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PREFACE

This book is an introduction to the theory of computability and non­
computability, usually referred to as the theory of recursive functions.
This subject is concerned with the existence of purely mechanical pro­
cedures for solving various problems. Although the theory is a branch
of pure mathematics, it is, because of its relevance to certain philosophical
questions and to the theory of digital computers, of potential interest to
nonmathematicians. The existence of absolutely unsolvable problems
and the Godel incompleteness theorem are among the results in the
theory of computability which have philosophical significance. The
existence of universal Turing machines, another result of the theory,
confirms the belief of those working with digital computers that it is
possible to construct a single "all-purpose" digital computer on which
can be programmed (subject of course to limitations of time and memory
capacity) any problem that could be programmed for any conceivable
deterministic digital computer. This assertion is sometimes heard in the
strengthened form: anything that can be made completely precise can
be programmed for an all-purpose digital computer. However, in this
form, the assertion is false. In fact, one of the basic results of the theory
of computability (namely, the existence of nonrecursive, recursively
enumerable sets) may be interpreted as asserting the possibility of
programming a given computer in such a way that it is impossible to
program a computer (either a copy of the given computer or another
machine) so as to determine whether or not a given item will be part of
the output of the given computer. Another result (the unsolvability of
the halting problem) may be interpreted as implying the impossibility
of constructing a program for determining whether or not an arbitrary
given program is free of "loops."

Because it was my aim to make the theory of computability accessible
to persons of diverse backgrounds and interests, I have been careful
(particularly in the first seven chapters) to assume no special mathe­
matical training on the reader's part. For this reason also, I was very
pleased when the McGraw-Hill Book Company suggested that the book
be included in its Information Processing and Computers Series.

Although there is little in this volume that is actually new, the expert
vii
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will perhaps find some novelty in the arrangement and treatment of
certain topics. In particular, the notion of Turing machine has been
made central in the development. This seemed desirable, on the one
hand, because of the intuitive suggestiveness of Turing machines and the
analogies between them and actual digital computers and, on the other
hand, because combining Turing's approach with the powerful syntactic
methods of Godel and Kleene makes it possible to present the various
aspects of the theory of computability, from Post's normal systems to
the Kleene hierarchy, in a unified manner.

Some of the material in this book was used in a graduate course, given
by me, at the University of Illinois and in lecture series at the Control
Systems Laboratory of the University of Illinois and at the Bell Tele­
phone Laboratories. Part of the work for this book was done while the
author was at the Institute for Advanced Study on a grant from the
Office of Naval Research. The book could be used as a text, or supple­
mentary text, in courses in mathematical logic or in the theory of
computability.

I should like to thank Mr. Donald Kreider, Professor Hilary Putnam,
Professor Hartley Rogers, Jr., and Dr. Norman Shapiro for suggesting
many corrections and improvements.

MARTIN DAVIS
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INTRODUCTION

1. Heuristic Remarks on Decision Problems. The primary task of
present-day mathematicians is that of determining whether various
propositions concerning mathematical objects (e.g., integers, real num­
bers, continuous functions, etc.) are true or false. Our principal con­
cern, however, will be with another kind of mathematical task, one
which was considered of great importance during the earliest phases of
the development of mathematics and which still yields problems of con­
siderable mathematical interest. That is, we shall be concerned with
the problem of the existence of algorithms or effective computational pro­
cedures for solving various problems. What we have in mind are sets of
instructions that provide mechanical procedures by which the answer to
anyone of a class of questions can be obtained. Such instructions are
to be conceived of as requiring no "creative" thought in their execution.
In principle, it is always possible to construct a machine for carrying out
such a set of instructions or to prepare a program by means of which a
given large-scale digital computer will be enabled to carry them out.

As an example, consider the problem of obtaining the sum of two
positive integers given in the ordinary decimal notation. An algorithm
that can be used will be found in any textbook of arithmetic. Intuitively,
we are at once prepared to admit that this procedure is purely mechani­
cal, that it can be carried out by a human computer who does nothing
but obey direct and elementary commands. Moreover, there do exist
adding machines which accomplish exactly this.

A more sophisticated example is given by the theory of linear dio­
phantine equations. Let a, b, C be given integers positive, negative, or
zero. Suppose we wish to know whether or not there exist integers x, Y
such that

ax + by = c. (1)

If a = 2, b = -1, C = 1, it is easily seen that x = 1, y = 1 provides a
solution of the desired sort. If a = 2, b = - 6, C = 1, it is easy to see
that there are no integers x, y that provide a solution of (1) [for, in this
case, the left-hand side of (1) would always be even, whereas the right­
hand side is simply 1, which, of course, is odd]. Is there an algorithm

xv



XVI INTRODUCTION

which will enable us to decide, for given values of a, b, c, whether or not
there are integers x, y that satisfy (1)? A basic result in the elementary
theory of numbers asserts that (1) has an integral solution if and only if
the largest positive integer that is a divisor of both a and b is also a
divisor of c. It is not difficult to convince oneself that this criterion
l",ctually does furnish an algorithm of the desired kind.

An immediate generalization of the problem just considered is obtained
by replacing linear polynomials in two variables by polynomials of arbi­
trary degree in arbitrarily many variables. That is, the problem is that
of determining, of a given polynomial equation:

'll ai..... ,i.Xli, ••• Xki • = 0,
iI.... ,ik=O

where the ai, .....i.'S are integers, whether or not there exist integers
Xl, ... , Xk which satisfy it. However, no algorithm is known for
solving this problem. Moreover, we shall see (cf. Chap. 7) that, for a
suitable further generalization of this problem, not only is no algorithm
known, but none is possible.

Problems of this kind, which inquire as to the existence of an algorithm
for deciding the truth or falsity of a whole class of statements, are called
decision problems to distinguish them from ordinary mathematical ques­
tions concerning the truth or falsity of single propositions. A positive
solution to a decision problem consists of giving an algorithm for solving
it; a negative solution consists of showing that no algorithm for solving
the problem. exists, or, as we shall say, that the problem is unsolvable.
Positive solutions to decision problems occur quite frequently in classical
mathematics. To recognize such a solution as valid, it suffices to verify
that the alleged algorithm really is an algorithm; this is ordinarily taken
for granted and remains on the level of intuition. However, in order to
obtain the unsolvability of a mathematical decision problem, this does not
suffice. It becomes necessary to give an exact mathematical definition
of the term" algorithm." This will be done in Chap. 1. The rest of
the present section is devoted to showing, still on the intuitive level, that
the problem, mentioned above, of verifying that an alleged algorithm is
indeed an algorithm is not so simple as might be supposed and is, in fact,
itself unsolvable.

We consider functions of a single variable f(x) , defined on the positive
integers (that is, for X = 1, 2, 3, etc.) and whose values are positive
integers. Examples of such functions are x 2, 2x, the xth digit in the
decimal expansion of 71', etc. We shall say that such a function f(x) is
effectively calculable if there exists a definite algorithm that enables us to
compute the functional value corresponding to any given value of x.
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Let us assume that such an algorithm can be expressed as a set ot instruc­
tions in the English language. Furthermore, let us imagine all such sets
of instructions ordered according to the number of letters they contain:
first, those (if any) that consist of a single letter; then those that employ
two letters; etc. Where there is more than one set of instructions con­
sisting of the same number of letters, they are to be ordered among
themselves, alphabetically, like the entries in a dictionary. Thus, there
will be a first set of instructions, a second set of instructions, a third, etc.
With each positive integer i, there is associated the ith set of instructions
in this list, E i , which tells us how to compute the values of some function.
The function associated in this way with E i we will call j;(x).

Now, let
g(x) = fx(X) + 1. (2)

Then, g(x) is a perfectly good function. Its value for a given integer x
is obtained by finding the xth set of instructions Ex, then applying it to
the number x as argument, and finally increasing this result by 1. We
have:

I. For no value of i is it the case that g(x) = fi(X).
PROOF. Suppose that g(x) ,= fio(X) for some integer i o• Then, by (2),

f;.(x) = fx(x) + 1

for all values of x. In particular, this equation would have to hold for
x = i o, yielding

But this is a contradiction.

Now, from the manner of choice of the E i , the functions fi(X) were to
include all effectively calculable functions. This yields:

II. g(x) is not effectively calculable.
In spite of the interdiction which II seems to impose, let us try to

develop an algorithm for computing g(x). A first attempt might run as
follows:

"Given a value Xo, in order to compute the number g(Xo) , begin by
generating the list Ei , until Exo is obtained. Having Ex", apply its very
instructions to the number xo. Finally, add 1 to the number thus
obtained."

Since we know, from II, that this set of instructions cannot really be
an algorithm, let us see wherein it fails to qualify. Clearly, it must be
in our gratuitous assumption that the list E i can be generated in a purely
mechanical way. But what is wrong with the following attempt at a
mechanical procedure for generating E,?

"Begin by generating a list of all possible pieces of English writing,
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whether meaningful or not. This can be done by taking all possible
permutations of the letters and punctuation marks which make up the
English alphabet (including the space between words!) that have a given
length (first one letter, then two letters, etc.). After obtaining each
such piece of writing, check to see whether it is a set of instructions for
computing a numerical function f(x). If it is, place a v before it in
the list.

"Then the list of E i can be generated by simply crossing off, from the
list obtained above, all pieces of writing not preceded by a v."

Here, the difficulty is not quite so easy to find. It lies in our assump­
tion that one can determine mechanically whether or not an alleged
algorithm for computing a function f(x) is indeed such an algorithm.
If we believe II (and, as we shall see later, it can be quite rigorously
justified), our only recourse is to conclude:

III. There is no algorithm that enables one to decide whether an alleged
algorithm for computing the values of a function whose domain of definition
is the set of positive integers, and all of whose values are positive integers,
is indeed such an algorithm.

If the methods by which these results have been inferred seem some­
what questionable, it is only because the notion of algorithm has not yet
been accurately defined. We shall remedy this situation in Chap. 1.

2. Suggestions to the Reader. For the most part, this book is self­
contained. Although the reader should possess the ability to follow a
detailed proof, no specific knowledge of advanced mathematics is neces­
sary. It has become quite usual to employ some of the notation of
symbolic logic in various mathematical subjects. This notation is not
used in any essential way, but rather serves to abbreviate conveniently
certain frequently occurring logical notions. This has been particularly
true of the theory of recursive functions, in part because it was developed
primarily by professional logicians and in part because of the nature of
the subject. Section 3 of this Introduction is devoted to the special
notation (largely borrowed from symbolic logic) that we find convenient.
We suggest that the reader use this material for reference, referring to it
only when necessary in following the text. It should be emphasized that
no formal knowledge of symbolic logic is necessary on the reader's part.

Chapters 1 to 7 constitute a general introduction to recursive-function
theory. Chapters 1 to 5, Le., Part 1, develop the theory to the point
where unsolvable problems can be produced. Chapters 6 and 7 give
applications to other branches of mathematics, Chap. 6 to algebra and
Chap. 7 to number theory. In these first seven chapters, we have kept
particularly in mind the reader who has had little experience with pro­
fessional mathematics; that is, we have made a special effort to avoid
leaving details as "exercises for the reader" and to include enough
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intuitive explanations so that the reader who wishes to skip many of
the proofs, or at least not to follow them in detail, will not be entirely lost.

Some of the material in the earlier chapters consists of detailed proofs
that certain rather complicated procedures can be accomplished by suita­
ble iteration of more basic procedures. As might be supposed, such
proofs are very much like programs for use with a digital computer.
The details tend to become both routine and tedious, and the reader
may well wish merely to skim much of it. Most of this material is to be
found in Chap. 1, Sec. 3; in Chap. 2; and in Chap. 4, Sec. 1.

In Chap. 3, we have need of several notions (e.g., prime number,
congruence) and results (i.e., the unique-factorization theorem and the
Chinese remainder theorem) from the elementary theory of numbers.
For the benefit of the reader who is not familiar with these results and
who does not wish to take them on faith, we have included a brief
appendix on number theory, where they are proved.

The most spectacular applications of recursive-function theory, thus
far, have been to mathematical logic. These applications are discussed
in Chap. 8. In their most general form the results have little meaning
except to specialists; their interest stems, to a large extent, from their
application to specific systems of logic. Unfortunately, however, a
detailed development of the properties of several of the better-known
systems of logic would in itself require a book larger than the present
volume. The compromise which we have adopted should present no
difficulty to one who is familiar with Church [4], Church [5], or Hilbert
and Ackermann [1].

The material in Part 3 is of rather specialized interest, and we have
felt free to make our exposition there more terse than that in the earlier
chapters.

The numbering of theorems, definitions, etc., begins anew with each
section. Thus, Theorem 3.2 is the second theorem in Sec. 3. When
referring to an item from a previous chapter, we precede the item's num­
ber with that of the chapter. Thus, in Chap. 4, a reference to Theorem
1.7 is a reference to Theorem 1.7 of Chap. 4, Sec. 1, whereas (still in
Chap. 4) a reference to Theorem 2-3.2 is a reference to Theorem 3.2
of Chap. 2, Sec. 3.

3. Notational Conventions. The following discussion of the special
notation we employ is intended largely for reference. It might be well,
however, to read Sees. 3.1, 3.2, and 3.3 before beginning Chap. 1.

3.1. Numbers and n-tuples. Ordinarily, we shall be dealing with the
natural numbers 0, 1,2,3, . . .. The words "number" and "integer"
are to be regarded as synonymous with "natural number" unless the
contrary is explicitly stated.

We shall also be concerned with ordered n-tuples (n ~ 1) of natural
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numbers. Ordinarily the word "ordered" will be omitted, and we shall
speak simply of n-tuples. An n-tuple will be denoted by such an expres­
sion as (aI, a2, ... ,an). It is, of course, by no means required that
the als be distinct. Thus,

(3, 2, 7) is a 3-tuple,
(6) is a I-tuple,

and (5,4, 1,4) is a 4-tuple.

A 2-tuple is called a pair; a 3-tuple is called a triple. We shall not
ordinarily distinguish between the I-tuple (a) and the number a itself.

For our purposes, the characteristic feature of n-tuples is given by the
relation

if and only if

In dealing with n-tuples the following abbreviative convention will be
useful:

~(n) is to mean Xl, X2, . . • ,Xn ,

\J(n) is to mean YI, Y2, . . . ,Yn,
and 3(n) is to mean Zl, Z2, ... ,Zn.

3.2. Sets. We shall ordinarily designate sets or collections of numbers
by capital letters of the Roman alphabet. If m is a number and S is
Ii set, we write

mES

to indicate that m is a member of S, and we write

m(/:.S

'1\0 indicate that m is not a member of S.
We shall also consider sets which consist of n-tuples (usually for fixed n;

thus, we shall not ordinarily consider sets which contain both pairs
and triples). We indicate that the n-tuple (aI, ... ,an) is or is not
a member of the set S of n-tuples by writing (aI, .•. ,an) E S or
(aI, ... ,an) ti S, respectively.

If Rand S are sets, then R V S is the union of Rand S, that is, the
set of all numbers (or of n-tuples of numbers, as the case may be) that
belong to either R or S or both. Also, R n S is the intersection of R
and S, that is, the set of all numbers (or of n-tuples of numbers, as the
case may be) that belong to both Rand S. Finally, R is the complement
of R, that is, the set of all numbers (or of n-tuples of numbers, as the
case may be) that do not belong to R. In order that every set of num­
bers (or of n-tuples of numbers) may have a complement, it is necessary
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that we allow the empty or null set, which has no members, as a legitimate
set. The null set is written p. We write

RCS

if each element of R is also an element of S. In particular,

RCR
pC R

for any set R whatever.
We shall, on occasion, employ the notation of this section even when

dealing with sets whose elements are not natural numbers or n-tuples of
natural numbers.

3.3. Functions. Let n ~ 1 be fixed in the following discussion. Let
D be some set of n-tuples. Then, by a function on D or a function whose
domain is D is meant a definite correspondence by which there is associ­
ated with each element of D a single natural number, called the value of
the function for this element of D. Such a function is called n-ary or a
function of n variables. A l-ary function is called singulary; a 2-ary
function is called binary; a 3-ary function is called ternary.

A function will ordinarily be designated by a single letter, such as
f, g, h, or a lower-case Greek letter. If f is an n-ary function and if
(aI, ... , an) is in the domain of f, then we write f(al, ... , an) to
designate the number associated with the n-tuple (aI, ... , an) by the
function f. We shall tolerate the" abuse of language" whereby an n-ary
function f is written f(XI, ... ,xn).

An n-ary function whose domain is the set of all n-tuples is called total.
To say of the n-ary functions f, g that

f=g

means that f and g have the same domain D and that, for every n-tuple
(aI, ... ,an) for which (aI, , an) E D, we have

f(al, ... ,an) = g(al, ... ,an).

The set of all numbers that are values of a function f is called the
range of f.

Thus, the process of squaring a number gives rise to a singulary func­
tion which we write x 2• The domain of x 2 is the set of all integers; its
range is the set of all perfect squares. x 2 is a total function.

The process of division by 2 gives rise to a singulary function which we
write x/2. The domain of x/2 is the set of even numbers; its range is
the set of all numbers.

The process of subtraction gives rise to a binary function which we
write x - y. The domain of x - y is the set of all pairs (x, y) for which
x ~ y; its range is the set of all integers.
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Let S be a set ot n-tuples. Then, by the characteristic Junction oj the
set S, written CS(XI, ••• ,xn ), is to be understood the total n-ary function
whose value, for a given n-tuple (al, ... ,an), is 0 if (aI, ... ,an) E S
and is 1 if (aI, , an) fl S. Setting M = R \..J Sand N = R n S,
we have

CM = CR' Cs,
CN = CR + Cs - (CR' Cs),
CR = 1 - CR.

3.4. Statements. The fundamental property of a statement is that it
asserts a proposition that must be either true or false.

If p, q are given statements, then:
p /\ q (read "p and q") is the statement that asserts that both p and

q hold. Thus, p /\ q is true if and only if both p and q are true.
p V q (read "p or q") is the statement that asserts that either p or q

or both hold. Thus, p V q is true if and only if at least one of p, q is true.
'" p (read "not p") is the statement that asserts that p does not hold.

Thus, '" p is true if and only if p is false.
3.5. Predicates. Consider the expression

x + y = 5.

As it stands, this is clearly not a statement. (For how can we say that
it is true or that it is false?) If, however, we replace the letters x, y by
numbers, a definite statement, true or false, is obtained. Thus,

2 + 3 = 5 is true,
but 2 + 6 = 5 is false.

An expression that contains lower-case letters of the Roman alphabet
(with or without subscripts) and that becomes a statement when these
letters are replaced by any numbers whatever (always assuming that the
same letter, at two different occurrences in the expression, is replaced by
the same number) is called a predicate. We shall usually employ upper­
case letters of the Roman alphabet, such as P, Q, R, S, to designate
predicates. The lower-case letters that occur in a predicate are called its
arguments. If a predicate P has the arguments Xl, X2, . . . , Xn, then
the statement which results on replacing Xl by the number aI, X2 by the
number a2, ... ,and Xn by the number an is written peal, a2, ... ,an).
Such a predicate is called n-ary. As with functions, "l-ary" and "2-ary"
may be replaced by "singulary" and "binary," respectively. We shall
tolerate the "abuse of language" whereby an n-ary predicate is written
P(XI, ... ,xn).

Let P(XI,. ., xn) be an n-ary predicate. Then, by the extension
of P, written

{Xl, X2, .•• ,Xn IP(XI, X2, .•. ,Xn) I,
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we shall mean the set of all n-tuples (al' ... , a,,) for which
peal, ... ,a,,) is true.

Hence,

, x" IP(Xl, • . . ,Xn )}

if and only if peal,
Thus, if we let

we have

, an) is true.

s = {X, Y Ix + y = 5},

(2,3) E S, (4, 1) E S, (6,2) f/: S, (5,0) E S.

Two predicates are said to be equivalent if they have the same extension.
We write

P(XI, . . . ,xn) ~ Q(XI, . . . ,xn)

to indicate that P and Q are equivalent. Thus,

P(XI, ... ,xn ) ~ Q(XI, ... ,xn )

if and only if

{Xl, ... ,Xn IP(XI, ... ,xn)} = {Xl, ... ,Xn I Q(XI, ... ,xn)}.

For example,
X + y = 5 ~ X + y + 1 = 6.

By the characteristic function of an n-ary predicate P(XI, ... ,xn) is
understood the characteristic function of its extension, IXl, . . . , X n I
P(XI, . . . , xn)}. The characteristic function of P(Xl, . . . , x,,) is
written CP(XI, ... ,x,,). We have

Cp(al, ... ,an) = 0 if peal, ... ,an) is true,
Cp(aI, . . . ,an) = 1 otherwise.

It is clear that the connectives" V ", " /\ ", and """''' can be applied
to predicates to obtain new predicates. Thus, for example,

""' (x + y = 5) ~ x + y rf 5,
(x < y V X = y) ~ X ~ y.

3.6. Quantifiers. Let P(y, Xl, ... ,xn) [or, as we may write, follow~

ing the convention of Sec. 3.1, P(y, ~("»)1 be an (n + 1)-ary predicate.
Then the expression

P(O, ~(n») V P(l, ~(n») V •.. V P(z, ~(n»)

is another (n + l)-ary predicate, which we may write Q(z, ~(n»). The
statement obtained by inserting definite numbers z, ~(n) for the letters in
the expression is true if and only if there is a number y ~ z for which
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P(y, ~(n») is true. We designate this predicate by

V P(y, ~(n»).

y=o
That is,

V P(y, ~(n» +-t pea, ~(n» V pel, ~(n» V ... V P(z, ~(n».

y=o
z

'y P(y, ~(n» is read, "There exists a y between ° and z such that
y=o
P(y, ~(n»." Similarly, we write

/\ P(y, ~(n» +-t pea, ~(n» 1\ pel, ~(n» 1\ ... 1\ P(z, ~(n».

y=o

/\ P(y, ~(n» is read, "For all y between °and z, P(y, ~(n»." We have
y-O

/\ P(y, ~(n» +-t "'-/ V "'-/ P(y, ~(n».

y=o y=o

z

The symbols "V" and "/\" are referred to as a bounded existential
y=o y=o

quantifier and a bounded universal quantifier, respectively.

V P(y, ~(n» may be regarded as an abbreviation of the "infinite
y

expression"
pea, ~(n») V pel, ~(n» V ....

More accurately, V P(y, ~(n» is an n-ary predicate which gives rise to a
y

true statement, for a given choice of values for the arguments ~(n), if and
only if there is a number Yo such that P(Yo, ~(n» is a true statement for
the given choice of values.

Similarly, /\ P(y, ~(n» may be regarded as an abbreviation of the
y

"infinite expression"

pea, ~(n») 1\ P(l, ~(n» 1\

More accurately, /\ P(y, ~(n» is an n-ary predicate which gives rise to a
y
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true statement, for a given choice of values for the arguments ~(n), if and
only if, for every number Yo, P(Yo, ~(n») is a true statement for the given
choice of values.

V P(y, ~(n») is read, "There exists a y such that P(y, ~(n»)."

y

/\ P(y, ~(n») is read, "For all y, P(y, ~(n»)."

y

"V" and "/\" are referred to as an existential quantifier and a
y y

universal quantifier, respectively. We have

/\ P(y, ~(n») +-t '"'-' V '"'-' P(y, ~(n»).

y y

The following equivalences serve to illustrate the above concepts:

V (x + y = 5) +-t X ~ 5,
y

5

V (x + y = 5) +-t V (x + y = 5),
y y=o

/\ (xy = 0) +-t X = 0,
y

z

V (x + y = 5) +-t [(x + z ;?; 5) /\ (x ~ 5)].
y=o
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THE GENERAL THEORY OF COMPUTABILITY





CHAPTER 1

COMPUTABLE FUNCTIONS

1. Turing Machines. We shall proceed to define a class of functions
which we propose to identify with the effectively calculable functions, i.e.,
with those functions for which an algorithm that can be used to compute
their values exists (cf. Introduction, Sec. 1). Our point of departure is
the remark that, if an algorithm for performing a task exists, then, at
least in principle, a computing machine for accomplishing this task can
be constructed. Such a computing machine is deterministic in the sense
that, while it is in operation, its entire future is completely specified by its
status at some one instant. 1

Thus, we shall give a mathematical characterization of a class of
objects which we shall call Turing machines. 2 These will be defined by
analogy with physical computers of a certain kind. With this will come
a mathematical characterization of a class of numerical functions, the
functions" computed" by these Turing machines. These functions will
be called computable functions, and it will be proposed to identify the
intuitive concept of effectively calculable function with the new precise
concept of computable function. Discussion of whether this identifi­
cation is too narrow (i.e., omits functions that should be considered
effectively calculable) or too wide (i.e., includes functions that should
not be considered effectively calculable), or perhaps both, had best await
the detailed definition.

It is important that, in the following, the reader carefully distinguish
between formal definitions and more or less vague explanations intended
to appeal to intuition, and, particularly, that he satisfy himself that only
formal definitions are employed in actual proofs.

Whereas physical computing machines are handicapped by having only
a finite region available for storing input data and the various inter­
mediate expressions formed in the course of a computation (e.g., the
partial products in a multiplication), we shall imagine a computing
machine that prints symbols on a linear tape, assumed to be infinite in
both directions, ruled into a two-way infinite sequence of boxes (cf.

1 This excludes from our consideration both analogue computers and computers
that contain" random" elements.

2 After A. M. Turing. Cf. Turing [1].
3
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Fig. 1) . We assume that the machine is capable of only a finite number
of distinct internal states or configurations and that its next immediate
operation at a given moment is determined by its internal configuration
at that moment, taken in conjunction with the (finite) expression that
then appears on the tape. If the machine is regarded as "sensitive" to
only one of the squares on the tape at a time (the square" scanned" by
the machine), then its future behavior must be determined by its internal
configuration taken in conjunction with the symbol that appears on the
scanned square. For, although a physical computing machine will con­
sist of parts such as gears or vacuum tubes (so that, at any point in its
operation, the internal configuration of such a machine is the actual
arrangement of these parts), in effect the only function of the internal

FIG. 1

configuration is to specify the next act of the computer, given knowledge
of the symbol that appears on the scanned square. We shall assume that
this next act must be one of the types that we now indicate. It can be
a complete halt of operations; or it can be either a specified change in the
symbol that appears on the scanned square or a change of the scanned
square itself to the square one to the left or one to the right, followed by
a specified change of internal configuration. Thus we may regard an
internal configuration to be determined mathematically by a set of rules
that specify, for each symbol the machine is capable of printing, what
the next act of the machine (in the sense of the previous sentence) will
be, given that the symbol in question is the one that appears on the
scanned square.

For the purpose of symbolic representation of these concepts, we intro­
duce the following notational conventions.

The symbols q1, q2, qa, q4, ... will be regarded as denoting internal
configurations; the symbols So, SI, S2, ... will be regarded as symbols
which various machines may be capable of printing; the symbols Rand L
will represent a move of one square to the right and one square to the left,
respectively.

The above material is to be considered a preliminary explanation
intended to help make the following more formal material readily
comprehensible.



SEC. 1] COMPUTABLE FUNCTIONS 5

DEFINITION 1.1. An expression is a finite sequence (possibly empty)
of symbols chosen from the list: q1, q2, q3, . . . ; So, Sl, S2, . . . ; R, L.

DEFINITION 1.2. A quadruple is an expression having one of the follow­
ing forms:

(1) qi Sj Sk ql.
(2) qi Sj R ql.
(3) qi Sj L ql.
(4) qi Sj qk ql.

A Turing machine will be defined so as to consist entirely of quadruples.
A quadruple of the form 1, 2, or 3 above specifies the next act of a Turing
machine when in internal configuration qi and scanning a square on which
appears the symbol Sj. Thus, quadruple 1 indicates that the next act is
to replace Sj by Sk on the scanned square and to enter internal configu­
ration ql. Quadruple 2 indicates motion of one square to the right
followed by entry into internal configuration ql. Quadruples of type 3
similarly indicate motion leftward. Quadruples of the form 4 will enter
our development only in Sec. 4 of this chapter, and discussion of their
role is therefore deferred until that point.

DEFINITION 1.3. A Turing machine is a finite (nonempty) set of
quadruples1 that contains no two quadruples whose first two symbols are the
same.2

The q/s and S/s that occur in the quadruples of a Turing machine are called
its internal configurations and its alphabet, respectively.

If none of the quadruples of a Turing machine Z is of the type 4, Z is
called simple.

In Sees. 1 to 3, we are concerned entirely with simple Turing machines,
although our statements will hold for any Turing machines.

The symbols So and S1 will have a special role in our development.
So will also be written B, and Sl will be written 1. So will serve as a
blank; so replacing a symbol by So will amount to erasing it.

In order to bring change into our, at present, static picture of the
Turing machine, we must indicate how to capture in a single expression
an entire present state of a Turing machine. Our intuitive description
indicates that such an expression should include:

(1) The expression on the tape.
(2) The internal configuration.
(3) The square scanned.

1 Turing's original development employed quintuples rather than quadruples. The
present formulation (including the use of a two-way infinite tape) follows Post [6].

2 This last restriction is one of consistency. That is, it guarantees that no Turing
machine will ever be confronted with two different instructions at the same time.
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DEFINITION 1.4. An instantaneous description is an expression that
contains exactly one qi, neither R nor L, and is such that qi is not the right­
most symbol.

If Z is a Turing machine and a is an instantaneous description, then we
say that a is an instantaneous description of Z if the qi that occurs in a is an
internal configuration of Z and if the S;'s that occur in a are part of the
alphabet of Z.

DEFINITION 1.5. A n expression that consists entirely of the letters Si is
called a tape expression.

In what follows, P and Q usually are tape expressions.
Now, we visualize each instantaneous description of a Turing machine

as determining at most one immediately subsequent instantaneous
description of this same Turing machine in a manner determined by an
appropriate quadruple of this Turing machine. Thus, the instantaneous
descriptions of a Turing machine may be regarded as an abstract substi­
tute for successive moments of time. This gives rise to the following
suggestive language:

DEFINITION 1.6. Let Z be a Turing machine, and let a be an instan­
taneous description of Z, where qi is the internal configuration that occurs in
a and where Sj is the symbol immediately to the right of qi. Then we call qi
the internal configuration of Z at a, and we call Sj the symbol scanned by Z
at a. The tape expression obtained on removing q; from a t's called the
expression on the tape of Z at a.

At this point, we must remove a basic inconsistency between our
rigorous definitions and our intuitive picture. We have visualized our
machine as possessing an infinite tape; yet, formally, the expression on
the tape of a Turing machine at an instantaneous description a is always
finite, and we have required that there always be a symbol scanned at
any instantaneous description. This difficulty is removed by means of
the special symbol So or B. We change our intuitive picture to that of
a machine with a tape that is always finite but that can be extended.
The machine is to have the property that, whenever it is about to rush off
an end of the tape, a new square, on which appears a B, is "spliced" onto
that end of the tape.

We now indicate the precise manner in which an instantaneous descrip­
tion of a Turing machine is replaced by a succeeding instantaneous
description.

DEFINITION 1.7. Let Z be a Turing machine, and let a, f3 be instan­
taneous descriptions. Then we write a ----+ f3 (Z), or (when no ambiguity
can result) simply a ----+ f3, to mean that one! of the following alternatives
holds:

! By the definition of Turing machine, at most one of the alternatives can hold.
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(1) There exist expressions P and Q (possibly empty) such that

a is PqiSjQ,
{3 is Pq/SkQ,

where
Z contains qi Sj Sk q/.

(2) There exist expressions P and Q (possibly empty) such that

a is PqiSjSkQ,
(3 is PSjq/SkQ,

where
Z contains qi Sj R q/.

(3) There exists an expression P (possibly empty) such that

a is PqiSj,
{3 is PSjq/So,

where
Z contains qi Sj R q/.

(4) There exist expressions P and Q (possibly empty) such that

a is PSkqiSjQ,
(3 is Pq/SkSjQ,

where
Z contains qi Sj L qz.

(5) There exists an expression Q (possibly empty) such that

a is qiSjQ,
{3 is qzSoSjQ,

where
Z contains qi Sj L ql.

The following theorems are immediate consequences of this definition.
THEOREM 1.1. If a -> {3 (Z) and a -> 'Y (Z), then {3 = 'Y.

THEOREM 1.2. If a-> {3 (Z), and Z C Z',t then a-> {3 (Z').
DEFINITION 1.8. An instantaneous description a is called terminaP

with respect to Z if for no {3 do we have a -> {3 (Z).
DEFINITION 1.9. By a computation of a Turing machine Z is meant a

finite sequence aI, a2, . . . , a p of instantaneous descriptions such that
ai -> aHI (Z) for 1 ~ i < P and such that a p is terminal with respect to
Z. In such a case, we write a p = Resz (al) and we call a p the resultant of
al with respect to Z.

t For the meaning of the symbol "C" of set inclusion, see the Introduction,
Sec. 3.2.

1 Thus, the machine interprets the absence of an instruction as a "stop" order.
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Ordinarily, the internal configuration at al will be taken as ql.
By way of illustrating some of these concepts, let Z consist of the

following quadruples:
ql So R ql
ql S2 R ql
ql S5 R ql
ql Sa S5 q2
q2 S5 L qa
qa So S6 qa
qa S2 S5 qa
qa Sa S6 qa.

Z has the internal configurations ql, q2, qa and the alphabet So, S2, Sa, S6.
The following are computations of this Z:

(1) S2q 1SoS6Sa -> S2Soq1S6Sa
-> S2SoS6q1Sa
-> S2S0S6q2S6
-> S2S0qaS6S6;

(2)

S 2S0qaS6S5.

qlSa -> q2S6
-> qaSOS6
-> qaS6S6;

hence, Resz (q1Sa) = qaS6S6. Thus the "effect of Z" is to hunt for the
symbol Sa, looking first in the square initially scanned (i.e., scanned at
al) and then moving steadily to the right. If an Sa is located, it is
replaced by S5, and another S5 is then placed in the square immediately
to the left.

Now, what if al is so chosen that there is no occurrence of Sa to the
right of ql? Then the computation will go on "forever," or, more accu­
rately, there will be no computation beginning with al in the sense of
Definition 1.9. Thus, if al = S2q1SOS6S2, then we may write

S2q 1SOS6S2 -> S2Soq1S6S2
-> S2S0S6q1S2
-> S2S0S6S2q1SO
-> S2S0S6S2S0q1SO
--* •.. ;

so one never arrives at a terminal instantaneous description. Hence,
Resz (S2q1SOS6S2) is undefined.

2. Computable Functions and Partially Computable Functions. In the
previous section we introduced Turing machines and showed how they
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could be used to perform symbolic computations. In order to have
Turing machines perform numerical computations, it is necessary that
we introduce a suitable symbolic representation for numbers. The
simplest way of doing this, and the best for our purposes, is to choose
one symbol as basic-we choose Sl-and to symbolize a number by an
expression consisting entirely of occurrences of this symbol (recall that
we have agreed to write 1 for Sl). If n is a positive integer, we write
Sl' for the expression SiS; . . . Si that consists of n occurrences of Si.

'-v-"
n

For completeness, we take Sio to be the null expression. Then, we may
write

DEFINITION 2.1. With each number n we associate the tape expression
ii where ii = 1"+1.

Thus 3' = 1111 and, in general, ii = 11 . . . 1.-­n+l

DEFINITION 2.2. With each k-tuple (nl, n2, ... , nk) of integers we
associate the tape expression (nl, n2, ... ,nk), where

(nl, n2, . . . ,nk) = n lBn2B . . . Bnk.

Thus, (2,3,0) = I11B1111B1.
This notation is convenient in connection with initial data or inputs.

For outputs, we use
DEFINITION 2.3. Let M be any expression. Then (M) is the number of

occurrences of 1 in M.
Thus, (l1BS4qa) = 2; (QaQ2S6) = O. Note that (m - I) = m and that

(PQ) = (P) + (Q).
DEFINITION 2.4. Let Z be a Turing machine. Then, for each n, we

associate with Z an n-ary function l

as follows.
For each n-tuple (ml, m2, ... ,m,,), we set al = Ql(ml, m2, ... ,m,,)

and we distinguish between two cases:
(1) There exists a computation of Z, al, ... ,ap • In this case we set

(2) There exists no computation al,
undefined]. In this case we leave

undefined. We write itz(x) for itz(l)(x).

. , a p [that is, Resz (al) is

. ,m,,)

1 For a discussion of "n-ary," "total functions," etc., cf. Introduction, Sec. 3.3.
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DEFINITION 2.5. An n-ary function f(xl, ... , xn ) is partially com­
putable if there exists a Turing machine Z such that

In this case we say that Z computes f. If, in addition, f(xl, ... ,xn ) is a
total function, then it is called computable.

It is the concept of computable function that we propose to identify
with the intuitive concept of effectively calculable function. A partially
computable function may be thought of as one for which we possess an
algorithm which enables us to compute its value for elements of its
domain, but which will have us computing forever in attempting to
obtain a functional value for an element not in its domain, without ever
assuring us that no value is forthcoming. In other words, when an
answer is forthcoming, the algorithm provides it; when no answer is
forthcoming, the algorithm has one spend an infinite amount of time in
a vain search for an answer. We shall now comment briefly on the
adequacy of our identification of effective calculability with computability
in the sense of Definition 2.5. The situation is quite analogous to that
met whenever one attempts to replace a vague concept, having a powerful
intuitive appeal, with an exact mathematical substitute. (An obvious
example is the area under a curve.) In such a case, it is, of course,
pointless to demand a mathematical proof of the equivalence of the two
concepts; the very vagueness of the intuitive concept precludes this.
However, it is possible to present arguments, having strong intuitive
appeal, which tend to make this identification extremely reasonable. We
shall outline several arguments of this sort.

Historically, proposals were made by a number of different persons
at about the same time (936), mostly independently of one another, to
identify the concept of effectively calculable function with various pre­
cise concepts. In this connection we may mention Church's notion of
}..-definability,1 the Herbrand-Godel-Kleene notion of general recursive­
ness,2 Turing's notion of computability3 (defined in a manner differing
somewhat from that of the present work), Post's notion of I-definability,4
and Post's notion of binormality.6 These notions, which (except for the
third and fourth) were quite different in formulation, have all been proved
equivalent6 in the sense that the classes of functions obtained are the

1 Cf. Church [1, 3].
2 Defined in Godel [2]. The proposal to identify with effective calculability first

appeared in Church [IJ. Cf. also Kleene [1, 4, 6].
3 Cf. Turing [1].
4 Cf. Post [1].
• Cf. Post [2, 3]; Rosenbloom [1].
6 The equivalence of X-definability with general recursiveness is proved in Kleene

[2]. The equivalence of X-definability with Turing's notion of computability is
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same in each case. Now, the fact that these different concepts have
turned out to be equivalent tends to make the identification of them
with effective calculability the more reasonable.

Next, we may note that every computable function must surely be
regarded as effectively calculable. For let f(m) (for simplicity, we con­
sider a singulary function) be computable, and let Z be a Turing machine
which computesf(m). Then, if we are given a number mo, we may begin
with the instantaneous description al = qlmo = qlll . . . 1 and suc-

~

mo+l

cessively obtain instantaneous descriptions a2, as, . . . , a p , where
al~ a2~ as~ ... ~ a p and where a p is terminal. Since f(m) is
computable, such a terminal a p must be obtainable in a finite number of
steps. But then f(mo) = (a p ), and (a p ) is simply the number of l's in a p •

That this procedure would ordinarily be regarded as "effective" is clear
when one realizes that to decide, for a given instantaneous description
a of Z, whether or not there exists an instantaneous description {3 such
that a ~ {3 (Z), and, if the answer is affirmative, to determine which
{3 satisfies this condition, it suffices to write a in the form PqiSjQ and to
locate that quadruple of Z, if one exists, that begins qi Sj.

This indicates, at any rate, that our definition is not too "wide."
Is it, perhaps, too "narrow"? An answer as satisfying as the one given
for the previous question is, presumably, not to be expected. For how
can we ever exclude the possibility of our being presented, some day
(perhaps by some extraterrestrial visitors), with a (perhaps extremely
complex) device or "oracle" that "computes" a noncomputable func­
tion? However, there are fairly convincing reasons for believing that
this will never happen. It is possible to show directly, for various
possible theoretical computing devices which seem to possess greater
power than Turing machines, that any functions computed by them are,
in fact, computable. Thus, we might consider machines which could
move any number of squares to the right or left, or which operate on a
two-, three-, or one-hundred-dimensional tape, or which are capable of
inserting squares into their own tape. Now, it is not very difficult to
show that any computation that could be carried out by such a machine
can also be performed by a Turing machine. This will be more readily

proved in Turing [2]. It follows at once, from the results of our Chap. 4 and the main
result of Kleene [11, that our present notion of computability is equivalent to general
recursiveness. Equivalence proofs for Post's notion of 1-definability and binormality
do not appear in the published literature. 1-definability is quite similar, conceptu­
ally, to computability, and an equivalence proof is quite easy. A direct proof of the
equivalence of binormality with general recursiveness is given in the author's disserta­
tion (Davis [1]). This equivalence is, in fact, an immediate consequence of the results
of our present Chap. 6.
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apparent in the light of the results of Chap. 4, at which point we shall
resume this discussion.

3. Some Examples. In this section we shall consider several com­
putable and partially computable functions. These examples are intro­
uuced at this point primarily for their illustrative value. However, the
fact that the functions chosen are computable will be employed later.

EXAMPLE 3.1. ADDITION. Let f(x, y) = x + y. We shall construct
a Turing machine Z which computes f(x, y), that is, such that

'ltZ(2)(X, y) = x + y.

We take Z to consist! of the quadruples

ql 1 B ql
ql B R q2
q2 1 R q2
q2 B R qa
qa 1 B qa.

Let (Xl = ql(ml, m2) = qlmlBm2. Then

(Xl = qlllm1Bllms
~ qlBlm1Bllms
~ Bq21m'Bllm,
~ ...
~ Blmlq2Bllms
~ BlmlBqallm,
~ Blm1BqaB1m"

which is terminal. Thus,

'ltz(2)(ml, m2) = (Resz «(Xl»
= (Bl m1Bq_Blms)

= ml + m2.

EXAMPLE 3.2. THE SUCCESSOR FUNCTION. Let S(x) = x + 1. We
shall show that S(x) iB computable.

In fact, let Z be any Turing machine with respect to which qli'ii is
terminal for all m. Thus, Z may consist of the single quadruple ql B B ql.
Then

'ltz(m) = (qli'ii) = m + 1.

EXAMPLE 3.3. SUBTRACTION. Let f(x, y) = x - y. This function
is defined only for x G y. We shall show that f(x, y) is a partially com-

1 The purpose of Z is simply that of erasing two l's. (Recall that for "input" the
number n is represented by a sequence of l's of length n + 1, whereas for" output"
it is represented by a tape expression containing exactly n l's.)
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putable function; that is, we shall construct a Turing machine Z such that

'ltZ(2)(X, y) -= x - y.

Z will operate by successively canceling 1's from both ends of the tape
expression 1ml+lB1m,+l until one of the two groups of 1's is exhausted.
As might be expected, this Turing machine is considerably more compli­
cated than those we have considered so far. To aid the reader, various
of the quadruples (or groupings of quadruples) which make up Z will be
followed by brief comments suggesting their function. Such comments
(e.g., the first sentence of this paragraph) unavoidably tend to become
animistic in nature. Of course, such remarks are not part of our formal
development, and they may be ignored by the reader who is so minded. 1

We take Z to consist of the following quadruples:

ql 1 B ql
ql B R q2

q2 1 R q2
q2 B R qa

qa 1 R qa
qa B L q4

q4 1 B q4
q4 B L q6

q6 1 L q6

q6 1 L q6
q6 B L q7

q7 1 L qs
q7 B R q9

qs 1 L qs
qs B R ql

q9 B R q9
q9 1 L q9.

(erase 1 on the left)

(locate the separating B)

(locate the right-hand end)

(erase 1 on the right)

(if m2 has been exhausted, stop; otherwise continue)

(locate the separating B)

(if ml has been exhausted, go to ql; otherwise continue)

(locate the left-hand end, and return to ql)

(compute in an infinite cycle)

To show formally that 'ltz(2)(ml, m2) = ml - m2, we proceed as follows.

1 Other readers may well prefer to read only the informal remarks. Cf. the third
paragraph of the Introduction, Sec. 2.
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Let al = ql(ml, m2) = qlm1Bm2. First, suppose that ml G; m2, and let
k = ml - m2. Then

al = q1lm,+lBlm,+1
= q1llm,PBlm,1
-t q1Blm,PBlm'1
-t Bq21m,PBlm'1
-t ...

-t Blm,Pq2Blm,1

-t Blm'PBqal m'l
-t ••.

-t Blm,PBlm'lqaB
-t Blm,PBlm'q41B
-t Blm,PBlm'q4BB
-t .•.

-t Blm,PBq61m,BB
-t Blm,Pq6Blm,BB
-t ...

-t gsBlm,PBlm,BB
-t Bq1lm'IkBlm'BB = a •.

Now, except for initial and final B's, a. is like al with a pair of l's
canceled. The process is now repeated. Eventually,

-t ..

-+ Bm'qIIIkBIBm,+l
-t ...

-t Bm,+lIkg2BIBm,+l
-t ...

-t Bm,+lPBq4IBm,+1
-t Bm,+llkBq 4BBm,+1
-t Bm,+lIkg5BBBm,+1 = a p ,

which is terminal. But (ap ) = k = ml - m2. Hence, if ml G; m2,

itz (2)(ml, m2) = ml - m2.

Next, suppose that ml < m2, and let k = m2 - mI. Then

al = gIl ml+lBIm,+l
= glllm1BIklm11
-t ...
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~ ...
~ ...
~ Bm'q1lBlklBm1+l
~ Bm1q1BBl k1Bm,+1
~ Bm1Bq2B1k1Bm1+l
~ Bm1BBqa1 k1Bm1+l
~ ...
~ BmlBBlkq41Bm1+l
~ Bm1BBPq4BBm1+l
~ ...
~ Bm1Bq6B1kBBm1+l
~ Bm1q7BB1kBBm1+l
~ Bm'BqgBlkBBmd 1 = a,.
~ Bm1BBqg1kBBm,+l
~ Bm1BqgBPBBm1+l
~"'.

15

(erase all l's)

Here, the last two instantaneous descriptions listed are transformed back
and forth into each other; so no terminal instantaneous description is
ever reached (that is, the Turing machine "moves" back and forth
between two adjacent squares). So, if ml < m2, 'l'Z(2) (ml, m2) is undefined.

Hence,
'l'Z(2) (x, y) = X - y.

EXAMPLE 3.4. PROPER SUBTRACTION. Consider the function x -'- y,
defined by

x -'- y = x - y if x ~ y,
x -'- y = 0 if x < y.

Thus, x -'- y is defined for all x, y. We shall show that it is computable.
Let Z' be obtained from the Z of Example 3.3 by deleting the quad­

ruples qg B R qg and qg 1 L qg and then adding the quadruples:

qg B R qlO

qlO 1 B qg.

Then it is clear that, if ml ~ m2, the analysis given for the Z of Example
3.3 holds just as well here, and that we have

Furthermore, if ml < m2, then the analysis that led to the instan­
taneous description aT = Bm,BqgBPBBm1+l holds with respect to Z'.
However, with respect to Z', aT leads to a terminal instantaneous descrip­
tion as follows:
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aT = Bm1BqgBPBBml+l
~ Bm1BBqloPBBm1+l
~ Bm1BBqgBP-IBBm1+l
~ Bm1BBBqlolk-lBBm1+l
~ ...
~ Bml+k+2qloBBml+l = a.,

[CHAP. 1

which is terminal. Since (a.) = 0,

'l'z,(2) (ml, m2) = °
'l'z,(2)(X, y) = X -'- y.

Hence x -'- y is a computable function.
Now, just as we have "completed" subtraction to obtain proper sub­

traction, we can complete any partially computable function f(m) by
setting

gem) = f(m), where f(m) is defined,
gem) = 0, elsewhere.

However, it is possible to show (cf. Theorem 5-1.8) that there exists
a partially computable function f(m) whose completion gem) is not
computable.

EXAMPLE 3.5. THE IDENTITY FUNCTION. Let lex) = x. We show
that lex) is computable.

Let Z consist of the single quadruple

q1l B ql.
Then

which is terminal.
Hence,

EXAMPLE 3.6. OTHER IDENTITY FUNCTIONS. We consider the n-ary
functions Uin(Xl, X2, . . . ,xn), 1 ~ i ~ n, such that

Thus, U1l(X) = lex). We proceed to show that these functions are all
computable. That is, for each n and for each i, 1 ~ i ~ n, there is a
Turing machine Z such that

'l'Z(n)(Xl, X2, ... ,xn ) = Xi.

We let Z consist of the following quadruples, where j runs over all inte­
gers ;.e i such that 1 ~ j ~ n.



SEc.3} COMPUTABLE FUNCTIONS 17

Then

qi 1 B qi
qi B R q2n-ti

q2n-ti 1 R q2n-ti
q2n+i B R qi+l.

(erase a block of 1's)

(erase the initial 1, only)

----+ •••

----+ Bm,+IBq2Im,+lB ... Blm.HB ... Blm.+1

----+ •••

----+ • • •

----+ Bm,+lBBm,+lB
----+ Bm,+lBBm,+lB
----+ Bm,+IBBm,-+lB
----+ • • •

----+ Bm,+lBBm,-+lB
----+ • • •

Bqil m.+IB Blm.+I
BqiBI m,B Blmn+l
BBq2n+il m,B . . . Blmn+l

(for 8, t suitably chosen)

----+ • • •

----+ B'1miBlqnI mn-+ 1

----+ •••

----+ B·lmiBIBmn+lBqn....lB,

which is terminal (note that, if we had used qnti rather than q2n+h this
would not be terminal). Hence,

EXAMPLE 3.7. MULTIPLICATION. As our final example we choose the
function (x + I)(y + 1). Because of our notational convention, and
also because 0· x = 0, it is easier to show directly that (x + I)(y + 1)
is computable than that xy is. However, the fact that xy is computable
will appear as an immediate corollary of the fact that (x + I)(y + 1) is:
in the light of the results of Chap. 2.

We shall construct a Turing machine Z such that

'ltZ(2) (x, y) = (x + l)(y + 1).

Our construction is based on the fact that

(x + 1) (y + 1) = (y + 1) + (y + 1) +
x + {times

+ (y + 1).
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That is, we shall let the block of l's of length y + 1, which originally
appears on the tape, be duplicated x times. The alphabet of Z will con­
tain two symbols other than 1, B. They may be, say, S2 and Sa. We
write them € and 1/, respectively. They play the role of counters. That
is, they "mind the place" of the machine while it is off on an auxiliary
mISSIOn.

We take Z to consist of the following quadruples:

ql 1 B ql (erase a single 1, leaving mIl's to be counted)
ql B R q2

q2 1 € qa (if the mIl's have all been counted, stop; otherwise count
another one of them)

qa
, R q,Iqa 1 R qa

qa B R q4 (go right until a double blank is reached)

q4 1 R qa
q4 B L q6

q6 1 L q6
q6 B L q6

q6 1 1/ q6 (count another 1 from a group of m2 + II's)
q6 1/ R q7 (duplicate
q6 B B qlO (m2 + II's have been counted; prepare to

repeat the whole process) one
group

q7 1 R q7 of
q7 B R qa l's

1 R qa
of

qa
length

qa B 1 q9 (write another 1 to correspond to the 1 that
has just been counted) m2 + 1)

q9 1 L q9
q9 B L q9 (go left until 11 has been reached; prepare to
q9 1/ 1 q5 count again)

q" 1 L q" }
qlO B L qlO (go left until € is reached).
qlO € B ql

The operation of this Turing machine is more complex than that of
any considered hitherto. This is because there are two distinct pro\)­
esses involved-that of duplication and that of counting and regulating
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the total number of dupiications-each of which is iterative in character.
The situatIOn is completely analogous to what digital-computer pro­
grammers call a "double inductive loop." This is in contradistinction
to our "subtracter" (Example 3.3) which employs a "single inductive
loop." (The term "inductive loop" refers to successive repetitions of a
certain act until some counting operation signals a halt.)

It is convenient to begin our proof that

in the middle (that is, at the inner inductive loop), rather than at the
beginning. Thus, we let

where P is an arbitrary tape expression, and we note that

a ~ PB1m'q61BB
~ PBlm'q6TJBB
~ P Blm'TJq7BB
~ P B1m'TJBqsB
~ P Blm'TJBq91
~ PBlm'TJq9B1
~ P Blm'q9TJB1
~ P Blm'q61B1
~ PBlm,-lq61lBl
~ PBlm,-lq6TJlBl
~ ...
~ PBlm,-lTJlBlqsB
~ PBlm,-lTJlBlq91
~ ...
~ ...
~ PBTJ1m,Blm'g91
~ ...
~ PBq9TJ1m'B1m,+1
~ PBq61m,+lBlm,+1
~ Pq6B1m,+lBlm,+1
~ PqloBlm,+lBl m,+l.

To recapitulate,

(1)

so the effect has been to duplicate on the tape the expression 1m.+l.
Now, let
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al ----+ qlB1ffllB1 ffl,+l

----+ Bq21ffl1B1 m,+l

----+ Bq3tlffl ,-IB1ffl ,+1
----+ • • •

----+ BE1ffl ,-lq3B1ffl,+1
----+ Btl ffl ,-IBq41ffl,+1
----+ • • •

----+ Btl ffl,-lB1ffl,+lq3B
----+ BE1 ffl ,-IB1ffl ,+lBq4B
----+ BEl ffl,-lB1 ffl,+lqr,BB
----+ • • •

----+ Btl ffl,-lqlOB1ffl,+IB1 ffl,+l

----+ • • •

----+ Bq lOtl ffl ,-IB1ffl ,+lB1 ffl ,+l

----+ Bq1B1ffl,-lB1 m,+lB1 ffl,+l

----+ BBq21ffl,-lB1ffl,+IB1ffl,+1 = ak·

[CHAP. 1

Blm,+l

Thus, the effect of our procedure is to delete a 1 from the expression
I ffl , and to duplicate 1ffl ,+l. This process occurs again and again, until

ak ----+ • • •

----+ Bffl'qlOEB1 ffl,+lBl ffl,+lB

-------v-----ffl, + IVtimes
----+ •••

----+ Bm,+lq2Blffl2+IBlm,+IB .. Blm,+l = a p •

m, + 1 times

But a p is terminal, and

Hence,
'l'Z(2) (x, y) = (x + 1)(y + 1).

4. Relatively Computable Functions. Thus far, we have dealt only
with closed computations. However, it is easy to imagine a machine
that halts a computation at various times and requests additional infor­
mation. We shall show how our formalism can be adapted to include
such computations. We do this, not only because the extended concept
possesses a certain interest in itself, but also because of the insight it will
eventually afford into the relationships between computable and non­
computable functions. Our treatment of computable functions is inter­
rupted at this point to allow for this extended kind of computability
(which we shall call relative computability) because in developing the
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theory of relative computability we are enabled to obtain the theory of
computability as a special case. Moreover, the complexity is increased
but little thereby.

What sort of information can a-Turing machine be expected to request?
We shall restrict the interrogations permitted the machine to those of
the form

Is n E A?

where n is an integer and where A is a set of integers, fixed for a given
context. Actually, as we shall see later, this limitation is not nearly so
restrictive as might be supposed.

It is at this point that we make use of quadruples of type 4, that is,
those of the form

Let A be a set of integers, to be thought of as remaining fixed in
what follows.

DEFINITION 4.1. Let a, f3 be instantaneous descriptions. Then we
write a~ f3 (Z) if there exist expressions P and Q (possibly empty)

A

such that

a is PqiSjQ,
Z contains qi Sj qk ql,

and either

(1) (a) E A and f3 is PqkSjQ, or
(2) (a) t;. A and f3 is PqISjQ.

(When no ambiguity can result, we shall sometimes omit explicit refer­
ence to the set A or to the Turing machine Z.)

This provides a Turing machine with a means of communication with
"the external world." When a machine is at an instantaneous descrip­
tion PqiSjQ, where qi Si qk ql is a quadruple of the machine, the machine
may be interpreted as inquiring:

If n is the number of occurrences of 1 on my tape at the present
moment, is n E A?

If the answer is yes, this is indicated by changing the machine's
internal configuration to qk; if the answer is no, by changing it to qz.

DEFINITION 4.2. Let a be an instantaneous description of the form
PqiSiQ. Then, a is final with respect to Z if Z contains no quadruple
whose initial pair of symbols is qi Si'

We have the following immediate corollaries:
THEOREM 4.1. If Z is simple, then a is terminal with respect to Z if

and only if it is final with respect to Z.
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THEOREM 4.2. a is final with respect to Z if and only if

(1) a is terminal with respect to Z, and
(2) No matter what set A is chosen, there is no f3 such that a ~ f3 (Z).

A

DEFINITION 4.3. By an A -computation of a Turing machine Z is
meant a finite sequence aI, a2, . . . , a p of instantaneous descriptions such
that, for each i, 1 ~ i < p, either

ai~ ai+l (Z) or

and such that a p is final. In this case, we write a p = ReszA (al), and we
call a p the A-resultant of al with respect to Z.

Note that, if Z is a simple Turing machine, then the requirement of
Definition 4.3 is quite independent of A and that an A-computation in
the sense of this definition is simply a computation in the sense of Defi­
nition 1.9. [This is true because a ~ f3 (Z) can never hold if Z is a

A
simple Turing machine.J

DEFINITION 4.4. Let Z be a Turing machine. Then, for each n, we
associate with Z an n-ary function (which, in general, depends on the set A)

as follows:
For each (ml' m2, , m n), we set al = ql(ml, m2, , mn ), and we

distinguish between two cases:
(1) There exists an A-computation of Z, aI, a2, ... ,ap • In this case,

we set
itk~~(ml, ... ,mn ) = (a p ) = (ReszA (a I».

(2) There exists no A-computation, aI, a2, ... ,ap ; that is, ReszA (al)
is undefined. In this case, we leave

itk~~ (ml, ... ,mn )

undefined.
We write wzA(x) for it)l;A(X),
By the remark immediately following Definition 4.3, it is clear that,

if Z is simple, then
itk~~ (Xl, . . . ,xn )

is independent of A and that, in fact,

itk~~(Xl, . . . ,Xn ) = itZ(n) (Xl, . • • ,Xn ).

DEFINITION 4.5. An n-ary function f(xI' X2, . .. ,xn ) is partially
A -computable if there exists a Turing machine Z such that

!(XI, . . . ,xn ) = itk~~ (Xl, . . . ,xn ).

In this case, we say that Z A-computes f.
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If, in addition, f(xl, . .. ,xn ) is a total function, then it is called A­
computable. l

COROLLARY 4.3. If f(xl, . .. ,xn ) is (partially) computable, then it is
(partially) A-computable for any set A.2

PROOF. Immediate from the remark following Definition 4.4.
THEOREM 4.4. To every Turing machine Z, there corresponds a simple

Turing machine Z' such that

'l'Z'(n) (Xl, ... ,Xn ) = 'l'jt;~(Xl, ... ,Xn ). 3

PROOF. Let Z' be obtained from Z by replacing each quadruple of Z
having the form qi Sj qk qz by qi Sj Sj qz. The result follows at once.

COROLLARY 4.5. If g(x-,., ... , xn ) is (partially) p-computable, then
g(Xl, ... ,xn ) is (partially) computable.

THEOREM 4.6. g(Xl, ... , xn) is (partially) computable if and only if it
is (partially) p-computable.

PROOF. This is an immediate consequence of Corollaries 4.3 and 4.5.

Thus, from each theorem we prove concerning A-computability, we
can infer a comparable theorem concerning computability simply by
taking A = p. That is, the theory of computability is a special case of
the theory of relative computability.

DEFINITION 4.6. We say that the set S is computable (A-computable)
if the characteristic function 4 of S, Cs(x), is computable (A-computable).

THEOREM 4.7. A is A-computable.
PROOF. Let Z consist of the quadruples

ql 1 B ql
ql B q2 qa
q2 B R q4
q4 1 B q2
qa B R q6
qo 1 B qa
q6 B 1 qa.

I The basic idea of this definition goes back to Turing [3]. The theory of relative
computability has been studied in Kleene [4, 6], Post [7J, Kleene and Post [1], and
Davis [1]. The first complete formulation of a definition equivalent to our 4.5 appears
in Kleene [4].

2 An assertion, such as this corollary, containing a word in parentheses, is intended
to abbreviate two assertions, one containing the parenthetical word and one omitting
it. Thus, the present corollary abbreviates the following pair of assertions:

If f(xI, .•. , xn ) is computable, then it is A-computable for any set A.
If f(xI, •.• , xn ) is partially computable, then it is partially A-computable for any

set A.
3 Pis the empty set. Cf. Introduction, Sec. 3.2.
4 The characteristic function of a set is 0 on the set, 1 elsewhere. Cf. Introduction,

Sec. 3.3.
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Then, we assert that

(q1Blm) = m.

First, suppose that mEA. Then

q1Bl m~ q2B1m
A
~ ...
~ Bm+lq4B,

which is final. Also, (Bm+lq4B) = O. Thus, if mEA,

,!,zA(m) = 0 = CA(m).

Next, suppose that m tl A. Then

qlBlm~ qaBlm
A
~ ...
~ Bm+lqaB
~ Bm+2q6B
~ Bm+2qal,

which is final. Also, (Bm+2qal) = 1. Thus, if m tl A,

,!,zA(m) = 1 = CA(m).

This proves the theorem.



CHAPTER 2

OPERATIONS ON COMPUTABLE FUNCTIONS

1. Preliminary Lemmas. As we have seen, a Turing machine that will
compute so simple a function as (x + 1)(y + 1) is rather complex. In
what follows, we shall often wish to establish that some quite compli­
cated functions are computable. This and the following chapter are
devoted to the development of techniques which will make it possible
to do this efficiently. In the present chapter, we introduce two oper­
ations by means of which new computable functions are obtained from
given computable functions. These operations can then be repeatedly
performed on the functions proved computable in Chap. 1, Sec. 3, and
on the new functions thus obtained, to yield a huge class of computable
functions. In Chap. 3, we shall study this class in detail, and in Chap. 4,
we shall see that it actually includes all computable functions.

The procedures developed in the present chapter are analogous to sub­
routines for use with electronic digital computers.

We shall adopt the convention of systematically omitting final occurrences
of a blank, B, in an instantaneous description. Thus, if Z contains the
quadruple qa B L qa, we shall write

On the other hand, we shall not omit initial occurrences of B. For example,
if Z were to contain the quadruple q2 B R q2, then we should write

q2Bll ---t Bq211 (Z).

The following definitions will prove convenient in our work with
Turing machines (except for a brief occurrence in Chap. 9, their use is
confined entirely to the present chapter).

DEFINITION 1.1. If Z is a Turing machine we let O(Z) be the largest
number i such that qi is an internal configuration of Z.

DEFINITION 1.2. A Turing machine Z is called n-regular (n > 0) if
(1) There is an s > 0 such that, whenever ReszA [ql(ml, , m n )] is

defined, it has the form qO(Z) (rl, ... ,r.) for suitable rl, ,r., and
(2) No quadruple of Z begins with qO(Z).
n-regular Turing machines are useful because they present the results

25
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of a computation ("outputs") in a form suitable for use (as "inputs")
at the beginning of a new computation by another Turing machine.

[Note that, by our convention permitting omission of B, the expression
qe(z) (rl' ... ,r.) may include additional occurrences of B on the right.
However, qe(z) must be the leftmost symbol.]

DEFINITION 1.3. Let Z be a Turing machine. Then zen) is the Turing
machine obtained from Z by replacing each internal configuration qi, at all
of its occurrences in quadruples of Z, by qn+i'

We begin with several lemmas. The first of these enables us to rewrite
the numerical result of a computation in such a form that it is available
for use as the beginning of a new computation.

LEMMA 1. For every Turing machine Z, we can find a Turing machine
Z' such that, for each n, Z' is n-regular, and, in fact,

Resz,A [ql(ml, ... ,mn)] = qe(z')'ltl;;~(ml, ... ,mn)·t

PROOF. Our first attempt at a proof might well be as follows. We let
Z' begin where Z halts, and we have it count up the number of l's on its
tape, assembling them into a block and erasing everything else. The
difficulty with this plan is that we should not know how to tell Z' when its
computation was at an end. No matter how long it had been searching
unsuccessfully for more l's, it could not be certain that it had located
all of them. To circumvent this difficulty, we rearrange Z's computation
so that it is carried out entirely between two special markers. These
markers must be moved as more computing space is required. Then,
at the end, all of the l's on the tape will appear between the markers.

We now proceed formally. Let A, p be the first two symbols in the
list S2, Sa, S4, ... that are not in the alphabet of Z. Let Zl consist
of the quadruples

ql 1 L ql
ql B A ql (print A on the left)
ql A R q2

q2 1 R q2}
q2 B R qa (move right until a double blank is reached)
qa 1 R q2
qa B L q4

q4 B P q4 (print p on the right)
q4 p L q6

q6 1 L q6
q6 B L q6 (move left until A is reached)
q6 A R q6.

t Equality between partial functions is understood to imply equality of their
domains. Cf. Introduction, Sec. 3.3.
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It is easy to see that, with respect to Z 1,

ql(ml, ... ,mn) ~ ... ~ Xq6(ml, ... ,mn)p, (1)

which is final. Thus, the effect of ZI is to seal the initial instantaneous
description with the letters X, p.

Now, Z(o) (cf. Definition 1.3) will behave precisely like Z except that
it will begin in internal configuration q6 instead of ql and the index of
all of its other internal configurations will be similarly advanced. Thus,
we set K = 8(Z(o»), and we let Z2 consist of all of the quadruples of
Z(o) and, in addition, the following quadruples, where qi may be any
internal configuration of Z(o):

qi X B qK+i
qK+i B L q2K+i

q2K+i B X q2K+i
q2K+i X R q.

qi P B qaK+i
qaK+i B R q4K+i
q4K+i B P q4K+i
q4K+i P L qi

(erase the marker X)

(print X one square to the left)
(return to the main computation)

(erase the marker p)

(print p one square to the right)
(return to the main computation).

These last quadruples serve to define the actions of Z2 with respect to
the new symbols X, p. Now, either ReszA [ql(ml, , m n )] is defined,
in which case we have, with respect to Z2,

Xq6(ml, ... ,mn)p~ •.• ~ Xap,

which is final, where

(2)

(3)

, mn)] is undefined, in which case

ResZ,A [Xq6(ml, ... ,mn)p]

is likewise undefined.
Let L = 5K + 1, and let Za consist of all quadruples of the form

qi Sj Sj qL,

where qi is any internal configuration of Z2, where Sj belongs to the
alphabet of Z2, and where no quadruple beginning with qi Sj belongs to Z2.
Clearly, if XPqiQp is a final instantaneous description with respect to Z2,
we have

(4)

which last is final.
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(move rightward looking for a 1)

(if p is reached without a 1, prepare to terminate)

(terminate)

(locate the block of l's)

(add 1 to the block of l's)

Next, let Z4 consist of the forlowing quadruples, where S may be any
symbol in the alphabet of Z other than 1 and B:

qr, 1 L qL
qL B L qL (move leftward looking for ;\)
qL S L qL

qL ;\ R qL+l

qL+l S B qL+l

qL+l B R qL+l

qL+l 1 B qL+2

qL+l P B qL+4

qL+2 B L qL+2

qL+2 1 R qL+3

qL+2;\ R qL+3

qL+3 B 1 qLH

qL+3 1 R qL+l

qL+4 B L qL+4

qL+4 1 L qL+4

qL+4 ;\ 1 qL+5.

The effect of Z4 is to consolidate all of the l's on the tape into a block,
to erase everything else, and finally to add an additional 1. Thus, with
respect to Z 4,

;\PqLQp~ ...

~ qL;\PQp

~ ;\qL+IPQp
~ ...
~ ;\B8qL+IIMp

~ ;\B8qL+2BMp
~ qL+2;\Bs+IMp

~ ;\qL+J38+1Mp

~ ;\qL+31B8Mp

~ ;\lqL+IB8Mp,

and the process is repeated. If there were originally p l's present on
the tape, we eventually have

~ ...
~ ;\lpBlqL+lP

~ ;\l pBlqL+4B
~ ...
~ qL+4h1 P

~ qL+51p+1
•
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Finally, let Z' = ZI U Z2 U Z3 U Z4. Then, combining (1) to (4)
and our present observation, we have

Resz,A [qi (ml, . . . ,mn )] = qL+51<ReszA[q,(;;;;:-::::m;;)l> + 1

= qO(Z') '!'t:~ (ml, m2, ••. ,mn).

LEMMA 2. For each n-regular Turing machine Z and each p > 0, there
is a (p + n)-regular Turing machine Zp such that, whenever

it is also the case that

. ,mn)] is undefined, so is

In other words, Zp will act on ml, ... ,mn as Z would have, but will
leave k l , • • • ,kp untouched.

Our proof will be motivated as follows. We will construct Zp in such
a manner that it will rewrite the arguments k l , k2, • • • ,kp , replacing 1
by a special symbol E, except that the leftmost 1 will be replaced instead
by o. In addition, one more E will be placed to the right of these trans­
literated arguments. Then, matters will be so arranged that whenever
E is encountered in the course of a computation, the entire block of
arguments (now written in terms of E) is moved a single square to the left.
Finally, at the termination of the computation, the arguments will be
rewritten in their original form.

PROOF. Let 0, E be distinct symbols not in the alphabet of Z. Let U I

consist of the following quadruples:

qi 1 E qi }
qi E R qi
qi B R qi+l

qp+1 1 E qp+l
qp+1 E R qp+1
qp+1 B E qp+2
qp+2 E R qp+3.

1 < i ~ P
(replace 1 by E)
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With respect to U1,

ql(kl , ••• ,kp , ml, . , m,,)
---t qlOlk'B
---t Oq 2P,B
---t • • •

---t • • •

---t OEk'B
---t OEk'B
--+ OEk,B

• BPp+IBlm,+IB ... Blmn+1
. BPp+lBlm,+lB ••. Blmn+l

BEkp+lqp+IBlm,+1B . . • Blmn+1
BEkp+Iqp+2E1m,+1B ••• Blmn+l

BEkp+IEqp+3(ml, •.. ,mn ),

which is final.
Next, let N = 8(Z(p+2»), and let U2 consist of all of the quadruples of

Z(p+2) and, in addition, the following quadruples, where qi may be any
internal configuration of Z(p+2):

qi E 1 qN+i

qN+i 1 L qN+i
qN+i E L qN+i
qN+i B L qN+i
qN+i 0 B q2N+i

q2N+i B L qaN+i

qaN+i B 0 qaN+i
qaN+i 0 R q4N+i

q4N+i E R q5N+i
q4N+i B R q5N+i
q4N+i 1 B qi

q6N+i E L q6N+i
q6N+i B L q7N+i
q6N+i 1 L q6N+i

(interrupt computation)

(search for 0)

(copy 0)

(resume main computation)

(observing E, prepare to copy E)
(observing B, perpare to copy B)

(copy E)

(repeat)

(copy B)

q6N+i E E qsN+i
q6N+i B E qSN+i

q7N+i E B qsN+i
q7N+i B B qsN+i

qsN+i E R q4N+i
qsN+i B R q4N+i'

If P is any tape expression, then, with respect to U 2,

OEklB ••• BEkp+IqiEP ---t OEklB ... BEkp+lqN+i1P
---t • • •

---t qN+iOEklB .•. BEkp+llP
---t q2N+iBEk'B ... BEkp+llP
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--* q3N+iBBeklB ••• Bekp+llP

--* q3N+ioBeklB Bekp+llP
--* oq4N+iBeklB Bekp+llP

--* OBq6N+iek1B Bekp+ IlP
--* ..•
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--* .••

--* oeklB Bekp+ Ieq6N+i1P
--* oeklB Bekp+IeqiBP.

Thus, under the action of U2, all of the e's are moved over one square
to the left whenever one of them is encountered.

Let U 3 = U I U U2. Then, with respect to U 3,

, mn ) --* ..•

--* oeklB •.. Bekp+ Ieqp+3(ml,
--* .••

--* oeklB ... Bekp+ 1eqN(rl, , r s)

whenever ReszA [ql(ml, ... ,mn )] is defined; otherwise, there is no
A-computation beginning ql(k l , ... ,kp, ml, ... ,mn ).

Finally, let L = 8(U3), and let Zp consist of all the quadruples of U3
and, in addition, the following quadruples:

qN 1 L qN
qN E B qL+I (erase one e)

qL+l B L qL+l
qL+l E 1 qL+I (go left, replacing e and 0 by 1)
qL+l 1 L qL+I
qL+I 0 1 qL+2.

Then, using what we have just shown for U 3, we have, with respect
to Zp, whenever ReszA [ql(ml, ... ,mn)] is defined,

ql(kl , ... ,kp, ml, ... ,mn ) ~ •••

~ ...
~ oekB

~ oeklB

~ oeklB
~ ...
~ qL+2!k1+IB

= qo(zp)(k l , .

BEkp+leqN(rl, .. , r.)

Bekp+IqNe(rl, .. , r s )

Bekp+lqL+IB(r--l,-.-.-.-,-r-s)

. Bl kp+lB(rl, ... ,rs)

,kp,rl, ... ,rs),

which is final.

In applying and extending Lemmas 1 and 2, it will be important to
have available Turing machines that accomplish certain simple transfor­
mations on a sequence of arguments.
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THE COPYING MACHINES Cpo For each n > 0 and p ~ 0 (note carefully
that p = 0 is permitted!), we shall define a (p + n)-regular Turing machine
such that

(go left)

(set marker 0)

(set marker h)

(hunt for double blank)

3~i~p+2

(move over p blocks of l'sI)

(seeing 0, prepare to terminate)

(copy 1, temporarily using w)

(seeing B, replace it by (3, and prepare to copy B)

(finding h, replace it by w)
(replace'" by 1)
(replace (3 by B)

(go left one square)

(seeing 1, replace it by"" and prepare to copy 1)

Rescp [ql(k l , ••. , k p, ml, .•• , m n)]

= qp+16(m-I,-.-.-.-,-m-n-,....k-1-,-.-.-.-,....k-p-,m-l-,-.-.-.-m---n).

That is, the arguments ml, . • • , mn are recopied to the left of the
kl , ..• ,kp •

Cp is to consist of the following quadruples:

ql 1 L ql

ql B L q2

q2 B h q2

q2 h R qa

q. 1 R qi }
q. B R qi+1

qP+3 1 R qp+a

qp+a B 0 qp+a

qp+a 0 R qp+4

qp+4 1 R qp+4

qp+4 B R qp+5

qp+o 1 R qp+4

qp+o B L qp+6

qP+6 1 L qp+1

QP+6 B L qp+1

qp+7 1 '" qp+7

qp+7'" L qp+8

qp+7 B (3 qp+7

qp+7 (3 L qp+ll

qp+7 0 B qp+15

qp+8 1 L qp+8

qp+8 B L qP+8

qp+8 0 L qP+8

qp+8 h '" qp+IO

qp+8 '" 1 qP+9

qP+8 (3 B QP+9

Qp+9 1 L qp+lO

qp+9 B L qp+lO

qp+lO B '" qp+lO

qp+IO '" R qp+14

I Note that, if p = 0, none of these quadruples occurEl.
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qp+ll 1 L qp+ll

qp+ll B L qp+ll

qp+l1 0 L qp+ll

qp+ll W 1 qp+12
qp+ll {3 B qp+12

qp+12 1 L qp+13

qp+12 B L qp+13

qp+13 B {3 qp+13
qp+13 {3 R qp+14

qp+14 1 R qp+14
qp+14 B R qp+14
qp+14 0 R qp+14
qp+14 W 1 qP+6
qp+14 {3 B qp+6

qp+15 1 L qp+15
qp+l5 B L qp+15
qp+15 W 1 qp+16

With respect to Co,

(go left)

(replace w by 1)
(replace (3 by B)

(go left one square)

(copy B, temporarily using (3)

(go right)

(restore 1, and repeat)
(restore B, and repeat)

(go left)

(replace w by 1 and terminate).

ql(ml, ... ,mn ) ~

~ q2"XB(ml,
~ "Xq3B (ml,
~ "Xq3o(ml,
~ ...

... ,mn )

... ,mn )

. ,mn )

~ M(ml, .
~ ...

r-------
~ q8M(ml, ., mn_l)Blmnw
~ qlowo(ml, ... ,mn_l)Blm·w
~ ...

------,
~ wo(ml, ... ,mn_l)Blm'q14w
~ ...
~ ...
~ ql1w1 mno(ml' ,mn-l){31 mn+l
~ quI mn+lo(ml, ,mn-l){31mn+1
~ ...
~ q13{31 mn+lo(ml' ... ,mn-l){31m.+1
~ ...
~ ...
~ wl m1B(m2, ... ,mn)q7o(ml' .•• ,mn)
~ ...
~ q15wlm1B(m2, ... ,mn)B(ml, ..• ,mn)
~ q16(ml, ... ,mn , ml, ... ,mn).
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, mn ) ---t •••

---t q2AB('k'-I,---.-,-k"i""p-,-m-I,-.-.--,-m-n )

The computation now proceeds like the case p = O. The final instan­
taneous description is

THE TRANSFER MACHINES R p • For each n > 0 and p > 0, we shall
define a (p + n)-regular Turing machine Rp such that

ResRp [ql(k l, ... ,kp, ml, ... ,mn )]

= qp+16(ml, ... ,mn , k l, ... ,kp).

That is, the arguments (k l , • • • , kp ) are interchanged on the tape
with the arguments (ml, ... ,mn ).

We begin by noting that, in the copying operation of Cp, each 1 that
occurs in the tape expression (ml, ... ,mn ) is replaced by w, which in
turn is again replaced by 1. Hence, all we have to do in order to define
our Turing machine R p is to erase these w's instead of replacing them by l's.
Hence, we may define Rp to consist of precisely the quadruples of Cp

except that the quadruple

is replaced by
qp+14 W B qp+6.

LEMMA 3. For each n-regular Turing machine Z, there is an n-regular
Turing machine Z' such that, whenever

ReszA [ql(ml, ... ,mn )] = qO(Z)(rl, ... ,r.),

it is also the case that

Resz,A [ql(ml, ... ,mn )] = qO(Z')(rl, ... , r., ml, ... ,mn ),

whereas, whenever ReszA [ql(ml, ... , m n )] is undefined, so is

Resz,A [ql(ml, , m n)].

That is, the original arguments ml, , mn are" preserved" by Z'.
PROOF. By Lemma 2, there is a 2n-regular Turing machine U such

that

ResuA [ql(ml, ... , mn , ml, ... , mn )]

= qO(U)(ml, ... ,mn , rl, ... ,r.).
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Then, we need only take

Z' = Co U U(16) U R~14+0<U».

For, with respect to Co,

ql(ml, ... ,mn ) ~

~ qI6(ml, ... ,mn , ml, ... ,mn).

With respect to U(16) ,

,mn)~ ..•

~ qO(U06)(ml, ... ,mn, rl, ... ,r.).

Finally, with respect to R;t4+0(U»,

qO(U06)(ml, ... ,mn, rl, ... ,r.)~

~ qO(Z') (rl, ... ,r., ml, ... ,mn ).

LEMMA 4. Let Zl, ... , Zp be Turing machines. Let n > O. Then,
there exists an n-regular Turing machine Z' such that

Resz,A [ql(ml, ... ,mn)]
= qO(Z') (~,!,'7kn;;-;1~-A7(m-l-,-.-.-.-,-m-n')-,-.-.-.-,-:;'!'~zc;;np');A-(Tm- l,-.-.-.-,-m~n)).

PROOF. Our proof is by induction on p. For p = 1, the result is
precisely Lemma 1. Let the result be known for p = k; we show that it
must then also hold for p = k + 1.

Let Zl, Z2, ... ,Zk+l be given Turing machines, and let

for 1 ~ i ~ k + 1. By induction hypothesis, there IS an n-regular
Turing machine Y 1 such that

ReSylA [ql(ml, ... ,mn)] = qO(y1)(rl, ... ,rk).

Hence, by Lemma 3, there is an n-regular Turing machine Y 2 such that

Resy,A [ql(ml, ... ,mn)] = qO(y,)(rl, ... ,rk, ml, ... ,mn).

By Lemma 1, there is an n-regular Turing machine Yg such that

Resy,A[ql(ml, .. '. ,mn)] = qO(y,)rk+1

Hence, by Lemma 2, there is a (k + n)-regular Turing machine Y,
such that

Resy,A [ql(rl, ... ,rk, ml, ... ,mn)] = qO(y,)(rl, ... ,rk, rk+l).

Thus, we need only take Z' = Y 2 U Y,(O(y,)-I) to obtain the result for
p=k+1.
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2. Composition and Minimalization. The lemmas of the previous
section have dealt directly with Turing machines. In the present sec­
tion, we employ these lemmas in deriving two important results con­
cerning computability.

The first of these concerns the operation of composition. That is, we
wish to assert, for example, that, if f(y) , g(x) are partially computable,
then so is f(g(x)). This requires, to begin with, agreement as to the
domain of this function. We agree that f(g(x)) is defined for precisely
those numbers a for which a is in the domain of g(x) and g(a) is in the
domain off(y). The value off(g(x)) at ais, of course, the number f(g(a)).
More generally, we may write

DEFINITION 2.1. The operation of composition associates with the
functions I fCt)(m») , gl(~(n»), g2(~(n»), ... ,gm(~(n»), the function

(1)

This function is defined for precisely those n-tuples (aI, ... , an) for
which (aI, ... , an) is in the domain of each of the functions gi(~(n»),

i = 1,2, .. , m, and for which the m-tuple

is in the domain of f(tj(m»). Its value at (aI,

f(gl(ar, ... ,an), g2(al, ... ,an), .

. ,an) is

,gm(al, ... ,an)).

We now prove
THEOREM 2.1. Let f(tj(m») , gl(~(n»), g2(~(n»), . .. ,gm(~(n») be (partially)

A-computable. Let h(~(n») be given by (1). Then h(~(n») is (partially)
A-computable.

PROOF. By Lemma 4, there is an n-regular Turing machine Z such
that

ReszA [ql (~(n»)] = qO(Z) (gl (~(n)), g2(~(n»),

Let Z I be chosen so that

and let Z' = Z U ZI(O(Z)-l). Then, with respect to Z',

. ~a,
where

1 Here, for example, f(tj(m» is an abbreviation of f(Yl, Y2, ... ,Ym). Cf. Intro­
duction, Sec. 3.1.
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when each gi(~(n») and f(gl(~(n»), ..• , gm(~(n»)) is defined; otherwise
Resz,A [ql(~(n»)] is undefined. Hence,

'1'i'llA(~(n») = f(gl(~(n»), g2(~(n»), ••• ,gm(~(n»))

= h(~(n»).

This proves the theorem.

Theorem 2.1 may be restated as follows:
COROLLARY 2.2. The class of (partially) A-computable functions is

closed under the operation of composition.
Theorem 2.1 enables us to enlarge considerably the class of functions

that we know to be computable.
Thus, let

Then, by Examples 1-3.4 and 1-3.7, f and gl are computable.

g2(X, y) = S(U22(X, y)),

where S(z) = z + 1, and so is computable, by Examples 1-3.2 and 1-3.6
and Theorem 2.1. Hence, by Theorem 2.1, we can infer the computa­
bilityof

hex, y) = f(gl(X, y), g2(X, y))
= (x + 1)(y + 1) ~ (y + 1)
= (x + 1)(y + 1) - (y + 1)
= xy + x.

Again, taking f(XI, X2) = Xl ~ X2 and taking

gl(X, y) = xy + x, g2(X, y) = U12(X, y) = x,

we have the computability of

k(x, y) = (xy + x) ~ x
= xy.

Thus, we have proved
COROLLARY 2.3. xy is computable.
It is not difficult to see that xk is computable for each fixed k. We

have the result for k = 1; to infer it for k + 1, given the result for k,
we set f(Xl, X2) = XIX2, gl(X) = xk, g2(X) = U1I(X) = x, and we apply
Theorem 2.1. Then, it follows easily that every polynomial with inte­
gral coefficients is computable.

The function Ix - ylt is computable since Ix - yl = (x ~ y) + (y ..... x).

t Ix - vi - x - y when x ~ y; Ix - yl = y - x when V ~ x.
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Functions whose computability we are yet unable to obtain (except,
of course, by direct construction of Turing machines) are 2x and [0],
this last being the largest integer;;; 0 (thus, [0] = 2, [V9] = 3).

DEFINITION 2.2. The operation of minimalization associates with each
total function fey, ~(n») the function h(~(n»), whose value for given ~(n) is the
least value of y, if one such exists, for which fey, ~(n») = 0, and which is
undefined if no such y exists. We write

h(~(n») = miny [f(y, ~(n») = 0].

Thus, for example, consider

x/2 = miny [i(y + y) - xl = 0].

x/2 is a partial function, defined only when x is even. It will follow at
once from Theorem 2.4 below that x/2 is partially computable.

DEFINITION 2.3. The total function f(y, ~(n») is called regular if

miny [fey, ~(n») = 0]
is total.

THEOREM 2.4. If f(y, ~(n») is A-computable, then

h(~(n») = miny [fey, ~(,,») = 0]

is partially A-computable. Moreover, if fey, ~(n») is regular, h(~(n») is
A -computable.

Our proof will proceed by constructing a Turing machine that will
successively computef(O, ~(n»),f(l, ~(n»), ... ,until a zero is arrived at.
If no zero is ever obtained, the Turing machine will compute "forever."

PROOF. Let V consist of the quadruples

ql I L ql
ql B L q2
q2 B I qa.

Then, with respect to V,

ql(~(n») --. ...
--. qa(O, ~(n»),

which is final.
By Lemmas I and 3, there is an (n + I)-regular Turing machine Y

such that

ResyA [ql(Y, ~(n»)] = qO(Y)(f(y, ~(n»), y, ~(n»).

Hence, if we let N = 8(Y(2»), then, with respect to y(2l,

qa(y, ~(n») --. .
--. qN ( f(,-y-,-!('-n)"'"")-,-y,-~"""(n"")) •
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Let M consist of the quadruples

qN 1 B qN
qN B R qN+1

qN+1 1 1 qN+2
qN+1 B R qN+4.

Thus, if !(y, ~(n») = k > 0, then, with respect to M,

qN(f(y, ~(n»), y, ~(n») = qNIPB(y, ~(n»)

which is final. 1

On the other hand, if !(y, ~(n»)

--* ...

--* qN+2P B(y, ~(n»),

0, then, with respect to M,

Let Q consist of the quadruples

qN+2 1 B qN+3
qN+2 B 1 q3
qN+3 B R qN+2.

Then, with respect to Q,

qN+2PB(y, ~(n») --*

--* q3(y + 1, ~(n»).

By Example 1-3.6 and Lemma 1, there is an (n + I)-regular Turing
machine Z 1 such that

Resz
1

[q1(y, ~(n»)l = qO(Zl)U'i+1(y, ~(n»)

= qo(zl)l y+l.

Let E consist of all of the quadruples of Z 1 and, in addition, the quadruple

qO(Zl) 1 B qO(Zl).

Then, with respect to E(N+3), letting K = O(E(N+3»),

qN+4(y, ~(n») --* ...

--* qK Bl y
•

Now, let
Z = U V y(2) V M V Q V E(N+3).

1 Here, and elsewhere in this proof, we shall omit initial as well as final occurrences
of B in instantaneous descriptions, although, strictly speaking, this violates the con­
vention laid down at the beginning of the present chapter.
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(using U)

We shall see that
'1Fm~(~(n» = h(~(n».

To see this, let the numbers ~(n) be fixed; let f(i, ~(n» = ri; and suppose
that ro ¢ 0, rl ¢ 0, ... ,r"-l ¢ 0, r" = 0. Then, with respect to Z,

ql(~(n» ---t •••

---t q3(0, ~(n»

'1Fk~~ (~(n» = (qKBl")
=k
= miny [f(y, ~(n» = 0]
= h(~(n».

Hence,

---t • • •
-.".-~

---t qN(rO, 0, ~(n»

---t • • •

---t q3(1, ~(n»

---t • • •

---t • • •

---t q3(k, ~(n»

---t • • •

---t qN (r-,,-,'k,-~"7.(n:;")')

= qNIB(k, ~(n»

---t qN+4(k, ~(n»

---t • • •

---t qKBl"

(using y(2»

(using M)

(using Q)

(using y(2»

(using M)

(using E(NH».

If ri ¢ °for all i, then Z is never in internal configuration qN+4, and
no final instantaneous description is ever reached (that is, the machine
computes "forever"). In this case both '1Fk~~(~(n» and h(~(n» are
undefined.

This completes the proof.



CHAPTER 3

RECURSIVE FUNCTIONS

1. Some Classes of Functions. The results of the previous chapter
have made it possible to demonstrate the computability of quite complex
functions without referring back to the original definition of computability
in terms of Turing machines. In the present chapter, we shall develop
this systematically. We begin by defining certain classes of functions,
employing the operations of composition and minimalization as defined in
the previous chapter.

DEFINITION 1.1. A function is A-partial recursive or partial recursive
in A if it can be obtained by a finite number of applications of composition
and minimalization beginning with the functions of the following list:

(1) CA(x), the characteristic function of A.
(2) S(x) = x + 1.
(3) Uin(Xl, • . • ,xn) = Xi, 1 ;a; i ;a; n.
(4) X + y.
(5) x -'- y.
(6) xy.

A function is partial recursive if it is p-partial recursive.
DEFINITION 1.2. A function is A-recursive, or recursive in A if it can

be obtained by a finite number of applications of composition and minimal­
ization of regularl functions, beginning with the functions of the list of
Definition 1.1.

A function is recursive2 if it is p-recursive.
COROLLARY 1.1. Every A-recursive function is total and is A-partial

recursive.
As will appear later, the converse3 of this is also true.

1 Cf. Definition 2-2.3.
2 This is not the way in which recursiveness is usually defined. That a character­

ization of recursiveness based on applying composition and minimalization beginning
with a finite set of initial functions was possible was first proved in Kleene [3). The
present development follows J. Robinson [IJ.

a This converse is not quite obvious, since it seems possible for composition of par­
tial recursive functions to produce a total function that is not recursive.
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As thus presented, the concepts of recursive function and partial
recursive function seem completely artificial. And indeed, their interest
stems entirely from their relation to computability.

Thus, we have at once
THEOREM 1.2. If a function is recursive, A-recursive, partial recursive,

or A-partial recursive, then it is computable, A-computable, partially com­
putable, or partially A-computable, respectively.

We shall see later that the converse of this is also true; so recursiveness
is equivalent to computability.

PROOF. That the initial functions 2 to 5 are computable (and hence
partially computable, A-computable, and partially A-computable) was
seen in Examples 1-3.1, 1-3.2, 1-3.4, and 1-3.6. For (6), that is, xy, the
computability was proved as Corollary 2-2.3. That CA(x) is A-com­
putable (and hence partially A-computable) was proved as Theorem
1-4.7 (cf. Definition 1-4.6). In particular, Cp(x) is ¢-computable, and
hence computable (and partially computable); cf. Theorem 1-4.6.

The theorem now follows from Theorems 2-2.1 and 2-2.4.
THEOREM 1.3. If a function is (partial) recursive, it is A-(partial)

recursive for any choice of A.
PROOF. The proof follows from the observation that

We now list some recursive functions. By the above, they are also
computable and, hence, A-computable for all A.

(7) N(x) = O. N(x) = U1l(X) ...:... U1l(X).
(8) a(x) = 1 ...:... x; that is,

a(O) = 1,
a(x) = 0 for x > O.
a(x) = S(N(x)) ...:... U1l(X).

(9) x2 = U1l(X) . U1l(X).

(10) [0], the largest integer ~ 0.
[0j = miny [(y + 1)2 ...:... x ~ OJ

= miny [a«S(U22(x, y)))2 ...:... U 12(X, y) = OJ.

(11) Ix - yl = (x ...:... y) + (y ...:... x).
x

(12) [xjyj. If y ~ 0, [xjy] is the greatest integer ~ -·t If y = 0,
y

t Note that in this context ;, for example, means a definite rational number. As

we have understood the symbol x/V (cf. Introduction, Sec. 3.3), we should have to
regard 3/2 as undefined.
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[x/V] = O. We have

[x/V] = minz [y = 0 V y(z + 1) > x]
= minz [y = 0 V y(z + 1) ...!... X ~ 0]
= minz [y = 0 V a(y(z + 1) ...!... x) = 0]
= minz [y . a(y(z + 1) ...!... x) = 0].

43

Here, the symbol V (which we have borrowed from symbolic logic)
means" or" (cf. Introduction, Sees. 3.4 and 3.5). The difficulty is that
minimalization involves a single function set equal to O. Our device
depends on the fact that to say that either one or the other (or both)
of a pair of numbers is 0 is equivalent to saying that the product of the
numbers is O.

(13) R(x, V). If y ~ 0, R(x, y) is the remainder on dividing x by y.
That is,

~ = [x/V] + R(~ V);

so

We take
R(x, y) = x - y[x/y].

R(x, y) = X ...!... y[x/y];
so R(x, 0) = x.

Thus we see that our present techniques enable us to prove the com­
putability of a large class of functions. However, such functions as xY ,

x!, the xth prime,! are still beyond our powers. The concept of primitive
recursion will enable us to deal with them also.

2. Finite Sequences of Natural Numbers. It is a well-known fact that
there exist one-one correspondences between the set of natural numbers
and the set of ordered pairs of natural numbers and, indeed, that such a
correspondence can be set up in an "effective" manner. We show how to
set up such a correspondence by recursive (hence computable) functions.

Consider the function

J(x, y) = M(x + y)2 + 3x + y].

Now, (x + y)2 + 3x + y = (x + y)(x + y + 1) + 2x, which is always
even. Hence, J(x, y) is always an integer. 2 J(x, y) is recursive, since

Clearly, with each ordered pair of natural numbers (x, V), the function
J(x, y) associates a single natural number z. We shall show that, for

I For the meaning of the term "prime," see the Appendix.
2 In fact,

J(x, y) = [1 + 2 + ... + (x + v)] + x
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every natural number z, there is one and only one ordered pair of num­
bers (x, y) such that z = J(x, y).

Suppose z, x, yare natural numbers such that

Then

Therefore.

2z = (x + y)2 + 3x + y.

8z + 1 = (2x + 2y + 1)2 + 8x.

(1)

(2x + 2y + 1)2 ~ 8z + 1 < (2x + 2y + 3)2.
2x + 2y + 1 ~ y8z + 1 < 2x + 2y + 3.

Hence, [VSZTI] is either 2x + 2y + 1 or 2x + 2y + 2. [VSZTI] + 1
is either 2x + 2y + 2 or 2x + 2y + 3. Therefore,

By (1),

[([VSZTIl + 1)/2] = x + y + 1.
x + y = [([VSZTIl + 1)/2] - 1.

3x + y = 2z - ([([VSZTI + 1])/2] - 1)2.

(2)

(3)

But Eqs. (2) and (3) clearly prove our contention that, for each z,
at most one x, y exists satisfying (1). t Such x and y, if they do exist,
can be calculated by recursive functions; for, if we write

Ql(Z) = [([y8z + 1] + 1)/2] -'- 1,
Q2(Z) = 2z -'- (Ql(Z))2,

then, clearly, Ql(Z) and Q2(Z) are recursive functions, and (2) and (3)
may be written in the form

x + y = Ql(Z),
3x + y = Q2(Z).

These equations yield

x = [(Q2(Z) -'- Ql(z))/2] = K(z),
y = Ql(Z) -'- [(Q2(Z) -'- Ql(z))/2] = L(z),

where K(z) and L(z) are recursive functions. Thus, if x, y, z satisfy (1),
then x = K(z), y = L(z). Now, if x and yare chosen arbitrarily,
Z = J(x, y) satisfies (1). Hence x = K(J(x, y)), y = L(J(x, y)).

Next, let z be any number. Let r be the largest number such that

1 + 2 + ... + r ~ z.
Let

x = z - (1 + 2 + . . . + r).
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Then, x ~ r. [For, if x ~ r + 1, then 1 + 2 +. + r + (r + 1) ~ z,
contradicting the choice of r.] Let y = r - x. Then,

Thus,

that is,

z = [1 + 2 + ... + (x + y)] + x
= j-(x + y)(x + y + 1) + x
= J(x, y).

x = K(J(x, y» = K(z),
y = L(J(x, y» = L(z);

z = J(K(z), L(z».

We have thus proved
THEOREM 2.1. There exist recursive functions J(x, y), K(z), L(z) such

that
J(K(z), L(z» = z,

K(J(x, y» = x,
L(J(x, y» = y.

COROLLARY 2.2. If K(z) = K(z'), L(z) = L(z'), then z = z'.
PROOF. Z = J(K(z), L(z» = J(K(z'), L(z'» = z'.
This solves the problem of "effectively" obtaining the ordered pairs

of integers. We next consider the problem of doing the same for all the
finite sequences (of whatever length) of integers.

We have first the
LEMMA. Let v be divisible! by the numbers 1, 2, ... ,n. Then the

numbers 1 + v(i + 1), i = 0, 1, 2, ... ,n, are relatively prime l in pairs.
PROOF. Let mi = 1 + v(i + 1). Since v is divisible by 1, 2, ... ,n,

any divisor of mi, other than 1, must be greater than n.
Now suppose that dlmi, dlmj, i > j. Then dl(i + 1)mj - (j + 1)mi;

that is, dli - j. But i - j ~ n. Hence d = 1.
THEOREM 2.3. Let ao, aI, a2, . . . , an be a finite sequence of integers.

Then there are integers u and v such that

R(u, 1 + v(i + 1» = ai i = 0,1, ... ,n.

PROOF. Let A be the largest of the integers ao, aI, . . . , an, and let
v = 2A . n! Let mi = 1 + v(i + 1). Then, by the lemma, the mi are
relatively prime in pairs. Also,

Now, by the Chinese remainder theorem (Theorem 12 of the Appendix),

1 For the meaning of such number-theoretic terms as "divisible" and "relatively
prime," see the Appendix.
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there exists a number u such that

i = 0, 1, ... ,n.
That is,

i = 0,1, ... ,n.

i = 0, 1, ... , n.

But ai < mi. Hence, R(ai, mi) = ai. Thus,

R(u, 1 + v(i + 1)) = R(u, mi) = R(ai, mi) = ai.

THEOREM 2.4. There is a recursive function Ti(w) such that, if ao, ai,
. . , an are any integers whatever, there exists a number Wo such that

Ti(wo) = ai, i = 0, 1, ... ,n.
PROOF. We define Ti(w) by the equation

Ti(w) = R(K(w), 1 + [L(w)(i + 1)]).

Clearly, Ti(w) is recursive.
Let us be given the integers ao, al,. ., an. Then, by Theorem 2.3,

there exist numbers u and v such that

R(u, 1 + v(i + 1)) = ai

Let Wo = J(u, v). Then,

Ti(wo) = R(K(J(u, v)), 1 + L(J(u, v)) . (i + 1))
= R(u, 1 + v(i + 1))
= ai i = 0, 1, ... ,n.

3. Primitive Recursion. We now consider the question of proving the
computability of such functions as xY and xl Suppose one were asked
the value of 76• One natural procedure for obtaining the desired result
is to obtain successively

71 = 7, 72 = 71 • 7 = 7 . 7 = 49, 73 = 72 • 7 = 49 . 7 = 343,

74 = 73 • 7 = 343 . 7 = 2,401, 76 = 74 • 7 = 2,401 . 7 = 16,807. This
procedure can be represented by the" recursion" equations

Xl = x,
x y+ l = xY • X.

Clearly, the first of these equations could be replaced by XO = 1. The
function n! can be computed similarly from the equations

O! = 1,
(n + 1)! = (n + l)n!

We shall begin by showing that such a pair of recursion equations
always defines one and only one total function.
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(1)

THEOREM 3.1. Letf(~(n», g(~(n+2» be total functions. Then there exists
at most one total function h(~(n+l» that satisfies the recursion equations

h(O, ~(n» = f(~(n»,

h(z + 1, ~(n» = g(z, h(z, ~(n), ~(n».

PROOF. Suppose hl(~(n+l) and h2(~(n+l) both satisfy (1). We shall
see that h1(y, ~(n» = h2(y, ~(n» for all y, ~(n). This is certainly true for
y = °and all ~(n), since

Suppose it true for y = z. Then

h1(z + 1, ~(n» = g(z, h1(z, ~(n», ~(n)

= g(z, h2(z, ~(n», ~(n»

= h2(z + 1, ~(n».

Thus, h1(y, ~(n) = h2(y, ~(n) for all y, ~(n).

Proving the existence of a function h that satisfies (1) is a peculiar
matter. For there are those whose suspicion of nonconstructive argu­
ments is so strong that, although they are happy to accept the existence
of such an h, they will insist that our proof of this fact, below, is invalid.

THEOREM 3.2. Let f(~(n), g(~(n+2) be total functions. Then, there exists
a total function h(~(n+l) that satisfies (1).

PROOF. We consider sets of (n + 2)-tuples (y, ~(n), u) of numbers.
Such a set S of (n + 2)-tuples will be called satisfactory if

(a) For each choice of ~(nl, (0, ~(n), f(~(n») E S; and
(b) For each choice of ~(n), if (z, ~(nl, u) E S, then

(z + 1, ~(n), g(z, u, ~(n») E S.

Let Q be the class of all satisfactory sets S. Then Q is nonempty, since
the set of all (n + 2)-tuples of numbers is satisfactory. Let So be the
intersection of all sets S that are members of Q. Then it is easy to see
that So is satisfactory and that So is contained in every satisfactory set.

Next, suppose that (0, ~(n), u) E So. Then we have u = f(~(n». For
otherwise the set obtained on deleting (0, ~(n), u) from So would be satis­
factory and would not contain So.

We next claim that, for each choice of y and ~(n), there is one and only one
value of ufor which (y, ~(n), u) E So. By what has just been said, this is
true for y = 0. Suppose it known for y = z. Then for a suitable u,
and for no other,

(z, ~(n), u) E So.
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Since So is satisfactory,

(z + 1, ~(n), g(z, u, ~(n»)) E So.
Suppose that

(z + 1, ~(n), v) E So v =;e g(z, U, ~(n»).

Then the set obtained by deleting (z + 1, ~(n), v) from So would clearly be
satisfactory and would not contain So. This proves our last claim.

This enables us to define the function hey, ~(n») by the requirement

u = hey, ~(n») if and only if (y, ~(n), u) E So.

The fact that So is satisfactory immediately shows that hey, ~(n») satisfies
(1).

DEFINITION 3.1. The operation of primitive recursion associates with
the given total functions f(~(n»), g(~(n+2») the function h(~(n+l»), where

h(O, ~(n») = f(~(n»),

h(z + 1, ~(n») = g(z, h(z, ~(n»), ~(n»).

THEOREM 3.3. Let h(~(n+I») be obtained from f(~(n»), g(~(n+2») by primi­
tive recursion. Iff and g are A-recursive, then so is h.

PROOF. l By Theorem 2.4, for each choice of ~(n) and y, there exists at
least one number Wo such that

i = 0,1, ... ,y.
Hence,

hey, ~(n») = Til (min", [(To(w) = f(~(n»))

11-1

1\ /\ (T.+1(w) = g(Z, T.(w), ~(n»))]).t
.=0

Now, to say that a condition holds for all numbers z less than y is equiva­
lent to saying that y is the least number for which it could fail. That is,

hey, ~(n») = TII(min", (I To(W) = f(~(n») I
1\ {y = min. [(T.+l(w) =;e g(z, T.(w), ~(n»)) V (z = y)Jl)).

Let

H(y, w, ~(n») = min. [(T.+l(w) =;e g(z, T.(w), ~(n»)) V (z = y)].

1 This proof is that of J. Robinson [1] following Kleene [3], which in turn follows
Giidel [1]. The argument employed could be used to yield another proof of Theorem
3.2.

11-1

t The symbol /\ is read, "for all z between 0 and y - I." Cf. Introduction,
.=0

Sec. 3.6.
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Then

H(y, w, ~(n») = min. liz - yl . a(IT.+l(w) - g(z, T.(w), ~(n»)1) = 0];

so H(y, w, ~(n») is A-recursive. But

hey, ~(n») = TII(minw [(To(w) = f(~(n»)) A (y = H(y, w, ~(n»))])

= TII(minw [ITo(w) - f(~(n»)1 + Iy - H(y, w, ~(n»)1 = 0]).

Therefore, hey, ~(n») is A-recursive. This completes the proof.

Thus, if we take

f(x) = S(N(x)) = 1,
g(z, u, v) = uv,

then, clearly, f and g are recursive. Therefore, so is h(z, x), which satisfies

h(O, x) = f(x) = 1,
h(z + 1, x) = g(z, h(z, x), x) = xh(z, x).

But hey, x) = Xli satisfies this pair of equations. Thus, by Theorem 3.1,
Xli is recursive and is, therefore, computable.

4. Primitive Recursive Functions. In this section, a certain subclass
of the class of recursive functions, the so-called primitive recursive func­
tions, will be singled out for study. This class does, in fact, contain all
numerical functions ordinarily encountered. Nevertheless, it possesses a
certain constructive character l which the class of all recursive functions
does not possess. Actually, there are many classes2 which possess these
properties and which could be studied instead.

DEFINITION 4.1. A function is A-primitive recursive (or primitive
recursive in A) if it can be obtained by a finite number of applications of the
operations of composition and primitive recursion beginning with functions
from the following list:

(1) CA(x).
(2) Sex) = x + 1.
(3) N(x) = O.
(4) U8Xl, ... ,Xn ) = Xi, 1 ~ i ~ n.

A function is primitive recursive if it is ¢-primitive recursive.
THEOREM 4.1. If a function is A-primitive recursive, then it is A­

recursive.

1 Thus, for example, it can be proved that there exists a binary recursive function
!(n, x) such that, for each singulary primitive recursive function g(x), there exists n
for which !(n, x) = g(x).

However, this assertion does not hold with the word "primitive" deleted. For, if
such an! could be obtained, g(x) = !(x, x) + 1 would yield a contradiction.

2 Thus, there are the multiply recursive functions and the elementary functions
(cf. Peter [1]).
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PROOF. The proof is clear from the definitions involved, from the fact
[noted in (7) of Sec. 1] that N(x) is recursive, and from Theorem 3.3.

It can be shown that there exist recursive functions that are not
t)rimitive1 recursive.

We now list some primitive recursive functions:

(5) x + y.
For

x + 0 = U1l(X),
X + (y + 1) = S(x + y).

(6) x· y.
For

x·o = N(x),
x· (y + 1) = (x' y) + U12(X, y).

(7) P(x), where P(O) = 0, P(x) = x _. 1 if x > o.
For

P(O) = N(x),
P(x + 1) = U1l(X).

(8) x -'- y.
For

x -'- 0 = U1l(X),
X -'- (y + 1) = P(x -'- y).

(9) n!, where n! = 1 ·2·3· .. n.
For

O! = S(N(x»,
(n + I)! = n!' S(n).

(10) Xli.
For

XO = S(N(x»,
Xll+1 = Xli. U12(X, y).

(11) a(x) = 1 ...!.. x.
For

a(x) = S(N(x» -'- U1l(X).
(12) Ix - yl.
For

Ix - yl = (x -'- y) + (y -'- x).

1 Cf. Peter [1, pp. 68-72] or R. M. Robinson [2].
In fact, the result follows at once from the statement of the first footnote at the

beginning of this section.
The class of primitive recursive functions was first employed in GOdel [IJ, where

Godel referred to them as "rekursive Funktionen." Kleene [lJ formalized and investi·
gated a more general notion proposed by Herbrand and Godel (GOdel [2]). These
functions (our recursive functions) Kleene called general recursive; and Godel's rekur­
sive Funktionen Kleene called primitive recursive (to distinguish them from the general
recursive functions).
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We note tile following theorems:
THEOREM 4.2. A function is A-partial recursive if and only if it can be

obtained by a finite number of applications of the operations of composition,
primitive recursion, and minimalization to the functions in the list of
Definition 4.1.

The class of A -recursive functions will be obtained if minimalization is
applied only to regular functions.

PROOF. These results follow at once from the facts that all A-primitive
recursive functions are A-recursive and that the functions from the list
of Definition 1.1 are A-primitive recursive.

THEOREM 4.3. If f(k, ~(p») is A-(primitive) recursive, so are

n

g(n, ~(p») = L f(k, ~(p»)
k=O

and
n

h(n, ~(p») = n f(k, ~(p»).

k=O

PROOF
g(O, ~(p») = f(O, ~(p»),

g(n + 1, ~(p») = g(n, ~(p») + f(n + 1, ~(p»).

h(O, ~(p») = f(O, ~(p»),

h(n + 1, ~(p») = h(n, ~(p») . f(n + 1, ~(p»).

THEOREM 4.4. If a function is primitive recursive, it is A-primitive
recursive, for any choice of A.

PROOF. Like that of Theorem 1.3.
5. Recursive Sets and Predicates. It is convenient to speak of recur­

sive sets and predicates as well as functions. We assume familiarity
with the contents of Sees. 3.5 and 3.6 of the Introduction.

DEFINITION 5.1. Let S be a set of n-tuples. Then, we say that S i8
A-(primitive) recursive if its characteristic function! Cs(~(n») is.

We say that S is (primitive) recursive if it is p-(primitive) recursive.
THEOREM 5.1. Let Rand S be A-(primitive) recursive sets. Then so are

R V S, R (\ S, and R.
PROOF. The result follows at once from the three identities at the very

close of Sec. 3.3 of the Introduction.
DEFINITION 5.2. The predicate p(~(n») is called A-(primitive) recursive

if its extension {~(n) I p(~(n») I is.
p(~(n») is called (primitive) recursive if it is ¢-(primitive) recursive.
COROLLARY 5.2. p(~(n») is A-(primitive) recursive if and only if its

characteristic function is.

1 Cf. Sec. 3.3 of the Introduction
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PROOF. The characteristic function of a predicate is precisely that of
its extension.

THEOREM 5.3. Let P and Q be A-(primitive) recursive predicates.
Then so are P V Q, P /\ Q, and"" P.

PROOF. This follows at once from the identities

CPVQ = Cp ' CQ,
CPAQ = (Cp + CQ) ...:... (Cp ' CQ),
C~p = 1 ...:... Cpo

THEOREM 5.4. If P(y, ~(n») is an A-(primitive) recursive predicate,
then so are

PROOF. Let

V P(y, ~(n»)

y=o
and /\ P(y, ~(n»).

y=o

Then

Q(z, ~(n») ~ V P(y, ~(n»).

y=o

CQ(z, ~(n») = n Cp(y, ~(n»),

y=o

from which the first part follows, by Theorem 4.3.
For the second part, we note that

/\ P(y, ~(n») ~ "" V "" P(y, ~(n»)

y=o y=o

and we apply the first part and Theorem 5.3.

The boundedness of the quantification is essential to this result. In
fact, as we shall see later, there exists a primitive recursive predicate

R(y, x) such that V R(y, x) is not recursive.
y

DEFINITION 5.3. Let P(y, ~(n») be an (n + l)-ary predicate. Then, by

z

fez, ~(n») = TIl P(y, ~(n»)
y=o

we understand the (n + l)-ary total function that satisfies the equation

fez, ~(n») = miny [y ~ z /\ P(y, ~(n»)l

where this is defined, and

fez, ~(n») = 0
elsewhere.
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THEOREM 5.5. If P(y, ~(n») is A-(primitive) recursive, then so also is

f(z, ~(n») = m P(y, ~(n»).
y=o

PROOF. First suppose that there exists y ~ z such that P(y, ~(n»).

Let

<pet, ~(n») = II cp(y, ~(n»).

y=o
t

Now, <pet, ~(n») is the characteristic function of the predicate V P(y, ~(n»).
y=o

Hence, as t = 0, 1, 2, ... , <p(t, ~(n») remains equal to 1 until a value to
of t is encountered that makes P(to, ~(n») true. For this value of t and for
all subsequent values, <pet, ~(n») = O. Hence,

z 10-1l <pet, ~(n») = l <p(t, ~(n»)
1=0 1=0

10-1

=ll
1=0

= to
z

= m P(y, ~(n»).
y=o

Thus, assuming that there is a y ~ z such that P(y, ~(n»),

z z 1

~ P(y, ~(n») = l II Cp(y, ~(n»).
y-O 1=0 y=O

Finally, we note that, since <p(z, ~(n») is the characteristic function of the
predicate

z

V P(y, ~(n»),

y=O

the function a(<p(z, ~(n»)) is 1 or 0 according as there does or does not
exist a y ~ z such that P(y, ~(n»). Hence, in any case,

z z t

~o P(y, ~(n») = a(<p(z, ~(n»)) . l II Cp(y, ~(n»)
y- 1=0 y=O

z z 1

= a (II Cp(y, ~(n»)) • l II Cp(y, ~(n»).
y=O 1=0 y=O

The result follows at once from Theorem 4.3.



54 THE GENERAL THEORY OF COMPUTABILITY [CHAP. 3

THEOREM 5.6. The predicates x = y and x < yare primitive recursive.
PROOF. Their characteristic functions are a(a(lx - yl)) and a(y -'- x),

respectively. [Alternatively, the primitive recursiveness of x = y could
be established from that of x < y by noting that

x = Y f--+ "-' (x < y) A "-' (y < x).]

Our present methods enable us to prove the primitive recursiveness of
some very complicated functions and predicates: For example:

(1) y I x. (y is a divisor l of x.) Namely,

y Ix f--+ V X = yz.
z=o

(2) Prime (x). (x is a primel number.) Namely,

Prime (x) f--+ (x > 1) A 1\ [(z = 1) V (z = x) V "-' (z Ix)J.
z=o

(3) Pr (n). (The nth prime in order of magnitude, where we arbitrarily
take the Oth prime equal to 0.) Namely,

Pr (0) = 0,
Pr(n)!+l

Pr (n + 1) = m [Prime (y) A y > Pr (n)].
y=o

In this case it may not be clear either that the recursion equations
given do define the function Pr (n) or that the function defined by the
equations is primitive recursive.

To see that the equations do define Pr (n) it is necessary only to note
that

Pr (n) < Pr (n + 1) ~ Pr (n)! + 1.

But this is proved in Theorem 4 of the Appendix. 2

That the primitive recursiveness of Pr (n) follows from the equations
can be seen from the following analysis. Let

w

H(w, z) = m [Prime (y) A y> z].
y=o

Then, H(w, z) is primitive recursive. Next, let

G(z) = H(z! + 1, z)
z!+l

m [Prime (y) A y > z],
y=o

1 Cf. Appendix.
2 Actually there are far better estimates of Pr (n + 1), for example, Pr (n + 1) ~

2 Pr (n).
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so that G(z) is primitive recursive. But our second recursion equation
now becomes simply

Pr (n + 1) = G(Pr (n)).

(4) [x/2]. (The largest integer ~;) Namely,

'"[x/2] = m (2y + 2 > x).
y=o

(5) J(x, V). Namely,

J(x, y) = [l(x + y)2 + 3x + yl/2].

(6) K(z). Namely,
z

K(z) = mV [z = J(x, V)].
",=0 y=O

(7) L(z). Namely,

z

L(z) = m V [z = J(x, V)].
y=o",=o



CHAPTER 4

TURING MACHINES SELF-APPLIED

1. Arithmetization of the Theory of Turing Machines. In this section
we show how the theory of Turing machines and of A-computable func­
tions can be developed in terms of A-primitive recursive functions and
hence by means of Turing machines. Our method involves using the
natural numbers as a code or cipher for expressing the theory of Turing
machines.

The basic symbols used in our discussion of Turing machines are

R,L
So, Sl, S2,
q1, q2, qa, ....

Each of these symbols we associate with an odd number ~ 3, as follows:

3, 5, 7, 9, 11, 13, 15, 17, 19, 21,

iiiiiii iii
R, L, So, q1, Sl, q2, S2, qa, S3' q4,

Thus, for each i, Si is associated with 4i + 7, and qi is associated with
4i + 5.

Hence, with any expression M there is now associated a finite sequence
of odd integers aI, a2, ... ,an. For example, with the quadruple
q1 1 R q2 is associated the sequence 9, 11, 3, 13; with the instantaneous
description q11111 is associated the sequence 9, 11, 11, 11, 11. We shall
now see how to associate a single number with each such sequence and
hence with each expression.

DEFINITION 1.1. Let M be an expression consisting of the symbols
1'1, 1'2, ... ,I'n. Let aI, a2, ... ,an be the corresponding integers associ­
ated with these symbols. Then the Godel number1 of M is the integer2

1 Actually, the representation of a sequence of integers by a single integer was
already accomplished in the previous chapter by means of the function Ti(w). The
formal properties of the present representation, however, are slightly simpler.

Both methods for reducing sequences of integers to integers first appear in Godel [1].
I Pr (k) is the kth prime in order of magnitude.

56



SEC. I} TURING MACHINES SELF-APPLIED

n

r = nPr (k)a•.
k=1

57

We write gn (M) = r. If M is the empty expression, we let 1 be the Godel
number of M, and we write gn (M) = 1.

Thus, gn (ql 1 R q2) = 29 . 311 . 53 . 713.
The following is an immediate consequence of the fundamental

theorem of arithmetic (Appendix, Theorem 10).
COROLLARY 1.1. If M and N are given expressions such that gn (M)

gn (N), then M = N.
DEFINITION 1.2. If n = gn (M), we also write M = Exp (n).
DEFINITION 1.3. Let M 1, . . • ,Mn be a finite sequence of expressions.

Then, by the Godel number of this sequence of expressions is understood
the number

nnPr (k)gn(M.).
k=1

Thus, the Godel number of the sequence ql 1 B ql, ql B R q2 is
22'3 11617' • 32'3163713

, a rather large number.
COROLLARY 1.2. No integer is the Godel number both of an expression

and of a sequence of expressions.
PROOF. A Godel number either of an expression or of a sequence of

expressions is of the form 2n . m, n > 0, m odd. But, if 2n . m is the
Godel number of an expression, n is odd; whereas, if 2n • m is the Godel
number of a sequence of expressions, n is itself the Godel number of an
expression and, hence, is even.

It is also easy to verify
COROLLARY 1.3. Two sequences of expressions that have the same Godel

number are identical.
A computation is a finite sequence of expressions; a Turing machine,

however, is simply a finite set, i.e., order is irrelevant.
DEFINITION 1.4. Let Z be a Turing machine. Let M 1, ••• ,Mn be any

arrangement of the quadruples of Z without repetitions. Then, the Godel
number of the sequence M 1,. . . ,Mn is called a Godel number of the Tur­
ing machine Z.

(A Turing machine consisting of n quadruples has n! distinct Godel
numbers.)

DEFINITION 1.5. For each n > 0 and for each set of integers A, let
TnA(z, Xl, ... , xn, y) be the predicate1 that means, for given z, Xl, .•• ,

Xn, y, that z is a Godel number of a Turing machine Z, and that y is the

1 Predicates having essentially the properties of these "T-predicates" were first
considered by Kleene [4J.
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Godel number of an A-computation, with respect to Z, beginning with the
instantaneous description ql(Xl, .•. ,xn ).

T nP(Z, Xl, ... ,xn, y) will be written simply as T n(Z, Xl, ... ,xn, y).
TlA(Z, X, y) will be written simply as TA(Z, x, y).

The predicates T nA(Z, Xl, ••• ,Xn, y) will play an extremely impor­
tant role in what follows. Their importance stems from the fact that
they express, by themselves, the essential elements of the theory of
Turing machines. The rest of this section is devoted to a detailed proof
that, for each n > 0, TnA(z, Xl, ••• ,xn, y) is A-primitive recursive.

The proof proceeds by a detailed list of primitive recursive and
A-primitive recursive functions and predicates culminating in the T nA

predicates. With each function (predicate), a formula is given that
proves the function (predicate) to be primitive, or A-primitive, recursive.
Most of them will be primitive recursive; those for which we can only
assert A-primitive recursiveness will be marked with an "A."

Group I. Functions and Predicates Which Concern Giidel Numbers of
Expressions and Sequences of Expressions

'"(1) n Gl X = m [(Pr (n)1I I x) /\ rv (Pr (n)1I+ l I x)].
11=0

If X = gn (M), where M consists of the symbols 'YI, ... , 'Yp, then if
o < n ~ p, n Gl X is the number associated with 'Yn, whereas if n = 0 or
n > p, then n Gl X = O.

If X is the Godel number of the sequence of expressions M 1, • • • ,Mp,

then if 0 < n ~ p, n Gl x = gn (Mn), whereas if n = 0 or n > p, then
n Gl x = o.

'" '"
(2) £(x) = ~ [(y Gl x > 0) /\ /\ ((y + i + 1) Gl x = 0)1

y-O i=O

If x = gn (M), then £(x) is the number of symbols occurring in M.
If x is the Godel number of the sequence of expressions M 1, • • • ,Mn,

then £ (x) = n.

£(z) -1-\

(3) GN (x) ~ rv V [(y Gl x = 0) /\ ((y + 1) Gl x ,e 0)].
y=1

GN (x) holds if and only if there exist positive integers ak- 1 ~ k ~ TL,

such that

X = II Pr (k)a•.
k=l
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oC(o)

(4) Term (x, z) ~ GN (z) /\ V [(x = n Gl z) /\ (n ~ 0)].
n=O

n

Term (x, z) holds if and only if z = n Pr (k)a. for suitable ak > 0, and
k=1

x = ak for some k, 1 ~ k ~ n.

oC(y) -'-1

(5) x * y = x' n Pr (cC(x) + i + 1)(i+l) Gly.

i=O

If M and N are expressions, then gn (MN) = gn (M) * gn (N). t If
x and yare the Godel numbers of the sequences of expressions M 1, ••• ,

Mn, and N 1, • • • , N p, respectively, then x * y is the Godel number of
the sequence M 1, ••• ,Mn , N 1, ••• ,Np •

Group II. Functions and Predicates Which Concern the Basic Structure
of Turing Machines

(6) IC (x) ~ V (x = 4y + 9).
y=O

IC (x) holds if and only if x is a number assigned to one of the qi.

x

(7) Al (x) ~ V (x = 4y + 7).
y=O

Al (x) holds if and only if x is a number assigned to one of the Si.

(8) Odd (x) ~ V (x = 2y + 3).
y=O

Odd (x) holds if and only if x is an odd number ~ 3.

(9) Quad (x) ~ GN (x) /\ (cC(x) = 4) /\ IC (l Gl x) /\ Al (2 Gl x)
/\ Odd (3 Gl x) /\ IC (4 Gl x).

Quad (x) holds if and only if Exp (x) is a quadruple.

(10) Inc (x, y) ~ Quad (x) /\ Quad (y)
/\ (lGlx = 1Gly) /\ (2Glx=2Gly) /\ (x;=y).

Inc (x, y) holds if and only if x and yare Godel numbers of two quad­
ruples beginning with the same two symbols.

t Note that this remains correct if one or both of M, N are empty.
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(11) TM (x) ~ GN (x)
£(x) £(x)

1\ /\ [Quad (n Gl x) 1\ /\ '" (Inc (n Gl x, m Gl x» l
n=1 m=1

TM (x) holds if and only if x is a Godel number of a Turing machine.

(12) MR (0) = 211 ,

MR (n + 1) = 211 * MR (n).

That is, MR (n) = gn (In+l ) = gn (n).

(13) CD (n, x) = 0 if n Gl x ~ 11,
CD (n, x) = 1 if n Gl x = 11.

CD (n, x) is the characteristic function of the predicate n GI x ~ 11
and, as such, is primitive recursive.

£(x)

(14) Corn (x) = L CD (n, x).
n=l

If x = gn (M), then Corn (x) = (M).

(15) U(y) = Corn (£(y) GI y).

If y is the Godel number of the sequence of expressions M 1, M 2, •

M n , then U(y) = (Mn ).

(16) ID (x)

. . ,

£(x) -'-I £ (x)

~GN(x) 1\ V {IC(nGlx) 1\ /\ [(m=n) V Al (mGI x)]}.
n~l m=1

ID (x) holds if and only if x is the Godel number of an instantaneous
description.

(17) Initn (Xl, . . • ,xn )

= 29 * MR (Xl) * 27 * MR (X2) * 27 * ... * 27 * MR (Xn ).

[It should be noted that (17) defines an infinite class of functions,
one for each value of n.]

Initn (Xl, .•. ,Xn ) = gn (q1(X1, ... ,xn».
Group I I I. The 4 Relation, etc.

(18) Yield1 (x, y, z) ~ ID (x) 1\ ID (y) 1\ TM (z)
x x x x y y

1\ V V V V V V [(x = F *2r *2' *G)
F=OG=Or=O,=Ot=Ou=O

1\ (y = F * 2t * 2" *G) 1\ IC (r) 1\ IC (t) 1\ Al (8) 1\ Al (u)
1\ Term (2 r • 3' . 5" . 7t , z)].
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Yield l (x, y, z) holds if and only if x and yare the Godel numbers of
instantaneous descriptions, z is a Godel number of a Turing machine Z,
and Exp (x) ~ Exp (y) (Z), under Case 1 of Definition 1-1.7.

(19) Yield 2 (x, y, z) ~ ID (x) /\ ID (y) /\ TM (z)
x x x z z y

/\ V V V V V V [(x = F * 2r * 28 * 2t *G)
F=OG=Or=08=Ot=OU=0

/\ (y = F * 28 * 2" * 2t *G) /\ IC (r) /\ IC (u) /\ Al (8) /\ Al (t)
/\ Term (2r • 38

• 53 . 7", z)].

Yield 2 is like Yield l , but deals with Case 2 of Definition 1-1.7.

(20) Yield 3 (x, y, z) ~ ID (x) /\ ID (y) /\ TM (z)
x x x 'Y

/\ V V V V [(x = F * 2r * 28
)

F=Or=08=Ot=0

/\ (y = F *28 *21*27) /\ IC (r) /\ IC (t) /\ Al (8)
/\ Term (2r • 38 • 53 . 7t , z)].

Yield 3 is like Yield l , but deals with Case 3 of Definition 1-1.7.

(21) Yield 4 (x, y, z) ~ ID (x) /\ ID (y) /\ TM (z)
x x x x x y

/\ V V V V V V [(x = F * 2' * 28 * 21 *G)
F=OG=Or=08=Ot=OU=0

/\ (y = F * 2" * 2r * 2t *G) /\ IC (8) /\ IC (u) /\ Al (r) /\ Al (t)
/\ Term (28

• 3 t • 55 . 7", z)].

Yield 4 is like Yield l , but deals with Case 4 of ,Definition 1-1.7.

(22) Yield 5 (x, y, z) ~ ID (x) /\ ID (y) /\ TM (z)
x z x 'Y

/\ V V V V [(x = 2r * 28 *G) /\ (y = 2t * 27 * 28 *G)
G=O r=O 8=Ot =0

/\ IC (r) /\ IC (t) /\ Al (8) /\ Term (2r • 38 • 55 . 7t , z)].

Yield 5 is like Yield l , but deals with Case 5 of Definition 1-1.7.

(23) Yield (x, y, z) ~ Yield l (x, y, z) V Yield 2 (x, y, z)
V Yielda (x, y, z) V Yield4 (x, y, z)
V Yield5 (x, y, z).

Yield (x, y, z) holds if and only if x and yare the Godel numbers of
instantaneous descriptions, z is a Godel number of a Turing machine Z,
and Exp (x) ~ Exp (y) (Z).
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(24) Fin (x, z) ~ ID (x) /\ TM (z)
x z x x

/\ V V V V {(x = F * 2r * 28 * G) /\ IC (r) /\ Al (8)
F=O G=O r=O 8=0
£(z)

/\ /\ [(1 Gl (n Gl z) ,t. r) V (2 Gl (n Gl z) ,t. s)]}.
n-l

Fin (x, z) holds if and only if z is a Godel number of a Turing machine Z
and x is the Godel number of an instantaneous description final with
respect to Z.

(25A) HA(x, y, z) ~ ID (x) /\ ID (y) /\ TM (z)
x x x x

/\ V V V V V V {(x = F * 2r * 28 * G)
F=O G=O r=O 8=0 1=0 u=O

/\ Ie (r) /\ IC (t) /\ IC (u) /\ Al (8) /\ Term (2r • 38
• 51 . 7'" z)

/\ [(CA(Corn (x)) = 0 /\ y = F * 21 * 28 * G)
V (CA(Corn (x)) = 1/\ y = F *2'" *28 *G)Jl.

This formula shows that HA(x, y, z) is A-primitive recursive.
HA(x, y, z) holds if and only if z is a Godel number of a Turing
machine Z, x and yare Godel numbers of instantaneous descriptions,
and Exp (x) ~ Exp (y) (Z).

A

(26A ) CompA (y, z) ~ TM (z) /\ GN (y)
£(y)'>'l

/\ /\ [Yield (n GI y, (n + 1) Gl y, z)
n-l

V HA(n Gl y, (n + 1) Gl y, z)] /\ Fin (£(y) Gl y, z).

This formula shows that CompA (y, z) is A-primitive recursive.
CompA (y, z) holds if and only if z is a Godel number of a Turing
machine Z and y is the Godel number of an A-computation of Z.

We have now:
THEOREM 1.4. TnA (z, Xl, ••• ,Xn, y) is A-primitive recursive.
PROOF. By Definition 1.5,

TnA(z, Xl, • 0 • ,xn, y) ~ COmpA (y, z) /\ (1 GI y = Initn (Xl, ••• ,xn)).

2. Computability and Recursiveness. The class of partially A-com­
putable functions was defined in terms of the functions 'lt~~~(~(n») (cf.
Definition 1-4.4). We now seek to evaluate these functions in terms of
the predicates TnA(z, ~(n), y).

THEOREM 2.1. Let Zo be a Turing machine and let Zo be a Godel number
of ZOo Then, the domain of the function 'lt~~~A(~(n») is equal to the domain
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of minll T"A(ZO, ~(nl, y). Moreover,

Also, if T nA(ZO, ~(n), Yo) is true for given ~(n), then

yo = miny TnA(ZO, ~(nl, y).

PROOF. miny TnA(Zo, ~(nl, y) is defined for given ~(n) if and only if there
exists an A-computation of Zo beginning with ql(~(n), that is, if and only
if 'lt~n;;A (~(n) is defined. This proves our first contention.

Furthermore, when Yo = miny T nA(ZO, ~(n), y) is defined, Yo is the Godel
number of an A-computation of Zo beginning with ql~)' (This remark
also proves the final assertion of the present theorem.) Hence, £(Yo) Gl Yo
is the Godel number of the final instantaneous description a of this
A-computation, and U(yo) = Corn (£(Yo) Gl Yo) = (a). But

(a) = 'lt~;;A (~(n),

whence the result follows.

Theorem 2.1 is our most important result thus far. The reader will
notice that all of our subsequent results of interest in Parts 1 and 2 are
based essentially on this theorem.

COROLLARY 2.2. f(~(n) is partially A-computable if and only if there
is a number Zo such that

f(~(n) = U(min ll TnA(ZO, ~(n), y».

This important result is due to Kleene [4, 6], and is called by him the
"normal form theorem." Cf. also Davis [1].

PROOF. That every partially A-computable function can be repre­
sented in the desired form is an immediate consequence of our preceding
theorem and Definition 1-4.5. The converse results from Theorems 1.4
and 3-1.2.

COROLLARY 2.3. Every (partially) A-computable function is A-(partial)
recursive.

PROOF. That every partially A-computable function is A-partial
recursive follows at once from Corollary 2.2. For an A-computable
function, we note that minll TnA(ZO, ~(n), y) must be defined for all ~(n);

so the minimalization is of a regular function (cf. Definition 2-2.3).
Hence, by Definition 3-1.2, the result follows.

Combining Corollary 2.3 with Theorem 3-1.2, we have:
COROLLARY 2.4. A function is (partially) A-computable if and only if

it is A-(partial) recursive.

t The function U(y) is that defined in (15) of Sec. 1 of the present chapter.
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Having proved the equivalence of computability and recursiveness, we
shall henceforth use the two terms more or less interchangeably.

The converse of Corollary 3-1.1 now follows trivially.
COROLLARY 2.5. If a function is total and A-partial recursive, then it

is A-recursive.
PROOF. Such a function is partially A-computable and hence, being

total, A-computable. Therefore it is A-recursive.

In Theorem 3-4.2, we saw that the A-(partial) recursive functions
could be obtained from the functions CA(x) , N(x), S(x) , Uin(~(n»),

1 ~ i ~ n, by employing composition, primitive recursion, and mini­
malization. Corollary 2.2 shows that minimalization need be employed
only once.

We take this opportunity to return briefly to our discussion of the
adequacy of the identification of the intuitive notion of effective calcu­
lability with the precise concept of computability (cf. Chap. 1, Sec. 2).
Let us imagine an attempt to describe procedures which are intuitively
effective but which cannot be carried out by Turing machines. Such
procedures would presumably consist of the iteration of certain atomic
operations. N ow, our technique of arithmetization of the theory of
Turing machines could presumably be modified to apply to such pro­
cedures if the atomic operations correspond to recursive functions. In other
words, a function computed by means of any procedure that consists of
the iteration of atomic recursive procedures is itself recursive. In par­
ticular, these remarks apply to Turing machines modified, say, to operate
on a multidimensional" tape."

3. A Universal Turing Machine. l Consider the partial recursive
binary function 2 <p(z, x) = U(min y T(z, x, y)). This function is com­
putable; so there is a Turing machine U such that

We call this Turing machine universal. 3 It can be employed to com­
pute any partially computable singulary function as follows: If Zo is any
Turing machine and if Zo is a Godel number of Zo, then

'l'U(2)(ZO, x) = 'l'z.(x).

Thus, if the number Zo is written on the tape of U, followed by the
number Xo, U will compute the number 'l'z.(xo).

1 The present section is a digression and may be omitted without disturbing con­
tinuity.

2 By the convention immediately following Definition 1.5, T(z, x, y) is T1P(z, x, V).
3 The term universal was introduced by Turing [1].
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The machine U can also be employed to compute n-ary functions,
n ~ 1, by first transforming these into singulary functions. That is,
the function f(Xl, . . • ,xn ) can be replaced by

!lex) = f(1 Gl x, 2 Gl x, ... ,n Gl x).

Then, to compute f(Xl, ... ,xn ) for given Xl, ... ,Xn , we compute

"
X = n Pr (k)%~

k=l

and then compute !lex).
Thus, from the point of view of recursive-function theory, there is no

essential distinction between singulary and n-ary (n > 1) functions. It
is as though, in analysis, one possessed analytic homeomorphisms between
one-dimensional and n-dimensional (n ~ 1) euclidean space.



CHAPTER 5

UNSOLVABLE DECISION PROBLEMS

1. Semicomputable Predicates. In our first four chapters we have
developed the theory of computability. In the present chapter we begin
our treatment of noncomputability with a discussion of the class of semi­
computable predicates to be defined below. As we shall see, although all
computable predicates are semicomputable, there exist semicomputable
predicates that are not computable. In studying semicomputable predi­
cates, we are in effect remaining as close to the domain of the computable
as we can. Later, in Part 3, we shall consider predicates that are very
badly noncomputable.

DEFINITION 1.1. A predicate p(1;(n») is called A-semicomputable if
there exists a partially A-computable function whose domain is the set
{l;(n) I p(1;(n»}.

p(1;(n» is called semicomputable if it is ¢-semicomputable.
THEOREM 1.1. Every A-computable predicate is A-semicomputable.
PROOF. Let R(1;(n» be A-computable. Then, {l;(n) I R(1;(n»} is the

domain of the partially A-computable function miny [CR (1;(n» + y = 0].

Next, we shall see that the A-semicomputable predicates are precisely
those obtained by prefixing an existential quantifier to an A-computable
predicate.

THEOREM 1.2. Let R(1;(n») +-t V P(y, 1;(n», where P(y, 1;(n» is A-com­
y

putable. Then R(1;(n» is A-semicomputable.
PROOF. {1;(n) I R(l;(n»} is the domain of the partially A-computable

function miny [Cp(y, 1;(n» = 0].
THEOREM 1.3. Let R(1;(n» be an A-semicomputable predicate. Then

there exists an A-computable predicate P(y, 1;(n» such that

R(1;(n» +-t V P(y, 1;(n».
y

PROOF. By Definition 1.1, {1;(n) I R(1;(n»} is the domain of a partially
A-computable function f(1;(n». But, by Corollary 4-2.2, there is a num­
ber Zo such that

!(1;(n» = U(miny TnA(zo, 1;("), y»).
66
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Hence, the domain of f(~(n» is the set

{~(n) IV T nA(ZO, ~(n), y) }.
11

Thus,

{~(n) IV TnA(zo, ~(n), y)};
11

so

R(~(n» ~V TnA(zo, ~(n), y).
11

Actually, we have proved more. Our proof yields the following
"enumeration" theorem of Kleene: 1

THEOREM 1.4. Let R(~(n» be any A-semicomputable predicate. Then
there is some number Zo such that

R(~(n» ~V TnA(ZO, ~(n>, y).
11

Note that, whereas the proof of Theorem 1.2 was quite direct, the
proof of Theorem 1.3 employed the results of our arithmetization.
Theorem 1.3 is thus the "deeper" of the two.

Our next result concerns the relationship between A-computability
and A-semicomputability.

THEOREM 1.5. R(~(n» is A-computable if and only if both R(~(n»

and "" R(~(n» are A-semicomputable. 2

PROOF. If R(~(n» is A-computable, then so is "" R(~(n», by Theorem
3-5.3. Hence, by Theorem 1.1, R(tn» and ""' R(~(n» are both A-semi­
computable.

Next, suppose that both R(~(n» and "" R(~(n» are A-semicomputable.
Then, by Theorem 1.3, there exist A-computable predicates P(y, ~(n»,

Q(y, ~(n» such that

11

11

Now, for each choice of values for the arguments ~(n), either R(~(n» or
"" R(~(n» must hold. Hence, for each such choice of values, there is
some value of y for which either P(y, ~(n» or Q(y, ~(n» holds. Therefore,

1 Cf. Kleene [4, 6]. It was Kleene who first recognized the fundamental role partial
recursiveness plays in this part of the theory.

~ This result (with A = p) is due, independently, to Kleene [4], Post [3], and
Mostowski [1].
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h(~(n») = minll [P(y, ~(n») V Q(y, ~(n»)]

is total and, therefore, A-computable. But we have

R(~(n») ~ p(h(~(n»), ~(n»).

Hence, R(r(n») is A-computable.

Thus we see that, for a predicate to be A-computable, it is necessary
and sufficient that both it and its negation be A-semicomputable. Does
there exist an A-semicomputable predicate whose negation is not A-semi­
computable, that is, an A-semicomputable predicate that is not A-com­
putable? Indeed there does!

THEOREM 1.6. The predicate V TA(x, X, y) is A-semicomputable, but
II

is not A-computable.

PROOF. Suppose that "-I V TA(x, X, y) were A-semicomputable.
II

Then, by Theorem 1.4, there would be a number Zo such that

"-I V TA(x, X, y) ~V TA(zo, X, y).
II II

But setting x = Zo in this equivalence yields a contradiction. l

The special case of this result for which A = ¢ is of such importance
that we shall state it explicitly:

COROLLARY 1.7. The predicate V T(x, x, y) is semicomputable, but not
II

computable.
We are now in a position to settle the question, raised in connection

with Example 1-3.4, about the possibility of "completing" a partially
computable function to a computable function.

DEFINITION 1.2. By the completion of a function f(x) we mean the
function g(x) for which

g(x) = f(x), where f(x) is defined,
g(x) = 0, elsewhere.

THEOREM 1.8. There exists a partially A-computable function whose
completion is not A-computable.

PROOF. Let ~(x) = S(N(x)); that is, ~(x) is the computable function
whose value is 1 for all values of x. Let f(x) = ~(minll TA(x, x, y)).

1 The reader who is familiar with Cantor's diagonalization method will recognize
our proof as an application of it. Theorem 1.4 furnishes the enumeration of all
singulary A-semicomputable predicates necessary for the diagonalization.
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is recursively unsolvable.

Then f(x) is partially A-computable. But the completion of f(x) is the
characteristic function of the predicate

'" V TA(x, X, y)
11

and is, therefore, not A-computable.
2. Decision Problems. We are at last in a position to treat, in a

precise manner, the question of decision problems, discussed in the Intro­
duction. As indicated there, a decision problem inquires "as to the
existence of an algorithm for deciding the truth or falsity of a whole
class of statements. . .. A positive solution to a decision problem con­
sists of giving an algorithm for solving it; a negative solution consists of
showing that no algorithm for solving the problem exists, or, as we shall
say, that the problem is unsolvable."

Our identification of effective calculability with computability gives a
precise substitute for the intuitive notion of algorithm only in so far as
computations on integers are concerned. However, our device of arithme­
tization enables us to replace consideration of finite expressions made up
of fixed symbols by consideration of corresponding Godel numbers. Of
course, this replacement is valid only because there exist effective pro­
cedures for obtaining the Godel number of an expression and for obtain­
ing an expression from its Godel number. Furthermore, an algorithm,
in the intuitive sense, can be employed only on a finite expression of
this sort. (E.g., an algorithm for adding two numbers given in decimal
notation is useless for adding numbers given in Roman notation, except
in the presence of auxiliary algorithms for transforming back and forth
between the two notations.) Thus, our development should prove ade­
quate for dealing with decision problems of the most varied kinds.

In particular, there is a decision problem associated with every predi­
cate in a very natural way. That is, associated with the predicate
R(Xl, ... ,xn) is the problem:

Todetermine,jorgivennumbersal, ... ,an, whether or not R(al, ... ,an)
is true.

This we call the decision problem for the predicate R(Xl, ... , xn).
Our identification of effective calculability with recursiveness may then
be rendered" official" by the following definition.

DEFINITION 2.1. The decision problem for a predicate R(Xl, . .. ,xn)
is called recursively solvable if R is recursive; otherwise it is called recur­
sively unsolvable.

Thus, Corollary 1.7 may be restated as follows:

COROLLARY 2.1. The decision problem for the predicate V T(x, x, y)
11
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Now, let Z be a simple Turing machine. We may associate with Z
the following decision problem:

To determine, of a given instantaneous description a, whether or not there
exists a computation of Z that begins with a.

That is, we wish to determine whether or not Z, if placed in a given
initial state, will eventually halt. We call this problem the halting
problem for Z. We agree to call the halting problem for a simple Turing
machine Z recursively solvable or unsolvable as the following singulary
predicate is or is not computable:

Pz(x) ~ x is the Godel number of an instantaneous description a of Z and
there exists a computation of Z that begins with a.

For, intuitively, it is clear that an algorithm for solving the halting
problem for Z would be forthcoming if and only if we could be supplied
with an algorithm for solving the decision problem for Pz(x). All that is
needed to convert one algorithm into the other is an algorithm for trans­
lating between instantaneous descriptions and their Godel numbers.
But we shall show that, for suitable Z, Pz(x) is not computable. Our
method of proof is to show that, if Pz(x) were computable, so would be

V T(x, x, y).
y

Let Zo be such that

'l'zo(x) = miny T(x, x, y).

Then, x belongs to the domain of 'l'zo(x) if and only if V T(x, x, y). But
y

x belongs to the domain of 'l'zo(x) if and only if Pzo(gn (qIX)). Now
gn (qIX) is certainly recursive [in fact gn (qIX) = Init l (x) and so is
primitive recursive]. Hence, if PZo(x) were computable, so would be the

domain of 'l'zo(x), and hence also the predicate V T(x, x, y). Since we
y

know the latter to be noncomputable, PZo(x) must be noncomputable.
We have proved
THEOREM 2.2. There exists a Turing machine whose halting problem is

recursively unsolvable.
A related problem is the printing problem for a simple Turing machine

Z with respect to a symbol Si. This problem is that of determining,
of a given instantaneous description a of Z, whether or not, in the course
of its "computation" beginning with a, the symbol Si ever appears on
the tape of Z; more precisely,

To determine, of a given instantaneous description a of Z, whether or not
there exists a sequence aI, . . . , ak of instantaneous descriptions such that
IX = aI, aj-l ----+ aj for 1 < j ~ k, and ak contains the symbol Si.
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As before, we interpret the recursive solvability or unsolvability of this
problem as meaning the computability or noncomputability, respectively,
of a related predicate, in this case QZ,i(X), true if and only if x is the Godel
number of an instantaneous description a for which the italicized con­
dition, just above, holds.

THEOREM 2.3. There exists a simple Turing machine Z and a symbol
Sk in the alphabet of Z such that the printing problem for Z with respect to
Sk is recursively unsolvable.

PROOF. Let Zo be the Turing machine we have obtained whose halting
problem is unsolvable. Let Sk be some symbol not in the alphabet of Zo;
qN some internal configuration not an internal configuration of Zoo Let
Z be obtained from Zo by adjoining to it all quadruples of the form

qi Sj Sk qN,

where no quadruple of Zo begins with qi Si, where Sj is in the alphabet
of Zo, and where qi is an internal configuration of Zoo Then Z duplicates
the actions of Zo, except that, whenever Zo would have halted, Z con­
tinues one step further, placing the symbol Sk on its tape, and then halts
(that is, Z prints Sk when and only when Zo halts). Therefore,

PZo(x) +-t QZ,k(X);

so QZ,k(X) is not computable.
The techniques just applied illustrate the methods usually employed in

deriving the unsolvability of decision problems not directly stated in
terms of numerical predicates. It might also be mentioned that the
unsolvability of essentially these problems was first obtained by Turing [1].

3. Properties of Semicomputable Predicates. Theorems 1.5 and 1.6
show that the class of A-semicomputable predicates is not closed under
the operation of negation. In this section, we shall note some operations
under which this class is closed.

THEOREM 3.1. Let P(y, ~(n» be A-semicomputable, and let

Q(~(n» f--) V P(y, ~(n».

y

Then Q(~(n» is also A-semicomputable.
PROOF. Let

P(y, ~(n» +-t V R(z, y, ~(n»,

z

where R is A-computable. Then

Q(~(n» +-t VV R(z, y, ~(n» +-t V R(K(t), L(t), ~(n»,

y

which proves the theorem.
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THEOREM 3.2. Let P(y, ~(n») be A-semicomputable, and let

[CHAP. 5

y

Q(z, ~(n») ~ /\ P(y, ~(n»).

y=o

Then Q(z, ~(n») is also A-semicomputable. 1

PROOF. Let
P(y, ~(n») ~V R(u, y, ~(n»),

u
where R is A-computable. Then

Q(z, ~(n») ~ /\ V R(u, y, ~(n»).

y=o U

Now, to say that, for every y between 0 and z, there is some u such that
R(u, y, ~(n») is true is equivalent to saying that there exists a finite
sequence Uo, Ul, • • • , U z such that, for each y between 0 and z,
R(uy , y, ~(n») is true. But, if we set

w = n Pr (y + l)uv,
y=o

this sequence is given by 1 Gl w, ... ,z Gl w, (z + 1) Gl w. Hence,

Q(z, ~(n») ~V /\ R«y + 1) Gl w, y, ~(n»).

W y=o

By Theorem 3-5.4, this last equivalence yields the desired result.
THEOREM 3.3. If p(~(n») and Q(~(n») are A-semicomputable, then so

are p(~(n») /\ Q(~(n») and p(~(n») V Q(~(n»).

PROOF. Let p(~(n») ~V R(y, ~(n») and Q(~(n») ~VS(y, ~(n»),

y

where Rand S are A -computable. Then

p(~(n») /\ Q(~(n») ~V V [R(y, ~(n») /\ S(z, ~(n»)],

y

y

The result then follows from Theorems 3.1 and 3-5.3.
THEOREM 3.4. Let P(y, ~(n») be A-semicomputable, and let f('t)(m») be

A-computable. Then p(f('t)(m»), ~(n») is A-semicomputable.
PROOF. Let

P(y, ~(n») ~V R(z, y, ~(n»),

1 This theorem is due to Mostowski [2J.
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where R is A -semicomputable. Then

4. Recursively Enumerable Sets. The study of A -semicomputable
predicates is, in effect, the study of the domains of partially A-computable
functions. In this section we shall see that essentially the same results
are obtained by studying the ranges of such functions. Moreover, we
shall see that, excepting the empty set, it does not matter whether we
permit all partially A-computable functions or restrict ourselves to
A-computable functions or even to A-primitive recursive functions.

THEOREM 4.1. Let It IP(t)} be the range of a partially A-computable
functionf(x). Then pet) is A-semicomputable.

PROOF. By Corollary 4-2.2, we can find a number Zo such that

f(x) = U(miny TA(ZO, x, y)).

Then a number t will be in the range of f(x) if and only if there are num­
bers x, w such that t = U(w) and TA(ZO, x, w) is true (cf. the final assertion
of Theorem 4-2.1). That is,

It I pet)} = {t IVV [t = U(w) /\ TA(ZO, x, w)]}.
'" w

The result then follows from Theorems 3.1 and 3-5.3.
THEOREM 4.2. Let P(x) be A-semicomputable, and let Ix I P(x) l ~ p.

Then there exists an A -primitive recursive function whose range is Ix I P(x) l.
PROOF. Let S = Ix IP(x) l. Since S ~ p, S contains a least element,

which we shall call so. By Theorem 1.4, there is a number Zo such that

P(x) ~V TA(ZO, x, y);
11

that is,

xES ~V TA(zo, x, y).
y

Let rA(x, y) be the characteristic function of the A-primitive recursive
predicate TA(zo, x, y). Let f(x) be defined as follows:

f(O) = So,
f(m + 1) = rA(K(m + 1), L(m + 1)) . f(m)

+ a(rA(K(m + 1), L(m + 1))) . K(m + 1).

It is easy to see that f(x) is A-primitive recursive. We shall see that
the range of f is the set S.
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The successive values of f are obtained by searching among the ordered
pairs of integers

(K(O), L(O)), (K(1), L(l)), (K(2), L(2)),

for pairs (K(j), L(j)) for which TA(zo, K(j), L(j)). As such a pair is
found, K(j) is made a value of f. For ordered pairs for which
TA(zo, K(j), L(j)) is false, f simply continues its previous value. Thus,
the values taken on by f are precisely the members of the set S.

Combining Theorems 4.1 and 4.2 we have
THEOREM 4.3. Let S = {x IP(x)}, and let S ,r; p. Then the following

statements are all equivalent:

(1) P(x) is A-semicomputable.
(2) S is the range of an A -primitive recursive function.
(3) S is the range of an A-recursive function.
(4) S is the range of an A-partial recursive 1 function.

PROOF. By Theorem 4.2, (1) implies (2). Obviously, (2) implies (3),
and (3) implies (4). By Theorem 4.1, (4) implies (1). Hence, all four
statements are equivalent.

DEFINITION 4.1. A set S is called A -recursively enumerable either if
S = Por if the equivalent conditions (1) to (4) of Theorem 4.3 hold.

The term" A-recursively enumerable" is motivated by the fact that
such a set (if it is nonempty) is, in fact, enumerated by an A-recursive
function. Our results regarding semicomputable predicates can, of
course, also be stated in terms of recursively enumerable sets.

We begin with

DEFINITION 4.2. We write {nlA = {x IV TA(n, x, y)}; {nl = {nl,p.
y

In terms of this notation, our enumeration theorem, Theorem 1.4,
yields

THEOREM 4.4. Let S be any A-recursively enumerable set. Then there
exists a number n such that S = {n IA. Moreover, for each n, {n IA is an
A-recursively enumerable set.

Theorem 1.5 yields
THEOREM 4.5. S is A-recursive if and only if Sand Sare both A-recur­

sively enumerable.

I P is also the range of a partiall'ecursive function, namely, the function f(x) which
is nowhere defined. f(x) is partial recursive, since f(x) = minu [x + y + 1 = 0]. Or
f(x) = 1/Iz(x) where Z consists of the quadruples

ql 1 L ql
III B R ql.
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DEFINITION 4.3. We write A' = {x IV TA(x, x, y)}; we also write
11

K = p'.
Then, by Theorem 1.6, we have
THEOREM 4.6. A' is A-recursively enumerable, but not A-recursive.
Similarly, Corollary 1.7 yields
COROLLARY 4.7. K is recursively enumerable, but not recursive.
By the decision problem for a set S of integers is meant the problem of

determining, for given n, whether or not n E S.
DEFINITION 4.4. The decision problem for a set S is called recursively

solvable or unsolvable according as S is or is not recursive.
Thus, Corollary 4.7 yields
COROLLARY 4.8. The recursively enumerable set K has a recursively

unsolvable decision problem.
Theorem 3.3 yields
THEOREM 4.9. If Rand S are A-recursively enumerable, so are R \..J S

and R (\ S.
Also, by Theorem 3.4, we have
THEOREM 4.10. If R is A-recursively enumerable andf(x) is A-recursive,

then the set S = Ix I f(x) E Rl is A-recursively enumerable.
That the notion of recursive enumerability is capable of so many

different formulations suggests that a fundamentally important concept
is involved. This does, indeed, appear to be so. Post's original work
on the subject! was from this point of view, with recursiveness, in effect,
defined in terms of recursive enumerability. The relevant intuitive con­
cept is that of generated set. A generated set of, say, integers is produced
by a process that from time to time ejects an integer. Once an integer
has been ejected it is placed in the set, and it remains there. We may
well be ignorant, however, of the ultimate fate of an integer so far not
ejected. In fact, it is not excluded, at any given stage, that no new
integers, or even no integers at all, will be subsequently ejected. This
circle of ideas, when developed into a formal theory, leads to the normal
systems of Chap. 6, which, in turn, are shown to represent essentially
another formulation of recursive enumerability.

5. Two Recursively Enumerable Sets.2 If R is a recursively enumera­
ble set that is not recursive, then, as we know, R is not recursively
enumerable. Hence, to every recursively enumerable set P such that
peR, there corresponds a number x such that x fi P and x E R. We
now inquire whether there is an effective procedure by means of which,

1 Cf. Post [2, 3]. More details appear in his unpublished [8).
2 The material in this section is not employed in Chaps. 6 and 7, and is employed

only incidentally in Chap. 8. It may, therefore, be omitted by the reader who is so
minded.
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Hence,

given P, we can obtain x. P, however, cannot be "given." We can,
however, give an integer n such that P = Inl. This leads to

DEFINITION 5.1. The set R is A-creative if R is A-recursively enumera­
ble and if there exists a recursivefunctionf(n) such that, whenever InlA C R,
then fen) E R, fen) fl:. InIA. R is creative if it is ¢-creative.!

Then we have
THEOREM 5.1. A' is A-creative.
PROOF. We take fen) = n. We have

A' {n IV TA(n, n, y)}
y

In In E InIAl·

A' = In Inti InIAl·
If, for some fixed n = no,

InolA C A',

then, if x E InolA, we have x fl:. {xIA. Set x = no. Then, no E InolA
implies no fl:. {nolA. We conclude that no fl:. {nolA, that is, that f(no) tl:.
InolA. Moreover, since no fl:. InolA, no E A'; that is,f(no) E A'. This
proves the theorem.

COROLLARY 5.2. K is creative.
PROOF. K = p'.
It can be shown (cf. Theorem 11-3.1) that the complement of an

A-creative set C does in fact contain an infinite recursively enumerable
subset. Beginning with ¢ C C, we obtain a number x E C. Let InlA
be the set whose only element is x. Then we obtain a number x' E C,
x' fl:. In IA, that is, x' ~ x. Continuing this process, we generate an
infinite sequence of elements of C. That the set thus obtained is in fact
recursively enumerable will be seen later. Thus, we might conjecture
that the complements of all recursively enumerable sets contain infinite
recursively enumerable subsets. That this is not the case was proved by
Post [3].

DEFINITION 5.2. S is A-simple if

(1) S is A-recursively enumerable,
(2) S is infinite, and
(3) S contains no infinite A-recursively enumerable subset.

S is simple if it is ¢-simple.!
Note that an A-simple set cannot be A-recursive.
We have
THEOREM 5.3. For every set A, there is an A-simple set.

I This definition, with A = ¢, is due to Post [3].
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PROOF. Consider the A-partial recursive function

8A(i) = K(mint [TA(i, K(t), L(t)) /\ K(t) > 2i]),

and let SA be the range of 8A(i). Then, by Definition 4.1, SA is A-recur­
sively enumerable. We shall show that SA is A-simple. But first we
pause to indicate the motivation behind the manner in which SA was
defined. In a suitable ordering, 8A (i) is the first member of lilA (if any)
greater than 2i, and SA is the set of all such first members.

We have the following lemmas:
LEMMA 1. If 8A(io) is defined, then 8A(io) E liolA, 8A(io) > 2io.
PROOF. If 8A(io) is defined, then there is some value of t such that

TA(io, K(t), L(t)), 8(io) = K(t), and 8A(io) > 2io. Hence,

V TA(io, 8A(io), y); that is, 8A(io) E liol A.
y

LEMMA 2. If lilA is infinite, then lilA n SA r'= ¢.
PROOF. If Ii oIA is infinite, there is a number mo such that mo E Ii oIA

and mo > 2io. Hence, V TA(io, mo, y). Let Yo be the least such y.
y

(Actually, by the definition of the T-predicates there is at most one
such y.) Then TA(io, mo, Yo). Let to = J(mo, Yo). Then

mo = K(J(mo, Yo)) = K(to); Yo = L(J(mo, Yo)) = L(to).

Hence, TA(io, K(to), L(to)). Since K(to) = mo > 2io, 8A(io) is defined.
Hence, by Lemma 1, 8A (io') E liolA. But, 8A (io) E SA. Hence,
liol A n SA r'= ¢.

LEMMA 3. SA contains no infinite A-recursively enumerable subset.
PROOF. By Lemma 2, SA has at least one element in common with each

infinite A-recursively enumerable set.
LEMMA 4. SA is infinite.
PROOF. Our proof is by counting. Let O"A (x) be the number of ele­

ments of SA that are ~ x. We seek to estimate O"A(2n + 2). That is,
we seek to estimate how many numbers 8A(i) there are, with
OA(i) ~ 2n + 2. For this purpose, we may restrict ourselves to values
of i ~ n, since, for i ~ n + 1, OA(i) > 2i ~ 2n + 2. Hence, at
most, there are the n + 1 numbers 8A(O) , 8A (1), ... ,8A(n). Thus,
O"A(2n + 2) ~ n + 1.

So we have seen that at most n + 1 of the first 2n + 2 integers belong
to SA. Hence, at least n + 1 of them belong to SA. Hence, SA is infinite.

Lemmas 3 and 4 give the desired result.
6. A Set Which Is Not Recursively Enumerable. We shall now

attempt to formalize the argument of the Introduction, Sec. 1. There
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we maintained (cf. III of that section) that there was no algorithm for
determining whether or not an alleged algorithm was indeed an algorithm.
If there were such an algorithm, we could enumerate all algorithms in an
effective manner, whereas the existence of such an effective enumeration
would lead to a contradiction. This suggests

THEOREM 6.1. The set of all Godel numbers of Turing machines Z,
for which 'lTz(x) is total, is not recursively enumerable.

PROOF. Let us designate the set of all such G6del numbers by R, and
let us suppose that R is recursively enumerable. Then, since R ~ p,
there would exist a recursive function fen) whose range is R.

The function U(minll T(f(n), x, y» would be total, and hence recur­
sive. Hence, U(minll T(f(x), x, y» + 1 would be recursive. Hence, by
the very definition of f(n) , there would be a number no such that

U(minll T(f(x), x, y» + 1 = U(minll T(f(no), x, y».

Setting x = no yields a contradiction.

We may note in passing that this set R is given by

R = {z I!\V T(z, x, y)}.
x 11

This expression suggests that R is also not recursively enumerable.
We shall see later that this is so. (Cf. Theorem 11-1.3.)
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CHAPTER 6

COMBINATORIAL PROBLEMS

1. Combinatorial Systems. This chapter is devoted to showing that
various decision problems of a combinatorial nature are recursively
unsolvable. In this process we shall discover some new formulations
of the concept of recursive enumerability.

Combinatorial problems can generally be formulated in terms of finite
sequences of fixed objects. We begin by considering an infinite sequence
of symbols (or objects) denoted by ao, aI, a2, as, . . .. We shall also
write 1 for ao (the ambiguity resulting because we have also been writing
1 for 8 1 should cause no confusion). A finite sequence (possibly of
length 0) of these symbols will be called a word (or string, or formula).
The empty word of length 0 will be written A. In this chapter we shall
usually employ capital letters, X, Y, etc., as variables ranging over all
such words. The result of juxtaposing the pair of words X, Y will be
written XY.

We shall also consider predicates, the range of whose variables is the
set of all words. Such predicates will be represented by capital German
letters, m, 0, etc., and will be called word predicates. When there is
danger of confusion, we shall refer to predicates whose variables range
over the natural numbers (i.e., what we have been calling, simply, predi­
cates), as numerical predicates.

The technique of Godel numbers employed in Chap. 4, Sec. 1, can be
used to advantage here. With the symbol ai we associate the odd num­
ber 2i + 1. If W = ai1ai; . . ai., we write

k

gn (W) = nPr (j)2i;+1.
j=1

We also set gn (A) = 1. The number gn (W) is called the Godel number
ofW.

With each word predicate m(Xl , ... ,Xm ) is associated a numerical
predicate m*(Xl' ... , xm ), where m*(Xl, ... , xm ) is true for given
Xl, • • • , X m if and only if each Xi, 1 ~ i ~ m, is the Godel number of

81
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some word Wi such that m(W1, ••• , Wm) is true. That is,

m*(X1, ... ,xm ) +-+ VV ... V [(Xl = gn (WI» /\ (.l,2 = gn (W2»
WI W, Wm

/\ ... /\ (xm = gn(Wm»/\ m(W1, ••• , Wm)].

When we speak of a word predicate mhaving attributes that have
been formerly defined only for numerical predicates, we always mean
that the associated numerical predicate m* has these attributes. Thus,
when we say that a word predicate mis recursive, we mean simply that
m* is recursive. The device of Godel numbering permits us, in effect,
to extend our previously developed theory to the present subject matter.

Let g, h, k; lj, h, k be six (not necessarily distinct, possibly empty)
words. Then we may consider the binary predicate m~+~ (X, Y), which

g.h,k

is true for given words X 0, Yo if and only if there exist (possibly empty)
words Po, Qo such that

X o = gPohQok
and

that is,

m~tt (X, Y) +-+ V V [(X = gPhQk) /\ (Y = ljPhQk)].
P Q

This predicate is called the production associated with g, h, k, lj, h, k, and
will be symbolized

gPhQk ---7 ljPhQk. t
COROLLARY 1.1. The production

gPhQk ---7 gPhQk

is a recursive binary predicate.
PROOF. Let the associated numerical predicate be R(x, y). Then,l

R(x, y) +-+ GN (x) /\ GN (y)

/\ V V [(x = gn (g) * p * gn (h) * q * gn (k»
p=O q=O

/\ (y = gn (g) * p * gn (h) * q * gn (k»],
which is recursive.

t Actually, we are using the term "production" somewhat ambiguously. Some­
times, we shall mean the ordered sextuple of words g, h, k, {j, ii, k and, at other times,
the associated word predicate m~.~.~.

g.h,k

The term production was first used by Post [2, 8] in a somewhat wider sense (cf.
also, Rosenbloom [1]).

1 Cf. formulas (3) and (5) of Chap. 4, Sec. 1.
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DEFINITION 1.1. Let meX, Y) be a production. And let Xo, Yo be
v'ords such that meXo, Yo) is true. Then we shall say that Yo is a conse­
quence of X 0 with respect to m.

DEFINITION 1.2. By the inverse of the production

gPhQk~ gPhQk
we mean the production

gPhQk~ gPhQk.

Thus, if the inverse of the production mis @5, then Y is a consequence
of X with respect to mif and only if X is a consequence of Y with respect
to @5.

Actually, we are primarily concerned with a few special kinds of
production.

DEFINITION 1.3. Let g, g be given nonempty words. Then, the produc­
tion

APgQA ~ APgQA

is called the semi-Thue production associated with g, g.
This production is written simply

PgQ ~ PgQ.

Y is a consequence of X with respect to this production if and only if
Y is obtained from X by replacing g by g at some occurrence of g in X.

DEFINITION 1.4. Let g, g be given nonempty words. Then, the pro­
duction

gPAQA ~ APAQg

is called the normal production associated with g, g.
This production is written simply

gP ~ Pg.

COROLLARY 1.2. The inverse of a semi-Thue production is a semi-Thue
production.

PROOF. Clearly, the inverse of

IS

PgQ ~ PgQ

PgQ~ PgQ.

DEFINITION 1.5. A production is called antinormal if its inverse is
normal.

We indicate the inverse of

gP~ Pg
by

Pg~ gPo
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DEFINITION 1.6. A combinatorial system r consists of a single non­
empty word called the axiom of r and a finite set of productions called the
productions of r.

The alphabet of r consists of all letters that occur either in the axiom of
r or in the g, h, k, {j, ii, k that define the productions of r.

By a word on r we mean a word in which only letters from the alphabet of
r appear.

Our interest will center about four special kinds of combinatorial
system.

DEFINITION 1.7. A semi-Thue system is a combinatorial system all of
whose productions are semi-Thue productions.

A Thue system is a semi-Thue system with the property that the inverse
of each of its productions is also one of its productions.

A normal system is a combinatorial system all of whose productions are
normal productions.

A Post system I is a combinatorial system whose productions consist of a
finite set of normal productions and their inverses.

DEFINITION 1.8. By a proof in a combinatorial system r is meant a
finite sequence Xl, ... , X m of words such that Xl is the axiom of rand,
for each i, I < i ~ m, Xi is a consequence of X i - 1 with respect to one of the
productions of r.

Each of these Xi is then called a step of the proof.
DEFINITION 1.9. We say that W is a theorem of r and we write

f-r W

if the word W is the final step of a proof in r.
In this case the proof is called a proof of W in r.
Note that a theorem of a combinatorial system r is necessarily a word

on r.
DEFINITION 1.10. A combinatorial system r is monogenic if each

theorem of r has at most one immediate consequence with respect to the pro­
ductions of r.

The set of Godel numbers of all theorems of the combinatorial system
r will be written T r.

Thus,
I-r W ~ gn (w) E Tr.

The set T r is a set of integers determined by the system r. The
association is, however, in a certain sense" unnatural"; that is, the pro­
cedure for computing the Godel number of a theorem of r may well be
more complicated than the proof of the word in r. Moreover, the ele-

1 This term has been used by Novikoff. Actually, Post systems as such do not
occur in Post's work. Cr., however, Markov [1, 3J.
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ments of T r must have factorizations of a very special kind; e.g., for all r,
9 t/:. T r. Therefore, with each combinatorial system r we shall associate
another set of integers, Sr, in a more natural way.

We shall write ain for the word aiai ... ai. Moreover, we shall write
~

n
ii = 1"+1 = a;:-p.

DEFINITION 1.11. Let r be a combinatorial system. Then, by the set
of integers generated by r we shall mean the set

Sr = Ix II-r x}.
Thus,

x E Sr +-t I-r x.
We have at once
COROLLARY 1.3. Sr = {x Ign(x) E Tr}.
We shall see that T r and Sr are always recursively enumerable.

Moreover, it will turn out that, for every recursively enumerable set R,
there is a combinatorial system r such that R = Sr.

THEOREM 1.4. The set T r is recursively enumerable.
PROOF. We employ the formulas of Group I of Chap. 4, Sec. 1.

Let l>h, • . . ,l){p be the productions of r, and let

l){*(x, y) +-t mj(x, y) V l){t(x, y) V ... V l){~(x, y).

Then, by Corollary 1.1, l){*(x, y) is recursive. Furthermore, let a be the
Godel number of the axiom of r. Then

T r = {x IGN (x) /\ V [ (1 Gl y = a)
y

£(y) -'-1

/\ 1\ l){*(n Gl y, (n + 1) Gl y) /\ (£(y) Gl y = x) ]}.
n=l

Hence, by Theorem 5-4.3, T r is recursively enumerable.
By the decision problem for a combinatorial system, we mean the

problem of determining, of lit given word, whether or not it is a theorem
of the system. This leads us to

DEFINITION 1.12; We say that the decision problem for a combinatorial
system r is recursively solvable or unsolvable, according as T r is or is not
a recursive set.

THEOREM 1.5. The set Sr is recursively enumerable.
PROOF. By Corollary 1.3,

Sr= Ixlgn(x)ETr}.

But, by Theorem 1.4, T r is recursively enumerable. Hence, by Theorem
5-4.10, it suffices to show that gn (x) is recursive.
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In fact, it is primitive recursive, since

gn (0) = 2,
gn (k + 1) = gn (k) *2.

THEOREM 1.6. If Sr is not recursive, then the decision problem for r is
recursively unsolvable.

PROOF. By Corollary 1.3,

CSr(x) = CTr(gn (x».

Hence, if T r were recursive, so would be Sr.

Let r be an arbitrary combinatorial system. We shall show how to
construct a new combinatorial system r* whose alphabet consists of only
the two letters ao, al (which we shall write 1, b, respectively) and whose
decision problem is recursively solvable if and only if that for r is.

To begin with, we set

If W = ai,ai; . ·ai., we set W* = a~at; . ·at. We also take A* = A.

Now, let the axiom of r be A, and let its productions be

i = 1,2, ... ,m.

Then, r* is taken to be the combinatorial system whose axiom is A * and
whose productions are

i = 1,2, ... ,m.

LEMMA 1. If f-r W, then f-r' W*.
PROOF. Let WI, W 2, ••• , W n be a proof of W in r. Then Wf,

Wi, ... , W: is clearly a proof of W* in r*.

We shall say that the word U on 1, b is regular if there exists a word W
on the ai such that U = W*.

LEMMA 2. If f-r* W, then W is regular.
PROOF. The axiom is regular, and regularity IS preserved by the

productions.
LEMMA 3. If f-r* W*, then f-r W.
PROOF. Let UI , U2, • •• , Un = W* be a proof of W* in r*. Then,

by Lemma 2, UI = Wf, U2 = Wi, .•• , Un = W: = W* for suitable
WI, ... ,Wn • But then WI, ... , Wn is a proof of Win r.

Now, let us compare the decision problems of rand r*. Intuitively,
it is clear from Lemmas 1 and 3 that the decision problems for rand r*
are solvable or unsolvable, together. However, our definition of recursive
solvability involves the set T r, and hence some calculations are required.
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Star (x) = 21 * n [Pr (i + 1)]3 * 21.

i=O
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Then, if x is the number associated with the symbol aj (that is, x = 2j + 1),

Star (x) = gn (an.
Next, let

Ast (x, 0) = 0
Ast (x, k + 1) = Ast (x, k) * Star «k + 1) Gl x)

Asterisk (x) = Ast (x, £(x)).
Then,

Asterisk (gn (W)) = gn (W*).

Now, using Lemmas 1 to 3, we see that

x E T r +--+ Asterisk (x) E T r*,
x

x E T r* +--+ V [y E T r /\ x = Asterisk (y)].
!I=O

We have proved
THEOREM 1.7. For every combinatorial system r, we can construct a

combinatorial system r* whose alphabet consists of two letters and whose
decision problem is recursively solvable if and only if that for r is. M ore­
over, if r is a semi-Thue system, a Thue system, a normal system, or a Post
system, respectively, then so is r*.

We next turn our attention to the set Sr, generated by r.
THEOREM 1.8. For every semi-Thue system r, we can construct a semi­

Thue system r /, whose alphabet consists of two letters, such that Sr = Sr'.
PROOF. We construct r* as above. Then we form r' by adjoining

to r* the production
P1b1Q ~ P1Q.

Then we have
n E S r +--+ f- r 1n+ 1

+--+ f-r* (lb1)n+l
+--+ f-r' 1n +1

+--+ n E Sr'.

THEOREM 1.9. For every normal system r, we can construct a normal
system r /, whose alphabet consists of two letters, such that Sr = Sr'. t

t Our first effort was to obtain Theorems 1.7 to 1.9 from a single construction.
Hartley Rogers showed, by means of a suitable counterexample, that the construction
proposed would not work. Various more complex constructions were destroyed by
Hilary Putnam, who has also suggested an alternat.ive method of proving the theorems.
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PROOF. We construct r* as above. Then, we form r' by adjoining
to r* the productions

lP ----+ PI,
bllP ----+ PI.

Then, we have
n E Sr +--+ f-r In+!

+--+ f- r' (lbl)n+I
+--+ f-r' (bll)n+!
+--+ f-r' 1n+!

+--+ n E Sr'.

2. Turing Machines and Semi-Thue Systems. We have seen that the
set of integers Sr, generated by a combinatorial system r, is always
recursively enumerable. In this section, we shall see that, conversely,
for every recursively enumerable set R, there is a combinatorial system r
such that R = Sr. Moreover, r can be chosen to be a semi-Thue system.
Later, we shall see that the same is also true for normal systems.

We recall (from Definition 1-1.3 and the discussion following it) that a
simple Turing machine is one that contains no quadruple of the form
qi Sj qk ql, and that a singulary function f(x) is partially computable if and
only if there exists a simple Turing machine Z such that f(x) = 'l'z(x)
(cf. Definitions 1-2.4 and 1-2.5). We now agree to write P z for the
domain of the function 'l'z(x). Then, by Definition 5-1.1 and Theorem
5-4.3, we have

COROLLARY 2.1. A set S is recursively enumerable if and only if there
exists a simple Turing machine Z such that S = P z.

Next, we shall show how the theory of simple Turing machines can be
interpreted (at least for certain purposes) as a part of the theory of semi­
Thue systems. With each simple Turing machine Z and integer m we
shall associate a semi-Thue system Tm(Z) , designed to imitate the behavior
of the simple Turing machine Z at the instantaneous description q!ii'i.

That is, the theorems of Tm(Z) are to correspond roughly to the successive
instantaneous descriptions of Z. Actually, the operations of a Turing
machine are quite suggestive of semi-Thue productions. If we glance at
clauses 1, 2, and 4 of Definition 1-1.7, we see that the defining expressions
are already in the form of semi-Thue productions. Clauses 3 and 5,
however, permit substitutions only at the ends of expressions and, hence,
are not in the form of semi-Thue productions. To bring them into this
form we introduce a new symbol h, and we place an h at the beginning
and end of each instantaneous description of Z. It then becomes possi­
ble to express the recalcitrant clauses, also, as semi-Thue productions.
Thus, clause 3 becomes
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since our construction will be such as to make this production effective
only when Q is empty. This will be clarified in the formal construction
below.

The semi-Thue system Tm(Z) is defined l as follows:
Alphabet. The alphabet of Tm(Z) consists of the alphabet of Z, the

internal configurations of Z, and the additional symbols h, q, q'.
Axiom. The axiom of Tm(Z) is hq1Si+1h, that is, hq1ifih.
Productions. (1) With each quadruple of Z of the form qi Sj Sk qt,

we include the associated production

PqiSjQ -+ PqZSkQ.

(2) With each quadruple of Z of the form qi Sj R qz, and each Sk in the
alphabet of Z, we include the productions

PqiSjSkQ -+ PSjqZSkQ
and

PqiSjhQ -+ PSjqzSohQ.

(3) With each quadruple of Z of the form qi Sj L ql and each Sk in the
alphabet of Z, we include the productions

PSkqiSjQ -+ PqzSkSjQ
and

PhqiSjQ -+ PhqzSoSjQ.

(4) With each internal configuration qi of Z and each Sj in the alpha­
bet of Z for which no quadruple of Z begins with qi Sj, we include the
production

PqiSjQ -+ PqSjQ.

(5) Finally, we include with each Si III the alphabet of Z the
productions

PqSiQ -+ PqQ,
PqhQ -+ Pq'hQ,

PSiq'Q -+ Pq'Q.

In the following lemmas, we shall take Z to be some fixed simple
Turing machine and m to be some definite integer. By a q-symbol, we
shall understand a symbol that is either an internal configuration of Z or
one of the symbols q, q'. We shall say that a word is in standard form
if it can be written hWh, where W contains exactly one occurrence of a
q-symbol and no occurrence of h.

LEMMA 1. Let X be in standard form, and let Y be a consequence of X
with respect to one of the productions of Tm(Z) or with respect to one of their
inverses. Then, Y is in standard form.

1 The construction, including the role of h, is that of Post [6,].
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Each theorem of Tm(Z) is in standard form.
PROOF. By direct inspection of (1) to (5) above, it is clear that the

property of being in standard form is preserved by each of the produc­
tions of Tm(Z) , as well as by their inverses.

Finally, the axiom hqdiih of Tm(Z) is in standard form; hence, so are the
theorems of Tm(Z).

LEMMA 2. Let a, {3 be instantaneous descriptions. Then, a -+ {3 (Z)t
if and only if h{3h is a consequence of hah with respect to Tm(Z).

PROOF. If a -+ (3 (Z), then this is true by virtue of one of the
quadruples of Z. But the appropriate corresponding production of Tm(Z)
will be applicable and will yield h{3h as a consequence of hah.

Conversely, if h{3h is a consequence of hah, where a and {3 are instan­
taneous descriptions, then it cannot be by virtue of one of the produc­
tions of (4) or (5) above, since a contains neither q nor q'. Hence, it
must be by virtue of one of the productions of (1), (2), or (3). But, by
Definition 1-1.7, we must then have a -+ (3 (Z).

LEMMA 3. Each word in standard form has at most one consequence with
respect to the productions of Tm(Z).

Tm(Z) is monogenic.
PROOF. Let hWh be a word in standard form. Our proof is by a case

analysis.
CASE I. W = PqiSjQ; Z contains a quadruple beginning with qi Sj.
The result follows at once by Lemma 2 and Theorem 1-1.1.
CASE II. W = PqiSjQ; Z does not contain a quadruple beginning

with qi Sj.
Then

PqiSjQ -+ PqSjQ

is the one and only production applicable.
CASE III. W = Pqi.
hPqih has no consequence.
CASE IV. The q-symbol of W is q or q/; W ~ q/.
Then, one of the productions of (5) above will be applicable, and no

other.
CASE V. W = q/.
hq'h has no consequence.
Finally, the monogenicity of Tm(Z) follows from Definition 1.10.
LEMMA 4. f-'m(Z) hq'h if and only if there are words P, Q such that

r-T..(Z) hPqQh.
PROOF. If f-'m(Z) hPqQh, then the productions of (5) eventually yield

f-'m(Z) hPqh.

t For the meaning of IX -> fJ (Z), recall Definition 1-1.7.
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But this has as a consequence

r-Tm(Z) hPq'h,

which, in turn, eventually yields

r-Tm(Z) hq'h.

Conversely, suppose that

r-Tm(Z) hq'h.

Examining (4) and (5), we see that the only way in which the q;'s with
which we begin (recall that the axiom is hql'mh) can be replaced by q/ is
for q to occur in an intermediate step. This proves the lemma.

LEMMA 5. mE P z if and only if r-Tm(Z) hq'h.
PROOF. mE P z if and only if m is in the domain of '!Jz(x), that is,

if and only if there exists a sequence aI, . . . , a p of instantaneous
descriptions, where al = qdii, a p is terminal, and where ai~ ai+l (Z)
for i = 1, 2, ... ,p - 1.

If there exists such a sequence, then, by Lemma 2, r-Tm(Z) haph. But,
since a~ is terminal, this last word has a consequence whose q-symbol is q.
Then, by Lemma 4, r-Tm(Z) hq'h.

Conversely, suppose that r-Tm(Z) hq'h. Then, by Lemma 4, we can
obtain words Po, Qo such that

r-Tm(Z) hPoqQoh.

Hence, there is a sequence WI, W 2, ••• , W r of words such that
WI = ql'm, W r = PoqQo, and hWi+lh is a consequence of hWih for
i = 1,2,3, ... ,r - 1. Suppose that the q-symbols of WI, W2, ... ,
Wp, p < r, are all internal configurations and that the q-symbol of
Wp+l is q. Then W p is a terminal instantaneous description. Further­
more, Wi~ Wi+l (Z) for i = 1, 2, ... , p - 1. Hence, m is in
the domain of '!Jz(x).

The results of the preceding lemmas are summarized in the following
theorem.

THEOREM 2.2. Associated with each simple Turing machine Z and
integer m, there is a semi-Thue system Tm(Z) with the following properties:

(1) The axiom of Tm(Z) is hqlmh.
(2) The productions and alphabet of Tm(Z) depend only on Z and not on

the number m.
(3) Tm(Z) is monogenic.
(4) r-Tm(Z) hq'h if and only if m E Pz.

The semi-Thue systems Tm(Z), for a given Z, begin with the different
axioms hqlmh, but, for each mE P z, culminate in the same theorem hq'h.
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This suggests that we invert the systems Tm(Z). That is, with each
simple Turing machine Z, we associate a semi-Thue system cr(Z) as
follows:

Alphabet. The alphabet of cr(Z) is that of the Tm(Z).
Axiom. The axiom of cr(Z) is hq'h.
Productions. The productions of cr(Z) are the inverses of those of the

Tm(Z).
THEOREM 2.3. m E P z if and only if r- u(Z) hql'fiih.
PROOF. m E P z if and only if r-TmCZ) hq'h, which, in turn, is true if

and only if r- u(Z) hq1iiih.

Now, let IT'(Z) be the semi-Thue system whose alphabet is that of cr(Z)
with the additional symbol r, whose axiom is the axiom of cr(Z) (namely,
hq'h) , and whose productions are those of cr(Z) with the following in
addition:

(6) Phq1lQ -'> PlrQ.
(7) Prl Q -'> PlrQ.
(8) PlrhQ -'> PIQ.

We shall show that IT'(Z) generates the set Pz, that is, that Su'(Z) = Pz.
LEMMA 6. If r-u'(Z) V, where V is in standard form and is free of occur-

rences of r, then r-u(Z) V.
PROOF. Let V = hWh, where W is free of occurrences of hand r.
Let B 1, B 2, ••• ,Bn be a proof in cr'(Z), where B n = hWh. We shall

show that B 1 , B 2, ••• , B n is also a proof in cr(Z). For, suppose it is
not. Then, for some smallest i = 1,2, ... ,n - 1, the transition from
B i to B i+1 must require a production of cr'(Z) that is not a production of
cr(Z), that is, one of the productions (6) to (8), above.

Now, by Lemma 1,
B i = hSh,

where S contains a single occurrence of some q-symbol and no occurrence
of r. A glance at (6), (7), and (8) shows that (6) is the only production
that could conceivably be applied to B i , and then only if Bi = hqd Vh.
Then B i+1 = lrVh. But, now, neither B i+1 nor its consequences can
contain a q-symbol. Hence, only (7) and (8) can be applied to them.
But this contradicts the fact that B n = hWh, where W is free of r.

LEMMA 7. m E P z if and only if r-u'CZ) iii.
PROOF. First suppose that m E P z. Then, by Theorem 2.3,

r-u(Z) hqrfiih.
Hence,

r-u'CZ) hqliiih.

Therefore, by production (6) above,

r-u'(Z) lrl mh.
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By repeated use of (2),
I-q'(Z) mrh.

Finally, by (8),
1-.r'(Z) m.

Conversely, suppose that
l-u'(Z) m.

Let B 1, B 2, ••• , Bn be a proof in (J'(Z) , where B n = m. Now, B 1

(being hq'h) is in standard form. Suppose that B l , ••• , B. are in
standard form and that B.+ l is not. Then B. = hqllWh. Thus,
B.+ 1 = lrWh. But this can lead to m only if W = 1m

• Hence,
B 8 = hqlmh. Thus,

By Lemma 6,
l-u(Z) hqlmh.

By Theorem 2.3,
mE P z .

THEOREM 2.4. Every recursively enumerable set is generated by a semi­
Thue system.

PROOF. Let 8 be a recursively enumerable set. Then, by Corollary
2.1, there is a Turing machine Z such that 8 = Pz. Hence, by Lemma 7,
Pz is generated by (T'(Z) (cf. Definition 1.11) if we identify with ao the
symbol 8 1 = 1 of (J'(Z).

THEOREM 2.5. Every recursively enumerable set is generated by a semi­
Thue system whose alphabet consists of two letters.

PROOF. Immediate from Theorems 2.4 and 1.8.
THEOREM 2.6. There exists a semi-Thue system whose alphabet consists

of two letters and whose decision problem is recursively unsolvable.
PROOF. Immediate from Theorems 1.6 and 2.5 and Corollary 5-4.8·

This result gives the recursive unsolvability of a problem which,
intuitively, seems quite simple. Moreover, our proofs have shown how
an actual semi-Thue system with a recursively unsolvable decision prob­
lem could be constructed. The nonrecursive set K is the domain of the
partial recursive function ~(x) = minll T(x, x, y). By the definition of
partial recursive function and by the methods of proof of the theorems of
Chap. 2, we can obtain a Turing machine Zo such that

~(x) = 'ltz.(x).

Next, the methods of the present section enable us to obtain, from the
quadruples of Zo, the productions of (T'(Zo), which, therefore, generates K.
Finally, using the method of proof of Theorem 1.8, we obtain a semi-Thue
system on two letters which generates K. This last semi-Thue system
will have a recursively unsolvable decision problem.
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3. Thue Systems. Next, we shall see how a Thue system with an
unsolvable decision problem can be obtained.

With each simple Turing machine Z, we associate the Thue system
p(Z) as follows:

p(Z) is obtained from <T(Z) by adjoining to the productions of cr(Z)
the inverses of these productions. That is, the alphabet and axiom of
p(Z) are those of <T(Z), whereas the productions of p(Z) consist of those
of <T(Z) and those of the Tm(Z).

THEOREM 3.1. I-q(Z) W if and only if I- p(Z) W.
PROOF.1 If r-q(Z) W, then, clearly, I- p(Z) W.
Conversely, suppose that r-p(Z) W. Let ml, ... , mt be the pro­

ductions of cr(Z), and let 01, ... , 0 t be their respective inverses, i.e.,
the productions of the Tm(Z). Let

hq'h = WI, W 2, ••• , W p = W

be a proof of W in p(Z), where no step is repeated. Then each Wi,
1 < j ~ p, is a consequence of W j - 1 with respect to one of the m's or 0's.
If only the m's were used, we would be through. Hence, we may assume
that for some j, 1 < j ~ p, and for suitable k, 1 :;;; k :;;; t, Wi is a conse­
quence of Wi-l with respect to 0 k and that the steps WI, W 2, • • • , Wi- 1

do not employ the 0's. Now Wi-l ~ hq'h, since none of the 0's is appli­
cable to hq'h. Hence W J- 1 must be a consequence of W i- 2 with respect to,
say, mz. But then W j - 2 is a consequence of Wi- 1 with respect to 0 z.
That is, Wi- 1 has two distinct consequences with respect to the 0's.
Now, by Sec. 2, Lemma 1, Wi-l is in standard form, and, therefore,
Lemma 3 of Sec. 2 yields a contradiction.

COROLLARY 3.2. mE Pz if and only if I- p(Z) hql'mh.
PROOF. Immediate from Theorems 2.3 and 3.1.
THEOREM 3.3. There exists a Thue system p whose decision problem is

recursively unsolvable.
PROOF. Let Zo be such that P Zo is not recursive, for instance, P Zo = K.

Let p = p(Zo). Then

K = P Zo

= Ix I r-p hqlxhl
= Ix I gn (hqlXh) E Tpl.

Now, gn (hqlXh) = gn (hql) * gn (x) * gn (h), which, as in the proof of
Theorem 1.5, is recursive. Hence, since K is not recursive, T p is not
recursive.

Combining Theorem 3.3 with Theorem 1.7, we have the following:
THEOREM 3.4. There exists a Thue system p whose alphabet consists of

two letters and whose decision problem is recursively unsolvable.
1 This proof is due to Post [6).
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4. The Word Problem for Semigroups. Here we shall see how the con­
siderations of the previous section can be applied to a problem in algebra.

DEFINITION 4.1. A semigroup is an arbitrary set of elements, taken
together with a binary function f that has this set as the domain of each of its
variables, whose range is a subset of this set, and for which the associative
relation

f(x, f(y, z)) = f(f(x, v), z)

holds for all x, y, z of the set.
We shall follow established mathematical usage and write x . y or xy

for f(x, y) wherever no confusion with arithmetic multiplication can arise.
One method for constructing semigroups is to begin with an alphabet.

For, clearly, we have
THEOREM 4.1. The set of all words on some fixed finite alphabet forms a

semigroup with respect to the operation of juxtaposition.
In this case the letters that make. up the alphabet are called the

generators of the semigroup, and, if the alphabet consists of n letters,
we speak of the free semigroup on n generators.

Note that the empty word A serves as an identity; that is,

AW= WA= W,
for all words W.

Now, let {g, g} be a pair of words (not necessarily nonempty) on some
alphabet. Then, the pair {g, g} is called a relation on the generators that
make up the alphabet.

Let us consider the free semigroup on n generators with alphabet
aI, ... ,an. Let {gi, ~l, i = 1, 2, ... ,m, be a finite set of relations
on these generators. Then, if A and B are any words on this alphabet,
we write A "" B if there exist words P, Q such that, for some i, 1 ~ i ~ m,
either A = PgiQ and B = Pij;Q, or A = P~Q and B = PgiQ. Further­
more, we write A ~ B if there exists a sequence of words A = AI,
A 2, ••• , A p = B such that Ai"" Ai+1, j = 1, 2, ... , p - 1 (we do
not exclude p = 1). We have

LEMMA 1. If A "" B, then B "" A.
LEMMA 2. A ~ A. If A ~ B, then B ~ A. If A ~ Band B ~ C,

then A ~ C.
DEFINITION 4.2. Let {gi, (h}, i = 1, 2, . . . , m, be some finite set of

relations on some fixed alphabet. Then, with each word A on this alphabet
we associate the set [A] of all words B such that A ~ B.

LEMMA 3. If A E [B], then [A] = [B]. Moreover [A] = [B] if and
only if A ~ B.

PROOF. Since A E [B], B ~ A, and also A ~ B.
Now, let C E [A]. Then, A ~ C, by Definition 4.2. Hence, by

Lemma 2, B ~ C. Therefore, C E [B]. We conclude that [A] C [B].
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Also, if C E [B], then B "'" C. Hence A "'" C. Therefore C E [A].
We conclude that [B] C [A].

Thus, [A] = [B].
Next, suppose A "'" B. Then, BE [A]; so, by what we have just

proved, [A] = [B].
Finally, suppose [A] = [B]. Now, A E [A]. Hence A E [B]. Hence,

A"",B.
LEMMA 4. If A rv Band C rv D, then AC "'" BD.
PROOF. Let A = PgiQ, B = Pg:Q, C = P'gjQ', D = P'fiQ'. Then,

AC rv AD rv BD.
LEMMA 5. If A "'" Band C rv D, then AC "'" BD.
PROOF. Let A = Al rv A 2 rv ••• rv A p = B. Then, by Lemma 4,

AC = AIC "'" A 2D rv A 3 D rv ••• rv ApD = BD; so AC "'" BD.
LEMMA 6. If A "'" Band C "'" D, then AC "'" BD.
PROOF. Let C = CI rv C2 rv ••• rv Cq = D. Then, by Lemma 5,

AC = ACI "'" BC2 rv BC3 rv ••• rv BCq = BD; so AC "'" BD.
LEMMA 7. If [A] = [B] and [C] = [D], then [AC] = [BD].
PROOF. This is but a restatement of Lemma 6.
Lemma 7 enables us to define a multiplication operation on the classes

[A]. If a = [A] and (3 = [B], we write a{3 for the class [AB]. Lemma 7
assures us that a unique product is thus obtained.

LEMMA 8. [A]([B][C]) = ([A][B])[C].
PROOF. [A]([B][C]) = [A]([BC])

= [A(BC)]
= [(AB)C]
= [AB][C]
= ([A][B]) [C].

THEOREM 4.2. Let {gi' g; I be a set of relations on a given alphabet.
Let S be the class of all sets [A], where A is a word on the alphabet. Then,
S forms a semigroup, where [A][B] is defined as above.

PROOF. Immediate from Lemma 8.
DEFINITION 4.3. The semigroup S of Theorem 4.2 will be called the

semigroup with the letters of the given alphabet as generators and with the
Igi, g; I as relations.

Suppose that a definite semigroup is defined for us by means of gener­
ators and relations. This by no means implies that we "know" the
semigroup algebraically. For example, we may not even know whether
it consists of a finite or an infinite number of elements. A decision prob­
lem which arises quite naturally in this connection is that of determining,
of two given words, whether or not they belong to the same element of
the semigroup. That is, one wishes to know, of two words A, B, whether
or not A "'" B with respect to a given set of relations. This problem is
called the word problem for the semigroup in question. That is, if, by
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being given an alphabet and a finite set of relations on this alphabet,
we are presented with a semigroup, the word problem for this semigroup
is the problem:

To determine, of two words A, B on this alphabet, whether or not A = B.
If, by means of generators and relations, we are given an arbitrary

semigroup, we note that A = B is a predicate in the sense of the third
paragraph of Sec. 1. Thus the following definition is suggested:

DEFINITION 4.4. The word problem for a semigroup with a given finite
set of generators and relations is recursively solvable if A = B is recursive.
Otherwise, it is recursively unsolvable.

It can easily be verified that, in the case of a semigroup on one gener­
ator, A = B is actually recursive. It is of some interest to examine the
associated numerical predicate in the general case. Let the alphabet be
ai" ai" . . . ,ai.. Let the relations be Igi, ~ I, i = 1, 2, . . . ,m. Then,
the numerical predicate associated with" A is a word on this alphabet" is

,c(x)

W(x) ~ GN (x) 1\ 1\ [(k Gl x = 2i1 + 1)
k=l

V (k Glx = 2i2 + 1) V ... V (k Gl x = 2in + 1)].

The numerical predicate associated with A "'-/ B is

x x

N(x, y) ~ W(x) /\ W(y) 1\ V V
p=O q=O

l[(x = p * gn (gl) * q) /\ (y = p * gn (gl) * q)]
V [(x = p * gn (gl) * q) /\ (y = p * gn (gl) * q)]
V [(x = p *gn (g2) *q) /\ (y = p *gn (g2) *q)]
V ...

V [(x = p * gn (gm) * q) 1\ (y = P * gn (gm) * q)]
V [(x = p *gn (gm) *q) 1\ (y = p *gn (gm) *q)]).

Thus, A "'-' B is recursive.
Finally, the numerical predicate associated with A = B is

E(x, y) ~ W(x) /\ W(y) 1\ V 1[1 Gl z = x]

,c(z) -'-1

/\ 1\ [N(kGlz,(k+l)Glz)]I\[£(z)Glz=YJl·
k=1

Thus, the numerical predicate associated with A = B is semicomputable.
Now, let p be a Thue system. Let PgiQ -+ P~Q, i = 1,2, ... , m,

be the semi-Thue productions that, together with their inverses, make up
the productions of p. Then, by :3(p) we shall understand the semigroup
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whose alphabet is that of p and relations are {gi' ~l, i = 1, 2, . , m.
We have at once

THEOREM 4.3. Let p be a Thue system, and let A°be its axiom. Then,
I- p B if and only if A o ~ B with respect to ~(p).

THEOREM 4.4. Let p be a Thue system, and let the word problem for
~(p) be recursively solvable. Then, the decision problem for p is likewise
recursively solvable.

PROOF. Let Aobethe axiom of p, and let ao = gn(A o). LetE(x,y)be
the numerical predicate associated with A ~ B with respect to ~(p). Then

T p = Ix I E(ao, x) l,
which proves the theorem.

As a result of Theorem 3.3, we now have
THEOREM 4.5. There is a semigroup~, defined by a finite set of generators

and relations, whose word problem is recursively unsolvable. l

Moreover, employing Theorem 3.4, we have
THEOREM 4.6. There exists a semigroup defined by a finite set of relations

on two generators whose word problem is recursively unsolvable.
It has been proved by Turing [4] that the word problem for cancellation

semigroups is recursively unsolvable. Boone [1], Markov [1-3, 6-8],
Addison, and others have proved the recursive unsolvability of related
problems. The word problem for groups presents considerable difficulty.
Novikoff [1] has shown that the word problem for groups is recursively
unsolvable, using the result of Turing [4]. Boone [1] has, independently
of Novikoff, given a direct proof, based on modified Turing machines,
of this result.

5. Normal Systems and Post Systems. Let r be a semi-Thue system
whose alphabet (without loss of generality) is ai, ... ,an, whose axiom
is A, and whose productions are

i = 1,2, ... ,m.

We construct a normal system v(r) as follows:
Alphabet. ai, a2, ... ,an, a;, a;, . .. ,a~.

Axiom. A, the axiom of r.
We agree that, if W = ai,ai; . 'ai, is any word on r, then

W' = a~la~2 . a~"
and that AI = A.

Productions. (1) aiP~ Pa~, i = 1,2, ... ,n.
(2) a~P ~ Pai, i = 1,2, ,n.
(3) g;P~ Py;', i = 1, 2, , m.
Two words on v(r) will be called associates if they can be obtained from

1 This result is due to Post [6] and to Markov [1, 3J.
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each other by using only productions of the forms (1) and (2) above.
Thus, the associates of a word

on T are the 2l words

ai2ai a •

aiaai, .
aila~l

aila~la~2

al
a~· a'.

t1 ~2 tl

a~ a~ ... ala·
1.2 1.J tl 1.1

each being a consequence of the preceding. In particular, note that every
word is an associate of itself.

A word on VeT) will be called regular if it can be written in one of the
forms PQl or P'Q, where P and Q are words on T.

We shall show that a word on T is a theorem of T if and only if it is a
theorem of VeT). Our proof is presented by means of a series of lemmas,
of which the first is obvious.

LEMMA 1. If rp(,) Wand if V is an associate of W, then rd,) V.
LEMMA 2. If r, W, then rp(,) W.
PROOF. The axiom of T, being also the axiom of VeT), is certainly a

theorem of VeT). It remains only to show that the property of being a
theorem of v(r) is preserved by the productions of T.

Thus, suppose it known that

r pC,) PgiQ.
Then we shall show that

For, by Lemma 1,
r pC') giQP'-.

By applying the appropriate production from (3),

By Lemma 1 again,

rp(,) P(i;Q.

LEMMA 3. Every theorem of VeT) is regular and is an associate of a
theorem of T.

PROOF. Clearly, the axiom of VeT) is regular and is an associate of a
theorem of r, namely itself. It remains only to show that this property
(i.e., the property of being both regular and an associate of a theorem
of T) is preserved by the productions of VeT).
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It is obvious that this property is preserved by the productions included
under (1) and (2) above. To see that it is likewise preserved under the
productions of (3), suppose that giP is regular and has an associate which
is a theorem of r. Since gi ~ A, the regularity of giP implies that we
may write P = PIP~, where PI and P 2 are words on r. Then, clearly,
giP = giPIP~, But the one associate of giPIP~ that is a word on r is
P 2giP I , which must, by our induction hypothesis, be a theorem of r.
Hence, P 2(};P I is also a theorem of r. But P 2g.PI is an associate of
PIP~g.', which, moreover, is regular..This completes the proof.

THEOREM 5.1. Let T be a semi-Thue system whose alphabet is aI, a2,
.•. ,an. Then there is a normal system v(r) whose alphabet is aI, a2,
. . . , an, af, a~, . . . , a~, such that the theorems of r are precisely the
theorems of v(r) that consist entirely of unprimed letters.

PROOF. We take v(r) as above. That each theorem of r is also a
theorem of v(r) is the content of Lemma 2. Now, let W be a theorem
of v(r) free of primed letters. By Lemma 3, W has an associate that is
a theorem of r. But, the one associate of W that is a word on r is W itself.
Hence, f-r W.

THEOREM 5.2. Every recursively enumerable set is generated by a normal
system.

PROOF. Immediate from Theorems 2.4 and 5.1.
THEOREM 5.3. Every recursively enumerable set is generated by a normal

system whose alphabet consists of two letters. I

PROOF. Immediate from Theorems 1.9 and 5.2.
THEOREM 5.4. There exists a normal system whose alphabet consists of

two letters and whose decision problem is recursively unsolvable.
PROOF. Immediate from Theorems 5.3 and 1.6 and Corollary 5-4.8.

Just as we associated a normal system v(r) with each semi-Thue sys­
tem r, we now associate a Post system 7l"(p) with each Thue system p.
Let the alphabet of p be aI, .. ,an, let its axiom be A, and let its
productions be

i = 1,2, ... ,m,
where the double arrow, in an obvious manner, indicates a production
and its inverse. We define 7l"(p) as follows:

Alphabet. al,..., an, at,. . . ,a~.

Axiom. A, the axiom of p.

Productions. (1) aiP ~ Pa~, i = 1,2, ... ,n.
(2) a~P ~ Pai, i = 1,2, ,n.

(3) g;P~Pg.', i = 1,2, ,m.
Then we can parallel the argument leading to Theorem 5.1, to prove

1 This result is due to Post.
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THEOREM 5.5. Let p be a Thue system whose alphabet is ai, . , an.
Then, there is a Post system 7r(p) whose alphabet is ai, a2, ... , an,
a~, a~, ... ,a~, such that the theorems of p are precisely the theorems of 7r(p)
that consist entirely of unprimed letters.

Hence,
Tp = Ix I Unprimed (x) /\ x E T,,(p)},

where, taking a; = an+"

oC(z)

Unprimed (x) ~ /\ (i GI x ~ 2n + 1).
i=l

Combining this with Theorem 3.3, we have
THEOREM 5.6. There exists a Post system whose decision problem is

recursively unsolvable.



CHAPTER 7

DIOPHANTINE EQUATIONS

1. Hilbert's Tenth Problem. In his famous address! of 1900, Hilbert
listed a group of unsolved problems, which were to stand as a challenge
to future generations of mathematicians. Included among these was
only one decision problem, the tenth. This problem is as follows:

To determine, of an arbitrary polynomial equation P = 0, with inte­
gral (positive, negative, or zero) coefficients, whether or not it has a
solution in integers (positive, negative, or zero).

In 1900, such a problem could be imagined as being settled only by
actually providing an algorithm for solving it. Hilbert seems to indi­
cate that a belief in the solvability of such problems is an article of faith
of the working mathematician. Of course, with our present orientation,
it seems quite reasonable to attempt to prove that Hilbert's tenth prob­
lem is unsolvable. The fact that apparently insurmountable difficulties
seem to prevent the development of a general theory of diophantine
equations2 makes it seem likely that Hilbert's tenth problem will indeed
prove to be unsolvable.

In this chapter we shall obtain results which yield the recursive unsolva­
bility of a related problem. Moreover, our results will be such that any
substantial improvement in their direction will yield the unsolvability of
Hilbert's tenth problem. Also, we shall obtain yet one more formulation
of the concept of recursive enumerability.

Hilbert's statement of the tenth problem was for solutions in integers,
positive, negative, or zero; however, we can easily show that the corre­
sponding problem for nonnegative integral solutions is equivalent to
the original problem. For suppose we could solve the problem for
nonnegative integral solutions. Then, to determine whether or not
P(Xl, ... ,xn ) = 0 has a solution in integers, positive, negative, or
zero, it clearly suffices to test for nonnegative integral solutions each of
the 2n equations

1 Of. Hilbert [1].
2 For our purposes, a diophantine equation is a polynomial equation P = 0 of which

only integral solutions are being sought.
102
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P(Xl, X2, ••• ,xn ) = 0, P( -Xl, X2, ••• ,Xn) = 0, ... ,
P(-Xl, -X2, ••• , -Xn ) = 0.

Conversely, suppose that we could solve the problem for integers,
positive, negative, or zero. Then, to determine whether or not
P(Xl, X2, • • • ,Xn ) = °has solutions in nonnegative integers, it suffices
to determine whether or not

P(PI2 + q12 + r12 + S12, P22 + q22 + r22 + S22, ••• ,

Pn2 + qn2 + rn2 + sn2) = °
has solutions in integers. This last is true because of Lagrange's
theorem,l which states that every nonnegative integer is the sum of
four squares.

2. Arithmetical and Diophantine Predicates. By a polynomial, we
shall understand a function

l ai,i,...i.X li'x2i, Xki•

O';;;l';;n 1

O~i2~n2

where the numbers ai,i,...i. are integers, positive, negative, or zero. How­
ever, the range of the variables Xl, X2, •.. , Xk is to be taken as the
set of nonnegative integers. We continue to use the unmodified word
"integer" to mean "nonnegative integer."

DEFINITION 2.1. Let P(~(k») be a polynomial. Then the predicate
P(~(k») = 0 is called a polynomial predicate.

Examples of polynomial predicates are

X + y - 5 = 0, x 3 + y3 - Z3 = 0, etc.

DEFINITION 2.2. A predicate R(~(n») is diophantine 2 if there exists a
polynomial predicate S(~(n), tj(m») such that

R(~(n») +-t V S(~(n), tj(m»).
i}(m)

DEFINITION 2.3. A predicate R(~(n») is called arithmetical if there
exists a polynomial predicate S(~(">' tj(m») such that

R(~(n») +-t [M]S(~("), tj(m»),

where [M] is some sequence of existential and universal quantifiers on tj(m).
COROLLARY 2.1. Every polynomial predicate is diophantine; every

diophantine predicate is arithmetical.
COROLLARY 2.2. Every polynomial predicate is primitive recursive.
COROLLARY 2.3. Every diophantine predicate is semicomputable.

1 Cf. Hardy and Wright [1, pp. 300, 301].
2 J. Robinson [2] uses the term existentially definable.
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PROOF. The result follows at once from Corollary 2.2 and Theorem
5-1.2.

If the converse of Corollary 2.3 were true, we could infer the existence
of a diophantine predicate that was not recursive. It is easy to see that
this would imply the recursive unsolvability of Hilbert's tenth problem.
For, proceeding informally, suppose it known that the predicate

v [P(x, ~(n» = OJ,
~(n)

where P is a polynomial, is not recursive. Then the problem of deter­
mining, for given xo, whether or not the equation

P(xo, ~(n» = 0

has a solution in nonnegative integers ~(n) would be unsolvable. But
this would certainly imply (and an arithmetization of the theory of
diophantine equations would yield a formal proof of) the recursive
unsolvability of the general problem:

To determine, of a given diophantine equation, whether or not it has
a solution.

Unfortunately, we shall have to leave open the question of whether or
not there exists a diophantine predicate that is not recursive.

COROLLARY 2.4. If R(y, ~(n» is a diophantine predicate, then so is

V R(y, ~(n».

y

THEOREM 2.5. If R and S are polynomial predicates, so are R V S
and R /\ S.

PROOF. PI = 0 V P 2 = 0 +--+ P IP 2 = 0,
PI = 0 /\ P 2 = 0 +--+ P 12 + P 22 = O.

THEOREM 2.6. If R(x, ~(n» is a polynomial predicate and if
y

S(y, ~(n» +--+ /\ R(x, ~(n»,

",=0

then S(y, ~(n» is also a polynomial predicate.
PROOF. Let

R(x, ~(n» +--+ P(x, ~(n» = 0,

where P is a polynomial. Then
y

S(y, ~(n» +--+ /\ [P(x, ~(n» = OJ
",=0

y

+--+ LP(x, ~(n»2 = O.
"'~O
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r

P(x, ~(n»)2 = L Pk(~(n»)xk.
k=O

S(y, ~(n») ~ ! I Pk(~(n»)xk = 0
x=Ok=O

r y

~ L [Pk(~(n») L XkJ = O.
k=O x=O
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But, by a classical theorem of Bernoulli, L xk is a polynomial in y of
x=O

degree k + 1 with rational coefficients. 1 That is,

y k+ll xk
= l Aj.kyi,

x=O j=O

where Aj •k are rational numbers. Then

r k+l

S(y, ~(n») ~ l l Aj,kPk(~(n»)yi = O.
k=Oj=O

Let D be the least common multiple of the denominators of the numbers
A J •k, 0 ~ k ~ r, 0 ~ j ~ r + 1. Then DAj.k is an integer for each j,k,
and

r k+l

S(y, ~(n») ~ L l DAj.kPk(~(n»)yi = O.
k=Oj=O

! The author is indebted to Professor Lowell Schoenfeld for calling to his attention
the following proof of this theorem:

The result for k = 0 is obvious. Suppose it known for k ~ l. We note the
identity

I

(x + 1)1+2 - xl+2 = (l + l)xl+! + l ajx j

j=O
for suitable integers aj. Hence,

I

xl+ 1 = l ~ 1 [(x + 1)1+2 - xl +2] + Lbjx'

j=o

for suitable rational numbers b j • Thus,

y I y

l xl+! = l~ 1 (y + 1)/+2 + l (b j Lx}
x=O j=o x=O

from which the result follows, by induction hypothesis.
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THEOREM 2.7. If R(x, ~(n» is a polynomial predicate, then so also is

1\ R(x, ~(n».

PROOF. Let
r

R(x, ~(n» +-t l Pk(~(n»xk = O.
k=O

Then
r

1\ R(x, ~(n» +-t 1\ [l Pk(~(n»xk = 0 ]
x x k=O

+-t 1\ [Pk(~(n» = 0]
k=O

r

+-t l [Pk(~(n»J2 = O.
k=O

THEOREM 2.8. If Rand S are diophantine predicates, so are R V S
and R /\ S.

PROOF

The result then follows from Theorem 2.5.

Thus we have seen that the class of diophantine predicates is closed
under the operations of conjunction (/\), alternation (V), and existential
quantification. Later, we shall see that it is not closed under negation
("') and also not closed under universal quantification. Whether or
not this class is closed under bounded universal quantification remains an
open question. It will be clear from the results of the following section
that an affirmative answer to this question would have as a consequence
that every semicomputable predicate is diophantine and, hence, that
Hilbert's tenth problem is unsolvable.

We proceed to make a short list of diophantine predicates:

(1) x ~ O.
For

x ~ 0 +-t V (x - y - 1 = 0).
y

(2) x < y.
For

x < y +-t V [(z ~ 0) /\ (y - x - z = 0)].
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(3) x ~ y.
For

x ~ y +-+ (x < y) V (y < x).
(4) x == y(mod z).t
For

x == y(mod z) +-+ V [(x - y - zw = 0) V (x - y + zw = 0)].
w

(5) z = J(x, y).
For

z = J(x, y) +-+ 2z - x2 - y2 - 2xy - 3x - y = O.
(6) z = Ti(w).
For

z = Ti(w) +-+ V ([z < b] A [z == a(mod b)]
a,b,c

A [b = 1 + (i + l)c] A [w = J(a, c)Jl.
(7) z = Ti-'-l(W).
For

z = Ti-'-l(W) +-+ V lz = Tj(w) 1\ [(j = 0 1\ i = 0) V (j + 1 = i)]l.
j

(8) NPT (x). x is not a power of 2.
For

NPT (x) +-+ V [x = (2z + 3)w].
',W

(9) ,....., Prime (x). x is not a prime number.

,....., Prime (x) +-+ V [x = (y + 2)(z + 2)].
Y,'

Later, we shall see that there exists a diophantine predicate whose
negation is not diophantine. Predicates (8) and (9) are, therefore, of
special interest, since it is not known whether or not the predicates" x is
a power of 2" and" x is a prime number" are diophantine. 1

3. Arithmetical Representation of Semicomputable Predicates. In
this section, we shall show how to represent semicomputable predicates
in terms of diophantine predicates. We begin with the fact (cf. Theorem
6-5.3) that every recursively enumerable set can be generated by a normal
system on the alphabet 1, b. The extremely simple structure of normal
systems suggests that we attempt to accomplish our purpose by means
of an arithmetization of the theory of normal systems. Of course, our
principal interest will be not in the recursiveness of various predicates

t Cf. Appendix, Definition 4.
1 However, Julia Robinson [2] proved that if there exist diophantine predicates that

are, in a suitable sense, of exponential order of growth, then the predicate z = XU is
diophantine. She has also shown that, if z = XU is diophantine, so is Prime (x).
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bb
1bb bl1 bIb bbl bbb

but rather in their being diophantine (or at least almost diophantine).
We find it necessary to represent words by ordered triples of integers
rather than by the more usual integers themselves.

Let all words on the symbols 1, b be arrayed as follows:

1 b
11 Ib bl

111 lIb Ibl

Here the nth row contains all words on 1 and b, of length n, arrayed in
alphabetical order, with 1 preceding b.

DEFINITION 3.1. Let W be a word on the letters 1, b. Then L(W) is
the number of the row in which W appears, i.e., the length of W, and P(W)
is the position of W in this row. [We take L(A) = 0, P(A) = 1.]

By the triple associated with W we mean the ordered triple
(L(W), P(W), 2L (W»).

Thus, L(lbb) = 3 and P(lbb) = 4; so the triple associated with 1bb is
(3, 4, 8). The triple associated with A is (0, 1, 1).

LEMMA 1. (x, y, z) is the triple associated with some word on 1 and b if
and only if z = 2" and °< y ~ z.

PROOF. This follows from the fact that the xth row of our array con­
sists of 2" words.

Note that each triple (x, y, z) is associated with at most one word.
The following lemma expresses relations which are evident from our

very definitions of Land P.
LEMMA 2. L(WW') = L(W) + L(W'). P(IW) = P(W); P(bW) =

P(W) + 2L (W).

LEMMA 3. P(WW') = 2L (W')(P(W) - 1) + P(W').
PROOF. We prove this result by induction on L(W). If L(W) = 0,

then W is the empty word. Hence P(W) = 1. In this case WW' = W'
and, hence, P(WW') = P(W') = 2L (W')(P(W) - 1) + P(W').

Now, let the result be known for all words whose length is L(W) - 1.
We show that it must then also hold for W. For we must have either
W = 1WI or W = bW 1, where, in either case, L(W1) = L(W) - 1.

First suppose that W = 1W I. Then, using Lemma 2 and our induc­
tion hypothesis, we have

P(WW') = P(IW1W ' )
= P(W1W')
= 2L(W')(P(W) - 1) + P(W' ).

Finally, suppose that W = bW I. Again, using Lemma 2 and our
induction hypothesis, we have
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P(WW') = P(W1W') + 2L(W,W')
= 2L(W')(P(W1) - 1) + peW') + 2L(W1W')
= 2L(W')[P(W1) + 2L(W,) - 1] + peW')
= 2L(W')(P(W) - 1) + peW').

LEMMA 4. If (x, y, z), (x', y', z') are the triples associated with the
words Wand W', respectively, then the triple associated with WW' is
(x + x', z'(y - 1) + y', zz').

PROOF. L(WW') = L(W) + L(W')
= x + x'.

P(WW') = 2L(W')(P(W) - 1) + peW')
= z' (y - 1) + y'.

2L(WW') = 2L(WHL(W')
= 2L (W) • 2L (W')

= zz'.

Now, let us consider some definite normal system p whose alphabet
consists of the letters 1, b. Let the axiom of p have associated with it the
triple (p, q, r). Let the productions of p be giP -+ Pg., i = 1,2, ... ,n.
Let the triples associated with g; and g. be (ai, b;, Ci) and (a., 5";, C.), respec­
tively, i = 1, 2, ... ,n.

Now, consider the predicates

Prod; (x, y, z; x', y', z') ~VVV {[O < v ~ w]
" v w

A [(x = ai + u) A (y = web; - 1) + v) A (z = CM)]
A [(x' = u + a.) A (y' = ~(v - 1) + 5";) A (z' = wc.)Jl,

i = 1, 2, ... ,n. In the first place, it is clear that these predicates are
diophantine. Furthermore, suppose that Prod; (x, y, z; x', y', z') actually
holds for six definite numbers x, y, z; x', y', z', and suppose that (x, y, z)
is the triple associated with some word X. Then there exist numbers u,
v, w satisfying the conditions set forth above. In particular, 0 < v ~ w,
and w = z/c; = 2z /2a, = 2z - a, = 2". Hence, by Lemma 1, the triple
(u, v, w) is associated with some word P. Then, by using Lemma 4,
we see that X = giP and that (x', y', z') is the triple associated with pg..
Thus, we see that Prod; (x, y, z; x', y', z') holds for given (x, y, z; x', y', z'),
where (x, y, z) is associated with a word X, if and only if (x', y', z') is the
triple associated with a word Y that is a consequence of X with respect to the
ith production of p.

Next, let

Prod (x, y, z; x', y', z') ~ Prod1 (x, y, z; x', y', z')
V Prod2 (x, y, z; x', y', z')
V ...

V Prodn (x, y, z; x', y', z').
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Then, we have
LEMMA 5. Prod (x, y, z; x', y', z') is a diophantine predicate. Moreover,

if the triple (xo, Yo, zo) is associated with some word Xo, then Prod (xo, Yo, Zo;
x~, y~, z~) is true if and only if (x~, y~, z~) is the triple associated with some
word Yo which is a consequence of X 0 in II.

Let Th. (x, y, z) be true for precisely those triples (x, y, z) associated
with some theorem of II. Then, recalling Theorem 3-2.4,

Th. (x, y, z) ~ V I(To(w) = p) A (To(w') = q) A (To(w") = r)
w,w',w",l

I

A /\ [Prod (Tk-'-l(W), T k-'-l(W'), T k-'-l(W"); Tk(w), Tk(w'), Tk(w"))
k=O

V (k = 0)] A Tl(w) = x A Tl(w') = y A Tl(w") = z}.

Now, by (6) and (7) of Sec. 2, t = Tk(w) and t = T k-'-l(W) are diophantine.
Next, we assert that the predicate

Prod (Tk-'-l(W), T k-'-l(W'), T k-'-l(W"); Tk(w), Tk(w'), Tk(w"))

is diophantine. This follows from Lemma 5 and from the fact that this
predicate can be written

V [Prod (t, u, v; t', u', v') A t = T k-'-l(W) A u = T k-'-l(W')
t,u,v,t',u',V'

A v = T k-'-l(W") A t' = Tk(w) A U' = Tk(w') A v' = Tk(w")].

Hence, there is a diophantine predicate D 1(x, y, z, k, l, w, w', w") such that
I

Th. (x, y, z) ~ V /\ D 1(x, y, z, k, l, w, w', w").
W,w/,w".l k=O

Now, recalling Definition 6-1.11,

n E S. ~ f--. I n+1

~ Th. (n + 1, 1, 2n +l)

~V Th. (n + 1, 1, z)
z

I

~ V /\ D 1(n + 1, 1, z, k, l, w, w', w").
z,w,w',w",l k=O

Finally, by Theorem 6-5.3, we have
LEMMA 6. Let S be a recursively enumerable set. Then there exists a

diophantine predicate D 2(n, z, k, l, w, w', w") such that

1

S = {n I V /\ D 2(n, z, k, l, w, w', w")}.
z,w,w',w",l k=O
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I

~ V /\ D 2(n, K(u), k, l, L(u), w', w")
U,w',w",l k=O

I

~ V /\ V[D2(n, z, k, l, w, w', w") /\ u = J(z, w)J,

We next proceed to strip our expression of all but one of its initial
existential quantifiers. Thus, for example, we may begin:

I

V /\ D 2(n, z, k, l, w, w', w")
Z,W,w',w",l k=O

U,w',w",l k=O Z,w

where the expression in square brackets is diophantine, by (5) of Sec. 2
and Theorem 2.8. Continuing this process, we obtain

I

V /\ Da(n, v, k, l),
v,1 k=O

where Da is diophantine. Contraction of this last pair of initial exis­
tential quantifiers seems to come up against the obstacle that the varia­
ble l occurs not only in Da but also as an upper bound of the universal
quantifier. Nevertheless, using the fact that L(y) ~ y, we have

I L(y)

V /\ Da(n, v, k, l) ~V /\ Da(n, K(y), k, L(y»
v,1 k=O y k=O

y

~V /\ [Da(n, K(y), le, L(y» V k > L(y)J
y k=O

y

~V /\ V {[Da(n, v, le, l) V k > lJ /\ y = J(v, l)}.
y k=O v,l

Thus, we have proved l

THEOREM 3.1. If S is any recursively enumerable set, there exists a
diophantine predicate D(le, x, y) such that

y

S= {xiV /\ D(le,x,y)}.
y k=O

THEOREM 3.2. Let R(l;(n» be a semicomputable predicate. Then there
exists a diophantine predicate D(k, l;(n), y) such that

y

R(l;(n» ~V /\ D(k, l;(n), y).
y k=O

1 Cf. Davis [1, 3J. The proof given here is that of [1], The proof given in [3] (sug­
gested by the referee) is based on a previous proof of Corollary 3.5 below. The pres­
ent proof yields an independent proof of Corollary 3.5.
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PROOF. For n = 1, the result is an immediate consequence of Theo­
rems 5-4.3 and 3.1. Suppose the result known for n = p, and let us take
n=p+1.

We then have the semicomputable predicate R(~(p+I». Let S(~(p» be
defined by

S(~(p» ~ R(XI, ... ,Xp_l, K(xp), L(xp».
Then S is semicomputable, and, by induction hypothesis, there exists a
diophantine predicate D(k, ~(p), y) such that

y

S(~(p» ~V /\ D(k, ~(p), y).
y k=O

Now,

R(~(p+l) ~ S(XI,
y

~V /\ D(k, XI, ... ,Xp_l, J(xp, Xp+I), y)
y k=O

y

~V /\ V [D(k, XI, ... ,Xp_l, Z, y) /\ z = J(xp, Xp+I)].
y k=O z

This completes the proof.

Employing Corollary 2.3 and Theorem 5-3.2, we see that the converse
of our last theorem also holds. That is, we have

THEOREM 3.3. The predicate R(~(n» is semicomputable if and only if
there exists a diophantine predicate D(k, ~(n), y) such that

y

R(~(n» ~V/\ D(k, ~(n), y).
y k=O

I t is also easy to prove
THEOREM 3.4. There exists, for each integer n, a diophantine predicate

Dn(k, z, ~(n), y) such that, for each n-ary semicomputable predicate R(~(n»,

there is some number Zo for which

11

R(~(n» ~V /\ Dn(lc, Zo, ~(n), y).
y k=O

PROOF. The result is an immediate consequence of the enumeration
theorem (Theorem 5-1.4) and Theorem 3.2.

We also have at once
COROLLARY 3.5. Every semicomputable predicate (and, hence, every

recursive predicate) is arithmetical. I

1 This result is due to Gi:idel [1].



SEC. 3] DIOPHANTINE EQUATIONS 113

y

PROOF. V /\ D(k, ~(n), y) ~V /\ [D(k, ~(n), y) V (k > V)].
y k=O y k

COROLLARY 3.6. There exists an arithmetical predicate that is not
semicomputable.

PROOF. By Corollary 3.5, the predicate "'-/ T(x, x, y) is arithmetical.
Hence, so is

"'-/ VT(x, x, y) ~ /\ "'-/ T(x, x, V).
y y

By Theorem 5-1.6, this yields our result.
THEOREM 3.7. There exists a diophantine predicate D such that "'-/ D

is not diophantine.
PROOF. Suppose the result in question did not hold, i.e., that the

negation of every diophantine predicate was also diophantine. Then,
since

the class of diophantine predicates would be closed under universal
quantification. Hence, by Definition 2.3 and Corollary 2.4, the class of
diophantine predicates would be identical with the class of arithmetic
predicates. But, by Corollary 3.6, this is a contradiction.

A slight improvement of Theorem 3.1 is easily obtainable; in this the
inner existential quantifiers are bounded. This theorem will be useful in
Chap. 8. We have l

THEOREM 3.8. If S is any recursively enumerable set, there exists a
polynomial P(k, x, y, Xl, •• , xn ) such that

y y

S = {x IV /\ V (P(k, x, y, Xl, ••• ,Xn ) = O)}.
y k=O Xl, ••••%10=0

PROOF. By Theorem 3.1, there is a polynomial P such that

y

S = {x IV/\ V (P(k, x, y, Xl, ••• ,Xn ) = O)}.
" k=O XI, ••• IX,.

Now, with each y, we can determine an upper bound for the values of
the Xl, ••• , xn , since only a finite number [that is, (y + l)n] of them
occur. Hence,

1 Of. Myhill [1].
R. M. Robinson [3] proved that we can take n = 4 in this result.
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,Xn ) = O)}

,Xn ) = O)}

(P(k, X, y, Xl,

{[(Xl < L(t)) A (X2 < L(t)) A

(P(k, X, K(t), Xl,

B

V
Y

S={xIVV;\
y B k=O Xl, ••• ,Xn=O

K(t) L(t)

= {x IV;\ V
t k=OXl ..•• ,Xn=O

t L(t)

= {x IV;\ V [(k> K(t)) V (P(k,x,K(t),xI, ... ,xn) = O)]}
t k=O Xl, ••• ,Xn=O

t t

= {XI V;\ V
t k=OXl, .•. ,Xn=O

A (Xn < L(t))] A [(k > K(t)) V (P(k, x, K(t), Xl, •• ,Xn) = O)Jl }
t

= {X IV;\ V V l[(XI < B) A (X2 < B) A
t k=O "'1, ••• ,,,,.=0 Y,B=O

A (Xn < B)] A [(k > y)

V (P(k, x, Y, Xl, •• , X n ) = 0)] A (t = J(y, B)) I}
t

= {X IV;\ V V V V {[ (Xl + Zl + 1 = B)
t k==O Xl, ••• ,%10=0 y,B=O w=O ZI, ••• ,Zn=O

A (X2 + Z2 + 1 = B) A ... A (Xn + Zn + 1 = B)]
A [(k = y + w + 1) V (P(k, x, y, Xl, ... ,Xn) = 0)]

A [2t = (x + y)2 + 3x + yJl }.

DEFINITION 3.2. A set of integers S is called diophantine if there exists
a singulary diophantine predicate D(x) such that

S = Ix I D(x)l·

THEOREM 3.9. If the sets R, S are diophantine, so are R n Sand
R U S. There exists, however, a diophantine set S such that S is not
diophantine.

PROOF. The first part is an immediate consequence of Theorem 2.8.
For the second part it is required to show that there exists a singulary

diophantine predicate D(x) such that "'-/ D(x) is not diophantine. Now,
suppose that no such singulary diophantine predicate exists; i.e., suppose
that whenever D(x) is diophantine so is "'-/ D(x). Then we could show,
by induction on n, that if D(~(n») is diophantine, so is "'-/ D(~(n»). For, if
D(~(k+l») is diophantine, so is

Q(~(k») ~ D(XI, ... ,Xk-l, K(xk), L(xk+l)),
since

Q(~(k») ~V [D(XI' ... ,Xk-l, U, v) A Xk = J(u, v)].
u,v
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By induction hypothesis, so would "-/ Q(~(k») be diophantine. Hence,
so would

'" D(xI, ... ,Xk+l) +--+ "-/ Q(XI, ... ,Xk-I, J (Xk, Xk+l))

be diophantine, yielding a contradiction.

The problem of actually constructing some diophantine set whose
complement is not diophantine is open. If such a set could be obtained,
and if it were also recursive, it would prove the falsity of the converse of
Corollary 2.3.

Let us now consider the special case of Theorem 3.4 for which n = 1.
If we write

y

S. = {x IV/\ D1(k, z, x, y)},
y k=O

then each S. is a recursively enumerable set, and each recursively enumer­
able set is equal to some S.. To see what this implies for the theory of
diophantine equations, let us write

DI(k, Z, x, y) +--+ V [P(k, z, x, ~(m), y) = 0],
~(m)

where P is a polynomial. Now, for each choice of x, y, and z, let us write
~(x, y, z) for the system of diophantine equations

P(O, z, x, ~(m), y) = 0
pel, z, x, ~(m>, y) = 0

P(y, z, x, ~(m), y) = O.

Then we see that S. is simply the set of all numbers x for which there
exists a y for which each equation of the system ~(x, y, z) has a solution.
Hence, S. is the set of all numbers x such that, no matter what value of y
we choose, at least one equation of the system ~(x, y, z) fails to have a
solution.

Now, for suitable choice of Zo, we have S'o = K, where K is not recur­
sive. Hence we have

THEOREM 3.10. There is a number Zo for which the following problem is

recursively unsolvable:
Given x, to determine whether or not there exists a y for which each

equation of the system ~(x, y, zo) is solvable.
If R is a recursive set, then (and only then) Rand R are both recur­

sivelyenumerable. Hence, if R is recursive, there are integers Zl, Z2 such
that R = S." R = S... That is, we have

THEOREM 3.11. Let R be a recursive set. Then there exist integers
Zl, Z2 such that
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(1) R is the set of all numbers x for which there exists a y such that each
equation of the system :3(x, y, Zl) has a solution.

(2) R is the set of all numbers x such that, no matter what value of y we
choose, at least one equation of the system :3(x, y, Z2) fails to have a solution.

In particular, such numbers Zl, Z2 can be obtained for the set of primes,
the set of powers of 2, the set of square-free numbers, etc. That all this
can be accomplished with a single polynomial P seems rather surprising.
It would be of some interest to obtain explicitly a manageable polynomial
having this property.



CHAPTER 8

MATHEMATICAL LOGIC

1. Logics. In this chapter, we shall see how our methods can be
applied to systems of symbolic logic. In order that our results may be
applicable to a wide class of such systems, we cast our development in
abstract form. Our discussion is phrased in terms of word predicates
in the sense of the discussion at the beginning of Chap. 6. In addition,
we shall deal with sets ~ of words; a set ~ will be called recursive if the
set ~* of all Godel numbers of words W E ~ is recursive. Also, a word
function f(X), one that maps words onto words, is called recursive if the
function f*(x) is partial recursive, where f*(x) has as its domain the set of
all Godel numbers of words and is such that f*(gn (X» = gn (f(X».

DEFINITION 1.1. By a logic ~ we understand a recursive set ~ of words,
called the axioms of ~, together with a finite set of recursive word predicates,
none of which is singulary, called the rules of inference of ~.

When m( Y, Xl, . .. ,Xn) is a rule of inference of~, we shall sometimes
say that Y is a consequence of Xl, . . . ,Xn in ~ by m.

DEFINITION 1.2. A finite sequence of words X 1, X 2,. . . ,Xn is called
a proof in a logic ~ if, for each i, 1 ~ i ~ n, either

(1) Xi E~, or
(2) There exist j1, h, ... , jk < i such that Xi is a consequence of

Xi" Xi" ... ,Xi. in 2 by one of the rules of inference of~.

Each of the Xi, i = 1, 2, ... ,n, is called a step of the proof.
DEFINITION 1.3. We say that W is a theorem of ~ or that W is provable

in 2 and we write
l-IlW

if there is a proof in ~ whose final step is W. This proof is then called a
proof of Win 2.

We write Til for the set of all Godel numbers of theorems of 2.
Let r be a combinatorial system. Then it is natural to associate with

r the logic ~(r) which has a single axiom, namely, the axiom of r, and
whose rules of inference are the productions of r. Now, it is clear that
every proof in r is also a proof in 2(r). It is possible, however, to con­
struct proofs in 2(r) that are not proofs in r. Thus, for example, if

117
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Xl, X 2, X a is a proof in r, then Xl, X 2, Xl, X a is a proof in 2(r) which
will not ordinarily be a proof in r. However, it is easy to see that

IW I f-r WI = llV I f-I!(r) WI·
Hence, for our purposes, it will not be necessary to distinguish between
rand 2(r). When we speak of a combinatorial system r as a logic,
we are referring to the logic 2(r).

Thus, our notion of a logic is so broad as to encompass not only the
usual systems of symbolic logic but also combinatorial systems.

THEOREM 1.1. The set TI! is recursively enumerable.
PROOF. Let ~* be the (recursive) set of all Godel numbers of axioms

of 2. Let mi(y, ~(m»), m;(y, ~(n,»), ... ,mt(y, ~(n.») be the (recursive)
associated numerical predicates of the rules of inference of 2. Let P 2 be
the class of all numbers x such that

where Xl, X 2, ••• ,X", is a proof in 2 (that is, PI! is the set of all Godel
numbers of proofs in 2). Then

oC(",)

P 2 = Ix I GN (x) 1\ 1\ [en Gl x E ~*)
n=l

v

v

v

v

n-'-l

v
n-'-l

v
n-'-l

v

~m(n Gl x, i l Gl x, i 2 Gl x, ... ,inj Gl x)

m~(n Gl x, i l Gl x, i 2 01 x, ... ,in, Gl x)

mt(n Gl x, i l Gl x, i 2 Gl x, ... ,in. Gl x)Jl.

Thus, P 2 is recursive. But

T2 = {x IV (y E PI! 1\ x = £(y) Gl y)}.
y

Therefore, TI! is recursively enumerable.

By the decision problem for a logic 2 we mean the problem of deter­
mining, of a given word, whether or not it is a theorem of 2.

DE;}'INITION 1.4. The decision problem for a logic 2 is recursively
solvable if T 2 is recursive; otherwise it is recursively unsolvable.

COROLLARY 1.2. There exists a logic 2 whose decision problem is
recursively unsolvable.



SEC. 1] MATHEMATICAL LOGIC 119

PROOF. By the results of Chap. 6 (e.g., Theorem 6-2.6), we know that
there exists a combinatorial system whose decision problem is recursively
unsolvable.

DEFINITION 1.5. Let 2 and 2' be logics. Then we say that 2 is trans­
latable into 2' if there exists a recursive word functiorn f(X) such that f--Il X
if and only if f--Il' r(X) and, moreover, if, whenever X ~ Y, we also have
r(X) ~ r(y) (that is, if r is one-one).

THEOREM 1.3. If 2 is translatable into 2' and the decision problem for 2'
is recursively solvable, then the decision problem for 2 is recursively solvable.

Hence, if the decision problem for 2 is recursively unsolvable, then so is
that for ~'.

PROOF. Let Til' be recursive. Let reX) be a recursive word function
such that

f--Il X +--+ f--Il' r(X).
Then

Hence,

Now the function on the right is partial recursive, and that on the left is
total. Hence, both are in fact recursive. That is, Til is recursive.

(Note that the one-one character of r was not used in this proof.)
THEOREM 1.4. For every logic 2 there is a normal system /I, whose alpha­

bet consists of two letters, such that 2 is translatable into /I. t
PROOF. We define reX) as follows:

reX) = 19n (XHl

By Theorems 1.1 and 6-5.3, there exists a normal system /I, whose alpha­
bet consists of two letters, which generates the set Til' For such a
normal system, we have

f--Il X +--+ gn (X) E Til
+--+ f--. 1gn(XHl

+--+ f--. f(X).

If r(X) = r(Y), then 19n (XHI = 19n (YHI; so gn (X) = gn (Y), and,
finally, X = Y.

It remains only to show that r(X) is recursive. Let g(x) be the func­
tion whose domain is the set of Godel numbers of words on our alphabet
and whose value is 1 for all numbers in its domain. Then g(x) is partial

t A somewhat similar theorem is proved by Post [2,8]. Our result is stronger than
Post's III that ours is applicable to more systems than his, and weaker than Post's in
that Post supplies a particularly simple translation function.
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£(x) x

g(x) = miny [ (y = 1) A GN (x) A /\ V (n Gl x = 2z + 1)1
n=! .=0

Also, the function gn (l x+1
) is recursive, since

gn (10+1) = 2,
gn (1 (x+l)+l) = gn (l x+ 1) * 2.

But
f*(x) = gn (l x+I)g(x).

Hence f*(x) is partial recursive; so f(X) is recursive.
THEOREM 1.5. If ~ is translatable into 2' and if 2' is translatable into

~JI, then ~ is translatable into 2".
PROOF. There are recursive functions f(X), g(X) such that

r-Il X ~ r-Il' f(X),
r-Il' X ~ r-Il" g(X).

Let f)(X) = g(f(X». Then, f)(X) is recursive, and

r-Il X ~ r-Il' f(X)
~ r-Il" f)(X).

Finally, if f)(X) = f)(Y), then f(X) = f(Y), whence X = Y.
2. Incompleteness and Unsolvability Theorems for Logics. We shall

begin with some notions which provide a measure of the "deductive
power" of a logic without necessitating a discussion of its detailed
structure.

DEFINITION 2.1. A logic ~ is said to be semicomplete with respect to a
set of integers Q if there exists a &equence of words W 0, WI, W 2, • • •

such that the function f(n) = gn (Wn) is recursive and such that

Q = Inl r-IlWnl·
~ is said to be complete with respect to Q if it is semicomplete with

respect to both Q and Q.
In terms of the concept of semicompleteness, we can obtain at once a

sufficient condition that a logic have a recursively unsolvable decision
problem.

THEOREM 2.1. If ~ is semicomplete with respect to a nonrecursive set Q,
the 2 has a recursively unsolvable decision problem.

PROOF. We have

Q = In I r-Il Wnl
= In Ign (Wn ) E Till·

Hence, if Til were recursive, so would Q be.
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COROLLARY 2.2. If ~ is semicomplete with respect to every recursively
enumerable set, then ~ has a recursively unsolvable decision problem.

Theorem 2.1 and its corollary are actually quite useful in proving the
recursive unsolvability of the decision problem for various systems of
symbolic logic. The converse of Theorem 2.1 is also true.

THEOREM 2.3. If ~ has a recursively unsolvable decision problem, then ~

is semicomplete with respect to a nonrecursive set, namely Tf!.
PROOF. Let ~ have a recursively unsolvable decision problem. Then

not all words are theorems of~. Let X o be the word of least G6del
number that is not a theorem of~. We define the sequence W o, WI,
W 2, ••• as follows:

If n is the G6del number of a word, n = gn (W), then we set W n = W;
otherwise we set W n = X o.

Then n E Tf! if and only if n = gn (W), where f-f! W. But, by our
definition of W n, this becomes n E Tf! if and only if f-f! W n' That is,

Tf! = In I f-f! Wnl·
I t remains to show that gn (Wn) is recursive. Let

oC(x) x

W(x) +--+ GN (x) A /\ V (n Gl x = 2z + 1).
n=l z=O

Then W(x) is recursive. Let w(x) be its characteristic function. Then

gn (Wn ) = n(l ....... w(n» + gn (Xo)w(n).

Next, we shall see that a logic can be semicomplete only with respect
to recursively enumerable sets.

THEOREM 2.4. If ~ is semicomplete with respect to Q, then Q is recur­
sively enumerable.

PROOF
Q = In I f-f! Wnl

= In I gn (Wn ) E Tf!l,

and the result follows at once from Theorems 1.1 and 5-4.10.
COROLLARY 2.5. If Q is not recursively enumerable, then no logic is

semicomplete with respect to Q.
COROLLARY 2.6. If ~ is complete with respect to Q, then Q is recursive.
COROLLARY 2.7. If Q is recursively enumerable but not recursive,

then no logic is semicomplete with respect to Q.
COROLLARY 2.8. If Q is recursively enumerable but not recursive, then

no logic is complete with respect to Q.
Theorem 2.4, with its corollaries, represents a decisive limitation on

the power of logics. In fact, these results really constitute an abstract
form of G6del's famous incompleteness theorem. l Their devastating

1 Cf. Gi:idel [IJ. Our present formulation is essentially that of Kleene [4, 6J.



122 APPLICATIONS OF THE GENERAL THEORY [CHAP. 8

import stems from the fact that they imply that an adequate development
of the theory of natural numbers, within a logic 2, to the point where member­
ship in some given set Q of integers can be adequately dealt with within the
logic (i.e., so that a given number n belongs to Q if and only if some
corresponding-in an effective manner-word W n is provable in 2), is
possible only if Q happens to be recursively enumerable. Hence, non­
recursively enumerable sets can, at best, be dealt with in an incomplete
manner.

In the next section we shall see how, by assuming more about the
basic structure of 2, these results assume a more explicit form.

3. Arithmetical Logics. In this section we shall discuss a large class of
logics, which we shall call arithmetical. As in the usual systems of sym­
bolic logic, much of the symbolism of these arithmetical logics may be
thought of as constituting a "translation" of ordinary mathematical
English into a more precise formal language. Although, in principle,
these "semantical" ideas can themselves be formalized,! we shall not
attempt such a formal treatment here, and our development will not
depend on any interpretation of the symbols of arithmetical logics.
However, solely to aid the reader, we include remarks concerning what
we shall call the intended interpretation of an arithmetical logic. To
emphasize that these remarks are not part of our formal development
we place them within curly braces I· . .1.

A logic ~ is to be called an arithmetical logic if it has the properties
listed below under headings I, II, III, and IV.

I. Well-formed Formulas. For each arithmetical logic ~, there is a
recursive nonempty set of words called the well-formed formulas of ~.

We write w.f.f. for "well-formed formula." lIn the intended interpre­
tation of ~, the wJJ.'s include the words that represent sentences or
predicates. I

All theorems of ~ are wJJ.'s.
II. Propositional Connectives. There are recursive word functions

3'(A, B) and inCA). We shall write [A::> B] for 3'(A, B) and - A for
inCA). - A is a wJJ. if and only if A is a wJJ.; [A::> B] is a wJJ. if
and only if A and Bare w.f.f.'s. t lIn the intended interpretation of ~,

::> represents implication and - represents negation. I
If A, B, Care w.f.f.'s of ~, then

f-'H [A ::> [B ::> A]],
f-'H [[A ::> [B ::> CJ] ::> [fA ::> B] ::> [A ::> Cm,

f-'H [[ - B::> - A] ::> [A ::> B]].

(1)
(2)
(3)

1 Cf. Tarski [1].
t In the theorems about arithmetical logics to be proved below, many of the clauses

in our definition will not in fact be employed. The notation and some of the specific
formulations used in the remainder of this chaptl'r are taken from Church [5J.
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r-21 B.

This last is called modus ponens.
III. Quantifiers. There is a denumerable sequence

of distinct words of ~ called variables. No variable is a wJJ. The
function fen) = gn (xn ) is recursive. There are no words A, B, C,
A ~ A, B ~ A, C ~ A, such that AB and BC are both variables.!

There is a recursive binary word function ®(M, A). We shall write
(M)A for ®(M, A). (M)A is a w.U. if and only if A is a wJJ. and Mis
a variable. By (3M)A, we understand - (M) - A.

{In the intended interpretation, the words Xi represent variables whose
range is a class that contains the integers. 2 (Xi) and (3Xi) then represent
universal and existential quantification, respectively, over the integers.j

There is a recursive binary word predicate 'S(M, A).
If 'S(M, A), then A is a w.U., M is a variable, and M is a part of A

(that is, A = BMC for suitable B and C). When 'S(Xi, A) is true, we
say that Xi is bound in A. When 'S(Xi, A) is false and Xi is a part of A,
we say that Xi is free in A.

If no variable is free in any w.U. B that is part of the wJ.£. A, then
A is said to be closed. We write c.w.f.f. for "closed w.U."

{In the intended interpretation, it is the c.w.U.'s that represent
sentences·l

'S(Xi, (xi)A) is always true.
If 'S(Xi, A) and A is a part of the wJJ. B, then 'S(Xi, B).
There is a recursive word function 0(X, M, N) such that, if X is a

wJJ. and M is a variable, then 0(X, M, N) is the word that results on
replacing M by N at all of its occurrences in X. 0([X::> YJ, M, N) is
[0(X, M, N) ::> 0(Y, M, N)]. 0(- X, M, N) is - 0(X, M, N). If
i ~ j, then 0«Xj)X, Xi, N) is (Xj)0(X, Xi, N).

There is a recursive word function ~(W). If W is a wJJ., then ~(W)

is a c.wJJ., and ~(W) is obtained by prefixing zero or more universal
quantifiers to W. If W is a c.wJJ., ~(W) = W. If W is not a wJ.£.,
~(W) is not a wJ.£. ~(TV) is called the closure of W.

It follows that the class of c.w.f.f.'s is recursive, since lV is a c.w.f.f.
if and only if G:(W) = W.

1 Thus, it is impossible for two variables which occur in the same word to overlap.
2 Thus, the class may be the set of integers or it may contain other objects as well.
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f-~ A if and only if f-~ (xi)A. From this last it follows at once that
f-~ A if and only if f-21 ~(A).

IV. Integers. Associated with each integer n is a word that we write
n* and that we call the numeral associated with the number n. The func­
tion f(n) = gn (n*) is recursive. If n ~ m, then n* ~ m*.

If A is a w.f.f., if Xi is free in A, and if N is a variable or a numeral,
then @5(A, Xi, N) is a w.f.f.

If Xi and Xj are not bound in A, then

hI [@5(A, Xi, Xj) :> (3Xi)Aj,
f-21 [0(A, Xi, m*) :> (3Xi)Aj.

If Xi is not free in A, then

f-~ [(xi)[A :> Bj:> [A:> (xi)BJ].

(4)
(5)

(6)

This completes our definition of what constitutes an arithmetical logic.
DEFINITION 3.1. A w.f.f. W of ~ is called n-ary if the variables Xl,

X2, ... ,X" are free in W and if no other variables are free in W.
DEFINITION 3.2. If W is an n-ary w.f.f. of ~ and if (Xl, X2, ... ,xn )

is an n-tuple of integers, we write W(XI, X2, . .. ,xn) to denote the w.f.!.
obtained from W on replacing Xi by xt at all occurrences of Xi in W, for
i = 1,2, ... ,n.

DEFINITION 3.3. An arithmetical logic ~ is called consistent if, for no
word A, do we have f-21 A and f-21 - A.

If ~ is not consistent, it is called inconsistent.
COROLLARY 3.1. ~ is inconsistent if and only if all w.f.f.'s of ~ are

theorems of ~.

PROOF. If all w.f.f.'s are theorems, then ~ is certainly inconsistent.
Conversely, suppose that f-21 A and f-21 - A. Let B be any w.f.f.

of~. By II (1),
f-~ [- A:> [- B:> - Ajj.

Hence, by modus ponens (II),

f-21 [- B:> - Aj.
By II (3),

f-~ [[- B:> - Aj:> [A :> Bjl.

Hence, by modus ponens,
f-21 [A :> Bj,

and, by modus ponens again,

f-21 B.
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Q = {x IV R(x, y)}.
y

DEFINITION 3.4. A n arithmetical logic ~ is called w-consistent if
there does not exist a 1-ary w.f.f. W such that, for all integers m, f-~ W(m)
and also f-21 - (Xl) W.

An arithmetical logic that is not w-consistent is called w-inconsistent.
{Taking into account the intended interpretation of A and the mean­

ing of universal quantification, we see that, in an w-inconsistent arith­
metical logic ~, there is a c.w.f.f. A of ~ such that f-~ A, whereas the
sentence A represents is false. Thus, w-inconsistency is, from the point
of view of intended interpretations, as undesirable as inconsistency.}

COROLLARY 3.2. If ~ is w-consistent, it is consistent.
PROOF. Suppose ~ to be inconsistent. Let W be any 1-ary w.f.f.

of~. Then, by Corollary 3.1, for all m, f-21 W(m) and f-21 - (Xl) W.
Hence, ~ is w-inconsistent.

DEFINITION 3.5. Let P(XI, ... , xn) be a predicate. Then we say
that P is completely representable in an arithmetical logic ~ if there exists
an n-ary w.f.f. W of ~ such that

(1) For each n-tuple (Xl, ... ,xn) for which P(XI, ... ,xn) is true,
f-~ W(XI, ••• ,xn).

(2) For each n-tuple (Xl, ... ,xn) for which P(XI, ... ,xn) is false,
f-~ - W(XI, ••• ,xn).

THEOREM 3.3. If R(~(n) is completely representable in an arithmetical
logic ~, then R(~(n) is recursive.

PROOF. There is an n-ary w.f.f. W such that

R(~(n» ~ hI W(~(n)

~ gn (W(~(n)) E T 21 ,

"'"' R(~(n) ~ f-~ - W(~(n)

~ gn (- W(~(n)) E T 21 •

We first note that the functions gn (W(~(n)), gn (- W(~(n») are recur­
sive. This follows at once from the fact that ~ and - are recursive
word functions and from

W(~(n) = ~(... ~(~(~(W,Xl, xi), X2, xi), X:i, x~), .. , Xn, x~).

Now, by Theorem 1.1, the set T~ is recursively enumerable. Hence,
by Theorem 5-3.4, the predicates R(~(n), "'"' R(~(n) are semicomputable.
Therefore, by Theorem 5-1.5, R(~(n) is recursive.

DEFINITION 3.6. A class !1 of binary predicates is called a basis if,
for every recursively enumerable set Q, there is a predicate R(x, y) such that
R(x, y) E !1 and

By the results of Chap. 5, the class of binary recursive predicates is a
basis. By the enumeration theorem (Theorem 5-1.4), the class of predi-
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cates of the form T(zo, x, y) is a basis. Hence, the class of binary primi­
tive recursive predicates is a basis. Moreover, by Theorem 7-3.8, the

y y

class of all predicates of the form /\ v P(k, x, y, ~(n») = 0,
k=O Xl, ••• ,X. =0

where P is a polynomial, is a basis.
DEFINITION 3.7. An arithmetical logic ~ is called adequate if there is

some basis Ll such that, for every predicate P E Ll, P is completely representa­
ble in ~.

We are now in a position to apply the results of Sec. 2.
THEOREM 3.4. If ~ is an w-consistent and adequate arithmetical logic,

then ~ is semicomplete with respect to every recursively enumerable set.
PROOF. Let Q be some recursively enumerable set. Then since

~ is adequate, there is a predicate R(x, y), completely representable in ~,

such that

Q = {x IV R(x, y)}.
y

Thus, there exists a 2-ary w.fJ. W such that
When R(x, y) is true, 1-21 W(x, y),
When R(x, y) is false, 1-21 - W(x, y).

Let U be the 1-ary wJJ. (3X2) W. We shall see that

Q = Ix 11-21 U(x)j.

For each integer n, we write Wen, X2) for 0(W, Xl, n*).
that no E Q. Then, for some number Yo, R(no, Yo) is
1-21 W(no, Yo). Now, by IV(5),

1-21 [W(no, Yo) ::> (3x2)W(nO, X2)).

Hence, by modus ponens,

That is,
f--21 U(no).

Conversely, suppose that f--21 U(no). That is,

1-21 (3X2) W(no, X2)
or

(7)
Now, suppose
true. Hence,

1-21 - (X2) - W(no, X2).

Hence, by the w-consistency of ~, there is some integer mo for which the
w.f.f. - W(no, mo) is not a theorem of~. Hence, R(no, mo) must be
true, since, if it were false, we should have I-~l - W(no, mo). Hence,
finally, no E Q, and we have proved (7). By Definition 2.1, it remains
only to show that the function f(x) = gn (U(x)) is recursive. But this is
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gn (U(x)) = gn (0(U, Xl, x*)).
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P- = F n Ix I91*(x) E T?ll.

THEOREM 3.5. If mis an w-consistent and adequate arithmetical logic,
then mhas a recursively unsolvable decision problem. I

PROOF. Immediate from Theorem 3.4 and Corollary 2.2.
DEFINITION 3.8. An arithmetical logic mis said to be complete if,

for every c.w.f.f. A of m, either r?l A or r?l - A.
If mis not complete, it is called incomplete.
THEOREM 3.6. If an arithmetical logic mis complete, then its decision

problem is recursively solvable.
PROOF. Let F be the set of all Godel numbers of c.wJJ.'s of m, so that

F is recursive. Let P+ be the set of all Godel numbers of theorems of m
that are c.wJJ.'s; P-, the set of all Godel numbers of nontheorems of m
that are c.w.f.f.'s.

We first wish to show that P+ is recursive. Now, P+ = F n T?l; so,
by Theorems 1.1 and 5-4.9, P+ is recursively enumerable. Since mis
complete, a nonprovable c.wJJ. is one whose negation is provable.
Hence,

[Here 91* (x) is the associated numerical function of -.J Thus, by
Theorems 1.1, 5-4.9, and 5-4.10, P- is also recursively enumerable. But

P+ = P- \..J F;
so, by Theorem 5-4.9, P+ is recursively enumerable. Hence, by Theorem
5-4.5, P+ is recursive.

But a wJ.f. of mis a theorem if and only if its closure is a theorem.
Hence,

T?l = Ix I ~*(x) E P+l

and, therefore, T?l is recursi ve.
THEOREM 3.7 (Godel's Incompleteness Theorem). If m is an

w-consistent and adequate arithmetical logic, then mis incomplete.
PROOF. Immediate from Theorems 3.5 and 3.6.

Thus, for any arithmetical logic msatisfying the hypotheses of Theorem
3.7, there is a c.wJJ. A of msuch that neither A nor - A is a theorem
of m. Or, as we may say, A is undecidable. However, our proof of
Theorem 3.7 gives no indication of what form such an A would take.
In order to determine this, we turn to the incompleteness theorem of
Sec. 2.

SECOND PROOF OF THEOREM 3.7. Let Q be a recursively enumerable
set which is not recursive. As in the proof of Theorem 3.4,

Ix I r?l U(x) I = Q.
I Essentially this result was first proved by Church. Cf. Church [1].
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Suppose that f-21 - U(no). Then no E Q[if no E Q, f-21 U(no), which
would contradict the consistency of ~]. Thus,

Ix I f-~ - U(x) I C Q.
But, by Corollary 2.7,

Ix I f-21 - U(x)l ~ Q.
Hence, there is a number no such that no E Q, but it is not the case that
f-~ - U(no). On the other hand, it is also not the case that f-~ U(no),
since this would imply no E Q. This completes the proof.

IThus we see that, if ~ satisfies the hypotheses of Theorem 3.7, there
is a c.w.f.f. A of ~ that is undecidable and whose interpretation is that
no E Q, where no is some integer and where Q is a recursively enumerable
set which is not recursive. Changing the logic in various ways can suc­
ceed only in changing the value of no. By Theorem 7-3.1, such a propo-

y

sition has the simple arithmetic form V /\ V [P(k, no, y, ~(n» = OJ,
y k=O 1;(0)

where the polynomial remains unchanged as the logic is varied.
Next, let Q = S, where S is the simple set constructed in Chap. 5,

Sec. 5. Then, since Ix I f-~ - U(x) I is recursively enumerable, it must
be finite. That is, if the hypotheses of Theorem 3.7 are satisfied by an
arithmetical logic ~, of the c.w.f.f.'s - U(n) of ~ chosen as formalizations
of the propositions n E S, at most a finite number can be theorems of~.

If we take Q = K = {x IV T(x, x, y) }, we may make use of the fact
y

that, by Corollary 5-5.2, K is creative. Hence, there is a recursive
function f(x) such that, if

1m} = In I f-~ - U(n)} C K,

thenf(m) E K, whereasf(m) r;;. 1m}, that is, - U(f(m» is not a theorem
of~. If we now construct ~' by adjoining the w.f.f. - U(f(m» as an
additional axiom, we have a new arithmetical logic in which the undecida­
ble proposition f(m) E K has been decided. Of course, the process is
capable of iteration.}

In order to verify that the results of the present section actually do
hold for some definite arithmetical logic, it suffices to show that the logic
in question is ",-consistent and adequate.

The proof of adequacy of a logic is usually not very difficult to supply.
Some economy is often made possible by a shrewd choice of a basis. A
very popular choice is the class of binary primitive recursive predicates.
(E.g., Godel [1] and Hilbert and Bernays [1] make use of this basis.)
Often it is simpler to use recursive predicates directly, making use of a
formulation like that of our Definition 3-1.2, which does not involve
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primitive recursion. For the system Z of Hilbert and Bernays [1], the
class of predicates of the form

y

/\
y

V [P(k, x, y, ~(n» = 0],
k=O Xl••.. •Xn=O

where P is a polynomial, is an ideal choice.
The question of w-consistency is more delicate. IOn the one hand,

it is ordinarily possible to give a seemingly valid proof of the w-consistency
of many arithmetical logics by explicitly invoking their intended interpre­
tation. That is, one can ordinarily prove:

(1) The axioms of the logic are true. l

(2) The rules of inference of the logic preserve truth.
(3) If the logic is w-inconsistent, at least one of its theorems is false.
Such a proof of w-consistency is open to the objection of circularity.

For, in the process of showing that no theorems of the logic are false,
one is tacitly using this very assertion on an informal level. This is not a
matter of pedantry; at least four logics which were originally proposed
quite seriously have, in fact, turned out to be inconsistent. Another
difficulty is associated with the fact that in many arithmetical logics ~,

within which it is possible to find a c.wJJ. C whose interpretation is
that ~ is consistent, it can be proved that C is not a theorem2 of ~.

Thus a proof of the consistency (and hence certainly the w-consistency)
of a logic requires the use of methods not formalized within the logic.}

These considerations make our results seem somewhat equivocal.
However, in their negative aspect there is really no equivocation. Either
an adequate arithmetical logic is w-inconsistent {in which case it is possi­
ble to prove false statements within it I or it has an unsolvable decision
problem and is subject to the limitation of Godel's incompleteness
theorem.

4. First-order Logics. In this section we deal with yet another class
of logics, the first-order logics.

The alphabet of a first-order logic \5 contains the symbols

)

Also in the alphabet there is a denumerable infinity of symbols called
individual variables. We write these

1 In the case of w.f.f.'s containing free variables, "true" means true for all values of
these variables.

An "abuse of language" is involved here. When we say that an axiom is true, we
mean of course that the sentence it represents is true.

2 Cf. Gi:idel [lJ.
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The remaining symbols are individual constants, predicate symbols, or
function symbols. Each predicate symbol and function symbol hag
associated with it an integer ~ 1, called its degree. By an individual
symbol we understand either an individual variable or an individual
constant.

Of course, our development has been in terms of the fixed alphabet

Hence, we shall assume that the classes of individual variables, of indi­
vidual constants, of predicate symbols, and of function symbols are recur­
sive, and, also, that there is a partial recursive function Q(n) such that,
if an is a predicate symbol or a function symbol, then Q(n) is the degree
of an.

A word X is called a term of a first-order logic \5 if there exists a sequence
Xl, ... , X n of words such that X n is X and, for each i, 1 ~ i ~ n,
either

(1) Xi is an individual symbol, or
(2) Xi is a(Xh , Xj" ... ,Xj ..), where jI, j2, ... ,jm < i and where

a is a function symbol of degree m.

A word W is called a well-formed formula (abbreviated w.j.f.) of a first­
order logic \5 if there exists a sequence WI,. ., W n of words such that
W n is Wand, for each i, 1 ~ i ~ n, either

(1) Wi is p(Xh ••• ,Xm ), where Xl, ... ,Xm are terms and p is a
predicate symbol of degree m, or

(2) Wi is [Wj ::> W k ], where j, k < i, or
(3) Wi is - Wj, where j < i, or
(4) Wi is (v)Wj, wherej < i and v is an individual variable.

In the case of a function or predicate symbol a of degree 2, we often write
(XaY) for a(X, Y).

A first-order logic has two rules of inference, namely:
MODUS PONENS. This rule of inference is given by the 3-ary predicate

9)(Y, Xl, X 2), which is true when and only when X 2 is [Xl::> Y].
GENERALIZATION. This rule of inference is given by the predicate

®(Y, X), which is true when and only when Y is (v)X, where v is an indi­
vidual variable.

It is left to the reader to verify that these rules of inference are recur­
sive predicates.

An occurrence of an individual variable v in a w.f.f. W is a bound
occurrence if it is in a w.f. part of W of the form (v)A. An occurrence
of v in a w.f.f. W which is not bound is called a free occurrence. A w.f.f.
in which no individual variable has a free occurrence is called closed.
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We write c.w.f.f. for "closed w.f.f." If W is a w.f.f., v is an individual
variable, and X is a term, we define @:leW, v, X) as follows:

If no free occurrence of v in W is in a w.f. part of W of the form (w)A,
where w occurs in X, then @:leW, v, X) is the result of replacing v by X
at all free occurrences of v in W; otherwise @:leW, v, X) is W.

The axioms of a first-order logic include all words obtained (subject to
the specific restriction mentioned below) by replacing v by an individual
variable, X by a term, and A, B, C by w.f.f.'s in the schemata:

(1) [A::> [B ::> AJ].
(2) [[A::> [B ::> CJ] ::> [[A::> B] ::>[ A ::> Cm.
(3) [[- B::> - A]::> [A ::> B]].
(4) [(v)A::> @:leA, v, X)].
(5) [(v)[A::> B] ::> [A ::> (v)B]], where v has no free occurrence in A.

In addition to these, a first-order logic contains a finite (possibly zero)
number of additional axioms, all of which are c.w.f.fo's; these are called
the special axioms of the logic.

THEOREM 4.1. If A is any w.f.f. of a first-order logic 15, then f-IJ [A::> A].
PROOF. By schema (2),

f-IJ [[A ::> [[A ::> A] ::> AJ] ::> [[A::> [A ::> A]] ::> [A ::> Am.

By schema (1),

and
f-IJ [A ::> [[A ::> A] ::> A]]

f-IJ [A ::> [A ::> A]].

Applying modus ponens twice,

DEFINITION 4.1. Let 15 be a first-order logic and let AI, ... , An be
c.w.f.fo's of 15. Then, 15(A I, .•. , An) is the first-order logic obtained
from 15 by adjoining to its special axioms those of AI, ... , An that are
not axioms of 15.

THEOREM 4.2. If 15 is a first-order logic and A is a c.w.f.f. of 15, then
f-IJ(A) W if and only if f-IJ [A ::> WI.

PROOF. If f-IJ [A ::> WI, then f-IJ(A) [A ::> WI. But then, by modus
ponens, f-\S(A) W.

Conversely, suppose that f-IJ(A) W. Let WI, ... , Wn be a proof of
Win 15(A), so that Wn is W. We shall show that, for each i, 1 ;:i i ;:i n,
f-IJ [A::> Wi]. Suppose this result known for all j < i. We distinguish
several cases.

CASE I. Wi is A. Then, [A ::> Wi] is [A ::> A], which, by Theorem 4.1,
is a theorem of 15.
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CASE II. Wi is an axiom of \5. Then, f-\!Wi. By schema (1),
f-\! [Wi::> [A::> Wi]]. By modus ponens, f-\! [A::> W;].

CASE III. W j is [Wk ::> Wi] for j, k < i. Then, by induction hy­
pothesis,

f-\! [A ::> Wk ],

f-\! [ A ::> [Wk ::> Wi]].
By schema (2),

f-\! [[A ::> [Wk ::> Wi]]::> [[A ::> W k ]::> [A::> Wi]]].

By modus ponens twice,

CASE IV. Wi is (v) Wi for j < i, where v is an individual variable. By
induction hypothesis, f-\! [A ::> Wi]' By generalization, f-\! (v)[A ::> Wi]'
Since A is a c.w.f.f., schema (5) is applicable, and

f-\! [(v)[A ::> Wi]::> [A ::> (v)Wi]]·

By modus ponens,

that is,
f-\! [A ::> (v)Wi ],

f-\! [A ::> Wi].

This completes the proof.
COROLLARY 4.3. If \5 is a first-order logic and AI, ... ,An are c.w.f.fo's

of \5, then f-\!(A" ....An ) W if and only if

PROOF. It suffices to apply Theorem 4.2 repeatedly.
THEOREM 4.4. If \5 is a first-order logic and AI, . .. , An are c.w.f.fo's

of \5, then \5 (A 1, • • • , A n) is translatable into \5.
PROOF. Recalling Definition 1.5, it is necessary only, by Corollary 4.3,

to remark that, if

f(W) = [AI::> [A 2 ::> ... ::> [An::> W]···]],

then f(W) is recursive.
DEFINITION 4.2. A first-order logic \5 is called unspecialized if it has

no special axioms.
THEOREM 4.5. Every first-order logic is translatable into an unspecialized

first-order logic.
PROOF. Let \5 be any first-order logic, and let \5' be like \5 except that

\5' has no special axioms. Thus, \5' is unspecialized. Moreover, let the
special axioms of \5 be AI, ... ,An. Then, \5 = \5'(Al, ... , An).
Hence, by Theorem 4.4, \5 is translatable into \5'.
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We now introduce the unspecialized first-order logic l5o, the full first­
order logic. l50 has a denumerable infinity of individual constants and,
for each integer m ;:;; 1, a denumerable infinity of function and predicate
symbols of degree m. In more detail, the seven symbols

)

are identified with ao, aI, a2, as, a4, a6, a6, respectively. For n > 6, an is
an individual variable if L(n) = °and K(n) is even, an individual con­
stant if L(n) = °and K(n) is odd. Thus, x, y, Z, Xl, YI, Zl, X2, Y2, Z2, •..
are identified with aJ(4,O), aJ(6,O), aJ(8,Oj, . . .. For n > 6, L(n) > 0,
L(n) even, an is a predicate symbol of degree iL(n). For n > 6, L(n) odd,
an is a function symbol of degree i(L(n) + 1).

l50 is essentially the logic called the engere Pradikatenkalkill in Hilbert
and Ackermann [1] and called the pure first-order functional calculus by
Church [4, 5]. t

The importance of l50 stems from
THEOREM 4.6. Every unspecialized first-order logic is translatable

into l5o.
PROOF. Let l5 be some unspecialized first-order logic. We define a one­

one recursive function fen) on the integers as follows:
For each n, we check the role played by an in l5. If an is one of

)

in l5, fen) is 0, 1, 2, 3, 4, 5, or 6, respectively. If f(x) is defined for x < n,
and if an is an individual variable in l5, an individual constant in l5, a
predicate symbol of degree m in l5, or a function symbol of degree m in l5,

t Actually, these logics, as they were originally formulated, do not have provision
for function symbols or individual constants. However, this difference is not an
essential one. Cf. Hilbert and Bernays [1, p. 422] and Kleene [6, p. 408]. Although
the detailed proof is quite involved, the idea behind it is quite simple. We set aside
a predicate symbol =of degree 2, assuming the special axioms (1) to (3), below.
Then, to eliminate an individual constant e, we set aside a predicate symbol C of
degree 1 and assume the special axioms (cf. the next footnote)

(3x)C(x),
[C(x) :::> [C(y) :::> (x =y)JJ.

To eliminate a function symbol f of degree m, we set aside a predicate symbol F of
degree m + 1 and assume the special axioms

(3y)F(Xl, X2, ••• ,xm , y),
[F(Xl, X2, ... , Xm , y) :::> [F(Xl, X2, ••. , Xm , z) :::> (y = z)JJ.

It is then necessary to replace individual constants and function symbols by these
predicates in the appropriate way. For example, G(e) becomes

(X)[C(X) :::> G(x»).
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It is easy to
Hence, 15 is

then fen) is the least integer p such that f(x) ~ p for x < n, and ap is
an individual variable in 15o, an individual constant in 15o, a predicate symbol
of degree m in 15o, or a function symbol of degree m in 15o, respectively.
Now, we define the function f as follows:

If X = ar,ar, ... ar., then f(X) = a/(r,)a/(r,) ... a/(r.)'
see that reX) satisfies the conditions of Definition 1.5.
translatable into 15o.

THEOREM 4.7. If the decision problem for 150 is recursively solvable, then
so is that for every first-order logic.

PROOF. Immediate from Theorems 1.3, 1.5, 4.5, and 4.6.

Theorem 4.7 was known (necessarily on the informal level) to Hilbert
and his school well before the formal development of recursive-function
theory. On the basis of this theorem, Hilbert declared that the decision
problem for 150 (often referred to simply as the Entscheidungsproblem)
was the central problem of mathematical logic. Subsequently, there was
much research directed toward a positive solution of this problem. In
part, this took the form of reductions of the decision problem for 150 to that
for classes of special w.f.f.'s, for example, the class of w.f.f.'s of the form!

where A is free of quantifiers. Other work was directed toward showing
that, for larger and larger classes of w.f.f.'s, the decision problem could
be solved. In particular, it was proved that the decision problem could
be solved for the class of all w.f.f.'s of the form!

where A is free of quantifiers. Thus, it seemed that but the smallest
advance in either direction would suffice to settle the problem.

In fact, it was proved by Church2 and by Turing3 (independently of
each other) that the decision problem for 150 is recursively unsolvable.
By Theorem 4.7, this will follow at once if we can produce any first-order
logic whose decision problem is recursively unsolvable. 4

We shall prove
THEOHEM 4.8. Every normal system v with an alphabet of two letters

is translatable into a first-order logic 15 v.

1 Here, by (3Xi) W is understood - (Xi) - W. Cf. Church [5].
2 Cf. Church [2].
3 Cf. Turing [1].
4 It might be expected that we would achieve this by constructing a first-order logic

which is also an ",-consistent and adequate arithmetical logic. Indeed, the proof of
Church [2] follows essentially these lines. A simpler development is to be found in
Tarski, Mostowski, and R. M. Robinson [1]. However, because of the difficulties
associated with ",-consistency, we choose to proceed otherwise.
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Assuming this result for the moment, Theorems 1.3 and 6-5.4 immedi­
ately yield I

COROLLARY 4.9. There exists a first-order logic whose decision problem
is recursively unsolvable.

Finally, using Theorem 4.7, we have
COROLLARY 4.10. The decision problem for ~o is recursively unsolvable.
It remains only to give the proof of Theorem 4.8.
Let /I be a normal system on the alphabet 1, b. Let A o be its axiom,

and let its productions be giP~ Pfi, i = 1, 2, ... ,m. Then we let
the alphabet of ~v contain the individual constants 1 and b, the function
symbol * of degree 2, the predicate symbol T of degree 1, and the predi­
cate symbol = of degree 2.

With each word Won the alphabet 1, b, we associate a term W' of ~.

as follows:

I' = 1, b' = b;
(WI)' = (lV' * 1), (Wb)' = (W' * b).

Finally, we let feW) = T(W'). Clearly, feW) is recursive. The special
fl,xioms of ~. will be chosen in such a way that l-v W if and only if
l-\J. feW).

The special axioms of ~v are as follows:

(1) (XI)(XI = Xl)'
(2) (XI)(X2)[ (Xl = X2) J (X2 = Xl)].
(3) (Xl) (X2)(Xa)[ (Xl =X2) J [(X2 =X3) J (Xl =Xa)]].
(4) (XI)(X2)[(XI = X2) J [T(XI) J T(X2)]].
(5) (XI)(X2)(Xa)[(XI =X2) J ((Xl * Xa) =(X2 * Xa))].
(6) (XI)(X2)(Xa)[(XI = X2) J ((Xa * Xl) = (Xa * X2))].
(7) (Xl) (X2)(Xa)((XI * (X2 * Xa)) = ((Xl * X2) * X3))'
(8) T(A o').
(9) (xI)[T((g;' * Xl)) J T((XI * g;'))], i = 1,2, ... , m.

It is required to prove that l-.rV if and only if l-\JvT(W').
A term of ~. is called a constant if it contains no individual variables.

If X is a constant, we write IXI to denote the word on 1, b obtained
from X by replacing 1 by 1, b by b, and by removing all parentheses
and all stars. For example, {W'} = W. Two constants X, Yare
called associates if {X I = IY I.

Then, we have
LEMMA 1. If X and Yare constants, then f--\Jv (X = Y) if and only if

X and Yare associates.

1 Alternatively, Corollary 4.9 can be deduced from Theorem 4.8 by using Theorem
6-5.2 and Corollary 2.2.
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PROOF. If X and Yare associates, then IXI = {Yl so IXI and IYl
certainly are of the same length. If this length is 1 or 2, the result is
quite obvious. If the length is 3, then if, say, IXI = Iy} = Ibl, the
only possibilities for X, Yare (1 * (b * 1», «1 * b) * 1). Now, by
axiom (7),

f-\j. (Xl) (X2) (Xa) «Xl * (X2 * Xa» = «Xl * X2) * Xa».

By axiom schema (4) for first-order logics,

f-\j. [(Xl) (X2)(Xa)«Xl * (X2 * Xa» = «Xl * X2) * Xa»

::> (X2)(Xa) «1 * (X2 * Xa» =«1 * X2) * xa»],
f- lJ. [(X2) (Xa)( (1 * (X2 * Xa» = «1 * X2) * Xa»

::> (xa)«l * (b * Xa» = «1 * b) * Xa»],
f-\j. [(xa)«l * (b * Xa» =«1 * b) * Xa» ::> «1 * (b * 1» =«1 * b) * 1»].

By modus ponens three times,

f-\j. «1 * (b * 1» =«1 * b) * 1»;
that is,

f-\j. (X = Y).

A similar argument works for any other word of length 3. The result
for lengths > 3 is proved by mathematical induction.

The converse follows by noting that the only equalities that can be
obtained outright are those coming from axioms (1) and (7), which cer­
tainly cannot give the equality of nonassociates. Axioms (2) to (6), how­
ever, can go from equalities of associates only to equalities of associates.

LEMMA 2. If f-. W, then f-\j. T(W').
PROOF. Let WI, W 2, ••• , W" be a proof in 11, where W" is W. We

shall show that, for each i, 1 ~ i ~ n, f-lJ. T(W~). This is clearly true
for i = 1, since W l is A o• Suppose it true for i = k. Now, for suitablej,
Wk = {JjP, Wk+l = Pgj.

By axiom schema (4) for first-order logics,

f-\jp [(xl)[T«g; * Xl» ::> T«Xl * ~»] ::> [T«g; * P'» ::> T«P' * ~»ll.

This, with axiom (9) and modus ponens, yields

f-\j. [T«gj * P'» ::> T«P' * l))J.
By Lemma 1, we have

f-\j. «gjP)' = (gj * P'».

By the use of axiom (4), this will give

f-\j. [T«gjP)') ::> T«g; * P'»].
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Now, using our induction hypothesis and modus ponens twice, we have

I-IJ. T«P' * ~)).

And then, by Lemma 1 and axiom (4),

that is,
I-IJ. T(W~+l)'

LEMMA 3. If X is a constant and 1-. IX}, then !-ly. T(X).
PROOF. If X = IX}', we are through, by Lemma 2. If not, X is an

associate of Y = IX}'. Then, by Lemmas 1 and 2,

I-IJ. (X = Y),
I-IJ. T(Y).

By axiom (2),
I-\y. (Y = X).

By axiom (4),
I-IJ. [T(Y) J T(X)].

Hence,
I-IJ. T(X).

LEMMA 4. If X is a constant and I-IJ. T(X), then 1-. {X}.
PROOF. The only axiom of ~. of the form T(X), where X is constant,

has the desired property.
To derive T(X), X constant, in ~., axiom (4) or (9) must be used. l

But, by Lemma 1, axiom (4) can produce T(X) as a theorem only if we
already know that I-IJ. T(Y), where X and Yare associates. And
axiom (9) can be used to produce T(X) as a theorem only if {X} is a
consequence of {Y} by one of the productions of v and if I-IJ, T(Y).

LEMMA 5. 1-, W if and only if I-IJ. T(W').
PROOF. Clear from Lemmas 2 and 4.

This completes the proof of Theorem 4.8.
5. Partial Propositional Calculi. The alphabet of a partial proposi­

tional calculus '.j3 consists of the symbols

- J [ ]

and of the denumerable infinitude of symbols

called propositional variables.
A word W is called a well-formed formula (abbreviated w.f.f.) of a

partial propositional calculus if there exists a sequence W h • • • • W"
1 This fact follows from Gentzen's Hauptsatz. Of. Kleene [6].
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of words such that W n is Wand for each i, 1 ~ i ;;'£ n, either

(1) Wi is a propositional variable,
(2) Wi is [W j ::> W k ], j, k < i, or
(3) Wi is - Wi> j < i.

A partial propositional calculus has two rules of inference, namely,
MODUS PONENS. This rule of inference is given by the 3-ary predicate

9Jl(Y, Xl, X 2), which is true when and only when X 2 is [Xl::> V].
SUBSTITUTION. This rule of inference is given by the predicate @:iCY, X),

which is true when and only when Y results from X on replacing some
1'ropositional variable at all of its occurrences in X by a w.f.f. W.

Let U be some set which consists of two distinct objects (e.g., the
numbers 0 and 1); these objects we shall write T and F and we shall call
truth values. A function whose domain is the set of n-tuples of truth
values, and whose values are always T or F, is called a truth function.
With each wJJ. A of a partial propositional calculus we associate a
truth function A, as follows:

(1) If A is a propositional variable, then A is the identity function.
(2) If A is [B::> e], then A is F only for arguments that make B = T

and (J = F; otherwise A is T.
(3) If A is - B, then A is T when and only when B is F.

The w.Lf. A is called a tautology if A takes on only the value T. We leave
it to the reader to demonstrate

THEOREM 5.1. The class of tautologies is recursive.
Our final stipulation concerning partial propositional calculi is that

they shall have only a finite number of axioms, all of which are tautologies.
THEOREM 5.2. Every theorem of a partial propositional calculus is a

tautology.
PROOF. The axioms are tautologies, and, as one can readily verify,

the rules of inference preserve the property of being a tautology.

In particular, we may consider 'l3o, the full partial propositional calculus,
or, more simply, the propositional calculus, whose axioms are the three
wJJ.'s:

(1) [PI::> [qI::> PI]].
(2) [[PI::> [qi ::> rI]] ::> [[PI::> qI1 ::> [PI::> rIm·
(3) [[ - ql ::> - PI] ::> [PI::> ql]]'

DEFINITION 5.1. A partial propositional calculus 'l3 is called complete
if every tautology is a theorem of 'l3.

COROLLARY 5.3. If 'l3 is complete, then the decision problem for 'l3 is
recursively solvable.
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PROOF. Immediate from Theorems 5.1 and 5.2.

One of the fundamental results of modern logic (due to Post) is
THEOREM 5.4. ~o is complete.!
COROLLARY 5.5. The decision problem for ~o is recursively solvable.
These results led to the belief that, in this domain at least, no unsolva-

ble problems were to be found. However, Linial and Post were able'
to show that there exists a partial propositional calculus whose decision
problem is recursively unsolvable. We obtain their result by proving:

THEOREM 5.6. Every semi-Thue system (J with an alphabet of two
letters is translatable into a partial propositional calculus.

Let (f have the alphabet 1, b, the axiom A o, and the productions
PgiQ ----+ PYiQ, i = 1,2, ... ,m. We set

I' = - - [- PI::> - PI]
b' = - - - - [- PI ::> - PI]

(WI)' = [W' & 1'1
(Wb)' = [W' & b'],

where by [A & B] is understood - [A ::> - B]. Then if W is any word
on 1, b, the wJJ. W' is a tautology. We define the partial propositional
calculus ~q to have the axioms:

(1) [[PI & [qi & rIJ] ::> [[PI & qI] & rI]]'
(2) [[[PI & qr] & rI] ::> [PI & [qi & rIJ]].
(3) [[PI::> qI] ::> [[qi ::> PI] ::> [[ri & PI] ::> [rr & qIJJ]].
(4) [[PI::> qr] ::> [[qi ::> prJ ::> [[PI & rI] ::> [qi & rI]]]]'
(5) A~; [PI::> PI]'
(6) [[[PI & g~] & qi] ::> [[PI & y~] & qr]J, i = 1, 2, ... , m. t
It is easy to verify that these axioms are all tautologies.
A word X is called regular if there exists a finite sequence Xl, X 2, • • • ,

X"' where X" = X, such that, for each i = 1, 2, ... , n, either Xi is
I' or b', or Xi is [Xj & X k ], j, k < i. Thus, W' is always regular, as is,
for example, [[I' & b'] & [b' & I']].

If X is a regular word, we let (X) be the word on 1, b obtained by first
replacing all occurrences of b' in X by b, then replacing all remaining
occurrences of I' by 1, and finally removing all occurrences of [, ], and &.
Two regular words X, Yare called associates if (X) = (Y).

LEMMA 1. If X and Yare associates, then f-'llq [X::> Y] and also
f-'llq [Y::> X].

PROOF. By mathematical induction, employing axioms (1) to (4).

1 For a short and elegant proof of this result (due to Kalmar [1]), see Church [5].
t Cf. Linial and Post [1].
t Three additional tautalogies giving the effect of the semi-Thue productions with

empty P or Q or both should be added here.
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LEMMA 2. If W 2 is a consequence of WI by one of the productions of
!Y and f-'lla W~, then f-'lla W~.

PROOF. Let WI = Pg;Q, W 2 = Pg;Q. Then we have

By Lemma 1,

By Axiom (6),

By Lemma 1,

f-'lla (Pg;Q)/.

f-'lla [(Pg;Q), ::> [[PI & g~] & Q']].

f-'lla [[[PI & g~] & Q'] ::> [[PI & g~] & Q']].

f-'ll" [[[P' & g~] & Q'] ::> (Pg;Q)'].

By modus ponens, three times,

that is,
f-'ll" W~.

LEMMA 3. If f-" W, then f-'llq W'.
PROOF. A~ is an axiom and hence a theorem. The result then follows

from Lemma 2.
LEMMA 4. If X is regular and f-'ll" X, then f-q (X).
PROOF. The only axiom of '.j3q that is regular is A~.

Substitution in axioms (1) to (4) and (6) and subsequent modus ponens
can yield only regular words from regular words. Axioms (1) and (2)
can go only from a word to one of its associates. Axiom (6) can yield
regular Y as a theorem of '.j3" only if (Y) is a consequence of (X) by one
of the productions of !Y, and we already have f-'llq X. Finally, axioms
(3) and (4) can do no harm since, in a semi-Thue system, when Q is a
consequence of P, then RQ is a consequence of RP, and QR is a conse­
quence of P R.

LEMMA 5. f-" W if and only if f-'ll" W'.
PROOF. Clear from Lemmas 3 and 4.

Lemma 5, coupled with the fact that the function f(W) = W' is recur­
sive, completes the proof of Theorem 5.6.

THEOREM 5.7. There exists a partial propositional calculus with a
recursively unsolvable decision problem.

PROOF. The result follows at once from Theorems 5.6, 1.3, and
6-2.6.

Let !Yo be some definite semi-Thue system on 1, b with a recursively
unsolvable decision problem. Then, '.j3qo also has a recursively unsolva­
ble decision problem. Let W be some word on 1, b, and let the partial
propositional calculus m(W) have as axioms the axioms of '.j3qo and, in
addition,
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(7) [WI J [PI J [qi J PI]]].
(8) [WI J [[PI J [qi J rd] J [[PI J qd J [PI J rl]J]].
(9) [WI J [[- qi J - PI] J [PI J qllll.

Then we have
THEOREM 5.8. r-1.Il<10 WI if and only if meW) is complete.
PROOF. If r-1.Il<10 WI, then r-9/(W) WI; so, by applying modus ponens to

(7) to (9), the axioms of '.130 are theorems of meW). Hence, all tautolo­
gies, being theorems of '.130, are theorems of mew).

Conversely, suppose that mew) is complete. Then, in particular,
r-9/(W) W'. Now, axioms (7) to (9) are useless as the antecedent of a
modus ponens operation in a proof of WI. If we are to apply modus
ponens to these axioms to derive a shorter formula, either WI or the
result of substituting in WI must already be available. But axioms (1)
to (6) will not yield a result of substituting in WI, except via a proof of
W' itself. Hence, W' can be proved on the basis of axioms (1) to (6)
alone; that is, r-1.Il<10 WI.

By a suitable use of Godel numbers, we can define what we mean by
the recursive solvability or unsolvability of the decision problem:

To determine of a given partial propositional calculus whether or not it is
complete.

Theorem 5.8 will then immediately give the recursive unsolvability of
this problem; that is,

THEOREM 5.9. The problem of determining, of a given partial proposi­
tional calculus, whether or not it is complete, is recursively unsolvable. I

DEFINITION 5.2. A partial propositional calculus '.13 is called inde­
pendent if for no axiom A of '.13 is A a theorem of the partial propositional
calculus '.131

, obtained by deleting A from the axioms of '.13.

Let 0"0 be as above, let W be some word on 1, b, and let the partial
propositional calculus '.I3w have as axioms the axioms of '.13<10' and, in
addition:

(7') - - [PI J PI].
(8') [WI J - - [PI J PI]]'

Then, we have
THEOREM 5.10. r-1.Il<10 WI if and only if '.I3w is not independent.
PROOF. Suppose r-1.Il<10 W'. Let e>w be obtained by deleting axiom

(7') from '.I3w. Then, h~w W'. Hence, by axiom (8') and modus ponens,
h~w - - [PI J PI]; so '.I3w is not independent.

Conversely, suppose that '.I3w is not independent. Now, it is easy to see
that '.13<10 is independent. Moreover, adjoining axiom (7') to '.13<10 changes
nothing essential; only words obtained by direct substitutions in axiom

1 This result is due to Linial and Post [1].
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(7 /) are obtained as new theorems. Hence, f--~w - - [PI::> PI], since
none of axioms (1) to (6) is derivable when axiom (8 /) is adjoined. But
- - [PI::> pd is not regular. Hence, it can be obtained only by modus
ponens and axiom (8/). That is, we must have f--~w WI. Hence,
f--<jlqO WI.

As in the case of completeness, a suitable use of Godel numbers now
yields

THEOREM 5.11. The problem of determining, of a given partial proposi­
tional calculus, whether or not it is independent is recursively unsolvable. 1

1 This result is due to Linial and Post [1].
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CHAPTER 9

THE KLEENE HIERARCHY

1. The Iteration Theorem. We begin by recalling (Theorem 4-2.1)
that, if r is a Godel number of a Turing machine Z, then

'!Jk~~(~(n») = U(miny TnA(r, ~(n), Y)).

We introduce the notation [r]nA(~(n») for the function of n arguments
U(minll TnA(r, ~(n!, y)). We write [r]n(~(n») for [r]n¢(~(n»). Thus, the cited
result may be written in the form

'!J~~ (~(n») = [rJnA(~(n»).

This notation is an analogue, for A-partial recursive functions, of the
notation In IA of Definition 5-4.2 for A -recursively enumerable sets. In
fact, the notations are distinctly related; In IA is precisely the domain of
the A-partial recursive function [nhA •

We shall now prove a result which will require us (for the last time)
to go back to the definition of a Turing machine in terms of quadruples
and to the details of the arithmetization of the theory of Turing machines.

THEOREM 1.1. There is a primitive recursive function 'Y(r, y) such
that, for n ~ 1,

[r]1+n(Y, ~(n») = ['Y(r, Y)]nA(~(n»).

Intuitively, this result may be interpreted, for A = ¢, n = 1, as
declaring the existence of an algorithm 1 by means of which, given any
Turing machine Z and number m, a Turing machine Zm can be found
such that

'!JZ(2)(m, x) = '!Jz..(x).

Now it is clear that there exist Turing machines Zm satisfying this last
relation since, for each fixed m, '!Jz(2!(m, x) is certainly a partial recursive
function of x. Hence, the content of our theorem (in this special case)
is that Zm can be found effectively in terms of Z and m. However, such
a Zm can readily be described as a Turing machine which, beginning at
a = Q11x+1, proceeds to print rn = 1m+1 to the left, eventually arriving at
(3 = QN1 m+1B1 x+1, and then proceeds to act like Z when confronted with

1 Actually, an algorithm given by a primitive recursive function.
145
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q11m+1B1x+1. As the general case does not differ essentially from this
special case, all that is required for a formal proof is a detailed construc­
tion of Zm and a careful consideration of the Godel numbers. The reader
who wishes to omit the tedious details, and simply accept the result,
may well do so.

PROOF OF THEOREM 1.1. For each value of y, let W y be the Turing
machine consisting of the following quadruples:

q11 L q1
q1 B L q2

qi+l B 1 qi+l } 1 ~ i ~ Y
qi+1 1 L qi+2
qy+2 B 1 qll+3'

Then, with respect to W y ,

q1(~(n» ~ qIB(~(n»)

~ q2BB(~(n»

~ ...
~ qy+3(y, ~(n».

Let r be a Godel number of a Turing machine Z, and let

Zy = Wy U Z(Y+2).t

Then, since the quadruples of Z(y+2) have precisely the same effect on
qy+3(y, ~(n» that those of Z have on qI(Y, ~(n», we have

'lt~j;A(~(n» = 'lt1!+n)(y, ~(n» = [rJt+n(Y, ~(n». (1)

We now proceed to evaluate one of the Godel numbers of Zy as a function
of rand y. The Godel numbers of the quadruples that make up Wyare
as follows: 1

a = gn (q1 1 L qI) = 29 • 311 • 56 . 79,

b = gn (ql B L q2) = 29 • 37 • 56 . 713,

c(i) = gn (qi+l B 1 qi+l) = 24i+9 • 37 • 511 • 74i+9, 1 ~ i ~ y,
d(i) = gn (qi+1 1 L qi+2) = 24>+9. 3 11 • 56 . 74i+I3, 1 ~ i ~ y,
e(y) = gn (qy+2 B 1 qi+3) = 24y+13 . 37 .511 • 74y+17.

Thus, if we let
11

cp(y) = 2<> . 36 • 5«y)· n [Pr (i + 3)c(i) Pr (i + y + 3)d(i)],
i=1

then cp(y) is a primitive recursive function, and, for each y, cp(y) is a
Godel number of W y •

t Recall Definition 2-1.3.
1 Recall the discussion at the beginning of Chap. 4.
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We recall that the predicate IC (x), which is true if and only if x is
the number associated with an internal configuration qi, is primitive
recursive, since

x

IC (x) ~ V (x = 4y + 9).
y=o

Hence, the function L(X), which is 1 when x is the number associated
with a qi and 0 otherwise, is primitive recursive. If h is the Godel num­
ber of a quadruple, then the Godel number of the quadruple obtained
from this one by replacing each qi by qi+y+2 is

f(h, y) = 21 Glh+4y+8 • 32G1h . 53G1 h+(4y+8).(3Glh) • 74Glh+4y+8.

Here, f(h, y) is primitive recursive. Hence, if we let

£(r)

OCr, y) = nPr (i)!(iGlr,y),

i~l

then OCr, y) is a primitive recursive function and, for each y, OCr, y) is a
Godel number of Z(y+2).

Let rex) = 1 if x is a Godel number of a Turing machine; 0, otherwise.
Then, by (11) of Chap. 4, Sec. 1, rex) is primitive recursive. Finally, let

'Y(r, y) = (rp(y) * OCr, y))r(r).

Then 'Y(r, y) is a primitive recursive function and, for each y, 'Y(r, y) is a
Godel number of Zy. Hence, by (1),

(2)

It remains only to consider the case where r is not a Godel n umber of a
Turing machine. In that case, 'Y(r, y), as defined above, is 0 and, thus,
is itself not the Godel number of a Turing machine; so (2) remains
correct. l

THEOREM 1.2 (Kleene's Iteration Theorem 2). For each m there is a
primitive recursive function Sm(r, t)(m») such that, for n ~ 1,

[r]~+n(t)(m), ~(n») = [Sm(r, t)(m»)]nA(~(n».

Note that Theorem 1.1 is simply Theorem 1.2 with m = 1.

1 I.e., the functions whose equality is asserted are nowhere defined.
2 Cf. Kleene [3a, 6]. The slight difference between the present result and Kleene'B

is due to the fact that a given Turing machine computes an n-ary A-partial recursive
function for each value of n ~ 1, whereas a Herbrand-Godel-Kleene system of equa­
tions defines a function of a fixed number of arguments.
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PROOF. For m = 0, the result holds with SO(r) = r. Suppose it is
known for m = k. Then there is a primitive recursive function Sk(r, ~(k»)

with the required property. Then, using Theorem 1.1,

[r]1+k+n(Y, ~(k>, ~(n») = h(r, y)]1+n(~(k>, ~(n»)

= [Sk('Y(r, y), ~(k»)]nA(~(n»).

Hence, if we set SHl(r, y, ~(k») = Sk('Y(r, y), ~(k»), we have the desired
result.

Henceforth we reserve the notation Sm(r, ~(m») for the primitive recur­
sive functions defined in the above proof.

COROLLARY 1.3. Let f(~(m), ~(n») be an A-partial recursive function.
Then there is a primitive recursive function cp(~(m») such that, for m, n ~ 1,

f(~(m), ~(n)) = [cp(~(m»)]nA(~(n»).

PROOF. Let r be such that [r]~+n(~(m), ~(n») = f(~(m), ~(n»). The result
follows on taking cp(~(m») = Sm(r, ~(m»).

COROLLARY 1.4. V T~+n(z, ~(m), ~(n), y) +--+ V TnA(Sm(z, ~(m»), ~(nJ, y).
y y

PROOF. By Theorem 1.2,

[z]~+n(~(m), ~(n») = [Sm(z, ~(m»)]nA(~(n»).

That is,

U(min y T~+n(z, ~(m), ~(n), y)) = U(min y TnA(Sm(z, ~(m»), ~(n>, y)).

This equality implies that, for each choice of z, ~(m), ~(n), the left-hand
side is defined if and only if the right-hand side is defined. l The desired
result follows at once.

COROLLARY 1.5. Let R(~(m), ~(n») be A-semicomputable. Then there
is a primitive recursive function cp(~(m») such that2

R(~(m), ~(n») +--+ V TnA(cp(~(m»), ~(n), y).
y

PROOF. Immediate from Corollary 1.4 and Theorem 5-1.4.
COROLLARY 1.6. Let R(x, z) be A-semicomputable. Then there is a

primitive recursive function cp(z) such that

Icp(z)IA = Ix IR(x, z)l·
PROOF. Take m = n = 1 in Corollary 1.5.

1 Of course, the equality also implies that the two sides, where defined, are equal.
2 The author derived essentially this result directly in Davis [IJ. No reference to

Kleene [3aJ was given there because the author was at the time unaware of the con­
nection between this result and Kleene's published work.
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2. Some First Applications of the Iteration Theorem. By Theorem
5-4.9, the union and intersection of a pair of recursively enumerable sets
are themselves recursively enumerable. One might be tempted to ask:

Does there exist an algorithm for obtaining the union (or intersection)
of a given pair of recursively enumerable sets?

Now it is of course impossible to apply an algorithm to an infinite set of
integers. However, recursively enumerable sets can be determined by a
finite object. For example, as we have seen, each recursively enumerable
set can be generated by a normal system. Or any recursively enumerable
set S may be written as In\, for a suitable integer n. We prove

THEOREM 2.1. There exist primitive recursive functions h(p, q), k(p, q)
such that

Ip} \..J Iq} = {h(p, q) \,
{pI n Iq} = {k(p, q) I·

PROOF. {x I x E Ip} \..J {q}} {x I x E Ip} V x E Iq}l
{x IV T(p, x, y) V V T(q, x, y) }

y y

{x IV T(h(p, q), x, y)}
y

{x I x E {h(p, q) }},

for suitable primitive recursive h(p, q), by taking A = p, m = 2, n = 1,
in Corollary 1.5.

Similarly,

{x I x E {pI n {qll Ix I x E Ip} /\ x E Iqll
{x IV T(p, x, y) /\ V T(q, x, y) }

y y

{x IV T(k(p, q), x, y)},
y

where k(p, q) is primitive recursive.

In terms of Turing machines (recall the notation of Chap. 6, Sec. 2),
this result implies the existence of effective processes by means of which
we can obtain, for each given pair Zl, Z2 of simple Turing machines,
new Turing machines Z, Z' such that

Pz = Pz , \..J Pz"
Pz' = Pz, n Pz,.

To prove this directly would require quite some effort, involving detailed
construction of Turing machines.

As another typical application of the iteration theorem, we have
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THEOREM 2.2. There exists a primitive recursive function l(p, q) such
that

[ph([qh(x)) = [l(p, q)h(x).

That is, there is an effective procedure by which, given Turing machines
Zl, Z2, we can obtain a new Turing machine Z such that

'l'z(x) = 'l'd'l'z,(x)).

Such an effective procedure was actually developed in Chap. 2. A direct
proof that this procedure is given by a recursive function, however, would
be extremely complicated, involving a computation of Godel numbers
of various of the Turing machines constructed in the course of the proof.
The iteration theorem yields a simple proof.

PROOF

[ph([qh(x)) = U(L(mint [T(p, U(K(t)),L(t)) /\ T(q, x, K(t))J))
= [l(p, q)h(x),

where l(p, q) is primitive recursive, by Corollary 1.3, with A = p, m = 2,
n=1.

3. Predicates, Sets, and Functions. We have been dealing with
predicates that are A-computable or A-semicomputable, with sets that are
A-recursive or A-recursively enumerable, and with functions that are
A-computable or partially A-computable. However, in all cases, A can
only be a set. This restriction was introduced in Chap. 1, Sec. 4, where it
was indicated that the limitation involved was not so severe as might be
thought.

In fact, we may proceed as follows:
Let P be an n-ary predicate. Then, we write

p* = (xIP(1 Glx, .•• ,nGlx)}.

p* is called the associated set of P. We shall now say, e.g., that a func­
tionf is partially P-computable, meaning that f is partially P*-computable.
Analogously, we can proceed for each of the italicized phrases at the
beginning of the present section.

Next, let g be an n-ary total function. Let Q be the (n + l)-ary
predicate

y = g(~(n)).

Then we set g* = Q*; and g* is called the associated set of g. Again,
we shall say, for instance, that a predicate P is g-semicomputable, meaning
that P is g*-semicomputable. And again we proceed analogously for
each of the italicized phrases at the beginning of this section.

Finally, for the sake of completeness, we take A * = A, where A is a set.
We shall use lower-case Greek letters to represent objects that mav be
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either predicates, sets, or total functions, as the context permits. In
particular, we write

a -< {3

to indicate that a is {3-computable. In this case we also say that a is
recursively reducible to {3 or, simply, that a is reducible to {3.

In addition, we write a -I.. {3 to indicate that it is not the case that
a -< {3.

THEOREM 3.1. a -< {3 if and only if a* -< {3*.
PROOF. By the definitions introduced in the above discussion a -< {3 if

and only if a -< {3*. The rest of the proof follows readily on considering
cases. First, suppose a is a set. Then a* = a, and the result is
immediate.

Next, let a be an n-ary predicate. Then

a* = {x Ia(1 Gl x, ... ,n GI x)};
n

a(xl, ... ,xn) ~ (II Pr (k)x.) E a*.
k=l

Hence, a -< {3* if and only if a* -< {3*.
Finally, let a be an n-ary total function. Then

a* = Ix I (n + 1) Gl x = a(1 GI x, ... ,n Gl x) I;
n

a(xl, ... ,xn) = minz [( II Pr (k)x• . Pr (n + l)z) E a*1
k=l

Hence, a -< {3* if and only if a* -< fJ*.
This completes the proof.
THEOREM 3.2. a -< a.
PROOF. By Theorem 3.1, we need only verify that a* -< a*. But this

we already know.
THEOREM 3.3. If a -< {3 and {3 -< 'Y, then a -< 'Y.
PROOF. If a -< {3 and {3 -< 'Y, then, by Theorem 3.1, a* -< {3* and

{3* -< 'Y*. That is, a* is {3*-recursive and {3* is 'Y*-recursive. Then
Ca. is obtainable from Cp• and functions (2) to (6) of Definition 3-1.1 j

and Cp• is obtainable from C'Y. and functions (2) to (6) by a finite num­
ber of applications of composition and of minimalization of regular
functions. Hence, Ca. is obtainable from C'Y. and functions (2) to (6)
by a finite number of applications of composition and minimalization.
Thus, a* -< 'Y*.

4. Strong Reducibility. We begin with
DEFINITION 4.1. Let A and B be sets. Then we write A -< -< B, and we
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say that A is strongly reducible l to B, if there exists a recursive function f(x)
such that

A = Ix If(x) E Bj.

DEFINITION 4.2. If each of a, {3 is a predicate, a set, or a total function,
then we write a -< -< {3, and we say that a is strongly reducible to {3, to
mean that a* -< -< {3*.2

COROLLARY 4.1. If a -< -< {3, then a -< {3.
PROOF. If a -< -< {3, then a* -< -< (3*. Hence, for some recursive

function f(x),

a* = Ix If(x) E (3*j.

Thus, Ca.(x) = Cfl.(j(X)). Hence, a* -< {3*. Therefore, a -< {3.

We shall see later that, even for recursively enumerable sets, the con-
verse of Corollary 4.1 is false.

THEOREM 4.2. a -< -< a.
PROOF. a* = Ix Ix E a*}.
THEOREM 4.3. If a -< -< {3 and (3 -< -< 'Y, then a -< -< 'Y.
PROOF. If a* = Ix If(x) E {3*j and (3* = Ix Ig(x) E 'Y*l, then

a* = {x Ig(f(x)) E 'Y*j.
THEOREM 4.4. C is A-recursively enumerable if and only if C -< -< A'.
PROOF. If C -< -< A', then, for suitable recursive f(x) ,

C = {x If(x) E A'l

= {x IV TA(f(X), f(x) , y)};
lJ

so C is A-recursively enumerable.
Next, suppose that C is A-recursively enumerable. Then there is an

A-recursive predicate R(x, y) such that

C = {x IV R(x, y)}.
lJ

Now, by Corollary 1.5, with m = n = 1, there is a recursive function g(x)

1 This notion is due to Post [3], who called it many-one reducibility. The term
"strong reducibility" is that of Shapiro [1].

I If p(1;(n», Q(1;("» are predicates, then, as is easily seen,

is equivalent to the existence of recursive functions gl(1;(n», g2(1;(n», ••• , g.,(1;(n»
such that

p(1;(n» ~ Q(gl(1;(n», g2(1;(n», ••• , g.,(1;(n»).

What amounts to the special case m = 1 is proved below as Theorem 4.5.
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V [R(x, y) /\ (z = z)] ~V TA(g(x), Z, V)·
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II II

Now,

c = {x 1 V R(x, y)}
II

= {x 1 V [R(x, y) /\ (g(X) = g(X))]}
II

= {x 1V TA(g(x), g(X), y)}
II

= Ix 1g(X) E A'}.

THEOREM 4.5. p(~(n») -< -< A if and only if there is a recursive function
f(~(n») such that

PROOF. p(~(n») -< -< A if and only if P* -< -< A, which, in turn, is true
if and only if, for suitable recursive g(x),

p* = {x 1 g(x) E A}.

Thus, if p(~(n») -< -< A, then

n

p(~(n») ~ (II Pr (k)x,) E p*
.1:-1

n

~g (II Pr (k)X') E A .
.1:-1

Conversely, if

then
p* = Ix 1P(1 Gl x, ,n Gl x) I

Ix If(l Gl x, ,n Gl x) E AI.

This completes the proof.
THEOREM 4.6. The predicate p(~(n») is A-semicomputable if and only if

p(~(n») -< -< A'.
PROOF. As is easily seen, p(~(n») is A-semicomputable if and only if

p* is A-recursively enumerable. The result then follows from Definition
4.2 and Theorem 4.4.

THEOREM 4.7. A -< -< A', but A' -1.. A.
PROOF. A is A-recursively enumerable. Hence, by Theorem 4.4,

A -< -< A'.
That A' -1.. A is part of the statement of Theorem 5-4.6.
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THEOREM 4.8. If A -< B, then l A' -< -< B'.
PROOF. TA(X, X, y) -< A. Hence, since A -< B, TA(X, X, y) -< B.

Hence, V TA(X, X, y) is B-semicomputable; that is,
'If

A' = {x IV TA(X, X, y) }
lJ

is B-recursively enumerable. Hence, by Theorem 4.4, A' -< -< B'.
5. Some Classes of Predicates. We are now in a position to obtain

relatively explicit information about the classification of nonrecursive
predicates. We begin by considering some classes of predicates.

DEFINITION 5.1. By PIA we understand the class of A-semicomputable
predicates. Given PkA, we take P1+1 to be the class of all predicates R for
which there exists a predicate Q E PkA such that R is Q-semicomputable.

We write Pnfor PnP.
Thus, for example, P 2A consists of all predicates that are Q-semi­

computable for a suitable A-semicomputable predicate Q.
DEFINITION 5.2. A predicate is said to be A,n-generable if it belongs

to PnA. We write n-generable for ¢,n-generable, and A-generable for
A,l-generable.

(Thus, " A-generable" is a new term for" A-semicomputable.")
We shall see that the classes Pn A may be characterized in many different

ways.
DEFINITION 5.3. If A is any set, we write

AO = A,
Ak+I = (Ak)'.

THEOREM 5.1. An -< -< A n+\ but A n+I --I. A".
PROOF. Immediate from Theorem 4.7.

We shall see that the sets A, A \ A 2, A 3, ••• are closely related to
the classes pnA of predicates.

THEOREM 5.2. For each n, the predicate X E An is A,n-generable.

PROOF. For n = 1, the result is obvious, since V TA(X, X, y) is
y

A,l-generable.
Suppose the result known for n = k. Now,

X E AHI~V TAk(X, x, y).

lJ

Here, TAk(X, x, y) is Ak-recursive and, hence, is Q-recursive, where Q is
the predicate X E Ak. Hence, the predicate X E AHI is Q-semicom-

1 Cf. Davis [ll.
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putable. By induction hypothesis, Q is A ,k-generable. Hence, x E A k+l
is A,(k + l)-generable.

THEOREM 5.3. Q E PnA if and only if Q is A n-I-semicomputable.
PROOF. If Q is A n-l-semicomputable, then Q is R-semicomputable,

where R is the predicate x E An-I. By Theorem 5.2, R E P~-l' By
Definition 5.1, Q E PnA.

To prove the converse, we proceed by induction on n. For n = 1,
the result follows directly from Definitions 5.1 and 5.3.

Suppose the result known for n = k. Suppose Q E Pt+I' Then, by
Definition 5.1, for some R, REPkA, Q is R-semicomputable. By induc­
tion hypothesis, R is A k-l-semicomputable; hence, by Theorem 4.6,
R < < Ak. Moreover, since Q is R-semicomputable,

z

where S < R. By Corollary 4.1 and Theorem 3.3, S < rP. Hence,
Q is A k-semicomputable. This completes the proof.

COROLLARY 5.4. Q E pnA if and only if Q < < An.
PROOF. Immediate from Theorems 5.3 and 4.6.

Theorem 5.3 suggests the following definitions:
DEFINITION 5.4. For n ~ 1, we take QnA to be the class of all predicates

P such that r-v P is A,n-generable. We also take RnA = pnA n QnA.
We write Qn = QnP, R n = RnP.t

DEFINITION 5.5. The predicates of QnA are called A,n-antigenerable;
those of RnA are called A ,n-recursive. We write n-antigenerable for
p,n-antigenerable, n-recursive for p,n-recursive, and A-antigenerable for
A,l-antigenerable.

THEOREM 5.5. Q is A,n-recursive if and only if Q is An-I-recursive.
PROOF. Immediate from Theorem 5.3, Definition 5.5, and Theorem

5-1.5.

Since the predicates belonging to each Pn A are precisely those that are
A n-I-semicomputable, the results of Chap. ~, Sec. 3, yield

THEOREM 5.6. Let P, Q E PnA. Then

y

(3) P /\ Q E PnA.
(4) P V Q E PnA.

t The notation is taken from Mostowski [lJ.
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Taking negations, we have
THEOREM 5.7. Let P, Q E QnA • Then

(1) 1\ P E QnA •

y

z

(2) V P E QnA
•

y=o

(3) P 1\ Q E QnA •

(4) P V Q E QnA •

For RnA, we have easily
THEOREM 5.8. Let P, Q E RnA. Then

z

(2) 1\ PERnA.
y=o

(3) P 1\ Q E RnA.
(4) P V Q E RnA.
(5) rv PERnA.

THEOREM 5.9. pnA C R~+l; QnA C R~+1"

PROOF. If P E PnA, then, by Corollary 5.4, P -< -< An. By Corollary

4.1, P -< An. Hence, by Theorem 5.5, P E R~+l'

If Q E QnA, then rv Q E p"A; so rv Q E R~+1" By Theorem 5.8,
Q E R~+l'

THEOREM 5.10 (Kleene's Hierarchy Theorem l ). There are predicates
P, Q such that P E P"A, Q E Q"A, P E;t RnA, Q E;t RnA.

PROOF. Immediate from Theorem 5-1.6.

Thus, for each n, P"A contains predicates not contained in QnA , and
vice versa. Moreover, by Theorem 5.9, such predicates are guaranteed
not to occur in PkA or QkA for any k < n.

Thus, in the sequence PIA, P 2A, PaA, ... each class contains predi­
cates not contained in any of the preceding classes.

6. A Representation Theorem for P2A• We begin with

THEOREM 6.1. If R(y, z, ~(k») -< A, then V1\ R(y, z, ~(k») E P2A.
y

PROOF. V rv R(y, Z, ~(k») is A-semicomputable. Therefore,
z

1 Kleene [4, 6J.
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/\ R(y, Z, ~(k») -< V "" R(y, Z, ~(k»).
z
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Hence, V /\ R(y, Z, ~(k») is V "" R(y, z, ~(k»)-semicomputable. By
y z

Definition 5.1, V /\ R(y, Z, ~(k») E P2A •

y z

The converse of Theorem 6.1 is also true; in fact, it is a rather deep
result, and we shall devote the remainder of the present section to its
proof.

We let EA be the class of all predicates of the form V /\ R(y, z, ~(n»),
y z

where R -< A. Then, our last theorem states that EA C P2A; and we
wish to show that P 2A C EA. We begin with a series of easy lemmas.

LEMMA 1. If R(u, ~(k») E EA, then V R(u, ~(k») E EA.
u

PROOF. Let

R(u, ~(k») ~ V /\ Q(u, y, Z, ~(k»),

y z

where Q -< A. Then

V V /\ Q(u, y, Z, ~(k») ~V /\ Q(K(y), L(y), Z, ~(k»).
u y z y z

v

LEMMA 2. If R(u, ~(k») E EA, then /\ R(u, ~(k)) E EA.
u=o

PROOF. Let

R(u, ~(k») ~V/\ Q(u, y, Z, ~(k»).

y

Then

/\ R(u, ~(k») ~ /\ V/\ Q(u, y, Z, ~(k»)
u=o u=o y z

v

~V /\ /\ Q(u, (u + 1) Gl t, Z, ~(k»)
t u=O z

v

~V/\ /\ Q(u, (u + 1) Gl t, z, ~(k»).
z u=-o

LEMMA 3. Let R(~(n)) E EA and also S(~(n)) E EA. Then, we have
R(~(n») V S(~(n») E EA and R(~(n») 1\ S(~(n)) E EA.



158 FURTHER DEVELOPMENT OF THE GENERAL THEORY [CHAP. 9

PROOF. Let

y z

y z

Then

R(~(n)) V S(~(n)) ~V[/\ Ql(Y, z, ~(n») V /\ Q2(Y, z, ~(n)) ]
y Z Z

y Zl Z2

y z

and

R(!(n)) A S(~(n)) ~V V [/\ Ql(Yl, Z, !(nJ) A /\ Q2(Y2, Z, ~(n))J
'Yl Y2 Z Z

~ V /\ [Ql(K(y), Z, ~(n)) A Q2(L(y), Z, ~(n»)].

y

LEMMA 4. The predicate u = CA'(x) belongs to EA.
PROOF. U = CA'(x)

~ [(u = 0) A (x E A')] V [(u = 1) A (x fl A')]

~ [ (u = 0) A V TA(X, x, y) ] V [(u = 1) A /\ "'-/ TA(X, x, y) ]
y y

~V/\ {[(u = 0) A TA(X, x, y)] V [(u = 1) A "'-/ TA(X, x, z)Jl.
y z

LEMMA 5. If f(~(n») -< A', then the predicate u = f(!(n)) belongs to
EA.

PROOF. We use the characterization of Definition 3-1.2.
By Lemma 4, the result holds for function 1 of the list of Definition

3-1.1 (with, of course, A replaced by A'). For functions 2 to 6, the result
is obvious. Hence, it remains only to show that the property in question
is preserved under composition and under minimalization of regular
functions.

Thus, let the result be known for the functions f('r)(m)) , gl(!(n)), ... ,
gm(~(n)). Let h(~\n») = f(gl(!(n J), ... ,gm(~(n))). Then

u = h(~(nJ) ~ V [u = f('r)(m») A Yl = gl(~(n)) A .•. A Ym = gm(!(n))],
l:)(m}

and the result for h(~(n)) follows from Lemmas 1 and 3.
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Finally, let the result be known for the regular function fey, ~(n», and let

g(~\n» = miny [fey, ~(n» = 0].
Then

u

u = g(~(n» ~V [(feu, ~(n» = t) 1\ (t = 0)] 1\ /\ V I (y = u)
t y=O z

V [(f(y,~(n» = z) 1\ (z ~ 0)]1,

and the result for g(~(n» follows from Lemmas 1 to 3.
LEMMA 6. If p(~(n) -< A', then p(~(n) E EA.
PROOF. By Lemma 5, the predicate u = Cp(~(n) belongs to EA.

Hence, so does the predicate 0 = Cp(~(n». But

p(~(n» ~ (0 = Cp(~(n»).

LEMMA 7. If p(~(n) is A'-semicomputable, then p(~(n) E EA.
PROOF. Immediate from Lemmas 1 and 6.
THEOREM 6.2 (Representation Theorem for P 2A). If p(~(n» E P 2A,

then there is a predicate R(y, z, ~(n» such that R -< A, and

p(~(n» ~V/\ R(y, z, ~(n».

y z

PROOF. This is but a restatement of Lemma 7.
7. Post's Representation Theorem. The result of Sec. 6 suggests

that a similar result might be derivable for Pn A • This is indeed the case.
In fact, as we shall see, Theorem 6.2 really furnishes the inductive step
in the proof of such a result. Actually, Theorem 6.2 is used in the
following form:

THEOREM 7.1. p(~(n) E P 2A if and only if there exists a predicate
Q(y, ~(n» E Q1A such that

p(~\n» ~V Q(y, ~\n».

y

PROOF. By Theorems 6.1 and 6.2, it suffices to show that a predicate

p(~(n» can be written V /\ R(y, z, ~(n», with R -< A, if and only if
y z

p(~(n) can be written V Q(y, ~(n), with Q E QIA. But this is obvious,
y

since

V /\ R(y, z, ~(n» ~V "-/ V "-/ R(y, z, ~(n».

II z y z

THEOREM 7.2. For 0 < k ~ m, pmA = Ptm
-

k
; QmA = Qtm

-
k

• Also,
RmA = Rtm

-
k

•
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PROOF. By Corollary 5.4, P E pgm-. if and only if P -< -< (A m-k)k
= Am. But, by Corollary 5.4 again, this last holds if and only if PEPmAo

Finally, Q E QmA if and only if ""' Q E PmA, if and only if ""' Q E ptm-.,
if and only if Q E Qtm

- ••

DEFINITION 7.1. We define the symbols vn, /\n as representing strings

of quantifiers as follows:

VI is Vi /\1 is /\i
Xl Xl

and, assuming Vm
, /\m defined,

Xm+l

Thus, for example, V 3
is V /\V.

XI X2 Xl

Xm+l

THEOREM 7.3 (Post's Representation Theorem l ). P(t)(k») E pnA if
and only if there is a predicate R(~(n), t)(k») -< A such that

Similarly, Q(t)(k») E QnA if and only if there is a predicate S(~(n), t)(k»)
-< A such that

PROOF. Our proof is by induction on n. For n = 1, the first part is an
immediate consequence of Definitions 5.1 and 7.1. The second part (for
n = 1) then follows by taking negations.

Suppose the result known for n = m. Then, by Theorem 7.2,
P(t)(k») E P~l if and only if P(t)(k») E pr- 1

• By Theorem 7.1,
P(t)(k») E P~l if and only if there is a predicate M(Xm+l, t)(k») E Qtm

-
1

such that

But, by Theorem 7.2, M(xm+l' t)(k») E Qr-1 will hold if and only if
M(Xm+l, t)(k») E QmA• By induction hypothesis, M(Xm+l, t)(k») E QmA if
and only if

1 Cf. Post [71.
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where S -< A. Thus, P(t)(k» E P~+1 if and only if there is a predicate
S(~(m). Xm+1, Q(k» -< A such that

Xm+l

Finally, Q(t)(k» E Q;;+1 if and only if '"'-' Q(t)(k») E P~+l' hence, if and
only if, for suitable R -< A,

i.e., if and only if

This completes the induction.

Thus, the classes P"A, Q"A may be represented schematically in the
following table, where, in each case, S -< A:

n 1 2 3 · ..

pnA Vs V;\s V;\Vs · ..
Xl Xl X, Xl X, x.

QnA ;\s ;\Vs ;\V ;\s · ..
Xl Xl X, Xl XI xa

In tracing back the proof of Post's representation theorem, we see that
the heart of the argument lies in Lemmas 4 and 5 of Sec. 6. The idea of
developing the proof using, in effect, the very definition of A-recursive­
ness is due to Shapiro [1]. The author (Davis [1]) and Kleene [6] gave
proofs which depended, instead, on an analysis of the predicate TA' (z, X, y).
Post's original proof has never been published. It was based on the
notion that a pseudo-A' can be constructed from a finite subset of A
and that, as this finite subset" approaches" A as a limit, the pseudo-A'
approaches A'.

THEOREM 7.4. PEPn for some n if and only if P is arithmetical.
PROOF. Immediate from Theorem 7.3 and Corollary 7-3.5.

Thus, the classes P '" Q", R" give a classification of the arithmetical
predicates. This classification is known as the Kleene hierarchy.



CHAPTER 10

COMPUTABLE FUNCTIONALS

1. Functionals. In this chapter, we shall see how the notion of algo­
rithm can be applied to operations on functions. Our development will
be motivated by the consideration that, in a given finite computation,
only finitely many values of a given function can be employed.

We shall consider functionals defined on n-tuples of functions and
numbers and with numbers as values. For example, we might consider
the functional F for which

F(f, x) = f(x).

Now, the kinds of entities we shall want available as arguments for
functionals include numbers, singulary functions, binary functions, etc.
In order to have a uniform notation available, we note that constants,
i.e., numbers, may be regarded as functions of zero arguments. Thus,
each argument for a functional will be an n-ary function for some non­
negative integer n. When we wish to emphasize that the function f is
n-ary, we denote it by j<n). t

DEFINITION 1.1. A functional of order (nl, n2, ... , nk) is a cor­
respondence by which an integer is associated with certain of the n-tuples
(fin!), f~n.), ... ,Pt'»).

Functionals will be indicated by boldface upper-case characters.
When it is desired to indicate the order of a functional explicitly, it
may be used as a subscript on the letter used to denote the functional.
For example,

We use the symbol fkn to abbreviate fin,>, ... ,fin,). Similarly for
gkn. Also, we write Uk for (nl, ... ,nk).

DEFINITION 1.2. We write j<n) S;;;; gCnJ, and we call gCn) an extension of
j<n) if j<n) (~(n») = k implies g(n) (~(n») = k.

For instance, if f(2) = 4, f(4) = 16, and f(x) is otherwise undefined,
and if g(x) = x 2

, then f C g.

t More accurately, we use lower-case letters of the Roman alphabet with super­
script (n) as variables whose range is the set of all n-ary functions.

162
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Note that, for O-ary functions, Le., numbers, x(O) C y(O) if and only if
x(O) = yeo).

We write fk n ~ gkn to mean that j<i') ~ gin,\, for 1 ~ i ~ k.
DEFINITION 1.3. A function is finite if its domain is a finite set.
In particular, since the empty set is finite, numbers are finite functions.
DEFINITION 1.4. Let n > 0, and let jCn) be the finite function such that

jCn) (rlj, r2j, . . . ,rnj) = Sj, j = 1, 2, . . . , m, and such that jCn) is other­
wise undefined. Then we write

m n

(jCn» = n [Pr (n Pr (i)r ii+1) )',+1.
j=l ;=1

If j<n) has an empty domain, we write (jCn) = 0. Finally, for numbers x,
we take (x) = x.

Thus, each finite function f has a definite number associated with it.
THEOHEM 1.1. For n > 0, if jCn) is finite, then

n

j<n)(XI, ••. , xn) = minI! [( nPr (i)X,+I) Gl (j<n) = y + 1}
;=1

PROOF. If jCn) is completely undefined (that is, has an empty domain),
then both sides of the eq uation are undefined. For n-tuples (Xl, ... ,xn )

which do not belong to the domain of j<n),

n

(n Pr (i)x.+1) Gl (f(n) = 0;
;=1

so the right-hand side is undefined.
Finally, let jCn) be as in Definition 1.4, and let

n

tj = nPr (i)ri,+I.
;=1

Then
m

tj Gl (f(n» = tj Gl n [Pr (tj)]8;+!
j=1

= Sj + 1
= jCn)(rlj, •.• ,rnj) + L

Hence,

minI! [tj Gl (f(n) = y + 1] = jCn)(rlj, .•. ,rnj).

COROLLARY 1.2. If (jCn) = (g(n), then jCn) = g(n).
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DEFINITION 1.5. For each integer p and each n > 0, we let p[n] denote
the finite function such that

n

p£n] (Xl, ... ,Xn) = miny [( nPr (i)X,+I) Gl p = y + 1]-
i=l

We also define pro] = p.
THEOREM 1.3. (j<n»[n] = j<n).
PROOF. Using Definition 1.5 and Theorem 1.1,

n

(j(n»[n] (Xl, ... ,Xn ) = miny [ (n Pr (i)Xi+!) Gl (j<n» = y + 1]
i=l

= j<n) (Xl, ... ,Xn).

THEOREM 1.4. For each n, the predicate r[n] C s[n] is primitive recursive.
PROOF. r[n] C s[n] if and only if

oC(r)

/\ lkGlr = 0 V "'-' [£(k) = n A GN (k)J V (kGlr = kGls)l.
k=l

We write ~V:I for x[td, x~n2J, ••• ,x~nkl, and similarly for other letters.
2. Completely Computable Functionals. Our main definition is based

on the view that a functional is to be regarded as "effective" if its values
can be computed for given arguments by computing on finite functions
of which the arguments are extensions.

DEFINITION 2.1. t FUk is completely computable if there is a k-ary
partially computable function 'P such that F(fkn) = t if and only if there are
numbers ~(") such that ~~nl C fkn and 'P(~(k» = t.

Note that, for the case where all of the fk n are O-ary, so that F reduces
to an ordinary function, being completely computable is equivalent to being
partially computable.

DEFINITION 2.2. FUk is called compact if

(1) Whenever F(fkn) = t and fkn ~ gkn, we have F(gkn) = t, and
(2) Whenever F(hn) = t, there is a k-tuple gkn of finite functions such that

gkn ~ fkn and F(gkn) = t.

THEOREM 2.1. A completely computable functional is compact.
PROOF. Let FUk be a completely computable functional, let 'P be as in

Definition 2.1, and let F(fkn ) = t. Then, for some ~(k), we have 'P(~(k) = t

t This definition is a special case of the definition given, for functionals of arbitrary
finite type, in Davis [4]. Most of the theorems in this chapter will be found in Kleene
[6], proved on the basis of Kleene's definition of recursive functional. The develop­
ment of the theory for arbitrary finite types will appear in a forthcoming paper by
the author and Hilary Putnam.
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and ~L"l C f,.". But then F(~L"I) = t; so condition (2) of Definition 2.2
is satisfied. Suppose f,." C 11,."; then ~~,,] C 11,.", and F(I1,.") = t.

DEFINITION 2.3. We define:
II

M,.(z, ~(,.), y) ~ V [T,.(z, tj("), y) /\ M"] C ~L"J)J
l)(')~O

THEOREM 2.2. Let Fn• be compact, and let (J be defined by

/I(~("») = F(~~"I).

Then F is completely computable if and only if /I is partially computable.
PROOF. If /I is partially computable, then we may take cp = (J in

Definition 2.1.
Conversely, let F be completely computable, and let cp be as in Defi­

nition 2.1. By the normal form theorem (Corollary 4-2.2),

cp(~(,.») = U(minll T,.(zo, ~(kl, y)).

Then, using Definitions 2.1 and 2.3,

/I(~("») = F(~L"I) = U(miny M,.(zo, ~(,.), y))

Finally, by Theorem 1.4, /I is partially computable.
EXAMPLE. Let F(j(m), ~(m») = pm)(~(m»). Then F is completely com­

putable. For F is obviously compact. Using Theorem 2.2,

(J(y, ~(m») = F(y[mJ, ~(m»)

= y[ml(~(m»),

which is partial recursive, by Definition 1.5.
THEOREM 2.3. Let h(m) be partial recursive. Then if G~; is completely

computable for i = 1,2, ... , m, so is F tli where

Fn.(fk") = h(m)(Gii~(f,.,,), ... ,Gh~)(f,.,,)).

PROOF. F is obviously compact. Let

(J(~("») = F(~~"I)

and

Then
(J(~("») = h(m)(lh(~("»), .•. ,,pm(~(k»)).

Hence, the partial recursiveness of the ,pi implies that of (J. The result
follows from Theorem 2.2.

It is possible to object to our definition of complete computability by
pointing out that we have restricted ourselves to computations that
require only finitely many values of functions in order to be carried out.
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Would we not get a larger class of completely computable functionals if
we employed Godel numbers of partial recursive functions of which our
given functions are extensions? No, as the following theorem shows.

THEOREM 2.4. Let Fn• be compact and let p be defined by!

p(Xl, . .. ,Xk) = F([Xl]"n ... ,[Xk]".).

Then, F is completely computable if and only if p is partially computable.
PROOF. First suppose that p is partially computable. We note that,

by Definition 1.5, for each k, m[k] (Xl, • • • ,Xk) is partially computable,
regarded as a function of m, Xl, ••• ,Xk. Hence, by Corollary 9-1.3,
there are primitive recursive functions qk(m) such that [qk(m)]k = m[kl.
We let (j be defined as in the statement of Theorem 2.2. Then

( ) F( ["11 [,..1)
(j Xl, . • • ,Xk = Xl,..., Xk

= F([q",(Xl)]"u , [q"k(Xk)]".)
= p(qn/Xl), ,qnk(Xk».

Hence, (j is partially computable; so, by Theorem 2.2, F is completely
computable.

In order to prove the converse, we require the following lemma:
LEMMA. For each n, there is a primitive recursive function r,,(t, x) such

that

(1) For each t, (r,,(t, x»["l C [xln, and
(2) Whenever [X],,(Sl, ..• , s,,) = l, then, for all sufficiently large t,

(r,,(t, x»[")(Sl, ••. , s,,) = l.

PROOF OF LEMMA. For n = 0, we need only take r,,(t, x) = x.
For n > 0, we set r,,(O, x) = 1, and

r,,(t + 1, x) = r,,(t, x) if rv T,,(x, 1 Gl t, ... ,n GI t, (n + 1) GI t);
n

[ (n .. )JU«,,+I) Gl t)+l •r,,(t + 1, x) = r,,(t, x) Pr Pr (~)('Glt)+l , otherWIse.
i=I

Then it is easy to see that r,,(t, x) is primitive recursive and has the
required properties.

PROOF OF THEOREM 2.4 (concluded). Let (j be as in the statement of
Theorem 2.2. Then, for each choice of Xl, • • • , Xk, if a corresponding
value of t is chosen sufficiently large,

p(Xl' .•. , Xk) = F([xd"n ... , [Xk]"k)
= F«rnl(t, Xl»[nd , ••• , (rnk(t, Xk»["k])
= fJ(rn,(t, Xl), ••• ,rn.(t, Xk».

1 For notation, cf. the very beginning of Chap. 9. For n = 0, we must take
fr]n = r.
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Since we are supposing that F is completely computable, it follows, by
Theorem 2.2, that 8 is partially computable. Let

8(XI, ... ,Xk) = U(min y 1\(e, Xl, ..• ,Xk, V»~.

Then

p(XI, • , Xk)
= U(L(minu Tk(e, rn,(K(u), Xl), ••• ,rn.(K(u), Xk), L(u»».

3. Normal Form Theorems. We require a method for "cutting down"
the values of a function so that only a finite function" remains."

DEFINITION 3.1. By jCn)! y (for n > 0) we understand the finite
function such that (f(n) ! y) (Xl, ••• , Xn) = t if and only if Xi ~ Y for
i=1,2, ... ,n;t~y;andj<n)(xI,•.• ,xn)=t. Wetakef(Ol!y=j<0).

We write <fkn I y) to abbreviate <fin,) !V), ... , Ukn.) IV).
THEOREM 3.1. Let Fn• be a completely computable functional. Then

there is a number e such that F(fkn) = U(min ll Mk(e, <fk" ! y), V»~.

PROOF. Let 8 be as in Theorem 2.2, and let 8 = [elk. The result
follows at once from Theorem 2.2.

As things stand, the converse of Theorem 3.1 is not true. This is
because, for some values of e, the function, say [elI, will assign different
values to numbers r, s, even though r[kl C s[kl. However, a converse of
Theorem 3.1 can be proved by suitably modifying the T-predicate. We
imagine a Turing machine with Godel number e, modified so that, when­
ever it computes values for two numbers representing finite functions
one of which is an extension of the other, the same value will be pro­
duced in both cases.

We begin with the predicate Compk (b, c), defined as follows:

r8

Compk (r, s) ~ V [r[k] C t[k] /\ S[k] C t[kl].
t=O

Next, we set
y

Pn.(z, ~<k), y) ~ Mk(z, ~(k), y) /\ ""' V V [Mk(z, t)<kl, v)
\)(k) v=O

k k k

/\ II Pr (i)lIi ~ II Pr (i)x, /\ 1\ Compn, (Yi, Xi) /\ (U(v) ~ U(y»1
i=1 i=l i=1

Note that, in the case where z is one of the numbers e occurring in
Theorem 3.1,

Pn.(e, ~(k), y) ~ Mk(e, ~(k), V).

However, in other cases, P n• may be false for certain arguments making
Tk true, because some smaller ones may be incompatible with them.
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Thus, Pn. is obtained from Tk by simply "throwing away" all arguments
which would embarrass us in trying to regard T k as determining a func­
tional in the manner of Theorem 3.1. However, we have "thrown
away" too much. Hence we set

y

::Ink(z,~(k),y)~ V [Pnk(z,u(k),y) /\ (u~nlC~};J)].
U(k)=O

Note once again that if z is one of the numbers e occurring in Theorem 3.1,

::Ink(e, ~(k), y) ~ Mk(e, ~(k>, y).

::lnk is primitive recursive, by Theorem 1.4.
THEOREM 3.2 (Normal Form Theorem). Fnk is completely computable

if and only if there is a number e such that

PROOF. That any completely computable functional can be repre­
sented in this form is an immediate consequence of the above discussion
and Theorem 3.1.

Conversely, let

for some fixed e. It is clear from the manner of definition of ::Ink that
F is compact. We complete the proof by applying Theorem 2.2. Thus,

(J(~(k» = F(~~nJ)

= U(miny ::Ink(e, (~~nJ I y), y».

Hence, in order to show that (J is partially computable, it suffices to
prove that, for each fixed n, (x[n1 I y) is a recursive function of x and y.
For n = 0, this is obvious, since (x[O) I y) = x; for n > 0, it follows from
the fact that

'" '"(x[n) I y) = m ;\ ['" GN (j) V £(j) ~ n V j Gl x > y + 1
z=O i=l

11

V V (i Gl j > y + 1) V j Gl x = j Gl zl
i=l

4. Partially Computable and Computable Functionals. Because total
functions playa special role in many problems, it is natural to consider
functionals defined only on total functions. In order to include the case
of O-ary functions, we shall regard all such (i.e., all integers) as total.
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DEFINITION 4.1. FUk is contracted if it is defined only on k-tuples of
total functions. FUk is total if it is contracted and if it is defined on all
k-tuples hn of total functions.

An algorithm for using functions to compute answers will lead to a
completely computable functional. Such functionals will of necessity
be defined on nontotal functions, in particular on finite functions (because
of compactness). However, one is sometimes interested in problems
having to do only with total functions. What is one to understand by
an algorithm applied to total functions? The following definitions are
motivated by the consideration that, when one is interested in an algo­
rithm for a given set of objects, one is not at all concerned with the
behavior of the algorithm with respect to objects that do not belong to
the seV in question.

DEFINITION 4.2. A contracted functional FUk is said to be partially
computable if there is a completely computable functional G~ such that
F(fkn) = t if and only if f~n is a k-tuple of total functions such that
G(fkn) = t.

DEFINITION 4.3. F is a computable functional if it is partially com­
putable and total.

Note that, for functions, i.e., functionals of O-ary functions, the notions
of partial computability and computability introduced by these defi­
nitions agree with those with which we have been working. Note also
that, for functions, the notions of partial computability and complete
computability coincide.

An immediate consequence of Definition 4.2 and our normal form
theorem (Theorem 3.2) is

THEOREM 4.1. A functional Fu• is partially computable if and only if
there is a number e such that, for all k-tuples fkn of total functions,

Fuk(fk n
) = U(miny 3Uk (e, <fkn I y), y)).

5. Functionals and Relative Recursiveness. To say that a function
f is recursive in a function g corresponds, intuitively, to saying that
there is an algorithm for computing the values of f from suitable values
of g. But this should be equivalent to saying that there is a partially
computable functional whose value for g is f.

THEOREM 5.1. J<n) is partially gCm)-computable, where gem) is total, if
and only if there is a partially computable2 functional F such that3

J<n)(~Cn») = F(g(m), ~(n»). (1)

1 Cf. Shapiro [1].
2 Note that the words "partially computable" could be replaced by "completely

computable."
3 Here, F is of order (rn, 0, 0, ... , 0).

'--v---"
n
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PROOF. If (1) holds for a partially computable F, then, by Theorem
4.1,

j<n)(~(n» = U(miny 3(e, (g(m) IV), (~(n) IV), V»~

= U(min y 3(e, (g(m) IV), ~(n), V»~,

where we have omitted the subscript on 3. Hence, we need only prove
that r(y) = (g(m) I y) is g(m)-recursive. But

y m

(g(m) I y) = min. /\ [(g (~(m» > y) V (II PI' (i)z.+l) Gl Z

l;(m)=O .=1

= g(m)(~(m» + I}
The fact that r is g(m)-recursive now follows from Theorem 9-3.2 and the
results of Chap. 3.

Next, suppose that j<n) is partially g(m)-computable. Now, by the
normal form theorem (Corollary 4-2.2) and by Chap. 9, Sec. 3,

j<n)(x(n» = U(min y Tno*(e, x(n), y».
We define the functional F by the requirement that F(v(ml, ~(n» = t if
and only if there is a number y such that U(y) = t, such that all m-tuples
of numbers ~ y belong to the domain of v(m), and such that, whenever
v(m) ~ h(m), where h(m) is total, it is true that Tnh*(e, ~(n), V). It is clear
that (1) holds for this F. Hence it suffices to prove that F is completely
computable.

It is easy to see that F is compact; for clause 1 of Definition 2.2 is
obviously satisfied. To see that clause 2 is also satisfied we must refer
back to the meaning of the TnA predicate in terms of Turing machines
(Definition 4-1.5). That is, any A-computation of a Turing machine
can involve only a finite number of questions about the set A.

Using Theorem 2.2, it now remains only to prove the partial recur­
siveness of 0, where

O(s, ~(n» = F(s[ml, ~(n».

Let
A = {u I s[m1(1 Gl u, ... ,m Gl u) = (m + 1) Gl uJ.

Then O(s, ~(n» is equal to

y m

U (miny {TnA(e, ~(n), y) /\ /\ [( II PI' (i)u.+l) Gl s rO 0J}).
u(m)=O i=l

A glance at formulas 25A and 26A (Chap. 4, Sec. 1) and at the proof of
Theorem 4-1.4 shows that it suffices to verify that CA(u) is a recursive
function of sand u. But this clearly follows from the fact that it is the
characteristic function of the predicate u E A, which is a recursive
wedicate of sand u.
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Theorem 5.1 has the consequence that the notion of relative recur­
siveness is definable in terms of partially computable functionals and,
hence, in terms of partial recursiveness. It is of interest to note that
the notions of relative recursiveness and of completely computable func­
tional are, therefore, intrinsic! in the sense that they ultimately depend
only on the class of partial recursive functions (that is, only on the
notion of partial recursiveness taken in extension) and not on the special
formal apparatus used to define this (Turing machines, Herbrand-Godel­
Kleene systems of equations, normal systems, etc.). In particular,
formalisms known to give equivalent notions of partial recursiveness will
automatically give equivalent notions of relative partial recursiveness and
of completely computable functional.

Theorem 5.1 also suggests that the notion of relative recursiveness be
extended as follows:

DEFINITION 5.1. j<n) is partially computable (or, equivalently, partial
recursive) in the (not necessarily total) functions gkm if there is a com­
pletely computable functional F such that

j<n)(~(n) = F(gkm, ~(n).

If j<n) is also total, it is said to be computable (or recursive) in the
functions gkn •

It is natural to attempt to prove a normal form theorem for this notion,
analogous to Corollary 4-2.2. Actually, we are now able to do even more;
our normal form theorem will show explicitly how the" T-predicates"
depend on the functions in which we are considering computability.
Thus, our result will give new information even for the case of A-com­
putability, where A is a set.

DEFINITION 5.2. We write Tnmk for 3(m" ....mk,O, ....O), where there are n
occurrences of 0 following mk in the subscript of 3.

The following theorem is an immediate consequence of these definitions
and of Theorem 3.2:

THEOREM 5.2 (Kleene's Extended Normal Form Theorem). j<n) is
partially computable in gkm if and only if there is a number e such that

j<n)(~(n) = U(miny Tnmk(e, (gkm I y), ~(n), y».

6. Decision Problems. We shall now apply the theory of computable
functionals to decision problems. In general, decision problems that
depend on a functional's turning out to be computable (or completely
computable or partially computable) are "unlikely" to be solvable.

1 The author is indebted to Norman Shapiro for the remark that, if partial recursive­
ness is to be an adequate formalization of our intuitive notion of effectiveness, then
all concepts involving effectiveness should be intrinsic in this sense. The term
"intrinsic" is from Davis [4].
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This is because a completely computable functional not only must be
partial recursive when considered as a function defined on the number.s
associated with finite functions, but must also be compact.

To begin with, we consider the following decision problem:
To determine, of a given real number x, 0 ;;;; x ;;;; 1, whether or not it is

rational.
Employing the representation of such real numbers as decimal frac­

tions to the base 2, we may interpret this problem as being solvable if
and only if the functional F defined below is partially computable.

The domain of F is the set of all total functions v, all of whose values are
either 0 or 1. F(v) = 0 if V is ultimately periodic; otherwise F(v) = 1.

But, since any finite function has both ultimately periodic extensions
and extensions that are not ultimately periodic, there is no compact
functional whose values agree with F wherever F is defined. Hence, F is
not partially computable, and the decision problem stated above is
recursively unsolvable.'

Next, we shall consider decision problems relating to classes of recur­
sively enumerable sets. For this purpose, we shall use the characteri­
zation of recursively enumerable sets as the domains of definition of
singulary partial recursive functions. We write Dom (v) for the domain
of the function v.

For the rest of this section only, we shall write ¢ for the empty set of
recursively enumerable sets and r for the class of all recursively enumer­
"1ble sets. Also, if if and q, are two classes of recursively enumerable sets,
then if - q, is the class of all those recursively enumerable sets that
belong to if but not to q,.

DEFINITION 6.1. Let q, be a class of recursively enumerable sets. Then,
q, is called completely recursive if there exists a completely computable
functional F such that F(v) = 0 if Dom (v) E q, and F(v) = 1 whenever
Dom (v) E r - q,.

Note that we make no demands on F(v) for v's that are not partial
recurSIve.

COROLLARY 6.1. ¢ and r are completely recursive.
PROOF. For the first case, we take F(v) = 1 for all v; for the second

case, we take F(v) = 0 for all v.
DEFINITION 6.2. The class q, of recursively enumerable sets is completely

recursively enumerable if there is a completely computable functional F
such that F(v) = 0 if Dom (v) E q, whereas F(v) is undefined whenever
Dom (v) E r - q,.

THEOREM 6.2. q, is completely recursive if and only if q, and r - q, are
both completely recursively enumerable.

1 This result is due to Shapiro [IJ, who has proved much stronger rpsults in this
direction.
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PROOF. First, suppose that <I> is completely recursive, and let F be as
in Definition 6.1. Let g(x) be the partial recursive function such that
yeO) = 0, whereas g(x) is undefined for x ~ 0. Then the functionals
g(F(v», g(1 -'- F(v» are completely computable, by Theorem 2.3. But
these functionals have the properties required by Definition 6.2, for <I>
and r - <1>, respectively.

Conversely, let <I> and r - <I> be completely recursively enumerable.
Let the functionals F and G be completely computable, and let them
satisfy the requirements

F(v) = 0, G(v) undefined, when Dom (v) E <1>;
F(v) undefined, G(v) = 0, when Dom (v) E r - <1>.

Let PI, P2 be defined by

PI(X) = F([xh); P2(X) = G([xh) + 1,

so that, by Theorem 2.4, PI, P2 are partial recursive. Since it is impossible
for Dom (v) to belong simultaneously to <I> and r - <1>, the domains of Pl

and P2 have no elements in common. Let pa be defined by

pa(x) = PI(X)

= P2(X)

for x E Dom (PI),

for x E Dom (P2);

undefined, otherwise. Then pa is partial recursive Ifor, if PI = [mh,
P2 = [nh, then pa(X) = U(min ll [T(m, x, y) V T(n, x, y)]) I. Let H be
defined by the requirement that H(v) = t if and only if [eli C v and
paCe) = t. Then H is obviously compact and, hence, by Theorem 2.4,
is completely computable. Hence, <I> is completely recursive.

THEOREM 6.3t (Rice's "Key-array" Conjecture). <I> is completely
recursively enumerable if and only if there is a recursively enumerable set
of integers S such that a set R E <I> if and only if there is a q E S such that
Dom (q[l]) C R.

PROOF. First suppose there is such a recursively enumerable set S.
Let F(v) = °if there is a q E S such that Dom (q[Il) C Dom (v); other­
wise let F be undefined. We must show that F is completely computable.
Now F is clearly compact. Hence, by Theorem 2.2, it suffices to prove
the partial recursiveness of (J, where (J(r) = F(r fIl ), or, what amounts to
the same thing (since (J is constant), to prove that the domain of (J is

t Conjectured by Rice [1]. Proved in Myhill and Shepherdson [1]. It should be
mentioned that our definitions of completely recursive and completely recursively
enumerable classes of recursively enumerable sets differ from Rice's original formula­
tion. The equivalence of the formulations follows from our Theorem 2.4 and the
main result of Myhill and Shepherdson [lJ. Although our proofs are quite easy, we
have, in effect, transferred the difficulty to the equivalence proof. However, the
definitions employed here are quite natural formalizations of the concepts involved.
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recursively enumerable. Let S = {x IV T(e, x, y)}. Then
y

Dom (0)

where

{r [VV [T(e, q, y) /\ Dom (q[I]) C Dom (r[I])]},
y q

q+r

Dom (q[Il) C Dom (r[Il) ~ /\ [(2i 01 q = 0) V (2 i 01 r ~ 0)].
j=l

Conversely, let <I> be completely recursively enumerable. Let F(v) = °
if Dom (v) E <1>; let F(v) be undefined if Dom (v) E r - <1>, where F is
completely computable. Let S be the set of all numbers q such that
F(q[I]) is defined. Then R E <I> if and only if R = Dom (v) and F(v) = 0,
which is true if and only if there is a number q such that q[I] C v and
F(qUI) = 0, and this implies that q E Sand Dom (q[Il) C Dom (v).

If, on the other hand, q E Sand Dom (q[ll) C R, then v can be chosen so
that Dom (v) = Rand q[l] ~ v. That S is recursively enumerable is an
immediate consequence of Theorem 2.2.

The following corollary is an immediate consequence of Theorem 6.3.
COROLLARY 6.4. If <I> ~ Pand <I> is completely recursively enumerable,

then I E <1>, where I is the set of nonnegative integers.
THEOREM 6.5 (Rice's Theorem l ). There are no completely recursive

sets other than rand p.
PROOF. Let <I> be completely recursive. Then <I> and r - <I> are com­

pletely recursively enumerable. But, by Corollary 6.4, one of <1>, r - <I>
must be empty, since otherwise both would have to contain the set of all
integers. That is, either <I> = Por <I> = r.

7. The Recursion Theorems. By a solution of the equation

(1)

we understand a specific function j<m) with respect to which (1) holds for
all ~(m). t Kleene [3a, 6] has proved theorems bearing on the existence of
partially computable solutions of (1).

DEFINITION 7.1. Let rn be defined for n ~ no. We write lim rn = r,
and we call r the limit of the sequence rn, if there is an N such that rn = r
for n ~ N.

DEFINITION 7.2. The sequence fn of functions is called monotone if
fn C fn+!.

1 Cf. Rice [1].
t Of course, this equality is understood in the sense that both sides are defined or

undefined together and are equal whE're defined.
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THEOREM 7.1. If fn is monotone, then there is a function f(~(m») such
that, for each ~(m) in the domain of any fn, we have lim fn(~(m») = f(~(m»).

PROOF. By monotonicity, for any numbers ~(m) in the domains of
fr and fs, we have fr(~(m») = f.(~(m»). Hence, we may define f by the
stipulation that f(~(m)) = t holds if and only if fn(~(m») = t for some n.
Then, for ~(m) E Dom (fN), we have ~(m) E Dom (fn) for all n ~ N.
Hence, lim fn(~(m)) = f(~(m)).

THEOREM 7.2. Let F be a compact functional of order (m, 0, 0, ... ,0).
~

m

Let fo be completely undefined, and let fn+l be defined by

fn+1(~(m») = F(fn, ~(m»).

Then the sequence fn(~(m») has a limit f(~(m»), which is a solution of (1).
Moreover, all solutions of (1) are extensions of f.

PROOF. We first note that the sequencefn is monotone. We prove by
mathematical induction that, for each n, fn C fn+l. For n = 0, this is
obvious. Suppose it known for n = k, and let ~(m) E Dom (fk+l). Then,
using the induction hypothesis and the compactness of F,

fk+1(~(m») = F(fk, ~(m»)

= F(fk+l, ~(m»)

= fk+2(~(m»).

Thus,fk+l ~ fk+2, and the induction is complete. Hence, by Theorem 7.1,
there is a function f such that lim fn(~(m») = f(~(m»).

We next show that f is a solution of (1). First suppose that f(~(m») is
defined. Then, for some n, f(~(m») = fn+l(~(m»). Thus, using the com­
pactness of F,

f(~(m)) = .fn+l(~(m»)

= F(fn, ~(m»)

= F(f, ~(m»).

Next, suppose that F(f, ~(m») is defined. Then, since F is compact, there
is a finite function g ~ f such that

F(f, ~(m») = F(g, ~(m»).

But, for each ~(m) E Dom (g), there is some n such that ~(m) E Dom (fn)
and fn(~(m») = g(~(m»). Letting N be the largest of these n's (necessarily
finite in number), we have g C fN. Hence, by the compactness of F,

F(g, ~(m») = F(fN, ~(m»)

= fN+1(~(m»)

= f(~(m»).

This completes the proof that f is a solution of (1).
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Finally, let h be any other solution of (1). We shall show by induc­
tion that, for each n, fn C h, which will suffice to prove that f C h.
For n = 0, this is obvious. Suppose it known for n = k, and let
~(m) E Dom (f,.+1). Then, using the induction hypothesis and the com­
pactness of F, we have

fk+l(~(m)) = F(fk, ~(m»)

= F(h, ~(m»)

= h(~(m»).

THEOREM 7.3 (Kleene's First Recursion Theorem). If, in addition
to the hypothesis of Theorem 7.2, F is completely computable, then the func­
tion f there determined is partial recursive.

PROOF. Each of the functions fn is partially computable, as we shall
demonstrate by constructing Godel numbers of Turing machines which
compute thefn. Namely, let p be as in Theorem 2.4, so that p is partially
computable, and

per, ~(m») = F([r]m, ~(m»).

By Corollary 9-1.3, there is a primitive recursive function o-(r) such that
for all ~(m),

Let
r(O) = 0;

r(n + 1) = o-(r(n)).

Then r is a primitive recursive function. We shall prove by induction
that [r(n)]m = fn. This is clearly true for n = O. Suppose it known for
n = k. Then

fk+1(~(m)) = F(fk, ~(m»)

= F([r(k)]m, ~(m»)

= p(r(k), ~(m»)

= [o-(r(k))]m(~(m))

= [r(k + l)]m(~(m»),

which completes the induction.
Now it is easy to see that f is partial recursive, since

f(~(m») = U(L(mint Tm(r(K(t)), ~(m), L(t)))).

Next we shall see that a partial recursive solution to (1) can be found
even when F depends not only on f but also on the Godel number of a
Turing machine which computes f. Our first version will not explicitly
involve functionals.

THEOREM 7.4 (Kleene's Second Recursion Theorem). If g(m+l) is
a partial recursive function, then there is a number e such that

[e]m(~(m») = gee, ~(m»).
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PROOF. The function g(Sl(y, y), ~(m» is partial recursive. Let Zo be a
Godel number of a Turing machine which computes this function. Then,
using Kleene's iteration theorem (Theorem 9-1.2), we have

g(Sl(y, y), ~(m» = [ZO]m+l(y, ~(m»

= [Sl(ZO, Y)]m(~(m».

Hence, setting y = Zo and e = Sl(ZO, zo), we have

gee, r(m» = [e]m(~(m».

The following consequence of Theorem 7.4 is closely related to Theorem
7.3; in some ways it is stronger, in other ways weaker.

THEOREM 7.5. If F is a completely computable functional of order
(m, 0, 0, ... ,0), then there is a partial recursive function f such that

'--v-----"
m+l

f(~(m») = F(j, e, ~(m»,

and e IS a Godel number of f.
PROOF. Let p be as in Theorem 2.4, so that

per, s, ~(m») = F([r]m, s, ~(m»,

and let
g(Z, ~(m» = p(z, Z, ~(m».

By Theorem 7.4, there is a number e such that

[e]m(~(m» = gee, ~(m»

= pee, e, ~(m»

= F([e]m, e, ~(m».

(2)

The result then holds with f = [elm.

Although Theorem 7.5 is stronger than Theorem 7.3 in that F is per­
mitted to depend not only on f but also on the Godel number of a Turing
machine for computing f, it is also weaker in that there is no reason to
suppose that other solutions of (2) will necessarily be extensions of the
function we obtain.

THEOREM 7.6 (Implicit-function Theorem). For i = 1, 2, ... , k,
let G(i) be completely computable functionals of order (m, 0, 0, ... ,0) and

~
m+l

let Pi(~(m» be mutually exclusive semicomputable predicates. Then there is a
partial recursive function f and a number e such that f = [elm and for each
i = 1, 2, ... ,k, Pi(~)(m» implies G(i)(j, e, ~(m» = f(~(m».

PROOF. Let

F(j, z, r(m» = G(i)(j, z, r(m» when Pi(~(m» holds,
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so that, by Theorem 2.2, as the reader will readily verify, F is completely
computable. Then, by Theorem 7.5, there is a function f and a number
e, where [elm = f, such that F(j, e, ~(m») = fC~(m»). That is,

Pi(~(m») implies G(i)(j, e, ~(m») = f(~(m»),

or, otherwise expressed, for i = 1, 2, ... ,Ie, we have

This last result is very useful. It has the consequence that we can
impose varied sets of effective conditions on a function and its G6del
number and find a partial recursive function that satisfies all of them.



CHAPTER 11

THE CLASSIFICATION OF UNSOLVABLE

DECISION PROBLEMS

1. Reducibility and the Kleene Hierarchy. The development in
Chap. 9 suggests two different approaches to the question of classifying
the decision problems for arithmetical predicates.

One approach is given by the Kleene hierarchy consisting of the classes
Pn, Qn, Rn. Each arithmetical predicate is in all but a finite number of
these classes; to state explicitly which classes for a given predicate is to
give a measure of just how unsolvable the decision problem for that
predicate is.

DEFINITION 1.1. If R E Pn and R ti Qn, we say that R is properly
n-generable.

If R E Qn and R tl:. Pn, we say that R is properly n-antigenerable.
If R ERn, but R tl:. Pn-I and R tl:. Qn-I, we say that R is properly

n-recursive.
Note that every predicate satisfies just one of these three conditions

and for precisely one value of n.
Another approach to the classification of decision problems is given by

the relation" -<" of recursive reducibility. We may ask, of a given
problem P,

If we could solve P, what else could we solve?
And, we may ask,
The solutions to which problems would also furnish solutions to P?
Of course, these two approaches are connected. Thus, the predicates

of Pn are precisely those that are strongly reducible to ¢n (cf. Corollary
9-5.4).

THEOREM 1.1. If Qo E Pn and if, for every predicate Q E Pn, we have
Q -< -< Qo, then Qo is properly n-generable.

PROOF. For suppose otherwise. Then Qo E Qn. Hence, '" Qo E Pn,
that is, '" Qo -< -< ¢n (Corollary 9-5.4). Now, by hypothesis, for each
Q E Pn, '" Q -< -< '" Qo. By Theorem 9-4.3, '" Q -< -< ¢n, that is,
'" Q E Pn' But this contradicts Kleene's hierarchy theorem (Theorem
9-5.10).

179
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COROLLARY 1.2. If Qo E Qn and if, for every predicate Q E Qn, we
have Q -< -< Qo, then Qo is properly n-antigenerable.

PROOF. Follows from Theorem LIon taking negations.
DEFINITION 1.2. We write a ~ fJ to mean that a -< fJ and fJ -< a.

Now predicates that belong to Pn or Qn are -< pn. Theorem 1.1 and
its corollary show that, under certain conditions, Q~ pn can imply that
Q is properly n-generable or n-antigenerable. Of course, the predicates
that are -< pn will be found in Rn+1•

As a simple application of these methods, we shall consider the predi-

cate of Theorem 5-6.1, /\ V T(z, x, y). Theorem 5-6.1 asserts of this

'" y
predicate that it is not I-generable. By Post's representation theorem
(Theorem 9-7.3), this predicate is 2-antigenerable. Consider an arbi-

trary predicate /\ V R(z, x, y) that belongs to Q2. By Corollary 9-1.5,

'" y
there is a recursive function ",(z) such that

V R(z, x, y) ~V T(",(z), x, y).

/\ V R(z, x, y) ~ /\ V T(",(z), x, y).

/\ V R(z, x, y) -< -< /\ V T(z, x, y).

Hence,

Thus,

y

'" y

'" y

1J

'" y

'" y

Now using Corollary 1.2, we have

THEOREM 1.3. The predicate /\ V T(z, x, y) is properly 2-antigenerable.!

'" y
2. Incomparability. In this section we shall see that "pathological"

decision problems can be constructed for which the two approaches to
the classification problem suggested above diverge.

THEOREM 2.1. There exist total functions v(x), w(x) such that:

(1) v(x) -< p'.
(2) w(x) -< p'.
(3) v(x) .( w(x).
(4) w(x) .( v(x).

PROOF. For the purpose of this proof, we introduce the notation

Fn(f, x) = U(miny 3(l,o)(n, (f [ y), x, y)).

1 cr. Davis [1].
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We shall construct the functions v, w in such a way that for no n do
either of the following equations hold for all x:

vex) = Fn(w, x),
w(x) = Fn(v, x).

Then the fact that v -I. wand w -I. v will follow at once from Theorems
10-3.2 and 10-5.1.

Our construction of v and w will consist of an approximating procedure;
that is, we shall approximate to v and w by functions whose domains
consist of the sets of all numbers ~ q for suitable values of q. These
functions will be recognized as finite functions in the sense of Chap. 10
and will be represented by integers.

Our construction then appears in the guise of constructing a pair of
infinite sequences of numbers, an, bn. We set ao = bo = 0, and we sup­
pose that an, bn have been defined for n < 2k + 1. We shall show how
to define a2k+1, b2k+1, a2k+2, b2k+2.

In defining a2k+l, b2k+1, we distinguish two cases:
CASE 1. I t is possible to determine functions a, f3 and a number x such

that ahl~ C a, bh1l C f3, x E Dom (a), (f3, x) E Dom (Fk) , and1

a(x) ,e F k (f3, x).
We note that

x E Dom (r[l]) ~ 2"'+1 Gl r ,e 0,
and we set

r x

Consec (r) ~ /\ {x fl; Dom (r[l]) V /\ [y E Dom (r[ll)]}.
x=O y=o

Consec (r) holds, for given r, if and only if the domain of r[l] consists of
all x ~ q for some q. Next, we set

Zo = mint [ (K(t) ,e a2k) /\ (L(t) ,e b2k)

/\ aW C K(t)[l] /\ bW C L(t)[ll /\ Consec (K(t)) /\ Consec (L(t))
t

/\ V {x E Dom (K(t)[l]) /\ V [30,o)(k, (L(t) [11 I y), x, y)
x=o 11

/\ (K(t)[ll(x) ,e u(y))]} J.
Finally, we set

a2k+1 = K(zo), b2k+1 = L(zo).

Note that our construction ensures the existence of a number x E Dom
(ah~+1) such that (bh~+1' x) E Dom (Fk) and aW+1(x) ,e Fk(bW+1> x).

1 Here, Dom (Fk) is the set of pairs (f, x) such that Fk(f, x) is defined.
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CASE II. The conditions of Case I do not hold. In this case we let

Zo = min, [(K(t) ~ a2k) /\ (L(t) ~ b2k) /\ aW C K(t)[I] /\ bW ~ £(t) [1]

/\ Consec (K (t» /\ Consec (£(t)],
and again set

The construction of a2k+2, b2k+2 is identical with that of a2k+1, b2k+1
except that the roles of the a's and b's are reversed.

Now, we define the functions v(x), w(x) concerning which the desired
conclusions will be demonstrated.

v(x) = K(mint a~1t)(x) = K(t)),

w(x) = K(mint b~it)(x) = K(t».

Note that, for each n, a~1 ~ v, b~] C w.
By our construction, an and bn, considered as functions of n, are both

recursive in the semicomputable predicate

V [::l(l,o)(k, (£(t) [11 IV), x, y) /\ (K(t)[ll(x) ~ U(y»],
y

and hence, by Theorem 9-4.6, an and bn are p'-recursive. Hence, by the
defining equations for v(x), w(x), we have

v(x) -< ¢', w(x) -< ¢'.

Suppose now that v(x) -< w(x). Then, by Theorems 10-3.2 and 10-5.1,
there is a partial recursive functional Fn such that

v(x) = Fn(w, x).

We show this to be impossible by considering two cases.
CASE I. In the construction of a2n+l, b2n+1, Case I above arose.

Then there is a number Xo such that Xo E Dom (a~ll+1)' (b~ll+l, xo) E
Dom (Fn), and

But

= v(xo)
= Fn(w,xo)

= Fn(b~ll+l' xo),

since Fn is compact. This is a contradiction.
CASE II. In the construction of a2n+l, b2n+1, Case I I above arose.

Choose Xo E Dom (v), Xo fi Dom (a~~), and let a(x) = ab~(x) for

x ~ Xo, a(xo) = v(xo) + 1. We have a~~ C a, b~~ C w, Xo E Dom (a),
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(W, XO) E Dom (F,,), and
F,,(w, xo) = v(xo) ,c a(xo),

which is a contradiction.
Thus we have shown that v(x) -I.. w(x). The proof that w(x) -I.. v(x)

is similar.
THEOREM 2.2. There exist sets A, B such that

(1) A -< p'.
(2) B -< p'.
(3) A -I.. B.
(4) B -I.. A.t

PROOF. Let v, w be constructed satisfying Theorem 2.1. Let A = v*,
B = w*. The result follows at once from Theorem 9-3.1.

THEOREM 2.3. There exists a nonrecursive set A such that A -< p' but
p' -I.. A.t

PROOF. Let A, B be constructed satisfying Theorem 2.2. Then A is
clearly nonrecursive (otherwise, we should have A -< B). Moreover, if
p' -< A, then, since B -< ¢', we should have B -< A.

All the decision problems for recursively enumerable sets that we have
dealt with in Chaps. 5 to 7 have been concerned with sets S for which
S ~ p'. And yet Theorem 2.3 shows that there are decision problems
which, though unsolvable, are less unsolvable than that of ¢'. Of course,
the set A of Theorem 2.3 is not necessarily recursively enumerable.
However, since A -< p', we must have

A = {zlV !\R(x,y,z)}
x y

and

A = {z I !\ V S(x, y, z)},
x y

where Rand S are recursive.
The question of whether there exists a recursively enumerable set A

satisfying Theorem 2.3 was posed by Post in his [3]. This problem has
since become known as Post's problem. A solution to it was found by
Friedberg [1] and also, independently, by Mucnik [1]. They each
showed how the proof of Theorem 2.1 could be modified so that u(x) and
v(x) would be the characteristic functions of recursively enumerable sets.

3. Creative Sets and Simple Sets. In attempting to settle Post's
problem, Post was led, in his [3], to consider various types of reducibility
intermediate in strength between strong reducibility and reducibility.

t Of. Kleene and Post [IJ.
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In this section, we shall outline part of this development. The reader
should be familiar with Chap. 5, Sec. 5.

THEOREM 3.1. If C is A-creative, then there is a recursively enumerable
set R such that R C 6 and R is infinite.

PROOF. Since C is A-creative, there is a recursive function fen) such
that, whenever InlA C 6, thenf(n) E 6 andf(n) f/:. InIA. By Corollary
9-1.5, there is a recursive function ~(r) such that

V [TA(r, x, y) V x = fer)] ~V TA(~(r), x, y),

that is,

Now, let

and let

y y

[x E {rIA V x = fer)] ~ x E {~(r) lAo

g(O) = 0,
g(r + 1) = ~(g(r»,

R = {x IV V T(g(r), x, y)}.
r y

Then it is easily seen that R has the required properties. (Cf. the dis­
cussion following Corollary 5-5.2.)

COROLLARY 3.2. An A-creative set is not A-simple.
THEOREM 3.3. If AI -< -< C and C is A-recursively enumerable, then

C is A -creative. l

PROOF. Since V TA(Z, x, y) -< -< AI, there is a recursive function
y

fez, x) such that

V TA(Z, x, y) ~ fez, x) E C
y

Also, by Corollary 9-1.5, there is a recursive function g(n) such that

V TA(n, f(x, x), y) ~V TA(g(n), x, y).
y y

Now suppose that, for some fixed n, we have {nlA C 6. Then

V TA(n, x, y) implies x f/:. C;
y

so

V TA(n, fez, x), y) implies fez, x) f/:. C.
y

1 Cf. Davis [1]. The converse of this theorem was proved by Myhill in his [2].
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f(z, x) tJ. C implies "-/ V TA(Z, X, y).
y

185

Hence, setting z = x,

V TA(n,f(x, x), y) implies "-/ V TA(X, x, y).

Thus,
y y

V TA(g(n), x, y) implies "-/ V TA(X, x, y).
y y

Setting x = g(n), we have

V TA(g(n), g(n), y) implies "-/ V TA(g(n), g(n), y).
1/

This can be the case only if

1/

"-/ V TA(g(n), g(n), y),
1/

that is, if

"-/ V TA(n, f(g(n) , g(n)), y),
y

that is,
f(g(n), g(n)) tJ. {n}A.

On the other hand,

"-/ V TA(g(n), g(n), y) ~ f(g(n) , g(n)) tJ. C;
1/

so
f(g(n), g(n)) tJ. C.

Hence, C is A-creative.
THEOREM 3.4. If S is A-simple, then it is not the case that A' -< -< S.
PROOF. Otherwise, by Theorem 3.3, S would be A-creative.

Theorem 3.4 suggests that perhaps, if S is A-simple, then A' --I. S.
However, we have

THEOREM 3.5. For every A-creative set C, there is an A-simple set SI
such that C -< Sd

PROOF. We begin with the A-simple set SA of Theorem 5-5.3. The
proof of Lemma 4, Chap. 5, Sec. 5, showed that, of the first 2n + 2 inte­
gers, at least n + 1 belong to SA. Hence, for each n, at least one of the
integers

n, n + 1, . . . , 2n + 2
t Cf. Post [3J.
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belongs to SA, or, setting n = 3·2m - 3, for each m, at least one of the
consecutive integers

3·2m - 3, 3·2m - 2, ... , 3·2m+ 1
- 4

belongs to SA.
Now, let

3·2z~ 1

SI = SA U {x IV V [y = 3(2"'..:.. 1) + z Ax E CJ}.
y z=o

Clearly, SI is A-recursively enumerable. Also, since SA C SI, we have
Sl C SA, so SI contains no infinite A-recursively enumerable set.

Next we show that SI is infinite. For, since C is A-creative, C is
infinite. But, for each x E C, each of the numbers 3(2'" - 1) + z,
z ;;'£ 3·2'" - 1, will belong to SI if and only if it belongs to SA. But,
for each such x, as we have remarked, at least one of these numbers
must belong to SA and, hence, to SI. Thus, SI is infinite.

Therefore, SI is A-simple. It remains to be shown that C -< SI.
But this follows at once from the following observation:

3·2z~ 1

C = {x I /\ [3(2"'..:.. 1) + z] E SI}'
z=o

4. Constructive Ordinals. 1 Let us recall the situation that was dis­
cussed following Corollary 5-5.2 and formalized in Theorem 3.1. That is,
let C be a creative set and let fen) be a recursive function such that,
whenever {n} C C, then fen) E C and fen) fl; In}. Then, letting
{no I = p, we are able to define integers nl, n2, . . . such that

{ni+d = Ix Ix E {nil V x = f(ni) l,

thus obtaining larger and larger finite subsets of C. Finally, as we have
seen in the proof of Theorem 3.1, the elements of the {nil can be com­
bined into an infinite recursively enumerable subset R of C. But let
R = In",}. Then we may determine integers n",+I, n",+2, . . . such that
{n",+i+d = {x I x E {n"'+i} V x =f(n"+i)}' Itisquiteclearthatbyusing
larger transfinite ordinals as subscripts this process can be extended even
further. How far? In order to answer this question, it is necessary to
introduce Kleene's notion of constructive ordinal.2

Before discussing constructive ordinals, it may be worthwhile to com­
ment briefly on the significance of the process that we have been dis-

1 In this section we have followed closely the presentation given by Hartley Rogers
in a seminar at the Massachusetts Institute of Technology.

2 Cf. Church and Kleene [1], Church [2a], Kleene [3a, 4a, 8], Markwald [1], Spector
[1].
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cussing in the case where we are seeking to "represent" C within some
logic 2. In this case (cf. the discussion following Theorem 8-3.7), what
we obtain is successive extensions of 2 in which more and more of the
undecidable propositions concerning C become decided. And now what
our question amounts to is: How far into the transfinite can this process
of extending 2 be carried?

We are going to define a set 0 and a relation <0 so as to have the
following properties:

(1) 1 E 0.
(2) If y E 0, then 2y E 0 and y <02y

•

(3) If [yh(x) is a recursive function and if, for each n, [yh(n) E 0 and
[yh(n) <0 [yh(n + 1), then 3· 5Y E 0 and, for each n, [yh(n) <03' 5Y • t

(4) If x <0 y and y <0 z, then x <0 z.
(5) If x <0 y, then x E 0 and y E 0.

We wish to define 0 so as to be as "small" as possible consistent with
conditions (1) to (5). For the purpose of defining 0 and <0, we con­
sider arbitrary sets R of ordered pairs (x, y) of integers, where R has the
following properties:

(a) (1,2) E R.
(b) If (1, y) E R, then (y,2Y ) E R.
(c) If [yh(x) is a recursive function (i.e., if [yh is total) and if, for each

n, ([yh(n), [yh(n + 1» E R, then, for each n, ([yh(n), 3· 5Y ) E R.
(d) If (x, y) E Rand (y, z) E R, then (x, z) E R.

Now we define x <0 y to mean that (x, y) E R for all sets R that
satisfy (a) to (d), and we define

0={xlx=IVl<oxl·

We see at once that conditions (1) to (5) are satisfied.
With each x E 0 we associate an ordinal number Ixl as follows:
If x = 1, [xl = 0.
If x = 2Y , then Ixl = Iyl + 1.
If x = 3· 5Y , then Ixl = lim I[yh(n)[.

n_ oo

DEFINITION 4.1. An ordinal number a is called constructive if a
= lxi, where x E 0.

THEOREM 4.1. There are partial recursive functions M(x), P(x),
Q(x,n) such that;

(1) If x E 0, then M(x) = 0, 1, or 2 according as Ixl is 0, a successor
ordinal, or a limit ordinal,

t Kleene's original version differs in an inessential manner in this clause.
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(2) If Ixl is a successor ordinal, then Ixl = IP(x)1 + 1, and
(3) If Ixl is a limit ordinal, then for each n we have Q(x, n) E o. More­

over, Q(x, n) <0 Q(x, n + 1), and [xl = lim IQ(x, n)l.
n-"'O

PROOF. We need only put

2

M(x) m (y Gl x ~ 0),
y=o

P(x) = 1 GI x,
and

Q(x, n) = [3 Gl xh(n).

THEOREM 4.2. There is a partial recursive function g(x, n) such that,
if x E 0, then for each a < lxi, there is at least one integer n for which
Ig(x, n)! = a.

PROOF. We seek a function g(x, n) that satisfies the following con­
ditions:

g(x,O) = P(x) if M(x) = 1,
g(x, n + 1) = g(P(x), n) if M(x) = 1,

g(x, n) = g(Q(x, K(n», L(n» if M(x) = 2.

These conditions may be written as follows:

g(x, y) = P(x) if M(x) = 1 /\ y = 0,
g(x, y) = g(P(x), y ...:... 1) if M(x) = 1 /\ y > 0,

g(x, y) = g(Q(x, K(y», L(y» if M(x) = 2.

But the existence of a partial recursive function g(x, n) satisfying these
conditions follows at once from Theorem 10-7.6 (the implicit-function
theorem).

To see that such a function satisfies the remaining conditions of the
theorem, we proceed by transfinite induction. For Ixl = 0, the result
holds vacuously.

If !xl is a successor ordinal, that is, M(x) = 1, then the set of a < Ix!
consists of IP(x)1 and the a's that are < IP(x)l. By induction hypothe­
sis, for each a < IP(x)l, there is an n such that a = Ig(P(x), n)l, so that
a = Ig(x, n + 1)1. If a = !P(x)l, then a = !g(x, 0)1.

Finally, if Ixl is a limit ordinal, that is, M(x) = 2, then

Ixl = lim IQ(x, n)l.
n-+OO

Let a < Ixl. Then, for some p, a < IQ(x, p)l. By induction hypothe-
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sis, for some q, Ol = Ig(Q(x, p), q)l. Letting n = J(p, q), we have

Ig(x, n)1 = Ig(Q(x, p), q)1 = a.

THEOREM 4.3. There are ordinal numbers belonging to the second
number class which are not constructive.

PROOF. The set of constructive ordinals is obviously denumerable,
whereas, as is well known, the second number class is not.

DEFINITION 4.2. We let WI be the least ordinal number that is not
constructive.

THEOREM 4.4. The constructive ordinals are precisely the ordinals
< WI·

PROOF. If a < WI, then, by Definition 4.2, a must be constructive.
Conversely, let Ol be constructive and suppose a > WI. Let a = Ixl.
Then, by Theorem 4.2, for suitable n, WI = Ig(x, n)l, which is impossible
since WI is not constructive.

The class 0 and hence the constructive ordinals may seem to have
been defined in a rather arbitrary manner. However, as the following
result makes quite clear, this arbitrariness is only apparent.

THEOREM 4.5. Let 0' be some set of integers, and for each x E 0' let
Ixl' be an ordinal number. Moreover, let there be given partial recursive
functions M'(x), P'(x), Q'(x, n) satisfying the analogues of conditions (1),
(2), and (3)t of Theorem 4.1. Finally, let ~ be the least ordinal number
which cannot be written as Ixl'. Then ~ ~ WI.

PROOF. We seek a function h(x) that associates with each element
x E 0' an element h(x) E 0 such that lxi' = Ih(x)l. This will clearly be
accomplished if we can find a function h(x) and a number w that satisfy
the following conditions:

h(x) = 1 if M'(x) = 0,
h(x) = 2h (P'(x)) if M'(x) 1,
h(x) = 3· 5w ,

where [wh(n) = h(Q'(x, n», if M'(x) = 2.
We shall show how to find such a function (in fact, it will be partial

recursive) by making use of the implicit-function theorem.
To begin with, let a(z, x, n) = [zh(Q'(x, n». Then, by the iteration

theorem (Corollary 9-1.3), there is a primitive recursive function q(z, x)
such that a(z, x, n) = [q(z, x)h(n). Thus, the third condition on h can
be rewritten as follows:

h(x) = 3· 5q(·,x),

where [zh = h if M'(x) = 2.
To bring the conditions into the form required by the implicit-function

theorem (Theorem 10-7.6), we rewrite them as follows:
t An analogue of <0 must also be available.
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h(x) = 1 if M'(x) = 0,
h(x) = 2h (P'(x» if M'(x) = 1,
h(x) = 3·5q(z,x) if M'(x) = 2.

Then Theorem 10-7.6 guarantees the existence of a partial recursive func­
tion h and a number z which satisfies these conditions and for which
h = [zh.

N ow we shall return to the problem that we considered at the begin­
ning of this section, that of extending into the transfinite the process of
determining ever larger recursively enumerable subsets of the comple­
ment of a creative set. Thus, let C be a creative set and let f(n) be
a recursive function such that, whenever In} CO, then f(n) EO and
f(n) ti In}. We seek a function h having the following properties:

h(x) = 0 if M(x) = 0,
Ih(x)} It I t E {h(P(x)) 1 V t = f(h(P(x)))} if M(x) = 1,

Ih(x)} = {t IV [t E Ih(Q(x, n))}J} if M(x) = 2.
n

Each of these conditions can be put into the form required for using the
implicit-function theorem. For the first condition this is obvious. For
the second, it suffices that, if M(x) = 1, then h(x) = SI(S, h(P(x))) where

t E Ir} V t = f(r) +-t V T2(s, r, t, y).
lJ

That this condition has the required form can be seen by the technique
used above. The third condition states that, if M(x) = 2, then

h(x) = S2(p, Z, x) where

V V T([z](Q(x, n)), t, y) +-t V T 3(p, z, x, t, y),
n lJ lJ

and once again this can be handled as above. We have thus proved
THEOREM 4.6. Let C be a creative set. Then there is a partial recursive

function h(x) such that:

(1) x E 0 implies Ih(x) leo, and
(2) x <0 y implies Ih(x) I c Ih(y)} and Ih(x)} r£ Ih(y) I·
Thus the process of obtaining larger and larger recursively enumerable

subsets of the complement of a creative set may be extended into the
transfinite through the constructive ordinals. Can it be continued
further? No! For otherwise the Godel numbers of the recursively
enumerable sets would themselves form a set 0' whose properties would
contradict Theorem 4.5.

5. Extensions of the Kleene Hierarchy. The Kleene hierarchy pro­
vides a classification of predicates beginning with the very" constructive"
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recursive and semicomputable predicates and proceeding upward through
ever less constructive predicates. Of course, it is easy to construct predi­
cates that do not belong to any of the levels of the Kleene hierarchy.
For example, we may construct the predicate

R(x, y) +--+ x E pll.

For, if R(x, y) E Pn, we should have R(x, y) -< -< pn, that is,

x E pll +--+ f(x, y) E pn,

where f(x, y) is recursive. Thus,

x E pn+l +--+ f(x, n + 1) E pn,

and, if R(y) E Pn+1l so that R(y) -< -< pn+l, we should have

R(y) +--+ g(y) E pn+ 1

+--+ f(g(y), n + 1) E pn,

so that R(y) E P n • This would imply P n +1 C P n , which contradicts
Kleene's hierarchy theorem (Theorem 9-5.10).

This suggests that the Kleene hierarchy be extended, presumably by
transfinite induction. There have been various extensions of the Kleene
hierarchy which have been discussed. In this final section, we shall
attempt to do no more than briefly outline this field, which is the subject
of much current research.

Any attempt to employ transfinite induction is faced with an immedi­
ate difficulty. The transfinite ordinals themselves are extremely non­
constructive, and it is difficult to see how one could hope to preserve
the gradually increasing level of nonconstructivity of the Kleene hier­
archy if one were to admit as indices, say, the entire second number class.
The theory of constructive ordinals developed in Sec. 4 may be used to
advantage here. In fact, equivalent extensions of the Kleene hierarchy,
using the theory of constructive ordinals, were given by Davis [1] and
by Mostowski [3].

DEFI"'I'IION 5.1. We define L n = P if In[ = O. Suppose Ln defined
for all nfor which [n[ < a. Then, if a is a successor ordinal and if Iml = a,
we define Lm = L~(m)' If a is a limit ordinal and if Iml = a, we define

Lm = Ix I K(x) E LQ(m,L(x» I·
The sequence L n may be regarded as a transfinite extension of the

sequence p, pl, p2, p3, . • .. We may use this sequence to define an
extended Kleene hierarchy consisting of classes 6'n, <In, ffin.

DEFINITION 5.2. If n is a number such that n E 0, 6'n is the class of
all predicates that are Ln-semicomputable, <In is the class of all negations of
members of 6'n, ffin = 6'n (\ <In.
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It is not difficult to see that the properties developed for Pn, Qn, Rn in
Chap. 9, Sec. 5, carryover to <:Pn, Qn, eRn. One obvious question raised
by Definition 5.2 is:

If Iml = Inl, does it follow that <:Pm = <:Pn?
In Davis [1], it is proved that it does indeed so follow if Iml = Inl < w2

•

In Spector [1], it is proved that the result holds for all constructive
ordinals, that is, for all ordinals < Wl.

The class of all predicates belonging to at least one <:Pn is called the
class of hyperarithmetical predicates. If one begins the development with
a fixed set A, instead of p, one obtains the notion of a predicate's being
hyperarithmetical in A.

Kleene has considered a hierarchy based on function quantifiers.
That is, numerical predicates are obtained by suitable use of quantifiers
over functions applied to computable functionals, for example,

V /\V [F(f, g, x, y) = OJ.
I g 11

The predicates that can be represented in this way were called analytic
by Kleene in his [7j. They fall into a hierarchy reminiscent of the
Kleene hierarchy for arithmetical predicates, as follows:

V/\ [F(f, x, y) = 0], V/\V [F(f, g, x, y) = OJ, .. ,
I 11 I g 11

/\V [F(f, x, y) = 0], /\V /\ [F(f, g, x, y) = 0], ....
I 11 I g 11

The predicates that can be represented in both one-quantifier forms turn
out to be precisely the hyperarithmetical predicates. l This suggests an
analogue of Post's representation theorem, namely, that an analytic
predicate is expressible in both n-quantifier forms if and only if it is
hyperarithmetical in an (n - I)-quantifier form. But this has turned
out to be false. 2

1 Cf. Kleene [9].
2 cr. Addison and Kleene [IJ.



APPENDIX: SOME RESULTS FROM THE

ELEMENTARY THEORY OF NUMBERS

In this Appendix we shall derive two results from the elementary theory of num­
bers (the unique-factorization theorem and the Chinese remainder theorem) which
are used in the text proper. All relevant definitions are included so as to make the
presentation virtually self-contained. Numbers are understood to be nonnegative
integers except where the contrary is explicitly stated.

DEFINITION 1. We say that a is divisible by b, or that b is a divisor of a, and write
b I a, if b ~ 0 and if there exists a number e such that a = be. If b is not a divisor of a
we write b { a.

Thus, for any number a ~ 0 whatever, 1 I a and ala.
DEFINITION 2. P is a prime if p > 1 and if p has no divisors other than 1 and p.
Thus, 2, 3, and 5 are primes. 6 = 2 . 3 is not. Also, according to our definition,

1 is not a prime.
COROLLARY 1. If e I b, then e lab.
PROOF. If b = ek, then ab = e(ka).

On the other hand, it is quite possible to have c I ab, where c { a and c {b. An
example is given by e = 6, a = 3, b = 4.

COROLLARY 2. If e ~ 0 and b I e, then b ;:::; C.

PROOF. Let e = abo Then, a ~ 0 (since otherwise we should have c = 0). If
a = 1, then b = c, and we are through. Hence we may suppose that a > 1, that is,
that a = 1 + k, k > O. Then, e = ab = (1 + k)b = b + kb > b.

COROLLARY 3. Every number > 1 is divisible by at least one prime.
PROOF. Suppose there were some number > 1, divisible by no prime. Then there

would be a least number m having this property. That is, we should have:

(1) m > 1.
(2) m is divisible by no prime.
(3) Every number n for which 1 < n < m is divisible by a prime.

Now, by (2), m is not a prime. Hence, m has a divisor n, where 1 < n < m.
Then, by (3), n is divisible by a prime. But this implies that m is divisible by a prime,
which contradicts (2).

THEOREM 4. If P is a prime, then there exists a prime q such that p < q ;:::; p! + 1
(that is, there are infinitely many primes).

PROOF. Let P = pI, and let N = P + 1. Clearly, N > p. Hence, if N is a
prime, we are through. If N is not a prime, then, by Corollary 3, N is divisible by
some prime q. We shall see that q > p.

For suppose that q ;:::; p. Then, by the manner of construction of P, q I P. On
the other hand, q was chosen such that q I N. Let us write P = qm" N = qm•.

193
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Then, 1 = N - P = q(ml - m2). Therefore, q 1 1. By Corollary 2, it follows that
q ;:;i 1; so q cannot be a prime.

This elegant proof is due to Euclid.
THEOREM 5. Every number x > 1 can be written in the form Plm'p2m, ... Pkmk,

where PI, P2, . . . , Pk are distinct primes.
PROOF. If the result were false, there would be a least number Xo > 1 that could

not be written in the desired form. Clearly, Xo is not a prime. Therefore, by Cor­
ollary 3, Xo is divisible by a prime P, Xo = pro But, by Corollary 2, r < Xo. Hence,
by the choice of Xo, we may write

so

which contradicts our choice of Xo.

We shall now seek to demonstrate the much deeper fact that a number can be
written in this manner in a unique way (except, of course, for permutations of the
factors). We begin with

THEOREM 6 (Euclidean Algorithm). If n > 0 and if m is any number, then there
exists one and only one pair of numbers q, r such that m = nq + rand 0 ~ r < n.

PROOF. Let S be the set of all (nonnegative) numbers that can be written in the
form m - nq. This set is nonempty, since

mESo

Therefore, there is a least number belonging to S. Let r be this least number. Then,
for some number q we have

m - nq = r,
that is,

m = nq + r.

We must show that r < n. Suppose, to the contrary, that r ~ n. Then r = n + k,
where 0 ;:;i k < r. But

k = r - n = m - n(q + 1) E s,

and this contradicts our choice of r as the least element of S.
It remains to show that the numbers q, r are uniquely determined by m and n.

Suppose to the contrary that, in addition to the q, r we have obtained, there are
numbers q', r' such that

m = nq' + r', 0 ~ r' < n.

Suppose that q' < q. Then,

q' + 1 ~ q, q' ~ q - 1.
Hence,

r' = m - nq'
~ m - n(q - 1)
=r+n
~ n,

which is a contradiction.
Next, suppose that q' > q. Then r' = m - nq' < m - nq = r. But, since r' E S,

this contradicts our choice of r as the least element of S.
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We conclude that q' = q. Hence,

r' = m - nq' = m - nq = r.
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This completes the proof.
DEFINITION 3. We say that the numbers a and b are relatively prime if they have

no divisor in common except 1.
Now, let a and b be relatively prime. Let S be the set of all nonnegative integers

of the form ax + by, where x and yare integers positive, negative, or zero. We pro­
ceed to prove the following lemmas concerning this set S.

LEMMA 1. 0 E S, a E S, b E s. If u E s, v E S, then u + v E s, u ...:... V E s.
If u E S, and n is any (positive) integer, nu E S.

PROOF. 0 = a . 0 + b . 0 E S,
a = a . 1 + b . 0 E S,

and b = a . 0 + b . 1 E s.
If u E S and v E S, say,

u = ax, + by"
v = aX2 + bY2,

then
u + v = a(x, + X2) + b(y, + Y2) E s.

If u < v, then
U ...:... V = 0 E s.

If u ;;;; v, then
U ...:... V = a(x, - X2) + b(y, - Y2) E s.

Finally,

LEMMA 2. There is a number d such that S is the set of all multiples of d.
PROOF. S contains positive (i.e., nonzero) elements, for example, a and b. Let

d be the least positive element of S.
Now, let xES. By Theorem 6, x = qd + r, 0 ~ r < d. Now, xES, dES.

Therefore, by Lemma 1, x ...:... qd = rES. But, since r < d, and d is the least
positive element of S, we must conclude that r = O. Hence x = qd.

LEMMA 3. 1 E S.
PROOF. By Lemma 2, S is the set of all multiples of a number d. By Lemma 1,

a and b are in S, and hence are multiples of d. That is,

d I a, d lb.
Since a and b are relatively prime, this entails d = 1.

Lemma 3 may be restated as follows:
THEOREM 7. Let a, b be relatively prime. Then there exist integers x, y (positive,

negative, or zero) such that 1 = ax + by.
THEOREM 8. If P is a prime and p I ab, then p I a or p I b.
PROOF. Suppose p .r a. Then, p and a are relatively prime (for, if p and a had

a common factor d r= 1, it could only be pl. Hence, by Theorem 7, there exist inte­
gers x, y (positive, negative, or zero) such that 1 = ax + py. Thus, b = abx + pby.
But p I ab; so, for suitable k, ab = pk. Then, b = p(kx + by); that is, p I b.

We have immediately
COROLLARY 9. If P is a prime and p I a,a2 ... ak, then p Iai/or same i, 1 ~ i ~ k.
THEOREM 10 (Fundamental Theorem of Arithmetic; Unique-factorization Theo-

rem). Every number x > 1 can be represented in the form p,m'p2m, .. pkm., where
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PI, . , . , Pk are distinct primes. Moreover, this representation is unique except for the
order of the factors.

PROOF. The existence of such a representation is the assertion of Theorem 5.
Suppose that some number x > 1 can be represented in the required manner in two
different ways:

Then, by Corollary 9, for each Pi there is some qi such that Pi I qi, which, since Pi and
qi are primes, implies that Pi = qi' Similarly, for each qi there is some Pi such that
Pi = qi. Hence, we may write (with a possible rearrangement of terms)

It remains to be shown that mi = ni. Suppose that ml > nl. Then,

Here, the left-hand side is divisible by PI, although, by Corollary 9, the right-hand
side is not. This is a contradiction. Similarly, we may dispose of the case ml < nl.
Hence, ml = nl. Similarly, mo = no, ... , mk = nk.

DEFINITION 4. Let a, b, m be numbers, and, using Theorem 6, let us write

a = qlm + rl 0 ;£ rl < m,
b = qom + ro 0 ;£ ro < m.

Then we write a == b(mod m), and we say that a is congruent to b modulo m if rl = ro.
It is easy to see that a == b(mod m) if and only if m lib - al. For if, for example,

b > a, then
Ib - a\ = b - a

= (qo - ql)m + (ro - rl).

Hence, m lib - al if and only if m I Iro - rd. Since Iro - rd < m, this is the case
only when rl = ro.

COROLLARY 11. If a == b(mod rn) and b == c(mod m), then a == c(mod m).
PROOF. We write

a = qlm + rl,
b = qom + ro,
c = q3m + r3.

By hypothesis, rl = ro, ro = r3. Hence, rl = r3.
DEFINITION 5. The numbers ai, ... , am are said to be relatively prime in pairs

if a. and ai are relatively prime for 1 ;£ i ;£ m, 1 ;£ j ;£ m, i r= j.
THEOREM 12 (Chinese Remainder Theorem). Let ai, ao, ... ak be any numbers,

and let ml, mo, . . . , mk be relatively prime in pairs. Then there exists a number x
such that

x "" a.(mod mil i = 1, 2, ... , k.

PROOF. The proof is by induction on k. For k = 1, the theorem asserts the
existence of a number x such that x == al (mod ml). For this it suffices to take x = alo

Suppose that the result has been demonstrated for k = n. We show that it follow,.
for k = n + 1. Consider the system of congruences:

x == al(mod ml),
x == ao(mod mo),

,
x == an (mod mn),

x == an+l (mod mn+I).
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By induction hypothesis, there is a number Xo that satisfies the first n of these
congruences.

Now the numbers mlm2 ... mn and mn+l are relatively prime. For, if they had a
divisor d > 1 in common, they would have a prime divisor p in common (cf. Corol­
lary 3). But, by Corollary 9, from p I mlm2 ... mn we infer that p I mi for some j,
1 ~ j ~ n. But then mn+l and mi would have a common divisor p > 1, which contra­
dicts our assumption that the m. are relatively prime in pairs. Hence, by Theorem 7,
there exist integers rand s (positive, negative, or zero) such that

Therefore,

Let q = r(an+l - xo), p = -s(an+l - xo). Then,

Let t be chosen so that
tmn+l + q

is a nonnegative number (if q is nonnegative, we can take t = 0; if q is negative, we
can take t = -q + 1). Then,

Hence,
Xo + (tmn+l + q)mlm2 ... mn == an+l(mod mn+l).

But, by induction hypothesis,

Xo == a.(mod m.)
Hence,

i = 1,2, . , n.

This completes the proof.

i = 1,2, ... ,n.
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for semi-Thue systems, 93
for Thue systems, 94
the word problem, for cancellation

semigroups, 98
for groups, 98
for semigroups, 96-98

Digital computers, and algorithms, xv, 3
subroutines for, 25
(See also Turing machines)
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cates)
completely representable in arith-

metical logics, 125
diophantine, 103, 104, 106, 107, 110-113
hyperarithmetical, 191, 192
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Pure first-order functional calculus (see

Full first-order logic)
Putnam, H., 87n., 164n.

Quadruples, 5, 21
Quantifiers, xxiii-xxv

in arithmetical logics, 123
bounded existential, xxiv

preserving recursiveness, 52
bounded universal, xxiv
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