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Preface

Integrating Growth Theory and Numerical Solutions

Dynamic, stochastic models with optimizing agents have become a standard tool
for policy design and evaluation at central banks and governments around the world.
They are also increasingly used as the main reference for forecasting purposes. Such
models can incorporate general equilibrium assumptions, as it was the case with
Modern Business Cycle Theory, or different types of market frictions, in the form
of price rigidity or monopolistic competition, as in the New Keynesian Macroeco-
nomics. These models can all be considered as special cases of models of economic
growth, and the theoretical and computational methods contained in this book are a
first step to get started in this area.

The book combines detailed discussions on theoretical issues on deterministic
and stochastic, exogenous and endogenous growth models, together with the com-
putational methods needed to produce numerical solutions. A detailed description
of the analytical and numerical approach to solving each of the different models
covered in the book is provided, and the solution algorithms are implemented in
EXCEL and MATLAB files. These files are provided to illustrate theoretical re-
sults as well as to simulate the effects of economic policy interventions. Theoretical
discussions covered in the book relate to issues such as the inefficiency of the com-
petitive equilibrium, the Ricardian doctrine, dynamic Laffer curves, the welfare cost
of inflation or the nominal indeterminacy of the price level and local indeterminacy
in endogenous growth models, among many others. This integration of theoretical
discussions at the analytical level, whenever possible, and numerical solution meth-
ods that allow for addressing a variety of additional issues that could not possibly
be discussed analytically, is a novel feature of this book.

The Audience

This textbook has been conceived for advanced undergraduate and graduate students
in economics, as well as for researchers planning to work with stochastic dynamic
growth models of different kinds. As described above, some of the applications
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included in the book may be appealing to many young researchers. Analytical dis-
cussions are presented in full detail and the reader does not need to have a spe-
cific previous background on Growth theory. The accompanying software has been
written using the same notation as in the textbook, which allows for an easy under-
standing of how each program file addresses a particular theoretical issue. Programs
increase in complexity as the book covers more complex models, but the reader can
progress easily from the simpler programs in the first chapters to the more com-
plex programs in endogenous growth models or programs for analyzing monetary
economies. No initial background on programming is assumed.

The book is self contained and it has been designed so that the student advances
in the theoretical and the computational issues in parallel. The structure of program
files is described in numerical exercise-type of sections, where their output is also
interpreted. These sections should be considered an essential part of the learning
process, since the provided program files can be easily changed following our indi-
cations so that the reader can formulate and analyze his/her own questions.

Main Ideas

Exogenous and endogenous growth models are thoroughly reviewed throughout the
book, and special attention is paid to the use of these models for fiscal and monetary
policy analysis. The structure of each model is first presented, and the equilibrium
conditions are analytically characterized. Equilibrium conditions are interpreted in
detail, with special emphasis on the role of the transversality condition in guaran-
teeing the stability of the implied solution. Stability is a major issue throughout the
book, and a central ingredient in the construction of the solution algorithms for the
different models.

Even though this is not a book on economic policy, most of the models con-
sidered incorporate a variety of distortionary and non-distortionary taxes, which
allow us to address a number of policy issues. Fiscal policy in non-monetary growth
economies is considered in Chaps. 2—4 (exogenous growth) and Chaps. 6 and 7 (en-
dogenous growth). Characterizing possible dynamic Laffer effects in endogenous
growth models, or the effects of fiscal policy interventions in models with human
capital accumulation are some of the issues considered in this first part of the book.
Chapters 8 and 9 are devoted to the analysis of monetary economies that incor-
porate fiscal policy variables and parameters. This allows for a detailed discussion
of the interaction between fiscal and monetary policy and their coordinate design.
The analysis of each model starts with the characterization of steady state, and a
description of the long-run effects of different policy interventions. Stability condi-
tions are then characterized on either linear or log-linear approximations, and the
general solution approach is particularized in each case to compute the numerical
time series solution to the model under the specific type of policy considered. We
are particularly interested in characterizing the effects of a given policy intervention
along the transition between steady states. Most models are presented and analysed
in continuous and discrete time so that the reader can become familiar with both
formulations. Sometimes, a given model is solved under two different approaches,
so that the reader can get an even better understanding of the solution techniques.
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The illustrations used in the ‘Numerical Exercise’-type sections throughout the
book discuss a variety of characteristics of the numerical solution to each specific
model, including the evaluation of some policy experiments. Most issues considered
in these sections, like the details of the numerical simulation of models with techno-
logical diffusion or Schumpeterian models under uncertainty are presented for the
first time in a textbook, having appeared so far only in research papers.

Brief Description of Contents

The use of rational expectations growth models for policy analysis is discussed
in the Introductory chapter, where the need to produce numerical solutions is ex-
plained. Chapter 2 presents the neoclassical Solow—Swan growth model with con-
stant savings, in continuous and discrete time formulations. Chapter 3 is devoted to
the optimal growth model in continuous time. The existence of an optimal steady
state is shown and stability conditions are characterized. The relationship between
the resource allocations emerging from the benevolent planner’s problem and from
the competitive equilibrium mechanism is shown. The role of the government is ex-
plained, fiscal policy is introduced and the competitive equilibrium in an economy
with taxes is characterized. Finally, the Ricardian doctrine is analyzed. Chapter 4
addresses the same issues in discrete time formulation, allowing for numerical solu-
tions to be introduced and used for policy evaluation. Deterministic and stochastic
versions of the model are successively considered.

Chapter 5 is devoted to solution methods and their application to solving the op-
timal growth model of an economy subject to distortionary and non-distortionary
taxes. The chapter covers some linear solution methods, implemented on linear and
log-linear approximations: the linear-quadratic approximation, the undetermined
coefficients method, the state-space approach, the method based on eigenvalue-
eigenvector decompositions of the approximation to the model, and also some non-
linear methods, like the parameterized expectations model and a class of projection
methods. Special emphasis is placed on the conditions needed to guarantee stability
of the implied solutions.

Chapter 6 introduces some endogenous growth models, in continuous and dis-
crete time formulations. The AK model incorporating fiscal policy instruments is
taken as a basis for analysis, both in deterministic and stochastic versions. The pos-
sibility of dynamic Laffer curves is discussed. A more general model with nontrivial
transition, that includes the AK model as a special case, is also presented. Chapter
7 presents additional endogenous growth models. Stochastic economies with a vari-
ety of products, technological diffusion, Schumpeterian growth, and human capital
accumulation, are all presented in detail and the appropriate solution methods are
explained. Chapters 8 and 9 are devoted to growth in monetary economies. Chapter
8 introduces the basic Sidrauski model and discusses some modelling issues that
arise in practical research in these models. The interrelation between monetary and
fiscal policy in steady state is also discussed. Special attention is paid to character-
ize the feasible combinations of fiscal and monetary policies and to the appropriate
choice of policy targets. The concept of optimal rate of inflation is introduced. The
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possibilities for the design of a mix of fiscal and monetary policy in economies with
and without distorting taxation are discussed. Conditions for the non-neutrality of
monetary policy under endogenous labour supply are examined. The chapter closes
with a description of the Ramsey problem that describes the choice of optimal mon-
etary policy. Chapter 9 characterizes the transitional dynamics in deterministic and
stochastic monetary economies and presents numerical solution methods for de-
terministic and stochastic monetary economies. Specific details are provided de-
pending on whether the monetary authority uses nominal interest rates or the rate
of growth of money supply as a control variable for monetary policy implementa-
tion. Special attention is paid to the possibility of nominal indeterminacy arising as a
consequence of the specific design followed for monetary policy. The chapter closes
with a presentation of Keynesian monetary models, which are increasingly used for
actual policy making. After characterizing equilibrium conditions, a numerical so-
lution approach is discussed in detail.
A more detailed synopsis of the book is provided in Sect. 1.5.

Software

As explained above, MATLAB and EXCEL files are provided to analyze a variety
of theoretical issues. EXCEL files are used to compute a single realization of the
solution to a given model. That is enough in deterministic economies. There are
also MATLAB programs that perform the same analysis. In stochastic economies,
however, characterizing the probability distribution of a given statistic through a
large number of realizations becomes impossible in a spreadsheet, and it is done in
MATLAB programs. All MATLAB and EXCEL files are downloadable from our
Web page: www.ucm.es/info/ecocuan/anc/Growth/growthbook.htm

Antecedents and Acknowledgments

Over the years, we have benefited from working through textbooks on Economic
Growth and Dynamic General Equilibrium Economies [Barro and Sala-i-Martin
(2003), Aggion and Howitt (1999), Stokey and Lucas (1989), Blanchard and Fisher
(1998), Lucas (1987), Sargent (1987), Ljunquist and Sargent (2004), Hansen y
Sargent (2005), Cooley (1995), Turnovsky (2000), Walsh (1998)], who obviously
should not be held accountable for any misconception that might arise in this
volume.

We hope to contribute to the huge literature on Economic Growth by the integra-
tion of theoretical and computational aspects in the analysis of non-monetary and
monetary models of exogenous and endogenous growth. Even though we provide
a detailed discussion of a variety of different solution approaches in Chapter 5, we
have emphasized the use of variations of the Blanchard and Kahn (1980) approach,
in some cases following the applications by Ireland (2004) [see also his Web page:
http://www2.bc.edu/"irelandp/programs.html]. Recent textbooks on Computational
Methods for Dynamic Economies [Judd (1998), Heer and Maussner (2005),
Marimon and Scott eds. (1997), deJong and Dave (2007), Miranda and Fackler
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(2002), McCandless (2008)] provide additional reading, in some cases with alter-
native approaches to model solution.

The idea that any dynamic model has time series implications that can be put to
test with actual data has traditionally been a central premise in the graduate pro-
grams in Economics at University of Minnesota, and has clearly influenced the
conception of this book. Specially important to us were the teachings of Stephen
Turnovsky, Tom Sargent and Christopher Sims. In that context, it was easy to under-
stand that advances in Economics should come from iterating between theoretical
models and actual data and from there, the need to obtain statistical implications
from any model economy.

Previous versions of parts of this book have been used in advanced undergrad-
uate and graduate courses in Economics and Quantitative Finance at Universidad
Complutense (Madrid, Spain), City University of Yokohama (Yokohama, Japan)
and Keio University (Tokyo, Japan). We appreciate the patience of students working
out details of previous drafts.We thank Yoshikiyo Sakai and Yatsuo Maeda for the
opportunity to discuss this material while still in process. We are greatly indebted
with our friends and colleagues Emilio Dominguez, Javier Pérez and Gustavo Mar-
rero for many useful and illuminating discussions. Finally, our deepest gratitude
to our families for their understanding through the long and demanding process of
producing this book.

Alfonso Novales
Esther Fernandez
Jesus Ruiz
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Chapter 1
Introduction

This is a book on Growth Theory and on the numerical methods needed to fully
characterize the properties of most Growth models. In this introductory chapter, we
describe the main characteristics of different families of Growth models and their
relevance for policy analysis, which is moving leading economic and financial insti-
tutions throughout the world to increasingly rely on their use for forecasting as well
as for policy evaluation. In particular, we emphasize how the richer structure pro-
vided to Growth models by their Microeconomic foundations allows us to address a
much broader set of policy issues than in more traditional structural dynamic mod-
els. The book gradually builds on by increasing the degree of generality of the mod-
els being considered, as explained below. We cover: (a) neoclassical growth under
a constant savings rate, (b) optimal growth, (c) numerical solution methods, (d) en-
dogenous growth, and (e) monetary growth. Theoretical discussions on each model
are presented, with special attention to characterizing the properties of equilibrium
solutions and their use for fiscal policy considerations, while a specific chapter deals
with monetary policy issues. Algorithms to solve all models considered are pre-
sented, together with EXCEL spreadsheets and MATLAB programs that implement
them. Results obtained by these programs are commented in “Numerical exercise”-
type sections, where some indications are provided on possible modifications of the
enclosed programs. The book has been written with the intention that it may be
accessible to students without an initial background on Growth Theory or mathe-
matical software. Maintaining the same notation used in the analytical presentations
in the book should allow the reader to follow easily the structure of the programs
and quickly learn how to adapt them to alternative specifications or theoretical as-
sumptions.

Growth models incorporate very specific assumptions on the structure of pref-
erences, technology, the sources of randomness, and the policy rules followed by
the economic authority, and characterize the relationship implied by such a struc-
ture between the decisions made by the different agents at each point in time and
the information they have available when making their decisions. Under uncertainty,
agents’ perceptions on the future are an explicit determinant of their actions. Growth
models do not make ad-hoc assumptions on the way how expectations influence
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2 1 Introduction

agents’ decisions. Rather, the solution to the optimization problems posed for each
agent leads to decision rules for the different agents that incorporate expectations of
functions of future variables in a very specific manner. If expectations are assumed
to be rational, expectations in the model become endogenous variables, they are
fully consistent with the structure of the model, and incorporate agents’ perceptions
of possible future changes in policy. Doing that, these models are safe from a strong
criticism made on a traditional approach to economic policy evaluation by Nobel
laureate R.E. Lucas that has been very influential in the last decades. This is the
reason why, as we describe below, these models are increasingly being used in the
research departments of Central Banks and main international economic institutions
to forecast as well as to evaluate the consequences of alternative policy choices.

The counterpart comes from the fact that the type of stochastic control problems
that are integrated into a Growth model lack an analytical solution, so they need to
be solved following a numerical approach, accompanied by Monte Carlo simula-
tion in the case of stochastic Growth models. The numerical solution to the model
then comes in the form of artificial time series that can be analyzed using stan-
dard statistical and econometric tools, and the results compared to those obtained
in corresponding time series data from actual economies. These are the main is-
sues introduced in this chapter, which are later gradually developed throughout the
book. Section 1.1 reviews some statistical concepts using simple time series models,
Sect. 1.2 considers some simple dynamic macroeconomic models in which we in-
troduce additional concepts, as well as the fundamentals of the simulation methods
that will be used through the book. Section 1.3 introduces the main characteristics
of Growth models, in comparison with more traditional dynamic macroeconomic
models. This section motivates the convenience to work with Growth models and
describes their different types, paying attention to the way they deal with the criti-
cism to more traditional policy evaluation. Section 1.4 explains the need to obtain
numerical solutions to Growth models, their potential use, and how this approach
has led to changing the type of policy questions we ask and the type of answers we
get. This introductory chapter ends up with a synopsis of the book, where a reference
is made to the treatment of the issues mentioned along this Introduction.

1.1 A Few Time Series Concepts

Economics is full of statements relating the dynamic properties of key variables.
For instance, we may say that inflation is very persistent, that aggregate consump-
tion and GNP experience cyclical fluctuations, or that hours worked and productivity
move independently from each other. These statements have direct implications in
terms of the time series representations of these variables. Sometimes we are more
specific, as when we state that stock exchange returns are white noise, thereby jus-
tifying the usual belief that they are unpredictable. The unpredictability statement
comes from the fact that the forecast of a white noise process, no matter how far into
the future, is always the same. That forecast is equal to the mean of the white noise
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process, which would likely be assumed to be zero in the case of asset returns. If
returns are logarithmic, i.e., the first difference of logged market prices, then prices
themselves would follow a random walk structure. These properties cannot be ar-
gued separately from each other, since they are just two different forms of making
the same statement on stock market prices. We may also say at some point that the
economy is likely to repeat next year its growth performance from the previous year,
which incorporates the belief that annual GNP growth follows a random walk, its
best one-step ahead prediction being the last observed value. A high persistence in
real wages or in inflation could be consistent with first order autoregressive mod-
els with an autoregressive parameter close to 1. We briefly review in this section
some concepts regarding basic stochastic processes, of the type that are often used
to represent the behavior of economic variables.

1.1.1 Some Simple Stochastic Processes

A stochastic process is a sequence of random variables indexed by time. Each of the
random variables in a stochastic process, corresponding to a given time index 7, has
its own probability distribution. These distributions can be different, and any two of
the random variables in a stochastic process may either exhibit dependence of some
type or be independent from each other.

A white noise process is,

=6, t=1273,..

where €, =1,2,... is a sequence of independent, identically distributed zero-mean
random variables, known as the innovation to the process. A white noise is some-
times defined by adding the assumption that €, has a Normal distribution. The math-
ematical expectation of a white noise is zero, and its variance is constant: Var(y,) =
G%. More generally, we could consider a white noise with constant, by incorporating
a constant term in the process,

Vi :a+£t, t= 1,2,3,...

with mathematical expectation E(y;) = a, and variance: Var(y;) = o2.
The future value of a white noise with drift obeys,

Vits = A+ Epys,

so that, if we try to forecast any future value of a white noise on the basis of the
information available! at time 7, we would have:

Eyiys=a+E€ s =a,

! That amounts to constructing the forecast by application of the conditional expectation operator to
the analytical representation of the future value being predicted, where the conditional expectation
is formed with respect to the sigma algebra of events known at time 7.
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because of the properties of the €,-process. That is, the prediction of a future value
of a white noise is given by the mean of the process. In that sense, a white noise
process is unpredictable. The prediction of such process is given by the mean of
the process, with no effect from previously observed values. Because of that, the
history of a white noise process is irrelevant to forecast its future values. No matter
how many data points we have, we will not use them to forecast a white noise.

A random walk with drift is a process,

)’t:a+)ﬁfl+£t7 t:172a37"' (11)

so that its first differences are white noise. If y; = In(#;) is the log of some market
price, then its return r, = In(P,) — In(P,_;), will be a white noise, as we already
mentioned. A random walk does not have a well defined mean or variance.

In the case of a random walk without drift, we have,

Vits = Vrts—1 &g, §21

so that we have the sequence of forecasts:

Eyi = Ey +E€1 =y,
Eyisr = Eyest +Ei€rin = Ervert = v,

and the same for all future variables. In this case, the history of a random walk
process is relevant to forecast its future values, but only through the last observation.
All data points other than the last one are ignored when forecasting a random walk
process.

First order autoregressive processes, AR(1), are of the form,

Ve=pyi—1+&, | pl<l,

and can be represented by,

o

= Z P Ei—s,
5s=0

the right hand side having a finite variance under the assumption that Var(g;) = o2
only if |p| < 1. In that case, we would have:

o

E(y;) =0; Var(y;) = T—p2

Predictions from a first order autoregression can be obtained by,

Eyri1 = pEy: +Ei€ 1 = Py,
Eyiio = E (Pyr1) + Ei€0 = pZEzym = Pz)’h

and, in general,
Eyis =Py, s>1
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which is the reason to impose the constraint | p |< 1. The parameter p is sometimes
known as the persistence of the process. As the previous expression shows, an in-
crease or decrease in y, will show up in any future y;,, although the influence of
that y;-value will gradually disappear over time, according to the value of p. A value
of p close to 1 will therefore introduce high persistence in the process, the opposite
being true for p close to zero.

The covariance between the values of the first order autoregressive process at two
points in time is:

Cov(ys,yr+s) = p*Var(y,), s 2 0,

so that the linear correlation is:

Cov(y, 7yt+s)

C ) = = S7
orr(ye,yi+s) Var(y,) p
which dies away at a rate of p. In an autoregressive process with a value of p close
to 1, the correlation of y; with past values will be sizeable for a number of periods.

A first order autoregressive process with constant has the representation,

Vi=a+py1+&,|p|<l

Let us assume by now that the mathematical expectation exists and is finite. Un-
der that assumption, Ey; = Ey;_1, and we have:

Ey;=a+E(py;—1)+Eg =a+pEy,,

so that: Ey, = lf 5 To find out the variance of the process, we can iterate on its

representation:

i =a+tpy_1+&=atplat+pyo+te1)+&
a(l+p+p”+...+p" ) +p"yis
+ (P g1+ PPE 2 PEI &),

and if we proceed indefinitely, we get
y=a(l+p+p*+..)+ (. +p*e2+pe1+&),

since limp*y, s = 0.2 Then, taking the variance of this expression:
§—>00

o 2
. c
Var(y,;) = Var(... +P28t—2+P8t71 +£t> = ZPZ G% =1 _;25
s=0

so that the variance of the y,-process increases with the variance of the innovation,
o2, but it is also higher the closer is p to 1. As p approaches 1, the first order

2 This is the limit of a random variable, and an appropriate limit concept must be used. It suffices
to say that the power of p going to zero justifies the zero limit for the product random variable.
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autoregression becomes a random walk, for which this expression would give an
infinite variance. This is because if we repeat for the random walk the same argu-
ment we have made here, we get,

Vi=a+y_1+&=a+(a+yo+&_1)+¢&
=as+y—s+ (&—st1+ ...+ &2+ &_1+&),

so that the past term y;_; does not die away no matter how far we move back into the
past, and the variance of the sum in brackets increases without bound as we move
backwards in time. The random walk process has an infinite variance. Sometimes, it
can be assumed that there is a known initial condition yg. The random walk process
can then be represented:

Vi=a+y1+&=a+(aty, 2+€& 1)+&
=..=at+yo+(e1+...+ & 2+e&_1+&),
with E(y,) = ta and Var(y,) = to2. Hence, both moments change over time, the
variance increasing without any bound. However, if we compare in a same graph
time series realizations of a random walk together with some stationary autoregres-

sive processes, it will be hard to tell which is the process with an infinite variance.
A future value of the first order autoregression can be represented:

Yits = A+ PYris—1 + €, [ p|< 1 521,
which can be iterated to,
Vs =a(l4+p+p>+ .4 p )+ 0%y + (P 1 + 0" PEia o €1y s
so that its forecast is given by,

l_ps s
1—p +P7

Yi+s = a

So, as the forecast horizon goes to infinity, the forecast converges to,

a

I—p

lim Eryrys =

9

the mean of the process.

1.1.2 Stationarity, Mean Reversion, Impulse Responses

A stochastic process is stationary when the distribution of k-tuples (y;,, i,,---, Y1)
is the same with independence of the value of k and of the time periods ¢y, f5,. .., #
considered. It is a property of any stationary stochastic process that the forecast of
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a future value converges to its mean as the forecast horizon goes to infinity. This is
obviously fulfilled in the case of a white noise process. Another characteristic is that
any time realization crosses the sample mean often, while a nonstationary process
would spend arbitrarily large periods of time at either side of its sample mean. As
we have seen above for the first order autoregression, the simple autocorrelation
function of a stationary process, made up by the sequence of correlations between
any two values of the process, will go to zero relatively quickly, dieing away very
slowly for processes close to nonstationarity.

When they are not subject to an stochastic innovation,® stationary autoregres-
sive processes converge smoothly and relatively quickly to their mathematical ex-

pectation. The y,-process will converge to ¢ 5 either from above or from below,

depending on whether the initial value, yo, is above or below %. The speed of
convergence is given by the autoregessive coefficient. When the process is subject
to a nontrivial innovation, the convergence in the mean of the process will not be
easily observed. This is the case because the process experiences a shock through the
innovation process every period, which would start a new convergence that would
overlap the previous one, and so on. Under normal circumstances we will just see a
time realization exhibiting fluctuations around the mathematical expectation of the
process, unless the process experiences a huge innovation, or the starting condition
yo is far enough from ﬁ, in units of its standard deviation, 1:%2‘

The property of converging to the mean after any stochastic shock is called mean
reversion, and is characteristic of stationary processes. In stationary processes, any
shock tends to be corrected over time. This cannot be appreciated because shocks to
y; are just the values of the innovation process, which take place every period. So,
the process of mean reversion following a shock gets disturbed by the next shock,
and so on. But the stationary process will always react to shocks as trying to return
to its mean. Alternatively, a non stationary process will tend to depart from its mean
following any shock. As a consequence, the successive values of the innovation
process &; will take y; every time farther away from its mean.

An alternative way of expressing this property is through the effects of purely
transitory shocks or innovations. A stationary process has transitory responses
to purely transitory innovations. On the contrary, a nonstationary process may
have permanent responses to purely transitory shocks. So, if a stationary variable
experiences a one-period shock, its effects may be felt longer than that, but will
disappear after a few periods. The effects of such a one-period shock on a non-
stationary process will be permanent. A white noise is just an innovation process.
The value taken by the white noise process is the same as that taken by its inno-
vation. Hence, the effects of any innovation last as long as the innovation itself,
reflecting the stationary of this process. The situation with a random walk is quite
different. A random walk takes a value equal to the one taken the previous period,
plus the innovation. Hence, any value of the innovation process gets accumulated in
successive values of the random walk. The effects of any shock last forever, reflect-

3 That is, if the innovation &, has zero variance.
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ing the nonstationary nature of this process. In a stationary first order autoregression,
any value of the innovation &, gets incorporated into y; that same period. It will also
have an effect of size pg; on y,11. This is because y,+| = py; + €41 so, even if
&+1 = 0, the effect of &, would still be felt on y;;; through the effect it previously
had on y;.

This argument suggests how to construct what we know as an impulse response
Sfunction. In the case of a single variables, as with the stochastic processes we con-
sider in this section, that response is obtained by setting the innovation to zero every
period except one, in which the impulse is produced. At that time, the innovation
takes a unit value.* The impulse response function will be the difference between
the values taken by the process after the impulse in its innovation, and those that
would have prevailed without the impulse. The response of a white noise to an im-
pulse in its own innovation is a single unit peak at the time of the impulse, since
the white noise is every period equal to its innovation, which is zero except at that
time period. In the case of a general random walk, a zero innovation would lead
to a random walk growing constantly at a rate defined by the drift a from a given
initial condition yy. If at time ¢* the innovation takes a unit value, the random walk
will increase by that amount at time ¢*, but also at any future time. So the impulse
response is in this case a step function, that takes the value 1 at t* and at any time
after that. Consider now a stationary first order autoregression. A unit innovation at
time #* will have a unit response at that time period, and a response of size p® each
period 7 + s, gradually decreasing to zero.

Another important characteristic of economic time series is the possibility that
they exhibit cyclical fluctuations. In fact, first order autoregressive processes may
display a shape similar to that of many economic time series, although to produce
regular cycles we need a second order autoregressive processes,

Ve =P YVi—1+ P2+ &,

with & being an innovation, a sequence of independent and identically distributed
over time. Using the lag operator: By, = y;_ in the representation of the process:

Vi = P1Yi—1 — PrYi—2 = (1 *Pleszz) Vi = &;.

The dynamics of this process is characterized by the roots of its characteristic
equation,
1—pB—p,B*=(1-A,B)(1-1_B)=0,

) —p1E4/PT+4ps
+y N = .

2p,

which are given by:

4 When working with several variables, responses can be obtained for impulses in more than one
variable. To make the size of the responses comparable, each innovation is supposed to take a value
equal to its standard deviation, which may be quite different for different innovations.
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Stationary second order autoregressions have the two roots of the characteristic
equation smaller than 1. A root greater than one in absolute size will produce an
explosive behavior. A root equal to one also signals nonstationarity, although the
sample realization will not be explosive. It will display extremely persistent fluctu-
ations, very rarely crossing its mean, as it was the case with a random walk. This is
very clear in the similar representation of a random walk: (1 —B)y, = &;.

Since the characteristic equation is now of second degree, it might have as roots
two conjugate complex numbers. When that is the case, the autoregressive process
displays cyclical fluctuations. The response of y; to an innovation &, will also display
cyclical fluctuations, as we will see in dynamic macroeconomic models below.

1.1.3 Numerical Exercise: Simulating Simple Stochastic Processes

The Simple simulation.xls EXCEL book presents simulations of some of these sim-
ple stochastic processes. Column A in the Simulations spreadsheet contains a time
index. Column B contains a sample realization of random numbers extracted from
a N(0,1) distribution. This has been obtained from EXCEL using the sequence
of keys: Tools/Data Analysis/Random Number Generator and selecting as options
in the menu number of variables = 1, observations = 200, a Normal distribution
with expectation 0 and variance 1, and selecting the appropriate output range in the
spreadsheet.

A well constructed random number generator produces independent realizations
of the chosen distribution. We should therefore have in column B 200 independent
data points from a N(0,1), which can either be interpreted as a sample of size 200
from a N(0,1) population, or as a single time series realization from a white noise
where the innovation follows a N(0,1) probability distribution. The latter is the inter-
pretation we will follow. At the end of the column, we compute the sample mean and
standard deviation, with values of 0.07 and 1.04, respectively. These are estimates
of the 0 mathematical expectation and unit standard deviation with this sample. Be-
low that, we present the standard deviation of the first and the last 100 observations,
of 1.05 and 1.03. Estimates of the variance obtained with the full sample or with
the two subsamples seem reasonable. A different sample would lead to different
numerical estimates.

Panel 2 contains sample realizations from three different random walks without
drift. The only parameter in such processes is the variance of the innovation, which
takes values 1, 25 and 100, respectively. At a difference of a white noise, an initial
condition is needed to generate a time series for a random walk, because of the
time dependence between successive observations, as can be seen in (1.1). The
three sample realizations are graphed in the RandomWalks spreadsheet. All exhibit
extreme persistence, crossing the sample mean just once in 200 observations. We
know by construction that these three processes lack a well defined mean and have
a time increasing variance. We can always compute sample averages and standard
deviations, as shown in the spreadsheet at the end of the series, but it is not advisable
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to try to interpret such statistics. In particular, in this case, by drawing different
realizations for the white noise in column B, the reader can easily check how sample
mean and standard deviations may drastically change. In fact, standard deviations
are calculated in the spreadsheet for the first and last 100 sample observations, and
they can turn out to be very different, and different from the tog theoretical result.
The point is we cannot estimate that time-varying moment with much precision.

Panel 3 compares a random walk to three first-order autoregressive processes,
with autoregressive coefficients of 0.99, 0.95 and 0.30. As mentioned above, a ran-
dom walk can be seen as the limit of a first order autoregression, as the autoregres-
sive coefficient converges to 1, although the limit presents some discontinuity since,
theoretically, autoregressive processes are stationary so long as the autoregressive
coefficient is below 1 in absolute value, while the random walk is nonstationary.
The autoregressive processes will all have a well-defined mean and variance, which
is not the case for the limit random walk process. The sample time series realizations
for the four processes are displayed in the AR-processes spreadsheet, where it can
be seen that sample differences between the autoregressive process with the 0.99
coefficient and the random walk are minor, in spite of the theoretical differences
between the two processes. In particular, the autoregressive process crosses its sam-
ple mean in very few occasions. That is also the case for the 0.95-autoregressive
process, although its mean reverting behavior is very clear at the end of the sample.
On the other hand, the time series realization from the 0.30-autoregressive process
exhibits the typical behavior in a clearly stationary process, crossing its sample mean
repeatedly.

Panel 4 presents sample realizations from two white noise processes with con-
stant and N(0,1) innovations. As shown in the enclosed graph, both fluctuate around
their mathematical expectation, which is the value of the constant defining the drift,
crossing their sample means very often. Panel 5 contains time series realizations for
two random walk processes with drift. These show in the graph in the form of what
could look as deterministic trends. This is because the value of the drifts, of 1.0 and
3.0, respectively, is large, relative to the innovation variance which is of 25 in both
cases. If the value of the drift is reduced, or the variance of the innovation increased,
the shape of the time series would be different, since the fluctuations would then
dominate over the accumulated effect of the drift, as the reader can check by reduc-
ing the numerical values of the drift parameters® used in the computation of these
two columns.

Panel 6 presents realizations of a stationary first order autoregression with coeffi-
cient of .90. In the second case we have not included an innovation process, so that it
can be considered as a deterministic autoregression. It is interesting to see in the en-
closed graph the behavior of a stationary process: starting from an initial condition.
In the absence of an innovation, the process will always converge smoothly to its
mathematical expectation. That is not the case in the stochastic autoregression, just
because the innovation variance, of 25, is large relative to the distance between the
initial condition, 150, and the mathematical expectation, 100. The reader can check

5 Or significantly increasing the innovation variance. What are the differences between both cases
in terms of the values taken by the process?
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how reducing the standard deviation used in column S from 5 to 0.5, the pattern
of the time series changes drastically, and the convergence process becomes then
evident.

Panel 7 contains realizations for second order autoregressions. The first two
columns present sample realizations from stationary autoregressions,

Mode] ]: Vi = ]O+-6yt—1+-3yt—2+8t7 8[ NN(O,]) (]2)
Model 2: y, =30+ 1.2y, — 5y,_2 + &, & ~N(0,1) (1.3)

and are represented in an enclosed graph. The two time series display fluctuations
around their sample mean of 100, which they cross a number of times. The second
time series, represented in red in the graph can be seen to exhibit a more evident sta-
tionary behavior, with more frequent crosses with the mean. The next three columns
present realizations for nonstationary second order autoregressions. There is an im-
portant difference between them: the first two correspond to processes:

Model 3: YVt = .7y[_1 + -3)7t—2 + 8[, 8; ~ N(O, 1) (14)
Model 4: y, = 1.5y,_1 —.5y,—2+ &, €& ~N(0,1) (1.5)

that contain exactly a unit root, the second one being stable.® The roots of the char-
acteristic equation for Model 3 are 1 and —0.3, while those for Model 2 are 1 and
0.5. The last autoregression

Model 5: YVt = .3y[7] + 1-2}’172 + E, & ~ N(O, 1) (1.6)

has a root greater than one, which produces an explosive behavior. The two roots
are —0.95 and 1.25.

The Impulse responses spreadsheet contains the responses to a unit shock for the
stochastic processes considered above: a random walk, three first-order autoregres-
sions, two stationary second-order autoregressions, and three nonstationary second-
order autoregressions. The innovation in each process is supposed to take a zero
value in each case for ten periods, to be equal to 1, the standard deviation assumed
for the innovation in all cases at " = 11, and be again equal to zero afterwards.
We compare that to the case when the innovation is zero at all time periods. Im-
pulse responses are computed as the difference between the time paths followed by
each process under the scenario with a shock at t* = 11, and in the absence of that
shock. The first-order autoregressions are supposed to start from an initial condi-
tion yp = 100, when their mathematical expectations is zero, so in the absence of
any shock, they follow a smooth trajectory gradually converging to zero at a speed
determined by its autoregressive coefficient. The second order autoregressions are
assumed to start from yy = y; = 100, which is also their mathematical expectations.
So, in the absence of any shock, the processes would stay at that value forever.’

6 The two polynomials can be written as 1 —a; B —axB> = (1 — B)(1 — AB), the second root being
1/A. The reader just need to find the value of A in each case.

7 We could have done otherwise, like starting the first-order autoregresisons at their mathematical
expectation, and the second-order autoreegressions outside their expected values. The reader can
experiment with these changes.
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The first graph to the right displays impulse responses for a random walk as
well as for the three first order autoregressions considered above, with coefficients
0.99, 0.95 and 0.30. A random walk has the constant, permanent impulse response
that we mentioned above when describing this process. The responses of the first
order autoregressions can be seen to gradually decrease to zero from the initial unit
value. The response is shorter the lower it is the autoregressive coefficient. For high
autoregressive coefficients, the process shows strong persistence, which makes the
effects of the shock to last longer.

The second graph shows the impulse responses of the two stationary second-
order autoregressions. As the reader can easily check, the characteristic equation
for Model 1 has roots —0.32 and 0.92, so it is relatively close to nonstationarity.
The characteristic equation for Model 2 has roots 0.6 + 0.374 17i, with modulus
0.5. This difference shows up in a much more persistent response of Model 1. The
complex roots of Model 2 explain the oscillatory behavior of the impulse response
of this model.

The third graph displays impulse responses for the three nonstationary second
order autoregressions. In the two cases when there is a unit root (Models 3 and 4),
the graph shows a permanent response to the purely transitory, one-period shock.
The response of Model 5 is explosive because of having one root above 1, and its
values are shown on the right Y-axis.

1.2 Structural Macroeconomic Models

In this section we review the main characteristics of structural macroeconomic
models, paying special attention to some of the statistics summarizing their prop-
erties, since they will also be used to analyze Growth models. Structural models
are specified as a system of relationships that include decision rules by economic
agents, policy rules, and identities. The first ones are supposed to have originated
in an optimizing behavior on the part of economic agents, which is never made ex-
plicit. We will focus our attention to dynamic structural models although, to have an
appropriate perspective, we nevertheless start with a reference to static macroeco-
nomic models.

1.2.1 Static Structural Models

A linear, static model is made up by a set of equations in which all variables are sup-
posed to refer to the same time period, so that there is no need to use time indexes.
Nevertheless, the model is interpreted as relating the values taken by endogenous
and exogenous variables at each point in time. A solution to the model is a represen-
tation of endogenous variables as functions of structural parameters and exogenous
variables only. When such a representation exists, the model can be used to actually
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compute implied values for endogenous variables as a function of given values for
exogenous variables and parameters. A necessary condition for a linear, static model
to have a solution is that it must have as many equations as endogenous variables.
An example of such a model, in logged variables, is:

. dy +axk — (w—p)
1—611
n="1nw-p),
y = ap+ain+ask,
y=lai(l=1)y—ca(r—a°)| +[i1 —io(r — )] + &,

m—p = myy—nyr.

The equations in this system are: (a) the demand for labor,® increasing in the
stock of capital and decreasing in the real wage, (b) the supply of labor, increasing
in the real wage, (c) the production function, that determines the supply of goods, (d)
the aggregate demand for goods, made up by the private demand for consumption
and investment (both inversely related to the real rate of interest), plus government
expenditures, which are assumed to be given at g, and (e) the market clearing condi-
tion in the money market, where the supply of real balances is 72 — p, with i fixed by
monetary policy. Market clearing conditions for the labour and goods markets have
already been imposed by using the same notation for demand and supply variables.
Endogenous variables are n,y,w — p, p, r, while exogenous variables are the stock of
capital k, expected inflation, ¢, money supply, 712, and government expenditures, g.
The income tax rate, 7, is one of the parameters of the model, together with input
shares in production, or the elasticities in the money demand function.

This model has a recursive structure that allows for a simple analytical solution.
The first two equations, labour demand and supply equations, determine the levels
of employment and the real wage, the third equation determines the level of out-
put, the equilibrium condition in the goods market determines interest rates, and
the equilibrium condition in the money market determines the price level. The solu-
tion is:

w—p= 0o + 01k; nznwo+na)17c;

o b 0= —2 .
T Tin(—a) T iin0-a)
k a,d, ar(1+
L I RS e el e
e a0+ Tnti-an
h+8 7 l—ci(l—7
r=mn+ l1+$ — RoYo — RoKok; RO:L.);
2t c+iz
i1 +2

p = m+myn® — (my +myRo)Kok — (my +maRo)Yo + my —.
cr+i

8 As it would be obtained by a profit-maximizing competitive firm with a Cobb-Douglas technol-
ogy, Y = agK“' L™ ja; +ay < 1, represented in logs by the first relationship, with dy = In(agpa; ).
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It is immediate to see that an increase of a unit in government expenditures would
raise nominal and real interest rates by ﬁ, and the price level by c;m+2i2 , with no
effect on employment or output. An increase in money supply would raise the price
level in the same amount, without affecting any other variable, showing the neutral-
ity of money in this model. Alternative policy exercise could be conducted on the so-
lution without any difficulty, the same way we could explore the potential effects of
changes in the elasticity of an input in the aggregate production function, or changes
in any elasticity in the consumption, investment or money demand functions. There
are two ways to work with this model: (a) the way it is specified, it is better con-
ceived as a long-run model, that is solved under alternative values of exogenous
variables and parameters to obtain long-run equilibria values for endogenous vari-
ables. When values for endogenous variables are calculated again after introducing
some changes in exogenous variables or parameters, we would interpret the result
as the equilibrium that would prevail in the economy after those changes have been
implemented and enough time has passed for the equilibrium to be restored. From
this point of view, the model is silent with respect to short-run adjustments. An al-
ternative use of the model would assume time paths for exogenous variables k, m°,
m, g, and values for structural parameters like the income tax rate, 7,to compute im-
plied time paths for the vector of endogenous variables, n,y, w — p, p, r. That way, the
implications of this static model could be compared with some statistical properties
observed in time series data. In this particular model, a constant stock of capital is a
short-run type of assumption, that suggests a preference for the first interpretation.
If the model is to be used to relate variables over a long time span, an investment
equation should better be added.

In general, a linear static model can be written: Ay = B+ Cx, where x is the kx1
vector of exogenous variables, and y is the n x 1 vector of endogenous variables, A is
nxn,Bisnx1,and C is n X k. in the previous example: y = (n,y,w—p,p,r)’, x =
(k,m¢,m,§)’, and

1—ay 0 1 0 0
1 0 -n 0 0
A= —ay 1 0 0 0 ;
0 1—C](1—T) 0 0 c+1ip
0 —my 0 —1 mm
_d() an 0 00
0 0 0 00
B=|ay|; C=|a O 00
1 0cr+ir 01
_0 0 0 -—-10

Whenever matrix A has full rank, the model has as solution:

y=M+Nx, withM =A"'B,N=4"'C. (1.7)
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Characterizing the solution to a nonlinear static model will usually be much
harder. Such model takes the general form: F(y,,x;; 0) = 0, with 6 representing the
vector of parameters, for which a representation like (1.7) will generally not exist.
At each point in time, a numerical algorithm to solve nonlinear systems of equations
should then be used to obtain the values of endogenous variables as a function of
the values of exogenous variables and structural parameters. But a complete nonlin-
ear system’ of equations may have no solution, or have multiple solutions. In many
cases, providing an answer to the question of interest in such a model would require
computing a linear, log-linear or polynomial approximation to the F (y;,x;) = 0 sys-
tem. The linear model above can be thought of as having this origin.

Stochastic models add random shocks to some equations, taking the form:'”

Ay =B+ Cx+De,

where € is the x1 vector of exogenous shocks, and D is nxr. If A has full rank, the
model has as solution:

y=M+Nx+Pe, withM=A"'B,N=A"'C,P=A""D. (1.8)

When such a model admits a short-run interpretation, time series can be com-
puted for endogenous variables, contingent on a given scenario for the future evo-
lution of exogenous variables and on some sample realizations for the exogenous
shocks, given some values for structural parameters. Sample realizations for the
exogenous shocks will be obtained by Monte Carlo simulation, under some as-
sumption on their probability distribution, as it is explained below. Then, the model
relates mean values of endogenous and exogenous variables, and the variance of
endogenous variables to the variance of exogenous variables and innovations. The
model will also have implications regarding the linear correlation coefficients be-
tween pairs of variables.!! The number of innovations in the model, r, will limit the
dimensionality of a statistical system that can be analyzed with the variables of the
model. For instance, if » = 1, then any system with two or more equations, esti-
mated with the time series for exogenous and endogenous variables obtained form
the solution procedure outlined above, would have a singular variance-covariance
matrix for the random error terms. Specifications of this type have been used to ana-
lyze policy design under uncertainty, as in Poole [71], who determined that nominal
interest rates should be the preferred policy instrument when monetary or financial
shocks (i.e., shocks to the LM-equation) are dominant, money supply being the best
control policy when shocks on private or public consumption and investment shocks
prevail (i.e., shocks to the IS-equation).

9 A system with as many equations as endogenous variables.

10 We assume here, for simplicity, that all random shocks are white noise. Extending the model to
incorporate possible autoregressive structures for the shocks is straightforward.

""" If we denote by p; the i-th row of the nxr matrix P, then Var(y;) = p'Zep;, Var(y;) =

/
'Y on Cov(v:.v:) = p'Zep:. and C oy = —PiZePi i 3 beine th iance-
PiZepj, Cov(yi,y;) = piZepj, and Corr(yi,y;) N T&m,m ¢ being the rxr variance

covariance matrix of vector €.
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1.2.2 Dynamic Structural Models

A dynamic macroeconomic model specifies endogenous variables as functions of
predetermined variables (lagged endogenous variables), exogenous variables and
exogenous shocks:

Ay =B+ Cy—1 + Dx; + E¢y,

where variables have the same interpretation as above, except for the n X n matrix
C of coefficients in predetermined variables. This first-order vector autoregressive
representation can always be achieved by an appropriate definition of variables.'?
The short-term solution to the model would represent current endogenous variables
as a function of exogenous variables, predetermined variables and structural para-
meters, and it would be obtained similarly to the static model, provided matrix A is
invertible:
Yr =M+ Ny, 1+ Px; + Q¢

withM=A"'B, N=A"'C, P=A"'D, 0=A"'E.

As a static model, it can be simulated over time for specific trajectories of the ex-
ogenous variables, starting from initial conditions for predetermined variables. At a
difference from static models, a dynamic macroeconomic model is intended to cap-
ture short-run fluctuations in endogenous variables, so that it has long- and short-
term implications. The dynamics introduced by the presence of lagged endogenous
variables implies that any policy intervention or structural change generally has non-
trivial effects over some time period. Hence, these models have richer implications
than purely static models, in the form of statistics like: short- and long-run multi-
pliers, cross-correlations or impulse response functions, among others, not unlike
those we have already seen in the statistical review of time series in the previous
section.

The appropriate concept to analyze the implied long-run relationships between
the values of endogenous and exogenous variables is that of steady-state, which we
introduced below. A steady-state is obtained by setting y; =y, = y* while setting
exogenous shocks to zero V¢, and assuming constant exogenous variables at x*, and
solving the model for y* as a function of x*. Steady-state relationships from dynamic
models are comparable to static models, which justifies their usual long-run inter-
pretation. When long-run effects are the focus of interest, we just need to compare
steady-states before and after a given structural change or policy intervention, that is,
for alternative values of structural parameters or exogenous variables. While a static
model can also establish that comparison, a dynamic model can describe the transi-
tion, i.e., the trajectory followed by endogenous variables between the old and the
new steady-state. A dynamic model can be used to characterize not the duration of
the transition, but also some major characteristics, like the time evolution of the rate
of growth of output, interest rates or productivity along the transition. By describing

12 If, for instance, C;,C;_; and C,_» appear in the model, both, C; and C;_; will form part of vector
vr, while C;_; and C;_; will be included in vector y,_;. The representation could also be extended
easily to accommodate lagged innovation values.



1.2 Structural Macroeconomic Models 17

the whole transition, dynamic macroeconomic models allow us to evaluate not only
the long-term effects of structural changes and policy interventions, but also the ef-
fects along the transition. The policy maker will usually want to take into account
the short- and the long-term consequences of any policy intervention. What makes
this important is the fact that, as we will repeatedly see throughout this book, it is
usually the case in dynamic models that a given policy intervention has effects of
different sign on the short- than on the long-term, and either one can prevail, de-
pending on the length of the transition, the size of both types of effects, and the rate
of time discount. Hence, focusing on long-term effects alone, as it is done in static
models, can easily provide a misleading answer to the policy analysis.
As an example, let us consider the model,

C = a+ oY,
Ir ﬁl‘i‘ﬁz(Yt—l_Yt—ﬁy
Y =G+ +Gy,

where Gy, I, Y;, G; denote private consumption and investment, output and govern-
ment expenditures, respectively. The model has three equations and can therefore
be used to explain the behavior of three endogenous variables. It seems natural that
these should be consumption, investment and output. Moreover, the first equation
can be labelled the consumption equation, explaining consumption as a function of
last period’s output/income. The second equation can be interpreted as determining
investment as a function of last period’s changes in output, maybe because of adjust-
ment costs of capital. The last equation is the national identity equation in a simple
closed economy. This model is known in macroeconomics textbooks as a multiplier-
accelerator model, since the second (investment) equation captures an acceleration
effect in output. The two lags of output in the consumption and investment equa-
tions are predetermined as of time ¢, while public expenditures are considered to be
exogenous to the model.

If we have data for current and future government expenditures, G, Gz, G3, ...,
as well as initial conditions on output Yy, Y_;, and parameter values o, ¢, B,
B,, the model contains enough information to provide us recursively with values
for (Cy,11,11), (C2,1,Y2),.... We would start obtaining C; from the consumption
equation, /; from the investment equation, Y; from the national income identity, re-
peating the process for each time period. To do so, we will also need numerical
values for the model’s parameters, which may have been previously estimated using
aggregate macroeconomic time series data. Alternatively, we could generate arti-
ficial time series data from the model following the procedure described, starting
from some exogenously given initial conditions, and for hypothetical values of the
structural parameters.

However, as it is well known, not any model is identified. To have the same num-
ber of equations as endogenous variables is a necessary, but not sufficient condition
for the model to explain the behavior of the variables chosen as endogenous. To un-
derstand this, let us now suppose that we chose consumption, output and public ex-
penditures as the endogenous variables. In that case, starting from known parameter
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values and a given path for investment [, I, I3, .... as well as initial values Yy, Y_1,
we would again obtain C; from the consumption equation, but we would be left
with the last equation to obtain values for Gy, Y;, which is clearly impossible, re-
flecting the fact that with this choice of endogenous variables, the model would not
be identified.

Coming back to the initial choice of endogenous variables, the iterative process
we described for that case amounts to substituting the consumption and investment
equations into the national income identity, to have the characteristic equation,

Yi — (02 +By) Y1+ BrYi2 = (a1 +By) + Gy, (1.9)

a second-order difference equation giving the current value of output as a function
of its two previous values, as well as the current value of government expenditures.
As shown in the next section, the second order polynomial in the left hand side of
this equation can display many different types of behavior.

1.2.2.1 Dynamic Behavior of Endogenous Variables
Let us suppose that, starting from initial values for output ¥y, Y_;, government ex-

penditures were fixed at a given value G*, G; = G* Vt. Even then, output would not
be constant, in general. In fact, we would have:

Yi = (a2 +By)Yo—BoY-1+ (a1 + 1)+ G,
Y, = (2 +By) Y1 — BoYo + (a1 + By) + G,
V3 = (a2 +B,) Y2 —BoY1 + (a1 + By) + G,

and whether output converges or explodes, i.e., whether it is stable or unstable, and
whether it displays oscillations or not, depends just on the values of o and f3,. It is
interesting to point out that there is an equilibrium value of output, defined precisely
as that level of output such that if the economy started there, it would never move
away from it. When it exists, that point is also called the steady-state of the system.
This equilibrium level can in fact be easily obtained. To do so, we assume output to
be constant over time in (1.9), to obtain,

Y* _ (a1+ﬁl)+G*
1—0!2

which can be seen to be directly related to the level chosen for government expen-
ditures. Corresponding to these equilibrium values of government expenditures and
output there would be associated equilibrium values for private consumption and in-

vestment: C* = o) + azw

values G*, Y*, C*, I'" forever.
However, if the economy stays at its equilibrium values, but government expen-

ditures experiences some deviation from its equilibrium value G*, to a new value

G**, the economy would then depart from values Y*, C*, I*. It is then interesting

, I" = B. An economy could stay at equilibrium
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to discuss whether the economy would converge to its new equilibrium value
Y = Wor diverge away from it. If the economy converges, it is interest-
ing to know whether it would display oscillations, or it would move along a smooth
convergent path.

More specifically, the roots of the characteristic equation are,

(a2+By) £/ (02 + [32)2 —4B,

)’+7)’—: D)

so that the general solution to the homogeneous equation,
Y, — (02 +Br) Y1+ B2 =0,

is,
Y, =AM, + A"

showing that if either A, or A_ were greater than 1 in absolute value, then output
will explode. Other possibilities are: (a) A, and A_ are real, and less than 1 in
absolute value. Then output converges monotonically to its new equilibrium, (b) A .
and A _ are conjugate complex numbers, less than 1 in absolute value. Output then
converges to its new equilibrium displaying damped oscillations, (¢c) A and A _ are
conjugate complex numbers, greater than 1 in absolute value. Output then presents
explosive oscillations..

In summary, the solution will be stable if A, and A_ have both modulus less
than 1, while if either one has modulus greater than 1, the solution will be unstable.
The characteristic roots are complex if 48, > (a2 + ,)*.

The model could have been solved for either one of the other two endogenous
variables, consumption and investment. For instance, using the consumption func-
tion to eliminate income values from (1.9), we would obtain,

C—(ar+B,)Ci—1 4+ BrCi—2 = (a1 + a2 ) + 02 G 1,

with the same characteristic equation as in the case of output, so that consumption
will have the same dynamic properties as output in the solution to the model. This
is a consequence of consumption being determined by the level of lagged output
alone.

1.2.2.2 Dynamic Multipliers

In the response of an endogenous variable to a change in the value of an exoge-
nous variable, we distinguish between the initial effect (the impact multiplier), the
response over time (the dynamic multipliers), and the aggregate response over time
(the total long-run multiplier). We must also distinguish between the response to a
transitory change in an exogenous variable and the response to a permanent change.
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In the case of the multiplier-accelerator model, the second order difference output
equation can be written,

Y= (o2 +By) Y1 — BrYia+ (a1 + ) + Gy, (1.10)
that in first differences becomes,
AY, = (a2 + By) AY;_1 — BoAY; 5 +AG,, (1.11)

as can be seen by subtracting the versions of equation (1.10) corresponding to time
tandt—1.

This equation clearly shows that the impact multiplier of a change in government
expenditures is equal to 1, since any change in G; translates into a change in output
with coefficient 1. Obtaining the dynamic multipliers can be done by numerical
simulation. Their analytical computation, is somewhat burdensome, since we need
to perform iterative substitutions. We would start by writing (1.11) at time ¢ + 1,

AYi 1 = (02 + B,) AY, — BLAY, | +AG 1,

AYi o = (02 + By) AYi1 — BoAY; +AG 49,
and substitute (1.11) to obtain,

AYigr = [(@2+By)* = Bo| Ay = By (a2 + By) AY,
+[AGi41 + (a2 + B,) AG/],
MYz = (2 +By) [(0a+ By)* — 2B, AV,
B |(2+B,)" +Bo| AV
+ {AGH—Z + (02 +B2) AGr41 + [(0‘2 +B,) - ﬁz} AGt} )

where variations in output previous to time ¢ are zero, AY;_| = AY;_» = 0.
We must distinguish two different cases:
(a) If the change in government expenditures was permanent, and of size 2, we
would have:
AG; =2, AG;y] = AGyyp = ... =0,

with an output response,
AY, =2, AV =2(0a+f,),
AYiiz =2[(02+B2)" =B s -

(b) On the other hand, if the change in government expenditures was purely tran-
sitory, lasting for just one period, and was of size 2, we will have,

AG, =2, AG41 = —2, AGpir = ... =0,



1.2 Structural Macroeconomic Models 21

with an output response,
AY, =2, ATy =2(c2+ By~ 1), Ao =2[ (02 +B,) a2 =28, , ..

All responses should be scaled according to the size of the change in government
expenditures. These algebraic expressions should correspond with the result from
the computations made in the accompanying EXCEL book for specific examples.
In stable models, responses of endogenous variables to a transitory change in an ex-
ogenous variable will go to zero relatively fast. Responses to a permanent shock in
an exogenous variable will take endogenous variables gradually from their previous
steady-state to the new one. In unstable models, in response to either a transitory
or a permanent change in an exogenous variable, endogenous variables will per-
manently diverge. In larger scale models, characterizing the dynamics can be more
complicated, since the reduced form equation explaining the behavior of an endoge-
nous variable may well be of order greater than 2, as it was the case in the previous
example. This is what happens in the model we discuss below.

It is important to bear in mind that multipliers are very easy to handle in linear
models like the one we have considered. In models representing endogenous vari-
ables as implicit, nonlinear functions of exogenous variables, multipliers depend on
the size of the change considered in the exogenous variables, and they may also
depend upon the initial values from which the change is introduced. If the model is
nonlinear, we cannot hope to solve anything similar to the characteristic equation,
to give us the stability properties of the solution. The best we can do is to obtain
the roots of the linearization of the model about a given point, preferable the steady
state of the model, if it can be characterized. Unfortunately, stability of the linearized
approximation does not guarantee stability of the original, nonlinear model. A sec-
ond difficulty arises when actually trying to simulate the nonlinear model for given
trajectories of the exogenous variables, as in the linear model above, since we will
need to solve a nonlinear system of equations each period. As it is well known, even
if it is complete such a system may have no solution, a single solution, or multiple
solutions. Furthermore, the number of solutions may well depend on the range of
values of the variables, so that what it is true one period regarding the nature of the
solution, may not be true at some other points in time.

1.2.3 Stochastic, Dynamic Structural Models

It is sometimes convenient to specify a stochastic model, in which we explicitly ac-
knowledge that the behavior of each endogenous variable cannot be fully explained
by that of the predetermined variables. In that case, we may include random pertur-
bations as additional terms in some or all of the equations. These random variables
will follow some specified probability distribution. For simplicity, it can be assumed
that they are uncorrelated over time, as well as with each other, although this may
not be fully realistic. That way, we would write,
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C = ar+ oY, 1 +e€y,
I = ﬁl +B2 (Yt—l _Yt—2) + &y,
Yl = Ct +I[ +Gla

where €y, is the perturbation in the consumption equation, while €, is the per-
turbation in the investment equation. We initially assume E(gy,) = E(g2) = 0,
E(ey€1—5) = E(€3€x—5) =0Vs #£0, E(€1,€—5) = 0 Vs, although we will later
discuss how to cope with violations of some of these properties.

A shock to the consumption equation, i.e., a change in the value of exogenous
innovation €1,, will have an impact on consumption this period, and also on out-
put, through the aggregate income identity, with no effect on current investment.
However, the increase in output at time ¢ would have an effect on consumption, in-
vestment and output at time # + 1 and beyond. An €, shock will have an impact on
current investment and output, but not on current consumption. However, dynamic
effects will unfold from time 7 + 1 on, as in the case of the &€, shock. These dy-
namic reactions are known as the impulse response functions, provided the shock
takes place in a single period, i.e., that it is a purely transitory shock.

To actually compute numerically the impulse response functions, we start from
the steady-state equilibrium values, with all the random perturbations in the model
equal to the mean (zero), and assume that one of them takes for one period, a value
equal to its standard deviation, with a positive or negative sign, depending on the
type of shock we want to analyze. In addition to accumulating the impulse response
function, if we want to compute the response to a permanent shock, we can also let
the random perturbation take a value equal to its standard deviation from time ¢ on.

That the random perturbations may present some autocorrelation is not hard to
handle, since the equation can be quasi-differenced so that the transformed equation
has an uncorrelated random error. For instance,

C = o1+ oY + €y,

€1t = PE1—1+ay,

is equivalent to,
G =0o) + oY, —arY, 1 +pCi +a,

with o) = ot; (1 —p), & = aap, E(a,a—5) =0 Vs # 0.

A more important difficulty arises when the random perturbations of the dif-
ferent equations are not uncorrelated with each other. We then need to introduce
some identifying assumption. A popular method consists on establishing a rank of
relevance among endogenous variables, using some ideas on causality. Then, if the
random perturbation in the second equation in the ranking, is projected on the ran-
dom perturbation from the first equation, the residual will be uncorrelated with the
latter, and it can be interpreted as the part of €, which is not explained by €.
The random perturbation in the third equation could be projected on the random
perturbations from the first two equations, and the residual would have a similar
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interpretation, and so on. To actually compute the impulse response functions, each
equation in the model (except the first one), must be substituted by a linear combi-
nation of those that precede it in the ranking.'?

1.2.4 Stochastic Simulation

In previous sections we have seen how to simulate the model, generating time series
of a pre-specified length for each of the endogenous variables. Necessary inputs for
such a simulation are: values for the structural parameters, time series for each of
the exogenous variables, as many initial conditions as lagged endogenous variables
appear in the model and, in the case of a stochastic model, a time series for each of
the exogenous random shocks. We will obtain a numerical value for each variable
at each given period. However, we have not fully taken into account the fact that
the random shocks in the model follow some specific probability distributions, or
that we may have some uncertainty on the values of the parameters in the equations.
These facts can be taken into account when performing Monte Carlo simulations.

For instance, to fully exploit the fact that the shock in each equation is a random
variable, we simulate the model a large number of times, say 5,000, sampling each
time a different time series for each shock. The general approach to simulation con-
sists on generating realizations for the stochastic shocks in the model, and use the
model to produce stable time series realizations for all the relevant variables in the
economy. That way, a probability distribution for the shocks in the model translates
into a probability distribution for the vector of relevant variables. Given that distri-
bution, characterized through a large number of simulations (numerical solutions),
we will be ready to compute on our set of realizations, the values of any statistic of
interest: (a) output volatility, (b) relative volatility of consumption and investment
to output, (c) correlations of consumption investment and interest rates with output,
(d) cross correlations among any two variables, (e) estimated coefficients in specific
regressions, or (f) responses of a given variable to shocks in any other variable.

We will obtain a different numerical value for any of these statistics in each of
the simulations we may run. If we ran 5,000 simulations, say, we would obtain as
many values of any of the mentioned statistics, so we will be able to approximate
the probability distribution of that statistic through its empirical density. That way,
we will be perfectly equipped to answer questions like: what is the probability that
in this model, the consumption-output correlation takes a value below 0.92?

Uncertainty on parameter values can also be taken into account by specifying
a priori a probability distribution gathering our beliefs on its possible values. For
each simulation we would then use a different value for that parameter, chosen at
random from its prior probability distribution. There are many probability distribu-
tions programmed in most statistical packages, so that almost any type of parameter

13 Which is known as Cholesky identification strategy, from the way how a factor decomposition
of the variance-covariance matrix of the original innovations is used to produce the linear transfor-
mation of the system of equations.
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uncertainty can be accommodated, to obtain simulations. We will just need to spec-
ify the numerical values of the parameters characterizing the chosen probability
distribution. For instance, we could say that o, is Normal(0.85,4), and a numerical
value sampled from this distribution can be used in each of the simulations. This is
different from the case with no parameter uncertainty, in which the same value of
o> would be used in all simulations. Parameter uncertainty makes sense when we
calibrate a model (i.e., when we fix parameter values so that some implied statistics
match their average values in time series data), or when the parameters are estimated
by econometric methods. Theoretically, the number of simulations to be run should
be increased to incorporate the fact that we should run for each parameter value,
a large number of model simulations, all sharing the same numerical value for the
parameter, but a different realization for the random perturbations.

It would be better to specify a single joint probability distribution for the para-
meters, as obtained, for example, from the estimation of a simultaneous equations
econometric model. However, sampling from that distribution can be more compli-
cated. Besides, if the model has not been previously estimated, the researcher may
not have much information on the characteristics of that joint distribution. Never-
theless, the idea in Monte Carlo simulation is to specify as much information as
we may have on the sources of uncertainty in the model in the form of probabil-
ity distributions, to be used in simulation by drawing random realizations for each
simulation from those probability distributions.

Even uncertainty over the paths of the exogenous variables can be taken into
account this way: suppose we believe that, with probability p, government expendi-
tures will increase at a rate of 1% every period over the simulation horizon, increas-
ing at a rate of 2% with probability 1 — p. It would be sensible to run two different
simulation exercises, with either path for government expenditures, to attach the
mentioned probabilities to the resulting empirical frequency distribution for the en-
dogenous variable being considered at a given point in time into the future. The
researcher will then have two different empirical distributions for the value of that
variable, each one having a given probability of occurring. Alternatively, a single
Monte Carlo simulation exercise can be run, using one or the other path for govern-
ment expenditures, with probabilities p and 1 — p. This way, we would have a single
empirical distribution, possibly with two modes, reflecting the two alternative paths
for government expenditures.

1.2.5 Numerical Exercise — Simulating Dynamic, Structural
Macroeconomic Models

EXCEL book Dynamic responses.xls shows simulation exercises for the dynamic
models considered in the previous sections. The Monotonic spreadsheet considers a
parameterization leading to a second order autoregression for output: ¥; —.7Y;_1 +
1Y;_» = .34 G;, which is stationary, with roots .2 and .5. We consider an initial
situation with government expenditures equal to 20 at all time periods, which leads
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to a steady state value of output of 50.75. We first analyze the effects of a one-period
shock in government expenditures, that changes to a level of 21 at #*, to return to the
initial level of 20 afterwards. The output impact multiplier can be seen to be equal to
1, with negative dynamic multipliers afterwards that exactly compensate the initial
response. The total long-run multiplier turns out to be zero. This must be the case
in a stationary system, as we already know. The response may last longer than the
initial shock, but it cannot be permanent. The second exercise looks at the effects
of a permanent shock in government expenditures, which are assumed to jump to
the level of 21 and stay there forever. The impact multiplier of output is again equal
to 1, with positive dynamic multipliers, that make up for a total long-run response
of 2.5. The graph to the left shows the output responses to a transitory as well as
to a permanent shock in government expenditures. The graph to the right shows the
output responses to a transitory shock in government expenditures in this and in the
next model, which displays an oscillatory response, as we are about to see.

In the Oscillatory spreadsheet, numerical values for the structural parameters
are chosen so that the second order autoregression for output is ¥; — 1.4Y;_1 +
.8Y;_» = .3+ G;, whose characteristic equation has two complex conjugate roots
0.7 £0.55678i, with modulus of .8. That explains the oscillatory, damped cyclical
responses that we see now to a shock in government expenditures. In the case of a
permanent shock, the cyclical response takes the process to a new steady state for
output above the previous one, while the response to a transitory shock in govern-
ment expenditures oscillates around the initial steady state for output.

The previous analysis has been performed in models without innovations. We
have just changed the value of an exogenous variable, and examined the responses
of endogenous variables to that shock. The Stochastic G spreadsheet considers a
stochastic economy as in the last section, but with a single shock in government
expenditures. In the spreadsheet we obtain a time series realization of 100 time ob-
servations for G, out of independent N (60,3%) random variable.'* The equations of
the model are used to obtain simulated data for the endogenous variables in the econ-
omy. First, we choose two initial values for output, Yy, Y_1, at its steady-state level. 1
The level of consumption at# = 1, C; is then obtained from the first equation, and the
level of investment from the second equation. Since we already have the whole time
sequence for government expenditures, we can now compute the level of output Y;.
Iterating on this scheme, we compute the whole time series for consumption, invest-
ment and output. To the right of output we have constructed time series for lagged
output. Below the simulated time series data we see sample moments. Government
expenditures have a mean of 60.19, with a standard deviation of 2.85. Average con-
sumption is 92.22, with standard deviation of 2.39, average investment is 0.80 and
average output is 153.20, with standard deviation of 3.98. Volatility is better indi-

14 Alternatively, we could have considered a process with some inertia for Government expendi-
tures, or even change the model to make the value of Government expenditures to be related to the
past level of output, for instance.

15 The choice of the steady-state level as initial condition is arbitrary. However, in this stochastic
version of the model that choice is as good as any other, since the economy is already going to
experience fluctuations due to the stochastic component of government expenditures.
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cated by the coefficients of variation, which is much higher for investment than for
the other variables, a fact consistent with actual data.'®

Consumption has a linear correlation coefficient of .69 with output, while the
correlation of investment with output is lower, of .38. This model is so simple that
it is easy to understand the nature of these relationships. From the first equation, the
consumption time series has a unit correlation with lagged output, that has a corre-
lation of .69 with current output. This is where the consumption-output correlation
comes from. So, with the parameter values considered, the model introduces some
persistence in output, as reflected on the correlation of .69 between Y; and ¥;_. This
is also known as the first value of the autocorrelation function of output.!” This per-
sistence in output is possibly the more interesting feature for the model. It should
be noticed that all these numerical values would change for a different realization of
the stochastic process for government expenditures. They would also change if we
change the stochastic process for government expenditures or any of the equations
in the model, but also if we change the value of some structural parameter ¢, o>,
B, B,. Changes in structural parameters will be important so long as they imply
noticeable changes in the second order autoregression for output.

To continue illustrating the type of analysis that could be done out of simulated
data, we may wonder about the type of consumption-output relationship emerging
from this model. The model relates exactly lagged output to current consumption,
but that is not the type of consumption function we are used to think about. The
results of estimating such a consumption function, that relates current consumption
to current output, are shown below the previous statistics. Because of the reasons
already mentioned, we get some explanatory power, with a R? coefficient of .48,
and an estimated slope of = .42. The first graph below displays residuals as a
function of the explanatory variable, output, with no much evidence of relation-
ship. The graph below shows them as a function of the dependent variable, showing
a positive relationship, consequence of the fact that there is a significant compo-
nent of consumption that remains unexplained by the regression on output and it
is therefore included in the regression residuals. The first graph to the right shows
residuals as a function of time, with no evidence of persistence. Residuals can be
seen to cross their mean value of zero very often. Finally, the graph below shows
the consumption-output scatter diagram and the fitted regression line. Time series
for the fitted consumption values and the implied residuals are shown to the right of
the time series for endogenous variables. Lagged residuals are also displayed and
the first order autocorrelation coefficient of .11 is presented at the end of the series.'®
We have included a second spreadsheet Stochastic G (2) differing from the previous
one only in the sample realization for government expenditures, so that the reader
can see what changes can be seen in numerical values of the different statistics as a
consequence of the stochastic nature of the model.

16 Notice the difference between computing relative volatility by the ratios of standard deviations
or through the ratios of the coefficients of variation, the latter option being preferable.

17 The autocorrelation function is the sequence of values Corr(Y;,Y;_y), for all s.

I8 This suggests no evidence of residual autocorrelation, a potential source of misspecification in
the consumption equation.
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The Multiple shocks spreadsheet repeats the exercise, this time considering inno-
vations in the consumption and the investment equations, as well as in the stochastic
process for government expenditures. The process for government expenditures is
the same as in the previous spreadsheets. The linear correlation coefficients of con-
sumption and investment with output are now higher than in previous exercises.
This is due to the fact that the consumption innovation affects both, the level of con-
sumption and also the level of output at each time period, so that there is a common
stochastic component. The same argument explains the higher correlation between
investment and output.

The Impulse responses spreadsheet computes responses to transitory and perma-
nent shocks in each of the endogenous variables: consumption, investment and out-
put. These responses are obtained as follows: initially, all variables are supposed to
be at their steady-state levels. All innovations take a zero value, so that at all effects
it is as if we consider a deterministic model. At some time ¢ = 0, an endogenous
variable takes a value equal to its steady-state level plus an increase (the impulse),
of size equal to one standard deviation, and we compute how all variables evolve
from then on. For the size of the impulses, we take standard deviations from the
stochastic version in the version of the model when only government expenditures
were random.'® Consumption and output are shown to react strongly to an impulse
in consumption. Investment reacts with a one period delay, and the response is very
short. Impulses on investment do not have much effect on either consumption or
output. Consumption and investment show a strong response to output shocks with
a one period delay, the response of investment extending to just one period.

The two previous sections have allowed us to introduce statistical concepts that
will be used throughout the book when analyzing numerical solutions to Growth
models. We have also advanced some of the fundamentals of Monte Carlo simula-
tions of dynamic models, to show how the statistical and econometric analysis of
the set of time series obtained as solution to the model allows us to deduce a much
richer set of implications than could be obtained analytically. We now move into
describing the main characteristics of Growth models, their evolution following a
variety of research interests, how they are equipped to deal with Lucas’ criticism on
policy evaluation, and how their numerical solutions can be obtained and exploited
for policy analysis.

1.3 Why are Economic Growth Models Interesting?

1.3.1 Microeconomic Foundations of Macroeconomics

Growth models try to capture interesting structural, dynamic features of actual
economies. As shown throughout the book, Growth models establish implicit
relationships between decisions made by economic agents at time #, variables

19 This is arbitrary. We should take an impulse of size equal to one standard deviation of the
innovations estimated from actual time series data, since that is the likely single-period fluctuation
in each variable.
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determined in the past, which are known when time ¢ decisions are made, and
current and future exogenous and policy variables. In the case of stochastic models,
these relationships will also include expectations of functions of future variables. In
turn, these relationships generally have specific implications regarding the rate of
growth of the economy. Hence, Growth models can be summarized in the form of
dynamic relationships involving variables and expectations of functions at different
points in time.

But although Growth models imply dynamic macroeconomic models, their struc-
ture is far too rich to be incorporated into the class of models considered in previous
sections. Microeconomic foundations lead to very stylized Growth models, where
specific and detailed assumptions are made about the behavior of each economic
agent (domestic consumers, firms and government, and possibly those of other coun-
tries, as well), their objectives, the constraints they face, the information they have,
the way each market works, and about the implementation of economic policy. The
dynamics of the model are also laid out very carefully, in terms of what is the timing
with which different markets open and close, and the specific moment inside each
time period in which each decision is made and each trade carried out.?”

Typically, dynamic optimization problems are solved for each private agent, lead-
ing to a collection of aggregate demand and supply schedules for each commodity
which, together with specific assumptions on how markets work, lead to the forma-
tion of prices. Markets may clear or not, producers of either intermediate or final
goods are sometimes assumed to have some monopolistic power, and agents may
have access to different information sets. So, a growth model can be analyzed not
only under competitive equilibrium assumptions, but under any alternative set of
assumptions as well, or under any sort of friction in the working of markets, or
asymmetry in the information available to different agents. All that is needed for
the model implications to be sorted out is that the whole structure of the economy
regarding all these aspects can be specified in full detail. Economic policy enters
the model in the form of time paths for variables like tax rates, government ex-
penditures, or the rate of growth of money supply, that are taken as exogenous by
private agents when solving their respective optimization problems. That way, the
resulting allocation of resources is a function not only of private agents’ objective
functions and restrictions, but also of the assumptions on the structure of markets
and the imposed combination of fiscal and monetary economic policies. In the case
of stochastic models, the views of private agents on future policy and on the future
evolution of exogenous variables is also a central determinant of their decisions.

Having explicit preferences for private agents, as well as possibly target functions
for the economic authority, has as a major implication the possibility of carrying out
a normative analysis of policy issues. This emphasis on Microfoundations leads to
the somewhat complex structure of Growth models, but also to a significant richness
of analysis. All the aspects of the structure of the model are laid out in detail, so that

20 This is, in fact, very important, since the structure and implications of a model may significantly
change by just a change in assumptions on the timing of decisions, the arrival of information, or
the opening and closing of markets.
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we can figure out what is their relevance to explain a given characteristic of the
model, or to provide a particular answer to a given policy question.?!

The significance of this normative approach to economic policy design is evident
and yet, such an analysis could not be addressed in the type of structural macroeco-
nomic models we reviewed in the first sections of this Introduction, where objective
functions for the different agents: consumers, firms and government, do not play
any role. In the simple structural models of Sect. 1.2, it is standard to interpret the
first equation as a consumption function that emerges from utility maximization
by consumers. Similarly, the second equation could be interpreted as a linear func-
tion relating investment to past output as an optimal behavior on the part of profit
maximizing firms. Unfortunately, a rigorous analysis of such optimizing behavior is
generally inconsistent with such structural dynamic macroeconomic models.

Consider a relatively simple version of a time discounted utility maximization
problem by a representative consumer

o
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that displays consumption C;, leisure (defined as total time, which we normalize to
1 unit, minus hours worked, N,) and savings S;, constant tax rates on consumption,
labor and capital income 7¢, 7", 7", the nominal wage, with w;, the price level, B,
and the real rate of interest, r;. In this stylized version of the models analyzed in
the book, the conditions determining optimal time-¢ consumption and leisure deci-
sions are:
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The first equation is an intertemporal relationship that links optimal current and
future consumption, while the second is a period-by-period relationship between
optimal consumption and leisure (or labor supply). The latter is a labor supply equa-
tion, that shows how the optimal labor supply schedule relates nonlinearly the num-
ber of hours to the after-tax real wage and the level of consumption.??

21 This modelling approach is now commonplace in Macroeconomics. Dynamic models with mi-
croeconomic foundations for aggregate economies are often used in Public Finance, Monetary
Theory, Labour Economics or International Economics, as they are used in Growth theory. The
main difference for the latter is their focus on characterizing the main determinants of short- and
long-run growth.

22 A standard result in intermediate Microeconomics courses.
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Even if we assume a relatively simple logarithmic utility function, the first opti-
mization relationship becomes:

1 1
— =B+(1-1)r , (1.13)
C B+ ) I+I]Ct+l

making current consumption to depend on future consumption and on the after-tax
rate of return to be obtained the next period on current savings. This makes sense: to
maximize time aggregate utility, the consumer must take into account the fact that
the consumption decision determines current savings, which will be channeled to
firms to invest in physical capital with which to produce output in the future. So, the
current consumption/savings decision conditions the future availability of resources
and hence, the level of utility. The previous equation describes how the consumer
must take these considerations into account by establishing an optimal relationship
between current and future consumption. That relationship will depend on policy
variables as well as on market determined prices, as it is the case of interest rates.
On the other hand, at the aggregate level of the whole economy, given a specific
structure for credit markets, interest rates will also depend on consumers’ decisions
through their influence on the relative demand and supply of credit. This example
shows how, even in simple Growth models, current optimal decisions depend on
prices and on the future state of the economy in a nonlinear fashion.?3
In the case of a closed economy in which the government does not exhaust
any resource, the stock of capital at the end of period ¢, K, is obtained as the
stock of capital at the beginning of the period, after depreciation®*, (1 — §) K;, plus
savings, S;:
K1 =(1-0)K +5;, (1.14)

starting from Kj at the beginning of r = 0.

A representative firm maximizing the present value of profits given the available
technology, and operating competitively in the markets for inputs and output, would
equate the marginal product of each input to its relative price. For instance, under a
Cobb-Douglas technology: ¥, = A,K*N,!~¢:
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which transforms (1.13) into:?

23 Of course, different utility functions could give raise to different functional forms for the way
how current consumption relates to future consumption and interest rates.

24 With § being the percent per-period depreciation rate of capital.

23 In consistency with the utility maximization problem above, we can either assume that there is a
single consumer or household in the economy, or interpret labor and capital stock in this equation
in per-capita terms.



1.3 Why are Economic Growth Models Interesting? 31

1 L Y1) 1
T Y A 1 )

a sort of consumption function, where consumption depends in a nonlinear fashion
on a variety of factors, in addition to future income.

In the type of monetary economies discussed later on in this book, where real bal-
ances enter as an argument in the utility function, the following utility maximization
condition is obtained:

UZ (Cl‘a %)
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where Uy, U, denote partial derivatives of the utility function with respect to its two
arguments. This is an interesting relationship obtained under utility maximization,
that sets the marginal rate of substitution between consumption and real balances,
on the left hand side, equal to the nominal rate of interest, on the right hand side.
According to this optimality condition, the demand for real balances will exhibit a
negative relationship with the real rate of interest and with the rate of inflation, and
a positive relationship to the level consumption, capturing a transactions demand
aspect of the demand for real balances. So long as the rest of the model generates
a positive consumption-income relationship, then real balances will also be positive
related to income. Therefore, this relationship is very much in the spirit of the stan-
dard money demand function that is usually included in structural macroeconomic
models. In fact, that equation is usually rationalized on the basis of utility maximiz-
ing consumers who demand real balances for their transactions, as we will assume to
be the case when discussing monetary growth models. To be even more specific, let
us assume, for the sake of an illustration, that the utility function is logarithmic and

separable in its two arguments: U (Ct, %’) =InC+61In %’, 6 > 0. Equation (1.18)

then becomes: ]VZ—% = i;, with i, being the nominal interest rate, that is: M o 9G
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which would be consistent with a demand function in logs:

=(1+4r)(1+m) -1, (1.18)

M,
]n (Pt> - ﬁ0+ﬁ1 ]nCt+ﬁ21nit’
t

with specific restrictions on the consumption and interest rate elasticities.

Time-t state variables are all those that can influence decision variables at that
same time. Some decision variables at time ¢ may become state variables at time
t + 1. This is usually the case of the stock of productive capital. The change in
that stock at time ¢, investment, will be a decision variable which becomes part of
the state variable at time ¢ + 1. The portfolio of assets of the typical consumer is an-
other example. By assuming an optimizing behavior on the part of economic agents,
Growth models usually introduce a recursive structure in the decision process fol-
lowed by each economic agent. Optimizing agents derive decision rules representing
the way how decisions are being made each period as a function of the values of state
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variables. Some of these state variables will be exogenous, and their time evolution
will be known before the time paths for decision variables are characterized. Some
other state variables will be predetermined variables in the sense defined above, i.e.,
past decision variables, and they will be obtained recursively, as decision variables
are characterized period by period.

All this will be shown in detail in a variety of models throughout the book. The
examples in this section are just meant to illustrate the fact that being explicit about
the way how economic agents make their decisions, as well as about the structure of
preferences and the production technology, takes us quite far away from the sort of
dynamic macroeconomic models in the first sections of this Introduction. Advancing
on the Microfoundations of economic agents’ decisions takes us into relationships
where decision or control variables depend on state variables, prices and exogenous
variables®® which are considerably more general than those included in traditional
dynamic macroeconomic models. Variables relate in a highly nonlinear manner and
there is extensive simultaneity, for which linear dynamic representations will gen-
erally be a poor approximation. Not to mention that discussions on efficiency, or
questions regarding policy evaluation or optimal policy design can hardly be ad-
dressed in standard linear representations.

Summarizing, growth models impose a tight structure on the joint time evolution
of the main variables in the economy and the type of dynamic systems summariz-
ing the main characteristics of a growth model are non-linear, and display exten-
sive simultaneity. Non-linearity is essentially unavoidable, at least when we want
to consider the model’s implications regarding price formation>” while specifying a
explicit structure described above. Extensive simultaneity arises in Growth models
because: (a) exogenous shocks spread throughout a model that attempts to explain
how the whole economy works, (b) agents usually make simultaneous decisions
on several variables, (c) decisions made by an agent (the government decides on the
rate of growth of money supply, for instance) condition the decision by another agent
(consumers and firms), who takes them as given. The main consequence is that, un-
der uncertainty, the system summarizing the implications of the stochastic Growth
model will contain expectations of nonlinear functions of future decision, exogenous
and policy variables. That structure is complex enough so that an analytical solution
generally does not exist, and the model’s implications are better analyzed through
statistical and econometric analysis of artificial time series obtained by simulation.

The basic ideas for simulating such a model are similar to those we have already
seen in simple linear dynamic macroeconomic models, but the specific structure of
Growth models introduces major issues regarding the treatment of expectations as

26 And also on conditional expectations of nonlinear functions of future state and decision vari-
ables, in the case of stochastic growth models, as we will see in the next paragraph.

27 Under endogenous prices, optimization problems solved by economic agents do not have a
linear-quadratic structure, implying that their decision rules are non-linear. Since these decisions
are part of the system summarizing the model, that system ends up being nonlinear as well.

Sargent’s Macroeconomic Theory (1979) contains a variety of partial equilibrium models in
which, with exogenous prices, optimization problems have a linear-quadratic structure. In that
simple setup, decision rules are linear functions.
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well as to guarantee the stability of the obtained solution. However, most statistical
concepts are already present in simpler models, and the previous sections can be
taken as a quick refresher of statistical fundamentals.

1.3.2 Lucas’ Critique on Economic Policy Evaluation

The Microeconomic foundations of Macroeconomic models in general, and Growth
models in particular, make explicit the optimization behavior that is supposed to
underlie the consumption, investment and other equations that form part of a struc-
tural macroeconomic model. But possibly the main reason to work with the type of
models we consider throughout the book is Lucas’ critique. Lucas [57] work was
instrumental in pointing out how, under rational expectations, part of the structure
of a macroeconomic model depends on the views of private agents on the policy
rules being followed by the economic authority now and in the future. The fact that
it is agents beliefs that matter, more than the economic policy actually being imple-
mented suggested the importance of the credibility on policy makers, an issue that
has been fully incorporated in the way how policy makers interact with the public
nowadays. Under the rational expectations view, a policy intervention will only have
the desired effects if it is announced and fully understood by private agents.

Another implication is that a change in private agents’ views on future policy may
easily have market consequences today, even if the change in expectations turns out
later on to be unjustified. Obviously, these issues are fundamental for policy analy-
sis. In particular, Lucas’ criticism on the way the effects of a policy intervention
were analyzed by simulation was devastating, since the structure of the model needs
to be changed according to the policy change being considered, so long as we con-
sider that such change will be known and believed by private agents. The standard
practice until then, of using the same structural model to simulate the effects of
alternative policy choices was shown to be fundamentally inappropriate.

How can we cope with this criticism? Essentially, by not making ad-hoc assump-
tions on either the way how expectations about the future influence agents’ current
decisions or on the expectations formation mechanism.?® Structural macroeconomic
models sometimes postulate that some decisions, like consumption, saving or invest-
ment, depend on expectations of future variables like the rate of inflation or interest
rates, on the basis that such dependence emerges from an optimal behavior that is
never explicitly specified. To this presumption we can add traditional assumptions
on expectations formation, like adaptive expectations or perfect foresight. These

28 Expectations of future variables or functions of variables appearing in a model need to be treated
as new variables, so that a model that includes an explicit role for expectations is not complete
without incorporating some kind of assumption on the way agents form their expectations. The
assumptions on the expectations formation mechanism play the role of additional equations. They
are a crucial part of a stochastic model, as important as the assumptions on the functional form
of the utility function or the aggregate production function, and affect the model implications
regarding the time behavior for the endogenous variables.
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type of mechanisms assume that expectations are formed on the basis of past infor-
mation,?® so they can be eliminated from the model right off. Then, policy changes
do no affect the structure of the model, and we are back in a situation in which the
same model would be used to evaluate alternative policy choices. Lucas’ critique
applies here with full force.

Growth models are very explicit with the information available to each agent
when making decisions, and that has specific implications on the way how expec-
tations enter in the model, characterizing the expectations of which functions are
relevant, how far into the future expectations matter, and how those expectations
influence agents’ decisions. Additionally, a rational agent will form expectations
consistent with the agent’s perception on the structure of the economy, including
future policy rules, and they will be computed using that information. As a conse-
quence, if agents believe that there has been any change in the structure of the model
(values of structural parameters, of future exogenous variables or policy rules), the
expectations will change in consistency with that change in beliefs. So long as cur-
rent decisions may depend on expectations of future variables, they will also be
affected, and prices and quantities transacted in the markets will also adjust. This
is why a different model needs to be used to evaluate the effect of a given policy
intervention, if we accept that such intervention will be understood and believed by
private agents. By taking into account these effects through a combination of ex-
plicit Microeconomic foundations and the assumption of rational expectations, we
are not only safe from Lucas’ criticism, but we also incorporate into the model the
idea that agents beliefs on the future, by themselves, may have a significant impact
on the economy.*’

Under uncertainty, the condition describing how consumption should be opti-
mally distributed over time is an extension of the similar condition (1.13) for the
deterministic case,
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to which we have added (1.16). This condition describes how current optimal de-
cisions explicitly depend on expectations about the future, made on the basis of the
information available at the time the decision on current consumption is made. The
future information which is relevant for the current consumption decision is sum-
marized in either of the expressions in brackets above. This is much more precise
that assuming that utility maximization leads to a consumption function in which
the current consumption decision depends on current income and expectations of
future interest rates. It therefore provides a much richer set of implications that can
be tested using actual data.

29 These expectations mechanisms are said to be backward-looking, since they are substituted by
a function of past variables, agents’ views about the future not playing any role.

30" Alternative specifications for limited rationality, in which agents are assumed to form expec-
tations which are partially rational, have been shown to be useful to explain some regularities in
actual time series data.
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This proposal could conceivable be incorporated into any macroeconomic model,
but it is in models with Microeconomic foundations where it is more appropriately
implemented. As we have seen in the example, the formulation of specific dynamic,
stochastic optimization models for each agent leads naturally to decision rules that
include expectations of specific functions of future variables without making the
type of ad-hoc assumption on agents’ behavior and on the role of expectations that
are made in structural macroeconomic models. Being specific about Microeconomic
foundations has its own difficulties, like how to deal with agents’ heterogeneity,’!
but this is nevertheless also swept under the rug in standard structural macroeco-
nomic models.

Other technical difficulties, like how to handle nonlinear control stochastic mod-
els or how to deal with stability of solutions should be welcome, since they allow us
to perform policy analysis safely. These are some of the issues discussed throughout
this textbook. As described below, this approach has even changed the way we think
about policy. We can now establish a mapping between the structure assumed for
the model and the results of any policy evaluation exercise. As a consequence, we
may identify when is a given policy intervention appropriate, or which particular
aspects of the structure of the economy are relevant for a given policy question and
which ones are not.

1.3.3 A Brief Overview of Developments on Growth Theory

Let us now briefly summarize some of the main stages in the development of the the-
ory of Economic Growth, to place these issues in perspective, as well as to advance
the structure of his textbook.3> Growth theory started well before Lucas’ criticism on
policy evaluation, and it was initially conceived to gain some insight into the deter-
minants of the rate of growth of actual economies. The theory of Economic Growth
was initially developed at a purely theoretical level, with just a few empirical im-
plications that could attract the interest of researchers. These were mainly related
to the implications of exogenous growth models regarding the rate of growth of an
economy as well as the convergence in income per capita among a set of countries,
that were soon put to test through regression analysis. The neoclassical Exogenous
Growth model with a constant savings rate, introduced in the seminal papers of
Solow [88] and Swan [91] incorporated a constant returns to scale assumption in
the production of the final good, which was shown to imply zero long-run growth
for per-capita variables. This model is able to explain positive long-term growth in
per-capita variables only through some type of exogenous growth in productivity.
Only that way could the model be made consistent with some regularities observed

31 Significant progress has already been done in dealing with agents’ heterogeneity [Rios-Rull [75],
Castaileda et al. [19]], although the representative agent framework is still predominant.

32 This summary is intended to provide an overview to readers unfamiliar with Growth theory. We
do not have any pretension of being fully comprehensive.
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in actual data.®® Exogenous growth refers to the fact that such growth is not be-
ing produced by either the decisions made by private economic agents, or by any
policy intervention. This model is analyzed in Chap. 2 in this textbook, where the
main properties of the long-run equilibrium (steady-state) and the transition paths
are characterized.

Future developments have taken the broadly denominated Theory of Economic
Growth into a variety of branches with noticeably different interests, precisely in
part because of the criticism on traditional policy evaluation methods. The current
denomination of Dynamic, Stochastic, General Equilibrium models (usually re-
ferred to by the DSGE initials) includes a wide variety of models with the type of
Microeconomic foundations described above. These are essentially Growth models
with a zero long-run rate of growth for per-capita variables, possibly after adjust-
ing for exogenous technological growth, and they focus on explaining observed
comovements between variables, once growth has been taken out of actual time
series data. The reference to general equilibrium, was well justified some years ago,
when there was an emphasis in maintaining market clearing and friction free market
assumptions. But a large number of new features are gradually being incorporated
in mainstream research in Macroeconomics in order to explain some data regular-
ities, that make the models depart from the general equilibrium paradigm. This is
why some Exogenous Growth models can be referred to as DSGE models, New
Keynesian Phillips Curve models, Business Cycle models, among other denomi-
nations, that try to make explicit some of their features or implications.>* On the
other extreme, a wide class of Endogenous Growth models maintain the original
motivation of Growth Theory and have made significant advances in explaining
how the rate of growth of the economy depends on agents’ decisions and policy
choices. The reference to Growth theory is increasingly reserved for Endogenous
Growth models which, as explained below, make endogenous variables to have
a statistical character drastically different from exogenous growth models, with
significant implications regarding the effects of policy interventions or structural
shocks in both types of models.

Moving one step further, Ramsey [73], Cass [18] and Koopmans [52] among oth-
ers, brought explicitly into the model a utility maximizing behavior on the part of
consumers. That was an important step forward for at least two reasons: first, the
assumption in the neoclassical growth model of Solow and Swan that the savings
rate was constant over time at an exogenous level essentially precluded the possi-
bility of doing any significant analysis on optimal policy. Under this new modelling

33 As mentioned, the model also had implications regarding the convergence of economies in terms
of per-capita income, which developed a huge empirical literature aiming to test such implications
that is still very much alive, now in reference to more sophisticated growth models that have been
developed since then. Along this line of reasoning, growth theory would not be very different from
other areas of economic theory that imply more or less tight restrictions among the joint behavior
of variables, that can be reduced to parameter testing in relatively simple econometric models.

34 Kydland and Prescott [54] point out: “In other words, modern business cycle models are sto-
chastic versions of neoclassical growth theory. And the fact that business cycle models do produce
normal-looking fluctuations adds dramatically to our confidence in the neoclassical growth theory
model - including the answers it provides to growth accounting and public finance questions.”
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approach, consumers maximized time aggregate utility, making simultaneous deci-
sions every period on consumption and savings which, in turn, provide resources for
capital accumulation on the part of firms. And these decisions are taken under an
intertemporal optimality criterion. Second, being explicit about the objective func-
tions of private agents, allows for the possibility of bringing into the model a new
agent: a benevolent planner who would care about the welfare of consumers and
would allocate resources with that goal in mind, without the need of the markets.
Explicit objective functions and assumptions on the optimizing behavior of private
agents (consumers and firms) allow for addressing very important issues. On the
one hand, since we can characterize the allocation of resources emerging from a
decentralized market mechanism as well as the one that results from the actions of
the benevolent planner, a comparison between them generally allows for discussing
the Pareto efficiency of the decentralized mechanism in different setups. On the
other hand, we can evaluate consumers’ time aggregate welfare under alternative
fiscal or monetary policies, which can then be ordered on the basis of the level of
welfare they achieve. As an example, normative analysis of this kind to compare al-
ternative types of distortionary taxation in different economic environments remains
as one of the more popular policy problems addressed in this framework. More gen-
erally, we could attempt to characterize the optimal mixture of consumption and
income taxes, or the optimal combination of tax and debt financing, or even com-
bine this with the possibility of money financing. Some of these issues are discussed
along the different chapters of this book. Optimal growth is the subject of Chap. 3
where, among other issues, we discuss the efficiency of the competitive equilib-
rium in different setups, and explain how to establish welfare comparisons among
alternative economic policies. These subjects are repeatedly address throughout the
different models considered in subsequent chapters.

Theoretical DSGE models developed initially in the work of a large list of very
significant authors (R.E. Lucas, T. Sargent, R.J. Barro, E. Prescott, F. Kydland,
R. King, R. Phelps, PM. Romer, among many others), taking advantage of the
methodological basis of standard Growth models. DSGE models have had a tremen-
dous influence in emphasizing the Microeconomic foundations of any model that
pretends to explain the behavior of macroeconomic aggregates. Because of the im-
possibility of producing sustained growth unless imposed on the model from some
exogenous technological improvement these models, that usually incorporate a con-
stant returns to scale technology, are used to understand the behavior of actual
economies as represented in actual, detrended time series data. In fact, different
filters aimed to removing different nonstationarity characteristics in actual data, like
the Hoddrick—Prescott filter have become standard, and are incorporated even in
basic econometric software. We may want to eventually end up by having models
that simultaneously explain long-run growth and fluctuations around that trend, but
it is unquestionable that the current standard practice of focusing on filtered data
has contributed to a huge development in many areas of Macroeconomics, Public
Finance, Monetary Theory, Labour Economics or International Economics.

The so-called Real Business Cycle Theory falls into this category by as-
suming that shocks in productivity are the main source of cyclical fluctuations.
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Alternatively, a large variety of models have been proposed with different assump-
tions on the sources of randomness in the economy or on how markets work, in
order to extend traditional theories in these areas as well as to rationalize different
empirical regularities. The New Keynesian Theory of the Phillips curve Calvo [15],
Gali and Gertler [35], which is now being intensively used in the analysis of a vari-
ety of policy issues is another important example in this class. The Microeconomic
foundations are carefully laid out, and agents do their best, given the constraints
they face. Some producers enjoy some monopoly power and some prices are de-
termined subject to some frictions, which deviates the model from more traditional
general equilibrium approaches. Our discussion on Chaps.3 and 4 can be seen as
an introduction to the analysis of DSGE models. Monetary DSGE models are the
subject of Chaps. 8 and 9. All the solution methods presented in Chap. 5 are used
throughout the book to solve different models, and can be applied to the analysis of
DSGE models.

On the other hand, under the denomination of Endogenous Growth models, we
have classes of economies in which the rate of growth depends on decisions made by
private agents as well as on policy choices. That allows for addressing a broad num-
ber of interesting issues regarding either the determinants of growth, or the effects
on growth of alternative economic policies. The effect on the long-run rate of growth
of the economy of changes in specific tax rates or changes in the rate of growth of
money supply can be analyzed in these models. By their own nature these questions
could not possibly be addressed in exogenous growth models. A significant peculiar-
ity of endogenous growth models is that, as explained in the corresponding chapter,
they imply intrinsic nonstationarity in per-capita variables, which contain a unit root
even after eliminating deterministic growth components, as it is sometimes observed
in actual data. Therefore, these models may be appropriate to explain empirical non-
stationarity characteristics of actual time series data. The non-stationary, unit root
per-capita time series emerging from Endogenous Growth models would be con-
sistent with a dynamic macroeconomic model specified in first differences, unless
cointegrating relationships are found under the standard tests. But the Endogenous
Growth model itself may have implications on cointegration, as was pointed out
long ago by King, Plosser and Rebelo [51].33 Because of the implied nonstationar-
ity, Endogenous Growth models are also special in that a purely transitory structural
change or policy intervention has permanent effects, at a difference of exogenous
growth models, in which the effects of a purely transitory perturbation may extend
to a number of periods, but they would never be permanent.

Endogenous Growth may arise because of constant or increasing returns to scale
in the cumulative inputs. The addition of public capital to private capital as a produc-
tive input may contribute to aggregate increasing returns and endogenous growth.
It can also come about because an economy produces an ever increasing variety of
intermediate goods through a process of research and development. Similarly, en-
dogenous growth may come about because successful research leads to intermediate

35 In any event, like in any other Growth model, the relationships among per capita variables
emerging from the model will generally be non-linear, and a linear econometric model might be
too poor an approximation to them.
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goods of improved quality, that substitute for the older goods. A further cause of
endogenous growth can be the accumulation of human capital as an input in the
technology producing the final good.3® Endogenous Growth models are presented
in Chap. 5, where their main characteristics are shown and the solution methods
described in detail.

1.3.4 The Use of Growth Models for Actual Policy Making

A few years ago, Coenen and Wieland [21] described how an increasing number
of models had been developed in an attempt to serve as a laboratory for evaluating
the performance of alternative monetary and fiscal policy strategies. These authors
classified existing models in: (a) small-scale backward looking models, (b) large
scale backward-looking models, (c) small-scale models with rational expectations
and nominal rigidities, (d) large-scale models of this type, and (e) small models with
optimizing agents. Given the significance of Lucas’ critique, it is unsurprising that
the main international economic and finance institutions in charge of policy making
include nowadays macroeconomic models with microfoundations among the set of
models they use for policy evaluation and forecasting. An example is the European
Central Bank (ECB), that includes®’ the DSGE model by Smets-Wouters [87] in
the set of macroeconomic models for the Euro area used for policy making. The
statement of the Web page at ECB fits very nicely in this introductory chapter,
making reference to the ‘recent developments in the construction and simulation of
DSGE models that combines rigorous microeconomic derivation of the behavioral
equations of macro models which fits the main features of macroeconomic time
series. After pointing out as the main difference with respect to more traditional
macroeconometric models the way how parameters in structural equations relate to
deeper structural parameters in preferences, technology or institutional constraints,
three advantages are singled out: (a) the theoretical discipline, (b) the way they deal
with Lucas’ critique, and (c) the ability to evaluate policy in terms of welfare. The
Smets-Wouters model considers three types of agents: consumers, firms and gov-
ernment, and incorporates some real frictions in consumption and investment, as
well as some price and wage rigidities, and it is shown to compete favorably with
alternative models in forecasting.’

Additional examples of the use of DSGE models for policy are the New Area-
Wide Model (NAWM) at the ECB [Coenen, McAdam and Straub [22]], which
focuses in the analysis of fiscal policy. The International Monetary Fund has its

36 Constant returns to scale in the single cumulative input as a reason for positive long-term growth
is the characteristic of the AK economy, introduced by Rebelo [74]. An explicit role for public
capital as a productive input was proposed by Barro [4]. The model with a variety of intermediate
goods is due to Spence [89], Dixit and Stiglitz [31], Ethier [33] and Romer [77,78]. Uzawa [95],
Lucas [60] and Caballé and Santos [13] assigned an explicit role to the stock of human capital in
the production of the final good.

37 As shown in its Web page: http://www.ecb.int/home/html/researcher.en.html.
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Global Economy Model (GEM) [Bayoumi, Laxton and Pesenti [8]], and the Fed-
eral Reserve Board has an open economy model named SIGMA [Erceg, Guerrieri
and Gust [32]]. All of them incorporate recent advances on microfoundations, with
some number of nominal and real frictions in an effort to improve their empirical fit
both, in the domestic and the international dimension.

1.4 Numerical Solution Methods

We explain in this section the need to compute numerical solutions to Growth mod-
els. We address two significant issues: the stability of the obtained solution, and the
possible indeterminacy of equilibria. We end up describing how the numerical so-
Iutions have led to changing the type of policy questions we raise and the type of
answers we get out of macroeconomic models.

Under the assumption of rationality, expectations become endogenous variables,
and we can analyze how they are influenced by exogenous shocks affecting the
economy, or by the unpredictable component in a policy variable, to mention just
two types of interesting questions. Furthermore, under the particular assumption of
rationality, expectations errors, for which data can be obtained once we have solved
for all variables in the model as well as for the conditional expectations in it, must
satisfy clearly specified conditions. Specifically, a rational expectations error cannot
have autocorrelation, or exhibit any correlation with variables which were contained
in the information set available to agents at time #, properties that can be tested for
as part of the validation of the numerical solution approach followed.

1.4.1 Why do we Need to Compute Numerical Solutions
to Growth Models?

We have described above how the desire to incorporate Microeconomic foundations
into models for the aggregate economy leads to Growth models that are made of the
interaction of economic agents of different types, each solving a particular dynamic,
stochastic optimization problem. We have also seen how the endogenity of prices
leads to nonlinear decision rules that involve expectations of functions of future
variables, and cannot possibly be reduced to the type of aggregate linear functions
usually considered in structural macroeconomic models like those in previous sec-
tions. Except by very few exceptions, the nonlinear stochastic systems summarizing
the properties of Growth models lack an analytical solution, and the model’s im-
plications regarding the behavior of the main variables, their comovements, or their
responses to exogenous shocks or to policy interventions, can only be characterized
through numerical solutions. Hence, we face the need to obtain numerical solutions,
a process which goes significantly beyond the procedures to simulate the linear dy-
namic macroeconomic models above because of stability and indeterminacy issues,
that we address below.
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A stochastic, nonlinear dynamic system can be seen as imposing a set of con-
straints on the multivariate probability distribution of the vector of endogenous
(control or decision) time ¢ variables. Such constraints emerge from (a) the ana-
lytical structure of the system, (b) the numerical values of the structural parameters
in the model, (c) the multivariate probability distribution assumed for the vector of
exogenous shocks. The solution to the model can then be seen as that restricted mul-
tivariate probability distribution for the vector of endogenous variables. The struc-
ture of the model precludes the analytical characterization of that distribution, and
Monte Carlo simulation of a given numerical solution method allows us to compute
frequency distributions for any statistic of interest, either in steady-state or along
the transition. That could either be an statistic from the multivariate distribution of
the vector of endogenous variables (like the relative volatility of consumption and
investment to output) or, rather, from the joint distribution of time-z state and con-
trol variables, like the impulse responses of consumption to an impulse shock in
productivity. The estimated frequency distribution can be used to evaluate in prob-
ability terms the numerical value of the chosen statistic in actual time series data.
Hence, obtaining numerical solutions through Monte Carlo methods allows for a
testing approach somewhat different from the one we use in standard econometric
models. Numerical solutions can also be used to search for values of structural pa-
rameters in growth models providing an acceptable fit of a set of chosen statistical
characteristics of actual time series data, an approach exploited in the Simulated
Method of Moments estimator.*®: *

38 New Econometrics textbooks include some of these methods. As examples, see Canova [16] or
De Jong and Dave [27].

3 These equations can be fitted to data by recently developed econometric methods (Generalized
Method of Moments). The idea is that analogous sample moments should not be very different
from the theoretical moments implied by the model,

For instance, the stochastic moment condition in page 37, under time-varying taxes, can be
writlen:

1 1
L [a =B+l =T1)r) ?ﬂ] =0,

which, for any variable Z; in the information set on which the conditional expectations E; is formed,
it implies:
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suggesting that we estimate by solving the optimization problem:
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where we have one such condition for each chosen Z;-variable and each function with a zero
conditional expectation.
More generally, the optimization problem:
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1.4.2 Stability

To obtain a numerical solution to a nonlinear, stochastic dynamic system, we need
it to be complete, i.e., to have as many equations as decision variables at each point
in time. However, the three aspects of the model: (a) nonlinear, (b) stochastic, and
(c) dynamic, lead to nontrivial issues regarding such computation. First, a com-
plete nonlinear system is not guaranteed to have a solution, or if it does, there is no
guarantee that the solution will be unique. Second, a stochastic system will include
expectations of future variables that should be solved consistently with the structure
of the model, at least under rational expectations, a maintained assumption through-
out this book. Expectations are additional endogenous variables that break down the
completeness of the model, and appropriate methods need to be used to obtain a so-
lution.*” Lastly, an additional issue when solving a dynamic system is the stability
of the solution, which is never guaranteed.

In linear dynamic systems, stability can be obtained through conditions on the
eigenvalues of the transition matrix in the first-order autoregressive representation
of the model. It is not hard to see that in simple models like those in previous sec-
tions, these conditions are obtained from stability conditions on lagged coefficients
of autoregressive representations for endogenous variables. These, in turn, can be
translated into restrictions on admissible values for some structural parameters or
for combinations of them. Unfortunately, the numerical solution to a nonlinear dy-
namic system, which is obtained recursively, providing the values of decision vari-
ables each period as a function of state and exogenous variables, will generally
produce explosive time trajectories, and we lack the tools to characterize conditions
guaranteeing otherwise.

By assuming an optimizing behavior on the part of economic agents, Growth
models imply transversality conditions. These are limit conditions as time increases,
that emerge naturally from those optimization problems, and that are formulated in
terms of conditional expectations in the case of stochastic models. Transversality
conditions usually impose limits on the rates of growth of state variables which, in
turn, impose limits on the range of decisions consistent with stability. They are an
intrinsic part of the solution to dynamic optimization problems, and do not have an
analogue in dynamic models without an explicit underlying optimization structure.
In a growth model, stability conditions are relationships between decision and state
variables that guarantee that the implied numerical solution fulfills the transversality
conditions of the model.

The alternative methods*!' reviewed in Chap. 4 to generate numerical solutions
out of stochastic growth models cope with stability in a different manner, and they

is solved, where H(Z;,X;,0) = (h1(Z;,X;,0),h2(Z:,X:,0),....h(Z;,X;,0)), with the h;(.) func-
tions being cross products of Z;-variables and expressions like the one inside the bracket above,
and A is a kxk matrix of weights, which conditions the statistical efficiency of the implied estimates.
40 For a discussion of analytical solution methods for lineal rational expectations models, see
Whiteman [97].

41 'We do not pretend these methods to be superior in any sense to those not covered in the chapter.
They have been chosen because of their relative simplicity. An introduction to more complex, but
possibly more exact methods, is also provided in that chapter.
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provide different degrees of numerical approximation to the true solution. Some
methods solve directly the linear or the log-linear approximation to the original
model. Some other methods use the approximate stability conditions while keeping
some of the nonlinear structure of the original model when computing the numerical
solution.

In the absence of exact stability conditions for general nonlinear systems that
could be added to the model, solution methods achieve a stable solution by adding
approximate stability conditions to the nonlinear, stochastic or deterministic model.
The model needs to be complete to start with because these stability conditions
must be obtained from that complete nonlinear system. The obtained solution is an
approximation to the true solution because it substitutes the stability conditions for
some of the original nonlinear structure of the model. They have a different nature
in endogenous than in exogenous growth models. In the latter, they are formulated
in terms of per capita variables like consumption or the stock of productive capital,
while in endogenous growth models they come out in terms of ratios (sometimes
growth rates) of endogenous variables.

1.4.3 Indeterminacy

The solution to a Growth model can display two types of indeterminacy. Global in-
determinacy refers to the fact that a dynamic general equilibrium model may present
multiple steady-states, as in the well known monetary model of Cagan [14]. Since
the steady-state is usually the solution to a nonlinear system of equations, multiple
solutions might well arise. More generally, in models implying steady-state growth,
global indeterminacy refers to the possible existence of multiple balanced growth
paths, steady-states in which per capita variables grow at a constant rate. In con-
trast, local indeterminacy arises when given a steady-state or a balanced growth
path, there might exist a continuum of trajectories converging to it. We focus here
on explaining how local indeterminacy may arise.

A numerical solution algorithm can be seen as a set of rules to choose the values
of control or decision variables each period as a function of state variables. Most
of these rules will come out of the Growth model, to which we will have added the
appropriate stability conditions. Specifically, the latter provide us with the needed
dependence between initial decisions and states guaranteeing that transversality
conditions are fulfilled. Most often, we have the same number of stability conditions
than decision variables. Then the solution to the model is determinate but, unfortu-
nately, there is not guarantee of such coincidence. When the number of stability
conditions exceeds the number of decision variables, then the system will generally
lack a solution, unless some fortunate dependence exists among the relationships
emerging from the model and the set of stability conditions, that make some of
them redundant.

Finally, when the number of stability conditions falls short of the number of deci-
sion variables, we then have some degrees of freedom to choose decision variables.
Most of them are related to state variables by the growth model, so that they will
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be determinate even in this situation. That will not be the case for expectations vari-
ables, that can be considered as decisions made by economic agents, but that are
not explicitly constrained by the theoretical model.** Therefore, when the number
of stability conditions is too short, the conditional expectation as of time ¢ of some
function of future variables can be chosen arbitrarily. This is what is known as a
situation in which the solution is indeterminate, since any choice of structure for a
given conditional expectation can be made consistent with a solution to the model. It
is important to notice that this is not a characteristic of numerical solution methods
but rather, of the theoretical model itself. In any event, the solution may be indeter-
minate in some aspects, like those relating to the values taking by some expectations
variables and their associated expectations errors, while being well determined from
the point of view of some other variables or characteristics that define the main ob-
ject of analysis. In such models, a continuum of solutions exist, and the policy maker
should consider the possibility of making the private sector to select one among the
set of solutions, if such a desired solution exists according to some criterion. Be-
cause of the multiplicity of possible solution trajectories, indeterminacy implies a
strong ambiguity regarding policy effects, seriously questioning any normative ex-
ercise unless some model specific argument can be made justifying one among the
continuum of potential solutions.

Under indetermination of equilibria, there is at each point in time the need to
choose values for some control variables. The problem is that the choice at time ¢
does not condition the choice made at any other point in time, so that the economy
can be displaying significant jumps which can sometimes be interpreted as cycles.
In essence, the situation is as if each of this subset of control variables is drawn each
period from a given probability distribution. Indeterminacy can also give raise to
self-fulfilling prophecies: as an example if, for some reason, consumers believe that
future tax rates will rise, they will attempt to reduce the tax base, which may well
lead the government to the need to effectively increase tax rates so as to maintain the
same revenue. That would be a case in which one among the continuum of possible
equilibria is being chosen on the basis of a purely speculative behavior on the part of
consumers.*> This situation will not arise when the equilibrium is well determined,
since agents then use past information on expectation errors to update their views
on the future of the economy, leaving no role for any unjustified, sudden change in
expectations.

1.4.4 The Type of Questions We Ask and the Conclusions
We Reach

The approach to economic modelling we have described in these sections has had
a tremendous impact on the way we think about the analysis of effects of the dif-

42 Unless we work under the assumption of rational expectations, the model’s implications regard-
ing the way agents’ expectations relate to state variables are generally hard to derive.

43 What is called a bubble equilibrium.
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ferent exogenous shocks in an economy. We can analyze which among the possible
shocks is more likely to produce a given statistical characteristic of the solution, or
which one is more useful in order for a model to replicate a given statistical regular-
ity observed in actual time series data. Similarly, we can characterize the way how
economic policy influences the dynamics of relevant variables, as well as the co-
movements between them. So, it is not surprising that it is in the normative analysis
of economic policy where stochastic, dynamic models with microeconomic founda-
tions have become standard.

As it has already been mentioned, the ability of any dynamic model to provide
information not only on the steady-state, but on the transition between steady-states
as well, allows us to address the separate characterization of short- and long-run
effects of a structural change or a policy intervention. This is a central issue for
optimal policy design exercises, which justifies by itself the need to specify very
carefully the dynamic structure of the relationships among the variables that are
relevant for the question under study.

Even more important, the specific characteristics of Growth models and their nu-
merical solutions allow us to ask questions that could not possibly be addressed in
standard dynamic macroeconomic models. This is because the explicit assumptions
made by Growth models regarding the objective functions of the different economic
agents allow for a normative analysis of a whole variety of issues. Specifically, the
welfare effects** of any policy intervention or structural change can be nicely ad-
dressed in an appropriately chosen exogenous or endogenous Growth model. Eval-
uating the possible inefficiency introduced by a given policy or market friction also
needs a specification for consumer preferences, or a numerical estimation of the
compensation that should be introduced to make agents as well of as they would be
under the efficient allocation of resources.

But numerical solutions obtained by Monte Carlo simulation allow for evaluat-
ing models across many more dimensions than we used to on the basis of analyt-
ical solutions. Since we can use the vector time series obtained as solution to the
model to compute any univariate or multivariate statistic (like relative volatilities,
cross-correlations between any two variables, estimated regressions or VAR rep-
resentations, impulse response functions, and so on), we can always compare the
frequency distribution obtained for that statistic from a Monte Carlo analysis to its
estimated from actual data, and see how the model fits the data. Needless to say, this
opens the door to the comparison of alternative models on the basis of their ability
to replicate a given set of statistics estimated from actual data.*> Solving Growth
models that differ in some structural characteristic, numerical solutions may also
point out to the relevance of the different features of the model to explain a given
regularity observed in actual data.

4 Welfare should be understood as the discounted time aggregate value of current and future
utility. We are thinking here about a set of identical consumers, who live together forever, a usual
assumption in growth models.

45 However, the appropriate approach to use frequency distributions from the alternative models to
evaluate in probability terms (or in likelihood terms) their ability to fit the data is still very much
open to discussion. And so it is the selection of statistics whose value in actual data should be
replicated by the theoretical models considered.
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All this has led to a significant change in the type of questions we ask to models,
since they can relate to a wide variety of statistical characteristics of the theoret-
ical model that can be estimated from the realizations obtained for the numerical
solution, but could not possibly be characterized analytically.

Suppose that fluctuations in the expenditures/output ratio in a given economy can
be interpreted as controlled deviations around a pre-announced target level. Should
they then be correlated with exogenous supply shocks? 46 This question could be
analyzed by solving the model under different positive and negative values for such
correlation and computing levels of implied welfare. This would have clear implica-
tions on the optimal way to conduct policy. Changes in the expenditure/output ratio
to accommodate supply shocks under a maintained correlation with supply shocks
would have to come together with changes in a given tax rate (on consumption, la-
bor income or capital income, for instance) to balance the budget.*’ In principle, we
should expect that the answer to the optimal correlation question might depend on
the type of tax adjustment chosen, so that the answer is two sided: from the point
of view of maximizing private agents’ welfare, it is optimal to maintain such corre-
lation between the expenditures-to-output ratio and supply shocks, and balance the
budget every period by adjusting the fluctuations in expenditures with such tax rate.

This analysis would make sense even if we believe that the random deviations
from a specified target in the expenditures/output ratio is beyond the control of the
economic authority, since there would still be a welfare-maximizing correlation be-
tween these fluctuations and supply shocks. The theoretical analysis in the previous
paragraph would have characterized the optimal expenditure/tax policy. We could
then identify separately supply and fiscal shocks in actual data, possibly through an
structural VAR type of analysis. The estimated correlation between supply shocks
and innovations in the expenditure/output ratio, together with the observation on the
type of taxes which are adjusted most often, would give us the extent to which the
correlation used in actual policy making departs from the value predicted as optimal
by the model.

Beyond this, endogenous growth models allow for analyzing the effects of struc-
tural changes or policy interventions on the long-run rate of growth of the economy,
a question that would again be generally impossible to analyze in standard dynamic
macroeconomic models.

In fact, positive steady-state growth allow endogenous growth models to address
a variety of realistic issues that could not possibly arise in economies with zero long-
term growth. To mention one covered in this textbook, a dynamic Laffer effect may
arise when an economy can afford to lower down taxes while maintaining the same
time path for government expenditures that was planned before the tax cut and still
have a balanced government budget in an intertemporal sense. How could this be? In

46 Exogebous shocks could be modelled as shocks in productivity, as it is done often throughout
the book.

47 Alternatively, we could consider the possibility of maintaining tax rates unchanged and finance
the fluctuations in expenditures by debt management or money injections. Appropriate conditions
guaranteing long-run solvency would then have to be imposed, as it is discussed at different points
in this textbook.
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an endogenous growth economy, the rate of growth may depend on policy variables,
like tax rates. When that is the case, a tax cut will lead to increased growth and pos-
sibly increased revenues, at least after a number of periods, when the higher growth
may have sufficiently increased the income tax base. The tax cut will initially need
of issuing some debt, but the increase in revenues may allow for eventually retiring
that debt, thereby with a balanced intertemporal government budget constraint.

Together with the change in the type of policy questions we address in growth
models, the type of responses we get, even to traditional questions, is now also dif-
ferent. We have seen an example above: characterization of an optimal active expen-
diture policy that links expenditure fluctuations to supply shocks, may well depend
on the strategy for revenue compensation we establish. Conclusions to policy analy-
sis will often be of the sort: ... a standard business cycle model is consistent with
the expectations hypothesis of the term structure of interest rates provided monetary
shocks are dominant, while having implications contrary to that hypothesis when
productivity shocks are the main source of randomness in the economy.”*$, or “...
if the elasticity of intertemporal substitution is above a critical value, then it is better
to adjust labor income taxes over the cycle while maintaining capital income taxes
roughly stable, while the opposite is true if the elasticity of intertemporal substi-
tution of consumption is below that value.” Fully specified economic structures of
the type used in exogenous or endogenous Growth models are likely to lead to such
contingent conclusions.

Some researchers view such relativity as a weakness of economic analysis, sug-
gesting that it would better to discuss policy in simpler models, even if missing some
interesting economic feature, since they allow for neater conclusions. The opposite
is, however, more likely to be true. We may have been too ambitious in attempt-
ing to reach statements with absolute validity, regardless of the type of economy
being studied. In characterizing optimal policy as a function of the structure of the
economy (the source of shocks, the values of structural parameter, etc.) we are aim-
ing at providing our readers a mapping showing the specification of optimal policy
appropriate for each economic structure. Did we really believe that a similar kind
of policy would be optimum for a variety of widely different economies and for any
conceivable policy environment?

A final word to relate to the different statistical properties of variables emerg-
ing from exogenous and endogenous growth models. Time series solving a Growth
model can always display a deterministic trend because of exogenous growth, in the
form of a constant increase in productivity, for instance. This is a deterministic com-
ponent that can be easily dealt with by appropriate statistical methods. We can take
the view that observed trends in per capita variables in actual data are explained by
this mechanism and impose on the theoretical model the observed rate of growth.

48 Of course, the type of results reached by Poole [71] in a static setup, that “in the presence of
supply shocks it is better to implement a monetary policy aimed to maintaining a given growth
rate of money, while leaving interest rates to be determined in the market, the opposite being true
if randomness enters mainly through the demand side” is another result typical from the type of
analysis described in these sections.
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This deterministic trend could be then taken out from both, simulated and actual
data, and compare the statistical properties of detrended actual and artificial time
series.

A more interesting approach would attempt to explain the rate of growth in per-
capita variables sometimes observed in actual data through an endogenous growth
model. An advantage is that such model allows for changes in the rate of growth
because of policy changes, for instance. But a central implication of endogenous
growth models is that per-capita variables have a unit root, even after correcting
for the endogenous rate of growth. That leads sometimes to applying some filter
to remove this stochastic trend from the time series produced from the model, if
such trend is believed not to be present in the data. But the opposite may well hap-
pen: often, when working with exogenous growth models that exclude technological
growth49 actual time series data are filtered to eliminate stochastic trends (i.e., unit
roots) before comparing them with the artificial time series generated as solution to
the theoretical Growth model. An endogenous Growth model would look then very
appropriate to match theory to actual data.

1.5 Synopsis of the Book

Chapter 2 presents the neoclassical growth model of Solow and Swan with a con-
stant savings rate. Section 2.2 examines the relationship between the structure of
returns to scale in cumulative inputs and the steady-state rate of growth. The im-
possibility to have positive long-run growth under decreasing returns to scale in the
cumulative inputs is shown. Section 2.3 shows the main properties of the model, the
dynamics of the economy, the steady-state and the duration of the transition, and
characterizes the rates of growth of per capita variables. A special steady-state, the
Golden Rule, is introduced. Section 2.4 solves the continuous time, deterministic
model. This is a special case, in which an analytical solution exists. The effects of
changes in structural parameters are analyzed. The concept of dynamic inefficiency
is introduced. Section 2.5 describes and solves the deterministic, discrete-time ver-
sion of the model, and performs numerical exercises on the effects of changes
in structural parameters and on characterizing situations of dynamic inefficiency.
Section 2.6 considers the stochastic, discrete-time model, and explains how to ob-
tain numerical solutions.

The problem of optimal growth is considered in Chaps. 3 and 4. The first of these
two chapters introduces the continuous time version of the benevolent planner prob-
lem. At a difference of Chap.?2, an explicit consideration is made of consumers’
preferences, and the savings rate is no longer constant, but rather, the consequence
of optimal decisions at each point in time. Optimality (Keynes—Ramsey) condition
and transversality conditions are characterized and interpreted in detail. Existence
and stability of a unique optimal path is shown, and a numerical exercise is presented

49 And hence, in which per-capita variables display zero growth.
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on the long-run effects of changes in structural parameters. Section 2 presents nu-
merical exercises related to the stability and convergence issues discussed in the
previous section, paying attention to the relevance of the different structural charac-
teristics of the economy in characterizing the transition path between steady-states.
A note of caution is raised about the right way to translate continuous time opti-
mization models into discrete time models. Section 3 show the equivalence between
the allocation of resources that emerges from the problem solved by the benevolent
planner and from the competitive equilibrium mechanism, showing the Pareto effi-
ciency of the latter. Section 4 describes the competitive equilibrium in an economy
with government, and introduces the intertemporal government budget constraint.
The so-called problem of the representative agent is introduced. Section 5 discusses
the potential inefficiency of the competitive equilibrium with government, and how
the inefficiency depends on the type of taxes used and their structure over time.
Section 6 is devoted to the Ricardian doctrine, that states the possible irrelevance
of the financing tools used by the government, showing that it may not hold under
some types of distortionary taxation. Chapter 4 considers the deterministic, discrete
time version of the model with and without government. We describe how to solve
this model paying special attention to the characterization of stability conditions.
Some fiscal policy issues are addressed, describing the way to evaluate the welfare
effects of policy changes. Some numerical exercises on characterizing short- and
long-term effects of policy changes are presented.

Numerical solution approaches are presented in Chap.5. The first part of the
chapter considers the stochastic optimal growth model of the previous chapter, with-
out taxes. After describing the special cases in which an analytical solution exists,
several solution methods are reviewed. The construction of linear and log-linear ap-
proximations is explained, and the different methods introduced: the Blanchard and
Kahn [10] approach, Uhlig’s [94] method of undetermined coefficients, the method
based on an eigenvalue-eigenvector decomposition, proposed by Sims [86], and nu-
merical exercises are presented that explain how to implement each of these so-
Iution methods and discuss some of the results obtained. The way to deal with
stability in each case is explained. The second part of the chapter describes the
implementation of the same methods to solve the stochastic optimal growth model
with different specification for taxes. Numerical exercises are presented to illustrate
the implementation of the methods and to discuss some policy issues. The chapter
closes with nonlinear solution methods like the Parameterized expectations method
by Marcet [62] and Projection methods. Analytical details of these methods are dis-
cussed in their application to some standard Growth models, and programs are again
provided to implement these methods.

Endogenous growth models are introduced in Chap. 6. The AK model is exam-
ined in detail, first in continuous time, in Sect. 6.1, and after that in its discrete
time version, in Sect. 6.2. The absence of transition, the existence of a balanced
growth path along which all per capita variables grow at the same constant rate,
and the inefficiency of the equilibrium mechanism, are shown. The specific char-
acteristics of dealing with stability in endogenous growth models are analyzed
in Sect.6.3. Section 6.4 shows how transitory policy interventions or structural



50 1 Introduction

changes in endogenous growth models have permanent effects. Section 6.5 is de-
voted to the analysis of dynamic Laffer curves, a possibility which is specific of
endogenous growth models, and a numerical exercise is presented to illustrate their
occurrence. Section 6.6 describes how to obtain numerical solutions to the stochas-
tic, discrete time version of the AK model, with a numerical exercise illustrating
the implementation of the solution method. Section 6.7 considers Barro [4] version
of the AK model that includes government expenditures and discusses their effects
on the long-run rate of growth of the economy. Section 6.8 introduces the Jones
and Manuelli [47] variant of the AK model that generates a non-trivial transition to
steady-state. The approach to obtain numerical solutions to this model is described.
Section 6.9 is devoted to the stochastic version of the Jones and Manuelli model,
describing the transitional dynamics, characterizing the stability conditions, and ex-
plaining how to compute numerical solutions, which is illustrated with a numerical
exercise.

Chapter 7 reviews some additional mechanisms by which endogenous growth
arises. We start in Sect. 7.2 with an economy without capital accumulation in which
technological progress shows up in the form of the number of varieties of pro-
ducer products, possibly differing in quality [Spence [89], Dixit and Stiglitz [31],
Ethier [33] and Romer [77,78]. Technological innovation in these models may lead
to either an increase in their number, or in their quality, so the innovation process is
key in this economy. These models can be seen to be equivalent to the AK model
for an appropriate parameter choice. In particular, except in specific versions of
these models there is no transition, per capita variables growing at a constant rate
at all points in time after any structural shock or policy intervention. After that, we
present in Sect. 7.3 an endogenous growth model by Barro and Sala-i-Martin [5] on
technological diffusion between two countries, one being a leader in innovation, as
in the model with varieties of producer products, the second one being a follower,
that adopts the innovations developed in the leading country. The economy of the
follower country displays a non-trivial transition to steady-state. A numerical exer-
cise is presented solving this model and the model of varieties of intermediate goods
in the previous section. We then move in Sect. 7.4 to a model economy with creative
destruction a la Schumpeter [82] following work by Aghion and Howitt [2] and
Howitt and Aghion [42], in which endogenous growth arises from improvement in
the quality of intermediate goods that is achieved through research and development
activities. This model incorporates accumulation of physical capital and displays a
nontrivial transition to steady-state. We close in Sect. 7.5 with a detailed discussion
of an important model by Uzawa [95] and Lucas [60], of a two-sector economy in
which human and physical capital accumulate over time, and where time devoted
to education plays an important role, so that the split of time among that devoted
to producing the final good, to education (i.e., to human capital accumulation) and
leisure is a crucial decision. We include different types of taxes and show that the
economy again exhibits a nontrivial transition, and it is an appropriate framework
to address interesting questions regarding fiscal policy. The competitive equilib-
rium is described in detail and the conditions characterizing steady-state are shown.
The steady-state is shown to take the form of a balanced growth path. A numerical
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exercise is presented to compute the steady-state effects of changes in tax rates. Sta-
bility conditions are characterized, and a method to compute numerical solutions to
the stochastic version of the model is presented, and its implementation is illustrated
in a numerical exercise. The potential indeterminacy in this model is shown, and a
solution approach is shown for such situation.

Chapter 8 introduces monetary exogenous growth models. The first part of
the chapter is devoted to a steady-state (long-run) analysis of monetary policy.
Section 8.2 describes the optimal monetary growth model of Sidrauski [84], the
steady-state is characterized and the possibilities for monetary policy implementa-
tions are analyzed. Special attention is paid to the necessary coordination between
fiscal and monetary policy that emerges from the characterization of the long-run
equilibrium. Section 8.3 characterizes the optimal steady-state rate of inflation and
the welfare cost of inflation. Section 8.4 analyzes two modelling issues: the differ-
ence between including either nominal or real debt in the model, and the timing
by which real balances enter as an argument into the utility function of the repre-
sentative consumer. A numerical exercise is presented to illustrate these two issues.
Section 8.5 considers monetary policy in the presence of consumption and income
taxes. The steady-state is characterized, and a numerical exercise is performed to
compute steady-state values for the main variables under alternative policy choices.
Fiscal policy is shown not to be neutral. The coordination between fiscal and mon-
etary policy is again discussed. Section 8.6 considers monetary policy under an en-
dogenous labor supply. The possible nonneutrality of monetary policy in different
setups is discussed. A numerical exercise is presented, with calculation of the opti-
mal rate of inflation and analyzing the validity of Friedman’s rule on the optimality
of a zero nominal rate of interest. Section 8.7 considers monetary policy under en-
dogenous labor and distortionary taxation. The Ramsey problem is specified and
first order analytical conditions are obtained.

Chapter 9 is devoted to the analysis of the transitional dynamics in monetary
growth economies. Section 9.1 characterizes the transitional dynamics, the class of
feasible monetary policies, and the short- and long-run neutrality of monetary pol-
icy. Section 9.2 analyzes the potential instability of the stock of public debt, and
describes a standard way to impose stability by linking the level of lump-sum trans-
fers to consumers to the stock of public debt outstanding each period. Section 9.3
describes the deterministic, discrete-time version of Sidrauski’s monetary model
under two possibilities, when the monetary authority uses either the nominal rate of
interest or the rate of growth of money supply as a control variable. The potential
indeterminacy of the price level is discussed. The two alternative policy designs are
analyzed in detail in Sects. 9.4 and 9.5. The numerical solution approach for each
case is presented. Section 9.6 discusses the results of some numerical exercises on
the transitional effects of monetary policy interventions. A full model incorporating
money and debt issuing as well as different types of taxes is used to analyze the
effects of different policy interventions. Sudden and gradual changes in the rate of
growth of money supply are shown to have different effects. Section 9.7 introduces
the stochastic version of the monetary growth model. Sections 9.8 and 9.9 con-
sider alternative policy choices, with the monetary authority using either nominal
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interest rates or money supply growth as control variable for the implementation
of monetary policy. The indeterminacy of the price level under a policy of con-
trolling nominal interest rates is again shown. When controlling nominal rates, the
monetary authority is assumed to follow a Taylor’s rule to implement policy, with
different weights assigned to output, inflation, and past interest rates. Numerical ex-
ercises are presented to illustrate the implementation of the solution methods in both
cases. The chapter closes with a discussion of a New Keynesian monetarist model,
of the type which are increasingly being used as one of the reference models in most
central banks around the world. These models are characterized by the existence of
some monopoly power in some firms, as well as some price frictions. We describe
in detail the theoretical foundations and analytically characterize the equilibrium
conditions. After that, we present the application of the numerical solution methods
introduced in the book to the solution of this model, which allow for the analysis of
effects of different policy interventions.



Chapter 2

The Neoclassical Growth Model
Under a Constant Savings Rate

2.1 Introduction

We present in this chapter the first growth model, introduced almost simultaneously
by R.Solow and S.Swan in two different papers published in 1956. In fact, as we will
see, the assumptions embedded in this model imply that, in the long run, and in the
absence of technological growth, economies do not grow in per-capita terms. The
possibility of aggregate growth arises only from either population growth or growth
in factor productivity. Since neither factor is supposed to depend on the decisions
of economic agents, this is known as an exogenous growth model. There are model
economies for which there are steady-states with constant, non-zero growth rates
determined by some decisions made by economic agents, like the level of education,
or by some policy choices, like a given tax rate. These are known as endogenous
growth models and will be studied in later chapters.

Per capita income, the most obvious indicator of the state of a given economy,
displays two different characteristics in most developed countries: (a) it increases
over time, and (b) it experiences cyclical fluctuations around its long-term trend over
relatively short periods of time. The Solow—Swan model focuses on explaining the
first characteristic, long-term growth, even though, as we have already mentioned,
the long-run equilibrium growth rate will be zero unless some conditions are met.
Even in versions of the Solow—Swan model implying zero long-run growth, the
economy will experience non-zero rates of change in the capital stock per worker or
in the level of per-capita income over short periods of time, called transition periods.
To characterize general conditions under which an economy may display non-zero
long-term growth is the goal of the next section.

A stochastic version of growth models is needed if we want the model to re-
produce the statistical characteristics of business cyclical fluctuations in actual
economies. We will also consider a stochastic version of the Solow—Swan growth
model, even though this will still be too simple a model to explain many interesting
empirical observations.

A. Novales et al., Economic Growth: Theory and Numerical Solution Methods, 53
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2.2 Returns to Scale and Sustained Growth

We start by discussing an important fact: the returns displayed by productive factors
in the available aggregate technology will condition the possibilities for the econ-
omy to display sustained long-run growth. This initial discussion is of a general
nature, although it is made under a set of assumptions defining the Solow—Swan
model, to which it applies as a special case.

Assumption 1: The relationship between total output Y;, and the two production
inputs, the stock of physical capital K;, and labour L,, at the aggregate level of the
economy, can be interpreted as coming from a Cobb—Douglas technology,

Y; :AKPL?, a>ﬁ ZO,

with unrestricted numerical values for the elasticities of the production factors, ex-
cept that they must be non-negative. A denotes a production scale factor, which af-
fects the productivity of both factors. Changes in A will shift the production frontier.
Physical capital tends to accumulate over time through investment. Gross investment
I; has two components: (a) net investment, defined as the variation in the stock of
capital, K;, and (b) the loss by depreciation D;:

Gross Investment =1, = K, + D;. 2.1)

In the absence of depreciation, the change in capital would be equal to invest-
ment. Under positive depreciation, net investment may be positive, or negative,
when investment is not enough to replace the loss by depreciation.

Assumption 2: The rate of depreciation of physical capital is constant, , so that:
D, = §K,.

Assumption 3: Each worker has a unit of time available each period that is sup-
plied inelastically in the labor market. This allows us to identify the number of
workers and the supply of labor each period.

Assumption 4: We assume that there is full employment in the economy, so that
employment, L;, and labor supply, V,, coincide. These first two assumptions allow
us to use in what follows total population, N;, as an input in the production function
and write the technology in terms of per capita variables or per-worker variables,

Y, K\P _ _
LA (’) NEHPL a B>0 = y, = ARPNEPL (2.2)
N, N,

where y; = %’,,k, = % denote per capita income and physical capital. As we will
see, the capital-labor ratio k; is the key variable determining the evolution over time
of this economy.

Assumption 5: There is no government in the economy, which is supposed to be
closed to financial or commodity trading with other countries, which implies that
aggregate savings and investment are equal to each other every period, S; = I;, Vt.
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Assumption 6: Additionally, and this is a significant restriction, we assume sav-
ings to evolve over time as a constant fraction s of output,

Savings = S; = sY;.

Using Assumption 5 and 6 in (2.1) and dividing by N,, and using (2.2), we have,
_ K s B netB
Syr = ﬁ —+ 6kt = SAk, NZ‘ . (23)
t

Assumption 7: We assume that labor force and employment (which are equal to
each other at each point in time, by Assumption 2) grow at a constant rate of n,

N[ == N()em.

We can now use these assumptions to obtain some properties of Growth models.
Taking derivatives with respect to time in the definition of k;, we have,
. K, NK K
== — =5t == —nk,. (2.4)
N N Ny

From equations (2.3) and (2.4), we get,
fy = sAKPN* P (0 + )k,

and, dividing by k; we obtain the growth rate of the per-worker stock of physical
capital, ¥, :

i _ B
Y = - = AP TINSTPT _(n 1 8), (2.5)

which will change over time with population and with the level of the capital-labor
ratio. We also have,
+(n+6 _ _
Y, ( ):kf} 1Nta+ﬁ I
SA
Taking logs, we get,

(Yk,+(n+5)
In{ ————

A )z(ﬁ—])lnkt+(a+[3—l)lnM, (2.6)

and taking derivatives with respect to time ¢, we have,

Y,

M ks
Yk, + (l’l+6)

:(ﬁ_l)k,+(a+ﬁ_l)n7 (2.7)

where we have used Assumption 7 to imply: % =n.
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We are particularly interested in characterizing a possible state of the economy
in which the growth rate of per capita variables' can be maintained constant forever.
In such a situation, which we will later define more precisely as steady-state, the left
hand side at (2.6) would be constant. Notice that it is not the levels, but the growth
rates of variables like k; and y,, that remain constant in steady-state. We will denote

them by 7, %y,
Evaluating (2.7) at such steady-state, we get,

0=(B— 1)1, +(@+B—1)n, 2.8)

a condition that any possible steady-state will have to fulfill. It is important to bear
in mind that at this point we have not shown existence of such a steady-state, and
much less its possible uniqueness. We have only shown that (2.8) is a necessary
condition for a steady-state to exist.
We now take logs in (2.3), an expression which is valid at any point in time, to
et,
¢ Ins+Iny, =In(sA) + B Ink, + (¢ + B — 1)InN,,

where Ins is constant. That taking derivatives with respect to time,

j k
%: kl+(a+[3—1)n = %, =Bv, +(a+B—1)n,
t t

so that, in steady-state,
Yy = BYi, + (0 +B —1)n, (2.9)

which describes the relationship between the growth rates of per capita income and
physical capital in a steady-state.

To obtain the relationship with the rate of growth of consumption, we use the
global constraint of resources of the economy to show the proportionality between
per capita consumption and output:

Cf"‘Sl :Y[ :>C[+SY[ :Y[ :>C[/N[ = (1—S)Y[/N[ :>Ct = (I—S)yt,

which implies that both variable grow at the same rate: 7. =7, .

Let us now consider some possibilities:

Case 1: Economy with decreasing returns to scale in each production factor, but
constant returns to scale on the aggregate,

Y, =AKPLY, 0<a,B<1, a+B=1,
In this case, the second term at (2.8) is zero, so that,

0=(B—1)v,>

! In fact, a steady-state is defined by constant rates of growth of appropriately chosen ratios of vari-
ables. In this introductory discussion, it is convenient to define it in terms of per capita variables,
although in a later section of this same chapter we need to define it differently.
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and since B < 1, we will necessarily have,

Vi, =0

Hence, if there is any steady state, it will necessarily have to display a zero growth
rate for the stock of physical capital per worker. As a consequence of the previous
relationships between growth rates, in such an economy all per-capita variables will
remain constant in such a steady-state. The constant returns to scale assumption,
together with y, = 0, imply in (2.9) that per-capita income does not grow in steady-
state, i.e., ¥y =0 and, as a consequence, Y., = 0. Even though the steady-state
condition only allows for a zero steady-state growth rate, that could still be obtained
for different levels of per capita variables (kyy, cyy,Vss), leading to multiple steady-
states.

Figure 2.1 shows the values of the growth rate of the capital-labor ratio, by
illustrating the two functions involved in (2.5). The gap between the two curves
provides the growth rate of the capital-labor ratio, which will be positive to the left
of the crossing point, kg, and negative to the right of it. That intersection charac-
terizes the steady-state level of the capital-labor ratio. A monotonically decreasing
marginal productivity of capital implies uniqueness of that steady-state ratio. To the
left of k the k;-ratio will increase, with growth being higher the farther away to the
left is the level of k;. Something similar can be said about the decrease in &; to the
right of k.

In fact, this graph shows the existence and uniqueness of a zero-growth steady-
state in an economy with the assumptions described above. It is particularly impor-
tant that we have assumed a constant returns to scale production technology together
with diminishing returns on the cumulative input, the stock of capital. The graph also
illustrates the stability of such steady-state, since the economy will converge to it
from any position above or below the steady-state capital-labor ratio.

o+B=1;a,Be(0, 1);

AR B k _
sdk, yklzTI’:s%;f(n+5):sAktﬁ 1 (n+8)

’Yk, > OI
n+o

Fig. 2.1 Growth rate of capital-labor ratio: Cobb Douglas technology with constant returns to scale
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Fig. 2.2 Growth rate of capital-labor ratio: Unit elasticity in cumulative factor

This analysis might suggest that it is not possible to obtain positive growth in
steady-state if the technology is of the constant returns to scale type. The next case
shows that the opposite is true.

Case 2: Let us now consider constant returns to scale in the aggregate, oo+ = 1,
as well as in the cumulative factor, physical capital, B = 1. We then have o = 0, and
a linear technology,

Y, = AK;,

usually known as an AK-technology, which will be studied in detail in Chap. 5.
The second term in (2.8) again becomes zero but, since f§ = 1, it is possible to
find steady-state situations with 7, > 0 (actually, with y, ~# 0) as it can be seen
in Fig.2.2. Notice again that this argument does not show existence of a non-zero
growth steady-state, but only that such a state is possible.

As we will see in later chapters, a linear technology like this one can generate
endogenous growth. A possible interpretation of this structural feature comes by
considering a second cumulative productive factor, human capital,

Y, =AKPH P,
where H; is a variable including the quality as well as the quantity of labor, i.e., not
only the number of workers, but their education level, work experience, and so on.
If the two types of capital are assumed to be perfect substitutes, then we would end
up with an AK-technology?.

This second case has not considered labor as a second input different from phys-
ical capital. In the next case we show the possibility of positive steady-state growth
in the presence of both inputs: physical capital and labor.

Case 3: Let us consider constant returns to scale in the cumulative factor, § = 1,
and non-zero returns in the labor factor, @ > 0, so that we have increasing returns to
scale in the aggregate. As shown by (2.7), under these assumptions, steady-state will

2 See Barro and Sala-i-Martin [6], Chap. 4.
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only be possible in an economy without population growth, n = 0. The second term
in (2.8) then again disappears and, since 8 = 1, there is the possibility of non-zero
growth steady-states, although we cannot prove their existence on general grounds.

An (unproven) general message of this section is that to produce non-zero long-
run growth it is necessary to have either constant or increasing returns to scale in
the cumulative inputs. Although in this section we have just considered one type
of capital, there are interesting models including physical as well as human capital,
both accumulating over time. The condition there is that the elasticities of the two
capital inputs add up to at least 1, as we already saw in our interpretation of the
AK-technology in Case 2.

2.3 The Neoclassical Growth Model of Solow and Swan

This model, introduced by Solow [88]) and Swan [91], describes the time evolution
of an economy in which there is growth from some initial, known conditions. The
model incorporates the assumptions introduced in the previous section, in a case
of decreasing returns in physical capital, but constant returns to scale on the ag-
gregate. As shown in Case | above, this economy has a single, stable zero-growth
steady-state.

Hence, we consider in this chapter a closed economy, without government, so
that savings and investment are equal to each other every period, S; = I;. Firms use
physical capital and labor to produce the single consumption commodity, which can
either be consumed or accumulated in the form of physical capital. Output is only
used as consumption or investment, since there is no public consumption or any
exchange with the foreign sector. Physical capital depreciates at a constant rate J.
Consumers are endowed with a unit of time which supply inelastically in the labor
market.? Population N, grows over time at a constant rate n, so that from an initial
population Ny we have, N, = Nye™ . Prices and salaries are fully flexible, so that the
economy is always in a state of full employment. The full employment assumption,
together with eliminating any age structure in the population,* makes the labor force
and employment to be equal to each other at each point in time so that we will also
have, L, = Lye™, which implies I, = nL,. When incorporating to the labor force,
each consumer/worker receives an amount of physical capital equal to that owned
by each person already in the labor force.

Aggregate savings are a constant proportion of income each period, S; = sY; or,
in per capita terms, s; = sy;. There is no reason to believe that this should be an op-
timal behavior on the part of consumers. In fact, we do not consider any optimizing
behavior on the part of economic agents or government in the Solow—Swan model
s0, the analysis is more positive than normative in character. In the next chapter, we
analyze a model where consumption/savings decisions are taken optimally.

3 That would be the case, for instance, if leisure does not enter as an argument in their utility
function, which we will not specify in this Chapter.

4 Consumers are able to work from the moment they are born.
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2.3.1 Description of the Model

2.3.1.1 Technology

We assume that at the aggregate level, the available technology can be represented
by a first-degree homogeneous production function ¥ = F(K;,N;). As explained
above, we identify employment with total population. Derivatives are: Fk,, Fy,,
Fx,n, > 0, Fy,n,, Fxx, < 0 and the Hessian is negative definite, so that F is con-
cave. We further assume: F(K;,0) = F(0,N,) = 0, so that we cannot produce any-
thing without using positive amounts of the two inputs, and %,iinoFK’ = l\lf,iinoFN’ = oo,
lim Fx, = A}im Fy, = 0. These are usually known as Inada conditions.
00

K;—o0

The more restrictive aspect of this technology is the existence of decreasing re-
turns to scale in each input, which, as we saw in Case 1 in the previous section,
precludes the possibility of positive steady-state growth. The aggregate constant re-
turns to scale assumption allows us to write,

Y, = F(Kt,Nz) :NIF(KI/NN 1) :Ntf(kz)a (2.10)

where k; = K; /N, denotes the per capita stock of productive capital or capital-labor
ratio, and f(k;) = F(K;/N;,1). The assumptions on F imply: f’(k;) >0, f" (k) <0,
f(0)=0, klirr%)f’ = oo,klim f=0.

t‘?

00
The capital-labor ratio determines output produced per worker ¥; /N, and hence,
income per worker, so it is reasonable to expect that consumption will also be de-
termined by this capital-labor ratio, which is the key variable in this economy.
The marginal productivity for each input is related to the derivatives of f(k;).
First, taking derivatives with respect to K;,

ok 1
Fy, :Ntf/(kt)TKt :N’f/(k’)ﬁt :f,(kt) >0, (2.11)
where subindices denote partial derivatives. On the other hand, taking derivatives at
(2.10) with respect to N; we get,

Fy, = f(ke) +Nof (k;) (;Vf’) = flk) —kef! (k). (2.12)

t

Even though it is not implied by the properties of f(k;), the marginal product
of labor must also be positive: f(k;) — k. f/ (k) > 0 since otherwise, it would be in
the benefit of the firm to reduce employment. Finally, it is simple to check that the
concavity of f(k;) is implied by that of F.

A particular technology satisfying the assumptions above is a Cobb—Douglas
production function,

F(K;,N;) = AK*N!~% with 0 < a < 1,
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where A>0 indicates the level of technology. Aggregate output can be written,

Y, = AK*N!~% = ANk, (2.13)
so we are in the setup above, with f(k;) = Ak®. Per-capita output is in this case,

Y,
= —=Ak* O<a<l.
i N, '
Marginal factor productivity for both factors is positive under this technology,
Fx, = f'(k) = Aak® " >0,
Fy, = f(k) =k f] (k) = AK* =k Aak® ™" = (1 — ) AK* > 0.

2.3.2 The Dynamics of the Economy

In this simple economy, output (or, equivalently, income) is used either as consump-
tion or in the form of gross investment. The later is used in part to compensate for
depreciated capital, and also as net additions to the stock of capital,

) . dK, . .
Net investment = K; = d—tt = Gross investment — Depreciation

=1L —D,=1—-96K,
where we have used the assumption on a constant rate 0 of physical capital depre-
ciation, independent of the stock of capital, D; = 8K;.
So, we have the global constraint of resources:
VY=G+L=( +Kt +6K17

that is,
Kt == F(Kt,Nt) _Ct - 6Kt

Dividing by employment,

K _F(K.N) G

K,
- SR (k) — ¢, — Sk
N, N, N, O, = ) == Ok,

and, taking into account that

we obtain, .
f(kt) =C,+k,+(n—|—5)k,, (214)
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the identity that describes the uses of income, in per-capita terms: each worker’s
output is used in part as consumption and as a net addition to the stock of capital,
which may be positive or negative. The rest reflects the need to recover the capital
lost by depreciation, as well as to provide each new worker with the same units of
capital associated to each old worker. The number of workers grows at a rate n,
and population growth acts as some sort of depreciation. In fact, it is impossible to
disentangle in this model the effects of d and n.
Since G, = (1 —s)Y;, we can divide by N, to obtain, in per capita terms,

= (1 7S)f(kl)a

and finally, .
ki =sf(k)— (n+0)k, (2.15)

which is the law of motion of the economy, showing how the stock of capital per
worker increases in those periods in which savings sf (k;) exceeds from capital de-
preciation (8 +n) k;.

2.3.2.1 Technological Growth

Maintaining the above assumptions on savings, capital formation, population
sgrowth and full employment, let us now consider the possibility that there is
exogenous technological growth, in the form of a variable productivity factor I7,
that grows at a constant rate y:

We assume now that the available technology can be represented by an aggre-
gate production function ¥; = F(K;,I;NV;), with Fx,, Fr,n, > 0, second derivatives:
Fx,.rov, > 0, ooy, v, <0, Fg, x, < 0 and a negative definite Hessian, so that F is
concave. Additionally, F(K;,0) = F(0,I;N,) = 0, so that we cannot produce any-
thing without using positive amounts of the two inputs, and 1},ir—>noFK‘ = l“lim oFF‘ N, =

Ne—

0, lim FK, = lim F[‘[N[ =0.

1 —00 I'yN;—o0
Introduced tthits way, technological progress, represented by I7; is said to be of
the labor-saving type, because as I'; grows, we will be able to produce a given
output with a lower amount of the labour input.’ The second input in the production
function, IV, is then known as effective labor. The more restrictive aspect of this
technology is again the existence of decreasing returns to scale in each input, which
precludes the possibility of positive steady-state growth.

3 It is also sometimes known as neutral in the sense defined by Harrod.
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The aggregate constant returns to scale assumption allows us to write,

K,
Y, = F(K,TiN;) = DN F (FN 1) =N f (ky), (2.16)
vt

where k;, = %{,l denotes now the stock of capital per unit of effective labor, and

flk)=F (%, ). The main variables in the economy can be represented in terms
of this ratio. For instance, from the last equation, we have output per unit of effective

labor:®
Y,

"N

An example of such a production function is, F(K;,I,N;) = AK¥(I',N,)! =%, with
output:

Vi = f(ke).

Y, = AK*(T\N;)' =% = AT N,k* = T,N, f (k;)
with 0 < @ < 1 and f (k) = Ak?,
so that, output per unit of effective labor is,

Y
LN,

Vr =AkY, 0<a<l1.

Marginal productivity for each input is again related to the derivatives of f(k;).
First, taking derivatives in (2.16) with respect to K,

ok,

/ 1 o
ok =T (k) —— = f'(k;) > 0.

FK, = FtNtf/(kt) TN,
IVt

On the other hand, taking derivatives in (2.16) with respect to N; we get,

71—‘th
(T:N;)?

Output is again either consumed or used as gross investment, and we have the
same global constraint of resources as before,

Fy, =T, f (ki) +TeN,f (ki) ( > =T [f (k) = ke f'(ks)] -

Y, =C+1I =C+K, + 8K,

that is,
K[ - F(KZ,FIN[) _Cl - SK[.

6 The argument in Sect. 2.2, suggests that, under our maintained assumption of decreasing returns
to scale, the ratios of physical capital and output per unit of effective labour will experience zero
growth in steady-state. In turn, that would imply that per-capita variables like % or % =T, f(k)
will grow in steady-state at a rate ¥,. These results are shown in the next section.
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Dividing by the number of effective units of labor, we have,

K _F(K.TN) G
FIM FI‘Nt FtNt

K o
Sl'}Nt_f(kl) ¢ — Ok,

where we have used the fact that the homogeneity of degree one of F(.,.) allows us

.. F(K,TIN, K, LN, K -
to write: % =F(g{ tn) = F(va,,v 1) = f(k;). We denote consumption

per unit of effective labor by ¢, = chvt . Taking into account that

. Kt FtNt FtNt Kl‘
= My ey R k
A v S WA R

we get, )

the identity that explores the uses of income, in per-capita terms: each worker’s
output is used in part as consumption and net additions to the stock of capital. The
rest reflects the need to recover the capital lost by depreciation, as well as the need to
provide to each new worker with the same capital per units of effective labor owned
by each old worker. The number of workers grows at a rate n, while the general
level of productivity grows at a rate y. Again in this model, population growth acts
as some sort of depreciation.
Finally,
Y=C+1L=C+S =C +sY,

so that, C; = (1 — )Y, and, dividing through by I';N; we get, in effective units of
labor,

e =(1—s)flk), (2.18)

and

which is the law of motion of the economy, showing how the stock of capital per
unit of effective labor increases in those periods in which per capita savings s f(k;)
exceeds total capital depreciation (n+ 0 + 7) k.

2.3.3 Steady-State

Definition 1. In an exogenous growth economy, a steady-state is a vector of values
for the rates of growth of the main variables (physical capital, output and consump-
tion) in units of effective labor, that if it is ever reached, it can be maintained constant
forever.

A steady-state is often referred to as a long-run equilibrium, because of the char-
acteristic of having a constant rate of growth for appropriately defined variables.
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Let us consider again the economy’s law of motion (2.19), from which the growth
rate of capital can be written,

ke flk)
Ay

—(n+8+7). (2.20)

In steady state, ¥y, must be constant, so that ! Sf’) must also be constant. Its time

derivative is,

S (k) .
A5 erw- sk
dt k; k; in steady state '

Since k; f'(k;) — f(k;) is the negative of the marginal product of labor, which
we assumed to be positive, then we will have in steady state % = 0, which implies

k, = 0, and the stock of capital per unit of effective labor will remain constant in
steady-state. That, in turn, implies that the stock of productive capital per worker
will grow at a rate . To see the relationship between the growth rates of income and

capital, notice that,
Y, K K T
l :F (rarl‘> = JF <13t) )
N[ NI Nl KZ/N[

and, since k; = % is constant in steady-state, output and capital will grow at the
same rate. In units of effective labor, these variables grow at a zero rate, while in
per capita units they grow at a rate y. In aggregate terms, they grow at a rate n+ 7.
Since consumption is proportional to income, consumption per-capita will also grow
at a rate ¥, while remaining constant in steady-state in units of effective labor. Even
though per-capita variables experience growth in steady-state, since the common
growth rate, 7, is exogenous to the model, we say this is an exogenous growth model.

Summarizing, steady state is characterized in this economy by k; = 0 so that,
from (2.19), steady state levels of k; are solutions to,

sf(kgs) — (n+8+V)kgy =0, (2.21)

which defines the value of the stock of capital per unit of effective labor in steady
state, k5. The properties of the solution to this equation like its existence and unique-
ness, or the way how it is affected by structural parameters, depend on the specific
production function assumed. Figure 2.3a shows the possibility of multiple steady-
states. The upper graph presents them by the intersection between the sf (kss) curve
and the (n+ 8 + 7)k, straight line. The lower graph displays the associated time
derivatives of the stock of capital per unit of effective labor, as defined by (2.19).
However, for standard production functions satisfying the Inada conditions above,
(2.21) will have a single non-zero solution, the steady state then being uniquely de-
fined [Fig. 2.3b]. The stock of capital increases to the left of the steady-state, while
decreasing to the right of it.
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sfik,) [Multiplicity of steady states] k) Uniqueness of steady state ‘
4k ;
(n+0+7)k, (\(n+8+y)k, (n+8+7)k, 4(/nt§+7)k,
sftko) Sf(kr)

kg () k,

k,>0 k,<0

(a) (b)
Fig. 2.3

Figure 2.3b shows how kg, = 0 is another steady-state. It solves equation (2.21)
because f(0) = 0. At that point, there is zero physical capital, so production is zero
and consumption is also zero. There can be no investment, and savings will be zero
no matter what the savings rate is, since there are no resources. The economy never
leaves this situation, although it has no economic interest.

As an example, let us consider again the Cobb-Douglas production technology
Y, = F (K;,T;N,) = AK*(T';N,)! ~*,0 < & < 1, which can also be represented: y, =
Ak¥, 0 < o < 1. Steady state is then characterized by,

SAK% = (n+ 8 + ) kss-

The single solution’ to that equation is,

1
SA o
k= [ —2 ), 222

’ (n+5+7> ( )

so that the steady-state level of physical capital, in units of efficient labor is higher
for higher values of the constant savings rate, while being lower for higher values of
either the rate of population growth, the depreciation rate of physical capital, or the
rate of growth of productivity. It is also higher the higher the value of the elasticity
of physical capital in the production function representing the aggregate technology.

A higher savings rate allows for a more important capital accumulation, leading
to a higher stock of physical capital. On the other hand, a higher rate of depreciation
detracts more resources from net capital accumulation. Higher population requires
more resources to be devoted to provide newborn consumers with the same stock of

7 The equation has another root: ks = 0. This would be a steady-state with zero capital, output and
consumption.
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physical capital as the already existing consumers. Since we are working with vari-
ables in terms of efficient units of labor, technological growth enters the model sym-
metrically with population growth, so the dependence of steady-state levels with re-
spect to this variable is also negative. Finally, a higher elasticity of physical capital
creates a higher incentive for capital accumulation, leading to a higher steady-state
level of physical capital.

Output is increasing on the level of physical capital, so that the steady-state levels
of output and consumption, in efficient units of labor, y, css, Will also depend on
the values of structural parameters, s,7, 0, Y, o as described for ky. The reader must
be careful not to use the (2.18) representation to extrapolate a similar dependence
of consumption on the values of structural parameters, because of the presence of
the savings rate in that expression. We will get back to this issue in Sect. 2.3.8.

Figure 2.4 shows the dependence of the steady-state on the level of the constant
savings rate. An increase in savings rate will raise the slope of the sf(k;)-curve,
which will intersect the straight line to the right of the current steady-state. So, the
stock of capital per unit of efficient labor will rise and so will do income, investment
and consumption. The Figure shows that there is a limit to such a process. When
s =1, the sf(k;)-curve coincides with the production function f(k;), and we have
what is known as the subsistence steady-state, IAc, that in which

f(k)=(n+5+y)k

In the subsistence steady-state, so much physical capital has been accumulated,
that all output is needed to replace what is lost to physical depreciation as well as
to provide new workers with the same stock of physical capital than older workers.
There are no resources left for consumption, which is hence equal to zero. Each
value of the constant savings rate between 0 and 1 is associated with a steady-state
level of capital per unit of labor between 0 and k . Situations with ks > k are not
sustainable as steady states, since they would imply negative consumption.

A (n+8+7)k
S(k) Sk)
(n+8+7)k y i
k) Cos (9, 0
b (4 34 ()= U (5))
1y a .
kyy(5=0)=0 Kssls) ky(s=1)=k

Fig. 2.4 Steady-state as a function of savings rate
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2.3.4 The Transition Towards Steady-State

Outside the steady-state the growth rate of the economy is not constant but, rather,
it behaves according to (2.20), changing with the level of k,. We call transition the
process that unfolds from the starting situation, with a capital stock of ko, towards
the steady-state level.

The first term in that expression, sf (k) /k;, is a continuous, decreasing function
of k; which starts at infinity for k&, = 0, converging to zero for k; = o, as can easily
be seen by taking limits.The second term is a constant, represented by a horizontal
straight line in Fig.2.5. Hence, there is some single value of the capital stock for
which sf (k) /kss = 8 +n+y and so, ¥, = 0. The point at which the growth rate
of capital per unit of effective labor becomes zero is the single steady-state of the
economy, k. Since the growth rate 7y, becomes positive for any stock of capital
below the steady-state level, and negative for any capital stock above steady-state,
the model implies a monotonic convergence to steady-state so, the steady-state is
globally stable.

The gap in Fig. 2.5 between the two lines is precisely the growth rate ¥, , which
can be seen to reduce in size as the economy approaches steady-state from either
side. As pointed out in Barro and Sala-i-Martin [6], when k; is relatively low, the
average product of capital, f(k;)/k,, is relatively large, due to the law of diminish-
ing returns. Since consumers save a constant proportion of that product, gross in-
vestment per unit of capital, sf (k) /k;, which is proportional to the average product
of capital, will also be large. With a constant depreciation rate, that will make ky /k
to be relatively high, and the opposite happens for high levels of k;. Analytically,
changes in ¥, as the stock of capital changes are given by,

0 k (k) —
Y — of (k) — f (ki) <0,
ok, K2
which is negative, since the numerator is equal to minus the marginal product of
labor.

o+B=1;0,Be (0,1);
sAk ! _k_
=——=s5
th kr kr

— (n+8)=sAKP 1= (n+8)

%,>0 I

n+d
%, <0

t

v

Fig. 2.5 Steady-state determination under Cobb-Douglas technology



2.3 The Neoclassical Growth Model of Solow and Swan 69

2.3.5 The Duration of the Transition to Steady-State

To have an idea of how fast the economy approaches steady-state, we focus on
analyzing k; rather than 7, . If we construct the linear approximation of the law of
motion for capital around steady-state, we get,

ki ~ [sf(kss) = (8 +n+7y)ks] + [Sf,(kss) —(0+n+ Y)] (ky — kss)

(8 +n+7) ksssf (k)
Sf(ksx)

= (otk(kss) = 1) (8 +n+7) (ke —kss) ,

—(6+I’l—|—)/) (kt_kss)

where to obtain the first equality, we have used the fact that, in steady-state s f (k) =

(8 +n+17) kss and where we have defined the elasticity of output with respect to the

stock of capital,

ke f' (kt)
f (k)

Under constant returns to scale, o (k;) is also physical capital’s share in income
distribution. In the Cobb—Douglas production function, o (k;) = ¢, constant. Bor-
rowing from competitive equilibrium ideas, capital would be rented by firms at a
price equal to its marginal product, and oy (k;) would the proportion of output that
would be devoted to pay back to the owners of capital.

Changes in k; will then be explained by,

kt:—(l_ak(kss))(6+n+y) (kl_kss) (223)

which depends negatively on the distance to steady-state k. Hence, the stock of
capital per unit of effective labor changes faster initially, when the economy is far
from steady state, moving more gradually as the economy approaches its steady-
state.

The solution to the differential equation (2.23) is,

(k) = €(0,1).

ki — kgg = e~ 1= OUs))O+MNE (o ey — e7H (kg — k) (2.24)

with i = (1 — ot (kss)) (8 +n+ 7). For instance, if we assume that oy (kss) = 1/3,
and n+ 6 + 7= 6%, then U = 4%, so that 4% of the difference between k; and kj; is
closed each period. Half of the initial distance to steady-state would then be closed
after 17 periods.

2.3.6 The Growth Rate of Output and Consumption

Because of the global stability of the Solow—Swan model, the model predicts that
any economy is either at steady-state, or converging to it. We consider in this section
an economy outside steady-state. Because of the global stability of the model, that

8 Notice that this is a result on absolute changes in the stock of capital per unit of effective labor,
while the result above was on its rate of growth.
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economy will be in a transition phase towards steady-state. Along the transition, the
behavior of output is characterized by,

oy Fk), Pk
Vi f k) ' f(k)

As an example, if the aggregate technology is of the Cobb—Douglas type, then
capital’s share is otx(k;) = o, and, along the transition,

ke = Y, = (ki) Yy, - (2.25)

Yt

Y, = 0%,

the growth rates of income and capital behave similarly, decreasing in magnitude as
the economy approaches steady-state.
More generally, we can use (2.20) for y; in (2.25) to get,

Yy, = 8f (ki) = (n+8+7) o (ki) ,

so that,
ayyt ki )k B (n+8+7) f (k)
ok flk) F(ke)

and since 0< oy (k;) < 1, then a” < 0 at those points at which ¥, > 0. If, on the

(1 —o(k)),

contrary, ¥y,

the steady-state, ¥, will be small, and ;;3’ < 0. This means that if the economy

starts with a capital stock below kg, both, k; and y; will increase, but the rate of
growth of income per unit of effective labor, ¥, , will fall down as we approach
steady state, as it is the case with ¥, . If, on the contrary, the initial stock of capital is
above kg, then k; and y; will decrease, but we cannot say anything in general about
the behavior of 7y, . However, once we get close enough to steady-state, ¥, will
gradually increase as the stock of capital keeps falling towards kg. It may surprise
to see that the rate of growth of y; is increasing in spite of the fact that the stock
of capital is falling down to kg, but it is a negative rate of growth. So, what we
have is that as the stock of capital falls down towards steady-state, income per unit
of effective labor is falling towards the new steady-state at a decreasing rate. For a
relatively high k;, depreciation is so high that savings and investment are not enough
to replace depreciation and hence, the stock of capital decreases and output falls. As
the stock of capital decreases from its initially high level, less resources need to be
devoted to compensate for depreciation, and income per unit of effective labor falls
by a lesser amount, until it stabilizes in its new sustainable steady-state.

On the other hand, since the maintained assumption of this model is,

Ct = (1 _S)yta

then,
Yoo = Vy,o VI,
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at any point outside the steady-state. Growth rates of per-capita variables will be
equal to the growth rates calculated in this section added by 7y, while growth rates
for economy-wide aggregates will be the previous ones added by n.

2.3.7 Convergence in the Neoclassical Model

We have so far analyzed the implications of the neoclassical growth model on the
evolution of a specific economy. We have characterized the existence of a single
steady-state or long-run equilibrium and its dependence on the values of some
structural parameters. But the previous discussion has also implications on the
comparative evolution of economies from different countries, so long as these can
be assumed to fulfill the assumptions characterizing the Solow—Swan model. We
are particularly interested on possible implications on whether any two different
economies will tend to be more similar to each other over time or rather, differences
between them will tend to increase.

We say that two economies converge in absolute terms if, starting from a different
initial situation in terms of the endowment of physical capital per unit of effective
labor, ko,k(’), and, hence, in terms of their levels of income per unit of effective la-
bor, the difference between them narrows over time. Let us consider two economies
sharing the same values of the structural parameters, s,7,d, v, but differing in their
initial stocks of capital. The long-run equilibrium (steady-state) levels of physical
capital, consumption and income per unit of efficient labor will be the same in both
economies. Let us assume that one of them, the poor economy, has an initial capital
stock kg lower than that of the rich economy, k;. Figure 2.6, that presents the deter-
mination of both growth rates, shows that the growth rate of the poor economy will
be higher than that of the rich economy, so that the respective stocks of capital and,

sflk) ke, A Absolute Convergence

P r
Y~ Vr,

n+d+y

v

Fig. 2.6
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hence, the levels of output (or income) per-unit of effective labor, will become more
similar over time, as both converge to the same steady-state level. As a consequence,
the neoclassical model implies absolute convergence among countries.

This suggests that a regression like,

Y, = Bo+ By Ink: +u, By <O,

which explains the growth rate of the economy as a function of its current situation,
would be an adequate representation of the time series produced by a neoclassical
growth model with either time series or cross-section data. Actually, what we have
seen as an implication of the Solow—Swan model is that the growth rate depends on
the relative distance of income or productive capital from their steady-state values.
Hence, a more appropriate representation would be,

’}/kt - B(] +B1 (lnk[ —lnkss) +M;, (226)

where kg could be estimated from its expression’, after having some estimates of
the values of structural parameters.

Empirical analysis does not show evidence on this type of convergence, unless
we limit our consideration to a set of homogeneous economies (states in the US,
OECD countries, province economies in a given country, etc.). One possible reason
for that is that a broader set of economies may display substantial differences among
their savings rates. In Fig. 2.7, we have labelled as poor the economy with the lower
savings rate, which implies, as we already know, a lower capital stock and lower per

sftk )k, & Conditional Convergence

P <y
Vi, =,

s f(k)Ik,
X

n+o+y

Fig. 2.7

9 It is clear that, being a constant, the correction on physical capital data would not need to be done
to estimate the regression, so long as we are careful when interpreting the estimated intercept,
although estimates of (2.26) would have a more direct interpretation.
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capita income in steady-state. This figure shows that when economic structures are
different, it is perfectly possible that the rich country may grow faster then the poor
country, if the former is relatively farther away from its steady-state.

This means that empirical analysis should take into account the fact that different
countries may have a different steady-state. This is done by conditioning the time
evolution of ¥, on the determinants of steady-state. The result is then known as
conditional convergence. The neoclassical growth model we have discussed implies
that countries with different structural characteristics will experience conditional
convergence: once we correct for the fact that the two economies have a different
long-run equilibrium, poorer economies should be seen to experience faster growth
than richer ones.

The correction is made by adding to the econometric model a vector z; of vari-
ables determining steady-state kg,

Vi, = Bo+ By Ink +¢lnz +u,

with ¢ being a vector of the same dimension as z;. In the neoclassical Solow—Swan
model z; could include the savings rate, depreciation rate, population growth or the
output elasticity of physical capital. Sometimes, other indicators as the level of ed-
ucation in the population, expenditures in infrastructures, and so on, are included in
z;, although these are not justified by the Solow—Swan model. In more elaborated
models where the savings rate and the rate of technological progress are endoge-
nous, and the role of the government is explicitly considered, there will be an even
richer set of variables in z;.

Similar regressions could be estimated for output per unit of effective labor or
for per capita output, if we assume a given value for 7.

2.3.8 A Special Steady-State: The Golden Rule of Capital
Accumulation

We remember that steady-state is defined by the relationships,
sf(kss) = (n+6+7)kss,

Css = f(kss> - (I’l+ o+ 7) ks,

which we have used in the previous section to show that the steady-state stock of
productive capital moves in parallel with the level of the savings rate s. That is,
for given values of structural parameters n,0,7, @, the implied steady-state levels
of physical capital, output and consumption will depend on the constant value cho-
sen for the savings rate. Since the savings rate affects the stock of capital, and this
influences consumption [see (2.18)], it makes sense to ask about the value of the
savings rate that would maximize the steady-state level of consumption. That level
of savings, and the associated steady-state, are known as the Golden-Rule of capital
accumulation.
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From the last equation, we see that steady-state consumption will be maximum
when dcgg/dkgs = 0, dcys/ ks> < 0. That happens at the point where,

FkGR) =n+5+7, (2.27)

that is, the point at which the slope to f(k) is parallel to the straight line
(n+ 8 + 7) k. That determines the Golden-Rule level of physical capital in units of
efficient labor, k_\.G_\,R . The Golden Rule savings rate, sgr, is the value of s for which
the function sf (k) intersects the (n+ & + ) k straight line at kKGR [see Fig.2.8].

In the Cobb-Douglas case, y, = Ak, the Golden Rule condition takes the form,

Aok ' =8+n+7,
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s \n48+y ’
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Fig. 2.8 Golden Rule determination
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which, by comparison with (2.22) shows that, under this technology, the Golden
Rule is the steady-state arising for a constant savings rate equal to the output elas-
ticity of capital. Since constant returns to scale lead to a competitive equilibrium
allocation with zero profits, and output being distributed to each factor according
to their output elasticities, the Golden Rule can also be interpreted as the result of
following either the rule: “Save all capital income” or, alternatively, “Consume all
labor income” .

In fact, we now show that this is a general result that does not depend on the
available technology, beyond the assumptions made in the Solow—Swan economy.
First, notice, that the two statements above are equivalent in this economy because i)
being a closed economy with no government, what is not consumed it is saved, and
ii) because the constant returns to scale assumption implies that all output (income)
is distributed between the production factors, with no residual profit. Indeed, if we
make savings equal to capital income, we have,

Ki

SY; = F[([Kt = Sf(k[) = F[(rm = f,(k[)kt,

and, since any steady-state satisfies: sf(kss) = (n+ 8 + ) kg, the condition above

implies,
fkGF) =n+8+7,

so that the only steady state satisfying the described condition is the Golden Rule.
This means that in the Golden Rule there are no income transfers between the capital
and labor factors. To maintain a steady state with capital above k%¥ there would be
a need for a high level of investment, to recover the capital lost to depreciation.
That way, it will not be enough with capitalists investing all income they receive as
owners of capital, and workers will also have to devote part of their labor income
to investment. There will then be an income transfer from workers to the owners of
capital. The opposite result would arise in a steady-state below kgR .

It would be wrong to interpret the Golden Rule of capital accumulation as an
optimal allocation of resources.'? Since the Golden Rule is the steady-state or long-
run equilibrium offering the maximum consumption, it is clear that, unless the utility
function of consumers presents a bliss point, the Golden Rule should be preferred
to any other possible steady-state. But that is only true if we could place the econ-
omy initially at a steady-state of our choice. Unfortunately, that is not the case. The
economy is endowed with a given stock of capital per unit of efficient labor, ko,
and its structural characteristics, together with a chosen rate of savings s, will deter-
mine the long-run equilibrium. However, to bring the economy to that equilibrium,
the economy will go through a transition process, with physical capital converging
from kg to k.

10 The following argument rests on utility comparisons, and we have not specified consumer pref-
erences in this Chapter. It is nevertheless interesting as an introduction to the type of normative
analysis that is done in subsequent chapters. In fact, we will address again the suboptimality of the
Golden Rule in Chap. 3.
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So, suppose that, starting from ko, consumers choose a savings rate of precisely
SGR, the level at which the sf(k)-curve intersects the straight line (n+ 8+ y)k at
kGR . The long-run equilibrium or steady-state stock of capital will we k%% but the
economy will enter into a transition phase towards kG along which it is quite likely
that it will have to make some sacrifices in terms of consumption. Once the economy
reaches the Golden Rule, consumers will enjoy a higher level of consumption than
can be enjoyed at any other steady-state, but it is unclear that the time aggregate
level of utility along the whole trajectory would be maximized, precisely because of
the initial sacrifice in consumption.

For instance, we could compare utility along the trajectory converging from kg to
k_g.R , with the one that would be obtained with a savings rate of s, the one that would
have allowed for maintaining the initial stock of capital ko, unchanged forever. The
result of such comparison is far from obvious, since it depends on: i) the magnitude
of short-run sacrifices needed to implement a savings rate of sgg, ii) the differences
between the level of utility provided by the Golden Rule level of consumption, and
that corresponding to maintaining a steady-state of ko, ii7) the discount applied to
future utility, and iv) how long it takes for the economy to be in the neighborhood
of the Golden Rule, when the savings rate of sgg is implemented.

These effects are far from trivial. To analyze whether consumers’ would be better
off by staying at their current steady-state or by starting a transition trajectory taking
them to the Golden Rule, we need to be able to compute the time series representing
the paths followed by the main variables under each scenario, with which to evaluate
specific utility functions, as it is done in future chapters.

2.4 Solving the Continuous-Time Solow—Swan Model

2.4.1 Solution to the Exact Model

As in many other models that will be reviewed in future chapters, the time evolution
of the stock of capital per worker obeys a nonlinear, first order differential equation,
for which a closed form analytical solution generally does not exist. Such a solution
exists in the Solow—Swan model, however, and we can find continuous functions of
time: k, =k(1),y, =y(t), c, =c(t), s, =i, = s(t) = sy, describing the exact time
paths for the capital stock, output, consumption and savings or investment.

We start from the law of motion under a Cobb—-Douglas technology,

ke = sAK* — (n+ 38 + y)k;, (2.28)

with a steady state defined by &, = 0, which leads to,

1
SA =
k= [ —2 ) 2.29

<n+5+7> ( )
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If we introduce a new variable z; = k}*a, we have 7, = (1 — o)k, o‘k,, and mul-
tiplying through (2.28) by (1 — )k, %, we get,

G=(1-a)sA—(1—a)(n+86+7)z,

a linear differential equation, with solution z; = Me*' +J. To find the values
of the constants M,,J we first write the time derivative z; = Mue*’ which,

taken to the equation, yields u = —(1—a)(n+d8+7y), J = ﬁ,, so that z; =
Me~(1=@)(nt8+7) 4 % = k! ~%. The remaining constant will be determined from
a boundary condition. In this case, since the starting capital stock ky is given, we
have at t = 0, k(l)_o‘ =M+ ﬂ?ﬂ’ so that M = k(l)_o‘ - n;g‘ﬂ, and the solution to
the original law of motion, finally, satisfies
A A
ktl_a _ ké—ot o S. e—(l—a)(n+5+y)t + S. , (230)
n+d6+y n+dé+y

from which output, consumption, and investment/savings would be obtained
through y, = k%, ¢; = (1 — s)y;, iy = s; = sy,. Notice that, as time passes, we

n+0+y
the global stability of the exact system.

have limk, = ( s ) e , and the economy converges to steady-state, reflecting
t—o0

2.4.2 The Linear Approximation to the Solow—Swan Model

Even the simpler growth models have a complex enough structure that prevents
from computing an exact analytical solution. As we have just seen, the continuous-
time version of the Solow—Swan is an exception. Since we will more often find
the opposite situation, we familiarize now the reader with the standard approach of
finding an approximation to the model, for which an exact solution can often be
found.

Using Taylor’s expansion, we can find the linear approximation to (2.19) around
steady state ky. To do so, we need to consider that equation as a function: k=
W(k;;0), where 6 = (s,A,n, 0, ) is the vector of structural parameters, with a linear
approximation:

i{t ~ lP(kss;e) + (W> (kt _kss) =
ak’ S8
ki = [sf(kss) — (n+ 8+ Vkss] + [sf (kes) — (n+ 8 +7)] (ke — kys)
= [sf (kss) — (n+8+7)] (ke —kss), (2.31)
since the constant term is equal to zero. The coefficient of k; — kgs, sf” (k) — (n+

8 +7), is negative, since the s f(k;)-curve crosses the (n+ 0 + ¥)k;-line from above.
Hence, if we start from below steady-state, the difference k; — kg, will be negative,
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and k, will be positive, indicating that physical capital will accumulate and the econ-
omy will converge to steady state. If we start from above steady state, the difference
k; — kg will be positive, so &, will be negative, indicating that physical capital will
diminish while the economy gradually converges to steady state. So,

ki < kg =k, >0,
ki > kg = ky <0,

and the linearized model is also globally stable, the stock of capital converging
towards its steady-state level, no matter whether its initial endowment of physical
capital, ko, is above or below steady-state level, k.

2.4.2.1 Analytical Solution for the Cobb-Douglas Case

We examine now the special case of a Cobb—Douglas technology. We will have the
law of motion for the stock of capital,

~ [SAKE — (n+ 8 + V)kgs] + [s@AKE ™ — (n+ 8 +7)] (ke — kss),

which, using the steady state level of the capital-labor ratio kg characterized in
(2.22), leads to,

iC, ~ [S&Akg_l - (I’l + 1) + 7)} (kz - kss) = D(kt - kss)a (232)

with D = satAk% ' — (n+8+7) = — (1 — &) (n+8 +¥) <0, so that the coefficient
of k; — kg in the linear approximation to the law of motion of the economy is nega-
tive, guaranteeing stability of the implied solution, as we have seen in the previous
paragraph for the more general case.

This linear approximation in the Cobb-Douglas case (2.32) can be solved analyt-
ically. To that end, we try with a linear solution: k; = a+ be*’ which, plugged into the
differential equation (2.32), together with a given initial condition & (t = 0) = ko,
leads to,!!

ky = kgs + €P" (ko — k) = (1 — P ks + ko, (2.33)

showing that the stock of capital converges to steady state at a rate D, since taking

time derivatives in this expression, we get: k; /k, = W{%W =D.

11 Substitution of the proposed solution yields, e’ = Da + DbeM' — Dkgswhich can hold only if
U = D,a = kg. Hence, we have: k; = kg + beP' . To determine the value of the constant b we use
the initial condition: ko = kg5 + b, so that: b = ko — k.
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2.4.3 Changes in Structural Parameters

This section is devoted to analyzing the long-run effects, i.e., the effects on steady-
state levels of the main variables, of permanent changes in the values of structural
parameters. We start by paying special attention to a change in the savings rate,
since that is the parameter more easily linked to a policy intervention in this model,
and extend the discussion to the remaining structural parameters later on.

2.4.3.1 A Change in Savings Rate

Let us assume that, starting at steady-state, with constant levels of the main variables
in units of efficient labor, and a physical capital ratio k., there is an increase in s,
the constant savings rate. Then, the steady-state level of the physical capital ratio
would increase to a new level k2, since its level depends positively on the value of
the savings rate. A higher savings rate shifts the sf(k,) upwards, while leaving the
(n+ 8 + y)k, function unchanged. Therefore, at k!, we will no longer be at steady-
state but rather, to the left of it. As a consequence, right after the increase in savings
rate, the stock of capital starts a gradual increase. A similar process is followed
by income, y, = f(k;), its rate of growth instantaneously jumping and becoming
positive at the time of the increase in the rate of savings, and gradually decreasing
back to zero as capital and income converge to their new steady-state levels. Later
on, when the level k2 is attained, income per unit of efficient labor will again remain
constant. Consumption ¢; = (1 —s) f(k;) experiences a discontinuity, with an initial
fall due to the increase in s. These effects are shown in Fig. 2.9.
With respect to steady-state effects on consumption, we have from (2.17),

Css = f(kss) - (6 +n+ V) ks,

so that,

%5 _ [ (k) — (5 n-+ 7]

which will be positive so long as,

kg
ds’

fkgs) > 8 +n+7y,

because 85?5 is always positive, as can be seen in (2.29). Initial consumption will
always expérience a jump down if a higher savings rate is implemented, but steady-
state consumption can be either above or below the steady-state level of consump-
tion with the old savings rate, as we will show in a numerical exercise in Sect. 2.5.4.
In fact, an examination of (2.27) shows that steady-state consumption will increase
following a rise in savings rate if the initial steady-state had a stock of capital below
that associated to the Golden Rule, decreasing otherwise.

Effects following a fall in savings rate are just the opposite of those discussed
above.
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Effects of a Change in Savings Rate
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2.4.3.2 Structural Changes

We extend now the analysis of the previous paragraph, to consider the effects of
changes in the values of the savings rate, s, the rate of growth of population, n, the
rate of depreciation of physical capital, &, the rate of technological growth, y, and
the output elasticity of capital, . These effects can be summarized,



2.4 Solving the Continuous-Time Solow—Swan Model 81

ks Css Vss s Fss Y/K Y/N Y)Y

s + ? + + - - + 0
n — - — - 4+ + - +
6 — — — - 4+ + - 0
Yy - - - - + + - +
¢« + + + + - - + 0

where @, 7 denote steady state values of the real wage and the real rate of in-
terest. The reader may be familiar with the standard result that, when a firm takes
factor prices as determined outside their control, profit maximization leads to use
the production factors to the point where their marginal products equal their respec-
tive price. Even though we do not enter at this point in any detailed assumption on
the structure of markets for production factors, we use the mentioned properties to
justify considering real wages and interest rates defined by,'?

= f(ki) —k,f/(k,),
ry = f/(kt)7
with similar relationships holding in steady-state. The real rate of interest is in-

versely related to the steady-state stock of capital, while the real wage is positively
related to it:

drss  Ory dkgs
on kg on

N arss o akss —n.8 a
sign an = —Sign an ’ 77 =n,0,%s,
d0s Wy Ik Ikss

_ _ 1"
an  dky In bif " (kss) an

= . awss _ . akSS _ 6 o
sign o = sign an , N =n,0,7,s,0.

To analyze the effect of a parameter change on consumption and output we use
the relationships:

Ik
o SS
= " (kss) a0

dcys - / dkis . dcys o % e

aé - (I—S)f (kss)fj*glgn (aé) —Slgi’l( aé >’§ _na67,}/va
dcys - Ik

5 (1) (k) 22— f (k).

dYss o dkiy o dyss . dkis

an = f(ks) n,n n§7/,s06:>s1gn<a )—Slgi’l(an>.

12 This assumption is not a proper element of the Solow—Swan model, which does not leave any
role for a profit maximizing behavior on the part of producers of the single good in the economy.
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flke)

The average product of capital ¥; /K, = 7, satisfies: o /K) _ _ flk) bt (k)

dk - kt2
which is negative, since the numerator is equal to the real wage. Hence, average
productivity of capital moves contrary to the capital-labor ratio. On the other hand,

the average product of labor, % = f(k;), moves in the same direction as the capital-

labor ratio. Finally, the rate of growth of output (or income) can be written: ¥; /Y, =
Vi/y: +n+ 7, its steady-state value being affected just by population growth and
the rate of technological progress, since the rate of growth of income per unit of
effective labor is zero in steady-state.

As an example, we have already seen that an increase in savings rate raises the
steady-state stock of capital and output. The effect on the steady-state level of con-
sumption depends on whether the initial stock of physical capital is above or below
the Golden Rule level. The real rate of interest and the average productivity of capi-
tal will be lower while the real wage and the marginal product of labor will increase.

A change in savings rate could be thought of as being an economic policy inter-
vention, specially since a higher rate will take the economy to a steady-state with
higher per capita income. However, as discussed in the section devoted to the Golden
Rule, it is far from clear that the sacrifices needed to place the economy on the path
converging to the higher income steady-state are desirable in terms of time aggre-
gate welfare. There is no much more room for policy analysis in the Solow—Swan
setup, since it is hard to believe that the depreciation rate of physical capital or the
rate of growth of population could be controlled by the government!3.

2.4.4 Dynamic Inefficiency

If we consider an economy at a steady-state situation under a given savings rate, and
we want that economy to converge to the Golden Rule, all we need to do is to set
the savings rate equal to sgg, since the global stability of the Solow—Swan model
guarantees that any economy will converge to the steady-state associated to the pre-
vailing savings rate. Following such change in savings rate, the economy would start
a transition, along which the level of consumption will be changing every period,
eventually converging to the level achieved at the Golden Rule. However, single-
period consumption along the transition might be not only lower than the Golden
Rule level, but also lower than the level of consumption at the initial steady-state.
This is important, since it is then unclear that consumers’ would prefer entering into
the transition trajectory taking the economy to the Golden Rule, to staying at the
initial steady-state.'*

As we pointed out at Sect.2.3.8, factors influencing that comparison are: the
magnitude of the utility loss along the transition, the difference in the utility levels

13 Even though in some European countries, tax incentives have recently been introduced in an
attempt to increase the birthrate.

14 The reader should not have much problem thinking about an economy which starts outside
steady-state and changes its savings rate to sgg.
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Fig. 2.10 Dynamically inefficient steady-state

at the Golden Rule and at the initial steady-state, the number of periods needed to
reach the Golden Rule, the time discount factor applied to future utility. Let us now
see how all these effects aggregate. Steady-states to the right of k%R between kGF
and k, are dynamically inefficient, since starting from either one of them, a decrease
in the savings rate starts a trajectory along which, at any time period, per-capita
consumption is higher than at the initial state. Starting from either one of these
steady-states, consumers would be happy to change the prevailing savings rate to
sgr forever.

In Fig.2.11, suppose we start from a savings rate of s and a steady-state stock
of capital equal to kg (s). If we reduce the savings rate to sgg, then per capita con-
sumption will immediately jump from cq(s) to c;,, which is higher than ¢GR. This
dynamics implies a gradual decrease in the stock of capital, from kg(s) towards
KGR which will imply, in turn, that per capita consumption will gradually decrease

58
from ¢;, towards cSR. But ¢SGR is still higher than c(s), since the Golden Rule is the
steady-state with the highest consumption. Therefore, the decrease in the savings
rate will have produced a path along which, at each point in time, per capita con-

sumption is higher than the initial consumption level, before the change in savings
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rate. This is true for any steady state to the right of the Golden Rule, which is why
they are said to be dynamically inefficient.

The opposite is the case for steady-states to the left of kGF. Starting from kg (s) in
Fig.2.10, a permanent increase in savings rate from s to sgg will produce an imme-
diate fall in consumption from c(s) to ¢;,. This is lower than initial consumption,
¢ss(s), and also lower than the level of consumption at the Golden Rule. The new
steady-state is given by kG, and the stability of the model implies that the economy
starts a trajectory with the stock of capital gradually increasing from kq(s) to k9R.
The graph shows how along that trajectory, given the savings rate of sgg, the level of
consumption will gradually increase towards c%¥. We know that c%Rwill be higher
than c,(s), since that is the characteristic defining the Golden Rule among all fea-
sible steady-states. However, along the transition, consumption would have spent
some periods below the level of the initial steady state. Hence, it is unclear that
when we compute the associated period-by-period utility and aggregate over time

its discounted value, we will reach a higher or a lower level than the one that would
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be obtained at the initial steady-state. We cannot say whether these steady-states
are dynamically inefficient or not. An informal argument suggests that it is those
steady-states with a low rate of savings which may be dynamically inefficient, since
the associated level of consumption might then be very low. As a consequence, even
though an increase in savings rate will require consumption sacrifices in the short-
run, the opportunity to accumulate physical capital and reach higher levels of output
and consumption may compensate for the short-run sacrifices. The elements men-
tioned in Sect. 2.3.8 will help determine which is the range of values for the saving
rate for which a permanent increase may be welfare improving. A numerical exam-
ination of this issue is performed in a section below for the discrete time version of
the Solow—Swan model, that we introduce next.

2.5 The Deterministic, Discrete-Time Solow Swan Model

2.5.1 The Exact Solution

Theoretical models are built not only to analyze a variety of positive and norma-
tive issues, but also to be confronted with actual data, in an attempt to validate their
implications. The continuous-time version of the Solow—Swan model can be used
to produce time series for physical capital, output, consumption and investment by
sampling at discrete points in time, from the continuous time processes obtained
from (2.30) and the implied expressions for the remaining variables. Discrete sam-
pling amounts to giving discrete values: # = 1,2,3,... to the time index in those
expressions. This apparently innocuous procedure is subject, however, to potential
pitfalls, that will be illustrated numerically in the next chapter.

An alternative method consists on analyzing directly the discrete version of the
Solow—Swan model. To do so, we could think of directly translating the law of
motion into discrete time by substituting a time difference k;1 — k; for the time
derivative k;, like in:

k,+1—k,=Sf(kt)—(n+5+}/)k,. (234)

Unfortunately, we are about to see that this procedure is also subject to some
flaws. If we start from the discrete time analytical representation of all the assump-
tions characterizing the model, we will end up with a fully justified equation some-
what different from (2.34).

Maintaining the same assumptions on savings, capital formation, population
growth and full employment as in the continuous time version of the model, let
us now consider the possibility that there is exogenous technological growth, in the
form of a variable productivity factor I';, that grows at a constant rate y :

I = (1 +V)Ft71 s
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from an initial Iy level. The aggregate production function is of the form Y; =
F(K;, I N;), with the same assumptions on first and second order derivatives as
in the continuous time model. Inada conditions are also assumed to hold. Effective
labor is again defined as I} /V;.

Because of the aggregate constant returns to scale assumption we again have,

Ki

Y, =F(K,,I''N,) =T';N;F | ——
t ( tylt z) 1Vt (Fth’

1) = FtNtf(kt)a

where k, = % is the stock of capital per unit of effective labor, and f(k;) =

F (%, ). Output per unit of effective labor is: y, = Fflfv, = f(k/).With the
Cobb-Douglas specification, F(K;,I;N;) = AK¥(T;N,)' =%, 0 < & < 1, we have
the same expressions as in continuous time: Y; = AKtO‘(FtNt)]*O‘ = ANk =
/N, f(k;), with f(k;) = Ak and output per unit of effective labor: y, = % = AkZ.

In the discrete time version of the model investment is defined by: I, = K, —
(1 —8)K;, so the National Income identity becomes,

Ct +It = C[ + [Kt+1 — (1 — 6)[{[] - F(KI,FIN[) = Y[ =
G K, | ARV K, Y;
= 1 t+1 t+14V1+1 _ (1 _ 6) 1 _ t ,
I N; Ft+1Nt+l N N N

which, maintaining the assumption of constant population growth,’> N, =
(14-n)" No, and constant technological growth, T, = (14 7)" Ao, leads to the law of
motion in per capita variables,

e+ [(1+n) (1+ P kit — (1— 8) k] = £ (k). (2.35)

If we again consider a closed economy in which no external sector or government
could finance private investment, we will have equality between savings and invest-
ment each period S; = I;, and if we add the crucial assumption of the Solow—Swan
model that the savings rate is constant, we have, S; = sY;,

C+sY,=Y,=C= (-,

with a similar relationship in per capita terms, ¢, = (1 —s)y; = (1 —s) f(k;), which
allows us to write (2.35) as,

1 1-6
ki1 = —————sf(k) + —————k:. 2.36
Now we can see the point we raised before. This equation can be written,
kivt —ki = sf (ki) = [n+ (14+n) Y k1 — 6k, (2.37)

15 Notice the different analytical representation for growth rates, relative to the exponential func-
tions used in the continuous-time version of the model.
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which shows some differences with respect to (2.34). The latter was just a rough
approximation to the continuous time model, expression (2.37) being the correct
discrete-time version of the model.

This difference equation allows us to obtain a numerical solution to the model
given an initial condition on the single state variable in the economy, the stock of
capital, ko, a specific functional form for the available technology, f(k;), and a given
parameterization. Indeed, if we assume, for instance, f(k;) = Ak*, then we could
substitute the numerical value defining the initial condition on kg for &, in (2.37)
to obtain the level of k1. We would then use k; as k; in the equation, to obtain the
level of ky, and so on. The time series for output would be obtained from y, =
f(k;) = Ak, investment, which is equal to savings in this closed economy without
government would be given by i, = s, = sy;, while the time series for consumption
would be obtained by: ¢; = (1 —s)y, = y; —i;. This is the exact solution to the
deterministic, discrete-time version of the Solow—Swan model.

An argument similar to the one we made in the continuous time case, shows
that zero is the only possible steady-state rate of growth of the stock of capital per
worker. The steady state of this economy is found by making k;+| = k; = kg,

1 -6
(1+n)(1+y)sf(k“)jL (1+n)(1+7)
= [n+ 6+ (1+n)Y ks = sf (k) -

ks = ks = (2.38)

Once again, we have one such expression for each possible constant value of
the savings rate, each one leading to a different steady-state. For instance, with a
Cobb-Douglas technology, y; = Ak¥, we would get,

sA T-a
kg = [ ——2 ) 239
<n+5+(l+n)y) ( )

slightly different from the expression we obtained in the continuous time formu-
lation of the model. In general, the product ny will be small, so both expressions
will lead to a similar steady-state. Since the power is positive, (2.39) shows that the
steady-state level of the stock of capital is higher for higher savings rates or higher
technology levels, as well as for lower depreciation rates or lower rates of population
growth, as in the continuous time case.

2.5.2 Approximate Solutions to the Discrete-Time Model

As the continuous-time model, the discrete-time version of the Solow—Swan econ-
omy can be solved exactly through the use of (2.36), as we will show in a sec-
tion below. That is an exception, since nonlinearities in growth models will usually
preclude the existence of an exact solution. To familiarize the reader with that prac-
tice, we proceed in this section to obtain the solution to the linear and the quadratic
approximations to the model.
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Considering the nonlinear difference equation in (2.36) as a function k4| =
W(k;; 0) and using Taylor’s expansion and (2.38), the linear approximation to that
equation around steady-state is,

0¥ (k;; 0
kt+1 — kg = lP<kss) + <(§kt)) (kt _kss)
t 55

1 1-90
=t (s )

-0
i)
Sf SS) (1_5) (kt_kss),

1+
(1+n )(1+7) f (kss) &
0ty

= kyy

which, in the special case of a Cobb-Douglas technology, f (k;) = Ak*, 0 < a < 1,
becomes,

sQA (kss)* 1+ (1 - 8)

kg 2 kg
= T ()

(kt - kss) = kss +D (kt - kss) ) (240)

with

 s0A(ks)* !+ (1-8)
(1+n)(1+7)
n+8+(1+n)y 1-6

Sty Uty (4D

where we have used (2.39) to obtain the last expression and, finally, the linear
approximation,

kt+1 - kss = D(kt _kss)
(I+an)—(1—a)d Y

+o ke — ks ) . 242
(1+n)(1+7) 1+y b k) (42
Iterating from an initial condition kg, we get,

ke = kgs + D" (ko — kss) (2.43)

which will converge to steady state so long as | D |< 1,i.e., if:
(1—a)(n+8+(1+n)y) >0,

which is clearly the case, since 0 < o < 1. Therefore, under this condition, the
linearized system is stable. As time passes, the capital stock converges to its
steady-state level, kg, with independence of the initial stock of capital, as we have
already shown to happen in the continuous time version of the model.
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For a better approximation, we could also use a second order Taylor’s expansion
to (2.36), by adding to the linear approximation a second order term

N N T B .
2( 9 (k)* >ss(k[ o) = ) (k)

which, in the case of a Cobb—Douglas technology, leads to the approximation,

N (1+an)—(1—a)s y B
kt+1—kss+|: (1+}’l)(1+’y) +a1+,}/ (kt kss)
I o(a—1) a2 )
2 rn) 1y ke (ke —kgs)” - (2.44)

In the numerical exercise in the next section, this approximation is compared to
the linear approximation above.

2.5.3 Numerical Exercise — Solving the Deterministic
Solow—-Swan Model

In the Discrete spreadsheet in the Solow_deterministic.xls file, time series are ob-
tained for a deterministic, discrete-time version of the Solow—Swan economy from
an initial capital stock of ky = 20. Aggregate technology is supposed to be of the
Cobb-Douglas type, with a capital share of oo = 0.36, and a technological constant
A = 5.0. Depreciation of physical capital is § = 7.5%, savings are 36.0% of out-
put each period, and we assume zero population growth, n = 0. Since the savings
rate is equal to the output elasticity of capital, the steady-state in this economy will
be the Golden Rule.'® With these parameter values, steady state levels turn out to
be: kg = 117.94, v, = 27.85, ¢y = 17.82, 54g = i5s = 10.02. Therefore, the economy
starts to the left of the steady-state, with a stock of capital well below the steady-state
level. The constant savings rate is relatively high, and capital accumulates quickly
because the level of savings initially exceeds from total depreciation expenditures.!”
After 16 periods, the economy has covered half the initial distance to steady-state,
with a stock of capital above 70 units. The Discrete spreadsheet presents time se-
ries for 260 periods, and the discrete time model is solved using the exact solution
(2.36), as well as using the solutions to the linear and quadratic approximations
(2.43), (2.44) to the discrete-time model. The resulting time series for the stock of
capital under the different approaches are reported in the first panel. The time se-
ries for output, savings and consumption that are obtained under the exact solution
are shown in panel 2, while panels 3 and 4 display the similar time series obtained

16 This is not necessary for the exercise, as the reader may see by changing the value of either the
savings rate or the output share of capital.
17 Which are obtained by adding the depreciation loss to the need to provide new workers with the
same stock of capital than the older ones.
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under the linear and quadratic approximations to the model. Notice that, according
to the model, output is obtained each period from the stock of capital accumulated
at the end of the previous period. As in subsequent exercises, this is organized in
the spreadsheet by making output to be a function of the stock of capital in the pre-
vious row. That is, in the row corresponding to time ¢t we have k;;; and variables
like y;, ¢;. [The same exercise can be reproduced by Matlab file: Solow_stochastic.m
by setting the variance parameter sigmae to zero] Consumers’ preferences do not
play any role in this exercise. Nevertheless, to familiarize the reader with the type of

welfare evaluation that will often be performed in the next chapters, consumers are

-0 _
supposed to have a constant relative risk aversion utility function, U(¢,) = 6’17 > ! ,

with risk aversion coefficient of ¢ =3.0, and a time discount factor § = .95, and we
compute single-period as well as time-aggregate, discounted utility.

We also present percent errors from the linear and the quadratic approximation,
both for the stock of capital and for consumption. The approximation error for the
capital stock starts around 17% in the initial periods, when the economy is far away
from steady-state, increasing during the first periods up to 40% of the actual value,
and quickly going to zero over time. These clearly excessive errors steam from the
fact that the initial condition is far away from the steady-state, the point around
which we have done the approximations to the law of motion of the economy. The
approximation error for consumption starts at around 6%, and increases in the initial
phase of the transition to steady-state, decreasing to zero as time passes. As can be
seen in the reported time series and the accompanying graph (Comparing solutions
spreadsheet), approximation errors for the linear and the quadratic approximations
are very similar, so that the contribution of the quadratic term to the linear approxi-
mation is minor.

For the sake of comparison, we also compute in panel 1 the time series that would
be obtained by observing the continuous process at regular intervals of time. We
report time series obtained from the exact solution to the continuous-time model
(2.30), as well as those obtained form the solution to the linear approximation to
that model (2.32) . Unfortunately, as we already mentioned, and it will be discussed
in the next chapter, this latter approach of extracting discrete numerical observa-
tions from a continuous process is potentially subject to significant pitfalls. In this
case, however, the exact continuous and discrete solutions are very similar to each
other, while the continuous linear approximation is very close to the discrete linear
approximation.

The Increasing time path and Decreasing time path spreadsheets present two
transition economies. Both share the same parameter values: o = 0.36, A = 3.0.
6 =7.5%, s =0.30, n=0.01, y=.01. The implied steady-state is: ks; = 33.504,
vss = 10.621, cgs = 7.435, 55, = i5y = 3.186. Since the savings rate is lower than the
output elasticity of capital, this steady-state falls below the Golden Rule, which is in
this case: kgr = 44.547. In the first economy, initial capital is ky = 30.0, converg-
ing to steady-state from below, as it was the case with the economy in the Discrete
spreadsheet. The second economy starts from ko = 45.0, converging to steady-state
from above. In these two exercises, we present in Panel 1 the time series for the stock
of capital, investment, consumption, output and output growth, as well as single
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period utility and its discounted value using the exact solution. The last column
shows the time series for the stock of capital that would be obtained observing the
continuous solution at discrete intervals of time. In Panel 2 we show the full so-
lution obtained from the linear approximation (2.42) to the discrete-time problem,
while Panel 3 displays the solution obtained from the discrete quadratic approxima-
tion (2.44). Approximation errors are much smaller in these two economies, as a
consequence of their relative proximity to steady-state.

2.5.4 Numerical Exercise — A Permanent Change
in the Savings Rate

The discrete-time version of the Solow—Swan economy is numerically solved in the
Change_savings.xls file to simulate the effects of a permanent increase in the con-
stant savings rate. The analytical details of this structural change were described in
Sect.2.4.3 [Matlab file: change_savings.m performs the same exercise]. Two dif-
ferent parameter structures are analyzed, and in each of the two implied model
economies we consider a permanent increase in the savings rate. The exercise is
performed twice, to analyze the effects of changes of different size in the savings
rate. Effects from a permanent fall could be discussed similarly.

Consumption always falls immediately after the jump in savings rate. In one of
the two economies, long-run consumption ends up above its steady-state level before
the rise in savings rate, while in the other economy, steady-state consumption after
the increase in savings rate is below the steady-state level of consumption for the ini-
tial, lower savings rate. As we saw in Sect. 2.4.3, the long-run effect on steady-state
consumption of a permanent change in savings rate depends on whether the initial
steady-state is above or below the Golden Rule. Steady-state consumption may end
up being higher under a higher savings rate because that may allow for a more in-
tense accumulation of capital stock, leading to higher output, which may leave more
resources available for consumption, even after providing for the reposition of the
stock of capital lost to depreciation.

Assuming a Cobb—Douglas technology, parameter values for the first economy
are 6 = 0.075,n = 0.01,A = 3.0, ¢ = 0.36,y = 0.0. The population starts at t = 0
from an initial value of 100. In the C — increases(large) spreadsheet, the initial sav-
ings rate is s = 0.20 , which is in place until period # = 11, when it increases to
s =0.35. The steady state stock of capital under the initial savings rate is kg =21.19,
which allows for steady-state output: ys;; = Ak% = 9.006. A percentage of 20% of
this, 1.801 units of commodity, are devoted to investment, the remaining 7.205 units
of commodity being consumed. The 1.801 units of commodity being invested al-
low for recovering the depreciation loss of 7.5% of kg, in addition to providing
the 1% new consumers/workers being born every period, with the 21.19 units of
steady state capital. In other words, 1.801 is precisely equal to 8.5% of steady-state
capital (n+ 6 +y=0.085), as we know it should be the case. Under the new sav-
ings rate of s = 0.35, the steady-state level of physical capital is 50.80 units, with
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output: yg, = Ak = 12.338. Investment is 35% of output, or 4.318 units of commod-
ity, with consumption equal to 8.020 units of commodity every period in the new
steady-state. So, the new, higher savings rate, allows for such an increase in the stock
of capital that resources left for consumption after the reposition of depreciated cap-
ital are higher than those that could be consumed under the old, lower savings rate
of 20%. We assume the representative consumer in the economy has a constant,

relative risk aversion utility function on current consumption: U(c;) = o :;1 , with
6 = 3.0, and a discount factor on future utility of § = 0.95.

We solve the economy in three ways: first, we provide in Panel 1 the exact so-
lution, obtained from the difference equation (2.36).The second method uses the
linear approximation (2.43) to steady-state to obtain the stock of capital as a func-
tion of the distance between the previous period stock of capital and the steady-state
level [Panel 2]. The third solution approach uses the second order approximation
around steady-state (2.44) [Panel 3].

The savings rate is supposed to change at t = 11. It is central to the exercise to
examine how the stock of physical capital is computed at that period. At that point
in time, the economy is no longer in steady state. The new value of the savings
rate must be used in equations (2.36), (2.43), (2.44), when computing the exact
solution, or the solutions to the linear and quadratic approximations to the model,
respectively. Additionally, in (2.43) and (2.44), the steady-state level of capital un-
der the new, higher savings rate must replace the steady-state level obtained under
the old savings rate. The value of the D-constant in the linear approximation does
not need to be updated in this case, since it is not affected by changes in savings
rate. Changes in the rate of depreciation, the output elasticity of capital or popula-
tion growth would change the value of D.

Graphs under the Comparing solutions and Approximation error spreadsheets
shows that numerical differences among solution methods can be relatively large if
the change in savings rate is sizeable. In particular, the quadratic term does not add
anything significant to the linear approximation, both being very similar. That is the
case in this first simulation, in which the savings rate jumps from 20% to 35%, and
the percent approximation error approaches 4% for a few periods after the change,
to then gradually decrease towards zero.

In all cases, output is obtained using the analytical representation for the Cobb—
Douglas production function, savings is obtained as a proportion of income, in-
vestment is equal to savings, and consumption is the proportion of output which is
not saved. Growth in per-capita output is also computed under the three solution
approaches, and it is displayed in the Output growth spreadsheet for the first exper-
iment. Numerical values for single period utility are also reported. These are also
discounted and aggregated over time. The resulting level of welfare is 9.804 under
the linear approximation and to 9.802 under the exact solution.

Graphs to the right of the simulated data display the time behavior of the main
variables after the savings rate increases from 20% to 35%. Growth of output per
unit of efficient labor jumps from 0% to 2.2% the period when savings rate increases,
smoothly decreasing to zero afterwards.
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The C — increases (small) spreadsheet presents an experiment in the same eco-
nomic structure as above, but with a smaller increase in savings rate, which moves
from 30% to 35% att = 11. For the sake of comparison, we have maintained the
same ranges in the graphs displaying the responses of the main variables in the
spreadsheets that contain the two changes considered in savings rate. It is quite evi-
dent that the effects of the 5-point increase in savings considered in the second case
are rather smaller than those of the 10-point increase considered in the first analysis.

The C — decreases (small) spreadsheet presents a case in which steady-state con-
sumption decreases following an increase in the savings rate from 30% to 35%. Re-
maining parameters are 6 = 2.5%,n = 1.0%,A = 5.0, a0 = 0.25. The steady state
stock of capital under the initial savings rate is kg = 149.98, which allows for
steady-state output: ys, = AkZ = 17.50. A percentage of 30% of these, 5.249 units
of commodity, are devoted to investment, the remaining 12.248 units of commodity
being consumed. The resources being saved allow for recovering the depreciation
loss of 2.5% of kg, in addition to providing the 1% new consumers/workers be-
ing born every period with the 149.98 units of steady state capital. In other words,
5.249 is equal to 3.5% of steady-state capital (n+ d + Y= 0.035). Under the new
savings rate of s = 35%, the steady-state level of physical capital is 184.20 units,
with output: ys, = Ak% = 18.42. Investment is 35% of output, or 6.447 units of
commodity, with consumption equal to 11.973 units of commodity every period in
the new steady-state. So, in this case, the higher savings rate leads to an increase
in capital accumulation, but the implied growth in per capita income is not enough
to allow for higher steady-state consumption once capital depreciation is accounted
for. We maintain the same preferences but consider a discount factor § = 0.90.

The C — decreases (large) spreadsheet presents the same exercise above, except
for a somewhat increase in savings rate, from s = 30% to s = 40%.

2.5.5 Numerical Exercise — Dynamic Inefficiency

The Dynamic_inefficiency.xls file [Matlab file: Dynamic_inefficiency.m performs the
same exercise] presents the transition trajectories for a number of economies differ-
ing in the level of their savings rate. Growth in technology is not considered in this
exercise, so ¥ = 0. Each economy is supposed to be initially at steady-state. At some
point, the savings rate experiences a permanent change, jumping to the level corre-
sponding to the Golden Rule, where it stays forever. As we already know, that level
is equal to the output elasticity of physical capital, which is taken to be 0.36 in this
exercise. After the change in savings rate, the stock of capital quickly approximates
the level corresponding to the Golden Rule. If the savings rate was initially above
0.36, the stock of capital will exponentially decrease after the fall in savings rate,
the opposite being the case if the savings rate increases from an initial steady value
below 0.36.

After presenting the parameter values in the Simulations spreadsheet, we provide
the different levels of the savings rate considered, together with their associated
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steady-state levels of physical capital and consumption, the single period utility in
the steady-state prior to the change in savings rate and the time aggregate utility
that would obtain by staying at that steady-state, i.e., the time aggregate level of
utility with no change in savings rate. Steady-state consumption is zero for s = .0
or s = 1.0, so the level of utility cannot be computed in this case for some utility
functions.

Below that, we present time series over 250 periods along the convergence trajec-
tories for the stock of capital. To compute them, we have used the law of motion for
capital after a permanent switch to the Golden Rule of savings, starting from a stock
of capital equal to the steady-state level before the change in savings rate. The panel
below the trajectories for the stock of capital presents the consumption trajectories
in their convergence to the Golden Rule steady-state: ¢, = (1 —sgg)y, = (1 — o) AkZ.
Below them, we show the discounted levels of utility along the transition, under con-

stant relative risk aversion (CRRA) preferences, U(c,) = %, o > 0. A value
o = 1.00 is chosen as default to approximate logarithmic differences. Finally, we
aggregate over time the discounted utility series, to compare those sums with the
utility consumers would have by staying at the initial steady-states, with no change
in savings rate. As we can see in Fig.2.12, the former is higher for all economies
that start with a savings rate above the Golden Rule level. For these economies,
changing from the old savings rate to the Golden Rule rate of savings would be
preferable. The same would be the case for economies starting with a low savings
rate, between .0 and .10 in our numerical exercise. All these are the dynamically
inefficient steady-states. Economies with a constant savings rate between .10 and
.36 are not dynamically inefficient.

We should bear in mind that what we have shown in this section is that there
are steady-states which are dominated, in terms of welfare, by trajectories that start
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Fig. 2.12 Inefficient steady-states
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when the savings rate experiences a once-and-for-all change from its initial level to
the level associated with the Golden Rule steady-state. We have not shown in any
sense that such trajectories leading to the Golden Rule are optimal in any sense.
That is, converging to the Golden Rule is not necessarily the best an economy can
do, although we have shown that it is sometimes preferable to staying at the current
steady-state. To conclude on optimality, we need an specific analysis which is the
object of the next chapter. There, we will characterize the optimal trajectory from
any given initial situation. We will also show that, possibly against a first impression,
converging to the Golden Rule is a suboptimal strategy, in the sense that it involves
too much capital accumulation early on. The optimal trajectory takes the economy
into a trajectory converging to a steady-state with a level of capital below that of the
Golden Rule.

2.6 The Stochastic, Discrete Time Version
of the Solow—Swan Model

To end the presentation of the constant savings rate growth model, we consider a
stochastic version of the Solow—Swan economy that incorporates a random produc-
tivity factor. This is only one of the possibilities to make the model stochastic. We
consider a technology, f (k;) = 6,Ak*,0 < o < 1, where 60, denotes a stochastic
process with a known probability distribution. Following the same argument as in
the deterministic version of the economy, we find the law of motion,

1-6
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We assume E (6,) = 1 and Var(8,) = 62, although a more general case, with
time-varying moments could also be considered. The stochastic properties of the
0,-process will determine those of the main variables in the economy: output, con-
sumption and investment. In particular, if 8, displays cycles, as it would be the case
if it obeys a second order autoregression with complex roots in its characteristic
equation, so will output and consumption.

The same analysis we made of the deterministic, discrete-time version of the
model applies to this stochastic case. Hence, we just need to combine the same
law of motion for capital (2.36) with the new, stochastic functional form for the
technology.

The steady-state in a stochastic economy is obtained assuming that each sto-
chastic processes takes its mean value every single period. In our case, the single
stochastic productivity shock would take its mean value of 1, producing the same
condition (2.39) characterizing steady state as in the deterministic case. Hence, the
steady state levels of the stock of capital, output and consumption in units of effi-
cient labor will be the same as in the deterministic case.
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Then, the law of motion of this stochastic economy (2.45) can be approximated
around steady state, to obtain,
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kes (6, —1). (2.46)

2.6.1 Numerical Exercise — Solving the Stochastic
Solow-Swan Model

Excel file Solow_stochastic.xls presents a numerical solution for a stochastic ver-
sion of the Solow—Swan model [Matlab file Solow_stochastic.m performs the same
numerical exercise]. We assume that randomness comes in the economy through a
productivity shock with a first-order autoregressive structure,

N, =pnb, | +¢&, &~N(0,02),0<p<1, =1,

which is consistent with O, = 1. & is the innovation in the logged-productivity
shock. We consider in this simulation: p = .90, 0 = .10, which imply E (In6,) =
0,Var(In@,) = (0.229)%. Parameter values are: s = 0.36,5 = 0.075,n = 0.0,A =
5.0, = 0.36, so the steady-state is the Golden Rule. Technological growth is not
considered.'® This is not necessary for the exercise, and can be changed without any
problem. We assume the representative consumer in the economy has a constant,

cl=91

relative risk aversion utility function on current consumption: U(c;) = “4——, with
6 = 3.0, and a discount factor on future utility of § = 0.90. Deterministic steady-
state levels are computed following the expressions in the text. The steady-state
stock of capital is 143.41 units, which allows for steady-state production oscillating
around 29.88. Two-thirds of this amount is devoted to consumption, as it is approx-
imately the case in developed economies, while the remaining one-third is devoted
to investment. The solution starts with a time series realization for the innovation
&; from a Normal distribution with zero mean and ¢, = .10, obtained with the ran-
dom number generator included in the Tools/Data Analysis tab of EXCEL. Then
the implied time series for the logged productivity shock In 6, is obtained using the
autoregressive structure, from an initial condition In6g = 0.

18 It would be simple to incorporate it into the simulation, but it would not change the qualitative
aspects of the discussion.
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The time series for the productivity shock 6, is then taken to either (2.46) or
(2.45), to obtain either an approximate solution or an exact solution to the model for
the stock of physical capital starting from an initial condition kg. We take as initial
condition the steady-state stock of capital, so the generated numerical solution will
display fluctuations around steady-state for all variables: stock of physical capital,
output, investment and consumption. The production technology is then used to
obtain a time series for output, while consumption and savings/investment emerge
from the constant-savings rate assumption. The fact that we can generate all the time
observations for 6; without need of computing a single value for k; reflects the fact
that the productivity shock is exogenous in this economy.

It is interesting to bear in mind that the structure of the productivity shock will
also determine the volatilities of these variables, as well as the correlations among
them. Ratios to output, or deviations from an estimated cyclical component can
be computed on this simulated data the same way it is usually done in time series
analysis of actual data. Sometimes, standard deviations and correlations using these
transformations are used to see how a theoretical model matches the data. Main
statistics are shown below the simulated time series. The linear approximation is
seen to produce time series with statistical properties very similar to those obtained
under the exact solution. The relative volatility of consumption to output is similar to
the one usually observed in actual data for most economies, which is not the case for
the investment volatility, which is well higher than that of output in actual time series
data. We also present correlation coefficients between interest rates, consumption
and investment, with output.

Unfortunately, this model, where no agent takes any optimal decision, is so sim-
ple that the linear correlation coefficients between either consumption or investment
and output are 1.0, as a consequence of the fact that the two variables are an exact
proportion of output each period, with independence of the fluctuations experienced
by the latter variable. For the correlation coefficient to depart from one, we would
need different sources of randomness in the two variables considered, which is not
the case in this model.

Regression models between some variables, like consumption and output, or in-
vestment and output, could also be estimated using the set of time series provided
by a numerical solution, the same way it is done with actual data. However, the
simplicity of the random element in this model economy would also lead to trivial
regressions. An exception is a relationship attempting to relate investment to the real
rate of interest. This would be defined by the marginal product of capital, as it has
been calculated in the spreadsheet. The nonlinear functions of capital defining these
two variables allow for a non-trivial regression, Investment, = o, + 3. Real interest
rate; + u;, which is shown below the table of correlation coefficients.

The important point, however, is that although the EXCEL file presents a single
time series realization for the endogenous variables, we could conceivably com-
pute as many of these realizations as we wished. The reason is that dealing with a
stochastic economy, we could repeat the process starting from a new, different real-
ization for the productivity time series, by using again the random number generator
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tool of EXCEL. In fact, the Stochastic(2),(3) and (4) spreadsheets are identical to
the Stochastic spreadsheet except by the realization of the productivity shock.'® By
sampling repeatedly from the stochastic process for productivity, we could get a
large number of realizations for each statistic of interest, like the relative volatil-
ity of consumption to output. A simple example would be the four values for the
estimated slope of the investment regression in the different spreadsheets. Com-
puting the numerical value of this statistic for each of 10,000 realizations, say, we
could approximate arbitrarily well its probability distribution through the obtained
frequency distribution. This should not be surprising. Everything in the model is
stochastic, even each sample statistic. The model can be seen as a mapping from
the probability structure for the innovation in the productivity shock to the probabil-
ity distribution of any model characteristic. With actual time series data we have a
single sample available, so we can compute a single numerical value for any given
statistic, and the interesting point becomes how to compare the single value ob-
tained from actual time series data to the probability distribution estimated from the
theoretical model.

2.7 Exercises

Exercise 1. In the (2.29) expression, fix numerical values for three of the parameters
A,n,s, o, 8, and discuss how the steady-state value of ks changes with changes in
the remaining parameter. Draw a graph summarizing each of these analyses.

Exercise 2. In the deterministic, discrete-time version of the Solow-Swan econ-
omy, assume a Cobb-Douglas technology, with parameter values 6 = 0.10,
n=0.02, A=1,a=0.33,5s =0.25, and compute the steady state value of capital.
Take an initial value for capital ky < ks and compute the converging path towards
steady state. Repeat the exercise for an initial condition ky > k. Repeat the exer-
cise changing the value of one parameter, and draw the trajectories that obtain for
different values of that parameter. Numerically obtain the rate of convergence to
steady state in each case.

Exercise 3. For a given parameterization, including an initial value of the stock of
capital, ko, and a Cobb-Douglas technology, compare the time series for k; obtained
from propagating the linear approximation (2.40) as well as the exact, nonlinear
mechanism.

Exercise 4. Show that the second order linear approximation to the law of motion
of the discrete time, deterministic version of the Solow—Swan model around steady
state is,

19 The reader can copy the spreadsheet and use the random number generator to write a different
realization on top of the old one. All the calculations in the spreadsheet will change, providing a
different set of time series for all the variables in the economy. We need to be careful about the fact
that EXCEL does not automatically update the regression results.
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kip1 = ks + ( Sf/(kss)+> (kt_kss)+

1 1 2
1+n 1+n TS (Kss) (ki = ki)

Solve the model assuming a Cobb-Douglas technology under a given parame-
terization using this approximation, and compare the implied time series with those
obtained from the first order approximation. Would the second order approximation
still be the same for the deterministic and stochastic versions of the model?



Chapter 3
Optimal Growth. Continuous Time Analysis

3.1 The Continuous-Time Version of the Cass—Koopmans Model

Maintaining the same structure of the neoclassical growth model of Solow and Swan
we have reviewed in the previous chapter, Cass [18] and Koopmans [52] charac-
terized the optimal rate of capital accumulation in order to maximize some social
welfare criterion. That amounts to specifying the optimal distribution of output be-
tween consumption and savings each period, taking into account the fact that sav-
ings decisions provide resources for gross investment, thereby conditioning future
production possibilities and growth. We are still in a one-good economy, where the
single commodity is produced and can either be consumed or used as an input for
future production. The stock of the commodity being used in production is physical
capital, which is not reversible. It is subject to some constant rate of depreciation,
0, but it cannot be converted back into consumption.

Other than for this optimality consideration, we maintain all other structural as-
sumptions of the Solow—Swan model, including the one on decreasing returns on
the productive factors. As shown in the previous chapter, that precludes the pos-
sibility of positive steady-state growth, since we assume at this point that there is
no technological progress in the economy. The main difference with the Solow and
Swan model is that we now consider that the consumption/savings decision, which
determines the physical capital accumulation process and hence, the time evolu-
tion of per capita income, is endogenous. The savings rate is therefore no longer
constant.

The simplest interpretation of the model would be as an economy populated by
identical agents living forever. They all own the same units of physical capital, have
access to the same production technology and have the same preferences defined
on the stream of current and future consumption. There is continuous population
growth, at a rate n > 0,N; = Nye™. Existing consumers give continuously away
some resources to endow new agents at birth with the same units of capital they
already own. It seems sensible to believe that a benevolent economic planner in this
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economy might be interested in maximizing the time aggregate utility of the typical
consumer,

Max / e U (c,)dr,
Ct 0

subject to,
k,:f(k,)f(n+5)k,fcl, (3.1

and given the initial state of the economy, k(. As in the previous chapter, lower case
variables denote per capita variables, f(k;) represents the available technology, and
subindices 7 denote functions of time. The restriction in this optimization problem
is the law of motion of the stock of physical capital per worker under a time varying
savings rate, which we already obtained in the previous chapter. 0 is the social rate
of time discount, that is, the discount applied to the utility of future consumption. It
reflects the rate at which society is willing to substitute future for current utility. We
assume the utility function satisfies: U’ > 0, U” <0, U’(0) = o0, U’(e0) = 0. Assum-
ing 6 > 0, we depart from Ramsey who, interpreting the maximization problem as
that solved by a central planner, argued that there was no ethical case for discounting
the future [Blanchard and Fischer [11], p. 82].

A second interpretation would correspond to a Robinson Crusoe type of econ-
omy, in which a single, infinitely lived agent has access to a production technology.
No trading of any type will arise, since there are no other agents in the economy.
This single economic agent would maximize time aggregate utility, and the problem
would be identical to the one above, with n = 0.

The model could still be interpreted as that of an economy with a continuum
of generations who live over an infinitesimal time interval, the size of successive
generations growing at a rate n. Under this interpretation, an alternative plausible
formulation of the planner’s problem would use the so-called Benthamite welfare
function, in which the felicity function becomes N,U(c;), so that the number of
family members receiving the given utility level is taken into account. Assuming
N; = Noe™, the Benthamite formulation is equivalent to reducing the rate of time
preference to 6 — n in our model, because the larger the family at later dates in-
creases the weight given to the utility of the representative individual of a later
generation. The results would then be slightly different from those shown in this
chapter.

Along our discussion we will follow the first interpretation, making references
to the planner’s economy and the representative agent living in it. The whole point
of the analysis is to characterize the optimal allocation of resources every period
between current consumption and savings. The latter will contribute to capital ac-
cumulation and to the generation of additional resources in the future. Solving the
model amounts to determining the optimal path for the stock of capital starting from
an initial level of ko. Trajectories for all other variables can be obtained as exact
functions of the one followed by physical capital.
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3.1.1 Optimality Conditions for the Cass—Koopmans Model

The Hamiltonian for the dynamic optimization planner’s problem is,
H(kt,ct,af[) = 679t [U(Ct) + )’t (f(kt> - (n+ 6) k[ - C[)] 5

where consumption is the control variable, the stock of capital is the state variable,
and the current value multiplier A, is the co-state variable. The multiplier has the
standard interpretation of being the shadow price of the state variable, k;: how much
would the planner be willing to pay, in utility units, to have one more unit of physical
capital per worker at time .

Since the marginal utility at zero is equal to infinity, the optimal level of con-
sumption will be strictly positive every period, and optimality conditions can be
written [see Mathematical Appendix],

U'le;)— A =0, (3.2)

f’(k,)—(n+5)—6+% =0, (3.3)
t

lim e "k = 0. (3.4)

The social value at time 7 of an additional unit of capital per worker is, along the
optimal trajectory, equal to the marginal utility of consumption. This result, which
agrees with the nature of A, as being the shadow price of capital, is not a hypothesis
we have imposed on the model, but rather, a property of its solution.

From (3.2) and (3.3) we get,

awe)d _ o
Uley o) +0-fik) (3.5)
that is, )
U/ Cy ,
= U"(c;) [(”+5>+9—f (kt)] (3.6)

which is known as the Keynes—Ramsey rule.

The trajectory solving the previous system of optimality conditions will be op-
timal from the point of view of a central planner having maximization of the rep-
resentative consumer’s welfare as a reasonable goal of economic policy. In the next
sections, we analyze whether a steady state exists in this economy and if so, whether
the optimal trajectory converges to it. Even though the transition towards steady-
state can last for a long time, economic policy issues have often been analyzed only
at steady-state, due to the difficulty of characterizing the behavior of the economy
along the transition. Indeed, transition paths are hard to describe analytically, and
we will learn later on how to use numerical solution methods to characterize the
main properties of transition trajectories to steady-state. Transitions may arise fol-
lowing a policy intervention on an economy which was initially at steady-state, or
because a structural change has taken place in such an economy.
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3.1.2 The Instantaneous Elasticity of Substitution of Consumption
(IES)

Growth models deal with intertemporal consumption and savings decisions. Sac-
rificing some consumption today allows for higher capital accumulation which, in
turn, will lead to higher resources in the future. The main question is then how to op-
timally distribute a given stream of income over time. Resources can be transferred
to the future as explained, while they cannot be brought from the future into the
present except in the presence of developed credit markets. When the representative
consumer experiences a positive income shock at time ¢, he/she has a continuum of
possibilities, since current consumption can be increased by any fraction of Ay be-
tween 0 and 1, saving the rest so as to enjoy higher consumption thereafter. At one
end, current consumption would increase by the full size of the income shock, Ay,
leaving none of the increase for the future. Alternatively, the income increase will
spread over time in the form of higher consumption over a number of periods.

Two related concepts determine the optimal rate at which resources should be
transferred over time: the elasticity of the marginal utility (EMU) with respect to
consumption, i.e., the percent change in marginal utility associated to a one per cent
change in the level of consumption,

d(In(U’(¢y))) dU'(¢;) ¢ cU"(cr)

EMU =~ d(In(cy)) - de, U'(c,)  Ule)

=0(¢)>0.

Under a linear utility function, the EMU becomes zero, the marginal utility not
changing with the level of consumption although, more generally, the elasticity of
the marginal utility of consumption will be a function of the level of consumption.

A related concept, the intertemporal elasticity of substitution of consumption,
IES, considers the relationship between changes over time in consumption and the
size of the implied changes in marginal utility. This is different from a more standard
elasticity concept like the EMU, which is intended to compare changes in marginal
utility because of a change in the level of consumption at a given point in time:

d(rate of change in U'(c;)) > -

IES = yle) == ( d(rate of change in c;)

= _<W>_I.

If indifference curves for the representative consumer are close to linear, then
marginal utility will be almost constant. As a consequence, the percent change in the
marginal utility of consumption will be small, relative to any possible change in the
level of consumption, and the intertemporal elasticity of substitution of consumption
will be high. In that case, concentrating consumption at a given point in time would
not affect the marginal utility by much, so the consumer would be almost indifferent
as to when to consume, except for the effect of a possible time discount factor. In
response to a positive income shock, consumption would rise by the size of the
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shock, with no significant increase in capital accumulation coming from saving part
of the increase in income.

The opposite will be observed for a low /ES of consumption, when an increase in
consumption would produce a strong fall in marginal utility. Consequently, in that
case a positive income shock will generally be followed by a small consumption
increase. Most of the rise in income will be saved, leading to further capital accu-
mulation, which will allow for increased consumption thereafter. In this case, con-
sumption is smoother than under a high /ES, when consumption tends to replicate
income fluctuations. Hence, the volatility of consumption will be close to the volatil-
ity of income under a high /ES, while being significantly lower than the volatility of
income when the intertemporal elasticity of substitution of consumption is small.

A special case is that of a Constant Relative Risk Aversion (CRRA) utility
function,

-1
Ule) = fli c >0, (3.7)
which leads to an elasticity of the marginal utility of consumption:
cU" (¢r) —o¢; !
EMU =0 (¢;) = — =—c =0,
( t) U/(Cl) ! Ct—o

and an intertemporal elasticity of substitution of consumption

20\ (aetee o 1
a(@/&)) ; < d(é/cr) > _I/G_EMU’

so that both elasticities are then constant, one being the inverse of the other one.

As a special case of our previous remark, it is interesting to see the connection
between the value of ¢ in the CRRA utility and the volatility of consumption. If &
is close to zero, utility is a linear function of the level of consumption and the con-
sumer does not get much compensation from future consumption relative to what
he/she misses by sacrificing current consumption. Since the marginal utility is in-
dependent of the level of consumption, the consumer is indifferent as to when to
consume and the presence of a discount factor will lead to exhausting immediately
any unexpected income rise. In this case, there is not much incentive to transfer re-
sources over time through savings and capital accumulation, and consumption will
be as volatile as income. Alternatively, when o is large, changes in consumption
over time lead to strong changes in marginal utility. But a volatile marginal utility
is contrary to the goal of maximizing the time aggregate level of utility, so the con-
sumer will want changes in consumption to be minimum, preferring to spread out
over time the benefits of an unexpected income rise. A similar behavior will arise
following an unexpected income shortage. The consumer has a strong incentive to
transfer consumption over time, and the consumption path gets smoother, since in-
come fluctuations are smoothed out over time through positive and negative savings.

The inverse relationship between the instantaneous elasticity of substitution
of consumption and the elasticity of the marginal utility of consumption can be

IES=7(¢;)=— <
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extended to more general utility functions, although just as an approximation. Let
us consider two points in time, t < s, s = t + Af, with consumption levels c;,
¢, ¢s =¢;+ €, and € < 0, and small relative to c;.

sl - L 9{nW(c,)/U'(e))}

() 9 {In(cs/cr)}
AUV )} (Mnm/m)l. (8

e e

Using Taylor’ expansion for the marginal utility of consumption,
U'(cs) =U"(c;) +U"(c1)(cs— ;) =U'(e;) +U" (¢r)e,
that is,
U'(es)
U/(C[) o UI(C[)
Furthermore, In(cs/c;) = In(1+¢€/¢;) ~ €/¢; and In(U'(cs)/U'(c;)) =
In (H- v (C’)s) ~ Ulalg Taking derivatives with respect to € and plugging

U'(cr) = U'e)
into (3.8),

"
s = oY)
U'(c)

=EMU.
v(cr)

3.1.3 Risk Aversion and the Intertemporal Substitution
of Consumption

The parameter o in the previous family of utility functions may be known to the

reader as the risk aversion parameter. Indeed, in the theory of decision under un-

"
certainty, absolute risk aversion is defined as ARA(¢;) = — llj], ((2’)) , while relative risk

aversion is defined by RRA(¢;) = — Zl,/((;:)) ¢, just like the elasticity of the marginal
utility of consumption. In general, both are functions of the level of consumption.
However, for the family of utility functions considered above, the relative risk aver-

sion becomes a constant,

B U”(Ct
U'(cr)

~—

RRA =

¢ =0,

which is why that family is known as the constant relative risk aversion family
(CRRA) of utility functions.

There is some similarity between the way utility maximization decisions are
made under uncertainty at a given point in time, and the way they are made over
time, even in the absence of uncertainty. A risk averse consumer with a high value
of the o parameter will dislike facing uncertainty on the level of consumption. When
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offered a lottery with alternative consumption levels, each with a given probability,
he/she will glad to change that lottery for a certain level of consumption, below the
expected consumption level provided by the lottery. The difference between them
can be interpreted as the risk or insurance premium the consumer is willing to pay
to pass the risk away to someone else. As we have already seen, in a world with no
uncertainty, a consumer with a high value of ¢ will tend to smooth out consumption
by spreading the effects of any positive or negative income shock over time. The ef-
fect is, in both cases, a less volatile consumption stream than the one implemented
by a consumer with a low value of o, the relative risk aversion coefficient for the
CRRA family of utility functions, which is then also the inverse of the /ES.

3.1.4 Keynes—Ramsey Condition

These concepts allow us for an interesting interpretation of the Keynes—Ramsey
condition. Using the instantaneous elasticity of substitution of consumption, we can
write that condition as,

o =) [ k)~ (n+8) 6], (3.9)
which shows that optimal consumption increases, decreases or stays constant at each
point in time, depending on whether the marginal product of physical capital net of
total depreciation, f’(k;) — (n+ &) is greater, lower, or equal to the social rate of
time discount, 6.

Let us accept for a while [as we will see in Sect. 3.3] that the equilibrium real
rate of interest should be equal to the marginal product of capital net of depreciation:
r; = f'(k;) — (n+ 8). The intuition for such result is clear, since both capture the real
return, i.e., the return in units of the consumption commodity, to two different types
of investment: productive and financial investment. The Keynes—Ramsey condition
states that if the real rate of interest was equal to the discount rate, then it would be
optimal to maintain consumption constant.

On the other hand, when the market valuation of the future, as indicated by r;,
is above the subjective value of time, given by 6, the consumer will find preferable
to sacrifice some current consumption, investing the proceeds to enjoy higher future
consumption. The consumption path will then be increasing, ¢; > 0. The opposite
will be the case when the market valuation of the future is below the subjective
value, in which case, the consumer will prefer to maintain current consumption
above future consumption, with ¢; < 0.

But by how much would consumers adjust their consumption paths to the gap be-
tween the market and the subjective valuation of the future? According to Keynes—
Ramsey condition,

1

v(a)a’
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which becomes: )

Ct

Iy — 9 = G*,

Ct
under constant relative risk aversion preferences. For a given spread between r;
and 6, consumption growth will be higher for those consumers with a higher /ES,
in agreement with the discussion in the previous section. Consumers with a low o
have a high intertemporal elasticity of consumption, and they will adjust their paths
much more to a given gap between the private and the market valuation of time.
The opposite will be the case for consumers with a high o, who will barely adjust
their paths to changes in the difference between the real interest rate and the time
discount factor.

3.1.5 The Optimal Steady-State

Since this model shares the same structure than the Solow—Swan model, we already
know that whichever steady-states there may be, they will all involve zero growth:
¢; =k, = 0, with the levels of per-capita consumption and income, as well as the
capital stock per worker, staying constant over time. Aggregate variables, however,
will grow at the same rate than the population, n. We now have two relationships
characterizing the time evolution of the economy: (a) the law of motion (3.1), an
equation in k, which we also had in the Solow—Swan model, which acts now as
a restriction to the planner’s problem, and (b) the Keynes—Ramsey rule (3.9), an
equation in ¢, which is specific to the optimal economic planning problem.

The two equations are of a different character. On the one hand, making k; = 0
in the law of motion of the economy, we get,

f(kss) = (n+5)kss + Css s

which describes a curve in the (c, k)-plane:

Css = f (kxs) - (n + 6) ks (3.10)
which satisfies,
dcys o
okss = f'(kss) = (n+9) ,
%cys "
o) = f" (kg) <O.

All the points in this curve are consistent with a zero growth rate for the stock
of capital. However, (3.10) is the long-run version of just one of the two optimality
conditions. The optimizing behavior has additionally provided us with the Keynes—
Ramsey condition, so the optimal steady-state will be characterized by the per capita
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levels of physical capital and consumption, kg and c, satisfying, in addition to
(3.10), equation

f(ks) =n+6+8, (3.11)

which is obtained by imposing ¢; = 0 in the Keynes—Ramsey condition. The struc-
ture of the system is such that equation (3.11) gives us the stock of capital at the
optimal steady state, and then (3.10) yields the associated level of consumption. If
the production function is concave, the solution is unique.

The Golden Rule, kgr, defined in the previous chapter, was the point on curve
(3.10) with the highest level of consumption. The Golden Rule does not solve the
planner’s problem, since it satisfies just one of the long-run optimality equations,
but not the other. From the definition of Golden Rule,

[ (kr) =n+8. (3.12)

we see that the optimal steady-state has a level of capital below kgg for any 6 > 0.
Therefore, the optimal steady-state is a point on curve (3.10), to the left of the
Golden Rule. As we anticipated in the previous chapter, the Golden Rule involves
too much capital accumulation. It allows for a higher level of consumption once
steady-state is reached, but it asks for too much consumption sacrifice earlier on.
[See Fig.3.1].

In the planner’s problem the savings rate is allowed to vary over time, so that the
representative consumer will generally be better off than in a comparable Solow—
Swan economy, since the resource allocation in that economy could also be attained
in the planner’s economy as a special case.

Whether there is more than one of such optimal steady-states and whether the
economy converges to any of them from any given initial condition can be dis-
cussed by analyzing the behavior of the two (¢, k; )-time functions defined by the
two differential equations in ¢;, k,, which we do next.

fk)—(ntd)k

kss kGR k

Fig. 3.1 Steady-state relationship between consumption and physical capital
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3.1.6 Numerical Exercise: The Sensitivity of Steady-State Levels
to Changes in Structural Parameters

The Steady-state spreadsheet in the CK_continuous_time.xls file shows how steady-
state levels differ between economies with different structural parameters. The same
analysis can be done through the CK_c_steady state.m Matlab file. We consider in
all cases an economy with a Cobb—Douglas technology and a constant, relative risk
aversion utility function like (3.7). The exercise is designed to display changes in
the steady-state levels of the main variables under a permanent change in a single
structural parameter, maintaining all the other parameters unchanged. The result can
be interpreted either as steady-state differences between two economies differing in
the value of a single structural parameter, or as the comparison between final and
initial steady state levels for a given economy subject to structural change.

In the latter case, suppose an economy which is at steady-state, in which a
permanent change occurs in the value of a structural parameter. After the struc-
tural change, the steady-state will be different, so the economy will no longer be in
steady state, and a transition period will start, which might take the economy along
a convergence path to the new steady-state. Such transition trajectory will be char-
acterized in an exercise below. At this point, we just focus on steady-state changes
produced by the permanent change in a structural parameter.

Each panel in the spreadsheet is devoted to analyzing steady-state effects of
changes in a specific structural parameter. The initial steady-state is underlined
in red in each panel. Under each panel, a graph displays the variation induced in
steady-state capital stock and output as a consequence of the change in the struc-
tural parameter. A second graph does the same with consumption and single period
utility. Under the assumed Cobb—Douglas technology, output follows a behavior
parallel to that of the capital stock, and the same can be said for consumption and
single period utility, but it is still instructive to see the numerical sensitivity of each
pair of variables. A third graph displays the behavior of investment both, in absolute
terms, as well as a share of output. The latter characterizes the distribution of re-
sources in the economy, consumption taking the part of output which is not devoted
to investment.

We have considered a reasonable range of values for each parameter. By that
we mean that the implied steady-state distribution of resources is not very much at
odds with what is observed in actual economies. Even though there is always some
discussion about what these values should be, we take a conservative position, by
considering a wide range of parameter values in each case. The reader will gradually
understand how steady-state properties are affected by the values of some structural
parameters. In this exercise, it may be specially interesting to pay attention to how
(a) the share of output devoted to investment is a linear function of the output elas-
ticity of capital!, and (b) the optimal distribution of resources between consumption

1
! The steady-state stock of capital is ks = ( ) "% Under the assumed technology, y; = k~,

o
n+06+6
steady-state output and consumption satisfy: ys, = f (kgs) = k&, cs5 = yss — (n+ 0) ks
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and investment is affected by the depreciation rate of physical capital and, specif-
ically, by how the economy reacts to very high depreciation rates by reducing the
stock of capital, rather than by sacrificing too much consumption.

Analyzing further the results, we can see how an increase in the discount applied
to future utility decreases the steady-state stock of capital as well as steady-state
output. The lower production also leads to a decrease in steady-state consumption
and a larger fall in steady-state utility. A higher time discount implies that the con-
sumer cares less about future consumption, which leads him/her to reduce capital
accumulation.

A higher value of the output elasticity of capital increases the productivity of
this factor, stimulating its accumulation over time. In steady-state, an economy with
a higher output share of capital has a higher stock of capital and produces more
output, which also allows for higher consumption. Investment is increasing in the
output elasticity of capital, moving from an initial share of 14% of output for low
elasticity values, to about 20% of output for the higher admissible values of this
parameter.

A higher rate of population growth or a higher rate of depreciation of physical
capital limit the possibilities for capital accumulation, which is lower in steady-
state the higher are either one of these two parameters. As a consequence, steady-
state output is also lower for higher depreciation or higher population growth. In
our numerical examination, we have taken the depreciation rate to a limit value of
100% which, even if unrealistic, it is nevertheless sometimes used in theoretical
models. We would then have full depreciation of physical capital, with the stock
of capital being equal to investment every period. A higher depreciation is quickly
seen in the figure to take the steady-state stock of capital to very low levels, since
many resources are needed to replace what is lost to depreciation, and none would
be left for consumption. As shown in the second graph, consumption stabilizes at
a strictly positive level. Steady-state investment is low for very low depreciation
rates, since then there is not need to make much replacement of physical capital.
The investment share of output increases with the rate of depreciation, stabilizing at
just below 30% of output. It is interesting to see this stable behavior of investment, as
a fraction of output, even when depreciation is complete. This has a direct reflection
on consumption stabilizing at just above 70% of output. For large depreciation rates,
output would be very low, as shown in the table, and so would be consumption and
investment. Reasonable depreciation rates for annual data would be in the 5-15%
range. There, investment falls between 17% and 23% of output, the remaining share
of output being devoted to consumption.

Finally, the intertemporal elasticity of substitution of consumption or, what is
the same, the degree of curvature of the utility function as represented by o, is

So that the investment to output ratio is:

| s n+d o

= =
ysso o n+8+6 1487

smaller than the output share of capital, ¢. It will approach o only if the rate of time discount is
small, relative to total depreciation.
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inconsequential for the steady-state allocation of resources, affecting only the level
of utility attainable with the steady-state level of consumption, which does not
change with the value of this parameter.

3.1.7 Existence, Uniqueness and Stability of Long-Run
Equilibrium — A Graphical Discussion

Existence and uniqueness of the optimal steady state are readily seen, since (3.11)
determines a unique level of the stock of capital per worker which, taken to (3.10),
determines the optimal steady-state level of consumption. Hence, there is a single
optimal steady state.

To discuss stability, it is necessary to remember that equations (3.1) and (3.9)
characterize the dynamics of the economy. Imposing ¢, = 0 in equation (3.9), we
obtain (3.11), that divides the (c,k) space into two regions. To the left of kg, the
marginal product is greater than f” (ks), and hence the function f/ (k) — (n+ 6+ 0)
will be positive and, as shown in (3.9), consumption will increase. That happens
whenever the stock of capital is below its level at the optimal steady state. Further-
more, the rate of growth of consumption will be higher the further below kg we are.
The opposite happens whenever the stock of capital is above the optimal steady-
state level, consumption then decreasing at a higher rate the farther away the stock
of capital is from the optimal steady state [See Fig. 3.2].

On the other hand, imposing &, = 0 in equation (3.1), we obtain ¢ = f (k) —
(8 +n)k that also divides the (c,k) space into two regions. First, we need to char-

acterize the shape of the curve. It goes through the origin, since over that line, k =0
. . . .. 2

implies ¢ = 0. As we saw before, partial derivatives are, % = f'(k)— (6 +n); % =
S (k),so that the curve is everywhere concave, with a maximum at f/(k) = (6 +n),
i.e., at the Golden Rule. The line crosses the ¢ = 0 axis at the non-zero solution

to equation f (k) — (6 +n)k = 0. For instance, in the case of a Cobb—Douglas

) ¢ =0

¢, >0

k

BA

Fig. 3.2 Direction of changes in consumption
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1

technology, that happens at: Ak* = (6 +n)k, ie., k= (ﬁﬁ) "% a well defined

stock of capital, corresponding to the subsistence steady-state of the Solow—Swan
economy. Points to the right of this stock of capital are clearly not feasible, since
they would imply negative consumption. At any point below the line in the feasible
region, we have ¢ < f (k) — (8 +n)k so that from (3.1) we obtain that k > 0 and
the stock of capital increases. The rate of accumulation of physical capital is higher
the farther away we are from the curve. The opposite happens anywhere above the
curve, physical capital then decreasing, because of investment being below what
would be needed to replace what is lost by depreciation [See Fig. 3.3].

We can then see how the (c,k) space gets split into four regions, as in the phase
diagram in Fig. 3.4. Starting from a point like A in region /, we move into region /1,
in the direction of zero capital and high consumption, which is clearly not feasible.
As the stock of physical capital decreases, so does output, and it is not possible
to maintain an ever increasing level of consumption. The same result would arise
starting from point B. If the economy starts at C, then the stock of capital will ac-
cumulate and consumption will increase for a while. Indeed, the Keynes—Ramsey

“ k,<0

Fig. 3.3 Direction of changes in stock of capital
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Fig. 3.4 Phase diagram
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condition shows that consumption increases everywhere to the left of k. However,
once it enters into region /11, consumption will decrease. When it goes to the right
of the Golden Rule, condition (3.5) shows that the marginal utility of consump-
tion starts growing faster than 6, while the stock of capital would remain bounded.
The transversality condition then fails to hold while the economy converges to the
subsistence steady-state of the Solow—Swan economy. It is clear that while being
feasible, a trajectory of accumulating capital while bringing consumption to zero
cannot possibly be optimum. Starting at D, in region IV will bring the economy into
region /11, with the same result we just saw, while starting at £ would eventually
bring the economy into region /1.

It is just when we start from a point like F that the rates at which capital ac-
cumulates and consumption increases are just adequate to move the economy into
the direction of the optimal steady state. If we start from just above or below F
that will not work, and we will get either unfeasible or suboptimal results. There is
a sequence of points like F' along a curve, called the stable manifold. For similar
reasons, the stable manifold extends to the left of the optimal steady-state level of
capital and below the k = 0 curve. For each possible level of the stock of capital
there is a single level of consumption which is consistent with the economy con-
verging to the optimal steady state. That trajectory is the solution to the planner’s
problem.

Trajectories converging to the optimal steady state satisfy the transversality con-
dition, since A7 = A, kr = kg, are constant and finite in steady-state, so that,

Jim e 2 kss = 0.

Since all agents share the same preferences, the resource allocation made by the
solution to the planner’s problem is also Pareto-optimum, since in it, everybody
alive receives the same amount of resources, so that there is no way to increase the
level of utility of a given consumer, without decreasing that of another one. On the
contrary, any other trajectory will not be Pareto-optimum, since we could improve
the level of welfare for each consumer, without decreasing that of a single agent.

3.1.8 Suboptimality of the Golden Rule

We can now take again the discussion on optimality we made when introducing the
Golden Rule in the previous chapter. Among all steady-states that can be achieved
with alternative values of a constant savings ratio, the Golden Rule is the one pro-
viding the highest level of consumption. In principle, achieving the highest possi-
ble steady-state level of consumption might seem a sensible goal under monotone
preferences. Imposing a constant savings rate sgg Will start a transition path tak-
ing the economy from the initial stock of physical capital ky to the Golden Rule
level, kgr, as we saw in the previous chapter. But the point is that attaining the
Golden Rule might ask for a larger consumption sacrifice along the transition than
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that needed along the transition path that would take the economy from k( to the
optimal steady-state level k. Since the intertemporal welfare function weights cur-
rent versus future utility, it is unclear whether converging to kgr might be optimal.
Because of this trade-off between the short- and the long-run several issues, like
the speed of convergence towards steady-state or the rate of time discount, play a
central role in characterizing an optimal path.

In fact, by solving the planner’s problem in the previous sections, we have shown
that converging to kgg will generally not be optimal. Moreover, since the only dif-
ference between the conditions characterizing the optimal steady state kg and the
Golden Rule kgg depends on the rate of time discount 0, we know that the Golden
Rule will be the optimal steady-state only when 6 = 0, i.e., when future utility is
valued as much as current utility. At the Golden Rule, future utility receives too
much weight?, and because of this emphasis on future levels of utility, the Golden
Rule involves too much capital accumulation early on.

Rather, optimality requires starting a convergent trajectory leading to the optimal
steady state kg;. Analytical expressions for the optimal trajectory would be obtained
by integration of the two differential equations (law of motion and Keynes—Ramsey
rule) subject to two boundary conditions,

ko given,

TliirloefeTlrkT =0 (transversality condition), (3.13)
a hard analytical problem. The economy is placed on that trajectory by adequately
choosing the initial consumption level ¢y. That will determine a specific savings
rate at each point in time, converging also to a long-run equilibrium level. Being
the solution to the planner’s problem, that trajectory guarantees a higher level of
welfare than any other alternative path, including the one converging to the Golden
Rule steady-state. That is due to the fact that, because of time discount, consump-
tion along the transition gets more weight than steady-state consumption. Once it is
reached, the Golden Rule will yield higher utility than the optimal steady-state, but
that utility will be heavily discounted in the time aggregate objective function.

3.2 Stability and Convergence

The Keynes—Ramsey condition for an economy with a Cobb—Douglas technology,
yr = Ak¥, 0 < a < 1, and a constant, relative risk aversion utility function with
parameter o, becomes,

2 Alternatively, it can be said that the utility of future generations receives too much weight. Along
the Golden Rule, individuals from successive generations all receive the same weigh in the utility
function. However the size of generations grows at a rate n, thereby future generations receiving a
higher weight in the planner’s objective function.
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¢ 11 ao
—’:E{aAk, Y (nts+0)],

Ct
which, for the case A = 1, can be written, in terms of the logged variables, as,

ding, 1 —(1—a)Ink

On the other hand, the law of motion of the economy (3.1), can also be written
in logs,
dInk, _ o (1-a)nk _ Jnc,—Ink _ (n+35).
dt
In Appendix (3.7) we show that the dynamic system made up by these two dif-
ferential equations admits the log-linear approximate representation around steady

state values,
dlng;
di ({0 -1 Inc; —Incgs
dink, | — \ —h @ Ink, —Inkg )’
———

dt
D

with /= (ZAWHOE8 o o gy — 120 (4 1 § 1 6) > 0, where the coefficient matrix
D has determinant —nh < 0. Hence, the system admits a saddle point trajectory

leading to steady-state. Eigenvalues of the transition matrix are,

0++/6%+4nh
By Bp=——F—,

with (1 > 6 > 0, while u, <0.
The continuous-time dynamic system can be written,

x, = Dx,.

with x being the vector of deviations around steady-state: x; = (In¢; — Incgg, Ink, —
Inkys) and D the matrix above. The solution to this system is,

x =2 ePlxo. (3.14)

Let I' be the matrix having as columns the right-eigenvectors of D. Then, its
inverse matrix, I, will be the matrix having as rows the left-eigenvectors of D.
Using expressions in the Mathematical Appendix for the eigenvectors of a 2 x 2
matrix,
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So, using the results in the Mathematical Appendix on the spectral decomposition
of a matrix and the representation of matrix exponential function, we can write the
solution (3.14) to the system of differential equations as:

t
X & eDtxo = (FEAF_I) Xo = FeAtF_le,

that is,
Inc; —Incg | n 1 1 et
Ink —Inkss )~y —py \ 4+ 2 0 et
y 77”2 —1 Inco — Incgg
% 1 Inkg — Inky, /)’
or,
Inc; —Incg = e1'byy +eM2'byy,
Ink; —Inky = eHiby Jre'uztbzz,
with,
1
by = RS (U5 (Inco — Incgg) + 1 (Inko — Inkyy)]
1
by = TR [,ul (1nco—lncss) +n (lnko—lnkss)],
Hy
by = ——————— [, (Inco — Incys) + M (Inko — Inkgs)],
(i 12 " )
byy — _(ulfﬁ [ (Inco — Iney) + 1 (nko — Inky)].

The transversality condition (3.13) implies by; = 0, because the term e*1'by;
grows at a rate faster than 6. This zero condition amounts to: 1, (Inco —Incg) +
N (Inko — Inkg) = 0, so that stability requires that initial consumption must be
chosen by:

Inco = Iness — ~- (Inko — Inkss). (3.15)
2%

Furthermore, notice that this condition also implies: b;; = 0. Then, using (3.15)

in the expressions for b1, and by,, we obtain:

b1y = [t (Inco —Incys) — 1y (Inco — Incgs)] = Inco — Incgy,

My —Hy
Uy nu,
by = — — Inko —Inkg) +n (Inky — Inkgg
2 T |y Mok ko —inky
= Inkg — Ink,
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and the solution finally becomes,

Ine, —Ines = e (Inco —Ineyy) = —ewu1 (Inko — Inksy),
2

Ink; — Inkgs = 2 (Inkg — Inky) .

for a level of ¢y chosen as a function of the initial condition on ko according to
(3.15).

Hence, if we impose the stability condition to choose initial consumption,
then the solution to the system of linear differential equations: Inc; — Incg, =
e (Inco — Incys) , implies that the relationship between consumption and the stock
of capital is the same at all time periods,

Ine = Incy — ul(lnk, Cnky) 1 =0,1,2,3,....
2

so that the stability condition holds every period. This is the case because we are
working with the linear approximation to the system of differential equations.

As an alternative way to discuss stability, which could be used in systems of any
dimensionality, we can write the solution to system (3.14):

x =TeMT x, (3.16)

as,
7z =eMzg, (3.17)

after premultiplying in (3.16) by I'"! and defining z, = I'"'x;, 7 = 0,1,2,... Each
element in z; as a linear combination of deviations from steady-state for both vari-
ables, Inc; —Incgg, Ink; —Inkg,, and (3.17) shows a set of two equations representing
the model. The system will be stable, in the sense of satisfying the transversality
condition, only if the elements in the diagonal of A, i.e., the eigenvalues of D, are
less than 6. But that is only the case for u,, as we know and hence, in each equation
above there is an explosive term.

The only way to avoid the explosive path is by fixing z;, = 0 V¢, which amounts
to setting to zero each period the inner product of the first row in I'~! times the
vector of variables in deviations from steady-state. That is, we need to set to zero
each period the inner product of the left-eigenvector of D associated to the unstable
eigenvalue, times the vector of variables in deviations from steady-state. Since that
vector is (—&7 —1), we reach the same stability condition (3.15) as in the previ-
ous discussion. Needless to say, had we assumed that (1, was the stable eigenvalue,
with 1, being unstable, we would have concluded the need to set to zero the in-
ner product of the second row of I'"! (that is, the left-eigenvector associated to
the unstable eigenvalue) and the vector of deviations from steady-state. As we will
discussed below, we should generally expect a relationship between the number of
stability conditions and the number of control or decision variables, since stability
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Fig. 3.5 Stability in Cass-Koopmans model

conditions are used when computing a numerical solution to the model, to obtain
initial conditions for decision variables (like consumption) as functions of the initial
conditions for state variables (like the stock of capital). [See Fig. 3.5].

3.2.1 The Trajectory for Income

Paths for the remaining variables can be obtained from those for the stock of capital
and consumption. In the case of output, with our assumptions on technology, we
have, |

v =k¥ = Ink, = %,
so that the stock of physical capital and per capita income are proportional to each
other at each point in time and, consequently, also in steady-state, so that,

Inkg, = Inyg, ’
o

so income will grow at the same rate than the stock of capital.
Over time, we will have,

Iny; —Inyg = "2’ (Inyg — Inyyy) , (3.18)

and finally,
Iny; = (1 —et2") Inyg + €2 Inyg, p, <0,

showing that the initial distance to steady-state in terms of income closes down at
a rate U,, which is therefore the convergence speed to steady-state, whose value
increases with the product nh.

Hence, the rate of growth of income is an inverse function of its initial state:
the farther away is an economy from steady-state, the higher will be the growth in
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income, assuming it starts below steady-state, ky < kgs. The rate at which the gap
between initial capital and consumption and their steady-state values is closed in-
creases with n, 0, 0, and decreases when o, o increase, as it can be seen by the way
how (1, depends on these structural parameters. A numerical exercise on the sensi-
tivity of the speed of convergence to changes in structural parameters is performed
in the next section.

We can calculate the length of time needed to cover half the distance® from the
initial capital stock to the steady-state,

1 1
Iny, —Iny;, = 3 (Inyg — Inyg) = "2’ (Inyg — Inyg) = 3 (Inyp — Inygy)
Ini
=t=—2
Uy

From the previous expression we also see that any set of economies sharing the
same values for the structural parameters n, 8, 8,6, ¢ will not only converge to the
same steady state, but they will do it at a speed inversely related to their initial in-
come. A poor country will grow more rapidly than a rich country with the same
steady state. The reason is that, having less capital, the initial productivity of invest-
ment is higher. As a consequence, and according to this model, in a cross-section
regression of the growth rate of income on initial income, we should have a negative
coefficient, as we already saw before.

On the other hand, if two countries converge to different steady-states, we will
no longer be able to make any statement about their relative speed of convergence.
We should in this case consider the notion of conditional convergence, as discussed
previously.

The reader is asked in an exercise at the end of the chapter to repeat the analysis
on stability and convergence in this section for a general production function.

3.2.2 Numerical Exercise — Characterizing the Transition
after a Change in a Structural Parameter

In this exercise we compute numerical values for some characteristics related to the
transition of a planner’s economy to the optimal steady-state. We make the same
assumptions on preferences and technology as in the previous numerical exercise.

3.2.2.1 The Speed of Convergence to Steady-State

We start by examining how the rate at which the economy converges to steady-state
changes with changes in the numerical values of structural parameters. This is done

3 Or any other fraction of that distance, of course.
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in the Speed of Convergence spreadsheet in the CK_continuous_time.xls file. We
take as benchmark parameter values A =1, 6 =0.04, o = 0.30, n =0, § = 0.10,
o =2,wehave h =0.367, n = 0.049, with h,n defined as described in the previous
section. With these parameter values, the stable eigenvalue is (1, = —0.1155, which
gives the rate at which the economy converges to steady-state. The length of time to
cover half the distance to steady-state is 6.0, while 12.0 time units would be needed
to cover 75% of the initial distance.

In each panel we change the value of a single parameter, maintaining all the oth-
ers at their benchmark values. The first analysis presents changes in the speed of
convergence to steady-state with changes in the discount factor applied to future
utility. Underlined in red is the initial situation. For each vector of parameter val-
ues we compute the stable eigenvalue, which determines the speed of convergence
towards steady-state. Finally, the number of periods needed to close either half the
initial gap to steady-state or 75% of it, is obtained. The convergence speed starts at
9.0% when future utility is not discounted, i.e., when it is valued as much as current
utility (6 = 0). Convergence to steady-state goes faster for higher values of the dis-
count factor, the relationship between these two variables being essentially linear.
When future utility is discounted, more resources are invested to allow for more re-
sources in the future. That way, we can compensate for the heavier discount applied
to future utility. As a consequence, the stock of capital accumulates more rapidly,
and we have a faster convergence to steady-state.

As the output elasticity of capital increases in the second analysis presented, less
capital is needed to produce the same amount of output. There is less incentive
to accumulate capital, and the economy moves more slowly towards steady-state.
A special case will be considered in chapter 6, when we will allow for a unit value
of the output elasticity of capital. The speed of convergence to steady-state goes
then to infinity, meaning that the economy jumps immediately to steady-state. In
other words, there is no transition to steady-state.

Population growth can be considered as a sort of depreciation of physical capital,
so we deal with the next two analysis simultaneously. As depreciation increases,
more resources need to be devoted to investment to maintain the stock of capital
unchanged. Then, physical capital needs to accumulate more intensively because
a larger proportion is lost to depreciation. The higher depreciation and the more
intense accumulation of capital go in opposite directions, and our numerical exercise
shows how, at least for reasonable parameter values, the second effect dominates,
and the economy converges to steady-state faster under higher depreciation.

As the elasticity of intertemporal substitution of consumption increases, the con-
cavity of the assumed CRRA utility function decreases. Agents are relatively indif-
ferent to consumption changes, so it is not surprising that the economy converges
faster to steady-state.

3.2.2.2 A First Note of Caution

The next exercise is the first instance in which we compute time series for the en-
dogenous variables in the continuous time version of the Cass—Koopmans economy.
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The reader should be aware that this exercise is subject to potential pitfalls. Produc-
ing discrete time series out of a continuous-time model amounts to observing the
continuous time processes followed by the endogenous variables at equally spaced
points in time. By doing that, we miss what is taking place between successive ob-
servations, and that could be quite important if our goal is to describe the main
characteristics of the vector of endogenous variables, like their volatilities, or the
correlation coefficients between pairs of variables. Even more importantly, this lim-
itation is very relevant if we want to compute the level of welfare, defined as the
integral of a continuous function of time. It is tempting to compute welfare by ag-
gregating over time the levels of discounted utility computed for each observation
period. But that may be a poor approximation to the continuous time integral, as
we show in this numerical simulation. To perform a fully justified analysis using
discrete time series for the endogenous variables, these must be computed from
the discrete-time version of the Cass—Koopmans economy, which we present in a
section below.

3.2.2.3 Convergence to Steady State as a Function of the Degree
of Risk Aversion

We analyze in this section how the convergence path to steady-state, depends on the
concavity of the utility function. We again assume a Cobb-Douglas production tech-
nology and a CRRA utility function, so that concavity is characterized by the risk
aversion parameter which, as shown in Sect. 3.1.2 is the inverse of the intertemporal
elasticity of consumption. These transition trajectories are computed in the Con-
vergence. Risk aversion spreadsheet of the CK_continuous_time.xls file. Transition
paths to steady-state can also be calculated with the CK_c_transition.m file.

We examine two economies, differing in their value of &, the parameter, which
determines the concavity of the utility function of their representative agents. As we
have seen in the previous sections, the preferences of private agents do not play
any role in determining steady state levels, which are therefore the same for both
economies. Benchmark parameter values are, A=1, 8 = 0.04, n = 0, = 0.10,
o = 2, which imply steady state levels for the capital stock, consumption and output,
kys = 2.97006, ¢y = 1.0892, i = 2971, y4 = 1.3863. The degree of concavity of the
utility function affects the representation of the linear approximation to steady-state
through the value of 1 and hence, the way how initial consumption is chosen as a
function of the initial stock of capital.

Steady-state levels are calculated on the left of the spreadsheet. Below them, we
compute the &, 7 constants and the transition matrix D defined in the Stability and
Convergence section. After that, we compute the stable and unstable eigenvalues of
D, as well as the matrix of right-eigenvectors. The initial condition on the stock of
the capital is also assumed to be the same in both economies, capital being 10%
above steady-state. The economies then describe smooth decreasing paths converg-
ing towards steady-state.
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To compute the actual time series, the logged stock of capital is obtained by
using the condition that the initial gap to the steady-state is closed at a rate
Wy Ink, — Inkss = eM2' (Inkg — Inkss) . Logged-consumption in the initial period is
chosen by imposing the stability condition: Incy = Incg — ulz (Inko — Inky) . After
that, Inc; —Incg, = €2 (Inco — Incyy) is used each period. As we saw in the previous
section, this condition guarantees stability. Output is obtained from capital each pe-
riod using the specification for the production function, and investment is obtained
as the difference between output and consumption. Finally, the level of utility as
well as its discounted value each discrete time period, are obtained and aggregated
over time.

Investment can be seen to follow a different behavior in its convergence to steady-
state for the two risk aversion parameter values. Under a less concave utility, in-
vestment is relatively low initially, gradually increasing along the convergence to
its steady-state level. The opposite happens for a more concave utility, for which
investment is higher initially, then decreasing along the convergence path. What
happens is that under the less concave utility, agents consume a large part of the
amount by which output is initially above its steady state level, investing a rela-
tively low amount of resources. As a consequence, the stock of capital decreases
to its steady-state level faster than under the more concave utility. Agents with the
latter preferences prefer to invest a greater share of output and maintain a lower
consumption than those consumers with the less concave preferences.

It is clear then how distinct degrees of risk aversion determine different con-
vergence paths for all the variables in the economy. After computing discrete time
series for all variables, we have obtained time series for single period discounted
utility for each agent, and we have aggregated the resulting values at the bottom
of each series. According to this exercise, it would look as if maximized welfare
is 2.37881 for agent A, and 1.96739 for agent B. These values are not comparable
among themselves. They are an estimate of the highest level of welfare that can be
achieved by each consumer, given his preferences and his initial stock of capital. It
should then be the case that each consumer prefers the optimal consumption trajec-
tory we have computed than the one we have determined for the other type of agent.
But that seems not to be the case in this spreadsheet for several reasons that are
worthwhile considering. Indeed, to the right of the graphs, we have also computed
single period and discounted utility for each agent, under the optimal consumption
time series for the other consumer. We obtain 2.37227 for agent A, and 1.96852 for
agent B, so it would look as if the latter prefers better the consumption trajectory that
maximizes welfare for agent A, which would be an obvious inconsistency in our so-
Iution. This is a consequence of the fact that each consumption trajectory we report
is a log-linear approximation to the optimal consumption trajectory for each of the
two values of the risk aversion parameter we have considered. The farther away we
start from steady-state, the larger will be the approximation error. On the other hand,
if the two consumers are not very different form each other, the approximation error
could be enough to explain that one consumer might prefer the approximate optimal
consumption trajectory we have computed for the other consumer. In fact, because
of the approximation error, none of them is exactly an optimal trajectory for either
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consumer. Finally, dealing with continuous time as being a discrete variable is an
unavoidable source of error that can only be reduced by partitioning the time unit
into a large number of observations. The problem cannot be solved by taking care of
a single one of these conditions. For instance, if we start very close to steady-state
but consumers are not very different from each other, we could still have this para-
dox. By refining the partition of each time unit we reduce the approximation error,
but we do not fully eliminate it.

In the next spreadsheet, Risk aversion (long horizon), we have repeated the ex-
ercise, with the same parameterization, this time refining the time interval, which
has now a length of 0.025. So, we observe the system 40 times each time period.
We consider two consumers with degrees of risk aversion o = 1.2 and o = 10, and
start in each case with a stock of capital 5% above its steady-state level. Welfare
is estimated by numerically integrating the discounted utility function over 8000
observations (which amount to 125 time periods), and adding for each observation
from that point on the steady-state level of utility. We again compute the level of
welfare of each consumer under the consumption trajectory obtained for the other
consumer. Discounted utility for agent B is initially larger when calculated for agent
A’s consumption series, since consumption is higher for agent A. However, as in-
dicated in yellow, at ¢+ = 7.9, the ordering reverses, and stays that way to infinity.
So, as expected, when evaluated between t = 0 and ¢ = oo, agent B prefers his own
welfare maximizing consumption stream.

The apparent paradox in the previous analysis (Convergence. Risk aversion) was
due to the three factors we already mentioned: (a) too rough a partition of the time
unit, (b) relatively similar consumers, and (c) an initial condition relatively far from
steady state. In the Risk aversion (long horizon) spreadsheet we have considered
even more similar consumers, but started closer to steady state (5% above it) and
used a finer partition of the time unit, and the paradoxical result goes away. The
reader can check that starting farther away from steady state could again bring
the paradoxical result, as it would be the case if we consider still more similar
consumers.

3.2.2.4 A Change in Output Elasticity of Capital: Transition
Between Steady States

In the Change in output share of k spreadsheet in CK_continuous_time.xls we present
the short- and the long-run effects of a change in the output elasticity of physical
capital, from an initial value of & = 0.30, to & = 0.31. The same analysis can be per-
formed with the CK_c_change structural parameters.m MATLAB file. We maintain
the same assumptions on preferences and technology as in previous exercises. We
assume the economy is initially in steady-state, when the change in output elasticity
occurs, and describe what happens from that period on. After describing on the left
side of the spreadsheet the benchmark parameter values, A =1, 6 = 0.04, n = 0,
6 =0.10, o =2, we calculate steady state levels for the capital stock, consumption
and output before and after the change in ¢. The increase in the output elasticity
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of capital implies a better capacity to produce output, which allows for increases
in steady state levels from kg = 2.9706, cgs = 1.0892, iss = .2971, yo = 1.3863 to
kss = 3.1647, c5s = 1.1128, iy = .3165, yss = 1.4292.

The point of the exercise is that even if the economy is initially at steady-state,
a change in a structural parameter like the output elasticity of capital, changes the
steady-state levels. As a consequence, the economy is no longer at steady-state and,
since the system is stable, a transition starts by which the economy converges from
its initial situation to the new steady-state. In the spreadsheet we have labelled as
t = 0 the time at which & changes. The stock of capital at the beginning of t = 0
was decided at the end of the previous period, when the structural change was still
unknown, so k; was still at the old steady-state level, defined by ks = 2.9706. Then,
a changes, and the economy must position on the stable manifold converging to the
new steady-state, kg, = 3.1647.

We must now compute the eigenvalues of the transition matrix under the new
parameter values, which is why the values in the spreadsheet are slightly different
from those in the previous sections. We now have: 4 = 0.3516, n = 0.0483, with
eigenvalues for the coefficient matrix in the log-linear approximation: pt; = 0.1518,
W, = —0.1118. As in the previous numerical exercises, we do not know the ex-
act representation of the stable manifold that would take the economy towards its
new steady-state, but we have a linear approximation for it in the form of the sta-
bility condition that links consumption to the stock of capital every period, both in
deviations from steady-state. That relationship is again estimated through the left
eigenvectors of the matrix of coefficients in the linear approximation to the model,
when written as a first order vector autoregression. That is described in the spread-
sheet, and the stabilizing constant is estimated at 0.4319, so that the stable manifold
can be approximated by,

Inc, —Incgy = 0.4319 (Ink, — Ink) ,

which gives us the level of consumption at f = 0.

An increase in the output elasticity of physical capital increases the marginal
product for that production factor, creating a strong incentive for capital accumula-
tion. The initial response of the economy is then a large raise in investment together
with a fall in consumption. Production increases initially because of the change in
technology. Afterwards, the output increase is also due to the larger stock of capital.
The consumption recovery is explained by the increase in production. The marginal
product of capital gradually diminishes as the economy approaches its new steady-
state and, as a consequence, investment decreases somewhat to its new steady-state
level. The type of response experienced by investment is known as an overshooting,
by which the initial reaction of the variable is so large that goes beyond its long-run
level, to which it must move later through an adjustment in the opposite direction to
the initial change.
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3.3 Interpreting the Central Planners’s Model as a Competitive
Equilibrium Economy

The centralized economy analyzed in previous sections, where a planner makes de-
cisions that imposes on private agents, leads to an allocation of resources that can
also be obtained under the competitive equilibrium mechanism in an economy with-
out government. This theoretical equivalence means that an analyst who was given
time series for consumption, capital and output extracted from either one of these
economies, would not be able to say which one had produced them. Together with
the argument in Sect. 3.1.8, this result implies the Pareto efficiency of the com-
petitive equilibrium allocation, which arises because we have not introduced any
externality or friction in our model economy.

We assume there are complete financial markets, i.e., any agent can borrow or
lend as many units of the consumption commodity as he/she can, at the prevailing
rate of interest. There is a set of identical consumers, who are endowed with a unit
of labor every period, and derive utility from consumption. Leisure does not enter as
an argument in the utility function. The single firm in the economy owns the stock of
physical capital, K;, and uses that factor, together with labor, NV, to produce the only
consumption commodity. It issues some stock, v;, which is bought by consumers.
Each unit of stock gives ownership rights to one unit of capital and yields a real
return of r;. The firm faces competitive markets for inputs and output, so that it treats
the real rate of return on capital, r;, wages, @;, and the price of the consumption
commodity as given. There is no uncertainty, and the aggregate technology displays
constant returns to scale.

3.3.0.5 Consumer’s Problem

The representative consumer chooses consumption every period, as well as the units
of stock in his/her portfolio, so as to maximize time-aggregate, discounted utility,

Max/ e %U(¢;)dt,
<Vt JO
subject to,

V,-i—c,:a)t—i—(rt—n)vl, (319)

Initial wealth, vg, is given, and the consumer takes prices w,,r; as given. The
consumer uses salaries, together with the real return on its portfolio, to pay for
consumption as well as for the changes in his/her portfolio. If there is a reduction in
the size of the portfolio, the consumer will have the proceeds from selling stock as
additional resources to pay for consumption. Population growth is subtracted from
the real return on assets because of the need to provide newly born consumers each
period with the same portfolio as all other consumers.
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Maximization of the Hamiltonian,
H (ct,Vi,qi, 00,1;) = e " {U(c:) +q; [0 + (rr —n) v — ¢; — T4},
leads to optimality conditions,

state equation C1 : U'(c;) = gy,
co — state equation (Euler) C2 : ¢;/qr =n+0 —ry,

transversality condition C3 : lim efetqtv, =0.
—o0

Noting that C1 implies ¢, = U"(c¢;)¢;, we can write C2 as,

&~ y(e) [ — (n+ )], (3.20)

Ct

— Ula)
— U"(e)er
Optimal consumption and savings choices are characterized by (3.19),(3.20) to-

gether with the transversality condition C3.

with y(¢,;) being the intertemporal elasticity of consumption, ¥(c;)

3.3.0.6 The Problem of the Firm

The single firm in the economy maximizes the present value of current and future
profits,

MaxVy = / e~ Jorsds [F(K;, L) — oL, — (8K; + K;)] dt,
Lt 0

given the initial stock of capital, Ky, where @, denote real salaries. Normalizing
the output price to 1, profits are obtained as the difference between output rev-
enues on the one hand, and the aggregate of wage payments and gross investment,
on the other. Gross investment is the sum of net investment, K;, plus depreciation
expenditures.

To solve the optimization problem of the firm, we write the present value of
firm’s profits Vj above as,

Vo= / e Jords (F(K, L) — oL, — 5K;]dt — / e Jorsds g gy (3.21)
0 0
To compute the last term, we need to recall the expression for a parametric inte-

gral function,
b(t)
= / Sf(x,t)dx
a(t)

whose derivative with respect to the parameter ¢ is given by Leibniz’s rule:

A [ L o000 — ptat.) 2.

dt dt dt
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Integrating by parts® in: I e fo ndSK, dt, and applying Leibniz’s rule, we get:

/ "o g — [e—-fiﬁ rids .K,}:+ / ek di
0 0

—Ko+ / e lorsdsy K, dr,
0

where we have applied the transversality condition, lime™ Jor sSK, = 0.
—00

Therefore, the objective function for the firm (3.21) can be written:
Vo = Ko+e 00745 [F(K,, L) — o,L, — (r, + 8)K,] dt, (3.22)

showing that the trajectories for labor and the stock of capital, {K;,L;},”,, maxi-
mizing (3.22) are the same as those maximizing single period profits, F(K;,L;) —
@,L; — (r; + 8)K,. This is the case because decisions at a point in time do not affect
any variable entering into the objective function at any other point in time.

To maximize F (K;,L;) — @,L; — (r; + §)K;, the firm chooses K;, L, such that,

JF (K;,L;)
K,

JF(K;,L;)
=r+6, ——~ =0,
t 8Lf t
We can now use the relationships obtained when discussing the Solow—Swan
model, to write conditions above as,

F1: 0F /0K, = f'(k)) = 6 +ry, (3.23)
F2 . aF/aL, = f(kt) _f/(kt)kl‘ = a)h (324)

which implies that the firm hires workers and capital to the point where marginal
products are equal to relative prices ®, and r,. Because of the constant returns to
scale assumption, single period profits are zero, so that Vo = Ky, showing that the
present value of the ownership rights on the firm, i.e., the present value of profits is
equal to the initial stock of capital.

Definition 2. Given an initial condition kg,a competitive equilibrium is a vector of
continuous functions of time defined over (0,%0) {c}, k/, ®f, r}, N}, v/ }7*, such
that,

e Given ®;, rf, the time functions ¢/, v; solve the representative consumer’s
problem,

e Given o/, r}, the time functions for capital £ maximizes firm’ profits each
period,

e The labor market clears, with equality of labor supply and demand. Since labor
is supplied inelastically, labor market clearing means that labor demand is equal
to total population, L; = N, = Noe™", Vt,

. 1 .
4 To integrate by parts, we define: u = ¢~ Josds

. - [t
Leibniz’s rule: du = e~ Jo"s45 .

and: v = K;, so that: dv = K,dt, and applying
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e The units of stock owned by consumers are equal to the stock of capital owned
by the firm, v} = k/, Vz.

3.3.0.7 Global Constraint of Resources

Taking (3.23) to (3.19) and using the fact that, in equilibrium, v; = k;'Vr, we obtain,
i{[ = f(k[) - (}’l+ 8)k[ — Ct,

which is known as the global constraint of resources, and it is precisely the con-
straint faced by the benevolent planner, that we saw in Sect. 3.1. This is in fact a
reflection of Walras’ law. As a consequence of equilibrium conditions, that require
clearing of the labor market and the market for physical capital, the market for the
consumption commodity also clears. That means that total production of the sin-
gle commodity in the economy is equal, in equilibrium, to the sum of private con-
sumption and gross investment, the latter being the aggregate of net investment and
depreciation expenditures,

flki) = ci+ [k + (n+ 8) ki].

3.3.1 The Efficiency of Competitive Equilibrium

In previous sections we have seen two different resource allocation mechanisms:
on the one hand, the planner’s mechanism, which maximizes social welfare. On the
other hand, the competitive equilibrium mechanism, where consumers maximize
utility and firms maximize profits taking prices as given. Prices are then determined
by market clearing conditions. Interesting questions are:

e [s the competitive equilibrium mechanism able to achieve the same allocation of
resources as the one emerging under the planner’s mechanism?

e Is a planner needed to achieve efficiency in resource allocation, or can markets
achieve efficiency by themselves through the competitive equilibrium mecha-
nism?

The following theorems answer these two questions. Let us start by recalling the
optimality conditions for the planner’s problem:

Pl) U/(Ct)flt = O,

P2) f’(k,)—(6+n)—6+% =0,

P3)limA, e % k, = 0.

t—00
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Theorem 1. Welfare Theorem 1: Let the vector of time functions {c;, k, N}, r,
@7, Y} be a competitive equilibrium. Then, {c;, k} solve the planner’s prob-
lem. Hence, the resource allocation obtained under the competitive equilibrium is
Pareto-efficient.

Proof. Define A, = ¢;, and C1 implies P1. If we substitute F'1 into C2, we obtain
P2. Finally, since in competitive equilibrium, v, = k;, then C3 implies P3. Hence, the
competitive equilibrium time functions for consumption and physical capital solve
the planner’s problem. The same argument we made above to obtain the global
constraint of resources shows that the constraint to the planner’s problem is satisfied
every period, so the competitive equilibrium allocation of resources as summarized
by {c;,k} is a solution to the planner’s problem.

Theorem 2. Welfare Theorem 2: Let {c}, k;'} be a solution to planner’s prob-
lem (so, it is a Pareto-efficient resource allocation). There are price functions
{rf, ®}} and time functions for labor and units of stock held {N;, v}} such that
{c}, k', Nf, rf, ©f, vi}is a competitive equilibrium.

Proof. From the given sequence for the stock of capital, let us define prices,
o = f(k) =k f'(k), vt
i = 1k) -8,

and time functions,

L;F =N =N0e"’, Vit
Vi =k, Vt.

Let us further define a sequence of shadow prices ¢, = U’(c}). With these defini-
tions, C1 holds by construction. P2, together with the definitions of r} and ¢;, imply
that C2 holds. The definitions of v; and ¢, together with P3, imply C3. Finally, the
definitions of r; and @; imply that F'1 and F2 hold.

Once we introduce the definition of r; into P2, we get the competitive equilib-
rium differential equation for ¢;. The law of motion for k; in competitive equilibrium
is the planer’s global constraint of resources, so the time functions for consumption
and the stock of capital are the solutions to the same system of differential equa-
tions as in the benevolent planner’s problem. Since the firm is using the same stock
of capital and the same labor than under the planner solution, output will be the
same. Depreciation is also the same in both solutions, and so is investment, which
is equal to savings in this closed economy without government. Hence, the level
of output being produced and its decomposition between private consumption and
savings are exactly the same as under the planner’s solution.



3.4 A Competitive Equilibrium with Government 131

3.4 A Competitive Equilibrium with Government

3.4.1 The Structure of the Economy

We consider again an economy subject to no uncertainty, with an aggregate technol-
ogy displaying constant returns to scale. We introduce a government of a simple
kind, that it cannot directly influence consumers’ utility or the production tech-
nology. It will, however, take some resources away from the economy, reducing
aggregate consumption and investment possibilities. The government finances its
activities by issuing bonds paying a certain real return r,, and by levying per-capita
lump-sum taxes 7; on consumers. We do not consider money in the economy. Con-
sumers are all identical to each other, endowed with a unit of labor every period.
Leisure does not enter as an argument in their utility function. The single firm in the
economy uses physical capital, K;, and labor, N;, to produce the only consumption
commodity. The firm is the owner of the stock of physical capital. It issues some
stock, v;, which is bought by consumers. Each unit of stock gives ownership rights
to one unit of capital and yields a real rate of return r,. This must be equal to the
return on government bonds since, in the absence of uncertainty, one of the two
markets would otherwise disappear.

3.4.1.1 Consumer’s Problem

The representative consumer chooses every period consumption and the number of
stock and government bonds in his/her portfolio so as to maximize time-aggregate,
discounted utility,

Max/ e %U(c;)dr,

Crydr JO
subject to,
a.[+C[+T[ = (Dl+(rl*n)a,, (3.25)

where a; = v, + b, denotes total assets, the aggregate of stock on the firm, v;, and
government bonds, b;. Initial wealth, ag, is given, and the consumer takes real wages
and interest rates {@;,r; };, as given.

Maximization of the Hamiltonian,

H (cr ar,q1,0p,11) = ¢ " {U(c;) + qr [0 + (r, —n) a; — ¢ — ]},
leads to optimality conditions,

state equation Cyl = U'(¢;) = g,
co — state equation (Euler) Co2 : ¢;/q; =n+6 —r;,

transversality condition C,3 : lim efetq,a, =0,

{—00

the last one being the transversality condition for the consumer’s problem.
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Euler’s equation C,2 is a first order, homogeneous, variable coefficient differen-
tial equation which integrates to [see Mathematical Appendix],

4 = go- e~ Jir—(nt0)ds.

so that the transversality condition can be written,

. — . — 1 — v
lim e qutaf _ 1152 go-e Jo(rs n)d.sat =0,

f—o0

or,
lim e~ 0(s—mdsy, 4 Jim o= Jo(r—mdsp — g,

{—o0 f—o0

Unless we allow for a negative stock of government bonds, i.e., for the govern-
ment to make loans to consumers, both terms will be non-negative, and we must
have,

lime ™ Jo(rs=mds, — Jim e Jo(rs=mdsp, (3.26)

t—o0 t—o0

for the transversality condition of consumer’s problem to hold.

It is also interesting to use the consumer’s budget constraint to represent the
time evolution of his/her portfolio of assets. Using the results in the Mathematical
Appendix for non-homogeneous, variable coefficient, first order differential equa-
tions, we get,

ar = |:a0 + /t e il (0;—c;—7;)dz elotrs=mds
0
_ aoe-fé(rx_wds i /’ e./‘zl(rx—n)ds (0, — ¢, —1.)dz,
0

showing that at each point in time, the stock of assets is the capitalized value of (a)
the initial stock of assets, ag, and (b) past single period differences between wage
revenues ®, and expenditures, ¢; + T;.
Moving the exponential term to the right to the left hand side and taking limits,
we get,
3 4 Z

lim e 00s=4sy, — o 4 lim [ e~ JoUs—n)ds (0, —c,—1;)dz,

[—00 f—o0 0
the left hand side being equal to zero because of the transversality condition, so we
end up with,

ag :/ e fols=md (e 41, — @) de,
0

showing that the initial stock of assets allows the consumer to enter into a sequence
of future deficits ¢; + T; — @y, so long as their present value remains below the initial
stock of assets. If the present value of future deficits were less than initial assets, the
consumer could have increased consumption at some point in time by running a
higher deficit, achieving a higher level of welfare. On the other hand, the consumer
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will not be able to run a sequence of deficits whose discounted present value is
above its current stock of assets, since he will not be able to finance its consumption
and tax expenditures.

As a matter of fact, any time period can be taken as the initial time, so we can
write,

a = —/ e I Usmds (g . —1.)dz,
t

which is sometimes called the forward solution to the consumer’s budget constraint,
with an interpretation similar to that of the previous equation.

3.4.1.2 Firm’s Problem

The firm chooses sequences of capital stock and employment to maximize the
present value of profits,

Max/ e Jorsds [F(Kt,Nt) — N, — 6K, — Kt] dt,
Ki. Nt Jo
given the initial stock of capital, K.

As shown in the previous section, optimality conditions for this problem are,

Fol: OF JoK, = f'(k;) = 8 + 1y,
F2: OF JON, = o, < f(k) — f (ki )k = o

A standard argument can be used to show that the constant returns to scale as-
sumption implies that maximized profits are zero, with total revenues being distrib-
uted either in the form of wage payments or as return on issued stock.

3.4.1.3 The Government

The government spends at each point in time G; units of the consumption commod-
ity which, unfortunately, do not contribute to increase private agents’ utility or to
improve the available production technology. The government budget constraint is,

Bt‘i‘Tt =rnB + Gy,

where the left hand side describes the sources of revenues: issuing debt plus levy-
ing lump-sum taxes. The right hand side displays expenditures: interest payments,
plus public consumption.

Using lower case letters to denote per capita variables, dividing by population in
the government budget constraint and using the relationship

bt:Cl(m_&—nbty

dt N,
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we get the government budget constraint in per capita terms,
by = (ri —n)b; +g — 1, (3.27)

where T, = T; /N; denote per-capita lump-sum taxes.
A similar analysis to the one we did for the consumer leads to,

t ) 1
b, = |:b0+/ eff(i(rxfn)ds (gz _ Tz)dZ:| efO(’:*n)ds
0

= boelolrs—mds /t el rs=n)ds (8: —7.)dz,
0

showing that at each point in time, the stock of outstanding debt is equal to the
capitalized value of initial debt, plus the present value of past deficits.
Moving the last exponential term to the left and taking limits,

t z
lime™ fé(rf")d“'b, =bo+lim [ e Jols—nds (g:— 1) dz,

—o0 t—o0 J

and using the transversality condition on the left hand side,

showing that the initial debt outstanding requires that the aggregate of the positive
and negative budget balances of the government over individual periods must have
a positive present value, equal to the initial stock of debt.

Finally, since any time period can be taken as the initial time, we have,

by = — / e Fr=nds (g 1) 7. (3.28)
t

the forward solution to the differential equation for government debt.

So, at each point in time, the present value of current and future government
surplus must be equal to current outstanding debt. A current stock of debt below
the present value of the sequence of budget surplus would generally be inefficient,
because the government would then have some room to decrease taxes, presumably
contributing to an increase in consumers’ welfare, so the proposed solution would be
suboptimal. On the other hand, a level of current debt above the present value of the
intertemporal financing capacity of the government would mean that the government
will be at some point unable to honor its payment commitments and, consequently,
investors will refuse to hold any of that debt.
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3.4.2 Feasible Stationary Public Expenditure and Financing
Policies

Let us assume that the economy is at time ¢ in steady-state, and that the government
wants to follow from then on a policy of constant expenditures and lump-sum taxes
in per-capita terms, g; = g, T = T V¢. What levels of public consumption and taxes
are sustainable in the long-run under this stationary policy?

From the forward solution for the stock of debt, we have,

oo

by = — /°° eif’z(rﬁwds (8. — Tz) dz = / et (t.— gz) dz,

t Jt

which, for = 0 implies,

JO r—n

i.e., a fiscal policy is sustainable in steady state if the present value of a single period
surplus is equal to the initial stock of debt. If, initially, the government has some
debt outstanding, it would only be feasible to sustain a public financing policy with
surplus. Policies that are exactly feasible are those that maintain a constant surplus
by an amount enough to allow the government to eventually retire its initial debt.
There are many other feasible policies, which could consist on initially financing
public expenditures by issuing more debt and cutting down taxes to increase them
later on, but we have just characterized feasible policies with constant taxes.

3.4.3 Competitive Equilibrium

Definition 3. A competitive equilibrium with government is a vector of continuous
functions of time ¢/, k', N;*, b/, v}, g, r}’, T/, ®;, defined on (0,0), such that,

e Given r}, @y, 7/, the time functions for consumption and assets ¢/, v;, b; solve
consumer’s utility maximization problem,

e Given r/, w;, the time functions for the stock of capital and labor ', N; solve
the firm’s profit maximization problem,
Factor markets clear at each point in time, v = k;', N = L, = Loe™, all .
The government budget constraint (3.27) holds every period,

The following theorem relates the equilibrium level of the real interest rate to the
rate at which consumers discount future utility. This relationship was already used
in Sect. 3.1.4.

Theorem 3. If the resource allocation implied by a competitive equilibrium is com-
patible with the existence of an optimal steady-state, we will have at that point a
constant real rate of interest, given by r* = 6 + n. Furthermore, r* = f'(k*) —§.
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Proof. At steady-state, g; = 0 which, taken to C,2, implies a constant interest rate,
7ss = 6 +n. Condition F,1, evaluated at steady-state, directly implies the second
statement in the theorem.

3.4.4 Global Constraint of Resources

As in the economy without government, we can use equilibrium conditions to con-
solidate the budget constraints for the consumer and the government into a single,
global constraint of resources in the economy, the only constraint a benevolent cen-
tral planner would face in this economy, similar to (3.1).

Subtracting the government budget constraint from the consumer budget con-
straint, and taking into account that a; = v; + b,, we get

g +tvite =04 (r—n)v,
which, using the equilibrium condition v; = k;, can be written,
g +ki+c =0+ (rr—n)k. (3.29)
On the other hand, from profit maximizing conditions F, 1 and F,2 we get:
vi = flke) = @ + f' (ke ke = @; + (ri + 8) ks,
which, taken to (3.29), lead to:
g +ki+cr =y — (8 +n)k,

that is,
Vi =¢+ 8 +ki+ (8 +n)k, (3.30)

which is the global constraint of resources in the economy. This constraint is a re-
flection of Walras’ law, showing that the market for the single commodity clears,
with output being allocated into private consumption, public consumption, and
investment.

3.4.5 The Representative Agent Problem

In the previous section we have characterized the competitive equilibrium allocation
by solving optimization problems for the typical consumer and for the single firm in
the economy. There are situations in which we can reach the same allocation through
a simpler method, which consists on solving a single optimization problem, for the
so-called representative agent in the economy. This problem is a convenient artifi-
cial construction, but it does not represent any specific agent. The household and
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the productive sectors are consolidated into a single worker-entrepeneur agent, who
takes care of production and makes the consumption/savings decisions.” Under this
approach, two agents are considered in the economy, the government and the repre-
sentative agent. The budget constraint for the latter includes tax payments, but not
government expenditures. The latter appear in the government’s budget constraint.°

Let us consider an economy with a government that buys a sequence g, > 0
of commodity units which finances through lump-sum taxes. We will consider the
sequence g; to be exogenously given. For simplicity, we will also assume that these
expenditures do not contribute to production or yield any utility to the consumer.
For all practical purposes, we can think that public purchases of the commodity are
‘thrown to the sea’. The government is allowed to issue some debt, b; > 0. That
way, it can spend more at some points in time than what is collected through the
lump-sum tax. The government budget constraint would then be,

by = (r; —n)b; + g — 7. (3.31)

The representative agent problem would be,

Max / e U (c;)dr,
Ct 0

subject to the sequence of constraints:
bt+k,+(5+n)k,+ct+7,Zf(k,)+(r,—n)b,7 (332)

where the paths for {t,,r,}, as well as ko, by, are given.
By using state and co-state equations as in optimal control problems solved in
previous sections, it is easy to obtain as optimality conditions,

& =Y(e) [(n+8)+6—f'(k)], (3.33)
¢ =v(e)[0+n—r], (3.34)
together with (3.32), (3.31) and transversality conditions,

lim e~ %V’ (¢, )k; = lim e U (¢, )by = 0. (3.35)

t—o0

The two budget constraints for the consumer and the government imply,

e+ 4+ 8) ki +g = f (k). (3.36)

3 Turnovsky [93], p.228.

6 In the simpler situations, the government is supposed to act passively, just taking care of ex-
penditures and revenues. Alternatively, the government may be considered to conduct an optimal
policy exercise, thereby designing policy optimally, so a to maximize consumers’ welfare. This is
the so-called Ramsey Problem, usually subject to technical difficulties.
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The solution to the representative agent problem is a vector of time functions
(ke, by, c;) satisfying (3.33),(3.34),(3.35),(3.32),(3.36). It is not hard to show that
the allocation of resources implied by this solution (i.e., the centralized solution)
coincides with that of the competitive equilibrium mechanism: Plugging F;1 into
Cg2 we get (3.33). Using C,1 into C,2 we obtain (3.34). Furthermore, (3.25), to-
gether with the profit maximizing conditions F,1 and F,2, the equilibrium condition
v; = k; and the fact that a; = b; +v; lead to (3.32). Plugging C,1 into C,3 and using
a; = by +v, we obtain (3.35). Finally, the global constraint of resources characteriz-
ing feasible competitive equilibrium allocations is the same as the one for the rep-
resentative agent problem (3.36). Therefore, the competitive equilibrium allocation
can be obtained as the solution to the representative agent problem. Defining factor
prices by their marginal products, it is straightforward to show that the resource allo-
cation that emerges as solution to the representative agent problem can be obtained
as the competitive equilibrium allocation of an economy where identical consumers
and a single firm solve their respective utility and profit maximization problems.

3.5 On the Efficiency of Equilibrium with Government

As explained in Sect. 3.3 the solution to the planner’s problem in an economy with
identical consumers is Pareto efficient. In this section we discuss the efficiency of
the competitive equilibrium allocation under different tax systems, by comparing
the implied allocation of resources with that obtained from the planner’s problem.
Since decisions are determined by marginal rates of substitution that emerge from
first order conditions to the optimization problem of each agent, much of what we
will do is to compare marginal rates of substitution for the representative agent
and for the planner. However, we will see some exceptions to the proposition that
the competitive equilibrium allocation can be obtained by solving the associated
representative agent problem.

3.5.1 On the Efficiency of Equilibrium Under Lump-Sum Taxes
and Debt

In an economy with private and public consumption, a benevolent planner would
choose time paths for both types of consumption so as to maximize the time aggre-
gate utility of consumers,’

Max / e %U(c;)dr,
0

1,8t

7 Note that the planner chooses not only private but also public consumption. On the other hand, at
a difference of a government, the planner does not have anything to do with taxes or debt, but only
with allocating physical resources in the economy.
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subject to the sequence of constraints:
itk +(n+8)k+g =f(k), c; >0, g >0.
The Hamiltonian is,
H (ct,ki,qi,80) = ¢ {U(ct) +a; [f (ki) — (n+ 8) ks — g — ]},

and the conditions characterizing the optimal solution,

a: Ule)=q, (3.37)

& 48 =0, (3.38)

@ G/ =n+8+0—f"(k), (3.39)
lim e~ %V’ (¢, )k; = 0.

t—o0

where we have used the fact that the planner chooses not only ¢, but g, as well.

The general condition for private consumption would be of the type, ¢; agc(,') =0,
but the assumptions made on the utility function guarantee that the level of con-
sumption must be strictly positive every single period. Hence, condition (3.37) has
been obtained under the assumption ¢; > 0,V¢. On the other hand, there is nothing
in the model that precludes zero public consumption, so the associated optimality
condition is (3.38), g ag(t.) = 0. Since we have U’(¢;) > 0 for any finite level of
consumption, then (3.37) and (3.38) imply g; = 0.

In the previous section we have shown that in an economy where the government
finances public purchases of the consumption commodity by raising lump-sum taxes
and issuing debt, the competitive equilibrium allocation can be characterized by
solving the associated representative agent problem. In spite of their similarity, if
the level of public consumption entering the (3.36) condition for the representative
agent is strictly positive, the competitive allocation of resources will differ from the
planner’s allocation. As a consequence, the competitive equilibrium allocation is
inefficient except if g, = 0,Vr. This is because consumers would prefer zero public
consumption, if they had a choice.

The competitive equilibrium allocation in a Cass—Koopmans economy with a
government which is financed through lump-sum taxes and debt issuing would be
efficient if, rather than ‘throwing them to the sea’, purchases g; of the consumption
commodity by the government were returned to consumers in the form of a lump-
sum transfer. The government’s budget constraint would remain:

by = (r;—n)bi+ g — 1,
while the representative agent’s budget constraint would become:

bt+kt+ct+(n+5)kt+ft Zf(k,)—‘r(r,—n)b,—i-g,,
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where the consumption units purchased by the government appear as part of the
available resources to the private agent. The two budget constraints then imply the
global constraint of resources in the economy, and the representative agent problem
collapses to the planner’s problem with zero public consumption, showing the effi-
ciency of the competitive equilibrium allocation. All we need is to make sure that
the sequence of government financing is feasible, i.e., (a) that the government bud-
get constraint holds every period, and (b) that the stock of debt does not violate the
transversality condition.

3.5.2 The Inefficiency of the Competitive Equilibrium Allocation
Under Distortionary Taxes

The possibility of an inefficient competitive equilibrium allocation is even higher
under consumption or income taxes. Under lump-sum taxes, marginal rates of sub-
stitution are the same as those without government, the inefficiency coming only
from the presence of positive government expenditures not returned to consumers.
The presence of income or consumption taxes will generally distort the marginal
rates of substitution, making the competitive equilibrium allocation of resources to
depart from that solving the planner problem. In summary, there are generally two
reasons for inefficiency of the competitive equilibrium under income and consump-
tion taxes: a positive level of government consumption that is ‘thrown to the sea’,
and the presence of distortionary taxes.

To focus on the inefficiency produced by proportional taxation, we will assume
that government expenditures are returned to consumers every period as a lump-sum
tax. For simplicity, we assume the government is not allowed to issue bonds.

3.5.2.1 The Inefficiency of the Competitive Equilibrium Allocation
Under Consumption Taxes

We assume that the government finances public expenditures with a consumption
tax,
e = g (3.40)

The representative agent then solves the problem,

Max / e U (c,)dr,
Ct 0

subject to the constraint:

ki +(1+7¢ = flke) — (n+8) ki + &, (3.41)
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where g; is the transfer received from the government, equal in size to the revenues
obtained from the consumption tax. Maximization of the Hamiltonian:

H (ct,ar,qr, 0, 1) = e {U (c) +q [f (k) — (n+8) ks + g — (1 +7)ci]}

leads to optimality conditions,

U'(e) = (147, (3.42)
Gi/qr =n+8+6—f"(k) (3.43)
1mw*mlLEQkf=Q (3.44)

N )
From (3.42) and (3.43) we obtain,

TtL 1? U”(C[)Cl ﬁ
1+T? T;‘ U/(Ct) Cy

—n+6+0—f'(k), (3.45)

with Ul/]/,((cc’g)c L being the elasticity of marginal utility. This equation will be different

from the one for the planner’s problem unless t; = 0, V¢, implying that the compet-
itive equilibrium resource allocation will not be Pareto-efficient. The consumption
tax is distortionary only if the tax rate changes over time, affecting then to the
relative price of the consumption commodity over time, while a constant consump-
tion tax rate produces no distortion. It should be clear that adding a lump-sum tax
would alter the consumer’s budget constraint accordingly, with no change in the
optimality conditions. The presence of government debt in the budget constraint
would not alter the optimality conditions either. With government debt in the econ-
omy, we would just add an optimality condition and a transversality condition, both
determining the optimal debt trajectory.

Alternatively, let us assume a constant consumption tax rate. Our assumption
that tax revenues are fully returned to consumers as a lump-sum transfer is crucial to
obtain the global constraint of resources faced by the benevolent planner from (3.40)
and (3.41). The two assumptions together lead to the efficiency of the competitive
equilibrium allocation. For that, we just need to show that it can be obtained as the
solution to the representative agent problem, since we have just seen the equivalence
between the solutions to this and to the planner’s problem.

The consumer’s problem is now,

Max | e U (c,)dt,
aar Jo
subject to,
Vi+(1+17)cr = 0+ (r —n)vi + &, (3.46)

where the aggregate of stock on the firm, vy, is the only asset we consider. Initial
wealth, v, is given, and the consumer takes real wages and interest rates {@;,7; },-
as given. Maximization of the Hamiltonian,
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H(Clavtaqtvwhrtartc) = e_et {U(Cl) +q; [CO, + (}", 7}’1)\/; - (1 +th)cl]}a
leads to optimality conditions,

state equation Cgr1 = U'(c;) = (1+1¢) gy,
co — state equation (Euler) Coi2 : ¢;/q =n+0 —ry,

transversality condition Cg;3 : tlimefetqtv, =0.
—00

From these, we obtain,

T;‘ T[C U”(Ct)ct ét
]+T§‘ T? U/(Ct) Ct

=n+0—r;.

Now, since the consumption tax does not enter the optimization problem of the
firm, the same conditions F,1 and F,2 we obtained without the tax, hold again.
Plugging them, together with the equilibrium condition v; = k;, into the consumer’s
budget constraint, we get the budget constraint for the representative agent prob-
lem, (3.41). Equation (3.45) can be obtained using F,1 and Cg;1 in Cy;2. Finally,
the two remaining conditions characterizing competitive equilibrium, the govern-
ment’s budget constraint and the global constraint of resources, are the same as in
the representative agent’s problem. So, the competitive equilibrium allocation can
be obtained as solution to the representative agent’s problem, which, under a con-
stant consumption tax, produces the same solution as the planner’s problem. The
competitive equilibrium allocation is then Pareto-efficient.

3.5.2.2 Leisure in the Utility Function

On the other hand, if we consider leisure as an argument in the utility function, then
the marginal rate of substitution between consumption and leisure at each point in
time ¢ would be distorted by the presence of the consumption tax rate even if this
was constant over time. It can be shown that, as in the previous case, the resource
allocation obtained under the competitive equilibrium mechanism is the same as
that from the representative agent’s problem. So, in this section we use the latter to
illustrate the distortion produced by the consumption tax.

We consider a representative agent who has a unit endowment of time every
period, and solves the problem,

Max / e U (¢, hy)dt,
0

oy

subject to the constraint:

kt+(1 +Tf)C7 :f(kt,lt) — (n+6)kt+dt,



3.5 On the Efficiency of Equilibrium with Government 143

where h, + 1, = 1, h, being the proportion of hours enjoyed as leisure, while /, de-
notes the proportion of hours devoted to production.® We assume that the utility
function satisfies usual assumptions guaranteeing concavity.

Maximization of the Hamiltonian:

cy _ ,—6r [k, lt) = (n+0) ke +di
H(ct, Gl hyydiyti) = e {U(ctyht)+QZ|: “(141)e, )

leads to optimality conditions,

UC(Ct7hI) = (1 +th)qt7 (347)
of (ki
c]t/q,:n+5+9—%, (3.48)
t
of (ki 1
Uh(chht) :qt%7 (349)
t

where U, (+) = %, X = ¢, h, together with (3.44).

From (3.47) and (3.48) we obtain (3.50), and plugging (3.47) in (3.49), we obtain
(3.51):

_ T ch Uce(ct,hi)er ¢ Uen(cr, he ) e @ 4546 df (ki, 1t (3.50)
I+T; Tf UC(Chht) Cy UC(Ctvht) I’l; &kt ’ ’
Uh(ct,ht) o 1 af(klalt) (3.51)

UC(Ct7ht) o 1+th al[ ’

where Uee(cr,hy) = 224" Uy (cy, hy) = 22

As it was the case in the model without leisure, we see that if the consumption
tax remains constant over time, it produces no distortion on the accumulation of
capital. However, the last equation shows that, even if the consumption tax rate was
constant, it will affect the marginal rate of substitution between consumption and
leisure at each point in time. Therefore, the solutions to the representative agent’s
and the planner’s problem will not be the same. The consequence is that even if the
competitive equilibrium allocation of resources can be obtained as the solution to

the former (which is the case), it will not be Pareto-efficient.

8 The production function has now the form: ¥; = F(K;,L;/;) where L;/; is the total number of
hours worked. Homogeneity of the production function allows us to normalize,

Y, K L

Lo ).

N, NN
In equilibrium, N; = L;, and the production function can be written in per capita terms as, y, =
F (k1) , where k; denotes, as usual, the capital-labor ratio.
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3.5.2.3 The Inefficiency of the Competitive Equilibrium Allocation
Under Income Taxes

Let us assume that the government finances its expenditures with a tax on labor
income, at a rate 7;, and a tax on capital income, at a rate 7;. The government’s
budget constraint will be,

& =T°W+ T vy (3.52)

For simplicity, we will not consider leisure as an argument in the utility function,
we will not consider debt issuing, and we will assume that tax revenues are used
by the government to purchase g; units of the consumption commodity that are then
returned to consumers as a lump-sum transfer.

The consumer’s problem is now,

Max/ e U (¢,)dt,
ct 0
subject to,

\./t‘i’ct:(177:[(0)0)[+((17T;)rlfn)vt+g[, (3.53)

where the aggregate of stock on the firm, v;, is the only asset in the economy. Initial
wealth, v, is given, and the consumer takes real wages and interest rates {@;,7; },—
as given. Maximization of the Hamiltonian,

. _ 1-7°) o+
H(Ch‘}l’qt’w”rl’ft) =" {U(Cl) a [((1 — T(tr)rt —ln)) Vtt+gt _Ct:| } 7

leads to optimality conditions,

state equation Copyl = U'(c;) = gy,
co — state equation (Euler) Cop2 : G;/qs =n+0 — (1 —1/)r;,

transversality condition Cyry3 : lim efefq,v, =0.

t—o0
From these, we obtain,

" .

mzznw—a—r{)n. (3.54)
showing the distortion introduced by tax on capital income. That distortion will re-
main even if the tax rate was constant over time. As a consequence, the competitive
equilibrium allocation of resources will differ from that obtained form the planner’s
problem, and it will be Pareto-inefficient.

In this case, we cannot consider a representative agent problem whose solution
leads to the same allocation of resources than the competitive equilibrium mecha-
nism, except if the tax rates on labor and capital income are the same. To see this,
notice that neither tax rate affect the firm’s problem, so that conditions Fy1 and F,2
will still hold. Plugging them, together with the equilibrium condition & = v, into
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the consumer’s budget constraint, we get,
Cy +kt = (1 — Tw) (f (k[) — klf, (k[)) + (1 — Tr) (fl (k[) — 6) k[ — nk[ +g[, (355)

which is different from the budget constraint faced by a representative agent subject
to a tax on income’ at a rate 7°,

Ct+kT:(l_Ty) (f (k) — Ok;) — nk; + g;. (3.56)

However, in the special case 7° = 7" = 17, the two budget constraints, (3.55) and
(3.56) would coincide. Nevertheless, as we have already seen, the solution to this
problem would differ from the solution to the planner’s problem, thereby leading to
an inefficient allocation of resources.

Using (3.52), Fgl and F,2, together with the equilibrium condition k; = v;, in
(3.55) we get,

etk +(n+8)k = f k),

the global constraint of resources for the planner’s problem. This is due to the
fact that the government is returning to consumers the revenues raised through
the income tax. The only source of inefficiency is then the presence of the in-
come tax. If tax revenues were not fully returned to consumers, then the last
argument could not be made, and we would reach a global constraint of the type,
¢ +k+(n+8)k + (g —d;) = f (k) , with an additional difference from the plan-
ner’s problem, which amounts to a second reason for inefficiency of the competitive
equilibrium allocation of resources.

Summarizing, the presence of consumption and taxes on factor incomes will al-
ter the marginal rates of substitution with respect to the case of zero tax rates, and
the competitive equilibrium allocation will be inefficient. The distortion produced
by the consumption tax goes away is the consumption tax rate is constant. Allowing
for the government to complement its financing strategy with lump-sum taxes and
debt issuing will not alter this basic result. The competitive equilibrium allocation
would not be efficient either if the government returned its proceeds to consumers
in the form of lump-sum transfers, since the marginal rates of substitution charac-
terizing the competitive equilibrium allocation of resources are distorted by the time
varying consumption tax as well as by income tax rates. If the government uses tax
revenues to purchase some units of the consumption commodity, g;, and some of
these are not returned to consumers as a lump-sum transfer, we will have a second
reason for inefficiency of the competitive equilibrium allocation of resources. The
representative agent problem and the planner’s problem lead to the same alloca-
tion of resources except in the presence of capital income taxes. The competitive
equilibrium allocation of resources can be obtained as solution to the representative
agent’s problem except if factor incomes are subject to different tax rates.

° By discounting depreciation from output, we are considering depreciation allowances in the tax
base. The alternative formulation would be,

il =(1—7) f (k) — (n+ 8k +g,.
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3.6 The Ricardian Doctrine

3.6.1 The Ricardian Doctrine Under Non-Distorting Taxes

Let us consider again a situation in which the government finances public consump-
tion through a combination of lump-sum taxes and debt issuing. We are going to
show that the way how the government splits its revenue raising between taxes and
debt issuing is irrelevant in this model, so long as the bond issuing policy be feasible,
i.e., so long as the transversality condition holds,

lim ¢~ fo(rs=mdsp, — .
f—o0
This neutrality proposition should be understood in the sense that the competitive
process of allocating resources between consumption and investment (or savings) is
independent of the way how savings are split between bonds and equities. The ir-
relevance from the public financing policy in real terms is known as the Ricardian
Doctrine: consumers are indifferent between paying higher taxes today and main-
taining lower debt holdings in their portfolios, or the alternative of paying lower
taxes today, to the cost of having to buy a bigger amount of public debt. The rea-
son is that a larger bond emission today will require of more taxes in the future,
so that the government can retire the outstanding debt at maturity. According to the
Ricardian doctrine, the consumer is indifferent, in terms of present value of dispos-
able income, between both alternatives.
For simplicity, in this section we assume zero population growth (n=0). Similarly
to our analysis in previous sections, we can integrate the law of motion that for
financial assets emerges from the representative consumer budget constraint,

ar = Oy — ¢t — T + 1y,

to have,
a +/ e*fyzr’rdswde :/ o Jrsds (c;+ TZ)dZ,
t

t

showing that, each period, the consumer portfolio of assets, plus the present value
of his current and future labor income, is equal to the present value of current and
future consumption, plus the present value of taxes.

Using (3.28), we get,

v, +/ efftzrsdswzdz :/ e,fllrsds (Cz+gz)dZ7
Jt t

showing that the equity issued by the firm, plus the present value of the sequence
of current and future wage income, is equal to the present value of the sequences of
private and public consumption. Also,

/ e e dz = v+ / e Iindsgy dz — / e lindsg dz, (3.57)
t t t
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showing that the feasible consumption sequences are those whose present value
does not exceed from the value of current equity holdings, augmented by the present
value of labor income, minus the present value of public consumption.

These latter conditions are alternative versions of the consumer’s intertemporal
budget constraint. Existence of perfect capital markets, where the consumer can
either borrow or lend as much as he/she wishes, at the current market rate of interest,
has allowed us to collapse the sequence of single period budget constraints into
the single intertemporal constraint above, without losing any relevant information.
Perfect capital markets allow the consumer to distribute over time the present value
of current and future income anyway he/she wishes.

It is important to see that neither bonds nor taxes appear in the intertemporal
budget constraint, either at a single point in time or in present value. Consumers’
decisions are affected by the level of current and future public expenditures, which
detracts resources from consumption and investment, as shown in (3.57), but not by
the way expenditures are financed, be that through lump-sum taxes or by issuing
public debt. This is the Ricardian Doctrine, which is considered part of the neo-
classical doctrine, suggesting that it may not be worthwhile to disturb consumers
with taxes, since the public deficit can be equally financed by issuing debt. Under
the Ricardian Doctrine, no way of financing government expenditures is superior
to any other. This result may not hold in economies with finitely lived agents, in
some monetary economies, or in the presence of distorting taxation, as we are about
to see.

3.6.2 Failure of the Ricardian Doctrine Under Distorting Taxes

In Sect.3.5.2 we have seen that distortionary taxes (consumption taxes, labor in-
come taxes and capital income taxes) alter the marginal rates of substitution, except
in some special cases. The consumption tax is not distortionary if the tax rate is
constant over time, and the labor income tax is not distortionary when labor supply
is wage-inelastic. In the first case, the consumption tax does not affect the marginal
rate of substitution between current and future consumption, so that there is always
a time varying lump-sum tax leading to the same consumption path than a constant
tax rate on consumption. In the second case, since the labor supply is inelastic, the
labor income tax acts as a lump-sum tax. Consequently, it is always possible to find
a lump-sum tax producing the same consumption path that it is obtained under the
labor income tax.

Since the consumption tax and the labor income tax can be substituted by a lump-
sum tax, the Ricardian equivalence holds in both cases. In all remaining situations,
there is no lump-sum tax leading to the same consumption trajectory than the distor-
tionary tax. This is because, at a difference of the lump-sum tax, distortionary taxes
change the intertemporal marginal rate of substitution of consumption over time, or
the marginal rate of substitution between consumption and leisure at a given point
in time. We show next that the Ricardian equivalence fails indeed to hold in such
situations.
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Let us assume that the consumer faces taxes on consumption, capital income and
labor income, at rates 7¢, 77, 7. Let {c},a}} be the paths for consumption and total
assets chosen by the private agent under distortionary taxes, 7=(7{, 7", 7} ). So, they
satisfy the representative consumer budget constraint:

a;‘i_(l +TtC)C; = (1 — Ttw) a)[“!_ (1 _T;)rta;,
where total financial assets are,
a; =b; —i—v;7

with v} being the equity issued by the firm. We allow for the possibility that the path
for public debt, b;, be the same than under the lump-sum tax system. Distortionary
taxes and the stock of debt must satisfy the government budget constraint,

by =rib+g — (thc; + 77 w;ny —&—Ttrrta;) )
where 7/, denotes employment. This budget constraint can be written,
b= (1—t)ribi + 8 — 1,
where I, = t{c; + 1’ 0,n], 4 T/ r;v; denotes total revenues.

Solving this first order differential equation [see Mathematical Appendix], we
get,

by = — /r e FO-Tnds (o _ 1y, (3.58)
while if we integrate the consumer’s budget constraint, we get,
g =— /t“eaffafrmds [(1—72) o — (1+7%) ] dz.
Substituting a, by b, +v, and using (3.58):
V= — /t""efﬁ%l—r;)rsds [(1—72) o, — (1+7¢) ¢, — g, + 1] dz,

and using the definition of 7y,

Vt+/ ‘(1-1) “d‘a)znédz _ /tweffﬂlfn*)rsds (gz+c;—r§rzv;) dz,
which can be written,
/weffrz(l—rg ndsel gy = VH‘/ e JE(I=mrds gy n.dz

t
—/ e I (1=T)rsds (8- —tlr) dz.

t
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The equation illustrates very clearly the failure of the Ricardian equivalence
proposition to hold whenever 7] # 0, because of the last term at the right hand
side of the equation. But even more importantly, the Ricardian proposition will not
hold even if 7] = 0, because consumers’ decision on consumption, leisure and pri-
vate assets will then be distorted relative to the case of a pure lump-sum tax. The
point is that distortionary taxes other than 7} appear implicitly in the previous equa-
tion through the consumption, labor and asset holding decisions, which is the reason
behind the failure of the Ricardian equivalence proposition.

3.7 Appendix

3.7.1 Appendix 1 — Log-linear Approximation to the Continuous
Time Version of Cass—Koopmans Model

By a log-linear approximation we understand an approximate representation of
the economy which is linear in logged variables. We obtain in this appendix the
log-linear representation of the two differential equations characterizing Cass—
Koopmans model, for the case of a Cobb—Douglas technology, y; = k&,

dine, 17 _(1-a)mk
— ~|a  —(n+65+6 } , 3.59
= —ae (n+8+6) (3.59)
dldntkz — e—(l—(x)lnk, . elnc,—]nkt o (n+ 6) ) (3.60)
Since in steady-state, ‘“nc’ = % = 0, steady-state levels of consumption and

physical capital must satlsfy,

1

ok, _ 1EOHE ( 5 )

o n+6+6
glncjsflnkm _ ef(lfoc)lnk” _ (n+5) _ n+i+0 _ (n—|—5)
_ (1,05)(,:;5”9 _h>o0,

and we can build the linear approximation of the two equations around steady-state
using Taylor’s expansion, and using the fact that,

d
—(l—a)ink } _ _ 1— —(1—o) Ink;
dlnkt (e ) (1-aje )

( Inc,— lnk,) — _na—Ink
dlnk, ’

(m, lnkt> ner—Ink
dlnCt ’
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so we have, for (3.59),

dldntct - _éa(l —a)e =@k (Ink, —Inky)
where,
Loy tami — 1290 50y g <o,
p o
so we finally have,
dldntcf = —1n(Ink, —Inks),

while for (3.60) we have,

dInk;
dt

o plness—Inkss (Inc; —Incyy)

—[(1 = a)e(1-@nks _elncmflnk”:| (Ink, — Inks)

n+6-+6
o

= —h(In¢; —Incy) — [(1 —a) —h} (Ink; —Inkss)

= —h(ln¢, —Incg) + 6 (Ink, — Inks)
with a matrix representation,

% 0 -n Inc; —Incg,
dlng ~he Ink; —Inkg )

3.7.2 Appendix 2 — An Alternative Presentation of the Equivalence
Between the Planner’s and the Competitive Equilibrium
Mechanisms in an Economy Without Government

1

In Sect. 3.4 we showed the equality between the resource allocations achieved un-
der the competitive equilibrium and under the planner’s mechanisms in an economy
without government. There, we assumed that the firm was the owner of the stock of
capital, hiring labor to produce output. In the alternative presentation in this appen-
dix, we assume that consumers are the owners of physical capital, so the firm must
hire that productive factor from them, with the real rate of interest being the rental
price.

We will assume that there are complete markets in the economy. There is a set
of identical consumers, who are endowed with a unit of labor every period and
have preferences on consumption. Leisure does not enter as an argument in the
utility function. The single firm in the economy uses physical capital, K;, and labor,
N, to produce the only consumption commodity in the economy. The firm issues
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some stock, V;, which is bought by consumers. Each unit of stock gives ownership
rights to one unit of capital and yields a real return of 7,. The firm faces competitive
markets for inputs and output, treating the real return on capital, r;, real wages, @y,
and the price of the consumption commodity as given. There is no uncertainty, and
the aggregate technology displays constant returns to scale.

Each consumer uses all his savings to purchase productive capital. The aggregate
budget constraint for all consumers is,

C[ +S; = w[N[+rtK[.

Since this is a closed economy with no government, gross investment is equal to
savings,
St :Iz =K +5Kt7

and we get,

C +K + 8K = ;N; +rK;,

which, following an argument similar to that in the previous chapter, can be written
in per capita terms as,

C,+k,+(n+6)kt=w,+r,k,. (361)

The representative consumer takes prices {®;,7;},-, as given, and chooses con-
sumption and investment to solve the problem,

Max/ e U (¢,)dt,
¢ty ki JO

subject to (3.61), and given ko.
Maximization of the Lagrangian,

L(Cl,k,,l,,w,,r,) = eiet [U(C[) +l[ ((l)[ +r[kl —Ct — (n“r 6)k[)] ,
leads to optimality conditions,

Cal 2 e U (¢)) = A4,
CaZ . A’«[/A«t = 8+n—rt+6,
C.3: lime %Ak =0.

t—o0
Combining C,1 and C,2 we get,

S e = (14 8+ 6)], (3.62)

Ct

with y(c;) being the intertemporal elasticity of substitution of consumption,

U
Y(e) = U% ((cft)>c, Optimal consumption and savings choices are characterized by

(3.61),(3.62), together with the transversality condition C,3.
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The single firm in the economy maximizes the present value of its cash-flow
stream,

Max / e 0B [F (K, L) — oL, — 1K) dt,
Ki, L JO
given the initial stock of capital, K.

Notice the difference between the problems for the consumer and the firm in
this appendix and those considered in previous sections. Now, the firm does not
own the stock of capital, so it must rent it at a price r;. On the other hand, since the
consumer owns the stock of capital, he must also support the cost of depreciation, as
it shows in his budget constraint. In previous sections, the firm was the owner of the
capital stock and it had to bear the cost of depreciation. Then, the firm maximized
the present value of profits, as opposed to maximizing the present value of the cash-
flow stream when it does not own the stock of capital.

Optimality conditions for this problem are,

F,1:0F /oK, = f'(k)) =1y, (3.63)
F,2 : OF /ON, = f(k/) — f (ki )kt = @y, (3.64)

which implies that the firm hires workers and capital to the point where marginal
products are equal to @; and r;.

Definition 4. Given an initial condition ko, a competitive equilibrium is a vector of
continuous functions of time, defined over (0,0) {¢;, k;, @;, 11, N; };~, such that,

e Given price functions @y, 7, the time functions ¢;, k; solve the representative con-
sumer’s problem,

e Given price functions @y,r;, the time function for capital k, maximizes firm’
profits each period,

e The labor market clears, with equal supply and demand of labor. Since labor is
supplied inelastically, this means that labor demand is equal to total population,
Ly =N,

e The market for physical capital clears, the stock of capital owned by consumers
being equal to the stock of capital the firm wants to rent.

For a competitive equilibrium allocation, (3.61),(3.62),(3.63), and (3.64) all
hold. Plugging (3.63) and (3.64) into (3.61) we get,

e+ 4+ (n+8)k = f(k), (3.65)

the equilibrium condition in the market for the consumption commodity. It states
that produced output is equal to consumption plus total gross investment. So,
Walras’ law holds: market clearing in the markets for labor and physical capital
imply market clearing in the market for the consumption commodity.

Theorem 4. The resource allocation achieved under the competitive mechanism
and the planner’s mechanism, are the same.
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Proof. Let us assume that the vector of time functions {c;,k, @, r,N; } is a compet-
itive equilibrium. As we have just seen, then (3.65) holds. Furthermore, substituting
(3.64) in (3.62) we get,
¢
— =y(c) [f (k) — (n+8+06)]. (3.66)

Cr

But (3.65) and (3.66) are precisely the differential equations characterizing the
time paths {c;, &} in the planner’s allocation, so that the resource allocation emerg-
ing under the competitive equilibrium allocation coincides with that obtained under
the centralized resource allocation mechanism, for a same initial condition k.

Let us now consider an initial stock of capital ky and the solution to the plan-
ner’s problem, {c;,k }. So, these two time functions satisfy (3.65) and (3.66),
and a function A4, can be defined by (3.2) so that (3.3) and (3.4) also hold. From
them, let us define time functions for real wages and interest rates {@;, r; } through
(3.63),(3.64) and introduce an auxiliary variable g, by g; = A;. Then, the first and
second conditions in the definition of a competitive equilibrium hold by construc-
tion. Finally, since the {c;,k; }-functions solving the planner’s problem include the
aggregate stock of capital in the economy and the whole population, then, defining
prices as indicated, we guarantee that the labor market and the market for productive
capital, both clear. Hence, the resource allocation solving the planner’s problem can
be achieved as the one emerging in a competitive equilibrium, so long as prices are
defined as above.

3.8 Exercises

Exercise 1. In the Steady-state spreadsheet, contained in the CK_continuous_time.
xIs file, change the benchmark parameter values and check how the graphs display-
ing the sensitivity of steady-state levels to structural parameters change. Are the
results you obtain what you expected?

Exercise 2. In the Speed of convergence spreadsheet, contained in the CK_
continuous_time.xls file, change the benchmark parameter values and check how
the graphs displaying the sensitivity of steady-state levels to structural parameters
change. Are the results you obtain what you expected?

Exercise 3. In the continuous time Cass—Koopmans model, assume there is a gov-
ernment that purchases some of the units of output produced in the economy with
the revenues obtained taxing consumption at a rate 7¢ and levying income taxes at a
rate 7¥.The government does not issue any debt. The utility function of consumers
is of the CRRA family. The available technology exhibits constant returns to scale
in physical capital and labor. Show that the transition matrix in the log-linear ap-
proximation to the model does not depend on either one of the tax parameters, so
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that the stability condition is the same as that in Sect. 3.2. Notice that once the gov-
ernment decides on the values of the tax rates on consumption and income, public
expenditures are endogenously determined.

Exercise 4. Discuss the stability of the Cass—Koopmans model using a linear ap-
proximation to the model around steady-state under the assumption of a production
technology using physical capital and labor inputs and displaying constant returns
to scale. To do so, use Taylor’s expansion in Keynes—Ramsey’s rule as well as in the
budget constraint, to obtain linear approximations representing ¢; and k; as functions
of ¢; — cg5 and k; — kg, and examine the eigenvalues of that linear representation.



Chapter 4
Optimal Growth. Discrete Time Analysis

4.1 Discrete-Time, Deterministic Cass—Koopmans Model

In this chapter we present the discrete time version of some of the issues discussed
in the previous chapter. We introduce a government in the economy, and define
and characterize the competitive equilibrium. The intertemporal government budget
constraint, the relationship between the competitive equilibrium allocation and that
of the benevolent planner mechanism, and the Ricardian doctrine, can be all ana-
lyzed in discrete-time in a similar fashion as we have done in the continuous time
version of the model. Dealing with all the details of the discrete time version of the
Cass—Koopmans economy is very instructive in order to be able to formulate alter-
native, more complex growth models, as well as to perform policy analysis, as we
do towards the end of the chapter. It is particularly important to get familiar with
the formulation and use of the transversality condition and with the characterization
of stability conditions. As we will see below, stability conditions are crucial to gen-
erate a numerical solution for this model in the form of a set of time series for the
endogenous variables.

The discrete time formulation also allows us to consider a stochastic version of
the economy, as we do in the following chapter. This is important, since a stochastic
version of the economy is needed to characterize the influence of exogenous shocks
on the trajectories followed by the endogenous variables, their volatilities, correla-
tions with other variables, or any other statistic.

4.1.1 The Global Constraint of Resources

In line with the continuous time version of the model, we maintain for the discrete
time version a gross population rate of growth equal to n, and a linear depreciation
rate for physical capital equal to J.

A. Novales et al., Economic Growth: Theory and Numerical Solution Methods, 155
(© Springer-Verlag Berlin Heidelberg 2009
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The global constraint of resources in the economy is,
C+Kiy1—(1-98)K, =F(K:,N,),

which states that consumption plus investment is equal to output each period. This
is because we consider a closed economy, with no government. The stock of capital
chosen at the end of period 7 is denoted by K, and it will be used in production
at time ¢ + 1. Dividing by population, which is equal to employment because of the
maintained assumption on full employment, we get,

K; . F(KnNt) —F (Kt

1 t+1 4Vt 41 1
]Vt ]V[

Ni = Neyt N

~5) 1) = &),

t

where k; = %, and we have used the constant returns to scale property of the aggre-
gate production technology, as we did in the Solow-Swan model. We thus have the

global constraint of resources in per capita terms,
Cy + (1 +n)k[+1 — (1 — 6)]([ = f(k[) :

which can be written in the form of the law of motion for the stock of capital per
worker,

[f (k) + (1 =08) ke — 1] = (ks cr), 4.1)

kiyy = ——
t+1 1+n

the stock of capital at the end of each period being a nonlinear function of last
period’s capital and the current period level of consumption.

As in continuous time, the intertemporal elasticity of substitution of consump-
tion considers changes in marginal utility between two different points in time, as
opposed to changes in marginal utility between two different levels of consump-
tion at a given point in time, as it is the case with the EMU. Given two points in
time ¢t and s,s > t,5 = t + At, the intertemporal elasticity of substitution of consump-
tion /ES in discrete time is defined as the inverse of the ratio between the percent
change in the slope of the indifference curve and the percent change in consumption
between ¢ and s:

IES

(e) = — d1n(rate of change in U')\ ™'
rie) = dIn(rate of change in c)

o [a{lnwxcs)w'(ez))}] .
d{In(cs/c;)}
_ [A(U’(cs)/U’(Cz)) cs/c }]
Ales/er) U (es)/U'(e)]
In discrete time, the logarithmic rate of change is used to approximate the time

derivative. With a CRRA utility, the EMU, which maintains the same definition as
with continuous time, is equal to ¢, while for the /ES we have,
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[ eV )]
IES = y(c1) = — { d {In(cs/cr)} }

_ [o{m(eo/e ) _1:_[8{—G[ln(cs)—ln(c,)]} -
d{In(cs/cr)} d{In(cs) —In(c;) }
1
EMU’

:1/0:

the same inverse relationship we found in the continuous time version of the model.

4.1.2 Discrete-Time Formulation of the Planner’s Problem

The benevolent planner chooses sequences of consumption and physical capital to
solve the problem,

Max i B'U(c),

{erskiv1 o (=0

subject to (4.1), given the initial capital stock, k.
The discounted Lagrangian for this problem is,

L{cikipt, Ae}) = ti)ﬁt {U(ct) + A [f(kt) +c(‘zl_(;)+ktn)kz+lﬂ :

in which the terms involving k| are,

A BHU () + A [f (ki) — e — (1 +n) ki1 + (1= 8) K]}
+/3t+1 {U(cri1) + A1 [f (k1) = copr — (W +n) ko + (1= 8) k] 4.

Necessary conditions for optimality are obtained by taking derivatives in the
Lagrangian with respect to ¢, and k1,

B (U'(ct)—A) =0,1=0,1,2,3, ... 4.2)

B A (1 4n) + B it (F (k1) +1-8) =0, 1=0,1,2,3,... (4.3)

where we have assumed interior solutions, i.e., ¢;,k;+1 > 0, V¢. Excluding the possi-
bility of zero consumption in the optimality conditions, we get the equality between
marginal utility and the shadow price of capital each period.

Substituting (4.2) in (4.3), we obtain the Keynes-Ramsey condition for the
discrete-time version of the planner’s economy, also known as Euler equation:

U'(c) (1+n) =BU (ci1) [f (kisr) +1—-8]. (4.4)
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Under a CRRA utility, the condition becomes,

&ty fllksr)+1-6

Bco 1+n

9

the left hand side being the marginal rate of substitution of consumption between ¢
and 7 + 1. For logarithmic preferences (o = 1), the condition further simplifies to,

crv1 fllky)+1-6

Be, l+n

From the second optimality condition for successive time periods we get,

A[Jr] 1—|—n

A B(Pk)+1-8)

1

the co-state equation in discrete time.

4.1.3 The Optimal Steady-State

In steady-state, we will have A; = A, and,

Fll) = 5 =145, @5)

1

Redefining the discount factor as f = 3,

(4.5) can be written

f(ks) =n+60+35+nb,

very similar to the condition obtained in the continuous time version of the model,
specially taking into account that the product n8 will usually take a very small
value. Once again, we see that the optimal steady-state falls to the left, i.e., with
lower capital than the Golden Rule, showing that the suboptimality of the Golden
Rule arises from too much capital accumulation early on, that is, from a too high
savings rate.

In steady-state, the law of motion for capital becomes,

Css = f(kss) - (n + 5)ks_w

! Which, by redefining the discount factor as § = H%’ can be written,

)ylur]—l, n+9+5+n9—f/(k,+1)

N e

in terms of the rate of change of the Lagrange multiplier, so that it can be compared to the similar
condition in the continuous time model.
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the same functional relationship as in the continuous time version of the model.
Hence, the relationship can again be represented by a concave curve in the (c,k)-
space, with a maximum at f/(k) = n+ &, and a zero at the subsistence level of
capital, at which f(kss) = (n+ 8)kss. The only change with respect to the continuous
time analysis is that (4.5) leads to a stock of capital slightly to the left of the level
determined for the continuous time version of the model. However, the product nd
should be expected to be small, and so will be the difference between the two steady-
states.

4.1.4 The Dynamics of the Model: The Phase Diagram

To analyze the dynamics of the model, let us consider again the Keynes-Ramsey
condition, for the case of CRRA preferences,

1/o
Cr+1 = G m (f/(kt+l)+1*5) = g(ki,cr), (4.6)
and the budget constraint,
1
kiv1 = m[f(kt)Jr(l*S)kt*Ct] = h(ks,cr), 4.7)

a system of two equations giving us the laws of motion for consumption and capital,
ki1 = h(k,,ct)7 Cr+1 = g(k,,ct).z
As in continuous time, the so-called phase diagram is constructed on the basis of
two curves, relating k; to ¢;. Each curve corresponds to one of the two zero-change
cases: k;+1 = k; (the budget constraint), ¢;+1 = ¢; (the Keynes-Ramsey condition).
First, we impose ¢;+1 = ¢; in (4.6) to get a curve characterized by,

1+n
B

which is, in fact, an implicit relationship between k, and ¢, because of the depen-

dence of k;+| on these two variables, as shown in the budget constraint. Notice that

1ﬁﬂ — (1 =6) > 0 because the marginal product of capital must be positive for any

[ ks1) = —(1-9), (4.8)

positive capital stock. To write this relationship as a curve in the (¢;, k;)-space, we
make the total differential of (4.8) equal to zero:

ki1

ki i

dkt +f//(kl‘+1) ac
1

I (kis1)

dct = O7 (49)

2 The 8(k¢, ;) function is obtained after using the budget constraint to eliminate k1.
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and we obtain the slope of the curve by:

dei _ Ohint /0K
akt B akt+]/acl7

where partial derivatives must be computed from (4.8), that is:

doi Okt /Ok i (' (k) +1-8)

ok, Oki1/dc —1/(1+n) =f(k)+1-9, (4.10)

which is therefore a positive relationship in the (c;,k )-space, because f (k) + 1 —
6 >0, Vk;.
From (4.7) and (4.8) the equation for the g(k;, ¢, )-curve itself is:

1
1+n

kt+1 =

vw»+u-swfw4=oq1(1;”_0_50.

This line will have a negative intercept with the vertical axis at k, = 0, because at
that point we would have: f” (— lin) = lﬁﬂ —(1—=8) > 0, and the marginal product
function is defined only over the positive real line. The curve has a positive slope,
as shown by (4.10), and along it, ¢, — oo as k, — oo. So, it will cross the horizontal
axis, and it will do it only once, because of the strict concavity of f.

For any point to the right of the line described by (4.8) there is a point on that
line with the same value of k, and a higher ¢, for which f(k;+1) = lﬁﬂ —(1-9).
So, if the point to the right of the line as a lower ¢, and the same k;, its value of
lin [f (k) + (1 —8) k; — ¢;] will be higher, and the marginal product will be lower
than on the line, where it was equal to ]ﬁﬂ — (1 —3). Hence, at that point to the
right of the line, f/ (k1) < ]‘# — (1—9) and, according to the Keynes-Ramsey
condition, we will have ¢;11 < ¢;, and the opposite happens at any point to the left
of the (4.8)-line.

On the other hand, when &, | = k;, the budget constraint gives us,

cr = f(k) = (8 +n)ks,

an increasing and concave function. Consumption is higher at any point above
the curve than it is on the curve, so that ¢, > f(k;) — (6 + n)k,, which, taken to
the budget constraint, it implies: k;11 < k;. The opposite happens at any point below
the curve. Hence, we have the phase diagram shown in the graph, which describes
the existence of a single stable manifold taking the economy to the optimal steady-
state, as it was the case in the continuous time version of the economy. [See Fig. 4.1].

The final sections of the chapter are devoted to the numerical computation of a
trajectory converging to the steady-state from a given initial condition, in an econ-
omy with taxes.
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C
' -
Cra1=¢, =0

4_T __---Stable manifold

kia—k;=0

“

Fig. 4.1 Stability in discrete-time version of Cass-Koopmans model

4.1.5 Transversality Condition in Discrete Time

The transversality condition for the infinite horizon problem is obtained by taking
limits in the similar condition for the finite horizon problem. The finite horizon
problem is,

T
Max Z B'U(c),

{er ki1 oo 1=0

subject to the same sequence of budget constraints up to time 7,

1
ki1 = m[f(kt)+(l_5)kt_ct]v

having as Lagrangian,

T
L({ekivn, Ad) = Y B AU () + A [f (k) — e = (Lt m) ki + (1= 8) kil }
t=0

with first-order conditions,
B [U'(c;)—A:] =0,1=0,1,2,3,...

_ﬁtll(1+n)+ﬁt+llt+l [f/(k[+1)+ 1 _6} :07 t:0717273a"'

and a transversality condition which is obtained when taking derivatives of the
Lagrangian with respect to the stock of capital with the highest time index, k741,

—B " Ar(14n) <0, and B" Arkry1 (14-n) =0.
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This condition implies that at the end of the maximization period, either the con-
sumer does not want to maintain any capital stock or its value, as measured by its
shadow price, will be zero. Usually, it will be the case that k71 = 0.

The transversality condition for the infinite horizon problem is obtained by taking
limits in the one for the finite horizon problem, to obtain,

lim —B"Ar(14n)| <0, and lim BT Arkriy =0.

Taking into account the relationship between discount factors for the continuous
and discrete time problems: 8 ~ ¢~ 9, we see the equivalence between the formula-
tion of the transversality condition in both cases.

4.1.6 Competitive Equilibrium with Government

4.1.6.1 The Government

As we did in the continuous time analysis, we now introduce a government in
the competitive equilibrium model of an economy with a firm and identical con-
sumers, maintaining the assumption that there is no uncertainty. We assume that
the government consumes G; units of the commodity each period, an exogenous
sequence which is not linked to the aggregate level of income for the whole econ-
omy. To finance these expenditures, the government can either issue bonds or levy
non-distortionary, lump-sum taxes.
The government’s budget constraint is:

Gt +r,B, = E+Bt+1 _Bt7 YVt = O, 1,2,....

with B; being the stock of public debt outstanding at time ¢. These were issued and
purchased by the private sector at time # — 1. r; is the rate of return paid at time ¢ on
bonds issued at time ¢ — 1, which is announced and known before hand.

The government budget constraint in per capita terms, is:

gt—i—rtb, = Tt+(1 +}’l)bt+1 —b,, Vit :O, 1,2,.... (411)

with 7, = %
Our goal is to characterize in this economy the allocation of resources emerging
under the competitive equilibrium mechanism, and the way how this distribution of

resources depends on the level of public consumption.

4.1.6.2 The Problem of the Household

The consumer is allocated with a unit of time every period. Under the assumption
that consumption is the only argument in his/her utility function, the unit of time is
supplied inelastically in the labor market.
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We denote by v, the units of firm’s stock owned by the representative consumer,
while a, denotes total financial assets (public debt plus firms’ stock):

a, = b, +v,. (4.12)
The consumer’s budget constraint at time # is:
Ct—l—(l—l—n)aH_l—a,—i—’C,:(O,—i-r,a,, (413)

so that the following optimization problem is solved each period:

Max Zﬁ U(c)

{ct,btve }; =0t=

subject to (4.12), (4.13), and given ay.
The discounted Lagrangian for this problem is:

L({CtyatJrlybt,Vz’lz’Nz}) = ZﬁtU(c,)
t=0
+ Zﬁlllt [w[+ (1 +r[)al —Cr — (1 +n)a[+] —T[]
=0

+ Z ﬁllzt [al — b[ — V[] .
=0

with first order conditions:

¢ Ulle)= Ay, (4.14)

bt B'Ay <0, B'Axb =0, (4.15)

vi: B'Ay <0, B'Ayv, =0, (4.16)

a1 (14+n) Ay = BAyr (1+r41) — Ao 4.17)

If the consumer demands a positive number of bonds and stock (b;41, vs4+1 > 0),
then A5, = 0. Plugging this condition, together with (4.14) into (4.17), we get:

(1+n)U'(c;) = BU (cra1) (1 +r141) - (4.18)

The transversality condition is :

}Lr?oﬁtllta,+1 =0 < }EEOB%“ (bys1+vie1) =0, (4.19)

which will hold only if:
,132 B'Abiy1 =0, (4.20)
111390 B'Aiviir =0, 4.21)

since by > 0 and v, > 0.
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We can obtain a more intuitive representation for the transversality conditions by

noting that optimality conditions imply (1+4+nr) Ay, = B Ay41 (1+r41), which

leads to the first order difference equation: A, = égﬁ"ﬁl Ik Iterating backwards

on this equation, we get:

(1+n)
BMr(14r,)

Plugging this result into (4.20) and (4.21) we finally obtain the conditions:

Ir =

. (1+n) -

thjo]o [T (1 Jrr\)bH_l =0 (4-22)
(1+n) a

{—o0 I‘L—l(l —i—rs)VtH e (23

4.1.6.3 The Problem of the Firm

The single firm uses labor and physical capital as factors to produce the single good
in the economy. The firm owns the stock of physical capital, and pays a wage ®, to
the L, workers hired at time 7. The firm chooses the amount of physical capital and
the number of workers to use every period in production in order to maximize the
discounted present value of profits:

Max Vo = F(K07L0) — oLy — 5K0 — (Kl — Ko)
{Ke, L}

+Z oy K L) = o — 8K = (Ket = K],

s= 1

where single period profits are defined as the difference between output revenues
and the aggregate of wage payments and gross investment. Being the owner of cap-
ital, the firm takes care of depreciation expenditures.

The present value of profits can be written,

Max Vy = F(Ko,Ly) — 0oLy — 0Ky
{Ki, L}

+Z = 1+rs) [F(K;, L) — w,L; — 8K;]

—(Ki *Ko)*i :

— |K; 1 — K.
t=1H§=1(]+rS)[ " d
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But,
+ 3 !
=1 Hi-:l(l +7y)
K> K3
+ + ...
IL+r (I+r)(1+r) :|
K K>
+ + ...
1+r (1+r1)(1+r2) :|

1 )
=—Ko+K + K +
O T 0+ ) ()

1K,
KO+Z t 1+rs)

(Kl - KO) [KtJrl - K,]

= {KH-

- [Ko—k

Therefore, the objective function for the firm becomes:

> 1 F(K; L) — th,}
Vo = F (Ko, Lo) — ®oLo + (1 — 8)K, —_— ’ .
0 (Ko, Lo) oLo+( ) 0+t=ZiHS—1(1+rs)|: —(rn+90)K

Note that, at time ¢ = 0, the firm chooses the amount of work, but not the stock
of capital Ky, which is exogenously given. We can see that Vj is no longer a dy-
namic function, in the sense that each term depends only on variables determined at
time ¢. There is no connection between decisions made at time ¢ and future profits.
Therefore, the first order conditions for the profit maximization problem coincide
with those for the static problem of profit maximization for a single period:

rt8 = % =f'(k), t=1,2,3... (4.24)
t

w = % = f(k))—kf' (k;), t=0,1,2,3... (4.25)
't

where small case letters denote again per capita variables.

4.1.6.4 Competitive Equilibrium

A competitive equilibrium is a vector of time series: {c;, k;, g, bs, vi, Ly, Ny, @y, 1y,
T}, such that:

1. Given prices and taxes {@;,r:,T; },-, then {¢;,a;, b, v, },-, solve the problem of
the representative consumer.

2. Given prices {@;,r; },—, then {k;,L; },”; solve the firm’s problem.

3. Factor markets are in equilibrium, v, = k;, N; = L;, Vt.

4. The set of time series {g;,r;,b;, T}, satisfy the government budget constraint
every period.

5. The transversality conditions (4.22),(4.23) hold.
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Once again, the fact that the competitive equilibrium allocation satisfies the gov-
ernment’s as well as the consumer’s budget constraints, implies that the market for
the single commodity in the economy is in equilibrium:

C,+(1+n)k,+1—(l—5)k,+g,Zf(kt) (426)

with total output being distributed among private and public consumption, and in-
vestment. This represents the global constraint of resources in the economy.

4.1.6.5 The Optimal Steady State

The optimal steady state is a dynamic, competitive equilibrium in which per capita
variables remain constant over time: ¢;+| = ¢; = ¢y, ki+1 = ks = kg5 Being exoge-
nously chosen by the government, public per capita consumption must also remain
constant for a steady state to exist.

The steady state rate of interest is determined from condition (4.18), particular-

ized at steady-state:
1
Iss = E -1

Plugging this result into (4.24), again particularized at steady-state, we obtain
that the steady-state stock of capital satisfies:

flk) = 5~ 143,
B
showing that the steady-state stock of capital is independent from public consump-
tion, while being affected by the time discount factor and the depreciation rate of
capital. Besides, it takes the same value as in the economy without government, so
that the presence of government expenditures does not affect the capital accumula-
tion process, at least in the long-run.’
From (4.26), we get steady-state consumption:

Cgg = f(kss) - (n+ 6) ks — 8ss5

where it can be seen how public consumption crowds out private consumption.
Steady-state real wages are obtained from (4.25):

W55 = f(ks ) - kssf/(kss)'

Finally, if the government chooses exogenously a path for public debt, by, V7,
then the lump-sum tax must be determined from the government budget constraint
so as to finance public expenditures and interest payments:

Tgs = Gss + Tssbss.

3 Remember the equivalence: f = HLQ.
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4.1.6.6 The Representative Agent Problem

As in continuous time, the competitive equilibrium allocation in an economy with
consumers and firms solving their respective optimization problems can be charac-
terized as the optimal allocation for a representative consumer-entrepreneur agent,*

o

Max ZﬁtU(C,),

{etbriike1}7 =0
subject to,>
c+(L+n)k1—(1—=08)k+(14+n)b1 — 7 = flke) + (L +r) b, (4.27)
Optimality conditions for this problem are,

(1+mU'(¢) = BU'(cr41) (1 +1141),
(1+n)U'(¢;) = BU'(cr1) (1= 8+ f'(kiy1)

1 t
fim (L)

t—)wm (b1+1 +kl+]) = 0

together with (4.27).

The competitive equilibrium allocation is characterized by these same condi-
tions, together with the government budget constraint (4.11) and the consumption
commodity market clearing condition (4.26).

A proof analogous to that in Sect. 3.5 can be made to show that the competitive
equilibrium allocation in this economy is not efficient if the government implements
positive expenditures, g; > 0, unless they are returned to consumers as a lump-sum
transfer.

4.2 Fiscal Policy in the Cass—Koopmans Model

4.2.1 The Deterministic Case

Let us consider an economy in which the private sector (consumers and the firm)
is modeled as a representative composite worker-entrepreneur. That is, we consider
that the whole private sector can be represented as a single representative agent
interested in maximizing his/her time aggregate welfare, with preferences repre-
sented by a constant relative risk aversion utility function, with parameter o > 0.
The agent has access to a technology to produce consumption commodity using

4 The proof is analogous to that in Sect. 3.4.

5 Where it can be seen that, at a difference of the planner’s problem, government expenditures do
not appear.
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labor and capital as inputs. The single good in the economy can either be consumed
or saved in the form of physical capital. The production technology is represented
by a function with decreasing returns to scale in each of the two production factors,
but constant returns to scale in the aggregate.

The government implements a time sequence of expenditures, which do not af-
fect the production technology or the utility of the representative agent. Using the
expression we introduced previously, public consumption is ’thrown to the sea’.®
Government expenditures are financed through taxes on output and consumption, at
flat rates, 7;, 7¢. We assume that government expenditures are decided every period
on the basis of tax revenues, so as to keep a balanced budget. This is the only source
of revenues: the government does not print any money, and there is not bond issuing.
The single-period government budget constraint is,

gf:T-t))yl+TfC[7 t:07172,3,... (428)

Note that government expenditures are not exogenously given in this model. Be-
ing determined by tax revenues, they will change with consumption and output.

In Sect.3.5.2 we discussed in the continuous time version of the competitive
equilibrium allocation can be obtained as the solution to the representative agent’s
problem when the tax rate on labor income and capital income is the same, 7. We
use this result to characterize the competitive equilibrium allocation of an economy
operating under consumption and income taxes by solving the simpler optimization
problem of the representative agent.

With population growth equal to n, and a linear depreciation rate for physical
capital equal to 8, the budget constraint of the representative agent is,

I+t e+ (1 +n) k1 — (1= 8) ke = (1 —T,y)f(kt), (4.29)

where we have used the constant returns to scale property to write the aggregate
production technology Y; = F(K;,N;) in per capita terms as y, = f(k;).
The representative agent solves the problem,

oo 170'_1

Ma ZB'CI

x )
{erkis1}20 =0

l-o
subject to (4.29) and given the initial capital stock, k.
The Lagrangian for this problem is,
1-o _ 1

e oalG l_Tty flke)=(1+1) e
ek Aih) = L B [1_6”' [(—m A Ay H |

We assume in what follows that the constant returns to scale production function
is of the Cobb-Douglas type, so that per capita output can be written,

vi=flk)=Ak¥, 0 < a < 1.

6 As a consequence, the competitive equilibrium allocation will not be efficient.
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Necessary conditions for optimality are obtaining by taking derivatives in the
Lagrangian with respect to ¢, and k;y|, to obtain, assuming interior solutions
(¢cry ki1 >0, VE),

B [c;" — A (14 T;)] =0, (4.30)

B A (L+n)+ B Ay [(1-7),) Aok +1- 8] =0. 4.31)

We also have the transversality condition,
lim B’ Ak, 41 = 0.
[—00

Condition (4.30) can also be written,

O
1 Jtr I A
which, substituted in (4.31) leads to,
: 1
= | P 0 yaae v1-8]] e, @32)

l+nl+1,

the version of the Keynes-Ramsey condition under income and consumption taxes.
This condition is the extension of the standard equality, at each point in time, be-
tween the marginal rate of substitution of consumption and the marginal product
of capital net of taxes and depreciation, that relationship changing over time as a
function of possible changes in the consumption tax rate.

4.2.1.1 Solving the Representative Agent Problem

For an initial condition k¢, and given time series for {7¢, 7, }, a competitive equilib-
rium is a set of real functions {c;, &} defined on (0,e0), such that: (1) given ¢, 1}
the vector of functions {c¢;,k4+1} solves the utility maximization problem of the
representative agent, (2) the commodity market clears, and (3) the budget constraint
(4.28) for the government is satisfied in every period. The competitive equilibrium
allocation will not be efficient because a positive level of public consumption is
‘thrown to the sea’, and because there is distortionary taxation in the economy. This
can be shown by an argument parallel to that in Sect. 3.5.

Together with the transversality condition, the budget constraint (4.29) satisfied
with equality and the Keynes-Ramsey condition (4.32) form a system of non-linear
difference equations characterizing the optimal time paths for physical capital and
consumption, starting from an initial condition ky. We could think of solving this
system of equations directly. Even though it is a system of two non-linear equa-
tions each period for which no analytical solution exists, values for consumption
and capital stock for every period can be obtained using any numerical solution
algorithm for nonlinear systems included in a mathematical computer library. The
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budget constraint is a relationship between ¢, and k; 1, given k;, while the Keynes-
Ramsey condition relates ¢, and k;+, given ¢;. This suggests that starting form
the initial condition kg, a given choice of initial consumption ¢y would allow us
to compute k; from the budget constraint, to then obtain ¢; from Keynes-Ramsey
condition, and the procedure could be iterated to obtain full time series for both
variables. The trouble is that, with all probability, the obtained solution would not
converge to steady state, due to the fact that we would not be imposing any stability
condition. Such condition is necessary to guarantee that the transversality condition
will hold. If initial consumption could be chosen arbitrarily, as described in the pre-
vious paragraph, we could have a continuum of solutions, since any possible choice
of initial consumption would start a trajectory taking the economy to steady state.
That is a characteristic of globally stable systems. The phase diagrams discussed for
the continuous and the discrete time version of the model show that the planner’s
problem has a saddle-point structure, characterized by the existence of a single sta-
ble manifold, i.e., a single trajectory converging to steady-state. The economy will
be on a stable path, converging to steady state only if initial consumption is cho-
sen appropriately, and there is a single choice guaranteeing stability. That specific
choice of initial consumption is determined by the stability condition we discuss
next.

4.2.1.2 Stability

A stability condition will guarantee that the set of time series for the relevant
variables obtained as a solution to the representative agent problem, converges to
steady-state levels. To characterize such condition, we start by constructing the
linear approximation to the system around steady-state. With a production tech-
nology displaying decreasing returns to scale in the cumulative factor (physical
capital), the only growth rate which is sustainable on the long-run is zero, as we
saw in chapter 2. Hence, in steady-state, per capita variables will stay constant,
¢ = Cygy ky = kgs, Y1 = Y5, VI

For simplicity, we assume the government uses constant income and consump-
tion tax rates,

) =1, 10 =1 V.

This assumption is more strict than needed, but it should be clear that existence
of a zero growth rate steady state requires of a sufficiently stable behavior of tax
rates.

Taking these assumptions to (4.32), we obtain the steady state level of physical
capital,

1

I-a

)

ke — [ (1-7)Ac

Lr—(1-9)

a function of the tax rate on income, which is not affected by the tax rate on con-
sumption. Hence, consumption taxes do not affect the long-run process of physical
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capital accumulation. Plugging this expression into the budget constraint, we get,

[(1—7)AKE — (n+ 8) k] -

Cos = ——
Ss 1+TC

We can now approximate the first order conditions around steady-state. We first
write the budget constraint,
1-7 1-9 1+1°
AkY —
l+n" " 14n" + 1+n ¢

Kiit — =0, (4.33)

and consider it as a function G (ks 1, ¢;+1, ks, ¢;) = 0, whose linear approximation is,

(ky1 — kss) — — (1=)AckE " +1—-8) | (k — ki)
1+ 7€
Tn (¢t —c55) =0.

From the expression for kg we see that the first bracket is equal to é, so that we

get,

1 1+
— (ky — kyy) — ——
ﬁ(t ) 1+n

On the other hand, considering the optimality condition for the representative
agent problem, (4.32), as a function F (k;41,¢,4+1,k,c;) = 0, it can be approxi-
mated by,

kiy1 —kes = (Ct - Csx) . (4.34)

1 1 _
Q& L(1_ﬁ"-y)AOC(OC_1)"?; 2 Css(kt+1_kss)

Cr41 —Css = —
+ S8 o 1+n

1
+Q% (Ct - Css) ,

where Qg denotes the bracketed expression in (4.32), Q,, = 1%((1 -7 )Aockg’l
+ 1 — ). Particularizing (4.32) at steady-state, we get: Qg = 1.
So we have,

1 B

STon (1 =) Aa (00 — 1) k% 2y (ki1 —ks) = ¢, — Cg5. (4.35)

(Ct+1 - Css) -

These two approximations can be written in matrix form,
1 0 kt+1 - kss
_%1% I—) Ao (a—1)k% 2cg 1 Cre1 — Css

1 147 _
- (g [T > (’Z’;) (4.36)

which can be abbreviated,

Boz+1 = Bz,
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where z; = (k; — kg, ¢; — Cs5) , and By, B are the 2x2 coefficient matrices in (4.36).
Since By is invertible,

1 0 _ 1 0
Bo=<M 1) :>301:(_M 1),

1B -
M=—— = (1= 2)Aa(a— k] 2e5 > 0.

And we can also write the linear approximation to the optimality conditions of
the model with taxes as,

1 141¢
ki1 — ks _ (B - 14;1;’ . ky — ks
Ct+1 — Css —%M 1+M lltjl Ct — Css

with,

dii diz\ [ k-1 —kss
= ) 4.37

<d21 dy ) \ cr—1—Css 437

where the 2 x 2 matrix of coefficients D = (Z“ 212 ) , has as characteristic equa-
21 a2
tion,
12— (di1 +dn) f+ (di1day — dinday) =

with roots,

(diy +dyp)+ \/(dn +dy)* —4(dy1da — diad)
n= -
2

Using the discussion in the Mathematical Appendix and following an argu-
ment similar to the one used in Sect.3.2, we use the spectral decomposition of
D, D =TAI'"! and expressions for the matrix of right eigenvectors and its inverse

X _ up v . .
= (") ri=("") represent the dynamics of the solution as,
X2 Y2 Uz V2

kt_kss —1 kt—l_kss
=TAI
(Cf_kss> <Ct—l_km)
_ (X1 » u; 0 up vy ki1 — kg 438
(xz yz)(O Mz) <u2 Vz) <Ctlksx ’ (438)

d
where, in terms of parameter values, x; = 1, xp = “1 v =1,y = t 12“ ;
_ Mp—dy _ dip ., Mi—dy dlz
up="2—H yy=——L -y, = — and vy = .
U= =y -y 2 L= 27 mm
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Iterating over time, we get the full trajectory from starting values ko, c,
kt_kss ty—1 kt—l_kss
=TAT
<Cl — ks Cr1— ks
X1 ¥1 uy 0 up vi ko — kg
X2 2 0 wh)\uy va ) \co—ks )"
The characteristic equation for this system satisfies the conditions described in
the Mathematical Appendix on models with a saddle point structure, so that the two
roots satisfy: [it;| > 1/+/B, |1, < 1. For reasons that will become clear shortly, we

call u, the stable eigenvalue, [, being the unstable eigenvalue’.
The matrix product in the previous expression is:

ke — kys = x1 1 [ur (ko — kgs) +vi (co — Cs5)]
+y1 b [ua (ko — kgs) +v2(co —cs5)]

¢t — sy = Xy [uy (ko — kgs) +v1 (co — cs5)]
—|—y2,u[2 [u2 (ko — kss) +va(co — c5)] -

The transversality condition on the capital stock is,

1
lim B
tljf}oﬁ 1+ 7¢

k;C?G = [liﬁﬁtkt = O7

where we have used the fact that consumption will not go to zero along the optimal
trajectory. Since |Bu,| > 1 while |But,| < B, the transversality condition will hold
only if the coefficient on the unstable eigenvalue, tt, in the equation for k; — kg
is set equal to zero. But, as shown above, x; = 1, so that it is the bracketed term
accompanying (1 which must be zero. In the consumption equation, the same con-
dition must hold, because x, depends on the values of the structural parameters, and
cannot be chosen to be zero:

ui (kO - kss) +vi (CO - Css) =0, (4.39)

7 The rate of growth along the solution is clearly related to the absolute values of the Uy, Uy TOOLS.
The critical rate of growth below which the solution is stable is model—specific. The requirement for
a well-defined solution to exist is that the objective function remains bounded, which will require
upper bounds on its variable arguments. Those bounds will depend on the functional form of the
objective function. Sometimes, as in the Cass—Koopmans model, transversality conditions take care
of that. In other cases, transversality conditions may be needed for feasibility or optimality even
when the objective function is bounded, so that extra upper bounds on growth rates will then need
to be added, to guarantee that transversality conditions hold. Note that a linear approximation to
the set of first order conditions for the representative agent problem amounts to a linear-quadratic
approximation to that problem. Hence, given a quadratic approximation to the objective function

(e, ¥ B'U(c;)~ ¥ B'(ac? +bé +d), where & = ¢, — cyy), it is clear that the sum will converge
1=0 t=0

for solutions of the type & = p', only if || < 1/+/B.
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so that stability requires that initial consumption cp be chosen by:

u —dii
Co — Css — _*(kO - kss) = L("O - kss)-
Vi di»
If the initial consumption choice is made according to this stability condition,
then the dynamics of the system thereafter is given by,

ki — kss = Y1 .utz [MZ(kO - ks.v) + VZ(CO - CSS)] s (4.40)
Ct — Cgs = y2.u-t2 [u2(k0 - kss) +V2(CO - css)] y (4.41)

so that,
» My —d
Ct — Css = )Tl(kt _kss) = 2dT
where we can see that stability requires that the same condition between capital
stock and consumption, in deviations from steady state levels, must hold at each
point in time as at time 0. This is the stability condition we were looking for. Ad-
ditionally, it is easy to see that, even though we have not imposed them explicitly,
conditions (4.40) and (4.41) will also hold at time = 0.
Consequently, the dynamics of the system can be simplified to,

(ke — kss ), (4.42)

ki —kss = .utz [yl (MZ(kO - kss) + VZ(CO - Css))] = .utz (kO 7kss) 5

—d
%#tz (kO - kss) = nut2 (CO - CSS) ’
12

Ct — Css =
showing that both, consumption and the stock of capital smoothly converge from
their initial values to their steady state levels along this linear approximation.

The numerical solution to the model could be computed from the linear approx-
imation, using the stability condition to calculate initial consumption, cp. This is
because of the property above that the linear approximation will satisfy the sta-
bility condition at any time period, if it is imposed at + = 0. However, the linear
approximation may be a crude approximation to the nonlinear economy, so this
procedure is not advisable. As an alternative, we could solve using one of the two
equations in the linear approximation, together with the stability condition, at any
time period. A better approach is to use each period the stability condition and the
nonlinear global constraint of resources (4.29). That way, we preserve some of the
nonlinearity in the original model. The solution so obtained will, in fact, be seen to
converge towards steady-state. The condition not being used will not hold exactly
each period. On the other hand, if a solution is obtained directly from the two non-
linear conditions, without imposing stability at any point, the resulting time series
will eventually diverge away from steady-state. That would be the case because we
would not be taking proper care of the transversality condition. It is important to
realize that the potential instability issues do not have anything to do with the sto-
chastic nature of the problem, arising also in deterministic economies like the one
considered in this chapter.
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In more complex deterministic models, the stability conditions can be seen as
picking the stable initial values for the decision variables as functions of the exoge-
nous initial values of the state variables. If we have less stability conditions than
decision variables in the system®, we will only be able to solve the model as a func-
tion of a given, arbitrary, starting value for one or more decision variables®, and
they will all be stable. Since any such an arbitrary choice will produce stable paths
converging to steady-state, the solution is indeterminate, in the sense of Benhabib
and Perli [9] and Xie [98]. The system is then said to be globally stable. On the
other hand, the system does not have a solution when there are more independent
stability conditions than control variables to be chosen. The stable subspace will
then reduce to the steady state, if it exists, and the economy will be globally un-
stable, getting into divergent paths as soon as it experiences even slight deviations
from steady state. Finally, the solution will be unique when the set of stability con-
ditions can be used to represent all the control variables as functions of state and
exogenous variables, the system of equations having a unique solution. In the pre-
vious model we have one state variable and one decision variable, so one stability
condition produces a unique solution.

To obtain a solution to this model, in the form of a set of time series for the
relevant variables, we proceed as follows,

1. Give numerical values to structural parameters, 3, 8, A, &, n, 6, as well as to the
initial condition, k¢, and policy parameters, 77, T¢,

2. Obtain steady state levels for physical capital and consumption, kg, C;,

3. Numerically evaluate the transition matrix in (4.37), and compute its eigenvalues
and eigenvectors,

4. Starting from ko, use the stability condition to obtain the value for initial con-
sumption, cg, placing the economy on the trajectory converging to steady-state,

5. Obtain k; from the budget constraint, and ¢; from the stability condition. Repeat
the process for every time period ?.

As we have already mentioned, a numerical solution computed from the two
nonlinear equations, the budget constraint and the Keynes-Ramsey rule, will be ex-
plosive. As seen above, that would require an arbitrary choice of initial consumption,
with no hope that the solution might be stable. The model can be solved applying
each period the stability condition, together with the budget constraint. The Keynes-
Ramsey condition, which is not being used to compute the solution, will not hold
exactly, reflecting the numerical approximation error produced by having used an
approximation to the stability condition. The model could also be solved imposing
the stability condition at each period and using either one of the equations in the
linear approximation to the model. Although we have shown above that the linear

8 After using equations that involve only contemporaneous values of decision variables (as it may
be the case with some identities) to eliminate some of these decision variables from the problem.
9 Initial consumption, in the Cass—Koopmans economy considered in this chapter. We will get back
to this issue in the Mathematical Appendix.
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approximation expands the stability condition towards the future, it is interesting to
point out that if we impose the stability condition just in the initial period and use
the equations in the linear approximation to compute the solution, it will converge
to steady-state, but it will eventually end up by abandoning it.

4.2.2 Numerical Exercise — Solving the Deterministic Competitive
Equilibrium with Taxes

In the CK_Taxes_deterministic.xls file we solve the deterministic, discrete time ver-
sion of the representative consumer’s problem, in an economy where the govern-
ment makes some nonzero consumption each period, financed with the proceeds
from consumption and income taxes, as characterized in the previous section. The
same analysis can be implemented using MATLAB file CK_d_transition.m. This ex-
ercise is extremely important to understand the role of stability conditions when
computing numerical solutions for deterministic and stochastic optimization prob-
lems, like those involved in planner problems or when characterizing the competi-
tive equilibrium allocation of resources.

Benchmark values for structural parameters are, A= 1, f = .90, & =.33,n =0,
0 =.07, 0 =0.50, and tax rates: 7. = 20.0%, 7, = 12.478%. Under this parameter-
ization, steady state levels are kgs = 2.007, cgs = 0.801, y5s = 1.258, and government
revenues: gy = 0.3172. Steady state investment is equal to the difference between
disposable income and consumption ig; = (Ygs — TyYss — TeCss) — Css = .1405. This
figure is equal to (8 + n)ks, the aggregate of the depreciation loss of physical cap-
ital, plus what must be given away to the consumers being born every period to
maintain constant the stock of capital per worker, nkss, as it should be to make the
steady state sustainable.

Below the benchmark parameter values and tax rates, steady-state levels for the
main endogenous variables are shown in the first columns of the spreadsheet. Be-
low them, the reader can find the numerical values for the elements of the transi-
tion matrix in the linear approximation to the model, as well as its eigenvalues and
eigenvectors, used to estimate the linear approximation to the stable manifold for the
competitive equilibrium under the chosen parameterization. The M-constant in the
spreadsheet is the same as in the previous section. With the mentioned benchmark
parameter values, the approximate stability condition is estimated at,

¢ — gy = 0.2868 (k; — kyy), V1.

The first case considered in Panel 1 presents an economy with an initial stock
of capital equal to the steady-state level, ko = k5. Then, we choose per capita con-
sumption from the stability condition, which positions the economy on the stable
manifold. But, since the stock of capital is at its steady-state level, the economy
is positioned right at steady-state, with kg = kg, co = cgs. After the initial pe-
riod, we use the budget constraint to find next period’s stock of capital, and the
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Keynes-Ramsey condition to find the associated level of consumption. Since the
economy starts right at steady-state, the implied numerical solution is trivial, the
economy never leaving the steady-state. Notice that some relationship other than
Keynes-Ramsey condition needs to be used to calculate initial consumption ¢, be-
cause of the dependence on previous period consumption in that equation.

The second case in Panel 1 considers an economy which starts to the left of the
optimal steady-state, i.e., with a stock of capital below that of steady-state. As in
the previous case, the stability condition is used to compute cg, and the full nonlin-
ear structure of the economy is used as the propagation mechanism from ¢ = 0 on.
We use sequentially the budget constraint, an equation of the form &, = f(k;,¢;)
to find end-of-period capital, and Keynes-Ramsey condition, which has the form
¢i+1 = f(ki+1,¢¢) to find the level of consumption next period. So, starting from ko,
the stability condition gives us cg, the budget constraint provides us with ki, the
Keynes-Ramsey condition with ¢, and we iterate over time. Since we start to the
left of the steady-state, the linear approximation to the stability condition chooses
a level of consumption below that of steady-state. From that point on, capital stock
and consumption increase, as it should be the case in order to converge to steady
state. However, after some point in time shown in red in the spreadsheet, the econ-
omy changes its direction, with the stock of capital decreasing and consumption in-
creasing above the steady-state level. In terms of the stability graph, we have moved
from the lower-left region to the upper-left region and, as indicated in the enclosed
graph, the economy moves toward the vertical axis, with decreasing capital and
ever increasing consumption, a clearly unfeasible situation, which has a clear re-
flection in the numerical solution. This happens because we have not positioned the
economy on the stable manifold except at t = 0, being outside it for the remaining
periods.

One might think that the previous situation arises because we have started far
from steady-state. The third case in Panel 1 starts again to the right and below
steady-state, but very close to it, using again the stability condition to obtain ini-
tial consumption, and the full nonlinear structure of the economy as the propagation
mechanism from that point on. Once again, the economy starts moving in the right
direction towards the steady-state, but it reaches a point where the stock of capi-
tal falls quickly to zero. The only difference with the previous case is that it takes
longer to depart from the convergent trajectory. In fact, the reader can check that the
same result arises by arbitrarily choosing the initial level of consumption, i.e., the
level in cells M24 or P24.

Panel 2 exploits the linear approximation to the model, losing the information
contained in the nonlinearity aspects of the economy. Both, the stock of capital and
consumption are obtained from the linear approximation (4.34) to the model. How-
ever, initial consumption cannot be obtained that way, so the stability condition is
used just at ¢ = 0, to choose cg. In the first case, initial capital is at steady-state level,
so our mechanism positions the economy at steady-state, which is never left. In the
second case, the economy starts with a stock of capital below that of steady-state.
From then on, (4.37) propagates the system forwards into the future. The use of
the fully linearized system takes the economy to steady-state, so long as we use the
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stability condition to compute initial consumption. The accompanying graph shows
smooth, gradual transition paths for the stock of capital and consumption. As shown
in the third case, starting farther away from steady-state just requires more periods
for convergence, but stability prevails. The only problem in this panel is that purely
numerical approximation errors in EXCEL throw the trajectories away from steady-
state after having been arbitrarily close to it for a large number of periods. The size
of errors clearly depends on how far is the initial condition from steady-state.

We compute in Panel 3 the numerical solution using again the linear approxi-
mation to the model, as we did in Panel 2. The difference is that we now use the
stability condition every period, not just at time 0, to obtain the consumption time
series. We obtain the same time series for consumption and capital as in Panel 3,
where we used the stability condition just at = 0, for the same initial condition,
The third column computes the consumption times series again, but using the other
equation in the linear approximation, rather than the stability condition. The point is
that the linear approximation cannot be used to compute initial consumption, so the
stability condition is used instead to obtain c. But then, as we saw in the previous
section, the stability condition will hold forever, so it is not surprising that the two
linear approaches to computing consumption in this panel produce the same stable
solution. After the consumption time series, we present the percent approximation
error in consumption and physical capital from using the linear approximation to the
model rather than its nonlinear structure, as reflected in the Keynes-Ramsey condi-
tion and the budget constraint. Approximation errors become negligible after a finite
number of periods.

In Panel 4, the stability condition is used at all time periods to obtain the level of
per capita consumption, while the budget constraint is used to obtain end-of-period
stock of capital, as k,+1 = f(k;,¢;). This mechanism would leave the economy at
steady-state if it started from there, as shown in the first situation considered. In
the second case, the economy starts from a stock of capital below steady-state. The
stability condition guarantees convergence to steady-state, no matter what the initial
stock of capital is. There is an unavoidable numerical approximation error in the fact
that we use as stability condition that of the linearly approximated system. However,
the solution is in this case a better approximation to the true solution than that found
in Panel 2 when starting from the same initial stock of capital, since in that case, we
did not use any of the true, nonlinear structure the model, as we do in this Panel 4.

To the far right we present a first graph comparing the trajectories obtained un-
der the linear approximation in Panel 3 and the more nonlinear solution in Panel
4. A second graph shows the smooth converging paths for consumption and the
stock of capital, as well as the trajectory that would follow the stock of capital if
we started farther away from steady-state. The consumption trajectories calculated
under the stability condition or using the Keynes-Ramsey condition, and the lev-
els of utility provided by them, are seen to be very similar to each other. In the
‘%-deviation in C’ column we show the percent difference between the level of
per capita consumption that would arise from the exact calculation provided by the
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Keynes-Ramsey condition, and the level that is obtained under the stability condition
to the linear approximation to the model. These alternative consumption trajectories
are shown in the last graph. When the economy starts close to steady-state, the ap-
proximation error is small, of 0.50%, becoming negligible after just 6 periods. The
last case in Panel 4 considers an economy starting farther away from steady-state.
That does not have any substantial implications regarding convergence, except for
the fact that it takes longer to reach the steady state and that the numerical approx-
imation error in consumption is initially rather large, but again becomes negligible
after very few periods.

4.2.3 Numerical Exercise — Fiscal Policy Evaluation

In the excel file CK _solution_changes_in_tax.xls, we use the model introduced in the
previous section to analyze the effects of different changes in government’s fiscal
policy. The Steady State spreadsheet shows long-run effects, while the Transition
spreadsheet contains short- and also long-run effects. In all cases, we compute the
welfare effects of policy changes. We start in this section by presenting the measure
we use to evaluate welfare effects, as used by Lucas [59].

4.2.3.1 Measuring Welfare Effects

We measure the welfare effect, AW, of a fiscal policy change as the additional con-
sumption which should be given to the representative consumer each period along
the old consumption path, to make him indifferent between the old policy and the
new one. A negative value of AW would mean that there is a welfare loss associated
to the fiscal reform. We measure the consumption compensation as a percentage of
the level of output prior to the fiscal reform. We further assume that the tax change
takes place on a steady-state economy.

Let ¢l , y! denote steady-state consumption and output under the initial tax pol-
icy, while ¢V denotes period’s t consumption under the new fiscal policy. Tax reform
is implemented at + = 0, when the economy is at steady state. Rather than staying
at ¢y forever, the economy will start a transition towards the new steady-state, with
a consumption trajectory denoted by ¢;, t =0, 1,2, ... The effect on welfare is thus
measured as AW =100 yATC.

The consumption compensation Ac must satisfy:

o (a1 e (@)

LA =L

t=0
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Structural parameter values are given on the left side of the Steady State spread-
sheet: A=1, § =.90, « = .33, n=.0, 6 = .07, 6 = 0.50. Three questions are
analyzed in that spreadsheet: i) the long-run effects of a change in the income tax
rate, keeping constant the consumption tax rate (in fact, we assume 7¢ = 0), i) the
long-run effects of a change in the consumption tax rate, keeping constant the in-
come tax rate (specifically, we assume 7% = 0). In both cases, we can see that tax
revenues and hence, public consumption, both change. Finally, we analyze the long-
run effects of simultaneous changes in both tax rates keeping tax revenues constant.

4.2.3.2 Long-Run Effects of a Tax Reform

In Panel 1 in the Steady-state spreadsheet we start from a situation with zero con-
sumption taxes, and compute changes in the capital stock, private and public con-
sumption, production, after-tax income, and the weight of public consumption on
total output, as the consumption income tax rate increases from zero, while keep-
ing the income tax rate fixed at zero. We also compute the welfare cost of that tax
increase. A similar study is performed in Panel 2. In that case, it is the income tax
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rate which starts at zero and gradually increases, while the consumption tax stays at
zero. In all cases, we use the steady-state expressions for capital stock and consump-
tion characterized in the previous section. The same analysis can be implemented
with the CK_d_long run tax changes.m MATLAB file. Output is ys = f(kgs) = AkZ,
|

1-0
disposable income: y4, = (1 — T,)y,. Welfare cost is obtained from (4.44) .

Below the numerical results we present some graphs summarizing these two
analysis. The blue line shows steady-state responses of different variables to changes
in the income tax rate, while the red line shows the response to changes in the con-
sumption tax rate. An increase in the consumption tax has no long-run effect on
the accumulation process for physical capital and hence, on the long-run stock of
capital. As a consequence, steady-state output and investment do not change either.
Steady-state investment is obtained by applying the depreciation rate anf popula-
tion growth to the steady-state stock of capital. Tax revenues increase, which allows
for a raise in public consumption. The latter crowds out private consumption in a
one-to-one basis, since there is no change in output or investment. This substitution
reduces consumers’ utility level. The welfare cost of the consumption tax increases
monotonically with the tax rate.

The main difference between an increase in either tax rate is the way they affect
productivity, which is not affected by a consumption tax. An increase in the income
tax rate produces a reduction in the after tax marginal product of labor, which dis-
courages capital accumulation and leads to a reduction in the steady-state levels of
the stock of capital and output. The lower disposable income leads to a reduction in
private consumption and utility. For similar tax rates, the negative effect on growth
and welfare of an income tax is greater than that of a consumption tax. It is inter-
esting to notice that tax revenues do not increase monotonically with an income tax,
being highest when income taxes are of about 67%, and decreasing for higher in-
come tax rates. This is what is known as Laffer’s curve. In spite of this reduction
in revenues for higher tax rates, the share of public consumption in production is
always increasing. The welfare cost again increases monotonically with the income
tax rate.

At a difference of the analysis in Panels 1 and 2, we consider in Panels 3 and 4
the real effects produced by simultaneous tax changes that keep tax revenues con-
stant. We consider two levels of revenues: 0.317 and 0.550. Results for both cases
are jointly summarized in a set of graphs below the numerical calculations. To char-
acterize the association between both tax rates, we write the budget constraint for
the economy with taxes in steady-state:

investment: ig; = (n+ 0 )k, revenues are Tccgs + Tyygy, utility: Uy, = , and

(147 cgs+ (n+ 8)kss = (1 — ) AKZ,
that is,

Css = Yss — (Tyyss + TCCSS) - (n + S)kss = YVss — 8ss — (}’l + 5)ksx7
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and solve in (4.28) for 7¢:

TC — 8ss — Ty)’ss
YVss — 8ss — (” + 6)kss

To obtain the first tax combination, we assume that there are not income taxes,
and compute how large should the consumption tax rate be in order to allow for
financing the predetermined level of expenditures. For instance, when expenditures
are 0.317 and the income tax rate is zero, the consumption tax rate must be of 37.1%.
To compute alternative tax combinations, we successively increase the income tax
rate in intervals of 5%, and compute the consumption tax rate needed to finance
the predetermined level of expenditures. We can see that the increase in revenues
produced by the raise in income taxes leads to consumption tax rate cuts. As the
income tax raises, implied revenues from this tax alone could be even higher than
public expenditures, which leads to the need to implement negative consumption
taxes, i.e., the government would then be subsidizing purchases of the consumption
commodity. This is the case, for instance, when public expenditures are 0.317 and
the income tax rate is 30% or higher.

When the government introduces a tax reform by reducing the consumption tax
at the cost of increasing the income tax so as to maintain constant revenues, the
stock of capital decreases, since the after-tax marginal product of capital is now
lower. Since the firm owns a lower stock of the production factor, output falls. The
reduction in after-tax income because of the higher income tax leads to a reduction
in private consumption, in spite of the fact that the consumption tax is now lower.
The level of utility consequently, diminishes. Hence, the consumer would prefer
a tax mixture with zero income taxes. The welfare cost of fully eliminating the
consumption tax by income taxes is increasing and convex. That is, starting from
a situation where public expenditures are fully financed by consumption taxes, the
welfare cost of increasing the income tax from 0% to 10% is more than twice the
cost of increasing the tax rate from 0% to 5%. Notice that, even though tax revenues
remain constant, they decrease, as a percentage of output, as the government uses
more intensively the income tax relative to the consumption tax.

When we repeat the analysis for a level of public expenditures of 0.550 we see
that, in order to maintain revenues unchanged, an increase in income taxes may
need to come together with an increase in the consumption tax. For instance, when
7 = 0.65, then 7¢ = 0.135, while when 77 = 0.70, then 7€ = 0.183. This is the case
because, from the point of view of the income tax, we are in the decreasing region of
Laffer’s curve. The qualitative effects of tax changes are similar to those of the pre-
vious analysis, except for output and the stock of capital, which are now monoton-
ically decreasing in the income tax rate. It is particularly striking the fact that the
welfare cost of replacing the consumption tax by the income tax in a given amount
is the same, with independence of the level of public expenditures (tax revenues).

The reader can use positive tax rates where these have been set to zero in Panels
1 and 2 in the spreadsheet, and check that the results shown in the graphs change as
expected.
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4.2.3.3 Short- and Long-Run Effects of a Tax Reform Experiment

In the Transition spreadsheet, we start by characterizing the short- and the long-run
effects of a permanent increase in either tax rate, keeping the other tax rate constant,
with implied changes in steady-state tax revenues. The same analysis can be done
with the CK_d_long_short run tax changes.m MATLAB file. In Panel 1, the con-
sumption tax rate is raised from 20.0% to 22.0%, while the income tax rate stays
at 12.48%. Government revenues increase from 0.317 to 0.330. In Panel 2, the in-
come tax rate is raised from 12.48% to 14.48%, the consumption tax rate staying at
20.0%. Government revenues then increase from 0.317 to 0.335. Finally, we charac-
terize in panel 3 the short- and long-run effects of an increase in the income tax rate,
accompanied of a reduction in the consumption tax from 20.0% to 17.32%, so that
steady-state government revenues and expenditures remain constant at 0.317. Along
the transition, however, government revenues change, initially increasing with the
tax rise, and converging afterwards to their steady-state level before the tax change.
Tax reform is implemented at t = 10. Structural parameter values are the same as in
the steady-state analysis described above. To compute short-term effects we need to
obtain the transition paths for the endogenous variables, as they converge from the
initial steady state to the new one, after the change in tax rates takes place. To do so,
we implement the numerical solution method described in the previous section.

Below the description of each policy experiment, we report steady state levels for
the endogenous variables before and after the tax change, as well as the transition
matrix for the linear approximation and the stabilizing constant needed to relate
consumption to the stock of capital, as described in the previous section. We do
this twice, before and after the change in tax rates. We use the stability condition
obtained under the initial steady state right until the period of the tax change, when
we switch to the stability condition obtained under the new steady state.

The first tax reform consists of an increase in the consumption tax from 20% to
22%, while keeping the income tax fixed at 12.48%. The stock of capital, the level of
output and after-tax income remain unchanged, in the short- as well as in the long-
run. Consumption decreases in the period when the tax change is introduced, to the
steady-state level associated to the new tax rate. This translates into a permanent
fall in utility from period r = 10 on. All effects following a change in consumption
taxes take place in a single period, as can be seen in the graphs below the numerical
computations. The elasticity of consumption to changes in the consumption tax rate
is below one, which implies that consumption tax revenues increase at t = 10, re-
maining at their new level from then on. The welfare cost of the mentioned increase
in the consumption tax rate amounts to 1.04% of initial production in the form of
additional consumption every period.

In the second tax experiment, the income tax rate increases from 12.48% to
14.48%, while keeping the consumption tax constant at 20%. Effects are displayed
in the graphs below the numerical computations, with the 7.-constant label. As a
consequence of the tax hike, the after-tax marginal productivity of capital decreases,
and so does the accumulation of physical capital. This translates into a fall in the
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level of production starting at + = 11, since production at the time the tax reform is
introduced, t = 10, is determined by the stock of capital chosen at # = 9, under the
initial tax rates. Production then converges to its new steady-state level which, as
already explained, is lower than before the tax increase. After-tax income decreases
from ¢ = 10, leading to a reduction in private consumption and utility. Tax revenues
increase drastically at the time of the tax increase, in spite of the fact that revenues
obtained from the consumption tax, decrease. In the following periods, tax revenues
decrease somewhat, converging to their new steady-state level, which is above the
initial level of revenues. Something similar happens with the output share of public
expenditures. We find that the welfare cost of this tax reform amounts to an addi-
tional consumption of 1.66% of initial output every period. We again get the result
that a change in the income tax has a more negative effect on welfare that a change
in the consumption tax having the same effect on revenues.

In the last experiment, a consumption tax cut to 17.425% is introduced so that
government revenues remain constant in the long-run when the income tax rate is
raised from 12.48% to 14.48%. Effects of this policy experiment are displayed in the
graphs below panel 2, with the 7.-adjusting label. Consumption is seen to increase
at the time of the tax reform, decreasing afterwards while it converges to its new
steady-state level. Steady-state consumption is below the initial steady-state but, as
expected, it is above the one obtained when the consumption tax did not adjust to
maintain constant revenues. There are now two effects on consumption: a positive
one, from the reduction in the consumption tax, and a negative one, because the
increase in the income tax reduces disposable income. We can see that the first effect
dominates in the short-run, so consumption initially increases, while the second
effect is stronger in the long-run, since the steady-state level of consumption is lower
after the tax reform. This behavior of consumption also leads to an increase in single
period utility in the short-run, decreasing thereafter to end below its initial steady-
state level. Aggregating over time, we see that the welfare cost of this tax reform
amounts to an additional consumption of 0.24% of initial production, less than the
welfare cost we obtained when the consumption tax was kept constant. Notice that
even though tax revenues remain unchanged in the long-run, they increase in the
short-run and stay above their initial steady-state level for a number of periods.

In order to maintain tax revenues unchanged in the short- as well as in the long-
run, then we would need to allow for changes in the consumption tax along the
transition of the economy between steady-states. We would then have to redefine
the vector of variables in the model to include the consumption tax next to the stock
of capital and consumption in period ¢. The transition matrix would then be of di-
mension 3 x 3. Computing the numerical solution for a model of that kind would
amount to characterizing approximate stability conditions and using them, together
with part of the nonlinear structure of the model, to compute time series for the en-
dogenous variables in the economy. A general discussion on stability follows in the
next section.
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4.3 Appendices

4.3.1 A Reformulation of the Stability Condition
Jor the Deterministic Version of the Model

Condition (4.42) is the approximate linear representation of the stable manifold
for this problem, which we characterized graphically in previous sections, and it is
called the stability condition of the system.'? This condition imposes orthogonality
between the row of I'~! associated to the unstable eigenvalue, and the vector of ini-
tial deviations with respect to steady-state (ko — kg5, o — Cs5). In fact, the row of !
associated to the unstable eigenvalue of D, |, is: (uj,vi) = ﬁ(%ﬁ“; —1),
where we have skipped the proportionality constant when imposing the orthogonal-
ity condition: (uy,vy) (ko — kss, co — cg5) = 0.

That the stability condition satisfying the transversality condition can be writ-
ten this way is not casual. The linear approximation to the deterministic, dynamic

system (4.36) can be written,
BoXi+1 = B,

with X; the vector of deviations around steady-state. In the tax reform analysis in the
previous section, & = (k; — kg, ¢; — Cy5)-
Provided By is invertible, we have,

X1 = B(;]Blft = DX,
and using the spectral decomposition of D:
%41 =D% =TAT %, (4.45)

ofr,
ZH—I = Azt s

after premultiplying in (4.45) by ! and defining z; =T ~1%,. Each element in Z
is a linear combination of deviations from steady-state for all variables in X;. By
repeated substitutions, taking into account the diagonal structure of A, we get,

ZI = AIZO s

a system of linear equations which will be stable, in the sense of satisfying the
transversality conditions, only if the elements in the diagonal of A, i.e., the eigen-
values of D are less than 1/ \/B .

In the tax reform analysis, the system is 2x2, and each element in Z; is a linear
combination of deviations from steady-state for both variables, k; — kg, c; — c55. We
have already shown that, in that system, the i ,-eigenvalue has absolute value greater
than 1 so the system becomes explosive.

10 Even though we did not compute it that way. Rather, we obtained the linear approximation to
the model, and obtained the exact stability condition for this approximated model.



186 4 Optimal Growth. Discrete Time Analysis

The only way to avoid the explosive path is by fixing Zj, = 0 V¢, which amounts
to setting to zero each period the inner product of the first row in I'~! (which is the
left- eigenvector associated to the explosive eigenvalue) times the vector of variables
in deviations from steady state. Needless to say, had we assumed that pt;was the
stable eigenvalue, with 1, being unstable, we would have concluded the need to set
to zero the inner product of the second row of I'~! and the vector of deviations from
steady-state.

Some observations are worthwhile at this point:

e There are infinite linear trajectories passing through the optimal steady state, all
having the form: ¢, — c¢g; = b(k; — ks ) for a certain range of slope values, b. If we
choose ¢, each period to satisfy any one of these conditions, given the stock of
capital k, chosen at the end of the previous period, the economy will converge to
the optimal steady state. The solution procedure described in the previous section
can be seen as selecting, among all those linear trajectories, the one approximat-
ing better the true model, at least in a neighborhood of the optimal steady-state,
since it is not possible to characterize that stable manifold analytically. In fact,
in the numerical exercises we present in EXCEL files, we check the amount by
which the Keynes-Ramsey condition, not used in the generation of the solution,
is not fulfilled by the numerical solution. The stable root takes care that the law
of motion for the stock of capital takes k; in the right direction, towards kg, SO we
obtain stable time series for the stock of capital as well as for consumption. How-
ever, these time series would satisfy just part of the model, the budget constraint,
but not the Keynes-Ramsey condition.

e The discussion in this section generalizes to more general models, as we will
have a chance to see in subsequent chapters. In general, we will have a vector
X; of g variables in deviations with respect to steady-state, r of which will be
control or decision variables, the remaining g — r being state variables. In the
Cass—Koopmans model, » = 1,4 = 2, with consumption as the single control or
decision variable, and the stock of capital as the state variable. For the model to
have a single stable solution, it is necessary to have as many stability conditions
as control variables, r, so that the matrix of coefficients D in the first order vector
autoregression (4.45) will need to have g — r stable eigenvalues, i.e., less than
1/ \/ﬁ in absolute value, and r unstable eigenvalues, and the rows of matrix r!
associated to the unstable eigenvalues will provide us with stability conditions,
just like we have done in the Cass—Koopmans model.

e As we will see in the next chapter, in stochastic models, stability conditions
generate a set of relationships between stochastic shocks to the model and
expectation errors, which can be interpreted as approximating the way ratio-
nal expectations errors depend on the innovations to the exogenous stochastic
processes. Additionally, these relationships allow the researcher to generate time
series for the expectations errors from the time series for the exogenous processes
once the model has been solved. In turn, these time series can be used for imple-
menting rationality tests on the expectations errors: zero mean, no serial corre-
lation, and lack of correlation with any variable contained in the information set
available to the agent when forming their expectations. If the numerical solution
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is a good approximation to the true solution, the expectations data should not

fail these rationality tests. Unfortunately, this type of validation of the numerical
solution is not very often implemented in practice.

4.3.2 The Intertemporal Government Budget Constraint

We present in this section an intertemporal analysis of the government budget con-
straint, following the lines of the presentation we made on the continuous time ver-
sion of the model. The reader will recognize that the qualitative results we reach and
the expressions we obtain are similar to those we obtained in Sect. 3.4. Familiariza-
tion with the analytic details of this presentation is needed to discuss more general
questions relating to government financing in discrete time models. For simplicity,
we assume zero population growth (n = 0).

4.3.2.1 Government Budget Constraint
We can rewrite (4.11) as:
by =g+ 4r)b —14, (4.46)
and for the following period:
bi2 = g1+ (L+r141)briy — Trg,
and the two expressions together lead to:
brio = g1+ (Lt 1) [g + (L 70)br — T = Trpr,
so that the present value of the level of debt outstanding at period ¢ + 2, is:

biya _ 8t+1 — Tr4+1 +gt—Tt b
(+r)(+rn)  (I+ra)A+r)  A+r)

Repeating the process for the stock of debt outstanding at time ¢ + 3, we get:

biys = g2+ (1 +7112)bry2— Tri2
=g+ +rn) g+ +ri) g+ +r)b — 7] — Tig1]

—Tr+2,
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so that the present value of debt outstanding at time ¢ + 3 is:

bi13 _ 81+2 — Tr42
(r )4~ Ut tr) (47
8t+1 — Tr+1 8t — Tt

+b[.

(I+re)(A+r)  (1+r)

Repeating the process T' times, we obtain that the present value of debt outstand-
ing attime t4+7 + 1:

brir1 . 8= Tt b
—_— = B — 't
HsT:O(l +Tts) j=0 Hizo(l +rigs)
Taking limits on 7'
im — L M b, =0, (4.47)
i [himo(L+ries) ST (14 rgs)
and using the fact that the transversality condition implies: hm % =0, we
5=0 Tt4s

get,

o Trtj—&r+j
br = Z J )
j=0 H_¢:0(1+rr+s)

so that, in each period, the present value of current and future government budget

surplus must be equal to the stock of debt outstanding.
Likewise, it is possible to write equation (4.47) as,

ZLM,:i.TL, (4.48)

l_[:£:0(1+rt+s) j=0 l_[:£:0<l+rt+s)

showing that, each period, the present value of the stream of current and future
government expenditures, added to the current stock of debt outstanding, must be
equal to the present value of current and future tax revenues.

Alternatively, we could have integrated the government budget constraint to-
wards the past. Then, the stock of public debt at time ¢ could be written:

by=g1+ (1 +r_1)b—1 — 71,

which, plugged into (4.46), allows us to obtain the level of debt outstanding in period
t+1,
b1 =g+ (1+r)[g—1+(1+r-1)b—1 — Tr—1] — 71

Repeating the process a number of times, we get:

!
by1=(g—1 +Z 1+Vt s (gt—j—ftfj) + H0(1+rzfs)b07 (4.49)
=



4.3 Appendices 189

showing that the stock of debt outstanding at the end of period ¢ is the result of
capitalizing: /) the initial stock of debt, and ii) the government budget deficit or
surplus from previous periods. This latter effect can be either negative or positive
each time period ¢, so that each period, the stock of debt can be either above or
below initial debt, by.

4.3.2.2 Sustainable Steady-State Expenditures and Financing Policies

Steady-state is a dynamic, competitive equilibrium, along which per capita variables
remain constant over time. In particular, r; = rg, g = gs5, Tr = Tgs MUst remain
constant. We want to characterize steady-state feasible fiscal policies. The steady-
state version of the present value government budget constraint, integrated towards
the past (4.49), is:

b1 = (147 by + i (1+r) (g—7)
J=0
(147)— (147"

=14+ by+(g—1) 00

-1
- (1+r)’+1b0+gT [(1+r)t+1 7(1+r)} .
But b, must satisfy the transversality condition (4.22):

. 1
fim Gy b =0,

which is equivalent to:

. 1 t+1 §—1 t+1 | _
IILTQM[(1+r) bo—i—T[(l—i-r) —(1+r)}_—0,<:)

(1+7) lim {b0+g_r 1-(1+r"]| =0«
—eo r

b+ 5— [1=lim (147) "] =0,
r |

t—o0

Only if by = T;rg will the transversality constraint hold. In fact, any steady-state
policy involving a period-by-period budget surplus in an amount T — g > rby will be
feasible. In the absence of initial debt outstanding, the only feasible policy would
be one of maintaining a balance government budget forever. With strict inequality,
the transversality condition will be violated, with ;h_{g ﬁb,ﬂ < 0. That would be
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a feasible, albeit suboptimal steady-state fiscal policy, since the government could
have afforded running larger deficits at some point, presumably leading to an in-
crease in consumers’ welfare.

4.4 Appendix 2: The Ricardian Proposition
Under Non-Distortionary Taxes in Discrete Time

We use now the discrete time representation to show that the Ricardian proposi-
tion holds in the Cass—Koopmans economy under non-distortionary taxation. The
proposition states that the way how government expenditures, g;, are financed is
irrelevant, provided that the bond issuing policy associated to each alternative fi-
nancing strategy be feasible, i.e., that the transversality condition (4.19) holds. This
implies that the distribution of resources between consumption and savings implied
by the competitive equilibrium mechanism is independent of the way how savings
are split into government bonds and firm’s stock.

The irrelevance of government financing is known as the Ricardian doctrine:
consumers are indifferent between paying higher taxes today and holding a lower
stock of debt in their portfolio, or paying less taxes today, but being forced to hold
more debt in their portfolios. As we have seen in previous sections, in the absence of
uncertainty and with perfect capital markets, the sequence of single-period budget
constraints can be integrated in a time aggregated present value budget constraint,
this being the only constraint faced by the consumer. A similar consideration holds
for the sequence of single-period government budget constraints. Joint consideration
of both intertemporal constraints leads to the Ricardian proposition.

We now proceed to integrating the consumer budget constraint towards the fu-
ture. For simplicity, we assume zero population growth (n = 0). From (4.13) we
obtain:

arp1 = (L+r)a+ (0 — 1 —¢). (4.50)

Analogously,
arir = (L4 rig1) @ + (@1 — Tr1 — Grp1) - (4.51)
Plugging (4.51) into 4.50), we get:

ar42 _ W41 — Tp1 —Cr41 - O — T — C¢
(I+r)(A+r)  (T+rg)(1+n) (1+r)

+a[.

After T substitutions,

T
Ai+T+1 Z r+J Titj —Ci+j a
)

HY o(I+714s) [T 0(1+V1+x)
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and, by continuous substitutions,

Ai+T+1 Z wt+j_Tt+j_Ct+j+at_O
T - i — Y
T—oo HS:O(IJrVTJrs) ‘]‘:0 H§:0(1+rt+s>

since the transversality condition holds. From this expression, we get:

oo

0} o Trj+Crij
Z ——— g =y (4.52)
J 0 (I+7e4s) j=0 Hs:0(1+rt+s>

showing that each period, the stock of assets held by the consumer, plus the present
value of his/her current and future labor income, must be equal to the present value
of current and future consumption, plus the present value of taxes.

Combining the budget constraints for the government (4.48) and the consumer
(4.52), both integrated towards the future, we get:

o 8i+)j — Oitj Cr+j
Y o tbhma =)
j=0 Hx:0(1+rt+s) j=0 HS:()(H‘rHs)

o

Z O +y, = i Cryj+ 81+j
j )
- A 0 (1+714s) j=0 Hi:o(l""’/-%—s)

so that the present value of the stock issued by the firm, plus the present value of the
sequence of current and future labor income, must be equal to the present value of
public and private consumption:

.- Ct+j o\ O j . 8t+j
Z j Z H./ (14711s) +vt_2 l—[.f (1+r, )’
i 5= j=011s=0 t+s j=011s=0 t+s

showing that the feasible sequences of consumption are those whose present value
remains below the sum of current holdings of firm’s stock plus the present value of
labor income, net of the present value of public consumption. In this latter expres-
sion, neither bonds nor taxes appear, either at a given point in time, or in present
value form. That means that consumer’s decisions are affected by the level of cur-
rent and future government expenditures, but not by the way how these are financed,
be that by issuing debt or through lump-sum taxes.

4.5 Exercises

Exercise 1. In the discrete time version of the Cass—Koopmans economy, show the
inefficiency of the competitive equilibrium mechanism by showing that the implied
allocation of resources does not coincide with the one that is obtained from the plan-
ner’s problem when there is a government that purchases g; units of the consumption
commodity which are ‘thrown to the sea’, financing them with a lump-sum tax and
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debt issuing. Start by showing that the competitive equilibrium allocation can be
obtained as the solution to a representative agent problem. Repeat the exercise for
an economy in which the government uses a consumption tax at a rate 7¢, and taxes
all income at the same tax, 7. Identify the several reasons for inefficiency of the
competitive equilibrium allocation in this economy.

Exercise 2. In the discrete time version of the Cass—Koopmans economy, show the
inefficiency of the competitive equilibrium mechanism by showing that the implied
allocation of resources does not coincide with the one that emerges from the plan-
ner’s problem when there is a government that purchases g; units of the consump-
tion commodity which are returned to consumers as a lump-sum transfer, financing
them with a consumption tax, a capital income tax, and issuing debt. Identify the
several reasons for that inefficiency. Explain why it is not possible to characterize
the competitive equilibrium allocation through a representative agent problem in
this economy.

Exercise 3. In the deterministic version of the Cass—Koopmans economy, suppose
that the production function has constant returns to scale and the utility function is
U(c;) = In ¢;. There is a government that implements a lump-sum transfer to con-
sumers, financed by a consumption tax. Suppose that the government keeps constant
the level of the lump-sum transfer along the transition, so that it is the tax rate that
gets adjusted over time.

e Set up the set of equations characterizing the resource allocation under the com-
petitive equilibrium mechanism

e Notice that, since Walras’ law holds, it is not necessary to impose the budget
constraint of the consumer and yet, the competitive equilibrium allocation sat-
isfies that equation. Notice that the system made up by the Euler equation and
the equation characterizing equilibrium in the market for the consumption com-
modity also characterizes the time paths for consumption and capital. Hence, the
time path for both variables is independent of monetary policy instruments. Once
consumption and capital have been determined, the consumption tax rate can be
solved from the government budget constraint.

e Choose a set of parameters and calculate implied steady state values for con-
sumption, capital and output.

e Choose arbitrary initial conditions for the stock of capital and consumption and
get time series for these variables using the two non-linear conditions: the global
resources constraint and the Keynes—Ramsey condition. Check that the result-
ing time series will be explosive, because of not having imposed any stability
condition.

e With the same initial conditions, solve the model using the linear approximation.
Check that the solution is again unstable.

o Characterize the stability condition for the model under the chosen parameteriza-
tion. Generate time series for the relevant variables using the stability condition
and either one of the equations in the linear approximation. Check that we obtain
convergence, no matter which of the equation in the linear approximation is used.
Also, check that the other equation in the linear approximation holds.
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Solve the model using the stability condition and either the global resources con-
straint or the Keynes—Ramsey condition. Check that the obtained time series are
stable in either case. Check that the condition not being used, is not satisfied by
the set of time series we have obtained.

Solve the model using the two non-linear conditions: the global resources con-
straint and the Keynes—Ramsey condition, after having imposed the stability con-
dition at = 0, to compute cqy,co = ¢ko. Check that the solution is unstable.
Solve the model using conditions k; — kg = (ko — kgs) 115, €1 — co5 = (co — Cs5) H,
after having imposed the stability condition at # = 0 to compute cg. Check that the
implied time series are stable. Check that stability arises even without imposing
stability at = 0.

In the next two exercises, the ratio of government expenditures to output (G/Y),

rather than government expenditures themselves, are kept constant.

Exercise 4. In the discrete-time version of the Cass—Koopmans economy, consider
a Cobb-Douglas production function with constant returns to scale and a utility
function with a constant intertemporal elasticity of substitution of consumption. The
government tax consumption and income from the representative agent, using the
revenues to purchase the single good produced in the economy.

L.

Characterize analytical expressions for steady state values for consumption, the
stock of capital, output and government expenditures. Show in a graph how these
values depend on each of the two tax rates. Let us assume that the tax rate on con-
sumption is initially 0.2 while the income tax rate is 0.15. Compute the welfare
long-term gains or losses, in terms of consumption, from a permanent change in
either one of the two tax rates.

. Characterize different combinations of tax rates on consumption and income that

can be used to finance in steady-state the same ratio of government expendi-
tures/output than with 7¢ = 0.2 and 1 = 0.15. Compute steady-state values ob-
tained under each of these fiscal policies for each variable in the economy. What
is among them the tax policy that maximizes utility while maintaining the ratio
of expenditures/output? (second-best policy)

. Assume now that initial tax rates are T = 0.2 and 7 = 0.15. Characterize the

short- and long-term effects from a change in each of the two tax rates.

. Assume that initial tax rates are 7¢ = 0.2 and 7 = 0.15. The government modifies

tax policy while maintaining ratio of government expenditures/output constant in
steady-state. Characterize the short- and long-term effects from an increment in
each tax rate. Do ratio of government expenditures/output remain constant during
the transition to the new steady-state? What type of change in tax rates should
the government introduce to maximize time-aggregate discounted utility while
maintaining steady-state government expenditures/output ratio constant?

Exercise 5. In the discrete-time version of the Cass—Koopmans economy, consider
a Cobb-Douglas production function with constant returns to scale and a utility
function with a constant intertemporal elasticity of substitution of consumption.
Consider a time discount parameter of § = 0.99, a depreciation rate § = 0.025,
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zero population growth, n = 0, output elasticity with respect to capital of 0.33 and
an intertemporal elasticity of substitution of consumption 1/c = 1/3. The govern-
ment tax consumption and income from the representative agent, using the revenues
to purchase the single good produced in the economy.

1. Let us assume that the tax rate on consumption is 7¢ = 0.2 while the tax rate
on income is 77 = 0.30. Characterize steady-state levels for private and public
consumption, the stock of capital, output and utility. What is the composition of
aggregate demand in this economy?

2. Starting from the previous situation, let us assume that the government reduces
the tax rate on income to 7 = 0.25, while adjusting the tax rate on consump-
tion so that the steady-state level of tax revenues/output ratio remains constant.
Characterize and provide an interpretation for the short- and long-term effects of
fiscal policy on private consumption, output, investment, public expenditures, the
stock of capital, and the utility level. What are the computed welfare gains when
(a) only long-term effects are taken into account, (b) when short-term effects are
also taken into account?

3. So long, we have assumed that the government tax at the same rate income from
labor and from renting capital. Let us now assume that both revenue sources are
taxed differently, while maintaining the consumption tax in the model. Charac-
terize the steady-state in this economy and discuss the effects of a reduction in
government expenditures. (Hint: write and solve the decentralized competitive
general equilibrium problem).



Chapter 5
Numerical Solution Methods

5.1 Numerical Solutions and Simulation Analysis

To learn about the causes of aggregate fluctuations is one of the basic goals of
Macroeconomics. One of the main characteristics of aggregate fluctuations is that
business cycles are neither regular nor predictable. Because of that, most economists
consider that there are different shocks impinging on the economy, which are differ-
ent in nature and intensity. These shocks do not follow a known pattern. Observed
fluctuations in actual economies are the result of such shocks and the propagation
mechanisms associated to them. There are different schools of thought in Macro-
economics whose main difference relates to the type of specific shocks which are
accountable for economic fluctuations as well as in the description of their propaga-
tion mechanisms.

The simplest model to explain aggregate fluctuations is the stochastic version
of the Cass—Koopmans economy, whose deterministic version has been studied in
the previous chapter. We can consider that the economy is subject to a productivity
shock, although alternative shocks could also be considered. This would be a supply
type of shock, although it does not need to be the only source of randomness in
the economy. An example of a demand shock would be a given variable in the
utility function that evolves over time according to a given stochastic process. In
this chapter we will consider just supply shocks, since they are the most often used
in the literature.

As we are about to see, agents take decisions under uncertainty on the basis
of their expectations on future values of nonlinear functions of state and decision
variables. To assume rationality implies that those expectations cannot be made to
follow arbitrary processes over time. They become endogenous variables, and they
need to be determined jointly with the rest of the endogenous variables in the model
when computing a numerical solution.

Dynamic, stochastic general equilibrium models (DSGE models) do not usually
have analytical solution, except in some cases like the model in McCallum [65]
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which we describe at the beginning of this chapter. In general, DSGE models will
have to be analyzed through numerical solutions using simulation analysis.

The goal of this chapter is to familiarize the reader with the basic details of some
of the main methods to obtain numerical solutions to the type of stochastic, growth
models discussed along the book. The methods we present can be used to find stable
solutions for any system of stochastic, nonlinear difference equations. The optimiza-
tion problems we are introducing to characterize either the behavior of the different
economic agents operating under a competitive equilibrium mechanism, or the deci-
sions on resource allocation made by a benevolent planner, all lead to such a system
of equations, so numerical solutions can be found for them using the methods we
are about to discuss. When solving these models, it is crucial to be aware of the fact
that a stable solution, i.e., a solution in which per capita variables do not explode
too fast, cannot be found unless we impose on the solution the appropriate stability
conditions. Lack of stability does not arise because of excessive fluctuations around
steady state in a stochastic economy. In fact, if the right stability conditions are
imposed, fluctuations around steady-state will be stable no matter how wide they
are. Given its importance, we will emphasize how stability is dealt with under each
solution approach. The method introduced in the previous chapter to characterize
the dynamic evolution of the deterministic version of the Cass—Koopmans economy
is just a special case of the more general collection of methods we present in this
chapter.

Computing a numerical solution to set of equations summarizing the main prop-
erties of a model economy is just the first step in model simulation. A numerical
solution is a set of time series, one for each relevant variable in the model economy,
satisfying each period all the conditions in the model. Simulation is a procedure by
which a numerical solution is found for each specific time series realization of the
vector stochastic process of the exogenous shocks affecting the economy. By repro-
ducing a large number of these sample realizations, we can approximate arbitrar-
ily well the probability distribution of the vector stochastic process of endogenous
variables.

Once a specific sample realization for the vector of state and decision variables
has been obtained, we can then summarize the properties of their joint distribution
in the form of standard statistics: sample means, standard deviations, coefficients of
variation, simple and partial autocorrelation functions, correlation coefficients be-
tween pairs of variables, regression coefficients, cross correlation functions, vector
autoregressive representations (VAR), impulse responses in a subset of variables,
decompositions of variance, spectral density matrices, etc. For each of these point
statistics we will obtain as many realizations as numerical solutions we get for the
model, i.e., as many as sample realizations we draw in our simulations from the
probability distribution for the exogenous random shocks.

To simulate a model, we first need to assign numerical values to its structural
parameters. Then simulation allows us to characterize the model’s properties, which
the researcher will want to compare with their analogue, computed from actual data.
Before that, he/she will have selected a set of such characteristics as relevant for the
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question under analysis. The comparison could be established in terms of mean
values, or through probability statements. There is, hence, some sense in which the
artificial economy is estimated and tested, since after the mentioned comparison, we
will conclude wether or not the model is adequate to explain the issue in mind.

Stochastic properties for the endogenous variables in the model depend on three
assumptions: (a) the structure of the model, (b) the values assumed for the structural
parameters, (c) the law of motion for the exogenous shocks. In this chapter, we focus
on (b) and (c).

We start the chapter by reviewing two simple growth model that admit a closed
form analytical solution. This is not often the case, and it is the simplicity of the
model, because of some specific assumptions, that allow for a closed form solution
to exist. We introduce them as baseline models for comparison, as well as to fa-
miliarize the reader with the widespread need for numerical solutions. The second
part of the chapter considers a simple, stochastic version of the planner’s problem
introduced in the previous chapter. The only random component of the model will
come around again through a technology shock. We will use this model to illustrate
a variety of numerical solution approaches, even though some of them will not be
used anywhere else in the book. However, understanding the details of their imple-
mentation in this simple setup will allow the reader to design their application in
more complex economic environments. In the third part of the chapter, we consider
a stochastic version of the representative agent’s problem with consumption and in-
come taxes, which is solved under two of the approaches discussed previously. The
numerical solution to the model is used to undergo some analysis concerning the
design of optimal fiscal policy. Along the chapter, we do not discuss calibration or
parameter estimation. The interested reader can consult the books by DeJong and
Dave [27] or Canova [16].

5.2 Analytical Solutions to Simple Growth Models

We present in this section two benevolent planner models having analytical solution.
This is the case because the assumption of full depreciation of capital every period
eliminates much of the dynamics in the model, investment being equal to the stock
of capital every period.

5.2.1 A Model with Full Depreciation

A simple growth model that admits an analytical solution is considered in
McCallum [65]. We consider an economy with a single good, which can be either
consumed or saved in the form of productive physical capital. In a closed econ-
omy, private investment and savings coincide, and gross investment is equal to the
aggregate of net investment and depreciation replacement. Thus, we have,
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CG+S8 =Y,
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Preferences of the representative consumer in the economy can be represented
through a constant relative risk aversion utility function,

B Ctl—G -1

ve) ===

,0>0.

We also assume that the technology for the production of the single good in the
economy, ¥; = 6,K%, is stochastic, due to the presence of an exogenous, stochastic
productivity factor 6;, an ii.d. random variable with E (6,) = 1. The state of the
technology evolves over time according to the law of motion,

In(6,)=p In(6, ) +&, &, ;;N(O, 62),

where a constant is not needed, precisely because of the assumption on E (6,).
Under the assumed autoregressive process, In(6,) has an unconditional probability

distribution which has expectation zero and variance lfiz. Conditional on infor-
mation up to time ¢ — 1 it has a Normal distribution (so long as &; is Normal) with
E;_1(In(6,)) = p In(6,_1), Var,_1 (In(6;)) = o2, a smaller variance than that of
the unconditional distribution.

Investment takes one period to be productive: at time #, decisions are made on
¢; and k1. Hence, output at time ¢ depends on k;, the decision on physical capital
made the previous period.

We assume that population does not grow and we normalize total population to
be equal to one, so per capita variables and aggregate variables are the same. From
now on, all variables are expressed in terms per capita.

In what follows, we consider a special case characterized by two conditions, both
important for the model to have an analytical solution: (a) capital fully depreciates
every period, 6 = 1, so that the stock of capital available for production at time 7 + 1
is equal to investment at time ¢ : K,y = I, k,+1 = I, /N (N = 1 being population
size), and (b) utility is of the logarithmic type, ¢ = 1.

A representative agent in the economy chooses consumption and end of period
stock of capital to maximize its time aggregated, discounted, constant relative risk
aversion utility function, subject to the technological possibilities and an initial con-
dition on the stock of capital:

Max Ep i B'In(c,)

{enkimlimo =0
subjectto: ¢ +kir1 = 0k, (5.1
ln(et) =p ln(9,71)+8,, &, ;l\:jN(O’ Gg),

¢ ke > 0, given ko, 0.
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The Lagrangian for this utility maximization problem is (in the case o = 1),
L({ci ki, Ai}ig) = Eo Y, B [In(c:) 4+ Ay (8:k% — ¢ —kis1)],
t=0

with first order conditions,

1
— =2A,t=0,1,2,... (5.2)
Ct

Ae = BAE, (6,41A1k% "), 1=0,1,2,..., (5.3)

together with the budget constraint, ¢; + k.1 = 0,k*, t =0, 1,2, ... For each time ¢,

these two equations, together with the budget constraint, form a system giving us the

optimal values of ¢;, k.1, A;, as functions of the two states of the economy, 0, k;.
From (5.2) and (5.3) we get,

1 0,1k
~ = aBE, (’“’“),r:o,l,z,.... (5.4)
Ct Cr+1

A linear guess for the optimal decision rules, of the type:

Cr = Cletkta,

ki1 = bOKY,

plugged into (5.4) leads to,

1 0, 1k%!
aE,(ﬁ s f“) B _o1a...

a@tk,a a9t+1klOfH o abetkf“

which implies that: b = af3.
Taking the optimal decision rules to the representative agent’s budget constraint
leads to,
a0.k* + b0k = 0.k,

which implies that: a =1 — aff > 0.
So, in this special case, we get a closed form solution:

¢ =(1—af)6k*=(1—aB)y, t=0,1,2,.., (5.5)
kt+1 = aﬁetkta = aﬁyh t:071727"'

The steady state for this model is obtained by assuming ¢;,k;, A, are constant
over time, equal to cgj, kg, A5, and the random productivity shock takes its expected
value of one every period. That way, we get,

a
—
9

esszlukm:(aﬁ)ﬁ7yss:(aﬁ) Css:(l_aﬁ)yss~
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5.2.2 A Model with Leisure in the Utility Function

Let us denote labor by /;, and normalize available time to one unit. If we include
leisure 1 —/; into a separable logarithmic utility function,

U(cr,m)) =0 Ing,+(1—v) In(1-17),0<v < 1,
and labor in the production technology for the single good in the economy,
e =0k,
the problem of the representative agent becomes,
Max  Eo iﬁt [VvIng +(1—v) In(1—1)]
{ekivin}yzg 20

subject to,
Citkiyr = 0,k%1%, ¢k >0, (5.6)

and given kg, with Lagrangian,

o\ g (Ving+(1—v)In(l1-1))
L({cr ke b, ArkiZo) = Eotg(,)ﬁ 20 (BALL % = ¢ — k)

and first order conditions,

Yo, 5.7)
Ct
1 _
I ;) = (1 - o)A, 0,k %, (5.8)
Ui
Ao = aBE (A Ok V1), (5.9)
itk = 0,k%11C, (5.10)

With a logarithmic utility function and full depreciation, the income and substi-
tution effects of a wage rate change just offset each other, leaving the leisure choice
unaffected [King, Plosser, Rebelo [51], McCallum [65]]. As a consequence, labor
will be constant along the optimal trajectory, /, =/, and an examination of the global
constraint of resources (5.10) suggests that ¢, and k| will be proportional to the
product 6,k that is,

¢t =abk’, kiyy = b0k, (5.11)

First, we use (5.7) to write (5.9),

v % —(1— _
— = afE, (9t+lkt+<1 a)ltl+1a> )
C +1

t Ct
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and using our guess (5.11),

—(1-a);1— _
7’0 = OCBE[ <06t+1kr+1 ltJr]a) = aB vll -

a@,k,a a9t+1kg] ab@,k,a’

where we have used the fact that, in our guess, labor is constant over time. Equation
above implies,
b=apl'™®

Using again twice our guess in (5.10) we get,
a=(1-aB)l' %

Finally, taking these expressions for a and b to (5.7)-(5.8), we get a constant
equilibrium level of labor,
(I—a)v
(I—a)v+(1—-v)(1—aB)’

| =

Hence, we have shown our guess to be right. In this special example, consump-
tion and physical capital fluctuate according to,

[ (1 — (Xﬁ)lliaetkta = (1 — Ocﬁ)y,,
ki1 = afl'~%0,k*,

experiencing fluctuations due to the presence of the technology shock in both deci-
sion rules.

Since the optimal level of employment is constant over time, steady-state
employment is also equal to that level. Steady-state levels for the remaining
variables are:

1
95’5’ = 17 kss = l(aﬁ)m, Yss = l(aﬁ)ﬁ, Css = (1 - aﬁ)ys&

Steady-state levels for the stock of capital, consumption and output are different
in the two economies we have just analyzed, because of the presence of labor in
the production function in the second model. Since time series for the main vari-
ables experience fluctuations around steady-state levels, single period values for a
given variable are different in the two models. However, relative fluctuations, i.e.,
percent fluctuations relative to steady-state, are the same in both economies. As a
consequence, coefficients of variation, cross-correlations with output as well as the
way how output is split between consumption and investment (which is equal to the
stock of capital in this economy) are the same in both economies. This is a reflection
of the fact that under logarithmic preferences and full depreciation, adding leisure
separably as an input in the utility function does not contribute to the ability of the
model to explain business cycle fluctuations. We have seen that in such model, la-
bor supply turns out to be inelastic, which is the implicit assumption made when
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leisure does not enter as an argument in the utility function. In fact the latter model
is obtained as a special case of the more general model that includes leisure as an
argument in the utility function, when v = 1, as the reader can easily check using
the Simple-models.xls spreadsheet.

5.2.3 Numerical Solutions of the Growth Model
Under Full Depreciation

In Simple_models.xls we present a sample realization for each of the two economies
considered in this section. The McCallum spreadsheet contains the model without
leisure in the utility function, while the McCallum with leisure spreadsheet con-
tains the model with leisure as an argument in the utility function. We consider a
production function: y, = 6,Ak*, with A = 1, a logarithmic utility function by as-

I-o
suming o = 1.0 in: U(c¢,) = C’l_;l, full depreciation, 6 = 1, and zero population

growth,n = .0. Benchmark parameter values are: p = .90,a = .33, = .90,0, =
.01. Steady-state levels are computed using the expressions in this section under the
box displaying parameter values. We start by using the random number generator
in Excel to produce a sample realization with 538 observations for the innovation
in the first order autoregression for the logged productivity shock. To that end, we
simulate a N(0,1) random variable which is then multiplied by ¢. From that, the
productivity shock itself is readily obtained. After that, time series for the stock of
capital, output and consumption are obtained by using expressions for the analyt-
ical solution in the two models. Finally, relative fluctuations are calculated as the
difference between the time series for each variable and its steady-state level, as a
percentage. Graphs displaying the obtained time series for consumption and capital,
together with that for output, are shown. The strong output correlations of consump-
tion and the stock of capital implied by these models are evident in the graphs. We
also present graphs for the relative deviations in some variables around steady-state
levels. Similar graphs are obtained in the McCallum with leisure spreadsheet, where
a time graph, as well as a scatter diagram of relative deviations on capital stock and
output are displayed.

Below the time series, we present sample mean, standard deviation and volatil-
ity relative to output for each variable. The coefficient of variation is also shown,
which allows for some volatility comparisons across variables. The decomposition
of output between consumption (70.3%) and investment (29.7%) is also calculated.
Notice that, under full depreciation, investment and the stock of capital are the same
each period. Finally, the cross correlation function between each variable and out-
put is calculated. The cross-correlation of output with itself is obviously symmetric,
since it reduces to the simple autocorrelation for output. All these figures should be
expected to experience some changes if we use a different sample realization of the
productivity shock, as the reader can easily check as an exercise.
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5.3 Solving a Simple, Stochastic Version
of the Planner’s Problem

To illustrate the similarities and differences among different solution methods, we
use the stochastic version of the standard Brock—Mirman growth model [Brock,
W.A. and L.J. Mirman [12]], represented by the planner’s problem!,

|

Max Eg i B'U(c;) = Ey i B
t=0

{akp1lZg  t=0 l-o

for some o > 0, where a constant relative risk aversion time separable utility func-
tion has been assumed. The discounted, time aggregate utility function is maximized
subject to the global constraint of resources,

kg —(1—8)k =0,k% 0< < 1, (5.12)

given k.
The law of motion of the stochastic productivity is supposed to be,

g, =p Ind+&,0<p<l, e ~ N(0,02), given 6, (5.13)
11

and the Lagrangian for the optimization problem is,

) -0
o\ ' Q 0k —cr — ki
L(fer ke, 01}0) = Eo 1B [ o ”’( L (1—8)k

for which optimality conditions are, under the assumption that ¢, > 0, since an infi-
nite marginal utility at the origin implies that consumption will be strictly positive
every period, and k; 1 > 0,

-0 __
(% - afta

A =B E [)vt+1 (069t+1k,o:11 +1- 5)} )

together with (5.12).
Eliminating the Lagrange multiplier we get,

¢ =B E[c 5 (abrk® ' +1-3)], (5.14)
together with the transversality condition,

fim o (8kin) = Jim Fo (' 1) =0

! There is no externality of any kind in this model, so welfare theorems apply, and the solution
to the planner’s problem leads to the same allocation of resources as the competitive equilibrium.
This, in turn, can be obtained as the solution to the representative agent problem.
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Steady state level for per-capita variables are given by,

1

o = (usoilfes)) o G19

[0

wo=(50s) (1—5@%) 510

where we have already used O, = 1.

In the next sections we discuss different approaches to finding a numerical so-
lution to optimization problems like the one considered in this section. A first ap-
proach is to construct the best linear-quadratic approximation to the optimization
problem we want to solve. A linear-quadratic problem has a quadratic objective
function and linear constraints. Consequently, decision rules are linear and hence,
very simple to use for data generation. The drawback is that we solve a problem dif-
ferent from the one we originally had posed. The undetermined coefficients method
by H. Uhlig, Blanchard and Kahn’s method and the eigenvalue-eigenvector decom-
position method proposed by C.A. Sims use a log-linear approximation to the op-
timality conditions for the original optimization problem. So, they use the actual,
non-linear structure of the model, although they approximate the set of first-order
conditions. As discussed in the previous chapter, stability conditions are needed in
order to obtain non-explosive paths for the endogenous variables, and the differ-
ent solution methods differ essentially in the way stability conditions are imposed
on the numerical solution. Alternatively, a linear approximation to the optimality
conditions, rather than a log-linear approximations, could be used to produce the
solution. This will generally be analytically simpler, although approximation errors
will be larger.

The previous methods are said to be linear, since they end up using linear sys-
tems to relate control to state variables. After introducing the planner’s problem with
taxes, we will present two nonlinear solution methods: (a) the parameterized expec-
tations method, that uses again the first order conditions to the original problem, but
approximates the conditional expectations that appear in the first order conditions by
exponential polynomials, and (b) the class of projection methods, that parameterize
the decision rules or control equations as polynomial functions of state variables.

5.3.1 Solving the Linear-Quadratic Approximation
to the Planner’s Problem

To implement this simple solution method (Kydland and Prescott [53], Diaz-
Giménez, J. [30]), we start by substituting (5.12) into the utility function, to obtain,

(0:k% +(1—8) ks —ks1) 7 —1

U(kiy1,k,In6;) = o
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The quadratic approximation around steady-state to the utility function above
can be written,

U
U (krs1,k,In8;) = U (z55) + g o=z (2t —2ss)
t

1 2°U
+§ (z _Zss)/ (c%az{ |z;zh-) (zr —zss),

where z; = (k;+1,k;,In0,), which amounts to,

U(Cl) = U(kt+lykt71n6t) = U(kssakSS7ln6SS)

oU U
+m I (ks ssoln 055) (K1 — Kss) + Er | (ks skss n B55) (Kt — Kiss)

9*U
(Zt - Zss)
(kss JKss,In exs)

97,07
=B (kt+1 - kss) +BZ(kt - ksx) +B3 (111 6;—In Gss)

1 *U
+= (Z[ - ZSS)/ ( > (Zt - st)
(kss JKss,In e.r.v)

2 97,07
(k% — Skg)' 70 —1

U(kss>kma1n9ss) == 1—o 3

aU 1
+m | (ksx-,ksm]ﬂ em)(ln et - ln ess) +§ (Zt _ZSS)/<

where,

and after some tedious algebra, we get the gradient vector,

(Qak,lil = 0.k +(1=8)k —ki1) 7 (1)
= B = ;;il | (kyy sy n 053) = — (s — Skys) 7,
U o -c a—1
I = (0:k7 + (1= 8) ki — k1) (a0ik? ' +1-6)
=By = % | (ks s I B55) = %(kgv — 8kss) 7 =By %,

oU _
ome, (k% + (1 —8) ks —ki 1) ° (elne,kta)

U .
= B3 = aTB, |(k.v.ivksx~,ln es.v): (k‘oi o 6k‘m) O-kfx‘ - *B]k?&
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where we have used the identity e = 9, to obtain a?nUG, = % ﬁfgt = %917
as well as the two facts: [0k + (1 —0) ki — k1] |(k,, ks in0,5)= Kex — Okss, and

(@B k ™" +1=8) |k, kg mo,) = 1/B-

. 2
The elements of the Hessian | -2-Y

are,
(kss ks, In O 55)

az,azj
02U ol
S = OOk (1= 8)k —ki) ot
t+1
_ azU o —o—1
= A = T | (ks s ln 055) = — O (kg — Okcss)
t+1
— 6B —— .
ke = Sk
2*U

Kok G (O:k% +(1—8)k — k1) 7" (B k&' +1-6)

82U o —o—1
= Ap=—— = — (k% — 8ky)"°
12 ak!+18kt |(k_cs,kss,ln65_¢) ﬁ ( SS§ )
_ _An
B
2%U o
S = O (0T + (1-8)k — k1) O MOk
dki191n6; O (Ouks” + (1= 0)ki —kipa) = ek
22U
A= —
= Aps FTRVITT) | (ks sy n 05
= 0 (k% — 8ky) k% = —Ap k2.
aZU o —o—1 oa—1 2
e =0 (0ik" + (1= 8) ks — k1) (ak* " +1-9)
+(0k% + (1= 8) ks — ki) Ca(o0—1)emOk>2
_ U o —o-1
= Ap = e | (ks s ln B55) = *E (kgy — Okgy)

+ (K% — 8kg) Lot (o0 — 1) k%2
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3/(;832;1]19; = 0 (Ok*+(1—8) ks —ke1) " MOk x (00O, 41 8)
+ (8% + (1= 8) ky — k1) e O
= Az = 815821[1]1@ |(km,km1nem)A11k§ —Biak% ™.
aalizlz = (0% + (1 8) ks —krsy) ! (elnerk;")2
+(0k% + (1= 8) ky —kprq) % Ok
= A3z = aahzllétz | (kys ks In 05) = — O (kgs — 5kss)7671 kszsa

+ (K% — 8ks) " k% = k% (A11k% —By),

and we have the approximation to the utility function,

kt+1 - kxs
U (kiy1,k,In0,) = Constants + (By, B>, B3) ky — kg
In6; —InBO

1
+§ (kt+1 - k357kt - k5571n 6t —In 653)

Ay A Az kyqy — kg
x| Aip Ap A ky — kg )
Az Az A3z In6; —InBO

which is quadratic, so that we can impose the certainty-equivalence principle®.
Hence, we initially ignore the stochastic nature of the problem, to impose the first

order condition,
U

ki i

which implies,

0=p [Bl + Avikest + Ak +A13ln9,}

+p! [Bz +Agaki 1+ Arakisa + Az In Q’H}

2 The certainty-equivalence principle is also know as the separation principle, since it states that in
linear-quadratic problems (optimization problems with quadratic objective functions subject to lin-
ear constraints) we can separate the control problem from the estimation problem. That implies that
we need to solve just the deterministic version of the problem, to then add conditional expectations
in the decision rules in front of any term involving future decision or control variables.
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where tildes denote deviations with respect to steady-state values and we have used
that InB; = 0, or,

BAiskiia + (A1 + BAn) ki1 + Ak = —Aj31n6, — BA23In 6,

Ay +BAn~ 1~ A3 A23
Akt gk =~ me, 22 e,
BAn, B BAn ! !

where we have used the fact that By + B, =0

The lag operator B can be used to write the polynomial on the left hand side

of the equation as: <1 + %BJr %32) EH- This polynomial can be factored

:>7€I+1 +

s (1—u,B)(1 _ﬂzB) the two roots U, U,, being related through u, + u, =
—AntBAy They are defined by,

BA Hy= My ﬁ
_AntBAn + (A11+ﬁA22) 4l
BA12 BA12 13

My, Uy =

'm\»—‘

Since —A“B%[Zm =1+ % - ga(a —1)k%2 > 0, we can use the argument in sec-
tion Systems with a saddle path property in the Mathematical Appendix to show that
one root falls inside the unit interval, 0 < p; < 1, while the second root tt, > 1/8,

so that the equation as,

~ Az Anz
1—-u,B)(1—u,B)kjs1=————InB,_1— —1Inb
(1= B) (1 —pyB) ki1 ﬁAuntl A12nt’
whose solution can be represented,3
7 Az 1 Aoz 1
1—uBkirg = —— ——1 - In6
( My ) 1+1 BAn 1~ 1B no;—i Ap 1 1LB no;
A | Az o 1
= = Z i 1n6t71+1+ 2 ZTlnetth

BA S sz AT2i:1 uh

Up to this point we have solved the optimal deterministic control problem. Ap-
plication of the certainty equivalence principle amounts to taking conditional expec-
tations in the optimal decision rule above. Expectations are taken conditional on the
information available at time 7, on the basis of which the decision on k; | is made.
We get,

. —1 1
3 We are using the fact that, for g, > 1, 17}123 = —pzéq = —uB T = 1;7 ﬁ
,-B T
_ _Blyew 1
=-4 SO#BS ZSI#—BssothatluBX ):SI#X,H
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A]3 > 1 A23 > 1
Ao 21 EE, (InB,_14;)+ i, Z‘i u—éE, (In6;;)
1= =

Az &1 A S 1
= — Inf;,+—=Y —p'lnbO
ﬁAni;u’zp t An,;uap ’

A13 1 A23 p ) 1
= +28_F ) —me,
_ P _ P ’

(ﬁAlzl ity Al ™ Uy

1 A3+ BpAx
Po—p  BAn

(1 _nulB)%tJrl =

and, finally,

EH :“1%t+ In6;,

an equation that allows us to generate data for E and, from that time series, data
for ;.

As we can see, the decision rule we have used for the stock of capital is linear,
as opposed to the way how we generate consumption data from the stock of capital
through the budget constraint, which incorporates a non-linear technology. It is also
important to notice that we can obtain the whole time series for the stock of capital
without need of computing any consumption data point, showing the sequential na-
ture of the problem and also the fact that the stock of capital is exogenous relative
to the consumption decision.

The Simple_planner_problem.xls file computes a single sample realization for the
planner’s problem without taxes, using the linear-quadratic approximation described
in this section and a benchmark parameterization that we will consider in illustra-
tions of other solution methods. We consider a production function: y, = 6,AkZ,
with A = 1, a risk aversion parameter o = .5, a depreciation rate, 6 = .1, and zero
population growth, n = .0, and benchmark parameter values: p = .90, @ = .33, =
90,0, = .01. Time series for the stock of capital, consumption, output and invest-
ment are obtained using the expressions presented above. Below the time series
realizations we present standard statistics: mean, standard deviation, coefficient of
variation, relative volatility to output, correlation coefficient with output, and the
cross-correlation function with output for lags from —2 to +2. We also present
graphs displaying the sample realizations for pairs of endogenous variables.

The lg.m MATLAB program also computes a single numerical realization
from the solution to the planner’s model using an extension of the method described
in this section to the case when consumption and income taxes are considered.
The optimal growth model or planner’s model is discussed in the second part of
this chapter. The interested reader can set the two tax rates to zero in the initial
section of the program on parameter values, to obtain the numerical realization
of the solution to the model without taxes we have just analyzed. The methods.m
MATLAB program can be used to compute an arbitrarily large number of sample
realizations using the linear-quadratic approximation among a variety of alterna-
tive solution methods that we describe in this chapter, after setting consumption
and income taxes to zero. If the reader does not feel comfortable with MATLAB
programming, staying with a single realization may be enough for a while. Each
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run of the MATLAB program will change the sample realization of the productivity
shock, producing numerical values for the statistics for the main variables different
from those obtained with previous realizations.

In this section we have solved the linear-quadratic problem that approximates
best the original problem we are interested on. So, we have computed the exact
solution to an approximate problem. In the alternative methods described in the
next sections, we consider different approximations to the optimality conditions of
the original optimization problem.

5.3.2 The Log-Linear Approximation to the Model

We now proceed to describe how to compute a log-linear approximation to the sim-
ple growth model introduced above. This type of approximation will be used in
the next sections. In this approach, we start from the optimality conditions to the
representative agent problem (5.12), (5.14) and (5.13):

C[+k[+] —(1—3)/([:9,](,0‘, 0<a< 1,

C;G =BE [C;‘Foi (O‘efﬂkﬁﬁl +(1- 5))] ’

In6, =p In6,_+¢,0<p<1,¢ %N(O,Gﬁ), given 6.
1L

To construct the log-linear approximation to the model, we start by using identi-
ties like: x; = €™, ¢, = ¢~°"% and introduce auxiliary variables: % = In(x;/xss),
which are differences in logged values of the original variables with respect to
their steady-state levels. Another useful identity is x; = x,e™, which is approxi-
mated by: x; = Xgs€ X5 (14 % ). Additional approximations used are of the type,
(@) X;G = x;voefc)?, = xss(l - Gjl)’ (b) Xt 1241 = xsx(l +ft+l)zss(1 +Zt+1) =
xsxzss(l +)Zt+l +Zr41 )

This allows us to write condition (5.12),

0= Cssea +k‘“e;’+' — Gssea’kg.e‘xz’ —(1- 5)k‘mez’,

O = Css (1 +Et) +kss (1 +’i€t+l) - G\sk?i (1 + af];t +§t)
- (1 - 6>kss (1 +E) )

0= [Css + kgs — esskg - (l - 6)"55} +Cssgt +kss’];t+1 - Gsskgazt
— (1= 8) kysk; — 055k 6;,

where the first bracket is equal to zero, because the budget constraint holds every
period so, in particular, it also holds in steady-state. Adding the fact that O, = 1 and
dividing through kg we get,
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0= %a ke — (k% 41— 8)k —k%'6,,

AR

and using the steady-state relationship k%' +1—§ = %, we get,

Css~ | 7 1~ 1 1 ~
o~ = kii1—=k——|=—1+06)6,. 5.17
kSSCH‘ +1 B T <[5 + ) t ( )

Condition (5.14) can be written as,

¢.%e %% = BE, [cs—sce—ﬁm (agsseémkgs—le(a—l)zm +(1— 5))]

ss
=B (c;f’aessk;";l) E, (eiGE’“efé’“e(a*l);’“)
+Bc (1-8)E, (e*"%)

- z - - 1—0G41+ 01+
= ¢” (1-0c) =B (Cssoaesskg; l) E; [( (a t+i)%jrl >
— 1)k

+Pe” (1=0)E (1 - 064)

= 0 [c;,7 = B (c5;° aBsk% ) = B(1—8)c,°] —c;,° 0C;
+ﬁ@g0am¢g4)a(ca+r—@+r+u-4ué+0
+Bc’ (1—38)0Eciia,

where, again, the constant has been set to zero because it is the steady-state repre-
sentation of Euler equation, so,

—oc+p (OCG“kﬁi_l)Ez (GEHI *Aét+1 +(1—- a)%t+1) +B(1—-98)0cEci+1 ~0.

(5.18)
Finally, the law of motion of the technology shock can be written as,
0141 +1n605 2 pO, + pln Oy, + €465
= E10,11 = p0, (5.19)

since InBg =0, €5, = 0.
Substituting (5.19) in (5.18):

0~ 6% — O (G41)+[1— (1—8)B]p8y — 1 — (1—8) Bl (1 — &) st ~0,
(5.20)
since k%1 +1-8 = %
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5.3.3 The Blanchard-Kahn Solution Method for the Stochastic
Planner’s Problem. Log-Linear Approximation

This solution method (Blanchard and Kahn [10]) uses the log-linear approximation
obtained in the previous section. Equations (5.17) and (5.20) can be written in matrix
form:

(%-(1—5))(1—05) 1o {iw }
1 0 E¢i i1
N— ——
A E"Y?Jrl
_[o ,;aH;;t]+ (5-0-9)p],
- 1 [ ~ IR]
s llal [(3-0-9)4
0
B St C
that is,
E;s. | = Ds +F,, (5.21)

where D=A"'Band F =A~!C.

This solution approach starts from the observation that the D matrix has one
stable eigenvalue, the other one being unstable, which allows the solution to the
optimization problem to be unique, characterized by the stable manifold. Our strat-
egy is to find an analytical approximation to that manifold in a neighborhood of
the steady-state, and use that approximation to produce time series for the relevant
variables in the economy. Without loss of generality, we will denote |u,| < 1 and
|tt,| > 1/B. The orthogonal decomposition for D is D = TAI'"!. Premultiplying

up vi

-1 _ .
S2)byI' = [uz vz} , we get:

I EsY, =Ar" '+ T7'F8,,

that is,
[y vi | [ Ko
U2 V2 | | EiCrpa

_[Jl 0 up vi 7(, up vi Fi |~
= ~ 0
L 0 ”2] {’42 VJ {Ct} " {’42 VJ {FZ

- -
o
wiki 1 +viEé 1 = 1y (ki +v1é) + 016, [A]
= . ETS%HI . Sty .
ki1 +VoEiCri1 = Wy (uaks +v28) + 026; [B]
E"Yé,ﬂrl S%,x

where Q) = u1 Fy +viFp, O = upFi +vo Fp.
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Equation [A] provides us with a stable solution for the conditional expectation
E,s%’t +1, While equation [B] yields an unstable solution for the conditional expec-
tation E,sévt 1 because of the autoregressive coefficient being greater than one in
absolute value. To get a stable solution for equation [B], we need to solve it for-
wards. The equation can be written as, E;s), .| = ls} , + 026;. Solving for 5 , we
get:

S%,t =—Es) ;11— =0, (5.22)
o 2

where — 1 < < 1.
Writing (5. 22) attime 7+ 1:

1 0,
Syl = ‘TZE,HS;J 2= ;Tze’“' (5.23)

Substituting (5.23) into (5.22) and applying the law of iterated expectations,
together with the fact that E,0,, ; = p’/6,, we get:

1 p ) [
1 1
§y, = —Es — {14+ — | —=—86;. (5.24)
2 “% 152,142 ( w) ‘
Writing (5.22) at time 7 + 2:
1 (G
Séﬁz = IZEr+2sé’t+3 m =02, (5.25)

and substituting (5.25) into (5.24) and applying again the law of iterated expecta-
tions as well as the fact that £,0,,; = p/6;, we get:

1 p (O
sho=—E;ssh, ,— 1++( ) =0 (5.26)
2.1 #% 152,143 1, 10 s t-

Repeating the substitution process for infinite periods and taking limits, we
would finally get the forward solution to equation [B],

.1 O (P O -
1 1
= lim —E — =0 — | = 0 5.27
82,1 jgrolo L) 14 10, rj; <I~L2) P 1, t ( )
N——
=0 Mo
Ho—p

which provides us with the stability condition for the optimization problem of the
representative agent:
1 (22 é
p—H

2=
The stability condition relates sé ;» a linear combination of the state and the con-

te

trol variable, to the productivity shock 0,. The definition of s;,, = usk; +v»& can be
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used to write the stability condition above as:

G = —BTQ + Qi/Vz 0

V2 p—Hy

0;, (5.28)

which relates the decision variable at each point in time, ¢;, to the two state variables,
k:, 0, all in logs and in deviations with respect to steady state levels.
Using now the stability condition in equation [A]:

%
urker1 + v E; [—kt+l + sz/“zz 9t+1]
=M {mi(z-ﬁ-vl (_kt QZ/ 2 )} +Q19t
p—Hy

Since I~<t+1 is a time t—decision, we have: E,IE,H = l~<t+1. Solving for I~<[+1 and
applying the expectations operator on 8,1, we get:

~ . Q) — =R Qv
kv = Uik + (’”‘“) o,, (5.29)
up —vluz/vz

G

which gives us the solution for the logged capital stock at each point in time ¢, in
deviations from steady-state, given a realization for the productivity shock. Using
(5.13), (5.29) and (5.28), we can represent the solution to the log-linearized system
in matrix form,

]}Hl o G} [7([} {0}
= = ~ £ El
|:Gt+l:| [0 p|l6: * 1o (EL]
~ _ | _wm Q@ /v ];f
= [2 g1 8]
- gt G

with G = IO which is known as a state-space representation, with [E1]
being the state equation and [E2] the observation equation.

Given kq and specific values for the structural parameters, together with a sample
realization for the productivity innovation, {g,}”_, time series for {k1,0;}"_, can
be readily obtained from [E1]. The consumption time series {5t},T=0 can then be ob-
tained from [E2]. We could also use recursively the law of motion of the technology
shock, together with the nonlinear global constraint of resources and the stability
condition [E2], to obtain {k:1,0;,&}L, given ko and {&,}L.

The CK_solution_BK xls file computes a single sample realization for the plan-
ner’s problem with taxes, using an extension of the approach described in this sec-
tion, which will be presented in detail in the second part of the chapter. There,
we analyze some numerical results obtained under the benchmark parameterization
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used along the chapter. The interested reader may use at this point that spreadsheet
to obtain time series for the stock of capital, consumption, output and investment
by setting the two taxes to zero in the second box to the left of the Stochastic-BK
spreadsheet (7, = 7, = .0). The Revenues series will of course be then equal to zero
each period. Seven alternative parameterizations are used in the file, in order to an-
alyze the effect of parameter changes on volatility and cross-correlations among
variables, as it will be discussed in the second part of the chapter. The Stochastic-
BK(2) spreadsheet implements the same analysis on a different sample realization
for the productivity shock, so that the reader can appreciate how numerical values
of the main statistics change with the sample realization of the productivity shock.

Expressions programmed in the file appear more complex than those in this sec-
tion because they correspond to the economy with consumption and income taxes,
to be described later on. The same can be said for the Blanchard Kahn.m MATLAB
program, which computes a single numerical realization from the solution to the
planner’s model with taxes using the extension of the Blanchard—Kahn’s approach
described in this section. The interested reader can set the two tax rates to zero
in the initial section of the program on parameter values, to obtain the numerical
realization of the solution to the model without taxes we have just analyzed. The
methods.m MATLAB program can be used to compute an arbitrarily large number
of sample realizations using the Blanchard—Kahn’s approach among a variety of
alternative solution methods.

A computationally more efficient solution method, which reaches the same time
numerical time series than Blanchard—Kahn’s is Uhlig’s method, which we describe
in the next section.

5.3.4 Uhlig’s Undetermined Coefficients Approach.
Log-Linear Approximation

This approach (Uhlig [94]) starts from the log-linear approximation of the condi-
tions characterizing the solution ((5.17) and (5.20) obtained above):
02 0016 + Ookys | + 0t3k; + 040, (5.30)
0~ ﬁl'c? +B2Etgt+l+ﬁ39t+ﬁ4kt+l7 (5.31)

with a1 = Faz 1, (X3=—E,(X4=—é(%—14-6),/31:6,[32:—0',[33:

[1-=(1-08)Blp,Bs=—-[1-(1-8)B](1-a). o
The fact that there are two state variables in this economy 6;, k;, suggests that the
two decision variables, ¢;, k1 should be, each period, functions of the two states,

EH = nkljgt +m95t, (5.32)
¢ = Nk + M 01,
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and also, taking conditional expectations as of time ¢,
Eiki1 = Nggki + 14001,
EGii1 = NaEikio +10E 01 =Ny (nkk%z + nkeét) + 1.0
= Neeiake + (Metio + NeaP) O,

which taken to the log-linear approximation (5.30)—(5.31) gives us,
0 - O£1 (an’];t +n09§t) + a2 (nkkﬂl;f +nk9§t> + a37€lt +a4§t .
0=p, (nck%t + nceét) + B> [mkmké +(MeMre + NeoP) 5,}

+33§t + B4 (nkk’];t + nk95t> )

and for these equations to hold we need to have,

0=aing+ N+ as, (5.33)
0= 1Mo+ 02Ny + 4, (5.34)
0= BN+ BaNexNix + BaMis (5.35)
0=PB1Mco+Ba(MaNio +McoP) + Bz + Batso - (5.36)
From (5.33), we have,
Nek = _%j—%, (5.37)
which taken to (5.35) yields,
0=—-B, %nkk - %“3 — B> (W) N+ BaNik

=0 =B a3+ (B 002+ Brasz — B400) N + P22 N

a quadratic equation in 1), which must be solved to obtain the value of this para-
meter. Equation (5.37) will then give us the value of 17, These two, taken to (5.34)
and (5.36) will provide us with the values of 7.9 and 7;4. Only one of the roots of
the quadratic equation in 1) is less than one.* That is the stable root, since 1, is
the coefficient of k; in equation (5.32), which gives us the time path for E,H. The
other root would clearly produce an explosive path for k., and it is not used. This

4 Using the definitions of the o and f8 coefficients, the second degree equation in 1, can be

written: ¢ [n,%k — (1 + % + W ;ﬁ) Nk + H =0 and an argument similar to that used
in section Systems with a saddle path property in the Mathematical Appendix can be used to show

that one of the roots is greater than 1/f, while the other root is less than one.
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is the way stability is imposed in this solution approach. After tedious algebra, the
solution for the elasticities with respect to the technology shocks are,

(B1+pB,) oa — o1 B4

M0 = Bt — By (01 — 02p) — Paotr”
n = _w
cO o .

Once we have the four n-parameters, generating the time series for the stock of
capital, consumption and output is straightforward.

The Simple_planner_problem.xls file computes a single sample realization for the
planner’s problem without taxes, following the undetermined coefficients method
as described in this section, with the same benchmark parameterization considered
with other solution methods. Time series for the stock of capital, consumption, out-
put and investment are obtained using the expressions presented in this section. The
uhlig.m MATLAB program also computes a single numerical realization from the
solution to the planner’s model using an extension of the method described in this
section to the case when consumption and income taxes are considered. The inter-
ested reader can set the two tax rates to zero in the initial section of the program
on parameter values, to obtain the numerical realization of the solution to the model
without taxes we have just analyzed. As it was the case with the Blanchard—Kahn’s
approach, the methods.m MATLAB program can be used to compute an arbitrar-
ily large number of sample realizations using the undetermined coefficients method
among a variety of alternative solution methods.

5.3.5 Sims’ Eigenvalue-Eigenvector Decomposition Method
Using a Linear Approximation to the Model

The previous two numerical solution methods (Uhlig’s undetermined coefficients
method and Blanchard—Kahn’s method) could be implemented on a linear approx-
imation to the optimality conditions of the stochastic planner’s problem. Linear
approximations are somewhat easier to obtain analytically, but they lead to larger
approximation errors than log-linear approximations. The reason is that the lat-
ter produce stability conditions which are linear in the logs of the main variables
in the economy, so that they are nonlinear in the levels of the original variables.
Allowing for nonlinearity in the relationships between control and state variables
reduces somewhat the numerical errors of linear approximations.

To familiarize the reader with both approximations to the planner’s problem,
we describe the method in this section [Sims [86]] using the linear approxima-
tion, although a log-linear approximation would be preferable, for the same rea-
sons described in the previous paragraph. In fact, we describe its implementation on
the log-linear approximation at the end of the section. A linear approximation was
also used in the previous chapter to solve the deterministic version of the planner’s
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problem with taxes, so that the linear approximation considered here can be seen as
the extension to the stochastic case, of the solution approach there.

The dynamics of the model could be summarized in the system formed by the
Euler condition:

1 1 _
— =BE, | 5 (aB,:1k% ' +1-0) (5.38)
Cy Ct+l

together with the global constraint of resources,
C,+k,+1—(l—3)k,Sf(ehk,)zetkta, 0<a<l1 (539)

with 6; being a random shock to productivity, having a lognormal distribution
characterized by,

In(6,)=pln(6,_1)+¢, SZTJN (O,G%) , given 0,

and given the initial capital stock, k.
We also have the transversality condition,

’llm B’EO (Atk[+]) - 0, (5.40)

which clearly shows the additional difficulty we face in this stochastic model: the
optimality condition above involves the conditional expectation of a nonlinear func-
tion of state and decision variables, for which we do not have a closed form analyt-
ical expression.

The linear approximation to the global constraint of resources is,

0 = (ke1 — kss) — [@O5k% 4+ 1= 8] (ke — kys)
+(cr —cg5) — k%O (In6, —1InByy)

which simplifies to:

1
E (kt - kss) + (Ct - Css) - k.gess (11’1 0; —In ess) ,

because of the steady-state equality: 1 = 8 (a0,k% ' +1—5).

On the other hand, we take into account that the conditional expectation of a
given function can be written: E; g1 = g4+1 — &1, E:&, 1 = 0, an identity that
defines the expectations error §, | as the difference between the realized value of
the function at time 7 + 1 and the expectation formed at time 7.° The steady-state

0= (kl+l - kss) -

value of the expectations error is equal to zero: &, = 0. In this model, if we take
as function g;+1 = C% (aGlHktaJr’ll +1-— 5), we can follow the same argument
t+1
26
5 Note that 0,41 = e"®1 50 that alni(’ﬁl =0 =9, .

6 A similar expression applies to any future expectation, the higher time index showing up in the
definition of function g(.) : Ergsyx = Gk — & pp With &, = 0.
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as in the previous chapter, to obtain the linear approximation to (5.38) around the
deterministic steady-state:

1 1 -
0= (CtJrl _Css) - E (st) ° lcssﬁa ((X - 1) Gsskgy 2 (kt+1 _kss)

1

1 1 1 _
- (Q\s) o (Ct - Css) - E (Q\\) o ! Cssﬁaexskg ! (111 9[+1 —In Gss)

CSS

1
+B ?st/cgwh

where Qg = B [a0k% ' +1— 6 — & | = 1, so that the linear approximation can
be simplified to,

1 _
(Ct+l - CSS) - gcs‘s‘ﬁa ((X - 1) esskg 2 (kl+l - kss)

1 _ Css
— (e —cg5) — Ecssﬁaewkg 1 (InB;1 1 —InByy) +ﬁ?§t+l =0.

Finally, the law of motion for the technology shock does not need a linear ap-
proximation, because of our choice of In 6;, rather than 6,, as the relevant variable.
So, using again the fact that O3, = 1, InO; = 0, we have,

N6,y —Inby,=p(In6, —Inby) + &,

and we can represent the full system in matrix form,

kt—H — kss kt - kss €
A | i1 — Css =B| ¢ —cg —|—<I>< l“),
InB;. 1 —InBg In6; —In 0Oy el
1 00
withA= (M 1 MLy,
0 0 1
% —1 Ak% 0 0
B=(0 1 0 |:®=(0 -],
0 0 p 1 0

and M = 7%£‘A‘A‘Ba ((X - 1) G‘V“'kg_z'
‘We have,

00
71_ kSS.
A= M 1 —MEy:
0 01
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B -1k
-1 — 1 kss .
ATB= | —mp Ml M (kg p )|
0 0 P
0 0
-1 ks Css
AP = —Mg ﬁ? ’
1 0

so that the dynamics of the system can be represented as,

1
k;+1 — kSS B —1 kg kt - kss
Ciy1— Css = —M% M+1 —-Mk Cr — Cyg
InB;. 1 —InBg 0 0 p In6;, —In 0O
0 0 c
| Mz B (’“)»
1 0 élJr]

where k = (kg +p off'l

sive coefficients, having one root equal to p, which is less than one. The other
two roots are those of the upper 2x2 submatrix. Its characteristic equation is:

) , with the transition matrix, i.e., the matrix of autoregres-

u>— [% +(M+ 1)} u+ % = 0, and the argument in section Systems with a saddle

path in the Mathematical Appendix shows that one of the roots is above 1/ while

the other is below one. The single root above 1/f is unstable, while the other two

roots are stable. The eigenvector associated to the unstable eigenvalue defines the

single stability condition in this system, in the form of a linear relationship between

deviations from steady-state of consumption, capital and the technology shock.
The spectral representation for the autoregressive coefficient matrix,

5ol kg
—1
~M} M+1-M (k‘g+p%) —TAI,
0 0 p
can be used to transform the model,
k[+] — kss kz - kss
F71 Cr+1 — Css = AF71 Ct — Css
In6; 1 —Inb In6; —InBy
0 0

_ . £
+T | Mt B (g“ )
1 0 t+1
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kt - kss
Defining a vector of transformed variables, 7z = T~! [ ¢; — ¢y , we get,
In6;, —1InBO
5 Az €1
Ge1 = AL+ 0 € ) (5.41)
t+1
g qi2 0 0
withQ=| g qn | =T""| -MLls g
q31 9g32 1 0

For the autoregressive system in Z to be stable, we need to eliminate in (5.41)
the equation corresponding to the row of A associated to the single unstable eigen-
value of the coefficient matrix. Without loss of generality, let us assume that we
have ordered eigenvalues decreasingly along the diagonal of A, so that the unstable
eigenvalue is the (1,1) element in A. If we represent by ¥/ the (i, j)—element in
' !, we will impose the condition:

2y =Yk — k) + 7% (e — c5s) + 7P 100, = 0, Vr, (5.42)

a constraint imposing a linear dependence between deviations from steady state in
the stock of capital, consumption, and the logged productivity shock. In that sense,
it is similar to (5.28), the stability condition we derived following the Blanchard—
Kahn approach.

The previous condition amounts to,

qu&1+qné, . =0,V (5.43)

describing an approximate linear relationship between the expectations error &,
and the single exogenous shock in the model, &, at each point in time.

To actually compute a numerical solution, we start by producing a time series for
the technology shock. Then a strategy similar to the deterministic case, always im-
posing the stability condition as part of the solution algorithm, will provide us with
a set of stable time series solving the model. There are some differences, however,
in that the stability condition involves the productivity shock, so we should do the
following:

1. Parameterize the model and find eigenvalues and eigenvectors of the transition
matrix of the linear approximation, written as a first order vector autoregression,

2. Generate a time series for the technology shock from its assumed stochastic
process. Assuming Normality for the innovation &; will give us a lognormal tech-
nology shock.

3. Use the stability condition to obtain initial consumption, c¢, from the initial cap-
ital stock ko, and get k; from the global constraint of resources. Iterate on this
step to generate full time series for the stock of capital and consumption.

4. Use Euler’s equation to compute rational expectations errors. In this model, with
a single Euler condition, expectations errors &, , | are obtained as the difference
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between —a— (a9,+1kf‘+’11 +1-— 5) and 5. Rationality tests can then be run on
St Bef
the &,-time series.

The last step is clearly specific of stochastic models, and it is crucial. We are
assuming that agents form expectations rationally, meaning that they make an ef-
ficient use of the available information. As a consequence, a rational expectations
error must fulfill three conditions: (a) have zero mean, (b) be serially uncorrelated,
besides (c) being uncorrelated with any variable contained in the information set
available to the agent at the time the conditional expectation was made. The latter
condition may be tricky sometimes, since time indices may be misleading, as it is
the case with the stock of capital k; 1, a variable which is decided at time 7, so that
it satisfies, E/k;11 = k;+1. As with previous solution methods, the methods.m MAT-
LAB program can be used to compute an arbitrarily large number of sample realiza-
tions from the solution to the planner’s problem using Sims’ eigenvalue-eigenvector
approach.

5.3.5.1 Numerical Exercise: Solving the Stochastic Representative Agent’s
Model Through the Eingenvector-Eigenvalue Decomposition
Approach

Numerical solutions for the planner’s problem without taxes using the eigenvalue-
eigenvector decomposition are obtained in CK_stochastic.xls. The four simulations
presented differ in the value of the risk aversion parameter as well as in the autore-
gressive coefficient for the productivity shock. At the left side of the spreadsheet we
present computations needed to estimate the stability condition, which will be used
to produce the value of consumption each period (decision or control variable) as a
function of the productivity shock and the stock of capital available at the beginning
of the period (the two state variables).

Starting from a capital stock at the level of the deterministic steady-state, and
given a sample realization for the productivity shock, the (ko,0¢)-pair is used to
obtain cp. The global constraint of resources is then used to compute k;, and the
process is iterated over time to. Output is obtained each period from the stock of
capital available at the beginning of the period and the productivity shock, and in-
vestment is calculated as the difference between output and consumption. Once we
have time series data for all variables, the expectations error is calculated as the dif-
ference between the realized value of the function inside the conditional expectation,

. (AOtG,kaj:ll +1-— 5) and its expectation as of time 7, ﬁ

t+1

The benchmark parameterization used is f = 0.90, o = 0.33, § = 0.07, 6 =
0.001. Simulation 1.1 uses o = 1.50, p = 0.90, simulation 2.1 uses o = 1.50,
p =0.99, and the last two simulations use o = 5.0 with p =0.90 and p = 0.99, re-
spectively. The spreadsheet can accommodate values other than A = 1, n = .0, which
have been used throughout the previous section.

As usual, below the time series, we compute steady-state values, standard de-
viations and coefficients of variation for the main variables, as well as their con-
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temporaneous and cross-correlations with output, and the percent decomposition of
output between consumption and investment. We also present in the spreadsheet ra-
tionality tests for the expectations error, i.e., for the forecast error associated to the
expectation of the nonlinear function of state and decision variables appearing in
the Keynes—Ramsey condition. In spite of the widespread use of numerical solution
methods for linear and nonlinear models under the assumption that economic agents
form their expectations rationally, this hypothesis is seldom subject to test. This is
unfortunate, because failure to satisfy rationality should preclude using a particular
sample solution for economic policy analysis or any other use. So, this should be
taken as a necessary, although not sufficient condition, to accept that the numerical
approximation necessarily involved in any solution method is acceptable.

We suggest implementing two types of test: on the one hand, if agents use the
available information rationally, expectations errors should not have information in
common with variables which were known at the time the expectation was formed.
This means that the correlation between the expectations error and variables in the
information set at time ¢ should be zero. With a sample size of 7 = 538, the standard
deviation for each of these correlations can be approximated by 1/v/T = .043, so
none of the correlations shown in the table are statistically significant.

Contemporaneous correlations between the rational
expectation error and variables in the information set

Ct Vi it ky

S1.1 .003 .007 .017 .000
S2.1 —.057 —.057 —.048 —.057
S3.1 .015 .016 .017 .013
S4.1 .040 .040 .039 .041

The second test examines the expectations error autocorrelation function, which
should not be significant at any lag, since that would suggest somewhat systematic
patterns in the errors, against the assumption of an efficient use of the available
information. With a sample size of T = 538, the standard deviation for each value
of the autocorrelation function of the expectations error can again be approximated
by 1/v/T = .043, so again none of the autocorrelations violate this condition.

Sample autocorrelation function for the rational
expectations error

Lag 0 1 2 3 4 5 6

S1.1 1.0 —.024 —.014 .027 .017 —.050 .037
S2.1 1.0 —.007 .008 .053 .038 —.031 .056
S3.1 1.0 —.027 —.016 .026 .016 —.051 .036
S4.1 1.0 —.028 —.012 .033 .020 —.051 .038
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Even though the autocorrelation function of the expectations error, as well as its
correlations with time ¢ variables have turned out not to be significant for the sam-
ple realization of the productivity innovation in the Excel file, that may not be the
case for different sample realizations, as the reader may easily check by generating
alternative time series from an independent N(0,1) distribution on top of the one
in the spreadsheet. Finally, an statement would have to be made on the values of
these statistics once a large number of sample realizations, 5,000 say, have been ob-
tained. We would then have that same number of estimates for each of the statistics
in the previous tables, and the analyst would have to conclude on their individual
and global significance. The MATLAB programs provided with this textbook pro-
duce that large number of realizations for each variable in the model, from which
a frequency distribution can be obtained for any statistic. That is different from the
numerical exercises provided in Excel files, in which a single realization is provided
in most cases for a given parameterization. In this case, we just want the reader to
fully understand the process of computing time series realization for all variables in
the model.

5.3.5.2 Solving the Planner’s Problem with the Eigenvalue-Eigenvector
Decomposition Under a Log-Linear Approximation

As it is the case with the other methods, the eigenvalue-eigenvector decomposition
can also be used on a log-linear approximation. The reader is asked in an exercise
at the end of the chapter to check that such an approximation takes the form:

Ink; 1 — Inkg Ink; — Inkg e
A | In¢ip1 —Incgs | =B | Inc —Incg —|—<1><€’+1>, (5.44)
In6;;1 —In6g In6; —1n 6Oy t+1
1 00
A= (p-0-8)1-a)§-(p-(1-9) |;
0 01
b (3-0-9)3 00
B=1¢0 ¢ 0 d=10 _ﬁ
1 10
0 0 P

Pre-multiplying the log-linear approximation (5.44) by the inverse of matrix A
would lead to a first order autoregressive representation for the vector of variables
in deviations with respect to steady-state. The same steps described to obtain the
solution using the linear approximation can then be followed to obtain the numerical
solution using the approximation above. The resulting time series will not be the
same under both approximations even if the same sample realization was used for
the technology shock.
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The methods.m file contains a main MATLAB program solving the planner’s
problem under consumption and income taxes by different solution methods:
the linear-quadratic approximation, Uhlig’s undetermined coefficients method,
Blanchard—Kahn’s method, the eigenvalue-eigenvector decomposition implemented
on either the linear or the log-linear approximation to the model, and the parame-
terized expectations method that we introduce below.

5.4 Solving the Stochastic Representative Agent’s Problem
with Taxes

In this second part of the chapter we consider a more complex economy, including
consumption and income taxes, which will allow us to perform some exercises deal-
ing with optimal fiscal policy design. For the sake of an illustration, we also allow
for nonzero population growth and a level of technology A different from 1. Most
expressions in these sections reduce to their analogue in the first part of the chapter
if we set taxes and population growth to zero, and the technology level to 1. We
will again assume that productivity is random, the production function being of the
form, y, = 0,Ak”, where 0, follows a stationary stochastic process. There would be
alternative ways of making the representative agent’s problem stochastic, but the so-
lution could always be obtained by simple adaptation of the procedures we outline
in the previous sections.

Under constant consumption and income taxes, the government’s budget con-
straint is,

Ta+Ty =g

while the stochastic version of the representative agent’s problem considered in the
previous chapter becomes,

> e -1
Max Ey p—
{er, key1}2g Z;‘) l-o
subject to: (1+7%)¢c; + (1 +n)ks1 — (1—=8)k < (1—7")0, Ak, (5.45)

given ko, with In0; = pIn0,_| + &, & ~ N(0,02). The population rate of growth
111
is n.
The Lagrangian for this optimization problem is,
oo CI—G -1
(k. 0070) = LB { St Al =20, Ak
=0

u*fﬂﬁu+”ﬁw1+ﬂ5ﬁJ}
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with first order conditions,

¢ % =1+t (5.46)
(14+n) Ay = BE {As1 [(1 = 7)0111 A k! (5.47)
+(1-98)]},

tlimEoB[l,kH] =0,

where a conditional expectation operator has been written in front of all terms in-
volving future values of state or decision variables.

Hence, given tax rates 7¢,7”, and a realization for the productivity shock,
{6:};—, the solution to the optimization problem is a set of time series

{Ct y kf+1 7yt7gt}:o:0 Satisfying,
(a) The budget constraint,

(14+7¢+ (1+n)kyr —(1=8)k = (1 —7")0, Ak, (5.48)
(b) The law of motion for the productivity shock,

0, =pIng, i +&,& ~N(, c2),
L

(c) The government’s budget constraint, t°c; + "y, = g;, and
(d) The Euler equation, which is obtained by using (5.46) to eliminate the
Lagrange multiplier in (5.47):

ond o , _
(1+n)1f+TC:ﬁEt ﬁ((l—ﬂ)ae,ﬂAkf‘+11+(1—6)) . (549

where the consumption tax rate, being constant over time, can be eliminated. There-
fore, it does not distort the allocation of resources over time. This set of stochastic,
dynamic equations fully characterize the time evolution of the economy in per capita
terms.

The deterministic steady state is attained when ¢; = ¢;+1 = ¢g5, kt = ki1 = kg,
Vi =Yi+1 = Vss, 0 = 0,11 = 1, & = €41 = 0 so that we get from (5.49):

l+n=p [(1-7)aAk% ' +1-§], (5.50)

which leads to:
1
T

kys = [ (1= 7)aA : (5.51)

Lr—(1-9)

decreasing in 7¥ but independent of 7¢. The steady-state stock of capital increases
with the output elasticity of capital, o, the time discount factor § and the level of
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technology A, while decreasing with n and 8. The same parameter dependence holds
for output, which is given by:
yss = A k.

Finally, from (5.48) we get the steady state level of consumption:

k
_ 5 Ly a1
e = Toge L1 = P)AKTT = (n+8)]. (5.52)

which is inversely related to the tax rate on consumption. This condition also shows
that consumption expenditures are independent of 7¢. The consumption tax implies
a split of total expenditures between actual consumption and consumption taxes.

5.4.1 The Log-Linear Approximation

Following the same steps as in the model without taxes, we leave as an exercise for
the reader to show that the loglinear approximation to the Euler condition is,

1+n _ 1+n B 1+n
= chr— TO'EtCtH + < B

while the log-linear approximation to the budget constraint (5.48) is:

0

—(1— 5)) (p6,— (1= )kri1), (5.53)

c - 1+n- 1+n
14728+ (1+n)kyy = k
(1+ )kssCt+( +n)ket1 B t+( B
where tildes denote deviations in logged variables with respect to steady-state
values.

Equations (5.53) and (5.54) can be written in matrix form:

[(1?_(1_5))(1—05) Lag
0

1.
—(1—6)) 6, (5.54)

1+n
A Eists
[0 Lo H+ (5 -a-9)e]
- n C\ Css ~ r-
- E L (1-6)) 4
B 5P
! C

The Blanchard—Kahn’s method, and the undetermined coefficients method can be
applied on this approximation. The Blanchard Kahn.m and uhlig.m MATLAB pro-
grams compute a single sample realization from each of them for the model above,
as explained in the first part of the chapter. We now describe the implementation
details just for the Blanchard—Kahn’s method.
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5.4.2 Numerical Exercise: Solving the Stochastic Representative
Agent’s Model with Taxes Through Blanchard and Kahn’s
Approach. Log-Linear Approximation

The same argument in section (5.3.3) can be followed to show that there is again
one unstable eigenvalue above 1/f3, and one stable eigenvalue below 1. We start by
computing D = A~!'B,F = A~!C. Then, eigenvalues for D are obtained and matrix
I" having as columns the right eigenvectors of D is inverted. Vector Q is defined by
Q =T""'F, and we reach the same expression for the stability condition,

Q/v2q (5.55)

~ up ~
[ *kt‘|'
2

2 2

as in the case with no taxes, where (u3,v;) is the row of ! associated to the
unstable eigenvalue. We will again have a state-space representation,

MR HIHEN
N = A |+ € El
|:9t+1 0 p ~61‘ 1 t+1 [ ]
A | _uw O/ ki ’
- [z g[8
0ok ngl
with G = #’M, where [E1] is the state equation and [E2] the observation

equation, although the numerical values of 1, U,, Q1, Q2, ui, vi, uz, v2, G will
generally depend on the values of the population rate growth, the level of technology
and the consumption and income tax rates.

The Stochastic-BK spreadsheet in CK_solution_BK.xls presents a numerical sim-
ulation of the solution to the representative agent’s problem using the Blanchard—
Kahn approach. Benchmark parameter values used in simulation #1, are A =1,
B =90, a=.33n=.0,6=.07, c=1.50, p=.90, 6. = .01, and tax rates:
Te = 20.0%, 1y, = 12.478%. Under this parameterization, steady state levels are
kgs = 2.007, cgs = 0.801, ygs = 1.258. Steady state investment is equal to the differ-
ence between disposable income and consumption iz = (g — TyYss — TeCss) — Css =
.1405 which, since n = 0, is equal to the depreciation loss of physical capital, Sk,
as it should be to make the steady state sustainable. Following the same notation as
in the previous section, the A, B, C matrices are calculated, as well as D = A~ B,
F = A~!C. Then, eigenvalues for D are obtained and matrix I" having as columns the
right eigenvectors is inverted. Eigenvalues and eigenvectors are calculated follow-
ing the expressions in the Matrix Algebra section of the Mathematical Appendix.
Vector Q is obtained as "' F, and the coefficients for the stability condition (5.55)
are obtained, together with the G constant in the state-space representation.

The first data column gives the sample realization from the random number gen-
erator for a N(0, 1) distribution, and the second column takes those figures as the
realization for the innovation in the technology process, corrected by the desired
standard deviation. Using the assumed first order autoregressive stochastic process
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and the sample realization for the innovation, a time series for the technology shock
is obtained. Equation (5.54) is used to obtain a time series for the stock of capital,
and the stability condition gives us the time series for consumption. To generate
these time series, it is important to remember that in the previous section, tildes
denote deviations in logged per capita variables with respect to their steady-state
levels.

The way how initial conditions are chosen and the time conventions followed to
generate the time series, are crucial to maintain the right model dynamics. The first
entry for the stock of capital, associated to t = 0, is the stock of capital which will
be available for production at time # = 1. In our standard notation, this is ;, but the
convention followed in the spreadsheet is that data are written at the time the corre-
sponding decisions are being made. So, in the row for t = 1 we compute the values
of decision variables k5, ¢, both as function of the states k; (which is in the 7 = 0
row), and 61, according to (5.55) and (5.54) and then, we produce the data for
y1,i1. Output is obtained using the representation of the aggregate technology, and
investment comes as the difference between disposable income and consumption.
Finally, we compute tax revenues for each period. The reader should make sure to
understand the way how these time relationships are entered into the spreadsheet.
On top of the time series data we present graphs of the capital stock, consumption
and investment, each of them compared with output. We display time graphs as well
as scatter diagrams. We will produce simulations obtained under different parame-
terizations, and some results are summarized in the tables below.

Below the set of time series, we present sample statistics for the variables in
the economy. Since they are calculated with a single realization, these numerical
values must be understood as being random draws from the probability distribution
for the corresponding population statistics. We compute sample means, standard
deviations, coefficients of variation, and contemporaneous correlation with output as
well as cross correlations with output at lags from —3 to 3, for the innovation in the
technology process, the technology shock itself, consumption, the stock of capital,
output, investment and tax revenues. The convention we follow is that for negative
lags the variable under consideration is lagged, while output is lagged for positive
lags. As a further summary of statistical properties, we estimate of each simulation
a least-squares regression of per capita consumption on disposable income.

Since we start with the steady-state capital stock at time r = 0 and the solution
is stable, the time series for all variables display fluctuations around their respective
steady-state, so the sample means provide an estimate of steady state values, and
that is the case across all simulations. Estimation errors may generally be larger in
simulations producing more volatility, as a general consequence of the statistical
problem of estimating a sample mean.

Volatility is a central characteristic of models intended to explain business cycle
characteristics. The stock of capital is the variable with the highest sample stan-
dard deviation, but that does not mean that it is highly volatile, since each variable
fluctuates around a different sample mean. In fact, coefficients of variation indicate
that, as it is the case in most growth models designed to display cyclical fluctua-
tions, it is investment the more volatile variable, while the remaining variables have
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more comparable coefficients of variation. Consumption is somewhat less volatile
than output in all parameterizations, another robust empirical fact in most developed
economies. Below the contemporaneous correlations with output, we show the out-
put decomposition in consumption, investment and public expenditures (or tax rev-
enues). Consumption amounts to about two thirds of output, as it is approximately
the case in most developed economies.

Coefficients of variation for different parameterizations

o p O¢ 0; Cy Vr it k; 8t

S1:1.5.90 .01 23% 28% 33% 87% 3.5% 3.0%
$2:0.5 .90 .01 23% 3.1% 3.9% 13.4% 54% 3.4%
$3:5.0 .90 .01 23% 27% 31% T7.0% 28% 2.9%
S4:15.90.05 12.0% 14.7% 17.2% 44.3% 18.4% 15.8%
S5:1.5.99 .01 37% 49% 52% 85% 5.0% 5.1%
$6:15.90.002 05% 06% 07% 1.7% 0.7% 0.6%
§7:15.50.10 11.6% 9.7% 152% 69.7% 15.8% 11.9%

Relative to the first simulation, S1, simulation S2 considers a less concave utility
function, while maintaining the values of all other parameters. As expected from the
discussion on the intertemporal elasticity of substitution of consumption in the pre-
vious chapter, this variable becomes more volatile for a more linear utility function,
as it is the case with output. The increase in volatility in investment and the stock of
capital is larger. The opposite happens in simulation S3, which increases the concav-
ity of the utility function, with the consequence of less volatile variables. However,
the decrease in volatility relative to the first simulation is minor. Decreasing con-
cavity reduces the correlations with output, which increase when the utility function
is more concave (except for capital stock). The next table shows correlations with
output of the main variables in the economy.

Contemporaneous correlations with output

o p O¢ Ct Yt i ky 8t

S1:15.90.01 969 1.00 .834 .886 .993
S2:05.90.01 924 1.00 .791 918 .984
S3:5.0.90.01 981 1.00 .851 .870 .996
S4:15.90.05 969 1.00 .840 888. .993
S5:15.99.01 991 1.00 .849 .934 .998
S6:1.5.90.002 968 1.00 .833 .885 .993
S7:15.50.10 838 1.00 .870 .770 .975

There are two ways how the technology shock may become more volatility: the
more obvious is to increase the variance of the innovation, as we do in simulation
S4. An alternative is to increase the coefficient of the autoregressive process, which
increases the persistence as well as the variance of the technology shock, even if
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the variance of the innovation of that process stays the same, as we do in simula-
tion S5. Their effects are quite different, as can be appreciated in the values of the
sample statistics as well as in Consumption the graph that presents all consumption
time series together. The graphs of the main variables, shown on the upper part of
the spreadsheet also illustrate noticeable differences. Increasing the variance of the
innovation increases volatility in a quite obvious manner, while increasing volatility
through a greater persistence of the process does not produce what we would call
a more volatile consumption process. The sample variance increases in this case
because the increased persistence makes the consumption process not to cross its
sample mean often, staying at one side of that value for a large number of periods.
This is what increases the sample variance under such high persistence. Simulation
S4 shows an excessively high coefficient of variation for output relative to actual
data, because of the persistent position at a given side of the mean value, with no
mean crossing. The same observation applies to simulation S7, this time because of
a too large innovation variance.

On the opposite side, reducing the innovation variance as in simulation S6 sta-
bilizes all series, not only in terms of a lower sample variance, but also in terms of
the observed sample range. Under the smaller innovation variance, sample averages
are more precise estimates of steady-state values. The graphs for the consumption,
investment and output series for this simulation, shown in the spreadsheet on top of
the data, clearly show variables smoothly oscillating around their central value. The
reader will notice the evident differences between the graphs for this case and those
for the previous simulations. Finally, we increase variance in simulation S7 while
reducing persistence. This is the opposite of what we did in simulation S4. We use
a combination of parameters (standard deviation for the innovation and persistence
parameter) such that the variance of the random productivity process itself (labelled
theta in the spreadsheet) is the same in both cases. In spite of sharing the same
innovation variance, the volatility of consumption and output as measured by the
coefficients of variation is larger in simulation S4, while investment is more volatile
in simulation S7. However, the type of high volatility that arises in simulation S7 is
very unlike that observed in actual time series data, so the parameterization of the
stochastic process for the technology shock in this case would not seem appropriate.

Examination of the Consumption graph having the respective sample variances
in mind will also show the reader the very distinct shapes that can generate rela-
tively large variances, and also that identifying variance with volatility is not always
justified. Simulations S4 and S5 have both large variance, with high coefficients of
variation for consumption, for instance, and the time behavior of this variable is
rather different between both cases.

Changes in 62 have a smaller impact on contemporaneous correlations with out-
put than changes in p.

The Stochastic-BK(2) spreadsheet contains results obtained with the same S1
to S7 parameterizations, but a different sample realization of the innovation in the
productivity process. Comparing the estimated statistics in both spreadsheets, the
reader will appreciate some numerical differences, due to the fact that a different
sample realization for the productivity innovation is used. Numerical values for the
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parameters are the same. It is important to bear in mind that the numerical solu-
tions in the Excel files we present are in most cases just a single sample realization
for each parameterization. Actually, a large number of such realizations, 5,000 say,
should be generated for each parameterization. That way, we can compute the value
of each single statistic 5,000 times, with which we can compute the frequency dis-
tribution for that statistic. That will be a quite precise estimate of the unknown prob-
ability distribution for that statistic, and probability statements can then be obtained
as desired. In particular, probability statements on the significance of each single
statistic can readily be obtained. The methods.m MATLAB program provided with
this text, and the library that is associated with it, produce precisely that large num-
ber of sample realizations for each variable in the model, from which frequency
distributions for any statistic can be obtained.

5.4.3 Numerical Exercise: Computing Impulse Responses
to a Technology Shock. Log-Linear Approximation

The BK-impulse spreadsheet in the CK-solution_BK.xls file presents impulse re-
sponses to a transitory, one period technology shock for the benchmark parameteri-
zation used in the previous numerical exercise, that illustrated the Blanchard—Kahn
solution approach. Notice that we compute responses to an instantaneous, single
period increase in the innovation & to the stochastic process, rather than in the
technology shock 8 itself. A single period innovation &, will translate into a se-
quence of shocks in technology, because of the persistence of the stochastic process
In6; = pln6,_; + &. Precisely this autoregressive structure would seriously diffi-
cult to think of a single-period shock in 6,, which is not the case considered here.

What we do is to assume that the innovation &; in the productivity process is equal
to zero every period, with all variables at their deterministic steady-state values,
until at some point in time, &, takes a positive value. To normalize the analysis, it is
a standard practice to assume that value is one standard deviation, .01 according to
our parameterization. After that, the innovation is again equal to zero forever. This
impulse, a one-period shock, produces a time reaction in the technology shock 6;
extending to a large number of periods, until it gradually gets back to zero again. The
same equations used to solve the model in the previous exercise are used to generate
time series for consumption, investment and output taking the generated time series
for the technology shock. A first way to compute impulse responses is by taking
the difference between the value of a given variable at any point in time after the
shock, and its value prior to the shock.” Output displays the largest instantaneous
response, followed by consumption. The response of consumption is bigger after
a few periods. The response of capital stock gradually builds up over time, as an
accumulation of the single period responses of investment. Revenues are a linear
combination of output and consumption, so their time shape combines those of the
two variables.

7 Later on we will introduce a different approach to compute impulse responses.
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All responses converge to zero, as a reflection of the stability of the system: the
effect of a purely transitory shock may be felt for a number of periods, depending
on the persistence of the exogenous stochastic processes impinging on the econ-
omy, but they must be transitory. The fact that the responses converge all to zero
means that the steady-state is unchanged by the one period technology innovation,
as it should be expected. These are, however, unnormalized responses, and are not
appropriate to discuss which is the variable that experiences the largest reaction to a
technology shock. The reason is that a .05 response, say, may be small for output,
and large for investment. To normalize responses, it is customary to put them in
units of their respective standard deviations. This is very reasonable, since the stan-
dard deviation measures the average fluctuation experienced by a variable. How-
ever, standard deviations should not be computed on the process of responding to a
shock, which is a transition process displaying the convergence to the new steady-
state. Rather, we should estimate them from a numerical solution obtained under
the same parameterization. This is the one used for simulation S1 in the Stochas-
tic_BK spreadsheet in CK _solution_BK.xls, from where we borrow the values of the
sample standard deviations, although acknowledging that they have been estimated
with a single realization of the numerical solution.® With this normalization, we see
in the graph to the right a largest response by investment, of about 0.50 standard
deviations, while the maximum responses by consumption and output are of 0.20
and 0.30 standard deviations. The difference is that the largest output reaction is
immediate, which is not the case for consumption.

In the second panel, to the right, we compute step responses, i.e., the reaction
of each variable to a permanent one-standard deviation increase in the innovation
technology. Unnormalized responses are interesting now because they give us the
size of permanent effects. What happens is that the permanent shock of one stan-
dard deviation, 0.01, in the technology innovation alters steady-state levels, in the
amount shown in the spreadsheet and the graph: output increases by 0.23 units in
the long-run (a 18.6% increase), consumption by 0.14 units (17.8%), investment by
0.03 units (a 23.7% increase) and revenues (and hence, government expenditures)
by 0.06 units (18.2%). The sum of the long-run increments in the last three variables
amounts to that in output. The steady-state stock of capital increases by 0.48 units
(a 23.8% increase). Normalized responses tell us that these are large increments, of
about 6 standard deviations for the stock of capital, output, consumption and rev-
enues, and of about 3 standard deviations in investment. These responses may look
large, but the permanent increase of 0.01 units in & amounts to adding a constant
to the process for In 6;. The assumed Cobb-Douglas technology: y; = A6k, can
be written in logs: Iny; = InA +1n6, + alnk,, so the permanent increase in the
productivity shock amounts to an 1% increase in the level of productivity, with A
moving from 1.0 to 1.01. The BK impulse response.m program does the same exer-
cise described in this section.

8 Notice that if we change the value of any structural parameter, these standard deviations would
have to be estimated again.
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5.4.4 Numerical Exercise: Solving the Stochastic Representative
Agent’s Model with Taxes Through the Eigenvector and
Eigenvalue Decomposition Approach. Linear Approximation

We use in this section the eigenvalue-eigenvector decomposition to solve the
representative agent’s problem with taxes, whose optimality conditions are
(5.49),(5.48). We leave as an exercise for the reader to check, following an ar-
gument similar to that in (5.3.5) that the linear approximation to (5.49) is:

1 , _
0= (Ct+1 - Css) - EC&YL (1 - T})AOZ ((X - 1) esskg 2 (kt+1 - kss)

1+n
1 _ C
- (Ct _Css) - gcss 1 _l?_n (I_Ty)Aaesskg ! (ln 041 —1In ess) + %f&pﬂa

while that for (5.48) is:

1 141°¢
0= (kt+1 - kss) - E (kt - kss) + m (Ct - Css)
1-7
— A B (16, —In0,).

We can represent the full system in matrix form,

kH»l - ksx kt - kss €
Al crp1—cys =B | ¢ —cg +q)<€l+l>7
In6, 11 —InB In6, —InB r+l
with:
1 1+1¢  1-7
100 BT Ak
A=|M | MZ|; B=|0 1 0 ,
0 0 1 0 0 p
0 0
1 0

and M = —Ley 7B (1) Aa (00— 1) 0,,k& 2.

‘We have,
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1 1+1¢ -7
B B 1+Tn 1+f1 Ak
-1 — 1 1+1¢ 1-7 kss .
ATB=1| Mg FoM+1 —M(lankaPm) :
0 0 p
0 0
—1 ksr ﬁ S8
AT®=| Mg —5 % |
1 0
with a transition matrix,
~ 1 1+1¢ -7 ~
ki1 B ljjz 1+Tn Ak ke
Cril = | My FoM+1l Mk &
InB;4 0 0 P In 6,
0 0 c
kSS ﬁ S t+1
| M e (.g > ;
1 O t+1

where k; = k; — ks, & = ¢; — C55, 1IN0, =100, —In O, &k = (lljjAkg +p Ofﬁ'l)

We obtain the spectral representation for the autoregressive coefficient matrix,

1 1t1¢ 1-7
bR

C Ty . — —1
—ME EEMal b (R pds) | =TAD
0 0 p

and we follow the procedure described in 5.3.5 to estimate the stability condition,
which will allow us to obtain the level of consumption compatible each period with
the predetermined stock of capital and the realization of the productivity shock.

A numerical solution to this model following the procedure above is described
in CK_stochastic_taxes.xls. The benchmark parameterization used is A =1, f =
0.90, ¢ =0.33, n=0, § =0.07, 0 = 1.50, p =0.90, o, = 0.001, and tax
rates: T, = 20.0%, 7, = 15.0%. Under this parameterization, steady state levels are
kgs =1.921, ¢53 =0.767, iy = 0.134, y;; = 1.240. Under the benchmark parameter-
ization, the stability condition is estimated, ¢; = ¢4+ 0.2868(k; —ky5) +0.30871n 6,
but the numerical values of the coefficients in this condition change with the para-
meterization. Consumption and the stock of capital must be positively related along
this condition, as can be seen in the stability graph we discussed in the previous
chapter. They either increase or decrease simultaneously as they approach their
steady-state values. The stable manifold lies along the first and third quadrants. If
the economy is in the first one, k; — kg and ¢, — cgg Will both be positive, and we
move towards steady-state by simultaneously reducing their positive values to zero.
If the economy falls in the third quadrant, both differences will then be negative,
and we move towards steady-state by simultaneously reducing the absolute values
of those differences.
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We start by generating the time series for the technology shock, which does not
need of any other information, reflecting its exogenous nature. Then, starting from
an initial condition for the capital stock, which we take to be that the initial capital
stock is at its steady-state level, ko = kg, the stability condition is used to choose
initial consumption so as to place the economy on the stable manifold or, at least, on
the linear approximation to it. That implies a choice for investment (output minus
consumption minus public expenditures) and hence, a given level for the stock of
capital at the end of the period, which is obtain from the single period budget con-
straint. By using the budget constraint, we keep some of the nonlinear structure of
the original model, thereby obtaining a better numerical approximation.

Below the set of time series, we present sample statistics for the variables in the
economy. Since they are calculated with a single realization, these numerical values
must be understood as being random draws from the probability distribution for
the corresponding population statistics. The variables considered are the innovation
in the technology process, the technology shock itself, consumption, the stock of
capital, output, investment and tax revenues, for which we compute sample means,
standard deviations, coefficients of variation, and contemporaneous as well as cross
correlations with output at lags from —2 to +2. The convention we follow is that for
negative lags the variable under consideration is lagged, while output is lagged for
positive lags.

We also compute two other parameterizations, considering a higher tax on con-
sumption 7. = 30% while maintaining the income tax at T, =15%, and a higher
tax on income 7, = 20% with the original consumption tax of 7. = 20%. Simula-
tions S1 and S3 share the consumption tax. The capital stock time series is the same
in simulations S1 and S2, which share the same income tax. Obviously, the same
is the case for the output time series. Consumption is proportionally lower in S2
because of the higher consumption tax. However, consumption expenditures, i.e.,
the aggregate of real consumption and the consumption tax, are the same in S1 and
S2. Consequently, the investment time series is also the same in both simulations.
Increasing the income tax in S3 introduces some distortions. The Output, Consump-
tion, and Investment graphs display the time series obtained for these variables in
the three simulations.

Coefficients of variation, cross-correlations with output and the decomposition
of output in private consumption, investment and public investment, are invariant
to changes in the consumption tax. On the other hand, the increase in the income
tax lowers steady-state levels of the stock of capital, output and consumption with
minor changes in volatility, except for the lower volatility of investment. A larger
proportion of output goes now into investment and public expenditures, while a
lower proportion is devoted to consumption. Cross-correlations with output increase
slightly.

We also present in the spreadsheet rationality tests for the expectations error, as
explained when solving the model without taxes by this solution method. With a
sample size of 7' = 538, the standard deviation for each of the correlations between
the expectations error and variables in the information set at time #, or autocorre-
lations can be approximated by 1/v/T = .043, so none of the correlations shown
in the table are statistically significant.
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Contemporaneous correlations between the rational
expectation error and variables in the information set

[T it ky g &y
012 .013 .019 .006 .014 —-.018

The second test examines the expectations error autocorrelation function, which
should not be significant at any lag, since that would suggest somewhat systematic
patterns in the errors, against the assumption of an efficient use of the available in-
formation. Since the sample realization for the innovation in the productivity shock
is the same in the three simulations, the expectations errors for any two of the three
simulations have correlation equal to one. Hence, we present the sample autocorre-
lation function for just one of the simulations. The fourth lag in the sample auto-
correlation functions in the table is the only one violating this condition. It would
be hard to explain why this might arise, but there not being any significance in any
other lag, we do not take this as a serious evidence against rationality.

Sample autocorrelation function for the rational
expectations error

Lag 0 1 2 3 4 5 6

S1 1.0.009 —.031 —.052 .114 —.029 —.022

The analysis in CK_stochastic_taxes_structural_parameters.xls uses as bench-
mark parameterization A =1, § =0.90, o« = 0.33, n=0, § = 0.07,0, = 0.001.
Simulation 1.1 uses o = 1.50, p = 0.90, simulation 2.1 uses o = 1.50, p = 0.99,
and the last two simulations use ¢ = 5.0 with p = 0.90 and p = 0.99. The sample
realization for the innovation in the productivity shock is the same as that in the
previous analysis, which helps producing an autocorrelation function for the expec-
tations error very similar to the one in the table above.

Contemporaneous correlations between the rational
expectation error and variables in the information set

Ct Yt it ky 8t gt/)’z

Si.1 .012 .014 .015 .010 .014 —-.012
S2.1 —-.019 —-.019 —-.017 —-.019 —.019 .005
S3.1  .009 .012 .017 .001 .011 —.019
S4.1 .042 042 .040 .045 .042 —-.027

The contemporaneous correlations between the expectations error and variables
known at time ¢ are not significant for this sample realization, although a more
complete analysis using a large number of realizations should be done.
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5.5 Nonlinear Numerical Solution Methods

Functional equations are a well known instrument in dynamic analysis in Eco-
nomics. Bellman’s equation is an example of a functional fixed-point equation.
Euler’s equation, that arises as an optimality condition in the control problems we
are discussing in this book is another example of a functional equation. Functional
equations are hard to solve because the unknown is not a vector in R”, but a function
whose domain contains an infinite number of points. In general, functional equations
lack closed solutions, and cannot be solved exactly.

Up to this point, we have discussed how to solve these functional equations
through linear methods. In this section, we will describe and analyze briefly two
nonlinear numerical solution methods: (a) the parameterized expectations approach
by den Haan and Marcet [28], Marcet and Lorenzani [63], and (b) a class of solution
methods known as Weighted Residual Methods or Projection Methods, to which we
will find accurate approximate solutions. A good textbook where these methods can
be studied in more detail is Judd [48]. Books discussing nonlinear and other meth-
ods are Marimon and Scott [64], Miranda and Fackler [68], Adda and Cooper [1],
Ljungvist and Sargent [56], Heer and Mausoner [41], Canova [16], or DeJong and
Dave [27].

5.5.1 Parameterized Expectations

The parameterized expectations method was introduced in den Haan and
Marcet [28]. In this solution method, each conditional expectation in the opti-
mality conditions is represented by an exponential polynomial function of the state
variables. The parameters in these polynomial representations are estimated using
time series data generated from an initial parameter choice, as explained below.
The optimality condition involving conditional expectations in the basic growth
model is,
% =BE [ (a0 k ) +1-8)], (5.56)

and we parameterize that conditional expectation as a polynomial function of the
two states of the economy,

E [ (a01k® ' +1—8)] =¥ (k,0;,a) = a1k>6;°, (5.57)

where a denotes the parameter vector a = (a1, az,a3) . The steady state of this model
has been calculated previously: (5.15)—(5.16).

The solution method starts by giving values to 6 and p and obtaining a time
series of data for the innovation in the productivity process. We also need to choose
initial values a?,ag,ag to the ay,a», az-parameters. This solution approach requires
a numerical convergence procedure, which is not always well behaved, so that the

choice of starting parameter values is crucial.



5.5 Nonlinear Numerical Solution Methods 239

It is standard to use as initial conditions a?,ag,ag the values of these parame-

ters under full depreciation, & = 1, and logarithmic utility, ¢ = 1. As shown in
Sect. 5.2.1, the stochastic model has then a closed form analytical solution, given by
(5.5). Under these assumptions, we get, from (5.57) and (5.56):

-1 -1 _ ajy nas
B e, =a1k? 6,3,

and using (5.5):
1

B apegy kO
from where we obtain:
B 1
T B(—aB)’
a = —Qa,
a3z = —1.

To estimate the parameters in W(.) when depreciation is not complete and/or
utility is not logarithmic, a gradual procedure needs to be implemented. First, only
the & = 1 assumption is relaxed slightly, making 6 = .90, say, and using the previous

e .. L0 1 0_ 0_
values as initial conditions: a] = Bli—ap) 2 = —0,a3 = 1. Then, we solve the

non-linear estimation problem,’

_ _ 2
(civ1 (a) "7 (1o (ki (@) 1 8)
ark; (ao)a2 0>

)

(5.58)

S (ao) :Argrr;%n E

to find the a’-vector that minimizes the mean square of adjustment errors. In this
expression we have made explicit the dependence of the capital stock and consump-
tion series on the parameter values being used in the expectations polynomial. Once
we have an ag-vector, the conditional expectation disappears from the model, and
the variables can be propagated over time using the law of motion for k; (the global
constraint of resources), and the law of motion for 6, together with the relationship,

;% =BY (k,0,,a) = Bark, (a°) 073 (5.59)

This is how it works: starting from {ko, 60}, (5.59) gives us ¢g, and the law
of motion for capital, i.e., the global constraint of resources, gives us k; which,
taken to (5.59) together with 6, allows us to obtain ¢; and k», and so on. Hence,
the initial parameter values a° allow us to produce time series consumption and
physical capital. Those time series will not satisfy (5.56) exactly, and the point
is to iterate on vector a so as to minimize the sample average of those errors, as

9 Tnitially, the ¢ parameter may be set up to 1, but that might change in subsequent iterations, as
explained below.
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indicated at (5.58). Being the difference between the value of the nonlinear function
whose conditional expectation appears in (5.56) and the numerical value of the
polynomial representing the conditional expectation itself, these can be interpreted
as expectations errors. In fact, however, the differences include expectations errors
plus the error in specifying the representation for the conditional expectation.

The nonlinear estimation procedure can be implemented through a Gauss—
Newton algorithm. To that end, we need to estimate a linear regression from the
initial residuals on the components of the gradient of the function to be fitted,
W (k;,0;,a). The estimated coefficients in that regression are the corrections to in-
troduce on the initial estimates of a = (ay,a,,as3), to obtain new values, and the
procedure is iterated until convergence.

In our model the gradient of ¥ (k, 0,,q) is,

ELd a3 s
oY 9y k 0(5 0
- = ¥ = Ok“29“31 k
da ‘3‘.‘{% dike Gr K

pla SN a a

9a3 / a0—(a.d.a9) a%k,26,°1n0,

Each of these elements is a time series that can be evaluated, as a function of the
initial estimations. The initial residuals are defined as,

W = [ (a9z+1k,‘fll +1-8)—¢°

=¢; % (6,0k ' +1-8) =¥ (k_1,0,-1,a"),
and we estimate the regression,

o
iy = (8(1 |a0> b+,

where b is a 3 x 1-vector, to then introduce the correction,
atl =d +b, (5.60)

and the process starts again until the convergence criteria are fulfilled. Den Haan
and Marcet [28] suggest working with a different sequence, a, which is obtained
using the correction scheme,

@t =Ad +(1-2)d ",

for some 0 < A < 1 chosen beforehand, where a'*! is first obtained from (5.60).
Once vector a” has been found, we allow for a slight variation in ¢ from its initial
value ¢ = 1 in the direction of the desired value of &, using as initial conditions in
each step the a”-vector obtained for the previous value of ¢.The process is repeated
several times until we reach the a®-vector associated to the desired value of G.
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To estimate this model, an alternative procedure consists on using as initial con-
ditions the numerical a®-vectors reported by Den Haan and Marcet [28] for several
depreciation rates, and start changing values for the structural parameters, one at a
time, as desired. The MATLAB routines provided with this book estimate the ex-
pectations polynomial and solve the model allowing for departures from the ¢ = 1
value used by Den Haan and Marcet for the risk aversion parameter. That possibility
has not been considered in this section either. It also allows for a consumption and
an income tax, not considered in their paper. The method is implemented in Matlab
programs marcet.m, marcetl.m, marcet2.m. Marcet.m estimates the parameters in
the exponential polynomial used to approximate the conditional expectation in the
model, marcetl.m solves the planer’s problem using the fininunc.m MATLAB mini-
mization routine, while marcet2.m does the same using a Gauss—Newton algorithm.

Finally, we remind the reader that methods.m is a main MATLAB program
solving the planner’s problem under consumption and income taxes by different
solution methods: the linear-quadratic approximation, Uhlig’s undetermined co-
efficients method, Blanchard—Kahn’s method, the eigenvalue-eigenvector decom-
position implemented on either the linear or the log-linear approximation to the
model, and the parameterized expectations method.

5.5.2 Projection Methods

In this section we describe solution methods based on projections that use interpo-
lation techniques. A good reference for these methods is McGrattan [67]. After a
general description of these methods, we will particularize them to the solution of
deterministic and stochastic versions of the optimal Cass—Koopmans growth model.

The goal of this type of problems is to find a function C : R” — R” satisfying a
functional equation F(C) = 0, where F : D} — D, with D; and D, being function
spaces. In our case, C is a vector of decision or control variables which are functions
of the state variables, and this vector must satisfy the set of first order conditions for
the optimization problem we consider. In the case of the Cass—Koopmans model, C
includes the consumption decision, which is a function of the two state variables in
the economy, the stock of capital K and the structural shock 6. The solution will
therefore be a function: C(K,8) : R*? — R, satisfying the Euler equation for the
problem under the assumption of rational expectations.

Since finding function C is generally impossible, our goal is to find an approx-
imation C? (x; i) defined on x € Q, with x being the vector of state variables, that
depends on a finite dimensional parameter vector i = (U, Ly, ..., 1 d)/ . The method
of weighted residuals assumes that C? is a finite linear combination of a family of
previously chosen basis functions ¥;(x):

d
C ) = Po(x)+ Y p¥i(x) (5.61)
i=1
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Families of basis functions are usually quite simple:

e Monomials: Wo(x) = 1,%¥;(x) =x',i=1,2,....d
e A family of orthogonal polynomials.!® An example is the family of Chebychev
polynomials:

Yo(x) =1,¥1(x) =x, Pi(x) =2x¥;_1 (x) = ¥;2(x),i = 2,3,...,d

These polynomials are defined on the interval [—1,1]. If the domain of a state
variable x is [a,b], the transformation z = 27=7 — 1 is applied before computing
Chebychev polynomials.!!

These polynomials are more useful than monomials for a large choice of the
number of basis functions, d. The reason is that for large d, it is hard to distinguish
between x4 and x?*!, which implies that the approximation provided by the C¥ (x; i)
function will barely improve with an additional basis function of type x?*!. How-
ever, this is not the case with orthogonal polynomials since, precisely because of
their orthogonality, they can be easily distinguished from each other.

e Finite element methods, that use piecewise linear functions, also called polyno-
mial splines:
X —Xi_
Wi(x) = — L forx € [x;_1,x] (5.62)
Xi — Xi—1
Xit1 —X
=27 forxe [xXi,Xit1]
Xipl — X
= 0 otherwise

for a pre-specified grid of x;-points on the range of sample values of variable x.

Let us now define residual equation, R(x; 1) defined by the functional equation
evaluated at the approximate solution C? (x; ):

ROp) =F (Cd(x;/.t)) (5.63)

10 Let ¥;(x), ¥;(x) be two polynomials from a same family of basis functions. The two polynomi-
als are said to be orthogonal to each other if there is a weighting function W (x) such that:

/u W) ()W (x)dx = 0, i £ ).

A family of polynomials is said to be orthogonal if any two polynomials in the family are
orthogonal to each other. The weighting function that makes Chebychev polynomials orthogonal
to each other, is: W (x) = \/1177

11 Stable solutions will always have control and state variables moving in a bounded space. The
[a,b] interval can be chosen allowing for relatively wide fluctuations around steady-state. Violation
of that assumed range by the numerical solution may point out to potential instability problems.
Otherwise, the range can be widened and the solution algorithm implemented again.
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The problem is to choose the vector u so that the residual equation R(x; 1) is as
close to zero as possible, in the sense of a weighted integral:

/¢ RGvp)dx =0, i=1,2,....d (5.64)

with ¢;(x) being the weight functions. These functions can take different forms,
and the procedure followed to find the ,,..., 1, coefficients will be different in
each case. According to the choice of weight functions, we will have the following
methods:

1. Least squares method, defined by ¢,;(x) =

IR(x:1)
L
terpreted as first order conditions to the problem:

. This set of weights can be in-

Min /Q [R(x; )2 dx

u

2. Collocation method, defined by ¢;(x) = 6(x —x;), with 8 being Dirac delta func-
tion. This set of weighting functions makes the residual function to be zero at d
points: x1,x2, ..., Xg, called collocation points:

R(xipu)=0,i=12,..d

3. Galerkin method, defined by ¢;(x) = W;(x). This method forces the residual func-
tion to be orthogonal to each basis function.

5.5.2.1 Solving the Deterministic Cass—Koopmans Optimal Growth Model

The Ramsey—Cass—Kopmans optimal growth model was studied in Chap. 2, where
we saw that the model can be summarized in the optimization problem:

> o1
Max [ —
{anr‘+l},;() l-o

,0>0
subject to:
(1+n)ker1 — (1= 8)ks + ¢ = Ak, a,6 € (0,1), A>0,n >0,

given kg.
The Euler condition for this problem is:

e(k)] { A [ (AKE = (1 = )k — (k)]
[e (7 (AkE = (1= 8)k — (k)]

—1=0. (5.65)
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Our goal is to find the ¢(k;) function satisfying the functional equation (5.65).
Since that is not possible, we will find the vector of coefficients p such that the
function C? (k;; i) approximately satisfies that functional equation.

To that end, we are going to use the Collocation method.

e Stepl: Implementation of the algorithm starts by computing the values x; of the
state variable that we want to use to define the Dirac delta functions. These are
the points at which the Collocation method will force the Residual functional to
be exactly zero, providing us then with the values of the p-coefficients. We first
choose the relevant range of values for the state variable k, on which we want to
approximate the function C?(k;; ). Let that interval be k € [kmin,kmax], Where
kmin = kgs(1 — A), kmax = kgs(1 + A ), where kg is the steady-state level of k and
A € (0,1). The value chosen for A determines the range on which we approxi-
mate the decision rule. We want to cover a wide range, but the algorithm is based
on an approximation around steady-state, which suggests choosing a moderate
value of A. We then choose the x; points in this interval to be the Chebychev
nodes, which are defined as:

o kmax + Kmin | Kmax — Kkmin (d —i+0.5 )

= + cos| —m |,

i=1,2,...d

& 2 2 d
where we compute a number of nodes equal to d, the highest order of the poly-
nomial function we plan to use in the C?(k;; it) approximation. Chebychev nodes
are not equally spaced: they are closer to each other at both ends of the interval,
and more disperse'? towards the center of the interval.'3

o Step 2: We choose as basis functions Chebychev'* polynomials ¥;_; ( .), so that:

d
Clksp) = Y u Wi () (5.66)
i=1

where the original state variable, k, has been transformed so that & = 2 & Kmin_ |

kmax_kmin
takes values in [—1,1].
e Step 3: We evaluate the residual functional (5.65) at each Chebychev node:

B [Cl(kis )] @A (k)" +(1-8)]
€7 (k)7

R(kisp) =

127 et us suppose that kyin, = 0 and kp,x = 100, and that we choose d = 10. Chebychev nodes are
then: 0.62, 5.45, 14.65, 27.30, 42.18, 57.82, 72.70, 85.35, 94.55 and 99.38.

13 According to Rivlin’s theorem, ‘Chebychev node polynomial interpolants are very nearly opti-
mal polynomial approximants’.

14 Using Chebychev nodes and Chebychev polynomials is just one among the many alterna-
tive choices available. Chebychev nodes have been shown to provide a superior approximation
than alternatives like equally-spaced nodes. Similarly, to compute the approximated decision rule,
we could use monomials, splines or a family of orthogonal polynomials other than Chebychev
polynomials.
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i=1,2,....d
(Akf‘ —(1-8)k; —Cd(k,-;,u)> .

where k; = ——

I+n

This way, we have d equations in d unknowns: [L{,,, ..., ll,. We have reduced

the problem of finding a function C?(k;; 1), to the problem of finding a zero to
this nonlinear system of d equations and d unknowns.

e Step 4: Once we have the values of the u-coefficients, we can compute the
approximation to the policy function: ¢ = C¥(k; ) and hence the value of the
Residual functional over the whole range of values of the state variable k. By con-
struction, the functional will be zero on Chebychev nodes, but not elsewhere. The
number of basis functions (Chebychev polynomials) used to construct C? (k; ) is
increased if a chosen tolerance level, like 1077, is violated at some point over the
range of k, and the algorithm is then implemented again. To perform this exer-
cise, a relatively fine grid of equally spaced values of k is used. Once the C¥ (k; i)
functional provides us with a good enough approximation for some order d, we
can represent the decision rule as a curve in the (c,k)-plane.

We know from Chapter 4 that when n = 0,8 = 1,0 = 1, there is an analyti-
cal solution to the optimization problem which has the form: ¢ = (1 — af3)Ak%.
Therefore, we can compare the goodness of fit of the C?-function by compar-
ing the exact to the approximate solution. In general, the optimization problem
will not have an exact solution, but the goodness of fit of the approximation can
still be evaluated by computing the magnitude of the residual equation at points
in the [kmax, kmin]-interval. Under the collocation approach, the residual equation
will be exactly zero at the interpolation nodes, but it will not be equal to zero, in
general, at any other point of the interval above.

e Step 5: Simulation: (a) Given an initial value for the stock of capital kg, we
compute co = C¥(ko;ut), (b) Given {co,ko} and using the constraint of re-
sources, we obtain: k; = H{n [Akg‘ +(1—08)ko— CO] , (¢) Given kj, we compute
c1 =C%ky ; 1), and repeat the procedure.

5.5.2.2 The Stochastic Cass—Koopmans Optimal Growth Model

In this section we illustrate the application of projection methods to the stochas-
tic optimal growth model. As an alternative to the collocation method used to ap-
proximate the decision rule in the deterministic version of the model, we will use
Galerkin’s method to approximate the decision function in the stochastic version of
the model.

The stochastic optimal growth model can be summarized in the optimization

problem:
=) -0 _ 1

Max E Z B G

—F—,0>0
{etkint (20 -0’
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subject to:
(1—|—n)k,+1 —(1 —6)kt+ct :Aetk[a, oc (0,1),6 S [0,1]7 A > O,n ZO
InB, =pln6,_+&, |p| < 1,et¢;N(o,c§)
14

given k.
The Euler condition for this problem is:

5.67
[C(kt+179t+l)]6 ( )

where k; 1 = ﬁ (0,Ak* — (1 —8)k; — c(k(,0;)), 0,41 =exp(pIn6O; + &), and
we need to find a function ¢(k;, 6;) satisfying the functional equation (5.67). That
is, we must find the vector of coefficients pt such that the approximating function
C%(k;, 0;; 1) makes (5.67) to be as close to zero as possible.

Since € follows a Normal distribution, 6 can take any value between 0 and oo,
so that it does not have a compact support. If we transform 6 into z = tanh(In9),
this new z variable falls in the interval [—1,1]. Notice that the hyperbolic tangent
function (tanh) can also be expressed:
eln@_e—lne 92_1
P T

z=tanh(Inf) =

14z

which implies: 6 =/ 1==.

With this transformation, we can write the approximating
function as:

d
Clkzp) = Y pilk,2).
=1

1

On the other hand, the autoregressive process for the structural shock can be
written:
z; = tanh (p tanh ™! (z—1) + V20, v,)

where v, = \/;—’6, E(v,) =0, Var(v,) = 1/2, and tanh~!(.) is the hyperbolic arc

tangent function. If we denote by J the Jacobian of the transformation of &; into vy,
£

26% =

. . . . . _ 1 _ 1 1
the density function for v is obtained: g(v) = o/ (&) = 755 io: VijRos®
2 . . . .
ﬁe’” . The interest of this transformation becomes evident below.
Solving this stochastic problem requires us to face two additional difficulties, as

compared with the deterministic problem:

1. We have additional state variables in the form of exogenous random variables,
and the set of basis functions would in principle be made up by the products of
each element in the set of basis functions for k : [¥o(k), ¥} (k),..., ¥y, (k)] by all
the elements in the set of basis functions for z: [Wo(z), ¥ (2), ..., ¥4, (z)]. But the
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implied number of elements grows very quickly with the orders dy,d,, and would
the number of equations to be solved for the u-coefficients.

To maintain the problem tractable, we use the so-called set of complete poly-
nomials, instead of all the products of basis functions for k£ and z. For instance,
if we choose as basis functions the monomials{ki };ji o and {zj };{';07 the com-
plete set of basis functions that we could use in the case dy = d, = 2 would
be {1,k,z,k* 2%, zk} instead of {1,k,z, k?, 2°, zk, 2%k, 2k, 2k* } , with 6 coef-
ficients, less than the 9 polynomials we would obtain through all cross products.
If dy = d, = 3, we would need to compute 10 coefficients, rather than 16, and
so on. The same reduction in dimensionality would be achieved with any other
choice of basis functions.

2. The second difficulty comes from the need to evaluate a conditional expectation.
Given the N(0,1/2?) distribution for v, such expectation can be written as:

[C9(k,
p)] <ocA (K)* e +(1 —8)) e Vdv

f Cdk’Z’u] -7
where:
K= 1 Ak“,/ﬂ+(1—6)—c"(kw) and
l+n l—Z PR bl

= tanh (p tanh ™! (z) + ﬁagv) .

We approximate the value of this integral using an m-point quadratic rule. This is
arule by which abscissae and weights can be obtained to obtain a good numerical
approximation to certain integral functions, e’ being one of them [See Press
et al. [72]]. The transformation of € into v is justified by leading to the specific
functional form for the integrand above. The abscissae are the values of vy on
the [—oo, 0] interval on which the integral is evaluated, while wy,M = 1,2,...,m
are the weights being applied to each of those values to approximate the integral
by the expression:

where z), = tanh (p tanh~!(z) + V20, vM) i

Press et al. [72] suggest using the Gauss—Hermite quadratic rule, which is
based on Hermite polynomials:'> @¢(x) = 1,®(x) = x, ®;(x) = 2xP;_;(x)

15 Note the similarity, but also the differences, with respect to Chebychev polynomials.
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— i®;_5(x),i = 2,3,.... These are orthogonal polynomials with respect to the
eV’ weights: [7 e’xszi(x)dD j(x) = 0,i # j. Abscissae are then obtained as
the roots of the m-th Hermite polynomial: x,x»,...,x,,, while the weights are the
solution to the system:

Do(x1) .. DPolxm) o [, e Dy (x)dx
Di(x1) .. DPi(xm) o | _ 0
®p1(11) o Drr(on) ) \ on 0

where [ ) (x)dx = /7.

5.5.2.3 Implementation of Galerkin’s Method

Once we have made decision on how to solve these two difficulties, to implement
Galerkin’s method we need to make two last choices: (a) the number and type of
basis functions for each state variable that we will use to compute the complete set
of polynomials, (b) the grid of points in the space of state variables, the (k,z)-space
in this case, on which we want to compute the Residual functional. Here, we need
to decide first on the number of points in that grid, and then on a way to select them
on the product space of values for the state variables.

1. Step 1: We choose the set of Chebychev polynomials as basis functions for each
state variable, and compute a complete set of polynomials. For instance,

(a) if d; = d, = 2, we choose: C¥=0(k,z;u) = YO, u,¥;(k,z), with ¥; (k,z) =
L, %2(]2’1) = ?1(12)7 ‘P3(/AC7Z) = \PAI(Z)7 lP4(]27Z) = lPZ(]ACL lPS(i@Z) = \P2(Z);
Y (k,z) = W1 (k)W (z), where W;(k), ¥;(z) are Chebychev polynomials for &
and z, withl}:2kni;kf"“:m— 1.

(b) if dy = d; = 3, we choose: C=10k, zu) = X210, u Wik, z), Where ‘Pl(k z) to
W (k,z) are the same as in the previous example and ¥, (k,z) = W3 (k), Ws(k,2)
=W3(z), Wo(k,z) = W2 (k) ¥1(z), Pi0(k,z) = W1 (k) W2(z), and so on.

2. Step 2: We consider the following intervals: k € [kmin,kmax|, Where kmin =
kss (1= 2), kmax = kss(1+2), 4 € (0,1);In(6) € [~1250¢, 1250¢], i.e., an
interval of two standard deviations around its mathematical expectation of zero,
and choose points in these intervals as Chebychev nodes, with orders dy,d.:

kmax+kmin +kmax_kmin cos (dk_i+.5 717)
2 2 di ’

withi = 1,2,....d,

2 chos(dzlJr'Sn),j—l,Z,...,dz

—-P d:

zj = tanh(InB)), j=1,2,...d-

ki =

lnej: 1
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3. We compute the abscissae and weights (U, @y, M = 1,2, ...,m) for an m-point
Gauss—Hermite quadrature as explained above, and approximate the expectation
integral by:

N Tn

[Ak“ 1z L+(1-9) —Cd(k,z;u)} ,and 7 = tanh(p tanh ! (z) + V20 vy). In
fact, thlS is done at the same time the system of d Residual functional equations
is solved:

\f):M 1M <aA (K)*~ }ZZ +(15)) w,,, where ¥ = L

d d; m o
0=y {‘PD(ki,ZP £ Z [ k,,z,, )
i=1

—1j=1 VT | ZM’H)]G
X <aA (k’)“‘*‘ 1+Z2”+(1—5)> a)M—ll } (5.68)
11—z

D=12,..d

where!® Wy (ki,zj; 1), D = 1,2,....d, is each of the d polynomials in the com-
plete set of basis functions previously chosen. This system of d equations will
provide us with u-coefficients: t, l,,...,(,, and we will have the approxima-
tion to the decision rule:

d
Clk,zpu) = Y upWplk,z:p)
D=1

As in the deterministic model, we can evaluate the goodness of fit of the approx-
imation provided by this function by analyzing the residual equation for a relatively
fine grid of (k,z)-pairs.

Finally, we can simulate the solution as follows: (a) Given kg, 6, we can obtain:
zo = tanh(In 8y), co from the approximating function co = C¥(ko,zo; it), and k; from
the global constraint of resources:

1
ki = 1+ [GoAkO —‘r(l —6)](0—6‘0],
and (b) A single draw from a Normal distribution with expectation 0 and variance 62
provides us with the value of €. We can then compute 6 : 0 = exp(pln6y+€;),
and z; = tanh(In @), ¢; = C¢(ky,z1; 1), ko from the global constraint of resources,
and iterate on this procedure.

16 In general, we compute i by solving a system of equations of the form: [, W;(x)R(x; 1t)dx =
0, i=1,2,...,d. In particular, Galerkin’s method consists on choosing as weights the basis poly-
nomials: W (x) = W(x), which in this case will be the complete set of polynomials for (k, z).
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5.5.2.4 Numerical Exercise: Solving the Deterministic and Stochastic Optimal
Growth Model by Projection Methods

Deterministic optimal growth model

Matlab program coll_cheb.m computes a numerical solution to the optimal growth
model using the Collocation method and Chebychev polynomials. Parameter values
are: o =0.36, 3 =0.96, c = 1.5,6 =0.1,n = 0,A = 1, which can be changed, as
desired. The program starts with three basis functions (d = 3), but iterates until a
number of basis functions is found providing a satisfactory approximation. Initial
values of the p-coefficients are: g =0, 1| = ¢4, 1y = 0. lk“ taken from DeJong

and Dave [27]. Given the definition of C%(k; ), this ch01ce leads to an initial ap-
proximation: ¢ = C?(k; ) = ¢y +0. 1 - The system of nonlinear equations defined
at each of the Chebychev nodes is solved to obtain the values of the p-coefficients.

By construction, the Residual functional will be equal to zero at each of the
Chebychev nodes. But, in order to have a well-defined decision rule, we want the
Residual functional to be as close to zero as possible on the whole range of values
of the state variable k. The following block of equations in the program chooses an
equally spaced 100-point grid on the range of values of k on which to compute the
numerical value of the Residual functional for the vector of u-coefficients previ-
ously obtained. The number of basis functions is then increased while the tolerance
bound is violated at some point of the grid, and the algorithm implemented again
with the increased value of d. The program uses a default tolerance bound of 10~7.17

Once we have the C? (k; pt) function approximating the decision rule, we compute
time series, using this function to obtain the value of consumption each period. To
display some transition, the initial condition for the stock of capital is set 10% above
its steady-state level. The final graph presents: (a) the approximated policy function
c(k) =C4(k; ), (b) the values of the Residual functional on the grid of values for the
state variable k, (c) the time series for consumption and capital, smoothly converging
to their steady-state levels form the initial conditions in this deterministic version
of the model. Under a choice of parameter values: ¢ = 1.0,8 = 1.0,n = 0, the
model has an analytical solution, and a graph compares in that case the exact and
approximate solutions in a scatter diagram, showing the close similarity between
them.

Stochastic optimal growth model

Programs g_cheb_s_3.m, g_cheb_s_4.m and g_cheb_s_5.m compute a numerical solu-
tion to the stochastic version of the optimal growth model using 3, 4 and 5 basis
functions, respectively, for each of the state variables, k and z. At a difference of the
deterministic case, now we do not perform iterations on this order to improve the fit
of the approximating polynomial function. Values for structural parameters are as in

17 This can be easily changed in the program.
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the deterministic case, adding a 0.90 autoregressive coefficient for the productivity
shock, and a 0.001 standard deviation for the innovation in that process.

These programs follow the steps described above for the stochastic optimal
growth model, with the p-coefficients obtained by Galerkin’s method, using a
complete set of Chebychev polynomials as basis functions and an m-point Gauss—
Hermite quadrature to compute the numerical approximation to the expectation inte-
gral. Chebychev nodes are used in the range of values defined for the state variables
to evaluate the decision rule that appears in the expectation integral. The number of
values of each state variable to construct the grid is arbitrary, and it does not need to
be the same for both variables. The programs show where the default choice for this
number can be changed. The more points are chosen to construct the grid the bet-
ter will be the polynomial approximation to the decision rule, albeit with increased
computational cost. The herm.m program computes numerical values for Hermite
polynomials which are then used to compute the abscissae and weights of the m-
point Gauss—Hermite quadrature. The choice of initial values for the p-parameters
is important, specially the first ones.!® Values provided in the program have been
obtained by running a few iterations that used the p-coefficients from the determin-
istic problem as initial guess. The Cds_3, Cds_4.m and Cds_5.m Matlab functions
compute the value of the decision variable ¢ through the approximating function
C?, given a set of p-parameters. The res.m program is used, as in the deterministic
problem, to compute numerical values for the residual at the chosen points of the
grid, and the program calls the Matlab fsolve.m routine to solve for the values of
the p-coefficients. Once we have them, the Cds_3, Cds_4.m and Cds_5.m Matlab
functions are again used to compute the value of the approximated decision rule on
a relatively fine grid of points in the sample space.

Once we have the u-coefficients, the approximating function C? is used to evalu-
ate the optimal decision rule on a finer grid of values in the (k, z)-space of state vari-
ables, than that used to compute the m-point Gauss—Hermite quadrature. The final
graph shows the approximated decision rule, the values of the Residual functional
in the (k,z)-space, and the time series realizations for consumption and physical
capital. Changing the program to produce an arbitrary number of sample realiza-
tions for the p-coefficients already obtained is straightforward.

5.6 Appendix — Solving the Planner’s Model
Under Full Depreciation

The conditions characterizing the stochastic, dynamic equilibrium in McCallum’s
model are: ] .
t t+ o—
0,11k
B — aF, B 6kl : (5.69)
Ct Cr+1

18 This may be the most sensitive parte of the numerical algorithm for the projection method, and
finding initial values can sometimes be tricky. It is strongly advisable to start solving simplified
versions of the model, to gain some insight into appropriate initial values for the p-coefficients.
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cr ki1 = 0:k%. (5.70)
From (5.70) we get:
0:11 _ 1 ki 12
cpr kG crk

Substituting this expression in (5.69), we get:

1 1
:aﬁa(l+hﬂ>.

Ct ki1 Cr+1

The previous expression can be written:

X =of +aBE; (X;11), (5.71)

k
where X, = ’Ci‘

Equation (5[.71) shifted one period to the future becomes:
Xt+1 - (Xﬁ + aﬁEt+1 (Xt+2) . (572)

If we take conditional expectations as of time ¢ and applying the law of iterated
expectations:

E (Xi+1) = off + aBE; (Xi+2) .-

If we shift one period forward (5.72) and take conditional expectations in the
resulting expression, we obtain:

E (Xps1) = @+ (af)’ + ()’ E: (Xp3).

Repeating the process indefinitely, we obtain:
E (Xs1) =B Y, (aﬁ)i+Tlim (aB) E (Xii1),

where limy ... ()" E; (X,17) = 0 because af < 1. Therefore,

op
E (Xi+1) = . 5.73
t ( H—l) 1— (Xﬁ ( )
Using (5.73) in (5.71), we get:
o
Xl = ﬁ .
1—ap
Since X; = /%17 we obtain from the previous expression:
-
Ct = ﬁ kl‘-‘rl (5.74)

op
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Using (5.74) in (5.70), we get:
ki1 = 6,0BkY, (5.75)
and substituting this expression in (5.74):
=0, (1—af)k”. (5.76)

Expressions (5.75) and (5.76) coincide with those obtained in the section.

5.7 Exercises

Exercise 1. Solve the simple model with full depreciation considered in Sect.5.2
with and without leisure in the utility function, for A = 3, and n = 0.01. Main-
tain other parameter values as in that section. Generate a sample realization for the
productivity shock with p = 0.9, and a Normal innovation with o = 0.01. Start-
ing from an initial capital stock equal to the steady-state level, compute time series
for the stock of capital, consumption and output. Obtain the main statistics used
to characterize business cycle properties: mean, standard deviation and coefficient
of variation for each series, as well as cross-correlations with output at up to 2
lags. Using the same realization for the productivity shock, repeat the exercise in
the model which includes leisure as an argument in the utility function.

Exercise 2. Obtain the analytical details of the log-linear quadratic approximation
to the planner’s problem without taxes.

Exercise 3. Obtain the analytical details for implementation of the eigenvector-
eigenvalue decomposition on a linear approximation to the planner’s problem with-
out taxes for A% 1 and n > 0.

Exercise 4. Obtain the analytical details for implementation of the eigenvector-
eigenvalue decomposition on a log-linear approximation to the representative
agent’s problem without taxes. Compute sample realizations for the main vari-
ables using the linear and the log-linear approximations and compare the time
series obtained. (Note: For this exercise to be meaningful, the same sample real-
ization for the productivity shock needs to be used. That is easily done in Excel.
Using MATLAB, it will be necessary to first save the sample realization for the
productivity shock used with one of the approximations, to then load it into the
program computing the other approximation to the model).

Exercise 5. Show that the log-linear approximation to the representative agent’s
problem with consumption and income taxes is as described in Sect. 5.3.5.

Exercise 6. Show that the linear approximation to the economy with taxes is as
described in Sect. 5.4.4.
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Exercise 7. Repeat exercise 4 considering consumption and income taxes in the
economy.

Exercise 8. Obtain the analytical details of the linear-quadratic approximation to the
planner’s problem with positive income and consumption taxes. Obtain numerical
solutions for this model using the same parameter values as those considered in the
CK_solution_BK.xIs file.

Exercise 9. In the discrete-time version of the Cass—Koopmans economy, consider a
Cobb-Douglas production function with constant returns to scale and a utility func-
tion with a constant intertemporal elasticity of substitution of consumption. Con-
sider a time discount parameter of B = 0.99, a depreciation rate 8 = 0.025, zero
population growth, n = 0, output elasticity with respect to capital of 0.33 and an
intertemporal elasticity of substitution of consumption 1/6 = 1/3. The government
levies a tax of 20% on consumption as well as a tax of 15% on income from the
representative agent, using the revenues to purchase the single good produced in the
economy.

1. Let us assume that there is uncertainty in the economy due to the fact that pro-
ductivity follows a random process, satisfying the assumptions specified in this
chapter. Characterize the response of the different variables to a transitory change
in productivity of size equal to one standard deviation of that process. Let us
assume that the coefficient in the first-order autoregression for the productivity
shock is 0.95, and the standard deviation for the innovation is 0.01, and interpret
the obtained results.

2. Do 5 simulation of 101 periods each. Characterize the following properties of
an economic cycle: volatility for output and for each component of aggregate
demand, as well as correlations of each of these variables with output.

3. Let us assume that fiscal policy consists of an 25% income tax, together with a
consumption tax, in such a way that tax revenues in steady-state is the same as
before the tax change. Repeat the analysis in point 1, using the same realization
for the innovation to used in point 1. What do you see in the results?

Exercise 10. Consider the same model as in the previous exercise, and suppose that
the government implements a constant public expenditures policy. The income tax
rate changes over time so that the budget constraint holds as an equality each time
period. Compute a sample realization for the productivity shock and for the main
variables in the model, and estimate their cyclical properties, under the assump-
tion that in steady-state, the income tax rate is 15% and the consumption tax rate
is 20%. For the same realization of the productivity shock, suppose now that the
consumption tax rate is 25% while the income tax rate adjusts every period so that
tax revenues remain constant at their steady-state level. Compare the paths for the
main variables and the estimated values for the main statistics with those obtained
in the first case. (advanced)

Exercise 11. In the Cass—Koopmans model with consumption and income taxes,
consider that the government chooses one of the two tax rates as well as the level
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of public expenditures, as in the previous exercise. There are two sources of uncer-
tainty: a productivity shock, and a shock on the level of public expenditures. Both
shocks are uncorrelated. Should public expenditures be cyclic or anticyclic in order
to maximize welfare? (advanced)

Exercise 12. Check that for a given sample realization of the productivity shock,
the numerical solutions provided by the Blanchard—Khan and Uligh methods are
identical.



Chapter 6
Endogenous Growth Models

6.1 The AK Model

The AK model, introduced by Rebelo [74], is characterized by a constant returns to
scale technology, linear in physical capital

Y = AK;,

with A representing the constant average and marginal productivity of capital, and
K; the aggregate stock of capital. As we saw in Chap. 2, aggregate constant returns
to scale in the cumulative inputs is a necessary condition for endogenous growth.
This assumption is a violation of the Inada condition limg, .. F’' (K;) = 0, which is
assumed to hold in neoclassical growth models under decreasing returns to scale.
We consider an economy populated with identical consumers, who are the own-
ers of the production inputs and have an infinite life span. The number of individuals
is N;, which increases over time at an exogenous rate n, N; = ¢ Ny. They all have
the same preferences, which depend only on the amount consumed of the single
commodity in the economy, and an identical production ability. Since leisure does
not affect the level of utility, labor is inelastically supplied. We assume the labor
market to be in equilibrium every period. Since we do not consider any difference
between population and labor supply, employment is equal to population: L; = N;.
In per worker terms, this technology can be written

Y, /Ly = AR Ly =, = Ak;.

Hence, k; denotes the number of machines per worker in the economy at time t,
equal to the per capita stock of physical capital. As we will see below, an important
difference between the models in this chapter and those analyzed previously is that
per capita variables display constant non-zero growth in steady-state.! For analytical

! In presence of technological growth, per-capita variables grow in steady-state in exogenous
growth model, but there is no growth when variables are considered in units of efficient labor.
Introducing technological growth in the AK model, variables in units of efficient labor would still
display non-zero growth in steady-state.

A. Novales et al., Economic Growth: Theory and Numerical Solution Methods, 257
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convenience, we will sometimes work with normalized per capita variables, that
are obtained from the original variables after extracting from them the effect of
the endogenous, constant rate of growth. In what follows we denote with tildes,
¢, ke, i, per capita variables that grow in steady-state while denoting without tildes,
¢t ks, s, the variables obtained after taking out from the former their growth trends.?

Under constant relative risk aversion preferences, the planner’s problem is to
maximize the discounted, time aggregate utility of the typical consumer, subject to
the aggregate constraint of resources in the economy,

oo 51—6_1
max Uy = / e 6>0
0 1—-0o
subject to dk, /dt = Ak; — (n+ 8) k; — &, and given ko, (6.1)

with Hamiltonian

and first order conditions,

order condition: 3—2 =0=¢%=4=>¢= 1;1/67 (6.2)
co-state equation: i, =04, — Y gl:l =
1
A=A [0—A+(n+3)], (6.3)
transversality condition: Thflo e*GTlTI}T =0,
which imply a growth rate for consumption
] :dEt/dt:—l&:—l(e—i—ﬁ—i-n—A):yg, Vi, (6.4)

“ G oA o

which happens to be constant over time, Y. Consumption will actually grow if A >
6 + 0 + n, decreasing otherwise.
The dependence of the growth rate of consumption from structural parameters
can be written
Y:0+60=A—(6+n),

with the standard interpretation that the cost of one unit less of consumption at time ¢
is equal to the benefit of saving that unit in the form of physical capital. Specifically,
the rate of growth is higher for lower values of 8 and o, that raise the willingness
to save, and for a higher productivity A.

2 Without loss of generality, we will not use this convention with Hamiltonian or Lagrange multi-
pliers.
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According to (6.4), the optimal time evolution of consumption is

_1 _
E[ — Eoe’)/gl = ¢pe 0.(9+5+l’l A)l

)

while (6.1) gives us the growth rate for physical capital,

LT L (6.5)
k[ kl

6.1.1 Balanced Growth Path

At this point, we remember the notion of steady state:

Definition. Steady state is a trajectory along which all the relevant per capita
variables either stay constant or grow at a constant rate.

Hence, in steady-state y; is constant, but that can only happen in (6.5) if k; grows
at the same constant rate than &, i.e., Y3 = ¥ = —é (6 + 8 +n—A). Furthermore,
since the technology is linear, ¥, will also have to grow in steady state at the same
rate than per capita consumption and physical capital: ¥; = ¥; = ¥;. So, the steady-
state takes the form of a balanced growth path, with all per capita variables growing
at the same constant rate, Y = —+ (6 + § +n—A).

On the other hand, from (6.3) we have that along the optimal trajectory for con-
sumption and the stock of capital,

A = Aoef(A7(5+n)79)t

)

and the transversality condition becomes

lim =07 20e" OO Ty = lim 200470 ky =0, (6.6)
which imposes an upper bound of A — & — n on the rate of growth of the stock of
physical capital per worker.

6.1.2 Transitional Dynamics

We show in this section that the AK model lacks any transitional dynamics. So far,
we have shown that the steady-state for this economy takes the form of a balanced
growth path, with all per capita variables growing at the same constant rate. We will
now show that physical capital and output grow at the same rate than consumption at
any point in time. The argument consists on integrating the global constraint of re-
sources forwards, using the transversality condition as terminal condition. This will
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lead to a linear relationship between per capita consumption and physical capital
every period, from which the equality of growth rates is immediate.

Having already shown that consumption grows at the same rate every period,
we will then have that all per capita variables grow at a constant rate at all time
periods, so the economy is always on steady-state. Furthermore, from our previous
argument, that steady-state will take the form of a balanced growth path, with the
same, constant rate of growth for per capita variables at all time periods.

We already know from (6.4) that consumption grows at a constant rate ¥, = (A —
0 —n— 0) /0 no matter whether the economy is at steady-state or not. Multiplying
the differential equation (6.1) through by e~ (A=0-m1 and integrating between 0 and
any arbitrary time 7, we have,

TTJk B T
/ [dkt C(A-5-n) k,] A==y — g / et (A=8-=nlt gy
o [dt 0

Integrating by parts the first term on the left-hand side,

-
dki —(a-5-ny g, _ [e—(A—5—n)t1~<l}T

o dt 0

T ~
+/ (A= 8 —n) ke A9 "gs,
0

so that
- . 1
ATl _fo ( [Ye=(A=8-n)]T _ 1)
e T — ko €o e .
Ye—(A—=d—n)
Multiplying through by ¢4~9~7T and taking into account that y; — (A — & — n) =
(A—8—n) =2 — & 'we have, at any point in time:
T — MeA—8-nT _ % ¥eT
ree e (A-8-n ¢
_ MeA—S-nT 0 (a-5-n-0)L ©.7)
(P )

WhereM:]}0+%7 ¢ = (A757n) 7')/5.
If we now take (6.7) to the transversality condition (6.6), we have

Tlim Loe A0-TE, — Tlim (loMJr f;loe[Aacne(AS")]T> =0,

for which the following two conditions must hold: (1) M =0, (2) (A—6 —n) X
(1-0)<6.
The first condition, in turn, implies

5:(A+5+n)—%0:>50:7<0[(A—6—n)—}/5]:¢7<07
0
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defining a link between the initial levels of consumption and physical capital. But
taking M = 0 to (6.7), which applies to any point in time, we have

€0 a—s—n-6)L 1

k[:*e o = —C(y, Vt,

¢ ¢

showing that the same relationship between the initial values of physical capital
and consumption holds at all points in time. This is an important relationship that
guarantees that the stock of capital does not grow too quickly. It also implies that
physical capital and consumption grow every period at the same constant rate k; =
koe?e. As a consequence, so does output,

Ye==Ys=7

A lower consumption growth would allow for more capital accumulation, but
with lower time aggregate utility. A more rapid consumption growth would lead to
less intense capital accumulation which would in turn be unable to provide enough
resources so as to maintain the rate of growth of consumption.

Since all per capita variables grow at a constant rate at all time periods, the econ-
omy is always in steady state. Starting from an initial condition ko, the economy
jumps immediately to the steady-state, per capita variables growing at a rate 7y at all
time periods. Following any structural change or a policy intervention that changes
v,3 the economy will jump immediately from the old to the new steady-state with
the new growth rate, since there is no transition between steady states.

To end this section let us make two comments on convergence in economies with
an AK production technology. First, since the rate of growth of output is constant at
all time periods, two countries differing in any parameter A, 8, 0,n,c will perma-
nently grow at different rates.

Second, economic growth is independent from income, so a relatively poor econ-
omy will not grow faster than a richer one. Therefore, there is neither absolute nor
conditional convergence among AK economies.

6.1.3 Boundedness of Time-Aggregate Utility

Aggregate utility over a finite interval of time (0,7) is
T ~l—0 _ 1

UO f / eiet 76‘! dt

0 1—-0

If the integrand grows too quickly, Uy would grow with 7" without bound, and the
welfare maximization problem would become meaningless. To avoid this situation,
some restriction among structural parameters may be needed.

3 In this simple version of the AK economy policy interventions do not directly affect the rate of
growth, which depends on the values of A,n, 8, 0, 6. Later on, we will see that policy choices may
also affect growth.



262 6 Endogenous Growth Models

Since ¢ grows at a rate 7y, we have

T ¥t 170'_1
Uy = / orlcoe”) -1
Jo 1-0o

The constant term in the utility function has as integral

— 0t —0t |\ T —-oT
— dt = — —— *—*7( —1)7
/() ¢ 1-0 01—08 |O 01-—o0 ¢

which remains bounded when 7" — oo for any values of the structural parameters.
On the other hand, the term in consumption integrates to

1—
! o 7 (e[y(]fo)fe]T _ 1)
y(1-0)—-0 1—-0 ’

which will remain bounded as 7' grows provided*
0> Y(l - 0') )

which using the expression for the rate of growth: y= (A—0 —n—0) /0, can be
seen to hold if and only if

0>(1-0) (A—8—n), 6.8)

meaning that, if ¢ < 1, the discount rate must be relatively large for welfare to be
bounded.> On the other hand, if ¢ > 1, then any value of the discount rate leads to a
bounded time aggregate utility, so long as growth is positive, i.e., if A > 6 4+ 6 +n.
In this endogenous growth economy, when ¢ < 1, welfare can become unbounded
for a sufficiently large level of productivity, in which case, there would not be much
need for a planner. That economy would be able to produce enough resources to
allow for consumption to grow over time in such a way that time aggregate utility
becomes infinite.

6.2 The Discrete Time Version of the Model

As in previous chapters, we now develop the model in discrete time formulation.
Qualitative results will be the same as in the continuous time version but, as dis-
cussed in Chap. 3, discrete time should be used for numerical simulations.

4 A quite natural condition, that requires that the rate of growth of the consumption argument in
the single period utility function be lower than the rate of time discount, 6.

3 But this is exactly the same condition (2) we obtained before to guarantee that the transversality
condition will hold, although the latter also requires the linear relationship between consumption
and capital we characterized in the previous section.
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The constraint of resources at the level of the whole economy is, in discrete time,
C[+(Kt+]—(1_6)K[)SYf:>Kt+] :AKI—CI—F(I—S)KI,

which, in per capita terms, amounts to,
1+n

Assuming that the preferences of the typical consumer can be represented by a
constant relative risk aversion utility function

a1

U(e)=-

— 0>0,
l1-0o

the problem solved by the representative agent is®

~l—-0 1

max Up = Y ﬁ’clli, (6.10)
=0 -0

subject to the constraint of resources (6.9) and the structure of the production tech-
nology: 3, = Ak;.

The optimization problem of the representative consumer is (6.10), subject to
(6.9) and ¢;, l~c,+1 >0, with ko given. The Lagrangian of the problem is

o ~l—o
c —1 ~ ~ -
L= -1 kiy1 — Ak +3 —(1—08)k
t;)ﬁ < o (T n)ki 1+& —( ) t])a
with optimality conditions,’
JdL
0= =N, 1=0,1,2,...,
act
JL
— =0=—(14+n)A+B(A+1-38)A+1 =0,
ki1

for t=0,1,2,...,
Transversality Condition: tlirn (14n)B Ak 1 = 0.

6 Since there are no taxes, money or any public expenditures in this simple version of the AK
economy, the planner’s problem is the same as that of the representative agent.

7 As usual, the transversality condition comes from taking derivatives in the finite horizon version
of the Lagrangian with respect to k71, and imposing the condition,

oL
k711

TlifloﬁTT‘TH

the partial derivative of the Lagrangian with respect to the last period’s stock of capital being equal
to Ar.



264 6 Endogenous Growth Models

These conditions lead to

e 1+n ta
T BAr1-8""' T \Bla+1-96)) "

At+1-8\"° At+1-8\"°
5,:</3+> 5,1=<ﬁ+> &, 6.11)

A

1+n 14+n

where per capita consumption ¢; can be seen to grow at a constant gross rate every
period

A+1-8\"°

1 ~ = l ~ = _—

T =147 (B T ) 7

which is actually positive if A+1—0 > %, being negative otherwise.

Condition (6.11) shows that the marginal rate of substitution between current and
future consumption is equal, unéier the optimal solution, to the marginal product of
capital, net of depreciation®: ﬁgtg_l = ATi n5
to the point where the relative preference for current versus future consumption is
equal to the net return of using an additional unit of physical capital in production.

From the global constraint of resources, the growth rate of physical capital in a
given period is

. In other words, capital is accumulated

o 1 Gt
|4y, =l Ar(1-8)- <
+ Yk, kt 1+n < + ( ) kt) ’

which will be constant if and only if & and k; grow at the same rate at all time
periods. Therefore, a constant growth of physical capital requires that its rate of
growth be the same as that of per capita consumption

Yi="%e-

Furthermore, the AK—technology implies that per capita income satisfies a sim-
ilar property

yt l~<t
1+ = = = = = 1+ > = 1+ ~ =
% Yi—1 ki1 % e <ﬁ

At1-8\"°
1+n ’

so that the three variables, consumption, physical capital and output stay on a bal-
anced growth path from the initial time, growing at the same constant rate in all
time periods. We will refer to this common growth rate as y. The economy is there-
fore at steady-state at all time periods, and there is no transition to steady-state, as
we already saw in the continuous time version of the model. Following any policy
intervention or any structural change that might alter the steady-state rate of growth,

8 This would be physical depreciation as well as the loss of resources due to providing the newly
born with the same stock of capital as owned by existing workers.
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the economy will start growing at the new rate in the very first period after the pol-
icy intervention. The same comments we made in Sect. 6.1.2 on the fact that the AK
model implies neither absolute nor conditional convergence could be made here.

6.2.1 The Transversality Condition and Bounded Utility

The transversality condition corresponding to the previous optimization problem is,
in steady-state:

rllm(l —‘rn)ﬁt}lfi(’t_}_l = 0

l+n t A+1_5 (I+1)/G B
= Jim f </3(A+1—5)> <ﬁ 1+n ) Foko =0,

which will be the case so long as

l+n \' [ A+1-8\"° o (A+1-8\ 7"
tlm<A+1—6> <B 1+n > Himp 1+n ’

which will happen provided,”

A+1-8\'"° 1

which places an upper bound on the rate of growth: 1 +y < 1/ ﬁﬁ when ¢ < 1,

or a lower bound, 147y > 1/[3ﬁ when o > 1.

It is interesting to note that, as in the continuous time version of the model,
the condition guaranteeing that the transversality condition holds, (6.12), is the
same condition guaranteeing that maximized welfare remains finite. Indeed, once
we know the growth rate of consumption, welfare can be written

1-o

—1
= o A+176) o c(l)fo'_l

1 Cy . ( 1+n
I;)ﬁ -0 _Zﬁ l-o
cho = Ari-8\'91° =
ET Zl‘*(m) ] “Tokf

t=0

which will be bounded so long as condition (6.12) holds. Positive growth at the same
time than bounded welfare requires here that either: IE” <A+1-6< 5 /(1 oy if

o < 1, or just the left hand inequality, if o > 1.

9 The similarity between restriction (6.12) and the analogue constraint we found in the continuous
time version of the model is evident.
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6.2.2 Absence of Transitional Dynamics: Relationship
Between the Stock of Physical Capital and Consumption

As in the continuous time version, it is not hard to show that this economy is always
in steady state so that, following any structural change or policy intervention, there
is not transitional dynamics between steady-states. The argument will be the same
as in the continuous time version of the model, by integrating the global constraint
of resources subject to the transversality condition as a terminal condition.

First of all, (6.11) shows that per capita consumption grows at a constant rate
every period. With regards to the stock of capital, we have from (6.9)

S A+1-6. 1 A+1-8\"°

key1 = ke — : 6.13

t+1 1+n t 1—|—n60 <.B 1+n ) ) ( )
a non-homogeneous difference equation, with characteristic root yu = ’f o SO

~ t
that the solution to the homogeneous part of the equation is: k, = M ( Aﬂ;‘s) , for

a given constant M to be determined from boundary conditions. A particular solu-
- t/c
tion to the full equation may adopt the form, k; = H ( ATi;‘S) , for a particular

constant H.
Plugging this analytical expression into (6.13) we get

€0

(A+1—5)_(1+n)( A+175>1/G>

1+n

so that the complete solution to the non-homogeneous equation is

. A+1-8\' A+1-8\"°
kk=M| —— H(p——— .
! ( 1+n > * p 1+n
To determine the remaining constant, M, we take this expression to the transver-
sality condition,!?

. . o (gAT1=8\ T (A+1-8\"
i Baes = fmp 7 (5570 lM( )

+H<B

A+1-8\FD/e
I+n )

_ —O7;
=cy° lim

{—o0

A+1-6 A+1-8\"o "
M;ﬁ-Hﬁ% ;
1+n 1+n

Q=
—_

10 When it is not needed, in what follows we skip the 147 factor from the transversality condition.
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1
= ¢;° | lim (MAHS) +H (ﬁA“a)
n

1+n
1-o 5
A+1— I
« lim |F <+5> ]
t—o0 14+n

The condition that guarantees a bounded level of welfare also implies that the
last term in this expression converges to zero, so that the transversality condition
will hold if, in addition to that condition, we have M = 0, implying an equilibrium
path for physical capital is

. 1 Ar1-8\"°
ke = s /o <B 1+n ) €0,
(A+1-8)~(1+n) (BA52)

which, using (6.11) can also be written

- 1 5 B
k[ = Ct:¢ct7

(A+1-8)—(1+n) (ﬁ/ﬂf)l/o

or
G=[A+1-8)—(1+n)(1+7)] k, t=0,1,2,....

Hence, as in the continuous time version of the model, we again have two neces-
sary conditions for the transversality condition to hold. One of them also guarantees
boundedness of the time aggregate utility function. The second condition imposes
a linear relationship between per capita consumption and physical capital at each
point in time, so that the two variables grow at the same rate. Since consumption
grows at a constant rate at all time periods, so does physical capital, and the steady
state takes the form of a balanced growth path.

6.3 Stability in the AK Model

We apply in this section the same arguments as in previous chapters to characterize
stability conditions for the AK economy. As described in previous chapters, im-
posing the appropriate stability conditions is crucial in order to obtain acceptable
solutions. This is now specially important because of the growing nature of per
capita variables in the AK economy. The linearity of the AK model makes unnec-
essary to compute any further approximation on which to discuss stability. Because
of that, we obtain as the single stability condition for this model exactly the same
relationship between per capita consumption and capital that we obtained above for
the transversality condition to hold. This is just a reflection of the fact that stabil-
ity conditions restrict the time paths of the main variables so that the transversality
condition holds.
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In terms of detrended variables ¢;, k;, defined by
Ef:(1+,}/)tclv EI:(I_FY)II{I’

the optimality conditions we found in the previous section for the optimization prob-
lem of the representative agent can be written

Ci+1 = Gy, (614)

A+1-96 - 1 .
(I+n)(1+7) " (1+n)(1+7)

ki1 =

2 (6.15)

or, in matrix form

()= (1 S ) (1) -0(3) @
1+1 T+n)(T+y)  (T+n)(I+y) 4 4

As we can see, in this deterministic version of the model, optimal detrended con-
sumption will remain constant, thereby getting an extreme form of the consumption
smoothing property, while the stock of physical capital will evolve according to
(6.15).

Since the transition matrix B of this system is lower triangular, its eigenvalues
are just the diagonal elements, 1 and %, the latter being greater than 1, if the
transversality condition is to be satisfied, as shown in (6.12). The unit eigenvalue is
characteristic of endogenous growth models, in which per capita variables display
non-zero growth along the steady state, which adopts the form of a balanced growth
path. The unit eigenvalue shows up in the form of a unit root in the determination
of optimal consumption above. The second eigenvalue, being greater than 1, will
provide us with a stability condition. Since k¢ is given and ¢ is free, that struc-
ture guarantees a well-determined solution, provided we choose initial consumption
on the stable path, as we saw in the Cass—Koopmans model. The associated eigen-

. 0 . .
vectors are, respectively, (?) and < 1 > , where ¢ is the same constant as in the

previous section: ¢ =A+1—38 — (1 +n)(1+7), as can be seen by solving the

systems
1 0 x x
o 1 A+1-0 1 =1 1)
(I4n)(1+y) () (14y)

that defines the first eigenvalue and eigenvector, and

Cote e ) () = (1)
1 1-68 = T N1 N )
. e )\ (I+n)(1+7) \1
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that defines the second eigenvalue and eigenvector, having normalized the eigenvec-
tors to have a unit second component.'!
The spectral decomposition of the transition matrix B, is B=TAI'"!, where A is

the diagonal matrix made up by the two eigenvalues, 1 and %, while matrix
. 60\ . . . 5 0
I" has as columns the right eigenvectors: 1) with inverse matrix 1
9

Using this decomposition, the autoregressive representation can be iterated to

Ct\ _ prf €O\ _ —1\ [ €0\ _ —1 [ €0
(i) =# (i) =y (&) = ()
1 0 1
0 0 C
<? 1> 0 (7/*“*5 )l B (ko>
1+ (1+7) ¢ 0

co
— (. N , 6.17)
f‘(W) (3 —ko)

which could in principle be used to produce time series for consumption and cap-
ital. However, the initial optimal level of consumption, ¢ is still unknown, since
consumption is a decision variable and ¢y must be chosen optimally as a function of
the initial state of the economy.

Using the representation for the per capita stock of physical capital from (6.17),
we can see that the transversality condition holds if and only if

lim ﬁl)ytkt_;'_] = lim ﬁtaickt_t,_]
[—o0 [—00

= 1im((B(1+7) %) ¢g® (1+7) k1)

t—o0

! There is nothing specific of the normalization we use. In fact, if we normalized the eigenvectors

to have unit norm, these would be 11* ¢? and <(1) ) , and the system could be written

V1462
[
¢t 1492 0 bo ' % (1+¢’2) 0 o
k)~ | AR [M} 1 1) ko
/1492 (14n)y )
=11 ¢ ar1-s )" >
peot (ko) [

the same representation we obtained before, so the same argument could be made to characterize

the single stable trajectory. Normalizing the eigenvectors to have their second component equal to
one would again give raise to the same characterization of stability.
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—0. (6.18)

where we have used: ¢; = (14 7)"¢;,é = co, EH = (14 7)"* ko and (6.17). Since
B(1+7y)'79 is less than 1 under condition (6.12), the first limit in the previous
expression is equal to zero. On the other hand, for the second limit we have

. B A+1-68\" . A+1-68Y
o\! _ o _
lim (B(1+7)7°) <l+n ) —};mw((lﬂ) B ) =1,

where we have used the expression for the steady-state rate of growth: 147y =
1

A+1-6
B 1+n

@ko. This condition characterizes the only equilibrium trajectory along which the
transversality condition holds. Together with (6.15), this relationship implies: k; =
ko for all ¢, so that the proportionality between detrended consumption and capital
¢t = ¢k; holds at any point in time.

As in the Cass—Koopmans model, to eliminate the unstable trajectories that vio-
late the transversality condition it is enough to choose appropriately the initial level
of consumption, cy = ¢ko. We refer to this as the stability condition, which selects
the only stable trajectory satisfying equilibrium conditions. We have just shown that,
as it is the case in the general discussion in Chap. 3 for exogenous growth models,
this condition amounts to making equal to zero at all time periods the cross prod-
uct of the left eigenvector12 associated to the unstable eigenvalue, i.e., the second

) E. Therefore, the second limit in (6.18) will be zero if and only if cp =

. . c
eigenvalue, ( —% 1 ) , and the column vector of variables kt .
t
Summarizing, we have been able to find a stable solution to the system because
of the existence of an eigenvalue greater than one in absolute value since then, the

associated eigenvector determines the unstable direction. Eliminating this direction

12 Remember that the left eigenvectors are obtained as the rows in the inverse of the matrix that
has the right eigenvectors as columns.
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at all time periods, we find the initial consumption value guaranteeing stability of the
implied solution. The stability condition is in this case a necessary but not sufficient
condition for the transversality condition to hold.

6.4 Effects from Transitory Changes in Policy Parameters

We show in this section that policy interventions, even if transitory, produce per-
manent effects in the AK-economy. This runs contrary to the implication in an
exogenous growth model, like the standard Cass—Koopmans model, where transi-
tory interventions have purely transitory effects. In the Cass—Koopmans model, the
effects may be longer lasting than the own policy intervention, but they are not
permanent in any case.

We maintain the same assumptions on preferences and technology, but we now
assume that the government raises income taxes at a rate 7,. The government uses
tax revenues to finance some lump-sum transfers to consumers, g:. Government
expenditures are therefore endogenous, being a function of output, as opposed to a
case when government expenditures are given, and the tax rate adjust each period
so that tax revenues equal expenditures at each point in time. The budget constraint
of the representative agent would now be

(41 =0 —1)Ak — & +(1—8)k + &, (6.19)
and the Lagrangian for the utility maximization problem is

F i |

L= iﬁt { — 2 [+ )k
t=0

l1—-0o

— (1 =1)Ak+¢& — (1-8)k — &] }

with optimality conditions

a% :Oéfl_cfl;:(), t=0,1,2,...,

act

dL
0o (14 m 4+ B((1 =T )A+1—8) A =0,
Ikt 11

forr=0,1,2,...,
and transversality condition,

lim B A7kr 1 =0,
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leading to the optimality condition

i _[p0-m)A 18]
E[ 1—|—n

)

which, together with the global constraint of resources,
(1 “rn)i(’[_l,_l :AI}[ _E[ + (1 — 5)]}[7

provide us with a system of two non-linear difference equations in &, k;.
The first equation shows that consumption grows at a time varying rate:

_ 5[+1 _ (I_Tf+1)A+1—6 1/0-

l+v:. =
Yeisy é l+n

from the initial period. The growth rate depends negatively on the proportional tax
rate on income, which originates the endogenous growth denomination of this econ-
omy, since policy decisions affect growth.

6.4.1 A Policy Intervention

We consider now the effects in the AK economy of a transitory policy intervention.
For simplicity, we will assume the tax policy

T=19, I#1", (6.20)
T=1, t=t", Tp<Ty,

where the income tax rate is increased for just one period ¢*, being constant in all
other periods. A similar analysis could be used to discuss the effects of changes in
the tax rate which are maintained over a finite number of periods but, for simplicity,
we consider here a single-period policy intervention.

Under a fiscal policy that maintains a constant tax rate we can consider a possible
steady-state, with all per capita variables growing at a constant rate. Furthermore, as
it is the case without taxes, there is no transitional dynamics in the economy, so any
change in the rate of growth is achieved immediately, with no gradual adjustments.
As a consequence, the higher tax rise will lower the rate of growth of per capita
variables at time ¢, the rate of growth returning to its value prior to the policy
intervention as soon as the tax rate returns at time t* + 1 to its starting value of 7.

We maintain the assumption of a constant relative risk aversion utility function.
In the absence of policy intervention we would have a rate of growth 1+ 7% =

B _s7l/o ~ ~
B (ITOI)+15 , and if denote by {k?, E? } and {kll , 5,1 } the optimal trajectories

for physical capital and consumption without the transitory policy intervention or
under the policy intervention, respectively, we have
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k= (1+7" "k,
&= 1+9% o= (1+79° (1—70)A+1-6— (1+n)(1+y°))k0.

Under the policy intervention, we will have

k= (1+9ky, 1<t
=1+ A+ 9k, t>17,

where we have used the fact that the tax rate is changed for just one period, the

(1-tnar1-s]'/°
1+n

is smaller than 14 99, as a consequence of the rise in tax rates, so that physical
capital will be permanently lower after the tax raise.
We also have the consumption path:

duration of the policy intervention. In that expression, 1+ 7' = [[3

&g =a=0+7"[1-10)A+1-8—(1+n)(1+7")]ky, <1,

a . 1+7
_706}
1+y

=1+ T+ [(1—t0)A+1 -8 —(1+n)(1+7°)] ko, 1>1".

The difference between the trajectories after and before the tax rise is

ke

L =T =1 <t
kKood@

Kooe 149

=Lt = 7/<1, t>r",

B & 1490

showing that, in fact, a permanent effect is produced on the levels of per capita
variables following a single-period policy intervention.

6.4.2 A Comparison with the Cass—Koopmans Economy

Let us now consider for comparison the effects of a similar policy intervention on
an economy of the Cass—Koopmans type. We again consider a single period change
in the tax rate. With a budget constraint for the representative consumer,

(14 =1 —1) flk) —ci+(1—8) ki + g1 (6.21)

where f (k;) fulfills the standard Inada properties, and relative risk aversion prefer-
ences, we have first order conditions,
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Cr+1 B / e
o = | T (A m) k) +1-8) | (6.22)

together with (6.21) and the transversality condition lim, ... B'c; “k;;1 = 0.
From (6.22), the steady-state of this economy under a constant tax rate T is
given by
bn_(1-¢)
/kvv 7)) = B
Flhs (2)) = F——

Css (T) = (1= 17) flkss (7)) = (n+ 0)kss (7)),

with kg (7) and ¢y (T) both decreasing in the tax rate 7.3

Let us suppose that the government has been running a policy of income taxes at
arate To. The economy will then be on a trajectory smoothly converging to kg (7o),
either increasing towards that value (if ko happens to be below kg (7)), or decreas-
ing, otherwise. As we saw in previous chapters, given ko, the planner will choose an
initial level of consumption on the convergence manifold, and trajectories for ¢, k;
would start from those initial values to converge towards cy; (7o) , kss (T0)-

Now, suppose that at time ¢* there is a transitory change in 7, as in (6.20). Given
t