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Preface

This book introduces important concepts in the analysis and design of control systems.
Readers will find it to be a clear and understandable textbook for control system courses
at colleges and universities. It is written for senior electrical, mechanical, aerospace, or
chemical engineering students. The reader is expected to have fulfilled the following
prerequisites: introductory courses on differential equations, Laplace transforms, vector-
matrix analysis, circuit analysis, mechanics, and introductory thermodynamics.

The main revisions made in this edition are as follows:

The use of MATLAB for obtaining responses of control systems to various inputs
has been increased.

The usefulness of the computational optimization approach with MATLAB has been
demonstrated.

New example problems have been added throughout the book.

Materials in the previous edition that are of secondary importance have been deleted
in order to provide space for more important subjects. Signal flow graphs were
dropped from the book. A chapter on Laplace transform was deleted. Instead,
Laplace transform tables, and partial-fraction expansion with MATLAB are pre-
sented in Appendix A and Appendix B, respectively.

A short summary of vector-matrix analysis is presented in Appendix C; this will help
the reader to find the inverses of n x n matrices that may be involved in the analy-
sis and design of control systems.

This edition of Modern Control Engineering is organized into ten chapters. The outline of
this book is as follows: Chapter 1 presents an introduction to control systems. Chapter 2

ix



deals with mathematical modeling of control systems. A linearization technique for non-
linear mathematical models is presented in this chapter. Chapter 3 derives mathematical
models of mechanical systems and electrical systems. Chapter 4 discusses mathematical
modeling of fluid systems (such as liquid-level systems, pneumatic systems, and hydraulic
systems) and thermal systems.

Chapter 5 treats transient response and steady-state analyses of control systems.
MATLAB is used extensively for obtaining transient response curves. Routh’s stability
criterion is presented for stability analysis of control systems. Hurwitz stability criterion
is also presented.

Chapter 6 discusses the root-locus analysis and design of control systems, including
positive feedback systems and conditionally stable systems Plotting root loci with MAT-
LAB is discussed in detail. Design of lead, lag, and lag-lead compensators with the root-
locus method is included.

Chapter 7 treats the frequency-response analysis and design of control systems. The
Nyquist stability criterion is presented in an easily understandable manner. The Bode di-
agram approach to the design of lead, lag, and lag-lead compensators is discussed.

Chapter 8 deals with basic and modified PID controllers. Computational approaches
for obtaining optimal parameter values for PID controllers are discussed in detail, par-
ticularly with respect to satisfying requirements for step-response characteristics.

Chapter 9 treats basic analyses of control systems in state space. Concepts of con-
trollability and observability are discussed in detail.

Chapter 10 deals with control systems design in state space. The discussions include
pole placement, state observers, and quadratic optimal control. An introductory dis-
cussion of robust control systems is presented at the end of Chapter 10.

The book has been arranged toward facilitating the student’s gradual understanding
of control theory. Highly mathematical arguments are carefully avoided in the presen-
tation of the materials. Statement proofs are provided whenever they contribute to the
understanding of the subject matter presented.

Special effort has been made to provide example problems at strategic points so that
the reader will have a clear understanding of the subject matter discussed. In addition,
a number of solved problems (A-problems) are provided at the end of each chapter,
except Chapter 1. The reader is encouraged to study all such solved problems carefully;
this will allow the reader to obtain a deeper understanding of the topics discussed. In
addition, many problems (without solutions) are provided at the end of each chapter,
except Chapter 1. The unsolved problems (B-problems) may be used as homework or
quiz problems.

If this book is used as a text for a semester course (with 56 or so lecture hours), a good
portion of the material may be covered by skipping certain subjects. Because of the
abundance of example problems and solved problems (A-problems) that might answer
many possible questions that the reader might have, this book can also serve as a self-
study book for practicing engineers who wish to study basic control theories.

I would like to thank the following reviewers for this edition of the book: Mark Camp-
bell, Cornell University; Henry Sodano, Arizona State University; and Atul G. Kelkar,
Iowa State University. Finally, I wish to offer my deep appreciation to Ms. Alice Dworkin,
Associate Editor, Mr. Scott Disanno, Senior Managing Editor, and all the people in-
volved in this publishing project, for the speedy yet superb production of this book.

Katsuhiko Ogata
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Introduction
to Control Systems

1-1 INTRODUCTION

Control theories commonly used today are classical control theory (also called con-
ventional control theory), modern control theory, and robust control theory. This book
presents comprehensive treatments of the analysis and design of control systems based
on the classical control theory and modern control theory. A brief introduction of robust
control theory is included in Chapter 10.

Automatic control is essential in any field of engineering and science. Automatic
control is an important and integral part of space-vehicle systems, robotic systems, mod-
ern manufacturing systems, and any industrial operations involving control of temper-
ature, pressure, humidity, flow, etc. It is desirable that most engineers and scientists are
familiar with theory and practice of automatic control.

This book is intended to be a text book on control systems at the senior level at a col-
lege or university. All necessary background materials are included in the book. Math-
ematical background materials related to Laplace transforms and vector-matrix analysis
are presented separately in appendixes.

Brief Review of Historical Developments of Control Theories and Practices.
The first significant work in automatic control was James Watt’s centrifugal gover-
nor for the speed control of a steam engine in the eighteenth century. Other
significant works in the early stages of development of control theory were due to



Minorsky, Hazen, and Nyquist, among many others. In 1922, Minorsky worked on
automatic controllers for steering ships and showed how stability could be deter-
mined from the differential equations describing the system. In 1932, Nyquist
developed a relatively simple procedure for determining the stability of closed-loop
systems on the basis of open-loop response to steady-state sinusoidal inputs. In 1934,
Hazen, who introduced the term servomechanisms for position control systems,
discussed the design of relay servomechanisms capable of closely following a chang-
ing input.

During the decade of the 1940s, frequency-response methods (especially the Bode
diagram methods due to Bode) made it possible for engineers to design linear closed-
loop control systems that satisfied performance requirements. Many industrial control
systems in 1940s and 1950s used PID controllers to control pressure, temperature, etc.
In the early 1940s Ziegler and Nichols suggested rules for tuning PID controllers, called
Ziegler—-Nichols tuning rules. From the end of the 1940s to the 1950s, the root-locus
method due to Evans was fully developed.

The frequency-response and root-locus methods, which are the core of classical con-
trol theory, lead to systems that are stable and satisfy a set of more or less arbitrary per-
formance requirements. Such systems are, in general, acceptable but not optimal in any
meaningful sense. Since the late 1950s, the emphasis in control design problems has been
shifted from the design of one of many systems that work to the design of one optimal
system in some meaningful sense.

As modern plants with many inputs and outputs become more and more complex,
the description of a modern control system requires a large number of equations. Clas-
sical control theory, which deals only with single-input, single-output systems, becomes
powerless for multiple-input, multiple-output systems. Since about 1960, because the
availability of digital computers made possible time-domain analysis of complex sys-
tems, modern control theory, based on time-domain analysis and synthesis using state
variables, has been developed to cope with the increased complexity of modern plants
and the stringent requirements on accuracy, weight, and cost in military, space, and in-
dustrial applications.

During the years from 1960 to 1980, optimal control of both deterministic and sto-
chastic systems, as well as adaptive and learning control of complex systems, were fully
investigated. From 1980s to 1990s, developments in modern control theory were cen-
tered around robust control and associated topics.

Modern control theory is based on time-domain analysis of differential equation
systems. Modern control theory made the design of control systems simpler because
the theory is based on a model of an actual control system. However, the system’s
stability is sensitive to the error between the actual system and its model. This
means that when the designed controller based on a model is applied to the actual
system, the system may not be stable. To avoid this situation, we design the control
system by first setting up the range of possible errors and then designing the con-
troller in such a way that, if the error of the system stays within the assumed
range, the designed control system will stay stable. The design method based on this
principle is called robust control theory. This theory incorporates both the frequency-
response approach and the time-domain approach. The theory is mathematically very
complex.

Chapter 1 / Introduction to Control Systems



Because this theory requires mathematical background at the graduate level, inclu-
sion of robust control theory in this book is limited to introductory aspects only. The
reader interested in details of robust control theory should take a graduate-level control
course at an established college or university.

Definitions. Before we can discuss control systems, some basic terminologies must
be defined.

Controlled Variable and Control Signal or Manipulated Variable. The controlled
variable is the quantity or condition that is measured and controlled. The control signal
or manipulated variable is the quantity or condition that is varied by the controller so
as to affect the value of the controlled variable. Normally, the controlled variable is the
output of the system. Control means measuring the value of the controlled variable of
the system and applying the control signal to the system to correct or limit deviation of
the measured value from a desired value.

In studying control engineering, we need to define additional terms that are neces-
sary to describe control systems.

Plants. A plant may be a piece of equipment, perhaps just a set of machine parts
functioning together, the purpose of which is to perform a particular operation. In this
book, we shall call any physical object to be controlled (such as a mechanical device, a
heating furnace, a chemical reactor, or a spacecraft) a plant.

Processes. The Merriam—Webster Dictionary defines a process to be a natural, pro-
gressively continuing operation or development marked by a series of gradual changes
that succeed one another in a relatively fixed way and lead toward a particular result or
end; or an artificial or voluntary, progressively continuing operation that consists of a se-
ries of controlled actions or movements systematically directed toward a particular re-
sult or end. In this book we shall call any operation to be controlled a process. Examples
are chemical, economic, and biological processes.

Systems. A system is a combination of components that act together and perform
a certain objective. A system need not be physical. The concept of the system can be
applied to abstract, dynamic phenomena such as those encountered in economics. The
word system should, therefore, be interpreted to imply physical, biological, economic, and
the like, systems.

Disturbances. A disturbance is a signal that tends to adversely affect the value
of the output of a system. If a disturbance is generated within the system, it is called
internal, while an external disturbance is generated outside the system and is
an input.

Feedback Control. Feedback control refers to an operation that, in the presence
of disturbances, tends to reduce the difference between the output of a system and some
reference input and does so on the basis of this difference. Here only unpredictable dis-
turbances are so specified, since predictable or known disturbances can always be com-
pensated for within the system.

Section 1-1 / Introduction 3



1-2 EXAMPLES OF CONTROL SYSTEMS

Figure 1-1
Speed control
system.

4

In this section we shall present a few examples of control systems.

Speed Control System. The basic principle of a Watt’s speed governor for an en-
gine is illustrated in the schematic diagram of Figure 1-1. The amount of fuel admitted
to the engine is adjusted according to the difference between the desired and the actual
engine speeds.

The sequence of actions may be stated as follows: The speed governor is ad-
justed such that, at the desired speed, no pressured oil will flow into either side of
the power cylinder. If the actual speed drops below the desired value due to
disturbance, then the decrease in the centrifugal force of the speed governor causes
the control valve to move downward, supplying more fuel, and the speed of the
engine increases until the desired value is reached. On the other hand, if the speed
of the engine increases above the desired value, then the increase in the centrifu-
gal force of the governor causes the control valve to move upward. This decreases
the supply of fuel, and the speed of the engine decreases until the desired value is
reached.

In this speed control system, the plant (controlled system) is the engine and the
controlled variable is the speed of the engine. The difference between the desired
speed and the actual speed is the error signal. The control signal (the amount of fuel)
to be applied to the plant (engine) is the actuating signal. The external input to dis-
turb the controlled variable is the disturbance. An unexpected change in the load is
a disturbance.

Temperature Control System. Figure 1-2 shows a schematic diagram of tem-
perature control of an electric furnace. The temperature in the electric furnace is meas-
ured by a thermometer, which is an analog device. The analog temperature is converted

iz
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Figure 1-2
Temperature control
system.
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to a digital temperature by an A/D converter. The digital temperature is fed to a con-
troller through an interface. This digital temperature is compared with the programmed
input temperature, and if there is any discrepancy (error), the controller sends out a sig-
nal to the heater, through an interface, amplifier, and relay, to bring the furnace tem-
perature to a desired value.

Business Systems. A business system may consist of many groups. Each task
assigned to a group will represent a dynamic element of the system. Feedback methods
of reporting the accomplishments of each group must be established in such a system for
proper operation. The cross-coupling between functional groups must be made a mini-
mum in order to reduce undesirable delay times in the system. The smaller this cross-
coupling, the smoother the flow of work signals and materials will be.

A business system is a closed-loop system. A good design will reduce the manageri-
al control required. Note that disturbances in this system are the lack of personnel or ma-
terials, interruption of communication, human errors, and the like.

The establishment of a well-founded estimating system based on statistics is manda-
tory to proper management. It is a well-known fact that the performance of such a system
can be improved by the use of lead time, or anticipation.

To apply control theory to improve the performance of such a system, we must rep-
resent the dynamic characteristic of the component groups of the system by a relative-
ly simple set of equations.

Although it is certainly a difficult problem to derive mathematical representations
of the component groups, the application of optimization techniques to business sys-
tems significantly improves the performance of the business system.

Consider, as an example, an engineering organizational system that is composed of
major groups such as management, research and development, preliminary design, ex-
periments, product design and drafting, fabrication and assembling, and tesing. These
groups are interconnected to make up the whole operation.

Such a system may be analyzed by reducing it to the most elementary set of com-
ponents necessary that can provide the analytical detail required and by representing the
dynamic characteristics of each component by a set of simple equations. (The dynamic
performance of such a system may be determined from the relation between progres-
sive accomplishment and time.)

Section 1-2 / Examples of Control Systems 5
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Figure 1-3

Block diagram of an engineering organizational system.

A functional block diagram may be drawn by using blocks to represent the func-
tional activities and interconnecting signal lines to represent the information or
product output of the system operation. Figure 1-3 is a possible block diagram for
this system.

Robust Control System. The first step in the design of a control system is to
obtain a mathematical model of the plant or control object. In reality, any model of a
plant we want to control will include an error in the modeling process. That is, the actual
plant differs from the model to be used in the design of the control system.

To ensure the controller designed based on a model will work satisfactorily when
this controller is used with the actual plant, one reasonable approach is to assume
from the start that there is an uncertainty or error between the actual plant and its
mathematical model and include such uncertainty or error in the design process of the
control system. The control system designed based on this approach is called a robust
control system. N

Suppose that the actual plant we want to control is G(s) and the mathematical model
of the actual plant is G(s), that is,

G(s) = actual plant model that has uncertainty A(s)

G(s) = nominal plant model to be used for designing the control system

G(s) and G(s) may be related by a multiplicative factor such as

G(s) = G(s)[1+ A(s)]

or an additive factor

G(s) = G(s) + A(s)
or in other forms.
Since the exact description of the uncertainty or error A(s) is unknown, we use an
estimate of A(s) and use this estimate, W (s), in the design of the controller. W(s) is a
scalar transfer function such that

IA(S) e < [W($)lo = jmax [W(jo)l

0=w=c

where |[W(s)|., is the maximum value of W (jw)| for 0 = w = oo and is called the H
infinity norm of W(s).
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Using the small gain theorem, the design procedure here boils down to the deter-
mination of the controller K(s) such that the inequality

W(s)
1 + K(5)G(s)

(o8]

<1

is satisfied, where G(s) is the transfer function of the model used in the design process,
K (s) is the transfer function of the controller,and W (s) is the chosen transfer function
to approximate A(s). In most practical cases, we must satisfy more than one such
inequality that involves G(s), K(s), and W(s)’s. For example, to guarantee robust sta-
bility and robust performance we may require two inequalities, such as

W(s)K(s)G(s)

1+ K(5)G(s) < 1 for robust stability

o0

Wi(s)
1 + K(5)G(s)

(o8]

<1 forrobust performance

be satisfied. (These inequalities are derived in Section 10-9.) There are many different
such inequalities that need to be satisfied in many different robust control systems.
(Robust stability means that the controller K(s) guarantees internal stability of all
systems that belong to a group of systems that include the system with the actual plant.
Robust performance means the specified performance is satisfied in all systems that be-
long to the group.) In this book all the plants of control systems we discuss are assumed
to be known precisely, except the plants we discuss in Section 10-9 where an introduc-
tory aspect of robust control theory is presented.

1-3 CLOSED-LOOP CONTROL VERSUS OPEN-LOOP CONTROL

Feedback Control Systems. A system that maintains a prescribed relationship
between the output and the reference input by comparing them and using the difference
as a means of control is called a feedback control system. An example would be a room-
temperature control system. By measuring the actual room temperature and comparing
it with the reference temperature (desired temperature), the thermostat turns the heat-
ing or cooling equipment on or off in such a way as to ensure that the room tempera-
ture remains at a comfortable level regardless of outside conditions.

Feedback control systems are not limited to engineering but can be found in various
nonengineering fields as well. The human body, for instance, is a highly advanced feed-
back control system. Both body temperature and blood pressure are kept constant by
means of physiological feedback. In fact, feedback performs a vital function: It makes
the human body relatively insensitive to external disturbances, thus enabling it to func-
tion properly in a changing environment.

Section 1-3 / Closed-Loop Control versus Open-Loop Control 7



Closed-Loop Control Systems. Feedback control systems are often referred to
as closed-loop control systems. In practice, the terms feedback control and closed-loop
control are used interchangeably. In a closed-loop control system the actuating error
signal, which is the difference between the input signal and the feedback signal (which
may be the output signal itself or a function of the output signal and its derivatives
and/or integrals), is fed to the controller so as to reduce the error and bring the output
of the system to a desired value. The term closed-loop control always implies the use of
feedback control action in order to reduce system error.

Open-Loop Control Systems. Those systems in which the output has no effect
on the control action are called open-loop control systems. In other words, in an open-
loop control system the output is neither measured nor fed back for comparison with the
input. One practical example is a washing machine. Soaking, washing, and rinsing in the
washer operate on a time basis. The machine does not measure the output signal, that
is, the cleanliness of the clothes.

In any open-loop control system the output is not compared with the reference input.
Thus, to each reference input there corresponds a fixed operating condition; as a result,
the accuracy of the system depends on calibration. In the presence of disturbances, an
open-loop control system will not perform the desired task. Open-loop control can be
used, in practice, only if the relationship between the input and output is known and if
there are neither internal nor external disturbances. Clearly, such systems are not feed-
back control systems. Note that any control system that operates on a time basis is open
loop. For instance, traffic control by means of signals operated on a time basis is another
example of open-loop control.

Closed-Loop versus Open-Loop Control Systems. An advantage of the closed-
loop control system is the fact that the use of feedback makes the system response rela-
tively insensitive to external disturbances and internal variations in system parameters.
It is thus possible to use relatively inaccurate and inexpensive components to obtain the
accurate control of a given plant, whereas doing so is impossible in the open-loop case.

From the point of view of stability, the open-loop control system is easier to build be-
cause system stability is not a major problem. On the other hand, stability is a major
problem in the closed-loop control system, which may tend to overcorrect errors and
thereby can cause oscillations of constant or changing amplitude.

It should be emphasized that for systems in which the inputs are known ahead of
time and in which there are no disturbances it is advisable to use open-loop control.
Closed-loop control systems have advantages only when unpredictable disturbances
and/or unpredictable variations in system components are present. Note that the
output power rating partially determines the cost, weight, and size of a control system.
The number of components used in a closed-loop control system is more than that for
a corresponding open-loop control system. Thus, the closed-loop control system is
generally higher in cost and power. To decrease the required power of a system, open-
loop control may be used where applicable. A proper combination of open-loop and
closed-loop controls is usually less expensive and will give satisfactory overall system
performance.

Most analyses and designs of control systems presented in this book are concerned
with closed-loop control systems. Under certain circumstances (such as where no
disturbances exist or the output is hard to measure) open-loop control systems may be
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desired. Therefore, it is worthwhile to summarize the advantages and disadvantages of
using open-loop control systems.
The major advantages of open-loop control systems are as follows:

1. Simple construction and ease of maintenance.

2. Less expensive than a corresponding closed-loop system.

3. There is no stability problem.

4. Convenient when output is hard to measure or measuring the output precisely is
economically not feasible. (For example, in the washer system, it would be quite ex-
pensive to provide a device to measure the quality of the washer’s output, clean-
liness of the clothes.)

The major disadvantages of open-loop control systems are as follows:

1. Disturbances and changes in calibration cause errors, and the output may be
different from what is desired.

2. To maintain the required quality in the output, recalibration is necessary from
time to time.

1-4 DESIGN AND COMPENSATION OF CONTROL SYSTEMS

This book discusses basic aspects of the design and compensation of control systems.
Compensation is the modification of the system dynamics to satisfy the given specifi-
cations. The approaches to control system design and compensation used in this book
are the root-locus approach, frequency-response approach, and the state-space ap-
proach. Such control systems design and compensation will be presented in Chapters
6,7,9 and 10. The PID-based compensational approach to control systems design is
given in Chapter 8.

In the actual design of a control system, whether to use an electronic, pneumatic, or
hydraulic compensator is a matter that must be decided partially based on the nature of
the controlled plant. For example, if the controlled plant involves flammable fluid, then
we have to choose pneumatic components (both a compensator and an actuator) to
avoid the possibility of sparks. If, however, no fire hazard exists, then electronic com-
pensators are most commonly used. (In fact, we often transform nonelectrical signals into
electrical signals because of the simplicity of transmission, increased accuracy, increased
reliability, ease of compensation, and the like.)

Performance Specifications. Control systems are designed to perform specific
tasks. The requirements imposed on the control system are usually spelled out as per-
formance specifications. The specifications may be given in terms of transient response
requirements (such as the maximum overshoot and settling time in step response) and
of steady-state requirements (such as steady-state error in following ramp input) or may
be given in frequency-response terms. The specifications of a control system must be
given before the design process begins.

For routine design problems, the performance specifications (which relate to accura-
cy, relative stability, and speed of response) may be given in terms of precise numerical
values. In other cases they may be given partially in terms of precise numerical values and
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partially in terms of qualitative statements. In the latter case the specifications may have
to be modified during the course of design, since the given specifications may never be
satisfied (because of conflicting requirements) or may lead to a very expensive system.

Generally, the performance specifications should not be more stringent than neces-
sary to perform the given task. If the accuracy at steady-state operation is of prime im-
portance in a given control system, then we should not require unnecessarily rigid
performance specifications on the transient response, since such specifications will
require expensive components. Remember that the most important part of control
system design is to state the performance specifications precisely so that they will yield
an optimal control system for the given purpose.

System Compensation. Setting the gain is the first step in adjusting the system
for satisfactory performance. In many practical cases, however, the adjustment of the
gain alone may not provide sufficient alteration of the system behavior to meet the given
specifications. As is frequently the case, increasing the gain value will improve the
steady-state behavior but will result in poor stability or even instability. It is then nec-
essary to redesign the system (by modifying the structure or by incorporating addi-
tional devices or components) to alter the overall behavior so that the system will
behave as desired. Such a redesign or addition of a suitable device is called compensa-
tion. A device inserted into the system for the purpose of satisfying the specifications
is called a compensator. The compensator compensates for deficient performance of the
original system.

Design Procedures. In the process of designing a control system, we set up a
mathematical model of the control system and adjust the parameters of a compensator.
The most time-consuming part of the work is the checking of the system performance
by analysis with each adjustment of the parameters. The designer should use MATLAB
or other available computer package to avoid much of the numerical drudgery neces-
sary for this checking.

Once a satisfactory mathematical model has been obtained, the designer must con-
struct a prototype and test the open-loop system. If absolute stability of the closed loop
is assured, the designer closes the loop and tests the performance of the resulting closed-
loop system. Because of the neglected loading effects among the components, nonlin-
earities, distributed parameters, and so on, which were not taken into consideration in
the original design work, the actual performance of the prototype system will probably
differ from the theoretical predictions. Thus the first design may not satisfy all the re-
quirements on performance. The designer must adjust system parameters and make
changes in the prototype until the system meets the specificications. In doing this, he or
she must analyze each trial, and the results of the analysis must be incorporated into
the next trial. The designer must see that the final system meets the performance apec-
ifications and, at the same time, is reliable and economical.

1-5 OUTLINE OF THE BOOK
This text is organized into 10 chapters. The outline of each chapter may be summarized

as follows:
Chapter 1 presents an introduction to this book.

10 Chapter 1 / Introduction to Control Systems



Chapter 2 deals with mathematical modeling of control systems that are described
by linear differential equations. Specifically, transfer function expressions of differential
equation systems are derived. Also, state-space expressions of differential equation sys-
tems are derived. MATLAB is used to transform mathematical models from transfer
functions to state-space equations and vice versa. This book treats linear systems in de-
tail. If the mathematical model of any system is nonlinear, it needs to be linearized be-
fore applying theories presented in this book. A technique to linearize nonlinear
mathematical models is presented in this chapter.

Chapter 3 derives mathematical models of various mechanical and electrical sys-
tems that appear frequently in control systems.

Chapter 4 discusses various fluid systems and thermal systems, that appear in control
systems. Fluid systems here include liquid-level systems, pneumatic systems, and hydraulic
systems. Thermal systems such as temperature control systems are also discussed here.
Control engineers must be familiar with all of these systems discussed in this chapter.

Chapter 5 presents transient and steady-state response analyses of control systems
defined in terms of transfer functions. MATLAB approach to obtain transient and
steady-state response analyses is presented in detail. MATLAB approach to obtain
three-dimensional plots is also presented. Stability analysis based on Routh’s stability
criterion is included in this chapter and the Hurwitz stability criterion is briefly discussed.

Chapter 6 treats the root-locus method of analysis and design of control systems. It
is a graphical method for determining the locations of all closed-loop poles from the
knowledge of the locations of the open-loop poles and zeros of a closed-loop system
as a parameter (usually the gain) is varied from zero to infinity. This method was de-
veloped by W. R. Evans around 1950. These days MATLAB can produce root-locus
plots easily and quickly. This chapter presents both a manual approach and a MATLAB
approach to generate root-locus plots. Details of the design of control systems using lead
compensators, lag compensators, are lag-lead compensators are presented in this
chapter.

Chapter 7 presents the frequency-response method of analysis and design of control
systems. This is the oldest method of control systems analysis and design and was de-
veloped during 1940-1950 by Nyquist, Bode, Nichols, Hazen, among others. This chap-
ter presents details of the frequency-response approach to control systems design using
lead compensation technique, lag compensation technique, and lag-lead compensation
technique. The frequency-response method was the most frequently used analysis and
design method until the state-space method became popular. However, since H-infini-
ty control for designing robust control systems has become popular, frequency response
is gaining popularity again.

Chapter 8 discusses PID controllers and modified ones such as multidegrees-of-
freedom PID controllers. The PID controller has three parameters; proportional gain,
integral gain, and derivative gain. In industrial control systems more than half of the con-
trollers used have been PID controllers. The performance of PID controllers depends
on the relative magnitudes of those three parameters. Determination of the relative
magnitudes of the three parameters is called tuning of PID controllers.

Ziegler and Nichols proposed so-called “Ziegler—Nichols tuning rules” as early as
1942. Since then numerous tuning rules have been proposed. These days manufacturers
of PID controllers have their own tuning rules. In this chapter we present a computer
optimization approach using MATLAB to determine the three parameters to satisfy
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given transient response characteristics. The approach can be expanded to determine the
three parameters to satisfy any specific given characteristics.

Chapter 9 presents basic analysis of state-space equations. Concepts of controllabil-
ity and observability, most important concepts in modern control theory, due to Kalman
are discussed in full. In this chapter, solutions of state-space equations are derived in
detail.

Chapter 10 discusses state-space designs of control systems. This chapter first deals
with pole placement problems and state observers. In control engineering, it is frequently
desirable to set up a meaningful performance index and try to minimize it (or maximize
it, as the case may be). If the performance index selected has a clear physical meaning,
then this approach is quite useful to determine the optimal control variable. This chap-
ter discusses the quadratic optimal regulator problem where we use a performance index
which is an integral of a quadratic function of the state variables and the control vari-
able. The integral is performed from ¢ = 0to ¢ = oco.This chapter concludes with a brief
discussion of robust control systems.
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Mathematical Modeling
of Control Systems

2-1 INTRODUCTION

In studying control systems the reader must be able to model dynamic systems in math-
ematical terms and analyze their dynamic characteristics. A mathematical model of a dy-
namic system is defined as a set of equations that represents the dynamics of the system
accurately, or at least fairly well. Note that a mathematical model is not unique to a
given system. A system may be represented in many different ways and, therefore, may
have many mathematical models, depending on one’s perspective.

The dynamics of many systems, whether they are mechanical, electrical, thermal,
economic, biological, and so on, may be described in terms of differential equations.
Such differential equations may be obtained by using physical laws governing a partic-
ular system—for example, Newton’s laws for mechanical systems and Kirchhoff’s laws
for electrical systems. We must always keep in mind that deriving reasonable mathe-
matical models is the most important part of the entire analysis of control systems.

Throughout this book we assume that the principle of causality applies to the systems
considered. This means that the current output of the system (the output at time ¢ = 0)
depends on the past input (the input for + < 0) but does not depend on the future input
(the input for ¢ > 0).

Mathematical Models. Mathematical models may assume many different forms.
Depending on the particular system and the particular circumstances, one mathemati-
cal model may be better suited than other models. For example, in optimal control prob-
lems, it is advantageous to use state-space representations. On the other hand, for the
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transient-response or frequency-response analysis of single-input, single-output, linear,
time-invariant systems, the transfer-function representation may be more convenient
than any other. Once a mathematical model of a system is obtained, various analytical
and computer tools can be used for analysis and synthesis purposes.

Simplicity Versus Accuracy. In obtaining a mathematical model, we must make
a compromise between the simplicity of the model and the accuracy of the results of
the analysis. In deriving a reasonably simplified mathematical model, we frequently find
it necessary to ignore certain inherent physical properties of the system. In particular,
if a linear lumped-parameter mathematical model (that is, one employing ordinary dif-
ferential equations) is desired, it is always necessary to ignore certain nonlinearities and
distributed parameters that may be present in the physical system. If the effects that
these ignored properties have on the response are small, good agreement will be obtained
between the results of the analysis of a mathematical model and the results of the
experimental study of the physical system.

In general, in solving a new problem, it is desirable to build a simplified model so that
we can get a general feeling for the solution. A more complete mathematical model may
then be built and used for a more accurate analysis.

We must be well aware that a linear lumped-parameter model, which may be valid in
low-frequency operations, may not be valid at sufficiently high frequencies, since the neg-
lected property of distributed parameters may become an important factor in the dynamic
behavior of the system. For example, the mass of a spring may be neglected in low-
frequency operations, but it becomes an important property of the system at high fre-
quencies. (For the case where a mathematical model involves considerable errors, robust
control theory may be applied. Robust control theory is presented in Chapter 10.)

Linear Systems. A system is called linear if the principle of superposition
applies. The principle of superposition states that the response produced by the
simultaneous application of two different forcing functions is the sum of the two
individual responses. Hence, for the linear system, the response to several inputs can
be calculated by treating one input at a time and adding the results. It is this principle
that allows one to build up complicated solutions to the linear differential equation
from simple solutions.

In an experimental investigation of a dynamic system, if cause and effect are pro-
portional, thus implying that the principle of superposition holds, then the system can
be considered linear.

Linear Time-Invariant Systems and Linear Time-Varying Systems. A differ-
ential equation is linear if the coefficients are constants or functions only of the in-
dependent variable. Dynamic systems that are composed of linear time-invariant
lumped-parameter components may be described by linear time-invariant differen-
tial equations—that is, constant-coefficient differential equations. Such systems are
called linear time-invariant (or linear constant-coefficient) systems. Systems that
are represented by differential equations whose coefficients are functions of time
are called linear time-varying systems. An example of a time-varying control sys-
tem is a spacecraft control system. (The mass of a spacecraft changes due to fuel
consumption.)
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Outline of the Chapter. Section 2-1 has presented an introduction to the math-
ematical modeling of dynamic systems. Section 2-2 presents the transfer function and
impulse-response function. Section 2-3 introduces automatic control systems and Sec-
tion 2—4 discusses concepts of modeling in state space. Section 2-5 presents state-space
representation of dynamic systems. Section 2—6 discusses transformation of mathemat-
ical models with MATLAB. Finally, Section 2—-7 discusses linearization of nonlinear
mathematical models.

2-2 TRANSFER FUNCTION AND IMPULSE-
RESPONSE FUNCTION

In control theory, functions called transfer functions are commonly used to character-
ize the input-output relationships of components or systems that can be described by lin-
ear, time-invariant, differential equations. We begin by defining the transfer function
and follow with a derivation of the transfer function of a differential equation system.
Then we discuss the impulse-response function.

Transfer Function. The transfer function of a linear, time-invariant, differential
equation system is defined as the ratio of the Laplace transform of the output (response
function) to the Laplace transform of the input (driving function) under the assumption
that all initial conditions are zero.

Consider the linear time-invariant system defined by the following differential equation:

() (n-1) '
ay + ayy +--+a, 1y +a,y

(m)  (m-1) ‘
=byx + bx +--+ b, X + b,x (n=m)

where y is the output of the system and x is the input. The transfer function of this sys-
tem is the ratio of the Laplace transformed output to the Laplace transformed input
when all initial conditions are zero, or

Y[ output]

Transfer function = G(s) = -
( ) g[lnput] zero initial conditions

Y(s)  bys" + bs" '+ -+ b, s+ b,
X(s)  aps"+ais" '+ +a, s+ a,

By using the concept of transfer function, it is possible to represent system dynam-
ics by algebraic equations in s. If the highest power of s in the denominator of the trans-
fer function is equal to n, the system is called an nth-order system.

Comments on Transfer Function. The applicability of the concept of the trans-
fer function is limited to linear, time-invariant, differential equation systems. The trans-
fer function approach, however, is extensively used in the analysis and design of such
systems. In what follows, we shall list important comments concerning the transfer func-
tion. (Note that a system referred to in the list is one described by a linear, time-invariant,
differential equation.)
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1. The transfer function of a system is a mathematical model in that it is an opera-
tional method of expressing the differential equation that relates the output vari-
able to the input variable.

2. The transfer function is a property of a system itself, independent of the magnitude
and nature of the input or driving function.

3. The transfer function includes the units necessary to relate the input to the output;
however, it does not provide any information concerning the physical structure of
the system. (The transfer functions of many physically different systems can be
identical.)

4. If the transfer function of a system is known, the output or response can be stud-
ied for various forms of inputs with a view toward understanding the nature of
the system.

S. If the transfer function of a system is unknown, it may be established experimen-
tally by introducing known inputs and studying the output of the system. Once
established, a transfer function gives a full description of the dynamic character-
istics of the system, as distinct from its physical description.

Convolution Integral. For a linear, time-invariant system the transfer function
G(s)is
_Y(s)
CX(s)

G(s)

where X (s) is the Laplace transform of the input to the system and Y (s) is the Laplace
transform of the output of the system, where we assume that all initial conditions in-
volved are zero. It follows that the output Y (s) can be written as the product of G(s) and
X(s),or

Y(s) = G(s)X(s) (2-1)

Note that multiplication in the complex domain is equivalent to convolution in the time
domain (see Appendix A), so the inverse Laplace transform of Equation (2-1) is given
by the following convolution integral:

Y1) / (r)glt — 7)dr

t
/g(T)x(t — 1)dt
0
where both g(¢) and x(¢) are 0 for ¢ < 0.

Impulse-Response Function. Consider the output (response) of a linear time-
invariant system to a unit-impulse input when the initial conditions are zero. Since the
Laplace transform of the unit-impulse function is unity, the Laplace transform of the
output of the system is

Y(s) = G(s) (2-2)
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The inverse Laplace transform of the output given by Equation (2-2) gives the impulse
response of the system. The inverse Laplace transform of G(s), or

#G(s)] = g(1)

is called the impulse-response function. This function g(t) is also called the weighting
function of the system.

The impulse-response function g(¢) is thus the response of a linear time-invariant
system to a unit-impulse input when the initial conditions are zero. The Laplace trans-
form of this function gives the transfer function. Therefore, the transfer function and
impulse-response function of a linear, time-invariant system contain the same infor-
mation about the system dynamics. It is hence possible to obtain complete informa-
tion about the dynamic characteristics of the system by exciting it with an impulse
input and measuring the response. (In practice, a pulse input with a very short dura-
tion compared with the significant time constants of the system can be considered an
impulse.)

2-3 AUTOMATIC CONTROL SYSTEMS

Figure 2-1
Element of a block
diagram.

A control system may consist of a number of components. To show the functions
performed by each component, in control engineering, we commonly use a diagram
called the block diagram. This section first explains what a block diagram is. Next, it
discusses introductory aspects of automatic control systems, including various control
actions. Then, it presents a method for obtaining block diagrams for physical systems, and,
finally, discusses techniques to simplify such diagrams.

Block Diagrams. A block diagram of a system is a pictorial representation of the
functions performed by each component and of the flow of signals. Such a diagram de-
picts the interrelationships that exist among the various components. Differing from a
purely abstract mathematical representation, a block diagram has the advantage of
indicating more realistically the signal flows of the actual system.

In a block diagram all system variables are linked to each other through functional
blocks. The functional block or simply block is a symbol for the mathematical operation
on the input signal to the block that produces the output. The transfer functions of the
components are usually entered in the corresponding blocks, which are connected by ar-
rows to indicate the direction of the flow of signals. Note that the signal can pass only
in the direction of the arrows. Thus a block diagram of a control system explicitly shows
a unilateral property.

Figure 2-1 shows an element of the block diagram. The arrowhead pointing toward
the block indicates the input, and the arrowhead leading away from the block repre-
sents the output. Such arrows are referred to as signals.

Transfer
—— function ———
G(s)
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Figure 2-2

Summing point.

Figure 2-3
Block diagram of a
closed-loop system.
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Note that the dimension of the output signal from the block is the dimension of the
input signal multiplied by the dimension of the transfer function in the block.

The advantages of the block diagram representation of a system are that it is easy
to form the overall block diagram for the entire system by merely connecting the blocks
of the components according to the signal flow and that it is possible to evaluate the
contribution of each component to the overall performance of the system.

In general, the functional operation of the system can be visualized more readily by
examining the block diagram than by examining the physical system itself. A block di-
agram contains information concerning dynamic behavior, but it does not include any
information on the physical construction of the system. Consequently, many dissimilar
and unrelated systems can be represented by the same block diagram.

It should be noted that in a block diagram the main source of energy is not explicitly
shown and that the block diagram of a given system is not unique. A number of different
block diagrams can be drawn for a system, depending on the point of view of the analysis.

Summing Point. Referring to Figure 2-2, a circle with a cross is the symbol that
indicates a summing operation. The plus or minus sign at each arrowhead indicates
whether that signal is to be added or subtracted. It is important that the quantities being
added or subtracted have the same dimensions and the same units.

Branch Point. A branch point is a point from which the signal from a block goes
concurrently to other blocks or summing points.

Block Diagram of a Closed-Loop System. Figure 2-3 shows an example of a
block diagram of a closed-loop system. The output C(s) is fed back to the summing
point, where it is compared with the reference input R(s). The closed-loop nature of
the system is clearly indicated by the figure. The output of the block, C(s) in this case,
is obtained by multiplying the transfer function G(s) by the input to the block, E(s). Any
linear control system may be represented by a block diagram consisting of blocks, sum-
ming points, and branch points.

When the output is fed back to the summing point for comparison with the input, it
is necessary to convert the form of the output signal to that of the input signal. For
example, in a temperature control system, the output signal is usually the controlled
temperature. The output signal, which has the dimension of temperature, must be con-
verted to a force or position or voltage before it can be compared with the input signal.
This conversion is accomplished by the feedback element whose transfer function is H (s),
as shown in Figure 2—4. The role of the feedback element is to modify the output before
it is compared with the input. (In most cases the feedback element is a sensor that measures

Summing Branch
point point

R(s) E(s) C(s)
2 @ o

A
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Figure 24
Closed-loop system.

R(s) E(s) C(s)
-1 - >

G(s)

B(s)

H(s) |~

the output of the plant. The output of the sensor is compared with the system input, and
the actuating error signal is generated.) In the present example, the feedback signal that
is fed back to the summing point for comparison with the input is B(s) = H(s)C(s).

Open-Loop Transfer Function and Feedforward Transfer Function. Refer-
ring to Figure 2-4, the ratio of the feedback signal B(s) to the actuating error signal
E(s) is called the open-loop transfer function. That is,

B(s)

Open-loop transfer function = E(s) = G(s)H(s)

The ratio of the output C(s) to the actuating error signal E(s) is called the feed-
forward transfer function, so that

Feedforward transfer function = = G(s)

If the feedback transfer function H (s) is unity, then the open-loop transfer function and
the feedforward transfer function are the same.

Closed-Loop Transfer Function. For the system shown in Figure 2-4, the output
C(s) and input R(s) are related as follows: since

C(s) = G(s)E(s)
E(s) = R(s) — B(s)
= R(s) — H(s)C(s)
eliminating £ (s) from these equations gives
C(s) = G(s)[R(s) = H(s)C(s)]
or

C(s) _ G(s)
R(s) 1+ G(s)H(s)

(2-3)

The transfer function relating C(s) to R(s) is called the closed-loop transfer function. It
relates the closed-loop system dynamics to the dynamics of the feedforward elements
and feedback elements.

From Equation (2-3), C(s) is given by

G(s)

Cls) = 1+ G(s)H(s)

R(s)
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Figure 2-5

(a) Cascaded system;
(b) parallel system;
(c) feedback (closed-
loop) system.
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Thus the output of the closed-loop system clearly depends on both the closed-loop trans-
fer function and the nature of the input.

Obtaining Cascaded, Parallel, and Feedback (Closed-Loop) Transfer Functions
with MATLAB. In control-systems analysis, we frequently need to calculate the cas-
caded transfer functions, parallel-connected transfer functions, and feedback-connected
(closed-loop) transfer functions. MATLAB has convenient commands to obtain the cas-
caded, parallel, and feedback (closed-loop) transfer functions.

Suppose that there are two components G(s) and G,(s) connected differently as
shown in Figure 2-5 (a), (b), and (c), where

numl num?2
Gils) = denl’ os) = den2

To obtain the transfer functions of the cascaded system, parallel system, or feedback
(closed-loop) system, the following commands may be used:

[num, den] = series(hum1,den1,num2,den2)
[num, den] = parallel(num1,den1,num2,den2)
[num, den] = feedback(num1,denT,num2,den2)

As an example, consider the case where

10 numl 5 num?2

G = = G = =
1(s) s2+2s+10 denl’ (s) s+5 den2

MATLAB Program 2-1 gives C(s)/R(s) = num/den for each arrangement of G,(s)
and G,(s). Note that the command

printsys(num,den)

displays the num/den [ that is, the transfer function C(s)/R(s)] of the system considered.

R(s) C(s)
(a) > Gi(s) > Gos)  [rmm—

Y

Gi(s) 1

R(s) C(s)

(b)

Ga(s)

Y

C(s)

=
N

Gy(s)
(c) t
Ga(s) |
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Figure 2-6

Block diagram of an
industrial control
system, which
consists of an
automatic controller,
an actuator, a plant,
and a sensor

(measuring element).

MATLAB Program 2-1

numl = [10];

denl =1[1 2 10];

num2 = [5];

den2 = [1 5];

[num, den] = series(num1,den1,num2,den2);
printsys(num,den)

num/den =

50
sNA3 + 7sN2 + 20s + 50

[num, den] = parallel(num1,den1,num2,den2);
printsys(num,den)

num/den =

5572 4+ 20s + 100
sA3 + 7572 + 20s + 50

[num, den] = feedback(num1,den1,num2,den2);
printsys(num,den)

num/den =

10s + 50
sA3 + 7s72 4+ 20s + 100

Automatic Controllers. An automatic controller compares the actual value of
the plant output with the reference input (desired value), determines the deviation, and
produces a control signal that will reduce the deviation to zero or to a small value.
The manner in which the automatic controller produces the control signal is called
the control action. Figure 2-6 is a block diagram of an industrial control system, which

Automatic controller

|

|

|

|

i

I Output
Amplifier —»| Actuator Plant -

|

|

|

|

|

|

|

|

Actuating
error signal

Sensor |-
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consists of an automatic controller, an actuator, a plant, and a sensor (measuring ele-
ment). The controller detects the actuating error signal, which is usually at a very low
power level, and amplifies it to a sufficiently high level. The output of an automatic
controller is fed to an actuator, such as an electric motor, a hydraulic motor, or a
pneumatic motor or valve. (The actuator is a power device that produces the input to
the plant according to the control signal so that the output signal will approach the
reference input signal.)

The sensor or measuring element is a device that converts the output variable into an-
other suitable variable, such as a displacement, pressure, voltage, etc., that can be used to
compare the output to the reference input signal. This element is in the feedback path of
the closed-loop system. The set point of the controller must be converted to a reference
input with the same units as the feedback signal from the sensor or measuring element.

Classifications of Industrial Controllers. Most industrial controllers may be
classified according to their control actions as:

1. Two-position or on—off controllers

2. Proportional controllers

3. Integral controllers

4. Proportional-plus-integral controllers

5. Proportional-plus-derivative controllers

6. Proportional-plus-integral-plus-derivative controllers

Most industrial controllers use electricity or pressurized fluid such as oil or air as
power sources. Consequently, controllers may also be classified according to the kind of
power employed in the operation, such as pneumatic controllers, hydraulic controllers,
or electronic controllers. What kind of controller to use must be decided based on the
nature of the plant and the operating conditions, including such considerations as safety,
cost, availability, reliability, accuracy, weight, and size.

Two-Position or On-Off Control Action. In a two-position control system, the
actuating element has only two fixed positions, which are, in many cases, simply on and
off. Two-position or on—off control is relatively simple and inexpensive and, for this rea-
son, is very widely used in both industrial and domestic control systems.

Let the output signal from the controller be u(¢) and the actuating error signal be e(¢).
In two-position control, the signal u(¢) remains at either a maximum or minimum value,
depending on whether the actuating error signal is positive or negative, so that

u(t) = U, fore(t) > 0
= U, fore(t) <0

where U, and U, are constants. The minimum value U, is usually either zero or —U;.
Two-position controllers are generally electrical devices, and an electric solenoid-oper-
ated valve is widely used in such controllers. Pneumatic proportional controllers with very
high gains act as two-position controllers and are sometimes called pneumatic two-
position controllers.

Figures 2-7(a) and (b) show the block diagrams for two-position or on—off controllers.
The range through which the actuating error signal must move before the switching occurs
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Figure 2-7

(a) Block diagram of
an on—off controller;
(b) block diagram of
an on—off controller

with differential gap.

Figure 2-8

(a) Liquid-level
control system;

(b) electromagnetic
valve.

Figure 2-9

Level h(t)-versus-t
curve for the system
shown in Figure 2-8(a).
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is called the differential gap. A differential gap is indicated in Figure 2-7(b). Such a dif-
ferential gap causes the controller output u(#) to maintain its present value until the ac-
tuating error signal has moved slightly beyond the zero value. In some cases, the differential
gap is a result of unintentional friction and lost motion; however, quite often it is inten-
tionally provided in order to prevent too-frequent operation of the on—off mechanism.
Consider the liquid-level control system shown in Figure 2-8(a), where the electromag-
netic valve shown in Figure 2-8(b) is used for controlling the inflow rate. This valve is either
open or closed. With this two-position control, the water inflow rate is either a positive con-
stant or zero. As shown in Figure 2-9, the output signal continuously moves between the
two limits required to cause the actuating element to move from one fixed position to the
other. Notice that the output curve follows one of two exponential curves, one correspon-
ding to the filling curve and the other to the emptying curve. Such output oscillation be-
tween two limits is a typical response characteristic of a system under two-position control.

Movable iron core

F O
& o 115V
| O
qi ! |<— Magnetic coil
N : Float
C —1—> h Z
' — LA
R
(@) (b)
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Differential
% gap
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From Figure 2-9, we notice that the amplitude of the output oscillation can
be reduced by decreasing the differential gap. The decrease in the differential
gap, however, increases the number of on—off switchings per minute and reduces
the useful life of the component. The magnitude of the differential gap must be
determined from such considerations as the accuracy required and the life of
the component.

Proportional Control Action. For a controller with proportional control action,
the relationship between the output of the controller u(¢) and the actuating error signal

e(t)is

u(t) = K,e(t)

or, in Laplace-transformed quantities,

where K, is termed the proportional gain.
Whatever the actual mechanism may be and whatever the form of the operating
power, the proportional controller is essentially an amplifier with an adjustable gain.

Integral Control Action. In a controller with integral control action, the value of
the controller output u(¢) is changed at a rate proportional to the actuating error signal
e(t).That is,

or

where K; is an adjustable constant. The transfer function of the integral controller is

i~

(s) _ K

(s) s

t

Proportional-Plus-Integral Control Action. The control action of a proportional-
plus-integral controller is defined by

u(t) = Kpe(t) + % [[e(t)dt

L
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Figure 2-10

Block diagram of a
proportional-plus-
integral-plus-

derivative controller.

or the transfer function of the controller is

RS

where 7 is called the integral time.

Proportional-Plus-Derivative Control Action. The control action of a proportional-
plus-derivative controller is defined by

de(t)
u(t) = er(l‘) + KPTdT
and the transfer function is
U(s)
=K(1+T
E(S) P( ds)

where T is called the derivative time.

Proportional-Plus-Integral-Plus-Derivative Control Action. The combination of
proportional control action, integral control action, and derivative control action is
termed proportional-plus-integral-plus-derivative control action. It has the advantages
of each of the three individual control actions. The equation of a controller with this
combined action is given by

u(t) = Koe(t) + 2 [e(t)dt + KPTddiT(tt)

1
= Kp<1 + T7s + Tds>

where K, is the proportional gain, 7; is the integral time, and 7} is the derivative time.
The block diagram of a proportional-plus-integral-plus-derivative controller is shown in
Figure 2-10.

C gE(S) K,(1+ Tis+ T, Tys?) | UG)
Tis

|
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Figure 2-11
Closed-loop system
subjected to a
disturbance.

26

Disturbance
D(s)

R(s) C(s)
Gi(s) >+ | G(s) -

H(s) |~

Closed-Loop System Subjected to a Disturbance. Figure 2-11 shows a closed-
loop system subjected to a disturbance. When two inputs (the reference input and dis-
turbance) are present in a linear time-invariant system, each input can be treated
independently of the other; and the outputs corresponding to each input alone can be
added to give the complete output. The way each input is introduced into the system is
shown at the summing point by either a plus or minus sign.

Consider the system shown in Figure 2-11. In examining the effect of the distur-
bance D(s), we may assume that the reference input is zero; we may then calculate the
response Cp(s) to the disturbance only. This response can be found from

Cols) _ Gy(s)
D(s) 1+ Gi(s)Gy(s)H(s)
On the other hand, in considering the response to the reference input R(s), we may

assume that the disturbance is zero. Then the response Cx(s) to the reference input R(s)
can be obtained from

Cils) _ Gi(5)Gals)

R(s) 1+ Gi(s5)Gy(s)H (s)
The response to the simultaneous application of the reference input and disturbance
can be obtained by adding the two individual responses. In other words, the response

C(s) due to the simultaneous application of the reference input R(s) and disturbance
D(s) is given by

C(s) = Cg(s) + Cp(s)
G;(s)

= 1+ GI(S)GZ(S)H(S) [Gl(S)R(S) + D(S)]

Consider now the case where |G (s)H (s)| > 1 and |G,(s)G,(s)H(s)| > 1. In this
case, the closed-loop transfer function Cp(s)/D(s) becomes almost zero, and the effect
of the disturbance is suppressed. This is an advantage of the closed-loop system.

On the other hand, the closed-loop transfer function C(s)/R(s) approaches 1/H (s)
as the gain of G,(s)G,(s)H (s) increases. This means that if |G,(s)G,(s)H(s)| > 1,then
the closed-loop transfer function Cg(s)/R(s) becomes independent of G,(s) and G,(s)
and inversely proportional to H(s), so that the variations of G,(s) and G,(s) do not
affect the closed-loop transfer function Cg(s)/R(s). This is another advantage of the
closed-loop system. It can easily be seen that any closed-loop system with unity feedback,
H(s) = 1, tends to equalize the input and output.
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Figure 2-12

(a) RC circuit;

(b) block diagram
representing
Equation (2-6);

(c) block diagram
representing
Equation (2-7);

(d) block diagram of
the RC circuit.

Procedures for Drawing a Block Diagram. To draw a block diagram for a sys-
tem, first write the equations that describe the dynamic behavior of each component.
Then take the Laplace transforms of these equations, assuming zero initial conditions,
and represent each Laplace-transformed equation individually in block form. Finally, as-
semble the elements into a complete block diagram.

As an example, consider the RC circuit shown in Figure 2-12(a). The equations for
this circuit are

i=54 . o (2—4)
idt
e, = fc (2_5)

The Laplace transforms of Equations (2-4) and (2-5), with zero initial condition, become

I(S) — M (2_6)
iy =[O
o(s) - Cs (2_7)

Equation (2-6) represents a summing operation, and the corresponding diagram is
shown in Figure 2-12(b). Equation (2-7) represents the block as shown in Figure 2-12(c).
Assembling these two elements, we obtain the overall block diagram for the system as
shown in Figure 2-12(d).

Block Diagram Reduction. It is important to note that blocks can be connected
in series only if the output of one block is not affected by the next following block. If
there are any loading effects between the components, it is necessary to combine these
components into a single block.

Any number of cascaded blocks representing nonloading components can be
replaced by a single block, the transfer function of which is simply the product of the
individual transfer functions.

R Ei(s) RE)
o—MWW—+—0 ® =
e /D C == e, E,(s)
i
o O (b)
(a)
1 [ |E® Ei(s) ECEE Ey(s)
——| —— f—— — > = o
Cs R Cs

(@
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A complicated block diagram involving many feedback loops can be simplified by
a step-by-step rearrangement. Simplification of the block diagram by rearrangements
considerably reduces the labor needed for subsequent mathematical analysis. It should
be noted, however, that as the block diagram is simplified, the transfer functions in new
blocks become more complex because new poles and new zeros are generated.

EXAMPLE 2-1 Consider the system shown in Figure 2-13(a). Simplify this diagram.

By moving the summing point of the negative feedback loop containing H, outside the posi-
tive feedback loop containing H,, we obtain Figure 2-13(b). Eliminating the positive feedback loop,
we have Figure 2-13(c). The elimination of the loop containing H,/G, gives Figure 2-13(d). Finally,
eliminating the feedback loop results in Figure 2-13(e).

R ‘ C
(a) - Gl +®> Gz - G3 L

H) |
|
# .
R c
(b) =—— @-» G P> G, | G >
Hy |~
]
G
© —— G (| 9% ! <
&S S 1- G,GH, 3
R GiG,G c
@ < T GGt + GG >
Figure 2-13 = GG + GrG3H,
(a) Multiple-loop
system,;
(b)-(e) successive
reductions of the R c
block diagram shown © . G1GyGs C
in (a). 1 - G1GoH + GoG3H, + G1GyGs
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Notice that the numerator of the closed-loop transfer function C(s)/R(s) is the product of the
transfer functions of the feedforward path. The denominator of C(s)/R(s) is equal to

1+ 2 (product of the transfer functions around each loop)
=1+ (-G,G,H, + G,G;H, + G,G,G3)
=1 - G,G,H, + G,G;H, + G,G,G;

(The positive feedback loop yields a negative term in the denominator.)

2-4 MODELING IN STATE SPACE

In this section we shall present introductory material on state-space analysis of control
systems.

Modern Control Theory. The modern trend in engineering systems is toward
greater complexity, due mainly to the requirements of complex tasks and good accu-
racy. Complex systems may have multiple inputs and multiple outputs and may be time
varying. Because of the necessity of meeting increasingly stringent requirements on
the performance of control systems, the increase in system complexity, and easy access
to large scale computers, modern control theory, which is a new approach to the analy-
sis and design of complex control systems, has been developed since around 1960. This
new approach is based on the concept of state. The concept of state by itself is not
new, since it has been in existence for a long time in the field of classical dynamics and
other fields.

Modern Control Theory Versus Conventional Control Theory. Modern con-
trol theory is contrasted with conventional control theory in that the former is appli-
cable to multiple-input, multiple-output systems, which may be linear or nonlinear,
time invariant or time varying, while the latter is applicable only to linear time-
invariant single-input, single-output systems. Also, modern control theory is essen-
tially time-domain approach and frequency domain approach (in certain cases such as
H-infinity control), while conventional control theory is a complex frequency-domain
approach. Before we proceed further, we must define state, state variables, state vector,
and state space.

State. The state of a dynamic system is the smallest set of variables (called state
variables) such that knowledge of these variables at t = ¢,, together with knowledge of
the input for ¢ = ¢,, completely determines the behavior of the system for any time
t =1

Note that the concept of state is by no means limited to physical systems. It is appli-
cable to biological systems, economic systems, social systems, and others.

State Variables. The state variables of a dynamic system are the variables mak-
ing up the smallest set of variables that determine the state of the dynamic system. If at
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least n variables x;, x,, ..., x,, are needed to completely describe the behavior of a dy-
namic system (so that once the input is given for t = ¢, and the initial state at ¢ = ¢, is
specified, the future state of the system is completely determined), then such n variables
are a set of state variables.

Note that state variables need not be physically measurable or observable quantities.
Variables that do not represent physical quantities and those that are neither measura-
ble nor observable can be chosen as state variables. Such freedom in choosing state vari-
ables is an advantage of the state-space methods. Practically, however, it is convenient
to choose easily measurable quantities for the state variables, if this is possible at all, be-
cause optimal control laws will require the feedback of all state variables with suitable
weighting.

State Vector. If n state variables are needed to completely describe the behavior
of a given system, then these 7 state variables can be considered the n components of a
vector X. Such a vector is called a state vector. A state vector is thus a vector that deter-
mines uniquely the system state x(¢) for any time ¢ = ¢, once the state at¢t = ¢,is given
and the input u(¢) for t = ¢ is specified.

State Space. The n-dimensional space whose coordinate axes consist of the x;
axis, x, axis, ..., x, axis, where x;, x,, ..., X, are state variables, is called a state space. Any
state can be represented by a point in the state space.

State-Space Equations. In state-space analysis we are concerned with three types
of variables that are involved in the modeling of dynamic systems: input variables, out-
put variables, and state variables. As we shall see in Section 2-5, the state-space repre-
sentation for a given system is not unique, except that the number of state variables is
the same for any of the different state-space representations of the same system.

The dynamic system must involve elements that memorize the values of the input for
t = t;.Since integrators in a continuous-time control system serve as memory devices,
the outputs of such integrators can be considered as the variables that define the inter-
nal state of the dynamic system. Thus the outputs of integrators serve as state variables.
The number of state variables to completely define the dynamics of the system is equal
to the number of integrators involved in the system.

Assume that a multiple-input, multiple-output system involves # integrators. Assume
also that there are r inputs u, (), u,(t), ..., u,(t) and m outputs y,(¢), y,(t), ..., y,u(¢).
Define n outputs of the integrators as state variables: x,(¢), x,(¢), ..., x,(¢) Then the
system may be described by

xl(t) = fl(xl’x25---axn;ulsqu“'vur;t)
x2(t) = fZ(x17x27---axn;u17u27~~~7ur;[)

(2-8)
%,(1) = ful X1y Xas ooy X3 Uy Uy s 15 1)
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The outputs y,(¢), y,(2),..., y,,(¢) of the system may be given by

yl(t) = gl(xlv Xoyoen s Xps Uy Uy ove s Uy [)

yZ(t) = gZ(xlv Xyoen s Xps Uy Uy ov s Uy [)

(2-9)
ym(t) = gm(xl7 x27 ey xn; ul? MZ’ ) ur; t)
If we define
_xl(t)_ _fl(xl,xz,...,xn;ul,uz,...,u,;t)_
X,(1) C TR SRS S VS TN T )
’ f(X, u’ t) = ’
| x,(t) ] _fn(x1,x2,...,xn;u],uz,...,u,;t)_
_yl(t)_ _gl(xlax2’~”’xn;ulvqu“'sur;t) ul([)
)’2([) gZ(x17x27"'7xn; Up, Upy ooy Uy t) le([)
,  gxu,r) = ' , u(r) =
_an(t)_ _gm(xbe»"'9xn;ulau2""’ur; t)_ _M,(t)_
then Equations (2-8) and (2-9) become
x(t) = f(x,u,1) (2-10)
Y(t) = g(x, u, t) (2_11)

where Equation (2-10) is the state equation and Equation (2-11) is the output equation.
If vector functions f and/or g involve time ¢ explicitly, then the system is called a time-
varying system.

If Equations (2-10) and (2-11) are linearized about the operating state, then we
have the following linearized state equation and output equation:

x(t) = A()x(t) + B(t)u(z) (2-12)
y(t) = C()x(z) + D(t)u(r) (2-13)
where A (¢) is called the state matrix, B(¢) the input matrix, C(¢) the output matrix, and

D(t) the direct transmission matrix. (Details of linearization of nonlinear systems about
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Figure 2-14

Block diagram of the
linear, continuous-
time control system
represented in state
space.

EXAMPLE 2-2

m
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Figure 2-15

Mechanical system.
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the operating state are discussed in Section 2-7.) A block diagram representation of
Equations (2-12) and (2-13) is shown in Figure 2-14.

If vector functions f and g do not involve time ¢ explicitly then the system is called a
time-invariant system. In this case, Equations (2-12) and (2-13) can be simplified to

x(t) = Ax(t) + Bu(z) (2-14)
y(¢) = Cx(¢) + Du(z) (2-15)

Equation (2-14) is the state equation of the linear, time-invariant system and Equation
(2-15) is the output equation for the same system. In this book we shall be concerned
mostly with systems described by Equations (2-14) and (2-15).

In what follows we shall present an example for deriving a state equation and output
equation.

Consider the mechanical system shown in Figure 2-15. We assume that the system is linear. The
external force u(t) is the input to the system, and the displacement y(¢) of the mass is the output.
The displacement y(¢) is measured from the equilibrium position in the absence of the external
force. This system is a single-input, single-output system.

From the diagram, the system equation is

my + by + ky = u (2-16)

This system is of second order. This means that the system involves two integrators. Let us define
state variables x,(¢) and x,(¢) as

=
<
—
-~
=
Il

=
N
—~
~
—
Il

Then we obtain

X1:X2

, 1 . 1
x2=;(—ky — by) +Zu

or
).Cl =X, (2—17)
k b 1
Xy=——Xx3—— X, + —u (2-18)
m m m
The output equation is
y=x (2-19)
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Figure 2-16
Block diagram of the
mechanical system

shown in Figure 2-15.
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In a vector-matrix form, Equations (2-17) and (2-18) can be written as

i 0 1 . 0
[,1] = kK b [ 1] +1 1 |u (2-20)
Xy - — Xo -
m
The output equation, Equation (2-19), can be written as

y=11 0]["1 (2-21)
X3

Equation (2-20) is a state equation and Equation (2-21) is an output equation for the system.
They are in the standard form:

x = Ax + Bu
y=Cx + Du
where
0 1 0
A = B = =11 D =
kb I8 ’
m m m

Figure 2-16 is a block diagram for the system. Notice that the outputs of the integrators are state
variables.

Correlation Between Transfer Functions and State-Space Equations. In what
follows we shall show how to derive the transfer function of a single-input, single-output
system from the state-space equations.

Let us consider the system whose transfer function is given by

Y(s)
U(s)

= G(s) (2-22)

This system may be represented in state space by the following equations:
x = Ax + Bu (2-23)
y=Cx + Du (2-24)
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EXAMPLE 2-3

where x is the state vector, u is the input, and y is the output. The Laplace transforms of
Equations (2-23) and (2-24) are given by

sX(s) — x(0) = AX(s) + BU(s) (2-25)
Y(s) = CX(s) + DU(s) (2-26)

Since the transfer function was previously defined as the ratio of the Laplace transform
of the output to the Laplace transform of the input when the initial conditions were
zero, we set x(0) in Equation (2-25) to be zero. Then we have

sX(s) — AX(s) = BU(s)
or
(sT — A)X(s) = BU(s)
By premultiplying (sI — A)~" to both sides of this last equation, we obtain
X(s) = (sI — A)'BU(s) (2-27)
By substituting Equation (2-27) into Equation (2-26), we get
Y(s) = [C(s1 — A)'B + DJU(s) (2-28)
Upon comparing Equation (2-28) with Equation (2-22), we see that
G(s) =C(sI—A)'B+ D (2-29)

This is the transfer-function expression of the system in terms of A, B, C, and D.
Note that the right-hand side of Equation (2-29) involves (sI — A)™". Hence G(s)
can be written as

o(s)

G =

(s) [sT — A
where Q(s) is a polynomial in s. Notice that |sI — A|is equal to the characteristic poly-
nomial of G(s). In other words, the eigenvalues of A are identical to the poles of G(s).

Consider again the mechanical system shown in Figure 2-15. State-space equations for the system
are given by Equations (2-20) and (2-21). We shall obtain the transfer function for the system from
the state-space equations.

By substituting A, B, C, and D into Equation (2-29), we obtain

G(s) =C(sI — A)Y'B+ D

0 1 o
s 0
=[1 0] [0 S]— kb 1]+0
m m m
s -1 ' o
=M1 0 1
mojk b1
m m m
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Note that

b
s -1 | s+ — 1
k b _ 1 m
— s+ — ) b k k
m m s+ —s + — - s
m m m

(Refer to Appendix C for the inverse of the 2 X 2 matrix.)
Thus, we have

b
1 St Mo
G(s) = [1 0] - X
S+ —s+—| —— s || —
m m m
1

ms> + bs + k

which is the transfer function of the system. The same transfer function can be obtained from
Equation (2-16).

Transfer Matrix. Next, consider a multiple-input, multiple-output system. Assume

that there are r inputs u,, u,, ..., u,, and m outputs y;, y,, ..., y,,. Define
N Uy
» U
y = , u =
_ym_ _Ll,_

The transfer matrix G(s) relates the output Y(s) to the input U(s), or

Y(s) = G(s)U(s)
where G(s) is given by
G(s) =C(sI—A)'B+D

[The derivation for this equation is the same as that for Equation (2-29).] Since the
input vector u is ¥ dimensional and the output vector y is m dimensional, the transfer ma-
trix G(s) is an m X r matrix.

2-5 STATE-SPACE REPRESENTATION OF SCALAR
DIFFERENTIAL EQUATION SYSTEMS

A dynamic system consisting of a finite number of lumped elements may be described
by ordinary differential equations in which time is the independent variable. By use of
vector-matrix notation, an nth-order differential equation may be expressed by a first-
order vector-matrix differential equation. If n elements of the vector are a set of state
variables, then the vector-matrix differential equation is a state equation. In this section
we shall present methods for obtaining state-space representations of continuous-time
systems.
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State-Space Representation of nth-Order Systems of Linear Differential Equa-
tions in which the Forcing Function Does Not Involve Derivative Terms. Con-
sider the following nth-order system:

(n) (n—1)
v+ aqy ++a,y+a,y=u (2-30)

(n—=1)
Noting that the knowledge of y(0), y(0),..., y (0), together with the input u(¢) for
t = 0, determines completely the future behavior of the system, we may take

n—1
y(t), y(1),..., ( v )(t) as a set of n state variables. (Mathematically, such a choice of state
variables is quite convenient. Practically, however, because higher-order derivative terms
are inaccurate, due to the noise effects inherent in any practical situations, such a choice
of the state variables may not be desirable.)
Let us define

Xy =Yy

X, =y
(n—1)

Xp = Y

Then Equation (2-30) can be written as

X=X
Xy = X3
Xp—1 = X
X, = —a,x; — " —mXx, +u
or
x = Ax + Bu (2-31)
where
- 0 1 0 | [0
! 0 1 0 0
X2
X = , A= , B =
0 0 0 SR |
X
- L —a4, —a,-1 —a,—, - —ap_| _1_
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The output can be given by

X1
X2
y=[10 0]
L Xn_|
or
y=C (2-32)
where

C=[1 0 - 0]

[Note that D in Equation (2-24) is zero.] The first-order differential equation, Equa-
tion (2-31), is the state equation, and the algebraic equation, Equation (2-32), is the
output equation.

Note that the state-space representation for the transfer function system

Y(s) 1
U(s) s"+as" '+ +a,s+a,

is given also by Equations (2-31) and (2-32).

State-Space Representation of nth-Order Systems of Linear Differential Equa-
tions in which the Forcing Function Involves Derivative Terms. Consider the dif-
ferential equation system that involves derivatives of the forcing function, such as

(n) (n=1) (n) (n=1)
y ta y +-+a,_y+tay=bu-+b u +--+b_u+bu (2-33)

The main problem in defining the state variables for this case lies in the derivative
terms of the input u. The state variables must be such that they will eliminate the de-
rivatives of u in the state equation.

One way to obtain a state equation and output equation for this case is to define the
following n variables as a set of n state variables:

X =y — Bou
X, =y = Boit — Piu = X1 — Pu

X3 =y — Boii — B — Pou = X, — Bou
(2-34)

(n—=1) (n=1)  (n—2) . )
X, =y — Bou — Pt == BB, qu=x, 41— B, u
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where B, B1, B, --- , B,_1 are determined from
Bo = by
Bi = b1 — aiBo
By = by — a1 — ayB

Bs = by — aipy — a;py — a3pBy (2-35)

Bu-1=byy —aByy = — a,2B1 — a,-1B

With this choice of state variables the existence and uniqueness of the solution of the
state equation is guaranteed. (Note that this is not the only choice of a set of state vari-
ables.) With the present choice of state variables, we obtain

xl :x2+B1u

Xz = X3 + Bzu
(2-36)
xn*l = Xp + Bn*lu
xn = TapXy T Ay Xy T T 4 Xy + Bnu
where 3, is given by

IBn = bn - al:anl - an*lBl - an*lBO

[To derive Equation (2-36), see Problem A-2-6.] In terms of vector-matrix equations,
Equation (2-36) and the output equation can be written as

] [ o 1 0 - o[ x| [ B ]
Xz 0 O 1 O xZ Bz
= + u
Xn-1 0 0 0 1 Xn—1 anl
L xn _ L—4d, —A4p—1 —Adp— T Tap | X, _| L Bn _
_Xl_
2%)
y=[1 0 = 0] |+ B
L Xn_|
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or

x = Ax + Bu (2-37)
y=Cx + Du (2-38)
where
x| [0 1 0 - 0 |
X5 0 0 1 - 0
X = , A =
X,_1 0 0 0 1
L Xy _ __an Ay A4y " _al_
_ 8, _
B>
B = 5 C:[l 0 O], D:BOIbO
Bn*l
L B, |

In this state-space representation, matrices A and C are exactly the same as those for
the system of Equation (2-30). The derivatives on the right-hand side of Equation (2-33)
affect only the elements of the B matrix.

Note that the state-space representation for the transfer function

Y(s)  bys" + bys" 4+ b, s+ b,
U(s) s"+as" '+ +a,s+a,

is given also by Equations (2-37) and (2-38).

There are many ways to obtain state-space representations of systems. Methods for
obtaining canonical representations of systems in state space (such as controllable canon-
ical form, observable canonical form, diagonal canonical form, and Jordan canonical
form) are presented in Chapter 9.

MATLAB can also be used to obtain state-space representations of systems from
transfer-function representations, and vice versa. This subject is presented in Section 2—6.

2-6 TRANSFORMATION OF MATHEMATICAL MODELS WITH MATLAB
MATLAB is quite useful to transform the system model from transfer function to state
space, and vice versa. We shall begin our discussion with transformation from transfer

function to state space.
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Let us write the closed-loop transfer function as

Y(s) numerator polynomial in s num

U(s)  denominator polynomialins  den

Once we have this transfer-function expression, the MATLAB command
[A,B,C,D] = tf2ss(num,den)

will give a state-space representation. It is important to note that the state-space repre-
sentation for any system is not unique. There are many (infinitely many) state-space
representations for the same system. The MATLAB command gives one possible such
state-space representation.

Transformation from Transfer Function to State Space Representation.
Consider the transfer-function system

Y(s) S

U(s) (s + 10)(s* + 4s + 16)

s
= 2-39
§3 + 14s* + 56s + 160 ( )

There are many (infinitely many) possible state-space representations for this system.
One possible state-space representation is

X4 0 1 01| x
X, | = 0 0 1 X, | + 1 |u
X5 —-160 —56 —14 || x; -14
X1
y=[1 0 0]] x, | +[0]u
X3

Another possible state-space representation (among infinitely many alternatives) is

).Cl _14 _56 _160 xl 1
% | = 1 0 01l x, |+]0u (2-40)
A 0 1 0 || xs 0
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X1
y=1[0 1 0] x, | +[0]u
X3

(2-41)

MATLAB transforms the transfer function given by Equation (2-39) into the
state-space representation given by Equations (2-40) and (2-41). For the example
system considered here, MATLAB Program 2-2 will produce matrices A, B, C,

and D.

MATLAB Program 2-2
num=[1 0];
den=[1 14 56 160];
[A,B,C,D] = tf2ss(num,den)
A —
-14 -56 -160

1 0 0

0 1 0
B =

1

0

0
C =

0 1 0
D =

0

Transformation from State Space Representation to Transfer Function. To
obtain the transfer function from state-space equations, use the following command:

[num,den] = ss2tf(A,B,C,D, iu)

iu must be specified for systems with more than one input. For example, if the system
has three inputs (u1, u2, u3), then iu must be either 1, 2, or 3, where 1 implies ul, 2
implies ©2, and 3 implies u3.

If the system has only one input, then either

Section 2-6 / Transformation of Mathematical Models with MATLAB
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EXAMPLE 2-4

or
[num,den] = ss2tf(A,B,C,D,1)

may be used. For the case where the system has multiple inputs and multiple outputs,
see Problem A-2-12.

Obtain the transfer function of the system defined by the following state-space equations:

X 0 1 0 X 0
X, | = 0 0 1 X, | + 25 |u
X3 -5 =25 -5 X3 —120
X1
y=1[1 0 0] x,
X3

MATLAB Program 2-3 will produce the transfer function for the given system. The transfer func-
tion obtained is given by

Y (s) _ 25s +5
U(s) s*+52+255+5
MATLAB Program 2-3
A=[0 1 0; 0 O 1, -5 -25 -5];
B = [0; 25; -120];
C=[1 0 0]
D = [0];

[num,den] = ss2tf(A,B,C,D)
num =
0 0.0000 25.0000 5.0000
den
1.0000 5.0000 25.0000 5.0000
% ***** The same result can be obtained by entering the following command: *****
[num,den] = ss2tf(A,B,C,D,1)
num =
0 0.0000 25.0000 5.0000
den =

1.0000 5.0000 25.0000 5.0000

42
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2-7 LINEARIZATION OF NONLINEAR MATHEMATICAL MODELS

Nonlinear Systems. A system is nonlinear if the principle of superposition does
not apply. Thus, for a nonlinear system the response to two inputs cannot be calculated
by treating one input at a time and adding the results.

Although many physical relationships are often represented by linear equations,
in most cases actual relationships are not quite linear. In fact, a careful study of phys-
ical systems reveals that even so-called “linear systems” are really linear only in lim-
ited operating ranges. In practice, many electromechanical systems, hydraulic systems,
pneumatic systems, and so on, involve nonlinear relationships among the variables.
For example, the output of a component may saturate for large input signals. There may
be a dead space that affects small signals. (The dead space of a component is a small
range of input variations to which the component is insensitive.) Square-law nonlin-
earity may occur in some components. For instance, dampers used in physical systems
may be linear for low-velocity operations but may become nonlinear at high veloci-
ties, and the damping force may become proportional to the square of the operating
velocity.

Linearization of Nonlinear Systems. In control engineering a normal operation
of the system may be around an equilibrium point, and the signals may be considered
small signals around the equilibrium. (It should be pointed out that there are many ex-
ceptions to such a case.) However, if the system operates around an equilibrium point
and if the signals involved are small signals, then it is possible to approximate the non-
linear system by a linear system. Such a linear system is equivalent to the nonlinear sys-
tem considered within a limited operating range. Such a linearized model (linear,
time-invariant model) is very important in control engineering.

The linearization procedure to be presented in the following is based on the ex-
pansion of nonlinear function into a Taylor series about the operating point and the
retention of only the linear term. Because we neglect higher-order terms of the Taylor
series expansion, these neglected terms must be small enough; that is, the variables
deviate only slightly from the operating condition. (Otherwise, the result will be
inaccurate.)

Linear Approximation of Nonlinear Mathematical Models. To obtain a linear
mathematical model for a nonlinear system, we assume that the variables deviate only
slightly from some operating condition. Consider a system whose input is x(¢) and out-
putis y(¢). The relationship between y(¢) and x(¢) is given by

y = f(x) (2-42)

If the normal operating condition corresponds to X, y, then Equation (2-42) may be
expanded into a Taylor series about this point as follows:

=f(7c)+—(x—)‘c)+—7(x—)‘c)2+~~ (2-43)
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where the derivatives df/dx, d*f/dx?, ... are evaluated at x = X. If the variation x — X
is small, we may neglect the higher-order terms in x — X.Then Equation (2-43) may be
written as

y=y+ K(x — X) (2-44)
where
y = f(x)
daf
K

Equation (2-44) may be rewritten as
y—y=K(x—-X) (2-45)

which indicates that y — y is proportional to x — x. Equation (2-45) gives a linear math-
ematical model for the nonlinear system given by Equation (2-42) near the operating
point x = X,y = y.

Next, consider a nonlinear system whose output y is a function of two inputs x; and
X,, so that

y = f(xl, xz) (2-46)

To obtain a linear approximation to this nonlinear system, we may expand Equation (2-46)
into a Taylor series about the normal operating point X;, X,. Then Equation (2-46)
becomes

y = f(¥, %) + [af(x1 - X)) + i(xz - )_62)}

dxy X,

A7

o f _
2! Lox3 (

(xl - .fl)z + 2 ax1ax2 xl - xl)(xZ - .fz)

Jraz—f(x2 — 22)2} 4o

ax3

where the partial derivatives are evaluated at x; = X;, x, = X,. Near the normal oper-
ating point, the higher-order terms may be neglected. The linear mathematical model of
this nonlinear system in the neighborhood of the normal operating condition is then
given by

y =y =Kx — %)+ K(x, - %)
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EXAMPLE 2-5

where

y = f(J_Cl, 3_52)
dJ
Ko
axl X1=X{, X,=X,
J
k-
ax2 X=X, X=X,

The linearization technique presented here is valid in the vicinity of the operating
condition. If the operating conditions vary widely, however, such linearized equations are
not adequate, and nonlinear equations must be dealt with. It is important to remember
that a particular mathematical model used in analysis and design may accurately rep-
resent the dynamics of an actual system for certain operating conditions, but may not be
accurate for other operating conditions.

Linearize the nonlinear equation
z=xy

in the region 5 = x = 7,10 = y = 12. Find the error if the linearized equation is used to calcu-
late the value of z when x = 5, y = 10.
Since the region considered is givenby 5 = x = 7,10 = y = 12,choose X = 6,y = 11. Then
= Xy = 66. Let us obtain a linearized equation for the nonlinear equation near a point x = 6,
11.
Expanding the nonlinear equation into a Taylor series about point x = X, y = y and neglecting
the higher-order terms, we have

z
y

z—z=alx —x)+ by —y)

where
a(x
a= ( y) =y=11
0X  |x=x.y=3
a(x
p = 2 —%=6
ay X=X,y=y

Hence the linearized equation is
z—66=11(x — 6) + 6(y — 11)
or
z=11x + 6y — 66
When x = 5, y = 10, the value of z given by the linearized equation is

z=11x + 6y — 66 =55 + 60 — 66 = 49

The exact value of z is z = xy = 50. The error is thus 50 — 49 = 1. In terms of percentage, the
error is 2%.
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EXAMPLE PROBLEMS AND SOLUTIONS

A-2-1. Simplify the block diagram shown in Figure 2-17.

Solution. First, move the branch point of the path involving H, outside the loop involving H,, as
shown in Figure 2-18(a). Then eliminating two loops results in Figure 2-18(b). Combining two
blocks into one gives Figure 2-18(c).

A-2-2. Simplify the block diagram shown in Figure 2-19. Obtain the transfer function relating C(s) and

R(s).
H,
R(s) C(s)
+ - G >+ -
Figure 2-17
Block diagram of a H,
system.
A
G
\
R(s) > Cs)
(@) G > {+g )
H,
R(s) G H, C(s)
(b) ™ T+ GH, 1 1+ G e
Figure 2-18
Simplified block
diagrams for the R c
system shown in © (5) G+H, (5)
Figure 2-17. 1 + GH,
R(s) X(s) E ; C(s)
Gl + > G2 o+ >
Figure 2-19
Block diagram of a
system.
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Figure 2-20
Reduction of the
block diagram shown
in Figure 2-19.

A-2-3.

Figure 2-21
Block diagram of a
system.

R(s) C(s)
> G |+ > G, |+ >
(a)
R(s) C(s)
1 G+ 1 G, @ >
(b)
R(s) C(s)
— GG+ Gyt | f—

©

Solution. The block diagram of Figure 2-19 can be modified to that shown in Figure 2-20(a).
Eliminating the minor feedforward path, we obtain Figure 2-20(b), which can be simplified to
Figure 2-20(c). The transfer function C(s)/R(s) is thus given by

C(s)
R(s)
The same result can also be obtained by proceeding as follows: Since signal X (s) is the sum
of two signals G, R(s) and R(s), we have

X(s) = GiR(s) + R(s)
The output signal C(s) is the sum of G, X (s) and R(s). Hence
C(s) = G,X(s) + R(s) = G)[G,R(s) + R(s)] + R(s)
And so we have the same result as before:
C(s)
R(s)

Simplify the block diagram shown in Figure 2-21. Then obtain the closed-loop transfer function

C(s)/R(s).
1 Hy |

] @ F-@—~] o

:Gle+Gz+1

— GG, +G, + 1

Q

Y

Gy

H, |- H, |~
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Figure 2-22
Successive
reductions of the
block diagram shown
in Figure 2-21.

A-2-4.

Figure 2-23
Control system with
reference input and
disturbance input.

48

1| Hy | _
G | Gs |
R(s) C(s)
Gy Gy {4 Gs Gy >
1 H, | H, |
()
Hy |
GGy |
2 G\ Gy _ G, Gy &
1+ G, G, H, g 1+ G3 G4 H, -
(b)
R(s) G,G,G;G, <)

1+G G H\+ G3GyHy, - G, Gy Hy+ G1 G, G3 Gy H Hy

(©)

.

Solution. First move the branch point between G; and G, to the right-hand side of the loop con-
taining G3, G4, and H,. Then move the summing point between G, and G, to the left-hand side
of the first summing point. See Figure 2-22(a). By simplifying each loop, the block diagram can
be modified as shown in Figure 2-22(b). Further simplification results in Figure 2-22(c), from
which the closed-loop transfer function C(s)/R(s) is obtained as

C(s)

R(s) 1+ G,GH, + GsG,H, — G,GsH, + G,G,GsG, H, H,

Obtain transfer functions C(s)/R(s) and C(s)/D(s) of the system shown in Figure 2-23.

Solution. From Figure 2-23 we have

U(s) = GfR(s) + G.E(s) (2-47)
C(s) = G,[D(s) + GU(s)] (2-48)
E(s) = R(s) — HC(s) (2-49)
> Gr l D(s)
R(s) E(s) U(s) C(s)
—_—l G. —»@—» G, G »
H -

Chapter 2 / Mathematical Modeling of Control Systems




A-2-5.

Figure 2-24
System with two
inputs and two
outputs.

By substituting Equation (2-47) into Equation (2-48), we get
C(s) = G,D(s) + G,G,[G;R(s) + G.E(s)] (2-50)
By substituting Equation (2-49) into Equation (2-50), we obtain
C(s) = G,D(s) + G,G,{G;R(s) + G|R(s) — HC(s)]}
Solving this last equation for C(s), we get
C(s) + G,G,G.HC(s) = G,D(s) + G,G,(G; + G,)R(s)

Hence
G,D(s) + G,G,(G; + G,)R(s)
1+ GG,G.H

C(s) = (2-51)

Note that Equation (2-51) gives the response C(s) when both reference input R(s) and distur-
bance input D(s) are present.
To find transfer function C(s)/R(s), we let D(s) = 0in Equation (2-51). Then we obtain

C(s) GGG +G)
R(s) 1+ G,G,G.H

Similarly, to obtain transfer function C(s)/D(s), we let R(s) = 0 in Equation (2-51). Then
C(s)/D(s) can be given by

C(s) _ G,
D(s) 1+ GG,G.H

Figure 2-24 shows a system with two inputs and two outputs. Derive C,(s)/R;(s), Ci(s)/R,(s),
Cy(s) /R (s), and C,(s)/R,(s). (In deriving outputs for R;(s), assume that R,(s) is zero, and vice
versa.)

Q
A

=
)
Y
/
Q
IS
Y
Ke)
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Solution. From the figure, we obtain
C = Gl(Rl - Gzcz)

G, = G(R, — G,())
By substituting Equation (2-53) into Equation (2-52), we obtain
Ci = G|[R, — G;Gy(R, — G,C)]
By substituting Equation (2-52) into Equation (2-53), we get
C, = G R, — G,G|(R, — G;C,)]
Solving Equation (2-54) for C,, we obtain

C:&&—G@@&
! 1 - G,G,G;G,

Solving Equation (2-55) for C, gives

c _ —G,G,G,R, + G,R,
1 - G,G,GG,

(2-52)

(2-53)

(2-54)

(2-55)

(2-56)

(2-57)

Equations (2-56) and (2-57) can be combined in the form of the transfer matrix as follows:

G, GGG,
¢l | 1-GGGG, 1-GGGG, |[ R
G G,G,G, G, R,

1 -G,G,G,G, 1—- G,G,G,5G,

Then the transfer functions C;(s)/R;(s), C,(s)/Rs(s), C5(s)/R;(s) and C,(s)/R,(s) can be obtained

as follows:
Ci(s) _ G, Ci(s) __ GGG,y
Ri(s) 1-G GGG’ Ry(s) 1 = GG,G3G,
Cy(s) _ G,G,G, Cy(s) _ G,
Ry(s) 1 - GG,G;G,’ Ry(s) 1-GG,GsG,

Note that Equations (2-56) and (2-57) give responses C; and C,, respectively, when both inputs

R and R, are present.

Notice that when R,(s) = 0, the original block diagram can be simplified to those shown in
Figures 2-25(a) and (b). Similarly, when R,(s) = 0, the original block diagram can be simplified
to those shown in Figures 2-25(c) and (d). From these simplified block diagrams we can also ob-
tain Cy(s)/R;(s), C5(s)/R(s), Ci(s)/R,(s), and C,(s)/R,(s), as shown to the right of each corre-

sponding block diagram.
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Figure 2-25
Simplified block
diagrams and
corresponding
closed-loop transfer
functions.

A-2-6.

Ry C C
(a) > > - — =
> G 7
G3 ~— G4 < _GZ
w N C &
— G P -6 P G > = =
Gy |

\79

R, C
(©) —»(%}‘ Gy P -G = G, -
2

A

Gy

(d) —h | G, >

G, € G| [ -G;

Show that for the differential equation system

YV + aiy + ay + azy = byt + byii + byt + byu

state and output equations can be given, respectively, by

X1 0 1 X1 B
X, | = 0 1 X |+ B |u
X3 —as T4 —a X3 B3
and
X1
y=[1 0 0] x, | + Bou
X3

where state variables are defined by

X =y~ Bou
X, =y = Boit — Biu =% — Pu

X3 =y = Boii — Biit — Pou = X, — Bou

Example Problems and Solutions

R,

G

1-G,G,G; G,

-G, G, Gy

1-G,G,G; G4

~ G, G5 Gy

1-G1G,G3Gy

Gy

T 1-G,GyG5 Gy

(2-58)

(2-59)

(2-60)
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and
Bo = by
Bi = by — a1y
By = by — a1 — a8
Bs = by — a1By — a1 — a3Py
Solution. From the definition of state variables x, and x;, we have
X, = x, + Bu (2-61)
X, = x3 + Bou (2-62)
To derive the equation for x5, we first note from Equation (2-58) that
YV =-—a1y — ayy — azy + byt + byii + byu + byu
Since
X3 =y — Boit — Bit — Pou
we have
X3 =Y = Botl = By — Bt
= (ay — @y = asy) + byii + biii + byt + byu — foii = Piii — Bt

—a(y = Boil = Pt = Bou) — aBoii — @yt — aifu
_“2()" = Bott — Blu) = afoit — afiu — 113()’ - Bou> — azBou
+ byl + Dyii + byt + bsu — Byt — Byii — Byt

= —a1X3 — Xy — azx; + (bo - Bo)u. + (bl - B — alBo)U

+ (bz — By — a1y — azBo)u + (bz — a3, — a8y — 0330)”

= Ta1X3 T Xy — azxy + (b3 —aBy — @ — asBo)U

= —apx; — ayx; — azx; + Biu
Hence, we get

X3 = —a3x); — ayX, — a;Xx3 + Bau (2-63)

Combining Equations (2-61), (2-62), and (2-63) into a vector-matrix equation, we obtain Equa-

tion (2-59). Also, from the definition of state variable x,, we get the output equation given by
Equation (2-60).

A-2-7. Obtain a state-space equation and output equation for the system defined by

Y(s) 28+ s2+s5+2
U(s) $S+4s2+5s+2

Solution. From the given transfer function, the differential equation for the system is
V+4y + 5y +2y =20 tii +u+ 2u
Comparing this equation with the standard equation given by Equation (2-33), rewritten

YV + a1y + a,y + asy = byit + bjii + byt + byu

Chapter 2 / Mathematical Modeling of Control Systems



we find
a; = 4, a, =5, a3 =12
by = 2, b =1, b, =1, by =2
Referring to Equation (2-35), we have
Bo=Dby=2
Bi = by — a1By
Bo=by—afi—aBy=1-4xX(-7)-5x2=19
Bs = by — a18, — a;By — asPy
=2-4X19-5X(-7)—2X2=-43

1-4x2=-7

Referring to Equation (2-34), we define
xp=y—Pou=y—2u
szxl_Blu=x1+7u
X3:).C2_Bzu:).62_19u

Then referring to Equation (2-36),

)'Cl = Xy — Tu

X, = x3 + 19u

X3 = —azx) — ayXy — ayx; + Biu
= —2x; — 5x, — 4x;3 — 43u

Hence, the state-space representation of the system is

Xy 0 1 0 x -7
X, | = 0o 0 1 X, | + 19 |u
X5 =2 =5 —4 || x;3 —43
Xy
y=1[1 0 0]| x, | +2u
X3

This is one possible state-space representation of the system. There are many (infinitely many)
others. If we use MATLAB, it produces the following state-space representation:

Xy -4 =5 =2 || x 1
X, | = 1 0 O X, |+ 0 |u
X5 0 1 0] x3 0
X1
y=[-7 -9 =2]| x, | +2u
X3

See MATLAB Program 2-4. (Note that all state-space representations for the same system are
equivalent.)
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MATLAB Program 24
num=1[2 11 2];
den=1[1 4 5 2];
[A,B,C,D] = tf2ss(num,den)
A=

-4 -5 -2

T 0 O

0O 1 0
B =

1

0

0
C=

-7 -9 -2
D=

2

A-2-8. Obtain a state-space model of the system shown in Figure 2-26.

Solution. The system involves one integrator and two delayed integrators. The output of each
integrator or delayed integrator can be a state variable. Let us define the output of the plant as
X1, the output of the controller as x,, and the output of the sensor as x;. Then we obtain

Xi(s) 10
Xo(s) s+5
X(s) _1
U(s) = Xs(s) s
Xi(s) 1
Xi(s) s+1
Y(s) = Xy(s)

Uls) 1 10 Y(s)
s s+5

Controller Plant

1
s+ 1

Figure 2-26
Control system. Sensor
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A-2-9.

which can be rewritten as
sXi(s) = =5X,(s) + 10X,(s)
sXo(s) = —X5(s) + U(s)
sX3(s) = Xi(s) — X;(s)
Y(s) = Xi(s)

By taking the inverse Laplace transforms of the preceding four equations, we obtain
X; = —5x; + 10x,
X, =—x3t+tu
X3 =X~ X3
y==x

Thus, a state-space model of the system in the standard form is given by

X =5 10 0 || x4 0
X, | = 0 0 -1 X, |+ | 1 |u
X5 1 0 -1 X3 0
X1
y=1[1 0 0]| x,
X3

It is important to note that this is not the only state-space representation of the system. Infinite-
ly many other state-space representations are possible. However, the number of state variables is
the same in any state-space representation of the same system. In the present system, the num-
ber of state variables is three, regardless of what variables are chosen as state variables.

Obtain a state-space model for the system shown in Figure 2-27(a).

Solution. First, notice that (as + b)/s? involves a derivative term. Such a derivative term may be
avoided if we modify (as + b)/s* as
as + b ( b) 1
=la+—|—

52 s) s

Using this modification, the block diagram of Figure 2-27(a) can be modified to that shown in
Figure 2-27(b).

Define the outputs of the integrators as state variables, as shown in Figure 2-27(b). Then from
Figure 2-27(b) we obtain

Xi(s) _1
Xo(s) + alU(s) — X,(s)] s
X(s) . é
U(s) — X,(s) s
Y(s) = X(s)

which may be modified to
sXi(s) = Xas) + alU(s) = Xu(s)]
sX5(s) = —bX,(s) + bU(s)
Y(s) = Xi(s)

Example Problems and Solutions 55



Figure 2-27

(a) Control system;
(b) modified block
diagram.

A-2-10.

56

[N

U(s) ) Y(s)
> @ - as+b > — >
)

UGs) @ Xa(s) . |N® X(s)
+ > >(+ —
s

v |

(b)

Taking the inverse Laplace transforms of the preceding three equations, we obtain
X, = —ax, + x, + au
X, = —bx, + bu
y =X

Rewriting the state and output equations in the standard vector-matrix form, we obtain
X4 —a 1 X N a
= u
X, b 0 |[ x, b
X1
=[1 0
y=1I ][xz]

Obtain a state-space representation of the system shown in Figure 2-28(a).
Solution. In this problem, first expand (s + z)/(s + p) into partial fractions.

+ zZ—
s Z:1+ P
s+p s+p

Next, convert K /[s(s + a)]into the product of K /s and 1/(s + a). Then redraw the block diagram,
as shown in Figure 2-28(b). Defining a set of state variables, as shown in Figure 2-28(b), we ob-
tain the following equations:

X, = —ax; + x,
X, = —Kx; + Kx; + Ku
X =—(z = p)xy = pxs + (z = plu

y =X
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Figure 2-28

u Z-p X3 K X2 1 X1 y
+ - > — > >
= @ s+p @’ K s+a
(a) Control system,;

(b) block diagram
defining state
variables for the

system.

u s+z o K Y
- s+p s(s +a)

(a)

©

()

Rewriting gives

Xy —a 1 0 X 0
X, | = -K 0 K X, | + K |u
X3 —(z=p) 0 —plLx; -p
X1
y=[1 0 0] x,
X3

Notice that the output of the integrator and the outputs of the first-order delayed integrators
[1/(s + a) and (z — p)/(s + p)] are chosen as state variables. It is important to remember that
the output of the block (s + z)/(s + p) in Figure 2-28(a) cannot be a state variable, because this
block involves a derivative term, s + z.

A-2-11. Obtain the transfer function of the system defined by

Xy -1 1 0 X 0
X, | = 0 -1 1 X, |+ 0 |u
X5 0o 0 -2 X3 1
X1
y=1[1 0 0] x,
X3

Solution. Referring to Equation (2-29), the transfer function G(s) is given by
G(s) = C(sT — A)'B + D

In this problem, matrices A, B, C,and D are

-1 1 0 0
A=| 0 -1 1|, B=|0|, €=[100, D=0
0 0 —2 1
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58

A-2-12.

Hence

s+1 -1 0o ['o
G(s)y=[1 0 0]] 0 s+1 -1 0
L 0 0 s+2 1
1 1 1 |
s+1 (s+ 1) (s+1)>%(s+2) 0
1 1
=[1 0 0 0
[ ] s+ 1 (s +1)(s +2) 1
1
L 0 0 s+ 2 ]
1 1

(s+1)2(s+2) s +4s>+55+2

Consider a system with multiple inputs and multiple outputs. When the system has more than one
output, the MATLAB command

[NUM,den] = ss2tf(A,B,C,D,iu)

produces transfer functions for all outputs to each input. (The numerator coefficients are returned
to matrix NUM with as many rows as there are outputs.)
Consider the system defined by

MR BN
HEE N A

This system involves two inputs and two outputs. Four transfer functions are involved: Y;(s)/U;(s),
Ys(s)/Uy(s), Yi(5)/Us(s), and Y5(s)/U,(s). (When considering input «;, we assume that input u,
is zero and vice versa.)

Solution. MATLAB Program 2-5 produces four transfer functions.
This is the MATLAB representation of the following four transfer functions:

Yi(s)  s+4 Yo(s) =25
Ul(s) s>+ 4s+25 U(s) s>+ 4s+25
Yi(s) s+5 Yo(s)  s-25
Uy(s) s>+ 4s+25° Uy(s) s>+ 4s + 25
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MATLAB Program 2-5

A=[0 1;-25 -4];

B=[1 1.0 1I;

C=[1 0,0 T1J;

D=[0 0,0 O0];

[NUM,den] = ss2tf(A,B,C,D,1)

NUM =
0 1 4
0 0 =25
den =
1 4 25

[NUM,den] = ss2tf(A,B,C,D,2)
NUM =
0 1.0000 5.0000
0 1.0000 -25.0000

den =

A-2-13. Linearize the nonlinear equation
7= x*+ 4xy + 6)*

in the region defined by 8 = x = 10,2 = y = 4.

Solution. Define
flx,y) =z = x>+ dxy + 6y°

Then

J J

i (x — x) + l

2= (o) = a9 + | & o

where we choose ¥ = 9,y = 3.

Since the higher-order terms in the expanded equation are small, neglecting these higher-

order terms, we obtain

z—72=K((x—-X)+ K(y—¥)

where
af _ _
K = — =2x +4y =2X9+4X3=230
dx x=%,y=7
af _ _
K, = =4x + 12y =4 X9+ 12X3 =72
ay X=X, y=y

7=X+4Xy +6y° =9 +4 X9 X3 +6X9=243

Example Problems and Solutions
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Thus
z—243=30(x —9) + 72(y — 3)
Hence a linear approximation of the given nonlinear equation near the operating point is

z—30x — 72y +243 =0

PROBLEMS

B-2-1. Simplify the block diagram shown in Figure 2-29  B-2-2. Simplify the block diagram shown in Figure 2-30
and obtain the closed-loop transfer function C(s)/R(s). and obtain the closed-loop transfer function C(s)/R(s).

B-2-3. Simplify the block diagram shown in Figure 2-31
and obtain the closed-loop transfer function C(s)/R(s).

- G| v
RO C(s) > G ‘
) (%)——»
P R(s) C(s)
— G2 + @ P G2
@) G
Rl |
Gy |-
H2 -
Figure 2-29 Figure 2-30
Block diagram of a system. Block diagram of a system.
H
R(s) Cs)
—»@—» Gy II G, é‘ G3
Hy
H3 -

Figure 2-31
Block diagram of a system.
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B-2-4. Consider industrial automatic controllers whose
control actions are proportional, integral, proportional-plus-
integral, proportional-plus-derivative, and proportional-plus-
integral-plus-derivative. The transfer functions of these
controllers can be given, respectively, by

where U (s) is the Laplace transform of u(¢), the controller
output, and E(s) the Laplace transform of e(¢), the actuat-

ing error signal. Sketch u(¢)-versus-t curves for each of the
five types of controllers when the actuating error signal is

(a) e(t) = unit-step function
(b) e(t) = unit-ramp function
In sketching curves, assume that the numerical values of K,
K;, T;, and T, are given as

K, = proportional gain = 4

K; = integral gain = 2

T; = integral time = 2 sec

T, = derivative time = 0.8 sec
B-2-5. Figure 2-32 shows a closed-loop system with a ref-
erence input and disturbance input. Obtain the expression

for the output C(s) when both the reference input and dis-
turbance input are present.

B-2-6. Consider the system shown in Figure 2-33. Derive
the expression for the steady-state error when both the ref-
erence input R(s) and disturbance input D(s) are present.

B-2-7. Obtain the transfer functions C(s)/R(s) and
C(s)/D(s) of the system shown in Figure 2-34.

D(s)
sl C(s)
—_— G(s) | G,(s) —> -
Figure 2-32 1 Controller Plant
Closed-loop system.
D(s)
R(s) E(s) )
—&) > O | Gals) =
Figure 2-33
Control system.
lD(S)
R(s) )
—»@—» G, G —»@—» G, > G3 >
H, -
Figure 2-34 H, |
Control system.

Problems
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B-2-8. Obtain a state-space representation of the system
shown in Figure 2-35.

u s+2z 1 Y
s+p §2 o

Figure 2-35
Control system.

B-2-9. Consider the system described by
V+3y+2y=u
Derive a state-space representation of the system.

B-2-10. Consider the system described by
Xl _ |4 1|l x N 1 "
)'Cz 3 -1 Xy 1
X1
=[1 0
y=1 JLJ

Obtain the transfer function of the system.

62

B-2-11. Consider a system defined by the following state-
space equations:

HEEE HEN
=027

Obtain the transfer function G(s) of the system.

B-2-12. Obtain the transfer matrix of the system defined by

i 0 1 o[ x 0 0
u
L =] 0 0 1|lx|+]01 [ul}
%5 L2 -4 -6 ] x 10 2
|:y1_ 10 0] i‘
Lo 10 :
Y2_| L x5

B-2-13. Linearize the nonlinear equation
z=x>+ 8xy + 3y’
in the region defined by2 = x = 4,10 = y = 12.
B-2-14. Find a linearized equation for
y = 02x°

about a point x = 2.
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Mathematical Modeling
of Mechanical Systems
and Electrical Systems

3-1 INTRODUCTION

This chapter presents mathematical modeling of mechanical systems and electrical
systems. In Chapter 2 we obtained mathematical models of a simple electrical circuit
and a simple mechanical system. In this chapter we consider mathematical modeling
of a variety of mechanical systems and electrical systems that may appear in control
systems.

The fundamental law govering mechanical systems is Newton’s second law. In
Section 3-2 we apply this law to various mechanical systems and derive transfer-
function models and state-space models.

The basic laws governing electrical circuits are Kirchhoff’s laws. In Section 3-3 we
obtain transfer-function models and state-space models of various electrical circuits
and operational amplifier systems that may appear in many control systems.

3-2 MATHEMATICAL MODELING
OF MECHANICAL SYSTEMS

This section first discusses simple spring systems and simple damper systems. Then
we derive transfer-function models and state-space models of various mechanical
systems.
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—> X
Figure 3-1 / K ¥ x
(a) System consisting MWWy
of two springs in —— ky ky
parallel; mk,z, A Snantl
(b) system consisting 7
of two springs in
series. (a) (b)

EXAMPLE 3-1 Let us obtain the equivalent spring constants for the systems shown in Figures 3-1(a) and (b),

respectively.
For the springs in parallel [Figure 3-1(a)] the equivalent spring constant k., is obtained
from
kix + kyx = F = kegx
or

keq = ki + Ky
For the springs in series [Figure-3-1(b)], the force in each spring is the same. Thus
kiy = F, kyx —y)=F

Elimination of y from these two equations results in

F
’“2( ‘E)‘F

ky  k + ks
kox =F + 2F =
2 3 k,

or

F

The equivalent spring constant k. for this case is then found as

F o kik 1

ky=—= =

T x  k+k 11
—+

1 2

EXAMPLE 3-2  Let us obtain the equivalent viscous-friction coefficient b, for each of the damper systems shown
in Figures 3-2(a) and (b). An oil-filled damper is often called a dashpot. A dashpot is a device that
provides viscous friction, or damping. It consists of a piston and oil-filled cylinder. Any relative mo-
tion between the piston rod and the cylinder is resisted by the oil because the oil must flow around
the piston (or through orifices provided in the piston) from one side of the piston to the other. The
dashpot essentially absorbs energy. This absorbed energy is dissipated as heat, and the dashpot does
not store any kinetic or potential energy.
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bl bZ
Figure 3-2
(a) Two dampers E—L
connected in parallel;
(b) two dampers x y x z y

connected in series. (a) (b)

(a) The force f due to the dampers is
F=bi(y = %)+ by = %) = (b + by)(5 — %)

In terms of the equivalent viscous-friction coefficient b, force f is given by

f = beq(y - X)
Hence
beg = by + by
(b) The force f due to the dampers is
f=b(z—x)=b(y~2) (3-1)

where z is the displacement of a point between damper b, and damper b,. (Note that the
same force is transmitted through the shaft.) From Equation (3-1), we have

(by + b))z = byy + byx

or

ST b+ bz(bzy + o) ¢

In terms of the equivalent viscous-friction coefficient b, force f is given by
=y = %)
By substituting Equation (3-2) into Equation (3-1), we have
F=ba(y =) = bl 5~ (b + biE)
b, + b,

by b,

b T
Thus,
= bu(y — 1) bib, G — %)
= b, - X) = - X
a\y b+ b,
Hence,
b _ ble _ 1
“ b+ b, l+l
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EXAMPLE 3-3

Figure 3-3
Spring-mass-
dashpot system
mounted on a cart.

66

Consider the spring-mass-dashpot system mounted on a massless cart as shown in Figure 3-3. Let
us obtain mathematical models of this system by assuming that the cart is standing still for + < 0 and
the spring-mass-dashpot system on the cart is also standing still for z < 0. In this system, u(¢) is the
displacement of the cart and is the input to the system. At¢ = 0, the cart is moved at a constant speed,
or . = constant. The displacement y(¢) of the mass is the output. (The displacement is relative to
the ground.) In this system, m denotes the mass, b denotes the viscous-friction coefficient, and k de-
notes the spring constant. We assume that the friction force of the dashpot is proportional to y —
and that the spring is a linear spring; that is, the spring force is proportional to y — u.
For translational systems, Newton’s second law states that

ma=2F

where m is a mass, a is the acceleration of the mass,and X F is the sum of the forces acting on the
mass in the direction of the acceleration a. Applying Newton’s second law to the present system
and noting that the cart is massless, we obtain

d’y dy du)
_b<dt ) TR

e
or
Cy
dr a TPy T

This equation represents a mathematical model of the system considered. Taking the Laplace
transform of this last equation, assuming zero initial condition, gives

(ms® + bs + k)Y (s) = (bs + k)U(s)

Taking the ratio of Y () to U(s), we find the transfer function of the system to be

Y(s bs + k
Transfer function = G(s) = UE ; =— i bs + Kk
s ms N

Such a transfer-function representation of a mathematical model is used very frequently in
control engineering.

Massless cart lf

7
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Next we shall obtain a state-space model of this system. We shall first compare the differen-
tial equation for this system

R L S AP
Y my my m m

with the standard form

V + ay + ayy = byii + bju + byu
and identify ay, a,, by, by, and b, as follows:
k b k
a; = —, a = —, by = 0, by =—, by = —
m m m

Referring to Equation (3-35), we have

Bo=1by=0

b
Br=b —aBy=—
m

k b\?
Bzzbz_alﬁl_a230:;_<a>

Then, referring to Equation (2-34), define
Xy =y - Bu=y
X, =X —Bu=x——u
m
From Equation (2-36) we have

. b
x1:x2+ﬁ1u:x2+zu

. k b k 2
Xo=—mx; —ax, + fu=——x;——x, + | ——|— u
m m m m

and the output equation becomes

or

b
Bj + k—nEb>2 u (3-3)
m m
X1
v=n o Y] (-4)

Equations (3-3) and (3-4) give a state-space representation of the system. (Note that this is not
the only state-space representation. There are infinitely many state-space representations for the
system.)

and
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Figure 34
Mechanical system.

EXAMPLE 3-4

EXAMPLE 3-5

68

MWW
AAAA
my \AAAJ

AAAA
\AAAS my

Obtain the transfer functions X,(s)/U(s) and X,(s)/U(s) of the mechanical system shown in
Figure 3-4.
The equations of motion for the system shown in Figure 3—4 are
m¥, = —kyx; — kz(x1 — xz) — b()’q — )'cz) +u
myxX, = —kzx, — k2(x2 - xl) - b()'cz - )'cl)
Simplifying, we obtain
my¥, + bxy + (ky + ky)x; = bi, + kyx, + u
my¥, + b, + (ky + ks)x, = bk + kyx,
Taking the Laplace transforms of these two equations, assuming zero initial conditions, we obtain
[mys” + bs + (ky + k)| Xi(s) = (bs + k)X, (s) + U(s) (3-5)
[m,ys* + bs + (k, + k3) | Xo(s) = (bs + ko)X, (s) (3-6)
Solving Equation (3-6) for X,(s) and substituting it into Equation (3-5) and simplifying, we get
[(mys® + bs + ky + ky)(mas® + bs + ky + k3) — (bs + k,)' ] X,(s)
= (mys? + bs + ky + k3)U(s)

from which we obtain

Xi(s) B mys® + bs + ky + ks (3-7)
U(s)  (mys* + bs + ky + ky)(mys® + bs + ky + ky) — (bs + k)’

From Equations (3-6) and (3-7) we have
Xz(s) _ bs + k2 (3_8)

U(s)  (mys* + bs + ky + ky)(mys® + bs + ky + ks) — (bs + ky)

Equations (3-7) and (3-8) are the transfer functions X;(s)/U(s) and X,(s)/U(s), respectively.

An inverted pendulum mounted on a motor-driven cart is shown in Figure 3-5(a). This is a model
of the attitude control of a space booster on takeoff. (The objective of the attitude control prob-
lem is to keep the space booster in a vertical position.) The inverted pendulum is unstable in that
it may fall over any time in any direction unless a suitable control force is applied. Here we consider
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Figure 3-5

(a) Inverted
pendulum system;
(b) free-body
diagram.
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(b)

only a two-dimensional problem in which the pendulum moves only in the plane of the page. The
control force u is applied to the cart. Assume that the center of gravity of the pendulum rod is at
its geometric center. Obtain a mathematical model for the system.

Define the angle of the rod from the vertical line as 6. Define also the (x, y) coordinates of
the center of gravity of the pendulum rod as (xg, ys). Then

X = x + [sinf

Vg = lcosf
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EXAMPLE 3-6

To derive the equations of motion for the system, consider the free-body diagram shown in
Figure 3-5(b). The rotational motion of the pendulum rod about its center of gravity can be
described by

16 = Vising — Hlcos9 (3-9)
where [ is the moment of inertia of the rod about its center of gravity.
The horizontal motion of center of gravity of pendulum rod is given by

2

m% (x +1Isinf) = H (3-10)

The vertical motion of center of gravity of pendulum rod is

d2
m-_3 (Icos®) =V — mg (3-11)
The horizontal motion of cart is described by
d’x
E =u—H (3—12)

Since we must keep the inverted pendulum vertical, we can assume that 6(7) and 0(t) are
small quantities such thatsin6 = 6,cos# = 1,and #9*> = 0. Then, Equations (3-9) through (3-11)
can be linearized. The linearized equations are

10 = V1o — HI (3-13)
m(¥ +16) = H (3-14)
0=V —mg (3-15)
From Equations (3-12) and (3-14), we obtain
(M + m)x + mlb = u (3-16)
From Equations (3-13), (3-14), and (3-15), we have
16 = mglo — HI
= mglo — I(mx + mlf)
or
(I + mP?)§ + mlx = mglh (3-17)

Equations (3-16) and (3-17) describe the motion of the inverted-pendulum-on-the-cart system.
They constitute a mathematical model of the system.

Consider the inverted-pendulum system shown in Figure 3-6. Since in this system the mass is con-
centrated at the top of the rod, the center of gravity is the center of the pendulum ball. For this
case, the moment of inertia of the pendulum about its center of gravity is small, and we assume
I = 0in Equation (3-17). Then the mathematical model for this system becomes as follows:

(M + m)x + mlf = u (3-18)
mlP9 + mix = mglo (3-19)
Equations (3-18) and (3-19) can be modified to
Ml = (M + m)gh — u (3-20)
MX = u — mgb (3-21)
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Figure 3-6
Inverted-pendulum
system.

X € sin 0
o
T~
0
<~
€ cos 0 mg
¢
p P\'/ 7
U | M
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Equation (3-20) was obtained by eliminating ¥ from Equations (3-18) and (3-19). Equation
(3-21) was obtained by eliminating 6 from Equations (3-18) and (3-19). From Equation (3-20)
we obtain the plant transfer function to be
O(s) 1
=U(s) Mls*> — (M + m)g

1
M+ m ) ( M+ m >
m &)\’ mi ¢
The inverted-pendulum plant has one pole on the negative real axis [s = —(V'M + m/VMI)Vg| and

another on the positive real axis [s = (VM + m/VMI)Vg|. Hence, the plant is open-loop unstable.
Define state variables x;, x,, x3, and x, by

Ml(s +

X, =0
X, =0
X3 =X
Xy = X

Note that angle 6 indicates the rotation of the pendulum rod about point P, and x is the location
of the cart. If we consider 6 and x as the outputs of the system, then

=[] L)

(Notice that both 0 and x are easily measurable quantities.) Then, from the definition of the state
variables and Equations (3-20) and (3-21), we obtain

X1 = X2

. M+ m

X, = Mi gx1—mu
X3 =Xy

. m

x4:—ng1 +Mu
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In terms of vector-matrix equations, we have

0 1 0 0 0
):Cl M+ m g 0 0 O X1 _ L
Xo _ Ml Xy Ml (3 22)
)’C3 0 0 O 1 X3 0
Xy m Xy 1
ms 0 1 M
X1
i (1 0 0 0] x,
= 3-23
|:y2:| _0 0 1 O X3 ( )
X4

Equations (3-22) and (3-23) give a state-space representation of the inverted-pendulum system.
(Note that state-space representation of the system is not unique. There are infinitely many such
representations for this system.)

3-3 MATHEMATICAL MODELING OF ELECTRICAL SYSTEMS

Figure 3-7

Electrical circuit.

72

Basic laws governing electrical circuits are Kirchhoff’s current law and voltage law.
Kirchhoff’s current law (node law) states that the algebraic sum of all currents entering and
leaving a node is zero. (This law can also be stated as follows: The sum of currents enter-
ing a node is equal to the sum of currents leaving the same node.) Kirchhoff’s voltage law
(loop law) states that at any given instant the algebraic sum of the voltages around any loop
in an electrical circuit is zero. (This law can also be stated as follows: The sum of the volt-
age drops is equal to the sum of the voltage rises around a loop.) A mathematical model
of an electrical circuit can be obtained by applying one or both of Kirchhoff’s laws to it.

This section first deals with simple electrical circuits and then treats mathematical
modeling of operational amplifier systems.

LRC Circuit. Consider the electrical circuit shown in Figure 3-7. The circuit con-
sists of an inductance L (henry), a resistance R (ohm), and a capacitance C (farad).
Applying Kirchhoff’s voltage law to the system, we obtain the following equations:

L+Rz+/ldt—e (3-24)
C /i dt = e, (3-25)
L R
o—n M o
e CcC—= ()
i
o o)
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Figure 3-8
Electrical system.

Equations (3-24) and (3-25) give a mathematical model of the circuit.

A transfer-function model of the circuit can also be obtained as follows: Taking the
Laplace transforms of Equations (3-24) and (3-25), assuming zero initial conditions,
we obtain

LsI(s) + RI(s) + %%I(s) = Ei(s)
11
5 1(8) = Eys)

If e; is assumed to be the input and e, the output, then the transfer function of this system
is found to be

E,(s) _ 1

E(s) LCs*+ RCs + 1

(3-26)

A state-space model of the system shown in Figure 3—7 may be obtained as follows: First,

note that the differential equation for the system can be obtained from Equation (3-26) as
R . 1 1

+—e,+ —e

Com LT c% T Ik

Then by defining state variables by

X1 = 6
Xy = éo
and the input and output variables by
u= l
y =6 =X
we obtain
. 0 1 |- 0
X1 X1
|: . :| = 1 R + 1 |u
X, -—— ——= L% —
LC L |~ LC
and o
X1
=1 0
y=1 ] L\

These two equations give a mathematical model of the system in state space.

Transfer Functions of Cascaded Elements. Many feedback systems have com-
ponents that load each other. Consider the system shown in Figure 3-8. Assume that ¢;
is the input and e, is the output. The capacitances C; and C, are not charged initially.

R Ry
C AVAVAVAV AVAVAVAV O
e v C, =— v C, == e,
i i
O O
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It will be shown that the second stage of the circuit (R, C, portion) produces a loading
effect on the first stage (R, C; portion). The equations for this system are

1
- (ll - 12) dt + Rlil = ¢ (3—27)
G
and
1/(i—i)dt+Ri+1/idz—0 (3-28)
C, 27 R
1 .
Ez i,dt = e, (3-29)

Taking the Laplace transforms of Equations (3-27) through (3-29), respectively, using
zero initial conditions, we obtain

o 51106) = B9)] + Rib(s) = B (3-30)
GBS = 1)) + Rob(s) + o 1(s) = 0 (3-31)
o5 H6) = E) (3-32)

Eliminating 7, (s) from Equations (3-30) and (3-31) and writing E,(s) in terms of I,(s),
we find the transfer function between E,(s) and E,(s) to be

E,(s) 1

Ei(s) (Rlcls + 1)(R2C2S + 1) + R1C2S

1
" RCR,Cos> + (R,Cy + R,C, + RCy)s + 1

(3-33)

The term R, C,s in the denominator of the transfer function represents the interaction
of two simple RC circuits. Since (R,C; + R,C, + R,C,)° > 4R,C, R,C,, the two roots
of the denominator of Equation (3-33) are real.

The present analysis shows that, if two RC circuits are connected in cascade so
that the output from the first circuit is the input to the second, the overall transfer
function is not the product of 1/(R,C;s + 1) and 1/(R,C,s + 1). The reason for this
is that, when we derive the transfer function for an isolated circuit, we implicitly as-
sume that the output is unloaded. In other words, the load impedance is assumed to
be infinite, which means that no power is being withdrawn at the output. When the sec-
ond circuit is connected to the output of the first, however, a certain amount of power
is withdrawn, and thus the assumption of no loading is violated. Therefore, if the trans-
fer function of this system is obtained under the assumption of no loading, then it is
not valid. The degree of the loading effect determines the amount of modification of
the transfer function.
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Figure 3-9
Electrical circuits.

Complex Impedances. In deriving transfer functions for electrical circuits, we
frequently find it convenient to write the Laplace-transformed equations directly,
without writing the differential equations. Consider the system shown in Figure 3-9(a).
In this system, Z; and Z, represent complex impedances. The complex impedance
Z(s) of a two-terminal circuit is the ratio of E(s), the Laplace transform of the
voltage across the terminals, to /(s), the Laplace transform of the current through
the element, under the assumption that the initial conditions are zero, so that
Z(s) = E(s)/I(s). If the two-terminal element is a resistance R, capacitance C, or
inductance L, then the complex impedance is given by R, 1/Cs, or Ls, respectively. If
complex impedances are connected in series, the total impedance is the sum of the
individual complex impedances.

Remember that the impedance approach is valid only if the initial conditions
involved are all zeros. Since the transfer function requires zero initial conditions, the
impedance approach can be applied to obtain the transfer function of the electrical
circuit. This approach greatly simplifies the derivation of transfer functions of elec-
trical circuits.

Consider the circuit shown in Figure 3-9(b). Assume that the voltages e; and e, are
the input and output of the circuit, respectively. Then the transfer function of this
circuit is

Ey(s) Zy(s)
E(s)  Zi(s) + Zy(s)

For the system shown in Figure 3-7,

1

Zi=Ls+ R Z=_
S

Hence the transfer function E,(s)/E;(s) can be found as follows:

1
E,(s) Cs B 1
] - - 2
E(s) Is+ R+ Ci LCs” + RCs + 1
s

which is, of course, identical to Equation (3-26).

, o Z o)
1 1 1 I
—_—— —_—— —_—
e} Z Z o)
¢ Z [
ey e
e O 1 O

(a) (b)
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EXAMPLE 3-7 Consider again the system shown in Figure 3-8. Obtain the transfer function E,(s)/E;(s) by use
of the complex impedance approach. (Capacitors C; and C, are not charged initially.)

The circuit shown in Figure 3-8 can be redrawn as that shown in Figure 3-10(a), which can be

further modified to Figure 3-10(b).

In the system shown in Figure 3-10(b) the current 7 is divided into two currents /; and I,.

Noting that

we obtain

Noting that

we obtain

ZL=(Z;+ Z),, L+L=1I

Zi + Z, Z

=2 ] L=——""—-]
Z,+ 7+ Z, Z,+ 7+ Z,

Z(Zs + Z,) }

E; =Z1+721L=\Z+ ————
i(s) 1 211 { 1 7, + Zs + 7,

E,(s) 7,7,

E(s) Z(Z,+ Zy + Z,) + Z(Z5 + Z,)

Substituting Z, = Ry, Z, = 1/(Cys), Zs = R,,and Z, = 1/(C,s) into this last equation, we get

11
E,(s) _ Cis Cys
E(s) ( 1 1 ) 1 ( 1 )
Rl —+R+ |+ —|R+
! C]S 2 Czs Cls 2 Czs
1

" RIGR,Cs + (R, C, + R,C, + R Gy)s + 1

which is the same as that given by Equation (3-33).

1 Z +12
O A Z3 O Iy Z3
5
Ei(S) Zz

Figure 3-10 Eys) 7 Zs Ey(s) Zs
(a) The circuit of Eofs)
Figure 3-8 shown in
terms of impedances; O O o O
(b) equivalent circuit
diagram. (a) (b)
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Xi(s)

Xa(s) X3(s) Xi(s) X3(s)

Gi(s) | G(s) > —_— Gi(5) Gos)

Figure 3-11

(@ (b)

(a) System consisting of two nonloading cascaded elements; (b) an equivalent system.

Figure 3-12
Electrical system.

Transfer Functions of Nonloading Cascaded Elements. The transfer function
of a system consisting of two nonloading cascaded elements can be obtained by elimi-
nating the intermediate input and output. For example, consider the system shown in
Figure 3-11(a). The transfer functions of the elements are

X(s) X;(s)
= and Gy(s) =
X,(5) = X0
If the input impedance of the second element is infinite, the output of the first element is

not affected by connecting it to the second element. Then the transfer function of the whole
system becomes

G(s)

X;5(s X,(s)X5(s
_K0) XK

Xi(s)  Xi(s)Xa(s)
The transfer function of the whole system is thus the product of the transfer functions
of the individual elements. This is shown in Figure 3-11(b).

As an example, consider the system shown in Figure 3-12. The insertion of an isolating
amplifier between the circuits to obtain nonloading characteristics is frequently used in
combining circuits. Since amplifiers have very high input impedances, an isolation
amplifier inserted between the two circuits justifies the nonloading assumption.

The two simple RC circuits, isolated by an amplifier as shown in Figure 3-12, have
negligible loading effects, and the transfer function of the entire circuit equals the prod-
uct of the individual transfer functions. Thus, in this case,

;::((:)) N (RlClls n 1>(K)<R2C21s n 1)

K
(R,Cys + 1)(R,Cys + 1)

G(s)

Electronic Controllers. In what follows we shall discuss electronic controllers using
operational amplifiers. We begin by deriving the transfer functions of simple operational-
amplifier circuits. Then we derive the transfer functions of some of the operational-amplifier
controllers. Finally, we give operational-amplifier controllers and their transfer functions in
the form of a table.

R Ry
O—\WWW VW O
Isolating
e; C, == amplifier C, == e,
(gain K)
O O
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Figure 3-13
Operational
amplifier.

Figure 3-14
Inverting amplifier.
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Operational Amplifiers. Operational amplifiers, often called op amps, are
frequently used to amplify signals in sensor circuits. Op amps are also frequently used
in filters used for compensation purposes. Figure 3—13 shows an op amp. It is a common
practice to choose the ground as 0 volt and measure the input voltages e; and e, relative
to the ground. The input e; to the minus terminal of the amplifier is inverted, and the
input e, to the plus terminal is not inverted. The total input to the amplifier thus becomes
e, — e;. Hence, for the circuit shown in Figure 3-13, we have

e, = K(62 - el) = —K(el - ez)

where the inputs ¢; and e, may be dc or ac signals and K is the differential gain (volt-
age gain). The magnitude of K is approximately 10° ~ 10° for dc signals and ac signals
with frequencies less than approximately 10 Hz. (The differential gain K decreases with
the signal frequency and becomes about unity for frequencies of 1 MHz ~ 50 MHz.)
Note that the op amp amplifies the difference in voltages e; and e,. Such an amplifier is
commonly called a differential amplifier. Since the gain of the op amp is very high, it is
necessary to have a negative feedback from the output to the input to make the ampli-
fier stable. (The feedback is made from the output to the inverted input so that the feed-
back is a negative feedback.)

In the ideal op amp, no current flows into the input terminals, and the output volt-
age is not affected by the load connected to the output terminal. In other words, the
input impedance is infinity and the output impedance is zero. In an actual op amp, a
very small (almost negligible) current flows into an input terminal and the output can-
not be loaded too much. In our analysis here, we make the assumption that the op amps
are ideal.

Inverting Amplifier. Consider the operational-amplifier circuit shown in Figure 3-14.
Let us obtain the output voltage e,,.

€
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Figure 3-15

(a) Noninverting
operational
amplifier;

(b) equivalent
circuit.

The equation for this circuit can be obtained as follows: Define

! ’
e — e . e —e,

Rl 5 I = Rz

Since only a negligible current flows into the amplifier, the current i; must be equal to
current i,. Thus

R, R,
Since K(0 — €') = ¢yand K > 1, ¢’ must be almost zero, or ¢’ = 0. Hence we have
)
R R,
or
R,
€, = — E €;

Thus the circuit shown is an inverting amplifier. If R; = R,, then the op-amp circuit
shown acts as a sign inverter.

Noninverting Amplifier. Figure 3-15(a) shows a noninverting amplifier. A circuit

equivalent to this one is shown in Figure 3-15(b). For the circuit of Figure 3-15(b), we
have

R G
TP\ TR+ R
where K is the differential gain of the amplifier. From this last equation, we get
(Fom %)
e =\|———+ e,
R +R, K
Since K > 1,if R /(R, + R,) > 1/K, then

(e
e, = Rl e;

This equation gives the output voltage e, . Since e, and e; have the same signs, the op-amp
circuit shown in Figure 3-15(a) is noninverting.

o———
R, *
—AW— [ °
R, ~ Zr
—AW > sk
O ¢ e
? + o
O (e, O

(a) (b)
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EXAMPLE 3-8

Figure 3-16 shows an electrical circuit involving an operational amplifier. Obtain the output e,.
Let us define

Noting that the current flowing into the amplifier is negligible, we have

il = iz + 13
Hence
- de-e) ¢-q
Since ¢’ = 0, we have
e de, e,
R, dt R,

Taking the Laplace transform of this last equation, assuming the zero initial condition, we have

E(s) R,Cs +1

= E
R, R, Fols)

which can be written as

E(s) R 1
E(s) R/ RCs +1

The op-amp circuit shown in Figure 3-16 is a first-order lag circuit. (Several other circuits involving
op amps are shown in Table 3-1 together with their transfer functions. Table 3-1 is given on
page 85.)

in €
i3
—AAAA
\AAAS
Ry
31 Rl
O AVAVAVAV =
e —
+
Figure 3-16 é €
First-order lag circuit
using operational o 0
amplifier. =
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I(s)
1 Zx(s)
1(s)
O VA I(S) -
E'(s) O]
+
Ei(s)
Eo(s)
Figure 3-17
Operational- o o
amplifier circuit. =

Impedance Approach to Obtaining Transfer Functions.

Consider the op-amp
circuit shown in Figure 3-17. Similar to the case of electrical circuits we discussed ear-

lier, the impedance approach can be applied to op-amp circuits to obtain their transfer
functions. For the circuit shown in Figure 3-17, we have

Since E'(s) = 0, we have

(3-34)
EXAMPLE 3-9 Referring to the op-amp circuit shown in Figure 3-16, obtain the transfer function E,(s)/E;(s) by
use of the impedance approach.

The complex impedances Z,(s) and Z,(s) for this circuit are

Z(s)

1 R
R, and Z,(s) = 2

- +
cos L RCs+1
2

The transfer function E,(s)/E;(s) is, therefore, obtained as

_ __ Rk 1
R1 chs +1

which is, of course, the same as that obtained in Example 3-8.
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Lead or Lag Networks Using Operational Amplifiers. Figure 3-18(a) shows an
electronic circuit using an operational amplifier. The transfer function for this circuit
can be obtained as follows: Define the input impedance and feedback impedance as Z,

and Z,, respectively. Then

R B A .
' RCs+ 1 2 R,Cys + 1
Hence, referring to Equation (3-34), we have
1
s +
E(S) __é__&R]C]S‘Fl__Q R]C] (3 35)
Ei(s) Z, R, R,Cys + 1 C, . 1
R,G,

Notice that the transfer function in Equation (3-35) contains a minus sign. Thus, this circuit
is sign inverting. If such a sign inversion is not convenient in the actual application, a sign
inverter may be connected to either the input or the output of the circuit of Figure 3-18(a).
An example is shown in Figure 3-18(b). The sign inverter has the transfer function of
E(s) R
E(s) R
The sign inverter has the gain of —R,/R;. Hence the network shown in Figure 3-18(b)

has the following transfer function:

1

+
E(s) RR,RCs+1 RC  RC
E(s) RRyR,Cxs +1 RC, o]

R, G,
1
Ts +1 st T
e sy T (3-36)

s+ —

ol

——— G

] ;

N
L
>
> L
>_T
>
<
> L
FT T
>
=
3
=
7

! _| X N
il‘ ‘ E'(s) Ai2 E
O>——d ! i(s) E
o (s) E(s)

Ei(s) E(s)

Sign inverter

O
Lead or lag network
(@ (b)
Figure 3-18
(a) Operational-amplifier circuit; (b) operational-amplifier circuit used as a lead or lag compensator.
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Figure 3-19
Electronic PID
controller.

where

T = R,C T = R,C K - RG
- 1%~1» (&4 - 2%2, c = R3C2
Notice that

o

T RGRC, RR’ T RC

This network has a dc gain of K.a = R,R,/(R,R;).
Note that this network, whose transfer function is given by Equation (3-36),is a lead
network if R,C; > R,C,,or a < 1.Itisalagnetwork if R,C; < R,C,.

PID Controller Using Operational Amplifiers. Figure 3-19 shows an electronic
proportional-plus-integral-plus-derivative controller (a PID controller) using opera-
tional amplifiers. The transfer function E(s)/E;(s) is given by

Es) 7,
Ey(s) A
where
Rl RzCzs + 1
Z, = Z, =
! R1C1S + 1 ’ 2 CzS
Thus
E(S) _ _<R2C2S + 1><R1C1S + 1)
Ei(s) C,s R,
Noting that
E(s) R,
E(s) - R;
Z
,7,217, ‘ R2 C2 }
o T e

Ey(s)
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Ey(s)  Eu(s) E(s) RyR, (RiCis + 1)(R,Cys + 1)

Ei(s) E(s) E(s) - R;R, RyCys
R/R, [ R,C, + R,C 1
_ 41482 ( 1%~1 2%-2 + R1C1S>
R3R] R2C2 R2C2S
R(R,C; + R,C 1 R,C,R,C
_ R{RG + RG) [ + + s] (3-37)
R3R1C2 (Rlcl + RZCZ)S R1C1 + RzCz

Notice that the second operational-amplifier circuit acts as a sign inverter as well as a
gain adjuster.
When a PID controller is expressed as

E,(s)
Ei(s)

— k(1 T )
= » S us

K, is called the proportional gain, 7; is called the integral time, and 7, is called the
derivative time. From Equation (3-37) we obtain the proportional gain K ,, integral time
T;, and derivative time 7, to be

Ry(R,C, + R,C))

K =

g RsR,C,

_— 1

"7 R,C, + R,C,
Rlcl R2C2

T, =22
R,C, + R,C,

When a PID controller is expressed as

E,(s)
Ei(s)

K
:Kp'i"?"'de

K, is called the proportional gain, K; is called the integral gain, and K, is called the
derivative gain. For this controller

Ry(R,C, + R,C))

K =
! RyR, G,
R
K = 4
RyR, G,
R,R,C
K, = 4100,
Ry

Table 3—1 shows a list of operational-amplifier circuits that may be used as con-
trollers or compensators.
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Table 3-1 Operational-Amplifier Circuits That May Be Used as Compensators

?Aocr‘:itgr)ll Gs) = %(j)) Operational-Amplifier Circuits
2 I % R|]Czc
3 PD 2 R+ D
5 PID ]R% ]R% (R Cys +RIZ)C(§Y2C2S +1)
6 Lead or lag % % %ﬁ:i
o
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A-3-1.

Figure 3-20

(a) Automobile
suspension system;
(b) simplified
suspension system.

86

EXAMPLE PROBLEMS AND SOLUTIONS

Figure 3-20(a) shows a schematic diagram of an automobile suspension system. As the car moves
along the road, the vertical displacements at the tires act as the motion excitation to the auto-
mobile suspension system. The motion of this system consists of a translational motion of the cen-
ter of mass and a rotational motion about the center of mass. Mathematical modeling of the
complete system is quite complicated.

A very simplified version of the suspension system is shown in Figure 3-20(b). Assuming that
the motion x; at point P is the input to the system and the vertical motion x, of the body is the
output, obtain the transfer function X,(s)/X;(s). (Consider the motion of the body only in the ver-
tical direction.) Displacement x, is measured from the equilibrium position in the absence of
input x;.

Solution. The equation of motion for the system shown in Figure 3-20(b) is

mx, + b()'c(, - )'c,«) + k(x(, - x,-) =0
or

mX, + bx, + kx, = bx; + kx;
Taking the Laplace transform of this last equation, assuming zero initial conditions, we obtain
(ms® + bs + k)X,(s) = (bs + k)X,(s)
Hence the transfer function X ,(s)/X;(s) is given by

X,(s) bs + k

X(s) ms*+bs+k

=
AAAA
VVVY

Center of mass

\o Auto body

. L ©

Xj

() (b)
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A-3-2.

Figure 3-21
Suspension system.

Obtain the transfer function Y (s)/U(s) of the system shown in Figure 3-21. The input u is a
displacement input. (Like the system of Problem A-3-1, this is also a simplified version of an
automobile or motorcycle suspension system.)

Solution. Assume that displacements x and y are measured from respective steady-state
positions in the absence of the input u. Applying the Newton’s second law to this system, we
obtain

mxX =ky(y —x) +b(y — %) + ki(u — x)

myy = —ky(y — x) = b(y — %)
Hence, we have

miX + bx + (k; + ky)x = by + kyy + kyu

m,y + by + k,y = bx + kyx
Taking Laplace transforms of these two equations, assuming zero initial conditions, we obtain
[mys> + bs + (k; + ky) | X (s) = (bs + ky)Y (s) + kU(s)
[mys? + bs + ky|Y(s) = (bs + ky) X ()
Eliminating X (s) from the last two equations, we have

mys? + bs + k,

(mls2 + bs + k; + k2) bs + K
2

Y(s) = (bs + k)Y (s) + kU(s)

which yields

Y(s) ki(bs + k)
U(s)  mumys* + (my + my)bs® + [kymy + (my + my)ky|s + kybs + kik,
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7
b k
—fII|_ m WWY ma —_—u
Figure 3-22
Mechanical system. ONNG) OENO) 7.

A-3-3. Obtain a state-space representation of the system shown in Figure 3-22.

Solution. The system equations are
miyy + by + k(yy — y) =0
myy, + k()’z - )’1) =u

The output variables for this system are y; and y,. Define state variables as

X1 =M
X =
X3 =W
X4 = V)
Then we obtain the following equations:
X] = Xy
1 k b k
t, = —|=by, — kly, — ==X —— X +—
X2 m, [ Vi ()’1 )’2)] m X1 m X2 m X3
)’C3 = X4
1 k k 1
X, = —|—k(y, — + =—x — —Xx3+—
X4 mz[ (= n) u] s Xy P X3 ", u
Hence, the state equation is
0 1 0 0 0
O T I S T S 16 T
)'52 _ ny my nmy X2 4 0 |u
X3 0 0 0 1 X3 1
Xy k 0 _L 0 X4 ;2
L "2 ny _
and the output equation is
X1

v s
[ I—
Il
1
S =
[e> i an)
- O
o O
[ I—
= =
w9

A-3-4. Obtain the transfer function X ,(s)/X,(s) of the mechanical system shown in Figure 3-23(a). Also
obtain the transfer function E,(s)/E;(s) of the electrical system shown in Figure 3-23(b). Show that
these transfer functions of the two systems are of identical form and thus they are analogous systems.
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Figure 3-23
(a) Mechanical
system,;

(b) analogous

electrical system.

R,
kl b1 —AAMA—

oO—¢
Il
1
G, 2

€ €

i _‘,
O : O
(@ (b)

Solution. In Figure 3-23(a) we assume that displacements x;, x,,, and y are measured from their
respective steady-state positions. Then the equations of motion for the mechanical system shown
in Figure 3-23(a) are

bl(ffi - xo) + kl(xi - xo) = bZ(xo - Y)

bZ(xo - 5’) = kyy
By taking the Laplace transforms of these two equations, assuming zero initial conditions, we have

by[sXi(s) — sX,(s)] + ki[ Xi(s) — X,(s8)] = bo[sX,(s) — sY(s)]
by[sX,(s) — sY(s)] = kY ()

If we eliminate Y (s) from the last two equations, then we obtain

bZSX()(S)
bisXi(s) = sX,(5)] + ki[ Xi(s) = X,(s)] = basX,(s) = bys =~
bys + k,
or
b2S
(bys + k) Xi(s) = | bys + ky + bys — bzsm X,(s)
Hence the transfer function X ,(s)/X;(s) can be obtained as
ot )
—s+1){-—s+1
X,(s) _ (kl 2
Xi(s) (bl )(bz ) b,
Lot 2s+1)+2
K’ k' K’
For the electrical system shown in Figure 3-23(b), the transfer function E,(s)/E;(s) is found to be
1
R+ ——
E,(s) B L Cs
E(s) 1 + R+ ——
(1/R,) + Cys Cys

(R,Cys + 1)(R,Cys + 1)
(R,Cys + 1)(R,Cys + 1) + R,Cys
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A-3-5.

Figure 3-24
Bridged T networks.

Figure 3-25

(a) Bridged T
network in terms of
complex impedances;
(b) equivalent
network.

90

A comparison of the transfer functions shows that the systems shown in Figures 3-23(a) and (b)
are analogous.

Obtain the transfer functions E,(s)/E;(s) of the bridged T networks shown in Figures 3-24(a)
and (b).
Solution. The bridged T networks shown can both be represented by the network of
Figure 3-25(a), where we used complex impedances. This network may be modified to that shown
in Figure 3-25(b).

In Figure 3-25(b), note that

L=5L+L LZ =(Z;+ Z)kL

Ry
I
11 VWy
R R
o —m——m—o oA —jp——i—to
C C
e ¢ == e, e R, e,
O O O J_ O
(a) (b)
I
Zy
I b
o—— > Z Z3 ‘o)
e; ZZ €
I
O O
(@)
Iy I
'O g |
‘ I
2 Z
7 ! °
Z
Eis)
L
Ey(s)
V4
! Y/
O O
(b)
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Hence
Z3 + Z4 Zl
L=——F-—"->1, L=——F—F—""71
Z\+ Zy+ Z, Zi+ Zy+ Z,
Then the voltages E;(s) and E,(s) can be obtained as
E(s) = Z\L, + Z,]1,
Z(Zs + Z,) ]
1

=|Z,+——
{2 Z,+ Zy+ Z,

B ZZ, + Zs + Z,) + Z,(Zy + Z,)
- Zi+ Zs+ Z, !

E(s) = Z31; + 7,1,

=" L+ 7]
Zi+ Zy+ 2z, T

&&+M&+&+@I
B Z,+ Zy+ Z, !

Hence, the transfer function E,(s)/E;(s) of the network shown in Figure 3-25(a) is obtained as
E,(s) Z:7, + Z,(Zy + Z5 + Z,)
E(s)  Z(Z\ + Zy+ Z,) + Z,Zs + 2,2,

(3-38)

For the bridged T network shown in Figure 3-24(a), substitute
T
2T Cy 3 = K, 4=
into Equation (3-38). Then we obtain the transfer function E,(s)/E;(s) to be
1 1
R+ —|R+R+ —
E,(s) Cis < Cys )
Ei(s) 1 <

1 1
R+R+——|+R+R—
Cls C)

28 28

B RC,RC,s* + 2RCys + 1
RC,RC,s* + (2RC, + RC))s + 1

Similarly, for the bridged T network shown in Figure 3-24(b), we substitute

1 1
Z,=— Z, =R Zy=— Z,=R
1 CS7 2 1> 3 CS’ 4 2

into Equation (3-38). Then the transfer function E,(s)/E;(s) can be obtained as follows:

11 1 1
+R|—+—+R

E(s)  CsCs '\Cs Cs

E(s) <1 1 ) 11 1
R|l—+——+R|+——+R,—
N\Cs ' Cs 2 Cs Cs 2 Cs

B R,CR,Cs* + 2R,Cs + 1
R,CR,Cs* + 2R,C + R,C)s + 1
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Figure 3-26
Operational- 1% e}

amplifier circuit. =

A-3-6. Obtain the transfer function E,(s)/E;(s) of the op-amp circuit shown in Figure 3-26.

Solution. The voltage at point A is

1

_ = +

2 (el eo) en

€y =

The Laplace-transformed version of this last equation is

1
EA(S) = E I:EI(S) + E(,(S)}
The voltage at point B is
1
Cs 1
Ep(s) = T Es) = WE[(S)

R, + —
Cs

Since [Ex(s) — E4(s)]K = E,(s) and K > 1, we must have E ,(s) = Eg(s). Thus

1 1
3 [EA) + Ef9)] = e 7 BO)
Hence
1
5 —
E,(s) . R,Cs — 1 B R,C
Ei(s) R,Cs + 1 o4 1

A-3-7. Obtain the transfer function E,(s)/E;(s) of the op-amp system shown in Figure 3-27 in terms of
complex impedances Z,, Z,, Z;, and Z,. Using the equation derived, obtain the transfer function
E,(s)/E(s) of the op-amp system shown in Figure 3-26.

Solution. From Figure 3-27, we find

Efs) = Ea(s) _ Eas) — E(s)

Z3 Z4
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Figure 3-27
Operational-
amplifier circuit.

4
A
z, A
————o0
O 22 B Y
€; Zl €y
(o, O
or
Z; Z;
E(s) = 1+ 2} )Eals) = = E5) (3-39)
Since
Z,
E(s) = Ex(s) = 75 E() (3-40)

by substituting Equation (3—40) into Equation (3-39), we obtain

ZyZy + 242y — 2472, — 257 4
[ 441 4442 441 3 1:|E,-(S) =—73E0(S)
Z(Z, + Z,) Zy

from which we get the transfer function E,(s)/E,(s) to be

Eu(s) Z4Z2 B ZSZI

Ei(s) Z3(Zl + Zz) 3-41)

To find the transfer function E,(s)/E;(s) of the circuit shown in Figure 3-26, we substitute

1
Zy=—, Z, = R, Z5; = Ry, Z, =R
Cs

into Equation (3-41). The result is

1
EO(S)__RIRZ_RIE_ RyCs — 1
E(s) T RCs+1
(5) R(L+&) ,Cs

Cs

which is, as a matter of course, the same as that obtained in Problem A-3-6.
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A-3-8.

Figure 3-28
Operational-
amplifier circuit.
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Obtain the transfer function E,(s)/E;(s) of the operational-amplifier circuit shown in Figure 3-28.

Solution. We will first obtain currents iy, i, 3,1, and is. Then we will use node equations at nodes

A and B.

Atnode A,we have i; = i, + i3 + iy, Or

Atnode B,we geti, = is, Or

By rewriting Equation (3-42), we have

From Equation (3-43), we get

€ — €ea. . a6 ._CdeA
R, I = R, 3= L
. €4 . _den
b=R is =G~
e — e es— e, de e
44 +C—2+2
R, R; dt R,
e, —de,
R, 7’ dt
de 1 1 1 € €
Gl (1 1 1), s e
dt R, R, Rs R, R;
_ _RC de,
€ = 2b2”

By substituting Equation (3-45) into Equation (3-44), we obtain

C] <7R2C2

dzeo> ( 1
) 4 (=
dl2 R]

1
R,

— 4

1

de,

R RO G =

(3-42)

(3-43)

(3-44)

(3-45)

Taking the Laplace transform of this last equation, assuming zero initial conditions, we obtain

from which we get the transfer function E,(s)/E;(s) as follows:

E,(s) 1
E(s) R,CR,C,s*> + [R,C, + R,C, + (R/R3)R,C, s + (R,/R5)
R3
AN
iS C2
v B
. Rl
o——AMMA—>—AMAN——
A iy R, B oY
€ o —_
Ti:;
O _
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A-3-9.

Consider the servo system shown in Figure 3-29(a). The motor shown is a servomotor, a dc motor de-
signed specifically to be used in a control system. The operation of this system is as follows: A pair of
potentiometers acts as an error-measuring device. They convert the input and output positions into
proportional electric signals. The command input signal determines the angular position r of the
wiper arm of the input potentiometer. The angular position 7 is the reference input to the system, and
the electric potential of the arm is proportional to the angular position of the arm. The output shaft
position determines the angular position c of the wiper arm of the output potentiometer. The differ-
ence between the input angular position r and the output angular position c is the error signal e, or

e=r—c

The potential difference e, — e, = e, is the error voltage, where e, is proportional to r and e, is pro-
portional to c; that is,e, = K,r and e. = K¢, where K, is a proportionality constant. The error volt-
age that appears at the potentiometer terminals is amplified by the amplifier whose gain constant is K.
The output voltage of this amplifier is applied to the armature circuit of the dc motor. A fixed volt-
age is applied to the field winding. If an error exists, the motor develops a torque to rotate the out-
put load in such a way as to reduce the error to zero. For constant field current, the torque
developed by the motor is

T = Ki,
where K, is the motor torque constant and i, is the armature current.
When the armature is rotating, a voltage proportional to the product of the flux and angular

velocity is induced in the armature. For a constant flux, the induced voltage e, is directly propor-

tional to the angular velocity d6/dt, or
do
= K.—
€ S0t

where e, is the back emf, K is the back emf constant of the motor, and 6 is the angular displace-
ment of the motor shaft.

Reference input  Input potentiometer

Output potentiometer _T ( T
Feedback signal

Error measuring device Amplifier Motor Gear Load
train
(a)
R(s) E(s) E\(s) KKy O(s) C(s) R(s) K C(s)
Ko P S(Lus + Ry) Uos + by) + KoK3s " sUs + B)
(b) ()
Figure 3-29

(a) Schematic diagram of servo system; (b) block diagram for the system; (c) simplified block diagram.
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Obtain the transfer function between the motor shaft angular displacement 6 and the error
voltage e,. Obtain also a block diagram for this system and a simplified block diagram when L,
is negligible.

Solution. The speed of an armature-controlled dc servomotor is controlled by the armature volt-
age ¢,. (The armature voltage e, = K e, is the output of the amplifier.) The differential equation
for the armature circuit is

di, ,
L, r + R, t e =e¢,
or
L diy + R,i, + K3@ = Kie (3-46)
a d[ ara dl v

The equation for torque equilibrium is

d’0 do
Jo— +by— =T = Kyi 3-47
0 dt2 0 dr 2%a ( )
where J; is the inertia of the combination of the motor, load, and gear train referred to the motor
shaft and b, is the viscous-friction coefficient of the combination of the motor, load, and gear train
referred to the motor shaft.

By eliminating i, from Equations (3-46) and (3-47), we obtain

O(s) _ KK,
E(s)  s(L,s + R)(Jys + by) + K, Kss

(3-48)
We assume that the gear ratio of the gear train is such that the output shaft rotates » times for each
revolution of the motor shaft. Thus,
C(s) = nO(s) (3-49)
The relationship among E,(s), R(s), and C(s) is
E,(s) = Ko[R(s) = C(s)] = KyE(s) (3-50)

The block diagram of this system can be constructed from Equations (3—48), (3-49), and (3-50),
as shown in Figure 3-29(b). The transfer function in the feedforward path of this system is

Gls) = C(s) O(s) E(s) _ KoK, K;n
(s) = O(s) E,(s) E(s) s[(Lys + R,)(Jos + by) + K K]

When L, is small, it can be neglected, and the transfer function G(s) in the feedforward path
becomes

K()Klen
s|R(Jys + by) + K K]

G(s) =

KyK,K;n/R
_ WK K>n/R, (3-51)

KK
Jos* + (bo + ; 3)5

The term [bo + (K2K3/ Ra)}s indicates that the back emf of the motor effectively increases the
viscous friction of the system. The inertia J, and viscous friction coefficient b, + (KZK3 / Ra) are
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referred to the motor shaft. When J; and b, + (K,K3/R,) are multiplied by 1/, the inertia and
viscous-friction coefficient are expressed in terms of the output shaft. Introducing new parameters
defined by

J = J,/n* = moment of inertia referred to the output shaft
B = [by + (K,K3/R,)]/n* = viscous-friction coefficient referred to the output shaft
K = K K, K/nR,

the transfer function G(s) given by Equation (3-51) can be simplified, yielding

K
G S
(s) Js? + Bs
or
Gls) =
§) = ——m
s(T,,s + 1)
where
K J R, J
sziv Tmzizi‘)
B B  R,by, + K, K;

The block diagram of the system shown in Figure 3-29(b) can thus be simplified as shown in
Figure 3-29(c).

PROBLEMS

B-3-1. Obtain the equivalent viscous-friction coefficient ~B-3-2. Obtain mathematical models of the mechanical sys-
b,, of the system shown in Figure 3-30. tems shown in Figures 3-31(a) and (b).

—> X (Output)

u(t)

" (Input force)

7

Fﬂ—

Figure 3-30
Damper system.

AR

No friction

(a)

el L

—> X (Output)

ky ky
m u(t)

N 77779797777

No friction

(b)

(Input force)

Figure 3-31
Mechanical systems.
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B-3-3. Obtain a state-space representation of the mechan-
ical system shown in Figure 3-32, where u; and u, are the
inputs and y; and y, are the outputs.

Z

<
kl:

YVVY

fo

<
= ky
>

=
-
AA

oy

Figure 3-32 Mechanical system.

B-3-4. Consider the spring-loaded pendulum system shown
in Figure 3-33. Assume that the spring force acting on the
pendulum is zero when the pendulum is vertical, or 6 = 0.
Assume also that the friction involved is negligible and the
angle of oscillation 6 is small. Obtain a mathematical model
of the system.

mg

Figure 3-33 Spring-loaded pendulum system.

B-3-5. Referring to Examples 3-5 and 3-6, consider the
inverted-pendulum system shown in Figure 3-34. Assume
that the mass of the inverted pendulum is 7 and is evenly
distributed along the length of the rod. (The center of
gravity of the pendulum is located at the center of the rod.)
Assuming that 6 is small, derive mathematical models for
the system in the forms of differential equations, transfer
functions, and state-space equations.

Y y
S
[f——— X ——| 0 ;
g X
7
€
U —— M

Figure 3-34 Inverted-pendulum system.

B-3-6. Obtain the transfer functions X,(s)/U(s) and
X, (s) /U (s) of the mechanical system shown in Figure 3-35.

u —> X > X2
/ L
k 1 k3 kz
A m My my MWy
—::I|_ —::I|_ 7
h OO Q) bz

Figure 3-35 Mechanical system.

B-3-7. Obtain the transfer function E,(s)/E,(s) of the elec-
trical circuit shown in Figure 3-36.

R R,
o—WW——W———©

I
O O

A
a

€

Figure 3-36 Electrical circuit.

B-3-8. Consider the electrical circuit shown in Figure 3-37.
Obtain the transfer function E,(s)/E;(s) by use of the block
diagram approach.

Ry Ry
C AVAVAVAV AVAVAVAV O
€ C, = C, = €
i i
O O

Figure 3-37 Electrical circuit.
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B-3-9. Derive the transfer function of the electrical circuit
shown in Figure 3-38. Draw a schematic diagram of an
analogous mechanical system.

R C

o———WW——

Ry

€ €o

CZT
o : o

Figure 3-38 Electrical circuit.

B-3-10. Obtain the transfer function E,(s)/E;(s) of the
op-amp circuit shown in Figure 3-39.

Ry

AAAA

VVVv

C Ry A

——O
é; e
o
O O

Figure 3-39 Operational-amplifier circuit.

B-3-11. Obtain the transfer function E,(s)/E;(s) of the
op-amp circuit shown in Figure 3-40.

c A
(o, I I +
B _
RZ
< <
€; Rl E: €o
RZ
O 41 O

Figure 3-40 Operational-amplifier circuit.

B-3-12. Using the impedance approach, obtain the trans-
fer function E,(s)/E;(s) of the op-amp circuit shown in
Figure 3-41.

R,
AAAA
YVVY
R,
AAAA A _
YVVYy
C ——O
o |1 +
A B
< €y
€ :: R2
<>
O O

Figure 3-41 Operational-amplifier circuit.

B-3-13. Consider the system shown in Figure 3-42. An
armature-controlled dc servomotor drives a load consisting
of the moment of inertia J; . The torque developed by the
motor is 7. The moment of inertia of the motor rotor is J,,,.
The angular displacements of the motor rotor and the load
element are 6,, and 6, respectively. The gear ratio is
n = 6/6,,. Obtain the transfer function O(s)/E(s).

Figure 3-42 Armature-controlled dc servomotor system.
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Mathematical Modeling
of Fluid Systems
and Thermal Systems

4-1 INTRODUCTION

100

This chapter treats mathematical modeling of fluid systems and thermal systems. As the
most versatile medium for transmitting signals and power, fluids—Iliquids and gases—
have wide usage in industry. Liquids and gases can be distinguished basically by their rel-
ative incompressibilities and the fact that a liquid may have a free surface, whereas a gas
expands to fill its vessel. In the engineering field the term pneumatic describes fluid
systems that use air or gases and hydraulic applies to those using oil.

We first discuss liquid-level systems that are frequently used in process control. Here
we introduce the concepts of resistance and capacitance to describe the dynamics of such
systems. Then we treat pneumatic systems. Such systems are extensively used in the au-
tomation of production machinery and in the field of automatic controllers. For instance,
pneumatic circuits that convert the energy of compressed air into mechanical energy enjoy
wide usage. Also, various types of pneumatic controllers are widely used in industry. Next,
we present hydraulic servo systems. These are widely used in machine tool systems, aircraft
control systems, etc. We discuss basic aspects of hydraulic servo systems and hydraulic
controllers. Both pneumatic systems and hydraulic systems can be modeled easily by using
the concepts of resistance and capacitance. Finally, we treat simple thermal systems. Such
systems involve heat transfer from one substance to another. Mathematical models of
such systems can be obtained by using thermal resistance and thermal capacitance.

Outline of the Chapter. Section 4-1 has presented introductory material for the
chapter. Section 4-2 discusses liquid-level systems. Section 4-3 treats pneumatic
systems—in particular, the basic principles of pneumatic controllers. Section 44 first
discusses hydraulic servo systems and then presents hydraulic controllers. Finally,
Section 4-5 analyzes thermal systems and obtains mathematical models of such systems.



4-2 LIQUID-LEVEL SYSTEMS

Figure 4-1

(a) Liquid-level
system; (b) head-
versus-flow-rate
curve.

In analyzing systems involving fluid flow, we find it necessary to divide flow regimes
into laminar flow and turbulent flow, according to the magnitude of the Reynolds num-
ber. If the Reynolds number is greater than about 3000 to 4000, then the flow is turbu-
lent. The flow is laminar if the Reynolds number is less than about 2000. In the laminar
case, fluid flow occurs in streamlines with no turbulence. Systems involving laminar flow
may be represented by linear differential equations.

Industrial processes often involve flow of liquids through connecting pipes and tanks.
The flow in such processes is often turbulent and not laminar. Systems involving turbu-
lent flow often have to be represented by nonlinear differential equations. If the region
of operation is limited, however, such nonlinear differential equations can be linearized.
We shall discuss such linearized mathematical models of liquid-level systems in this sec-
tion. Note that the introduction of concepts of resistance and capacitance for such liquid-
level systems enables us to describe their dynamic characteristics in simple forms.

Resistance and Capacitance of Liquid-Level Systems. Consider the flow
through a short pipe connecting two tanks. The resistance R for liquid flow in such a
pipe or restriction is defined as the change in the level difference (the difference of the
liquid levels of the two tanks) necessary to cause a unit change in flow rate; that is,

_ change in level difference, m

change in flow rate, m*/sec

Since the relationship between the flow rate and level difference differs for the laminar
flow and turbulent flow, we shall consider both cases in the following.

Consider the liquid-level system shown in Figure 4-1(a). In this system the liquid
spouts through the load valve in the side of the tank. If the flow through this restriction
is laminar, the relationship between the steady-state flow rate and steady-state head at
the level of the restriction is given by

0=KH

Head

Control valve

h
_ )\ 1
O+gq; ¢ tan'R;
—_— V"
:D- (]%} gl----r---

|
AN
Load valve ol
i<
|
_ 0 L
O+gq, 0 Flow rate
—
Capacétance Rem;tance Slope = 2H _h
_H 0 4

(@) (b)
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where Q = steady-state liquid flow rate, m*/sec
K = coefficient, m?/sec

H = steady-state head, m
For laminar flow, the resistance R, is obtained as
dH H
R =—=—
ao 0

The laminar-flow resistance is constant and is analogous to the electrical resistance.
If the flow through the restriction is turbulent, the steady-state flow rate is given by

Q0=KVH (4-1)
where Q = steady-state liquid flow rate, m®/sec

K = coefficient, m*°/sec
H = steady-state head, m

The resistance R, for turbulent flow is obtained from

dH
R =~
t dQ
Since from Equation (4-1) we obtain
K
dQ = ——=dH
v
we have
dH 2VH 2VHVH _2H
do K o o
Thus,
2H
A

The value of the turbulent-flow resistance R, depends on the flow rate and the head. The
value of R,, however, may be considered constant if the changes in head and flow rate
are small.

By use of the turbulent-flow resistance, the relationship between Q and H can be
given by

t
Such linearization is valid, provided that changes in the head and flow rate from their
respective steady-state values are small.

In many practical cases, the value of the coefficient K in Equation (4-1), which depends
on the flow coefficient and the area of restriction, is not known. Then the resistance may
be determined by plotting the head-versus-flow-rate curve based on experimental data
and measuring the slope of the curve at the operating condition. An example of such a plot
is shown in Figure 4-1(b). In the figure, point P is the steady-state operating point. The tan-
gent line to the curve at point P intersects the ordinate at point (0, — ). Thus, the slope
of this tangent line is 2/ /Q. Since the resistance R, at the operating point P is given by
2H /Q, the resistance R, is the slope of the curve at the operating point.
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Consider the operating condition in the neighborhood of point P. Define a small
deviation of the head from the steady-state value as 4 and the corresponding small
change of the flow rate as g. Then the slope of the curve at point P can be given by

h _2H
Slope of curve at point P = — = — = R,
a 0O
The linear approximation is based on the fact that the actual curve does not differ much
from its tangent line if the operating condition does not vary too much.

The capacitance C of a tank is defined to be the change in quantity of stored liquid
necessary to cause a unit change in the potential (head). (The potential is the quantity
that indicates the energy level of the system.)

_ change in liquid stored, m®

change in head, m

It should be noted that the capacity (m?) and the capacitance (m?) are different. The
capacitance of the tank is equal to its cross-sectional area. If this is constant, the capac-
itance is constant for any head.

Liquid-Level Systems. Consider the system shown in Figure 4-1(a). The vari-
ables are defined as follows:

QO = steady-state flow rate (before any change has occurred), m?/sec
g; = small deviation of inflow rate from its steady-state value, m®/sec

9o

H = steady-state head (before any change has occurred), m

small deviation of outflow rate from its steady-state value, m*/sec

h = small deviation of head from its steady-state value, m

As stated previously, a system can be considered linear if the flow is laminar. Even if
the flow is turbulent, the system can be linearized if changes in the variables are kept
small. Based on the assumption that the system is either linear or linearized, the differential
equation of this system can be obtained as follows: Since the inflow minus outflow during
the small time interval dt is equal to the additional amount stored in the tank, we see that

Cdh = (q; — q,)dt

From the definition of resistance, the relationship between ¢, and 4 is given by

The differential equation for this system for a constant value of R becomes
dh
RC o + h = Rgq; (4-2)

Note that RC is the time constant of the system. Taking the Laplace transforms of both
sides of Equation (4-2), assuming the zero initial condition, we obtain
(RCs + 1)H(s) = RO(s)

where
H(s) = %[h] and  Q(s) = %[q]
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Figure 4-2
Liquid-level system
with interaction.

104

If g; is considered the input and 4 the output, the transfer function of the system is
H(s) R
Oi(s) RCs +1

If, however, g, is taken as the output, the input being the same, then the transfer
function is

0,s) 1
Q.(s) RCs+1

where we have used the relationship

Liquid-Level Systems with Interaction. Consider the system shown in Figure
4-2.1In this system, the two tanks interact. Thus the transfer function of the system is not
the product of two first-order transfer functions.

In the following, we shall assume only small variations of the variables from the
steady-state values. Using the symbols as defined in Figure 4-2, we can obtain the
following equations for this system:

n e (+3)
Ci % =q-q (4-4)
E-a (+-5)
Cz% =q1 4@ (4-6)
If g is considered the input and ¢, the output, the transfer function of the system is
O(s) _ 1 (4-7)

O(s) R, CR,Cys> + (R,Cy + R,C, + R,Cy)s + 1

O+q I
—>
Tank 1 Tank 2

: Steady-state flow rate
1 : Steady-state liquid level of tank 1
1 Steady-state liquid level of tank 2

Ilis]]
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Figure 4-3

(a) Elements of the
block diagram of the
system shown in
Figure 4-2; (b) block
diagram of the
system; (c)—(e)
successive reductions
of the block diagram.

It is instructive to obtain Equation (4-7), the transfer function of the interacted
system, by block diagram reduction. From Equations (4-3) through (4-6), we obtain the
elements of the block diagram, as shown in Figure 4-3(a). By connecting signals prop-
erly, we can construct a block diagram, as shown in Figure 4-3(b). This block diagram
can be simplified, as shown in Figure 4-3(c). Further simplifications result in
Figures 4-3(d) and (e). Figure 4-3(e) is equivalent to Equation (4-7).

Hy(s) C 3 1 O1(s) Hy(s) 1 0x(s)
J— * —
Ry Ry
Hy(s)
o(s) 1 H,(s) Oi(s) 1 Hy(s)
as [ Cs [
0i(s) 0s(s)
(@)
O(s) c 3 1 H(s) 1 O1(s) 1 1 0x(s)
CIS Rl CQS Hz(S)' R2
(b
RyCs |~
O(s) < % 1 1 QI(S)‘ 1 1 ins)
“?‘ e e marrs
()
0(s) ) ) 01(s)
R1C15+1 R2C2S+1
R2C1S
(d)
o(s) 1 Os(s)
——| [rm——

R1C1R2C2S2 + (RlCl + R2C2 + R2C1)S +1
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Notice the similarity and difference between the transfer function given by
Equation (4-7) and that given by Equation (3-33). The term R, C,s that appears in the
denominator of Equation (4-7) exemplifies the interaction between the two tanks.
Similarly, the term R C,s in the denominator of Equation (3-33) represents the inter-
action between the two RC circuits shown in Figure 3-8.

4-3 PNEUMATIC SYSTEMS
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In industrial applications pneumatic systems and hydraulic systems are frequently
compared. Therefore, before we discuss pneumatic systems in detail, we shall give a brief
comparison of these two kinds of systems.

Comparison Between Pneumatic Systems and Hydraulic Systems. The fluid
generally found in pneumatic systems is air; in hydraulic systems it is oil. And it is pri-
marily the different properties of the fluids involved that characterize the differences
between the two systems. These differences can be listed as follows:

1. Air and gases are compressible, whereas oil is incompressible (except at high pressure).

2. Air lacks lubricating property and always contains water vapor. Oil functions as a
hydraulic fluid as well as a lubricator.

3. The normal operating pressure of pneumatic systems is very much lower than that
of hydraulic systems.

4

Output powers of pneumatic systems are considerably less than those of hydraulic
systems.

5. Accuracy of pneumatic actuators is poor at low velocities, whereas accuracy of
hydraulic actuators may be made satisfactory at all velocities.

6. In pneumatic systems, external leakage is permissible to a certain extent, but in-
ternal leakage must be avoided because the effective pressure difference is rather
small. In hydraulic systems internal leakage is permissible to a certain extent, but
external leakage must be avoided.

7. No return pipes are required in pneumatic systems when air is used, whereas they
are always needed in hydraulic systems.

8. Normal operating temperature for pneumatic systems is 5° to 60°C (41° to 140°F).
The pneumatic system, however, can be operated in the 0° to 200°C (32° to 392°F)
range. Pneumatic systems are insensitive to temperature changes, in contrast to
hydraulic systems, in which fluid friction due to viscosity depends greatly on tem-
perature. Normal operating temperature for hydraulic systems is 20° to 70°C (68°
to 158°F).

9. Pneumatic systems are fire- and explosion-proof, whereas hydraulic systems are
not, unless nonflammable liquid is used.

In what follows we begin with a mathematical modeling of pneumatic systems. Then
we shall present pneumatic proportional controllers.

We shall first give detailed discussions of the principle by which proportional
controllers operate. Then we shall treat methods for obtaining derivative and integral
control actions. Throughout the discussions, we shall place emphasis on the
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Figure 44

(a) Schematic
diagram of a
pressure system;
(b) pressure-
difference-versus-
flow-rate curve.

fundamental principles, rather than on the details of the operation of the actual
mechanisms.

Pneumatic Systems. The past decades have seen a great development in low-
pressure pneumatic controllers for industrial control systems, and today they are used
extensively in industrial processes. Reasons for their broad appeal include an explosion-
proof character, simplicity, and ease of maintenance.

Resistance and Capacitance of Pressure Systems. Many industrial processes
and pneumatic controllers involve the flow of a gas or air through connected pipelines
and pressure vessels.

Consider the pressure system shown in Figure 4-4(a). The gas flow through the
restriction is a function of the gas pressure difference p; — p,. Such a pressure system
may be characterized in terms of a resistance and a capacitance.

The gas flow resistance R may be defined as follows:

change in gas pressure difference, Ib;/ft>

change in gas flow rate, 1b/sec

or
_d(AP)

R== (4-8)

where d(AP) is a small change in the gas pressure difference and dgq is a small change
in the gas flow rate. Computation of the value of the gas flow resistance R may be quite
time consuming. Experimentally, however, it can be easily determined from a plot of
the pressure difference versus flow rate by calculating the slope of the curve at a given
operating condition, as shown in Figure 4-4(b).

The capacitance of the pressure vessel may be defined by

change in gas stored, 1b

change in gas pressure, Ib;/ft

or
dm dp
C=—T=V_ (4-9)
dp dp
AP
Rem%ance ) ,,,i 77777 Slope = R
m—— Y [ dar /
2 1 } i J‘/dq
P+p; | 4
—_— ]
Capacitance b
0 q

(@) (b)
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where C = capacitance, Ib-ft*/Ib;
m = mass of gas in vessel, Ib
p = gas pressure, Iby/ft?
V = volume of vessel, ft>
p = density, Ib/ft?

The capacitance of the pressure system depends on the type of expansion process
involved. The capacitance can be calculated by use of the ideal gas law. If the gas ex-
pansion process is polytropic and the change of state of the gas is between isothermal
and adiabatic, then
V n
p<> = En = constant = K (4-10)
m P
where n = polytropic exponent.
For ideal gases,

|
NET

pv = RT or pv

where p = absolute pressure, Ib;/ft?
2 = volume occupied by 1 mole of a gas, ft*/Ib-mole
R = universal gas constant, ft-1b;/Ib-mole °R
T = absolute temperature, °R
v = specific volume of gas, ft*/1b
M = molecular weight of gas per mole, 1b/Ib-mole
Thus

pv=—=—T = Ry,T (4-11)

where R,,, = gas constant, ft-Ib;/Ib °R.

The polytropic exponent 7 is unity for isothermal expansion. For adiabatic expansion,
nis equal to the ratio of specific heats ¢, /c,, where c, is the specific heat at constant pres-
sure and ¢, is the specific heat at constant volume. In many practical cases, the value of
n is approximately constant, and thus the capacitance may be considered constant.

The value of dp/dp is obtained from Equations (4-10) and (4-11). From
Equation (4-10) we have

dp = Knp" 'dp
or
p_ 1 _ " _ P
dp  Knp" ' pnp"! pn

Substituting Equation (4-11) into this last equation, we get

dp 1
dp  nRyT

Chapter 4 / Mathematical Modeling of Fluid Systems and Thermal Systems



The capacitance C is then obtained as
|4
C =
nRy, T

(4-12)

The capacitance of a given vessel is constant if the temperature stays constant. (In many
practical cases, the polytropic exponent # is approximately 1.0 ~ 1.2 for gases in unin-
sulated metal vessels.)

Pressure Systems. Consider the system shown in Figure 4-4(a). If we assume
only small deviations in the variables from their respective steady-state values, then this
system may be considered linear.

Let us define

P = gas pressure in the vessel at steady state (before changes in pressure have
occurred), Ib,/ft?
p; = small change in inflow gas pressure, Ib;/ft>
p, = small change in gas pressure in the vessel, Ib;/ft>
V = volume of the vessel, ft?
m = mass of gas in the vessel, Ib
q = gas flow rate, 1b/sec
p = density of gas, Ib/ft®
For small values of p; and p,, the resistance R given by Equation (4-8) becomes constant
and may be written as
Pi — Do

R=2 7
q

The capacitance C is given by Equation (4-9), or

_dm

C = —
dp

Since the pressure change dp,, times the capacitance C is equal to the gas added to the
vessel during dt seconds, we obtain

Cdp, = qdt
or
dp,  pi — Po
C— =—
dt R
which can be written as
dp,

RC=°+ p, = p,
4 T Pe= P

If p; and p, are considered the input and output, respectively, then the transfer function
of the system is

P(s) 1

P(s) RCs+1

1l

where RC has the dimension of time and is the time constant of the system.
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Figure 4-5

(a) Schematic
diagram of a
pneumatic nozzle—
flapper amplifier;
(b) characteristic
curve relating nozzle
back pressure and
nozzle—flapper
distance.
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Pneumatic Nozzle-Flapper Amplifiers. A schematic diagram of a pneumatic
nozzle—flapper amplifier is shown in Figure 4-5(a). The power source for this amplifier
is a supply of air at constant pressure. The nozzle—flapper amplifier converts small
changes in the position of the flapper into large changes in the back pressure in the noz-
zle. Thus a large power output can be controlled by the very little power that is needed
to position the flapper.

In Figure 4-5(a), pressurized air is fed through the orifice, and the air is ejected from
the nozzle toward the flapper. Generally, the supply pressure P, for such a controller
is 20 psig (1.4 kg;/cm? gage). The diameter of the orifice is on the order of 0.01 in.
(0.25 mm) and that of the nozzle is on the order of 0.016 in. (0.4 mm). To ensure prop-
er functioning of the amplifier, the nozzle diameter must be larger than the orifice
diameter.

In operating this system, the flapper is positioned against the nozzle opening. The
nozzle back pressure P, is controlled by the nozzle—flapper distance X. As the flapper
approaches the nozzle, the opposition to the flow of air through the nozzle increases, with
the result that the nozzle back pressure P, increases. If the nozzle is completely closed
by the flapper, the nozzle back pressure P, becomes equal to the supply pressure P,. If
the flapper is moved away from the nozzle, so that the nozzle—flapper distance is wide
(on the order of 0.01 in.), then there is practically no restriction to flow, and the nozzle
back pressure P, takes on a minimum value that depends on the nozzle—flapper device.
(The lowest possible pressure will be the ambient pressure P,.)

Note that, because the air jet puts a force against the flapper, it is necessary to make
the nozzle diameter as small as possible.

A typical curve relating the nozzle back pressure P, to the nozzle—flapper distance
X is shown in Figure 4-5(b). The steep and almost linear part of the curve is utilized in
the actual operation of the nozzle—flapper amplifier. Because the range of flapper dis-
placements is restricted to a small value, the change in output pressure is also small,
unless the curve is very steep.

The nozzle—flapper amplifier converts displacement into a pressure signal. Since
industrial process control systems require large output power to operate large pneu-
matic actuating valves, the power amplification of the nozzle—flapper amplifier is usually
insufficient. Consequently, a pneumatic relay is often needed as a power amplifier in
connection with the nozzle—flapper amplifier.

Input
—
o} Pp
Orifice
Pp X
2 .
Air supply — X
Ps [~— Flapper
Nozzle

To control ﬁ/

valve 0 X
(@) (b)
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To atmosphere ——
Pq

Air supply —
Py

Figure 4-6

Pneumatic Relays. In practice, in a pneumatic controller, a nozzle—flapper
amplifier acts as the first-stage amplifier and a pneumatic relay as the second-
stage amplifier. The pneumatic relay is capable of handling a large quantity of
airflow.

A schematic diagram of a pneumatic relay is shown in Figure 4-6(a). As the nozzle
back pressure P, increases, the diaphragm valve moves downward. The opening to
the atmosphere decreases and the opening to the pneumatic valve increases, thereby
increasing the control pressure P.. When the diaphragm valve closes the opening to
the atmosphere, the control pressure P. becomes equal to the supply pressure P,.
When the nozzle back pressure P, decreases and the diaphragm valve moves upward
and shuts off the air supply, the control pressure P. drops to the ambient pressure P,.
The control pressure P, can thus be made to vary from 0 psig to full supply pressure,
usually 20 psig.

The total movement of the diaphragm valve is very small. In all positions of the
valve, except at the position to shut off the air supply, air continues to bleed into the at-
mosphere, even after the equilibrium condition is attained between the nozzle back
pressure and the control pressure. Thus the relay shown in Figure 4-6(a) is called a
bleed-type relay.

There is another type of relay, the nonbleed type. In this one the air bleed stops
when the equilibrium condition is obtained and, therefore, there is no loss of pres-
surized air at steady-state operation. Note, however, that the nonbleed-type relay
must have an atmospheric relief to release the control pressure P. from the pneu-
matic actuating valve. A schematic diagram of a nonbleed-type relay is shown in Fig-
ure 4-6(b).

In either type of relay, the air supply is controlled by a valve, which is in turn
controlled by the nozzle back pressure. Thus, the nozzle back pressure is converted into
the control pressure with power amplification.

Since the control pressure P. changes almost instantaneously with changes in the
nozzle back pressure P, the time constant of the pneumatic relay is negligible
compared with the other larger time constants of the pneumatic controller and
the plant.

Nozzle
back pressure Pp Nozzle
back pressure Pp

f

— To pneumatic

¢ valve To atmosphere ——

To pneumatic —<

valve /

Pe

—— Air supply
Py

(2) (b)

(a) Schematic diagram of a bleed-type relay; (b) schematic diagram of a nonbleed-type relay.
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Figure 4-7
Reverse-acting relay.
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Nozzle
back pressure Pp

To atmosphere ——

To pneumatic ——
valve
Pe

}

Air supply
Py

It is noted that some pneumatic relays are reverse acting. For example, the relay
shown in Figure 4-7 is a reverse-acting relay. Here, as the nozzle back pressure P,
increases, the ball valve is forced toward the lower seat, thereby decreasing the control
pressure P.. Thus, this relay is a reverse-acting relay.

Pneumatic Proportional Controllers (Force-Distance Type). Two types of pneu-
matic controllers, one called the force-distance type and the other the force-balance type,
are used extensively in industry. Regardless of how differently industrial pneumatic con-
trollers may appear, careful study will show the close similarity in the functions of the
pneumatic circuit. Here we shall consider the force-distance type of pneumatic controllers.

Figure 4-8(a) shows a schematic diagram of such a proportional controller. The nozzle—
flapper amplifier constitutes the first-stage amplifier, and the nozzle back pressure is
controlled by the nozzle—flapper distance. The relay-type amplifier constitutes the second-
stage amplifier. The nozzle back pressure determines the position of the diaphragm valve
for the second-stage amplifier, which is capable of handling a large quantity of airflow.

In most pneumatic controllers, some type of pneumatic feedback is employed. Feed-
back of the pneumatic output reduces the amount of actual movement of the flapper.
Instead of mounting the flapper on a fixed point, as shown in Figure 4-8(b), it is often
pivoted on the feedback bellows, as shown in Figure 4-8(c). The amount of feedback can
be regulated by introducing a variable linkage between the feedback bellows and the
flapper connecting point. The flapper then becomes a floating link. It can be moved by
both the error signal and the feedback signal.

The operation of the controller shown in Figure 4-8(a) is as follows. The input sig-
nal to the two-stage pneumatic amplifier is the actuating error signal. Increasing the
actuating error signal moves the flapper to the left. This move will, in turn, increase the
nozzle back pressure, and the diaphragm valve moves downward. This results in an in-
crease of the control pressure. This increase will cause bellows F to expand and move
the flapper to the right, thus opening the nozzle. Because of this feedback, the nozzle—
flapper displacement is very small, but the change in the control pressure can be large.

It should be noted that proper operation of the controller requires that the feed-
back bellows move the flapper less than that movement caused by the error signal alone.
(If these two movements were equal, no control action would result.)

Equations for this controller can be derived as follows. When the actuating error is
zero,or e = 0,an equilibrium state exists with the nozzle—flapper distance equal to X, the
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Figure 4-8

(a) Schematic diagram of a force-distance type of pneumatic proportional controller;
(b) flapper mounted on a fixed point; (c) flapper mounted on a feedback bellows;
(d) displacement x as a result of addition of two small displacements;

(e) block diagram for the controller; (f) simplified block diagram for the controller.

displacement of bellows equal to Y, the displacement of the diaphragm equal to Z, the
nozzle back pressure equal to P, and the control pressure equal to P.. When an actuating
error exists, the nozzle—flapper distance, the displacement of the bellows, the displacement
of the diaphragm, the nozzle back pressure, and the control pressure deviate from their re-
spective equilibrium values. Let these deviations be x, y, z, p,,and p,, respectively. (The pos-
itive direction for each displacement variable is indicated by an arrowhead in the diagram.)
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Assuming that the relationship between the variation in the nozzle back pressure and
the variation in the nozzle—flapper distance is linear, we have

Py = Kix (4-13)
where K is a positive constant. For the diaphragm valve,
Py = Kpz (4-14)

where K, is a positive constant. The position of the diaphragm valve determines the
control pressure. If the diaphragm valve is such that the relationship between p. and z
is linear, then

pe= Kz (4-15)
where Kj is a positive constant. From Equations (4-13), (4-14), and (4-15), we obtain
K K\ K;
=) = =K 4-16
Pe= g P = g ¥ T K (4-16)

where K = K, K;/K, is a positive constant. For the flapper, since there are two small
movements (e and y) in opposite directions, we can consider such movements separately
and add up the results of two movements into one displacement x. See Figure 4-8(d).
Thus, for the flapper movement, we have

b a

:a-l—be_a-l—by (4-17)
The bellows acts like a spring, and the following equation holds true:
Apc = ksy (4_18)

where A is the effective area of the bellows and k is the equivalent spring constant—
that is, the stiffness due to the action of the corrugated side of the bellows.

Assuming that all variations in the variables are within a linear range, we can obtain
a block diagram for this system from Equations (4-16), (4-17), and (4-18) as shown in
Figure 4-8(e). From Figure 4-8(e), it can be clearly seen that the pneumatic controller
shown in Figure 4-8(a) itself is a feedback system. The transfer function between p. and
e is given by

b

K
Pc(s) a+b
= =K 4-19
Ee) g A 7 e
a+ bk,

A simplified block diagram is shown in Figure 4-8(f). Since p, and e are proportional,
the pneumatic controller shown in Figure 4-8(a) is a pneumatic proportional controller.
As seen from Equation (4-19), the gain of the pneumatic proportional controller can be
widely varied by adjusting the flapper connecting linkage. [The flapper connecting link-
age is not shown in Figure 4-8(a).] In most commercial proportional controllers an ad-
justing knob or other mechanism is provided for varying the gain by adjusting this linkage.

As noted earlier, the actuating error signal moved the flapper in one direction, and
the feedback bellows moved the flapper in the opposite direction, but to a smaller degree.
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Figure 4-9

(a) Pneumatic controller without a feedback mechanism; (b) curves P, versus X and P, versus X.

Figure 4-10
Schematic diagram
of a force-balance
type pneumatic
proportional
controller.

The effect of the feedback bellows is thus to reduce the sensitivity of the controller. The
principle of feedback is commonly used to obtain wide proportional-band controllers.

Pneumatic controllers that do not have feedback mechanisms [which means that
one end of the flapper is fixed, as shown in Figure 4-9(a)] have high sensitivity and are
called pneumatic two-position controllers or pneumatic on—off controllers. In such a con-
troller, only a small motion between the nozzle and the flapper is required to give a
complete change from the maximum to the minimum control pressure. The curves re-
lating P, to X and P.to X are shown in Figure 4-9(b). Notice that a small change in X
can cause a large change in P,, which causes the diaphragm valve to be completely open
or completely closed.

Pneumatic Proportional Controllers (Force-Balance Type). Figure 4-10 shows
a schematic diagram of a force-balance type pneumatic proportional controller. Force-
balance type controllers are in extensive use in industry. Such controllers are called stack
controllers. The basic principle of operation does not differ from that of the force-distance
type controller. The main advantage of the force-balance type controller is that it elimi-
nates many mechanical linkages and pivot joints, thereby reducing the effects of friction.

In what follows, we shall consider the principle of the force-balance type controller.
In the controller shown in Figure 4-10, the reference input pressure P, and the output
pressure P, are fed to large diaphragm chambers. Note that a force-balance type pneu-
matic controller operates only on pressure signals. Therefore, it is necessary to convert
the reference input and system output to corresponding pressure signals.

Pl=k(ﬁc+pc‘)

Atmosphere ——

Reference _ :I A4
input pressure Ay
P/
Output _

pressure 1
Air supply —» it _, Control
PPy —_dh pressure

X+x

FL’ +pc
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As in the case of the force-distance type controller, this controller employs a flapper,
nozzle, and orifices. In Figure 4-10, the drilled opening in the bottom chamber is the
nozzle. The diaphragm just above the nozzle acts as a flapper.

The operation of the force-balance type controller shown in Figure 4-10 may be
summarized as follows: 20-psig air from an air supply flows through an orifice, causing
a reduced pressure in the bottom chamber. Air in this chamber escapes to the atmos-
phere through the nozzle. The flow through the nozzle depends on the gap and the
pressure drop across it. An increase in the reference input pressure P,, while the out-
put pressure P, remains the same, causes the valve stem to move down, decreasing the
gap between the nozzle and the flapper diaphragm. This causes the control pressure P,
to increase. Let

Pe = Pr - Pa (4_20)

If p, = 0, there is an equilibrium state with the nozzle—flapper distance equal to X and
the control pressure equal to P.. At this equilibrium state, P, = P .k (where k < 1) and

X =a(P.A, — P.kA,) (4-21)

where a is a constant.
Let us assume that p, # 0 and define small variations in the nozzle—flapper distance
and control pressure as x and p,, respectively. Then we obtain the following equation:

X + x=a[(P, + p)A, — (P, + p)kA; — p(A, — A))] (4-22)
From Equations (4-21) and (4-22), we obtain
x=a[p(l — k)A, — p(A;, — A))] (4-23)

At this point, we must examine the quantity x. In the design of pneumatic controllers,
the nozzle—flapper distance is made quite small. In view of the fact that x /« is very much
smaller than p.(1 — k)A, or p,(A, — A;)—thatis, for p, # 0

X
E < pc(l - k)Al

X
- < Pe(Az - Al)

o

we may neglect the term x in our analysis. Equation (4-23) can then be rewritten to
reflect this assumption as follows:

pc(l - k)Al = pe(AZ - Al)
and the transfer function between p, and p, becomes
P(s) A - A1

= - K
Py(s) A 1—k

where p, is defined by Equation (4-20). The controller shown in Figure 4-10 is a
proportional controller. The value of gain K, increases as k approaches unity. Note that
the value of k depends on the diameters of the orifices in the inlet and outlet pipes of
the feedback chamber. (The value of k approaches unity as the resistance to flow in the
orifice of the inlet pipe is made smaller.)
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Figure 4-11
Schematic diagram
of a pneumatic
actuating valve.

Pneumatic Actuating Valves. One characteristic of pneumatic controls is that
they almost exclusively employ pneumatic actuating valves. A pneumatic actuating valve
can provide a large power output. (Since a pneumatic actuator requires a large power
input to produce a large power output, it is necessary that a sufficient quantity of pres-
surized air be available.) In practical pneumatic actuating valves, the valve characteris-
tics may not be linear; that is, the flow may not be directly proportional to the valve
stem position, and also there may be other nonlinear effects, such as hysteresis.

Consider the schematic diagram of a pneumatic actuating valve shown in Figure 4-11.
Assume that the area of the diaphragm is A. Assume also that when the actuating error
is zero, the control pressure is equal to P, and the valve displacement is equal to X

In the following analysis, we shall consider small variations in the variables and lin-
earize the pneumatic actuating valve. Let us define the small variation in the control
pressure and the corresponding valve displacement to be p. and x, respectively. Since
a small change in the pneumatic pressure force applied to the diaphragm repositions
the load, consisting of the spring, viscous friction, and mass, the force-balance equa-
tion becomes

Ap. = mX + bx + kx

mass of the valve and valve stem

where m
b

k = spring constant

viscous-friction coefficient

If the force due to the mass and viscous friction are negligibly small, then this last equa-
tion can be simplified to

Ap. = kx

The transfer function between x and p. thus becomes

Section 4-3 / Pneumatic Systems 117



Figure 4-12
Control system.
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where X (s) = ¥[x]and P.(s) = ¥[p,]. If ¢;, the change in flow through the pneumatic
actuating valve, is proportional to x, the change in the valve-stem displacement, then

Oi(s) _
X(@s)

where Q;(s) = Si[q,} and K, is a constant. The transfer function between g; and p,
becomes

where K, is a constant.

The standard control pressure for this kind of a pneumatic actuating valve is between
3 and 15 psig. The valve-stem displacement is limited by the allowable stroke of the
diaphragm and is only a few inches. If a longer stroke is needed, a piston—spring
combination may be employed.

In pneumatic actuating valves, the static-friction force must be limited to a low value
so that excessive hysteresis does not result. Because of the compressibility of air, the
control action may not be positive; that is, an error may exist in the valve-stem position.
The use of a valve positioner results in improvements in the performance of a pneu-
matic actuating valve.

Basic Principle for Obtaining Derivative Control Action. We shall now present
methods for obtaining derivative control action. We shall again place the emphasis on
the principle and not on the details of the actual mechanisms.

The basic principle for generating a desired control action is to insert the inverse of
the desired transfer function in the feedback path. For the system shown in Figure 4-12,
the closed-loop transfer function is

C(s) G(s)
R(s) 1+ G(s)H(s)

If |G(s)H (s)| > 1,then C(s)/R(s) can be modified to

R(s)  H(s)

Thus, if proportional-plus-derivative control action is desired, we insert an element
having the transfer function 1/(7's + 1) in the feedback path.

R(s) C(s)
>+ 1 G(s) -

T H( S) <
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(a) Pneumatic proportional controller; (b) block diagram of the controller.

Figure 4-14

(a) Pneumatic
proportional-plus-
derivative controller;
(b) step change in e
and the corre-
sponding changes in
x and p, plotted
versus £; (¢) block
diagram of the
controller.

Consider the pneumatic controller shown in Figure 4-13(a). Considering small changes
in the variables, we can draw a block diagram of this controller as shown in Figure 4-13(b).
From the block diagram we see that the controller is of proportional type.

We shall now show that the addition of a restriction in the negative feedback path
will modify the proportional controller to a proportional-plus-derivative controller, or
a PD controller.

Consider the pneumatic controller shown in Figure 4-14(a). Assuming again small changes
in the actuating error, nozzle—flapper distance, and control pressure, we can summarize
the operation of this controller as follows: Let us first assume a small step change in e.

€ <—
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— |
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Then the change in the control pressure p. will be instantaneous. The restriction R will mo-
mentarily prevent the feedback bellows from sensing the pressure change p..Thus the feed-
back bellows will not respond momentarily, and the pneumatic actuating valve will feel the
full effect of the movement of the flapper. As time goes on, the feedback bellows will expand.
The change in the nozzle—flapper distance x and the change in the control pressure p. can
be plotted against time ¢, as shown in Figure 4-14(b). At steady state, the feedback bellows
acts like an ordinary feedback mechanism. The curve p, versus ¢ clearly shows that this con-
troller is of the proportional-plus-derivative type.

A block diagram corresponding to this pneumatic controller is shown in
Figure 4-14(c). In the block diagram, K is a constant, A is the area of the bellows, and
k, is the equivalent spring constant of the bellows. The transfer function between p,. and
e can be obtained from the block diagram as follows:

b
Pc(s) at+b
E(s) L+ Ka A 1
a+ bk, RCs +1

In such a controller the loop gain |KaA/[(a + b)k,(RCs + 1)]| is made much greater
than unity. Thus the transfer function P.(s)/E(s) can be simplified to give

P.(s
EC((S)) _ K1+ Tys)
where
bk,
K,=—. T,=RC

Thus, delayed negative feedback, or the transfer function 1/(RCs + 1) in the feedback
path, modifies the proportional controller to a proportional-plus-derivative controller.

Note that if the feedback valve is fully opened, the control action becomes propor-
tional. If the feedback valve is fully closed, the control action becomes narrow-band
proportional (on—off).

Obtaining Pneumatic Proportional-Plus-Integral Control Action. Consider
the proportional controller shown in Figure 4-13(a). Considering small changes in the
variables, we can show that the addition of delayed positive feedback will modify this
proportional controller to a proportional-plus-integral controller, or a PI controller.

Consider the pneumatic controller shown in Figure 4-15(a). The operation of this con-
troller is as follows: The bellows denoted by I is connected to the control pressure source
without any restriction. The bellows denoted by II is connected to the control pressure
source through a restriction. Let us assume a small step change in the actuating error. This
will cause the back pressure in the nozzle to change instantaneously. Thus a change in the
control pressure p, also occurs instantaneously. Due to the restriction of the valve in the
path to bellows 11, there will be a pressure drop across the valve. As time goes on, air will
flow across the valve in such a way that the change in pressure in bellows II attains the value
p.- Thus bellows II will expand or contract as time elapses in such a way as to move the
flapper an additional amount in the direction of the original displacement e. This will cause
the back pressure p, in the nozzle to change continuously, as shown in Figure 4-15(b).
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Figure 4-15

(a) Pneumatic
proportional-plus-
integral controller;
(b) step change in e
and the corre-
sponding changes in
x and p, plotted
versus £; (¢) block
diagram of the
controller;

(d) simplified block
diagram.
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Note that the integral control action in the controller takes the form of slowly
canceling the feedback that the proportional control originally provided.

A block diagram of this controller under the assumption of small variations in the
variables is shown in Figure 4-15(c). A simplification of this block diagram yields
Figure 4-15(d). The transfer function of this controller is

b

a+b
E(s) - Ka A( >
bk RCS‘+1
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Figure 4-16

(a) Pneumatic
proportional-plus-
integral-plus-
derivative controller;
(b) block diagram of
the controller.
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where K is a constant, A is the area of the bellows, and k is the equivalent spring constant
of the combined bellows. If [ KaARCs/[ (a + b)k,(RCs + 1)]| > 1, which is usually the
case, the transfer function can be simplified to

B(s) _ Kp(1 + 1)

E(s) Ts
where
K, = bk, T. = RC
P aA’ i

Obtaining Pneumatic Proportional-Plus-Integral-Plus-Derivative Control
Action. A combination of the pneumatic controllers shown in Figures 4-14(a) and
4-15(a) yields a proportional-plus-integral-plus-derivative controller, or a PID con-
troller. Figure 4-16(a) shows a schematic diagram of such a controller. Figure 4-16(b)
shows a block diagram of this controller under the assumption of small variations in the
variables.
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The transfer function of this controller is

bK
P(s) a+b
E(s) Ka A (R,C — R,C)s

a+ bk, (R,Cs + 1)(RCs + 1)
By defining
7} = RiC, Td = Rdc

and noting that under normal operation |KaA(T; — T,)s/[ (a + b)k(T;s + 1)(T;s +1)]| >1
and 7, > T,, we obtain

P(s) _ bk, (Tys + 1)(Tis + 1)

E(s) ~ aA (T, — T,)s

;%TdTisz—l—Tis-i-l

" aA T:s
_ 1
= K\ 147+ Tos (4-24)
where
o _ bk
P gA

Equation (4-24) indicates that the controller shown in Figure 4-16(a) is a proportional-
plus-integral-plus-derivative controller or a PID controller.

4-4 HYDRAULIC SYSTEMS

Except for low-pressure pneumatic controllers, compressed air has seldom been used for
the continuous control of the motion of devices having significant mass under external
load forces. For such a case, hydraulic controllers are generally preferred.

Hydraulic Systems. The widespread use of hydraulic circuitry in machine tool
applications, aircraft control systems, and similar operations occurs because of such fac-
tors as positiveness, accuracy, flexibility, high horsepower-to-weight ratio, fast starting,
stopping, and reversal with smoothness and precision, and simplicity of operations.

The operating pressure in hydraulic systems is somewhere between 145 and 5000 Ib;/in.2
(between 1 and 35 MPa). In some special applications, the operating pressure may go up
to 10,000 Ib;/in.” (70 MPa). For the same power requirement, the weight and size of
the hydraulic unit can be made smaller by increasing the supply pressure. With high-
pressure hydraulic systems, very large force can be obtained. Rapid-acting, accurate
positioning of heavy loads is possible with hydraulic systems. A combination of elec-
tronic and hydraulic systems is widely used because it combines the advantages of both
electronic control and hydraulic power.
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Advantages and Disadvantages of Hydraulic Systems. There are certain
advantages and disadvantages in using hydraulic systems rather than other systems.
Some of the advantages are the following:

1. Hydraulic fluid acts as a lubricant, in addition to carrying away heat generated in
the system to a convenient heat exchanger.

2. Comparatively small-sized hydraulic actuators can develop large forces or torques.

3. Hydraulic actuators have a higher speed of response with fast starts, stops, and
speed reversals.

4. Hydraulic actuators can be operated under continuous, intermittent, reversing,
and stalled conditions without damage.

5. Availability of both linear and rotary actuators gives flexibility in design.

6. Because of low leakages in hydraulic actuators, speed drop when loads are applied
is small.

On the other hand, several disadvantages tend to limit their use.

1. Hydraulic power is not readily available compared to electric power.

2. Cost of a hydraulic system may be higher than that of a comparable electrical
system performing a similar function.

3. Fire and explosion hazards exist unless fire-resistant fluids are used.

4. Because it is difficult to maintain a hydraulic system that is free from leaks, the
system tends to be messy.

5. Contaminated oil may cause failure in the proper functioning of a hydraulic
system.

6. As aresult of the nonlinear and other complex characteristics involved, the design
of sophisticated hydraulic systems is quite involved.

7. Hydraulic circuits have generally poor damping characteristics. If a hydraulic circuit
is not designed properly, some unstable phenomena may occur or disappear, de-
pending on the operating condition.

Comments. Particular attention is necessary to ensure that the hydraulic system
is stable and satisfactory under all operating conditions. Since the viscosity of hydraulic
fluid can greatly affect damping and friction effects of the hydraulic circuits, stability
tests must be carried out at the highest possible operating temperature.

Note that most hydraulic systems are nonlinear. Sometimes, however, it is possible
to linearize nonlinear systems so as to reduce their complexity and permit solutions that
are sufficiently accurate for most purposes. A useful linearization technique for dealing
with nonlinear systems was presented in Section 2-7.

Hydraulic Servo System. Figure 4-17(a) shows a hydraulic servomotor. It is
essentially a pilot-valve-controlled hydraulic power amplifier and actuator. The pilot
valve is a balanced valve, in the sense that the pressure forces acting on it are all balanced.
A very large power output can be controlled by a pilot valve, which can be positioned
with very little power.

In practice, the ports shown in Figure 4-17(a) are often made wider than the corre-
sponding valves. In such a case, there is always leakage through the valves. Such leak-
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Figure 4-17

(a) Hydraulic servo
system; (b) enlarged
diagram of the valve
orifice area.
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age improves both the sensitivity and the linearity of the hydraulic servomotor. In the
following analysis we shall make the assumption that the ports are made wider than
the valves—that is, the valves are underlapped. [Note that sometimes a dither signal, a
high-frequency signal of very small amplitude (with respect to the maximum
displacement of the valve), is superimposed on the motion of the pilot valve. This also
improves the sensitivity and linearity. In this case also there is leakage through the valve.]

We shall apply the linearization technique presented in Section 2-7 to obtain a lin-
earized mathematical model of the hydraulic servomotor. We assume that the valve is
underlapped and symmetrical and admits hydraulic fluid under high pressure into a
power cylinder that contains a large piston, so that a large hydraulic force is established
to move a load.

In Figure 4-17(b) we have an enlarged diagram of the valve orifice area. Let us
define the valve orifice areas of ports 1,2,3,4 as A, A,, A3, A,, respectively. Also, define
the flow rates through ports 1,2, 3,4 as q, q», g3, q4, respectively. Note that, since the
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valve is symmetrical, A; = A; and A, = A,. Assuming the displacement x to be small,
we obtain

Xo
A1=A3=k<2+x>

A2 - A4 - k X

Furthermore, we shall assume that the return pressure p, in the return line is small
and thus can be neglected. Then, referring to Figure 4-17(a), flow rates through valve
orifices are

2g
¢ = A y (Ps_Pl):Clvl%_Pl

2g
G = A, y (Ps - Pz) = GVp, — p

2g
G = 1Az ,y(Pz_Po):C1VP2_P

"\ 2 2
2g X X
s = Ay ,y(Pl_Po):C2VP1_P 20—x>=C2\/E<20—x>

where C; = ¢;kV2g/yand C, = ¢,kV2g/y, and v is the specific weight and is given by
v = pg,where p is mass density and g is the acceleration of gravity. The flow rate g to
the left-hand side of the power piston is

X X
qqu—q4=C1vpx—p1<20+x>—szpl(zo—x> (4-25)
The flow rate from the right-hand side of the power piston to the drain is the same as
this ¢ and is given by
X0 Xo
9=q~¢=CVp, o oTX - GVps—p 5

In the present analysis we assume that the fluid is incompressible. Since the valve is
symmetrical, we have q; = g3 and ¢, = ¢q,. By equating ¢, and ¢, we obtain

Ps =P = P2
or
Ps=D1t D
If we define the pressure difference across the power piston as A p or

Ap=p —p
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then
_pst Ap _ps— Ap
P = 2 s P2 = 2
For the symmetrical valve shown in Figure 4-17(a), the pressure in each side of the
power piston is (1/2)p, when no load is applied, or Ap = 0. As the spool valve is dis-
placed, the pressure in one line increases as the pressure in the other line decreases by

the same amount.
In terms of p, and A p, we can rewrite the flow rate g given by Equation (4-25) as

ps — Ap [ x ps + Ap[x
S (e I YN B o e

Noting that the supply pressure p; is constant. the flow rate g can be written as a func-
tion of the valve displacement x and pressure difference A p, or

[p, — Ap [ x, [p, + Ap <xo )
= —_ - | —= 4+ — = S| = _ =
qg=C B ( B x) ) B B X f(X, AP)

By applying the linearization technique presented in Section 3-10 to this case, the lin-
earized equation about point x = X, Ap = Ap,q = q is

q—q=a(x —X)+ b(Ap — Ap) (4-206)
where
q = f(x,Ap)
] — Ap + Ap
P _¢ [ps P, |ps + Ap
ax x=X,Ap=Ap 2 2
of [ o <x0 N _>
=7 |t (20, %
IAD | =% ap=2p 2V2Vp, — Ap \ 2

+C2<x°_—> <0
N2V, +Apl2

Coefficients a and b here are called valve coefficients. Equation (4-26) is a linearized
mathematical model of the spool valve near an operating pointx = X, Ap = Ap,q = q.
The values of valve coefficients a and b vary with the operating point. Note that 9f /A p
is negative and so b is negative.

Since the normal operating point is the point where X = 0, Ap = 0, g = 0, near the
normal operating point Equation (4-26) becomes

qg=Kx— K,Ap (4-27)
where
K, = (C, + CZ)\/§ >0
K, = (C, + CZ)L >0
4V2Vp,

Section 4-4 / Hydraulic Systems 127



Figure 4-18
Characteristic curves
of the linearized
hydraulic
servomotor.
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Equation (4-27) is a linearized mathematical model of the spool valve near the origin
(x =0,Ap = 0,q = 0.) Note that the region near the origin is most important in this
kind of system, because the system operation usually occurs near this point.

Figure 4-18 shows this linearized relationship among ¢, x, and A P. The straight lines
shown are the characteristic curves of the linearized hydraulic servomotor. This family
of curves consists of equidistant parallel straight lines, parametrized by x.

In the present analysis we assume that the load reactive forces are small, so that the
leakage flow rate and oil compressibility can be ignored.

Referring to Figure 4-17(a), we see that the rate of flow of oil g times dt is equal to
the power-piston displacement dy times the piston area A times the density of oil p.
Thus, we obtain

Apdy = qdt

Notice that for a given flow rate g the larger the piston area A is, the lower will be the
velocity dy/dt. Hence, if the piston area A is made smaller, the other variables re-
maining constant, the velocity dy/dt will become higher. Also, an increased flow rate ¢
will cause an increased velocity of the power piston and will make the response time
shorter.

Equation (4-27) can now be written as

1 dy)
AP = — | Kix — Ap—
K2<lx ar

The force developed by the power piston is equal to the pressure difference AP times
the piston area A or

Force developed by the power piston = A AP

A dy)
=2 Kx— Ap=
K2<1x Pt

x =2x; 71
o \
x=0
X =-x
x =-2x
0 AP

N
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For a given maximum force, if the pressure difference is sufficiently high, the piston
area, or the volume of oil in the cylinder, can be made small. Consequently, to minimize
the weight of the controller, we must make the supply pressure sufficiently high.

Assume that the power piston moves a load consisting of a mass and viscous friction.
Then the force developed by the power piston is applied to the load mass and friction,
and we obtain

A
my + by = E(le — Apy)

or

A2p> AK,
v b+ 2P)y = 428
mny ( 5) K" (4-28)

where m is the mass of the load and b is the viscous-friction coefficient.
Assuming that the pilot-valve displacement x is the input and the power-piston

displacement y is the output, we find that the transfer function for the hydraulic servo-
motor is, from Equation (4-28),

Y(s) 1
% =
(S) s|:<mK2>S n bK2 n 14p:|
AK, AK, K
K
= 4-29
s(Ts +1) ( )
where
K = 1 g T-_™
K,  Ap M " bK, + Ap
AK, K,

From Equation (4-29) we see that this transfer function is of the second order. If the ratio
mK,/(bK, + A’p) is negligibly small or the time constant T is negligible, the transfer
function Y (s)/X (s) can be simplified to give

Y(s) K
X(s) s

It is noted that a more detailed analysis shows that if oil leakage, compressibility
(including the effects of dissolved air), expansion of pipelines, and the like are taken
into consideration, the transfer function becomes

Y(s) K
X(s) s(Tys + 1)(Tys + 1)

where T} and T, are time constants. As a matter of fact, these time constants depend on
the volume of oil in the operating circuit. The smaller the volume, the smaller the time
constants.

Section 4-4 / Hydraulic Systems 129



Figure 4-19
Hydraulic
servomotor.
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Hydraulic Integral Controller. The hydraulic servomotor shown in Figure 4-19 is
a pilot-valve-controlled hydraulic power amplifier and actuator. Similar to the hydraulic
servo system shown in Figure 4-17, for negligibly small load mass the servomotor shown
in Figure 4-19 acts as an integrator or an integral controller. Such a servomotor consti-
tutes the basis of the hydraulic control circuit.

In the hydraulic servomotor shown in Figure 4-19, the pilot valve (a four-way valve)
has two lands on the spool. If the width of the land is smaller than the port in the valve
sleeve, the valve is said to be underlapped. Overlapped valves have a land width greater than
the port width. A zero-lapped valve has a land width that is identical to the port width. (If
the pilot valve is a zero-lapped valve, analyses of hydraulic servomotors become simpler.)

In the present analysis, we assume that hydraulic fluid is incompressible and that the
inertia force of the power piston and load is negligible compared to the hydraulic force
at the power piston. We also assume that the pilot valve is a zero-lapped valve, and the
oil flow rate is proportional to the pilot valve displacement.

Operation of this hydraulic servomotor is as follows. If input x moves the pilot valve
to the right, port II is uncovered, and so high-pressure oil enters the right-hand side of
the power piston. Since port I is connected to the drain port, the oil in the left-hand side
of the power piston is returned to the drain. The oil flowing into the power cylinder is
at high pressure; the oil flowing out from the power cylinder into the drain is at low
pressure. The resulting difference in pressure on both sides of the power piston will
cause it to move to the left.

Note that the rate of flow of oil g (kg/sec) times dt (sec) is equal to the power-piston
displacement dy (m) times the piston area A (m?) times the density of oil p (kg/m?).
Therefore,

Apdy = q dt (4-30)

Because of the assumption that the oil flow rate g is proportional to the pilot-valve
displacement x, we have

q = Kix (4-31)
where K is a positive constant. From Equations (4-30) and (4-31) we obtain
dy
Ap E = le
Oil
under
pressure
J L Pilot valve
x —>— 0 H / O
Port I Port II
Power cylinder
o O =

- -
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Figure 4-20

(a) Servomotor that
acts as a proportional
controller; (b) block
diagram of the
servomotor.

The Laplace transform of this last equation, assuming a zero initial condition, gives

ApsY(s) = K, X (s)
or
v KK

X(s) N Aps s

where K = K, /(Ap). Thus the hydraulic servomotor shown in Figure 4-19 acts as an
integral controller.

Hydraulic Proportional Controller. It has been shown that the servomotor in
Figure 4-19 acts as an integral controller. This servomotor can be modified to a pro-
portional controller by means of a feedback link. Consider the hydraulic controller
shown in Figure 4-20(a). The left-hand side of the pilot valve is joined to the left-hand
side of the power piston by a link ABC.This link is a floating link rather than one mov-
ing about a fixed pivot.

The controller here operates in the following way. If input e moves the pilot valve to
the right, port II will be uncovered and high-pressure oil will flow through port II into
the right-hand side of the power piston and force this piston to the left. The power pis-
ton, in moving to the left, will carry the feedback link ABC with it, thereby moving the
pilot valve to the left. This action continues until the pilot piston again covers ports I and
II. A block diagram of the system can be drawn as in Figure 4-20(b). The transfer func-
tion between Y (s) and E(s) is given by

b K
Y(s)  a+bs
E(s) 1+£ a

s a+b

Noting that under the normal operating conditions we have |Ka/[s(a + b)]| > 1, this
last equation can be simplified to

Y(s b
©) _b_
E(s) a
Oil
under
o é pressure

by

a

X— B0 J H \‘
1 I
/ a+b s
y = I 1 a B
C a+b
(@ ®)
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The transfer function between y and e becomes a constant. Thus, the hydraulic controller
shown in Figure 4-20(a) acts as a proportional controller, the gain of which is K ,. This gain
can be adjusted by effectively changing the lever ratio b/a. (The adjusting mechanism is
not shown in the diagram.)

We have thus seen that the addition of a feedback link will cause the hydraulic
servomotor to act as a proportional controller.

Dashpots. The dashpot (also called a damper) shown in Figure 4-21(a) acts as a
differentiating element. Suppose that we introduce a step displacement to the piston po-
sition y.Then the displacement z becomes equal to y momentarily. Because of the spring
force, however, the oil will flow through the resistance R and the cylinder will come back
to the original position. The curves y versus ¢ and z versus ¢ are shown in Figure 4-21(b).

Let us derive the transfer function between the displacement z and displacement y.
Define the pressures existing on the right and left sides of the piston as P, (Ib;/in.?) and
Py(Ibg/in.?), respectively. Suppose that the inertia force involved is negligible. Then the
force acting on the piston must balance the spring force. Thus

A(P, — P) = kz
where A = piston area, in.?
k = spring constant, Ib;/in.

The flow rate ¢ is given by p_p
)

9= g
where ¢ = flow rate through the restriction, Ib/sec
R = resistance to flow at the restriction, Ib--sec/in.%-1b

Since the flow through the restriction during dt seconds must equal the change in the
mass of oil to the left of the piston during the same dr seconds, we obtain

qdt = Ap(dy — dz)

where p = density,Ib/in.>. (We assume that the fluid is incompressible or p = constant.)
This last equation can be rewritten as

dy dz q P —-P  kz

dt dt Ap RAp RA»

Y(s) Z(s)
g g @ -

z
2
1 B TzRﬂ

(b) ©

Figure 4-21
(a) Dashpot; (b) step change in y and the corresponding change in z plotted versus #; (c) block
diagram of the dashpot.
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or
dy_di ke

=—+
dt dt RA%»p
Taking the Laplace transforms of both sides of this last equation, assuming zero initial
conditions, we obtain

k
RAp
The transfer function of this system thus becomes

Z(s) s

Y(s)

sY(s) = sZ(s) + Z(s)

s +
RAp
Let us define RA%p/k = T. (Note that RA%p/k has the dimension of time.) Then
Z(s) Ts 1
Y
(s) Ts+1 1+ 1
Ts
Clearly, the dashpot is a differentiating element. Figure 4-21(c) shows a block diagram
representation for this system.

Obtaining Hydraulic Proportional-Plus-Integral Control Action. Figure 4-22(a)
shows a schematic diagram of a hydraulic proportional-plus-integral controller. A block
diagram of this controller is shown in Figure 4-22(b). The transfer function Y (s)/E(s)

is given by
b K
Y(s) _ a+bs
E(s) K
(s) |+ Ka T
a+bTs +1
Oil
under
e pressure
(0), ——
\ ¢ ¢ ¢
a
X — o/
Spring b Area A
constant = k E(S) b _»@ X(s) K Y(s)
% ¢ a+b s
ﬁ T
z o
Density a |29 Ts
of oil = p AN a+b Ts+ 1
Resistance = R
(a) (b)
Figure 4-22

(a) Schematic diagram of a hydraulic proportional-plus-integral controller; (b) block diagram of the controller.
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In such a controller, under normal operation |KaT/[(a + b)(Ts + 1)]| > 1, with the

result that
Y(s 1
(s) = K,,(l + )

E(s) T;s
where
b RAp
Ky = a’ L=T= k

Thus the controller shown in Figure 4-22(a) is a proportional-plus-integral controller
(PI controller).

Obtaining Hydraulic Proportional-Plus-Derivative Control Action. Figure 4-23(a)
shows a schematic diagram of a hydraulic proportional-plus-derivative controller. The
cylinders are fixed in space and the pistons can move. For this system, notice that

k(y —z) = AP, — P)

kB -P
9= 7R
gdt = pAdz
Hence
A RAZp dz
=z+ -gR=z+ —
R
or
Z(s) 1
Y(s) Ts+1
~ e
O\~>
a
< L
—— C\
b R E(s) b X(s) K Y(s)
J@[W ar :
z / PZ Pl AA]:A Y
—~— © YWy —— P Z(s) )
’ §%ZZZZZ/ Area=4 ath Ts+1

Density of oil = p
(a) (b)

Figure 4-23
(a) Schematic diagram of a hydraulic proportional-plus-derivative controller; (b) block diagram of the controller.
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Figure 4-24
Schematic diagram
of a hydraulic
proportional-plus-
integral-plus-

derivative controller.

where

B RAp
ok

T

A block diagram for this system is shown in Figure 4-23(b). From the block diagram the
transfer function Y (s)/E(s) can be obtained as

b K

a+bs

E(s) 149 K 1
a+b s Ts+1

Under normal operation we have [aK/[(a + b)s(Ts + 1)]| > 1. Hence

where

Y(s)

=K(1+T
Bz~ T
k=0 g RA
P ok

Thus the controller shown in Figure 4-23(a) is a proportional-plus-derivative controller

(PD controller).

Obtaining Hydraulic Proportional-Plus-Integral-Plus-Derivative Control Action.
Figure 4-24 shows a schematic diagram of a hydraulic proportional-plus-integral-plus-
derivative controller. It is a combination of the proportional-plus-integral controller
and proportional-plus derivative controller.

If the two dashpots are identical except the piston shafts, the transfer function
Z(s)/Y (s) can be obtained as follows:

Z(s) Tis
Y(s) TTs*+ (T, + 2Ty)s + 1

(For the derivation of this transfer function, refer to Problem A-4-9.)
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Figure 4-25

Block diagram for
the system shown in
Figure 4-24.

E(s) b X(s)

a+b

Y(s)

- I

Z(s)

T]S
a+b T1T252+(T1+2T2)S+1

A block diagram for this system is shown in Figure 4-25. The transfer function
Y (s)/E(s) can be obtained as

K
s

E(s) a+b L _a K Tis
a+bs T\Ts> + (T, + 2T,)s + 1

Under normal circumstances we design the system such that

a K Tls
— > 1
a+b s T\Ths>+ (T, + 2T;)s + 1
then
Y(s) bTTs*+ (T, +2T)s + 1
E(s) a Tis
K;
= Kp + ? + de
where
b T, +2T, b1 b
K”_a T, I{i_aT]’ Kd_aT2

Thus, the controller shown in Figure 4-24 is a proportional-plus-integral-plus-derivative
controller (PID controller).

4-5 THERMAL SYSTEMS

136

Thermal systems are those that involve the transfer of heat from one substance to
another. Thermal systems may be analyzed in terms of resistance and capacitance,
although the thermal capacitance and thermal resistance may not be represented
accurately as lumped parameters, since they are usually distributed throughout the sub-
stance. For precise analysis, distributed-parameter models must be used. Here, however,
to simplify the analysis we shall assume that a thermal system can be represented by a
lumped-parameter model, that substances that are characterized by resistance to heat
flow have negligible heat capacitance, and that substances that are characterized by heat
capacitance have negligible resistance to heat flow.
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There are three different ways heat can flow from one substance to another: con-
duction, convection, and radiation. Here we consider only conduction and convection.
(Radiation heat transfer is appreciable only if the temperature of the emitter is very
high compared to that of the receiver. Most thermal processes in process control systems
do not involve radiation heat transfer.)

For conduction or convection heat transfer,

qg = K A6

where ¢ = heat flow rate, kcal/sec
A# = temperature difference, °C
K = coefficient, kcal/sec °C

The coefficient K is given by

kA
K = AX for conduction
= HA, for convection

where k = thermal conductivity, kcal/m sec °C
A = area normal to heat flow, m?
AX = thickness of conductor, m
H = convection coefficient, kcal/m? sec °C

Thermal Resistance and Thermal Capacitance. The thermal resistance R for
heat transfer between two substances may be defined as follows:

change in temperature difference, °C

change in heat flow rate, kcal/sec

The thermal resistance for conduction or convection heat transfer is given by

d(A9) 1

dqg K

Since the thermal conductivity and convection coefficients are almost constant, the
thermal resistance for either conduction or convection is constant.
The thermal capacitance C is defined by

change in heat stored, kcal

change in temperature, °C
or
C =mc

where m = mass of substance considered, kg

¢ = specific heat of substance, kcal/kg °C
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Thermal System. Consider the system shown in Figure 4-26(a). It is assumed
that the tank is insulated to eliminate heat loss to the surrounding air. It is also assumed
that there is no heat storage in the insulation and that the liquid in the tank is perfectly
mixed so that it is at a uniform temperature. Thus, a single temperature is used to describe
the temperature of the liquid in the tank and of the outflowing liquid.

Let us define

O, = steady-state temperature of inflowing liquid, °C
O, = steady-state temperature of outflowing liquid, °C
G = steady-state liquid flow rate, kg/sec
M = mass of liquid in tank, kg
¢ = specific heat of liquid, kcal/kg °C
R = thermal resistance, °C sec/kcal
C = thermal capacitance, kcal/°C
H = steady-state heat input rate, kcal/sec

Assume that the temperature of the inflowing liquid is kept constant and that the heat
input rate to the system (heat supplied by the heater) is suddenly changed from H to
H + h;, where h; represents a small change in the heat input rate. The heat outflow rate
will then change gradually from H to H + h,. The temperature of the outflowing lig-
uid will also be changed from @, to®, + . For this case, h,, C, and R are obtained,
respectively, as

h, = Gco
C = Mc
0 1
R=—=—
h, Gc

The heat-balance equation for this system is

Cdo = (h; — h,)dt

6;(s)

B

7
> Hot
\g L\N\N‘l 77 liquid Hi(s) ’ 6(s)

yl—leater —_— R *@9‘» RCs
Figure 4-26 lgﬁlli% Mixer ‘
(a) Thermal system: — /
(b) block diagram of 7
the system. (a) (b)
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or

do
C—=h—h
dt L o
which may be rewritten as
dt

Note that the time constant of the system is equal to RC or M /G seconds. The transfer
function relating 6 and #4; is given by

O(s) R
H(s) RCs+1

where O(s) = £[0(t)] and H(s) = *[h,(t)].

In practice, the temperature of the inflowing liquid may fluctuate and may act as a
load disturbance. (If a constant outflow temperature is desired, an automatic controller
may be installed to adjust the heat inflow rate to compensate for the fluctuations in the
temperature of the inflowing liquid.) If the temperature of the inflowing liquid is sud-
denly changed from O, to @; + 6; while the heat input rate / and the liquid flow rate
G are kept constant, then the heat outflow rate will be changed from H to H + h,, and
the temperature of the outflowing liquid will be changed from @,to @, + 6. The heat-
balance equation for this case is

C d9 = (Gce; — h,)dt

or
dé
C— =Gceo, — h
dt (4 L [
which may be rewritten
d
RC 49 +6 =0,
dt

The transfer function relating 6 and 6, is given by

O(s) B 1
O(s) RCs+1

where O(s) = £[0(t)] and O,(s) = L[0:(1)].

If the present thermal system is subjected to changes in both the temperature of the
inflowing liquid and the heat input rate, while the liquid flow rate is kept constant, the
change 6 in the temperature of the outflowing liquid can be given by the following
equation:

RCY o =6, + R,
di

A block diagram corresponding to this case is shown in Figure 4-26(b). Notice that the
system involves two inputs.
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A-4-1.

Figure 4-27
Liquid-level system.
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EXAMPLE PROBLEMS AND SOLUTIONS

In the liquid-level system of Figure 4-27 assume that the outflow rate Q m*/sec through the out-
flow valve is related to the head H m by

0 =KVH =001VH

Assume also that when the inflow rate Q; is 0.015 m®/sec the head stays constant. For ¢t < 0 the
system is at steady state (Qi = 0.015 m3/sec). At t = 0 the inflow valve is closed and so there is
no inflow for + = 0. Find the time necessary to empty the tank to half the original head. The
capacitance C of the tank is 2 m?

Solution. When the head is stationary, the inflow rate equals the outflow rate. Thus head H, at
t = 0is obtained from

0.015 = 0.01VH,

or
H,=225m
The equation for the system for t > 0is
—CdH = Qdt
or
dH _ _g _ —0.01VH
dt C 2
Hence
dH
—= = —0.005 dt
VH
Assume that,att = ¢, H = 1.125 m. Integrating both sides of this last equation, we obtain
1125 dH 0
/ = (—0.00S)dt = —0.005¢,

It follows that

1.125

=2V1.125 - 2V2.25 = —0.005¢,

225

2VH

or
t] = 1757

Thus, the head becomes half the original value (2.25 m) in 175.7 sec.

Qi*»:&rﬂq

Capacitance C l

4>Q
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A-4-2.

Figure 4-28
Liquid-level system.

Consider the liquid-level system shown in Figure 4-28. In the system, O, and Q, are steady-state
inflow rates and [, and H, are steady-state heads. The quantities ¢;;, g;», /1, M, q;,and g, are con-
sidered small. Obtain a state-space representation for the system when %, and #, are the outputs
and g;; and g, are the inputs.

Solution. The equations for the system are

Cidhy = (qi — q1)dt (4-32)
h—h,
= 4-33
R, 9 ( )
Cydhy = (q1 + qn — q,)dt (4-34)
fa 4-35)
R,2 =4 ( -
Elimination of ¢, from Equation (4-32) using Equation (4-33) results in
dhl 1 hl - hz)
bkl R 4-36
U (4-36)
Eliminating ¢, and g, from Equation (4-34) by using Equations (4-33) and (4-35) gives
dh2 1 hl - hz h2>
— = |t gy — 4-37
(M- g 4-37)
Define state variables x; and x, by
X1 = h]
X, = h2
the input variables u; and u, by
Uy = qn
U = Qgn
and the output variables y, and y, by
yi=h=x
Y2 =hy =X,
Then Equations (4-36) and (4-37) can be written as
. 1
X, = + Uy

- +7 P
RC VTR ¢

, 1 (1 +1> L1
Xy = X1 — X —u
2 RG ! RC RG)/)* G °

Q1+qi14>:&rﬂq F&VQ:F O +4qn

4’@1+QZ+QO

4y
R R,

Cl — CZ
O1+4q
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A—4-3.

A-4-4.

Figure 4-29

(a) Pneumatic
pressure system;
(b) pressure-
difference-versus-
mass-flow-rate
curves.
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In the form of the standard vector-matrix representation, we have

1 e 1,

Xy _ R,C, R,C, X1 n (&
xZ 1 1 1 X) 1
R, G, RC, R, &)

which is the state equation, and

HEEH

which is the output equation.

The value of the gas constant for any gas may be determined from accurate experimental obser-

vations of simultaneous values of p, v,and 7.

Obtain the gas constant R, for air. Note that at 32°F and 14.7 psia the specific volume of air
is 12.39 ft*/1b. Then obtain the capacitance of a 20-ft* pressure vessel that contains air at 160°F. As-

sume that the expansion process is isothermal.

Solution.
_pv 147 X 144 X 1239

Rae =7 460 + 32

= 533 ft-Ib;/Ib°R

Referring to Equation (4-12), the capacitance of a 20-ft* pressure vessel is

v 20 b
= =6.05 x 107
nR;,T 1 X533 X620 1b,/ft?

C =

Note that in terms of SI units, R,;, is given by

R, = 287 N-m/kg K

In the pneumatic pressure system of Figure 4-29(a), assume that, for ¢ < 0, the system is at steady
state and that the pressure of the entire system is P. Also, assume that the two bellows are identi-
cal. Att = 0, the input pressure is changed from P to P + p,. Then the pressures in bellows 1 and
2 will change from P to P + p; and from P to P + p,, respectively. The capacity (volume) of each
bellows is 5 X 10 m?, and the operating-pressure difference A p (difference between p; and p; or
difference between p; and p,) is between —0.5 X 10° N/m?and 0.5 X 10° N/m?2 The corresponding
mass flow rates (kg/sec) through the valves are shown in Figure 4-29(b). Assume that the bellows
expand or contract linearly with the air pressures applied to them, that the equivalent spring con-
stant of the bellows system is k = 1 X 10° N/m, and that each bellows has area A = 15 X 10™*m>

Bellows 1 Bellows 2 Ap(N/m?) | Valve 2
0.5 % 10° F--— Valve 1
| i
Valve 1 X<— Valve 2 -3 X107 |
! 1.5%X 1073 q(kg/sec)
i
_ |
P+pi»< 777777 -0.5 X 10°
(a) (b
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Defining the displacement of the midpoint of the rod that connects two bellows as x, find the
transfer function X (s)/P,(s). Assume that the expansion process is isothermal and that the
temperature of the entire system stays at 30°C. Assume also that the polytropic exponent n is 1.

Solution. Referring to Section 4-3, transfer function P,(s)/P,(s) can be obtained as

P(s) 1

= 4-38
P(s) RCs+1 ( )
Similarly, transfer function P,(s)/P.(s) is
P(s 1
2(s) _ (4-39)

P(s) R,Cs+1

The force acting on bellows 1 in the x direction is A(F’ + pl), and the force acting on bellows 2
in the negative x direction is A(P + pz). The resultant force balances with kx, the equivalent
spring force of the corrugated sides of the bellows.

A(P1 - Pz) = kx

or
A[Pi(s) = Py(s)] = kX(s) (4-40)
Referring to Equations (4-38) and (4-39), we see that
P = 20 = (o — et PO
RCs+1 R,Cs+1
R,Cs — R, Cs

T (RCs + )(RyCs + 1) )

By substituting this last equation into Equation (4-40) and rewriting, the transfer function
X(s)/P(s) is obtained as
X(s) A (RC-RC)s

P(s) &k (RiCs + 1)(R,Cs + 1) (4D

The numerical values of average resistances R; and R, are

dAp 05x10° N/m?
R =—="—""-=0167 X 10" —/——
! dq, 3% 107 kg/sec
dA 0.5 X 10° N/m?
R =L - L= 0.333 X 1o N/m
dg, 1.5 X 10 kg/sec
The numerical value of capacitance C of each bellows is
1% 5x 107 kg
C= = =575 x 107
nRyT 1 X287 X (273 + 30) N/m?

where R, = 287 N-m/kg K. (See Problem A—4-3.) Consequently,
R,C = 0.167 X 10" X 5.75 X 107 = 9.60 sec
R,C = 0333 X 10" X 5.75 X 107 = 19.2 sec
By substituting the numerical values for A, k, R,C, and R,C into Equation (4-41), we obtain

X(s) 1.44 X 107"s
P(s)  (9.6s + 1)(19.2s + 1)
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A—-4-5.

Figure 4-30
Schematic diagram
of a pneumatic
controller.
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Draw a block diagram of the pneumatic controller shown in Figure 4-30. Then derive the transfer

function of this controller. Assume that R; < R;. Assume also that the two bellows are identical.
If the resistance R, is removed (replaced by the line-sized tubing), what control action do we get?

If the resistance R; is removed (replaced by the line-sized tubing), what control action do we get?

Solution. Let us assume that when e = 0 the nozzleflapper distance is equal to X and the con-
trol pressure is equal to P.. In the present analysis, we shall assume small deviations from the
respective reference values as follows:

e = small error signal

x = small change in the nozzle—flapper distance

p. = small change in the control pressure
pr = small pressure change in bellows I due to small change in the control pressure
pu = small pressure change in bellows II due to small change in the control pressure
y = small displacement at the lower end of the flapper
In this controller, p. is transmitted to bellows I through the resistance R,. Similarly, p, is trans-
mitted to bellows II through the series of resistances R, and R;. The relationship between p; and p, is
Pi(s) 1 1

P(s) RCs+1 Tys+1

where T, = R,C = derivative time. Similarly, pj; and p; are related by the transfer function

Pu(s) _ 1 _ 1
P(s) RCs+1 Ts+1

where 7; = R,C = integral time. The force-balance equation for the two bellows is

(PI - PH)A = kyy

where k; is the stiffness of the two connected bellows and A is the cross-sectional area of the
bellows. The relationship among the variables e, x, and y is

The relationship between p, and x is

p. = Kx (K >0)

E‘ +pu

N -
S
=~
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Figure 4-31

(a) Block diagram of
the pneumatic
controller shown in
Figure 4-30;

(b) simplified block
diagram.

From the equations just derived, a block diagram of the controller can be drawn, as shown in
Figure 4-31(a). Simplification of this block diagram results in Figure 4-31(b).
The transfer function between P.(s) and E(s) is

b
PC(S) _ a+b

E(s) a A( T;s >< 1 )
+ -
! Ka-i—bks Tis +1)\Tys + 1

For a practical controller, under normal operation |KaAT;s/[(a + b)k(T;s + 1)(Tys + 1)] is
very much greater than unity and 7; > T,. Therefore, the transfer function can be simplified as
follows:

P(s) bk(Tis + 1)(Tys + 1)

E(s) ~ aAT;s
_bk5<T,-+Td+ L )
TaA\ T Ts

. 1
= KP<1 + Ti + TdS>

i
where
bk
? T aA
Thus the controller shown in Figure 4-30 is a proportional-plus-integral-plus-derivative one.
If the resistance R, is removed, or R; = 0, the action becomes that of a proportional-plus-
integral controller.

E(s) b _»@ X(s)
- > K
a+b

P(s)

S N Pis) 1
a+b ks Td s+ 1
Pr(s) 1
Tis+1
(a)
ZON X(s) Ps)
— > K >
a+b
aAT; s

(a+b)k(T;s+1)(Tys+1)

(b)
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Figure 4-32

(a) Overlapped spool
valve;

(b) underlapped
spool valve.

A—-4-6.

A-4-17.

Figure 4-33

(a) Uncovered-port-
area- A-versus
displacement-x curve
for the overlapped
valve; (b) uncovered-
port-area- A-versus-
displacement-x curve
for the underlapped
valve.
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Xo %o %o o
2 2 2 2
T e [
X — X — |_|
High Low High Low
pressure pressure pressure pressure
(a) (b)

If the resistance R; is removed, or R; = 0, the action becomes that of a narrow-band propor-
tional, or two-position, controller. (Note that the actions of two feedback bellows cancel each
other, and there is no feedback.)

Actual spool valves are either overlapped or underlapped because of manufacturing tolerances.
Consider the overlapped and underlapped spool valves shown in Figures 4-32(a) and (b). Sketch
curves relating the uncovered port area A versus displacement x.

Solution. For the overlapped valve, a dead zone exists between — 3 x, and 3 xo, or — 3 xo < x < 3 x,.
The curve for uncovered port area A versus displacement x is shown in Figure 4-33(a). Such an
overlapped valve is unfit as a control valve.

For the underlapped valve, the curve for port area A versus displacement x is shown in
Figure 4-33(b). The effective curve for the underlapped region has a higher slope, meaning a
higher sensitivity. Valves used for controls are usually underlapped.

Figure 4-34 shows a hydraulic jet-pipe controller. Hydraulic fluid is ejected from the jet pipe. If
the jet pipe is shifted to the right from the neutral position, the power piston moves to the left,
and vice versa. The jet-pipe valve is not used as much as the flapper valve because of large null
flow, slower response, and rather unpredictable characteristics. Its main advantage lies in its
insensitivity to dirty fluids.

Suppose that the power piston is connected to a light load so that the inertia force of the load
element is negligible compared to the hydraulic force developed by the power piston. What type
of control action does this controller produce?

Solution. Define the displacement of the jet nozzle from the neutral position as x and the
displacement of the power piston as y. If the jet nozzle is moved to the right by a small displace-

A Ak
A Area exposed to
high pressure
Effective
area /
x Ry “x
e \ X0 —— x—o
2 2
“~— Area exposed to

low pressure

(2) (b)
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Figure 4-34
Hydraulic jet-pipe
controller.

Oil under
pressure

ment x, the oil flows to the right side of the power piston, and the oil in the left side of the power
piston is returned to the drain. The oil flowing into the power cylinder is at high pressure; the oil
flowing out from the power cylinder into the drain is at low pressure. The resulting pressure
difference causes the power piston to move to the left.

For a small jet-nozzle displacement x, the flow rate g to the power cylinder is proportional to
x; that is,

q=Kx

For the power cylinder,

Apdy = qdt

where A is the power-piston area and p is the density of oil. Hence

where K = K;/(Ap) = constant. The transfer function Y (s)/X (s) is thus

Y (s) K
X(s) s

The controller produces the integral control action.
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Figure 4-35
Speed control
system.

A—4-8.

Figure 4-36
Block diagram for
the speed control
system shown in
Figure 4-35.
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-
b =
az\ — a)
z

| I—
- \r'l'[ - Oil under

pressure
- pu
-

/I_

Engine

Explain the operation of the speed control system shown in Figure 4-35.

Solution. If the engine speed increases, the sleeve of the fly-ball governor moves upward. This
movement acts as the input to the hydraulic controller. A positive error signal (upward motion of
the sleeve) causes the power piston to move downward, reduces the fuel-valve opening, and
decreases the engine speed. A block diagram for the system is shown in Figure 4-36.

From the block diagram the transfer function Y (s)/E(s) can be obtained as

K
Y(s) M s
E(s)_a1+a21+ a bs K
a, +a,bs + k s
If the following condition applies,
ay bs K

> 1

a, +a,bs +k s
the transfer function Y (s)/E(s) becomes

Y(S) a, a1+a2bs+k=ﬂ<1+£>

E(s) - a, +a, a bs a, bs

The speed controller has proportional-plus-integral control action.

——

Es) [ 4 X Y(s)
ar+ap N

a Z) | bs
a)+a bs+k
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A-4-9.

Figure 4-37
Hydraulic system.

Derive the transfer function Z(s) /Y () of the hydraulic system shown in Figure 4-37. Assume that
the two dashpots in the system are identical ones except the piston shafts.

Solution. In deriving the equations for the system, we assume that force F is applied at the right
end of the shaft causing displacement y. (All displacements y, w, and z are measured from re-
spective equilibrium positions when no force is applied at the right end of the shaft.) When force
F is applied, pressure P, becomes higher than pressure Pj, or P, > P). Similarly, P, > P5.

For the force balance, we have the following equation:

ko(y — w) = A(P = P}) + A(P, — P)) (4-42)
Since
kiz = A(P, — P}) (4-43)
and
_ PP
q1 = R
we have
kiz = ARq
Also, since
q, dt = A(dw — dz)p
we have
g = A(w — 2)p
or
W . kiz
_ =
ARp
Define A’Rp = B. (B is the viscous-friction coefficient.) Then
Lk 444
W= (4-44)
Also, for the right-hand-side dashpot we have
Since ¢, = (P, — P5)/R, we obtain
@ AR P
Ap ARp
or
A(P, — P}) = Bw (4-45)

Substituting Equations (4—43) and (4-45) into Equation (4-42), we have
k,y — kyw = kyz + Bw

Taking the Laplace transform of this last equation, assuming zero initial condition, we obtain

kY (s) = (ky + Bs)W(s) + k,Z(s) (4-46)
Area =4
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A-4-10.

Figure 4-38
Air heating system.

150

Taking the Laplace transform of Equation (4-44), assuming zero initial condition, we obtain

() = == 2(s) (4-47)
By using Equation (4-47) to eliminate W (s) from Equation (4-46), we obtain
k; + Bs

kY (s) = (k, + BS)TZ(S) + ki Z(s)

from which we obtain the transfer function Z(s) /Y (s) to be
Z(s) kys

Y(s) kik
(s) Bs® + (2k, + ky)s + —2

Multiplying B/(k,k,) to both the numerator and denominator of this last equation, we get

B
—s

Z(s) _ ky

Y(s) B (23 B)
=4 s+

k' ke K
Define B/k, = T,, B/k, = T,. Then the transfer function Z(s)/Y (s) becomes as follows:
Z(s) Ts

Y(s) TTys* + (T, + 2Ty)s + 1

Considering small deviations from steady-state operation, draw a block diagram of the air heat-
ing system shown in Figure 4-38. Assume that the heat loss to the surroundings and the heat
capacitance of the metal parts of the heater are negligible.
Solution. Let us define
= steady-state temperature of inlet air, °C
steady-state temperature of outlet air, °C
= mass flow rate of air through the heating chamber, kg/sec
mass of air contained in the heating chamber, kg
specific heat of air, kcal/kg °C
thermal resistance, °C sec/kcal
thermal capacitance of air contained in the heating chamber = Mc, kcal/°C
H = steady-state heat input, kcal/sec
Let us assume that the heat input is suddenly changed from H to H + h and the inlet air

temperature is suddenly changed from @, to @; + 6;. Then the outlet air temperature will be
changed from @, to O, + 6,.
The equation describing the system behavior is

Cdo, = [h + Ge(6, — 6,)]dt

X < Qa®|m®|
Il

———

+ 6,

T

i

=
2

Heater
— ;
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Figure 4-39

Block diagram of the
air heating system
shown in

Figure 4-38.

A-4-11.

Figure 4-40
Thin, glass-wall,
mercury thermo-
meter system.

Os) _ 1

RCs +1
H(s) R < Oy(s)
T | RCs +1 . .
or
Cde"—thG(G 0,)
dt - Cc\0; o
Noting that
1
Ge = —
‘TR
we obtain
de, 1
C—=h+ 0, — 6
dt R (6, o)
or
de,
RC + 6, = Rh + 0,
dt

Taking the Laplace transforms of both sides of this last equation and substituting the initial
condition that 6,(0) = 0, we obtain

R 1
= res + 110 T Rey 71 90

The block diagram of the system corresponding to this equation is shown in Figure 4-39.

O,(5)

Consider the thin, glass-wall, mercury thermometer system shown in Figure 4-40. Assume that the
thermometer is at a uniform temperature @ (ambient temperature) and that at ¢t = 0 it is
immersed in a bath of temperature @ + 6, where 6, is the bath temperature (which may be con-
stant or changing) measured from the ambient temperature @. Define the instantaneous ther-
mometer temperature by @ + 6, so that @ is the change in the thermometer temperature satisfying
the condition that #(0) = 0. Obtain a mathematical model for the system. Also obtain an electri-
cal analog of the thermometer system.

Solution. A mathematical model for the system can be derived by considering heat balance as fol-
lows: The heat entering the thermometer during df sec is g dt, where g is the heat flow rate to the
thermometer. This heat is stored in the thermal capacitance C of the thermometer, thereby rais-
ing its temperature by d6. Thus the heat-balance equation is

Cdh=qdt (4-48)

Thermometer

— Bath
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Figure 4-41 O— W———0°
Electrical analog of

the thermometer e C—= e,
system shown in

Figure 4-40. o o

Since thermal resistance R may be written as
d(A0) — Ae
dq q

heat flow rate ¢ may be given, in terms of thermal resistance R, as

:(@+9b)—(@+9):9b—0

R R

where @ + 6, is the bath temperature and @ + 6 is the thermometer temperature. Hence, we
can rewrite Equation (4-48) as

ﬁ _ Bb - 0
dt R
or
de
RC™-+ 6= 6, (4-49)

Equation (4-49) is a mathematical model of the thermometer system.
Referring to Equation (4-49), an electrical analog for the thermometer system can be writ-
ten as

RC e, + e, =
d[ €, = ¢

An electrical circuit represented by this last equation is shown in Figure 4-41.

PROBLEMS

B-4-1. Consider the conical water-tank system shown in
Figure 4-42. The flow through the valve is turbulent and is
related to the head H by

0 = 0.005VH

where Q is the flow rate measured in m*/sec and H is in
meters.

Suppose that the head is 2 m at t = 0. What will be the
head att = 60 sec?

Figure 4-42 Conical water-tank system.
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B-4-2. Consider the liquid-level control system shown in
Figure 4-43. The controller is of the proportional type. The
set point of the controller is fixed.

Draw a block diagram of the system, assuming that
changes in the variables are small. Obtain the transfer func-
tion between the level of the second tank and the distur-
bance input ¢g,. Obtain the steady-state error when the
disturbance g, is a unit-step function.

B-4-3. For the pneumatic system shown in Figure 4-44,
assume that steady-state values of the air pressure and the
displacement of the bellows are P and X, respectively.
Assume also that the input pressure is changed from P to
P + p;, where p; is a small change in the input pressure. This
change will cause the displacement of the bellows to change
a small amount x. Assuming that the capacitance of the bel-
lows is C and the resistance of the valve is R, obtain the
transfer function relating x and p;.

Proportional
controller

0+q;

Ry

G

Figure 4-43
Liquid-level control system.

7
P+p;
i ——l
R
Figure 4-44

Pneumatic system.

Problems

Q:&:e 494

—> X+x

k

AT T T T ]

P+p,
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B—-4-4. Figure 445 shows a pneumatic controller. The pneu-
matic relay has the characteristic that p. = Kp,, where
K > 0. What kind of control action does this controller
produce? Derive the transfer function P.(s)/E(s).

Py +py

B-4-5. Consider the pneumatic controller shown in
Figure 4-46. Assuming that the pneumatic relay has the char-
acteristics that p, = K p, (where K > 0),determine the con-
trol action of this controller. The input to the controller is e
and the output is p..

Actuating error signal

e
—~

Flapper

Nozzle

vl

Orifice — — Y+y
— P +p, P
1
P, i
~DkG -
Figure 4-45

Pneumatic controller.

Actuating error signal
e

-~
Flapper
Py+py Nozzle
X+x <J
8 b
Orifice —
R
A
—
P _
PC + p(,‘ I: _}
i
1
—DkG -
Figure 4-46

Pneumatic controller.

154

Chapter 4 / Mathematical Modeling of Fluid Systems and Thermal Systems



B-4-6. Figure 4-47 shows a pneumatic controller. The sig-
nal e is the input and the change in the control pressure p,
is the output. Obtain the transfer function P.(s)/E(s).
Assume that the pneumatic relay has the characteristics that
p. = Kp,, where K > 0.

B-4-7. Consider the pneumatic controller shown in
Figure 4-48. What control action does this controller pro-
duce? Assume that the pneumatic relay has the character-
istics that p, = Kp,, where K > 0.

Actuating error signal
e

~—
Flapper
Py+py Nozzle a
\\%
X+x <J
\ bv\rw%
1 0} 1

Orifice —

S D]
AN R
Py
F(, +pc PAERY
1
Figure 4-47 !
Pneumatic controller. ==X
Actuating error signal
e
-
Flapper
Py+py Nozzle a
=
Orifice —
—
Py
I:‘_}
1
Figure 4-48 :
~DkG -

Pneumatic controller.
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B-4-8. Figure 4-49 shows a flapper valve. It is placed
between two opposing nozzles. If the flapper is moved slight-
ly to the right, the pressure unbalance occurs in the nozzles
and the power piston moves to the left, and vice versa. Such
a device is frequently used in hydraulic servos as the first-
stage valve in two-stage servovalves. This usage occurs
because considerable force may be needed to stroke larger
spool valves that result from the steady-state flow force. To
reduce or compensate this force, two-stage valve configura-
tion is often employed; a flapper valve or jet pipe is used as
the first-stage valve to provide a necessary force to stroke
the second-stage spool valve.

———

Flapper

- L
— |

L.

Figure 4-49 Flapper valve.

Figure 4-50 shows a schematic diagram of a hydraulic
servomotor in which the error signal is amplified in two
stages using a jet pipe and a pilot valve. Draw a block

diagram of the system of Figure 4-50 and then find the trans-
fer function between y and x, where x is the air pressure and
y is the displacement of the power piston.

—y

.

%5
o
b fHL

—~— X

Oil under

pressure L
Figure 4-50 T
Schematic diagram of a Oil under
hydraulic servomotor. pressure

B-4-9. Figure 4-51 is a schematic diagram of an aircraft
elevator control system. The input to the system is the de-
flection angle 0 of the control lever, and the output is the el-
evator angle ¢. Assume that angles 6 and ¢ are relatively
small. Show that for each angle 6 of the control lever there
is a corresponding (steady-state) elevator angle ¢.

Oil under
pressure

f

)

T

.

f
T

Figure 4-51

Aircraft elevator

control system. | l

156

Chapter 4 / Mathematical Modeling of Fluid Systems and Thermal Systems



B-4-10. Consider the liquid-level control system shown in
Figure 4-52. The inlet valve is controlled by a hydraulic
integral controller. Assume that the steady-state inflow rate
is O and steady-state outflow rate is also Q, the steady-state
head is [, steady-state pilot valve displacement is X = 0,
and steady-state valve position is Y. We assume that the set
point R corresponds to the steady-state head H. The set
point is fixed. Assume also that the disturbance inflow rate
q4, which is a small quantity, is applied to the water tank at
t = 0.This disturbance causes the head to change from H to
H + h.This change results in a change in the outflow rate
by q,. Through the hydraulic controller, the change in head

We assume that the velocity of the power piston (valve)
is proportional to pilot-valve displacement x, or

ok
dt 1¥

where K is a positive constant. We also assume that the
change in the inflow rate g; is negatively proportional to the
change in the valve opening y, or

qi = 1)

where K, is a positive constant.
Assuming the following numerical values for the system,

causes a change in the inflow rate from Q to O + g;. (The C =2m? R = 0.5 sec/m> K, = 1 m?*/sec
integral controller tends to keep the head constant as much — 025 b= 075 K. = 4sec]
as possible in the presence of disturbances.) We assume that a="12om, = uhom, 1= asec
all changes are of small quantities. obtain the transfer function H(s)/Q,(s).
A
. X
@ i 0 ? h
~— —_
-
§ T+ SN
1 |
o+ %‘P
O
C (Capacitance
i | C(Capacitance)
H+h ]
! —
R
(Resistance)

Figure 4-52

Liquid-level control system.
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B—4-11. Consider the controller shown in Figure 4-53.The =~ B-4-12. A thermocouple has a time constant of 2 sec. A
input is the air pressure p; measured from some steady-state ~ thermal well has a time constant of 30 sec. When the ther-
reference pressure P and the output is the displacement y of mocouple is inserted into the well, this temperature-
the power piston. Obtain the transfer function Y (s)/P(s). measuring device can be considered a two-capacitance
system.

Determine the time constants of the combined thermo-
couple—thermal-well system. Assume that the weight of the
thermocouple is 8 g and the weight of the thermal well is
40 g. Assume also that the specific heats of the thermocouple
and thermal well are the same.

—— Air p; (Input)

f

» (Output)

Figure 4-53
Controller.
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Transient and Steady-State
Response Analyses

5-1 INTRODUCTION

In early chapters it was stated that the first step in analyzing a control system was to de-
rive a mathematical model of the system. Once such a model is obtained, various meth-
ods are available for the analysis of system performance.

In practice, the input signal to a control system is not known ahead of time but is
random in nature, and the instantaneous input cannot be expressed analytically. Only in
some special cases is the input signal known in advance and expressible analytically or
by curves, such as in the case of the automatic control of cutting tools.

In analyzing and designing control systems, we must have a basis of comparison of
performance of various control systems. This basis may be set up by specifying particular
test input signals and by comparing the responses of various systems to these input signals.

Many design criteria are based on the response to such test signals or on the re-
sponse of systems to changes in initial conditions (without any test signals). The use of
test signals can be justified because of a correlation existing between the response char-
acteristics of a system to a typical test input signal and the capability of the system to cope
with actual input signals.

Typical Test Signals. The commonly used test input signals are step functions,
ramp functions, acceleration functions, impulse functions, sinusoidal functions, and white
noise. In this chapter we use test signals such as step, ramp, acceleration and impulse
signals. With these test signals, mathematical and experimental analyses of control sys-
tems can be carried out easily, since the signals are very simple functions of time.
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Which of these typical input signals to use for analyzing system characteristics may
be determined by the form of the input that the system will be subjected to most
frequently under normal operation. If the inputs to a control system are gradually
changing functions of time, then a ramp function of time may be a good test signal. Sim-
ilarly, if a system is subjected to sudden disturbances, a step function of time may be a
good test signal; and for a system subjected to shock inputs, an impulse function may be
best. Once a control system is designed on the basis of test signals, the performance of
the system in response to actual inputs is generally satisfactory. The use of such test
signals enables one to compare the performance of many systems on the same basis.

Transient Response and Steady-State Response. The time response of a
control system consists of two parts: the transient response and the steady-state response.
By transient response, we mean that which goes from the initial state to the final state.
By steady-state response, we mean the manner in which the system output behaves as
t approaches infinity. Thus the system response c¢(¢) may be written as

c(t) = c(r) + ()
where the first term on the right-hand side of the equation is the transient response and
the second term is the steady-state response.

Absolute Stability, Relative Stability, and Steady-State Error. In designing a
control system, we must be able to predict the dynamic behavior of the system from a
knowledge of the components. The most important characteristic of the dynamic
behavior of a control system is absolute stability—that is, whether the system is stable or
unstable. A control system is in equilibrium if, in the absence of any disturbance or input,
the output stays in the same state. A linear time-invariant control system is stable if the
output eventually comes back to its equilibrium state when the system is subjected to
an initial condition. A linear time-invariant control system is critically stable if oscilla-
tions of the output continue forever. It is unstable if the output diverges without bound
from its equilibrium state when the system is subjected to an initial condition. Actually,
the output of a physical system may increase to a certain extent but may be limited by
mechanical “stops,” or the system may break down or become nonlinear after the out-
put exceeds a certain magnitude so that the linear differential equations no longer apply.

Important system behavior (other than absolute stability) to which we must give
careful consideration includes relative stability and steady-state error. Since a physical
control system involves energy storage, the output of the system, when subjected to an
input, cannot follow the input immediately but exhibits a transient response before a
steady state can be reached. The transient response of a practical control system often
exhibits damped oscillations before reaching a steady state. If the output of a system at
steady state does not exactly agree with the input, the system is said to have steady-
state error. This error is indicative of the accuracy of the system. In analyzing a control
system, we must examine transient-response behavior and steady-state behavior.

Outline of the Chapter. This chapter is concerned with system responses to
aperiodic signals (such as step, ramp, acceleration, and impulse functions of time). The
outline of the chapter is as follows: Section 5-1 has presented introductory material for
the chapter. Section 5-2 treats the response of first-order systems to aperiodic inputs.
Section 5-3 deals with the transient response of the second-order systems. Detailed
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analyses of the step response, ramp response, and impulse response of the second-order
systems are presented. Section 5-4 discusses the transient-response analysis of higher-
order systems. Section 5-5 gives an introduction to the MATLAB approach to the solution
of transient-response problems. Section 5-6 gives an example of a transient-response
problem solved with MATLAB. Section 5-7 presents Routh’s stability criterion. Section
5-8 discusses effects of integral and derivative control actions on system performance.
Finally, Section 5-9 treats steady-state errors in unity-feedback control systems.

5-2 FIRST-ORDER SYSTEMS

Figure 5-1

(a) Block diagram of
a first-order system;
(b) simplified block
diagram.

Consider the first-order system shown in Figure 5-1(a). Physically, this system may
represent an RC circuit, thermal system, or the like. A simplified block diagram is shown
in Figure 5-1(b). The input-output relationship is given by
C(s) 1
R(s) Ts+1
In the following, we shall analyze the system responses to such inputs as the unit-step,
unit-ramp, and unit-impulse functions. The initial conditions are assumed to be zero.
Note that all systems having the same transfer function will exhibit the same output

in response to the same input. For any given physical system, the mathematical response
can be given a physical interpretation.

(-1

Unit-Step Response of First-Order Systems. Since the Laplace transform of
the unit-step function is 1/s, substituting R(s) = 1/s into Equation (5-1), we obtain
__ 11

Ts +1s

C(s)

Expanding C(s) into partial fractions gives
1 T 1 1

C(s) =—— =— = ——— 5-2
(s) s Ts+1 s s+ (1/T) (5-2)

Taking the inverse Laplace transform of Equation (5-2), we obtain
c(t)y=1—¢"", fort =0 (5-3)

Equation (5-3) states that initially the output c(¢) is zero and finally it becomes unity.
One important characteristic of such an exponential response curve c(¢) is thatatt = T
the value of ¢(t) is 0.632, or the response c(¢) has reached 63.2% of its total change. This
may be easily seen by substituting ¢ = T in ¢(t). That is,

c(T)=1-¢e'=0632

R(s)‘ E(sl 1 C(s)‘ R(s) X 1 C(s)

+ — I

@ (®)
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Figure 5-2
Exponential
response curve.
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Slope = L
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1
B
0.632 -

[ 4
2 0% 2 %
) @ 5 ) @
o o 'e) o [
O oo (o)) (o)) (o))

0 T 2T 3T 4T STt

Note that the smaller the time constant 7', the faster the system response. Another
important characteristic of the exponential response curve is that the slope of the tangent
line att = Qis 1 /T, since

1

t=0 B ? (5_4)

dc

- — l —t/T
dt ¢

t=0 T

The output would reach the final value at ¢+ = T if it maintained its initial speed of
response. From Equation (5-4) we see that the slope of the response curve c(¢) decreases
monotonically from 1/7 at¢t = 0 to zero att = oc.

The exponential response curve ¢(¢) given by Equation (5-3) is shown in Figure 5-2.
In one time constant, the exponential response curve has gone from 0 to 63.2% of the final
value. In two time constants, the response reaches 86.5% of the final value. Att = 37,4T,
and 57, the response reaches 95%, 98.2%, and 99.3%, respectively, of the final value. Thus,
for t = 4T, the response remains within 2% of the final value. As seen from Equation
(5-3), the steady state is reached mathematically only after an infinite time. In practice,
however, a reasonable estimate of the response time is the length of time the response
curve needs to reach and stay within the 2% line of the final value, or four time constants.

Unit-Ramp Response of First-Order Systems. Since the Laplace transform of
the unit-ramp function is 1/s* we obtain the output of the system of Figure 5-1(a) as

1 1
Cls) = Ts+1s°
Expanding C(s) into partial fractions gives
1 T T
C(s)=—5 -+ (5-5)

s s Ts +1

Taking the inverse Laplace transform of Equation (5-5), we obtain

c(t)y=t—T+Te"", fort=0 (5-6)
The error signal e(t) is then
e(t) =r(1) — c(r)
=T(1 -7
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Figure 5-3
Unit-ramp response
of the system shown
in Figure 5-1(a).

Figure 54
Unit-impulse
response of the
system shown in
Figure 5-1(a).

HONY
c(t)
o7 # :« Steady-state
error
B T
T *«
ar - )=t
| N
c(t)
2T —
1/// | | | | | -
0 2T 4T 6T t

As t approaches infinity, e "/7 approaches zero, and thus the error signal e(¢) approaches
T or

e(c0) =T
The unit-ramp input and the system output are shown in Figure 5-3. The error in

following the unit-ramp input is equal to 7" for sufficiently large ¢. The smaller the time
constant 7', the smaller the steady-state error in following the ramp input.

Unit-Impulse Response of First-Order Systems. For the unit-impulse input,
R(s) = 1 and the output of the system of Figure 5-1(a) can be obtained as

1
C(s) = 5-7
(s) Ts +1 -7)
The inverse Laplace transform of Equation (5-7) gives
1
c(t) = ?e_’/T, fort =0 (5-8)

The response curve given by Equation (5-8) is shown in Figure 5-4.
c(®)

1
T
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An Important Property of Linear Time-Invariant Systems. In the analysis
above, it has been shown that for the unit-ramp input the output c(¢) is

c(ty=t—T+Te?, fort =0 [See Equation (5-6).]
For the unit-step input, which is the derivative of unit-ramp input, the output c(¢) is
c(t) =1- e, fort =0  [See Equation (5-3).]

Finally, for the unit-impulse input, which is the derivative of unit-step input, the output
c(t) is

1
c(t) = T e, fort =0  [See Equation (5-8).]

Comparing the system responses to these three inputs clearly indicates that the response
to the derivative of an input signal can be obtained by differentiating the response of the
system to the original signal. It can also be seen that the response to the integral of the
original signal can be obtained by integrating the response of the system to the original
signal and by determining the integration constant from the zero-output initial condi-
tion. This is a property of linear time-invariant systems. Linear time-varying systems and
nonlinear systems do not possess this property.

5-3 SECOND-ORDER SYSTEMS

164

In this section, we shall obtain the response of a typical second-order control system to
a step input, ramp input, and impulse input. Here we consider a servo system as an
example of a second-order system.

Servo System. The servo system shown in Figure 5-5(a) consists of a proportional
controller and load elements (inertia and viscous-friction elements). Suppose that we
wish to control the output position ¢ in accordance with the input position r.

The equation for the load elements is

Jé + Be =T
where T is the torque produced by the proportional controller whose gain is K. By
taking Laplace transforms of both sides of this last equation, assuming the zero initial

conditions, we obtain
Js*C(s) + BsC(s) = T(s)

So the transfer function between C(s) and 7'(s) is
C(s) 1

T(s) s(Js+ B)

By using this transfer function, Figure 5-5(a) can be redrawn as in Figure 5-5(b), which
can be modified to that shown in Figure 5-5(c). The closed-loop transfer function is then
obtained as

C(s) K B K/J

R(s) Js>+ Bs+ K s*+ (B/])s+ (K/J)

Such a system where the closed-loop transfer function possesses two poles is called a
second-order system. (Some second-order systems may involve one or two zeros.)
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Figure 5-5

(a) Servo system;
(b) block diagram;
(c) simplified block
diagram.

R(s) T(s) 1 C(s)
- @ o K s(Js + B) -

(b)

R(s) K CGs)
_>®_> s(Js + B) o

(©)

Step Response of Second-Order System. The closed-loop transfer function of
the system shown in Figure 5-5(c) is

C(s) K
R(s) Js?+ Bs+ K

(5-9)

which can be rewritten as
K
C(s) J

SO AN AN

The closed-loop poles are complex conjugates if B> — 4/K < 0 and they are real if
B? — 4JK = 0.1In the transient-response analysis, it is convenient to write
K B

72(1)2, 722{(1)”:20'

where o is called the attenuation; w,,, the undamped natural frequency; and ¢, the damp-
ing ratio of the system. The damping ratio { is the ratio of the actual damping B to the
critical damping B, = 2VJK or
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Figure 5-6
Second-order system.
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R(s) E(s) wﬁ C(s)
C = >>: s(s + 2{wy,) .

In terms of ¢ and w,, the system shown in Figure 5-5(c) can be modified to that shown
in Figure 5-6, and the closed-loop transfer function C(s)/R(s) given by Equation (5-9)
can be written

Cs) _ )

R(s) s>+ 2w,s + o>

(5-10)

This form is called the standard form of the second-order system.

The dynamic behavior of the second-order system can then be described in terms of
two parameters { and w,,. If 0 < ¢ < 1, the closed-loop poles are complex conjugates
and lie in the left-half s plane. The system is then called underdamped, and the tran-
sient response is oscillatory. If { = 0, the transient response does not die out. If { = 1,
the system is called critically damped. Overdamped systems correspond to { > 1.

We shall now solve for the response of the system shown in Figure 5-6 to a unit-step
input. We shall consider three different cases: the underdamped (0 < ¢ < 1), critically
damped ({ = 1),and overdamped ({ > 1) cases.

(1) Underdamped case (0 < ¢ < 1): In this case, C(s)/R(s) can be written
C(s) wp

R(s) (s + Lo, + jog)(s + {w, — jo,)

where w; = 0, V1 — {*.The frequency w, is called the damped natural frequency. For
a unit-step input, C(s) can be written

w,

(52 + 2fw,s + wl)s

C(s) = (5-11)

The inverse Laplace transform of Equation (5-11) can be obtained easily if C(s) is writ-
ten in the following form:

1 s+ 2w,
C(s) =~ —
(s) s 2+ 2w,s + o
1 s + {w, {w,

S (s + {wn)z + wi (s + {wn)z + wf,

Referring to the Laplace transform table in Appendix A, it can be shown that

£1|:S'"§2(Un:| — efgw,,l COS(J)dt
(s + {w,) + o

) )
.58_1[‘122} = e ¢ sinw,t
(s + {w,) + o}
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Hence the inverse Laplace transform of Equation (5-11) is obtained as
FC(s)] = e(r)

1 - e“"“(cos w,t +

\/15752 sinwdt>

—{wy,t
e . 4
=1- sm<wdt + tan

Vi-g

From Equation (5-12), it can be seen that the frequency of transient oscillation is the
damped natural frequency w, and thus varies with the damping ratio {. The error signal
for this system is the difference between the input and output and is

e(r) = r(t) — c(t)

e et < coswyt +

, fort =0 (5-12)

{ : )
—————sinw,t fort =0
This error signal exhibits a damped sinusoidal oscillation. At steady state, or at t = oo,
no error exists between the input and output.

If the damping ratio ¢ is equal to zero, the response becomes undamped and
oscillations continue indefinitely. The response c¢(t) for the zero damping case may be
obtained by substituting { = 0 in Equation (5-12), yielding

c(t) =1 — cosw,t, fort =0 (5-13)

Thus, from Equation (5-13), we see that w, represents the undamped natural frequen-
cy of the system. That is, w,, is that frequency at which the system output would oscillate
if the damping were decreased to zero. If the linear system has any amount of damping,
the undamped natural frequency cannot be observed experimentally. The frequency

that may be observed is the damped natural frequency w,, which is equal to , V1 — 2.
This frequency is always lower than the undamped natural frequency. An increase in ¢
would reduce the damped natural frequency w,. If { is increased beyond unity, the
response becomes overdamped and will not oscillate.

(2) Critically damped case ({ = 1): 1If the two poles of C(s)/R(s) are equal, the system
is said to be a critically damped one.
For a unit-step input, R(s) = 1/s and C(s) can be written

w2

(s + Z) )2s 19

C(s) =
The inverse Laplace transform of Equation (5-14) may be found as
c(t) =1—e(1 + w,t), fort=0 (5-15)

This result can also be obtained by letting { approach unity in Equation (5-12) and by
using the following limit:

sin w,t . sinw,V1 — %t
lim ————— = lim =

{—1 A /1 _ 52 {—1 A /1 _ é«2 wnt
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(3) Overdamped case ({ > 1): In this case, the two poles of C(s)/R(s) are negative
real and unequal. For a unit-step input, R(s) = 1/s and C(s) can be written

0)2

L 5-16
(s+§wn+wn\/§2—1)(s+§wn—wn\/§2—1)s ( )

C(s) =

The inverse Laplace transform of Equation (5-16) is

1

c(t)y =1+ e erVETou
VP -1+ VP -1)
_ 1 IRGE=
VP - 1(0 - VP - 1)
=1+ 2\/;)2,1?1 <€s]1 - es; >, fort =0 (5—17)

where s; = ({ + V® — Do, and 5, = ({ — V{* — 1)w,. Thus, the response c(t)
includes two decaying exponential terms.

When ¢ is appreciably greater than unity, one of the two decaying exponentials
decreases much faster than the other, so the faster-decaying exponential term (which
corresponds to a smaller time constant) may be neglected. That is, if —s, is located very
much closer to the jo axis than —s; (which means |s,| < |s|), then for an approximate
solution we may neglect —s;. This is permissible because the effect of —s; on the response
is much smaller than that of —s,, since the term involving s, in Equation (5-17) decays
much faster than the term involving s,. Once the faster-decaying exponential term has
disappeared, the response is similar to that of a first-order system, and C(s)/R(s) may
be approximated by

C(S) _ {w, = 0,V 52 -1 _ 52

R(s) s+ ¢w, —o0,VPE-1 St

This approximate form is a direct consequence of the fact that the initial values and
final values of both the original C(s)/R(s) and the approximate one agree with each
other.

With the approximate transfer function C(s)/R(s), the unit-step response can be
obtained as

)_ g(‘)n_wn‘fgz_l
(S-I—{wn—wn\/{z—l)s

The time response c(¢) is then

C(s

c(t) =1 — VEot - forr =0

This gives an approximate unit-step response when one of the poles of C(s)/R(s) can
be neglected.
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Figure 5-7
Unit-step response
curves of the system
shown in Figure 5-6.
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A family of unit-step response curves ¢(¢) with various values of ¢ is shown in Fig-
ure 5-7, where the abscissa is the dimensionless variable w,t. The curves are functions
only of {. These curves are obtained from Equations (5-12), (5-15), and (5-17). The
system described by these equations was initially at rest.

Note that two second-order systems having the same ¢ but different w, will exhibit
the same overshoot and the same oscillatory pattern. Such systems are said to have the
same relative stability.

From Figure 5-7, we see that an underdamped system with ¢ between 0.5 and 0.8 gets
close to the final value more rapidly than a critically damped or overdamped system.
Among the systems responding without oscillation, a critically damped system exhibits
the fastest response. An overdamped system is always sluggish in responding to any inputs.

It is important to note that, for second-order systems whose closed-loop transfer
functions are different from that given by Equation (5-10), the step-response curves
may look quite different from those shown in Figure 5-7.

Definitions of Transient-Response Specifications. Frequently, the perform-
ance characteristics of a control system are specified in terms of the transient response to
a unit-step input, since it is easy to generate and is sufficiently drastic. (If the response to
a step input is known, it is mathematically possible to compute the response to any input.)

The transient response of a system to a unit-step input depends on the initial condi-
tions. For convenience in comparing transient responses of various systems, it is a com-
mon practice to use the standard initial condition that the system is at rest initially with
the output and all time derivatives thereof zero. Then the response characteristics of
many systems can be easily compared.

The transient response of a practical control system often exhibits damped oscilla-
tions before reaching steady state. In specifying the transient-response characteristics of
a control system to a unit-step input, it is common to specify the following:

1. Delay time, ¢,
2. Rise time, 7,

Section 5-3 / Second-Order Systems 169



Figure 5-8
Unit-step response
curve showing ¢4, t,,
t,,M,,and (.
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3.
4.
S.

Peak time, 7,
Maximum overshoot, M,
Settling time, #,

These specifications are defined in what follows and are shown graphically in Figure 5-8.

1.

2.

=

Delay time, t,: The delay time is the time required for the response to reach half
the final value the very first time.

Rise time, #,: The rise time is the time required for the response to rise from 10%
to 90%, 5% to 95%, or 0% to 100% of its final value. For underdamped second-
order systems, the 0% to 100% rise time is normally used. For overdamped systems,
the 10% to 90% rise time is commonly used.

Peak time, 7,: The peak time is the time required for the response to reach the first
peak of the overshoot.

Maximum (percent) overshoot, M,: The maximum overshoot is the maximum
peak value of the response curve measured from unity. If the final steady-state
value of the response differs from unity, then it is common to use the maximum
percent overshoot. It is defined by

c(t,) = c(o0)
¢(o0)
The amount of the maximum (percent) overshoot directly indicates the relative

stability of the system.

Settling time, #,: The settling time is the time required for the response curve to
reach and stay within a range about the final value of size specified by absolute per-
centage of the final value (usually 2% or 5%). The settling time is related to the
largest time constant of the control system. Which percentage error criterion to use
may be determined from the objectives of the system design in question.

Maximum percent overshoot = X 100%

The time-domain specifications just given are quite important, since most control
systems are time-domain systems; that is, they must exhibit acceptable time responses.
(This means that, the control system must be modified until the transient response is

satisfactory.)
t
o0 Allowable tolerance
Y I
1 M, ﬁ\ Nt ﬂ/o.os
\_/(Wi ,,,,,,,,,,,,, or
* * 0.02
tq

!
|
!
!
|
05| |
|
!
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Figure 5-9
Definition of the
angle B.

Note that not all these specifications necessarily apply to any given case. For exam-
ple, for an overdamped system, the terms peak time and maximum overshoot do not
apply. (For systems that yield steady-state errors for step inputs, this error must be kept
within a specified percentage level. Detailed discussions of steady-state errors are post-
poned until Section 5-8.)

A Few Comments on Transient-Response Specifications. Except for certain
applications where oscillations cannot be tolerated, it is desirable that the transient re-
sponse be sufficiently fast and be sufficiently damped. Thus, for a desirable transient re-
sponse of a second-order system, the damping ratio must be between 0.4 and 0.8. Small
values of {(that is, { < 0.4) yield excessive overshoot in the transient response, and a
system with a large value of {(that is, { > 0.8) responds sluggishly.

We shall see later that the maximum overshoot and the rise time conflict with each other.
In other words, both the maximum overshoot and the rise time cannot be made smaller
simultaneously. If one of them is made smaller, the other necessarily becomes larger.

Second-Order Systems and Transient-Response Specifications. In the fol-
lowing, we shall obtain the rise time, peak time, maximum overshoot, and settling time
of the second-order system given by Equation (5-10). These values will be obtained in
terms of { and w,,. The system is assumed to be underdamped.

Risetimet,: Referring to Equation (5-12), we obtain the rise time ¢, by letting c(t,) =1.

_ { .
=1 =1 — g tou S — —
c(t,) 1=1-e¢ (cos wyt, + m sin w,t, (5-18)
Since e ¢ # 0, we obtain from Equation (5-18) the following equation:
4 .
coswyt, + ——=sinwyt, = 0
V1 — ¢
Since w, V'1 — > = w, and {w, = o, we have
1 _ 2
tanwyt, = VI8 @
4 o
Thus, the rise time ¢, is
1 —
t, = tan]<wd> _T_F (5-19)
Wy - Wy

where angle S is defined in Figure 5-9. Clearly, for a small value of ¢,, w, must be large.

A—ﬁ:{*" Jwq
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Peak timet,: Referring to Equation (5-12), we may obtain the peak time by differen-
tiating c(¢) with respect to time and letting this derivative equal zero. Since

dC —(w,t
— = {w,e **'| cosw,t +

4 .
” 7%1 — sin wdt>

\/fwdigz cos a)dt>

and the cosine terms in this last equation cancel each other, dc/dt, evaluated at t = ¢ s
can be simplified to

+ eg‘”"t<wd sin (l)dt -

de
dt

. w —,
= (sinwyt,) ——=—=e¢" = 0
i=t, 1-2

This last equation yields the following equation:
sinw,t, = 0
or

wqt, = 0,7, 2, 3m, ...
Since the peak time corresponds to the first peak overshoot, w,t, = 7. Hence

t, = — (5-20)

Wqg
The peak time ¢, corresponds to one-half cycle of the frequency of damped oscillation.

Maximum overshoot M,: The maximum overshoot occurs at the peak time or at
t = t, = 7/w,. Assuming that the final value of the output is unity, M, is obtained from
Equation (5-12) as

M, =c(t,) -1

_egwn(w/wd)< COS 7T —+

4 .
e—— | W
) L (o (5-21)

The maximum percent overshoot is e /@™ % 100%.
If the final value ¢(o0) of the output is not unity, then we need to use the following
equation:

c(tp) — ¢(0)

My = ()

p

Settling time t;:  For an underdamped second-order system, the transient response is
obtained from Equation (5-12) as

e*{w,,t
c(t)y =1-— sin(wdt + tan”!

, fort =0
V1-—72

vi-gy
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Figure 5-10

Pair of envelope
curves for the unit-
step response curve
of the system shown
in Figure 5-6.

c® |

1+

J1-22

0 x x x x
LV T 2T 3T ATt
-2

The curves 1 + (e’g“’"t /N1 = ¢ 2) are the envelope curves of the transient response to
a unit-step input. The response curve c¢(t) always remains within a pair of the envelope
curves, as shown in Figure 5-10. The time constant of these envelope curves is 1/{w,.

The speed of decay of the transient response depends on the value of the time constant
1/{w,. For a given w,, the settling time ¢, is a function of the damping ratio {. From
Figure 5-7, we see that for the same w,, and for a range of { between 0 and 1 the settling time
t, for a very lightly damped system is larger than that for a properly damped system. For an
overdamped system, the settling time ¢, becomes large because of the sluggish response.

The settling time corresponding to a +2% or +5% tolerance band may be measured
in terms of the time constant T = 1/{w, from the curves of Figure 5-7 for different
values of {. The results are shown in Figure 5-11. For 0 < ¢ < 0.9, if the 2% criterion is
used, ¢, is approximately four times the time constant of the system. If the 5% criterion
is used, then ¢, is approximately three times the time constant. Note that the settling
time reaches a minimum value around ¢ = 0.76 (for the 2% criterion) or { = 0.68 (for
the 5% criterion) and then increases almost linearly for large values of (.
The discontinuities in the curves of Figure 5-11 arise because an infinitesimal change
in the value of { can cause a finite change in the settling time.

For convenience in comparing the responses of systems, we commonly define the
settling time ¢, to be

4 4
t,=4T = — = — (2% criterion) (5-22)
T o,
or
3 3 o
t,=3T = —=— (5% criterion) (5-23)
o o,

Note that the settling time is inversely proportional to the product of the damping
ratio and the undamped natural frequency of the system. Since the value of ¢ is usually
determined from the requirement of permissible maximum overshoot, the settling time
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Figure 5-11
Settling time ¢
versus { curves.

Figure 5-12
M, versus { curve.

174

6T

5T /
2% Tolerance band /
Wailyi
I Y

|
I
/ =

D

<--

N

o
g |
0 37T B .
g / |
= |
E 1 \ |
wn '/ |
|
2T ¥
5% Tolerance band
T

03 04 05 06 07 08 09 1.0
{

is determined primarily by the undamped natural frequency w, . This means that the
duration of the transient period may be varied, without changing the maximum over-
shoot, by adjusting the undamped natural frequency w,.

From the preceding analysis, it is evident that for rapid response w, must be large. To limit
the maximum overshoot M, and to make the settling time small, the damping ratio { should
not be too small. The relationship between the maximum percent overshoot M, and the
damping ratio ¢ is presented in Figure 5-12. Note that if the damping ratio is between 0.4
and 0.7, then the maximum percent overshoot for step response is between 25% and 4%.

%
100

90 \ Cls) _ ?
80 R(s)  $%+2lw,s + w}

70 \ M, : Maximum overshoot
60

p 50

wf
30
20
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EXAMPLE 5-1

It is important to note that the equations for obtaining the rise time, peak time, max-
imum overshoot, and settling time are valid only for the standard second-order system
defined by Equation (5-10). If the second-order system involves a zero or two zeros,
the shape of the unit-step response curve will be quite different from those shown in
Figure 5-7.

Consider the system shown in Figure 5-6, where { = 0.6 and w,, = 5 rad/sec. Let us obtain the rise
time ¢,, peak time ¢, maximum overshoot M, and settling time ¢, when the system is subjected
to a unit-step input.

From the given values of { and w,,, we obtain v, = 0,V1 — {* = 4and o = {w, = 3.

Rise time t,: The rise time is

m—B 314-8

" Wy 4
where B is given by
w 4
B=tan'— = tan! = = 0.93 rad
o 3
The rise time ¢, is thus
3.14 — 0.93
t,= ———— = 0.55sec
4
Peak time t,: The peak time is
T 314
t, = aTd = T = (.785 sec

Maximum overshoot M,,: 'The maximum overshoot is

Mp — e’(("/“)u)ﬂ' — 67(3/4>X3'14 = 0.095

The maximum percent overshoot is thus 9.5%.
Serttling time t,:  For the 2% criterion, the settling time is

ts=i=i:1.33sec
o 3

For the 5% criterion,

Servo System with Velocity Feedback. The derivative of the output signal can
be used to improve system performance. In obtaining the derivative of the output
position signal, it is desirable to use a tachometer instead of physically differentiating the
output signal. (Note that the differentiation amplifies noise effects. In fact, if
discontinuous noises are present, differentiation amplifies the discontinuous noises more
than the useful signal. For example, the output of a potentiometer is a discontinuous
voltage signal because, as the potentiometer brush is moving on the windings, voltages
are induced in the switchover turns and thus generate transients. The output of the po-
tentiometer therefore should not be followed by a differentiating element.)
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Figure 5-13

(a) Block diagram of
a servo system;

(b) simplified block
diagram.

EXAMPLE 5-2

176

R(s) K C(s)

2 Js+B

o —

K, |-

(2)

R(s) K C(s)
_>®_’ s(Js + B + KKp) -

T

The tachometer, a special dc generator, is frequently used to measure velocity with-
out differentiation process. The output of a tachometer is proportional to the angular
velocity of the motor.

Consider the servo system shown in Figure 5-13(a). In this device, the velocity signal,
together with the positional signal, is fed back to the input to produce the actuating
error signal. In any servo system, such a velocity signal can be easily generated by a
tachometer. The block diagram shown in Figure 5-13(a) can be simplified, as shown in
Figure 5-13(b), giving

(b)

C(s) B K
R(s) Js*+ (B + KK,)s + K

(5-24)

Comparing Equation (5-24) with Equation (5-9), notice that the velocity feedback has
the effect of increasing damping. The damping ratio { becomes

_ B+ KK,
- 2VKJT

The undamped natural frequency w,, = V' K/J is not affected by velocity feedback. Not-
ing that the maximum overshoot for a unit-step input can be controlled by controlling
the value of the damping ratio {, we can reduce the maximum overshoot by adjusting
the velocity-feedback constant K, so that { is between 0.4 and 0.7.

It is important to remember that velocity feedback has the effect of increasing the
damping ratio without affecting the undamped natural frequency of the system.

(5-25)

For the system shown in Figure 5-13(a), determine the values of gain K and velocity-feedback
constant K, so that the maximum overshoot in the unit-step response is 0.2 and the peak time is 1 sec.
With these values of K and K, obtain the rise time and settling time. Assume that J = 1 kg-m? and
B = 1 N-m/rad/sec.

Determination of the values of K and K,: 'The maximum overshoot M, is given by Equation
(5-21) as
M, = e @N1=O)m

r
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This value must be 0.2. Thus,
e V1207 = 02

or
{m
—— =161
V1-¢
which yields
{ = 0456

The peak time 7, is specified as 1 sec; therefore, from Equation (5-20),

a
t,=—=1
Py,
or
w; = 3.14
Since ¢ is 0.456, w,, is
Wy

=353

w, =

Since the natural frequency w, is equal to VK/J ,
K = Jo} = 0> = 125 N-m
Then K, is, from Equation (5-25),

_2VKJ{ - B 2VK{ -1
b K B K

Rise time t,: From Equation (5-19), the rise time ¢, is

- B

l,
Wy

where
B =tan" 2 = tan1.95 = 1.10
o
Thus, ¢, is
t, = 0.65 sec

Settling time t,;:  For the 2% criterion,

4
t, = — =248 sec
g

For the 5% criterion,

t, = é = 1.86 sec
o

s

= 0.178 sec
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Figure 5-14
Unit-impulse
response curves of
the system shown in
Figure 5-6.
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Impulse Response of Second-Order Systems. For a unit-impulse input r(z), the
corresponding Laplace transform is unity,or R(s) = 1.The unit-impulse response C(s)
of the second-order system shown in Figure 5-6 is

@,

s+ 2w,s + &

C(s) =

The inverse Laplace transform of this equation yields the time solution for the response
c(t) as follows:

For0 =¢ <1,
w
c(t) = —F——=e*'sinw,V1 - ’t, fort=0 (5-26)
V1 -
For{ =1,
c(t) = wite ™, fort =0 (5-27)
For¢ > 1,
c(t) = R G R S £ Vot fort =0 (5-28)

A/ N — 1

Note that without taking the inverse Laplace transform of C(s) we can also obtain
the time response c(t) by differentiating the corresponding unit-step response, since
the unit-impulse function is the time derivative of the unit-step function. A family of
unit-impulse response curves given by Equations (5-26) and (5-27) with various val-
ues of ¢ is shown in Figure 5-14. The curves ¢(t) /o, are plotted against the dimen-
sionless variable w,?, and thus they are functions only of {. For the critically damped
and overdamped cases, the unit-impulse response is always positive or zero; that is,
¢(t) = 0.This can be seen from Equations (5-27) and (5-28). For the underdamped
case, the unit-impulse response c(t) oscillates about zero and takes both positive and
negative values.

1.0
038 =01
0.6 {=03
'\ (=05
0.4 == (=07
N =10
0.2
aw N e —
w, \\\_/ \
02 \ 4
~0.4
0.6
0.8
-1.0
2 4 6 8 10 12
w,!
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Figure 5-15
Unit-impulse
response curve of the
system shown in
Figure 5-6.

c® &

Unit-impulse response

From the foregoing analysis, we may conclude that if the impulse response ¢(#) does
not change sign, the system is either critically damped or overdamped, in which case
the corresponding step response does not overshoot but increases or decreases monot-
onically and approaches a constant value.

The maximum overshoot for the unit-impulse response of the underdamped system
occurs at

-1

V1=
tan  ——

[ = ——— where 0 < ¢ <1 (5-29)

[Equation (5-29) can be obtained by equating dc/dt to zero and solving for ¢.] The max-
imum overshoot is

4 -1V 1 - 4«2
() max = @wuexp| — Lz tan ;

), where 0 < ¢ <1 (5-30)

[Equation (5-30) can be obtained by substituting Equation (5-29) into Equation (5-26).]

Since the unit-impulse response function is the time derivative of the unit-step
response function, the maximum overshoot M, for the unit-step response can be
found from the corresponding unit-impulse response. That is, the area under the unit-
impulse response curve from ¢ = 0 to the time of the first zero, as shown in Figure
5-15,is 1 + M,, where M, is the maximum overshoot (for the unit-step response)
given by Equation (5-21). The peak time #, (for the unit-step response) given by
Equation (5-20) corresponds to the time that the unit-impulse response first crosses
the time axis.

5-4 HIGHER-ORDER SYSTEMS

In this section we shall present a transient-response analysis of higher-order systems in
general terms. It will be seen that the response of a higher-order system is the sum of the
responses of first-order and second-order systems.

Section 5-4 / Higher-Order Systems 179



Figure 5-16
Control system.
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Transient Response of Higher-Order Systems. Consider the system shown in
Figure 5-16.The closed-loop transfer function is

C(s) G(s)
R(s) 1+ G(s)H(s)

(5-31)

In general, G(s) and H(s) are given as ratios of polynomials in s, or

ZE;; and H(s) = n(s)

where p(s), q(s), n(s),and d(s) are polynomials in s. The closed-loop transfer function
given by Equation (5-31) may then be written

Cs) _ p(s)d(s)
R(s)  q(s)d(s) + p(s)n(s)
bys™ + bys™ ' + -+ b,_s + b,

= n n—1 (m = n)
aps” + ags + -+ a,1s + a,

G(s) =

The transient response of this system to any given input can be obtained by a computer
simulation. (See Section 5-5.) If an analytical expression for the transient response is de-
sired, then it is necessary to factor the denominator polynomial. [MATLAB may be
used for finding the roots of the denominator polynomial. Use the command roots(den).]
Once the numerator and the denominator have been factored, C(s)/R(s) can be writ-
ten in the form

C(s) K(s + z)(s + z) (s + z,) (5-32)

R(s) (s + p)(s + po)=(s + p)

Let us examine the response behavior of this system to a unit-step input. Consider
first the case where the closed-loop poles are all real and distinct. For a unit-step input,
Equation (5-32) can be written

a L a;

C(s) S + 1:21 S+ p, (5-33)
where g; is the residue of the pole at s = —p;. (If the system involves multiple poles,
then C(s) will have multiple-pole terms.) [The partial-fraction expansion of C(s), as
given by Equation (5-33), can be obtained easily with MATLAB. Use the residue
command. (See Appendix B.)]

If all closed-loop poles lie in the left-half s plane, the relative magnitudes of the
residues determine the relative importance of the components in the expanded form of

R(s) C(s)
@ 1 G(s) -

' H( S) <
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C(s). If there is a closed-loop zero close to a closed-loop pole, then the residue at this
pole is small and the coefficient of the transient-response term corresponding to this pole
becomes small. A pair of closely located poles and zeros will effectively cancel each
other. If a pole is located very far from the origin, the residue at this pole may be small.
The transients corresponding to such a remote pole are small and last a short time. Terms
in the expanded form of C(s) having very small residues contribute little to the transient
response, and these terms may be neglected. If this is done, the higher-order system may
be approximated by a lower-order one. (Such an approximation often enables us to es-
timate the response characteristics of a higher-order system from those of a simplified
one.)

Next, consider the case where the poles of C(s) consist of real poles and pairs of
complex-conjugate poles. A pair of complex-conjugate poles yields a second-order term
in 5. Since the factored form of the higher-order characteristic equation consists of first-
and second-order terms, Equation (5-33) can be rewritten

C(s)=£+ i a; N ibk(s+§kwk)+ckwk\/1_ﬁ

2 2
s = s+ p = §°+ 20w s + wi

(g +2r=n)

where we assumed all closed-loop poles are distinct. [If the closed-loop poles involve
multiple poles, C(s) must have multiple-pole terms.] From this last equation, we see that
the response of a higher-order system is composed of a number of terms involving the
simple functions found in the responses of first- and second-order systems. The unit-
step response c(¢), the inverse Laplace transform of C(s), is then

q r
c(t)y =a+ Dae? + Y bt cosw, V1 — (Gt
= =1

+ Dae v sinw, V1 — (i, fort =0 (5-34)
=

Thus the response curve of a stable higher-order system is the sum of a number of
exponential curves and damped sinusoidal curves.

If all closed-loop poles lie in the left-half s plane, then the exponential terms and
the damped exponential terms in Equation (5-34) will approach zero as time ¢ increases.
The steady-state output is then ¢(c0) = a.

Let us assume that the system considered is a stable one. Then the closed-loop poles
that are located far from the jw axis have large negative real parts. The exponential
terms that correspond to these poles decay very rapidly to zero. (Note that the hori-
zontal distance from a closed-loop pole to the jw axis determines the settling time of tran-
sients due to that pole. The smaller the distance is, the longer the settling time.)

Remember that the type of transient response is determined by the closed-loop
poles, while the shape of the transient response is primarily determined by the closed-
loop zeros. As we have seen earlier, the poles of the input R(s) yield the steady-state
response terms in the solution, while the poles of C(s)/R(s) enter into the exponential
transient-response terms and/or damped sinusoidal transient-response terms. The zeros
of C(s)/R(s) do not affect the exponents in the exponential terms, but they do affect the
magnitudes and signs of the residues.
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Dominant Closed-Loop Poles. The relative dominance of closed-loop poles is
determined by the ratio of the real parts of the closed-loop poles, as well as by the rel-
ative magnitudes of the residues evaluated at the closed-loop poles. The magnitudes of
the residues depend on both the closed-loop poles and zeros.

If the ratios of the real parts of the closed-loop poles exceed 5 and there are no zeros
nearby, then the closed-loop poles nearest the jw axis will dominate in the transient-
response behavior because these poles correspond to transient-response terms that
decay slowly. Those closed-loop poles that have dominant effects on the transient-
response behavior are called dominant closed-loop poles. Quite often the dominant
closed-loop poles occur in the form of a complex-conjugate pair. The dominant closed-
loop poles are most important among all closed-loop poles.

Note that the gain of a higher-order system is often adjusted so that there will exist
a pair of dominant complex-conjugate closed-loop poles. The presence of such poles in
a stable system reduces the effects of such nonlinearities as dead zone, backlash, and
coulomb-friction.

Stability Analysis in the Complex Plane. The stability of a linear closed-loop
system can be determined from the location of the closed-loop poles in the s plane. If
any of these poles lie in the right-half s plane, then with increasing time they give rise
to the dominant mode, and the transient response increases monotonically or oscillates
with increasing amplitude. This represents an unstable system. For such a system, as
soon as the power is turned on, the output may increase with time. If no saturation
takes place in the system and no mechanical stop is provided, then the system may
eventually be subjected to damage and fail, since the response of a real physical sys-
tem cannot increase indefinitely. Therefore, closed-loop poles in the right-half s plane
are not permissible in the usual linear control system. If all closed-loop poles lie to the
left of the jw axis, any transient response eventually reaches equilibrium. This repre-
sents a stable system.

Whether a linear system is stable or unstable is a property of the system itself and
does not depend on the input or driving function of the system. The poles of the input,
or driving function, do not affect the property of stability of the system, but they con-
tribute only to steady-state response terms in the solution. Thus, the problem of absolute
stability can be solved readily by choosing no closed-loop poles in the right-half s plane,
including the jw axis. (Mathematically, closed-loop poles on the jw axis will yield oscil-
lations, the amplitude of which is neither decaying nor growing with time. In practical
cases, where noise is present, however, the amplitude of oscillations may increase at a
rate determined by the noise power level. Therefore, a control system should not have
closed-loop poles on the jw axis.)

Note that the mere fact that all closed-loop poles lie in the left-half s plane does not
guarantee satisfactory transient-response characteristics. If dominant complex-conjugate
closed-loop poles lie close to the jw axis, the transient response may exhibit excessive
oscillations or may be very slow. Therefore, to guarantee fast, yet well-damped, transient-
response characteristics, it is necessary that the closed-loop poles of the system lie in a
particular region in the complex plane, such as the region bounded by the shaded area
in Figure 5-17.

Since the relative stability and transient-response performance of a closed-loop con-
trol system are directly related to the closed-loop pole-zero configuration in the s plane,
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Figure 5-17
Region in the
complex plane
satisfying the
conditions { > 0.4
andt;, < 4 /0.
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it is frequently necessary to adjust one or more system parameters in order to obtain suit-
able configurations. The effects of varying system parameters on the closed-loop poles
will be discussed in detail in Chapter 6.

5-5 TRANSIENT-RESPONSE ANALYSIS WITH MATLAB

Introduction. The practical procedure for plotting time response curves of systems
higher than second order is through computer simulation. In this section we present the
computational approach to the transient-response analysis with MATLAB. In particular,
we discuss step response, impulse response, ramp response, and responses to other simple
inputs.

MATLAB Representation of Linear Systems. The transfer function of a system
is represented by two arrays of numbers. Consider the system

C(s) 25 +25
R(s) s>+ 4s+ 25

(5-35)

This system can be represented as two arrays, each containing the coefficients of the
polynomials in decreasing powers of s as follows:

num = [2 25]

den=[1 4 25]
An alternative representation is

num = [0 2 25]

den=1[1 4 25]
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In this expression a zero is padded. Note that if zeros are padded, the dimensions of
“num” vector and “den” vector become the same. An advantage of padding zeros is that
the “num” vector and “den” vector can be directly added. For example,

num +den=[0 2 25] +[1 4 25]
=[1 6 50]

If num and den (the numerator and denominator of the closed-loop transfer function)
are known, commands such as

step(num,den), step(num,den,t)

will generate plots of unit-step responses (t in the step command is the user-specified time.)

For a control system defined in a state-space form, where state matrix A, control
matrix B, output matrix C, and direct transmission matrix D of state-space equations are
known, the command

step(A,B,C,D), step(A,B,C,D,t)

will generate plots of unit-step responses. When t is not explicitly included in the step
commands, the time vector is automatically determined.

Note that the command step(sys) may be used to obtain the unit-step response of a
system. First, define the system by

sys = tf(num,den)
or
sys = ss(A,B,C,D)

Then, to obtain, for example, the unit-step response, enter

step(sys)
into the computer.
When step commands have left-hand arguments such as

ly,x,t] = step(num,den,t)
[y, x,t] = step(A,B,C,D,iu)
ly,x,t] = step(A,B,C,D, iu,t) (5-36)

no plot is shown on the screen. Hence it is necessary to use a plot command to see the
response curves. The matrices y and x contain the output and state response of the sys-
tem, respectively, evaluated at the computation time points t. (y has as many columns as
outputs and one row for each element in t. x has as many columns as states and one row
for each element in t.)

Note in Equation (5-36) that the scalar iu is an index into the inputs of the system
and specifies which input is to be used for the response, and t is the user-specified time.
If the system involves multiple inputs and multiple outputs, the step command, such as
given by Equation (5-36), produces a series of step-response plots, one for each input
and output combination of

x = Ax + Bu
y = Cx + Du
(For details, see Example 5-3.)
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EXAMPLE 5-3 Consider the following system:
x| | -1 -1 x|y 11 U
Hl 65 0]l x 1 0| w
V1 _ 1 0 Xq 4 0 0 U
W - 01 Xy 0 0 U,

Obtain the unit-step response curves.
Although it is not necessary to obtain the transfer-matrix expression for the system to obtain

the unit-step response curves with MATLAB, we shall derive such an expression for reference.
For the system defined by

x = Ax + Bu
y = Cx + Du

the transfer matrix G(s) is a matrix that relates Y(s) and U(s) as follows:
Y(s) = G(s)U(s)

Taking Laplace transforms of the state-space equations, we obtain

sX(s) — x(0) = AX(s) + BU(s) (5-37)
Y(s) = CX(s) + DU(s) (5-38)

In deriving the transfer matrix, we assume that x(0) = 0. Then, from Equation (5-37), we get
X(s) = (s — A)'BU(s) (5-39)

Substituting Equation (5-39) into Equation (5-38), we obtain
Y(s) = [C(sT — A)'B + D|U(s)
Thus the transfer matrix G(s) is given by
G(s) =C(sI —A)'B+D
The transfer matrix G(s) for the given system becomes

G(s) = C(sI — A)'B
_[ro[s+11 11
0 1] —65 s 10
- 1 s —1 11
P2+ s+65065 s+1 1 0

_ 1 s—1 s
$2+s+65]s+75 65

Hence
s—1 s
Yi(s) | | s>+ s+65 s>+ s+65 || Uls)
[YQ(S)] a s+ 75 6.5 |:U2(s):|

S2+s5+65 s2+s5s+65

Since this system involves two inputs and two outputs, four transfer functions may be defined,
depending on which signals are considered as input and output. Note that, when considering the
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Figure 5-18
Unit-step response
curves.
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signal ©; as the input, we assume that signal u, is zero, and vice versa. The four transfer functions
are

N

Yi(s) (s
Ul(s) s*+s+65 Uy(s
() (
(s) (

) s

) 2+ s+65
):

)

N N

6.5
2+ s+ 65

s+ 75 Y,
s2+s+65° Uy(s

N

Assume that u; and u, are unit-step functions. The four individual step-response curves can then
be plotted by use of the command

step(A,B,C,D)

MATLAB Program 5-1 produces four such step-response curves. The curves are shown in Figure 5-18.
(Note that the time vector t is automatically determined, since the command does not include t.)

MATLAB Program 5-1
A=[-1 -1;6.5 0];

B=1[1 1;1 0];
C=1[1 0,0 1];
D=1[0 0,0 0];
step(A,B,C,D)
Step Response
From: Ul From: U2

0.6 T T 0.6 T T

o
kS|
£
=
=
<
2 T T 2 T T
0% I VR S 0 SVNEE B S
o : : :
:z 1F § 1k
F
| N — 05 ]
. ; ; . ; ;
0 4 8 12 0 4 8 12
Time (sec)
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To plot two step-response curves for the input u; in one diagram and two step-response curves
for the input u, in another diagram, we may use the commands

step(A,B,C,D,1)
and
step(A,B,C,D,2)

respectively. MATLAB Program 5-2 is a program to plot two step-response curves for the
input #; in one diagram and two step-response curves for the input u, in another diagram.
Figure 5-19 shows the two diagrams, each consisting of two step-response curves. (This
MATLAB program uses text commands. For such commands, refer to the paragraph following
this example.)

MATLAB Program 5-2

% ***** |n this program we plot step-response curves of a system
% having two inputs (u1 and u2) and two outputs (y1 and y2) *****

% ***** We shall first plot step-response curves when the input is
% ul. Then we shall plot step-response curves when the input is
O/O u2 skokskoskook

% ***** Enter matrices A, B, C, and D *****

A=[-1 -1:6.5 0];
B=[1 1;1 0;
C=1[1 00 1;
D=1[0 0;0 0J;

% ***** To plot step-response curves when the input is ul, enter
% the command 'step(A,B,C,D,1)" *****

step(A,B,C,D,1)

grid

title ('Step-Response Plots: Input = ul (u2 = 0)")
text(3.4, -0.06,'Y1")

text(3.4, 1.4,'Y2")

% ***** Next, we shall plot step-response curves when the input
% is u2. Enter the command 'step(A,B,C,D,2)" *****

step(A,B,C,D,2)

grid

title ('Step-Response Plots: Input = u2 (u1 = 0)")
text(3,0.14,'Y1")

text(2.8,1.1,'Y2")

Section 5-5 / Transient-Response Analysis with MATLAB 187



Figure 5-19
Unit-step response
curves. (a) u, is the
input (1, = 0); (b) u,
is the input (u; = 0).

Step-Response Plots: Input = u1 (12 = 0)
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Writing Text on the Graphics Screen. To write text on the graphics screen, enter,
for example, the following statements:

text(3.4, -0.06,'Y1")
and
text(3.4,1.4,'Y2")

The first statement tells the computer to write “Y1’ beginning at the coordinates x = 3.4,
y = —0.06. Similarly, the second statement tells the computer to write ‘Y2’ beginning at
the coordinates x = 3.4, y = 1.4.[See MATLAB Program 5-2 and Figure 5-19(a).]
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Another way to write a text or texts in the plot is to use the gtext command. The
syntax is

gtext('text')

When gtext is executed, the computer waits until the cursor is positioned (using a
mouse) at the desired position in the screen. When the left mouse button is pressed,
the text enclosed in simple quotes is written on the plot at the cursor’s position. Any
number of gtext commands can be used in a plot. (See, for example, MATLAB
Program 5-15.)

MATLAB Description of Standard Second-Order System. As noted earlier, the
second-order system

@,

s+ 2w,s + o

G(s) = (5-40)

is called the standard second-order system. Given w,, and ¢, the command
printsys(num,den) or printsys(num,den,s)

prints num/den as a ratio of polynomials in s.

Consider, for example, the case where w, = 5Srad/secand { = 0.4. MATLAB Program
5-3 generates the standard second-order system, where w, = 5 rad/sec and { = 0.4.
Note that in MATLAB Program 5-3,“num 0” is 1.

MATLAB Program 5-3

wn = 5;
damping_ratio = 0.4;
[numO,den] = ord2(wn,damping_ratio);
num = 5A2*numo;
printsys(num,den,'s")
num/den =

25

SA2 + 4s + 25

Obtaining the Unit-Step Response of the Transfer-Function System. Letus
consider the unit-step response of the system given by

25

G -~
(s) s2 + 4s + 25
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Figure 5-20
Unit-step response
curve.
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MATLAB Program 5-4 will yield a plot of the unit-step response of this system. A plot
of the unit-step response curve is shown in Figure 5-20.

MATLAB Program 5-4

% ***** Enter the numerator and denominator of the transfer
% function *****

num = [25];
den=1[1 4 25];

% ***** Enter the following step-response command *****
step(num,den)
% ***** Enter grid and title of the plot *****

grid
title (* Unit-Step Response of G(s) = 25/(s"2+4s+25)")

Unit-Step Response of G(s) = 25/(s>+4s+25)
1.4 T T T T T

12 F /\
1 / ‘

0.8 -

Amplitude

0.6

0.2

0 0.5 1 1.5 2 2.5 3
Time (sec)

Notice in Figure 5-20 (and many others) that the x-axis and y-axis labels are auto-
matically determined. If it is desired to label the x axis and y axis differently, we need
to modify the step command. For example, if it is desired to label the x axis as 't Sec'
and the y axis as ‘Output,’ then use step-response commands with left-hand arguments,
such as

¢ = step(num,den,t)
or, more generally,
[y,x,t] = step(num,den,t)

and use plot(t,y) command. See, for example, MATLAB Program 5-5 and Figure 5-21.

Chapter 5 / Transient and Steady-State Response Analyses



Figure 5-21
Unit-step response
curve.

EXAMPLE 5-4

MATLAB Program 5-5

Yo ---m-mmmmmmm- Unit-step response -------------
num = [25];

den=[1 4 25];

t=0:0.01:3;

[y,x,t] = step(num,den,t);

plot(t,y)

grid

title('"Unit-Step Response of G(s)=25/(s"2+4s+25)")
xlabel('t Sec")
ylabel('Output')

Unit-Step Response of G(s) = 25/(s2+4s+25)

12} /\
1 ‘ :

0 0.5 1 1.5 2 2.5 3
t Sec

Obtaining Three-Dimensional Plot of Unit-Step Response Curves with
MATLAB. MATLAB enables us to plot three-dimensional plots easily. The commands
to obtain three-dimensional plots are “mesh” and “surf.” The difference between the
“mesh” plot and “surf” plot is that in the former only the lines are drawn and in the lat-
ter the spaces between the lines are filled in by colors. In this book we use only the
“mesh” command.

Consider the closed-loop system defined by
C(s) 1
R(s) s2+2s+1

(The undamped natural frequency w, is normalized to 1.) Plot unit-step response curves ¢(¢) when
{ assumes the following values:

{=0,02, 04, 06. 08, 1.0

Also plot a three-dimensional plot.
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An illustrative MATLAB Program for plotting a two-dimensional diagram and a three-
dimensional diagram of unit-step response curves of this second-order system is given in MATLAB
Program 5-6. The resulting plots are shown in Figures 5-22(a) and (b), respectively. Notice that
we used the command mesh(t,zeta,y') to plot the three-dimensional plot. We may use a command
mesh(y') to get the same result. [Note that command mesh(t,zeta,y) or mesh(y) will produce a
three-dimensional plot the same as Figure 5-22(b), except that x axis and y axis are interchanged.
See Problem A-5-15.]

When we want to solve a problem using MATLAB and if the solution process involves many
repetitive computations, various approaches may be conceived to simplify the MATLAB pro-
gram. A frequently used approach to simplify the computation is to use “for loops.” MATLAB Pro-
gram 5-6 uses such a “for loop.” In this book many MATLAB programs using “for loops” are
presented for solving a variety of problems. Readers are advised to study all those problems care-
fully to familiarize themselves with the approach.

MATLAB Program 5-6

Yo ------- Two-dimensional plot and three-dimensional plot of unit-step
% response curves for the standard second-order system with wn =1
% and zeta=0,0.2,0.4,0.6,0.8, and 1. -———--

t=0:0.2:10;

zeta=[0 0.2 04 06 0.8 1];
forn=1:6;
num = [1];

den=[1 2*zeta(n) 1];
[y(1:51,n),x,t] = step(num,den,t);
end

% To plot a two-dimensional diagram, enter the command plot(t,y).

plot(t,y)

grid

title('Plot of Unit-Step Response Curves with \omega_n = 1 and \zeta =0, 0.2, 0.4, 0.6, 0.8, 1)
xlabel('t (sec)")
ylabel('Response')
text(4.1,1.86,'\zeta = 0')
text(3.5,1.5,'0.2")

text(3 .5,1.24,'0.4")
text(3.5,1.08,'0.6")
text(3.5,0.95,'0.8")
text(3.5,0.86,'1.0")

% To plot a three-dimensional diagram, enter the command mesh(t,zeta,y").

mesh(t,zeta,y')

title('Three-Dimensional Plot of Unit-Step Response Curves')
xlabel('t Sec')

ylabel("\zeta")

zlabel('Response')
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Figure 5-22

(a) Two-dimensional
plot of unit-step
response curves for

£ =0,02,04,0.6,0.8,
and 1.0; (b) three-
dimensional plot of
unit-step response
curves.
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Obtaining Rise Time, Peak Time, Maximum Overshoot, and Settling Time
with MATLAB. MATLAB can conveniently be used to obtain the rise time, peak time,
maximum overshoot, and settling time. Consider the system defined by

C(s) 25

R(s) s+ 6s+25
MATLAB Program 5-7 yields the rise time, peak time, maximum overshoot, and settling
time. A unit-step response curve for this system is given in Figure 5-23 to verify the
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Figure 5-23
Unit-step response
curve.
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results obtained with MATLAB Program 5-7. (Note that this program can also be
applied to higher-order systems. See Problem A-5-10.)

MATLAB Program 5-7

Yo ------- This is a MATLAB program to find the rise time, peak time,
% maximum overshoot, and settling time of the second-order system
% and higher-order system -------

Y% ------- In this example, we assume zeta = 0.6 and wn = 5 -—-----
num = [25];

den=1[1 6 25];

t =0:0.005:5;

ly,x,t] = step(num,den,t);
r=1; while y(r) < 1.0001; r=r+ 1; end;
rise_time = (r - 1)*0.005

rise_time =
0.5550

[ymax,tp] = max(y);
peak_time = (tp - 1)*0.005

peak_time =
0.7850
max_overshoot = ymax-1
max_overshoot =
0.0948

s =1001; while y(s) > 0.98 & y(s) < 1.02; s =s - 1; end;
settling_time = (s - 1)*0.005

settling_time =
1.1850

Step Response
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<) o
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e
~

et
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EXAMPLE 5-5

Impulse Response. The unit-impulse response of a control system may be
obtained by using any of the impulse commands such as

impulse(num,den)

impulse(A,B,C,D)

ly,x,t] = impulse(num,den)

ly,x,t] = impulse(num,den,t) (5-41)
ly,x,t] = impulse(A,B,C,D)

ly,x,t] = impulse(A,B,C,D,iu) (5-42)

ly,x,t] = impulse(A,B,C,D,iu,t) (5-43)

The command impulse(num,den) plots the unit-impulse response on the screen. The
command impulse(A,B,C,D) produces a series of unit-impulse-response plots, one for
each input and output combination of the system

x = Ax + Bu

y = Cx + Du

Note that in Equations (5-42) and (5-43) the scalar iu is an index into the inputs of the
system and specifies which input to be used for the impulse response.

Note also that if the command used does not include “t” explicitly, the time vector
is automatically determined. If the command includes the user-supplied time vector “t”,
as do the commands given by Equations (5-41) and (5-43)], this vector specifies the
times at which the impulse response is to be computed.

If MATLAB is invoked with the left-hand argument [y,x,t], such as in the case of
ly,x,t] = impulse(A,B,C,D), the command returns the output and state responses of the
system and the time vector t. No plot is drawn on the screen. The matrices y and x con-
tain the output and state responses of the system evaluated at the time points t. (y has
as many columns as outputs and one row for each element in t. x has as many columns
as state variables and one row for each element in t.) To plot the response curve, we
must include a plot command, such as plot(t,y).

Obtain the unit-impulse response of the following system:

C(s) 3 1
Res) -9 = 0o+ 1
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Figure 5-24
Unit-impulse-
response curve.

MATLAB Program 5-8 will produce the unit-impulse response. The resulting plot is shown in
Figure 5-24.

MATLAB Program 5-8

num = [1];
den=1[1 0.2 1];
impulse(num,den);
grid

title(‘Unit-Impulse Response of G(s) = 1/(s"2 + 0.2s + 1))

Unit-Impulse Response of G(s) = 1/(s2+0.2s+1)

Amplitude

e
| \/ . e

0 5 10 15 20 25 30 35 40 45 50
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Alternative Approach to Obtain Impulse Response. Note that when the initial
conditions are zero, the unit-impulse response of G(s) is the same as the unit-step

response of sG(s).
Consider the unit-impulse response of the system considered in Example 5-5. Since

R(s) = 1 for the unit-impulse input, we have
C(s) 1
R(y) = €)= G)
_ s 1
24+ 025+ 1

We can thus convert the unit-impulse response of G(s) to the unit-step response of

sG(s).
If we enter the following num and den into MATLAB,
num=1[0 1 O]
den=1[1 0.2 1]

Chapter 5 / Transient and Steady-State Response Analyses



Figure 5-25
Unit-impulse-
response curve
obtained as the unit-
step response of
sG(s) =

s/(s* +02s + 1).

and use the step-response command; as given in MATLAB Program 5-9, we obtain a
plot of the unit-impulse response of the system as shown in Figure 5-25.

MATLAB Program 5-9

num = [1 0];
den=1[1 0.2 1];
step(num,den);
grid

title('Unit-Step Response of sG(s) = s/(s*2 + 0.2s + 1)’)

Unit-Step Response of sG(s) = s/(s2+0.2s+1)

Amplitude

e
R \/ v -

—-0.8 i i i i i i i i i
0 5 10 15 20 25 30 35 40 45 50

Time (sec)

Ramp Response. There is no ramp command in MATLAB. Therefore, we need
to use the step command or the Isim command (presented later) to obtain the ramp re-
sponse. Specifically, to obtain the ramp response of the transfer-function system G(s),
divide G(s) by s and use the step-response command. For example, consider the closed-
loop system

C(s) 2s + 1
R(s) s*+s+1

For a unit-ramp input, R(s) = 1/s*. Hence
2s+1 1 2s + 1 1
()= T T s
s+ s+ 1s (s +s+Dss
To obtain the unit-ramp response of this system, enter the following numerator and de-
nominator into the MATLAB program:
num = [2 1];

den=1[1 11 0];
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and use the step-response command. See MATLAB Program 5-10. The plot obtained
by using this program is shown in Figure 5-26.

MATLAB Program 5-10

% ***** The unit-ramp response is obtained as the unit-step
% response of G(s)/s *****

% ***** Enter the numerator and denominator of G(s)/s *****

num=[2 1];
den=1[1 11 0];

% ***** Specify the computing time points (such as t = 0:0.1:10)
% and then enter step-response command: ¢ = step(num,den,t) *****

t=0:0.1:10;
¢ = step(num,den,t);

% ***** [n plotting the ramp-response curve, add the reference
% input to the plot. The reference input is t. Add to the

% argument of the plot command with the following: t,t,'-'. Thus
% the plot command becomes as follows: plot(t,c,'o',t,t,'-") *****

plot(t,c,'o' t,t,'-")

% ***++ Add grid, title, xlabel, and ylabel *****

grid

title('Unit-Ramp Response Curve for System G(s) = (2s + 1)/(s"2 + s + 1)")

xlabel('t Sec")
ylabel('Input and Output')

Unit-Ramp Response Curve for System G(s) = (25 + 1)/(s? + s +1)
12 T T T T T T T T T

10

Input and Output
(=)}

2+
Figure 5-26 I 0% N N U U SR B N
Unit-ramp response 0 1 2 3 4 5 6 7 8 9 10
curve. t Sec
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Unit-Ramp Response of a System Defined in State Space. Next, we shall treat
the unit-ramp response of the system in state-space form. Consider the system described by

x = Ax + Bu
y=Cx + Du

where u is the unit-ramp function. In what follows, we shall consider a simple example
to explain the method. Consider the case where

0 1 0
N TN N L R

c=1[1 0], D = [0]

When the initial conditions are zeros, the unit-ramp response is the integral of the unit-
step response. Hence the unit-ramp response can be given by

t
7= / ydt (5-44)
0
From Equation (5-44), we obtain
I=y=x (5-45)
Let us define
= X3
Then Equation (5-45) becomes
X3 = X (5—46)
Combining Equation (5-46) with the original state-space equation, we obtain
X 0 1 0| x 0
N l=1-1 -1 0| x |+|1|u (5-47)
).C3 1 0 0 X3 0
X1
z=1[0 0 1] x, (5-48)
X3

where u appearing in Equation (5-47) is the unit-step function. These equations can be
written as
x = AAx + BBu

z = CCx + DDu

where
0 10 A§0
AA=|-1 -1 0|=]| {0
1 00 C:o0

0
BB = | 1 =[B], cC=[0 0 1], DD =[0]

Note that x; is the third element of x. A plot of the unit-ramp response curve z(¢) can
be obtained by entering MATLAB Program 5-11 into the computer. A plot of the unit-
ramp response curve obtained from this MATLAB program is shown in Figure 5-27.
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Figure 5-27
Unit-ramp response
curve.
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MATLAB Program 5-11

Yo ------mmmmmmm- Unit-ramp response ---------------

% ***** The unit-ramp response is obtained by adding a new
% state variable x3. The dimension of the state equation
% is enlarged by one *****

% ***** Enter matrices A, B, C, and D of the original state
% equation and output equation *****

A=1[0 1;-1 -1];
B=10; 1I;
C=1[1 0];

D = [0];

% ***** Enter matrices AA, BB, CC, and DD of the new,
% enlarged state equation and output equation *****

AA = [A zeros(2,1);C 0];

BB = [B;0];
CC=1[00 1];
DD = [0];

% ***** Enter step-response command: [z,x,t] = step(AA,BB,CC,DD) *****
[z,x,t] = step(AA,BB,CC,DD);

% ***** |n plotting x3 add the unit-ramp input t in the plot

% by entering the following command: plot(t,x3,'0',t,t,'-') ¥****
x3 =[0 0 1]*x'; plot(t,x3,'0",t,t,'-")

grid

title('"Unit-Ramp Response')

xlabel('t Sec")

ylabel('Input and Output')

Unit-Ramp Response

Input and Output
w
oo0
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EXAMPLE 5-6

Figure 5-28
Unit-ramp response.

Obtaining Response to Arbitrary Input. To obtain the response to an arbitrary
input, the command Isim may be used. The commands like

Isim(num,den,r,t)

Isim(A,B,C,D,u,t)

y = Isim(num,den,r,t)

y = Isim(A,B,C,D,u,t)
will generate the response to input time function r or u. See the following two examples.
(Also, see Problems A-5-14 through A-5-16.)

Using the Isim command, obtain the unit-ramp response of the following system:

C(s) 25 + 1

R(s) - sS+s+1
We may enter MATLAB Program 5-12 into the computer to obtain the unit-ramp response. The
resulting plot is shown in Figure 5-28.

MATLAB Program 5-12

Y% ------- Ramp Response -------
num = [2 1];

den=1[1 1 1];

t=0:0.1:10;

r=t;

y = Isim(num,den,rt);

plot(t,r,'-',t,y,'0")

grid

title('Unit-Ramp Response Obtained by Use of Command "Isim"")
xlabel('t Sec')

ylabel('Unit-Ramp Input and System Output')
text(6.3,4.6,'Unit-Ramp Input')

text(4.75,9.0,'Output')

Unit-Ramp Response Obtained by use of Command “Isim”

Output

Unit-Ramp Input

Unit-Ramp Input and System Output
(=)}

t Sec
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EXAMPLE 5-7 Consider the system

Using MATLAB, obtain the response curves y(z) when the input u is given by
1. u = unit-step input
2. u=¢"
Assume that the initial state is x(0) = 0.
A possible MATLAB program to produce the responses of this system to the unit-step input

[u = 1(¢)] and the exponential input [u = ¢ is shown in MATLAB Program 5-13. The result-
ing response curves are shown in Figures 5-29(a) and (b), respectively.

MATLAB Program 5-13

t=0:0.1:12;
A=1[-1 0.5;-1 0];
B =1[0;1];

C=1[1 0];

D = [0];

% For the unit-step input u = 1(t), use the command "y = step(A,B,C,D,1,t)".

y = step(A,B,C,D,1,1);
plot(t,y)

grid

title('"Unit-Step Response')
xlabel('t Sec')
ylabel('Output')

% For the response to exponential input u = exp(-t), use the command
% "z = Isim(A,B,C,D,u,t)".

u = exp(-t);

z = Isim(A,B,C,D,u,t);

plot(t,u,'-',t,z,'0")

grid

title('Response to Exponential Input u = exp(-t)")
xlabel('t Sec")

ylabel('Exponential Input and System Output')
text(2.3,0.49,'Exponential input')
text(6.4,0.28,'Output’)
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Figure 5-29

(a) Unit-step
response;

(b) response to input

u=e

Unit-Step Response
1.4 T T T T T

12 e i

Output

Response to Exponential Input u = e~
1.2 T : T T T

0.8 Fooi b

‘ Exponeniial Input ‘

Exponential Input and System Output

Response to Initial Condition. In what follows we shall present a few methods
for obtaining the response to an initial condition. Commands that we may use are “step”
or “initial”. We shall first present a method to obtain the response to the initial condi-
tion using a simple example. Then we shall discuss the response to the initial condition
when the system is given in state-space form. Finally, we shall present a command initial
to obtain the response of a system given in a state-space form.
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EXAMPLE 5-8
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Figure 5-30
Mechanical system.

204

Consider the mechanical system shown in Figure 5-30, where m = 1 kg, b = 3 N-sec/m, and
k = 2 N/m. Assume that at t = 0 the mass m is pulled downward such that x(0) = 0.1 m and
x(0) = 0.05 m/sec. The displacement x(¢) is measured from the equilibrium position before the
mass is pulled down. Obtain the motion of the mass subjected to the initial condition. (Assume
no external forcing function.)
The system equation is
mX + bx + kx =0

with the initial conditions x(0) = 0.1 m and x(0) = 0.05 m/sec. (x is measured from the equilib-
rium position.) The Laplace transform of the system equation gives

m[s>X (s) — sx(0) — x(0)] + b[sX(s) — x(0)] + kX (s) =0
or
(ms® + bs + k)X (s) = mx(0)s + mx(0) + bx(0)
Solving this last equation for X (s) and substituting the given numerical values, we obtain
mx(0)s + mx(0) + bx(0)
ms* + bs + k

015 + 035
s2 4+ 3s +2

X(s) =

This equation can be written as
0.1s% + 0.35s 1
X(s)=—F——F%—=—
s°+3s+2 s
Hence the motion of the mass m may be obtained as the unit-step response of the following
system:
0.1s* + 0.35s
G)=— 7.
s+ 35+ 2
MATLAB Program 5-14 will give a plot of the motion of the mass. The plot is shown in Figure 5-31.

MATLAB Program 5-14

Yo ==mmmmmmmmmmmmm Response to initial condition ---------------

% ***** System response to initial condition is converted to
% a unit-step response by modifying the numerator polynomial *****

% ***** Enter the numerator and denominator of the transfer
% function G(s) *****

num = [0.1T 0.35 0];
den=1[1 3 2];

% ***** Enter the following step-response command *****
step(num,den)
% ***** Enter grid and title of the plot *****

grid
title('Response of Spring-Mass-Damper System to Initial Condition')
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Figure 5-31
Response of the
mechanical system
considered in
Example 5-8.

Response of Spring-Mass-Damper System to Initial Condition
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Response to Initial Condition (State-Space Approach, Case 1). Consider the
system defined by

x = Ax, x(0) = x, (5-49)

Let us obtain the response x(¢) when the initial condition x(0) is specified. Assume that there
is no external input function acting on this system. Assume also that x is an n-vector.
First, take Laplace transforms of both sides of Equation (5-49).

sX(s) — x(0) = AX(s)

This equation can be rewritten as

sX(s) = AX(s) + x(0) (5-50)
Taking the inverse Laplace transform of Equation (5-50), we obtain
x = Ax + x(0) 8(¢) (5-51)

(Notice that by taking the Laplace transform of a differential equation and then by
taking the inverse Laplace transform of the Laplace-transformed equation we generate
a differential equation that involves the initial condition.)

Now define
=X (5-52)
Then Equation (5-51) can be written as
z = Az + x(0) 8(¢) (5-53)
By integrating Equation (5-53) with respect to ¢, we obtain
z= Az + x(0)1(¢) = Az + Bu (5-54)
where

B = x(0), u=1(z)

Section 5-5 / Transient-Response Analysis with MATLAB 205



Referring to Equation (5-52), the state x(¢) is given by z(z). Thus,
x =17z = Az + Bu (5-55)
The solution of Equations (5-54) and (5-55) gives the response to the initial condition.

Summarizing, the response of Equation (5-49) to the initial condition x(0) is obtained
by solving the following state-space equations:

Z=Az+ Bu
x = Az + Bu
where
B = x(0), u=1(z)
MATLAB commands to obtain the response curves, where we do not specify the time

vector t (that is, we let the time vector be determined automatically by MATLAB), are
given next.

% Specify matrices A and B
[x,z,t] = step(A,B,A,B);
x1=[1 0 0...0]*x";
x2=[0 1 0...0]*x";

xn=[0 0 0...1]*x';
plot(t,x1,t,x2, ... ,t,xn)
If we choose the time vector t (for example, let the computation time duration be

from t =0 to t = tp with the computing time increment of At), then we use the following
MATLAB commands:

t=0: At: tp;

% Specify matrices A and B
[x,z,1] = step(A,B,A,B,1,1);
x1=[1 0 0...0]*x';
x2=[0 1 0...0]*x';

xn=1[0 0 O..1]*x";
plot(t,x1,t,x2, ... ,t,xn)

(See, for example, Example 5-9.)

206 Chapter 5 / Transient and Steady-State Response Analyses



Response to Initial Condition (State-Space Approach, Case 2).

system defined by

y = Cx

(Assume that x is an n-vector and y is an m-vector.)
Similar to case 1, by defining

we can obtain the following equation:

z = Az + x(0)1(t) = Az + Bu
where
B = x(0), u=1(z)

Noting that x = z, Equation (5-57) can be written as
y=Cz
By substituting Equation (5-58) into Equation (5-59), we obtain
y = C(Az + Bu) = CAz + CBu
The solution of Equations (5-58) and (5-60), rewritten here

Z=Az + Bu
y = CAz + CBu

Consider the

(5-56)
(5-57)

(5-58)

(5-59)

(5-60)

where B = x(0) and u = 1(t), gives the response of the system to a given initial condi-
tion. MATLAB commands to obtain the response curves (output curves y1 versus t, y2

versus t, ..., ym versus t) are shown next for two cases:

Case A. When the time vector t is not specified (that is, the time vector t is to be de-

termined automatically by MATLAB):

% Specify matrices A, B, and C
ly,z,t] = step(A,B,C*A,C*B);
yl=[1 0 0..0*",;

y2=1[0 1 0...0]*y";

ym=1[0 0 O..1]*y"
plot(t,y1,t,y2, ... ,t,ym)
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Case B. When the time vector t is specified:
t=0:At: tp;
% Specify matrices A, B, and C
ly,z,t] = step(A,B,C*A,C*B,1,1)
yl =[1 0 0...0J*Y";
y2=[0 1 0...0]*Y";

ym=1[0 0 O..1]*y"
plot(t,y1,t,y2, ... ,t,ym)

Obtain the response of the system subjected to the given initial condition.
x| 0 I x(0) | |2
).Cz —-10 -5 Xy ? xZ(O) 1

x = Ax, x(0) = x,

or

Obtaining the response of the system to the given initial condition resolves to solving the unit-step
response of the following system:

Z=Az + Bu

x = Az + Bu

where
B = x(0), u=1(t)

Hence a possible MATLAB program for obtaining the response may be given as shown in
MATLAB Program 5-15. The resulting response curves are shown in Figure 5-32.

MATLAB Program 5-15

t=0:0.01:3;

A=1[0 1;-10 -5];

B=[2;1];

[x,z,t] = step(A,B,A,B,1,1);

x1 =[1 0]*x";

x2 =[0 T]*x";
plot(t,x1,'x",t,x2,'-")

grid

title('Response to Initial Condition')
xlabel('t Sec")

ylabel('State Variables x1 and x2')
gtext('x1")

gtext('x2")

Chapter 5 / Transient and Steady-State Response Analyses



Figure 5-32
Response of system
in Example 5-9 to
initial condition.

Response to Initial Condition

State Variables x| and x,

For an illustrative example of how to use Equations (5-58) and (5-60) to find the re-
sponse to the initial condition, see Problem A-5-16.

Obtaining Response to Initial Condition by Use of Command Initial. If the
system is given in the state-space form, then the following command
initial(A,B,C,D, [initial condition],t)
will produce the response to the initial condition.
Suppose that we have the system defined by
x = Ax + By, x(0) = x
y=Cx + Du
where
0 1 0
A—__10 _5:|, B—|:0:|, C=1[0 0], D=0
. 2
L
209
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Then the command “initial” can be used as shown in MATLAB Program 5-16 to obtain
the response to the initial condition. The response curves x;(¢) and x,(¢) are shown in
Figure 5-33.They are the same as those shown in Figure 5-32.

MATLAB Program 5-16

t=0:0.05:3;

A=[0 1,-10 -5];

B = [0;0];

C=10 0Of;

D =[0];

ly,x] = initial(A,B,C,D,[2;1],1);
x1 =[1 0]*x';

x2 = [0 1]*x';
plot(t,x1,'0",t,x1,t,x2,'x",t,x2)
grid

title('Response to Initial Condition')
xlabel('t Sec")

ylabel('State Variables x1 and x2')
gtext('x1")

gtext('x2")

Response to Initial Condition
3 T T T T T

State Variables x; and x,

Figure 5-33
Response curves to
initial condition.

t Sec

EXAMPLE 5-10 Consider the following system that is subjected to the initial condition. (No external forcing
function is present.)

Y+ 8y + 17y + 10y = 0

Obtain the response y(¢) to the given initial condition.
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By defining the state variables as

X =Yy
X, =y
X3 =y
we obtain the following state-space representation for the system:
X 0 1 0 (| x, x,1(0)
X, | = 0 0 1] x |, x0) | =] 1
X3 -10 =17 =8 || x3 x3(0) 0.5
X1
y=[1 0 0 x
X3

A possible MATLAB program to obtain the response y(t) is given in MATLAB Program 5-17.
The resulting response curve is shown in Figure 5-34.

MATLAB Program 5-17

t=0:0.05:10;

A=[01 0,0 0 1;-10 -17 -8];
B =1[0;0,01;

C=1[1 0 0];

D = [0];

y = initial(A,B,C,D,[2;1;0.5],1);
plot(t,y)

grid

title('Response to Initial Condition')
xlabel('t (sec)")
ylabel('Output y')

Response to Initial Condition

2.5

Figure 5-34
Response y(t) to
initial condition. £ (sec)
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5-6 ROUTH’S STABILITY CRITERION
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The most important problem in linear control systems concerns stability. That is, under
what conditions will a system become unstable? If it is unstable, how should we stabi-
lize the system? In Section 54 it was stated that a control system is stable if and only if
all closed-loop poles lie in the left-half s plane. Most linear closed-loop systems have
closed-loop transfer functions of the form

C(s)  bys" +bs" '+ +b, s+b, B(s)
R(s) aps"+ais" '+ +a,s+a, As)

where the a’s and b’s are constants and m = n. A simple criterion, known as Routh’s
stability criterion, enables us to determine the number of closed-loop poles that lie in
the right-half s plane without having to factor the denominator polynomial. (The
polynomial may include parameters that MATLAB cannot handle.)

Routh’s Stability Criterion. Routh’s stability criterion tells us whether or not
there are unstable roots in a polynomial equation without actually solving for them.
This stability criterion applies to polynomials with only a finite number of terms. When
the criterion is applied to a control system, information about absolute stability can be
obtained directly from the coefficients of the characteristic equation.

The procedure in Routh’s stability criterion is as follows:

1. Write the polynomial in s in the following form:
aps" +as" '+ +a, s +a,=0 (5-61)

where the coefficients are real quantities. We assume that a, # 0; that is, any zero
root has been removed.

2. If any of the coefficients are zero or negative in the presence of at least one posi-
tive coefficient, a root or roots exist that are imaginary or that have positive real
parts. Therefore, in such a case, the system is not stable. If we are interested in only
the absolute stability, there is no need to follow the procedure further. Note that
all the coefficients must be positive. This is a necessary condition, as may be seen
from the following argument: A polynomial in s having real coefficients can al-
ways be factored into linear and quadratic factors, such as (s + @) and
(s2 + bs + c), where a, b, and c are real. The linear factors yield real roots and
the quadratic factors yield complex-conjugate roots of the polynomial. The factor
(s2 + bs + c) yields roots having negative real parts only if b and ¢ are both pos-
itive. For all roots to have negative real parts, the constants a, b, ¢, and so on, in all
factors must be positive. The product of any number of linear and quadratic factors
containing only positive coefficients always yields a polynomial with positive
coefficients. It is important to note that the condition that all the coefficients be
positive is not sufficient to assure stability. The necessary but not sufficient
condition for stability is that the coefficients of Equation (5-61) all be present and
all have a positive sign. (If all a’s are negative, they can be made positive by
multiplying both sides of the equation by —1.)
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3. If all coefficients are positive, arrange the coefficients of the polynomial in rows
and columns according to the following pattern:

n

s ay, a, a, ag
snl a, ay as a,
2 b by, by b
§n3 c ¢ ¢ Cy
n—4

s d dy dy d,

s e, e
1

s fi
0

s 81

The process of forming rows continues until we run out of elements. (The total number
of rows is n + 1.) The coefficients b,, b,, bs, and so on, are evaluated as follows:

aa, — apds

b, =
1 a,
ala4 - aoas
b2 =
a
aag — apgay
b3 =

ap

The evaluation of the b’s is continued until the remaining ones are all zero. The same
pattern of cross-multiplying the coefficients of the two previous rows is followed in
evaluating the ¢’s, d’s, e’s, and so on. That is,

bias — a\b,
1 =
b
1
byas — a,b;
C = b
1
b1a7 - a1b4
C3 =
b,
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EXAMPLE 5-11

EXAMPLE 5-12
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and

¢1b, — bic,

1
C

b; — b
d, €103 1C3

€y

This process is continued until the nth row has been completed. The complete array of
coefficients is triangular. Note that in developing the array an entire row may be divid-
ed or multiplied by a positive number in order to simplify the subsequent numerical
calculation without altering the stability conclusion.

Routh’s stability criterion states that the number of roots of Equation (5-61) with
positive real parts is equal to the number of changes in sign of the coefficients of the first
column of the array. It should be noted that the exact values of the terms in the first col-
umn need not be known; instead, only the signs are needed. The necessary and suffi-
cient condition that all roots of Equation (5-61) lie in the left-half s plane is that all the
coefficients of Equation (5-61) be positive and all terms in the first column of the array
have positive signs.

Let us apply Routh’s stability criterion to the following third-order polynomial:
ays® + a;s* + a,s + a3 =0

where all the coefficients are positive numbers. The array of coefficients becomes

S a a,
Sz a as
1 a ay — dods
s s VS
a
SO as

The condition that all roots have negative real parts is given by

a|a, > apas

Consider the following polynomial:

s*+ 2+ 35 +45+5=0

Let us follow the procedure just presented and construct the array of coefficients. (The first
two rows can be obtained directly from the given polynomial. The remaining terms are
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obtained from these. If any coefficients are missing, they may be replaced by zeros in
the array.)

st 1 3 5 st 1 3 5

53 2 4 0] s 2 4 & Thesecond row is divided
1 2 0 by2

52 15 52 1 5

st -6 st -3

50 5 s° 5

In this example, the number of changes in sign of the coefficients in the first column is 2. This
means that there are two roots with positive real parts. Note that the result is unchanged when the
coefficients of any row are multiplied or divided by a positive number in order to simplify the
computation.

Special Cases. If a first-column term in any row is zero, but the remaining terms
are not zero or there is no remaining term, then the zero term is replaced by a very small
positive number € and the rest of the array is evaluated. For example, consider the
following equation:

s+ 22 +s+2=0 (5-62)
The array of coefficients is
s 1 1
s 22
st 0O~ e
s° 2

If the sign of the coefficient above the zero (e€) is the same as that below it, it indicates
that there are a pair of imaginary roots. Actually, Equation (5-62) has two roots at
s = =]

If, however, the sign of the coefficient above the zero (€) is opposite that below it, it
indicates that there is one sign change. For example, for the equation

s =3s+2=(s—1)*(s+2)=0

the array of coefficients is

s 1 -3
i h :
One sign change 2 Or~e )
2
st -3 - <
One sign ch :
ne sign change &0 )

There are two sign changes of the coefficients in the first column. So there are two roots
in the right-half s plane. This agrees with the correct result indicated by the factored
form of the polynomial equation.
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If all the coefficients in any derived row are zero, it indicates that there are roots of
equal magnitude lying radially opposite in the s plane—that is, two real roots with equal
magnitudes and opposite signs and/or two conjugate imaginary roots. In such a case, the
evaluation of the rest of the array can be continued by forming an auxiliary polynomi-
al with the coefficients of the last row and by using the coefficients of the derivative of
this polynomial in the next row. Such roots with equal magnitudes and lying radially op-
posite in the s plane can be found by solving the auxiliary polynomial, which is always
even. For a 2n-degree auxiliary polynomial, there are n pairs of equal and opposite roots.
For example, consider the following equation:

s 4 25* + 245% 4+ 485 — 255 — 50 = 0

The array of coefficients is

s 1 24 =25

s* 2 48 —50 <« Auxiliary polynomial P(s)

s 0 0
The terms in the s° row are all zero. (Note that such a case occurs only in an odd-
numbered row.) The auxiliary polynomial is then formed from the coefficients of the s*
row. The auxiliary polynomial P(s) is

P(s) = 2s* + 48s* — 50

which indicates that there are two pairs of roots of equal magnitude and opposite sign
(that is, two real roots with the same magnitude but opposite signs or two complex-
conjugate roots on the imaginary axis). These pairs are obtained by solving the auxiliary
polynomial equation P(s) = 0.The derivative of P(s) with respect to s is

dP(s)

ds

The terms in the s° row are replaced by the coefficients of the last equation—that is,
8 and 96.The array of coefficients then becomes
5’ 1 24 —25
st 2 48 —50
s 8 96 « Coefficients of dP (s)/ds
s? 24 —50
s
s

= 85 + 96s

! 112.7 0
0 - 50

We see that there is one change in sign in the first column of the new array. Thus, the orig-
inal equation has one root with a positive real part. By solving for roots of the auxiliary
polynomial equation,

2s* + 482 — 50 = 0
we obtain

or
s = =+1, s = =%j5
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Figure 5-35
Control system.

These two pairs of roots of P(s) are a part of the roots of the original equation. As a
matter of fact, the original equation can be written in factored form as follows:

(s+D(s—=D(s+j5s—=j5)(s+2)=0

Clearly, the original equation has one root with a positive real part.

Relative Stability Analysis. Routh’s stability criterion provides the answer to
the question of absolute stability. This, in many practical cases, is not sufficient. We usu-
ally require information about the relative stability of the system. A useful approach
for examining relative stability is to shift the s-plane axis and apply Routh’s stability
criterion. That is, we substitute

s=§—o (o = constant)

into the characteristic equation of the system, write the polynomial in terms of s; and
apply Routh’s stability criterion to the new polynomial in 5. The number of changes of
sign in the first column of the array developed for the polynomial in § is equal to the num-
ber of roots that are located to the right of the vertical line s = —o . Thus, this test reveals
the number of roots that lie to the right of the vertical line s = —o.

Application of Routh’s Stability Criterion to Control-System Analysis. Routh’s
stability criterion is of limited usefulness in linear control-system analysis, mainly because
it does not suggest how to improve relative stability or how to stabilize an unstable
system. It is possible, however, to determine the effects of changing one or two
parameters of a system by examining the values that cause instability. In the following,
we shall consider the problem of determining the stability range of a parameter value.

Consider the system shown in Figure 5-35. Let us determine the range of K for
stability. The closed-loop transfer function is

C(s) K
R(s) s(s>+s+1)(s+2)+K
The characteristic equation is

P+ 33+ 352+ 25+ K =0

The array of coefficients becomes

st 1 3 K
s3 3 2 0
s? I K
s! 2 - 2K
50 K
R(s) X C(s)

ss2+s+1)(s+2)
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For stability, K must be positive, and all coefficients in the first column must be positive.
Therefore,
14
—>K>0
9
When K = 4, the system becomes oscillatory and, mathematically, the oscillation is
sustained at constant amplitude.
Note that the ranges of design parameters that lead to stability may be determined
by use of Routh’s stability criterion.

5-7 EFFECTS OF INTEGRAL AND DERIVATIVE CONTROL
ACTIONS ON SYSTEM PERFORMANCE

Figure 5-36

(a) Plots of e(r) and
u(t) curves showing
nonzero control
signal when the
actuating error signal
is zero (integral
control); (b) plots of
e(t) and u(r) curves
showing zero control
signal when the
actuating error signal
is zero (proportional
control).
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In this section, we shall investigate the effects of integral and derivative control actions
on the system performance. Here we shall consider only simple systems, so that the
effects of integral and derivative control actions on system performance can be clearly
seen.

Integral Control Action. In the proportional control of a plant whose transfer
function does not possess an integrator 1/s, there is a steady-state error, or offset, in the
response to a step input. Such an offset can be eliminated if the integral control action
is included in the controller.

In the integral control of a plant, the control signal—the output signal from the
controller—at any instant is the area under the actuating-error-signal curve up to that
instant. The control signal u(¢) can have a nonzero value when the actuating error signal
e(t) is zero, as shown in Figure 5-36(a). This is impossible in the case of the proportional
controller, since a nonzero control signal requires a nonzero actuating error signal.
(A nonzero actuating error signal at steady state means that there is an offset.) Figure
5-36(b) shows the curve e(¢) versus ¢ and the corresponding curve u(t) versus ¢ when the
controller is of the proportional type.

Note that integral control action, while removing offset or steady-state error, may lead
to oscillatory response of slowly decreasing amplitude or even increasing amplitude,
both of which are usually undesirable.

e(?) h e(?)

t 0 t

0
””)D\/\ "
0 . .
(@

t 0 t
(b)
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Figure 5-37
Proportional control
system.

Figure 5-38
Unit-step response
and offset.

R(s) < E(s) 1 C(s)
C*g K Ts+1

\

Proportional Plant
controller

Proportional Control of Systems. We shall show that the proportional control
of a system without an integrator will result in a steady-state error with a step input. We
shall then show that such an error can be eliminated if integral control action is included
in the controller.

Consider the system shown in Figure 5-37. Let us obtain the steady-state error in the
unit-step response of the system. Define

K
Gls) = Ts +1
Since
E(s) R(s) —C(s) L C(s) 1
R(s) R(s) R(s) 1+ G(s)
the error E(s) is given by
1 1
E(s)=—————<R(s)=———R
)= 17 Gy BO) —— R(s)
1+
Ts +1
For the unit-step input R(s) = 1/s, we have
Ts+1 1
ES) =51+ ks
The steady-state error is
. o L I's+1 1
e = lime(r) = limsE(s) =m0 = e =k + 1

Such a system without an integrator in the feedforward path always has a steady-state
error in the step response. Such a steady-state error is called an offset. Figure 5-38 shows
the unit-step response and the offset.

c(t)

1 '

Offset
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Figure 5-39
Integral control
system.

Figure 5-40
Control system with
a torque disturbance.
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R(s) E6) [T : s)
’ @* 3 Ts+1 >

Integral Control of Systems. Consider the system shown in Figure 5-39. The
controller is an integral controller. The closed-loop transfer function of the system is
C(s) K

R(s) s(Ts+1)+K

Hence

E(s) R(s) —C(s)  s(Ts+1)
R(s)  R(s)  s(Ts+1)+K

Since the system is stable, the steady-state error for the unit-step response can be
obtained by applying the final-value theorem, as follows:

¢, = lim sE(s)

o sH(Ts+1) 1
= llm 27 -
s=>0Ts" + s+ Ks
=0
Integral control of the system thus eliminates the steady-state error in the response to

the step input. This is an important improvement over the proportional control alone,
which gives offset.

Response to Torque Disturbances (Proportional Control). Let us investigate
the effect of a torque disturbance occurring at the load element. Consider the system
shown in Figure 5-40. The proportional controller delivers torque 7 to position the load
element, which consists of moment of inertia and viscous friction. Torque disturbance is
denoted by D.

Assuming that the reference input is zero or R(s) = 0, the transfer function between
C(s) and D(s) is given by

C(s) 1
D(s) Js*+ bs + K,

R E T " c
C% 3 K s(Js + b)

Chapter 5 / Transient and Steady-State Response Analyses




Figure 5-41
Proportional-plus-
integral control of a
load element
consisting of moment
of inertia and viscous
friction.

Hence
E(s) B C(s) - 1

D(s)  D(s)  Js"+bs+K,

The steady-state error due to a step disturbance torque of magnitude 7, is given by

e = lim sE(s)

. -S Td
=lm—F————
520 Js* + bs + K, s
__ L
K

p

At steady state, the proportional controller provides the torque —7,, which is equal in
magnitude but opposite in sign to the disturbance torque 7. The steady-state output due
to the step disturbance torque is

Ty

K,

P

Css = 7€ =

The steady-state error can be reduced by increasing the value of the gain K. Increasing
this value, however, will cause the system response to be more oscillatory.

Response to Torque Disturbances (Proportional-Plus-Integral Control). To
eliminate offset due to torque disturbance, the proportional controller may be replaced
by a proportional-plus-integral controller.

If integral control action is added to the controller, then, as long as there is an error
signal, a torque is developed by the controller to reduce this error, provided the control
system is a stable one.

Figure 5-41 shows the proportional-plus-integral control of the load element,
consisting of moment of inertia and viscous friction.

The closed-loop transfer function between C(s) and D(s) is

C(s) s

D(s)

K
Js3 + bs® + Kps-i—fp

T

In the absence of the reference input, or () = 0, the error signal is obtained from

E(s) = — d D(s)

K
Js3+bs2+Kps+?p

L

IINEA 1 C
Ky(1 + —) i
»( Tl's) s(Js + b)
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Figure 5-42

Integral control of a
load element
consisting of moment
of inertia and viscous
friction.
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~

R=0 N £ [k 1 c
s Y, s(Js + b)

If this control system is stable—that is, if the roots of the characteristic equation

KF
Js3+bsz+Kps+f=0
T;
have negative real parts—then the steady-state error in the response to a unit-step
disturbance torque can be obtained by applying the final-value theorem as follows:

e = lim sE(s)

_ —s? 1
—sl—I>I(1) 3 5 KPS

Js® + bs +Kps+7
=0

Thus steady-state error to the step disturbance torque can be eliminated if the controller
is of the proportional-plus-integral type.

Note that the integral control action added to the proportional controller has
converted the originally second-order system to a third-order one. Hence the control
system may become unstable for a large value of K ,, since the roots of the characteristic
equation may have positive real parts. (The second-order system is always stable if the
coefficients in the system differential equation are all positive.)

It is important to point out that if the controller were an integral controller, as in
Figure 5-42, then the system always becomes unstable, because the characteristic
equation

Js*+bs*+ K=0

will have roots with positive real parts. Such an unstable system cannot be used in
practice.

Note that in the system of Figure 5-41 the proportional control action tends to
stabilize the system, while the integral control action tends to eliminate or reduce steady-
state error in response to various inputs.

Derivative Control Action. Derivative control action, when added to a
proportional controller, provides a means of obtaining a controller with high
sensitivity. An advantage of using derivative control action is that it responds to the
rate of change of the actuating error and can produce a significant correction before
the magnitude of the actuating error becomes too large. Derivative control thus
anticipates the actuating error, initiates an early corrective action, and tends to
increase the stability of the system.
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Figure 5-43

(a) Proportional
control of a system
with inertia load;
(b) response to a
unit-step input.

R(s) 1 C(s)
+ > K, Js—z >

(a)

()

(b)

Although derivative control does not affect the steady-state error directly, it adds
damping to the system and thus permits the use of a larger value of the gain K, which
will result in an improvement in the steady-state accuracy.

Because derivative control operates on the rate of change of the actuating error and
not the actuating error itself, this mode is never used alone. It is always used in combi-
nation with proportional or proportional-plus-integral control action.

Proportional Control of Systems with Inertia Load. Before we discuss further
the effect of derivative control action on system performance, we shall consider the
proportional control of an inertia load.

Consider the system shown in Figure 5-43(a). The closed-loop transfer function is
obtained as

C(s) _ K,
R(s) Js*+ K,

Since the roots of the characteristic equation
Js* + K,=0

are imaginary, the response to a unit-step input continues to oscillate indefinitely, as
shown in Figure 5-43(b).

Control systems exhibiting such response characteristics are not desirable. We shall
see that the addition of derivative control will stabilize the system.

Proportional-Plus-Derivative Control of a System with Inertia Load. Let us
modify the proportional controller to a proportional-plus-derivative controller whose
transfer function is K,(1 + 7;s). The torque developed by the controller is proportional
to K p(e + T,¢é). Derivative control is essentially anticipatory, measures the instantaneous
error velocity, and predicts the large overshoot ahead of time and produces an
appropriate counteraction before too large an overshoot occurs.
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(@) (b)
Figure 5-44
(a) Proportional-plus-derivative control of a system with inertia load; (b) response to a unit-step input.

Consider the system shown in Figure 5-44(a). The closed-loop transfer function is
given by

C(s) K,(1 + Tys)
R(s) Js*+ K,Tys + K,

The characteristic equation

Js* + K,Tys + K, =0

now has two roots with negative real parts for positive values of J, K, and 7. Thus
derivative control introduces a damping effect. A typical response curve ¢(t) to a unit-
step input is shown in Figure 5-44(b). Clearly, the response curve shows a marked
improvement over the original response curve shown in Figure 5-46(b).

Proportional-Plus-Derivative Control of Second-Order Systems. A compromise
between acceptable transient-response behavior and acceptable steady-state behavior may
be achieved by use of proportional-plus-derivative control action.

Consider the system shown in Figure 5-45. The closed-loop transfer function is

C(S) _ Kp + de
R(s) Js*+ (B + K,)s + K,

The steady-state error for a unit-ramp input is

Css
K
P

The characteristic equation is

Js?+ (B + Ky)s + K,=0

R(s) C(s)

1
s(Js + B)

Kp + KdS >

Figure 5-45
Control system.
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The effective damping coefficient of this system is thus B + K, rather than B. Since the
damping ratio { of this system is
B + K,
{ =

2VK,J

it is possible to make both the steady-state error ey for a ramp input and the maximum
overshoot for a step input small by making B small, K, large, and K, large enough so that
{ 1s between 0.4 and 0.7.

5-8 STEADY-STATE ERRORS IN UNITY-FEEDBACK
CONTROL SYSTEMS

Errors in a control system can be attributed to many factors. Changes in the reference
input will cause unavoidable errors during transient periods and may also cause steady-
state errors. Imperfections in the system components, such as static friction, backlash, and
amplifier drift, as well as aging or deterioration, will cause errors at steady state. In this
section, however, we shall not discuss errors due to imperfections in the system com-
ponents. Rather, we shall investigate a type of steady-state error that is caused by the
incapability of a system to follow particular types of inputs.

Any physical control system inherently suffers steady-state error in response to
certain types of inputs. A system may have no steady-state error to a step input, but the
same system may exhibit nonzero steady-state error to a ramp input. (The only way we
may be able to eliminate this error is to modify the system structure.) Whether a given
system will exhibit steady-state error for a given type of input depends on the type of
open-loop transfer function of the system, to be discussed in what follows.

Classification of Control Systems. Control systems may be classified according
to their ability to follow step inputs, ramp inputs, parabolic inputs, and so on. This is a
reasonable classification scheme, because actual inputs may frequently be considered
combinations of such inputs. The magnitudes of the steady-state errors due to these
individual inputs are indicative of the goodness of the system.

Consider the unity-feedback control system with the following open-loop transfer
function G(s):

_ K(T,s + 1)(Tys + 1)+ (T,s + 1)
Gls) = sN(Tys + 1)(Tys + 1)+ (T,s + 1)

It involves the term s" in the denominator, representing a pole of multiplicity N at the
origin. The present classification scheme is based on the number of integrations indicated
by the open-loop transfer function. A system is called type 0, type 1, type 2,...,if N = 0,
N =1,N = 2,...,respectively. Note that this classification is different from that of the
order of a system. As the type number is increased, accuracy is improved; however,
increasing the type number aggravates the stability problem. A compromise between
steady-state accuracy and relative stability is always necessary.

We shall see later that, if G(s) is written so that each term in the numerator and
denominator, except the term s, approaches unity as s approaches zero, then the open-
loop gain K is directly related to the steady-state error.
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Figure 5-46
Control system.
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R(s) E(s) C(s)
>+ ! G(s)

Steady-State Errors. Consider the system shown in Figure 5-46. The closed-loop
transfer function is

C(s) _ G(s)
R(s) 1+ G(s)

The transfer function between the error signal e(¢) and the input signal r(¢) is
E(s) C(s) 1

R(s) ~  R(s) 1+ G(s)
where the error e(¢) is the difference between the input signal and the output signal.
The final-value theorem provides a convenient way to find the steady-state
performance of a stable system. Since E(s) is

1
Es) =160 RO
the steady-state error is
e = lim e() = limsE(s) = lim —2)_
S 5 50 s=01 + G(s)

The static error constants defined in the following are figures of merit of control systems.
The higher the constants, the smaller the steady-state error. In a given system, the out-
put may be the position, velocity, pressure, temperature, or the like. The physical form
of the output, however, is immaterial to the present analysis. Therefore, in what follows,
we shall call the output “position,” the rate of change of the output “velocity,” and so on.
This means that in a temperature control system “position” represents the output tem-
perature, “velocity” represents the rate of change of the output temperature, and so on.

Static Position Error Constant K,. The steady-state error of the system for a
unit-step input is

e, = lim

1+ G(0)
The static position error constant K, is defined by
K, = !1_1}1(1) G(s) = G(0)
Thus, the steady-state error in terms of the static position error constant K, is given by

1
1+K,

eSS
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For a type 0 system,

o K(T,s + 1)(Tys + 1) -+
K, = lim =K
=20 (Tys + 1)(Tys + 1)+

For a type 1 or higher system,

~ K(T,s + 1)(Tys + 1) -+
PR sM(Tys + 1)(Tys + 1)+

= 00, for N =1

Hence, for a type 0 system, the static position error constant K, is finite, while for a type
1 or higher system, K, is infinite.
For a unit-step input, the steady-state error e, may be summarized as follows:

1

ey = T+ K for type 0 systems
0,

ey = for type 1 or higher systems

From the foregoing analysis, it is seen that the response of a feedback control system
to a step input involves a steady-state error if there is no integration in the feedforward
path. (If small errors for step inputs can be tolerated, then a type 0 system may be
permissible, provided that the gain K is sufficiently large. If the gain K is too large, how-
ever, it is difficult to obtain reasonable relative stability.) If zero steady-state error for
a step input is desired, the type of the system must be one or higher.

Static Velocity Error Constant K,. The steady-state error of the system with a
unit-ramp input is given by

en=lim— > L
5T 501+ G(s) 8

= 1. _
20 sG(s)

The static velocity error constant K, is defined by
K, = }1_)1% sG(s)
Thus, the steady-state error in terms of the static velocity error constant K, is given by

s =

K

v

The term velocity error is used here to express the steady-state error for a ramp
input. The dimension of the velocity error is the same as the system error. That is, velocity
error is not an error in velocity, but it is an error in position due to a ramp input.

For a type 0 system,
sK(T,s + 1)(Tps + 1)+

K, = li =0
v (Tys + 1)(Tps + 1)
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Figure 5-47
Response of a type 1
unity-feedback
system to a ramp
input.
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c(t) )

c(t)

For a type 1 system,

o sK(T,s + 1)(Tpys + 1)
K, = lim =K
=0 §(Tys + 1)(Tys + 1)+

For a type 2 or higher system,

o sK(T,s + 1)(Ts + 1)+
K, = lim = 00, for N =2
520 sN(Tys + 1)(Tps + 1)

The steady-state error ey for the unit-ramp input can be summarized as follows:

1
ey = X T for type 0 systems
! ! for type 1 systems
e. = — = —
“T K K’ yp y
1 .
ey = X" 0, for type 2 or higher systems

The foregoing analysis indicates that a type 0 system is incapable of following a ramp
input in the steady state. The type 1 system with unity feedback can follow the ramp input
with a finite error. In steady-state operation, the output velocity is exactly the same as the
input velocity, but there is a positional error. This error is proportional to the velocity of
the input and is inversely proportional to the gain K. Figure 5-47 shows an example of the
response of a type 1 system with unity feedback to a ramp input. The type 2 or higher

system can follow a ramp input with zero error at steady state.

Static Acceleration Error Constant K,. The steady-state error of the system

with a unit-parabolic input (acceleration input), which is defined by
2
t)y=—, fort=0
r(t) > or
=0, fort <0

Chapter 5 / Transient and Steady-State Response Analyses



is given by

e = limLl
¥ 5501 4+ G(s) s°
_ 1
lim s°G(s)

The static acceleration error constant K, is defined by the equation
= 1 2
K, ll_r)%s G(s)
The steady-state error is then

€ss =

K

a

Note that the acceleration error, the steady-state error due to a parabolic input, is an

error in position.
The values of K, are obtained as follows:
For a type 0 system,

o SPK(T,s + 1)(Tyys + 1) -+
K, = lim =0
s—=0 (TIS + 1)(Tzs + 1)

For a type 1 system,

o S K(T,s + 1)(Tys + 1) -+
K, = lim =0
520 §(Tys + 1)(Tos + 1)+

For a type 2 system,

o S’K(T,s + 1)(Tpys + 1)
K, = lim =K
=20 sX(Tys + 1)(Tos + 1)+

For a type 3 or higher system,

K(T,s + 1)(Tys + 1)+
Ka=lims ([,S )( v ) = 00, for N = 3

520 sM(Tys + 1)(Tys + 1)
Thus, the steady-state error for the unit parabolic input is

e, = 0o, for type 0 and type 1 systems

€ =

, for type 2 systems

~| =

e, = 0, for type 3 or higher systems
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Figure 5-48
Response of a type 2
unity-feedback
system to a parabolic
input.
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(1)
()

r(f)
c(t)

Note that both type 0 and type 1 systems are incapable of following a parabolic input
in the steady state. The type 2 system with unity feedback can follow a parabolic input
with a finite error signal. Figure 5-48 shows an example of the response of a type 2 sys-
tem with unity feedback to a parabolic input. The type 3 or higher system with unity
feedback follows a parabolic input with zero error at steady state.

Summary. Table 5-1 summarizes the steady-state errors for type 0, type 1, and
type 2 systems when they are subjected to various inputs. The finite values for steady-
state errors appear on the diagonal line. Above the diagonal, the steady-state errors are
infinity; below the diagonal, they are zero.

Table 5-1 Steady-State Error in Terms of Gain K

Step Input Ramp Input Acceleration Input
r(t) =1 r(t) =t r(t) = 3¢
1
Type 0 system 11K 00 00
Type 1 system 0 1 (e%)
K

1

Type 2 system 0 0 X

Remember that the terms position error, velocity error, and acceleration error mean
steady-state deviations in the output position. A finite velocity error implies that after
transients have died out, the input and output move at the same velocity but have a
finite position difference.

The error constants K, K,,, and K, describe the ability of a unity-feedback system
to reduce or eliminate steady-state error. Therefore, they are indicative of the steady-state
performance. It is generally desirable to increase the error constants, while maintaining
the transient response within an acceptable range. It is noted that to improve the steady-
state performance we can increase the type of the system by adding an integrator or
integrators to the feedforward path. This, however, introduces an additional stability
problem. The design of a satisfactory system with more than two integrators in series in
the feedforward path is generally not easy.
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A-5-1.

Figure 5-49
Mechanical system.

EXAMPLE PROBLEMS AND SOLUTIONS

In the system of Figure 5-49, x(¢) is the input displacement and 6(¢) is the output angular
displacement. Assume that the masses involved are negligibly small and that all motions are
restricted to be small; therefore, the system can be considered linear. The initial conditions for x
and 0 are zeros, or x(0—) = 0 and #(0—) = 0. Show that this system is a differentiating element.
Then obtain the response 6(¢) when x(t) is a unit-step input.

Solution. The equation for the system is

b(x — L) = kLo

or

.k
LB-&-ELH:)’C

The Laplace transform of this last equation, using zero initial conditions, gives

(Ls + %L)@(s) = sX(s)

And so

_1_ s
X(s) Ls+ (k/b)

Thus the system is a differentiating system.
For the unit-step input X (s) = 1/s, the output @(s) becomes

1 1
O - = -
() =T 5+ (k/b)
The inverse Laplace transform of @(s) gives
1
0(1) — fef(k/b)t
X
g
— L
e
R
— 1 0 No friction
k E§

T
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Figure 5-50
Unit-step input and
the response of the
mechanical system
shown in Figure
5-49.

A-5-2.

Figure 5-51
Gear-train system.
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Note that if the value of k/b is large, the response 6(¢) approaches a pulse signal, as shown in
Figure 5-50.

Gear trains are often used in servo systems to reduce speed, to magnify torque, or to obtain the
most efficient power transfer by matching the driving member to the given load.

Consider the gear-train system shown in Figure 5-51. In this system, a load is driven by a
motor through the gear train. Assuming that the stiffness of the shafts of the gear train is infinite
(there is neither backlash nor elastic deformation) and that the number of teeth on each gear is
proportional to the radius of the gear, obtain the equivalent moment of inertia and equivalent
viscous-friction coefficient referred to the motor shaft and referred to the load shaft.

In Figure 5-51 the numbers of teeth on gears 1,2,3,and 4 are N,, N,, N3,and N,, respectively.
The angular displacements of shafts, 1,2,and 3 are 6,,60,, and 65, respectively.Thus,6,/6, = N, /N,
and 65/0, = N;/N,. The moment of inertia and viscous-friction coefficient of each gear-train
component are denoted by J;, by;J,, b,; and J3, bs; respectively. (/5 and b5 include the moment of
inertia and friction of the load.)

,,,,,,, —1
~ g -~ % N
&g d = Shaft2 ¥
Input torque b R =
from motor 7 22 i 4 |« Gear 3
T () il g t\; ''''' =1
V
Gear 2 —— a 02 z | Shaft 3
-+ o J3.b 5
s 72 20 D
N, =0
Gear 4 —| % 05 Load
+3 torque
~ 7, ()
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Solution. For this gear-train system, we can obtain the following equations: For shaft 1,
5,6, + b0, +T, =T, (5-63)

where 7,, is the torque developed by the motor and 7] is the load torque on gear 1 due to the rest
of the gear train. For shaft 2, - )
50, + b0, + T, =T, (5-64)

where 7, is the torque transmitted to gear 2 and 73 is the load torque on gear 3 due to the rest of
the gear train. Since the work done by gear 1 is equal to that of gear 2,
N,
1.0, = T,0, or T, =T —
M

If N;/N, < 1, the gear ratio reduces the speed as well as magnifies the torque. For shaft 3,

b + by + T, =T, (5-65)
where 7 is the load torque and 7} is the torque transmitted to gear 4. 75 and 7, are related by
T,=T. Ny
4 SN,
and 65 and 0, are related by
N N, N-:
0, = 0, > 3 — g N
N4 Nz N4

Eliminating 7}, T», T3, and T, from Equations (5-63), (5-64), and (5-65) yields
.o . Nl .. . Nl N3 .. .
L6, + b6, + E(JZGZ + by0,) + m(@% + bbs +T,) =T,

Eliminating 6, and 0; from this last equation and writing the resulting equation in terms of 6, and
its time derivatives, we obtain

() () (R

ﬂ“(%)b (%) (%)’9}9 (%)(Z)T—Tm (5-66)

Thus, the equivalent moment of inertia and viscous-friction coefficient of the gear train referred
to shaft 1 are given, respectively, by

_ N\? N3
Jigg = + ﬁz J, + Nz N, Ji
o (2o () (2

Similarly, the equivalent moment of inertia and viscous-friction coefficient of the gear train referred
to the load shaft (shaft 3) are given, respectively, by

N, N2 N, \?

J3eq J3 N ‘12 N, ﬁs Jl
= bs + 2 (2

b=t (5o () ()
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A-5-3.

Figure 5-52

(a) Closed-loop
system; (b) unit-step
response curve.
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The relationship between J;., and J54 is thus

o= () ()
leq — ]\,2 N4 3eq

= () (3
leq = ]\/v2 N4 3eq
The effect of J, and J; on an equivalent moment of inertia is determined by the gear ratios N, /N,
and N;/N,. For speed-reducing gear trains, the ratios, N; /N, and N; /N, are usually less than unity.
If N;/N, < land N;/N, < 1, then the effect of J, and J; on the equivalent moment of inertia J;.,
is negligible. Similar comments apply to the equivalent viscous-friction coefficient b4 of the gear

train. In terms of the equivalent moment of inertia J,., and equivalent viscous-friction coefficient
bieq» Equation (5-66) can be simplified to give

and that between b,y and b is

]1eq€'1 + bleqél +nT, =T,
where
" N,N,

n

When the system shown in Figure 5-52(a) is subjected to a unit-step input, the system output
responds as shown in Figure 5-52(b). Determine the values of K and T from the response curve.

Solution. The maximum overshoot of 25.4% corresponds to { = 0.4. From the response curve
we have

Consequently,

R(s) @ K C(s)
T \E s(Ts + 1)

(a)
c(f)
1 ﬁjA e —
0 3 Tt
(b)
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It follows that
w, = 1.14

From the block diagram we have

C(s) K
R(s) Ts>+s+ K

— IE 2{ 7l
wn T’ wn T

Therefore, the values of T and K are determined as

from which

1 1

e, 2x0ax114 0

T =

K = T = 114> X 1.09 = 1.42
A-5-4. Determine the values of K and k of the closed-loop system shown in Figure 5-53 so that the maximum
overshoot in unit-step response is 25% and the peak time is 2 sec. Assume that J/ = 1 kg-m*
Solution. The closed-loop transfer function is

C(s) _ K
R(s) Js*+ Kks + K

By substituting / = 1 kg-m? into this last equation, we have

C(s) K

R(s) s>+ Kks + K
Note that in this problem
w, = VK, 2w, = Kk
The maximum overshoot M, is

M, = <™V -

which is specified as 25%. Hence

e NI = 0225

from which

R(s) C(s)

R~ & ol >

Figure 5-53
Closed-loop system.
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or
¢ = 0.404

The peak time ¢, is specified as 2 sec. And so

or
w,; = 1.57

Then the undamped natural frequency w,, is

w, = -
V1= V1-0408

Therefore, we obtain
K = w2 =1.72* = 295 N-m

2w, 2X0404 X 1.72

k="% 2.95

= 0.471 sec

A-5-5. Figure 5-54(a) shows a mechanical vibratory system. When 2 1b of force (step input) is applied to
the system, the mass oscillates, as shown in Figure 5-54(b). Determine m, b, and k of the system
from this response curve. The displacement x is measured from the equilibrium position.

Solution. The transfer function of this system is
X(s) 1

P(s) ms®+ bs + k

Since

we obtain

X(s) = s(ms®> + bs + k)

It follows that the steady-state value of x is

x(o0) = _li_r)r(l]sX(s) = % =0.1ft

k x(t) A
’_ P(2-1b force)

m - ),_4).0095 fi
0.1

Lo
Figure 5-54 b E| B |
(a) Mechanical B !
vibratory system; L | | | [
(b) step-response 77 0 1 2 3 4 5 t
curve. (a) (b)
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A-5-6.

Hence
k = 20 Iby/ft

Note that M, = 9.5% corresponds to { = 0.6. The peak time t, is given by

T T T
f ==

7wy w0, V1 - 22 - 0.8w,

The experimental curve shows that z, = 2 sec. Therefore,

3.14
9= 08 1.96 rad/sec
Since w? = k/m = 20/m, we obtain
20 20
= 073, = 196 = 5.2slugs = 167 1b

(Note that 1 slug = 1 Ibr-sec?/ft.) Then b is determined from

b
2w, = —
m
or
b =2fwym =2 X 06X 196 X 52 = 122 Ib,/ft/sec

Consider the unit-step response of the second-order system

C(s) w,

R(s) s+ 2w,s + o’

The amplitude of the exponentially damped sinusoid changes as a geometric series. At time
t =t,=m/w,;, the amplitude is equal to e /o After one oscillation, or at
t =t, + 27/w,; = 37/w,, the amplitude is equal to ¢ (/7 after another cycle of oscillation, the
amplitude is ¢ lo/@d57 The logarithm of the ratio of successive amplitudes is called the logarithmic
decrement. Determine the logarithmic decrement for this second-order system. Describe a method

for experimental determination of the damping ratio from the rate of decay of the oscillation.

Solution. Let us define the amplitude of the output oscillation at ¢ = ¢; to be x;, where
t;=t,+ (i — 1)T(T = period of oscillation). The amplitude ratio per one period of damped
oscillation is

Xq e’(a' Jwg)m

S — G I A
X e’(("/“’d):“f’

Thus, the logarithmic decrement 6 is

! X2 V1 -2
It is a function only of the damping ratio {. Thus, the damping ratio { can be determined by use
of the logarithmic. decrement.
In the experimental determination of the damping ratio ¢ from the rate of decay of the oscil-
lation, we measure the amplitude x; at ¢ = ¢, and amplitude x, att = ¢, + (n — 1)T. Note that
it is necessary to choose n large enough so that the ratio x; /x, is not near unity. Then

X1 — e(n*l)Z{'n-/\/lfg'z
x}’l
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Figure 5-55

Spring-mass-damper

system.
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A-5-8.

or

Hence

Jo T )]

In the system shown in Figure 5-55, the numerical values of m, b, and k are given as m = 1 kg,
b = 2 N-sec/m, and k = 100 N/m. The mass is displaced 0.05 m and released without initial ve-
locity. Find the frequency observed in the vibration. In addition, find the amplitude four cycles later.
The displacement x is measured from the equilibrium position.

Solution. The equation of motion for the system is
mX + bx + kx =0

Substituting the numerical values for m, b, and k into this equation gives
X +2x +100x =0

where the initial conditions are x(0) = 0.05 and x(0) = 0. From this last equation the undamped
natural frequency w, and the damping ratio ¢ are found to be

w, = 10, (=01
The frequency actually observed in the vibration is the damped natural frequency w,.
w; = 0, V1 — % =10V1 — 001 = 9.95 rad/sec

In the present analysis, x(0) is given as zero. Thus, solution x(#) can be written as

x(t) = x(O)e’g"’"’<coswdt +

IS )
————sinw,t
V1 -2
It follows that at t = nT,where T = 27/ w,,
x(nT) = x(0)e e
Consequently, the amplitude four cycles later becomes

x(4T) — x(o)e—{w,,4T — x(O)e‘<0‘1)(1°)(4)(°'6315)

0.05¢72%% = 0.05 X 0.07998 = 0.004 m

Obtain both analytically and computationally the unit-step response of tbe following higher-order
system:

C(s)  3s®+ 255 + 725 + 80
R(s)  s*+ 85 + 40s®> + 965 + 80

[Obtain the partial-fraction expansion of C(s) with MATLAB when R(s) is a unit-step function.]
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Solution. MATLAB Program 5-18 yields the unit-step response curve shown in Figure 5-56. It
also yields the partial-fraction expansion of C(s) as follows:

35 + 2552+ 725 + 80 1
Cs) = 3 2 N
s* + 8s” + 40s° + 965 + 80 s
—0.2813 — j0.1719 N —0.2813 + j0.1719
s+2—j4 s+2+j4
N —0.4375 —0.375 1
s+ 2 (s + 2)2 s
—0.5626(s + 2) (0.3438) X 4
(s+22+4  (s+2)P>+4

0.4375 0.375 1
- - +

s+2  (s+2)? s

MATLAB Program 5-18

Yo -=----- Unit-Step Response of C(s)/R(s) and Partial-Fraction Expansion of C(s) -------

num = [3 25 72 80];
den=1[1 8 40 96 80];
step(num,den);

v=1[0 3 0 1.2];axis(v), grid

% To obtain the partial-fraction expansion of C(s), enter commands

% numl =[3 25 72 80];
% denl =1[1 8 40 96 80 O0];
% [r,p,k] = residue(num1,den1)

numl = [25 72 80];
denl =1[1 8 40 96 80 O0];
[r,p,k] = residue(num1,den1)

=

-0.2813- 0.1719i
-0.2813+ 0.1719i
-0.4375
-0.3750
1.0000

p:

-2.0000+ 4.0000i
-2.0000- 4.0000i
-2.0000
-2.0000

0

k=
[l
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Figure 5-56

Unit-step response

curve.
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A-5-9.

Step Response
1.2 T T T T T

Amplitude

0 0.5 1 1.5 2 2.5 3
Time (sec)

Hence, the time response c(¢) can be given by

c(t) = —0.5626¢ % cos 4t + 0.3438¢ 7 sin 4t

— 0.4375¢7% — 0375te™ + 1

The fact that the response curve is an exponential curve superimposed by damped sinusoidal
curves can be seen from Figure 5-56.

When the closed-loop system involves a numerator dynamics, the unit-step response curve
may exhibit a large overshoot. Obtain the unit-step response of the following system with

MATLAB:

C(s)  10s+4
R(s) s>+ 4s+4

Obtain also the unit-ramp response with MATLAB.

Solution. MATLAB Program 5-19 produces the unit-step response as well as the unit-ramp
response of the system. The unit-step response curve and unit-ramp response curve, together with
the unit-ramp input, are shown in Figures 5-57(a) and (b), respectively.

Notice that the unit-step response curve exhibits over 215% of overshoot. The unit-ramp
response curve leads the input curve. These phenomena occurred because of the presence of a large
derivative term in the numerator.
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Unit-Step Response

MATLAB Program 5-19

num = [10 4];

den=1[1 4 4];
t=0:0.02:10;

y = step(num,den,t);
plot(t,y)

grid

title('Unit-Step Response')
xlabel('t (sec)")
ylabel('Output')

numl = [10 4];

den1 =1[1 4 4 0];

y1 = step(num1,dent,t);
plot(tt,'--',t,y1)

v=1[0 10 0 10]; axis(v);
grid

title('"Unit-Ramp Response')
xlabel('t (sec)")

ylabel('Unit-Ramp Input and Output')
text(6.1,5.0,'Unit-Ramp Input')

text(3.5,7.1,'Output’)

Unit-Ramp Response

2.5 10
9 L
8 L
H o
£ 7t utput
O -
E} =
g‘ :é« 5 \Unit-Ramp Input
© =
g 4t
<
~
‘é 3 L
5
2 L
1 L
0 1 1 1 1 1 1 1 0 2 1 1 1 1 1 1 1
0 1 2 3 4 5 6 9 10 o 1 2 4 s 6 7 8 10
t (sec) t (sec)
(a) (b)
Figure 5-57
(a) Unit-step response curve; (b) unit-ramp response curve plotted with unit-ramp input.
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A-5-10.

Consider a higher-order system defined by
C(s) 6.3223s% + 18s + 12.811

R(s) st + 657 + 11322357 + 185 + 12.811

Using MATLAB, plot the unit-step response curve of this system. Using MATLAB, obtain the rise
time, peak time, maximum overshoot, and settling time.

Solution. MATLAB Program 5-20 plots the unit-step response curve as well as giving the rise
time, peak time, maximum overshoot, and settling time. The unit-step response curve is shown in
Figure 5-58.

MATLAB Program 5-20

Y% ------- This program is to plot the unit-step response curve, as well as to
% find the rise time, peak time, maximum overshoot, and settling time.
% In this program the rise time is calculated as the time required for the
% response to rise from 10% to 90% of its final value. -------

num = [6.3223 18 12.811];
den=1[1 6 11.3223 18 12.811];
t=0:0.02:20;

ly,x,t] = step(num,den,t);

plot(t,y)

grid

title('Unit-Step Response')
xlabel('t (sec)")

ylabel('Output y(t)")

r1 =1; while y(r1) < 0.1, r1 = r1+1; end;
r2 =1; while y(r2) < 0.9, r2 = r2+1; end;
rise_time = (r2-r1)*0. 02

rise_time =
0.5800

[ymax,tp] = max(y);
peak_time = (tp-1)*0.02

peak_time =

1.6600
max_overshoot = ymax-1
max_overshoot =

0.6182

s =1001; while y(s) > 0.98 & y(s) < 1.02; s =s-1; end;
settling_time = (s-1)*0.02

settling_time =

10.0200
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Figure 5-58

Unit-step response

curve.

Output y(7)

Unit-Step Response

1.2 Fy

0.8

0.6

0.2 rf

t (sec)

A-5-11. Consider the closed-loop system defined by

C(s) ,

R(s) §* + 2lw,s + o>

20

Using a “for loop,” write a MATLAB program to obtain unit-step response of this system for the
following four cases:

Case 1:

Case 2:

Case 3:

Case 4:

Solution. Define w? = a and 2{w, = b.Then, a and b each have four elements as follows:

£ =03,
£ =05,
£ =07,
{ =08,

w, =1
w, =2
w, =4
w, =6

a=[1 4 16 36]

b=[06 2 56 96]
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Using vectors a and b, MATLAB Program 5-21 will produce the unit-step response curves as
shown in Figure 5-59.

MATLAB Program 5-21

b=1[0.6 2 5.6 9.6];

t=0:0.1:8;
y = zeros(81,4);
fori=1:4;

num = [a(i)];

den =[1 b(i) a()];

y(:,i) = step(num,den,t);

end
plot(t,y(:,1),'0',t,y(;,2),'x" t,y(:,3),'-'  t,y(:,4),'-.")
grid
title('Unit-Step Response Curves for Four Cases')
xlabel('t Sec')
ylabel('Outputs')

gtext('1")
gtext('2")
gtext('3")
gtext('4")
Unit-Step Response Curves for Four Cases
1.4 T T T T T T T
o0o Oo 1

1.2-":'rxxx; 0971—7'70006 i

x ) 0. : :

oo 2 °ooo

o 08 [ if 1.0 .
E ! °
& ! o
= ! o
S 062 .
i * o
! ‘0
0.4 Fif -5 .
i o
i« O
0.2 fif--o0 .
i1*s
Figure 5_59 0 “xoo L L L 1 1 1 1
Unit-step response 0 1 2 3 4 5 6 7 8
curves for four cases. t Sec
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A-5-12.

Using MATLAB, obtain the unit-ramp response of the closed-loop control system whose closed-
loop transfer function is

C(s) s+ 10
R(s) s+ 652+ 9s+ 10

Also, obtain the response of this system when the input is given by

p o= e 05t

Solution. MATLAB Program 5-22 produces the unit-ramp response and the response to the
exponential input 7 = e . The resulting response curves are shown in Figures 5-60(a) and (b),
respectively.

MATLAB Program 5-22

Yo --------- Unit-Ramp Response ---------
num = [T 10];

den=1[1 6 9 10];

t=0:0.1:10;

r=t;

y = Isim(num,den,r,t);

plot(t,r,'-',t,y,'0")

grid

title('Unit-Ramp Response by Use of Command "lsim"")
xlabel('t Sec')

ylabel('Output')

text(3.2,6.5,'Unit-Ramp Input')

text(6.0,3.1,'Output’)

num=[0 0 1 10];

den=1[1 6 9 10];

t=0:0.1:12;

r1 = exp(-0.5*1);

y1 = Isim(num,den,r1,1);
plot(t,r1,'-'t,y1,'0")

grid

title('Response to Input r1 = exp(-0.51)")
xlabel('t Sec')

ylabel('Input and Output')
text(1.4,0.75,'Input r1 = exp(-0.5t)")
text(6.2,0.34,'Output’)
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Unit-Ramp Response by Use of Command “Isim”
10 T T T T T T T T T

Unit-Ramp Input

Output
W

3L RS . .......Output

t Sec

(@

Response to Input r| = e 05t
1 T T T T T

Input and Output

Figure 5-60
(a) Unit-ramp
response curve;

(b) response to

exponential input
— ,05¢

rp=e

A-5-13. Obtain the response of the closed-loop system defined by

when the input r(#) is given by

r(t) =2+t
[The input r(¢) is a step input of magnitude 2 plus unit-ramp input.]
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Figure 5-61
Response to input
r(t) =2+t

A-5-14.

Figure 5-62
Control system.

Solution. A possible MATLAB program is shown in MATLAB Program 5-23. The resulting
response curve, together with a plot of the input function, is shown in Figure 5-61.

2+t

Output ¢(¢) and Input r(f)

MATLAB Program 5-23

num = [5];
den=1[1 1 5];
t=0:0.05:10;
r=2+t;

¢ = Isim(num,den,r,t);

plot(t,r,'-',t,c,'0")

grid

title('Response to Input r(t) = 2 + t')
xlabel('t Sec")

ylabel('Output c(t) and Input r(t) = 2 + t')

Response to Input #(f) =2 + ¢

[The input r(¢) is the unit-acceleration input.]

R(s) 2 C(s)
s(s +1)

Example Problems and Solutions
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Figure 5-63
Response to unit-
acceleration input.

A-5-15.

248

Solution. The closed-loop transfer function is

R(s) s*+s+2

MATLAB Program 5-24 produces the unit-acceleration response. The resulting response, together
with the unit-acceleration input, is shown in Figure 5-63.

MATLAB Program 5-24

num = [2];

den=1[1 1 2];

t=0:0.2:10;

r=0.5*"2;

y = Isim(num,den,rt);
plot(t,r,'-',t,y,'0",t,y,"-")

grid

title('Unit-Acceleration Response')
xlabel('t Sec")

ylabel('Input and Output')
text(2.1,27.5,'Unit-Acceleration Input')
text(7.2,7.5,'Output')

Unit-Acceleration Response

Input and Output
(38
W

Consider the system defined by

R(s) s*+2s+1
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where { =0, 0.2, 04, 0.6, 0.8,and 1.0. Write a MATLAB program using a “for loop” to
obtain the two-dimensional and three-dimensional plots of the system output. The input is the
unit-step function.

Solution. MATLAB Program 5-25 is a possible program to obtain two-dimensional and three-
dimensional plots. Figure 5-64(a) is the two-dimensional plot of the unit-step response curves for
various values of {. Figure 5-64(b) is the three-dimensional plot obtained by use of the command
“mesh(y)” and Figure 5-64(c) is obtained by use of the command “mesh(y’)”. (These two
three-dimensional plots are basically the same. The only difference is that x axis and y axis are in-
terchanged.)

MATLAB Program 5-25

t=0:0.2:12;
forn = 1:6;
num = [1];

den=1[1 2*(n-1)*0.2 1];
[y(1:61,n),x,t] = step(num,den,t);
end

plot(t,y)

grid

title('"Unit-Step Response Curves')

xlabel('t Sec')

ylabel('Outputs')

gtext("\zeta = 0"),

gtext('0.2")

(
(
gtext(
(
(

% To draw a three-dimensional plot, enter the following command: mesh(y) or mesh(y").
% We shall show two three-dimensional plots, one using “mesh(y)” and the other using
% "mesh(y")". These two plots are the same, except that the x axis and y axis are

% interchanged.

mesh(y)

title('Three-Dimensional Plot of Unit-Step Response Curves using Command "mesh(y)")
xlabel('n, where n =1,2,3,4,5,6")

ylabel('Computation Time Points')

zlabel('Outputs')

mesh(y")

title('Three-Dimensional Plot of Unit-Step Response Curves using Command "mesh(y transpose)"')
xlabel('Computation Time Points')

ylabel('n, where n =1,2,3,4,5,6"

zlabel('Outputs')
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Figure 5-64

(a) Two-dimensional
plot of unit-step
response curves;

(b) three-dimensional
plot of unit-step
response curves
using command
“mesh(y)”;

(c) three-dimensional
plot of unit-step
response curves
using command
“mesh(y’)”.

Three-Dimensional Plot of Unit-Step Response Curves using Command “mesh(y)”

Outputs

Computation Time Points

A-5-16.

250

Unit-Step Response Curves
2 T T T T T
=0
1.8 : R

1.6

T

o

)
H

1.4 : p

1.2 p

Outputs

0.8

0.6

0.4

0.2

10 12

Three-Dimensional Plot of Unit-Step Response Curves using Command “mesh(y transpose)”

Outputs

n,wheren=1,2,3,4,5,6

n,wheren=1,2,3,4,5,6 Computation Time Points

(b) (c)

Consider the system subjected to the initial condition as given below.

X4 0 1 0 Xy x1(0) 2
X, | = 0 0 1 x5 |, x»0) =] 1
s —10 -17 -8 || xs 5(0) 0.5
X1
y=1[10 0] x,
X3

(There is no input or forcing function in this system.) Obtain the response y(t) versus t to the
given initial condition by use of Equations (5-58) and (5-60).
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Figure 5-65

Response y(t) to
the given initial

condition.

A-5-17.

Solution. A possible MATLAB program based on Equations (5-58) and (5-60) is given by MAT-
LAB program 5-26. The response curve obtained here is shown in Figure 5-65. (Notice that this
problem was solved by use of the command “initial” in Example 5-16. The response curve obtained
here is exactly the same as that shown in Figure 5-34.)

MATLAB Program 5-26

t=0:0.05:10;
A=[010,001;-10-17 -8];

B =1(2;1,0.5];

C=[100];

ly,x 1] = step(A,B,C*A,C*B,1,0);
plot(t,y)

grid;

title('Response to Initial Condition')
xlabel('t (sec)")

ylabel('Output y')

Response to Initial Condition
2.5 T T T T T T T T T

t (sec)

Consider the following characteristic equation:
S K+ +s+1=0
Determine the range of K for stability.

Solution. The Routh array of coefficients is

st 1 11
53 K 1 0
K -1

2
1
s K
KZ
1 1_
s K—1
50 1
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A-5-18.

For stability, we require that

K >0
K_1>0

2
1_K—1>0

From the first and second conditions, K must be greater than 1. For K > 1, notice that the term
1 — [K?/(K — 1)]is always negative, since

K-1-K> -1+K(1-K)
= <0
K-1 K—-1
Thus, the three conditions cannot be fulfilled simultaneously. Therefore, there is no value of K that
allows stability of the system.

Consider the characteristic equation given by
aps" + a;s" M+ ays" 4+ a, s +a,=0 (5-67)

The Hurwitz stability criterion, given next, gives conditions for all the roots to have negative real
parts in terms of the coefficients of the polynomial. As stated in the discussions of Routh’s stability
criterion in Section 5-6, for all the roots to have negative real parts, all the coefficients a’s must
be positive. This is a necessary condition but not a sufficient condition. If this condition is not sat-
isfied, it indicates that some of the roots have positive real parts or are imaginary or zero. A suf-
ficient condition for all the roots to have negative real parts is given in the following Hurwitz
stability criterion: If all the coefficients of the polynomial are positive, arrange these coefficients
in the following determinant:

a, az; as - 0 0 0
ay, a, a,
0 a a; a, 0 0
A, =10 ay a, - a,, O 0
a,, a, 0O
ap—3 Ay 0
o 0 0 - a,4 a,, a,

where we substituted zero for a; if s > n. For all the roots to have negative real parts, it is neces-
sary and sufficient that successive principal minors of A, be positive. The successive principal
minors are the following determinants:

ap az "t Ao
Ay Ay 0y

A =10 a - ay; (i=12,....,n—1)
0O 0 - a;

where a; = 0if s > n. (It is noted that some of the conditions for the lower-order determinants
are included in the conditions for the higher-order determinants.) If all these determinants are
positive, and a, > 0 as already assumed, the equilibrium state of the system whose characteristic
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A-5-19.

equation is given by Equation (5-67) is asymptotically stable. Note that exact values of determi-
nants are not needed; instead, only signs of these determinants are needed for the stability criterion.
Now consider the following characteristic equation:

ags* + a;s* + a8’ + azs +a, =0
Obtain the conditions for stability using the Hurwitz stability criterion.

Solution. The conditions for stability are that all the a’s be positive and that

ap as

AZZ =a1a2—a0a3>0
a4y
a as 0

As=lay, a, ay
a; as

0
al(a2a3 - a1a4) - aoag
as(aya, — agas) — ata, > 0

It is clear that, if all the a’s are positive and if the condition A; > 0 is satisfied, the condition
A, > 0is also satisfied. Therefore, for all the roots of the given characteristic equation to have neg-
ative real parts, it is necessary and sufficient that all the coefficients a’s are positive and A; > 0.

Show that the first column of the Routh array of

"+ oas" +as" P+ +a, s +a,=0

is given by
A A A,
15 A1 s 727 73’ ey
A4, Ay
where
a 1 0 0 - 0
as a a; 1 0
ds a, az a, . O
A, = , (n=r=1)
ay_y - - - - a

a, =0 ifk >n

Solution. The Routh array of coefficients has the form

1 a ay, as - a,
a as das

by b, b

G G
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The first term in the first column of the Routh array is 1. The next term in the first column is a,,
which is equal to A;. The next term is b;, which is equal to

a,a, — aj A,
ay A

The next term in the first column is ¢, which is equal to

a|a, — as a|ay — ds
- |az — ay| —————
biaz — a,b a

bl aa, — as
a;

aaas — a% - a%a4 + a,as

a,a — as

A,
A,

In a similar manner the remaining terms in the first column of the Routh array can be found.
The Routh array has the property that the last nonzero terms of any columns are the same;
that is, if the array is given by
apg da, dag dg
ay a3 ds g

by b, by
¢ G G
dy d,
)

fi

81

then
a7 =G =6 =48
and if the array is given by

ay d, dg dag
a; das das 0

by b, by
¢ ¢ 0
dy d,

e, O

fi

then
ag = by =d, = f

In any case, the last term of the first column is equal to a,,, or

a = Anflan _ An
n -
An*l An*l
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For example, if n = 4, then

a1 0 0] Jag 1 0 0

as a, da 1 as a, da 1

Ay = = = Azay
as a, a; a 0 a4y a; a
a; ag ds day 0 0 0 ay,

Thus it has been shown that the first column of the Routh array is given by

NN S
s 1> A19 A27 ) An71

A-5-20. Show that the Routh’s stability criterion and Hurwitz stability criterion are equivalent.

Solution. If we write Hurwitz determinants in the triangular form

*
an

an

0 a;;

where the elements below the diagonal line are all zeros and the elements above the diagonal
line any numbers, then the Hurwitz conditions for asymptotic stability become

Ai:ullazz"'aﬁ>0, (121,2,,}1)

which are equivalent to the conditions

a;; >0, a, >0, . a,, >0
We shall show that these conditions are equivalent to
a, > 0, b, > 0, ¢ >0,
where ay, by, cy,..., are the elements of the first column in the Routh array.

Consider, for example, the following Hurwitz determinant, which corresponds to i = 4:

a az as day

ap a, da, ag

A4 =
0 a, asz das
0 ag a4, dau

The determinant is unchanged if we subtract from the ith row k times the jth row. By subtracting
from the second row a, /a; times the first row, we obtain

ap a4z as

0 Ay Ay 4y

0 a a3 as

0 ay a ay

Example Problems and Solutions 255



256

where

apy = ay
ay
ayp = 4y — — 4z
a;
ay
Gz = a4y — 45
a
[
Gy = dg — —— 47
a;

apy as  as  ap
0 Qdy Ay Ay
0 a a; as

0 0 dys Gy

where
o [
g3 = ay — 43
a;
~ ay
gy = Ay — 45
ap

Next, subtracting from the third row g, /a,, times the second row yields

where

ay  as

a3y = ds —

as
ans
asz

a4

aq

ay
ax

a;

—ay
axn

a

(G2
34
o

Finally, subtracting from the last row a,;/as; times the third row yields

where

ap as
10 ay
B (O]

0 0
Ay = Ay

as ay
Az Ay
dsz Az
0 Q4s
ay3
- T ax
asz
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A-5-21.

From this analysis, we see that
Ay = ananayay
Ay = apaynas;
A, = apay
Ay =ay
The Hurwitz conditions for asymptotic stability
A, >0, A, >0, Ay >0, Ay >0,
reduce to the conditions
a; >0, a, >0, as; > 0, ay >0,
The Routh array for the polynomial
aps* + a;8° + a,s* + azs +a, =0

where a, > 0 and n = 4,is given by

ag ap Ay
ap aj
by b,
S
d;
From this Routh array, we see that
apy = a
ap = a, — —az = b,
a;
_ a, _ asb; — a\b, _
a3 = daz — axy = b =0
ax 1
Ay

Qg = Q44 — — A3 = a4 = d;
as3

(The last equation is obtained using the fact that as, = 0, 444 = a4, and a, = b, = d,.) Hence the
Hurwitz conditions for asymptotic stability become

a1>0, b1>0, C1>0, d1>0

Thus we have demonstrated that Hurwitz conditions for asymptotic stability can be reduced to
Routh’s conditions for asymptotic stability. The same argument can be extended to Hurwitz
determinants of any order, and the equivalence of Routh’s stability criterion and Hurwitz stabil-
ity criterion can be established.

Consider the characteristic equation

s+ 288+ (4+ K)s?+95+25=0
Using the Hurwitz stability criterion, determine the range of K for stability.
Solution. Comparing the given characteristic equation

s+ 2+ (4 + K)sP+ 95 +25=0
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A-5-22.

Figure 5-66
Control system.
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with the following standard fourth-order characteristic equation:

aps* + a;s> + a,® + azs +a, =0
we find
a=1, a, =2, a,=4+ K,

a; =9, a; =125

The Hurwitz stability criterion states that A, is given by
a; das 0 0
ap a, dayu 0

0 a; as 0
0 ay a, dau

For all the roots to have negative real parts, it is necessary and sufficient that succesive principal
minors of A, be positive. The successive principal minors are

A =ay =2
2
T e P =2k -1
ay, a, 1 4+ K

a; aj 0 2 9 0
As=lay a, ay) =11 4+ K 25
0 a; as 0 2 9

= 18K — 109

For all principal minors to be positive, we require that A;(i = 1, 2, 3) be positive. Thus, we require
2K -1>0
18K — 109 > 0
from which we obtain the region of K for stability to be

109
K>—
18
Explain why the proportional control of a plant that does not possess an integrating property
(which means that the plant transfer function does not include the factor 1/s) suffers offset in
response to step inputs.

Solution. Consider, for example, the system shown in Figure 5-66. At steady state, if ¢ were equal
to a nonzero constant r, then e = 0 and u = Ke = 0, resulting in ¢ = 0, which contradicts the
assumption that ¢ = r = nonzero constant.

A nonzero offset must exist for proper operation of such a control system. In other words, at
steady state, if e were equal to r/(1 + K), then u = Kr/(1 + K) and ¢ = Kr/(1 + K), which
results in the assumed error signal e = r/(1 + K).Thus the offset of /(1 + K) must exist in such
a system.

Ts+1
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A-5-23.

Figure 5-67
Block diagram of a
speed control system.

Figure 5-68

Block diagram of the
speed control system
of Figure 5-67 when
0O.(s) = 0.

The block diagram of Figure 5-67 shows a speed control system in which the output member of
the system is subject to a torque disturbance. In the diagram, (2,.(s), £2(s), T(s), and D(s) are the
Laplace transforms of the reference speed, output speed, driving torque, and disturbance torque,
respectively. In the absence of a disturbance torque, the output speed is equal to the reference
speed.

D(s)

£2:(s) Els) T(s) (s)

Investigate the response of this system to a unit-step disturbance torque. Assume that the
reference input is zero, or £2,(s) = 0.

Solution. Figure 5-68 is a modified block diagram convenient for the present analysis. The closed-
loop transfer function is

Op(s) 1
D(s) Js+K

where (2;(s) is the Laplace transform of the output speed due to the disturbance torque. For a unit-
step disturbance torque, the steady-state output velocity is

wp(00) = }%SQD(S)

. s 1
= lim —

s=>0Js + K s
_1

K

From this analysis, we conclude that, if a step disturbance torque is applied to the output
member of the system, an error speed will result so that the ensuing motor torque will exactly can-
cel the disturbance torque. To develop this motor torque, it is necessary that there be an error in
speed so that nonzero torque will result. (Discussions continue to Problem A-5-24.)

D(s) ) 2p(s)
—»@—» X >
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A-5-24.

Figure 5-69
Block diagram of a
speed control system.

260

In the system considered in Problem A-5-23, it is desired to eliminate as much as possible the
speed errors due to torque disturbances.

Is it possible to cancel the effect of a disturbance torque at steady state so that a constant
disturbance torque applied to the output member will cause no speed change at steady state?

Solution. Suppose that we choose a suitable controller whose transfer function is G.(s), as shown
in Figure 5-69. Then in the absence of the reference input the closed-loop transfer function
between the output velocity 2,(s) and the disturbance torque D(s) is

1
-QD(S) _ Js
Dlsy %Gc(s)
_ 1
~Js + GJ(s)

The steady-state output speed due to a unit-step disturbance torque is
wp(00) = }%SQD(S)

. s 1

=lim————

s=0Js + Gu(s) s

To satisfy the requirement that

Integral control action will continue to correct until the error is zero. This controller, however,
presents a stability problem, because the characteristic equation will have two imaginary roots.

One method of stabilizing such a system is to add a proportional mode to the controller or
choose

Gils) = K+ =
D(s)
£(s) E(s) I(s) l | £X(s)
GC(S) e @ F
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Figure 5-70

Block diagram of the
speed control system
of Figure 5-69 when
G.(s) =K, + (K/s)
and 2,(s) = 0.

A-5-25.

Figure 5-71

(a) Control system;
(b) control system
with input filter.

D(s) 1 Op(s)
> <+g_ > J-S‘ L

With this controller, the block diagram of Figure 5-69 in the absence of the reference input can
be modified to that of Figure 5-70. The closed-loop transfer function 2;(s)/D(s) becomes
2p(s) s

D(s) Js+ K,s+ K

For a unit-step disturbance torque, the steady-state output speed is

. 5 1
lim ——————
20 s+ Kys + K s

wp(o0) = gig(l)sﬂp(s) =

Thus, we see that the proportional-plus-integral controller eliminates speed error at steady state.

The use of integral control action has increased the order of the system by 1. (This tends to
produce an oscillatory response.)

In the present system, a step disturbance torque will cause a transient error in the output
speed, but the error will become zero at steady state. The integrator provides a nonzero output
with zero error. (The nonzero output of the integrator produces a motor torque that exactly
cancels the disturbance torque.)

Note that even if the system may have an integrator in the plant (such as an integrator in the
transfer function of the plant), this does not eliminate the steady-state error due to a step distur-
bance torque. To eliminate this, we must have an integrator before the point where the disturbance
torque enters.

Consider the system shown in Figure 5-71(a). The steady-state error to a unit-ramp input is
e, = 2{/w,.Show that the steady-state error for following a ramp input may be eliminated if the
input is introduced to the system through a proportional-plus-derivative filter, as shown in Figure
5-71(b), and the value of k is properly set. Note that the error e(¢) is given by () — ¢(¢).

Solution. The closed-loop transfer function of the system shown in Figure 5-71(b) is

C(s)  (1+ ks)w?

R(s) s*+ 2w,s + o

Then

2+ 2w,s — wf,ks)
5?4+ 2w,s + o

R(s) — C(s) = (

" . R(s) " o)
5Gs + 24y |1k C%i) s(s + 24w,)

(a) (b)
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A-5-26.

If the input is a unit ramp, then the steady-state error is
e(o0) = r(c0) = ¢(o0)

) (sz + 2fw,s — wiks) 1
= 1ums )

s—0 $*+ 2w,s + @2 ) s
2w, — w’k
o
Therefore, if k is chosen as
2
k=2
[0

then the steady-state error for following a ramp input can be made equal to zero. Note that, if there
are any variations in the values of { and/or w, due to environmental changes or aging, then a
nonzero steady-state error for a ramp response may result.

Consider the stable unity-feedback control system with feedforward transfer function G(s).
Suppose that the closed-loop transfer function can be written

C(s) G(s) (T,s + 1)(Tys + 1) (T,s + 1)

R(s) B 1+ G(s) B (Tls + 1)(T2s + 1)"'(Tns n 1) (m=n)

Show that

/ e)dt=(Ty+ T, +-+T,) —(T,+ T, ++T,)
0

where e(t) = r(t) — ¢(¢) is the error in the unit-step response. Show also that

1 1
E_W_(Tl+T2+”.+Tn)_(Ta+Tb+“.+Tm)

Solution. Let us define

(Tas + 1)(T,,s + 1)~-~(Tms + 1) = P(s)

and
(Tys + 1)(Tos + 1)+ (T,s + 1) = O(s)

Then

C(s) _ P(s)

R(s)  Q(s)
and

_0O(s) — P(s)

E() == g0 RO)
For a unit-step input, R(s) = 1/s and
_0(s) — P(s)
FO = 00)
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Since the system is stable, f0°°e(t) dt converges to a constant value. Noting that

> . E(s)
/0 e(t)dt = lim s A }%E(s)
we have
> . QO(s) — P(s)
z e(t)dt = }13% 7sQ(s)
Q) -~ P()
2 0(s) +50'5)
= 1im[Q'(s) = P/(s)]
Since
!EI(I)P'(S) =T, +T,+--+T,
imQ(s) =T, + T+ + T,
we have

/ e(tydt = (T, + T + -+ T,) = (T, + T, + - + T,,)
0

For a unit-step input r(¢), since

et = tim ) = iy R =t

we have
1 1

1 : 11 1
N

— :(Tl+T2+"'+Tn)_(71:+Tb+"'+Tm)

K, lim sG(s)

Note that zeros in the left half-plane (that is, positive T, T, ...

, T,,) will improve K,. Poles close

to the origin cause low velocity-error constants unless there are zeros nearby.

PROBLEMS

B-5-1. A thermometer requires 1 min to indicate 98% of
the response to a step input. Assuming the thermometer to
be a first-order system, find the time constant.

If the thermometer is placed in a bath, the temperature
of which is changing linearly at a rate of 10°/min, how much
error does the thermometer show?

B-5-2. Consider the unit-step response of a unity-feedback
control system whose open-loop transfer function is

1

Gls) = s(s + 1)

Problems

Obtain the rise time, peak time, maximum overshoot, and
settling time.

B-5-3. Consider the closed-loop system given by

C(s) w,
s+ 2w,s + o>

Determine the values of { and w, so that the system
responds to a step input with approximately 5% overshoot
and with a settling time of 2 sec. (Use the 2% criterion.)
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B-5-4. Consider the system shown in Figure 5-72.The sys-  Assume that a record of a damped oscillation is available
tem is initially at rest. Suppose that the cart is set into mo-  as shown in Figure 5-73. Determine the damping ratio { of
tion by an impulsive force whose strength is unity. Canit be the system from the graph.

stopped by another such impulsive force?

! N
Impulsive k
fgg)e I m AN
QL
AN
Figure 5-72
Mechanical system. Figure 5-73

Decaying oscillation.

B-5-5. Obtain the unit-impulse response and the unit-
step response of a unity-feedback system whose open-loop

O B-5-7. Consider the system shown in Figure 5-74(a). The
transfer function is

damping ratio of this system is 0.158 and the undamped nat-

26 + 1 ural frequency is 3.16 rad/sec. To improve the relative sta-
G(s) = 2 bility, we employ tachometer feedback. Figure 5-74(b) shows

s such a tachometer-feedback system.
B-5-6. An oscillatory system is known to have a transfer Determine the value of K, so that the damping ratio of
function of the following form: the system is 0.5. Draw unit-step response curves of both the
5 original and tachometer-feedback systems. Also draw the
(s) = @Wn error-versus-time curves for the unit-ramp response of both

s* 4+ 2lw,s + o systems.

R(s) _ @ 10 C(s)
s(s+1)

(a)

) B
K
(b)

Figure 5-74
(a) Control system; (b) control system with tachometer feedback.
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B-5-8. Referring to the system shown in Figure 5-75, de-
termine the values of K and k such that the system has a
damping ratio ¢ of 0.7 and an undamped natural frequency
w,, of 4 rad/sec.

B-5-9. Consider the system shown in Figure 5-76. Deter-
mine the value of k such that the damping ratio { is 0.5. Then
obtain the rise time ¢,, peak time ¢,, maximum overshoot
M, and settling time ¢, in the unit-step response.

B-5-10. Using MATLARB, obtain the unit-step response,
unit-ramp response, and unit-impulse response of the fol-
lowing system:

B-5-11. Using MATLAB, obtain the unit-step response,
unit-ramp response, and unit-impulse response of the fol-
lowing system:

HE R R
r=ooofy]

where u is the input and y is the output.

B-5-12. Obtain both analytically and computationally
the rise time, peak time, maximum overshoot, and settling

C(s) _ 10 time in the unit-step response of a closed-loop system
R(s) s*>+2s+10 given by
where R(s) and C(s) are Laplace transforms of the input C(s) _ 36
r(t) and output c¢(t), respectively. R(s) s>+ 2s+ 36
R(s) e" e" K L Cls)
&> &> s +2 s 4
k|-
Figure 5-75
Closed-loop system.
C(s)

R(s)
CI=ED s ;

Figure 5-76
Block diagram of a system.

Problems
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B-5-13. Figure 5-77 shows three systems. System I is a po-
sitional servo system. System II is a positional servo system
with PD control action. System III is a positional servo sys-
tem with velocity feedback. Compare the unit-step, unit-
impulse, and unit-ramp responses of the three systems.
Which system is best with respect to the speed of response
and maximum overshoot in the step response?

B-5-14. Consider the position control system shown in Fig-
ure 5-78. Write a MATLAB program to obtain a unit-step
response and a unit-ramp response of the system. Plot curves
x,(t) versus ¢, x,(t) versus ¢, x5(t) versus ¢, and e(t) versus ¢
[where e(t) = r(t) — x,(¢)] for both the unit-step response
and the unit-ramp response.

R(s) ; C(s)
5 -
s(5s+1)
System |
R(s) 1 Cu(s)
—»{:g J—p—1{ 5(1 + 0.85) -
s(5s+1)
System 11
R(s) <> <> 1 N 1 Cm(i)
&“ oé‘ > 55+ 1 s
0.8
System IIT

Figure 5-77

Positional servo system (System I), positional servo system with PD control
action (System II), and positional servo system with velocity feedback

(System III).

2 *2 1 *1

r e X3
~ @~ et
N

0.1s+1 K

Figure 5-78
Position control system.
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B-5-15. Using MATLAB, obtain the unit-step response
curve for the unity-feedback control system whose open-
loop transfer function is
10
G(s)=—F—""—F—=
) = G+ 2)6s + 4)
Using MATLAB, obtain also the rise time, peak time, max-

imum overshoot, and settling time in the unit-step response
curve.
B-5-16. Consider the closed-loop system defined by

C(s) 2fs + 1

R(s) s>+ 205+ 1

where { = 0.2,0.4,0.6,0.8,and 1.0. Using MATLAB, plot a
two-dimensional diagram of unit-impulse response curves.
Also plot a three-dimensional plot of the response curves.

B-5-17. Consider the second-order system defined by
C(s) s+ 1

R(s) s*+2is+1

where ¢ = 0.2, 0.4, 0.6, 0.8, 1.0. Plot a three-dimensional
diagram of the unit-step response curves.

B-5-18. Obtain the unit-ramp response of the system
defined by

HE B MENE
SN

where u is the unit-ramp input. Use the Isim command to
obtain the response.

R(s)

Figure 5-80

(a) Unstable satellite
attitude control system;
(b) stabilized system.

Problems

B-5-19. Consider the differential equation system given by
y(0) = 0.1, ¥(0) = 0.05

Using MATLAB, obtain the response y(¢), subject to the
given initial condition.

y+3y+2y=0,

B-5-20. Determine the range of K for stability of a unity-
feedback control system whose open-loop transfer function is

K
RS
B-5-21. Consider the following characteristic equation:
s 27+ (4 + K)sP+ 95 +25=0
Using the Routh stability criterion, determine the range of
K for stability.

B-5-22. Consider the closed-loop system shown in Figure 5-79.
Determine the range of K for stability. Assume that K > 0.

R(s)
——— K

1

Figure 5-79 Closed-loop system.

P Cs)

(s + 1)(s2 + 65 + 25)

B-5-23. Consider the satellite attitude control system
shown in Figure 5-80(a). The output of this system exhibits
continued oscillations and is not desirable. This system can
be stabilized by use of tachometer feedback, as shown in
Figure 5-80(b). If K/J = 4, what value of K, will yield the
damping ratio to be 0.6?

R(s) ) C(s)
@ i s >

(2

O~ 1
Ky |
(b)
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B-5-24. Consider the servo system with tachometer
feedback shown in Figure 5-81. Determine the ranges of
stability for K and Kj,. (Note that K;, must be positive.)

B-5-25. Consider the system

X = Ax
where matrix A is given by
0 1 0
A=|-b 0 1
O - bz - bl

(A is called Schwarz matrix.) Show that the first column of
the Routh’s array of the characteristic equation |sI — A| = 0
consists of 1, by, b,,and b, bs.

B-5-26. Consider a unity-feedback control system with the
closed-loop transfer function

C(s)  Ks+b

R(s) s*+as+b

Determine the open-loop transfer function G(s).
Show that the steady-state error in the unit-ramp
response is given by

B-5-27. Consider a unity-feedback control system whose
open-loop transfer function is

K
G(s) s(Js + B)
Discuss the effects that varying the values of K and B has
on the steady-state error in unit-ramp response. Sketch
typical unit-ramp response curves for a small value,
medium value, and large value of K, assuming that B is
constant.

B-5-28. If the feedforward path of a control system
contains at least one integrating element, then the output
continues to change as long as an error is present. The out-
put stops when the error is precisely zero. If an external dis-
turbance enters the system, it is desirable to have an
integrating element between the error-measuring element
and the point where the disturbance enters, so that the ef-
fect of the external disturbance may be made zero at steady
state.

Show that, if the disturbance is a ramp function, then
the steady-state error due to this ramp disturbance may be

o = 1 _a- K eliminated only if two integrators precede the point where
® K, b the disturbance enters.
R (D 20 «
VaSma e I GG v g
K, |
Figure 5-81

Servo system with tachometer feedback.
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Control Systems Analysis
and Design by the
Root-Locus Method

6-1 INTRODUCTION

The basic characteristic of the transient response of a closed-loop system is closely
related to the location of the closed-loop poles. If the system has a variable loop gain,
then the location of the closed-loop poles depends on the value of the loop gain chosen.
It is important, therefore, that the designer know how the closed-loop poles move in
the s plane as the loop gain is varied.

From the design viewpoint, in some systems simple gain adjustment may move the
closed-loop poles to desired locations. Then the design problem may become the selec-
tion of an appropriate gain value. If the gain adjustment alone does not yield a desired
result, addition of a compensator to the system will become necessary. (This subject is
discussed in detail in Sections 6-6 through 6-9.)

The closed-loop poles are the roots of the characteristic equation. Finding the roots
of the characteristic equation of degree higher than 3 is laborious and will need computer
solution. (MATLAB provides a simple solution to this problem.) However, just finding
the roots of the characteristic equation may be of limited value, because as the gain of
the open-loop transfer function varies, the characteristic equation changes and the
computations must be repeated.

A simple method for finding the roots of the characteristic equation has been
developed by W. R. Evans and used extensively in control engineering. This method,
called the root-locus method, is one in which the roots of the characteristic equation
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are plotted for all values of a system parameter. The roots corresponding to a par-
ticular value of this parameter can then be located on the resulting graph. Note that
the parameter is usually the gain, but any other variable of the open-loop transfer
function may be used. Unless otherwise stated, we shall assume that the gain of the
open-loop transfer function is the parameter to be varied through all values, from zero
to infinity.

By using the root-locus method the designer can predict the effects on the location
of the closed-loop poles of varying the gain value or adding open-loop poles and/or
open-loop zeros. Therefore, it is desired that the designer have a good understanding of
the method for generating the root loci of the closed-loop system, both by hand and by
use of a computer software program like MATLAB.

In designing a linear control system, we find that the root-locus method proves to be
quite useful, since it indicates the manner in which the open-loop poles and zeros should
be modified so that the response meets system performance specifications. This method
is particularly suited to obtaining approximate results very quickly.

Because generating the root loci by use of MATLAB is very simple, one may think
sketching the root loci by hand is a waste of time and effort. However, experience in
sketching the root loci by hand is invaluable for interpreting computer-generated root
loci, as well as for getting a rough idea of the root loci very quickly.

Outline of the Chapter. The outline of the chapter is as follows: Section 6-1 has
presented an introduction to the root-locus method. Section 6-2 details the concepts
underlying the root-locus method and presents the general procedure for sketching root
loci using illustrative examples. Section 6-3 discusses generating root-locus plots with
MATLAB. Section 64 treats a special case when the closed-loop system has positive
feedback. Section 65 presents general aspects of the root-locus approach to the design
of closed-loop systems. Section 6-6 discusses the control systems design by lead com-
pensation. Section 6-7 treats the lag compensation technique. Section 6-8 deals with
the lag-lead compensation technique. Finally, Section 6-9 discusses the parallel com-
pensation technique.

6-2 ROOT-LOCUS PLOTS

Figure 6-1
Control system.

270

Angle and Magnitude Conditions. Consider the negative feedback system shown
in Figure 6-1. The closed-loop transfer function is

C(s) G(s)

= 6-1
R(s) 1+ G(s)H(s) 6-1)
R(s) o) C(s)
N >
H(s) [~
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The characteristic equation for this closed-loop system is obtained by setting the
denominator of the right-hand side of Equation (6-1) equal to zero. That is,

1+ G(s)H(s) =0
or
G(s)H(s) = —1 (6-2)

Here we assume that G(s)H (s) is a ratio of polynomials in s. [It is noted that we
can extend the analysis to the case when G(s)H (s) involves the transport lag e 7%.]
Since G(s)H (s) is a complex quantity, Equation (6-2) can be split into two equations
by equating the angles and magnitudes of both sides, respectively, to obtain the
following:

Angle condition:

/G(s)H(s) = £180°(2k + 1) (k=0,1,2,...) (6-3)
Magnitude condition:

G(s)H (s)] =1 (6-4)

The values of s that fulfill both the angle and magnitude conditions are the roots of
the characteristic equation, or the closed-loop poles. A locus of the points in the
complex plane satisfying the angle condition alone is the root locus. The roots of
the characteristic equation (the closed-loop poles) corresponding to a given value
of the gain can be determined from the magnitude condition. The details of applying
the angle and magnitude conditions to obtain the closed-loop poles are presented
later in this section.

In many cases, G(s)H (s) involves a gain parameter K, and the characteristic equa-
tion may be written as

K(s + zl)(s + zz)---(s + zm)
(s + pl)(s + pz)---(s + pn)

=0

Then the root loci for the system are the loci of the closed-loop poles as the gain K is
varied from zero to infinity.

Note that to begin sketching the root loci of a system by the root-locus method we
must know the location of the poles and zeros of G(s)H (s). Remember that the angles
of the complex quantities originating from the open-loop poles and open-loop zeros to
the test point s are measured in the counterclockwise direction. For example, if G(s)H (s)
is given by

K(s + zl)

COHE) = 6+ o) + 2 + 1)
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Figure 6-2

(a) and (b) Diagrams
showing angle
measurements from
open-loop poles and
open-loop zero to
test point s.
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Test point
s

(@ (b)

where —p, and —p; are complex-conjugate poles, then the angle of G(s)H (s) is
G(s)H(s) = ¢y — 0, — 6, — 63 — 0,

where ¢, 6, 0,, 65, and 0, are measured counterclockwise as shown in Figures 6-2(a)
and (b). The magnitude of G(s)H (s) for this system is

KB,
GWH) = 4
where A, A,, Az, A4, and B, are the magnitudes of the complex quantities s + p;,
s+ py,s + p3s, s + py,and s + z;, respectively, as shown in Figure 6-2(a).

Note that, because the open-loop complex-conjugate poles and complex-conjugate
zeros, if any, are always located symmetrically about the real axis, the root loci are always
symmetrical with respect to this axis. Therefore, we only need to construct the upper half
of the root loci and draw the mirror image of the upper half in the lower-half s plane.

llustrative Examples. In what follows, two illustrative examples for constructing
root-locus plots will be presented. Although computer approaches to the construction
of the root loci are easily available, here we shall use graphical computation, combined
with inspection, to determine the root loci upon which the roots of the characteristic
equation of the closed-loop system must lie. Such a graphical approach will enhance
understanding of how the closed-loop poles move in the complex plane as the open-
loop poles and zeros are moved. Although we employ only simple systems for illustrative
purposes, the procedure for finding the root loci is no more complicated for higher-
order systems.

Because graphical measurements of angles and magnitudes are involved in the analy-
sis, we find it necessary to use the same divisions on the abscissa as on the ordinate axis
when sketching the root locus on graph paper.
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EXAMPLE 6-1

Figure 6-3
Control system.

Consider the negative feedback system shown in Figure 6-3. (We assume that the value of gain
K is nonnegative.) For this system,

K

ey

H(s) =1

Let us sketch the root-locus plot and then determine the value of K such that the damping ratio
{ of a pair of dominant complex-conjugate closed-loop poles is 0.5.
For the given system, the angle condition becomes

K
[G(s) = s(s + 1)(s +2)
=—/s—[s+1—[s+2
= £180°(2k + 1) (k=0,1,2,...)

The magnitude condition is

G(s)| =

Kk
s(s + 1)(s +2)
A typical procedure for sketching the root-locus plot is as follows:

1. Determine the root loci on the real axis. The first step in constructing a root-locus plot is to
locate the open-loop poles,s = 0,s = —1,and s = —2, in the complex plane. (There are no open-
loop zeros in this system.) The locations of the open-loop poles are indicated by crosses. (The lo-
cations of the open-loop zeros in this book will be indicated by small circles.) Note that the starting
points of the root loci (the points corresponding to K = 0) are open-loop poles. The number of
individual root loci for this system is three, which is the same as the number of open-loop poles.

To determine the root loci on the real axis, we select a test point, s. If the test point is on the
positive real axis, then

[s=[s+1=/s+2=0°

This shows that the angle condition cannot be satisfied. Hence, there is no root locus on the positive
real axis. Next, select a test point on the negative real axis between 0 and —1. Then

/s = 180°, [s+1=[s+2=0°

Thus
—Q—{s—k — /s +2=-180°

and the angle condition is satisfied. Therefore, the portion of the negative real axis between 0 and
—1 forms a portion of the root locus. If a test point is selected between —1 and —2, then

/s = /s +1=180° /s +2=0°

and

—/s— /s +1~—[s+2=-360°

R(s) K C(s)
'@ T sGs+ 1) (s+2) o

T
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It can be seen that the angle condition is not satisfied. Therefore, the negative real axis from —1
to —2 is not a part of the root locus. Similarly, if a test point is located on the negative real axis from
—2 to —oo, the angle condition is satisfied. Thus, root loci exist on the negative real axis between
0 and —1 and between —2 and —occ.

2. Determine the asymptotes of the root loci. The asymptotes of the root loci as s approaches
infinity can be determined as follows: If a test point s is selected very far from the origin, then

K K
li = lim—————— = lim —
Jim G(s) = lim s(s + (s +2) Do ¢

and the angle condition becomes

—3/s = +180°(2k + 1)  (k=0,1,2,...)
or

+£180°(2k + 1)

Angles of asymptotes = 3

(k=0,1,2,...)

Since the angle repeats itself as k is varied, the distinct angles for the asymptotes are determined
as 60°, —60°, and 180°. Thus, there are three asymptotes. The one having the angle of 180° is the
negative real axis.

Before we can draw these asymptotes in the complex plane, we must find the point where
they intersect the real axis. Since

K

G6) = S+ )+ 2)

if a test point is located very far from the origin, then G(s) may be written as

K
G -
(s) 54 352 4 -

For large values of s, this last equation may be approximated by

K

G(S) = m (6-5)

A root-locus diagram of G(s) given by Equation (6-5) consists of three straight lines. This can be
seen as follows: The equation of the root locus is

/ﬁ = +180°(2k + 1)

—3/s + 1 =+180°(2k + 1)

or

which can be written as

/s + 1 =460°(2k + 1)
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Figure 6—4
Three asymptotes.

By substituting s = o + jw into this last equation, we obtain

[o + jo + 1 =460°(2k + 1)

or
tan —2— = 60°,  —60°, 0°
o+1
Taking the tangent of both sides of this last equation,
®
=V3, V3, 0
o+1
which can be written as
w w
+1-—F=0, +1+—=0, =0
7 V3 7 V3 @

These three equations represent three straight lines, as shown in Figure 6-—4.The three straight lines
shown are the asymptotes. They meet at point s = —1. Thus, the abscissa of the intersection of
the asymptotes and the real axis is obtained by setting the denominator of the right-hand side
of Equation (6-5) equal to zero and solving for s. The asymptotes are almost parts of the root loci
in regions very far from the origin.

3. Determine the breakaway point. To plot root loci accurately, we must find the breakaway
point, where the root-locus branches originating from the poles at 0 and —1 break away (as K is
increased) from the real axis and move into the complex plane. The breakaway point corresponds
to a point in the s plane where multiple roots of the characteristic equation occur.

A simple method for finding the breakaway point is available. We shall present this method
in the following: Let us write the characteristic equation as

f(s) = B(s) + KA(s) =0 (6-6)

o+l1-42 =0
V3 \
w=0
-1 0 o
o+l+ £ =0
Ay
-3
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where A(s) and B(s) do not contain K. Note that f(s) = 0 has multiple roots at points where

df(s)

ds

This can be seen as follows: Suppose that f(s) has multiple roots of order r, where r = 2. Then f (s)
may be written as

fls) = (s = s)(s =) (s = s,)
Now we differentiate this equation with respect to s and evaluate df(s)/ds at s = s,. Then we get

df(s)
ds |s=,,

-0 (6-7)

This means that multiple roots of f(s) will satisfy Equation (6-7). From Equation (6-6), we
obtain

dgj) = B(s) + KA'(s) = 0 (6-8)
where
dA dB
Als) = diS)’ Bls) = dES)

The particular value of K that will yield multiple roots of the characteristic equation is obtained
from Equation (6-8) as

or
B(s)A'(s) — B'(s)A(s) = 0 (6-9)

If Equation (6-9) is solved for s, the points where multiple roots occur can be obtained. On the
other hand, from Equation (6-6) we obtain

and
dK _ B'(s)A(s) — B(s)A'(s)

ds A(s)

If dK /ds is set equal to zero, we get the same equation as Equation (6-9). Therefore, the break-
away points can be simply determined from the roots of

dK
— =0
ds
It should be noted that not all the solutions of Equation (6-9) or of dK /ds = 0 correspond to
actual breakaway points. If a point at which dK /ds = 01is on a root locus, it is an actual breakaway

or break-in point. Stated differently, if at a point at which dK /ds = 0 the value of K takes a real
positive value, then that point is an actual breakaway or break-in point.
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For the present example, the characteristic equation G(s) + 1 = 01is given by

K

i+ 170

or
K = —(s* + 35 + 25)

By setting dK /ds = 0, we obtain

dK
g=—(3s2+6s+2)20
or
s = —0.4226, s = —1.5774
Since the breakaway point must lie on a root locus between 0 and —1, it is clear that s = —0.4226
corresponds to the actual breakaway point. Point s = —1.5774 is not on the root locus. Hence, this

point is not an actual breakaway or break-in point. In fact, evaluation of the values of K corre-
sponding to s = —0.4226 and s = —1.5774 yields

K = 0.3849, for s = —0.4226
K = —0.3849, fors = —1.5774

4. Determine the points where the root loci cross the imaginary axis. These points can be found
by use of Routh’s stability criterion as follows: Since the characteristic equation for the present
system is

$+32+2s+ K=0

the Routh array becomes

3 1 2

s? 3 K
. 6 - K

s 3

0 K

The value of K that makes the s' term in the first column equal zero is K = 6. The crossing points
on the imaginary axis can then be found by solving the auxiliary equation obtained from the s*
row; that is,
32+ K =32+6=0
which yields
s =+jV2

The frequencies at the crossing points on the imaginary axis are thus @ = +V/2. The gain value
corresponding to the crossing points is K = 6.

An alternative approach is to let s = jw in the characteristic equation, equate both the real
part and the imaginary part to zero, and then solve for w and K. For the present system, the char-
acteristic equation, with s = jw, is

(jo)* + 3(jw)* + 2(jw) + K =0
(K —30?) + j20 — @®) =0

Equating both the real and imaginary parts of this last equation to zero, respectively, we obtain

K — 30 =0, 20 — 0 =0
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Figure 6-5
Construction of root
locus.

Figure 6-6
Root-locus plot.
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Jjo \
s+ 1 H 1
s+2 —/
0
VAL \
-2 -1 0 o
——

from which
w=+V2, K=6 or w =0, K=0
Thus, root loci cross the imaginary axis at = +V/2, and the value of K at the crossing points is 6.

Also, a root-locus branch on the real axis touches the imaginary axis at w = 0.The value of K is
zero at this point.

5. Choose a test point in the broad neighborhood of the jw axis and the origin, as shown in
Figure 6-5, and apply the angle condition. If a test point is on the root loci, then the sum of the
three angles, 8; + 6, + 65, must be 180°. If the test point does not satisfy the angle condition,
select another test point until it satisfies the condition. (The sum of the angles at the test point will
indicate the direction in which the test point should be moved.) Continue this process and locate
a sufficient number of points satisfying the angle condition.

6. Draw the root loci, based on the information obtained in the foregoing steps, as shown in

Figure 6-6.
Jo
Vi
\ s

- j2

\ '«— K=6

K =1.0383 60/\\ /1
6 l ~— K=1.0383
P / A |

A\
A

<
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EXAMPLE 6-2

Figure 6-7
Control system.

7. Determine a pair of dominant complex-conjugate closed-loop poles such that the damping
ratio { is 0.5. Closed-loop poles with ¢ = 0.5 lie on lines passing through the origin and making
the angles +cos ™' = +cos10.5 = +£60° with the negative real axis. From Figure 6-6, such closed-
loop poles having { = 0.5 are obtained as follows:

s; = —0.3337 + j0.5780, s, = —0.3337 — j0.5780

The value of K that yields such poles is found from the magnitude condition as follows:

K = s(s + 1)(s + 2)|s=—03337+j0.5780

= 1.0383

Using this value of K, the third pole is found at s = —2.3326.

Note that, from step 4, it can be seen that for K = 6 the dominant closed-loop poles lie on the
imaginary axis at s = +jV/2. With this value of K, the system will exhibit sustained oscillations.
For K > 6, the dominant closed-loop poles lie in the right-half s plane, resulting in an unstable
system.

Finally, note that, if necessary, the root loci can be easily graduated in terms of K by use of the
magnitude condition. We simply pick out a point on a root locus, measure the magnitudes of the
three complex quantities s, s + 1,and s + 2, and multiply these magnitudes; the product is equal
to the gain value K at that point, or

Is| < |s +1|-]s +2] =K
Graduation of the root loci can be done easily by use of MATLAB. (See Section 6-3.)

In this example, we shall sketch the root-locus plot of a system with complex-conjugate open-
loop poles. Consider the negative feedback system shown in Figure 6-7. For this system,

K(s +2)
2+ 25 +3°

G(s) = H(s) =1

where K = 0.1t is seen that G(s) has a pair of complex-conjugate poles at
s=—1+jV2, s=-1-jV2

A typical procedure for sketching the root-locus plot is as follows:

1. Determine the root loci on the real axis. For any test point s on the real axis, the sum of the
angular contributions of the complex-conjugate poles is 360°, as shown in Figure 6-8. Thus the net
effect of the complex-conjugate poles is zero on the real axis. The location of the root locus on the
real axis is determined from the open-loop zero on the negative real axis. A simple test reveals that
a section of the negative real axis, that between —2 and —oo, is a part of the root locus. It is noted
that, since this locus lies between two zeros (at s = —2 and s = —00), it is actually a part of two
root loci, each of which starts from one of the two complex-conjugate poles. In other words, two
root loci break in the part of the negative real axis between —2 and —oo.

R(s) Ks+2) C(s)
s2+25+3 ”

Section 6-2 / Root-Locus Plots 279



v/ 2

Test :JZ -1 0 70'
oint
Figure 6-8 P b2 -
- —jy2

Determination of the
root locus on the real
axis.

Since there are two open-loop poles and one zero, there is one asymptote, which coincides with
the negative real axis.

2. Determine the angle of departure from the complex-conjugate open-loop poles. The pres-
ence of a pair of complex-conjugate open-loop poles requires the determination of the angle of
departure from these poles. Knowledge of this angle is important, since the root locus near a com-
plex pole yields information as to whether the locus originating from the complex pole migrates
toward the real axis or extends toward the asymptote.

Referring to Figure 6-9, if we choose a test point and move it in the very vicinity of the com-
plex open-loop pole at s = —p;, we find that the sum of the angular contributions from the pole
ats = p, and zero at s = —z, to the test point can be considered remaining the same. If the test
point is to be on the root locus, then the sum of ¢}, —6;, and —65 must be +180°(2k + 1), where
k =0,1,2,.... Thus, in the example,

#r — (0, + 05) = £180°(2k + 1)
or
0, = 180° — 0, + ¢, = 180° — 6, + &,
The angle of departure is then
0, = 180° — 0, + ¢, = 180° — 90° + 55° = 145°

jw\

0,

—P1

-z1 ( 0 o4

Figure 6-9
Determination of the
angle of departure.
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Figure 6-10
Root-locus plot.

Since the root locus is symmetric about the real axis, the angle of departure from the pole at
s = —p,is —145°.

3. Determine the break-in point. A break-in point exists where a pair of root-locus branches
coalesces as K is increased. For this problem, the break-in point can be found as follows: Since

K:_s2+2s+3
s+ 2

we have
dK (25 + 2)(s +2) — (s> + 25 + 3)
ds (s +2)?

which gives
sS2+45+1=0
or
s = —=3.7320 or s = —0.2680

Notice that point s = —3.7320 is on the root locus. Hence this point is an actual break-in point.
(Note that at point s = —3.7320 the corresponding gain value is K = 5.4641.) Since point
s = —0.2680 is not on the root locus, it cannot be a break-in point. (For point s = —0.2680, the cor-
responding gain value is K = —1.4641.)

4. Sketch a root-locus plot, based on the information obtained in the foregoing steps. To
determine accurate root loci, several points must be found by trial and error between the break-
in point and the complex open-loop poles. (To facilitate sketching the root-locus plot, we should
find the direction in which the test point should be moved by mentally summing up the changes
on the angles of the poles and zeros.) Figure 6-10 shows a complete root-locus plot for the system
considered.

fw
{=0.7 line 1
)
145° /
| | S 1 !
4 -3 2 -1 0 1 o
-]
L2
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The value of the gain K at any point on root locus can be found by applying the magnitude
condition or by use of MATLAB (see Section 6-3). For example, the value of K at which the
complex-conjugate closed-loop poles have the damping ratio { = 0.7 can be found by locating the
roots, as shown in Figure 6-10, and computing the value of K as follows:

(s +1—jV2)(s + 1+ jV2)
s+ 2 5=—1.67+j1.70

Or use MATLAB to find the value of K. (See Section 6-4.)

It is noted that in this system the root locus in the complex plane is a part of a circle. Such a
circular root locus will not occur in most systems. Circular root loci may occur in systems that in-
volve two poles and one zero, two poles and two zeros, or one pole and two zeros. Even in such
systems, whether circular root loci occur depends on the locations of poles and zeros involved.

To show the occurrence of a circular root locus in the present system, we need to derive the
equation for the root locus. For the present system, the angle condition is

[s+2—[s+1—=jV2—[s+1+jV2==+180°(2k + 1)

=134

If s = o + jw is substituted into this last equation, we obtain

g+ 2+jo— Jo+1+jo—jV2—Jo+1+jo+jV2==+180°(2k + 1)

which can be written as

- +
tan’1<%2> - tan’1<w7+\1ﬁ> - tanfl<w7+\f> = +180°(2k + 1)
ag g ag

or

tan_l<w_7\ﬁ> + tan‘l<M> = tan_l(%) + 180°(2k + 1)
g

o+ 1 o+ 1
Taking tangents of both sides of this last equation using the relationship

tanx =+ tany

+y)= — 7 -1
tan(x & ) 1 ¥ tanxtany (6-10)
we obtain
- V2 + V2
tan[tan*(g) + tanfl<g>] = tan[tan%(L) + 180°(2k + 1)]
o+1 o+1 o+ 2
or
o—-V2 o+ V2 w
+ —— =0
o+ 1 o+ 1 o+ 2
1_<w—\/§><w+\/§> LF-° %o
o+ 1 o+ 1 o+2
which can be simplified to
20(c + 1) o

(c+1)P2—(0?—2) o+2
or

ow[(c+2+e*—-3]=0

This last equation is equivalent to

w=0 or (0c+27+=(V3)
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These two equations are the equations for the root loci for the present system. Notice that the first
equation, w = 0, is the equation for the real axis. The real axis from s = —2 to s = —oo corre-
sponds to a root locus for K = 0.The remaining part of the real axis corresponds to a root locus
when K is negative. (In the present system, K is nonnegative.) (Note that K < 0 corresponds to
the positive-feedback case.) The second equation for the root locus is an equation of a circle with
center at ¢ = —2, @ = 0 and the radius equal to V3. That part of the circle to the left of the
complex-conjugate poles corresponds to a root locus for K = 0. The remaining part of the circle
corresponds to a root locus when K is negative.

It is important to note that easily interpretable equations for the root locus can be derived for
simple systems only. For complicated systems having many poles and zeros, any attempt to derive
equations for the root loci is discouraged. Such derived equations are very complicated and their
configuration in the complex plane is difficult to visualize.

Figure 6-11
Control system.

General Rules for Constructing Root Loci.  For a complicated system with many
open-loop poles and zeros, constructing a root-locus plot may seem complicated, but
actually it is not difficult if the rules for constructing the root loci are applied. By locat-
ing particular points and asymptotes and by computing angles of departure from com-
plex poles and angles of arrival at complex zeros, we can construct the general form of
the root loci without difficulty.

We shall now summarize the general rules and procedure for constructing the root
loci of the negative feedback control system shown in Figure 6-11.

First, obtain the characteristic equation

1+ G(s)H(s) =0

Then rearrange this equation so that the parameter of interest appears as the multiply-
ing factor in the form

K(s + z))(s + z2) (s + z,)
(s + p)(s + po) (s + p)

In the present discussions, we assume that the parameter of interest is the gain K, where
K > 0. (If K < 0, which corresponds to the positive-feedback case, the angle condi-
tion must be modified. See Section 6-4.) Note, however, that the method is still appli-
cable to systems with parameters of interest other than gain. (See Section 6-6.)

—0 (6-11)

1. Locate the poles and zeros of G(s)H (s) on the s plane. The root-locus branches start
from open-loop poles and terminate at zeros (finite zeros or zeros at infinity). From the
factored form of the open-loop transfer function, locate the open-loop poles and zeros
in the s plane. [Note that the open-loop zeros are the zeros of G(s)H (s), while the
closed-loop zeros consist of the zeros of G(s) and the poles of H(s). ]

R(s) C(s)
G(s) -

H(s) [~
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Note that the root loci are symmetrical about the real axis of the s plane, because the
complex poles and complex zeros occur only in conjugate pairs.

A root-locus plot will have just as many branches as there are roots of the character-
istic equation. Since the number of open-loop poles generally exceeds that of zeros, the
number of branches equals that of poles. If the number of closed-loop poles is the same
as the number of open-loop poles, then the number of individual root-locus branches
terminating at finite open-loop zeros is equal to the number m of the open-loop zeros.
The remaining n — m branches terminate at infinity (n — m implicit zeros at infinity)
along asymptotes.

If we include poles and zeros at infinity, the number of open-loop poles is equal
to that of open-loop zeros. Hence we can always state that the root loci start at the
poles of G(s)H (s) and end at the zeros of G(s)H (s), as K increases from zero to in-
finity, where the poles and zeros include both those in the finite s plane and those at
infinity.

2. Determine the root loci on the real axis. Root loci on the real axis are determined
by open-loop poles and zeros lying on it. The complex-conjugate poles and complex-
conjugate zeros of the open-loop transfer function have no effect on the location of the
root loci on the real axis because the angle contribution of a pair of complex-conjugate
poles or complex-conjugate zeros is 360° on the real axis. Each portion of the root
locus on the real axis extends over a range from a pole or zero to another pole or zero.
In constructing the root loci on the real axis, choose a test point on it. If the total num-
ber of real poles and real zeros to the right of this test point is odd, then this point lies
on a root locus. If the open-loop poles and open-loop zeros are simple poles and sim-
ple zeros, then the root locus and its complement form alternate segments along the
real axis.

3. Determine the asymptotes of root loci. If the test point s is located far from the ori-
gin, then the angle of each complex quantity may be considered the same. One open-loop
zero and one open-loop pole then cancel the effects of the other. Therefore, the root
loci for very large values of s must be asymptotic to straight lines whose angles (slopes)
are given by

+180°(2k + 1)
Angles of asymptotes = S — (k=0,1,2,...)

where n = number of finite poles of G(s)H (s)

m = number of finite zeros of G(s)H (s)

Here, k£ = 0 corresponds to the asymptotes with the smallest angle with the real axis. Al-
though k assumes an infinite number of values, as k is increased the angle repeats itself,
and the number of distinct asymptotes is n — m.

All the asymptotes intersect at a point on the real axis. The point at which they do
so is obtained as follows: If both the numerator and denominator of the open-loop trans-
fer function are expanded, the result is

K[Sm 4 (Zl + 7+t Zm)sm—l 4o+ lez...zm}

"t (prt ot p)s"T e+ pipyp,

G(s)H(s) =
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If a test point is located very far from the origin, then by dividing the denominator by
the numerator, it is possible to write G(s)H (s) as

K

G(s)H(s) = S [(pr+ Pyt ) = (2 + 2o o+ z) ]+
or
K
G(S)H(S) = |: (P1 +p ot pn> _ (zl + .z, + -+ Zm)]"m (6—12)
s + —

The abscissa of the intersection of the asymptotes and the real axis is then obtained by
setting the denominator of the right-hand side of Equation (6-12) equal to zero and
solving for s, or
+ ++p) -\t + -+ 2z,
s:_(Pl P> P) (1 2 ) (6-13)

n—m

[Example 61 shows why Equation (6-13) gives the intersection.] Once this intersection
is determined, the asymptotes can be readily drawn in the complex plane.

It is important to note that the asymptotes show the behavior of the root loci for
|s| = 1. A root-locus branch may lie on one side of the corresponding asymptote or may
cross the corresponding asymptote from one side to the other side.

4. Find the breakaway and break-in points. Because of the conjugate symmetry of
the root loci, the breakaway points and break-in points either lie on the real axis or
occur in complex-conjugate pairs.

If a root locus lies between two adjacent open-loop poles on the real axis, then there
exists at least one breakaway point between the two poles. Similarly, if the root locus lies
between two adjacent zeros (one zero may be located at —oo) on the real axis, then there
always exists at least one break-in point between the two zeros. If the root locus lies be-
tween an open-loop pole and a zero (finite or infinite) on the real axis, then there may
exist no breakaway or break-in points or there may exist both breakaway and break-in
points.

Suppose that the characteristic equation is given by

B(s) + KA(s) = 0

The breakaway points and break-in points correspond to multiple roots of the charac-
teristic equation. Hence, as discussed in Example 6-1, the breakaway and break-in points
can be determined from the roots of

dK _ B'(s)A(s) = B(s)A'(s)

== ) =0 (6-14)

where the prime indicates differentiation with respect to s. It is important to note that
the breakaway points and break-in points must be the roots of Equation (6-14), but not
all roots of Equation (6-14) are breakaway or break-in points. If a real root of Equation
(6-14) lies on the root-locus portion of the real axis, then it is an actual breakaway or
break-in point. If a real root of Equation (6-14) is not on the root-locus portion of the
real axis, then this root corresponds to neither a breakaway point nor a break-in point.
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Figure 6-12
Construction of the
root locus. [Angle of
departure

= 180° —
(6, + 6,) + ¢.]
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If two roots s = s; and s = —s; of Equation (6-14) are a complex-conjugate pair and if
it is not certain whether they are on root loci, then it is necessary to check the corre-
sponding K value. If the value of K corresponding to aroot s = s, of dK/ds = 01is pos-
itive, point s = s, is an actual breakaway or break-in point. (Since K is assumed to be
nonnegative, if the value of K thus obtained is negative, or a complex quantity, then
point s = s, is neither a breakaway nor a break-in point.)

5. Determine the angle of departure (angle of arrival) of the root locus from a com-
plex pole (at a complex zero). To sketch the root loci with reasonable accuracy, we must
find the directions of the root loci near the complex poles and zeros. If a test point is cho-
sen and moved in the very vicinity of a complex pole (or complex zero), the sum of the
angular contributions from all other poles and zeros can be considered to remain the
same. Therefore, the angle of departure (or angle of arrival) of the root locus from a
complex pole (or at a complex zero) can be found by subtracting from 180° the sum of
all the angles of vectors from all other poles and zeros to the complex pole (or complex
zero) in question, with appropriate signs included.

Angle of departure from a complex pole = 180°
— (sum of the angles of vectors to a complex pole in question from other poles)
+ (sum of the angles of vectors to a complex pole in question from zeros)

Angle of arrival at a complex zero = 180°
— (sum of the angles of vectors to a complex zero in question from other zeros)
+ (sum of the angles of vectors to a complex zero in question from poles)

The angle of departure is shown in Figure 6-12.

6. Find the points where the root loci may cross the imaginary axis. The points where
the root loci intersect the jw axis can be found easily by (a) use of Routh’s stability cri-
terion or (b) letting s = jw in the characteristic equation, equating both the real part and
the imaginary part to zero, and solving for w and K. The values of w thus found give the
frequencies at which root loci cross the imaginary axis. The K value corresponding to
each crossing frequency gives the gain at the crossing point.

7. Taking a series of test points in the broad neighborhood of the origin of the s plane,
sketch the root loci. Determine the root loci in the broad neighborhood of the jw axis
and the origin. The most important part of the root loci is on neither the real axis nor
the asymptotes but is in the broad neighborhood of the jw axis and the origin. The shape

Jo |
\<_\Angle of
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N ¢ I~ 61
J \ Lol
0 o
~0,
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Figure 6-13
Root-locus plots.

of the root loci in this important region in the s plane must be obtained with reasonable
accuracy. (If accurate shape of the root loci is needed, MATLAB may be used rather than
hand calculations of the exact shape of the root loci.)

8. Determine closed-loop poles. A particular point on each root-locus branch will be
a closed-loop pole if the value of K at that point satisfies the magnitude condition. Con-
versely, the magnitude condition enables us to determine the value of the gain K at any
specific root location on the locus. (If necessary, the root loci may be graduated in terms
of K.The root loci are continuous with K.)

The value of K corresponding to any point s on a root locus can be obtained using
the magnitude condition, or

_ product of lengths between point s to poles

a product of lengths between point s to zeros

This value can be evaluated either graphically or analytically. (MATLAB can be used
for graduating the root loci with K. See Section 6-3.)

If the gain K of the open-loop transfer function is given in the problem, then by ap-
plying the magnitude condition, we can find the correct locations of the closed-loop
poles for a given K on each branch of the root loci by a trial-and-error approach or by
use of MATLAB, which will be presented in Section 6-3.

Comments on the Root-Locus Plots. It is noted that the characteristic equa-
tion of the negative feedback control system whose open-loop transfer function is
K(s" + bys"' + -+ b,)

Gs)H(s) = sS"Has" -+ a (n=m)

is an nth-degree algebraic equation in s. If the order of the numerator of G(s)H (s) is
lower than that of the denominator by two or more (which means that there are two or
more zeros at infinity), then the coefficient 4, is the negative sum of the roots of the
equation and is independent of K. In such a case, if some of the roots move on the locus
toward the left as K is increased, then the other roots must move toward the right as K
is increased. This information is helpful in finding the general shape of the root loci.

It is also noted that a slight change in the pole—zero configuration may cause signif-
icant changes in the root-locus configurations. Figure 6-13 demonstrates the fact that a
slight change in the location of a zero or pole will make the root-locus configuration
look quite different.
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Figure 6-14

(a) Control system
with velocity
feedback; (b) and
(c) modified block
diagrams.
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Cancellation of Poles of G(s) with Zeros of H(s). Itisimportant to note that
if the denominator of G(s) and the numerator of H () involve common factors, then the
corresponding open-loop poles and zeros will cancel each other, reducing the degree of
the characteristic equation by one or more. For example, consider the system shown in
Figure 6-14(a). (This system has velocity feedback.) By modifying the block diagram of
Figure 6-14(a) to that shown in Figure 6-14(b), it is clearly seen that G(s) and H(s)
have a common factor s + 1. The closed-loop transfer function C(s)/R(s) is

C(s) B K

R(s) s(s+1)(s+2)+ K(s+1)

The characteristic equation is
[s(s +2)+ K|(s+1)=0

Because of the cancellation of the terms (s + 1) appearing in G(s) and H(s), however,
we have

1+ G(s)H(s) =1+ _ K+l
s(s + 1)(s +2)
s(s +2) + K
N s(s +2)

The reduced characteristic equation is
s(s+2)+ K=0

The root-locus plot of G(s)H (s) does not show all the roots of the characteristic equa-
tion, only the roots of the reduced equation.

To obtain the complete set of closed-loop poles, we must add the canceled pole of
G(s)H(s) to those closed-loop poles obtained from the root-locus plot of G(s)H (s).
The important thing to remember is that the canceled pole of G(s)H (s) is a closed-loop
pole of the system, as seen from Figure 6-14(c).

R(s) C(s)

% % K 1
96‘ 96‘ G+D(+2) s

@

G(s)

R(s) K C(s) R(s) K C(s)
S+ D) (5+2) > '®->S(S+2) > 5+ 1 >

H(s)

(b) (c)

—_

©
+

s+ 1 |-
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Typical Pole-Zero Configurations and Corresponding Root Loci. In summa-
rizing, we show several open-loop pole—zero configurations and their corresponding
root loci in Table 6-1. The pattern of the root loci depends only on the relative separa-
tion of the open-loop poles and zeros. If the number of open-loop poles exceeds the
number of finite zeros by three or more, there is a value of the gain K beyond which root
loci enter the right-half s plane, and thus the system can become unstable. A stable sys-
tem must have all its closed-loop poles in the left-half s plane.

Table 6-1 Open-Loop Pole-Zero Configurations
and the Corresponding Root Loci
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Note that once we have some experience with the method, we can easily evaluate the
changes in the root loci due to the changes in the number and location of the open-loop
poles and zeros by visualizing the root-locus plots resulting from various pole—zero
configurations.

Summary. From the preceding discussions, it should be clear that it is possible to
sketch a reasonably accurate root-locus diagram for a given system by following simple
rules. (The reader should study the various root-locus diagrams shown in the solved
problems at the end of the chapter.) At preliminary design stages, we may not need the
precise locations of the closed-loop poles. Often their approximate locations are all that
is needed to make an estimate of system performance. Thus, it is important that the
designer have the capability of quickly sketching the root loci for a given system.

6-3 PLOTTING ROOT LOCI WITH MATLAB

290

In this section we present the MATLAB approach to the generation of root-locus plots
and finding relevant information from the root-locus plots.

Plotting Root Loci with MATLAB. In plotting root loci with MATLAB we
deal with the system equation given in the form of Equation (6-11), which may be
written as

1+ k™M _
den

where num is the numerator polynomial and den is the denominator polynomial.
That is,

num = (s

= g

den = (s + pl)(s + p2)~~~(s + pn)
=s"+(ptpptotp)s ot pipyp,

Note that both vectors num and den must be written in descending powers of s.
A MATLAB command commonly used for plotting root loci is

rlocus(num,den)

Using this command, the root-locus plot is drawn on the screen. The gain vector K is au-
tomatically determined. (The vector K contains all the gain values for which the closed-
loop poles are to be computed.)

For the systems defined in state space, rlocus(A,B,C,D) plots the root locus of the
system with the gain vector automatically determined.

Note that commands

rlocus(num,den,K) and rlocus(A,B,C,D,K)

use the user-supplied gain vector K.

Chapter 6 / Control Systems Analysis and Design by the Root-Locus Method



EXAMPLE 6-3

Figure 6-15
Control system.

If it is desired to plot the root loci with marks 'o' or 'x', it is necessary to use the fol-
lowing command:

r = rlocus(num,den)
plot(r,'o") or  plot(r,'x")

Plotting root loci using marks o or x is instructive, since each calculated closed-loop pole
is graphically shown; in some portion of the root loci those marks are densely placed and
in another portion of the root loci they are sparsely placed. MATLAB supplies its own set
of gain values used to calculate a root-locus plot. It does so by an internal adaptive step-
size routine. Also, MATLAB uses the automatic axis-scaling feature of the plot command.

Consider the system shown in Figure 6-15. Plot root loci with a square aspect ratio so that a line
with slope 1 is a true 45° line. Choose the region of root-locus plot to be

—-6=x=06, —-6=y=6

where x and y are the real-axis coordinate and imaginary-axis coordinate, respectively.
To set the given plot region on the screen to be square, enter the command

v=[-6 6 -6 6];axis (v); axis('square')

With this command, the region of the plot is as specified and a line with slope 1 is at a true 45°,
not skewed by the irregular shape of the screen.

For this problem, the denominator is given as a product of first- and second-order terms. So
we must multiply these terms to get a polynomial in s. The multiplication of these terms can be
done easily by use of the convolution command, as shown next.

Define

a=s(s+1): a=[1 1 0]
b=s>+4s+ 16: b=1[1 4 16]

Then we use the following command:
c =conv(a, b)

Note that conv(a, b) gives the product of two polynomials a and b. See the following computer output:

a=[11 0]
b=1[1 4 16];
c = conv (a,b)
C =
1520 16 0

The denominator polynomial is thus found to be

den=1[1 5 20 16 O]

K(s+3)
'@ | S+ )2 + 45+ 16) -

T
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To find the complex-conjugate open-loop poles (the roots of s* + 4s + 16 = 0), we may enter
the roots command as follows:

r = roots(b)
r =
—2.0000 + 3.464li

—2.0000 - 3.464li
Thus, the system has the following open-loop zero and open-loop poles:
Open-loop zero: s=-3
Open-loop poles: s=0, s=-1, s=-2% j3.4641

MATLAB Program 61 will plot the root-locus diagram for this system. The plot is shown in
Figure 6-16.

MATLAB Program 6-1

Yo --------- Root-locus plot ---------

num = [1 3];

den=[1 5 20 16 0];

rlocus(num,den)

v=1[6 6 -6 6];

axis(v); axis('square')

grid;

title ('Root-Locus Plot of G(s) = K(s + 3)/[s(s + 1)(s"2 + 4s + 16)]")

Note that in MATLAB Program 6-1, instead of
den=1[1 5 20 16 0]

we may enter
den=conv ([T 1 0], [1 4 16])

The results are the same.

Root-Locus Plot of G(s) = K(s + 3)/[s(s + 1)(s* + 4s + 16)]
6 T T T T

Imag Axis
[«)

|
\S]

Figure 6-16 [ S R S 2 s 6

Root-locus plot. Real Axis
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EXAMPLE 6-4

Figure 6-17
Root-locus plot.

Consider the negative feedback system whose open-loop transfer function G(s)H (s) is

K
G(s)H(s) =
s(s + 0.5)(s* + 0.6s + 10)
B K
s* + 1.1s° + 10.35% + 55
There are no open-loop zeros. Open-loop poles are located at s = —0.3 + j3.1480,

s = —0.3 — j3.1480,s = —0.5,and s = 0.
Entering MATLAB Program 6-2 into the computer, we obtain the root-locus plot shown in
Figure 6-17.

MATLAB Program 6-2

Yo --------- Root-locus plot ---------

num = [1];

den=1[1 1.1 10.3 5 0];

r = rlocus(num,den);

plot(r,'0")

v=[-6 6 -6 6];axis(v)

grid

title('"Root-Locus Plot of G(s) = K/[s(s + 0.5)(s"2 + 0.6s + 10)]")
xlabel('Real Axis'")

ylabel('Imag Axis')

Notice that in the regions near x = —0.3, y = 23 and x = —0.3, y = —2.3 two loci approach
each other. We may wonder if these two branches should touch or not. To explore this situation,
we may plot the root loci using smaller increments of K in the critical region.

Root-Locus Plot of G(s) = K/[s(s+0.5)(s2+0.6s+10)]
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Figure 6-18
Root-locus plot.

EXAMPLE 6-5

294

Root-Locus Plot of G(s) = K/[s(s+0.5)(s2+0.65+10)]

Imag Axis
o
g8
8

Real Axis

By a conventional trial-and-error approach or using the command rlocfind to be presented
later in this section, we find the particular region of interest to be 20 = K = 30. By entering
MATLAB Program 6-3, we obtain the root-locus plot shown in Figure 6-18. From this plot, it
is clear that the two branches that approach in the upper half-plane (or in the lower half-plane)
do not touch.

MATLAB Program 6-3

Yo --------- Root-locus plot ---------
num = [1];

den=1[1 1.1 10.3 5 0];

K1 =0:0.2:20;

K2 =20:0.1:30;

K3 =30:5:1000;

K=[K1 K2 K3J;
r = rlocus(num,den,K);

plot(r, 'o")
v=_[4 4 -4 4];axis(v)
grid

title('Root-Locus Plot of G(s) = K/[s(s + 0.5)(s"2 + 0.6s + 10)]")
xlabel('Real Axis')
ylabel('Imag Axis')

Consider the system shown in Figure 6-19. The system equations are

X = Ax + Bu
y=Cx + Du
u=r-—y
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Figure 6-19
Closed-loop control
system.

In this example problem we shall obtain the root-locus diagram of the system defined in state
space. As an example let us consider the case where matrices A, B, C,and D are

0 1 0 0
A= o o 1|, B=| 1 (6-15)
160 —56 —14 ~14
c=[1 0 0], D = [0]

The root-locus plot for this system can be obtained with MATLAB by use of the following
command:

rlocus(A,B,C,D)

This command will produce the same root-locus plot as can be obtained by use of the rlocus
(num,den) command, where num and den are obtained from

[num,den] = ss2tf(A,B,C,D)
as follows:
num=1[0 0 1 0]
den=[1 14 56 160]

MATLAB Program 64 is a program that will generate the root-locus plot as shown in Figure 6-20.

MATLAB Program 6-4

Yo =---m---- Root-locus plot ---------
A=[01 0,0 0 1;-160 -56 -14];
B =[0;1;-14];

C=1[1 0 0J;

D = [0];

K =0:0.1:400;

rlocus(A,B,C,D,K);

v=1[-20 20 -20 20]; axis(v)

grid

title('Root-Locus Plot of System Defined in State Space')
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Figure 6-20
Root-locus plot of
system defined in
state space, where A,
B, C,and D are as
given by Equation
(6-15).

Root-Locus Plot of System Defined in State Space
20 T
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Figure 6-21

(a) Complex poles;
(b) lines of constant
damping ratio {.
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Constant ¢ Loci and Constant w, Loci. Recall that in the complex plane the
damping ratio ¢ of a pair of complex-conjugate poles can be expressed in terms of the
angle ¢, which is measured from the negative real axis, as shown in Figure 6-21(a) with

{ = cos¢

In other words, lines of constant damping ratio { are radial lines passing through the
origin as shown in Figure 6-21(b). For example, a damping ratio of 0.5 requires that
the complex-conjugate poles lie on the lines drawn through the origin making angles
of £60° with the negative real axis. (If the real part of a pair of complex-conjugate
poles is positive, which means that the system is unstable, the corresponding ¢ is
negative.) The damping ratio determines the angular location of the poles, while the

Jjo | jw‘
0.2
~ 0.5
X—‘T‘ 0.7
T 0.8
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oy <0
(=09
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0 o 0 o
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Figure 6-22
Constant { lines and
constant w, circles.

distance of the pole from the origin is determined by the undamped natural frequen-
cy w,. The constant w,, loci are circles.

To draw constant ¢ lines and constant w,, circles on the root-locus diagram with
MATLAB, use the command sgrid.

Plotting Polar Grids in the Root-Locus Diagram. The command
sgrid

overlays lines of constant damping ratio ({ = 0 ~ 1 with 0.1 increment) and circles of
constant w, on the root-locus plot. See MATLAB Program 6-5 and the resulting diagram
shown in Figure 6-22.

MATLAB Program 6-5

sgrid

v =[-3 3 -3 3]; axis(v); axis(‘'square')

title('Constant \zeta Lines and Constant \omega_n Circles')
xlabel('Real Axis'")

ylabel('Imag Axis')

If only particular constant ¢ lines (such as the { = 0.5 line and ¢ = 0.707 line) and
particular constant w,, circles (such as the w, = 0.5 circle, w, = 1 circle, and w,, = 2 cir-
cle) are desired, use the following command:

sgrid([0.5, 0.707], [0.5, 1, 2])

If we wish to overlay lines of constant ¢ and circles of constant w, as given above to a
root-locus plot of a negative feedback system with

num=[0 0 0 1]
den=1[1 4 5 0]

Constant ¢ Lines and Constant w, Circles

P o6t 05 034016 : ' '
1 Foo4 |
é 0985
o O : 1
<
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o6t 05 031006 , ,
3 2 0 1 2 3

Real Axis

Section 6-3 / Plotting Root Loci with MATLAB 297



then enter MATLAB Program 6-6 into the computer. The resulting root-locus plot is
shown in Figure 6-23.

MATLAB Program 6-6

num = [1];
den=1[1 4 5 0];
K'=0:0.01:1000;

r = rlocus(num,den, K);

plot(r,'-"); v=[-3 1 -2 2]; axis(v); axis('square')
sgrid([0.5,0.707], [0.5,1,2])

grid

title('Root-Locus Plot with \zeta = 0.5 and 0.707 Lines and \omega_n = 0.5,1, and 2 Circles')
xlabel('Real Axis'); ylabel('Imag Axis")
gtext("\omega_n = 2')

gtext("\omega_n=1")

gtext("\omega_n = 0.5")

% Place 'x' mark at each of 3 open-loop poles.
gtext('x")

gtext('x")

gtext('x")

If we want to omit either the entire constant { lines or entire constant w, circles, we
may use empty brackets [ ] in the arguments of the sgrid command. For example, if we want
to overlay only the constant damping ratio line corresponding to { = 0.5 and no constant
w, circles on the root-locus plot, then we may use the command

sgrid(0.5, [])

Root-Locus Plot with = 0.5 and 0.707 Lines
and ®,=0.5, 1, and 2 Circles

2
0.5
15 F E
1 4
0.5 :
%0 ]
g
-0.5 :
-1 i
Figure 6-23 s b ]
Constant ¢ lines and
constant w, circles , : . P05 PN :
superimposed on a -3 25 2 -15 -1 05 o0 05 1
root-locus plot. Real Axis
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Figure 6-24
Control system.

Figure 6-25
Root-locus plot of
conditionally stable
system.

R(s) K(s2 + 25 +4) Ce)
S(s+4) (s+6)(s?+ 1.4s + 1)

Conditionally Stable Systems. Consider the negative feedback system shown
in Figure 6-24. We can plot the root loci for this system by applying the general rules and
procedure for constructing root loci, or use MATLAB to get root-locus plots. MAT-
LAB Program 6-7 will plot the root-locus diagram for the system. The plot is shown in

Figure 6-25.

MATLAB Program 6-7

num=[1 2 4];

den = conv(conv([T 4 0],[1 6]), [1 1.4 1]);
rlocus(num, den)

v=[-7 3 -5 5]; axis(v); axis('square')

grid

title('Root-Locus Plot of G(s) = K(sA2 + 2s + 4)/[s(s + 4)(s + 6)(s"2 + 1.4s + 1)]")
text(1.0, 0.55,'K = 12"

text(1.0,3.0,'K = 73")

text(1.0,4.15,'K = 154")

It can be seen from the root-locus plot of Figure 6-25 that this system is stable only
for limited ranges of the value of K—thatis,0 < K < 12and 73 < K < 154. The sys-
tem becomes unstable for 12 < K < 73 and 154 < K. (If K assumes a value corre-
sponding to unstable operation, the system may break down or may become nonlinear
due to a saturation nonlinearity that may exist.) Such a system is called conditionally

stable.

Root-Locus Plot of G(s) = K(s*+ 2s + 4)/[s(s + 4)(s + 6)(s* + 1.4s + 1)]
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In practice, conditionally stable systems are not desirable. Conditional stability is
dangerous but does occur in certain systems—in particular, a system that has an unsta-
ble feedforward path. Such an unstable feedforward path may occur if the system has a
minor loop. It is advisable to avoid such conditional stability since, if the gain drops be-
yond the critical value for any reason, the system becomes unstable. Note that the ad-
dition of a proper compensating network will eliminate conditional stability. [An addition
of a zero will cause the root loci to bend to the left. (See Section 6-5.) Hence condi-
tional stability may be eliminated by adding proper compensation.]

Nonminimum-Phase Systems. If all the poles and zeros of a system lie in the left-
half s plane, then the system is called minimum phase. If a system has at least one pole
or zero in the right-half s plane, then the system is called nonminimum phase. The term
nonminimum phase comes from the phase-shift characteristics of such a system when
subjected to sinusoidal inputs.

Consider the system shown in Figure 6-26(a). For this system
K(1 — T,s)
=—— T, > H(s) =1

(s s(Ts + 1) (7, > 0). (s)

This is a nonminimum-phase system, since there is one zero in the right-half s plane.
For this system, the angle condition becomes

K(T,s — 1)
B s(Ts + 1)
YL ULIE)
s(Ts + 1)
)

+180°(2k + 1 (k=0,1,2,...)

K(T,s — 1) o
[ s(Ts +1) -0 (6-16)

The root loci can be obtained from Equation (6-16). Figure 6-26(b) shows a root-locus
plot for this system. From the diagram, we see that the system is stable if the gain K is

G(s) =

or

less than 1/T,.
R(s) K(1 - T,s) C(S)‘ X K>
s(Ts+ 1) o
Figure 6-26
(a) Nonminimum- a
phase system;
(b) root-locus plot. (a) (b)
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Root-Locus Plot of G(s) = K(1 — 0.5s)/[s(s + 1)]

4
3 -
2 -
w 1 i
5
o O
<
£
—1F
2t
Figure 6-27 3t
Root-locus plot of
G(S:M. Ho 0 1 2 3 4 s e
s(s +1) Real Axis

To obtain a root-locus plot with MATLAB, enter the numerator and denominator
as usual. For example, if T = 1 sec and 7, = 0.5 sec, enter the following num and den
in the program:

num = [-0.5 1]
den=1[1 1 0]

MATLAB Program 6-8 gives the plot of the root loci shown in Figure 6-27.

MATLAB Program 6-8

num = [-0.5 1];
den=1[1 1 0];
k1 =0:0.01:30;
k2 =30:1:100;
K3 = 100:5:500;
= [kl k2 k3I;

rlocus(num,den,K)

v=1[-2 6 -4 4]; axis(v); axis('square')

grid

title('Root-Locus Plot of G(s) = K(1 - 0.5s)/[s(s + 1)]")
% Place 'x' mark at each of 2 open-loop poles.

% Place 'o' mark at open-loop zero.

gtext('x")

gtext('x")

gtext('o")

Orthogonality of Root Loci and Constant-Gain Loci. Consider the negative
feedback system whose open-loop transfer function is G(s)H (s). In the G(s)H () plane,
the loci of |G (s)H ( )\ = constant are circles centered at the origin, and the loci corre-
sponding to /G(s) = +180°(2k + 1) (k = 0,1,2,...) lic on the negative real axis
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Figure 6-28

Plots of constant-
gain and constant-
phase loci in the

Im

e

G(s) H(s) Plane

N

\

N\

Im
G(s) H(s) Plane
/G(s) H(s)
=+180° 2k + 1)
0 Re

G(s)H (s) plane. |G(s) H(s)| = constant
of the G(s)H (s) plane, as shown in Figure 6-28. [Note that the complex plane employed
here is not the s plane, but the G(s)H (s) plane.]
The root loci and constant-gain loci in the s plane are conformal mappings of the loci
of /G(s)H(s) = £180°(2k + 1) and of |G(s)H (s)| = constant in the G(s)H (s) plane.
Since the constant-phase and constant-gain loci in the G(s)H (s) plane are orthog-
onal, the root loci and constant-gain loci in the s plane are orthogonal. Figure 6-29(a)
shows the root loci and constant-gain loci for the following system:
G(s) K(s +2) Hs) = 1
s) = ——"-""— s s) =
2+ 25+ 3
Jjo | Jjo
P g
4 \ 4
/ _ A eT T T T -~ J
/ K=1 \ o /\\
,/ / 0 N \\ // \\\ K=10
BN S i k=03 [
I\\ \\\\\\\4/} ;4* K=2 \«l // K=03 ¢ f/: 0.3 \\\
] ! I NN R
-6 | _4%‘ 0 2 4 16 o v 2 a7\ Jo 1) 2 e
i / s \} i / \ /)
;\ C\ = */72 / \\\ = 1 ///
\\\\ K=1 - 4 ’ [ - -2
\\\ /// \
R -
(a) (b)
Figure 6-29

Plots of root loci and constant-gain loci. (a) System with G(s)
H(s) = 1; (b) system with G(s) = K /[s(s + 1)(s + 2)], H(s)
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= K(s +2)/(s* + 25 + 3),
=1
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Notice that since the pole—zero configuration is symmetrical about the real axis, the
constant-gain loci are also symmetrical about the real axis.
Figure 6-29(b) shows the root loci and constant-gain loci for the system:
K

G(S) = m, H(S) =1

Notice that since the configuration of the poles in the s plane is symmetrical about the

real axis and the line parallel to the imaginary axis passing through point (o0 = —1,
o = 0), the constant-gain loci are symmetrical about the @ = 0 line (real axis) and the
o = —1 line.

From Figures 6-29(a) and (b), notice that every point in the s plane has the corre-
sponding K value. If we use a command rlocfind (presented next), MATLAB will give
the K value of the specified point as well as the nearest closed-loop poles corresponding
to this K value.

Finding the Gain Value K at an Arbitrary Point on the Root Loci. In MAT-
LAB analysis of closed-loop systems, it is frequently desired to find the gain value K at
an arbitrary point on the root locus. This can be accomplished by using the following
rlocfind command:

[K, r] = rlocfind(num, den)

The rlocfind command, which must follow an rlocus command, overlays movable x-y co-
ordinates on the screen. Using the mouse, we position the origin of the x-y coordinates
over the desired point on the root locus and press the mouse button. Then MATLAB
displays on the screen the coordinates of that point, the gain value at that point, and the
closed-loop poles corresponding to this gain value.

If the selected point is not on the root locus, such as point A in Figure 6-29(a), the
rlocfind command gives the coordinates of this selected point, the gain value of this
point, such as K =2, and the locations of the closed-loop poles, such as points B and C
corresponding to this K value. [Note that every point on the s plane has a gain value. See,
for example, Figures 6-29 (a) and (b).]

6-4 ROOT-LOCUS PLOTS OF POSITIVE FEEDBACK SYSTEMS

Root Loci for Positive-Feedback Systems.* In acomplex control system, there
may be a positive-feedback inner loop as shown in Figure 6-30. Such a loop is usually
stabilized by the outer loop. In what follows, we shall be concerned only with the positive-
feedback inner loop. The closed-loop transfer function of the inner loop is

C(s) _ G(s)
R(s) 1 - G(s)H(s)

The characteristic equation is
1-G(s)H(s) =0 (6-17)

* Reference W-4
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Figure 6-30
Control system.

304

R(s) C(s)
—»@—» Gy(s) —»@—» G(s) >
1 H(s)

Hl(S) -

This equation can be solved in a manner similar to the development of the root-locus
method for negative-feedback systems presented in Section 6-2. The angle condition,
however, must be altered.

Equation (6-17) can be rewritten as

G(s)H(s) =1
which is equivalent to the following two equations:
G(s)H(s) = 0° + k360° (k=0,1,2,...)
G(s)H(s)] =1
For the positive-feedback case, the total sum of all angles from the open-loop poles and
zeros must be equal to 0° + k360°. Thus the root locus follows a 0° locus in contrast to
the 180° locus considered previously. The magnitude condition remains unaltered.

To illustrate the root-locus plot for the positive-feedback system, we shall use the fol-
lowing transfer functions G(s) and H(s) as an example.

K(s +2)
(s +3)(s* + 25 +2)

G(s) = H(s) =1

The gain K is assumed to be positive.
The general rules for constructing root loci for negative-feedback systems given in
Section 6-2 must be modified in the following way:

Rule 2 is Modified as Follows: 1f the total number of real poles and real zeros to the right
of a test point on the real axis is even, then this test point lies on the root locus.

Rule 3 is Modified as Follows:

+k360°
Angles of asymptotes = f

= (k=0.12..)

where n = number of finite poles of G(s)H (s)

number of finite zeros of G(s)H (s)

m

Rule 5 is Modified as Follows: When calculating the angle of departure (or angle of ar-
rival) from a complex open-loop pole (or at a complex zero), subtract from 0° the sum
of all angles of the vectors from all the other poles and zeros to the complex pole (or com-
plex zero) in question, with appropriate signs included.
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Other rules for constructing the root-locus plot remain the same. We shall now apply

the modified rules to construct the root-locus plot.

1. Plot the open-loop poles (s = =1 + j,s = =1 — j,s = =3) and zero (s = —2) in
the complex plane. As K is increased from 0 to oo, the closed-loop poles start at the
open-loop poles and terminate at the open-loop zeros (finite or infinite), just as in
the case of negative-feedback systems.

2. Determine the root loci on the real axis. Root loci exist on the real axis between
—2 and +oo and between —3 and —oo.

3. Determine the asymptotes of the root loci. For the present system,
+k360°
3-1

This simply means that asymptotes are on the real axis.

Angles of asymptote = = +180°

4. Determine the breakaway and break-in points. Since the characteristic equation is

(s+3)(s>+25+2)—K(s+2)=0
we obtain
(s +3)(s* + 25 + 2)

s+ 2
By differentiating K with respect to s, we obtain

dK  25% + 115> + 205 + 10
ds (s +2)?

Note that
25 + 115> + 20s + 10 = 2(s + 0.8)(s* + 4.7s + 6.24)
=2(s + 0.8)(s + 2.35 + j0.77)(s + 2.35 — j0.77)

Point s = —0.8 is on the root locus. Since this point lies between two zeros (a finite
zero and an infinite zero), it is an actual break-in point. Points s = —2.35 + j0.77
do not satisfy the angle condition and, therefore, they are neither breakaway nor
break-in points.

5. Find the angle of departure of the root locus from a complex pole. For the com-
plex pole at s = —1 + j, the angle of departure 6 is

0 =0°—27° — 90° + 45°
or
0 =-72°

(The angle of departure from the complex pole at s = —1 — jis 72°.)

6. Choose a test point in the broad neighborhood of the jw axis and the origin and
apply the angle condition. Locate a sufficient number of points that satisfy the
angle condition.

Figure 6-31 shows the root loci for the given positive-feedback system. The root loci
are shown with dashed lines and a curve.
Note that if

- (s +3)(s*> + 25 + 2)
s+ 2 $=0
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Figure 6-31

Root-locus plot for the
positive-feedback
system with

G(s) = K(s +2)/

[(s +3)(s* + 25 + 2)],
H(s) = 1.

Figure 6-32

Root-locus plot for the
negative-feedback
system with

G(s) =K(s +2)/

[(s +3)(s* + 25 + 2)],
H(s)=1.
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one real root enters the right-half s plane. Hence, for values of K greater than 3, the sys-
tem becomes unstable. (For K > 3, the system must be stabilized with an outer loop.)
Note that the closed-loop transfer function for the positive-feedback system is

given by

C(s) _ G(s)

R(s) 1 - G(s)H(s)

K(s +2)
(s +3)(s®>+ 25 +2) — K(s +2)

To compare this root-locus plot with that of the corresponding negative-feedback sys-
tem, we show in Figure 6-32 the root loci for the negative-feedback system whose closed-
loop transfer function is

Cs) _
R(s)

K(s +2)
(s +3)(s* + 25 +2) + K(s +2)

Table 6-2 shows various root-locus plots of negative-feedback and positive-feedback
systems. The closed-loop transfer functions are given by

% = ﬁ, for negative-feedback systems
% = ﬁ, for positive-feedback systems
Jjo |
-3
- 2
_—
[ IR N [ —
S5 4 3 2 -1 |01 2 ¢
7
)
L3
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where GH is the open-loop transfer function. In Table 6-2, the root loci for negative-
feedback systems are drawn with heavy lines and curves, and those for positive-feedback
systems are drawn with dashed lines and curves.

Table 6-2 Root-Locus Plots of Negative-Feedback and Positive-

Feedback Systems
Jjo Jo A
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Heavy lines and curves correspond to negative-feedback systems; dashed lines and
curves correspond to positive-feedback systems.
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6-5 ROOT-LOCUS APPROACH TO CONTROL-SYSTEMS DESIGN

308

Preliminary Design Consideration. In building a control system, we know that
proper modification of the plant dynamics may be a simple way to meet the performance
specifications. This, however, may not be possible in many practical situations because the
plant may be fixed and not modifiable. Then we must adjust parameters other than those
in the fixed plant. In this book, we assume that the plant is given and unalterable.

In practice, the root-locus plot of a system may indicate that the desired performance
cannot be achieved just by the adjustment of gain (or some other adjustable parameter).
In fact, in some cases, the system may not be stable for all values of gain (or other ad-
justable parameter). Then it is necessary to reshape the root loci to meet the perform-
ance specifications.

The design problems, therefore, become those of improving system performance by
insertion of a compensator. Compensation of a control system is reduced to the design
of a filter whose characteristics tend to compensate for the undesirable and unalterable
characteristics of the plant.

Design by Root-Locus Method. The design by the root-locus method is based on re-
shaping the root locus of the system by adding poles and zeros to the system’s open-loop
transfer function and forcing the root loci to pass through desired closed-loop poles in the
s plane. The characteristic of the root-locus design is its being based on the assumption that
the closed-loop system has a pair of dominant closed-loop poles. This means that the effects
of zeros and additional poles do not affect the response characteristics very much.

In designing a control system, if other than a gain adjustment (or other parameter
adjustment) is required, we must modify the original root loci by inserting a suitable com-
pensator. Once the effects on the root locus of the addition of poles and/or zeros are fully
understood, we can readily determine the locations of the pole(s) and zero(s) of the com-
pensator that will reshape the root locus as desired. In essence, in the design by the root-
locus method, the root loci of the system are reshaped through the use of a compensator
so that a pair of dominant closed-loop poles can be placed at the desired location.

Series Compensation and Parallel (or Feedback) Compensation. Figures
6-33(a) and (b) show compensation schemes commonly used for feedback control sys-
tems. Figure 6-33(a) shows the configuration where the compensator G.(s) is placed in
series with the plant. This scheme is called series compensation.

An alternative to series compensation is to feed back the signal(s) from some ele-
ment(s) and place a compensator in the resulting inner feedback path, as shown in Figure
6-33(b). Such compensation is called parallel compensation or feedback compensation.

In compensating control systems, we see that the problem usually boils down to a
suitable design of a series or parallel compensator. The choice between series compen-
sation and parallel compensation depends on the nature of the signals in the system,
the power levels at various points, available components, the designer’s experience, eco-
nomic considerations, and so on.

In general, series compensation may be simpler than parallel compensation; however,
series compensation frequently requires additional amplifiers to increase the gain and/or
to provide isolation. (To avoid power dissipation, the series compensator is inserted at the
lowest energy point in the feedforward path.) Note that, in general, the number of com-
ponents required in parallel compensation will be less than the number of components
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Figure 6-33

(a) Series
compensation;

(b) parallel or feed-
back compensation.

|+ | G.(s5) G(s)

H(s) |

(@)

T Gels)

(b)

H(s) |

in series compensation, provided a suitable signal is available, because the energy trans-
fer is from a higher power level to a lower level. (This means that additional amplifiers
may not be necessary.)

In Sections 6-6 through 6-9 we first discuss series compensation techniques and then
present a parallel compensation technique using a design of a velocity-feedback control
system.

Commonly Used Compensators. If a compensator is needed to meet the per-
formance specifications, the designer must realize a physical device that has the pre-
scribed transfer function of the compensator.

Numerous physical devices have been used for such purposes. In fact, many noble and
useful ideas for physically constructing compensators may be found in the literature.

If a sinusoidal input is applied to the input of a network, and the steady-state output
(which is also sinusoidal) has a phase lead, then the network is called a lead network.
(The amount of phase lead angle is a function of the input frequency.) If the steady-state
output has a phase lag, then the network is called a lag network. In a lag-lead network,
both phase lag and phase lead occur in the output but in different frequency regions;
phase lag occurs in the low-frequency region and phase lead occurs in the high-frequency
region. A compensator having a characteristic of a lead network, lag network, or lag-lead
network is called a lead compensator, lag compensator, or lag-lead compensator.

Among the many kinds of compensators, widely employed compensators are the
lead compensators, lag compensators, lag-lead compensators, and velocity-feedback
(tachometer) compensators. In this chapter we shall limit our discussions mostly to these
types. Lead, lag, and lag-lead compensators may be electronic devices (such as circuits
using operational amplifiers) or RC networks (electrical, mechanical, pneumatic,
hydraulic, or combinations thereof) and amplifiers.

Frequently used series compensators in control systems are lead, lag, and lag-lead
compensators. PID controllers which are frequently used in industrial control systems
are discussed in Chapter 8.
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Figure 6-34

(a) Root-locus plot
of a single-pole
system;

(b) root-locus plot of
a two-pole system;
(c) root-locus plot of
a three-pole system.

Figure 6-35

(a) Root-locus plot
of a three-pole
system; (b), (c), and
(d) root-locus plots
showing effects of
addition of a zero to
the three-pole
system.
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It is noted that in designing control systems by the root-locus or frequency-response
methods the final result is not unique, because the best or optimal solution may not be pre-
cisely defined if the time-domain specifications or frequency-domain specifications are given.

Effects of the Addition of Poles. The addition of a pole to the open-loop transfer
function has the effect of pulling the root locus to the right, tending to lower the system’s
relative stability and to slow down the settling of the response. (Remember that the ad-
dition of integral control adds a pole at the origin, thus making the system less stable.)
Figure 6-34 shows examples of root loci illustrating the effects of the addition of a pole
to a single-pole system and the addition of two poles to a single-pole system.

Effects of the Addition of Zeros. The addition of a zero to the open-loop trans-
fer function has the effect of pulling the root locus to the left, tending to make the system
more stable and to speed up the settling of the response. (Physically, the addition of a
zero in the feedforward transfer function means the addition of derivative control to
the system. The effect of such control is to introduce a degree of anticipation into the sys-
tem and speed up the transient response.) Figure 6-35(a) shows the root loci for a system
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- —O—x
ag g
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that is stable for small gain but unstable for large gain. Figures 6-35(b), (c), and (d) show
root-locus plots for the system when a zero is added to the open-loop transfer function.
Notice that when a zero is added to the system of Figure 6-35(a), it becomes stable for
all values of gain.

6-6 LEAD COMPENSATION

Figure 6-36
Electronic circuit
that is a lead network
if R,C, > R,C,and a
lag network if

R,C, < R,C,.

In Section 6-5 we presented an introduction to compensation of control systems and dis-
cussed preliminary materials for the root-locus approach to control-systems design and
compensation. In this section we shall present control-systems design by use of the lead
compensation technique. In carrying out a control-system design, we place a compen-
sator in series with the unalterable transfer function G(s) to obtain desirable behavior.
The main problem then involves the judicious choice of the pole(s) and zero(s) of the
compensator G,(s) to have the dominant closed-loop poles at the desired location in the
s plane so that the performance specifications will be met.

Lead Compensators and Lag Compensators. There are many ways to realize
lead compensators and lag compensators, such as electronic networks using operational
amplifiers, electrical RC networks, and mechanical spring-dashpot systems.

Figure 6-36 shows an electronic circuit using operational amplifiers. The transfer
function for this circuit was obtained in Chapter 3 as follows [see Equation (3-36)]:

1

+
EO(S) - R2R4 RICIS + 1 _ R4C1 s Rlcl
E(s) RRyR,Cys +1 R;C, L1
s
R,C,
1
Ts +1 st T
K s K 1 (6-18)
s+ —
ol
where
T = Rlcl, ol = R2C2, KC = R3C2
G
I
C 1
A —e Ry
R, R
Rl :D
—0O
H Es) E,)
o 0 o)
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Figure 6-37
Pole-zero
configurations:
(a) lead network;
(b) lag network.

Figure 6-38
Control system.
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This network has a dc gain of K.a = R2R4/(R1 R3).

From Equation (6-18), we see that this network is a lead network if R,C; > R,C,,
ora < 1.Itis alagnetwork if R;C; < R,C,. The pole-zero configurations of this net-
work when R,C; > R,C, and R,C; < R,C, are shown in Figure 6-37(a) and (b),
respectively.

Lead Compensation Techniques Based on the Root-Locus Approach. The
root-locus approach to design is very powerful when the specifications are given in
terms of time-domain quantities, such as the damping ratio and undamped natural
frequency of the desired dominant closed-loop poles, maximum overshoot, rise time,
and settling time.

Consider a design problem in which the original system either is unstable for all val-
ues of gain or is stable but has undesirable transient-response characteristics. In such a
case, the reshaping of the root locus is necessary in the broad neighborhood of the jw
axis and the origin in order that the dominant closed-loop poles be at desired locations
in the complex plane. This problem may be solved by inserting an appropriate lead com-
pensator in cascade with the feedforward transfer function.

The procedures for designing a lead compensator for the system shown in Figure
6-38 by the root-locus method may be stated as follows:

1. From the performance specifications, determine the desired location for the dom-
inant closed-loop poles.

% G.(s) ]| G(5) >

|
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EXAMPLE 6-6

2. By drawing the root-locus plot of the uncompensated system (original system),
ascertain whether or not the gain adjustment alone can yield the desired closed-
loop poles. If not, calculate the angle deficiency ¢. This angle must be contributed
by the lead compensator if the new root locus is to pass through the desired loca-
tions for the dominant closed-loop poles.

3. Assume the lead compensator G,(s) to be

Ts+ 1 s
N
Gels) = Kea iy = K

, <a<l)

— (N =

s + oT
where a and T are determined from the angle deficiency. K, is determined from
the requirement of the open-loop gain.

4. If static error constants are not specified, determine the location of the pole and
zero of the lead compensator so that the lead compensator will contribute the nec-
essary angle ¢. If no other requirements are imposed on the system, try to make
the value of « as large as possible. A larger value of a generally results in a larger
value of K, which is desirable. Note that

K, = I%SGC(S)G(S) = Ka lirr(l)sGC(s)

5. Determine the value of K. of the lead compensator from the magnitude condition.

Once a compensator has been designed, check to see whether all performance spec-
ifications have been met. If the compensated system does not meet the performance
specifications, then repeat the design procedure by adjusting the compensa