),
~ R@™) «\/ Qy, ™).

Now, for each choice of values for the arguments ¢, either R(z'®) or
~ R(™) must hold. Hence, for each such choice of values, there is
some value of y for which either P(y, £™) or @(y, ™) holds. Therefore,

1 Cf. Kleene [4, 6]. It was Kleene who first recognized the fundamental role partial
recursiveness plays in this part of the theory.

: This result (with A = ¢) is due, independently, to Kleene [4], Post [3], and
Mostowski [1].
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the function

h(x™) = min, [P(y, 1™) Vv Q, 1™)]
is total and, therefore, A-computable. But we have
R(E™) o P(E™), t™).
Hence, R(z*) is A-computable.

Thus we see that, for a predicate to be A-computable, it is necessary
and sufficient that both it and its negation be A-semicomputable. Does
there exist an A-semicomputable predicate whose negation is not A-semi-
computable, that is, an A-semicomputable predicate that is not A-com-
putable? Indeed there does!

TrHEOREM 1.6. The predicate \/ T4(z, z, y) is A-semicomputable, but

v
s not A-computable.

PROOF. Suppose that N\/ T4(x, z, y) were A-semicomputable.

Y
Then, by Theorem 1.4, there would be a number z; such that
~ \/ TA(x) z, y) <> \/ TA(Z(), z, y)
Yy Yy

But setting # = 2, in this equivalence yields a contradiction.!
The special case of this result for which A = ¢ is of such importance
that we shall state it explicitly:

CoROLLARY 1.7. The predicate \/ T(x, x, y) is semicomputable, but not

¥
compulable.

We are now in a position to settle the question, raised in connection
with Example 1-3.4, about the possibility of “completing’ a partially
computable function to a computable function.

DeriniTioNn 1.2. By the completion of a function f(x) we mean the
function g(z) for which

g(z) = f(x), where f(x) is defined,
g(z) = 0, elsewhere.

TrHEOREM 1.8. There exists a partially A-computable function whose
completion is not A-computable.

PROOF. Let o(z) = S(N(z)); that is, ¢(z) is the computable function
whose value is 1 for all values of z. Let f(z) = ¢(min, T4(z, z, ¥)).

1 The reader who is familiar with Cantor’s diagonalization method will recognize

our proof as an application of it. Theorem 1.4 furnishes the enumeration of all
singulary A-semicomputable predicates necessary for the diagonalization.



SEc. 2] UNSOLVABLE DECISION PROBLEMS 69

Then f(x) is partially A-computable. But the completion of f(zx) is the
characteristic function of the predicate

~\/ T4z, z,v)
Yy

and is, therefore, not A-computable.

2. Decision Problems. We are at last in a position to treat, in a
precise manner, the question of decision problems, discussed in the Intro-
duction. As indicated there, a decision problem inquires ‘““as to the
existence of an algorithm for deciding the truth or falsity of a whole
class of statements. . . . A positive solution to a decision problem con-
sists of giving an algorithm for solving it; a negative solutzon consists of
showing that no algorithm for solving the problem exists, or, as we shall
say, that the problem is unsolvable.”

Our identification of effective calculability with computability gives a
precise substitute for the intuitive notion of algorithm only in so far as
computations on integers are concerned. However, our device of arithme-
tizatton enables us to replace consideration of finite expressions made up
of fixed symbols by consideration of corresponding Goédel numbers. Of
course, this replacement is valid only because there exist effective pro-
cedures for obtaining the Gédel number of an expression and for obtain-
ing an expression from its Godel number. Furthermore, an algorithm,
in the intuitive sense, can be employed only on a finite expression of
this sort. (E.g., an algorithm for adding two numbers given in decimal
notation is useless for adding numbers given in Roman notation, except
in the presence of auxiliary algorithms for transforming back and forth
between the two notations.) Thus, our development should prove ade-
quate for dealing with decision problems of the most varied kinds.

In particular, there is a decision problem associated with every predi-
cate in a very natural way. That is, associated with the predicate
R(z:, . . . , x,) is the problem:

Todetermine, for given numbers ay, . . . , d., Whether or not R(ay, . . . , @)
18 true.
This we call the decision problem for the predicate R(zy, . . ., x,).

Our identification of effective calculability with recursiveness may then
be rendered “ official”’ by the following definition.

DeriniTioN 2.1.  The decision problem for a predicate R(z1, . . . , )
18 called recursively solvable if R is recursive; otherwise it is called recur-
sively unsolvable.

Thus, Corollary 1.7 may be restated as follows:

CoroLLARY 2.1. The decision problem for the predicate \/ T(z, z, y)

. Yy
s recursively unsolvable.



70 THE GENERAL THEORY OF COMPUTABILITY [CuAP.

Now, let Z be a simple Turing machine. We may associate with Z
the following decision problem:

To determine, of a given instantaneous description a, whether or not there
exists a computation of Z that begins with a.

That is, we wish to determine whether or not Z, if placed in a given
initial state, will eventually halt. We call this problem the haliing
problem for Z. We agree to call the halting problem for a simple Turing
machine Z recursively solvable or unsolvable as the following singulary
predicate is or is not computable:

Pz(x) <> z is the Godel number of an instantaneous description a of Z and
there exists a computation of Z that begins with «.

For, intuitively, it is clear that an algorithm for solving the halting
problem for Z would be forthcoming if and only if we could be supplied
with an algorithm for solving the decision problem for Pz(z). All that is
needed to convert one algorithm into the other is an algorithm for trans-
lating between instantaneous descriptions and their Gédel numbers.
But we shall show that, for suitable Z, Pz(z) is not computable. Our
method of proof is to show that, if Pz(x) were computable, so would be

V T(z, z,9).

Y
Let Z, be such that
\Ilzo(x> = minv T(II), z, y)'

Then, z belongs to the domain of ¥z, () if and only if \/ T(z, z,y). But

v
z belongs to the domain of ¥z (z) if and only if Pz (gn (¢:Z)). Now
gn (¢1T) is certainly recursive [in fact gn (¢:7) = Init; (z) and so is
primitive recursive]. Hence, if Pz (x) were computable, so would be the

domain of ¥z, (z), and hence also the predicate \/ T(z, x,y). Since we

Yy

know the latter to be noncomputable, Pz, (x) must be noncomputable.

We have proved

THEOREM 2.2. There exists a Turing machine whose halting problem s
recursively unsolvable.

A related problem is the printing problem for a simple Turing machine
Z with respect to a symbol S;. This problem is that of determnining,
of a given instantaneous description « of Z, whether or not, in the course
of its ‘‘computation’ beginning with «, the symbol S; ever appears on
the tape of Z; more precisely,

To determine, of a given instantaneous description a of Z, whether or not
there exists a sequence ay, . . . , ay of instantaneous descriptions such that
o= a1, g1 — o for 1 <j =k, and ax contains the symbol S;.
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As before, we interpret the recursive solvability or unsolvability of this
problem as meaning the computability or noncomputability, respectively,
of a related predicate, in this case Qz(z), true if and only if x is the Gédel
number of an instantaneous description « for which the italicized con-
dition, just above, holds.

THEOREM 2.3. There exists a simple Turing machine Z and a symbol
S in the alphabet of Z such that the printing problem for Z with respect to
S, s recursively unsolvable.

PROOF. Let Z, be the Turing machine we have obtained whose halting
problem is unsolvable. Let Si be some symbol not in the alphabet of Z;
gnv some internal configuration not an internal configuration of Z,. Let
Z be obtained from Z, by adjoining to it all quadruples of the form

¢ S; Sk qn,

where no quadruple of Z, begins with ¢; S;, where §; is in the alphabet
of Z,, and where ¢; is an internal configuration of Z;. Then Z duplicates
the actions of Z,, except that, whenever Z; would have halted, Z con-
tinues one step further, placing the symbol S on its tape, and then halts
(that is, Z prints S; when and only when Z, halts). Therefore,

Pz,(z) <> Qz:(7);

80 Qzx(x) is not computable.

The techniques just applied illustrate the methods usually employed in
deriving the unsolvability of decision problems not directly stated in
terms of numerical predicates. It might also be mentioned that the
unsolvability of essentially these problems was first obtained by Turing [1].

3. Properties of Semicomputable Predicates. Theorems 1.5 and 1.6
show that the class of A-semicomputable predicates is not closed under
the operation of negation. In this section, we shall note some operations
under which this class is closed.

TureoreM 3.1. Let P(y, t™) be A-semicomputable, and let

Q™) <> \/ P(y, t™).

Then Q(z'™) is also A-semicomputable.
PRoOF. Let

P(y, t™) < \/ R(z, y, 1™),

z

where R is A-computable. Then
Q™) <\ V RG, 9, 1) « \/ RK®, L), t™),
v z t

which proves the theorem.
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TueoREM 3.2. Let P(y, t») be A-semicomputable, and let

Qz, t™) & A Py, t™).
y=0
Then Q(z, t'™) is also A-semicomputable.?
PROOF. Let

P(y,1™) & \/ R, y, t™),

where K is A-computable. Then :

Qz ™) & AV R, y, 1™).
y=0 u
Now, to say that, for every y between 0 and z, there is some % such that
R(u, y, ™) is true is equivalent to saying that there exists a finite
sequence g, %1, . . . , %, such that, for each y between 0 and z,
R(u,, y, ™) is true. But, if we set

w=[] Pr(y + ),

y=0

this sequence is given by 1 Glw, . . . ,2Glw, (z + 1) Glw. Hence,

Q™) «\/ A By + 1) Glw, y, ™).
w y=0
By Theorem 3-5.4, this last equivalence yields the desired result.
TaeoreM 3.3. If P(™) and Q™) are A-semicomputable, then so
are P(t™) A Q™) and P@™) V Q™).

proor. Let P(™) < \/ R(y, t™) and Q™)< \/ Sy, ™),

Yy

v
where R and S are A-computable. Then
PE™) A Q™) < \/ V R, t™) A S, 1)),

y z
PE™) v Q™) < \/ [R(y, t™) Vv S(y, t™)].
v
The result then follows from Theorems 3.1 and 3-5.3.
TeEOREM 3.4. Let P(y, t™) be A-semicomputable, and let f(y™) be
A-computable. Then P(f(y™), t™) 1s A-semicomputable.
PROOF. Let

P(y, t™) < \/ R(z, y, t™),

1 This theorem is due to Mostowski [2].
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where R is A-semicomputable. Then

P(f(y), t™) &> \/ Rz, fh™), t™).

4. Recursively Enumerable Sets. The study of A-semicomputable
predicates is, in effect, the study of the domains of partially A-computable
functions. In this section we shall see that essentially the same results
are obtained by studying the ranges of such functions. Moreover, we
shall see that, excepting the empty set, it does not matter whether we
permit all partially A-computable functions or restrict ourselves to
A-computable functions or even to A-primitive recursive functions.

TueoreM 4.1. Let {t| P({)} be the range of a partially A-computable
function f(x). Then P(t) is A-semicomputable.

proo¥. By Corollary 4-2.2, we can find & number z, such that

f@) = Ulmin, T4(z, 2, y)).-

Then a number ¢ will be in the range of f(z) if and only if there are num-
bers z, w such that ¢ = U(w) and T4(z, z, w) is true (cf. the final assertion
of Theorem 4-2.1). That is,

(t1POY = {t1VV It = Uw) A T4, 2, w1}

The result then follows from Theorems 3.1 and 3-5.3.
THEOREM 4.2. Let P(x) be A-semicomputable, and let {z | P(x)} = 4.
Then there exists an A-primitive recursive function whose range is {z | P(x)}.
PrROOF. Let S = {z | P(z)}. Since S = ¢, S contains a least element,
which we shall call so. By Theorem 1.4, there is a number z, such that

P(z) & \/ T4(z0, 7, 9);

that is,
zES e \/ T4(zo, z, ¥).
v

Let 74(z, y) be the characteristic function of the A-primitive recursive
predicate T4(zq, z, y). Let f(z) be defined as follows:

f(O) = So,
fm + 1) = +4(K(m + 1), L(m + 1)) - f(m)
Y a4 (K(m + 1), Lim + 1)) - K(m + 1).

It is easy to see that f(z) is A-primitive recursive. We shall see that
the range of f is the set S.
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The successive values of f are obtained by searching among the ordered
pairs of integers

(K(0), L(0)), (K(1), L(1)), (K(2), L(2)), . . .

for pairs (K(37), L(j)) for which T4(zo, K(j), L(j)). As such a pair is
found, K{(j) is made a value of f. For ordered pairs for which
T4(z0, K(3), L(7)) is false, f simply continues its previous value. Thus,
the values taken on by f are precisely the members of the set S.

Combining Theorems 4.1 and 4.2 we have
TaeoreM 4.3. Let S = {z| P(z)}, and let S 5% g. Then the following
statements are all equivalent:

(1) P(z) s A-semicomputable.

(2) 8 7s the range of an A-primitive recursive function.
(3) 8 is the range of an A-recursive function.

(4) 8§ s the range of an A-partial recursive® function.

prooF. By Theorem 4.2, (1) implies (2). Obviously, (2) implies (3),
and (3) implies (4). By Theorem 4.1, (4) implies (1). Hence, all four
statements are equivalent.

DeriniTioN 4.1. A set S s called A-recursively enumerable either if
S = ¢ or if the equivalent conditions (1) to (4) of Theorem 4.3 hold.

The term ‘ A-recursively enumerable’” is motivated by the fact that
such a set (if it is nonempty) is, in fact, enumerated by an A-recursive
function. Our results regarding semicomputable predicates can, of
course, also be stated in terms of recursively enumerable sets.

We begin with

DeriniTiON 4.2, We write {n}4 = {x | \/ TA(n, z, y)}; {n} = {nl,.

In terms of this notation, our enumeration theorem, Theorem 1.4,
yields

TueoREM 4.4. Let 8 be any A-recursively enumerable set. Then there
exists a number n such that S = {n}s. Moreover, for each n, {n}4 is an
A-recursively enumerable set.

Theorem 1.5 yields

THEOREM 4.5. 8 is A-recursive if and only if S and S are both A-recur-
sively enumerable.

1 4 is also the range of a partial recursive function, namely, the function f(z) which
is nowhere defined. f(z) is partial recursive, since f(z) = min, [z +y +1 =0]. Or
fx) = yz(z) where Z consists of the quadruples

alLq
@1 BR qa.
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DeriNITION 4.3. We write A’ = {x | \/ T4z, =, y)}; we also write
y

K=y¢.

Then, by Theorem 1.6, we have

TueoreEM 4.6. A’ is A-recursively emumerable, but not A-recursive.

Similarly, Corollary 1.7 yields

COROLLARY 4.7. K 1is recursively enumerable, but not recursive.

By the decision problem for a set S of integers is meant the problem of
determining, for given n, whether or not n € 8.

DEeriNiTION 4.4.  The decision problem for a set S is called recursively
solvable or unsolvable according as S 1s or is not recursive.

Thus, Corollary 4.7 yields

CoROLLARY 4.8. The recursively enumerable set K has a recursively
unsolvable deciston problem.

Theorem 3.3 yields

TueoreM 4.9. If R and S are A-recursively enumerable, so are R\J 8
and RN 8.

Also, by Theorem 3.4, we have

TueoreEM 4.10. If R is A-recursively enumerable and f(z) 1s A-recursive,
then the set 8 = {z | f(z) € R} is A-recursively enumerable.

That the notion of recursive enumerability is capable of so many
different formulations suggests that a fundamentally important concept
is involved. This does, indeed, appear to be so. Post’s original work
on the subject! was from this point of view, with recursiveness, in effect,
defined in terms of recursive enumerability. The relevant intuitive con-
cept is that of gencrated set. A generated set of, say, integers is produced
by a process that from time to time ejects an integer. Once an integer
has been ejected it is placed in the set, and it remains there. We may
well be ignorant, however, of the ultimate fate of an integer so far not
ejected. In fact, it is not excluded, at any given stage, that no new
integers, or even no integers at all, will be subsequently ejected. This
circle of ideas, when developed into a formal theory, leads to the normal
systems of Chap. 6, which, in turn, are shown to represent essentially
another formulation of recursive enumerability.

6. Two Recursively Enumerable Sets.? If R is a recursively enumera-
ble set that is not recursive, then, as we know, B is not recursively
enumerable. Hence, to every recursively enumerable set P such that
P C R, there corresponds a number z such that z & P and z & R. We
now inquire whether there is an effective procedure by means of which,

1 Cf. Post [2, 3]. More details appear in his unpublished [8].

2 The material in this section is not employed in Chaps. 6 and 7, and is employed

only incidentally in Chap. 8. It may, therefore, be omitted by the reader who is so
minded.
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given P, we can obtain z. P, however, cannot be “given.”” We can,
however, give an integer n such that P = {n}. This leads to

DEerFinNiTION 5.1.  The set R is A-creative if R s A-recursively enumera-
ble and if there exists a recursive function f(n) such that, whenever {n}, C R,
then f(n) € R, f(n) & {n}a. R is creative if it is g-creative.!

Then we have

THEOREM 5.1. A’ 1s A-creative.

PrROOF. We take f(n) = n. We have

4 = {n |\ T4, n, )}
= {n]n € {n}a).
{n|n & (n}a).

Hence,
A7

If, for some fixed n = n,,

{no}A C /T,

then, if 2 € {no}4, we have 2 & {z}4. Set z = n,. Then, ny € {ne}a
implies no & {no}4. We conclude that ny & {no}4, that is, that f(no) &
{no}4. Moreover, since ny & {no}a, ne & A’; that is, f(ne) € A’. This
proves the theorem.

CoroLLARY 5.2. K is creative,

PROOF. K = ¢’

It can be shown (ef. Theorem 11-3.1) that the complement of an
A-creative set C does in fact contain an infinite recursively enumerable
subset. Beginning with ¢ C €, we obtain a number z & €. Let {n}4
be the set whose only element is z. Then we obtain a number 2’ &€ C,
' & {n}a, that is, 2’ # 2. Continuing this process, we generate an
infinite sequence of elements of ¢. That the set thus obtained is in fact
recursively enumerable will be seen later. Thus, we might conjecture
that the complements of all recursively enumerable sets contain infinite
recursively enumerable subsets. That this is not the case was proved by
Post [3].

DEerFiNiTION 5.2. S ¢s A-simple #f

(1) S is A-recursively enumerable,

(2) 8 s infinite, and

(8) S contains no infinite A-recursively enumerable subset.

S is simple if it is g-simple.!
Note that an A-simple set cannot be A-recursive.

We have
THEOREM 5.3. For every set A, there is an A-simple set.

! This definition, with A = ¢, is due to Post [3].
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proor. Consider the A-partial recursive function
64(1) = K(min, [T4(, K@), L) A K@) > 2i)),

and let S4 be the range of 64(7). Then, by Definition 4.1, 84 is A-recur-
sively enumerable. We shall show that S4 is A-simple. But first we
pause to indicate the motivation behind the manner in which 84 was
defined. In a suitable ordering, 64(¢) is the first member of {i}4 (if any)
greater than 27, and S4 is the set of all such first members.

We have the following lemmas:

LeMMa 1. If OA(io) 18 deﬁned, then 0A(i0) e {'io}A, oA(io) > 210

PrOOF. If 84(4¢) is defined, then there is some value of ¢ such that
TA(10, K(t), L(1)), 68(1s) = K(t), and 04(6) > 2¢,. Hence,

\/ TA(io, oA(io), y), that iS, GA(io) e {io}A.

Yy

LemMma 2. If {i}4 is infinite, then {T}4 M S4 5 4.
prOOF. If {io}4 is infinite, there is a number m, such that me € {0}

and mo > 2¢. Hence, \/ TA(ig, mo, y). Let yo be the least such y.

¥
(Actually, by the definition of the T-predicates there is at most one
such y.) Then T4(%, mo, yo). Letty = J(ms, yo). Then

mo = K(J(mo, yo)) = K(to); yo = L(J(mq, yo)) = L(to).

Hence, T4(is, K(to), L(f)). Since K(fo) = mo > 24, 04(z0) is defined.
Hence, by Lemma 1, 64(i¢) € {i0}a. But, 64(¢s) € S4. Hence,
{i}a M 84 5= 4.

LemmMa 3. SZ contains no infinite A-recursively enumerable subset.

PROOF. By Lemma 2, S4 has at least one element in common with each
infinite A-recursively enumerable set.

Lemma 4. S2 s infinite.

prROOF. Our proof is by counting. Let o4(z) be the number of ele-
ments of §4 that are < z. We seek to estimate ¢4(2n + 2). That is,
we seek to estimate how many numbers 64(i) there are, with
64(2) £ 2n + 2. For this purpose, we may restrict ourselves to values
of ¢ £ n, since, for ¢ = n + 1, 64(2) > 27 = 2n + 2. Hence, at
most, there are the n 4 1 numbers 64(0), 64(1), . . ., 64(n). Thus,
c4a(2n +2) =n+ L

So we have seen that at most n + 1 of the first 2n + 2 integers belong
toS4. Hence, at least n + 1 of them belong to S4. Hence, 84 is infinite.

Lemmas 3 and 4 give the desired result.
6. A Set Which Is Not Recursively Enumerable. We shall now
attempt to formalize the argument of the Introduction, Sec. 1. There
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we maintained (cf. III of that section) that there was no algorithm for
determining whether or not an alleged algorithm was indeed an algorithm.
If there were such an algorithm, we could enumerate all algorithms in an
effective manner, whereas the existence of such an effective enumeration
would lead to a contradiction. This suggests

TureOREM 6.1. The set of all Godel numbers of Turing machines Z,
Jor which ¥z(zx) is total, is not recursively enumerable.

PROOF. Let us designate the set of all such G6del numbers by R, and
let us suppose that R is recursively enumerable. Then, since R # 4,
there would exist a recursive function f(n) whose range is R.

The function U(min, T'(f(n), z, y)) would be total, and hence recur-
sive. Hence, U(min, T(f(z), z, ¥)) + 1 would be recursive. Hence, by
the very definition of f(n), there would be a number 7nq such that

U(min, T(f(z), z, ¥)) + 1 = U(min, T(f(no), z, y))-
Setting x = n, yields a contradiction.

We may note in passing that this set R is given by
R = {Z l /\\/ T(Z, xz, y)}
z ¥y

This expression suggests that R is also not recursively enumerable.
We shall see later that this is so. (Cf. Theorem 11-1.3.)
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CHAPTER 6

COMBINATORIAL PROBLEMS

1. Combinatorial Systems. This chapter is devoted to showing that
various decision problems of a combinatorial nature are recursively
unsolvable. In this process we shall discover some new formulations
of the concept of recursive enumerability.

Combinatorial problems can generally be formulated in terms of finite
sequences of fixed objects. We begin by considering an infinite sequence
of symbols (or objects) denoted by aq, a1, a2, a3, . . . . We shall also
write 1 for ao (the ambiguity resulting because we have also been writing
1 for S; should cause no confusion). A finite sequence (possibly of
length 0) of these symbols will be called a word (or siring, or formula).
The empty word of length 0 will be written A. In this chapter we shall
usually employ capital letters, X, Y, etc., as variables ranging over all
such words. The result of juxtaposing the pair of words X, Y will be
written XY

We shall also consider predicates, the range of whose variables is the
set of all words. Such predicates will be represented by capital German
letters, N, &, ete., and will be called word predicates. When there is
danger of confusion, we shall refer to predicates whose variables range
over the natural numbers (i.e., what we have been calling, simply, predi-
cates), as numerical predicates.

The technique of Gédel numbers employed in Chap. 4, Sec. 1, can be
used to advantage here. With the symbol a; we associate the odd num-
ber 2: + 1. If W = a;a:, - - as, we write

k
gn (W) = [] Pr (.

i=1

We also set gn (A) = 1. The number gn (W) is called the Gédel number
of W.

With each word predicate R(X4, . . . , X.) Is associated a numerical
predicate }*(x1, . . . , Zn), where R*(z1, . . . , 2m) is true for given
21, . . ., T if and only if each z;, 1 < ¢ £ m, is the Godel number of

81
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some word W, such that R(W,, . . ., Wa) is true. That is,

R*@y, . . ., Tw) <—>\/ \/ \/ [(x1 = gn (W1)) A (22 = gn (Wy))
W, W:
A A (xm—gn(W,,,)) ARWy ..., W)l

When we speak of a word predicate & having attributes that have
been formerly defined only for numerical predicates, we always mean
that the associated numerical predicate %t* has these attributes. Thus,
when we say that a word predicate R is recursive, we mean simply that
R* is recursive. The device of Godel numbering permits us, in effect,
to extend our previously developed theory to the present subject matter.

Let g, h, k; §, h, k£ be six (not necessarily distinct, possibly empty)
words. Then we may consider the binary predicate ER” 2 (X, Y), which
is true for given words X,, Y, if and only if there exist (p0531b1y empty)
words Py, Q¢ such that

X ¢ = gP thok
and
Yo = gP QEQOE y
that is,
Rerk (X Y) <—>\/ \/ (X = gPhQk) A (Y = GPhQk)].

ghsk
Q
This predicate is called the production associated with g, h, k, §, k, k, and

will be symbolized
gPhQL — GPhQEL.T

CoroLLARY 1.1. The production
gPhQk — GPhQk

s a recursive binary predicate.
PROOF. Let the associated numerical predicate be R(z, y). Then,!

R(z,y) & GN (z) A GN ()

AN V Iz =gn(g) «p*gn(h) xq*gn (k)
p=0 ¢=0
A (y = gn (g *p*gn (h) xq =xgn (F)],
which is recursive.

t Actually, we are using the term “production’” somewhat ambiguously. Some-
times, we shall mean the ordered sextuple of words g, A, k, §, &, £ and, at other times,
the associated word predicate 5;.';:

The term production was first used by Post [2, 8] in a somewhat wider sense (cf.
also, Rosenbloom {1]).

1 Cf. formulas (3) and (5) of Chap. 4, Sec. 1.
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DerintrioNn 1.1, Let R(X, Y) be a production. And let Xo, Yo be
words such that R (Xo, Yo) 7s true. Then we shall say that Y, is a conse-
quence of X, with respect to R.

DeriniTioN 1.2. By the inverse of the production

gPhQk — gPhQk
we mean the production
gPhQk — gPhQk.

Thus, if the inverse of the production R is &, then Y is a consequence
of X with respect to R if and only if X is a consequence of Y with respect
to &.

Actually, we are primarily concerned with a few special kinds of
production.

DerintTion 1.3.  Let g, § be given nonempty words. Then, the produc-
tion

APgQA — APGQA

1s called the semi-Thue production associated with g, §.
This production is written simply

PgQ — PjQ.

Y is a consequence of X with respect to this production if and only if
Y is obtained from X by replacing ¢ by § at some occurrence of g in X.
DeriNiTiON 1.4. Let g, § be given nonempty words. Then, the pro-
duction
gPAQA — APAQg

1s called the normal production associated with g, §.
This production is written simply

gP — Pj.
CoroLLARY 1.2. The inverse of a semi-Thue production is a semi-Thue
production.
PROOF. Clearly, the inverse of
] PgQ — PgQ
is
PjQ — PgQ.

DEeriniTiON 1.5. A production is called antinormal if its inverse is
normal.
We indicate the inverse of

gP — Pj
by
P§— gP.
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DeriniTiON 1.6. A combinatorial system I' consists of a single non-
empty word called the axiom of T' and a finite set of productions called the
productions of T'.

The alphabet of T' consists of all letters that occur either in the axiom of
Torintheg, h, k, §, h, k that define the productions of T.

By a word on T' we mean a word in which only letters from the alphabet of
T appear.

Our interest will center about four special kinds of combinatorial
system.

DEeriNiTION 1.7. A semi-Thue system s a combinatorial system all of
whose productions are semi-Thue productions.

A Thue system is a semi-Thue system with the property that the inverse
of each of its productions ts also one of its productions.

A normal system is a combinatorial system all of whose productions are
normal productions.

A Post system! is a combinatorial system whose productions consist of a
finite set of normal productions and their inverses,

DeriniTion 1.8. By a proof in a combinatorial system T’ ¢s meant a
finite sequence Xy, . . . , X of words such that X is the axiom of T and,
for each 1, 1 <t = m, X; is a consequence of X:_1 with respect to one of the
productions of T.

Each of these X; is then called a step of the proof.

DeriniTioN 1.9. We say that W is a theorem of T and we write

e W

if the word W is the final step of a proof in T.

In this case the proof is called a proof of W in T.

Note that a theorem of a combinatorial system T' is necessarily a word
on I'.

Derinirion 1.10. A combinatorial system T is monogenic if each
theorem of T has at most one immediate consequence with respect to the pro-
ductions of T.

The set of Godel numbers of all theorems of the combinatorial system
T will be written Tr.

Thus,

I--rWHgn w) € Tr.

The set Tr is a set of integers determined by the system I'. The
agsociation is, however, in a certain sense “unnatural’’; that is, the pro-
cedure for computing the Gédel number of a theorem of I' may well be
more complicated than the proof of the word in I'. Moreover, the ele-

1 This term has been used by Novikoff. Actually, Post systems as such do not
occur in Post’s work. Cf., however, Markov (1, 3.
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ments of T'r must have factorizations of a very special kind; e.g., for all T,
9 & Tr. Therefore, with each combinatorial system I' we shall associate
another set of integers, Sr, in a more natural way.

We shall write a» for the word a;a; - - - a.. Moreover, we shall write

N—— e’

= 171 = gp, i

DEerintTiON 1.11. Let T be a combinatorial system. Then, by the set
of integers generated by I' we shall mean the set

Sr = {:c l Fr 5}

Thus,

z& St 1 &

We have at once

CoroLLARY 1.3. Sr = {z]|gn(%) € Tr}.

We shall see that Tr and Sr are always recursively enumerable.
Moreover, it will turn out that, for every recursively enumerable set R,
there is a combinatorial system T" such that B = Sr.

THEOREM 1.4, The set Tt is recursively enumerable.

PROOF. We employ the formulas of Group I of Chap. 4, Sec. 1.
Let Ry, . . . , RN, be the productions of T', and let

R*(=z,y) & R, 9) V Ri@9) V -V R, ).

Then, by Corollary 1.1, R*(z, y) is recursive. Furthermore, let a be the
Godel number of the axiom of I Then

Tr = {leN(x) AV[aay = a

Ly =1

A A R*@Gly, (n+ 1) Gly) A (2() Gly = 2) |}

n=1

Hence, by Theorem 5-4.3, T'r is recursively enumerable.

By the decision problem for a combinatorial system, we mean the
problem of determining, of a given word, whether or not it is a theorem
of the system. This leads us to

DeriNiTioN 1.127 We say that the decision problem for a combinatorial
system T is recursively solvable or unsolvable, according as T'r s or is not
a recursive sel.

TuroreM 1.5. The set St is recursively enumerable.

ProOF. By Corollary 1.3,

Sr = {z|gn @ € Tr}.

But, by Theorem 1.4, T'r is recursively enumerable. Hence, by Theorem
5-4.10, it suffices to show that gn (Z) is recursive.
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In fact, it is primitive recursive, since
gn (0) =2,
gn (k + 1) = gn (k) *2.
TueoreEM 1.6. If St is not recursive, then the decision problem for T' 1s

recursively unsolvable.
ProOF. By Corollary 1.3,

Csp(z) = Cri(gn (7).
Hence, if Tt were recursive, so would be Sr.

Let T be an arbitrary combinatorial system. We shall show how to
construct a new combinatorial system I'* whose alphabet consists of only
the two letters ao, a1 (which we shall write 1, b, respectively) and whose
decision problem is recursively solvable if and only if that for T is.

To begin with, we set

af = 1b+11,
I W = aya;, - -a;, we set W* = afal: - -af. We also take A* = A.
Now, let the axiom of T be A, and let its productions be
g,‘Ph,‘Qkiﬁ gipﬁ,QE, 7 = 1, 2, ce e, Mm

Then, T'* is taken to be the combinatorial system whose axiom is A* and
whose productions are

GrPREQK* — g*PR*QR*  i=1,2, ... m.
LevMMa 1. If 1 W, then - W*
PROOF. Let Wi, Wy, . . ., W. be a proof of W in I. Then W},
W% ..., Wkis clearly a proof of W* in I'*,

We shall say that the word U on 1, b is regular if there exists a word W
on the a; such that U = W*,

LemMma 2. If -« W, then W is regular.

PrROOF. The axiom is regular, and regularity is preserved by the

productions.
LeMMA 3. If - W*, then -r W.
PROOF. Let Uy, U, . . ., Us = W* be a proof of W*in I'*. Then,

by Lemma 2, Uy = W§, Uy = W%, ..., U, = Wi = W* for suitable
Wi ..., W, Butthen Wy ..., W,isa proof of Win I.

Now, let us compare the decision problems of T and I'*. Intuitively,
it is clear from Lemmas 1 and 3 that the decision problems for I" and I'*
are solvable or unsolvable, together. However, our definition of recursive
solvability involves the set T'r, and hence some calculations are required.



Skc. 1] COMBINATORIAL PROBLEMS 87

Let us write
(z—1)/2]
Star (z) =2'% [[ [Pr( + 1JF =2

i=0
Then, if z is the number associated with the symbol a; (that is, z = 2§ + 1),
Star (z) = gn (a}).

Next, let
Ast (z,0) =0
Ast (x, k + 1) = Ast (z, k) = Star ((k + 1) Gl z)
Asterisk (z) = Ast (z, £(x)).
Then,

Asterisk (gn (W)) = gn (W*).
Now, using Lemmas 1 to 3, we see that

z & Tr > Asterisk (z) & T,

2 E Tree> \/ ly € Tr A z = Asterisk (y)].
y=0
We have proved
TrHEOREM 1.7. For every combinatorial system T', we can construct a
combinatorial system T'* whose alphabet consists of two letters and whose
dectsion problem 1s recursively solvable if and only if that for T is. More-
over, if T is a semi-Thue system, a Thue system, a normal system, or a Post
system, respectively, then so is T'*,
We next turn our attention to the set Sr, generated by I’
THEOREM 1.8. For every semi-Thue system T, we can construct a semi-
Thue system TV, whose alphabet consists of two letters, such that Sy = Sy
PROOF. We construct I'* as above. Then we form I by adjoining
to T'* the production
P1b1Q — P14Q.
Then we have
n € Sr e by lnt?
o e (101)7+2
< b 17t

n e Sr'.

TrrEOREM 1.9. For every normal system T, we can construct a normal
system I, whose alphabet consists of two letters, such that Sp = Sp.T

t Our first effort was to obtain Theorems 1.7 to 1.9 from a single construction.
Hartley Rogers showed, by means of a suitable counterexample, that the construction
proposed would not work. Various more complex constructions were destroyed by
Hilary Putnam, who has also suggested an alternative method of proving the theorems.
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PrROOF. We construct T'* as above. Then, we form I by adjoining
to I'* the productions
1P — P1,
b11P — P1.
Then, we have
n € Sp & p-r I*H!
> e (101)"H
> - (b11)nH+1
«> ""I" 1n+l
«orn E Sr'.

2. Turing Machines and Semi-Thue Systems. We have seen that the
set of integers Sr, generated by a combinatorial system T, is always
recursively enumerable. In this section, we shall see that, conversely,
for every recursively enumerable set R, there is a combinatorial system T’
such that R = Sr. Moreover, I' can be chosen to be a semi-Thue system.
Later, we shall see that the same is also true for normal systems.

We recall (from Definition 1-1.3 and the discussion following it) that a
simple Turing machine is one that contains no quadruple of the form
g: S; qx @i, and that a singulary function f(x) is partially computable if and
only if there exists a simple Turing machine Z such that f(z) = ¥z(2)
(cf. Definitions 1-2.4 and 1-2.5). We now agree to write P, for the
domain of the function ¥z(z). Then, by Definition 5-1.1 and Theorem
5-4.3, we have

CoROLLARY 2.1. A set S is recursively enumerable if and only if there
exists a simple Turing machine Z such that S = Pg.

Next, we shall show how the theory of simple Turing machines can be
interpreted (at least for certain purposes) as a part of the theory of semi-
Thue systems. With each simple Turing machine Z and integer m we
shall associate a semi-Thue system 7..(Z), designed to imitate the behavior
of the simple Turing machine Z at the instantaneous description g¢,m.
That is, the theorems of 7..(Z) are to correspond roughly to the successive
instantaneous descriptions of Z. Actually, the operations of a Turing
machine are quite suggestive of semi-Thue productions. If we glance at
clauses 1, 2, and 4 of Definition 1-1.7, we see that the defining expressions
are already in the form of semi-Thue productions. Clauses 3 and 5,
however, permit substitutions only at the ends of expressions and, hence,
are not in the form of semi-Thue productions. To bring them into this
form we introduce a new symbol i, and we place an h at the beginning
and end of each instantaneous description of Z. 1t then becomes possi-
ble to express the recalcitrant clauses, also, as semi-Thue productions.
Thus, clause 3 becomes

Pq,S,hQ kg PqulSth,
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since our construction will be such as to make this production effective
only when @ is empty. This will be clarified in the formal construction
below.

The semi-Thue system 7,(Z) is defined? as follows:

Alphabet. The alphabet of 7,.(Z) consists of the alphabet of Z, the
internal configurations of Z, and the additional symbols &, ¢, ¢'.

Aziom. The axiom of 7,(Z) is hq87+*h, that is, hg,mih.

Productions. (1) With each quadruple of Z of the form ¢; S; Si g,
we include the associated production

Pg:S;Q — PqiSiQ.

(2) With each quadruple of Z of the form ¢; S; R ¢, and each S in the
alphabet of Z, we include the productions

Pg:S;8:Q — PS;q:8:Q
and
PqiSJ’hQ and PqulS()hQ.

(3) With each quadruple of Z of the form ¢; S; L ¢; and each Sy in the
alphabet of Z, we include the productions

P8.q:8;Q — Pq.S:S;Q
Phg.S;Q — PhqiSeS;Q.

(4) With each internal configuration ¢; of Z and each S; in the alpha-
bet of Z for which no quadruple of Z begins with ¢; S;, we include the
production

and

Pq.S;Q — PgS;Q.

(5) Finally, we include with each S; in the alphabet of Z the
productions
PgSiQ — PqQ,
PghQ — Pq'hQ,
PS.q'Q — Pq'Q.

In the following lemmas, we shall take Z to be some fixed simple
Turing machine and m to be some definite integer. By a g-symbol, we
shall understand a symbol that is either an internal configuration of Z or
one of the symbols ¢, ¢. We shall say that a word is in standard form
if it can be written hWh, where W contains exactly one occurrence of a
g-symbol and no oceurrence of h.

LemMA 1. Let X be in standard form, and let Y be a consequence of X
with respect to one of the productions of 1.(Z) or with respect to one of their
inwerses. Then, Y is in standard form.

! The construction, including the role of &, is that of Post [6].
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Each theorem of m(Z) is in standard form.

PrOOF. By direct inspection of (1) to (5) above, it is clear that the
property of being in standard form is preserved by each of the produc-
tions of 7.(Z), as well as by their inverses.

Finally, the axiom hq.17h of r..(Z) is in standard form; hence, so are the
theorems of 7,.(Z).

LemMma 2. Let o, 8 be instantaneous descriptions. Then, a — 8 (Z)1
if and only if hBh s a consequence of hah with respect to 7,.(Z).

PROOF. If a— 8 (Z), then this is true by virtue of one of the
quadruples of Z. But the appropriate corresponding production of 7,,(Z)
will be applicable and will yield hgh as a consequence of hah.

Conversely, if h8h is a consequence of hah, where « and 8 are instan-
taneous descriptions, then it cannot be by virtue of one of the produc-
tions of (4) or (5) above, since a contains neither ¢ nor ¢’. Hence, it
must be by virtue of one of the productions of (1), (2), or (3). But, by
Definition 1-1.7, we must then have a = 8 (Z).

LeMmMa 3. Each word in standard form has at most one conseguence with
respect to the productions of T.(Z).

a(Z) s monogenic.

PROOF. Let hWh be a word in standard form. Our proof is by a case
analysis.

Case I. W = Pg:S;Q; Z contains o guadruple beginning with ¢; S;.

The result follows at once by Lemma 2 and Theorem 1-1.1.

CaseE II. W = P¢S;Q; Z does not contain a quadruple beginning
with ¢ S;.

Then

Pg,8;Q — PgS;Q

is the one and only production applicable.

Case III. W = Pgq..

hPg:h has no consequence.

CasE IV. The g-symbol of W isqor ¢'; W = ¢'.

Then, one of the productions of (5) above will be applicable, and no
other.

Case V. W =4q.

hq’'h has no consequence.

Finally, the monogenicity of r,.(Z) follows from Definition 1.10.

LEMMA 4. ..z hQ'h if and only if there are words P, Q such that
Fruzy hPqQh.

PROOF. If .,z hPqQh, then the productions of (5) eventually yield

I—,m(z) thh

1 For the meaning of « — 8 (Z), recall Definition 1-1.7.
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But this has as a consequence
Frnz) APQ'h,
which, in turn, eventually yields
b rczy hg'h.
Conversely, suppose that
Frnczy hq'h.

Examining (4) and (5), we see that the only way in which the ¢.’s with
which we begin (recall that the axiom is hg,mh) can be replaced by ¢’ is
for ¢ to occur in an intermediate step. This proves the lemma.

LemMma 5. m & Pz if and only if ..z hg'h.

PROOF. m & Pz if and only if m is in the domain of ¥z(z), that is,
if and only if there exists a sequence i, . . . , o, of instantaneous
descriptions, where a; = 7%, «, is terminal, and where o; — a1 (Z)
fori=1,2,...,p—1

If there exists such a sequence, then, by Lemma 2, . 2 ha,h. But,
since a, is terminal, this last word has a consequence whose ¢g-symbol is g.
Then, by Lemma 4, b,z hg'h.

Conversely, suppose that |-, .z hAg’h. Then, by Lemma 4, we can
obtain words P,, @, such that

ey hPogQoh.

Hence, there is a sequence Wy, W, ..., W, of words such that
W, =qm, W,= PywQo, and hW.h is a consequence of AW for
1=1,2,3,...,r—1 Suppose that the ¢g-symbols of W1, W,, . . .,

Wy, p < r, are all internal configurations and that the g¢-symbol of
Wyi1is ¢¢ Then W, is a terminal instantaneous description. Further-
more, Wi— Wi1 (Z) for i =1, 2,..., p — 1. Hence, m is in
the domain of ¥z(z).

The results of the preceding lemmas are summarized in the following
theorem.

THEOREM 2.2. Associated with each simple Turing machine Z and
integer m, there is a semi-Thue system r.,,(Z) with the following properties:

(1) The axiom of 1.(Z) 1is hqi7Hh.

(2) The productions and alphabet of 1.,(Z) depend only on Z and not on
the number m.

(8) Tm(Z) is monogenic.

4) br.2 hg'h if and only if m € Pg.

The semi-Thue systems r,{Z), for a given Z, begin with the different
axioms hqiih, but, for each m € Pgz, culminate in the same theorem hq’h.
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This suggests that we invert the systems r.(Z). That is, with each
simple Turing machine Z, we associate a semi-Thue system ¢(Z) as
follows:

Alphabet. The alphabet of ¢(Z) is that of the r,(Z).

Aziom. The axiom of ¢(Z) is hq'h.

Productions. The productions of ¢(Z) are the inverses of those of the
m(Z).

THEOREM 2.3. m & Pz if and only if &,z hqimih.

PROOF. m & Pz if and only if t,,.z hg'h, which, in turn, is true if
and only if +,z hqimh.

Now, let ¢'(Z) be the semi-Thue system whose alphabet is that of ¢(Z)
with the additional symbol r, whose axiom is the axiom of ¢(Z) (namely,
hg'h), and whose productions are those of ¢(Z) with the following in
addition:

(6) Phq:i1Q — P1rQ.

(7y PrlQ — P1rQ.

(8) Plrh@Q — P1Q.

We shall show that ¢'(Z) generates the set Pz, that is, that S, z, = Paz.

LEMMA 6. If t~»z U, where U is in standard form and s free of occur-
rences of r, then .z U.

PrOOF. Let U = hWh, where W is free of occurrences of # and r.

Let By, Bs, . . . , B, be a proof in ¢/'(Z), where B, = hWh. We shall
show that By, B,, . . ., B, is also a proof in ¢(Z). For, suppose it is
not. Then, for some smallest ¢ = 1,2, . . . ;n — 1, the transition from

B; to B;y1 must require a production of ¢’(Z) that is not a production of
o(Z), that is, one of the productions (6) to (8), above.
Now, by Lemma 1,
B; = hSh,
where S contains a single occurrence of some ¢g-symbol and no occurrence
of . A glance at (6), (7), and (8) shows that (6) is the only production
that could conceivably be applied to B;, and then only if B; = hq1Vh.
Then B;y1 = 1rVh. But, now, neither B.;; nor its consequences can
contain a g-symbol. Hence, only (7) and (8) can be applied to them.
But this contradicts the fact that B, = hWh, where W is free of r.
Lemma 7. m & Pz if and only of 2 7.
PROOF. First suppose that m & Pz. Then, by Theorem 2.3,
Fo(2) hqm‘zh.

Hence
’ |—,,’(z) hql’fl_’bh.

Therefore, by production (6) above,
o2y 1rlm™h.
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By repeated use of (2),

I—q'(z) mrh.
Finally, by (8),
o2y .
Conversely, suppose that
o2y M.
Let By, Bs, . . ., B, be a proof in ¢'(Z), where B, = @. Now, B;

(being hg'h) is in standard form. Suppose that By, . .., B, are in
standard form and that B,,: is not. Then B, = hg;1Wh. Thus,
B.y1 = 1rWh. But this can lead to m only if W = 1= Hence,
B, = hqvmh. Thus,

oz hqimh.
By Lemma 6,
b oczy hqimh.
By Theorem 2.3,
m e Pz.

TureoreM 2.4. Every recursively enumerable set is generated by a semi-
Thue system.

PROOF. Let S be a recursively enumerable set. Then, by Corollary
2.1, there is a Turing machine Z such that § = Pz. Hence, by Lemma 7,
Pz is generated by ¢’(Z) (cf. Definition 1.11) if we identify with @, the
symbol 8; = 1 of ¢'(Z).

TurorEM 2.5. Every recursively enumerable set is generated by a semi-
Thue system whose alphabet consists of two letters.

PROOF. Immediate from Theorems 2.4 and 1.8.

TueoreM 2.6. There exists a semi-Thue system whose alphabet consists
of two letters and whose decision problem ts recursively unsolvable.

PROOF. Immediate from Theorems 1.6 and 2.5 and Corollary 5-4.8.

This result gives the recursive unsolvability of a problem which,
intuitively, seems quite simple. Moreover, our proofs have shown how
an actual semi-Thue system with a recursively unsolvable decision prob-
lem could be constructed. The nonrecursive set K is the domain of the
partial recursive function ¢(x) = min, T'(z, z, y¥). By the definition of
partial recursive function and by the methods of proof of the theorems of
Chap. 2, we can obtain a Turing machine Z, such that

o(x) = ¥z,(z).
Next, the methods of the present section enable us to obtain, from the
quadruples of Z,, the productions of ¢’(Z,), which, therefore, generates K.
Finally, using the method of proof of Theorem 1.8, we obtain a semi-Thue

system on two letters which generates K. This last semi-Thue system
will have a recursively unsolvable decision problem.
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3. Thue Systems. Next, we shall see how a Thue system with an
unsolvable decision problem can be obtained.

With each simple Turing machine Z, we associate the Thue system
o(Z) as follows:

p(Z) is obtained from ¢(Z) by adjoining to the productions of #(Z)
the inverses of these productions. That is, the alphabet and axiom of
o(Z) are those of ¢(Z), whereas the productions of p(Z) consist of those
of ¢(Z) and those of the 7,.(Z).

THEOREM 3.1. oz W tf and only of ,2) W.

PrROOF.} If +,z W, then, clearly, I,z W.

Conversely, suppose that k,z W. Let Ry, . .., R be the pro-
ductions of ¢(Z), and let &;, . . . , &S, be their respective inverses, i.e.,
the productions of the 7..(Z). Let

hq’h=W1,Wz, [N ,Wp=W

be a proof of W in p(Z), where no step is repeated. Then each W;
1 < § £ p, is a consequence of W;_; with respect to one of the R’s or &'s.
If only the R’s were used, we would be through. Hence, we may assume
that for some j, 1 < 7 £ p, and for suitable k, 1 < k £ ¢, W; is a conse-
quence of W;_; with respect to &; and that the steps Wy, W,, . . . , Wi
do not employ the &’s. Now W;_1 # hq'h, since none of the &’s is appli-
cable to hg’h. Hence W,_; must be a consequence of W;_, with respect to,
say, J;. But then W,_, is a consequence of W;_; with respect to &,
That is, W;-1 has two distinct consequences with respect to the &’s.
Now, by Sec. 2, Lemma 1, W, is in standard form, and, therefore,
Lemma 3 of Sec. 2 yields a contradiction.

COROLLARY 3.2. m &€ Pz if and only if + ,z hgiih.

ProOF. Immediate from Theorems 2.3 and 3.1.

TaeoreM 3.3. There exists a Thue system p whose decision problem i3
recursiwely unsolvable.

PROOF. Let Z, be such that Pz, is not recursive, for instance, Pz, = K.
Let p = p(Zo). Then

K = Py,
= {xl Fo hqli‘h}
= {z| gn (hq:7h) € T,}.
Now, gn (hq:Zh) = gn (hq:) * gn (%) * gn (h), which, as in the proof of
Theorem 1.5, is recursive. Hence, since K is not recursive, T, is not
recursive.

Combining Theorem 3.3 with Theorem 1.7, we have the following:

TueoreM 3.4. There exists a Thue system p whose alphabet consists of
two letters and whose decision problem is recursively unsolvable,

1 This proof is due to Post [6].



SEc. 4] COMBINATORIAL PROBLEMS 95

4. The Word Problem for Semigroups. Here we shall see how the con-
siderations of the previous section can be applied to a problem in algebra.
DeriniTION 4.1. A semigroup is an arbitrary set of elements, taken
together with a binary function f that has this set as the domain of each of its
variables, whose range is a subset of this setf, and for which the associative

relation
(=, f(y, 2)) = f(f(=z, v), 2)

holds for all z, y, z of the set.

We shall follow established mathematical usage and write z - y or zy
for f(z, y) wherever no confusion with arithmetic multiplication can arise.

One method for constructing semigroups is to begin with an alphabet.
For, clearly, we have

THEOREM 4.1. The set of all words on some fized finite alphabet forms a
semigroup with respect to the operation of juxtaposition.

In this case the letters that make. up the alphabet are called the
generators of the semigroup, and, if the alphabet consists of n letters,
we speak of the free semigroup on n generators.

Note that the empty word A serves as an identity; that is,

AW =WA=W,
for all words W.

Now, let {g, g} be a pair of words (not necessarily nonempty) on some
alphabet. Then, the pair {g, §} is called a relation on the generators that
make up the alphabet.

Let us consider the free semigroup on n generators with alphabet
ay, . .. ,0.. Let {g; ¢},7=1,2,...,m, bea finite set of relations
on these generators. Then, if A and B are any words on this alphabet,
we write 4 ~ B if there exist words P, @ such that, for somez,1 £ ¢ £ m,
either A = Pg;Q and B = Pg.Q, or A = Pg,Q and B = Pg,Q. Further-
more, we write A = B if there exists a sequence of words 4 = A4;,
Ay, ..., A, = Bsuchthat A; ~ Aj41,7=1,2,...,p—1(wedo
not exclude p = 1). We have

Lemma 1. If A ~ B, then B~ A.

LemmMa2. A=A, IfA=B,thenB=~A. IfA =~ Band B = C,
then A = C.

DErFiNITION 4.2. Let {g;, g:}, 1 = 1,2, .. ., m, be some finite set of
relations on some fixed alphabet. Then, with each word A on this alphabet
we associate the set [A] of all words B such that A = B,

Lemma 3. If A & [B], then [A] = [B]. Moreover [A] = [B] if and
only if A = B.

PROOF. Since A € [B], B = A4, and also A = B.

Now, let C &[A]l. Then, 4 = C, by Definition 4.2. Hence, by
Lemma 2, B = (. Therefore, C & [B]. We conclude that [4] C [B].
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Also, if C € [B], then B = C. Hence A = C. Therefore C & [A].
We conclude that [B] C [A].

Thus, [4] = [B].

Next, suppose 4 = B. Then, B & [A]; so, by what we have just
proved, [A] = [B].

Finally, suppose [A] = [B]. Now, A € [A]. Hence A & [B]. Hence,
A = B.

Lemma 4. If A~ Band C ~ D, then AC = BD.

PROOF. Let A = Pg.Q, B = Pg.Q, C = P'g;Q’, D = P’g;Q'. Then,
AC~ AD ~ BD.

LemMma 5. If A = Band C ~ D, then AC = BD.

PROOF. Let 4 = Ay~ As~ ++ - ~ A, = B. Then, by Lemma 4,
AC = AC = AyD~A;D~ +++ ~ A,D = BD;so AC = BD.

LemMma 6. If A = Band C = D, then AC = BD.

PROOF. Let ( = Cy~Cy~ ++ - ~¢y = D. Then, by Lemma 5,
AC = ACy = BC; ~BC3y~ +++ ~BC, =BD;so AC = BD.

Lemma 7. If [A] = [B] and [C] = [D), then [AC] = [BD].

ProOF. This is but a restatement of Lemma 6.

Lemma 7 enables us to define a multiplication operation on the classes
[A]. If a = [A] and B = [B], we write af for the class [AB]. Lemma 7
assures us that a unique product is thus obtained.

Lemma 8. [A]([B][C]) = ([ANBDIC].

proor. [A]([B][C]) = [A]([BCT)

= [A(BC)]
((4B)C]
[AB](C]

= ([41[BDIC].

TurEOREM 4.2. Let {g:, g:} be a set of relations on a given alphabet.
Let S be the class of all sets [A], where A ts a word on the alphabet. Then,
S forms a semigroup, where [A)[B] is defined as above.

PROOF. Immediate from Lemma 8.

DerFiNiTION 4.3. The semigroup S of Theorem 4.2 will be called the
semigroup with the letters of the given alphabet as generators and with the
{g, ;) as relations.

Suppose that a definite semigroup is defined for us by means of gener-
ators and relations. This by no means implies that we “know’ the
semigroup algebraically. For example, we may not even know whether
it consists of a finite or an infinite number of elements. A decision prob-
lem which arises quite naturally in this connection is that of determining,
of two given words, whether or not they belong to the same element of
the semigroup. That is, one wishes to know, of two words 4, B, whether
or not A = B with respect to a given set of relations. This problem is
called the word problem for the semigroup in question. That is, if, by
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being given an alphabet and a finite set of relations on this alphabet,
we are presented with a semigroup, the word problem for this semigroup
is the problem:

To determine, of two words A, B on this alphabet, whether or not A =~ B.

If, by means of generators and relations, we are given an arbitrary
semigroup, we note that A =~ B is a predicate in the sense of the third
paragraph of Sec. 1. Thus the following definition is suggested:

DeriNiTiON 4.4. The word problem for a semigroup with a given finite
set of generators and relations is recursively solvable ¢f A = B is recursive.
Otherwise, it is recursively unsolvable,

It can easily be verified that, in the case of a semigroup on one gener-
ator, A =~ B is actually recursive. It is of some interest to examine the
associated numerical predicate in the general case. Let the alphabet be
@i, @i, . . . ,a,. Lettherelationsbe {g;,¢:},%=1,2,...,m. Then,
the numerical predicate associated with ‘“A4 is a word on this alphabet” is

£(z)
W(z) < GN (z) A /\ [(EGlz =2iy + 1)
k=1
VEkGle=2+1)V - -V (&kGlz = 2i, + 1)].

The numerical predicate associated with 4 ~ B is

N,y oW AWY ANV

p=0 ¢=0

{lz=p=*gn(g) *¢) A (y =p *gn (g:) * )]
VIiz=pxgnlg) *g) A (y =p*gn(g) *9g)]
Viz=p*gn(gs x¢) A (y = p*gn(gs) *q)]
AR
VIz=pxrgng.) *q) A (y = p *gn (gn) * 9]

I

Vieg=p*gn(g.) *9) A (y
Thus, A ~ B is recursive.
Finally, the numerical predicate associated with A ~ B is

P *gn (gn) * )]}

E@ y) o W) AWy AN/ {[1Glz = a]

Lzy>1

A /\ [N(kGlz, (k+ 1) Gl2)] A [£(z) Glz = y]}.
k=1

Thus, the numerical predicate associated with A =~ B is semicomputable.
Now, let p be a Thue system. Let Pg.Q — Pg.Q, 71 =1,2,...,m,
be the semi-Thue productions that, together with their inverses, make up
the productions of p. Then, by Z(p) we shall understand the semigroup
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whose alphabet is that of p and relations are {g;, ¢:},1=1,2, . . . , m.
We have at once

TureorEM 4.3. Let p be a Thue system, and let Aq be its aziom. Then,
k-, B if and only if Ao =~ B with respect to Z(p).

THEOREM 4.4. Let p be a Thue system, and let the word problem for
Z(p) be recursively solvable. Then, the decision problem for p is likewise
recursively solvable.

PROOF. Let 4,bethe axiom of p, and let ag = gn (4¢). Let E(x, y) be
the numerical predicate associated with A ~ B with respect to Z(p). Then

Tﬁ = {IIJ [ E(ao, 17)},
which proves the theorem.

As a result of Theorem 3.3, we now have

TraEOREM 4.5. There is a semigroup Z, defined by a finite set of generators
and relations, whose word problem 1s recursively unsolvable.}

Moreover, employing Theorem 3.4, we have

THEOREM 4.6. There exists a semigroup defined by a finite set of relations
on two generators whose word problem ts recursively unsolvable.

It has been proved by Turing [4] that the word problem for cancellation
semigroups is recursively unsolvable. Boone [1], Markov [1-3, 6-8],
Addison, and others have proved the recursive unsolvability of related
problems. The word problem for groups presents considerable difficulty.
Novikoff [1] has shown that the word problem for groups is recursively
unsolvable, using the result of Turing (4]. Boone [1] has, independently
of Novikoff, given a direct proof, based on modified Turing machines,
of this result.

6. Normal Systems and Post Systems. Let r be a semi-Thue system

whose alphabet (without loss of generality) is ai, . . . , as, Whose axiom
is A, and whose productions are
Pg.Q—PgQ i=12 ...,m

We construct a normal system »(r) as follows:
Alphabet. @1, @s, . . . , Gn, Q1, @5, . . . , G
Aziom. A, the axiom of r.

We agree that, if W = a,a;, - -a; is any word on 7, then

W'=4da'a ---da
1, Vg ]
and that A’ = A.
Productions. (1) a;P— Pal,t=1,2,. .., n.
2) a!P > Pa;,1=1,2, . .. ,n.

@) gP—Pg',i=1,2,...,mn
Two words on »(r) will be called associates if they can be obtained from
! This result is due to Post [6] and to Markov [1, 3].
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each other by using only productions of the forms (1) and (2) above.
Thus, the associates of a word

@G, = Ay
on 7 are the 2] words
’
Qi Qi - - - a”'laix
r ’
@iy + - 0 G0y Gy,
! ’ I
ailaiz * a/il
’ 7 ?
1,34, RS
@;, 04, Qi

each being a consequence of the preceding. In particular, note that every
word is an associate of itself.

A word on »(r) will be called regular if it can be written in one of the
forms PQ’ or P’Q, where P and @ are words on .

We shall show that a word on 7 is a theorem of 7 if and only if it is a
theorem of »(r). Our proof is presented by means of a series of lemmas,
of which the first is obvious.

LemMA 1. If o W and if V is an associate of W, then —,¢y V.

LemMMA 2. If b, W, then b, W.

PROOF. The axiom of 7, being also the axiom of »(r), is certainly a
theorem of »(r). It remains only to show that the property of being a
theorem of »(r) is preserved by the productions of r.

Thus, suppose it known that

l’_v(7) P g‘iQ'
Then we shall show that _

I'_v(‘r) PgiQ'
For, by Lemma 1,

o 9:QP.
By applying the appropriate production from (3),

\ l_v(-r) P/g_i’.
By Lemma 1 again,

o PgiQ.

LemMa 3. Every theorem of v»(7) is regular and is an associale of a
theorem of .

PROOF. Clearly, the axiom of »(r) is regular and is an associate of a
theorem of 7, namely itself. It remains only to show that this property
(i.e., the property of being both regular and an associate of a theorem
of ) is preserved by the productions of »(7).



100 APPLICATIONS OF THE GENERAL THEORY [CHap. 6

It is obvious that this property is preserved by the productions included
under (1) and (2) above. To see that it is likewise preserved under the
productions of (3), suppose that g;P is regular and has an associate which
is a theorem of 7. Since ¢; # A, the regularity of g;P implies that we
may write P = PP}, where P, and P; are words on 7. Then, clearly,
g:P = ¢;P,Py But the one associate of ¢g;P P}, that is a word on 7 is
Psg;P,, which must, by our induction hypothesis, be a theorem of .
Hence, P.g:P; is also a theorem of r. But P,g,P; is an associate of
P.P}g!, which, moreover, is regular. This completes the proof.

THEOREM 5.1. Let 7 be a semi-Thue system whose alphabet is ai, as,
<« oy Qu. Then there is @ normal system v(r) whose alphabet is a1, as,
e e e, Gy G, G, . . ., ah, such that the theorems of v are precisely the
theorems of v(r) that consist entirely of unprimed letters.

prooF. We take »(r) as above. That each theorem of 7 is also a
theorem of »(7) is the content of Lemma 2. Now, let W be a theorem
of »(s) free of primed letters. By Lemma 3, W has an associate that is
a theorem of 7. But, the one associate of W that is a word on r is W itself.
Hence, —, W.

THEOREM 5.2. Every recursively enumerable set is generated by a normal
system.

proor. Immediate from Theorems 2.4 and 5.1.

TeEOREM 5.3. Every recursively enumerable set is generated by a normal
system whose alphabet consists of two letters.

PrOOF. Immediate from Theorems 1.9 and 5.2.

THEOREM 5.4. There exists a normal system whose alphabet consists of
two letters and whose decision problem is recursively unsolvable.

proOF. Immediate from Theorems 5.3 and 1.6 and Corollary 5-4.8.

Just as we associated a normal system »(r) with each semi-Thue sys-
tem 7, we now associate a Post system =(p) with each Thue system p.
Let the alphabet of p be ay, . . . | a,, let its axiom be A, and let its
productions be

PgQ - Pg.Q i=12 ..., m,

where the double arrow, in an obvious manner, indicates a production
and its inverse. We define #(p) as follows:

Alphabet. a1, . . . ,8n,0{,. . . , Q.

Azxiom. A, the axiom of p.

Productions. (1) a;P < Pal,7=1,2,. .., n.
2) aiP <> Pa;, 1 =1,2, . .., n

3 PPy, i=1,2 ...,m.

Then we can parallel the argument leading to Theorem 5.1, to prove

1 This result is due to Post.
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THEOREM 5.5. Let p be a Thue system whose alphabet is ay, . . . , Gn.
Then, there ts a Post system w(p) whose alphabet is a;, a2, . . . , Gn,
ay, Ay, « « « , G, Such that the theorems of p are precisely the theorems of =(p)
that consist entirely of unprimed letters.

Hence,

T, = {z| Unprimed () A ¢ € Tr(»},
where, taking a! = .,

£(z)
Unprimed (z) & A (¢Glz £ 2n + 1).
i=1

Combining this with Theorem 3.3, we have
TrEOREM 5.6. There exists a Post system whose decision problem is
recurstvely unsolvable.



CHAPTER 7

DIOPHANTINE EQUATIONS

1. Hilbert’s Tenth Problem. In his famous address! of 1900, Hilbert
listed a group of unsolved problems, which were to stand as a challenge
to future generations of mathematicians. Included among these was
only one decision problem, the tenth. This problem is as follows:

To determine, of an arbitrary polynomial equation P = 0, with inte-
gral (positive, negative, or zero) coefficients, whether or not it has a
solution in integers (positive, negative, or zero).

In 1900, such a problem could be imagined as being settled only by
actually providing an algorithm for solving it. Hilbert seems to indi-
cate that a belief in the solvability of such problems is an article of faith
of the working mathematician. Of course, with our present orientation,
it seems quite reasonable to attempt to prove that Hilbert’s tenth prob-
lem is unsolvable. The fact that apparently insurmountable difficulties
seem to prevent the development of a general theory of diophantine
equations? makes it seem likely that Hilbert’s tenth problem will indeed
prove to be unsolvable.

In this chapter we shall obtain results which yield the recursive unsolva-
bility of a related problem. Moreover, our results will be such that any
substantial improvement in their direction will yield the unsolvability of
Hilbert’s tenth problem. Also, we shall obtain yet one more formulation
of the concept of recursive enumerability.

Hilbert’s statement of the tenth problem was for solutions in integers,
positive, negative, or zero; however, we can easily show that the corre-
sponding problem for nonnegative integral solutions is equivalent to
the original problem. For suppose we could solve the problem for
nonnegative integral solutions. Then, to determine whether or not
P(zy, . . ., z.) = 0 has a solution in integers, positive, negative, or
zero, it clearly suffices to test for nonnegative integral solutions each of
the 2" equations

1 Cf. Hilbert [1].
* For our purposes, a diophaniine equation is a polynomial equation P = 0 of which
only integral solutions are being sought.
102
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P(x;,xg,...,x,.)=0,P(—x1,x2,...,x,,)=0,...,
P(—x1, =T2 + « ., —x,.) = 0.
Conversely, suppose that we could solve the problem for integers,
positive, negative, or zero. Then, to determine whether or not

P(zy, z3, . . . , #,) = 0 has solutions in nonnegative integers, it suffices
to determine whether or not

Ppl®+q+r®+ 13 p2 g2+ 722 + 802, ...,

Pl + g2+t =0
has solutions in integers. This last is true because of Lagrange’s
theorem,! which states that every nonnegative integer is the sum of
four squares.

5. Arithmetical and Diophantine Predicates. By a polynomial, we
shall understand a function

ailiz-uikxli‘xiliz .« . xk'ik

0=i1=n:
0=<:i2<n2

O<ikSne

where the numbers a,,,..;, are integers, positive, negative, or zero. How-
ever, the range of the variables z1, z2, . . . , z; is to be taken as the
set of monnegative integers. We continue to use the unmodified word
“integer” to mean ‘‘nonnegative integer.”

DerinttioN 2.1. Let P(t™) be a polynomial. Then the predicale
P(x™) = 0 is called a polynomial predicate.

Examples of polynomial predicates are

z+y—5=0, 224+y®—2°=0, etc

DEeriNiTiON 2.2. A predicate R(z™) is diophantine? if there exists a
polynomial predicate S(x™, ™) such that

R@™) « \/ S, y).
nim)
DeriniTioN 2.3. A predicate R(r™) s called arithmetical if there
exists a polynomial predicate S(x™, y™) such that

R(x™) & [M]S(t™, y),

where [M] is some sequence of existential and universal quantifiers on y™.
CorouiaRY 2.1. Every polynomial predicate is diophantine; every
diophantine predicate is arithmetical.
CoROLLARY 2.2, Every polynomial predicate is primitive recursive.
CoRrOLLARY 2.3. Every diophantine predicate is semicomputable.

1 Cf. Hardy and Wright {1, pp. 300, 301].
2 J. Robinson [2] uses the term existentially definable.
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PROOF. The result follows at once from Corollary 2.2 and Theorem
5-1.2.

If the converse of Corollary 2.3 were true, we could infer the existence
of a diophantine predicate that was not recursive. It is easy to see that
this would imply the recursive unsolvability of Hilbert’s tenth problem.
For, proceeding informally, suppose it known that the predicate

V [P, 1) = 0],

l‘(n)
where P is a polynomial, is not recursive. Then the problem of deter-
mining, for given z;, whether or not the equation

P(zo, ™) = 0

has a solution in nonnegative integers ™ would be unsolvable. But
this would certainly imply (and an arithmetization of the theory of
diophantine equations would yield a formal proof of) the recursive
unsolvability of the general problem:

To determine, of a given diophaniine equation, whether or not it has
a solution.

Unfortunately, we shall have to leave open the question of whether or
not there exists a diophantine predicate that is not recursive.

CoroLLARY 2.4. If R(y, t) is a diophantine predicate, then so is

V R(y, ™).

THEOREM 2.5. If R and S are polynomial predicates, so are RV S
and B A S.
PROOF. Py =0V P, =0« PP, =0,
P1=O/\P2=0<—>P12+P22=
THEOREM 2.6. If R(x, t™) is a polynomial predicate and if

Yy
Sy, t) < N R(z, t™),
z=0
then Sy, t™) is also a polynomial predicate.
PROOF. Let

R(z, t™) & P(z, 1) = 0,

where P is a polynomial. Then
v

Sy, ™) & A [Pz, t™) = 0]

z=0
¥

o z P(z, t™)? = 0.

z=0
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Let
P(z, x)* = Y Pu@)ek.

k=0

Then

¥ r
S@,z™) & ) Y Pu@®)at =0
z=0k=0

T Y
“ P (x™) ¢ | = 0.
2oL 2,7
Y
But, by a classical theorem of Bernoulli, 2 z* is a polynomial in y of
z=0

degree k + 1 with rational coefficients.! That is,
b+

i=

1
AJ’ ,kyj)
0

where A;, are rational numbers. Then

r k41
S@ ™) o Y Y APy = 0.
k=0 ;=0

Let D be the least common multiple of the denominators of the numbers
A, 0 2k =r,0=7=r+1. Then DA;, is an integer for each j,k,
and
r k+1
S x™) Y Y DAPE™)y = 0,
£=0 ;=0

1 The author is indebted to Professor Lowell Schoenfeld for calling to his attention
the following proof of this theorem:
The result for & = 0 is obvious. Suppose it known for £k < 1. We note the
identity
1

(x + 1)l+2 — git? = (l + 1)xl+l + z ajxf

i=0
for suitable integers a;. Hence,
I
1
I+1 — 142 _ 42 )
z l_+_1[(x+1) x ]+Zb,xl
i=0

for suitable rational numbers ;. Thus,

Y ¢ l Y
Y @t =yt Y (6 #)
z=0 7=0 z=0

from which the result follows, by induction hypothesis.
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TuroreM 2.7. If R(z, t™) is a polynomial predicate, then so also s

A B, 1).
PrOOF. Let

R(@,1®) o ) Pi)at = 0.

=0
Then

r

/\ Bz, t™) & N\ [ 2 Piu(x™)zt = O]
2 =k

=0

o A [P = 0]
k=0

o Y P = 0.
kzo
TuroreM 2.8. If R and S are diophantine predicales, so are RV S
and B A S.
PROOF

\/QxV\/Qz“’\/\/(le Q2).

1im} 3 Nim) Fin)

VarVeae\V V@A Q).

1’(1») 3 n(ﬂ-) 3(1‘)
The result then follows from Theorem 2.5.

Thus we have seen that the class of diophantine predicates is closed
under the operations of conjunction (A), alternation (V), and existential
quantification. Later, we shall see that it is not closed under negation
(~) and also not closed under universal quantification. Whether or
not this class is closed under bounded universal quantification remains an
open question. It will be clear from the results of the following section
that an affirmative answer to this question would have as a consequence
that every semicomputable predicate is diophantine and, hence, that
Hilbert’s tenth problem is unsolvable.

We proceed to make a short list of diophantine predicates:

(1) z = 0.
For

x#O<—>\/(x—y—1=O).
2) z < y.
For

s<yeo =0 A@y—z—2z=0)]1.

z
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3) = = y.
For

zEyeo <y V(¥ <2).
4) =z = y(mod 2).1

For
xEy(modz)H\/[(x—y-—-zw=0) V(x —y+ 2w =0)]
) 2 =J(,y)
For
z=J@x,y) o2 — 2 —y? — 22y — 3z —y =0.
6) z = T;(w).
For
z = Ti{w) < \/ {lz < b] A [z = a(mod b)]

e Ab=1% G2+ De Aw=J(, ]l
() z = T2 1(w).
For

z2=Tiexw) > \/ {z=Tiw) AlG=0Ai=0)V (j+1=1].

(8 NPT (x). =z1s 1;ot a power of 2.
For
NPT (2) « \/ [z = 22 + 3)w].

(9) ~ Prime (x). =z s not a prime number.

~ Prime (z) & \/ [z = (v + 2)(z + 2)].
Y,z

Later, we shall see that there exists a diophantine predicate whose
negation is not diophantine. Predicates (8) and (9) are, therefore, of
special interest, since it is not known whether or not the predicates ‘“z is
a power of 2”7 and ““z is a prime number’’ are diophantine.?

3. Arithmetical Representation of Semicomputable Predicates. In
this section, we shall show how to represent semicomputable predicates
in terms of diophantine predicates. We begin with the fact (cf. Theorem
6-5.3) that every recursively enumerable set can be generated by a normal
system on the alphabet 1, b. The extremely simple structure of normal
systems suggests that we attempt to accomplish our purpose by means
of an arithmetization of the theory of normal systems. Of course, our
principal interest will be not in the recursiveness of various predicates

t Cf. Appendix, Definition 4.

1 However, Julia Robinson [2] proved that if there exist diophantine predicates that
are, in a suitable sense, of exponential order of growth, then the predicate z = zv is
diophantine. She has also shown that, if z = zv is diophantine, so is Prime (z).
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but rather in their being diophantine (or at least almost diophantine).
We find it necessary to represent words by ordered triples of integers
rather than by the more usual integers themselves.

Let all words on the symbols 1, b be arrayed as follows:

1 b
11 1 bl b
111 11b 1b1 1bb b1l bld bbl bbb

Here the nth row contains all words on 1 and b, of length », arrayed in
alphabetical order, with 1 preceding b.

DerFintTioN 3.1. Let W be a word on the letters 1, b. Then L(W) is
the number of the row tn which W appears, i.e., the length of W, and P(W)
ts the position of W in this row. [We take L(A) = 0, P(A) = 1]

By the triple associated with W we mean the ordered triple
LW), P(W), 2L7).

Thus, L(16b) = 3 and P(1bb) = 4; so the triple associated with 1bb is
(3, 4, 8). The triple associated with A is (0, 1, 1).

LemMmA 1. (z, y, 2) is the triple associated with some word on 1 and b if
andonlyif z =22and 0 <y = 2.

PROOF. This follows from the fact that the zth row of our array con-
sists of 27 words.

Note that each triple (z, y, 2) is associated with at most one word.

The following lemma expresses relations which are evident from our
very definitions of L and P.

LemMma 2. L(WW') = L(W) + L(W'). PQAW) = P(W); PQW) =
P(W) + 2L0n,

LevMma 3. P(WW') = 2L29(P(W) — 1) + P(W").

PROOF. We prove this result by induction on L(W). If L(W) =0,
then W is the empty word. Hence P(W) = 1. In this case WW’' = W’
and, hence, P(WW’) = P(W’) = 2L Y(P(W) — 1) + P(W').

Now, let the result be known for all words whose length is L(W) — 1.
We show that it must then also hold for W. For we must have either
W = 1W;or W = bW,, where, in either case, L(W,) = L(W) — 1.

First suppose that W = 1W;. Then, using Lemma 2 and our induc-
tion hypothesis, we have

P(WW" = POAW W)
= P(W.W")
= 2LV (P(W) — 1) + P(W').
Finally, suppose that W = bW,;. Again, using Lemma 2 and our
induction hypothesis, we have
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PWW') = P(W,W') + 2L0F:7")
= 2LV (P(Wy) — 1) + P(W') + 257
= 2LFI[P(Wy) 4 2170 — 1] 4+ P(W')
= 2L (P(W) — 1) + P(W').

Lemma 4. If (z, y, 2), (&, y', 2') are the triples associated with the
words W and W', respectively, then the iriple associated with WW’' is
(x + x,y Z,(:l/ - 1) + yl7 22,)'

PrROOF. L(WW') = L(W) + L(W")

=z + .
P(WW") = 2L0"(P(W) — 1) + P(W")
=2y -1 +vy.
OQLWW) — QL(W)+L(W’)
= QLW . QL(W")

= z2’.

Now, let us consider some definite normal system » whose alphabet
consists of the letters 1, b. Let the axiom of » have associated with it the

triple (p, ¢, 7). Let the productions (E vbeg,P — Pg,i =1,2, . .. ,n.
Let the triples associated with g; and g; be (a;, b;, ¢;) and (as, b;, ¢;), respec-
tively, 1 =1,2, . . ., n.

Now, consider the predicates

Prod; (z,,2; 2, ¥, 2) « VV V {0 <v £ ]

ANE=a+uw Al =wb—-1) +v) A (z=cw)]

A =u+a) A =clv—1)+b) A @ =well,
i=1,2, ...,n Inthe first place, it is clear that these predicates are
diophantine. Furthermore, suppose that Prod; (z, v, z; 2/, ¥/, #/) actually
holds for six definite numbers z, y, z; ', ¥/, 2/, and suppose that (z, y, 2)
is the triple associated with some word X. Then there exist numbers u,
v, w satisfying the conditions set forth above. In particular,0 < v £ w,
and w = z/c; = 27/2% = 2% = 2*, Hence, by Lemma 1, the triple
(u, v, w) is associated with some word P. Then, by using Lemma 4,
we see that X = ¢,P and that (2, ¥/, 2’) is the triple associated with Pg;.
Thus, we see that Prod; (z, y, z; ¢, ¥', 2’) holds for given (z, y, z; 2/, ¥/, 2'),
where (z, y, 2) is associated with a word X, if and only if (z/, ¥/, 2’) s the
triple assoctated with a word Y that is a consequence of X with respect to the
ith production of v.

Next, let
Prod (xa Y, 25 x’) ylr zl) A PrOdl (17, Y, 2; xly yl) ZI)
V Prod. (z, y, z; «', ¥/, 2')
V e .
V Prod. (z, y, z; «', y', 2').
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Then, we have

Lemma 5. Prod (z, y, 2; ', ¥, 2') is a diophantine predicate. M oreover,
if the triple (xo, Yo, 20) ts associated with some word X, then Prod (zo, o, zo;
T4, Yb, 20) 18 true if and only if (x4, y, 20) 28 the triple associated with some
word Yo which is a consequence of X in v.

Let Th, (z, v, 2) be true for precisely those triples (z, v, 2) associated
with some theorem of ». Then, recalling Theorem 3-2.4,

Th, (z,5,2) © \V {(Tew) = ) A (To(w) = ¢) A (To(w") =)

w,w’ w'l

A
k

1
[Prod (Th=1(w), Tix1(w'), Ti=1(w”); Ti(w), Te(w'), Te(w'))
=0
V (k= O] A Tiw) =z A Ti(w) =y A Ty(w") = z).
Now, by (6) and (7) of Sec. 2,1 = Ti(w) andt = T -,{w) are diophantine.
Next, we assert that the predicate
Prod (Ti=1(w), Trsr(w'), Ti2a(w”); Te(w), Te(w"), Te(w'))

is diophantine. This follows from Lemma 5 and from the fact that this
predicate can be written

\/ [PI‘Od (tr u, U3 t’) u/) vl) At = Tk—'-l(w) ANu= qu(‘w’)
tuvt 'y

Av=Tioa”) At = Tew) A = Tolw) A o' = To(w™)].

Hence, there is a diophantine predicate Di(z, y, 2, k, I, w, w’, w'"’) such that

1
Thv (xy Y, 2) <> \/ /\ Dl(x7 Y, 2, k: l; w, wlr wn).
ww',w'l k=0

Now, recalling Definition 6-1.11,
nE S, o, 1n
< Th, (» + 1, 1, 27*+1)
< \/Th,(n + 1,1,2)

1
o V ADiln+1,1,z2kLwuw, ).

’ p—
zww' w'l k=0

Finally, by Theorem 6-5.3, we have
LEMMA 6. Lef S be a recursively enumerable set. Then there exists a
diophantine predicate Dqo(n, 2z, k, I, w, w', w'") such that

S = {n ! \/ /l\ Dy(n, 2z, k, 1, w, w', w”)}.

zoww wi'l k=0
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We next proceed to strip our expression of all but one of its initial
existential quantifiers. Thus, for example, we may begin:

1
\/ /\ D2(n> zZ, k: lr w, wli w”)

z,ww ,w'l k=0

4
« \/ /\ D2(n7 K(“)) k; lr L(u)) w'7 w")

w,w w'l k=0

l
<« \/ /\ \/[Dz(n, 2, k7 l: w, w’y w”) ANu= J(zy w)]r

ww w'l k=0 zw

where the expression in square brackets is diophantine, by (5) of Sec. 2
and Theorem 2.8. Continuing this process, we obtain

l
\/ /\ D3(n: v, ky Z)r

vl k=0

where D; is diophantine. Contraction of this last pair of initial exis-
tential quantifiers seems to come up against the obstacle that the varia-
ble I oceurs not only in D; but also as an upper bound of the universal
quantifier. Nevertheless, using the fact that L(y) < y, we have

L{y)

!
V N\ Ds(n, 0, k, 1) & V /\ Daln, K(y), k, L(y))

vl k=0 y k=0

<V A [Di(n, K@), k, L) v k& > L(y)]

y k=0

H\/ /\ \/{[D3(nyv)krl) Vk>l]/\?/=J(v,l)}-

y k=0 o]l

Thus, we have proved!
Tueorem 3.1. If S is any recursively enumerable sel, there exists a
diophantine predicate D(k, x, y) such that

S = {xl\/ /”\ D(k,x,y)}.

y k=0

TaeorREM 3.2. Let R(z™) be a semicomputable predicate. Then there
exists a diophantine predicate D(k, t™, y) such that

y
R@™) &\ N\ Dk, ™, ).
y k=0
1 Cf. Davis {1, 3]. The proof given here is that of [1]. The proof given in [3] (sug-

gested by the referee) is based on a previous proof of Corollary 3.5 below. The pres-
ent proof yields an independent proof of Corollary 3.5.



112 APPLICATICNE OF THE GENERAL THEORY [CraPr. 7

PROOF. For n = 1, the result is an immediate consequence of Theo-
rems 5-4.3 and 3.1. Suppose the result known for n = p, and let us take
n=p-+1

We then have the semicomputable predicate R(z**D). Let S(x®) be
defined by

S@®) o R(zy, . . ., zp1, K(z)), L(=,)).

Then S is semicomputable, and, by induction hypothesis, there exists a
diophantine predicate D(k, t'?, y) such that

8@ < \/ A\ Dk, t®,y).

y k=0
Now,
R(g(p-{d)) < S(.’L‘], c e e 3 Tp-y J(xm xp-*-l))
Y
(—)\/ /\ D(kr Ty o o o 5 Tp-yy J(.’l}p, xIH-l): y)
y k=0
Yy
(—)\/ /\ \/ [D(ky Ty, - - - 5 ZTp-1, % y) Nz= J(xp; xp+l)]'
y k=0 =z

This completes the proof.

Employing Corollary 2.3 and Theorem 5-3.2, we see that the converse
of our last theorem also holds. That is, we have

THEOREM 3.3. The predicate R(x™) is semicomputable if and only if
there exists a diophantine predicate D(k, t™, y) such that

Yy
R@™) « \/ A D, ™, ).
vy k=0
It is also easy to prove
THEOREM 3.4. There exists, for each integer n, a diophantine predicate
D.(k, z, t™, y) such that, for each n-ary semicompuiable predicate R(x™),
there ts some number zo for which

v
B@®) <\ N Dalk, z0, 1%, 9)-

y k=0

PROOF. The result is an immediate consequence of the enumeration
theorem (Theorem 5-1.4) and Theorem 3.2.

We also have at once
COROLLARY 3.5. Every semicomputable predicate (and, hence, every
recursive predicate) is arithmetical.?

1 Thig result is due to Gédel [1].
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PROOF. \//\ D(k, t™, y) <—>\//\ D, ¢,y V (k& >yl
y k=0
CoroLLARY 3.6. There exists an amthmetzcal predicate that is not
semicomputable.
ProoF. By Corollary 3.5, the predicate ~ T'(z, z, ¥) is arithmetical.
Hence, so is

~\V T =z 9) o \~ T 7).

By Theorem 5-1.6, this yields our result.

TrHEOREM 3.7. There exists a diophantine predicate D such that ~ D
s not diophantine.

PROOF. Suppose the result in question did not hold, i.e., that the
negation of every diophantine predicate was also diophantine. Then,

since
ADe~\/~D

the class of diophantine predicates would be closed under universal
quantification. Hence, by Definition 2.3 and Corollary 2.4, the class of
diophantine predicates would be identical with the class of arithmetic
predicates. But, by Corollary 3.6, this is a contradiction.

A slight improvement of Theorem 3.1 is easily obtainable; in this the
inner existential quantifiers are bounded. This theorem will be useful in
Chap. 8. We have!?

TueoreM 3.8. If S is any recursively enumerable set, there exists a
polynomial P(k, x, y, 1, . - . , Ta) such that

S—{x[\//\ \/ (P(k,:c,y,xl,...,a:,.)=0)}.

vy k=02z,..., zn=0

prROOF. By Theorem 3.1, there is a polynomial P such that

S—{x]\//\ \/ (P(k,x,y,x,, ez =0k

Now, with each y, we can determine an upper bound for the values of
the z;, . . . , zn, since only a finite number [that is, (y 4+ 1)n] of them
occur. Hence,

1 Cf. Myhill [1].
R. M. Robinson [3] proved that we can take n = 4 in this result.
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{le\//\ Y, (Pl 2,5, 21, - - -, 2:) = 0)]
B k=0=z,..., Zn=0
K(t) L)
={zIVA V @&zE)=, ... =) =0}
t k=0=z,..., zn =0
t L®
={sIVA V (>EO)V @lhzK),m, . . .2 =0}
t k=0=z,..., Tn =
~{zIVA V@ <LO)A@<LO)A - -
t k=0=x1,..., =0
A @ <LONA [k > KO) V (P2, KO, 21, - - -, 7) = O)l}}
={zIVA V V I@G<BA@<BA---
t k=02z,..., 2n=0 y,B=0
A (@ < B)] A [tk > 3)
V (Pl g, ) = O A (=T, B
={zIVA V VV V l@+at1=5
t k=0=z,..., 2n=0 y,B=0 w=02,..., Zn =
/\ (2 +22+1=B)A - A (@+2,+ 1= B)]
AME=y+w+1)V P2y, ... 2)=0)

A2t = @ +y)*+ 32+l

DErFINITION 3.2. A sel of integers S is called diophantine if there exists
a singulary diophantine predicate D(x) such that

S = {z| D(z)}.
THEOREM 3.9. If the sets R, S are diophantine, so are B M S and

R\J S. There exists, however, a diophantine set S such that S is not
diophantine.

PrROOF. The first part is an immediate consequence of Theorem 2.8.

For the second part it is required to show that there exists a singulary
diophantine predicate D(z) such that ~ D(z) is not diophantine. Now,
suppose that no such singulary diophantine predicate exists; i.e., suppose
that whenever D(z) is diophantine so is ~ D(x). Then we could show,
by induction on =, that if D(z™) is diophantine, so is ~ D{(z*). For, if
D(x%*+V) is diophantine, so is

Qa®) « D=y, . . . , T, K@), L(zi41)),
since
Qe®) & \/ D@y, . . .,z 4, 0) A 2 = J (4, 0)].

.Y
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By induction hypothesis, so would ~ Q(z*®) be diophantine. Hence,
so would

~ D@y, . . . Te) O~ Q@ - - -, Tamy, S (T Tatr))
be diophantine, yielding a contradiction.

The problem of actually constructing some diophantine set whose
complement is not diophantine is open. If such a set could be obtained,
and if it were also recursive, it would prove the falsity of the converse of
Corollary 2.3.

Let us now consider the special case of Theorem 3.4 for which n = 1.
If we write

Yy
SZ = {x I \/ /\ Dl(k) 2,7z, y)})
y k=0
then each 8§, is a recursively enumerable set, and each recursively enumer-
able set is equal to some S,. To see what this implies for the theory of
diophantine equations, let us write

Dk, 2, x, y) = \/ [Pk, 2, z, 1™, y) = 0],
g(:n)
where P is a polynomial. Now, for each choice of z, y, and 2, let us write
2(z, y, 2) for the system of diophantine equations

P,z z,1™,y) =0
P(l,zz,t™,y) =0

Py, 2,z ™, y) = 0.

Then we see that S, is simply the set of all numbers z for which there
exists a y for which each equation of the system Z(z, y, 2) has a solution.
Hence, S, is the set of all numbers = such that, no matter what value of y
we choose, at least one equation of the system Z(z, y, 2z) fails to have a
solution.

Now, for suitable choice of zo, we have 8,, = K, where K is not recur-
sive. Hence we have

TrEOREM 3.10. There is a number z, for which the following problem is
recursively unsolvable:

Given z, to delermine whether or not there exists a y for which each
equation of the system Z(z, y, zo) is solvable.

If R is a recursive set, then (and only then) R and R are both recur-
sively enumerable. Hence, if R is recursive, there are integers z;, z2 such
that R = S,,, B = S,,. That is, we have

TueoreM 3.11. Let R be a recursive set. Then there exist integers
2y, 22 such that
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(1) R s the set of all numbers = for which there exists a y such that each
equation of the system Z(z, y, 21) has a solution.

(2) R is the set of all numbers x such that, no malter what value of y we
choose, at least one equation of the system Z(z, y, 22) fails to have a solution.

In particular, such numbers zi, z; can be obtained for the set of primes,
the set of powers of 2, the set of square-free numbers, etc. That all this
can be accomplished with a single polynomial P seems rather surprising.
It would be of some interest to obtain explicitly a manageable polynomial
having this property.



CHAPTER 8

MATHEMATICAL LOGIC

1. Logics. In this chapter, we shall see how our methods can be
applied to systems of symbolic logic. In order that our results may be
applicable to a wide class of such systems, we cast our development in
abstract form. Our discussion is phrased in terms of word predicates
in the sense of the discussion at the beginning of Chap. 6. In addition,
we shall deal with sets % of words; a set U will be called recursive if the
set A* of all Gédel numbers of words W & ¥ is recursive. Also, a word
function f(X), one that maps words onto words, is called recursive if the
function {*(z) is partial recursive, where {*(z) has as its domain the set of
all Godel numbers of words and is such that {*(gn (X)) = gn (f(X)).

DeriniTioNn 1.1. By a logic & we understand a recursive set A of words,
called the axioms of &, fogether with a finite set of recursive word predicates,
none of which is singulary, called the rules of inference of L.

When R(Y, X1, . . . , Xa) ts a rule of inference of &, we shall sometimes
say that Y is a consequence of X,,. . . , X, in 8 by %K.
DeriNiTION 1.2. A finite sequence of words X1, Xo, . . . , X ts called

a proof in a logic & if, for each 7,1 £ © £ n, either

(1) X - %I, or
(2) There exist 71, Jo, - . « , Ju < © such that X; is a consequence of
Xy Xi - - ., X, tn @ by one of the rules of inference of L.
Each of the X;,1=1,2,. . ., n, is called a step of the proof.
DerintTion 1.3, We say that W is a theorem of € or that W is provable
in & and we write
e W

if there is a proof in  whose final step ts W. This proof is then called a
proof of W in .

We write Tq for the set of all Godel numbers of theorems of R.

Let I' be a combinatorial system. Then it is natural to associate with
T the logic (T") which has a single axiom, namely, the axiom of T', and
whose rules of inference are the productions of I'.  Now, it is clear that
every proof in T' is also a proof in (T). It is possible, however, to con-
struct proofs in £(I') that are not proofs in I'. Thus, for example, if

117
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X, X,, X, is a proof in T, then X, X,, X, X; is a proof in (") which
will not ordinarily be a proof in I'. However, it is easy to see that

Wle W) = {W]er Wi

Hence, for our purposes, it will not be necessary to distinguish between
I' and (). When we speak of a combinatorial system I' as a logic,
we are referring to the logic ¥(T').

Thus, our notion of a logic is so broad as to encompass not only the
usual systems of symbolic logic but also combinatorial systems.

TueEOREM 1.1. The set Tq is recursively enumerable.

PrROOF. Let A* be the (recursive) set of all Godel numbers of axioms
of € Let R¥(y, r), Ni(y, 1), . . . RK¥(y, £) be the (recursive)
associated numerical predicates of the rules of inference of 8. Let Pg be
the class of all numbers z such that

— X X e X
x = 280(X1)3en(X2) Pr (m)xn( )’

where X, X,, . . ., X, is a proof in & (that is, Pg is the set of all Gédel
numbers of proofs in ). Then

£(x)

Py = {z|GN @) A A [(nGlz € 9%

n=1
n=1

V. \/ ®Gle,iGls,iGla, . . . i, Glz)
21,22, . 00, iny =1

n+1

v V RE¥n Glz, i1 Gle, i Cle, ..., i, Glz)
e, ... in, =1
n>1
\% \/ Ri(n Glz, i1 Glz, 42 Glz, . . . ,1., Gl 2)]}.
£1,82, + o v ing =1

Thus, Pq is recursive. But
Te = {z|\/ W E Pe A v = £() Gy}
Yy

Therefore, T¢ is recursively enumerable.

By the decision problem for a logic & we mean the problem of deter-
mining, of a given word, whether or not it is a theorem of .

DegintTioN 1.4. The decision problem for a logic R is recursively
solvable if T'¢ is recursive; otherwise it is recursively unsolvable.

CoroLLARY 1.2. There exists a logic & whose decision problem is
recurstvely unsolvable.
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PROOF. By the results of Chap. 6 (e.g., Theorem 6-2.6), we know that
there exists a combinatorial system whose decision problem is recursively
unsolvable.

DeriniTion 1.5. Let & and & be logics. Then we say that & s trans-
latable into & if there exists a recursive word function §(X) such that t~¢ X
if and only if ¢ H(X) and, moreover, if, whenever X # Y, we also have
f{(X) = §(Y) (that is, if | is one-one).

TareoreM 1.3. If { ¢s translatable into ¥’ and the decision problem for &
18 recursively solvable, then the decision problem for & is recursively solvable.

Hence, if the decision problem for & is recursively unsolvable, then so is
that for .

PrROOF. Let Ty be recursive. Let §(X) be a recursive word function
such that

Fe X « o f(X).
Then

Te = {z| f*(z) € Te}.
Hence,

Cry() = Cry (*(2)).

Now the function on the right is partial recursive, and that on the left is
total. Hence, both are in fact recursive. That is, T is recursive.

(Note that the one-one character of f was not used in this proof.)

TuroreM 1.4. For every logic & there ts a normal system v, whose alpha-~
bet consists of two lelters, such that { is translatable into v.1

PROOF. We define {(X) as follows:

f(X) = ]an(X)+1

By Theorems 1.1 and 6-5.3, there exists a normal system », whose alpha-
bet consists of two letters, which generates the set Te. For such a
normal system, we have

e X o gn (X) € Te
> -, Jen(X)+1

-, f(X).

If {(X) = {(Y), then 12+ = Jea+1: g9 gn (X) = gn (¥), and,
finally, X = Y.

It remains only to show that {(X) is recursive. Let g(x) be the func-
tion whose domain is the set of Gédel numbers of words on our alphabet
and whose value is 1 for all numbers in its domain. Then g(z) is partial

t A somewhat similar theorem is proved by Post [2,8]. Our result is stronger than
Post’s 1n that ours is applicable to more systems than his, and weaker than Post’s in
that Post supplies a particularly simple translation function.
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recursive, since
Lz =z

9(z) = miny[(y =DAGN@A AV @Gz =2+ 1)].

n=12=0

Also, the function gn (1#+1) is recursive, since

gn (194) = 2,
gn (1E+D+H) = gn (1=+1) # 2,
But
f*(x) = gn (1=*))g(z).

Hence {*(z) is partial recursive; so f(X) is recursive.

TarorEM 1.5. If Q is translatable into & and if ¥ is translatable into
g, then & is translatable into &'.

ProoF. There are recursive functions f(X), g(X) such that

Fe X © g f(X),
Fo X © g g(X).

Let H(X) = g(f(X)). Then, H(X) is recursive, and

Fe X o ¢ f(X)
> ¢ h(X).

Finally, if §(X) = H(Y), then {(X) = f(¥), whence X = Y.

2. Incompleteness and Unsolvability Theorems for Logics. We shall
begin with some notions which provide a measure of the ‘‘deductive
power” of a logic without necessitating a discussion of its detailed
structure.

DerintTioN 2.1. A4 logic 8 is said to be semicomplete with respect to a
set of integers Q if there exists a sequence of words We, Wy, Wy, . . .
such that the function f(n) = gn (W,) is recursive and such that

Q = {n]| ke W.l.

{ s said to be complete with respect to Q if ¢t is semicomplete with
respect to both Q and Q.

In terms of the concept of semicompleteness, we can obtain at once a
sufficient condition that a logic have a recursively unsolvable decision
problem.

TueoREM 2.1. If € is semicomplete with respect to a nonrecursive set Q,
the & has a recursively unsolvable decision problem.

PROOF. We have

Q= {n]| e W}
{n|gn (W,) € Te}.

Hence, if Ty were recursive, so would ¢ be.
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CorOLLARY 2.2. If R is semicomplete with respect to every recursively
enumerable set, then { has a recursively unsolvable decision problem.

Theorem 2.1 and its corollary are actually quite useful in proving the
recursive unsolvability of the decision problem for various systems of
symbolic logic. The converse of Theorem 2.1 is also true.

TaEOREM 2.3. If  has a recursively unsolvable decision problem, then &
18 semicomplete with respect to a nonrecursive set, namely Teq.

PROOF. Let € have a recursively unsolvable decision problem. Then
not all words are theorems of & Let X, be the word of least Godel
number that is not a theorem of & We define the sequence W,, Wi,
W,, . . . as follows:

If n is the Gédel number of a word, n = gn (W), then we set W, = W;
otherwise we set W, = X,.

Then n & Ty if and only if n = gn (W), where -z W. But, by our
definition of W,, this becomes n & T if and only if ¢ W,. That is,

Te = {n] ¢ Wa}.
It remains to show that gn (W,) is recursive. Let
L£(x) =

Wi(z) < GN () A /\ \/ (nGlz = 22 4+ 1).
n=1 2=0

Then W(z) is recursive. Let w(z) be its characteristic function. Then
gn (W,) = n(1 = wn)) + gn (Xo)w(n).

Next, we shall see that a logic can be semicomplete only with respect
to recursively enumerable sets.
TurOREM 2.4. If 8 is semicomplete with respect to Q, then Q 1s recur-
stvely enumerable.
PROOF
Q {n] e W}
{n I gn (Wn) & TE}:

and the result follows at once from Theorems 1.1 and 5-4.10.

CoroLLARY 2.5. If @ is not recursively enumerable, then no logic is
semicomplete with respect to Q.

COROLLARY 2.6. If R is complete with respect to Q, then Q is recursive.

CoroLLARY 2.7. If Q is recursively enumerable but not recursive,
then no logic is semicomplete with respect to Q.

CoROLLARY 2.8, If @ 1s recursively enumerable but not recursive, then
no logic 1s complete with respect to Q.

Theorem 2.4, with its corollaries, represents a decisive limitation on
the power of logics. In fact, these results really constitute an abstract
form of Godel’s famous incompleteness theorem.! Their devastating

1 Cf. Gédel [1]. Our present formulation is essentially that of Kleene [4, 6].




122 APPLICATIONS OF THE GENERAL THEORY [CraP. 8

import stems from the fact that they imply that an adequate development
of the theory of natural numbers, within o logic &, to the point where member-
ship in some given set Q of integers can be adequately dealt with within the
logic (i.e., so that a given number n belongs to @ if and only if some
corresponding—in an effective manner—word W, is provable in &), ¢s
posstble only if @ happens to be recursively enwumerable. Hence, non-
recursively enumerable sets can, at best, be dealt with in an incomplete
manner.

In the next section we shall see how, by assuming more about the
basic structure of £, these results assume a more explicit form.

3. Arithmetical Logics. In this section we shall discuss a large class of
logics, which we shall call arithmetical. As in the usual systems of sym-
bolic logic, much of the symbolism of these arithmetical logics may be
thought of as constituting a ‘‘translation’”’ of ordinary mathematical
English into a more precise formal language. Although, in principle,
these ‘‘semantical’ ideas can themselves be formalized,! we shall not
attempt such a formal treatment here, and our development will not
depend on any interpretation of the symbols of arithmetical logics.
However, solely to aid the reader, we include remarks concerning what
we shall call the iniended interpretation of an arithmetical logic. To
emphasize that these remarks are not part of our formal development
we place them within curly braces {. . .}.

A logic U is to be called an arithmetical logic if it has the properties
listed below under headings I, I, ITI, and IV.

I. Well-formed Formulas. For each arithmetical logic ¥, there is a
recursive nonempty set of words called the well-formed formulas of .
We write w.f.f. for “well-formed formula.” {In the intended interpre-
tation of U, the w.f.f.’s include the words that represent sentences or
predicates.}

All theorems of % are w.f.f.’s.

11I. Propositional Connectives. There are recursive word functions
(A4, B) and N(A). We shall write [A D B] for (A4, B) and — A for
N(A). — Aisa wif if and only if 4 is a w.ff.; [4 D B] is a w.ff. if
and only if 4 and B are w.f.f.’s.t {In the intended interpretation of %,
D represents implication and — represents negation.}

If A, B, C are w.f.f.’s of ¥, then

Fux [AD[BJ A]], 1
Fa[[A9[B3C]1D[[4DB]J[ADCI, 2
Fu{[— B2 — A]D3[4 D B]]. @)

1 Cf. Tarski [1].

1 In the theorems about arithmetical logics to be proved below, many of the clauses
in our definition will not in fact be employed. The notation and some of the specific
formulations used in the remainder of this chapter are taken from Church [5].
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Moreover, if

Fu A
and

Fa[4 D B],
then

u B.

This last is called modus ponens.
III. Quantifiers. There is a denumerable sequence

Xy, Xoy X3y . .

of distinet words of U called variables. No variable is a w.f.f. The
function f(n) = gn (x.) is recursive. There are no words A, B, C,
A = A, Bs= A C # A, such that AB and BC are both variables.!

There is a recursive binary word function ®(M, A). We shall write
(M)A for (M, A). (M)A isawfif. if and onlyif A isa w.ff. and M is
a variable. By (3M)A4, we understand — (M) — A.

{In the intended interpretation, the words x; represent variables whose
range is a class that contains the integers.? (x;) and (3x;) then represent
universal and existential quantification, respectively, over the integers.}

There is a recursive binary word predicate (M, A).

If B(M, A), then A is a wff.,, M is a variable, and M is a part of 4
(that is, A = BMC for suitable B and C). When B(x;, 4) is true, we
say that x; is bound in A. When B(x,, A) is false and x; is a part of 4,
we say that x; is free in A.

If no variable is free in any w.f.f. B that is part of the w.f.f. A, then
A is said to be closed. We write c.w.f.f. for ““closed w.f.f.”

{In the intended interpretation, it is the c.w.f.f.’s that represent
sentences. |

B(x;, (x,)A) is always true.

If B(x;, A) and A is a part of the w.f.f. B, then B(x;, B).

There is a recursive word function &(X, M, N) such that, if X is a
w.ff. and M is a variable, then &(X, M, N) is the word that results on
replacing M by N at all of its occurrences in X. &(X D Y], M, N) is
X, M, N)DS(Y,M,N). &(—X,M,N) is —SX, M, N). If
i # j, then &((x;)X, x;, N) is (x;)&(X, x;, N).

There is a recursive word function €(W). If W is a w.f.f., then (W)
is a c.w.f.f., and €(W) is obtained by prefixing zero or more universal
quantifiers to W. If Wis a cwff, W) = W. If Wisnota wif.,
(W) isnot a wif. C(W) is called the closure of W.

It follows that the class of c.w.f.f.’s is recursive, since W is a c.w.f.f.
if and only if €(W) = W.

1 Thus, it is impossible for two variables which occur in the same word to overlap.

2 Thus, the class may be the set of integers or it may contain other objects as well.
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- A if and only if - (x;)4. From this last it follows at once that
g A if and only if |-¢ €(A4).

IV. Integers. Associated with each integer n is a word that we write
n* and that we call the numeral associated with the number n. The funec-
tion f(n) = gn (n*) is recursive. If n = m, then n* = m*.

If Aisawif, if x;is free in A, and if N is a variable or a numeral,
then &(A4, x;, N) is a w.i.f.

If x; and x; are not bound in A, then

Fu [S(4, x, x;) 2 (Ax) 4], 4)
Fu [B(4, x;, m*) 3 Jx) A]. (%)

If x; is not free in A, then
Ful(x)[4 D B] 3[4 D (x:)B]]. ®

This completes our definition of what constitutes an arithmetical logic.

DeriniTiON 3.1. A w.f.f. W of U is called n-ary if the variables xi,
X3, . . ., Xn are free tn W and if no other variables are free in W.

DEerintTiOoN 3.2. If W is an n-ary w.f.f. of L and of (xy, 22, . . . , Tn)
is an n-tuple of integers, we write W(zy, T2, . . . , Ta) to denote the w.f.f.
obtained from W on replacing x; by z¥ at all occurrences of x; in W, for
i=12,...,n

DErFINITION 3.3.  An arithmetical logic A is called consistent if, for no
word A, do we have -q A and g — A.

If U is not consistent, it 1s called inconsistent.

CoroLLARY 3.1. U is inconsistent if and only if all w.f.f’s of A are
theorems of U.

prooF. If all w.f.f.’s are theorems, then ¥ is certainly inconsistent.

Conversely, suppose that g A and g — A. Let B be any w.f.f.
of . By II (1),

Fa[— AD[—BD— A]].

Hence, by modus ponens (II),

o [— B — Al
By II (3),
Fu[—BD— A]D[4DB]].

Hence, by modus ponens,
t«[4 D B],

and, by modus ponens again,

« B.
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DeriNiTiON 3.4. An arithmetical logic 9 is called w-consistent if
there does not exist a 1-ary w.f.f. W such that, for all integers m, g W(m)
and also g — (x1) W.

An arithmetical logic that ts not w-consistent 1s called w-inconsistent.

{Taking into account the intended interpretation of A and the mean-
ing of universal quantification, we see that, in an w-inconsistent arith-
metical logic U, there is a c.w.f.f. A of 9 such that -y A, whereas the
sentence A represents is false. Thus, w-inconsistency is, from the point
of view of intended interpretations, as undesirable as inconsistency.}

CoROLLARY 3.2. If U is w-consistent, it is consistent.

PROOF. Suppose ¥ to be inconsistent. Let W be any l-ary w.f.f.
of . Then, by Corollary 3.1, for all m, g W(m) and g — (x)W.
Hence, ¥ is w-inconsistent.

DeriniTioN 3.5. Let P(xi, . . . , ) be a predicate. Then we say
that P is completely representable in an arithmetical logic U if there exists
an n-ary w.f.f. W of U such that

(1) For each n-tuple (z1, . . . , za) for which P(zy, . . . , a) s true,
- W(xl, o e ey :c,.).
(2) For each n-tuple (z1, . . . , za) for which P(zy, . . . , z.) ts false,

g - W(xl, . e ey a:n).

TarEoREM 3.3. If R(x™) is completely representable in an arithmetical
logic A, then R{(r™) is recursive.

PrROOF. There is an n-ary w.f.f. W such that

RG™) & g W(E™)
—gn (WE™)) € Ty,
~ R@™) & g — W(E™)
ogn (—Wie™)) € Tu.
We first note that the functions gn (W (™)), gn (— W(t™)) are recur-

sive. This follows at once from the fact that © and — are recursive
word functions and from

WE™) = &( - - S(S(S(W, x1, 21), x2, 23), %3, 2F), + + -, Xn, 7).

Now, by Theorem 1.1, the set Ty is recursively enumerable. Hence,
by Theorem 5-3.4, the predicates R(t™), ~ R(t") are semicomputable.
Therefore, by Theorem 5-1.5, R(x*) is recursive.

DeriNiTION 3.6. A class A of binary predicates is called a basis i,
for every recursively enumerable set Q, there is a predicate R(z, y) such that

Rz, y) € A and
Q= {zIV R@ )}

By the results of Chap. 5, the class of binary recursive predicates is a
basis. By the enumeration theorem (Theorem 5-1.4), the class of predi-
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cates of the form T'(zo, z, y) is a basis. Hence, the class of binary primi-
tive recursive predicates is a basis. Moreover, by Theorem 7-3.8, the

v Yy
class of all predicates of the form A \/ Pk, z,y,1t™) =0,
k=0 zi,..., zn =0

where P is a polynomial, is a basis.

DEerINITION 3.7.  An arithmetical logic N is called adequate if there is
some basis A such that, for every predicate P & A, P is completely representa-
ble in Y.

We are now in a position to apply the results of Sec. 2.

TueorEM 3.4. If U is an w-consistent and adequate arithmetical logic,
then A is semicomplete with respect to every recursively enumerable set.

PrROOF. Let @ be some recursively enumerable set.  Then since
I is adequate, there is a predicate R(z, %), completely representable in ¥,

such that
Q= {1V R@ )}

Thus, there exists a 2-ary w.f.f. W such that
When R(z, y) is true, 94 Wz, ),
When E(z, y) is false, g — W(z, y).
Let U be the l-ary w.f.f. (Ax:) W. We shall see that

Q= {z| Fa U@} @

For each integer n, we write W{n, x.) for @(W, x1, n*). Now, suppose
that no € Q. Then, for some number ¥y, R(no, yo) is true. Hence,
Fu W(ne, yo). Now, by IV(5),

Fo [W(no, yo) I (Ix2) W (no, x2)].
Hence, by modus ponens,

Fa (3x2) W (no, x2).
That is,
}—2[ U(no).

Conversely, suppose that g U(ng). That is,

o (Fx2) W (no, x2)
or
Fa — (x2) — W(no, x2).

Hence, by the w-consistency of U, there is some integer m, for which the
w.ff. — W(ne, me) is not a theorem of A. Hence, R(no, me) must be
true, since, if it were false, we should have g — W(n,, mo). Hence,
finally, no € @, and we have proved (7). By Definition 2.1, it remains
only to show that the function f(z) = gn (U(z)) is recursive. But this is
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clear, since
gn (U(z)) = gn (&(U, x1, z%)).

TuroreM 3.5. If U is an w-consistent and adequate arithmetical logic,
then 9 has a recursively unsolvable decision problem.!

proOF. Immediate from Theorem 3.4 and Corollary 2.2.

DeriniTioN 3.8. An arithmetical logic U s said to be complete if,
for every cow.ff. A of U, either -y A or by — A.

If % is not complete, it is called incomplete.

TuroreM 3.6. If an arithmetical logic A ts complete, then its decision
problem is recursively solvable.

PROOF. Let F be the set of all Godel numbers of e.w.f.1.°s of ¥, so that
F is recursive. Let Pt be the set of all Godel numbers of theorems of 9
that are c.w.f.f.’s; P, the set of all Gédel numbers of nontheorems of %
that are c.w.f.f.’s.

We first wish to show that P* is recursive. Now, Pt = F N Ty; so,
by Theorems 1.1 and 5-4.9, P* is recursively enumerable. Since ¥ is
complete, a nonprovable c.w.f.f. is one whose negation is provable.
Hence,

P~ =FN {z|N*@x) € Tyl.

[Here M*(x) is the associated numerical function of —.] Thus, by
Theorems 1.1, 5-4.9, and 5-4.10, P~ is also recursively enumerable. But
PF=P-UF;
so, by Theorem 5-4.9, P7 is recursively enumerable. Hence, by Theorem

5-4.5, P+ is recursive.

But a w.ff. of ¥ is a theorem if and only if its closure is a theorem.
Hence,

Ty = {z|C*(=z) € P*}
and, therefore, Ty is recursive.

TueoreM 3.7 (Goédel’s Incompleteness Theorem). If U is an
w-consistent and adequate arithmetical logic, then U is incomplete.

proOF. Immediate from Theorems 3.5 and 3.6.

Thus, for any arithmetical logic U satisfying the hypotheses of Theorem
3.7, there is a c.w.f.f. A of % such that neither A nor — A is a theorem
of A. Or, as we may say, A is undecidable. However, our proof of
Theorem 3.7 gives no indication of what form such an A would take.
In order to determine this, we turn to the incompleteness theorem of
Sec. 2.

SECOND PROOF OF THEOREM 3.7. Let @ be a recursively enumerable
set which is not recursive. As in the proof of Theorem 3.4,

fzlFa U@} = Q.
! Essentially this result was first proved by Church. Cf. Church [1].
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Suppose that g = U(ne). Then no € Q [if no € Q, -y U(no), which
would contradict the consistency of %]. Thus,

{z|Fa=— U@} CQ.
But, by Corollary 2.7, _
{z| Fa—Ulx)} = Q.

Hence, there is a number ng such that no € @, but it is not the case that
g =— U(no). On the other hand, it is also not the case that -y U(ny),
since this would imply ne € @. This completes the proof.

{Thus we see that, if U satisfies the hypotheses of Theorem 3.7, there
is a c.w.f.f. A of A that is undecidable and whose interpretation is that
ne & @, where n, is some integer and where @ is a recursively enumerable
set which is not recursive. Changing the logic in various ways can suc-
ceed only in changing the value of no. By Theorem 7-3.1, such a propo-

v
sition has the simple arithmetic form \/ /\ \/ [Pk, no, y, £) = 0],
y k=0 1w
where the polynomial remains unchanged as the logic is varied.

Next, let @ = S, where S is the simple set constructed in Chap. 5,
Sec. 5. Then, since {z | ¢ — U(z)} is recursively enumerable, it must
be finite. That is, if the hypotheses of Theorem 3.7 are satisfied by an
arithmetical logic ¥, of the c.w.f.f.’s — U(n) of A chosen as formalizations
of the propositions n & S, at most a finite number can be theorems of .

If we take @= K = {a: | \/ T(z, z, y)}, we may make use of the fact

v
that, by Corollary 5-5.2, K is creative. Hence, there is a recursive
function f(z) such that, if

{m} = {n| e — UM} CK,

then f(m) € K, whereas f(m) & {m}, that is, — U(f(m)) is not a theorem
of A. If we now construct ¥’ by adjoining the w.f.f. — U(f(m)) as an
additional axiom, we have a new arithmetical logie in which the undecida-
ble proposition f(m) & K has been decided. Of course, the process is
capable of iteration.}

In order to verify that the results of the present section actually do
hold for some definite arithmetical logic, it suffices to show that the logic
in question is w-consistent and adequate.

The proof of adequacy of a logic is usually not very difficult to supply.
Some economy is often made possible by a shrewd choice of a basis. A
very popular choice is the class of binary primitive recursive predicates.
(E.g., Godel [1] and Hilbert and Bernays [1] make use of this basis.)
Often it is simpler to use recursive predicates directly, making use of a
formulation like that of our Definition 3-1.2, which does not involve
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primitive recursion. For the system Z of Hilbert and Bernays [1], the
class of predicates of the form

Y Yy
ANV PGy ™) =0,

k=0 z1,..., zn =0

where P is a polynomial, is an ideal choice.

The question of w-consistency is more delicate. {On the one hand,
it is ordinarily possible to give a seemingly valid proof of the w-consistency
of many arithmetical logics by explicitly invoking their intended interpre-
tation. That is, one can ordinarily prove:

(1) The axioms of the logic are true.!

(2) The rules of inference of the logic preserve truth.

(3) If the logic is w-inconsistent, at least one of its theorems is false.

Such a proof of w-consistency is open to the objection of circularity.
For, in the process of showing that no theorems of the logic are false,
one is tacitly using this very assertion on an informal level. This is not a
matter of pedantry; at least four logics which were originally proposed
quite seriously have, in fact, turned out to be inconsistent. Another
difficulty is associated with the fact that in many arithmetical logics ¥,
within which it is possible to find a c.w.f.f. C whose interpretation is
that U is consistent, it can be proved that C is not a theorem? of .
Thus a proof of the consistency (and hence certainly the w-consistency)
of a logic requires the use of methods not formalized within the logic.}

These considerations make our results seem somewhat equivocal.
However, in their negative aspect there is really no equivocation. Either
an adequate arithmetical logic is w-inconsistent {in which case it is possi-
ble to prove false statements within it} or it has an unsolvable decision
problem and is subject to the limitation of Godel’s incompleteness
theorem.

4. First-order Logics. In this section we deal with yet another class
of logics, the first-order logics.

The alphabet of a first-order logic § contains the symbols

- 201, ()

Also in the alphabet there is a denumerable infinity of symbols called
individual variables. We write these

X, Y, Z, X1, Y1, Z1, X2, Y2, 22, . . . .

1 In the case of w.f.f.’s containing free variables, ‘‘true’’ means true for all values of
these variables.

An “abuse of language” is involved here. When we say that an axiom is true, we
mean of course that the sentence it represents is true.

2 Cf. Godel [1].
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The remaining symbols are individual constants, predicate symbols, or
function symbols. Each predicate symbol and function symbol has
associated with it an integer = 1, called its degree. By an individual
symbol we understand either an individual variable or an individual
constant.

Of course, our development has been in terms of the fixed alphabet

Qg, A1, A2, .

Hence, we shall assume that the classes of individual variables, of indi-
vidual constants, of predicate symbols, and of function symbols are recur-
sive, and, also, that there is a partial recursive function Q(n) such that,
if @, is a predicate symbol or a function symbol, then Q(n) is the degree
of a,.

A word X is called a term of a first-order logic § if there exists a sequence
Xy, ..., X, of words such that X, is X and, for each 7, 1 <1 < n,
either

(1) X;is an individual symbol, or
2) X:is a(X;,, X5, . . . 4 X;,), where 71, Jo, - . . , jm < 7 and where
a is a function symbol of degree m.

A word W is called a well-formed formula (abbreviated w.f.f.) of a first-
order logic § if there exists a sequence W, . . . , W, of words such that
W.is W and, for each ¢, 1 < 7 < n, either

1) W;is p(X1y « « « 3 Xn), where Xy, . . ., X,, are terms and p is a
predicate symbol of degree m, or

(2) W,is [W;D W], where j, k < <, or

(38) W;is — W;, where j < 1, or

4) W;is (v)W;, where j < ¢ and v is an individual variable.

In the case of a function or predicate symbol a of degree 2, we often write
(XaY) for a(X, Y).

A first-order logie has two rules of inference, namely:

Mobpus poNENs. This rule of inference is given by the 3-ary predicate
MY, X1, X,), which is true when and only when X, is [X1D Y.

GENERALIZATION. This rule of inference is given by the predicate
®&(Y, X), which is true when and only when Y is (v) X, where v is an indi-
vidual variable.

It is left to the reader to verify that these rules of inference are recur-
sive predicates.

An occurrence of an individual variable » in a w.ff. W is a bound
occurrence if it is in a w.f. part of W of the form (v¥)A. An occurrence
of vin a w.f.f. W which is not bound is called a free occurrence. A w.flf.
in which no individual variable has a free occurrence is called closed.
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We write c.w.f.f. for “closed w.f.f.” If W is a w.f.f.,, v is an individual
variable, and X is a term, we define &(W, », X) as follows:

If no free occurrence of v in W is in a w.f. part of W of the form (w) A4,
where w occurs in X, then &(W, v, X) is the result of replacing » by X
at all free occurrences of » in W; otherwise &(W, v, X) is W.

The axioms of a first-order logic include all words obtained (subject to
the specific restriction mentioned below) by replacing v by an individual
variable, X by a term, and A4, B, C by w.f.{.’s in the schemata:

(1) [AD[BD Al

(2) [4D2[BDC)ID[[ADB]J[ ADC].

@3) [—B>— A]1D[4ADB].

) (1WA D6(4,v, X)].

®) [0[A D B]2[A D (v)B]], where v has no free occurrence in A.

In addition to these, a first-order logic contains a finite (possibly zerc)
number of additional axioms, all of which are c.w.f.f.’s; these are called
the special azioms of the logic.

TaeorEM 4.1. If A isany w.f.f. of a first-order logic §, then -5 [A D A].

PROOF. By schema (2),

s A D{[ADA]D A]ID[[AD[AD Al D[4 D A]]L

By schema (1),
Fg[AD[[AD A]D A]]
and
s[4 D[4 A]l

Applying modus ponens twice,

3[4 D A]
DEriniTION 4.1, Let § be a first-order logic and let Ay, . . . , A. be
cwff’s of §. Then, F(A1, . .., A.) is the first-order logic obtained
from § by adjoining to its special axioms those of Ay, . . . , A, that are

not axtoms of §F.

TrroREM 4.2. If § is a first-order logic and A is a cw.f.f. of §, then
gy W if and only if g {4 D W]

PROOF. If (-5 [A D W], then gy [A D W]. But then, by modus
ponens, gy W.

Conversely, suppose that ~gu) W. Let Wy, . . ., W, be a proof of
W in §(A), so that W, is W. We shall show that, foreach 7,1 £ 7 < n,
5{4 O W;. Suppose this result known for all j < 7. We distinguish
several cases.

Casel. W;is A. Then,[4 D W,]is[4 D 4], which, by Theorem 4.1,
is a theorem of §.
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CaseE II. W, is an axiom of §. Then, +¢W. By schema (1),
g [W.D[ADW.]. By modus ponens, 5[4 23 W]
Case III. W; is [WiD W] for j, £ <. Then, by induction hy-
pothesis,
g [A 2 Wi,
Fel AD[W. D W]
By schema (2),

s [AD WD WD [[AD W D[4 D W,

By modus ponens twice,
5[4 D W

Case IV. W, is (W)W, for j < 1, where v is an individual variable. By
induction hypothesis, 5[4 D W,]. By generalization, g (v)[4 D W]
Since A is a c.w.f.f., schema (5) is applicable, and

Fg ()[4 3 W] D[4 D ()Wil.

By modus ponens,
Fg (42 @)W,
that is,
4D Wi,
This completes the proof.
CoroLLARY 4.3. If § is a first-order logicand A,,. . . , A, arecw.f.f.s
of §, then —gu,,...anW if and only <f

Fs[41D[A4:D[4:D - - - D[4 D W]]IL

PROOF. It suffices to apply Theorem 4.2 repeatedly.

THEOREM 4.4. If § s a first-order logic and Ay, . . . , A. are cw.ffs
of &, then F(Ay, . . ., An) is translatable into F.

PROOF. Recalling Definition 1.5, it is necessary only, by Corollary 4.3,
to remark that, if

f(W) =[A41D3[42D - - - D[4.D W]]),

then f(W) is recursive.

DEerFiNiTION 4.2. A first-order logic § is called unspecialized if it has
no special axioms.

THEOREM 4.5.  Every first-order logic is translatable into an unspecialized
first-order logic.

PROOF. Let § be any first-order logic, and let §’ be like § except that
&’ has no special axioms. Thus, §' is unspecialized. Moreover, let the
special axioms of § be Ay, . .., 4.. Then, § = F (4, . . ., 4.).
Hence, by Theorem 4.4, § is translatable into §'.
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We now introduce the unspecialized first-order logic §o, the full first-
order logic. To has a denumerable infinity of individual constants and,
for each integer m = 1, a denumerable infinity of function and predicate
symbols of degree m. In more detail, the seven symbols

- 201, ()

are identified with ao, a1, as, a3, as, as, as, respectively. For n > 6, a, is
an indiidual variable if L(n) = 0 and K(n) is even, an individual con-
stant if L{n) = 0 and K(n) isodd. Thus, x, y, 2, x1, Y1, 21, X2, Y2, Z2, . . .
are identified with asu,0, ar6.0, ey, - - . . For n > 6, L(n) > 0,
L(n) even, a, is a predicate symbol of degree +L{n). Forn > 6, L(n) odd,
@, 18 a function symbol of degree L(L(n) + 1).

To is essentially the logic called the engere Pridikatenkalkil in Hilbert
and Ackermann [1] and called the pure first-order functional calculus by
Church [4, 5].F

The importance of §, stems from

TraeorEM 4.6. Every unspecialized first-order logic is translatable
into Fo-

PROOF. Let §§ be some unspecialized first-order logic. We define a one-
one recursive function f(n) on the integers as follows:

For each n, we check the role played by a, in §. If a, is one of

- 201, ()

in§, f(n)is 0,1, 2, 3,4, 5, or 6, respectively. If f(x) is defined for z < n,
and if a, is an individual variable in §, an indwidual constant in §, a
predicate symbol of degree m in §, or a function symbol of degree m in §,

t Actually, these logics, as they were originally formulated, do not have provision
for function symbols or individual constants. However, this difference is not an
essential one. Cf. Hilbert and Bernays [1, p. 422] and Kleene [6, p. 408]. Although
the detailed proof is quite involved, the idea behind it is quite simple. We set aside
a predicate symbol = of degree 2, assuming the special axioms (1) to (3), below.
Then, to eliminate an individual constant ¢, we set aside a predicate symbol C of
degree 1 and assume the special axioms (cf. the next footnote)

F0C ),
[Cx) I CH I (x =yl

To eliminate a function symbol f of degree m, we set aside a predicate symbol F of
degree m + 1 and assume the special axioms

Gy)F(xl, X2y o« o o 9 Xmy y)r
[F(X1y X2y o o vy Xy U) DF (X1, X2y + .+ 5 Xmy 2) D (y = 2)]].

It is then necessary to replace individual constants and function symbols by these
predicates in the appropriate way. For example, G(c) becomes

®ICx) I G).
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then f(n) is the least integer p such that f(z) = p for z < n, and a, is
an tndividual variable in o, an indiwidual constant in §, a predicate symbol
of degree m in o, or a function symbol of degree m in §F,, respectively.
Now, we define the function | as follows:

If X = a0, - - * a,, then {(X) = a;00050y © ° ° Grop. 1t 18 easy to
see that f(X) satisfies the conditions of Definition 1.5. Hence, § is
translatable into .

THEOREM 4.7. If the decision problem for §oisrecursively solvable, then
80 1s that for every first-order logic.

PROOF. Immediate from Theorems 1.3, 1.5, 4.5, and 4.6.

Theorem 4.7 was known (necessarily on the informal level) to Hilbert
and his school well before the formal development of recursive-function
theory. On the basis of this theorem, Hilbert declared that the decision
problem for o (often referred to simply as the Enischeidungsproblem)
was the central problem of mathematical logic. Subsequently, there was
much research directed toward a positive solution of this problem. In
part, this took the form of reductions of the decision problem for §, to that
for classes of special w.f.f.’s, for example, the class of w.f.f.’s of the form!

(3x0) Qx2) Ax5) (y) ()" - () 4,

where A is free of quantifiers. Other work was directed toward showing
that, for larger and larger classes of w.f.f.’s, the decision problem could
be solved. In particular, it was proved that the decision problem could
be solved for the class of all w.f.f.’s of the form!

Fx1) 3x2) (y0) (y2)- - ~(Ww) 4,

where A is free of quantifiers. Thus, it seemed that but the smallest
advance in either direction would suffice to settle the problem.

In faet, it was proved by Church? and by Turing? (independently of
each other) that the decision problem for ¢ is recursively unsolvable.
By Theorem 4.7, this will follow at once if we can produce any first-order
logic whose decision problem is recursively unsolvable.*

We shall prove

TueorEM 4.8. Every normal system v with an alphabet of two letiers
1s translatable inio a first-order logic §,.

1 Here, by (3x;,)W is understood = (x;) = W. Cf. Church [5].

2 Cf. Church [2].

3 Cf. Turing {1].

4 It might be expected that we would achicve this by constructing a first-order logie
which is also an w-consistent and adequate arithmetical logic. Indeed, the proof of
Church [2] follows essentially these lines. A simpler development is to be found in
Tarski, Mostowski, and R. M. Robinson [1]. However, because of the difficulties
associated with w-consistency, we choose to proceed otherwise.
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Assuming this result for the moment, Theorems 1.3 and 6-5.4 immedi-
ately yield!

CoroLLARY 4.9. There exists a first-order logic whose deciston problem
18 recursively unsolvable.

Finally, using Theorem 4.7, we have

CoOROLLARY 4.10. The decision problem for o is recursively unsolvable.

It remains only to give the proof of Theorem 4.8.

Let » be a normal system on the alphabet 1, b. Let A, be its axiom,
and let its productions be ;P — Pg;, i = 1,2, . . . , m. Then we let
the alphabet of §, contain the individual constants 1 and b, the function
symbol x of degree 2, the predicate symbol T of degree 1, and the predi-
cate symbol = of degree 2.

With each word W on the alphabet 1, b, we associate a term W’ of §,
as follows:

V=14 =b;
(W1) = (W'« 1), (Wb) = (W' » b).

Finally, welet f(W) = T(W"). Clearly, {(W) isrecursive. The special
axioms of §, will be chosen in such a way that —, W if and only if
g, (V).

The special axioms of §, are as follows:

(1) () (x1 = x1).

(2) (1) (xa)[(x1 = x2) D (x2 = x1)].

(3) (xn)(x2)(x3)[(x1 = x2) D [(x2 = x35) D (x1 = x3)]].

(4) (x)(x2)[(x1 = x2) D [T(x1) D T(x2)]].

(5) (x1) (x) (x3)[(x1 = x2) I ((x1 * X3) = (x2 % X3))].

(6) (x1)(x2)(xa)[(x1 = x2) D ((x5 % x1) = (x5 % Xx2))].

(7) (1) (22) (x5) ((x1 % (x2 % x5)) = ((x1 % x2) * X3)).

(8) T(44).

9) )IT((g *x)) D T((xax g/ N, e =1,2, ... ,m.

It is required to prove that ,W if and only if g T(W").

A term of §, is called a constant if it contains no individual variables.
If X is a constant, we write {X} to denote the word on 1, b obtained
from X by replacing 1 by 1, b by b, and by removing all parentheses
and all stars. For example, {W'} = W. Two constants X, Y are
called associates if {X} = {Y}.

Then, we have

Lemma 1. If X and Y are constants, then -5, (X = Y) of and only if
X and Y are assoctates.

1 Alternatively, Corollary 4.9 can be deduced from Theorem 4.8 by using Theorem
6-5.2 and Corollary 2.2.
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proor. If X and Y are associates, then {X} = {Y} so {X} and {Y}
certainly are of the same length. If this length is 1 or 2, the result is
quite obvious. If the length is 3, then if, say, {X} = {Y} = 1b1, the
only possibilities for X, ¥ are (1 x(bx1)), (1 xb)x1). Now, by
axiom (7),

g, (x1)(x2) (x3) ((x1 % (X2 % x3)) = ((x1 % Xx2) * X3)).

By axiom schema (4) for first-order logics,

g, [(x1) (x2) (23) ((x1 % (2 % x3)) = ((x1 % x2) * x3))
D (x2) (x3) (1 » (x2 % x3)) = ((1 % x2) % x3))},
Fg, [(x2) (xa) (1 % (x2 % x3)) = ((1 * x2) % x3))
I (x) (1 % (b x x3)) = ((1 % b) % x3))],
Fg, [(x) (A% (bxx5)) = (A% b) xx5)) D (A% (b*x1)) = (Axd)x1))].

By modus ponens three times,

Fg, (A x (bx1)) = (1 %) *1));
that is,
l'—gv (X = Y)

A similar argument works for any other word of length 3. The result
for lengths > 3 is proved by mathematical induction.

The converse follows by noting that the only equalities that can be
obtained outright are those coming from axioms (1) and (7), which cer-
tainly cannot give the equality of nonassociates. Axioms (2) to (6), how-
ever, can go from equalities of associates only to equalities of associates.

Lemma 2. If -, W, then g, T(W').

prooF. Let W, W, . .., W, bea proof in », where W, is W. We
shall show that, for each ¢, 1 £ 7 £ n, g, T(W)). Thisis clearly true
fori = 1, since W;is A,. Supposeit truefori = k. Now, for suitable j,
Wi = g;P, Winn = Pg;.

By axiom schema (4) for first-order logies,

g, [()[T((g} * %)) 3 T((xa » )] D [T((g; x P)) D T((P' » gl
This, with axiom (9) and modus ponens, yields
Fs, [T(g; « P) D T((P' x g))].
By Lemma 1, we have
Fs, ((gP)" = (g; x P")).
By the use of axiom (4), this will give
Fs, [T(g;P)") D T((g; * P))].
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Now, using our induction hypothesis and modus ponens twice, we have
g, T((P' % g)).
And then, by Lemma 1 and axiom (4),

Fs, T((Pg:)");
that is,
I—%y T(Wllc+1)-

Lemma 3. If X is a constant and +, {X}, then g, T(X).
proor. If X = {X}’, we are through, by Lemma 2. If not, X isan
associate of ¥ = {X}’. Then, by Lemmas 1 and 2,

s, (X = Y))
g, T(Y).
By axiom (2),
g, (Y = X).
By axiom (4),
kg, [T(Y) 3 T(X)].
Hence,
s, T(X).

Lemma 4. If X is a constant and g, T(X), then , {X}.

ProOF. The only axiom of §, of the form T(X), where X is constant,
has the desired property.

To derive T(X), X constant, in §,, axiom (4) or (9) must be used.!
But, by Lemma 1, axiom (4) can produce T(X) as a theorem only if we
already know that g, T(Y), where X and Y are associates. And
axiom (9) can be used to produce T(X) as a theorem only if {X} is a
consequence of {Y} by one of the productions of » and if g, T(Y).

LemMa 5. =, W if and only if g, T(W').

PrOOF. Clear from Lemmas 2 and 4.

This completes the proof of Theorem 4.8.
5. Partial Propositional Calculi. The alphabet of a pariial proposi-
tional calculus P consists of the symbols

- 2 11
and of the denumerable infinitude of symbols

P1, 91, 71, P2, 2, T2, P3, 43, 73 - - &

called propositional variables.
A word W is called a well-formed formula (abbreviated w.ff.) of a
partial propositional calculus if there exists a sequence Wy, . . .. W,
1 This fact follows from Gentzen’s Hauptsatz. Cf. Kleene [6].
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of words such that W, is W and for each 7, 1 5 ¢ < n, either

(1) W, is a propositional variable,
(2) W;is (W, D W,],j,k <4, or
B) Wiis — W;, 5 < 4.

A partial propositional calculus has two rules of inference, namely,

Mobpus poNENS. This rule of inference is given by the 3-ary predicale
MY, X1, X,), which is true when and only when X, is [X{ D Y].

SussTiTUTION. This rule of inference is given by the predicate S(Y, X),
which is true when and only when Y results from X on replacing some
rropositional variable at all of its occurrences in X by a w.f.f. W.

Let U be some set which consists of two distinet objects (e.g., the
numbers 0 and 1); these objects we shall write T and F and we shall call
truth values. A function whose domain is the set of n-tuples of truth
values, and whose values are always T or F, is called a truth function.
With each w.ff. A of a partial propositional calculus we associate a
truth function A, as follows:

(1) If A is a propositional variable, then A is the identity function.

(2) If Ais[BDC], then A is F only for arguments that make B = T
and C = F; otherwise 4 is T.

(3) If A is — B, then 4 is T when and only when B is F.

The w.f.f. 4 is called a tautology if A takes on only the value T. Weleave
it to the reader to demonstrate

TrEOREM 5.1.  The class of tautologies is recursive.

Our final stipulation concerning partial propositional calculi is that
they shall have only a finite number of axioms, all of which are tautologies.

THEOREM 5.2. Every theorem of a partial propositional calculus is a
tautology.

PrRoOF. The axioms are tautologies, and, as one can readily verify,
the rules of inference preserve the property of being a tautology.

In particular, we may consider o, the full partial propositional calculus,
or, more simply, the propositional calculus, whose axioms are the three
w.f.f0s:

1) [p121g1d pall
2) [p19 (@12 ]l 3 {[p12 1] D [p1 I3 il
@) [= a2 —=p]2[p:12qill

DerFiNiTION 5.1. A partial propositional calculus P is called complete
if every tautology is a theorem of B.
COROLLARY 5.3. If B is complete, then the decision problem for P is

recursively solvable.
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prOOF. Immediate from Theorems 5.1 and 5.2.

One of the fundamental results of modern logic (due to Post) is

TaEOREM 5.4. Po s complete.}

COROLLARY 5.5. The decision problem for Bo ts recursively solvable.

These results led to the belief that, in this domain at least, no unsolva-
ble problems were to be found. However, Linial and Post were able?
to show that there exists a partial propositional calculus whose decision
problem is recursively unsolvable. We obtain their result by proving:

TuEOREM 5.6. Every semi-Thue system o with an alphabet of two
letters s translatable into a partial propositional calculus.

Let ¢ have the alphabet 1, b, the axiom A, and the productions

Pg.Q - P§Q,i=1,2,...,m Weset
1’=_'""[—P13"'P1]
B o= — — = —[—p1D — p]

(W1) =W & 1]
(Wo) = [W' & b],

where by [4 & B] is understood — [A 3 — B]. Then if W is any word
on 1, b, the w.f.f. W’ is a tautology. We define the partial propositional
calculus B, to have the axioms:

¢)) {[p: [Q1 & ri]] D [[pl & ¢:] & r4]].

2) {[[p:1 & ¢:] & 71] I [p1 & [q: & r4]]].

(3) llr13 @1l 2 {lg1 D pa] I [[r1 & p1] D [r1 & gi]l]]

@) [l;1 3 @1l I [lg1 2 p1] 3 [[p1 & 1] D [q1 & r4]]]].

(5) Ag; [p1D D1).

6) [P &gl &P &Fl &l i =1,2,...,mt

It is easy to verify that these axioms are all tautologies.

A word X is called regular if there exists a finite sequence X3, X, . . . ,
X, where X, = X, such that, for each 7 =1, 2, . . . , n, either X, is
1"or ¥, or X;is [X; & X4, 4, k <i. Thus, W is always regular, as is,
for example, [’ & b'] & [b' & 1']].

If X is a regular word, we let (X) be the word on 1, b obtained by first
replacing all occurrences of b’ in X by b, then replacing all remaining
occurrences of 1’ by 1, and finally removing all occurrences of [, ], and &.
Two regular words X, Y are called assoctates if (X) = (Y).

Lemma 1. If X and Y are associates, then g, [X D Y] and also
g, Y2 X].

PROOF. By mathematical induction, employing axioms (1) to (4).

1 For a short and elegant proof of this result (due to Kalmér [1]), see Church [5].

2 Cf. Linial and Post [1].

1 Three additional tautalogies giving the effect of the semi-Thue productions with
empty P or Q or both should be added here.
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LemMa 2. If W, is a consequence of W1 by one of the productions of
o and —g, W1, then g, Wi,
PrOOF. Let Wy = Pg,Q, W2 = P§,Q. Then we have

e, (Pg:Q)".
By Lemma 1,
g, [(Pg:Q)' 2 [P’ & 9] & Q']].
By Axiom (6),
e, ([P &gl & Q1D ([P & 7)) & Q']].
By Lemma 1,
Fg, ([P’ & 7] & Q'] D (P§.Q)'].

By modus ponens, three times,

l_ﬂBa (PgiQ)'y
that is,
g, Wi.

LemMa 3. If -, W, then g, W'.

PROOF. A is an axiom and hence a theorem. The result then follows
from Lemma 2.

Lemma 4. If X is regular and g, X, then , (X).

ProOF. The only axiom of B, that is regular is 4.

Substitution in axioms (1) to (4) and (6) and subsequent modus ponens
can yield only regular words from regular words. Axioms (1) and (2)
can go only from a word to one of its associates. Axiom (6) can yield
regular ¥ as a theorem of P, only if (¥) is a consequence of (X) by one
of the productions of o, and we already have g, X. Finally, axioms
(3) and (4) can do no harm since, in a semi-Thue system, when Q is a
consequence of P, then R@ is a consequence of BP, and QR is a conse-
quence of PR.

LemMMA 5. b+, W if and only if -g, W'.

PROOF. Clear from Lemmas 3 and 4.

Lemma 5, coupled with the fact that the funetion {(W) = W' is recur-
sive, completes the proof of Theorem 5.6.

TrEOREM 5.7. There exists a partial propositional calculus with a
recursively unsolvable decision problem.

ProOF. The result follows at once from Theorems 5.6, 1.3, and
6-2.6.

Let oo be some definite semi-Thue system on 1, b with a recursively
unsolvable decision problem. Then, $,, also has a recursively unsolva-
ble decision problem. Let W be some word on 1, b, and let the partial
propositional calculus ®(W) have as axioms the axioms of P,, and, ip
addition,
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@) W' 2 [p12g: D pll].

@®) W' 2{ip1I g1 2]l 2 [[ps 3 ¢1] I [p1 I ][]l

@) W' I[[—=@:d=pi]d[p:1Iqill
Then we have

TueoreM 5.8. g, W’ if and only if R(W) is complete.

proOF. If g, W', then gw, W'; so, by applying modus ponens to
(7) to (9), the axioms of P, are theorems of R(W). Hence, all tautolo-
gies, being theorems of PB,, are theorems of R(W).

Conversely, suppose that R(W) is complete. Then, in particular,
~gary W'. Now, axioms (7) to (9) are useless as the antecedent of a
modus ponens operation in a proof of W’'. If we are to apply modus
ponens to these axioms to derive a shorter formula, either W’ or the
result of substituting in W’ must already be available. But axioms (1)
to (6) will not yield a result of substituting in W’, except via a proof of
W’ itself. Hence, W’ can be proved on the basis of axioms (1) to (6)
alone; that is, g, W'.

By a suitable use of Gédel numbers, we can define what we mean by
the recursive solvability or unsolvability of the decision problem:

To determine of a given partial propositional calculus whether or not it ts
complete.

Theorem 5.8 will then immediately give the recursive unsolvability of
this problem; that is,

TraEOREM 5.9. The problem of determining, of a given partial proposi-
tional calculus, whether or not it is complete, is recursively unsolvable.!

DEeriNiTiON 5.2. A parttal propositional calculus P s called inde-
pendent if for no axiom A of B is A a theorem of the partial propositional
calculus P, obtained by deleting A from the axioms of B.

Let o¢ be as above, let W be some word on 1, b, and let the partial
propositional calculus Pw have as axioms the axioms of PB,,, and, in
addition:

(7)) — =2 pil
@) W'D = —I[p:1dpi)

Then, we have

THEOREM 5.10. g, W' if and only if Bw is not independent.

PROOF. Suppose kg, W’'. Let Sw be obtained by deleting axiom
(7) from Bw. Then, ¢, W’. Hence, by axiom (8") and modus ponens,
gy — — [p1D pil; so Pw is not independent.

Conversely, suppose that Py is not independent. Now, it is easy to see
that B, is independent. Moreover, adjoining axiom (7") to PB,, changes
nothing essential; only words obtained by direct substitutions in axiom

t This result is due to Linial and Post [1].
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(7/) are obtained as new theorems. Hence, g, — — [p:1 D pi], since
none of axioms (1) to (6) is derivable when axiom (8') is adjoined. But
— — [p1 I p4] is not regular. Hence, it can be obtained only by modus
ponens and axiom (8’). That is, we must have g, W. Hence,
s, W'

As in the case of completeness, a suitable use of Gédel numbers now
yields

TuaEOREM 5.11.  The problem of determining, of a given partial proposi-
tional calculus, whether or not it is independent is recursively unsolvable.:

1 This result is due to Linial and Post [1].
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CHAPTER 9

THE KLEENE HIERARCHY

1. The Iteration Theorem. We begin by recalling (Theorem 4-2.1)
that, if r is a Godel number of a Turing machine Z, then

YR, (x) = U(ming Tt(r, 1, ).

We introduce the notation [r],4(x™) for the function of n arguments
U(min, T,4(r, t™, y)). We write [r].(t™) for [r].¢(z»). Thus, the cited
result may be written in the form

YR, ™) = [rlaA@™).

This notation is an analogue, for A-partial recursive functions, of the
notation {n}, of Definition 5-4.2 for A-recursively enumerable sets. In
fact, the notations are distinctly related; {n}, is precisely the domain of
the A-partial recursive function [n],4.

We shall now prove a result which will require us (for the last time)
to go back to the definition of a Turing machine in terms of quadruples
and to the details of the arithmetization of the theory of Turing machines.

TreEOREM 1.1. There ts a primitive recursive function v(r, y) such
that, forn 2 1,

[Mtsaly, 1) = [y(r, P]AGE™).

Intuitively, this result may be interpreted, for A =4, n = 1, as
declaring the existence of an algorithm! by means of which, given any
Turing machine Z and number m, a Turing machine Z,, can be found
such that

Yz®(m, z) = ¥z, ().

Now it is clear that there exist Turing machines Z,, satisfying this last
relation since, for each fixed m, ¥z (m, z) is certainly a partial recursive
function of z. Hence, the content of our theorem (in this special case)
is that Z,, can be found effectively in terms of Z and m. However, such
a Z, can readily be described as a Turing machine which, beginning at
a = ¢;1711 proceeds to print m = 1m+1 to the left, eventually arriving at
B = qn1m+'B1s+1 and then proceeds to act like Z when confronted with
1 Actually, an algorithm given by a primaitive recursive function.
145
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q:1™*1B1#+1,  As the general case does not differ essentially from this
special case, all that is required for a formal proof is a detailed construc-
tion of Z,, and a careful consideration of the Gédel numbers. The reader
who wishes to omit the tedious details, and simply accept the result,
may well do so.

PROOF OF THEOREM 1.1. For each value of y, let W, be the Turing
machine consisting of the following quadruples:

@l Lag:
q1 BL g2
it B1 Git1
Git1 1 L giys
gr+2 B 1 gyys.
Then, with respect to W,,
0:@™) — ¢:BE™)
— ¢:BB(™)
s e ..
= 413, 7).
Let r be a Gédel number of a Turing machine Z, and let

Z, =W, 2w}

bsisy

Then, since the quadruples of Z®*? have precisely the same effect on
gy+3(y, £) that those of Z have on ¢:(y, t'”), we have

V(™) = ¥y, 1) = [rld.(y, (™). (1)

We now proceed to evaluate one of the Gédel numbers of Z, as a function
of r and y. The Godel numbers of the quadruples that make up W, are
as follows:?

a=gn(q11Lg) =2°-31-55-75
b=gn(qBLgqy = 2°37-55-71,
c(l) = gn (qz.+1 B1 qu) = Q4i+9.37. 511, 74i+9’ 1
d(z) = gn (Qz’+1 1L Qi+2) = Q4+9. 311 . 55. 74i+13’ 1
e(y) = gn (Qy+2 B1 qi+3) = Q418 .37 . 511 . 74y+17,

Thus, if we let

=ty
1=y

’

Yy
o(y) =203 5w - ] [Pr (i +3) Pr (i +y + 3)0),
i=1
then ¢(y) is a primitive recursive function, and, for each y, ¢(y) is a
Godel number of W,.

t Recall Definition 2-1.3.
1 Recall the discussion at the beginning of Chap. 4.
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We recall that the predicate IC (x), which is true if and only if z is
the number associated with an internal configuration ¢, is primitive
recursive, since

IC(x)<—>\/(x=4y+9).

y=0

Hence, the function :(z), which is 1 when z is the number associated
with a ¢; and 0 otherwise, is primitive recursive. If & is the Gédel num-
ber of a quadruple, then the Godel number of the quadruple obtained
from this one by replacing each ¢; by ¢iyyi2 is

f(h, y) = 21G1iFau+s . 32Gih . 5IGHH(4+8) (3 GIR) . T4Glh+dy+s

Here, f(h, y) is primitive recursive. Hence, if we let

£(n)
0, y) = [] Pr (e,

i=1

then 6(r, y) is a primitive recursive function and, for each y, 0(r, ¥) is a
Godel number of Z@+2,

Let 7(x) = 1if z is a Godel number of a Turing machine; 0, otherwise.
Then, by (11) of Chap. 4, Sec. 1, r(z) is primitive recursive. Finally, let

v(r, y) = (e(y) * 0(r, y))r(r).

Then v(r, y) is a primitive recursive function and, for each y, y(r, y) is a
Godel number of Z,. Hence, by (1),

[y(r, YIAGE™) = iy, ). 2

It remains only to consider the case where r is not a Gédel number of a
Turing machine. In that case, v(r, y), as defined above, is 0 and, thus,
is itself not the Gédel number of a Turing machine; so (2) remains
correct.!

TuEOREM 1.2 (Kleene’s Iteration Theorem?). For each m there is a
primitive recursive function S™(r, Y) such that, for n = 1,

[l a®®, £) = [S7(r, n)]a4 (™).
Note that Theorem 1.1 is simply Theorem 1.2 with m = 1,

11.e., the functions whose equality is asserted are nowhere defined.

2 Cf. Kleene [3a, 6]. The slight difference between the present result and Kleene’s
is due to the fact that a given Turing machine computes an n-ary A-partial recursive
function for each value of n = 1, whereas a Herbrand-Gédel-Kleene system of equa-
tions defines a function of a fired number of arguments.
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PROOF. For m = 0, the result holds with S°(r) = r. Suppose it is
known for m = k. Then there is a primitive recursive function S*(r, y*)
with the required property. Then, using Theorem 1.1,

Ik, 99, 1) = [v(r, Y., 1)
= [8*(v(r, ), YA (™).
Hence, if we set Skti(r, y, ) = S¥(v(r, ), Y®), we have the desired
result.

Henceforth we reserve the notation S™(r, 1) for the primitive recur-
sive functions defined in the above proof.

CoroLLAaRY 1.3. Let f(y™, ™) be an A-partial recursive function.
Then there is a primitive recursive function ¢(y™) such that, for m, n = 1,

Ffe, 1) = [o(™)]a4 (™).

PROOF. Let r be such that [r]4, .(y, t™) = f(H, ¢™). Theresult
follows on taking o(y™) = S=(r, yim™).

CoroLLARY 14, \/ TA,.(z, v, 1™, y) & \/ Tu(S™(z, y™), 1, ).

Yy v
PROOF. By Theorem 1.2,

[2min (9@, 1) = [87(z, y™)]a4 (™).
That is,

U(min, T3, (2, 9, t™, )) = Ulmin, T.A4(S"(z, y), ™, y)).

This equality implies that, for each choice of 2z, Y™, ™ the left-hand
side is defined if and only if the right-hand side is defined.! The desired
result follows at once.

CoroLLARY 1.5. Let R(y™, ™) be A-semicomputable. Then there
18 a primitive recursive function ¢(y™) such that?

R(y™, 1) < \/ Tut(e(™), 1, ).

Y

PrROOF. Immediate from Corollary 1.4 and Theorem 5-1.4.
CoroLLARY 1.6. Let R(x, z) be A-semicomputable. Then there is a
primitive recursive function ¢(2) such that

{e(@}4 = (x| B(z, 2)}.

prooF. Take m = n = 1 in Corollary 1.5.

1 Of course, the equality also implies that the two sides, where defined, are equal.

2 The author derived essentially this result direetly in Davis [1]. No reference to
Kleene [3a] was given there because the author was at the time unaware of the con-
nection between this result and Kleene’s published work.
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2. Some First Applications of the Iteration Theorem. By Theorem
5-4.9, the union and intersection of a pair of recursively enumerable sets
are themselves recursively enumerable. One might be tempted to ask:

Does there exist an algorithm for obtaining the union (or intersection)
of a given pair of recursively enumerable sets?

Now it is of course impossible to apply an algorithm to an infinite set of
integers. However, recursively enumerable sets can be determined by a
finite object. For example, as we have seen, each recursively enumerable
set can be generated by a normal system. Or any recursively enumerable
set § may be written as {n}, for a suitable integer n. We prove

THEOREM 2.1.  There exist primitive recursive functions h(p, q), k(p, q)
such that
{p} U {d} = {h(p, 9},

{p} N {g} = {k(p, 9}
proor. (2|2 € (p} U (g}}

zlz € {p} v =€ {¢}}
IAVELCERRAVE (CERY

= {

{ y y
= {21V Ttp, 0, 5,9}
= |

22 € (hp, D)},

for suitable primitive recursive i(p, ¢), by taking 4 = ¢, m =2, n = 1,
in Corollary 1.5.
Similarly,

fzlze € {pt N i{g}} = [zl € {p} Az € {g}}
= {xl\/T(p,x,y) AV T, w,y)}

= {x | \y/ T(k(p, 9), , y)}’

where k(p, ¢) is primitive recursive.

In terms of Turing machines (recall the notation of Chap. 6, Sec. 2),
this result implies the existence of effective processes by means of which
we can obtain, for each given pair Z;, Z, of simple Turing machines,
new Turing machines Z, Z’ such that

Pz = leupzz,
Pz = Pz, N Py,

To prove this directly would require quite some effort, involving detailed
construction of Turing machines.
As another typical application of the iteration theorem, we have
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TureoREM 2.2. There exists a primitive recursive function l(p, q) such
that
[pli(lghi(x)) = [Up, Phl).

That is, there is an effective procedure by which, given Turing machines
Z, Z., we can obtain a new Turing machine Z such that

‘I’z(il?) = ‘I’zl(‘I/zz(Ilf)).

Such an effective procedure was actually developed in Chap. 2. A direct
proof that this procedure is given by a recursive function, however, would
be extremely complicated, involving a computation of Goédel numbers
of various of the Turing machines constructed in the course of the proof.
The iteration theorem yields a simple proof.

PROOF

[pli(lgli(=))

U(L(min, [T(p, UK®),L(®) A T(g, z, K()])
(U, Oli(2),

where I(p, ¢) is primitive recursive, by Corollary 1.3, with 4 = ¢, m = 2,
n = 1.

3. Predicates, Sets, and Functions. We have been dealing with
predicates that are A-computable or A-semicomputable, with sets that are
A-recursive or A-recursively enumerable, and with funciions that are
A-computable or partially A-computable. However, in all cases, A can
only be a set. This restriction was introduced in Chap. 1, Sec. 4, where it
was indicated that the limitation involved was not so severe as might be
thought.

In fact, we may proceed as follows:

Let P be an n-ary predicate. Then, we write

P* = {z|P(1Glz,...,nGlz)}.

P* is called the associafed sef of P. We shall now say, e.g., that a func-
tion f is partially P-computable, meaning that f is partially P*-computable.
Analogously, we can proceed for each of the italicized phrases at the
beginning of the present section.

Next, let g be an n-ary tofal function. Let @ be the (n + 1)-ary
predicate

Il

y = gt™).

Then we set g* = Q*; and g* is called the associated set of g. Again,
we shall say, for instance, that a predicate P is g-semicomputable, meaning
that P is g*-semicomputable. And again we proceed analogously for
each of the italicized phrases at the beginning of this section.
Finally, for the sake of completeness, we take A* = A, where 4 is a set.
We shall use lower-case Greek letters to represent objects that mav be
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either predicates, sets, or total functions, as the context permits. In
particular, we write

a<f

to indicate that « is S8-computable. In this case we also say that « is
recursively reductble to 8 or, simply, that « is reducible to 8.

In addition, we write o € B to indicate that it is not the case that
a < B.

TueoreM 3.1. a < 8 if and only if o* < B*

PrOOF. By the definitions introduced in the above discussion a < 8 if
and only if @ < 8*. The rest of the proof follows readily on considering
cases. First, suppose « is a set. Then a* = o, and the result is
immediate.

Next, let a be an n-ary predicate. Then

a* ={z|a(lGlz, ... ,nGlz)};

alzy, « . ., z) o ([[ Pr (lc)“k) C o*.
k=1

Hence, o < g* if and only if a* < 8*.
Finally, let « be an n-ary total function. Then

a*={z|n+1)GClz=alGlz,...,nGla)};
a(zy, . . ., Zs) = min, Pr (k)= - Pr (n + 1)*} € o™ |.
(i ew]

Hence, a < B* if and only if o* < 8%,

This completes the proof.

THEOREM 3.2. a < a.

PROOF. By Theorem 3.1, we need only verify that a* < o*. But this
we already know.

THEOREM 3.3. Ifa < Band B < v, then a < 7.

ProOF. If a < 8 and B < v, then, by Theorem 3.1, o* < g* and
B* < y*. That is, a* is B*recursive and B* is y*recursive. Then
C.» is obtainable from Cg. and functions (2) to (6) of Definition 3-1.1;
and Cj» is obtainable from C.,+ and functions (2) to (6) by a finite num-
ber of applications of composition and of minimalization of regular
functions. Hence, C,+ is obtainable from C,. and functions (2) to (6)
by a finite number of applications of composition and minimalization.
Thus, a* < v*.

4. Strong Reducibility. We begin with

Derinition 4.1.  Let A and B be sets. Then wewrite A < < B, and we
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say that A is strongly reducible! to B, if there extists a recursive function f(x)
such that
A = {z|f(x) € B}.

DeriNiTION 4.2.  If each of o, B is a predicale, a set, or a total function,
then we write o < < 8, and we say that o is strongly reducible to B3, to
mean that o™ < < B*.2

CoROLLARY 4.1. If a < < B, then a < 8.

PrOOF. If @ << B3, then o* < < 8* Hence, for some recursive
function f(x),

o = {z|fz) € B*}.
Thus, C.«(z) = Ce(f(z)). Hence, a* < 8*. Therefore, @ < 8.

We shall see later that, even for recursively enumerable sets, the con-
verse of Corollary 4.1 is false.

THEOREM 4.2, a << a.

PROOF. a* = {z |z € a*}.

THEOREM 4.3. Ifa << BandB << v, then a << #.

PrOOF. If of = {z|f(x) € 8*} and B* = {z|gz) € v*}, then
o* = {z]9(f(x)) € v*}.

THEOREM 4.4. C is A-recursively enumerable if and only if C < < A’.

PrOOF., If C < < A’, then, for suitable recursive f(z),

¢ = {z]/@) € 4]
{z1V 140@), 1@, )};

80 C is A-recursively enumerable.
Next, suppose that C is A-recursively enumerable. Then there is an
A-recursive predicate E(z, y) such that

¢ = {x |\ Rz, y)}.

Now, by Corollary 1.5, with m = n = 1, there is a recursive function g(z)

1This notion is due to Post [3], who called it many-one reductbility. The term
“strong reducibility”’ is that of Shapiro [1].
2 If P(x'™), Q(z™) are predicates, then, as is easily seen,

P(x) < < Q™)

is equivalent to the existence of recursive functions g:(zr™), g2(:™), . . . , gm(x™)
such that
PE®) < Q(g:1™), g2&™), « . ., gm@™)).

What amounts to the special case m = 1 is proved below as Theorem 4.5.
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such that
VIRG@ 9) A @ =2)]e\/ T4®@), 2 1)

Yy Yy

{MVR@w}
{MVmeAmw—mm}

&va«mm<wa
= (2 lg) € 4'}.

TarEOREM 4.5. P(™) < < A if and only if there is a recursive function
fx™) such that

Now,

P@E™) o @) € 4.

PrROOF. P(r™) < < A if and only if P*¥ < < A, which, in turn, is true
if and only if, for suitable recursive g(z),

P* = (2] ¢(z) € 4},
Thus, if P(r™) < < A, then

Pme(ﬁPuwoeP*
k=1

Hg(ﬂ Pr (k)n) € A.
k=1
Conversely, if
PE™) o f@x™) € 4,
then
P*={z|P(1Glz,...,nGlz)}
z|fQAGlx, ... ,nGlz) € A}.

This completes the proof.

TuEOREM 4.6. The predicate P(z'™) is A-semicomputable if and only if
Pm™) << A’

PROOF. As is easily seen, P(z™) is A-semicomputable if and only if
P*is A-recursively enumerable. The result then follows from Definition
4.2 and Theorem 4.4.

TrEOREM 4.7. A << A',but A’ £ A.

PROOF. A is A-recursively enumerable. Hence, by Theorem 4.4,
4 << 4.

That A’ £ A is part of the statement of Theorem 5-4.6.
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TuEorREM 4.8. If A < B, then' A’ < < B'.
prOOF. T4(z, z, y) < A. Hence, since 4 < B, T4(x, z, y) < B.

Hence, \/ TA(z, z, y) is B-semicomputable; that is,

Yy

Al = {x I \/ TA(z, z, y)}

is B-recursively enumerable. Hence, by Theorem 4.4, A’ < < B’.

B. Some Classes of Predicates. We are now in a position to obtain
relatively explicit information about the classification of nonrecursive
predicates. We begin by considering some classes of predicates.

DeriniTiON 5.1. By P4 we understand the class of A-semicomputable
predicates. Given P4, we take Pi _, to be the class of all predicates R for
which there exists a predicate @ < P4 such that R is Q-semicomputable.

We write P, for P9,

Thus, for example, Ps4 consists of all predicates that are Q-semi-
computable for a suitable A-semicomputable predicate Q.

DeriniTiON 5.2. A predicale is said to be A,n-generable if if belongs
to P,A. We write n-generable for g¢n-generable, and A-generable for
A,1-generable.

(Thus, ‘“ A-generable’ is a new term for * A-semicomputable.’”)

We shall see that the classes P,4 may be characterized in many different
ways.

DEeriNiTION 5.3. If A is any sel, we write

A0 = A4,
AL = (AR,

THEOREM 5.1. A" < < AL but A+t £ A=,
PROOF. Immediate from Theorem 4.7.

We shall see that the sets A, A!, A% A3 . .. are closely related to
the classes P,4 of predicates.
THEOREM 5.2. For each n, the predicate x & A" s A,n-generable.
PROOF. For n = 1, the result is obvious, since \/ TA(z, =, y) is
v

A, l-generable.
Suppose the result known for n = k. Now,

Tz & AFl \/ TAk(xy z, y)
Y

Here, T4:(x, z, y) is A*-recursive and, hence, is @-recursive, where @ is
the predicate x € A*. Hence, the predicate z & A% is @-semicom-

1 Cf. Davis [1].
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putable. By induction hypothesis, Q is 4 ,k-generable. Hence,z & A*+1
is A,(k + 1)-generable.

TeHEOREM 5.3. Q & P,4 if and only if @ is A l-semicomputable.

prooF. If @ is A»!-semicomputable, then ¢ is R-semicomputable,
where R is the predicate + € A»~%. By Theorem 5.2, R € P4 ,. By
Definition 5.1, @ € P4,

To prove the converse, we proceed by induction on n. For n =1,
the result follows directly from Definitions 5.1 and 5.3.

Suppose the result known for n = k. Suppose @ & P{,. Then, by
Definition 5.1, for some B, B € P4, @ is R-semicomputable. By induc-
tion hypothesis, R is A* l-semicomputable; hence, by Theorem 4.6,
R < < A* Moreover, since § is R-semicomputable,

QeV S,

where S < R. By Corollary 4.1 and Theorem 3.3, S < A% Hence,
Q is A*-semicomputable. This completes the proof.

CoROLLARY 5.4. Q € P, A if and only if Q@ < < A~

PrROOF. Immediate from Theorems 5.3 and 4.6.

Theorem 5.3 suggests the following definitions:

DeriniTION 5.4. Forn = 1, we take Q.4 to be the class of all predicates
P such that ~ P is A,n-generable. We also take R4 = P,A M Q4.
We write Q, = Q.%, R, = R.4.1

DeriNiTION 5.5. The predicates of Q.4 are called A n-antigenerable;
those of R,* are called A n-recursive. We write n-antigenerable for
g,n-antigenerable, n-recursive for g,n-recursive, and A-antigenerable for
A,l-antigenerable.

THEOREM 5.5. @ is A n-recursive if and only if Q is A l-recursive.

ProoF. Immediate from Theorem 5.3, Definition 5.5, and Theorem
5-1.5.

Since the predicates belonging to each P,4 are precisely those that are
An-l.semicomputable, the results of Chap. 5, Sec. 3, yield
THEOREM 5.6. Let P, Q € P,4A. Then

1\ PEPA

@ A PEPA

y=0
(3) PA Qg P
4) PV Q & P,A

t The notation is taken from Mostowski [1].
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Taking negations, we have
TuroreM 5.7. Let P, Q € Q.A. Then

1 APE QA

2 V Pe .t
y=0
B) PAQE Q.4
4) PV Q& 0.4
For R,4, we have easily
TuroreM 5.8. Let P, @ € R,A.  Then

(1) \/ PERA

y=0

@ A PERA
y=0

(3) P A Qe RA

(4) PV QE RA

(5) ~P € RA.

THEOREM 5.9. P4 C R4,,; Q.4 C R4,,.
proor. If P & P.4, then, by Corollary 5.4, P < < A». By Corollary

4.1, P < A*. Hence, by Theorem 5.5, P & R4, ,.

If Q€ Q.4 then ~Q & P,4; so ~ Q & R4,,. By Theorem 5.8,
Q E R,

TureoreM 5.10 (Kleene’s Hierarchy Theorem?l). There are predicates
P, Q such that P € P4, Q € Q.4, P & R4, Q & R,A.

ProOF. Immediate from Theorem 5-1.6.

Thus, for each n, P,4 contains predicates not contained in Q.4, and
vice versa. Moreover, by Theorem 5.9, such predicates are guaranteed
not to occur in Py4 or Qx4 for any &k < n.

Thus, in the sequence P,4, P4, P34, . . . each class contains predi-
cates not contained in any of the preceding classes.

6. A Representation Theorem for P,4. We begin with

TrHEOREM 6.1. If R(y, 2, t®) < A, then \/ /\ R(y, z, £®) € PyA,

Yy z
PROOF. \/ ~ R(y, z, t®) is A-semicomputable. Therefore,
z

\ ~ R(y, 2,1t%) € PA.

i Kleene 4, 6].
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But

N\ By, 2,t®) < \/ ~ Ry, 2,1¥).

z z

Hence, \/ /\ R(y, z, t™) is \/ ~ R(y, 2z, t¥)-semicomputable. By
v z

z

Definition 5.1, \/ A R(y, z, t®) € Pyt

Y z

The converse of Theorem 6.1 is also true; in fact, it is a rather deep
result, and we shall devote the remainder of the present section to its
proof.

We let E4 be the class of all predicates of the form \/ /\ Ry, z, t™),

v z
where R < A. Then, our last theorem states that E4 C P,4; and we
wish to show that P,4 C E4. We begin with a series of easy lemmas.

LemMa 1. If Ry, t®) € EA, then \/ R(u, t®) € E4.

PROOF. Let

R(y, t®) = \/ \ Qu, y,2,1%),
Yy z

where ¢ < A. Then
V VA @, y,2 %) «\/ \ QE®), L(y), 2, t®).
u oy oz ¥y oz

Lemma 2. If R(u, t®) € E4, then /\ R(u, t®) € E4.
u=0
PROOF. Let

R, t®) o \/ A\ Q@, y, 2, t®).
v 2z
Then

N B, t®) > AV N Qu, g, 2, t%)

u=0 u=0 y 2z

<V A NQu, (w+1) Glt, 2z t®)

t u=0 z
VAN Qu, (u+1) Gl 2 ¢®).
t z u=0

Lemma 3. Let R(t™) € E4 and also S@™) & E4A. Then, we have
R(x™) V 8t™) € E* and R(x™) A Se™) € E-.
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PROOF. Let
R(g(n)) <« \/ /\ Ql(yy Z, Z(")),
Sa@™) & \/ N\ @y, z, t™).
Then v
R V S@) o\ [ A @, 25 V A\ Quly, 7,1) |

« \/ /\ /\ [Ql(y> 2y, Z(’”) N Q2(ZI; 2y, I(n))]

Yy z1 22

<V Al@y, K@), 1) V @y, L), 1)),

and
Ra™) A 8@™) o \/ [ A @ 2, 1) A N Qolys, 2, 1) ]
<V AIQE®), 2 1™) A QL(®), 2, 1))

LemMMA 4. The predicate u = C4(x) belongs to E4.
PROOF. u = Cu(x)

Slu=0A@E ANV I=1A @4
ola=0AV Ty |V]E=10AA~Tay]

<V Al =0) A T4, 2, )] V [(u = 1) A ~ T4(z, z,2)]}.

Lemma 5. If f(z™) < A’, then the predicate uw = f(x™) belongs fo
E4,

PROOF. We use the characterization of Definition 3-1.2.

By Lemma 4, the result holds for function 1 of the list of Definition
3-1.1 (with, of course, A replaced by A’). For functions 2 to 6, the result
is obvious. Hence, it remains only to show that the property in question
is preserved under composition and under minimalization of regular
functions.

Thus, let the result be known for the functions f(y™), g:(x™), . . .,

gm(t™). Let h(z™) = f(g1(d™), . . ., gn(t'™)). Then
u = h@™) < \/ fu =70 Ayt = g@™) A+ A yn = gu(t™)],
U(m)

and the result for A(z™) follows from Lemmas 1 and 3.
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Finally, let the result be known for the regular function f(y, £¥), and let

g(x™) = min, [f(y, ™) = 0].
Then

u=ga) oVIFuwt™) =) At=0IA AV =2

y=0 2z
V Iy, t™) = 2) A (z = 0)]},
and the result for g(z™) follows from Lemmas 1 to 3.
LemMma 6. If P(r™) < A’, then P(x™) & EA4.

PROOF. By Lemma 5, the predicate u = Cp(z™) belongs to E4.
Hence, so does the predicate 0 = Cp(r™). But

PE™) <« (0 = Cp(x™)).

Lemma 7. If P(zx™) is A’-semicomputable, then P(x™) & E4.

PROOF. Immediate from Lemmas 1 and 6.

TaeorEM 6.2 (Representation Theorem for P,4). If P(z™®) & PjA,
then there is a predicate R(y, z, ™) such that R < A, and

Pa) < \/ A R@, 2, t™).
Y z

PrROOF. This is but a restatement of Lemma 7.

7. Post’s Representation Theorem. The result of Sec. 6 suggests
that a similar result might be derivable for P,4. This is indeed the case.
In fact, as we shall see, Theorem 6.2 really furnishes the inductive step
in the proof of such a result. Actually, Theorem 6.2 is used in the
following form:

TraEOREM 7.1. P(») € Py* if and only if there exists a predicate
Qy, ™) € Q:* such that

PE™) < \/ Qy, t™).

PrOOF. By Theorems 6.1 and 6.2, it suffices to show that a predicate
P(x™) can be written \/ /A R(y, z, t™), with B < A, if and only if

Y z

P{(x™) can be written \/ Qy, t™), with @ € Q4. But this is obvious,

Yy

V ARG,z ™) o\ ~\/ ~ Ry, 2 1™).
vy =z Yy z

TaEOREM 7.2. For 0 <k =m, P,A = Pi ™ Q.4 = Qi+ Also,
R,4A = R{~™*.

since
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PrROOF. By Corollary 5.4, P & P{"™ if and only if P < < (AmFk)*
= A™  But, by Corollary 5.4 again, thislast holds if and only if P € P,4.

Finally, @ € Q.4if and only if ~ @ € P,4, if and only if ~ @ & PA",
if and only if Q & Qg™

DEeriniTiON 7.1.  We define the symbols \/", /\" as representing strings
of quantifiers as follows:

\/1 8 \,/; /\1 8 /\;

z1

and, assuming \/m, /\m defined,

V™aV ATAT s AV

Tm4l Im4t

Thus, for example, \/3 is \/ /\ \/
TuaeEoREM 7.3 (Post’s Representation Theorem?!). P(y®) € P4 +f
and only if there is a predicate R(x™, y*®) < A such that

P(y®) < \/" R@™, y®).

Similarly, Q()®) € Q.4 if and only if there ts a predicate S(z™, y®)
< A such that

QO®) — A" Sa™, y®).

PROOF. Our proof is by induction on n. Forn = 1, the first part is an
immediate consequence of Definitions 5.1 and 7.1. The second part (for
n = 1) then follows by taking negations.

Suppose the result known for n = m. Then, by Theorem 7.2,
Py®yec PA,, if and only if P@y®) & P4~ By Theorem 7.1,
P(y®) € P4, if and only if there is a predicate M (2,41, Y®) € Q™
such that

P(y®) &> \/ M(zni1, y®).

Tmel

But, by Theorem 7.2, M{(zm1, y®) € Q4" will hold if and only if
M(@me1, B%) & Q4. By induction hypothesis, M (zn.1, )¥) € Q.4 if
and only if

M(xm+1, l')(k)) «> /\"‘ S(Z(’"’, xm-{—ly D(k)),
1Cf. Post [7].
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where § < A. Thus, P(y®) € P4, if and only if there is a predicate
SE™. Zp1, 1®) < A such that

P(y®) < \/ /\m SE™, Tmy1, Y*)

Zm 1

/" S, 4,

Finally, Q(3®) &€ Q4,, if and only if ~ Q(y®) € P4_,, hence, if and
only if, for suitable B < A,

~Q®) =\ R, yw),

i.e., if and only if

m+ 1

Qu®) o ~\/™*! R, yo)
PN /\"‘+1 ~ R(zm+d y®).
This completes the induction.

Thus, the classes P,4, Q.4 may be represented schematically in the
following table, where, in each case, S < 4:

n 1 2 3
s Vs | VAs | VAVs
ot | As | AVs | AVAS

In tracing back the proof of Post’s representation theorem, we see that
the heart of the argument lies in Lemmas 4 and 5 of Sec. 6. The idea of
developing the proof using, in effect, the very definition of A-recursive-
ness is due to Shapiro [1]. The author (Davis [1]) and Kleene [6] gave
proofs which depended, instead, on an analysis of the predicate T4'(z, z, y).
Post’s original proof has never been published. It was based on the
notion that a pseudo-A’ can be constructed from a finite subset of A
and that, as this finite subset ‘“‘approaches” A as a limit, the pseudo-4’
approaches A’.

TuroreMm 7.4. P & P, for some n if and only if P is arithmetical.

PROOF. Immediate from Theorem 7.3 and Corollary 7-3.5.

Thus, the classes P,, Q., R, give a classification of the arithmetical
predicates. This classification is known as the Kleene hierarchy.



CHAPTER 10

COMPUTABLE FUNCTIONALS

1. Functionals. In this chapter, we shall see how the notion of algo-
rithm can be applied to operations on functions. Our development will
be motivated by the consideration that, in a given finite computation,
only finitely many values of a given function can be employed.

We shall consider functionals defined on n-tuples of functions and
numbers and with numbers as values. Ior example, we might consider
the functional F for which

F(f, z) = f(z).

Now, the kinds of entities we shall want available as arguments for
functionals include numbers, singulary functions, binary functions, etc.
In order to have a uniform notation available, we note that constants,
i.e., numbers, may be regarded as functions of zero arguments. Thus,
each argument for a functional will be an n-ary function for some non-
negative integer n. When we wish to emphasize that the funetion f is
n-ary, we denote it by f.1

DeriNiTioNn 1.1. A functional of order (ny, ns, . . . , m) ¢s a cor-
respondence by which an integer is associated with certain of the n-tuples
F, f0, - o T,

Functionals will be indicated by boldface upper-case characters.
When it is desired to indicate the order of a functional explicitly, it
may be used as a subseript on the letter used to denote the functional.
For example,

F00(f®, 2,y) = f®(, y).

We use the symbol i to abbreviate f{*>, . . . | fi*™®. Similarly for
gx*.  Also, we write n; for (ny, . . . , ng).

DeriNITION 1.2. We write f™ C g™ and we call g™ an extension of
f® 3 f (™) = k implies g™ (x™) = k.

For instance, if f(2) = 4, f(4) = 16, and f(z) is otherwise undefined,
and if g(z) = 22, then f C g¢.

1 More accurately, we use lower-case letters of the Roman alphabet with super-
seript (n) as variables whose range is the set of all n-ary functions.
162
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Note that, for O-ary functions, i.e., numbers, 2@ C ¢ if and only if
2© = yO,

We write f,* C gv* to mean that f C ¢gi», for 1 £ 7 < k.

DeriniTioN 1.3. A function is finite if its domain is o finite set.

In particular, since the empty set is finite, numbers are finite functions.

DerintTioNn 1.4, Lel n > 0, and let f™ be the finite function such that
TP, rey o o o ) =857 =1,2, ..., m, and such that f™ is other-
wise undefined. Then we write

gy = 1 | Pr ('ﬁ Pr (@) |

i=1

If f™ has an empty domain, we write (f™) = 0. Finally, for numbers z,
we take (x) = z.
Thus, each finite funetion f has a definite number associated with it.
TrEOREM 1.1. For n > 0, ¢f f™ s finite, then

(s, . .., Ta) = min, [( [[ Pr (z’)wl) Gl (f®) =y + 1].
i=1

pProOF. If f™ is completely undefined (that is, has an empty domain),
then both sides of the equation are undefined. For n-tuples (zi, . . . , Zn)
which do not belong to the domain of f™,

(i]J1 Pr (z‘)w) Gl (f®) = 0;

so the right-hand side is undefined.
Finally, let f® be as in Definition 1.4, and let

& = [] Pr @)+
;=1

=

Then
t; GL(f™) = t; Gl ] [Pr (¢
j=1
= 8§ + 1
) = f(")(le, e e, Tnj) + 1.
Hence,

miny {t; GL(f®) =y + 1] = f®(ry, . . ., 7o)
CoROLLARY 1.2. If (f®) = (g™, then f® = g,
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DEeriNiTION 1.5. For each integer p and each n > 0, we let p™ denote
the fintte function such that

Pl (zy, . . . ) = min, [(]] Pr (i)"“) Glp =y + 1].

=1

We also define pl® = p.
THEOREM 1.3. (f)l = ftm),
prOOF. Using Definition 1.5 and Theorem 1.1,

(f®VmI (g, . . ., zn) = min, [(ﬁ Pr (i)ml) Gl (™) = y + 1]
i=1

= f®(xy, . .., Z.).

TuroreM 1.4. For each n, the predicate r'™ C s!®l s primative recursive.
PROOF. rl® C sinl if and only if

£(r)
A {kGlr =0V ~[e(k) =n A GN (k)] v (kGlr = kGls)).
k=1

We write £ for x[{“], a:[{‘*], c e, x[k""], and similarly for other letters.

2. Completely Computable Functionals. Our main definition is based
on the view that a functional is to be regarded as ‘‘effective” if its values
can be computed for given arguments by computing on finite functions
of which the arguments are extensions.

DerintTion 2.1.1  Fy, is completely computable if there is a k-ary
partially computable function ¢ such that F(fi*) = t if and only if there are
numbers t® such that ™ C fi* and o(r®) = t.

Note that, for the case where all of the fi* are 0-ary, so that F reduces
to an ordinary function, being completely computable is equivalent to being
partially computable.

DEerFINITION 2.2. Fy, 15 called compact #f

(1) Whenever F(fi) = t and fi» C gi*, we have F(gi*) = t, and
(2) Whenever F(fy*) = 1, there is a k-tuple g of finite functions such that
g S fk" and F(gk") = {.

TrEOREM 2.1. A completely computable functional is compact.
PROOF, Let Fy, be a completely computable functional, let ¢ be asin
Definition 2.1, and let F(fi*) = . Then, for some ¢®, we have p(t®) = ¢

t This definition is a special case of the definition given, for functionals of arbitrary
finite type, in Davis [4]. Most of the theorems in this chapter will be found in Kleene
[6], proved on the basis of Kleene’s definition of recursive functional. The develop-
ment of the theory for arbitrary finite types will appear in a forthcoming paper by
the author and Hilary Putnam.
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and EL"] C fi*. But then F(z},"]) = ¢; so condition (2) of Definition 2.2
is satisfied. Suppose fi* C g:*; then il ax", and F(g:") = &
DeriniTioN 2.3. We define:

Yy

MiGz, t®, ) & V (Telz, 9®, 1) A OF S )]
pxI=0

TaeoreM 2.2. Let Fy, be compact, and let 6 be defined by
6G:®) = F@).

Then F is completely computable if and only if 8 is partially computable.

proor. If @ is partially computable, then we may take ¢ = 6 in
Definition 2.1.

Conversely, let F be completely computable, and let ¢ be as in Defi-
nition 2.1. By the normal form theorem (Corollary 4-2.2),

e(t®) = U(min, Ti(20, £®, y)).
Then, using Definitions 2.1 and 2.3,
8(r®) = F(ri™) = U(min, Ma(zo, 1®, 1))

Finally, by Theorem 1.4, 8 is partially computable.
ExampLeE. Let F(fo, ¢) = fom(g). Then F is completely com-
putable. For F is obviously compact. Using Theorem 2.2,

0(y, t™) = F(y, ¢™)
= ylml(gm),

which is partial recursive, by Definition 1.5.

TueoreM 2.3. Let k(™ be partial recursive. Then if G is completely
computable for t = 1,2, . . . , m, so ts Fy, where

Fu (™) = h™(GR.(v™), - - . , Gi ().
PROOF. F is obviously compact. Let
6(x®) = F@™)
and
$@®) = GO,

0a®) = A1 (x®), . . ., ¥mt®)).

Hence, the partial recursiveness of the ¢, implies that of 6. The result
follows from Theorem 2.2.

Then

It is possible to object to our definition of complete computability by
pointing out that we have restricted ourselves to computations that
require only finitely many values of functions in order to be carried out.



166 FURTHER DEVELOPMENT OF THE GENERAL THEORY [CHAP. 10

Would we not get a larger class of completely computable functionals if

we employed Godel numbers of partial recursive functions of which our

given functions are extensions? No, as the following theorem shows.
TureoreM 2.4, Let Fy, be compact and let p be defined by

p(xly* .. )xk) = F([xl]ﬂn L y[xk]ﬂk)'

Then, F is completely computable if and only if p s partially computable.

PROOF. First suppose that p is partially computable. We note that,
by Definition 1.5, for each k, m¥ (zy, . . . , z) is partially computable,
regarded as a function of m, zy, . . . , zz. Hence, by Corollary 9-1.3,
there are primitive recursive functions gi(m) such that [gi(m)], = ml*,
We let 0 be defined as in the statement of Theorem 2.2. Then

0y, . . ., z) = F&, ...,
= F([q't‘(xl)]ﬂu e ey [an(xk)]nk)
= p(Qn,(iEl), s e 0y an(xk))~
Hence, 6 is partially computable; so, by Theorem 2.2, F is completely
computable.

In order to prove the converse, we require the following lemma;:
LemMa. For each n, there is a primitive recursive function r,(t, x) such
that

(1) For each t, (ra(t, )™ C [x]., and
(2) Whenever [x]u{si, . . ., 8.) =1, then, for all sufficiently large t,
(ra(t, z)W(sy, .« . ., 8) =L

PROOF OF LEMMA. For n = 0, we need only take r.(¢, ) = z.
For n > 0, we set r.(0, z) = 1, and

ra(t + 1,2) = ra(t, z) if ~ Ta(z,1Gle, ... ,0GlE, (n + 1) Glo);
rat + 1,2) = ra(t, 2) | Pr (] Pr @ceon
i=1

U((n+1) G11)+1 .
) ] , otherwise.

Then it is easy to see that r,(¢, z) is primitive recursive and has the
required properties.
PROOF OF THEOREM 2.4 (concluded). Let 6 be as in the statement of

Theorem 2.2. Then, for each choice of z1, . . . , 4, if a corresponding
value of ¢ is chosen sufficiently large,
p(xb L xk) = F([xl]nn s vy [xk]"k)
= F((ra, (¢, 20)), . o, (r(d, ) )

= 0(Tﬂx(ty xl)y LR :r’ﬂk(t; xk))

1 For notation, cf. the very beginning of Chap. 9. For n = 0, we must take
[T]n =T
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Since we are supposing that F is completely computable, it follows, by
Theorem 2.2, that 8 is partially computable. Let

0(xy, . . ., ze) = U(min, Ti(e, 1, . . . , Tk, ¥))-
Then

p(xl, o ey xk)
= U(L(miny Ti(e, 72,(K(w), z1), . . . , o, (K (), 1), L(w)))).

3. Normal Form Theorems. We require a method for “cutting down”’
the values of a function so that only a finite funection ‘“remains.”

DeriniTioN 3.1. By f® |y (for n > 0) we understand the finite
function such that (f™ |y) (x1, . . . ,2.) =t if and only if x; < y for
1=1,2, ... 0t =2y;andf xy, . .. ,2.) =t Wetakef©® |y = fO.

We write (fi» | ) to abbreviate (f{* |y), . . ., (& | »).

TarOREM 3.1. Let Fy, be a completely computable functional. Then
there 13 a number e such that F(f*) = U(min, Mi(e, {f+* | v}, ¥)).

PROOF. Let 6§ be as in Theorem 2.2, and let 6 = [es. The result
follows at once from Theorem 2.2.

As things stand, the converse of Theorem 3.1 is not true. This is
because, for some values of e, the function, say [e];, will assign different
values to numbers 7, s, even though r¥1 C st  However, a converse of
Theorem 3.1 can be proved by suitably modifying the T-predicate. We
imagine a Turing machine with Gédel number e, modified so that, when-
ever it computes values for two numbers representing finite functions
one of which is an extension of the other, the same value will be pro-
duced in both cases.

We begin with the predicate Compy (b, ¢), defined as follows:

r8
Comp; (r, 8) < \/ [rl C g A sl C gI4],
t=0

Next, we set

¥
Pu(z, t®, y) & Mi(z, 1%, 9) A~V [Mk(z, y®, )

ne vy=0

k k %
AL Pr@» =[] Pr@= A /\ Compa, (y;, 2) A (UQ) = U (y))]-
i=1 =

i=1 t=1
Note that, in the case where z is one of the numbers e occurring in
Theorem 3.1,
Pnk(ey g(k)y y) « Mk(e) I(k)r y)
However, in other cases, Pn, may be false for certain arguments making
T, true, because some smaller ones may be incompatible with them.
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Thus, Py, is obtained from T, by simply ‘‘throwing away ” all arguments
which would embarrass us in trying to regard 7, as determining a func-
tional in the manner of Theorem 3.1. However, we have ‘‘thrown
away’ too much. Hence we set

Yy
I 1, 9) © V[P u®,y) A 0 S 8]

k=0

Note once again that if z is one of the numbers e occurring in Theorem 3.1,

Sn»(ey I(k)) y) <> Mk(ey I(k)r y)-

3, is primitive recursive, by Theorem 1.4.
TrEOREM 3.2 (Normal Form Theorem). Fy, is completely computable
if and only if there is a number e such that

F(fv") = U(min, 3y,(e, (fe | ), ).

ProOF. That any completely computable functional can be repre-
sented in this form is an immediate consequence of the above discussion
and Theorem 3.1.

Conversely, let

F(fv) = U(min, 3y,(e, (fe [ ), 1)),

for some fixed e. It is clear from the manner of definition of 3,, that
F is compact. We complete the proof by applying Theorem 2.2. Thus,

o(x®) = F(xi)
= U(min, In(e, @ | 1), 1))-

Hence, in order to show that @ is partially computable, it suffices to
prove that, for each fixed =, (z!*! | y) is a recursive function of z and y.
For n = 0, this is obvious, since (z'7 | y) = z; for n > 0, it follows from
the fact that

@ () = M A[~GNG Ve() #nVjGla>y+1

z2=0 je1

n
VVGEGi>y+1)ViGle =lez]~
i=1
4, Partially Computable and Computable Functionals. Because total
functions play a special role in many problems, it is natural to consider
functionals defined only on total functions. In order to include the case
of O-ary functions, we shall regard all such (i.e., all integers) as total.



SEc. 5] COMPUTABLE FUNCTIONALS 169

DeriNiTION 4.1. Fy, is contracted <f it is defined only on k-tuples of
total functions. Fy, 1s total if it is contracted and if it is defined on all
k-tuples §.* of total functions.

An algorithm for using functions to compute answers will lead to a
completely computable functional. Such functionals will of necessity
be defined on nontotal functions, in particular on finite functions (because
of compactness). However, one is sometimes interested in problems
having to do only with total functions. What is one to understand by
an algorithm applied to total functions? The following definitions are
motivated by the consideration that, when one is interested in an algo-
rithm for a given set of objects, one is not at all concerned with the
behavior of the algorithm with respect to objects that do not belong to
the set! in question.

DEeriniTiON 4.2. A contracted functional Fy, is said to be partially
computable #f there is a completely computable functional Gy, such that
F(f®) =t if and only if fi» is a k-tuple of total functions such thal
G(f) = t.

DeriniTion 4.3. F is a computable funciional if <t is partially com-
putable and total.

Note that, for functions, i.e., functionals of 0-ary functions, the notions
of partial computability and computability introduced by these defi-
nitions agree with those with which we have been working. Note also
that, for functions, the notions of partial computability and complete
computability coincide.

An immediate consequence of Definition 4.2 and our normal form
theorem (Theorem 3.2) is

TueorREM 4.1. A functional Fy, ts partially computable if and only if
there is a number e such that, for all k-tuples fi™ of total functions,

Fm(fkn) = U(miny Jnk(e) <fkn ] y)) y))

B. Functionals and Relative Recursiveness. To say that a function
f is recursive in a function g corresponds, intuitively, to saying that
there is an algorithm for computing the values of f from suitable values
of g. But this should be equivalent to saying that there is a partially
computable functional whose value for g is f.

TaEOREM 5.1. ™ is partially g™-computable, where g™ is total, if
and only if there is a partially computable® functional F such that?

fo@™) = Fg™, ™). ®

1 Cf. Shapiro [1].
2 Note that the words ““partially computable” could be replaced by “completely
computable.”
3 Here, F is of order (m, 0,0, . . ., 0).
———

n
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prooF. If (1) holds for a partially computable F, then, by Theorem
4.1,
fm@E®) = Ulmin, 3¢, (g™ | y), €™ | y), ¥))
U(miny 3¢, (g [ v), 1, 9)),

where we have omitted the subscript on 3. Hence, we need only prove
that 7(y) = (g™ | y) is gt™-recursive. But

Yy

(@™ | 5) = min, /\ [(g (™) > y) V (H Pr (i)z,+1) Glz
i=1

E(m);:O
= g(m)(z(m)) + 1].

The fact that r is g™ -recursive now follows from Theorem 9-3.2 and the
results of Chap. 3.

Next, suppose that f@® is partially g“»-computable. Now, by the
normal form theorem (Corollary 4-2.2) and by Chap. 9, Sec. 3,

™ @™y = U(min, T.o"(e, 2, y)).

We define the functional F by the requirement that F(p ™) = ¢ if
and only if there is a number y such that U(y) = ¢, such that all m-tuples
of numbers = y belong to the domain of »™  and such that, whenever
v C h¥, where AU is total, it is true that T,.**(¢, £, y). It is clear
that (1) holds for this F. Hence it suffices to prove that F is completely
computable.

It is easy to see that F is compact; for clause 1 of Definition 2.2 is
obviously satisfied. To see that clause 2 is also satisfied we must refer
back to the meaning of the 7,4 predicate in terms of Turing machines
(Definition 4-1.5). That is, any A-computation of a Turing machine
can involve only a finite number of questions about the set A.

Using Theorem 2.2, it now remains only to prove the partial recur-
siveness of 6, where

8(s, t™) = F(si™ ™).
Let
A={u|s"™1Gly ...,mGlu) = (m+ 1) Gluj.

Then 6(s, £) is equal to

U (miny {T,.A(e, ™, y) A /”\ [(

2w =0 i

= s

[ Pr (i)"-+1) Gls = o]}).

1

A glance at formulas 25, and 26, (Chap. 4, Sec. 1) and at the proof of
Theorem 4-1.4 shows that it suffices to verify that C4(u) is a recursive
function of s and . But this clearly follows from the fact that it is the
characteristic function of the predicate u € A, which is a recursive
vredicate of s and u.
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Theorem 5.1 has the consequence that the notion of relative recur-
siveness is definable in terms of partially computable functionals and,
hence, in terms of partial recursiveness. It is of interest to note that
the notions of relative recursiveness and of completely computable func-
tional are, therefore, intrinsic' in the sense that they ultimately depend
only on the class of partial recursive functions (that is, only on the
notion of partial recursiveness taken in extension) and not on the special
formal apparatus used to define this (Turing machines, Herbrand-Gdédel-
Kleene systems of equations, normal systems, etc.). In particular,
formalisms known to give equivalent notions of partial recursiveness will
automatically give equivalent notions of relative partial recursiveness and
of completely computable functional.

Theorem 5.1 also suggests that the notion of relative recursiveness be
extended as follows:

DeriniTION 5.1, f® {s partially computable (or, equivalently, partial
recursive) in the (not necessarily total) functions g.™ if there is a com-
pletely computable functional F such that

foa™) = F(gem, t™).

If f™ is also total, it is said to be computable (or recursive) in the
functions g;".

It is natural to attempt to prove a normal form theorem for this notion,
analogous to Corollary 4-2.2. Actually, we are now able to do even more;
our normal form theorem will show explicitly how the * T-predicates”
depend on the functions in which we are considering computability.
Thus, our result will give new information even for the case of A-com-
putability, where A is a set.

DErFiNITION 5.2. We write T,™ for 3m,,...mwo0,....,00, Where there are n
occurrences of 0 following m; in the subscript of 3.

The following theorem is an immediate consequence of these definitions
and of Theorem 3.2:

TaeoreM 5.2 (Kleene’s Extended Normal Form Theorem). jf™ 4s
partially computable in g™ if and only if there is a number ¢ such that

o E®) = U(min, Ta™(e, (g | v), 1™, 1)).

6. Decision Problems. We shall now apply the theory of computable
functionals to decision problems. In general, decision problems that
depend on a functional’s turning out to be computable (or completely
computable or partially computable) are ‘‘unlikely” to be solvable.

1The author is indebted to Norman Shapiro for the remark that, if partial recursive-
ness is to be an adequate formalization of our intuitive notion of effectiveness, then
all concepts involving effectiveness should be intrinsic in this sense. The term
“intrinsic” is from Davis [4].
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This is because a completely computable functional not only must be
partial recursive when considered as a function defined on the numbers
associated with finite functions, but must also be compact.

To begin with, we consider the following decision problem:

To determine, of a given real number z, 0 £ z £ 1, whether or not it is
rational.

Employing the representation of such real numbers as decimal frac-
tions to the base 2, we may interpret this problem as being solvable if
and only if the functional F defined below is partially computable.

The domain of F is the set of all total functions v, all of whose values are
either 0 or 1. F(v) = 0 if v s ulttmately periodic; otherwise F(v) = 1.

But, since any finite function has both ultimately periodic extensions
and extensions that are not ultimately periodic, there is no compact
functional whose values agree with F wherever F is defined. Hence, F is
not partially computable, and the decision problem stated above is
recursively unsolvable.?

Next, we shall consider decision problems relating to classes of recur-
sively enumerable sets. For this purpose, we shall use the characteri-
zation of recursively enumerable sets as the domains of definition of
singulary partial recursive functions. We write Dom (v) for the domain
of the function ».

For the rest of this section only, we shall write g for the empty set of
recursively enumerable sets and I" for the class of all recursively enumer-
able sets. Also, if ¥ and ® are two classes of recursively enumerable sets,
then ¥ — & is the class of all those recursively enumerable sets that
belong to ¥ but not to &.

DeriNiTION 6.1. Let ® be a class of recursively enumerable sets. Then,
® 1s called completely recursive if there exists a completely computable
functional F such that F(v) = 0 if Dom (v) € ® and F(v) = 1 whenever
Dom () ET — &.

Note that we make no demands on F(v) for v’s that are not partial
recursive.

CoROLLARY 6.1. ¢ and T are completely recursive.

PROOF. For the first case, we take F(v) = 1 for all »; for the second
case, we take F(v) = 0 for all ».

DEFINITION 6.2. The class ® of recursively enumerable sets is completely
recursively enumerable if there 1s a completely computable functional F
such that F(v) = 0 if Dom (v) € & whereas F(v) is undefined whenever
Dom (») €T — &.

TueoreM 6.2. & is completely recursive if and only if ® and T — & are
both completely recursively enumerable.

1 This result is due to Shapiro [1], who has proved much stronger results in this
direction.
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PrOOF. First, suppose that ® is completely recursive, and let F be as
in Definition 6.1. Let g(x) be the partial recursive function such that
g(0) = 0, whereas g(z) is undefined for x > 0. Then the functionals
g(F(»)), g(1 = F(v)) are completely computable, by Theorem 2.3. But
these functionals have the properties required by Definition 6.2, for &
and I' — &, respectively.

Conversely, let ® and I' — ® be completely recursively enumerable.
Let the functionals F and G be completely computable, and let them
satisfy the requirements

F(v) = 0, G(v) undefined, when Dom (v) & ¥;
F(v) undefined, G(») = 0, when Dom (v) €T — .

Let p1, p2 be defined by
pi(@) = F([z]1); pa(2) = G([z]1) + 1,

so that, by Theorem 2.4, p,, p; are partial recursive. Since it is impossible
for Dom (v) to belong simultaneously to ® and I' — &, the domains of g
and p; have no elements in common. Let p; be defined by

p3(x) = pa(x) for z € Dom (p1),
= py(x) for z & Dom (ps);

undefined, otherwise. Then p; is partial recursive {for, if py = [m],,
pz = [nli, then ps(x) = Umin, [T(m,z,y) V T(n, z,y)])}. Let H be
defined by the requirement that H(v) =t if and only if [¢]; C v and
psle) = t. Then H is obviously compact and, hence, by Theorem 2.4,
is completely computable. Hence, ® is completely recursive.

TrroreM 6.31 (Rice’s “Key-array’” Conjecture). @ is completely
recursively enumerable ©f and only if there is a recursively enumerable set
of integers S such that a set R & & if and only if there is a ¢ & S such that
Dom (¢) C R.

PROOF. First suppose there is such a recursively enumerable set S.
Let F(v) = 0 if there is a ¢ € S such that Dom (¢!"!) C Dom (2); other-
wise let F be undefined. We must show that F is completely computable.
Now F is clearly compact. Hence, by Theorem 2.2, it suffices to prove
the partial recursiveness of 6, where 6(r) = F(r!1), or, what amounts to
the same thing (since 4 is constant), to prove that the domain of 6 is

t Conjectured by Riee [1]. Proved in Myhill and Shepherdson {1]. It should be
mentioned that our definitions of completely recursive and completely recursively
enumerable classes of recursively enumerable sets differ from Rice’s original formula-
tion. The equivalence of the formulations follows from our Theorem 2.4 and the
main result of Myhill and Shepherdson [1]. Although our proofs are quite easy, we
have, in effect, transferred the difficulty to the equivalence proof. However, the
definitions employed here are quite natural formalizations of the concepts involved.
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recursively enumerable. Let S = { z | \/ T(e, z, y)}' Then
v

Dom (9) = {r|\/ \V [T(¢, ¢, y) A Dom (@) C Dom (r")]},

y q
where
a+r
Dom (¢') C Dom (rI1) /\ [(27Glg =0) v (27Glr = 0)].
i=1

Conversely, let ® be completely recursively enumerable. Let F(y) = 0
if Dom (v) € &; let F(v) be undefined if Dom (v} E T — &, where F is
completely computable. Let S be the set of all numbers ¢ such that
F(q') is defined. Then R € & if and only if R = Dom (v) and F(v) = 0,
which is true if and only if there is a number ¢ such that ¢! C » and
F(g1) = 0, and this implies that ¢ € S and Dom (¢!) C Dom ().
If, on the other hand, ¢ € S and Dom (¢!) C R, then v can be chosen so
that Dom (») = R and ¢! C». That S is recursively enumerable is an
immediate consequence of Theorem 2.2,

The following corollary is an immediate consequence of Theorem 6.3.

CoROLLARY 6.4. If & = ¢ and ® is completely recursively enumerable,
then I & ®, where I is the set of nonnegative integers.

TreoreM 6.5 (Rice’s Theorem!). There are no completely recursive
sets other than T' and 4.

PROOF. Let ® be completely recursive. Then & and I' — & are com-
pletely recursively enumerable. But, by Corollary 6.4, one of &, T — &
must be empty, since otherwise both would have to contain the set of all
integers. That is, either ® = g or ® = T

7. The Recursion Theorems. By a solution of the equation

F(fo, gm) = fom (™) M

we understand a specific function f™ with respect to which (1) holds for
all t™.1 Kleene [3a, 6] has proved theorems bearing on the existence of
partially computable solutions of (1).

DerintTioN 7.1. Let r, be defined for n = no. We write limr, = r,
and we call r the limit of the sequence r,, tf there 1s an N such that r, = r
forn = N.

DEeFiNiTiON 7.2. The sequence f, of functions is called monotone if
fu g fn+1-

1 Cf. Rice [1].
t Of course, this equality is understood in the sense that both sides are defined or
undefined together and are equal where defined.
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TraEOREM 7.1. If f. is monotone, then there is a function f(x™) such
that, for each t™ in the domain of any f., we have lim f,(x'™) = f(x™).

PROOF. By monotonicity, for any numbers ™ in the domains of
f- and f., we have f.(t™) = f.(t"). Hence, we may define f by the
stipulation that f(z™) = ¢ holds if and only if f.(x™) = ¢ for some n.
Then, for t*» & Dom (fy), we have ) & Dom (f,) for all n = N.
Hence, lim f.(z™) = f(x™).

THEOREM 7.2. Let F be a compact functional of order (m,0,0,. . . ,0).

e ——’
m

Let fo be completely undefined, and let f..1 be defined by

Fraa@™) = F(fn, £™).

Then the sequence fn,(x™) has a limit f(x™), which ts a solution of (1).
Moreover, all solutions of (1) are extensions of f.

PROOF. We first note that the sequence f, is monotone. We prove by
mathematical induction that, for each n, fn & fay1. For n = 0, this is
obvious. Suppose it known forn = k, and let ™ & Dom (fi11). Then,
using the induction hypothesis and the compactness of F,

Feri@™) = F(fi, t™)
= F(fiys, T™)
= frra(T™).

Thus, fer1 C fii2, and the induction is complete. Hence, by Theorem 7.1,
there is a function f such that lim f,(x™) = f(z™).

We next show that f is a solution of (1). First suppose that f(z®) is
defined. Then, for some n, f(r®) = for:(x®™). Thus, using the com-
pactness of F,

F@E™) = fas:(z™)
= F(fa, 1)
= F(f, t™).

Next, suppose that F(f, ) is defined. Then, since F is compact, there
1s a finite function g C f such that

F(f,x™) = F(g, t™).

But, for each ™ & Dom (g), there is some n such that ™ & Dom (f,)
and f,(x™) = g(x™). Letting N be the largest of these n’s (necessarily
finite in number), we have ¢ C fy. Hence, by the compactness of F,

F(g, t™) = F(fn, 1)
= fiyi(x™)
= f(z™).

This completes the proof that f is a solution of (1).
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Finally, let & be any other solution of (1). We shall show by induc-
tion that, for each n, f. € h, which will suffice to prove that f C h.
For n = 0, this is obvious. Suppose it known for n = k, and let
1 & Dom (fi41). Then, using the induction hypothesis and the com-
pactness of F, we have

Jerr(®™) = F(fi, 1)
= F(h, 1)
= h(r™).

TaeorEM 7.3 (Kleene’s First Recursion Theorem). If, in addition
to the hypothesis of Theorem 7.2, F is completely computable, then the func-
tion f there determined is partial recursive.

PROOF. Each of the funections f, is partially computable, as we shall
demonstrate by constructing Gédel numbers of Turing machines which
compute the f.. Namely, let p be as in Theorem 2.4, so that p is partially
computable, and

p(r, t™) = F([r]m, £™).
By Corollary 9-1.3, there is a primitive recursive function o(r) such that
for all g™,

p(r, 1) = [o(r)]n(z™).

7(0) = 0;
r(n + 1) = o(r(n)).
Then 7 is a primitive recursive function. We shall prove by induction

that [r(n)}s = fa. This is clearly true for n = 0. Suppose it known for
n = k. Then

Let

Jerr@™) = F(fi, 1)
= F([r(E)]m, £™)
= p(r(k), 1)
= [o(7 (k)] (&™)
= [r(k + D].G™),

which completes the induction.
Now it is easy to see that f is partial recursive, since
f@™) = U(L(min, Tu(r(K(2)), £, L(2)))).

Next we shall see that a partial recursive solution to (1) can be found
even when F depends not only on f but also on the Gédel number of a
Turing machine which computes f. Our first version will not explicitly
involve functionals.

TuaeorEM 7.4 (Kleene’s Second Recursion Theorem). If g+D {s
a partial recursive function, then there is a number e such that

leln(x™) = gle, t™).
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ProOF. The function g(S'(y, ), t') is partial recursive. Let 2z, bea
Gédel number of a Turing machine which computes this function. Then,
using Kleene’s iteration theorem (Theorem 9-1.2), we have

g(S*y, v), t™) = [2o]ms1(y, ™)
= [S'(20, 1) ]m (™).

Hence, setting y = 2z, and e = 8'(zq, 20), we have

gle, t™) = [elm(x™).

The following consequence of Theorem 7.4 is closely related to Theorem
7.3; in some ways it is stronger, in other ways weaker.
TaEOREM 7.5. If F 18 a completely computable functional of order
(m, 0,0, ...,0), then there is a partial recursive function f such that
—————

m+1
&™) = F(f, e, t'), 2)

and ¢ 1s a Gidel number of f.
PROOF. Let p be as in Theorem 2.4, so that

p(r, 8, ™) = F([r]n, s, ),
and let
gz, t™) = p(z, 2, T™).

By Theorem 7.4, there is a number e such that

leln () = g(e, 1)
= ple, &, ™)
= F([e]m, ¢, 1™).

The result then holds with f = [e].

Although Theorem 7.5 is stronger than Theorem 7.3 in that F is per-
mitted to depend not only on f but also on the Gédel number of a Turing
machine for computing f, it is also weaker in that there is no reason to
suppose that other solutions of (2) will necessarily be extensions of the
function we obtain.

TaeoreM 7.6 (Implicit-function Theorem). For i1 =1, 2, ..., k,
let G® be completely computable funciionals of order (m, 0,0, . . . ,0) and

m+41
let P;(x™) be mutually exclusive semicomputable predicates. Then there is a
partial recursive function f and a number e such that f = [el,. and for each
i=1,2 ...,k Pt)™) implies GO(f, ¢, 1) = f(z).
PROOF. Let

F(f,z,t™) = GO(f, z, 1) when P;(z™) bolds,
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so that, by Theorem 2.2, as the reader will readily verify, F is completely
computable. Then, by Theorem 7.5, there is a function f and a number
e, where [e]l. = f, such that F(f, ¢, t™) = f(z*). That is,

P,(x) implies GO(f, ¢, t™) = f(x'™),
or, otherwise expressed, for¢ = 1,2, . . . , k, we have
GO(f, ¢, ™) = f(z™), when P,(z) holds.

This last result is very useful. It has the consequence that we can
impose varied sets of effective conditions on a function and its Godel
number and find a partial recursive function that satisfies all of them.



CHAPTER 11

THE CLASSIFICATION OF UNSOLVABLE
DECISION PROBLEMS

1. Reducibility and the Kleene Hierarchy. The development in
Chap. 9 suggests two different approaches to the question of classifying
the decision problems for arithmetical predicates.

One approach is given by the Kleene hierarchy consisting of the classes
P,, Q., R,. Each arithmetical predicate is in all but a finite number of
these classes; to state explicitly which classes for a given predicate is to
give a measure of just how unsolvable the decision problem for that
predicate is.

Derinirion 1.1, If R € P, and R & Q., we say that R is properly
n-generable,

If RE Q. and R & P,, we say that R is properly n-antigenerable.

If RER,, bwt R&E Poy and R & Q._1, we say that R is properly
n-recursive.

Note that every predicate satisfies just one of these three conditions
and for precisely one value of n.

Another approach to the classification of decision problems is given by
the relation ““ <" of recursive reducibility. We may ask, of a given
problem P,

If we could solve P, what else could we solve?

And, we may ask,

The solutions to which problems would also furnish solutions to P?

Of course, these two approaches are connected. Thus, the predicates
of P, are precisely those that are strongly reducible to g* (cf. Corollary
9-5.4).

TaeoreMm 1.1. If Qo € P, and if, for every predicate Q & P, we have
Q < < Qu, then Qq ts properly n-generable.

PROOF. Forsuppose otherwise. Then @, & Q.. Hence, ~ @, & P,
that 1s, ~ Q¢ < < ¢* (Corollary 9-5.4). Now, by hypothesis, for each
QEP, ~ < <~ Q. By Theorem 9-43, ~ Q < < g, that is,
~ @ € P,. But this contradicts Kleene’s hierarchy theorem (Theorem
9-5.10).

179
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CoroLLARY 1.2. If Q, & Q. and if, for every predicate Q@ € Q., we
have @ < < Qq, then Qo is properly n-antigenerable.

PrROOF. Follows from Theorem 1.1 on taking negations.

DeriNiTION 1.2. We write a ~ 8 to mean that o < B and 8 < a.

Now predicates that belong to P, or Q, are < ¢*. Theorem 1.1 and
its corollary show that, under certain conditions, @ ~ ¢* can imply that
Q is properly n-generable or n-antigenerable. Of course, the predicates
that are < g will be found in R, ..

As a simple application of these methods, we shall consider the predi-

cate of Theorem 5-6.1, /\ \/ T(z, z, y). Theorem 5-6.1 asserts of this
z Yy

predicate that it is not l-generable. By Post’s representation theorem

(Theorem 9-7.3), this predicate is 2-antigenerable. Consider an arbi-

trary predicate /\ \/ R(z, z, y) that belongs to Q.. By Corollary 9-1.5,

x oy
there is a recursive function ¢(z) such that

V BG z,9) < \/ T(e), 2, 9).
Hence, ’ ’
AV R z,9) < AV T,z ).
Thus, o °

AV BGez,9) < < AV TG z,v).

Now using Corollary 1.2, we have
THEOREM 1.3. The predicate /\ \/ T(z, z, y) is properly 2-antigenerable.?

z oy
2. Incomparability. In this section we shall see that ‘“‘pathological”
decision problems can be constructed for which the two approaches to
the classification problem suggested above diverge.
TuEOREM 2.1. There exist total functions v(zx), w(x) such that:

1) v(z) < ¢.
(2) w=) <d.
3) v(x) € w(x).
4) w(z) € v(x).

PROOF. For the purpose of this proof, we introduce the notation

F"(f) x) = U(miny 3(1,0)(77': <f ] y>> z, y))
1 Cf. Davis [1].
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We shall construct the functions », w in such a way that for no n do
either of the following equations hold for all z:

v(z) = Fu(w, z),
w(x) = F,(v, z).

Then the fact that v € w and w « v will follow at once from Theorems
10-3.2 and 10-5.1.

Our construction of v and w will consist of an approximating procedure;
that is, we shall approximate to v and w by functions whose domains
consist of the sets of all numbers =< ¢ for suitable values of g. These
functions will be recognized as finite functions in the sense of Chap. 10
and will be represented by integers.

Our construction then appears in the guise of constructing a pair of
infinite sequences of numbers, a., b.. We set ap = by = 0, and we sup-
pose that a,, b, have been defined for n < 2k + 1. We shall show how
to define A2k4-1y b2k+1, A2k+-2y b2k+2-

In defining asei1, bars1, we distinguish two cases:

Case I.  Ii 7s possible to determine functions a, 8 and a number = such
that difi C «, b C 8, € Dom (a), (8, ) € Dom (Fy), and!

a(z) # Fiu(B, ).
We note that
2 € Dom (r!1) «> 2571 Gl r = 0,
and we set

r

Consec (r) « /\ {x & Dom (rlv) Vv /x\ ly € Dom (7‘“])]}.
y=0

z=0
Consec (r) holds, for given 7, if and only if the domain of ' consists of
all z < ¢ for some q. Next, we set
20 = ming [ (K() # aw) A (L) # bw)
Adl CK@®M AV C LM A Consee (K(t)) A Consee (L(t))
A\/&EDmﬂMWWAVJmM<wwww%w

z=0
A (KOM@) = U} |

Finally, we set
a1 = K(zo), barsr = L(2q).

Note that our construction ensures the ex1stence of a number z & Dom
(ab,,) such that (BY,;, ) € Dom (Fi) and abi1(z) # Fu(bhl,,, 7).

! Here, Dom (Fy) is the set of pairs (f, z) such that F.(f, z) is defined.
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Cask I1.  The conditions of Case I do not hold. In this case we let

20 = min, [(K(t) # as) A (L(£) # baw) A a3} € KW A Bl € Ly
A Consec (K(t)) A Consec (L(1))],
and again set
azet1 = K(zo), bars1 = L(zo).

The construction of a@erss, berse is identical with that of asi1, beris
except that the roles of the a’s and b’s are reversed.

Now, we define the functions v(x), w(z) concerning which the desired
conclusions will be demonstrated.

o(z) = K(min, o, (z) = K(t)),
w(z) = K(min, b, (z) = K(1))-

Note that, for each n, al¥! C v, b} C w.
By our construction, a. and b,, considered as functions of n, are both
recursive in the semicomputable predicate

V Bao, LOW | y), 2,9 A (KOW (@) = U@,

Yy
and hence, by Theorem 9-4.6, a, and b, are ¢’-recursive. Hence, by the
defining equations for v(z), w(z), we have
v(z) < ¢, wz) < 4.

Suppose now that v(z) < w(x). Then, by Theorems 10-3.2 and 10-5.1,

there is a partial recursive functional F, such that
v(z) = F.(w, x).

We show this to be impossible by considering two cases.

Case 1. In the construction of @sniy, bany1, Case I above arose.
Then there is a number z, such that zo € Dom (a[21,1+; , (b[2171;+1, x0) E
Dom (F,), and
do (o) # Fu(b3h, s, 20).
But

U(Zo)
== F,,(w, (I)o)

= Fo(bhs1, o),
since F, is compact. This is a contradiction.
Cask II.  In the construction of aznt1, bany1, Case I1 above arose.
Choose zo & Dom (v), zo & Dom (a[gl,z , and let a(z) = abl(z) for
x # zo, a(we) = v(ze) + 1. We have aél,z C q blgl,{ C w, zg € Dom (o),

a[2111+1(x0)
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(w, o) € Dom (F,), and
Fo(w, zo) = v(x0) # a(x),

which is a contradiction.

Thus we have shown that v(z) € w(x). The proof that w(z) € v(z)
is similar.

TueorEM 2.2. There exist sets A, B such that

(1) 4 < 4.
(2 B< 4.
(3) 4 < B.
(4) B £ A.t

PROOF. Let v, w be constructed satisfying Theorem 2.1. Let 4 = v*,
B = w*. The result follows at once from Theorem 9-3.1.

TaEOREM 2.3. There exists a nonrecursive set A such that A < ¢ but
¢ L AT

PrROOF. Let A, B be constructed satisfying Theorem 2.2. Then A is
clearly nonrecursive (otherwise, we should have A < B). Moreover, if
¢’ < A, then, since B < ¢, we should have B < A.

All the decision problems for recursively enumerable sets that we have
dealt with in Chaps. 5 to 7 have been concerned with sets S for which
S~ ¢. And yet Theorem 2.3 shows that there are decision problems
which, though unsolvable, are less unsolvable than that of ¢'. Of course,
the set A of Theorem 2.3 is not necessarily recursively enumerable.
However, since A < ¢', we must have

IV ARG, w2}

A

{

and
a={1 AV 8@},

where R and S are recursive.

The question of whether there exists a recursively enumerable set A
satisfying Theorem 2.3 was posed by Post in his [3]. This problem has
since become known as Post’s problem. A solution to it was found by
Friedberg [1] and also, independently, by Muecnik [1]. They each
showed how the proof of Theorem 2.1 could be modified so that u(z) and
v(z) would be the characteristic functions of recursively enumerable sets.

3. Creative Sets and Simple Sets. In attempting to settle Post’s
problem, Post was led, in his [3], to consider various types of reducibility
intermediate in strength between strong reducibility and reducibility.

1 Cf. Kleene and Post [1].
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In this section, we shall outline part of this development. The reader
should be familiar with Chap. 5, Sec. 5.

TaroreM 3.1. If C is A-creative, then there is a recursively enumerable
set R such that R C C and R is infinite.

PROOF. Since C is A-creative, there is a recursive funection f(n) such
that, whenever {n}4 C C, thenf(n) € Cand f(n) & {n}4. By Corollary
9-1.5, there is a recursive function ¢(r) such that

V (T4, 2, 9) V z =[] =\ T4(e(r), 7, ),

that is, ! ’
e {rlaVz=Ffnoze el
Now, let
g(0) =0,
g(r + 1) = o(g(r)),
and let

B={z|\VV TG0,z v}

Then it is easily seen that R has the required properties. (Cf. the dis-
cussion following Corollary 5-5.2.)

COROLLARY 3.2. An A-creative set is not A-simple.

TrEOREM 3.3. If A’ < < C and C is A-recursively enumerable, then
C is A-creative.

PROOF. Since \/ TA(z, z, y) < < A’, there is a recursive function
f(z, z) such that

V T4, 2, y) < fz,2) € C

Also, by Corollary 9-1.5, there is a recursive function g(n) such that

\V T4, f(z, ), 9)  \/ T4(g(n), 2, 9).

Yy Yy

Now suppose that, for some fixed n, we have {n}s C C. Then
\/ T4(n, z, y) implies z & C;
Yy

SO
\ T4(n, §(z, ), y) implies f(z, ) & C.

1Cf. Davis [1]. The converse of this theorem was proved by Myhill in his [2].
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But
f(z, x) & C implies ~ \/ TA(z, z, y).

Yy
Hence, setting z = z,

\/ T4(n, (2, ), y) implies ~ \/ T4(z, , y).

Thus,
V TA(g(n), z, y) implies ~ \/ T4(z, @, y).

Yy Yy

Setting £ = g(n), we have

V T4(g(n), g(n), y) implies ~\/ T4(g(n), g(n), y).

This can be the case only if

~\/ T4(g(n), g(n), v),
that is, if !
~\/ T4(n, f(g(n), gn)), ),

that is,

flgn), g(n)) & {n}a.
On the other hand,

~\/ TA(g(n), g(n), y) < flg(n), 9(n)) & C;

$0
flg(n), gn)) & C.
Hence, C is A-creative.
TueoreM 3.4. If S is A-simple, then it is not the case that A’ < < S.
PROOF. Otherwise, by Theorem 3.3, S would be A-creative.

Theorem 3.4 suggests that perhaps, if S is A-simple, then A’ « 8.
However, we have

THEOREM 3.5. For every A-creative set C, there is an A-simple set S,
such that C < Si.1

PrROOF. We begin with the A-simple set S4 of Theorem 5-5.3. The
proof of Lemma 4, Chap. 5, Sec. 5, showed that, of the first 2n 4 2 inte-
gers, at least n 4+ 1 belong to S4. Hence, for each n, at least one of the
integers

n,n+1,...,2n 42
1 Cf. Post [3].
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belongs to S4, or, setting n = 3-2» — 3, for each m, at least one of the
consecutive integers

32m — 3 832" —2, ...,32" —4
belongs to S4.
Now, let
3.2z=1
Si=8U{zlV V ly=32 =1 +zAz el
] 2=0

Clearly, 8; is A-recursively enumerable. Also, since S4 C S;, we have
S: C 54, so S; contains no infinite A-recursively enumerable set.

Next we show that S; is infinite. For, since ¢ is A-creative, C is
infinite. But, for each z & C, each of the numbers 3(2* — 1) + ¢,
z £ 3.2 — 1, will belong to S, if and only if it belongs to S4. But,
for each such z, as we have remarked, at least one of these numbers
must belong to S and, hence, to S;. Thus, S is infinite.

Therefore, S; is A-simple. It remains to be shown that C < S;.
But this follows at once from the following observation:

32021
c={s] A\ BE=1 +2 € 8}
z=0

4. Constructive Ordinals.! Let us recall the situation that was dis-
cussed following Corollary 5-5.2 and formalized in Theorem 3.1. That is,
let C be a creative set and let f(n) be a recursive function such that,
whenever {n} C C, then f(n) ©C and f(n) & {n}. Then, letting
{ne} = ¢, we are able to define integers ny, ns, . . . such that

{nip} = {z ]2 € {n} V2 = fln)},

thus obtaining larger and larger finite subsets of C. Finally, as we have
seen in the proof of Theorem 3.1, the elements of the {n:} can be com-
bined into an infinite recursively enumerable subset B of C. But let
R = {n,}. Then we may determine integers n, 1, %i,4e, . . . such that
{Ngsin1} = {z]| 2 € {nuss} V 2 =f(n,)}. Itisquiteclear that by using
larger transfinite ordinals as subscripts this process ean be extended even
further. How far? In order to answer this question, it is necessary to
introduce Kleene’s notion of constructive ordinal.?

Before discussing constructive ordinals, it may be worthwhile to com-
ment briefly on the significance of the process that we have been dis-

1 In this section we have followed closely the presentation given by Hartley Rogers
in a seminar at the Massachusetts Institute of Technology.

2 Cf. Church and Kleene [1], Church [2a), Kleenc [3a, 4a, 8], Markwald [1], Spector
[11.
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cussing in the case where we are seeking to ‘“represent” C within some
logic €. In this case (cf. the discussion following Theorem 8-3.7), what
we obtain is successive extensions of  in which more and more of the
undecidable propositions concerning C become decided. And now what
our question amounts to is: How far into the transfinite can this process
of extending € be carried?

We are going to define a set © and a relation <, so as to have the
following properties:

MH1eo.

@) Ify &€ 0, then 2" E 0 and y <, 2.

3) If lyli(x) 7s a recursive function and if, for each n, (yl:(n) € © and
[yliln) <o l[ylin 4 1), then 3 - 5% & 0O and, for each n, [yli(n) <,3 - 5.7

@) Ifz <,yandy <,z then x <, 2.

G) Ifx <,y,thenx E O and y € O.

We wish to define © so as to be as ““small” as possible consistent with
conditions (1) to (8). For the purpose of defining © and <,, we con-
sider arbitrary sets R of ordered pairs (z, y) of integers, where R has the
following properties:

(@ (1,2) € R.

(0 I5 ,y) € R, then (y, 2¥) € R.

(¢) If [yli(x) is a recursive function (i.e., if [y]: is total) and if, for each
n, (Wh(n), [yh(n + 1)) € R, then, for each n, ([yli(n), 3 - 5) € R.

(dy If (z,y) € R and (y, 2) € R, then (z,2) € R.

Now we define z <,y to mean that (z,y) € R for all sets R that
satisfy (@) to (d), and we define

0={z|lz=1V1<,z}

We see at once that conditions (1) to (5) are satisfied.
With each z € © we associate an ordinal number |z| as follows:
Ifz=1,|z =0
If z = 2v, then |z| = |y| + 1.
If z = 3-5% then [z| = lim |[yl:(n)].
DeriniTiON 4.1. An ordinal number o is called constructive if «
= ||, where z € 0.

TarorReEM 4.1. There are partial recursive functions M(zx), P(z),
Q(x,n) such that:

(1) If € 0, then M(z) = 0, 1, or 2 according as |z} 15 0, a successor
ordinal, or a limit ordinal,

1 Kleene’s original version differs in an inessential manner in this clause.
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(2) If |z| is a successor ordinal, then |z| = |P(z)| + 1, and
(3) If |z} is a limit ordinal, then for each n we have Q(z, n) & ©. More-
over, Q(z, n) <, @z, n + 1), and |z| = lim |Q(z, n)|.

PROOF. We need only put

2
M(z) = T]_lo(y Gl z # 0),

¥
P(x) =1Glz,
and

Qz, n) = [3 Gl z]s(n).

THEOREM 4.2. There is a partial recursive function g(z, n) such that,
if x € 0, then for each a < |z|, there is at least one integer n for which
lg(z, n)| = a.

ProOF. We seek a function g(z, n) that satisfies the following con-
ditions:

g9(z,0) = P(z)  if M(z) =1,
glz,n +1) = g(P(x),n) if M(z) = 1,
g(z, n) = g(Q(z, K(n)), L(n))  if M(z) = 2.

These conditions may be written as follows:

g(z,y) = P(x)if Mx) = 1 Ay =0,
gz, y) = g(P@),y = DI M(z) =1 Ay>0,
g(z, y) = g(Qz, K¥)), L(y)) if M(z) = 2.

But the existence of a partial recursive function g(z, n) satisfying these
conditions follows at once from Theorem 10-7.6 (the implicit-function
theorem).

To see that such a function satisfies the remaining conditions of the
theorem, we proceed by transfinite induction. For |z| = 0, the result
holds vacuously.

If || is a successor ordinal, that is, M(z) = 1, then the set of a < |z
consists of |P(z)| and the &’s that are < |P(z)]. By induction hypothe-
sis, for each a < |P(z)|, there is an n such that o = |g(P(z), n)}, so that
a=|glz,n + 1)|. Ia=|P), then a = [g(z, 0)].

Finally, if |z| is a limit ordinal, that is, M (z) = 2, then

ol = lim 1Q, )]

Let @ < |z|. Then, for some p, o < |Q(z, p)|. By induction hypothe-
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sis, for some ¢, « = |g(Q(z, p), ¢)|.- Letting n = J(p, q), we have
ig(z, n)| = |g(Qz, P), Pl = «.

TureorEM 4.3. There are ordinal numbers belonging to the second
number class which are not constructive.

prooF. The set of constructive ordinals is obviously denumerable,
whereas, as is well known, the second number class is not.

DerFiNiTiON 4.2. We let wy be the least ordinal number that is not
constructive.

TreEoREM 4.4. The constructive ordinals are precisely the ordinals
< Wi.

PROOF. If o < wi, then, by Definition 4.2, « must be constructive.
Conversely, let « be constructive and suppose @ > wi. Let a = |z].
Then, by Theorem 4.2, for suitable n, w; = |g(z, n)|, which is impossible
since w; is not constructive.

The class © and hence the constructive ordinals may seem to have
been defined in a rather arbitrary manner. However, as the following
result makes quite clear, this arbitrariness is only apparent.

TurorEM 4.5. Let ©' be some set of integers, and for each z & ©' let
[:cl’ be an ordinal number. Moreover, let there be given partial recursive
functions M'(x), P'(x), Q'(x, n) satisfying the analogues of conditions (1),
(2), and (3)T of Theorem 4.1. Finally, let & be the least ordinal number
which cannot be written as |z|’. Then £ S w:.

PROOF. We seek a function A(x) that associates with each element
z € © an element h(z) € O such that |z|’ = |h(z)|. This will clearly be
accomplished if we can find a function h(z) and a number w that satisfy
the following conditions:

ha) =1 M) =0,
hz) = 2@ i M) = 1,
h(:c) =3 5w:

where [w];(n) = (@' (z, n)), if M'(z) = 2.

We shall show how to find such a function (in fact, it will be partial
recursive) by making use of the implicit-function theorem.

To begin with, let a(z, z, n) = [2]:(Q'(z, n)). Then, by the iteration
theorem (Corollary 9-1.3), there is a primitive recursive function q(z, z)
such that a(z, z, n) = [g(z, )]1(n). Thus, the third condition on h can
be rewritten as follows:

h(z) = 3 - 532,
where [2]; = A if M'(z) = 2.
To bring the conditions into the form required by the implicit-funection

theorem (Theorem 10-7.6), we rewrite them as follows:
1 An analogue of <, must also be available.
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h(z) = 1if M'(z) = 0,
h(z) = 28P'@) if M'(z) =
h(z) = 3592 if M'(z) = 2.

Then Theorem 10-7.6 guarantees the existence of a partial recursive func-
tion h and a number z which satisfies these conditions and for which
h = [Z]l

Now we shall return to the problem that we considered at the begin-
ning of this section, that of extending into the transfinite the process of
determining ever larger recursively enumerable subsets of the comple-
ment of a creative set. Thus, let C' be a creative set and let f(n) be
a recursive function such that, whenever {n} C C, then f(n) & C and
f(n) & {n}. We seek a function i having the following properties:

hz) =0  if M(z) =0,
{h(@)} = {t|t € {R(P@)] V t = f(R(P(2)))} if M(z) =

@)} = {1V L€ th@@ )} it M) =2

Each of these conditions can be put into the form required for using the
implicit-function theorem. For the first condition this is obvious. For
the second, it suffices that, if M (z) = 1, then h(x) = S'(s, h(P{x))) where

tE {r} Vit =)oV Tals, 8, ).

That this condition has the required form can be seen by the technique
used above. The third condition states that, if M (z) = 2, then

h(z) = S%(p, 2, ) where
\/ \/ T([Z](Q(.’l;, n))y t} y) And \/ T3(p> 2, (I), tr y)y

n ¥

and once again this can be handled as above. We have thus proved
TuroreM 4.6. Let C be a creative set. Then there is a partial recursive
function h(x) such that:

(1) z € 0 implies {h(z)} C C, and
(2) z <,y implies {h(z)} C {h(y)} and {h(x)} # {h(y)}.

Thus the process of obtaining larger and larger recursively enumerable
subsets of the complement of a creative set may be extended into the
transfinite through the constructive ordinals. Can it be continued
further? No! Tor otherwise the Godel numbers of the recursively
enumerable sets would themselves form a set ©’ whose properties would
contradict Theorem 4.5.

5. Extensions of the Kleene Hierarchy. The Kleene hierarchy pro-
vides a classification of predicates beginning with the very *‘ constructive”’
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recursive and semicomputable predicates and proceeding upward through
ever less constructive predicates. Of course, it is easy to construct predi-
cates that do not belong to any of the levels of the Kleene hierarchy.
For example, we may construct the predicate

R(z,y) oz € g
For, if R(z, y) € P., we should have R(z, y) < < ¢, that is,
rE ¢ o flz,y) €

where f(z, y) is recursive. Thus,
refttoflz,nt+ 1) €
and, if R(y) € P,.y, so that R(y) < < ¢**1, we should have

E(y) & g(y) € gt
o flgly), n + 1) € ¢,

so that R(y) € P,. This would imply P,,1 C P,, which contradicts
Kleene's hierarchy theorem (Theorem 9-5.10).

This suggests that the Kleene hierarchy be extended, presumably by
transfinite induction. There have been various extensions of the Kleene
hierarchy which have been discussed. In this final section, we shall
attempt to do no more than briefly outline this field, which is the subject
of much current research.

Any attempt to employ transfinite induction is faced with an immedi-
ate difficulty. The transfinite ordinals themselves are extremely non-
construetive, and it is difficult to see how one could hope to preserve
the gradually increasing level of nonconstructivity of the Kleene hier-
archy if one were to admit as indices, say, the entire second number class.
The theory of constructive ordinals developed in Sec. 4 may be used to
advantage here. In fact, equivalent extensions of the Kleene hierarchy,
using the theory of constructive ordinals, were given by Davis [1] and
by Mostowski [3].

Derinition 5.1. We define L, = ¢ if |n] = 0. Suppose L, defined
for all n for which [n| < «. Then, if a is a successor ordinal and if |m| = «,
we define Ln = L. If a is a limit ordinal and if \m| = «, we define

L, = {z| K@) € Lotm.Len}-

The sequence L, may be regarded as a transfinite extension of the
sequence ¢, gl 4%, 4%, . . .. We may use this sequence to define an
extended Kleene hierarchy consisting of classes ®,, 9., ®..

DeFINITION 5.2. If n is a number such that n € ©, ®, is the class of
all predicates that are L,-semicomputable, ©, is the class of all negations of
members of @, R, = @, M\ Q.
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It is not difficult to see that the properties developed for P, Q., R, in
Chap. 9, Sec. 5, carry over to ®., ., ®.. One obvious question raised
by Definition 5.2 is:

If |m| = |n]|, does it follow that @, = ®,?

In Davis [1], it is proved that it does indeed so follow if [m| = [n| < w2
In Spector [1], it is proved that the result holds for all constructive
ordinals, that is, for all ordinals < w;.

The class of all predicates belonging to at least one ®, is called the
class of hyperarithmetical predicates. If one begins the development with
a fixed set 4, instead of 4, one obtains the notion of a predicate’s being
hyperarithmetical in A.

Kleene has considered a hierarchy based on function quantifiers.
That is, numerical predicates are obtained by suitable use of quantifiers
over functions applied to computable functionals, for example,

VAV F(, g, 2,9 =0l
S 9 ¥

The predicates that can be represented in this way were called analytic
by Kleene in his [7]. They fall into a hierarchy reminiscent of the
Kleene hierarchy for arithmetical predicates, as follows:

VAFGzy =0, VAV FS g2y =0,...,
S ooy PR}
AV IFG 2z, =0, AVAIFG, 9,29 =0 .. ..
S oy P ]

The predicates that can be represented in both one-quantifier forms turn
out to be precisely the hyperarithmetical predicates.! This suggests an
analogue of Post’s representation theorem, namely, that an analytic
predicate is expressible in both n-quantifier forms if and only if it is
hyperarithmetical in an (n — 1)-quantifier form. But this has turned
out to be false.?

t Cf. Kleene [9].
2 Cf. Addison and Kleene [1].



APPENDIX: SOME RESULTS FROM THE
ELEMENTARY THEORY OF NUMBERS

In this Appendix we shall derive two results from the elementary theory of num-
bers (the unique-factorization theorem and the Chinese remainder theorem) which
are used in the text proper. All relevant definitions are included so as to make the
presentation virtually self-contained. Numbers are understood to be nonnegative
integers except where the contrary is explicitly stated.

DerFiNiTION 1. We say that a s divisible by b, or that b is a divisor of a, and write
bl a,if b #= 0 and if there exists a number ¢ such that @ = be. If b is not a divisor of a
we write b * a.

Thus, for any number a 0 whatever, 1 |a and a | a.

DerINITION 2. P 75 @ prime if p > 1 and if p has no divisors other than 1 and p.

Thus, 2, 3, and 5 are primes, 6 = 2 -3 is not. Also, according to our definition,
1 is not a prime.

CororLLarY 1. Ifeclb, then c| ab.

PROOF. If b = ck, then ab = c(ka).

On the other hand, it is quite possible to have c | ab, where ¢ /}’ aande¢ ,{’ b. An
example is given by ¢ = 6,a =3, b = 4.

CoRrOLLARY 2. Ifc #0andb|c,thend = c.

PROOF. Let ¢ = ab. Then, a # 0 (since otherwise we should have ¢ = 0). If
a = 1, then b = ¢, and we are through. Hence we may suppose that ¢ > 1, that is,
thata =1+ %,k >0. Then,c=ab=Q1 +k}b=b+ kb >b.

CoroLLARY 3. Every number > 1 is divisible by al least one prime.

PROOF. Suppose there were some number > 1, divisible by no prime. Then there
would be a least number m having this property. That is, we should have:

1)y m > 1.
(2) m is divisible by no prime.
(3) Every number n for which 1 < n < m is divisible by a prime.

Now, by (2), m is not a prime. Hence, m has a divisor n, where 1 <n < m.
Then, by (3), n is divisible by a prime. But this implies that m is divisible by a prime,
which contradicts (2).

TueoreM 4. If p is a prime, then there exists a prime q such that p < q¢ £ p! +1
(that is, there are infinitely many primes).

prOOF. Let P = p!, and let N = P + 1. Clearly, N > p. Hence, if N is a
prime, we are through. If N is not a prime, then, by Corollary 3, N is divisible by
some prime ¢q. We shall see that ¢ > p.

For suppose that ¢ < p. Then, by the manner of construction of P, ¢| P. On
the other hand, ¢ was chosen such that ¢| N. Let us write P = gm,, N = gma.
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Then, 1 = N — P = g(m; — ms). Therefore, ¢} 1. By Corollary 2, it follows that
g < 1; s0 ¢ cannot be a prime.

This elegant proof is due to Euclid.

TusoreM 5. Every number x > 1 can be wrillen in the form py™py™ - « - p™,
where py, P2, . . . , Pk are dislinct primes.

prROOF. If the result were false, there would be a least number 2z, > 1 that could
not be written in the desired form. Clearly, z, is not a prime. Therefore, by Cor-
ollary 3, zo is divisible by a prime p, zo = pr. But, by Corollary 2, » < z,. Hence,
by the choice of zo, we may write

r = px'”‘pz'”z e . Pkm";
S0
To = ppL™paTr - - - Pk,

which contradicts our choice of zy.

We shall now seek to demonstrate the much deeper fact that a number can be
written in this manner in a unique way (except, of course, for permutations of the
factors). We begin with

TuroreM 6 (Euclidean Algorithm). If n > 0 and if m is any number, then there
exists one and only one pair of numbers ¢, r such that m =ng +rand 0 S r < n.

PROOF. Let S be the set of all (nonnegative) numbers that can be written in the
form m — ng. This set is nonempty, since

m& S.
Therefore, there is a least number belonging to 8. Let » be this least number. Then,
for some number ¢ we have

m —ng =71,
that is,
m=nq + r.

We must show that » < n. Suppose, to the contrary, that r 2 n. Thenr =n + £k,
where 0 £ k <r. But

k=r—n=m-nlg+1) €S,

and this contradicts our choice of r as the least element of S.

It remains to show that the numbers ¢, r are uniquely determined by m and .
Suppose to the contrary that, in addition to the ¢, » we have obtained, there are
numbers ¢’, 7’ such that

m=ng +7r, 0=27r <mn.

Suppose that ¢ < gq. Then,

¢ +1=gq ¢d=q¢-1
Hence,
r=m — ng
zm —n{g—1)
=r+n
Zn,

which is a contradiction,
Next, suppose that ¢ > ¢. Thenr' =m — ng’ <m — ng =r. But,sincer’ € 8§,
this contradicts our choice of r as the least element of S.
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We conclude that ¢’ = ¢. Hence,
" =m—-—n¢ =m—ng=r.

This completes the proof.

DeriNiTioN 3. We say that the numbers a and b are relatively prime if they have
no divisor in common except 1.

Now, let a and b be relatively prime. Let S be the set of all nonnegative integers
of the form az + by, where z and y are integers positive, negative, or zere. We pro-
ceed to prove the following lemmas concerning this set S.

LemMal. 0E S,aES,bES. IfuE S, vE S thenu +vE S,u~vES.
If u € 8, and n is any (positive) integer, nu & S.

PROOF. 0 =a-0+b-0E S,

a=a-14+b-0E8,
and b=a-0+b-1E 8.
If u © Sand v & §, say,

u = az; + by,
v = ars + byz,
then
u+9v=alt + ) + b +y) ©8.
If w < v, then

u-p=0E 8.
If u = v, then
u =9 =alz —z) +b(y —y) E8.
Finally,
nu = a(nr:) + blny) € S.

LemMMA 2. There is a number d such that S is the set of all multiples of d.

PROOF. S contains positive (i.e., nonzero) elements, for example, a and b. Let
d be the least positive element of S.

Now, let x & 8. By Theorem 6,z =gd + 7,0 <r <d. Now,z & 8,d& 8.
Therefore, by Lemma 1, z = ¢d = r & S. But, since r < d, and d is the least
positive element of S, we must conclude that » = 0. Hence 2 = ¢d.

Lemma 3. 1 £ 8.

PROOF. By Lemma 2, S is the set of all multiples of a number d. By Lemma 1,
a and b are in 8, and hence are multiples of d. That is,

dla, d}b.
Since a and b are relatively prime, this entails d = 1.

Lemma 3 may be restated as follows:

THEOREM 7. Let a, b be relatively prime. Then there exist integers x, y (posilive,
negalive, or zero) such that 1 = ax + by.

TusoreM 8, If p is a prime and p | ab, then p|a or p | b.

PrOOF. Suppose p f a. Then, p and a are relatively prime (for, if p and a had
a common factor d # 1, it could only be p). Hence, by Theorem 7, there exist inte-
gers z, y (positive, negative, or zero) such that 1 = az + py. Thus, b = abr + pby.
But p | ab; so, for suitable k, ab = pk. Then, b = p(kz + by); that is, p | b.

We have immediately

CoROLLARY 9. Ifpisa primeand p|aiaz - - - ai, thenp | a; forsomei, 1 <4 Z k.

Tueorem 10 (Fundamental Theorem of Arithmetic; Unique-factorization Theo-
rem). Every number z > 1 can be represented in the form py™ps™: - - py™, where
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P1, -« « , Dk are distinct primes. Moreover, this representation is unique except for the
order of the factors.

PrROOF. The existence of such a representation is the assertion of Theorem 5.
Suppose that some number z > 1 can be represented in the required manner in two
different ways:

T = pr™ipe™ - - - PETE = qrtigatr - - QL

Then, by Corollary 9, for each p; there is some ¢; such that p; | ¢;, which, since p; and
g; are primes, implies that p; = ¢;. Similarly, for each ¢; there is some p; such that
p: = ¢q;. Hence, we may write (with a possible rearrangement of terms)

T = plmxpzmz « oo » pkmg = p1"1p2"2 e P/c"".
It remains to be shown that m; = n;. Suppose that m; > ni. Then,
PI™TMPY™E - - - PETE = Dot .« - DR,

Here, the left-hand side is divisible by pi, although, by Corollary 9, the right-hand
side is not. This is a contradiction. Similarly, we may dispose of the casc m; < n..
Hence, m; = n;. Similarly, me = ns, . . ., mr = .

DEerFiniTiON 4. Let a, b, m be numbers, and, using Theorem 6, let us write

a=qm+rn 0=r<m,
b=gqgm+re 0 =27 <m

Then we write a = b(mod m), and we say that a is congruent to b modulo m if 1 = ro.

It is easy to sce that @ = b(mod m) if and only if m | [b — a]. For if, for example,
b > a, then

b —al=b—a
= (g2 —qm + (rz — ).

Hence, m | [b — al if and only if m | [ro — r1|. Since |rs — 71| < m, this is the case
only when r; = r,.

CorOLLARY 11. If a = b(mod m) and b = c(mod m), then a = ¢(mod m).

PROOF. We write

il

a =qm -+,
b= gam + T2,
¢ =qm + 1
By hypothesis, ry = ry, 72 = 73.  Hence, ry = 75,

DerFINITION 5. The numbers ai, . . . , @m are said to be relatively prime in pairs
of a; and a; are relatively prime for 1 <1 <m,1 =7 <m, 7 #=j.

TueoreM 12 (Chinese Remainder Theorem). Let a1, as, . . . ax be any numbers,
and let my, me, . . . , my be relatively prime in pairs. Then there exists a number x
such that

z = a;(mod m;) 1=12, ...,k

prROOF. The proof is by induction on k. For k = 1, the theorem asserts the
existence of a number x such that x = a;(mod m,). For this it suffices to take z = a,.

Suppose that the result has been demonstrated for & = n. We show that it follows
for k = n + 1. Consider the system of congruences:

z = a;(mod my),

z = ax(mod m,),
cee,

z = a.(mod my),

Z = Gnyi(mod Mmpyr).
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By induction hypothesis, there is a number xz, that satisfies the first n of these
congruences.

Now the numbers mims + + + m, and mn,; are relatively prime. For, if they had a
divisor d > 1 in common, they would have a prime divisor p in common (cf. Corol-
lary 3). But, by Corollary 9, from p | mim: - - - m, we infer that p | m; for some j,

1 £7 =n. Butthen m, . and m; would have a common divisor p > 1, which contra-
dicts our assumption that the m; are relatively prime in pairs. Hence, by Theorem 7,
there exist integers r and s (positive, negative, or zero) such that

MM © * c Mp + $Mayr = 1.
Therefore,
7’(an+1 - xo)m1m2 ceeome + 3(an+1 _ xo)mn+l = Qny1 — Zo.

Let ¢ = r(@ns1 — 20), p = —8(@uy1 — Zo). Then,
Zo + gmumsz -+ -+ - Mp = Any1 + PMaga.

Let ¢ be chosen so that
tmn+1 + q

is a nonnegative number (if ¢ is nonnegative, we can take ¢t = 0; if ¢ is negative, we
can taket = —g + 1). Then,

o + (tmn+1 + q)mxmz C s My = Gpar + ’mn+1(p + tmymg - - - m,,).
Hence,
Zo + UMnsr + @mume + -+ My = Anypr(mod Mmpyy).

But, by induction hypothesis,

zo = a;(mod m;) 1=1,2 ...,n
Hence,

Zo + @Mn1 + @Qmumse - - - ma = ai(mod my) 1=1,2,...,n

This completes the proof.
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Page references for a notion relative to a set 4 will be found under the corresponding

unrelativized notion.
under simple sets.

Ackermann, W., 133
Addison, J. W., 98, 192n.
Algorithms, xv, xvi
(See also Decision problems; Effec-
tively calculable functions)
Analytic predicates, 192
Arithmetical logies, 122-129
adequate, 126, 128, 129
complete representability of predicates
in, 125, 128, 129
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incompleteness theorems for, 127-129
intended interpretations of, 122
modus ponens in, 123
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w-consistent, 125, 129, 134n.
propositional connectives in, 122, 123
quantifiers in, 123, 124
semicomplete with respect to all re-
cursively enumerable sets, 126,
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with unsolvable decision problems, 127,
129
variables in, 123
bound, 123
free, 123
well-formed formulas of, 122
closed, 123
closure of, 123
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and undecidable propositions, 128
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Binary functions, xxi

Binary predicates, xxii
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Boone, W. W., 98

Bounded existential quantifiers (see
Quantifiers)

Bounded universal quantifiers (see
Quantifiers)
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Characteristic function, of a predicate,
xxiii
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Chinese remainder theorem, 45, 46, 196,
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Combinatorial systems, 84-88
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axioms of, 84

decision problems for, 85

(See also Decision problems)
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productions of, 84

proofs in, 84
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set generated by, 85-88

theorems of, 84

words on, 84

(See also Normal systems; Post sys-
tems; Semi-Thue systems; Thue
systems)
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Compact functionals, 164-167
Complement of a set, xx
that is diophantine, 114, 115
that is recursively enumerable, 74, 75
Completely computable functionals, 164~
168
normal form theorem for, 168
Completely recursive classes, 172-174
Completely recursively enumerable
classes, 172-174
Completion of a function, 16, 68, 69
Composition, 36, 37
Computability (see Computable func-
tions; Relative computability)
Computable functionals, 169
and analytic predicates, 192
Computable functions, composition of,
36, 37, 150
and effectively calculable functions, 3,
10-12, 64
examples of, 12-20, 37
identical with recursive functions, 63,
64
minimalization of, 38-40
relatively, 22-24, 150, 151, 169-171
and Turing machines, 3, 10, 11, 22-24
Congruent numbers, 196, 197
Constructive ordinals, 186-190
in extending the Kleene hierarchy, 191,
192
Contracted functionals, 169
Copying machines, 32-34
Creative sets, 76, 184—186
and constructive ordinals, 186, 190
and undecidable propositions, 128

Davis, M. D., 11n., 23n., 63, 111n., 148n.,
154n., 161, 164n., 171n., 180n.,
184x., 191, 192

Decision problems, xv-xviii, 69

classification of, 179-186
for combinatorial systems, 85
and diophantine equations, xv, xvi,
102-104, 115
incomparable, 180-183
involving functionals, 171-174
for logics, 118-121
that are arithmetical, 127, 129
that are first-order, 134-137
that are partial propositional calculi,
138-140

INDEX

Decision problems, and partial proposi-
tional caleuli, 138-142
for predicates, 69
and rationality of a real number, 172
for sets, 75
unsolvability of, halting problem for
Turing machines, 70
for normal systems, 100
for Post systems, 101
printing problem for Turing ma-
chines, 70, 71
for semi-Thue systems, 93
for Thue systems, 94
the word problem, for cancellation
semigroups, 98
for groups, 98
for semigroups, 96-98
Digital computers, and algorithms, xv, 3
subroutines for, 25
(See¢ also Turing machines)
Diophantine equations, algorithms for,
xv, xvi, 102-104
unsolvable problems in connection
with, 115
Diophantine predicates, 103, 104, 106,
107, 110-113
Diophantine sets, 114, 115
Divisor of a number, 193
Domain of a function, xxi

Effectively calculable functions, xvi-
xviil
equivalence of various formulations of,
10, 11
identified with computable functions,
3, 10-12, 64
Empty set, xxi
Empty word, 81
Engere Pridikatenkaleiil (see Full first-
order logic)
Entscheidungsproblem, 134
Enumeration theorem, for recursively
enumerable sets, 74
for semicomputable predicates, 67
Equivalent predicates, xxiii
Euclid, 194
Existential quantifiers (sce Quantifiers)
Existentially definable predicates, 103n.
(See also Diophantine predicates)
Expressions, 5, 6
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Extension of a predicate, xxii, xxiil
Extensions of a function, 162

Finite functions, 163
Finite sequences, recursive representa-
tion of, 45, 46
First-order logies, 129-137
axioms of, 131
special, 131
decision problems for, 134-137
individual variables in, 129-132
bound occurrences of, 130
free occurrences of, 130, 131
quantifiers in, 130-132, 134
rules of inference in, 130
generalization, 130
modus ponens, 130
symbols of, 129, 130
terms in, 130
translatability of normal systems into,
134-137
unspecialized, translatability into, 132,
133
well-formed formulas in, 130
closed, 130, 131
(See also Full first-order logic)
Friedberg, R., 183
Full first-order logic, 133-135
eliminability of certain symbols in,
133n.
translatability into, 133, 134
unsolvability of decision problem for,
134, 135
Functionals, 162
completely computable, 164-168
computable, 169, 192
contracted, 169
partially computable, 169
total, 169
Functions, xxi
computable (see Computable func-
tions)
finite, 163
partially computable (see Partially
computable functions)
recursive, 41-43
partial, 41, 42
primitive, 49-51
regular, 38
ternary, xxi
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Functions, total, xxi, 38
Fundamental theorem of arithmetic, 195,
196

General recursiveness, 10, 11n., 50n.
(See also Recursive functions)
Generated set, 75
Godel, K., 10, 48n., 50n., 112n., 121,
127-129
Godel numbers, of expressions, 56-59
of sequences of expressions, 57-59
of Turing machines, 57, 60-62, 145~
147
computing total funections, set of,
78, 180
of words, 81
Godel’s incompleteness theorem, 121,
122, 127-129
Gulden, S. L. (see Linial)

Halting problem, unsolvability of, 70

Herbrand, J., 10, 50n.

Herbrand-Gédel-Kleene systems of equa~
tions (see General recursiveness)

Hilbert, D., 102, 133, 134

Hilbert’s tenth problem, 102-104

Hyperarithmetical predicates, 191, 192

Identity functions, 16, 17

Implicit function theorem, 177, 178
applications of, 188-190

Integers, xix

Internal configurations of Turing ma-

chines, 4, 5
Intersection of sets, xx
Intrinsic notions, 171

Kalmir, L., 139n.

Kleene, S. C., 10, 11n., 23n., 41n., 48n.,
50n., 63, 67, 121n., 133n., 147, 148n.,
156n., 161, 164n., 174, 176, 183n.,
186, 187n., 192

Kleene hierarchy, 154-161

extensions of, 190-192

and relative computability, 179, 180
Kleene’s hierarchy theorem, 156
Kleene's iteration theorem, 147, 148

applications of, 149, 150
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Kleene’s recursion theorems, 176, 177
(See also Implieit function theorem)

Mdefinability, 10
Limits, 174, 175
Linial, 8., 139, 141n., 142n.
Logics, 117-120
arithmetical (see Arithmetical logics)
axioms of, 117, 131, 138
complete with respect to a set, 120,
121
decision problems for, 118-121, 127,
129, 134-140
first-order (see First-order logics)
incompleteness theorems for, 121, 122,
127-129
proofs in, 117, 118
rules of inference of, 117, 130, 138
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121, 126, 127
theorems of, 117, 118
translatability of one into another, 119,
120, 132-137, 139, 140
with unsolvable decision problems,
118-121, 127, 135
(See also Partial propositional calculi)

Many-one reducibility, 152n.
(See also Strong reducibility)
Markov, A. A, 84n., 98
Markwald, W., 186n.
Minimalization, 38-40
Modus ponens, in arithmetical logics, 123
in first-order logics, 130
in partial propositional calculi, 138
Monotone sequences, 174, 175
Mostowski, A., 67n., 72n., 134n., 155n.,
191
Mucnik, A. A, 183
Myhill, J., 113n., 173n., 184n.

n-antigenerable predicates, 155, 156,
159-161, 180

n-ary functions, xxi

n-ary predicates, xxii

n-generable predicates, 154-161, 179

(See also Semicomputable predicates)

Normal form theorem, for completely
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translatability of semi-Thue systems
into, 139, 140
well-formed formulas in, 137, 138
(See also Propositional calculus)
Partial recursive functions, 41, 42
(See also Partially computable func-
tions)
Partially computable functionals, 169
Partially computable functions, compo-
sition of, 36, 37, 150
identical with partial recursive func-
tions, 63, 64
normal form theorem for, 63
relatively, 22, 23, 150, 151, 169-171
and Turing machines, 10, 22, 23
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Péter, R., 49n., 50n.
Polynomial predicates, 103-106
Post, E. L., 10, 11n., 23n., 67n., 75, 76n.,
82n., 84n., 94n., 98n., 100n., 119n.,
139, 141n., 142n., 152n., 161, 183,
185n.
Post systems, 84, 100, 101
with unsolvable decision problems, 101
Post’s problem, 183-186
Post’s representation theorem, 160, 161
Predicates, xxii, xxiii, 81, 82
analytic, 192
arithmetical (see Arithmetical predi-
cates)
completely representable in arith-
metical logics, 125
diophantine, 103, 104, 106, 107, 110-113
hyperarithmetical, 191, 192
n-recursive, 155, 156, 179, 180
polynomial, 103-106
primitive recursive, 51-55
semicomputable (see Semicomputable
predicates)
word, 81, 82
Prime numbers, 193-196
Primitive recursion, 46-49
Primitive recursive functions, 49-51
Primitive recursive predicates, 51-55
Primitive recursive sets, 51
Printing problem, unsolvability of, 70, 71
Productions, 82, 83
antinormal, 83
inverses of, 83
normal, 83
semi-Thue, 83
Propositional calculus, 138, 139, 141
Pure first-order functional caleulus (see
Full first-order logic)
Putnam, H., 87n., 164n.

Quadruples, 5, 21
Quantifiers, xxiii—xxv
in arithmetical logics, 123
bounded existential, xxiv
preserving recursiveness, 52
bounded universal, xxiv
preserving property of being poly-
nomial, 104, 105
preserving recursiveness, 52
preserving semicomputability, 72
existential, xxiv, xxv
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Quantifiers, existential, preserving prop-
erty of being diophantine, 104
preserving semicomputability, 71
in first-order logics, 130-133n., 134
and the Kleene hierarchy, 155-161
universal, xxiv, xxv
preserving property of being poly-
nomial, 106

Range of a function, xxi
Recursion theorems, 176, 177
(See also Implicit function theorem)
Recursive functions, 41-43
(See also Computable functions)
Recursively enumerable sets, 73-77
arithmetical representation of, 111-114
different characterizations of, 73, 74,
93, 100, 112, 113
enumeration theorem for, 74
existence of, which are not recursive, 75
generated by normal systems, 100
generated by semi-Thue systems, 93
and Post’s problem, 183-186
(See also Semicomputable predicates)
Recursively unsolvable problems (see
Decision problems)
Regular funections, 38
Relative computability, 22, 23
and the Kleene hierarchy, 179
with respect to, a finite set of func-
tions, 171
a predicate or total function, 150,
151
Relative recursiveness (see Relative com-
putability)
Relatively prime numbers, 195
in pairs, 196
Resultant, 7, 22
Rice, H. G., 173, 174
Robinson, J., 41n., 48n., 103n., 107x.
Robinson, R. M., 50n., 113n., 134n.
Rogers, H., 87n., 186n.
Rosenbloom, P. C., 10n., 82n.

Semicomputable predicates, 66-68, 71—
73
enumeration theorem for, 67
existence of, which are not comput-
able, 68
(See also Recursively enumerable sets)
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Semigroups, 95-98
generators and relations of, 96
unsolvability of the word problem
for, 98
Semi-Thue systems, 84, 88-93
generating recursively enumerable sets,
93
translatability into partial proposi-
tional calculi, 139
Turing machines and, 88-92
with unsolvable decision problems, 93
Sets, xx—xxii, 117
Shapiro, N., 152n., 161, 169n., 171n.,
172n.
Shepherdson, J. C., 173n.
Simple sets, 76, 77, 184-186
and undecidable propositions, 128
Singulary functions, xxi
Singulary predicates, xxii
Spector, C., 186n., 192
Statements, xxii
Strong reducibility, 151-154, 183-185
and the Kleene hierarchy, 154, 155
and recursively enumerable sets, 184,
185
Successor function, 12

Tape expression, 6
Tarski, A., 122n., 134n.
Tautologies, 138
Ternary functions, xxi
Thue systems, 84, 94
with unsolvable decision problems, 94
and the word problem for semigroups,
97, 98
Total functionals, 169
Total functions, xxi
minimalization of, 38
Transfer machines, 34
Triples, xx
Turing, A. M., 3n., 10, 23n., 64n., 71, 98,
134
Turing machines, 3-8
alphabet of, 5
arithmetization of, 56—62
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Turing machines, computations of, 7, 8,
22
in computing functions, 3, 8-10, 22, 23
definition of, 5
instantaneous descriptions of, 6
final, 21
terminal, 7
internal configurations of, 4, §
n-regular, 25
scanned square of, 4
and semi-Thue systems, 88-91
simple, 5, 22, 88
tape of, 3, 4
universal, 64, 65
unsolvability, of the halting problem
for, 70
of the printing problem for, 70, 71
(See also Godel numbers)

Undecidable propositions, 127, 128
(See also Godel’s incompleteness the-
orem)
Union of sets, xx
Unique-factorization theorem, 195, 196
Universal quantifiers (see Quantifiers)
Universal Turing machines, 64, 65
Unsolvable problems (see Decision prob-
lems)

Well-formed formulas, in arithmetical
logics, 122
in first-order logics, 130
in partial propositional caleuli, 137,
138
W.1L's (see Well-formed formulas)
Word functions, 117
Word predicates, 81, 82
Word problem, for cancellation semi-
groups, 98
for groups, 98
for semigroups, 95-98
Words, 81
Gédel numbers of, 81
sets of, 117





