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Preface

The present volume has emerged from a twofold intention: (1) to collect and to
present to the reader results in two important and active areas of formal language
theory, regulated rewriting and grammar systems (both these areas have as one of
their main goals to increase the generative power of grammars by adding certain
features dealing with the control of the derivation process, the cooperation of parts,
the distribution of tasks among parts, and other related ideas), and (2) to mark the
50th Birthday of Jirgen Dassow, an author who has made a significant contribution
to the above mentioned areas (and who has been quite active in organizing meetings
in formal language theory, as well as in theoretical computer science in general).

Most of the contributions are indeed devoted to regulated rewriting and grammar
systems, but, because several of Jirgen’s friends and collaborators are not working
in these areas, we decided to enlarge the scope of the volume. Thus, the last two
chapters were added.

The first chapter (Regulated rewriting) deals both with topics which can be con-
sidered classical in formal language theory (the LBA problem reformulated in terms
of programmed grammars, the index of grammars and languages, the descriptional
complexity in the form of the number of nonterminals used by a grammar) and with
recent (controlling the work of a grammar/automaton by means of elements of a
group, or by attributes associated to strings or to symbols), or emergent topics (fuzzy
grammars, array grammars, restarting automata).

The next two chapters (Cooperating distributed grammar systems and Parallel
communicating grammar systems) are devoted to the two main classes of grammar
systems, the sequential ones (the components work in turn, one at each moment,
on the same common sentential form) and the parallel ones (the components work
synchronously, each on its own sentential form, and communicate on request or by
command).

The papers included in these chapters prove the power and the fruitfulness — both
from a theoretical and a practical point of view — of the distributed architectures spe-
cific to grammar systems. There are papers investigating basic generative capacity
questions, computational complexity, variants (in general suggested by computer sci-
ence aspects modelled in terms of grammar systems). Special mention should be made
of the two papers about colonies, a particular case of cooperating distributed grammar
systems, corresponding to multi-agent systems with very simple subsystems/agents,
and the papers discussing the possible use(fulness) of parallel communicating grammar
systems, of grammar systems in general, in modelling constructions and phenomena
occurring in natural languages.

The fourth chapter (Splicing systems) deals with an exciting and hot area in com-
puter science, which promises important developments also in automata and language
theory: DNA computing. The basic ingredient here is the splicing operation mod-
elling the DNA recombination. The first two papers investigate (parallel) grammar
systems based on components using the splicing operation. (Thus, these papers can
also be considered as continuations of the previous chapter.) The third paper of this
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chapter extends the splicing operation to arrays, opening a rich area of investigation.

Chapter five (Infinite words) contains three papers whose object of study are the
infinite sequences, whereas Chapter six (Algebraic approaches to languages) contains
papers where the main point of view is not generative but algebraic. These areas con-
stitute well-established branches of formal language theory, important counterparts of
the “classical” branches dealing with finite strings in a purely grammatical manner.

Of course, the volume does not intend to provide an overview of formal language
theory; the reader interested in such an overview can consult Handbook of Formal
Languages (three volumes), published this spring by Springer-Verlag (G. Rozenberg,
A. Salomaa, eds.).

The contributions have been refereed in the usual way. We are very much indebted
to all the people involved in the production of this volume. Most importantly, we want
to thank the authors for excellent and timely cooperation, and regret that some other
prospective authors who wanted to contribute were unable to do so because of time
and other constraints. After fifty, other multiples of ten follow. .. So, Happy Birthday
Jiirgen, and see you at many multiples of ten from now on !

January 1997 Gh. Piun and A. Salomaa
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Chapter 1. Regulated Rewriting

A Grammatical Approach to the LBA Problem

Henning BORDIHN

Fakultat fir Informatik
Otto-von-Guericke-Universitdt Magdeburg
Postfach 4120, D-39016 Magdeburg, Germany
Email: bordihn@irb.cs.uni-magdeburg.de

Abstract. In this paper, the degree of non-regulation for programmed
grammars is introduced, as the largest number of elements in success or in
failure fields. We show that this measure can be restricted to two without
loss of generative capacity. Moreover, we present interrelations between
the 1ba problem on the one hand and the relationship between the families
of languages described by A-free programmed grammars with degree of
non-regulation one and two on the other hand. Especially, in case of
accepting programmed grammars with monotone core rules and leftmost
derivations this relationship exactly characterizes the lba problem.

1. Introduction

In [1], [2], it is proved that programmed grammars with A-free context-free produc-
tions and with appearance checking features describe the family of context-sensitive
languages if they are seen as accepting devices.

The idea of accepting grammars [7] is the following: Starting from a “terminal”
word, the system tries to derive a given goal word (the axiom) where, following [1],
[2], [3], the yield relation is defined by textually the same words as in generating
case. Possible restrictions to production sets are turned “around”, e.g., coming to
productions of the form v — @ in the context-free case, where v is a (possibly empty)
word and « is a symbol.

In this paper, we present an approach to the family of languages recognized by
deterministic linear-bounded automaton by restricting the number of possible choices
of productions for continuing a derivation of programmed grammars in a certain sit-
uation, i.e. after a certain production has been applied leading a certain sentential
form. For, we introduce a new measure of descriptional complexity for programmed
grammars, the degree of non-regulation, which reflects this number of possible
choices.

We assume that the reader is familiar with basic notions and basic knowledge of
formal language and automata theory. Concerning our notations, we mostly follow
[4]: € denotes inclusion, C denotes strict inclusion, |M] is the number of elements
in the set M. The empty word is denoted by A. We consider two languages Ly, L,
to be equal iff L; \ {A\} = L2\ {A}, and we simply write L; = L, in this case. We



term two devices describing languages equivalent if the two described languages are
equal. Moreover, let Sub(w) denote the set of subwords of w. The length of a word
z is denoted by |z]. If z € V*, where V is some alphabet, and if W C V, then |z|w
denotes the number of occurrences of letters from W in z. If W is a singleton set {a},
we simply write |z|, instead of |z],}.

The families of regular, context-free, A-free context-free, context-sensitive, mono-
tone, and type-0 Chomsky grammars are denoted by REG, CF, CF-A, CS, MON, and
RE, respectively. If X is one of these families, £9*(X) (£**(X)) denotes the family
of languages generated (accepted) by some device from the family X. Whenever we
use bracket notations like £**(CF[—)]) = £2*°(CF[—A]) we mean that the statement
is true both in case of neglecting the bracket contents and in case of ignoring the
brackets themselves. If several parts of a formula (which can uniquelly be associated
to each other) are enclosed in brackets then we can leave out none, one, or more of
those associated parts.

2. Programmed Grammars and the Degree of
Non-Regulation

First, we formally define the notion of programmed grammars in a way appropriate
for generating and accepting case {1}, [2].

A programmed grammar is a construct G = (Vn,Vr, P,S), where Vy and Vr
are two disjoint alphabets, the set of nonterminal symbols and the set of terminal
symbols, S € Vy is the axiom, and P is a finite set of productions of the form
(r: a— B,0(r), é(r)), where r : a — f is a rewriting rule labelled by r and o(r)
and ¢(r) are two sets of labels of such core rules in P. By Lab(P), we denote the set
of all labels of the productions appearing in P.

A sequence of words over V%, yo,¥1, . . ., Yn, is referred to as a derivation in G iff,
for 1 <1 < n, there are productions (r; : a; — f;, o(ri), #(r;)) € P such that

' ’ . .
Yioi = 2i10i%_q, ¥i = zie1fizi_q, and, if 1 <i < n, riyy € o(ry)

or
a; & Sub(yi—1), Yi-1 = ¥i, and, if 1 <7< n, riyy € (r:).

Note that, in the latter case, the derivation step is done in the appearance checking
mode. The set o(r;) is called the success field and the set &(r;) the failure field of r;.
We also write the derivation as

Yo ==2r Y1 =ry " =1, Un

or simply as yo = y1 => -+ = Un.
The language generated by G is defined as

L9(G) = {w € V5 | there is a derivation S = yo,¥1,-.-,Yn = W}
if G is a generating programmed grammar and
L*(G) = {w € V§ | there is a derivation w = yo,¥1,.--,¥n = S}

if (7 is an accepting one.
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A derivation according to G is said to be leftmost if each rule is either applied in a
way such that it replaces the leftmost occurrence of its left-hand side or it is applied
in appearance checking mode.! By L#"(G-left) (L***(G-left)) we denote the language
generated (accepted) by G in this leftmost manner.

Let X € {REG, CF, CF-), C5, MON, RE}. The family of languages generated
(accepted) by programmed grammars of the form G = (Vw, Vi, P, §) containing only
core rules of type X is denoted by £9¢"(P, X, ac) (L**(P, X, ac)). When no appear-
ance checking features are involved, i.e. ¢(r) = @ for each rule in P, we are led to
the families £9°"(P, X) (£*(P, X)). In order to denote the corresponding families of
languages obtained by leftmost derivations we add left to the first component of that
notation, e.g., leading to L£°"(P-left,CFac).

Let us recall some results for the generating case [4] and extend them to further
2
cases.

Lemma 2.1. For X € {CF, CF-)}, we have
(i) £9o"(P,X) C Lo(P-left,X), and
(ii) L9(P,X ,ac) C Lo"(P-left, X ,ac).
For X € {CS, MON, RE},
(iii) £o°(P,X) = Lo (P-left,X) = L3 (P, X jac) = L&*(X) and
(iv) L£9*(P,X,ac) C L9"(P-left, X ,ac).
Proof. For (i), (ii), and (iii), see [4]. In order to show (iv), we slightly modify the

idea of the proof given for the context-free case (ii).

We consider the programmed grammar G = (Vw, Vp, P, S) with productions of
type CS, MON, or RE, and with each rule (r: a — 8, o(r), ¢(r)) € P, we associate
the productions

(r: a—a {r "}, é(r),

(r: A=A, {r',r"},0) Ha=uAywithueV}, A€Wy, vye (VwUVp)*,
(r": a— B, {r"}, 0),

(r": A= A, {7}, o(r)).

The remaining part of the construction is analogous to that one given for the context-

free case in [4]. . O

Now, we turn to the accepting case.

Lemma 2.2.
(i) For X € {CF-), CS, MON}, £2°(P,X[,ac]) C £***(P-left, X [,ac]),
(i) £°¢(P,RE[,ac]) = L£*(P-left,RE[,ac]) = £#*"(RE), and
(i) £o°(P,CF) C L£2¢°(P-left,CF) hold.

INote that this definition corresponds to the definition of leftmost derivations of type 3 in [4].
2For recent results about leftmost derivations in the special case of unconditional transfer cf. [5].



Proof. (i) The case with appearance checking can be proved similarly to the
proof for generating grammars. We just have fo rename the teminal symbols first
in order to avoid terminals on the right-hand sides of rules. More precisely, for a
given accepting programmed grammar G = (Viy, Vr, P, §), we construct an equivalent
accepting programmed grammar with leftmost derivations G' = (V{, V7, P/, 5’) as
follows. Set Vi = WwU{A' | A € Ww}U{@ | a € Vp} and V7 = V7. Now, let
“o (VU V) — (V)" be the morphism defined by A=Afor AcVyandé=1a
for a € Vy. Furthermore, let P’ contain the following productions:

((0,0): a—a, {(0,b) | b€ Vp}, {r,7,r* | r € Lab(P)}), forallaeVr
and with each (r : @ — 8, o(r), ¢(r)) € P, we associate the productions

(r': & —a, {r,r}0), fa=zy,zeWUVr,vye(VnUVD)*
(r: &— B, {r"}, 0),

("2’ =5 {p"}, {p, P P I pE 0(r)}),
(r<:&—5,0,{p,p,p* P b)),

Clearly, L***(G") = L>*((3). Note, that we have only productions of type X if every
(given) rule a — B is of type X.

If appearance checking features are not involved then we omit the productions r2°
and have productions

((0,a): a — @, {(0,b) | be Va} U {r,r'} |r € Lab(P)},0), forallac 'Vt
and, for each (r: a — 8, a(r), ¢(r)) € P,

(r: &2, {r,},0), fa=zy,z€WUVr,ye(WWUVT)
(r:&—p,{r"}, 0),
("2’ =z, {p"}U{p,P P EO(n)}, ¥).

Obviously, any derivation of G can be simulated by G, further possible derivations

are either blocking or simulating derivations of the given grammar, as well. Hence,
we find L*¢(G") = L**(@) and the failure fields are empty for all rules in P.

(ii) is a direct conclusion of Lemma 2.1 together with

L9(P, X ,ac) = L%(RE) and

£ (P[-left], X[, ac]) = £*(P[-left], X[, ac])
for X € {CF, RE}, cf. [4] and [1], [3], respectively. Let us remark that the idea of the
proof for (i) cannot be used if A-rules, i.e. rules of the form A — f are allowed. O

Let G = (Vy,Vr, P,S) be a programmed grammar (with appearance checking)
with productions of type X, X € {REG, CF, CF-), CS, MON, RE} in generating
or in accepting mode. The degree of non-regulation Rg(G) of G is defined in the
following way: For any production (r: a — 8, o(r), ¢(r)) in P, we set

Rg(r) = max{lo(r)],|¢(r)I}
and

Rg(G) = max{Rg(r) |r € Lab(P)}.
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For a language L € £9°"(P[-left],X, [ac]), we define the degree of non-regulation as
Rg(L) = min{Rg(G)|L**(G)=L}.

The degree of non-regulation of a language L € L*(P[-left], X, [ac]) is defined analo-
gously. Furthermore, we set

L£3¢(P[-left], X[, ac]))
L7 (Pl-left], X[, ac]))

{L € £2°*(P[-lett], X[, ac])) | Rg(L) < n},
{L € £=(P[-Left], X[, ac])) | Rg(L) < n}.

The inclusions

L2 (P[-left], X [,ac]) © L57 (P[-left], X[,ac]) € L7 (P[-left], X [,ac]) and
Loeo(Pl-left], X [,ac]) € L35, (P[-left], X [,ac]) C L2°°(P[-left],X [,ac])

trivially hold for n > 1. Obviously, the degree of non-regulation of a programmed
grammar is a measure for the maximum number of possibilities to continue a deriva-
tion of the form 2z ==* 2’ ==} w according to G, for some sentential forms z, z’,w
and a label p € Lab(P).

Lemma 2.3. Let X € {REG, CF, CF-}, CS5, MON, RE}.
(1) £5™(P,X[,ac]) = L2*"(P, X [,ac]),
(i) L£3°(P,X[,ac]) = L*(P,X[,ac]).

Proof. First, we consider a generating programmed grammar G = (Vy, Vr, P, S).
With each production

(r:a— 8, {s1,5-..,5}, {ti,te,.. ., Lk}) EP, n>2,
we associate the following groups of productions:

(T Ta—a, {%17‘2}, {t17r2})a

(Tll o ﬂ’ {31}3 w)»
i1 k, for 1 < ¢ < min{l,k},

(ri Lo a, {T£>Ti+1}7 {tiuri+1})’

(Té A /67 {si}’ 0))
and, if [ < k, for [ < j <k,

(rj: a—> o, 0, {t;,7j11}), and
(re: a—a, B, {t:}),

fk<lfork<j<l,

(rj: a—a, {T97Tj+1}, #), and
(r_,j e :37 {Sj}a 0)
(1‘( P ﬂa {31}7 w)
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In case of | = k, simply set o(ry) = {s¢} and ¢(ri) = {tc}. If ¢(r) = 0 we let the
failure fields be empty in all these productions. Then we construct the programmed
grammar G = (Vy, Vi, P/, S) by replacing each rule r € P with Rg(r) > 2 by the
corresponding group of productions as listed above in order to obtain P'. Clearly, G
is of the same type as G and L***(G') = L*"{G) holds.

In accepting case, replace any occurrence of & — a by @ — 8 and any occurrence
of « —» B by § — f in the above groups of productions associated to rule r in

order to obtain only accepting rules of the same type. Then we have L**(G') =
Lacc(G). a
Let us mention that a similar construction is possible for the special case of pro-

grammed grammars with unconditional transfer [4]. Moreover, the construction given

in the proof of Lemma 2.3 is also working for the case of leftmost derivations, i.e.,
Loen(G'-left) = Len(G-left) (Lo°°(G'-left) = L*°(G-left), respectively).

Corollary 2.4. For X € {REG, CF, CF-), CS, MON, RE}, we have
(i) £5°"(P-left,X[ac]) = Lo (P-left, X[ ac]),
(i) La(P-left,X[,ac]) = Lo(P-left, X [,ac]).

It is an open problem if the inclusions £§°°(P-left,X[,ac]) C L3°°(P-left,X{,ac]) are
proper.

3. On Context-Sensitive and Deterministic
Context-Sensitive Languages

In [1], [2], [3] it is proved that the familiy of accepting programmed grammars
with A-free context-free rules (with appearance checking) describes exactly the fam-
ily £9¢%(CS), i.e., the family of languages which are recognizable by linear-bounded
automaton. If we take into consideration the results of the previous section, we can
give some further characterizations of this language family.

Corollary 3.1. For X € {CF-\, CS, MON}, we have
£°(P,X ,ac) = L*(P-left, X ,ac) = L37(P,X ,ac) = L5 (P-left, X ac) = L**(CS).

Proof. L£%*(CS) C £%(P,CF-)ac) is proved, e.g., in [2]. L£**°(P,CF-)ac) C
£%(P,X,ac), for X € {CF-A, C5, MON}, holds by definition. The inclusions
L£3(P[-left], X ,ac) C L¢"(CS) can be shown by appropriate lba constructions.
Thus, together with Lemma 2.2, Lemma 2.3, and Corollary 2.4, our statement is
proved. O

Since the restriction of the degree of non-regulation of programmed grammars to
one means the elimination of some nondeterministic aspect, it is natural to investigate
the interrelations between the families £L(DCS) and, e.g., £3°°(P[-left],CF-A,ac), where
L(DCS) denotes the family of languages recognizable by deterministic linear-bounded
automata which we call deterministic context-sensitive languages.

A linear-bounded automaton is a nondeterministic Turing machine in which the
number of cells that can be used during a computation on an input word w is
O(jw]). A linear-bounded automaton is said to be deterministic iff the underly-
ing Turing machine is deterministic. Concerning the notion of a Turing machine
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M = (Q,%,T,6,q, B, F) (where @ is the set of states, I' 1s the alphabet of tape
symbols, B € T is the blank symbol, ¥ C T'\ {B} is the alphabet of input symbols,
& is the transition function, ¢q € @ is the initial state, and F' C @) is the set of final
states) and the notion of the accepted language we follow [6].

Lemma 3.2. For X € {CF-), CS, MON}, we have £3%(P-left,X ,ac) C L(DCS).

Idea of the proof. Let G = (Vi,Vr,P,S) be an accepting progammed gram-
mar with productions of type X (working in leftmost mode) and let k¥ = |Pr|,
where Pr = {&¢ — 8 € P | a € T*}. Let {pi,,...,pi,} be the set of labels
of the rules in Pr. Construct a deterministic linear-bounded automaton M =
(@, Vr, Vw U Vr U {#.8,B}, §, o, B, F), where the states are tuples with the first
k components memorizing labels r;,...,r;, from Lab(P) initialized by r;;, = p;;,
1 £ j £k, such that M performs the following steps.

Step 1. Copy k — 1 times the input word w € V3 such that we obtain the string
#HwHwHFw- - wHwH .

i
k—times w

Step 2. Perform stepwise simulations of leftmost derivation steps according to G
in the following way. For j =1 to k:

2.1 Search for the leftmost occurrence of the left-hand side a;; of rule r; ; in the j-th
subword between markers # on the tape from the left to the right (in the j-th
occurrence of w, in the beginning).

2.2 If such substring is found, replace it by the right-hand side 3;; of rule ry;, if | 8;,| =
|, ], and replace it by §;;$™ if |a;;| — |B;;| = m; change the j-th component of
the current state to o(ry;) if |[o(ry;)| = 1 and do not accept if |o(r;;)| = 0. If
# is reached and no subword «;; has been found in the current subword, then
change the j-th component of the state to ¢(r;,) if possible and do not accept
otherwise.

2.3 If j < k, move the read-write head over the first cell of the (j + 1)-st subword
and proceed with 2.1 for the next j. If j = k then remove all occurrences of
$ and shift the remaining parts such that we obtain a “compact” word over
Va U Vr U {#}. Then move the read-write head over the first cell of the first
subword.

Step 3. Check whether a subword #S# occurs in the current contents of the tape.
If yes accept, otherwise repeat step 2 according to the currently memorized rules in
the state.

Clearly, indeed M is deterministic and linear-bounded and accepts exactly the
words in L%¢(G-left). O

Together with Lemma 2.3 we obtain the following statement.

Corollary 3.3. For X € {CF-A, CS, MON?}, we have
L3%(P-left, X ,ac) C L(DCS) C L*(CS) = L5%(P-left, X ,ac).



If we take Lemma 2.1 into consideration, together with the fact that
L3 (Pl-left),Y) = L&°(P[-left]Y), for ¥ € {CS, MON}, we also find analogous
characterizations without appearance checking features both in generating and in
accepting mode.

Corollary 3.4. For Y ¢ {CS, MON},

(i) LI (P-left,Y) C L(DCS) C L&"(CS) = L5 (P]-left],Y),
(i) L£2eo(P-left,Y) C L(DCS) C L2*"(CS) = L3°([P-left],Y)

Proof. The statement is proved with the remark that the idea of the proof of
Lemma 3.2 obviously applies also for languages in £I*(P-left,Y). =

Lemma 3.5. £{DCS) C L{°(P[-left], MON,ac)

Proof. Given a deterministic linear-bounded automaton M = (@, Z,T, 6, g0, B, F),
where £ = {a1,...,ax}. Construct an accepting programmed grammar G =
(W, 5, P,S) with Vy =TU{T |2 e TYUZ xTUZ x{Z | z € T} U {S} (the
unions being disjoint) and where P contains the following productions.

([0,2] : @i — (90, 3:), {90, @]}, 0), 1<i<k,

([% -'Z'i;,] : (q, xij)xij-n - ﬂ;j(qlv $ij+1)) {[q’7 $ij+1]}1 0) if 6(q, $ij) = (¢, z:'j’R)a

([Qﬁ%ig] : iij—-l (anij) s (q,, "i'ij—l)‘t:‘jv {[q,a '%ij—1]}7 @) if 6(‘17 wij) = (qla :E:-J,L),

(l9:%:,] : B(g,Z;;) = (¢, B)el, {ld, B]}, 9) if 6(q,2i,) = (¢, 73, L),
where £ € {z,7} for any z € I'.
Moreover, for I' = {z4,...,2,}, add the productions
([f::%] : (f7i)—')°%a {1}7 m)a for all z € Wy,
(: T — T, {<i,1>}, {i+1}) 1<i<v—1,

(I/'—IZ ?El/—l —>—.'f,,__.1, {<l/—1,1 >}, {< l/,l >})

(<4,§> Tiz; = Z, {< 1> {<4,7+1>}), 1<Ky, 1<i<y
(< i,v > iz, — Ty, {<v,1 >}, {<4,5>}), 1<i<y

(<i,8> ;= 5,0,0), 1<i<y.

Given a word w € X*, the only applicable rules are those with label [0,¢]. If the
“correct” 7 has been guessed then the leftmost symbol is overlined and it carries the
initial state as an additional component. Now, the transitions of M can be simulated,
where the barred symbol keeps on the leftmost position of the sentential form, until
a sentential form is arrived which contains a symbol from Q@ xT'UQ x {Z | = € T'}.
Then the productions of the second group allow to derive S, but only if indeed the
leftmost symbol has been overlined in the first step and w can be recognized by M.
If a symbol different from the leftmost symbol of w has been barred in the first step
then it is impossible to derive the axiom since letters to the left of the barred one
cannot be replaced. In conclusion, (@ accepts exactly the words recognized by M.
Note that this is true also in case of leftmost derivations. i

In conclusion, we have £3%(P-left, MON,ac) = £{DCS) and the question whether
or not the degree of non-regulation of accepting programmed grammars with mono-
tone productions and with leftmost derivations can be reduced to one without loss of
descriptional capacity is equivalent to the lba problem.

Corollary 3.6. £2(P-left, MON,ac) = £(DCS) C £(CS) = L5°(P-left,
MON, ac).



4. Concluding Remarks

In this paper, we gave a grammatical characterization of the lba problem. Thus, a
problem stemming from complexity theory can be expressed in terms of descriptional
complexity of grammars. Unfortunately, for the precise characterization of the 1ba
problem we needed monotone productions. It is an open problem whether the in-
clusion £5(P-left,CF-),ac) € L(DCS) is proper or L(P-left,CF-)ac) = L(DCS)
holds. In general, it is interesting to do further investigations of the language families
with degree of non-regulation equal to one.

Moreover, it is remarkable that, in the proof of Lemma 3.5 we need appearance
checking features only for the last part, where, after arriving at a final state, the
sentential form is rewritten to the axiom by productions with context-free core rules.
It is left open whether or not one can give up appearance checking at all for proving
Lemma 3.5.

Acknowledgement. We are grateful to our colleague Bernd Reichel for some
helpful comments on parts of the manuscript.
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Abstract. We consider conditional context-free grammars that gener-
ate languages of finite index. Thereby, we solve an open problem stated
in Dassow and Paun’s monograph on regulated rewriting. Moreover, we
show that conditional context-free languages with context-free conditions
of finite index are more powerful than conditional context-free languages
with regular conditions of finite index. Furthermore, we study the com-
plexity of membership and non-emptiness for conditional and programmed
languages respectively grammars (of finite index) with regular, linear, and
context-free core rules and conditions.

1. Introduction

Regulated rewriting is one of the main and classic topics of formal language the-
ory [8], [36], since there, basically context-free rewriting mechanisms are enriched by
different kinds of regulations, hence generally enhancing the generative power of such
devices compared to the context-free languages. Such, it is possible to describe more
natural phenomena using context-independent derivation rules [8].

In this paper, we are interested in the relation between formal languages which are
built up by rewriting mechanisms—we restrict ourselves to context-free core rules—
that generate languages of finite index. Loosely speaking, the index of a grammar is
the maximal number of nonterminals simultaneously appearing in a sentential form
during a terminating derivation (considering the most economical derivation for each
string). Interestingly, such a notion has been introduced by several authors in the
sixties on various motivations. Therefore, we start giving sort of historical overview
over the topic.

Originally, the finite index restriction was investigated by Brainerd [5] motivated
by combinatorial properties of context-free languages. He introduced this notion in
order to generalize the statement:

“If I is an infinite language generated by a context-free grammar, then L
contains a sequence, {w,}, of strings such that the sequence of lengths
{|wn|} is a (nontrivial) arithmetic progression,”

(which is a corollary of the existence of pumping lemmata for context-free languages)
to a class of languages that meets, but perhaps does not contain, the context-free
languages. Brainerd showed that an analogous statement is valid in case of matrix
grammars of finite index.

A similar notion (called bounded grammars here; a grammar is bounded if the
total number of nonterminal symbols in any string derivable from the start symbol
does not exceed an upper bound) has been introduced by Altman and Banerji [1], [3]
motivated by an information theoretic reasoning.
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“... languages have been studied for their efficiency for communication
purposes, though in these studies the media of communication are referred
to as channels [37] rather than languages. These studies use the concept
of channel capacity, which is a direct measure of the total number of valid
sentences of a given length that a language has.”

In [3] it is studied how to compute the channel capacity for a restricted form of
unambiguous bounded context-free languages. The capacity of bounded context-free
languages (also called ultralinear languages) has been examined by Ginsburg and
Spanier in [13]. It is shown that the family of ultralinear languages coincides with the
language class characterized by finite-turn push-down automata.

Ginsburg and Spanier introduced derivation-bounded languages [14]. There, all
words which have a successful derivation (in a given grammar G) consisting of sen-
tential forms each of which does not contain more than &k nonterminals are collected
into the set Li(G). Even if G is a type-0 grammar, Li(G) is context-free.

Salomaa and Gruska investigated the index of a context-free grammar and lan-
guage in [15], [35]. Later on, several authors have investigated finite index restrictions
also to other rewriting mechanisms, as to, e.g., programmed, ordered, and random
context with context-free core rules. In a sequence of papers of Rozenberg and Ver-
meir [28], [29], [30], [31], it is shown that the corresponding language families coincide.
In fact, there are about fifteen different language description mechanisms which char-
acterize the same language class when endowed with the finite index restriction. In
these cases, also the slightly different notion of derivation-bounded grammars leads
to the same language class.

Further relevant works are [4], [9], [10], [20], [21], [22], [24], [25], [26], [27], [32],
[33], [38], [39]. More recently, the finite index restriction was studied in connection
with grammar systems [6], [11], [12].

Most of the known results for these types of grammars (in general and in the finite
index case) are contained in the first three chapters of the monograph of Dassow and
P3un [8]. Results on conditional grammars can be found in [7], [23], [43], too.

In the present paper, we will contribute to the theory of conditional grammars
in two ways: (a) we will study conditional grammars of finite index, hence solving a
problem marked as open in the monograph [8], and (b) we will look at these mod-
els from a complexity theoretical viewpoint. The results of (a) are also contained
in [12]. ’

2. Definitions

We assume the reader to be familiar with the basic notions of formal language
theory, as contained in Dassow and P3un [8] or Salomaa [36]. In addition, we use C
to denote inclusion, while C denotes strict inclusion. The set of positive integers is
denoted by N, while Ny denotes the set of non-negative integers. The empty word is
denoted by A. We consider to languages Ly and L to be equal iff L; \ {\} = Ly\ {A\}.

The families of regular, linear, context-free, context-sensitive, and recursively enu-
merable languages are denoted by L(REG), L(LIN), L(CF), L(CS), and L(RE),
respectively.

For the convenience of the reader, we repeat some definitions from the theory
of regulated rewriting. A programmed grammar (P grammar) is a septuple G =
(Vw, Vr, P, S, A, 0,¢), where Viy, Vi, and S € Vi are the set of nonterminals, the set
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of terminals, and the start symbol, respectively. In the following we use Vi to denote
the set Vy U V. P is the finite set of rules @ — §, and A is a finite set of labels (for
the rules in P), such that A can be also interpreted as a function which outputs a
rule when being given a label; o and ¢ are functions from A into the set of subsets
of A. For (z,71), (y,r2) in V& x A and A(r1) = (@ — ), we write (z,71) = (y,72)
iff either

1. z = zyaz;, y = 7,8z, and ry € o(ry), or
2. z =y and rule o — B is not applicable to z, and 73 € ¢(r1).

In the latter case, the derivation step is done in appearence checking mode. The
set o(ry) is called success field and the set ¢(ry) failure field of ry. As usual, the
reflexive transitive closure of = is denoted by ==*.2 The language generated by G
is defined as L(G) = {w € V¢ | (S,71) =>* (w,3) for some ry,7; € A}. The family
of languages generated by programmed grammars containing only context-free core
rules is denoted by £(P, CF,ac). When no appearance checking features are involved,
i.e., ¢(r) = D for each label r € A, we are led to the family L{P,CF).

A conditional grammar (K grammar) is a system G = (Vn,Vr,P,S) where
Vi, Vr, S are defined as above, and P is a finite set of rules (o — f3,Q), where @ is
a regular language over Vi. The rule (o — f,Q) is applicable to z = z;az; yielding
y = z18z, iff z € Q. Then, we write £ => y and define =" as the reflexive transitive
closure of = and L(G) = {w € Vf | § =* w}. The family of languages gener-
ated by conditional grammars containing only context-free rules o« — # is denoted by
L(K,CF).

Up to now, we have only defined language families defined via grammars possibly
containing A-rules. If we want to exclude A-rules, we add — A in our notations, e.g., the
family of languages generated by conditional grammars containing only context-free
A-free rules is denoted by L(K,CF — X).

We use bracket notations like L(P,CF[~)]) C L(P,CF[—)],ac) in order to say
that the equation holds both in case of forbidding A-rules and in the case of admitting
A-rules (neglecting the bracket contents).

The length of a word w € V3, written as |w| is the number of letters in w. For
a subset V of Vg, we denote the number of occurrences of letter of V in z € V by
lwly. I V = {a}, then we simply write |w],.

Let G be an arbitrary grammar type (from those discussed above). For a
derivation D : § = wy = wy; = .- => w, = w € V7 according to G,
we set ind(D,G) = max{|wily, | 1 < i < n}, and, for w € VF, we define
ind(w,G) = min{ind(D,G) | D is a derivation for w in G}. The indez of gram-
mar @ is defined as ind(@) = sup{ind(w,G) | w € L(G)}. For a language L
in the family £(X) of languages generated by grammars of type X we define
indx(L) = inf{ind(G) | L{(G) = L and G is of type X }. For a family £(X), we set
Lo(X)={L|L€L(X)and indx(L) <k} for k € N, and Lin(X) = Uyp1 Le(X).

For our complexity considerations we need the following notations: we denote
the class of languages accepted by deterministic (nondeterministic, respectively)

2If there is no confusion, we write D : S = wy =y, Wz =y, *** =7, Wn = WE V¢ instead
of D : (S,r1) = (wi,m1) => (wa,72) = -+ =% (Wn,Ta) = (w,mn) € V& x A for a derivation of a
programmed grammar.
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O(s(n)) space bounded Turing machines by DSPACE(s(n)) (NSPACE(s(n)), re-
spectively). In addition, we use PSPACE as a short-hand notation for the class
Ur NSPACE(n*). Moreover, the class of languages accepted by nondeterminis-
tic pushdown machines equipped with an auxiliary worktape of space O(s(n)) is
called NAuzPDASPACE(s(rn)). If in addition the running time is restricted to
O(t(n)), the corresponding class is NAuz PDATIMESPACE(t(n),s(n)). Observe
that NAuz PDATIMESPACE(n°®,logn) equals LOG(CF), that is the class of
languages deterministic logspace many-one reducible to context-free languages [41].
Furthermore, the class of languages accepted by deterministic (nondeterministic, re-
spectively) polynomially time bounded Turing machines is denoted by P (NP, re-
spectively).

To describe our algorithms, we make use of nondeterministic space bounded oracle
Turing machines, where the oracle tape is written deterministically. This oracle mech-
anism is known as RST-relativization in literature [34]. If L is a set, we denote the
class of languages accepted by nondeterministic O(s(n)) space bounded RST oracle
Turing machines with L oracle by NSPACE®(s(n)). If A is a class of sets, then
NSPACE*(s(n)) is g o NSPACE® (s(n)).

TFurther, all completeness results are meant with respect to deterministic logspace
many-one reducibilities. In case grammars are part of the input, the straight-forward
coding of these grammars is assumed; the languages being part of the specification of
conditional rules are given by standard grammars. Basic notions of complexity theory
are contained in {2].

3. Conditional Languages

In this section, we give a positive answer to an open question listed in [8], Open
problem 3.1.2, namely we show that the conditional and programmed context-free
language coincide under the finite index restriction.

Without the finite index restriction we have the chain

L(P,CF[-)])) C L(P,CF[-), ac) C L(K,CF[-X]),

where the latter inclusion is strict if and only if A-rules are forbidden. Further, ob-
serve that conditional context-free grammars characterize the recursively enumerable
languages in presence and the context-sensitive languages in absence of A-rules.

Let us turn back to languages of finite index. We first show a normal form result
for conditional grammars that generate languages of finite index.

Theorem 1. For every conditional contezi-free grammar G = (Vy, Vg, P, S)
whose generated language is of index k € N, there exists an equivalent grammar
G = (Vi Vr, P, S") of same type whose generated language is also of index k and
which satisfies the following two properties:

1. There exists a special start rule, which is the only rule where the start symbol S’
appears.

2.IfD:8 =v = vy = v9g = -+ = U, = W is a derivation in G,
then, for every v;, 0 < i < m, we have Iv,-IV]:V < k, and moreover, for every
nonterminal A, we have |v;|a < 1.
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Proof. We construct a grammar G’ = (V, Vi, P, §') of index k which is equivalent
to G = (Viv, Vr, P, S) and satisfies the two requirements.

Let Vi = Vw x {1,...,k} U {5’} and define the morphism % from V& \ {5}
to Vi as follows: set h(a) = a if A € Vp, and #((A,2)) = A otherwise. The start
rule is (5" — (S,1),{5'}). Thus, the first property is ensured. Then, for every rule
{A — w, Q) of the original grammar G, we construct for every ¢, 1 <4 < k, and for
every v € h™}(w) a rule of the form ((A,i) — v,A" ()N RNT), where R and T are
the regular sets

R= (] Va \{A})"- (M U{4}) (Vo \{4}))", and T= |J (W) V5.

AeVy 0<i<k

Note that the second property is controlled by the regular sets R and T', since R is
the set of words such that every nonterminal occurs at most once, and language T
ensures the additional property that only words that contain at most &£ nonterminals
are derivable. O
Now, we are ready to prove that Li(P,CF[—A]) and Lx(K,CF[-)]) coincide.

Theorem 2. For every k € N, Li(P,CF[-}]) = Li(K,CF[-A]).

Proof. Tt suffices to prove the inclusion Lix(K, CF[—X]) C Li(P,CF[—1]), since it
is known from [28], Lemma 3, that £{P, C F[—}]) coincides with the family of random
context context-free languages of index k, which is a trivial subset of Li(K, CF[-1])
(see, [8], page 121).

Let G = (Vn, Vr, P, S) be a conditional context-free grammar of the normal form
described above that generates a language of finite index k. Assume that every rule
of P has a unique label r, 1 <r < m = |P|, and that the start rule is labeled by 1.

In this way, we can refer to the regular language (), of the rth rule. TFur-
thermore, we assume that @), is represented by some deterministic finite automa-
ton M, = (K,,Vs,6:,90,, F+), where K, is the finite set of states, Vs the input
alphabet, 6, : K, X Vo — K, the transition function, go, € K, the start state, and
FE,. C K, the set of final states.

Define D = K x --. x KE=_ Note that D is finite. The elements d of D are
tuples of state maps, such that the rth projection d[r] is a map from K., to itself. For
each v € V%, one associates a map tuple d, € D defined by: for every 1 < r < m
and for every p € K,, d,[r](p) = 8(p,v), where &} is the extension of the transition
function é, to domain K, x V3. Tor d,,d,, € D let d, o d,, denote the component-
wise extended composition of functions, i.e., for two functions f,g let f o g(z) mean
g(f(z)). Having this, one readily verifies that d, o d,, equals dyu.

Now, we briefly describe the construction of an equivalent programmed grammar

G = Vi, Vo, P',5' A 0, ¢) of index k. Set Vi = Vi and let

AC {p}U{L,...,m} x < U (DxVN)*') x D.

1<i<k

The start rule is § — § has the unique label py and we set o(po) = {(1,4d», S, dx)}.
Observe that d,[r] is the identity on K,.

We say that a label (r,dy, A1,du;, As, ..., du;, Ajyduy,,) is valid if and only if
1<r<m,1<j<k, andall 4,1 < i < j, are distinct, and it is r-valid if and
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only if it is valid and satisfies
(du, 0dy, 0dy, 0dg,0---0 dy; 0dy; 0 du”l)[r](qo,,) € F,,

i.e., the word uy A uzA;. .. u;A;u;4q1 belongs to Q,.
For each rule r of the form (A — w, @), we construct a bunch of labels with the
corresponding ¢ and ¢ fields. Let

(ryduy, A1,du,, As, .o dyy, Aiyduyyy s - - ydujy Ajydus, )
be an r-valid label with A; = A. We define

A((T, duyy A1, duy, Asy .. ,duj,Aj,dujH)) =A—-w.
We have to distinguish two cases:
1. If|lwlyy > 0,1ie,w =w; Biw;B; ... wsB,wsi1, forsomes > 1, By, ..., B, € Vy,

and wy...ws41 € V7, then a((r, duyy A1y duyy Az, ooy dyy, Aj,duj_’_l)) consists of
all 7’-valid labels

!
(', duy, A1, -y, Aic1,du; 0 dyy, By, dy,, . ..
. '-7dws7Bs7dw3+1 o du‘+1,Ai+1,...,Aj,du

741 )
Of course, we can assume 1 + s < k.

2. fwe Vg, let o((r,dy,, A1, duy, Ag, . .. ydu;, Ajydyj,,)) consist of all r'-valid la-
bels

(' duyy Aty -y s Aicry dy; 0 dy 0 duyy, Aigr,s - o Ajydugy, )

This completes our construction. It is seen that the index of the language is
preserved, and that the constructed programmed grammar G’ is equivalent to the
originally given one. More precisely, by induction we have

Sl:pu“g:*u#a")a

where o = (r,dy,, A1,du,, ..., du;, Ap,dy;y, ), in G ifand only if S =*u=>vin G
such that u = wyAyws ... wjAjw;yy, with w; € Vi and dy, = d,, for 1 <i < j 41,
Furthermore, u € @Q,. O

With our previous theorem, and the fact that erasing rules do not enlarge the
family of programmed context-free languages of finite index [8], Lemma 3.1.2, we
immediately obtain:

Corollary 1. The language families Lfin(K,CF — }) and Ln(K,CF) coincide
with the language family L4 (P, CF). They strictly embrace the linear languages.

4. Beyond the Finite Index Barrier

As mentioned in the introduction, about fifteen different language description
mechanism coincide under the finite index restriction. Thus, the question arises
whether one can think about “natural” rewriting mechanisms (based on context-
free core rules), which generate languages of finite index which are not programmed
context-free finite index languages.
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Since in the non-finite index case, conditional context-free languages are a superset
of programmed, random context, and ordered context-free languages, one way to break
the programmed context-free finite index barrier might be to use conditional grammars
with enlarged condition sets.

Conditional grammars with different Chomsky type-i languages for core rules and
condition sets were already investigated in [23]. In all cases, characterizations of
context-sensitive and recursively enumerable languages were obtained; the only ex-
ceptions are given below:

L(REG) = L(K,REG) C £L(CF) C L(K¢r, REG) C L(CS).

Here Kx denotes a conditional grammar with condition sets from £(X). Thus, e.g.,
L(Kcr, REG) denotes the family of languages generated by conditional grammars
with context-free condition sets and regular core rules. Observe that by definition,
L(Kx,REG) obviously contains only languages of finite index for any X.

We show that in the finite index case we can go beyond L (P, CF) if one uses,
e.g., conditional grammars with context-free core rules and context-free condition
sets.

Theorem 3. Lﬁn(f{, CF) C Acfin(KCF, CF{—/\])

Proof. The inclusion is obvious; it remains to proof the strictness. Since every one-
letter language in Ly (K, CF) is regular by [8] (Corollary, page 159), it is sufficient
to prove that a conditional grammar with context-free core rules and context-free
condition sets can generate a non-context-free one-letter language.

The conditional grammar G = ({5, A, B}, {a}, P, S) with the rules
1: (S — AB,a*S5),
la: (S — a,a*5),
2: (B~ aB,{a"Aa™B |n,m >0 and n > m}),
3: (A—a,{a"Aa™B |n,m >0 and n =m}), and
4: (B— S,a*B)

generates the language {a®” | n > 0}. This is seen as follows: Note that the rules 1,
3,4,1,2,3,4,...,1,2,3,4, la must be applied in this order and rule 2 can be repeated
several times. Therefore, a successful derivation in @ has the structure

S = AB=%3aB=>44S
=, aAB =9 aAaB =3 ¢aaB =>4 aaaS
=5, aaaAB ==, -+ =3 aaaAaaaB =3 acaaaaaB =>4 caaaaaas

= azn_lAB =g - =y azﬂ—lAazn—lB =5 aznazn_lB =, azﬂa2n_15
=1a aznazn = a2"+1.
By induction, one proves that L(G) equals the desired language. Obviously, lan-
guage L(G) has finite index 2. This proves our claim. o



17

The previous proof shows a little bit more than only the separation of Ly, (K, CF)
and Lin(Kcor,CF[—2]). Since the condition sets of G are even linear languages, we
obtain on the one hand:

Corollary 2. If L(X) is a language family that contains the linear languages,
then [,ﬁn(K, CF) C Ef,'n(Kx, CF[~)\])

On the other hand, the language of the previous proof even separates the
classes L(Kor, REG) and Lfin(Kcp, CF[—)]), since every one-letter language in
L(Kcr, REG) is regular by [23], page 184, Lemma 2.

Corollary 3. L(CF) C L(Kcor, REG) C Lyim(Kor, CF[-1]).

Finally, we find it quite surprising that conditional languages of finite index with
context-free condition sets and context-free core rules (even admitting A-rules) belong
to L(CS). Here, the presence of A-rules is not crucial, because by the finite index
restriction in every sentential form there are at most a constant number of nontermi-
nals that can derive the word A. Therefore, by a direct simulation of a (K¢r,CF)
grammar of finite index & using a Turing machine, only a linear number (in the length
of the input word) of additional cells on the work-tape may be used. Thus, we have:

Theorem 4. Lyin(Kcp, CF[-A]) C L(CS).

Unfortunately, we have to leave as open the question whether the inclusion of the
last theorem is proper or not. Without the finite index restriction it is known from
(23] that £(CS) = L(Kcr,CF — A) and L(RE) = L(Kgr,CF). Employing a non-
constant number of nonterminals during the simulation of a Turing machine (with a
linear space bound) seems to be inherent in both cases. A natural idea for separating
Lsin(Ker, CF[-A]) € L(CS) might be to look at closure or decidability properties.

In the next section, we are going to investigate non-emptiness and word problems
for conditional grammars. In the following, if we speak of a conditional grammar
with say regular core rules and linear conditions, we also refer to these grammars as
(Krin, REG)-grammars, and we assume that the condition sets are given by some
grammar of the required type. The following lemma starts these investigations, un-
derlining the difference between regular and non-regular context-conditions, since for
programmed grammars of finite index with context-free core rules (and hence for
(Krga, C F)-grammars of finite index by Theorem 2, non-emptiness is known to be
decidable, Theorem 3.2.4, [8].

Lemma 1. For (Kpiy, REG)-grammars, the non-emptiness problem is undecid-
able.

Proof. The Post correspondence problem (PCP), that is given two morphisms
g,h : V* — {a,b}*, is there a word v € V7 such that g(v) = k(v), is well-known to
be undecidable, if V' contains at least nine letters.

Consider the conditional grammar G = ({S,T}, {a,b, 8}, P, S) with rules
1: (S — aS,{a,b,8}*{5}), (§ — bS5, {a,b,8}*{S}), and (S — 85, {q,b,$}*{5}),
2: (8 = T, {w$w®S | w € {a,b}*}), and

3 (T~ A, {g(0)Sh(eA)T |v € V+)),
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where w® denotes the reversal or mirror image of w. Clearly, the condition sets used
for the latter two rules are linear. Obviously, L(G) # 8 if and only if the PCP given
by the morphisms ¢ and A has a solution. O

5. Complexity Considerations

Up to now, the complexity of conditional languages respectively grammars (of fi-
nite index) was not studied in literature. We close this gap, studying fixed (FM),
general or variable membership (GM), and non-emptiness (NE) for conditional gram-
mars with regular, linear, and context-free core rules and conditions.

Grammars with regular or linear core rules are trivially of index 1. If we are
interested in problems that deal with grammars of finite index having context-free
core rules, we have two possibilities to vary each of the above-mentioned problems,
because even for context-free grammars it is undecidable whether a given grammar
is of finite index or not [8], Theorem 3.2.6. Hence, we can define the following fixed
membership problems:

FM with fixed index (FMFI): Let k € N and the grammar G, with context-free
core rules, be fixed. For given word w, is w € L(G) and ind(w,G) < k?

FM with general index (FMGI): Let the grammar G, with context-free core
rules, be fixed. For given 1¥ and word w, is w € L(G) and ind(w,G) < k?

The corresponding general membership problems are denoted by GMFI and GMGI,
and the non-emptiness problems by NEFI and NEGI. Obviously, FMFI reduces to
GMFI which reduces to NEFI; FMGI reduces to GMGI which reduces to NEGI;
finally FMFI reduces to FMGI, GMFI reduces to GMGI, and NEFI reduces to NEGI.

First let us summarize a few results that relates the classes of the Chomsky hier-
archy with conditional language families [23]:

1. L(REG) = L(Krge, REG),

9. L(LIN) = £(Krpe, LIN) € L(Kpin, REG)

L(CF) C L(Kcr, REG),

L(CS) = L(Kx,CF = )) for X € {REG, LIN,CF}, and
. L(RE) = L(Kx,CF) for X € {REG, LIN,CF}.

ool W

The inclusions in 2 and 3 are easily seen to be strict, e.g., {a"b"¢" | n > 0} €
L(Kpin, REG) by a construction similar to Theorem 3.

Since the complexity of the classes on the left-hand sides of the equations are
well-known (LOG(REG) = DSPACE(logn), LOG(LIN) = NSPACE(logn) [40],
and LOG(CS) = PSPACE), we obtain either a few lower bound, completeness, or
undecidability results. The two latter ones are stated below:

Theorem 5. Fized membership, general membership, and non-emptiness for
(Kx,CF)-grammars, with X € {REG, LIN, CF}, is undecidable. Fven for A-free

context-free core rules, non-emptiness remains undecidable.

Theorem 6. Let X € {REG,LIN,CF}. Fized membership for (Kx,CF — })-
grammars is PSP ACE-complete.
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Theorem 7. The fized membership problem for (Krpqg, REG)-grammars is
DSPAC E(logn)-complete.

In order to obtain upper bounds, let us show how to parse conditional languages
nondeterministically in a top-down manner. So let G = (Vn, Vr, P, S) be a conditional
grammar and assume w = @i ... a, to be the input of length n. For simplicity of the
description of the algorithm we assume that the productions of G are of the form
(A — BC,Q) or (A — a,Q). It is easily seen that the algorithm generalizes to
arbitrary context-free rules.

Define the triples (A4,%,7) € Vv x {0,...,n} x {0,...,n}. To each triple (4,1,),
with 0 €1 < j < n, we associate the word a1a;...a;Aa;41 ... a,. This meaning gen-
eralizes to lists (A1,41,71), (A2,%2,J2), -+, (Ak, %k, jz) in an obvious way; additionally
werequire 0 <21 < j1 <9 < ja < < < Jp < 1.

Start the algorithm with the list (S,0,n). (1) Guess a rule r = (A — ,Q)
whose left-hand side appears in the list. We assume (A4,¢,k) to be this triple. (2)
Check whether the word associated to the list belongs to . If this is not the case
then halt and reject. Otherwise, we continue the simulation of the derivation by
replacing (4,1, k) in the list by (B, i,5)(C,j, k) for some guessed j with 1 < j < k if
r= (A — BC,Q); erase (A,1,k)ifr=(A—4a,Q),a=¢ayrandi+1=Fk (4 I
we have reached an empty sequence of triples, then we halt and accept, otherwise we
continue the algorithm starting with (1). In passing, the algorithm can test the index
restriction.

The interested reader may verify the correctness of the described algorithm. We
implement the algorithm on an oracle Turing machine where the oracle tape is written
deterministically [34], in order to simulate step (2). The oracle sets T we use are of
the form

(frrw)eT <= weQifr=(A->,Q),

and the space of the machine (as usual the oracle tape is not taken into consideration)
is bounded by the maximal number of triples ever written on the work tape times the
space needed to encode one triple (A, %, 7), which is O(logn).

Hence, if fixed membership with fixed index is checked for a conditional grammar
with context-free core rules and linear conditions, we obtain NSPACE(logn) as
an upper bound, because the space of the oracle Turing machine is logarithmically
bounded, the oracle set T described above is contained in NSPACE(logn), and

NSPACEWNSPACE(een) (106 ) C NSPACE(logn) [17), [42].

Analogously, we estimate the complexity of fixed membership with fixed index of
conditional grammars with context-free core rules and context-free conditions with
NAuzPDATIMESPACE(n®W logn). Combined with the lower bounds stated
earlier, we obtain the following theorem:

Theorem 8.
1. Let X,Y € {REG,LIN}. Fized membership for (Kx,Y)-grammars, ezcept for

(Kreg, REG)-grammars, and fized membership with fized index for (Kx,CF)-
grammars, 18 NSPACE(logn)-complete.

2. Fized membership for (Kgp,Y)-grammars, with Y € {REG,LIN}, and fized
membership with fized indez for (Kop, CF)-grammars is LOG(CF)-complete.
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For the remaining three fixed membership problems we find the following upper
bounds because the index is part of the input:

Theorem 9.

1. The fized membership with general index for (Kx,CF)-grammars, with X €
{REG,LIN}, is contained in NSPACE(n-logn).

2. The fized membership with general index for (Kor, CF)-grammars is contained
in NAuzPDASPACE(n - logn).

Let us turn our attention to general membership.

Theorem 10.

1. Let X,Y € {REG,LIN}. The general membership for (Kx,Y)-grammars is
NSPAC E(log n)-complete.

2. The general membership for (Kop,Y )-grammars, with Y € {REG,LIN}, and
general membership with fized index for (Kor, CF)-grammars, is P-complete.

3. The general membership with general index for (Kx,CF)-grammars, with X €
{REG,LIN,CF}, is PSPACE-complete.

4. The general membership for (Kx,CF — X)-grammars, with X € {REG, LIN,
CF}, is PSP AC E-complete.

Proof. First consider general membership. Since general membership for regu-
lar (context-free, respectively) grammars is NSPACE(logn)-complete (P-complete
[18], respectively), we obtain NSPACE(logn) (P, respectively) as a lower bound
for general membership for conditional grammars with regular core rules and regular
(context-free, respectively) conditions.

The upper bounds follow with the algorithm to check membership. Observe that
the space bound for the oracle Turing machine is O(log n) and the oracle sets to be
used are from NSPACE(logn) in case of linear conditions and from P if context-free
conditions are used. This is because the oracles have to check general membership for
the condition sets. Note that NSPACEF)(logn) C P. This leads us to the desired
completeness results for general membership with fixed index.

In case of general membership (with general index), the space bounds for the
oracle Turing machine get worse and remain O(n - logn). In combination with an
oracle from P to check general membership for a context-free conditions, we obtain
PSPACE as an upper bound, because NSPACE®)(n -logn) C PSPACE. The
lower bound PSPACE, and hence the completeness results stated in 3 and 4 follow
with the enclosed construction:

The intersection non-emptiness problem for deterministic finite automata, that is:
given deterministic finite automata My, ..., My, i.e., a suitable coding (Mj, .. ., M,),
is (Vy<icn L(M;:) # 07 This problem is PSP AC E-complete [19].

Let (My,..., M,) be an instance of the non-emptiness intersection problem for
deterministic finite automata. For technical reasons only, we assume that for the
deterministic automata M; = (K, X,8;, 04, Fi), 1 < ¢ < n, with set of states Kj,
input alphabet ¥, transition function &; : K; x ¥ — K;, start state go;, and final set
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of states F; C K; the following is satisfied: (1) ¥ = {a,b}, (2} Kin K; =8 if ¢ # j,
and A € L(M;) for each 1 <i < n.

We construct a conditional grammar G = (Vy,{a}, P, S) with context-free core
rules and regular conditions. Set

Vv ={S8,4,B,C,D}u | J Kiu |J K,

1<i<n 1<i<n

where K; = {§| ¢ € K; } and all unions being disjoint. The rules are as follows:
1. (S = go1doz- - Gond, {S}) and (S = go1doz. - - GonB, {S}).
2. For each (X, z) € {(A,a),(B,b)} define

(a) for every q € K1, (¢ — p, K1 K3 ... K, {X}) if 81(g,2) = p,

(b) for ¢ € K; with 2 < i < n, define (¢ — p, K1 Ky ... Kio1 K; KX
61’(‘17‘7:) =p and

(¢) (X = C,K1K; ... K,{X})}, and (X — D, 1K, ... K. {X}).

3. Case nonterminal C:

(a) For every ¢ € K; define (§ — ¢, K1 Kz ... K, {C}),
(b) for every q € K;, with 2 <i < n, define (7 > ¢, K1 ... Ki1K; ... K. {C}),

and

(¢c) (C - A K\K,...K,{C}), and (C — B,K1K,...K,{C}).
4. Case nonterminal D:

(a) For every ¢ € K;, with 1 < i < n, define (§ — a,a"'K;... K, {D}) if
g € F;, and

(b) (D — a,a™{D}).

Finally, it is easy to verify that (), ., L(M;) # 0 if and only if (1"*1,a™*,G) is
an instance of general membership with general index if and only if (¢"*!,G) is an
instance of general membership. Obviously, the latter instances are logspace com-
putable if (Mi,..., M,) is given. This completes our construction. a

In the remainder of this section we deal with non-emptiness problems. In Theorem
5 we have already seen, that some non-emptiness problems are undecidable. But these
were only a few of them. By Lemma 1 we additional obtain:

Corollary 4. Let X € {LIN,CF}. Non-emptiness for (Kx,Y)-grammars, with
Y € {REG,LIN}, and non-emptiness with fized and general indez for (Kx,CF)-

grammars, is undecidable.
The remaining non-emptiness problems are shown to be PSPAC E-complete.

Theorem 11. The following problems are PSPAC E-complete: non-emptiness
for (Krgg,Y)-grammars, with Y € {REG,LIN}, and non-emptiness for both fixed
and general indezx for (Kgpa, C F)-grammars.
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Proof. For the lower bound on non-emptiness, we again use the non-emptiness
intersection problem for deterministic finite automata. For given (Ma,...,M,)
we construct an instance of non-emptiness as follows: define the grammar G =

({8, T1,. .., Tus1}, {a, b}, P, S) with rules
1. (8 — aS,{a,b}*S), (S — bS,{a,8}*S), (S — T1,{a,b}*S),
2. (T; = Tyy1, L(M;) - To), for 1 <4 < m, and (Tnyr — A, {a, 8}*T).

It is easy to see that this comstruction is logspace computable and that
MNi<icn, L(M;) # 0 if and only if L(G) # 0. Hence, PSPACE is the desired lower
bound.

Let G be a conditional grammar with context-free core rules and regular condi-
tions. The easiest way to check non-emptiness with general index would be to guess
a terminating derivation of finite index and to simulate it step by step, writing down
the whole sentential form, say uyAius. .. urAgury1, obtained so far. Unfortunately,
this idea does not result in a PSPACE algorithm in general. But we can do better,
if we write down d,, Aid., . . . dy, Ardis1, where the d,’s are defined as in the proof
of Theorem 2. Simple calculations show that this approach results in a polynomial
space algorithm. O

6. Conclusions

We investigated conditional context-free grammars that generate languages of fi-
nite index. We proved a normal form theorem for these grammars, and showed that
they coincide with programmed context-free languages of finite index, even when
considering language families of finite index k, regardless whether erasing rules are
allowed or not. In this way we solved an open problem stated in [8].

Furthermore, we classified various variants of fixed and general membership and
non-emptiness for conditional languages (of finite index) according to their undecid-
ability and complexity. Thereby, we closed a gap in the literature.

Let us remark that these results trivially carry over to programmed grammars
of finite index, delivering easy upper bounds on the complexities. Regarding the
lower bounds, we simply refer to the construction given in the proof of Theorem
10, where the regular condition sets are only used to prescribe the sequence of rule
applications. Let us point to the surprising fact that non-emptiness with fixed index
for programmed grammars with context-free core rules is NS P ACE(log n)-complete,
while it is well-known to be P-complete for context-free grammars (without the finite
index restriction).

So, we obtain the table given in Figure 1. If we write only the complexity class C,
we refer to a complete problem. If we write € C, we know only an upper bound.
Finally, let us remark that it is known that fixed membership for (P,CF — A, ac) is
N P-hard by a result of van Leeuwen [44].

We want to stimulate the readers to pursue complexity studies for problems given
via regulated rewriting. Even if problems turn out to be undecidable, a further clas-
sification according to the criteria delivered by recursion theory would be of interest.
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Problem
grammars fixed membership general non-emptiness
membership
(P,REG, ac) DSPACE(logn) |
(P,LIN,ac)
(P,CF,ac) and F1 NSPACE(logn)
(P,CF,ac) and GI || € NSPACE(n - logn) PSPACE
(P,CF — ), ac) € PSPACE [
(P,CF,ac) undecidable

Figure 1. Undecidability and complexity results for programmed languages

It is known that, e.g., programmed finite index languages have nice properties
from the formal language theoretical point of view. Let’s turn back to the original
motivation of Brainerd [5] for introducing the notion of finite index. As already said
in the introduction, he proved that the length set of each infinite context-free matrix
language of finite index contains an infinite arithmetic progression. It is natural to ask
whether this is a property special to languages of finite index in the regulated rewriting
case with context-free core rules. There is a negative answer to this question in two
senses:

1. The family £{ P, CF) (without the finite index restriction) has the property that
every infinite language in L(P, CF) contains an infinite arithmetic progression,
because the class L(P,CF) is closed under homomorphisms, and every one-
letter-language in £(P,CF) is semilinear, as proved in the paper of Hauschildt
and Jantzen [16].

2. In Section 4, we have found a language class of finite index, namely

Lin(Kor, CF[—)]), which contains the language {a®" | n > 0} that does
not have an infinite arithmetic progression.
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On the Number of Nonterminals in Matrix Grammars
with Leftmost Derivations ‘
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Abstract. The paper investigates the descriptional complexity of matrix
grammars that always rewrites the leftmost possible occurrence of a non-
terminal. Measuring this complexity by the number of nonterminals, this
investigation proves that four-nonterminal matrix grammars working in
this way characterize the family of recursively enumerable languages.

1. Introduction

A matrix grammar, (G, is based upon sequences, referred to as matrices, that
consist of context-free productions (see page 25 in [1]). According to its matrices,
G makes derivation steps. More precisely, G makes a derivation step according to
a matrix, m, so it applies m’s productions one by one until all of them are used.
This step is leftmost if G applies each of these productions to the leftmost possible
occurrence of a nonterminal in the given sentential form.

The present paper reduces the number of nonterminals in matrix grammars mak-
ing leftmost derivations. More precisely, it demonstrates that four-nonterminal ma-
trix grammars with leftmost derivations characterize the family of recursively ennu-
merable languages. Analogously four-nonterminal matrix grammars with rightmost
derivations define this family as well.

2. Definitions

This paper assumes that the reader is familiar with the language theory (see
Chapter 0 in [1]).

For an alphabet V, V* denotes the free monoid generated by V under the operation
of concatenation; A denotes the unit of V*. Set V¥ = V* — {)}. For a word w € V*,
|w| denotes the length of w, alph(w) is the set of symbols occurring in w, and mi(w)
is the mirror image of w. Set

suf(w) = {z | z is a suffix of w}.

For a symbol a € V a word w € V*, |w|, denotes the number of occurrences of a in w.
The definitions of alph(w) and mi(w) are extended in the natural way to languages.

A matriz grammaris a quadruple G = (V,T, M, S), where V is an alphabet, T' C
V,S €V —T,and M is a finite set of matrices of the form (A; — zq,..., A — z,),
where n is a natural number, and for all ¢ = 1,2,...,n, A; ¢ V=T, z, € V*.

Let G = (V,T, M, S) be a matrix grammar. G uses a matrix (4; — z1,..., 4, —
®,) in M by sequentially rewriting A; with z; in the order ¢ = 1,2,...,n. Formally,
if there exist n + 1 words wp,wy, ..., w, such that for i = 1,2,...,n, w;_q = u;Av;
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and w; = u;zv;, for some u;,v; € V* then we write wo => w, [m]. When the
specification of m is unimportant we write wp = wy.

I vo = vy = ... =% v, such that v;y = v; [mi}, 1 < ¢ < n, then we
write vo =>* v, [m1...m,]. If n = 0, then vy = v, and my...m, = A\. When the
specification of my...m,, is unimportant, we write vy =" v,, or simply vy =>* v,
(for n > 1 we write vo =% v,,). If S =>* w in G with w € T*, then S =*wis a
successful derivation in G. The language of G, L(G), is the set of words successfully
derived in G; formally,

LG ={weT"|§="w}

Let G = (V,T,M,S) be a matrix grammar and m = (A; — z1,..., A, — Z,)
be a matrix in M. In terms of this paper, G uses this matrix in a leftmost manner

if for all 2 = 1,2,...,n, G substitutes z; for the lefmost occurrence of A; in the
current sentential form ([1] classifies this manner as type-3 leftmost derivations). More
formally, if there exist n + 1 words wg, w,...,w, such that for 2 = 1,2,...,n we

have w;_1 = u;dv;, w; = wzvi, A; ¢ alph(u;), for some u;,v; € V*, then we write
Wo =Ples: Wn (). As for the usual derivation relation, also for the leftmost derivation
relation we omit the specification of m when m is unimportant, and we write u ==, ,
w [my .. . my] for denoting a sequence of leftmost derivation steps according to matrices
my,..., My, n > 0; when the specification of ms,...,m, is unimportant, we write
simply u ==, ;, w or u ==, w.

If S =}, win G and w € T”, then 5 =7, w is a successful leftmost derivation
in G. L;s+(G) denotes the language consisting of words that G generates by these
derivations; formally,

Liept(G) = {w € T" | § = p w}-

We also recall the notion of a queue grammar (see [3]).

A queue gramar is a sextuple Q = (V,T,W, F\ R, g), where V,T,W, F' are alpha-
bets, TCV,FCW, VW =0, Re (V-T)(W—F),g C (Vx(W-F))x(V*xW)
is a finite relation of () such that for all @ € V there is an element (a,b,z,c) € g. V is
referred to as the alphabet of @), T is the terminal alphabet, W is the state alphabet,
F is the final state alphabet, R is the axiom, g is the finite transition relation of ).

If there are a € V,r,z € V*,b,c € W such that (a,b,2,¢) € g,u = arb,v = rzc,
then u == v [(a, b, 2, ¢)], or, simply, u => v. The language of @, L(Q), is defined as

L(Q)={w e T* | R="wf, for some f € F},

where ==* is the reflexive and transitive closure of ==-.
Recall that for any recursively enumerable language L, there exists a queue gram-
mar Q such that L = L(Q) (see Theorem 2.1 in [2]).

The following observation will be useful later: any successful derivation in @,
R =" zd, with 2 € T* and d € F, can be expressed as

R = aquibh
=>' uiZ11C1 [(al,b1,$1y1,01)]
=7 y121d7

where 1,§ > 0,2 = y121,Z1,u1 € V*,y1,21 € T*,b1,¢; € W, and d € F (i = 0 implies
aju1by = wyT1yicy, and § = 0 implies wyz1y101 = y121d).
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We denote by RE the family of recursively enumerable languages and by
MAT).4,(2) the family of languages Li.;:(G) generated by matrix grammars G =
(V,T,M,S) with card(V —T) < i.

3. Results
Theorem. RE = M AT}.;.(4).

Proof. Obviously, M AT.s.4(4) C RE. We prove the converse inclusion.

Let L be a recursively enumerable language. Take a queue grammar @ =
(V,T,W,F,R,g) such that L(Q) = L. We construct the four-nonterminal matrix
grammar

G =(TUu{0,1,2,3},T,M,S)

as follows.
Set
n = 2ca1’d(VUW).

Consider a morphism 3 from VUW to {0,1}. Extend § to (V UW)* in the standard
manner. The set M of matrices is defined as follows.

1. fac€V —T,ve W — F,ab = R, then we introduce the matrix
(3 — Oby...by20; ...a,23),
where b;,a; € {0,1} for 1 <i<n, by...b, = 6(b), and ay .. .a, = B(a).
2. If (a,b,z,c) € g, then add

(0—=0,b0 = X,y = N2> Xar = AL, 0, — A
2 — B(c)22,3 — B(z)3)

to M, where a;,b; € {0,1},for 1 €i < n, a1...a, = B(a), b1...b, = B(b).
3. If (a,b,zy,c) € g with z € V* and y € T*, then add

0—=1b - X...;0, > X220 Xa o A,...,a, = A,
?

2 — B(c)22,3 — B(z)y3)
to M, where a;,b; € {0,1},for 1 <i<n, a1...a, = B(a), b1...b, = B(a).
4. If (a,b,y,c) € g with y € T* and ¢ ¢ F, then add
PT=1,b—> A bh—=A2=Xa = A0 = A2 3(c)22,3 — y3)
to M, where a;,b; € {0,1},for 1 <2< n, ay...a, = ((a), by ... b, = B(b).
5. If (a,b,y,¢) € g with ¢ € F and y € T*, then add
(I—=Xb = A b2 A2 Xa =) ,0, 2 A2 A3 —>y)

to M, where a;,b;,¢; € {0,1} for 1 <:<mn,a1...a, = B(a), by ...b, = B(b).
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6. Add also
(2—-2,2— ),d—d2,3 —3)

to M, for d =0, 1.

Notice that G has four nonterminals, 0, 1, 2, 3. The rest of this proof establishes
several claims to demonstrate L(Q) = Lj.;:(G).
Claim 1. Let 3 ==, z in G with z € T*. Then, in greater detail, 3 = ;, 2

can be expressed as
2 ﬁleﬁ T [p]

with z,u € (TU{0,1,2,3})*, p is the matrix in group 1, p is a matrix in group 3, and
during ¥ ==, u, (7 never uses a matrix in groups 1 or 5.

Proof of Claim 1. Consider a successful derivation 3 =>7,;, z in G. Observe that G
surely uses the matrix in the first group, so express 3 ==, z a8 3 =5t T =2}, 2,
where the first step uses a matrix p introduced in the step 1 of the construction, that
it p equals (3 — db; ...b,2a;1 ...a,23), where d € {0,1}, bi,a; € {0,1}, for 1 < ¢ < m,
by...by, = B(b), a1...an = B(a),ab= R.

Notice that for every y such that z =, ,=>7, 2, |yls = 1.

As z € T*, G surely applies a matrix in group 5 in the last step of 3 ==, z, and
before this application G never uses any matrix in group 5. Express

3 =left T [p]
z

as
3 =left T [p]
ﬁ;(eft
=iepe 2 ]

where ¢ is a matrix in group 5 and during 3 =, u, G never uses a matrix in group
5. Assume that during 3 ==},;, v, G applies (3 — dbi...bn2a;1...a,23) ¢ times,
where t > 1. Then, |u|; = 2¢ and |u|s = 1. G can remove 2’s only by using matrices
in group 5. However, during 3 =7, , u, G never uses a matrix in group 5. Therefore,
3 =},;, # can be expressed as in Claim 1. |

Claim 2. Let 3 =, 2 =, z in G, where z € ({0,1,2,3} UT)* and z € T™.
Then
z € ({0,1} U T)*({2}({0,1} U T)")*({0, 1} U T)*{3}.

Proof of Claim 2. Consider Claim 1. Then, examine M’s matrices to see that

Claim 2, whose rigorous proof is left to the reader, holds. O
Let
3 ==>?; stz
=>est Y [P]
=>7¢3 ft Z

be a successful leftmost derivation in G, where p is a matrix in one of groups 2
~ 5. The following claim demonstrate that at this point, z = db;...b,22', where
de {0,1},b; € {0,1}, for 1 <i<n, 2’ € ({0,13 U T){2}({0,1} U T)*{3}.
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Claim 3. Let 3 =, = —_—_—>?;ﬂ zin G, where ¢ > 1,z € ({0,1,2,3} UT)*, and
z € T*. Then,
z € {0,1}{0,1}"{2}{0,1}"{2}({0, 1} U T')*{3}.

Proof of Claim 8. This proof is made by induction on 7, where 7 > 1.

Basis: Let 3 =}, ¢ =>;; z in G, where i = 1,z € ({0,1,2,3} UT)", and
z € T*. By Claim 1, G makes 3 =.5; = by the matrix p in group 1, that is p equals
(3 — dby ... bu2a; ... an23).

Express 3 ==>feft T :>?;ft z a8 3 =>egt Oby ... 05207 ... a,23 =>?;ft z. Observe
that dby ...b,2a; ...a,23 has the required form.

Induction step: Assume that the claim holds for all ¢+ = 1,2,...,7, where j is a
natural number. Let 3 ﬁ{:}t ¢ =,z G,z e ({0,1,2UT), and z € T
Express this derivation as .

3 =>?eft 4
:>left z [p]
=>;';ft z.

By the induction hypothesis, y € {0,1}{0,1}"{2}{0,1}*{2}({0,1}uT)*{3}. By Claim
1, p is a matrix in one of groups 2, 3, 4, or 6. Examine these matrices to see that G
makes y =>.5; = [p] so that z € {0,1}{0,1}*"*{2}{0,1}*{2}({0,1} U T)*{3}.

By contradiction, this proof next demonstrates that £ = 0. Assume that £ > 1.

A. Suppose that = -——>;';ft z is a one-step derivation. By Claim 1, G makes this
step by using a matrix in group 5, so z ¢ T*, which contradicts z € T*.

B. Assume that ¢ =}, z consists of two or more steps. Observe that for every
u such that z =>?;ft U =>?;ft z

u € {0,13{0, 1} {2}{0, 1}*{2}({0, 1} U T)*{3},

for some j > 0. Consequently, z ¢ T*, which contradicts z € T™.
Thus, £ = 0 and Claim 3 holds. O

To continue the derivation after applying a matrix in one of groups 2, 3, 4, G has
to shift the second appearance of 2 right in the current sentential form. G makes this
shift by using matrices in group 6 to generate a sentential form having precisely n
occurrences of d, where d € {0,1}, between the first appearance of 2 and the second
appearance of 2. Indeed, the sentential form has to contain exactly n appearances of
d between the first appearance of 2 and the second appearance of 2; otherwise, the
successfulness of the derivation is contradicted by these two arguments:

A. If there exist fewer than n occurrences of d between the first appearance of 2 and
the second appearance of 2, no matrix in groups 1 — 4 can be used, so the derivation
ends. Because the last sentential form contains nonterminals, the derivation is not
successful, a contradiction.

B. Assume that there exist more than n occurrences of d between the first appear-
ance of 2 and the second appearance of 2. Then, after the next application of a rule in
groups 1 — 5 at least n + 2 occurrences of d, where d € {0,1}, appear before the first
appearance of 2. Now, return to Claims 1 — 3, which imply these three observations:

B.1. The matrix in group 11s always used in the first step of a successful derivation.

B2 If 3 =}, ¢ =, zin G is a successful derivation, then ¢ €

{0,134 210, 11 (2§ ({0,13 U T}*{3}.
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B.3. A matrix in group 5 is always used only in the last derivation step of a
successful derivation; furthermore, observe that this matrix erases precisely n + 1
nonterminals preceding the first appearance of 2.

By B.1 through B.3, if a sentential form, z, contains more than n occurrences of d
between the first appearance of 2 and the second appearance of 2, then 2 derives no
sentence in G.

Thus, by A and B, the sentential form has to contain precisely n appearances of
d between the first appearance of 2 and the second appearance of 2. The next claim
verifies these observations rigorously.

Claim 4. Let ]
3 =y u
=ese @ [p]
=>,tft F1

in G, where i > 1,u,z € ({0,1,2,3} UT)*, p is 2 matrix in one of groups 1 - 5, and

z € T*. Then,
z € {0,1}{0,1}"*{2}{0,1}"{2}({0, 1} u T')"{3}.
Proof of Claim 4. This proof is made by induction on ¢, where ¢ > 0.
Basis: Let i = 0; that is
3 =left T [p]
==>ltft z

in G, where z € ({0,1,2,3} UT)*, p is a matrix in one of groups 1 - 5, and 2 € T™
Claim 1 implies that 3 =>s; = uses the matrix (3 — 1by...5,201...0,23). As
1b...0,2a; ...a,23 has the required form, the basis holds.

Induction step: Assume that the claim holds for all 7 = 1,2,...,5, where j is a
natural number. Let

in @, where ¢ > 1,u,z € ({0,1,2,3} UT)*, p is a matrix in one of groups 1 - 4, and
z € T*. By the previous claim,

z € {0,13{0,1}"{2}{0, 1} {2}({0, 1} U T)"{3}.

Assume m < n. This assumption leads to a contradiction because p is inapplicable at
this point. Therefore, m = n + k, for some k > 0, so

z € {0,1}{0,1}"{2}{0,1}"**{2}({0,1} U T)*{3}.

By contradiction, this proof next demonstrates that & = 0. Assume that & > 1.

A. Suppose that z :}»?;ﬁ z is a one-step derivation. By Claim 4, G makes this
step by using a matrix in group 5, so z ¢ T"*, which contradicts z € T~.

B. Suppose that z =>?;ft z consists of two or more steps. Observe that

z € {0,1}{0, 13"+ {2}{0, 1}"{2}({0,1} U T)*{3}.

Consequently, 3 =>;:ft z =>?;ft z in G with z € T* and

e ¢ {0,13{0,1}"{2}{0,1}"{2}({0, 1} U T)"{3},
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which contradicts Claim 3.
Thus, £ = 0 and Claim 4 holds. O

Claim 5. Let 3 =},;, 2 =, 2 in G, where i > 1,z € ({0,1,2,3} UT)*, and

z € T*. Then,
z € {0,1}{0,1}"{2}{0, 1}"{2}{0, 1}"T"{3}.

Proof of Claim 5. Consider Claim 4 and examine M’s matrices to see that this
claim holds. m

Claim 6. In G, every successful derivation 3 =] s+ v with v € T, has the form

3 =1, Oar...an2bi...5.28(ci...ca2)3

=>rept 1b1...bx2c1 ..., 28(22)y3 [p]
=lpe 1di...dn2er. .. eq2yuld
=y a

where a;, b;,¢;,d;,e; € {0,1}, foralli=1,...,n,z,z € V* yu € T*, sov=yu, pis
a matrix in group 3 and g is a matrix in group 5.

Proof of Claim 6. Claim 5 and the construction of M imply Claim 6, whose
rigorous proof is left to the reader. O

Claim 7. Any successful derivation in G has the following form
3 ﬁ?;ft 0b1 e anal ‘e G.n23 [p1]
2;eft u
=left U
=:>;€eft w
Pleft W4Ya [ps]

where 7,k > 0 and the following properties A through E hold:

A. p, is of the form (3 — 0b;...b,22a1 ...2,3) (see step 1 of the construction of
B.Inv =% 1 W, consider any leftmost step that is not made by a matrix in group
6. This step has the following form

Obll PR b1n2a11 e aan,B(ul)3 ﬁleft 0011 e cln22ﬂ(u1m1)3 [pz]
where p, is of the form

(0= 0,011 = A,...,bin = A2 X ann — A, a1, = A,
2= cpy...c022,3 — B(71)3),

so 0by...b,2a,...0,23 =>fe,, u can be expressed as

0b;...50,2a4...a,23
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where u = 0bg ... ban2a91 . . . a2,28{u2)3.
C. Consider 4 ==>.5; v. This step has the following form

0by1...52,2a01 ... a2n2ﬂ(u2)3 = left legy ... 62n22ﬂ(11-2$2)y23 [p3],
where

U= 0621 . b2n20,21 e a2n2ﬂ(u2)3,
v = 1021 N czn22,3(u2z2)y23,

and ps is of the form

(0—) 1,b21 —*/\,...,bzn——?)\,Q—?)\,azl —)/\7...,612“—)/\,
2 = o1 ... €222, 3 — B(z2)y23).

D.Inv =:>{“eft w, consider any derivation step that is not made by a matrix in
group 6. This step has the following form

1b31 vee b3n2a31 e a3n2ﬂ(u3)v33 ﬁ[gﬂ 1C31 e C3n22,8(U3)U3y33 [p4],
where py4 is of the form

(1~>1,631-—>)\,...,b3n—)/\,2—+)\,a31—>/\,...,a3n—»)\,

2 — €31 ... 03n22, 3 — y33)
As a result, v =>f , w can be expressed as

1621 e anﬂ(uZ$2)y23

where

V= 1621 N C2n22,8(’LL2:L'2)y23,
w = 1b41 e b4n2a41 PN a4n2w43.

E. ps is of the form

(I —=Xba = A b — A2 dan = A 04— A,

2 - X3 > uy),
and w can be expressed as
w= 1b41 e b4n2(141 - (14,,211)4?/43.

Proof of Claim 7. A: The first step of any successful derivation is made according
to (3 — 0b1...bn2a1 ... an23), which thus produces 0b; ... b,2a; . .. @423, with b;,a; €
{0,1},for 1 <i<n, by...b, = B(b), a1...an = B(a), ab= R.



35

Therefore, the first derivation has the form 3 =4, 0b; ... 5,241 ... 2,23 [p1], with
d € {0,1}. After this step, only matrices of the form p, or ps, whose use is described
next, can be used because the left-hand side of the first production in these matrices
starts with 0.

B: Consider p,, which is of the form

(0—>O,b11 — /\,...,bln——é)\,Z——))\,au ——>/\,...,a1n—->)\,
2 — €11 - ..C]n2273 - ,3(2'1)3)

By using p2, the 2n + 2 leftmost symbols of the sentential form, 0by; ... 51,2445 ... a1,
are replaced with Oc¢yq ... 1,2, and in addition 3 is replaced with §(z;)3. Therefore,
this step is of the form

Ob]l o b1n20.11 e a1n2,3(u1)3 =:>Zefi 0011 [ c1n22ﬂ(u1$1)3 [pz]

To continue this derivation, the second appearance of 2 is shifted right by productions
in group 4. By this shift, G produces a sentential form that has between the first
appearance of 2 and the second appearance of 2 exactly n appearances of d, where
d € {0,1}; the concatenation of these n occurrences of d equals the n-symbol prefix
of B{uyz1). Then, G can again use a matrix of the form p; with 7 € {2,3}.

C: Consider ps, which is of the form

(0= 1,05 = Ao ybon = X2 2 Aags — A L. 890 — A,
2 — Ca1 .- .62n22,3 - ﬁ(.’L’z)ng)

By using ps, G replaces the 2n + 2 leftmost symbols of 0by1 ... 52202 ... 62,208(us2)3
with lcg1...c¢,; in addition, it replaces 3 with §(z2)y23. Thus, this step has the
following form

Obzl N b2n2a21 . a2n2ﬂ(uz)3 =>left legy ... Czn22,3(U2$2)y23 [p3]

To continue, the second appearance of 2 is shifted by analogy with the case when p;
is used (see B). Then, G uses a matrix of the form p;, where ¢ € {4,5}, because the
sentential form starts with 1.

D: Consider py, which has the form

(L= 1,bsg = Aoy ban = A2 > Xazg — A, as, —

2 = c3p...03,22,3 — y33).

By using ps, the 2n+2 leftmost symbols of 1bs; . . . 83,243 . . . €3,28(u3)vs3 are replaced
with lcg; ... 3,2, and 3 is replaced with y33. As a result, this step has the following
form

1b31 [ b3n2a31 - agnﬁ(u3)v33 =>left 1631 N C3n22ﬂ(U3)'l)3y33 [p4]

To continue, the second 2 is shifted in the same way as described in the case when p,
is used. Then, a matrix of the form p;, where i € {4,5}, because the sentential form
starts with 1.

E: Consider ps, which has the form

(L= Xba— A ban = A2 = Aag — A, aa, — A
2— A3 = ya).
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This matrix is used in the last derivation step, w ==>j.5; ways [ps]. Any successful
derivation has thus the required form, so Claim 7 holds. )

Claim 8. For every successful derivation in @, R =>* 2d, with z € T* and d € F,
there exists a successful derivation in G of the form 3 =7, 2.

Proof of Claim 8. Let z € L(Q). Recall that @ satisfies the observation at the end
of the previous section. As a result, () derives z as
R ﬁi alulbl
=  wriyio [(a1, b1, 2191, €1)]
= yizcs € F,

where 7,7 > 1,2 = y121,21,u1 € V591,21 € T*,b1,¢0 € W, and ¢z € F. In more
detail, R ==* zc; can be expressed as

R =" aouObg

==  UpToCo [(ao, bo, zo, Co)]
=~>* alulbl

= Wiy [(a1, b1, 2191, €1)]
=>* a2U2y1’Ub2

= UY1VY2C2 [(az, b, y2, ‘32)]
=  azyvywbhs

= yvyawyscs [(as, b3, 73, ¢3)],

where Lo, T1, Up, U1, U2 € V*7v7w7y15y27y3 S T*,C, €, € VV7C3 € F, zZ = UY1z1 =
Y10Y2WYaC3, gtz € suf(uizr), az € suf(usg) (note that z; = vyswys). Next, this proof
describes how @ simulates the four direct derivations

aoUgbo = upZoco [(ao, bo, o, ca)]
aurhy = wmzy10 [(a1, b1, T131, €1)]
aytiay1vby == uay1vyacy (a3, b2, Y2, 2)]
asy1vyawbs => yrvyswyscs [(as, b3, ys, c3)]

1. Consider
agupby ==> UpToco [(ao, bo, zo, ¢o)]

G simulates this step as
0bo; . . - bon2a01 - - - @0n2B(1)3 =>1e5t Ocor - - - Con228(uo20)3
according to
(0> 0,801 — A, ... bgn = A2 = Xaor = Ayolya0m — A,
2 — cop..-con22,3 — B(z1)3),

where ag;, boiycoi € {0,1}, for 1 < i < n, ap...a0n = PB(a0),bo1.- . bon =

IB(bU)v Co1---Com = }9(60).
2. Consider
by = wimyier  [(a1, b, Ty, @)

in @. G simulates this step as

0b11 ... b1n2011 . . . 01,28(11)3 ==>lepe Lenn - - 10228 (121 ) 913
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according to

(O——} 17b11 -—)/\,...,bln——) A,Z—)A,an ——)/\7...,0,1,1—) )\7
2 — C11 ...Cln22,3 — ,B(Il)ylg),

where a1;, b, 05 € {0,1}, for 1 < ¢ < n, ayr...a1n = B(e1),b11... b1 = B(b1),

Ci1...Cip = ﬂ(Cl).
3. The derivation step

axu2y1vb = ury1vYacy [(az, b2, 2, c2)]
in @ is simulated in G as
121 - .. ban2a21 . . . @2n28(u2)y103 =15t Lea1 - - . €20228(us)y10y23
according to

(1= 1,ba = Ao ban = M2 2 Xagy — Ao asn — A,
2 — Ca1 .. .02n22,3 — y23),
where dzi,bzi,Czi c {0,1}, for 1 S 1 S ny 4z1...02p, = ﬂ(az),bgl...bzn = ﬁ(bg),

C21...Capp = ﬂ(C2).
4. Consider

azy10y2wbs => yivyawyses  [(as, b3, ¥, c3)]
G simulates this step as

1b31 e b3n2a31 e a3n2y1vy2w3 ﬁleit ylvygwy33
according to

(1—> /\,b31 —>/\,...,b3n—>/\,2—>/\,a31 —)/\,...,013”——) )\,
2 — X, 3 — y33),
where as;, bsi, ez € {0,1}, for 1 < i < m, as...a3. = B(as), bs1...bsn = B(b3),

C31...Can ‘= B(Cg).
Thus, 3 ==7,;, z in G. Consequently, Claim 8 holds. 0

By Claim 8, L(Q) C Lies+(G).

Claim 9. For any successful leftmost derivation in G, 3 ==, ;; z, with z € T,
there exists a successful derivation in ¢} of the form R ==* zd with d € F.

Proof of Claim 9. This claim can be proved by analogy with the proof of Claim

8. A detalied version of this proof is left to the reader. O
By Claim 9, Li.s:(G) C L(Q). Thus, L(Q) = Ljs:(G), which completes the proof
of the Theorem. O

4. Final Remarks

Symmetrically to the leftmost derivation, we can define a rightmost derivation
in a matrix grammar: each rule replaces the rightmost occurrence of its left-hand
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nonterminal in the current sentential form. The construction in the previous section
can be carried out also for the rightmost derivation: for L € RE consider the language
mi(L), which is also in RE, construct a four-nonterminal matrix grammar G as in
the the previous section such that Ljs:(G) = mi(L), then “reverse” the matrices of
G by replacing (A; — z1,..., A4, — Z,) by (A1 = mi(z1),..., A — mi(z,)). We
obtain a grammar G’ which generates in the rightmost mode the language L. Thus,
each recursively enumerable language can be generated by a matrix grammar with
four nonterminals.

These characterizations of RE are closely related to the characterization of RE
by six-nonterminal matrix grammars with appearance checking (see [3]). Can any of
these characterizations be established for fewer nonterminals ?
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Abstract. Some results from [2], [5], [6] are generalized for finite au-
tomata over arbitrary groups. The accepting power is smaller when abelian
groups are considered, in comparison with the non-abelian groups. We
prove that this is due to the commutativity. Each language accepted by a
finite automaton over an abelian group is actually a unordered vector lan-
guage. Finally, deterministic finite automata over groups are investigated.

1. Introduction

One of the oldest and most investigated machine in the automata theory is the
finite automaton. Many fundamental properties have been established and many
problems are still open.

Unfortunately, the finite automata without any external control have a very limited
accepting power. Different directions of research have been considered for overcoming
this limitation. The most known extension added to a finite automata is the pushdown
memory. In this way, a considerable increasing of the accepting capacity has been
achieved. The pushdown automata are able to recognize all context-free languages.

Another simple and natural extension, related somehow to the pushdown memory,
was considered in a series of papers [2], [5], [6], [7], namely to associate to each
configuration an element of a given group, but no information regarding the associated
element is allowed. This value is stored in a counter. An input string is accepted if
and only if the automaton reaches a designated final state with its counter containing
the neutral element of the group.

Thus, new characterizations of unordered vector languages [6] or context-free lan-
guages [2] have been reported. These results are, in a certain sense, unexpected
since in such an automaton the same choice is available regardless the content of
its counter. More precisely, the next action is determined just by the input symbol
currently scanned and the state of the machine.

In this paper, we shall consider only acceptors with a one-way input tape read
from left to right and a counter able to store elements from a given group. The
aforementioned papers deal with finite automata over very well defined groups e.g.
the additive group of integers, the multiplicative group of non-null rational numbers

Work supported by the Alexander von Humboldt Foundation and the Academy of Finland,
Project 11281



40

or the free group. The aim of this paper is to provide some general results regardless
the associated group.

We shall prove that the addition of an abelian group to a finite automaton is
less powerful than the addition of the multiplicative group of rational numbers. An
interchange lemma points out the main reason of the power decrease of finite automata
over abelian groups. Characterizations of the context-free and recursively enumerable
languages classes are set up in the case of non-abelian groups.

As far as the deterministic variants of finite antomata over groups are concerned
we shall show their considerable lack of accepting power.

2. Preliminaries

We assume the reader familiar with the basic concepts in automata and formal
language theory and in the group theory. For further details, we refer to [4] and (8],
respectively.

For an alphabet ¥, we denote by X* the free monoid generated by ¥ under the
operation of concatenation; the empty string is denoted by A and the semigroup
¥* — {A} is denoted by £*. The length of € ¥* is denoted by |z|.

Let K = (M, 0,¢) be a group under the operation denoted by o with the neutral
element denoted by e.  An extended finite automaton (EFA shortly) over the group
K is a construct

A= (Z7E7K7q07F75)

where Z, %, go, F have the same meaning as for a usual finite automaton [4], namely
the set of states, the input alphabet, the initial state and the set of final states,
respectively, and

§: ZxXU{A} — Ps(Z x M)

This sort of automaton can be viewed as a finite automaton having a counter in
which any element of M can be stored. The relation (g,m) € 8(s,a), ¢,s € Z, a €
T U{)A}, m € M means that the automaton A changes its current state s into ¢, by
reading the symbol a on the input tape, and writes in the register z o m, where z is
the old content of the register. The initial value registered is e.

We shall use the notation

(g,aw,m) =4 (s,w,mor) iff (s,7) € 8(g,a)

for all s,q € Z a € XU {A}, m,r € M. The reflexive and transitive closure of the
relation =, is denoted by |=%. Sometimes, the subscript identifying the automaton
will be omitted when it is self-understood.

The word = € I* is accepted by the automaton A if and only if there is a final state
g such that (go, z,€) =" (¢, A, ¢). In other words, a string is accepted if the automaton
completely reads it and reaches a final state when the content of the register is the
neutral element of M.

The language accepted by an extended finite automaton over a group A as above
is

L(A) = {z € £*|(g0,z,€) =4 (¢, e), for some g € F'}

For two groups K; = (Mj, 01, 1) and K; = (Ms, 02, ¢2), we define the triple Ky xKj =
(My x My, 0, (€1, e2)) with (my,m3) o (n1, nz) = (my 01 B1, ™Mz 03 Nz). It is well-known
that K; x K; is also a group.
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We are going to provide some results that will be useful in what follows. The
notation L(REG) identifies the class of regular languages.

Theorem 1. For any group K, L{EFA(K)) = L(REG) iff all finitely generated
subgroups of K are finite.

Proof. Let K be a group such that any finitely generated subgroup of K is finite.
Let A =(Z,%,K, 2, F,6) be an EFA over K = (M, 0,¢). We denote by X the finite
subset of M

X ={me M| (2,m) € é(z,a) for some z,2' € Z,a € T U {)}}.

Let H = ({X), 0, e) be the subgroup generated by X.

We construct the finite automaton with A-moves B = (Z x (X), L, (20,€), F X
{eh,) with @((zm),) = {(Zym on) | (sn) € 6(z»a), for all 7 € Z, m & M,
a € % U {A}. One can easily prove that (zg,w,e} 5 (z,A,m) iff ((z0,€),w) =5
((z,m), A}, which implies L(A) = L(B).

It remains to prove that for any infinite group K, finitely generated, exists an EFA
over K accepting a non-regular language. Let K = ({X), 0, ¢) be such a group with the
finite set of generators X. Consider the (deterministic) EFA A = ({z},Y,K, 2,{z},§),
withY = X U {z7! |z € X} and (z,a) = (z,a), for all a € Y. The following facts
about L(A) are obvious:

1. For any m € (X), exist a word v € Y* such that (z,v,e) E% (2,A,m).
2. For any v € Y™, exists a word w € Y* such that vw € L(A).
3. For any k > 0, the set
Xp={me(X)|weY",|v|<k: (z,v,e) B} (z,A,m)}
is finite.

As a consequence of these facts and of the infiniteness of (X), we obtain: For all
k > 0, there is a word vy such that vgv ¢ L(A), for all v € Y*, |v| < k.

But, one can easily prove that for any regular language I C Y™*, exists k > 0 such
that for all vw € L, there is w' € Y*, |u'| < k, with vw’ € L. Hence, L(A) cannot be
regular. ad

A finitely generated abelian group is finite if all its elements are of finite order.
Hence, for an abelian group K, L(EFA(K)) = L(REG) iff all elements of K have
finite order. This is not necessarily true for non-abelian groups. We can, however,
prove a pumping lemma which is very similar to the pumping lemma for regular -
langunages.

" Lemma 1. Let K be some group without elements of infinite order. For any
language L € L(EFA(K)), there is a constant n > 1 such that, for all x € L,
|z] > n, there exist a decomposition x = uvw and a natural number ¢ > 1 with
luv| < m, o] 2 1, wow € L, for all 1 > 0.

Moreover, if K has the finite exponent p then q can uniformly be chosen as
q=p.
Proof. Let A= (Z,%,K, 2, F, §) be an EFA over K. We choose n = |Z|+ 1. Now

consider a word z € £* with |z| > n. Similar to the proof of the pumping lemma for
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regular languages, it can be shown that there is a decomposition z = uvw, |uv| < n,
[v| > 1, such that

(20, uvw,€) =y (2, 0w,m1) = (2, w,my oma) =) (f,Ave),z € Z,f € F.

Now choose ¢ such that m$ = e. Obviously, any word uv***lw is accepted by A. O
As a consequence of the above pumping lemma, we obtain:

Theorem 2. For any group K, L{(EF A(K)) contains the language L = {a™b" |
n > 1} iff at least one element of K has an infinite order.

Proof. Let K = (M,o,¢e). If M contains an element m of infinite order then
the finitely generated subgroup ({m),o,e) is isomorphic to (Z,+,0), hence L is in
L(EFA(K)).

If all elements of M have finite order, a simple application of the above pumping
lemma yields L ¢ L(EFA(K)). 0

For a group K, let F(K) denote the family of all finitely generated subgroups of
K.

Theorem 3. For any group K,

LEFAK))= |] L(EFA(H))
HeF(K)

Proof. Let K = (M,o0,¢) be a group. The inclusion

LEFAK) 2 | L(EFA(H))
HerF(K)

holds, since L(EF A(K)) 2 L(EF A(H)), for any subgroup H of K.

On the other hand, let A = (Z,%,K, z, F,6) be an EFA over K. The group
H = ((X),o0,¢), where X = {m € M|(q,m) € (z,a) for some ¢,z € Z,a € LU {A}}
is a finitely generated subgroup of K. Obviously, during any computation in the
counter of A appear only elements of (X). Therefore, the automaton A can be viewed
as an automaton over H. More precisely, A’ = (Z,%,H, 2o, F, §) accepts the same
language as A does. This proves the second inclusion and thus the theorem. O

3. EFA over Abelian Groups

Valence grammars and EFA have initially been introduced for the groups Z; =
(ZF,+,0), £ > 1 and Q = (@ — {0},-,1). In what follows we shall show that the
accepting capacity of EFA does not increase if we consider arbitrary abelian groups
instead of Q. Thus, every language accepted by an EFA over an abelian group is
a (unordered) vector language [1]. The deeper reason of this fact is the following
fundamental result in the group theory.

Theorem 4. A finitely generated abelian group is the direct product of a finite
number of cyclic groups.

As a consequence, a finitely generated abelian group is either finite or isomorphic
to a group Z; x H, where k is a positive integer and H is a finite abelian group.
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Theorem 5. For a group K and a finite group H,
L(EFA(K x H)) = L(EFA(K))

Proof. Let K and H be given by K = (Mi,01,¢1) and H = (M, 09,€3), and let
A= (Z,2,K x H, 2, F,§) be an EFA over K x H. We construct the EFA over K,
A =(Z2',2,K, 2z, F',8') with Z' = Z' X Ma, 2 = (20, ¢€2), F' = F x {e;} and

5’((25 n2)’a) = {((2,3 iz O2 m2)sm1) l (Zl’ (m1,mz)) € 5(2:’ C")}’
2,2 € Z,ac TU{A},my € My, ma,ng € M.

By induction on the number of steps, one can show that ((z0,e2),w,e1) E%,
((Z, mz),w’, ml) iff (Zo,'w, (61762)) i':*A (Zaw’7 (mlamZ))7 hence L(A) = L(A’) O

We are now ready to prove the main result of this section.

Theorem 6. For an abelian group K, one of the following relations hold:

L(EFA(K)) = L(REG),
L(EFA(K)) L(EFA(Zy)), for some k,
L(EFAK)) = L(EFA(Q)).

Proof. As it was shown in Theorem 3, L(EFA(K)) = Ugerx) L(EFA(H)).
Every H € F(K) is either finite or isomorphic to a group Z; x H' where & > 1 and
H' is a finite group. Hence for all H € F(K), either L(EFA(H)) = L(REG), or
L(EFAM))= L(EFA(Zy x H')) = L(EF A(Z,)), for some k > 1.

If all finitely generated subgroups of K are finite, then L(EFA(K)) = L(REG)
holds, due to Theorem 1.

Otherwise, let N(K) be the set of all k£ such that L(EFA(H)) = L(EFA(Z:)),
for some H € F(K). If N(K) is finite then L(EFA(K)) = L(EFA(Zy)), where
k = max(N(K)). If N(K) is infinite then L{EFA(K)) = L{(EFA(Q)). 0

It is known that languages as Ly = {a"6" | n > 1}* or Ly = {wew® | w € {a,b}*}
are not in L(EFA(Q)). Therefore, L,L; ¢ L(EFA(K)), for any abelian group
K. In [2] it was conjectured that the commutativity of the multiplication of rational
numbers is responsible for this fact. We shall formally prove this conjecture by help
of the following “interchange lemma”.

Lemma 2. Let K = (M,o0,¢e) be some abelian group, and let L be a language
in L(EFA(K)). There is a constant k such that, for any z € L, |z| > k, and any
decomposition T = VWiV W; . . . VgWEVE41, |wi| > 1, exist two integers 1 <r < s <k
such that the word z’ = viwivaw} ... VEWLVE41 With W] = w,, W, = w,, W} = w;, for
i ¢ {r,s}, isin L.

Proof. Let A = (Z,5,K, z, F,§) be an EFA over K = (M,0,e). We choose
E = |Z* +1. For a word z € L(A), |z| > k, let be given a decomposition z =
VIW1VaWsa . . . VgWVk+1, |wi] > 1. There are the states y;,2; € Z,1 < i< k,q € F,
with

(Z-,'__l,’U,‘,e) ‘=* (yia/\7mi)7 1<:< ka
(yi,wi,e) IZ* (z;,/\,ni), 1 S 1 S k‘,
(zkavk+la 6) ‘:* (qv)‘amk-('-l)v
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and My 0N 0My 0Nz 0...0My 0N O My = €.
By the pigeon-hole principle, there are two numbers 1 < r < s < k with (y,,2,) =

(ysaZS)'
Now consider 2’ = viwjvawy ... vpwivesr with w! = w;, w), = w,, w] = w;, for
i ¢ {r,s}. For the words v;, L <¢ < k+1, and wj, 1 <i < k+ 1 the relations

(zie1,0i6) E" (v, Ami), L<Si <k,
(y;,wﬁ,e) %:* (z,-,/\,n;), 1 < i S kv
(26, vk41,€) B (g, X, mkta),

hold, with n. = n,, n, = n,, n; = n;, for i ¢ {r,s}. By the commutativity of K it
follows

™1 0N) 0My0N,0...0MmMyO0NL O Mepy
= M1O0N1OMa0Ny0...0Mt 0Nk O Mgy

= e’

implying that z' is accepted by A. ]

Theorem 7. For any abelian group K, the lenguages Ly = {a™V" | n > 1}* and
Ly = {wew®? | w € {a,b}*} are not in L(EFA(K)).

Proof. Assume that L, € L{(EFA(K), for some K, and let k¥ be the constant
from the interchange lemma. Now consider the word z = aba?¥?...a*b* and the
decomposition v; = a',w; = b, 1 <1 <k, vgyy = A. Thereare 1 <r < s < ksuch
that ' = awja®w,...d*w} with wl = b°, w} = ¥, w} = b, for 1 ¢ {r,s}, is in L,
contradiction.

A similar reasoning for the relation Ly ¢ L{EFA(K)) is left to the reader. O

4. EFA over Non-Abelian Groups

In this section, we restrict our investigation to the free groups, since for any (non-
abelian) group K there is a homomorphism from a free group to K [8].

In this way, we get a characterization of the context-free languages class in terms
of languages accepted by extended finite automata over the free group with just two
generators [2]. The free group with n generators is denoted by F..

Recall from [2]

Theorem 8. The family of contezt-free languages equals L{EF A(F3)).

Lemma 3. Let K; and K, be two groups. For two languages L; € L(EFA(K))),
i = 1,2, the languages L1 N Ly and LiLy are in L(EFA(K; x Ky)).

Proof. Let A; = (Z;,5:, K, 22, F;, &), 1 = 1,2, be two EFA over K, respectively.
We assume that Z; N Z; is empty.

We have L(B) = Ll N Lz and L(C) = L]Lg, where B = (Z] X Z2,21 N 22, K1 X
Kz, (Z(l), Zg), F1 X FQ, 6) with

6((z1,22),8) = {((24,23), (m1,m2)) | (21,m1) € 61(21,0), (25, m2) € 82(22,0)},
21 € Z1,7%0 € Zq,0 € X1 N Yy,

{((21, z2), (M1, €2)) | (z1,m1) € 81(21, M)}
U {((21, 23), (e1,m2)) | (23, ma) € 82(22,A)}, 21 € Z1,22 € Za.

Il

5((21’ 22)1 ’\)
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and C = (Zl U Zz,zl U Eg,Kl X Kz,Z?,Fz,(s) with

8(z,a) = {(7,(m,e2)) | (¢, m) € b1(2,0)}, 2z € Zy,a € Ty,
8(2,)) = { {(2,(m,e2)) | (#,m) € 81(z,N)}, 2 € Zu\ By,
’ {(#/,(m, e2)) | (2, m) € é1(2, M)} U{(23, (e1,€2))}, z €T,
§(z,a) = {(#,(er,m)) | (¢',m) € 63(2,a)}, z € Z3,a € Ty U {A}.
which concludes the proof. O

It is well-known that every recursively enumerable language can be expressed as
the homomorphical image of the intersection of two linear languages. It is obvious
that each family L(EFA(K) is closed under homomorphims. In conclusion, due to
the previous lemma as well as to Theorem 8, we have just proved:

Theorem 9. L(EFA(F; x Fy)) equals the family of recursively enumerable lan-
guages.

5. Deterministic EFA

In the case of EFA, the determinism significantly decreases the accepting capacity.
Denote by L{DEFA(K)) the family of languages recognized by deterministic EFA
over the group K.

Lemma 4. For any group K, the languages Ly = {¢" | n > 1} U {a™b" | n > 1},

= {a™b" | m > n} and Ly = {a,b}* \ {a"0" | n > 1} are not in L(DEFA(K)).

Proof. Let K = (M,o0,¢), and let A = (Z,{a,b},K, 20, F,§) be a DEFA over K
such that L; = L(A). Since a™ € L(A), for all n > 1, there are the integers 1 < r <
s < |F|+1 such that (z0,a",€) =% (g, A, €) and (20, 0, €) =4 (g, A, €), for some ¢ € Z.
Since a™b" € L(A), for all n > 1, we have also (20,a"0",¢) =4 (¢,07,e) E4 (¢, A, €),
for some ¢' € F'. Hence, (207 asbr,e) Izjl (q7brae) t::l (ql7)‘76)a implying a°b" € L(A)7
contradiction. In conclusion, L, # L(A).

By similar arguments it can be shown that Ly, Ly ¢ L(DEFA(K)). ]

On the other hand, L{DEF A(K)) generally contains languages with undecidable
membership problem.

Theorem 10. There is a finilely generated group K such that the following ques-
tion is undecidable. Given a DEFA A over K and a word w over the input alphabet
of A, isw € L(A) ?

Proof. For a finitely generated group K = (M, 0,¢) with the set of generators X,
the word problem is the following question. Is a given term z,0z90...2,, z; € XUX ™!,
1<i<n, X' ={z7' | z € X} equal to the neutral element €? It is a well-known
result from group theory that there is a finitely generated group K with undecidable
word problem.

Let K = (M, 0, €) with the finite set of generators X be such a group. We construct
the DEFA A = ({z},X U X1 K, z,{z},6) with the transition function §(z,z) =
(z,z),forall z € XUX~. Obviously, A accepts a word z1z5. .., iff zj0z50.. .02, =
e. The undecidability of the membership problem for A follows directly from the
undecidability of the word problem for K. o

Theorem 11. For every group K having at least one element of infinite order,

we have L(DEFA(K)) C L{(EFA(K)), strict inclusion.
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Proof. Let K be an arbitrary given group and A = (Z, X, K, z, F, §) be a deter-
ministic EFA over K.

If there is an element of M of infinite order, then the language {a"|n > 1} U
{a™b*|n > 1} € L{EF A(K)), since L(EF A(K)) is closed under union. In conclusion,
L(DEFA(K)) C L(FEA(K)). o

6. Deterministic EFA over Abelian Groups
The next result is a consequence of Theorem 11.

Theorem 12. For every abelian group K, we have either L{(DEFA(K)) =
L(REQ@) or L(DEFA(K)) C L(EFA(K)), strict inclusion.

Obviously, the statement of Theorem 6 is also valid for the deterministic EFA over
abelian groups.

As we have seen, neither L(EFA(Q)) [6] nor L(DEFA(Q)) are closed under
complement. In the end of this section we will show that the complement of a language
from L(DEFA(Q)) is in L(EFA(Q)). In order to handle the difficulties owing to the
existence of A-steps, we introduce some notations.

Let A = (S, %, Zy, 80, F, 6) be a DEFA over (Z;), for some k£ > 1. For all s € S,
we define the sets

No = {reZ"|(s,,,0) F" (¢, A7), for some g € F}

Lemma 5. Let A be a DEFA as above. For all s € S, there is an EFA A, =
(Ya, X, Zx, 8,{qs}, 65) such that &,(s,a) =, for all a € X, and (s,1,0) =* (g5, A, 7) iff
r € ZF\ N;.

Proof. In what follows let e;, 1 < i < k, denote the i-th unit vector of Z*. For
any s € S, we construct the EFA A;(s) = (S U {¢},T,Z,5,{q},é) with ¢ ¢ 5,
T = {ay,...,ax} U{b,..., b}, and the transition relation é, defined as

51([)7“) = 0) fOI‘pES,(LeT,

&i(p,)) = &(p,A), forpe S\ F,
&i(p,)) = 6(p,A)U{(q,0)}, forpe F,
b1(q,a;) = {(q,—e), for1 <+ <k,
81(g,b:) = {(g,€:), for 1 <i <k,
8i(g,A) = 0.

Obviously, the language accepted by A;(s) is
Ly ={w e T"| (Jwlay — [wleys- -5 [wla, = [0e,) € N}

Let U ;: T* — N2* be the Parikh mapping with ¥(w) = (|wla,, [w]ey, - - - » [@W]ag, [Wlee)s
for all w € T*. The Parikh set ¥(L,) is semilinear, and its complement ¥(L,) is
semilinear, too. Therefore, there is a finite automaton As(s) = (Y, T, s, {gs}, 6;) such
that the Parikh set of L(A2(s)) is W(L,). From Az(s) we can construct A as follows:
Ay = (Y, 2, Zg, 5, {¢s}, 6,) with

8s(p,a) = 0, forpeY,,a€l,
&(p2) = {(F,e) [P €8(pai)1 S1 <k}
u {(P,,“ei) Ipl € 6;(17) bi)a]- < 1 < k}) for pE Y;‘
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Obviously, (s,A,0) %, (g5, A7) iff L(Asz(s)) contains a word w with r = (Jw|,, —
lwlsy, ..o |wla, — |wls,), i-e. iff Ly contains no word v with r = (Jv]a, — [v]bys - -+ [0]a, —

[vfe, ), hence iff r ¢ N,. O

Theorem 13. For all L € L(DEF A(Q)), the complement of L is contained in
L(BFAQ)).

Proof. Let A = (S,%,Z,s0, F,6) be a DEFA over Z;. The set of states can be
partitioned into the set R consisting of all states s € S, such that A can perform only
A-steps if s is reached, and its complement S\ R.

The complement of L(A) consists of two sets; first, the set of all words w = wiw; €
T+ with wy # A and (s0,w,0) % (p,ws,r) for some r € ZF and some p € R; second,
the set of all words wwia € X* with @ € ¥ and (so,w,0) % (p,a,7') Ea (5,\,7)
for some p,s € S, and r +t # 0, for all £ € N,. The last condition is equivalent to
r+t =0, for some t € Z¥ \ N,.

Now let for all s € S, A, = (Y, %, Zy, 5, {¢s}, 85) be the DEFA constructed in the
last lemma. Without loss of generality we may assume that Y, and Y, are disjoint
for s # s’ and that Y, and S are disjoint for all s € S. Now we construct B =
(8,2, Zg, s0, ', &") with the set of states 5" = S U|J,cgY: U {f}, the set of final
states F' = {gs | s € 5} U {f}, and the following transition mapping

6(s,\)if s € S — {s0}
8'(s,A) = (s, YU {(f,0)}if s = 50
8:(s,A) if s € Y,, for some z € §
§(s,a) = {&&@UKWJM$ﬂ€ﬂ&@HUGS~R
’ é(s,0) U{(ys,)I(s',7) € 8(s,0)} U{(f,0)} if s € R

8'(f,e) = {(f,0)},

8(f,A) = {(fym-e)},me{-1,0,1},1 <i< k.
for all a € Z.
It is easy to see that B accepts all words not in L(A). On the other hand, no word
from L(A) is accepted by B. I

An important consequence of the last theorem is the decidability of the inclusion
problem (and of the equivalence problem, too) for DEFA over Q, which is an in-
teresting contrast to the undecidability of the universe problem for nondeterministic
one-turn counter automata, a proper subclass of EF A over (Z, +,0).

Theorem 14. Let A and B be DEFA over Q. It is decidable whether or not
L(A) C L(B).

Proof. Given B, one can construct a (nondeterministic) EFA B over Q with
L(B) = L(B). Clearly, L(A) C L(B) iff L(B) n L(A) is empty. Now an EFA C over
Q can be constructed such that L(C) = L(B) N L(A). Hence, the inclusion problem
for DEFA over Q is reduced to the emptiness problem for EFA over the same group,

which is decidable [1]. O
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Abstract. We study a Lindenmayer-like parallel rewriting system to
model the growth of filaments (arrays of cells) in which developmental
errors may occur. In essence this model is the fuzzy analogue of the
derivation-controlled iteration grammar. Under minor assumptions on the
family of control languages and on the family of fuzzy languages in the
underlying iteration grammar, we show that (i) regular control does not
provide additional generating power to the model, (ii) the number of fuzzy
substitutions in the underlying iteration grammar can be reduced to two,
and (ii1) the resulting family of fuzzy languages possesses strong closure
properties, viz. it is a full hyper-AFFL, i.e., a hyper-algebraically closed
full Abstract Family of Fuzzy Languages.

1. Introduction

The original motivation to introduce Lindenmayer systems, or L-systems for short,
consisted of modeling the development of filamentous organisms [15], [16]. The state
space of each individual cell of such an organism is a finite set, symbolically represented
as an alphabet V', and rewrite rules over V provide for the development of single cells.
More precisely, a rule o — w with & € V and w € V*, allows for a state change
(w eV, w # @), a cell death (w = A, X is the empty word), or the splitting of a
cell in more than a single off-spring (] w |> 1, where | w | is the length of the string
w). Starting from an initial filament, i.e. a string over V, and applying the rules
for individual cells in parallel yields the global state of the filament after a discrete
time step. Iterating this rewriting process shows the development of this filament as
function of the discrete time parameter. From a mathematical point of view the set of
rules is just a finite substitution over V that is applied iteratively to the initial string.

Subsequent contributions to the extension of this model resulted in the distinction
between nonterminal and terminal symbols as in Chomsky phrase-structure gram-
mars, in several sets of rules (several finite substitutions, also called tables) instead of
just a single one, and numerous ways of restricting or regulating the parallel rewriting
process. We refer the reader to [13], [21] for surveys of the early days of L-system
theory; [13] is more elementary and devoted to biological applications, whereas [21]
concentrates on mathematical properties. More recent developments and related ap-
proaches can be found in [7], [22], of which [7] treats derivation-controlled rewriting
in general, whereas [22] shows a rich variety of results closely related to or inspired
by L-systems.

The extension of the basic model with different sets of rules (a finite number of
finite substitutions instead of a single one) stems from the observation that a filamen-
tous organism might develop in a different way under different external conditions
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[20]. A typical example is the difference between day and night; in that case we have
two sets of rules, or tables, viz. a day table 7; and a night table 7,,, each table being
a finite substitution over the alphabet V. Closely related to this extension are the
so-called derivation-controlled tabled L-systems in which the order of application is
prescribed by a control language over the table names [10], [18], [1]. E.g. in order to
obtain the right sequence of day, followed by night, followed by day, etc., a regular
control language of the form (747,,)*ry can be used, provided each sequence should
start and end with the day table 7;. Similarly, but on a larger time scale, the or-
der of the four seasons can be described by a regular control language of the form
( Tspring Tsummer TautmnnTwinter) *Tspring .

In this paper we introduce a further extension of this model which enables us
to describe developmental errors. Such an error occurs when, instead of applying
the correct rule @ — w from the table 7, the symbol « is replaced by a string w’
with w' # w and o — w’ is not a rule in 7. In such a situation the “quality” of
this incorrect off-spring w’ should be strictly less than the corresponding correct one
and, consequently, the “quality” of the entire filament should also decrease by this
developmental error. In addition we want that making two developmental errors is
worse than a single error and, in general, that each additional developmental error

should strictly decrease the “quality” of the filament under consideration.

But how do we measure the “quality” of a string or filament z derived by a

controlled tabled L-system G? In traditional formal language theory there only are
two possibilities, viz. (i) z belongs to the language L(G) generated by G: its “quality”
equals 100%, or (i) z does not belong to L(G): the “quality” of z is 0%. Clearly,
there is no room for expressing statements like “z is slightly imperfect due to a
minor developmental error” or “z has been severely damaged by a long sequence of
considerable errors during its development”. This lack of expressibility is, of course,
due to restrictions in set theory: the membership function or characteristic function
pr(e) of a set, or a language L(G) in our case, has two possible values only: pre)(z) =
1if z € L(G), and pre)(z) = 0if z ¢ L(G). Thus, if L(G) C L*, then prq) is a
mapping of type pr) : &* — {0,1}.

Fortunately, using fuzzy sets and fuzzy languages we are able to express “qualities”
different from 0% and 100%, since pr(q) is now a mapping of type pr@) : &* — £
where £ is a complete lattice, eventually provided with additional operations and
properties. As a typical example, the reader may consider the case in which £ equals
the real interval [0,1] with min and max as lattice operations. Fuzzy languages have
been introduced in [17], which is restricted to fuzzy analogues of Chomsky grammars
and languages. In [19] fuzzy Lindenmayer systems and their languages have been
studied, however, without any motivation in terms of developmental errors. This mo-
tivation is the obvious parallel Lindenmayer variant based on the idea of grammatical
error studied in [3], [4], [5].

So in fuzzy L-system theory the “quality” of a string is a value in £ which might
be anything in between 0 (the smallest element of £) and 1 (the greatest element of
L) depending on the actual structure of £. And making a developmental error in
the derivation of = means that the “quality” of z will not increase compared to the
previous string. But whether it will strictly decrease depends on the structure and
the operations of £ as well as their relation with the definition of derivation step; cf.
Section 4 for details.
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In dealing with developmental errors there is another problem. Usually, an L-
system has in each of its tables a finite number of rewrite rules. Making a devel-
opmental mistake, i.e., replacing ¢ by w' instead of by the correct string w can be
modeled by adding the rule @ — w' to the table 7 to which @ — w belongs, and
requiring f.(x)(w') < 1, where 7(a) is the set of all strings w such that o — w belongs
to . This construction works for a finite number of possible developmental errors
only. But, in general, there is an infinite number of ways to make mistakes, and fila-
mentous development does not form an exception to this observation. So we should
add an infinite number of rules @« — w' to 7 or, equivalently, an infinite number of
strings to the fuzzy set 7(a). So each set {w € 7(a) | 0 < prr(a)(w) < 1} is allowed to
be infinite. But then the language {w € 7(@) | pir(a)(w) = 1} might be infinite as well,
or, equivalently, each 7(a) may be a fuzzy subset of V*, i.e., a fuzzy languages over
V. However, we could not let be the sets 7(«) arbitrary fuzzy languages over V: they
should be restricted in some uniform way, otherwise we end up with languages L(G)
that are not even recursively enumerable; cf. [8]. A well-known way to restrict these
fuzzy languages is the following: we require that each fuzzy language 7(a) belongs to
a given family K of fuzzy languages. The family K is a parameter in our approach:
usually, we demand that K meets some minor conditions, but sometimes we simply
take a concrete value for K, e.g., we take K equal to the family FIN; of finite fuzzy
languages.

This results in the notion of fuzzy K-iteration grammar which plays the main
part in the present paper. Formally, such a grammar G = (V,Z,U, S) consists of
an alphabet V, a terminal alphabet £ (£ C V), an initial symbol S (S € V — %),
and a finite set U of fuzzy K-substitutions over V. Thus for each 7 in U, and
for each « in V, 7(a) is a fuzzy language over V that belongs to the family K.
The controlled variant of this grammar concept is the so-called T'-controlled fuzzy
K -iteration grammar, or fuzzy (T, K)-iteration grammar where I' is a family of (non-
fuzzy) languages. A grammar (G; M) = (V,X,U, S, M) of this type consists of a
fuzzy K-iteration grammar (V,X,U, S) and a language M over U (considered as an
alphabet) with M € T'. Each derivation D according to (G; M) satisfies the condition
that the sequence of fuzzy K-substitutions used in D constitutes a string in the control
language M.

The remaining part of this paper is organized as follows. In Section 2 we introduce
the basic notions with respect to fuzzy languages and operations on fuzzy languages.
Section 3 is devoted to families of fuzzy languages. The formal definitions of fuzzy
K-iteration grammar and of I-controlled fuzzy K-iteration grammar are provided in
Section 4, where we also give a few examples of these grammars together with the fuzzy
languages that they generate. Section 5 consists of some elementary but useful prop-
erties of fuzzy K-iteration and fuzzy (T', K)-iteration grammars. The main results,
viz. Theorem 6.1 and its corollaries, which deal with the generating power of fuzzy
(I, K)-iteration grammars, are in Section 6. Closure properties of the corresponding
families of fuzzy languages are the subject of Section 7. Under minor conditions on
the families I' and K, the families Hf(K) and H(T, K) of fuzzy languages, generated
by fuzzy K-iteration grammars and (T, K)-iteration grammars, respectively, possess
strong closure properties very similar to the ones of the corresponding non-fuzzy lan-
guage families; cf. [1]. Finally, Section 8 contains some concluding remarks.
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2. Fuzzy Languages and Operations on Fuzzy Languages

We assume that the reader is familiar with basic formal language theory to the
extend of the first few chapters of standard texts like [12], [14], [23]. L-systems and
Abstract Families of Languages are treated much more thoroughly in [13], [21] and [9],
respectively. Finally, we need some rudiments of lattice theory which can be found in
most books on algebra; all what we use of lattice theory is also summarized in [2].

In order to define several types of fuzziness we need a few lattice-ordered structures.
Instead of stacking adjectives, we collect some collections of properties under simple
names as “type-bb lattice” for some short bit strings bb. The following definitions and
examples are quoted from [5]. The definition of the principal notion of type 00-lattice
is a slight modification of a structure originally introduced in [11].

Definition 2.1. An algebraic structure £ or (£,A,V,0,1,%) is a type-00 lattice if
it satisfies the following conditions.

e (L,A,V,0,1) is a completely distributive complete lattice. Therefore for all a;,
a,band bin £, a AV, b; =\, (a Ab;) and (\/ a:) Ab=\/,(a: A D) hold. And 0
and 1 are the smallest and the greatest element of £, respectively; so 0 = A L
and 1 =\/ L.

e (L,*) is a commutative semigroup.

e The following identities hold for all a;’s, &’s, @ and b in L:
axV;bi=Vaxb),
(Viai)xb=V(aixb),
OAa=0xa=ax0=0,
lha=1lxa=a*xl=a.

A type-01 lattice is a type-00 lattice in which the operation * coincides with the
operation A; so it is a completely distributive complete lattice actually. A type-10
lattice is a type-00 lattice in which (£, A, V,0,1) is a totally ordered set or chain, i.e.,
for all @ and bin £, we have a Ab=a or a Ab = b. In a type-10 lattice the operations
Vv and A are usually denoted by max and min, respectively. Finally, when L is both
a type-01 lattice and a type-10 lattice, £ is called a type-11 lattice.

Example 2.2. As usual we denote the closed interval of all real numbers in
between 0 and 1 by [0,1].
(1) The structure ([0,1] x [0,1],A,V,(0,0),(1,1),x) in which the operations are
defined by (z1,91) A (22,92) = (min{z, 22}, min{y1,y2}), (z1,91) V (T2,52) =
(max{zy, 2}, max{y:,yz}) and (z1,y1) * (22,¥2) = (2172, y192) for all 2y, @2, y; and
ys in [0,1] is a type-00 lattice.
(2) Consequently, ([0,1] % [0,1], A, V,(0,0), (1,1),%) where the operations A and V are
defined as in (1) and (z1, 1) * (22,32) = (min{zq, 2}, min{ys,y,}) for all 24, 24, ¥
and s in [0, 1], is a type-01 lattice.
(3) The structure ([0, 1], min, max, 0,1,%) with )%z, = £12; for all z; and z; in [0, 1]
is a type-10 lattice.
(4) Taking % equal to min in (3) yields a type-11 lattice.
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The following useful fact is very easy to prove.

Lemma 2.3. For each type-00 lattice L, axb < a Ab holds for all elements a and
bin L.

Proof.

By the distributivity of x over V, ax(1Vbd) =ax1Vaxbholds. As1vb=1
and a1 = a, we have ¢ = a V a % b, and therefore a x b < a. Analogously, we obtain
a%b<b, and hence axb< aAb. m]

Of course, Lemma 2.3 implies that in a type-00 lattice the inequalities e x b < a
and ax b < b also hold for all @ and 5.

Now we are ready to define fuzzy languages relative to the lattice-ordered struc-
tures of Definition 2.1.

Definition 2.4. Let £ be a type-00 lattice and let ¥ be an alphabet. A £-fuzzy
language over X is a L-fuzzy subset of ¥*, i.e., it is a triple (I, p1,, Lo) where uz, is
a function pr, : ¥ — L, the degree of membership function, and Lo is the support
of ury; i.e., Lo = {w € T* | pr,(w) > 0}. Very often we will write Lq rather than
(25 KLos LO)'

Henceforth, when £ is clear from the context, we use “fuzzy language” instead of
“L-fuzzy language”. Usually we write p(z; Lo) instead of pr,(z) in order to reduce
the number of subscript levels.

For each fuzzy language Lg over X, the crisp language ¢(Lo) induced by Ly —also
known as the crisp part of Lo— is the subset of ¥* defined by ¢(Lo) = {w € X* |
p(w; L) = 1}. Each ordinary (non-fuzzy) language Lg coincides with its crisp part
¢(Lo). Therefore an ordinary language will also be called a crisp language.

In dealing with fuzzy languages (%, ur,, Lo) the degree of membership function
kLo 18 actually the principal concept, whereas the languages Ly, ¢(Lo) and many
other crisp languages like

Lo ={w € X*| p(w; Lo) > a} ,
Lso = {w € 2* | p(w; Lo) > a} ,
Leo = {we * | plw; Lo) < a} ,
Lo = {we X% | p(w; Lo) < a} ,
Logicp = {w € 3* [ a < p(w; Lo) < b},

where @ and b are elements in £, are derived notions.

Example 2.5. (1) Let £ be the type-00 lattice of Example 2.2.(1). Consider the
L-fuzzy language Lo over ¥ = {a, b} defined by

w(@ b Lo) = (g 2y i mn >0,

max{1l,m,n}’ max{

In defining the degree of membership function is such a concrete case, we always
tacitly assume that u(z;Lo) = (0,0) in all other, unmentioned cases for x in T*.
Consequently, we have, e.g., u(b°a?; Lo) = p(a®ba®; Lo) = p(ab®a?b*; Lo) = (0,0), etc.

Then the crisp part of Lo equals ¢(Lo) = {a™b™ | m > 1}; for each z in ¢(Lg), we
have p(z; Lo) = (1,1). Note that for each m > 1, p(a™; Lo) = (1,0) and u(6™; Ly) =
(0,1), whereas for the empty word X, we have u(A; Lo) = (0,0).
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(2) Now we take for £ the type-10 lattice of Example 2.2.(3). Let L be the fuzzy
language over {a, b} defined by

ww; L) =0 if |w| # 2* for some k > 0, and
p(w; L) = 2-#e() if |[w]| = 2F for some k£ > 0.

As usual, #,(w) denotes the number of times that the symbol & occurs in the
word w. Then ¢(L) = {a®" | k > 0}.

Throughout this paper we will restrict ourselves to the computable or even to the
rational elements in [0, 1]. For an account on the impact of computability constraints
in fuzzy formal languages we refer the reader to [8].

Starting from simple fuzzy languages we can define more complicated ones by
means of operations on fuzzy languages. First, we consider the operations union,
intersection and concatenation for fuzzy languages; they have been defined originally
in [17] for the type-11 lattice [0,1]; cf. Example 2.2(4). In [4] we remarked that
a generalization to the type-10 lattice of Example 2.2(3) is possible. However, it is
straightforward to define these operations for arbitrary type-00 lattices; cf. [5] from
which we cite the following definitions.

Let (21, pr,, In) and (, pr,, L2} be fuzzy languages, then the union of the fuzzy
languages Ly and Ly, denoted by (£; UXq, ur,ur,, L1 U L3) or abbreviated by L1 U L,
is defined by

(5 Ly U L) = p(z; L) V p(; L)
for all z in (X UX,)*. And for the intersection of fuzzy languages L, and Ly, denoted
by (1 N X2, #riaL,, L1 N Lz) or Ly N Ly for short, the equality

(@5 L1 0 L) = p(z; Ln) A p(z; La)
holds for all z in (£; N X3)*. Finally, for the concatenation of fuzzy languages Ly and
L;, denoted by (X U 9, piz,1,, L1 L) or abbreviated to L; Ly, we have

p(z; LiLa) = \{u(y; Ln) * u(z; L) | = = yz}
for all z in (X1 U Xp)*.

Example 2.6. Let P(X) denote the power set of the set X. Then P(X*) is
the collection of all crisp languages over the alphabet X. Let P;(X*) be the class of
all fuzzy languages over ¥. Clearly, we have P(X*) = {c¢(L) | L € P;(£*)}. And
(Ps(2*),N, U, @,%*,-) —where N, U and - denote the operations union, intersection
and concatenation for fuzzy languages, respectively— is not an example of a type-00
lattice, since (Py,-) is not a commutative semigroup. In case ¥ contains a single
letter only, (Ps,-) is a commutative semigroup and (Py(¥*),N,U,@,%*,) is a type-
00 lattice. The same remarks apply to the structure (P(X*),N,U,@,X*,) of crisp
languages.

Once we have defined the operations of union and concatenation it is straightfor-
ward to define the operations of Kleene + and Kleene x for a fuzzy language L; viz.
by

Lt=LULLULLLU...={L'|i>1}, and

L*={A}ULULLULLLU...=J{L*|i >0},
respectively, where L® = {)}, and L™"*! = L™[ with n > 0. In defining L* we demand
that u()\; L*) = 1. Consequently, L* = L+ U {A} where the latter set in this union is
a crisp set.
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Apart from these simple operations we need some other well-known ones, like
homomorphisms and substitutions. They can be extended to fuzzy languages as well
by means of the concept of fuzzy function; cf. [5] for the original definitions.

A fuzzy relation R between crisp sets X and Y is a fuzzy subset of X x Y. If
RC X xY and § CVY x Z are fuzzy relations, then their composition ReS is defined
by

#((z,2); RoS) = \/{s((<,9); B) * (v, 2); S) [y € Y} (1)

A fuzzy function f: X — Y in its turn, is a fuzzy relation f C X x Y, satisfying
the condition that for all z in X: if u((z,y); f) > 0 and p((z,2); f) > 0 hold, then
y = z and hence p((z,v); f) = p((z, 2); f). For fuzzy functions (1) holds as well, but
we write the composition of two functions f: X - Y andg:Y —» Zasgof : X —» Z
rather than as fog.

As mentioned before, P(X) denotes the power set of the set X. In the sequel we
need functions f : V* — P(V*) that will be extended to f : P(V*) — P(V*) by
J{L)=U{f(z) | z € L} and for each subset L of V*,

wly; (L)) = \[{n(z; L) % p((2,); f) | & € V*}. (2)

Consequently, by (1) and (2) iterating a single fuzzy function f, yielding functions
like fof, fofof, and so on, are now defined. Clearly, each of these functions f(™ is of
type f(* : P(V*) — P(V*). Of course, we can iterated a finite set of such functions
{fi,.-., fn} in the very same way.

3. Families of Fuzzy Languages

This section is devoted to some families of simple fuzzy languages, their crisp
counterparts, and a few operators that transform families of fuzzy languages into
other families. The next few definitions are simple generalizations based on well-
known concepts for families of crisp languages; cf. [5].

Throughout this paper X, denotes a countably infinite set of symbols. All fami-
lies of languages that we will consider in the sequel only use symbols from this set.
Henceforth, £ is a type-00 lattice, and “fuzzy” means “L-Tuzzy” actually.

Definition 3.1. A family of fuzzy languages K is a set of fuzzy languages
(Zg,pr, L) such that each X is a finite subset of ¥,. As usual, we assume that
for each fuzzy language (X, g1, L) in the family K, the alphabet X1, is minimal with
respect to pr, i.e., a symbol o belongs to ¥y, if and only if there exists a word w in
which a occurs and for which py(w) > 0 or, equivalently, for which w € L holds.

A family K of fuzzy languages is called nontriviel if K contains a language
(2L, pr, L) with LNXE # @, ie., (Eg, p1, L) satisfies p(z; L) > 0 for some z € T} .

For each family K of fuzzy languages, the crisp part of K, denoted by ¢(K), is
defined by ¢(K) = {c(L) | L € K}.

We already remarked that we write L rather than (£, ur,L) for members of a
family of fuzzy languages. And we also assume that each family of fuzzy languages,
that we will use in this paper, is closed under isomorphism (“renaming of symbols”),
i.e., for each family K we assume that for each fuzzy language L in K over some
alphabet ¥ and for each bijective non-fuzzy mapping ¢ : £; — X} —extended to
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words and to languages in the usual way— we have that the language (L) also belongs
to K. Consequently, we have the equality p(z; L) = p(i(z);4(L)) for all z in X%.

We will encounter a few simple, nontrivial families of fuzzy languages in the sequel:
they are the family FIN; of finite fuzzy languages

FIN; = {(Z1, p1,L) | Tr C B, L is finite} ,
the family ONE; of singleton fuzzy languages

ONE; = {(Zg,p1,L) | ¥z C E,, L is a singleton} ,
the family ALPHA; of fuzzy alphabets

ALPHAf = {(EL,/LL,L) | Y C Ew, L= EL} R
and the family SYMBOL; of singleton fuzzy alphabets

SYMBOL; = {(Zr, ¢, L) | EL C Zy, L =21, L is asingleton } .

The crisp counterparts of these language families are denoted by FIN, ONE,
ALPHA, and SYMBOL, respectively. Clearly, the equality ¢(FIN;) = FIN holds,
as well as similar statements for the other families of languages.

Ancther important role will be played by the family REGy of regular fuzzy lan-
guages, which is defined in a way very similar to its crisp counterpart REG.

Definition 3.2. Let X be an alphabet. The regular fuzzy languages over ¥ are
defined as follows:
(1) The fuzzy subsets @, {1}, and {o} (for each ¢ in X) of ¥*, are regular fuzzy
languages over 3.
(2) If Ry and R, are regular fuzzy languages over X, then so are By U Ry, R1 Ry, and
RBx.
(3) A fuzzy subset R of £* is regular fuzzy language over X if and only if R can
be obtained from the basic elements in (1) by a finite number of applications of the
operations in (2).

The family of regular fuzzy languages us denoted by REGy .

In the remainder of this paper we frequently need the concept of fuzzy substitution.
It is defined in a way very similar to the notion of substitution for crisp languages; cf.
(5], [6].

Definition 38.3. Let K be a family of fuzzy languages and let V be an alphabet.
A mapping 7 : V — K is called a fuzzy K-substitution 7 on V; it is extended to words
over V by 7(A) = {A} with g(X;7(X)) =1, and 7(ey ... o) = () ... 7(n) Where
a; € V (1 <4 < n), and to languages L over V by (L) = J{r(w) | w € L}. If
for each @ € V, (@) C V*, then 7: V — K is called a fuzzy K-substitution over V.
If K equals FIN; or REGy, 7 is called a fuzzy finite or a fuzzy regular substitution,
respectively.

Given families K and K' of fuzzy languages, let Sib(K,K') = {r(L) | L € K;
7 is a fuzzy K'-substitution}. A family K is closed under fuzzy K'-substitution if
Sib(K,K’) C K, and K is closed under fuzzy substitution, if K is closed under fuzzy
K-substitution.

When we take K and K’ equal to families of crisp languages we obtain the well-
known definition of (ordinary, non-fuzzy) substitution. Therefore a ONE-substitution
is just a homomorphism and an isomorphism (“renaming of symbols”) is a one-to-
one SYMBOL-substitution. And a fuzzy ONE-substitution may be called a fuzzy
homomorphism.
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Definition 3.4. A fuzzy prequasoid K is a nontrivial family of fuzzy languages
that is closed under fuzzy finite substitution (i.e., Sib(K,FIN;) € K) and under
intersection with regular fuzzy languages. A fuzzy quasoid is a fuzzy prequasoid that
contains an infinite fuzzy language.

It is a straightforward exercise to show that each fuzzy [prelquasoid includes the
smallest fuzzy [prejquasoid REG; [FINy, respectively], whereas FIN; is the only fuzzy
prequasoid that is not a fuzzy quasoid; cf. [6].

Let II;(K) denote the smallest fuzzy prequasoid that includes the family K of fuzzy
languages. Similarly, let ®;(K) [A;(K), ©;(K), respectively] be the smallest family
of fuzzy languages that includes K and is closed under fuzzy finite substitutions [in-
tersection with regular fuzzy languages, fuzzy homomorphisms, respectively]. Then,
obviously, for each family K of fuzzy languages, we have II;(K) = {®;, As, O, }(K)
or even II;(K) = {®;,A;}*(K). But instead of this infinite set of strings over
{®;,Af,0;} a single string suffices; viz.

Proposition 3.5. [6] For each family K of fuzzy languages, II4(K) =
O;A;04(K).

Definition 3.6. A full Abstract Family of Fuzzy Languages or full AFFL is a
nontrivial family of fuzzy languages closed under union, concatenation, Kleene *,
(possibly erasing) fuzzy homomorphism, inverse fuzzy homomorphism, and intersec-
tion with fuzzy regular langnages. A full substitution-closed AFFL is a full AFFL
closed under fuzzy substitution.

In many situations the following characterization of full AFFL happens to be more
useful than the original definition.

Proposition 3.7. [6] A family K of fuzzy languages is a full AFFL if and only
if K is a fuzzy prequasoid closed under fuzzy regular substitution (i.e., Sib(K,REG/)
C K), and under substitution in the regular fuzzy languages (i.e., SGb(REG;, K) C
K).

Closely related to regular fuzzy languages is a kind of fuzzy finite automaton. The
next definition and equivalence result is useful, and should not come as a surprise. A
proof of this characterization can be found in [6].

Definition 3.8. A nondeterministic fuzzy finite automaton or NFFA is a 5-tuple
M =(Q,%,6,q, F) where @ is a finite fuzzy set of states, ¥ is an alphabet, g is an
element of Q with u(qgo; Q) > 0, F is a crisp subset of the crisp set {g | u(¢g; @) > 0},
and § is a fuzzy function of type § : Q@ x (2 U {1} — P#(Q). Note that M may have
A-mnoves.

The fuzzy function § is extended to &' : Q@ x T* — P¢(Q) by §(¢,A) = 8(q, \) and
§(g,00) = UL8/(d',) | ¢ € 6(g,0)} for all g in Q.

The language L(M) accepted by an NFFA M is defined by u(z;L(M)) =
V{n(4;8'(g0,2))) [ g € F'}.

Proposition 8.9. A fuzzy language L is regular if and only if L is accepted by a
nondeterministic fuzzy finite automaton.
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4. Controlled Fuzzy Iteration Grammars

The notion of fuzzy K-iteration grammar is a straightforward modification of
the definition of (ordinary) K-iteration grammar: we just replace the ordinary K-
substitutions by fuzzy K-substitutions; cf. [1].

Definition 4.1. Let K be a family of fuzzy languages. A fuzzy K-iteration
grammar G is a four-tuple G = (V, %, U, S) where
e V is an alphabet (the alphabet of G);
e Y is an alphabet with ¥ C V (the terminal alphabet of G);
o Sis asymbol in V (the initial symbol of G);
e U is a finite set of fuzzy K-substitutions over V.
The fuzzy language L(G) generated by G is defined by

L(G) =US) N = {nlo..(n(S)..) | p>0; meU, 1<i<p}

The family of fuzzy languages generated by fuzzy K-iteration grammars is denoted
by Hs(K). For each m > 1, Hyn(K) is the family of fuzzy languages generated by
fuzzy K-iteration grammars that contain at most m fuzzy K-substitutions in U.

Definition 4.2. Let I' be a family of crisp languages and let K be a family of fuzzy
languages. A I'-controlled fuzzy K -iteration grammar or fuzzy (I', K)-iteration gram-
mar is a pair (G, M) that consists of a fuzzy K-iteration grammar G = (V,%,U, 5)
and a control language M, i.e., M is a crisp language over the alphabet U. The fuzzy
language L(G, M) generated by (G, M) is defined by

LG M)=MS)NZ =U{r(...((8)...) | p20; €U, ... 7, € M}.

The family of fuzzy languages generated by fuzzy (I', K)-iteration grammars is
denoted by H(I', K). And Hj (T, K) is the family of fuzzy languages generated by
fuzzy (T, K)-iteration grammars that contain at most m fuzzy K-substitutions in U
(m>1).

Note that in Definitions 4.1 and 4.2 L(G) and L(G, M), respectively, are defined
in terms of union, intersection, concatenation and iterated function application for
fuzzy sets; cf. Section 2 for the precise definitions of these fundamental concepts.

Clearly, we have that Hy(K) = | {Hm(K) | m > 1} and Hy(I, K) =
U{H;m(l,K) | m > 1} for each family K of fuzzy languages and each family T'
of crisp languages.

Example 4.3. Let £ be the type-10 lattice of Example 2.2.(3).

(1) Consider the fuzzy FIN-iteration grammar G = (V, 2, U, §) defined by ¥ = {a, b},
V =3 U{S}, and U = {r, 72} where 7 is an ordinary or crisp FIN-substitution with
7 (S) = {85} and m(a) = {a} (@ € X), whereas 7; is a FINs-substitution with
() = {a,8), m(a) = {a}, p(Em(S)) = 05 and w(a;na(S)) = alasma(a)) = 1
(x €X).

Then L({G) consists of all strings w with length 2" for some n > 0 and p(w; L(G)) =
2-#b(v); 4 (z) denotes the number of times that the symbol o occurs in the word z.
Clearly, ¢(L(G)) = {a®" | n > 0} which is the set of strings that are obtained without
making any “developmental error”; cf. the discussion in Section 1. A developmental
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error occurs when S changes into a b rather than into an a; the quality of the string
reduces to 50% of its previous value by each such erroneous replacement.

(2) Define the REG-controlled fuzzy FINj-iteration grammar or (REG,FIN;)-
iteration grammar (G, M) where G is as in (1) and M = {r#**'r; | k > 0}. Now
L(G, M) equals the set of all strings w with length 2" for some odd n > 1 and still we
have p(w; L(G, M)) = 2-#:(%), Remark that ¢(L(G, M)) = {¢*" |n >0, nisodd }.
(3) We modify (G, M) of (2) to a REG-controlled fuzzy REG-iteration grammar or
(REG, REGj)-iteration grammar (Gy, M) by redefining 75(5) to a REG ;-substitution
with 7(5) = {a} U{b* | k > 1}, np(a) = {a} for each a in ¥, u(bF;m(S)) = 27*
for each k > 1 and p(a;m(S)) = p(e;me(e)) =1 (¢ € X). Then for all strings =
over {a,b}, we have u(z; L(G1, M)) > u(z; L(G, M)), L(G, M) is a proper subset of
L(Gy, M), but ¢(L(G1, M)) = ¢(L(G, M)).

Since in Example 4.3 K equals FIN; in both (1) and (2), G may be called a fuzzy
ETOL-system and (G, M) a regularly controlled fuzzy ETOL-system.

Example 4.4. By taking concrete values for the parameter K we obtain fuzzy
analogues for some families of (ordinary or crisp) Lindenmayer languages; viz.

H/(ONE;) = EDTOL;,  H;;(ONE,) = EDOLy,
H;(FIN/) = ETOL;, H;,(FIN;) = EOL;.

Readers unfamiliar with L-systems are referred to [21] for the meaning of these
abbreviations.

5. Elementary Properties

In this section we establish some basic properties of I'-controlled fuzzy K-iteration
grammars and their languages that already hold under very mild restrictions on the
parameters I' and K. These results turn out to be very useful in proving more
complicated and more interesting propositions to which the following two sections
are devoted.

First we show that regular control does not extend the generating power of fuzzy
K-iteration grammars; cf. Theorem 2.1 in [1].

Theorem 5.1. For each family K of fuzzy languages, H;(REG, K) = H;(K)
provided K O ONE.

Proof. Since U* is regular for each alphabet U, the inclusion H;(REG,K) 2
H{(K) is obvious.

Conversely, let (G, M) (V,%,U,5,M) be an arbitrary fuzzy (REG,K)-
iteration grammar where M is accepted by a complete deterministic finite automaton
(@,U,8,490, Qr) with finite set of states @), input alphabet U, transition function
§:Q x U — @Q, initial state g, and set of final states Q.

We define a new initial symbol Sy, a set of new nonterminal symbols Ny = {A, |
a € X}, and a new alphabet Vo = Q UV U {S;, F} U Ng. Define an isomorphism
Pp:V = (V-E)UN;s by ¢(a) = As (a € £) and ¥(A) = A (A € V — £). The
isomorphism ¥ is extended to words and to languages in the usual way. Remember
that we assumed that each family of (fuzzy) languages is closed under isomorphism. .

Define the fuzzy K-iteration grammar Gy = (Vo, %, U, So) with Uy = {7’ | 7 €
U} U {m}. So for each fuzzy K-substitution 7 in U there is corresponding fuzzy
K-substitution 7/ in Uy, defined by

I
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7'(50) = {gS}, #(q0S;7'(50)) = 1,

{a) = Y(r(a)), foreach ¢ in V — X,

7(Aa) = ¥(7(a)), for each A, in Ny (ain %),
m(¢) = {¢}, wlg57(9)) = 1, iff §(¢,7) = ¢' (¢in Q),
() = {F}, p(Fir'(a)) =1, for each @ in ¥ U {F'}.

The additional fuzzy K-substitution 7 is defined as follows.

To{q) = {A}, w(X;7e(q)) = 1, for each ¢ in QF,

(q) = {F}, w(F;7(g)) =1, for each ¢ in Q — QF,
10(A.) = {a}, w(a;mo(AL)) =1, for each A, in Ny (e in ¥),
mo(a) = {F'}, w(F;mo(a)) =1, for each @ in V U {Sy, F'}.

This construction implies that for each string z in ¥*, we have p(z; L(Go)) =
ulz; L(G, M)), and hence H;(REG, K) C H;(K). O

There exists a sort of reverse of Theorem 5.1 in the sense that all “productive”
sequences of substitutions in a fuzzy K-iteration grammar G —i.e., those sequences
that yield at least one terminal string z with u(z; L(G)) > 0— form a regular language
over U; cf. Definition 5.2, Theorem 5.3 and [24].

Definition 5.2. Let G = (V,%,U, S) be a fuzzy K-iteration grammar. Then the
Szilard language of G —denoted by Sz(G)— is

S2(Q) = {w € U* | 3z € T* : p(z;w(S)) > 0}.

The following theorem is the straightforward fuzzy counterpart of one of the main
results in [24].

Theorem 5.3. If G is a fuzzy K-iteration grammar, then ils Szilard language
S52(@G) is a regular language.

Proof. Let G = (V,%,U, S) be a fuzzy K-iteration grammar. For each word z, we
denote the set of all symbols that occur in z by O(z); formally, O(z) = ({2 | & C
L,, = €X*}

Consider the right-linear grammar Go = (Vo, U, Py, Sp) where Vo — U = {X | X C
V}, So = {S}, and Py is defined by ’

PBo={X—7Y |z, yecV*: Olx)=X, Oly)=Y, ply;7(z)) >0} U

U{X -2 XCxL
Clearly, L(Gy) is regular, and it is a routine matter to verify that Sy =%, w with
w € U* if and only if Az € * : p(z;w(9)) > 0. =

Next we show that the number of fuzzy K-substitutions in a I'-controlled K-
iteration grammar can be reduced to two in case the parameters I' and K satisfy
some very simple conditions as in the corresponding crisp case; cf. [1].

Theorem 5.4. Let T' be a family of ecrisp languages closed under A-free homo-
morphism, and let K be a family of fuzzy languages with K 2 SYMBOL. Then
H(U,K) = H; (T, K) = Hs(T', K) for cach m > 2.

Proof. Of course, Hy (T, K) C Hym(T', K) C Hg(T, K) holds for each m > 2. So
it remains to prove that Hy(T, K) C H;»(T, K).
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Let (G, M) = (V,%,U, S, M) be a fuzzy (I', K)-iteration grammar with m (m > 3)
fuzzy K-substitutions in U —say, U = {7y,...,7m}—and let foreach i (1 <i < m) ¢,
be the isomorphism defined by ;(a) = «; (e in V; each «; is a new, unique symbol).

Construct the fuzzy (T, K)-iteration grammar (Go, Mo) = (Vo, B, Us, S, My) with
o Vo=VU{F}U{(a)|aeV, 1<i<m},

o Uy = {01,0,} where the fuzzy K-substitutions oy and oy are defined respectively

by
@) ={ml,  plesor(e) =1, ainV,
o1(ey) = {oip }, ey o1(as)) =1, ainVand 1 <i<m,
o1(8) = {F}, p(F;01(8)) =1, Bin {F}U {¢n(e)| a eV},
oa(ei) = 7)), oinVand 1 <i<m,
o2(B) = {F}, p(F;028)) =1, Bin VU{F}.

o M, = h(M) where the homomorphism A : U* — Ug is defined by (%) = oio,
(1<i<m).

An application of 7; of (G, M) is simulated by ¢ times applying o1 (by which
each « is changed into ¢;) and a single application of o which carries out the actual
simulation of 7; and removes all subscripts from the symbols.

It is left to the reader to show that u{z; L(Go, Mo)) = p(z; L(G, M)) for each =z
over . Hence Hy(I', K) C H;»(T', K). O

Obviously, we can combine Theorems 5.1 and 5.4 to establish a similar result for
the uncontrolled case. However, we can achieve this under weaker assumptions on K
by slightly modifying the proof of Theorem 5.4.

Corollary 5.5. If K is a family of fuzzy languages with K O SYMBOL, then
His(K) = Hfm(K) = Hy(K) for each m > 2.

Proof. Take M and M, in the proof of Theorem 5.4 equal to M = U* and
My = Uy = {01,02}*, respectively. Then for each z in ¥*, u(z; L(Gy)) = p(z; L(G))
holds and, consequently, H¢(K) C Hn(K) C Hs2(K). The converse inclusions are
trivial. 0

We conclude this section with a few useful inclusion properties for which we need
some additional terminology.

Definition 5.6. A family I' of crisp languages is closed under left marking [right
marking] if for each language L in T with L C X* for some X, and for each symbol ¢
not in ¥, the language {c}L [L{c}, respectively] belongs to I'. And T is closed under
full marking if T is closed under both left and right marking. Frequently, we write cL
and Le rather than {c}L and L{c}, respectively.

Proposition 5.7. (1) Let T be a family of crisp languages closed under right
marking, and let K be a family of fuzzy languages with K O ONE. Then the inclusions
I'C Hy(I,K) and K C H;(T',K) hold.

(2) LetT be a family of crisp languages closed under (i) left or right marking, (i)
union or concatenation, and (i) Kleene star. If K is a family of fuzzy languages with
K 2 SYMBOL, then H;(K) € H;(T, K).

Proof. (1) Counsider an arbitrary crisp language Lq over U in the family . Define
the fuzzy (T, K)-iteration grammar (G, M) = (V,Uo,U, S, M) with U = Uy U {0},
M = Lgo, and U consists of fuzzy K-substitutions defined by
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7(8) = {rS}, T e Uy,

() = {a}, a € Uy, 7 € Uy,
o(8) ={A},

o(a) = {a}, a e Up.

All degrees of membership are equal to 1 (or to 0 in all other, unmentioned cases).
So (G, M) is actually a crisp (I, K)-iteration grammar with L(G, M) = Lg. Conse-
quently, we have I' C H;(I', K).

Similarly, let Ly be a fuzzy language over ¥ and let My be an arbitrary nonempty
crisp language over Up. We define the fuzzy (I, K)-iteration grammar (G, M) =
(V,5,U,S, M) where V. =2U{S}, U =UpU{o} (c ¢ Up), M = Myo, and the fuzzy
K -substitutions are defined by

() = {a}, wlesT(a)) =1, a€V,rel,
a(S) = Lo, wlz; 0(S)) = p(z; Lo), for all z over X,
o(e) = {a}, wa;o(a)) =1, a €.

Then p(z; L(G, M)) = u(z; Lo) for all ¢ over E, and thus K C H;(T, K).

(2) Let G = (V,%,U,S) be an arbitrary fuzzy K-iteration grammar with U =
{71,...,7} and let My be a nonempty crisp language over Up from T such that
UNU, = @. If the family I is closed under union [concatenation], then the crisp
langnage M = (Mo U Moy U ... U Mor,)* for M = ((Mory)*(Moma)* ... (Mo7a)*),
respectively] is also in T'.

Finally, we define the fuzzy (I, K)-iteration grammar (Gy, M) by (G, M) =
(V,Z,U1, S, M) with U1 = UUU; and for each 7 in Up and for each o in V, 7(a) = {a}
with p(e;7(a)) = 1. Then p(z; L(G1, M)) = p(z; L(Q)) for each z over ¥ and, con-
sequently, H;(K) C H¢(T, K). O

6. The Main Results

In Section 1 we argued that in order to model developmental errors we should
allow a countable rather than a finite number of productions in each table (or substi-
tution). This resulted in the notion of I'-controlled fuzzy K-iteration grammar and
the corresponding language family Hy(T', K).

In this section we address the question to which extend we can enlarge the family X
of fuzzy languages and still remain within the family H;(T', K). The answer {Theorem
6.1 and Corollaries 6.2, 6.3 and 6.4)) is rather surprising and implies that both families
H(T,K) and H;{K) possess very strong closure properties; this latter subject will
be discussed in Section 7.

For families T'; and Ty of crisp languages, Sib(T'1,T;) denotes the family of
crisp languages that results from substituting I'>-languages into I'i-languages, i.e.,
Sb(T1,T2) = {r(L) | L € T'1, 7 is a T'y-substitution}. A family I'is closed under sub-
stitution if SGb(T,T') C T'. Of course, these concepts are well-known special instances
of Definition 3.3.

Theorem 6.1. Let Ty and Ty be families of crisp languages and let T's be closed
under full marking, union or concatenation, and Kleene x. If K is a family of fuzzy

languages with K O ALPHA, then Hy(T'1, H; (T2, K)) C Hy(Stb(T1,T2), K).
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Proof. Consider an arbitrary T'j-controlled fuzzy H;(T'z, K)-iteration grammar
(G, M) = (V,£,U, S, M), where each 7 in U is a fuzzy Hy(I', K)-substitution over V.
For each such fuzzy H¢(I';, K)-substitution 7 in U and each symbol o in V', we assume
that u(z;7(e)) = p(z; L(Gre, M:o)) holds for each z over V. Here (Gra, M;o) =
(Vie, V; Uray Syas Mro) (7 € U and o € V) are fuzzy (T'y, K)-iteration grammars that
have mutually disjoint nonterminal alphabets V,, — V as well as mutually disjoint
sets of fuzzy K-substitution names U,,.

We also assume that the fuzzy (T, K)-iteration grammars (G4, M;o) meet the
following conditions: (i) for each @ in V and each ¢ in U.a: o(a) = {a} with
pla;o(a)) = 1, and (ii) if an intermediate string w in a derivation due to (G4, M.4)
contains a symbol of V, then for each ¢ in U,s: o(w) = {w}, while for all u over
U, and each w over V,,, we have p{w;ou(w)) = p(w;u(w)). Otherwise, we intro-
duce for each @ in V a new nonterminal symbol A, and we replace each occurrence
of a in (Gra, Mre) by As. Each fuzzy substitution is extended with o(8) = {8},
u(B;0(8)) = 1 with B € V U {Fo}, where Fj is a new rejection symbol. Finally, we
add a new fuzzy substitution ¢ defined by

w(Ag) = {a}, pla;p(Al)) =1, for each a in V,
o(a) = {a}, pla;p(a)) =1, for each @ in V U {Fp},
(P(,B) = {FO}a M(Fa;‘P(ﬂ)) =1, for each fin Voo -V,

and we replace the control language M., by M, ..

In order to show that the fuzzy language L(G,M) belongs to the fam-
ily H;(Stb(Ty,Ty), K), we construct a fuzzy (Stb(I',I';), K)-iteration grammar
(Go, Mo) = (Vo,Z,Uo, S, Mo) such that u(z; L(Go, Mo)) = p(x; L(G, M)) holds for
each z in ¥*. The definition of (G, Mp) is as follows.

o Vo = U, u(Vra U{S;,}) U {F} where F' is a rejection symbol and each 57, is
a new nonterminal symbol associated with S,,. Remark that S € V, and since
V C Voo C Vg, we have S € Vj.

[ Uo = {0’0} U {0'7- I T E U} U {U;ak I Orak € U‘ra}-

o The fuzzy K-substitutions in Uy are defined in the following way:

(a) For the initial fuzzy K-substitution oy we have with degree of membership equal
to 1 in all the following instances:

o) = {8l |r€U},  aceV,
oo(a) = {F}, ag¢gV.
(b) For each 7 in U the fuzzy K-substitution o, is defined by
o(S1) = (Sl Sra)s  @EV,
o.(a) = {a}, acV,
orfa) = {F), a g VU{SL,),

where all degrees of membership are again equal to 1.
(¢) For each fuzzy K-substitution o,q from U,, we define a corresponding fuzzy
K-substitution ¢!, by

Tk

O"Irak(ﬂ) = a’i’ak(ﬂ)7 ﬂ S ‘/;'Q,
aroklSrg) = {515} 1(S; 5 07an(Sr6)) = 1, Bev,
or.i(B8) = {F}, p(F;o(B8)) =1, otherwise.
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e The control language Mo is defined by My = (M) where « is the I's-substitution
defined by

y(r) = M-, Tel,
where the languages M, with 7 € U satisfy —assuming V = {e,...,an}—

M. = oo(o; Mo, U...Uo, My, )%, if I'y is closed under union, and

M, =oco(0: Mg, ...0- M0, )", if T'y is closed under concatenation.

Clearly, each language M, (v € U) belongs to the family Ts.

Each step in any derivation according to the I'y-controlled fuzzy (T, K)-iteration
grammar {(, M) is simulated by a finite number of derivational steps of the fuzzy
(Stib(I'1, '), K )-iteration grammar (Go, M) in the following way.

For each intermediate string in a derivation of (G, M) there is an identical string
over V in the simulation by (Go, My). However, going from such a string to the
next one over V' ——i.e., the actual simulation of the application of a fuzzy (I'y, K)-
substitution 7 from U in a (G, M)-derivation— takes a finite number of steps con-
trolled by the language M. So the simulation of a single step according to 7 by M,
proceeds as follows. First, all symbols o from V are converted into S!, by a single
application of ao. Next an application of o, checks whether all first indices of these
primed initial symbols are indeed equal to 7, otherwise at least one occurrence of
the rejection symbol F is introduced. Simultaneously, some of the occurrences of the
primed initial symbols 5!, may be changed into their unprimed counterparts 5.
And symbols from | J, ; Vs — V are rewritten into the rejection symbol F. Obvi-
ously, the unprimed symbols S;, start an actual derivation according to (Gra, Myo),
i.e., according to the fuzzy K-substitutions o], due to the control language M.
Clearly, the definitions of M, and of o, allow different occurrences of S, be rewritten
under different control words from M,,. Finally, after the simulation of a T-step only
occurrences of symbols from V will survive the simulation of a subsequent 7/-step and
contribute to the derivation of a possible terminal substring in the end.

By a long, straightforward correctness proof —which we leave to the in-
terested reader— one can establish that for each string z over %L, we have
p(z; L(Go, Mo)) = u(z; L(G, M)), and, consequently, we have established the inclu-
sion Hs(T'1, Hy (T3, K)) C Hs(Sab(Ty,Ty), K). O

Corollary 6.2. (1) LetT be a family of crisp languages closed under full marking
and under substitution that satisfies I' O REG. If K is a family of fuzzy languages
with K 2 ALPHA U ONE, then H;(T, H;(T', K)) = H{{T', K).

(2) Let T be a family of crisp languages that is closed under full marking, union,
concatenation, and Kleene x. If K is a family of fuzzy languages with K O ALPHAU
ONE, then H;(H;(T,K)) = H(T, K).

Proof. (1) follows from Theorem 6.1 in which we take Iy = I'; = I', Proposition
5.7.(1), and the fact that a family of crisp languages is closed under union, concate-
nation, and Kleene * if and only if it is closed under substitution into the regular
languages (Proposition 3.3.1 in [9]).

(2) is implied by (i) Theorem 6.1 (where we take I'; and I'; equal to REG and
T, respectively), (ii) Theorem 5.1, (iii) Proposition 3.3.1 in [9] (as in the proof of
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6.2.(1)), and finally (iv) the inclusion Hy(T,K) C Hs(H;(I', K)) due to Proposition
5.7(1). D

Corollary 6.3. If K is a family of fuzzy languages with K O ALPHA U ONE,
then Hy(Hs(K)) = Hy(K).

Proof. If we take I' equal to REG, then the result follows from Theorem 5.1 and

Corollary 6.2.(2) immediately. O
Corollary 6.4. ETOL; = H;(ETOL;) = H;(H;(FIN;)) = H;(FINy).
Proof. Example 4.4 and Corollary 6.3 with K equal to FINy. O

This latter corollary shows that, in order to stay within the framework of ETOL -
languages (i.e., Hy(FIN;)-languages; cf. Example 4.4.), we have to restrict the infinite
fuzzy sets 7(a) consisting of developmental rules together with developmental errors
to ETOL;-languages as Hy(ETOL;) € ETOLy; cf. the discussion in Section 1. Of
course, a similar remark applies in the more general case (Corollary 6.3) but the ex-
tension from finite sets to countably infinite fuzzy sets is a more striking phenomenon.

7. Closure Properties

We already remarked that Theorem 6.1 and its corollaries imply that the families
H;(T,K) and H{(K) of fuzzy languages possess very strong closure properties under
minor assumptions and the families I' and K. In this section we first consider some
simple closure properties (Lemmas 7.1 and 7.2) before we consider the more important
ones (Theorem 7.5) due to our results from Section 6.

Lemma 7.1. Let K be a family of fuzzy languages with K 2 FINy, and let T
be a family of crisp languages closed under right marking. Then the families of fuzzy
languages Hy(K) and H¢(T',K) are closed under fuzzy finite substitution.

Proof. Let G = (V,X,U, S) be a fuzzy K-iteration grammar and let ¢ : ¥ — A* be
a fuzzy finite substitution. Without loss of generality we assume that the alphabets
Y, and A are disjunct.

Consider the fuzzy K-iteration grammar Go = (Vp, A, Uy, S) where Vo =V U AU
{F},Up={7" | 7 € U} U {0’} with

o'(a) = o(), a €,
o'(a) = {F}, w(Fio'(a)) =1, a¢ X,
and for each 7 in U we define
() = 1), acv,
(a) = {F}, p(Fym'(@) =1, a€ AU{F}

Then for each string z over A, we have p(z; o(L(G))) = p(z; L(Go))-

In the I'-controlled case we depart from (G, M) and we construct (Go, Mp) with
Gy as above and My = ¢(M){c'} where ¢ is the isomorphism that maps each 7 on
Tl ]

Lemma 7.2. Let K be a fuzzy prequasoid, and let T be a family of crisp languages
closed under full marking. Then the familes of fuzzy languages Hy(K) and H;(T, K)
are closed under intersection with reqular fuzzy languages.
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Proof. Let G = (V,X,U, ) be a fuzzy K-iteration grammar, and let R be a regular
fuzzy language accepted by a nondeterministic fuzzy finite automaton (Q, £, §, g0, F');
cf. Proposition 3.9.

Consider the fuzzy K-iteration grammar Go = (Vo, %, Us, So) where ¥ = L U
{SU)F} U {[910)‘1,] ! (bql € Q} o e V}’ UO = {00701} U {TI ! TE U}r with

oo(So) = {90, 5,q) g€ F},  qE€F,
ooa) = {a}, a € Vo—{So},
o1(e) = {a}, a € AU {5, F};

the degrees of membership are equal to 1 for all these instances. But for
oilg, ) ={a|q €6(q,0)} U{F}, acV,qd€q,

we have p(e; 01(lg, @, ¢'1)) = #(q';6(g, @) and p(F;01([g, e, ¢]) = 1.

For each 7 in U, we define the fuzzy substitution 7’ over 15 by

TI([qa a, ql]) = {[qa ag, (11][‘117 Q3, q2] ce [qn—h Qn, q’] I G1s-+3qn—1 € Qa

ooy ..o €7(), n > 1YUE((1,0,9,¢), a€V, q,q¢€qQ,
with E((1,a,q,¢') = if A € 7(a) and ¢ = ¢’ then {)} else {F}. For the degrees of
membership we have
/‘L([Qaal, lh] e [‘In——l, Qp,y q’]; Tl([q’aa q/])) = :u(al oo On; T(a))a n 21,
£(X;7'([g,,¢7)) = if X € 7(a) and ¢ = ¢ then p(A;7(a)) else 0,
w(F; (g, 2, 41) = L.

Since K is a fuzzy prequasoid, it easy to show that each 7' is a fuzzy K-substitution
over V. The proof that for each string z over ¥, p(z; L(Go)) = p(z; L{G) N R) holds
is also left to the reader.

When G is provided with a crisp control language M from the family I', we con-
struct (Go, Mo) with My = {oo}p(M){0o1}, where ¢ is as in the proof of Lemma
7.1. 0

We now turn to more complicated closure properties for fuzzy languages.

Definition 7.3. A family K of fuzzy languages is closed under iterated fuzzy
substitution if for each fuzzy language L in K over some alphabet V (L C V*), and
each finite set U of fuzgy K-substitutions over V, the language U*(L) defined by

L) = Ul (n(1)..) | p20i mel, 1<i<p)

belongs to K.
A hyper-algebraically closed full Abstract Family of Fuzzy Languages, or full hyper-
AFFL for short, is a full AFFL closed under nested iterated fuzzy substitution.

For a fuzzy prequasoid closure under iterated fuzzy substitution implies closure
under many of the operations related to the notion of full AFFL; using Proposition
3.7, Definitions 7.3 and 3.6 it is straightforward to establish the following characteri-
zation.

Proposition 7.4. 4 family K of fuzzy languages is o full hyper-AFFL zf and only
if K is a fuzzy prequasoid and Hy(K) = K.
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Each full hyper-AFFL is a full super-AFFL (i.e., a full AFFL closed under iterated
nested fuzzy substitution; a substitution 7 is nested if o € 7(a) holds for each symbol
a.), and each full super AFFL is in its turn a full substitution-closed AFFL [5], but
none of the converse implications holds.

Now we are ready for the main results of this section.

Theorem 7.5. If K is a fuzzy prequasoid and if ' is a family of crisp languages
closed under full marking, union, concatenation, and Kleene %, then the family of
fuzzy languages H; (T, K) is a full hyper-AFFL.

Proof. By Lemmas 7.1 and 7.2 we obtain the fact that Hy(T, K) is a fuzzy pre-
quasoid. Then by Proposition 7.4 and Corollary 6.2.(2) the result follows. ad

Theorem 7.6. (1) If K is a fuzzy prequasoid, then H;(K) is a full hyper-AFFL.
(2) For each arbitrary family K of fuzzy languages, HfIl;(K) is the smallest full
hyper-AFFL that includes K.

(3) For each arbitrary family K of fuzzy languages, H;O;A;®;(K) is the smallest
full hyper-AFFL that includes K.

Proof. (1) The statement follows immediately from Lemmas 7.1 and 7.2 together
with Corollary 6.3.

(2) Let 7:{f(K ) be the smallest full hyper-AFFL that includes K. By the inclu-
sion K C Hy(K) and the monotonicity of both H; and IIf, we have H4(K) C
Hfo'):lf(K). According to Proposition 7.4 this yields HII;(K) C 'th(K). Now
Theorem 7.6.(1) implies that HII{(K) is a full hyper-AFFL that includes K. Hence
we obtain that H;(K) = H;II;(K).

(3) By Theorem 7.6.(2) and Proposition 3.5. 0

By Proposition 7.4 we have that a family of fuzzy languages K is a full hyper-
AFFL if and only if II;(K) = K and H;(K) = K. Consequently, the smallest full
hyper-AFFL 7:{f(K ), that includes a family K of fuzzy languages, equals ’Flf(K ) =
(H{w(K) | w e {Il;, H¢}*} or, written equivalently, Hy(K) = {II;, Hi }(K). Ac-
cording Theorem 7.6.(2) this infinite set of strings over the alphabet {II;, H;} can be
reduced to the single string H;Il;. Of course, a similar remark applies to Theorem
7.6.(3).

From the fact that FIN; is the smallest fuzzy prequasoid, Theorem 7.6.(1), Corol-
lary 6.4, Example 4.4, and the monotonicity of the operator H; we obtain

Corollary 7.7. ETOL; is the smallest full hyper-AFFL.

8. Concluding Remarks

In the previous sections we extended the concept of I'-controlled K-iteration gram-
mar from [1] to its fuzzy analogue in order to model the phenomenon of “developmen-
tal error”. Many of the results that we have established are straightforward generaliza-
tions of similar statements for the crisp case from [1], [24] once the language-theoretic
operations —like homomorphism, substitution and concatenation— are extended in
the right way for fuzzy languages; cf. Section 2. On the other hand non-fuzzy versions
of Theorem 6.1 and Corollary 6.2.(1) are proper generalizations of the main result in
[1] which is more or less equivalent to the crisp counterpart of Corollary 6.2.(2).
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Obviously, all our results apply to fuzzy ETOL languages as well; they are obtained
by taking the parameter family K of fuzzy languages equal to the family FIN; of finite
fuzzy languages. The precise formulation of these staterments for I'-controlled ETOL -
languages are left to the interested reader.

In the definition of fuzzy K-iteration grammar each element in U is an arbitrary
fuzzy K-substitution over V. Restricting each 7 in U to a nested fuzzy K-substitution
—i.e., p(oy7T(a)) = 1 for each a € V— results in the concept of fuzzy context-free
K-grammar; cf. [3], [4]. A further restriction to not-self-embedding nested fuzzy K-
substitutions yields the notion of fuzzy regular K-grammar; cf. [5]. Both types of
grammars have properties rather similar than those presented in this paper. Partic-
ularly with respect to closure properties there are many similarities and the question
arises whether a uniform approach as the one in [2] for crisp languages is also possible
for families of fuzzy languages. On the other hand there are some differences between
fuzzy regular or context-free K-grammars and fuzzy K-iteration grammars. E.g., for
fuzzy regular and fuzzy context-free K-grammars we can reduce the number of sub-
stitutions to 1 rather than to 2 (cf. Theorem 5.4), which implies that providing these
grammars with a control language is probably not very challenging.

Next we return to a few matters discussed in Section 1. First, we want to reconsider
the effect of developmental errors on the quality of the filament. In Section 1 we argued
that each developmental error should properly change this quality, and therefore the
underlying lattice-ordered structure £ should possess an infinite number of elements.
Clearly, the real closed interval [0, 1] —even restricted to its computable or rational
elements; cf. [8]— satisfies this condition, which is one reason for its popularity. But
other instances of £ may be useful too. E.g. in case we want to count symbols,
i.e. to count cell states in filaments, the elements of £ may be Parikh-vectors with
0 =10,0,...,0], and 1 = [00,00,...,00] as smallest and largest element in £. Note
that £ has countably infinite elements too in this example.

Two examples of biologically motivated control languages have been mentioned in
Section 1: the sequence of days and nights, and the sequence of seasons. Both sets of
sequences are regular languages. So the obvious question is: are there any non-regular
events in biology/nature? Other sets of sequences —like the proper order of the days
in a week, of the months in a year— are unsuitable candidates: apart from being
regular sets, they are also human artifacts rather than natural or biological events.
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Abstract. In this paper we explore forms of organization of rewriting sys-
tems which allow the systematic modelling of systems for human-computer
interaction and the control of their dynamics. To this end we exploit tools
from formal languages, adopting forms of parallel rewriting from L-systems
tradition. Based on this formalisation, a notion of controlled rewriting is
proposed where information about how to rewrite strings is embedded
into the strings themselves or in properties of symbols. The main contri-
bution of the paper is the introduction of a variety of families of L-systems
with new control mechanisms in their rewriting relations. Hierarchies in
the families are discussed and some relations among them presented. We
also start the exploration of the closure properties of these language fam-
ilies. Finally, we discuss some relations among the proposed families of
L-systems and families of grammar systems.

0. Introduction

The theory of grammar systems has been mainly originated by attempts to for-
malise within the theory of formal languages control mechanisms developed in the
distributed/decentralised artificial intelligence and multi-agent systems fields (for a
foundation, see [6]; for a survey of applications, see [18]).

Different types of grammar systems have been proposed, in particular cooperating
distributed (CD) grammars were aimed at modelling the behaviour of a blackboard
system, by having several grammars taking turns to rewrite a single string [5]. Forms
of parallelism in the development of the activity of agents, in particular having agents
which operate independently and report to a master, motivated Parallel Communi-
cating Grammar Systems (PCGS) [29]. Different models of communication were also
studied, based on communication upon request or upon command [10]. Research in
artificial life led to the development of systems based on parallel rewriting, in par-
ticular combining the evolution of individual agents with their action on a common
environment [9)].



72

Starting from the basic models, several variants were considered to model specific
forms of cooperation and of synchronisation among the action of the independent
grammars in the system. For instance, partial or linear orders can be defined on the
set of grammars forming a CD system [6], [24]; forms of synchronisation in the choice
of rules can be imposed on CD systems in the form of teams [20}, or on PCGS [27].

In this paper we explore forms of organisation of rewriting systems which allow
the systematic modelling of systems for human-computer interaction and the control
of their dynamics. To this end we exploit tools from formal languages, adopting forms
of parallel rewriting from the L-system tradition. In particular, we will account for
the simultaneous evolution of several strings, without necessarily having a notion of
master string; we will adopt forms of parallel rewriting from the theory of L-systems
and, again in the L-system tradition, we will drop the distinction between terminal
and non terminal alphabets and will consider the possibility of having several strings
as-initial axioms [14]. Furthermore, we enrich symbols with properties, in the line of
the use of attributed grammars as specification tools [17], [25]. In this way we gain
in expressivity, as well as in generative power, with respect to traditional L-systems.

The evolution of an interactive system is modelled by considering the state of
the different components of the system, as it evolves under commands issued by a
user. We do not enter into details of implementation, but we propose to consider
the components as individual agents in a population whose behaviour is controlled by
mechanisms of constraints and synchronisation on their dynamics. These constraints
can be at different levels: hierarchical, mutual, physical. From an abstract point
of view, these constraints are modelled by mechanisms of stratification, grouping,
fragmentation. A special case of stratification is defined by observation morphisms
which produce the representation to a user of the state of a population of agents.

Based on this formalisation, a notion of controlled rewriting is proposed, different
from those studied in classical formal language theory and based on some specific or-
ganisation and refinements of the sets of rules [11]. In the proposed approach, instead,
information about how to rewrite strings is embedded into the strings themselves or
in properties of symbols.

The main contribution of the paper is the introduction of a variety of families
of L-systems with new control mechanisms in their rewriting relations. Hierarchies
in the families are discussed and some relations among them presented. We also
start the exploration of the closure properties of these languages. Finally, we discuss
some relations among the proposed families of L-systems and families of grammar sys-
tems.

Paper organization. First, we present a scenario from a realistic case in the
development of interactive systems for scientific purposes. Then we formalise the
notions introduced in the scenario in terms of systems of L-systems. In Section 3 we
give details on the mechanisms of regulation in rewriting and in Section 4 we compare
them with notions from grammar systems theory. Finally, the conclusions draw some
lines for further research.

1. Scenario

In this Section we illustrate by an example how mechanisms which control the
interleaving and synchronisation of several rewriting systems model the definition
and use of a human-computer interactive environment.
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Some preliminary definitions are needed. An émage is a 2-D string. A tile is a 2-D
substring of an image. Hence, an image is seen as the composition of one or more
tiles of different size. A tile language is a set of images built from the juxtaposition
of tiles.

Tile languages have been formally introduced and studied as an extension of formal
language theory to the two-dimensional case. In particular, the problem of recognising
picture languages by finite state mechanisms has been studied [12], [15]. Here, we are
only interested in the use of tile languages as a tool for layout definition, rather than
in studying their properties in the usual terms of formal language theory.

The scenario: a scientist prepares his/her electronic document for programming
the simulation of a galaxy evolution, studying the galaxy behaviour and documenting
both the programming and the simulation activity.

To this end s/he uses a system of L-systems, presented in Appendix 1: one, the
Screen Tile Language (STL}, to define the organisation of the interface; the others to
describe the set of data which must be displayed by the interface at any instant. Hence,
the string describing the interactive system is organised into two strate: the first
describing the organisation of the interface layout; the second describing the different
sets of data. In turn, each stratum is organised into fragments. Each fragment in the
first stratum is a tile defining a different part of the interface; each fragment in the
second stratum defines a different set of data.

In practice, the scientist first specifies the layout of the electronic document as
a sentence in STL, defined by the L-system reported in Appendix 1A. S/he decides
to work with two windows, each one showing a different plausible evolution of the
galaxy under study. Then s/he starts the processes of naming the two windows
and simulating the galaxy evolution (L-system of Appendix 1B). To this end, s/he
initialises each fragment in the second stratum with the appropriate axiom, thus
also determining the rules used in the subsequent rewriting process. The decision of
which L-system to use in each fragment is non-deterministic and depends on scientist
interaction.

This process is exemplified in Appendix 2, showing the derivation up to the third
step of galaxy evolution. A function mat materialises the description as an image on
the screen [2]. Figure Al schematises the images which appear on the screen after
each derivation step.

The use of systems of L-systems also opens the possibility of describing how the
interface can be adapted to user needs during the simulation, without losing the results
already obtained. Suppose that during the simulation the scientist realises that the
document clarity can be improved by adding a new window which represents the
galaxy by a different convention and grouping the two windows so that when scrolling
one of the two, the other is similarly scrolled. In this way corresponding pixels in the
two images represent the same element of the galaxy. In this case, s/he suspends the
simulation, goes back to the use of the tile language, adapts the electronic document
and restarts his/her work without losing the previously obtained results. The same
applies if the user has only modified the size or some other property of a window.
This is possible because when several strata are used, rules for each stratum evolution
are applied in an interleaved way. The stratified organisation is left untouched. New
fragments have been generated at the first stratum to accommodate the new window
and its title. A new fragment has been generated at the second stratum, which defines
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the content of the new window. Due to lack of space, the Appendix does not report
the rules to manage these situations, discussed in [4].

The L-Systems of Appendix 1 are not deterministic both at syntactic and semantic
level, as shown for example by the splitting rules. The syntax specifies that a tile can
be split in two horizontal or vertical subtiles. The semantics indicate that the type of
a tile is associated with a specific subset of types and not only one. Again, this form
of non-determinism is resolved in interactive systems by an interaction with the user.

The description of the whole interactive environment as a system of L-systems
drives its implementation as a Cooperative Visual Environment, [1].

2. Systems of L-Systems

In the next Section we explore several augmentations on the classical structure of
OL-systems. In particular, we consider families of rewriting systems that model the
evolution of populations of agents under the influence of the environment. Each agent
is modelled through a symbol from a finite alphabet.

This marks a difference with the classical approach of grammar systems, where
each individual agent is modelled by associating it with a grammar. In grammar
systems, the agents operate on a common support (case of CD), or provide information
to a master (case of PCGS). We give a first extension to the classical theory of
formal languages and L-system, by augmenting symbols with attributes. Moreover,
we consider four basic extensions. First, we use attributes to assign properties to
symbols and to condition their evolution on the values of these attributes. This models
the independent evolution of agents. It is observed that this allows the generation of
a richer family of languages than in classical 0L systems [14]. Second, we consider
the possibility of coordinating the evolution of several strings on different alphabets
in which symbols are subject to different sets of rules. This models the possibility
of considering the evolution of a system under different levels of detail and allows
the introduction of a notion of observation. Third, we consider the evolution of a
single string where a fragment structure is imposed on the string and different sets
of rules are used in different fragments. This models the effect of the environment
on the independent evolution of individual agents. Finally, the evolution of a string
is studied when constraints are imposed on the simultaneous application of rules to
different symbols. This models forms of cooperation or competition in the evolution
of populations of agents.

We assume that the reader is familiar with the theory of formal languages and we
just give some basic definitions.

A OL-system is a construct 0L = (T, Az, P,==), where T is a finite alphabet of
symbols, Az is a finite collection of strings on T, i.e. Az C T, Pis a finite collection
of rules of the form z — w, with z € T and w € T*. The constraint holds that
Vz € T,3(z — w) € P for some w. The rewriting relation =C T~ x T™ holds
between two strings z and z such that z can be obtained from « by simultaneously
substituting all symbols in z as allowed by the given rules, ie. ¢ = z iff z =
@1yen.y8n, 2= P1,..., B0 and a; — f; € P for each a;. The language generated by a
0L system is the set L = {z | Jy € Az,y =" z}.

In the above formulation the axioms belong to the generated language, in the fol-
lowing we will adopt the same conventions as above to define the generated languages
for any type of system.
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0L-systems with attributes are defined following the tradition of associating seman-
tics with syntax, introduced by Knuth [21]. An attributed OL-system is a construct
a0L = (T, Az, P, At,D,®,=>), where T and P are as above, At = {ey,...,04} is
a finite set of attributes, D = {D;,..., D¢} is a finite set of domains, one for each
element of At, ® a set of functions of the form f: Dy, x ... x D;, — D;, . With each
symbol z € T a finite set of attributes At(z) C At is associated. We will indicate the
attribute o of the symbol z with z.a. Az is a set of strings on T with an initial assign-
ment of properties to attributes of symbols in the string. With each rule z — w € P,
a finite set of functions r, C @ is associated (called semantic rule) which computes
the values of the attributes of the elements in w based on the values of the attributes
of . The rewriting relation is augmented with the prescription that the application
of a rule is always followed by the evaluation of the associated semantic rule. The
language defined by an attributed OL-system is the set of strings on the alphabet T
derived from an axiom (i.e. in the definition of the language the value of attributes is
not accounted for). In the following we omit the 0 from the definition of L-systems.
In any case the treatment will be restricted to the OL case.

3. Control Mechanisms for Rewriting

In this Section we describe control mechanisms that generalise those introduced
in the Appendices.

3.1, Conditioning

The use of attributes can affect the definition of the generated language, if the
rewriting relation is extended so that the application of a rule is guarded by the
satisfaction of a condition. This allows context to be taken into account on a context-
free structure of rules. As an example, most of the rules presented in Appendix 1 are
conditioned.

An attributed L-system with conditions is a construct cal = (T, Az, P, At, D,
®, I',—) where T, Az, At, P, D, and ®, are as in the definition of aL systems.
T is a set of predicates, comprising the constant predicates frue and false. Vp €
Py € T,y : Dy x ... x D;, — {true, false}. « is called the condition of the
rule. The relation = specifies that rules in P are applied in parallel and that a
rule is applied only if the associated condition is satisfied. Formally, =C T* x T*
holds between two strings z and z (z = 2) iff z = a1,...,an, 2 = B1,..., Bn,
and, for each a;: 1) 3(a; — Bi) € P, 2) the condition associated with this rule is
v:D; x...x D;, — {true, false}, 3) the set of attributes of a; includes the subset
{aty, ..., 0}, and 4) y(a;.0iy, . . . a;.;,) = true. The semantic rule is then evaluated
to assign values to each symbol in each ;. In the following we will adopt a notation for
conditional attributed rules which synthesises their syntactic, semantic and condition
components. In particular, a rule

a— 1. Ty (@.Qpyy ey G.0,)

zi.01, = flaas,,...,a0.0,);. . i Tn.ax, = flaas,,...,¢.0a;,,)
is written

(a,a.an,...,¢.an,) = (X1,00,,...,01,) ... (Xm, Qmys - - - Om, ),

where {ap,,...,on} = {0, .. a0} U, U;=1{as.~]}-
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The rules in the Appendix are instead written in the first form.

Claim 3.1.1. The L-system cal = ({a,b,c}, Az, P,{gen},N,®,I', =), with
Az = {(a,0)(b,0)(c,0)} and P = {(a,0) — (a,1)(a,0), (b,0) — (b,1)(b,0), (¢,0) —
(c,1)(¢,0), (a,1) — (a,1), (b,1) — (b,1), (c,1) — (c,1)} generates the language
{a"b"c" | n > 1}.

Here, the synchronisation of string evolution is achieved by having in the string,
at each step, only one instance, for each type of symbol, which is able to reproduce.

This models systems where individual agents have a limited capacity of reproduc-
tion. Different capacities can generate languages {a™b"c** | n > 1}, with k any
number. In this model agents never disappear. More sophisticated behaviours can be
obtained with agents with limited resources, modelled by letting symbols disappear
when properties reach a certain value.

3.2. Stratification

In a string-stratified rewriting system several strings evolve together with mutual
constraints on their evolution. This concept is the counterpart in terms of strings
of the notion of stratified grammar systems, where sets of rules are ordered and the
derivation of a single string occurs starting with the application of rules in the first
set and ends with the application of rules in the last set, respecting the ordering of
the sets [8]. Here, each generation step involves the evolution of all the strata, in a
prescribed way. As an example, process generating rules in Appendix 1A are used to
start a new process in a different stratum.

A string-stratified (from here on simply stratified) L-system is a construct
sL = ((Ty, Az, HP,VPi,=>1,01), ..., (Tn, Ay, HP,, VP, =, {1,,)), where, for
i =1,...,n,T; is an alphabet, Az; is a set of axioms, HP,; is a collection of intra-
stratum (horizontal} rules, V'P; is a collection of inter-stratum (vertical) rules, from
symbols in the alphabet 7; into strings in the alphabets T;_; or T;y1, =>; and |, are
the horizontal and vertical direct generation relation for the i-th stratum respectively.
Conditions, if any, can regard symbols in the same stratum or in adjacent strata (the
lower and the upper one).

The case in which no attributes (and a fortiori no conditions) are considered and
only two strata are present reduces to the case of 0L-systems with coding [29].

Each stratum is equipped with a direct generation relation for the intra-stratum
rules. For each stratum a metarule specifies when to apply the inter-stratum rules.
Intra-stratum rules are applied in parallel and each stratum is rewritten when no gen-
eration can be performed in any other stratum. Two basic definitions can be adopted
for the generated language: either consider the language formed by the vector of the
strings, or consider the language of the strings at some designated level. Languages
formed by specific configuration of strings can be defined. Moreover, languages of
strings of one level can be defined using strings of other levels as control words.

A stratification mechanism allows the formalisation of observation as a mapping
from a stratum to the lower one. An observational stratified L-system osL is a stratified
system with the limitation that no condition is admissible from a lower stratum to an
upper one.

In an osL-system the relation {; is such that the string at the first level is not
modified (except possibly for the modification of attributes) by the application of
inter-strata rules. This reflects an assumption of non-destructive observation.

For the other levels, instead, observation is destructive, so that each symbol in the
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stratum above is deleted when a vertical rule is applied. (Indeed, strings in strata
different from the first are valid only until a new observation is performed, while the
first stratum provides the dynamics of the observed phenomenon). For reasons of
homogeneity, the existence of vertical rules z | z for each z is assumed for the string
at the lowest level in the observation hierarchy.

As an example, consider the following conditional attributed observational strat-
ified system on the one-letter alphabet T' = {a} and using the single attribute gen
with domain the set of natural numbers.

I  intra-stratum rules: {(a,0) — (a,0)(a,3),(a,n) — (a,n + 2); with n #£ 0},

inter-strata rules:  {(a,n) | (a,n)},
IT  intra-stratum rules: {(a,0) — (a,0);(a,n) — (a,n — 1)}, with n # 0,
inter-strata rules:  {(a,0) | a},

III intra-stratum rules: {a — a}.

The rewriting relation prescribes that rules from the first to the second stratum
be applied after each step; rules from the second to the third stratum are applied
when no more rules (different from identity) are applicable at the second stratum.
This generates the language {a"2 | n > 1}, which is an EDTOL language. The control
mechanism here introduced is similar to the +-mode of derivation in the formalism of
grammar systems, in which a grammar continues to apply rules as long as it can do
so [6]. The difference lies in the fact that we are dealing with parallel rewriting and
we consider to have identity rules always available.

3.3. Fragmentation

An n-fragmented string on an alphabet T'is a string a;# . .. # o, #, where o; € T*
for ¢ = 1,...,n and # is a separator symbol not in T. As an example, process
generating rules in Appendix 1A create fragments in the lower stratum which are
initialised with different axioms.

3.3.1. Fized number of fragments

An n-fragmented L-system is a construct fL, = (T U {#}, Az, P, s, =), where
T is a set of symbols, TN {#} = @, Ax = Az, # ... Az, # and each Az; is a finite
set of strings from T*, P = {P, P,,...,P,} is a collection of sets of rules, with
P, CTxT* and p: {1,...,n} — P is a function associating a set of rules from
P with each fragment. Symbols in the same fragment are rewritten only by rules in
the same set (in the original formulation by Mayoh [22], y is implicitly assumed as
p:Nx{1,...,n} — P, letting the association vary at each step of derivation). n is
called the degree of frgmentation of fL.,.

The direct generation relation is defined as follows: z == y iff ¢z =
arttont . Hoandty = biFtbedt . #Bu# and for i = 1,...,n,06 =, Bi. As
usual, the language generated by a rewriting system with fragments is the set of
strings obtained by hiding the symbols #. This can be formulated in the context of
observational stratified systems, by considering the interstrata rules z | z,Vz € T
and # | X. As an example, consider the system fL = ({a,#}, {a#a#}, {{a — aa},
{a — a}}, p,=), where p is defined by the pairs (1, P1), (2, P»). This generates the
language {a'*?" | n > 1}, which is not a 0L language.

3.3.2. Migration

Let us consider the case in which symbols are allowed to migrate from one fragment
to another. Migration is modelled as the disappearing of one symbol in a fragment and
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its reappearing in another. We assume that only one symbol per fragment can migrate
at a time, namely the one adjoining to a separator symbol. To restrict migration to
such a symbol, we must enrich the 0L scheme with special rules for migration.

A fragmented L-system with migration is a construct mfL = (T U {#}, Az,
P p, M,=—>), where T, P, Az and p are the same as for fL-systems, and M is a
set of migration rules. Let Thy C T be the set of symbols which are allowed to mi-
grate, M C Tu{#} x {#}Tm. PEach rule in M has the form z# — #z, for any
z € Ty. In the following we consider Tpy = T'.

The rewriting relation = is defined as follows. Let =>p denote the rewriting
relation of fragmented L systems as discussed above, with application of rules only
from P. Let =) be defined as follows: z =) v if 2 = a2z Fanzaft ... #Ha,F#,
Y = cn#Ba# ... #Bu#, and f; = ziq0; if (2 — #2:), (ziaFt — #2i01) € M, and
a; € T*,z; € T,for i = 1,...,n. Here we consider the deterministic case in which a
migration rule is forced to occur for all fragments. Then 2 = y iff a string z exists
such that £ =>p z and z =>3s y. In other words, a rewriting step is composed of
an evolution step and a migration step. The language generated by an L-system with
migration is therefore the set of strings generated after a migration step.

Two variants can be considered as regards migration from the last fragment. In
the mode described above, called blocking and denoted by b, no migration is possible
from the last fragment. Otherwise, in the leaping mode, denoted by /, migration from
the last fragment results into the deletion of the migrating symbol. In the following
we consider only the Fmode.

Let L(fL) be a language generated by a fragmented L-system fL. It can be

expressed as L(fL) = {2, Li, where each L; is the set of strings which can be
generated in i steps from an initial string. The language L' = L(mfL) gener-

ated by the system mfL, obtained by adding migration to fL, is defined as follows:
L(mfL) =2, L}, where L = {0 | I = a103... 0, € Lj and 0 = 1 3. .. By, with
each B; = zoh(z1)... R z;_1)Pref(s,a;)} and h*(z) indicates one of the possible
strings generated in k steps starting with a symbol z. Each z; indicates the symbol
which is migrated to a fragment k steps before. In particular zo = last(e;_;) and
Tp = last(oz?__llc ) where a?:lk indicates the state of fragment o;_; at the derivation
step n — k.

Claim 3.3.2.1. The 3-fragmented L-system with migration on a one-letter alpha-
bet me = <{av #}7{a#a#a#}7{{a’ - aa}v {a — aaa}} {(17P1)7 (2’ P2)7 (37P1)}v
{a# — #a}, =>) generates the language {a®"a”"*! | n > 1}. This language is ob-
tainable by a 3-fragmented one-letter OL-system (without migration) only if one of
the fragments has only the trivial rule @ — a. It is not obtainable from a one-letter
OL-system.

Consider now the case in which g is defined by the pairs (1, ), (2, P2), (3, Py).
The resulting language is {a*™a%"a™ | n > 1}, where g(n) is defined recursively as
follows: g(0) = 1,g(n) = (3xg(n—1))—1, and h(n) is h(0) = 1, h(n) = 1+2xh(n—1).

This is not obtainable by any OL-system without migration. Actually, for one-
letter alphabets, the case with migration reduces to the case without migration if and
only if the first and last fragment are rewritten by the same set of rules. Indeed, for
all other fragments the incoming symbol compensates the outgoing symbol, while the
first is not compensated by anyone and the last fragment only receives contributions
from the fragment before.



79

3.3.8. Dynamic generation of fragments

Let us now consider the case in which fragments can be generated dynamically,
through rules of the type # — #7. These rules, called fragmentation rules, are
typically conditioned, but this is not relevant to the present discussion. We assume
that for each new fragment the association with a set of rules is the same as for
the originating fragment. Hence an L-system with fragment generation is a construct
gfL = (TU{#}, Az, P, i, F, =), where T, P, Az and p are the same as for fL systems,
and Fis a set of fragmentation rules, including the identity rule for fragments.

Two variants can be considered for defining the starting string in the new frag-
ment, based on the characteristics of the fragment to the left of the instance to which
the fragmentation rule was applied. This fragment is called the originating fragment.
First, in the seiting mode, indicated by s, the fragmentation control mechanism is
defined so that, when applying a fragmentation rule, a new fragment is generated
with an axiom from the set of axioms for the originating fragment. This is expressed
by the following rewriting relation: if # — ## is applied to the i-th occurrence of
#, thenif z = au#t ... s ffa# ... onft, o' = an# ... u#E& Ao # . . Fo,# where
& € Az;. This simulates a class-based mechanism in object-oriented programming
language, where new instances are generated from the mould of the class. Second,
in the doubling mode, indicated by d, the fragmentation control mechanism is de-
fined so that when applying a fragmentation rule, a new fragment is generated equal
to the originating fragment. This is expressed by the following rewriting relation: if
# — ## is applied to the i-th occurrence of #, then if z = o # ... cuFt a1 # - . . an#,
' = oau# ... uFaH#aa# .. H#a,#. This simulates the cloning mechanism in
object-based programming languages. Two variants are define for what happens to the
originating fragment. In the fragment-non-returning mode, indicated by n, the orig-
inating fragment remains unchanged after application of a fragmentation rule. This
variant has implicitly been adopted in the discussion above. In the fragment-returning
mode, indicated by r, the originating fragment (i.e. the i-th fragment) is deleted after
the application of a fragmentation rule and substituted by a string £ € Az;.

In any case, the set of rules for the new fragment is the same as the one for the
originating fragment.

We adopt the notation (X, Y)gfL to indicate the family of fragmented L-systems
with generation using the X €{r,n} mode for the originating fragment, and the Y
€{s,d} mode for the created fragment.

The rewriting relation == is as follows. Let =>p denote the rewriting relation
of fragmented L systems with application of rules only from P. Let =3 be one of
the variants of the rewriting relation defined above. Then z =y iff a string z exists
such that £ =>pz and 2 =>py. In other words, a rewriting step is composed of an
evolution step and a fragment generation step.

The family of L-systems with migration and fragment generation is denoted by
mgfL. In this family, the rewriting relation is defined by the sequence = p, =,
M-

3.3.4. Hierarchies of languages

Let fLx be the set of k-fragmented L-systems and £L(fLy) the family of languages
generated by L-systems in fLg. Then the following holds:

Theorem 3.3.4.1. The families of languages generated by L-systems in fLq, fLa,
.., fLy, ... form an infinite hierarchy.
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Proof (of inclusion). For each n, a system L in fLy can be simulated by a system
L' in fLp4q in the following way: L’ has exactly the same sets of rules Py,..., P, as
L, together with a set P, which has rules z — X, Vz € T. The function g, is an
extension of u, to n + 1, with piz1q(n + 1) = P. For each ax € Az, where Az is the
set of axioms of L, az = oy # ... a,#, the set Az’ of axioms of L' contains an axiom
az' = an#t . .., ## (i.e. the fragment n + 1 contains the null string).

(of strictness) For each n the one-letter language {a**a®"...a+2* | k> 1} is in
L{fLn 1), but not in L(fLy). 0

Theorem 3.3.4.2. L(fL) C L(gfL).
Proof: A fLis a gfL in which the fragment generation rule is never used. o

Fragmented L-systems with only one fragment reduce to ordinary 0-L systems.
3.8.5. Properties of closure

Let fL = [J22, fLx. We now consider the properties of closure of the classes of
fragmented L-systems above defined with respect to the usual operations.

Theorem 3.3.5.1. For any number k of fragments, the following table collects
the results about the closure of the classes fL, gfL, mfL, mgfL and fLy w.r.t. union
and concatenation. Y means that the family in the row is closed under the operation
in the column, N that it is not closed, Y(cond.) that it is closed only if conditional
rules are used.

Family | Union | Concat. | Kleene’s *
iL Y (cond.) Y N
gfl. | Y (cond.) Y N

mfL | Y (cond.) N N

mgfL | Y (cond.) N N

fLy | Y (cond.) N N

Proof.

Union. Without loss of generality, we will consider languages and systems over
one same alphabet T. Let L(A) and L(B) be two languages generated by the frag-
mented L-systems A = (TU{#}, Az, Py, pta, ==) and B = (TU{#}, Ay, By, prs, =),
respectively. Then, the language L = L(A) U L(B) is generated by the con-
ditional attributed fragmented system: C = (T U {#}, Az, U Az}, P(P, U B)),
{origin}, {{0,1}},T, pc, =), where origin is a new attribute, with domain {0,1},
Az' is obtained from Az, by assigning to symbols in the axioms in Az, (resp. Az;)
the value 0 (resp. 1) for the attribute origin, and P, is obtained by associating with
each rule in P, a condition in I' on the value of the attribute origin so that rules
in P, (resp., P) can be applied iff origin has value 0 (resp., 1). The function p. is
defined by associating with each fragment i the primed version union of the sets of
rules defined for the fragment ¢in A and B.

Here we resort to conditioned rules, where rules depend on the value of an at-
tribute. It is obvious that every string in L(A) or in L(B) can be generated by C,
and no other strings can be generated.

The proof for other classes is analogous.
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Concatenation. Let L(A) and L(B) be two languages generated by the fragmented
L-systems A = (T'U {#}, Azq, Po, pta, =>) and B = (T U {#}, Azs, Py, py, =), e
spectively, and let &, be the degree of fragmentation of A and %, the degree of frag-
mentation of B. L = L(A) U L{B) is generated by the k, + ky-fragmented system:
C = (TU{#}, Azs- Azs, LU Py, pio, =), where pic = po(2) for i < ko, pe = pp(i — ko)
for k, <1 < k.

The same proof holds for gfL.. However, concatenation is not closed on fLy, since
it increases the number of fragments. Moreover, it is not closed even on systems with
migration, in either variant, since migration would now be allowed for a symbol in
the k,-th fragment, which would become subject to rules from a set in P;. Hence, for
any two languages L(A), L(B) € X, X € {mfL, mgfL}, we can only state the weaker
result that there exists a language L(C) € X, such that L{C) D L(A)- L(B) and such
that if a string is in L(C) \ (L(A) - L(B)), then a symbol migrated from the k,-th
fragment during its derivation.

Kleene. Fragmented languages are not closed under Kleene since, they would re-
quire an infinite set of axioms. However, it can be proved that (r,s)gfL-systems can
generate the Kleene’s * of 0L languages. O

If we consider stratified systems, so as to allow observation, we have the following
result:

Theorem 3.3.5.2. The facts described in the table hold.

Operation | Union | Concat.
ssfLL Y Y
ssgfl Y Y
ssmfL Y N
ssmgfL Y N
ssfLy Y N

Proof. The proof procedes in a way analogous to that of Theorem 3.3.5.1. In
this case, union does not require conditioning. It is in fact possible to use disjoint
isomorphic copies 17" and 1" of the alphabet, and hence of the sets of rules, for the
two original systems. Inverse morphisms from 7" and T" to T are then applied in the
observation phase. o.

3.4. Grouping

Groups allow the definition of synchronisation constraints on the action of differ-
ent agents, so that if a certain agent performs a given action (application of a rule),
then the associated agents will perform related actions. In particular this allows the
modelling of forms of multicast communication where several agents receive simulta-
neously the same message and each agent reacts according to its abilities [1]. As an
example, the notion of group has been used in the L-system of Appendix 1B, where
the belonging of all symbols to one same group forces the process to consistently
evolve either in the horizontal or in the vertical direction.

An L-system with groups is a construct gL = (T, Az, P, At, D, ®, p,v, =) with
T, Az, Af, D, @ as for al-systems, p a symmetrical predicate p: (T x Hle D) —
{true, false}, assessing whether two symbols belong to a same group, » a mapping
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v : P\ I — p(P), where Iis the set of identity rules, with the property that if
p; € v(p;), pi ¢ I, then p; € v(p;). If v is extended to I, the property holds also in I.

In particular, p defines for each symbol the group it belongs to, v defines for each
rule the associated set of rules.

The direct generation relation is as follows: w = z ff w = a1a3...a,, 2 =
B1P2. .. Puya; — B € Pforeachi =1,...,n,and if p(a;, a;) = true, and arule a; — fF;
has been applied, a rule a; — B; has also been applied, where a; — 3; € v(a; — §;).

Claim 3.4.1 The language Z = {zz | z € T*} on an alphabet T, is generated by
an L-system with groups.

Proof. Consider, without loss of generality, T' = {a,b}. Let us assume that we
start with a string respecting the pattern, say abab, and that we have the set of rules
P ={a — abe — ba,a — aa,a — bbb — bbb — ab,b — ba,b — aa,a —> a,b —
b,a — b,b — a}. Let v : P — p(P) be the injection in the powerset of the identity
function on P. Let us attach to a symbol in a string derived from the axiom a property
formed by a pair (id,In), where id is the identifier of the symbol, i.e. its derivation
path from the axiom, and In denotes the symbol with which it must be coupled to
form a group.

Thus, the axiom is rewritten (a,1,3)(b,2,4)(a,3,1), (b,4,2). With each rule an
action on this property is defined, namely, for a generic rule (x,id,In) — (y,:d-1,In-
1)(z,1d-2,In-2) or (x,1d,in) — (y,id-1,In-1). Two symbols (x,id, In) and (y, id, In)
belong to the same group iff z.id = y.In and y.In = z.id.

As an example, consider the following steps in derivation: (a,1,3) (b,2,4) (a,3,1),

(]
2

(b,4,2) => (a,1-1,3-1)(b,1-2,3-2)(b,2-1,4-1)(b,2-2,4-2)(a,3-1,1-1)(b,3
2,1-2)(b,4-1,1-1)(b,4-2,1-2) = (b,1-1-1,3-1-1)(a,1-1-2,3-1-2)(b,1-2-1,3
2.1}(a,2-1-1,4-1-1)(b,2-1-2,4-1-2)(b,2-2-1,4-2-1)(b,3-1-1,1-1-1)(a,3-1
2,1-1-2)(b,3-2-1,1-2-1)(a,4-1-1,2-1-1)(b,4-1-2,2-1-2)(b,4-2-1,2-2-1)
Each string in L can be generated from a string in the finite set of axioms {aa, bb}.

~—

3.4.1. Fized number of groups

We distinguish the case where the number of groups remains fixed from the case
where it increases with the time.

Consider the following gL, built on the alphabet T = {a, b, ¢}, with set of rules P =
{a — aa,b — bb,c — cc,a — a,b — b,c — c}. Bach rule is labelled with its position in
the set and the mapping v is defined by {I — {I,I1,11T},1I — {I,II, 111} ,II] —
{ILIL,IIT},1V = {IV,V,VI},V - {IV,V,VI},VI — {IV,V,VI}}. To each sym-
bol in a string derived from the axiom a property grp is attached, where grp indicates
the group to which a symbol belongs. With each rule an action on this property is
defined, namely, for a generic rule (x, —) — (x,1)(z,2) or (x,GrP) — (x,Grp). Two
symbols (x, Grpl) and (y,Grp2) belong to the same group iff Grpl = Grp2. Start-
ing from the axiom (a,1)(a,2)(b,1)(b,2)(c,1)(c,2), this gL generates the language
{a"b"c" | n > 2}.

Let igL be the set of L-systems with ¢ groups. The following holds:

Theorem 3.4.1.1. L(igL) is incomparable with £((i + 1)gL) for each i.

Proof. Consider a language in L£(igL) generated starting from an axiom of ¢
symbols. It is not possible to have ¢ +1 groups on such an axiom, so that the axiom is
not in £((i 4+ 1)gL). On the other hand, consider a language L € L((i + 1)gL) with
an axiom ¢ € L, such that |¢| = i + 1. Let us suppose that there exists a language
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H ¢ £(igL) such that { € H. Hence, there are at least two symbols, say (s and ¢,
which belong to a same group. Any string directly generated from ( is such that if {j
is rewritten according to a rule r, (; will be rewritten according to a rule »(r). Hence,
indicated with c(r), the consequent of rule r, we have { = (1... (... (... (¢ =
o=o01...c(r)...c(s)...op with s € v(r). In general, any string in H derived from
¢ will present some relation between the I-th and the k-th substrings. On the other
hand, there is no such relation forced on strings in L, so that there is a string in L,
directly generated from ¢, of the form w = w;y ...¢(r)...c(s)...wy), with s ¢ v(r). O

8.4.2. Dynamic number of groups

Consider the same gL as in Section 3.4.1 above, this time starting from the axiom
(a,1)(b,1)(c,1). This gL generates the language {a"b"c¢* | n > 1}. Here we have at
most two groups, but we are not in the situation where this language can be obtained
with exactly two groups {since the axiom accommodates only one group).

Hence, we can define the set £(digL) of languages from L-systems with dynami-
cally generated groups up to a number i. By generalising the example, one can infer
the following:

Theorem 3.4.2.1. £(digL)properly contains L(igL) for each i.
Theorem 3.4.2.2. L(d(i + 1)gL) properly contains L(digL) for each i.

The set £(dgL) = J;cy £(digL) of languages generated by L-systems with dy-
namically generated groups is a superior for L(NgL) = {J;cy £(igL) the set of lan-
guages generated by systems with a fixed finite number of groups. In particular, the
following theorem states that unrestricted dynamical generation of fragments provides
more generative power than the use of any finite number of fragments.

Theorem 3.4.2.3. The language Z = {zz | = € {a,b}*} is not generated by any
L-system with a limited number of groups.

Proof. Let us consider a digl-system K with T = {a,b}, and rule set P, able
to generate all the words in X = ZN{w | |w] € 2 x (¢ + 1)}, and no word in
ZN{w | w| £2xE+1)}. Let Y = LK) N{w | |w| >2x (z+ n+2)}, where n
is the maximum length for any of the consequents in P. Then, there are strings in
Y which K is not able to generate. Indeed, for any string o € Y there are at least
astringw € Z,and { € (Z\X)U(Z\Y) and a derivation w == ( =* 5. By
the argument in the demonstration of Claim 3.4.1, the sequence of groups in the first
half of the string, must be replicated in the second half. Hence, for each such string
¢ € Y there are at least two instances of the same symbol z, say (i, and (;, with
[ < |{|/2, which belong to a same group. Hence, let d((;) indicate a string derived
from a generic symbol ;. Any string derived from will comply with the pattern
dG) . dlCom)(G) .- (G )d(Cr) . i) - (G,

In general, any string in Y will present some replication of substrings in its first
half. Hence, for instance no string whose first half is of the form abbaaabbbb. .. a*b*+1
can be generated, and Z \ L(K) # 0. O

3.4.8. Properties of closure
Theorem 3.4.3.1. The facts in the table hold.
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Family | Union Concat.
dgL | Y (cond.) | Y (cond.)
NgL | Y (cond.) | Y (cond.)

Proof. As for Theorem 3.3.4.1, we resort to conditioned rules, where rules depend
on the value of an attribute. For union and concatenation one introduces a new at-
tribute origin; takes the axioms of the two systems and sets origin to 0 or 1, according
to the system from which is taken. Then one adds to the rules a condition on origin.
If it is 0 the rules will be chosen from those of the first system, if it is 1 from those of
the second.

Concatenation. Again, one uses origin. 0.

4. Relation with Control Mechanisms in Grammar
Systems

4.1. Fragments and PCLS

The behaviour of fragmented L-systems can be related to the action of Paral-
lel Communicating Lindenmayer Systems with Communication by Command. This
family of L-systems combines the notion of Parallel Communicating L-systems, intro-
duced in [26] with the notion of communication by command, introduced for grammar
systems in [10].

In particular, we define a PCLS as a construct I' = (T, L;...,L,), with L, =
(T, P, Az;, m;, Xi), for ¢ = 1,...,n, where 7; is the pattern of strings for which com-
munication occurs and X; is a set of components to which messages have to be sent.
Several variants can be defined as to whether the messages sent by a component ¢
are the whole current string (without splitiing indicated with w) or substrings from it
(splitting, indicated with ), or as to what happens of the string of a component after
sending a message (returning, 7, or not, n).

Theorem 4.1.1. L((n,d)fL) C L((w,r)PCLS).

Proof. Given a system Z = (T U {#}, Az, P,u,=>) € (n,d)fLy, let Q €
(w,r)PCLS a system built as follows. @ = (T, Lo, Ls,..., L) with L; = (T,p;,
Az, T*, {Lo}), pi = p(z), and Az; is the set of axioms for the i-th fragment of
Z, and Ly = (T, Py, Azo,0,0), Py contains only rules z — A for each 2 € T and
Aro = {#14t2 - . . Fn_174}. Since for each component of @) the communication pat-
tern is T*, every string is valid for performing a communication step. The rule for
receiving messages is: concatenate a string o; coming from component i before the
i-th occurrence of #. The language L(Lo) — {A} is equal to L(Z). O

If we apply the simulation in the proof of Theorem 4.1.1 to the case of L-systems
with fragment gemeration, we find that for each string ayay. ..o, produced by the
PCLS simulating a system without fragment generation, we can generate strings of
type Ki(en) ... Ki(o;) ... Ku(o). K; indicates that a string is repeated as many times
as the rule for fragment generation has been applied to the i-th separator symbol. On
the other hand, in fragmented L-systems with generation, no relation exists after
generation between a fragment and its originator, so that no pattern of dependency
can be defined. Hence, L-systems with fragment generation cannot be simulated by
PCLS with the above rule. For the returning mode of fragmentation, i.e. for (r, d)fLy,
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no simulation is possible by PCLS, since any simulation should mix the returning and
the non returning mode for the same component of the PCLS.
4.2. Migration and Immigration

The concept of fragmented L-systems with migration subsumes the recently pro-
posed notion of L-systems with immigration [30]. In this latter notion an axiom
can be non-deterministically added to a string at each step and the resulting lan-
guage derives from the concatenation of the contributions of the axioms through
the steps. The case when axioms are strings of length one can be simulated by
considering a string with two fragments, where the first fragment has rules of type
A — z, for each z € T and the second fragment has all the rules of the original
L-system. The case of generic axioms can be simulated by introducing migration
rules with antecedents of arbitrary length and conditioning application of a rule to
the antecedent belonging to a finite set of patterns (exactly the set of axioms). Called
B the set of axioms, the language generated by an L-system (G with immigration
is described in [30] as L(G) = {boh(by;...;b,) | » > 0, b; € B}, where h(w;
wa; .. wn) = A(wr)h}(ws)... A™(wy,) and h indicates the same morphism as in the
definition of L' above. Since L-systems with immigration, indicated with imL, can
be simulated by mfLs, we have that £(imL) C £(mfL). The additional constraint
for imL that the morphism is unique for the whole string, causes the inclusion to be
strict.

On the other hand, imLs can be simulated by fragmented L-systems with fragment
generation as stated by the following:

Theorem 4.2.1. L(imL) C £({r,d)gfL).

Proof. An L-system with immigration can be simulated by a (r,d)gfL system
starting with a single fragment and applying at each step exactly a fragmentation
rule to the first fragment. a.

4.3. Groups, CD grammars and Teams

We study here the relation between groups and cooperating distributed grammar
systems [6] where rules from a same set are used up to a certain restriction. In general,
the mechanism of generation of CD grammar systems can be simulated with groups
by distinguishing terminals and non terminals and defining the mapping v so as to
constrain the simultaneous application of rules to rules from a same component. Note
that the simulation regards the synchronisation aspect, since CD systems operate on
distinct alphabets of terminals and non terminals. The following theorem states the
exact relation between sentential forms in derivations in a CD system and the langnage
produced by the L-system with groups which simulates it. We first introduce a normal
form lemma for CD systems.

Lemma 4.3.1. For any CD system ' there exists @ CD-system A such that all
its components have disjoint rules and L.(T) = L.(A).

Proof. An equivalent CD is constructed according to the following procedure: For
any subset of rules in a component that is a subset of at least another component
remove the subset from all components it appears in and build a new component with
this set. Repeat the procedure considering the newly added components, until no
intersections among components are found. The procedure terminates since at most
there will be as many components as rules. Since in the *-mode rules can be chosen
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from any component at each rewriting step, the set of sentential forms produced by
the two CD systems in *-mode are the same. (]

Theorem 4.3.1. for any CD system T, there is a gL system G with two groups,
such that A(G) = L.(T), i.e. the adult language of G is the language produced by I' in
the x-mode. Moreover, L(G) = Sen.(I'), where Sen.(T) is the set of sentential forms
produced in the x-mode of derivation.

Proof. Given the CD system I' = (T',Gh,...,Gy, S),@ is built in the following
way: G = <Uz U Uz N;, {(57 0)}7P0 u Ui F; U Py, 9, {term}, {{07 1}}’ P, =>>
with Bo={z -z le e T} P ={X - X | X €, N:},® a set of semantic
actions associating the value 0 with each non terminal and 1 with each terminal, p
stating that two symbols belong in the same group if they have the same value of term,
and v defined by the rule v(p) = P;U Py U Poy1,Vp € P, for ¢ < n (remember that
identity rules can be freely applied within a group, unless v states otherwise). Let
S ==, w € T* be a derivation in I'. Such a derivation can be replicated in G by having
only one symbol from a N; rewritten at each step by a non-identity rule, while all
other symbols are rewritten by identity rules. Hence any string of terminals produced
by T is also generated by G, and is no longer modified in G. On the other hand, let
(S,0) =>* { = £ =" w € (|J; T%)* be a derivation in G. If in the generation from (
to £ only one symbol is rewritten by a rule different from identity, this same step can
be performed in I'. Suppose this step rewrites &k symbols by non identity rules. For
the definition of v, all the applied rules must belong to the same component. Hence
the string ¢ is a sentential form obtainable from ( in k steps in which rules from a
same component are applied. (Remember that in the *-mode there is no restriction
on the number of times that rules from a component can be used). Any string of
terminals in L(G) is therefore also produced by I' in the *-mode of derivation. O

We here briefly sketch an apparent symmetry between L-systems with groups and
teams, which will be the subject of further studies. In teams, rules are applied in
parallel by subsets of the set of sets of rules. Subsets are formed on the fly by taking
any combination of sets of rules [20], or are predefined in a fixed number [28]. At
each step each member of a team applies a rule. Teams can operate until all sets
in the team have available a rule [28], or until all sets may be used simultaneously
{13]. In general, several occurrences of symbols are rewritten simultaneously, each
by a different member of a team. On the other hand, it is not required that all the
occurrences of non terminals be rewritten at each step.

In groups, rules are applied in parallel to all the occurrences of symbols, subject
to restrictions of synchronisation. A symbol is rewritten only if all the elements in the
group have a rule to apply. Symbols for which the group cannot behave as a whole
are rewritten by the identity rule.

4.4. Groups and fragments

A relation can be established between groups and fragments in a restricted case,
if rules in the L-system with groups are also conditioned. In particular, it holds
that:

Theorem 4.4.1. Given a fL-system ¥, there is a ckgl-system G, such that
L(F) = L{@).
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Proof. Given a fLi-system, the corresponding ckgL-system is defined by associ-
ating an attribute fragm with each symbol, to simulate membership in a fragment.
Two symbols belong to the same group if they have the same value for fragm. The
set Pis composed of the union of the sets P; in the fragmented system and v(p) = P,
Vp € P,. Each rule is associated with a condition, so that a rule from the set Py is
applicable to a symbol (z, fragm) if and only if & = v(fragm). O

The inverse simulation is not possible, since fragments restrict the possibility of
synchronisation to adjacent symbols, while groups allow synchronisation among sym-
bols at arbitrary distance.

5. Conclusions

Four abstract mechanisms to control the evolution of interactive systems - condi-
tioning, stratification, fragmentation and grouping - have been abstracted from exper-
imental studies on interactive systems [1] and placed in the framework of formal lan-
guage theory. In particular, in a simulation of the immune system antigens, antibodies
and immunocomplexes were modelled as agents subject to conditions depending on
the tissue they are in, [3]. Mechanisms of fragmentation restricted communication
among agents, and grouping modelled the coordinated evolution of agents. Agents
were able to migrate from a tissue to another under certain conditions.

As shown in the example in Appendix 2, these abstract mechanisms allow the for-
mal description of interactive systems and of their dynamics, characterised by: condi-
tioning of system dynamics to user choices, synchronisation of responses of different
parts of the system to a user action, coordination of the evolution of computational
processes with their representation, management of different processes evolving in
parallel, with forms both of synchronisation and of independence.

The defined forms of control are common to many situations in which the evolu-
tion and the viability of a system depend on the coordination of independent agents
evolving in parallel and subject to environmental constraints [23]. In general, as dis-
cussed in [19], the ability of an agent to sense its environment defines the kind of
environmental actions it can be subject to.

A different form of modelling the relation between agents and environments comes
from the formalism of eco-grammar systems where there is a mutual dependency in
the evolution of two different strings [9]. This mechanism can be seen as a special
form of the stratification mechanism discussed in this paper.

Further research will both explore the potential of the control mechanism proposed
in this paper in satisfying requirements for coordination in different fields and extend
the characterisation of the families here introduced.
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Appendix 1. The system of L-systems for definition of electronic docu-
ments for galaxy simulation

A. LAYOUT DEFINITION
ALPHABET

The alphabet is T; = {s,t, h, v} where s stands for screen, t for tile, % for horizontal,
v for vertical. The value of the attribute a for a symbol s is denoted by s.a.

A screen or a tile is described by a vector of attributes organized as follows:
a = (u,v) where v = (ip,state) and v = (links); state is a vector state =
(¢d, ds, ht,wt, pos) and links is a vector links = (son_of, father_of). On the whole,
a = ((tp, (id, ds, ht,wt, pos)), (son_of, father of)). ip is the type and takes value in
the powerset of tile types T'p = ul, ur, ll, Ir, title, comm, displayU{azy, ..., az,} where
ul stands for upper_left, ur for upper_right, Il for low_left, Ir for low_right and each az;
is a domain-dependent type (e.g. tert, Nh, Nv). We will not distinguish between an
element of Tp and the corresponding singleton in the powerset.

id is an identifier (an integer) which characterises the symbol at hand, dsis a
string of integers memorising the derivation of the tile from the screen. The value of
the attribute ds for the symbol sis 1.

pos identifies the position of the upper left corner of the tile in the image; At
identifies the height and wt the width of the tile.

son_of and father_of are used to maintain a link through the strata

AXIoM

The axiom is a screen symbol s with attributes tp=ul, id=0, ds=1, ht=H, wt=W,
pos=(0,0); father_of=void.

RULES

In the semantic part we only show those attributes which are computed by the
rules. When a symbol is created in the generation process, attributes which are not
specified in the semantic part of the creating rule are set to void. When a symbol
is rewritten, attributes which are not specified in the semantic part of the rewriting
rule are copied. Symbols h,v have an empty set of attributes. We indicate by the
symbol = assignments of values to attributes specified by the rule, by the symbol
— assignments which require user interaction. The symbol € indicates that the rule
constrains the value to be in a certain set, from which the user can choose.

Splitting rules

For the sake of simplicity we impose rigid constraints on the computation of the
attributes wt and ht.

1) s —=tv-ty t.tp=ul; ty.id=1; t;.tds=1.1; t; .ht=s.ht; t,.wt —w.(s.wt);
t1.pos=(0,0); ty.tp=ur; ty.id=2; b,.ds=1.2;
fy ht=s.ht; ty.wt —s.wt-w.(s.wh); ty.pos=w,(s.wi)+1.

2) s —t; -h -ty b.tp=title; b.id=1; ty.ds=1.1; t.ht —h(s.ht); . wt=s.wt;
t. pos=(0,0); tr.tp=ll; t;.1d=2; t,.ds=1.%
ty.ht —s.ht-h(s.ht); tr.wt = s.wt; tp.pos=(0,h +2).

where h.(s.ht)={1, ...,s.ht-1 and w(s.wt)={1, ...,s.wt-1}. The following rules are
guarded by a condition.
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)t —tv -y =tip €{ul, ur, U, Ir}
t.tp €n(idp); t.id=(t.1d X 2)+1; t;.ds=t.ds - 1; t; .hi=t.ht;
t.wt —w,(t.wt); &.pos=t.pos; ta.1p Era(L.tp); ty.id=(t.id x 2)+ 2
ty.ds=t.ds -Z; t.ht=t.ht; ty. wt —t.wt-w,(t.wi);
ty.pos=t.pos+w.(t. wi+ 1);

4) t —ty-h -ty y =t.tp €{ul, ur, I, Ir}
ty.tp €rs(L.tp); t.id=(t.id X D)+ 1; b .ds=t.ds - I;
ty.ht —ho(t.ht); ty.wi=t.wt;
b .pos=t.pos; t.1p Ery(L.1p); tr.id=(t.id X D)+ 2; ty.ds=t.ds -2
ta.ht «—t.hi-h.(t.ht); ty. wi=t.wt; ty.pos=t.pos+(0,h.(t.ht+1);

where 71, ry and 13, 74 indicate a set of possible values determined by the following
rules. The non-determinism in their definition is resolved by the interaction of the
user.

ry: ul e {ul, title}; ur — {ul, title}; U — {1, title}; Ir — {l, title}
ro: ul v {ur, title}; ur — {ur, title}; 11— {Ir, title}; Ir — {Ir, title}
r: ul e {ul, title}; ur — {ur, title}; Il — {l, title, display};

Ir— {Ir, title, display}
re:  ul v {ul, display, comm, {display,comm}};

ur — {ur, display, comm, {display,comm}};

Il — {ll, display, comm, {display, comm}};

Ir — {Ir, display, comm, {display, comm}}

Process generating rules

Tiles ¢ of type display may generate at a lower stratum the axioms of different
processes.

5 hltk v =(t.tp=display A t,.father_of=void)
az # az.id=(t1.id,0); az.son_of=t; .id;
az.pos=(t.pos[ ] +t.ht +2, t.pos[2+t.wt <2 &;.father_of=az.id
6) hlh v =(t.tp=title A t; .father_of=void)
Tz # Tz.id=(t1.id,0); Tz.son.of=t.id;
Tr.pos=(t.pos[1]+i.ht +2, t.pos|Z+t.wt +2 ty.father-of=Tz.id

Process generating rules can be applied after each rewriting step using only split-
ting rules.

B. SIMULATION OF GALAXY EVOLUTION
ALPHABET

The alphabet is T={Nh,Nv,A} where Nh stands for nucleus generating in hori-
zontal, Nv for nucleus generating in vertical A for arm. A galaxy is composed of a
nucleus and two arms developing at opposite sides of the nucleus. The galaxy ex-
pands by spawning new elements of the arms from the nucleus and each element of
the arm moves in a way that combines expansion towards the exit as the result of
the push from new formed elements and a tendency to rotate around the nucleus due
to gravitational effects. The galaxy has also a translational movement. For the sake
of simplicity the galaxy is described as having a one pixel nucleus, while arms have
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one pixel width and translation is assumed to be always in the horizontal sense. All
movements are here discretised and assumed to occur at a speed of one pixel per
rewriting step. Let us consider the display tile in which the simulation of the galaxy
dynamics is represented. The process is halted when an element of the galaxy touches
the border of the tile, i. e. the representation would exceed the window limits. The
elements of the alphabet T, have a common set of attributes: Aj={z, y, zmaz, ymaz,
zmin, ymin, age, arm, grp}. The tile L-system STL of appendix 1 is used to generate
an interface, using a materialisation function which represents a tile ¢ of size (¢.wt,1.hi)
and in position t.pos as a rectangle of width t.wt, height ¢.ht and with the upper left
corner in position (z=t.pos[1], y=t.pos|2]) of the screen. The process generating rules
are here defined as follows:

) tlt v =(t.tp=display At .father_of=void)
Nk 4t Nh.id=(t,.id,0); Nh.son_of=t.id; Nh.zmaz=1, .pos{1]+1.wi;
Nh.ymaz=t;.pos[2]+t.ht, Nh.pos=t;.pos+(t;. wt 2,1, .kt +2);
Nh.zmin=4, .pos[1]+1; Nh.ymin=t,.pos[2]+I; Nh.grp=1;
ty.father_of=Nh.id
8) Hlt v =(t.tp=display At .father_of=void)
Nv # Nv.id=(t.id,0); Nv.son_of=t;.id; Nv.emaz=t;.pos[l]+1t.ut;
Nv.ymaz=t;.pos|2]+¢.ht, Nv.pos=ty.pos+(t;.wt +2,t .ht + 2,
Nv.zmin=t; .pos[1]+1; Nv.ymin=1;.pos[2]+1; Nv.grp = I;
ty.father_of = Nh.id.

The evolution of the galaxy in the horizontal direction is described by two rules which
combine expansion and translation. In these two rules the values of the attributes
{grp,zmaz,ymaz,zmin,ymin,son_of} of the antecedent are are transmitted to each gen-
erated symbol in the consequent.

9) Nhy —A;-Nhy-A,
Nhy.pos=Nhy.pos+(1,0), Ay.pos=Nhy.pos, Ay.pos=Nh;.
pos+(2,0) Ay.arm=-1, Ay.arm=1, A;.age=1, Aj.age=1

10) A; — Ay 7y =(Aq.pos[l] <Ai.zmaz-1) A(Ar.ymint1 <A;.pos[2] <A;.
ymaz-1) Ap.age=A;.age+1,
Asz.pos[l]=A1.pos[1]+1+A1.arm X cos(45 ° x |log A1.age |),
Ag.pos{2]=A1.pos[2]+Ay.arm x sin(45 ° x [log Ai.age |)+1.

An analogous pair of rules is defined to simulate upward movement and expansion,
not reported here due to lack of space.

C. Text Generation

The process generating rules in the experiment are assumed to be coordinated so
that for each tile of type display, the tile above it is of type title. Such tile can create
a text axiom, from which the string of the title is derived. Such a derivation can be
modelled with specific sets of rules for text generation. We do not report them due
to lack of space.

Appendix 2. Example: Interactive generation of an interface and a
simulation process

The system of L-Systems of Appendix 1 is used to generate a simple interface
and to run the simple experiment described in the scenario. Table 1 displays the
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derivation process with the folowing conventions. A rewriting step is denoted by an
arrow => over which a vector of numbers is written. The numbers denote the rules
from Appendix 1 which are simultaneously applied in the step. In the first two steps,
some values used in the computation of the semantic part are interactively determined
by the scientist interaction. In this case, the vector of values input by the scientist is
written after the arrow and the arrow and the vector are enclosed between braces.

_1
!
4,4 6,7,6,8 |1« T
l g n n
# |G G L#10 | a1 G2
9 # 9,10 #... -
—_— a —_— a a
g ana n g ana n
a a a
a
Figure Al

Each symbol in the derivation is materialised by a function mat which associates
with each symbol t a rectangular shape, with each string in a tile of type title the
string itself, and which represents a symbol z €{ Nk, Nv} as a letter “n” in position z.
pos and a symbol A as a letter “a” in position A. pos.

(s, ul, 0, 1, H, W, (0,0), voiud)

1
(£, (W/2)}
(¢, ul, 1, 1.1 ,H, W/2, (0,0), void ) v (t, ur, 2, 1.2, H, W/2, (W/2+1,0), void )

(29, (tp=title, ht=h,), (tp=display, ht=H-h,), (tp=title, ht=h,),
(tp=display, ht=H-h,)}

(t, title, 3, 1.1.1, hy, W/2, (0,0), void) h
(t, display, 4, 1.1.2, H-hy, W/2, (0,hi+1), void ) v
(t, title, 5, 1.2.1, hy, W/2, (W/2+1,0), void ) h
(t, display, 6, 1.2.2, H-hy, W/8, (W/2+1,h+1), void )
6,7,68
I, ((ax=Tx, rules=rtx), (ax=Nh, rules=rgal), (ax=Tx, rules=rtx),
(ax=Nv, rules=rgal)}
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(t,.., 80 h{t, ..., £0)v(t..,50)h(t, ... 60)

(Tx, 3.0, W/2,hy, 1, 1, (1,h1), 1, 8) #

(Nh) 40; W/Q; H: 1) h1+1: (W/4ﬂ ((H'hl)/2+hl)} 1; 4 )#

(Tx, 5.0, W,hy, W/2+1, 1, (W/2+Lh), 1, 5) #

(Nv, 6.0, W, H, W/2+1, byt1, (W/24W/4,(H-hy) /240)), 1, 6 )

9
=>g

A (A, (W (Hy) /24h), 1)
(Nh, ...,(W/j+1,(H-h)/24h1) ) (A, .. (W/4+2,(H-hy)/24he), 1)F .. 4

10,9,10
)

B (A, (WA (o) /24ha-1), 2) (A, . (W41, (Hoh)/24hy), 1)
(Nh, cany (W/4+2,(H—h1)/2+h1) .. )
(A, . (W/AHS (o) /2h), 1) (A, .o (W) ftedy (Hoby) /24 +1), 2 ).



Accepting Array Gramiars
with Control Mechanisms

Henning FERNAU

Wilhelm-Schickard-Institut fiir Informatik
Universitat Tibingen
Sand13, D-72076 Tubingen, Germany

Rudolf FREUND

Institut fir Computersprachen
Technische Universitat Wien
Resselgasse3, A-1040 Wien, Austria

Abstract. We consider (n-dimensional) array grammars in the accepting
mode with various control mechanisms and compare these families of array
grammars with the corresponding families obtained by array grammars in
the generating mode.

1. Introduction

Accepting grammars together with various control mechanisms were introduced
in [1] for the string case. Recent ideas concerning these grammars were exposed in
[2]. The main results of the paper concern the relations between the families of array
languages obtained by accepting array grammars in this way and array languages
described by the corresponding types of generating array grammars.

Compared with the string case, we find many similarities, e.g., accepting pro-
grammed array grammars without appearance checking are just as powerful as their
generating counterparts, and accepting ordered grammars can describe every recur-
sively enumerable array language. On the other hand, the family of accepting regular
programmed two-dimensional array languages with unconditional transfer is incom-
parable with the corresponding family of generating regular programmed array lan-
guages, while the respective string language classes coincide. Moreover, such incom-
parability results have not been observed in the string case except for pure grammars

[3].
2. Definitions and Examples

In the main part of this section, we will introduce the definitions and notations
for arrays and sequential array grammars [5], [11], [14], {17], [19] and give some ex-
planatory examples, but first we recall some basic notions from the theory of formal
languages (for more details, the reader is referred to [18]).

Definition 2.1. For an alphabet V, by V* we denote the free monoid generated
by V under the operation of concatenation; the empty string is denoted by A, and
V*\ {)\} is denoted by V. Any subset of V* is called a A-free (string) language.

A (string) grammaris a quadruple G = (Vy, Vr, P, S) , where Viy and Vr are finite
sets of non-terminal and terminal symbols, respectively, with Vo NV = 0, P is a finite
set of productions o — 8 with « € V¥ and 8 € V*, where V =Vy U Vy, and S € Vi



96

is the start symbol. Tor z,y € V* we say that y is directly derivable from z in G,
denoted by z ¢ y, if and only if for some &« — 8 in P and u,v € V* we get z = uaw
and y = ufv. Denoting the reflexive and transitive closure of the derivation relation
F¢ by b5, the (string) language generated by G is L(G) = {w € V} | S+ w}.

The families of A-free (string) languages generated by arbitrary, mounotonic,
context-free, respectively regular grammars are denoted by L (enum), L(mon),
L{cf), respectively L (reg). The following relations are known as the CHOMSKY-
hierarchy [18]: L (reg) C L(cf) C L(mon) C L (enum).

Definition 2.2. Let Z denote the set of integers, let N denote the set of positive
integers, N = {1,2,...}, and let n € N. Then an n-dimensional array A over an al-
phabet V is a function A : Z® — V U {#}, where shape(A) = {v € Z" | A(v) # #}
is finite and # ¢ V is called the background or blank symbol. We usually shall write
A= {(0, A() | v € shape(A)}

The set of all n-dimensional arrays over V shall be denoted by V**. The empty
array in V*™ with empty shape shall be denoted by A,. Moreover, we define V*" =
V**\ {A,} . Any subset of V*" is called a A-free n-dimensional array language.

Definition 2.3. Let v € Z". Then the franslation 1, : 2" — Z"™ is defined
by 7(w) = w+ v for all w € Z", and for any array A € V™ we define 7,(A), the
corresponding n-dimensional array translated by v, by

(1o (A)) (w) = A(w —v) for all w € Z".

The vector (0,...,0) € Z" is denoted by {,, while (1,...,1) is denoted by E,.

Usually [5], [17], [19], [20], arrays are regarded as equivalence classes of arrays with
respect to linear translations, i.e. only the relative positions of the symbols # # in
the plane are taken into account: The equivalence class [A] of an array A € V*™ is
defined by [A] = {B € V*" | B = 1, (A) for some v € Z"}.

The set of all equivalence classes of n-dimensional arrays over V with respect to
linear translations shall be denoted by [V*"] etc. Most of the results elaborated in this
paper immediately carry over from the families of array languages we consider to the
corresponding families of array languages with respect to linear translations, therefore,
in general we shall not consider these families of array languages with respect to linear
translations explicitely in the following any more.

In order to be able to define the notion of connectedness of n-dimensional arrays,
we need the following definitions:

Definition 2.4. An (undirected) graph g is an ordered pair (K, E), where K
is a finite set of nodes and F is a set of undirected edges {z,y} with z,y € K. A
sequence of different nodes zo, z1,...,Zm, m € N, is called a path of length m in g
with the starting-point zo and the ending-point ., if for all ¢ with 1 < ¢ < m an edge
{zi-1,7;} in E exists. A graph g is said to be connected, if for any two nodes z,y € K,
T # y, a path in g with starting point z and ending point y exists. Observe that a
graph ({z},0) with only one node and an empty set of edges is connected, too.

Let W be a non-empty finite subset of Z". For any k € N U {0}, a graph
gx (W) = (W, Ey) can be assigned to W such that Ej for v,w € W contains the edge
{v,w} if and only if 0 < ||v —w]|| < k, where the norm {u|| of a vector u € Z*,
u=(u(l),...,u(n)), is defined by ||u|| = max {|u ()] | 1 <i < n}. Then, W is said
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to be k-connected if g, (W) is a connected graph. Observe that W is 0-connected if
and only if card (W) = 1, where card (W) denotes the number of elements in the set
w.

Now let V be a finite alphabet and A an n-dimensional array over V, A # A,.
Then A is said to be k-connected if g; (shape (A)) is a connected graph. Obviously,
if A is k-connected then A is m-connected for all m > k, too. The norm of A is the
smallest number k € N U {0} such that A is k-connected, and is denoted by ||.A||.
Observe that ||A|| = 0 if and only if card (shape (A)) = 1.

Example 2.1. The n-dimensional array € (n,k) = {(Qy,a), (kE,,a)} € {a}™ is
m-connected only for every m > k, and therefore ||€ (n, k)|| = k.

Definition 2.5. An n-dimensional generating array production p over V is
a triple (W, A1, Ay), where W C Z" is a finite set and A; and A; are map-
pings from W to V U {#}; p is called A-free if shape(A;) # @, where we define
shape (A;) = {v e W | A; (v) # #}, 1 <¢ < 2. The norm of the n-dimensional array
production (W, 4y, As) is defined by |[(W, As, As2)|| = max {||v|| | v € W}. We say
that the array C; € V*™ is directly derivable from the array C; € V** by the n-di-
mensional array production (W, A;, Ap) if and only if there exists a vector v € Z™
such that C; (w) = C3 (w) for all w € Z"\ 7, (W) as well as C; (w) = A; (7_, (w)) and
Ca(w) = Az (17—, (w)) for all w € 7, (W), i.e. the subarray of C, corresponding to A,
is replaced by A,, thus yielding Cy; we also write C; +, C;.

As can already be seen from the definitions of an n-dimensional array produc-
tion, the conditions for an application to an n-dimensional array B and the result
of an application to B, an n-dimensional array production (W, 4;, A,) is a represen-
tative for the infinite set of equivalent n-dimensional array productions of the form
(1e (W), 75 (A1) , 7 (As)) with v € Z™. Hence, without loss of generality, in the sequel
we shall assume Q,, € W as well as A; ((0,) # #. Moreover, we often will omit the set
W, because it is uniquely reconstructible from the description of the two mappings
Ay and A, by A = {(v,Ai(v)) |[ve W}, 1 <i < 2. Thus in the sequel we will
represent the n-dimensional array production (W, A;, As) also by writing A; — A;,

ie {(v, A (V) |v e W} = {(v, 42 (v)} |v e W}.

Definition 2.6. An n-dimensional (generating) array grammar is a quintuple
G= (na VN7 VT,#,P, {(UU, S)}) ’

where Vi is the alphabet of non-terminal symbols, Vr is the alphabet of terminal
symbols, Vy NV = 0, # ¢ Vy U Vr; P is a finite non-empty set of n-dimensional
array productions over Viy UVr and {(vo, 5)} is the start array (aziom), v, is the start
vector, and S is the start symbol. G is called A-free if every production in P is A-free.

We say that the array B € V** is directly derivable from the array B; € V** in
G, denoted By Fg B,, if and only if there exists an n-dimensional array production
p = (W, 43, A;) in P such that By -, By. Let 5, be the reflexive transitive closure
of Fg. Then the (n-dimensional) array language generated by G, Lgen (G), is defined
by Lyen (G) = {A| A€ V7", {(vo,5)} F& A}. The norm of the n-dimensional array
grammar G is defined by ||G|| = max {||p|| | p € P}.

An n-dimensional generating array production p = (W, A, A;) in P is called

e monotonic, if shape (A;) C shape (A3);
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e strictly monotonic, if shape (A3) = W and |jp|| = 1;
o #-context-free, if card (shape (A,)) =

e context-free, if p is monotonic, card (shape (A;)) = 1, and A; (©,) € Vy; the
condition Ay (2,) € Vi allows the representation of a context-free array pro-
duction as (A, {(v,42(v)) |v€ W}) or A — {(v,4;(v)) | v € W} instead of
(W, (e A} U {00 ) |0 € W\ {01} (0, A2 (0) | © € W) i card (W) =
1, we only write A — A3 (2,);

o strictly context-free, if p is strictly monotonic as well as context-free;

o regular, if either

1. W = {Q,,v} for some v € Uy, where U, = {(t1,...,%n) | Dopey k] =1},
and A; = {(Q,B),(v,#)}, A2 = {(Wn,a), (v, C’)} with B,C € Vy and
a € Vr {we also write Bv# —av(C), or

2. W = {0}, A = {(t, B)}, Az = {(Qm,a)}, with B € Vy and a € V¢

(we also write B — a).

G is called an n-dimensional array grammar of type (gen,X), X €
{enum, # — cf, mon, smon, cf, scf, reg}, if every array production in P is of
the corresponding type, i.e. a generating arbitrary (gen,enum), #-context-free
(gen, # — cf), monotonic (gen,mon), strictly monotonic (gen,smon), context-free
(gen,cf), strictly context-free (gen,scf), respectively regular (gen,reg) n-dimen-
sional (generating) array production; the corresponding families of A-free n-dimen-
sional array langnages are denoted by L (n,(gen,X)). U for two types (gen, X),
(gen,Y) with X,Y € {enum, # — cf, mon, smon, cf, scf, reg} every array pro-
duction of type (gen,X) is also an array production of type (gen,Y), we write
(gen,X) C (gen,Y) oreven X C Y.

Remark 2.1. Let G = (n,Vn,Vr,#, P,{(v0,S5)}) be an n-dimensional (gen-
erating) array grammar. If G is regular, strictly context-free, respectively strictly
monotonic, then according to the previous definition of regular, strictly context-free,
and strictly monotonic n-dimensional generating array productions we immediately
see that every array in L., (G) must be 1-connected. If G is context-free or mono-
tonic, then ||Al| < ||G|| for all A € Ly, (G). In the case of arbitrary n-dimensional
array grammars, additional restrictive conditions on the n-dimensional array produc-
tions in P are required in order to guarantee every n-dimensional array in Lge, (G) to
be ||G||-connected or even to be 1-connected as it is often required in the literature [5],
[17], [19], [20]. In the following, we also consider the case of monotonic n-dimensional
generating array grammars with norm 1 and denote the corresponding family of array
languages generated by such array grammars by L (n, (gen,mon;)).

Like in the string case, some of the families of array languages defined above form
a strict hierarchy (compare with the results stated in [11], [12], [14].

Proposition 2.1. (CHOMSKY-Hierarchy of array languages) For all n € N,
L (n, (gen,reg)) C L{n,(gen,scf)) C L(n,(gen,mon)) C L{n,(gen, enum)).

QObviously, the inclusions

L (n,(gen,scf)) C L(n,(gen,smon)) and L(n,(gen,cf)) C L (n,(gen,mon))
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are true, too, whereas the families L (n, (gen,cf)) and L (n,(gen, smon)) are incom-
parable. Furthermore, we have the inclusions

L(n,(gen,cf)) C L{n,(gen,# — cf)) C L(n,(gen, enum)),

whereas L (n,(gen,# — cf)) and L (n,(gen,mon)) are incomparable.

An interesting feature of n-dimensional (generating) array grammars is the fact
that even regular and context-free array productions make use of some special context,
namely the context of blank symbols #. This #-sensing ability (which is reduced to
a minimum in the case of strictly context-free respectively strictly monotonic array
gramimars in contrast to context-free respectively monotonic array grammars) induces
a relatively high generating power even of only regular two-dimensional-dimenensional
array grammars and yields some rather astonishing results, e.g. the set of all solid
squares can be generated by a regular two-dimensional array grammar [20].

As many results for n-dimensional arrays for a special n can be taken over imme-
diately for higher dimensions, we introduce the following notion:

Definition 2.7. Let n,m € N with n £ m. For n < m, the natural embedding
bnm ¢ 4" — Z™ is defined by ipm (v) = (v,Qm-n) for all v € Z7; for n = m we
define tpy, 1 Z" — Z" by ip,(v) = v for all v € Z™. To an n-dimensional array
A€ V" with A = {(v, A(v)) | v € shape (A)} we assign the m-dimensional array
inm (A) = {(inm (v}, A(v)) | v € shape (A)}.

3. Accepting Array Grammars: Definitions and
Examples

First we introduce the concept of accepting array productions and grammars:

Definition 3.1. An n-dimensional accepting array production p over V is a
triple (W, As, A;), where W C Z™ is a finite set and A; and A, are mappings from
W to V U {#}; p is called A-free if shape(A;) # 0. We say that the array C; €
V** is directly derivable (reducible) from the array C; € V** by the n-dimensional
accepting array production (W, Az, A,) if and only if there exists a vector v € Z"
such that C; (w) = Cy (w) for all w € Z™\ 7, (W) as well as C; (w) = A, (7—, (w)) and
Cy (w) = A; (17— (w)) for all w € 7, (W), i.e. the subarray of C; corresponding to A,
is replaced by A;, thus yielding C,; we also write C; I, C;. For short, if (W, Ay, A;) is
a generating array production, then (W, A, A4,) is the corresponding (dual) accepting
array production; for the accepting array production (W, Az, A;) the dual generating
array production is (W, Ay, As).

An n-dimensional accepting array grammar is a construct

G= (TL, VN,VTa #,Pv {(UU, S)})’

where Vi is the alphabet of non-terminal symbols, Vg is the alphabet of terminal
symbols, V NV = 0, # ¢ Vy U Vp; P is a finite non-empty set of n-dimensional
accepting array productions over Viy U Vr, and {(vo, S)} is the final array (goal). G
is called A-free if every production in P is A-free.

We say that the atray By € V*" is directly derivable from the array By € V**
in G, denoted B, kg By, if and only if there exists an n-dimensional accepting array
production p = (W, Az, 4;} in P such that B, b, B;. Let F% be the reflexive transitive
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closure of -g. Then the (n-dimensional) array language accepted by G, L,..(G), is
defined by L. (G) = {A| A e Vi, AFE {(v0,5)}}.

For any X € {enum, # — cf, mon, smon, cf, scf, reg} the accepting array
production (W, Ay, A;) is said to be of type (ace, X), if the dual generating array
production (W, Ay, A,) is of type (gen, X) . G is called to be of type (acc, X), if every
accepting array production in P is of the corresponding type. The corresponding
families of A-free n-dimensional array languages are denoted by L (n, (acc, X)) .

For any n-dimensional {generating respectively accepting) array grammar G =
(n, VN, Vo, #, P, {(v0,5)}) , the corresponding dual n-dimensional (accepting respec-
tively generating) array grammar G¢ = (n, VN, Vo, #, P4, {(vo, S)}) is defined by

P? = {(W, Ay, Ar) | (W, A1, A3) € P

The following result is obvious from our definitions:

Lemma 8.1. If G is a generating (accepting, respectively) array grammar and
G? is its dual accepting (generating, respectively) array grammar, then Ly, (G) =
Lace (G?) (and Laec (G) = Lyen (G?), respectively). Hence, for everyn € N and for
every X € {enum, # — cf, mon, smon, cf, scf, reg} we obtain

L (n,{acc, X)) = L (n,{gen, X)).

Therefore, as in the string case we can also use the notation I (n,X) for both
L(n,(acc, X)) and L{n,(gen, X)). We shall also omit the subscripts gen and acc,
respectively, in Lye, (G) and Lae. (G), respectively, if the derivation mode is clear
from the context.

4. Control Mechanisms on Array Grammars

In the following, we give the necessary definitions of ordered and programmed
(graph controlled) array grammars and languages in the generating as well as in
the accepting case. For detailed informations concerning these control mechanisms
as well as many other interesting results about regulated rewriting in the theory of
string languages, the reader is referred to [6].

Definition 4.1. An ordered (string) grammar is a construct
Go = (VN, Vr, (P, <) ) S) 5

where Viy and Vr are disjoint alphabets of non-terminal respectively terminal symbols,
S € Vy is the start symbol, P is a finite set of (string) productions over Vo UV, and
< is a partial order relation on the productions in P. For v,w € (Vv U V)" we define
v kg, w if and only if there exists a production p € P such that w is the result of
the application of p to v, whereas no other production ¢ € P with ¢ > p is applicable
to v. With % _ denoting the reflexive and transitive closure of the derivation relation
Fo, the string language generated by Go is Lyen(Go) = {w € V7 | StE, w}.

A programmed (string) grammar (or graph controlled (string) grammar) with ap-
pearance checking is a construct Gp = (W, Vi, (R, L;, Ly) , ) ; Vv and V¢ are disjoint
alphabets of non-terminal and terminal symbols, respectively; S € Vi is the start sym-
bol; R is a finite set of rules r of the form ({(r) : p(I(r)),o(I(r)),¢ ({(r))), where
I(r) € Lab(Gp), Lab(Gp) being a set of labels associated (in a one-to-one manner)
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to the rules r in R, p({(r)) is a string production over Vo UV, o (I (r)) C Lab(Gp)
is the success field of the rule r, and ¢ (I(r)) is the failure field of the rule r;
L; € Lab(Gp) is the set of initial labels, and Ly C Lab(Gp) is the set of final
labels. For r = (I(r) : p(I(r)),0(I(r)),¢(I(r))) and v,w € (Vy U Vr)" we define
(v,1(r)) Fap (w, k) if and only if

e either p(I(r)) is applicable to v, the result of the application of the production
p(I(r)) to vis w, and k € o ({(r)),

e or p(I(r)) is not applicable to v, w = v, and k € ¢ (I(r)).
The (string) language generated by Gp is

L(GP) = {’U) E VT"“ I (S,lo) i»Gp (wl,ll) I—GP "'(wkalk)a k Z 1’
w; € (VwU V)" and [; € Lab(Gp) for 0 < j <k,
wy = W, IOELi, lkELf}.

If the failure fields ¢ (I (r)) are empty for all r € R, then Gp is called a programmed
grammar without appearance checking. If o (I(r)) = o (I(r)) for all r € R, then Gp is
called a programmed grammar with unconditional transfer.

An ordered (string) grammar, or a programmed (string) grammar, respectively, is
said to be of type enum, mon, cf, ¢f — A, or reg, respectively, if every production
appearing in this grammar is of the corresponding type, i.e. an arbitrary, monotonic,
context-free, A-free context-free, respectively regular production. For the types X €
{enum, mon, ¢f, c¢f — A, reg}, by

L{gen,X), O(gen,X), Pi.(gen,X), Pu(gen,X), P(gen, X),

we denote the A-free (string) languages generated by grammars of type X and ordered
grammars, programmed grammars with appearance checking, programmed grammars
with unconditional transfer, and programmed grammars without appearance check-
ing, respectively, of type X.

In the following we list some of the most important results known [6], (8], [9], [15]
for the control mechanisms defined above (for the sake of conciseness, we use U (X)

instead of U (gen, X)):
o L(X) =Y (X) for X € {reg, mon, enum} and Y € {O, Py, Pui, P} ;
L(cf = A) C P(cf =N C Pa(cf = A) C L(mon);
o L(cf = A) C Pu(cf =) C Pou(cf —A) C L(mon);
P(cf = X) C P(cf) C Puc(cf) = L (enum);
o O(cf = X) C Put(ef ~ X) C Pu(ef) C Puc (cf) = L (enum);
o L(cf—A) =L(cf) CO(cf =N CO(cf) C Pulcf) C L(enum).

The definitions of ordered grammars and graph controlled grammars can im-
mediately be taken over for accepting (string) grammars as well as for generating
and accepting array grammars by taking accepting string productions or generating
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and accepting array productions, respectively, instead of generating string produc-
tions in the definitions given above, e.g. an ordered array grammar is a construct
G = (n,Vw, VI, #, (P, <), {(v0, S)}), where Vi, Vi, P, and {(vo,S)} are defined as
for an array grammar and < is a partial order relation on the array productions in P
etc.

An ordered array grammar (generating or accepting, respectively) or a graph con-
trolled array grammar (generating or accepting, respectively) is said to be of type X
if every array production appearing in this grammar is of the corresponding type X,
too.

Definition 4.2. For every X € {enum, # — cf, mon, smon, cf, scf, reg}
and every § € {gen,acc}, by L(n,(6,X),0), L(n,(6,X),P), L(n,(6,X),P.),
L(n,(6,X), Pu) we denote the A-free array languages described by ordered array
grammars, programmed array grammars without appearance checking, programmed
array grammars with unconditional transfer, and programmed array grammars with
appearance checking, respectively, of type (6, X).

In the following we give some examples elucidating the control mechanisms defined
above.

Example 4.1. According to [20], the set Ry of hollow rectangles of thickness one
over the one-letter alphabet {a} (with the left lower corner lying in the origin) cannot
be generated by a context-free array grammar. Yet the following regular ordered array
grammar G can generate Ry, i.e. Ry € L(2,(gen,reg),0).

G = (27{57A7B707D7E7F1Q}1{0'}7#’(P7<)7{((071)a5)}),
P = {# LA LA Ak 4B B# —aB, B —aC, O - @

S a’' A a’ # D’
D a D a # Q
#—>D, #HE,#E—)Ea,#E—)Fa, P a,F—)a}.
The order relation < only consists of F' — a < ﬁ — 2 , which guarantees that

F' — a is only applied when no blank symbol appears above the non-terminal symbol

F, or otherwise the (forced) application of ﬁ — 2 introduces the trap symbol Q.

The derivation of a rectangle of side lengths n and m, n,m > 3, proceeds as
follows: The left vertical line of the hollow rectangle is generated by first using the

# #

rule g — 1;1 and then using n—3 times the rule 4 f . After applying the rule

A# — aB, the upper horizontal line of the rectangle is generated by using m — 3 times
the rule B# — aB. The generation of the right vertical line of the rectangle starts

with applications of the array productions B# — aC and ; — ]a) , Whereafter

. . D . D
we can proceed with repeated applications of % — ;) . By applying 4 — 2
the generation of the lower horizontal line is started, which proceeds by repeatedly
applying #E — Fa. After the application of #E — Fa the final array production
F — a can only be applied, if with the non-terminal F' we have arrived exactly below
the starting point of our derivation; otherwise the trap symbol @) is introduced by
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# Q

the application of = . which is forced by the order relation < . Hence, we

F

conclude

L(G@) = {{((0,5),0),((5,n—1),0),((m—1,5 +1),a),(({ +1,0),a) |
0<j<n-20<i<m—2}|n>3, m>3}=Ry

For the generation of the set Sy of hollow squares with the left lower corner
positioned in the origin (see [14]) regular array productions are not sufficient, i.e.
Sy can only be generated by a context-free graph controlled array grammar with
appearance checking:

Example 4.2. We consider the context-free graph controlled array grammar
G =(2,{S,U,R,D,L,Q},{a},(R,{0},{0}),{((0,0),5)}) (with appearance check-
ing), where P contains the labelled rules listed in Figure 1.

O R R A !

(2; R#——)llR,{l,:i}’(I)); v # N Z D ,{4},@>;
4: R# — aL,{5},0); 5: D# —aD,{6,7},0);
o # L . . # @ .
6: L - a ,{5},@ 3 T: L - Lama{8}>a
(8: L—a,{9},0); (9: D — a,{0},0).

(¥~

TN~ N

Figure 1. The rule set belonging to Example 4.2

After using the initial rule 0, the generation of the hollow square of side length
n > 3 proceeds as follows: By repeatedly using rules 1 and 2 in a loop, the left
vertical line and the lower horizontal line grow in a synchronized manner. After the
application of the sequence 3 and 4, the upper horizontal line and the right vertical
line are grown in a synchronized manner by using the array productions 5 and 6 in
a loop. Only if L has arrived just below D, the array production 7 can be skipped
in the appearance checking mode without introducing the trap symbol (), whereafter
the derivation is finished by using the sequence of array productions 8 and 9. Hence,
we conclude

L(G) = {{((O,i),a),((i,n—1),a),((n—1,i+1),a),((i+1,0),a)l
0<i<n—2}|n>3}= 25y,

and therefore Sy € L (2, (gen, scf), Pa) -

By replacing empty success or failure fields, respectively, in the rules above by
the corresponding non-empty failure and success fields, respectively, we immediately
obtain a graph controlled array grammar with unconditional transfer generating the
same array language, i.e. Sy € L(2,(gen, scf), P.), too.

The previous two examples reveal an important difference between the applicabil-
ity of a context-free string production to an underlying string and the applicability
of a context-free array production to an underlying array: Whereas a context-free
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string production A — w is applicable to the underlying string if and only if the
non-terminal symbol A appears in this string, the applicability of a context-free array
production (W, Ay, A;) with A4; (1,) = A to an underlying array not only depends on
the occurrence of the non-terminal symbol A in the underlying array, but also on the
?availability” of blank symbols in the neighbourhood of A on the relative positions
v e W\ {0,}. This #-sensing ability is the basis of the some results proved in [14],
i.e. in contrast to the string case, even #-context-free ordered array grammars can
generate any recursively enumerable A-free array language.

The following results directly follow from the definitions:

Lemma 4.1. For all n € N, for all derivation modes § € {gen,acc}, and for all
types X,Y € {enum, # — cf, mon, smon, cf, scf, reg} with X CY, as well as for
all control types U € {P, Py, Po, O} we have L(n,(6,X),U)C L(n,(8,Y),U).

Lemma 4.2. For all n € N, for dll derivation modes § € {gen,acc}, and for all
types X € {enum, # — cf, mon, smon, cf, scf, reg} we have

L(n,(8,X)) € L(n,(6,X),P) € L(n,(6X), Fac),
L(n,(6,X)) C L(n,(6,X),Pu) C L(n,(6,X),Puc)

as well as L(n,(§,X)) € L(n,{(6,X),0).

Lemma 4.8. For every n € N and for every X € {enum, # — cf, mon, smon,
cf, scf, reg}, we have L(n,(gen,X),0) C L(n,(gen, X), Pu).

Proof. Let G = (n,Vn,Vr,#,(R,<),{(v0,S5)}) be an ordered generating array
grammar of type X, and let Lab be the set of unique labels for the rules in R.
We construct an equivalent graph controlled generating array grammar with uncon-
ditional transfer of type X, G' = (n,Vy U {F},Vr,#, (R, Lab, Lab), {(vo, S)}), in
the following way: For each labelled rule r : (W, Ay, 4;) from R, » € Lab, with
F(r)={(r,7)| 1 <i < k(r)} denoting the set of labels of the rules p,; greater than
r with respect to the order relation <, in R’ we take

((r,i) :p?i, {(ryi+ 1)}, {(r,e + 1)}) , for1<:i<k(r)and
((ryk(r) +1): (W, A, Ag), Lab, Lab),

where we identify the labels (r,1) and . ‘

For any generating array production p in R, p = (W, A;, Az), the corresponding
failure production p® is defined by p® = (W, A,, Fw), where Fiy = {(v, F) |v € W}.
Such a failure production p® therefore introduces the trap symbol F' whenever it
cannot be skipped in the sequence controlling the application of an array production
from R.

In the regular case, for the rules of the form r : A — a and of the form r : Av# —
avB, respectively, we need a slight modification of the construction given above: If
the set F'(r) contains a label identifying a production of the form A — b we simply
can forget about the rule r. Otherwise, we only have to check the applicability of
the rules greater than r of the form Au# — CuD, and therefore we can exclude
all labels belonging to productions being not of this form Au# — CuD from F(r)
and then proceed as above with this reduced set of labels of productions greater
than r. The corresponding failure production p® for p = Cu#t — cuD is defined by
p° = Cu# — cuF. O
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Lemma 4.4. For every n € N and for every X € {enum, # — cf, mon, smon,
cf, scf, reg}, we have L (n,(ace, X),0) C Lo (n, (ace, X), Put) -

Proof. Let G = (n,Vn,Vr,#,(R,<),{(v0,5)}) be an ordered accepting array
grammar of type X, and let Lab be the set of unique labels for the rules in R.
We construct an equivalent graph controlled accepting array grammar with uncon-
ditional transfer of type X, G' = (n,Vw U{F},Vr,#,(R', Lab, Lab), {(vo,S5)}), in
the following way: For each labelled rule r : (W, A;, A;) from R with F(r) =
{(r,1) |1 <¢ < k(r)} denoting the set of labels of the rules p,; greater than r with
respect to the order relation <, in R’ we again take

((r2) : p25 {(r i+ 1)}, {(r,i+1)})  for 1 <i < k(r)and
((r,k(r) + 1) : (W, A1, Az), Lab, Lab) ,

where we identify the labels (r,1) and r.

. For any accepting array production in R, p = (W, Ay, Az), the corresponding
failure production p® now is defined by p® = (W, A;, AF ), where AL = {(Q,, F)} U
{(v, 42 (v)) |[v e (W\ {2, })}, i.e. at the position f),,, which is always occupied by
a non-blank symbol, the trap symbol F is introduced instead of the original symbol
A3 () in case the production p® has to be applied. i

Observe that in the accepting case, the proof also works for the regular array
grammars.

As in the string case (see [1], [2]), it is easy to see that generating and accepting
programmed array grammars without appearance checking describe the same family
of languages. Hence, we find:

Lemma 4.5. For everyn € N and for every X € {enum, # — cf, mon, smon,
cf, scf, reg}, we have L(n,(gen, X), P} = L (n,(acc,X),P).

Proof. The results directly follow from the duality of generating and accepting
array productions, respectively, and the corresponding derivation mechanisms:

Let G = (n, Vi, Vr,#,(R, Li, Ly}, {(vo, S)}) be a graph controlled generating ar-
ray grammar of type X without appearance checking. Then we can construct a
graph controlled accepting array grammar of type X without appearance checking
G = (n,Vw U{F},Vr, 4, (R* LY, L) ,{(v0, S)}) , where F is a new non-terminal
symbol ¢ VU Vr U {#}. We take a new accepting (regular) array production ¢ — F
and assign a new label f to it, i.e. R? contains (f : a — F,0,0). Moreover, we define
Lf = {f} and L{ = {s|r e o (s) for somer € Ls}. For (r: (W, A, A),0(r),0)
in R we take (r: (W, 43, A1),071(r),0) into R?%; the set o~'(r) is defined by
o' (r) ={s|re€o(s)}forr ¢ L; and 671 (r) = {s|reo(s)} U{f} for r € L..

Hence, to every (generating) derivation in G,
({("JO’ S)} 77'0) kg .. (Bm—lvrm—l) Fo (Bm77'm)

of a terminal array B, € V#"™ with ro € L; and r,, € Lj there corresponds the
(accepting) derivation in G?

(Bm, Tm—l) ng (Bm—l, T'm_z) ng (Bl, 7‘0) I—Gd ({(’Uo, S)} ,f) .
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A similar construction allows us to build up a graph controlled generating array
grammar of type X without appearance checking for a given graph controlled accept-
ing array grammar of type X without appearance checking. 0

In the string case, the analogue of the following result (with the same idea of a
purely structural proof) has been shown in [3].

Lemma 4.6. For every n € N and for every X € {enum, # — cf, mon, cf},
L(n,(gen,X), Pac) C L(n,(ace,X), Pac).

Proof. Let G = (n,Vn,Vr,#, (R, Li, Ly) ,{(vo, S}}) be a graph controlled gener-
ating array grammar of type X. Then we can construct a graph controlled accepting
array grammar of type X

Gd = (naVN U {F}aVTa#a (Rdwavl’?’) 7{(”0a S)}) )
R*=RUR' L= {s,s"|reo(s) forsomere L}, L7 ={f,f"},

where for (r: (W, 41, 42),0(r),(r)) in R we take

('« (W, Ag, Ar) , (072 (1)) U (972 ()", 0)  into R' and
(" (W, A, A1), 0, (072 (r)) U (7 (r))")  into RY
moreover, we take (f' : F' — F,0,0) into R’ and (f": F — F,0,0) into R"; the sets
o71(r), ¢ ~!{r) are defined by
o {r) = {s|reco(s)} and 7' (r)={s|r €¢(s)} forr ¢ L; and
o(r) = {s|reo(s))U{f} and g™ ()= {s|r € p(s)} U Lf} for r € Le

For any set of labels I we define
I'={s|se L}, L"={s"|seL}.

With the accepting array productions assigned to primed labels we simulate the
dual generating array production in the reverse direction, whereas when choosing a
rule with a doubly primed label we can only proceed (without changing the current
array) if the corresponding generating array production could not be applied. (]

Observe that the proof method used in the proof of the preceding lemma does not
work for the types smon, scf, and reg, because the productions (W, Ay, A1) we use
are not of the desired type.

In the regular case, the families of array languages L (n,(gen,reg),O) and
L(n,(acc,reg), P..) as well as L (n,(gen,reg), F..) and L (n, (ace,reg) ,O) are even
incomparable for each n > 2, which we shall prove next.

Lemma 4.7. For eachn > 2,

i (Rr) € L(n,(gen,reg), 0)\ (L (n,(acc,reg), Poc) U L (n, scf)).

Proof. According to Example 4.1, i3, (Rg) € L(n,{gen,reg),0), because by
replacing every vector v occurring in the two-dimensional ordered array grammar
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there by the corresponding n-dimensional vector ¢, (v) we immediately obtain an
n-dimensional ordered array grammar generating i, (Rp).

On the other hand, no n-dimensional accepting graph controlled array grammar
with appearance checking can exist that describes i2, (Ry) :

After the first derivation step the underlying array contains exactly one non-
terminal symbol. The rectangle is cut at some position, yet with accepting array
productions we cannot check the closure of the line to both directions from this start-
ing position, hence if we proceed in one direction from the starting point, even the
control mechanism of programming cannot guarantee that we close the line at the
end of the analysing procedure. A usual pumping argument shows that the last of
the four lines of the rectangle need not be analysed in total, which would allow the
acceptance of arrays not in Ry; the details of this pumping argument are left to the
reader.

As we proceed along a single line when analysing a rectangle, even by using strictly
context-free accepting array productions we can follow the argumentation in the pre-
ceding lines and conclude Ry ¢ L (2, (acc, scf)). o

On the other hand, the arguments used in the previous proof do not carry over
to ordered array grammars with regular accepting array productions as well as array
productions of the form

{((0,0),4), (v, #)} = {((0,0), B), (v, #)}

for some v € Z% with ||v]| = 1, i.e. the construction in the following example using
only one rule of this special form already allows us to generate Ry :

Example 4.3. The set Ry of hollow rectangles of thickness one over the one-
letter alphabet {a} (with the left lower corner lying in the origin) can be described
by the following context-free ordered accepting array grammar G :

(27{S3A’B7C’D7E7F7Q}7{a}7#7(P’<)7{((0?1)’S)})7

P = {21%?, 12-—>ﬁ,aB——>A#,aB—->B#,

a C a D a D
aC—)B#’D—)#’D_)#’E_—)#’
Ea — #E, Fa — #E, ﬁ—»é,a—)F}.
The order relation < only consists of Fa — #F < ﬁ — g . The rule a — F

initiates the parsing process; this rule can only be applied once at the first step of the
derivation, otherwise the goal {((1,0),5)} cannot be derived.
In the second derivation step we have to apply the rule Fa — #FE, which is

# #

supervised by the rule P introducing the trap symbol @, which guarantees

that above the starting position indicated by the generation of the symbol F' we will
find a symbol a at the end of the derivation.
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The remaining rules accomplish the analysis of the array just in the opposite
direction as the generation of the same array was described by the corresponding
dual rules in the ordered regular array grammar in Example 4.1. In sum, we obtain
L (G) = Ry, i.e. we conclude Ry € L (2,(acc,cf),0).

In fact, taking into account the duality of these two array grammars, the only
difference between the ordered accepting array grammar in this example and the
ordered generating array grammar is that here we have to use the (context-free but

#

A ?5 instead of the (regular generating)

non-regular) blank-sensing trap rule

# Q@

trap rule A which not even is monotonic accepting.

F

Observe that Lemma 4.6 is also valid for an extended regular case where we
admit array productions of the form {(Q,, A),(v,#)} — {(9, B),(v,#)}, since
we then can simulate a generating rule (r: (W, A1, A2),0(r),¢(r)) with 4 =
{(Qx, B),(v,#)}, A2 = {(Qm,a),(v,C)}, via v’ and r" as defined in the proof of
Lemma 4.6, because now the array production (W, A;,.4;) used in r” is of this new
form.

Also the programmed use of strictly context-free accepting array productions al-
lows us to accept Ry :

Example 4.4. The set Ry of hollow rectangles of thickness one over the one-letter
alphabet {a} (with the left lower corner lying in the origin) can be accepted by the
following strictly context-free graph controlled accepting array grammar G without
appearance checking:

G = (2,{S,A, B} ,{a},#,(R, {1},{10}),{((0,1),5)})

with R containing the rules listed in Fig. 2.

(1: a— 5,{2},9); (2: Sa— #5,{3},0);
3: a— B,{2,4},0); (4: Sa—#5,{5},0);
§5- g, — i,{G},@ ; (6: a— A, {57},0);
(

i o i,{s},w ; (8: BS — S#,{8,9},0);

9: aS — S#,{10},0); (10: i - i’f,{m},(})).

Figure 2. The rule set belonging to Example 4.4

With each symbol a consumed by rule 2 on the lower horizontal line, a symbol B
arises on the upper horizontal line, which symbol afterwards is consumed by rule 8. In
the same way, a symbol A arises on the left vertical line with each application of the
rules 5 and 6, which then is consumed by an application of rule 10. In this way we can
control the corresponding lengths of the horizontal and the vertical lines, respectively.
In sum, we obtain L (G) = Rpg, i.e. we conclude Ry € L(2,(acc,scf),P).
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Example 4.5. The set L} of lines of thickness one over the one-letter alphabet
{a} with the starting point lying in the origin and ending with a free end can be
defined by being generated by the following context-free array grammar G :

G = (2,{S},{a},# P,{((0,0),5)}),

P = {{((0,0),5), (v, #)} = {((0,0),a),(v,5)} | v € Uy} U
{1((0,0), S} U (o, #) | v € Us\ {u}} —
{((0,0),a)} U {(v,#) | v e Us\ {u}} |u € Us}, where

Uy = {(07 ) ( ) (1 0) ( 110)}'

On the other hand, the array language generated by this context-free array gram-
mar G can also be accepted by an ordered regular array grammar G’ the construction
of which is rather obvious but tedious and therefore left to the reader.

Lemma 4.8. For each n > 2,

ion (LF) € (L (n, (acc,reg),0) N L(n,cf))\ L(n,(gen,reg), Psc) -

Proof. From the preceding example we immediately infer
iam (LF) € (L (n,(acc,reg),0) N L(n,cf)).
A pumping argument shows that 5, (L) ¢ L (n, (gen,reg), P..) . The details are left
to the reader. O

We even conjecture that

iom (L};) € L(n,(gen,smon)) \ L(n,(gen,scf), Py.).

Moreover, we conjecture that the array language iz, (Lr), where Ly is the ar-
ray language from L (n,(gen,cf)) defined in the following example, even is not in
L (n,(gen, smon), P,). So far proofs of these conjectures remain as open problems.

Example 4.6. The array language Lz containing arrays representing an arbitrary
number of lines starting in the origin and ending with free ends is generated by the
following context-free array grammar:

(2,{5},{a},#, P,{((0,0),5)}),

{{((0,0),5), (v, #)} — {((0,0) ,0) , (v, S)} | v € Us}U
{[E (0,0),9)} U {(v,#) | v € Us \ {u}} —

{{((0,0),

(
( }
(0,0),0)} U{(v,#) | v € Us\ {u}} |u € UsU
( S), (v, #)} = {((0,0),5),(v,5)} | v € Uy}
Most of the examples elaborated above cannot be taken over to the one-dimensio-
nal case. As a consequence, in the one-dimensional case, some more families of array
languages collapse into one class:

Theorem 4.1. For every U € {O, P, Py, P,.} , we have

G =
P

L(1,reg) = L(1,(ace,reg),U) = L(1,(gen,req) ,U) C L(1,scf)
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Proof. Obviously, L(1,reg) C L(1,scf). The strictness of this inclusion fol-
lows from the fact that one-dimensional arrays generated by a regular array gram-
mar can grow only to the left or to the right from the start position, whereas
strictly context-free array grammars can grow the array to the left as well as to the
right; hence, e.g. {{((—i),a) |1<i < k}U{((7),a) [0 <j <m}|k>0,m >0} ¢
L(1,scf)\ L(1,reg). Therefore, it only remains to prove that we have L (1,reg) 2
L(1,(8,reg), P,.) for 6 € {gen,acc}.

Yet these inclusions can be proved by the standard techniques known from the
string case, i.e. all we need for the control mechanism can be stored in the single non-
terminal of the intermediate sentential forms together with the information to which
side from the start position the array is grown. The technical details are obvious and

therefore left to the reader. O
When considering equivalence classes of arrays, we even obtain {see [12]).

Corollary 4.1. For every U € {O, P, Py, P.c} , we have

[L(1,req)] = [L(1,(acc,reg),U)] = [L(1,(gen,regq) ,U)] = [L(1,scf)].

Proof. The inclusion [L (1, sef)] C [L(1,7reg)] was proved in [12]. The remaining
statements then follow from Theorem 4.1. O

For families of strictly context-free one-dimensional array languages we obtain the
following inclusions implied by the results in [13], [14] and some results previously
proved in this paper.

Theorem 4.2. For every U € {0, P, Py, P..} we have

L(1,scf) < L(1,(gen,scf),U)C L(1,smon) = L(1,mon,) C L(1,mon),
L(1,sef) < L(1,(acc,scf),U) C L(1,smon), and moreover,
L(l,scf) C L(1,{gen,scf),P)C L(1,{gen,scf), P} C L(1,mon,),
L(1,scf) < L(1,(acc,scf),0)C L(1,(ace,scf), Pu)

C L(1,(acc,scf), Pac) C L(1,mony).

Proof. The strictness of the relation L (r,(gen,scf),U) C L(n,mon) was proved
in [13], where the array representation of the context-free string language

L= {zcwRdycyR | z,y € {a, b}+}

(zf is the mirror image of z) was shown to be in L (1,mon) \ L(1, (gen,scf),U);
from the proof given there it is clear that even for any n € N we have

i1, (L) € L(n,mon)\ L(n,(gen, scf),U),

which concludes the proof. m]
In the string case, the analogue of the following result has been shown in [1}.

Theorem 4.3. For everyn € N, we have L(n,mon) C L(n,(ace,ef),0).
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Proof. Combining the KURODA-like normal form result for generating monotonic
array grammars [14] with Lemma 3.1, we can assume that an arbitrary monotonic
array language is given by a monotonic accepting array grammar

G= (n, VN, VT:#:-Pa {(UO,S)})

which only contains accepting array productions of one of the following forms:

ot = W

. a— X, where X € Vy, ¢ € Vp;

Y — X, where X € Vy, Y € Vy;

A, B) , (v, O)} = {(Q, A), (v, #)}, where A, B,C € Vy;
. {(QmB)’(”,#)} - {(QTL:A) ’ (U’#)}a where A, B € Vn;
- A, B), (v,C)} = {(Qn, A), (v, D)}, where A, B,C, D € Vy.

As the first four kinds of rules are already accepting context-free, we only
have to show how the inherent non-context-free array productions of the form
{2, B),(v,C)} = {(Q,A4),(v,D)}, where A)B,C,D € Vy, can be simulated by
using only context-free array productions together with the control mechanism of an
order relation:

For each labelled array production r : {(€,,B),(v,C)} — {(,,4),(v,D)},

r € Lab, we introduce the following accepting array productions:

1.

B — [B,r,0] less than (supervised by) [X,s,i] — F for all X ¢ Vy, s € Lab,
i€{0,1,2};

. C = [C,r,1] supervised by [X,s,1] — F

for all X € Vi, s € Lab, i € {0,1,2} such that (X, s,i) # (B,r,0);

. |B,r,0] — [A,r,2] supervised by:
]

[B,r,0]vY — Fo# forall Y € Vy U Vr U {#},

[B,7r,0]v[X,s,i]] — Fuv# for all X € Vw, s € Lab, ¢ € {0,1,2} such that
(X,s,2) # (Cym, 1),

[X,s,4] — Fforall X € Vy, s € Lab, ¢ € {0,1,2} such that (X,s,:) ¢
{(B,r,0),(C,r,1)};

. [C,7,1] = D supervised by:

[C.r1]{(—v)Y = F{—v)# forall Y € Vi U Vr U {#},

[C,r,1](—v)[X,s,5] = F(—v)# for all X € V, s € Lab, 7 € {0,1,2} such
that (X, s,¢) # (A,r,2),

[X,s,1] = F for all X € WV, s € Lab, i € {0,1,2} such that (X,s,i) ¢
{(Aa L 2):(Ca T',].)};

. [A,7,2] — A supervised by {X,s,i] — F

for all X € W, s € Lab, { € {0,1,2} such that (X, s,7) # (4,r,2).
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Hence, each derivation step in G using an accepting array production of the form
{(Q, B),(v,C)} — {(R,A4),(v,D)} is simulated by a sequence of five context-
free accepting array productions in the ordered accepting array grammar constructed
above: By the array productions B — [B,r,0] and C' — [C,r,1], respectively, two
positions in the underlying sentential form are marked. By the supervising array
productions in 3 it is guaranteed that we can only proceed without generating the
trap symbol F if in the first two simulation steps a subarray of the desired form, i.e.
{(w,[B,r,0]), (w+v,[C,r,1])}, has been marked. No more than two symbols can be
marked at the same time without finally enforcing the generation of the trap symbol F.
By the array productions [B,r,0] — [4,7,2], [C,r,1] = D, and [A,r,2] — A in 3, 4,
and 5 we can finish the simulation of the array production labelled by r, thus yielding
the subarray {(w, A),(w + v, D)}. The supervising array productions guarantee the
correct sequence of applying these simulating accepting array productions. a

Remark 4.1. As we shall show later in this paper, we even have
L (n,mon) = L (n, (ace,cf),0).

By also allowing accepting array productions of the form # — A, A € V, in the
normal form given above, we immediately obtain a normal form for arbitrary accepting
array productions and grammars, respectively, as well as according to the definition
of the type #-context-free, we readily obtain

L (n,enum) = L(n, (acc,# —cf),0).

In [14] it was already proved that (for n = 2, yet the result holds true for every n > 1)
we have L (n,enum) = L (n,(gen,# —cf),0).

Hence, according to the thesis of Turing and Church, for the arbitrary case we can
already state (also using Lemmas 4.2, 4.3, and 4.4 as well as results from [14]):

L (n7€num) =1L (n7 (67# - Cf) 3 U)
for all § € {gen,acc} and U € {0, P, Poc}.

In the monotonic accepting case, so far we have shown (see Lemmma 4.2, Lemma 4.4,
and Theorem 4.3) that

L (n,mon) C L(n, (acc,cf),0) C L(n,(acc,cf),Pu) € L(n, (acc,cf), Pac) .

In order to show that all these inclusions are equalities, it only remains to show
the following lemma:

Lemma 4.9. For everyn € N, L(n,(acc,mon), P,.) C L(n,mon).

Proof. Let G = (n,Vn, Vr,#,(R, Li, Ls) ,{(v0, S)}) be a graph controlled accept-
ing monotonic array grammar, and let Lab be the set of unique labels of the rules in
Raswell as Ug = {v e Z" | 0 < ||v|| £ ||G||}. Then we can construct an equivalent
monotonic generating array grammar G' = (n, Vi, Vo, #, P, {(vo, 5)}) with

Vi = {[=,Y,s,u,Ul|zeVy,Y e WU Ve U{#},uecUs,0 CU C Ug,
s€{A,I,F}U{(p,d) | p € Ladb,d € {Y,N,C,D,R}}} U {5}

and P containing the following array productions:
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1. §$—a,a,A,,, 0] for all a € V7.

Such an array production starts the non-deterministic generation of an arbitrary
array, which is continued by the array productions in 2.

2. {(Qn,la,a,A,4,U]),(v,4#)} —
{0, [a,a, A, u, U U{v}]), (v,]b,b,1,—0v,0])}
foralla,be Vr,ue UgU{Q,},veUqg, 0 CU C Us.

The quintuples of the form [z,Y, s, u, U] contain the following information:

(a) z is the symbol that finally has to appear in the terminal array generated
by G'.
(b) Y is the current symbol at this position during the simulation of G by G'.

(c¢) The state s describes the current phase of the simulation at the underlying
position.

(d) The vector u points to the relative position from which the underlying
position has been reached first by an array production in 2 (except for the
starting position v, which therefore contains {1, as fourth component). In
this way, a connectivity tree (with the root in vg) is codified.

(€) The set U contains the relative positions of the children (successors) of the
underlying position in this connectivity tree. Hence the fourth and the fifth
component allow us to go forth and back in the connectivity tree.

3‘ {(Qn’ [a7 a’ A? u7 U]) Y (v’ [b’ b7 IJ w’ W])} -
{(Qn,[a,a,1,u,U]), (v, b, b, A, w, W])}
foralla,be Vy, u,we Ug U{},v € Us, 0 CUW C Ug.
In the first phase, when generating an arbitrary array by using the array produc-
tions in 1,2, and 3, exactly one position in the current sentential form carries the
active state A, whereas all the other non-blank positions carry the non-active
state I. The array productions in 3 allow us to move the active state from one
non-blank position to another one.

4. la,a,A,Q,,U] — [a,a,(p,8),Q,, U]
forallae Vg, 0 CU CUqg,pe L;, § € {Y,N}.
The simulation of (7 is started by introducing an initial active state (p, ), which
can be moved around by the array productions in 5.

5. {(QTH [au X7 (p7 6) s Uy U]) 9 (Ua [b7 K I,'LU, W])} -
{(Qn’ [a7 X7 I7 u? U]) ? (U7 [b’ Y’ (p7 6) bl w’ W])}
foralla,be Vp, X,Y € VNUVTU{#}, u,w EUgU{Q},velUg, § CUWC
Us, p € Lab, 6 € {Y,N}.

6. {(QTH [anXQn’ (P, Y) y Wy Wﬂn])} U
{(U7 [auy Xu’ I7 Wy, Wv]) | vE V} -
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{(Q, [aa., Yau, (4,6) , wa,, Wa,])} U

{(v,[ay, Yo, I, wy,, W,)]) | v € V}

for all a, € Vr, X,,Y, € Vh UVp U {#}, w, € UgU{Q,},0 C W, CUg,
forveVu{Q,},pe Lab,geo(p),é€c{Y,N},

and the rule labelled with p is

{0, X.) |0 €VU{R} — {0 %) [0 € VU{R)}, 0 ¢ V.

If the application of the array production p has to be simulated, the active state
(p,Y) is moved to a suitable position from which the simulation is possible.

- [a'7X’(p7N)7Qn7U] - [a7X)(p7C)’Q'ﬂv’U]

forallae Vp, X e Vy UVr U{#},8 C U C Ug, p € Lab.

The check for the non-applicability of an array production p (which non-
deterministically has been guessed by introducing the active state (p, N)) is
started at the position vp by the suitable array production in 7. From there, the
state (p, C) is propagated forward to all non-blank positions along the connec-
tivity tree by the array productions in 8.

. { Qm [aﬂn)Xﬂm (P, C) s Wy s Wﬂn])} U

(
{(v; [a, X, I,wy, Wo]) [ 0 € Wa, } —
{(Qn; [ag,., Xa,. (P, C) , wa,, Wa,])} U
{(v, lav, Xo, (2, C) w0, Wo]) [ v € W, }
forall a, € Vo, X, e VWU VR U {#}, w, € UgU{Q,},0 C W, C Ug,
for v € W, U {0}, p € Lab.

. (O, laq,, Xa., (. C), wa,, Wa, })} U

{(v, [a0, Xo, 8o, wo, Wo]) [ v € A} U {(v, #) v € Va} —

{(Q, [ag,., Xa., (p, D) , wa,, Wa,])} U

{01 oy Xo 60y 00, Wal) | 0 € Vi) U {(0, ) [0 € T},

where V; and V; are disjoint finite subsets of Z™, V; UV, C Ug,
forall a, € Vp, X, e WU VT U {#}, w, € Us U {0}, 8 C W, C Ug,
forve VyU{Q.}, p € Lab, 8, € {(p,C),(p,D)},

and the rule labelled with p is of the form

{(v;2)) v e ViUV U{l}} = {(v,Y2) [v € T U VR U {Q}],
Z, Y, e Vi UVp U {#} forv e UV U{Q,},

but not of the form

(0.X,) |0 € Vi U Q1 U {(0,#) [ v € Va} -

{(v.Yo) lve iUV, U{Q,}}.

At each position, from the state (p, C) the state (p, D) is generated if the array
production p cannot be applied here.
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14.
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[a, X, (p,D),u,0] = [a, X, (p, R) , u,0]
forallae Vo, X e Vi UVR U {#},ue Us U {Q,}.

From the leaves of the connectivity tree (indicated by the empty set as the fifth
component ), the information of the non-applicability of p is propagated back to
the root at position vy by the array productions 10 and 11.

{(n, [eq,, Xa., (p, D), wa,,, Wa,])} U

{(v,[aw, Xu, (0, B) ,wu, W,]) | v € Wy } —

{(Qn; [ag,., Xa., (p, R) ,wa,, Wa,])} U

{(v, [av, Xo, I, wy, W,]) | v € Wa, }

foralla, € V, X, e VW UVr U {#}, w, € Ug U{Q,}, 0 C W, C Ug,
for v e Wo, U{Q,}, p € Lab, Wy, £ 0.

[a7X7 (p7R)7Qn7U] - [a"X7 (q’6),ﬂn7U]
forallae Vr, X e VW UVr U {#},0C U C Ug,
p€ Lab,q € ¢(p), 6 € {Y,N}.

At the root, i.e. at position vy marked with the fourth component being Q,,, the
successful check for the non-applicability of p allows us to guess the next active
state (g, 6), where q has to be from the failure field ¢ (p).

{(Qn; [ag., S, (P, 6) , i, Wa, )} U{(v, [a0, #, 1, wy, Wo]) | v € Wa, } —
{(Qn, @, )} U {{v, [av, #, Fywy, W) | v € Wy, }

for all a, € Vi, w, € Ug, 8 C W, C Ug, for v € Wy, U {1},

pe L;, 6 € {Y,N}.

{(Qna [aﬂm#’Fv Wy Wﬂn])} u {(U> [ava#ylawvawu]) I vE Wﬂn} -
{(9n,a0,)} U {(v, [ay, #, F,wy, W,]) | v € Wo, }
for all a, € Vi, w, € Ug, 8 C W, C Ug, for v € Wy, U{Q,}.

When we reach a final state, indicated by the active state (p, ) with p € Ly, we
can initiate the generation of the terminal array by applying an array production
13, provided that at position vy the third component is S, by introducing the
active symbol F' and then continue with the array productions in 14, provided
that at every other position the third component is #. This terminating phase,
indicated by the state F, successfully ends at the leaves of the connectivity
tree (which have the empty set as fifth component) if and only if we first have
successfully guessed the initial array generated by the array productions 1,2, and
3, and then have successfully simulated an accepting derivation of the array in G
by G finally obtaining the array {(vo, S)} encoded in the third components. O

Hence, for the monotonic case we have proved that for every n € N and every

Ue€{0,Py,,P.}:

L{n,mon) = L(n,(acc,cf),U) = L(n,(acc,mon),U) = L(n,(gen,monr),U).
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Finally, let us mention that the proof of Lemma 4.7 given above is considerably
more involved than its analogue in the string case, where a simulation of non-erasing
grammars by linear bounded automata is quite obvious.

Strictly monotonic array grammars cannot check for the context of blank symbols
as monotonic or even context-free array grammars can do by using array productions

like
{(Q, 4), (v, #)} = {0, B), (v, %)},

which were inevitably used in the previous proofs. Surprisingly enough, appearance
checking can overcome this difficulty when we restrict ourselves to array grammars
with norm 1, which is shown in the following lemma:

Lemma 4.10. For every n € N, if G is an n-dimensional monotonic generating
or accepting array grammar with ||G|| = 1, then we can construct an n-dimensional
ordered strictly monotonic generating or accepting, respectively, array grammar G’

with ||G’]| = 1 such that L(G') = L(G).

Proof. Let G = (n,Vn,Vr,#, P,{(v0,5)}) be a generating or accepting mono-
tonic array grammar in normal form (see Theorem 4.3). Then we construct
an equivalent ordered monotonic generating or accepting array grammar G' =
(n, Vi, Vo, #, (P, <) , {(vo, 5)}) , with L(G") = L(G) by eliminating the rules r of
the form {(Qn, 4), (v, #)} = {(, B), (v,#)} . We replace such a rule by the follow-
ing set of rules:

1. A — A, supervised by
X, — F for all X € Vy and all ¢ that are labels of a rule of the form above;

2. A, — B supervised by

{0, A), (v, X)} = {(Q%, F), (v, F)} for all X € Vi U Vr (which inevitably
destroys the normal form). Observe that the newly introduced array productions
are of the desired type. O

Summarizing some of the most important results elaborated in this paper, we
can state the following theorem (for the string case, analogous results concerning the
accepting mode of derivation were stated in Theorem 3.3 and Corollaries 3.5 and 4.8

in [1)):

Theorem 4.4. For everyn € N and every U € {O, Py, P}, we have

L(n,enum) = L(n,(gen,# —cf),U) = L(n,(acc,# —cf),U);
L (n,mon) = L(n,(gen,mon),U) = L(n,(acc,mon),U);
L(n,mon) = L(n,(acc,cf),U) 2 L(n,(gen,cf),U).

5. Final Remarks

Several problems for accepting array grammars with various control mechanisms
have remained open in this paper, but some problems for generating array grammars
with various control mechanisms are still open, too.

In [10], we discussed how to interpret generating array grammars in an analysing
manner for character recognition purposes. This is done in the following way:
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1. productions are read from left to right, i.e. we use the generating rules as they
are given, indeed,

2. a production is applicable if the result of the derivation step still matches the
given pattern.

Point (2) allows to prune subcases which can never lead to a complete match with
the given pattern, hence reducing the non-deterministic choices inherent in Chomsky-
like grammars. In this way, we can accelerate the derivation considerably. Observe
that there is a crucial difference between this interpretation of an analysing grammar
and the accepting grammars discussed in this paper. It is not obvious how to use the
matching interpretation described above when applying the accepting grammars in
the sense introduced in this paper. This remains as an interesting theoretical prob-
lem with possibly significant impact on practical algorithms for syntactical pattern
recognition.

Acknowledgements. The work of the first author was supported by Deutsche
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References

1. H. Bordihn and H. Fernau, Accepting regulated grammars, IJCM 53 (1994),
pp. 1-18.

2. H. Bordihn and H. Fernau, Accepting grammars and systems, JALC 1 (2)
(1996). A short version appeared in: J. Dassow, G. Rozenberg, and A. Sa-
lomaa (eds.), Developments in Language Theory II (World Scientific Publ.,
Singapore, 1996}, pp. 199-208.

3. H. Bordihn and H. Fernau, Accepting pure grammars, 5th Theorietag der
GI ‘Automaten und Formale Sprachen’, Rauischolzhausen 1995 (Technischer
Bericht 9503 of the Universitat GieBen, Arbeitsgruppe Informatik, 1995), pp.
4-16.

4. E. Csuhaj-Varji, J. Dassow, J. Kelemen, and Gh. Piun, Grammar Systems
(Gordon and Breach, London, 1994).

5. C. R. Cook and P. S.-P. Wang, A Chomsky hierarchy of isotonic array grammars
and languages, Computer Graphics and Image Processing 8 (1978), pp. 144-152.

6. J. Dassow and Gh. P&un, Regulated Rewriting in Formal Language Theory
{Springer, Berlin, 1989).

7. J. Dassow, R. Freund, and Gh. P#&un, Cooperating array grammar systems,
International Journal of Pattern Recognition and Artificial Intelligence 9 (6)
(1995), pp. 1029-1033.

8. H. Fernau, Membership for 1-limited ETOL languages is not decidable, J. In-
form. Process. Cybernet. EIK 30 (4) (1994), pp. 191-211,

9. H. Fernau, On unconditional transfer. In: W. Penczek, and A. Szalas (eds.),
Proceedings MFCS’96, LNCS 1113 (Springer, Berlin, 1996), pp. 348-359.



118

10.

11

12.

13.

14.

15.

16.

17.
18.
19.

20.

H. Fernau and R. Freund, Bounded parallelism in array grammars used for char-
acter recognition. In: P. Perner, P. Wang, and A. Rosenfeld (eds.), Proceedings
SSPR’96, LNCS 1121 (Springer, Berlin, 1996), pp. 40-49.

R. Freund, Aspects of n-dimensional Lindenmayer systems. In: G. Rozenberg,
and A. Salomaa (eds.), Developments in Language Theory (World Scientific
Publ., Singapore, 1994), pp. 250-261.

R. Freund, One-dimensional #-sensing context-free array grammars, Technical
report, Universitdt Magdeburg, 1994.

R. Freund and Gh. Paun, One-dimensional matrix array grammars, J. Inform,
Process. Cybernet. EIK 29 (6) (1993), pp. 1-18.

R. Freund, Control mechanisms on #-context-free array grammars. In: Gh.
Piun (ed.), Mathematical Aspects of Natural and Formal Languages (World
Scientific Publ., Singapore, 1994}, pp. 97-137.

D. Hauschildt and M. Jantzen, Petri net algorithms in the theory of matrix
grammars, Acte Informatica 31 (1994), pp. 719-728.

H. Maurer, G. Rozenberg, and E. Welzl, Using string languages to describe
picture languages, Information and Control 54 (1982), pp. 155-185.

A. Rosenfeld, Picture Languages (Academic Press, Reading, MA, 1979).
A. Salomaa, Formal Languages (Academic Press, Reading, MA, 1973).

P. S.-P. Wang, Some New Results on Isotonic Array Grammars, Information
Processing Letters 10 (1980), pp. 129-131.

Y. Yamamoto, K. Morita, and K. Sugata, Context-sensitivity of two-dimensional
regular array grammars. In: P. S.-P. Wang (ed.), Array Grammars, Patterns
and Recognizers, WSP Series in Computer Science, Vol. 18 (World Scientific
Publ., Singapore, 1989), pp. 17-41.



On Restarting Automata with Rewriting!

Petr JANCAR

University of Ostrava, Department of Computer Science
Bréfova 7, 701 03 OSTRAVA, Czech Republic

E-mail: jancar@osu.cz
Frantisek MRAZ, Martin PLATEK

Charles University, Department of Computer Science
Malostranské nam. 25, 118 00 PRAHA 1, Czech Republic

E-mail: mraz@ksvi.mff.cuni.cz, platek@ksi.mff.cuni.cz
Jorg VOGEL

Friedrich Schiller University, Computer Science Institute
07740 Jena, Germany
E-mail: vogel@informatik.uni-jena.de

Abstract. Motivated by natural language analysis we introduce restart-
ing automata with rewriting. They are acceptors on the one hand, and
(special) regulated rewriting systems on the other hand. The computa-
tion of a restarting antomaton proceeds in cycles: in each cycle, a bounded
substring of the input word is rewritten by a shorter string, and the com-
putation restarts on the arising shorter word.

We show a taxonomy of (sub)variants of these automata taking into ac-
count (non)determinism and two other natural properties.

Theoretical significance of the restarting automata is also demonstrated by
relating it to context-free languages (CFL), by which a characterization
of deterministic CF'L is obtained.

1. Introduction

Our motivation for introducing the restarting automata is to model so called el-
ementary syntactic analysis of natural languages. The elementary syntactic analysis
consists in stepwise simplification of an extended sentence until a simple sentence is
got or an error is found. Let us show it on the sentence

‘Martin, Peter and Jane work very slowly.’

We work with the wordforms in the examples; instead of wordforms, the elemen-
tary analysis uses their lexical characterizations (categories). This sentence can be
simplified for example in this way:
‘Martin, Peter and Jane work slowly.’
‘Martin, Peter and Jane work.’
‘Martin and Peter work.” or ‘Peter and Jane work.” or ‘Martin and Jane
work.’
‘Martin works.’ or some other variant of the corresponding simple sen-
tence.
ISupported by the Grant Agency of the Czech Republic, Grant-No. 201/96/0195
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Notice, that every simplification is realized by deleting and possible rewriting
(marked by the bold face) of words.

The restarting automaton with rewriting (RW-automaton), introduced in [7], can
be roughly described as follows. It has a finite control unit, a head with a lookahead
window attached to a linear (doubly linked) list with sentinels, and it works in certain
cycles. In a cycle, it moves the head from left to right along the word on the list (any
item contains exactly one symbol); according to its instructions, it can at some point
replace the scanned string by a shorter string and “restart” — i.e. reset the control
unit to the initial state and place the head on the left end of the list (which now
contains the shortened word). The computation halts in an accepting or a rejecting
state.

Using cycles we define yield relation for a RW-automaton M. From a string o
contained in the list by the start of a cycle M yields a string 8 remaining in the list
after finishing the cycle (denoted by e =>ps B). Together with the yield relation, a
RW-automaton can also be considered as a (regulated) rewriting system.

Formerly, in [4], we have introduced restarting antomata without rewriting — R-
automata — by which the replacing string is a proper subsequence of the replaced
string. They are considered as a transparent model for grammar checker (of natural
and formal languages as well). Having found an error in a sentence, the grammar
checker should specify it — often by exhibiting the parts (words or more exactly their
lexical characterizations) which do not match each other. The method can be based
on stepwise leaving out some parts not affecting the (non)correctness of the sentence.
E.g. applying it to the sentence

‘The little boys I mentioned runs very quickly’

we get after some steps the “error core”
‘boys runs’.

There are other paradigms modelling the elementary syntax in the generative way,
e.g. pure (generalized) grammars with strictly length-increasing rules (c.f. [8]). These
grammars work on strings of terminals and do not introduce any nonterminals. This
type of grammars realize, similarly as Marcus grammars ([6]*), a (generalized) rewrit-
ing system with an yield relation =>¢ (@ = f means that o can be rewritten to 8 in
one step according to a grammar G), which should capture the stepwise development
from simple sentences. The yield relation has the so called correctness preserving
property, which means that if « is a correct string according to some grammar G and
o =g B3, then B is a correct string again.

The yield relation corresponding to a RW-automaton has a dual property compar-
ing to the yield relation corresponding to a pure (generalized) grammar with strictly
length-increasing rules. RW-automaton yields strings in the strictly length-decreasing
way, and has the error preserving property. if a contains error (is not in the lan-
guage recognized by the RW-automaton M) and o =5 8, then B contains an error.
This duality will allow to consider RW-automata as another type of generalization of
pure grammars with strictly length-increasing rules. The RW-automata allow to add
regulation of the yielding by their control units.

2A comprehensive presentation of these grammars can be found in the forthcoming monograph
Gh. Piun, Contertual Grammars. From Natural Languages to Formal Languages and Back.
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Section 2 contains definitions of RW-automata and R-automata. There are also
described some basic properties of these automata and their computations. As usual,
we define nondeterministic and deterministic versions of the automata. In second sub-
section we show that RW-automata are stronger than pure grammars. In the third
subsection we consider a natural property of monotonicity (during any computation,
“the places of restarting do not increase their distances from the right end”) and show
that the monotonicity is a decidable property. In Section 3 we show that monotonic
RW-automata recognize a subset of the class of context-free languages (CFL) and
deterministic monotonic RW-automata recognize only deterministic CFL (DCFL).
Moreover any deterministic context-free language can be recognized by a deterministic
monotonic R-automaton. From this results we get two characterizations of DCFL.
The paper continues in Section 4 with separation theorems for rewriting and non-
rewriting classes of automata and some related results. In conclusions (Section 5)
beside discussion of future directions of our study, also another type of automata with
similar features as RW-automata — contraction automata — is mentioned.

2. Definitions and Basic Properties

We present the definitions informally; the formal technical details could be added
in a standard way of the automata theory. In the first subsection we introduce restart-
ing automata with rewriting, in the second subsection we relate RW-automata to pure
grammars and in the last subsection we introduce the monotonicity property for RW-
automata and a normal form of this automata — (strong) cyclic form.

2.1. Restarting Automata with Rewriting

A restarting automaton with rewriting, or a RW-automaton, M (with bounded
lookahead) is a device with a finite state control unit and one head moving on a finite
linear (doubly linked) list of items (cells). The first item always contains a special
symbol ¢, the last one another special symbol §, and each other item contains a symbol
from a finite alphabet (not containing ¢, $). The head has a lookahead “window”of
length & (for some k > 0) — besides the current item, M also scans the next k right
neighbour items (or simply the end of the word when the distance to § is less than k).
In the énitial configuration, the control unit is in a fixed, initial, state and the head is
attached to the item with the left sentinel ¢ (scanning also the first k£ symbols of the
input word).

The computation of M is controlled by a finite set of instructions of the following
two types:

(1) (g,au) —um (¢, MVR)
(2) (¢,au) —»p RESTART (v)

The left-hand side of an instruction determines when it is applicable — ¢ means
the current state (of the control unit), @ the symbol being scanned by the head, and u
means the contents of the lookahead window (u being a string of length k or less if it
ends with §). The right-hand side describes the activity to be performed. In case (1),
M changes the current state to ¢’ and moves the head to the right neighbour item. In
case (2), au is replaced with v, where v must be shorter than au, and M restarts —i.e.
it enters the initial state and places the head on the first item of the list (containing

¢)-
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We say that M is a restarting automaton (R-automaton) if in each instruction of
the form (q,au) —n RESTART(v) the word v is a proper subsequence of the word
au.

We will suppose that the control unit states of M are divided into two groups: the
regulating states (nonhalting states — an instruction is always applicable when the unit
is in such a state) and the halting states (a computation finishes by entering such a
state); the halting states are further divided into the accepting states and the rejecting
states.

In general, a RW-automaton is nondeterministic, i.e. there can be two or more
instructions with the same left-hand side (g, au). If it is not the case, the automaton
is deterministic (det-RW-automaton).

An input word w is accepted by M if there is a computation which starts in the
initial configuration with w (bounded by sentinels ¢,$) on the list and finishes in an
accepting configuration where the control unit is in one of the accepting states. L{M)
denotes the language consisting of all words accepted by M; we say that M recognizes
the language L(M).

It is natural to divide any computation of a RW-automaton into cycles: in one
cycle, the head moves right along the input list (with a bounded lookahead) until a
halting state is entered or something in a bounded space is rewritten - in that case the
computation is resumed in the initial configuration on the shortened word (thus a new
cycle starts). It immediately implies that any computation of any RW-automaton is
finite (finishing in a halting state).

The notation u ——ps v means that there exists a cycle of M starting in the initial
configuration with the word u and finishing in the initial configuration with the word
v; the relation —3}, is the reflexive and transitive closure of — . We say that u
yields v by M if u —pr v.

The next three claims express the basic properties of the yield relations corre-
sponding to RW-automata.

Claim 2.1. (The error preserving property (for all RW-automata)) Let
M be a RW-automaton, and u —3; v for some words u, v. If u ¢ L(M), then
v ¢ L(M).

Proof. Let u —%, v such that v € L(M). Since v € L(M) there is some y such
that v —%; y, where y can be accepted by M in one cycle. Because of u —73, v,
the relation u —%, y holds. Hence u is accepted by M. 0

Claim 2.2. (The correctness preserving property (for det-RW-automa-
ta)) Let M be a deterministic RW-automaton and u —3, v for some words u, v. If

u € L{M), then v € L(M).

Proof. Let M be a deterministic RW-automaton, u € L(M) and u —3, v for some
word v. Because of determinism of M there exists exactly one accepting computation
for w by M. The computation represented by sequence of cycles u —3, v is a
prefix of this computation. Thus the rest of this computation (starting in the initial
configuration with v on the list) is an accepting computation for v and v € L(M). O

As a consequence of the previous two claims 2.1 and 2.2 we get:

Claim 2.3. Let M be a deterministic R-automaton and u —3; v for some words

u, v. Then v € L(M) if and only if u € L(M).
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2.2. Pure Grammars

Next we will show that RW-automata can be considered as regulated acceptors
(analysers) for pure grammars with strictly length-increasing rules.

A pure grammaris a triple G = (V, P, §) where V is a finite set of symbols, S is a
finite subset of V*, and P is finite set of productions of the form v —g w, v,w € V*.

For z,y € V*, the yield relation z =¢ y is defined by z = zvzy, y = 21wz,
v —g w € P, where v,w, 21,23 € V*.

=7, is the reflexive and transitive closure of =¢. The language generated by G is
defined as L(G) = {y | z =% y for some z € S}.

We can easily see that =7, has the correctness preserving property, i.e. if ¢ € L(G)
and z =% y then y € L(G).

We say that a grammar G has strictly length-increasing rules if |v| < |w]| for each
v—qgwé€ P.

We can easily see that for any pure grammar G with strictly length-increasing
rules there is a EW-automaton M with one regulating state (the starting state), one
rejecting and one accepting state only, such that L(G) = L{M), and the relation =
is the opposite relation to =p.

The opposite implication is not true. Let us show that the RW-automata with one
regulating state are more powerful than pure grammars.

Let us take the following language L, = {a™" | n > 0} U {a" | n > 0}.

Claim 2.4. The language L, cannot be generated by any pure grammar G with
strictly length-increasing rules.

Proof. Let us suppose that some pure grammar G = (V, P, §) with strictly length-
increasing rules generates L,.

Let us consider a sufficiently long word w = a™, where m is greater than the size of
any string from S. We can see that there is v = a™ such that v =g w, and therefore
P contains a rule of the form a? ~»5 a?*9, where p > 0 and ¢ > 0.

Let us consider word z = a™b™. We can see that z € L, and 2z =g 2/, where
2! = a™"b™, Since m 4 ¢ > m > 0 the word 2’ is not in L,, that is a contradiction
to the correctness preserving property of =>¢. O

Claim 2.5. There is a RW-automaton M with one requlating state recognizing
the language L,.

Proof. Let us describe the automaton M: M has lookahead of the length 3, one
regulating state (the initial state o), the accepting state g, and the rejecting state
g-- The automaton in one cycle accepts the empty word, deletes ¢ from the words
containing only a’s, deletes ab from the word ab and deletes ab from the words with the
prefix atbb. The working alphabet of M is {a, b} and M has the following instructions:

(QG, ¢$) M (qa; MVR)a (40, ¢aab) - M (qﬂ; MVR)a

(g0, ¢a$) »n RESTART(¢$), (g0, aaaa) —pr (go, MV R),
(go,¢ab$) —p RESTART(¢48), (qo,aaadb) —ar (90, MVR),

(g0, ¢aa$) —p RESTART(¢a$), (go,aabb) —p RESTART (ab),
(g0, ¢aaa) —ar (g0, MVR), .  (qo,aaa$) —p RESTART(aa$)

(g0, u) = (g,, MV R) for any u of the length four not covered in the previous cases.
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We can see that M recognizes L, and that M is actually a deterministic R-
automaton. ]

2.3. Monotonicity and Cyclic Forms of RW-Automata

In this subsection the monotonicity property of RW-automata is defined, its de-
cidability is shown and so called cyclic forms of restarting automata with rewriting
are introduced.

The property of monotonicity (for a computation of @ RW-automaton): All items
which appeared in the lookahead window (and were not deleted) during one cycle will
appear in the lookahead in the next cycle as well — if it does not finish in a halting
state (i.e., during a computation, “the places of changes in the list do not increase
their distances from the right endmarker §”).

By a monotonic RW-automaton we mean a EW-automaton where the property of
monotonicity holds for all computations.

Theorem 2.6. There is an algorithm which for any RW-automaton M decides
whether M is monotonic or not.

Proof. We sketch the idea briefly. Consider a given (nondeterministic) RW-auto-
maton M; let its lookahead be of length k. Recall that all computations of a monotonic
automaton have to be monotonic. The idea is to construct a (nondeterministic) finite
automaton which accepts a nonempty language if and only if there is a nonmonotonic
computation of M.

Suppose there is a nonmonotonic computation of M. Then there is a word w
on which M can perform two cycles where in the second cycle it does not scan all
(remaining) items scanned in the first cycle.

Now consider the construction of the mentioned finite automaton A; we can sup-
pose that it has lookahead of length k. A supposes reading the described w. It moves
right simulating two consecutive cycles of M simultaneously. At a certain moment,
A decides nondeterministically that it has entered the area of rewriting in the sec-
ond cycle - it guesses the appropriate contents of the lookahead window which would
be encountered in the second cycle. Then it moves right coming to the place of the
(guessed) rewriting in the first cycle and verifies that the previously guessed lookahead
was guessed correctly; if so, A accepts. O

Considering a deterministic RW-automaton M, it is sometimes convenient to sup-
pose it in the strong cyclic form; it means that the words of length less than k, &
being the length of lookahead, are immediately (hence in the first cycle) accepted or
rejected, and that M performs at least two cycles (at least one restarting) for any
longer word.

For a nondeterministic RW-automaton M, we can suppose the weak cyclic form —
any word from L(M) longer than k (the length of lookahead) can be accepted only by
performing two cycles at least. The cyclic forms are justified by the following claim.

Claim 2.7. For any RW-automaton (R-eutomaton) M, with lookahead k, there
ezists an RW-automaton (R-automaton) M', with some lookahead n, n > k, such thal
M’ is in the weak cyclic form and L(M) = L(M'). Moreover, if M is deterministic
then M' is deterministic and in the strong cyclic form, if M is monotonic deterministic
then M' is monotonic deterministic and in strong cyclic form.
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Proof. To prove this claim we can proceed in the same way as for R-automata (see
5)).

First notice that we can easily force an RW-automaton M to visit all items of the
input list before accepting or rejecting — instead of an “original” accepting (rejecting)
state, it would enter a special state which causes moving to the right end and then
accepting (rejecting).

Now suppose that (the modified) M accepts a long word w in the first cycle
(without restarting). If w is sufficiently long then it surely can be written w =
viauveauvs where M enters both occurrences of a in the same state ¢ during the
corresponding computation (as above, by ¢ we mean a symbol and by u a string
of length k). Then it is clear that the word viauvs (auvy has been deleted) is also
accepted. In addition, we can suppose that the length of auvsauv; is less than a fixed
(sufficiently large) n.

We sketch a desired M’ with lookahead n. Any word w shorter than » is immedi-
ately accepted or rejected by M’ according to whether w € L(M) or not. On a longer
w, M’ simulates M with the following exception: when $ appears in the lookahead
window, M’ checks whether M could move to the right end and accept; if so, M’
deletes the relevant auwv; (cf. the above notation) and restarts (recall that n has been
chosen so that such auwv, surely exists). Obviously, L(M) = L(M') holds.

In case M is deterministic, M’ can work as above; in addition it can safely delete
the relevant auv, also when M would reject (due to determinism, the resulting word
is also rejected by M).

It should be clear that monotonicity of M implies monotonicity of M’ in the
deterministic case.

Further it should be clear that we get by this construction from a R-automaton
M a R-automaton M’. O

Remark 2.1. For the nondeterministic monotonic RW-automata the construction
does not ensure monotonicity of the resulted automaton.

For brevity, we use the following obvious notation. RW denotes the class of all
(nondeterministic) restarting automata (with rewriting and some lookahead). R de-
notes the class of all (nondeterministic) restarting automata without rewriting. Prefix
det- denotes the deterministic version, similarly mon- the monotonic version. ¥or any
class A of automata, £(A) denotes the class of languages recognizable by automata
from A, and A-language is a language from L(.A). E.g. the class of languages recog-
nizable by deterministic monotonic R-automata is denoted by L({det-mon-R).

Throughout the article we will use the following notations for the inclusion rela-
tions: A C B means that A is a subset of B and A C B means that A is a proper
subset of B (A C B and A # B). ) denotes the empty set.

3. Characterization of DCFL

In this section, we show a (twofold) characterization of DCFL, namely DCFL =
L{det-mon-R) = L{det-mon-RW). In addition, we also get £L(mon-RW) C CFL.

Lemma 3.1. DCFL C L(det-mon-R).

Proof. We use the characterization of deterministic context-free languages by
means of LR(0)-grammars and LR(0)-analysers (cf. e.g. [2]); generally LR(1)-
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grammars (lookahead 1) are needed, but it is not necessary when each word is finished
by the special sentinel $.

Let L’ be a deterministic context-free language. Then there is an L R(0)-grammar
@ generating L = L'$ (the concatenation L'-{$} supposing $ being not in the alphabet
of L'), and there is a corresponding L R(0)-analyser P.

For any word w € L there is only one derivation tree T,; it corresponds to the
analysis of w by the analyser P. In fact, P simulates constructing 7, in the left-to-
right and bottom-up fashion. Due to the standard pumping lemma for context-free
languages, there are constants p, g s.t. for any w with length greater than p there
are a (complete) subtree Ty of T;, and a (complete) subtree Ty of T7 with the same
root labelling; in addition, T3 has fewer leaves than T} and 77 has ¢ leaves at most.
(Ci. Fig. 1; A is a nonterminal of G). Replacing Ty with T3, we get the derivation
tree for a shorter word w' (w could be written w = u;v1usvous in such a way that
w' = uyugus).

Figure 1.

Now we outline a dei-mon-R-automaton M with lookahead of length k£ > ¢ which
recognizes L'.

M stores the contents of the lookahead in a buffer in the control unit. Simulating
the LR(0)-analyser P, it constructs (in a bounded space in the control unit) all
maximal subtrees of the derivation tree which have all their leaves in the buffer. If
one of the subtrees is like the Ty above, M performs the relevant deleting (of at most
two continuous segments) in the input list and restarts. If it is not the case then
M forgets the leffmost of these subtrees with all its n > 1 leaves, and reads n new
symbols to the right end of the buffer (shifting the contents left). Then M continues
constructing the maximal subtrees with all leaves in the (updated) buffer (simulating
P).

In general, the input word w is either shorter than p, such words can be checked
using finite memory, or it is longer. If it is longer and belongs to L then M must
meet the leftmost above described T; (with the subtree T5); it performs the relevant
deleting and restarts on a new, shorter, word. If the (long) input word w does not
belong to L, M either meets $ without restarting and stops in a rejecting state or
performs some deleting and restarts. It suffices to show that the resulting shorter
word (in both cases) is in L if and only if w is in L.

It can be verified using the following properties of the LR(0)-analyser.
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a) For each word w € L there is exactly one derivation of w in G which corresponds
to the analysis of w by P.

b) Let u be the prefix of the input word w = uv which has been already read by
the LR(0)-analyser P. If P did not reject the word until now, then there exists
a suffix word v’ s.t. wv’ is in L, and the computation of P on the prefix u is
independent w.r.t. the suffix.

Let v be the prefix of the input word, the last symbol of which corresponds to the
last symbol in the loockahead window just before M performs a RESTART-operation;
let @ be the rest of u after performing the RESTART-operation. There exists a suffix
v’ such that wo’ is in L. uv’ has a derivation tree in which there is a complete subtree
T, (with a subtree T5; as above) corresponding to the place of cutting. Then in the
computation of M on U the tree T3 will appear in the buffer above the same terminal
leaves as in the computation on u (it follows from the presence of 13 in the derivation
tree of W' and from the independence of computation on the suffix).

Let w = ww is in L, then obviously wv is in L. Conversely if uv is not in L then
wv is not in L (otherwise, in the corresponding derivation tree of v, the subtree T}
appears over the corresponding terminal leaves of @ and replacing the tree Ty by T
yields a derivation tree for uv — a contradiction).

The monotonicity of M should be clear from the above description. [

Lemma 3.1 (together with Claim 2.7) is a means for short proving that some
languages are not in DC F L. We illustrate it by the next two examples.

Example 3.2. Consider the language L = {ww® | w € {q,b}*}. If it were in
DCFL, it would be recognized by a deterministic B-automaton M with the length of
lookahead k (for some k); M can be supposed in the strong cyclic form. Let us now
take a word a™™b™a" (n,m > k), on which M performs two cycles at least. In the
first cycle, M can only shorten the segment of &'s. But due to determinism, it would
behave in the same way on the word a"6™b™aa™b™b™a™, which is a contradiction to
the correctness preserving property (Claim 2.2).

Example 3.3. The language Ly = {a™0"¢ | m,n,p > 0: (m =n orn =p)} is
not in DCFL. This can be shown in a similar way as in the previous example. But
using the error preserving property for RW-automata we will show stronger result —
the language Ly cannot be recognized by any RW-automaton.

The next claim shows that RW-automata do not recognize all context-free lan-
guages and will be used in the proof of the next lemma.

Claim 3.4. The language Ly = {a™b"¢? | m,n,p > 0: (m =mnor n = p)} is not
a RW-language.

Proof. Let us suppose that L is recognized by some RW-automaton M, in the
weak cyclic form with the size of lookahead k. Let us consider an accepting com-
putation on a word a"b", where r > 2(k + 1). In the first cycle of the accepting
computation, M, can only shorten both segments of a’s and ¥'s in such way that after
the first cycle the resulting word will be a” ™5™ for some 0 < m < k (i.e. the
restart with rewriting occurs in the middle of the word; M, cannot rewrite a suffix of
the word in order to get a word of the form a"4™c™ for some m > 0). But M; can
behave in the same way also on the word a"b"*™¢" & L, from which it can get after
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the first cycle a™"™b"¢" € L,. This is a contradiction to the error preserving property
of RW-automata (Claim 2.1). O

Lemma 3.5.
a) L(mon-RW)C CFL,
b) L(det-mon-RWC L(DCFL).

Proof. At first we show that £L(mon-RW) is a subclass of CFL. Let L be a lan-
guage recognized by mon-EW-automaton M, with lookahead of length k. We show
how to construct a pushdown automaton P which simulates M. The construction
1s similar to the construction of a deterministic pushdown automaton which should
simulate a given det-mon-R-automaton (see [4]). The difference is following: Instead
of one step simulation of a single MVR-step, P will simulate in one step all possible
“nondeterministic” MVR-steps performed on the simulated scanned item simultane-
ously, and the simulation of a restart without rewriting is replaced by a simulation of
a restart with rewriting.

P is able to store in its control unit in a component C'St the set of possible current
states of M (i.e. any subset of the set of states of M) and in a component B a word
of length at most 1 + 2k. P starts by storing {go}, where ¢o is the initial state of M,
in CSt and pushing ¢ (the left endmarker of M) into the first cell of the buffer B and
the first k symbols of the input word of M into the next k cells of the buffer B (cells
2,3,...,k+1).

During the simulation, the following conditions will hold invariantly:

— CSt contains the set of all states of M, in which can be M visiting the simulated
(currently scanned) item, with the current left-hand side, and the current lookahead,
~ the first cell of B contains the current symbol of M (scanned by the head) and the
rest of B contains m right neighbour symbols of the current one (lookahead of length
m) where m varies between k£ and 2k,

— the pushdown contains the left-hand side (w.r.t. the head) of the list, the leftmost
symbol (¢) being at the bottom. In fact, any pushdown symbol will be composed
— it will contain the relevant symbol of the input list and the set of states of M in
which this symbol (this item) could be entered (from the left) by the situation, which
corresponds to the last simulated visit.

The mentioned invariant will be maintained by the following simulation of instruc-
tions of M; the left-hand side (g, au) of the instruction to be simulated is determined
by the information stored in the control unit. The activity to be performed depends
on the right-hand sides of applicable instructions of M. P can either

1. nondeterministically simulate one of RESTART instructions of M, or
2. simulate all possible MVR instructions in one step.

(1) REST ART(v) is simulated by deleting and rewriting in the buffer B (some
of the first £ + 1 symbols are deleted and the rest is pushed to the left and possibly
rewritten). Then k+1 (composed) symbols are successively taken from the pushdown
and the relevant symbols are added from the left to B (shifting the rest to the right).
The state parts of k¥ (composed) symbols are forgotten, the state part of the (k4 1)-th
symbol (the leftmost in the buffer) is stored in C'St. Thus not only the REST ART (v)
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- operation is simulated but also the beginning part of the next cycle, the part which
was prepared in the previous cycle.

(2) P puts the contents of the first cell of B and C'St as a composed symbol on
the top of the pushdown, stores the set {¢' | (¢,au) —nm (¢, MVR),q € CSt} of
simulated new states which can be entered after MVR-step from some state in the
original CSt with the lookahead au, and shifts the contents of B one symbol to the
left; if the (k+1)-th cell of B is then empty, then P reads the next input symbol into
it.

It should be clear that due to monotonicity of M the second half of B (cells
k+2,k+3,...,2k) is empty at the time of simulating a REST ART (v)-operation.
Hence the described construction is correct which proves £L(mon-BW) C CFL. To
finish the proof of the first part of the proposition can show a context-free language
which cannot be recognized by any RW-automaton. But this was already done in
Claim 3.4.

Obviously the above construction applied to a det-mon-R-automaton yields a de-
terministic push-down automaton — this proves part b) of the statement. a

Theorem 3.6. L(det-mon-RW) = DCFL = L(det-mon-R).

Proof. The statement is a consequence of Lemma 3.1, Lemma 3.5 and the trivial
inclusion £(det-mon-R) C L(det-mon RW). 0

It can be worth noting that the closure of deterministic RW-languages under com-
plement is immediately clear when considering deterministic RW-automata (det-R-,
det-RW-, det-mon-R- and det-mon-RW-automata). Since all computations of deter-
ministic RW-automata are finite it suffices to exchange the accepting and the rejecting
states to get a deterministic automaton of the same type (det-R-, dei-RW-, det-mon-
R- or det-mon-RW-automaton) recognizing the complementary language.

Claim 3.7. The classes of languages L(det-mon-R), L(det-mon-RW), L(det-R)
and L{det-RW) are closed under complement.

4. Taxonomy of RW-languages

In this section we will study relations between different subclasses of L{RW). The
resulting relations are depicted in Figure 2.

Next we will prove all the relations depicted in this figure. We will start by proving
that a det-R-automaton can recognize a language which is not mon-RW-language.

Theorem 4.1. L(det-R) — L(mon-BRW) # 0

Proof. To prove the theorem, it is sufficient to give a det-R-automaton M which
recognizes a non context-free language L = L(M). L cannot be recognized by any
mon-RW-automaton, because according Lemma 3.5 all languages recognized by mon-
R-automata are context-free. We will use a det-R-automaton M which recognizes a
non context-free language from [5].

The main idea is to start with a non context-free language L' = {a2k | & > 0}. The
automaton M will work in phases. A phase starts with a word from L’ on the list and
consists of several cycles in which the length of the current word is reduced by factor
2 and simultaneously the parity of the length of the word on the start of the phase is
checked. But restarting automaton can shorten the word by at most constant number
of symbols in one cycle. Thus we must modify the language to enable to “mark”
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already shortened part of the working list — instead of one symbol a we use a pair ab.
Working on a word of the form (ab)™ for some n > 1, M at first deletes the second
a out of each subword ‘abab, proceeding stepwise from the right to the left. Then M
deletes one & out of each abb and proceeds also stepwise from the right to the left.
The automaton recognizes the language L(M) for which

L(M) N {(ab)" | n > 1} = {(ab)*" | k > 0}

Thus the language L(M) is not context-free and also is not a mon-RW-language
{Lemma 3.5).

L(RW)

L{mon-RW) L(det-RW)

L(R)
L{mon-R) L{det-R)

L(det-mon-R) = L(det-mon-RW)

Figure 2. Taxonomy of RW-languages. Solid arrows
show the proper inclusion relations, depicted classes not
connected (by an oriented path) are incomparable.

The automaton M works as follows:

1. reading ¢abab or ¢abba it moves to the right;

2. reading ababa or babab it moves to the right;

3. reading abab$ it deletes second a and restarts;

4. reading ababb it deletes the first ¢ and restarts;

5. reading abbab or bbabb or babba it moves to the right;

6. reading babb$ it deletes the second b and restarts;

7. reading bbab$ or bbaba it deletes the first b and restarts;
8. reading ¢abb$ it deletes the first b and restarts;

9. reading ¢ab$ it accepts;

10. in all other cases the automaton halts in a nonaccepting state.
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Clearly the automaton M is deterministic. To prove (1) let us consider a word of the
form (ab)" for some n > 1. Then the following two conditions hold

(2) (ab)® —%, (ab)E when n is even,
or (i1) (ab)” —3%, b(abb)ﬂz_—1 when n is odd.

n

In the case (i) the automaton makes % cycles (using points 1, 2-4), and gets the

word (abb)?, then after another 2 cycles it gets the word (ab)® (using points 1, 5-8)

In the case (ii) the automaton makes 25! cycles (using points 1, 2-4), and gets

P
the word b(abb)™7", which will be rejected in the next cycle.
Thus let the input word be of the form (ab)", where n = I2* for some integer k > 0

and some odd integer [ > 1.

o If n is a power of 2 (i.e. [ =1 and k > 1), then according (i) (ab)® —3,
(ab)zk—] —y (ab)2k—2 -—y ... —3y ab and according point 9 the input word
will be accepted.

e If n is not a power of 2 (i.e. I > 1), then according (i) (ab)™ —%, (ab)!, [ > 1
-1

and odd. Further according (i) (ab)) —}; b(abb)> and this word will be
rejected by 10. |

This theorem implies some relations between several classes of languages from
Figure 2. These relations are depicted in Figure 3. Solid arrow from A to B means
that A C B, dotted arrow from A to B means that B — A # () (and A C B is still
not excluded).

L(RW)
['(mon—.RW) ................. ~L(det-RW)
E(mon{/~ L(det-R)

L(det-mon-R= L{det-mon-RW)

Figure 3. Relations which follow from the Theorem 4.1.
Solid arrows depict proper inclusion relations, dotted
arrows depict non-inclusion relations (in the following
shown as incomparable by inclusion) - dotted arrow

from A to B means A 2 B.

The next theorem shows a symmetric statement to the previous theorem.
Theorem 4.2. L(mon-R) — L(det-RW) # 0
Proof. We will show that the language

L={ad'¥|0<:<j<2}
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is a mon-R-language and is not a det-RW-language.
L is recognized by a (nondeterministic) mon-R-automaton M with lookahead 4
which:

e immediately accepts the empty word,
e immediately rejects any nonempty word starting by b,

s on a nonempty word starting by a, moves to the right to this a. If the lookahead
contains b$ (bb$, abb$, resp.) then deletes ab (abb, aabb resp.) and restarts.
Otherwise M moves through a’s to the right until its head scans a followed
immediately by a different symbol. If its lookahead is not bbbb or bbb$, the word
is rejected, else M nondeterministically deletes ab or abb and restarts.

Obviously M recognizes L.

On the other hand the language L cannot be accepted by a deterministic RW-
automaton (in the strong cyclic form). Working on the word a™b™ for sufficiently large
n (greater than lookahead of the automaton) this deterministic automaton should
shorten the word in a cycle by keeping the correctness preserving property. Thus
a™b" ——pr a"b® for some r < n and s > r, i.e the automaton must decrease the
number of a’s in the word, thus rewriting can occur only when the head is visiting
some a in the word. Because of determinism and fixed size of lookahead the automaton
must work in the same way on the word ¢"b?®. But the resulting word at the end of
the first cycle is a"b°t", where s + n > 2r, which is not in L. This is a contradiction
to the correctness preserving property of det-RW-automata (Claim 2.2). |

This theorem implies new proper inclusion relations and non-inclusion relations.
We compose them with the relations depicted in Figure 3. In the resulting Figure
4 we use the same notation as in Figure 3 except that the incomparability relations
which follow from the already proved theorems are depicted by dotted arcs.

L(RW)

P oo ,‘C(d'et- RW)

L{det-mon-R) = L(det-mon-RW)

Figure 4. Relations which follow from Theorem 4.1 and
Theorem 4.2. Dotted arcs (not the dotted arrows) de-
note already proved incomparability relations.

As a consequence of the next theorem and Theorem 4.2 we get the incomparability
of classes L(det-RW) and L(R).
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Theorem 4.3. L(det-RW) — L(R) # 0

Proof. We will construct a deterministic RW-automaton M such, that L(M)
cannot be recognized by any R-automaton. The idea of the construction is similar
to that one used in the proof of Theorem 4.1. We are going out of the language
{a®" | n > 0}. The automaton M will work in phases. One phase consists of several
cycles. During a phase the working word will be reduced by factor 3 and its length
will be checked whether it is divisible by 3. A marking of the already reduced part
of the word is done by a single symbol b in the list. Let us describe the automaton
M: M has lookahead of the length 3, and three states only — the initial state go, the
accepting state g, and the rejecting state q,. The working alphabet of M is {a, b} and
M has the following instructions:

g0, ¢a8) —ur (qo, MVR), 6. (qo, aaab) —p REST ART (ba),
go,¢ba8) —p RESTART (4a8), 7. (go,aaa$) —p RESTART (ba$),
) 8.

1. (
2. (
3. (qo, ¢baa) = p RESTART (¢aa), (qo, %) —u (gr, MV R) for any other
4. (

qo, $aaa) —pr (g0, MV R), u of the length four not covered in the
5. (go, aaaa) —pr (g0, MV R), previous cases.
Actually
LMY 121} = {a®" | n 2 0) )

i.e. an intersection of L(M) and the regular language a* is a non context-free language,

thus L{M) cannot be from CFL. We can show that:
g%ti — abatfori>0and2>;5>0

The automaton M makes cycles (using instructions 4 — 7) until the symbol b appears
in the lookahead window in the initial configuration of a cycle. If it is the first symbol
after ¢ then this b is deleted (according 3 or 2). Otherwise the current word is rejected.
From this the observation (2) directly follows.

L(M) cannot be recognized by any R-automaton: Suppose that an R-automaton
Mp in the weak cyclic form recognizes L(M) and the length of its lookahead is k.
Then for a sufficiently large m (e.g. greater than k) such automaton accepts the word
a®” and ¢®" —p, o' in the first cycle of an accepting computation on the word a%”.
But [ cannot be a power of 3 (3™ 1 < 3™ — k —1 <[ < 3™). This fact contradicts
the error preserving property (Claim 2.1). n

Moreover the previous proof shows, that RW-automata are stronger than R-
automata outside CF L.
As a consequence of the next theorem and Theorem 4.1 we get the incomparability

of classes L(mon-RW) and L(R).
Theorem 4.4. L(mon-RW) — L(R) # 0.

Proof. Obviously L(R) is a subclass of L{RW).
At first, we will show that the language

L, = {ww® | w € {a,b}"} U {wew™ | w € {a,b}"}

can be recognized by a mon-RW-automaton M.:
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1. M. immediately accepts the empty word and the word c.

2. Working on a word (of length greater than 1) containing one symbol ¢ the
automaton M, can scan the word until this symbol and to check whether it is
surrounded by the same symbols (a or b). If it is so, then M, deletes the left
and right neighbour of ¢ and restarts, otherwise rejects.

3. Working on a word without ¢ the automaton can “guess aa or bb in the center”
of the word, replace it by ¢ and restart.

4. M, is nondeterministic, but when it makes a mistake — inserts ¢ in a word already
containing ¢ or inserts ¢ not in its center, then the test according the point 2
above will fail later.

M, can be constructed in such a way that the following properties holds:
(11) zaay — . zcy, for any words z,y € {a, b}*
(i3) xzbby — p, zey, for any words z,y € {a, b}*.
(33) zacay — g, zey, for any words z,y € {a, b}*.
(24) zbcby —pg, zey, for any words z,y € {a,b}*
(i5) M. accepts the one-symbol-word ¢ immediately.

i6 Mc rejects in a cycle any word of the form cy or yc, where is any nonempt
Y y pty
word.

(i7) Any cycle performed by M, is one of the types iy, ..., .

Secondly, we will show that L, cannot be recognized by any R-automaton by a
contradiction. W.l.o.g. let us suppose that L. is recognized by some R-automaton M
in the weak cyclic form. Let us consider an accepting computation on a sufficiently
long word a™b™b™a™, where m,n are greater than the size of lookahead of M. In the
first cycle of the accepting computation, M can only shorten the segment of b's. We
will get a word of the form a”b*™ a®, for some m’ < m, after the first cycle. But
M can make the same first cycle in the computation on the word a”b*™a™a™b?>™ g”,
which is not in L(M) and get the word a®b*™ a™a™b*™ a™ which is from L(M). This
is a contradiction to the error preserving property of RW-automata (cf. Claim 2.1;
R-automata are a special type of RW-automata). O

The language L. used in the previous proof is a context-free language. Thus we
have proved that RW-automata are stronger than R-automata even inside CF'L.

The last two theorems imply the relations depicted in Figure 5.

Composing Figure 4 and Figure 5 we get the complete picture in Figure 2.



135

L(mon-R) L(det-R)

Figure 5. Relations which follow from Theorem 4.3 and
Theorem 4.4.

5. Conclusions

In the previous sections we have shown typical results concerning RW-languages
and R-languages. We have compared deterministic, nondeterministic, monotonic,
nonmonotonic, rewriting and nonrewriting RW-languages. The nondeterministic RW-
languages can be possibly studied in a similar way by (regulated) generative tools. On
the other hand the results concerning the deterministic RW-languages can be hardly
achieved by generative tools in a natural way.

Considering RW-automata as analysers we are interested in properties of the corre-
sponding yield relations as well. There is exactly one difference between the presented
taxonomy of languages and the corresponding taxonomy of yield relations. The class
of yield relations corresponding to det-mon-EW-automata is greater than the class
of yield relations corresponding to det-mon-R-automata. We have omitted the part
about the taxonomy of yield relations here, because the nonequality results can be
obtained by simple observations of finite yield relations (with finite number of pairs
u = v).

In [4], we have introduced restarting automata as a further model of list automata
(in particular forgetting automata (see [3])). Later, by reading the book by Dassow
and P3un (see [1]) we have met contraction automata (introduced by von Solms
in [9]). The contraction automata have (some) similar features as RW-automata.
A contraction automaton works as a restricted linear bounded automaton. It simulates
the operation deleting using a special symbol, and works in cycles. Any cycle starts
on the right sentinel, and uses one reversal on the left sentinel. To any contraction
automaton M, a complexity (n, k) is associated where, roughly speaking, n means the
number of non-input symbols which can be used by M, and k is the maximal number
of changes, which can be performed on the tape during a cycle. The contraction
automata work also with some technical restrictions, which allow characterizations
of matrix languages, certain class of random context languages and a type of ETOL
languages.

Inspired by contraction automata we propose to study measures of regulation of
(generalized) RW-automata in the future. Also we propose to compare (generalized)
RW-automata with different types of regulated generative tools. Some such steps been
already done for (generalized) R-automata.

We plan to take RW-automata as theoretical background for a program for (robust)
syntactic analysis of Czech sentences. That can be a nice tool to learn the basic syntax
of the Czech language.
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Chapter 2. Cooperating Distributed Grammar
Systems

Deterministic Cooperating Distributed Grammar Systems!

Valeria MIHALACHE?, Victor MITRANA

Faculty of Mathematics, University of Bucharest
Str. Academiei 14, 70109, Bucharest, ROMANIA

Abstract. Subclasses of grammar systems that can facilitate parser con-
struction appear to be of interest. In this paper, some syntactical condi-
tions considered for strict deterministic grammars are extended to cooper-
ating distributed grammar systems, restricted to the terminal derivation
mode. Two variants are considered according to the level to which the
conditions address. The local variant, which introduces strict determin-
istic restrictions for each component of the system apart, results in local
unambiguity of the derivations. The total variant, which extends the strict
deterministic constraints at the level of the entire system, results in some
cases in global unambiguity of the derivations.

1. Introduction

Cooperating distributed (CD, for short) grammar systems have been introduced
in [3]. A similar generating device was considered in [11], while a particular variant
of it appears in [1]. Most of the results known in this area until the middle of 1992
can be found in [4], while newer results are surveyed in [7].

However, there are still lots of classical topics in formal languages theory or in
related areas which have not been studied so far in the grammar systems set-up.
Constructing parsers is such a topic, which is not only of theoretical interest, but it
will make grammar systems more appealing to researchers in applied computer science
as well, since it will open the possibility of using grammar systems in domains where
just Chomsky-like grammars are currently used (for instance, in natural language
processing, or in compiler construction). This will clearly bring to the user all the
advantages of having a model which can cope with such phenomena as cooperation
and distribution of the work carried out by several processors.

Of interest to this aim are the results of [2] and [6]. Thus, [2] approaches CD
grammar systems from the accepting point of view, comparing their accepting capac-
ity to their own generating capacity, or to that of other classes of grammars in the
regulated rewriting area. [6] considers pushdown automata systems, with the scope of

1Research supported by the Academy of Finland, Project 11281, and the Alexander von Humboldt
Foundation

2Current address: Turku Centre for Computer Science (TUCS), Lemminkaisenkatu 14 A, 4th
Floor, 20520, Turku, Finland
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characterizing the languages generated by grammar systems in terms of recognizers;
but their model turns out to be much more powerful from the point of view of the
recognized languages class.

We believe that a more involved study of the derivations in a CD grammar system
would be very useful to a possible parser constructor for the languages generated by
grammar systems. This is the aim of the present paper: we address subclasses of CD
grammar systems which can facilitate a parser construction, due to some unambiguity
properties of the derivations in such systems.

More precisely, the present paper studies the effect on CD grammar systems of
syntactical constraints similar to those considered for strict deterministic context-free
grammars. It is known that the family of languages generated by strict deterministic
context-free grammars is the same as the family of languages generated by LR(0)
grammars (see Theorem 11.5.5 in [8] and Theorem 10.12 in [9]), which are ones of
the most useful class of grammars for parsing. Therefore, our intention was to see
what happens if the conditions for strict deterministic grammars are extended to
CD grammar systems. To our surprise, we obtained that the unambiguity of the
derivations holds for some classes of grammar systems as well.

When introducing the restrictions for strict determinism in CD grammar systems,
two variants should be taken into consideration, depending on the level, local/global,
to which the restrictions address. In the local level case, the generative capacity of
the systems remains the same, but the behaviour of each component is unambiguous.
The generative power decreases when global level is considered, whereas for some
more restrictive classes the derivation is totally unambiguous.

2. Definitions and Examples

We assume the reader accustomed to the basic facts in formal language theory [9].
For details concerning the grammar systems we refer to [4].

For an alphabet V, we denote by V* the set of all words over V and by X the
empty word; moreover, V* = V* — {1}, while |V| stands for the cardinality of V. For
a string z, denote by |z| the length of  and by Prefi(z) the prefix of length % of
z,|z| > k.

I 7 is a partition of V, then we write a ~™ b iff there exists M € r such that
{a,b} C M.

A cooperating distributed grammar system is a construct
F - (N,T,S,P],Pz,...,Pn),

where N,T are disjoint alphabets, S € N, and F;,;1 < ¢ < n, are finite sets of
context-free rules over N U T

The sets P; are called the components of I'. (If we want to point out grammars
as components, then we can consider grammars without axioms, of the form G; =
(N,T,P),1<i<n)

For a component P; of a grammar system I" as above, we denote dom(P;)) = {A € N
|A—ze€ P}, and T; = (NUT) — dom(F;).

Let T = (N,T,S, P, Ps,...,P,) be a CD grammar system as above and let 7; be
a partition of N U T, for any 1 <7 < n. The partition =; is a local strict partition if
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the following conditions hold:

a) Tem,

b) T;-Te€Em,

c) for any A, A’ € dom(P,), if A~" A" and A — zy, A' — zy' € B,
z,y,y € (NUT)*, then we have either

(1) y,y' # A and Prefi(y) ~™ Prefi(y'), or
(G)y=y' =Xand A=A

We say that a component P; is a strict deterministic component of I iff there exists
a local strict partition ;.

The system [ is said to be local strict deterministic iff all its components are strict
deterministic.

If T is a CD grammar system and 7 is a partition of N UT, then = is a total strict
partition iff:

a) Tem,

b) forany A,A'€N,if A~" A and A — zy,A' — 2y’ € UP,-,
=1
z,y,y € (NUT)", then we have either

(1) y,y' # X and Prefi(y) ~" Prefi(y’), or
(1) y=y'=Aand A= A"

The system I' is said to be total strict deterministic iff there exists a total strict

partition of NUT.

We will later on provide grammar systems which are total strict deterministic but
not local strict deterministic, and vice versa.
Among the derivation modes in CD grammar systems, our concern here is re-

stricted to the terminal (t) mode. Therefore, we next recall only the definition of this
one.
On (NUT)* one can define the usual one step derivation with respect to P;, denoted
by =>p,. Formally, t =>p, y iff £ = 21 A, y = 1120, 2, € T}, z,0 € (NUT)*, and
A —> z € P,. The reflexive and transitive closure of the relation = p, is denoted by
=} Furthermore, we write 2 =}, y if z =}, y and there isno z € (NUT)* such
that y =>p, 2.

Note that we work here with leftmost derivations: see again the condition z; € T*
in the previous definition of z = p, y.

The language generated by the system T is
L) = {w|wel",S=p wi==p, ... =p, Wn=1w,
m>1,1<7;<n,1<j<m}
Example 1. Consider the system
I\1 = ({Sa A: Ca X’ Y}v {aa ba C}, S; PlaP2yP3),
P = {§— AC, X — A)Y — C},
b, {A — aXb,C — cY},
P = {A—abC —c}.

i
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One can observe that I'; is local strict deterministic under the local partitions

™ = {{S},{A,C},{X,Y},{a,b,c}},
T =7W3 = {{S,X,Y},{A,C},{a,b,c}},

but it is not total strict deterministic.
The language generated by I'y is {a"8"c" | n > 1}.

Example 2. Consider now

Fz = ({S,A,B,C,D},{a,b,C},S,Pl,Pz),
P, = {§—aA S— aB A— ada,A— bC},
P, = {B—aB,B—bD,C — b0, — a,D — bDc,D — ¢}

The grammar system above is total strict deterministic under the partition

== {{5},{4, B},{C, D}, {a,b,c}}

which is a total strict partition. However, its first component is not deterministic.
The generated language is

L(Ty) = {a"b¥a” | n,k > 1} U {a"b"¢" | n, k > 1}.

3. Properties of Derivations

Due to the explicit motivation for the introduction of local/total strict deter-
ministic restrictions on CD grammar systems, we first study the derivations in such
systems.

In the local case, we obtain that all the components of the system are unambigu-
ous. This is not the situation anymore for total strict deterministic CD grammar
systems. However, also in this case the deterministic constraints have a clear impact
on the derivations: one can eliminate left-recursion from a total strict deterministic
CD grammar system. Moreover, if the system is such that no production rule be-
longs to two different components, then the unambiguity of the derivations (properly
defined) at the level of the system holds as well.

A few additional notations and definitions are necessary.

LetT = (N,T,S, P, P,,. .., P,) be a CD grammar system whose rules are labelled.
Let Lab(P;) be the set of labels of the rules in P;. For a derivation D : z =}, y we
denote by C(D) the control word associated to the derivation D (that is, the word
consisting of the labels of productions used in the derivation D, in the corresponding
order). Therefore, C(D) is a string in (Lab(P;))* that represents the sequence of rules
of P; used in the derivation D.

A component P; is ambiguous if there exist two derivations Dy : = ==} y and
Dy : z =} y with C(D1) # C(Dy), for some z,y € (N U T)". Otherwise, the
component is called unambiguous.

For a word w € L(I'), we say that a derivation

i i 1 i
S = Zg =>Px‘1 1 sz 2o :Pia e :}P_

.

LTs=w
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is a leftmost derivation of w if for any 5, 1 < j < s, the derivation in the component
P;; is such that at the first step the very leftmost nonterminal symbol in z;_; is
rewritten, and afterwards, the leftmost possible nonterminal in the resulted sentential
form is rewritten by P;;. Formally, the following conditions hold:

1) Tj1 = Oz]'_lAj,@j_l, for a1 € T,

ii) the first production used in the derivation z;_; =% z; is of the form A; —
2
vj-1 € Py, resulting in the string 2 = aj179;-15;-1,

ii1) afterwards, the derivation z =} z; proceeds by rewriting at any step the
7
leftmost possible nonterminal in the current sentential form.

In order to point out that a derivation is leftmost, we will use the notation #/
(terminal leftmost) instead of ¢, when we specify the derivation mode.

A CD grammar system I' is sald to be unambiguos if for any w € L(T') and for
any two leftmost derivations of w in T,

tl # #
Dy: S=ux =>p, T1 =>p, - =Vp, Ts =W,

! ! 1
D, : S=w6:>§;jl T :'fpjz Z>tf,jl T = w,
the following hold:

i) s=1,
(Zl) ‘Pir = Pjr? 1 r
(1) z, =z, 0<r <s.
We shall shortly say that Dy = D; holds.

Remark that the definition of leftmost derivation does not imply that for any
w € L(T) a leftmost derivation of w exists.

We can now proceed in analysing the derivations in a CD grammar system. We
first consider the case of local strict deterministic systems. The next theorem states
the local unambiguity of such systems.

Theorem 1. Any local strict grammar system has only unambiguous components.

Proof. Let I' = (N, T, S, P1,..., P,) be a CD grammar system, local strict deter-
ministic under the partitions 7;,1 <7 < n. We have to prove that for any i, 1 < i < n,
and for any two derivations

Dy:a=}pz, Dy:a=} a,

the relation C(D;) = C(D;) holds.

We need the following fact which we give without proof. The reader interested in
details may consult [8] (Lemma 11.4.1), since the corresponding proof there can be
easily adapted to our situation.

Fact: For any A, A’ € N with A ~™ A’ such that A =, oy and A’ =% =y,
one of the following situations holds:
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1) y,9"# A, and Prefi(y) ~" Prefi(y'),
i) y=y' =X, and A= A"

Here =>§,‘. means a k-steps derivation in the component P.. We shall prove now our
theorem by induction on the length of «.

Suppose |a] = 1, hence @ = A. Assume that each of the derivations D;, 1 <14 < 2,
uses g; productions, respectively. Then ¢; = ¢, must hold. Indeed, if ¢; < gz or g2 < ¢y,
by the above fact, a symbol in dom(P;) would result equivalent with respect to =; to
a symbol in T;, which contradicts the definition of local strict determinism. Denote
9=aq = q2-

We continue the proof by induction on ¢. The assertion is trivially true for ¢ = 1.
Assume that the assertion is true for any derivations of length ¢ — 1, and let

DA ﬁ;?l 1Bz, =p, I,
Dy: A =5 &\ B'sy =>p =

Clearly, z, = 2 (since the derivation is leftmost) and B ~T B’

Assume now that z1 Bz, = p, z by using a rule B — z, while 2Bz}, =>p, = by
using a rule B’ — z’. Since z = zyzz; = 12’2}, it follows that z is a prefix of 2/, or
2 is a prefix of z, or z = 2. Due to B ~F B’, none of the first two cases can hold.
Therefore, z = ', which implies B = B’, and z5 = z}.

By the induction hypothesis, it then follows that the derivation

A =1 Bz

is unambiguous, hence C(D,) = C(D3).
Suppose now the statement holds true for each word « with |of < p, and let

Dy o=} z, Dz:a=>§;|.a:,

with |e| = p.

i a = Ad, with A € (N UT) — dom(F;), then C(Dy) = C(D,) holds by the
induction hypothesis.

If A € dom(F;), then there are yi1,y2, 21, 22 € (Ti)* such that

t ! 1

A =>P,' Y1 « :>P,' 21,
1 ] i

A =Pp Y2, o ==p 2z,

and z = 121 = Y222.

Assume that y; is a proper prefix of y, (the case of y, a proper prefix of y,
can be treated similarly), and let us point out the lengths of the derivations result-
ing into yi1,ys, that is, let A =3 y1, A ==F y2. We have neither ¢; < g3, nor
@2 < ¢1. Consequently, ¢1 = ¢; and y; = y». Moreover, the derivation A =% y;
is unambiguous. It then follows that z; = 2z5. Since |oq| < p, by the induction hy-
pothesis we infer that the derivation o’ ==} z is unambiguous, which concludes the
proof. O

For the case of total strict deterministic systems, some global (i.e. at the level
of the system) properties of the derivations follow directly from the case of strict
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deterministic context-free grammars, see [8]. The two propositions that follow present
them.

Proposition 1. LetT = (N, 1,5, P,...,P,) be a reduced CD grammar system
(i. e all the productions and all the nonterminals of T' are used during terminal
derivations) without A - productions, and let P = |Ji_, P;. If T is total strict de-
terministic under the partition «, then for any A)B € N such that A ~™ B, no
derivation B =} Aa, a € (N UT)*, is possible.

We make the observation that the requirement for the system T to be reduced in
the theorem above is not a restriction at all, due to the fact that for any CD grammar
system there exists an equivalent (with respect to the generated language) reduced CD
grammar system, [10]. Moreover, the proof of {10] only eliminates the non-necessary
productions and nonterminals, and therefore does not affect the eventually total strict
deterministic partition of the system.

Yet remark that for the case of local strict deterministic systems, a property similar
to Proposition 1 holds locally, in each component grammar.

As a consequence, one can eliminate left recursion from a total strict deterministic
CD grammar system.

Proposition 2. For any total strict deterministic CD grammar system I =
(N, T, S, P,...,P,), there exists a total strict deterministic CD grammar system
I = (N',T,S,P|,...,Pl), with L(I") = L(T), such that no derivation A ={, Ac,
a € (N'UT)* is possible, for any A e N'.

It is worthwhile mentioning that in case of total strict deterministic systems, a
property similar to Theorem 1, with respect to a global derivation in the system, does
not hold. For instance, consider the grammar system in Example 2, to which we add
a new component, P, defined as

P ={C - bC,C - a}.

One can observe that for any word of the form a™b*a™, n, k > 1, two distinct leftmost
derivations can be pointed out: one in the components P; and P, and the other in
the components P; and Ps.

Therefore, additional restrictions to the system should be considered in order to
cope with such situations. Surprisingly enough, we find out that if the components
of the system are mutually disjoint, than the unambiguity of the system follows as
well.

Theorem 2. Any total strict deterministic CD grammar system whose compo-
nents are mutually disjoint is unambiguous.

Proof. Let T' = (N,T,5,P,,...,P,) be a total strict deterministic CD grammar
system such that P, N P; = @ for any 4,5, 1 <i,5 <n, t # J.

Denote P = |J_, P, and let G = (N, T, S, P) be the context-free grammar as-
sociated to I. Clearly L(I') € L(G). Due to T' being total strict deterministic, G
is a strict deterministic context-free grammar ([8]). In particular, the fact that G is
unambiguous follows, i.e. for no word in L(G) two distinct leftmost derivations exist.

We prove that for any word w € L(T') such that there exist leftmost derivations

.o H t U _
Dy: S=ux =>p, T1=>p,_...=>p T; =1,
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D,: S =z =>§§“ T =>§ij2 ...=>¥].l T = w,
then D, = D, follows.

We first prove 7; = j;, by contradiction.

Assume t; # j1. Let pq, p] be the productions used at the first derivation steps in
P;,, P, respectively. Since P;; N P;, = @, then p; # pj| results. But this implies that
in the grammar G there exists two distinct leftmost derivations of the word w, that
18, there exists leftmost derivation

'
S=la=tw S=5pf=%uw,

which contradicts the unambiguity of G.
Hence #; = j; holds. Denote ¢ = i;.
We now prove that any two leftmost derivations

a =>3£'_ B (1),

a=h7y (2),

which are used in leftmost rewritings of w, actually coincide.
The assumption that the derivations above are used in leftmost rewritings of w
implies that there exist leftmost derivations (in I')

S =t a =% =} w,
S =t a=¥% y = w.
We point out the first productions applied in the rewriting of a, that is, & = o Acs,

with oy € (NUT)~dom(F;))*, B, is a production p, : A — & € P,, p, is a production
Py A — 8y € P, and in the derivations above we have

iz tl
a=oAay =3 oboy =5 f =5 w,

P, tl
a = a1Aay =3 o100 =5 p, ¥ =>p, w.

Two situations might occur:

Case a): g € T*.

Then, in a similar manner as in the proof above for i, = j;, one can deduce that
if p; # Py, then a contradiction results.

Case b): ay = y1Bya, for a B € N —dom(F;), y, € T*,y2 € (T U(N — dom(B;))*.

Then one can point out leftmost derivations in the associated grammar G of the
form

S =7 a=a1Aay = j1ByprAoy =5 121 =>5G1 Y 21610 =5 w,

S :=>E o= alAOlz = leygAag =>*G’ y1nga2 ——_—>52 Gy12252a2 =>Z~ w,

where By, =% # and By, =>7 2z are leftmost terminal derivations in G. Since
either z; 1s a prefix of 23 or z; is a prefix of 2, it follows that z; = 2, holds. But this
again leads to a contradiction if p, # P, is assumed.

In any of the two cases, p; = P, must hold. By inductively repeating this argument,
we obtain that the derivations (1) and (2) above are actually the same.



145

But this assertion allows us to repeat the reasoning which lead to concluding
i, = J1, and we then obtain that in derivations Dy and D, we have s = [, iy = j;
for any k, 1 < k < s, and any two leftmost derivations in a component concide, and
therefore the theorem follows. O

4. The Generative Power

The subject matter of this section is the language generated by local/total strict
deterministic CD grammar systems. We first prove that a total system is local as well,
if some additional constraints are satisfied. Then we show that the problem of whether
or not a system is local or total strict deterministic is decidable. Also the hierachy
on the number of components is addressed, proving that it collapeses to systems with
only 3 components for the local case. Finally, the generative capacity of the systems
is compared to that of usual CD grammar systems, or to that of context-free gram-
mars.

Theorem 3. Let ' = (N, T,8,P,...,P,), be a CD grammar sysetm, strict
deterministic under the partition 7, satisfying the additional restriction that for any
A,B € N, A~" B, such that A € dom(FP;) for ani,1 <1 < n, then B € dom(P;)
holds as well. Then T is local deterministic.

Proof. Let T be a CD grammar system as in the hypotheses of the theorem and
let © be the partition. One can observe that partition 7 can be written as

m={T}U{[A].|Ae N}.

The requirement that for any A,B € N, A ~™ B, A € dom(P,), for an 1,1 <3 < n,
implies B € dom(P;) as well, means that for any A € N, and for any i,1 <: < n,
either [A}, C dom(F;), or [Alr € N — dom(P;). Then for any 4,1 < i < n, one can
consider the partition

i = {T}U{N — dom(P,)} U {[A], | A € dom(P,).}

The fact that I is local deterministic under the partitions 7;, 1 <i < n, follows. O

Theorem 4. Let ' = (N,T,5, P, Ps,...,P,) be a CD grammar system and let
k= ! U?:] P,,

1. It is decidable in O(k* - |N|) whether or not T is total strict deterministic.

2. It is decidable in O(3 ", |dom(P,)| - |P.|?) whether or not T is local strict de-
terministic.

Proof. The assertions above can be proved by constructing algorithms which rely
on the same idea. We shall briefly explain it in the hypothesis of the first point. See
[8] for more details.

For two partitions of VU 1" we say that 7y is smaller or equal than o, if {X],, C
[X]r,, for any X € N UT. The notation [X], stands for the equivalence class of X
with respect to the partition .

One starts with the smallest possible partition = = {T'} U {{A}]A € N}. By
examinating the rules of (J_, P; whose left-hand sides are in the same equivalence
classes, with respect to the current partition, the following situations may occur:
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1. A nonterminal and a terminal are to be put in the same equivalence class.
But this is not possible, due to the definition of the total strict deterministic
partition, therefore the grammar system is not total strict deterministic follows.
This is a consequence of choosing the sequence of current partitions in increasing
order.

2. Two nonterminals, say A and B, should be considered in the same equivalence
class, and they are not equivalent with respect to the current partition. Then,
the current partition becomes

7 = (v \{[A]~ [Bl}) U {[A]~ U [Bl.}

Now, the process goes on by examinating again the productions of T'.

3. No change of the current partition had to be performed during the last exam-
ination of the productions of I'. Then it follows that the grammar system is
total strict deterministic, and the current partition is a total strict partition.

The correctness and the complexity of the algorithm are easy to be checked. i

We now turn our attention to the generative capacity of total/local strict deter-
ministic CD grammar systems.

Theorem 5. For any local strict deterministic CD grammar system of degree n,
there exists an equivalent (with respect to the generated language) local strict deter-
ministic CD grammar system of degree 3.

Proof. The proof parallels the reduction of the number of components to 3 in
the case of usual CD grammar systems (deriving in the terminal mode), see [1]. Let
I'=(N,T,S,P,Ps,...,P,)beasystem of degree n, which is local strict deterministic
under the partitions m;, 1 < i < n. Consider

N'=| J{4¥ | A€ N},
i=0

and for any i, 0 < i < n, define the morphisms A;: NUT = N'UT by

X, for XeT
ha(X) = { X®, for X € N.

For the sake of simplicity, for a set M, we denote h;(M) = {h;(A) | A € M}. Consider
I = (N',T, P}, P}, P}, 5), where

P = U{A(i) — hi(a)|A— a€ P},
=1

{A® - A6+ | A € N,0 < i< n, i even number}, if n is odd,
P = {A® — A+ | A € N,0 < i <n, i even number}U
u{A™ — AW}, if n is even
{A® - AGHD | A € N,0 < i< n, i odd number}, if n is even,
{A®) — AGH) | A € N,0 < i< n, i odd number}U
U{A® — A} if n is odd

)
I
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Then I" is local strict deterministic under the partitions

I

7 = {T}U k() | A € dom(P)} U {N' — dom(PY),
=1
; {TYu{{AP} | A€ N,0 <i<n, ¢ even number}
{{A®}| A€ N,0<i<n, i odd number}.

3
[ &

Il

3

w

c |

On the other hand, L(I") = L(T') can be proved in a similar manner as in [1]. o

Theorem 6.For any CD grammar system there exists an equivalent local strict
deterministic CD grammar system.

Proof. Let I' = (N,T,S,P,,P,,...,P,) be a CD grammar system in which all
rules are labelled by distinct labels. Without loss of generality, we may assume that
no F; contains erasing rules. If the rules of P; are labelled by r;1,752,...,7i, then
consider the set of new nonterminals

N'= (Ut 5, X 11 <5 <k X e NUTHU X1 < i <, X € N}U{F}
i=1

We construct the grammar system

I'=(NUN'T,S,Pl,P,,...,P. Pui1),

where
Pl = {A—[id,Xly | ri: A— Xy € PYU{A — A| A€ N}
U {[t,s,X] = F|1<t<n,t#4,1<s<k,XeNUT}
U {Aj— F|AeN1<j<n,j#i},1<:<n,
Pon = {[t,5,a] —alaeT,1<i<n,1 <5<k}
U {[5,/,A] — A |A€eN,1<i<n,1<j<k}

For any 1 < 7 < n, denote by @; the set of all A; such that A is a nonterminal in
which appears on the first position of a right-hand side of a rule in P,. Counsider the
partitions

Il

i {dom(PY)UQ;U{A; |j#:,Ae N}}
{N'\ (dom(P)UQ:U{A; | j#i,A€ N}),T},1 <i<n,
Tn+1 = {T,NU{A,IAEN,]_SZSTL}}

{i,5, X} | 1<i<n,1<j<k,X€NUT}.

C

C

Obviously, the above partitions are local strict partitions. Since any derivation in
a component P; is simulated by an arbitrary number of derivations in the pair of
components P/, Py1, it follows that L(T') = L(T"). O

As far as the generative power of total strict deterministic CD grammar systems
is concerned, one can observe that this decreases as shown by the next theorem.

Theorem 7. Every language generated by a total strict deterministic CD grammar
system is prefiz-free.
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Proof. Tt is known that every language accepted by an LR(0) grammar is prefix-
free. IfT' = (N,T,S, P, Py, ..., P.)is a total strict deterministic CD grammar system,
then L(T) C L(G), where G = (N, T, S,U%, P).

But L(G) generates a language that can be generated by an LR(0) grammar,
hence prefix-free and the proof is complete. O

On the other hand, there are non-context-free languages that can be generated by
total strict deterministic CD grammar systems. An example is provided by the CD
grammar system with the components given by

P = {§-ACX—> AY > (C}
P, {A—aXb,C —cY}
P3 = {A—)d,chd}

and the total strict partition

= {{S}v {A}s {C}7 {X}t {Y}v {a, 8¢, d}}

The language generated by the above grammar system is {a"db"dc"d | n > 1}. There-
fore, we have proved:

Theorem 8. The family of contexi-free languages and the family of languages
generated by total strict deterministic CD grammar systems are incomparable.

5. Final Remarks

It is worthwhile mentioning that the restrictions we have imposed on CD grammar
systems have meaningful interpretations in terms of the blackboard architecture of
problem solving, which CD grammar systems are a formal representation for, [5].
Briefly stated, the blackboard model consists of three basic parts {12]):

s the knowledge needed to solve a given problem, which is partitioned into separate
and independent knowledge sources;

e the global data base, the blackboard, representing the current state of the prob-
lem solving process, and in which the knowledge sources can make changes;

e the control of the opportunistic responds of the knowledge sources to make
changes in the blackboard.

In the formal modelization, the knowledge sources correspond to grammars and
the blackboard to a sentential form. Rewriting a nonterminal can be interpreted as a
developmental step of the information contained in the current state of the blackboard,
a solution of the problem corresponds to a terminal word, and the control mechanism
states the conditions under which a grammar can start or stop its work.

Therefore, it is natural to try to encapture in the CD grammar systems architecture
other features of their Artificial Intelligence counterpart. To this aim, if one regards
nonterminal symbols as corresponding to subproblems to be solved, then it is of
interest to study in detail CD grammar systems in which a relation partioning the
subproblems, according to their state of the art with respect to the process of finding
solutions, holds. But this is exactly what the strict determinism features considered
here for CD grammar systems formally model. More precisely, the partitions of the
symbol set of a system can be regarded as follows:
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i) all the terminal symbols (at the level of the system, and also at the level of each

component, when a local relation is considered) are related, since they all are
(partial) solutions to some problems, the presence of a terminal symbol on the
blackboard does not require any subsequent study of this symbol;

ii) nonterminal symbols (corresponding to subproblems to be solved) are considered

related if, once one has started to build a solution of a subproblem, this is a
beginning of a solution of a related subproblem as well.
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Abstract. The paper deals with a new type of restriction considered for
the cooperation protocol of grammar systems. The effect of this strategy
is investigated for all modes of derivation. Some connections are made
with the usual concept of fairness [1], [6] and that introduced for grammar
systems [5].

1. Introduction

The cooperating/distributed (CD for short) grammar systems were introduced
first in [9] with motivations related to two level grammars. An intensive study of
CD grammar systems has been started after relating them with artificial intelligence
concepts [2], [4] such as the blackboard models in problem solving [10]. A CD grammar
system is a construct consisting of several usual grammars, working together on the
same sentential form to generate words. Informally, such systems and their work can
be described as follows (see [3]): initially, the axiom is the common sentential form.
At each moment, one grammar is active, that means it rewrites the common string,
while the others are not active. The conditions under which a component can become
active or it is disabled and leaves the sentential form to other component are specified
by the cooperation protocol. The language of terminal strings generated in this way
is the language generated by the system. As basic stop conditions usually considered,
we mention: each component, when active, has to work exactly &, at least &, at most
k, or the maximal number of steps (a step means the application of a rewriting rule).
Many other stopping conditions were considered or added to the above mentioned ones
(see [3]). Among these strategies a fairness restriction is considered in [5]. Under the
fairness assumption, the strategy of cooperation requires that all components of the
system have approximately the same contribution to the common work, concerning the
time spent by each of them during the derivation process. In [5] two fairness strategy
are considered. The first one, called weak fairness, requires that each component has
to be activated almost the same number of times (the difference between the number
of times for which any two components are activated is bounded). But this concept
says nothing about the period of time in which a component is working. The second
one, called strong fairness, requires more fair behavior from the system by imposing
the number of applications of rules of components during the whole derivation, to
be almost the same - the difference between the number of applications of any two
arbitrary components is bounded.

In this paper we focus on the case when a rule from a component P is applied and
there are some applicable rules in a component ). We view this as a neglect of ) and
we consider @ will recover later all or at least a part of these lost opportunities to
use its rules. Moreover, if there are more “neglected” components at a given moment,
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then the most neglected is selected as active component, having the highest priority.
This approach has some links with the fairness concepts introduced and studied in
relation with the behavior of parallel processes [1], [6]. Our concept is different from
the strategies used in [5] due to the fact that a component which had no opportunity
to apply its rules does not disturb the derivation process.

Informally, we associate to each component P an integer variable v to hold the
difference between the number of applications of the rules from P and the number of
neglects of P. The higher this difference is, the lower is the priority. Initially, v = 0
for all components, giving equal priorities to all the components. If a rule from P is
applied in a derivation, then the value of v is increased by one (v := v +1), decreasing
its priority. By contrast, the values of all neglected components are decreased by
one, increasing their priorities. The other components does not change their current
priorities. Hence the priority of a component may be changed during the derivation.
In the strongest strategy, all neglected components are recovered and the derivation
have to end with v = 0 for all components. Weaker strategies may be considered by
allowing a fixed number of components to have a bounded number of unrecovered
neglects or surplus of applications. This new strategy of cooperation is considered
together with the well known modes of derivation, usually applied for CD grammar
systems, and it is proven that the generative capacity of these mechanisms is generally
increased. The strong fairness concept [1], [6] is also studied in connection with these
CD grammar systems.

2. Basic Definitions, Notations and Preliminary Results

For an alphabet V, we denote by V* the free monoid generated by V under the
operation of concatenation; the empty string is denoted by X, and we set V*t =
V*\ {)}.

The length of z € V* is denoted by |z|. If £ € V* and U C V, then |z|y is the
number of occurrences of symbols of U in z (the length of the string obtained by
erasing from z all symbols in V' \ U).

By REG, CF and FTOL we denote the families of regular, context-free and ETOL
languages, respectively (see [11], [12]).

A CD grammar system of degree n,n > 1, is a construct

I'=(N,T,S,P,...,P.),

where N, T are disjoint alphabets, S € N, and P,,..., P, are finite sets of rewriting
rules over NUT.

The elements of N are nonterminals, those of T are terminals; Py,..., P, are
called components of the system. Here we work with CD grammar systems having
only regular rules, i.e. rules of the form A — aB or A — a with A, B&€ N,ac T,
right-linear rules, i.e. rules of the form A — zBor A — z with A,B € N,z ¢ TU{)\}
or context-free rules, i.e. rules of the form A — w with A € N, w € (NUT)* and
denote them by REG, RL and CF, respectively.

The domain of the i** component denoted by dom(P;) is defined as

dom(P)={A|A—>z€e P}

For (N U T)* one can define the usual one step derivation with respect to P,
denoted by ==p,. The derivations consisting of exactly k, at most & (but at least
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one), at least k such steps ==p, are denoted by =>}—.§l.’° , =>}—<>‘.k, :%‘k , respectively.
Furthermore, we write z =% y iff z ﬁ%} y and there is no z € (N UT)* such that
y =>p 2. We note also by x ==}, y an arbitrary derivation. Let

M= {t,x}U|J{< k,=k,> k}.

E>1
Let
D: S5 ﬁ;:“ wy ﬁ;f:z e :};:nt Wy

be a derivation in the f-mode, f € M, 1 < i; < n, with 4; # i, for all j (i.e. m;
gives the number of derivation steps performed by the component P;; in D). For any
1 <p < n, we write

¥p(p) = Zl and @p(p) = ij,

Conventionally, the empty sum delivers zero.
Let T be a CD grammar system with at least two components. Then we set

dw(D) = maz{|p(t) - ¥p(5)| |1 <1,j <n}
and

ds(D) = maz{jep(i) — ¢p(i)l |1 <2,5 <n}.
Moreover, for u € {w,s}, z € (NUT)* and f € M, we define

du(z, f) = min{du(D) | D is a derivation in the f — mode for z}.

For a CD grammar system I' of degree n > 2 and f € M it is denoted by L#(T')
the language generated by I'. Taking I' and f as above and a natural number ¢ > 0,
in [5] it is defined the weakly ¢-fair language generated by I in the f-mode as

Li(T,w—q)={z |z € Ly(T') and dw(z, f) < ¢}
and the strongly g-fair language of I as
LiT,5—q)={z |z € Ly(T') and ds(z, f) < q}.

For X € {REG,RL,CF},f € M, n > 1, the family of languages generated by CD
grammar systems with » components in f — mode are denoted by C'DL,(X, f). The
union of the families CDL,(X, f}, for all n, is denoted by CD Lo (X, f).

For X € {REG,RL,CF},f € M, and integersn > 2 and ¢ > 0, CDL,(X, f,w—
¢)and CDL,(X, f, s—q) represent the families of weakly and strongly ¢-fair languages,
respectively, generated by CD grammar systems with n components.

Definition 1. On (NUT)* we define the one step counting derivation with respect
to P;, denoted by ¢ =p,. Let vy,...,v, and uy, ..., u, be integer values associated to
Py, ..., P, before and after a derivation step, respectively. Formally, we write

(0,01 oy Un) € =25 (U, Ugyeeny Un)
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ifv=2z2Ay,u =zwy,A— w € P, and:
u; = v+ 1;
uj =v; — 1if i # j and |v|gom(p,) # 0 (i.e. P is a neglected component);
Uy = v otherwise.

Moreover, if v; = min{v; | 1 <j <n and |v|4omp,) # 0} then we have a prior
derivation. It is denoted by (v, v1,..., v.) P == p, (U, U1, ..., Uy).

The derivation ° =>{,'_ with f € M has the usual meaning, each step being a
counting derivation and the first one is a prior derivation.

Remark. When the symbol f used in the above notation is understood, it can
be replaced by another symbol denoting how many times is applied the derivation.

Definition 2. Let I be a CD grammar system with n components, p and ¢ natural
numbers, 0 < p < n. One can define the language generated by I' in the counting
derivation mode f € M with p components relazed to the interval [—q,q], as being
the set:

Li,pq) = {w]weT" (S,V)=(wo, %) “ =>4, (w1, V) * = ...
* =L (Wn, Vo)W =w, m>1,1<4;<n,1<j<m).

where: V; = (vij1,...,%iy), is the vector with the associated values for the n compo-
nents of T,

1) the first step in (w;_1,V;_1) © =>{;‘.j (w;,V;) is a prior derivation,

2) Vo = (07 '-'ao)a

3) there are p components P;,, ..., P;, such that —¢ < vnj;, < g¢,forall 1 <r < p,
and vy,; =0fori#j, 1 <r<p

Remark. This type of derivation introduces a kind of priorities among the com-
ponents to be chosen after P; was used. These priorities are computed at each
step.

The corresponding classes of languages are denoted by C DL, (X, f,p,q), where n
is the degree of the grammar system, X € {REG, RL,CF} indicates the type of the
components (regular, right-linear or context-free) and f € M.

Theorem 1. For all modes of derivation f € M and any type of grammars X,
we have CDL"(X5 5o, q) < GDLn’(Xa 7, ql)y n<n,p<p,g< .

Proof. Directly from the definitions. O

Remark. The meaning of CDL,(X,f,p,0), CDL,(X,f,0,9), LsT,p,0),
L(I,0,q) does not depend on p or q. We frequently use CDL,(X, f,0,0) and
L4(T,0,0) for expressing these cases.

Let us illustrate the introduced concepts by two examples. We shall give just
the components of the systems, the other elements can easily be deduced under the
assumption that S is the axiom.

Example 1. We consider the grammar system I' with the components

P = {§-54a5,5§—>aA A— aX},
P = {A-04,A-55 - bX}
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We have

L>(T,0,0) = {8 | p > k}
L.(T,0,0) = {a?o" |p>1}.

Indeed, any counting derivation producing a terminal string in I" has the form
(5,0,0) ° ==>,f,l (a* A, uq,us) © =$,f,2 (aFb™, v1,v;)
where u; = k, ug = —k, v; = k—m, v; = —k+m. From a*b™ € L(T,0,0) we deduce

vy=v=0,1le k=m.
Note that the rules A — aX, § — 86X are used only for counting.

Example 2. Let I' be the grammar system having the following components

P, = {8 —abB,S > aAbB,A — aAb,A — ab,B — F},
P, = {B—c¢B,B—¢,S—FA—F}.

It follows that, for all f € {=1,> 1,x}U{<k|k>1}and ¢ > 1,
Li(I,2,q9) = {a"b"c¢" | n>1,m > 1,|n —m| < ¢}
holds (the two components are alternatively used) whereas for ¢ = 0
Ly(T,0,0) = {a"b"c" | n > 1}.

We mention that all the above mentioned languages are not context-free. Moreover,
by taking ¢ = 0 and = k or > k derivation mode, for all £ > 1, we have

L_4(T,0,0) = {a""c"jn=p-k,p>1},

L>(T,0,0) = {a™"c" [ n > k}.

Theorem 2. Let T be a CD grammar system with the degree n = 2. Ewvery
counting derivation

(8,0,0) ¢ ———:}»{;',1 (a1,u1,v1) © =>{,i2 o (o, uk, UE)
has the property up + v 2 0, for k > 0 and f € M. Moreover, if there is an i such
that u; + v; > 0 then ui; + vig; > 0, for j 2> 0.

Proof. We prove by induction on the length of the derivation. For k = 0 the result
is trivial. Suppose that ux + v; > 0 and (o, uk,vr) © =>£‘_k+1 (Ot Ubp1, Vpp1)-
Let us consider ixy; = 1 (the other case is similar). Then we have u;iq = ug + 7,
Vpp1 = vk — 7, 0 < r < j, where r counts how many times the component P, was
neglected. Obviously, ugi1 + vy = 0. O

Corollary 3. Let T be a CD grammar system with the degree n = 2. Every

counting derivation

(5,0,0) © =5 .. (ak,ur, vp) © =>;‘,‘,k+l ... (2,0,0)

has the property uy +vr =0 for k>0 and f € M.
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Corollary 4. CDL,(X,t,0,0) = {#},X € {REG,RL,CF}.
Proof. Suppose there exists I' such that L4(T',2,0) # §. Then we have a counting
derivation
(5,0,0) © =5, (a1, ur,v1) ¢ =>p, ... (2, uk, k)
where z € T*, k > 1 and u = v = 0.
Assume ¢; = 1. In fact we have k > 2, otherwise uy # 0. If after the derivation

(5,0,0) ¢ =>§;I.1 (0oq,u1,v1), the first applied rule is of the form B — z € P,, then
there is no rule B — y € P;. Hence after applying the rule B — = € P, we get

(al,ul,vl)c == (a',u',v'),u' = 'LL1,'U’ =" + ].,

so, v’ + v’ > 0, a contradiction with Theorem 2. O
Lemma 5. CDL(X, £,0,0) = {0},X € {REG,RL,CF},f € M.
Proof. For a counting derivation (S,0) ° =>{;1 (z,v) having at least one step we
have v > 0. O

3. The Regular Case
Lemma 6. {a} ¢ CDL,(REG, f,0,0) forall n>2,f € M.

Proof. Suppose we have a CD grammar system I' such that L;(T,0,0) = {a}. In
this case there is a component P; such that S — a € P,. The only way to generate a
is to use such a rule. But in a counting derivation (S,0,...,0) ¢ =>£, (a,v1,...,0,)
we have v; = 1. This contradicts a € Ly(T,0,0). a

Theorem 7. CDL,(REG, f,0,0) C REG,f e {=Fk | k> 1}.

Proof. Let T' = (N,T, S, P1, P;) be a CD grammar system with two components
and a derivation

(z,u1,ug) © =>If;‘_ (y,v1,v2).

From Corollary 3 we have u; +uz = v1+v; = 0, so it results that dom(Py) = dom(FP;).
The rules of the two components are alternatively applied, k times each one. The
following regular grammar is constructed:

G = (NIJ T7 S) P)’
where, for k > 2

N = {S}U{Aij;|AeN,1<i<2,1<j<k1<1<2},

P = {Aji—aBjn|A—>aBeP,1<i<2,1<j<k1<1L2}
U{Al,k,l—’aBz,Ll|A—>aBEP1,1SlS2}
U{A2x; — aB11i|A—aB € P, 1 <1<2}
U{Aipp—a|A—ae PtU{As1—a|A—ac P}
U{S — aAi2; | S —aA e P,1<i<2}.

Clearly, each derivation in I', in the above specified conditions, is simulated by a
derivation in P, starting with § == aA;,; and continuing by alternatively applying
k times rules from Py, Py; at the end a rule Ay ;2 — a or Az41 — a is used. The
strict inclusion follows from Lemma 6. |
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Theorem 8. REG and CDL,(REG, f,0,0) are incomparable for:
o) fe{x}U{>k|k>1} andn > 2;
b)) fe{<klk>1}U{=Fk|k>1}U{t} andn > 3.

Proof. From Lemma 6 we have a regular language which can not be generated
with counting derivation.

Conversely, the point @ may be proved using Example 1. To prove b we first
show that {a™¢™c™ | m > 1} € CDLs(REG,t,0,0). Indeed, the system having the
following components:

P = {S—>4aS,5—ad,B— bX},

P = {A—-bA,A—bB,5 > aX},
Ps = {B—c¢B,B—c¢A—cX}

generates the considered language in the counting derivation mode t.
We see that such a derivation has only the form

5,0,0) ¢ =t (aF Ak, —k,0) ° =% (a¥0™B,k,m —k,—m
1 2
and then
(a¥6™ B, k,m — k,—m) ® =% (a7 k—r,m — k,r — m).

Note that the first step in ¢ ==} must be a prior derivation and after the last
derivation all priorities have to be zero. Thus, we get £ = m = r. Finally, Theorem 1
and Corollary 4 state that n # 2.

For the derivation modes < k, = k we consider the system I' with

P = {§—aS5,5—aA A - aX},
P, = {A—bAA— b,
P3 = Pz.

We have L_g(T,0,0) = {a®*6%* | p > 1}. It is easy to see that every counting
derivation producing terminal strings in the mode = k has the form

(5,0,0,0) ¢ =>5F (a*S,k,0,0) ° =5 ...
.. (¢ A,7k,0,0) © =Tk (a"6* A, (r — Dk, k, —k)
¢ =5 (a0 A, (r — 2)k,0,0)... © =>FF (a7, (r — 2p)k, 0,0)

where p > 1. We must get (r — 2p)k = 0, hence the result is proved.

We also have
L (T,0,0) = {a®6 | p > 1}.

Indeed, every counting derivation producing terminal strings in the mode < k has the
form
<k <k
(5,0, 0,0) ¢ =p (a,- A, r,0,0) ¢ =7,
("6 A, v — 7y, r,—11) © =>15,3k (arb”bri, r—r —r,r =1, — 1)

<k
¢ =3 (@B — g —m, g —m,m — q).
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We must get r — g —m = ¢— m =m — ¢ = 0 and the result is proved. O
Theorem 9. a) REG C CDL.(REG, f,2,1), for alln > 2,f € {x,=1,> 1}U
{<klk21},
b) REG C CDL,(REG,1,2,1), for n > 3; the inclusion is strict for:
c)n2>2,fe{x21},
Hn>3, fef{t,=11U{<k|k>1}
Proof. Let G = (N,T,S,P) be a regular grammar. We consider another set
N’ = {A' | A € N} containing copies of G nonterminals and a new ¢rap nonterminal
X¢NUN.Let ' = (NUNU{X},T,S, P, P,) be a grammar system of degree 2

where
Pb={A—-aB'| A-aBePlU{A—a| A—»acP}U{A" - aX|Ac N},
Po,={A"—aB| A—»aBeP}U{A —»a| AoaeP}U{A—~aX|Ae€ N}

We note that in the mentioned modes f every counting derivation in I’ starts with
a rule from P; and uses alternatively rules from P, and P, due to the parasitic rules
A—aX,A' - aX. It is easy to see that every derivation of G

S = 1A = 17A,...
can be simulated by the counting derivation in T’
(5,0,0) © =% (214),1,-1) © =, (22, 42,0,0)...

Hence, L(G) C L#(T,2,1). Conversely, L¢(I',2,1) C L(G) due to the fact that
excepting the parasitic rules the productions from P, and P, are copies of those from
P.

For f =t the following grammar system is taken

I'= (N,T,S1,P1,P27P3),
where

P1 = {Al—)G,B2|A—'>CLB€P}U{Al—)GIA—*(ZEP}U{A3—)CLX|A€N,(Z€T}
P, {As = aBs3|A - aB € P}U{A; » a|A —a€ P}U{A — aX|A€ N,a €T}
P; = {Ay—>aBi|[A—aBePlU{A;3 > alA—a€P}U{A;— aX|AEN,aeT}

Clearly, L4(T,2,1) = L(G).
Applying Theorem 1 and Theorem 8 the proof is over. O

Theorem 10. a) REG C CDL,(RL,[,0,0), forn > 2,f € M\ {t} and for
n > 3, f =t. The strict inclusion holds for

byn>2,fe{s}U{zklk>1},

)n23,fe{t}U{=klk>11U{<k|k>1}.

Proof. Let G = (N, T, S, P) be a regular grammar. We construct the grammar
system I' = (N, T,S,P,,P;) where P, = P, = PU{A — A| A€ N}. It is easy to
see that L(G) G Ly(T,0,0). Indeed, every derivation S ==§ z may be written as a
derivation with right linear rules having an even numbers of steps (we may start with
S — § whenever needed). Such a derivation may be simulated in T' by alternatively
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applying rules from P; and P. For the cases = k, > k the rules A — A may be used
to obtain a derivation

(57 07 0) ¢ =:>}f31 (a17 k7 —k) ¢ ﬁ{’g e ($7 0, O)

in an even number of steps. For the case f = t, the last part of the proof of Theorem
9 1s considered and appropriately modified to prove the required inclusion.

The strict inclusions follow from Theorem 8 and using Theorem 1 the proof is
over. O

The following two results set out some relations among the strong fair languages
and the languages generated by CD grammar systems with counting/priority mecha-
nism in the case f =1,

Theorem 11. For any right linear CD grammar system I = (N, T, S, P,..., P,)
there exists a right linear CD grammar system I = (N',T,5', By, P1,...,P,) such
that S occurs only in the left hand side of the rules belonging to Py and L,(T',s—0) =
L(I",s ~0).

Proof. ' = (N,T,S, P,...,P,) is an arbitrary CD grammar system, then the
new elements defining I' are

N'=Nu{5}
Ph={5~-5,5~—5}
If $ ==* win I and each component works p times, then in I the following derivation
occurs §' =P & = § =—=* w. O
Theorem 12. CDL,(RL,t,s —0) C CDL,12(RL,t,0,0).
Proof. Let us consider for an arbitrary language L € CDL,(RL,t,s — 0) a right
linear grammar system I' with n components. From Theorem 11 we get an equivalent

grammar system [V = (N',T,5", Py, P1,...,P,). The following grammar system is
constructed, using the definition of I”

FHZ (NllaT)SIaP(;rPl;-~-7Pn7Pn+1)

where
N" = {A;|Ae N\ {5},1<i<n}U{F X},
P, = {§ 58 X—=X}U{S~ S5|1<i<n},

U{A; = aB;| A—aB € B}

U{A; = aX |A—a€ P}

U{S' = FL1<i<n,
Ppi = {->FX->X,X- AL

For any derivation in I, $’ =* w, having for each component the same number of
applications, p, the following derivation steps are constructed in I':

(5',0,...,0) * =% (Si,p,—p,- -, —P)
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(due to the rules S — F' € P;,1 <i < n+1) and then

(Si7p7 -p,.- ':_p) ¢ :>§’,' tee ('UJX,p,O,. .. 507—p)

(using the rules of Py,..., P,, p times each); at the end the rules of P,y are used p
times and so we get

(wX,p,0,...,0,—p) * =5 . (0,0,...,0).
It follows that w € L(T”,0,0) and the proof is over. a

4. The Context-Free Case

The main results concerning the generative capacity of the context-free grammar
systems with the counting/priority support are stated by the next theorem.
Let
My ={=1,> 1,5t} u| J{< k}.

E>1
Theorem 13. i) For all n > 2, and
o f € Ml \ {t}a
CDL.(CF, f)yc CDL,(CF, f,0,0).
eq21,

CDL,(CF,1) C CDLy(CF,1,1,q).

ii) For alln >3
CDL,(CF,t) CCDL,(CF,t,0,0).

iil) For alln > 2 and k > 2
CF CCDL,(CF,=k,0,0)nCDL,(CF,> k,0,0)
Proof. First we recall (see [3])

a) CF =CDLo(CF,f),f€ M\ {t},
b) CF = CDL,(CF,t)= CDLy(CF,t) C CDL,(CF,t) = ETOL,
¢) CF C CDL,(CF,=k)NCDL.(CF,> k),n>2k>2.

i) For f € My \ {t} and an arbitrary context-free grammar G = (N, T, S, P), the
following grammar system is constructed

I'= (NiaTa‘S’,Pl:P?}
with

N = Nu{9, X}, X
P, = P,=PU{S = 8X,X — X,X — \}.

il

For a derivation S =" u in G, the following derivation steps are obtained in T’
(5,0,0) ° =%, (SX,1,-1) ... ° =T (uX,q,b) © =1, (4,0,0)

where P, P’ are any of Py, P, and a + b = 0.
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For f = t and an arbitrary context free grammar, it can be constructed the
grammar system with the components:

P =PU{S5 - SX,)Y - F},
P=PU{X oY,Y 5Y,Y = \5 — F},

where §', X,Y are new symbols, S’ being the start symbol. A derivation in G for a
word u has the following corresponding derivation steps in I':

(5,0,0) =>p, (SX,1,-1) =} (uX,s+1,-s—1),
r =p (UYaS + 11 _5) ¢ :i’z (u7 170)

For f mode, f € My \ {t}, the grammar system I' considered in Example 2 gives,
for counting derivation style, non-context free languages. In the ¢ mode the gram-
mar system can be modified such that it also generates a non-context free language.
Combining these results with the relations a), ), mentioned at the beginning of this
proof, we get the announced inclusions.

it) For showing CDL,(CF,t) C CDL,(CF,t,0,0),n > 3, let us consider a lan-
guage L € CDL,(CF,t). From the last inclusion stated by relation b) it follows that
L can be generated by some ETOL system G = (V,T,5,11,Ts,...,T,.) with the al-
phabet V, containing the set T of terminals, the start word S which can be considered
without loss of generality as an element of V' \ T and the tables 17,75, .. ., Tp.

For an element @ € V,0 <7 < m and 1 < k < 3, we introduce the new elements
a;p. For a word z over the alphabet V, the string z; is defined inductively in an
obvious way.

The following CD grammar system is constructed:

I'= (NaTaSaPI,P27P3)
with

N = {8 F Z E, E) R R, Ry, V, Vi, Vo, V5, W, X}
Uaix |aeV,0<:i<m,1 <k <3}
U{Zix|0<i<m,1<k<3}
U{Xix|0<i<m,1<k<3},

5
P1 - U Pl,iy
=1
P, = {aill—-)am]aEV,OSigm}U{Zi,l—+Z,-,2IOSiSm},
Py = {Xi1— Xi2{0<i<m},

P1,3 = {E1 — El,El — EZ,EI — R,E] — R27E1 — Z,E1 — )\}’
Py = {R — F},
Ps = {VoW,Vi->V,Vi = VW FV,— F},
5
P = |JPy
=1
Py = {ai1—aizleaeV,0<i<m}U{Z; — Zi3|0<i<m},
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Py = {Xi2—> X1 |0<i<m},

{Ey = E3,E; = R Ey — Ry, FEy — Z, Ey — A},
{R; — F},

Py = {(Vz >V, Va- V3, Voo W,V = F},

8
Py = Upa,i,
i=1
P3,1 = {S - Xo,l,Xo,l - XO,laXO,l - 50,120,1},
Psy = {aip— a1 e €V,0<i<m—1}
WZi2 > Zip121 |0 <m -1},
Pz = {aiz— wo1|a—weTl;l<i<m},
Py = {Zis— Zpy|1<i<m}
U{Zi,3 = X;;|1<i<m,j= 1,2}
WX, = Zis11<i<m,j=1,2}
U{X{}j - Z0,1 I 1 S 7 S m,j = 1,2},
Pys = {acg—alaeT}U{as— FlacV\T}
U{Zo,s — 2,73 — )\},
P = {Z—F,Z—>Ey,Z—RR—RR— )}
Py = {Z—Ry,Z — Ry, Ry - Ry, Ry — Ry, Ry — Ry,
Ry — R, Ry — A Ry — A},
Pg = {RoVW-WW-X,X->X,X—-\V->F}

feclieY
N
o

For a derivation
D:S=1V=:0= . =20 =zceT

in the ETOL system, with the observation that %) is obtained in the table T;;, we
construct the following derivation steps in I':

a) The derivation starts by applying only some rules from P; component (Ps;
subset); so we get

(S, 0, 0, 0) ¢ =>71153 (X(),l, —n + 1, 0, n) ¢ =P (SOJZOJ, -, O,TL -+ 1)

After getting the last string, the component P is left. Let us denote by &, the length
of the string So1Z¢,;. Clearly, we have n > 1,k > 2.

b) For simulating the first step in G, S = z(!) (using the rules of the table T},),
it is necessary to apply in T, alternatively rules from P, (P subset) and P (Ps,
subset) and then P, (P, subset) followed by Ps (Pa3, P34 subsets). Applying first
rules from P;; and then from Ps,, we get the derivation

(SOJZO’I’ -, O,Tl + 1) ¢ =>§31 (SD,2Z0,27 —n + k, —kan +1-— (k - 1))
c—_—>§>3 (5'1,121,1,—71,-}—1,_2k+17n+1+1)_

The number of rules used in each mentioned component is the same and it equals the
length of the string.
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c) Applying ;j times the rules of the components P;; and Ps 3, alternatively, the
following derivation can be defined

(801201, —n,0,n+1) ° =5 ... (Sj1Zj1,—n+ 4, (=2k+ 1)j,n + 1 + ).

After leaving P; component, and for applying again P, component instead of P,
(both components could be applied to the string S;1Z;1), it is necessary to have
—n+j<(=2k+1)j,ie:

n > 2kj.
Let us denote by [ the first value of j for which the relation above is not true; so we

have
2k(l-1) < n < 2kl

In this case (when j = [), the rules from P, (P, subset) and then those from P; can
be applied. So the derivation becomes:

(S, 0,0,0) c 23’3 RS (Slylzlyl,ul,'l,tg,llg)

i t 1
¢ :Pz (51:321.37 Y1, Vg, ’1)3) ¢ :>P3 (.’E(()'%Z()J,wl,wz,ws)-

After leaving Py only the rules of P3 (P53 or P54 subsets) can be applied. Clearly,
! =1, and then zgll) corresponds to z(!), the first string in the derivation D.

d) After getting (m((,ng,l, n1,n2,n3), for some s < n, for restarting the derivation

in order to simulate the application of the table T;_,,, it is necessary to have

Ny ="nNg—n,

where n satisfles 2k(1 — 1) < n < 2kl for | = i,40,k = |:z:((f%Zg,1]. In order to

obtain relation n; = ny; — n the string (:c((,fiZo,l,nl,ng,ng) must be derived from
(%, 37,3, M1, ™3, m3) by applying the rules of P33 and Py in the following way:

¢ if we need to decrease m, instead of my (m; instead of my) then are applied first
the rules from Ps4 for j =1 (§ = 2) and we get the string (2;, 3201, hy, ha, ha);

s at the end are applied the rules belonging to P33 (these rules change both #,
and h, at each step of the derivation).

e) The process described until now, ends when the string (:v((ﬁ) Z0,1,P1, D2, P3) 18

obtained (zc(,"l) corresponds to z(™, the last string in D). For ending the derivation in
T, the string above mentioned must be derived using rules of P, (P, subset) instead
of Py (Py; subset), so it is required to have p; > p;. In order to get this relation the
rules belonging to P; applied to the string deriving (zé"l) Zo,1,P1, P2, P3) are managed
in a similar way to those used for step d). The derivation can further be described as

(xgzl)ZU,lv P, P2, Ps) ¢ :fPQ (z((fa?ZO,By S1, 82, 53) ¢ :$ng (z(n)U7 U, UaP)-

The rules used for the last part of the derivation are those from P; (Ps5 subset). The
string (™ is just the string obtained in the derivation D and U is Z or X.
f)Ifu=wv=p=0,U is A and the derivation stops. Otherwise U is Z and from
(2™ Z,u,v,p) we get the string (z(™,0,0,0).
Indeed, if u # 0 or v # 0 then we first transform (2(Z, u, v, p) into ((™U, 0,0, m),
where U is R if m # 0 otherwise U is A. For getting the string (z(™U,0,0,m) the
following cases are distinguished:
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e for u < 0,v < 0, the string (2™ Z, u,v,p) is derived using Z — E; or Z — E,
belonging to Ps¢ and then the rules from P; 3 and/or Py g;

e for u > 0,v > 0, the string (z(VZ,u,v,p) is derived starting with Z — R; or
Z — R, from Ps7 and continues by using suitable rules belonging to Ps 7, getting
u = 0,v = 0 due to the rules from P; {P;4 subset) or P; (P, 4 subset);

eforu> 0,0 <0oru< 0,0 >0, the string (z(™Z,u,v,p) is derived starting
with Z — Ey if u < 0 (Z — E; if v < 0) continues by applying the rules belonging
to Pya (Py3), obtaining (2™ Ry, u',v’,p') (or obtaining (z(™ Ry, v’,v',p')) and ends
by using rules of P37. When the rules from Ps; are selected it is necessary to have
v’ > p'(v > p). This condition can be achieved by first using Z — FE;, E; — E,
(arbitrary times) and then E; — Z (or Z — Ey, Ey — E; (arbitrary times) and then
E1 s Z)

If we get (z(™R,0,0,m),m # 0, then we distinguish two cases:

e For m < 0 we get (z(",0,0,0) from (z™R,0,0,m) by iteratively applying
R — R and then R — A.

e For m > 0 we first derive (z™R,0,0,m) with B — V from Ps (P35 subset) and
so we get m > 1. The rules V — V{,V; = Vi (2. m — 1 times) and Vi — V; from
P, are then used to get the string (z("V;,2-m 4+ 1,—2 - m,—m) (due to the rules
Wi — F belonging to both P, 5 and Psg). This last obtained string is further derived
by applying the rules V; — V3,5 — V5 (2-m — 2 times) and V3 — W from P, and
getting (z(MW, 2,0, ~m) (due to the rule V3 — F of P,5). At the end, this string is
transformed by using the rules of Pys: W — W, W — X, X — X (m — 3 times) and
then X = A, m>3or W >X, X >\ m=2

ii1) Let us consider a context free grammar G = (N, T, S, P) and construct similar
to Theorem 4 (see [5])

I'=(NU{X},T,S,P,P,),

with
P=P=PU{A-wX:A-wecP}U{X - X, X — )}

Clearly, L¢(T) = L(G),f € {=k : k > 2 U{> k : k > 2}. Combining this

construction with Example 2, the proof is over. D

5. Strong Fairness and Grammar Systems with Priority

Usually, fairness is defined as a restriction on some infinite behavior according to
eventual occurrence of some events. The term is used as a generic name for a mul-
titude of concepts. In the contexts where an event occurrence can be either enabled
or disabled, two kinds of requirements are stated by weak fairness and strong fair-
ness concepts [1], [6]. According to weak fairness, an event will not be indefinitely
postponed provided that it remains continuously enabled from some time instant un-
til occurring. Strong fairness guarantees eventual occurrence under the condition of
being infinitely often enabled, but not necessarily continuously.

In CD grammar systems we consider as event occurrence the intervention of some
given component P in the derivation process, i.e. the =>1f3 occurrence. Such an event
occurrence is considered enabled at a given step of the derivation process if the given
component contains some rules that can be applied in the current sentential form.
From among the enabled components the component with the highest priority will be
activated.
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In this section we confine our attention to strong fairness of the C'D grammar
systems with dynamical priorities.

Definition 3. Let D : (ao,0,...,0) ¢ =>{,‘,0 e =>,f;'_k . (O, Vs e e Vkp) - - -
be a counting derivation (possibly an infinite one), where ag = S, k¥ > 0. A component
P is said to be enabled at the k*" step of the derivation if |a|aom(p) > 1, i.e. there
are some rule A — B € P and ax = 7AS. A component P, 0 < j < k — 1,
appearing in this derivation is said to be the activated component at the step j. By
E;, 0 < j < k, we denote the set of all components enabled at the j™ step. The
pair (F;,4;), 0 < j < k—1, is said to be a selection (from among n components)
and consists of the nonempty set E; C {1,...,n} of enabled components and the
activated component ; € E;. Of course, v;;; < v;, for all r € E;. We associate to
the derivation D a run, i.e. the sequence of selections {Fy, o) ... (E;,%5). ..

Note. Instead of a component name P; we simply use the index z.

Example 3. Let I be a CD grammar system with the following components:

P={§-+AA-BB—-CC—-DD—-EE-—F}
P={F—AA-SC—X,E— X}
Py ={F — a}.
For the mode = 2, we have the following counting derivation:
(8,0,0,0) * =>p, (A4,1,0,0) * =>p, (B,2,~-1,0) “ =p, (C,3,-1,0)
¢ =pp (D,4,-2,0) °=>p (£,5,-2, 0) ° =>p, (F,6,-3,0)
*=p, (A,6,-2,-1) ¢ =p, (5,5,-1,-1) “=>p ...,
that is

(5,0,0,0) © =>72 (B,2,-1,0) ° =7 (D,4,-2,0)
¢ =3 (F,6,-3,0) ° =% (5,5,-1,-1) * =5 (B,7,-2,-1)...

Its associated run is:

({11 {1} DL D(2,31,2)] -

The component Ps is never activated, despite the fact that it is enabled infinitely
often at the steps 3,7,11... of the = 2 derivation. Obviously, the intervention of the
component Ps which could terminate the derivation is systematically forbidden.

Definition 4. A derivation is called strong fair if its associated run satisfies the
following condition:

Vi(l<i<n)ATj € No(i € B;) =3 j € Noli = 13)
Here, the quantifier OET stands for “there exists infinitely many” and Ny denotes the

set 0,1,... of natural numbers.

Remark. In a strong fair derivation every component which is enabled infinitely
often, is also activated infinitely often. In particular, every finite derivation is strong
fair.
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Definition 5. A CD grammar system I' is said to be strong fair in the derivation
mode f if all the mode f counting derivation are strong fair.

Theorem 14. For the degree n > 3 and for the derivation modes t,*, < k,= k,>
k, where k > 2, there are CD grammar systems which are not strong fair.

Proof. See Example 3 for t,%,< k. For = k,> k this example can be slightly
modified. O

Theorem 15. Let T be a CD grammar system with the degree n = 3. For the
derivation mode = 1, at every step of a counting derivation we have at most two
components with the priority value less than or equal to —1, at most one component
with the priority value less than or equal to —2 and no component with the value less
than or equal to —3.

Proof. We proceed by induction on the length & of the counting derivation. For

(5,0,0,0) ¢ =5, - ¢ =% (g, Uk, Uk, 2k) © =Py (Wit s Yk, Vs Zht1)

‘K

let us assume ig41 = 1. We have ugq = ug + 1 and for vgyq, 2541 the following cases:
a) vpp1 = Uk — 1, Zkpr = 2k — 1, up S og, ugp < 2

b) vkt1 = Uk, Ze41r = 2k — 1, Uk < 2

) Vp41 = Uk, Zkt1 = Zke

It is easy to see that assuming one component has the value less than or equal to —3

we contradicts the inductive hypothesis. The other cases are similar. |

Theorem 16. For the degree n = 3 and for the derivation mode = 1, the CD
grammar systems are strong fair.

Proof. Let us assume that there exists a CD grammar system with a derivation
which is not strong fair. We deduce that in its associated run (Eo, 1) ... (E;,1;) there

exists a component ¢ and a step k of the derivation such that °E<!7 7 (G2 k)AYm(m >

k —i#1im). Let jo,...j; ... be the infinite sequence deduced from 3 j (j > k). If v,
is the associated priority of the component ¢ at the step &, from i € Ej,...i € E,...

and ¢ # i;, we deduce that v;j,,...vi; ... is a strict decreasing infinite sequence. So,
we obtain that there exists a component ¢ having its priority less than or equal to —3,
a contradiction with Theorem 15. o

Theorem 17. For the degree n = 2 and for all modes of derivation f € M the
CD grammar systems are strong fair.

Proof. Let assume that there exists a derivation D which is not strong fair. Hence,
we have a component infinitely often enabled but never activated from some moment
on. Let 2 be this component. We deduce that in the run of D there exists a jo such
that for all j > jo we have E; = {1,2}, 4; = 1, vj1 < vz and vj412 < v;2. Let
m > jo be a value such that v,, 3 < 0. From Theorem 2 we have vy, 1 > ~vpm 2 >0, a
contradiction with v;1 < vje. (|

6. Conclusions

In this paper we introduced and studied a new protocol mechanism for cooperation
in CD grammar systems. The generative devices obtained have an increased gener-
ative power for all types of production rules. Connections between the dynamical
priorities and strong fairness concepts {see [6], [1]) are also made.
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Some open problems remain to be solved, especially related to context-free case
and concerning the relations with other families of languages generated by different
CD grammar systems.

We are further interested to study other kind of counting/priority conditions of-
fering more opportunities for studying the behavior of some parallel computations
(see [8], [T]). Also, all these restrictions can be studied as regulated rewritings for
context-free grammar case.
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Characterization of RE Using CD Grammar Systems
with Two Registers and RL Rules!
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Abstract. We prove that each recursively enumerable language can be
generated by a cooperating distributed grammar system with two Q
registers and right-linear rules.

1. Introduction

The cooperating distributed (CD, for short) grammar systems were introduced in
[1] as a model of the blackboard architecture in the artificial intelligence. Intuitively,
a CD grammar system consists of a set of grammars, each grammar working, in turn,
on the same sentential form. Different conditions for the start or the stop of the work
of each grammar may be imposed. All the terminal strings obtained in this way form
the generated language.

The CD grammar systems with two registers were defined in {3}, starting from
usual CD grammar systems, in which two valences are assigned to each production
rule, a valence being an element of a given group. The valences of the rules contribute
to the contents of the registers. When the derivation starts these contents are empty
(i.e. equal to the neutral element of the group). When a rule is applied the content of
each register changes according to the corresponding valence of the rule applied. The
work of a grammar of the system may stop only if the first register is empty. After
the stop of the application of one grammar, a transfer step must be performed. This
means that the whole content of the second register is transferred into the first one.
The system stops its work only if a terminal string is obtained and both registers are
empty.

Results obtained so far concerning the CD grammar systems with registers can
be found in [3], [4], [6], [7]. For a survey of the results in the area of CD grammar
systems we refer the reader to [2].

We prove in this paper that the CD grammar systems with two registers and
right-linear rules, in which the valences of the rules are elements of the multiplicative
group of strictly positive rational numbers, can generate all the recursively enumerable
languages.

2. Definitions and Notations

For an alphabet V, we denote by V* the free monoid generated by V; X is the
empty string, |z| is the length of z € V*, |z|y is the number of occurrences of symbols
inU CVinz € V*. We assume the reader familiar with the basic notions and results
of formal language theory. For details we refer to [5].

1Research supported by the Academy of Finland, project 11281
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Definition 1. A cooperating distributed (CD, for short) grammar system of degree
n,n > 1, is a structure

7:(N7T7P1)"'7Pna5)5

where N and T are finite, disjoint alphabets (called the nonterminal and the terminal
alphabet, respectively), Py, ..., P, are sets of production rules (they are called the
components of the grammar system) and S € N is the axiom.

Definition 2. Take a group (H,o0,¢€).

(i). A cooperating distributed (CD) grammar system with two H registers, of degree
n,n > 1, is a structure of the form

¥ =(N,T,Piy...,Poyv1,c.yVny Uty .enylin, S),

where (N, T, Py,...,P,,5) is a CD grammar system and v; and u; are applica-
tions v;,u;: P, — H,1 <1< n.

(ii). Take (z,c,B),(y, o/, ) € (NUT)* x H x H and r € P, for some £,1 < ¢ < n.
Then we write
(z,0,8) =+ (y,0, )

iff 2 = 2qums,y = Tywzy,7:u — wand & = aou(r), B = fou(r).
(iii). For (z,¢,8),(y,¢/,8) € (NUT)* x H x H and i € {1,...,n} we write
(z,0,8) =%, (3,0, 8)

iff z =y, =0o,8 =B orthere ate t > 0,ry,...,7441 € P, oa,..., 4,0,
..., B € H and z;,...,2; € (N UT)* such that (z,0,8) =, (r1,0,51)
=y o=, (T, 0, ) =0y, (1,0, 87).

(iv). The language generated by v is

L(y) = {z€T*|therearet>0,z1,...,2: € (NUT)"41,... 041 €
{1,...,n}, and Bu,...,B: € H such that (S5,¢,e) =>}3'.1
(z1,6,01) = (21, 1, €) =>33i2 (z2,¢,P2) = (2, B2, €)

:?*Pia e =>;’¢t (mia € ﬂt) ': (wtaﬂta e) ==>,}k°;t+1 (Za €, e)}

(For any triple (z,a, ) which appears in a derivation as above — we shall call such a
triple a configuration — we say that « is the content of the first register and 3 is the
content of the second register. The step denoted by |= represents the transfer of the
whole content of the second register in the first register and may be performed only
after the first register becomes empty (i.e. its content becomes equal to ¢). Note that
the change of the component which is working at one moment may have place only if
the first register is empty and before this change a transfer step must be performed.
On the other hand, it is allowed that, after a transfer step, the applied component
is not changed (it means that we may have F;; = F; for some 7,1 < j <t). Also
mention that a terminal derivation starts and ends with both registers empty.)

We denote by CD(X,2Q.) the family of languages generated by CD grammar
systems with two Q. registers ((Q,, 1) is the multiplicative group of strictly positive
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rational numbers) and rules of type X. In what follows we consider X = RL (right-
linear rules; we also allow A-rules). The notations CF and RE are for the families of
context-free and recursively enumerable languages, respectively.

3. Characterizing RE

In [4] it is proved (Theorem 14) that CF C CD(RL,2Q4). We shall prove here
that the family CD(RL,2Q,) is closed under intersection. Using the well-known
characterization of recursively enumerable languages as homomorphic images of the
intersection of two context-free Janguages, we shall obtain that RE C CD(RL,2Q,).
According to Turing-Church thesis the converse inclusion is also true. Hence the
equality of the two families follows.

Lemma 1. Let v be a CD grammar system with two Q. registers and right-linear
rules. Then there is a CD grammar system with two Q registers, 7', such that L(v) =
L{v") and whose components have only rules of the form A - aB,A — B,A — a or
A— ), for A and B nonterminals and a terminal symbol.

Proof. Take vy = (N, T, P1,..., Pa,v1,. -, UnyUy. .., U, S). Takes,1 <7< n, and
the rule r € P;,r : A — zB, where z € T*,|z| > 2, and B € N U {\}. Assume that
T = @14y ...ap, Where ay,...,a, € T. Replace the rule r in P; by the rules

r: A= ar],r: [r1] = agr,2),...,rp [rp—1] = @, B,

with the valences vi{r) = ... = vi(rp—1) = wi(r1) = ... = wi(rpm1) = Lwi(r,) = wi(7),
ui(rpy) = ui(r), where [r,1},[r,2],...,[r,p — 1] are new nonterminals.
We continue in this way until we replace all the uncorresponding productions from
P;. Denote the obtained set by P/. Denote by 4’ the grammar system obtained after
we have modified in this way all the components P;,1 <7 < n. Hence
Y =(N'T,P,..., Py, v1,...,05,U1,...,Un, S).

M A %]

We will show that L(y) = L(¥'). The inclusion C is obvious. It remains to
prove the other inclusion. Let D’ be a derivation in +'. We will show that for any
configuration (2B, 3, §) in D' obtained during the application of a component P/,1 <
i < n, and not immediately after a transfer step, where B € N U {1} (hence B is
not a new nonterminal) there is a derivation (5,1,1) =>* (2B, 8, ) in v, where the
last applied component is P;. We shall prove this by induction on the length of the
subderivation (S,1,1) =* (2B, 3, 8") of D’. (By the length of a derivation we mean
the number of the rewriting steps, hence we do not count the transfer steps.) For the
configuration (5,1,1) the statement is true. Suppose that the assertion is valid for
any subderivation of D' which fulfils the conditions in the hypothesis and of length
at most m, for some m > 1. Take the configuration (2B, 3,/) in D' such that the
corresponding subderivation has the length m+1 and B € NU{A}. If the last applied
rule is a rule r in P! which is also in P, then we consider the previous configuration or,
if this is obtained immediately after a transfer step, we take the configuration before
it. Then this configuration has the form (2'A, a,¢’), A € N. In the first case we have
(A, a,¢') =>, (2B, 5,8 )in v, hence B = a-vi(r), 5’ = #-ui(r). In the second case
we have (2'A, 0, ¢') = (2/A,0/,1) =, (2B,5,#'}in+. Bence,a =1,8 = o - v{r)
and B = u,(r). In both cases (#'A, o, ¢') satisfies the necessary conditions to apply
the inductive hypothesis, hence there is a derivation (5,1,1) =* (¢’A,,d') in ¥
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which, in the first case has the last applied component P;. This derivation can be
continued by using the rule r in the first situation and by using a transfer step and
then the rule r in the second situation. In both situations we obtain a derivation in
« of the form (S,1,1) =>* (2B, 8, 4'), in which the last applied component is P;.

If the rule applied before obtaining (2B, 3,8’} is one of the new rules, then it
follows that all the productions that replace the corresponding rule in P; have been
applied (in the corresponding order). Let ry,...,r, € P/ be these productions and
r be the rule from P; which was replaced by them. If the applications of the rules
T1,...,Tp aTe not separated by transfer steps, then these applications can be simulated
in v by using the production r and the proof is similar to the proof of the previous
case. If the applications of the rules ry,...,r, are separated by transfer steps, then,
supposing that (2’ A, o, o) is the configuration obtained before the use of 7y, we must
have A € N and o = 1. (Indeed, the rules ry,...,r,_; does not change the content of
the first register and since before a transfer step the content of the first register has
to be equal to 1, it follows that a = 1.) If there is only one transfer step, then we
have

Z'A1,0)) =5 (1141, 1,0) E (F21A1,¢,1) =5 (2B, 0 - vi(r), ui(r)),
Pl Pl

with A € N',z; € T*. Consequently, o - v;(r) = 8 and w;{r) = /. When (Z'4,1, )
follows immediately after a transfer step, we must have o = 1, hence the next transfer
step can be removed. Thus we are in the previous situation. When (2'4,1, ') does
not follow immediately after a transfer step, we can apply the inductive hypothesis,
hence there is a derivation in v of the form (S,1,1) =>* (#’A4,1,¢’). This derivation
can be continued as follows:

(AL ) [ (A1) =5, (2B, vi(r), ulr) = (2,5, 8).
(After the transfer step the rule 7 € P; have been applied.)

If the applications of the rules ry,...,r, are separated by several transfer steps,
then o = 1 and the transfers can be eliminated. Thus we come back to one of the
previous situations. The proof is complete. ‘ o

Lemma 2. The family CD{RL,2Q.) is closed under intersection.

Proof. Take the CD grammar systems with two Q. registers and right-linear rules

71 and 72, _ L o
= (N, T, PO, ..., PO o0 0@ W0 )8,

i =1,2. According to the previous lemma we may assume that v, and . have only
rules of the form A — aB,A — B,A — aor A — ), where A and B are nonterminals
and a is a terminal symbol. For each «;,7 = 1,2, construct the system ~] of same
type, as follows. Mention first that if R is a subset of Q,, then we denote by prim(R)
the set of all prime numbers that appear in the decomposition in prime factors of the
numerator or of the denominator of a number of R, written as irreductible rational

fraction. Suppose that
prim({oP(r),uP(r) | r e PO, 1 <5 <) = {p{),..., 08}, € {1,2}.

Consider the sets of prime numbers R() {q (:1, . ,qj(ft)t} 1 < j < n;, such that
RONRY =0, RO {p,...,p} = 0,1 <5, <nipj # 5"
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Construct the functions v’() : PJ-(i) —Q;,1<j<n;, 1 € {1 2}, such that for
any i € {1,2},1 <j<nj,andre P]-(i),v’g-z ( ) is obtained from v ( ) by replacing,
in its writing using prime numbers, pg) by qj,k, for any k,1 < k <t

Consider for each 7 € {1,2} the CD grammar system with two Q.. registers +/, in
which the set of terminal symbols is T, the set of nonterminal symbols is

Nl = N;U{A", A" | A€ N;}U{(A, k), (A k),(A" k) | A € N1 < k <2t}

and the components are denoted by P’;’),PJ(’T), 1<j<n,re PJ.(’), and constructed
as follows. _

For j € {1,...,n;} and r € PJ-(’),T : A — z (it follows that z = aB or z = B or
z=aorz=Afor A,B€ N;,a € T) we have

PO = (D), uPm)u
UUH(A = (4,8, 1,1), (4, F) = A,1,1), (A > (4, F), 1, 1),
kzl((A',k) — A1, 1)}U

i}

, .

UUHAR) = (48,08 ), (At B) — <At+k>,q(,),q;,,z)7
Ik 7k

((Alak) (A’ k),Pk ’ ()) ((A't -|-k‘) (AI t +k) p )7p£))}

For 1 < j < n; we have

2t;

PO = | J{Aa— (4" k),1,1),((4", k) — A,1,1)} U

AEN; k=1

U U U{((A”’ k) (A" k)7pk ’ (1 )a

A€eN; k=1 q]y

(A"t + k) — (A" t; + k), (z),q](’,l)}

The initial symbol of the system 7/ is S;, too.
Note that each component of the system 7/, z = 1,2, contains at most one rule
which introduces a terminal symbol in the sentential form.

Assertion 1. L(vy;) = L(v}),: = 1,2.

Proof of Assertion 1. During this proof we shall not use the index i. Hence v will
mean +;, ¥ will mean 4/ and the elements of the two systems v and 4’ will be denoted
as the corresponding ones in the systems ~;, v/, respectively, removing the index 1.

(C) Take a derivation D in v,

D : (.’EA, /37 1) =>r1 (mlAlaﬁlv ﬂ{) =, (-7:2A2a ﬂ2aﬂ;) :>13 e
= rm (mmAm»ﬁmyﬁ:n)a
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where r1,...,7, € P;, for some j,1 < j < n, and 8, = 1. We have the {ollowing
corresponding derivation in 7'
D' (zA,8,1) =>}SJ{ (zA,1,8) E (zA,4,1) =>;’,',r1 (z141,1,6,)
(21141, 51, 1) :%»'2 (iEQAz, 1, 62) }21 . ﬁ*P;,rm (CCmAm, 1, (Sm),

where 6 is obtained from S by replacing each occurrence of the factor pg in the writing
of Bby g, 1 <k <tand & =6 vir)- u;(r), 82 = & vi(ra) - ui(ra), .., 6m =

bm-1 - Vj(rm) - uj(rm). Hence &y = 6 vi(r1) ... vi{rm) - ui(r) - ... - uj(rm). Since
B-vj(r1) - ... vi(rm) = 1, it follows that & - vi(ry) - ... - v;(rm) = 1. Moreover,
ui(r1) - ... u;(rm) = B,. From here we obtain that é,, = 8],. It is clear now that for

any terminal derivation in - there is a terminal derivation in v’ of the same word.
(2) Let us consider a derivation in 4 of the form

D (wY, s, 1) =>;jl,,1 (mlylv 1761) = (lel"sh 1) =>»}"j2:,2 ('7"2Y2a 1762) =
= (22Y3,62,1) :y}k’ja,ra ce :*ij,rm (zmYm, 1,6m) B (2mYm, 6m, 1)

:>*ij+l (@nYmt1, 1, min),

where m > 1, 1 < 51,01,y dmtr S0, 1 € Py,a,0. €TH1<k<m, Y € NY, €
N, 6,6 € Qu, 1 <k <m+ 1,6 does not contain any prime factor p;,1 < & < ¢
Note that if during the application of a component P;, ., the rule ri is not used, then
we obtain 6, = é;_1 for £ > 2 or 6, = 6 for k = 1, hence the application of this
component changes nothing and it can be removed. That is why we assume that at
the application of the component P, ,, the rule ry Is used at least once, 1 < k < m.
Let us denote by s; the number of applications of the rule ri during the application
of Pj,,,1 <k <m (hence s > 1,1 < k <m). It follows that

JkaTk?
by =6 (vj,(r1) - ujy (r1))™,

b2 = 61+ (v}, (r2) - uz(r2))™, (1)

Sm

é‘m = Om-1" ('U;'m(rm) : Ujm(Tm)) 3
and, further,
b= 8- (0, ()™ o (W ()™ - (i () o (i)™ (2)

Since at the last step the component P]ferl can be applied, it follows that 4,
contains in its writing (as irreductible fraction) only prime factors from the set
{p1,...,p:}. On the other hand, é does not contain any factor p¢,1 < k < ¢, hence,
using relation (2) it follows that

o, (r))™ o (Vi (rm))m =1 3)
There are two cases:

Case 1. We have 6- (v} (1)) # 1,6- (v}, (r1))™ - (v}, (r2)) # 1,..., 8- (v}, (1)) -
e (vgm_1 (rm-1))m1 £ 1.

Since at the first step the component P}, ,, can be applied, it follows that & does
not contain factors g;x,1 < j < n,j # j1,1 < k < t. As after that the component
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P, , can be applied, we obtain, by using the first of the relations (1) and the fact that
the sets R;, Rj: are disjoint, 1 < 7,5 < n,j # j/, that j; = js or 6 - (v}, (ry))™ =
But the second situation is not possible, hence j1 = j;. By a similar reasoning, it
follows that j; = j2 = ... = jm.

Note that 8,41 is obtained from §é,, by replacing the occurrences of the factors p;
bY @mss k> 1 < k < t. Denoting by # the number which is obtained by replacing in é
any factor g;, x by pr,1 < k <, and by using the fact that ¥ € NV and the relations
(1), it follows that there is a derivation D in v which consists of the application of
the component P;, as follows

D (2Y,8,1) =2 ... =, (2141, 51, B1) =1y - - =0,
[ N e
s ori sp oOTi

($2A27 132;:3;) :>73 e =>Tm (mmAmaﬂmaﬂ;n)a

where A, = Y11 (by applying the component P in ', in the second register only
factors from the set R;,,,, are introduced, hence, when continuing the subderivation
D', after a transfer step it is compulsory to apply a component P ., ., hence Y., €
N - from the form of the productions of the system v'), A1,...,An € N,f1 = 8-
(vjl (7-1))51’ B2= b (Ujl (T’A’))szr e sBm = Pm-1- (vh (rm))sm7 IB{ = (ujl (rl))s1 yee ’IB:n =

1 (4, (rm))™™. Tt follows that B, = 8- (v;,(r1))™ - ... (v;,(rm))*™ and B, =
(uj (r1))* - ... - (4, (rm))*™. From the relation (3) and from the way we defined £,
it follows that 8, = 1 and B/, is the number obtained from é,,41 by replacing the
occurrences of g;,.,. .k by pr,1 <k <2

Case 2. There is some u,1 < u < m, such that

8- (v (r))™ - (v, (ra))™ =1 (4)

Assume, without restricting the generality, that u is the smallest number for which
the relation (4) is fulfilled. Then the subderivation D" of I,

D" (2Y,6,1) =b . (z1Y1,1,61) E (z1Y1,61,1) =Py
=P (@uYu,1,64)

fulfils the conditions in Case 1 (replacing m by u). By a similar reasoning to that
in Case 1, it follows that j; = j» = ... = j, and there is a derivation D) in v
corresponding to the subderivation D" it will correspond a derivation Dy in « using
the component P},

Dl : (-’EY;ﬂal) =y e :>71($1A1;ﬂ17/31) Ty e =p, (muY;u 17ﬂ;)
(N .

s1 times

(for the derivation D we have proved that B, = 1 and A,, = Y, hence the corre-
sponding relation for u is also valid here).

The subderivation which continues the subderivation D" — after the transfer step
has been performed - until D' is obtained, can satisfy or not the conditions in Case
1. If the second situation occurs, then we do the same as for D' (in Case 2) and so
on, until we obtain that D’ is a chain of subderivations — separated by transfer steps
— all of them, excepting the last, being as D" and the last as I)’, all satisfying the
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conditions in Case 1. Hence we can associate to D’ a derivation in < obtained by
chaining the derivations as D; or D, with transfer steps in between, corresponding to
the subderivations of D'. It is easy to see now that a terminal derivation of 4’ is a
chain of subderivations of the form D' separated by transfer steps and which, being
replaced by subderivations similar to D or D; corresponding in v, lead to a terminal
derivation in 7.

Now the proof of the fact that L{v) = L{(v{),? = 1,2, is completed.

We shall construct now a CD grammar system with two Q.. registers, -, as follows.
The set of terminal symbols of -y is T', the set of nonterminal symbols is N = N] x Nj
and the axiom is (S, S3). For each pair (Pi, P;), P; being a component of v/, we
construct a component in v with the following rules:

(@) (A1, 42) = 2(B1, Br), 1 - a2, B - Bo),

where (A,' — a:B,-,ai,ﬂ,-) cP,zeTU {)\},A,‘,B{ c N{,ai,ﬂi €Q.,
t=1,2,

(“) ((AI,A2) — z,0q - 0, Pa2),
where (A; — z,04, ;) € P,z € TU{A}, A; € N}, a;, Bi € Qy,
1=1,2,

(m) ((A17A2) - (BI,BZ)yal . 012,,31 . ,32),
where (A; — Bi, 04, 8:) € Pi, Ag—i = Ba—j,03-; = B3_i = 1, A;, B; € N,
As_; € Nj_;, 0, Bi € Qq, for some 1 € {1,2}.

Assertion 2. L(v) = L(~{) N L{v}).

Proof of Assertion 2. Let us examine first the way the rules in vy are constructed.
Note that each rule of the form (i) or (ii) corresponds to a pair of rules ~ one from 7|
and the other one from 75 — which have in common the terminal symbol in the right
side of the rule and the presence or the absence of the nonterminal symbol in the
right side. Fach rule of the form (iii) is associated to a pair containing a rule of one
of the systems 7/ and a nonterminal of the other system. We may assume, without
restricting the generality, that the valences of the rules in 7] have no common prime
factor with the valences of the rules in 4} (we speak about prime factors appearring
in the decomposition in prime factors of the numerator or of the denominator of a
valence when it is written as an irreductible fraction).

(C) Take z € L(v). Then there is a terminal derivation v,

D ¢ ((51,5),1,1) =3 (a(AD, 40),1,6) k= (2 (4D, AD), 81,1) =5
=} (A7, AD),1,8) | (2(AD, AD), 6, 1) =5y ..
o =hy (A, AS),1,80) b (2 (A, AS), 8, 1) =25
=>"j;.:n+1 (2,1,1).

Let us suppose that for each i,1 < i < m + 1, P corresponds to the pair (P ;, Py;)
of componts of the two systems 7|, 75, respectively. Note that to the first part of the
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subderivation D — until the first transfer step — it corresponds a pair of subderivations
D; and Ds in the systems 7y, 42, respectively,

.Dj H (SJ‘, 1, 1) ﬁ;’j’l (zlAg'l)aajvﬁj)a

where j = 1,2. From the form of the rules in «, it follows that o; - @; = 1 and
B1+ B2 = 61. According to the supposition made above, the valences of the rules in
and the valences of the rules in 4} have no common prime factor, hence a3 - @z = 1
if and only if @; = 1 and a; = 1. It follows that each of the derivations D; may be
continued by a transfer step and then by applying the component P;;. By a similar
reasoning we obtain the derivations Dj and Dj in 4], 74, respectively,

D; : (Sjal’l) :F’ 1 (zl J 1 718]) ': (zlA('l)aﬂja )ﬁ;‘j’z
=3, (2A7,1,87) E (249, 89,1) =5, ...
=5 (A, 1, B™) | (2mA §m),ﬂ§-”),1) =>Pm+l (z,1,1),

forj=1,2.

(2) First we shall prove that, if D is a terminal derivation in 4} (for 7 = 1 or
t = 2), then there is a terminal derivation D' in 4} of the same word such that at
each application of a component PJ-(,:), 1<j<nre Pj(’) , the rule r is used at most
once. Let us suppose that in D we have an application of the component PJ-(,? in
which the rule r is used s times, s > 2. This fact is possible only if r has the form
A — aA,A € N; and a € T. We may assume, without restricting the generality,

that all the $ apphcatlons of the rule r are consecutive. Hence the application of the
component P can be represented as follows

DY : (wX,a,1) =" (wA, a1, f1) = (waA, e, f2) =
—, (wasA, as,ﬁs) =>* (’LUG,SY,].,,B),

for w € 7%, X € N,,Y € N/U{\} and am = amey -0 (1), B = Brmr - ul)(r),2 <
m < s.
This subderivation may be replaced by the subderivation D} which consists of s

consecutive aplications of the component PJ(T) , in each application the rule r being
used only once:

Dy (wX,o,1) =" (wA, a1, 81) =, (wa4, ag,ﬂ2) =" (wa4, 1, ;- )
': (waA, ﬂ? g, 1) = (’U)(Z2A, ﬂ? a3, U 7 (T‘)) ="

=* (24,1, B3 - a3) |= (za’A, B3 - as, 1) =T e
(26" A, Bsor - 51, 1) =, (26°A, B -as,ugi)(r)) ="
=" (za°A, oy, ;) =" (2a°Y, 1, B).

We have also used above the fact that the rules of the component P() different
from r have the role to transfer the content of the first register into the second one.

Take now a word z € L{+;) N L(73). Then there is a derivation D in ¥} of z and
a derivation D in 4 of z. We shall construct a derivation D of z in 7 by following
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step by step the derivations D, D,, sometimes simultaneously, othertimes advancing
only in one of them and waiting in the same position of the other. The derivation
D begins, obviously, by the configuration ((S1,52),1,1). Let us assume that at one
moment we are in the derivation D at the configuration (2(X7, X5), 61 63,1) obtained
immediately after a transfer step, the corresponding configurations in Dy, Dy being
(2X1,61,1) and (2X3, 63,1), respectively, obtained after a transfer step, too. Assume
that in D; the application of the component F;,¢ = 1,2 follows. We obtain several
situations:

1) If the application of the two components leads to the occurrence of a terminal
symbol both in Dy and in D,, then this symbol is the same. Let us denote it by b.
(According to the facts proved above we may assume that in D; and in D;, during the
application of a component, at most one terminal symbol is introduced.) In this case
in the derivation D will follow the application of the component corresponding to the
pair (P1, P,) by using once a rule of the form (Ay, Az) — b(By, By) or (A, Az} — b
and, if neccesary, rules of the other forms until the configuration (26(Y3,Y3),1, 61 - 63)
is obtained, corresponding to the configurations (28Y;,1,6!) in D;,i = 1,2, situated
before the transfer step. Then the transfer step follows in D (the same way as in D
and D) and (zb(Y3, Y2), 8] - 65, 1) is obtained (if the derivation is not finished yet).

2) 1f the application of the components P, and P; does not lead to the insertion of a
terminal symbol, then in the derivation D it follows the application of the component
corresponding to the pair (P, P,), in a similar way as in case 1) (the only difference
is that in the obtained sentential form a new terminal symbol does not appear).

3) In the case when, for some iq € {1,2}, the application of P, in D;, leads to
the appearence of a new terminal symbol b, and the application of Ps_;, in Ds_;, does
not introduce any symbol, we introduce in D;, a subderivation of the form

(ZXiov Si(ﬂ 1) :=>;J(i’9) (ZXiov 176%'0) '= (ZXio’éiol)

before the application of P, for some j € {1,...,n} and r € Pj(i") suitably choosed
such that the applications of P}fr") to be possible. In this way P, will be replaced by

P}fr‘)) and we will be in situation 2).

The above considerations should be enough for describing the form of the deriva-
tion D.

Now the proof of Assertion 2 is over.

From Assertions 1 and 2 it follows that L(y) = L{y1) N L{v2). Hence the family
CD(RL,2Q.) is closed under intersection. m]

Lemma 3. The family CD(RL,2Q,) is closed under arbitrary homomor
phisms.

Proof. Take the CD grammar system with two Q. registers and right-linear rules
¥ = (N,T,Pl,.‘.,val,...,vmul,. ..,un,S),
and the homomorphism 4 : T* —+ V*. Construct the CD grammar system '

r / 't roo ’
v = (N,T,P,..., Pl vy,...,v5,u5,...,u,,5),
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where, for each 7,1 < i < n, we have
P! = {(A— h(z)B,a,0)| (A — zB,e,8) € P,,A€ N,Be NU{}\},
z€T" B €Q4}.
It is easy to see that L(y') = h(L(¥)). o
Theorem. RE = CD(RL,2Q.).

Proof. Using the result proved in [4] (Theorem 14) that CF C CD(RL,2Q,),
Lemmas 2 and 3 and the characterization of recursively enumerable languages as
homomorphic images of the intersection of two context-free languages, we obtain that
RE C CD(RL,2Qy). The other inclusion follows from the Turing-Church thesis.
Hence the equality in the theorem is valid. o
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Abstract. Cooperating distributed grammar systems [1] constitute a for-
mal model of the blackboard model for problem solving. In this paper, we
replace the grammars in such systems by uniformly k-limited 0L systems
[9]. In this way we can define quite a lot of different language families.
We compare these families with each other in respect to inclusion. The
connections with other language families and closure properties are also
investigated. For instance, it is shown that the new introduced families
are incomparable with the families of TOL or uniformly k-limited TOL
languages.

1. Introduction

Motivated by the blackboard model of artificial intelligence, Csuhaj-Varjd and
Dassow [1] introduced the concept of cooperating distributed grammar systems. In
their model, the distributed knowledge sources are represented by grammars, the
actual state of the problem corresponds to a sentential form, and the application
of some production of a grammar corresponds to an action at the blackboard. The
distributed grammars have to cooperate to obtain a solution. The actions at the
blackboard are controlled according to different modes. These modes determine how
long a certain grammar is allowed to manipulate the sentential forms before giving
back control to the system. Cooperating distributed grammar systems and some
variants have been also considered in (2], [4] and [5]. A comprehensive text-book
presentation is given in [3].

In [9], we have introduced the notion of uniformly k-limited TOL systems (see
also [6], [12]). These systems represent a limitation of the parallel rewriting of TOL
systems. In short, a uniformly k-limited TOL system (abbreviated as uklTOL system)
G = (%, H,w,k) is given by the limitation k € N (where N is the set of natural
numbers) and a TOL system (%, H,w) with alphabet 3, finite set of tables H (where a
table is a finite substitution on %), and aziem w € X*. A derivation step of a uk1TOL
system differs from that of a TOL system in such a way that instead of the fully parallel
rewriting of L systems, now at each step of the rewriting process, exactly min{k, |w|}
symbols in the word w considered have to be rewritten (where |w]| is the length of
w). A derivation step from w; to w; according to G is denoted by wy =>¢ w. If no
misunderstanding is possible we write = instead of =>¢. Let =>* be the reflexive
transitive closure of the relation =>. Then L(G) = {w € ¥* | w =" w} is the
uklTOL language generated by G. If there is only one table, we talk of a ukl0L system
and write G = (I, h,w, k) where h is a finite substitution on X. By L(ukITO0L) and
L{uklOL), we denote the corresponding families of all uklTOL or uklOL languages,
respectively.
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If the derivation mechanism is changed in such a way that at each step of the
rewriting process, for every a € X exactly min{k, #,w} occurrences of the symbol a in
the word w considered have to be rewritten (where #,w is the number of occurrences
of the symbol ¢ in w), then we get the definition of KITOL and kIOL systems as
introduced in [8].

Every derivation step of a uklTOL system (or kITOL system) has to be carried out
with the same limitation k. If we want to change the limitation during the deriva-
tion process then we can reach this aim by replacing the grammars of cooperating
distributed grammar systems by uklOL systems (or k10L systems, respectively) with
different limitations &.

In the case of klOL systems, such cooperating distributed limited OL systems
(CDIOL systems) have been already investigated in [10]. Furthermore, in [11] there
have been considered extended CDIOL systems. In this paper, we start the investiga-
tion of cooperated/distributed uniformly-limited 0L systems. The exact definition of
such a system (CDulOL system) is given in Section 2. Quite a lot of different language
families are defined. In Section 3 we compare CDulOL language families with each
other in respect to inclusion. Relative to this aspect we get nice characterizations
of the so-called CD(ky,..., k. )ulOL language families where only some special cases
remain open. In Section 4 we compare the CDul0OL language families with other fam-
ilies. Especially, all propagating CDul0L languages are context-sensitive. Finally, in
Section 5 we shall see that all CDulOL families are anti-AFL’s.

In the sequel, we denote by N the set of all natural numbers (where 0 ¢ N). Then
Ny = N U {0}.

2. CDulOL Systems, Definitions and Simple Results

A cooperating distributed uniformly limited OL system (CDul0L system for short)
is a construct

G = (E, (hl,kl), - .,(h,-,k,-),w)

for r € N (the number of components of the system), alphabet £, a word w € E* (the
aziom), finite substitutions k, (the tables of the system) and natural numbers k, € N
(the limitations) where p = 1,...,r. Obviously, G, = (£, h,,w,k,), p = 1,...,7,
can be considered as a uk,l0L system. Especially, a system G as above is also called
a CD(ky,. ..,k )ulOL system. If r = 1, we also write CDk;ulOL system. G is called
deterministicif all by, p = 1,...,r, are homomorphisms. G is called propagating if the
empty word € € hy(a) for all pe {1,...,7} and e € B. If w € h,(a) for some ¢ € T,
w € ¥*, then ¢ — w is called a production of h,. We also talk of the production
w € hy(a).
Let v,we &* p=1,...,r, and s € N. We write

v = w
if there are words wy,...,w, = w € ¥* such that there exists a derivation
V=G, W1 =G, W2 =G, - - TG, Ws—1 =G, Ws =W

according to the uniformly k,-limited OL system G,. s is called the length of the
derivation v =, w. We write

u=3"w (u=>3"w, respectively)
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if u =>f,’ w for some s’ < s (s’ > s, respectively). Finally, let
U=, w

if u = w for some s € Ny. Sometimes, the index p is replaced by G,.
Let G be a CDul0L system as above and

me{*1,2,3,...,<1,<2,<3,...,>1,>2,>3,...}.
The language generated according to the m-mode by G is defined by

Ln(G) = {w € E*|lw =w or there exist n € No,w; € ¥* and p; € {1,...,r},
i=1,...,n, such that w =7 wy ==, ... =} w, = w}.

By L,(CDul0L) we denote the family of all those languages generated according
to the m-mode by CDulOL systems. Omitting the index m we have £L{C Dul0L) as the
family of languages generated according to an arbitrary m-mode by CDulOL systems.
We call it also family of CDulOL languages. If ky, ...,k € N for some r € N, then by
Lok, ka, ..., ke, ulOL) we denote the family of those languages generated according
to the m-mode by CD(ki,..., k. )ulOL systems. Especially, if by = ... = &k, = k, we
write L, (k7,ul0L). For every r € N, we define

n(CDuloL) = | J Ln(ks,...,k,ul0L),

keN
1=1,...,7
and furthermore, if & € N, we set
Lr(<k)CDuloL) = |J Ln(k,...,k,ul0L) forr € N,
k;eN K<k

i=1,.,r

La(Sk)(CDuloL) = | £5,(< k)(CDulOL).
reN

We see that & is a common bound for all limitations of the components of the systems
generating these families. Let

L7 (k)(CDulOL)

U Lnm(ks,... k,ul0L) for r € N,

U L;L(k)(opumL).
reN

Lo (k)(CDulOL)

We remark that in all these cases we can consider deterministic and/or propagat-
ing such systems which give rise to corresponding language families. For instance,
by L£{CDulPDOL) we denote the family of propagating and deterministic CDulOL
languages. If we write £(C Dul(P)(D)0L) we mean that the letters P and D may be
present in the corresponding position or not. This leads to four language families.

Because of the definitions the following results are obvious.

Theorem 2.1. Let G be a CDul0L system. For allt € N, we have
L(G) = L1(G) = L»1(G) = L<i(G)-
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Corollary 2.1. Letr € N, ky,...,k, € N, t € N. Then

E*(kl,. . .,k,-,ulOL) = Ll(kla - .,k’,-,ulOL) =
Lot(kry. ., ke,ul0L) = Ley(ks, ..., by, ul0L)

and
L,(CDulOL) = £1(CDul0L) = L51(CDul0L) = L4(CDulOL).

Because of this Corollary, the m-mode is considered in the following only for
me{1,2,3,...,22,>3,...}.

As in the case of uniformly k-limited TOL systems (see [9], Theorem 2.1) the
growth of the lengths of the words in a CDul0OL language is bounded. More precisely,
let G = (%, (h1, k1), -, (hr, ky),w) be a CD(ky,. ..,k )ulOL system and L, (G) its

language generated according to the m-mode. Let m =t or m = (> t). Set
s = max({s,|s, = tky(s, — 1), s, = max{|w| |w € hy(a),a € B},p=1,...,r}

U{3,|3, = tk,,e € hp(a),a € X, p=1,...,7}).

Then for all words w,w’ € L,,(G), there exist ¢ € N and words wo = w,wy,. .., w, =
w' € Ly (G) such that | |wi| — |wi1| | L sforalli,i=1,...,q.

In case of the - or > t-mode, ¢t > 2, for some CD(ky, ..., k. )ulOL system G there
may exist symbols of the alphabet which are used in elementary derivation steps
(according to some uk,l0L system G,) but which do not occur in any word of L(G).
We consider the following example.

Example 2.1. We define the deterministic CD4ul0L system
G = ({a,b,¢c,d}, (h,4),a%c)
with A(a) = b, h(b) = cd, h(c) = ¢ and h(d) = d%. According to the 2-mode,
a®c and cdedc?
are the shortest words of Ly(G). Other words belong to ¢c*dtctd*ct, but obviously,
ctdedc, tdctde* ¢ Ly(G).
Assume that this language is generated by a CD4ul0L system
G' = ({a,¢,d}, (F,4),w)

according to the 2-mode. Assume that & € h'(c) or uyzus € h'(c) for z € {a,d} and
some u1,us € {a,c,d}*. We get the derivations

cdedc® =3, cded or cdedc! =3, (wyzug)d(uyzuz)dc*(urzus)?, respectively.

c must be a prefix of u;. It follows that both derivations lead to words not belonging
to L;(G), a contradiction. We conclude that A'(c) C ¢t. Analogously, k'(d) C dt.
Frequently, a similar conclusion shall be used in the sequel. It follows that w = a’c
and

D: d*c =>} cdedc®.
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First we note that € € ~'(a) is not possible since otherwise a production uizus € h'(c)
with £ # ¢ would be necesarry which is not possible as demonstrated above. Since
there are words with arbitrary many occurrences of ¢, a production ¢! € A'(c) for some
¢ > 1 must exist. Therefore, if a € h'(a), the word a’c would derive words with 2
occurrences of a and more than one occurrence of ¢, a contradiction. If ¢ € #'(a),
then from a®c words of ¢ could be generated. If cdc € h'(a) is used in D, then we
need du € h'(a) to generate, if at all, the word ededc®, but then a word beginning
with d would belong to Lz(G). A production cded € h'(a) would again lead to words
not belonging to Ly(G). We conclude that ed € A'(a). Thus, the derivation D is of
the form
a’c =>p cdedd® = cdedc?

for some ¢ € {1,2,3,4}. If : = 1 or ¢ = 4, then {c,c*} C h'(c). We conclude that
cdede® =2, c*dedc?. If ¢ =2 or ¢ = 3, then ¢® € h'(c) and ¢ € F'(c) or d € K'(d). It
follows that cdedc* =2, c*dc?dc*. In both cases we get a contradiction to the shape
of the words in Lo(G).

We see that the language L,(G) cannot be generated by a CD4ul0L system ac-
cording to the 2-mode without an auxiliary symbol.

While in this example a symbol not occurring in a word of the language has
been necessary, it is trivial that in case of the 1-mode every symbol occurring in a
derivation belongs to a word of the language. The following lemma shows that for
many languages we can assume that no auxiliary symbols occur.

Lemma 2.1. Let m =t orm = (> t) wheret € N. Let L € Ly(ky, ..., ki,
C DulOL) with L C E* where every symbol of ¥ occurs in some word of L. If for every
a € X there exists a word w € L with

#,w > 1 and jw| > k,ivp e {1,...,r},

then L can be generated by a CD(ky, ..., k. )ulOL system with alphabet X.

Proof. Assume the contrary. Then there must exist a CD(ky, ..., k. )ulOL system
G = (2, (hi, k1), .., (e, kr)yw) with & C X' and L, (G) = L which fulfills the
following property: there are symbols z € X' — ¥ and a € ¥ such that wyzu; € h,(a)
for some p € {1,...,7r} and us,us € &*. Let w € L with #,w > 1 and |w| > k,t. We
conclude that w -——>';, w' with w’ € L and #,w’ > 1, a contradiction. m|

We mention that in the non-uniformly limited case, cooperated/distributed limited
OL systems (CDIOL systems) and languages are defined from %10L systems analogously
to the definition of CDulOL systems and languages from uklOL systems above (see

[1a)).
3. Comparison of Different Families of CDulOL Languages

The following lemma, is obvious.

Lemma 3.1. Let m € {1,2,3,...,> 2,> 3,...}, r,s € N withr < s, and
furthermore, let ky, ... ke Ky, ... K, € N. If the mulliset {k1,...,k:} is included in
the multiset {k{,...,k.}, then

Loy, kp,ulOLY C Lon(K, ..., k), ul0L).
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We shall see (Corollary 3.2) that this result can be strengthened in nearly all
cases in such a way that the inclusion of the language families is strict if the multiset
inclusion is strict. But the case of limitation 1 behaves a little bit individually. By
the definitions, we get

Theorem 3.1. For allr € N, £,(17,ul0L) = L(uelT0L) = L(uel0L).
Lemma 3.2. Forallm € {1,2,3,...,>22,>3,...} and oll r,s,ky,..., ks €N,

L1(17,ul0L) C Lon(ky, ..., ks, ul0L).

Proof. By Theorem 3.1, it suffices to consider an arbitrary ullTOL system G =
(%, h,w,1). We choose any k € {ki,...,k,} and consider the CDk'ul0L system

G = (%, (F,k),w) with K'(a) = {w | w € h(a)} U {a}Va € X.
According to any m-mode, G generates L(F). With Lemma 3.1 we get £1(17,wl0L) C
L (K, wlOL) C Ly (k.. ., ks, ulOL). m]

In the next theorems we shall show that in nearly all other cases, if the modes do
not coincide, the resulting language families are incomparable.

Theorem 3.2. Let m’ =t; orm/ = (> 1)) and m =t; orm = (> t;), t1,4; € N,
and let r,s € N, ky,..., &k k... ke N. Ifty # ty, kjt1 # 1 for at least one
p€{l,...,r}, and if it is not true that k, = 1 for all p € {1,...,7} such that there
evists 0 € {1,..., 8} with k., =2 and k,t; =t, = 2t, = k' t,, then

Loi(ky,y ... ke, ulOL) ¢ L(ky, ..., kL, wlOL).
Proof. There are two cases. In case (1),

(a) there exists p € {1,...,7} such that 1 £k, -t £ k' -t;Yo=1,...,s, or
(b) there exist p € {1,...,r},0 € {1,...,s} such that k, - t; = k, - {5 and &k, < k,.

By the assumptions, in the opposite case (2),

Vp e {1,...,r}, there exists o € {1,..., s} such that
ky -ty =k, ts, kK, > k,and k., > 3.

We consider case (1). We choose an index p with the properties above. Without
restricting generality, we assume that p = 1. Set p = kit and g = max{k],...,k.}.
We remember that by the assumptions p > 1. We define a CDk;ul0L system (also
being a uk;10L system)

G = ({a1,..., a5}, (h, k1), 01.. . apai ... af)
by A(a;) = {a?} for all s € {1,...,p}. By Ly, we denote the language generated by G,

according to the m’-mode. By Theorem 3.1, Ly € L,ui(k,..., k-, ul0L). Ly contains
the axiom a;...ay4a] ... as, and the words of second shortest length are of the form

a;t® L. aé"'””af”"“ ...af,"'”" with @ + -+« + 24, = kyty for 2; € No,2 € {1,...,p}.



184

Especially, we have wy = a...a2a{...af € Ly. Obviously, L, C af ...afaf...a},
and for every n € N there exist n;,m; € N, 1 € {l,...,p}, n:;,m; > n, with
ay...ap”al™ . ap® € Ly.

Assume that L, is generated by a CD(¥;, ..., k! )ulOL system

Gll = (E, (hh k;)’ sres (hs’ k;),w)

according to the m-mode. By Lemma 2.1 we can assume that £ = {a4,...,a,}. By
the shape of the language Ly, it is clear that G is propagating and A.(a;) C af
forall o € {1,...,s} and 2 € {1,...,p}. Thus w = a;...a,0]...aJ. Since there
does not exist a production ¢ € h/ (a;) for any ¢ and o, we conclude that no word of
second shortest length can be generated from a longer word or from another word of
second shortest length according to the 1-mode or according to an arbitrary m-mode.
Especially, it follows that there exists o € {1,..., 3]} such that

2.9

. g 9 m 2 9 _
D: oay...qpay...0; =>7aj...a,0]...0; = wy.

Thus e? € ! (a;) for all ¢ € {1,...,p}. ' m = (> t3), then only the subderivations
w==2w=w or w==72w =

are possible. In the first case there must exist an ¢’ € {1,...,p} such that ay € b/ (ax).
It follows that

w =2 a%az...a,pag...ai.
Since p > 1 the derived word does not belong to Li, a contradiction. Thus we can
assume that

D: a1...a50]...af =" a}...d2a]...af = wy.
We see that at least the first occurrences of the symbols ay,. .., a, have to be substi-

tuted during this derivation process. Obviously, this is not possible for k,f; < kits.
For k!'t; > kity, there must exist an ¢’ € {1,...,p} with ay € A/ (ar). It follows that

a...aya...a; =h afaQ...apa‘l’.“a}g,
which is a contradiction as proved above. In the subcase (a), we are ready. In the
subcase (b) let the derivation D be given by a table bl with k) t; = kity and k] < k.
QObviously, we get

1-4-;
..ak;i""akfa_,,l...apa‘(l]...ag

g 1412
. ; P

ay...apay .. .Gy =5 q
This derivation again leads to a word not belonging to L1, a contradiction.
Finally, we consider case (2). Since ky < k| where k] > 3 we know that ¢; > 1.
Let g = max{k{,...,k.} again. We regard the CDk;ul0L system

Gs = (e, ), (b, k), 5 %)

where h{a) = {a?} and h(z) = {z?}. Let L, be the language generated by G
according to the m/-mode. Then

ak; ~2+k1ty —1xga2
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is one of the words of second shortest length ¢ + ki + kit — 1 of Ly €
Loni(kyy. .. ke,ul0L). Obviously, L C a*zta®, and for every n € N there exist
ny,ng,ng such that a™z™a™ € L,.

Assume that L, is generated by a CD(k,.. .,k )ulOL system

Gl2 = ({aa .:C}, (hh k;)’ R (h-97 k;)’w)

according to the m-mode. Obviously, G is propagating, w = a¥i~2z%, h(a) C a*,
h(z) C z*, and analogously to case (1) we can assume that

'_.. —
D:w ﬁfj’ gfi—2thti—1,0,2

for some ¢ € {1,...,s}. Because of this derivation there must exist a production
a’ e b (a).

If k't < kit1 = kity, then k] < k{. Then from w, we may derive a word w with
g+k —1<|w] <g+ k& + kit; — 1 which does not belong to L;, a contradiction.

If &'ty > kqtq, then k! > k. Since #,w = k] —1, in the first step of the derivation
D the symbol z has to be substituted at least once. It follows that = € A/ (z). Since
a® € k! (a), we conclude that w =2 a¥1~27942, Because of #; > 1, such a word does
not belong to Ls. 0O

If kyty = 1forall p € {1,...,7}, we have the situation of Lemma 3.2. If k, = 1 for
all p € {1,...,r} such that there exists o € {1,...,s} with k, =2 and k,t; = t; =
2t, = k! 15, then the exact status of the comparison is not known.

Corollary 8.1. Let m € {t,>t |t € N}, r,s € N, ky,...,k; € N, such that
k,-t#1 for ar least one o € {1,...,s}. Then
L1(17,ul0L) C Ly(ky, ..., ks, ul0L).
Proof. Case (1) of the proof of Theorem 3.2 shows that L (k1,...,k,,wl0L) ¢
L£:(17,wl0L). By Lemma 3.2, the result follows. ]

In Theorem 3.2 we have assumed that {; # t;. In the following theorems, we
consider the case t; = t; with m # m/.

In Lemma 3.1, if m = m' and the multiset inclusion is given, then we have
Lo(kyy. .. kryulOL) C Lo(ky,..., K, ul0L). If the multiset inclusion is not valid,
non-inclusion results follow. More generally, we get the following theorem.

Theorem 3.3. Lett e Ny m=torm=(>t)andm' =t orm' = (>1).
Furthermore, let r,s € N and ky, ..., k., K,..., k, € N. If there exists k € N such
that #{plk, = k,p=1,...,7} > #{olkl, = k,0 =1,...,5} and kit #£ 1, then we have

Lok, .. ke, ulOL) ¢ Lo (K, ..., k., ulOL).
Proof. Set
p=#{plk,=k,p=1,...,r} and ¢ = #{olk, =k, 0 =1,...,s}.
By the assumptions, p > ¢. Without restricting generality, let

ky=..=k,=kandk,=...=k =k
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Since Ly, (k1. .., kp,wlOL) C Lin(ky,. .., k., ul0L) it suffices to prove
Lon(K?,ul0L) ¢ Los(K,, ..., k., ul0L).

778y

Let g = max{ki,...,k.}. Consider the CDk?ul0L system
G = ({al, ey akt}, (hl, k), ey (hp, k), a‘g ‘. ait)

where hj(di) {ap"'j} for all 1 € {1,...,kt} and j € {1,...,p}. Obviously, L =
Ln(G) C af ...a},. The words ’

a...al, and w; = o§TPHTL QZPPHTN 5 <1 p,
belong to L where w; is one of the words of second shortest length of L. For other
words w € L there exists ¢ € {1,..., kt} with #,,w > ¢+ 2p.

Suppose that I is generated by a CD(k1,. .., k. )ulOL system

G' = (Eﬁ(hlhk):"' ( ) (h;+1a g+17 " (hs,k;) )

according to the m'-mode. By Lemma 2.1, ¥ = {a4,...,a4}. Obviously, G’ is
propagating and w = @ ... aj,. Since G’ is propagating, all words w;, j =1,...,p, can
only be directly generated, if at all, from w or from some w;r with j' < j. A derivation
wy =T w; (¢ € {1,...,5}) would imply w =7 w with g < #,,w < g+p—1for
all 7 € {1,...,kt}, a contradiction. We conclude that D : w =7 w; where we can
assume, analogously to the proof of Theorem 3.2, that

D:w=! w;

Obviously, if &/ < k such a derivation step is not possible. If k] > k, there must
exist an 1 € {1,...,kt} such that af* € h/(a;) with z; < p where at least two
occurrences of a; are substituted in the course of the derivation D. If 1 < z; < p, by
substituting only one occurrence of a;, we get w =} w with g < #,w <g+p—1,
but w ¢ L. Else it is necessary that {a;,a?*'} C &/ (a;) where both the corresponding

productions have to be used in D. If an apphcatlon of a; — ap'” in D is replaced by an
application of a; — a;, then w ==, od™PH~1  g@tPHi= 1afafﬂ’+’ IR ML AChE S

a contradiction. We conclude that &, = k.

Thus we know that for all j € {1,...,p}, w =, w; for some ¢’ € {1,...,q}.
It follows that o'*’ € h!,(a;) for all i € {1,...,kt}. Assume that some w;
and wy, jj € {1,...,p}, j # J', are generated by the same table h,.. Then
{aP*, aPt'} C h' (a;) for all i € {1,...,kt}. It follows that from w, we may generate

adt? 41 a7t g8 which does not belong to L, a contradiction. O

By Theorem 3.3 and Lemma 3.1 we get the following corollary.

Corollary 3.2. Lei m € {1,2,3,...,> 2,> 3,...}, r,s € Nuwithr < s, and
furthermore, let ky,..., ko ki, ..., ki € N where the multiset {ky,...,k} is strictly
included in the multiset {k},...,k.}. If m = 1, assume that there ezists a ¢ €
{1,...,s} with k. #1. Then

Lon(kiy .. ke, ulOL) C L (ky,. .., ky, ulOL).

It remains the case that ¢; = t2, m # m' and that the multiset inclusion is given.
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Theorem 3.4. Lett e N, t > 2, andr,s € N, ky,..., k. e N, ki,..., k. € N
where the multiset {ky,..., k. } is included in the multiset {k{,...,k.}. Then

La(ky, ..., keyulOL) ¢ Loe(KL, ..., K, ulOL).

If in addition, there exists p € {1,...,7} such that k,, # w foraloe{l,..., s}
then

2

Lsi(kyy ..., keyul0L) ¢ Lo(K,. .., K., ulOL).

Proof. Especially, we choose k = k. Let g = max{k],...,k.}. We define a
CDkulOL system by G; = ({a}, (k, k), a0V with h(a) = {e}. Obviously,

L(Gy) {aTtVEY y (a"* | v =0,..., ¢} and
Ly(Gy) = {a#tV*Y G {a"* | v = 0,..., gt}

I

First, assume that L;(G;) is generated by a CD(ki,...,k)ul0L system G} =
(Z, (B, k), ..., (P, kL), w) according to the (> t)-mode. By Lemma 2.1 we can as-
sume that ¥ = {a}. We conclude that w = al@*1* and k! (a) C {¢,a}. For some
o €{l,...,s}, we have

D glarDk e
Obviously, € € k! (a). If &/ < k, then we get al9tV5 — glotlki=kat where (g + 1)kt —
k't > gkt, a contradiction. If k, > k, then we also need a € h/(a). We conclude

that w =¢ al#tV¥-1 ¢ [ (@G,), a contradiction. This implies that the derivation D
is only possible if &, = k. It follows that the derivation

glat)kt :>z s —, afkt—k

leads to a word of L»¢(G}) not belonging to L;(G}), a contradiction.

Next, assume that the additional condition of the theorem is valid. Without
restricting generality, let k£ = k, and k] # ﬂt;"—ll for all o € {1,...,s}. Suppose that
L>:(Gy) is generated according to the t-mode by a CD(k{,...,k,)ulOL system G} as
above. Again, we have w = al4*V* and & (a) C {¢,a}. Consider

L1 t _gki-k
D' a =, 0 y

a derivation from the word of second longest length to the word of third longest length.
If k! < k, we get a contradiction as demonstrated before. If k! > k, then the derivation
D' would be only possible if A/ (a) = {e,a}. It follows that 0Tk — glot1)kt-1 4
contradiction. This implies that

w ==t gk,

As above, a € £/ {a). We conclude that
K =k+k

which contradicts the additional assumption. Thus, th(Gt) cannot be generated
according to the t-mode. O

Unfortunately, we have not succeeded in proving this theorem for all k.. The

equation &/, = k—"(t;r—l) is only possible if ¢ divides k,. If for all p € {1,...,r} there
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exists o € {1,..., s} such that this equation is fulfilled and if the multiset {%,,..., & }
is included in {k{,...,k}, then we do not know whether L5.(ki,..., k., ulOL) ¢
Li(k,..., kL, ul0L) or not. To prove the non-inclusion result also for this case, we
tried different examples of propagating systems, but all these examples only worked
under the restriction of Theorem 3.4.

Example 3.1. We give some examples for the case m = 4, m’ = (> 4) and vice
versa. By Theorem 3.3

£4(4, 5, S,UIOL) ¢ £24(4, ulOL) and £24(4, 'U,IOL) ¢ £4(5,8,HIOL)
By Theorem 3.4, we know that
L4(4,ul0L) ¢ L54(4,5,8,ul0L),

but it is open whether L£34(4,ul0L) ¢ L4(4,5,8,ul0L) or not.

Theorem 3.2, Theorem 3.3 and Theorem 3.4 give a nearly full characterization
of the families £, (k1, ..., ks, ul0L) in respect to mutual inclusion, but some special
cases remain open. For the different theorems, we have used different examples and we
could not find a common example for all cases. In the non-uniform case, Theorem 3.1
of [10] gives a full characterization of the corresponding families Ly (ky, - .., k-, 10L).
In contrast to the corresponding cases here, its proof has been carried out with the
help of only one common example for all cases. Since the k-limitation of a £10L system
is imposed seperately on each symbol of the alphabet X, the special structure of the
example in [10] implies that all its generating systems have to be deterministic. Thus,
the possible derivations remain better arranged than in the case considered here.

In [9] we have introduced, for all r € N, the family £,(uklTOL) of languages
which are generated by uklTOL systems which possess r tables. Since £,(k",ul0L) =
L, (uklTOL), from Corollary 3.2 we derive

Corollary 3.3, For all k € N, k > 2, and r € N,L,(ukITOL) C £,41(ukITOL).
Corollary 3.3 equals Theorem 5.1 of [9].

Corollary 3.4. Letk, k' ¢ N, k £k, k#1, ¥ #1. Then any of the eight fami-
lies of £L( ukIPDTOL) is incomparable to any of the eight families of L(uk'lPDTOL).

Proof. Consider L(ukl0L) = £4(k,ul0L) and, for all s € N, schrLy(k",ul0L). Let
L € L1(k,ul0L) with L & Ly(k,ul0L) for all s € N be the language of the proof of
Theorem 3.3 which is independent of s because of g = max{k{,...,k.} = k. It follows

that L ¢ L{ uk'ITOL) = U L1(k",ul0L). The system G of the proof of Theorem

seN
3.3 is also deterministic and propagating. Thus we conclude that L € L(uk IPDOL).
Since £(uk IPDOL) C £L;(k,ul0L) C L(ukITOL), the result follows. 0

Corollary 3.4 equals Theorem 3.6 in [9]. The proof using Theorem 3.3 given here
depends on another example than that of [9].
More generally than Corollary 3.3, we get

Theorem 3.5. Lett € N, m =t or m = (> t). Furthermore, let r € N and
k€ N. Then
£ (< k)(CDulOL) C Lr,(< (k+1))(CDul0L)
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and L7,(< k)(CDulOL) C £],(CDulOL) C L (CDulOL).
If also kt # 1, then

Lr (< k)CDuloL) C L1 (< k)(CDulOL).

Proof. The simple inclusions are obvious by Lemma 3.1 and the definitions. To
prove the last strict inclusion, for &y = ... = k.4 = k € N with kt # 1, we define a
CDE™*1ul0L system G according to the proof of Theorem 3.3 where g = k. Clearly,
L = L(G) € L7 (< k)(CDulOL). By the construction of the proof of Theorem
3.3, L & Ly(k,...,k,10L) for all ¥} € N, k[ < k, i =1,...,r. We conclude that
L ¢ L7 (< k)(CDulOL). Thus, the last inclusion is proved.

Similarly, we define a CD(k + 1)"ul0L system G’ according to the proof of The-
orem 3.3 where g = k again. It follows that L, (G") € L7 (< (k + 1))(CDulCL),
but L (G') € L7 (< k)(CDulOL) which proves LT (< k)(CDulOL) C L1 (< (k +
1))(CDul0L) and thus also L7, (< k)(CDul0L) C L}, (CDulOL).

The proof of LT, (CDulOL) C L731(CDul0L) cannot be directly carried over from
Theorem 3.3 because there does not exist a common ¢ which may be used for all
CD(ki, ..., k. )ulOL systems in the same way as in that theorem. Therefore, the con-
struction must be changed a little bit, We define a CD2"*1ul0L system

G = ({al, .o .,a%},(hl,2), ey (hr+1,2),a§ .. .a%t)

with h,(a;) = {alT'*"} for all i € {1,...,2t} and p = 1,...,7 + 1. Obviously,

L =L,(G) Cat... a}. The words
a2...ak, and w, = oJT . alf p=1,. 0 4+ 1,

belong to L. For other words w € L, there exists ¢ € {1,...,2¢{} with #,w >

2+ 2(r+1). Every word w € L fulfills #,, =2 or #,, >r+3forallt € {1,...,2t}.

Suppose that, according to the m-mode, L is generated by an arbitrary
CD(ky, ...,k )ulOL system

G = (I, (h, k1), - .., (BL K, w).

By Lemma 2.1, ¥ = {ay,...,a2}. Asin the case of the proof of Theorem 3.3, G’ is
propagating, w = a2...a, and the words w,, p=1,...,7+1, can only be generated,
if at all, from w or from some w, with p’ < p. Since 1 < #4,w, — F#,,wy < r for
all 1 € {1,...,2t}, a derivation step wy =7 w, for some o € {1,...,r} would
imply af* € hl(a;) with1 < z; <r+1forallie{l,...,2t}. Since lw| >4 > 2
according to G and using h; we may derive a word w' = a%a2t* ...aZ** € L with
zp + ...z = 2t(r + 1). Using the table k! above and substituting one occurrence of
a1, we have a derivation w' =} w"” with 2 < #,,w” = 14+2; < r+2, a contradiction
to the shape of the words of L. We conclude that for all p € {1,...,r + 1},

D:w=!uw,

for some o € {1,...,r}. Obviously, if k¥, < k, such a derivation step is not possible.
We consider the case kl, > k. By the considerations above we know that «f* € A/ (a;)
with 1 < z; < r + 1 is not possible. This implies that the derivation D is only
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possible if al ™' € ! (¢;) for all i € {1,...,2t}. It follows that the r + 1 derivations
w =% w, are carried out by at most r different tables &) . Assume that w, and w,,
p < p', are generated by the same table h,i. Then {ait'** o/*1*"'} R, (a;) for
all i € {1,...,2t}. In the last step of the derivation w =3!, w, using a non-trivial
production a; — a}"** for some 4, we replace this production by a; — a:"’””’ which

> . 2 ! .
leads to a derivation w ==¢, ;"™ ... a[f2HPa[t* P g1 o) generating a
word not belonging to L, a contradiction. D

By Theorem 3.1 we know that £7(< 1)(CDul0L) = L(uel0L).

The different results show that there exist infinitely many language families which
are incomparable to one another. But on the other side we have also recognized that
there exist infinitely many infinite hierarchies of language families.

4. Comparison of CDulOL Language Families with Other
Language Families

In case of the non-uniformly limited systems, we have shown in [10], Theorem 4.1,
that Lo (k1,-. -,k 10L), L(k1TOL), L.(CDIOL), L, (CDIOL), LI (< k') (CDIOL)
(for all ¥’ € N) and L(CDIOL) are incomparable with any family of L{(P)(D)(T)0L)
or with the families of finite, regular or context-free languages. We begin this sec-
tion with the comparison of CDul0L language families with the families of TOL lan-
guages and with the families of CDIOL languages. The proof of the corresponding
results is similar to that of the special case of the comparison of L(ukIT0L) with
L((P)(D)(T)0L) and L(k1(P)(D)(T)OL) in [9], Theorem 3.1 and Theorem 3.2, but

some modifications are necessary.
Theorem 4.1. For all m € {1,2,3,...,> 2,2 3,...}, r,8,k1,..., k- € N with
ki-... -k #1, and ki,..., kL € N, any family
Lok .., keyulpd0L), L(kyulpdTOL), L (C Dulpd0L),
L7, (CDulpdOL), L7, (< k') (C DulpdOL),

for all k' € N and L(C DulpdOL) is incomparable with any family

L((P)(D)(T)OL), L (K, ..., k., IpdOL), L(k{IpdTOL),
Ln(CDIpdOL), L2, (CDlpdOL), L2, (< k")(CDlpd0L)
for all k" € N and L(CDIpdOL), but the families are not disjoint.

Proof. {a} is a member of all language families considered. Furthermore, we
have L = {a*"|n € No} € L(PDTOL), but L is not a member of any of the CDulOL
language families because of the remarks after Corollary 2.1 concerning the difference
of the lengths of the words in a CDul0OL language. By the definitions we know that

Lo (k1,ul0L) C Lo(ka, ..., by ul0L) C L7, (CDulOL) C L (CDulOL) C £(CDulOL),
L (k1,ul0L) C L] (< ky)(CDulOL) C L(CDulOL) and
L1(k1,ul0L) = L{kul0L) C L(kyulTOL) C L(CDulOL).

The corresponding inclusions are also valid in the propagating and/or deterministic
case and also for non-uniformly limited systems. It remains to prove that there exists
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L' € Ln(ky,wlPDOL) with L' ¢ L(TOL) U L(CDIOL) and that there exists L" €
Lo (ky, IPDOL) with L” ¢ L{CDul0OL). We begin with the latter case. Denote k = k;
and consider the CDAIPDOL system

G: = ({a,b},(h, k), a*t*) with h(a) = a® and h(b) = b2

Let m = tor m = (> t) for some t € N. Obviously, {a*t**pk+etk | 5 € Ny} subsetL” =
L,{G2) C atbt, and if w € L”, then #,w = #w. Let m =t or m' = (= )
for some t' € N. Assume that according to the m'-mode, L" is generated by a
CD(ky,. ..,k )ulOL system

G’2, = (2,(h1,k‘1),. sy (hnkr)aw)'

By Lemma 2.1, £ = {a,b}. Obviously, G5 must be propagating. There must exist a

table h,, p € {1,...,r}, with a* € h,(a) and ¢ > 1. Choose an sq € N with k+ sotk >

k,-t'. Then a derivation ak+otkpk+sot =>;”' w” with #,0" # k + sotk = #pw" is

possible. But this contradicts the shape of the language L”. Thus L" ¢ £L(C Dul0L).
Next, for £ > 2 we consider the CDkulPDOL system

G = ({a,b}, (h, k), ab) with h(a) = a?, h(b) = b2.

Assume that & = 2 + ¢ for some ¢ with 0 < ¢ < k. Depending on m, the shortest
words of L' = L,,(G,) are among the words
ab,a®?,a'b?,. .. b7,
Other words of L’ which do not possess more than k occurrences of @, are of the form
akb¥* +vk for appropriate v € N depending on . But obviously, there exist infinitely
many different such words belonging to L’. Assume that L' is generated according to
the m/-mode by a CD(kf,..., k})I0L system
G = ({a,8}, (B, ), ..., (Bl L), w).

It is clear that G} must be propagating. Suppose that there exists a ¢ € {1,...,s}
and an ¢ € N, 1 > 1, such that a € &} (a) and & € &’ (b). It follows that ab =="" ab’
for an appropriate j € N, j > 1. Since k # 1, ab’/ ¢ L'. Therefore, the infinitely many
words of L’ of the form a¥b?”*'+¥% can only be directly generated from words with less
than & occurrences of a. But there are only finitely many such words, a contradiction.
Thus L' ¢ L(CDIOL).

If we assume that L' is generated by a TOL system, we get the same contradic-
tion. i

By L(FIN), L(REG), L(CF), L(CS), we denote the families of finite, regular,
context-free, or context-sensitive languages, respectively. The following result shows
that in case of propagating systems, all generated languages are context-sensitive.

Theorem 4.2. L(CDulPOL) C L(CF).

Proof. We consider an arbitrary ¢ € N and an arbitrary CD(ky,..., k. )ulPOL
system

G = (5, (hiykr)ye s (e, By, ).
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We define a grammar H generating L,(@) which can be generalized to a grammar for
L>4(G). The terminal alphabet of H is given by X. The nonterminal symbols are
given, together with the productions, in the course of the following construction. Let
Xo be the start symbol. The production

Xo —w
is only necessary to derive the axiom of . After an application of a production
Xo — LTjwR, for pe {1,...,r}

begins the simulation of a derivation step w ==, w according to a table h,. If LTgwR;
with w € Li(G) has already been derived, then

D:w=>f,w'

is simulated with the help of the following productions where the non-terminals 7,
i=0,...,k, count the number of substitutions effected in a single derivation step of D
while the non-terminals B;, j = 1,...,t, count the number of these single derivation
steps. First, a single derivation step of D is simulated with the help of the productions

Tfa— d'Tf, Tfa — vTf,  fora € ¥, v € hy(a) and i € {0,...,k, — 1},

where, for every a € ¥, ¢’ is a new nonterminal symbol. By these productions, the
symbol T? passes from left to right in the course of which the index ¢ is incremented
by 1 if an application of a production is simulated. If at the right side of the word
considered, the symbol T,fp meets R;, then in this simulation step exactly k, symbols
of the word considered have been substituted. By the productions

T;;Rj — ZpRj+1, ] S {1, - ,t— ].},
aZ? — ZPa,a'Z? — ZPa for a € ¥ and LZ? — LT,

the (j + 1)-st derivation step according to h, is initiated. If instead of the situation
above, at the right side of the word considered, a symbol T/, ¢ € {0, ..., k, — 1}, meets
a symbol B;, then a single derivation step has only been successfully simulated if no
symbol o’ for @ € ¥ occurs in the word considered. Thus, by

T’R; — ZPRjpy, j € {1,...,t =1}, i €{0,...,k, — 1},
aZ? — Zrafor a € ¥ and LZ* — LT§,

only if there is no such ¢’, a next single derivation step according to %, is initiated.
Otherwise, the derivation stops. After the last single derivation step, that is after the
simulation of D, T/, i € {0,..., k,}, meets the symbol R; at the right side of the word
considered. Then by a production

T’R, — Z° Ry for p' € {1,...,7}

or

TPR, — 2" Ry for p € {1,...,7}, 1 € {0,...,k, — 1},

we can start a further derivation w’ ==, w", or else by

T¢R, — S, a8 — Sa, 'S — Safora€ ¥ and LS — ¢
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or

Ti"Rt—uSA', aS’—»S'aforiE{O,...,kp—l}, a€Xand LS — ¢,

we derive the word w' € L,(G). By the construction it is obvious that the grammar
generates L;(G). Since G is propagating, the workspace theorem (see [7], Theorem
111.10.1) shows that L;(G) is context-sensitive. If we want to generate L»;(G), then
1t is clear that we only have to add the productions

T’R; — Z°R; and T/ R, — Z°Ry, i € {0,...,k, — 1}.

The language {a®” | n € No} € L(CF) cannot be a CDu0L language because of
the considerations following Corollary 2.1. Thus the strict inclusion holds. O

It is open if the result of Theorem 4.2 is also valid for arbitrary CDulOL languages.

The following theorem shows that the different CDulOL language families cannot
be inserted into the hierarchy L(FIN) C L(REG) C L(CF) of Chomsky language
families. The corresponding result for the families L(%1TOL) has already been proved
in [9], Theorem 3.9, and for the families of CDIOL languages in [10], Theorem 4.2.

Theorem 4.3. For all

Ly € {L(FIN),L(REG) — L(FIN),L(CF)— L(REG),L(CF) — L(CF)},
Ly € {Lm(kr,... kp,ulOL), L], (CDulOL), L, (CDuIOL), L7, (< k1 )(CDulOL),
L(CDulOL), L{kyulTOL) |m =t orm = (>1t),t € N,r € N, ky,..., &k, € N}

there erxist languages Ly € Ly with Ly € Ly (with the exceplion of the case Ly
L(CF)— L(CF) together with Ly € {Lum(k, ..., kr,ulOL), L(k1ulTOL) | by - ...  k,
1}) and L2 S ‘Cl wzth L2 ¢£2

Proof. Let m =t orm = (> t) for t € N. We begin by proving the first half of
the statement of the theorem. Because of the inclusions of the proof of Theorem 4.1,
it suffices to demonstrate that for every £, as above there exists Ly € £,.(k1,ul0L)
with L1 € El. We set k= kl.

Obviously, {b} € L,,(k,ul0L) N L{FIN). Furthermore, the CDkulPDOL system
G1 = ({8}, (b1, k), b*) with hy(b) = b? generates

Li(Gy) = b¥(b%)* € L;(k,wl0L) N (L(REG) — L(FIN)) and
L>(Gh) = bF U btHDR(6F)Y € Lo,(k,ul0L) N (L(REG) — L(FIN)).

The language {a**"ba**" | n € Ny} € L(CF)~L(REG) is generated, according to
any m-mode, by the CDkulPDOL system G, = ({a, b}, (h2, k), a*ba¥) with hy(a) = a
and hy(b) = aba.

For k > 2, we consider the CDkulPDOL system

Gs = ({a1,..., 0}, (hs, k), a1.. . azay)
with ha(a1) = alas, ha(ap) = asas, ..., hs(ax) = axa;. Obviously,

Li(Gs)Nafa ...afaf = {a;™...a;Ta;™™ | n € No} and
Ly>«(Gs)Nafay ...afaf = {a1...ara:} U {al™ ... aft"al™ | n € N}

By the Lemma of Bar-Hillel, these intersections are not context-free. Sinceaj ...a}a}

is regular, L;(G3) and L»;(Ga) cannot be context-free, too. On the other side, by
Theorem 4.2 we know that L;(Gs) and L»¢(G3) are context-sensitive.
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For the second half of the proof it suffices to show that for every family £, as above
there exists a language of £y which cannot be generated by any CD(ky, ..., &, )ulOL
system. First we consider the finite language L = {b,5%} and assume that it is
generated by a system G = (I, (k1 k1),..., (ks  k,),w). (Note that for ¢ # 1 we
cannot assume that ¥ = {b}.) If w = b is the axiom of G then b =7 b° for some
2, p = 1,...,r. This means that there exists ' € N, ¢’ > £, such that b? is derived
from & in ¢’ derivation steps according to the underlying uk,l0L system. We continue
the derivation with further ¢’ steps according to k, such that from the first b of &?
the derivation is carried out exactly as before. From the second b we try to do the
same but depending on k,, it might be possible that some substitutions have to be
postponed to later steps. But in any case it is obvious that in any intermediate word
of this derivation b* =>7" w, there exists at least one symbol arising from the second
b. 1t follows that |w| > 3, a contradiction. If w = %, then b*> =7 b according to ¥/
steps as before. Similarly as before, it follows that b ==7' ¢, a contradiction.

For the next cases, consider L; = {b,0*} U 4;, ¢+ = 2,3, where A; = {b*}*c* and
Az = {b*c*|n € N,n > 2}. Obviously, L, € L(REG) — L(FIN), Ls € L(CF) —
L(REG). Assume that L;, 1 = 2,3, is generated by a CD(k, ..., k. )ulOL system. By
Lemma 2.1 we can assume that ¥ = {b,c}. It follows that G is propagating, w = b
and h,(b) C &%, h,(c) Cctforall p, p=1,...,r. khy{(b) C b* implies that w = b
cannot derive #°c* € L;, i = 2,3, a contradiction.

Finally, let Ly = {a*"|n € No} € L(CF)—L(CF). In Theorem 4.2 we have shown
that Ly € L(CDulOL). o

5. Non-Closure Properties

Theorem 5.1. All CDulOL language families L, of the set of Theorem 4.3 are not
closed with respect to (a) union, (b) intersection with regular sets, (¢} e-free iteration,
(d) e-free homomorphism, (e) inverse homomorphism, (f) concatenation.

Proof. For a derivation according to the m-mode we assume that m = ¢ or
m = (> t) for some ¢ € N.

(a) Obviously, {6}, {b*} € L, for all such language families, but {b,5} ¢
L(C DulOL) (see proof of Theorem 4.3.).

(b) For an arbitrary k € N, consider the CDkulOL system G = ({6}, (h, k), ) with
h(b) = {b,8%}. According to any m-mode, {b,6°} C Lm(G). But {0’} €
L(REG), and Ln(G) N {b,82} = {b, 1%} & L(C Dul0L).

(c) We have {b®c?} € L, for all CDul0L language families £;. Tlet L =
{b*c2}*t € L(CDul0L). By Lemma 2.1 we can assume that L is generated by
a CD(ky,..., k. )ulOL system G = ({b,c}, (b1, k1), ..., (s, k), w). Obviously, G
is propagating. To derive words longer than the axiom bc?, it is necessary that
there exists h,, p = 1,...,7, such that 8 € h,(b) or y € h,(c) with || > 2 or
ly| > 2. Without loss of generality let 8 € h,(b). Consider (b*c*)¥* € L. Then
there is a derivation step (b2c?)**t =>! (Bbc?)**. Since |8 > 2, (Bbc®)*' ¢ L
immplies that #% is a prefix of 8. Now we counsider the also possible derivation step
(b2c?)ket == (bBcF)*'. We recognize that b is a prefix of the derived word, a
contradiction.
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(d) For an arbitrary k € N, consider the CDkulOL system ({c,d},(k,k),c) with

h(c) = d and h(d) = d which generates {c, d}. Let g be an e-free homomorphism

defined by g(c) = b, g(d) = b*. Then g({c,d}) = {b,b} & L(CDuIOL).

(e) For any k € N, the language {c, b, b*} is generated by the CDkul0L system G =

({b, c}, (h, k), c) with h(c) = {b,5?} and h(b) = {b}. Define a homomorphism g

by g(b) = b. 1t follows that g=*({c, ,5%}) = {b,4*} ¢ L(CDulOL).

(f) Obviously, {b} and {e,b} are languages of every CDulOL language family £,.

But {b}{e, b} = {b,5*} ¢ L(CDul0L). O

The theorem proves that all CDulOL language families are anti-AFL’s. The case
L{kulTOL) has been proved in [9], Theorem 4.1. The proof given here is shorter than
that of [9]. As a simple positive closure result we get at once that all CDulOL language
families are closed with respect to mirror image.
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Abstract. The study of teams in grammar systems so far has evolved
around teams being formed from a finite number of sets of context-free
productions. Here, the generative power of teams in grammar systems
consisting of regular, linear and metalinear sets of productions is investi-
gated.

For these sub-context-free cases the forming of teams strictly increases the
generative power of the underlying grammar systems in many cases.

1. Introduction

When an agent is unable to tackle a complex problem, due to limited capabilities,
it seems natural to try to tackle the problem by more than one agent. This results in
what they call in Artificial Intelligence (Al) a multi-agent system. An example of the
idea of multi-agent systems in Distributed Al are is the so-called blackboard model of
problem solving. ‘

This model starts with a given problem specified on the blackboard. Several
knowledge sources contribute, regulated by a certain strategy, to solving the problem
by changing the current state of the blackboard. During the problem solving, the only
way in which these knowledge sources can communicate with each other is by using
the blackboard. Finally, in the case of successful cooperation, the solution appears on
the blackboard.

The link between this blackboard model of problem solving and formal languages
was established in [5]. The knowledge sources correspond to grammars, changing
the current state of the blackboard corresponds to rewriting the sentential form, the
strategy is regulated by so-called derivation modes and the solution is represented by a
terminal word. In [3], cooperating distributed grammar systems, CD grammars systems
for short, have been introduced as a formal realisation of this link. These systems have
been investigated intensively. Moreover, they have initiated the development of the
theory of grammar systems. This theory has already resulted in the monograph [4],
which contains an exhaustive survey of the state of the art in the area until ca. 1992.

Already, several well-motivated enhancements of these CD grammar systems have
been introduced, such as hybrid CD grammar systems ([15]), tearn CD grammar sys-
tems ([13]) and, most recently, hybrid team CD grammar systems ([2]). In hybrid CD
grammar systems, a more realistic approach to cooperation is considered, by assum-
ing the grammars to have different capabilities. In team CD grammar systems the

IThis research was supported by a scholarship from the Hungarian Ministry of Culture and
Education. Moreover, the facilities provided by the Department of General Computer Science of the
Eotvos Lorand University and in particular by the Computer and Automation Research Institute of
the Hungarian Academy of Sciences were essential.
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natural idea of work being done in teams is incorporated in the system by grouping
several grammars and use them to rewrite in parallel. The teams are either formed
automatically or prescribed and several versions of the maximal competence strategy
in CD grammar systems are defined. Hybrid teamn CD grammar systems combine
these two ideas.

In {13] it was shown that there are situations in which the forming of teams enlarges
the power of the underlying CD grammar system and that they form an AFL when
working in the maximal competence strategy. Moreover, in [6] it was proved that
teams of size two suffice. In [19] it was shown that there are situations in which
exactly the power of programmed grammars is obtained (recursively enumerable when
A-productions are allowed) and in [11], this result was extended to cover more cases
of teams in grammar systems. Another surprising result is that the different maximal
competence strategies introduced in each of these papers lead to the same generative
power. In [2], finally, it was proved that when hybrid teams are allowed the generative
power is not enlarged any further. However, every recursively enumerable language
can be generated by a hybrid prescribed team CD grammar system with teams of
two members. Moreover, concerning syntactic complexity these systems could well be
favoured.

Until now, only team CD grammar systems with context-free productions have
been considered. Here, the case of a restriction to regular, linear and metalinear
productions is studied. For (hybrid) prescribed team CD grammar systems with teams
of constant size and regular productions, the team-forming enlarges their generative
power beyond the class of regular languages to the class of regular simple matrix
grammars. Hence it extends also beyond the power of regular (hybrid) CD grammar
systems. The same holds in the case of a restriction to linear productions. These
results lead to several corollaries, one of these being that the class generated by
(hybrid) prescribed team CD grammar systems with a restriction to regular or linear
productions and teams of constant size is incomparable with the class of context-free
languages. On the other hand, (hybrid) (team) CD grammar systems with context-
free productions include that class, whereas for the metalinear case, incomparability
is only conjectured.

In the case of teams of variable size, no more than the class of regular or linear lan-
guages can be generated by (hybrid) prescribed team CD grammar systems with only
regular or linear productions, respectively. However, when restricted to metalinear
productions, the generative power of (hybrid) prescribed team CD grammar systems
extends beyond the class of metalinear languages. Moreover, already the class gen-
erated by prescribed team CD grammar systems with this restriction to metalinear
productions is equal to the class of programmed grammars with the same restriction
and appearance checking in the case of the maximal competence strategies. For the
other modes of derivation, the results hold only without appearance checking.

2. Preliminaries

In this section, some prerequisites necessary for understanding the sequel are de-
fined. For details and unexplained notions, the reader is referred to [22] for formal
languages, [9] for regulated rewriting, [21} for Lindenmayer systems and [4], [7], [8]
and [17] and [2] for (variants of) grammar systems.

The set of all non-empty strings over an alphabet V is denoted by V*. If the empty
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string, A, is included, the notation becomes V*. The length of a string z is denoted
by |z|.

An inclusion is denoted by C, whereas a proper inclusion is denoted by C.

Sometimes, the notation for a family of languages contains a A between the brackets
[ and ). This means that the statement holds in the case of allowing A-productions
(indicated by the X inbetween brackets) as well as in the case of a restriction to A-free
productions (thus neglecting the A inbetween brackets). Also other symbols between
brackets must now be understood.

Without definition, the family of regular (REG), linear (LIN), metalinear
(MLIN), context-free (CF) and context-sensitive (C'S) languages are used in the
sequel. Their definitions can be found in, e.g., [9]. The same holds for the family of
languages generated by ETOL systems (ET0L). Finally, also the family of languages
generated by [hybrid] CD grammar systems ([H|C'D) shall not be defined here. How-
ever, their definitions can be found in [4] and will become clear in the sequel.

None of the above families of languages will be used in any construction in the
proofs. Those families of languages that are used in (some of) the proofs below, are
defined next.

An unordered scattered contezt grammar with appearance checking ([14]) is a con-
struct G = (N, T, S, P, F), where N is the set of nonterminals, T is the set of terminals,
S € N is the axiom, P = {p1,ps,--.,Pn} I8 a finite set of rules (rules are of the form
pi i (q1,0z,. .., am;) = (B1, Be, - - -, Bm,;), Where aj — f; are productions over N UT)
and F is a set of occurrences of productions in P, 1 < ¢ < n. For w,w’ € (NUT)*
and 1 < < n it is said that w directly derives w', written as

! . !
w=w il w=wiew, .. Wi, Wnt1, W =w1Bywafi, .. Wi Fi, Wi,

Pi: (al7a27"')ap) - (ﬂl)ﬂ?:"':ﬂp) € Py (ail,aiga---;aiﬂ.) is a

permutation of a subsequence of (eq, z,...,0,), wy € (NUT)"
and 1 <l<m+1
and o; in {a1,0q,...,0,} and not in {ay,, 0, ..., @, } implies that

oy is not contained in w and a; — §; € F.

If F = ), the unordered scattered context grammar is called an unordered scattered
contezt grammar without appearance checking and F' is omitted from the construct.
Moreover, if F' contains all occurrences of productions in P, the unordered scattered
context grammar is called with unconditional transfer. The language generated by
Gis L(G) = {w € T* | S =* w}, where =" denotes the reflexive and transitive
closure of =.

The family of languages generated by unordered scattered context grammars with
A-free context-free productions in P is denoted by USC,. in the case of grammars with
appearance checking; when grammars without appearance checking are considered the
subscript ac is omitted and when grammars with unconditional transfer are considered
the subscript ac is replaced by wt.

A programmed grammar ([20]) is a construct G = (N, T, S, P), where N is the set
of nonterminals, T is the set of terminals, S € N is the axiom and P is a finite set
of productions of the form (r : & — 8,0(r), ¢(r)), where r : @ — 3 is a production
over N UT, labelled by r. Denote by Lab(P) = {r | (r : @ — B,0(r),¢(r)) € P} the
set of labels of productions of G. Then o(r) C Lab(P) is called the success field of
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production r and ¢(r) C Lab(P) the failure field. For (r1 : @ — B,0(r1),0(r1)) € P
and w,w’ € (N UT)* it is said that w directly derives w', written as

(w,ry) => (w',r2) ff w=wows, v =wPw;andry € o(ry)

or w=uw', @ — f cannot be applied to w and ry € ©(ry).

If the failure fields are empty for every production, the programmed grammar is
called without appearance checking; otherwise it is called with appearance checking.
Moreover, if the success field and the failure field coincide for every labeled produc-
tion, the programmed grammar is called with unconditional transfer. The language
generated by G is L(G) = {w € T | (5,r0) =* (w,r1), ro,71 € Lab{P)}, where
==* denotes the reflexive and transitive closure of =>.

The family of languages generated by programmed grammars with A-free context-
free productions in P is denoted by PR,. in the case of grammars with appearance
checking; when grammars without appearance checking are considered the subscript
ac is omitted and when grammars with unconditional transfer are considered the
subscript ac is replaced by ut.

A matriz grammar with appearance checking is a construct G = (N, T,S, M, F),
where N is the set of nonterminals, T is the set of terminals, S € N is the axiom, M is a
finite set of matrices of the form m : (r1,72,...,7,), where r; : o; — ; are productions
over NUT and |a|y > 1,1 <7 < nand F, finally, is a set of occurrences of productions
in M. For w,w’ € (NUT)*and m : (a4 = P, = Pa,..., 00 — B,) € M it is said
that w directly derives w', written as

w=>w  iff  there exist wp,wy,...,w, € (N UT)" such that
wo=wand w, =w' andforall 0 <i<n~1
either w;_; = wi_jouw! , and w; = w!_, fiw! 4
for some w}_;,w! , € (NUT)*
or the production a; — §; cannot be applied to w;_g,

a; — 0; € F and w; = w;_1.

If F = 0, the matrix grammar is called a matriz grammar without appearance
checking and F is omitted from the construct. Moreover, if F' contains all occurrences
of productions in M, the matrix grammar is called with unconditional transfer. The
language generated by G is L(G) = {w € T* | S =* w}, where ==* denotes the
reflexive and transitive closure of ==.

The family of languages generated by matrix grammars with A-free context-free
productions in M is denoted by M AT,, in the case of grammars with appearance
checking; when grammars without appearance checking are considered the subscript
ac is omitted and when grammars with unconditional transfer are considered the
subscript ac is replaced by ut.

A simple matriz grammar ([12]) of degree n, n > 1, is a construct G =
(N1, N, ..., N, T, S, M), where Ny, Ny, ..., Ny (sets of nonterminals) and T (the set
of terminals) are pairwise disjoint alphabets, S ¢ (Ui, Vi UT) is the start symbol
and M is a finite set of matrices, each of one of the following forms.

(a) (S — z), for x €T,
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(b) (S — A1A;...A,), for A;€ Nyand1 <i<nor

(c) (Ay — 1,43 — Tg,..., Ay = 2,,), for A; € N;, z; € (N; UT)* and
lziln; = |zj|n, for all 1 < 4,5 <.

For w,w' € (LJ2, N; UT U {S})* it is said that w directly derives w’, written as
? 1=1 y ]

w=vw ff w=Sand(S—w)eM
or w=vA1wvdsw; ... v AWy, W = VITIWVTIWs . . . VT W,
A;e N, v;eT" w,z; € (N,'UT)*, 1<i:<mnand
(A1 — 21, A2 — z2,..., Ay > 2,) € M.

The language generated by G is L(G) = {w € T* | § =* w}, where =" denotes
the reflexive and transitive closure of =.

A simple matrix grammar is called regular, linear, context-free or A-free iff the
productions appearing in matrices of type (c) in M are all regular, linear, context-
free or A-free, respectively. The family of languages generated by A-free context-free
simple matrix grammars of degree n, n > 1, is denoted by SM(n). Furthermore,
denote SM = |, SM(n) and likewise for the other cases.

For all generative devices mentioned above, only the notation in the case of A-free
context-free productions was given. However, when the productions are of type X, for
X € {REG,LIN,MLIN}, a subscript X is added to the notation. Moreover, when
there is no restriction to A-free productions a superscript X is added to the notation.

3. Hybrid Prescribed Teams of Grammars

Definition 1. Let N and T be two disjoint alphabets. A production over (N, T)
is a pair (A,z) € N x (NUT)*. Usually, A — = shall be written instead of (4, z). If
z # A, then A — z is called a A-free production. A team over (N,T") is a multiset of
sets of productions over (N, T'). The sets of productions occurring in a team shall be
referred to as components.

A team rewrites a string in the following manner.

Definition 2. Let N and T be two disjoint alphabets. Let () be a team over
(N,T) and z,y € (N UT)*. Then z is rewritten by @ into y, written as

z =>q y ff z=z1A122A0.. 2, 0201, Y= Z1¥122Y2. . TnYnTnt,
€ (NUT), 1<i<n+1, A;—>y;€ P, 1<j<nand
Q={P,P,..., P}

A derivation step of a team thus consists of choosing a production from each
component of this team and apply these in parallel on the string to be rewritten. If Q
is a singleton team, i.e. ) = {P} for some set of productions P, then z = p y shall
be written instead of z ==(p} y. It is clear that in that case only one symbol in z is
rewritten, using a production from P.

So-called modes of derivation are used to prescribe halting requirements on the
use of a team. These modes can be divided into three groups. Firstly, mode * has
no restrictions whatsoever. Any number of derivation steps is allowed. Secondly,
modes < k, =k and > k restrict the number of derivation steps to at most, ezactly
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and at least k derivation steps, respectively. Thirdly, modes to, ¢1 f derivation steps.
All three prescribe a slightly different condition which needs to be fulfilled before a
team is considered to have successfully worked in that mode. In the case of mode ¢
the work of a team ends successfully when no further derivation step can be done as
a team, in the case of mode t; the work ends when no component of the team can
apply one of its productions any longer and in mode 5, finally, the work of a team
ends when there is at least one component that can no longer apply one of its produc-
tions.

Definition 3. Let @ = {P, P,,..., P} be a team over (N,T) and let f €
{<k,=k,>k | k> 1} U {*,t0,t1,12} be a mode (of derivation). Furthermore, let
z,y,2 € (NUT)* and k € N. Then z is rewritten by ¢, working in mode f, into y,
written as

x =>5]C y iff =z :—>5 y for some k' < k,

e =7y iff =¥5 Y,

T :%k y iff z =>g y for some k' > k,

r =5 y iff = =>'5 y for some k,

T ﬂg’ y iff z =7y and there is no z such that y =>¢q 2,
T ————>8 y iff 2z == y and for no component F; € ¢) and no z

there is a derivation y =>p, z and
z :>tQ2 y iff 2 == y and there is a component F; € )
for which there is no derivation y =>p; 2.

The three variants of the t-mode of derivation first appeared in [11] (¢o), [13] (¢1)
and [19] (t2); the other modes of derivation are the natural extension of the modes in
CD grammar systems (see [4]) to teams of grammars.

Now the definition of hybrid prescribed teams in the theory of grammar systems
from [2] can be introduced.

Definition 4. A hybrid prescribed team CD grammar system is a construct

= (N1T757P17P27'"7P7'-7(Q17f1)7(Q27f2)7'"7(Qm7f1n))7

where N is the set of nonterminals, T is the set of terminals, with NNT =0, S e N
is the axiom, P, Ps,..., P, are sets of productions over (N,T), G1,Q2,...,Qm are
teams with components from Py, Ps,..., P, and fi, fa,..., fm are modes of deriva-
tion.

This definition is more general than those from [13] and [19]. If, in this construct,
fi = f; for all 1 < 4,5 < m, the definition of a prescribed team CD grammar system
as in [19] is obtained.

Note that in this definition, there is no restriction on the size of a team. In the
original definition of teams in [13], however, they are of constant size. A natural
number s > 1 is given and the teams are formed such that the number of components
of every team is exactly s; these teams are called of constant size s. Moreover, in that
definition the teams are not prescribed, but each set of components can be a team
(so-called free teams) as long as the size restriction is fulfilled.
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It is now clear that one can differentiate between the following four variants of
teams in the theory of grammar systems. For all four, hybridity is another possibility.

Free teams of constant size: this is the original definition of [13], as explained above.
Free teams of variable size: each subset of components can be a team.

Prescribed teams of constant size: all prescribed teams consist of the same number of
components.

Prescribed teams of variable size: these are defined in Definition 4.

In the case of teams of constant size, whether prescribed or free, a fintte set of
axioms W C (N UT)*, with only one string in it containing nonterminals, is allowed.
This is done since otherwise in the case of A-free productions no string shorter than s
could be generated. In the case of free teams with teams of constant size, the construct
thus becomes I' = (N, T, W, P, P,, ..., P,). The modifications in the other cases are
obvious.

Definition 5. Consider a hybrid prescribed team CD grammar system I' as in
Definition 4. Then the language generated by T is

L) ={z € T* | § =§ wy, =5 ... ={7 wi, =2, 1<4;<m, 1<) <p}.

When dealing with a language generated by teams of constant size, the notation
of Definition 5 is modified to L(T',s). When the teams are not hybrid, the mode of
derivation is added as a subscript to this notation.

The family of languages generated by CD grammar systems with hybrid prescribed
teams of variable size and A-free productions of type X is denoted by HPT,CDyx.
When teams are of constant size s, the x in the notation is replaced by s and when
there is no restriction to A-free productions, A is added to the notation as a super-
script. When dealing with context-free productions this need not be specified and the
subscript is thus omitted. Finally, when the teams are not hybrid (prescribed) the H
{P) in the notation is omitted.

Some relations concerning the generative power of several of these grammar sys-
tems discussed above are given next. A more complete overview can be found in
[1]. In the first paper on teams in grammar systerus, [13], it was proved that, for
fe{=L21x}U{<k|k 21},

CF = T\OD(f) C T,CD(f) and

These relations prove that there are modes of derivation for which the forming of
teams strictly increases the power of CD grammar systems, since CD(¢) = ET0L and
CF=CD(=1)=CD(=1) = CD(x) = CD(<k) for a k > 1 were already known to
hold (see, e.g., [4]). In [6] it was proved that teams of size two suffice, i.e. for s > 2

T,CD(t,) C TyCD(t).
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The main results of [19] are, for s > 2, f € {x}U{< k,=k, >k | k£ > 1} and
g € {t1, a2},

PRW = pT,cDM(f) = PT,CDY(f) and
PRY = T,cDM(g) = PT,cDM(g) = PT.CDM(g)

and the main result of [11] is, for s >2 and h € {to,t1},
MATX = T,c DW(h) = PT,CDX(R) = PT,CDM(R) = T.C DM (k).

In [2] it was proved that HPT,CD C M AT, which, together with the results stated
above, leads to the following relations for hybrid teams. For s > 2

PRY = HPT,cDYW = HPT.CDM.

4. The Sub-Context-Free Cases

In the previous section, results concerning (hybrid) (prescribed) team CD grammar
systems with context-free productions were presented. In this section some results
concerning a restriction to regular, linear or metalinear types of productions will be
presented.

Recall the fact that, whether free or prescribed, teams with constant size are
allowed to have a string axiom, whereas teams of variable size always have a single
start symbol.

4.1. The Regular and the Linear Cases

First, a result for the regular case of prescribed team CD grammar systems with
constant team-size 1 is presented.

Lemma 1. For f € {x1}U{<k,=k,>k|k>1}andg € {=k,>2k |k >
2} U {tO)t17t2}
REG = CDREg(f) C PTchREG(g)-

Proof. The equality is proved in [4] and it is obvious that CDgec(f) C
PTiCDgpc(g) for f € {xt}U{<k,=k,>k | k> 1} and g € {*,%0,t1,22} U {<
k,=k,>k | k > 1}. Furthermore, the prescribed team CD grammar system, with
teams of constant size 1,

rl = ({AO’A;”AD Ila e ’A;c-2’Ba B’}a {a'7 b}a AB; P17P2’ P3a {Pl}a {P2}7 {P3})’
where

P1 = {Ao - Al,A1 g Ag, . .,Ak_z s GAIO,B — bBI},

P, = {A,— A Al — A),... A, — Ao, B’ — B} and

P3 = ‘{A"—)Al,Al—*Az,...,Ak_z—-)G,B—-)b}.
contains only regular productions and it generates Ly(T'y,1) = {a"" | n > 1} €
PT\CDrea(f) \ REG for f € {=k, 2k | k > 2} U {to, 11,12} m)

Hence already a prescribed team CD grammar system with only regular produc-
tions and teams of size 1 can generate more than the class of regular languages and
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more than a CD grammar system with only regular productions. The next lemma
states that also in the linear case the prescribed team CD grammar systems with
teams of any constant size can generate more than the class of linear languages as
well as more than CD grammar systems with only linear productions.

Lemma 2. For f € {x{}U{<k,=k,2k |k 2>21}, g€ {=k>Fk]| k>
2} U {tg,tl,tz} and gl S {*,tg,tl,tz} U {S k,zk,Zk I k > 1}

LIN = CDyn(f) € PTiCDrin(g) € PTYOD(g") = CD(f).

Proof. The first equality can be proved with a similar proof as for the regular case
(see Lemma 1) and CDrin(f) € PT1CDrin(g) is obvious, for f € {,t} U {<k,=
k,>2k | k> 1} and g € {*,f0,t1,02} U{< k,=k,>k | k > 1}. Furthermore, the
prescribed team CD grammar system, with teams of constant size 1,

F2=({A01 Aé)aAlaA,p . '7A;—27Ba BI}’ {aab7 c}7ABaP17P2aP37 {P1}7 {P2}7 {P3})7
where

P1 = {Ag g Al,Al — Az,. . .,Ak_g - aAf)b,B — CB,},
P, = {Aj— A A, — A, A, — Ay, B’ — B} and
P3 = {A-—>A1,A1—)Ag,...,Ak_zqab,B—)C}.

contains only linear productions and it generates Ls(I';,1) = {a™b"c® | n > 1} €
PT\CDLin(f)\NLIN for f € {=k,>k | k > 2} U {to,t1,t2}. The last inclusion in the
statement of the lemma is obvious and to prove the last equality, only the inclusion
PTyCD(g") € CD(f) is not obvious. To prove this inclusion, all teams of size 1
become a component of the CD grammar system and a component {5 — 5,5 — w |
w € W}, S being the axiom of the CD grammar system and W being the finite set
of string axioms of the prescribed team CD grammar system with teams of constant
size, i1s added. The mode of derivation remains the same, except that for #o, ¢; and 1,
it becomes t. a

These two results lead to the following corollary for hybrid prescribed team CD
grammar systems with teams of constant size 1 and only regular or linear produc-
tions.

Corollary 1.

REG = HCDgge C HPT\CDgrgg € HPT\CDyin and
LIN=HCDpy CHPT'CDriy C HPTWCD = HCD.

Proof. The equality REG = HC Dggc is proved in [13], a similar proof can prove
this equality for the linear case. The inclusions of hybrid CD grammar systems with
only regular or linear productions in hybrid prescribed team CD grammar systems
with teams of constant size 1 and only regular or linear productions, respectively, are
obvious. Moreover, Lemma 1 and 2 prove their properness. The remaining two inclu-

sions are also obvious and the last equality can be proved with a similar construction
as for the proof of PTyCD(¢') = CD(f) in Lemma 2. O

Hence also hybrid prescribed team CD grammar systems with only regular (linear)
productions and teams of size 1 can generate more than the class of regular (linear)
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languages as well as more than hybrid CD grammar systems with only regular (linear)
productions can.

In fairness, it must be noted that all proper inclusions proved in this section so
far are due to the existence of a “non-linear” axiom, not to the very use of teams.

In fact, the following holds. To be more precise, denote [H|P,T1C Dx(f) for the
class of [hybrid] prescribed team CD grammar systems with at most n occurrences
of nonterminals in the string axiom, teams of size 1, only components of type X and
working in mode f (omitted in the hybrid case).

Theorem 1. Forn > 1, X € {REG,LIN} and f € {to,t1,t2}U{=k, >k | k > 2}

HPnTchX = PnTchx(f) = SMx(n) =
SMy(n) = B,TyCD%(f) = HP,T:CD%.

Proof. In [4], so-called extended C D' grammar systems are defined. In the termi-
nology of this paper, these systems are CD grammar systems with a string axiom. In
[10] these extended CD’ grammar systems with only regular productions, at most n
nonterminals in the string axiom and working in mode f € {{}U {=k,>k | &k > 2}
(EnCDige(f)) are proved to be equal to the regular simple matrix grammars of
degree n.

Clearly, EnCDygo(f) = PaTiCDrpo(f) for f € (x} U{<k,=k,2k |k > 1}
and E,CD%ps(t) = P.TiCDgrge(g) for g € {to,t1,t2}. When observing the proof,
it can be seen that it holds for the linear case as well. Moreover, the construction
can easily be modified to hold for the hybrid case as well. (One just has to code
all nonterminals, thus indicating which mode is currently being simulated.) Finally,
SMj(n) = SMx(n) for X € {REG,LIN} was proved in [16] and the proof thus
holds for both the case of forbidding and the case of allowing A-productions. ]

This theorem has some interesting corollaries, since the families of regular and
linear simple matrix grammars are well-investigated. A survey of simple matrix gram-
mars can be found in [9], where the proofs of the results corresponding to the coming
corollaries can be found.

Corollary 2. Forn>1and f € {=k,>k|k>2}U {to, 1,12}
P, TyCDgree(f) = HP,T1'CDrge C P, TACDyn(f) = HP,TZ'CDpn.

Corollary 3. The number of nonterminal occurrences in the azioms of pre-
scribed team CD grammar systems, with teams of size 1 and only regular or only
linear productions, defines an infinite hierarchy of languages generated in all modes
fe{=k>k|k>2}U{to,t1,t2}. The same holds for the hybrid versions of these

families of languages.

Corollary 4. For s > 1 and f € {=k,>k | k> 2} U {to, 11,22}

[H)PT,CDggc(f) is incomparable with LIN and
[H|PT,CDrin(f) is incomparable with C'F.

The question is now what can be said about the generative power of {(hybrid)
prescribed team CD grammar systems with only regular or linear productions and
teams of constant size s, for s > 2. From the results presented in Section 3, a
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comparison with the programmed (or matrix) grammars with only regular or linear
productions seems natural. These, however, are equal to the classes of regular and
linear languages, respectively, even when appearance checking is used. The proofs for
these equalities in the regular case can be found in [9] and the proofs for the linear case
can be proved similarly. Hence the inclusions PRrgc = PRrEGec C PTAC Drec(f)
and PRr;N = PRring. C PTiCDgrpa(f), for f € {=k, >k | k > 2} U {tg, 1,12}, are
obvious.

Moreover, the equalities between the programmed grammars and matrix grammars
hold in the regular and linear case as well, even with appearance checking. Again,
proofs of these equalities can be found in [9]. Note that these proper inclusions hold
already for teams of constant size 1. Thus to find a good comparison for the generative
power of (hybrid) prescribed team CD grammar systems with only regular or linear
productions and teams of constant size s, s > 2, remains an open problem.

After these results for (hybrid) prescribed team CD grammar systems with teams
of constant size, some results for the case of teams of variable size are presented next.
The difference is the use of a single nonterminal as axiom in the case of teams of
variable size, whereas in the case of teams with constant size a finite set of string
axioms, with only one of them containing nonterminals, is used.

Lemma 3. For f € {,to,t1,t2} U{<k,=k,>k| k> 1}

HPT.CDgge = PT.CDrge(f) = REG and
HPT,CDp;ny = PT.CDpin(f) = LIN.

Proof. For teams with more than one component at least two nonterminals must
be present in a sentential form, in order to use that team to rewrite that senten-
tial form. This is in contradiction with the facts that every I' € {HPT,.C Dggq,
PT.CDgrga(f), HPT.CDpin, PT.CDin(f) | f € {*,to,t1, 2} U {<k, =k, >k | k>
1}} has a single nonterminal as axiom and regular or linear productions, respectively.
For teams of size one, the equality with (hybrid) CD grammar systems is obvious for
the regular case as well as for the linear case, keeping in mind the use of a single
nonterminal as axiom. From {4] ([15]) it is known that (hybrid) CD grammar sys-
tems with only regular productions do not generate more than the class of regular
languages and similar proofs can be used to prove these results for the linear case as
well. 0

4.2. The Metalinear Case

It is obvious that the (hybrid) prescribed team CD grammar systems with teams
of variable size and metalinear productions are able to generate languages beyond the
class of regular or linear languages. What’s more, the following lemma holds.

Lemma 4. For f € {*,t}U{<k,=k,>k | k> 1} and g € {=1,>1,%,tg,11,£2} U
{<k|k=>1}}

MLIN = CDypin(f) = HCDypiw € PT.C Durin(g)-

Proof. The first two equalities can be proved by the proofs of REG = C' Dgre(f)
([4]) and REG = HC Dgge ([15]), with the obvious modifications. Furthermore, it is
clear that MLIN C PT.CDpyrin(f), for f € {*,t0,t1,t2} U {<k,=k, >k | k > 1}}.

Moreover, the prescribed team CD grammar system

FS = ({S7AaB)C}7{a7bac}7SaP17P27'--’P7,{Pl}){PQ,PS,Pti}’{P57P67P7}),
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with teams of variable size and the metalinear productions

P, ={S— ABC}, P, ={A— a4}, Ps={A—a},
P3:{B—)bB}, PSZ{B——)IJ},
Po={C —cC}and P,={C— c},

generates L(I's) = {a™"c" | n > 1} € PT.CDypin(g) \ CF, for g € {=1,>
1,%,tg,t1,t2} U {< k| k > 1}}. Since it is known that {a™b"c” | n > 1} € CS\ CF
and from the Chomsky hierarchy that MLIN C CF C (S, the inclusion is proper
indeed. O

Hence even languages beyond the class of metalinear languages can be generated
already by a prescribed team CD grammar system with teams of variable size and met-
alinear productions for some modes of derivation. For prescribed team CD grammar
systems with teams of constant size, no version containing only metalinear produc-
tions is defined due to the string axiom they already possess. Note, however, that the
lemma above does not cover all modes of derivation, which Lemma 7 below will.

The following theorem is obtained by combining the results of the previous section
and the results obtained so far in this section.

Theorem 2. For f € {#,to,t1,t2} U{< k,=k, 2k |k > 1} and g € {=1,
217*7t07t17t2}u{sk!k‘21}

PT.CDpg(f) = HPT.CDpge C PT.CDyin(f) = HPT.C Dy C
MLIN C PT*CDMLIN(g) C HPT,CDpypiN.

The question is now how far these (hybrid) prescribed team CD grammar systems
with teams of variable size and metalinear productions extend beyond the class of
metalinear languages. Before presenting a theorem that answers this question, two
lemmas are needed.

The proofs of these lemmas are given because the metalinear case is not covered
in [9]. Moreover, since the proofs are based on the proofs for the context-free case in
[9], they explain the techniques that are used to prove those frequently used results
of the next lemmas in the context-free case.

Lemma 5.
A A ) X
us CJ[\/I]LIN crp RE\/I]LIN and US CI[\l]LIN,ac cP REV!]LIN,ac'

Proof. Only the second statement is proved here (for the A-free case), the others
can be proved in a similar way. Consider an unordered scattered context grammar

G =(N,T,S,P,F)

with appearance checking and only metalinear productions. Define the homomor-

phism A from (N U T)* into ({A' ]| A€ N}UT)* by
h(a) = a for a € T and h(A) = A’ for A€ N.

Next, for a rule v : (a1, 02,...,0n) = (B1,P2,...,0n) € P, denote h($15:...5n) =
w1 Blwy By . .. w Bl w1 with w; € T* for 1 <4 < m+1. To simulate this unordered
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scattered context grammar with appearance checking, construct the programmed
grammar with appearance checking

G =(N.T,5,P),

where
N’ = NU{A'| Ae N}U{S'} and
P' contains for S’ the starting productions (s: 8" — S, {[r,1,0] | r € P}, )

and for every production r : (o, 02, ..., &) = (B1, B2, -, Bn)
in P the productions
([r,2,0] : i = R(B:), {[r,i + 1,01}, {0 | i — B ¢ F}U

{lri+ 1,0 | o — Bi € F}),
([r,n,0] : en — B(Br),{[r, 1,11}, {0 | @ — Bn ¢ F} U

{[r,1,1]{an — Bn € F})7

([r,5,1] : B; = B}, {[r,5 + 1,11}, {[r,5 + 1,1]}) and
([rym,1]: By, = Bw),{[p,1,0] | p € P}, {[p,1,0] | p € P})
fori1<:i<nand 1<j<m.

Since the scattered context grammar contains only metalinear productions, it is
clear that also the productions in this programmed grammar are all metalinear. More-
over, the productions in the programmed grammar simulating the productions in a
scattered context rule are applied in a fixed order, possibly passing over a production
in case it is contained in F. The use of primes guarantees that the simulating pro-
ductions are applied only to nonterminals already appearing in the sentential form to
be rewritten and not to the ones introduced by a former production of the scattered
context rule that is being simulated.

This allows the parallel fashion of a scattered context rule to be simulated by the
sequential order of programmed grammar productions. Note that the proof requires
the unordered characteristic of the scattered context grammar, for a production o — 3
can rewrite any occurrence of « in the current sentential form. Obviously, L(G) =
L{G") and thus USCymrinee © PRyrpin,ac holds. m]

Lemma 6.
M ATE]LIN cus C}[\}]LIN and M ATZ[\;]LIN,D.C cus C.?[Q]LIN,ac'

Proof. Again, only the second statement is proved (for the A-free case), the others
can be proved in a similar way. Consider a matrix grammar

G=(N,T,5M,F)
with appearance checking and only metalinear productions. Denote

Lab(M) = {mi7j |mi : (al qﬂl)a2 —*,32,...,&,1 _)ﬂn) € M,
M={mi,m;,...,mz},1<i<m,1<j<n}

To simulate this matrix grammar with appearance checking, construct the unordered
scattered context grammar with appearance checking

G =(N',T,8', P, F),
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where

N = NU{le,f]lae(NUT),B € Lab{M)} U{S'} and
P’ contains for S’ the starting rules (S') — ([S,m;4]) for 1 <¢ < n and
for every matrix (with only metalinear productions)
m; i (aq — By, 02 = Bavz, .50 = Bavn) € M,
B;i€(NUT), y;e(NUT) and 1 <j<n
the scattered context rules
(legy migl) = (85, mijalvi)s
(letns min]) = ([Bny M) ),
([6,mi 1, @3) — (16, mija), Bii),
([57 mi,n]aan) - ([5a mk,l]aﬂn"/n) and
(rymial) = (7)
for 1 <3,k<m, §e(NUT)and 7 € T".

The matrices can be simulated by unordered scattered context rules by adding a
label to every symbol of the alphabet. The matrices are split and for every production
of it some scattered context rules are created. The labels define an ordering on the
use of the various scattered context rules, thus simulating the strict order of matrices
by unordered scattered context rules.

At any moment in time, the number of symbols with a label in the sentential form
is zero or one. This can be seen from the definitions. If the number is zero, either the
sentential form is a terminal one and the derivation is terminated or the sentential
form contains a nonterminal and the derivation is blocked since every rule requires a
labeled symbol (except the initial rules). If the number is one, it can be replaced by
another labeled symbol (the label being the one of the next production in the matrix
or the one of the first production of a new matrix if it was the last production of
the matrix) while rewriting the symbol according to the production of a matrix being
simulated.

Naturally, a production of a scattered context rule can be “passed over” if the
same production could be passed over in the matrix grammar, in which case the other
production of the scattered context rule replaces the label by the label from the next
production in the matrix or the one from the first production of a new matrix if this
was the last production of the matrix. Naturally, terminating rules eliminating the

labels are present, to be used only when a matrix has been completely simulated. It
can now be seen that L(G) = L(G') and M ATyriNge © USCpMLIN,qc holds. |

Theorem 3. For f € {*}U{<k,=k,>k |k > 1} and g € {to,t1,%2}
USCI[;/}]LIN:PRECI]LIN:MAT]E;]LIszT*CDgCI]LIN(f)gHPT*CDk}]LIN and
) A X b\
U SCJI\;\I]LIN,M:P RE\/I]LIN,ac:M AT][VI]LIN,ac:P T*CDE\/I]LIN(Q):H P T*CDE\J]LIN'
Proof. Tt can be seen from the proofs of PRY ¢ T,C DM(t;) and PRY C

T,CDM(t,) in [19] that these results continue to hold in the metalinear case. The
same holds for the proofs, in [19] as well, of PR C PT,CDM(f) and PT.CDV(f) C
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MAT®, for f € {*}U{<L k,= k,> k | k > 1}. Finally, also the proof of
HPT.CDW C MATY in [2] can be seen to hold in the case of a restriction to
metalinear productions as well. The theorem is hence a simple combination of these
results and some obvious inclusions with Lemma 5§ and 6. |

Note that this theorem strengthens Theorem 2 to an equality for modes g, ¢; and
t5 instead of the last inclusion there. An open problem remains, however, for the other
modes of derivation. The next lemma strengthens Lemma 4 and thereby Theorem 2,
even more.

Lemma 7. For f € {x}U{<k,=k,>k|k > 1} and g € {to,t1,12}

MLIN CcUSCypin = PRuriv = MATyvriv = PT.CDypin(f) C
PT.CDyrin(g) = HPT.C Dyriy.

Proof. The first three equalities are proved in Theorem 3. Moreover, the unordered
scattered context grammar

Gl = ({S7 A7 B7 O}a {a7 bJ C}, Sa {Pl;PmPa}),
with the rules (consisting of only metalinear productions)

n : (S)— (ABC),
p2 : (A4,B,C)— (aA,bB,cC) and
ps : (A, B,C)— (a,b,c)

generates L(G1) = {a™b"¢ | n > 1} € USCuypiv \ CF. Since it is known
that {a"b"c® | n > 1} € CS \ CF and from the Chomsky hierarchy that
MLIN C CF C (8, the first inclusion is proper indeed. The last inclusion
is obvious, since clearly USCyrin € USCumLiNg. and, according to Theorem 3,
USCuring. = PT.CDpyrin(f) for f € {to,t1,t2}. Finally, the last equality was
proved in Theorem 3. O

Hence already an unordered scattered context, programmed or matrix grammar
without appearance checking and with A-free productions and only metalinear pro-
ductions can generate languages beyond the class of metalinear languages. Moreover,
also a prescribed team CD grammar system (for all modes of derivation) and a hybrid
prescribed team CD grammar system, both with teams of variable size and only met-
alinear productions, can already generate languages beyond this class of metalinear
languages.

For matrix and programmed grammars (with appearance checking) and regular,
linear, context-sensitive or recursively enumerable productions only, it is known (see,
e.g., [9]) that these cannot generate more than the class of regular, linear, context-
sensitive or recursively enumerable languages, respectively. Hence, no interesting
results may be expected for unordered scattered context grammars in these cases
either.

The next lemma says something about the relation between prescribed team CD
grammar systems with teams of bounded size and exactly 1 metalinear production
per component and linear simple matrix grammars of degree n. Because of Theorem
1 and its corollaries, this establishes a relation, presented in Corollary 5 right after the
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coming proof, with the (hybrid) prescribed team CD grammar systems with teams of
size 1 and linear or regular productions only.

To be more precise, denote PT{1,)CDarrina(f) for the class of prescribed team
CD grammar systems with teams of size 1 for the teams containing a production
with the axiom as its left-hand side, teams of size n for the teams containing other
productions, only 1 production per component (the second 1 in the notation), working
in mode f and containing only metalinear productions.

Lemma 8. Forn>1 and f € {=1,>1,% 10,41, 6} U{<k | k> 1}
SMpin(n) © PTanCDyriva(f).
Proof. Consider the linear simple matrix grammar
G = (N, Ng,..., N, T,5, M)

of degree k, k > 1. To simulate this linear simple matrix grammar, construct the
prescribed team CD grammar system

F=(N7T757P17P21'"7PH7Q17Q27"'an)a

where

n
N = N,
i=1
P, P,,...,P, are the components {a — B} for every @ — f in matrices

of M, a€ {S}uU|JN: and f € ((JN:UT)" and
i=1 =1

Q1,Q2,...,Qm are the teams {{S — B}} for every matrix (S — f) e M
and S € UNiUT* and

i=1
the teams {{A; — z;}} for every matrix of the form
(A1 = &1, 42 > 72, ..., A > xp) E M A; €N
z; € (N;UT) and 1 <4,5 < k.

Note that due to the pairwise disjoint alphabets of simple matrix languages a
production A; — z;, 1 < j < k, does not rewrite a nonterminal introduced by a
production A; — z;, 1 <t < j <k, of the same matrix, but a nonterminal already
present in the sentential form before applying this particular matrix to it. It is this
property of simple matrix grammars that allows the strict sequential order of rewriting
of them to be simulated by one parallel rewriting step of a team of a prescribed team
CD grammar system.

Do note also that a characteristic of linear simple matrix grammars is that there
can never be two of the same nonterminals in any sentential form. Hence leftmost
rewriting is equal to free rewriting in linear simple matrix grammars, thus free rewrit-
ing in the simulating prescribed team CD grammar system suffices. These notes imply
the restriction to the modes of derivation as stated in the lemma. Moreover, the met-
alinear productions of the prescribed team CD grammar system allow exactly the
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axiom to be the left-hand side of non-linear productions, which are precisely the only
non-linear productions in a linear simple matrix grammar.

1t is clear that L(G) = L(T). Furthermore, it is easy to see that teams with one
component are constructed for productions with the axiom as left-hand side and teams
of k components, k being the degree of the simple matrix grammar, are constructed
for the other productions. Moreover, all these components of the prescribed team CD
grammar system contain only one production. m|

Compare the following relations with Theorem 2.

Corollary 5. For f € {to,t1, 52} U{=k, 2k |k 22}, g€ {+x}U{<k,=k,>k]
k> 1} and ¢’ € {to, 11,12}

PTICDREG(f) = HPTYCDgge C PTchLIN(f) = HPT\CDpin C
PT.CDyrin(g9) C PT.CDyrin(g') = HPT.C Dyrrn.

Remark 1. According to Corollary 4, thereis a language that can be generated by
a (hybrid) prescribed team CD grammar system with teams of size 1 and only linear
productions, but which cannot be generated by a context-free grammar. Hence the
inclusion PTyCDrin(f) € PT.CDarin(g) in the above corollary is either proper and
CF C PT.CDayrin(g) holds or the family of languages generated by prescribed team
CD grammar systems with teams of variable size and only metalinear productions is
incomparable with the class of context-free languages.

My conjecture is an incomparability result. An intuition supporting a pos-
sible proof is the following. It is clear that the context-free grammar G, =
({S,4},{a,8},5,{S — aAbS,S — aAb,S — ab,A — aAb,A — ab}) generates
L(G3) = {a™" | n > 1}* € CF. A characteristic of this language is its unknown
width and depth, i.e. the number of a™" | n > 1’s next to each other and for
each the amount of n are unknown. Obviously, metalinear productions can simu-
late the depth with productions similar to the last four productions in G3. The
width, however, has to be known in advance in the case of metalinear produc-
tions since the axiom is the only production which can have more than one non-
terminal on its right-hand side and should thus introduce a sufficient amount of
them. This amount has to be known in advance and the set of productions is fi-
nite, hence it seems that {a"b" | n > 1}* ¢ (PT.C Dppin(f) U PT.C D}y in(f)) for
f € {*,to,tl,tg}U{Sk,=k,Zk l k Z 1}

Finally, note that if this conjecture holds, then also the classes of unordered scat-
tered context, matrix and programmed grammars (even with appearance checking)
with only metalinear productions are incomparable with the class of context-free lan-
guages. For a proof of this, consider for example Theorem 3 and the proof of Lemma
7.

Hence for linear (and regular) simple matrix grammars, a prescribed team CD
grammar system with only metalinear productions can be constructed generating the
same language. Whether this also holds the other way around and for other modes
of derivation, is an open problem.

Another open problem is the relation between simple matrix grammars with only
context-free productions and prescribed team CD grammar systems and hence also
matrix grammars with only context-free productions (and appearance checking). The
leftmost rewriting of simple matrix grammars makes it unlikely to have a similar
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relation between them and prescribed team CD grammar systems, though. For matrix
grammars with only metalinear productions, however, the following corollary does
present an interesting relation with regular and linear simple matrix grammars.

Corollary 6. For n>1
SMRE(;(n) =SM})‘%EG(T7,) C SML[N(R)ZSMéIN(n) C MATyrin © MATJ\);ILIN'

Proof. For n > 1, SMpra(n) = SMagg(n) C SMpin(r) = SM?n(n) (see, e.g.,
[9]) From Lemma 8 follows that SMpin(n) € PT(ynCDyrina(f) forn>1and f €
{=1,>1,%,tg,t1,8}U{<k | k > 1}. Moreover, it is clear that PT(; ,yCDarrina(f) €
PT.CDppin(f) for all modes of derivation and thus SMpin(n) € PT.CDyrin(f) is
obtained for n > 1 and f € {=1,>1,#} U {<k | k > 1}. Finally, Theorem 3 finishes
the proof of the corollary. a

CF=CD(#)=CD(=1)=CD(>1)=CD(<k) (for s k > 1
PT.CDyrin(h:)=HPT.CDyrin=USCuMLIN o=

/ B € {to, 1,12} PRMLIN,ac=MATML[N,ac
‘ t

MLIN =[H|CDurin(f) fe{*,t}u{Sk,=k,2k|kzl}}

hy € {=1,21,%} |
PT.CDuyrin(h,)=USCuyrin=PRyrin=M ATyrin

f
!

LIN =[H|CDyin(f) = [H|PT.CDyify [HIPT,CD y(g)=S My

fe {mttu{<k,=k>kk>1} g € {to,t1, YU {=k>k| k> 2}

REG=[H)CDrga(f) = [H|PT.C Drectf IH|PT,C Dy} c(9) = SMbL,

A very interesting corollary indeed, knowing that SMrrn(n) € SM (n)forn >1
(see, e.g., [9]) and keeping in mind the unknown relation between simple matrix
grammars and matrix grammars, in the case of context-free productions only, already
mentioned above.

5. Summary

A summary of the results presented here will be given in the form of a diagram.
A hierarchy along the lines of (the sub-context-free part of) the Chomsky hierarchy
(see, e.g., [9]), is chosen. In this way, readers will obtain a clear insight into the power
of teams in grammar systems in the sub-context-free cases.

In this diagram, a dashed arrow indicates an inclusion which is not known to be
proper, whereas a straight arrow indicates a proper inclusion; in both cases the class
the arrow leaves is included in the class the arrow points at. Families which are not



215

connected are not necessarily incomparable. Moreover, all relations of which a proof
is included in here are printed in boldface.

Observing this diagram, it is clear that some open problems remain, even though
a good insight into the power of (hybrid) prescribed teams in CD grammar systems
is offered. One such an open problem concerns a possible hierarchy that can be found
in this diagram and it is formulated next.

What is the generative power of prescribed (hybrid) team CD grammar systems
with only regular or linear productions and teams of constant size s, for s > 27

Acknowledgements. This work has benefited from discussions with and com-
ments and suggestions from E. Csuhaj-Varji, H.C.M. Kleijn and Gh. Piun. This
paper is an excerpt from Part III: Teams in CD grammar systems of my master’s

thesis ([1]).
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Abstract. We show that the family of languages generated by cooperating
distributed (CD) grammar systems with context-free components in the
derivation modes = k, > k, for k > 2, and the family of EOL languages are
incomparable.

1. Notions and Results

For formal definitions we refer the reader to the monograph [1]. We only specify
some notations. A CD grammar system of degree n is a construct

G =(T, G, Gs,...,Gn, S)

where G; = (Ng;,Ta;, P;),1 < i < n, are Chomsky grammars without an axiom, T is
the terminal alphabet such that T C Ui=}Tg, and S € U} Ng,.

A k step derivation with respect to a component grammar G; is denoted =>&F
and =>éf°,=>§f°, ==, denote a derivation consisting of at most k steps, at least
k steps, an arbitrary number of steps, respectively. If z==, y and there is no z €
(UiZ¥(Ts, U Ng,))*, such that y==%. z then we write z==%, y.

The language generated by G according to the mode of derivation f, for f €
{%,t}U{< k,=k,> k| k > 1} is defined as

Liy(G) ={z ET*‘[S:.'I:()=>é‘,1 zlﬁéﬁ 1‘2...:'&_"‘ Ty =2,
m>1,1<4;<n,1<j<m}

We denote by £L;(CDCF) the family of languages generated by CD grammar
systems with context-free components working in the mode f, for f € {,1}U {< &,
=k,> k| k > 1}. We also denote by L(CF), L(EOL), L(ET0L), L(MAT) the

families of context-free, EOL, ET0L and matrix languages, respectively.

Recall that the length set of an arbitrary language L is the collection of lengths
of its words, that is lg(L) = {|z| | z € L}.
We have

1Research partially supported by Gdarisk University, Grant Nr. BW 5100-5-0069-6.
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Theorem 1. [2] If L € L{(CDCF), f € {= k,2 k |k > 2}, is an infinite
language, then lg(L) includes an infinite arithmetical progression.

Theorem 2. The family L{EOL) is incomparable with each of the families
LACDCF),f € {=k2k|k>2}.

Proof. Consider the languages
L1 = {d2ﬂ I n _>_ 1},
Ly ={a"t"a" |[m>n>1}.

The first language is in L(E0L) [4] and not in L;(CDCF), f e {=k, >k | k> 2}
{as a consequence of Theorem 1). In Corollary 4.7 in [4] it is proved that the second
language L, ¢ L(EOL). On the other hand, for the CD grammar system

Ty = ({a,b}, G1, G3,Ga, Gy, Gs, §)

with

G = ({A,B},{a}, {A —a,B— a}),

G: = ({A,B}.{a,b,X,A",B'},{A—> aA'X,B—aB'}),

Gs = ({A,B'},{A,B},{A' - A,B' — B}),

G = ({5.5,},{4,B,X},{8 - 5,5 — AXBY}),

Gs = ({XXL{1{X X, X —bX, X - X', X' —b}).
we have

Lo5(T2) = Ly3(T2) = {a"b™a™ |m > n > 1}.
In the above grammar system, we note that
o every symbol X is eventually replaced by one b or several ¥'s,
o the derivations start by using G4, thus generating the string AX B,

o all sentential forms contain at most one occurrence of the nonterminal pair

(A,B) or (A, B).

The component grammar G, transforms a string o' AX'*~9+(b™0)2a'B, i,q >
0, ¢ < i,my; > 0 to a't1A'X~92(4me)2q+1 B’ (at the beginning, after using Gy,
we have i = 0 and either Gy, G5, or G, can be applied). After using G5 we have to
apply G5 and we get the string a™t? AX?~9+2(™2)?¢"+! B which is of the form we have
started with, hence G, G5 can be iterated. This iterative process ends by applying
G and finally (or possibly between two uses of G, Gs) we use G5 to rewrite X by b or
generating arbitrary many number of ¥'s. In conclusion we obtain a™6™a”,m > n > 1,
hence the derivation is terminated. (Clearly, the > 2 derivations in I'; are in fact = 2
derivations.)

For k£ > 3 we replace the first rule, let us denote it by Z — w, of each set P,
1 <4 <5, by the following k¥ — 1 rules (all Z;,1 < j < k — 2, are new symbols)

Z = I, 2y = Zay ..y 2z = L2, Lz — W.
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Denote by I'y the obtained CD grammar system. As in the case of I's, it is easy to
see that L=x(T'x) = L»(I'x) = L2, which completes the proof. 0

In Corollary 1 in [2] it is shown that £(E0L) is incomparable with each of the
families L;(CDCF), f € {= k,> k| k > 2}. To this aim, one uses the languages

Li={a |n21),
Ly = {a"b"c" | n > 1}.

The language Ly = {a"b™c¢" | n > 1} is supposed not to be in L(EOL), which
however is not true: see Example 1.13 in [4].

The above theorem shows that the result in [2] is still true, there are languages
L€ L{CDCF)—L(EOL), f € {=k,> k| k > 2} (hence the involved families are
incomparable, indeed).

At the end of [2] it is asked whether or not the one-letter languages in fam-
ilies L;(CDCF),f € {= k,> k | k& > 2}, are regular. Because the similar
conjecture for L(MAT) has been recently confirmed, [3], in view of the inclusion
L{(CDCF) C L(MAT), f € {= k,> k| k > 2} [1], the property holds also for the
families L;{(CDCF), f as above. On the other hand, in view of the relations,

L(CDCF) = L(CF), f € {x,= 1,21} U{< k, |k 2 1},
L(CDCF) = L(ETOL),

(shown in [1]), the family £;,(CDCF) contains non-regular one-letter alphabet lan-
guages. Thus we have a full characterization of languages over one-letter alphabet
generated in the basic derivation modes by CD grammar systems.
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1. Introduction

Considering complex systems we typically need — cf. (McClamrock, 1995) - to
know what a complex system is doing at a higher level in order to find out how at
the lower level it accomplishes that task. In other words, we often need to know the
function of the complex system being analyzed to know what aspects of structure to
look at. Understanding the behavior of a complex system requires knowing which
aspects of the complex mass of lower-level properties are significant in making a
contribution to the overall behavior of the system. In real situations such a distinction
may be problematic because the identification of which aspects of the lower-level
activity of the system are significant and which are noise — the process of the so called
destillation strategy (McClamrock, 1995) — is often complicated.

In the following we deal with complex systems which behave without noises. We
will concentrate to systems which produce (infinite) sets of strings of symbols, and we
will look for as simple as possible structure (architecture) of such systems. Simplicity
means in our context, roughly speaking,

~ the simplicity of rules which describe the behavior of the components of our
complex systems, and

— the simplicity of communication between the components in order to provide the
behavior of the complex system.

Another difficult problem is to find the right boundaries of a complex system; cf.
(Bechtel, Richardson, 1993). The solution is crucial for identification of the loci of
control of the complex systems. There are two extremes here:

— to consider the environment of the system as the locus of control — the case of
external control, and

— to consider the system itself as the locus of its own control — the case of internal
control.

The result of emphasizing the external factors is, according to (Bechtel, Richard-
son, 1993), to reduce the importance of the system, treating it as responding to
external factors, or shaped by them, but not itself an important element in account-
ing for the responses. On the other hand, limited responsivness in the face of wide
environmental variation it taken as an indicative of internal control, and the solution
is to search for specialized and complex internal mechanisms. The system makes its
own contribution and influences what happens to it. We will deal with both of the
mentioned cases in the framework of the presented formalisation.

1Research supported partially by the Grant No. 201/95/0134 of the Grant Agency of the Czech
Republic.
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Concerning complex systems, our considerations will be motivated mainly by the
situation in today artificial intelligence (AI) research. In Al, two main point of views
appeared in the past decade - the traditional deliberative line of systems designing,
and the point of view which stress the idea of situated action, or reactivity of systems
(Maes, 1993), (Kushmerick, 1996).

The traditional view of Al emphasizes the role of internal symbolic representation
of the outer environment of the systems, and the symbolic computations of plans
of systems behavior on the base of these representations, so, this view supposes the
internal control of the systems. The situated action view stresses the pure reactivity
of systems to situations sensed when observing their outer environment. Systems
components purely react to the observed situations. Their behavior is controlled
externally, by situations sensed in the systems environments.

The situated action and the symbolic deliberative approaches are often consid-
ered to be antithetical. However, (Vera, Simon, 1993) argues that there is no such
antithesis®: situated action systems are in fact symbol systems, and some past and
present symbol systems are situated action systems. We will show a possibility to deal
with situated action (reactive) systems in the symbolic formal framework, and we will
sketch a border-line between the pure reactive symbol systems and those capable to
deliberate. We will formulate precisely the possible behavior (generative power) of
some classes of reactive symbol systems.

2. Reactive Systems

The destillation strategy applied in the following to study complex systems leads
us to consider as simple as possible components appearing in the architecture of
complex systems organized in as simple as possible ways. We will attempt to describe
the possible behaviors of complex systems set up from such simple components with
respect to the principles of their communication.

To consider as simple as possible components leads to considering outer control of
the complex systems. The control of actions of complex systems lays in this case in
the structure and dynamics of the systems environment. Actions are in such cases in
fact reactions of systems components to environment structure and changes, only.

In the case of reactivity, the systems macro-goals may be explicit. However, the
local details of the (generation of) behaviors are determined by reactions of systems
components to the feedback acquired during the activities; cf. (McClamrock, 1995).
In this sense the current state of the environment may trigger some macro-goals,
too. Benson and Nilsson (1994) write in this context on teleo-reactivity: teleo-reactive
systems can react appropriately and rapidly to commonly occurring situations that
require stereotypical programs of actions. But their functions are influenced by their
macro-goals (hence “teleo”). Teleo-reactivity in dynamic, uncertain environments
implies a short sense-act cycle of the sort common in feedback control systems.

In order to emphasize the “short sense-act cycles” and the requirement to allocate
the control into the environment in the framework of symbol processing systems, a
reactive component will be formalized as a component capable to execute only a finite
number of computations which need no iterations (because of the shortness of the
sense-act cycle), and triggered only by appearence of some “start-symbols” in the

2This view is supported also by some more techmical approaches, e.g. by that presented in
(Benson, Nilsson, 1994).
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structures which will formalize the environment of the systems. So, the simplest type
of components — when triggered by start-symbols appearing in their environment -
will generate — without any iterations — only a finite number of behaviors.

To be reactive only to the states of the outer environment of the systems, the sim-
plest organizational principle of cooperation of reactive components consist in shar-
ing the common symbolic environment in which the components are able to execute
changes (rewritings), and which they are able to “sense”.

Systems set up from just specified reactive components which communicate only
through the shared environment we will call reactive systems.

3. Colonies — Models of Reactive Systems
in Structured but Static Environments

A colony is a formal model of reactive systems, where the systems reactive compo-
nents are modelled by very simple formal grammars, and the structured (but static)
environment by a string of symbols over which the formal grammars operate either in
sequential or in parallel manner. Very simple means regular grammars which gener-
ate finite languages only. This capacity of grammars models the intuitively specified
capacity of already mentioned reactive components of reactive systems. The envi-
ronment (the string of symbols) is static in the sense that its changes appear as
consequences of components activity (rewritings of symbols appearing in the string
by grammars) only.

Colonies represent the simplest architecture reflecting the idea of total decentral-
jzation and completely emergent behavior of systems set up from purely reactive
components. Particular experiences, e.g. in (Connell, 1990), prove the practical
usability of the architecture, e.g. in real-world robotic systems design. The for-
malized concept of colonies proposed first in (Kelemen, Kelemenovd 1992) offers a
formal framework for description and study of the behaviors of systems set up ac-
cording this architecture principles from purely reactive (non-iterating) components.
For further technical details and results concerning colonies see e.g. (Dassow et al.
1993), (Csuhaj-Varjd, Piun, 1993-1994), (Kelemenova, Csuhaj- Varji 1994a,b), (Kele-
menové, Kelemen 1994), (P3un, 1995), (Banik 1996), etc.

3.1. The Basic Model
The above described basic model of a colony as well as of some of the closely
related notions are formally described as follows.
A colony C is a 3-tuple C = (R, V,T), where
(i) R={R:i|1<i<n}isa finite set of regular grammars R; = (N, T, Py S3)
producing finite languages L{R;) = F; for each ¢. R; will be referred to as @
component of C.

(ii)) V= LnJ (T: U N;) is an alphabet of the colony, and
i=1

(iii) T CV is e terminal alphabet of the colony.

We note that a terminal symbol of one grammar can occur as a nonterminal symbol
of another grammar.
Elementary changes of strings are determined by a basic derivation step of a colony:

For z,y € V* we define z N y iff
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x = 215,24, §y = T12%3, where z € F; for some i, 1 < i < n.

The language determined by a colony C starting with the word wo € V* is given by

b
L(C,wo) = {v | wo =", v e T"}.

A colony C is stable on a set W C (NUT)* iff L(C,w;) = L(C, w;) for arbitrary w;
and w; from W. The language generated by C from elements of W will be denoted
by L(C,W).

If it is sufficient for formulation and solution of problems, components are charac-
terized simply by pairs (S, F;).

3.2. Some Variations of the Basic Model

Many natural variants of colonies have been defined which differ in the definition
of single derivation step, in the choice of terminal alphabet or other termination mode,
in global characterization of derivation process (additional limitations and controls of
derivation process can be considered), etc.

Basic differences among the definitions of derivation steps are due to the number of
components used in one step as well as to the amount of start symbols (of components),
rewritten in one step by each component.

In a colony with sequential derivation exactly one component works in a derivation

step. The basic derivation step =25 is a sequential derivation step in which one
component changes one letter of the string.
In a sequential model discussed in (Kelemenova, Csuhaj-Varjd, 1994a), in the

derivation step (denoted by =) one component is used to rewrite all occurrences of
its start symbol in string (not necessary by the same word).

In (P3un, 1995), intermediate situations between z = y and z == y are studied
for a given k, where ezactly (less than, more than) k occurrences of S; are rewritten.

In (Dassow et al., 1993) a parallel model of derivation is proposed and studied.
According to this model of rewriting all components of a colony which can work must
work simultaneously on the tape and each of them rewrites at most one occurrence of
its start symbol. The case when more components (S;, F;) have the same associated
nonterminal S; requires a special discussion:

If (5, F), and (S, F;) are two components of a colony C and if (at least) two
symbols S appear in a current string, then both these components must be used, each
rewriting one occurrence of S.

If only one S appears in a current string, then each component can be used, but
not both in paralle], hence in such a case we discuss two possibilities:

— the derivation is blocked — strongly competitive parallel way of derivation denoted
by =&, and

— the derivation continues and the maximal number of components is used, nonde-
terministically chosen from all the components which can be used - weakly competitive
parallel way of derivation denoted by ==,

If the start symbols of all components in a colony are different, then both =2 and
=2 define the same relation denoted by ==

According to different selections of the terminal set of a colony colonies with
different styles of acceptance are distinguised in (Kelemenové, Csuhaj-Varjd, 1994a,b).
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The colony C = (R, V,T) with components R; = (N;, T}, P;, S;), (1 <7 < n) has -
by the definition — an acceptance style

~ “arb” iff T C o, Ti;

— “one” ff T = T; for some ¢ (1 <7 < n);

e ST = 1, T

%" iff T = ﬂ:;l T

- “dist” f T = (Ui ) — (Ui )

The language generated by C with the derivation step == for z € {b,t,= k, <
k,> k,sp,wp, p} starting with wo € V* is defined by

La(Cwo) = {v | wo == u, v e T*}.

The corresponding families of languages are denoted by COL, or by COL/ in
order to stress the style of acceptance f € {one,arb, ez, all,dist}. If colonies with
exactly n components are considered, COL,(n) and COLZ(n) are used to denote this
fact.

Further mechanisms used for regulation of derivation in colonies are time delays
of components, hypothesis languages and transducer-colony pairs.

A time delay, associated to each component of a colony, was proposed and studied
in (Kelemen, Kelemenova, 1992). It determines a minimal “time” period between
two consecutive applications of a component using the so called delay vector d =
(di, ..., dy) of nonnegative integers for a colony C7.

A derivation step of a colony with delay is defined for pairs (w,t), where w is
a string and ¢ is a n-tuple of integers (determining possible active components of a
colony). So, Let C7 = (R, V,T,d) be a colony with delay. Then

(wi,t) =>c, (w2, t') iff wy = 21523, t = (t1,...,1) with t; = 0 for some j,
1 < j < nwy = 3122y for some z € L(Gj), t' = (,...,1}), where t; = d; and
t) = maz{0,m; — 1} for all 7, 7 # j.

Note that to put d = (0, .. .,0) gives the basic definition of colonies. The derivation
step for a colony without delay corresponds to t being the zero vector.

A language defined by a colony Cr with axiom wp and with start delay vector g
is the set

L(Cr,wo, to) = {w € T™ | {wo, to) :Z’T (w,8)}.

The corresponding family of languages is denoted by DCOL.

A colony is a model of a system designed for solving certain problems, hence it is
supposed that its actions tend to some expected results. This can be captured in the
framework of colonies e.g. by considering a target language for selecting the sentential

forms generated by the colony (Piun, 1995).
A colony with a (regular) hypothesis language is a quadruple

C'H =(R,‘/7T5H)7

where (R, V,T) is a colony and H is a regular language in V* — 1™,
For f e {x,t}U{<k,=k, > k]| k>1} and 1 (1 €t < n,) the colony accepts a
derivation z =% yonlyifye Hory e T™.
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The language generated by Cy in the mode f starting with wg is the set
Li(Crywo)={zx €T |w0=f>w1 ——f—>...——£‘>ws =z,
5>21,1<1;<n,1<j<s, and
w; € Hl1<j<s~1}.

(No hypothesis is made about the last string, the terminal word.)

(Pdun, 1995) proposes a model for situation when different components “speak
different languages”, and a transducer is required to intermediate them:

A colony-transducer pair is a couple (C,g), where C = (R,V,T) is a colony, and
g = (V,V,Q, so, F, P) is a generalized sequential machine (gsm) (Q is the set of states,
so is the initial state, I' is the set of final states, P is the set of translation rules of
the form sa — zs', 5,8 € Q,a €V, z € V).

The lenguage generated by a colony (C, ¢) in the mode f starting with wy is

LiCgwo) ={x €T |w :ﬁ; w, = g(wn) =¢lf2 wy = gwy) = ...

o=l w,=2,5>1,1<4;<n,1 <5 <)

Variants of colonies for modelling “life-like” features as parasitism and symbiosis —
the so called structured colonies — are proposed and studied in {Csuhaj-Varjd, Pdun,
1993-1994):

A structured colony is a comstruct ¢ = (N,T,w,Ci,...,Cn,¢), where
(N,T,w,Ch,...,Cy) is a colony and ¢ : {Cy,...,Ch} — 2{01:-+Cn} is a mapping.
(¢ describes the dependences between the components.)

By different usage of ¢ different modes of derivation can be defined, for instance:

For z,y € (NUT)* we say that z derives y in o by a direct derivation step under
strong dependence relation, denoted by z =>4 y, iff either

-z =155 5}, .- - Sj.z2, $(C;) = {C;}, and y = zy2:i2j,2;, . .. 2,24 OF

- 21855, ... 85,85, Siza, ¢(C) = {C;}, and 212, ... 2,25, 2%
for z; € Li, z; € L;, zi, € Ly, 1 < 3, ¢(C) C {Ci,Cr,}, Cx, € (C5), ¢(Cxy) <
{CkQ,C]’}, Ckz € ¢(Ck1)7 ¢(Ckr) - {Ckr—17okr+1}7 Okr+1 € ¢(Ckr)7 2<r<s—1,
¢(Cr,) C{Ck_y}. or

— X = a:lSk, v Sh SjSiSIStl e Stp:cg, QS(C,) = {Cj,Cz} and

Y = T1Z, . .. 2k, Zj %2002 . - - 24, Ty OT

- = .’Iflstp N SgISgS,;SjSkl . Sksil,'z, gb(C,) = {C,-,C,} and

Yy = :clztp oo R4y ZIRGZ Ry v 2k, T2
forz; € Li,z; € Ly, z€ Ly, 2z, € Ly, 1 <7 <pyzg, € Ly, 1 <r < s, and for

- ¢(CJ) < {Ci>ck1}7 Crn € ¢(OJ)7 ¢(Ck1) c {Ckzvcj}’ Cr, € ¢(Ck1)7 ¢(Ckr) G
{Ckr—17 Ckr+1}7 Ckr+1 € ¢(Ckr)) 2<r<s—1, ¢(Cks) - {Cks—1}7 and

¢(Cl) - {Cia Ch}v Ct1 € ¢(Cl)’ ¢(Ch) c {Ctmcl}: Ctz € ¢(Ct1)7 ¢(Ctr) -
{Gir—n Ctr-l—l}’ Ctr+1 € ¢(Gtr)7 2<r<p- 17 ¢(Ctp c {Otp_l}'

The language L,(c) generated by a colony o (by o-derivations, where o means a
particular type of derivation step among those definable for structured colonies) is

Lyo)={w|S= w, wel"}

The above notion of strong dependence covers both the symbiosis and the para-
sitism: when C; € ¢(C;) and C; € ¢(C;) we have a symbiotic dependence of C; and
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C; but when C; € ¢(C;), Ci ¢ ¢(C;) we can say that a parasitic dependence of C;
and C; is met (C; is supported by Cj, cannot live alone, whereas C; is independent of

C;).

The most intensively studied topic of colonies is their generative power. The
reader can find such type of result in all of the above cited literature. However, in the
following we will concentrate on slighly different questions.

4. On the Rationality of Behavior of Reactive Systems

Considering another aspect of colonies behavior, we start with an example of a
very simple mechanical device mentioned in (Thorpe, 1989). Ch. Thorpe in his critics
of the idea of reactive robotics mentioned that “it is possible to build an extremely
simple robot with no models, only reflexes, that does some tasks such as wanders on
a table top and turns when it encounters an edge. Such robots don’t need models,
computers, or even electronics; everything is done mechanically.”

The next three figures offer a particular design of the Thorpe’s Machine — a fully
mechanical child-toy in camouflage of a LADYBUG - together with the main layers of
its subsumed parts FOR providing the forward motion, and CURY making curving
possible.

(N O
[ il

Figure 1. The LADYBUG

The LADYBUG wanders a table top, and turns when it encounters an edge, so it
(almost) never crashes off the table. In other words, the behavior of the LADYBUG
is in certain intuitive sense a rational because:

— it has perceptual capabilities (to identify the edge of the table by its antennae),
— it has a possibility to execute different actions (through wheels it may roll straight-
forward and it may change the direction of rolling) — it executes actions having the
maximal expected utility for it (it finds the direction of the rolling in order to avoid
crashing off the table).

In terms of expectations and beliefs about utilities of performable acts in actual
states of environment the systems rationality means that the executed acts are of the
mazimal ezpected utility for the agent among the actions available at some instant
(Doyle 1988). This is the core of the formalization of rationality in the framework of
the classical decision theory.

The mathematical way of formalization of such concept of rationality is as follows;
cf. (Pollock 1992):

Let A be a system with sensation and action capabilities which connect it with
its environment — the so called agent — described by a finite set A of alternative acts
between which it must decide, a finite set O of possible states of the world, a function
u assigning numerical values — utilities — to the possible states of the world, and a set
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of beliefs about the values of the probabilities p(O/A) of each possible state of the
world on each act. The ezpected utility of an act a is then defined as

e(a) = ) u(o)p(o/a)

0EO

A decision problem for the agent A consists in maximizing the expected utility of
its acts. An agent which is able to solve the decision problem is a rational agent.

()
| ]

Figure 2. The part FOR of the LADYBUG

In (Kelemen 1996) a special type of rationality — the so called low-level rationality
of agents — is defined and studied. The idea behind that level of rationality consists
of eliminating probabilities and minimizing the number of considered states of the
world.

£~
| |

Figure 3. The part CURYV of the LADYBUG

Formally, an agent A with a finite set A = {a1,as,...,a,} of acts has the property
of low-level rationality (is an lr-agent) if it is able to solve the decision problem under
the conditions that:

(1) A “recognizes” only two states of its world, so O = {¢t, f},
(i) A has a binary utility function defined by u(t) = 1 and u(f) =0,
(ii1) the belief function of A for given q; is either

p(t/a;) =1 and p(f/a;) =0

or

p(t/a;) =0 and p(f/a;) = 1.
Comnsequently,

1 for p(t/a;) =1
ela) = { 0 for g(t/a,'; =0
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The behavior L4 of an lir-agent A is the set of all sequences a;...a; (k > 1) of
acts of A such that e(a; ...ax) =1 where e(a1...a;) = e(a1) ... e(ar).

An equivalent characterization of the behaviors of llr-agents can be given as follows:
The behavior L4 of an lir-agent A is the set of all sequences a1 ...a; (k > 1) of acts
of A such that p(t/a;) = 1 for arbitrary a; (1 < i < k) appearing in ay ...ay. For the
proof see (Kelemen 1996).

5. A Language-Theoretic Treatment of Systems
Rationality

To act in an environment means for an agent to perform a sequence of acts. Each
such sequence may be labeled by the corresponding sequence of symbols denoting the
individual acts performed by the agent. From a language-theoretic point of view, the
set of symbols denoting acts from A of an agent A may be understood as a finite
alphabet, and a behavior of A (the set of sequences of acts performed by this agent)
can be considered as a language L4 over that alphabet. Formally, L4 C A*, where A*
states for the set of all (finite) sequences (including the empty sequence) defined from
the elements of A with respect of the binary operation of concatenation of (strings
of} symbols. Thus:

— A* states, in fact, for all possible sequences (including the empty one) which
may be formed from the acts performable by A,

— L4 is the set of all sequences, which can be effectively generated by A4,

—if A is a procedurally rational agent, then there are some mechanisms of A for
selecting (generating) only a subset L7f* C L4 of rational behaviors of A,

—if A is a substantively rational ® agent, then A is able to produce only behaviors
from L’§%, so L7 = La.

From the definition of the expected utility function it follows that the behavior
L4 of an arbitrary llr-agent A4 has the following property:

For arbitrary 7,5 (1 < i < k;1 < j < k), if ay...a;...a;...ap € Ly then
@y...0;...a;...ar € Ls . There exists an infinite class of infinite langnages which
satisfy this property.

The rational behavior of the LADYBUG can be (approximately) described by the
set of all finite sequences of acts f (executable because of the physical limitations of
the table maximally k-times) and ¢ (executable because of the same reason maximally
[-times), so we have:

Lrp={(g"c"g)"11<m<kl<n<[1<r<k}

Clearly, this is a regular language.
6. Low-Level Rationality of Colonies

The decision-theoretic model of the LADYBUG presents it as a system with in-
ternal and centralized control. It does not reflect the architectural principle applied
in construction of the LADYBUG considered as a totally decentralized set of inde-
pendent, autonomous, fully reactive components acting in a shared environment.

However, we mentioned already that the LADYBUG is set up from two function-
ally separable mechanical parts, FOR and CURV. Realize now that none of these

3The notions of substantive and procedural rationality are taken from (Simon 1982); also cf. (Simon
1978).
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parts has any level of rationality — both of them (under suitable conditions, see be-
low) crash off the table. But subsuming them into an agent they generate a rational
behavior thanks to their reactivity to situations sensed in their shared environment.
So, we can consider the LADYBUG also as a decentralized system with an external
control.

Let the behaviors of the parts are

Lror ={f"s1 |0 <m <k},

and
Lcunv = {CnSZ I 0 S n S l}

Both of behaviors are finite because in all cases the strings of actions of the components
lead (after executing a number of forward or curving steps) inevitably to the state
s; and sy, resp. (by crashing of the FOR or CURY off the table; let us suppose a
slighly idealized conditions that the table is quite small, so that the “infinite” rotation
of CURYV is eliminated, that there are no obstacles on the table, no problems with
parts’ energy income, etc.).

Trying to describe FOR and CURYV as llr-agents in the decision-theoretic frame-
work we have serious troubles with defining the beliefs: accepting the previous ideal-
izations we may easily realize, that if the parts FOR or CURYV roll towards the table’s
edge, they necessarily crash (so, that p(crash/g) = p(crash/c) = 1). Thereupon, the
parts FOR and CURY are not llr-agents. However, both of the behaviors can be
described by corresponding formal grammars in an obvious way.

The languages Lrpor and Lcyry are finite, while the colony formed with their
grammars generates an infinite language, L1 m.

In (Kelemen 1996) is proved that the class of llr-agents with behaviors generated
by colonies is infinite.

This proposition shows, that at least the low-level rationality of systems may
appear as an emergent effect of unsupervised individual behaviors of a finite number
of autonomous purely reactive and non-rational components. It is also clear that this
rationality is substantive in its nature, because of the lack of any internal control
mechanisms in colonies.

7. Integrative Societies of Agents

Societies (at least the animal and robotic ones) can be grouped into two basic cat-
egories (Parker 1993): In the case of differentiating societies the individual members
of the societies are formed within the group according to the needs of the society. In
this case, the individual exists for the good of the society. On the contrary, societies
that integrate depend upon the attraction of individual independent components to
each other. In the case of integrating behavior, the components of the society are
driven by a selfish motivation which leads them to seek group life because it is in
their own best interests.

One of the most important problems of inventing any particular architecture for
robots intended as individual agents in integrative societies consists of inventing mech-
anisms of adaptive action selection by an individual agent which selects actions appro-
priate with respect its individual mission. Actions must be selected on the one hand
without any global control strategy, on the other, they must contribute to emergence
of a global behavior of the society accomplishing certain global task. This section
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shows how one mechanism of action selection ~ the mechanism of motivation pro-
posed in (Parker 1993) — may be considered as externally controlled and treated in
the formal framework of colonies; for more details see (Kelemen 1993).

According to Parker’s proposal, the individual agents are supposed to be designed
using the behavior-based approach as collections of simple reactive components each
receiving sensory input and controlling some aspects of the actuator output. The
behavior of each agent emerges from the behaviors of its parts without any central
control or global strategy of cooperation of its components.

A robot receives information from its environment through its sensors and through
an explicite communication with the other robots. Communication is, however,
treated as a behavior. Both sensory data and explicit communication are inputs,
and make the action selection adaptive to tasks performed by other agents without
introducing any global control.

Unlike typical behavior-based approaches, the architecture delineates several be-
havior sets that are either active as a group or are hibernating. Each behavior set
corresponds to those levels of competence required to perform some task.

Because of the alternative goals that may be pursued by the agents, they must
have some means of selecting the appropriate behavior set to become active. For
achieving this action selection the motivational behavior is utilized, which controls
the activation of each behavior set.

The output of a motivational behavior is the activation level of its corresponding
behavior set. When this activation level exceeds a given threshold, the behavior set
becomes active. Once a behavior set is activated, other behavior sets are suppressed.
Then, over the time, the motivation for performing a behavior set increases as long
as the corresponding task is not accomplished, as determined from sensory feedback.

Suppose now that a robot belonging to a society is described formally by a colony C
each component of which being a description of the reactive behavior of a correspond-
ing component of the robot. Suppose C to be stable on a set W, and the behavior
of C to be L. Let W be the set of the samples of data observed by the real agent
and communicated by other real agents. Because of the finite scalling capacity of any
sensor and the limited exchange of information among the real agents, we suppose W
to be finite.

As it was already mentioned, a real agent is able to perform different (but a finite
number of) behavior sets. Describing the real agent by a corresponding colony C,
these sets can be formally expressed as subsets L; of the behavior L of a colony C
such that L = |JI_, Li. A motivational behavior for the behavior set L; is then a set
W; such that C is stable on W; and L(C,W;) = L;.

Having in the mind the sensory and communication limitations of real agents it
is meaningful to suppose also W; to be finite. Then to motivate an agent to select
a behavior set L; means to generate the appropriate motivational behavior W; for it.
Because W; is finite, this task can be done by extending the original architecture
of C by a simple specialized component-like agent with behavior W; which is sta-
ble on certain set U;. Note that the set U; may contain also elements consisting of
sensed /communicated data which are inaccesible to the original C. This extension
models certain aspects of action selection and envisions the basic architectural prin-
ciple which makes the purely distributive cooperative control scheme possible. Since
individual agents remain fully autonomous, they have the ability to perform useful
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actions even amidt the failure of other agents.

The basic theoretical question concerning action selection by motivation can be
now posed as follows: Is it possible to find an appropriate motivational behavior W;
for a given behavior set L; of C, and a colony with the behavior W; which is stable
on a set U;? The answers proved formally in (Kelemen 1993) may be recapitulated as
follows:

For motivation of disjoint behavior seis the corresponding motivational behaviors
must be disjoint. If the motivational behaviors are not disjoint, then they cannot
motivate different behavior sets.

If the behavior sets are disjoint then motivational behaviors for them must be dis-
joint, too.

If disjoint finite sets are given then it is possible to construct an agent with such
sets as behavior sets motivated by disjoint motivational behaviors.

8. The Role of the Environment

In the previous sections we demonstrated how some “mentalistic” explanations
of rationality may be (at least in certain level) replaced by “interactionistic” ones
which emphasize the interactions among the (relatively) independent (autonomous)
non-rational parts of a rational system. Now, we complete our views by adding some
remarks on the role of interactions of rational systems with their environments.

It is clear, that an agent is rational only in some “natural” surrounding envi-
ronment. (All the human rationality disappears if the hunam being is faced with
an absolutely unknown environment; in fact, we can’t imagine such an environment.
Similarly, all the low-level rationality of the LADYBUG disappears in an environment
with vertical obstacles — say, boxes on the table top.) As (Horswill 1995) pointed out,
a rational agent should take advantage of the special properties of its environments
which may simplify the decision problems which face it. Thus, from the standpoint
of the agent and its designer, environments have some important properties. If we
try to understand the behavior of an agent in its environment, we must make these
properties explicite and draw out their significance for the agent. We will try to do
that and expand appropriately our previous grammatical model.

Horswill (1995) considers an environment as a concrete thing, a place in which
a particular agent acts. The set of environments in which an agent can perform its
activities he calls a habitat. A habitat constraint is a predicate on environments. Its
extension is the set of environments which satisfy it. A given environment or habitat
can be partially characterized by the set of constraints which it satisfies. Thus the
habitat forms a useful descriptive language for environments and habitats.

In our framework we understand a habitat of an agent as a formal specification of
the states of agent’s environment in terms in which the agent’s possibitities to act in
this environments are expressed.

Formally, let LZ* be the set of rational behaviors of an agent modelled by the
colony C. Then the set H C (Ng UT¢)* we will call the habitat of C if for arbitrary
w € H, w=="*z implies z € L7*.

Relating the concept of habitat to the concept of the stability defined in Section
3, we can — immediatly on the base of definitions - state that every set in which the
colony C is stable forms a habitat for the agent modelled by C.

With respect of the LADYBUG, in Section 5 we specified its behavior as the
language L7a. The parameters k& and [ appearing in its specification reflect some
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physical properties of a particular table on which the LADYBUG rolls, some proper-
ties of LADYBUG’s environment. To construct a habitat for the LADYBUG means
to determine the descriptions of LADYBUG’s environments in which it behaves ratio-
nally (does not fall the table top). What is very important in this respect is to express
the environments regularities (the minitheory of the environment) in concepts which
are related to the LADYBUG’s concepts of it environment. In this particular example
this means to express the characteristics of the environment in LADYBUG’s possi-
bilities to sense the table tops edge, and to move forward or to change the direction
of the motion.

9. Colonies in Dynamic Environments

The agent/environment interactions play a crucial role mainly in situations when
the environments in which the agents act have their own dynamics. For the situations
when the laws of environment dynamics are known and may be characterized in the
symbolic level, in (Csuhaj-Varjd et al. 1994b, 1996) a formal framework — the concept
of so called eco-grammar system is proposed and studied. Colonies may be considered
as a simplfyied variant of such systems based on purely reactive components sharing
a common string — their environment — which has its own dynamics governed by some
rules. We may imagine these rules in the form of rewritings. The overall dynamics of
the whole system set up in this style consists then in two main phases: In the first
one the colony executes one step of its modification of the environment. Then, in the
second phase, the rules describing environments dynamics are applied — in parallel -
and execute environment changes.

More formally, a colony with dymanic environment — or an extended colony, ac-
cording (Csuhaj-Varja, 1996) —~ may be defined as a structure

E=(V,T,Hy,...,Hy,Ry,..., R, S)

where V and T (T C V) are the total and the terminal alphabets of E, H; is a finite
set of context-free or regular rewriting rules defined over V, R; is a component defined
as in the basic case of colonies (V; C V), S — the starting symbol of E —is an element
from V, and T is a subset of the union of all Tis.

The functioning of the structure consists of an action of a component on the
environment as in the case of basic colonies, and of a development of the environment
acording the rules included in H;s and applied in a paraliel way in the sense accepted
in the theory of L-systems - in the 0L manner; cf. (Rozenberg, Salomaa, 1980).

The basic model of derivation in colonies with dynamic environment can be defined
as follows:

Let 2,y € V. Then z directly derives y (in the basic mode of derivation; in the
b-mode), if one of the following cases hold:

—there is a start symbol S; of some of components R; such that = 15,2, 31,22 €
V*. Then y = yywys, w € L(R;), and 1 =g, Y1, %2 =>H; Y2, for some j, and H; is
applied in the 0L style.

— x # 215;x3 for any i for z,,z; € V*. Then £ == g, y for some j, and H; is
applied in the 0L manner.

The language defined by such a type of colonies can be defined in the usual way.
Similarly as in the cases discussed in Section 3, we can define the acceptance styles
arb, one, all and ex.
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The generative power of the just defined type of colonies overcomes the generative
power of ET0L-systems for the basic variant of derivation and the acceptance style
arb.

10. Conclusions

The previous sections present a conceptual framework for dealing with some prop-
erties of systems set up from simple, purely reactive components. The framework is
based on the theory of grammar systems — a well-founded mathematical approach to
distributed or decentralized processing simple symbol structures (Csuhaj-Varjd et al.,
1994a). Thus, the presented approach is in many directions limited. No formalization
reflects the whole complexity and all of the details of the formalized entities and/or
phenomena.

The presented framework is intended mainly to express formally the idea of pure
reactivity, and minimal comunication of the individually simple components — the
architectural principle of and the mechanisms of emergence of complicated behaviors
from the simple ones. It is not intended for dealing with another very important
aspect of systems set up from real reactive parts — their situatedness in real dynamic
environments with a lot of uncertainties and sensory noises. Any sensor of a real
robotic system realizes only a many-to-one mapping from states of a world to the just
sensed data. Moreover, the robot deals with noises when interpreting sensor data.
The robotic system decides its actions based on these data, leading to unexpected
changes in the environment caused by robots actuators.

In a grammar agent, however, when a symbol is read, the agent is assured that it
really did read that particular symbol — i.e. it does not have to deal with noises when
interpreting the sensed data nor when expecting the changes in the sentential form
just under rewriting, when executes a rewriting step. Likewise, when a grammar agent
changes some part of a string, it can be assured that the update was what the agent
intend — writing a symbol A will result in an A being written. When a robot decides to
grasp an object A, the result may or may not the A being grasped. Thus, the abstract
description of an environment equals the actual environment for the grammar agents
which is not the usual situation in the case of real embodied robots situated in real
changing environments. Only having these in mind we can state that the components
of a colony of grammars are situated in their symbolic environments.

However, the behavior of a colony really emerges from interactions of its compo-
nents acting autonomously in their symbolic environment and can considerably over-
come the individual behaviors of the components. Similarly, the analysis of the level
of rationality of colonies proves that at least this level of rationality may in principle
appear in behaviors of the real purely reactive robots or other kinds of agents. The
framework enables also to deal with some aspects of the interactions of environments
and agents, and with some phenomena appearing when we see agents as societies of
simple autonomous components.

As a generalization, let us repeat the position expressed first in (Kelemen 1993):
We recognize four main principles reflected by the grammatical theory of colonies,
which appear in behavior-based robotics and in some other branches of research con-
nected with autonomous agents as well. There are:

e The principle of total decentralization of complex systems into simple compo-
nents.
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o The transparent simplicity of components behaviors in comparison with the be-

havior performed by the whole system.

o The principle of liberalism — components behave without any explicitly defined

obligatory strategy of cooperation.

e The principle of emergence — the behavior of the system emerges as some kind

of side-effect of the behavior of components.

The sketched framework enables us to deal with any of these principles in a symbol-
manipulating level. In discussions on the reactionistic and cognitive approaches to
intelligent systems (cf. e.g. (Vera, Simon 1993)) our framework supports the idea
that some of the principles are present in both of them, but has been emphasized
with different intensity up to now.
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Grammatical Inference of Colonies!

Petr SOSIK, Leos STYBNAR

Institute of Mathematics and Computer Science
Silesian University, Opava, Czech Republic

Abstract. A concept of accepting colonies is introduced. A hybrid
connectionist-symbolic architecture (“neural pushdown automaton”) for
inference of colonies based on presentation of positive and negative exam-
ples of strings is then described, together with an algorithm for extracting
a colony from trained neural network. Some examples of the inference of
colonies generating/accepting simple context-free languages illustrate the
function of the architecture.

1. Introduction

The problem of grammatical inference is generally hard and even for regular lan-
guages it is NP in the worst cases. There have been various heuristic methods de-
veloped, trying to find a suitable solution with reasonable computational expenses.
We shall focus our attention on hybrid architectures coupling principles of neural and
symbolic computation.

There have been many such architectures presented, concerning mostly (but
not exclusively) the connectionist-symbolic grammatical inference of regular [1], [6],
context-free [22] or context-sensitive [2] language acceptors. For a broader description
of these results we refer to [21]; a brief overview can be found in [20]. The unifying
approach of these results inheres mostly in unfolding input strings into the time-series,
so they are presented one symbol at a time and processed serially. This seems to be
not due to the nature of artificial neural networks (ANNs), which is inherently par-
allel. In fact, this drawback isn’t overcome in this paper still, but some attention is
devoted to accepting grammar systems (GS) — possibly parallel accepting devices.

There are many links between ANNs and GSs: parallelism, independently work-
ing elements (agents/neurons), communication of the elements, absence of centralized
control. On the other hand, there remain many problems of representing one paradigm
by another: fixed communication graph of ANN vs. dynamic communication of GS,
virtually unlimited potential of GS agents (each agent must be able to act simultane-
ously on an arbitrary number of symbols of the generated string), and so on [20]. The
model of the accepting grammar system presented here doesn’t involve some of these
problems (balanced by its less accepting power) and can be successfully extracted

from a trained ANN.

2. Basic Definitions and Properties

In this section the basic definitions of the constructions necessary to describe our
model are given. Often only a special form of a definition is given, simple enough to
have the properties necessary for the model; the general forms can be found in the
references cited. Also some properties of accepting colonies are derived.

1Research supported by the Grant Agency of Czech Republic, grant No. 201/95/0134.



237

We denote the classes of finite languages, regular languages, linear languages, Dyck
languages, languages accepted by the deterministic pushdown automata without A-
transitions (DPDA) and context-free (CF) languages by L(FIN), L(REG), L(LIN),
L(DYCK), L(DPDA) and L(CFY), respectively.

If z € V*, where V is some alphabet, and if W C V, then |z|w denotes the number
of occurrences of letters from W in z.

2.1. Artificial Neural Networks

Here we only briefly describe the basics of the ANN model used below. For a more
detailed tutorial we refer to [9], a broad explanation can be found in [8].

Qur ANN is a finite set of interconnected autonomous agents — neurons. All the
neurons in the network compute the same function

yi =00 aijzy),

i=1

where z;; are the inputs, the y; is the output of the neuron, 4 is the threshold function,
see figure 1. The constants a;; are called the weights of the inputs.

The input of ANN is some n-tuple and the output some m-tuple of real-valued
signals. There are feedforward and feedback connections, which leads to nontrivial
dynamics of the network. Such a type of network is called a recurrent neural network

(RNN).
22 . % L — Y —
-2 -1 0 1 2
6; — 1

Figure 1. The basic model of neuron and the treshold function.

a;N,
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2.2. Colonies

Colonies and the languages they generate have been described e.g. in [15], {11],
[12]. There have been various generating modes and styles of acceptance defined.
Here we restrict ourselves to the basic mode and the dist style of acceptance used
in our model, although the other styles could be modelled as well. In this sense the
following definitions are simplified compared to the original ones.

Definition 2.1. A colony is an (n + 3)-tuple C = (N, T, Ry,..., R,,S), where
(i) N is the set of nonterminals of C;

(i1) T is the set of terminals of C; NN T = §;

(iil) R; = (Si, F), for every i,1 <7 < n, is the component of C; §; € N is the start
symbol of R;; F; C (T UN — {5;})" is a finite language;

(iv) S=5; for some 7,1 < ¢ < n; S is the start symbol of C.
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We denote the total alphabet of C by V,ie. V = TUN. We can assume
N ={5;,5,,...,5.} and F; # 0 for every ¢,1 < i < n, without loss of generality.

Definition 2.2. Let C = (N,T,Ry,...,R,,S) be a colony and let z,y € V*,
where V is the total alphabet of C. We write & =4, y, iff there is a component R; of
C for some 7,1 < 7 < n, such that z = z,5;z, and y = z;wz, holds, where z,,25 € V*
and w € F;.

Definition 2.3. Let C = (N, T, Ry, ..., R,,S) be a colony. The language gener-
ated by C is defined by Lgen(C) = {w | S =5, w,w € T*}, where =, denotes the
reflexive transitive closure of = zen.

Let us denote Lyen(COL) the class of languages generated by the colonies defined
above. It has been proven in [10], that Lgn(COL) = L(CF).

2.3. Accepting Colonies

A concept of accepting grammar systems has been introduced in [3], [4], [5]. We
now introduce accepting colonies in a similar way, together with the concept of deter-
minism, since our neural model is deterministic.

Definition 2.4. Let C = (N,T,R;,...,R,,S) be a colony and let z,y € V*,
where V is the total alphabet of C. We write y = acc , iff  =gen v

Definition 2.5. Let C = (N,T,Ry,..., Ry, S) be a colony. The language ac-
cepted by C is defined by La.(C) = {w|w =% S,w € T*}, where =7} denotes the
reflexive transitive closure of = 4.

We denote L..c(COL) the class of languages accepted by the colonies defined
above.

If y =ace 21 and y =>acc &2 implies z1 = x; for every y € Lac(C), then we call the
system dynamically deterministic; in this case, we add the letter Dy to the notation
of the system. This form of determinism guarantees that the accepting colony can at
each derivation step perform at most one possible action; if there are more possibilities,
the string is rejected.

If F; N F; = 0 for every 7,4,1 < i < j < n, we call the system statically determin-
istic; in this case, we add the letter D; to the notation of the system. This guarantees
that for every y there is at most one 7 such that y =, 5i.

If no set F; contains the empty word A, we call the system propagating; in this
case, we add the letter P to the notation of the system.

Theorem 2.6.
(i) ‘CaCC([P][Dd/Ds]COL) = 'Cgen([P][Dd/Ds]COL)a
(i) Lace(PDiCOL) = Lace{ DiCOL) C L{LINY; Lace(DaCOL) and L{REG) are

incomparable,

(i) Lgen(DsCOL) = Leen(COL).

Proof. (i) The statement follows directly from definitions. Note that the concept
of both the dynamic and the static determinism is the same for the generating and
the accepting case.
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(ii) First, note that the existence of the empty word A in some F; would destroy the
dynamical determinism. Now, let C = (N, T, Ry, ..., R,,S) be a colony in the class
n

D;COL. Without loss of thee geenerality, we can assume that for every z € |J F;
=1
there exists a derivation S =3, WSy = gen WTY 5., u,u € T for some 3,1 <2 < n.
n
Then |z|y < 1 for every z € |J Fi. Let us assume for contradiction, that there existed
i=1
a derivation S =g, WSiY =>gen WT15;225kT3Y = o W' T3 21 T52575Y" = u,u € T such,
that 5; = fen 21 =gen. 2y and S =>gen %2 =Pgen zl, for some ¢,7,k, 1 < 4,5,k < n and
some w', 2}, 24, 25,y € T, w, 1, 2,23,y € V*, 2],25 € T* and 21,2, € V. Then
U € Lace(C) and u = pec W'zl z17h2525y" and u =, w'z]2{zh2025y’ would hold.
Now, let G = (N, T, P, S) be a context-free grammar such that P = |J(|J S —
=1 z€F;
z). Then L(G) = Lae(C) and G is linear. For the proof of the second statement, note
that {a™|n > 1} & Laoe(DaCOL) and {a™b"|n > 1} € Loee(DaCOL).
(iii) We follow the proof of Lemma 2.3 in [4].
Let C = (N,T,R;,..., Ry, S) be a colony. We define N' = N U {S,41}, where
Snt1 is a new symbol. Let Rn41 = (Sn41,{A}) be a new component of the colony.
For each F;,1 <1 < n, we define

conflict(F;) = {z € Fi|(3j # i)(= € F})},

no — conflict(F;) = F; — conflict(F;).
Define

DET(R;) = (S:,no — conflict(F}) U {25, |2 € conflict(F;)}).
Consider the statically deterministic system
C'=(N',T,DET(R,),...,DET(R,), Ruy1,S).

It is easily seen that Lgen(C) = Lgen(C"). |

We do not know much about the class L..o(PD;COL); we conjecture that it
contains L(DPDA).

3. Hybrid Neural-Symbolic Architecture

The idea of these architectures was introduced first in the classical paper [13]. As
it was mentioned in [20], RNN needs some external stimuli during its work, otherwise
it tends to reach a stable state soon, which is in contrast with recurrent application
of the same rules during the accepting of a string by a grammar system. Moreover,
the RNN should be of finite size, but the grammar system should be able to accept a
string of an arbitrary length.

The simplest possibility of how to solve these problems is to present the input
string serially, which nevertheless leads to a lack of parallelism. The occurrence of the
empty string A in some F; would cause another problem, so we will restrict ourselves
to the propagating systems.

Consider an accepting colony C = (N, T, Ry,..., R,,S) with the serial access to
the accepted string w. We start with the leftmost part of the string w and find a
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component R; for some 1,1 < ¢ < n, such that there is z € F;,z = uy and w = wv
for some u,v € Tt and some y € ({A\} U NV*). Hence the component R; becomes
active. Whenever there occurs the symbol S; € N within z for some 7,1 < j < n, the
component R; becomes active, but we must remember that after it finishes its work,
the component R; may has to continue. On the one hand it becomes clear that there
has to be a stack for storing calling sequence of the components of the colony.

On the other hand, we must take into the account the fact that in the phase of
inference we know neither the number nor the language of components of the colony
being inferred; they must be the result of the inference algorithm. As it seems to
be much more difficult to change the structure of the RNN in the phase of learning
than to change the weights of the neurons only, it follows that we perhaps should
not incorporate an expected structure of the colony into the network topology. More-
over, as storing and retrieving information to/from the stack have to be subjected to
adaptation, these operations must be continuous in some sense (see the next section).

Again, the simplest solution seems to be the use of a homogeneous RNN, which
can store/retrieve to/from the stack some information, no matter what they represent.
Then after training we can extract the result from the structure of the internal states
of the network and assign an interpretation to it.

3.1. Neural Deterministic Pushdown Automaton

It has become clear during the last years that enhancing the computational power
of an RNN over that of finite automata requires an expansion of resources. The
disadvantage of many models as in [17], [18] is that they do not involve effective
adaptation.

The idea of deterministic neural pushdown automaton (NPDA) has been reported
first by [17]. We follow the model described in [22], which has the following advantages:

o the stack is considered to be external and not necessarily represented within the
RNN; some arguments supporting this approach can be found in [20};

o the model needs only very brief preliminary information about the expected size
of the inferred system;

o both the finite neural automaton and the stack operations are subjected to an
adaptation process, thanks to the concept of continuous stack memory;

o effective procedures for training such a system have been provided, together with
algorithms for extracting the pushdown automaton from the trained network.

There are also some necessary restrictions of the described model; the most im-

portant seems to be the request that every rule of the NPDA must be in one of the
following forms:

(a) 8(¢gi,a, b) = (g;, 1),
(b) 5((],’, a, b) = (qj7 b)7

(C) 5((],',(1, b) = (qj, ab)
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Moreover, the tape and the stack alphabets are the same, except the starting
stack symbol L. No A transitions are allowed. If there are no restrictions applied to
the strings stored into the stack in the rule forms (b) and {c), the automaton is be
equivalent to a CF grammar in the 2-SNF [23] and it is be able to accept any language
in L(DPDA). With these restrictions the class of accepted languages is reduced.

Theorem 3.1. Let M = (Q,%,T,6,s,F) be a DPDA such, thatT' = ZU{L} and
each rule of 6 is in one of the forms (a),(b),(c), where ¢;,¢; € Q,a € &, b € T'. Denote
L(M) the class of the languages accepted by the automata of the described type. Then
L(DYCK) C L(M) C L(DPDA) and L(M) is incomparable with L(LIN).

Proof. As it has been shown in [23], the rule forms (a) and (c) are enough for
constructing a DPDA with one state accepting any Dyck language. The form (b)
together with more states extends the power of the automaton over the class of DYCK
languages. Note, that for instance {a®**b"|n > 1} € L(M) and {a®b" | n > 1} ¢
L(DYCK).

Now, consider the language generated by the linear grammar G =
{8}, {a,b,u,v,w,z},{S — aaSu/ebSv/baSw/bbSz/A},S). It is easily seen that
L(G) € L(DPDA) and L(G) ¢ L(M). To finish the proof, it remains to note that

there are nonlinear Dyck languages. o

The whole NPDA consists of a finite size neural network controller (an extended
version of a neural network finite state automata) and an infinite continuous stack
memory. The controller is an RNN consisting of third order neurons (also second order
would be possible) trained by the real-time recurrent learning (RTRL) algorithm. The
infinite continuous stack memory consists of two parallel stacks: the discrete one,
which stores the symbols, and the continuous one, which stores the continuous length
L of every symbol, 0 < L < 1. There are three actions defined upon the stack memory,
each of them having the strength A;, 0 < A; < 1:

e push, which stores the input tape symbol onto the top of the stack with the
assigned length A;;

e pop, which removes the top symbol(s) so that the total depth of the continuous
stack is decreased by A;;

e 7n0-0p, which causes no change in the stack memory.

The configuration of the automaton is defined in the usual way. The language
accepted by the NPDA consists of the strings which transfer the automaton from the
initial configuration (¢, L, w) to the configuration (gr, A, A), so that the final state
must be reached and simultaneously the stack must be emptied. Each input string is
finished with a special symbol e.

The schematic diagram of the model is presented in figure 2. For more details about
the continuous stack, training algorithm, symbol representation and state dynamics
we refer to [22], [14].

3.2. Extraction of a Colony from the Trained NPDA

The NPDA is trained using a set of positive and negative samples of strings (that
have to be accepted/rejected) of some language in £(M). During the training the
topology of the NPDA is not changing, but the space of the internal states is evolving.
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The training is finished, when (almost) every string of the training set is correctly
classified. But the final output state consist of analogous values between 0 and 1, so
the classification is not strict. There exist analogous errors, which can accumulate as
the input string become longer, due to the NPDA nature of a continuous dynamic
system.

1 f
next state action on stack '
T ]
I
L

| } { ]

L J
state neurons input symbol top of stack continuous

e ar T=—|stack

Figure 2. The architecture of the NPDA.

For a correct classification of strings of an arbitrary length, it is necessary to extract
a discrete accepting device from the trained NPDA. The result of this process highly
depends on the quality of the extracting algorithm, based mostly on clustering in the
space of neuron states. Generally, we want to extract as small an accepting device
as possible, but still homogeneous with the set of training samples. More detailed
descriptions of the clustering algorithms can be found in [1], [6], [22], etc.

We present here an algorithm for extracting a colony from the NPDA M =
(@,%,T,8,3, F) having already performed hierarchical clustering of states. It em-
ploys some special features of the NPDA to obtain as simple a grammar system as
possible. Let us denote by g¢i,...,¢r the clusters of state neuron output values of
NPDA, let us quantize the action neuron states to three levels with assigned labels
push, pop, no-op. Let us express the state transitions in the form of the oriented graph
with the starting node ¢, and the final node ¢gz. To every edge a triple (a, b, act) is
assigned, for a € X, b € T, act € {push, pop, no-op}. The nodes from which the final
node is inaccessible are ignored.

Algorithm 3.2.

1. Let us denote C = (N, T, Ry,..., Ry, S) the derived colony. Let us assign 1" :=
27 N:= {[q17 —LaqF]}7 n:=0.

2, If there is [gi, b,¢;] € N such that [g;,b,q;] is not the starting symbol of any
component Ry, for some k,1 < k < n, then continue, otherwise go to step 5.

3. Assign n :=n + 1, add a new component R, := ([, b, ¢;],#) to the colony. For
every edge (a,b,act) from the node ¢; to the node gy, for some ¢, € @ do the
following:
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(a) if act = pop and ¢, = ¢;, add the string a to the F,;

(b) if act =no-op, add the string a[g, b, g;] to the Fy,; add the symbol [g, b, ¢;]
to N,

(c) if act = push, add the string a[gm, a, ¢5][gp, b, ¢;] to the F, for every g, € Q
such that the node ¢, is accessible from the node ¢; and ¢; is accessible
from g¢,; add the symbols [gm, ¢, ], [¢s, b, ¢;] to N; accessible means the
transitive non-reflexive closure of the graph edge transitions.

4. Go to step 2.

5. Apply an algorithm for excluding the nonterminating components of the colony
(quite similar as excluding the nonterminating symbols of the CF grammar).
Exclude S; from N for any nonterminating component (S;, F;). Exclude the
strings containing S; from Fj for every j,1 < j < n. Adjust the value of n.

6. For every component (S;, F;) for some 7,1 < ¢ < n, such that F; C T, do the
following:

(a) Replace every string z15;x, in F; for some j,1 < j < n and z1,z, € V*
with the strings z1yz, for every y € F;.
(b) Exclude the component (S;, F;) from the colony.

7. For every two components (S;, F;),(S;, F;), for some i,7,1 < ¢ < j < n, such
that F; = Fj, do the following:

{(2) Replace every string z,5;z5 in Fy for some k,1 < k¥ < n and z;,z, € V*
with the string z;5:z,.

(b} Exclude the component (S;, F;) from the colony.

8. For every component (S, F;) for some 4,1 < ¢ < n, such that there is a string
z1S;z4 € F; for some z1, 25 € V| do the following:

(a) Assign n:=n+1, add a new component R, := (Sy, {S;}) to the colony.
(b) Replace all occurrences of S; within the strings in F} with S,,.

It is easily seen that L{C) = L{(M), where C is the colony derived from M by the
use of the algorithm described above.

4. Simulation Results

There are three examples given in [22]. Due to the fact that we use the same
training process in our model, we can utilize these results at the situation when the
RNN has been trained and the hierarchical clustering of the states has been already
performed. Then our algorithm for extracting a colony from the trained network will
be applied and the results will be presented.

Example 4.1. The Balanced Parenthesis Language

The input alphabet consists of symbols [, | (we omit the final transition coupled
with an end symbol €). The training set contains fifty strings with an approximately
balanced number of the strings to accept and to reject. The trained NPDA is presented
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in figure 3 (the nodes from which the final node is inaccessible are omitted). The state
(1,.25,.25) is final.

Figure 3. Trained NPDA accepting balanced parenthesis language.

After applying Algorithm 3.2, the resulting colony with five components
looks as follows: C = ({S,51, 852,55, 54}, {1, €}, (S, {[S152}), (51,{[9355,0}),
(S2, {15154, €}), (85, {S1}), (81, {52}), 5)-

Example 4.2. The language 170"

The input alphabet is {0,1}. The training set consists of 12 legal and 15 illegal
strings. In order to have only short strings in the training set, and due to the fact
there are relatively few short legal strings in this language, the training set replicates
some of the short legal strings. The trained NPDA is presented in figure 4. The
state (1,1,1,1,1),(1,0,1,1,1) is final. This state (and the second one denoted by two
vectors of the neuron outputs) was created by merging of two equivalent clusters.

(0,1, pop)
(0, L, push)
(1, 1,push)Q(0, 0, push) (1,1, push)
1 1 17 1,0, push) 0
0 0 1.0 (1,1, push)
0 (17J~qus}l1 0 (0,1,}70])) 1,1 (L—Lapu‘Sh)
0 0} L1} (0,1, push
0 1 :
(0, L, push)

Figure 4. Trained NPDA accepting 01" language.

The resulting colony with three compoments is C' = ({S5,51,5:},{0,1,¢},
(Sv {1516})7 (Sl7 {1S2Oa 0})5 (S2v {Sl}), S)

Example 4.3. The Palindrom Language

This problem was found to be the most difficult among the presented ones. It
has been shown in [14] that the described neural structures are not able to learn this
grammar without “hints”. The so called full third-order network structure has been
used in [22] to overcome this problem.

The input alphabet is {a, , c}, the palindroms are of the form wew”,w € {a,b}™.
Two training sets containing 39 and 363 strings were used. The trained NPDA has
six states from which the final state is accessible. The resulting colony with five com-
ponents is C' = ({S, Sy, Sa, 53, Ss}, {a, b, €}, (5, {bSie, aSze}), (S1, {[6S3b, aS4b, cb}),
(52, {aS4a, nga, ca}), (53, {Sl}), (54, {Sg}), S)
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5. Conclusion

The class of accepting colonies has been defined and some of its properties have
been derived. It was shown that to present an input string serially (which is needed
for the described hybrid connectionist-symbolic architecture), it is necessary to have
an infinite memory (stack).

The adaptive neural pushdown automaton together with the algorithm for extract-
ing a colony from the learned neural network was presented and some colonies were
successfuly inferred. This documents the possibility of constructing the artificial life
models with the ability of adaptation to the surrounding environment.

The drawback of this model is its serial access to'the input string. So the direction
of the further research is constructing parallel adaptive neural models of parallel
working grammar systems, which could couple the abilities of the both paradigms.
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Abstract. It is shown that nondeterministic logarithmic space-bounded
Turing machines recognize exactly the closure (under log-space reduction)
of the languages generated by a variant of regular parallel communicating
gramars systems.

1. Introduction

Establishing correspondences between resource-bounded computational models
and classes of generative grammars has long been an important research activity
in theoretical computer science. Such correspondences yield valuable insights into
the behavior of both computational models and grammars. Typical examples in-
clude the equivalence of finite state automata and regular grammars, nondetermin-
istic pushdown automata and context-free grammars, and nondeterministic linear
space-bounded Turing machines and context-sensitive grammars [7]. Some resource-
bounded computational models do not seem to have equivalent grammars. One ap-
proach to characterizing those systems grammatically has been to show that they
are equivalent to a closure of the class of languages generated by a given grammar,
under an appropriate notion of reduction. For instance, it has been proven that loga-
rithmic space-bounded nondeterministic Turing machines (log-space NTMs) with the
help of a stack (e.g., auxiliary push-down automata) recognize exactly the closure
(under log-space reduction) of the context-free languages {4], [18]. Although context-
free grammars characterize auxiliary push-down automata from the point of view
of complexity theory, we know of no grammar that has been shown to characterize
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logarithmic space-bounded nondeterministic Turing machines (without a stack). This
paper demonstrates that the closure (under log-space reduction) of the languages gen-
erated by a variant of regular parallel communicating grammars systems characterizes
this model of computation.

Recently, parallel communicating grammar (PCG) systems have been introduced
to characterize, at the syntactic level, the behavior of complex systems [13]. Charac-
teristics of PCG systems have been studied by several authors {3}, [6], [10], [12], [14],
{16), [17]). A PCG system consists of a finite number of grammars whose derivations
proceed synchronously in parallel. The separate derivations can query one another,
and so communicate. The querying mechanism allows any component to copy what
another component has produced. To make a query, a derivation generates a query
symbol that refers to the grammar whose derivation is to be queried. Several com-
ponents may copy the same string by generating the same query symbol at the same
time.

It has been proven that PCG systems with more than one component grammar
of any type in the Chomsky hierarchy is more powerful than a single grammar of the
same type. For example, there are regular PCG systems that generate non-context-
free languages. The complexity of languages generated by PCG systems have been
studied by [2], [3], [8], [9].

The generative power of PCG systems depends on the communicating protocol
or the query mechanism for derivations. Under the query mechanism introduced in
[13], it has been proven that any language generated by a linear PCG system can
be recognized by a log-space NTM [2], [3]. The query mechanism of [13] does not
seem powerful enough to generate the computationally hardest languages recognizable
in logarithmic space. A small, natural change to the query mechanism, however,
increases the power of regular PCG systems sufficiently to generate log-space complete
languages. According to the definition in [13], when one component queries another,
it gets the string generated by the latter so long as that string does not contain any
query symbols. If this string happens to contain a nonterminal symbol that is not
in the grammar of the querying component, the entire derivation fails. We propose
allowing the querying component to wait until every nonterminal in the string being
queried is in its grammar. The motivation for extending the query mechanism in
this way is that the information returned from a query would always be coherent
with the querying grammar. Moreover, this protocol allows a querying component to
wait any number of steps before completing a query, making synchronization among
components much easier to achieve. We call this query mechanism coherent queries.
Grammar systems whose derivations use coherent queries are called coherent PCG
systems, or CPGC systems.

We prove that regular CPCG systems can generate one of the computationally
hardest languages that can be recognized by log-space NTMs. In particular, we show
that the langnage ORDERED REACHABILITY (a variant of graph reachability)
can be generated by a CPCG system of fifteen regular grammar components. On the
other hand, we show that log-space NTMs are still powerful enough to recognize any
language generated by a regular CPCG system. These two results establish that log-
space NTMs recognize exactly the closure (under log-space reduction} of the languages
generated by regular CPCG systems.

The paper is organized as follows. Section 2 defines CPCG systems. In Section



249

3, we define the language ORDERED REACHABILITY and construct a regular
CPCG system that generates it. Section 4 presents the main result. We conclude in
Section 5.

2. Preliminaries

In this section we define CPCG systems. We are only interested in PCG systems
whose components are regular grammars. See [3], [13] for more general definitions of
PCG systems, on which our definition will be based.

We assume that the reader is familiar with log-space NTMs and log-space re-
ducibility, as described for example in [7], [1], [11], and with basic concepts of formal
language theory as can be found in {15]. We use A to denote the empty string.

Definition. A Coherent Parallel Communicating grammar system (CPCG sys-
tem) with & > 1 regular components is a (k + 2)-tuple [' = (@, X, G, ..., Gy) where
¥ is a terminal alphabet, @ = {Q1, @2,...,Qk} is a set of query symbols, and each
G =(NU(@Q~-{Q:}), %, P, Si),fori =1,...,k, is a Chomsky regular grammar
with nonterminal set N; U (Q — @), terminal set X, productions P; and start symbol
S;. Tt is required that sets Ny U--- U N, @ and X are mutually disjoint. Let ==; be
the single-step derivation relation for grammar G;.

Informally, a derivation in a CPCG system consists of parallel, synchronized deriva-
tions of its component grammars. The separate derivations are independent of one
another up to the point where one derivation does a query of one of the others, in
which case information can flow from one component to another.

Derivations for system I' are defined as follows. Consider a k-tuple (zq,...,z4)
that has been derived so far. Fori =1,...,k, if z; € £*, choose X; to be the member
of N; U @ that occurs at the end of z;, and let z; = 2X;. If z; € ¥*, then let
X; = A. Let ==; be the single-step derivation relation for grammar G;. Say that
(z1,-.-,2k) = (1, ..., Yx) if one of the following cases holds.

1. f X; = A, then one of the following holds.
(a) If there is no j such that X; = @;, then y; = z;.
(b) If there is a § such that X; = @, then y; = 5.
2. If X; € N;, then one of the following holds.
(a) If there is no j such that X; = Q; and X; € N;, then z; = y;.
(b) If there is a j such X; = @; and X; € N;, then y; = S;.
3. i X; = @, then one of the following holds.
(a) If X; = A or X; € N;, then y; = 2z:z;.
(b) If XJ' % A and Xj ¢ Ni, then Y = T;.
We would like to explain the difference between our definition of PCG systems
and the original definition in {13]. According to [13], when one component queries
to another, it waits and gets the word generated by the latter so long as the word

does not contain query symbols. However, the word to be queried might contain a
nonterminal symbol that never occurs in the querying component. This causes the
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derivation to cease, and no string of terminals to be derived. When coherence is
introduced, this circumstance is avoided by allowing the querying component to wait
until all nonterminal symbols in the word to be queried also belong to the grammar
of the querying component.

The CPCG systems defined here are called returning systems since each derivation
component returns to its start symbol once it is queried by another component. A
system is non-returning if a queried component proceeds with its normal derivation
in spite of the query. Only returning PCG systems are discussed in this paper.

By =* we denote the reflexive transitive closure of relation ==. Say that
(y1,...,yx) is derivable in ¢ steps from (z1,...,z;) if there is a chain of tuples
Sg ==> §; =% -+ == 8; where 5y = (Z1,...,%¢) and 8¢ = (y1,.. ., Y&)-

The language generated by a PCG system I is

LT)={z €| (5,5, ...,5) =" (z,03,...,04) for some ay, ..., 0}

3. Generating NL-Complete Languages

In this section, we show that regular CPCG systems are powerful enough to gen-
erate NL-complete languages.

We will use a variant of the graph reachability problem, which is known to be
NL-complete. Stated in terms of graphs, the graph reachability problem is “Given a
directed graph G and vertices s and t of G, decide whether there is a directed path
in G from s to t”. For discussing languages, we must encode graphs as strings. Let
(G) be an encoding of G of the form (u1$v1) - - - (um$vm), where (ur,v1),.. ., %m,Vm)
are the edges of G. Vertices are encoded as strings over alphabet {0,1}*, where the
vertices of a graph with n vertices must be encoded as the binary representations of the
numbers 0, ...,n — 1. Our encodings of graphs do not explicitly mention vertices; the
vertices are those mentioned in edges, and we forbid graphs with isolated vertices. In
our encodings of graphs, we permit an edge to occur more than once in the encoding;
duplicated edges occur only once in the graph though.

We use the following variant of the graph reachability problem. Given an en-
coding (G) of a directed graph G, an ordered path in (G) is a directed path p in
G whose edges occur in (G) in the same order in which they occur in path p. So
if a {G) has an ordered path from vertices s to t, then (G) must be of the form
oo (8801) -+ (v18vg) -+ - (Vn—18vn) - - - (viSE) - - for some h > 1, where v; € {0,1}, for
i=1,--,h. Define

ORDERED REACHABILITY =
{s#t#(G) : (G) has an ordered path from s to t }

Theorem 3.1. Language ORDERED REACHABILITY is NL-complete.

Proof. First we show ORDERED REACHABILITY to be in the class NL. It is easy
to see that the syntax of the encoding s#t#(G) can be checked deterministically in
logarithmic space. To check for an ordered path from s to ¢, copy s and ¢ to a work
tape, and copy s to a tape that holds the “current vertex”. Scan through the edge
list for a nondeterministically chosen distance until an edge of the form (s,v) is found,
and copy v to the current vertex tape. Continue scanning ahead, each time searching
a nondeterministic distance for an edge that goes from the current vertex to another
vertex. At the end of the edge list, check that the current vertex is .
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It is straightforward to reduce graph reachability to ordered graph reachability.
Given a graph G of n vertices, simply write n consecutive copies of all of the edges in
G, and ask whether there is an ordered path in the resulting encoding. O

In the following, we show that there is a regular PCG system that generates
language ORDERED REACHABILITY.

Theorem 3.2. There are reqular PCG systems generating language ORDERED
REACHABILITY.

Proof. We construct a PC grammar system I' with 15 components that can exactly

generate members of ORDERED REACHABILITY. Let I' = (Q,%,Go,Gq, -, Gu)
where @ = {Qo, - -, @14} is the set of query symbols, ¥ = {0,1,(,),$,#} is the set
of terminal symbols and the components Gy, - - -, G14, categorized in six groups, are

described as follows.

Group I consists of three components that generate word s and duplicate it.

Gli Gg: G32
Sl——)051|151|05115 Sg—-—)Ql 53—-"Q1
S—8 S5—-V S—J

V-V J—=J

Group II, similarly to group I, consists of three components that generate the word ¢
and its duplicate.

Gy Gs: Ge:

54——)054|154|0T|1T Ss—>Q4 Ss—¥Q4

T—-T T—L T—K
Lo L K-—-K

Group IIT consists of two components that generate a sequence of edges of the form

(ubv) -~ (23y)

Gr: Gs:
S7—¥(A Sg—')Q7l)\
A—0A|1A|08B|1$B C—Q|D
B - 0B|1B|0)C|1)C D—-D
C-C

Group IV consists of three components generating word w; and its duplicate for each
1

Glg: Gio: G

Sg—*OSg'ng'OWllW SlO_*Qll Sn — H

W-—-Ww H->1T H — Qg
I— Qo W-—-Y
W—-X Y-Y|Z
X - X

Group V consists of two components that can generate the first and last sequences of
edges in the graph



252

Gz Gis: Gia:

S12 — (A S13 = Q12| C S1u— Q2| E
A—0A|1A|08B|18B  C—Qu|C  E—Qu|E|F
B - 0B|1B|0)C|1)C

C—-C

Group VI consists of only one component, the master component

G()I

S0 — @2 D— (Qn
Vo#Qs Y — 8Qw
L g #Q13 7z — $Qs
C— (Qs K —*)QM
J—=8Quw F—A

X —)Qs

We briefly explain how the system I' works to generate a word of the form
S#t# v (3$w1) e (w1$w2) L ('wh—1$wh) . (wh$t) v

In order to derive the s#t#, component Gy first makes a query to component G
that derives the word s, a copy of which is derived by component G3. Then Gy makes
a query to component Gy that derives word £. A copy of t is derived by Gg at the
same time. Gy then is ready to derive the encoding of a graph.

G generates an arbitrary sequence of edges by making a query to component Gi3.
Then Gy derives an edge (s,w;) by making queries to G that has kept the copy
of s and to Gyp that derives word w;. At the same time, component G1; generates
the duplicate of w;. The subsequent derivation process of I' can be described in the
following loop.

Let ¢ = 1. Gy makes a query to component Gg that generates an arbitrary sequence
edges. Then G, derives edge (w;, wiy1) by making queries to component Gy, that has
kept the copy of w; and to component Gio that has just generated word w;yi. At
the same time, component (4; generates the duplicate of w;y;. Let 2 « i+ 1. The
system repeats the above process until Gy derives an edge (wp, t) by making queries to
component Gg and Gy that have kept the copies of t and of wy, respectively. Finally,
Go makes a query to G5 to get the last sequence of edges.

It is instructive to examine the interactions among Gy, Gg, G and Gy;. Grammar
Gy is responsible for derive a new word w;. Grammar Gy carries this to Gy, and Gy,
keeps a copy of w;. It is necessary to make simultaneous copies of queried strings,
since the derivation rules are returning. Note that Gy will not be able to query Gs
to get a new word w;4; until the copy of w; maintained by G, is queried by Go. The
production rules in Gyo force Gio to query Gyi before querying Gg. Since Giy holds a
word w;Y in which symbol Y does not belong to component Gip, G0 has to wait until
G being queried by by Gy and returning to its start. Therefore the synchronization
is established for Gio and Gy to generate the same copy of the new word w;iy, for
i=1,---,h—1.

Whether to terminate the looping process or not can be decided by choosing rules
Y - Y orY — Z in component Gy;. Symbol Y allows the loop process to repeat, and
symbol Z forces Gy to derive (ws,t) and may lead to terminating the whole process.

Finally, it is easy to see that our construction of the grammar system only generate
words that encode s#t#(G) where G contains an ordered path from s to . O
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Corollary 3.1. There are NL-complete languages that can be generated by regular
PCG systems.

4. Simulating Regular PC Grammar Systems in
Small Space

Theorem 4.1. All languages generated by regular CPCG systems can be recognized
by log-space NTMs.

Proof. Given a CPCG system I' = (Q, 2, G, - - -, Gy) with k regular components,
we construct a Turing machine M such that, for any input z € £*, M simulates the
derivation of z by T' and accepts z if and only if € L(T).

During the process of a derivation by the system T', at each step and for each
i=1,---,k, component i would like to remember the string «; X; derived up to that
step, where o; € X* and X; € N; U Q U {}}. Unfortunately, the length of o; may
be larger than logarithm of the input length, so ¢; cannot be directly stored in the
work-tape of the machine M. We follow the construction in [2] to overcome this
difficulty.

The idea for the construction of M is based on the following observation. If
component G; derives word o; X; where «; is not a substring of the input z, then «;
will not contribute to recognition of the input z. The reason is that if the master
component GG; makes a query to G;, then it will not derive z unless it is later queried
by some other component and returns to its start symbol.

If component G; derives word o; X; for some o; that is not a substring of the input
z, then G; is called void until it is queried and returns to its start symbol. Note that
it suffices to store only the terminal strings derived by components that are not void.
Because any such a string is a substring of z, its information can be recorded by two
indices that point to the beginning and ending positions of the terminal string z in
the input tape. Turing machine M stores the indices instead of the terminal string in
the simulation. As a result, M is log-space bounded.

Besides the terminal strings a; and nonterminal symbols X;, machine M records
the query relationship between each pair of components. At each step, M works
according the the information given in the k-tuple (01 X7, -+ -, o X5). Initially, a; = A,
X; = S; and void(G;) = FALSE for i = 1,--- k. For each 1 = 1,---,k, and each
step, M performs one of the following computations

1. If X; € £* and there is no j such that X; = (); then M does not change «; or
X;.

2. If X; ¢ @ and if there is no j such that X; = @, or there is a j such that X; = Q;
but X; ¢ N; U {A}, then M choose a production X; — 8;Y;. If there is no such
production, then M rejects z and halts. Otherwise, M updates X; with ¥; and
a; with o;8;. If the new o; is not a substring of z, M sets void(G;) = TRUE;

3. If X; ¢ Q and there is a j such that X; = @; and Xj € N;U{\}, then M sets X;
to be X;, a; to be a;a;, X; to be S;, and ; to be A. M sets void(G;) = FALSE.
If the new «; is not a substring of z, M sets void(G;) = TRUE;

M repeats (if it can) the above steps until either G derives the word z or there
is a circular query. In the former case, it accepts z. In the latter, it rejects z.
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It is easy to verify that the above strategies follow precisely the derivation process
defined in Section 2, and that the space is logarithmic in the length of the input. O

Now we are ready for our main result

Theorem 4.2. Log-space NTMs recognize ezactly the closure under log-space
reductions of the class of languages generated by regular CPCG systems.

Proof. Since the composition of two log-space reductions is also a log-space reduc-
tion, by Theorem 4.1, the closure under log-space reductions of the class of languages
generated by regular PC grammar systems can be recognized by log-space NTMs.

On the other hand, by Theorem 3.2, any language reducible via log-space reduc-
tion to language ORDERED REACHABILITY is in that closure. By Theorem 3.1, all
languages recognized by log-space NTMs belong to the closure. O

Finally, note the following relationship between regular CPCG systems and a long-
standing open problem in computational complexity.

Theorem 4.3. If reqular CPCG systems can generate all context-free languages,
then log-space NTMS are equivalent in power to auziliary pushdown automata.

Proof. It has -been shown [18], [4] that auxiliary pushdown automata recognized
exactly the closure of context-free languages under log-space reduction. 0

5. Conclusion

We have shown that the class NL is exactly the closure under the log-space reduc-
tion of the class of languages generated by regular CPCG systems, and have given
the first grammatical characterization for logarithmic space-bounded Turing compu-
tations.

We would like to point out that the query mechanism adopted for CPCG systems
is natural for describing inter-component communications of complex systems. Yet it
does not greatly increase the power of regular PCG systems.
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Abstract. In this paper we investigate the computational complexity for
Parallel Communicating Grammar Systems (PCGSs) whose components
are context-free grammars. We show that languages generated by non-
returning context-free PCGSs can be recognized by O(n) space-bounded
Turing machines. Also we state a sufficient condition for linear space com-
plexity of returning context-free PCGSs. Based on this complexity charac-
terization we also investigate the generative power of context-free PCGSs
with respect to context-sensitive PCGSs and context-sensitive grammars.

1. Introduction

Parallel Communicating Grammar Systems (PCGSs) have been introduced as a
language-theoretic treatment of multiagent systems [4]. A PCGS consists of several
components (grammars) which work in parallel, in a synchronized manner. This is
done according to the communicating protocol in which one grammar (component)
may query strings generated by others and several components may make queries at
the same time [4]. Formal definitions will be reviewed in the next section. Because of
the synchronization and communication facilities, PCGSs whose components are of a
certain type are more powerful than a single Chomsky grammar of the same type [1],
[4].

The study of computational complexity of PCGS is a stand alone problem. It
is also a feasible approach toward the generative power of PCGSs. By proving the
upper-bound or lower-bound complexity for PCGSs of a certain type, it is possible
to find out the relationship between the generative power of such PCGSs and that of
other generative devices.

In this paper, the study of the computational complexity of context-free PCGSs
is based on space-bounded Turing machines. We will show that languages generated
by non-returning context-free PCGSs can be recognized by nondeterministic Turing
machines using O(]w|) tape cells for each input instance w. This result is obtained for
both centralized and non-centralized non-returning PCGSs and a sufficient condition
for the returning case was stated. Starting from these results, we will analyze the
generative power of context-free PCGSs according to the generative power of context-
sensitive grammars and context-sensitive PCGSs.

The present paper is organized as follows. The next section reviews some funda-
mental concepts, the third section presents the computational complexity of context-
free PCGSs and the fourth section discusses the generative power of this kind of
PCGSs. We present some final remarks and further studies in the last section.
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2. Fundamentals

In this section, we will briefly review the notion of PCGS and that of space-
bounded Turing computation. More detailed descriptions can be found in [1] and [2]
respectively. We also assume that the reader is familiar with basic concepts in formal
language and computational complexity theories.

We will use the notations from [1]. For z € V*, and a set U, |z|y denotes the
number of occurrences of elements of U in z. We also define ||U]| to be the cardinality
of set /. The null string is denoted by A.

The next definitions are also conforming to [1].

Definition 2.1. Let n > 1 be a natural number. A PCGS with n components is
a (n + 3)-tuple
I'=(N,K,T,Gy,...,Gy),

where N is the set of nonterminals, T is a terminal alphabet, K = {Q1,Q2,...,@n}
(the sets N, K and T' are mutually disjoint) and G; = (NUK,T, F;, S5;),1 <i < n,
are Chomsky grammars. Let ¥ = NUK UT.

The grammars Gi, 1 < ¢ < n, are the components of the system and the elements
of K are called query symbols; their indices point to Gy,..., G, respectively.

The derivation in a PCGS is defined as follows.

Definition 2.2. Given a PCGS I' = (N,K,T,Gy,...,G,) as in the definition
above, for the tuples (z1,22,...,25), (Y1,¥2,.+ -, Yn)s 5, ¥ € ViH,1 < ¢ < n, we write
(z1,%2,..-,2n) = (Y1, ¥2,- - -, Yn) if one of the following cases holds:

L |zl =0,1<i<n,andforallé, 1 <¢<n,wehave z; > y; in G or z; € T*
and i = Yy

2. there is i, 1 < ¢ < n, such that |z, > 0 and for each such ¢ let z; =
210, 22Qi,82:Q4, Ze41, t > 1; in that case, for z; € V7, |zl =0, 1 < j <t 41, if
zi;|, =0, 1 < j <t, then y; = 2124, 2024, . .. 245,201 [and y;; = S;;, 1 < j <t If
exists §, 1 <3 <t,and |:c,;JlK # 0 then y; = z;. For all ¢, 1 < ¢ < n, for which y; was
not specified above we have y; = z;.

The first case is called a componentwise derivation step and the second a communi-
cation step. Note that communications have priority over componentwise derivations.
The query symbol to which a string has been communicated is called satisfied.

A tuple (zy,z9,...,T,) is called a configuration of the system. We will call z; a
component of the configuration.

Note that rules @; — a are never used, so we can assume that there are no such
rules [1].

The derivation in a PCGS is blocked if no rewriting rule can be applied to a non-
terminal symbol in any component or circular queries appear (this happens when G;,
introduces Q;,, Gs, introduces Qy,, ..., Gi,_, introduces Q;, and G;, introduces Q;;;
in this case no rewriting step is applicable, because the communication has priority,
but also no communication steps are applicable).

Definition 2.3. The language generated by a PCGS T' is: L(T") = {z € T* |
(81,82, .-y Sn) =* (z,00, ..., an), o € VE,2< i< n}.

The derivation starts from the tuple of axioms (51, S52,...,5.). A number of
rewriting and/or communication steps are performed until Gy produces a terminal
string. Note that L(T') contains only strings generated by the first component, with
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no care about the strings generated by the others, which may contain query sym-
bols.

Definition 2.4. Let I' = (N, K, T, G4, ...,G,) be a PCGS. If only Gy is allowed
to introduce query symbols, then I' is called centralized. The unrestricted case is
called non-centralized.

Definition 2.5. A PCGS is called returning (to the axiom) if, after communica-
tion, a component which has communicated a string resumes the work from its axiom
as described by sentence [and y;; = S;;, 1 < j < #] in the second case of Definition
2.2. A PCGS is called non-returning if components continue working using the current
string after a query (i.e. the sentence above is erased from the definition).

Notations: A centralized, returning PCGS with components of type X is denoted
by PC,X. For the centralized case we add a C and for non-returning case a N (see
[1] for details). We obtain the classes PC, CPC, NPC, NCPC.

The notion of the coverability tree of a non-returning PCGS has been introduced
in [5]. We will summarize here this notion and its relevant properties for this paper.

The set of natural numbers N is extended by a special symbol w to the set N, =
N U {w}. The operations +, —,- and the relation < over N are extended to N, by
wtw=wtn=ntw=w,w—n=w,w-n=n-w=w,n <wforallneN.

The set N (of nonterminals) of a PCGS I' = (N, K,T,G,...,Gr) is ordered:
A1, ..., Anym, m > 0, such that 4y = Sy, ..., A, = 5,.

Let w = (wy,...,wy) be a configuration of I'. M,, denotes the vector

M, = ((Jwily, ,...,|wl]X2n+m),...,(|wn|X1 ""’lw"|X2n+m))7
where X; = A;, 1 €< n4+m, Xoymes = @5, 1 £ 7 < n. My(i,7) denotes the
element |w;ly..

We can assume [5] that for each component of I' there is a phantom production
which does not change the string and which can be applied only to terminal strings in
the synchronized case. So, a rewriting step in I' is an n-tuple t = (ry,...,rs), where
r; denotes either a production in G; or the phantom production, for all 1 < i < n. For
uniformity, we say that communication steps are produced by a special transition A.
The set of all t = (ry,...,7,) as above is denoted by TR(T'), A € TR(T'). A transition
t is enabled in a certain configuration if the corresponding rewriting or communication
step can be applied in that configuration.

If a transition ¢ is enabled for a configuration w of I' then we write M, [t >r; if,
after ¢ is performed, the new configuration is w’ then we write Mt >p M.

Let A and B be two arbitrary sets. 7(V, E, ly, l;) is an (A, B)-labeled tree if (V, E)
is a tree and I; : V — A is the node labelling function and I, : £ — B is the edge
labelling function. We denote by dr(vq,v2) the set of all nodes on the path from v;
to Va.

For each PCGS T there is a ((IN2#+™)" T R(T'))-labeled tree called the coverability
tree for I' defined as follow, [5]. :

Definition 2.6. Let I' = (N,K,T,G,...,G,) be a PCGS. An ((N2*+m)",
TR(T))-labeled tree, T = (V, E, 1, 12), is called a coverability tree of " if the following
hold:

1. the root, denoted by vy, is labeled by M,,, where zo = (S1,...,5,) (the initial
configuration);
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2. for any node v € V the number of outgoing edges |v*| is

o 0, if either there is no transition enabled at I;(v) or there is v' € dr(vo,v)
such that v # v’ and l1(v) = [(v')

¢ the number of transitions enabled at l;(v) otherwise;

3. for any v € V with |v*| > 0 and any transition ¢ which is enabled at /;(v) there
is a node v’ such that:

(a) (v,v') € E,
(b) B(v,v') =1,
(c) li(v") is given by
o let M be such that l;(v)[t >r M;

o if M contains queries then [1(v') = M else
if exists v* € dr(vo,v) such that I (v*) < M and L(v*)(3,7) < M(¢,5)
then §;(v")(2,j) = w else
ll(v/)(iaj) = M(Za])a
foralls,5,1<i:<nand 1<j<2n+m.

For non-returning synchronized PCGSs such a tree is always finite and can be
effectively constructed (see [5] for demonstrations and details). The coverability tree
for a PCGS T is denoted by 7(T').

From the construction of the coverability tree it follows that if, for some con-
figuration w, M,(¢,j) = w, then, in that configuration, the number of occurrences
of X; in the ¢-th component can be made arbitrarily large [5]. This implies that if
M,(3,7) = w then X; cannot be totally removed by any successive derivation steps
from z;, i.e. such nonterminals cannot block the derivation.

Definition 2.7. Given a Turing machine M and an input string ¢ € T*, the
working space of M on z is the length of work tapes for M to halt on . More generally,
let S be any function from N to N; let L C T*. We say that M decides' L in space
S provided that M decides L and uses at most S(n) tape cells on any input of length
n in T*. If M is a nondeterministic Turing machine we write L € NSPACE(S(n)).
We say also that M is a S(n) space-bounded Turing machine,

For the rate of growth of a function we have the following definition [2]:
Definition 2.8. Let f and g be natural functions. We write f = O(g) iff there is
a constant ¢ > 0 and an integer ng such that f(n) < cg(n) for all n > ne.

3. The Complexity of Context-Free PCGS

In this section we will study the computational complexity of PCGSs whose com-
ponents are context-free grammars. We suppose that there are not A-productions. A
discussion on A-productions will be done at the end of this section.

!A Turing machine M decides a language L if, for any input string w, M halts and writes on its
tape a specified symbol Y if w € L or another symbol N if w € L. If M writes Y we say it accepts
the string, otherwise it rejects the input [2].
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Definition 3.1. During a derivation process in a PCGS, a component of the
current configuration z; is called non-direct-significant for the recognizing of the string
w if

(i) either 1 # 1 and z; is not queried anymore or

(it) i=1 and the derivation from =z, to w in G; cannot end successfully unless z,
is reduced to the axiom sometime in the future or

(it1) ¢ # 1 and z; is queried by z;, j # i, and z; becomes non-direct-significant.

All the others components are called direct-significant. Any component which is
reduced to the axiom becomes direct-significant.

In other words, a non-direct-significant component of a PCGS cannot directly
participate at a successful derivation. It can only produce lateral effects (by queries
which can modify other components) or block the derivation (by circular queries or
by its nonterminals for which there are no applicable rewriting rules).

This definition introduces the class of components for which the structure is irrele-
vant for the derivation. Therefore, these components can be erased if the information
relevant for lateral effects is kept.

Starting from this definition we can consider the following lemmas.

Lemma 3.1. Let T = (N, K, T,Gq,...,Gn) be a centralized PCGS (I' €
CPC,CF U NCPC.CF) and w € T* a string. Let also (21,...,2,) be a configu-
ration of the system. Then, if the length of a component x; becomes greater than |w|,
that component becomes non-direct-significant for the recognizing of w.

Proof. We will consider two situations:

(1) Let ¢ = 1. Iffzfg = 0, then z; will be rewrited using the rules of Gi.
But these are context-free rules and there are not A-productions, so the length of z;
does not decrease. If |z;], # 0, a communication step will be performed. But the
communication step does not reduce the length of the component because there are
not null components to be queried (there are not A-productions). So, the length of
z; does not decrease anymore and this leads to the rejection of w because the first
component is not queried (we have a centralized PCGS) so it can not be reduced to
the axiom. Therefore z; is non-direct-significant according to the Definition 3.1.

(i) For ¢ > 2, only the first component can introduce query symbols, so if z; is
queried by the first component (if z; is not queried then it is obviously non-direct-
significant), the length of z; becomes greater than |w|, therefore z; becomes non-
direct-significant (according to the point (i)). So z; is non-direct-significant. ad

Lemma 3.2. LetT = (N, K,T,G4,...,G,) be a non-centralized non-returning
PCGS (T ¢ NPC.CF) and w € T* a string. Let also (z1,...,z,) be a configuration
of the system. Then, if the length of a component z; becomes greater than |wi, that
component becomes non-direct-significant for the recognizing of w.

Proof. The proof is basically similar to the proof of Lemma 3.1. The case ¢ =1
has the same proof as the case (i) in the proof above, because z; can not decrease
even if it is queried (the system is non-returning).

For 7 > 2, either the component z; is never queried therefore it is non-direct-
significant, or it is queried by the first component and we have the same situation as
in the case (ii) of the proof above, or it is queried by another component z;, j # 1,
j # 1, which becomes in this way longer than w and also can not decrease. O
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Lemma 3.3. Let U = (N,K,T,Gy,...,G,) be a non-centralized returning PCGS
(' € PC.CF) and w € T* a siring. Let also (x1,...,2,) be a configuration of
the system. Then, if the length of a component z; becomes greater than |w|, that
component becomes non-direct-significant for the recognizing of w.

Proof. We have the same proof as for Lemma 3.2 with the mention that, if a
component is queried, it is reduced to the axiom and then it become direct-significant.
But this situation is allowed by the definition (a non-direct-significant component can
become direct-significant iff it is reduced to the axiom). a

Using the lemmas above, the complexity of context-free PCGS can be studied. We
first consider the non-returning case.

Lemma 3.4. Let T’ be a non-returning PCGS with n contezi-free components
(n > 1). Then there is a Turing machine M that recognizes the language L(T') using
at most O(Jw|) amount of work tape space for each input instance w.

Proof. Let I' = (N,K,T,Gh,...,G,) be a non-returning PCGS, where G; =
(NUK,T,P,S;), 1 < i < n, are context-free grammars. We will construct the
nondeterministic Turing machine M which recognizes L(T').

M will be a standard Turing machine, with a work tape equipped with a
read/write-head. The alphabet of the tape of M is NUKUTU{Q,w}, @,w ¢ NUKUT.
Given an input string w € T*, M will simulate step by step the derivation of w by T.
First, M computes the coverability tree 7(T') of I'. Note that this computation can be
done [5] and its space complexity is not w-dependent, so it does not modify the space
complexity of the whole computation if this complexity is a function of w. Then M
finds the number Mo, = maz{li{v)}(¢,7) |1 <i<n,1 <5 < 2n4+m, L(v)(4,]) # w}.
After that, M erases the coverability tree and keeps on its tape the number m ., 2

The simulation of the derivation is done according to Definition 2.2. Therefore,
there are two types of derivation steps to simulate: the componentwise rewriting and
the communication. M will keep on its tape the current configuration and will work
on it as follows:

(@) If {zi] g = 0 for all i, 1 <4 < n, M simulates rewriting for each component z;,
1 <i < n. If gy = 0, then z; remains unchanged. Otherwise, M nondeterministi-
caly selects a rule from the rule set P; and rewrites z; according to this rule. If there
are some ¢ for which such a rule does not exist, then M rejects the input and halts.

If |z;| > |w| then, according to Lemma 3.1 (if we have a centralized PCGS) or
3.2 (if the system is non-centralized), z; becomes non-direct-significant. Therefore its
structure is irrelevant and it will be replaced by the string

@,y ... thj‘ZlQl A (1)
where @ is a special symbol (@ ¢ NUTUK), Ty, ..., T; are the distinct nonterminals
in z; and @, ..., @k are the distinct query symbols in z;; t5, (1 < h < j) is either the

number of occurrences of the nonterminal T} in z; if the number of these occurrences
is smaller than Mm,q, or w otherwise. Also g5 (1 < h < k) 1s either the number of
occurrences of the query symbol @, in z; if these occurrences are fewer than my,q, or
w otherwise.

20r, Mynaz being a property of I' and not of w, it can be considered a parameter of M. Therefore
it should not be computed (and so M does not need to compute 7(I')) but it should be on the tape
at the beginning of the computation
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Note than if the number of occurrences of X in z; ,X € K U N, becomes greater
than m;ee, then I3 (v) must contain w in the position corresponding to z; and X (where
v is the node in T(T') corresponding to the current configuration), so the number of
occurrences of X cannot decrease (in fact it can grow indefinitely), therefore X cannot
be eliminated from z;, so it is not necessary to count its occurrences in z; anymore.

We have to explain now how the rewriting works on strings of the form (1). Let the
rewriting rule he A — a1 A1 Az ... 0y ApOmyy, where A€ N, Ay, .., A € NUK
and aj,...,a, € T*. Then, thereis T, = A, 1 < r < j (if not, the rule is not
applicable) and M increases the counter for each nonterminals or query symbol A;
(if that counter is w then it remains unchanged), 1 < j < m, in z;; if that counter
becomes greater than M., then it is replaced by w and if A; does not already exists
in x;, then a new pair 14; is added to z;. Finally, M decrements the counter of A,
excepting when this counter is w, when it remains unchanged. If that counter becomes
zero, both this counter and A are erased from z;.

The reason for keeping nonterminals in non-direct-significant components is that
these nonterminals can introduce query symbols when a rewriting is performed. Also
the absence of a nonterminal can block the derivation. v

(ii) If there are query symbols in the current configuration, then M simulates
communication steps. If there are circular queries, M rejects the input and halts.
Otherwise, M nondeterministicaly selects a component z; for which ¢);, 1 < j < g,
are all the query symbols and |z;|, = 0, 1 < j < ¢q. M sequentially replaces Q; by
;. If either the current z; is of the form (1) or, after replacement, z; becomes longer
than |w]|, then z; becomes non-direct-significant, so it will be replaced by a string of
the form (1).

This communication step is repeatedly performed until there are no query symbols
in the current configuration.

M repeats steps of type (i) and (ii) until:

1. either z; and w are identical or,

2. the first symbol of z4 is @ or,

3. the number of iterations exceeds a fixed positive number ¢.

In the first case M accepts the input and halts, in the other two cases M rejects
w and halts.

Let us count the amount of work space used by M during the derivation. If the
length of a component z; is smaller than |w| then this component is kept on the tape
as it is, so less than |w| tape cells are necessary in order to keep it. If a component has
a length greater than |w|, it become of the form (1). Because we have a fixed finite
number ¢ of nonterminals for a given PCGS and exactly n query symbols, the length of
such component on the tape is independent of |w| and is less than 1+log mmas(t +n),
where t = || V||

A communication step may use temporary an amount of tape space double than
the space used by a single component (e.g. a string of length |w]| is queried by another
string of length |w|; before the reduction to form (1) we have to use 2|w| tape cells).

Therefore, the number of cells used by a component is smaller than

2maz(|w|,1 + 1og Mz (t + n)).

We have n components and we need some extra space on the tape to keep the rules
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of the system and m,,q,. So, the space used by M is upper-bounded by
2n - max(|wl, 1 + 1og Mumaz(t + 1)) + pl + log mmes.

But , n and My, are not |w|-dependent so, conforming to Definition 2.8 of the rate
of growth of the functions, the space used is

O(2n|w| + pl + log Mmaz)-

Finally we have to show that the fixed integer ¢ we claimed before exists. But this is
immediate from the following property of space-bounded Turing machines [2]:

NSPACE(S) CU{NTIME(d®) | d > 1}.

If the number of the iterations of M becomes greater than ¢, M have repeated
some configurations, so M should reject the input because, if the input is in L(T),
it would have been accepted before the configuration is repeated at the second time
(this happens because of the nondeterminism of M). ]

The same result cannot be obtained for returning PCGS unless there is a limit
for the number of significant occurrences for each nonterminal (i.e. if the number of
occurrences of any nonterminal in any component z; of the configuration exceeds that
limit, then that nonterminal cannot be eliminated from z; by any further derivation).
We will call this limit e limit of significant occurrences.

Note that this limit was found for the non-returning case by constructing and
inspecting the coverability tree of the system in discussion. This is possible because
this tree can be effectively constructed for the non-returning case [5]. The construction
of the coverability tree is not necessary effective for returning PCGSs.

Lemma 3.5. Let T be a returning centralized PCGS with n contezt-free compo-
nents, (n > 1). Then there is a Turing machine M that recognizes the language L(T)
using at most O(|w|) amount of work tape space for each input instance w if there
is a fintte limit Myq, = m(|w|) of significant occurrences for any nonterminal, where
m:N—-N,m=0(d"), d> 1.

Proof. Let I' = (N,K,T,Gi,...,G,) be a non-returning PCGS, where G; =
(NUK,T,P,5;), 1 < i < n, are context-free grammars. We will construct the
nondeterministic Turing machine M which recognizes L(T').

M will be a standard Turing machine, with a work tape equipped with a
read/write-head. The alphabet of the tape of M s NUK UT U {@,w,}. Given
an input string w € T*, M will simulate step by step the derivation of w by I'. The
construction of M is basically similar to the one used in the proof of Lemma 3.4
excepting that M does not compute the coverability tree of I'.

The reference to Lemma 3.2 from the above demonstration should be replaced in
the current demonstration by the reference to Lemma 3.3.

Differently from the non-returning case, when a component z; is queried, M has
to simulate the returning of z; to the axiom. This is done by replacing z; by the
axiom of its grammar (S;).

Note that this replacement does not depend of the form of z; so the processing of
strings longer than |w| is correct, i.e. the rewriting of such components in the form
(1) does not lose any necessary information. Moreover, a number of occurrences (of
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any terminal X in any component of the configuration z;) greater than m.,., implies
that X cannot be eliminated from z;, as in the proof of Lemma 3.4. Therefore, the
non-direct-significant components are correctly stored.

M halts if

1. z, is identical with w; in this case M accepts the input or

2. no derivation steps are available (there are not rules applicable for some com-
ponents or there are circular queries) and M rejects the input or

3. the number of iterations exceeds a fixed positive number (similar with the one
in Lemma 3.4); also in this case M rejects the input.

Even if the circularity of a PCGS is not a decidable problem for the returning case,
M halts in any situation because of the limit ¢ of its possible configurations. M does
not decide the circularity of the system at the beginning of the derivation (which can
be an undecidable problem) but it halts when any circularity appears.

Finally, the space used by M is, analogous with the proof of Lemma 3.4,

O2n maz(|w|,1 + log Mumas(t -+ n)) + pl + log Mpag) =

= O0(2n°'maz(|wl,1 + log m(|w|)(t + n)) + pl +log Mmqz) =
= O(2n'maz(|w], 1+ logd™)(t +n)) + pl +logd™) =

= O(maz(|w|, lwl]) + |wl]) = O(|wl)

{(because Mumar = O(2|”’|)), and a limit ¢ for the possible configurations of the tape
can be found. ]

By Lemmas 3.4 and 3.5 we have
Theorem 3.1. L(X.CF) C NSPACE(n) for X € {NPC,NCPC} and there

are no A-productions.

Theorem 3.2. L(X.CF) C NSPACE(n) for X € {PC,CPC} and there are no

X-productions if a imit in O(d™), d > 1, of significant occurrences exists.

Also we can consider a subclass of context-free PCGS with A-productions. This
subclass is very restrictive but we can consider in this way PCGSs which can generate
the null string.

Definition 3.2. We say that ' € X,CF), X € {PC,NPC,CPC,NCPC}, if
I' € X,CF, X as above, and either I does not contain A-productions or

(i) P, ¢ > 1, do not contain A-productions and

(ii) Py contains only the three productions S; — A, §; — S; and S1 — @), and

(iii) z; is not queried anymore (i.e. @, does not appear in the right side of any
production of the system).

Note than the subclasses introduced by this definition are similar with usual
context-free grammars in which A-productions are eliminated [2].
We have the following theorem.

Theorem 3.3. £L(X,CF).) C NSPACE(n), X € {NPC,NCPC}.

Proof. Let T = (N,K,T,Gh,...,G,). We will construct Turing machines which
simulate the derivation of an input string w. Such a machine M works as follows:

If w is the null string, which belongs to the language in discussion, M ac-
cepts it and halts. Otherwise, M continues the derivation for the system I' =
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(N,K,T,Gs,...,Gy) as the machine for the appropriate class X.CF does. Note
that, by erasing the first component, the system becomes without A-productions, so
the machine works properly. Also, the first component in I' only waits for the second
component to obtain a terminal string and queries it. |

Corollary 3.1. L(X.CF\) C NSPACE(n), X € {PC,CPC}, if a limit in

O(d|“’[), d > 1, of significant occurrences exists.

4. Generative Power of Context-Free PCGS

In this section we will analyze the generative power of context-free PCGS with
respect to context-sensitive grammars but also to other types of PCGSs.

Theorrem 4.1. L(X,CF) C L(CS), X € {NPC,NCPC}.

Proof. Tt has been proved that the class of languages recognized by linear space-
bounded Turing machines is identical to the class of context-sensitive languages [2].

This and Theorem 3.1 imply that £(C'S) includes L{(X,.CF). |

Corollary 4.1. L(X.CF) C L(Y.CS), X € {NPC,NCPC}, Y € {NPC,
NCPC}. |

We have proved that any language generated by non-returning context-free PCGSs
is context-sensitive. An open problem is if there are context-sensitive languages which
can not be generated by such PCGS, i.e. if the inclusion in the Theorem 4.1 is proper.

The above results are obtained for the classes X,.CF, X € {NPC,NCPC}, but
they can be extended for X € {PC,CPC} if a limit of significant occurrences as
above exists. Also these results are true for the classes X,CF)+, X as above.

5. Conclusions

In this paper we have investigated the computational complexity of context-free
PCGSs. We have proved the linear space complexity of languages generated by non-
returning context-free PCGS, proving so that these languages are context-sensitive.
Also, we have found some results concerning returning systems. Finding the limit of
significant occurrences we mentioned above is an open problem which we are working
on.

Systems which contains A-productions were not considered and this is a possible
extension of this study. We think a feasible approach to this problem consists in
finding some transformations which eliminates A-productions (in the same manner as
for context-free grammars [2]) even if there are synchronization problems. Theorem
3.3 is a support for this approach. We believe that these systems have linear space
complexity too.

Also a possible extension of this study is the investigation of time-bounded com-
plexity of context-free PCGSs. We intend to pursue further studies on these issues.
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Abstract. We consider PC grammar systems with communication by
request, but with the communicated strings defined dynamically, accord-
ing to certain regular languages associated to system components (like in
CCPC grammar systems). The power of such systems is investigated.

1. Introduction

The orientation of the contemporary operating systems to multitasking, the build-
ing of computers with multiprocessor architectures, as well as the last projects in the
area of the distributed operating systems (for instance: Plan 9, Spring) show us the
great importance of the parallel and distributed architectures.

To investigate them it can be a valuable source to elaborate relevant theoretical
models of the parallel and distributed computing. In view of this, we consider, as a
start point, the UNIX operating system, a first major system oriented to multitasking,
that can be met on all hardware platforms (from microcomputers to supercomputers)
and that has decisively influenced the building of most of the contemporary operating
systems.

It is often desirable to construct software systems that consist of several cooper-
ating processes rather than a single, monolithic program. There are several possible
reasons for this:

¢ asingle program might, for example, to be too large for the machine it is running
on (in terms of physical memory or available address space, for instance),

e part of the required functionality may already reside in an existing program,

e it is easier to design small programs, with a well-defined functionality, rather
than a big program with several functionalities.

Therefore, the problem might be solved in a better way with a server process
that cooperates with an arbitrary number of client processes. Of course, for two or
more processes to cooperate in performing a task, they need to have interprocess
communication mechanisms and, luckily, UNIX is rich in such mechanisms.

In what follows we shortly describe one of the most used mechanisms in UNIX,
the communication by signals (see [4], [5]). In UNIX a signal is a query sent from
a process to another process or from a process to a group of processes. Whenever
a process receives a signal it performs a special routine to handle this signal (for
instance, the routine transmits on a communication channel some information that
was processed of it).

Several facts are worth mentioning:
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» on a UNIX system, there exists a well-defined number of signal types (regardless
of the number of processes in the system);

o for each type of signal, a process has at most one routine to handle it, whatever
process has sent it;

o if, for a type of signal, a process has not a routine to handle it, then there exists
a default routine defined by system, the same for any process;

e the process that receives the signal has no information about the sender process,
hence, the responsibility for the correctness of the received dates belongs to the
receiver process.

Because, from the point of view of the receiver process, the signal may come
asynchronously with the execution of the process (for instance, the receiver process can
not communicate the information to the sender process because it has not processed
all data), we need a mechanism to synchronize the execution of the processes according
to the reception of the signals.

For this, the UNIX systems provides a waiting mechanism by means of which a
process turns on an inactivity state. This action will be performed a well-determined
period of time or a undetermined period that lasts until a event would occur. Thus
a process may turn on a waiting state whenever a signal was not satisfied and waits
until it is satisfied.

2. Preliminaries

For an alphabet V, we denote by V* the free monoid generated by V under the
operation of concatenation. The empty string is denoted by A and V* = V* — {A}.
The length of € V* is denoted by |z|. If z € V* and U C V then |z]y is the number
of occurrences in z of symbols in U (the length of the string obtained by erasing from
z all symbols in V — U). If Va is a set of symbols we denote V' = {da’ | @ € V}.
A Chomsky grammar is denoted by G = (N, T, S, P), where N is the non terminal
alphabet, T is the terminal alphabet, S € N is the axiom and P is the set of rewriting
rules (written in the form u — v,u,v € (N UT)*, Ju|xy > 1).

The direct derivation step with respect to G is defined by:

z = y iff £ = zyuzs,y = z1vT,, for some u — v € P.

Denoting by = the reflexive and transitive closure of the relation =, the language
generated by G is define as follows:

LG)={ze€T"|S=z}
A PC grammar system ([6], [1]) is a construct of the form:
= (N,T,K,(51,P.),(S2, P2), ..., (Sn, Pr)),
for some n > 1, where N is the nonterminal alphabet, T is the terminal alphabet,

K ={Q1,Q2,...,Q.} is the set of query symbols (V,T, K are pairwise disjoint sets),
and (S;, ;),1 <7 < n, are the components of the system.
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S; is the axiom, and P, is the set of rewriting rules (over N UT U K) of the i-th
component.

The work of the system starts from the initial configuration (S,...,S,) and pro-
ceeds by componentwise rewriting steps and communication steps, resulting in new
configurations.

In the case of componentwise rewriting steps each component rewrites its current
sentential form by applying a rule to it.

In the case of communication steps, when a component G; introduces some query
symbol @;, 1 < ¢ < n, then the currently generated string of the i-th component is
transmitted to the j-th component in order to replace @; in its sentential form.

The communication has priority over rewriting. If a query symbol appears in
the sentential form of some component, then a communication must be executed. If
circular queries are introduced, then the process is blocked; the system also gets stuck
when a derivation must be done and a component is not able to rewrite its sentential
form, although it is not a terminal string. After sending its sentential form to another
component, a component either resumes working from its axiom (the returning mode),
or it continues processing the current string (the non-returning mode).

The set of terminal strings generated in this way by the first component is the
language generated by the system.

We denote by REG,LIN,CF,RE the families of regular, linear, context—{ree,
context—sensitive, recursively enumerable languages, respectively.

3. Definitions and Examples

Definition 3.1. Let n > 1 be a natural number. A parallel communicating
grammar system with communication by signals (an SPC grammar system, for short)
of degree n is a (n + 3)-tuple:

I'=(N,T,K,(S1, P, Ry),(S2, Pa, R), . .., (Sn, P, Ry)),

where N is a nonterminal alphabet, 1" is a terminal alphabet, K = {Q1,Q2,...,Q,}
is the set of signals of the system (the sets N, T, K are mutually disjoint), P; is a finite
set of rewriting rules over NUT U K, S; € N, and R; is a set of p regular languages
over N U T associated to symbols Q1,...,Q,, foralll <i<n

We denote Vo = NUT U K. The sets P;;1 <1 < n, are called components of the
system.

Here we work only with A-free SPC grammar systems.

The derivation in an SPC grammar system is defined as follows:

Definition 3.2. Let I' = (N, T, K, (Sl, Pl, Rl), (52, Pz, Rz), ey (Sn, P", Rn)) be
a SPC grammar system and two n-tuples (z1,22,...,%s), (¥1,¥2,-- > ¥n)s Tir¥i €
V¥, 1 <4 < n (we call them configurations). We define two types of derivation:

1. (derivation without waiting): (z1,22,...,%5n) = (¥1,%2,---,Yn), Where z; = y;
by a rule from P, z; € (NUT), 1 <i<n,ory; =x; if z; € T*,1 <4 < .

2. (derivation with waiting): (z1,%3,...,%.) = (y1,¥2,---,¥n), Where z; = y; by
arule from P, z; e (NUTUK,1<i<nory=z;ifz; € T*,1<i<n,or
z; € (NUT U K)* contains at least a signal Q; € K,1 <[ < p, and we cannot
use any rules from P; to derive ;. If there exist no components to derive the
configuration and z; ¢ 7™, then I' is blocked.
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Definition 3.3. We denote the step of communication by

(117$27- . -7"1"71) F (y17y27" 'ayﬂ)

and we define it as follows:
For z; = 01Qi;02Qi, ... Qi;0541 a word with @Q;, € K,1 <1 < p, and o €
(TUN)Y,1<1<j+1, we define for each Q;;:

_ T, lf xkERé)i,k#i,
6(Qipyzx) = { A, if oz Ré}iz or k=1,

for1<k<mn.
We denote 6;(Q;,) = 6:(Qi, 21)8:(Qiy, 22) - . . 6:(Qs;, ) and

— 61'(Qiz)7 if 51'(Q1'z) 7é A,
Ai(Qil) B { Qiu if 5i(Qiz) = A

Finally:
yi = nAi(Qi; )2 Ai(Qsy) - - Ai( Qs )i
Definition 3.4. We define the language generated by I' as follows :

LT) = {weT | (5,5, ..5) = (=2, .., a0k 0,4,y
= (z§2),$gz), .. .,z,(f)) + (y%z), yg2), ... ,yslz)) =>...E (mgs),mgs), cen, z(ns)),
for some s > 1 such that w = x&s), where f=€ {=,F}}.

In words, I" has a set of signal types K and the appearance of a symbol @; € K
in the sentential form of the component G; means sending of the signal @; from G;
to all other components of the system I' (all components of T are seen as a group of
processes). The routine of any component G;,1 < j < n, for handling the signal @,
consists in the writing of its sentential form on an accessible communication channel
to all components of T' (i.e., the group of processes). From the communication channel
the component G; selects the data sent by G; only if them are acceptable according
to the regular language Rbl (thus G; verifies that the signal @Q); was properly satisfied
by G;). With respect to the type of derivation of I' we have:

e in the case of the derivation without waiting, the system is blocked whenever a
signal is not satisfied,

¢ in the case of derivation with waiting, if a signal (of a component G;) is not
satisfied at a step of communication and at the next step (of derivation) we can
not perform a rule from P;, then G; turns on a waiting state (until the signal

will be satisfied).

Definition 3.5. Let T = (N,T,K,G1,Ga,...,Gy) be an SPC grammar system.
If only G is allowed to introduce signals, then we say that T' is a centralized SPC
grammar system; in the unrestricted case IT' is called non—centralized.

A SPC grammar system is said to be returning (to axiom) if, after a communicating
step, each component that has communicated its string to another component returns
to axiom. The other systems are called non-returning.
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Notations. We denote SPC, X the class of non—centralized, returning SPC gram-
mar systems of degree at most n of type X with derivation without waiting. When
we use only centralized SPC grammar systems we add the letter C, thus obtaining
the classes CSPC,X. When non-returning systems are considered, we add the letter
N, thus obtaining the classes NSPC, X, NCSPC,X. If we consider the systems
with derivation with waiting we denote that by W& where G € {SPC,X, CSPC,X,
NSPC,X, NCSPC,X}. We denote all these classes by Cspc. X can be REG, LIN,
CF, CS, RE (for REG we consider right-linear grammars) and we suppose that F,
1 <1 < n, contains only A—free rules.

If we consider n = oo in the previously notations, then we say that we have
grammar systems with an arbitrary number of components.

The first component of I' is called the master of the system.

In the following constructions we shall assume that when the regular language
associated to a signal @; € K is not specified, then, by default, R‘Ql = { (and @ does
not appear in any right member of the rules from F;).

Here are two examples:

Example 3.1. Consider the system
Fl = (N7 T’ K7 (ShPl, Rl)a (S2’ P27 R?))a
N = {Sl,S;,Sz}, 1{ = {Ql}, T = {(Z, b},
P = {8 — a®’S}, 5] — a81, 8] — aQy, Sy — b},
P2 = {52 b b52}, Rl 1 = b*Sg.
We have:
(51, 52) = (a25{,b5’2) = ... = (a"_IS{,bn_ng)
= (anl, b"'lSl) - (a"b"_ISQ, Sz) = (G,nbn, bSQ)
Hence, L(Ty) = {a™0" | n > 3}€ LIN — REG.
Example 3.2. Consider the system
L, = (Na Ta K) (Slaply Rl), (82; PZ)R2))7
N = {51751752}7 K = {Ql}a T= {a7bac},
P, = {8, — d®Sic*, 8, — aSic, S; — aQic, Sy — b},
Pg = {Sz - bSQ}, Rll = 6*52.

We have:
(S1,52) = (a254c%,bS3) = ... = (4™ L8}c™L, b™2S,)
= (a"Quc™, 5"7181) F (a"8" " Sac™, 82) = (a™B7c™, bS)
Hence, L(Ty) = {a"b"c" | n > 3} CS — CF.
4. On the Generative Capacity

From definitions, the following results are true:

Lemma 4.1. X = G1XC GhXC...CGX, for oll X € {REG, LIN, CF, CS,
RE},G € Cspe.
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Lemma 4.2. G, X C G,Y, foralln > 1,X CY,X,Y € {REG, LIN, CF, CS,
RE}, G € Cspe.

From the previous examples, we have:

Lemma 4.3. (1) REG C G4REG, (2) LIN C GoLIN, where G € Cspe.
Lemma 4.4. WSPCS3REG contains one-letter non contezt—free languages.
Proof. Let T be the system

= (N,T,K, (51, Pr, R1), (S2, P2, Ra), (Ss, Ps, Rs)),
N = {S4,8,8s,A,B}, K ={Q:}, T = {a},
P={5—-AB—AB—abs5 — @}, RlQl = B*,
Py = {8 — Qi,A = B}, R} = At,

Py=1{S3 — Q1,A— B}, B} = A*.

FExamine a derivation in T. From (51,52,5:) we can either perform
(51,52, 83)= (Q1,@1,@1) or (S1,5:2,5)= (A,Q1,Q1)F (51,4,4). In the first
case we are blocked. In the second one we can either continue (S, A, A)=
(A,B,B) and we are blocked, or (Si,4,4)= (Q.,B,B) + (BB,S,,Ss)
= (AB,Gh,Q1)= (AA,Q:,QF (S1,A44,AA). We can continue with
(S1,AA, AA)= (A, BA, BA) and we are blocked, or (51, AA, AA)= (¢4, BA,BA)=
(Q1, BB, BB)F (B*%,5,,53) =(A%,Q1,Q1) - (51, A% AY) = ...I-(SI,A"’"—l,AZ""l):;
(Qthn—laBTl—l)l_ (B2n) 52753)£>(a2n)Q17Q1)'

It follows that L(T') = {a®" | n > 1}, which is not a context-free language. C

Theorem 4.1. LIN C WSPC(REG).

Proof. Because WSPC3(REG) — CF # § (Lemma 4.4), we have to prove LINC
WSPCL(REG).
Let L € LIN and G = (N,T, S, P) such that L = L(G). We can write:

L=(Ln{phula(L)a},
a€T

(where 0] denotes the right derivative with respect to the symbol a). We denote
L, =0;(L). We have L, € LIN for each a € T'.

Let G, = (N,,T,, S5, P,) be a grammar such that L(G,) = L,. We construct
T, € WSPCo(REG) such that L(T',) = L,{a}. We define a relation X on the set of
rules P, such that, if:

r: Xy —uXev € Pr' s X{ = u/Xov' € Py,

with X1, X,, X7, X, € N, and u,v,v’,v’ € T*, we say that r X' iff X, = Xj.
The relation M divides P, in a set of classes Msuch that each M € M is associated
to a nonterminal A € N, such that
M={X—-uYveP|X,)Y € Nyu,v eT"Y = A}

If p = max{2, max{card(M) | M € M}} then we define K = {Q,C,Q3,...,@,}.
Let m = card(M). For each My € M, 1 < k < m, we number its rules with
1,2,...,7,. We define T', as

ra:(—N—’TMK;(SOJP()’RO)v(Sl’PlaRI))(S{apllaRll)v'"7(vapm7R ) ( m? m? m))
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where:

m Tk
N =1{5,5,51,8%-8m, Sm} UNUN, U | J | {IX, k,4] | X € Na}.

k=11i=1
We define the components of I, as follows:
Py={8 —a}uU{Sy— QIU{A > A|VAEe NIU{So > zA|A—>z € P,z cT*}.

Moreover, RS, = T*S U {T*A’' | A € N,}. Let My € M be the class associated to the
nonterminal A € N,. To M}, we associate the components Py, P of T, defined by

Po={Sr = QIU{A— v[X,k,j]|j: X — uAv},
where j is the number of the rule in M;. Moreover R’é =T*A.

P o= {Si—uQ;lj: X —uAvU{[Ak,j]— A |1 <5<}
U {[Ak]285]1<j<n, ifA= S}

Moreover, R’gj =T*[X,k,j].

From the definition of the languages Ro, R;, B;,1 < j < m, we observe that
Py communicates to F;,1 < i < m, P, communicates to P{,1 < ¢ < m, and P/
communicates to Pp,1 <1 <m. If

So = 1 X701 = uuaXotevy = ... = Uiy .. Un Xy UpUp_g1 ... 01

= UIUZ .. UpWOpVp 1 ... 0y =2 € T, (%)

is a derivation in G, then we have in I'; a derivation that gets za, in the reverse way
to (), with the following rules:

i} So starts the derivation by the rule So — wX,.

1) If X;—1 — w;Xiv; € My, (with the number j in My,) is a rule that has to be used
in (), then a communication step between Py and Py, (being in a waiting state after
uging the rule Sy, — @) we shall apply the rule X; — v;[X;_;, k:, 7] and, after that, we
shall communicate to Py, (being in a waiting state after using the rule S}, — u;Q;).
In P}, we use the rule [Xi_q,k;,j] = X/_; if i > 1, otherwise (when X;—; = S,) we
can, also, use the rule [X;_;, ki, j] — S and we communicate to P, (being in a waiting
state after using the rule Sy — Q).

iii) The last rule to apply will be in Py, that is § — @, obtaining the string za.

We can easily observe that any deviation from this scenario leads to blocked deriva-
tions in I'y. Consequently, we obtain L(I',) = L,{a}.

We suppose that we constructed Iy, for all a € T

Let T, T be two systems as above. We construct I'y; such that L(Tg) = L{[',)U
L(T3). We assume:

Pa = (NI,TI) I(’vG,la GIZ) ety G;L)?
T, = (N",T" K", G!\G,...,GL).
We define:

Tee = (NVUN'"U{S},K'UK"U{Q4 @3}, T'UT", Go, G, G,
GGG LG,
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with So, @4, @4 new symbols. The rules of Gg are So — @4, So — @F, and the
associated languages are R%t,) = T™a, R%g = T"™b. Obviously, we have L(I'y) =
L(T,) U L(T%).

In the same manner we recursively construct a grammar system such that L(T")

User L(Ta)- a

The following example illustrates the previous algorithm.

Il

Example 4.1. Consider the linear language L = {a"6" | n > 1}. We have
L= 85(L){b}, O5(L) = {a"t""" | n 2 1}

and O7(L) is generated by Gy = ({X,A},{a,8},X,{X — aA,A — aAb}). We
construct T such that L(Ty) = 9] (L){b}, with

N =1{8,5,5,8 u{X, A, X, A u{{X,1,1],[X,1,2]} U {{4,1,1],{4,1,2]},
Po={S%— @, X' — X,A' = A,§ > b5 — abA}, Ry, = T*SUT*X' UT*A,
Pi={5%—Q,A—(X,1,1,A—bA,1,2]}, Ry =T*4,

P = {8 — aQ1,S; — aQ2,[X,1,1] — X',[A,1,2] - A, [X,1,1] - S}.

Moreover R, =T*[X,1,1], Ry, = T*[4,1,2].

Here is a derivation in I':

(50,51, 57) = (abA,Q,aQ2) F (So, abA, aQs) = (Q,ab’[4,1,2],aQ2)
(Q, 51,0°8*[A4,1,2]) = (Q, Q,a* B A) F (a*V*A',Q, 5]) = (4’874, Q,aQ1) F
(S0,a°8° A, 0Qn) = (@, a®*[X, 1,1],aQ1)  (Q, 5, a’P*[X,1,1]) =
(Qa S;, a3b2§) F (a362§7 > _) = (a3b37 e’ _)‘
Theorem 4.2. CS C WSPC(CF).
Proof. Let L be a context-sensitive language and G = (N, T, S, P) such that
L(G@) = L.
We suppose that G is in (weak) Kuroda normal form, hence it has the rules of
the form: A — a,A — B,A — BC,AB — CD, where A,B,C,D € N anda € T.
Without loss of the generality, we may assume that A # B in rules of the form

AB — CD (if r : AA — CD € P, then we replace it by A — [A,r],[A,r]A — CD).
We define a relation X on the set P of the rules. If

rl;XZ——PQEP,T‘Q:YZ’*‘-)ﬁEP,

where Z,Z' € NU{)\}, X,Y € N and o, 8 € (NUT)*, we say that ry W ry iff X =Y.
The relation M divides P in a set of classes M; let n = card(M). We define I' a
grammar system such that L(T') = L as:

r= (W, T,K,Gy,G1,Ga,...,Gn),
where

N = NUNU{S,51,...,5}
U {[A,r]]A€c Nandr:A—z&€Porr:AB—-CDeP

orr: BA— CD e P},
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>
]

- {QOanaQZa---aQn},
Py = {So— Qu}U{A —A|¥AeN)
{A—=[Apl|lp:A>acPorp:A-BePorp:A— BCcP}
{A—[A,q,B—[B.,qllq: AB—> CDe€ P},
Ry, = (TUN'y,
P, = {Si— Q}u{4,pl »alp:A—a}U{4,r] - BC'|r:A— BC}
{{A,s] > B |s: A~ B}U{[A,q = C",[B,q] > D' | g: AB— CD},
ng {o[A,plBla,Be(NUT),p:A—a€Porp:A—-BeP

orp: A— BC € P}

U {efA,q|[B.qlf |, B € (NUT),q: AB— CD ¢ P},

for M} € M asssociated to A € N.

c C

C

it

From the definition of the languages R;,0 < 2 < n, we observe that the communication
is made only between Gy and a unique component G;,1 < ¢ < n, or between G;,
1 € ¢ < n, and Gy (the communication between G; and G;,1 < i,j < n, is not
possible). From this construction, it follows that L(G) = L(I'). a

Definition 4.1. Let T’ be a PC grammar system given by:
I'= (N,T,K,Gl,Gg,...,Gn)

and a query symbol §); € K,1 <: <n.

We say that ); has “the property C” if every replacing of it by a communicated
string iy XjuaXo .o Xpttpp1 (i EN1 <2 < pu; € T*,1 <1 < p+1)in a compo-
nent Gy, 1 < k < n, is followed by the transformation of all non-terminal symbols
Xi, Xz, ..., X, (by rules from G}) before G}, performs a communication step.

A derivation in T is called “with the property C” if all query symbols that appear
in it, have the property C. We define:

L) ={z € T*{z € L(') and z is obtained by a derivation with propery C}.

Moreover, we define PCZ(X), the set of languages generated by derivation with prop-
erty C in PC grammar systems of type X and degree n. Analogously we define
CPCC(X), NPCE(X),NCPCS(X).

From the definitions we obtain the following result:

Lemma 4.5. GS(X) = G,(X) wheren > 1, G € {PC,CPC,NPC,NCPC} and
X € {REG,LIN}.

Theorem 4.3. G$(X) C H,(X) where n > 1, X ¢ {REG,LIN,CF,CS,RE}
and (G, H) € {(PC,SPC),(CPC,CSPC),(NPC,NSPC),(NCPC,NCSPC)}.

Proof. We suppose X = CF and (G,H) = (PC,SPC) (the other cases are
analogous).

Let I' = (N, T, K,G1,Ghs,...,Gy) be a PC grammar system with property C. We
construct a SPC system I = (N, T, K', G, G5, ..., G,) such that LE(I") = L(T"), as

follows: .

Z_V_z U{{A’]]{AGN} and K':{Q’h %-,Q;}

=1
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Let G; = (NUK,T,S;,P),1 <i<n. Wedefine G: = (NU K',T,[S;,i], P!) where
P! is given by:

Po= ({4 5] = wlXy, dualXa, 1] [Xp, Jupra | A = uiXaugXe ... Xptipys € B,
=1

Up, U2y -+ 0y Upyd S T*,Xl,Xz...,Xp EN}

Moreover, we define RS, = (T U N;)*, where N; = {[A4,j] | A€ N}, 1 <j <n.
2
The theorem follows from the following observation: T” works like I' and the
property C of T gives us the possibility to communicate atthe same time as in I'. O

Corollary 4.1. LIN ¢ SPC(REQG).

Proof. Tt is known that LIN C PCy(REQ) (see [3]). From Lemma 4.5 and
Theorem 4.3 we have LIN C PCy(REG) = PCS(REG) C SPC(REG). |

5. A Generalization

As we said in Introduction, in UNIX it is possible to send signals to a group of
processes (a case modeled by SPC grammar systems), but also to a process with a
defined address.

We model this general case by the concept of “Parallel communicating grammars
systems with communication by signals to addresses” (ASPC, for short).

Definition 5.1. Let n > 1 be a natural number. A parallel communicating
grammar system of degree n with communication by signals to addresses is an (n+3)
—tuple:

I'=(N,T,K,(51,P1, R1),(S2, Pay R2), . .-, (Sn, P, Rn)),

where N is a nonterminal alphabet, T' is a terminal alphabet, K = {Q1,Qa,...,@,}
is the set of signals of the system (the sets N, T, K are mutually disjoint). We define:
K =5, Qn(—1) U Ukey Uy Qr(7). Qr(—1) means that the signal @y is sent to all
components of the systems (like in SPC systems) and Qx(z) means that the signal @
is sent to the component P; of the system.

P is a finite set of rewriting rules over NUT UK and S; € N, forall1 <i<n

For all 1 < ¢ < n, R; is defined as a set of regular languages R: = (Rj, )i<i<s
where jo is a regular language associated to the signal @; (of the component P; of
.

We assume that the rules of P;,1 < i < n, are A-free and there exist no rules
Q) >a€P,1<i<nl<i<pj=-lorl<j<n

The derivation in an ASPC grammar systems is defined as follows:

Definition 5.2. Let T' = (N, T, K, (S, Py, R1), (S2, Py Ra), - . ., (Sny Po, Rn)) be

an ASPC grammar system and two n—tuples (x1,22,...,Zn), (Y1,¥2,---,¥Yn), i, ¥i €
V&, 1 <t < n. We define two types of derivation:

1. (derivation without waiting): (x1,%2,...,%s) = (Y1,¥2,...,Yn), Where z; = y;
by a rule from P, z; ¢ (NUT)*,1 <i<nory;=z;ifz; € T*,1 <i<n.
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2. (derivation with waiting): (x1,22,...,2.) = (Y1,¥2,---,¥n), Where z; = y; by
a rule from P, z; € (NUTUI_(-)*,I <t<nyory; =z ifz; € T 1 <i<m,or
z; € (NUT UK)* contains at least a signal @;(j) € K,1 <1< p, and we can
not use any rules from P; to derive ;. If there exist no components to derive
the configuration and z; ¢ T* then T is blocked.

Definition 5.3. We denote the step of communication by (z1,zs,...,z,) F
(Y1, Y2, - - -, Yn) and we define it as follows:

If 2; = 1Qi, (1) 2@y (52) - - - Qi (i) & word with @;,(jix) € K,1 < k <1, and
ar € (TUN)*, 1<k <141, then, for @y, (i) with jz = —1 communication is done
like in the SPC systems, otherwise (when 1 < j, < n) we replace @;, (jx) by zj, if
z; € Ré?-'k else it remains unmodified.

The definition of the language generated by an ASPC grammar system is the same
as for SPC systems.
From the definitions, we have:

Theorem 5.1. i) The SPC systems are a particular case of ASPC systems when
all addresses are ~1.

ii) The PC systems are a particular case of ASPC systems with derivation without
waiting, withall addresses different from —1 and no control on the received information
by communication (i.e, R’éj = (NUT)*1<1,5 <n).
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PC Grammar Systems Versus Some Non-Context-Free
Constructions from Natural and Artificial Languages
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Abstract. We systematically examine the possibility of generating the
three basic non-context-free constructions in natural and artificial lan-
guages — replication, multiple agreements and crossed agreements — by
means of various types of parallel communicating grammar systems. An-
swering a problem left open in [2], we prove that also the last construction
specified above can be covered by centralized (context-free) parallel com-
municating grammar systems, both in the returning and the non-returning
case. Several problems remain open (mainly concerning stronger forms of
the results mentioned here).

1. Introduction

The parallel communicating (PC) grammar systems were introduced in [7], as
a grammatical model of parallel computing. Roughly speaking, several grammars
work together, synchronously, each one on its own sentential form; when certain
special symbols are introduced, a communication operation is performed: the current
sentential form of a component grammar is transmitted to the component which
has introduced the query symbol, and the occurrences of the query symbol in the
sentential form of the receiving component are replaced by the communicated string.
The language generated in this way by a specified component of the system (the
master) is the language generated by the system.

Two basic classifications of PC grammar systems are the following ones. When
only the master is allowed to introduce query symbols, then the system is said to be
centralized; non-restricted systems are called non-centralized. On the other hand, a
system is called returning if every component resumes working from its axiom after
communicating its string to another component; if, after communicating, the com-
ponents continue the rewriting of the current string, then the system is called non-
returning. According to the form of the rules, a PC grammar system can be regular,
linear, context-free, etc.

We refer to the monograph [1], to [2], etc. for results in this area. We only mention
that the cooperation of grammars in the form of a PC grammar system increases the
power of regular and of context-free grammars: systems of all forms mentioned above
with regular rules are able to generate non-context-free languages. This is useful in
view of the fact that one knows that natural languages as well as most of the significant
artificial languages are not context-free (see, e.g., [3], [4], [8]).

The three basic non-context-free constructions in natural and artificial languages
are the replication, the multiple agreements, and the crossed agreements, modelled by
the following languages
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L = {zz | z € {a,b}"},
Ly ={a"b"c" |n > 1},
Ly = {a"b"c"d™ | n,m > 1}.

They are used in many papers as common examples of languages generated by
PC grammar systems of various types. However, several problems are still open in
this area. For instance, in [6] it is proved that L3 can be generated by context-free
non-centralized PC grammar systems both in the returning and the non-returning
modes, but it is formulated the conjecture that centralized systems cannot generate
this language. The problem of the place of this language in the hierarchy of families
of languages generated by PC grammar systems is formulated as open also in [2].

We solve here this problem, proving that L; can be generated by centralized sys-
tems both in the returning and the non-returning modes. Still, we do not know
whether or not regular PC grammar systems can generate this language (the answer
is affirmative in the case of the language Ly, for systems working in the non-returning
mode).

2. PC Grammar Systems

As usual, we denote by V* the free monoid generated by an alphabet V; its identity
(the empty string) is denoted by A and V* — {A} is denoted by V*. The length of
z € V* is denoted by |z|, whereas |z|y is the number of occurrences of symbols in
U C V in the string £ € V*. The families of regular, linear, context-free, context-
sensitive, and recursively enumerable languages are denoted by REG, LIN, CF, CS,
RE, respectively. Further elements of formal language theory we shall use here can
be found in [9], [10], etc.

A PC grammar system (of degree n,n > 1) is a construct
I'=(N,K,T,(5,P),...,(5, ),

where N, K, T are mutually disjoint alphabets, with K = {Q1,...,@x»}, S; € N, and
P; are finite sets of rewriting rulesover NUK UT, 1 <7< n.

The alphabet NN is the nonterminal one, T is the terminal alphabet, the elements
of K are called query symbols, and the pairs (.S;, P;) are the components of the system.
Often, we call P; a component. Note the one-to-one correspondence between the query
symbols and the components. The symbol S; is the axiom of the component ;. An
n-tuple (zy,...,%,), with z; € (N U K UT)*, is called a configuration of T,

For two configurations (z1,...,2a), (¥1,--.,%.) with z; ¢ T, we write
(z1,. > %) =>rw (¥1,. -+, yn) iff the following conditions hold:

1. |lzilg =0,forall 1 <¢ <
2. either z; =>p, yi,orz; =y, € T, 1 <i < m.

For two configurations as above, we write (21,...,%n) = comr (Y1, - -, Yn) iff the
following conditions hold:

1. thereis ¢,1 < 7 < n, such that |z;|x > 0;
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2_ lf T; = le,’122...2kQ,‘ka+1, k 2 1, fOI‘ Z] € (N U T)*, 1 S .] S k+ 17
and lx,’le = 0 for each j, 1< ] < k’ then Yi = Z1Ti 22 ... ZkTi 2k and
lyi; = Si;y 1 < j < K]; otherwise, y; = x5

3. for all ¢ for which y; has not been defined at point 2, we have y; = z;.

The relation ==,, represents a rewriting step (performed in parallel, syn-
chronously, on all components whose current sentential forms are not terminal), the
relation = ., defines a communication step. The query symbols are replaced by
the strings identified by their indices (we say that the query symbols are satisfied),
providing that these strings do not contain further query symbols. The communica-
tion has priority over rewriting. If some query symbols are not satisfied at a given
step, then they might be satisfied at the next ones, providing that the requested
strings were modified by the previous communications in such a way that they do
not contain query symbols. If circular queries appear, the system is blocked. The
system can be also blocked in the rewriting mode, when a component cannot rewrite
its sentential form although it is a nonterminal one. Note that neither a rewriting
nor a communication is possible when the sentential form of the first component, z4
above, is terminal. The work of the system stops in that moment.

The above defined communication step is a returning one: after communicating, a
component resumes working from its axiom. If we remove the brackets, [y;; = 5i,, 1 <
j < k], then we obtain a non-refurning communication, denoted by ==om n,: after
communicating, a component continues processing the current sentential form.

We write, in general, =>,, ==, for denoting both a rewriting and a communicat-
ing step (this second one in the returning or non-returning mode, respectively), and
=*, =, for the reflexive and transitive closure of these relations. The langnage
generated by I' in the mode ¢ € {r,nr} is

LyT) = {z€T|(S1,...,8) =7 (T, 92, -, Yn)s
yi € (NUKUT), 2<i<n}.

The first component of the system is called the master; its language is the language
of the system. Note that no restriction on the sentential forms of the other components
is imposed.

When only the master can introduce query symbols (formally, |w|x = 0 for all
A — w e P, 2<i<n), then we say that the system is centralized; otherwise, the
system is non-centralized.

We denote by PC,X the family of langnages L,(I') generated (in the returning
mode) by non-centralized PC grammar systems with at most n components, n > 1,
of type X. When centralized systems with at most » components, n > 1, are used,
we write CPC, X, when the non-returning mode of working is used we add the let-
ter N, getting NPC,X, NCPC,X. When no bound is imposed on the number of
components, we replace the subscript n with *. In what concerns the type of the com-
ponents, we consider here X € {REG,CF'}, where REG indicates A-free right-linear
rules (that is rules of the form A — zB, A — z, where A, B are nonterminal symbols
and z is a terminal string, different from \) and CF indicates A-free context-free rules.
When defining the type of rules, the query symbols are considered nonterminals.
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PC.CF NPC.CF

PC.REG NPCLREG

NCPC.CF

CPC.REG NCPC.REG

REG

Syntheses of the results about the generative power of PC grammar systems can
be found in [1], [5], [6]. The diagram in figure above is borrowed from [2]. An
arrow from a family F; to a family F; indicates the (not necessarily proper) inclusion
Fy C F; (MAT is the family of languages generated by A-free matrix grammars
without appearance checking).

3. The Languages L, Ly, L3 in the PC Hierarchy

The following results are known (see the papers mentioned in the previous section):

1. L1 € CPC,OF N NCPC,CF,
2. Ly,e CPC3REGN NCPC3REG,
3. L3EPCgCFﬂNPCmCF.

In [6] and [2] it is asked whether or not Ls can also be generated by centralized PC
grammar systems. We shall affirmatively answer this question, but first we improve
the first result above: in the non-returning case, L; can be generated also by regular
centralized PC grammar systems.

Theorem 1. L, € NCPC,REG.

Proof. Let us consider the following system

1—‘1 = (N, K, {a7 b}’ (Plv Sl)a (PZ, 52))7
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N ={5,,5,4,B,X,Y,[d],(a), [8],(0)},
P ={S —aa, Sy —bb, Sy~ A A— B, B— A, B (Q,,
[a] = aQ3, [b] — bQq, (a) — a, (b) — b},
P,={S —aX, S5 =bX, X — S5,
S, — [al, Sz — (8], [a] — (a), [B] = (), {a) =Y, () = Y}.

The derivation in the first component, if it is different from the one step derivations
S1 = aa and S} = bb, starts with §; => A == B and continues with pairs of
steps B => A == B. Only B can “break” such a cycle, by the rule B — Q3. Hence
@ is introduced after an odd number of derivation steps. If the second component
starts by one of the rules S, — [a], S; — [b], then after two more steps we get the
symbol Y which cannot be rewritten in P> or in Pj, hence the derivation is blocked.
After using S; — aX or S; — bX, we have to use X — S3. These cycles can be
iterated, hence at even moments we have in the second component a string of the
form zS5,. The symbol X cannot be rewritten in P;, hence when P; introduces Q2
we have to have in the second component a string of the form z[a] or z[b], for some
z € {a,b}*. We get the configuration (z{a],z[a}), o € {a,b}, hence we continue by

(z{a], z[a]) =>nr (zaQ2, z(a)) =>nr (zaz(a), z(a)) =>u, (zaza,zY),
for o € {a,b}. Consequently, L,,(T'y) = L. O

We believe that the result above cannot be extended to regular centralized PC
grammar systems working in the returning mode. Clearly, from Figure 1, the previous
theorem and the relation L; € CPC,CF N NCPC,CF, this is the only case which
remains to be settled for the language L;.

For the language Ls, the results pointed out at the beginning of this section are
the strongest possible (if not considering the question of the number of components
of the involved PC grammar systems). We consider now the language Ls.

Theorem 2. Ly ¢ CPC4CF.

Proof. Let us consider the system
Fz = (N, .K, {a, b, C, d}, (Pl, S]), (PQ, 52), (Pg, 53), (P47 54)),
where

N = {51,52,53,54,A, A1, Ay, B, By, B3, B3, X, X1, X,,Y,C, D, },
Py = {8 = A, A1 — Ay, Ay — aAcC, A; — d®ACC,
S, — aB;, B, — aB;3, B; — aB3, Bs — ab,
By — aAQs, By — a®AcQq, By — a*AQ.,
A—Qy C—=Q3 Bob D—d},
P = {5—=X X->Y,Yo5, X—bA,
Sz — X1, Xh — Xgy Xy — B},
Pro= {5—=X, XY, YU U—X, U-—dC,
Sz — U, U— D},
Py = {S4—cC, C—cC}.
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If the derivation in the first component starts by using the rule S; — A;, then
after two more steps we get here the sentential form ¢’Ac’C, i € {1,2}; hence the
configuration is (a‘Ac‘C,u,v,c>C). The symbol Q4 will be never introduced in P;.

If the first used rule in P is Sy — By, then after one more step we get the string
a?B,, that is we have a configuration of the form (a2Bs,uy,v), 2C), for some strings
ug, v; which will be specified latter. We have to continue with

(a®By, u1,vy,2C) =7 (a®2 By, uy, 0, &T20)
= (a3(1+1)+1Ac~»Q4’ us, Vs, CS(I+1)C) — (a3(l+1)+1AC3(l+1)+zC, us, vs, 54)’

where the phase ==* consists of 3/ derivation steps, [ > 0, and ¢ € {0,1,2}.
Therefore, after 3(! + 1) rewriting steps and a communication step we get a con-
figuration

(a"Ac"C,u,v,y),

where n = 3(I+ 1) +1i, for [ > 0,7 € {0,1,2}, hence n > 3. From now on, the symbol
@4 will be never introduced in P;.

Let us now examine the work of Py, P; in the first 3(/ + 1) derivation steps. After
the first derivation step we get a configuration of the form (z, a, 8,91).

If @ = X;, then after two more derivation steps one introduces the symbol B which
cannot be rewritten in P, hence the system is blocked (no query from P; can appear
at that time). Therefore, we must have & = X, which has to continue by using the
rule X — Y (using X - bA blocks the system).

Now, if 8 = U, then we obtain

(ml,X: UJ yl) = (xg,Y, X7 y2) = ($37S2aY7 y3) ﬁ: (a’nAch7 52,}/,:1/4),

where the phase =} consists of 31,1 > 0, rewriting steps followed by a communication
step. (In P3; we cannot use one of the rules U — dC,U — D because they block the
system.) If we continue by using the rule A — @, in P;, then the symbol X or Xj is
brought from P, to the master; if one applies C — @3 in Py, then one communicates
from P to the master the symbol U. In all cases the system is blocked. Consequently,
we must have § = X and the derivation is

(517527537 S4) = (zlaX7X7y1) == (z27Y7 Y7 y2)
= (3337 S27 U7 y3) =>: (anACnC, 527 Ua y4)7

where the phase =} consists of 3/, > 0, rewriting steps followed by a communication
step.
Therefore, after 3(1 + 1) derivation steps, the only possible configuration is

(a”Ac"C', Sz, U, y4)

If we continue by using A — @, in P, then the derivation is blocked. Hence, we
have to continue with C — @3, that is we have

(a"Ac"C, 82, U, ya) =, (a"Ac"Q3, us, V4, Js5).

If vy = X, then the system is blocked. We distinguish several cases:
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1. If uy = X; and vy = dC, then after the communication step we obtain
{a®Ac"dC, X1, S3,y4) and the system is blocked after one rewriting step (A — @
or C' — @3 in P) and a communication step (we bring one of X3, X, U to the first
component).

2, If ug = X and vy = dC, then we can continue, leading to the configuration
(a"Ac™dC, X, S3,ys). If we use now C — Q3 in Py, then the system is blocked after
communicating X or U to the master. We have to continue with A — @, in P;. If
in P, we use X — Y, then Y will be communicated to the first component and again
the system is blocked. The only remaining possibility is to use X — A in P,. If in
P; we use S3 — X, then we have

(a"Ac"Qs, X, dC, ys) =, (a"Ac*dC, X, S5,y5) = (a"Q2c"dC, bA, X, yo)
—, (a"bAc"dC, Sy, X, ys)

and after a rewriting step (A — @2 or C — (3 in P;) and a communication step one
of X, X;,Y is obtained in the first component, blocking the system. Thus, the only
possibility is to use S3 — U in P; at the last step above, hence we get the configuration

(a™bAC™dC, Sz, U, ys).

We have a configuration with the same nonterminals as those we have started with,
hence the operation can be iterated.
3. If uy = X and vy = D, then the derivation can continue by

(anACan, Ug, V4, y5) ——, (a”Ac"D, X, S3, y5)

If we apply D — d in the first component, then the system will be blocked after
using in P; one of the rules X — Y, X — bC, because @), is introduced in the
first component. The system is blocked also when we continue with A — @3 in Py,
whichever is the continuation in P,: the use of X — Y blocks the system immediately;
if we apply X — bA, we get

(a"Q2c" D, b6C, vs, ys) =, (a”bAC"D, Sz, v5,96).

If we apply the rule A — @, then the system is immediately blocked (one of
X, X; is introduced on the first component).

If we apply the rule D — d, then the system is blocked in three steps, irrespective
which is the continuation; for instance, consider

(a™bAc™D, S, vs,y6) => (a"0AC"d, X, ve, y7)
pl 4 (a"ngc"d, bA, V7, yg) = (a"bzAc’fd, 5’2, V7, yg),
hence at the next communication step we bring X or X; in the first component.
4. If uy = X, and vy = D, then we produce the configuration (a"Ac™D, X1, S3, 1)

If we use A — @, in Py, then we bring X, to the master and the system is blocked.
If we apply D — d, then we continue as follows.

(a™Ac*d, X2, v5,y5) =+ (a"Q2c"d, B, vs,ys) == (a"Bc"d, Sz, s, s)
==, (anbcnd, Us, U7, y7)'
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Consequently, after a phase
(Sl, Sg, 53, 54) ﬁ’: (dnACnC, Sz, U, y),

consisting of 3(I + 1), > 0, derivation steps, we have two possibilities to continue
without blocking the system:

1. (a"Ac"C, S8, U,y) =7 (a"bAc"Cd, S2,U,y'), and
2. (aAcC, 5, U, y) ==} (a"bcd,u,v,y"),

where n > 1.

Using m — 1 times the first derivation (it can be iterated, because the nonterminals
in the obtained configuration are the same as in the starting configuration), and then
the second derivation, we get on the first component the string a"6™c*d™. Therefore,
Ly C L.(T3). From the above discussion, we see that also the converse inclusion is
true, that is L,(T') = L. O

A gimilar result holds true also for the non-returning case.
Theorem 3. L; € NCPC,CF.

Proof. Let us consider the PC grammar system
Iy = (N, K,{a,b,c, d}7 (Ph 51)7 (PZ) S2), (Pa, 53), (P4, 54)),
where

N = {51,5,,55,54,55, 4, A", A1, As, B, By, By, By, X, X1, X,
Y,C,C',C,Cy, D, Y,

P = {5 — A1, Ay — aAcC, S1 — abed,
Si — aBy, By — aB;, By — aBy, By — aAQ4, By — a*AcQy,
S — aCy, C) — aCy, Cy — aCy, C; — aA'Qs,
A> Qs C—Q3, B—b, D—d, A —=b, C'—d},

P = {S—bX, X—-A A-Y,Y - A,
A— Xy, X1 - X5, X — B, B-— X3},

P = {5—dX, XY, YC, C—Y,
YD, Do X, X - X,, Xo — X3},

Py = {S4—cC, C —cCh,

P = {S5s—cC', C'—cC'Y.

The analysis of the work of this system, in the non-returning mode, is similar to
the argument in the previous proof.

For instance, after 2k, k > 1, derivation steps in I['s, we can perform a communi-
cation from the second or from the third component to the master, and we get

(S1, 52, 55,84, 85) =7, (a"Ac"C, e, B, 3,y),

where n > 1.
We have a € {bA,bX>,bX3} and 8 € {dY,dXy,dX3}.
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If @« = bX; or B € {dX1,dX>}, then the system will be blocked in a few further
steps. If o = bX5, § = dY, then we obtain the derivation

(a"Ac"C,bX3,dY, z,y) =>,, (a"Q2c"C,bB,dZ, ', y')
> (a"bB"C, bB,dZ, 'y,

where Z € {D,C}. If Z = D, then in at most two steps we bring to the master a
symbol which cannot be rewritten. If Z = C, then after one more step the system
is blocked, because P, cannot continue rewriting its string. The only non-blocking
possibility is @ = bA, § = dY/, that is we have the derivation (consisting of 2k steps)

(81, 83, 53, 84) =1, (a"Ac"C, bA,dY, y).

In the same way as in the previous proof, one can see that there are only two
possible continuations which do not block the system:

(a"Ac*C,bA, dY, z,y) =%, (a"bAc"dC,bA,dY,',y'), and

1. .
2. (a"Ac"C,bA,dY,z,y) =% (a"b*c*d®,u,v,z",y"),
where n > 1.

The first derivation can be iterated. Using it m —1 times, m > 1, then closing the
derivation by a derivation of type 2 above, we can generate every string a™b™t1cndm+1
on the first component of the system.

The strings of the form a™bc"d, n > 2, can be generated by starting the work of
the master with the rule S; — aC;. Then the derivation runs as follows

(51, Sz, S3, 84, 85) ==+, ("' C1, 21,91, 21,¢" 1 C")
= (a"A'Qs, T2, Y2, 22,¢"C") = (" A" C’, 24,3, 22,"C)
=5 (€"8*C", T3, Y3, 23, " C") = (a"bc"d, 24, s, 7, C).

The string abed is directly produced by the rule 51 — abed.
Conversely, all the terminal strings obtained by the master component of I's are
of the forms discussed above, hence L, (I's) = Ls. ]

We do not know whether or not the language L; can be generated also by regular
PC grammar systems (centralized or not). A related question is whether or not
Theorems 2, 3 can be improved by using systems with less than four components.
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Abstract. We intend to approach some phenomena of natural languages
by means of grammar systems. Problems as word order, constituents
movements, subcategorization and the working of the linguistic system -
considered as a set of independent modules that work together to produce
natural language— will be tackled taking into account grammar systems
theory.

1. Word Order and Grammar Systems

The way in which the elements of a sentence are arranged from left to right varies
in the different languages. In the research work about word order, three elements
have been identified as relevant in the sentence patiern (subject, verb, and object),
and taking into account their position in the sentence some language classifications
have been proposed. In the same way, we have heard about free word order languages
and fixed word order languages. In spite of such theoretical classification, it seems
that we may not speak in absolute terms neither about fixed word order languages,
nor about languages whose word order does not admit the simplest transformation.

In generative syntax, it has been raised the question of determining whether word
order is or not a phenomenon coming from deep structure. The most preponderant
opinion has been that one in which it has been defended that disarrangements between
underlying word order and surface word order must be solved using transformations.

In Spanish, the basic word order is equivalent to the pattern SVO (subject-verb-
object), though this pattern can be frequently altered. With regard to these word
order alterations, we will pay attention to the following two cases: left-dislocation
and topicalization.

Some linguists have defended the existence of a sentence functional structure or-
ganized around two elements: the theme, or subject which a sentence deals with, and
the rheme, or enunciation about that subject.

The known information or theme usually appears at the beginning of the sentence,
being followed by the new information or rheme. However, some movements can occur
in such order. Some people talk about an objective order, where the theme precedes
the rheme, and a subjective order, where the rheme goes before the theme.

Starting from the above-mentioned dichotomy, we can define two procedures by
means of which the selection of the constituent operating as theme or rheme can

1 Research supported by a FI fellowship from Direccié General de Recerca/CIRIT, Generalitat de
Catalunya.
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cause important modifications in the syntactical configuration of the sentence: left-
dislocation and topicalization.

1.1. Left-Dislocation and PC Grammar Systems with Renaming

First of all, we will talk about left-dislocation. It is defined as a device which makes
the theme to have a peripheral position within the sentence, being this position usually
an initial one. Some examples of left-dislocation are the following:

(1) A Maria Juan la vio ayer. [Spanish]
2) A tu hermano, Juan no lo puede ni ver. [Spanish]
3) Ese libro el nifio debe leerlo cuanto antes. [Spanish]

4) A Pedro la carta hay que escribirsela pronto. [Spanish]

6

(
(
4
(5) Di questo non ne voglio parlare. [Italian]
(6) A Romaio no ci vado. [Italian]

(7

7) Al jardi els nens s’hi diverteixen molt. [Catalan]
The main syntactical features involved in these examples of left-dislocation are:

a) the constituent occupying a thematic position (italics in the examples above)
can belong to different syntactical categories;

b) there is no theoretical boundary as for the number of phrases occupying a left
position;

c¢) within the sentence, the left-dislocated constituent has a correlative pronominal
element which must be a clitic (bold in the examples above);

d) a close structural link between the left-dislocated constituent and the clitic one
with which it is associated is set up: the left-dislocated element must carry out
the same grammatical function and must be given the same thematic role as the
pronoun.

The problems arisen in the research about left-dislocation turn on the question
whether the left-dislocated element either is the result of a moving process or, on the
contrary, is already present in the deep structure in the position of theme. Several
reasons, among them the clitic presence, have supported the idea that left-dislocated
constituents are already born in the theme position, because, if this would not be the
case, i.e. if left-dislocation were a moving process result, the position taken up in the
deep structure by the moved phrase should be occupied by a trace, that is to say an
empty element.

Putting aside all these questions arisen in generative syntax, the left-dislocation
phenomenon might be easily explained using a new type of PC grammar system: the
so-called PC grammar system with renaming (introduced by Gh. P3un in May 1996:
personal communication).

Definition 1. A PC grammar system with renaming is a construct:

I'=(N,K,T,(5,P),..., (S, Py By ooy B,
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where N, K, T are disjoint alphabets, K = {Q1,Q2,.--,Qa},(S1, P1)s- .- (Sn, Pn)

are the constituents of the system, and h,,.. ., h, are weak codes.
The elements of N are non-terminals, the ones in 7' are terminal, and
Q1,Q2,.--,Q- are query symbols associated through a one-to-one correspondence

with the system components. §; € N, is the axiom and P, are finite sets of rewriting
rules over NUT U K U K’, where K' = {[h;,Q:] | 1 < < n,1 <j < m} and each
[h;, @:] is considered a symbol. Moreover, b; : (NUT)* —» (NUT)*, 1 < j < m, are
weak codes such that:

(i) hi(A)= A, for A€ N,
(12) hij(a) e TU{A}, foraeT.

These systems work in the same way as usual PC grammar systems, [4], [9], with
the only difference than when the symbol [h;, Q;] appears in the sentential form, it
has to be replaced not by the string z;, as it is done in a usual PC grammar system,
but by k;(z;).

This modification, therefore, allows us to rename a string, that is, to get the same
string with a different form. This idea fits quite well all the facts previously mentioned
about left-dislocation. We have stated that the left-dislocated constituent has a cor-
relative pronominal element in the sentence with which it has a close structural link,
due to the fact that both carry out the same grammatical function and are given the
same thematic role. So, really they are a unique string with a different form, which
is the same string that has been renamed.

For a PC grammar system with renaming to give account of left-dislocation phe-
nomena, it would be enough to consider a grammar system where each constituent
generated a particular phrase type (NP, VP, PP) and, at the same time, the master
introduced, in a certain moment, two query symbols, Q; and [h;, @;], placing the first
one in an initial position and the second one in an inner position of the sentence. In
this way, the left-dislocated phrase z; would be placed in a peripheral position, and
the same phrase translated by a morphism h(z;) —that is, a pronominal form- in an
internal position,

1.2. Topicalization and Grammar Systems

As it has been said previously, with regard to the objective order, the sentence
constituents in a final position are understood as new information or rheme. Now,
in the subjective order the theme is placed in initial position. The syntactical pro-
cesses due to which the rheme appears in a first position within the sentence are
called topicalization. The two processes involved in topicalization are emphasis and
questions.

Examples of emphasis could be the following:

(8) EN VERANO visité Marfa Budapest.
(9) DE DOS PARTES consta el examen.
(10) CON ANTONIO se casara Marfa.
(11) UN TRABAJO necesitas tu.
(12) EN PEDRO confia Marfa.
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(13) LAS ACELGAS detesta Maria.

Among the syntactical features attributed to topicalization, we can take into ac-
count the following:

a) it can affect to distinct syntactical categories,

b) it involves obligatorily the inversion of subject-verb order,

¢) there cannot be a clitic coindexed with the topicalized element,
d) there cannot be more than one emphasized constituent.

Keeping apart all problems generative linguists have had to face when talking
about topicalization phenomena, we can here approach these processes using grammar
systems.

A PC grammar system might be used in which each one of the components gen-
erated a type of phrases, with the master introducing a query symbol in whatever
position it wanted. Thus, if we intend to get an objective order (rheme in final po-
sition), the master will introduce the query symbol that settles the rheme sending in
a final position; on the other hand, if we wish to emphasize a particular information
—that is, topicalize a particular constituent—, the master will place the corresponding
query symbol in an initial position.

At first sight, the existence of a prominent component —the master—in PC grammar
systems [4], [9] seems to offer a lot of possibilities to give account of movements of
constituents and word order alterations within the sentence. Given that the language
generated by a PC grammar system is the one produced by the master, this one has in
its hands the chance to order the strings produced by the other system components in
the most suitable manner. So, the movements produced in processes like topicalization
could be explained only mentioning the master’s freedom to introduce query symbols
in any place in the string.

More difficult to be solved would be the subject-verb inversion within the sentences
with topicalization. Nevertheless, the easy solution could be chosen again, and it could
be pointed out that in cases of topicalization the master of the grammar system places
the query symbol referring to the subject after the query symbol referring to the verb.

The matter about interrogative sentences would have the same treatment as em-
phasis, so that we might distinguish interrogatives like:

(14) (A quién enviard Juan una postal?
(15) ;Cuéndo viene Maria?

(16) ;Dénde ha ido Pedro?

from interrogatives with the form:

(17) jJuan enviard una postal a quién?
(18) ;Marfa viene cuando?

(19) ;Pedro ha ido dénde?
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We should talk again about the introduction of query symbols in some place or
another in the string: in the first type of interrogative sentences the master would
choose the introduction of the query symbols in initial position, with the corresponding
inversion subject-verb, while in the second type the query symbol would be placed in
final position.

2. X-bar Theory and Grammar Systems

The X-bar theory states that every complex syntactical constituent is the result of
the expansion or projection of a nucleus. Due to the structural similarities among the
lexical nucleus projections, two schemes that cover all of them under a unique basic
type are proposed:

X" — (Esp) X,
X' — X'(Compl).

These schemes allow us the interpretation of the apparent variety of syntactical
structures as realizations of a single underlying pattern.

To the different grammatical categories (N, Adj, V, P) can be given some comple-
ments and specifiers, as well as they can reject others, that is to say there are several
restrictions at the moment of giving a complement to a particular category: not all
the categories are given the same type of complement. This idea of restriction might
be collected in a PC grammar systems variant: the so-called PC grammar systems
with communication by command.

Before establishing the possible relation between this variant and X-bar theory,
let’s see which are the differences provided by this new type with regard to the stan-
dard PC grammar systems.

While in usual PC grammar systems the communication is achieved by means
of request —that is, in a particular moment a component of the system introduces
a query symbol that determines the communication of a particular string-, in this
type of PC grammar systems communication is achieved by means of commands. We
have a system made up of differents grammars, like in a usual PC grammar system,
which operate separately, have their own sentential forms and also have a regular
language or a pattern associated to them. On some particular occasions, rewriting is
interrupted because some components send their sentential form to other components,
particularly to those ones that have the mentioned sentential form in their selector
language. As in a usual PC grammar system, the set of terminal strings generated by
the master is the language generated by the system.

Definition 2. A PC grammar system with communication by command is a
construct

I'=(N,T,(S1, P, R1),..,(Sn, Pn, Bn)),n 2 1,

where N,T are disjoint alphabets, and (S1, P, R1),.--,(Sn, Pn, Bn) are the compo-
nents of the system. The elements of N are nonterminals, the ones in 7" are terminals,
S; € N is the axiom, P; are the production rules over NU7, and R; C (NUT} is
the selector language of the ¢ — th component.

In this new type of PC grammar system, a message or string z will be sent to the
component ¢ when ¢ will be part of R;. R; can be defined either as a regular set or
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as a pattern. If it is considered as a pattern =, then
Ri = Lyur(m:),1 <i<n.

A pattern can be defined as follows: having an alphabet with constants A and
another alphabet with variables V, a pattern is a string over AU V. The language
associated to a pattern 7 over A UV is denoted with Ls(x) and consists of the
strings obtained from =« consistently replacing the variables by non-empty A strings
(“consistently” means that all equal variables will be replaced by the same strings).

For instance, having two alphabets A = {a,b},V = {X3,X;}, a pattern = =
aa X, X,bX;bb defines the set of all strings over A with two occurrences of a, a redu-
plication of any string over A, one occurrence of b, any string over A, and a double
occurrence of b. So that, z = aa(abb)(abb)b(bab)bb has the form specified in 7 , but
y = aaabbababbabbb has not. The language associated to the pattern 7 will be

La(r) = {aawwbzbb | v,z € {a,b}T}.

Two kinds of derivations in a PC grammar system with communication by com-
mand can be distinguished:

a) rewriting,
b) communication.
Concerning rewriting steps, we can discern two possibilities:

a) each component may use a rule rewriting its sentential form, except those com-
ponents whose strings are terminal;

b) each component must perform a maximal derivation, that is the rewriting step
may finish only when it is not possible to go on rewriting its sentential form.

In both a) and b), when the rewriting step has finished, it is checked whether it is
possible or not to execute a communication step. In the second case, if a communi-
cation step cannot be fulfilled, we cannot carry out any other step. In the first case,
on the contrary, if we cannot communicate the string, we continue rewriting.

Defining a communication step needs tackling the following three problems:

a) definition of the string to be communicated,

b) solution of problems at target components,

¢) definition of the next string for the components which have sent messages.
The first problem admits two solutions:

1. Communication without splitting, in which only the completed strings are con-

sidered as messages. If z; € R;, then z; as a whole is transmitted to the
component j.
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2. Communication with splitting, where, for each decomposition:
T =TinTig. . Tig, k21

such that z;; € R,; (for some 1 < s; < n,1 <7 < k), the component ¢ will
produce the messages z;1,%ig,..., %, Which will be sent to the components
81,824 .48k,

With regard to the second problem, we can take into account two possible solu-
tions:

1. the messages received can be enclosed in the string of the component that re-
ceives them, or

2. they can replace the string of the component to which messages are sent.

In both 1 and 2, we can either choose a single message among the ones sent or use
all messages sent, concatenating them in a specified order.

Finally, the third problem can be solved taking into account a returning or non-
returning derivation mode, like in usual PC grammar systems.

Formally, rewriting and communication steps (considering a system with maximal
derivation, without splitting, replacing the strings of the target component by a con-
catenation of the messages received, and in the returning mode) can be defined as
follows:

Definition 3. (rewriting): (z1,...,%n) = (Y1,...,¥a) iff:

z; =* y; in P; and there isno z; € (NUT)*
such that y; = 2; in B
(if z; € T*, then y; = z;; otherwise,z; =% ;).

Definition 4. (communication): We denote:
6,'(.1:1',].) /\, if ZI; ¢ Rj ori= j,
8i(wiyg) = m, Hzi € Rjandi#y, for 1 <¢,5 <m.
A(7) 8(21,8)6(22,7) . .. 8(n, 1), for 1 <7< m.
§(1) = 6(zi,1)8(2:,2)...6(zi,n), for 1 <i < m.

Under such conditions, (z1,-..,2,) F (y1,.--,¥.) Hf, for 1 << n:

yi = A@), if A@) # A,
yi = i if AG) = A and 6() = A,
y; = S if A(G) =X and 8(5) # .

Definition 5. The language generated by a PC grammar system with communi-
cation by command is the following:
LT) = {weT*|(S1,..,8) = @I, ...,.e) F ", ...,y
# (zgz), te 7$’£L2)) I_ (y§2)7 st 7y'$1.2)) => et i (z55)7 R w‘l('LS)),

for some s > 1 such that w = zgs)}.
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After seeing how a PC grammar system with communication by command works,
we can relate this variant with X-bar theory. The restrictions existing at the moment
of including a particular complement or specifier in a particular grammatical category
can be connected with the idea of a selector language. Thus, we could say, for example,
that the fact that in Spanish the items which can function as noun complements are
the Adjectival Phrase, the Prepositional Phrase and the Relative Sentence is due to
the fact that the component of our grammar system with the task of generating Noun
Phrases has a pattern already defined in its language selector, this pattern stating
that only strings with the form AP, PP or Relative Sentence can be admitted as
Noun Complements. The selector language itself would determine the limited stock
of items that can occupy the position of NP specifier.

To sum up, following the idea mentioned above, a syntactical category could only
be given those complements or specifiers with a structure equal to the pattern defined
by the selector language associated to it. So, the task now for linguists would be to
define such patterns for a particular natural language.

3. Subcategorization and Grammar Systems

In generative linguistics theoretical framework, every lexical entry is considered as
a matrix of features, and through it phonetic, semantic and syntactical characteris-
tics can be expressed. According to this theory, we can distinguish several types of
syntactical information in the lexicon:

a) categorial features, which specify the grammatical category a particular word
belongs to;

b) grammatical features, like person, number and gender, which are present in the
morphological agreement existing between some elements; and

c) categorial selection features.

The categorial selection features which are the only ones we will be concerned with
in this paragraph state the syntactical context in which a particular lexical entry can
appear. Thus, for example, the verb ‘introduce’ would be defined as follows:

introduce [+__NP PP),

that is to say, such verb selects two complements realized as a Nominal Phrase and a
Prepositional Phrase; thus, the verb ‘introduce’ is subcategorized to take a NP and a
PP.

The idea that each lexical entry is subcategorized to take a particular type of
complements might also be covered by the concept of a PC grammar system with
communication by command. This variant of PC grammar systems seems to be near
the subcategorizations claimed by generative linguists. So that we could say that
each entry has a selector language Ri associated to it which specifies the class of
complements it can be given. We would say, for example, that the selector language
of the verb ‘introduce’ specifies that this verb will only admit strings with the form NP
and PP, that is this component will only be allowed to receive strings with the pattern
the selector language has associated to it. Again, the work is now for descriptive
linguists.
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4. Human Language Device: a Grammar System with
Grammar Systems as Components?

Gramimnar systems can have different types of generative devices as components.
Besides Chomsky grammars, also Lindenmayer systems, pure grammars or contex-
tual grammars, among others, can appear as components. If we think a bit about
the linguistic system working, we will find a system in which distinct independent
modules operate (syntax, semantics, phonology, lexicon) interplaying. Such modules
are in their turn divided into submodules, being also independent and interrelated. If
we approach closely this functioning, it seems reasonable to think that each one of the
linguistic system modules might be seen as a grammar system made up of different
grammars working independently and interplaying in particular moments. It seems
coherent too to think that the linguistic system as a whole is a grammar system, com-
posed by different generative devices that work independetly and interchange informa-
tion, contributing to the common task to produce a (complex) language. Therefore,
should we talk about a grammar system with grammar systems as components?

If, instead of considering the linguistic system as a grammar system with grammar
systems as components, we considered that it is just a system in which the components
are usual Chomsky grammars or any other generative device, we would lose many of
the advantages that grammar systems theory offers. For instance, one aspect of the
theory which makes it to be felt attractive for a linguist is the easy generation of
non-context-free structures present in natural languages; structures like:

{a"b"c™ [ n > 1},

{zz| 2 € {a,b}},
{a™"c"d™ | n,m > 1}

are generated without any difficulty (even with rules less powerful than context-free)
using a grammar system (see {1}, [8]). But, if we thought that the linguistic system
is a grammar system whose components are Chomsky context-free grammars, for ex-
ample, then we would have to claim that syntax -one of the system modules- is just
represented by a Chomsky context-free grammar, clearly losing in this way the possi-
bility of generating, among others, non-context-free structures as the ones mentioned
previously. This problem would be solved if we support the possibility of a grammar
systern whose components were grammar systems.

If we support the possibility of a grammar system with grammar systems as com-
ponents, we have to wonder which kind of grammar systems should be used. We
propose that the linguistic system is a PC grammar (macro)system, with each one
of its components working in an independent way and intercommunicating on some
occasions. The components of such (macro)system might be either CD grammar
(micro)systems or PC grammar (micro)systems: the problem remains open.

We could also go even further with this intuition and regard the linguistic system
as a PC grammar system with renaming. In fact, generative linguists have claimed
that the semantical features of lexical items determine to a great extent the syntactical
structure of a sentence. There has been talked about structural canonical realizations,
a device to define the categorial nature of an argument depending on the thematic
properties of the predicate selector. According to this hypothesis, each argument
is carried out in a particular categorial form: the structural canonical realization.
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For example, the structural canonical realization of a Theme or of an Agent will
be a NP, whenever this syntactical category can satisfy the requirements imposed
by such thematical roles; on the contrary, the structural canonical realization of a
Locative will be a PP. Thus, we can see how to a particular semantic information a
particular syntactical structure corresponds. Therefore, we could hold up that the
syntactical component (which is a grammar system) receives the information from
the semantic component (which is also a grammar system), translating it by means
of the weak codes existing in the linguistic system (which is a PC grammar system
with renaming). When the syntactical component introduces a query symbol referring
to the semantic component string, it does not introduce a simple symbol @, but a
complex symbol [2Q)]; if the syntactical component string was, in a particular moment,
[Agent- Theme-Locative], it would not introduce the query symbol @, which would
have as a consequence the sending of the mentioned string to the syntax module, but
it would use the symbol [AQ)], which would translate the semantic information into
syntactical information ([NP-NP-PP]), through the codes the grammar system has:

h(Agent) = NP,
h(Theme) = NP,
h(Locative) = PP.

We would have to set out something similar in the case of interrelations between
the other components of language.

Thus, stating that the linguistic system is a PC grammar system with renaming, we
will have the possibility to translate or rename the information of any component of the
system. So, when a component receives the information from any other component,
it receives it in its own language, not in the component’s one it has interplayed with.
Going on with the previous example, we will say that the syntactical component would
not receive strings like [Agent-Theme-Locative|, but, before introducing them in its
sentential form, it would translate them using codes of the linguistic system to obtain
strings like [NP-NP-PP], that is, strings written in a language it knows. Such new
strings written in syntactical language would respect the whole set of features of the
semantic strings from which they come: they would say the same but in a different
manner.

5. Final Remarks

In this paper we have attempted to tentatively apply some notions of grammar
systems theory to some aspects of natural languages. We have seen the potential
utility provided by grammar systems for a rigorous description of phenomena such
as word order, subcategorization and the functioning of the linguistic system itself.
What has been presented in this paper has been just a series of intuitive ideas about
possible applications in the field of natural language description. The whole set of
applications of these new generative devices are not known thoroughly yet. However,
it seems beyond any doubt that they can be quite useful in the study of natural
languages, due to the fact that they show clear advantages with respect to classical
models, and they also perfectly agree with the idea of modularity that has a system
like the linguistic one, in which different components work separately and cooperate
to reach the common aim to build a language.
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Abstract. A network of language processors (an NLP system) consists of
several language identifying devices (language processors) associated with
nodes of a network (in particular case with nodes of a virtual complete
graph). The processors rewrite strings (representing the current state of
the nodes) according to some prescribed rewriting mode and communicate
them along the network via input and output filter languages. In this paper
we study properties of NLP systems with L systems in the nodes.

1. Introduction

Parallel and distributed symbolic processing has been in the phocus of interest in
present day computer science. One of the recent paradigms for data flow in parallel
and distributed environment is the Logic Flow paradigm ([13], [4], [5]) in which data
is organized by a virtual graph and the processing is performed by moving agents
(processes) that navigate in this graph. This concept can serve as a basic architecture
for parallel symbolic processing, with simplifications as in the Connection Machine
design ([7]). Namely, a symbolic process develops in the virtual (complete) graph
which has nodes being processors that are able to handle data. The process starts by
injecting some data in the nodes, or in some node(s). Then each node processor starts
with local data processing (there are strict conditions which prescribe the way and
the time of these actions), and, then the data is communicated to some target nodes,
where the local data processing continues. Only such data can be communicated that
match some (previously fixed) patterns, that is, successfully pass a filtering process.
The target nodes handle the simultaneously arriving messages according to some
strategies; for example, the Boltzmann machine ([6]) and the Connection machine
([7], [14]) combines from the multiple messages a single output in various ways.

Since data can be given in the form of strings, it is reasonable to investigate how the
above idea can be interpreted in terms of formal grammars and languages. There have
been several models introduced and examined in formal language theory, each of them
having the following properties: the system consists of several language identifying
devices (language processors) associated with nodes of a network (in particular cases
with nodes of a virtual complete graph) that rewrite strings {representing the current
state of the nodes) according to some prescribed rewriting mode and communicate

1Research supported by the Academy of Finland, Project 11281
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the obtained strings along the network using input and output filter languages. A
string of some node can be successfully communicated to another one if it is able
to pass the output filter of the node (it is a member of the corresponding language)
and it can pass the input filter of the target node. The system is functioning by
alternating rewriting and communication steps. The communicated string can be
data (a sentential form) or it can be program (a production, for example), thus,
we distinguish data and/or program communicating system. Since all the models
have the above common characteristics, we can introduce a general framework for
them, called networks of language processors (NLP systems). Networks of language
processors are both computational and language identifying devices, but the concept
can be extended to a framework for modelling parallel and distributed computation
of multisets of strings (string collections with several occurrences of the same string),
too. In this this case we speak about networks of multiset string processors (NMP
systems, for short). Both NLP systems and NMP systems provide new aspects in the
description of string collections.

Particular cases of NLP systems exhibit nice properties: a recent model, the par-
allel communicating grammar system with communication by command, the CCPC
grammar system, for short (introduced in [2]), with regular grammars and regular
filter languages in the nodes and with concatenating the arriving messages, exhibit
the universal computational power, that is, they are able to identify any recursively
enumerable language (for details see [2], [8], [9]).

Another example, with a local string processing mechanism essentially different
from a grammar, is the test tube distributed system based on splicing, a concept
from DNA computing ([1]). In this case the components (the test tubes) are splicing
schemes (in the sense of T. Head) which communicate with each other by redistribut-
ing their available sets of strings (the contents of the test tubes, in a similar way to the
separate operation of Lipton-Adleman) according to filter languages. Such systems
with finite initial contents of the tubes and finite sets of splicing rules associated to
every component are not only computationally complete (that is they are able to com-
pute any recursively enumerable language), but the existence of universal test tube
distributed systems can be proven on this basis, that is, such systems provide the
possibility of designing universal programmable computers based on their structure.

In this paper we deal with networks of parallel language processors, that is, we
study properties of NLP systems with 0L systems (TOL systems) and finite sets of
axioms in the nodes. We show that if we design a master node for selecting the
words of the language determined by the system and we describe filter languages
by context conditions, then these networks of language processors are as powerful
as ETOL systems with the same kind of context conditions. The results imply that
such networks of parallel language processors with regular (or some special regular)
filter languages are of the universal computational power. We provide a result about
the string population of NMP systems (networks of multiset string processors): we
show that the growth of the string population in a network with DOL systems, finite
multisets of axiom strings, and random context exit and entrance filters in the nodes
can be characterized by a growth function of a DOL system. Finally, we give some
examples of the rich possibilities that become available when the nodes are represented
by DTOL systems and the choice of the developmental tables depends on the work of
the other agents in the network.
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2. Formal Language Theoretic Prerequisites

Throughout the paper we assume that the reader is familiar with the basics of
formal language theory. We list here only some notions, notations and properties
which are necessary to follow the paper; for more details we refer to [12], {11] and [3].

For an alphabet V, V* denotes the set of all nonempty strings (words) over V. The
empty string is denoted by A, V* stands for V* U {A}. A language L is a subset of
V*. The cardinality of L is denoted by card(L). The length of a string w € V* is the
number of symbols in w, denoted by |w|. For a word w, we use notation alph(w) for
the set of symbols that have an appearance in w (we say w is with alphabet alph(w).)

Throughout we use the following convention: if V is an alphabet, then V), 1 <
i < n, denotes {A®) | A € V}. For a word w € V*, where w = 2123...2,, z; € V,
1 < j < n, we denote by w® the string zy)xg) o,

A collection of strings that is allowed to have multiple occurrences of the same
string is said to be a multiset of strings. A multiset of strings over an alphabet V
with elements, say, a,a,b,¢,c,c € V, is denoted by {{a,a,b,c,c,c}}. The elementary
operations: union, intersection, etc. are defined for multisets of strings in the same
way as in the case of languages. A multiset M of strings is finite if it consists of a
finite number of elements.

We denote the family of context-free, context-sensitive and recursively enumerable
languages by CF,CS and RE, respectively. If no confusion arises, then we use the
same notation, C'F' and CS, for the corresponding grammar class, too.

A 0L system (an interactionless L-system) is a triple H = (V, P,w), where V is an
alphabet, w € V*, the axiom, and P is a set of productions (rules) of the form a — v,
where a € V and v € V*. Moreover, production set P is complete: for every a € V
there is a rule of the form a — v, v € V* in P. If for each a € V there is exactly one
production of the form a — v in P, then we speak of a deterministic 0L system or
a DOL system. If the axiom is replaced by a finite language, then we have an FOL
system, an 0L system with a finite number of axioms.

The direct derivation relation in an 0L system H = (V, P,w) is defined as follows:
forz,y e V*wewritezs =pyifz=a1...0.,y = 2920...2,,0; €V, 2 € V*,
1<i<n,and a; —» z; € P.

We denote by =} the reflexive and transitive closure of =>p .

The language generated by H is L(H) = {v € V* |w =} v}.

Since production set P in the case of a DOL system H = (V,P,w) defines a
homomorphism & : V — V*, therefore we often write H = (V, h,w) instead of the
first notation.

By a word sequence of a DOL system H = (V, h, w) we mean the following sequence
of words : h°(w) = w, h(w), h*(w), A*(w),.... The function f : IN — IN defined by
f(#) = |[h¥(w)|, t > 0, is called the growth function of H, and the sequence |h!(w)], for
t=0,1,2,..., is said to be its length sequence.

L systems with several sets of productions (tables) are called tabled L systems.

A TOL system (a tabled OL system) with n tables, n > 1, is a construct H =
(V,P1,...,P,w), where each triple (V, B;,w) is an OL system. A string z directly
derives a string y in H, z,y € V*, iff y is directly generated from = by applying some
of the tables of H, say, P;.

A TOL system, whose alphabet is divided into two disjoint sets (the nonterminal
alphabet, N, and the terminal alphabet, T'), written as H = (N, T, P,,..., Py, w),
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is called an ETOL system (an extended TOL system) and its language is defined by
LH)={veT*|w=>*v}.

The class of languages generated by DOL, OL, FOL, TOL, FTOL and ETOL systems
is denoted by DOL, 0L, FOL, TOL, FTOL and ETGL, respectively. If A-rules (rules of
the form a — ) are not allowed to use, then we speak about propagating L systems
and use notations PDOL, POL, PFOL, PTOL, PFT0L and EPTOL, respectively, to
denote the corresponding families of languages.

Some basic relations concerning the above language classes are the following:

e CFC(CSCRE,

e DOL COL C FOL C ETOL,

s 0L CTOL C TFOL C ETOL,

e CFC ETOL CCS,

e (C'F is incomparable with both 0L and T0L.

Further regunlations in the application of the productions can lead to the enhance-
ment of the generative power of the grammar class. One of the variants is where
the production (or the table) can be applied only to that string which satisfies some
context condition associated with the production (with the table).

By a context condition p over V*, where V is an alphabet, we mean a mapping
p:V* = {true, false}.

We say that p is of type

e reg, or it is a regular context condition over V*, given by a regular language
L C V*,if p(w) = true for any w € V* where w € L otherwise p(w) = false.

& sc,or it is a semi-conditional context condition over V*, given by a pair of strings
(u,v), with u,v € V¥, if p(w) = true for any w € V* which has as a subword u
but not v and p(w) = false otherwise. String u is called the permitting context
condition and v is the forbidding context condition. If either u or v or both
are not given, then no corresponding context check is required. In this case we
speak of a corresponding empty context condition and we indicate the empty
set in the notation.

e rc, or it is of random context condition over V*, given by a pair (Q, R), where
Q,R C V, if p(w) = true for any w € V* which contains each element of ¢
but no element of R and p(w) = false otherwise. By definition, @ and R
can be empty sets, in this case we omit the corresponding context check. As
above, Q forms the permitting context condition and R is the forbidding context
condition.

Context conditions can be introduced for any kind of rewriting mechanisms, for
further information we refer to [3], here we restrict ourselves only to the case of ET'0L
systems.

By an (X)-type conditional ETOL system (an E(X)TOL system, for short), where
X € {reg,sc,rc} we mean a construct H = (N,T,p1 : Pi,...,pn : P,.,w), where
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(N,T,P,...,P,,w) is a usual ETOL system and p; is a context condition over V* =
(NUT),1<i<n.

The direct derivation step in H is defined in the following manner: for z,y € V*
we write £ =g y iff there is a table P, 1 < ¢ < n, such that z satisfies context
condition p; and y is obtained from z by applying table P;.

The language class generated by ETOL systems of (X)-type context conditions is
denoted by E(X)T0L, in the propagating case we write E(X)PTO0L.

The following important relations will be used in the sequel:

o ETOL C E(r¢)T0L,

o E(r¢)PTOL C E(sc)PTOL = E(req)PTOL = C,

o E(rc)TOL C E(sc)TOL = E(reg)T0L = RE.

3. NLP Systems: the Basic Definitions

In this section we introduce a basic variant of NLP systems and define its function-
ing. We discuss some possible definitions of the languages associated to such systems,
and illustrate the notions by an example.

Networks of parallel language processors are NLP systems with L systems as com-
ponents. We start with the simple case where the nodes are represented by FOL
systems, that is, by OL systems with a finite set of axioms.

Definition 3.1. An NLP_F0L system (of degree n, n > 1) is a construct
= (V7 (Pl’Flapl;Ul)a- oy (PmFumUn))a
where

e V is an alphabet (the alphabet of the system),

(P, F;, piy0i), 1 <1< m,is called a component (a node) of the system (the i-th
component or the i-th node), where

e P, is a set of OL rules over V, the production set of the component;

F; € V* is a finite set, the set of axioms of the component;

pi and o; are context conditions over V*

(mappings from V* to {true, false}), called the exit filter and the entrance filter
of the component, respectively.

(Notice that the axiom set of a component can be empty set.)

According to the type of context conditions, p; and o, 1 <1 < n, we distinguish
regular, or semi-conditional or random context exit and/or entrance filters. We say
that an NLP_FOL system is with exit and entrance filters of type (X) iff its each
component is associated by an (X)-type exit filter and entrance filter, where X €
{reg, sc,re}.

If each P; (the production set of the i-th component) is chosen to be a set of DOL
rules or is replaced by tables of a TOL system, then we speak of an NLP_FDOL system
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or an NLP_FTOL system, respectively. If each axiom set consists of a single word,
then we omit letter F from the notation.

The NLP system is functioning via changing its configurations (states).

Definition 3.2. By a configuration (a state) of an NLP_FOL system I' =
(V, (P1, Fi,01,01)s - -y (Pas F, pny o)), n > 1, we mean an n-tuple C' = (L, ..., L),
where I; CV*, 1 <t < n.

L; is called the state of the i-th component (node) and it represents the set of
strings which are present at component (at node) ¢ at that moment.

Co = (Fi,...,F,) is said to be the initial configuration (initial state) of the
system.

A configuration can change either by a rewriting step or by a communication step.
When a rewriting step happens, then every node derives from its each available string
a new one, by applying its productions in the OL manner. At a communication step,
cach node j receives a copy of all of such strings that are present at some other node,
say, node i, and are able to pass the exit filter of node ¢ and the entrance filter of node
- (These strings satisfy context conditions p; and ;). Each rewriting step is followed
by a communication step, and reversely, resulting in a pulsating way of functioning.

Definition 3.3. Let I' = (V,(Pr, F1,p1,01)s- -, (Pay Fuy pny00)), n > 1, be an
NLP_FOL system and let C; = (Ly,...,Ly), and Cy = (L,..., L), be two configu-
rations of I'.

We say that C; directly changes for C; by a rewriting step, written as

(Ll,...,Ln):>( ’1,...,[1:1),

if L! is the set of words obtained by performing a derivation step on each element of
L; by production set P; in the 0L manner.
By definition, if L; is the emptyset, then L} = §.

Notice a significant point in the definition: by a rewriting step we obtain from any
available string exactly one new string, L} is not necessarily the same as the set of
words that can be derived from the elements of L; by one derivation step.

In the case of NLP_FTOL systems the rewriting step is defined by the obvious
modification: for producing words of L from L; the sarne nondeterministically chosen
table (production set) of node s is used.

The communication step is defined as follows:

Definition 3.4. Let C; = (Ly,..., L) and C3 = (L{,..., L) be two configura-
tions of an NLP_FOL system T = (V, (P, F1,p1,01);- - s (Pn, Fry pny0n)), m > 1. We
say that O directly changes for C; by a communication step in I', written as

(L, L) b (Lo D),

if for every ¢, 1 <1 < n,
n
=L J Ay
=T

where A;; = {v | v € Lj, pj(v) = true and o;(v) = true}.
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The output filters, formally, provide broadcast of the strings along the network,
but together with the input filters they implicitly determine a dynamically changing
virtual digraph describing the actual successful communication actions in the system:
at any moment in time there is an edge leading from node 2 to node j in the digraph if
the i-th component of the NLP system successfully communicates at least one string
to the j-th component.

During the functioning of the NLP_FOL system configurations follow each other,
each of them arising either from a rewriting step or a communication step. Such
sequence of configurations determines a computation in I

Definition 3.5. Let I' = (V, (P, F1,p1,01)s. .+ s(Pry Fry pny0n))y n > 1, be an
NLP_FOL system. By a computation C in I' we mean a sequence of configurations
Co, Cl, ey where

o C;—=Cipnifi=24,7 20, and
o C;FCiifi=2j4+1,720.

Thus, a computation is an alternating sequence of rewriting steps and communi-
cation steps in I'.

We speak about a finite computation in I if the sequence of configurations is finite.

The result of a computation C at node ¢ at step ¢, for 1,1 <7 < n,and t > 0,
supposing that the corresponding configuration is (Lgt), c Lgf)), is Lgt).

Thus, the result of a finite computation at node 7 is the result of this computation
at this node at the last step.

NLP_FOL systems are both computational and language identifying devices; the
latter property arises from the fact that the nodes, at any moment in time during the
functioning of the system, are associated with sets of strings. The first agpect provides
information on the dynamism of the behaviour of the system, while the second one
refers to the set of all possible behavioural stages of the network.

Languages can be associated to networks of FOL systems in various manners. One
possibility is, if we distinguish a master node (a selector node) and collect all strings
into a language which are results of a rewriting step at this node during some finite
computation. Another reasonable variant is, if all such strings that appear at any of
the nodes identify the language of the NLP system.

The first notion resembles to the notion of the language generated by an extended
L system (any extended L language can be generated by an NLP system with two
nodes, where the first node produces sentential forms of the corresponding L system
and the second node selects the terminal words), while the second variant is analogous
to the definition of the language of a non-extended L system, namely, every string that
is produced by some derivation (computation) in the system belongs to the language.

The behaviour of the NLP system can also be characterized by languages describ-
ing communication happened during the functioning of the system: the collection
of strings that are succesfully communicated from one node to another one at some
computation step form the language of communication of the network of language
processors. It provides information both on the filters and the inner rewriting mech-
anisms of the components. Also, those strings that cannot be communicated from
some node to another one, form a language that gives an insight into the intricate
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inner behaviour of the components. Notice that this case differs from the definition of
the language of the master node, among the words of that language there are allowed
to be ones that can be successfully communicated.

We choose the first variant, namely, we define the language of the master node.

Definition 3.6. Let T' = (V, (P1, F1, p1,01), - - ., (Pny P,y pr, 04)), be an NLP_FOL
system.
The language L(I') identified by I is

L) = {well? [(A,...,F) =0, 1) =}, .. 1)
FAG, I == I, L), s > 1)

Thus, the language L(T") identified by I' is the result of any finite computation in
the system that ends by a rewriting step at node 1. This definition supposes at least
one rewriting step performed in the system, thus, the elements of the axiom set of
strings at the master node belong to the language only in that case if they can be
obtained as a result of some rewriting step.

Let us have a very simple example for NLP_FOL systems.

Example 3.1. Let L = {a®",a® | n > 0}. It is easy to see that L ¢ T0L,
moreover, L ¢ (re)T0L.

However, L € E(rc)T0L, since it can be generated by the E(rc)TOL system

H = ({a,b,¢,d},{a},({8},0) : {c = ¢,b = b*,a — a,d — d},({d},0) : {c —
c,d =» d®a — a,b—-b},{b—a,d-aa—ac—c},{cobecodec—ad—
d,b— b,a — a},c).

This language can be generated by a very simple NLP_FOL system I' with three
components. Moreover, there is only one symbol, a, in the system. Let I' have the
following components:

P = {a - a’}v

Fi = {a}7

pi(uw) = false for u € {a}*, otherwise p;(u) = true,

o1(u) = true for u € {a}*, otherwise oy (u) = false.

(The component collects the strings of the form a®",a*" and does not issue any

string.);
B = {a - a2}5
F,= {a}a

pa(u) = true for u € {a}*, otherwise p(u) = false,

and o2(u) = false for u € {a}*, otherwise oa(u) = true.

(The node produces the strings of the form a*" and does not accept any string.);

P = {a — a®},

F3 = {(Z},

p3(u) = true for u € {a}*, otherwise ps(u) = false, and

o3(u) = false for u € {a}*, otherwise o3(u) = true.

(It provides strings of the form ¢®" and does not accept any string from the other
nodes.).

By the above explanations we can easily see that L(I') = L.

We can observe that the set of all strings that appear at the nodes at some compu-
tation step is the same language, L = {a*",a*" | n > 0}, and if we take those strings
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that never leave the first node, we obtain again the same set of words. Moreover, the
language of the successfully communicated strings is L — {a}.

Already the above example suggests that NLP_FOL systems are able to compute
complicated languages. Before starting with the examination of the language classes
they determine, we introduce some notations.

We denote by (X)NLP,.Y, where X € {reg,sc,rc}, Y € {DOL, PDOL,0L,
POL,FOL, FPOL,TOL, PTOL, FTOL,etc.}, n > 1, the class of languages generated
by NLP_Y systems with n components and X-type filters.

If the number of the components is not significant, then we omit n from the
notation.

4. Language Classes of NLP Systems

In this section we study language classes of networks of language processors with
FOL and FTOL systems as components. We prove that in both cases the determined
language class (of the master node) equals to the corresponding class of context condi-
tional ETOL systems (if the NLP system is with X-type filters, then the same kind of
context conditions are associated to the tables of the corresponding ETOL system, and
reversely), and thus, NLP_FOL systems and NLP_FTOL systems are equally powerful
devices. In the case of regular or semi-conditional filters and without erasing rules
(A-rules), the above networks of parallel language processors reach the power of the
context-sensitive language class, and having erasing rules they exhibit the universal
computational power, that is, they are able to identify any recursively enumerable
language.

We first show that X-conditional ETOL languages (random context, semi-
conditional or regular context conditional ETOL languages) are languages of NLP_F0L
systems with the same kind of filters.

Theorem 4.1. Let L be a language generated by an E(X)TOL system with n
components, where X € {rc,reg} and n > 1. Then L is a language that can be
identified by an (X)NLP_FOL systems with n + 2 components.

Proof. We give the proof only for the case £ = reg, the case z = rc can be
proven by using the same construction with the appropriate modification in the filters.
Let H = (N,T,K; : Hy,...,K, : H,,w) be an ETOL system with regular context
conditions (Ki,...,K, are the corresponding regular languages). We construct a
(reg)NLP FOL system I' such that L(I') = L{H) holds.

Let V = NUT, and let V&, N® T0) denote superscripted variants of the alphabets
V, N, and T, respectively, where i = 1,...,n. Let Y be a symbol not in any of the
above alphabets. Let us denote V = V UL, VW U {Y}.

Let us define components of I' = (V, (Po, Fo, po; 30)s - - - » (Pat1y Frt1s Prtis
ont1)) as follows: (For the simplicity of reading the construction, we denote the master
component by (Fs, Fo, po, 00).)

Let

Por={A—-A|lAecV}ur, {A® - AO | AD e VOIU{Y - Y]},

Ry =", ’

po(u) = false for any u € V* and

po(u) = true otherwise,
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oo(u) = true for u € T* and oo(u) = false otherwise

(The component selects the terminal strings.);

fore=1,...,n

P={A-ad"A-ac H}U{AD 5 Y|AD e VYU {Y > V),

F; =10,

pi(u) = true for any u € (V®)* and p;(u) = false otherwise, and

o;(u) = true for u € K; and o;(u) = false otherwise.

(The node accepts the strings satisfying K;, starts with the simulation of the
application of table H; and sends the rewritten string to the (n + 1)-st node in order
to complete the simulation.);

Pop1 =UL {AD 5 A|AcVIU{A= A|AeVIU{Y -V},

F n+l = {w}a

pnt1(u) = true for any v € V* and py41(u) = false otherwise,

and 0,41 (u) = true for u € (UL (VW)* and on41(u) = false otherwise.

(The component completes the simulation of the applicz?i(;n— of the corresponding
table and, then, sends the strings to the other components either to continue the
rewriting or to be selected as a terminal string.)

By the above explanations it can be seen that I' produces all words of L(H). We
show that only words of L(H) can be obtained by I'. We prove that only such strings
are able to reach the master node that correspond in any state of their computation
to an appropriate sentential form in a terminating derivation in H. This holds for
the following reasons: At any moment in time, only such strings are present at nodes
1,...,n that are either sentential forms of H, or appropriate coded versions of senten-
tial forms of H, or they are strings consisting of letter Y. Since only the coded versions
of the sentential forms of H are communicated to another nodes (by sending a copy
of them), and only these strings take part in the further computation steps, therefore
nodes 1,...,n do not issue any string which does not satisfy the above criteria. We
examine strings appearing at node n + 1. After arriving at node n + 1 from some
other nodes, say, from node ¢, and being rewritten to the corresponding string over
V, the new string will be never changed during the further computation steps, but
only communicated. Thus, node n + 1 has only such strings available at any moment
in time that correspond to some sentential form generated in H. Moreover, because
each communication step follows a rewriting step, and reversely, any computation in
I’ corresponds to a derivation in H.

Hence, " does not produce any word which does not belong to L{H). Thus, L{I'}) =
L(H). )

Since any ETOL language can be generated by an ETOL system with two tables
we obtain

Corollary 4.1. ET0L C (reg)NLP;_0L.

Next we turn to the case when the context condition is semi-conditional. Remem-
ber that in this case the presénce and/or the absence of a subword in a word has to
be decided, so, whether or not a string is in 7 cannot be checked in one step.

Theorem 4.2. Let L be a language generated by an F(sc)TOL system H =
(N, T,p1: Hy...,pn: Hoyw). Then L can be identified by an (sc)NLP_FOL system

with n +m + 2 components, where m = card(N).



309

Proof. The proof is based on similar ideas to that of the proof of Theorem 4.1,
therefore we give only the necessary details. We first note that instead of contructing
an (sc)NLP_FOL system for L(H) we shall construct a system I' such that L(I') =
cL(H), where ¢ is a symbol not in V = NUT.

Because E(sc)T0L = C'S and the context-sensitive language class is closed under
operation left derivative, therefore we can make this modification without losing the
generality. Moreover, we explicit context condition p; in the form (u;,v;), 1 <7 < n.
(Remember, p; holds true for 2 € V* iff u; is a subword of u but v; is not. If no
context check is required, then the empty set is given as context condition.)

We construct I' with the following components:

Let, first, N = {By,..., By} and let us denote by V), 1 <i<n, V¥ 1< ;<
m = card(N), superscripted variants of V.

Let Z,%y,71,...,7%m, Y and ¢ be symbols not in any of the above alphabets.
Let us denote by V = V U, V0 UL, vOu {Z,Zo,...,2m,Y,c}. (We note that
for simplicity of reading, we list only that productions at the components which are
necessary to understand the construction: for any letter D € V for which there is
no production with D on the left-hand side indicated, production D — D has to be
added to the production set. Moreover, we slightly differ from the customary notation,
we denote the master node by (P, Fo, po,00): Po is the set of productions, Fy is the
set of axioms, pp is the exit filter and o is the entrance filter of the component).

Letfori=1,...,n

P={A-aD|A-acHIU{AD S Y |AD c VY U{Y - Y}U{Z — Z,
Z — Y}, let

F; = 0, and let the exit filter be defined by (8,0) (no context check is necessary,
copies of the strings can leave freely the node), and let the entrance filter be given by
(ui, v3).

Let us define

Pops = U {AOD S AYU{A S Y |A€VIU{Z — 25,2y - Y],

Foy1 = {Zow} and let the component be with exit filter (§,$) and with entrance
filter (Z, 0).

These components simulate the application of the tables of H, in the same manner
as we have shown it in the previous proof, therefore we omit the detailed explanations.
The further components are for selecting the terminal words.

Let

P1={Z— Zl,Zl—’Y}U{A“’A_(l) | AEV}U{A(U - Y}Uu{Y —-Y},

F;1 = 0, and let the entrance filter be given by (Zy, Bi) and the exit filter defined
by (8,8). (In the latter case no context check is necessary.)

Let us definefor 5,2 < j <m,

Pij={Zi-1~ 2;,2; > YIU{AU™) 5 AD | Ac V}u{4dD) - YIu{y - v,

F;; = 0, and let the entrance filter be given by (Zj_l,ﬁg‘j_l)) and the exit filter

by (0, 0). (ﬁgrl) denotes the j — 1-th coded version of nonterminal B;.)

Finally, let

Po={Zn—cicocU{A™ 5 A/ A A|Ac VY,

Fy = 0, where the entrance filter is given by (Zn,0) and the exit filter is defined
by (Y, 0).

We explain the work of the components (¢,1),. .., ({,m) given above. Suppose that
we have stopped with the simulation of the application of the tables of H (at some
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derivation in H) at node n+1 and we would like to decide whether the obtained string
is of the form Zyv or not, where v is a terminal word in H. This is simulated in T in the
following manner: From component n + 1 string Zyv is communicated to node (¢, 1).
The arrival is successful, if nonterminal B; does not appear in v. Then the string, after
the appropriate coding, continues its way along components (¢,2),...,(¢,m). Every
component (¢,7), 2 < j < m — 1, checks whether v contains the corresponding coded
variant of nonterminal B;, and, if the answer is negative, after coding the string is
communicated to the next node, (¢,7 + 1). The communication is successful only in
that case if the coded variant of nonterminal B;yy is not present in the string. At
the end of this procedure, if the original string, v, does not contain any nonterminal,
then the corresponding coded word Z,»®*™ is communicated to node 0 and there it
is rewritten onto cv. If v is not a terminal word in H, then the above procedure stops
before the last coded variant of the string reaches node (¢,m), because at some state
during the computation the coded string cannot be communicated from the node, say,
(t,k), 1 <k <t anymore.

Thus, cL(H) € L(T'). We show that the reverse inclusion also holds. During any
computation in I' each component communicates only such string that is either a
sentential form or it is some coded variant of a sentential form from a terminating
derivation in H. Moreover, because after one rewriting step the string is communi-
cated, but it is never communicated successfully after being rewritten more than once
at the node, the rewriting steps and the communication steps, together, in I’ corre-
spond to derivation steps in H. Thus, L(T') has no element which is not in L(H),
hence L(T') = L(H). ]

Next we show that conditional ET0L systems simulate networks of parallel lan-
guage processors with T0L components.

Theorem 4.3. For X € {rc,sc,reg}, (X)NLP_FT0L C E(X)T0L.

Proof. Let I' = (V,(Pia,. s Pimis Fr,01,01)5 ooy (Prts -« oy Prjmns Fry pny o)),
n>1m >1,1< 1< n, be an (X)NLP.FTOL system for X € {rc,sc,reg}.
We construct an E(X)TOL system H such that L(I') = L(H) holds. Here we take
z = rc, the other cases can be handled analogously.

The idea of the proof is that the constructed tables of the E(X)TOL system simulate
the way of the strings around the nodes of ' and indicate the status of the string,
that is, whether it is a copy of a string just going to be communicated, it has just
been communicated, or it is going to be rewritten at the node.

First, instead of notations p; and oy, 1 < i < n, we use notations (@), ;) and
(Q!, R.), respectively, that is, to satisfy p; (respectively, o;) the string has to contain
each letter of Q; and no letter of R; (respectively, @} and R}). (If some of the above
sets is empty, then we omit the corresponding context check.)

Let us denote by V0, V& V) 1 <i<n,1<j < my, superscripted variants
of alphabet V, and let S be a symbol not in any of the above alphabets. Moreover,
let V=V UL, VOUTVO UL, U vED,

Tables of H are constructed as follows:

(We note that, as in the previous case, we indicate only those productions which
are necessary to understand the construction: for any letter D from V for which there
is no production with D on the left-hand side, we consider production D — D to be
included in the table.)
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Let

H,={S— o |weF,1<i<n}

(It simulates the starting configuration).

Let for each 7, 1 < i < n, and for each [, 1 <1< my;,

HED = {AD 5 AG), AO — A6 | A e VY,

(The string at node ¢ is going to be rewritten by table P;;.), and let

Hgi,l) — {A(i,l) — ol | A—ac P“} U {A(i,l) — AGD | AeV},

(The string, present at node ¢, is rewritten by table P;;.).

Let

HED = {AGD 5 AD AG —, A | A € V),

(The string is prepared for rewriting and communication.).

Let for 1 < i,k <m,1#k,

(Qir, Bix) : PR = {AG) AW AR 5 AB) | A VY,

where Qi = Q?) U Q’g) and Ry, = Rgi) U R’g).

(A copy of the string leaves node ¢ and arrives at node &£ passing successfully the
exit filter of node 7 and the entrance filter of node &.)

And, finally, let

H={AD 5 A A A|AcV)}.

(It selects the terminal strings.)

The terminal set of E(rc)TOL system H is V, any other symbol appearing in any of
the tables is a nonterminal letter for it. The startsymbol of H is S. By the explanations
added to the tables, it comes easily that any string which appears at the first node just
after performing a rewriting step during a finite computation of I' can be generated
by the E(rc)TOL system H. Moreover, H generates only the words of the language
identified by I', because the tables of H can be applied after each other only in such
sequence that simulates the way of a string in a terminating computationin I'. O

Summarizing Theorems 1, 2 and 3, we obtain:

Theorem 4.4. For z € {rc,sc,reg}, we have E(z)T0L = (z)NLP_FOL =
(z)NLP_FTOL.

Corollary 4.2.

(i) CS = E(sc)PTOL = (sc)NLP_PFOL = (sc)NLP.PFOL = (reg)NLP_PF0L
= (reg)NLP_PFTOL

(i) RE = E(sc)TOL = (sc)NLP_FOL = (sc)NLP_FTOL = (reg)NLP.FOL =
(reg) NLP_FTOL.

Remark 4.1. The proof of Theorem 4.3 gives a direct method for constructing an
equivalent NLP_FOL system for any NLP_FTOL system: each table of the E(X)T0L
system corresponds to a production set of some node and the asssociated context
condition to the entrance filter of the node. The exit filters in the system are empty,
the string copies can freely leave the nodes. The axiom sets are empty sets except of
one node that has strings {@%® | w € Fy,1 < k < n} as axioms.
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5. Size of String Populations

In the previous sections we considered networks of language processors as language
identifying devices, but the concept is a convenient tool for describing such commu-
nicating symbol processing mechanisms where the processors compute multisets of
strings, that is, the collections of strings are allowed to have multiple cccurrences of
the same word. In this section we deal with the size properties of such string pop-
ulations. We prove that the growth of the number of strings being present during
the computation in a system which has random context filters and deterministic FOL
systems as components can be described by a growth function of a DOL system. The
number of the communicated strings and the size of the string population at a fixed
node can be calculated from the length sequence of this DOL system.

Networks of multiset string processors (NMP systems, for short) operate in the
same way as networks of language processors, therefore we settle only the necessary
formalism.

Definition 5.1. An NMP_FOL system (of degree n, n > 1,) is a construct
F = (V; (Plthplya-l):' . '7(Pn7Fn7pnyan))a

n > 1, where components V, P;, p;,0:, 1 <1 < n, are defined in the same manner as in
Definition 3.1 (the alphabet of the system, the components: the production set, the
exit filter and the entrance filter of the component, respectively) and F;, 1 < ¢ < n,
is a finite multiset of strings over V*.

By a configuration (a state) of an NMP_FQL system I' = (V, (P, F, p1,04), - - -,
(Pr, Fry pn,0n)), n 2 1, we mean an n-tuple C = (M, ..., M,), where M;, 1 <i < n,
the current state of the i-th component, is a multiset of strings over V*.

According to the type of the filters and the type of the productions sets we dis-
tinguish different classes among NMP systems. We denote by (X)NMP_Y the class of
NMP systems with (X)-type filters and ¥ components, where X € {reg,sc,rc} and
Y € {DOL, PDOL,0L, POL,TOL, PTOL, etc.}.

NMP systems are functioning in the same manner as NLP systems, by modifying
collections of strings representing the current state. Since the notions are isomorphic,
therefore we omit the definitions.

In the following we examine the size of the changing string populations. If the
processors are represented by deterministic F'0L systems, we can describe the changes
by functions.

Definition 5.2. Let T' = (V,(P1, F1,01,61)s-- s (Pny Fry Py 0n)), n 2 1, be an

(X)NMP_FDOL system, where z € {rc, sc,reg} and let (MO, ..., M) be the state
of T at step ¢ during the computation in I', where ¢ > 0.

o The function m(¢) : IN — IN defined by m(¢) = -, IMP| for t > 0 is called
the population growth function of I'.

e The function m;(t) : IN — IN defined by m;(t) = |M?| for t > 0 is called the
population growth function of T at node ¢, 1 <¢<n.
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e The function f;;(t) : IN — IN defined by f;;(t) = [{{v € MY | pi(v) =
true and o;(v) = true}}| for ¢ > 0 is called the communication function of T
from node ¢ to node j, 1 <1,j <n,i#j.

(Remember that a multiset with elements say, a, b, a, ¢ is denoted by {{a, b, a,c}}.)

Theorem 5.1. Let ' = (V,(P1, F1,p1,01), -, (Prs Fay pry0n)), m > 1, be an
(re)NMP_FDOL system. Then there is a DOL system H = (X, h,w) such that

(i) m(t) = f(t), where m(t) is the population growth function of T' and f(t) is the
growth function of H,

(it) mi(t) = |hi(ht(w))| for some erasing homomorphism k; : £ — I, for 1 <i < n,
where m;(t) is the population growth function of I' at node 1,

(i1i) fi;(t) = |hij(ht(w))| for some erasing homomorphism h;; : & — %, for 1 <
i,j < n, 1 # j, where fi;(t) is the communication function of I' from node i to
node j, 1 <i,j <n, i

Proof. (i) The proof is based on the following simple considerations: Since DL
systems define homomorphims, therefore, if we know how many strings with a fixed
alphabet are present at some node, then we are able to give the number of strings with
the same alphabet obtained after performing a rewriting step at the node. Moreover,
because by applying the context conditions we check the presence and/or the absence
of some symbols in the string, therefore, if we know the alphabet of the string then
we are able to decide whether the string satisfies the context condition or not. Thus,
in this case we can represent any multiset of strings which are present at some stage
of some computation in T’ by the multiset of their alphabets. We show that at any
computation step in I’ the multiset of the alphabets of the words computed by the
system is equal to the multiset of the letters of some word of a DOL system H. More-
over, H generates only such words which represent, in the above described manner,
states (string collections) of I'.

Let us construct components of DOL system H = (2, k,w) as follows:

First, let production sets Pi,..., P,, of components of I' define homomorphisms
hi,...,h,, respectively, and let us explicit context conditions p;, 0;, 1 < i < n,
by using notations (Q;, R;) and (@}, R}), where Q;, Q! are the corresponding sets of
permitting symbols and R;, R! are the corresponding sets of forbidding symbols.

Let {V4,...,Vam} be the set of subsets of V, where m = card(V), and let ¥ =
{rie; [1<i<n,1 <5 <27}

For the simplicity of reading, instead of defining homomorphism % of H we present
the corresponding production set, P.

Let P consist of the following rules:

Forevery7,7 1<i:<n,1<j <27 let

(i) ri; — ¢, € P if alph(h:i(V;)) = Vi, where 1 <1< 2™,
Let P have, furthermore, for 1 <i < n, 1 < j < 2™, productions

(i) ci; — 7Ti;Tk,Tk2; - - - Ths;» Where kl,... ks are pairwise different numbers, and
{k1,...,ks} is the maximal subset of {1,...,n} — {¢} such that for every ¥l it
holds that @; C V;, RNV; =@ and @}, CV;and B, NV; =0, for 1 <7< s If
thereis no kl,. .., ks with the above properties, then P has production ¢;; — ry;.
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Let F; = {{vi,...,vi,,}}, where m; = card(F}). Let g(F;) = g(vs,)...g(vi,,.),
where g(v;;) = r;, where alph(v;;) = V, 1 <1 < 2™. Let, moreover, g(F;) = A if
F;=0. Let w=g(F)...g9(F,).

We show that the growth function of H is equal to the population growth function
of I'. It is clear that any symbol, say r;,, in w corresponds to a word in F; with
alphabet V4, and reversely, thus, the length of w is equal to the number of axioms of
I". Productions given by (z) describe a rewriting step in I' : P; derives from a word with
alphabet V; a word with alphabet V. Since the productions are applied in a parallel
manner, therefore the whole new string population at node ¢, 1 < ¢ < n, is represented
after a rewriting step. Productions of (i2) describe the communication step: if a word
consisting of letters of V; at node ¢ can be communicated to nodes k1,...,ks, then
a new word, that is, the copy of the string, over V; will appear at those nodes. If
the string cannot be communicated, then it remains at the node and no other string
population will be added by its copy. The above explanations imply that if w; is the
t-th member of the DOL sequence of H, then the length of w; is equal to the total
number of strings being present at the nodes at step ¢ during the computation in T
Thus, m(t) = f(¢) holds.

B (ii) By choosing A; : & — ¥ with l_z,;(r,-j) = 7y, ﬁi(cij) =¢;,1 <7 <2 and
hi(ri;) = A, 1 <k <n, k+#1,1<j <27", weimmediately obtain the result.

(iii) The statement follows by choosing k;; : & — X as follows:

For 1 <k <m, 1 <1<2™let hij(ry,) = A, hij(c,) = ry, if ¢, = rior;, B,
a,f € ¥*, and ¢;, = X otherwise.

Thus, Theorem 5.1 shows that we are dealing here with DOL and HDOL growth
functions. Consequently, their decidability theory is readily available, see ([11]). We
mention here only the following two results.

Corollary 5.1. The population growth function of an (r¢)NLP_MDOL system
is either ezponential or polynomially bounded.

Corollary 5.2. For (r¢)NLP_-MDOL systems it is decidable whether the popula-
tion growth function is ezponential or polynomially bounded.

Population growth functions are also interesting in the case of DTOL systems as
components, in particular when the selection of the tables to be applied for rewriting is
done according to some constraints. Communication functions are of worth to study,
too, because they provide information about the information flow in the system.

6. Remarks on Functioning Modes

Networks of parallel language processors are models of communities of developing
and communicating agents. The local development at the nodes and the communi-
cation protocol of the components together determine the functioning of the system
that determines the system’s descriptive power. TOL systems in the nodes provide
the possibility of sophisticated functioning modes. One of the variants is, if we drop
the nondeterministic selection of the tables (which is given by the basic mode of func-
tioning) and we formulate some conditions for the choice of the table to be used in
the next rewriting step.

In the following we illustrate these variants by some examples.
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Let us have an NLP system with two components, one represented by a DOL
system and the other by a DTOL system with two tables. We specify only the DT0L
component in full details.

Let Ty = (VU {a,b,c}, (P, Fi, p1,01), (P 1, Pag, Fa, p2,02)), where VN {a,b,c} =

e P, is a DOL set of rules;

o F) = {w} for some w € V*+;
o pi(u) =trueiff wue V*.

o 01(u) = false iff u € V™.

(This component, from time to time, sends a copy of its generated word to the
other component. This node does not accept any string.)
Let

Ppy={a—abb—=>blU{d— \|deV},

Py={a—ac,c—ctU{d—= A |deV},
Fy={a};
pa(u) = false iff u € V*;

oa(u) = true for any u € V* which contains any letter from a fixed alphabet
V' C V but no letter from V — V'. (u is with alphabet V'.)

(If the word generated by the DOL system is with alphabet V’ then it is successfully
communicated to this node.)

Moreover, suppose that there is at least one word u generated by H for which
alph(u) = V' holds.

Let us define the second component of I' as the master node. Clearly, if there is
no restriction on the usage of the tables, then L(I') = {aa | o € {b,c}*} U {A}. This
language is a regular language.

Let us introduce now some control for the selection of tables to be applied. Sup-
pose that T' is functioning in the following manner: whenever at least one string is
successfully communicated to the node (at least one message arrives), then the node
chooses such table for rewriting which is different from that was used in the preceding
rewriting step (supposing that there are at least two tables at the node; if the node
has only one production set, then, obviously that table is applied). If no string is
communicated to the node, then the TOL system selects a table in nondeterministic
manner. (Thus, the successful communication means an impulse for changing the
developmental process.)

It can be easily seen that the above way of impulse controlled functioning, from the
point of view of the generative power, is at least as powerful as the original working
mode.
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Suppose that ' = (V,(P11,.. -, Pimy, F1,01,01)5- - - (Pais - -y Py Fry Py On))s
n>1,m; >1,1<i<n,is an arbitrary NLP_FTO0L system working in the basic
mode of functioning.

Let X,Y be symbols not in V and let us have I' = (VU {X,Y}, (P, P11, ...,
P s PP 1my s F1,01,01), -, (P, 1,P”n1, s Py P nimns Fry pny 03)), 1 > 1, where
P, = JU{X—>XY—>Y}, " = Py U{X - Y)Y - X},1 <i<n,
1 S_] S m;.

Then, it is easy to see that I in the above impulse controlled manner generates
the same language as ' in the basic mode, because independently from the number
of arriving strings, it can choose a table that simulates the table chosen by I'.

Let us compute the language identified by the NLP_FTOL system I'; of the above
example.

It is known (see [11]) that if wo, w1, ws, . .. is a word sequence generated by a DOL
system H = (X, h,w), then the sets ; = alph(w;), ¢ > 0, form an almost periodic
sequence, i.e., there are numbers p > 0 and ¢ > 0 such that ¥; = ¥, holds for every
12> q.

We shall use this statement in the sequel. Suppose that V' = alph(w;) for some
word w;, 1 > 0, from the word sequence of the first component and let 7 be the first
number for which this property holds. Then, for appropriate p, a successful string
communication takes place at any step of number 7 + rp, where r > 1, which means
that I' will change the table at any step of number (2 + rp).

Then, the computed language contains A and it contains all prefices of words of the
form aawivy...v,, n > 1, where o is a fixed word, a € {b,c}*, |a| = i, |[v;| = p, for
1<j<n,and if vy = wpff and vgy1 = y2, 1 <k <n—1, then 8 #47, 8,7 € {b,c},
Uk, 2k € {b7 c}*'

This language is a regular language, that is, the controlled table selection did not
add power.

The same happens if we modify the above model as follows: when a string suc-
cessfully arrives at a node, then the node changes the developmental table (chooses
such table that differs from the preceding one) and keeps this table for rewriting till
such an event again takes place.

In this case, using the above statement concerning DOL systems, we can easily
see that I'; computes A and all prefices of the words of aa{bc?)*, where a is a fixed
word of length i, numbers ¢, p are defined as above, and « € {b, c}*. This language is
a regular language, too, due to the periodic behaviour of DOL sytems with respect to
symbol occurrence in their words. However, the natural expectation is that controlled
functioning adds power to the mechanism, there are cases when the further regulations
decrease the generative capacity.

Let us have now an example for such functioning mode when I'; determines a
non-context-free context-sensitive language.

In this model, the DOL component sends a message to the DTOL component
whenever the new word obtained by a rewriting step is shorter than the old one
and this is the only case when a message from the first component to the second is
communicated.
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The DTOL component has the following strategy for table selection: if the message
comes, then the second table of the DT0L component will be applied. If no string
arrives at the node, then at the next rewriting step table 1 will be applied. In this
way, the changes in the development of the first component control the way of the
development at the second component.

By [10] it is known that there exists a DOL length sequence o, z1,.. ., such that
there are infinitely many n € N with z,, > %n,41 and for any k there is an i, such
that Tiy < Tip41 < o0 < gtk holds.

Roughly speaking, there are infinitely many points in the development of the DOL
system where its growing or stagnating tendency changes but there are arbitrarily
long periods without change.

Then, supposing that the DOL component of I'; is a DOL system that has the
above property, we obtain that I'; identifies a non-context-free subset of a(b*c)*.

This Section 6. has a preliminary character. We have only tried to give some
examples of the rich possibilities that become available when the hoice of the tables
depends on the work of other agents in the network.
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Chapter 4. Splicing Systems

A Reduced Distributed Splicing System for RE Languages
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Abstract. In this paper we prove that each recursively enumerable lan-
guage can be generated using a distributed splicing system with a fixed
number of test tubes. This improves a recent result by Csuhaj-Varji,
Kari, Pdun, proving computational completeness only for a system with a
number of tubes depending on the cardinality of the used alphabet.

1. Introduction

The family of recursively enumerable languages, RE for short, marks in the usual
Chomsky hierarchy for formal languages the computational power equal to that of
Turing machines. That’s why this family is a benchmark for studying the computa-
tional power of new models for formal languages and/or for computation itself.

This is the case with the models of DNA computation recently brought to attention
[1], [6] as an alternative machinery to the usual silicon based computers. To compare
these models to RE we first need to map them to a suitable formal language system,
and since they are based on the massively parallel interactions of billions of strings
being transformed (DNA sequences), the mind goes to the ideas of grammar systems,
[2].

A formal model apt to this domain was already suggested in 1987 by Head [4]. It
is called splicing system model, and it describes one specific DNA transformation, the
one operated by restriction enzymes. They cut DNA sequences at the occurrence of
specific subsequences, and the thus created halves can successively rejoin with others
to create new complete molecules.

The model we consider here has been defined through certain modifications of the
original splicing model. As we will see when giving the formal definitions, it considers a
set of terminals, as the original model, but also a set of nonterminals. Also, it considers
the strings-molecules interacting in groups assigned to different test tubes, and to be
from time to time redistributed among the different tubes according to filtering rules,
as defined in [3]. So we have a system generating strings by interactions at two levels:
inside the tubes among strings, and among the tubes in the redistribution of the sets
of strings.

The aim of this paper is to improve a result from [3], using the same formalism and
some similar ideas, but proving how to reach the power of RE with a fized number
of test tubes, instead of a number dependent on the number of symbols contained
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in the alphabet. We do this by designing a kind of simple encoding/decoding sub-
procedure based only on splicing. This result opens way to considerations related to
the practical feasibility of this model for DNA computations and, perhaps even more
important, to the effectiveness of new general purpose algorithms natively defined for
splicing systems. We will diffuse on these issues in the closing section of the paper.

2. Basic Definitions

As usual, V* is the set of all (finite) strings over a finite alphabet V. The empty
string is denoted by A.

The families of recursively enumerable languages and of finite languages are de-
noted by RE and FIN, respectively.

We now introduce the definitions of splicing system, and of distributed splicing
system. This is a kind of PC grammar system where the components are basically
splicing systems.

A Head splicing system (or H system) is a triple H = (V, A, R), where V is the
alphabet of H, A C V* is the set of azioms, and R is the set of splicing rules, with
R C V*#V*$V*#V* (8, # are special symbols not in V).

For z,y,z,w € V* and r = uy#us$usftuy in R, we define

(z,y) Fr (2, w) ifandonlyif z=zjujusty, y = yiususys, and
Z = T1U1U4Y2, W = YrUs3U2Ty,
for some x1,z9,y1,y2 € V*.

For an H system H = (V, A, R) and a language L C V*, we write
o(L)={z€V*|(z,y) F (z,w) or (z,y) Fr (w,2), for some z,y € L,r € R},

and define

where

o"(L) = ¢*(L) U a(a’(L)) fori>0.

An H system is meant to operate starting from the set of strings A, and then
generate new strings iterating the splicing step -, on them and on the strings generated
during this process. The language generated in this way is o*(A).

A test tube system, T'T for short, is a construct

r= (‘/7 (Ah Rl) Vvl)ﬂ LERS (A'rw an V;L))

where 4; C V*, B; CV*#V*8V*#V* and V; C V, for 1 <2 < n. V; is called the
selector of tube z.

Each triple (A;, Ri, Vi), also called a tube, operates individually in the same way
as an H system (V, A;, R;). According to the definition of H systems, they would
generate the language denoted by o7(A;), but we will see that in a TT they interact
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among them, accepting from the others the strings belonging to V;*. The set B of
strings outside any language V;* is defined as follows

n
B - V* — U ‘/i*
=1
Each tube 7 in the system starts containing only the strings of A;. One processing
step (‘=) of the system, moves it from the configuration (L,...,L,), where each
tube i contains the strings of L;, to a configuration (L{,...,L}), according to the
following definition

(L1,..., L) = (L%,...,L,)iff
Ly =J (3L n Vi) U (o3(L:) n B))
7=1
for each ¢,1 < ¢ < n.

Finally, we state that the language generated by a T7T T is the set of words
appearing in the tube 1 at any processing step, when starting from the configuration
(Ay,...,An): (=" is the reflexive and transitive closure of the relation =)

L(I") = {w € V* | w € L; for some (Ai,...,As) =" (L1,...,L,)}

We denote by TT,(F1, F,) the family of languages L(T') such that T' is a splicing
system with at most n tubes, each with set of axioms from F; and set of rules from
F,. The set of languages generated using any number of tubes is defined by

TT.(Fy, Fy) = | TT.(Fy, Fa)

n>1

3. Test Tube Systems and RE Languages

In this section we prove in details our main result.

Theorem 1. TTyo(FIN,FIN) = TT.(FIN,FIN) = TT.(F\,F;) = RE for all
families Fy, F5 such that REG C F; C RE,i=1,2.

Proof. The inclusions TTio(FIN,FIN) C TT.(FIN,FIN) C TT.(Fy, Fy) are
obvious. The inclusion TTio{ FIN, FIN) C RE is obvious from the Turing/Church
thesis. Hence, it is sufficient to prove that RE C T'Tyo(FIN, FIN).

Take a type-0 Chomsky grammar G = (N,T,S,P). Denote U = NUT and
construct the system

F = (Vv (Ala Rh Vl)a (A27 R2, ‘/2)’ (ASy R37 ‘/;3)1 (A4a R4, V:i)) (A51 RS, ‘/5),
(A6; RB) ‘/6)5 (A77 RTa V7), (ASa R87 ‘/S)a (A97 R97 ‘/9)7 (AIO, RIO’ ‘/10))
with
V=NUTU{X,XY,Y', 2,2 HH,RK,B,Q, Y}

Denote with Uy,...,U, the symbols of the alphabet U (i.e. non terminal and
terminal symbols of G) and with U,y the special symbol B.
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Define
A = 0 ’
Rl = 0,
i = T7

Ay = {XBSY,Z'Z}U{ZvY |u—v e PYU{Z@Y'|1<i<n+1)},

Ry, = {#uYSZ#vY |u—v e PYU{#UYSZ#QY' |U; € UU{B}}
U{Z'#Z$X B#},

V. = UU{B,X,Y},

As = {ZYe,HH'}
Ry = {#QY'$Z#Ya)} U {a#tY'SH#H | € UU{B}},
V» = UU{X,B,Q,Y"},

As = {X'az},
R = {X#$X'Q#2},
Vi = UU{X,B,QYs},

As = {ZY'},
Rs = {#Y@$Z#YI}7
Vi = UU{X' B,Q,Ys},

As = {XZ},
Rs = {X'#SX#7'},
Vs = UU{X,B,Y’ a},

A = {XUK|1<i<n+1},
Ry = {X@#SXU#K |acUU{B}},
V; = UU{X,B,Q,H'},

As = {RY},
Rs = {o#tH'SR#Y |a € UU{B}},
Vs = UU{X,B,H'},

Ag = {ZZ},
Ry = {#YS$ZZ#},
% = TU{KZ,}a

A = {27},
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Rio = {#Z282'#},
Vie = TU{Z'}.

Let us examine the work of T'.

The first component only selects the string produced by the others components
that are terminal according to G. No such terminal string can enter a splicing, because
all rules involves at least one special symbol that we add to the set of terminal and
non terminal symbols.

In tube 2 applications of productions of the form u — v € P to sentential forms
Xw; BwyuY are simulated, where weuw; is a sentential form of G, and X,Y, B are
special symbols, indicating respectively the left end and the right end of the sentential
form in T’ and the beginning of the rotating string representing the corresponding
sentential form in G.

Tubes 3, 4, 5, 6, 7 and 8 are used to rotate the symbols, so we can simulate the
productions of G in the correct place.

lubes 9 and 10 are used to eliminate special symbols X and Y, so we obtain a
terminal string.

The construction works as follows:

In the initial configuration (Aj,..., A1), only the second component can exe-
cute a splicing. There are three possibilities. We can either use a rule of the form
#uY$Z#0Y, for u — v € P (we call this a splicing of type 1), or a rule of the form
#HU;Y$ZH#@Y' where U; is the i-th symbol of the alphabet U or, if i = n + 1, the
symbol B (splicing of type 2), or the rule Z'#Z$X B# (splicing of type 3). In the
following, while describing these three cases, we will denote by t-; any splicing of type
1,forz=1,2,3.

Consider the general case of having in tube 2 a string XwY, with w € U*BU*;
initially, w = B.S. We have three possibilities for splicing :

1 (Xw|uY, Z|vY) by (XwioY, ZuY), for u —» v € P and w = wyu
2. (Xwn|ULY, Z|1@Y") by (Xw @'Y, ZU;Y), for U; € U U {B} and w = wyU;
3. (2%, XBlw1Y) b3 (Z'wyY,XBZ), for w = Bun

Let us examine the strings we have just created.

The string Xw;vY is of the same form as Xw;uY so it will remain in tube 2,
entering new splicing of one of the three types. Clearly, the passage from Xw uY to
XwyvY corresponds to using the rule u — v € P on a suffix on the string bracketed
by X,Y. The string ZuY will remain in tube 2, too. Such a string ZuY can enter a
splicing in three cases:

1. ZuY is an axiom, then nothing new appears.

2. ZuY is used as the first term of a splicing of the form (Zu,|u'Y, Zv'Y) H
(Zuv'Y, Zu'Y), for u = wyu’ and v’ — v’ € P; we obtain two strings of the
same form, ZzY, which will remain in tube 2.

3. ZuY is used as the first term in a splicing of the form (Zu:|U;Y, Z|@Y") |,
(Zul@'Y', ZUY), for u = w1 U;, U; € UU{B}; the string Zu:@'Y’ cannot enter
new splicings and cannot be transmitted to another tube.
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After any sequence of such splicings, the obtained strings will still be of the form
ZzY, hence they will remain in tube 2 and will enter other “legal” splicing, when they
are axioms, or they will enter splicings producing “useless” strings ZyY. Therefore,
after a series of splicings of type 1, eventually in tube 2 a splicing of type 2 will be
performed, producing strings of the form Xw;, @'Y’ and ZU;Y. The second string
behaves exactly as we discussed above for the string ZuY. If a string Xw; @'Y” enters
a new splicing in tube 2 this can only be splicing of type 3,

(Z'|Z, X Blw,@Y") -3 (Z'w2@Y', X BZ)

for w; = Bw,. The string Z'w, @'Y’ cannot enter new splicings in tube 2 and cannot
be transmitted to another tube. If the string X BZ enters a new splicing, this can
only be of type 3
(2'|Z,XB|Z) V3 (2'Z2,XBZ)
so nothing new can be created.
Any string Xw;@Y” is moved from tube 2 to tube 3 where we have to perform

(Xw,@1@Y", Z|Ya) F (Xw, @ 'Ye, ZQY").

The second type of rule of tube 3 will be examined below.
The string Z@Y” cannot be transmitted to another tube and can enter only a
splicing of the form
(Z|@Y’, Z|Ye) F (2QY', ZYa),
hence creating nothing new.
The string Xw;, @ ~1Y¥g cannot enter new splicing in tube 3, it will be transmitted
to tube 4 where we have to perform

(X|w1@ Y, X'Q|Z) - (X'Quy@ Y, X Z)

The string X Z cannot be transmitted to another tube and can enter only a splicing
of the form
(X|Z,X'Q|Z)F (XZ,X'QZ)
hence creating nothing new.
The string X'@w; @Yy cannot enter new splicing in this tube; it will be trans-
mitted to tube 5, where the only possible splicing is

(X'Qu; @ |Yg, Z|Y') F (X'@ur @Y, ZYa)

The string ZVq cannot be transmitted to another tube and can enter only a splicing
of the form
(Z|Ya, Z|Y') F (ZYe, ZY"),
so it can creates nothing new.
The string X'@w; @'Y’ cannot enter new splicing in this tube; it will be trans-
mitted to tube 6. In tube 6 we can only execute

(X'|@uw, @Y, X|Z') F (XQuw, @Y, X'Z")

The string X’Z’ cannot be transmitted to another tube and can only enter splicing
of the form

(X'|2', X\2") b (X'2', X Z")

hence producing nothing new.
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The string X @uw, @'Y’ cannot enter new splicing in this tube; it will be moved
to tube 3.

We started from tube 3 with the string Xw; @'Y’ and now we returned to tube 3
with the string X@w,@~1Y’. A symbol @ from the right end of the string bracketed
by X,Y’ has been moved to the left end. The string X@uw;@-'Y’ cannot enter a
splicing of the second type in tube 3, but can enter a splicing of the first type in
tube 3. By repeating the operations just described, we will return to tube 3 with the
string X@@uw,@"~?Y" (i.e. we will rotate another symbol @). This sequence will be
repeated until all symbols @ will be moved from the right end to the left end of the
string bracketed by X,Y’. It will take ¢ steps.

Then, in tube 3 we obtain a string of the form X@iw,Y"’. This string cannot entera
splicing of first type in tube 3, but it can enter a splicing of second type in this tube,
so we can perform

(XQ@'wqa|Y', HIH') F (X@'wyaH', HY"), for wy = wpa,a € U U {B}.

The string HY' cannot be transmitted to other tubes, and can only enter splicing of
the form

(H|Y',H|\H') v (HY', HH')

hence creating nothing new.
The string X @*w; H' cannot enter a new splicing in this tube; it will be transmitted
to tube 6. In tube 6 we have to perform :

(X@'|BwsH', XU;|K) F (XU;fws H', XQ@'K), for wy = fws,f € U U {B}.

With this operation we decode the symbol U; from @ (we coded U; in @ with the
splicing of type 2 in tube 2).

The string X@'K cannot be transmitted to another tube, neither enter new splic-
ings in this tube; hence, it can not create nothing new.

The string X Us;w,; H' cannot enter new splicings in this tube; it will be transmitted
to tube 7, where we have to perform

(XUiwax|H', R|Y) b (XU;waxY, RH'), for wy = wax,x € U U {B}.

The string RH’ cannot be transmitted to another tube, neither enter new splicings in
this tube, so it can’t create nothing new.

The string XU,unY cannot enter new splicing in this tube. It will be moved to
tube 2.

After this sequence of operations, we can note that having started with the string
Xwq U;Y in tube 2 we have returned to tube 2 with the string XU;u1Y. A symbol
from the right end of the string bracketed by X,Y has been moved to the left end. In
this way, the string bracketed by X,Y can enter circular permutations as long as we
want them to do that. This allows us to pass from a string Xw; Bw:Y to any string
XwiBwyY such that wow, = whw]. In this way we can “rewind” the string until its
suffix is the left-hand member of any rule in P that we want to simulate by a rule
in Ry of the form #uY$#vY. As the symbol B is always present (and exactly one
copy of it is present as long as we do not use the rule Z'#Z$X B# in R,), in every
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moment we know where the “actual beginning” of the string is placed. Consequently,
using splicings of type 1 and 2 in tube 2 and splicings in tubes 3, 4, 5, 6, 7 and 8 as
described above, we can simulate every derivation in G. Conversely, exactly strings
of the form Xw; Bw,Y can be obtained in this way, they correspond to strings waw;
that are sentential forms of the grammar G.

We have now to consider the splicing of type 3 in tube 2 and the tubes 9 and 10.

We consider first of all the splicings of type 3 in tube 2. We have already seen
what happens for the strings XBZ and Xw@'Y”, so we have now to consider the
strings of the form X BqY for ¢ € U*. Using a splicing of type 3 we have

(2'\1%Z,XB|qY) b3 (XBZ,Z'qY).
If a string Z'qY enter a splicing in tube 2 this can be of type 1 and 2:

(Z'q|uY, ZIvY) by (Z'quvY, ZuY), for u > v € P,g = quu
(Z2'q1|UY, Z|@Y") by (Z'1@°Y", ZU;Y), for U; € UU {B},q¢ = qU;

We have already discussed the case of ZuY, ZU;Y and Z'¢;@'Y". The string Z'qvY
can be obtained by performing first

(XBgq:|uY, Z|vY) by (X BgvY, ZuY)

and then
(Z’IZ,XBIqIUY) }"3 (Z'qle, XBZ),
so it is a “legal” string.
If the string Z’qY, obtained with a splicing of type 3 in the tube 2, have the
property that ¢ € T* (i.e. ¢ is a terminal string) it can be moved to tube 9. Here the

only possible splicing is
(Z'qlY,ZZ|)F (Z'¢, 22Y).

If ZZY will enter new splicing, these are of the forms
(Z'z|Y,ZZ|Y) - (Z'zY,ZZY)
(ZZ|\Y,ZZ|Y)F (ZZY,ZZY)
hence no new string is obtained.

The string Z'q cannot enter new splicing in tube 9. It will be moved to tube 10,
where we have to perform

(122,219) v (¢, 722).
If the string Z'ZZ enters new splicings, these are of the forms

(2'122,2'|2) + (Z'z, 2'22Z)
(Z'|22,2'\22) v (22,2 Z7)

hence nothing new can be created.

The string ¢ is terminal. It will be transmitted to all tubes, including the first
one. No splicing can be done on a terminal string. As we seen above, such a terminal
string ¢ is a string in L(G).
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No parasitic string can reach the first tube, consequently L(I') = L(G). ()

The basic ideas of the construction we have presented here are those already used
in [5] and [3]): We simulate the productions of the grammar using splicing operations
in tube 2. Unfortunately, using the splicing operation, we can simulate a production
(in one step) only if the sub-string we are going to substitute is placed at one end of
the string. The splicing operation is not able to do such a substitution (using a finite
number of rules) if the sub-string is placed in the internal part of the string.

To deal with this problem, we use the rotation of the symbols. Look at Example 1
below: to simulate the production u — v we rotate the symbols z3, x4 and 5 so that
we can move the sub-string u to the right end of the string. This position is optimal
to sirnulate the production using a splicing operation. After that, we rotate the string
v (one symbol at time), and then the symbol z; and z,. Starting with 21z uzaz,zs
we obtain z,T,vT3T4%5, 0 we have simulate properly the production u — v of the
gramimar.

Example 1:

T1ToUT3T 4Ty ~* TrL1ZoUXT3T4 ~ TyTs5T1XoUT3 ~ T3TaTsT1TaU
o T3TYT5T1T2U A T3TT5T1 22V
I3TL4T5L1 L2V V.Z‘3IE4$5(II1$2 ~r TPVTIT4T5L1 ~ T1I2VT3T4T5

The rotation solves the problem we have just mentioned, but it introduces a new
problem. When we rotate a symbol, we move it from one end to the other. Using
splicing rules, this operation requires more than one step, so the problem we have
to deal with, is how to delete the symbol from the right end of the string and to
put the same symbol in the left end of the string. Due to the multi-step process, we
could delete a symbol from the right end and put in the left end a different symbol,
generating a word which the grammar was not able to create, even if we do not want
to do so.

In [3] the solution to this problem was to substitute the symbol to rotate with a
symbol that contains the information on the symbol substituted and then to send the
string obtained to a “special” tube that rotates that specific symbol. In Example 2 we
show how this can be done.

Example 2: We consider the string z;z,23z425w; the symbol w is replaced with
Yo

T1T9X3T4T5W ~2 $1{E2.’E3$4.’L‘5Yw

Then, the string zy29232425Y,, is sent to the “special” tube, the only tube able to
receive this string. This special tube is the only one that contain the symbol ¥, in
the filter, and its function is to rotate the specific symbol w. We are sure, in this case,
to put in the left end of the string the same symbol we have deleted from the right
end of the string.

The problem in this solution is that we need one of these “special” tubes for every
symbol of the language we are going to generate (because we need one tube for every
type of symbol to rotate). Thus, the number of test tubes needed to generate a
language depends on the number of different symbols used in the language we have
to generate.

In the model presented here, we introduce some differences. First of all, we number
the symbols of the grammar. Before rotating a symbol, we encode it to a number of
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special symbols @, not present in the alphabet of the grammar. The i-th symbol in
the order we give, is substituted with 2 copies of this symbols. This operation is done
by the splicing of type 2 in the second component test tube.

Then the symbol is moved to the left end by rotating, one at a time, the special
symbols @. These rotations are executed by the component tubes 2, 3, 4, 5 and 6.

When all the special symbols have been rotated, we decode ¢ special symbols with
the correspondent symbol U;. This is done with the component 7.

In the example below we illustrate these three main phases.

Example 3: We show here the three main phases of the rotation of the symbol
z5 of the string z1z913T4T5:

Encoding : T1T3T3T4Ts ~  T1T2232,0QQ00

Rotation: Qz,z:232,00QQ ~ QQzi1,232z,0QQ ~
@@@$1$2$3$4@@ A @@@@$1$21}3Z4@ ~
QQQQQzr 2374

Decoding: QQQQQz z3z354 ~ T5T1T2T3T4

This solution offer three advantages:

o A symbol is encoded when it is placed in the right end of the string, thus in a
suitable place for the application of splicing rules.

e The only symbol that actually rotates is the special symbol @, so we need just
one of the “special” tubes used in [3], about which we have discussed before.

o A symbol is decoded when it is placed in the left end of the string, thus in a
suitable place for the application of splicing rules.

These advantages permit us to limit the number of tubes with respect to the
construction presented in [3]. Using the construction we have explained, the number
of tubes does not depend on the number of the symbols of the language we have to
generate: ten test tubes are enough to generate any RE language.

We conclude just saying that the components 8, 9 and 10 are used to control the
communication of the strings through the tubes and the component 1, as said in the
proof, is used to select the strings which contain terminal symbols only.

4. Conclusions and Perspectives

We proved how to build a distributed splicing system powerful enough to generate
any language in RE, and using a fixed number of 10 test tubes.

This is still different from designing in detail a universal splicing system, similar to
the current programmable computers, but it takes us closer to a practical implemen-
tation of a DNA computer: for each computation (language) we want, we just change
the starting molecules and the restriction enzymes introduced in the test tubes, we
do not change the layout on our workbench for each alphabet we need. Of course it
is still a practical problem to have enough real restriction enzymes.

From the grammar systems point of view, this work has been insightful to study
a case where a simple algorithm has been designed directly in terms of splicing: an
algorithm not simply reproducing an usual grammatical production rule, but doing
some different basic operation (encoding/decoding). This, of course, is not the first
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case in literature, but we feel that the interest in this molecular algorithm engineer-
ing can eventually lead us to build a kind of universal grammar systems based on
molecular-like operations, avoiding the uneffective translations of universal Turing
machines seen so far.

Many interesting open problems suggested in [3] still are open, concerning the
power of different numbers of test tubes and comparisons to different levels of Chomsky
hierarchy. We can only add now that it is interesting to check whether it is possible to
use less than 10 tubes for RE, since it is not proved that TTo(FIN, FIN) is properly
contained in RE2.
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Abstract. The generative capacity of splicing grammar systems is inves-
tigated in this paper. It is proved that: 1) any linear language can be
generated by a splicing grammar system with two regular components; 2)
any context—free language can be generated by a splicing grammar system
with three regular components; 3) any recursively enumerable language
can be generated by a splicing grammar system with four right linear
components. The first two results answer a problem left open in [18], the
last result improves results in the same paper.

1. Introduction

In the last years a series of researches were initiated in the field of DNA recombi-
nation and computing ([9], [11], [14], [21]). This area is very rich both in theoretical
and practical problems, motivated by the possibility of using DNA as a support for
computing, [1].

A specific model of DNA recombination is the splicing operation which consists of
cutting DNA sequences and then pasting the fragments again, under the influence of
restriction enzymes and ligases.

Some generalizations were recently considered in the field. One was to consider
arbitrarily large sets of splicing rules, codified in a natural way as strings, hence giving
languages of splicing rules ([15]). Several ideas about how to handle a regular set of
splicing rules were explored in [3], 4], [7], [17], [19], [26]. Another idea was to count
the number of copies of the used strings: [6], [7], [16].

A different approach was started in [4], [5]: to use distributed architectures as in
grammar system theory [2]. Here we investigate the idea introduced in [5]: to con-
sider a parallel communicating grammar system, as in [23], with the communication
replaced by a splicing operation. Thus, a splicing grammar system can be viewed as
a set of grammars working in paralle] on their own sentential forms and, from time
to time, splicing the current strings of two components.

In [5] it is proved that context-free splicing grammar systems with three compo-
nents can generate all recursively enumerable languages and it is formulated as an
open problem the question whether or not two components are enough.

The problem is solved in [18] where the following results are proved:

1) Every recursively enumerable language can be generated by a splicing grammar
system with two context-free components.

1Research supported by the Academy of Finland, project 11281.
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2} The family of languages generated by splicing grammar systems with two regular
components contains non-context—free languages.

1) Every recursively enumerable language L C T™ can be written as the intersec-
tion of a language generated by a splicing grammar system with three regular
components and 7.

In the above paper are left open the problems whether or not the families of
linear and context—free languages are included in the family of languages generated
by splicing grammar systems with regular components. We shall prove that every
linear language can be generated by a splicing grammar system with two regular
components and every context—free language can be generated by a splicing grammar
system with three regular components. Also, we shall prove that each recursively
enumerable language can be generated by a splicing grammar system with four right
linear components.

2. Preliminaries

We assume the reader to be familiar with some basic notions in formal language
theory [25]. For grammar system theory, we refer to [2].

For an alphabet V, we denote by V* the free monoid generated by V under the
operation of concatenation; the empty string is denoted by A and V* — {1} is denoted
by V*. The families of finite, regular, linear, context-free, context-sensitive, recur-
sively enumerable languages are denoted by FIN, REG, LIN, CF, CS, RE, respecti-
vely.

Convention: Two languages are considered equal if they differ by at most the
empty string (Ly = Lo iff I; — {A} = Ly — {A\}).

A splicing grammar system (SGS for short) is a construct
F = (N)T’(Slapl)a(527p2)7' - '7(SnaP’rL)7M),
where

(1) N,T are disjoint alphabets and P;,1 <t < n, are finite
sets of production rules over NU T,

(13) M is a finite subset of (NUT)*#(NUTY'$(NUT)Y#(N UT)",
with #,$ two distinct symbols which are not in N U T.

The sets P; are called the components of T'.

For two n-tuples (we call them configurations) z = (21, 2,...,2,) and y = (y1, y2,
ceaYn)y T ¥ € (NUT),1 < ¢ < n, we write £ = y if and only if one of the
following two conditions holds:

() foreachl <i<n,z; =>p, ¥,
(48) there exist 1 < 4,5 < n such that ; = zjuyuse], z; = ziususzy,
! n ’ "
and y; = Tjuguazy, y; = Tiususx], for uiHusSusFug € M;

for k # 1,7, we have yi = zx.
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In the above definition, point (i) defines a rewriting step, whereas point (ii) defines
a splicing step, corresponding to a communication step in parallel communicating
grammar systems. Note that no priority of any of these operations over the other
one is assumed. In case (ii) we usually denote the passing from (z;,z;) to (y;,y;) by
(zirz;) b (43, 95)-

The language generated by the ith component of I is

LiT)={z; € T* | (81,...,5n) =" (71, ...,20), &, € (NUT)",j #£1},

where ==* is the reflexive and transitive closure of the relation —.
The total language associated to I' is

Ly(T) = | Li(T).
i=1
We denote by I15GS,(X),TSGS.(X) the families of languages L;(T), Li(T), re-
spectively, generated by splicing grammar systems of degree at most n,n > 1, with
components of type X, where X € {REG,LIN,RL,CF} when the components are
regular, linear, right-linear or context-free, respectively. When no restriction is im-
posed on the number of components, then we replace the subscript n with *.

3. Results

Theorem 1. LIN C YSGSy(REG), Y € {I,T}.

Proof. Let L be the language generated by a linear grammar G = (N, T, S, P).
We can suppose that S does not appear in the right-hand side of any rule from P.
For u,v € T*,m(u,v) denotes max{ju/|, |v|}. For p,g two positive integer numbers we
0, ifp<yq
p—q, ifp>g’

We construct a SGS with two regular components as follows:

T =(N,T, (S, P),(S2 P), M),

denote 8(p, q) =

where
N = {81,5,,8],5,Y}UNzU{(uA,3) | B—ouAe P, 1<i<|ul}u
{[vAv,i],[udv,i] | B - uAv e P, 1 <i < m(u,v)}U
{[uAv], [uAv] | B — uAv € P},

T' = TU{CI,CZ},C],62¢T,

P = {8 —aS3u (1)
{S{ _)a1Z17"'7Zk—1 — ap ]S—>a1--~ak€ P,kZO,
(l1GTU{A},CLQ"'GJ‘:ET,Zl,"'Zk._lENZ}U (2)
{5{ = a;(uA,1) | S > uA € Pu=ayu, e, € T}V (3)
{(uA,) = aip(ud, i+ 1) [u=ay---ap,1 i < |u|}ju (4)
{(uA, |u]) — a1(vB,1) | A= vB € P,v = ayv'}U (5)
{(wA Ju|) = @121, Zk—y > ax |A— 01 --ar €PF,

Ziy++ Zg—1 € NzJU (6)
{(uA,|u]) = a[u'Bv/,1) | A= u'Bv' € P,v' # ),
a=f HET N W ™

a1, ifu =au
{Si—w[uAv,l)[s_,uAveP,v;éA,az{cl, fu=2 o,

a1, ifu=a

(8)
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{[udv,i] = ofudv,i +1) |1 <i < m(u,v),u=ay - gy,
o, ] <Jobi 2 oy
a;y1, otherwise
{[uAv,m(u,v)]' = c1[udv) | B — udv € P}U (10)
{[uAv] — afw'Bv,1] | A— w'Bo' € P, a = {C;’l | E v 21u,,}u (11)
{wAv] > a1Z1,---, Zpy — ar |A—> a1 ar € P,
Zy,--+ Zp-1 € Nz}, (12)
Pz = {52 d CzS{}U (13)
{54 — c{uA, 1)U (14)
{(uA, i) — e(uAd,i+ 1) |1 << |ul}U (15)
(16)
(17)
(18)

{(ud, [u]) — e (ud, [u])IU

{(ud,|u]) — bu'Bv,1]' | A € N,v" # A, v' = bv”, bGT}U
{5} — budv, 1) |S—>uA'u€P, v#E AU =b' bGT}U
{[uAv,i] — BluAv,i+ 1] |1 <i<m(u,v),v = by -+ by,

e thl<fuliz
p= b;y1, otherwise H (19)
{[uAv, m(u,v)] = e[uAv] | B — vAv € P}U (20)

{[uAv] — B[v'Bv',1) | A - v'Bv' € P,
by, ifv' # Ao =bv

A= ¢z, oOtherwise i (21)

{[uAv] = Y, Y — oY | B — udv € P}, (22)
M = {PD#aSi8e#Si1U (23)

{u[udv, m(u, v)|#\$c; #vek[uAv, m(u,v)]' | B— udv € P,

k= 0(lu|, |[v])}U (24)
{[uAv, m(u, v)|v#tci{uAv, m(u,v)['$z4a | B — uAv € P,

z€{a,al,aeT, k=0(ul,|v]),}U (25)
{u#tctudv, m(u,v)|$z#[udv, m(u,v)) |

B - uAv € P,z € {c1,¢c2}, k=8(v|,|u])}U (26)
{ Mt [uAv)$ze,#[udv] | B — udv € P,z € {c1,¢3}}. (27)

In order to simplify the proof, we denote G; = (N!, T}, S;, P,),i = 1, 2.

The idea of the construction is the following one. For every linear rule A —
uBv € P, we introduce the nonterminal symbols [uBv], [uBv], [uBv, 1], [uBv,i]’,1 <
i < m(u,v). Then we try to generate u in Py and v in P, in a regular manner. When
|u| < |v], then uc!”!™™ is generated in Py, and when [v| < |u|, then vel' ™! is generated
in P,, where ¢, ¢; are two terminal symbols different from the symbols from T'. Then,
by using some splicing rules we remove ¢f from G; (if ¥ > 0), and we put together
substrings u and v such that we will obtam in G, the substring u[udv, m{u,v)]o.
Then we continue until a terminal string is obtained.

ful={l 5

Observation 1. We notice t