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Preface

Many nations have become victims of terrorism. Bombs have exploded in and
around buildings and other structures. Such events have generated consid-
erable concern over the ability of countries and governments to protect in-
stallations and their occupants against a potential threat of terrorism. Many
countries have established defence agencies and research councils who are
currently examining the structural integrity of existing buildings and other
vital installations. In some countries codified methods have been developed
together with the design methodologies and construction techniques to try
to protect old installations against vehicle bomb effects in particular. The
purpose of this book is to give an exhaustive study of buildings structures
resisting explosion with and without external/internal impact and fire caused
by such effects. A number of case studies with damage scenarios are included.
The book is divided into various chapters.

Chapter 1 gives a review of bomb-affected buildings. Case studies includ-
ing Alfred P. Murrah Federal Building in Oklahoma and World Trade Center
(WTC) Twin Towers in New York have been given a wide coverage. Notable
explosions in the world with relevant data are tabulated. After these the dam-
age scenario of the Pentagon building is fully described. This chapter now
resorts to the availability of data on major explosive elements, their ingredi-
ents and material properties. The last part of this chapter covers guidelines
for high-rise fire fighting caused by explosion, giving strategy and tactics,
modes and tactics of aggressors, duties and responsibilities of managers and
security staff, owners and managers, related to security measures, vehicle
barrier system requirements, vehicle bomb observation list and selection pro-
cedures related to a vehicle barrier. Where certain areas could not, for lack
of space, be included, relevant references are given to the reader/researcher
for an in-depth study.

Chapter 2 is devoted entirely on blast and explosive loadings on buildings.
This gives a comprehensive data on explosive and bombs especially related
to the well known damage scenarios. A summary is given on recent terrorist
attacks. The phenomenology for blast evading on buildings due to vehicle
bomb is given. This is followed by blast wave scaling laws. Blast loads and
modelling whether internal or external are summarised giving all analytical
and design equations for a reader to assimilate. Basic parameters of a bomb
blast including computational aspects of transient over pressures, reflected
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shocks in relation to peak pressure loading and total impulse, magnitude in
TNT, stand-off distance and altitude, structural orientation with respects
to the explosive and the ground are given much in greater detail. Stress
waves and blast waves are explained with analytical methods. Explosions of
spherical charges with full implementation are given. This is followed by the
methodology of explosion in air. Analytical models are given for the impulse
of incident pressure, thickness of shock front, stagnation pressure, oblique
shock and shock reflection, whether normal or oblique. Next various modes
of internal blast and load modelling with respect to building’s structural re-
sponse and modes are given in much greater detail. Various pressures-time
relations in graphical shapes based on research work carried out by many
scholars are given as novel examples. This chapter is fully supported by ref-
erences for future individual endeavours.

Chapter 3 gives a comprehensive treatment of fire in buildings with and
without explosion/impact. The subject is cleanly introduced. This is followed
by loadings and structural restraints. Pre and post flash over designs fires are
given a detailed treatment. For the basis of temperature-time relation, tables
are showing data and factors for enclosures. Major analysis is given to cover
the relevant area. The authors choose the place at this stage to introduce
material properties with compressive tables and graphs defining various pa-
rameters. Methods of analysis and design are introduced using codified and
numerical methods and techniques. They are supported by detailed analyses,
tables and graphs. Various design examples based on British, American and
European practices are given to explain the usage of analytical and design
techniques. Structural elementss in different materials are designed against
the fire. A detailed chapter is given on the global analysis of buildings under
fire using finite element. Since fire is generally associated with structures un-
der impact and impulsive loads and explosion whether internal or external,
the reader/researcher/designer can now easily handle any kind of scenario.

Methods of analysis related to structural response to blast loadings are
now thoroughly dealt with Chap. 4. A sound introduction to the subject is
given. Methods of analysis, numerical and analytical tools are underlined. One
of the methods known as discreet element method which has been adopted for
Oklahoma building is fully dealt with. The philosophy of structural response
analysis to blast loading has been fully exhausted by developing analyti-
cal/numerical models while fully supported by examples, graphs and tables.
Additional response for shock loading has been introduced. The remaining
part of this chapter is devoted entirely to the finite/discrete element of tech-
nology which eventually has been applied later on to the damage scenario of
the Oklahoma building in the USA.

Chapter 5 now deals with the design of structural elements under blast
loads. The main idea is to include in the design the blast response resistance.
The subject is briefly introduced. Various charts, graphs and tables containing
data and parameters are now acting as design aids. Practical design examples
based on British and American practices are given. They show how blasts are
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converted into design loads and structural elements in various materials are
designed. Apart from steel and concrete elements, an emphasis is placed on
the behaviour of glass and glazing materials subject to blast loads. The finite
element technique is applied to solve a case study related to glass in the blast
environment.

In structural analysis when the structure is located with respect to two or
more media, the interactive analysis is needed to integrate the media in the
global analysis. The same can be applied to two different materials interacting
with each other. The interaction is brought about by contact or gap elements.
This subject is nicely covered in Chap. 6. Commercial firms or bureaus have
developed various such elements. The major ones are documented in this
chapter which have already been tested in other fields of engineering.

Aircraft/missile impact data analysis is now compiled in Chap. 7. Basic
impact dynamics is initially introduced. Data on civilian and military aircraft
are given in detail so that they can be useful during the imputing of various
computer programs. Various equations have been developed for normal and
oblique impact. Aircraft impacts on structures are introduced and analytical
model is devised for the formulation of various relevant computer programs.
The load-time function has been established together with impact modelling
developed by a number of researchers. Military, airforce and navy missiles
and impactors with their relative data are included. The damage scenario
can be checked by various noted empirical formulae devised for structural
perforation, penetration, scabbing, spalling and rupture. They are included
in this chapter. Comprehensive lists of reference are given at the end for an
in-depth study.

Since the collapse of the WTC towers, it is now necessary to include
a chapter on aircraft hot fuel-structure interaction during aircraft impact
conditions. A comprehensive investigation is reported in Chap. 8. The data
on WTC towers and impactors are included in this chapter. The hot fuel
interaction analysis with tower components has been thoroughly investigated.
The damage scenarios have been established. Relevant references are included
for those who are deeply interested to pursue their future research interests
in this area.

When impact, explosion alone or in combination, occurs, fire is bellowed,
together firing debris, as witnessed in WTC disaster scenario. Scattering fly-
ing objects are the results. Chapter 9 examines the identity of the form and
location of unknown elements inside a given surrounding medium. It is pro-
posed to measure wave reflection data in space and time. Hybrid finite el-
ement/difference method is developed in three dimensions where scattering
can be performed with time periodic or known data in the form of short im-
pulses. The basic mathematical tool was devised which amounts to numer-
ically solving the time-dependent elastic wave equation with given material
coefficients. Finally the scattering phenomenon of objects was achieved using
the TIME-DOMAIN approach. Program FEMVIEW was linked to view the
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damage scenario. The computerised version was identical to the actual WTC
scenario. This chapter is supported by useful references.

Chapter 10 is a vast chapter of the book which deals with the building
global analysis for the damage scenario. Here all the work given for individual
research/design areas given in Chaps. 1 to 9 is combined to form a global
analysis for tall spatial structures. Linear and non-linear analyses are achieved
by modelling prototype structures as assemblages of line and panel members
using static and dynamic load influences. Framed and cored structures are
considered. Analytical and numerical models are included fully supported by
data, graphs, tables and plates.

Various scenarios are considered such as impact-cum-fire, explosion-cum-
fire, impact-cum-explosion and in other combinations. On structural sides,
methods of analysis for framed and core systems are given in much greater
detail. Comparisons are given in each case to validate the methodology and
assumptions. Where shear walls are have been introduced as random struc-
tures, a comprehensive 3D analysis is separately given. A section is given for
the local and global stability analysis. Both finite element and finite/discrete
element techniques have been used with the Damage model.

Global analysis with PROGRAM BANGF has been performed. The
reader is given a flow chart which indicates how an integrated analysis has
been philosophised. Based on this integrated analysis, case studies were se-
lected, the prominent of them is the Twin Tower (WTC, New York) collapse
scenario and the Oklahoma building known as The Alfred Murrah Build-
ing. The WTC building was chosen for the application of the 3D finite el-
ement analysis. Identical damage scenario have been obtained. A compre-
hensive analytical and numerical works are included on Finite/Discrete El-
ement Method. The computer program given in the Appendix I based on
this method is applied on the Oklahoma building. The damage scenario is
produced.

Both analytical works are fully supported by comprehensive data, tests,
original drawings and charts. The results are meaningful as far as possible.

An up to date references are included in this chapter for future studies.
To crown all, each chapter contains numerous analytical and design ex-

amples selected on the basis of existing constructed facilities. Examples from
both analysis and design have been selected using various practices. This pro-
vides the reader with a wide coverage of the international scene. Wherever
new codes are operational, such as the Eurocodes, they have received due
consideration. This is clear from the contents of the book where such codes
give the reader an opportunity to study the comparative analytical and de-
sign tools in buildings and their structural components subject to explosion,
impact and fire.

This book is supported by a comprehensive bibliography of each chapter
for those who intend to carry out in-depth study in their individual projects.

The book carries a large Appendix which covers the background analyses
and computer subroutines required to execute complicated analyses and de-
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signs of building structures and their components. With slight adjustments,
these can be linked easily to a number of relevant computer packages.

This book will be of use to researchers and practicing engineers, design-
ers, defence agencies, government departments, technologists, mathemati-
cians and specialists in computer-aided techniques of building construction.
The major design examples will be beneficial to building, civil, structural and
mechanical engineers who are involved in static and transient load analyses.
Specialists in wind, earthquake and explosion engineering disciplines will also
find this book extremely useful.

The topics covered in this book are within the syllabuses of postgradu-
ate courses at various universities. Both lecturers and students should find
the text relevant to their projects and research theses in fields of explosion,
impact, shock and fire.

This book acts as a technical guide for defence and disaster agencies, re-
search establishments, computer-aided bureaux, construction companies and
for those who wish to validate experimental test results and on-site monitor-
ing data. Many consultants in the building trade would find this book ex-
tremely useful in the design of building structures to be checked or designed
for explosion, aircraft/missile impact and fire, aircraft impact and fire.

Great effort has been made by the author to highlight all aspects of analy-
sis and design related to explosion in building structures. The contents of the
book have been carefully selected to cover major analytical, numerical and
design problems associated with building structures. Certain areas could not
be presented in this text, but the author has given many references instead,
and has included an extensive bibliography to enable the reader to carry out
an in-depth study satisfactorily.

In this book, it has been necessary to dispense with chapters and to replace
them appendices. This is because each topic is an entity in itself and needs
to be encompassed within a chapter. One can, therefore, consider this to a
large book comprising a series of mini-books with different titles. A total of
ten chapters are included in this volume.

Although the authors have given a separate acknowledgement, they would
be failing in their duty if they did not thank those whose names are men-
tioned in the text. Matina Theodoropoulou for overall work on typing this
manuscript.

Finally, but not least the authors would like to thank from the deepest of
their heart, Matina’s friend and great human being with so many skills and
a great driving for progress and success, Mr Vas from Greece, now living in
Peckham. Thank you Vas. Vas would like to thank DJ Tiesto for keeping him
entertained with his brilliant music during the long hours of working on this
manuscript.

London, September 2005 M.Y.H. Bangash
T. Bangash
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Conversion Tables

Units
Imperial units SI units Additional
1 in = 25.4 mm
1 in3 = 0.003785 (m3)
1 ft = 30.48 cm
1 ft2 = 0.09290 (m2) 1 ft3 = 0.02832 (m3)
10 ga = 3.57 mm 1 cu yard = 0.765 (m3)
18 ga = 1.27 mm
1 lb = 0.454 kg
1 ton = 9.964 kN
1 sq ft = 929 (cm)2

1 cubic ft = 16.4 (cm)3

1 psi = 6.89 kPa = 6895Pascal (Pa)
20 T/ft2 = 1915.2 kN/m2

1 lb/sq ft = 992.16 kPa = 47.88Pascal (Pa)
1 lb/ft3 = 16.02 kg/m3

1 ft lb = 1.356 Nm
1 ft/sec = 0.3048M/s
1 slug = 14.59 kg
1 in lb = 0.1129848 Nm
1kip/in = 175.1268 kN/m
1 bar = 100 kN/m2

1 kip = 1000 lb = 4.448 kN
1 short ton (2000 lb) = 0.9072Megagram (Mg)

MKS units SI units
1 Pascal (Pa) = 1 N/m2

1 kgm = 9.807 Nm
1kgf = 99.807N

Temperature in ◦C (Celsius)
1◦F (Farenheit) = tf = 5

9 K tc = (tf − 32)/118
1◦C tf = 1.8 tc + 32
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1 Explosion and Buildings – A Review
of Affected Buildings and General Criteria,
Data, and Management

1.1 General Introduction

Many nations have become victims of terrorism on a grand scale. Bombs have
exploded in and around buildings in many countries causing civilian casualties
and structural damage. As a result, such events have generated considerable
concern over the ability of countries to protect buildings and their occupants
from the continued threat of bombings. In response to a potential threat of
terrorist bombings against civilian structures, various defence agencies and
research councils are examining design methodologies and construction tech-
niques. Protecting the buildings against vehicle bomb attacks has become a
priority. The issue of the structural integrity of existing buildings is now a
burning one. Analytical, theoretical and design-cum-construction techniques
are constantly being reviewed by government agencies and engineering con-
sultants. Bangash [1.13] has given a detailed version of structures subject
to impact and explosion. This section is related to bomb explosion in and
around buildings only. It covers important case studies of buildings, review
of existing knowledge for blast effects and their mitigation and protective de-
sign technologies, analytical and computational techniques. Conclusions and
recommendations are also given. For impact forces causing the damage a
reference is made to Appendix A.1 for detailed methodology of translating
impact forces associated with the explosion.

1.2 A Review of Bomb-Affected Buildings

LZA [1.38,1.39] has reviewed the large number of data in this field from the
Second World War, drawing attention to some of the more relevant research
papers on blast and its effect on both hardened and conventional-bearing
framed structures. Referring to the UK, France, Germany and Japan, tens of
thousands of records of bomb damage have been compiled.
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1.2.1 Case Studies on Bomb Damage to Buildings

1.2.1.1 Introduction

A bomb explosion within or around a building can have catastrophic effects,
damaging and destroying internal or external portions of the building. It
blows out large framework, walls and doors/windows and shuts down building
services. The impact from the blast causes debris, fire and smoke and hence
can result in injury and death to occupants.

Bomb damage to buildings depends on the type and layout of the struc-
ture, material used, range of the located explosive device and the charge
weight. This section deals with the historical survey of important buildings
hit directly by bomb explosion and the collateral damage to building sub-
systems. Case studies are chosen from various countries and they are by no
means complete as many explosions can occur and more and more collateral
damage to building sub-systems can in future, be reported. If a building is not
designed ‘for a blast’, a steel frame might be better under reasonably small
bomb scenarios since steel has equal capacity in tension and compression and
concrete has capacity only in compression in at one face and tension is taken
by the reinforcement at the other face. One doesn’t know in which direction
the blast effects will occur.

If a building is designed for a blast, the concrete components do better.
They have more mass and more damping and energy-absorbing capacity.
In the United States, the state department allows only reinforced-concrete
buildings in high-risk areas.

1.2.1.2 Case Studies

1. The Alfred P. Murrah Federal Building

In April 1995, the bombing of the Alfred P. Murrah Federal Building in
Oklahoma City was one of the largest terrorist attacks in the USA. A car
bomb, estimated to contain about 1800 kg of high explosives and located
3–5 m from the north face of the building and about 12–15 m from the east
end, caused 168 fatalities and numerous injuries, and caused an estimated
$50 million in damage. Besides this, the number of surrounding buildings
damaged was around 75.

The Murrah Building was a nine-storey building of RC slab/column con-
struction. Measuring 61.5 m × 21.5 m. The frame had 10.7 m × 6.2 m typical
bays, created by a column line along each face and one down the centre. Four
of the north-face columns, spaced at 12.3 m and unsupported for two storeys,
formed an atrium at street level. A 61.5 m spandrel beam at the third floor
transferred loads from the columns on floors above the exposed columns at
height 8 m. the explosion destroyed three of the four front columns and a
centre-line column. With four columns completely destroyed, the upper floor
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toppled northward as the 200 mm thick slabs separated from the centre-line
columns. As a result, 8 of the 10 bays collapsed in the northern half of the
building. Two bays collapsed on either side of the failed centre column in the
southern half of the building. Moreover, inside the south entrance slabs in ad-
jacent bays on two floors collapsed. The most recent information is as follows.

The bomb was fertilizer-based (ammonium nitrate fuel oil ANFO) ex-
plosive which had the TNT equivalent 1814 (1.05) = 1905 kg. Figure 1.1
indicates the Murrah Building prior to blast. Figure 1.2 shows the position
of the building along with other buildings in the locality before the blast
while Fig. 1.3 shows the extensively damaged part of the Murrah building.
The centre column 6-lines of the building was ripped off by blast. Figure 1.4
shows damage to the south east portion of the building.

In addition, the explosion hurled broadside into 30 of 4 two-storey exposed
columns along a recessed entrance and a 61 m long third-floor spandrel beam
that transferred loads from columns spaced 6.5 m apart on typical floors above
to the 8.5 m tall exposed columns spaced every 12 m. The blast kicked the
legs out from under the 0.91 m×1.5 m transfer beam and served to expose the
500 mm × 900 mm columns. It was also observed that a 9.1 m × 5 m slab was
hanging precariously over the rubble-covered columns. A mile away window
frames had been pushed back 0.61 m and the 610 mm centre-line columns as
reported thus failed. The bomb also deformed and in some places ruptured
the 10.7 m × 6.1 m frames of typical bays.

The bomb crater was 9.15 m × 2.45 m, and the site needed immediate
attention. The building was finally demolished with 220 explosive charges that
brought it crashing to the ground. The 4500 tonnes of debris were removed
over a period of three weeks.

2. The World Trade Center, New York

The World Trade Center (WTC), New York City, was attacked on 26 Febru-
ary 1992. It was a 110-storey plaza. The damage was extensive. The bomb
estimated to be about 900 kg of high explosive, was detonated against the
south wall of the north tower in an underground garage two levels below the
ground floor. The following gives additional details:

– Severe damage at sub grade levels of the floors.
– Bomb crater across some of the floors 24 m to 36 m.
– Two storeys of RC slabs 280 mm thick blown out.
– Parking floor slabs failed at column capital.
– Segments of the masonry wall along the south wall of the north trade

tower were blown out.

The World Trade Center vehicle bomb consisted of properly mixed ordinary
ANFO TNT equivalent of 816.5 (0.7) = 571.6 kg (1260 lb). This bomb was
also fertilizer based. The energy content of this bomb was around 30% of the
one used in Oklahoma City. These structures consisting of Twin Towers are
shown later on which were collapsed by terrorists using various aircraft.
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Fig. 1.1. Murrah Building prior to blast (courtesy: ASCE 2003, New York; courtesy
and permission: Kirkpatrick Engineering Consultants, Oklahoma, U.S.A)
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Fig. 1.3. Damage to north and east sides of Murrah Building (courtesy: ASCE
2003, New York; courtesy: Kirkpatrick Engineering Consultants, Oklahoma, U.S.A,
2003)

Fig. 1.4. Damage to south-east portion of Murrah Building
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3. Jewish Community Centre, Buenos Aires

A van loaded with 275 kg of high explosives was detonated on 18 July 1994.
The explosive range was between 3–5 m from the front face of the building
of five storeys of brick masonry construction. The exterior walls supported
the floor slabs, which developed progressive failure leading to collapse of a
number of them, which were finally destroyed.

4. St. Mary Axe, London

A car bomb of 350 kg TNT was detonated on 11 April 1992 causing extensive
damage to a number of adjacent buildings including the European Develop-
ment Bank, a ten-storey block with three-storey pedestal. The building was
made up of concrete columns and slab construction with non-bearing ma-
sonry walls for the lower three levels. Although it was shielded by another
building from the explosion, and thus saved from direct blast, the windows of
the bank building were completely broken. The windows that survived were
on the upwind face of the building, particularly second-floor podium windows
(2.5 m × 2.5 m) made of toughened 10 mm thick double-glazed glass.

5. Bishopsgate, London

The Bishopsgate bomb blast, in April 1993 destroyed several buildings. Load-
bearing walls, glazing and cladding were heavily damaged. The mode and
the level of damage was very similar to that of St. Mary’s. Fittings and
claddings had to be replaced. The frames were twisted right down to the
foundations. ‘Sof-shock’ glass was considered rather than laminated glazing
since, in future, if such blasts occur, the glass membrane will stretch and thus
reduce loads transferred to the structural components. The raised floors and
suspended ceilings were distorted by the blast and thus needed realignment
and re-levelling. Close to the blast centre, severe internal damage was visible.

6. Docklands, London

On 9 February 1996, a bomb in London’s Docklands caused widespread dam-
age. The cost of destruction was over £ 100 million. Figure 1.5 shows a plan
of various buildings close to the blast site. The unusual vehicle carrying the
South Quay bomb made it more lethal than the previous bombs. The ve-
hicle was disguised as a small lowloader thus creating a vicious device that
produced heavier shrapnel, which scythed through the lightweight cladding,
used on many of the buildings shown on Fig. 1.5. Apparently the explosives
were packed tightly into a small space and confined between metal sheets
eventually turning out to be a pretty potent source of shrapnel. It is esti-
mated, from the blast pattern, that the home-made explosive, (HME) which
detonated could have been no more than 500 kg TNT high explosive, about
75% the force of commercially produced TNT. In an open space, the bomb
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would have produced a hemi-spherical blast wave and caused havoc despite
its being half the size of the earlier London bombings in 1992 and 1993. The
bomb detonation released gas at a pressure of 300 kilobar and temperature of
4000◦C and consisted of a layer of compressed air, due to gas expansion. Be-
tween various buildings, a complex pattern of reflection and refraction waves
resulted from the blast, thus varying structural response and damage. The
response obviously depends on factors such as the blast energy due to ex-
plosion, building geometry, structural form and most importantly, the ranges
(distances from the blast centre to the building concerned).

Tall buildings with a greater height/base ratio compared with smaller
buildings reacted better. There appears to be no significant difference in
performance between concrete and steel-framed buildings. Generally, there is
a dependence on the quality of design and detailing.

On the question of individual building and blast effects, the following
examines important buildings in the Docklands area and how they sustained
damage.

South Quay Waterside

Here, three tower blocks and a 24-storey tower block are located. Generally,
they have steel framed main structures with composite deck floors sitting on
an RC-framed basement. Cladding is made of granite and glazing is tinted
glass with no protective film. Most of them were unoccupied at the time of
the blast. Most of the glass was lost and cladding was slightly damaged. In
general the buildings appear to have performed well since the Docklands light
railway having received some damage, protected them.

The South Quay Plaza (SQP) 1, 2, 3

The Arcade consists of a shopping centre and three office buildings. They have
RC frames with pitched roofs. The front has, in each case, granite cladding
and mirror glass.

SQP1 – Seven storeys extensively damaged and all glass lost. Roof was
damaged. Each side of the building stripped of its frame.

SQP2 and SQP3 – Ten storeys and fourteen storeys, respectively. The
buildings were completed in 1989. All glass lost from SQP2 and much lost
from the other side of SQP3.

These two buildings were otherwise intact. The Plaza shopping centre had
to be demolished.

Thames Quay

This has three inter-connecting blocks with stepped façades. The London
Dockyard Council (LDC) occupies the block nearest to the centre of the
blast. Windows had a plastic film coating. Due to the blast, the cladding
panels were dimpled. The building was completed in 1989.
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Great Eastern Enterprise

This is made up of two blocks of five and nine storeys. The damaged part
was completed in 1989. Two steel frames were separated by 100 mm. Cladding
comprised aluminium panels and semi-reflective tinted glass with no protec-
tive film. Total destruction of the front and west façade was visible. There
was little damage to the side remote from the blast. The frames, in general,
performed well.

Docklands Light Railway

The railway ran only metres from the centre of the blast. Alarming cracks in
the concrete bridge deck soffit crossing Marsh Wall were visible. Its elevated
structure at South Quay required major reconstruction. Its viaduct structure,
in general, has emerged structurally sound. Two circular RC piers supporting
a 35 m span of two steel box girders, appear undamaged. Elastomeric bridge
bearings appear unaffected. The bomb also destroyed DLR’s offices in South
Quay Plaza.

Heron Quay. ICE’s Office Thomas Telford House, London

The Institution for Civil Engineers’ Dockland office at Heron Quay was ap-
proximately 1 km from the centre of the blast. Generally it was sheltered by
other structures from the direct force. The structure of the ICE’s building
took the blast well. The large hinged windows were severely shaken and two
panes were plucked out. Flying debris crashed through the glazed canopy and
broke two more panes. Light fittings dropped from their holders. No plastic
films to the windows existed at the time of the blast.

7. Staples Corner, London

On 11 April 1992 an explosion occurred at Staples Corner damaging a single-
storey steel-framed warehouse measuring 56 m × 57 m. A range of 17 m was
the nearest from the blast. Severe damage occurred to cladding made of light
profiled steel-sheet construction, sheetings, and purtins block-work lining the
wall and some fittings and finishes. The main steel frame sustained minor
damage. It was estimated that the explosive force was around 100 kg TNT.

8. Manchester Bomb Blast, UK

On 15 May 1996 Manchester city centre received a heavy blast from a bomb
hidden in a vehicle parked close to the bridge outside the Arndale shopping
centre. At the time of writing this case study, engineers and surveyors were
eagerly awaiting permission to enter the blast zone since it was still subject
to forensic examination. As shown in Fig. 1.6 a 30 m long steel-trussed foot-
bridge, providing high-level pedestrian access, seemed to be reaching total
collapse. The blast lifted the 200-ton structure from its bearings thus mak-
ing it unsafe. In the central zone there are around 1000 buildings of widely
varying sizes. The 1.5-ton bomb detonated in Manchester left scenes of de-
struction in the dozens of streets forming the heart of the city. Figures 1.7
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Fig. 1.6. Murrah Building prior to blast

Fig. 1.7. Immediate vicinity of Murrah Building

and 1.8 reveal parts of this devastation. Some buildings were immediately
shored up. The worst damage was that to the 220 m2 Arndale shopping centre
consisting of steel and concrete-framed structures supporting concrete-plank
flooring and large external cladding panels. Along Corporation Street, the
20 m high frontage lost windows. The 7 m tall heavy concrete panels hung on
to the structure above the ground level brickwork infill. Dozens of the tiled
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Fig. 1.8. Damage to north and east sides of Murrah Building

cladding panels were blasted off by this bomb, which was placed just a few
metres away. The frame itself was buckled. A 20-storey office block stood well.
The 10-storey Longbridge House, however, was blasted with non-structural
concrete infill panels on the lower floors of the steel-framed structure were
collapsed. Close to the Arndale Centre, the Royal Exchange building did
lose most of its windows and was structurally damaged. Across the road,
the Marks and Spencer store lost both its glazed shop fronts and the heavy
concrete coping. It is interesting to see that ground floor windows close to
the blast remained intact while those higher up a 26-storey office block some
500m away were shattered. Complete shop fronts several streets away from
the blast area were blown out but adjacent windows and those on the opposite
side of the road were not even cracked.

9. Bomb Blast at Lisburn, Northern Ireland

The bombs exploded within 15 minutes of each other in the Thiepval Barracks
of the British Army, eight miles from the south of Belfast. A map shown in
Fig. 1.9 indicates the position of the blast. Figure 1.10 shows the scenario,
which occurred on 7 October 1996. The two bombs, which produced huge
clouds of smoke, were believed to have contained between 250 kg and 500 kg
of explosive. A neurological hospital close to the barracks was baldy damaged.
The approach to the barracks is a four-lane road, two lanes in and two lanes
out. At the barriers and further on along the perimeter fencing, there were
security cameras which would have filmed the cars. After going through the
barriers, however, the two cars carrying the explosives would have faced no
further security checks on their way to the car park. It shows the error lies
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Fig. 1.9. Map showing location of the Lisburn bombings

at the security checks particularly, prior to reaching the car park, although
the security layout was perfect to catch the terrorists. The size of the bomb
can be derived easily from the damage level and also from the case history
of the terrorists given below:

Aug 31, 1994: IRA suspends campaign temporarily
Feb 9, 1996: Bomb explodes in London Docklands
Feb 18, 1996: IRA bomb detonates in a bus, Aldwych, London
March 9, 1996: Explosion in Fulham, London
April 17, 1996: Explosion at empty house, South Kensington
April 24, 1996: Two bombs failed on Hammersmith Bridge, London
June 15, 1996: Manchester City bombing
June 28, 1996: Mortars fired at barracks in Germany
July 13, 1996: Car bombs devastating Enniskilen Hotel, Northern Ireland
July 15, 1996: Seven arrested in London after bombs components found
Sept 23, 1996: Police arrests in London and Sussex and recovered bomb

making equipment
Sept 29, 1996: Car bomb containing 250 lb of explosives made safe in Belfast,

Northern Ireland
Aug 7, 2005: 10 kg bombs, London Underground, U.K.
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Fig. 1.10. Crater from one of the Linsburn bombings

10. Al-Khobar, Saudi Arabia

Figure 1.11 shows a general view if the building housing US troops in East-
ern Saudi Arabia after an explosion. The blast from explosive equivalent to
5000 lb TNT destroyed the horizontal members of the floors and at some lev-
els damaged the verticals. All windows and doors were blasted out. A crater
45 ft long and 35 ft deep was created. Debris from one whole side of the build-
ing fell. The wall panels remained intact. A number of people died and some
of were injured. The bomb was hidden in an abandoned (fuel) truck and
ripped off the entire façade of this residential block. The explosion occurred¸
26 June 1996 at the junction between 8th Street and 31st Street at King
Abdul Aziz Air Base at Dhahran.

11. Pakistan and India Bomb Blast

Between 1993 and 2005 the total number of explosion incidents in Pakistan
was 650, including one in the cancer hospital in Lahore, demolishing a large
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Fig. 1.11. Al-Khobar Building, Saudi Arabia (courtesy Associated Press, France,
AFP)

section of the hospital. Around 300 such incidents took place in India includ-
ing that at the Bombay Stock Exchange and also the Rajasthan bomb blast.
The capacities of these bombs have not been reported. Some religious places
were targets as well. Bomb blasts in India for the same period turn out to be
210, including the attack on the Indian Parliament.
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12. Israel and the Other Middle Eastern Countries

Israel has compiled a database since 1968, called ODS (Observed Damages to
Structures). The ODS includes more than 25,000 events recorded throughout
the world where structures were attacked. Referring to car explosions or de-
vices placed near these structures, the ODS reports around 1500 events only
in Israel. Since the subject is on explosives in or around buildings, the present
discussion does not include rockets, anti-tank weapons, recoilless guns, mor-
tars, artillery shells, missiles, and air bombs. The classification of explosives
used in the ODS is:

small explosives – up to 5 kg TNT
medium explosives – up to 20 Kg TNT
large explosives – up to 100 kg TNT
very large explosives – up to 2000 kg TNT

The database of observed effects of terrorist attacks on structures is a
useful tool enabling designers to design better and safer structures.

Table 1.1 indicates notable explosions in the world. Table 1.2 shows a
comparison of the data on bomb-affected areas in the Middle East with those
of some European countries.

13. WTC Towers: Impact-cum Fire Explosion and the Collapse Scenario

Following the September 11, 2001, attacks on New York City’s World Trade
Center (WTC), the Federal Emergency Management Agency (FEMA) and
the structural Engineering Institute of the American Society of Civil En-
gineers (SEI/ASCE), in association with New York City and several other
Federal agencies and professional organizations, deployed a team of civil,
structural and fire protection engineers to study the performance of build-
ings at the WTC site.

The events following the attacks in New York City were among the worst
building disasters in history and resulted in the largest loss of life from any
single building collapse in the United States. Of the 58,000 people estimated
to be at the WTC complex, 2,830 lost their lives that day, including 403
emergency responders. Two commercial airliners were hijacked, and each was
flown into one of the two 110-storey towers. The structural damage sustained
by each tower from the impact, combined with the ensuing fires, resulted in
the total collapse of each building. As the towers collapsed, massive debris
clouds consisting of crushed and broken building components fell onto and
blew into surrounding structures, causing extensive collateral damage and, in
some cases, igniting fires and causing additional collapses. In total, 10 major
buildings experienced partial or total collapse and approximately 30 million
square feet of commercial office space was removed from service, of which 12
million belonged to the WTC Complex.

As each tower was struck, extensive structural damage, including local-
ized damage, each structure remained standing. However, as each aircraft
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Table 1.1. Notable explosions in the world

Date Location Deaths/Injuries
31/10/1963 State Fair Coliseum, Indianapolis, USA 73
23/7/1964 Harbour munitions, Bone, Algeria 100
4/3/1965 Gas pipeline, Natchitiches, Louisiana, USA 17
9/8/1965 Missile silo, Searcy, Arkansas 53
21/10/1965 Bridge, Tila Bund, Pakistan 80
30/10/1965 Cartagena, Colombia 48
24/11/1965 Armony, Keokuk, Louisiana, USA 20
13/10/1966 Chemical plant, La Salle, Quebec, Canada 11
17/2/1967 Chemical plant, Hawthorne, New Jersey, USA 11
25/12/1967 Apartment building, Moscow 20
6/4/1968 Sports store, Richmond, Indiana, USA 43
8/4/1970 Subway construction, Osaka, Japan 73
24/6/1971 Tunnel, Sylmar, California, USA 17
28/6/1971 School, fireworks, Pueblo, Mexico 13
21/10/1971 Shopping Centre, Glasgow, Scotland 20
10/2/1973 Liquefield gas tank, Stated Island, New York, USA 40
27/12/1975 Mine, Chasnala, India 431
13/4/1976 Munitions works, Lapua, Finland 45
11/11/1976 Freight train, Iri, South Korea 57
22/12/1977 Grain elevator, Westwego, Louisiana, USA 35
24/2/1978 Derailed tank car, Waverly Tennessee, USA 12
11/7/1978 Propylene tank truck, Spanish coastal campsite 150
23/10/1980 School, Ortuella, Spain 64
13/2/1981 Sewer system, Louisville, Kentucky, USA 0
7/4/1982 Tanker truck, tunnel, Oakland, California, USA 7
25/4/1982 Antiques exhibition, Todi, Italy 33
2/11/1982 Salang Tunnel, Afghanistan 1000–3000
25/2/1984 Oil pipeline, Cubatao, Brazil 508
21/6/1984 Naval supply depot, Severomorsk, USSR 200+
19/11/1984 Gas storage area, northeast Mexico City 334
5/12/1984 Coal mine, Taipei, Taiwan 94
25/6/1985 Fireworks factory, Hallett, Oklahoma, USA 21
6/7/1986 Oil rig, North Sea 166
1/6/1988 Coal mine, Brocken, West Germany –
4/6/1988 Freight train, Arzamar, USSR –
27/6/1988 Commuter trains, Paris, France –
3/7/1988 Commercial Iranian Airline, Persian Gulf –
1/4/1995 Murrah Federal Building, Oklahoma, USA 250
26/2/1992 The World Trade Center, New York, USA 150
18/7/1994 Jewish Community Centre, Buenos Aires, Brazil 125
9/2/1996 Docklands, London, UK –
4/4/1993 St. Mary’s Bishops Gate, London, UK –
11/4/1992 Staple Corner, London, UK –
15/6/1996 Manchester, Bomb blast, Manchester, UK –
7/10/1996 Lisburn, Northern Ireland –
26/6/1996 Al-Khobar, Saudi Arabia –
8/1/1968(to date)2003 Israel and Middle Eastern Countries 1600
1/1/1993(to date)2003 Pakistan and India 1200
11/9/2001 World Trade Center (WTC), USA 2630
11/9/2001 Pentagon Building, Washington D.C., USA 189
10/3/2005(to date) Iraqi Invasion 15005 (reported killed)
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Table 1.2. Data on bomb-affected areas (1990–2003) in various countries

Target Countries

USA UK Iran Iraq India Pakistan Israel Europe Far South Australia Afghanistan
east America

Residential 2553∗ 150 40 300 25 15 110 210 100 200 – –

Commercial 1468∗ 315 40 150 200 5 210 115 200 300 – –

Vehicles 1698 200 – 100 3 – 80 3 11 50 – –

Educational 573∗ 16 – – – – – – – 10 – –

Mail boxes 2712 25 – 3 – – 10 5 – 20 – –

Open areas 568 30 10 – – – – – 10 – – –

Utilities 143 40 5 10 2 10 20 – 15 13 – –

Law 108 25 15 15 19 50 150 – 10 150 – –
enforcement

State and 155 15 – 16 11 20 10 – – 80 – –
local
governments

Federal 48 40 15 10 – 21 130 – – 150 – –
government

Banks 72 10 – – 20 5 – – – 20 – –

Military 27 16 10 50 – – 10 13 10 1110 – –

Airports and 10 15 – 5 100 8 20 – 8 13 – –
aircraft

Apartments 244∗ 10 – – 2 – 16 – – 10 – –

Religious 30 10 5 8 – 50 40 10 – 5 – –
facilities†

Energy 11∗ 2 – – 8 – – – – 10 – –
facilities†

Parks† 89 10 – – – – – – – 30 – –

Medical 26 2 – – – 2 – – – 40 – –
facilities†

Other‡ 481 – – – – – – – – – – –

Total 18,200 – – 30,000§ 1300 1000 250 210 1200 250 1500 1700§

∗ Around 70% were other explosions.
† Hospitals and supply depots, mosques, temples, churches, synagogues.
‡ Shops, restaurants etc.
§ Till Feb. 2005.

impacted a building, jet fuel on board ignited. Part of this fuel immediately
burned off in the large fireballs that erupted at the impact floors. Remaining
fuel flowed across the floors and down elevator and utility shafts, igniting in-
tense fires throughout upper portions of the buildings. As these fires spread,
they further weakened the steel-framed structures, eventually leading to total
collapse.

Figure 1.12 gives a bird’s eye view of the World Trade Center (WTC)
complex with he towers dominating the Plaza and other buildings, prior to
aircraft impact-cum-explosion. Figures 1.13 and 1.14 show the collapse sce-
nario of the two WTC Towers. Figure 1.15 indicates the schematic depiction
of collapse debris impact.
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Fig. 1.12. A bird’s eye view of the WTC Complex (courtesy: Yamasaky Associates,
Architects, New York, 2002; courtesy: FEMA, New York, Washington, D.C., 2002)
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Fig. 1.13. WTC Tower with antenna-collapsed scenario: Tower I (courtesy: FEMA
2002, Washington, D.C.)
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Fig. 1.14. WTC Tower without antenna-collapsed scenario: Tower II (courtesy:
FEMA 2002, Washington, D.C.)
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Fig. 1.15. Schematic depiction of areas of collapse debris impact based on aerial
photographs and documented damage. Striped areas indicate predominant loca-
tions of exterior steel columns. Inner circles indicate approximate radius of exterior
steel columns and other heavy debris. Outer circles indicate approximate radius of
aluminum cladding and other lighter debris. Heavy Xs show where exterior steel
columns were found outside the predominate debris areas (courtesy: FEMA Report
2001, New York)

The structural damage sustained by each of the two buildings as a result
of the terrorist attacks was massive. The fact that the structures were able
to sustain this level of damage and remain standing for an extended period
of time is remarkable and is the reason that most building occupants were
able to evacuate safely. Events of this type, resulting in such substantial
damage, are generally not considered in building design, and the ability of
these structures to successfully withstand such damage is noteworthy.

Preliminary analyses of the damaged structures, together with the fact
the structures remained standing for an extended period of time, suggest
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that, absent other severe loading events such as a windstorm or earthquake,
the buildings could have remained standing in their damaged states until sub-
jected to significant additional load. However, the structures were subjected
to a second, simultaneous severe loading event in the form of the fires caused
by the aircraft impacts.

The large quantity fuel carried by each aircraft ignited into each building.
A significant portion of this fuel was consumed immediately in the ensuing
fireballs. The remaining fuel is believed either to have flowed down through
the buildings or to have burned off within a few minutes of the aircraft impact.
The heat produced by this burning jet fuel spread across several floors of the
buildings, it ignited much of the buildings’ contents, causing simultaneous
fires across several floors of both buildings. The heat output from these fires
is estimated to have been comparable to the power produced by a large com-
mercial power generating station. Over a period of many minutes, this heat
included additional stresses into the damaged structural frames while simul-
taneously softening and weakening these frames. This additional loading and
the resulting damage were sufficient to induce the collapse of both structures.

The ability of the two towers to withstand aircraft impacts without im-
mediate collapse was a direct function of their design and construction char-
acteristics, as was the vulnerability of the two towers to collapse a result of
the combine effects of the impacts and the ensuing fires.

Chronological Events Leading to the Collapse of WTC Towers

7.59 am (1159 GMT)
American Airlines Flight 11, carrying 92 people, leaves Boston’s Logan In-
ternational Airport for Los Angeles.

8.01 am (1201 GMT)
United Airlines Flight 93, carrying 45 people, leaves Newark, New Jersey,
International Airport for San Francisco.

8.14 am (1214 GMT)
United Airlines Flight 175, carrying 65 people, leaves Boston For Los Angeles

8.45 am (1245 GMT)
American Airlines Flight 11 crashes into north tower of World Trade Center

9.03 am (1303 GMT)
United Airlines Flight 175 crashes into south tower of World Trade Center

9.31 am (1331 GMT)
US President George W. Bush calls the crashes an “apparent terrorist attack
on our country”

9.40 am (1340 GMT)
American Airlines Flight 77, carrying 64 people from Washington to Los
Angeles, crashes into Pentagon. Trading on Wall Street called off.

9.48 am (1348 GMT)
The Capitol and West Wing of the White House are evacuated
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9.49 am (1349 GMT)
The Federal Aviation Administration bars aircraft takeoffs across the country.
International flights in progress told to land in Canada

9.50 am (1350 GMT)
Two World Trade Center – the South tower – collapses

9.58 am (1358 GMT)
Emergency dispatcher in Pennsylvania receives call from a passenger on
United Flight 93, who says: “We are being hijacked, we are being hijacked!”

10 am (1400 GMT)
United Flight 93 crashes 139 kilometres southeast of Pittsburgh

10.29 am (1429 GMT)
One World Trade Center – the North tower – collapses

10–11.30 am (1400–1530 GMT)
Government buildings around the US are evacuated, including the Capitol
and the White House. The United Nations closes. The Securities and Ex-
change Commission closes all US financial markets for the day. New York
City mayor Rudolph Giuliani calls for evacuation of Lower Manhattan

11.40 am (1540 GMT)
President Bush arrives at Barksade Air Force base, Louisiana, from Florida
after deciding not to return to Washington right away. He later travels to US
strategic command at Offutt Air Force Base, Nebraska

2.51 pm (1851 GMT)
The Navy dispatches missile destroyers and other equipment to New York
and Washington

5.25 pm (2125 GMT)
Second World Trade Center collapses

Aircraft Involved Impacting Towers

Plate 1.1 indicates the type of aircraft involved in impacting tall towers and
Pentagon building. The load-time function for the global analysis for these
aircraft are given in the Appendix A.2.

1.3 The Pentagon Building

1.3.1 Introduction

In mid-July 1941 it was ordered that the Pentagon be constructed. Its purpose
is to consolidate military personnel with a single structure (Plate 1.2(a)) that
would provide a temporary solution to the War Departments critical short-
age space. Construction began on September 11, 1941 and was completed on
January 1943. The compromise made, due to the Second World War, in the
use of materials accelerated not only the speed of construction, but also the
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Plate 1.1. Comparison of high-rise buildings and aircraft sizes (courtesy: FEMA
2001 Report, Washington, D.C.)
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structure’s decoration. Since this is one of the world’s largest office buildings,
the Pentagon covers 29 acres (12 ha) of land and encompasses more than
613,140 m2 of floor space – three times the floor space of Empire State Build-
ing and twice that of Chicago’s Merchandise Mart. The structure rests on
41,493 concrete piles – the combined length would be 322 km. The complex
has been renovated. Since now it is located on a site of more than 400 acres
across the Potomic River from Washington D.C., partly on the old Wash-
ington airport and about mile south of the Lincoln memorial. The structure
became a 5-storey building with a basement and a sub-basement under apart,
and the total enclosed floor space was increased to about 4 × 106 sq.ft. The
employment of a reinforced concrete frame was decided for his huge building.
The framework in which storey heights vary from 11 ft. 41/2// inches (3.4671 m)
to 21 ft. 11/2// inches (6.4389 m) was slab and beam type continuous throughout.

1.3.2 Damage Scenario

The Pentagon security cameras took some useful shots, which are shown on
Plates 1.2 and 1.3. A typical floor is shown in (a) of the Plate 1.2 with aerial
photography of the building shown in (b).

At 9:38 A.M. on September 11 an airliner was flown into the first storey of
the Pentagon. The impact occurred in the renovated portion of the building
approximately 140 ft (46.672 m/s) to the south of the boundary between the
renovated section and the next section scheduled to be renovated. A photo-
graph taken by a security camera shows the plane impacting the building at
ground level. The aircraft sliced through the building into the section not yet
renovated. the impact and the fire initiated by the fuel in the airplane that
immediately spread widely in the structure took the lives of all 64 people
aboard the aircraft and 125 occupants of the Pentagon.

Plate 1.3(a) shows at 4 s the spread of the fireball. On Plate 1.3(b) presents
an exterior view of the extent of the damage from the crash, including a col-
lapsed portion of Ring E at the point of impact, beyond which the impact
destruction from the decelerating aircraft continues; the subsequent devasta-
tion from the force is also evident. The superior performance of the improved
window system incorporated during the renovation is evident on the right.
Figure (c) on Plate 1.3 indicates the final damage scenario of the Pentagon
Building. Two issues of structural performance commanded attention in this
study. First, the collapse that did occur was not immediate; this calls for
an examination of the interaction between fire and structural performance.
Second, many of the first-storey columns in a portion of the structure that
remained standing were destroyed during the crash. Such performance is de-
sirable, and the reasons for it are of interest to the engineering profession.

In general, the first-floor interior columns were severely damaged immedi-
ately adjacent to the collapse area on the north side of the expansion joint on
column line 11 in Ring E. First-floor columns 11A, 11B and 11C to the North
of the expansion joint were missing. Upper columns on the north side of the
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Plate 1.2. The Pentagon (with compliments of the Pentagon, Washinton, DC,
USA)

(a) Plan of the second floor with corridors and aisles. Note: Typical plans of the
other floors are similar in the Pentagon

(b) Aerial photograph of the Pentagon showing approaching aircraft
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Plate 1.3. Fireball, collapse, and damage scenario (with compliments of the
Pentagon, Washinton, DC, USA)

(a) Fireball and shadow of smoke

(b) Ring E after collapse

(c) Damage scenario
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Plate 1.4. Damage to facade and exterior of the Pentagon building (with¸
compliments of the Pentagon, Washinton, DC, USA)

(a) Façade damage to the south of impact area¸

(b) Exterior evidence of fire to the
north of the impact area

(c) Exterior evidence of fire to the
south of the impact area

expansion joint on column line 11 were intact, except for the second-floor
columns at 11A and 11B. These columns were severed at the second floor,
which was also damaged at this location. To the south, façade panels were¸
also damaged.

The exterior of the building showed clear evidence of the extensive fire
that occurred within the building (Plate 1.4(a)). The limestone façade was
blackened by smoke for more than 200 ft to the north of the impact point.
(Plate 1.4(b)). Evidence of fire damage was less severe to the south and even
immediately adjacent to the impact area the façade to the south showed little
evidence of fire damage.
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Plate 1.5a. Pentagon Building structural details (with permission from Pentagon
and compliments of ASCE, U.S.A.)

(a) Designation of wedges in the renovation

The west facade of the Pentagon was severely scarred by debris impact,¸
particularly to the south of the collapse area. As shown on Plate 1.4(a). In
the south of the impact area there is an evidence of fire on the exterior.

1.3.3 Aircraft Crash into the Pentagon

1.3.3.1 General Design Desription

Plates 1.1. to 1.5a–f show the details of the floor system of the Pentagon
Building in the area of interest for this study. Slabs, beams, and girders all
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Plate 1.5b. Pentagon Building structural details (with permission from Pentagon
and compliments of ASCE, U.S.A.)

(b) Floor system

make use of straight and trussed bars. Except for the top reinforcement in
the short spans adjacent to longer spans, there are no continuous top bars.

These drawings are taken into consideration in the overall analysis and
computer program BANG-F described later on the text.

1.3.3.2 Aircraft Impact on Pentagon Building

The impacting airplane was a Boeing 757-200 aircraft whose overall dimen-
sions are shown in this text. When the aircraft departed from Washington’s
Dulles International Airport on the morning of September 11, 2001, it held
64 passengers and crew members. According to the National Transportation
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Plate 1.5c–f. Pentagon Building structural details (with permission from Pen-
tagon and compliments of ASCE, U.S.A.)

(c)

(d) Typical beam

(e) First-story column (f) Typical floor slabff
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Safety Board, the aircraft weighed approximately 181,520 lb (82.34 MN) of
which 36,200 lb (16.42 MN) was fuel at the time of impact. It was traveling
at 460 knots (780 ft/s or 240 m/s) on a magnetic bearing of 700◦ (1.22 rad)
when it struck the Pentagon.

According to Boeing engineers, much of the aircraft fuel was contained in
the wing tanks. The weight in each wing was composed of the following:

Exposed wing structure 13.500 lb (6.12 MN)
Engine and struts 11,900 lb (5.40 MN)
Landing gear 3,800 lb (1.72 MN)
Fuel 14,600 lb (6.62 MN)
Total 43.800 lb (19.88 MN)

The balance of the weight was in the fuselage. In the normal course of use
the center fuel tank is the last filled and the first used. Thus the weight of
the fuselage at the time of impact was 181, 520 − (2 × 43, 800) = 93, 920 lb
(42.60 MN). Of this, 36, 200 − (2 × 14, 600) = 7, 000 lb (3.18 MN) was fuel
in the center tank. The load-time function for the impact analysis for the
Boeing 757-200 aircraft is given later on this text.

The aircraft entered the building at an angle, traveling in a north-easterly
direction. With the possible exception of the immediate vicinity of the fuse-
lage’s entry point at column line 14, essentially all interior impact damage
was inflicted in the first story. The aircraft seems for the most part to have
slipped between the first-floor slab on grade and the second floor. The path
of damage extended from the west exterior wall of the building in a north-
easterly direction completely through Rings E, D, C, and their connecting
lower floors. There was a hole in the east wall of Ring C, emerging into AE
Drive, between column lines 5 and 7 in Wedge 2 at a point approximately
310 ft (94.5 m) from where the fuselage of the aircraft entered the west wall
of the building. The path of the aircraft debris passed approximately 225 ft
(68.6 m) diagonally through Wedge 1 and approximately 85 ft (25.9 m) diag-
onally through a portion of Ring C in Wedge 2 (Plate 1.5a).

Along the path of the movement of aircraft debris through the build-
ing, most of the serious structural damage was within a swath that was ap-
proximately 75–80 ft (22.9–24.4 m) wide and extended approximately 230 ft
(70.1 m) into the first floor of the building. This swath was oriented at ap-
proximately 35–40◦ to the perpendicular to the exterior wall. Within the
swath of serious damage was a narrower, tapering area that contained most
of the very severe structural damage. This tapering area can be represented
approximately by a triangle centered on the trajectory of the aircraft in plan,
with a base width at the aircraft entry point of approximately 90 ft (27.4 m)
and a length along the aircraft path of approximately 230 ft (70.1 m).

Conclusions

In this text, fuel structure interaction analysis is fully justified: After impact
the fuel-interaction with floors combined with air due to ventilation caused
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by the debris shall be a responsible factor in the collapse of certain parts of
the Pentagon Building structural elements.

Paul F. Mlakar of the U.S. Corps of Engineers of Vicksburg, MS, U.S.A.,
along with his other colleagues (Journal of Performance of Constructed Fa-
cilities, ASCE, August 2005) described the structural damage caused by the
terrorist attack on the Pentagon is as follows:

“Even though essentially all the destroyed columns were within this trian-
gular damage area, there were also a few relatively lightly damaged columns
interspersed with heavily damaged columns along the path of the aircraft de-
bris through the building. Column 1K, located 200 ft (61 m) from the impact
point, was the last severed column along the path of the aircraft. Note that
columns on grids E and K are much weaker than the other columns because
they support only one floor and a roof.

There were two areas of severe impact damage in the first story. The first
area along the path of the aircraft was within approximately 60 ft (18.3 m)
of the impact point and corresponds generally to the area that collapsed. In
the collapse area and for approximately 20 ft (6.1 m) beyond the collapse area
along its northern and eastern edges, columns were removed or very severely
damaged by impact. In addition, there was serious second-floor beam and
slab damage for 60 ft (6.1 m) to the north of the collapse area, especially
along a strip bounded approximately by column lines B and C.

The second area of severe damage was bounded approximately by column
lines E, 5, G, and 9. In this region, which was beyond a field of columns that
remained standing, several columns were severed and there was significant
second-floor beam and slab damage. In both areas, severe slab damage ap-
peared to be caused by moving debris rather than by overpressure from a
blast.

Impact damage to the structure above the second-floor slab did not extend
more than approximately 50 ft (15.2 m) into the building. This shows that the
aircraft slid between the first-floor slab on grade and the second-floor slab
for most of its distance of travel after striking the building.

Most likely, the wings of the aircraft were severed as the aircraft pen-
etrated the facade of the building. Even if portions of the wings remained
intact after passing through the plane of the facade, the structural damage
pattern indicates that the wings were severed before the aircraft penetrated
more than a few dozen feet (several meters) into the building. Ultimately,
the path of the fuselage debris passed between columns 9C and 11D, which
were separated by approximately 28 ft (8.5 m) at a depth of approximately
65 ft (19.8 m) along the aircraft’s path. Columns 9C and 11D were severely
distorted hut still in place: hence the wings clearly did not survive beyond
this point.

At a depth of approximately 160 ft (48.8 m) into the building, columns 3G,
3H, 3J, and 5J were damaged but still standing, although in the direct path of
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the fuselage. With a maximum spacing of less than 14 ft (4.3 m) between pairs
of these columns in a projection perpendicular to the path of the fuselage, it is
highly unlikely that any significant portion of the fuselage could have retained
structural integrity at this point in its travel. More likely, the fuselage was
destroyed much earlier in its movement through the building. Therefore the
aircraft frame most certainly was destroyed before it had traveled a distance
that approximately equaled the length of the aircraft.

The debris that traveled the farthest traveled approximately twice the
length of the aircraft after entering the building. To come to rest at a point
310 ft (94.5 m) from the area of impact at a speed of 780 ft/s (238 m/s), debris
experienced an average deceleration of approximately 30 g.

Several columns exhibited severe bends. However, the predominant evi-
dence suggests that these columns generally did not receive impact from a
single, rigid object. Instead, the deformed shapes of these columns are more
consistent with loads that were distributed over the height of the columns.

The analyses of the available data reveal that the wings severed exterior
columns but were not strong enough to cut through the second-floor slab
upon impact. (The fight wing did not enter the building at the point where
it struck the second-floor slab in its plane.) The pattern of structural damage
throughout the impact zone, together with the deformed shape of columns
(smooth, without cusps), suggest that the aircraft disintegrated rapidly as
it moved through the forest of columns on the first floor. As the moving
debris from the aircraft pushed the contents and demolished exterior wall of
the building forward, the debris from the aircraft and building most likely
resembled a rapidly moving avalanche through the first floor of the building.”

1.3.3.3 Response of Fire Exposure of the Structural Elements
of the Pentagon Building

At 9:38 a.m. on September 11, 2001, a Boeing 757 airliner was flown into
the first story of the Pentagon and impacted its west façade. The impacted¸
section, located in Wedge 1, is composed of two reinforced-concrete struc-
tural systems separated by an expansion joint. Immediately upon impact, a
large fireball engulfed the exterior of the building in the impact area. Interior
fires also began immediately. The impact caused the Wedge 1, (Plate 1.5a),
Ring E structure to deflect downward along the line of the expansion joint.
According to eyewitness accounts, the structure survived the initial aircraft
impact, that is, it was able to maintain this deformed shape and did not col-
lapse immediately. However, portions of the structural system south of the
expansion joint, directly above where the aircraft impacted (which had the
largest unsupported floor area because of loss of first-story columns), even-
tually collapsed approximately 19 min after the impact and exposure to the
ensuing fire.
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Within the interior, fire damage in areas that did not collapse generally
was similar to that normally resulting from substantial fires in office build-
ings. Most of the serious structural damage was within a swath that was
approximately 75–80 ft (23–24.5 m) wide and extended approximately 230 ft
(70 m) into the first floor of the building. Columns and beams along the path
of the debris and within the fire area were damaged to varying degrees. Many
columns and beams in the impact zone were completely destroyed (broken,
disconnected, or with large deformation), whereas others in and adjacent to
the impact zone sustained from heavy cracking and spalling to partial loss of
concrete cover for reinforcement, with loss of concrete cover being typical for
the beams and columns in the impact zone.

Prior to the partial collapse, the fire that was first ignited by the ejected
Jet A aviation turbine fuel bad transitioned from the growth stage and be-
come a ventilation-controlled “fully developed” or “postflashover” fire. This
is evidenced in several photographs by the Pentagon, which was taken prior
to the collapse and shows the flames projecting from the windows. In a
ventilation-controlled postflashover fire, the flames typically project from win-
dows and openings because there is insufficient air in the burning rooms to
allow all the combustible gases to burn inside the rooms.

Estimation of the fire intensity, that is, maximum temperatures and time-
temperature characteristics, of postflashover fires is important in understand-
ing the effect of fire on exposed structural elements. However, the accu-
racy of such estimation depends on a correct estimation of the fire fuel load
(hydrocarbon-based building and aircraft contents and Jet A fuel) and the
ventilation factor. This cannot be done with a high degree of exactness even
in a typical building fire. In the case of the Pentagon attack, it is further com-
plicated by the lack of complete knowledge of the available fuel load (besides
the ejected Jet A fuel) and by the unconventional ventilation factor.

In the vicinity of the impact zone, fire damage to columns, beams and
slabs was limited to cracking and spalling. The methodology of the estimation
of cracking and spalling can be seen in the senior authors’ following book:

M.Y.H. Bangash: Manual of Numerical Methods in Concrete
(Thomas Telford, London 2001) pp. 918

The fire intensity can also be estimated if the fire fuel load (MJ/m2), and the
ventilation factor, FνFF (m1/2// ) are known. According to information provided by
the National Transportation Safety Board, the aircraft had on board about
5,300 gal (20,200 L) of Jet A fuel, or approximately 36,200 lb (16,000 kg) of
fuel based on the density of 6.8 lb/gal (0.79 g/cm3), at the time of impact.
Based on images captured by the Pentagon security camera, which showed the
aircraft approaching and the subsequent explosion and fireball, it is estimated
that about 4,900 lb (2,200 kg) of jet fuel was involved in the prompt fire and
was consumed at the time of impact outside the building. This leaves about
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30,400 lb (13,800 kg) as the estimated mass, M , of the Jet A fuel that entered
the building and contributed to the fire fuel load within the building.

The net calorific value or heat of combustion – that is, the amount of heat
released during complete combustion of a unit mass of fuel, ∆HcHH – measured
for Jet A fuel is 18,916.6 Btu/lb (44 MJ/kg). Thus, the maximum possible
energy, E, that could have been released inside the building by the complete
burning of 30,400 lb (13,800 kg) of Jet A fuel is

E = M∆HcHH = 30, 400 × 18, 916.6
= 575, 064, 488 Btu (607, 200 MJ)

It is assumed that the fuel was initially contained within the first floor, in a
“room” bounded by the path of damage caused by the impact of the airplane.
The estimated total surface area, At (floor, ceiling, and bounding walls in-
cluding windows and openings), of the room is about 36,597 ft2 (3,400 m2).
The fire fuel load, ef,a, contributed by the available Jet A fuel alone can be
computed as

ef,a =
E

At
=

575, 064, 488
36, 597

= 15, 713 Btu/ft2 (178 MJ/m2)

As indicated, within the first half an hour of the aircraft impact, the fire
bad become fully developed within some compartments of the Pentagon.
This means combustible building and aircraft contents had begun to burn
and therefore contributed to the fire fuel load. The exact fire fuel load con-
tributed by the building and aircraft contents, ef,b, is not known because of
insufficient information on the type of occupancy in this particular section
of the Pentagon. However, a lower-bound estimate can be made using data
recommended by the International Council for Research and Innovation in
Building and Construction, or CIB, which lists average fuel loads for different
types of occupancy. The lower bound fuel load contributed by the building
and the aircraft contents, ef,b, can be about 200 MJ/m2 (17611 Btu/ft2). The
combined total fuel load due to fire, ef , is about 378 MJ/m2 (33,325 Btu/ft2).

The ventilation factor FνFF can be equal to

Aν

√√
h

At

where

Aν = area
h = height of opening

= 75% accounted for existing windows
At = area of windows
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Plate 1.6. Pentagon: Fireball and disaster scenario (with compliment of Pentagon
and ASCE, Joournal of Performance of Constructed Facilities, August 2005)

(a) (Color) Fireball within 2 s of impact

(b) (Color) Northern portion of impact area before collapse
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Hence

h = 3.05 m (10 ft)
Aν = 0.75 × 1098 = 824 ft2 (77 m2)

A Pentagon security camera located near the northwest corner of the building
recorded the aircraft as it approached and crashed into the building (Plate
1.6a). The photographs taken approximately 1 s apart show the approaching
aircraft and the ensuing fireball associated with the initial impact. The se-
ries of photographs suggest that the top of the fuselage of the aircraft was
approximately 20 ft (6.1 m) above the ground as it approached the building.

A photograph, (Plate 1.6b) taken by the Associated Press before the
building to the south of an expansion joint at column line 11 collapsed, pro-
vides useful information. This shows that the portion of the building that
subsequently collapsed was displaced vertically by approximately 18–24 in.
(460–610 mm) relative to the building north of the expansion joint. The façade
was missing on the first floor as far north as column line 8. On the second
floor the façade was missing between column lines 11 and 15. The photograph¸
also shows that the only column missing on the second floor in the West ex-
terior wall of the building was at column line 14. The spandrel beam for the
third floor and all third floor exterior columns appeared to be intact.

1.3.3.4 Conclusions

In the Pentagon Building the hot fuel structural elements interaction com-
bined with fire due to ventilation caused the collapse scenario. The struc-
tural debris shall be treated as a responsible factor in the collapse of parts of
the building. The analytical methodology given in the text justified the hot
fuel-structural interaction as the main aspect of the disaster scenario of the
Pentagon Building.

1.4 Data on Major Explosive Elements.
Their Ingredients and Material Properties

1.4.1 Introduction

Explosives are capable of exerting sudden pressure on their surroundings as
a rapid conversion of the substance into hot gases. Their pressure, which is
raised by the generation of heat during explosion, overbalances the restraining
pressure of the surroundings. Explosions generate shock waves. Typical ter-
rorist bombs are home made types and tend to be economical and are easy
to obtain nine of readily available fertilizers, liquid and solid fuels. Bomb
affected buildings are summarised earlier. Here Tables 1.3 to 1.7 give the
summary of data on major explosives and their properties.
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Table 1.7. Explosive and crater formation data

Type of Type of Charge data Crater data
soil/rock explosives Weight Length Diameter Radius Depth Angle Volume

(kg) (m) (m) (m) (m) (degrees) (m3)
Sandstone Type A

Semi-gelatine 3.632 0.22 0.132 1.25 0.400 134 0.454
3.632 0.25 0.132 2.44 0.700 148 4.26
3.632 0.30 0.132 no crater

Type A
Gelatine 3.632 0.18 0.132 1.83 0.850 132 341

3.632 0.2 0.132 no crater
Ammonia- 3.632 0.12 0.132 0.750 0.310 130 0.176
gelatine 3.632 0.152 0.132 1.83 0.920 130 330

3.632 0.152 0.132 no crater
Ammonia- 3.632 0.23 0.132 1.02 0.310 142 0.937
dynamite 3.632 0.23 0.132 1.0 1.700 124 0.5

Granite Type A
Semi-gelatine 2.80 0.25 0.10 1.25 0.310 150 0.46

2.80 0.25 0.10 1.83 0.310 158 0.937
2.80 0.3048 0.10 0.75 0.1524 154 0.08
14.50 0.62 0.1524 1.83 0.457 105 1.306

Type B
Semi-gelatine 1.48 0.25 0.16 0.10 1.230 152 2.90

4.355 0.60 0.10 1.20 0.620 152 0.90
14.50 0.62 0.1524 3.0 0.62 154 3.55

Type B
Gelatine 8.62 0.47 0.128 3.20 0.40 164 5.26

Marlstone Type A
Semi-gelatine 1.544 0.308 0.10 1.0 0.308 138 0.44

1.544 0.308 0.10 1.80 0.62 118 1.58
1.544 0.308 0.10 0.16 0.150 112 0.0044
3.620 1.37 0.13 1.82 1.37 108 5.210
6.130 0.32 0.13 1.82 1.22 114 5.210

Chalk Type A
Semi-gelatine 0.908 0.22 0.08 1.01 0.4 138 0.510

0.908 0.20 0.08 1.24 0.77 114 2.08
2.040 0.22 0.13 2.10 1.524 106 7.39
3.632 0.20 0.152 3.45 1.53 112 11.36

Ammonia- 3.632 0.125 0.152 1.70 0.9 130 2.70
gelatine 3.632 0.10 0.152 1.70 1.02 118 7.73

3.632 0.152 0.152 2.10 1.52 106 8.86
3.632 0.13 0.152 no crater
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Table 1.7. Continued
Charge depth (m) Particle (a) or flyrock (b) Additional data and

velocity (m/s) velocity VEVV of detonation
(m/s) of explosive

0.1 0.2 0.3 0.4 0.5 0.6 0.9 1.5 Density = 1153.44 kg/m33

b b b b b VEVV = 3657.6
60.0 60.0 30.5 15.0 2.0

1.5
b

2.0
Depth 3.05m and greater

0.6 Density = 1361.7 kg/m3

b VEVV = 6095.7
30.5

1.5 Just broke surface
b

2.0
0.5 Density = 1410 kg/m3

b VEVV = 2591
25.0

0.9
b

29.0
Depth 3.15m and greater

0.2 VEVV = 1981
b Density = 1121.4 kg/m3

90.0
0.3

b
75.0

0.3
0.9

Charge depth 2 m
0.6

1.5
Charge depth 2m

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.9 1.5 3.0 Density = 1153.44 kg/m3

b VEVV = 3657.6
60.0

1.5
3.0

1.5
1.5

Density = 1121.44 kg/m3

0.4 VEVV = 1981
1.5
1.5

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.9 1.5 3.0 Density = 1153.44 kg/m3

VEVV = 3657.6
0.6

1.5
3.0
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1.5 Explosion Caused by Impact-cum-Fire

1.5.1 Introduction

Fire is the primary cause of loss of life and property throughout the world.
During the past two decades fire has damaged hundreds of thousands of
structures. Significant advances have been made in controlling or mitigating
the effects of fire. Various methods have been developed to protect buildings.
New materials have been developed or invented. A considerable time is spent
by various researchers on the development of mathematical models to simu-
late the behaviour of structural members in fire. This is possible only if one
uses numerical and computer techniques. A large number of computer pro-
grammes that calculate the fire resistance of structural members now exist.
The input data for these computer programmes require, apart from loading
and fire density, thermal and mechanical properties of various building mate-
rials at elevated temperatures. In addition, the expected severity of building
fires and temperature-time relations has also been developed. Most of these
properties have been codified. The closet measures related to building design
are probably those for the confinement of fire. These measures include fire
barriers capable of delaying or preventing spread of fire, dimension and lo-
cations of buildings. All these measures are directly related to the detailed
knowledge of the mechanics and severity of fire. It is, therefore, essential to
outline some areas outside the domain of a structural engineer, which he or
she should be aware of. Some of these are described below:

– Mechanics of fluids and building aerodynamics applicable to fire engineer-
ing.

– Conduction of heat in solids.
– Convention and radiation heat transfer.
– Thermochemistry
– Chemical equilibrium and thermal decomposition.
– Fire dynamics.

– Flame height and fire plumes.
– Air entrainment into buoyant jet flames.
– Ceiling jet flows, vent flows and natural convention wall flows.
– Combustion conditions, and smouldering combustion.
– Flammability limits and flaming ignition of solids
– Smoke production, smoke and heat venting.

– Burning rates and calomerity
– Compartment fire modelling and fire models for enclosures.
– Stochastic models for fire growth
– Explosion protection.
– Detection systems, automatic sprinkler systems.
– Foam system and foam agents.

Within the non-structural analysis, structural analysts must be aware of haz-
ard calculations, risk analysis and probability methods.
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Table 1.9. Recommended values for characteristic live load densities in various
occupancy types (Source: Holman JP (1966) Heat Transfer, McGraw-Hill, New
York. Reprinted by permission of McGraw-Hill, Inc.)

Temperature k, ρ, C, α,
Substance ◦C W/m ×◦C kg/m3 kJ/kg ×◦C m2/s ×107

Insulating material

Asbestos
Loosely packed −45 0.149

0 0.154 470–570 0.816 3.3–4
100 0.161

Asbestos–cement boards 20 0.74
Sheets 51 0.166

Balsam wool, 2.2 lb/ft3 32 0.04 35
Cardboard, corrugated . . . 0.064

Celotex 32 0.048
Corkboard, 10 lb/ft3 30 0.043 160
Cork, regranulated 32 0.045 45–120 1.88 2–5.3

Ground 32 0.043 150
Fiber, insulating board 20 0.048 240
Glass wool, 1.5 lb/ft3 23 0.038 24 0.7 22.6

Structural and heat-resistant material

Asphalt 20–55 0.74–0.76
Brick:

Building brick, common 20 0.69 1600 0.84 5.2
Face 1.32 2000

Carborundum brick 600 18.5
1400 11.1

Chrom brick 200 2.32 3000 0.84 9.2
550 2.47 9.8
900 1.99 7.9

Diatomaceous earth, 200 0.24
moulded and fired 870 0.31

Fireclay brick 500 1.04 2000 0.96 5.4
burnt 2426◦F 800 1.07

1100 1.09

Insulating material

Fireclay brick, burnt 2642◦F 500 1.28 2300 0.96 5.8
800 1.37

Cement, Portland 0.29 1500
Mortar 23 1.16

Concrete, cinder 23 0.76
Stone, 1–2–4 mix 20 1.37 1900–2300 0.88 8.2–6.8

Glas, window 20 0.78 (avg) 2700 0.84 3.4
Corosilicate 30–75 1.09 2200

Plaster, gypsum 20 0.48 1440 0.84 4.0
Metal lath 20 0.47
Wood lath 20 0.28

Stone
Granite 1.73–3.98 2640 0.82 8–18
Limestone 100–300 1.26–1.33 2500 0.90 5.6–5.9
Marble 2.07–2.94 2500—2700 0.80 10–13.6
Sandstone 40 1.83 2160-2300 0.71 11.2–11.9

Wood (across the grain):
Balsa 8.8 lb/ft3 30 0.055 140
Cypress 30 0.097 460
Fir 23 0.11 420 2.72 0.96
Maple or oak 30 0.166 540 2.4 1.28
Yellow pine 23 0.147 640 2.8 0.82
White pine 30 0.112 430
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The main concern of the structural engineer is the properties of the var-
ious materials involved and the analytical tools available for the design of
structural elements in fire. They are given later on in this text under various
sections.

No matter how many precautions are taken to improve the fire safety
design of buildings, they will not be complete without sufficient availability
of training in professional education and practice. The main objective is to
prepare sufficient manuals of awareness and to transfer knowledge of fire
safety of buildings to the building design practitioners by way of courses
and seminars at various institutions. Architects and engineers must place
importance on fire safety provisions and allow funds for training facilities.

The explosion can be generated due to earthquakes and aeroplane/missile
impact. For example, aircraft full of fuel can accidentally impact vital building
installations and can cause fire-cum-explosion. A typical example was the
World Trade Center (WTC) in New York when the aircraft hit the WTC
buildings and fuel around to 1000◦C poured in the building creating explosion
and fire. The shear temperature (+700◦C can melt the steel section and
can produce magma) and loosening of members and joints due to impact
load produced by aircraft crashes, resulted the collapse of WTC Towers.
Loading member restraints and calorific values of typical materials involved
are vital information for the assessment and re-evaluation and retrofitting
of the elements of buildings. A reference is made to Appendix A.I for the
aircraft/missile data and a separate section in this text on the fire analysis.

It is necessary to present various calorific values of materials. The recom-
mended values for the characteristic fire load densities in various occupancy
types. Tables 1.8 and 1.9 give the summary of the findings.

1.5.2 Guide to High-Rise Fire Fighting Caused by Explosion

1.5.2.1 Introduction

The purpose is to provide a complete functional command organisation de-
signed to allow for single or multi-agency use. It shows how to combine com-
mand strategy with organisational procedures and should be designed to be
used primarily for high rise fire incidents.

The key elements of the system are:

– The systematic development of a complete, functional organisation with
the major functions being Command, Operations, Planning, Logistics and
Finance/Administration.

– Designed to allow for multi-agency adoption in federal, state, provinces
and local fire agencies. Therefore, organisational terminology used in the
Incident Management System is designed to be acceptable at all levels of
government.

– Designed to be the basic operating system for all high-rise incidents within
each agency.
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– The organisation builds from the ground up, with the management of all
major functions initially being the responsibility of one or just a few per-
sons. Functional units are designed to handle the most important incident
activities.

– Designed on the premise that the jurisdictional authority of the involved
agencies will not be compromised. Each agency having legal responsibility
within its jurisdiction is assumed to have full command authority within
its jurisdiction at all times.

– Multi-jurisdictional incidents will normally be managed under a Unified
Command management structure involving a single incident command
post and a single incident action plan.

– The system is intended to be staffed and operated by qualified personnel
from any agency.

– The system expands and contracts organisationally based upon the needs
of the incident. Span-of-control recommendations are followed closely.

1.5.2.2 Strategy and Tactics

Extinguishing high-rise fires requires aggressive fire fighters advancing 45 mm
to 65 mm hand lines. The high-rise fires are labour intensive and provide many
obstacles to rapid-fire extinguishment. Hence strategic and tactical considera-
tions for high-rise building fires must be proactive. Because of the operational
problems involved to control a vertically extending fire, containment on the
floor of origin must be the main objective.

Empirical evidence reveals that flashover can occur at 10 minutes, and the
loss of elevators typically occurs approximately 20 minutes into the operation.
The cause of elevator failure is run-off water from hose lines entering the
elevator shafts and shorting out electrical contacts. Water usage at serious
high-rise fires will result in elevator loss more than 90% of the time.

If possible, enough resources to handle the incident should be in place
at the 20-minute mark. Serious high-rise fires require a minimum of three
handlines. When necessary, this allows parallel lines on the fire floor and a
line on the floor above to cover extension.

Fire environment, fire floor location, building construction, and unreliable
water supply dramatically increase operational problems in high-rise build-
ings. The fire environment is severely affected by:

– Slab construction
– Heavy, sealed windows
– Intense heat and smoke
– Limited means of ventilation

Water delivery must be maximized to attain the most effective cooling action.
The height of the fire area requires the fire service to rely on an unreliable
means of transportation during firefighting operations. We are at the mercy
of elevators and the probability that they will not operate properly during
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fire operations. The task of multi-floor ascent via stairwells will slow down
operations considerably.

Operating Guidelines

The following suggested basic strategic operating guidelines for the high-rise
buildings:

– Locate a fire
– Simultaneously, or as soon as possible, begin the process of controlling

evacuation.
– Gain control of the building systems
– Elevators, HVAC systems, communications equipment, fire pumps
– Confine and extinguish the fire. Experience indicates any serious fire will

require a large commitment of personnel and a need for frequent relief of
personnel. Judicious placement of hose streams will facilitate the confine-
ment and extinguishing phase.

– Operate a large-calibre water appliance into the fire area from the stairwell
on the fire floor.

– Open the floor below or ceiling above the fire floor, and direct water into
the fire area.

– Flood the floor above the fire with hoselines operating from the stairwell.
This procedure will not be effective on hidden fire.

– Deploy lines on the floor above the fire to control extension. The number
of personnel and hoselines needed to accomplish this will vary depending
on the size of the building and the severity of the fire conditions.

Engine Company Operations

The many variables and complexities built into high-rise buildings may be
compounded by both the fire location and the fire load within the tenant space
on the floor. Pairing of engine companies should be considered. Companies
operating in tandem will facilitate hose stretching and relief for personnel
operating hoselines. Many fires will be within easy reach of hose streams
operated in the immediate stairway enclosure area. Other fires may require
extending hoselines, using rolled up lengths, and personnel from more than
one company to advance the first hose line. The initial commitment of en-
gine companies in two remote standpipe-equipped stairwells will allow the
following:

– An engine company in the best position to commence aggressive fire at-
tack.

– Two handlines may be operated in tandem.
– Increased stream coverage on fire floor.
– Fire may be prevented from wrapping around the core.
– Maintains the integrity of both stairwells to protect companies operating

above the fire.
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– Firefighters to assist occupants if the fire stairwell is an evacuation stair,
and ensure that the stairwell door remains closed.

– Increased fire attack options and flanking movements are made possible.
– Standby line to be available to attack fire extension on the floor above.
– Operating lines must never oppose each other.

Ladder Company Operations

Ladder companies are normally assigned to the following responsibilities at
a high-rise fire:

– Determine the life hazard on the fire floor, and initiate evacuation proce-
dures where required.

– Conduct a primary search of the fire floor.
– Provide support to the advancing engine company by:

1. Removing obstructions
2. Forcing entry.
3. Opening ceiling to expose plenum.

• Determine the number of stairways serving the fire floor and the
floor above.

• Proceed to the floor above the fire via a stairway other than the
attack stairway.

• Determine which is the best stairway to be used by the occupants
for evacuation and advice IC/ Operations.

• Examine the floor above the fire, and report to the IC/ Operations
the following:
a) The heat and smoke conditions.
b) The status of the evacuation.
c) Any extension of the fire.
d) Presence of stairs – down to fire floor or upward to floor above.

• Examine all floors for occupants and smoke conditions.

1.5.3 Aggressor: Threats and Tactics

Aggressors are those who carry out hostile acts against personnel and assets
and steal vehicles, arms, ammunition, explosives, money etc. They can be
criminals, protesters, terrorists and subversives. Their main object is to inflict
death and injury, destroy or damage facilities, steal equipment, material and
information and finally create adverse publicity. Hence, the models and tactics
of aggressors have to be translated into the design of structures, particularly
buildings, and their important structural components.

Classification: Modes and Tactics

The offensive strategies used by aggressors reflect the function of each group.
The designers consider these strategies when selecting the modes and tactics
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of aggression that form the ‘design basic threat’. Tables 1.10 to 1.12 give a
complete picture of the modes and tactics. The flow charts given in Figs. 1.16
to 1.18 form the basis of these tables.

Table 1.10. Modes and tactics of aggressors

• Vehicle mode: vehicle laden with explosives
• Cars, trucks, vans – moving or stationary
• Targets: high density of personnel, expensive symbolic value.

• Moving car/truck bomb tactic
Aggressor tactic effective when they are driven with high explosive and when an
unobstructed approach to the targeted facility is available.
◦ Answer: Obstructions are created which are capable of stopping vehicles with

minimum penetration to barriers.

• Stationary car/truck or van bomb tactic
The vehicle is carrying high explosives and is parked near the facility. Explosives
are detonated by either of the following:
1. Time-delaying system
2. Remote control

Answer: The barriers shall be designed to control the energy due to the blast
effect by the following list of strategies:
1. As stand-off distance is maintained using statistics of bomb-blasts between

the installations, assets and facilities and the exploding vehicle bomb.
2. Design or strengthen that given (1) to withstand the explosion.
3. Investigate from the current available statistics improvised explosive devices,

incendiary devices and their effects.
4. For exterior mode hardening of installations is essential but cannot prevent

local damage, deaths and injuries. The hardening process shall be combined
with architectural and landscaping techniques that can detect explosives or
bombs.

5. A properly designed fence to provide both visual obscuration, conceal the
asset and prevent throwing explosives and other objects.

• Surveillance mode
The terrorist compromises information from outside using the following for
recording and for the operation of installations:
1. Visual surveillance to monitor installations by ocular and photographic de-

vices.
2. Electronic emanation to monitor frequency waves.
3. Acoustical eavesdropping to monitor voice communication and transmitted

data.
Answer: The answer for this strategy is:
1. To eliminate or minimize sight lines between vantage points and the instal-

lations – part of assets
2. Inspect and eliminate listening devices and other acoustical eavesdropping

techniques from sound areas, floors, ceilings and shielded rooms and equip-
ment
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• Foot mode
The terrorists in particular can enter installations and facilities by overt, covert
or forceful means using any tools. They can penetrate walls, windows, doors, and
utility openings. Explosives are concealed in targeted areas. The terrorist can use
false credentials for legitimate access

• Delivery mode
In this case, explosive and incendiary are delivered to the proposed targets by
using letters, packages and regular material supplies

Answer to foot and delivery modes

The strategy adopted shall have the adoption of the following:
1. Detection at the earliest possible stage and providing information to the

response force.
2. Delaying the aggressor or terrorist to give the response force sufficient time

to engage and to neutralise the suspect.
3. Creating restricted areas, validating personnel and visitors.
4. Checking the premises, hand-carried items and storage locations installed

away from the main asset or installation.
5. Where detonation cannot be avoided, a bomb disposal squad shall remove

the item(s) from the asset.

• Computerised database, terrorist activities and threat
A computerised database of terrorist incidents can provide the basis for a logical,
efficient and cost-effective design of installations as counter measures. Several
approaches are studied
Answer:
1. To concentrate on the review of literature related to terrorism and guerrilla

theories in order to provide an idea of possible motivations of those groups
who leave printed materials behind and are prepared to be interviewed.

2. To carry out a quantitative analysis studying characteristics of terrorist cam-
paigns and their pitfalls and to accumulate data in greater detail which are
valuable to both the analyst and the structural engineer.

3. To collect data from terrorist events and discrete incidents as the unit of
analysis, thus including actual acts.

4. To select parameters for the terror database listed as:
• Year, month and day.
• City, country.
• Terrorist group number and its activity past and present.
• Weaponry used
• Target attacked.
• Incident description, methods and case history.
• Basic data for examination
• Main building.
• Secondary building.
• Underground archives with electro-mechanical services.
• Parking complex underground and on ground.
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Table 1.11. Managers and security staff

I. Security staff duties and responsibilities
a) Maintenance and vigilance to spot criminal activities
b) Securing the premise at business hours
c) Controlling the access and egress of staff, visitors and vehicles
d) Ensuring the perimeter fencing is in good condition at all times
e) Checking the functioning of the security lightings and equipment
f) Switching on and switching off alarm systems
g) Constantly in touch with police and fire brigade

II. Security staff integrity, training and status
a) Credentials should be carefully checked
b) A proper and effective training should be given
c) The absolute integrity of the security staff is essential
e) The senior security staff should have properly established contacts with

management at all levels and should report to a member of top management
d) The discipline of the security staff and assignment instructions must be

clearly adhered to
e) All security staff should be immediately acquainted with changes in the

instructions
f) A log book for the security staff shall be maintained along with a security

manual
III. Accommodation

a) Security staff must be given satisfactory accommodation at a good vantage
point with a direct view of routes

b) The security control room in the main buildings must be sited in view of
all measures described elsewhere

c) The gatehouse staff should be in the direct or video screen view of the
control room

Table 1.12. Owners and managers

Owners and managers
Security measures should be continuously checked by management for efficacy. The
following are important points, which should be noted for record:

1. Check that the quality of gates, doors and shutters within the building has
been established and are in line with the new risk.

2. All keys and controls for vehicles and equipment are in possession of owner and
manager.

3. Check that all windows are properly secured and their systems are based on
codes and insurance guarantees.

4. Check that walls, roof, roof lights, fixing and fastening have been secured for
vulnerable areas. No deteriorations exist. Where there is a possibility, all defects
have been removed for which records must be kept.

5. Check that good sight lines from the security office are not obstructed by
vehicles etc. and no parts of the premises are hidden from passers-by. Where
such premises need visibility from the street, they should be promptly adhered
to prior to handing over to security staff.
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6. Check that surveillance equipment is operational and in good order. Everyday
check is necessary.

7. Check that the means of signalling an alarm condition, and telephones are
appropriate for the new risk established.

8. Check that crime prevention officer and other police liaison contact have been
briefed on local crime pattern and the senior security officer is also aware.

9. Check that existing security measures do not negate fire precautions agreed
with local Fire Authority and in no circumstances infringe safety requirements.

10. Check that no other security exists which depend on local environments and
emergency procedures are followed.

11. Where buildings contain dangerous substances, check that explanation to haz-
ard warnings are installed.

Fig. 1.16. Modes and tactics: flow chart A

Site Problems and Management

Any building site has special problem areas and they should be identified
and then thoroughly analysed. The type of the building concept and various
facilities associated with a building play a great part in providing a range of
counter measure to a potential set of terrorist attacks. Some of the measures
are given broadly below:

– A provision of active security systems involving access control systems
combined with intrusion detection systems, alarm systems and surveil-
lance systems.

– A provision of physical protection and hardening features.
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Fig. 1.17. Modes and tactics: flow chart B

– Emergency measures and crisis management.
• Evacuation, fire fighting and personnel protection including first aid
• Paramedic access

– Management of the attack-included damages to equipment and building
structure.

– Security guards to respond to attack and deter additional attacks.
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Fig. 1.18. Modes and tactics: flow chart C

Engineering measures are needed to protect buildings, and landscape con-
sultants are needed to give a thorough site management. The architec-
tural/engineering measures are as follows.

1) The entrance corridor is closed or access is denied by steps, large concrete
planters and other kinds of barriers.

2) Parking adjacent to the exterior walls is prohibited by means of concrete
planters.

3) Existing doors between the car park and service floor are strengthened.
4) Site control must be provided by means of the following:

a) Security systems and security guards as mentioned above;
b) A fence is designed to reduce direct attack on facilities and strength-

ened to act as a barrier against vehicle access and vehicle impact with
or without explosives;
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c) A main entrance that has been designed and strengthened using a
combination of active barriers and non-direct access roads

d) The building’s envelope, i.e., external walls, windows, doors, strength-
ened for at least three to four floors of the building;

e) A more secured glass such as laminated glass, laminated glass with
anti-fragmentation film, polycarbonates or a combination of these
glasses, to replace the existing ordinary glass;

f) Protection of the vital internal areas and exposed equipment;
g) A transformer unit located apart from the primary transformer, with

the addition of adding separate direct lines to diesel generators;
h) Prevention of unauthorised access to a protected structure by means of

security hardware such as lights, alarms, radios, phones, CCTV, vaults,
card readers and IDS systems in association with (a) to (g) above;

i) Where a new facility is to be conceived, all components in a building
must be designed against internal and external blast effects;

Fig. 1.19. Installation or facility security protection plan
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j) The use of SIFCON (slurry infiltrated fibre concrete), an excellent ma-
terial that resists perforation by ballistics, bomb fragments and rocket
propelled grenade;

k) All systems described in (a) to (h) must not create a fortress effect.

A typical layout shown in Fig. 1.19 is the best choice of layout for the protec-
tion of the facility or installation. The layout shown on Fig. 1.19 shall be the
basis (with slight changes) of the answers to all site problems posed below.

1.6 Vehicle Barrier System Requirements

The configuration and layout of the entrance/exit route to the vehicle barrier
most certainly has an influence. It is necessary to have one route for the
entrance and one for the exit. The landscape engineer should look into the
provision for passive barriers to direct traffic with a small radius for turning
prior to the barrier location. This measure offers the following:

a) The vehicle speed is reduced by one-half owing to the kinetic energy ab-
sorbed by the barrier which is proportional to the square of the vehicle
speed will thus be by a factor of one-quarter.

b) In turning, the velocity or speed of the vehicle is limited by the friction
coefficient between the tyres and the road surface. The vehicle will skid
when the centrifugal force exceeds the friction. The smaller the radius of
the turn in the roadway, the lower the vehicle speed would have to be
without skidding. It is therefore vital to plan a curved entrance roadway.

c) In the landscape layout, in order to achieve passive barriers, it is essential
to provide a reserve curve slope together with speed bumps and S-curves.

Fig. 1.20. Installation approach design: relation ship between turning radius and
attainable velocity without skidding
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These measures would, potentially, deter the terrorists. Figure 1.20 shows
the relationship between the turning radius and attainable velocity without
skidding.

1.7 Vehicle Bombs –
City of London Police Observation List

When designing barriers, the type of potential vehicle bomb must be consid-
ered. The list below provides items that should be observed.

– Beware: Terrorist criminals use flat-backs, box vans, skip lorries and cars.
Do you know what to look for when you stop an HGV?

– Beware of unprofessional re-sprays. Are there paint splashes in unusual
places? Can you still see the previous operator’s name under the new
paint? It could indicate where the vehicle was acquired or last operated.

– Is the rear registration plate obscured to avoid recognition?
– Are there signs of sections having been cut and welded? Does the under-

side or floor section look unusually deep?
– Did you know that the floor of most flat-back box lorries is made of wood?

If the one you stop has a metal floor, are the rivets new?
– Does it look properly manufactured?
– The Department of Transport Plate is; laminated paper, which can be

green, red or blue. Green indicates HGVs approved for international use,
red for UK use and blue for general use pre-1980.

– An unusually large gap between the cab and the box/container may in-
dicate that the vehicle has been converted and the hydraulics behind the
cab removed.

– Beware: On rigid vehicles there should be no cables or wires from the cab
into the box container. The manufacturer will always channel them under
the floor.

– Is the vehicle clean where it should be dirty, especially on the underside
body frame?

– The Vehicle Identification Number (VIN plate) will be found in or around
the driver’s cab. This plate is riveted to the vehicle at the time of manu-
facture and should stay with the vehicle throughout its life.

– Beware of plates that appear to have new rivets or if the plate is unusually
clean for the vehicle.

– HGVs supplied by bona-fide dealers will in virtually every case have either
the name of the dealer or the manufacturer of the plates immediately
under the INDEX NUMBER. This may even indicate the city or town
from which the vehicle originated.

– Beware of plates that appear new and do not display the dealer/maker’s
name.
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– Beware of new nuts or rivets on old plates or extra drilled holes or plates
held in place by Velcro.

– Does the driver’s cab look ‘lived in’ or is it unusually clear of paper such
as delivery invoices, etc? Does the vehicle show signs of carrying what it
appears to trade in?

– Any HGV over 3.5 tonnes will usually be fitted with a tachograph. You
should be suspicious if the tachograph has been removed.

– All HGVs must have wing mirrors on each side of the cab. The near-side
may have two, or one convex mirror with the bottom portion allowing the
footway to be seen.

– All HGVs must display a current road tax disc and possibly a London
Borough’s Transport Scheme disc.

– Remember the vehicle registration should be shown on all the discs. Check
that they all correspond.

– The operator’s licence will also have the area code of issue at the start of
the number SE or OK indicating it was issued in the South East region.

– If the disc is faded contact a traffic officer who will be able to help.
– London Borough’s Transport Scheme Permit Plates are displayed on the

front and rear bumpers if the owner or operator of the vehicle wants to
use it in London at night or at weekends. UK hauliers are aware of these
London regulations, so be suspicious of non-compliant vehicles during
those times.

– All HGVs must comply with Construction and Use Regulations, as out-
lined in the Road Traffic Act, so look out for:
I. Cracked or broken wing mirrors
II. Cracked windscreens
III. Broken headlights, etc.
IV. Bald tyres.

1.8 Selection Procedures for a Vehicle Barrier

When the threat for the barrier has been established, including explosive load
and vehicle type, a suitable vehicle can be selected. The decision should be
based on:

a) Can absorb deadly forces including impact loads.
b) Can be reliable for repair parts and manufacturer’s service policy.
c) Can be operational and shall have emergency capability.
d) The availability of power and working with alternative sources of power.
e) The manufacturer’s operator training and handling of equipment.
f) Cyclic and access control frequency including explosive manual for remote

control.
g) Manufacturer’s responsibility on legal issues.
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1.8.1 Example 1.1 American Practice

A terrorist weighing 15,000 lb is to be impact a barrier with a maximum
speed of 40 mph with enough road impediments. Develop the kinetic energy
based on the crash-test formula:

KE = 33.44 × 10−3WV 2 ,

where

KE = kinetic energy (ft lb),
W = vehicle weight (lb),
V = velocity in mph.

KE = 33.44 × 10−3(15, 000)(40)2 = 802, 560 ft lb (1088.3 kNm)

The vehicle barrier must be designed to withstand this kinetic energy.



64 1 Explosion and Buildings

References

[1.1] Skinner P, Wallace M (2002) World Trade Center. The giants that defied
the sky. White Star s.r.l., p. 123

[1.2] The Daily Telegraph/The Independent (London), The Times (London)
(2001) Extract from features on WTC. 2001 Sept. 16, 50 pp.

[1.3] Hopkinson J (2001) Fire-safety engineering: the consultant’s view. J. In-
struct Eng., London, 2001 Oct. 2

[1.4] Subramanian N (2002) Collapse of WTC. Its impact on skyscraper con-
struction. J. Indian Concrete (March 2002):165–169

[1.5] Scleich J-B (2002) Auswirkungen des WTC-Schocks auf den europäischen¨
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2 Blast and Explosive Loadings on Buildings

2.1 Introduction

Blast is a sudden release of energy and explosions can be identified as being
due to gas, nuclear, bombs or explosives. Bangash [1.13] gave an extensive
treatment of explosion dynamics and blast wave characteristics related to
structural loading. However, it is not intended to repeat this work here.

This section deals with the formation of blast waves by condensed high
explosives and bombs. Both explosives and bombs are categorized as small,
medium and high or large:

– Small explosive devices – up to 5 kg TNT
– Medium explosive devices – up to 20 kg TNT
– Large explosive devices and bombs – up to 100 kg TNT
– Very large explosive devices and bombs – up to 2500 kg TNT.

These explosives or bombs are sometimes given in lbf TNT or ton TNT
designated as YIELD. This is discussed later on in the chapter. The last load –
time relation is important for determining the blast resistance of buildings
and their components. A number of such relations for both external and
internal blasts is given. Gas and nuclear explosions do not frequently occur,
however.

2.2 Explosives and Bombs

Safety, reliability and performance of explosives and bombs are difficult to
assess for commercial explosives that are made from cheap ingredients such as
TNT or nitroglycerine mixed with low-cost nitrates. Military explosives and
bombs are made from expensive materials like TNT and RDX or HMX with
TNT. A reference is made to Chap. 1 for detailed texts on various explosives.
Terrorists often manufacture their own military explosives using Semtex in
order to attack buildings and other structures. The blast can be external or
internal. The basic characteristics of abnormal loads produced on buildings
subjected to explosives are of:

– Stationary randomness
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Table 2.1. Explosives and charge factors (CF)

Explosives Mass specific TNT equivalent (CF)
energy (kJ/kg)

TNT 4520 1.000

GDN (glycol dinitrate) 7232
7232
4520

= 1.6

Pyroxilene 4746 1.05
Pentrinite 6689.6 1.48
Dynamite 5876 1.30
Schneiderite 3164 0.70
Dinitrotoluene (DNT) 3164 0.70
Ethylenedinitramine 5650 1.25∗

Compound B [0.6RDX + 0.4TNT] 5190 1.148
RDX (cyclonite) 5360 1.185
HMX 5650 1.256
Semtex 5660 1.25∗

Dentolite 50/0 50// – 1.129
DENT – 1.282
∗ Identical

– Transient or dynamic nature
– Short duration with time histories from milliseconds to a few seconds.

The model simulations of some of these techniques are described later on in
the chapter.

The use of TNT (trinitrotoluene) is generally considered as a reference.
When the high explosive is other than TNT, the equivalent energy is obtained
by using the charge factor. This will form the value of the scaled distance
Z = R/W 1/3. The charge factor is equal to

actual mass of the charge
mass of the TNT equivalent

It is designated CF. Table 2.1 shows these factors. Table 2.2 show attacks on
previous sites and explosion loads.

Referring to the work done by Baker WE et al. [1.12], the CF for RDX
is computed as 5360/4520 = 1.185. Hence 100 kg of RDX is converted to
1.185 × 100 = 118.5 kg of TNT.

2.2.1 A Terrorist Bomb

Table 2.2 summarizes some recent terrorist attacks on buildings with bombs
of variable magnitudes and intensity. Some terrorists prefer to use vehicles
for bombing targets. A complete history is given in Chap. 1.



2.2 Explosives and Bombs 69

Table 2.2. Terrorist attacks with explosives

No. Site/country Explosion load
1.April 1995 Oklahoma City/USA 4800 lbf (33.1 ton of TNT)
2. Feb 1993 The World Trade Center, NY/USA 1200 lbf (0.6 ton of TNT)
3. July 1994 The Jewish Community Centre, 275 kg of TNT

Buenos Aires/Argentina∗

4. April 1992 St. Mary Axe, London/UK† 350 kg of TNT
5. July 1994 Apartments, Israeli Embassy, 350 kg of TNT

London/UK
6. April 1992 Staples Corner, London/UK‡ 300 kg of TNT
7. Feb 1993 The World Trade Center, NY/USA 900 kg of TNT
Additional details
Determination of range or distance (R.B. Philips, REN 558, 1945)

R =
KW 0.333{

1 + (3175/W )2
}0.1667

R = range in m
W = mass of explosives in kg of TNT
K = constant ≈ 5.6

Blast resistance in terms of the quantity scaled distance

Z =
R

W 1/3

∗ 3 to 5 m range
† 115–160m range
‡ 17 m nearest corner range

2.2.2 Blast Loads on Buildings

There are many threats to be considered in the design of civilian structures.
The most serious threat against buildings and other important civilian struc-
tures has been the explosives located inside and a large external explosion due
to the ‘car bomb’. Apart from ‘deterrence’, ‘keep out’, deception and other
measures, the idea of resisting explosive blast loads with minimum structural
modifications is to be promoted among civil and structural engineers. When a
bomb explodes, a rapid release of stored energy is characterized by an audible
blast. The energy released is divided into two distinct phenomena – thermal
radiation, and coupling with air and soil, known as air blast and ground shock,
respectively. Air blast is the principal cause of the damage to buildings. On
the other hand the ground shock-wave propagates by compressing the air
molecules in its path, thus producing the ambient overpressure or the inci-
dent pressure. The waves propagate with supersonic velocity and finally hit
the building. They reflect from the building with amplified overpressures. The
air blast penetrates through windows and doors and other openings in the
building. Floor slabs, partitions, and contents are subjected to these pres-
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Fig. 2.2. Pressure on the front face versus time

sures. Columns and walls are either damaged or totally destroyed. During
this process, diffraction of the wave occurs as the shock propagates around
corners increasing or reducing pressures in these regions. The process con-
tinues until the entire building is engulfed by shock-waves and all surfaces
in a building are covered by the overpressure. Figure 2.1 shows a complete
scenario on blast loads on buildings. The pressure decays exponentially and is
time and space dependent and in some areas suction forces occur. These are
bracketed as a negative loading phase and Fig. 2.2 shows both positive and
negative phases and the behaviour of the travelling shock-wave giving the in-
stantaneous relationship between the overpressure and the stand-off distance.

A secondary effect of the air blast as given by Bangash MYH [2.27] is the
dynamic pressure or drag loading which has a very high velocity that also pro-
pels debris as projectiles. The air-blast phenomenon takes place in very short
time intervals, measured in milliseconds. The magnitude of the pressure P is
roughly proportional to the size of the explosive or bomb W and is related as

P∞W

R3 , (2.1)

where R is the stand-off distance from the centre of the charge and W is the
charge weight or yield measured in equivalent lbs, tonne, or kg of TNT.

A typical car yield bomb ranges from 0.1 ton of TNT. The bomb on usual
civilian targets as stated in Table 2.2 seldom goes beyond 500–2000 lb (0.25–
1 ton) of TNT. Table 2.3 gives various expressions for blast-load evaluation
and modelling.
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Table 2.3. Blast loads and modelling

(A) External blast and load modelling

(i) Overpressure PSOPP = PBPP

The overpressure PSOPP in its peak form acting dynamically on walls or front faces
of a building can be written as

PSOPP = 6784
W

R3 + 93
(

W

R3

)1/2

, (i)

where W = total charge weight in TNT (tonne), R = stand-off distance to the
centre of the detonation in metres.

For example

W = 1.1 tonne

R = 90 m

PSOPP = 0.1244 bar

q0 = peak drag = 2.5 CDPSOPP /(7 PSOPP + POPP ) (ii)

PRPP = peak pressure of a reflected shock

= 2 POPP + 6/ (7 POPP + PSOPP ) when PSOPP < 10 bar
(iii)

or

= 4 log10 PSOPP + 1.5 when PSOPP ≥ 10 bar (iv)

where

POPP = ambient atmospheric pressure ≈ 1 bar,

CD = drag coefficient = 1.0 in general.

In detail

CDr = drag coefficient for the rear face = 0.25 to 0.5 (v)

CDf = drag coefficient for the front face = 0.8 to 1.6 (vi)

(ii) Pressure-time relation

Notation

TCTT =
3S

U
S = HS ≤ 1

2
B TCTT = reflected pulsetime

S = HS when B ≥ H

(vii)

PfPP = pressure at front face

PrPP = pressure at rear face

B = building width

HS = building height

tR = time for reflected wave = 2ir/PRPP

ir = total reflected pressure impulse
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Fig. 2.3. Pressure on the rear face versus time

Fig. 2.4. Pressure on the side face versus time

(B) Duration

tB = shock pulse duration = 10.23
W 1/3

√√
PSOPP

PSOPP < 70 bar

= 20.77
W 1/3

√√
PSOPP

PSOPP ≥ 70 bar

(viii)

tD = time of drag = 20.77
(

W

PSOPP

)1/3

for PSOPP < 2 bar (ix)

tD = 14.35
W 1/3

√√
PSOPP

for PSOPP ≥ 2 bar (x)

Notation

PpPP = peak impulsive load

Note: 1 bar = 100 kN/m2
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(C) US Army Corps of Engineers TM5-855-1

The principle adopted in Section (A) of this table is adopted. Figure 2.5 shows a
section through a building with average pressure-time variation.

The bomb is located close to the structure. The average pressure-time curve
is constructed over a length of the building 1.3 × normal R, the stand-off distance
≯ 2 S. The portion of the surface loaded is LW.

CE = equivalent factor for load
D

L
= blast wave location ratio (Refer to Fig. 2.6.)

Lwb

L
= wavelength and span ratio

The pressure build-up is linear from tf at f point to the time td + tf when blast
wave reaches point d.

PorPP = peak pressure = CEPSObPP + CDqO

The drag coefficient CD for the roof and wall:
Peak dynamic pressure psi (kN/m2) CD

0–25 (0–172.37) −0.40
25–50 (172.37–344.738) −0.30
50–130 (344.738–896.32) −0.20

Equivalent load factor as shown in Fig. 2.6 is given by

CE =
PSOPP

PSObPP

Fig. 2.5. Roof and side wall loading (span direction perpendicular to shock front).
(a) Section through structure, (b) average pressure – time variation. Taken from
TM5-855-1 (courtesy US Army Corps of Engineers)
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Fig. 2.6. Equivalent load factor and blast wave location ratio versus wave-length-
span ratio (courtesy: US Army Corps of Engineers)

Fig. 2.7. Load-range-time relations: incident pressure versus range

and blast wave location ratio

D

L
,

where L is the width of the strip or element being considered.
The incident pressure PSPP for two bombs of yield 500 lb and 2.5 ton TNT for

ranges R normally required for Table 2.3 is given in Fig. 2.7.
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2.2.3 Blast Wave Scaling Laws

The Hopkinson–Cranz scaling law is commonly known as ‘cube-root’ scaling.
Two bombs of weights W1WW and W2WW having diameters d1 and d2, respectively,
are made up of the same explosive materials. The charge weights W1WW and W2WW
are related as

d1

d2
=
(
W1WW

W2WW

)1/3

(2.2)

since W1WW and W2WW are proportional to d3
1 and d3

2, respectively. Assuming the
two bombs of charge weights W1WW and W2WW produce the same overpressure PSOPP
and at certain ranges R1 and R2 respectively, with d1/d2 constant and with
positive phase duration and impulse ratios.

Pressure-duration-stand-off for one tonne TNT explosion is given by

R1

R2
=
(
W1WW

W2WW

)1/3

(2.3)

This leads to a scale distance Z = R/W 1/3 which is a constant of pro-
portionality. Curves can be plotted, for nuclear or chemical explosives, for
overpressures and scale distances.

The impulse of the incident pressures associated with the blast wave is
the integrated area under the pressure-time curve. Consequently, the positive
phase impulse, is, is defined as follows:

is =

ta+t0∫
ta

P (t)dt (2.4)

= cPSOPP t0 ,

where P (t) represents the pressure – time relationship; PSOPP is the peak in-
cident overpressure; t0 is the duration of positive phase; ta is the blast wave
arrival time; c is the value between 0.2 and 0.5 depending on the equation
used to describe the variation of pressure with time P (t). Figure 2.2 gives
the exact positioning of these values.

As the blast wave propagates through the atmosphere, the air behind
the shock front is moving outward at lower velocity. The velocity of the air
particles, and hence the wind pressure, depends on the peak overpressure
of the blast wave. This later velocity of air is associated with the dynamic
(blast wind) pressure, q. For typical conditions, standard relationships have
been established between the peak incident pressure, PSOPP , the peak dynamic
pressure, q0, the wind velocity, and the air density behind the shock front
and these quantities are dependent on PSOPP . The net dynamic pressure is the
product of q and the drag coefficient CDCC .

When the shock front strikes a building, it produces large pressures on
exposed surfaces and penetrates to the inside through openings. The over-
pressure causes hydrostatic-type loads, and the dynamic pressure cases drag
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load. High reflected pressures are generated on surfaces due to reflection of
the shock wave on the front face of the building. The reflected pressure-time
variation and the peak reflected pressure, PrPP , are shown in Fig. 2.2. At a given
distance from the point at which burst occurred overpressure and dynamic
pressure decay with time.

As pointed out earlier, it is customary to characterize the pressure load-
ings in terms of scaled range Z as

Z =
R

W 1/3 , (2.5)

where R is the radial distance between the centre of explosion and W is the
explosive weight in TNT.

2.2.4 Basic Parameters of a Bomb Blast

The analysis for blast effects include the following:

(a) Computation of transient overpressure from the blast wave front
(b) Reflected shocks to evaluate peak pressure loading and total impulse.

In case of buildings, the following parameters need urgent attention:

1. The magnitude of the explosion in TNT
2. The stand off distance and altitude
3. The geometry of a building structural system
4. The structure orientation with respect to the explosive and the ground.

Generally, for the design purposes a simplified blast-structure interaction
shall be developed depending upon the building location and orientation
(front, rear, sides and roof) relative to the point of burst. Where a com-
prehensive analysis suggested later on in the text, shall be adopted.

For the purpose of computational analysis, Fig. 2.2 is idealized in terms
of straight dotted positive and negative phases with positive specific impulse
“is” area such that the accuracy being a parabolic curve is not sacrificed. The
idealised pressure-time relation for a blast wave profile is shown in Fig. 2.5. A
similar idealised pressure-time relation can be achieved for other case studies
exhibited in Figs. 2.3 to 2.7.

In terms of incident pressures and phase durations the following two cases
define the blast loadings:

I. Peak positive incident (side-on) pressure P+
SOP positive phase duration t+O

and the corresponding positive incident impulse i+s .
II. Peak negative incident pressure P−

SOP (suction), negative phase duration
t−O, and the corresponding negative incident impulse i−s .

The negative phase is comparatively longer, the pressure will essentially re-
turn to ambient. The peak values of the under-pressure are generally small
compared with the peak positive overpressures.
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Since the degree of blast damage depends largely on the drag force as-
sociated with strong winds and is influenced by the shape and size of the
structure, the net pressure acting on the structure is called the dynamic
pressure and is proportional to the square of the wind velocity and to the
density of the air behind the shock front.

When the incident blast wave from an explosion in air strikes a more
dense medium such as land or water, it is reflected. The front of the blast
wave in the air will assume a hemispherical shape. Since there is a region of
regular reflection, all structures on the surface, even close to ground zero, are
subjected to air blast. Some of the blast wave energy is transferred into the
ground. A minor oscillation of the surface is experienced and a ground shock
is produced. For large overpressures with a long positive-phase duration, the
shock will penetrate some distance into the ground and will damage buried
structures.

When the front of the air blast wave strikes the face of the structure,
reflection occurs. As the wave front moves forward, the reflected overpressure
on the face drops rapidly to that produced by the blast wave without reflec-
tion, plus an added drag force due to wind. At the same time, the air-pressure
wave diffracts around the structure and is entirely engulfed by the blast. The
damage cause by diffraction will be determined by the magnitude of the load-
ing and by its duration. If the structure has openings, there will be a rapid
equalization of pressure between the inside and outside of that structure. The
diffraction loading of the structure as a whole will be decreased. Since large
structures have openings, diffraction and drag must not be ignored.

The loads computed for the surface explosion shall be PSOPP and 2.3PSOPP
for roof/floors and walls respectively, where PSOPP is the peak incident wave
pressure. Figure 2.7 and Table 2.4 show the damage-distance relationship and
peak overpressure failure effects on structural components, respectively.

2.2.4.1 Stress Waves and Blast Waves

Stress waves represent the basis of explosion in the surrounding medium, be
it gaseous, liquid or solid. They are defined as moving parts of the medium,
being in a state of stress such that the boundaries are waves and the rest
of the medium consists of wave fronts. Stress waves are sometimes called
deformation waves. These stress waves are divided into normal and tangential
waves representing stresses in those directions. Normal waves may be divided
into pressure waves and tensile waves or rarefaction waves. The normal waves
are also known as P (longitudinal) waves and the S (tangential) waves as
transverse waves. In geological media, the surface is the interface of individual
layers of rock and soil or air and soil/rock. The interface between them is
known as the free surface. The surface waves are then classified according to
the shape and sense of the trajectories followed by movements in a medium.
The surface waves are given below.
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(1) The Rayleigh wave (R wave). This wave exhibits a planar elliptic mo-
tion in the medium such that its semi-axes decrease rapidly at a certain
distance from a given depth.

(2) The Love wave (Q wave). These waves exhibit a spatial motion in a
medium and their components are parallel and normal to the plane of
propagation.

(3) The hydrodynamic wave (H wave). These waves are similar to R waves
and propagate along the surface of the liquid and are free from shear
stresses.

(4) The composite wave (C wave). The surface particles exhibit a complex
phenomenon when compared with others.

The R wave propagation is expressed as:

δx =WEW (t)L
′ {exp(−qz) − 2qs̄

[
( )̄2 + (L′)2 exp(−s̄z)

]}× sin(ωt − L′x) (2.6)
δx =WEW (t)L

′ {exp(−qz) − 2(L′)2
[
( )̄2 + (L′)2 exp(−s̄z)

]}× cos(ωt − L′x) (2.7)

where x, y and z are the co-ordinate axes
L′ = ω/vSR

ω = circular frequency
νSR = velocity of sine wave in the Y -direction

t = time
δ = particle displacement
q = ω2

(
ν2

SZ − v2
RZ

)
/v2

PZv2
SZ

s̄ = ω2
(
v2

SZ − v2
RZ

)
/v2

SZv2
RZ

WEW (t) = work done
vSZ = propagation velocities of transverse waves
vPZ = propagation velocities of longitudinal waves
vRZ = propagation velocities of Rayleigh waves

The Q wave is generally propagating in the Y -direction if the x, y plane lies
on the interface of the layer and on the mass medium. The displacement δy is
a function of time t and the co-ordinates x and z. The Q wave is expressed as

δy(x, z, t) = (A cosα′z + B sinα′z) exp [L′ (vzt − x)] , (2.8)

where
L′ = a wave number

A, B = constants
vz = phase velocity
α′ = L′√√[v2

z/ (v2
sz − 1)]

The phase velocity vz is determined from:

vz =
Gm

GsL′d
× vszs ×

√√√√√√√√√√√√√√√√
√⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪
⎡
⎣
⎡⎡

tan−1

√√√√√√√√√√
√(

1 − v2
z

v2
szsn

)/(
v2

z

v2
szsn

− 1
)⎤⎦
⎤⎤2

+ 1

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪
(2.9)
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where
vszs = propagation velocity of the explosion

vszsn = propagation velocity in the mass half space
Gm, Gs = moduli of elasticity in shear and mass half space, respectively.

Explosion of a Spherical Charge

When a charge is located at a sufficient depth below the surface, the explosion
causes vibrations to propagate in the form of spherical wave fronts in a lon-
gitudinal direction, with mass particles displaced radially. This displacement
is generally calculated as:

δr =radial displacement

=
r2
s vzpa

r2
s (βrs − vzp)

(2.10)

×
{

rs

vzp

[
1 −

(
t − rs

vzp
− rs

βrs − vzp

)
β

]
+ t − rs

βrs − vzp

}
e−β(t−rs/vzp)

where
vzp = velocity in m/s
rs = radius of the cavity of the charge (sometimes known as t = time)

α, β = constants for the particular type of charge

Explosion of a Cylindrical Charge

The following gives displacements δr, δθ and δφ in cylindrical co-ordinates for
a cylindrical cavity:

δR =
R2

0hp

4mRvzpR

(
1 − 2v2

zs

v2
zp

cos2 φ

)
∂F (t − R/vzp)

∂t
(2.11)

δθ = 0; δφ =
R2

0hp sin 2φ
4vvzsR

[
∂F (t − R/vzs)

∂t

]
(2.12)

where
Ro = base of a cylinder with height
mR = relative mass

δR, δθ, δφ = displacements in cylindrical co-ordinates R, θ and φ, respec-
tively

ν = Poisson’s ratio
t = time

2.2.4.2 Damping of Stress Waves

When a stress wave caused by an explosion propagates in a material it is
damped at a certain x and its amplitude X(x) is given by

X(x) = X0e(−γx) (2.13)
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where
X(x) = amplitude at a distance
xX0 = amplitude of the wave at a source

γ = damping ratio

For a chemical explosion, the relationships between explosion overpressure
and ambient atmosphere, duration time and impact load are compared with
those for a nuclear explosion in Table 2.4. Impulse or impact depends on
the peak overpressure, PsoPP , in the shock front and on the duration of the
wave. In some cases, the rate of decay of the overpressure can influence the
impulse/impact load. The scaling principle to explosion has also been given
earlier. The scaling law for explosion is defined for the distance for uniform
atmosphere as

scaled distance = x × ρ
1/3
TN/E

1/3
R (2.14)

where
cf = charge size factor V ,

VTNVV = actual and required TNT volumes, respectively
ρ, ρTN = actual and standard TNT atmosphere densities, respectively.

For a non-uniform atmosphere the scaled distance will be different. The
energy release, ER, is almost equal to the weapon yield.

The scaling of the overpressure is given by

actual pressure = overpressure × PoPP (2.15)

where PoPP is the atmospheric pressure.
The scaling time, tsc, is given by

tsc = ta × ftff /Y −1/3 , (2.16)

where ftff , the transmission factor for time, is given by

ftff =
(

ρ

ρTN

)1/3 (
T

TTNTT

)1/6

(2.17)

and is expressed in terms of atmospheric pressure and temperature, where T ,
TTNTT = actual and TNT temperatures, respectively Y = weapon yield, W .

The direct impulse/impact scaling per unit area is written as

FtFF (t)/unit area = (scaled impulse/area)(PsoPP /ps(tz/tsc) , (2.18)

where P ′
3PP = standard overpressure for reference explosion.

Transmission factors for distance and time for large explosions, with large
path distances and variations in atmospheric pressure and temperature, can
be written in integral form:

scaled distance =
1

Y 1/3

∫ x2

x

∫∫
1

(
ρ

ρTN

)1/3

dx (2.19)

A transmission factor to conform to variations of pressures arid temperatures
will be given by
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fd =transmission factor for distance

fd =
1
x

∫ x2

x

∫∫
1

(
ρ

ρTN

)1/3

dx (2.20)

where x represents the actual distance. Similarly, the transmission for time
is given by

fd =
1
x

∫ x2

x

∫∫
1

(
ρ

ρTN

)1/3 (
T

TTNTT

)1/2

(2.21)

The subjects of open air, underground and underwater explosions are fully
discussed under different headings in this chapter. The above elements are
common to all of them.

2.2.5 Explosions in Air

Explosion characteristics, including duration, are based on the sudden release
of energy. An explosion maybe due to nuclear detonation, explosives, gas or
dust. As stated, the magnitude of an explosion in relative values is known as
the explosive yield. One generally accepted standard is the energy released in
an explosion of TNT (symmetrical 2,4,6-trinitrotoluene). As stated earlier,
the front of the shock wave is quite steep and, as a result, the pressure may
be treated as instantaneous. The dynamic load is then characterized by a
rapidly reached peak value which decreases as the blast wave decays. The
net effect of the load depends on the structure of the blast wave and on the
geometry and construction of the structure. The basic relationship for such
a blast wave having a steep front is given by Rankine-Hugonist, and is based
on the conservation of mass, energy and momentum at the shock front. Using
Fig. 2.13 and the above conditions together with the equation of state for air,
the blast wave pressure is written as

U

vs
=
(

1 +
6
7
PsoPP

PaPP

)1/2

(2.22)

u

vs
=

5
7

pso

pa

(
1 +

6
7

PsoPP

PoPP

)−1/2

(2.23)

ρ

ρa
=

7 + 6PsoPP /PoPP

7 + PsoPP /PoPP
(2.24)

pr

pso
=2

7PoPP + 4PsoPP

7PoPP + PsoPP
(2.25)

q

pso
=

5
2

PsoPP

7PoPP + PsoPP
(2.26)
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Fig. 2.8. Force-time history

(
vso

vs

)2

=
(PsoPP + PaPP ) (PsoPP + 7PoPP )

6PsoPP + 7PoPP
(2.27)

M2 =
(

u

vso

)2

=
25
7

P 2
soPP

(PsoPP + PoPP )(PsoPP + 7PoPP )
(2.28)

R

Ra
=0.727PsoPP /PoPP (2.29)

PrPP

qdo
=

4
5
(4 + 7PoPP /PsoPP ) (2.30)

where
vso = speed of sound in the air behind the shock front
vs = speed of sound in ambient air
M = Mach number
PoPP = pressure of ambient air
PsoPP = overpressure
PrPP = reflected pressure
qdo = dynamic pressure = 1/2// ρu2

R = Reynolds number per foot (flow behind shock front)
Ra = Reynolds number per foot for ambient air sea level (6.89 × 106)
u = particle velocity of flow behind the shock front
U = shock front velocity
ρ = density of air behind shock front

ρa = density of ambient air

In general the force-time relation given in Fig. 2.8 represents a true picture
which involves diffraction transition and drag phases.
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Fig. 2.9. Overpressure PSOPP versus PrPP , M , and qdo for a building

Figure 2.9 shows reflected pressure, dynamic pressure and Mach number
for side-on overpressure. When the blast wave is vertical and strikes the front
face of the structure, normal reflection occurs and the entire facade of the
building or structure is instantly subjected to the reflected overpressure, ProPP ,
which is greater than PsoPP , the overpressure in the immediate surroundings.
As a result, the blast air flows from the region of high pressure to the one
of low pressure, forming a rarefaction wave with a velocity urr over the front
of the structure. It then progresses inward from the edges of the structure,
moving with a velocity vs in the reflected medium. This speed varies with
time as the blast wave decays. For example, as shown in Fig. 2.9 if one takes a
small panel of a structure, the wave varies at this panel with a corresponding
time h1/urr, where h1 is the distance from the top to that panel and urr
is the rarefaction velocity. Assuming this time is t1, the relieving time, tr,
is about twice that required for the sound wave, which is t2 − t1 = 2x/urr,
where t2 is the forward time and x is the distance through which the pressure
relief is obtained for the length of the structure, L, width, B, and height, H.
Figure 2.10 gives load distributions on various faces against time. The peak
diffraction pressure, PdfPP , and peak drag load, PdPP , are given by

PdfPP =PrPP A (2.31)
PdPP =PDPP CDCC A (2.32)

where A is the projected area, CD is the drag coefficient, PrPP is the reflected
pressure and PDPP is the dynamic pressure ≈ PsoPP .
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Fig. 2.10. Load-time relationships for blasts in open air. (a) Several panels; (b) av-
erage for the structure; (c) one panel; (d) average for the rear face; (e) side or top
face; (f) drag type loads
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The blast wind from an explosion exerts loads on structures which are
quite similar to those developed by natural winds. Nevertheless, these wind
load surfaces are transient in nature and of considerably greater magnitude
than those developed by conventional winds.”The drag coefficient is also de-
fined as

CDCC = drag energy/kinetic energy = (PdPP /ρ)/
1
2
u2 (2.33)

For an ideal gas explosion in air

ρ = density = pa/RT (2.34)

where R is the gas constant, T is temperature, PdPP is the drag load and PoPP is
the pressure. The value of R is equal to 287 J/kg-K.

The value of CDCC is also written in terms of Mach numbers as

CDCC = 2PdPP /krM
2 PoPP (2.35)

The value of PdPP is then written as

PdPP =
1
2
CDCC ρu2 =

1
2
krM

2 CDCC pa (2.36)

where
kr = heat capacity ratio = CpCC /CvCC ≈ 1.4
CpCC = specific heat capacity at constant pressure
CvCC = specific heat capacity at constant volume

The Mach number may be written as

M = u/(kRT )1/2 (2.37)

An individual small panel experiences load from an explosion when the
shock front has traversed the distance L, the entire length of the structure,
and a compression wave has travelled a distance h from the near edge into
the panel The time for the shock will be L/u′

sr, where u′
sr, is the speed of the

shock, a value close to U . After these times the pressure on the panel increases
and becomes instantaneous pressure on the rear face equal to PstagPP − PdragPP .
Figure 2.10c and d show the load-time function for the rear face for a small
panel and an average for the entire rear face. Similarly, for the panels along
the side or top of a structure, ignoring reflection and pstag (stagnation), the
overpressure diagram is as shown in Fig. 2.10. Figure 2.10f illustrates dynamic
drag type loading.

2.2.6 The Impulse of the Incident Pressure

The impulse of the incident pressures associated with the blast wave is the
integrated area under the pressure-time curve. Consequently, the positive
phase impulse, is, is defined as follows:
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is =

ta+to∫
ta

P (t)dt

= cPsoPP to (2.38)

where P (t) represents the pressure–time relationship; PSOPP is the peak incident
overpressure; to is the duration of positive phase; ta is the blast wave arrival
time; and c is a value between 0.2 and 0.5 depending on the equation used
to describe the variation of pressure with time P (t).

As stated earlier the blast wave propagates through the atmosphere, the
air behind the shock front is moving outward at lower velocity. The velocity
of the air particles, and hence the wind pressure, depends on the peak over-
pressure of the blast wave. This latter velocity of air is associated with the
dynamic (blast wind) pressure, q. For typical conditions, standard relation-
ships have been established between the peak incident pressure, PsoPP , the peak
dynamic pressure, qo, the wind velocity, and the air density behind the shock
front. These relationships state that the magnitude of the dynamic pressure,
shock front velocity and air density are solely a function of the peak incident
overpressure, and, hence, independent of the explosion size.

The net dynamic pressure on a structure is computed as the product
of the dynamic pressure, q, and a drag coefficient, CDCC . The drag coefficient
depends on the geometry of the structure and its orientation relative to the
direction of the wind produced by the dynamic pressure. For a rectangular
building, the drag coefficient may be taken as +1.0. For the roof, front and
rear walls, the drag coefficient is a function of the peak dynamic pressure and
may vary from −0.4(qo < 170 kPa) to −0.2(q0 > 350 kPa).

The dynamic pressure q plays an important role in generating the blast
loading.

2.2.7 Thickness of the Shock Front

The thickness of the shock wave is the ratio of the velocity jump between two
points u1 and u2 divided by the maximum velocity gradient (du/dx)max in a
specific zone. In terms of Mach number, the thickness tsh of the shock front
using the Rankine-Hugonist equation is given by

tsh = [(11 + 7M)/ρ(M − 1)]10−8 (2.39)

2.2.8 Evaluation of Stagnation Pressure, Stagnation,
and Post-shock Temperatures

The stagnation pressure, is generally, is given in (2.40) in terms of ambient
pressure and is now defined in terms of the velocity of sound, vs, and vso,
which is the speed of sound after the shock front. The value of pstag is given by

pstag = p2

[
1 +

(k − 1)(vso/vs)2

2(T2TT /TaTT )

]k/k−1

(2.40)
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where
p2 = shock-generated pressure
T2TT = shock-generated temperature
TaTT = ambient temperature
vso = blast-generated velocity

The temperature known as the blast stagnation temperature obeys the rela-
tionship

TstagTT

ToTT
=

T2TT

TaTT
+

1
2
(k − 1)

(
vso

vs

)2

(2.41)

The value of k is generally taken as 1.4. The post-shock temperature TpsTT
is given for k = 1.4 by

TpsTT

TaTT
=
(
vso

vs

)2

=
(p2/pa + 6)(p2/pa)5/7

6(p2/pa) + 1
(2.42)

where TpsTT is the temperature under post-shock.
Equations (2.40) to (2.42) are extremely useful when explosion occurs and

at the same time generates temperature leading to fire.

2.2.9 Oblique Shock

A shock wave may occur in a plane that is oriented at an angle θ to the
direction of the blast windflow. Let that velocity be vso; its components are v1
and v2 as shown in Fig. 2.11. In this oblique shock phenomenon, the velocity
vectors are related in terms of the angle θ and the angle α of the shock plane
with respect to the on-coming stream by

vso2/v2 = tan(α − θ) (2.43)

Fig. 2.11. Oblique shock
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Fig. 2.12. Numerical relationships of θ and α for given values of Mo1MM and Mo2MM
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where vso2 and v2 are the velocities after shock of the normal and parallel
components, respectively. The Mach number is given by

M1 (normal to the shock plane)= vso1 sinα/vs1

=Mo1MM sinα (2.44)

For the downstream component vso2:

M2MM (normal to the shock plane)= vso2 sin(α − θ)vs2

= vso2/vs (2.45)
=Mo2MM sinα(α − θ)

where vsl and vs2 are shock velocities in planes 1 and 2.
The following equations may be derived along the same lines as (2.40) to

(2.42):

p2/pa =
kM2

o1MM sin2 α − k − 1
2

k + 1
2

(2.46)

For the temperature and the speed-of-sound effects, T2TT /ΓaΓΓ is given by

T2TT /TaTT = (vs2/vs1)2 =
1 +

k − 1
2

(
M2

o1MM sin2 α
)(

kM2
o1MM sin2 α − k − 1

2

)
(
k + 1

2

)2

M2
o1M sin2 α

(2.47)

The Mach numbers of the upstream and downstream velocities, before and
after the shock, are related by

[Mo2MM sin(β − θ)]2 =
2 + (k − 1)M2

o1MM sin2 a
2kM2

o1MM sin2 a − (k − 1)
(2.47a)

The values of pa and ΓaΓΓ are in plane 1, i.e., PoPP = P2PP and TaTT = T1TT . The value
of k is generally taken as 1.4.

The relation between the angle of the shock plane, a, and the angle of
deflection θ may be found from

tan(a − θ)
tan a

=
2 + (k − 1)M2

o1MM sin2 a
(k + 1)M2

o1M sin2 a
(2.48)

The maximum deflection can easily be obtained from Fig. 2.12 for a given
Mach number. Using the manipulated version of (5.47), the value of α is
computed as

sin2 a=
1

4kM2
o1M

× (K + 1)M2
o1MM − 4

+
√√

{(k + 1) [(k + 1)M4
o1M + 8(k − 1)M2

o1M + 16]} (2.49)

A typical example for a charge weight of 500 kg versus slant angle is given
on Plate 2.1.
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Plate 2.1. Shock wave peak pressure versus slant range
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2.2.10 Shock Reflection

2.2.10.1 Normal Shock Reflection

The reflected shock front exhibits the same particle velocity as that of the
incident shock. Nevertheless, the characteristics of the two shocks moving
through different media are different. In a similar manner, the particle veloc-
ity ratio vso/vsol is related to P2PP /PoPP = PrPP /P2PP such that

(vso/vso1)2 =

( 2
k

)(PrPP

P2PP
− 1

)2

(k + 1)
(

PrPP

P2PP

)
+ (k − 1)

=
(

vso

vso1

)(
T2TT

TaTT

)
(2.50)

where PrPP is the absolute pressure generated in the reflected shock.
Equation (2.50) can easily be written in terms of PrPP /P2PP as

PrPP /P2PP =
(3k − 1)(P2PP /P1PP ) − (k − 1)
(k − 1)(P2PP /P1PP ) + (k + 1)

(2.51)

where P1PP is the pressure of the unshocked air ≈ PoPP .
The Mach number, MrMM , for the reflected shock can similarly be related to

the Mach number for the incident shock, Mo1MM , by

M2
rMM =

2kM2
o1MM − (k − 1)

(k − 1)M2
o1M + 2

(2.52)

The relationship between PrPP and P1PP , the incident shock, and the Mach number
can be written in the following form:

PrPP /P1PP =
(P2PP /P1PP )[(3k − 1)(P2PP /P1PP ) − (k − 1)]

(k − 1)(P3PP /P1PP ) + (k + 1)

=
[(3k − 1)M2

1 − 2(k − 1)][2kM2
1 − (k − 1)]

(k2 − 1)M2
o1MM + 2(k + 1)

(2.53)

Using k = 1.4, (2.51) to (2.53) can be modified. For example, (2.52) becomes

M2
rMM =

7M2
oM 1 − 1

M2
oM 1 + 5

(2.54)

and (5.52) becomes

PrPP

P1PP
=

(4M2
o1MM − 1)(7M2

o1MM − 1)
3(M2

o1M + 5)
(2.55)

The temperature after the shock is greater than the ambient temperature
T1TT = TaTT . The reflected value TrTT , can easily be derived after algebraic manip-
ulation similar to (2.42).

TrTT /T1TT = TaTT =
(
vsr

TaTT

)2

=

[
(k − 1)

(
P2PP
P1PP

)
+ 1

] [
3(k − 1)

(
P2PP
P1PP

)
− (k − 1)

]
k
[
(k + 1

(
P2PP
P1PP

)
+ (k − 1)

]
(2.56)
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Fig. 2.13. Oblique reflection of shock waves

The reflection coefficient is defined by

CrCC =
PrPP − P1PP

P2PP − P1PP
=

reflected overpressure
overpressure in the incident shock

=
(3k − 1) (P2PP /P1PP ) + (k + 1)
(k − 1) (P2PP /P1PP ) + (k + 1)

(2.57)

=
(3k − 1)M2

o1MM + (3 − k)
(k − 1)M2

o1M + 2
For k = 1.4

CrCC =
8M2

o1MM + 4
M2

o1M + 5
(2.58)

2.2.11 Oblique Reflection

Figure 2.13 illustrates the basic concept of oblique reflection. An incidental
shock at Mo1MM with an incident angle of α causes a corresponding reflect shock
in Mach number:

MrMM = Mo1MM sinα (2.59)

The angle β of this reflected shock is given by

β = (α − θ) , (2.60)

where θ is the deflection angle. From (2.54), the value of PrPP /P1PP becomes

PrPP /P1PP = (7M2
rMM − 1)(7M2

o1MM − 1) − 36 (2.61)

The reflection coefficient is derived using (2.56) and (2.61) with k = 1.4:

CrCC =
PrPP − P1PP

P2PP − P1PP

=
(7M2

rMM − 1)(7M2
o1MM − 1) − 36

42(M2
o1M − 1)

(2.62)

The Mach number Mo2MM in region II for k = 1.4 will be

[Mo2MM sin(α − θ)]2 =
5 + M2

o1MM

7M2
o1M − 1

(2.63)
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2.3 Internal Blast Load Modelling
and Structural Response of Buildings

Plate 2.2 describes in logical and mathematical terms the modelling of the
ternal blast.

The response of a building to a large explosion occurs in some distinct
phases which, in turn, depend on the building layout, various materials itsed,
design and fixing of structural components, bomb yield, its range and dura-
tion, etc. These are some of the variables. A number of buildings subjected
to large explosions have been examined and the following are the common
features observed.

Mode (1)

As the blast wave encounters the nearest external wall of the building, win-
dows are found shattered and walls and columns are deflected under reflected
pressure.

Mode (2)

When the blast wave expands and finally diffracts around the building, it
exerts an overpressure on the roof, side walls and on the walls of the far side.
Not knowing the exact location of the bomb, each face of the building must
be designed for the worst case including the explosion normal to the face. The
internal pressure penetrating through openings, generally, is found to exert
a downward arid an upward pressure on floor slabs. All columns, beams and
slabs must be designed or checked for these pressures. In the design, if it is
possible, the number of openings must be reduced and where openings and
windows and their sizes are known, a provision for blast-resistant glazing
would be needed.

Mode (3)

The frame of the building is the last structure to respond to the blast load. In
precast concrete buildings designers are particularly aware that in tlfeevent of
explosion the buildings should not behave as a ‘house of cards’. Where large
panel construction is used, this problem becomes acute. The progressive fail-
ure’Iequence is based on initial cricks, loss of support and failure progression
due to debris loading. In order to prevent such failure, connections and spe-
cial tension, compression reinforcement and shear and bending steel should
be provided.
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Plate 2.2 Explosion type

When an explosion occurs within a structure such as buildings, the requirement
is slightly different than the one at the outside. The following chart explains the
requirement:

(a)

The incident and reflected waves are approximated as triangular pressure pulses
(Fig. b) with a pressure-time history can be written as

PRP (T ) = PR

(
1 − t

TRTT

)
(a)

iR =
1
2
TRTT PRPP (b)

TRTT =
2iR
PRPP

(c)

PR1PP + PR2PP + PR3PP ≈ 1.75PR1PP = PRTPP (d)

iR1 + iR2 + iR3 ≈ 1.75iR1 = iRT (e)

Reverberation time (RT ) = time delay between each blast wave arriving a the
inner face of the building

= constant when tR = 2ta (f)
where

ta = arrival time at first blast wave at the inner reflecting
surface

Reverberation phase = (Sta + TRTT )
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(b) Internal blast wave propagation (Baker et al. [1.12])

The pressure-time history for the internal blast loading of the bomb gaseous pres-
sure decay is given as

The value of

P (t) = (PQsPP + PoPP )e−2.13τ

where

τ =
αeAStα0

V
(g)

αe =
vent area
wall area

(h)

tmax = blow down time

ig = bomb gas impulse =
∫ tmax

0

∫∫
[P (t) − PoPP ] dt

=
PQsPP + PoPP

2.13 αe
Asα0

V

[
1 − e−{2.13 αeAsα0/V }tmax

]
− PoPP tmax

(i)

As = total internal surface area
V = volume of the structural part subject to blast wave
α0 = speed of sound at ambient condition

t = time

Notation:

PQsPP = quasi-static pressure
PoPP = atmospheric pressure
PaPP = pressure at ambient temperature
PiPP = PQsPP + PoPP

ig = bomb gas impulse
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(c) Typical pressure-time profile for internal blast loading of a partially-vented
structure (US Army Corp of Engineers, TM5-1300)

(d) Shock overpressure

(e) Load-time function for 100 kg of Semtex
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(f) Prediction of gas pressure impulse (ff ig), ‘blowdown’ time (tmax), and peak quasi-
static pressure (PQsPP ) (Baker et al. [1.12])

(g) Bilinear blast loading
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3 Fire and Buildings With and Without
Explosion/Impact

3.1 Introduction

Fire is the primary cause of loss of life and property throughout the world.
During the past two decades fire has damaged hundreds of thousands of
structures. Significant advances have been made in controlling or mitigating
the effects of fire. Various methods have been developed to protect build-
ings. New materials have been developed or invented. A considerable time is
spent by various researchers on the development of mathematical models to
simulate the behaviour of structural members in fire. This is possible only if
one uses numerical and computer techniques. A large number of computer
programs that calculate the fire resistance of structural members now exist.
The input data for these computer programs require, apart from loading and
fire density, thermal and mechanical properties of various building materi-
als at elevated temperatures. In addition, the expected severity of building
fires and temperature-time relations have also been developed. Most of these
properties have been codified. The closet measures related to building design
are probably those for the confinement of a fire. These measures include fire
barriers capable of delaying or preventing spread of fire, dimensions and lo-
cations of buildings. All these measures are directly related to the detailed
knowledge of the mechanics and severity of fire. It is, therefore, essential to
outline some areas outside the domain of a structural engineer which he or
she should be aware of. Some of these are described below:

(a) Mechanics of fluids and building aerodynamics applicable to fire engi-
neering.

(b) Conduction of heat in solids.
(c) Convection and radiation heat transfer.
(d) Thermochemistry.
(e) Chemical equilibrium and thermal decomposition.
(f) Fire dynamics.

i. Flame height and fire plumes.
ii. Air entrainment into buoyant jet flames.
iii. Ceiling jet flows, vent flows and natural convention wall flows.
iv. Combustion conditions, and smouldering combustion.
v. Flammability limits and flaming ignition of solids.
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vi. Smoke production, smoke and beat venting.
(g) Burning rates and calorimetry.
(h) Compartment fire modelling and fire models for enclosures.
(i) Stochastic models for fire growth.
(j) Explosion protection.
(k) Detection systems, automatic sprinkler systems.
(l) Foam system and foam agents.

Within the non-structural analysis, structural analysts must be aware of
hazard calculations, risk analysis and probability methods.

The main concern of the structural engineer is the properties of the var-
ious materials involved and the analytical tools available for the design of
structural elements in fire. They are given later on in this text under various
sections.

No matter how many precautions are taken to improve the fire safety
design of buildings they will not be complete without sufficient availability
of training in professional education and practice. The main objective is to
prepare sufficient manuals of awareness and to transfer knowledge of fire
safety of buildings to the building design practitioners by way of courses
and seminars at various institutions. Architects and engineers must place
importance on fire safety provisions and allow funds for training facilities.

Building codes are different in every country. In a prescriptive code envi-
ronment, designers have little choice but to follow a book of rules. With more
modern performance-based codes, designers have unlimited freedom to design
innovative solutions to fire safety problems, provided that the required levels
of safety and performance can be demonstrated to the satisfaction of the ap-
proving authorities. Whatever type of code is used, design for fire safety will
include a combination of reducing the probability of ignition, controlling the
spread of fire and smoke, allowing for occupant escape and fire-fighter access,
and preventing structural collapse. One framework for demonstrating fire
safety is scenario analysis. In this method a number of “worst case” scenarios
are analysed. In each scenario the likely growth and spread of fire and smoke
is compared with detection and occupant movement, taking into account all
the active and passive fire protection features and structural behaviour, to es-
tablish whether the performance requirements have been satisfied. As stated
earlier, fire safety objectives are usually met with a combination of active and
passive fire protection systems. Active systems control the fire or fire effects
by some action taken by a person or an automatic device. Passive systems
control the fire or fire effects by systems that are built into the structure or
fabric of the building.

The objectives for providing fire resistance need to be established before
making any design, recognizing that fire resistance is only one component
of the overall fire safety strategy. Structural elements can be provided with
fire resistance for controlling the spread of fire or to preventing structural
collapse, or both, depending on their function. The term fire design time
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is not precisely defined. Depending on the importance of the building, the
requirements of the owner, and the consequences of a structural collapse or
spread of fire, the fire design time will be selected by the designer as one of
the following:

(1) the time required for occupants to escape from the building,
(2) the time for fire-fighters to carry out rescue activities.

3.2 Loadings and Restraints

The load-bearing structures must be subjected to the characteristic dead
loads GK and the characteristic imposed loads QK having the same values
as for normal design. The partial safety factors for dead and imposed loads
according to BS 8110 are 1.4 and 1.6 respectively. In case of fire they are 1.05
for dead load and 1.0 for composed load. In major analysis, it is essential to
impose temperature load due to fire. Where dynamic analysis is performed,
the fire load will be treated as an accidental overload. The American Society
of Civil Engineers’ Standard ASCE7-93 is not explicit about such a load, as
fire is not treated as a permanent load. The best combination is based on the
total of the combined effects multiplied by a factor PF:

PFPP (L + Lr + ∗T ) + D (3.1)

where

PFPP = 0.75 or 0.66
∗T = forces due to temperature changes, etc.
L = live loads
Lf = roof loads
D = dead loads.

The other indication is to include a factored ∗T , i.e., 1.2∗T in the above
assessment of combined loads. The best combination will then be:

1.2D + 1.6L + 0.5LT + 1.2∗T (3.2)

Where thermal properties of the structural materials are known, an approx-
imate relationship has been by the Council of Tall Buildings as

L = tf
√√

AWAT (3.3)

where

L = total weight of fireload in kilograms
tf = fire resistance in minutes
AW = windowed area in square metres
AI = surface area of the enclosed walls and ceiling of the compartment

or room containing the fire in square metres.
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Generally the fire grading of buildings has been directly related to fire load
per unit floor area. Fire loads for domestic, office and hospital buildings are
considered as low, for shops and department stores as medium and for storage
buildings as high. For modern buildings, based on recent surveys, an average
of 25 kg/m2 (5.751 bf/ft2) is used. The logical conclusion would be to keep
full dead weight and reduced live load due to occupancy and its reduction in
level and full load of the fire:

(PFPP L + Lr + FLFF ) + l.2D (3.4)

where FLFF = fire load.
The BSI (British Standards Institute) in their draft code 96/540837 indi-

cate that the fire load is influenced by duration and severity of fire and the
fire load density is related to a number of different types of occupancy. The
effective fire load density is expressed in MJ/m2 of the floor area as discussed
above in other cases. It is suggested that it can also be expressed in terms of
equivalent weight of wood as a function of floor area. Several methods may
be used to establish the effective fire load in a room or a compartment:

(a) direct measurement/assessment
(b) statistical survey
(c) use of characteristic fire load density.

(a) Direct Measurement/Assessment

Where the fire loading in the direct measurement is unlikely to change over
the design life of the building, the fire load density may be estimated from a
knowledge of the weight and calorific values of the contents.

The following expressions are adopted:

qki =
∑

mcHcHH

Af
(3.5)

where

qki = fire load density of the compartment (MJ/m2)
mc = total weights of each combustible material in the compartment (kg)
HcHH = calorific value of each combustible material (MJ/kg)
Af = total internal floor area of the compartment (m2).

In the case that wet or damped materials are present, the effective calorific
value HcHH is modified by:

HcHH = HuHH (l − 0.01M) − 0.025M (3.6)

where

HcHH = effective calorific value of the wet material (MJ/kg)
HuHH = calorific value of the dry material (MJ/kg)
M = moisture content (in % by dry weight).

Table 3.1 gives calorific values of typical materials.
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Table 3.2. Recommended values for characteristic fire load densities in various
occupancy types

Temperature k. ρ. C, a.
Substance ◦C W/m ×◦C kg/m3 U/kg–◦C m2/s×107

Insulating Material
Asbestos
Loosely packed –45 0.149

0 0.154 470–570 0.816 3.3–4
100 0.161

Asbestos-cement boards 20 0.74
Sheets 51 0.166
Balsam wool, 2.2 lb/ft3 32 0.04 35
Cardboard, corrugated 0.064
Celotex 32 0.048
Corkboard, 10 lb/ft3 30 0.043 160
Cork, regranulated 32 0.045 45–120 1.88 2–5.3
Ground 32 0.043 150
Fiber, insulating board 20 0.048 240
Glass wool, 1.5 lb/ft3 23 0.038 24 0.7 22.6

Structural and heat-resistant materials
Asphalt 20–55 0.74–0.76
Brick:
Building brick, common 20 0.69 1600 0.84 5.2
Face 1.32 2000
Carborundum brick 600 18.5

1400 11.1
Chrom brick 200 2.32 3000 0.84 9.2

550 2.47 9.8
900 1.99 7.9

Diatomaceous earth, 200 0.24
moulded and fired 870 0.31
Fireclay brick, 500 1.04 2000 0.96 5.4
burnt 2426◦F 800 1.07

1100 1.09
Insulating material

Fireclay brick, burnt 2642◦F 500 1.28 2300 0.96 5.8
800 1.37

Cement, Portland 0.29 1500
Mortar 23 1.16
Concrete, cinder 23 0.76
Stone 1–2–4 mix 20 1.37 1900–2300 0.88 8.2–6.8
Glass, window 20 0.78 (avg) 2700 0.84 3.4
Corosilicate 30–75 1.09 2200

Insulating material
Plaster, gypsum 20 0.48 1440 0.84 4.0
Metal lath 20 0.47
Wood lath 20 0.28
Stone
Granite 1.73–3.98 2640 0.82 8–18
Limestone 100-300 1.26–1.33 2500 0.90 5.6–5.9
Marble 2.07–2.94 2500-2700 0.80 10–13.6
Sandstone 40 1.83 2160–2300 0.71 11.2–11.9
Wood (across the grain):
Balsa 8.8 lb/ft3 30 0.055 140
Cypress 30 0.097 460
Fir 23 0.11 . 420 2.72 0.96
Maple or oak 30 0.166 540 2.4 1.28
Yellow pine 23 0.147 640 2.8 0.82
White pine 30 0.112 430
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(b) Statistical Survey

A statistical survey is needed for the characteristic fire load density of similar
buildings in question. The following points are recommended:

(a) a minimum of five buildings
(b) buildings investigated should have comparable use and similar size and

contents
(c) the buildings should be located in the same country in regions of similar

socio-economic conditions.

(c) Characteristic Fire Loads

Recommended values for characteristic fire load densities in various occu-
pancy types are determined from data collected in European countries. They
are given in Table 3.2. For the deterministic study it is recommended that the
80% fractile be taken as the characteristic value for design purposes. If only
the average value is available, the 80% fractile may be estimated by 1.5qki.

In the case of protected fire loads (combustible material stored within a
container such as a steel filing cabinet), the effective fire load may be less and
will depend upon the fire temperature and duration, container integrity and
the nature of the combustibles. In such circumstances, with a calorific value
of 40% of that of the total contents, the equivalent fire load density may be
expressed as:

qe =
qki

HwHH
(3.7)

where

qe = equivalent fire load density of wood (kg/m2)
qki = measured fire load density (MJ/m2)
HwHH = calorific value of dry wood (18 MJ/kg).

(d) Safety Factors

Safety factors have already been discussed under loads. If a fire may put a
large number of people at risk, it may be appropriate to include additional
safety factors within the design. In buildings where large numbers of people
are unaware of exit routes (e.g. shopping centres), it will be appropriate to
include additional safety factors to take account of uncertainties in the distri-
bution of occupants between the available exits. The design can be considered
acceptable if the available safe escape time (ASET) is:

ASET ≥ tdet + ∆tpre + (λflow∆tflow) (3.8)

where
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tdet = detection time
∆tpre = pre-movement time
∆tflow = flow time
λflow = design factor applied to flow time

1 for offices and industrial premises
2 for large and complex public buildings

such that

ASET ≥ tsec = tdet + ∆tpre + λflow , (3.9)

where dynamic analysis using finite element technique for large buildings is
required, the value of ASET must be considered in time-steps and overall
time required for the resistance. A reference is made to Appendix 1.

Where the occupants remain in tall and complex buildings for an extended
period while fire fighting operations take place and where structural failure
threatens the life of the occupants, it is recommended that the adequacy of
the structural fire resistance should be evaluated as follows:

Lcrit ≥ λstrL , (3.10)

where

Lcrit = fire load at structural failure
L = design fire load (80% fractile)
λstr = design factor

= 1.5 for tall and unsprinklered buildings > 30 m
= 1.0 for low-rise < 30 m
= 1.0 for sprinklered buildings > 30 m).

However, if ∆tflow is estimated at 21/2// minutes with an inherent factor of 2,
the ASET value will be 5 min. If the travel distance is increased and ∆tflow
is raised to 3 min, it will be necessary to increase ASET to 6 min such that

ASET
∆tflow

(base care) ≤ ASET
∆tflow

(new design) (3.11)

This increase in ASET may be achieved by a large smoke reservoir, smoke
extract system or by controls on combustible materials that would reduce the
expected rate of fire growth. If

ASET
∆tflow

(base care) < 1.0 (3.12)

it should be checked that the base case is not unsafe and that an appropriate
fire growth rate has been chosen for the calculations. The traditional criteria
can also be looked at in the following manner.

Travel distance may be increased by a factor of 2 if a smoke control system
is provided.
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Fire resistance: The required fire resistance is increased by:

i. 1/2// hour for every 10 m height to a maximum of 30 m
ii. 1 hour for basement 10 m deep and 1/2// hour at the basement level with

sprinkler systems.

Compartment sizes: The floor area is increased by a factor of 2 where a
sprinkler system is provided.

The Russians define the fire resistance of the building as the ability of the
structure to retain its operating functions in the period of fire for some definite
time, after which the structure loses its carrying or protecting capacity. Lyalin
reported that the heat of the fire, q,which he calls warmth of the fire, is
given as:

q = zβcQHn , (3.13)

where

z = factor for chemical burning
βc = coefficient of the speed of burning
QH = the lowest warmth of burning
n = weight speed of burning.

The fire load or the ‘heat load’ can be found by:

Qτ = Qaf(Bi; Fo) , (3.14)

where

Qτ = fire heating load during the period of time
Qa = maximum heat content of the structure
f(Bi; Fo) = function of the Bio and Fourie criteria.

The fire resistance limit corresponding to these fire load equations is given by:

LF = K0KK τ (3.15)

where

LF = required fire resistance limits in hours
τ = time of the fire in hours
K0KK = factor for fire resistance

= 1.5 for vertical structures
= 2.5 for fire-proof structures
= 1.25 for horizontal structures.

This criterion is taken from ‘Building Standards and Rules’ SNi 11-A.5 85.
Japan, in its State of the Art Report No. 5A 1978, recommends a fire load

of 36kg/m2, provided the duration of the fire does not exceed 45 min and the
fire temperature does not exceed 150◦C.
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The Swedes, in their State of the Art Report 5B (1987), assume that tall
buildings cannot be evacuated during a fire: they insist that the buildings
should be provided with fire protection measures. They have established a
relation between effective fire load q and resistance time τ for a structure in
a fire compartment. The fire load qc initially is given by:

qc =
1
Af

∑
mνHν ; (Mcal/m2) (3.16)

where

Af = floor area (m2)
mν = the total weight (kg)
Hν = effective heat value (Mcal/kg) for each individual material ν

qc is also given in terms of an equivalent amount of wood per unit area Af .
A modified formula exists for qc:

qc =
1
Af

∑
mvHvHH (3.17)

in which At is the total area of the surfaces bounding the compartment (m2).
The connection between the different fire load definitions is given by:

qc =
At

Af
q (Mcal/m2) and qc =

At

4.5Af
q (kg/m2) (3.18)

A further development, leads to a more differentiated characterization of the
fire load. The value of q is:

qc =
1
Af

∑
µνmνHν (3.19)

in which mν denotes a dimensionless coefficient between 0 and 1, giving the
real degree of combustible for each individual component ν of the fire load.
The coefficient µν depends on the duration of the fire and the temperature-
time characteristics of the fire compartment.

The range of fire load density. It is concluded that for q the temperature-time
relation is very important.

3.2.1 t-Squared Fires

The growth rate of a design fire is often characterized by a parabolic curve
known as a t-squared fire such that the heat release rate is proportional to
the time squared. The t-squared fire can be thought of in terms of a burning
object with a constant heat release rate per unit area, in which the fire is
spreading in a circular pattern with a constant radial flame speed. The t-
squared heat release rate is given by:

Q = (t/k)2 (3.20)
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Fig. 3.1. Heat release rate for t2 fires

Table 3.3. Fire growth rates for t2 fires

Fire growth rate Value of A: Value of a Typical real fire
Slow 600 0.00293 Densely packed wood products
Medium 300 0.0117 Solid wood furniture such as desks

Individual furniture items with small
amounts of plastic

Fast 150 0.0466 Some upholstered furniture
High stacked wood pallets
Cartons on pallets

Ultrafast 75 0.1874 Most upholstered furniture
High stacked plastic materials
Thin wood furniture such as wardrobes

where Q is the heat release rate (MW), t is the time (s), and k is a growth
constant (s/

√√
MW).

Values of A are given in Table 3.3 for slow, medium, fast and ultrafast
fire growth, producing the heat release rates shown in Fig. 3.1. The numerical
value of k is the time for the fire to reach a size of 1.055 MW. The choice
of growth constant depends on the type and geometry of the fuel. Values of
A and peak heat release rate for many different burning objects are given in
Table 3.3 (Babraukas (1995)). An alternative formulation is given as:

Q = α t2 (3.21)

where α is the fire intensity coefficient (MW/s2). Values of α are also given
in Table 3.3.
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Fig. 3.2. Calculation of heat release rate (Reproduced from Buchanan (2001))

Calculations for a t2 fire are given below with reference to Fig. 3.2. Using
(3.20), the time tI (s) for the fire to reach the peak heat release rate QP
(MW) is given by QP = (t/k)2.

The energy released is the area under the curve of heat release rate vs.
time. Because the area under a parabola is one third of the enclosing rectan-
gle, the energy EI released to time tI is given by

EI = tIQP/3 (3.22)

If the total energy E (MW) in the fuel has not been released at time tI the
energy released in the steady burning phase E2 (MW) is given by

E2 = E − E1 (3.23)

and the duration tb (s) of the steady burning phase is given by

tb = t2 − t1 = E2/QP (3.24)

If the fuel has insufficient time to reach its peak heat release rate, all of the
fuel will be consumed in time tm (s) where

tm = (3Ek2)l/3 (3.25)

and the burning rate Qm at time tm is given by

Qm = (tm/k)2 (3.26)

Figure 3.2 shows the resulting heat release rates for a fire in office furniture
with slow, medium and fast fire growth rates. The peak heat release rate has
been taken from Fig. 3.2.
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Plate 3.1. Channel four building on fire
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3.3 Pre- and Post-flashover Design Fires

3.3.1 Pre-flashover Design Fires

The t-squared fires described above can be used to construct pre-flashover
design fires, as input for calculating fire growth in rooms.

The fires described above are generally used to describe the heat release
rate for burning of a single object. Fire can spread from the first burning
object to a second object by flame contact if it is very close, or by radiant heat
transfer if it is further away. The time to ignition of a second object depends
on the intensity of radiation from the flame and the distance between the
objects. When the time to ignition of the second object has been calculated,
the combined heat release rate can be added at any point in time to give the
total heat release rate for these two, and subsequent objects. This combined
curve then becomes the input design fire for the room under consideration.
There may be many more items involved, and the resulting combination may
itself be approximated by a t-squared fire for simplicity.

3.3.2 Heat Transfer

Some knowledge of heat transfer is essential to the understanding of fire
behaviour. Heat transfer occurs by the three processes of conduction, con-
vection and radiation, which can occur separately or together depending on
the circumstances.

Conduction

Several material properties are needed for heat transfer calculations in solid
materials. These are the density, specific heat and thermal conductivity. Den-
sity, p, is the mass of the material per unit volume in kg/m3. Specific heat
cp is the amount of heat required to heat a unit mass of the material by one
degree, with units of J/kgK. Thermal conductivity, k, represents the rate of
heat transferred through a unit thickness of the material per unit tempera-
ture difference, with units W/mK. In the steady-state situation, the transfer
of heat by conduction is directly proportional to the temperature gradient
between two points, with a constant of proportionality known as the thermal
conductivity, k, so that

q̇′′ = kdT/dx (3.27)

where q̇′′ is the heat flow per unit area (W/m2), k is the thermal conductivity
(W/mK), T is temperature (◦C or K), and x is distance in the direction of
heat flow (m). The steady-state calculation does not require consideration of
the heat required to change the temperature of material that is being heated
or cooled.
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Radiation

Radiation is the transfer of energy by electromagnetic waves which can travel
through a vacuum, or through a transparent solid or liquid. Radiation is ex-
tremely important in fires because it is the main mechanism for heat transfer
from flames to fuel surfaces, from hot smoke to building objects and from a
burning building to an adjacent building. The radiant heat flux q̇′′ (W/m2)
at a point on a receiving surface is given by

q̇′′ = ϕεeσT
4
eTT (3.28)

where ϕ is the configuration factor, εe is the emissivity of the emitting surface,
σ is the Stefan-Boltzmann constant (5.67 × 10−8 W/m2K4), and TeTT is the
absolute temperature of the emitting surface (K).

The resulting heat flow q̇′′ (W/m2) from the emitting surface to the re-
ceiving surface is given by

q̇′′ = ϕεσ(T 4
eTT T 4

rTT ) (3.29)

where TrTT is the absolute temperature of the receiving surface (K), and ε is
the resultant emissivity of the two surfaces, given by

ε =
1

1/εe + 1/εr − 1
(3.30)

The configuration factor ϕ is given by

ϕ =
1
90

[
x√√

1 + x2
tan−1

(
y√√

(1 + x2)
+

y√√
(1 + y2)

tan−1

(
x√√

1 + y2

))]

(3.31)

3.4 Temperature-Time Relation

A great deal of research, involving theory, experiment and data monitor-
ing on site, has been carried out and is still continuing with regard to the
time-temperature relation. In this section a few examples are given to show
different practices.

In general it is widely believed that the temperature course of fire may
be divided into the following three periods:

(a) the growth period
(b) the fully developed period
(c) the decay period.

To determine the temperature course, it is necessary to know at each moment
during a fire the rate at which heat is produced and the rate at which heat
is lost to exposed materials and surroundings. Several of the parameters that
determine heat production and heat losses can be categorized as follows:
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Fig. 3.3. Idealized temperature course of fire (reproduced from Report No. 5A,
1978)

(a) material properties
(b) room dimensions
(c) emissivity of flames

}
predicted with
reasonable accuracy

(d) exposed materials
(e) gases that burn outside the room
(f) loss of unburnt particles

through window

}
predicted with less
reasonable accuracy

(g) temperature difference in the room
(h) temperature change with time during the fire,

which in turn depends on:
(i) amount
(ii) surface area
(iii) arrangement of combustible contents

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎭⎪⎪

difficult to predict

(iv) velocity and direction of wind
(v) outside temperatures

Various unpredictables and variations in approaches exist for computing fire
load densities. However, it is possible to indicate for any compartment a char-
acteristic temperature-time curve whose effect will not be exceeded during
the lifetime of the building. Such curves are useful for the fire-resistance de-
sign of buildings. A number of Japanese researchers have produced results.
Figs. 3.3 and 3.4 summarize the results of the temperature-time curve for the
resistance design.

Where εr is the emissivity of the receiving surface, x = H/2r and y =
W/2r.

The emissivity ε indicates the efficiency of the emitting surface as a ra-
diator, with a value in the range from zero to 1.0. A so-called ‘black-body’
radiator has an emissivity of 1.0. In fire situations, most hot surfaces, smoke
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Fig. 3.4. Temperature curves for fire resistance design (reproduced courtesy of
ASCE)

particles or luminous flames have an emissivity between 0.7 and 1.0. The
emissivity can change during a fire; for example zinc-coated steel (galvanized
steel) has a very low emissivity until the temperature reaches about 400◦C
when the zinc melts and the bare steel is exposed to the fire. Some times the
value of

ϕ = A1/πr
2 (3.32)

is written, where

r = a distance between emitting and receiving surfaces
A1 = radiating surface area.

Example 3.1

Calculate the average heat release rate when 250 kg of paraffin wax burns in
half an hour.

Mass of fuel M = 250 kg
Calorific value ∆HcHH = 46 MJ/kg
Energy contained in the fuel EI = M∆HcHH = 250 × 46 = 11500 MJ
Time of burning τ = 2000 s
Heat release rate Q = EI/τ = 11500/2000 = 5.75 MW

Calculate the fuel load energy density in an office 5 m×3 m containing 170 kg
of dry wood and paper and 80 kg of plastic materials. Assume calorific values
of 16 MJ/kg and 30 MJ/kg respectively.
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Mass of wood MwoodMM = 170 kg
Calorific value ∆HcHH ,wood = 16 MJ/kg
Energy contained in the wood EI wood = M∆HcHH = 170 × 16 = 2720 MJ
Mass of plastic MplasticMM = 80 kg
Calorific value ∆HcHH ,plastic = 30 MJ/kg
Energy contained in plastic Eplastic = M∆HcHH = 80 × 30 = 2400 MJ
Total energy in fuel Eτ = EI wood + EI plastic

= 2720 + 2400 = 5120 MJ
Floor area Af = 5 × 3 = 15 m2

Example 3.2

A room in a storage building has 2500 kg of polyethylene covering the floor.
Calculate the heat release rate and duration of burning after the roof collapses
in a fire. The room is 6.0 m by 10.0 m. Take q = 0.031 and Qs = 1.36 and
Af = 60. Determine the duration τ of burning.

Mass of polyethylene M = 2500 kg
Calorific value ∆HcHH = 43.8MJ/kg

E1 = M∆HcHH = 109500 MJ
Specific heat release rate Qs = q∆HcHH = 0.031 × 43.8 = 1.36 MW/m2

Total heat release rate QQsAf1.36 × 60 = 81.6 MW
Duration of burning τ = E/Q = 109, 500/81.6 = 1.342 sec

≈ 22.5 minutes

Example 3.3

Calculate the radiant heat flux from a window in a burning building to the
surface of an adjacent building 5.0 m away. The window is 2.0 m high by 3.0 m
wide and the fire temperature is 800◦C. Assume an emissivity of 0.9.

Emitter height H = 2.0 m
Emitter width W = 3.0 m
Distance from emitter r = 5.0 m
Height ratio x = H/2r = 2/(2 × 5) = 0.20
Width ratio y = W/2r = 3/(2 × 5) = 0.30

Configuration factor
ϕ =

1
90

[
x√√

1 + x2
tan−1

[
y√√

1 + x2

]

+
y√√

1 + x2
tan−1

(
x√√

1 + x2

)]
Emitter temperature T = 800◦C = 1073 K
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Emissivity ε = 0.9 2K4

Stefan-Boltzmann constant σ = 5.67 × 10−8 W/m
Radiant heat flux q̇′′ϕεσT 4 = 0.0703 × 0.9 × 5.67 × 10−8 × 1073

= 0.000003849

The opening factor F which has an effect on the temperature-time relation
is given by:

F =
AW

√√
H∗

At
(3.33)

where

AW = area of the openings in compartments or enclosures
H∗ = height of the opening
At = area of the bounding surcaces (AT or Af in British codes).

The rate of burning R of the combustible materials in an enclosure is given by:

R = 330AW
√√
H∗ (3.34)

The duration time

τ =
qcAt

330AW
√√
H∗ =

Qc

330F
(3.35)

where qc = the fire load/unit area.
Here

qc = 330Fτ . (3.36)

Table 3.4 gives information for various factors regarding the enclosure
needed in the above equations. If R = KAW

√√
H∗ then the value of K in

imperial units is 330; 5.5 to 6 kg/(min–m5/2) for 1/4// At and 9 to 10 kg/(min–
m5/2) for small area At has been adopted in Denmark, Japan, the USA, the
UK and the former USSR.

As an example if the window height H∗ is 1.8 m, AW = total opening =
356 m2 and At = 6337 m2, the temperature opening factor F will be 0.0754.

The temperature curves for the fire resistance design can be described
by:

T = 250(10F )0.1/F 0.3
e−F 2′t

[
3(1 − e−0.6t)

− (1 − e−3t) + 4(1 − e−12t)
]
+ C

(
600
F

)0.5

(3.36a)

where
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Table 3.4. Factors for an enclosure

Factor Description
k Thermal conductivity of bounding material:

1.16W/mK for a heavy material (ρ ≥ 1600 kg/m3)
0.58W/mK for a light material (ρ < 1600 kg/m3)

pc Volumetric specific heat of bounding material:
2150 × 103 J/m3×K for a heavy material (ρ ≥ 1600 kg/m3)
1075 × 103 J/m3×K for a light material (ρ < 1600 kg/m3)

AT Total inner surface area bounding the enclosure including window area:
1000 m2

H Window height: 1.8m
ε Emissivity for radiation transfer between hot gases and

inner bounding surface of the enclosure: 0.7
αc Coefficient of heat transfer by convection between fire and

inner bounding surface area: 23W/m2×K
αu Coefficient of heat transfer between outer bounding surface area and

surroundings: 23W/m2×K
c Specific heat of combustion gases: 1340 J/Nm3 × ◦C
G Volume of combustion gas produced by burning 1 kg of wood:

4.9 Nm3/kg
q Heat released in the enclosure by burning 1 kg of wood:

10.77 × 106 J/kg
T0TT Initial temperature: 20◦C
V Volume of enclosure∗: 1000m3

∆x Thickness of elementary layers of bounding material: 0.03 m
∆t Tune increment: 0.0004167 hr
D Thickness of bounding material: 0.15 m
∗ It can be shown that the influence of the volume of the enclosure on the fire

temperature is negligible. Courtesy: ASCE.

T = the fire temperature (◦C)
t = time (hr)
F = opening factor (m1/2)
C = constant based on the properties of the bounding material in fire

= 0 for heavy materials with ρ ≥ 1600 kg/m3

= 1 for light materials with ρ < 1600 kg/m3

ρ = density

t = time ≤ 0.08
F

+ 1.

t >
0.08
F

+ 1 assume t =
0.08
F

+ 1. (3.36b)
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Fig. 3.5. Comparison between temperature-time curves obtained by solving a heat
balance and those described by an analytical expression for ventilation-controlled
fires in enclosures bounded by dominantly heavy materials (ρ ≥ 1600 kg/m3)

Fig. 3.6. Comparison between temperature-time curves obtained by solving a heat
balance and those described by an analytical expression for ventilation-controlled
fires in enclosures bounded by dominantly light materials (ρ ≥ 1600 kg/m3)

If F > 0.15 take F = 0.15 for design purposes. Figures 3.5 to 3.8 show some
temperature-time curves for design purposes.

The temperature course of fire during the decay period is given by:

T = −600
(

t

τ
− 1

)
+ Tτ

T = 20 if T < 20◦C
(3.37)

The International Standards Organisation (ISO) give the following expression
for their standard curves

T − T0TT = 345 log10(8t + l) (3.38)
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Fig. 3.7. Standard time-temperature curve

Fig. 3.8. Standard fire temperature-time used in various countries for testing of
building elements (reproduced courtesy of ASCE)
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Fig. 3.9. Temperature-time-qc curves for F-values after Pettersson

where

t = time (min),
T = fire temperature (◦C) = TfTT , and
T0TT = initial temperature (◦C).

In North America an analytical expression exists for temperature-time
curves in the form of an exponential function:

T − T0TT = a1(1 − ea4t) + a2(1 − ea5t) + a3(1 − ea6t) (3.39)

where

a1 = 532 for ◦C, 957 for ◦F;
a2 = −186 for ◦C, −334 for ◦F;
a3 = 820 for ◦C, 1476 for ◦F;
a4 = −0.6;
a5 = −3;
a6 = −12.
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Fig. 3.10. Temperature-time-qc curves for F = 0.05, British and American practice

This heat transfer equation is integrable and is used in the finite element
analysis.

A number of countries have been involved in fire-temperature-time analy-
sis and research. Harmathy is the first researcher to have collected data from
some countries and presented a comparative study graph for the temperature-
time relation. Figure 3.8 shows the graph by Harmathy with data from a few
other countries added.

The last step is to see how the fire loads qc can be graphically related to
the temperature-time curve. For design purposes, it is important for the load
to be algebraically added to other loads. Pettersson [3.1] has presented four
graphs for temperature-time-qc relations, for

F =
Aw

√√
H∗

AT
= 0.02

√√
m

= 0.04
√√

m

= 0.08
√√

m

and 0.12
√√

m

He has taken heat capacity γcp = 400 kcal/m3 × ◦C, thermal conductivity
λ = 0.7 kcal/m×h×◦C. The value of qc is in Mcal/m2. Figures 3.7 and 3.8
show such relationships for four different openings.

British practice allows the opening factor F = 0.05
√√

m for heavy bound-
ing materials. Figure 3.7 shows a simplified temperature-time-fire load qc
curve for the opening factor F = 0.05

√√
m. This curve is in full agreement

with American practice. The standard temperature-time curve adopted by
BS476: Part 8, 1972 is shown in Fig. 3.5 and is compared with other countries
in Fig. 3.6.
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3.5 Material Properties

Now that the fire-time relation has been thoroughly reviewed, it is necessary
to look at various materials and how they react to the fire environment. The
most common materials are steel, concrete, timber and brick. The properties
of these materials must be known prior to design of building structures.

3.5.1 Steel

The material properties that affect the temperature rise and distribution in
a structural steel section are

(a) thermal conductivity
(b) specific heat.

The thermal conductivity K is given by the USDA Agricultural Handbook
No. 72 1987 as

K =−0.022T + 48 for 0 ≤ T ≤ 900◦C (3.40)
=28.2 for T > 900◦C ,

where T = temperature in steel (◦C).
Specific heat is the characteristic that describes the amount of heat input

required to raise a unit mass of material a unit of temperature. A constant
of 600J/(kg×K) of the specific heat of steel for the entire temperature range
is a reasonable approximation.

Where thermal conductivity and specific heat are involved, thermal diffu-
sivity of the material cannot be ignored, since it is a measure of how the heat
is dissipated through the material and is the ratio of the thermal conductivity
to the volumetric specific heat of the material. The relationship for thermal
diffusivity ‘α’ is given by

a = K/pc , (3.41)

where

K = thermal conductivity,
ρ = density, and
c = specific heat.

In British practice

c = cs = 0.52 kJ/(kg–◦C)
ρ = ρs = 7850 kg/m3

K = KsKK = 50 W/(m×◦C)

At 20◦C, the elastic limit (Young’s modulus) is:
E20 = 206 kN/mm2

Elastic limit at 20◦C stress: fy20 = 250 N/mm2

Ultimate strength: ft20 = 450 N/mm2

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎭⎪⎪

Grade 43 A
(BS4360)
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From these basic values, the properties at other temperatures are as given
below.

Elastic properties Temperature range
20–300◦C 300–700◦C 700–900◦C

fyT

fy20
1 − T 0

3000
0.9 − T 0 − 300

500
0.9 − T 0 − 700

200
ET

E20
1 − T 0

3000
0.9 − T 0 − 300

500
(300–900◦C)

Thus it is shown that the modulus of elasticity of steel decreases with increas-
ing temperature. The strength of hot-rolled steel depends on yield and tensile
strength. Figures 3.11 and 3.12 show these relations for British and Ameri-
can practices respectively. Lie and Stanzak [3.2–3.4] give the yield strength
of steel with temperature as

Fy = Fy0(1 − 0.78θ − 1.89θ4) (3.42)

where

θ = (TFT − 68)/1800 and
Tf = temperature of steel (◦F).

European Convention for Constructional Steelwork utilizes the same concept:

Fy = Fy0(1 + TcTT /(767 ln(TCTT /1750))) 0 < TCTT ≤ 600◦C (3.43)

Fy = Fy0((108 − TCTT /1000)/(TCTT − 440)) 600◦ < TCTT ≤ 1000◦C (3.44)

where

Fy = yield stress at elevated temperature
Fy0 = yield stress at room temperature
TCTT = temperatures of steel (◦C).

Figure 3.11 shows steel strength versus temperature as used in fire resistance
based on the British practice. Figure 3.12 evaluates E values for elevated tem-
peratures based on the American practice. Figure 3.13 shows the relationship
between steels for various temperatures in F◦.

The American Iron and Steel Institute gives the thermal expansion α
(temperatures up to 650◦C) as:

α = (11 + 0.0062T ) × 10−6

where T = steel temperature (◦C).
The Eurocode ENV1993-1-2 has an approach originally specified by ECCS

as a design guide (1983, 1985) which calculates the ratio of the required
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Fig. 3.11. Relationship between steel material properties and temperatures in ◦C
(British practice)

Fig. 3.12. Modulus of elasticity of steel at elevated temperatures (American prac-
tice)

strength at elevated temperatures to that at ambient in order to ensure that
the structural steel components do not collapse. Hence, for beams, the elastic
design should be based on:

famaxff ,θcr

fayff ,20◦C
=
(κ

θ

)(WelWW

WplWW

)(
qsd,el

qfi,d

)
(3.45)
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Fig. 3.13. Strength of some steels at high temperature (based on American prac-
tice)

where famaxff ,cr/fayff ,20◦C is the stress ratio, κ is a factor allowing for the non-
uniform temperature distribution, geometric imperfections and strength vari-
ations, θ is a factor, greater than unity, allowing for redistribution between the
elastic ambient moment distribution and the plastic distribution under fire,
WplWW /WelWW is the ratio between the plastic and elastic section moduli (known as
the shape factor), and qfi,d/qsd,el is the ratio of the design load (action) in the
fire to the elastic design load (action). In order to design a beam plastically,
the relationship is given as:

famaxff ,θcr

fayff ,200C
= κ

(
qsd

qfi,d

)
(3.46)

where qfi,d/qsd is the ratio of the fire action to the ultimate action.
The Eurocode now gives two methods for steelwork design:

(a) load-carrying capacity
(b) limiting temperature criterion.

(a) Load-Carrying Capacity

Sd,F ≤ Rd,F(t) (3.47)

where Sd,f is the design value of the internal force to be resisted and Rd,F(t)
is the design resistance at time t and should be calculated in accordance
with ENV 1992-1-1 except for the use of temperature-modified mechanical
properties of steel.

For tension members (clause 4.2.21)

Rd,F(t) = kamax,θRd (3.48)
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where kamax,θ is the normalized strength reduction at a temperature of θa
and Rd is the ambient design resistance. Note that if θ is less than 550◦C
at any cross-section, the member may be assumed to be able to carry the
fire-induced loading. Where the temperature in a member is non-uniform,
then θ should be taken as the maximum value in the cross-section.

For beams (Class 1 and 2, clause 4.2.2.2), under uniform temperature, the
rules for tension and bending are the same except that Rd is the design
bending resistance.

Under non-uniform temperature distribution, the temperature distribu-
tion Rd,F(t) is:

Rd,F(t) =
Rd,F(θ)

κ
(3.49)

where κ is a factor allowing for temperature gradient and varying end con-
ditions (Pettersson and Witteveen), and Rd,F(θ) is the design resistance cal-
culated from the maximum temperature in the cross-section:

κ = 1.0 exposed on 4 sides
= 0.7 exposed on 3 sides

}
simple beams

= 0.85 exposed on 4 sides
= 0.60 exposed on 3 sides

}
hyperstatic beams

For compression members (Class 1 or 2 section classification; clause
4.2.2.3)

Rd,F(t) =
kmax,θRd

1.2
(3.50)

where Rd is the ambient design strength calculated using the buckling curve
c of ENV 1993-1-1, and the 1.2 factor is an empirical correction factor.

θ here is less than 510◦C; for members other than tension members θ <
350◦C.

(b) Limiting Temperature Criterion

For a member to perform adequately in a fire, ENV 1993-1-2 requires that

θ ≤ θa,cr (3.51)

where

θ = actual temperature
θa,cr = critical temperature which depends on degree of loading µ(0).

The following formulae are suggested using plastic theory and strength re-
duction due to temperature:

θa,cr = 78.38 ln

[(
1

0.9674(µ(0))3.833

)1/2
]

+ 482 (3.51a)
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Fig. 3.14. Stress-strain curves for a mild steel (ASTM A36) at various temperatures

The parameter µ(0) is the degree of utilization and is given by:

µ(0) =
Sd,f

Rd,F(0)
(3.52)

The ASTM stress-strain curve of mild steel under various temperatures is
shown in Fig. 3.14.

3.5.2 Concrete and Reinforcing Steel

Thermal properties of concrete vary with the type and quantity of the ag-
gregate in the concrete. Bangash provides a comprehensive treatment of this
subject. The thermal conductivity of concrete is invariant with respect to
the direction of heat flow and is dependent on the degree of crystallinity
of aggregate. The higher the crystallinity, the higher the thermal conduc-
tivity, which decreases with temperature. Figure 3.15 shows the relationship
between thermal conductivity and temperature for normal and lightweight
concretes. It is difficult to establish a constant value for specific heat – a value
of 1170 J/(kg–◦C) (0.28 Btu/(lb×◦F)) is commonly chosen. Figures 3.16 and
3.17 show specific heat values for different concretes.

The modulus of elasticity and strength of concrete have a direct bearing
on the fire-resistance design of building structures. Again Bangash has dealt
with this subject in greater detail. British Standard 8110 gives the following
expression prior to any fire effects being involved.

E = 5.5

√√
fcuff

γm
kN / mm2 (3.53)

The compressive strength of concrete is defined in terms of Grades C, i.e.,
C2.5, C5, C7.5, C10, C12.5, C15, C20, C25, C30, C35, C40, C45, C50, C55,
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Fig. 3.15. Thermal conductivity of normal weight and lightweight concrete as a
function of temperature

Fig. 3.16. Ranges of volumetric specific heats of normal weight and lightweight
concrete
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Fig. 3.17. Specific heat for different types of concrete

Fig. 3.18. Modulus of elasticity of concrete

C60. The numerical figures are the compressive strength of concrete in N/mn
= MPa.

The ultimate strength of concrete is fcuff /γm = 0.67fcuff (f ′
cff cylindrical

strength = 0.78fcuff ). The steel reinforcement has a characteristic strength fyff
of 250 and 460 N/mm2 for mild steel and high-yield steel respectively. The
ultimate strength of the reinforcement is fy/γm = 0.87fyff .

Since modulus of elasticity Ec is reduced with temperature, Fig. 3.18
shows the relationship between Ec for three different aggregates and temper-
ature. Figures 3.19 to 3.21 summarize the compressive strength of concretes.
Reference is made to Bangash for an extensive treatment of this aspect of
research. The tensile strength of concrete is dealt with in detail by Bangash.
Figure 3.22 shows the tensile strength of concrete at various temperatures.
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Fig. 3.19. Compressive strength of carbonate aggregate concrete at high temper-
atures and after cooling

Fig. 3.20. Natural recovery of the compressive strength of the normal-weight con-
crete, heated at various temperatures

Creep of concrete is determined by various factors, the most important
being the fire temperature on concrete. For an extensive study on creep, ref-
erence is made to Bangash. Harmathy shows creep information for two stress
levels, 22.5% and 45% of the concrete strength, and several concrete temper-
atures for a period of three hours. The creep plays a significant role when the
temperature exceeds 400◦C (752◦F). The Eurocode ENV 1992 Design work
is not repeated in this section. However, a design example based on ENV
1992-1-2 with BS 8110 will be considered.
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Fig. 3.21. Compressive strength of siliceous aggregate concrete at high tempera-
tures and after cooling

Fig. 3.22. Specific heat and thermal conductivity curves for bricks
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3.5.3 Masonry/Brick/Block

Building brick materials do not undergo substantial physicochemical changes
on heating. The density ρ of the brick ranges from 1660 to 2270 kg/m3, de-
pending on the raw material used on moulding and firing technique. The
porosity of the brick is from 19 to 36%. The modulus of elasticity, E, of the
brick is between 10 × 103 and 20 × 103 MPa. Its compressive strength varies
from 10 to 110 MPa. Purkiss [3.5] takes the compressive strength as 50 MPa.
At room temperature, the coefficient of thermal expansion α of brick is about
5.5×10−6/(mm×K). Harmathy [3.6,3.7] developed an empirical equation for
the specific heat cp of the medium density brick (1935 kb/m3) as:

cp = 710.87 + 0.512T − 8.676 × 106

T 2 (3.54)

At room temperature, 298 K (298 Kelvin):

cp = 710.87 + 0.512(298) − 8.676 × 106

(298)2
= 765.75 J/(kg × K) (3.55)

Figure 3.22a shows the dilatometric curve. Figure 3.22b shows the thermal
conductivity versus fire temperature of the brick wall. Figure 3.22c shows f
specific heat versus fire temperature of a brick wall.

BS 5628 Code of practice for use of masonry (1989) covers materials and
components, unreinforced, reinforced and prestressed masonry.

The materials used in the construction of masonry walls are bricks, blocks,
mortar and wall ties.

Bricks are walling units not exceeding 337.5 mm in length, 225 mm in
width and 112.5 mm in height. ‘Specification for Clay Bricks’ (BS 3921) has
a standard format for a clay brick of 225 × 112.5 × 75 mm. This includes
allowance for a 10 mm mortar joint. The worksize of the actual brick is 215×
102.5 × 65 mm. Concrete bricks (BS 6073: Part 2: Precast Concrete Masonry
Units) may have the following dimensions:

Length (mm) thickness (mm) height (mm)

290 90 90 Add 10 mm to
215 103 65 all dimensions
190 90 90 for mortar joints
190 90 65

Masonry walls can also be of blocks which are walling units that exceed the
sizes specified for bricks. They are solid, hollow, cellular and insulating blocks
and are of the following dimensions:

Length (mm) hight (mm) Thickness (mm)

390 190
440 215 Varies from 60 to 250
590 215
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Table 3.5. Capacity factor β (BS5628 Part I, Table 7) 1978

SR =
hef

tef

Eccentricity of top wall ex = wall = ex

Up to 0,05t 0,1t 0,2t 0,3t

0 1.0 0.88 0.66 0.44
6 1.0 0.88 0.66 0.44
8 1.0 0.88 0.66 0.44
10 0.97 0.88 0.66 0.44
12 0.93 0.87 0.66 0.44
14 0.89 0.83 0.66 0.44
16 0.83 0.77 0.64 0.44
18 0.77 0.70 0.57 0.44
20 0.70 0.64 0.51 0.37
22 0.62 0.56 0.43 0.30
24 0.53 0.47 0.34 –
26 0.45 0.38 – –
27 0.40 0.33 – –

For general purpose masonry construction a 1:1:6 cement: lime: sand mortar
will be sufficient. For high-strength load-bearing masonry a 1: 1/2// :3 cement:
lime: sand mortar is more appropriate. For reinforced masonry a mix not
weaker than 1: 1/2// : 4 1/2// cement: lime: sand is normally adopted. The charac-
teristic loads are given below:

(a) design and imposed loads
(b) dead, imposed and wind loads
(c) accidental damage (this may be considered for a fire situation).

Ultimate design load

=γf characteristic load
=γf (dead load) + γf(imposed load)
=1.5Gk + 1.6Qk (3.56)

The characteristic compressive strengths of masonry, fkff , give the values of
fkff for bricks and block in conjunction with the designated mortar mix. The
ultimate compressive strength is equal to fkff /γm where γm = partial safety
factor given by BS 5628: Part 1.

Vertically loaded walls and brick columns can fail by crushing or, if they
are slender, by lateral buckling. The slenderness ratio (SR) is needed if the
walls fail by buckling to crushing during a fire.

SR (wall) =
effective height (hef)

effective thickness (tef)
or

effective length (lef)
effective thickness (tef)

(3.57)

For a masonry column the slenderness ratio is:
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SR =
hef

tef
≯ 27 (3.58)

SR (wall) ≯ 20 if tef < 90 mm in two storeys.
If the load occurring on walls is eccentric and the load capacity is reduced

by buckling, then the capacity reduction factor β which is dependent on ex/tf
ratio must be applied. Table 3.5 gives the reduction factor β.

The vertical design strength of the wall =
βffkff

γm
(3.59)

The vertical design strength of the column =
βbtfkff

γm
(3.60)

All symbols have previously been defined except b and tf .
b = width of column
t = actual thickness of wall or leaf and column.

3.6 Methods of Analysis and Design

A number of numerical and analytical techniques are available along with
computer packages for the analysis of building structures, with particular
reference to the fire environment. Practically every country has a fire code.
Analytical, empirical and design equations are available to assess the fire pro-
tection of structural components in major materials such as steel, concrete,
timber and masonry. In this text, the author has classified these equations in
the following manner.

1. Empirical and code analytical equations.
2. Limit state and plastic analysis.
3. Finite element analysis, finite difference analysis and boundary element

analysis.

3.6.1 Empirical and Code Analytical Equations

All calculations of fire resistance involve the determination of the tempera-
tures, deformations of the structural components and their strength during
exposure to fire. The temperature distribution analysis is generally done by
finite element, boundary element and finite difference methods since it is
time-dependent and the calculation procedure is always complex. In order to
simplify these complex procedures, numerical methods such as finite element
method and high-speed computers are very convenient.

3.6.2 Calculations of Fire Resistance of Steel Members

The temperature rise in a steel structure or its elements can be estimated
using quasi-steady-state equations by Malhotra. The equations are derived
from one-dimensional heat transfer equations.
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(a) Unprotected steel members

The equation for temperature rise during a short time period ∆t is given by:

∆TsTT =
α

cs(W/D)
(TfTT − TsTT )∆t (3.61)

∆TsTT = temperature rise in steel (◦F/◦C)
a = heat transfer for coefficient from exposure to steel member

(Btu/(ft2 × sec) or W/m)
D = heated perimeter (ft or m)
cs = specific heat for steel (Btu/(lb × ◦F)) or J/(kg × ◦C)
W = weight of steel (lbf/ft or kg/m)
TfTT = fire temperature (R or K)
TsTT = steel temperature (R or K)
∆t = time step (sec)

where

a = αr + αc (3.62)

αr = radiative portion of the heat transfer.

(Mulhotra considers:

=
1

W/D
=

S

ms

PsPP

ρsAs
(3.63)

where S = area, ms = mass).

αc = convective portion of heat transfer
= 9.8 × 10−4 to 1.2 × 10−3Btu/(ft2 × sec)
= 20 to 25 W/(m2 × ◦C)

∆t <

{
15.9W/D Imperial units
3.25W/D SI units

PsPP /As = shape factor

Ar (based on the Stefan-Boltzman law for radiation)

=
5.77wr

TfTT − TsTT

[(
TfTT + 273

100

)4

−
(
T3TT + 273

100

)4
]

W/(m × ◦C) (3.64)

wr= emissivity of flames = 0.7 for steel surfaces.
In American practice wr = εf and αr is given as:

αr =
C1Ef

TfTT − TsTT
(T 4

fTT − T 4
sTT ) (3.65)

C1 = 4.76 × 10−13 Btu/(sec × ft2)R4

= 5.77 × 10−8 W/m3
K4.

The values of wr or Ef are given for more cases in Table 3.6 along with the
shape factor PsPP /As.



3.6 Methods of Analysis and Design 141

T
ab

le
3.

6.
E

m
is

si
vi

t y
ω

r
or

ε f
,
he

at
ed

pe
ri

m
et

er
s

an
d

sh
ap

e
fa

ct
or

s
fo

r
st

ee
l
sh

ap
es



142 3 Fire and Buildings With and Without Explosion/Impact

The fire temperature TfTT is evaluated at time t according to ASTME-119
test

TfTT = C1 log10(0.133t + 1) + T0TT (3.66)

where t is time and

C1 = 620 with TfTT , T0TT in ◦F

= 34.5 with TfTT , T0TT in ◦C

T0TT = initial temperature.

(b) Protected steel members

Here the insulating material is considered along with steel for the overall ther-
mal resistance. If the thermal capacity of the insulating material is neglected,
the value of ∆TsTT is given as

∆TsTT =
k

cshW/D
(TfTT − TsTT )∆t (3.67)

All symbols are defined above, except k and h:

k = thermal conductivity of the insulating material (Btu/(ft× sec ×◦C)
or W/(m × ◦C)),

h = protection thickness (ft or m).

Conditions

(a) If the thermal capacity of the material, then the following inequality
is true:

ca =
W

D
> 2ciρih (3.68)

(b) If the thermal capacity is considered when gypsum and concrete are used
as insulating materials, the value of ∆TsTT can be written as:

∆TsTT =
k

h

(
TfTT − TsTT

(cshW/D) + 1/2ciρih

)
∆t (3.69)

All symbols are defined above except ci, and pi.

ci = specific heat of insulating material (Btu/(lb×◦F) or J/(kg×◦C)
ρi = density of insulating material (lb/ft3 or kg/m3).

Figure 3.23a–d shows the relationship between D/AS versus temperatures
and durations for various values of h/k values.

The European Commission suggests in Eurocode that the value of ∆/ can
be defined as follows:

∆t ≯
25000
D/As

.
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Fig. 3.23. Relations between D/AS versus temperature versus duration for h/k
ratios

Fig. 3.24. Shape factors for protected steel



144 3 Fire and Buildings With and Without Explosion/Impact

Fig. 3.25. Fire protection and endurance of steel beams (average section temper-
ature 10000◦F), ASTME-119

Fig. 3.26. Lie’s Graphs: dimensionless steel temperatures versus Fourier numbers

Generally, the shape factor for D/AS is in the range of 10 to 300 for an average
resulting emissivity (wf or Ef) = 0.5. Figure 3.23 shows the shape factors for
protected steel sections. Figure 3.24 gives shape factors for protected steel.

Heat transfer analyses can be very tedious and involved. Computer pro-
grams have been developed and the outputs are translated into graphs. Two
of such graphs are known as Jeanes’ Graph and Lie’s Graphs. Jeanes for-
mulated a series of time-temperature graphs of protected steel beams. The
protection is generally provided by a specific spray-applied cementitious ma-
terial with a range of 0.5 in. (12.7 mm) to 1.5 in. (38 mm). They are commonly
used for wide-flanged beams. Figure 3.25 shows W/Ds of the beam versus fire
endurance for various insulation thicknesses.
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Lie’s Graphs are shown in Fig. 3.26. In order to use these graphs, some
dimensionless parameters have to be evaluated: Fourier number F0FF for the
layer, and N and θ, defined below:

F0FF =
dt
h2 (3.69a)

N =
ριcih

cs(W/D)
(3.70)

θ=
T − T0TT

TmTT − T0TT
(3.71)

The mean temperature Tm with a heating time t for these graphs is calculated
from the standard time-temperature curve:

TmTT = 150(ln 480t − 1) − 30
t , T (◦C)

= 270(ln 480t) − 238 − 54
t , T (◦F)

(3.72)

(c) Steel columns

In steel columns, the temperature due to fire is still a function of W/D,
weight-to-heated-perimeter ratio. Hence, to avoid rapid loss of strength in a
column it is necessary to insulate it. Similar to beam sections, the heated
perimeter D of some steel columns is shown in Tables 3.7a and 3.7b along
with their fire resistance formulae. Concrete encasement is another form of
protection for steel columns. Lie and Harmathy have developed methods of
protection. Figure 3.27 gives three cases for which the following equations are
given for both normal and lightweight concrete.

(a) Normal concrete protection on all sides. The resistance R is given as:

R = 11
(
W

D

)0.7

+ 19h1.6

{
1 + 94

[
H

ρch(L + h)

]0.8
}

(3.73)

(b) Lightweight concrete protection on all sides. The resistance R is given as:

R = 11
(
W

D

)0.7

+ 23h1.6

{
1 + 94

[
H ′

ρch(L + h)

]0.8
}

(3.74)

All notations have been defined previously, except

H ′ = thermal capacity of steel column at ambient temperature
(0.11 WBtu/(ft − ◦F))

ρc = concrete density (lb/ft3 or kN/m3).
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Fig. 3.27. Concrete-protected structural steel columns. (1) square shape protection
with a uniform thickness of concrete cover on all sides; (2) rectangular shape with
varying thickness of concrete cover and (3) encasement having all re-entrant spaces
filled with concrete

3.6.3 Additional Methods of Protection for Hollow Columns

There are two types of hollow column protection arrangements, as follows.

(a) Filling the hollow columns and carrying a share of the load at room
temperature. Concrete acts as a heat sink and takes more load as steel
strength is reduced.

(b) Filling the hollow columns with water. Water inside absorbs the heat
transferred from the fire to the column. The heat is dissipated by evapo-
ration of the water. Flemington R.A. [3.8] has done research on the quan-
tity of water necessary to prevent excessive temperature rise of steel. The
quantity of external storage water required to achieve fire resistance is
given by

VWVV = 3.92 × A × q × 10−7 (3.75)

where

VwVV = required external storage water (m3),
A = surface area of the column (m2),
q = heat transferred to the column during a fire test per unit surface

area (kJ/m2)
= 150740 for 3/3 3// hour fire rating
= 225260 for 1 hour fire rating
= 580 960 for 2 hour fire rating
= 785460 for 3 hour fire rating
= 1014460 for 4 hour fire rating.
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Fig. 3.28. Sections of unprotected steel columns

Column-Water Interaction

A comprehensive finite element analysis is required for the heat transfer to
water while interacting with columns in the fire environment. Appendix I
gives a guidance in this direction.

Unprotected Steel Columns

Figure 3.28 shows data on unprotected steel shapes used in this section. The
AISC gives the following formulae for the fire resistance of unprotected steel
columns:

R=10.3
(
W

D

)0.7

for W/D < 10 (3.76)

R=8.3
(
W

D

)0.8

for W/D ≥ 10 (3.77)

where

R = resistance in minutes
W = weight of steel column per ft length
D = heated perimeter of steel section (in).

The values of D are given in Tables 3.7a,b and also in Fig. 3.28.
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3.6.4 Summary of Empirical Equations
for Steel Columns Fully Protected Against Fire (USA)

Table 3.8 provides a summary of the empirical equations of columns when
they are protected by various insulations. In each case the resistance R is
given.

3.6.5 Examples in Steel Structures

Example 3.4 American Practice

A wide-flange WF 24 × 76 steel beam with 1 in (25.4 mm) of spray-applied
cementitious material (British equivalent 610 × 229 × 113 kg/m). The beam
has W/D = 1.03 lb/ft and nowhere does the temperature exceed 1000◦F
(538◦C) or 811 K. The insulation temperature is to be 750◦F while keeping
the steel temperature at 538◦C. The results obtained from

(a) Malhotra’s quasi-steady state approach
(b) Jeanes’ graph
(c) Lie’s graph

are compared. To calculate the fire resistance R for the spray-applied beam,
the following data are used:

Steel Insulation

K (Btu/ft×hr×◦F) 25.6 0.067
CpCC (Btu/lb×◦F) 0.133 0.305
γ (density/ft3) 480 14.9

(a) Malhotra’s Method

csW/D > 2ciρid

0.133× 1.03
1/12

> 2 × 0.305 × 14.9 × 1.0
12

1.644> 0.757

The thermal capacity of insulation is therefore neglected. The steel temper-
ature rise for each time step is:

∆T =
0.067/3600

10.132 × 1.0
12

× 1.03
1/12

(TfTT − TsTT )∆t

=1.37 × 10−4(TfTT − TsTT )∆t

∆t(max)=15.9
w

d
= 15.9 × 1.03

1/12
≈ 195 sec
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One hour allowable time is prescribed by various codes for fire resistance. At
T0TT the room temperature is around 21◦C (70◦F). The time step is chosen to
be 3 min. The results are as follows:

Time (min) (TfTT − TsTT )◦F ∆TsTT (◦F) TsTT (◦F)

0 70
3 690 18.53 ∗88.53
6 937 25.16 113.69
...

...
...

...
185 764 39 1000

The fire endurance is 106 min.
(Note: To convert to ◦C, use ◦C

◦F−32
1.8 for all values.)

(b) Jeane’s Graph

W/D = 1.03 Ib/ft in with an insulation thickness of 1 in. The fire endurance
is estimated to be 2 hr or 120 min.

(c) Lie’s Graph

Figures and equations are used.

Dimensionless Parameters

F0FF =
at

h2 a =
K

ρici
=

0.067
14.9 × 0.305

= 0.014 ft2/hr

=
0.0147t
(1/12)2

= 2.12t (t in hours)

N =
ρicih

cs(W/D)
=

14.9 × 0.305 × (1/12)
0.133(1.03/(1/12))

= 0.2304

Adopting a trial and error method with a critical temperature of 1000◦F, the
fire endurance time is 115 min.

Jeane’s and Lie’s approaches are in close agreement. Malhotra’s method
is methodical and the small difference may be attributed to the equations
being dependent on one-dimensional heat transfer.

Example 3.5 British Practice

Calculate the time or duration for a beam of 457 × 152 × 60 kg/m fully
protected by 25 mm sprayed fibre insulation for a temperature rise in the steel
of 270◦C. Use the following data and the relevant European Codes including
the Eurocode 3 and the ISO formula for the furnace temperature TfTT .



3.6 Methods of Analysis and Design 153

Steel:

As = 75.8 cm2,

ρs = 7850 kg/m3,

ps or D = 1.254 m,

cs = 520 J/kg◦C

Insulation:

Di = 0.025 m,

ki = 0.11 W/m◦C,

ci = 1050 J/kg◦C,

ρi = 300 kg/m3.

ISO formula for furnace temperature TfTT :

TfTT = 345 log10(8t + 1) + T0TT ,

∆t >
25000

(PsPP or D)/As
,

T0TT = initial temperature = ambient temperature = 20◦C,
PdPP

As
=

1.254
75.8 × 10−4 = 16.5 m,

∆t =
25000

1.254/75.8 × 10−4 152 sec = 2.5 min,

csρsAs = 520 × 7850 × 75.8 × 10−4 = 30942,

2ciρidiPiPP = 2 × 1050 × 300 × 0.025 × 1.254 = 19.750.

30942 > 19750: The insulation has a low heat capacity.

∆TsTT =
165 × 2.5 × 60

520 × 7850
(TfTT − TsTT ) × 0.11

0.025
= 0.027(TfTT − TsTT ),

TfTT = 345 log10(8t + 1) + T0TT .

Table 3.9 shows a step-by-step calculation. It can be seen that, for a value of
270◦C, the duration is around 150 minutes or 21/2// hours.

Example 3.6 American Practice

A steel column is protected by 1 in thick (25.4 mm) spray-applied cementi-
tious material. Using the American practice and the following data, determine
the fire resistance R for the column:

C1 = 63 C2CC = 36
W

D
= 1.4 5 lb/ft × in
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Table 3.9. Step-by-step calculations

t (min) TfTT (◦C) TfTT − TsTT (◦C) ∆TsTT (◦C) TsTT (◦C)
0 20
2.5
2

= 1.25
359 9.70 29.70

2.5 486 486.3 12.32 42.02
5.0 598.43 556.41 15.02

57.04
7.5 672.98 615.94 16.63 73.67

10.0 732.1 658.43 17.78
20.0 852.8 761.35 20.56 91.45
30.0 913.25 821.8 22.20 113.65
40.0 978.4 864.75 23.35

137
60.0 1062.34 925.34 25.00

162
90.0 1148.00 986.00 26.62 188.62
95.0 1182.72 994.10 26.84 215.46
100.0 1217.46 1002.00 27.05 242.51
150 1305.01 1062.5 28.70 271.21

Protection: contour profile type

R=
(

63
W

D
+ 36

)
h

=(63 × 1.44 + 36) × 1
=126.72 min ≈ 2 hr

Example 3.7 American Practice

A column W 8×28 is encased in a normal concrete with all spaces duly filled
in. Using the American practice and the following data, determine the fire
resistance time for the column. Using ASTM data:

h2 =h1 = h = 1.5 in bf = 6.535 in d = 8.060 in
W

D
=0.67 lb/(ft × in)

Protection: contour profile type
A = 8.25 in2
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Thermal properties of concrete at 70◦F(21◦C):

Normal concrete Lightweight concrete
K (btu/(hr×ft×◦F)) 0.95 0.35
CpCC = CcCC (Btu/(lb×◦F)) 0.20 0.20
ρc = density of concrete = 100 lb/ft3 for lightweight concrete

= 150 lb/ft3 for normal concrete

concrete cover = 1.5 in

moisture content in both concretes = 5%
} for lightweight concrete

for normal concrete

If this column has a lightweight concrete for protection, what is the fire
protection time for the same column?

R = R0(1 + 0.03 m)
m = 5%
R = 1.15R0 for both lightweight and normal concrete

R0 =10
(
W

D

)0.7

+ 17
(

h1.6

K0.2
cK

){
1 + 26

[
H

ρccch(L + h)

]0.8
}

h=1.5
H =0.11W +

ρccc
144

(BfD − As)

=0.11 × 28 +
ρc × 0.2

144
(6.535 × 8.060 − 8.25) .

For ρc = 100 lb/ft2: lightweight concrete: H = 9.25.
For ρc = 150 lb/ft3: normal concrete: H = 10.484.
L = 1/2// (bf + d) = 1/2// (6.535 > 8.060) = 7.30 in (185 mm)

R0 (lightweight concrete)

=10(0.67)0.7 + 17
(

(1.5)1.6

(0.2)0.2

){
1 + 26

[
9.25

100 × 0.2 × 1.5(7.3 + 1.5)

]0.8
}

=199 min

R0 (normal concrete)

=10(0.67)0.7 + 17
(

(1.5)1.6

(0.2)0.2

){
1 + 26

[
10.484

100 × 0.2 × 1.5(7.3 + 1.5)

]0.8
}

=87 min

Adopting lightweight concrete 1.5 in thick for insulation, R duration time is
1.37 times more than that for normal concrete.



156 3 Fire and Buildings With and Without Explosion/Impact

Example 3.8 American Practice

The thickness of the sprayed applied protection material for the steel beam is
calculated on the basis of the following scaling relationship provided by the
American practice:

h =
(
W2WW /D2 + 0.6
W1WW /D1 + 0.6

)
h2

where

subscript 1 = substitution of beam and required thickness,
subscript 2 = specified beam and protection thickness in the referenced

tested design or tested assembly R ≮ 1 hr.

Restrictions: W/D ≥ 0.37 and h ≥ 3
8

in

The existing beam is W 12×16 with 1.44 in protection, having W/D = 0.54;
it is to be replaced by W 24×76 with W/D = 1.03 /ft in owing to damage in
a fire. Determine the thickness of the spray-applied fire protection to provide
a 2-hr protection for the same rating.

W2WW /D2 = 0.54 for W 12 × 16

W1WW /D1 = 1.0 for W 24 × 76

h2 = 1.44

h1 =
(0.54 + 0.6)
(1.03 + 0.6)

× 144 = 1.0 in

This is only for the beam and if it is a part of the floor or roof assembly, the
deck thickness must not be altered.

Example 3.9 British Practice

A steel column 254×254×167 kg/m is fully exposed to temperature changes.
Using the following data and the relevant Eurocode 3, calculate a step-by-step
temperature rise and evaluate the final collapse of this column:

As = 212 cm2

D or PsPP = 1.636 m
ambient temperature = 20◦C
gas temperature TfTT = 345 log10(0.133t + 1) + T0TT

t = time (min)
Γ0ΓΓ = initial temperature (◦C)
a = ac + ar

ac = 25 W/(m2 × ◦C)

ar =
5.75wr

(TfTT − TsTT )

×
[(

Tf + 273
100

)4

−
(
Ts + 273

100

)4
]

W/(m2 × ◦C)
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Steel properties:

C + s = 520 J/(kg–◦C)
ρs = 7850 kg/m3

∆t ≯
25000
PsPP

or D/AS

τsττ = steel temperature rise at time t◦C
wr = average emissivity = 0.5

Example 3.10 European Practice

Determine the sprayed plaster protection to a unival beam Grade S355JR
406×178×74 kg/m UB for a 90-minute fire duration. Use the following data:

beam span = 9 m
bending moments from each simple end at 3 m are 236 and 184 kNm,
respectively
partial safety factors 1.0 and 0.8 on permanent (dead) load action and
live load, respectively

concentrated

{ load on one side

load on other side

dead load 40 kN
imposed load 70 kN

dead load 40 kN
imposed load 70 kN

gypsum plaster pp = 800 kg/m3 λp = 0.2 W/(m×◦C)

p = 20%

=
MfiMM

McMM
≤ mMfiMM

MbMM

R = load ratio
236

532.5
= 0.433 ≤ 0.89 × 236

378
θlim (Eurocode 3) = 633◦C

IfII =
{

tfi,d

40(θlim − Ap/V i = 140/m

}1.3

= 0.06 × 10−4

ρ′
p = effective density = ρp(1 + 0.03 p) = 1280 kg/m3

µ = λp

(
ρ′
p

ρa

)
IfII

(
Ap

V i

)2

= 0.20
(

1280
7850

)
(9.06) × 10−4(140)2 = 0.579

µ(0) =
Sd,f

Rd,F

KS

))
d,f

Rd,F
µ(0) = 0.7 × 0.556 = 0.389

θa,cr = 78.38 ln

{(
1

0.967(µ0)3.833 − 1
)1/2

}
+ 482

For a 90-minute fire duration, temperature 607◦C and the spray thickness
should be 21 mm.
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Check

FwFF =
(1 + 4µ)1/2 − 1

2µ
=

(1 + 4 × 0.389)1/2 − 1
2 × 0.389

= 0.76

dP = thickness (m)

= λPIfII FwFF

(
AP

V i

)
= 0.2 × 9.06 × 10−4 × 0.76(140)
= 0.0193 m
= 19.3 mm

Adopt 21 mm as proposed.

3.6.6 Calculations of Fire Resistance of Concrete Members

Introduction

Various approximate formulae have been developed for reinforced and pre-
stressed concrete elements. The situation is not the same as for steel. Concrete
properties vary not only with time but with the location in the section and
its non-uniform character. More complicated factors become apparent when
fire resistance calculations are performed. The reinforcement and concrete
can resist different temperatures within the same section. An average rise in
temperature of 250◦F (121◦C) on unexposed surface is regarded in American
practice (ASTM, 1985) as failure. Hence in this case the thermal fire resis-
tance is the time elapsed to reach a temperature rise of 250◦F (121◦C). In a
composite slab or beam, the failure due to fire is defined when steel temper-
ature reaches 1100◦F (532◦C) for reinforcement and 800◦F for prestressing
steel. A reference is made to the properties of concrete and reinforcing steel
in the fire environment.

American Code

Reinforced Concrete Columns

Based on Lie and Allen [3.9] and Lie et al. [3.10], the minimum dimensions
of the column are as given below:

tmin (in) = 3.2 f(R + 1) rectangular shape (3.78)
∗tmin (in) = 3.2 f(R + 0.75) normal weight (3.79)

siliceous aggregate (3.80)∗tmin (in) = 4.0 f(R + 1)
normal weight

†tmin (in) = 3.0 f(R + 1) carbonate aggregate
∗ Design conditions columns (2) and (4), Table 3.10.
† Design Conditions column (3), Table 3.10.
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Table 3.10. Factor f

Where kh is more than 12 ft but not
more than 24 ft

(1) (2) (3) (4)
t is not more than
12 in and p is not
more than 3%

All other cases

1.00 1.0 1.2 1.0
1.25 0.9 1.1 0.9
1.50 0.8 1.0 0.8
For found columns the diameter must not be less than 1.2 times the value
determined above.
† Overdesign factor is the ratio of the calculated load carrying capacity of the
column to the column strength required to carry the specified loads determined
in conformance with ACI 318-89 ‘Building Code Requirements for Reinforced
Concrete’.

k = the effective length factor obtained from ACI 318-89 ‘Building
Code Requirements for Reinforced Concrete’

p = the area of vertical reinforcement in the column as a percentage
of the column area

h = unsupported length of the column (ft)
CminCC = minimum cover (in) to vertical reinforcements

for R ≤ 3 hr CminCC = R or 2 in., whichever is less
for R > 3 hr CminCC = 1/2// (R − 3) + 2

Concrete Slabs

Harmanthy [3.7] and Lie and Harmanthy [3.11] give the semi empirical for-
mula for a monolithic concrete slab (Fig. 3.29a), for which the failure tem-
perature rise is 250◦F (121◦C) at the unexposed surface, as:

R1 = 0.205
(pc)1.2L1.85

k0.65 (3.81)

where

R1 = fire resistance of slab based on heat transmission criterion (hr)
L = thickness of slab (ft)
ρ = density of concrete (lb/ft3)
c = specific heat of concrete (Btu/lb ×◦F)
k = thermal conductivity of concrete (Btu/ft × hr ×◦F)
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Fig. 3.29. Different slab shapes

If

k = 1.0 Btu/(ft × hr ×◦F) normal concrete
= 0.45 Btu/(ft × hr ×◦F) lightweight concrete

c = 0.20 Btu/(LB ×◦F) both types of concrete (3.82)

then

R2 = 0.03ρ1.2L1.85 normal concrete (3.83)
R1 = 0.05ρ1.2L1.85 lightweight concrete (3.84)

For a double-layer slab (Fig. 3.29b), for a failure temperature rise of 250◦F

R2 = 0.75
(pc)1.1L1.6

1

k0.5 (3.85)

where

R2 = thermal fire resistance of the slab (hr)
L1 = thickness of one layer of the slab (ft)
ρ = density of the concrete (lb/ft3)
c = specific heat of the concrete (Btu/(ft×hr×◦F))
k = thermal conductivity of the concrete (Btu/(ft × hr ×◦F))

where no data are available for k and c, (3.81) can be used, then

R2 = sp1.1L1.6
1 (3.86)

where

s = 0.13 for normal concrete
= 0.216 for lightweight concrete.

For a hollow concrete slab in dry conditions, for a temperature, for a temper-
ature rise of 250◦F (121◦C), the value of R is given by Harmanthy [3.7] as:

R +

⎡
⎢
⎡⎡
⎢⎢⎢⎣⎢⎢ 1

b1/b2
(R1)1/2 +

1 − (b1/b2)
(R2)1/2

⎤
⎥
⎤⎤
⎥⎥⎥⎦⎥⎥

2

(3.87)
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Table 3.11. Multiplying factor for equivalent thickness

Material of top layer Base slab of Base slab of
normal-weight concrete lightweight concrete

Type X gypsum wallboard 3 21/4//

Cellular concrete
(density 25-35 lb/ft3)

2 11/2//

Vermiculite and perlite con-
crete
(density 35 lb/ft3 or less)

13/3 3// 11/2//

Gypsum sand plaster 11/4// 1
Portland cement with sand
aggregate

1 3/3 4//

Terazzo 1 3/3 4//

R = thermal fire resistance of the hollow slab (hr)
R1 = thermal fire resistance of the monolithic slab (hr)
R2 = thermal fire resistance of the double-layer slab (hr)
b1 = thickness of a web (ft)
b2 = distance between the centrelines of two webs (ft).

All the locations of web and cavity this slab may be considered as monolithic
and double-layer respectively. Lie [3.12] and Abrams and Gustaferro [3.13]
have carried out theoretical and experimental studies on composite slabs
(layers of normal and lightweight concrete); with a failure temperature of
250◦F (121◦C) at the unexposed face, the value R is given as:

R=0.057
(

2l2 − dl − 6
l

)
normal concrete (3.88)

R=0.063
(
l2 − dl − d2 +

4
l

)
lightweight concrete (3.89)

where

R = fire resistance of slab (hr)
l = slab thickness (in) l − d � 〈�� 1 in
d = base slab thickness (in).

In some cases the top layer on the base slab is different from normal or
lightweight concrete. The top layer is converted to an equivalent thickness of
concrete and is added to the base slab in order to calculate fire resistance
R given above in (3.88) and (3.89). Table 3.11 gives a multiplying factor for
that top layer which has to be used to obtain equivalent thickness.
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Simply-Supported Unstrained Beams and One-Way Slab

Assuming the underside of the slab is exposed to fire, the bottom of this slab
will expand more than the top, resulting in its deflection. As the temperature
increasew, the tensile strength of concrete and steel will decrease. At the
elevated temperature, when the strength of steel reaches its limit, flexural
collapse will occur. The nominal moment strength will be constant through
the length:

MnMM = Asfyff
(
d − a

2

)
(3.90)

where

As = area of reinforcing steel
fyff = yield stress of reinforcing steel
d = distance from centroid of reinforcing steel to extreme compressive

fibre
a = depth of equivalent rectangular compressive stress block at ultimate

load, is equal to Asfyff /0.85 f ′
cff b where f ′

cff = cylinder compressive
strength of concrete and b is width of slab.

The normal BM is:

BM = M = m =
ωL2

8
(3.91)

where

ω = uniformly distributed load per unit length
L = span length.

After the material strength has reduced, the retained moment capacity MηθMM is

Mηθ = Asfyff θ

(
d − aθ

2

)
(3.92)

where subscript θ defines the effects of temperature.
A and d are not affected but αθ is reduced. Assuming the imposed and

dead loads are constant and the concrete strength at the top is not reduced,
Fig. 3.30 shows the two moments at zero hour and at 2 hours. Flexural
failure occurs when MηθMM = M . The equations indicate that the fire resistance
depends on the load intensity, strength-temperature characteristics and fire
duration. In general the cover to reinforcement is a protection and in some
cases other materials are added. Table 3.12 shows the cover in American
practice.

Continuous Beams and Slabs

A statical indeterminacy can create additional reactions of the indeterminate
supports due to fire. There will be an increase in the negative moments.
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Fig. 3.30. Moments for a simple beam of slab under loads and fire. M due to loads
only; MnθMM due to fire

Table 3.12. Minimum cover: American practice

Base slab Fire resistance (hr)
concrete type

1/2// 3/3 3// 1 11/2// 2 3 4

Reinforced concrete (all types) 0.65 0.65 0.8 0.83 1.1 1.65 2.2
Prestressed-concrete,
normal-weight concrete
(dominantly siliceous aggregate

0.8 0.85 1.1 1.45 1.75 2.25 2.65

Normal-weight concrete
(dominantly carbonate aggregate)

0.8 0.85 1.1 1.45 1.75 2.25 2.65

Lightweight concrete 0.8 0.8 0.9 1.25 1.55 2.0 2.35

Courtesy: ASCE.

These are due to differential heating which causes lifting of the supports at
the ends, thus increasing the reactions at the interior supports. There will
be a redistribution of moments. Hence, the negative moments increase, while
the positive moments decrease. The negative moments will cause yielding of
the reinforcement. It is vital that compressive failure in the negative moment
region is avoided, i.e. reinforcement should be small enough so that, based
on the ACI [3.14], Asfyff /bdf ′

cff is < 0.3. A decrease in the positive moment
will mean that the reinforcement in that region can be heated to a higher
temperature before failure occurs.
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Fig. 3.31. A three-span continuous beam under external loads and internal tem-
perature

Figure 3.31 shows a continuous beam slab loaded externally with uniform
load and subjected to fire from underneath. The reduced moment capacity
MeMM is given as follows. Let

M+
ηθ = positive moment due to fire

M−
ηθ = negative moment due to fire

ω = uniform load.

At a distance x1 from the outer support, A = Mχ1 is given as:

Mχ1 =
ωL

2
x1 − ωχ2

1

2
− M−

θηx1

L
= M+

ηθMM (3.93)

Hence

x1 =
L

2
− M−

ηθMM

ω
(3.94)

M−
ηθM =

ωL2

8
− ωL2

√√
2M+

ηθMM

ωL2 (3.95)

x0 =2x1 (3.96)

In the spans are symmetrical, then x1 = L/2:

MxMM 1 =
ωL2

8
− M−

ηθMM (3.97)
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but

MxMM 1 =M+
ηθM (3.98)

M−
ηθMM =

ωL2

8
− M+

ηθ (3.99)

Other Beams/Slabs with Different Loadings and Restraints

Other beams/slabs under loads can similarly be examined. In this chapter,
various structures under plastic analysis are examined later on under a sep-
arate section.

Example 3.11 American Practice

A two-span continuous reinforced is to be analysed and designed for rein-
forcement to provide three-hour fire resistance. Use the following data and
the ACI Code 318:

– slab thickness: 150 mm (6 in)
– positive reinforcement: #4 Grade 60 bars @ 150 mm (6 in) spacing
– concrete grade: 28 Mn/m2 (4000 lb/in2) compressive strength
– concrete aggregate: siliceous
– concrete cover: 19 mm (0.75 in)
– each span: 4.88 m (16 ft)
– concrete density: 2400 kg/m3 (150 lb/ft3)
– superimposed load: 1.914 kN/m2 (40 lbf/ft2).

Material properties of steel and concrete in fires are given in Fig. 3.32.

Negative Reinforcement. Moments and Reinforcement

M+
nMM = positive nominal moment strength for 3-hr fire exposure

= Asfyθff

(
d − a+

θ

2

)

θ and fyθff :

α+
θ =

Asfyff θ

0.85f ′
cff θb

(3.100)

M−
ηθM = negative moment at the interior support

=
ωL2

2
− ωL2

√√
2M+

ηθMM

ωL2 (3.101)

A−
s =

M−
ηθM

fyθff
(d′

θ − α−
θ /2) (3.102)
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Fig. 3.32. Material properties under high temperatures

ωθ =
Asfyff θ

b(eff × d′)f ′
cff θ

≤ 0.30 (3.103)

x0 = bar top length = 2x1 = 2
(
L

2
− MηθMM

ωL

)
(3.104)

fyff = 460 N/mm2
Ab = 129 mm2(0.2in2) db = 12.7 mm(0.5 in)

fyθff /fyff = 0.20 ld = developing length = 0.3m.

Calculations are performed in SI units, derived from the Imperial units.

As =
(

1000
150

)
129 = 860 mm2

loading:

ω1 = 1.914 kN/m2(401bf/ft2)
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ωd = 2400 kg/m3

ω =
(

150
1000

)
(2400)(9.8)/1000 + 1.914 = 5.442 kN/m width

M+
ηθ = (3-hr exposure) = Asfyθff

(
d − a+

0
2

)

θ, fyθff and a+
θ are taken from the Table given in the Code.

u = 25 mm
t = time = 3 hr = 180 min
θ = 750◦C
fyθff /fyff = 0.2 or fyθff = 0.20 × 460 = 93 mN/m2

d = h − cover − 1/2// db = 150 − 19 − 12.7
2 = 125 mm

α+
θ =

Asfyff θ

0.85f ′
cff θb

=
860 × 93

0.85(28)(1000)
= 3.36 mm

M+
ηθM =

860 × 93
1000

=
(

125 − 3.36
2

)
/1000 = 9.86 kNm/m width

M−
ηθMM = 5.442(4.88)2

[
1
2

−
√√

2(9.86)
5.442(4.88)2

]

= 129.6(0.5 − 0.39) = 19.44 kNm/m width

d′ = 150 − 19 − 12.7
2

= 125 mm.

From the Table:

θ = 190◦C
fyθff /fyff = 94%

fyθff = 0.9 × 460 = 432.4 mN/m2

25 mm of concrete is 760◦C or higher

d′
eff = 150 − 25 − 19 − 1

2
(12.7) = 100 mm

a−
0 = 25 mm

As =
19.44(1000 N/kN)(1000 mm/m)

432.4(100 − 25/2)
≈ 514 mm2/m width

bars 140 mm c/c > 514 mm2/m.

At a concrete temperature of 760◦C:

0.38(effdffff ′) = 0.38(100) + 25 = 63 mm
t = 180 min
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θ = 430◦

For

θ = 600◦C
f ′

cθff /f ′
cff = 64%

f ′
cθff = 0.64 × 28 = 18mN/m2

a−
θ =

921(432.4)
0.85(18)(1000)

= 26 mm

Therefore, 25 mm is assumed to be acceptable.

ωθ verification: ωθ =
921(432.4)

1000(100)(18)
= 0.22 < 0.30

Both

As = 432.4 mm2

are satisfactory.

xo = length of the top bar

= 2x1 = 2
(
L

2
− MηθMM

ωl

)

= 2
(

4.88
2

− 19.44
5.442 ∗ (4.88)

)
= 3.416 ≈ 3.42 m

Theoretically, the bars should be cut a distance l − x0 + ld

ld = development length of the bar
4.88 − 3.42 + ld = 1.46 + ld

= 488 − 1
2
x0 + ld

Theoretical = 488 − 3.42
2

+ ld = 3.17 + ld

= 3.17 + 0.3 = 3.47 m.

This is recommended for a 40% cut on either side of the intermediate support
with 20% extended to external supports (ACI 318-83).

Example 3.12 British Practice on Continuous Slab

A reinforced concrete solid slab of 175 mm thickness, 5 m width, is continuous
over 5 m spans. The nominal cover provided everywhere is 20 mm. Using the
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following data and the British Code BS8110, design this slab for bending,
shear, deflection and cracking such that the maximum fire resistance is not
less than 1 hr and hence ignore individual material properties for bars and
type of concrete.

dead weight = 47 kN/m2

imposed load = 4 kN/m2

span internal = 5 m
concrete density = 24 kN/m3

fcuff = 40 N/mm2

fyff = 460 N/mm2

d = effective depth
= 175-20-6 for half diameter of steel
= 149 mm.

Fire Resistance

Table 3.6 (BS 81 10) indicates that the fire resistance for a 175 mm thick slab
with 20 mm cover = 11/2// hr > 1 hr.

F = design load = (1.4 × 4.7 + 1.6 × 4) × 5 = 65 kN/m width

From Table 3.14 (clause 3.5.2.4)

M = ultimate bending moment for interior span
= 0.063 × 65 × 5 ≈ 20.5 kNm/m.

Reinforcement

K =
M

bd2fcuff
=

20.5 × 106

1000(149)2 × 40
= 0.0231

z =d

[
0.5 +

√√(
0.25 − K

0.9

)]
> 0.95d

=149

[
0.5 +

√√(
0.25 − 0.0231

0.9

)]
= 145 > 0.95 × 149 = 141.5.

Use z = 141.5

As = M/0.87fyzff =
20.5 × 106

0.87 × 460 × 141.5
= 362mm2

T12-300[as prov. 377 mm2/m].

Check for Shear

0.5F
bd

=
0.5 × 65 × 103

1000 × 149
= 0.22 N/mm2 < VcVV = 0.41
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Deflection

Span depth ratio = 26

M

bd2 =
2.05 × 106

1000 × (149)2
= 0.92

fsff = 275 N/mm2 (clause 3.4.6)

modification factor for tension reinforcement = 1.48

allowable span/depth=26 × 1148 = 38.48 (Table 3.12)

actual span/depth=
5000
149

= 33.56 < 38.480.

Cracking

3d = 3 × 149 = 447 mm

spacing between bars = 300 − 12 = 288 < 447 mm
h = 175 mm < 200 mm (clause 3.12.11.2.7).

The cracking condition is satisfied. The slab will stand 11/2// hour maximum
fire duration.

Example 3.13 British Practice

A reinforced concrete T-beam is shown in Fig. 3.33a. Using the following
data, determine the strength reduction factor for reinforcement and concrete
of this beam and the temperature. What is the duration of the fire resistance?

Applied moment = 50 kNm

fcuff = 41 N/mm2 fyff = 460 N/mm2

As = 6 × 804 = 4824 mm2 for 6 T 32 bar

At ambient temperature

M = FyFF Asz
Z = 0.95d

= 0.95 × 390 = 370.5
M = 460 × 4824 × 3705×10−6

= 822 kNm.

Allowable strength reduction coefficient for tensile reinforcement

= 50
822 = 0.426 = σST

σST occurs at 600◦C (Fig. 3.33b). σCT occurs at 0.426 at 600◦C. From
Fig. 3.33b, the duration of the fire resistance is 4 hours and 30 min.
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Fig. 3.33. (a) A reinforced concrete T-beam. (b) Reduction in strength, average
temperature in the reinforcement and fire resistance duration

3.7 Deflection of Simple Beams in Reinforced
and Prestressed Concrete Exposed to Fire –
IStructE Method

External Loads as Point Loads

Figure 3.34 shows the loadings W . Take a distance z from RA and determine
deflection yp. Let EC(T) and I(T) be the Young’s modulus and second moment
area respectively.

R0 × l = w1(l − a) + w2(l − b) + . . . wn(l − n) (3.105)
MzM = R0z − {w1(z − a) + w2(z − b) + . . . wn(z − n)} (3.106)

EC(T)I(T)
d2y

dz2 = −M2MM (3.107)
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Fig. 3.34. Point loads on simple beam

Fig. 3.35. Uniformly distributed load on simple beam

EC(T)I(T) − y =
{w1

6
(z − a)3 +

w2

6
(z − b)3 +

wn

6
(z − n)3

}
− R0

z3

6
+ AZ + B

x = 0 y = 0 ∴ B = 0
x = 2 y = 0

A =
1
L

{
R0L

3

6
− w1

6
(L − a)3 − w2

6
(L − b)3 − wn

6
(L − n)3

}

∴ yp =
1

EC(T)I(T)

[
1
6

{w1(z − a)3 + w2(z − b)3 + . . . wn(z − n)3}

− z

LL
{w1(L − a)3 + w2(L − b)3 + . . . wn(L − n)3} (3.108)

+
(L2z − z3)

6L
{w1(L − a)3 + w2(L − b)3 + . . . wn(L − n)3}

]

External Loads as Distributed Loads (Fig. 3.35)

Moments and deflections are computed in a similar manner to that above.
See Fig. 3.34. The deflection yd is given by

MzMM =
wL − z

2
− w − z − z

2
(3.109)
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Fig. 3.36. Determination of neural axis

Deflection Due to Fire Temperature γτ

The force exerted by fire can be written as:

F =EC(T)ac(T − T0TT )δA

=EC(T)ac(T − T0TT )
A

N
(3.110)

moment MTMM =
1
N

[EC(T)ac(T − T0TT )A](Υ = NA(T)) (3.111)

EC(T)I(T)
d2y
dz2 = −MTMM (3.112)

∴ yT =
MTMM z(L − a)
2EC(T)I(T)

(3.113)

All parameters have been defined previously.
When all three such displacements or deflections occur, then the total

deflection is:

δ = ypy + yd + yt (3.114)

It becomes necessary to know the second moment of area I(T) in the above
expressions, while E(T) can be found elsewhere in this chapter. Figure 3.36
shows the neutral axis and I(T) can be found as:

m(T) =
ES(T)

Ec(T)

n(T) =
m(T)As

b

(√√
1 +

2bd1

m(T)As
− 1

)
(3.115)

l(T) =
bn3

(T)

3
+ m(T) − As

(
d1 − n(T)

)
(3.116)

In Eurocode 2, the elastic modulus is based on the following derivations. A
reference is made to Fig. 3.37 for the concrete stress-strain curve.
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Fig. 3.37. Stress-strain under compression at elevated temperature

Range I

σc= fcff θ

⎡
⎢
⎡⎡
⎣⎢⎢( εcθ

εc1θ

)⎛
⎜
⎛⎛
⎝⎜⎜ 3

2 +
(

εcθ

εc1θ

)3

⎞
⎟
⎞⎞
⎠⎟⎟
⎤
⎥
⎤⎤
⎦⎥⎥ (3.117)

fc(ff θ)

fc(20ff ◦C)
=

3
2

fc(ff θ)

εc1(θ)

[
εc(θ)

2 + εc(θ)

(εc1(θ))3

]
(3.118)

and εc1(θ) to be chosen according to the values of Table 3.1 of the Report.

Range II

For numerical purposes a descending branch should be adopted. Linear and
non-linear models are permitted.

NTNN =
∫

A

∫∫
EαθdAT =

∫
A

∫∫
EαθydA (3.119)

N = number of nodes A =
∑

∆A = N∆A

N∆A = number of equal areas.

Hence

σ1 =
1
N

∑
Ec(θ)ac∆θ = − 1

N

∑
Ec(θ)ac(θ − θ20) (3.120)

σ2 =
1
N2

[∑
Ec(θ)ac(θ − θ20)

]
(3.121)

σ3 =
1
N

[∑
Ec(θ)ac∆θy∆A

] YjYY

I(θ) (3.122)
=

1
N2

[∑
Ec(θ)ac(θ − θ20)(y − NA(θ))

] AYcYY

I(θ)
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Hence

σP1 =stresses due to direct prestressing
=−F(FF θ)/A

σP2 =stresses due to prestressing moment
σP3 =stresses due to elongation of the prestressing tendon

=
E(θ)α(θ)(θ − θ20)

A
Aps

where

Aps = area of the prestressing tendons.

All other parameters have been defined above.

Stresses Due to External Loads

A similar analysis is done previously, except that the loads are denied by 1
for point loads and 2 for uniformly distributed loads respectively and the
stresses are:

σL1 =−
(

Mz1 × YjYY

I(θ)

)
(3.132)

σL2 =−
(

Mz2 × YjYY

I(θ)

)

The total stresses are algebraically added as

σTotal = σ1 + σ2 + σ3 + σP1 + σP2 + σP3 + σL1 + σL2 (3.133)

The neutral axis depth and the I-value can be similarly computed.

Ec(θ) =
dσc(θ)

d
∑

c(θ)

=
3fcff (θ)∑

c1(θ)

[{
2 +

( ∑
c(θ)∑

c1(θ)

)3
× 1 −∑

c(θ)

{
3

∑
c(θ)2∑

c1(θ)3

}}]
[
2 +

( ∑
c(θ)∑

c1(θ)

)3
]3 (3.134)

E =
3
2

× fcff (θ)∑
c1(θ)

σc(θ) = 0
∑
c(θ)

= 0 (3.135)

Karuna [3.15] developed a computer program on the basis of the concept.
This program has been linked to the program ISOPAR given in Appendix I.
This program is flexible enough to be part of, or simulated into any existing
computer package on the market.
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Prestressed Concrete Beams

A few changes are necessary when a simply supported prestressed concrete
beam is exposed to fire. For the purpose of analysis, a straight tendon is
adopted. Where the cables are cured, the analysis requires a cable profile
which is used for locating temperature zones. A piece-by-piece analysis of the
work described below is required. For a simply-supported beam the stresses
induced by temperature changes, using the symbols for the EC2, are:

σTotal = σ1 + σ2 + σ3 (3.135a)

where

σ1 = −Eαθ

σ2 = NT/A

σ3 = MTMM (f/I)

Notes

θ = T in the above work
θ is used in EC2
θ20 = T0TT

m(θ) =
EpE (θ)

Ec(θ)
(3.136)

n(θ) =
A(h/2) + (m(θ)Aps − Aps)d

Ac +
(
m(θ) − 1

)
Aps

(3.137)

I(θ) =
1
12

bh3 + bh
(
y(θ) − h/2

)2 +
(
m(θ) − 1

)
Aps(d − y(θ)) (3.137a)

where

A = gross concrete area
h = height of the beam.

All other parameters have been defined previously.

Temperature Distribution

The temperature distribution in concrete exposed to fire for slabs and ribs or
beams was first given by the Institution of Structural Engineers, London, in
Design and Detailing of Concrete Structures for Fire Resistance in April 1978.
In slabs, both dense and lightweight concrete are used. It is suggested that
there where lightweight concrete is used the numerical value of temperature
(◦C) corresponding to the distance from an exposed surface should be reduced
by 20%. These curves are based on data obtained from the Portland Cement
Association (PCA, 1978). It is permissible to interpolate for intermediate
sizes. The average distance from the exposed surface am is computed as:
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Fig. 3.38. Determination of average axis distance (reproduced courtesy of the
Institution of Structural Engineers)

Table 3.13. Beam parameters

Width of beam B1, B, B2

Time of fire exposure t1, T , T2TT

Depths of fire exposed surface D1, D, D2

Temperature of char points:
TE1 = TE(B1, D2, T1TT )
TE2 = TE(B2, D2, t1)
TE3 = te(b1, D2, T2TT )
TE4 = TE(B2, D2, T2TT )
TE5 = TE(B1, D2, T2TT )
TE6 = TE(B2, D1, T2TT )
TE7 = TE(B1, D1T1TT )
TE = TE(B2, D1, T1TT )

By interpolation:
TE57 = (T − T2TT )(TE5 − TE7)/(T2TT − T1TT ) + TE5
TE13 = (T − T2TT )(TE3 − TE1)/(T2TT − T1TT ) + TE3
TE86 = (T − T2TT )(TE6 − ×TE8)/(T2TT − T1TT ) + TE6
TE24 = (T − T2TT )(TE4 − TE2)/(T2TT − T1TT ) + TE4
TE91 = (D − D2)(TE57 − TE13)/(D1 − D2) + TE13
TE92 = (D − D2)(TE86 − TE24)/(D1 − D2) + TE24

Hence:
TEa = (B − Bl)(TEa2 − Tea1)/(B1 − B2) + Tea1
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Table 3.14. Below and overleaf

bi = 300

T D

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

1hr 860 675 530 430 350 290 240 200 160 140 110 90 70 50 49 30
11/2// hr 925 750 630 530 450 380 330 280 250 220 190 170 150 140 120 100
2hr 1000 850 730 610 530 450 400 350 310 280 260 240 220 210 200 190
3hr 1025 870 750 670 600 540 480 440 400 360 330 310 290 270 260 240
4hr 1070 900 860 710 650 600 550 500 460 430 400 370 350 340 320 300

b2 = 250

T D

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

1hr 900 720 570 460 320 320 270 230 190 160 140 120 110 100 100 100
11/2// hr 950 800 660 550 460 390 340 290 260 230 200 190 170 160 150 140
2hr 1000 880 752 640 550 480 420 370 340 300 280 260 240 230 220 200
3hr 1060 940 800 700 620 550 500 460 430 390 360 340 330 320 310 300
4hr 1100 950 830 730 680 610 660 520 490 460 440 420 400 390 380 370

b3 = 200

T D

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

1hr 910 760 620 500 400 350 300 260 230 200 180 170 150 140 120 100
11/2// hr 970 840 700 570 490 420 370 340 300 270 260 240 220 200 190 180
2hr 1060 910 790 670 580 510 460 430 400 360 350 330 310 300 290 280
3hr 1100 960 840 730 650 590 550 520 500 470 460 440 430 420 400 390
4hr 1100 1000 870 760 700 650 620 590 560 540 520 510 500 480 460 440

b4 = 150

T D

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

1hr 950 800 660 530 430 370 350 320 300 280 260 250 230 220 200
11/2// hr 1010 870 730 620 520 470 450 420 400 390 370 360 350 340 330
2hr 1030 940 820 780 620 560 530 510 500 480 460 440 450 440 430
3hr 1100 1000 900 790 700 660 640 610 600 590 580 570 560 550 540
4hr 1100 1030 930 830 750 700 660 640 640 620 610 600 600 590 570

b5 = 100mm wide rib

T D

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

1hr 990 860 730 600 510 470 450 440 420 410 400 400 390 380 370 360
11/2// hr 1070 940 800 700 630 600 580 570 560 550 540 535 530 525 520 510
2hr 1100 1000 870 780 720 680 670 660 650 640 635 630 625 620 615 610
3hr 1100 1040 940 860 820 780 760 760 740 730 725 720 715 715 710 710
4hr 1100 1050 950 880 840 800 780 780 760 750 740 735 730 725 720 715

b6 = 125mm wide rib

T D

0 10 20 30 40 50 60 70 80 90 100 110 120 130 140 150

1hr 970 720 690 560 460 420 380 360 340 320 310 305 300 290 280 270
11/2// hr 830 900 760 650 560 530 500 480 460 450 440 430 420 410 405 400
2hr 1100 970 850 740 660 630 600 580 560 550 540 530 525 520 515 510
3hr 1100 1020 920 820 760 730 700 690 680 670 660 650 645 640 630 625
4hr 1100 1040 940 840 780 750 730 710 700 700 690 670 665 660 655 650
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αm =
∑

Asα
/∑

As (3.138)

where

As = area of tensile steel bars or tendons
a = axis distance as shown in Fig. 3.38.

There are two ways to simulate graphs into a computer program:

(a) by curve fitting technique
(b) by transforming them into tables of numerical figures.

The former method is well known and a number of computer programs are
available on curve fitting. Karuna [3.15] has developed a computer routine
to read tables prepared from these graphs. The temperature distribution is
tabulated in Table 3.13 indicating B, D and time or duration. In order to
find temperature for a width b, time t and depth d, the computational tech-
nique shown in Table 3.13 is adopted. A typical output for the temperature
distribution is given in the Appendix and in Table 3.14.

3.8 Limit State and Plastic Analysis

The resisting capacity of steel beams, girders, columns, frames and their
joints decreases as they are heated in the fire environment. Failure occurs
when stresses at reduced capacity equal those produced by the applied loads.
The strains can increase at a rapid rate without increase in stress. When the
deformation reaches its critical value, the limit state is then also reached.
This limit state of failure depends on the stress level, sectional properties
and attainment of a particular temperature. The failure of steel members
follows an elasto-plastic behaviour, after passing through the elastic limit,
and collapse does not take place until a mechanism with plastic hinges is
formed. Figures 3.39 to 3.42 give a vivid picture.

3.8.1 Basic Theory

Each phenomenon is given a numerical status.

Elastic:

M =
∫ d/2

−

∫∫
d/2

(fddy)y (3.139)

f =
E

R
y
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Fig. 3.39. (a) Plastic analysis. (b)–(d) There are basically three idealized rela-
tionships

M =
∫ E

R
by2 dy

=
EI

R
=

fI

y
= fze

(3.140)

where ze is the elastic modulus. (See Fig. 3.40a.)

First yield:

My = fyff ze (3.141)

(See Fig. 3.40b)

Partially plastic: in plastic theory the load can continue to increase.

M =
∫ +dy

−

∫∫
dy

f1by dy + 2
∫ d/2

dy

∫∫
f1by dy (3.142)

elastic plastic

f1 =
E

R
y f2ff = fyff (3.143)

M = fyff zez + fyff zpzz (3.144)
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a)

b)

c)

Fig. 3.40. (a) Elastic phenomenon. (b) Yield conditions. (c) Partially plastic phe-
nomenon

where

ze = elastic modulus, inner core
zpzz = first moment area, plastic zone.

An elastic inner core provides stiffness. (See Fig. 3.40c.)

Fully plastic:

MpMM = fyff zpz (3.145)

where

MpMM = fully plastic moment of resistance
zpz = first moment area of whole section.

(See Fig. 3.41.)
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Fig. 3.41. Fully plastic phenomenon

Shape factor:
MpMM

MyMM
=

σyzp

σyze
=

zp

ze
(3.146)

zp, and ze are both related to the geometry of the section.

Rectangular section:

zp =
bd2

4
ze =

bd2

6

(
zc =

1
y

)
(3.147)

MpMM

MyMM
= 1

1
2

(3.148)

Therefore, if a plastic design is used, 50% more strength is obtained out of a
rectangular section.

See Fig. 3.42 for examples of section types.

ze =
1
2

= 2
(
BT 3

12
+ BT

(
d

2
+

T

2

))2

=
BT (D + T )

D + 27

zp = ydA = 2
∫ d/2+T

d/

∫∫
2

Bydy = BT (d + T )

zp

ze
=

d + 2T
d + T

≈ 1. (3.149)

Fig. 3.42. Shapes and shape factors
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3.8.2 Plastic Analysis and Fire Temperature

There is a definite relationship between the steel strength and temperature
Constrado (UK) and the BRE (Garston) have carried out tests. Table 3.15
shows the effect of temperature on the elastic properties of steel.

Table 3.15. Effect of temperature on the elastic properties of steel

Elastic properties Temperature range (◦C)
20–300 300–700 700–900

FyTFF

fyff 20
1 − T ◦

3000
0.9 − T ◦ − 300

500
0.1 − T ◦ − 700

200

EyT

E20
1 − T ◦

3000
0.9◦ − T ◦ − 300

500
for 300–900◦C

Grade 43
Elastic limit at ambient temperature 20◦C fyff 20 = 250 N/mm2

Ultimate strength at ambient temperature 20◦C FtFF 20 = 450 N/mm2

Young’s modulus at ambient temperature 20◦C E20 = 206 kN/mm2

The following steps are adopted for structures built of steel.

1. Work out moment at ambient temperature.
2. Compute

MeMM =elastic moment capacity
= fyff ze (3.150)

where

fpff = yield stress
ze = elastic modulus.

3. Develop various possible mechanisms (Me ≤ Mp) and compute greatest
plastic moment:

MpMM = fpff zp

where

fpff = stress failure in the extreme fibre
zp = plastic modulus.

4.
MpMM

MeMM w
=

zpfyrff

zefy20ff
(3.151)

The strength reduction factor σs is:

σs =
fyTff

f20ff
(3.152)
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5. There is no gain in fire resistance if the section is plastically designed. A
correction factor is applied when determining the fire resistance analyti-
cally. EC3 gives the following correction factors/ when the service load PsPP
is in the range of 0.2–0.85PuPP , the ultimate load or the collapsed load:

determinate beams: f = 0.77 + 0.15
PsPP

PuPP
(3.153)

indeterminate beams: f = 0.25 + 0.77
PsPP

PuPP
(3.154)

columns: f = 0.85 (3.155)

Buildings generally consist of floors with beams of simple and continuous
types and/or mixed types. Different restraints can be provided to suit the
building layout and other imposed conditions. It therefore becomes necessary
to give examples of how unprotected steel beams in the temperature environ-
ment due to fire can fail when plastic analysis is considered. Example 3.13
shows a typical simply-supported beam subjected to uniformly distributed
load. Various steps are presented in order to arrive at a temperature which,
in conjunction with loads, can result in failure of this beam. Tables 3.13 and
3.14 show tabulated results of beams and columns with different boundary
conditions and loads using the plastic analysis.

Example 3.14 British Practice

A simply supported steel beam is loaded with 25.0 kN/m service load. Using
the following data and plastic analysis, determine the critical temperature at
which this beam would fail (see Fig. 3.43).

section: 406 mm × 178 mm × 74 kg/m
UB Grade 43
ωs = service load = 25 kN/m

section moduli:
ze = elastic = 1058 cm3

zp = plastic = 1510 cm3

allowable bending stress = 165 N/mm2

fyff = fy20ff = yield stress or strength at ambient temperature = 250 N/mm2.

Shape and load factor are ignored.

Fig. 3.43. Simply-supported beam with uniformly distributed load
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(a) The plastic hinge occurs at the middle
Under service load:

MmaxMM =
ωsL

2

8
=

25.0 × 72

8
= 153.125 kN/m

maximum bending stress = fsff max =
M

ze
=

153.125 × 106

1330 × 103 = 115.132

MpMM = plastic moment = fy20ff × zp =
250 × 1510 × 103

106 = 377.5 kN/m

PuPP = load developed due to = MpMM =
8MpMM

L2 =
8 × 377.5

(7)2
= 61.63 kN/m

(without a load factor)

σs =
115.132

250
= 0.46

(b) The hinge is formed at the centre (failure conditions)

fyTff

fy20ff
=

ze

zp
× PsPP

PuPP
=

1330
1510

× 25.0
61.63

= 0.357

correction factor f = 0.77 + 0.15(PsPP /PuPP ) = 0.77 + 0.15 × 0.4056 = 0.83

σs = 0.83 × 0.357 = 0.3.

The temperature at which this beam would fail is 680◦C.

3.8.3 Beams and Temperatures – Tabulated Cases

See Table 3.16 for these tabulated cases.

3.8.4 Compression Members or Columns

The buckling curves for a steel column at high temperatures for Grade 43
and 50 steel relate the axial stress fyff to the slenderness ratio λ. For normal
design purposes, the effective height is 0.7L with 0.5L between the nodes. If
the column expands, the resultant expansion δL is as follows:

δL = aTsTT × L − PLPP

As

(
1
E0

− 1
fTff

)
m (3.156)

where

a =
coefficient of expansion (m/◦C)

TsTT =
steel temperature (◦C)

L = exposed length (m)
E0ET =

modulus of elasticity at ambient and steel temperatures respec-
tively (kN/mm2).
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Table 3.16a. (below and facing). Beams and temperature at failure

Case Plastic analysis and temperature at failure Beams, loadings and restraints

I
Concentrated
loads

Cases

(a) MpMM =
γPab

L
= γ(42.857)

P = 25 kN, a = 3 m, b = 4 m, L = 7 m,
γ = 1.75

(b) MpMM = γPL/4
= γ(43.75)

γ = 1.75
when a = b = L/2, load at the centre

(a) MpMM = 75 kN/m
(b) MpMM = 76.563 kN/m

zp =
76.56 × 106

250
= 306 252mm3 = 306 cm3

Adopt for both cases zp = 336 cm3 and
ze = 286 cm3

Steel tables: T = 610◦C

Beam 305 × 102 × 25 kg/m
UB Grade 43
f = a857
σs = 0.42
T = 610◦C
corresponding to
σs = 0.42

II
Propped
cantilever

Case (a):

γ =
MpMM

P

(
2θ1 + θ2

y

)
y = aθ1 = bθ2

γ =
MpMM

P

[
2θ1

aθ1
+

θ2

bθ2

]

=
MpMM

P

[
2
b

+
1
b

]
=

MpMM (2b + a)
Pab

P = 25 kN, γ = load factor, a = 3 m,
b = 4 m, L = 7 m, γ = 1.75

Case (b):
If a = b = L/2

λ =
MpMM

( 3
2L
)

P (L2/4)
=

6MpMM

PL

Case (a):

MpMM =
1.75 × 25 × 3 × 4

11
= 47.73 kN/m

Case (b):

MpMM =
1.75 × 23 × 7

6
= 51.04 kN/m

The different is small, take case (b):

zp =
51.04 × 106

250
= 204166, 67mm3 ≈ 204 cm3

Adopted:
zp = 232 cm3

ze = 206 cm3

}
steel tables

T = 600◦C
Case (c): The load is 25 kN/m ud1 over the entire
span. The problem of finding a hinge, distance x
from the top

Beam 305 × 102 × 25 kg/m

Beam 305 × 102 × 23 kg/m
UB Grade 43
f = 0.856
σs = 0.434
T = 600◦C
corresponding to
σs = 0.434
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Table 3.16a. Continued
Case Plastic analysis and temperature at failure Beams, loadings and restraints

Propped
Cantilever
(continued)

Assume
wv = 25L = 25 × 7 × 1.75 = 306.25 kN

MpMM =
WxWW (L − x)
2(L + x)

λ = 1.75

The maximum occurs at
x = (

√√
2 − 1)L

MpMM = 0.686
wvL

8
= 0.686 × x7

8
= 183.83 kN/m

zp =
183.83 × 106

250
= 753306mm3 ≈ 753 cm3

Adopted
zp = 483 cm3

ze = 752 cm3

T = 590◦

Beam 305 × 165 × 54 kg/m
UB Grade 43
f = 0.856
σs = 0.436
T = 590◦C
corresponding to
σs = 0.436

Fixed
beams

(a) = Uniform load
w = 25 kN/m, L = 7 m, λ = 1.75

PuPP = 1.75 × 25 = 43.75 kN/m
The central hinge rotation is −2θ, the uniform
load moves through an average distance 1

4Lθ

v = ωL

MpMM = w =
( 1

4Lθ
)

= MpMM (4θ)

MpMM =
ωL2

16
= 153.125 kN/m

(b) =
( 1

2Lθ
)

= MpMM (θ) + MpMM (2θ) + MpMM (θ)

MpMM =
PuPP L

8
=

306.25 × 7
8

= 265 kN/m

PuPP = 1.75 × 25 × 7 = 306.25 kN

MeMM =
ωL2

12
at ends =

25 × 72

12
= 102.1 kNm

ze =
102.1 × 106

165
= 619 cm3

Case (a):

zp =
153.125 × 106

250
= 612500mm3 = 612.5 cm3

Adopted:
zp = 706 cm3

ze = 613 cm3

}
steel tables

Case (b):

zp =
265 × 106

250
= 106mm3 ≈ 1072 cm3

Adopted:
zp = 1200 cm3

ze = 1060 cm3 > 619 cm3min.

}
steel tables

(a)

(b)

Case (b) section governs
406 × 178 × 60 kg/m
UB Grade 43
σs = 0.432
T = 580◦C

Case (a) for the same total load
406 × 178 × 60 kg/m
f = 306.25 kN
σs = 0.425
T = 610◦C



188 3 Fire and Buildings With and Without Explosion/Impact

Table 3.16b. Two-span continuous beams at failure

Case Plastic analysis and temperature at failure Beams, loadings and restraints

Two-span
continuous
beams

Case (1):

MpMM =
λωL2

11.656
= zpfyff

x0 =
L

11.656

ω = 25.5 kN/m, L = 7.5 m λ = 1.5 m
Beam ABC (for example)
406mm × 178mm × 60 kg/m
UB Grade 43
ze = 1058 cm3

zp = 1194 cm3

Case (1)
Beam 406 × 78 × 60 kg/m
UB Grade 43

At yield = MsMM , service moment =
ω0L

2

8
= τtττ fγff 23

When a plastic hinge is formed:

MpMM =
1.5 × 25.5 × 7.52

11.656
= 184.6 kN/m

zp (calculated) =
184.6 × 106

250
= 738354

738.354 cm3 < 1194 cm3 – satisfactory
σ′

s = reduction factor at yield

=
fyTff

f20ff

ze

zp

PsPP

PuPP

=
8

11.656
1058
1198

× 25.5
1.5 × 25.5

= 0.4041

f = 0.77 + 0.15 × 25.5
1.5 × 25.5

= 0.87

σs (plastic case) = 0.87 × 0.4041 = 0.352
T = 650◦C

Case (2)

Case (2):
P = 25.5 × 7.5

2 × p

(
L

2
θ

)
= 6MpMM (θ)

λ = 6MpMM /PL

MpMM =
1.5 × 25.5 × 7.5 × 7.5

6
≈ 358.6 kNm

zp (calculated) =
358.6 × 106

250

= 1434375mm3 ≈ 1434 cm3

Adopted:
zp = 1470 cm3

ze = 1300 cm3

}
steel tables

Case (2)
Beam 4576 × 191 × 67 kg/m
UB Grade 43
f = 0.87
σs = reduction factor

= 0.513
T = 550◦C
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Fig. 3.44. Buckling curves for axially loaded steel columns

The value of f , the correction factor, is between 0.85 and 0.69. The EC3
recommends f = 0.85 with λ = 1.75. Figure 3.44a and 3.44b shows buckling
curves for axially loaded columns for various temperatures. The failure tem-
perature is between 500 and 550◦C. Example 3.15 is given to explain the use
of these curves for a column.
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Table 3.17. (below and overleaf). Portal frames

A single-bay frame-pitched portal with and without horizontal loads
I (a) Loads:

λωL vertical uniform load
λ,H horizontal load

Pinned supports:

MpMM =
λωL2

8

[
Ȳ (2 + Ȳ )

N2 + 2N − Ȳ K2 + 1

]

x = (N − 1)/K K = h2/h1

Ȳ = 2λ1Hh2/λωL2 =
√√

[(1 + K)(1 − Ȳ K)
(b) λ1 H = 0, i.e. no horizontal loading: as a result Ȳ = 0

MpMM =
λwL2

8

[
1

1 + K +
√√

1 + K

]

Numerical example based on (a)
Data:
λ1 = λ = 1.75
h2 = 1

4h1 K = 1
4

h1 = 5 m h2 = 5
4 = 1.25 m

L = 10 m H = 1.75 × 20 = 35 kN
λω = 1.75 × 20 = 35 kN/m

Ȳ =
2 × 1.75 × 20 × 5
1.75 × 20 × 102 = 0.1

K =
1.25
5

= 0.25

N =
√√

(1 + 0.25)(1 × 0.1 × 0.25 = 0.177

MpMM =
35 × 100

8

×
[

0.1(2.10)
(0.177)2 + 2 × 0.177 − 0.1(0.25)2 + 1

]

=
3500

8

[
0.21

0.1322821

]
= 694.54 kN/m

zp =
694.54 × 106

250
= 2778160mm ≈ 2780 cm3

553 × 210 × 109 kg/m
UB Grade 43
fyTff

fy20ff
= 0.50

f = 0.8557 (beam) = 0.85 (leg)
TsTT = 610◦C at failure

zp (adopted) = 2830 cm2

ze (adopted) = 2480 cm2

ze (elastic calculation) = 2450 cm2

II Loads λωL2 = λP , λ1H is the same. The pitched portal is symmetrical. Supports are fixed. Various
failure modes are investigated and from the interaction diagrams, the final failure mode is established.

Single and Multi-storey Frames in Steel

The work is extended from a one-bay, one-storey frame to multi-storey, multi-
bay frames in the fire environment, using, of course, the plastic analysis con-
cept. Details are given in Tables 3.16 to 3.17.
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Table 3.17. Continued

h1
L

2
=

5
2

h2 =
1
4

h1 − L

8
= 1.25

Mechanism (1):

λP =
10MpMM

L
or MpMM =

λPL

10
= 350 N/m

Mechanism (2):

λH + λP =
14MpMM

L

or

MpMM =
L

14
(λP + λ1H) = 275 kN/m

Mechanism (3):

λ1H =
8MpMM

L
or MpMM =

λ1HL

8
= 43.75 kN/M

λ1 = λ2 = 1.75 as an example; for the other values, graphs can be
modified.

zp (computed) = 1400 × 103 mm3 = 1400 cm3

zp (adopted) = 1470 cm3

457 × 191 × 67 kg/m UB Grade 43
ze (calculated) = 1100 cm3

zp (adopted) = 1300 cm3

TsTT = 610◦C
f = 08557 beam
f = 0.85 leg

fyTff

f20ff
= 0.505

Example 3.15 British Practice

A column of dimensions 203 × 203 × 86 kg/m is loaded with 1400 kN, which
is the ultimate load. Using the following data and BS 5950 code of practice,
determine the fire temperature at which this column collapses with sufficient
buckling.

L = 5m
Ag = 110 cm2

flange thickness: T = 20.5 mm radii of
gyration: r2 = 9.27 cm

ry = 5.32 cm
failure length approaching = 0.5L
f = correction factor = 0.85 fire conditions: Leff = 0.7L.

The column is restrained in position (pinned) at both ends but is not re-
strained in direction.
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Since the flange thickness, T = 20.5 mm, is greater than 16 mm2, py =
265 N/mm2, the following slenderness ratios apply:

ix =
Lex

γxγγ
=

0.7 × 5000
92.7

= 37.756 < 180

iy =
Ley

γyγγ
=

0.7 × 5000
53.2

= 65.79 < 180

for
ix = 37.757, py = 265 N/mm2, pc = 223 N/mm2

iy = 65.79, py = 265 N/mm2, pc = 133 N/mm2

The case of pc = 133 N/mm2 is considered:

P = Agpc = 110 × 102 × 133 × 10−3 = 1463 kN

which is greater than 1400 kN, therefore satisfactory.

PCPP > F

203 × 203 × 86 kg/m, UC Grade 43 adopted.

At failure the effective length = 0.5L = 0.5 × 5000 = 2500

iT at failure =
2500
53.2

≈ 47.

The buckling temperature of the steel column at failure is, for ir = 47 and
pc = 133 N/mm2:

TsTT due to fire = 480◦C
f = 0.85 correction factor
pc = 0.85 × 133 = 113.05
TsTT = 550◦C, failure conditions.

3.8.5 Portal Frames – Tabulated Cases

See Tables 3.18 to 3.21 for these tabulated cases.

3.9 Multi-bay-Multi-storey Framed Buildings Subject
to Fire Loading

Summary of Formulae Based on EC3 I.1 and 1.2

Plastic analysis combined with EC3 have been suggested. It is assumed the
reader is now fully familiar with plastic analysis. EC3 introduced earlier,
specifies the following.
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Table 3.18. Single-storey tow-bay frame

Single-storey two-bay frame in steel

Final collapse mechanism
FyTFF

FyFF 0
= 0.5074 σs = 0434 for beams

f (beams) = 0.856 TsTT = 620◦C

Adopted: TsTT at failure 620◦C

PuPP

P
= λ

load factor= 1.75

shape factor= 1.15

P is shown on the diagram

1.75P = PuPP

all loads are vertical

40 kN at 7

80 kN at 8

40 kN at 2

MpMM = 32 × 1.75 = 57.225 kN/m

zp (computed) =
57.225 × 106

250
= 228900mm3 = 229 cm3

Section adopted throughout:

203 × 102 × 23 kg/m UB Grade 43

zp = 232 cm3

ze for this section is 206 cm3

ze (computed) =
57.225 × 106

250 × 1.5
= 199 cm3

ze (adopted) = 206 cm3

f (column) = 0.85

Based on buckling requirements:

TsTT = 610◦C

Partial safety factors
(1) Action Ultimate limit state Fire limit state

EC BS5950 EC BS5950
Self+dead loads 1.35 1.40 1.0 1.0
Imposed loads
(permanent) 1.50 1.60 1.0 1.0
(variable) 1.50 1.60 0.5–0.9 0.80
Materials 1.05 1.0 1.0 1.0
Structural steel

(2) nf1,T = load level at time t, at the fire limit state

Ef1,d,t

Rd
≤ Rf1,d,t

Rd
(3.157)

where

Ed = action at ultimate limit state
Efi,d,t = action at fire limit state
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Table 3.19. (below and overleaf). Portal frames

A pinned portal frame under uniform load on plane projection. Rafter and columns vary in sizes.
Plastic analysis

R +
1
2λωL2 + MpsMM

h 1
+ h2 = H = 86.96 kN

MpsMM = (h1 − u)R columns plastic moment

MpMM moment at any point = R

(
h1 +

2z

L
2
)

− λω

2
(L − z)(z)

MptMM = plastic moment in a rafter

FcFF = V =
λωL��

2
= 162.15 kN

PzPP = AgPy = 104 × 275 × 10−1 = 2860 kN

Numerical solution:
ωelastic = P = D + I = 2.58 + 4.5

= 7.08 N/m
ω = 10.8 kN/m
ratio = 0.656
h1 = 7.0 m
h2 = 4 m b =
L = 30 m a = Db = 0.53 m
Rafter:
406 × 178 × 54 UB Grade 43
MpsMM = 564 kN/m

Leg AB or ED:
533 × 210 × 82 kg/m UB
zxx = 1800 cm3

zyy = 192 cm3 A = 104 cm2

sxx = 2060 cm3 rx = 21.3 cm
syy = 300 cm ry = 4.38 m
T = 13.2 mm

Rafter:
406 × 178 × 54 kg/m UB GRade 43
T = 10.9 cm3

zxx = 925 cm3

zyy = 114 cm3

sxx = 1050 cm3

syy = 177 cm3

A = 68.4 cm2

MptMM = MrbMM = 287 kN/m
sxy = sxx = 2860 n2

n = 0.057
srx = 2050.8 cm3

PfP = 275 N/mm2

Rd = member resistance at ultimate limit state
Rf1,d,t = reduced member resistance at fire limit state for exposure time t

(3) Strength reduction factor and elastic modulus. (See Table 3.21.)
Lateral torsional buckling resistance, is defined as Mb,Rd

MbMM ,Rd =
βwββ fbff wpl,y

γM1
(3.158)

where
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Table 3.19. (Continued

Rafter :
F = 0.868 fytff = 0.58 py = 275N/mm2

σ = 0.504 T = 540◦C

Leg or column:
py = 275N/mm2 pc = 140N/mm2

py = 119N/mm2 T = 600◦C f = 0.85

The purlin and rafters fail first, in 2 hours. The leegs fail in 2 1
2 hours with temperature of 600◦C.

Note: Since more than one component is involved and the frame varies in size at different places, a com-
prehensive analysis is demanded using 3D finite element method. An isolated analysis for joints where plastic
hinges are predicted must be carried out using finite element or other appropriate methods.

βwββ = parameter (Eurocode) for class section
Wp1WW ,y = major axis plastic modulus = zpz

γM,1 = parameter for steel material
fbff = bending strength to be determined by EC3

ILTII =
iz
u

=
minor axis radius of gyration

buckling parameter
aLT = iz × torsional index

λLTθ =
√√

kyθ

kEθ
× λLT (3.159)

ΦLT = 0.5
[
1 + 0.21λLTθ − 0.2) + λ

2
LTθ

]
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Table 3.20. Single-bay multi-storey frames

(a) Single-bay two-storey frame

λ = 2.5; ©©©zp = 320; ©©©zp = 400; ©©©zp = 800;
©©©zp = 680
py for fire = 250N/mm2

The plastic mechanism (combined) is shown in Fig. (b) and
the final plastic moment diagram is given in Fig. (c). A series
of computations for each member resulted in the following fire
temperature distribution, TsTT (Ref. BS 5950)

(b) Final mechanism (combined) with
plastic loads

Columns
AD → at A = 150◦C

D = 250◦C outside
= 400◦C inside

DE → at G = 560◦C outside
CF → at C = 350◦C outside

F = 350◦C inside
FH → at F = 500◦C outside

H = 560◦C inside

(c) Plastic moment diagram (kN/m)

Beams
AC → at C = 350◦C

at AD = 150◦C
at B = 435◦C

DF → at D = 800◦C
at F = 800◦C
at E = 580◦C

xLT =
1

φ + (φ2 − λ2)0.5 (3.160)

λ for column =
λ

λ
(βA)0.5 (3.161)

λ =
L

L
λ1 = π

(
E
fyff

)0.5

NbNN ,Rd =axial resistance
(3.162)

=
χβAAfyff

γM1
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Table 3.21. Strength reduction of temperatures

Temperature Eurocodes BS5950: Part 8 Elastic
(◦C) 3 and 4 modulus

Kyθ Kxθ Kθ 2% 1.5% 0.5% KEθ

100

200 ↑ 0.92 0.81 ← 1.0 → 0.94 0.9
300 1.0 0.84 0.61 ← 1.0 → 0.85 0.8
400 ↓ 0.77 0.42 0.97 0.96 0.78 0.7
500 0.78 0.61 0.36 0.78 0.75 0.62 0.6
600 0.47 0.35 0.18 0.47 0.46 0.38 0.31
700 0.23 0.17 0.08 0.23 0.22 0.18 0.13
800 0.11 0.09 0.05 0.11 0.10 0.07 0.09
900 0.06 0.05 0.04 0.06 0.06 0.04 0.06

Kyθ corresponds to 2% strain.
Kxθ corresponds to 0.5% strain.
Kθ corresponds to 0.1% strain.

KEθ =
initial tangent modulus

200 kN/mm2 ; Kxθ =
fx,θff

fy,ff 20
Kyθ =

fν,θff

fy,ff 20

χ = reduction factor based on slenderness and imperfection
βA = factor depending on section
γM,1 =partial factor for material

Nb,f1,tRd =
χfiAKyKK ,θfyff

γM,fi
column fire limit state

Example 3.16 Based on Plastic Analysis and Eurocode
EC3 Part 1.2

A four-storey steel building has a plan area 48 m × 48 m. A typical steel
frame is shown in Fig. 3.45 which is part of the steel work of this building.
The spacings between such frames are 6 m. Steel beams support concrete
floors. Using the following additional data, determine the failure of beams
and columns where critical temperatures exceed the allowable.

Floor slab: 350 mm supported by steel beams
Fire duration: 1/2// hour allowed.
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Fig. 3.45. Unprotected steel frame

Fig. 3.46. Floor deformation and column effective length at fire limit state
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Data (refer to Fig. 3.45):

Load characteristics Lateral loads

©©©GK 1–5 kN/m2 ©©©GK = 3 kN/m2 at B 20 kN

©©©GK 6.0 kN/m2 ©©©GK = 6 kN/m2 at E 15 kN
λ = 1.75

©©©QK 1.5 kN/m2 ©©©GK = 3.5 kN/m2

©©©QK 4.5 kN/m2 ©©©QK = 5 kN/m2

Beams/girders ∗ zp ze Columns ∗ zp ze

(cm3) (cm3) (cm3) (cm3)
��� 305 × 102 × 33 kg/m 481 416 ���254 × 254 × 73 kg/m X–X X–X

UB Grade 43 UB Grade 43 990 895
��� 406 × 178 × 67 kg/m 1350 1190 �������� same as ��� Y–Y Y–Y

UB Grade 43 UB Grade 43 463 306
�W�� 533 × 210 × 82 kg/m 2060 1800

UB Grade 43
��� 686 × 254 × 170 kg/m 5630 4920 ��������� same as ���

UB Grade 43 UB Grade 43
∗ zp = wpl (Eurocode 3 symbol for plastic modulus).
Reduction load in the column for fite limits is ignored based on number of storeys alone.

W = P = axial load = b1b2(γGGK + γQ,1QK,1)

See Fig. 3.46.

Sample Calculations for a Typical Area

Third Floor

(a) Fully restrained beam (torsional buckling is ignored) (Fig. 3.47)

Beam EM

MfiMM = maximum moment at fire limit state

fire load = γGAGK + ψ1,1QK,1

= (1.0 × 3 + 0.5 × 3.5)
= 4.75 kN/m2

MfiMM =
4.75 × 3 × 62

8
= 64.125 kN/m
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Fig. 3.47. Steel concrete composite beam

Fire limit state

nfi = load level

=
KyKK ,θ

KIKK

(
γM,1

γM,fi

)
=

MfiMM

McMM ,Rd

=
KyKK θ

KIKK
× 1.05

1.0
=

64.125
232.83

= 0.275

KyKK θ = strength reduction = 0.1835

=
fyff ,θ

fyff ,2θ
=

fyff ,T

fyff

θα = critical temperature of fire = 0.1835
= TsTT corresponding to KyKK θ = 0.1835
= 739◦C

MpMM = 244.475 kNm

zp =
244.475

275
× 106

= 889 × 103 = wp1 (Eurocode symbol)

McMM ,Rd =
wp1fyff

γM0
=

244.475 × 103

1.05 × 106

= 232.83 kNm

Fully restrained steel beam size:
406 × 140 × 46 UB
BS Grade 43
EC3 Part 1,2 (Grade S275).
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(b) Laterally unrestrained beam (lateral buckling method)

From the transverse beam supporting 6× 3 m concrete floor would obviously
increase the value of total load: this will be point load P . Lateral buckling
will occur.

P = b1b2(γGGK+Q,1QK,1)

P = 167.4 kN MmaxMM (elastic) =
PL

4
= 251 KnM

Lateral restraints are at E, C, and M. New section:

zpz = wp =
371.25 × 106

275
= 1350 × 103 mm3 = 1350 cm3

section (steel tables): 406 × 178 × 67 UB

b1 = 3

b2 = 6

γQ1 = 1.5

γQ2 = 1.35

l = buckling length = 3 m

MpMM = 371.25 kNm

T = TfTT (flange) = 14.3

T = tw(web thickness) = 8.8

ε =
(

235
fyff

)0.5

= 0.9235

T > 16 mm2

FyFF = 275 N/mm2

Class 1 (Table 5.3.1 Part 1.1):

d

t
≤ 73ε = 72 × 0.9235 = 66.492

C

T
≤ 10ε = 9.235

From steel tables:

d

t
= 41 ≤ 66.492

C

T
= 6.25 ≤ 9.235

This is acceptable, and so the class 1 section is satisfactory.
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Lateral torsional buckling resistance (based on EC3)

MbMM ,Rd = bending moment at the major axis at the fire limit state due

to buckling, i.e. buckling resistance moment

=
βwββ fbff wp1,s

γM1
bw = 1.0 for class 1

wpl,y = 1350 × 103 mm3 = bzp

γMi = 51.05

fbff = bending strength

based on Table 5.21 EC-3, K − 1.0:(
K

C1

)0.5

= 0.729 (Table 5.22 of EC-3)

Determination of fbff :

iLT = iZ =
minor axis radius of gyration

buckling parameter
=

39.9
0.88

= 45.341

aLT = minor axis radius of gyration × torsional index x (steel tables)
= 39.9 × 30.5 = 1216.95

β0.5
wββ

(
K

C1

)0.5
L

iLT
= (1.0)0.5(0.729)0.5 × 3000

45.341
= 48.28

L

aLT
=

3000
1216.95

= 2.465

Using Table 5.20 of the code, fbff = 251.45 N/mm2.
Hence

MbMM ,Rd =
1.0 × 251.45 × 1350 × 103

1.05 × 106 = 323.3 kNm

> MmaxMM = 251 kNm .

The beam is used for normal temperature design.

Calculation for critical temperature for beam 406 × 178 × 67 kg/m UB

Beam loading at fire limit state:

γGAGK + ψι,1QK,1) × floor area

= 4.75 × 6 × 3 = 85.5 kN

MmaxMM =
(85.5 × 6)

4
= 128.25 kNm .
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K(x, θ] method (non-iterative method approximation):
Normal slenderness = temperature dependent slenderness

λLT = iLT = λL,T,θ =
45.31
85.5

= 0.53

load level = nfi =
K

KI

γM,I

γM,fi
=

MfiMM

MbMM ,Rd
= MmaxMM

Kz,θ × 1.05
1.0

=
128.25
323.3

Kx,θK = 0.38.

Using Eurocode EC-3 Table 3.1.

θamax = TsTT = 600◦C.

Similar calculations have been carried out for other zones and members. Mal-
hotra [3.16] carried out experiments and suggests that unprotected steel mem-
bers collapse between temperatures of 550–600◦C.

Columns

Axial load/storey

w = b1 × b2(γGGK + γQ,1QK,1)

= 6 × 6(1.35 × 3.0 + 1.50 × 3.5)

= 334.8 kN

maximum load on single column line acting axially

= No. storeys × 334.8 kN

= 4 × 334.8 = 1339.2 kN .

Normal design of column prior to fire limit state (based on EC3 Parts 1.1
and 1.2). MpMM from the plastic analysis of the frame for the column:

MpMM max = 124 kNm

computedzp =
124 × 106

275
= 45090909 mm3 ≈ 451 cm3

zpz (Y − Y ) = 463 cm3

A = 92.9 cm2

d

t
=

d

tw
= 23.3

D

T
= 8.94 =

c

tf

Initial section:
254 × 254 × 73 kg/m UC Grade 43; class I section:

column fyff ,20 = 275 N/mm2
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ε =
(

235
fyff ,20

= 275
)0.5

= 0.924

i = radius of gyration = 6.46 cm (from steel tables)

NbNN ,Rd =
χβAAFyFF

γM1

λ = normalized slenderness =
λ

λ1
(βA)0.5

λ =
(

E
fyff

)0.5

βA = 1.0 (class 4.3 section) γM1 = 1.05

λ = slenderness
L

C
=

buckling length
radius of gyration

=
5000
64.6

= 77.34

λ =
77.34

93.9 × 0.924
(1.0)0.5 = 0.892

φ = 0.5(1 + a(λ − 0.2) + λ
2
) = 1.067

a (buckling curve C, Eurocode) = 0.49.
Hence

χ =
1

φ + (φ2λ
2
)0.5

= 0.605

NbNN ,Rd =
0.605 × 1.0 × 9290 × 275

1.05 × 103 = 1472 kN,

which is greater than P = 1339.2 kN.
Adopt column section
254 × 254 × 73 kg/m UC.
Fire resistance
wf,1 = b1 × b2.

Fire limit state (approximation method):
wf,1 = b1 × b2(γGGK + ψ1,1QK,1)

= 6 × 6(1 × 3.0 + 0.5 × 3, 5) = 171 kN
PmaxPP on column = 4 × wfi = 4 × 171 = 684 kN

buckling length lfi = 0.7L

λθmax = λf1 =
(

kyθ

kEθ

)0.5

= 0.7λf1 = 0.7 × 0.892 = 0.6244

φθ = 0.5
[
(1 + 0.49(0.6244 − 0.2) + (0.6244)2

]
χfi =

1
{0.7989 + [(0.7989)2 − (0.6244)2]0.5} = 0.771

adaptation factor = 1
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NbNN ,f1,r,Rd =
χfi

1.0
Akxθfy,ff 20

=
0.771
1.0

(
9290
103

)
kx,θ(275) = 792.9 kN

KxθK = 0.364
θ = TsTT = 620◦C

If the entire frame is enveloped by fire, the temperatures on beam and column
at failure will be 600 and 620◦C. The maximum 620◦C is adopted.

Where the fire is on one floor, such as floor II, all other components have
been reanalyzed and the following table gives the developed temperatures
and temperatures they can sustain at failure:

TsTT = θ θα = capacity at failure temp
(developed) = T

Beams: BN and NC 50◦C (580◦C)
EM and MF 600◦C (600◦C)
GL and LH 80◦C (750◦C)
IK and KJ 30◦C (850◦C)

Columns: BE, NM and CF 50◦C (600◦C) buckling
EG, ML and FH 620◦C (620◦C) criteria
GI, LK and HJ 30◦C (620◦C)
JA, KO and JD 20◦C (620◦C)

3.10 Finite Element Analysis of Buildings on Fire

3.10.1 Introduction

Structural solutions of building response to fire have been demonstrated in
earlier sections. A comprehensive analysis of fire response of buildings is
needed for the following reasons.

1. Evaluation of the temperature distribution history of buildings in fire
environments. This involves:
(a) heat transfer analysis of both linear and non-linear planar and ax-

isymmetric heat conduction problems
(b) type of analysis such as steady-state or transient with initial and

boundary conditions using one-, two-, and three-dimensional ele-
ments.

2. Thermal properties and dimensional changes due to the intensity of fire.
Types of changes characterizing degradation and the influence of both
convective and radiative mechanisms.
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3. Partial and complete damage of the overall building structure predicted
by the finite element package, involving correlation and corroborative
results.
A number of finite element packages can offer such options. The best
package should indicate the following major evaluations:
(a) material behaviour and dimensional changes caused by temperature

differentials;
(b) non-linear direct stiffness evaluation coupled with time-step integra-

tion should form the basis of the program;
(c) correct formulation of fire environment;
(d) efficiency in producing complex results using a combination of a va-

riety of elements where possible;
(e) it should be interactive.

3.10.2 Basic Heat Transfer Analysis

The governing equation for heat conduction is the heat balance equilibrium
equation:

ρc =
(
∂T

∂t
+ {ν}T ′′{L}T

)
+ {L}T ′′{q} = q

where

ρ = density
c = specific heat
T = temperature (= T (x, y, z, t))
t = time

T ′′ = transpose of the matrix

ρc
∂T

∂t
= ė (3.163)

∂T

∂t
= Ṫ (3.164)

{L}=

⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪
⎪
⎨⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

∂

∂x
∂

∂y
∂

∂z

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭⎪⎪

= vector operator = ∇ (3.165)

{L}T =∇T or [L]T
′′{q} = ∇ × {q}

{q} = heat flux vector
q = heat generation rate per unit volume.
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The heat flux vector to the thermal gradients can be determined using
Fourier’s Law:

{q}=−[K]t∇T

[K]t =conductivity matrix =

⎡
⎢
⎡⎡
⎣⎢⎢KxxK 0 0

0 KyyKK 0
0 0 Kzz

⎤
⎥
⎤⎤
⎦⎥⎥

t

(3.166)

KxxK , KyyKK , Kzz = conductivity in the element x, y and z directions, respec-
tively.

Combining (3.160) and (3.166) and writing in a more familiar form:

ρc

(
∂T

∂t
υx

∂T

∂x
+ υy

∂T

∂y
+ υz

∂T

∂z

)

= q +
∂

∂x
c +

(
KxK

∂T

∂x

)
+

∂

∂y

(
KyKK

∂T

∂z

)
+

∂

∂z

(
Kz

∂T

∂z

) (3.167)

Boundary Conditions

(a) Specified temperatures acting on surface 1 (S1):

T ∗ = T1TT (3.168)

(b) Specified heat flows acting on surface 2 (S2):

{q}T {n} = −q∗ (3.169)

where
{n} = unit outward normal vector
q∗ = specified heat flow.

(c) Specified convection surfaces acting on surface 3 (S3):

q∗ = −hf (TBTT − T ) (3.169a)

where

hf = film coefficient at temperature
TBTT + TsTT

2
for the element

TBTT = bulk temperature
TsTT = temperature at the surface of the model

Equation (3.169a) for q∗ can now be written as:

{n}T ′′
[k]t∇T = q∗ = hf(TBTT − T ) (3.169b)

Integrating (3.167) over the volume of the element and combining with the
finite element formulation:
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vol

(
ρcδT

(
∂T

∂t
+ {υ}T {L}T

)
+ {L}T (δT )([D]{L}T )

)
d(vol)

=
∫
S2

δTq∗d(S2) +
∫
S3

δThf(TBTT − T )d(S3) +
∫
vol

δTqd(vol)
(3.170)

vol = volume of the element
δT = an allowable virtual temperature (= δT (x, y, z, t)).

Heat Flow. In a fire situation, temperature T varies in both space and time. In
the finite element formulation given in the Appendix, the following equations
assume a major role.

The temperature T is written as:

T = {N}T ′′{TeTT } (3.171)

Where

T = T (x, y, z, t) = temperature
{N} = {N(x, y, z)} = element shape functions
{TeTT } = {TeTT (t)} = nodal temperature vector
T ′′ = transpose.

The time variation is written as:

Ṫ =
∂T

∂t
= {N}T {ṪeTT } (3.172)

δT has the same form as T :

δT = {δTeTT }T ′′{N} . (3.173)

The combination {L}T is written as:

∇T = {L}T = [B}{TeTT } (3.174)

where [B] = {L}{N}T ′′
.

The variational equation (3.170) can now be written as:∫
vol

ρc{δTeTT }T ′′{N}{N}T ′′{N}{ν}T ′′{ṪeTT }d(vol)

+
∫
vol

ρc{δTeTT }T ′′{N}{ν}T ′′
[B]{TeTT }d(vol)

+
∫
vol

{δTeTT }T ′′
[B]T

′′
[D][B]{TeTT }d(vol)
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=
∫
S2

{δT}T ′′{N}q∗d(S2)

+
∫
S3

{δT}T ′′{N}hf(TBTT − {N}T ′′{TeTT })d(S3)

+
∫
vol

{δTeTT }T ′′{N}qd(vol)

(3.175)

The quantities outside the matrix symbols, c and ˆ in particular, do vary over
the element. {TeTT }, {Ṫ} and {δTeTT } are nodal quantities which do not vary and
they are taken outside the integral. Equation (3.175) is to be multiplied by
an arbitrary term {δTeTT } and may be dropped where {δTeTT }{δTeTT }T ′′

appears
out of the rest.

Equation (3.175) is reduced to:

ρ

∫
vol

c{N}{N}T ′′
d(vol){ṪeTT } + ρ

∫
vol

{N}{ν}T ′′
[B]d(vol){TeTT }

+
∫
vol

[B]T
′′
[D][B]d(vol){TeTT }

=
∫
S2

{N}q∗d(S2) +
∫
S3

TBTT hf{N}d(S3}

−
∫
S3

hf{N}{N}T ′′{TeTT }d(S3) +
∫
vol

q{N}d(vol)

(3.176)

Equation (3.178) now assumes the following form, involving element specific
heat, total conductivity and heat flow matrices:

[Ct
eCC ]{ṪeTT }+([Ktm

eK ]+[Ktb
eK ]+[Ktc

eK ]){TeTT } = {Qe}+{Qc
e}+{Qg

e}(3.177)

where
[Ct

eCC ] = ρ

∫
vol

c{N}{N}T ′′
d(vol) = element specific heat (thermal damping)

matrix evaluated from enthalpy curve

[Ktm
eK ] = ρ

∫
vol

c{N}{ν}T ′′
[B}d(vol)

[Ktb
eK ] = ρ

∫
vol

[B]T
′′
[D][B]d(vol)

[Ktc
eK ] =

∫
S3

hf{N}{N}T ′′
d(S3)

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭⎪⎪

=
total element conductivity
matrix
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[Qf
e ] =

∫
S2

{N}q∗d(S2)

[Qc
e] =

∫
S2

TBTT hf{N}d(S3)

[Qg
e ] =

∫
vol

q{N}d(vol)

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭⎪⎪

= total element heat flow vector

Based on the Stefan-Boltzmann Law, the radiation heat flux from the
surface, i.e. heat transfer rate, Q, between two surfaces ‘i’ and ‘j’ due to
radiation is given as:

Qi = σεiFijFF Ai(T 4
iTT − T 4

jTT ) (3.178)

where
Qi = heat transfer rate from surface i

σ = Stefan-Boltzmann constant
εi = effective emissivity
FijFF = view factor from surface to surface j

Ai = area of surface i

TiTT , TjTT = absolute temperature at surface ι and surface j, respectively.

If the surface considered is small compared with the surrounding environment
at uniform temperature TjTT , the effective or resultant emissivity εi = es, the
surface emissivity. The effective value of εi is calculated when radiation is
between two infinitely long parallel planes as

ει =
1

1
εi

+
1
εg

− 1
(3.179)

where εg = gas or flame emissivity.

The total heat flux at a boundary

= q∗ + Qi convection and radiation . (3.180)

The shape functions and other parameters are given for elements in the Ap-
pendix. The heat flow equilibrium equation in matrix form given above can
be solved by time integration. The critical time increment ∆tcr is taken to be:

∆tcr =
2

λmax
(3.181)

When λmax is the maximum eigenvalue and is given by:

λmax ≤ maxi

⎡
⎣
⎡⎡
ct
ii/

⎛
⎝
⎛⎛

Ktb
iiK +

1
2

∑
j

Kfij

⎞
⎠
⎞⎞⎤
⎦
⎤⎤

(3.182)

the upper limit to the critical time increment is:
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∆tcr = mini

⎡
⎣
⎡⎡
ct
ii/

⎛
⎝
⎛⎛

Ktb
iiK +

1
2

∑
j

Kfij

⎞
⎠
⎞⎞⎤
⎦
⎤⎤

(3.183)

where
ct
ii = specific heat matrix given above
Ktb

iiK = element conductivity matrix
Kfij = stiffness matrix.

All these parameters are fully discussed in the preamble of this section on fire.

3.10.3 Computer Subroutines

Some important subroutines given in the Appendix are reproduced from
TASEF-2, a two-dimensional FE program on temperature analysis of struc-
tures exposed to fire, linked with the program ISOPAR, the description of
this 3D finite element analysis program (Appendix).

3.10.4 Applications

(a) Concrete beams and columns. The program ISOPAR has been tested on
beams and columns. Heat is transferred from three faces. The temperature
rise and isotherms are examined. Figures 3.48 and 3.49 show a more rapid
rise in beams than in slabs. The I-beam has a much higher temperature rise
than do rectangular beams or square beams. The higher temperature exists
in the central part of the I-beam. Figures 3.50a and b show isotherms for
various RC columns. The finite element results shown indicate that inside of
these columns the temperature rise is more rapid than that in beams of the
same cross-section.

(b) Steel and composite beams and columns. Figures 3.51a and b show
isotherms for steel and composite sections. In the case of composite columns
with embedded steel profiles, and due to reduction in strength and stiffness
in the outer part of concrete portions with temperatures above 300◦C, the
stresses in steel are enhanced or augmented and early collapse occurs before
the steel reaches temperatures up to 500◦C, a critical temperature. The fail-
ure theory of concrete is chosen to be the Ottoson failure criterion in the
three-dimensional finite element analysis given in the Appendix.

(c) Full-scale prototype building under fire using three-dimensional finite el-
ement analysis. Two types of buildings have been examined; the description
of each of them is given prior to the analysis. The following points are kept
in mind when a building is on fire.

(a) A finite element method in connection with a time-step integration is
used to calculate the temperature distribution in any component of a
building. The Appendix gives the basic finite element technique.
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Fig. 3.48. Temperature versus distance for T-beams

Fig. 3.49. Temperature versus distance for reinforced concrete beams and slabs

(b) Knowing the temperature distribution, it is possible to determine the
relations between loads and deflections of the building system.

(c) The procedure takes into account the geometric effects, thermal material
laws and material non-linearity.

(d) Any frame composed of interconnected columns and beams is divided
into discrete elements. The beam elements are given in the Appendix. In
order to decide what type of element is used, it is necessary to take into
account the heat balance between adjacent mesh elements.
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Fig. 3.50. Isotherms for various reinforced concrete columns

(e) At ambient temperature the fire resistance of composite concrete slabs
with profiled steel sheets as shown in Table 3.22 can, in the absence of
a suitable flooring system, be simulated into the finite element program.
Such composite slabs transmit tensile stresses due to positive bending
moments. The temperature of the steel sheets will increase in fire, and
material properties will decrease. At a certain temperature, dependent
on load level and frame static system, the steel may no longer be able to
transmit tensile force and, as a result, the slab fails for no load-bearing
capacity. These facts include the failure associated with the insulation,
if any.

(f) All research work indicates that static continuity of beams or columns
has an explicitly favorable, increasing effect on the fire-resistance time of
these structural elements. The global behavior of real structures during
fires, although fires remain localized through the use of building compart-
ments, is important, since there is a probability of not inducing global
collapse at an early stage of the fire. All structural components are as-
sumed interconnected.

(g) It is assumed no wind and snow loads occur simultaneously during fire.
Generally, the global safety factor recommended must not exceed 1.9 for
100 minutes of fire, after which global equilibrium failure occurs due to
structural mechanisms. The service loads, in that case, are to be increased
by 1.9.

(h) The same conditions are considered in composite construction for the
local fire simulation.
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Fig. 3.51b. Isotherms for steel and composite sections (three-dimensional finite-
element analysis)
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Table 3.22. (Below and facing). Fire resistance of composite concrete slabs with
profiled steel sheet without additional means of fire protection

Laboratory tests Cross-section∗ Statical system Live Fire Fire
and report no. (dimensions in mm) (span in m) load resistance resistance
(country) (m/m2) criteria time

regarding (min)
load-bearing
capacity

1
TNO
BV73-74
(The Netherlands)

2700
δ

L
>

L′

900H
40

2
EMPA
66356/1
(Switzerland)

4800
δ

L
>

1
20

55

3
EMPA
66356/2
(Switzerland)

10100
δ

L
>

1
20

69

4
CTICI
74V58/T41
(France)

2500
δ

L
>

1
20

33

5
CTICI
74V64/T47
(France)

2500
δ

L
>

1
30

35

6
CTICI
74V59/T42
(France)

2500
δ

L
>

1
30

37

7
CSTB
66.2385D
(France)

3830
δ

L
>

1
30

38

8
CSTB
66.2478A
(France)

3800
δ

L
>

1
20

44

9
CSTB
70.4018
(France)

6880
δ

L
>

1
30

38

10
CSTB
69.2595
(France)

10100
δ

L
>

1
30

40

11
EMPA
11009
(Switzerland)

3300
δ

L
>

1
30

40

12
VTT/PAL
A8378
(Finland)

3500
δ

L
>

1
30

43

∗ Dense concrete, unless otherwise started.
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Fig. 3.52. Typical finite element mesh for the pyramid

3.11 Case Study for Global Analysis Based
on Finite Element Method – Canary Wharf
Building

3.11.1 Introduction to the Analysis

The Canary Wharf tower shown in Fig. 3.53 is located in the East London
docklands area. Figures 3.54 and 3.55 show particular features of this tower.
The tower consists of a three-level substructure. Plant floor level is on the
2nd floor.

The tower is a square of 58.5 m sides in plan, with its reentrant corners
rising to 235.8 m above ground level. There is a total of 49 floors, 45 of which
are allocated for offices. The total height at the tip is 245.8 m above ground
level. The remaining floors are allocated for penthouses, mechanical plant
and cooling towers. Figure 3.56 shows floor-to-floor height and structural
details. Typical floor height is 4.11m, including an allowance of 140 mm for
an access floor. Two setbacks all around are considered, one on the 45th floor
of about 4 m and the other of 3.5 m at penthouse level. The perimeter framing
consists of closely spaced columns and deep girders of the dimensions shown in
Fig. 3.57. The wind-resisting system is located on the perimeter of the floors.
In each tube, identical tree-like framing units exist. A floor system identical to
that shown in Fig. 3.57 is used for all office floors. The interior framing of the
service core takes only gravity loads. The lower portion of the substructure
consists of concrete floors, columns, encased steel columns and walls. The
building is assumed to have a fire somewhere in the uppermost levels.
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Fig. 3.53. Canary Wharf building

3.11.2 Data

structural steel: Grade 50 for perimeter tube, others Grade 43
maximum column plate: 150 mm
composite deck: 60 mm acting with 465 mm deep floor beams at 3 m on centre
spanning from the core to the perimeter tube
office floor area: 32.51 × 29 m with spans 14.23 and 12.17 m
total gravity load on foundation: 2664 × 103 kN.

Figure 3.58 shows the finite element mesh scheme of the entire building.
The steel sections are three-noded isoparametric elements; each node has
a two-degrees of freedom system. All concrete elements are represented by
four-noded brick elements. A reference is made to the Appendix for steel and
concrete failure criteria. Based on tables given earlier, the fire resistance time
is taken to be 35 minutes. The following data for the elements are taken into
consideration:

Steel 350 000 elements
Concrete 290 000 elements
Others 15 000 elements.

The program ISOPAR covers material criteria given in the Appendix and
in the above mentioned paragraphs. Pseudo-fire is assumed to occur on and on
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Fig. 3.54. Diagrammatic elevation of tower using finite element mesh

Fig. 3.55. Typical low-rise floor framing plan
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Fig. 3.56. Floor-to-floor height and structural details

Fig. 3.57. Closely placed steel columns
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Fig. 3.58. Finite element mesh scheme for the Canary Wharf building (with-out
canopy) – 3D layout from the East/West side

the 25th floor and on the 45th floor simultaneously. The time assumed prior to
the arrival of fire fighters is 35 minutes. The black band on the finite element
scheme is the area of the transfer floor. The temperature developed in the
concrete of the flooring system is 360◦C (see Table 3.23) and a great deal of
the yielding has occurred in the steel complex. The floor system has collapsed
but no serious damage has occurred to the tubing system. Some additional
floors shown by hatched zones have been affected. The steel complex has
reached 600◦C within half an hour in most areas on the 25th and 45th floors.
Floors 24 and 23 have reached 55◦C to 65◦C in all areas. The pyramid is
not affected but the temperature in most areas is 45◦C. This example was
computed in 75 minutes of a Cray 3.

The computer program FIRES-T3 (Fire Response of Structures – Ther-
mal, Three-dimensional),* in association with ISOPAR, which conducts the
fire scenario at the floor level, is demonstrated by Fig. 3.59. The fire scenario
is illustrated in Fig. 3.60.

The procedure is to excite fire at a specific floor and then produce a sce-
nario and damage at floors above and below. The procedure is continued
from the bottom floor/basement to the canopy in successive stages by arti-
ficial generation of fire. A 1-hr limit is established prior to the arrival of the
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Fig. 3.59. Fire damage at particular floor levels for a portion of the building

fire ambulances. A typical damage zone of the floor and verticals is shown
by brown colours. In the elevations, the green colour represents floor levels
which show temperatures from 80 to 120◦C and are still robust. No damage of
serious consequence occurs. It appears that the structure has been designed
for much worse conditions. Concrete elements in the floor receive cracking,
as shown by blue lines along the walls. Again no bursting of reinforcement
occurs elsewhere. Overall, conditions of the building for a 1-hr continuous
fire affect very little. If the fire is extended for 4 hr, the floor segments fall
where the red rectangles are shown. The corresponding temperature rise to
550◦C. Yellow total indicate total damage in areas at 550◦C but the steel
has yielded and is not collapsed. The limiting time of 4hr is sufficient. The
overall performance of this build-up is very satisfactory.

This program is similar to TASEF given in the Appendix has been mod-
ified extensively to link with BANG-FIR and FEMVIEW in order to create
a disaster scenario due to fire in the said building as a formal test case. This
is shown in Fig. 3.60.
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Fig. 3.60. Fire scenario (typical example on assumed calculated fire) – initial
example on Canary Wharf, London 2003
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Table 3.23. Initial temperature distribution for columns-atypical example

A column 203× 203× 60 kg/m is protected on all four sides by 2 5mm insulation of
vermiculite slabs. Using the following data and the relevant Eurocodes, calculate
the time for protection such that for the furnace temperature TfTT of 950◦C, the tem-
perature rise TsTT on the assembly is no more than 340◦C, which is the temperature
for column collapse.

Column 203 × 203 × 60 kg/m

Steel properties

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

As = 76 cm
CsCC = 250 J/(kg × ◦C)
ρs = 7850 kg/m3

depth of section = 209.2 mm
breadth of section = 205.2

Insulation properties

⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪
⎪
⎨⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

di = 0.025 m
ki = 0.15 W/(m × ◦C)
ci = 1200 J/(kg × ◦C)

ρi = ∆t ≯
25000

D or PsPP /Az

TfTT = initial furnace temperature = 330◦C
for 1 minute based on ISO standard TfTT = 345log(8t + 1) + T0TT

T0TT or TsTT = ambient or initial temperature = 20◦C at zero time.

European practice

Column size 254 × 254 × 60 kg/m

PsPP or
D

As
=

1.636
21.2 × 10−3 = 77.17 m

∆t ≯
25000
77.17

= 324 sec

Adopt

∆t = 300 sec(5min)

∆TsTT =
α(300)(77.17)
520 × 7850

(TfTT − TsTT ) = 0.00596 or (TfTT − TsTT )

TsTT = temperature rise (◦C)
TfTT = 3451og10(0.133 × t + 1) + T0TT 36.80 = 113.20

At t = 5min
TfTT = 3451og(0.133 × 5 + 1) + 20
a = ac + ay

αy =
5.77 × 0.5
(TfTT − TsTT )

[(
TfTT + 273

100

)4

−
(

TsTT + 273
100

)4
]

W/(m2 × ◦C

According to the temperature rise (500–600◦C), this column when fully loaded will
collapse after about 85 minutes.

D or PiPP = 2(α + b) = 2(205.2 + 209.2) = 828.8 mm = 0.8288m
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t (min) TfTT (◦C) α = αc + αr (W/(m2 × ◦C)) TfTT − TsTT (◦C) ∆TsTT (◦C) TsTT (◦C)

0.00 20

5.00 113.20 29.92 76.40 16.80
...

36.80

10.00 163.54 31.17 126.74 23.55
...

60.35

15.00 224.71 33.6 164.36 32.92
...

...
...

...
...

.

. 93.27.

25.00 312.69 38.0 219.48 49.75
...

...
...

...
...

.

. 143.02.

35.00 402.61 44.83 259.59 69.36
...

...
...

...
...

.

. 212.38.

44.00 529.73 57.70 317.36 109.14
...

...
...

...
...

.

. 321.52.

75.00 680.46 81.38 358.94 174.1
...

...
...

...
...

.

. 495.62.

100.0 894.21 134.08 398.59 318.52
...

814.14

di

Ki
=

0.025
0.15

= 0.17
D or PiPP

As
=

0.8288
76 × 10−4 = 109

∆t =
25000
109

= 229 sec As = 76 × 10−4 m2

∆t = 4 min as time interval

∆TsTT =
PiPP

As

TfTT − TsTT

csρs
× ∆t

csρs

csρs + ci
ρidiPiPP

2As

× ki

di

=
109 × 4 × 60(TfTT − TsTT )

520 × 7850

×
[

520 × 7850
520 × 7850 + 1200 × 300 × 0.025 × 109

2

][ 0.15
0.025 ]

= 0.064(TfTT − TsTT )(0.8)(6)

= 0.0307(TfTT − TsTT )

∆TsTT = 0.0307(330 − 20) = 9.5◦C ≈ 10◦C.

Hence

TsTT = 20 + 10 = 30◦

On the lines suggested the following table can be utilized
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Time (min) TfTT (◦C) TfTT − TsTT (◦C) ∆TsTT (◦C) TsTT (◦C)
0 20

330 310 10 30
...

...
...

...
...

60 950 632 25 340

Check

PiPP

As
= 109 ignoring thermal capacity of the insulation

di

Ki
= 0.17

TsTT at 60 minutes = 360◦C

Hence the protection time is around 60 minutes.
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4 Structural Response to Blast Loadings –
Methods of Analysis

4.1 Introduction

It is important to check that all plans for safety are in agreement with the
proposed measures to be adopted which include protection to receive to the
occupants, contents, essential building functions, emergency functions and
essential repairs and retrofitting etc. The most important items under obser-
vation are:

(a) exterior walls and columns inside the buildings,
(b) exterior columns in buildings,
(c) elastic, plastic instability and P − ∆ effect.
(d) Roof structures

The roofstructure, apart from normal design, shall consider the following
loading cases:
(i) down ward overpressure – primary load
(ii) suction due to negative pressure (negative loading phase)
(iii) upward blast pressure arriving from penetration through windows,

doors and other openings.
(e) Floor structures

The floors are to be designed to withstand blast loadings and pressures
acting from above and from below independently.

(f) Framed structures and shear walls
The frame must be designed to withstand both the total blast on the
building and also the ground shock. Soil structure, interaction must be
the basis for the analysis and design. Both vertical and lateral loadings
must be considered simultaneously. Progressive collapse criteria must be
satisfied as part of the global analysis.
Where shear walls and a lift core are used, they must adequately re-
sist the blast and assist the frame in transmitting the total load to the
foundations, thus minimizing the P − ∆ effect.

(g) Foundation structures
Foundations are not directly in line of blast loads unless the bomb ex-
plodes in the basement or underground car parks. All vulnerable areas
are to be included in the overall performance of the building. The design
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of such components of the foundation must include anchors, piles and
embedded items such as prestressing cable galleries, pipes and others.

In the design of all these elements, the blast loads are combined with dead
loads with a partial safety factor for load of 1.0 when upward pressures due to
blast are considered. For downward pressures, regular partial safety factors
must be added. For P − ∆ and lateral effects, all loads in given design codes
are to be considered. The inelastic deformation is also considered. For strain
rate effects, a reference is made to Appendix for detailed input on a specific
material.

Since bombs, plastic explosives and other incendiary devices are extremely
sensitive to the geometry of the target, the analysis becomes complex and
costly. Diffraction becomes a big problem. Therefore, final element and other
numerical methods are adopted for the analysis of the global behaviour of
the building subjected to blast.

4.2 Methods of Analysis and Design

Methods of analysis have been fully explained in Chaps. 2 and 3 and sections
elsewhere of this text. However, there is an additional proviso that whatever
methods are used they require adequate resolution in space and time to ac-
count for high intensity and short duration loading. The following methods
are recommended:

(a) The modelling of components such as beams, slabs, columns and walls
can be carried out by a single or two-degree-of-freedom system. The re-
sponse of such components can be found by using standard charts and
handbooks. Limit state analysis and a plastic method of analysis can be
useful tools.

(b) For complex structural components, or for the entire building, nonlinear
finite element analysis using explicit or implicit or mixed hybrid modelling
on micro- or main-frame computers should be carried out. The Appendix
provides guidance for such an analysis of complex building problems.

(c) The use of discrete elements or a mixture of discrete and finite element
method described later on in this text.

Any numerical and analytical methods cannot be justified exclusively unless
they are coupled with the structural response analysis. It is also essential to
develop some simple structural response analysis.

4.3 Structural Response Analysis to Blast Loading

Bangash and TM5-1300 have given detail the response of building structures
to explosions. The structural response is dependant on a number of fac-
tors including layout, structural detailing, damping characteristics, material
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properties, explosive charge source and its range and degrees of freedom and
individual components and the entire structure. The vibrations produced can
be based on single-degree-of-freedom situations. The vibration can be free or
damped. Sometimes to simplify the analysis the analysis, standard charts are
prepared to evaluate certain parameters needed for the explosion analysis.
Based on Table 4.1 where single-degree-freedom equations are summarized,
a blast load with triangular load approximation is taken into consideration.
Figure 4.1 gives the elastic-plastic response in which resistance and displace-
ment functions and the CwCC work done ratio are given for the blast load with
triangular formation. Similarly Fig. 4.2 gives a similar plot for a rectangular
formation of the blast load. These graphs have been produced by the USA
Army Corps of Engineers. Referring to Table 4.1, and the idealised blast load
impulse given in Fig. 4.3 (the details of which are given in Fig. 4.1, a deriva-
tion for the dynamic load factor (DLF) was developed and plotted by Baker
et al. for a single degree in Fig. 4.4 and for a corresponding tm/TnTT relation in
Fig. 4.5 for all value of td/TnTT where td and TnTT are the maximum blast time
and natural period, respectively. Examples 4.1 and 4.3 explain these concepts
in detail.

4.4 Design Examples

4.4.1 Example 4.1

Define step-function and ramp-function loads. Determine in both cases the
response equations for a single-degree-of-freedom system. If the step-load
response with time-rise is given in various figures, determine the maximum
response.

Solution: Responses for step-function and ramp-function loads.

(a) Step-function load
This is a suddenly applied load that remains constant and is non-periodic
(see Fig. 4.6). The equations of motion with and without damping are
given below:

Mδ̈ + Cδ̇ + Kδ = F damped
(4.1)

Mδ̈ + Kδ = F undamped

(b) Ramp-function load
A ramp load increases linearly with time (Fig. 4.7). The equation repre-
senting this situation is given by

FrFF =
t

t1
(4.2)

where t1 = time to reach F .
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Table 4.1. Response analysis equations

1. Single-degree of freedom systems

Equation of motion

F (t) = Mδ̈δ + Cδ̇ + Kδ

M = mass

δ = displacement

δ̇ = velocity

δ̈ = acceleration

C = damping

K = structural resistance

(spring constant)

(a)

If C = 0, the structure is undamped. F (t) = applied force; if F (t) = 0 the structure
of the building will have fundamental vibration.

(A) For free vibration

At t = time = 0, δ̇0 = velocity at time 0. The complete solution for displacement is

δ(t) =
δ̇0

ω
sin ωt + δ0 cos ωt (b)

where

ω =

√√
K

M
(undamped circular frequency)

Where damping is not ignored, the damping factor ξ is involved, the value of
ξ = C/2Mω. The displacement δ(t) can be written as

δ(t) = e−ξωt
[
C1 sin ω

√√
1 − ξ2t + C2 cos ω

√√
1 − ξ2t

]
(c)

Consider ωd = damped frequency then
ωd

ω
=
√√

1 − ξ2

if ξ < 1 underdamping

> 1 overdamping

ξ = 0 undamped

ξ = 1 critical damping = 2Mω

C1 and C2 are coefficients. The larger the value of ξ, the greater is the recovery
period.

(B) For forced vibration

If δ = 0, then δ̇0 is the initial velocity, and the displacement at time τ is

∆x =
Ff(τ)dτ

Mω
sin ω(t − τ) (d)

The total displacement between t = 0 and t can be written by substituting the
right-hand side
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δ(t) =

i∫
0

∆xdr = δstω

i∫
0

f(τ) sin ω(t − τ)dτ (e)

where

δst = static deflection due to F =
F

ω2M
(f)

The blast load is generally idealized as a triangular load. The displacement δ(t) is
then

δ(t) = δ0 cos ωt +
δ̇0

ω
sin ωt

+δstω

t∫
0

f(τ) sin ω(t − τ)dτ (g)

f(τ) = 1 − τ

td
(h)

After integration and simplifications

δ(t) =
F

K

[
1 − t

td
− cos ωt +

1
tdω

sin ωt

]
(i)

The dynamic load factor (DLF) or dynamic increasing factor is given by

DLF =
δdyn

δst
= 1 − cos ωt +

sin ωt

ωtd
− t

td
(j)

Note: δ = x or y on graphs.
For second-stage response for times in excess of the positive-phase duration of

the blast load

δ0 = initial displacement =
F

K

(
sin ωtd

ωtd
− cos ωtd

)
(k)

δ̇0 = initial velocity =
F

K

(
ω sin ωdt +

cos ωtd
td

− 1
td

)
(l)

and f(τ) = 0.
Substituting into the δ(t) equation, the dynamic load factor is

DLF =
1

ωtd
[sin ωtd − sin ω(t − td)] − cos ωt (m)

If TnTT = (2π/ω) is the natural response period, the DLFmax versus td/TnTT plot can
be given in graphical form as shown in Fig. 4.3. Similarly time to reach maximum
displacement (tm) can be related to td/TnTT and is shown in Fig. 4.3.

Types of classification

0.4 > ωtd
td short
TnTT long

→ Impulsive I or i

40 < ωtd
td long
TnTT short

→ Quasi-static

0.4 < ωtd < 40
[

td
TnTT

≈ 1
]

→ Dynamic

(C) For forced vibrations of a damped structure

The incremental displacement ∆x due to an elemental impulse and the final dis-
placement δ at time t can easily be derived and are given below:
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∆x =
Ff(τ)dτ

Mωd
e−ξω(t−τ) sin ωd(t − τ) (n)

δ(t) = e−ξωt

[
δ̇0 + ωξδ0

ωd
sin ωdt + δ0 cos ωdt

]

+δst
ω2

ωd

t∫
0

f(τ)e−ξω(t−τ) sin ωd(t − τ)dτ (o)

The dynamic load factor (DLF) can also here assume the form
δmax

(F/K)
=

1[
1 −

(ωf

ω

)2
]2

+
[
2ξ

ωf

ω

]2 (p)

where ωf = forced vibration frequency.
Other relevant blast loading cases can be gathered from examples.

4.4.1.1 Step-Function Load

A complete solution is the sum of complementary and particular solutions

δ = e−ωξt(A cosωft + B sinωft) +
F

K
(4.3)

where A and B are constants from a stage at rest; the arbitrary constants are:

A = −F

K
; B = −F

K

ωξ

ωF
with damping

Hence

δ =
F

K

{
1 − e−ωξt(cosωft +

ω

ωf
+ ξ sinωdt)

}
(4.4)

Here ωf = ωd, the frequency with damping or delay, Generally δ/FK is
plotted against t/TnTT where TnTT = 2π/ωf (Fig.4.8).

The time over which the maximum peak occurs, tp, is computed from

F

K
e−ωξt

{
(ωξ)2

ωf
+ ωf

}
sinωftp = 0 (4.5)

or tp = Nπ/ωf N = 0, 1, 2, . . .
The peak occurs when N = 1 (see Fig. 4.9); tp = π/ωf . The equation for

δmax is given as

δmax =
F

K
(1 + e−ωξπ/ωf ) (4.6)

The response can also be evaluated using Duhamel’s Integral

δ(t) =
1

Mωf

t∫
0

F e−ωξ(t−τ) sinωf(t − τ)dτ (4.7)
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Fig. 4.3. Idealized blast load impulse

Fig. 4.4. Maximum dynamic load vs td/TnTT for elastic SDOE system
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Fig. 4.5. Time to reach maximum displacement vs td/TnTT for elastic SDOF system

Ramp-Function Load

The response is obtained from (4.7). For an undamped system, the Duhamel’s
Integral can be simplified to

δ(t) =
1

Mω

t∫
0

FτFF

t1
sinω(t − τ)dτ (4.8)

Equation (4.8) can also be written as for the displacement at t caused by the
impulse of τ

d δ(t) = e−ξω(t−τ)
[
F (τ)dτ
Mω

sinω(t − τ)
]

(4.9)

Each impulse in Fig. 4.6c will assumingly produce a vibration of this form.
Since the vibration equations are linear in this case, each impulse is inde-
pendent of another one and the total resulting motion can be calculated by
the principal of superposition. Equation (4.9) maybe integrated form to give
vibration at time t. Looking at (4.8), the following comparable equation is
obtained.
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δ(t) =
1

Mω

t∫
0

F (τ) sinω(t − T )e−ξω(t−T )dt (4.10)

Equation (4.10) is the Duhamel Integral. This equation is useful evaluating
response of the structures to impact and blast loading of the damping is
neglected (ξ = 0), then

δ(t)=
F0FF

Mω

t∫
0

sinω(t − T )dτ

(4.11)
= δst(1 − cosωt)

sin ce=
F0FF

Mω
=
(
F0FF

k

)
ω = δstω (4.12)

The displacement curve is shown in Fig. 4.6b, in Fig. 4.4, where DLF is 2.0, it
is an upper bounce. With the shock loading is often a finite rise time before
maximum load is reached, it reduces the value DLF.

If (4.8) is directly used, then the solution is given by

δ(t) =
F

K

(
t

t1
− sinωt

ωt1

)

Note that ω = ωp for damped cases, and that t1 = td on the graphs.

4.4.1.2 Step-Function with Time

For an undamped system where t ≤ t1 and t > tl the responses can from
previous equations be derived as

δ(t)=
F

K

(
t

t1
− sinωt

ωt1

)
; t ≤ t1 (4.13)

δ(t)=
F

K

(
1 − sinωt

ωt1
+

sinω(t − t1)
ωt1

)
; t > t1 (4.14)

The maximum value of the response occurs for time tp by equating the time
differential of (4.14) to zero

F

K

{− cosωt + cosω(t − t1)
}

= 0 (4.15)

tanωt

tanω
t1
2

= 1 (4.16)

tp =
Nπ

ω
+

t1
2

N = 0, 1, 2, . . . (4.17)
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Fig. 4.6. Response and numerical solution method



4.4 Design Examples 241

When t = tp

δmax =
F

K

{
1 +

2 sin(Nπ − ω(t1/2))
ωt1

}
(4.18)

A proper value of N giving (2 sin(Nπ − ω(t1/2))/ωt1 = α positive value will
give a true maximum value of δmax.

Numerically, for example, an explosion load is represented by a triangular
forcing function as shown in Fig. 4.3 and decays linearly to zero. Assuming
the structure is of a one-of-freedom and keeping ξ = 0, determine maximum
response when F0FF = 30 kN and td = duration oft he impulse = 0.165.

Basic theory:
The forcing function must be described in two parts, namely during the
application of the force, and after it has decayed to zero. Therefore

F(FF t) =F0FF (1 − t/td) ; 0 ≤ t ≤ td (4.19)

=0 ; t ≤ td (4.20)

Neglecting damping, the displacement while the load is being applied is
given by

δt =(F0FF /Mω)

t∫
0

(1 − τ/td) sinω(t − τ)dτ

(4.21)
= δst

[
1 − (t/td) + (1/ωtd) sinωtd − cosωtd

]
; 0 ≤ t ≤ td

The vibration after the loading has decayed to zero may be found by first
obtaining the displacement and velocity at td. These can be determined

δ(td) = δst
[
(1/ωtd) sinωtd + cosωtd

]
(4.22)

δ(td) = δst
[
ω sinωtd + (1/td)(cosωtd − 1)

]
(4.23)

Substituting (t − td) for the elapsed time while neglecting the damping

δ(t) = δst

{[
sinωtd +

(
1

ωtd

)
(cosωtd − 1) sinω(t − td)

]
(4.24)

+
[(

1
ωtd

)
sinωtd − cosωtd

]
cosω(t − td)

}
t > td

A graph of td/t against DLF as stated earlier can be plotted:

(a) If the blast duration is long compared with the period of vibration – a
case for constant suddenly applied load – a case for a constant suddenly
applied load and the DLF i.e. δ(t)/δst tends towards 2.0.

(b) If the blast is for a brief duration compared with period of vibration the
inertia of the structure will play part to prevent it to respond to the load
quickly, the DLF < 2.0
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When damping is considered, (4.24) can be written as

δ(t) =
e−ξωt

Mω

{
c1(t) sinωt − c2(t) cosωt

}
(4.25)

Where

C1(t) =
t∫
0

eξωtF (τ) cosωτdτ (4.25a)

C2CC (t) =
t∫
0

eξωtF (τ) sinωτdτ (4.25b)

The integral C1(t) and C2CC (t) need numerical integration. Trapezoidal Rule
for these integral is suited better. Now consider the integral C1(t), evaluate
(see Fig. 4.6b), the value pfY = eξωtF (τ) cosωτ at equally spaced interval.
C1(t) for a complete response history is evaluated by performing summation
incrementally

C1t = C1(t − ∆t) +
∆t

2
(yn−1 + yn) (4.26)/

value of the integral
at the previous step

By replacing cosωt and sinωt, the integration of C2(t) is simply performed on
the lines suggested for C1(t). The displacement δ(t) in (4.25) is evaluated at
each time step. Program D. RESPONSE is written to salve Duharnel Integral
numerically is documented on Plate 4.1. Referring to Plate 4.1, the frequency
f computed as 4.50 Hz, the period T is

T =
1
f

=
1

4.5
= 0.2222 s

td(given) = 0.165

td
T

=
0.16

0.2222
= 0.72

K = 4 × 103 kN/m; M = 4000 Kg
Using Fig. 4.4, the DLF is computed as

DLF = 1.41

δ(t)
δst

= DLF = 1.41

δ(t) = 10.6 mm

Figure 4.6e gives then the response to this blast loading.
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Plate 4.1. Computer programs Simpson approach for blast load cases

10 REM PROGRAM LOADING
20 REM N = NO. OF STEPS
30 REM L = STEP OF LENGTH
40 REM W = CIRCULAR FREQU.
50 REM M = MASS
60 REM D =CRIT.DAMPING
70 REM F = FORCE
80 REM ∆ =DISP.
90 DIM F
100 DIM ∆
110 READ N, L, W, M
120 DATA 32, 0.01, 28.2600, 5000
130 FOR =1 TO N + 1
140 READ F
150 DATA 30, 28.125, 26.25, 24.375, 22.5, 20.625, 18.75, 16.875
160 DATA 15, 13.125, 11.25, 9.375, 7.5, 5.625, 3.75, 1.875, 0
170 DATA 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0 , 0
180 NEXT 1
190 PRINT “Type in crit. damping”
200 INPUT D
210 IF L < 0 GOTO 460
220 C1 = 0 : C2 = 0
230 YO = F(1): ZO = 0
240 ∆(I) = 0
250 FOR I = 2 TO N + 1
260 P = W * (I - 1) * L
270 E = EXP (D * P)
280 C = COS(T) : S = SIN(T)
290 Y1 = E * F(I) * C
300 Z1 = E * F(I) * S
310 = C1 + (YO + Y1) * L/2
320 = C2 + (Z0 +Z1) * L/2
330 ∆(I) = (C1 * S - C2 * C) / (M * W * E)
340 YO = Y1 : Z0 = Z1
350 NEXT 1
360 PRINT “TIME DISP.”
370 J =0
380 FOR 1 = 1 TO N+1
390 J = J+1
400 IF J < 20 GOTO 430
410 INPUT “–more–”, J$
420 J = 0
430 PRINT ∆(I) * 1000000!
440 NEXT Go to

Simpson
450 GOTO 180
460 STOP
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Fig. 4.7. Ramp function

Fig. 4.8. Step function load δ/PK and t/TnTT relations

4.4.1.3 Additional Response for Shock Loading

The response to shock loading is vital and evaluation is required if the loading
is represented by a rectangular pulse load or a triangular pulse load. Since
these loads are of short duration the effect of damping shall be ignored.
Define clearly these loads and derive expressions for both cases for maximum
response.

Rectangular Pulse Load

A rectangular pulse load of duration t1 is shown in Fig. 4.9. When t ≤ t1 ,
it is in fact giving the same response as that indicated by the step-function
load (zero damping)

δ(t) =
F

K
(l − cosωt)t ≤ t or td <

TnTT

2
(4.27)

where td is the duration of a rectangular pulse. For t1 will be

δ(t)=
F

K
(l − cosωt1)

(4.28)
˙δ(t)=velocity =

F

K
ω(sinωt1)
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Fig. 4.9. Rectangular pulse

Fig. 4.10. Shock spectrum location

Forced time vibration 0 ≤ t ≤ td

R1(t) = 1 − cosωt (4.29)

Second forced-time era: t > t1 or td < t

δ = δ(t1) cosω(t − t1) +
δ(t)
ω

sinω(t − t1) (4.30)

Residual vibration era:

δ = R2(t) ; δ(t1) = R1(td) ; ˙δ(t) = Ṙ1(td) (4.31)

Substituting various values in (4.30)

δ =
F

K

{
cosω(t − t1) − cosωt

}
t > t1 or td < t (4.32)

The maximum response (Fig. 4.10) will be at the maximum time tp

Fω

K
sinωtp = 0

(4.33)
tp ≡ π

ω
< t1 or td

t1 or td > 1
2TnTT where TnTT is the natural period. When

t= tp

δmax =2
F

K

Differentiating (4.19), tp becomes
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tp =
TnTT

4
+

t1
2

(4.34)
δmax =2

F

K
sinω

t1
2

=
2F
K

sinπ
t1
TnTT

Note that t1 = td on the graphs.

Triangular Pulse Load

The pulse load is of triangular shape of total duration t1 = td and it is a
superposition of a three-ramp function. The first ramp has a slope of 2Ft/t1
at time t = 0. The secondary function applied at t = t1/2 has a slope of
−4F/t1. The third ramp has a slope of 2F/t1 at t = t1 (see Fig. 4.11).

δ(t)=
2F
K

+
(

t

t1
− sinωt

ωt1

)
t ≤ t1

2
(4.35)

δ(t)=
2F
K

[
1 − t

t1
− 2 sinω(t − (t1/2))

ωt1

]
(4.36)

δ(t)=
2F
K

[
− sinωt

ωt1
+

2 sinω(t − (t1/2))
ωt1

− sinω(t − t1)
ωt1

]
t1 < t

(4.37)

Maximum response δmax for t = tp in (4.37) obtained as

cos
(
ωtp − ωt1

2

)
= 0 (4.38)

tp =
π

2ω
+

t1
2

=
1
2
(t1 + 2TnTT )

(4.39)

δmax =
F

K

[
4

ωt1

(
1 − cos

ωt1
2

)]
for

t

TnTT
>

1
2

within
t1
2

≤ t ≤ t1

The ratio of δmax/(F/K) can now be plotted against t1/TnTT . Thus:

Rmax =
δmax

(F/K)
(4.40)

The term is a response.

Special Application of Duhamel Integral for Impulse Load

Referring to (4.10) using Duhamel lntegral. The responses of a system for
undamped damped cases are summarised as:

Undamped:

δ(t) =
1

Mω

t∫
0

F(FF τ) sinω(t − τ)dτ (4.41)
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Fig. 4.11. Triangular pulse load

Fig. 4.12. Duhamel’s integral method

Damped: Referring to Fig. 4.12 it follows

δ(t) =
1

Mωf

t∫
0

F(FF τ)e−ξωf (t−τ)dτ sinωtdτ (4.42)

Referring to Fig. 4.6 when t1 = 0.5 sec of a triangular impulse for a portal
frame displaces by 8 mm.

(a) F (t)=F

(
1 − t

t1

)
0 ≤ t ≤ t1 (4.43)

(b) F (t)=0 t1 < t (4.44)
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When 0 ≤ t ≤ t1

δ(t) = F
K sinωt

t∫
0

(
1 − τ

t1

)

× cosωτd(ωτ) − F
K cosωt

t∫
0

(
1 − τ

t1

)
sinωτd(ωτ)

(4.45)

Upon integration

δ(t) =
F

K

[
sinωt

{
sinωt −

(
t

t1

)
sinωt − 1

ωt1
cosωt +

1
ωt1

}

− cosωτ

{
cosωt + 1 +

t

t1
cosωt − 1

ωt1
sinωt

}] (4.45a)

Simplifying

R1(t)=1 − t

t1
− cosωt +

1
ωt1

sinωt R =
Kδ

F
; f =

ω

2π
(4.45b)

ft1 = 0 0.5 1.50 1.80 2.0 2.10
Rmax = 2 1.25 1.0 1.50 2.0 2.50 (4.46)

When t1 ≤ t

Same as above but it is evaluated at time t1 since F (τ) = 0.

When t = t1

δ(t) =
F

K

[
sinωt

{
− 1

ωt1
cosωt1 +

1
ωt1

}
− cosωt

{
1 − 1

ωt1
sinωt1

}]
(4.47)

On simplification

R2(t) =
1

ωt1

[
sinωt(1 − cosωt1) − cosωt(ωt1 − sinωt1)

]
(4.48)

With damping, ξ = 0.05.

Numerical case

ω=

√√
K

M
=

√√
2 × 10 × 109

20 × 106 = 31.623 ≈ 31.6

f =
ω

2π
= 5.03 Hz

ft1 =5.03 × 0.5 = 2.515

substituting into the above expression and/or by interpolation of the values
computed for Rmax against ft1 gives:

δmax = K
δmax

Rmax
=
(

2 × 5 × 109 × 8
2.10

)
× 10−3

=31.095 MN



4.5 Finite Element Method of Analysis 249

4.5 Finite Element Method of Analysis

4.5.1 Dynamic Finite Element Technology

Bangash M.Y.H. 3D Finite Element analysis BANG-BLAST in order to assess
the structural integrity and structural response. Appendix I gives through an-
alytical study of the dynamic finite element analysis using Blast Loads with
and without fir loading. The program BANG-BLAST can be applied to struc-
tural elements and global or prototype structures. Loading defined in Chaps. 1
and 2 can be simulated and create damage scenarios. The detailed study on
WTC Buildings New York has been carried out using BANG-BLAST. A sep-
arate section on case studies on the collapsed scenario of the World Trade
Canter in New York.

4.5.2 Combined Finite Discrete Element Method

Bangash T. has developed a combined finite-discrete element modelling of
structures when they are in distress. This method which was originally ini-
tiated several researchers for rock mechanics has been thoroughly modified
by Bangash T. for his Ph.D. work and applies to concrete structures under
blast loading. Bangash T. analysed the Alfred Murrah Building and used
blast pressure loading provided by Kirkpatrick Consulting Engineers of Ok-
lahoma, U.S.A. the detailed case study on Murrah Building is included in
this text.

4.5.3 Element Technology

4.5.3.1 Introduction

In this chapter a simple element is introduced which can be used in the
discretization of structural elements.

Fig. 4.13. Beam structural element
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A structural beam is shown in Fig. 4.13. It’s orientation is described by
local element axis a1 and a2.

This beam can be discretised into nodes and elements as shown in
Fig. 4.14.

Fig. 4.14. Discretised beam structural element

The mass of each node is taken to act across half of the adjoing elements
to either side of the node, as shown in Fig. 4.15.

Fig. 4.15. Area over which mass of node acts

Each element has end nodes i and j at either end. The local orientation
of the nodes is described by the local nodal axis. For example, at node i this
would be e1(i) and e2(i). The element length is represented by vector ri. r(i)
and r(j) are the respective nodal vectors in the global axis as illustrated in
Fig. 4.16.

Fig. 4.16. Typical element with nodes-showing local nodal and global axis

This element can then be used to discretise walls, beams, columns and
slabs, as illustrated with a simple structure as shown in Fig. 4.17.

The nodal rotation is found as follows. Figure 4.17 shows a simple element
with applied moments at each node. The nodal orientations are thus found.

If the element length, L is small it can be can asserted that

L = 2φr (4.49)
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Fig. 4.17. A simple discretised structure

Fig. 4.18. Derivation of the formula for nodal rotation

where φ is the angle and r is the radius of curvature. Rearranging (4.49) gives

1
R

=
2φ
L

(4.50)

The first term in (4.49) is equal to the curvature φu.

φu =
1
R

(4.51)

Hence the moment, M can then be computed using (4.42)

M =
EI

R
= φuEI (4.52)
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Therefore by substituting (4.50) and (4.51) into (4.52) the expression for
moment can be given as

M =
2φ
L

EI (4.53)

Rearranging (4.53) gives

φ =
ML

2EI
(4.54)

4.5.3.2 Element Accuracy for Various Loading
and Support Conditions

In the following examples the deflection is derived for particular loading cases,
each with a varying number of elements. In each case the error is calculated
and compared with the exact result.

Example 1. Cantilever with a Moment at the Free End

Fig. 4.19. The BMD and deflected shape for a cantilever with end moment

The exact deflection, ν in the standard case is given by (4.55)

ν =
ML2

2EI
(4.55)

Case with 1 Element

The angle φ is found using (4.54).

φ =
ML

2EI
(4.56)



4.5 Finite Element Method of Analysis 253

Fig. 4.20. Deflection using one element

The deflection, as given in (4.57) is derived by multiplying the angle φ with
the length of the element, which in this particular case is L

∆ =
ML

2EI
L =

ML2

2EI
(4.57)

where ∆ = the deflection in our case, E = the Youngs modulus of elasticity,
I= the second moment of inertia.

As is seen this expression for deflection is the same as the theoretical
prediction for the deflection and hence no error is found.

Case with 2 Element

A similar principle is employed for the case where two elements are used, to
calculate the deflections ∆1 and ∆2 of the first and second elements respec-
tively.

Fig. 4.21. Deflection using two elements

For equilibrium at the middle node as shown in Fig. 4.22 the following
conditions apply.

α = β and β = 0.5γ (4.58)

The respective element rotations φ1 and φ2 are obtained using (4.53) and is
shown in (4.59) and (4.60)

φ1 =
M

2EI

L

2
=

ML

4EI
(4.59)

φ2 =
M

2EI

L

2
=

ML

4EI
(4.60)
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Fig. 4.22. Moment equi1ibrium

The respective element deflections are ∆1 and ∆2 are obtained using equation
and is shown in (4.61) and (4.62)

∆1 =
M

2EI

L

2
=

ML2

4EI
(4.61)

∆2 =
M

4EI

L

2
=

ML2

4EI
(4.62)

Therefore the total deflection is found from the sum of the individual element
deflections.

∆ = ∆1 + ∆2 =
ML2

4EI
+

ML2

4EI
=

ML2

2EI
(4.63)

As in the first case a zero percent error is found to exist between the obtained
and exact deflection values.

Example 2. Cantilever with an End Point Load

Fig. 4.23. The BMD and deflected shape for a cantilever with end point load

The exact deflection, ν in the standard case is given by (4.63a).

ν =
PL3

3EI
(4.63a)
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Case with 1 Element

Fig. 4.24. Deflection using one element

The moment, M is calculated as

M = PL (4.64)

Hence referring to (4.53) the element rotation is calculated according to (4.65)

φ =
PL

2EI
L =

PL2

2EI
(4.65)

Thus the deflection is found as

∆ =
PL2

2EI
L =

PL3

2EI
(4.66)

The error between the obtained deflection and the exact deflection is now
calculated∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

PL3

2EI
− PL3

3EI
PL3

3EI

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 =
∣∣∣∣∣∣∣∣∣∣32 − 1

∣∣∣∣∣∣∣∣∣∣× 100 = 50% (4.67)

Case with 2 Elements

Fig. 4.25. Deflection using two elements

Using the above procedures the element angles and deflections are as follows.
The element length in this case is L/2.
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φ1 =
PL

2EI

L

2
=

PL2

4EI
(4.68)

For the second element a moment of PL/2 acts at the node. Hence accounting
for this in the calculation for the element rotation φ2 gives

φ2 =
1
2

PL

2EI

L

2
2 =

PL2

4EI
(4.69)

The deflections are found by multiplying the element rotations by the distance
of the rotated node to the deflected end of the beam

∆1 =
PL2

4EI
L =

PL3

4EI
(4.70)

∆2 =
PL2

8EI

L

2
=

PL3

8EI
(4.71)

The total deflection is then found to be as

∆ = ∆1 + ∆2 =
PL3

4EI
+

PL3

8EI
=

3PL3

8EI
(4.72)

The error between the deflection given in (4.72) and the exact deflection is∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
3
8

− 1
3

1
3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 = 12.5% (4.73)

Case with 4 Elements

Each element length is now L/4. The bending moments at each node are
shown in bold in the boxes in Fig. 4.26. The respective element rotations and
displacements are given in (4.74) to (4.81)

φ1 =
PL

2EI

L

4
=

PL2

8EI
(4.74)

φ2 =
1
2

3PL

4EI

L

4
2 =

3PL2

16EI
(4.75)

φ3 =
1
2

PL

2EI

L

4
2 =

PL2

8EI
(4.76)

φ4 =
1
2

PL

4EI

L

4
2 =

PL2

16EI
(4.77)

∆1 =
PL2

8EI
L =

PL3

8EI
(4.78)
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Fig. 4.26. Deflection using four elements

∆2 =
9PL3

64EI
(4.79)

∆3 =
PL3

16EI
(4.80)

∆4 =
PL3

64EI
(4.81)

Hence the total deflection will be

∆ = ∆1 + ∆2 + ∆3 + ∆4 =
11PL3

32EI
(4.82)

The values for ωφ and ωα obtained are exactly the same as in the first case.
The values of area and mass have reduced in proportion.

It is also seen that ωα is less than ωφ. This will mean that rotation will
govern the time step. Therefore the time step 1/2mω will be smaller. This
will result in greater CPU time. If they are both equal we then

ωφ = ωα (4.82a)√√
4Eh2

ρL4 =

√√
2E
ρL2

Thus

L = h
√√

2 .
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Fig. 4.27. Error versus No elements

Therefore as long as L < h
√

2 axial rotation will govern.
The error in this case is calculated as previously and found to be 3.125%.∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

11
32

− 1
3

1
3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 = 3.125% (4.83)

The error is estimated to be of the order of L2.

Example 3. Cantilever with a Distributed Load

Fig. 4.28. The BMD for a cantilever with distributed load

The exact deflection, ν in the standard case is given by (4.83).

ν =
qL4

8EI
(4.84)
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Case with 1 Element

Fig. 4.29. Deflection using one element

Referring to (4.53) the element rotation is calculated according to (4.85)

φ =
qL2

2
1

2EI
L =

qL3

4EI
(4.85)

From this we can find the deflection to be as per equation

∆ =
qL3

4EI
L =

qL4

4EI
(4.86)

The error difference is calculated as∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1
4

− 1
8

1
4

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 = 50% (4.87)

Case with 2 Elements

Fig. 4.30. Deflection using two elements

The element angles and deflections are derived as shown in (4.88) to (4.91)

φ1 =
qL2

2
1

2EI

L

2
=

qL3

8EI
(4.88)

φ2 =
qL2

8
1

2EI

L

2
2 =

qL3

16EI
(4.89)

∆1 =
qL4

8EI
(4.90)

∆2 =
qL4

32EI
(4.91)
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The total deflection is then found to be as per equation

∆ = ∆1 + ∆2 =
5qL4

32EI
(4.92)

The error between the deflection and the exact deflection is∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
5
32

− 1
8

1
8

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 = 25% (4.93)

Case with 4 Elements

Fig. 4.31. Deflection using four elements

The element angles and rotations for this case is described as per (4.94) to
(4.101)

φ1 =
qL2

2
1

2EI

L

4
=

qL3

16EI
(4.94)

φ2 =
9qL2

32
1

2EI

L

4
2 =

9qL3

128EI
(4.95)
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φ3 =
qL2

8
1

2EI

L

4
2 =

qL3

32EI
(4.96)

φ4 = qL2 1
2EI

L

4
2 =

qL3

128EI
(4.97)

∆1 =
qL4

16EI
(4.98)

∆2 =
27qL4

512EI
(4.99)

∆3 =
qL4

64EI
(4.100)

∆4 =
qL4

512EI
(4.101)

Hence the sum of the individual deflections gives the total deflection

∆ = ∆1 + ∆2 + ∆3 + ∆4 =
17qL4

128EI
(4.102)

The error in this case is∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
17
128

− 1
8

1
8

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 = 6.25% (4.103)

The error in all cases so far reduces as the number of elements employed
is increased and appeals to be converging to the exact result.

In the subsequent examples the bending moments are calculated at the
nodal points and compared to the standard result.

Fig. 4.32. Error versus No elements
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Example 4. A Simply Supported Beam Under Distributed Load

Case with 2 Elements

Fig. 4.33. Simply supported beam with distributed load using two elements

The distributed load is made equivalent to point loads using the equivalent
load theorem.

Assuming rotations are small the angle φ12 is found to be

φ12 =
ν2

(L/2)
=

2ν2

L
(4.104)

The moment M12 is found as

M12 =
2EI

L
φ =

2EI

(L/2)
2ν2

L
=

8ν2EI

L2 (4.105)

By symmetry M12 is equal to M32MM . Therefore the provisional bending moment
diagram in terms of deflections will be as shown in Fig. 4.34.

Fig. 4.34. Provisional BMD for simply supported beam with distributed load using
two elements
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The shear at node 2 is given by (4.56)(
8ν2EI

L2 +
8ν2EI

L2

)
÷ L

2
=

32ν2EI

L3 (4.106)

The shear at node 2 is now equated with load as per (4.107)

32ν2EI

L3

qL

2
32ν2EI

L3

2
(

32ν2EI

L3

)
=

qL

2
(4.107)

Rearranging (4.107) gives the deflection ν2 as

ν2 =
qL4

128EI
(4.108)

Therefore (4.58) is substituted into the values shown in Fig. 4.23 to produce
the final bending moment diagram illustrated in Fig. 4.35

M =
8EI

L2

qL4

128EI
=

qL2

16
(4.109)

The end moments are found to differ from the exact result by 25% and the
centre moment is found to differ by 50%.

Fig. 4.35. Final BMD for simply supported beam with distributed load using two
elements

Case with 3 Elements

Once again rotations are assumed small, hence the rotation of element one
φe1 is

φe1 =
3ν2

L
(4.110)
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Fig. 4.36. Simply supported beam with distributed load using three elements

The nodal rotation at 2 is represented as φn2. The rotation of element 2 is
zero, hence

φe2 = 0 (4.111)

Taking the basic equation for moment to be

M =
2EI

L
φ (4.112)

And equating moments at node 2 gives

2EI

(L/3)

(
3ν2

L
− φn2

)
=

2EI

(L/3)
φn2 (4.113)

This gives the nodal rotation at 2, φn2 as

φn2 =
3ν2

2L
(4.114)

Therefore our provisional BMD in terms of deflections is shown in Fig. 4.37.
The shear at 2 is

qL

3

(
9ν2EI

L2 +
18ν2EI

L2

)
3
L

=
qL

3
(4.115)

Hence (
27ν2EI

L2

)
3
L

= qL (4.116)
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Fig. 4.37. Provisional BMD for simply supported beam with distributed load using
three elements

By rearranging (4.65) the deflection ν2 will be

ν2 =
qL4

243EI
(4.117)

Combining this result with the provisional bending moment diagram in
Fig. 4.37 results in the final BMD as illustrated in Fig. 4.38.

Fig. 4.38. Final BMD for simply supported beam with distributed load using three
elements

The error at node 1 is∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2
27

− 1
12

1
12

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 = 11% (4.118)

The error at node 3 is∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2
27

− 1
12

1
12

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 = 14% (4.119)

The error is seen to reduce significantly by just adding one element to the
analysis.
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Case with 4 Elements

Fig. 4.39. Simply supported beam with distributed load using four elements

The rotated angles are calculated as follows

φe1 =
4ν2

L
(4.120)

φe2 =
ν3 − ν2

(L/4)
=

4
L

(ν3 − ν2) (4.121)

By equating moments about node two φe3 is found to be zero

2EI

L/4
=
(

4
L

(ν3 − ν2)
)

=
2EI

L/4

(
4
L

(ν3 − ν2)
)

(4.122)

As the equation is the same on both sides the rotation at node three is zero.

φe3 = 0 (4.123)

By equating moments at node three

2EI

L/4

(
4ν2

L
− φn2

)
=

2EI

L/4

(
φn2 − 4

L
(ν3 − ν2)

)
(4.124)

This gives

φn2 =
2ν3

L
(4.125)

Equating moments about node three proves that our assumption in (4.125)
is correct
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2EI

L/4
=
(
φn2 − 4

L
(ν3 − ν2)

)
=

2EI

L/4

(
φn2 − 4

L
(ν3 − ν2)

)
(4.126)

This now gives the bending moment diagram in terms of deflections as de-
scribed by Fig. 4.40.

Fig. 4.40. Provisional BMD in terms of deflection using four elements

The shear on the left of node 2 is found as

[
32EI

L2 +
8EI

L2 (4ν2 − 2ν3)
]

4
L

(4.127)

Which gives[
64EIν2

L2 − 16EIν3

L2

]
4
L

(4.128)

The shear on the left of node 2 is found as

[(
8EI

L2 (4ν3 − 4ν2)
)

−
(

8EI

L2 (4ν2 − 4ν3)
)]

4
L

(4.129)

Which gives[
8EI

L2 (6ν3 − 8ν2)
]

4
L

(4.130)

By subtracting Eq. (4.128) from Eq. (4.130) and equating them with the load
gives [

8EI

L2 (6ν3 − 8ν2)
]

4
L

(4.131)

This simplifies to

128ν2 − 64ν2) =
qL4

16EI
(4.132)
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Equating the shear with load at node three gives

[(
8EI

L2 (6ν3 − 8ν2)
)

4
L

]
2 =

qL

4
(4.133)

This simplifies to

96ν3 − 128ν2) =
qL4

16EI
(4.134)

Solving Eqs. (4.132) and (4.136) will give us ν2 and ν3.

ν2 =
5qL4

2048EI
(4.135)

ν3 =
qL4

256EI
(4.136)

Combining these results with the provisional BMD in Fig. 4.40 give the final
BMD as shown in Fig. 4.41.

Fig. 4.41. Final BMD using four elements

The end moment error is∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
5
64

− 1
12

1
12

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 = 6.25% (4.137)

The centre moment error is∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
3
64

− 1
12

1
12

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 = 12.5% (4.138)

They are again seen to converge to the exact result.
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Fig. 4.42. Simply supported beam with distributed load using five elements

Case with 5 Elements

The rotations are given in (4.139) and (4.140)

φe1 =
5ν2

L
(4.139)

φe2 =
ν3 − ν2

(L/5)
=

5
L

(ν3 − ν2) (4.140)

Equating moments about node 2 gives

2EI

L/4
(φe1 − φn2) =

2EI

L/4
(φn2 − φe2) (4.141)

Solving (4.141) gives

φn2 =
5ν3

2L
(4.142)

Equating moments about node three

2EI

L/5
(φne2 − φn3) =

2EI

L/5
(φn3) (4.143)

Solving this gives

φn3 =
5

2L
(ν3 − ν2) (4.144)

Therefore the provisional bending moment diagram in terms of deflections is
as shown in Fig. 4.45.

The shear on the left of node 2 is found as
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Fig. 4.43. Rotation at node 2

Fig. 4.44. Rotation at node 3

[
50EIν2

L2 +
50EI

L2

(
ν2 − ν3

2

)] 5
L

(4.145)

Which gives
125EI

L3 [4ν2 − ν3] (4.146)

The shear on the left of node 2 is found as

[(
25EI

L2 (ν3 − ν2)
)

−
(

50EI

L2

(
ν2 − ν3

2

))] 5
L

(4.147)

Which gives
125EI

L3 [3ν3 − 3ν2] (4.148)

By subtracting (4.147) from (4.146) and equating them with the load gives

125EI

L3 (7ν2 − 3ν3) =
qL

5
(4.149)

This simplifies to
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Fig. 4.45. Provisional BMD in terms of the deflections

7ν2 − 3ν3 =
qL4

625EI
(4.150)

Equating the shear with load at node three gives

125EI

L3 (2ν3 − 3ν2) =
qL

5
(4.151)

This simplifies to

2ν3 − 3ν2 =
qL4

625EI
(4.152)

Solving (4.150) and (4.152) will give us ν2 and ν3.

ν2 =
qL4

625EI
(4.153)

ν3 =
2qL4

625EI
(4.154)

Combining these results with the provisional bending moment diagram gives
the final bending moment diagram as illustrated in Fig. 4.46.

The end moment error is∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2
25

− 1
12

1
12

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 = 4% (4.155)

The centre moment error is∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
1
25

− 1
12

1
12

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣× 100 = 4% (4.156)
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Fig. 4.46. The BMD and deflected shape for a cantilever with end moment

4.5.3.3 Error Convergence Result

Figures 4.47 and 4.48 give plats for errors versus central and end moments.
Here too it is seen that the results appear to be converging to their exact
values.

4.5.4 Static Condensation

Let us say that our applied load is p and that our equation of motion is given
in (4.157)

Kx + Mẍ = p (4.157)

Equation (4.157) can be written more fully as[
M tt 0
0 0

] [
ẍt

ẍθ

]
+
[

ktt ktθ

kθt kθθ

] [
xt

xθ

]
=
[

p
0

]
(4.158)

The suffix t denotes translation and rotation is referred to using suffix θ.
ktt are the forces on the translational degrees of freedom due to translation.
ktθ are the forces on translation degrees of freedom due to rotation. Other k
matrices are hence easily inferred.

The rotational degrees of freedom in the mass matrix can be eliminated
by static condensation, because the kinetic energy corresponding to the rota-
tional degrees of freedom is insignificant compared with those corresponding
to translation. This assumes that there are no loads in the rotational degrees
of freedom and hence no spring forces along these degrees of freedom.

Equation (4.147) can now be written as

M ttẍt + kttxt + ktθxtθ = p (4.159)

and

kθtxt + kθθxθ = 0 (4.160)

Equation (4.160) is rearranged to give xθ and then substituted into (4.161)
gives
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Fig. 4.47. Centre moment versus No elements

Fig. 4.48. End moment error versus No elements

M ttẍt + k∗xt = p (4.161)

k∗ is the condensed stiffness matrix, given by

k∗ = ktt − ktθk−1
θθ kθt (4.162)

The stiffness matrix for a general element shown in Fig. 4.49 will now be
derived.

The force displacement relationship is now given in (4.163).
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Fig. 4.49. Simple general element

Fig. 4.50. Bending moment and shear diagrams due to unit translation and rota-
tion at each node
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−12EI

L3

6EI

L2

−6EI

L2

−12EI

L3

12EI

L3

−6EI

L2

6EI

L2

6EI

L2

−6EI

L2

4EI

L

2EI

L
−6EI

L2

6EI

L2

2EI

L

4EI

L

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

⎡
⎢
⎡⎡
⎢⎢⎢⎣⎢⎢
X1
X2
φ1
φ2

⎤
⎥
⎤⎤
⎥⎥⎥⎦⎥⎥ (4.163)

Referring to Fig. 4.49 the force displacement relationship for the adopted
element will now be derived.
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Fig. 4.51. Bending moment and shear diagrams due to unit translation and rota-
tion at each node

The force displacement relationship for this element is

⎡
⎢
⎡⎡
⎢⎢⎢⎣⎢⎢

F1FF
F2FF
M1
M2MM

⎤
⎥
⎤⎤
⎥⎥⎥⎦⎥⎥ =

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

4EI

L3

−4EI

L3

2EI

L2

−2EI

L2

−4EI

L3

4EI

L3

2EI

L2

−2EI

L2

2EI

L2

−2EI

L2

2EI

L
0

−2EI

L2

2EI

L2 0
2EI

L

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

⎡
⎢
⎡⎡
⎢⎢⎢⎣⎢⎢
X1
X2
φ1
φ2

⎤
⎥
⎤⎤
⎥⎥⎥⎦⎥⎥ (4.164)

It can be seen from (4.163) that the kθθ part of the global stiffness matrix is
completely full. Inverting this to obtain the condensed stiffness will require
complex coding and take up much CPU time.
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Fig. 4.52. Unit translation and rotation at node 1 of the five element beam

As shown in Fig. 4.50 the element used will assume zero moment at the
opposite end to the applied moment. Equal moments at each end will be
assumed for applied translation. This results in the kθθ matrix being diago-
nal. Hence it is much simpler to invert. Using the lumped mass matrix also
contributes to saving on computation.

Taking the five element beam which has already been dealt with earlier
the condensed stiffness matrix can be derived as follows.

Figure 4.52 shows the unit translation and rotation as applied to node
one. The unit translations and rotations as applied to the other nodes will
result in similar bending moment and shear diagrams.

For the example under consideration the global stiffness matrix is de-
scribed by (4.165)⎡

⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

F1FF
F2FF
F3FF
F4FF
M1
M2MM
M3MM
M4MM

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

=
[

ktt ktθ

kθt kθθ

]
⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

X1
X2
X3
X4
φ1
φ2
φ3
φ4

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

(4.165)

where
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[ktt]=

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢

8EI

L3

−4EI

L3 0 0

−4EI

L3

8EI

L3

−4EI

L3 0

0
−4EI

L3

8EI

L3

−4EI

L3

0 0
−4EI

L3

8EI

L3

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

(4.166)

[ktθ]=

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

0
2EI

L2 0 0

−2EI

L2 0
2EI

L2 0

0
−2EI

L2 0
2EI

L2

0 0
−2EI

L2 0

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

(4.167)

[kθt]=

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

0
−2EI

L2 0 0

2EI

L2 0
−2EI

L2 0

0
2EI

L2 0
−2EI

L2

0 0
2EI

L2 0

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

(4.168)

[kθθ]=

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

4EI

L
0 0 0

0
4EI

L
0 0

0 0
4EI

L
0

0 0 0
4EI

L

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

(4.169)

Substituting for (4.116) to (4.118) in (4.112) will give the condensed stiffness
matrix as in (4.120).

[k∗]=
EI

L3

⎡
⎢
⎡⎡
⎢⎢⎢⎣⎢⎢

7 −4 1 0
−4 6 −4 1
1 −4 6 0
0 1 −4 7

⎤
⎥
⎤⎤
⎥⎥⎥⎦⎥⎥ (4.170)

This example has shown the relative ease with which the condensed stiffness
matrix is obtained. Thus the main advantage of this new simple element is the
fact that static condensation is easily performed to eliminate the rotational
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degrees of freedom with the need for complex matrix inversion. This reduces
the overall CPU time without any appreciable lass in accuracy providing a
suitable number of elements are used.

4.5.5 Forces and Moments Along the Element

The element presented is intended for use in the numerical simulation of struc-
tures and structural elements subjected to hazardous loading. Such hazardous
loading will induce stresses and forces along the length of the element. They
are calculated as follows.

Vector ri represents an element in it’s initial position, with coordinates
α, β, γ the global axis. The local axis is shown as e1, e2 and e3.

Fig. 4.53. Initial vector in the local and global axis

Initially the projection of ri on to the local axis is the same as it’s pro-
jection on to the global axis. Therefore initially

ri = αe1 + βe2 + γe3 = αX + βY + γZ (4.171)

Once r has rotated the coordinates will change only in the global axis, pro-
vided that there is no relative rotation between the node and the element.

The current position of vector rc can be found from

[rc]=

⎡
⎣
⎡
ex1 ex2 ex3
ey1 ey2 ey3
ez1 ez2 ez3

⎤
⎦
⎤⎡
⎣
⎡
α
β
γ

⎤
⎦
⎤

=

⎡
⎣
⎡
ex1 ex2 ex3
ey1 ey2 ey3
ez1 ez2 ez3

⎤
⎦
⎤⎡
⎣
⎡

rx

rz

ry

⎤
⎦
⎤

i

(4.172)

The e matrix is known as the rotation matrix where ex1 is the projection of
el on to the x axis, ex2 is the projection of e1 on to the y axis and ex3 is the
projection of e1 on to the z axis. The others are similarly inferred.

Therefore since the initial projection on to the local axis is the same as
to the global axis the initial rotation matrix [R] for the element is
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Fig. 4.54. Current position of stretched element with relative nodal rotation

⎡
⎣
⎡

1 0 0
0 1 0
0 0 1

⎤
⎦
⎤

(4.173)

If we now assume that along with stretching of the element there is relative
rotation of the node, then the calculation to obtain re is as follows.

Figure 4.54 shows that the element has moved to it’s current position, rc
but the node has also rotated to vector rr. This can be substantiated from
the coordinates of the nodes.

[rr] = [R] [ri] (4.174)

where [R] is the rotation matrix.
The vector rr is used to calculate rc using vector product. The cross

product of rr and rc will produce a vector acting out of the plane of paper.
If this is taken as a unit vector, then the sin of the angle between rr and rc
is derived as follows

sinφ =
rr × rc

(rr)(rc)
(4.175)

As the angle is considered small the sinφ can be taken as φ, thus giving

φ =
rr × rc

(rr)(rc)
(4.176)

After obtaining the ri, rr and rc the nodal mass, mn for both nodes are
subsequently calculated.



280 4 Structural Response to Blast Loadings – Methods of Analysis

mn = ri × 0.5Aρ (4.177)

The second moment of inertia, InII , is found by integrating over the length of
half the element as shown in Fig. 4.55.

Fig. 4.55. Element rotational velocity

InII =

L/2∫
0

x2ρAdx =
[
ρA

x3

3

]L/2

0
= ρA

L3

24
(4.178)

In this case the initial length of the element is ri thus (4.178) becomes

InII =
Aρr3

i

24
(4.179)

The next step is to calculate the relative velocity of the nodes along the
element, νa, and then to calculate the damped axial force, faff .

νa = (νrx × rcx) + (νry × rcy) + (νrz × rcz)

Where νrx is the relative velocity of the two nodes of the element and rcx
is the component of the rc vector projected on to the x axis. The other
notations of equation are similarly inferred. The axial force is given by

faff = EA ×
(

rc − ri

ri

)
(4.180)

Cross product of the rc and rr vectors will give the rotation φ in the global
system.

ϕ = rc × ri (4.181)

The rotation vector is then found in the local element coordinate system to
give φL. The local element rotations are then obtained

The cross product of the unit vectors νn0 and r0 will give the direction
of the element rotational velocity. The magnitude is found by multiplying by
the ratio νn/r

ω = (r0 × νn0)
(νn

r

)
(4.182)

This therefore gives

ω = (r0 × νn)
(

1
r

)
(4.183)
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Fig. 4.56. Element rotational velocity

The horizontal component of velocity, νa has no influence on the rotational
element velocity and hence is not included.

The resultant rotational velocity of the nodes, ωres is then found

ωres = ω1 − ω0 (4.184)

The local moments, M , at any point along the element, in each of the axis
direction is calculated using

M =
2φEI

ri
(4.185)

If node one is assumed to rotate by 1 then the stiffness of the node is

ki =
2EI

ri
(4.186)

The moment due to the rotational velocity is damped by multiplying it by
(4.187). The final equation is shown in (4.192).

C = 2mω (4.187)

Since

ω =

√√
k

m
(4.188)

The damping coefficient C is given by

C = 2m

√√
k

m
(4.189)

Taking the equivalent mass to be given by (4.178) and combing it with (4.186)
gives

C =

√√
AρEIr2

i

3
(4.190)

A parameter s is introduced to the equation. At ξ = 0 the damping is non-
existent and at ξ = 1 the damping is critical.

C = ξ

√√
AρEIr2

i

3
(4.191)
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The local moments are thus calculated

M = Cωri (4.192)

These local moments are then found in the global system, MG. Shear is
found from

s = MG
1
rc

(4.193)

This procedure is first applied to node 0 and then to node 1. Then nodal
forces and moments are then updated with the calculated moments, shear
and axial forces. A generalised flow chart is shown in Fig. 4.58.

4.5.6 Damping of the Stretching Movement of the Element

Damping is introduced when the element is stretched. The element is assumed
to be equivalent to anode attached to a spring as shown in Fig. 4.57.

Fig. 4.57. Equivalent spring and node

The force f is found from

f =
∆EA

L
(4.194)

The element forces and moments are now calculated flowchart shown in
Fig. 4.58 has been devised.

The applied nodal velocities can be split as shown if Fig. 4.59. The bending
component does not contribute to the stretching of the element and therefore
we will ignore it for now. The velocity of stretch, νs is found from the dot
product of the resultant velocity with rc.

vs = (v1 − v2)rc (4.195)

Let us now assume that the axial velocity components are the equivalent
of one node moving away from a fixed node as shown in Fig. 4.60.

The velocity of stretch will move the node in one second a displacement
of ∆.

∆ = νsdt (4.196)

Where dt is the time step.
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Fig. 4.58. Generalised flow chart to calculate element forces and moments

The strain rate can be calculated as

ε =
dε
dt

=
νs

ri
(4.197)

The stress can be found from

σ = εc (4.198)

where c is the damping constant. If the initial displacement is one then the
stiffness is calculated as

k =
1
ri
EA (4.199)
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Fig. 4.59. Components of applied velocity

Fig. 4.60. Equivalent velocity of stretch

The mass of each node is taken as the elements’s cross sectional area multi-
plied by its initial length and its density split across two nodes

k =
Ariρ

2
(4.200)

Hence the frequency ω, will be given by

ω =

√√
k

m
=

√√
2EA

riAρ
=

1
ri

√√
2E
ρ

(4.201)

The element is now replaced with a spring system.

Fig. 4.61. Equivalent spring system
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The equation of motion of such a system is

kx + mẍ + Cẋ = 0 (4.202)

Critical damping will occur when the damping coefficient C = 2mω. Equa-
tion (4.202) is divided through by m giving

k

m
x +

m

m
ẍ +

2mω

m
ẋ = 0 (4.203)

Since
k

m
= ω2 (4.204)

Equation (4.202) reduces to

ω2x + ẍ + 2ωẋ = 0 (4.205)

If

x = eλt (4.206)

Then

ẋ = λeλt and ẍ = λ2eλt (4.207)

Therefore

ω2 + λ2 + 2ωλ2 = 0 (4.208)

The solution of the quadratic equation becomes

x = −eωt (4.209)

This shows that at critical damping there is no oscillation. Therefore for one
element there would be no oscillation if the critical damping were:

CcritCC = 2mω = 2
Ariρ

2
1
ri

√√
2E
ρ

= A
√√

2Eρ (4.210)

The force due to damping is found as

f = Aεc = A
νs

ri
c = A

1
ri
cx (4.211)

Where

νs = ẋ (4.212)

Therefore the critical force at which damping will occur is

fcritff =2mωẋ = CcritCC ẋ = A
1
ri
cẋ (4.213)

fcritff =2mωẋ = CcritCC ẋ = A
1
ri
ccritẋ (4.214)

Hence critical damping at which no oscillation occurs is
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ccrit =
ri

A
CcritCC =

ri

A
A
√√

2Eρ = ri
√√

2Eρ (4.215)

The actual damping force, f is then given as

f = ξfcritff = ξA
√√

2Eρx (4.216)

ξ is assigned a value of zero if there is no damping or 1 if damping is critical.
The equivalent mass can be found from

ImII =
Aρr3

24
(4.217)

The rotational stiffness is given by

k =
2EI

ri
φ (4.218)

where I is the second moment of Inertia.

Fig. 4.62. Structural beam member

If the rotational and axial displacements are one then the axial and ro-
tational velocities are calculated as follows. The second moment of inertia,
I is

I =
bh3

12
=

h4

12
(4.219)

The stiffness of the beam element is then

k = 2EI
φ

L
= 2EI

1
L

=
2h4

12
1E
h

=
Eh3

6
(4.220)

The generalised mass, mg can be taken as

mg =
Aρr3

24
(4.221)

Hence the rotational velocity, ωφ is found from

ωφ =

√√
k

mg
=

1
h

√√
4E
ρ

(4.222)
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A similar approach is taken to calculate the rotational velocity along the axis,
ωa. Assuming the mass to be split equally across the two end nodes of the
beam this becomes

m = ρA
h

2
(4.223)

The stiffness, k is found from

k = εA =
1
h
Eh2 = Eh (4.224)

Hence ωa becomes

ωa =

√√
k

m
=

1
h

√√
2E
ρ

(4.225)

The above calculations are now repeated for the situation where the cross
sectional width is now reduced to h/2. Therefore ωa is found from

m=ρA
h

2
= ρ

h

2
h2

2
=

ρh3

4

k= εA =
1
h
E

h2

2
=

Eh

2
(4.226)

ωa =

√√
k

m
=

1
h

√√
4E
ρ

The value of ωφ is found as follows

I =
bh3

12
=

h

2
h3

12
=

h4

24

k=2EI
φ

L
= 2EI

1
h

h4

24
=

Eh3

12
(4.227)

mg =
Aρr3

24
=

h2

2
ρh3 1

24
=

ρh5

48

ωφ =

√√
k

mg
=

2
h

√√
E

ρ
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5 Blast Response Resistance –
Design of Structural Elements

5.1 Introduction

The influence of assumed deformed shapes on the stresses and stains is well
known. A number of attempts have been made on simple beams subjected
to elastic and plastic bending. Several tables and charts have been prepared.
The resistance Rmax is related to dynamic design factors such as load factor
KL, mass factor KM, load-mass factor KLMKK and assumed spring constants
K and KEKK . Ultimate moment capacity MpMM is determined, which will reveal
whether or not the structure or its components can have the capacity to
resist blast loads. Tables 5.2 to 5.7 indicate these factors and the resisting
capacity of structures having various boundary conditions. These tables are
equally applied to steel-plated structures. Baker et al. [5.1] have in addition
developed P-I diagrams based on extensive databases containing blast dam-
age observations for typical homes and factory buildings in Britain during
the Second World War. Table 5.1 including Figs. 5.1 to 5.4 summarize the
background to these iso-damage diagrams.

For global and integrated analysis, dynamic finite element analysis and
discrete element analysis in which the entire building structure can be anal-
ysed for damage assessment is utilized. Material non-linearity, failure criteria
and critical distance for the bomb are just some of the factors to be included
in the global analysis. This aspect is included in the text and is recommended
only for prestigious and expensive buildings since the costs involved in the
finite element damage analysis are very high.

5.2 Practical Design Examples

5.2.1 Example on British Practice

(a) A reinforced concrete wall is loaded by a blast from a vehicle bomb
of 100 kg actual mass. The wall is rigidly connected at the foundation
and free at the top. Using the following data, calculate the required
reinforcement for the wall:
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Table 5.1. The P-I diagram

The P–i or P–I diagrams are based on both mathematical and experimental results
obtained from a variety of bomb-damaged structures. With reasonable confidence
they can predict the damage to structures such as small office buildings and light-
framed structures. Jarrett (1968) curve fitted an equation

R =
KW 1/3

[1 + (K̄/W )2]1/6
(i)

where

R is the range in metres or feet. i.e. the stand-off distance
W is the weapon yield in kg of TNT;
K̄ = 3175
K = an empirical constant that changes with various level of damage.

In empirical units the same equation is valid but the value of K̄ = 7000.
Applying the Jarrett curve fit to bomb-damaged houses resulted in the estab-

lishment of the Isodamage curves produced by Baker et al. [5.1]. Examples are
shown in Figs. 5.1 and 5.2.

The damage curves based on bombs dropped in Britain have been plotted and
are categorized as

Category A – Almost complete demolition
Caregory B – Such severe damage as to necessitate demolition of external brick-

work destroyed or unsafe
Category CbCC – Damage rendering house temporarily uninhabitable – partial col-

lapse of roof and one or two external walls. Loadbearing partitions
severely damaged

Category Ca – Relatively minor structural damage yet sufficient to make house
temporarily uninhabitable

Category D – Damage calling for urgent repair but not so as to make house un-
inhabitable. Damage to ceilings and tiling.

Simple equations describing the damage curves (single-degree-freedom system)
based on pressure-pulse are explained below.

δmax(
F

K

) = 2 or
δmax

δst
= 2 (ii)

To acquire velocity δ̇0, the impulse

I or i = δ̇0M (iii)

and its kinetic energy

KE =
1
2

Mδ̇2
0 =

I2 or i2

2M
(iv)

then

I2 or i2

2M
=

1
2

Kδ̇2
max (v)
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Fig. 5.1. Elastic-plastic solution for bending of blast-loaded beams. From Baker
et al. [5.1]

Fig. 5.2. Stresses, shears and deflections in bending of blast-loaded elastic beams.
From Baker et al. [5.1]

It is now easy to superimpose on these curves range-weapon or resistance-weapon
yield (R–W ) overlay. The effects of weapons at different ranges can be assessed.
Take GP 2000 bomb weighing 895 kg. The explosives it contains amounts to 542 kg.

Note that in order to bring continuity of symbols, x = δ and it follows that

δmax

F

K

=
1

√√
KM

(
F

K

) =
1
2
ωtd (vi)

The equation is asymptotic and δmax/(F/K) versus ωtd can be drawn for all load
regimes. From here several P–i or P–I curves are drawn in Fig. 5.3 and 5.4 as
predicted in Figs. 5.1 and 5.2. In order to assess a specified level of damage, the
following procedure is adopted:
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Fig. 5.3. Impulse versus pressure diagram for a constant level of building damage.
From Baker et al. [5.1]

Fig. 5.4. P–i curves for elastic and plastic cases. From Baker et al. [5.1]

Kδmax

2F
= 1

The blast force F moving to a distance δmax is then equated to the strain energy

Fδmax = Rδmax =
I2

2M
or i2 (vii)

or
F

R
= 1 (viii)

Hence
I or i√√

δmaxMR

Using F/R and I or i/
√√

δmaxMR axes, the iso-damage curves are drawn with
further explanatory notes in Fig. 5.1.
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Fig. 5.5. Triangular pressure-pulse function

Wall height = 4 m
Vertical reinforcement ρSU = 0.5% at each face
R = R′= range = 4.0 m
Hemispherical charge factor = 1.8
fyff = Static yield stress of the reinforcement = 460 N/mm2

fdyff = Dynamic yield stress of the reinforcement = 1.2fyff
Concrete grade = 40

Type III category rotation of the base allowed during explosion: θ = 12◦.
Justify the impulsive load analysis.

(b) If the same wall is fixed at the top as well as at the bottom and is
subjected to a quasi-static load of a triangular shape’ shown in Fig. 5.5
and adopting BS 8110 and other relevant criteria, check the reinforcement
and the wall thickness while behaving as a single-degree elastoplastic
system.

(c) If the wall is subject to vehicle bombs of 50, 100, 150, 200, 250 and 300 kg
of TNT at a random range R′ of 1 m to 10 m from the explosion to the
centre of the wall, draw curves for

x

L

(
wall deflection

wall span

)
versus R′

for various vehicle bombs given. The wall is assumed damaged when

x

L
=

1
60

.

Calculations

The vehicle bomb mass produces a hemispherical charge of mass 1.8 ×
100 kg = 180 kg where 100 kg is the actual mass.

R′ = range = 4.0 m

Z = the scaled distance =
4.0

1801/3 = 0.705 m/kg1/3

ir = IrII = reflected overpressure
impulse = 5095 kPa-ms.
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Fig. 5.6. Reinforced concrete wall

For category type III behaviour, the material properties are:

fyff = reinforcement yield stress = 460 N/mm2 (static value)
fdyff = 1.2fyff = 1.2 × 460 = 552 N/mm2 ≈ fdsff (dynamic va1ue)

I2
rII

2KLMKK ρdc
=
(

2
H

ρvfdsff d2
c

)
tan θ

θ = rotation of the base of the wall = 12◦ (Type III category)
tan = 0.2126
ρv = 0.5%, i.e. reinforcement on both sides is equal

KLM = load-mass factor = 0.66

(5095)2

2 × 0.67 × 2400dc
=

2
4.0

× 0.5
100

× 552 × 106d2
c × 0.2126

dc = 0.302 m = 302 mm

TcTT = d = overall thickness

= dc + 2 × cover of 40 + 2 assumed-size bar halves

= 302 + 80 + 25

= 407 mm

Adopt 425 mm or 17 in RC wall (TcTT ) (see Fig. 5.6)

AS = 0.005 × 302 × 1000 = 1510 mm2/m = width of wall.

The reinforcement should be generously placed to account for the cover vari-
ations of the material and blast load and is a principal design assumption. A
total of 25% steel on top is recommended.

Adopt T25-250 where ASprov = 1963 mm2/m = width of wall.
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When checking for shear:

ν =
ru(4.0 − 0.302)

0.302
= 12.245 ru

ru =
2

(4)2
× 0.005 × 552 × 106(0.302)2

= 31465.38

ν = 0.3853 N/mm2

100AS

bd
= 0.65 fcuff = 40 N/mm2

νc = 0.59 (BS8110, Table 3.9)

Using Table 13 of B88110

ν < 0.5 νc ≮
0.59
2

= 0.295 N/mm2

A minimum shear link is needed when
0.59
2

< ν < νc + 0.4

0.295 < 0.3853 < 0.7853 N/mm2

ASv =
0.4bvsv

0.87fyff

= 45 mm2

Take

fdsff = 1.1 × 250
= 275 N/mm2

bv = 150
sv = 300

Then, the ultimate shear = 31465.38 × 4 = 125861.52 N/m
= 126 N/mm2

fdsff = 1.1 × 460 = 506 N/mm2

b = 1.50 mm to match up with stirrups

Ad = area of the diagonal bars @45◦

=
126 × 150

506
≈ 37.35 mm2

Therefore, 1 row of R8-1.50 bars needed.
For the delay time = td = TsTT = 50 ms:

tm
td

=
I

rutd
=

5095 × 1000
31465.38 × 50

= 3.24 > 3.0

Hence the impulsive load analysis is valid.
For the instance where a quasi-static load is applied to the wall restrained

at top and bottom, it follows:
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Fig. 5.7. δ/L versus stand-off damage assessment

ru =
8(MPsMM + MPmMM )

H2

MpMM = MPsMM + MPmMM

AS = A′
S = 1.963 mm2/m

x = depth of neutral axis

=
d − z

0.45
=

d − 0.95d
0.45

0.05d = 0.45x

x =
0.05 × 302

0.45
= 33.6 mm

Ignoring the contribution of the compression reinforcement (K = K ′ = 0.156)

MpMM = 1963 × 552(302 − 0.45 × 33.6) × 10−3

= 310856.28 Nm/m

Hence

ru =
(MpsMM + MPmMM )8

(4)2
=

2 × 310856.28 × 8
42

= 310856 N/m2
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ρs = 0.005 n =
200 GN
30 GN

= 6.67

I = Fbd3

F = 0.0246 T = 2π
√√

KLMKK MdMM

KE
MdMM = 2400 × 0.425 = 1020 kg/m2

KLM = 0.66

KE (for both ends fixed) = equivalent stiffness

=
307EI

H4 = 1.51 × 106(N/m2)/m

T = 0.025 = 20 ms

For a single-degree-of-freedom system (elastoplastic system)

ru

PrPP
=

310856
390 × 103 = 0.797 ≈ 0.8

td = 18 ms
td
T

=
18
20

= 0.9

Xm

XE
= 3.0 XE =

ru

KE
= 0.206 m or 206 mm

Xm = 3.0 × 206 = 618 mm < 4000 × tan 12◦ = 850 mm

Similar analyses have been carried out for various ranges or stand-off dis-
tances and explosive weights. The final results are plotted in Fig. 5.7.

5.2.2 Example on American Practice

A laterally restrained, simply supported W16 × 50 beam (wide-flanged type;
see Fig. 5.8) is subjected to a blast load caused by a bomb detonation. A tri-
angular load-time function Fig. 5.9 is assumed for the elastic analysis. A check
is required for any rectangular load-time function as given in the following
data:

Fig. 5.8. A simply supported laterally restrained beam
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(a) Elastic analysis

F = 5000 lb/ft
Weight/ft of the beam = 600 lb

L = 13 ft
(b) Plastic analysis

F = 15000 lb/ft
L = 12 ft

(c) Confirmation is required if, at some location, the same beam span (L)
receives F = 15000 lb/ft based on a rectangular load-time function of
T = 0.1 sec of the same duration.

Numerical data

E = 30 × 106 psi
I = 659 in4

For the real beam:

Rm =
Rme

KR
=

74880
0.64

= 11700 lb

dynamic load = 1.8(65000) − 117000 lb

maximum bending moment =
Rm × L

8
=

117000 × 13
8

= 190125 ft lb

maximum bending stress =
M

ZxZZ
=

190125 × 12
80.70

= 2356 psi

dead load stress = 1706 psi

total bending stress = 29873 psi

shear in the beam = dynamic reaction at tm(max) = 0.02 sec :

Rm = 117000 lb

F = P =
(

0.01 − 0.02
0.1

)
× 65000 = 52000 lb

Max V = 0.39Rm + 0.11P = 51350 lb

dead load reaction = 3900 lb

maximum shear stress =
(51350 + 3900)

(d = 16.25) × (tw = 0.38)
= 8947 psi

(b) Plastic analysis

The span is decreased by 1 ft and a bomb capacity with 15000 lb/ft peak
over-pressure is considered.



5.2 Practical Design Examples 305

Plastic analysis is performed based on the following data:

σdy (steel) = 41.6 ksi

σp (max) bending stress can now be evaluated

MpMM = 1.05σdY × zp

= 1.05 × 41600 × 80.7 = 3.525 × 106 in lb

Rm =
8MpMM

L
for a beam under UDL

=
8 × 3.5 × 25 × 106

12 × 12
= 1.9584 × 105 lb

xel = limiting deflection =
1.9584 × 105

4.8 × 106 = 0.0408 ft

For transformation factors KLKK and KM in the equivalent system:

F = PiPP = KLKK × 15000 × 12 = 0.57 × 15000 × 12 = 102600 lb

me = KM × mt = 0.415 × 242 = 100.431 lb sec2 /ft

f = TnTT = fundamental frequency = 2π
√√

100.43
4.77 × 106 = 0.029 sec

Rme = KLKK Rm = 0.57 × 1.9584 × 106 = 1.1163 × 105 lb

T

TnTT
=

0.10
0.029

= 3.45

CRCC =
Rme

PiPP
=

1.1163 × 105

102600
= 1.088

weight per foot = 600 lb

KLKK = 0.57

KR = 0.64

σdy = dynamic yield stress = 41.65 ksi

DLF = 1.8

For case (c) KLKK = 0.50, KM = 0.33.
A dead load of 1000 lb/ft plus the weight of the beam are to be added.

Note the following conversions for changing these figures into SI units:

1 in = 25.4 mm
1 lbft = 0.4536 kg = 4.448 N
1 psi = 6.89476 kN/m2

1 ft = 0.3048 m
1 ft lb = 1.356 kNm
1 in lb = 0.113 Nm
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Fig. 5.9. Load-time function

Fig. 5.10. Load-time function – triangular

Fig. 5.11. Load-time function – rectangular

Asimilar operation can be performed using a specific bomb yield for which
load-time triangular function of 40 kpa on 40 ms as shown in Fig. 5.9. These
calculations can be performed again for a specific load-time function replacing
that of Figs. 5.10 or 5.11.
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(a) For weight/ft of 600 lb

Total mass = MdMM or mt =
600 × 13

32.2
= 242 lb sec2 /ft

E = 30 × 106 psi

I = 659 in4

total peak load F = pi = 5000 × 13 = 65000 lb

k =
384EI

5L
=

384 × 30 × 106 × 659
5(13)3 × 144

= 4.8 × 106 1b/ft

For the equivalent system:

mass me = KMmt = 0.50 × 242 = 121 lb sec2 /ft
F = pi = 65000KLKK = 65000 × 0.64

= 41600 lb
ke = KRk = 0.64 × 4.8 × 106 = 3.072 × 106 lb/ft

TnTT = natural period = 2

√
π

√
mc

ke
= 0.039 sec

T

TnTT
=

0.10
0.039

= 2.56

T = duration of load
TnTT = fundamental frequency

DLFmax (dynamic load factor) = 1.80
tm
T

= 0.20

Rme = 1.8 × 41600 = 74880

xm =
Rme

ke
=

74880
3.072 × 106 = 0.0244 ft

Assume initial deadload of the beam is stress σdead = 5 ksi. Then:

zp =
MpMM

1.05(σdy − σdead)
=

120.25 × 12
1.05(41.6 − 5)

= 37.55 in2
yy

< 80.7 in2

Therefore, best available beam is W16 × 50.

5.2.3 Example on British Practice

A simply supported steel beam is one of a number at 1.5 m centres making up
a roof structure. The beams carry a cladding material of density 23.4 kg/m2

and a span of 8 m. Imposed load from the roof is calculated at 42.5 kN/m.
Assume initially the self weight of the beam to be 1.125 kN/m. The beam is
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restrained at the centre and at the ends. Design this steel beam in a grade 43
material, using the following initial data:

Moment capacity McxMM = pySxSS
= torsional buckling resistance (lateral)

M̄ = mM¯ ≤ MbMM = pb = SxSS
MbMM = lateral buckling resistance
M̄ = equivalent uniform movement

After designing this beam, it is the client’s requirement that due to bombing
incidents, all structural components of a building need to be checked. This
beam is one part of this requirement. The consultant specified the following
blast load-time function for the building components. Check that this beam
is adequate for the potential blast effects. Take the increasing dynamic factor
as 1.3. The ducti1ity factor, µ, is 3.0:

E = 200 GN/m2

ru

F
= 1.0

imposed load = 42.5 kN/m
assumed self weight of the beam = 1.125 kN/m

(a) Suitable Grade 43 section

Referring to Fig. 5.12, it folIows:

MmaxMM =
WL2

8

= (42.5 + 1.125) × 82

8
= 349 kNm

Trial section: 457 × 152 × 74 kg/mUB (SxSS = z = 1620 cm3)

McxMM = pySxSS

= 265 × 1620 × 103 × 10−6 = 429.3 kNm > 349 kNm

py = 265 N/m2 for T > 16 mm

The section is adequate for bending torsional buckling resistance, i.e. the
following expression is met:

Fig. 5.12. A simply supported beam with unrestrained length
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M̄ = mM¯ ≤ MbMM = pbSxSS

xm

xel
= 2.45

xm = 2.45 × 0.0408 = 0.10 ft

The maximum resistance at peak load is now considered. The following equa-
tion in the absence of a more rigorous analysis will give a conservative max-
imum dynamic reaction:

max V = 0.39Rm + 0.11F

= 0.39(1.9584 × 105) + 0.11(15000 × 12)

= 96177.6 lb

shear stress =
VmaxVV

dxtw
=

96177.6
16.25 × 0.38

= 15575 psi

(c) For a deadload of 1000 lb/ft

Dead weight of the beam = 600 lb/ft

DLtotal = 1.6 kip/ft

mt +
1.6 × 13

32.2
= 0646

me = equivalent mass = 0.646 kip–sec2/ft

ItotalII = total impulse = 15 × 13 × 0.1 = 19.5kip–sec

IeqII = equivalent impulse = ItotalII × 0.5 = 9.75 kip–sec

WpeWW = maximum work done =
IeqII

2me
=

9.75
2 × 0.646

= 7.55 kip/ft

Practically for the designer WmeWW /WpeWW shall be taken as 0.2

WmeWW = energy absorbed by the beam

WmeWW = 0.2WpeWW = 0.2(0.75) = 1.51 kip/ft

Since the behaviour is largely plastic

WmeWW = Rme(xm) or

Rme =
WmeWW

xm
=

1.51
0.0408

= 37 kips

xm = maximum allowable deflection

= 0.0408 ft ≈ 1
2 in
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Fig. 5.13. Load-time function for the unrestrained length of a simply supported
beam

Thus, for the actual beam:

Rm =
37
0.5

= 74 kips

MpMM (plastic moment required) =
RmL

8
=

74 × 13
8

= 120.25 kip/ft

For a simply supported beam, the end moment is zero (Fig. 5.13)

β =
smaller end moment = 0
larger end moment = 349

= 0

m̄ = (Table 18 BS 5950) = 0.57
n = 1.0 (Table 5.8) BS 5950

M = equivalent uniform moment = mM = 0.57(349)
= 198.93 kNm

MbMM = buckling resistance = pbSxSS

py = 265 N/mm2 (Table 5.5 BS 5950)

Now

λLT = nuνλ

= 1.0 × 0.87 × 0.856 × 122.7
= 91.38

L = distance between restraints

pb = 138.24 N/mm2 (Interpolation of Table 5.5 BS5950)

λ =
LE

ry
=

1.0L
3.26 cm

=
1 × 4000
3.26 × 10

= 122.7

λ

x
=

122.7
30

= 4.09

ν = 0.856 (Tables 5.6, 5.7 BS 5950)
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MbMM = 138.24 × 1620 × 103x10−6

= 223.95 kNm > 198.93 kNm

Therefore with M̄ < MbMM the lateral buckling resistance of the section is
adequate.

(b) Beams at 1.5 centres

ru

F
= 1.0

This value is assumed for a new beam replacing the damaged one, i.e.

Ru = ru = 1, 0 × 40 × 8.0 × 1.5
= 480 kN

MpMM = plastic moment =
ruL

8
= 480 kNm

(SxSS + ze)σdy = 2MpMM (from the plastic analysis)

(SxSS + ze) =
2 × 480 × 103

1.3 × 265 × 106 = 2.787 × 10−3m3 or 2787 cm3

The existing section is 457 × 152 × 74 kg/m. Therefore:

(SxSS + ze) = (1620 + 1410) = 3030 cm3 > 2787 cm3

Mass of the beam + weight of cladding is given by:

MdMM = m̄ = 74 × 8.0 + 23.4(8 × 1.5)

= 592 + 280.8 = 872.8 kg < 1.125 kN/m.

Taken initially:

TnTT = 2π
√√

KLMKK m

ke

= 2π
√√

0.72 × 872.8
975 × 104

≈ 0.0505 sec or 50.5 ms

ke =
384EI

5L3 =
384 × 200 × 109 × 32500 × 10−8

5(8)3

= 975 × 104 N/m

KLM = 0.72
td
TnTT

=
40

50.5
= 0.792
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ru = Ru =
8MP

L
=

8 × 3030 × 10−6 × 265 × 106 × 1.3
16(or 2 × 8)

= 5.22 × 105 N or 5.22 × 102 kN
ru

F1FF
=

522
480

= 1.0875

The beam can be used. Check for shear:

VuVV = ultimate shear capacity = σdvAw

= 1725 = 172.25 × 4028.31 × 10−3 = 693.876 kN(
σdv = dynamic yield stress in shear

= 0.51 × 1.3 × 265 = 172.25 N/mm2

)

Aw = area of the web = (9.9 × 406.9) = 4028.31

But

V = 0.393ru + 0.107F

= 0.393 × 5.22 × 102 + 0.107 × 480 = 256.506 kN < 693.876 kN

The beam is therefore adequate.

5.2.4 Example on American Practice

A roof slab of dimensions 15 ft × 10.5 ft restrained on an edges is subject to
a peak pressure pso + pdrag. Calculate using the fol1owing data:

(a) the velocity of the shock front,
(b) clearing time tc and rising time tr,
(c) the maximum resistance Rm,
(d) the final thickness of the slab.

a

b
= aspect ratio =

10.5
15

= 0.70

Rm = maximum resistance based on
a

b
≈ 0.7

=
1
a

[(12MPfaMM + MPsaMM ) + 9.8(MPfbMM + MPsbMM )]

=
1

10.5
[12(2MpMM × 10.5) + 9.8(2MpMM × 15)]

= 52MpMM

MpMM = bending resistance of slab per unit width, i.e. plastic moment per unit
width. Thus:
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MpMM =
406080

52
= 7809.231 lb ft/ft

= 7.809231 kip ft ≈ 7.81 kip ft

MpMM = ρsbd
2σdy

(
1 − ρsσdy

1.7σ′
dc

)
σ′

dc = 3.9 ksi

σdy = 52 ksi

ρs = 0.015

MpMM = 0.015(52)(12)d2
[
1 − 0.015(52)

1.7(3.9)

]
= 8.25d2 kip in

Now

8.25d2 = 7.81 × 12 kip in

d = 3.37 in; take d = 3.5 in

h = 5 in

IGrossII =
bd3

12
=

12(5)3

12
= 125 in4

Transformed moment of inertia (cracked section)

ItII = 38.8 in4

slab
xm

xel
= 5

IaI = average moment of inertia

=
1
2
(125 + 38.8) = 81.9 in4

k = stiffness =
216EIaI

a2 =
216 × 3 × 106 × 81.9

(10.5)2 × 144
= 33.43 × 105 lb/in

mt = mass of the slab =
150 × 7

12
× 10.5 × 15

386
35.7 lb-sec2in

The required data are:

pso + pdrag = 20 − 4p4 do = 20 − 0.4 × 7.8 = 16.88 psi

U = velocity front = 1120
(

1 +
6pso

103

)1/2

tc =
3
U

tr =
slab short side

U
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µ = ductility factor = 5.0

Rmmax =
1
a

[
(12MPfaMM + MPsaMM ) + 9.8(MPfbMM + MPsbMM )

]
Rmrequired = PiPP

(
1

1 − 1
2µ

)

MpMM = ρsbd
2σdy

(
1 − ρsσdy

1.7σ′
dc

)

σ′
dc = 3.9 ksi ρs = 0.015

σdy = 52 ksi

The blast is along the short direction of 10.5 ft. Roof slab dimensions are
15 ft × 10.5 ft restrained on all edges.

total pressure on the RC roof slab = overpressure + drag

peak pressure = PiPP (initially) = pso + pdrag = 20 − 0.4p4 do

= 20 − 0.4 × 7.8

= 16.88 psi

U = velocity of the shock front

= 1120
(

1 +
6pso

103

)1/2

= 1650 ft/ sec

tc = clearing time for the pressure pr

pr = 2pso

(
103 + 4p4 so

103 + pso

)
= 59.4 psi

tc =
3 × 12
l650

= 0.022 sec or 22 ms

tr = the rising time of the 1oading on roof slab

=
spanning short length

U
=

10.5
1650

= 0006 sec

The load on the slab in this short transit time is assumed to be uniform. Now

µ = ductility factor = 5.0

Rm = resistance required, i.e. strength calculated based on ductility

= PiPP

(
1

1 − 1
2µ

)
= 18.8 psi

Total resistance of the slab = Rmtotal = 18.8 × 10 × 15 × 144

= 406080 lb
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KLMKK = the load mass factor = 0.73

T = 2π
√√

0.73 × 35.7
33.43 × 105 = 0.018 sec

the appropriate response chart is used
tde

T
=

0.48
0.018

= 26.67

Rm

FiFF = PiPP
=

18.8
16.88

= 1.11

and read

µ = 5.0

tm
td

= 0.1

tm = 0.1 × 0.48 = 0.048 sec

A slab of 5 in (125 mm) thickness is sufficient since the computed µ is close
to the desired value.

5.3 The Use of Baker et al. Charts for Evaluating
Blast Parameters

Figures 5.14 and 5.16 give scaled distances versus TsTT /W 1/3, ts/W 1/3, is/W 1/3,
ta/W

1/3 and PsPP and PrPP .
Figure 5.14 is developed to a side-on blast; Figure 5.15 is for a normally

reflected blast; and Fig. 5.16 is for an additional side-on blast. In each case
the above parameters are evaluated. Figure 5.17 shows z versus all other
parameters in S.I. units developed by Bangash.

Several examples are given in order to allow the reader to become fa-
miliar with the computations ofthese parameters, using these semi-graphical
methods.

5.3.1 Example on American Practice

Determined for the stand-off distance R = 6 m when W = 27 Kg of TNT,
determine the scaled distance z, ta, PsPP , TsTT , ir and PrPP using Bakers charts of
27 kg RDX at the same standing distance R = 6 m, calculate PsPP , is, TsTT and ta.

R = 6 m, W = 27 Kg

z =
6

271/3 = 1.998
m

Kgν3
TNT

PsPP = the incidence overpressure = 1.649 × 105 Pa
ta

W
1/3
TNTWW

= 1.8455 × 10−2 s

kg1/3
TNT
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Fig. 5.14. Normally reflected blast parameters for TNT

where ta = arrival time (sec)

ta = 1.8455 × 10−2 s

kg1/3
TNT

× 3kg1/3
TNT = 5.434 × 10−2 s

TsTT

W
1/3
TNTWW

= 1.8455 × 10−2 s

kg1/3
TNT

× 3kg1/3
TNT = 5.434 × 10−2 s = ta

where TsTT = time in seconds.
Figure 5.15 now gives reflected pressure PrPP and sealed reflected specific

impulse ir/W
1/3:
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Fig. 5.15. Side-on blast parameters for TNT

PrPP = 7.3291 × 105 Pa

ir

W
1/3
TNTWW

= 2.795 × 102 Pa · s

Kg1/3
TNT

ir =
2.795 × 102 · Pa × s

Kg1/3
TNT

× 3 Kg1/3
TNT = 8.385 × 102

(b) The bomb charge 27 Kg RDX (spherical charge)

in TNT = 1.185 × 27 = 32.0 KgTNT
PsPP = 4.0 × 104 Pa (N/m2)
is = 24 × 10 = 240 Pa-s
TsTT = 8.0 ms
ta = 5.5 ms
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Fig. 5.16. Additional side-on blast pressure in TNT

using Fig. 5.16

PsucPP =
−0.35

z
z > 1.6
−0.35
1.89

= 0.185 Pa

TsucTT = 1.25W 1/3 = 3.91 ≈ 4.0

IsucII = is

(
1 − 1

2z

)
= 176.5 Pa-s
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Fig. 5.17. z versus parameters in S.I. units (calculated converted in S.I. units by
Bangash from Baker’s chart)

5.4 Glass and Glazing

5.4.1 Introduction

Glass, plastic glazing sheet and glazing must be designed to receive some
impact of the explosive load. The performance of glazing under explosive
loading depends upon type, thickness, pane sire and support conditions. The
glazing specification chosen should meet the design and performance require-
ment of any code of practice. Glass and plastic glazing sheet material must
be secured to the window or door structure in such a manner that it cannot
easily be removed. The following describes types of glass used generally in
various buildings.

(a) Annealed glass
(b) Toughened (tempered) glass
(c) Laminated glass



320 5 Blast Response Resistance – Design of Structural Elements

(d) Blast-resistant glazing using US Technical Manual 5-1300: Structures to
Resist the Effects of Accidental Loads (1990).

(e) Keenan and Meyers method using a suspended polycarbonate shield in
windows and doors.

(f) Global finite element method

5.4.2 US Technical Manual 5-1300

The US design is based on toughened glass for a load duration of less than
one second. The following gives design stress criteria:

% failure toughened glass (psi)

< 1% 110 MN/m2 (16000)

50% l60 MN/m2 (23150)

> 99% 209 MN/m2 (30300)

The US regulation recommends that the glass needed to resist the blast load
(for toughened glass) must involve charge weight, stand offs and the static
design resistance ru of the selected glass pane at the design stress, using thin-
plate large deflection concepts. Graphs and charts are included. Similar to
the design of the frame to resist the equivalent static load ru transmitted by
the glass while sustaining it must have:

(i) serviceability deftection limit 1
264 span or 1

8 in (3.2mm),
(ii) a factor of safety of 1.65 on the yield stress,
(iii) a factor of 2 on the fixings, and
(iv) a value of load as if ru were acting on the exposed frame

in order to achieve a probability of failure, i.e. cracking, of less than 1
1000 (in

effect to attain survival with the glass uncracked and frame serviceable).
The US method uses simply charge weight, stand offs and frame load.

The most popular pane is 1.55 m × 1.25 m. The following gives frame loads
and stand off for this pane dimension:

Glass thickness Stress Frame load∗ 100 kg TNT
(mm) (N/mm2) (kN/m2) @ stand off in metres
Toughened† (8) 110 25 85
Laminated toughened† (9.5) 110 25 85
∗ The values are to be multiplied by 1.65 or 2.0 where appropriate as stated above.
† It should have a resistance 75% of the equivalent monolithic thickness.



5.4 Glass and Glazing 321

5.4.3 Keenan and Meyers Method for Hardening Buildings

The main purpose of this method is to harden the envelope of buildings so
that a full spectrum of protection is provided against blast, fragments and
debris. Keenan and Meyers indicate the main objective is the use of sus-
pended polycarbonate shield to increase the resistance capacity to tolerate
increased blast loads. The Naval Civil Engineering Laboratory, Port Huen-
eme, California conducted blast load effects on glazing. The shield is made up
of polycarbonate layers with a polyurethane or silicon interlayer. The shield
is mounted in a steel frame and is suspended from two steel cables behind
the window opening which are connected to the ceiling above. The glass in
the glazed window is generally covered with plastic security film. Figure 5.18
to 5.20 show shield components for blast resistance and their available pa-
rameters.

5.4.3.1 Explanatory Notes on Shield Design

(a) Figure 5.18a shows a design chart prepared by the US Army Corp of
Engineers for predicting incident blast overpressure PiPP inside a room by
a blast overpressure PoPP outside. This involves parameters such as the
opening area = A and A = ab, PiPP = 0.25PoPP .

(b) Figure 5.18b gives a chart to reduce the value of PiPP by a suspended poly-
carbonate shield behind the opening. This involves the positive pressure
gap XT needed for the shield to provide some prescribed reduction in PiPP ,
The parameter XT is the horizontal shield displacement, X, at time of
zero overpressure, T , outside the building.

Additional pressure reduction

PredPP = 1 − PdesignPP

PiPP
PdesignPP = 2.4 psi (16.55 kN/m2)

(c) The shield weight or load (unit weight = γ) is needed to achieve the
prescribed value of the displacement XT. A bomb at a stand-off distance
R detonates. The bomb NEW (t = T ) will give the volume of XT using
the chart in Fig 5.18b. While knowing γ, it is easy to obtain the value
γA. The sequence for the path is to be found.

(d) Figure 5.21 gives the design of the suspension cable, knowing the value
of the cable force TCTT and design stress FCFF or FSFF . Design diameter of the
cable is therefore determined. A practical cable diameter available in the
market is then chosen.

Design Example: On Keenan and Meyers Method

A terrorist bomb equivalent to 2000 lbf (8.896 kN) detonates 6.10 m (20 ft)
from a building having glass windows. Using the Keenan and Meyers method,
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Fig. 5.18. (a) Peak-side overpressure inside room compared to peak overpressure
outside window opening with no cover; (b) Reduction in peak overpressure inside
room caused by suspended polycarbonate shield
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Fig. 5.19. (a) Generic-blast window glazing and frame detail; (b) Shield compo-
nents for blast testing according to Keenan and Meyers
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Fig. 5.20. Design criteria for shield weight

design a suspended polycarbonate shield to protect glass from having frag-
ments. Use Keenan and Meyers graphs and the following data:

explosion at the exterior face as an incident blast overpressure

= 172.369 kN/m2(25 psi)

window dimension/opening = 1.83 m × 0.762 m
work space located behind window (R) = 2.38 m
maximum incident blast pressure limitation = 16.55 kN/m2 (2.4 psi)
PiPP = 0.25 × 172.369 = 43.1 kN/m2

> 16.55 kN/m2

window area A = 1.395 m2

cable tensile force = TCTT to determine

PoPP = leaking pressure is related as

PiPP = 0.25PoPP

PredPP = pressure reduction = 1 − PdesignPP

PiPP
PdesignPP = 2.4 psi = 16.55 kN/m2

fsff = fCff = cable design stress
= 100000 lbf/in2 (psi) = 689.5 MN/m2
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Fig. 5.21. Design criteria for cable anchoring force and cable diameter
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Step 1

If no shield exists

a = 1.83 m

b = 0.762 m
√√
ab =

√√
1.83 × 0.762 = 1.181 m

R = 2.38 m

PiPP

PoPP
= 25%

Using Fig. 5.18, the value

PiPP = 0.25PoPP

= 0.25 × 172.369

= 43.1 kN/m2

> 16.55 kN/m2 (2.4 psi)

The shield is designed to provide required mitigation.

Step 2

Controlling maximum overpressure in a protected room.
Use Fig. 5.18 for maximum blast gap XT for the shield loaded during time

T by a positive blast pressure.
Additional pressure reduction within the interior room is:

1 − PdesignPP

PiPP
= 1 −

(
16.55
43.1

)
= 0.62 , i.e. 62%

From Fig. 5.18 A = 1.395 m2 and the smaller dimension b = 0.762 m. Read
in the upper panel XT for a 62% reduction:

XT = 127 mm or 0.127 m

A maximum bottom swing of the shield of 0.127 m will probably contain glass
fragments. In practice fragment hazards affect the design.

Step 3

Weight of the shield per square metre γ to control the effects of the blast.
From Fig. 5.18 a net explosive load of 8.896 kN = NEW equivalent to the

net explosive weight and a stand-off distance R = 2.38 m, gives a value of
γ = 1.38kN/m2.
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Step 4

Cable size and the load with γ = 1.38 kN/m2.
Calculate the load on the shield

γA = 1.38 × 1.395 = 1.924 kN

Read across to ‘γA’ and note each cable force TCTT for γA = 1.924 kN.
From Fig. 5.21

TCTT = cable force = 25 kN

Cable diameter for fSff design stress 689.5 MN/m2 (100000 psi) = 7 mm diam-
eter.

Therefore, adopt 10 mm HTS bars.

Stand-off Distances R

Small packets to suitcases 10–30 m
cars 60 m
vans and lorries 150 m

The above criteria were used throughout for the 150 samples analysed.
Panels having areas 0.6 m2, 1.934 m2, 2 m2 and 3 m2 were chosen. The finite
element mesh scheme was kept the same for all these windows; only sizes
and material properties and loads due to blast effects were varied. A 30 m
stand-off distance was adopted for all cases of hidden explosives in cars. The
distance chosen for vans and lorries was between 60 and 150 m.

Finite Element Analysis Parameters

The following lists provide the thickness (t) and area (A) dimensions of the
glazing used in the analysis. The stand-off distance is 30 m.

Single glazing Double glazing
t (mm) A (m2) max t (mm) A (m2) max
4 0.2 4 + 4 0.6
6 1.8 5 + 5 1.2
10 3.3 6 + 6 2.5
12 5.0 10 + 10 5.0

Loads up to elastic conditions = 1.5 kN/m2 are permitted and in addition:
For window pane dimensions 1.55 m × 1.25 m, i.e. A = 1.934 m2 (8 mm

toughened glass (T ∗) and 10 mm laminated glass (L∗))
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Fig. 5.22. Finite element mesh

frame loads × 2.0 (SF∗ = safety factor) = 50 kN/m2

equivalent static yield stress = 1.65 × 110 = 181.5 N/mm2 for the frame

deflection limitation ≯
1

264
span

the average edge reaction at edge nodes (kN/m)
(equivalent ultimate static load)

=
equivalent ultimate static load × area

perimeter of the panel

Global Finite Element Analysis of Doors and Windows

Windows and doors are important functional elements, but they represent
weak links in the blast resistant design. The blast resistant design for doors
is usually accomplished with a single degree of freedom model. This is due
to the fact that in many cases the resistance of the door matches that of the
wall in which it is located. An important consideration in the door analysis
is the life safety egress requirement. The simplest way to treat the door is
as a plate supported around its frame. In this case the rebound phase of the
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Fig. 5.23. Mode shape with glass window panel

blast response is sometimes important to keep the facility secure following a
blast event.

Windows with certain products can resist blast pressures of certain mag-
nitudes. The adaption of window products to resist blast pressure or to min-
imize the amount of fenestration, plays a great part in controlling fragments
of flying glass.

A generic blast resistant window system has been shown in earlier ac-
counts. A reference is made to the Appendix for finite element literature.
Figure 5.22 shows a typical finite mesh scheme for window and window
steel/aluminium frame design. A typical damaged window system is demon-
strated in Fig. 5.23 under the blast effects from the explosive SEMTEX. A
layered polycarbonate system described earlier was not used in this case. The
rolled-steel frame was anchored to the wall. Toughened and laminated glass
was used and their material properties form an input to the finite element
analysis. These data are given in the next section.
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5.4.3.2 Finite Element Analysis of the Windows

A 3-D finite element with four nodes on each face is considered.

Material Properties

Glass:
E = 61 GN/m2

ν = 0.25
t = varies from 6 mm to 12 mm
ρ = density = 2224 kg/m3

Steel frame and fixings:
E = 209 GN/m2

ν = 0.3
t = varies from 0.8 mm up
ρ = 7800 kg/m3

Minimum load to satisfy the protective system criteria for a minimum cen-
trally applied load without:

(a) fracturing
(b) deflecting →

[
= 1.35 kN if any length is 900 mm or
= 1.1 kN if under 900 mm length

(c) permanent distortion
(d) displacement of the whole system.

Nodes and Elements

The window is made up of a finite element mesh:

Glass: four-noded solid element isoparametric
constant thickness and single layer 115 mm

Frame elements: four-noded solid element isoparametric 138 mm
four-noded trapezoidal 84 mm
four-noded triangular 84 mm
nodes 4300 mm

Various case studies involving blast resistant glass windows or pans have
been examined using 3D F.E. Standard Rc30 is taken into consideration.
A graph is plotted for glass thicknesses versus an equivalent static loads
representing blast loads for quick solutions available to the designers. However
for accurate analysis, a comprehensive numerical method of the designer’s
choice shall be considered.
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Fig. 5.24. Blast resistant glass window panes: case studies
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6 Contact or Gap Elements
for Blast-Fire Structural Interaction

Introduction

The contact or gap elements are the interface elements in engineering dis-
ciplines. In soil-structure interaction in blast-and fire these elements play a
very important role in bringing about close relations between various struc-
tural elements under stress and between structural and other elements of
a medium. In concrete mechanics example, bond between concrete and re-
inforcement, aggregate interlock in discrete cracks, friction in concrete, steel
and aluminium connections (rigid and semi rigid), structural composites, air-
craft/missile impact on vital installations and many other vital cases. This
section reviews some methods which are well known and are recommened for
static, dynamic impact and blast load analysis. Some are listed below:

(a) “Bangash T Contact-Element” using Finite Discrete Element Analysis.
(b) Hallquist et al. Method
(c) DELFT Interface Friction Type Element
(d) ANSYS Contact Elements
(e) ABAQUS Gap Contact Elements
(f) LS-DYNA Gap/Contact Elements

6.1 Introduction to Bangash T. Contact Elements

Discrete Element Method relies on the free interaction of a large number of
separate and unconnected bodies. Each body can then be discretized using
the finite element method. The number of discrete elements, their density
and their shape will change in time.

Various contact detection algorithms are suited only to particular prob-
lems such as quasi-static or dense packing. Most algorithms are suited to
quasi-static problems where the relative motion of the bodies is restricted.
Dynamic problems, however, involve a large number of bodies with no sig-
nificant restriction on their motion. This will inevitably increase the CPU
time, T (total detection time), generated by such algorithms, as contact de-
tection will now be performed a number of times as opposed to just the single
occasion for quasi-static problems.
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Hence the optimum algorithm would need to minimise the CPU time
and memory requirements, M , in terms of the number of elements and their
packing density. It will also need to be flexible enough to account for the
change in M and T with packing density.

Most of the algorithms referred to above have total detection time T
directly proportional to

T ∝ N ln(N) (6.1)

where N is the total number of discrete elements.
In the case of the NBS algorithm the time T is found to be directly

proportional to the number of bodies, N .

T ∝ N (6.2)

The memory requirements are

M ∝ N
1√
2
√
ρ

for 2D (6.3)

M ∝ N
1√
3
√
ρ

for 3D (6.4)

where ρ is the packing density.
The NBS algorithm is equally effective for dense and loose packing, while

CPU time is not influenced by packing density. For example in the case of
3D a 125 fold decrease in packing gives a less than 5 fold increase in memory
requirement.

This sections presents the NBS algorithm as applied to problems of a
multidimensional nature. Examples are run on a medium size workstation
for purposes of algorithm demonstration.

6.2 NBS Contact Detection for Problems
of a 2D Nature

The reader is referred to [6.1], where a more detailed delineation of this topic
is presented.

In this instance the system will consist of a number of discs, which rep-
resent the discrete element system, within a defined rectangular shape. The
rectangle is then divided into smaller shapes of dimension ncelx by ncely.

Each disc will have its centre within one of the smaller rectangular shapes
(Fig. 6.1).

Each of the numbered discs is mapped

E = {0, 1.2.3, . . . N} (6.5)

to the set of cells

C =

⎧⎨⎧⎧
⎩
⎨⎨ (0, 0) (0, 1) . . . (0, ncely − 1)

(1, 0) (1, 0) . . . (1, ncely − 1)
(ncelx − 1, 0) (ncelx − 1, 1) . . . (ncelx − 1, ncely − 1)

⎫⎬⎫⎫
⎭
⎬⎬

(6.6)
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Fig. 6.1. Mapping of discs onto cells

For example the cell (ix, iy) may have disc with centre coordinates (x, y).
Therefore from Fig. 6.1 we may say disc 5 is assigned to cell (2,4). The discs
are numbered and then assigned to a particular row and then to a particular
column of cells.

Incorporating the use of linked lists reduces memory requirements. Firstly
each disc is looped over in ascending numerical order and it’s integerised iy
coordinate is found. Therefore from Fig. 6.1 we can see the disc 0 is the first
to be found when iy = 1. The next disc found will be disc 2 and then disc 4
followed by disc 6. At each disc is found, it will push along the previous disc
as shown in Fig. 6.2. Here only the sequence for iy = 1 is shown. Such lists
will further be referred to as Y lists.

Fig. 6.2. List formation sequence for iy = 1
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Fig. 6.3. Numerical representation of single dimension arrays used for the 2D case

The negative one indicates the end of the list. This process is effectuated
by the use of two single dimension arrays as shown in Fig. 6.3.

The heady array is ncely large and the nexty array is N large, where
ncely is the number of cells in the y direction. In the case of iy = 1 the head
array begins as heady[1] = 6. The nexty array represents the next disc in
the list for iy = 1. Therefore it can be read as nexty[6] = 4, nexty[4] = 2,
nexty[2] = 0, and nexty[0] = −1.

A loop over each particular Y list is now performed in order to create
a 2D (X,Y ) list by checking it’s integerised ix coordinate. This is shown in
Fig. 6.4. Each disc for the Y1YY list is placed by it’s integerised ix coordinate
thus creating a 2D list as illustrated in Fig. 6.4.

Fig. 6.4. 2D (X, Y ) list
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As no loops over cells is carried out we can assume that CPU time re-
quired is not a function of ncelx or ncely and hence not a function of packing
density ρ.

Contact detection is carried out where the cell has one or more discs
mapped to it. A check of the neighbouring cells for contact detection is then
carried out. Once again in all operations involved T is not a function of ncelx
or ncely.

As no loop over the cells is performed at any stage we can assume CPU
time, T to be directly proportional to the number of discs, N .

6.3 NBS Contact Detection Algorithm for 3D Problems

The NBS algorithm for three dimensions replaces the discs with spheres in a
finite defined cubic system as shown in Fig. 6.5. The boundaries are defined
by xmin, ymin, zmin, xmax, ymax, and zmax. The centres of each sphere will
never fall outside these boundaries. Once again the NBS algorithm will find
spheres with distances between their closest points less than or equal to zero,
i.e. they touch or they overlap (Fig. 6.5).

Fig. 6.5. 3D contact detection problem

6.4 3D Implementation into the Combined
FEM/DEM Method

The NBS algorithm as has been shown relies upon space decomposition. In
this case the cube is subdivided into smaller cubes of dimension ncelx by
ncely by ncelz. Each sphere is identified by an integer number {0, 1, 2, 3, . . . ,
N − 1}. Similarly each cell is recognised by integer co-ordinates (ix, iy, iz),
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Fig. 6.6. Mapping of spheres on to cubic cells

where ix = 0, 1, 2, . . . , ncelx − 1 and iy = 0, 1, 2, . . . , ncely − 1 and iz =
0, 1, 2, . . . , ncelz − 1. ncelx − 1, ncely − 1, and ncelz − 1 are the maximum
number of cubes in the x, y and z directions.

ncelx =
xmax − xmin

2r
(6.7)

ncely =
ymax − ymin

2r
(6.8)

ncelz =
zmax − zmin

2r
(6.9)

Mapping from the set of spheres

E = {0, 1, 2, 3, . . . , N} (6.10)

to the set of cubes

C =

⎧⎨⎧⎧
⎩
⎨⎨ (0, 0, 0) (0, 1, 0) . . . (0, ncely − 1, ncelz − 1)

(1, 0, 0) (1, 0, 0) . . . (1, ncely − 1, ncelz − 1)
(ncelx − 1, 0, 0) (ncelx − 1, 1, 1) . . . (ncelx − 1, ncely − 1, ncelz − 1)

⎫⎬⎫⎫
⎭
⎬⎬

(6.11)

is defined in such a way that each discrete element is assigned to one and
only one cell. For instance, the sphere with co-ordinates (x, y, z) is assigned
0 the cubic cell (ix, iy, iz), where

ix = Int

(
x − xmin

2r

)
(6.12)

iy = Int

(
y − ymin

2r

)
(6.13)

iz = Int

(
z − zmin

2r

)
(6.14)
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Fig. 6.7. Linked lists, Zi

iz, iy and iz are said to be integerised relative co-ordinates, here on referred
to as integerised co-ordinates. For example sphere eight can be seen to map
on to layer 1, column 3 and cell (3,0,1) (Fig. 6.6).

Mapping may also be represented by a 3D array

ncel = ncelx.ncely.ncelz (6.15)

This undoubtedly would require increased memory, especially for cases where
the number of spheres is thinly spread over the cubic space.

This problem is solved, as in the two dimensional case, by using linked
lists. Firstly the spheres are mapped on to layers in the z direction. For each
layer in the z direction a linked list iz is constructed. For example layer iz = 2
is referred to as Z2. This is shown in Fig. 6.7.

A loop over each of the spheres is used to place them on to their respective
z layer by ascertaining the integerised iz coordinate.. For example when iz =
1 i.e. Z1, the sphere 8 is first placed and then pushed along by sphere 6 and
further pushed along by sphere 2 once found to lie on this layer.

This done using two 1D arrays which we will call headz and nextz as
shown in Fig. 6.8. Hence for iz = 1 headz[1] = 2, nextz[2] = 6, nextz[6] = 8
and nextz[8] = −1. Similar analogous methods are used to form X,Y and
lists for any other dimension.

Loops over the non empty Z lists are done to obtain a list of spheres in
the y direction – Y list. These will be placed according to their integerised
iy co-ordinate. A loop over the non empty Y lists is next performed to place
each sphere onto an X list by using its ix value. By this procedure each
individual sphere is placed onto a list in each of the axis directions.

Once the X. Y and Z or N then the head and next arrays are reset to −1
indicating no spheres present. The subsequent layer is then formed. It can be
seen no loop over the cubic cells is carried out and so the CPU time is not
a function of ncelx. ncely or ncelz and so is not a function of the packing
density ρ.
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Fig. 6.8. Formation of linked list Zi

Fig. 6.9. Contact detection in neighbouring cells
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6.5 NBS Algorithm – Detection of Contact

Each sphere can only be mapped on to a single cubic cell and only neighbour-
ing cells can have any contact. The next stage is to detect contact between
the spheres. Once the sphere has been mapped it is marked so that the check
against neighbouring cells is not repeated in the loop.

The next step is to search for contacts with spheres in surrounding cubic
cells. For example (0,0,2) will check itself against cells (0,0,2), (0,0,1), (1,0,1)
and (2,0,1). It will also check itself against all the cells directly beneath each
of it’s neighbouring cells lying on the same layer.

6.6 3D NBS Algorithm – Implementation

The code is able to identify which particular nodes are in contact with each
other. A flow chart of the algorithm is shown in Fig. 6.10.

This algorithm ensures no cell is checked twice, thus keeping CPU time
to an optimum.

Fig. 6.10. Flow chart of contact algorithm
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Fig. 6.11. Flow chart detailing the procedure for creating nodal lists for each cell

The algorithm, next processes the interaction between the “contactor”
node and the “target” node, once they have been found.

Fig. 6.12. Contact between contactor and target node

The vector p is found by adding the vector radii of the two nodes.

p = Cr + T r (6.16)

It is then transfonned into a unit vector.
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Contact will occur if there is overlap between the two nodes and p is less
than the sum of the vector radii.

Fig. 6.13. Point of intersection between contacting nodes

The r vector at the point of intersection is obtained from the vectors rC
and rT. The component of rotational velocity for both nodes contributing
to contact is obtained by cross product of the rotational velocity and the
respective r vector. This is shown in (6.17).

hC = ω × (r − rC (6.17)

A similar equation applies for the target.

hT = ω × (r − rT) (6.18)

These components are then combined with the translational velocities to
obtain the relative velocities in the x, y and z directions (6.19).

v = hC + vC − hT − vT (6.19)

Dot product between the relative velocities and the unit vector p will give
axial component of velocity in the direction of p, vn.

vn = v · p (6.20)

The tangential velocity, vT in the x, y and z directions is found from

vT = v − vn · p (6.21)

The next step is to obtain the frictional and normal forces (f f and fn re-
spectively), from the penalty function method[].
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Fig. 6.14. Tangential and axial components of relative velocity

The penalty function method in simple form is

f = α × ∆ (6.22)

where ∆ is the overlap. In our case let us assume the overlaping spheres to
be represented by a cuboid.

Fig. 6.15. Cuboid representation of contacting spheres

Where

D = Cr + Tr (6.23)

Assuming the overlap is small the force is easily calculated as

f = EAD (6.24)

The damped force is calculated as

fdff = cξD
√√
kmνn (6.25)

However we know

ω =

√√
k

m
(6.26)

and
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k =
1
D

D2E = DE (if the displacement is 1)

and

c = 2mω

fdff = 2ξ
√√
DEm (6.27)

Therefore in our case α will be

α = (6.28)

The normal force is multiplied by p to give it direction. The friction force
is multiplied by vT to obtain it’s direction. The result is then combined to
obtain the force vector f .

f = fn · p − f f · v (6.29)

The contribution of each node to the moment are then found by Cross product
of f and r.

M tC =f × (r − rCr)
(6.30)

M tT =f × (r − rTr)

The resulting M and f vectors are then added to the applied moments and
forces respectively to update the global force and moment vectors.

The procedure is illustrated in the flow charts of Figs. 6.16 and 6.17.

Fig. 6.16. Detecting contact between spheres
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Fig. 6.17. Procedure to update global force and moment vector

At this point contact with the wall of the box needs to be considered. To
do this the lists for each cell must first be deleted as shown in Fig. 6.18.

In the case of contact with the the box wall the node is now regarded as
the target. A similar procedure, as outlined before, is followed to obtain the
friction and normal forces. A force vector is then obtained using (6.29). The
moments are obtained using the second equation of (6.30). The global target
force and moment vector is then updated.
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Fig. 6.18. Deleting cell lists
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Fig. 6.19. Contact with the box

Fig. 6.20. Flow chart for contact with the box
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Fig. 6.21. Hallquist contact method (modified by Bangash)

6.7 Hallquist et al. Method

Hallquist et al. developed a useful concept of master and slave nodes sliding
on each other. As shown in Fig. 6.21 slave nodes are constrained to slide on
master segments after impact occurs and must remain on a master segment
until a tensile interface force develops. The zone in which a slave segment
exists is called a slave zone. A separation between the slave and the master
line is known as void. The following basic principles apply at the interface:

(a) update the location of each slave node by finding its closest master node
or the one on which it lies.

(b) for each master segment, find out the first slave zone that overlaps.
(c) show the existence of the tensile interface force.

Constraints are imposed on global equations by a transformation of the nodal
displacement components of the slave nodes along the contact interface. Such
a transformation of the displacement components of the slave nodes will
eliminate their normal degrees of freedom and distribute their normal force
components to the nearby master nodes. This is done using explicit time in-
tegration, as described in the finite element solution procedures. Thereafter
impact and release conditions are imposed. The slave and master nodes are
shown in Fig. 6.21. Hallquist et al. gave a useful demonstration of the identi-
fication of the comact point which is the point on the master segment to the
slave node ns and which finally becomes nontrivial during the execution of
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the analyses. When the master segment t̂ is given the parametric represen-
tation and t is the position vector drawn to the slave node ns, the contact
point co-ordinate must satisfy the following equations:

∂r̂

∂ξ
(ξc, ηc) × [t̂ − r̂(ξc, ηc)] = 0

(6.31)
∂r̂

∂η
(ξc, ηc) × [t̂ − r̂(ξc, ηc)] = 0

where (ξc, ηc) are the co-ordinates on the master surface segment Si. Where
penetration through the master segment Si occurs, the slave node ns (con-
taining its contact point) can be identified using the interface vector fsff

fsff = −lkini if l < 0 (6.32)

to the degree of freedom corresponding to ns, and

f i
mff = NiNN (ξc, ηc)fsff if l < 0 (6.33)

where

l = n̂i · [t̂ − r̂(ξc, ηc)] < 0 (6.34)

A unit normal

n̂i = n̂i(ξc, ηc); t̂i = n̂i

n∑
j=1

NjN (F1FF )j(t) (6.35)

ki = fsff iKiKK A2
i /ViVV (6.36)

where

(F1FF )j(t) = impact at the jth node
K = stiffness factor

KiKK , ViVV , Ai = bulk modulus, volume and face area, respectively
fsff i = scale factor normally defaulted to 0.10
NiNN = 1

4 (1 + ξξi)(1 + ηηi) for a 4-node linear surface

Bangash extended this useful analysis for other shape functions, such
as NiNN for 8-noded and 12-noded elements. On the basis of this theory and
owing to the non-availability of the original computer source, a new sub-
program contact was written in association with the program isopar. The
subprogram contact is in three dimensions.
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Gap Element

{ �̂F N} = [Kγ′,γ′ ]i{UγUU ′}i = [Σk]{Σ∆i,∆j , . . . }
= { �̂�F i,j , . . . } + {±µ�̂F n, . . . ± k∆i, . . . }

∆sl = distance sliding

= (∆j − ∆i) − µ| �̂F n|
[Kγ′,γ′ ]

µ = friction

{ �̂F SN} ≤ µ{ �̂F N} no sliding

≥ µ{ �̂F N} sliding
= contact broken

θ 0 cos−1 X

γ
or sin−1 Y

γ

6.8 DELFT Interface Fraction Type Element

This is suited to isoparametric quadrilateral two-dimensional elements as
shown in Fig. 6.22. This gap or contact element is dealt with in detail by
Rots and Schellekens using traction profile.

Consider the general case of an isoparametric two-dimensional interface
element that connects two isoparametric solid elements. Figure 6.22 shows
one example. The element geometry x and the element displacement field u
are interpolated as

x = Hxi (6.37)

u = Hui (6.38)
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Fig. 6.22. Quadratic two dimensional quadrilateral interface element

where xi is the nodal geometry vector in global co-ordinates, ui is the nodal
displacement vector in global co-ordinates and H is a logical grouping of the
shape functions N which are expressed in the natural co-ordinates ξ and η
along the surface. The same interpolations are adopted for top and bottom
sides of the interface, which implies that the nodes should overlap. If the nodes
do not overlap, interpolations should be set up with reference to mid-plane.

The relative displacement field ∆u is defined as

∆u = Lu (6.39)

with L being a 3 × 6 matrix, filled with 1, −1 and 0 such that the relative
displacement is the displacement at the top side minus the displacement
at the bottom side. Here, the interface elements deviate from continuum
elements, where L contains differential operators.

The interface constitutive behaviour is described in terms of a traction-
relative displacement law in the local co-ordinate system at integration points.
This requires the global relative displacements ∆u to be transformed to local
relative displacements u as

∆ū = ΘT∆u (6.40)

Θ contains the normalised local axes n, s and t as columns. These local axes
are set up according to (6.37).

Substitution of (6.38) into (6.39) and of the result thereof into (6.40)
yields

∆ū = Bui (6.41)

where the notation B = ΘTLH has been introduced for the local rela-
tive displacement–nodal displacement matrix. Introducing the local traction-
relative displacement law as

t̂ = D∆ū (6.42)

the stiffness matrix can be written in standard form:
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Fig. 6.23. Interface element – behaviour checked with other researchers based on
DELFT

K =

ξ=+1∫
ξ=−1

η=+1∫
η=−1

BTDB det(J)dξdη (6.43)

with detJ being the determinant of the Jacobian operator.
In the case of three-dimensional analysis, Fig. 6.23 shows the interface

element for three-dimensional elastic analysis of a beam. Element interaction
schemes are described in the text. This element has been tested with other
methods of analysis by Newton-Cotes, Lobatto, Gauss and node-lumping
schemes, The comparative study of results is given in Fig. 6.23.

6.9 ANSYS Contact Elements

CONTAC52 – Three-Dimensional Point to Point Contact Element

CONTAC52 represents two surfaces which may maintain or break physical
contact and may slide relative to each other. The element is capable of sup-
porting only compression in the direction normal to the surfaces and shear
(Coulomb friction) in the tangential direction. The element has three degrees
of freedom at each node: translation in the nodal x, y and z directions as
shown in Fig. 6.24.
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Fig. 6.24. CONTAC52 three-dimensional point-to-point contact element

The element may initially be preloaded in the normal direction or it may
be given a gap specification. A specified stiffness acts in the normal and
tangential directions when the gap is closed and not sliding.

The geometry node locations and the co-ordinate system for this element
are shown in Fig. 6.24. The element is defined by two nodes, two stiffnesses
(KN and KS), an initial gap or interference (GAP) and an initial element
status (START). The orientation of the interface is defined by the node lo-
cations. The interface is assumed to be perpendicular to the I–J line. The
element co-ordinate system has its origin at node I and the x-axis is directed
towards node J . The interface is parallel to the elenlent y–z plane.

The normal stiffness KN should be based on the stiffness of the sur-
faces in contact. The sticking stiffness KS represents the stiffness in the tan-
gential direction when elastic Coulomb friction is selected (µ > 0.00 and
KEYOPT(1) = 0). The coefficient of friction µ is input as material property
MU and is evaluated at the average of the two node temperatures. Stiffness
may also be computed from the maximum expected force divided by the
maximum allowable surface displacement. KS defaults to KN.

The initial gap defines the gap size (if positive) or the displacement inter-
ference (if negative). An interference causes the nodes to separate. The only
material property used is the interface coefficient of friction µ. A zero value
should be used for frictionless surfaces.
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Table 6.1. CONTAC52 input summary

Element name CONTAC52
Nodes I, J
Degree of freedom UX, UY, UZ
Real constants KN, GAP, START, KS

A negative value of GAP assumes an initial interference con-
dition
If START = 0.0 or blank, initial status of element is deter-
mined from gap input
If START = 1.0, gap is initially closed and not sliding (if
MU �= 0�� .0), or sliding (if MU = 0.0)
If START = 2.0 gap is initially closed and sliding
If START = 3.0, gap initially open

Material properties MU
Surface loads None
Body loads Temperatures: T(I), T(J)
Special features Nonlinear, adaptive descent
KEYOPT(1) Used only with MU > 0.0

0 Elastic Coulomb friction (KS used for sticking stiffness)
1 Rigid Coulomb friction (resisting force only)

KEYOPT(4) 0 Gap size based on gap real constant
1 Gap size determined from initial node locations (ignore

gap real constant)
KEYOPT(7) Used with automatic loading to control contact time pre-

dictions
0 Predictions are made to achieve the minimum time (or

load) increment whenever a change contact status oc-
curs

1 Predictions are made to maintain a reasonable time (or
load) increment (recommended)

Table 6.2. Output for gap element

Name Definition O R
UT(Y. Z) Displacement (node J-node 1) in element y and z directions 2 2
FS Tangential (friction) force (vector sum) 2 2
ANGLE Principal angle of friction force in elementary-z plane 2 2
1 – if the value of START is:
2 – siding contact
3 – gap open (not given in Table AXIII.2)
2. If MU > 0.0
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The force-deflection relationships for the interface element can be sepa-
rated into the normal and tangential (sliding) directions as shown in Fig. 6.21.
The element condition at the beginning of the first sub-step is determined
from START parameter. If the interface is closed and sticking, KN is used in
the gap resistance and KS is used for sticking resistance. If the interface is
closed but sliding, KN is used in the gap resistance and the constant friction
force µFN is used for the sliding resistance.

In the normal direction when the normal force (FN) is negative, the inter-
face remains in contact and responds as a linear spring. As the normal force
becomes positive, contact is broken and no force is transmitted.

In the tangential direction for FN < 0 and the absolute value of the
tangential force (FS) less than µ|FN|, the interface sticks and responds as
a linear spring. For FN < 0 and FN = µ|FN| sliding occurs. If contact is
broken, FN = 0.

A summary of the element input is given in a step-by-manner in Table 6.1.

Output Data

The solution output associated with the element is in two forms:

(a) nodal displacements included in the overall nodal solution, and
(b) additional element output as shown in Table 6.2.

The force displacement curves are generally illustrated.

6.10 ABAQUS Gap Contact Element

The following overview underlines various sters and options for gap elements.

Overview

Gap elements:

• allow for contact between two nodes;
• allow for the nodes to be in contact (gap closed) or separated (gap open)

with respect to particular directions and separation conditions;
• are always defined in three dimensions but can also be used in two-

dimensional and axisymmetric models;
• allow contact to be defined on any type of element, including superele-

ments and user-defined elements;
• provide the contact forces, not stresses between two points in a local basis

system;
• require that some limitations be placed on the rotation of the contact

direction (GAPUNI and GAPCYL elements only) and
• can be used to stimulate an inextensible cable (by using GAPSPHER

elements).
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Fig. 6.25. GAPUNI contact element

Choosing and Defining a Gap Element

(a) GAPUNI elements model contact between two nodes when the contact
direction is fixed in space.

(b) GAPCYL elements model contact between two nodes when the contact
direction is fixed in a plane.

(c) GAPSPHER elements model contact between two nodes when the con-
tact direction is arbitrary in space.

(d) Gap elements are defined by specifying the two nodes forming the gap
and providing geometric data defining the initial state of the gap.

GAPUNI Elements

The behaviour of the interface being modelled with a GAPUNI element is
defined by the initial distance (clearance) d of the gap and the contact direc-
tion, n.

Clearance between GAPUNI Nodes

ABAQUS defines the current clearance between two nodes of the gap h as

h = d + n(u2 − u1)

where u1 and u2 are the total displacements at the first and the second node
forming the GAPUNI element. Figure 6.25 shows the configuration of the
GAPUNI element. When h becomes the gap contact element it is closed only
when the constraint h = 0 is imposed.

Gap Element Library

This section defines the gap elemellts available in ABAQUS.

References

• GAP contact elements
• ∗GAP.
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Element Types

GAPUNI unidirectional gap between two nodes
GAPCYL cylindrical gap between two nodes
GAPSHER spherical gap between two nodes

Active degrees of freedom −1, 2, 3(ux, uy, uz).
Additional solution variables – three additional variables relating to the

contact and friction forces.

Nodal Co-ordinates Required

GAPUNI: if the contact direction n is specified on the ∗GAP option, the nodal
co-ordinates are not relevant; however, it is useful to define the co-ordinates
of the two nodes for plotting purposes.

GAPCYL and GAPSPHER: X, Y , Z

Element Property Definition

Use the ∗GAP option to specify the initial clearance or overclosure in GA-
PUNI elements; a negative value indicates an initial overclosure. For GAP-
CYL and GAPSPHER elements, specify the maximum separation as a posi-
tive number or the minimum separtion as a negative number.

Element loading

None.

Element Output

S11 force in the gap
S12 first friction force normal to the gap direction
S13 second friction force normal to the gap direction
E11 current opening h of the gap element
E12 relative displacement (slip) in the first direction orthogonal to the con-

tact direction
E13 relative displacement (slip) in the second direction orthogonal to the

contact direction.
The increments of shear slip are the relative displacement increments

projected onto the two local directions that are orthogonal to the contact
direction.

In two-dimensional or axisymmetric models when the contact direction is
along the first (X or r), the active slip direction is E13 and the active shear
force is S13. In any other two-dimensional or axisymmetric case the active
slip direction is E12 and the active shear force is S12.



6.10 ABAQUS Gap Contact Element 359

Nodes Associated with the Element

Two nodes: the ends of the gap.
The behaviour of a GAPCYL element is defined by the initial separation

distance between nodes, d; the current positions of the element’s nodes, and
the axis of the GAPCYL element. The axis of the GAPCYL element defines
the plane in which the contact direction n lies. Specify d and the direction
cosines of the GAPCYL element axis on the data line of the ∗GAP option.

The value d = 0 is not allowed: it would enforce the distance between the
nodes to be exactly zero at all times, which does not correspond to a contact
problem.

Case 1. Defining the Gap Clearance When d Is Positive

If d is positive, the GAPCYL element models contact between two rigid tubes
of different diameter where the smaller tube is located inside the larger tube.
In this case, d is the maximum allowable separation. Each tube is represented
by a node on its axis with the axes connected by the GAPCYL element and
d corresponds to the difference between the radius of the tubes. The gap
between the tubes closes when the two nodes become separated by more
than d in any direction in the plane defined by the axis of the GAPCYL
element.

ABAQUS defines the current gap opening, h in GAPCYL elements for
Case 1 as

h = d − |x̄2 − x̄1| with x̄N = xN − a(axN) (6.44)

where xN is the current position of node N ; d is the specified initial separation
and a is the axis of the GAPCYL element.

If the initial position of the tube axes is such that the distance between
them is less than d the GAPCYL element is open initially. If the distance is
equal to d the element is closed initially and if the distance is greater than d
an initial overclosure (interference) is defined.

Case 2. Defining the Gap Clearance When d Is Negative

If d is negative, the GAPCYL element models external contact between two
parallel rigid cylinders. In this case, d is the minimum allowable separation
of the nodes.

Each cylinder is represented by a node on its axis connected by the GAP-
CYL element and d corresponds to the sum of the radii of the cylinders.
The gap closes when the two nodes approach each other to within d in any
direction in the plane defined by the axis of the GAPCYL element.

ABAQUS defines the current gap opening h in GAPCYL elements for
Case 2 as

h = |x2 − x1| − |d| with xN = xN − a(axN) (6.45)
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if the initial position of the cylinder axes is such that the distance between
them is greater than |d| the GAPCYL element is open initially. If the distance
is equal to |d| the element is closed initially; and if the distance is less than
|d| an initial overclosure (interference) is defined. Details about modelling
interference fit problems with GAP elements are discussed below.

Local Basis System for GAPCYL Element Output

ABAQUS reports the force across the gap and the shear forces that are
orthogonal to the contact direction as element output for GAPCYL elements.
It also reports the current clearance in the gap, h, and the relative motions of
the elements’ nodes that are orthogonal to the contact direction. The relative
motions and the shear forces are reported in local surface directions that are
formed using the standard ABAQUS convention for defining directions on
surfaces in space. The contact direction defines a surface in space on which
the local axes are formed and the slip is calculated from the relative motions
in the surface directions.

ABAQUS updates the contact direction for GAPCYL elements based on
the motion of the nodes forming the elements. However, the orientation of a
is not updated during the analysis.

GAPSPHER Elements

GAPSPHER elements can be used to model two very different contact situ-
ations: contact between two rigid spheres where the smaller sphere is inside
the larger, hollow sphere and contact between two rigid spheres along their
external surfaces.

The behaviour of a GAPSPHER element is defined by the minimum or
maximum separation distance between the nodes d and the current positions
of the element’s nodes. Specify the minimum or maximum separation distance
d on the data line of the ∗GAP option. The contact direction is defined by
the current position of the nodes.

The value d = 0 is not allowed: it would enforce the distance between the
nodes to be exactly zero at all times, which does not correspond to a contact
problem.

Case 1. Defining the Gap Clearance When d Is Positive

If d is positive. the GAPSPHER element models contact between a rigid
sphere inside another (larger) hollow rigid sphere. In this case d is the max-
imum allowable separation of the nodes forming the gap. Each sphere is
represented by a node at its centre, with the centres connected by the GAP-
SPHER element; and d corresponds to the difference between the radii of
the spheres. The gap closes when the two nodes become separated by more
than d.
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ABAQUS defines the current gap opening h for Case 1 as

h = d − |x2 − x1| (6.46)

with xN the current position of node N and d the specified separation.
If the initial position of the tube axes is such that the distance between

them is less than d, the GAPSPHER element is open initially. If the distance
is equal to d, the element is closed initially, and if the distance is greater than
d an initial overclosure (interference) is defined.

Case 2. Defining the Gap Clearance When d Is Negative

If d is negative, the GAPSPHER element models extend contact between
two rigid spheres. In this case d is the minimum allowable separation of the
nodes forming the gap. Each sphere is represented by a node at its centre
connected by the GAPSPHER element and |d| corresponds to the sum of the
radii of the spheres. The gap closes when the two nodes approach each other
to within |d|.

ABAQUS defines the current gap opening h for Case 2 as

h = |x2 − x1| − |d| (6.47)

If the initial position of cylinder axes is such that the distance between them
is greater than |d|, the GAPSPHER element is open initially. If the distance
is equal to |d| the element is closed initially and if the distance is less than
|d| an initial overclosure (interference) is defined.

Local Basis System for GAPSPHER Element Output

ABAQUS reports the force across the gap and the shear forces that are
orthogonal to the contact h and the relative motions of the elements node
that are orthogonal to the contact direction. The relative motions and the
shear forces are reported in local surface directions that are formed using the
standard direction that formed using the standard ABAQUS convention for
defining direction on surfaces in space. The contact direction defines a surface
in space on which the local axes are formed, and the slip is calculated from
the relative motion in the surface directions.

ABAQUS updates the contact direction for GAPSPHER elements based
on the motion of the nodes forming the elements.

Defining Nondefault Mechanical Interactions with Gap Elements

The default mechanical surface interaction model for problems modelled with
gap elements is hard frictionless contact. Optional mechanical surface interac-
tion models can be assigned by using the appropriate options in conjunction
with the ∗GAP option defining the elements properties. The following me-
chanical surface interaction models are available:

(a) friction
(b) modified ‘hard’ contact, softened contact and viscous damping.
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Modelling Large Initial Interference with Gap Elements

Specifying a large negative initial overclosure (interference) may lead to con-
vergence problems as ABAQUS tries to resolve the overclosure in a single
increment. Use the ∗CONTACT INTERFERENCE, TYPE = ELEMENT
option to allow ABAQUS to resolve the overclosure gradually.

Usage: ∗CONTACT INTERFERENCE, TYPE = ELEMENT

Specify d on the data line of the ∗GAP option. If a positive value is provided
the gap is open initially. If d = 0 the gap is initially closed. If d is negative,
the gap is considered overclosed at the start of the analysis and an initial
interference fit problem is defined.

Specifying the Contact Direction

The user can specify the contact direction on the data line of the ∗GAP
option. Otherwise ABAQUS will calculate the gap direction n by using the
initial positions of the two nodes forming the element, X1 and X2:

n = (X2 − X1)/|X2 − X1| (6.48)

An error message is issued if X3 = X1 (if the two gap element nodes have
the same initial co-ordinates). In this situation the user must define n on the
∗GAP option. The normal n usually points from the first node of the element
to the second, unless the gap is overclosed at the start of the analysis. In
that case, specify n so that the correct contact direction is used for the gap
element.

If the user specifies the gap direction n rather than allowing ABAQUS to
calculate it, the contact calculations consider only the displacements of the
gap elements nodes and the ordering of the nodes in the element definition.
The initial co-ordinates of the nodes play no role in the calculations.

The output from the GAPUNI gives force across the gap and shear forces
orthogonal to the contact direction. GAPCYL elements and GAPSPHER
elements are treated as outside the scope of this book since contact examples
between rigid steel tubes internally or externally contacted have not been
included in the text. For an in-depth study the reader is referred to analytical
and users’ manuals of ANSYS, available from Swanson’s Incorporation of
USA.

6.11 LS-DYNA Gap/Contact Elements

Introduction

The gap elements or contact elements are based on the Hallquist method
given above. The number of slave segments and number of master segments
are defined by interface control cards. IREAD flag is to read additional control
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cards. Ties interface contact definitions are based on offset option which can
be used with rigid bodies. Typical letters and numbers are given below as:

Type number (the letters ‘a’, ‘m’, ‘o’ and ‘p’ must be in col. 13)

1 – sliding without penalties
p1 – symmetric sliding with penalties (recommended)
2 – tied
02 – tied with offsets permitted, see note 1 below
3 – sliding, impact, friction
a3 – sliding, impact, friction, no segment orientation
m3 – sliding, impact, friction-metal forming option
4 – single surface contact
5 – discrete nodes impacting surface
a5 – discrete nodes impacting surface, no segment orientation
m5 – discrete nodes impacting surface-metal forming option
6 – discrete nodes tied to surface, see note 1 below
06 – discrete nodes tied to surface with offsets permitted
7 – shell edge tied to shell surface, see note 1 below
07 – shell edge tied to shell surface with offsets permitted
8 – nodes spot welded to surface
9 – tiebreak interface
10 – one way treatment of sliding, impact, friction
a10 – one way treatment, no segment orientation
m10 – one way treatment of sliding, impact, friction-metal forming option
11 – box/material limited automatic contact for shells
12 – automatic contact for shells (no additional input required)
13 – automatic single surface with beams and arbitrary orientations
a13 – like above but with extra searching for airbag contact
14 – surface to surface eroding contact
15 – single surface eroding contact
16 – node to surface eroding contact
17 – surface to surface symmetric/asymmetric constraint method
18 – node to surface constraint method
19 – rigid body to rigid body contact with arbitrary force/deflection curve

(this option may be used with deformable bodies)
20 – rigid nodes to rigid body contact with arbitrary force deflection curve

(this option may be used with deformable bodies)
21 – rigid body to rigid body contact with arbitrary force/deflection curve;

unlike option 19 this is a one-way treatment (this option may be used
with deformable bodies)

22 – single edge treatment for shell surface edge to edge treatment
23 – simulated draw bead
25 – force transducer contact for penalty based contact types – not for

types 2, 6, 7, 17 and 18, see type 27 below for the constraint type
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26 – automatic single surface, beams to beams, beam to shell edge
27 – force transducer contact for constraint based contact types; applies

to types 2, 6, 7, 17 and 18 only.

Static coefficient of friction µs

EQ.-l: part based friction coefficients are used. Applies to contact types a3,
a5, a10, 13, 15 and 26 only.

Tying will only work if the surfaces are near each other. The criteria used
to determine whether a slave node is tied down is that it must be ‘close’. For
shell elements, ‘close’ is defined as distance δ, less than:

δ1 =0.60∗ (thickness slave node + thickness master segment)
δ2 =0.05∗ min (master segment diagonals) (6.49)
δ=max(δ1, δ2)

If a node is further away it will not be tied and a warning message will be
printed. For thermal control card

hrad =radiation conductance
lgap =length or thickness of gap between sliding surfaces

h=heat transfer conductance
h=hcont, if the gap thickness is 0 ≤ lgap ≤ lmin (6.50)
h=hcond + hrad, if the gap thickness is lmin ≤ lgap ≤ lmax (6.51)
h=0, if the gap thickness is lgap > lmax (6.52)
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7 Aircraft and Missile Impact –
Data and Analysis

7.1 Introduction

Impact of aircraft and missiles is considered. Basic impact dynamics is ini-
tially introduced. About the free falling bodies and missiles ejecting out of
the building structures. The impactor can be an aircraft or a missile. It is
therefore essential for a reader to have a readily available data of all these im-
pactors so that he/she can easily simulate them in the finite element analysis
in the form of a load-time function. They are given in Tables 7.1 to 7.3. Pro-
gram BANG-F has been developed which is an extended version of ISOPAR,
reported earlier in which facilities exist for the direct interaction of Blast or
Fire effects. When the aircraft/missile impacts a building structure and its
elements, columns, frames, floors and other parts are scanned for dislocation,
plasticity, cracking and damage scenario in the main zones and at joints. A
stability check is asked for whether or not the time-dependent projectiles
ejecting and pulling under impactive force with and without fire effects and
finally impacting targets at certain distances. PROGRAM BANG-F written
in Fortran and FEM/DEM written in ‘C’ have such facilities.

7.2 Direct Impact/Impulse and Momentum

An impactor in the forming the form of missile is first given an initial velocity
and it is then possible to assume that it is moving under the action of its own
weight. If the initial velocity is not vertical, the missile will move in a curve
and its flight can be evaluated in terms of horizontal and vertical components
of displacement, velocity and acceleration.

An impulse is defined as a force multiplied by time, such that

F1FF (t) =
∫

Fdt (7.1)

where F1FF (t) is the impulse, F is the force and t is the time. The momentum
of a body is the product of its mass and its velocity:

momentum = mv (7.2)

where m is the mass and v is the velocity = dx/dt. Both velocity and mo-
mentum are the vector quantities; their directions are the same. If a body is
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moving with constant velocity, its momentum is constant. If velocity is to be
changed, a force F must act on the body. It follows that a force F must act
in order to change the momentum.

F = mdv/dt

or

Fdt = mdv
t2∫
t1

Fdt =
v∫
u

mdv

F1FF (t) = m(v − u) (7.3)

Where u and v are the velocities at times t1 and t2 respectively. If the initial
velocity u = 0, (7.3) becomes

I = mv (7.3a)

Thus the impulse of a force is equal to the change in momentum which it
produces.

Data on Civilian and Military Aircraft

Table 7.1. Civilian aircraft

Civilian aircraft normally in servise include Concorde, Airbus, Boeing, Antonov,
Ilyushin and Tupolov.

S = span; L = length; H = height; Aw = wing area; PLPP = payload;
V = speed; wa = weight at take-off or landing.

Basic parameters of Concorde

Power plant
4 × 38050 lb (169 kN)

Rolls-Royce/Sneema Olympus
593 Mk60 two-spool turbojet

S (m) 25.61
L (m) 62.10
H (m) 12.19
Aw (m2) 358
PLPP (kg) 11340
V (km/h) 2150
wa (kg) 186800
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Table 7.1a. Data on the Airbus family

Type Power plant S (m) L (m) H (m) Aw (m22) PLPP (kg) V (km/h) wa (kg)
A300B2–100 2 × 51000 lb (227 kN)

GE CF6–50C
turbofans 44.84 53.75 16.53 260 14900 869 34585

A300B2–200 2 × 51000 lb (227 kN)
GE CF6–50C
turbofans 44.84 53.57 16.53 260 34585 869 142900

A300B2–100 2 × 51000 lb (227 kN)
GE CF6–50C
turbofans 44.84 53.57 16.53 260 35925 869 158400

A300B4–200 2 × 52500 lb (233.5 kN)
CF6–50C1
turbofans 44.84 53.57 16.53 260 35600 869 165900

A310–202 2 × 48000 lb (218 kN)
GE CF6–80A
turbofans 43.9 46.66 15.80 219 32400 780 132000

Table 7.1b. Data for Antonov aircraft
Type Power plant S (m) L (m) H (m) Aw (m22) PLPP (kg) V (km/h) wa (kg)
An-12 4 × 4000 ehp Ivchenko

A1-20K turboprops 38 37 9.83 119.5 10000 550 54000
An-22 4 × 15000 ehp Kuznetsov

NK-12MA turboprops 64.4 57.8 12.53 345 80000 679 250000
An-24 2 × 2500 ehp Ivenchenko

A1-24 Seviiny 11
turboprops 29.2 23.53 8.32 74.98 13300 450 21000

An-26∗ 2 × 2800 ehp Ivenchenko
A1-24T turboprops 29.4 23.8 8.575 74.98 5500 435 24000

An-28 2 × 970 ehp Glushenkov
TVD-10B turboprops 21.99 12.98 4.6 39.72 1550 350 6100
(similar to An-14)

An-72 2 × 14330lb (6500 kg)
Lotarev D-36
turbofans 25.83 26.58 8.24 74.98 7500 720 30500

∗ An-30 and An-32 have similar status to An-26.

Table 7.1c. Data for Boeing aircraft

Type Power plant S (m) L (m) H (m) Aw (m22) PLPP (kg) V (km/h) wa (kg)
727-200 3 × 16000 lb (71.2 kN)

Pratt and Whitney
JT8D-17
turbofans 32.9 46.7 10.4 153.2 18594 883 95238

737-200 2 × 16000 lb (71.2 kN)
Pratt and Whitney
JT8D-17
turbofans 28.3 30.5 11.4 91 15422 775 53297

767 2 × 44300 lb (1.97 kN)
Pratt and Whitney
JT9D-7R 4A
turbofans 47.24 48.46 15.38 200 40224 800 128030

757 2 × 37400 lb (166.43 kN)
Rolls-Royce
RB211-535C 37.95 47.32 13.56 181.25 71530 899 298880

747-200B 4 × 50000 lb (222 kN)
Pratt and Whitney
JT9D-7F (wet)
turbofans 59.6 70.5 19.3 512 71530 907 366500

747-200B 4 × 53000 lb (236 kN)
Pratt and Whitney
JT9D-7Q
turbofans 59.6 70.5 19.3 512 69900 907 373300

747-200B 4 × 52500 lb (234 kN)
General Electric
CF6-50E2
turbofans 59.6 70.5 19.3 512 69080 907 373300

∗ For B767-200ER 46.55 48.46 16.155 For other details reference is made to Section 4
◦ For B747-400 65.00 70.71 19.18 For other details reference is made to Section 4
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Table 7.1d. Data on the Ilyushin aircraft

Type Power plant S (m) L (m) H (m) Aw (m22) PLPP (kg) V (km/h) wa (kg)
Ilyushin II-18 4× Ivenchenko A1-20M

turboprops
4250 ehp 37.4 35.9 10.17 140 14000 625 64000

Ilyushin II-62 4 × 25000 lb (113 kN)
Solovier
20-30-KU turbofans 43.2 53.1 12.4 280 23000 860 165000

Ilyushin II-76T 4× Solovier D.30KP
turbofans, each with
26455 lb St
(12000kg) 50.5 46.59 14.76 300 40000 850 157000

Ilyushin II-86 4× Kuznetsov turbofans,
each with 28635 lb St
(13000kg) 48.06 59.54 15.81 320 42000 900 206000

Table 7.1e. Data on the Tupolev series of aircraft

Type Power plant S (m) L (m) H (m) Aw (m22) PLPP (kg) V (km/h) wa (kg)
TU-I04 2 × 21385 lb (97 kN)

Mikulin AM 3M500
turbojet 34.54 25.85 11.9 174.4 900 800 76000

TU-124 2 × 11905 lb (54 kN)
Soloviev D-20P
turbofans 25.5 30.58 8.08 1.19 3500 800 26300

TU-l34 2 × 15000 lb (66.5 kN)
Soloviev D-30 turbofans 29 34.9 9 127 77000 849 45200

TU-l44 4×44000 lb St
(20000kg) with
Kuznetsov NK-l44
turbofans 28.8 65.7 12.85 438 14000 2500 180000

TU-l54 3 × 21000 lb (93.5 kN)
Kuznetsov NK-8-2
turbofans 37.5 48 11.4 202 20000 900 91000

Table 7.2. Military aircraft

S = span; L = length; H = height; Aw = wing area; PLPP = payload;
V = speed; wa = weight at take-off or landing.

Table 7.2a. Data on the Tornado IDS and ADV aircraft
Power plant

Interdictor Strike (IDS) Air Defence Variant (ADV)
Turbo-Union RB 199-34R (101 or 103) As for IDS, with MK 104
after burning turbofan MK 8090 lb
(3670 kg) to 15950 lb (7253 kg) after
burning thrust

S (m) 8.60 max swept 8.60 at 67◦ sweep
13.90 max unswept 13.90 at 25◦ sweep

L (m) 16.67 18.68
H (m2) 5.95 5.95
Aw (m) – –
PLPP (kg) 9000 9000
V (Mach) Mach 2 at high level Mach 2.2

Mach 1 at low level
wa (kg) 28000 28000

Armament 4× MK 13/15 1000 lb (454.74 kg) bombs
2 AIM-9L missiles
8 MK 83 retarded bombs
2 CBLS-200 practice bomb containers
4 Kormoram ASM
8× BL755 cluster bombs
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Table 7.2b. Basic parameters for the F-5E and F-20 aircraft

Power plant
Engine 2GEJ 85-21 Engine GEF404-GE100
5000 lb (2268 kg) thrust each 1800 lb (8164 kg) thrust each

S (m) 7.98 with missiles 8.5 with missiles
8.53 without missiles

L (m) 14.45 14.42
H (m) 4.07 4.10 (4.73 with wheels)
Aw (m2) 28.1 27.5
PLPP (kg) 6350 7263
V (miles/h) 850 1300
wa (kg) 11213.8 12700

Armament Air-to-air 2 No. 20 mm guns and AIM 9
Sidewinder missiles

Air-to-ground 2 No. 20mm guns and 9 bombs of
3020 kg

Table 7.2c-1. Data on the F-16 series of aircraft
F-16A and F-16B F-l6C and F-16D F-l6N TF-16N

Power plant Pratt and Whitney F100-PW-200 F110-GE-100 F110-GE-100
turbofan two shaft F100-PW-220 25000 lb 25000 lb
24000 lb (10885 kg) F110-GE-100 (11340 kg) (11340 kg)
thrust F100-PW-100 25000 lb (11340 kg) thrust thrust

thrust
S (m) 9.45 9.45 9.895

10.01 10.01 (without Sidewinder)
(with Sidewinder) (with Sidewinder)

L (m) 14.52 15.03 15.10
H (m) 5.01 5.09 5.10
Aw (m2) 27.87 27.87 27.87
PLPP (kg) 33000 lb (14969 kg) 37500 lb (16781 kg) 37500 lb (16781 kg)
V (miles/h) 1300 1300 1300
wa (kg) 12000 lb (5443 kg) 12430 lb (5638 kg) 17278 lb (7836 kg)

Table 7.2c-2. Data on the F-15
Power plant
2 No. Pratt and Whitney
F-100-PW-220 each with
24000 lb thrust

S (m) 13.05
L (m) 19.45
H (m) 5.64
Aw (m2) –
PLPP (kg) 7000
V (km/h) 2500
wa (kg) 20000

Armament 4 AIM-9L/M infra-red-guided Sidewinder missiles; 4 AIM-7F/M
radar-guided Sparrow missiles: 8 advanced medium-range
air-to-air missiles (AMRAAMs); M-61 20mm Gatling gun with 940
rounds of ammunition. Accommodates a full range of air-to-ground
ordnance.
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Table 7.2d. Data on the F/A-18 Hornet

Power plant
2 No. F404-GF-400
low bypass turbofan
engines each in 1600 lb
(70.53 kN) thrust and
with a thrust/weight
ratio of 8:1

S (m) 11.43
L (m) 17.06
H (m) 4.7
Aw (m2) 37.2
PLPP (kg) –
V (km/h) 2700
wa (kg) 24402

Armament Up to 7711 kg maximum on nine stations: two wing-tips for Sidewinder heat-
seeking missiles; two outboard wings for air-to-ground ordnance; two inboard
wings for Sparrow radar-guided missiles, air-to-ground, or fuel tanks; two
nacelle fuselage for Sparrow missiles or sensor pods; one centreline for
weapons, sensor pods or tank. Internal 20mm cannon mounted in nose.

Table 7.2e. Data for the Grumman F-14 Tomcat
Power plant

F-14A F-14B, C
2 × 20900 lb (9480 kg) 2 × 28090 lb (12741 kg) thrust
thrust Pratt and Whitney Pratt and Whitney F401-400
TF30-1412A

Two shaft after-burning turbofans

S (m) 11.630 (68◦ sweep) safely landing
19.54 (20◦ sweep)

L (m) 18.89
H (m) 4.88
Aw (m2) –

PLPP (kg) 17010
V (km/h) Mach 2.3 or 1564mph maximum speed, 400–500 km/h cruise speed,

125 km/h approaching speed
wa (kg) 27216

Armament AIM-54 Phoenix missiles
AIM-7 Sparrow missiles
AIM-9 Sidewinder missiles
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Table 7.2g. Data on the British Aerospace Jaguar

Power plant
2 No. Rolls-Royce
Turboméca Adour´
two shaft turbofans
7305 lb (3313 kg) to
8000 lb (3630 kg) thrust

S (m) 8.69
L (m) 15.4 to 16.42
H (m) 4.92
Aw (m2) –
PLPP (kg) 6800
V (km/h) 1450
wa (kg) 1550

Armament and other data
2 No. 30mm DFA 553 each with 150 rounds
5 No. pylons with total external loads of 4536 kg with guns
2 No. 30mm Aden for its T-2 model
Matra 550 Magic air-to-air missiles

Jaguar A and B and EMK 102 Adour engines
Jaguar S MK l04s

MK l08s

}
Adour engines

Jaguar Act
Jaguar FBW

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎭⎪⎪

Using digital quadruplex fly-by-wire
control system

Table 7.2h. Data on the Dassault aircraft
Type and power plant S (m) L (m) H (m) Aw (m22) PLPP (kg) V (km/h) wa (kg)
Dassault Breguet F1

Single-seater multi-mission fighter, 8.4 15 4.5 – 7400 1472 14900
7200 kg thrust, SNECMA Atar,
9K-50 single shaft turbojet

Estendard IVM and IVP
Single-seater strike fighter, 9.6 14.4 4.26 – 5800 1083 10000
4400 kg thrust, SNECMA Atar,
8B single shaft turbojet

Super Estendard
Single-seater strike fighter, 9.6 14.31 4.26 – 6300 1200 11500
5110 kg thrust, SNECMA Atar,
8K-50 single shaft turbojet

Mirage 3 and 5
Single-seater or two-seater interceptor, 8.22 15.5 4.25 – 6156 1390 12000
trainer and reconnaissance aircraft,
6000 kg thrust, SNECMA Atar,
9B single shaft turbojet

Mirage 2000
Mirage 315 and F-l improved version 9 15 4.5 – 7800 2200 9000
of these aircraft with engines
SNECMA turbofans

Mirage 4000
SNECMA M53, single shaft bypass 12 18.7 4.5 – 13000 2300 16100
turbofan 8 stage axial compressor
2 × 14500 lb (2 × 6579 kg) thrust

Armament Mirage 4000 Bombs: anti-runway Durandal up to 27
Internal cannons 2 × 30 mm clean or retarded (250 kg) up to 27
4 long-range missiles laser guided (250 kg) up to 27
4 air-to-ground missiles Rockets 68mm
2 air-to-surface missiles
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Table 7.4. Simplified missile analysis

Fig. 7.1a–c. Simplified analysis for missile as a projectile

Figure 7.1a shows a missile projected at a velocity u from a position 0. At 0, x,
ẋ and ẍ are all zero. The only force on the flight is equal to mg. Hence y, the
acceleration in the vertical direction, is −g.

The general forms of the velocity and distance equations are:

ν =u + at
(1)

s=ut +
1
2
at2

ẋ = u cos α , ẏ = u sin α − gt (Fig. 7.1b) (2)

x = (u cos α)t ; y = (u sin α) − 1
2
gt2 (3)

ẍ = 0 ; y = −g (4)

By elimination of t from (3), the trajectory equation is written in a parabolic form as

y = x tan α − (gx2 sec2 α/2u2) (5)

The velocity v of the missile during flight at any instant in time is given by

ν =
√

(ẋ2 + ẏ2) with α = tan−1 (y/˙ ẋ) (6)

since

y/˙ ẋ = (dy/dt)/(dx/dt) = dy/dx .

The direction of the velocity at any instant is along the tangent to the path for that
particular instant. If the missile is projected from the aircraft at an angle below its
level in order to hit the target at the ground level (the aircraft level is treated as
horizontal), (5) becomes

y = x tan α + (gx2 + sec2 α/2u2) (7)

and all negative signs in (2) and (3) related to g are positive.
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Case 1

If the missile is projected from the aircraft impact at an angle of α′ = 30◦, from a
distance of 700m, and hits the target at 200m distance, the speed and the direction
are computed from Fig. 7.1d.

Fig. 7.1d

y = x tan 30◦ + (gx2/2u2) sec2 30◦

700 = (200/
√

3) +
9.8 × 2002

2u2 × 1.34

u = 21.2 m/s
dy/dx = tan 30◦gx sec2 30◦/u2

= (1/
√

3) +
9.8 × 200

21.22 × 1.34

= 6.42
α′′ = tan−1 6.42 = 81.15◦

Case 2

If the missile is projected 4 m above the basic level of impact with a velocity of
100m/s at an angle of 45◦ to the horizontal, the horizontal distance x at which it
hits the ground is computed follows:

y = x tan α − gx2 sec2 α/2u2

or − 4 = x − (gx2/2u2)
or − 4 = x − (gx2/2 × 1002)

Rejecting the negative root, x = 2045m.

Case 3: flight time

As shown in Fig. 7.1a, the time taken by a missile to travel along its path from 0
to A is to be computed. At any time t:

y = (u sin α)t − 1
2
gt2

At A, y = 0

t = 2u sin α/g (8)

The other value of t = 0 cannot be true at A, as was assumed to be the case at 0.

Case 4: maximum height and horizontal range

Reference is made to Fig. 7.1c. At any time t, at any point B,

ẏ = 0 = u sin α − gt
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Hence

t = u sin α/g (9)

Substituting t into (3) of y

y = u sin αt − 1
2gt2

h = (u2 sin2 α/g) − 1
2g(u sin α/g)2

h = u2 sin2 α/2g

The maximum range x is obtained as

x = ut cos α=u(2u sin α/g)

=2u2 sin α cos α/g (10)

=u2 sin 2α/g

When sin 2α = 1 or α = 45◦

xmax = u2/g (11)

Fig. 7.1e
Case 5

A missile hits the target at a distance x when travelling horizontally. The distance
l at which the missile hits the ground after bouncing is computed below.

As shown in Fig. 7.1d, by using the coefficient of restitution e, the speed after
hitting the wall = eu cos α in a horizontal direction. The maximum height reached
is given by

h = su sin α/g

The time taken to reach ground level is calculated by

y = h = ut +
1
2
gt2 =0 +

1
2
gt2

t =
√

(2h/g)=
√

(2u2 sin2 α/2g2) (12)

=u sin α/g

When the missile hits the ground level at a distance l from the wall

l/x= e(u cos α)/u cos α
(13)

l = ex

where e is the coefficient of restitution.
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It can easily be proved that if the same missile hits a building floor vertically of
height h with a velocity v, rebounds from there with coefficient of restitution e
and rebounds to the floor with a coefficient of restitution f , when the value of v is
given by

v = [2gh(1 − f2 + e2f2)]/e2f (14)

Example 7.1

A windborne missile of mass m strikes a building wall and ricochets off at 120◦

to its original direction. The speed changes from u = 40 m/s to v = 35 m/s.
Calculate the resultant impulse of the system. Assume no damage occurs.

Fig. 7.2. Missile striking a wall

Since the direction of u and v are different before and after the impulse, the
components of the impulse and the velocities in two perpendicular directions
are considered.

(Ft)u = m(+35 cos 60◦) − m(−40)
= m[40 + (35/2)] = 22.5m where m = mass

(Ft)ν = m(35 sin 60◦ − 0)
= m35(

√
3/2) = 30.31m

Therefore the resultant impulse or impact

F1FF (t) =
√{[

(Ft)ν

]2 +
[
(Ft)u

]2}
= 64.9m



380 7 Aircraft and Missile Impact – Data and Analysis

7.3 Two Columns/Girders Falling and Impacting Each
Other in Contact in Elastic Medium

When two columns/girders are in contact, they exert equal and opposite
forces or impulses on each other and they are in contact for the same time.
If no external force affects the motion, the total momentum in the specific
direction remains constant. This is known as the principle of conservation of
linear momentum. When two bodies, m1 and m2 collide (Fig. 7.3), the mass
ratios are then calculated from (7.1):

FIF 1(t) = m1(ν1 − u1) =
∫

F1FF dt

FIF 2(t) = m2(ν2 − u2) =
∫

F2FF dt
(7.4)

Since
∫

F1FF dt +
∫

F2FF dt = 0, the relationship between velocity change and

mass becomes:

m2/m1 = (ν1 − u1)/ − (ν2 − u2) (7.5)

During the collision process knowing the momentum is conserved there is a
loss of energy on impact, which is determined using the concept of coefficient
of restitution, e.

Fig. 7.3. Desect-impact

Example 7.2

Under impact, one of the falling girders weighing 1195 kg and travelling at
50 km/h comes to rest in 10 seconds at the ground level; calculation is nec-
essary for the ground reaction.

Total mass = 1195 kg; u = 50 km/h = 13.89 m/sec
F (t) = Ft = mν − mu

= 0 − 1195(−13.89)
= 16.598 × 103

= 2F

Hence
F = 8.3 × 103 kg

= 9.0856 × 8.3 × 103 N
= 0.07541 KN

This is the force that the ground soil must tolerate if it necessary to avoid
penetration.
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Which is defined as the relative velocity of the two masses after impact
divided by the relative velocity of the two masses before impact. Before im-
pact:

e = (ν1 − ν2)/ − (u1 − u2) = 0

when the relative velocity vanishes, and

e = (ν1 − ν2)/ − (u1 − u2) = 1 (7.6)

Where e < 1, it is related to the loss in kinetic energy, and where u2 = 0
(refer to (7.6))

m1(ν1 − u1) + m2(ν2) = 0
(7.7)

ν1 − ν2 = −eu1

hence

ν1 =u1(m1 − em2)/(m1 + m2) (7.8)

ν2 =u1
[
(1 + e)m1/(m2 + m1)

]
(7.9)

The original kinetic energy (KE)′ = 1
2m1u

2
1

The final kinetic energy (KE)′′ = 1
2 (m1ν

2
1 + m2ν

2
2)

(KE)′ − (KE)′′ =
1
2
(m1u

2
1 − 1

2
(m1ν

2
1 + m2ν

2
2) (7.10)

Substituting the values of ν1 and ν2:

(KE)′ − (KE)′′ = (KE)′[m1(1 − e2)/(m1 + m2)
]

(7.11)

The displacement resulting from a short-duration (τ) impact is given by

x = b(t − τ) (7.12)

where t is the time beyond τ .
For dynamic analysis. tbe impact time is divided into n small segments

and, using (7.3a)

x=
1
m

n∑
0

νnInII (t − τnττ )

(7.13)

=
1
m

t∫
0

F (t − τ)dτ

If the impact is divided into two phases such that in the first, from time t1 to
t0, there will be compression and distortion until (ν1 + ν2) are both reduced
to zero (the two bodies moving together), in the second. the elastic strain
energies in the bodies are restored and are separated by a negative velocity,
−V2VV = (ν1 + ν2). During the second phase the impulse relation between the
bodies (FTFF −FT0FF ) will be proportional to FT0FF and the coefficient or restitution
e defined above is written as
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e = (FTFF − FT0FF )/FT0FF (7.14)

where FTFF is the total impulse during the impact and FT0FF is the impulse in
phase one.

At time t0

V0VV = ν10 + ν20 = ν1 +
(
FT0FF

m1
+ ν2 − FT0FF

m2

)
= 0 (7.15)

hence

V = ν1 + ν2 =
(

1
m1

+
1
m2

)
FT0FF (7.16)

Similarly, at time t2 the relationship becomes

V0VV − V2VV = FTFF

(
1
m1

+
1
m2

)
(7.17)

Using (7.14), the expression given in (7.6) may be written in the form:

−(V2VV /V ) = e (7.18)

Equations (7.7) and (7.9) result from the above method. However, from (7.14)
the total impulse is rewritten as

FTFF =
m1m2

m1 + m2
(1 + e)(ν1 + ν2)

(7.19)
=M(1 + e)V

where M is the equivalent combined mass of the bodies.
The changes in velocity after impact of the bodies are written as

∆V1VV =
M

m1
(1 + e)(ν1 + ν2) =

M

m1
(1 + e)V

∆V2VV =
M

m2
(1 + e)V

(7.19a)

7.4 Oblique Impact

When two bodies collide and their axes do not coincide, the problem becomes
more complex. With oblique impact, as shown in Fig. 7.4 two impulses are
generated: the direct impulse, FTFF , and the tangential impulse, F ′

TFF . The latter
is caused by friction between the impacting surfaces and by local interlocking
of the two bodies be θ1 and θ2 respectively. If F ′

TFF /FTFF = λ′ and the body’s cen-
tre of gravity has a coordinate system X and Y , the components of the vector
velocity, ν1 and u1, normal to the impact surface may be written as follows
x1 − y1 system

ν1 = |ν̄1| cos θ1 (7.20)
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Fig. 7.4. Oblique impact

u1 = |ν̄1| sin θ1 (7.20a)

where

|ν̄1| =
√√

(ν2
1 + u2

1)
α = tan−1(u1/ν1)

Similarly, ν2 written as

|ν̄2|=
√√

(ν2
2 + u2

2) (7.21)

β = tan−1(u2/ν2) (7.21a)

The momentum equations for the bodies are summarized below:

m1ν
′
1 − FTFF = m1ν

′
2

m1u
′
1 − λ′FTFF = m1u

′
2

m1R
2
1θ

′
1 + FTFF y1 − λ′FTFF x1 = m1R

2
1θ̇2

⎫⎬⎫⎫
⎭
⎬⎬

body 1 (7.22)

where ν′
1, ν

′
2, u

′
1 and u′

2 are for t1 and t2.

x2 − y2 system

m2ν
′′
1 − FTFF = m2ν

′′
2

m2u
′′
1 − FTFF = m2u

′′
2

m2R
2
2θ̇

′
2 + FTFF y2 − λ′FTFF x2 = m2R

2
2θ̇

′
2

⎫⎬⎫⎫
⎭
⎬⎬

body 2 (7.23)

where mR2
1 and mR2

2 are the second moment of inertia about the vertical axis
passing through the centre of gravity. The rate of approach and the sliding
of the two surfaces at the point of contact can be written as
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∆V1VV = ν1 + ν2 − θ̇1y1 − θ̇2y2 (7.24)

∆V2VV =u1 + u2 − θ̇1x1 + θ̇2x2 (7.25)

The addition to these equations is the restitution given by (7.18) in which,
when (7.24) is substituted and then, in the final equation, (7.22) is substi-
tuted, the value of FTFF is evaluated as

FTFF =
V (1 + e)
c1 − λc2

(7.26)

where

c1 =
1
m1

(
1 +

y2
1

R2
1

)
+

1
m2

(
1 +

y2
2

R2
2

)
(7.26a)

c2 =
(

x1y1

m1R2
1

+
x2y2

m2R2
2

)
(7.26b)

Using (7.22) and (7.23):

ν′
2 = ν′

1 − (FTFF /m1)
(7.27)

u′
2 =u′

1 − (λ′FTFF /m1)

θ̇2 = θ̇1 +
y1 − λ′x1

m1R2
1

FTFF

ν′′
2 = ν′′

1 − FTFF

m2
(7.28)

u′′
2 = u′′

1 − λ′FTFF

m2

θ̇′
2 = θ̇′

1 +
y2 − λ′x2

m2R2
2

FTFF

Figure 7.5 shows plots for (7.27) and (7.28). It is interesting to note that
larger values of λ′ show greater interlocking of the surfaces of the two bodies
and with e reaching zero, a greater plastic deformation occurs.

Case Studies

(1) One body impacting a rigid barrier with no angular velocity.

1/m2 = 0 ; ν1 = 0 ; u1 = 0 ; θ̇1 = 0 (7.29)

c1 =
1
m1

(
1 +

y2
1

R2
1

)
; c2 =

x1y1

m1R2
1

(7.29a)

ν′
2 = ν′

1
(
y2
1 − λ′x1y1 − eR2) /λ̄ (7.29b)

u′
2 =u′

1 − ν′
1

(
λ′(1 + e)R2

λ̄

)
; θ̇1 =

(1 + e)(y1 − λ′x1)
λ̄

(7.29c)
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Fig. 7.5. Velocity versus λ′ for oblig. Problems

where

λ̄ = y2
1 − λ′x1y1 + R2 (7.29d)
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(2) Circular impactor with radius r1.

x1 = r1 and y1 = 0 (7.30)

ν′
2 = eν′

1 (7.30a)

u′
2 =u1 − λ′ν′

1(1 + e) (7.30b)

θ̇1 =−ν′
1λ

′r1(1 + e)/R2 (7.30c)

For a circular impactor, R2 = 2r2
1/5

θ̇1 = −ν′
1
(
5λ′(1 + e)/2r1

)
(7.30d)

(3) Inelastic collisions. The value of e = 0 in the above case studies.
Case study (1)

ν′
2 = ν′

1(y
2
1 − λ′x1y1)/λ̄

u′
2 =u′

1 − ν′
1(λ

′R2/λ̄) (7.31)

θ̇1 =(y1 − λ′x1)/λ̄

Case study (2)

ν′
2 =0 ; u′

2 = u1 − λ′ν′
1

(7.32)
θ̇1 =−ν′

1λ
′r1/R

2 = −2.5ν′
1λ

′
1/r1

(4) Where no interlocking exists, λ′ = 0 in the above expressions.

7.5 Aircraft Impact on Structures – Peak Displacement
and Frequency

A great deal of work has been carried out on the subject of missile and air-
craft impact. Tall structures are more vulnerable to civilian, wide-bodied jets
or multi-role combat aircraft. A great deal of work on this subject will be
reported later. In this section a preliminary analysis is given for the determi-
nation of peak displacement and frequency of a tall structure when subject to
an aircraft impact. As shown in Fig. 7.6 the overall dimensions of the build-
ing are given. Let A be the base area and h be the maximum height of the
building. According to the principle of the conservation of momentum, if m
is mass and ν1 is the velocity of the aircraft approaching the building, then
using a linear deflection profile:

F1FF (t) = mν1 = (ρAh/2g)ν20 (7.33)

where ρ is the density or average specific weight and ν20 is the velocity of the
tip of the building.

The initial velocity, ν20, of the building can thus be evaluated from (7.5).
The time
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δ(t)= (ν20/ω) sinωt

=
[
ν20/(2π/T )

]
sinωt (7.34)

=
[
ν20/

√
(kc/mc

]
sinωt

where ω is the circular frequency and kc and mc are the equivalent building
stiffness and mass, respectively.

Using (7.33) for ν20 and sinωt = 1 for δmax(t), the peak dynamic displace-
ment, δmax(t), is given by

δmax(t) = mν1gT/πρAh (7.34a)

The equivalent point load generated for the peak dynamic displacement is
given by (7.34a). If that load is F1FF (t), then work done is equal to the energy
stored and

F1FF (t) × δmax(t) =
1
2
kc δ

2
max(t) (7.35)

from which

F1FF (t) =
1
2
kc δmax(t) (7.35a)

While momentum is conserved, a portion of energy of the aircraft is lost on
impact. The loss of energy E1 is then written as

E1 =
1
3
(ρAh/mg)(ν20/ν1)2 (7.36)

Equations in case study (1) and (7.31) for inelastic collisions are applied with
and without the interlocking parameter, λ′.

Fig. 7.6. Model aircraft impacting against a rigid surface
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7.6 Aircraft Impact: Load-Time Functions

7.6.1 Introduction

Many sensitive installations are to be found in areas where heavy air traffic
exists. Hence aircraft crashes cannot be entirely ruled out in such areas. Much
effort is now being devoted to studies of aircraft impact with a clear aim of
facilitating design to minimize damage to the aircraft and to the installa-
tions. Accident investigations, experiences and records are briefly discussed
in Chap. 1. In this section some useful impact models are given which can be
easily linked to both simplified and complex methods.

7.6.2 Stevenson’s Direct Head-On Impact Model

Work has been carried out on the remaining undamaged length of 45 m
(150 ft) long DC-8 jet which crashed into a rigid-surface, as shown in Fig. 7.4.
A simplified equation of motion is written as

V (dV/dx)
[
k(L − xcr) + mc

]
= F1FF (t) (7.37)

where
V = speed of the aircraft at time t after impact

xcr = crushed length
k = mass per unit length of fuselage

mc = concentrated mass at wings including engines and others
F1FF = impact force or resistance at the crash level.

Equation (7.37) is integrated:

F1FF (t) =
1
2
kV 2

0VV

[(
V

V0VV

)2

− 1

]
/ log

[
1 − xcr/(L + mc/k)

]
(7.38)

where V0VV is the aircraft speed prior to impact.

7.6.3 Riera Model

The response of the structure was assessed by Riera. The aircraft was replaced
by an equivalent force-time function. The aircraft impinges perpendicularly
on a rigid target and it is assumed that it crashes only at the cross-section
next to the target. The cross-sectional buckling load decelerates the remain-
ing rigid uncrushed portion. The total impact force F1FF (t) is the sum of the
buckling load and the force required to decelerate the mass of the impinging
cross-section. Since it is a one-dimensional ideal plastic impact approach, in
his model only the buckling load and the distribution of mass are needed.
The equation of motion is written as:

F1FF (t) = Rcrxcr + mcxcr(dxcr/dt)2 (7.39)

where
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Fig. 7.7. Force as a function of time (Boeing 707–320)

mc = mass per unit length of the uncrushed aircraft at impact
xcr = crushed length

dxcr/dt = VunVV = velocity of uncrushed portion
Rcr = resistance to crushing, i.e. crushing strength.

Non-linear equations for Rcr and m are set up and numerical procedures are
adopted for the applied forces at discrete time steps. The deceleration of the
uncrushed mass m is written as:

Gd = ẍ = −Rcr(xcr)n/

L∫
(xcr)n

mcxcrdxcr (7.40)

In order to determine the current acceleration, current states of (xcr)n and
Rcr at time tn can be used. Similarly, the common kinematics relationship be-
tween acceleration, velocity, displacement and time can be used to determine
conditions at time tn+1 = tn + δt.

(ẋcr)n+1 =(ẋcr)n + ẍnδt (7.41)

(xcr)n+1 =(xcr)n + ẋcrδt +
1
2
xnδt (7.42)

Equation (7.39) is used to calculate the current force. The force-time history
can thus be determined. A typical force-time history is given in Figs. 7.7
and 7.8.

7.6.4 Model of Wolf et al.

Wolf et al. developed a lumped mass, elasto-plastic model, as shown in
Fig. 7.9. Just prior to impact on a target of mass mt, Fig, 7.9a , spring stiffness
kt and damping coefficient c, the model has the mass of the fuselage which
is lumped in n nodes Fig. 7.9b. The mass mw or the part of the wing will
be assumed to break away when a certain crushing length is achieved. The
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Fig. 7.8. Force as a function of time (Phantom)

Fig. 7.9. Aircraft impact on chimney

nodes are connected by springs ki of length Li. The springs work in tension
and compression. For a spring next to the target, only contact in compression
is allowed. In tension, after reaching the yielding force Ryi, the spring ide-
ally become plastic, with a rupturing strain εr. At the buckling load Rti(x)
the springs are allowed to crush completely at εi = −1. When the spring
kjk (Fig. 7.9c) reaches the value of −1, the masses mj with mass mj + mj+1
(Fig. 7.9c). The spring stiffness kjk and its jth degree of freedom are deleted.
Using the conservation of momentum, the velocity u+

j+1 just after impact is
computed:
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Fig. 7.10. Aircraft impact on deformable target (lumped-mass model)
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u+
j+1 = (u̇−

j+1mj+1 + u̇−
j mj)/(mj+1 + mj) . (7.43)

where u̇−
j is the displacement of the jth node, and − and + superscripts for

before and after impact. (Note: the symbol u for displacement adopted here
is the same as x, in this text.)

The equations of motion with discrete time steps are adopted for the force-
time relationship. The total impulse I(t) from the individual mass point m1
to the target at time t1 is given by

I1(t) = m�[u̇+
t − u−

1 ] = (mt + mb)[u̇+
t − u−

t ] . (7.44)

Since the mass m� is distributed along the axis of the aircraft, the time for
the momentum transfer δt� is given by

δt� =
1
2
(t�−1 − t�+1) (7.45)

where t�−1 and t�+1 are the times of impact of the mass points m�−1 and
m�+1. Hence the value of F1FF (t�) is given by

F1FF (t�) = R� + I1(t)/δt� (7.46)

where R� is the force in the spring k�.
For a deformable target, as shown in Fig. 7.10,

F1FF (t) = RB(t) + m̄(t)[u̇a(t) − u̇t(t)]2 (7.47)

where

RB(t) = [ma − mb(t)]üa(t) (7.48)

where ma, mb and m are the total mass of the aircraft, the mass of the
crushed part of it and the mass per unit length of the crushed part next to
the target, respectively and u̇a and u̇t are the velocities of the aircraft and
the target respectively. The equation of motion is written as

[mb(t) + mt]ü(t) = P (t) − F (t) (7.49)

where P denotes the force in the impact spring transmitted to nodes of the
target. The velocity of the new target for the ideal plastic impact is given by

u̇t = [(mb(t) + mt)u̇−
i + mtu̇

−
i ]/[mb(t) + 2mt] (7.50)

Again the superscripts + and − indicate just after and just before impact.
Wolf et al. tested their work on rigid and deformable targets. Data used

in their work are reproduced below:

Rigid target
Boeing 707–320
ma = 127.5 Mg
mw = 38.6 Mg included in ma
εy = 2 × 10−3; εr = 5 × 10−2
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Fig. 7.11. Assumed propertics of a Boeing 707–320

Fig. 7.12. Force-time diagrams for an FB-111

Deformable target
Impact area = 37.2 m2

RT = yielding moment/elastic moment

Figures 7.11 and 7.12 show a comparative study for two aircraft, a Boe-
ing 707–320 and a combat aircraft FB-111, impacting on rigid targets, Fig-
ures 7.11 and 7.12 illustrate force-time relationships for deformable targets,
such as these two aircraft.
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Fig. 7.13. Force-time diagram for a deformable target (frequency 50Hz) mass
model

7.7 Military, Air Force, and Navy Missiles
and Impactors

7.7.1 Introduction to Bombs, Rockets, and Missiles

Different versions of bombs, rockets and missiles are available in the defense
markets. Table 7.5 summarizes the characteristics of a number of shells and
bombs.

Different missile systems exist in a number of countries. The range ca-
pability determines their category. Missiles with a maximum range exceed-
ing 550 km are classified strategic and those with ranges between 1000 and
5500 km are known as intermediate missiles. Missile systems with ranges less
than 1000 km are called short-range missile systems. Above these are the
inter-continental missiles.

Certain symbols used in the explanatory notes for the missiles are defined
as follows:

• ICBM Intercontinental ballistic missiles or strategic missile
• IRBM Intermediate range ballistic missile
• SRM Short-range missile
• SSM Surface-to-surface missile
• NSA Naval surface-to-air missile
• ADM Air defense missile
• AAM Air-to-air missile
• ASM Air-to-surface missile
• RO Rocket
• B Bomb
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• Parameters L: Length; S: span; d: diameter; wL: weight; V : speed; R:
range in miles (km); SG: self-guided; PLPP : payload

It is important to mention a few of the missiles. A typical example of
the ICBM/IRBM is Patriot, a SAM, and three shoulder-mounted missiles,
namely Stinger, Blow Pipe and Javelin missiles. Others are described in Ta-
bles 7.5 to 7.14.

7.7.1.1 Patriot: A SAM

In March 1972, Patriot was underway with modifications in radar, computer
and guidance hardware. In July 1973, demonstration model file control group
(DMFCG) was tested. In January 1979, the program was redesigned XMIM-
104 Patriot. A full-scale development commenced in August 1979. First firing
in CM electronic counter measures (ECM) was carried out in December 1976.
A Patriot fire unit consists of a fire section (FSC) and its launchers. The
individual sections of the weapon from nose to tail are given below:

(1) nose redone
(2) terminal guidance system
(3) warhead section
(4) propulsion system
(5) control section

The nose random is fabricated from 12 mm thick slip-cast fused silica and
tipped with cobalt alloy.
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7.8 Empirical Formulae for Structural Elements
in Damage Scenario

7.8.1 Introduction

It is important first to define certain terms prior to their influence on concrete
structures. This section pertains only to local effects largely independent of
the dynamic characteristics of the building structures. Local effects consist
of missile penetration into and perforation through building structures, and
spalling and scabbing of particutarly concrete structures. They are defined
below.

(a) Penetration – the measure of the depth of the crater formed at the level
of impact.

(b) Perforation – full penetration through the structure.
(c) Scabbing – the peeling off of the material from the opposite face to that

at which the impact occurred.
(d) Spalling – the ejection of target material from the face at which the

impact occurs.

Analytical and rational mathematical prediction of these effects is extremely
difficult. This is due to the complex nature of the transient loads. Various pa-
pers have been published in recent years which have described new ideas and
methods for analysing and designing against impact on concrete structures
connected with nuclear plant facilities. Owing to complexities in evaluating
structural damage due to impact loading, design criteria so far developed
have been mainly dependent on experimental tests and empirical formulae.

There are various empirical formulae that used to be employed in con-
nection with missile impact problems on nuclear plant structures, but most
of them have been discarded because over the years new, more relevant test
data have been made available and these empirical formulae did not give
good or realistic results in comparison.

However. there are some older and newer formulae which are still very
much applicable. Of these, some empirical formulae are given in the next few
paragraphs.

7.8.2 The National Defence Research Committee
(NDRC) Formula

This formula is really the only one of the older formulae still applicable to
nuclear plant facilities for design against impacts. It was put forward in 1946
by the National Defence Research Committee (USA), and proposed a theory
of penetration for a non-deforming missile penetrating a massive concrete
target. This theory enabled one to calculate the penetration, scabbing and
perforation thickness for given missile data, and also gave the thickness that
would be required to prevent scabbing and perforation.
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The modified NDRC formula for penetration is given below

x=

[
4KNWdWW

(
V0VV

1000d

)1.8
]1/2

for
x

d
≤ 2.0 (7.51)

x=

[
KNW

(
V0VV

1000d

)1.8

+ d

]
for

x

d
≥ 2.0 (7.52)

where all the symbols are defined below.
The NDRC formula for perforation thickness is given by

e

d
= 3.19

(x

d

)
− 0.718

(x

d

)2
for

x

d
≤ 1.35 (7.53)

This formula is applicable for x : d ratios less than 1.35 on1y, and for other
x : d ratios the results are very conservative. For other x : d ratios the US
Army Corps of Engineers put forward the formula

e

d
= 1.32 + 1.24

(x

d

)
for 1.35 ≤ x

d
≤ 13.5 (7.54)

where
W = missile weight (lb)
x = penetration depth (in.)
e = perforation thickness

esc = scabbing thickness
d = missile diameter (in.)

V0VV = impact velocity (ft/s)
f ′
cff = concrete cylinder compressive strength (psi)

K = 180/
√
f ′
cff

N = missile shape factor
= 0.72 for flat-nosed bodies
= 0.84 for blunt-nosed bodies
= 1.00 for spherical-ended bodies

N = 1.14 for very sharp-nosed bodies.

The formula for scabbing and perforation thickness xsc and xp respectively
for a solid cylindrical steel missile and infinite thickness of the target are given
below

xsc/d=2.12 + 1.36xp/d for 3 ≤ tsc/d ≤ 18 (7.55)

xp/d=1.32 + 1.24xp/d for 3 ≤ tp/d ≤ 18 (7.56)

xsc/d=7.91(xp/d) − 5.06(xp/d)2 for tsc/d < 3 (7.57)

xp/d=3.19(xp/d) − 0.718(xp/d)2 for tp/d < 3 (7.58)
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Modified NDRC Formula

A modification of the NDRC formula to take into account the finite thickness
of a target is proposed. For large diameter missiles impacting on targets of
finite thickness the perforation and scabbing thicknesses are given below

xp/d=3.19(x/d) − 0.718(x/d)2 for x/d ≤ 1.35
(7.59)

xsc/d=7.91(x/d) − 5.06(x/d)2 for x/d ≤ 0.65

Equations will have a range of 0.65 ≤ x/d ≤ 11.75 and 1.35 ≤ x/d ≤ 13.5,
respectively. In any case, t/d ≤ 3 gives comfortable results.

It should be stressed that the above formula for perforation within the
stated x : d ratios are not strictly NDRC formulae but are based on the
penetration thickness x, as obtained from the original NDRC formula.

The values of x and xsc in the formulae are the calculated values of the
target thickness to prevent perforation and scabbing, respectively. It has been
suggested that a factor of safety be used with these values so that the de-
sign thickness of the concrete target is 20% or 30% greater than the value
calculated.

For example, if a 20% safety factor is used, the design thickness to prevent
perforation, t4 would be given by

t4 = 1.2x (7.60)

Similarly, the thickness to prevent scabbing is given by

t4 = 1.2xsc (7.61)

where xsc = scabbing thickness.
It is up to the designer what he or she considers most important for design:

the perforation thickness or the scabbing thickness. Usually the larger of two
values obtained is used.

In most cases, if the structure is designed against perforation then it is
automatically made adequately safe against punching, and further analysis
for punching shear is not necessary. This is strictly true for non-deformable
missiles such as steel rods but also holds good for most deformable missiles.

7.8.3 The Bechtel Formula

This formula is sometimes used to determine the thickness to prevent scab-
bing. It was developed by the Bechtel Corporation and is based on recent
test data applicable to missile impacts on nuclear plant structures. However,
the formula is restricted to essentially non-deformable missiles such as solid
steel slugs and rods. It is only moderately applicable to hollow pipe missiles.
There are two formulae for scabbing thickness which are given below. The
Bechtel formula for scabbing thickness for solid steel missiles

xsc =
15.5√
f ′
cff

(
W 0.4V 0.5

0VV

d0.2

)
(7.62)
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The Bechtel formula for steel pipe missiles (scabbing)

xsc =
5.42√
f ′
cff

(
W 0.4V 0.65

0VV

d0.2

)
(7.63)

The variables given above are in imperial units. The Bechtel formulae are
also written for scabbing and perforation thickness in metric units using a
new reference velocity ν∗ (60.96 m/s):

tsc =1.75
(
ν∗

ν

)0.13 (mν2)0.4

(d)0.3(f ′
cff )0.4 (7.64)

tp =0.90
(
ν∗

ν

)0.25 (mν2)0.5

(df ′
cff )0.5 (7.65)

where ν = V0VV .
The variables given above are in imperial units. The symbols again are

defined earlier. d is the nominal missile diameter. The formula was strictly
developed with 200 mm (8 in.) diameter pipes but also holds true for other
diameters.

Again, xsc obtained from the formula is the target thickness to prevent
scabbing. A factor of safety may also be used to convert to design-target
thickness.

7.8.4 The IRS Formulae for Penetration and Complete Protection

The IRS formula for penetration is expressed as

x = 1183f ′−0.5
cff + 1038f ′−0.18

cff exp(−0.82f ′0.18
cff ) (7.66)

The IRS formula for total protection of a target against penetration, perfo-
ration and scabbing is:

SVOLL = 1250f ′−0.5
cff + 1673f ′−0.18

cff exp(−0.82f ′0.18
cff ) (7.67)

where SVOLL is the minimum wall thickness to provide complete protection.
(Note: the units of the penetration and concrete strength are not imperial.
The penetration is in units of centimetres and f ′

cff is in the units kg force/cm2

– 1 kg force/cm2 ≈ 100 N/m2).
In the IRS formula the value of SVOLL is the equivalent of design thick-

ness as obtained from the other formulae. The penetration depth is the same
as those in the other above-mentioned formulae.

7.8.5 The ACE Formulae to Prevent Penetration or Perforation

The formulae for penetration and perforation are as follows.

(a) The formula for penetration

x =
2.82√
f ′
cff

(
W

d2

)
d0.215

(
V0VV

1000

)1.5

+ 0.5d (7.68)
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(b) The formulae for perforation and spalling thicknesses are

e = 1.23d + 1.07x (i)
(7.69)

esp = 2.12d + 1.36x (ii)

The symbols used are those previously defined. The units of the variables are
imperial. The ACE formula for perforation gives the thickness of target to
prevent perforation. Together with a factor of safety of, say, 1.2, the value of
e can be used to determine. the target design thickness.

ta = 1.2e (7.70)

This is because e is the minimum wall thickness of the target to prevent
perforation.

7.8.6 The Stone and Webster Formula

Scabbing thickness (s) = (Wν0/C)1/3 (7.71)

C is a coefficient (Table 7.15).

7.8.7 The CKW-BRL Formula for Penetration and Perforation

x =
6Wd0.2

d2

(
V0VV

1000

)4/3

(imperial units) (7.72)

The perforation thickness is given by

e = 1.3x (7.73)

e is the minimum thickness to prevent perforation.
Table 7.15 shows comparisons of scabbing thicknesses.

7.8.8 Modified Ballistic Research Laboratory Formula

The modified Ballistic Research Laboratory formula gives the perforation
thickness of infinitely thick targets impacted by a non-deformable missile
with high velocity as

tp = (427Wd0.2)/(d2√f ′
cff )V0VV /1000)1.33 (7.74)

where
tp = perforation thickness (in.)
W = missile weight (lb)
d = missile diameter (in.)
f ′
cff = concrete compressive strength (psi)

V0VV = missile velocity (ft/s)
xsp = 2x is the spalling thickness.
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Table 7.15. Comparison of predicted scabbing thickness and known low velocity
test results

Missile Missile Test results Calculated scabbing
velocity scabbing thickness

thickness NDRC Bechtel
(m/s) (mm) (mm) (mm)

200mm slug 0.95 kN 60 305 360 315
75mm pipe schedule-40 0.35 kN 61 300 285 343
300mm pipe 3.3 kN 60 450–600 607 627
75mm slug 0.06 kN 30 127 129 129
75 mm diameter pipe 0.005 kN 59 133 141 151
Stone and Webster: C coefficients lb/in./s

s/d 1 1.5 2.0 2.5 3.0
Solid C ← 900 — 950 →
Hollow C

2t/d = 0.125 2.250 2.450 2.500 2.550
= 0.08 3.00 3.250 3.350 3.400
= 0.06 3.600 3.750 3.900 4.050

7.8.9 Chalapathi, Kennedy, and Wall (CKW)-BRL Formula

The penetration depth is calculated using the CKW-BRL method as

tp = (6Wd0.2/d2)(V0VV /1000)1.33 (7.75)

where tp = thickness to prevent perforation = 1.3xp. All units are imperial,
as defined earlier.

7.8.10 Dietrich, Furste (DF)-BRL Formula

The formula [Dietrich F., personal communication] gives the thickness to
prevent perforation as

tp = (3 × 10−4/
√
fciff )(Wd1.8)(ν/1000)4/3 (7.76)

where d and tp are in m, W is in kN, fciff is in kN/cm2 and ν is in km/h.

7.8.11 Modified Stone and Webster

The scabbing thickness is given, as for the infinitely thick concrete targets, by

tsc = (Wν2/c′
0) (7.77)

where the values of W and ν are in lb and ft/s respectively and c′
0 is a

coefficient depending on the ratio of tsc/d. The range for which this formula
is considered is 3000 psi ≤ f ′

cff ≤ 4500 psi and 1.5 ≤ tsc/d ≤ 3.
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7.8.12 Modified Kar Formula

The equation for predicting the penetration depth, X, in concrete structures
is given as

G(X/d) =
[
α/¯ (f ′

cff )0.5]N2NN (Em/Es)1.25 [W/D(d1.8)(V/1000)1.8] (7.78)

where

G(X/d) = (X/2d)2 for X/d ≤ 2.0

G(X/d) = X/d − 1 for X/d > 2.0

N = 0.72 for flat-nosed solid bodies, and
N = 0.72 + 0.25(n − 0.25)0.5 ≤ 1.17 for missiles with special nose shapes;

n is the ratio of the radius of the nose to the diameter of the missile,
and

N = 0.72+[(D/d)−1](0.0306) ≤ 1.17, for hollow pipe or irregular sections
Em is the modulus of elasticity of the material of the missile (psi)
Es is the modulus of elasticity of mild steel (psi)
f ′
cff is the ultimate compressive strength of the concrete test cylinder (psi)
d is the projectile diameter (in.)
D is the outside diameter of a circular section (in.)
W is the weight of the missile (lbs)
V is the impact velocity of the missile (ft/s)
ᾱ is a constant depending on the type of units used

(ᾱ = 180.0 when using imperial units)

The thickness xa to prevent perforation, and the thickness xsc to prevent
backface scabbing are determined by

(xa − a1)/d=3.19(X/d) − 0.718(X/d)2 for X/d < 1.35 (7.79)

ρ(xsc − a1)/d=7.91(X/d) − 5.06(X/d)2 for X/d ≤ 0.65 (7.80)

in which ρ = (Es/E
m)(ρ = 1 for steel missiles), and a1 is half the aggregate

size in concrete (in.) xa = e in this case.
For X/d ratios larger than those shown in the previous equations, the

perforation depth and the scabbing thickness can be calculated using the
following equations:

(xa − a1)/d=1.32 + 1.24(X/d) for 3 < xa/d ≤ 1.8 (7.81)

β′(xsc − a1)/d=2.12 + 1.36(X/d) for 3 < xsc/d ≤ 1.8 (7.82)

7.8.13 Petry Formula

Petry’s formula is used for predicting the penetration depth xp for infinitely
thick concrete targets. This formula is derived from tests concerning high
velocity impact on infinitely thick concrete targets. Where thickness governs
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the failure mode or the impact response is influenced by the size and shape of
the missile and the presence of the reinforcement, this formula gives accurate
assessments.

xp = KmKK AV ′R (7.83)

where
xp = depth of penetration in a concrete slab of thickness h

KmKK = material property constant (L3/F )
= 4.76 × 10−3 ft3/lb = 2.97 × 10−4 m3/kg

A = sectional mass weight of the missile per unit cross-sectional area
of contact (F/L2)

V ′ = velocity factor = log10
[
1 + (V 2

0VV /V ∗2)
]

V ′
0VV = initial velocity of missile at impact

V ∗2 = reference velocity equal to 215000 ft2/s2(19973 m2/s2)
R = thickness ratio

xp/Dp = 1 + exp[−4(α′ − 2)]

where α′ = h/Dp = h/KmKK AV ′ and Dp is the penetration depth of an in-
finitely truck slab. The penetration depth is restricted to less than h, to
satisfy the inequality below. In order to prevent penetration and spalling

h ≥ C1A × 10−5 ft or an equivalent value in SI units

where C1 is taken from Fig. 7.14. The time required for penetration is derived
from the modified Petry formula

F = mx = mν(dν/dx) = −1.15(V ∗2/KmKK A) exp(2.3xp/KmKK A) (7.84)

Fig. 7.14. Minimum thickness needed to prevent penetration and spalling
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7.8.14 Modified Barr, Carter, Howe, and Neilson Formulae

Experiments were undertaken on circular reinforced concrete slabs at three
different scales (1×, 0.38× and 0.128× prototype). Transient loads, deflec-
tions and impactor velocities were measured during impact. The bending re-
inforcement in the targets varied between 0 and 0.5% each way on each face
and the missile velocity varied from 50 m/s to 300 m/s. Based on these tests,
a modification of the CEA-EDF formula was suggested. Thus, the velocity
to cause perforation V can be calculated by

V = 1.3σ1/2D1/6
c (de2/m5)2/3r0.27

b . (7.85)

Because of the limited test data, it was proposed that the formula be re-
stricted to the following range:

160 kg/m3
< reinforcing steel

20 m/s < impact velocity < 230m/s

0.5 ≤ slab thickness/projectile diameter.

7.8.15 Modified CEA-EDF Formula

Tests were carried out for the French Atomic Energy (CEA) and Electricité
de France by Berriaud on a series of slabs subject to impactors with varying
velocities (from 20 m/s to 200 m/s), thickness, concrete strength and rein-
forcement quantities. The empirical formula for a thickness to resist perfora-
tion is given by

x = 0.82(f ′
cff )−3/8(ρc)−1/8(W/d)0.5V

3/4
0VV (7.86)

where ρc is the density of concrete and the following ranges apply

30 MPa < f ′
cff < 45 MPa

0.3 < xp/d < 4

75 kg/m3
< p1 < 300 kg/m3

where p is the reinforcement quantity. The perforation velocity νp for the
target thickness is given by

νp1.7f ′
cff (ρc)1/3(dh2/W )4/3 (metric) . (7.87)

The CEA-EDF residual velocity formula νr based on several tests with a
correction factor K0KK is given below with all values in imperial units:

νr =

⎡
⎢
⎡⎡
⎣⎢⎢ 1

1 +
W1WW

W

(ν2 − ν2
p)

⎤
⎥
⎤⎤
⎦⎥⎥ (7.88)

K0KK νp =
[
ν2
p − ν2

r

(
1 +

W1WW

W

)]1/2

(7.89)
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where
F = the resisting force, equal to Rm
x = penetration at any time

V ∗ = missile velocity at any time
h = penetration depth.

Due to the nonlinear nature of the equation of motion, a numerical in-
tegration is necessary to determine the velocity as a function of distance.
Then

Y = −1.15(V ∗2/KmKK A) exp[2.3(x − δ)/KmKK A] (7.90)

hence

mx = mtδ + kδ (7.91)

where
x = missile displacement
δ = target displacement
k = target stiffness

m, mt = mass of the missile and target respectively.

7.8.16 Chang Formulae

Chang has proposed two semi-analytical formulae for predicting perforation
and scabbing thickness of concrete targets impacted by hard steel missiles of
non-deformable type:

tp =(u/ν)0.25(mν2
0/df

′
cff )0.5 (7.92)

tsc =1.84(u/ν0)0.18(f ′
cff )0.4(d)0.2(mν2

0)0.4 (7.93)

These formulae are probably validated over the following range based on
random variable by Bayesian statistics:

16.7 m/s < ν0 < 311.8 m/s

0.11 kg < W < 343 kg

2.0 cm < d < 30.4 cm

232 kg/cm2
< f ′

cff < 464.2 kg/cm2

5.0 cm < h < 60.9 cm

where u is a reference velocity (200 ft/s or 60.96 m/s) and f ′
cff , d, m and ν0 are

defined in other sections. The scabbing velocity VscVV ft/s, is written as

VscVV =
[
(1/2 × 469)(d0.2f ′

cff h/W 0.4)
]3/2 (7.94)

where νr, νp, K0KK and W1WW are the residual velocity of the missile, perforation
velocity, correction factor and the weight of the target material removed by
impact, respectively. The mean and minimum values of K0KK are 1.45 and 1.225
respectively.
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7.8.17 Haldar, Miller, and Hatami Method

The impact formula of the NDRC type associated with a non-dimensional
impact factor I are presented in imperial units as

I = WNν2gd3f ′
cff (7.95)

where g = 32.2 ft/s2 and, when substituted, the above equation becomes

I = 12NWν2/32.2d3f ′
cff

where N is the missile nose-shaped factor and all other notations are as
defined earlier.

For various impact factors, the NDRC test results were examined using
linear regression analysis for xp/d and tsc/d ratios.

tsc/d = −0.0308 + 0.2251I 0.3 ≤ I ≤ 4.0 (a)

tsc/d = 0.6740 + 0.0567I 4.0 ≤ I ≤ 21.0 (b)

tsc/d = 1.1875 + 0.0299I 21.0 ≤ I ≤ 455 (c)

tsc/d = 3.3437 + 0.0342I 21.0 ≤ I ≤ 385 (d)

(7.96)

7.8.18 Takeda, Tachikawa, and Fujimoto Formula

Takeda et al. proposed a formu1a for predicting the penetration depth into
reinforced concrete slabs subject to hard missiles:

x0 =
[
α/(β + 1)

]
(ν0)β+1 (7.97)

where
a = 2nml−n/c′ψ
β = 1 − 2n

xp = maximum depth of penetration (cm)
m = mass of projectile (kg−s2

/cm)
ν0 = impact velocity (cm/s)
ψ = circumference of projectile (cm)

c′, n = constants.

Since the formula is based on the kinetic energy as input, it is valid for
an energy range from 20 × 100 kg/cm to 200 × 105 kg/cm.

7.8.19 Hughes Formulae

These formulae have been developed using the dimensional analysis and test
analysis results of NDRC and ACE described earlier. Front and back faces are
reinforced (front face 0–0.15%; back face 0.3–1.7% each way). The penetration
depth calculated for a concrete barrier, assuming no scabbing or perforation
occurs, is given by
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xp/d = 0.19NI/s′ (7.98)

where
N =

nose-shaped coefficient = 1, 1.12, 1.26 and 1.39 for flat, blunt, spher-
ical and very sharp noses, respectively

I = impact parameter = (mν2/0.63
√
f ′
cff )d3

s′ = strain-rate factor = 1 + 12.3 log(1 + 0.03I).

The thickness of the concrete target necessary to prevent scabbing and
perforation is written as

xsc/d=1.74(xp/d) + 2.3 (7.99)

xp/d=1.58(xp/d) + 1.4 (7.100)

7.8.20 Modified Kar Formulae

It is claimed that most of the formulae described earlier do not include dimen-
sions, shapes of the missiles, material properties of the missiles and targets
and the size of the coarse aggregate in concrete. Kar gives the penetration
depth (in inches) in the concrete targets as

G(xp/d) = αKpKK N(W/D)(ν/10000d)1.8 (7.101)

where the range for G(xp/d) is given as{
(xp/2d)2 for xp/d ≤ 2.0

(xp/2d) − 1 for xp/d ≥ 2.0
(7.102)

and where D = diameter of the actual missile in the case of a circular section
or is equal to the projectile diameter d in the case of a rectangular section.

7.8.21 Perry and Brown Formulae

For solid missiles on concrete targets, the penetration depth is given in
Fig. 7.15 by

xp/d = 9.605
√
m
[
ν
√

(E0d
3)
]
+ 0.06 (7.103)

where xp, d and ν are as defined earlier and m is the missile mass. If L < 50,
the scabbing thickness does not occur. If L > 70 the scabbing thickness
certainly occurs.

L =
[√

m(ν/
√
d)h(1 + h/d)

]√
Ecσs (7.104)

where



418 7 Aircraft and Missile Impact – Data and Analysis

Fig. 7.15. Assumed barrier failure mechanism and derivation of hinge radius

h = target thickness
Ec = Young’s modulus
σs = maximum value of nominal shear stress before damage

= σtm
√[

1 + (σcm/σtm)
]

σtm = mean tensile stress in concrete
σcm = compressive stress
σcr = 0.90σ′

cr

= 0.9
[
0.52(1 − ν2)/(1 − ν2

p)
]1/2(EtEE /E)1/2Es(tp/r)]

E = Young’s modulus
EtEE = tangent modulus
Es = secant modulus
tp = pipe thickness (in.)
r = pipe radius (in.)

ν, νp = Poisson’s ratios for elastic and plastic, respectively.

Geometry

tan θ = R1 × r/x = 2
2x = R1 × r
R1 = 2(htxp) + r
R2 = CLCC t3
Ru = MuMM Dh

where

MuMM = ultimate curvature = eu/ChCC ≈ xp/ChCC
Dh = hinge length (or R2R1)

(R2 or R1)max = ru/MuMM = 0.07/0.003 = 23.3
(R2)max = R1 + 23
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The thickness to prevent spalling is given by

tsp = xp + x + c (7.105)

x(x + r)2 >

[
6W 2V 2

mVV − W

2gπruMuMM

](
1728
ρcπ

)
− R2

2C (7.106)

where
ρc = 0.15 kips/ft3

ru = ultimate rotational capacity at hinge (rad)
C = cover (in.)

MuMM = ultimate moment capacity at hinge (in kips/in.) (1 kip = 1000 lbf)
R2 = R1 + 23
ν = ν2 if ν2 > ν′

2
ν = ν′

2 if ν2 < ν′
2 < ν1

if ν′
2 > ν1 not applicable

the spalling equations are not applicable if tsp = h < 12 in.
For pipe missiles on concrete targets, the penetration depth is given by

xp/d = 8
[√

mν/
√

(Ed3)
]
+ 0.24 (7.107)

where d is not outside the diameter of the pipe missile. The scabbing thickness
can be achieved if L > 60 and is unlikely to occur if L < 50. The value of L
in this case is expressed by

L =
√
mdν/

[
dh(1 + h/d)

]
(
√
Ec/σs) (7.108)

where the various elements of the equations have been defined previously.

7.8.22 Formulae for Deformable Missiles Impacting on Concrete
Targets – McMahon, Meyers, Sen Model

The model evaluates local damage including penetration and back face
spalling of reinforced concrete targets subject to the impact of deformable,
tornado-generated missiles such as pipes, etc. The total penetration is given by

xp = x1 + x2 + x3 (7.109)

where
x1 = penetration during time t1 = Ft21/6m) + ν0t1
F = interface body = σcr × A
t1 = rise time = 3.2 × 10−6F
A = pipe area
ν0 = missile velocity at the initial time t0
m = mass of the missile

x2 − x1 = xc (plastic missile deformation during t2 − t1)

=
m

2F
(ν2 − ν1)2 +

mν1

F

=
m

2F
(ν2

2 − ν2
1)

(7.110)
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ν1 , ν2 = missile velocity at times t1 and t2

ν1 = (Ft1/2m) + ν2

ν2 = (F/m)(t2 − t1)tν1

(7.111)

x3 = x2(penetration during t3 − t2)

= −mν2
2/2F

(7.112)

t2 = l/
√

(ET/ρ)
plastic wave

+ l/
√

(E/ρ)
elastic wave

= wrinkling duration (7.113)

t3 = (−mν2/F ) + t2 = final time (7.114)

where
ρ = material density
l = missile length

7.8.23 Rotz Damage Model

Rotz predicted scabbing thickness using Bayesian estimators as

tsp = K̄pKK (W 0.14ν0.65/
√
f ′
cff d0.2) (7.115)

where
K̄pKK = empirical constant = 5.42
ν = impact velocity in imperial units (ft/sec)
d = missile diameter (in)
f ′
cff = concrete compression strength (lb/in2

W = missile weight (lbf)

7.8.24 Missiles on Steel Targets

Missiles and Targets

Missiles as projectiles with non-deformable nose shape are given in Fig. 7 16.
Non-deformable projectiles are assumed to be either spherical or cylindrical,
with a nose of one of the shares shown in Fig. 7.17. The calibre or ballistic
density ρ is generally given as W/d3, where W is the weight of the missile
and d is the diameter. Owing to changes in the value of W, a longer missile is,
therefore, more dense than a short one with the same diameter and material.
Metal targets are generally restricted to hard missiles of non-deformable type
striking the plate.

Slow Speed Indentation of Steel Targets

(1) Conical Missile

Assume a conical missile is striking a steel target with a low velocity, ν0,
leaving a permanent indentation of diameter d0 (Fig. 7.17). The yield stress
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Fig. 7.16. Projectile shapes. (a) flat; (b) conical; (c) ogival; (d) spherical

Fig. 7.17. Conical missile striking steel target

of the target steel σ̄e = 3σt, where σt is the uni-axial stress flow of the target
material. The equation of motion is written as

mẍp = mν(dν/dxp) = −σ̄eπr
2
0 (7.116)

where ν is the missile speed after penetration xp is achieved and r0 is the
final radius of the crater = xp tanα.

After substitution of the valuc of r0 into (7.116) and integration, the crater
radius and depth are written as

r0 = (0.4772m/σ̄e tan2 α)1/3(tanα)ν2/3
0 (7.117)

xp = 2r0 cotα/2 (7.118)
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(2) Spherical Missile

Equation (7.116) is still applicable when xp/d is small. It is assumed that
r0 ≈ xpd, the equation of motion expressed in (7.116) is integrated and the
final penetration obtained as

xp =
√[

(m/σc)πd
]
ν (7.119)

where ν is the final velocity at the time of the formation of the crater.

(3) Calder and Goldsmith Velocity Model (Preliminary Report, 1979)

The impact velocity at which the projectile penetrates a steel target com-
pletely, but comes to rest in the process, defines the ballistic limit. The for-
mula for the residual velocity, νr, developed is based on both impact velocity
and ballistic limit and is given for a sharp-nosed missile as

νr =
√

(ν2
0 + ν2

B) (7.120)

where ν is the initial velocity and νB is the ballistic limit.
In (7.120) it is assumed that the missile carries no material from the

steel target. The residual velocity for a blunt-nosed missile carrying a plug of
material ejected from the steel target is given by

νr =
√ [

m

m + m′
p

(ν2
0 − ν2

B)
]

(7.121)

where m and m′
p arc the masses or the missile and the plug, respectively.

(4) Ballistic Research Laboratory Formula (BRL)2

This formula is based on the impact of small-diameter, high-calibre, high-
density non-deformable missiles striking thin steel targets:

(tp/d)3/2 = Dν2/1120000K̄2
pKK (7.122)

where
tp = perforation thickness (in or mm)
d = 4Am/π = effective missile diameter (in or mm)

Am = missile area (in2 or cm2)
ν = impact velocity (ft/s or m/s)
D = missile diameter (in or mm)

W/d3 = calibre density of missile (lb/in3 or kg/m3), from which d can be
evaluated

K̄pKK = steel penetrability constant depending upon the grade of the steel
target; the vulue of K̄pKK is generally taken as 1.0
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(5) The Stanford Research lnstitute (SRI) Equation

Like BRL’s formula, the following equation is for small-diameter, hard missile
striking a thin steel target.

(tp/d)2 + (3/128)(B/d)(tp/d) = 0.0452Dν/σtu (7.123)

where tp, d, D and ν are as defined in the BRL formula

B = width of the steel target
σtu = ultimate tensile strength of the target steel (lb/in2 or Pascals)

The formula is based upon tests with the following range of parameters:

0.1 ≤ tp/d ≤ 0.8

2 lb/in3 (550 × 102 kg/m3) ≤ D ≤ 12 lb/in3 (3300 × 102 kg/m3)

0.062 in (1.6 mm) ≤ d ≤ 3.5 in (89 mm)

70 ft/s (21 m/s) ≤ ν ≤ 400 ft/s (120 m/s)

2 in (50 mm) ≤ B ≤ 12 in (300 mm)

5 ≤ B/d ≤ 8

8 ≤ B/tp ≤ 100

For design purposes, the design thickness due to tp or tsc must be increased
by 20%.

(6) Kar Steel Target Formula

For mid-to-medium-hard homogeneous steel plates, the barrier may have a
ductile failure. When steel target Brinell hardness numbers are above 350,
failure by plugging may occur. For inferior quality steel, flaking may occur on
the back face of the steel targets. According to Kar, for a good quality steel,
back face phenomena do not generally influence the depth of penetration.
The penetration or thickness to prevent perforation is given by the following:

tp = α(E/29000)(0.72 + N)K̄pKK (mν2)0.667/1067(D + d) (7.124)

where m is the mass of the missile (lb-s2/ft) and ν (ft/s), D (in) and d (in)
are as defined.

The penetrability coefficient K̄pKK is determined from the following:

K̄pKK = (0.632BHN + 94.88)/275 (7.125)

where BHN is the brittle hardness number of the steel target material and is
limited to between 0.37 and 1.0. The above equation is still relevant if BHN
< 0.37 or > 1.0.

α = 1.0 if imperial units are used
= 0.0035 for m (kg-s2/m), ν (m/s), d (cm), E (kN/m2), tp (cm)
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(7) de Marre Modified Formula

de Marre proposed a relationship between the specific limit energy h/d and
the target penetration:

mν2
1/d

3 = ᾱ(h/d)β̄ (7.126)

where
m = missile mass (g)
ν1 = limit velocity (m/s)
d = missile diameter (cm)
h = steel target thickness (cm)
ᾱ = constant between 1 and 2
β̄ = constant approximately 1
h is replaced by hf(θ)
θ = incidence angle
f = a function of obliquity, usually secant

(8) Taub and Curtis Model

A perceptive analysis by Taub and Curtis derived the following formula for
back-face spalling or petalling type of failure:

mν2
1/d

3 = ᾱ
[
(h/ᾱ) + β̄

]
β̄ < 0 (7.127)

(9) Lambert Model

The development assumes back-face thickness where petalling occurs and d
to be constant and β becomes complex as a quadratic function. To overcome
this, Zukas replaced β̄ by e−h/d − 1; d3 by d3−c lc and θ as stated in the case
of the de Marre formula, by h seck′

θ. Both c and k′ are constants. Using
Lambert’s limit velocity database containing limit velocities for 200 cases
involving:

range of mass 1
2 to 3630 g

diameter 1
5 to 5 cm

l/d 4 to 30
h 3

5 to 15 cm
θ 0◦ to 60◦

ρs (rod material density) 7.8 to 19 g/cm3

ᾱ = 40002 ; c = 0.3 ; k′ = 0.75

the following predicted model is established for the limit velocity ν�ν :

ν�ν = u(l/d)0.15√[ ∫
(z)d3/m

]
m/s (7.128)

where z = h(sec θ)0.75/d, u = 4000 for rolled homogeneous armour (RHA)
and m depends on the density ρs
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f(z) = z + e−z − 1 =
∑
j=2

(−z)j/j

ν =

{
0, 0 ≤ ν ≤ ν�ν

α(ν2 − ν2
�ν )1/2 , ν > ν�ν

ν�ν = max{ν : νr = 0} = inf{ν : νr > 0}

νr =

{
0, 0 ≤ ν ≤ ν�ν

ᾱ(νp − νp
�ν )1/p , ν > ν�ν

(7.129)

where the value of p is generally 2 and ν, ν�ν and νr are striking velocity.
ballistic limit and missile residual velocity, respectively.

(10) Winfrith Perforation Energy Model

Using dimensional analysis, the perforation energy of the steel pipe is related
to the geometric parameters and material properties by

Ep/(σud
3) = A(h/d)a(d/D)b (7.130)

where
Ep = perforation energy
σu = characteristic strength of the material = σc

d, D = missile and pipe diameter, respectively
h = target thickness

a, b, A = constants given in Table 7.16

Tests have been carried out on target thicknesses of 7.1 mm and 11 mm.
For a 25 mm diameter missile the perforation energy varied as the 1.8 power
of the target pipe thickness and for a 60 mm diameter missile an exponent
of 1.4 was obtained. At an impact energy of 41.5 kJ, the 60 mm diameter
missile displaced a shear plug in the pipe wall thickness by a distance of 3 to
11 mm. Figure 7.18 shows a graph of the perforation energy plotted against
pipe wall thickness and the missile diameter. In the case of Ep versus d, an
exponent of 1.9 is obtained for a 7.1 mm pipe wall and 1.7 for an 11 mm pipe
wall thickness, averaging both sets to 1.8. Exponents ranging from 1.5 to 1.7
have been suggested for plain steel targets. The test results based on the BRL
formula are also plotted. On the basis of these tests, the perforation energy
is assumed to vary as

Ep = Bh1.7d1.8 (7.131)

where B is a constant.
In another expression, the exponent is given as 1.7. If this normalized per-

foration energy variation is imposed on the pipe perforation, the correlation
as shown in Fig. 7.18 becomes

Ep/σud
3 = A(h/d)1.7(d/D)1.5 (7.132)

where the parameter Aσu has a value of 8 × 109, if SI units are chosen for
Ep, d, h and D.
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Table 7.16. Permanent deformation of pipe

Test a (mm) b (mm) A (cm22) d′
0 (mm) δ (mm) m (kg) ν (m/s) h (mm)

255 75 115 – – – 1.7 93 7.4
256 70 100 170 148 21 1.7 67 7.4
257 140 215 158 115 65 7.5 75 7.3
258 170 310 99 77 112 7.3 108 7.2
259 140 250 172 114 60 7.39 69 7.1
260 165 325 113 86 104 7.29 104 7.1
264 130 220 151 111 64 4.0 105 7.3
265 135 200 159 113 67 4.0 104 7.4
266 145 280 121 93 94 4.0 136 7.1
267 135 225 – – – 4.0 142 7.0
268 105 – – – – 4.0 117 7.2
269 130 – – – – 4.0 112 7.2
270 105 – – – – 4.0 108 7.2
271 100 110 108 144 35 4.0 108 7.6
272 – – – – – 4.0 108 7.7
273 120 220 – 100 83 4.0 114 7.5
274 135 250 – 100 82 4.0 114 6.9
275 140 300 135 92 93 4.0 113 7.0
276 100 120 – – – 4.0 108 7.4
477 80 90 – – 1.7 130 10.5
478 45 50 11 1.7 203 18.2
479 70 80 – – 1.7 129 10.7

480 55 60 17 0.6 325 18.6
481 110 – – – – 4.0 180 10.6
482 105 – – – – 4.0 236 18.6
483 135 200 – – – 4.0 136 11.0
484 90 125 36 4.0 144 18.6
485 110 165 – – – 4.0 143 7.2
486 110 140 – – – 4,0 87 7.1
487 110 145 – – – 4.0 113 8.1
488 105 130 – – 4.0 67 7.2
489 90 160 36 3.1 75 7.4
400 95 180 46 3.1 84 7.2
491 100 200 55 3.1 99 7.2
492 110 220 – 3.1 143 7.2
493
494

}
oblique impact

– 4.0 180 7.3
4.0 120 7.0

495 185 230 231 43.0 78 7.4
496 105 180 55 34.9 49 7.5
497 155 250 95 37.5 46 7.4
498 170 380 196 44.0 78 7.3
499 170 270 350 54.2 100 10.9
500 175 385 150 29.5 70 7.1
Courtesy of A.J. Neilson, UKAEA, Winfrith, UK.
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Fig. 7.18. Effect of pipe wall thickness on perforation energy of solid billet missiles
(Courtesy of A.J. Neilson, UKAEA, Willfrith, UK)
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In: Theodore von Kàrm` an Anniversary Volume, CIT, Pasadena, USA, pp.`
258–272

[7.39] Tsein HS (1942) A theory for the buckling of thin shells. J. Aero. Sci.,
9:373–384

[7.40] Payton RG (1962) Initial bending stresses in elastic shells impacting into
compressible fluids. Quart. J. Mech. Appl. Math. 15:77–90



430 7 Aircraft and Missile Impact – Data and Analysis

[7.41] Office of the Scientific Research and Development (1946) Aircraft tor-
pedo development and water entry ballistics. OSRD Report 2550, CIT,
Pasadena, USA

[7.42] Kornhauser M (1958) Impact protection for the human structure. Am.
Astron. Soc., Western Regional Meeting, 18-19 August 1958, Palo Alto,
California

[7.43] Kornhauser M (1960) Structural limitations on the impulsiveness of as-
tronautical maneuvers. ARS Conf. Structural Design of Space Vehicles, 6
April 1960, Santa Barbara, California

[7.44] ANC-5; Depts of Air Force, Navy and Commerce (1955) Strength of metal
aircraft elements. Republican Press, Hamilton, Ohio

[7.45] Coppa A (1960) On the mechanics of buckling of a cylindrical shell un-
der longitudinal impact. 10th Int. Congress App. Mech., September 1960,
Stressa, Italy

[7.46] Polentz LM (1959) Linear energy absorbers. Machine Design
[7.47] Martin ED (1961) A design study of tbe inflated sphere landing vehicle,

including the landing performance and the effects of deviations from design
conditions. NASA TN D-692

[7.48] Esgar JB, Morgan WC (1960) Analytical study of soft landings on gas-fill
bags. NASA TR R-75

[7.49] Fisher LJ. Jr (1961) Landing-impact-dissipation systems. NASA TN D-975
[7.50] Schrader CD (1962) Lunar and planetary soft landings by means of gas-

filled balloons. ARS Lunar Missions Meeting, Cleveland, 17-19 July 1962,
paper 2480-62

[7.51] Bethe HA (1941) Attempt of a theory of armor penetration. Frankford
Arsenal Rep., Philadelphia

[7.52] Taylor GI (1941) Notes on H.A. Bethe’s theory of armor penetration, II.
Enlargement of a hole in a flat sheet at high speeds. Home Ministry Secu-
rity Report, R.C. 280 UK

[7.53] Taylor GI (1948) The formation and enlargement of a circular hole in a
thin plastic sheet. Quart. J. Mech. Appl. Math. 1

[7.54] Kineke JH, Vitali R (1963) Transient observations of crater formation in
semi-infinite targets. In: Proc. 6th Symp. Hypervelocity Impact, Vol. II.
part 2. Springer-Verlag, Berlin, Germany

[7.55] Eichelberger RJ, Kineke JH (1967) Hypervelocity impact. In: Vollrath K,
Thomer G (eds.) High speed physics, Springer-Verlag, Wien, New York

[7.56] Turpin WC, Carson J.M. (1970) Hole growth in thin plates perforated
by hypervelocity pellets. Air Force Materials Lab. Rep. 70-83, Wright-
Patterson AFB, Ohio

[7.57] Holloway LS (1963) Observations of crater growth in wax. BRL Rep.,
USABRL-M-1526

[7.58] Freiberger W (1952) A problem in dynamic plasticity: The enlargement of
a circular hole in a flat sheet. Proc. Cambridge Phil. Soc. 48

[7.59] Fraiser JT, Karpov BG, Holloway LS (1965) The behavior of wax targets
subjected to hypervelocity impact. In: Proc. 7th Hypervelocity Impact
Symp., Vol. V. Springer-Verlag, Berlin, Germany

[7.60] Rolsten RF, Wellnitz JN, Hunt HH (1964) An example of hole diameter
in thin plates due to hypervelocity impact. J. Appl. Phys. 35



References 431

[7.61] Allison FE (1965) Mechanics of hypervelocity impact. In: Proc. 7th Hy-
pervelocity Impact Symp., Vol. I. Springer Verlag, Berlin, Germany

[7.62] Wilkins M, Guinan M (1973) Impact of cylinders on a rigid boundary. J.
Appl. Phys, 44

[7.63] Whiffin AC (1948) The use of flat-ended projectiles for determining dy-
namic yield stress, II, Tests on various metallic materials. Proc. R. Soc.
London Sero A, 194

[7.64] Goldsmith W (1960) Impact. The theory and physical behaviour of sollid-
ing solids. Edward Arnold, London

[7.65] Johnson W (1972) Impact Strength of Materials. Edward Arnold, New
York

[7.66] Walters W (1979) Influence of material viscosity on the theory of shaped-
charge jet formation. BRL Rep., BRL-MR-02941

[7.67] Chhabildas LC, Asay JR (1979) Rise-time measurements of shock transi-
tions in aluminum, copper and steel. J. Appl. Phys. 50

[7.68] Birkhoff G, MacDougall D, Pugh E, Taylor G (1948) Explosives with lined
cavities. J. Appl. Phys. 19

[7.69] Scott B, Walters W (1984) A model of the crater growth-rate under bal-
listic impact conditions. In: Proc. Southeastern Conf. on Theoretical and
Applied Mechanics, Georgia

[7.70] Rohani B (1975) Analysis of projectile penetration into concrete and rock
targets. S-75-25. US Army Engineer Waterways Experimental Station

[7.71] Housen K, Schmidt R, Holsapple K (1983) Crater eject a scaling laws:
Fundamental forms based on dimensional analysis. J. Geophys. Res. 88

[7.72] Glass J, Bruchey W (1982) Internal deformation and energy absorption
during penetration of semi-infinitec targets. In: Proc. 8th Int. Symp. Bal-
listics, NASA, Langely, USA

[7.73] Wang WL (1971) Low velocity projectile penetration. Journal of the Soil
Mechanics and Foundations Division, ASCE 97, no SM12, Proc. paper
8592

[7.74] Young CW (1969) Depth prediction for earth-penetrating projectiles. Jour-
nal of the Soil Mechanics and Foundations Division, ASCE 95, no SM3,
Proc. paper 6558

[7.75] Petry L (1910) Monographies de systèmes d’artillerie. Brussels`
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8 Aircraft Hot Fuel-Structure Interaction
During Impact Condition

8.1 Introduction

Finite element formulations for the dynamic analysis of aircraft hot fuel struc-
ture interaction are presented and evaluated. The hot fluid is assumed to
be incompressible and viscous and is described using updated Langrangian
formulation. Three dimensional isoparametric elements with lumped or con-
sistent mass idealisations are employed in the finite element discretisation.
Dynamic equilibrium equations are solved using explicit/implicit time inte-
grations. The interaction is assumed entirely mechanical which means that –
they are needed to describe the fluid response. The body fluid is assumed to
undergo large deformations and the solutions are dependant on discrete time
points. On the transient analysis of hot fuel structure systems the employ-
ment of hybrid or isoparametric elements discretisation with lumped and
consistent mass idealisations are effective in the representation of the hot
fluid.

8.2 Aviation Fuels

The fire hazard properties of aviation fuels are identified according to sus-
ceptibility or ease of ignition, flash points, flammability limits, distillation
range (initial and end boiling point), and electrostatic susceptibility. (Note:
octane rating has no relation to the degree of fire hazard of a fuel). Table 8.1
summarizes the characteristics of the more common aviation fuels.

After an impact when major structural damage occurs to aircraft fuel
tanks, the fuel may be released as a mist due to forward momentum, splash-
ing, and wind shearing. Regardless of the type of fuel involved, this mist is
easily ignitable from disrupted electrical circuits, hot engine surfaces, or ig-
nition sources on the ground. The resulting fireball then acts as the ignition
source for other combustibles in the area, including pools of high flashpoint
Jet A fuel. If antimisting additives can be successfully developed, they are
intended to reduce misting an ease of ignition, or if ignition does occur, to
prevent the propagation of flame throughout the mist cloud. In some aircraft
accidents where deceleration forces are low, liquid fuel flowing from ruptures
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Table 8.1. Summary data on the fire hazard properties of aviation fuels

Gasoline Kerosane Grades
JET A, JET A-1,

Characteristics AVGAS JP-5, JP-6, JP-8
Freeze Point∗ −76◦F −40◦F −58◦F
Vapor Pressure† 5.5 to 7.0 psi 0.1 psi
(Reid-ASTM D323-58)
Flash Point∗ −50◦F +95◦F to 145◦F
(By Closed-Cup Method at Sea Level)
Flash Point∗ −75◦F to −85◦F None
(By Air Saturation Method)
Flammability Limits
Lower Limit 1.4% 0.74%
Upper Limit 7.6% 5.32%
Temp. Range for Flam. Mixtures∗ −50◦F to +30◦F +95◦F to +165◦F
Autoignition Temperature∗ +825◦F to +960◦F +440◦F to 475◦F
Boiling Points∗

Initial 110◦F 325◦F
End 325◦F 450◦F
Pool Rate of Flame Spreadt‡,§ 700–800 fpm 100 fpm (or less)
Note: Figures vary for some of these values in different data sources. Those
shown herein are average figures based on the latest available measures
∗ 5/9 (◦F–32) = ◦C
† psi = 6.894 kPa
‡ 1 fpm = 0.3 m/min
§ In mist foam, rate of flame spread in an fuels is very rapid.

fuel tanks or broken fuel has been vapourised and ignited by hot-engine sur-
faces, hot brakes, heavy electrical arcs etc. thus, antimisting additives solve
only a portion of the post crash fuel spill fire problem.

Most aircraft make extensive use of the internal wing volume to store fuel.
In larger aircraft, the wing structure is sealed and forms the fuel tank. This
is commonly called integral tank, or wet wing construction. Older and light
aircraft may incorporate a flexible bladder to contain the fuel within the wing
structure, using the wing structure only for support. Separate metal tanks or
fiber reinforced nonmetallinc tanks are not widely used, and they are mainly
located in light aircraft and older transports.

With integral tank construction, and only to a slightly lesser extent with
thin wall bladder tanks, it becomes apparent that disruption of the wing
structure by ground impact or other damage will result in the release of fuel
and the potential for ignition. This may occur even though occupied portions
of the aircraft may be only slightly damaged. Thus, fire becomes the prime
threat to the occupants.
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Open called foam blocks, cut to fit and placed meticulously in the tank,
are used on some military aircraft. While primarily intended for explosion
protection after projectile penetration (incendiary bullets, etc.) of the vapor
space, they also were tested for improvement of the postcrash fire situation.
The tests showed some resulting improvement for tank interior maintenance
and loss of available fuel volume have precluded their use in large, long range,
civil, and military aircraft.

Several design principles which affect basic aircraft firesafety and crash-
worthiness (excluding cabin furnishings and evacuation systems) are men-
tioned in the Federal Air Regulations and were developed as a result of acci-
dent investigations. They include:

1. When the same structure supports fuel tanks and landing gear, shear pins
must be incorporated in the landing gear support structure, allowing the
gear to be wiped off without applying structural loads to the fuel tanks.

2. The metal aircraft structure must have electrical continuity to prevent
accumulation of static electrical charges, particularly in the fuel tank
areas. This is extremely important when designing an all metal aircraft
since the aircraft structure acts as a Faraday Cage, shielding all contents
from lighting strikes.

3. Static discharge devices and lighting divertors must be located and in-
stalled correctly.

4. Fuel lines supplying rear fuselage mounted engines must be designed to
ensure proper fire resistance and have the flexibility to resist rupture in
a crash situation.

5. Fuel lines and main electrical leads must be segregated.
6. Main electrical power cables in the fuselage must be shrouded in fire

resistive flexible conduit.
7. The hydraulic system must be designed properly and use fire resistive flu-

ids. Such fluids presently in use have autoignition temperatures in excess
of 1000◦F (538◦C) are only slightly flammable. (Older types of mineral
oil based hydraulic fluids are still in wide-spread use, particularly in the
military, and have been responsible for many serious fires).

8. Other consideration such as the improvements in the cargo compartment
fire detection and extinguishing systems, escape system and devices as
well as aircraft rescue and fire control.

8.3 Fuel-Structural Interaction –
Basic Analytical Formulations

Fuel with high temperature from the aircraft impacting the structure, it is
necessary to develop fuel-structure interaction analysis, which includes fuel
pressure load acting also at the interface. The structure equation is written
as follows:
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[MeMM ]{δ̈e} + [Ce]{δ′
e} + [Ke]{δe} = {FeFF } + {F pr

ee } (8.1)

The fuel pressure load vector {F pr} at the interface S is obtained by inte-
grating the pressure over the area of the surface:

{F pr
ee } =

∫
S{N ′}P{n}d(S) (8.2)

where
{N ′} =

shape functions employed to discretize the displacement compo-
nents u, v and w (obtained from the structural element)

{n} = normal at the fuel boundary

Substituting the finite element approximating function for pressure given by

{F pr
eFF } =

∫
S

{N}{N}T
p {n}d(S){PePP } (8.3)

By comparing the integral equation (8.3) with the matrix definition of
ρ0[Re]T , it becomes clear that:

{F pr
eFF } = [Re][PePP ] (8.4)

where:

[Re]T =
∫
S

{N ′}{N}T
ρ {n}d(S)

The substitution of (8.4) into (8.1) results in the dynamic elemental equation
of the structure:

[MeMM ]{δ̈e} + [Ce]{δ′
e} + [Ke]{δe} − [Re]{PePP } = {FeFF } (8.5)

8.3.1 Velocity Pressure Formulations

νx ={N}T ′{νxe} (8.6)

νy ={N}T ′{νye} (8.7)

νz ={N}T ′{νze} (8.8)

T ={N}T ′{TeTT } (8.9)

P = {N}T ′{PePP } (8.10)

where
{N}p = element shape function for velocities and temper-

ature
{N}p = element shape function for pressure
{νxeνν }, {νyeνν }, {νzeν } = nodal temperature vector
{TeTT } = nodal temperature vector
{PePP } = nodal pressure vector
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While vx, vz and T are approximated using the same set of shape functions
{N}p, the pressure is interpolated using a different set of shape functions
{M} which are at least one polynomial order less than {N}p. This is a re-
quirement based on the theoretical conditions for stability and convergence
of the solutions. The time derivatives are written as, for example, using vx
as an example:

∂νx

∂t
= {N}T ′

p {νxe}

δνx = {N}T ′
p {δνxe}

{L}(νx)={L}{N}T ′{νxe} = [BG]{νxe} =

⎡
⎢
⎡⎡
⎣⎢⎢

�bx�
�by�
�bz�

⎤
⎥
⎤⎤
⎦⎥⎥ {νxe} (8.11)

{L}T ′{V }= {L}T ′{N}T ′

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

{νxe}
{νye}
{νze}

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ =

⌊�bx� �by� �bz�
⌋
⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

{νxe}
{νye}
{νze}

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ (8.12)

where

�bx�T ′
= {bx} =

∂

∂x
{N}p

�by�T ′
= {by} =

∂

∂y
{N}p

�bz�T ′
= {bz} =

∂

∂z
{N}p

Let the matrix operator [Lx] applied to the variables be denoted by:

[Lx]{V }=[Lx]{N}T ′

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

{νxe}
{νye}
{νze}

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ =

[
Bx

]
⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

{νxe}
{νye}
{νze}

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ (8.13)

The finite element equation (8.12) is written assuming δvxe and δpe are the
virtual change in nodal velocity vector {vxe} and nodal pressure {pe}, which
are not zero, as follows:
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ρ

∫
vol

{N}p{N}T ′
p d(vol){νxe} + ρ

∫
vol

{N}p{N}T ′
p [BG]d(vol){νxe}

+
∫

vol

[BG]T
′
[Dµ][Bx]d(vol)

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

{νxe}
{νye}
{νze}

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪−

∫
vol

{bx}{M}T ′
d(vol){PePP }

+ρgxβ

∫
vol

{N}{N}T ′
d(vol){TeTT } (8.14)

=FbxFF

∫
vol

{N}pd(vol) + ρgx(1 + βT0TT )
∫

vol

{N}pd(vol)

+ {n}T

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

σs
x

σs
xy

σs
xz

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪
∫
S2

{N}pd(S2)

∫
vol

{M}⌊BD

⌋
d(vol)

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

{νxe}
{νye}
{νze}

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ = 0 (8.15)

The finite element equation can be written now as follows:

[Cf
e ]{νxe} + {[Ksx

e ] + [Kfx
e ]

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

{νxe}
{νye}
{νze}

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪+ [Kex

e ]{PePP } + [Kgx
e ]{TeTT }

=[Kbx
e ] + [Kgx

e ] + [Ksx
e ] (8.16)

[De]T ]

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

{νxe}
{νye}
{νze}

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ = 0

where
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[Cf
e ] = ρ

∫
vol

{N}p{N}T
p d(vol) = capacity matrix

[Ksx
e ] = ρ

∫
vol

{N}p{V }T [BG]d(vol) = momentum matrix due to mass
transport

[Kfx
e ] =

∫
vol

[BG]T [D][Bx]d(vol) =
momentum matrix due to
diffusion

[Kex
e ] =

∫
vol

bT
x {M}T d(vol) =

pressure gradient
matrix

[Kgx
e ] = ρgxβ

∫
vol

{N}p{N}T
p d(vol) = buoyancy matrix

[F bx
eFF ] = FbxFF

∫
vol

{N}pd(vol) = body force load vector due to
non-gravity effects such as an
electrostatic field

{F gx
eFF } = ρgx(1 + βT0TT )

∫
vol

{N}pd(vol) =
buoyancy force load
vector

{F sx
eFF } = {n}T

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

σs
x

σs
xy

σs
xz

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪
∫

vol

{N}pd(S) =
load vector for element face
stresses

[De]T
′
=
∫

vol

{m}⌊Bd

⌋
d(vol)

⎡
⎢
⎡⎡
⎣⎢⎢

[Dx
e ]

[Dy
e ]

[Dz
e ]

⎤
⎥
⎤⎤
⎦⎥⎥ =

divergence matrix

[Kfx
e ] is not a square matrix, and therefore, is further divided into submatri-

ces, for notation purposes, as follows:

[Kfx
e ] =

[
[Kfx1

e ] [Kfx2
e ] [Kfx3

e ] (8.17)

The complete finite element discretized equations for the fuel-structure in-
teraction problem are written in assembled form as:
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[
[MeMM ] [o][
Mfs

]
[Mp

eM ]

]⎧⎨⎧⎧
⎩
⎨⎨ {

δ̈e

}
{
P̈ePP
}
⎫⎬⎫⎫
⎭
⎬⎬

+

[
[Ce] [o]
[o] [Cp

e ]

]⎧⎨⎧⎧
⎩
⎨⎨ {

δ̇e

}
{
P̈ePP
}
⎫⎬⎫⎫
⎭
⎬⎬

(8.18)[
[Ke]

[
Kfs

]
[o] [Kp

e ]

]{
{δe}
{PePP }

}
=

{
{FeFF }
{o}

}

where

[Mfs] = ρo[Re]T

[Kfs] = −[Re]

For a problem involving fuel-structure interaction, therefore, the fluid element
will generate all the submatrices with superscript p in addition to the coupling
submatrices ρo[Re]T and [Re]. Submatrices without a superscript will be
generated by the compatible structural element used in the model. Combining
the momentum and continuity equations with to the energy equation, the
coupled thermal flow equation is given below in a matrix form:⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

[Cf
e ] [0] [0] [0] [0]

[0] [Cf
e ] [0] [0] [0]

[0] [0] [Cf
e ] [0] [0]

[0] [0] [0] [0] [0]
[0] [0] [0] [0] [Cf

e ]

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪
⎪
⎨⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

{νxe}
{νye}
{νze}{
ṖePP
}

{
ṪeTT
}

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭⎪⎪

+

⎛
⎜
⎛⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝⎜⎜

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

[Ksx] [0] [0] [0] [0]
[0] [Ksy] [0] [0] [0]
[0] [0] [Ksz] [0] [0]
[0] [0] [0] [0] [0]
[0] [0] [0] [0] [Ktm]

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

[Kfx1
e ] [Kfx2

e ] [Kfx3
e ] [Kex

e ] [Kgx
e ]

[Kfy1
e ] [Kfy2

e ] [Kfy3
e ] [Key

e ] [Kgy
e ]

[Kfz1
e ] [Kfz2

e ] [Kfz3
e ] [Kez

e ] [Kgz
e ]

[Kex
e ]T [Kcy2

e ]T [Kcz3
e ]T [0] [0]

[0] [0] [0] [0] [Ktb
e ]

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

⎞
⎟
⎞⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠⎟⎟

⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪
⎪
⎨⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

{νxe}
{νye}
{νze}{
ṖePP
}

{
ṪeTT
}

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭⎪⎪

(8.19)

=

⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪
⎪
⎨⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

{F bx
eFF } + {F gx

eFF } + {F prx
eFF }

{F by
eFF } + {F gy

eFF } + {F pry
eFF }

{F bz
eFF } + {F gz

eFF } + {F prz
eFF }

{0}
{Qg

e}

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭⎪⎪

The elements of the submatrices [Ksx
e ], [Ksy

e ], [Ksz
e ], and [Ktm

e ] are functions
of the element velocity vector {V }.

The matrix equation in (8.19) is highly non-linear, which requires inter-
active solutions.

The convergence criteria, element stiffness formulation and Newton-
Raphson interaction are to be seen in the Appendix AI.
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Some notations used above are defined below:
ρ = density
β = volume expansion coefficient

gx, gy, gz = gravitational constants along the X, Y, Z global Cartesian
coordinate directions

FbFF , FbyFF , FbzFF = body forces along the X, Y, Z global Cartesian coordinate
directions

∇× = divergence operator
∇ = gradient operator

Second, consider the flow continuity equation:

∇ × {V } = 0 (8.20)

Finally, consider the energy equation:

ρc

(
∂T

∂t
+ {V }T {∇T}

)
= ∇ × (

[D]{∇T})+ q̄

where
c = specific heat

[D] =

⎡
⎢
⎡⎡
⎣⎢⎢
KxxK 0 0
0 KyyKK 0
0 0 Kzz

⎤
⎥
⎤⎤
⎦⎥⎥

KxxK , KyyKK , Kzz = thermal conductivities in the element x, y, z directions
q = heat generation rate per unit volume

{V } =

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

νx

νy

νz

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ = velocity components in the three orthogonal coordi-

nate directions
(
vx = vx(x, y, z, t), vy = vy(x, y, z, t),

vz = vz(x, y, z, t)
)

T = temperature
(
T = T(x, y, z, t)

)
8.3.2 Stress Vector

{τxττ } =

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

σx

σy

σz

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ =

stress vector on a plane perpendicular to x axis

{τyττ } =

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

σxy

σy

σzy

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ = stress vector on a plane perpendicular to y axis

{τzτ } =

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

σxz

σyz

σz

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ = stress vector on a plane perpendicular to z axis

t = time
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Table 8.2. Development of wave equations

Fuel-pressure packing on structures with displacement components u, ν, ω. The
Finite Element shape function is for the spatial variation of the pressure and dis-
placement components are given by:

P = {N}T ′
p {PePP } (a)

U = {N ′}T {UeUU } (b)

where
{N}p = element shape function for pressure
{N ′} = element shape function for displacements
{PePP } = nodal pressure vector

{δe} = {ue}, {νe}, {we} = nodal displacement component vectors

From (a) and (b), the second time derivative of the variables and the virtual change
in the pressure can be written as follows:

∂2P

∂t2
= {N}T ′

p p{P̈ePP } (c)

∂2

∂t2
{δ} = {δ̈e} (d)

∂P = {N}T ′
p {δPePP } (e)

Let the matrix operator {L} applied to the element shape functions {N} be denoted
by:

[B] = {L}{N}T
p (e)

Substituting (a) through (f) into (i), the Finite Element statement of the wave
equation is given by:∫

vol

1
c2 {δPePP }T ′{N}p{N}T

p d(vol){P̈ePP } +
∫

vol

{δPePP }T ′
[B]T

′
[B]d(vol){PePP }

+
∫
S

ρo{δPePP }T ′{N}{n}T {N}T ′
d(S){U} = {0}

(g)

where
{n} = normal at the fuel boundary

virtual change in nodal pressure {δPePP } �= 0��
1
c2

∫
vol

{N}p{N}T ′
p d(vol){P̈ePP } +

∫
vol

[B]T
′
[B]d(vol){PePP }

+ρo

∫
S

{N}p{n}T ′{N}T ′
d(S){δ} = {0}

(h)

The equation (h) can be written in matrix notation to get the discretized wave
equation:
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[MP
eMM ]{P̈ePP } + [KP

e ]{PePP } + ρo[Re]T
′{δ} = {0} (i)

where

[MP
eMM ] =

1
c2

∫
vol

{N}p{N}T ′
p d(vol) = fuel mass matrix (fluid)

[KP
e ] = [B]T

′
[B]d(vol) = fuel stiffness matrix (fluid)

ρo[Re] = ρo

∫
S

{N}p{n}T ′{N}T ′
d(S) = coupling mass matrix (fluid-structure

interface)

When the losses at the interface occurs, the discretized wave equation becomes:

[MP
eMM ]{P̈ePP } + [CP

e ]{ṖePP } + [KP
e ]{PePP } + ρo[Re]T

′{δe} = 0 (j)

If D = Dissipation factor is:

D = [δPePP ]T
β

c

∫
S

{N}p{N}T
p d(S){PePP } (k)

to account for the energy loss equation (h) is added to equation D, the loss activity
boundary surface is absorbing boundary surface becomes:

[CP
e ]{PePP } =

β

c

∫
S

{N}p{N}T
p d(S){PePP } (l)

[CP
e ] =

β

c

∫
S

{N}p{N}T
p d(S) = (fluid damping matrix)

β

c
and {δPePP } are constants over the surface of the element.

ρo = density, β = volume expansion coefficient;

{L}T =
⌊

∂

∂x
,

∂

∂y
,

∂

∂z

⌋
= vector of divergence

{n} = outward unit normal vector; {PePP } =
∂P

∂t
B =

r

ρoc
= boundary absorption coefficient

r = damping resistance of the material at boundary surface



452 8 Aircraft Hot Fuel-Structure Interaction During Impact Condition

8.4 Output Quantities

The pressure gradient is evaluated at the element centroid using the computed
nodal pressure values.

∂P

∂x
=
{
∂N

∂x

}T

{PePP } (8.22)

∂P

∂y
=
{
∂N

∂y

}T

{PePP } (8.23)

∂P

∂z
=
{
∂N

∂z

}T

{PePP } (8.24)

where
∂P

∂x
,
∂P

∂y
,
∂P

∂z
=gradients in x, y, and z directions, respectively. Other

terms are similarly defined.
The element fluid velocity is computed at the element centroid for the full

harmonic analysis

VxVV =
j

ρoω
=

∂P

∂x
(8.25)

VyVV =
j

ρoω
=

∂P

∂y
(8.26)

VzVV =
j

ρoω
=

∂P

∂z
(8.27)

where
VxVV , VyVV and VzVV = components of the fluid velocity in the x, y, and z di-

rections, respectively
ω = 2πf
f = frequency of the oscillations of the pressure wave
j =

√√−1

The discrete time points are assumed 0, δt, 2 δt . . . t, to establish the numer-
ical equation of virtual work from which the unknown static and kinematic
variables at t + ∆t can be solved. The displacement-based Finite Element
procedure has been employed numerically. In explicit time integration equi-
librium is considered at time “t”, where implicit time integration equilibrium
is considered at time t + ∆t. The Pressure P at time “t” is used for virtual
variation of the volumetric strain at time “t” must be computed.

In order to reduce solution errors and in some cases instabilities, equi-
librium iteration can be used. Equations are solved for incremental displace-
ments. In the entire work 3D 20-noded elements are used both for fluid el-
ements and structural elements of floors. For the columns and beams, 3D
two-noded elements (Appendix I) have been adopted. The shape functions
N for these elements are given in Tables 8.3 and 8.4. Various Gauss integra-
tion schemes associated with the two types of elements are considered. For
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columns 2 × 2, the Gauss integration is used. The hourglass patterns corre-
spond to zero eigen values. The idea is to remove hour glass instability. For

3D 20-noded elements
NO of zero Eigenvalues
NO Degrees of Freedom

is kept
43
60

and for 2-noded

bar elements, the ratio is kept 5/8.

8.5 Input Data and General Analysis of WTC-1
and WTC-2 (World Trade Center)

8.5.1 Geometrical Data

The World Trade Center and adjacent affected buildings were located on
the West Side of New York, adjacent to Hudson River at the south tip of
Manhattan. Here geometrical details are given for only two buildings, namely
WTC-1 and WTC-2.

WTC-1

(a) up to roof height = 1368 ft = 417m
total main height: Each floor height = 12 ft (3.675 m)
total floors = 110
H = effective height = 402.336 m

(b) WTC-1
Floor plan area:
Larger → 207 ft (63.1 m) × 207 ft (63.1 m)
Smaller →
Regular service core → 87 ft (26.517 m)× 137 ft (41.7576) = 1107.31134 m2

Corners chamfered 6′ − 11′ (2108 mm)

WTC-2

This building was 6 ft (1.829 m) less than WTC-1
H = effective height = 400.5072 m.
Up to roof height = 415.1376 m
Areas (same as of WTC-1)

8.5.2 Aircraft Impact Areas and Speed

(a) American Airlines, (Flight 11) and United Airlines (Flight 115)

Boeing 767-200 ER
Maximum take-off weight = 178,170 kg
Gross weight = 124,284.3 kg
Max range = 12,200 km
Cruise speed = 850 km/hr (530 mph)
Wing span = 156′ − 1′′ (47.6 m)
Overall length = 159′ − 2′′ (48.5 m)
Interior cabin width = 15′ − 6′′ (4.7 m)
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Aircraft area = 48.5 × 47.6 = 2308.6 m2

Flight 11, departed time: 7.59 a.m. and crashed time 8.46 a.m.
Flight 175, departed time: 8.14 a.m. and crashed time 9.03 a.m.

(b) Impact Areas

(i) North Tower WTC-1 = 4 × 12 = 48′ (14.6304 m),
Height: Impact Area between

Maximum Impact Area
Impact between floor 98 and 94 = 30 m2

centred on north face
Speed at impact = 470 km/hr = 131.6 m/s

(taken for the analysis)

(i) South Tower WTC-2
Floors under impact = 78 to 84 = 6 × 12 = 72′ (21.9456 m)

Maximum Impact Area assumed as 30 m2

Speed at impact = 590 km/hr = 165.2 m/s
(taken for the analysis)

(c) Time Durations

WTC-1 → 47 minutes (2820 seconds) collapsed at 10.29 a.m.
Time duration 10.29–8.46 a.m. = 1 hr – 43 minutes

= 1.717 hr
= 103.02 minutes
= 6181.2 seconds

WTC-2 → 49 minutes (2940 seconds) collapsed at 56 minutes after impact
i.e. 9.03 + 56/60 = 11.223 = 9.063 a.m., time at which collapse occur

(d) Load-Time Function

The load-time function as explained in the Appendix I is to be created with
∆t, the time interval for the dynamic Finite Element will be the base values
against impact loads. Simpson rule or others can be used to develop the
response of the entire structure of WTC-1 or WTC-2.

At the central zone, the impact corresponding to the air plane fuselage and
engines is the worst zone. Away from the central zone, outer wing structures
create also an impact zone.

(e) Existing Loads on WTC-l apart from Those Due to Aircraft Impact

The upper 55 stories of the building’s exterior-wall frame were explicitly mod-
eled using beam and column elements. This encompassed the entire structure
above the zone of impact and about 20 stories below. The lower 55 stories of
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the exterior were modeled as a “boundary condition” consisting of a perime-
ter super-beam that was 52 inches deep (1321) and about 50 inches (5270)
wide, supported on a series of springs. A base spring was provided at each
column location to represent the axial stiffness of the columns from the 55th
floor down to grade. The outrigger trusses at the top of the building were
explicitly modeled, using truss-type elements. The interior core columns were
modeled as spring elements.

An initial analysis of the building was conducted to stimulate the pre-
impact condition. In addition to the weight of the floor itself (approximately
54 psf (259 kN/m2) at the building sides), a uniform floor loading of 12 psf
(0.76 kN/m2) for partitions and an additional 20 psf was conservatively as-
sumed to represent furnishings and contents.

At the impact area, all columns are damaged. The assumption is valid in
the impact analysis.

(f) Fireball and Temperature

Fireballs erupted and jet fuel across the impact floors and down interior shaft
ways igniting fire. The term fireball is used to describe deflagration or ignition
of fuel vapour cloud. As a result, give raged shroud out the upper floors of
the Towers. Program BANG-FR is invoked to get necessary quantities in
terms of pressures of loads and are algebraically added to those pressures
produced from aircraft-impact specifically floors receiving hot fuel and floors
should be analysed using the above analysis. In this analysis for the jet-oil-
Tower structure interaction, based on FEMA Report – 3000 gallons escaped
with 4000 gallons remained on the impacted floor. The total peak rate of
fire energy per Tower is assumed as 3–5 trillion Btu/hr (1–1.56 GW), with a
ceiling gas temperature 1100◦C (2000◦F). growth of fire balls with final full
size of 200 ft (60.96 m) occur after 2 seconds.

(g) Concentrated Loads

BANG-FR for fire analysis is initially concentrated on 80the floor level. The
columns above the damage area are predicted to act as tension members,
transferring around 10% of the load carried by the damaged columns upward
to outrigger trusses and this load is assumed back on core columns.

(h) Chunks Dismantled

As predicted on site, chunks with dimensions around 12′ (305 mm) have
landed at a distance of 15 ft (4.572 m) from the face of the building. The
distance is assumed always for the computation of forces of chunks. The max-
imum length and width as observed were 40 ft (12.2 m) and 30 ft (9.144 m).
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Fig. 8.1. Floor plan and cross section with exterior wall and detail (courtesy of
FEMA, Washington; DC, USA)
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Fig. 8.2. Floor plan and cross section with exterior wall and detail (courtesy of
FEMA, Washington; DC, USA)
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8.5.3 Connection Details, Structural Sizes, and Other Parameters

The behaviour of a typical fully rigid, partial strength wind-moment connec-
tion about the strong axis of the column was studied. The connection of the
W18 × 50 girder to the W15 × 426 column between girder line 7–8 at frame
line D on the 14 floor was modeled as a representative connection. The top
and bottom moment plates (estimated as 5/8 inch × 6 inches × 24 inches
(15.875 mm × 152 mm × 610 mm) and 3/8 inch × 10-1/2 inches × 24 inches
(0.56 mm × 267 mm X× 610 mm), respectively, were welded to girder flanges
with a 1/4-inch weld. The shear plate (estimated as 5/16 inch × 3 inches ×
12 inches; 1.938 mm × 15 mm × 300 mm) was bolted to each girder web with
four 7/8-inch-diameter (6.36 mm) bolts. The designs of the bolts are taken
to be A 370 bolts.

Similarly, the behaviour of a typically fully rigid, partial-strength wind-
moment connection about the weak axis of the column was studied. The
connection of the W24 × 68 girder to the W14 × 426 column between girder
line C–D at frame line 7 on the 15th floor was modeled as a representative
connection. The top and bottom moment plates were estimeted as 3/8 inch ×
12 inches × 14 inches (9.5×300×355 mm) with a 1/4-inch (6 mm) weld with
a 3/8-inch × 8-inch seat plate (12 mm × 125 mm × 355 mm). The connection
capacity was estimated to be 7.500 kip/in (8011.5 KNm), thus confirming that
the frame design was governed by stiffness and not strength.

8.5.3.1 Columns, Plates, and Spandrels

(a) The columns are built up by 4NO plates. 14′′ (955.6 mm)×14′′ (355.6 mm)
welded plates spaced 3′ − 4′′ (1016 mm).
Adjacent parameter columns are interconnected at each floor level by
deep spandrel plates of 52′′ (1320.8 mm) depth.
In alternative stories, an additional column can be found at the centre
of each of the champfered building corners.
A reference is made to Fig. 8.1. The Section A, the size is 13 1/2′′

(343 mm) with top plate 355.6 − 343 = 12.6 mm, and the width of this
section is 14′′ (350.6 mm). The base of the exterior column is assumed to
be 3NO 14′′ × 14′′ (356 × 356 mm) welded together.
The vertical plate thickness 2 NO 1/2′′ (12 mm) = 25 total. Figures 8.1
and 8.2 show exterior and interior wall details for floor truss members,
with details of end connections. Figure 8.3 shows the cross-section of the
main trusses along with transverse trusses.

(b) The floor section is shown in Fig. 8.4c, with concrete thickness of the
metal deck. The main double truss has a total width of 2032 mm.

(c) The estimated openings in the exterior walls of WTC-1 are shown in
Table 8.3.
Typical 3D analysis models of flange and shear plate moment-connections
in Figs. 8.4a and 8.4b are adopted in the FEMA report and have been
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Fig. 8.4. (a) 3D concrete floor – 3 layers thickness (full depth case); (b) 3D concrete
plan slab – 2 layers thickness (half depth case); (c) cross-section to main double
trusses supporting concrete floor (for (c) courtesy of FEMA, Washington, DC, USA)
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Table 8.3. Critical temperatures for various types of steel

Steel Temperature
Columns 538◦C (1, 000◦F)
Beams 593◦C (1, 100◦F)
Open Web Steel Joists 593◦C (1, 100◦F)
Reinforcing Steel 593◦C (1, 100◦F)
Prestressing Steel 426◦C (800◦F)

re-examined in the current analysis. the number of elements and nodes
can be estimated from these figures for local analysis. They are given in
the separate section in the text.

(d) Section properties (AISC Manual)
(i) W14 426 columns: weight w = 426 lb
FyFF = 36 ksi; Kh with respect to ry axial load = 2560 kips
F0yFF = 50 ksi; Kh with respect to ry axial load = 3441 kips
A = 125 in2; KwKK = 1.875 in
IxII = 6600 in4; bf = 16.695 in4; IyII = 2360 in4

rx = 4.34 in; tf= 3.035 in
ry

rx
= 1.67

bending factor =

{
Bx = 0.177
By = 0.442

F ′
exFF (KxKK L)2/102 kips = 547

F ′
eyFF (KyKK L)2/102 kips = 195

(ii) W18 50 girders: weight w = 50/ft
flange width = 7 1/2′′; A = 147 in2

Lc = 7.90 ft d = 18 in
LU= 11.0 ft tw = 0.355
Span (ft) = 15 bf = 7.495 in
Span (ft) = 44 tf = 0.570 in
FyFF = 36 ksi
∆ = 0.03′′ to 2.64′′

SxSS = 88.9 in3

v = 92 kips

(iii) 14′′ × 14′′ Box Section Columns
tw = wall inches = 0.625′′ (5/8′′)
area = 32.4 in2; I = 952 m4; S = 136 in3

r = 5.42′′; J = 1530 in4; Z = 161 in3
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(iv) W24 68 Columns
A = 20.1 m2

d = 23.73 in; tw = 0.415; bf = 911 in; tf = 0.585 in
IxyII = 18.30 in4; S = 154 in3; rx = 955 in; IyII = 70.4 in4 ; SySS = 15.3 in3;
ry = 1.87
FyFF = 20.2 ksi

(v) W14 193 Columns
FyFF = 36 ksi
A = 56.8 in2

IxII = 2400 in4

IyII = 931 in4

ry = 4.05 in
rx

ry
= 1.6

Bx = 0.183
By = 0.477
F ′

exFF (kxLx)2/102 kips = 438
F ′

eyFF (kyLy)2/102 kips = 170

s = 54 in3; rx = 955 in; IyII = 70.4 in4; sy = 15.3 in3; by = 1.89
d = 23.73 in; tw = 0.415; bf = 911 in; tf = 0.585 in
IxyII = 18.30 in4; s = 54 in3; rx = 955 in; IyII = 70.4 in4; sy = 15.3 in3;
by = 1.89

8.5.4 Critical Temperature for Steel

In building materials such as steel, a critical temperature is often referenced at
which the integrity of fully-loaded structural members becomes questionable.
The critical temperature for steel members varies with the type of steel struc-
tural member (e.g. beams, columns, bar joists, or reinforcing steel). North
American Test Standards (e.g., ASTM E119) assume a critical temperature
of 538◦C (1000◦F) for structral steel columns. The critical temperatures for
columns and other steel structural elements are given in Table 8.3. The criti-
cal temperature is defined as approximately the temperature where the steel
has lost approximately 50 percent of its yield strength from that at room
temperature, in an actual structure, the actual impact of such heating of
the steel will also depend on the actual imposed load, member end restraint
(axial and rotational), and other factors.

To limit the loss of strength and stiffness, external fire protection is pro-
vided to the steel structural members to satisfy required fire resistance rat-
ings. This is usually achieved by fire protecting the steel members to keep
the temperature of the steel, in case of a fire, from reaching a critical limit.
Traditionally, the amount of fire protection needed is based on the results of
standard fire resistance tests.



8.5 Input Data and General Analysis of World Trade Center 463

The temperature attained in a fire-exposed steel member depends on the
fire exposure, characteristics of the protection provided, and the size and
mass of the steel. For steel members protected with direct-applied insulating
materials, the role of the insulating materials is strongly dependent on their
thermal conductivity and thickness.

The role of the fire exposure and size and mass of the steel can be demon-
strated by analyzing the temperature rise in two protected steel columns with
two different fire exposures. For this comparative analysis, the fire exposure
associated with two standard fire resistance tests is selected, ASTM E 119
and UL 1709. The following two column sizes are selected for this comparative
analysis:

• W14 × 193
• Steel box column, 36 inches × 16 inches, with a wall thickness of 7/8 inch

for the 36-inch-wide side and 15/16 inch for the 16-inch-wide side. The
failure or critical time for 36′′ × 16′′ box column UL 109 is 800◦C, with
time = 10 minutes. For column 96′′×16′′, E119, the temperature is around
600◦C, with time = 20 minutes. For steel section W14×193 UL 1709, the
temperature is 800◦C, for critical time 7 minutes.

8.5.5 Walls with Opening

Table 8.4 gives walls opening and has to be taken in the finite Element Anal-
ysis throughout where they exist.

Table 8.4. Estimated openings in exterior walls of WTC-1

Floor North Wall South Wall East Wall West Wall Total Area
ft2 (m2) ft2 (m2) ft2 (m2) ft2 (m2) ft2 (m2)

92 743 (69) 0 (0) 1,572 (146) 0 (0) 2,314 (215)

93 958 (89) 0 (0) 1,356 (126) 0 (0) 2,314 (215)

94 592 (55) 54 (5) 1,163 (108) 0 (0) 1,808 (168)

95 1,055 (98) 54 (5) 0 (0) 420 (39) 1,528 (142)

96 797 (74) 151 (14) 0 (0) 1,518 (141) 2,465 (229)

97 926 (86) 151 (14) 0 (0) 1,798 (167) 2,874 (267)

98 1,335 (124) 0 (0) 0 (0) 0 (0) 1,335 (124)

TOTAL 6,405 (595) 409 (38) 4,090 (380) 3,735 (347) 14,639 (1,360)

Note: Differences in totals are due to rounding in the conversion of square meters
to square feet.

FEDERAL EMERGENCY MANAGEMENT AGENCY 2002
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8.5.6 Stresses in Steel to Be Considered

Columns = 50 to 100 ksi in increment of 5 ksi
Core columns (Box sections A36 steel 36′′ × 14′′ − 16 inches with plate thick-
ness 3/4 to 4′′)
Maximum strain ∈= 0.002 or ∈= 0.20 in/in
Bolts: -ASTM A325 for A490 standards
Ro = hearing capacity of a single holt assumed = 44 × 3 kips
FUFF Ay = shear capacity of a single holt = 52 × 8 kips
Floor truss seated with end connections at spandrel beam and core
RU (5/8′′ bolt) = 45 kips
shear capacity of a 5/8′′ bolt A3 25 bolts = 2 FUFF Ax = 53 × 9 kips
block shear rupture
RU = 0 × 6 FUFF Anv + FUFF Ant
Anv = net shear area = 0.5632 in2

RU = 2 [0 × 6(60)(0 × 563) + 60(0 × 563)] = 108 kips

8.5.7 Data on Finite Elements and Their Geometry

8.5.7.1 Typical Floor Elements

(a) Concrete Deck Elements per Floor

(i) Full-depth case: 800 20-noded isoparametric elements
Nodal points = 2100

(ii) Half-depth case: 100 NO 20-noded isoparametric elements

(b) Steel Elements of Floors

Note: they are all idealised as 3D line elements of the degrees of freedom
defined in Appendix I.

(i) Metal deck : assumed as equivalent of concrete section to match with
deck concrete increasing the floor depth by 1/10 d with nodal points
matching with those of concrete

(ii) 3D line elements: double trusses per floor = 1400 (3-noded) with variable
lengths L

(iii) 3D line elements: transverse trusses per floor = 13000 (3-noded)
(iv) and 3D truss diagonals in transverse trusses: 25mm Φ bars = 11000

(3-noded)
(v) for local stresses investigation: flange and shear plate connections = 7200

per truss – per floor – 4-noded isoparametric elements
flange and seat moment connections = 54,000 per truss – per floor – 4-
noded isoparametric elements

(c) Outer Frame Wall

3D – 3-noded line elements per tower = 450,000
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(d) Core Frame lnnerwall

3D – 3-noded line elements per tower = 250,000

8.5.8 Analysis of Hot Fuel-Floor Interaction

Although the above comprehensive data is given for the global Finite Element
analysis of Twin Towers, New York, in this section only the hot-fuel-floor in-
teraction is considered. The fastenings such as bolts, welds and bars in towers
are treated as semi-rigid connections. Based on the above data provided by
the FEMA, the maximum length of time for the finite element analysis for
the fuel to heat up upto 1000◦C is assumed to be in the range of 40 min-
utes to one hour while the plane is in the air. From the time of impact to
the collapse scenario is also kept 60 minutes. The analysis from zero time to

Fig. 8.5. Main double truss

Fig. 8.6. Damage scenarios: (a) MpMM = 250Mpa, P = 2000 KN, δ = 3.5 cm, t =
5000 seconds, a/b = 4, 3D half depth floor-damage scenario; (b) P = 5300 KN, MpMM
= 350 Mpa, δ = 5.20 cm, t = 5000 second, a/b = 4, 3D full depth floor-damage
scenario
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Fig. 8.7. Flanges seats damage scenario

Fig. 8.8. (a) Flang and shear plate moment connection; (b) Flanges and seat
moment connection 3-D Finite element analysis
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Fig. 8.9. Load-displacement relations for M/δ ratios half-depth case

60 minutes assumes to have an aspect time ∆t = ∆T = 10 seconds. At every
interval of 360 seconds, the program stops to give away the results in terms of
displacements velocities, accelerations and dynamic plasticity and cracking
noted by the flag numbers. The total number of 600 increments are consid-
ered for the analysis and solution procedures. At the 10th incremental stage,
the floor scenario in each case is shown in Fig. 8.4a and b with full depth and
half depth collapse conditions for the full depth analysis, the truss given in
Fig. 8.4a has been included only along with metal deck and concrete slab.

Figure 8.5 shows the collapse of the main double truss indicating steel
plasticity in other areas and cracking in concrete deck. At the 500 incremental
stage having 5000 seconds consumed to develop damage scenarios for the 2D
and 3D cases as are shown in Fig. 8.6. Steel flanges have also been examined
independently and the damage is indicated in Fig. 8.7. The original F.E. mesh
schemes for the two different plate moment connections are shown in Fig. 8.8.

For the half depth case, the load displacement relations are plotted for
various M/δ ratios ranging between 0.5α to 3.0α. The plasticity has been
achieved for M/δ = 0.5α at about 1900 KN. When M/δ = 3.0α in a case of
half depth, the maximum collapse load reached at about 1700 KN and with
a maximum displacement of 2.61 cm corresponding to the 500th incremental
stage (Fig. 8.9). A similar analysis was carried out for a full depth case in
which a transverse truss was included.
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Fig. 8.10. Transverse truss-metal ties with plastic zones at 2000 kN damage sce-
nario

The damage scenario is shown in Fig. 8.10. The main double truss reached
plasticity at approximately 2000 KN corresponding to the failure stress of
450 MN/m2. The plastic moment in the corner areas of the truss show ex-
cessive damage with multiple cleavages. The difference between the results of
the half depth and full depth analysis indicate that excessive cracking in con-
crete floor slabs in half depth case which excludes the transverse truss. The
results 60% more than the full depth when 3D F.E. analysis was considered
in case of full depth analysis, the rupturing occurred in the transverse truss
completely under the same load increment sequence. The depths of failure
zones reached maximum to the bottom levels of the trusses.

The damage scenario is shown in Fig. 8.10. In all cases the concrete of
the floor slabs had completely deteriorated with full depth cracks more than
250 mm wide. The floor levels and the element details are given in Fig. 8.11.
The same finite element mesh scheme later on has been adopted in air-
craft/fire global analysis. The 350 mm × 350 mm (14′′ × 14′′ box) columns
have been analysed for the fuel-column-floor interaction analysis with length
taken as given Fig. 8.12 with known floor heights. The boundary conditions
of these box columns are shown in Fig. 8.12a. The maximum displacements in
3D analysis for x, y, z axes are plotted in Fig. 8.12b with the damage scenario
as predicted in Fig. 8.12c. The damage scenario can also be demonstrated for
the columns in terms of critical/collapse loads taking into consideration the
buckling checking procedures. Plasticity of the points and ejection of the
columns occurred at collapse conditions (loads) under specific time scale as
shown in Fig. 8.3.

The critical/collapse loads versus time dependent displacements are also
recorded simultaneously in Fig. 8.13. Initial observations of the result seem
to be in line what were viewed as the disaster scenario of the Twin-Tower
collapse. Nevertheless the data and the results will be kept awaiting for the
confirmation of the final global analysis of the Twin Towers (WTC Building
Complex) later on this text.
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Fig. 8.12. Disaster scenario: 14′′ ×14′′ box columns, 7.5m long with displacements
in 3D space

Fig. 8.13. Critical and collapse loads
for 7.5m columns 14′′ × 14′′ box type
(W = 8 → displacement)
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9 Flying Debris – Elastic Scattering Approach

9.1 Introduction

Impact, blast and fire generate and scatter flying objects and debris. The
scenario was witnessed in cases of WTC buildings and Oklahoma building.
The object of the scattering method is to identify the form and location of
unknown elements inside a given surrounding medium. This is done from mea-
sured wave reflection data in space and time. Hybrid finite element/difference
method is developed in three dimensions, where scattering may be performed
with time-periodic data or non periodic data in the form of short impulses. In
this chapter non-periodic time-dependent wave equation solutions known as
TIME DOMAIN have been adopted. The basic mathematical tool adopted
am amounts numerically solving the time-depended elastic wave equation
with given material coefficients. Finally, the scattering phenomenon of ob-
jects has been devised to create an overall damage scenario.

9.1.1 Nomenclature

B = Boundary
[D] = material compliance matrix
h = mesh function
G = prestrain
I = Time interval (0, T )
J = [J ] = Time discretization, partition of time

KhKK = finite element mesh
[K] = element stiffness matrix
L = Length or size

[M1] = mass; m = added mass

Dδ =
∂δ

∂t
f = flow = density of materials
t = time variable
T̄ = Surface forces
T = final time

P e = Ejecting Element Node Forces
v = velocity
ν̇ = Poisson’s ratio
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δij = Knonecker Delta or Symbol
δ = displacement
τ = stress tensor

ΩFEM = Finite Element Domain – unstructured mesh
ΩFDM = Finite Difference Domain – structured mesh

M =
Ė

2(1 + ν̇)

λ =
Ėν̇

(1 + ν̇)(1 − 2ν̇)

9.1.2 Turbulence Modeling

9.1.2.1 Specific Nomenclature

A constant
CD, CM turbulence model constants
c = 1 − YfYY /f progress variable
cp heat capacity at constant pressure
Da Damköhler number¨
DL molecular diffusivity
Dt turbulent diffusivity
Dt,0 steady turbulent diffusivity
Eign total energy supplied by a spark
F equivalence ratio
f mixture function
h thermal energy
Ka Karlovitz number
k turbulent kinetic energy
L turbulent length scale
Le Lewis number
P pressure
Qign energy source term for ignition
qf lower calorific value
Ret turbulent Reynolds number
rf radius of the leading edge of turbulent flame
St mass stoichiometric coefficient
T gas temperature
t time
tr reaction time scale
ULUU laminar burning velocity
UtUU turbulent flame speed
uj, j = 1, 2, 3 gas flow velocity components
u′ r.m.s. turbulent velocity
WtWW turbulent combustion velocity
W reaction rate
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xj, j = 1, 2, 3 spatial coordinates
YfYY fuel mass function

Greek Symbols

δt turbulent flame thickness
ε viscous dissipation rate
Θ activation temperature
κ heat diffusivity
ν kinematic viscosity
ρ density
τcττ chemical time scale
τ ′ time scale for development of turbulent diffusivity

Subscripts and Superscripts

0 steady or unperturbed value
b combustion products
L Laminar
t turbulent
u unburned mixture

Acronyms

ATDC after top dead centre
BTDC before top dead centre
CAD crank angle degree
TDC top dead centre

9.2 Finite Element/Difference Method
for Elastic Wave Equations

9.2.1 Elastic Wave Propagation

Wave propagation in a non-homogeneous isotropic elastic medium occupying
a bounded domain Ω ⊂ Rd, d = 2, 3, with boundary B, is described by the
elastic wave equation:

ρ
∂2ν

∂t2
− ∇ × τ = f in Ω × (0, T )

τijττ = λ
d∑

k=1
∈kk δij + 2µεij ,

ν(×0) = 0,
∂δ

∂t
(·, 0) = 0 in Ω ,

δ/B = 0, on B × (0, T )

(9.1)
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where δ(x, t) ⊂ Rd is the displacement satisfying homogeneous boundary
and initial conditions, ρ(x) is the density of the elastic material depending
on x ∈ Ω, t is the time variable, T is a final time, and f(x, t) ⊂ Rd is a given
source function, τ = {τijττ } is the stress tensor, and ∈= {∈ij} is the strain
tensor with components

∈ij=∈ij (δ) =
1
2

(
∂δi

∂xj
+

∂δjiδ

∂xi

)
, (9.2)

and δij is the Knonecker symbol with δij = 1 if i = j and δij = 1. Depending
upon x, the coefficients of the elastic material for d = 3 case are given as
M(x) and λ(x), where

µ̈ =
Ė

2(1 + ν̇)
, λ =

Ėν̇

(1 + ν̇)(1 − 2ν̇)
(9.3)

where Ė and ν̇ are variables since debris contain various objects of different
material properties, such as elastic module and Poisson’s ratios. Matrix [D]
is the compliance matrix.

Tables 9.1 to 9.5 (from Appendix A.I.A) are considered for the analysis
and give the material compliance matrices and shape functions, where two
cases respectively are examined for variable E and constant ν and variable E
and ν ratios. For concrete, steel and timber, the ν values can be established.

concrete elements E = 20 GN (m2), ν = 0.2
steel elements E = 200 GN (m2), ν = 0.3
timber elements E = 8400 N (mm2), ν = 0.3 to 0.5

If the medium consists of all the objects in the debris, each zone is investi-
gated and then it is adopted a compliance matrix comprising these elements
with specific properties.

Figure 9.1 shows a column or rod elements with degrees of freedom shown
there on. In Appendix I can be shown the stiffness matrix of the element [K1]
and the mass matrix [M1] for the same elements, so that Mt is:

Mt = (ρA + m)(I − εin) = (ρ(x)A + m) (9.4)

where

ρ = ρ(x) is the density
m = added mass for direct
εin = prestrain = 0

Eliminating the strain the elastic wave equation takes the following form in
the case d = 3:

ρ
∂2δ

δt2
− ∇ × (µ∇υ) − ∇((λ + µ)∇ × υ) = f (9.5)

together with boundary and initial conditions.
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Table 9.1. [D] – variable Young’s modulus and constant Poisson’s ratio

D11 =
E1(E′)3 − Ecr

ν′′ D12 =
νE1E2(E′)2 + Ecr

ν′′ D13 =
νE1E3(E′)2 + Ecr

ν′′ D14 = 0 D15 = 0 D16 = 0

D22 =
E2E3(E′)2 + Ecr

ν′′ D23 =
νE2E3(E′)2 + Ecr

ν′′ D24 = 0 D25 = 0 D26 = 0

D33 =
E3(E′)3 − Ecr

ν′′ D34 = 0 D35 = 0 D36 = 0

D44 = G12 D45 = 0 D46 = 0

D55 = G23 D56 = 0

D66 = G31

Ecr = ν2E1E2E3E
′

E′ = (E1 + E2 + E3)/3

ν′′ = (E′)3 − 2E1E2E3ν
2 − E′ν2(E1E2 + E1E3 + E2E3)

G12 = E12/2(1 + ν)

E12 = (E1 + E2)/2

G23 = E23/2(1 + ν)

E23 = (E2 + E3)/2

G31 = E31/2(1 + ν)

E31 = (E3 + E1)/2

Table 9.2. [D] – variable Young’s modulus and Poisson’s ratio

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

D11 =
(1 − ν23ν32)

ν̄
E1 D12 =

(ν12 + ν12ν32)
ν̄

E2 D13 =
(ν13 + ν12ν23)

ν̄
E3 D14 = 0 D15 = 0 D16 = 0

D21 =
(ν21 + ν23ν31)

ν̄
E1 D22 =

(1 − ν13ν31)
ν̄

E2 D23 =
(ν23 + ν13ν21)

ν̄
E3 D24 = 0 D25 = 0 D26 = 0

D31 =
(ν31 + ν21ν32)

ν̄
E1 D32 =

(ν32 + ν12ν31)
ν̄

E2 D33 =
(1 − ν12ν21)

ν̄
E3 D34 = 0 D35 = 0 D36 = 0

D41 = 0 D42 = 0 D43 = 0 D44 D45 = 0 D46 = 0

D51 = 0 D52 = 0 D53 = 0 D54 = 0 D55 D56 = 0

D61 = 0 D62 = 0 D63 = 0 D64 = 0 D65 = 0 D66

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

ν̄ = 1 − ν12ν21 − ν13ν31 − ν23ν32 − ν12ν23ν31 − ν21ν13ν32

Due to symmetry of compliances, the following relations can be written:

E1ν21 = E2ν12 D55 = G23

E2ν32 = E3ν23 D66 = G13

E3ν13 = E1ν31

The values of G12, G23 and G13 are calculated in terms of modulus of elasticity and
Poisson’s ratio as follows:
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G12 =
1
2

[
E1

2(1 + ν12)
+

E2

2(1 + ν21)

]
=

1
2

⎡
⎢
⎡⎡
⎢⎢⎢⎣⎢⎢ E1

2(1 + ν12)
+

E2

2
(

E1

E2

)
+ ν12

⎤
⎥
⎤⎤
⎥⎥⎥⎦⎥⎥

G23 =
1
2

[
E2

2(1 + ν23)
+

E3

2(1 + ν32)

]
=

1
2

⎡
⎢
⎡⎡
⎢⎢⎢⎣⎢⎢ E2

2(1 + ν23)
+

E2

2
(

E2

E3

)
+ ν23

⎤
⎥
⎤⎤
⎥⎥⎥⎦⎥⎥

G13 =
1
2

[
E3

2(1 + ν31)
+

E1

2(1 + ν13)

]
=

⎡
⎢
⎡⎡
⎢⎢⎢⎣⎢⎢ E3

2(1 + ν31)
+

E2

2
(

E3

E1

)
+ ν31

⎤
⎥
⎤⎤
⎥⎥⎥⎦⎥⎥

For isotropic cases:

E1 = E2 = E3 = E
ν12 = ν13 = ν23 = ν21 = ν31 = ν32 = ν

Table 9.3. Solid isoparametric elements eight-noted element

Node i Shape functions Derivatives
NiNN (ξ, η, ζ)

∂NiNN

∂ξ

∂NiNN

∂η

∂NiNN

∂ζ

1 1
8 (1 − ξ)(1 − η)(1 − ζ) − 1

8 (1 − η)(1 − ζ) − 1
8 (1 − ξ)(1 − ζ) − 1

8 (1 − η)(1 − ξ)
2 1

8 (1 + ξ)(1 − η)(1 − ζ) 1
8 (1 − η)(1 − ζ) − 1

8 (1 + ξ)(1 − ζ) − 1
8 (1 + η)(1 − η)

3 1
8 (1 + ξ)(1 + η)(1 − ζ) 1

8 (1 + η)(1 − ζ) 1
8 (1 + ξ)(1 − ζ) − 1

8 (1 + η)(1 + η)
4 1

8 (1 − ξ)(1 + η)(1 − ζ) − 1
8 (1 + η)(1 − ζ) 1

8 (1 − ξ)(1 − ζ) − 1
8 (1 − η)(1 + η)

5 1
8 (1 − ξ)(1 − η)(1 + ζ) − 1

8 (1 − η)(1 + ζ) − 1
8 (1 − ξ)(1 + ζ) 1

8 (1 − η)(1 − η)
6 1

8 (1 + ξ)(1 − η)(1 + ζ) 1
8 (1 − η)(1 + ζ) − 1

8 (1 + ξ)(1 + ζ) 1
8 (1 + η)(1 − η)

7 1
8 (1 + ξ)(1 + η)(1 + ζ) 1

8 (1 + η)(1 + ζ) 1
8 (1 + ξ)(1 + ζ) 1

8 (1 + η)(1 + η)
8 1

8 (1 − ξ)(1 + η)(1 + ζ) − 1
8 (1 + η)(1 + ζ) 1

8 (1 − ξ)(1 + ζ) 1
8 (1 − η)(1 + η)
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9.2.1.1 The Finite Element Method

A hybrid finite element/difference method for time-domain elastic wave prop-
agation is obtained by using continuous space-time piecewise linear finite
elements on a partially structured mesh in space. The resulting scheme is
efficiently implemented by (i) mass lumping in space and time making the
scheme explicit in time, and (ii) using a fixed finite difference stencil on the
structured mesh.

The computational space domain Ω is decomposed into a finite element
domain ΩFEM with an unstructured mesh and a finite difference domain
ΩFDM with a structured mesh, with typically ΩFEM covering only a small part
of the Ω. In ΩFDM they are used quadraliteral elements in R2 and hexahedra
in R3. In ΩFEM it is used a finite element mesh Kh = [K1] with elements
K1 consisting of rectangles in R2 and tetrahedra in R3. One associates with
Kh a (continuous) mesh function h = h(x) representing the diameter of the
element K1 containing x. For the time discretization JτJJ = {J} be a partition
of the time interval I = (0, T ) into time intervals J = (tk−1, tk) of uniform
length τ = tk − tk−1.

The following L2 inner products and norms are given:

((p, q)) =
∫
Ω

T∫
0

pqdxdt, ‖p‖2 = ((p, p))

(a, β) =
∫
Ω

aβdx, |a|2 = (a, a) .

(9.6)

where

Dδ =
∂δ

∂t
(9.6a)

9.2.1.2 The Basis for the Finite Element-Formulation

To formulate the finite element method, the finite element trial space W δ
hW is

defined by:

W δ
hWW := {w ∈ W δ : w|K1 × J ∈ [P1PP (K1) × P1PP (J)]3,∀K1 ∈ Kh,∀J ∈ JτJJ } (9.7)

where

W δ := {w ∈ [H1(Ω × I]3 : w(·, 0) = 0, w|B = 0}
Correspondingly, introducing the finite element test space W a

hW defined by:

W a
hWW := {w ∈ W a : w|K1 × J ∈ [P1PP (K1) × P1PP (J)]3,∀K1 ∈ Kh,∀J ∈ JτJJ } (9.8)

and

W a := {w ∈ [H1(Ω × I]3 : w(·, T ) = 0, w|B = 0}
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Plate 9.1. Side view of simulated aircraft impact into WTC 1 (Time = 0.20 s)
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The finite element method now gives as below the expression: Find wh ∈ WhWW ,
such that ∀ā ∈ W a

hWW

−((ρDδ,Dā)) + ((µ∇δk
h,∇ā)) = ((fk, ā)) (9.9)

with again the initial condition Dδ(0) = (0) imposed in weak form through
the variational formulation. The elastic wave formulation is given in Table 9.6.

Expanding as above δ in terms of the standard continuous piecewise linear
functions in space and in time and substituting this into (9.9), the following
system of linear equations is obtained:

M1(δk+1 − 2δk + δk−1) = τ2F k − τ2K1

(
1
6
δk−1 +

2
3
δk +

1
6
δk+1 − τ2Dδk

)
(9.10)

with initial conditions δ0 = 0 and δ1 ≈ 0. Here, M1 is a (vector) mass matrix
in space, K1 is a (vector) stiffness matrix corresponding to the Laplacian, D is
a stiffness matrix corresponding to the divergence term, F k is the load vector
at time level tk, corresponding to f(·, ·) and δk denotes the nodal values of
δ(·, tk).

As above it can be obtained efficient explicit scheme by approximating M
with a lumped mass matrix ML

1 and replacing the terms 1
6δ

k−1+ 1
3δ

k + 1
6δ

k+1

by δk.

δk+1 = τ2(ML)−1F k + 2δk − τ2(ML)−1Kk
1

−τ2(ML)−1Dδk − δk−1
(9.11)

One now describes the hybrid finite element methods Table 9.7, hence, the
communication between the finite element method on the unstructured part
of the mesh with ΩFEM with the finite difference method on the structured
part ΩFDM. One needs to pay particular attention to this condition, because
the finite element method on ΩFEM and the difference method on ΩFDM are
implemented differently in various modules. Technically, the communication
is achieved by mesh overlapping. The structural cells created by (9.11). For
example, for the two dimensional case d = 2 and the three dimensional case
d = 3, the interior nodes can be computed.

Table 9.6. A systematic hybrid elastic wave formulation

Wave Equation in Elastodynamic

Equations (9.1) to (9.5) indicate the entire process of the elastic wave phenomenon
coupled to τ by Hooke’s Law:

τijττ =
d∑

k=1

d∑
l=1

CijklCC ∈kl (a)

where C = is a cyclic symmetric tensor, satisfying:

CijklCC = Cklij = CjkliC (b)
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If the constants CijklCC (x) do not depend on x, the material of the body is said
to be homogeneous. If the constants CijklCC (x) do not depend on the choice of the
coordinate system, the material of the body is said to be isotropic at the point x.
otherwise, the material is anisotropic at the point x.

In the isotropic case, C can be written as:

CijklCC = λδijδkl + µ(δijδkl + δilδjk) (c)

where δij is Knonecker delta, in which case takes the form of Hooke’s Law:

τijττ = λδij

d∑
k=1

∈kk +2µ ∈ij (d)

where λ and µ are the Lame coefficients, depending on´ x, given by:

µ =
Ė

2(1 + v̇)
, λ =

Ėν

(1 + ν̇)(1 − 2ν̇)
as in (9.3) (e)

where Ė is the modulus of elasticity (Young modulus), and ν̇ is the Poisson’s ratio
of the elastic material. We have that

λ > 0, µ > 0 ⇔ Ė > 0, 0 < ν < 1/2 (f)

Eliminating the strain tensor using Hooke’s law, we can verify the elastic wave
equation in terms of δ only. In the isotropic case, with d = 3, then it takes the
following form:

ρ
∂2δ1

δt2
− ∂

∂x1

(
(λ + 2µ)

∂δ1

∂x1
+ λ

∂δ2

∂x2
+ λ

∂δ3

∂x3

)

− ∂

∂x2

(
µ

(
∂δ1

∂x2
+ λ

∂δ2

∂x1

)

− ∂

∂x3

(
µ

(
∂δ1

∂x3
+ λ

∂δ3

∂x1

)
= f1 ,

(g)

ρ
∂2δ2

δt2
− ∂

∂x2

(
(λ + 2µ)

∂δ2

∂x2
+ λ

∂δ1

∂x1
+ λ

∂δ3

∂x3

)

− ∂

∂x1

(
µ

(
∂δ1

∂x2
+ λ

∂δ2

∂x1

)

− ∂

∂x3

(
µ

(
∂δ2

∂x3
+ λ

∂δ3

∂x2

)
= f2ff ,

(h)

ρ
∂2δ3

δt2
− ∂

∂x3

(
(λ + 2µ)

∂δ3

∂x3
+ λ

∂δ2

∂x2
+ λ

∂δ1

∂x1

)

− ∂

∂x2

(
µ

(
∂δ31

∂x2
+ λ

∂δ2

∂x3

)

− ∂

∂x1

(
µ

(
∂δ1

∂x3
+ λ

∂δ3

∂x1

)
= f3ff ,

(i)

or in more compact form:
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ρ
∂2δ

δt2
− ∇(µ∇υ) − ∇((λ + µ)∇υ) = f as in (9.5) (j)

Inserting a Helmholtz decomposition:

δ = ∇ϕ + ∇ × ψ (k)

With a scalar potential φ and a vector potential ψ into (9.9), it becomes:

ρ
∂2δ

δt2
(∇ϕ + ∇ × ψ) = µ(∇ϕ + ∇ × ψ) + (λ + µ)∇(∇(∇ϕ + ∇ × ψ)) (l)

while by incorporating:

∇ (∇ϕ) = ∆ϕ

∇ (∇ × ψ) = 0
(m)

reduces to

∇
(

ρ
∂2ϕ

δt2
− (λ + 2µ)∆ϕ

)
+ ∇ ×

(
ρ
∂2ψ

δt2
− µ∆ψ

)
= 0 (n)

if the potentials φ and ψ satisfy the wave equations:

∂2ϕ

δt2
− (λ + 2µ)∆ϕ = 0 (o)

ρ
∂2ψ

δt2
− µ∆ψ = 0 (p)

then δ = ∇ϕ+∇×ψ satisfies (o). It is noted that v = ∇φ corresponds to a pressure
wave with speed:

VpVV =
(

λ + 2µ

ρ

)1/2

(q)

and δ = ∇ × ψ to a shear wave with speed:

VsVV =
(

µ

ρ

)1/2

(r)

In the pressure wave displacement is parallel to the direction of wave propagation,
and the shear wave is orthogonal to the direction of propagation.

To formulate in the finite element method, Equations (9.7) and (9.9) are derived.
The finite element method reads. Find

δh ∈ W δ
hWW (s)

such that:(
ρ
δk+1

h − 2δk
h + δk−1

h

τ2 , δ

)
+
(
µ∇δk

h, ∇δ
)

+ (λ + µ)∇δh, ∇δ =
(
fk, δ

)∀δ ∈ W δ
hWW

δh(0) = δh(0) = 0

(t)

For a discrete scheme, expanding δ in terms of standard continuous piecewise lin-
ear function Φi(x) in space and ΨiΨΨ (x), (9.10) is derived and the rest of the procedure
as discussed. The explicit scheme is adopted.
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Table 9.7. Explicit time integration

The finite element semi-discretisation of the momentum balance partial differential
equation results in a system of ordinary differential equations in time. The full
discretisation can be obtained by applying an appropriate integration method with
respect to time.

In general, most multi-body contact problems fall into the category of wave
propagation problems. Normally, in order to solve numerically this type of problems
explicit time integration schemes are employed.

Central Difference Time Integration Scheme

The displacement field

δ = δ(t) (a)

is a one parameter function which determines the current position x(t) of material
particles in explosion, with respect to their initial position X as follows:

x(t) = X + δ(t) (b)

if the response of the continuum is strongly non-linear, the central difference method
is often applied with a varying time increment.

Fig. 9.1. Central difference integration scheme

Let ∆tN+1 be the time increment between tN and tN+1 with δN = δ(tN ) as
illustrated in Fig. 9.1. The mid-step velocities are defined by:

tN−1/2 =
1
2
(tN−1 + tN ) tN+1/2 =

1
2
(tN + tN+1) (c)

and

δ̇N−1/2 = δ̇(tN−1/2) δ̇N+1/2 = δ̇(tN+1/2) (d)

The central difference formula for velocity is

δ̇N+1/2 =
δ̇N+1 − δ̇N

∆tN+1
(e)

while the central difference formula for acceleration is

δ̈N =
δ̇N+1/2 − δ̇N−1/2

∆tN+1/2
(f)
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where

∆tN+1/2 =
1
2
(∆tN + ∆tN+1) (g)

The finite element discretisation of the momentum balance equation for an un-
damped system can be expressed in its matrix form as follows:

M1ü(t) + F int(u(t)) = F ext(t) (h)

where M1 is the mass matrix, F int is the internal forces vector and F ext is the
external forces vector. Full discretisation of this second-order partial differential
equation can be obtained by substituting the acceleration term with its finite dif-
ference approximation as follows:

M1 =
δ̇N+1/2 − δ̇N−1/2

∆tN+1/2
+ F int

NF = F ext
NF (i)

which yields:

δ̇N+1/2 = M−1
1 (F ext

NF − F int
NF ) = ∆tN+1/2 + δ̇N−1/2 (j)

and

δN+1 = δN+δ̇N+1/2∆tN+1/2 (k)

Subsequently, the internal and external forces vectors can be calculated as:

F int
NF +1 = F int(δN+1)

F ext
NF +1 = F ext(δN+1)

(l)

which accomplishes the N -th time step.
Computational domain can be grouped as follows:

ωo: Nodes interior to ΩFDM and lying on the boundary of ΩFEM,
ωX: Nodes interior to ΩFEM and lying on the boundary of ΩFDM,
ω∗: Nodes interior to ΩFEM and not contained in ΩFDM,
ω′

D: Nodes interior to ΩFDM and not contained in ΩFEM,

In each time-step of the explicit method scheme the communication carried out as
follows:

(1) Update the solution in the interior of ΩFDM, i.e., at nodes ω′
D and ωo using the

finite difference method.
(2) Update the solution in the interior of ΩFEM, i.e., at nodes ω∗ and ωX using the

finite element method.
(3) Copy values at nodes ωX from ΩFEM to ΩFDM.
(4) Copy values at nodes ωo from ΩFDM to ΩFEM.

The finite element method is formulated as a Galerkin method with piecewise linear
approximation for the Jacobian equations expressing stationarity of the Lagrangian.
The adaptivity is based on a posteriori error estimates involving Jacobian residuals
and associated dual weights obtained from the solution an associated linearized
dual problem involving the Hessian of the Lagrangian. With data depending on the
quantity of interest (output). The size of the dual solution with the data expresses
the sensitivity of the output to different perturbations. Of prime concern in adap-
tivity may be the sensitivity of the material coefficients to perturbations from (i)
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discretisation of the Jacobian equations with finite elements/differences, and (ii)
from errors in the measured data. It can be expected that the sensitivity should
increase with increasing amount of (correct) wave reflection data.

If one restricts the output to be the Lagrangian itself, then the dual weights
are obtained from the solution of the Jacobian equations, while more demanding
outputs, such as more or less local mean values of the material coefficients, require
the dual problem with the Hessian to be (approximately) solved.

9.2.1.3 Elastic Scattering of Debris

For the wave equation function ρ(x), M(x), and λ(x) are necessary to be
found. Preliminary equations can be written as:

E(δ, ρ, µ, λ) =
1
2

t∫
0

∫
Ω

(δ − δ̄)2δobsdxdt

+
1
2
γ1

∫
Ω

|∇ρ|2dx +
1
2
γ2

∫
Ω

|∇µ|2dx +
1
2
γ3

∫
Ω

|∇λ|2dx ,

(9.12)

where δ̄ is observed data at xobs, δ is satisfied and thus depends on ρµ and
λ, and γi, i = 1, 2, 3 are regularized parameters.

L(u) = E(δ, ρ, µ, λ) − ((ρDδ,Da) + (µ∇δ,∇a))

+((λ + µ)∇δ,∇a)) − (f, a))
(9.13)

where u = (ν, α, ρ, µ, λ), and search for a stationary point u satisfying ∀ū:

L′(u, ū) = 0 (9.14)

where L′(u; ·) is the Jacobian of L at u, and we assume that a(·, T ) = ā(·, T ) =
0, a = 0 and δ(·, T ) = δ̄(·, T ) = 0, together with homogeneous boundary
conditions.

The equation (9.14) expresses that in Ω × (0, T )

ρ
∂2δ

∂t2
− ∇(µ∇δ) − ∇((λ + µ)∇δ) = f (9.15)

ρ
∂2a

∂t2
− ∇(µ∇a) − ∇((λ + µ)∇a) = −(δ − δ̄)δobs (9.16)

−γ1∆ρ −
T∫

0

∫
Ω

∂δ∂a

∂t∂t
dxdt = 0

−γ2∆µ −
T∫

0

∫
Ω

∇δ∇a + ∇δ∇adxdt = 0

(9.17)

−γ3∆λ +

T∫
0

∫
Ω

∇δ∇adxdt = 0 (9.18)
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together with homogenous boundary and initial conditions. Here (9.15) is
the state equation for the state ν, (9.16) is the adjoint state equation for
the costate a, and (9.17 to 9.18) express the stationarity with respect to the
parameters ρ, µ and λ.

9.2.1.4 A Finite Element Method for Elastic Scattering

One now defines UhUU = W δ
hWW × W a

hWW × V 3
hVV and seeks uh ∈ UhU such that:

L′ = (uh; ū) = 0,∀ū ∈ UhU (9.19)

where now L is defined by (9.13) and the finite element spaces W δ
hWW and W a

hWW
are defined.

Program BANG-FIR is now invoked with scattering achieved under sym-
bols o, x, ∗ and ′, various elements scattered can be identified.

9.3 Three Dimensional Scattering of Elements
Under Impact/Explosion/Fire

Adaptive algorithm for computation of the parameter for ‘c’ is used. Test
cases of 2, 4 and 6 plane waves are performed. The method is as follows:

(1) Choose an initial mesh Kh and an initial time partition JkJJ of the time
interval [0, T ].

(2) Compute the solution p on Kh and JkJ of the forward problem (2.1.) with
c = c(n).

(3) Compute the solution λ of the adjoint problem

1∂2λ

c2∂t2
− ∆λ = −(p − p̃)δobs, x ∈ Ω, 0 < t < T (9.20)

on Kh and JkJJ .
(4) Update the velocity on Kh and JkJJ according to

c(n+1)(x) = c(n)(x) − a(n) 2
c(n)3

T∫
0

∂λ(x, t)
∂t

∂p(x, t)
∂t

dt (9.21)

where a = 0.01.
(5) Compute the error for c.
(6) Refine all tetrahedra, where Rcσc > ε, ε is a desired tolerance. Each

isoparametric can be divided into 2, to 8 new isoparametric tetrahedra.
(7) Construct a new mesh Kh: one connects a refined grid with the previous

one, to maintain the consistency of the grid.
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9.4 Debris Dispersion Relation Using Time-Dependent
Elastic Waves

In this section it is necessary to present the dispersion relations for the time-
dependent elastic wave equation. These relations allow one to get the infor-
mation on the stability and accuracy properties of the numerical models.

Searching for a plane wave solution of the homogenous elastic equation
in the form

δ1 = δ1O
ei(ωt+k1+k2y) (9.22)

δ2 = δ20e
i(ωt+k1+k2y) (9.23)

one gets two dispersion relations by identifying eigenvalues of the problem:

AX = ρ sin2 ωτ

2
X (9.24)

where X = δ10 , δ20 and

A1 =
τ2

h2

⎛
⎜
⎛⎛
⎜⎜⎜⎝⎜⎜

(λ + 2µ) sin
2k1h

2
+ µ sin

2k2h

2
(λ + µ) sin

k1h

2
sin

k2h

h
cos

k1h

2
cos

k2h

2

(λ + µ) sin
k1h

2
sin

k2h

h
cos

k1h

2
cos

k2h

2
(λ + 2µ) sin

2k2h

2
+ µ sin

2k1h

2

⎞
⎟
⎞⎞
⎟⎟⎟⎠⎟⎟ ,

which gives

ρ sin2 ωτ

2
=

τ2

h2

(
(λ + 2µ)

(
sin2 k1h

2
+ sin2 k2h

2

)

− (λ + µ) sin2 k1h

2
sin2 k2h

2

)
,

(9.25)

ρ sin2 ωτ

2
=

τ2

h2

(
µ

(
sin2 k1h

2
+ sin2 k2h

2

)

+ (λ + µ) sin2 k1h

2
sin2 k2h

2

)
.

(9.26)

9.4.1 Stability Criterion

To determine the time step restriction for stability of our explicit method,
one assumes that sin ωt

2 ≤ 1 and k1h = k2h = k3h = π corresponding to the
highest spatial frequency resolved by the grid, and then deduces from (9.25
to 9.26) the CFL condition:

τ ≤ h

√√
ρ

λ + 3µ
(9.27)

9.4.2 Absorbing Boundary Conditions

One has also simulated a variation of the problem by applying absorbing
boundary conditions at the boundary ΩFDM. It means, that these boundary
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conditions approximate the solution of the boundaries. One uses the following
boundary condition:

∂

∂t
u − ∂

∂x
u

∣∣∣∣∣∣∣∣∣∣
x=0

= 0 (9.28)

9.4.3 Neumann Boundary Conditions

The condition:

τijττ nj = TiTT , x ∈ B (9.29)

λδijni

d∑
k=

∈kk +2µijni = TiTT (9.30)

in this case, one seeks a solution ui ∈ C2(Ω), i = 1, 2, 3. The explicit expres-
sion for the computations of the surface forces TiTT ∈ C(B), i = 1, 2, 3 at the
boundary B in the three dimensional case take the following form:

TxTT = (λ + 2µ)
∂δ1

∂x1
n1 + λ

(
∂δ2
∂x2

+
∂δ3

∂x3

)
n1 + µ

(
∂δ1
∂x2

+
∂δ2

∂x1

)
n2 + µ

(
∂δ1
∂x3

+
∂δ3

∂x1

)
n3 ,

TyTT = (λ + 2µ)
∂δ2

∂x2
n2 + λ

(
∂δ1
∂x1

+
∂δ3

∂x3

)
n2 + µ

(
∂δ2
∂x3

+
∂δ3

∂x2

)
n3 + µ

(
∂δ2
∂x1

+
∂δ1

∂x2

)
n1 , (9.31)

TzTT = (λ + 2µ)
∂δ3

∂x3
n3 + λ

(
∂δ1
∂x1

+
∂δ2

∂x2

)
n3 + µ

(
∂δ3
∂x2

+
∂δ2

∂x3

)
n2 + µ

(
∂δ1
∂x3

+
∂δ3

∂x1

)
n1 .

9.5 Debris Elements Forced by a 3-D Turbulent Flame

9.5.1 Introduction

A turbulent flame speed model is modified and implemented into program
BNG-FR written in three-dimensional finite element or finite discrete element
technique. The modifications are done to account for mixture inhomogene-
ity. Multidimensional numerical solutions are recognised. The mixtures, as
discussed above consist of dirt, structural elements and the rest of debris.
Since due to turbulent flame the commercial CFD code requires a revision to
include these effects on kinetic energy of turbulence. Additional momentum
is employed due to a specific turbulent component and the realistic equations
are obtained to represent the true debris dynamics.

9.5.2 Turbulent Driven Debris Equations

The model yields the following closed balance equation for the mean progress
variable
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∂ρ̄c̃

∂t
+

∂ρ̄c̃

∂xj
(¯ũj c̃) =

∂

∂xj

[
ρ̄(κ + Dt)

∂c̃

∂xj

]
−

ρ̄c̃

tr(1 + Dt/κb)
exp

(
−Θ

T

)
+ (9.32)

Aρuu
′
[

L

u′τcττ

]1/4{
1 +

τ ′

t

[
exp

(
− t

τ ′

)
− 1

]}1/2

|∇c̃|

|∇c̃| =

⎧⎨⎧⎧
⎩
⎨⎨ 3∑

j=t

(
∂c̃

∂xj

)2
⎫⎬⎫⎫
⎭
⎬⎬1/2

(9.33)

where the following well-known approximation

Dt = Dt,0

[
1 − exp

(
− t

τ ′

)]
(9.34)

of time-dependent turbulent diffusivity Dt is used. Here, t is the time counted
from ignition; xj and uj are the coordinates and flow velocity components, re-
spectively; ρ is the gas density; τcττ = κu/U

2
LU and τ ′ = Dt,0/u

′2 are the chemical
and turbulent time scales, respectively; subscripts u and b label the unburned
and burned gas, respectively. The Reynolds averages, such as ρ̄c̃ = ρc, are

used. The r.m.s. turbulent velocity u′ =
√√

2k̃/3, integral turbulent length

scale L = CD u′3/ε̃, and the steady turbulent diffusivity Dt,0 = CµC k̃2/(σc ε̃)
are evaluated using, for example, the standard k − ε turbulent model, where
CD, CµC and σc are constants, and k and ε are the turbulent kinetic energy and
its dissipation rate, respectively. The Favre averaged temperature is linked
with the progress variable as follows:

T̃ = TuTT (1 − c̃ + γ c̃) (9.35)

where γ = ρu/ρb is the heat release parameter.
In addition to two turbulence characteristics (k and ε or u′ and L), the

BANG-FIR includes a single constant A and a set of physico-chemical char-
acteristics must be calculated so that it yields the known value of ULU when
u′ = 0. it is worth noting that joint variations in Θ and tr weakly affect the
turbulent combustion rate [predicted by the BANG-FIR, provided that this
set of values of Θ and tr yields the correct value of ULU when u′ = 0.

Equations (9.32) and (9.33) are the core of the BANG-FIR. It is compat-
ible both with another turbulence submodel, required to evaluate u′, L and
Dt,0 locally, and with another thermo-chemical approximation, required to
evaluate the temperature.

Model Features. To show the basic features of the model in a clear manner.
One considers the limit behaviour of (9.32) in the simplest case of the planar
one-dimensional flame.

Weak Turbulence. For the limit of weak turbulence (u′ → 0), (9.32) is reduced
to the standard balance equation of the thermal laminar flame theory.
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∂

∂t
(ρc) +

∂

∂x
(ρuc) =

∂

∂x

[
ρκ

∂c

∂x

]
+

ρ(1 − c)
t0

exp
(

−Θ

T

)
(9.36)

The first, laminar-like, source term has been inserted into (9.32), in order to
satisfy this limit behaviour.

Strong Turbulence. For this opposite limit case of strong turbulence (u′ � ULU
and Dt � DL), this source term is reduced by the ratio Dt/κb and the last
source term is dominating. Then, (9.32), is reduced to:

∂

∂t
(¯c̃) +

∂

∂x
(¯ũc̃) =

∂

∂x

[
ρD¯ t

∂c̃

∂x

]
+ ρuUtUU |∇c̃| (9.37)

in the laboratory coordinate system or to:

∂

∂t
(¯c̃) +

∂

∂x
(¯ũc̃) =

∂

∂x

[
ρD¯ t

∂c̃

∂x

]
+ ρuUtUU |∇c̃| (9.38)

in the coordinate system moving with the speed:

UtUU = Ut,UU 0

{
1 +

τ ′

t

[
exp

(
− t

τ ′

)
− 1

]}1/2

(9.39)

from x = +∞ to x = −∞. Here, ν̃ = ũ − UtUU ,Ut,UU 0 is associated with the fully
developed turbulent flame speed

Ut,UU 0 = Au′ × Da1/4 = Au′ ×
[

L

u′τcττ

]1/4

(9.40)

where Da is the Damköhler number.¨
Two features of this strong turbulence limit behaviour are worth empha-

sizing. First, (9.38) is exactly the same as the standard balance equation of
the turbulent diffusion theory. Therefore, (9.38) yields a permanent growth
of the turbulent flame brush thickness δι. this growth is controlled by the
turbulent diffusion law in the case of a constant density. This trend is the
peculiarity and the core of the reviewed elsewhere showing that such a regime
of growing δι occurs in many combustion devices.

Second, the turbulent flame speed UtUU is incorporated into the model
through (9.39) and (9.40), so the BANG-FIR is based on a certain submodel
for the turbulent flame speed. Equation (9.39) accounts for the development
of U , due to the fact that, as a kernel grows after ignition, it experiences
a wider range of the turbulence serum. This submodel has been developed
using certain ideas of Zimont. Equation (9.40) accounts for the effects of both
turbulence and mixture characteristics on the fully developed flame speed.
The same expression has been suggested by various authors using substan-
tially different physical models, and has been found to be the best fit of
an extensive experimental database associated with moderate turbulence. A
very close expression (UtUU ∼ u′Ka−0.3 where Ka ∼ R

1/2
t /Da and Ret = u′L/ν

are the Karlovitz and Reynolds numbers, respectively, ν is the kinematic vis-
cosity of the mixture) well approximates extensive experimental databases
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of Iverson R.M. [9.15] and Karpov et al. [9.19,9.22] in the case of near unity
Lewis number, Le ∼= 1.

Equation (9.40) predicts that the turbulent flame speed is controlled by
the only physico-chemical characteristics of the mixture, which is a chemical
time scale τcττ . This feature is supported by the experimental investigations
of Kido et al. [9.27] and offers the opportunity to account for two impor-
tant effects. First, numerous experiments discussed elsewhere show that UtUU is
reduced by the Lewis number, the effect being very strong for lean hydrogen-
air mixtures characterized by small Le. A submodel predicting these effects
through the strong dependence of τcττ (Le) has been developed and can be
incorporated into the program BANG-FIR.

Second, the ability to predict the effects of pressure on UtUU appears to be of
crucial importance for modeling SI engines. Both old experiments discussed
elsewhere and recent investigations show that UtUU is increased with pressure P
despite the substantial decrease in ULU . For example, Kobayashi et al. [9.23]
showed that UtUU is roughly constant in the range of P = 1−30 bar, despite the
strong decrease in ULU . Numerous models employing ULU as the only physico-
chemical characteristic of the mixture cannot predict such pressure effects.
On the other hand, the BANG-FIR in (9.40) is in fact able to do so. Indeed,
according to (9.40), the pressure may affect UtUU only through τcττ = κu/U

2
LU .

Since ULU ∼ P−1/2 for the experiments of Takashi T. [9.16] and κ ∼ P−1,
(9.40), predicts the constant τcττ and UtUU in line with the measurements.

∂

∂t
(¯c̃) +

∂

∂x
(¯ṽc̃) =

∂

∂x

[
ρ̄(κ + Di)

∂c̃

∂x

]
+

ρ̄(1 − c̃)
t0(1 + Dt/κb)

exp
(−Θ

T

) (9.40a)

in the coordinate system moving where a speed UtUU determined by (9.39), from
x = + ∝ to x = − ∝ since the equation is similar to the standard balance
equation of the thermal laminar flame theory (9.40), its steady limit solution
can be easily obtained. It yields steady flame thickness.

δt = δL

(
1 +

Dt,0

κb

)
(9.40b)

and the steady flame speed:

Ut,UU 0 = UlUU + Au′ × Da1/4 (9.40c)

in the laboratory coordinate system.

Data

From the data already given, the following values are in addition P = 1.1
40 bar. Based on k–e turbulence model.
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Plate 9.2. Flame radius versus flames-time and velocity
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The turbulence characteristics are computed employing the version of the
k–e turbulence model implemented into the original code. For instance, u′ =√√

2k̃/3, L = CdCC u′3/ε̃, τ ′ = Dt,0/u
′2, Dt,0 = CµC k̃2/( σ̃c), where CµC = 0.09,

σc = 0.9, and CD = (9/4CµC )3/4 = 0.302. The locally computed values of u′,
L and τ ′ are used to calculate the time-dependent diffusivity and the mean
reaction rate locally.

Analysis results

Flame radius versus time versus flame speed for various forced out are plotted
in Plate 9.2.

9.6 Development of Flight Model

This model now seeks to link the aerodynamics of debris elements with the
damage caused when flying debris strikes a building or other structure. Ini-
tially, pieces of debris, such as stones or bits of steel, of which the three spatial
dimensions are roughly equal, pieces of debris, will be examined, and later,
some other shapes of debris will be introduced. The aerodynamic force on
such an element in the direction of the blast vector can be written as:

T̄ =
1
2
ρν2L2C = P e (9.41)

where T̄ is defined by (9.40) and ρ is the air density, ν is the relative velocity
between the blast and element, L is a typical dimension of the particle or
debris and CNCC , is a force coefficient that is assumed to be constant for the
particular orientation of the element to the blast. In fact, most debris particles
will have an irregular shape, and if the element is moved by the blast then
CNCC , is likely to change with time as the element rotates through different
orientations defined by direction cosines, since elements come in all shapes
and sizes, and the above theory can model this process.

If the element is at rest, perhaps lying on the ground or attached to a
building, then ν is equal to the blast speed Ū . However, if the element starts
moving in the blast wind direction, ν will become less than Ū , and the force
T̄ correspondingly less. Loose materials will start to move under blast wind
action if their blast loading exceeds the product of their weight and a “friction
coefficient” having a wider definition than usual to account for the likelihood
that elements may be trapped behind fixed connections. A broad distinction
between “loose” objects with an effective friction coefficient of about unity,
and “fixed” objects where the blast force required to break them loose is
greater than their own weight will also be assumed. Let the ratio of these
forces be defined as R1, which is the fixture strength integrity. For the great
majority of real fixed objects, the value of R1 is likely to be much greater
than one, whereas for loose objects, R1 will be of order unity.
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The distinction becomes important when the conditions for flight to occur
are considered. This will occur when the lift on an object exceeds its weight
that is when:

1
2
ρaν

2L2CL > M1g (9.42)

or since
M1 = ρmL

1
2
ρaνCL > ρmLg

(9.43)

where ρm is the density of the material. At this stage it seems fair to note that
“flight” for a piece of debris bears little resemblance to the flight of a stream-
lined object, such as an aerofoil or aircraft. To the level of accuracy, there is
little distinction between ClC , CN , and CD, and the use of a generalised force
coefficient J̄ is more appropriate, of which the value will probably be close
to unity for the typically bluff bodies involved. The effective friction coeffi-
cient of loose objects is now assumed to be about one. The following scenario
can be set up: in the steadily increasing blast wind, very poorly restrained
objects with R1 < 1 (fixing strength less than their weight) will come loose
from their fixings when 1/2ρaŪ

2T̄ > ρmLgR1, but the aerodynamic force
will be insufficient for them to “fly”, and they will fall to the ground and
remain there with now R1 now equal to one until 1/2ρaŪ

2T̄ > ρmLg when
they begin to move downwind and become a potential hazard. In reality, the
value of R1 depends on physical connections that vary.

Better restrained objects (R1 > 1) will remain attached until
1
2
ρaŪ

2T̄ > ρmLgR1 (9.44)

they will also come loose, but since the value of Ū at which this happens
is higher than the minimum required for flight, they will travel further, ac-
celerating towards the blast wind speed Ū , losing relative speed and falling
eventually to the ground if the initial value of R1 was not much above one.
In this model it is assumed that elements forming missiles reach a proportion
of νb the blast wind speed, ignoring for the moment how νb might vary with
the other parameters of the problem.

Although (9.44) has been written as an inequality, in the increased blast
wind speed of a typhoon a simplest assumption would be that each object
flies as soon as condition of the (9.44) is reached, so that the condition for
flight becomes:

1
2
ρaŪ

2 T̄ > ρmLgR1 (9.45)

or

Ū2 = 2(ρm/ρa)(R1/T̄ )Lg (9.46)

in this scenario, blast wind speed increases steadily from a low rate, and as
soon as (9.45) is satisfied for a particular element, that element becomes an
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airborne missile. This implies that for fixed values of R1 and ρm, smaller
elements such as dust particles become airborne first, and that as blast wind
speed regularly increases, larger and larger particles become missiles. Also
heavier particles, higher ρm, require higher blast wind speed in order to be-
come airborne.

A similar analysis can be performed for sheet materials, such as plywood,
or steel columns, corrugated iron, typical of material torn from a building in
high blast winds. This time the equation governing the flight criteria becomes:

Ū2 = 2(ρm/ρa)(R1/T̄ )t̄hgM1 (9.47)

where t̄h is the depth of the section of elemental sheet. Whilst this equation
resembles its equivalent for solid particles, (9.46), there is a crucial difference.
This time, the initial flight speed is dependent, not on size, but on mass/unit
area, the product of density and thickness. The analytical flight equation for
flying rod missile of length L and diameter d can be written as:

Ū2 = π/2(ρm/ρa)(R1/T̄ )dg (9.48)

A similar flight equation can be written for particle of l1 or d1, a diameter:

Ū2 = π/2(ρm/ρa)(R1/T̄ )d1g (9.49)

9.7 Damage Function for a Scenario

When such a missile strikes a building, damage to the façade may or may not¸
occur. Initially, it might be assumed that the amount of damage sustained
is proportional to the missile kinetic energy. A constant of proportionality of
unity will be used, remembering though that the actual damage sustained
is likely to be a proportion of the missiles total kinetic energy. This is also
true for the oozing out of damaged missiles. An expression for the “damage”
caused by a single missile then becomes:

Dm =
1
2
ρmL3v2

aŪ
2 (9.50)

It is now possible to combine this with the flight condition for a solid three-
dimensional object (9.45) and eliminate the typical missile dimension L. The
damage function then becomes:

Dm =
1
16

ρm

{
(T̄ ρa)/(ρmR1)

}3
v2

aŪ
8 (9.51)

Because of the composition of the flight condition (9.47) and (9.48) and their
different dependence on Ū for the sheets and rod missile types compared the
solid objects, the damage function becomes a function of only Ū4 in these
cases. This very strong dependence on Ū arises because for given missile
density ρm each blast wind speed is associated with a particular missile size
L, and as Ū increases the damage inflicted by the corresponding missile size
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Table 9.8. Final flight speeds (m/s) of elements and their kinetic energy J/m2

Element type Theoretical
final speed
(m/s)

Blast wind speed (m/s) KE(J/m2)

25mm solid
ρm = 150 Kg/m3

1.35
2.31
3.80

10 95

25 mm hollow
ρm = 94 Kg/m3

1.22
2.65
4.35

20
40

1500
2400

50mm solid
ρm = 135 Kg/m3

1.20
2.27
3.97

Multiplying factors

50 mm hollow
ρm = 42 Kg/m3

1.33
2.45
3.73

for 1.9 kg/m2 for 10 m/s
for 1.5 kg/m2 for 20m/s

100mm solid
ρm = 114 Kg/m3

1.01
1.91
3.63

for 30 kg/m2 for 40 m/s

100 mm hollow
ρm = 56 Kg/m3

1.08
1.98
3.42

(a) stone size = 2mm
KE = 0.00017 (J)

100mm hollow
ρm = 23.6 Kg/m3

1.37
2.39
4.20

stone size = 9 mm
KE = 0.04 (J)

200 mm hollow
ρm = 23.2 Kg/m3

1.02
1.84
3.35

stone size = 37mm
KE = 110 (J)

also increases rapidly. It is instructive to examine some typical cases to see
the implications of (9.50). Table 9.8 gives the values of the damage function
for solid objects. At blast wind speeds of only 10 m/s the wooden missile
will create “damage” of 0.05J , the stone 0.0017J . these levels of “damage”
are probably below the threshold of real damage, though at higher speeds
real damage becomes possible for solid objects as well as for sheets and rods.
Average value R1 = 0.64 for sheet material is considered. For rod material
R1 = 0.5 is considered a suitable figure for the analysis.

Let the ejecting force {∆P e
iPP } = TiTT and is now the impulse when multiplied

by the time of ejection. This may be the impulsive force for any object of size
0.0001L to L = 4.57 m, which is the column length, particularly in WTC in
one floor area.

An impulse is defined as a force multiplied by time, such that:

T̄iTT (t) =
∫

Fdt (9.52)
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where T̄iTT (t) is the impulse, F is the force and t is the time. The momentum
of a body is the product of its mass and its velocity:

momentum = M1ν (9.53)

where M1 is the mass and ν is the velocity = dx/dt. Both velocity and
momentum are vector quantities; their directions are the same. If a body is
moving with a constant velocity, its momentum is constant. If velocity is to
be changed, a force F must act on the body. It follows that a force F must
act in order to change the momentum.

F = M1dν/dt (9.53a)

or

Fdt = M1dν (9.53b)

Figure 9.2 shows a missile projected at a velocity u from a position 0. At 0,
x, ẋ, and ẍ are all zero. The only force on the flight is equal to M1g. Hence
y, the acceleration in the vertical direction, is −g.

The general forms of the velocity and distance equations are:

ν = u + gt

s = ut + 1
2gt

2
(9.54)

ẋ = u cos a, ẏ = u sin a − gt (9.55)

x = (u cos a)t; y = (u sin a)t − 1
2
gt2 (9.56)

ẍ = 0; y = −g (9.57)

By elimination of t from (9.24), the trajectory equation is written in a
parabolic form as:

y = x tan a − (gx2 sec2 a/2u2) (9.58)

The velocity ν of the missile during flight at any instant in time is given by:

ν =
√√

(x2 + y2) , with a = tan−1(ẏ/˙ ẋ)

y/˙ ẋ = (dy/dt)/(dx/dt) = dy/dx
(9.59)

the direction of the velocity at any instant is along the tangent to the path
for that particular instant. If the missile is projected in a building from the
aircraft at an angle below its level in order to hit the target at the ground
level (the aircraft level is treated as horizontal), (9.50) becomes:

y = x tan a − (gx2 sec2 a/2u2) (9.60)

and all negative signs in (9.47) and in (9.48) related to g are positive.
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Fig. 9.2. Element of a debris plight

9.8 Test Example on WTC Tower Collapse

In this text it is recommended to examine the test data in Chap. 8 for dimen-
sions, loadings and the oil/structure interaction. Apart from the given data,
it is recommended to use flour plane wave from left, right, top and bottom
boundaries.

To get data for the reconstruction, it is solved the wave equation with
four plane waves of the form with k = 100. The time interval is [0, 0.4] and
is divided into four phases, 0.1 each: first, one plane wave starts at the left
boundary x1 = 0 of Ω and goes through the ΩFEM to the right boundary
x1 = 1, then at time 0.1 a second wave starts at the right boundary x1 = 1
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Fig. 9.3. {2Lg(ρm/ρα)}1/2, m/s (theoretical results

of Ω and goes to the left, and the third and fourth plane waves begin at time
0.2 and 0.3 at the top/bottom boundaries of ΩFDM, respectively, and goes to
the top/bottom boundaries. They are used absorbing boundary conditions on
the other boundaries. The observation points are placed around the object.

The data for the reconstruction is obtained by solving the direct problem
with c = 2 in the scatter and c = 1 outside.

In Fig. 9.3, it is presented the computed exact solution of the problem
inside ΩFEM with four plane waves and absorbing boundary conditions at
all the boundaries. the computer simulations of the reconstructed scatterer
on the adaptive refined meshes are shown in Fig. 9.3. First, it is computed
parameter c, using the reconstruction algorithm on the coarse grid. Then,
the coarse grid is refined by using the estimate, and the previously computed
parameter c is interpolated into a new refined mesh. This value is used as
starting value for computations of the new mesh. Next, all the steps of the
reconstruction algorithm are performed and the previously described proce-
dure of the interpolation of the computed parameter c is repeated into the
refined mesh until the desired tolerance is achieved.

9.8.1 Additional Data Due to Explosion

Explosion at exterior face = 172.369 KN/m2

t̄h varies 2.6 mm to 12 mm
ν = 0 to 0.3
ρm = 2224 kg/m2



9.8 Test Example on WTC Tower Collapse 505

ρ = 1800 kg/m2

Es for steel = 209 GN/m2

Explosion load = 33 tons of TNT for Oklahoma
= 0.6 tons of TNT for WTC Tower

cD: drag coefficient = 1.0
PoPP : ambient atm. pressure = 1 bar

PsoPP = 6784
W

R3 + 93
(

W

R3

)1/2

kB : short pulse duration

= 10.23
W 1/2
√√
PSOPP

, PsoPP < 70 bar

= 20.77
W 1/3

P
2/3
SOP

, PSOPP ≥ 70 bar

fyff = 400 N/m2 ; fdyff = 1.2 fyff = 552 N/m2

I: impulse load = 5095KPaPP – ms
tR: 0.28 to 0.3 seconds

When the objects scatter, the direction cosine matrix is needed to position
the flying objects in debris. The direction cosine matrix is given in Table 9.5,
which can be linked up to any finite element program or finite discrete element
program. A typical compliance material matrix [D] (Table 9.1 and 9.2) is
chosen for the flying object in which E and V can be different for different
material constituting the debris.

Referring to Table 9.5, when the incremental slip occurs under impact
load, the bond between joint and member is broken. The element nodal force
TiTT = {∆P c

iPP } is the component of the impact force that ejects the elements of
debris. The minimum L value chosen is 0.001L = dL. The maximum value
L for the program BANG-FIR is taken to be L = 15 ft (4.57 m).

9.8.1.1 Check on Turbulent Velocity Data

Plate 9.2 gives a relationship between flame radius and time and combustion
velocities versus r.m.s. turbulent velocities. The data given is to be simulated
into program BANG-FIR.

9.8.1.2 Scanning Approach of Existing Scenario

Finite element analysis is related to scanning method, which examines the
existing data and then considers these relations to the initial flight speed
of rectangular shapes and steel sheets. Figure 9.3 shows the flight speed for
cube shapes and sheets. In WTC scenario, the total number of missiles gen-
erated is determined by the highest speed achieved. The time of exposure
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Fig. 9.4. Explizit solver: central difference time integration scheme
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Material
linear, elastic, isotropic – determination of outer boundaries
density – neighbourhood update: – body location mapping,
Young’s modulus – space bisection,
Poisson’s ratio – bounding box inter-

section search,
– contact forces: – local resolution,

– evaluation of contact
tractions

ρ = 1.0 × 103 kg/m3

E = 1.0 × 1010 N/m2

ν = 0.0

– Scan mapping
and calculation

– Data Assessment

Load II
Slowly applied load

f1 = 2.0 × 103 N
t1 = 3.0 s

Critical time step increment for finite element model
∆tcr = 0.00035 s

Load III
impulse load

f1 = 2.0 × 103 N
t1 = 0.001 s
t2 = 0.002 s

Fig. 9.5. Finite element post-solution – calculation of internal forces
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Fig. 9.6. Flow chart for program ISOPAR
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of the fire storm is important only in that it affects the reducing value of
R1, as objects fatigue and break loose from their attachment or mountings.
Estimates of the availability of missiles might best be determined by an anal-
ysis of the wreckage left in the aftermath of a typical disaster. For WTC
scanning and the velocity values of Ū (m/s) are compared with theoretical

values of
{

2Lg ρm/m ρ// a

}1}}/2//
m/s. They are plotted as in Fig. 9.3. The results

being straight-lines are truly established since the analysis is validated, no
further tests are needed for other shapes or objects. The theoretical analysis

is based on
{

2Lg ρm/m ρ// a

}1}}/2//
has been adopted throughout.

Program ISOPAR has been modified on the lines suggested in Figs. 9.4
to 9.6.

Explanatory Notes on Analysis

Hallquist et al. Method

Hallquist et al. [9.188] developed a useful concept of master and slave nodes
sliding on each other. As shown in Fig. 9.7, slave nodes are constrained to
slide on master segments after impact occurs and must remain on a master
segment until a tensile interface force develops. The zone in which a slave
segment exists is called a slave zone. A separation between the slave and
the master line is known as void. The following basic principles apply at the
interface:

kn = Interface normal stiffness m Ū material stiffness matrix
Values varied as 103 to 106 n/mm3

Fig. 9.7. Hallquist contact method (modified by Bangash)
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Hallquist et al. [9.188] gave a useful demonstration of the identification
of the contact point, which is the point on the master segment to the slave
node ns, and which finally becomes non-trivial during the execution of the
analyses. When the master segment t̂ is given the parametric representation
and t is the position vector drawn to the slave node ns, the contact point
co-ordinate must satisfy the following equations:

∂r̂

∂ξ
(ξc, ηc) × [t̂ − r̂(ξc, ηc)] = 0

∂r̂

∂η
(ξc, ηc) × [t̂ − r̂(ξc, ηc)] = 0

where (ξc, ηc are the coordinates on the master surface segments Si.
Where penetration through the master segment Si occurs, the slave node

ns (containing its contact point) can be identified using the interface vector fsff .

fsff = −lkini if l < 0

to the degree of freedom corresponding to ns,

f i
mff = NiNN (ξc, ηc)fsff if l < 0

where

l = n̂i [t̂ − r̂(ξc, ηc)] < 0

a unit normal

n̂i = n̂i(ξcηc); t̂i = n̂i

n∑
j=1

NjN (F1FF )j(t)

ki = tfsiff KiKK A2
i /ViVV

where
(F1FF )j(t) = impact at the jth node

K = stiffness factor
KiKK , ViVV , Ai = bulk modulus, volume and face area, respectively

fsiff = scale factor normally defaulted to 0.10

NiNN =
1
4
(1 + ξξi)(1 + ηηi) for a 4-node linear surface

Bangash extended this useful analysis for other shape functions, such as NiNN
for 8-noded and 12-noded elements. On the basis of this theory and owing
to the non-availability of the original computer source, a new sub-program
CONTACT was written in association with the program ISOPAR. The sub-
program CONTACT is in three dimensions.

{F̂∆N} = [KγγKK ]i{UγUU }i = [Σk]{Σ∆i,∆j , . . . } = {F̂ i,j , . . . } + {±µF̂ n, . . . ± k∆i, . . . }
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∆sl = distance of sliding

= (∆j − ∆i) − µ|F̂ n|
[KγγKK ]

µ = friction

{F̂ SN} < {µF̂ N} no sliding

≥ {µF̂ N} sliding

= 0 contact broken

θ = cos−1 X

γ
or sin−1 Y

γ

Table 9.9. Elements of debris with direction cosines

Fig. 9.8.

Debris as a rod of length L

L �= varies from 5 m to 0.01 m��
Let I and J (Fig. 9.8) be line element nodes. x, y, z and x′, y′, z′ are global and
local co-ordinates. The direction cosines of the local axes (x′, y′, z′) with respect
to the global axes (x, y, z) are (l, m, n), (p, q, θ), (r, s, t). Let (I, J) be the line
element nodes. the direction cosines are computed as follows:
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l = (yJ − xI)/L m = (yJ − xI)/L

n = (zJ − zI)/L p = m/
√√

1 − n2

q = l/
√√

1 − n2 r = − ln /
√√

1 − n2

s = −mn/
√√

1 − n2 t =
√√

1 − n2

L =
√√

(xJ − xI)2 + (yJ − yI)2 + (zJ − zI)2

(a)

Let ∆SH , ∆SV and ∆SL be the incremental slip in the horizontal, vertical and
lateral directions of the steel element. The incremental relationship between the
slip and the nodal displacements can be written as:

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

∆SH

∆SV

∆SL

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ =

⎡
⎢
⎡⎡
⎣⎢⎢

−l −m −n l m n

−p −q −θ p q θ

−r −s −t r s t

⎤
⎥
⎤⎤
⎦⎥⎥ =

⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪
⎪
⎨⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

δix

δiy

δiz

δjx

δjy

δjz

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭⎪⎪

(b)

or

{∆S}H,V,L = [TbTT ]r,s,t
l,m,n × {∆Ue} (c)

where (TbTT ) is the transformation matrix and {∆Ue} are the global element dis-
placements.

The local incremental bond stress and bond-slip may be written

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

∆σHi

∆σV i

∆σLi

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ =

⎡
⎢
⎡⎡
⎣⎢⎢

kHi 0 0

0 kV i 0

0 0 kLi

⎤
⎥
⎤⎤
⎦⎥⎥ =

⎧⎪⎧⎧⎨⎪⎪
⎪
⎨⎨
⎩⎪⎪

∆SHi

∆SV i

∆SLi

⎫⎪⎫⎫⎬⎪⎪
⎪
⎬⎬
⎭⎪⎪ (d)

or KH , KV and KL are the spring constants or

TiTT = ∆σe
bi = Kbi∆Se

Hi (e)

The ejecting nodal force vector can be written as

∆T e
iTT = πdL[TbTT ]T

n

∆σe
bi (f)

and the element stiffness matrix assumes the form:

[KL
6×6

] = πdL[TbTT ]T
n

kbi[TbTT ]T
n

(g)

where [TbTT ] is the transformation matrix given in (b). T ′′ transpose
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Program BANG-FIR in Combination
with BANG-BLAST and BANG-IMPACT

The finite finite element algorithms developed in this study in a new com-
puter program aimed at solving transient, dynamic problems in continuum
mechanics involving large number of contacting bodies. The program BANG-
FIR is written using super computers with dynamic memory management,
with highly post-solution procedures embodying algorithms designed to sim-
ulate the behaviour of all kinds of solid materials, thus enabling the ac-
complishment of one of the most important tasks that constitute the finite
element method. The flow chart presented outlines the structure of the fi-
nite element post-solution procedure. The calculation and the assembling of
the nodal forces is arranged according to the type of finite element used in
discretisation. Scanning process examines pictorially the items in question.
The position vectors are evaluated and is formed the input for the dynamic
blast analysis BANG-BLAST linked with the program BANG-FIR, which
considers all aspects of fire analysis, as described earlier. BANG-IMPACT
plays a part in evaluating impact effects due to aircraft crashes. They are
then linked to the program ISOPAR for the finite element analysis and the
damage scenario. In some cases, “explicit solver” is asked for the central dif-
ference analysis, which is necessary together with the finite element analysis
for dynamic elastic wave evaluation, for which the analytical model is given
in this section. Where dynamic contact due to elements impacting themselves
in the creation of damage scenario, MASTER AND SLAVE NODES are con-
sidered for contact detection and elemental damage analysis. The function
of the PILE COLLECTION is involved to bring to rest all ejected elements
during flights in WINDFIRE.

Analysis of Results

Based on the numerical model and analysis described in this section, and
fully tested, the combined design scenario covering aircraft impact, blast
loads, fire load and zones of dismantling elements from the WTC-1, the pro-
gram ISOPAR devised a disaster scenario, which is shown in Plate 9.3 and
Plate 9.3.a. A great deal of similarity in various zones has been obtained. A
number of assumptions on the geometry of dismantled elements are consid-
ered. It was difficult to simulate the dirt associated with fire. It was assumed
that the dirt particle diameter was L = 0.001 m as the minimum. The max-
imum length of the elements is approximately taken as around L ≈ 5.0 m.
variable speeds and the nature of fire were considered. Chapter 8 gives also
data that was included and for reasons of space could not be repeated: al-
though the ∆es as |e| scenarios are very similar, more research is needed to
better approach the analytical results.

Plate 9.4 gives the computed version of the WTC disaster scenario based
on the numerical model given in this chapter and program ISOPAR.
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Plate 9.3. WTC-1 on fire – flume/smoke/fire scenario (courtesy FEMA, Washing-
ton D.C. 2002). Used as initial data for checking with PATRAN and BANG-FIRE
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Plate 9.3a. WTC-1 on fire– dejected elements. Computational damage scenario –
local face area (using finite element/PATRAN/FEMVIEW 2003)
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Plate 9.4. Computed damage scenario using finite element/PATRAN-
FRONTENDED (finite element linked with scanning) – fire and debris
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10 Building Global Analysis
for Damage Scenario

10.1 Introduction

The global concept is based on combining all elements including bracings
shears and cores to form a single spatial cantilever with physical boundary
conditions; the major contributions apart from axial and shear shall be the
bending and torsional stiffnesses of the entire building.

In the lateral load analysis of buildings, wind, earthquake and blast forces
are treated as equivalent static loads and are reduced to a series of horizontal
concentrated loads applied to the building at each floor level. Portal and can-
tilever methods offer quick ways of analysis of a rigid bent with unknown sizes.

In the portal method, a wind bent is treated as a series of consecutive
single-bay portal frames in the determination of axial stresses in the columns
due to overturning effect. Interior columns are considered as part of two such
portals, and the direct compression arising from the overturning effect on
the leeward column of one portal is offset by the direct tension arising from
the overturning effect on the windward column of the adjacent portal. If the
widths e£different portals are unequal, the distribution of blast shear resisted
by each portal can be assumed proportional to the aisle widths to maintain
the interior column free of direct stress. Alternately, the column shears can
be assumed to be unaffected by aisle widths resulting in axial stresses in the
interior columns. With the shears in each column known and the points of
contraflexure pre-established, the moments in beams and columns are deter-
mined. Simple statics will yield axial and shear forces in beams and columns.

In the portal method it is assumed that (1) points of contraflexure are
located at midpoints of girders and columns, and (2) the shear in columns is
distributed in a rational manner. Under the second category, some engineers
assume that the shear in exterior columns equals one-half the shear in an
interior column, while some assume that the shear is distributed in proportion
to the tributary bay width. For unequal bays, the former assumption results
in direct stresses in the interior columns equal to the difference in girder
shears on either side of the column. The latter assumption keeps the interior
columns free from direct stresses.

The frame analysis for horizontal loads by the so-called cantilever method
is obtained by assuming that (1) inflection points, i.e., hinges, form at
midspan of each beam and at midheight of each column; and (2) the unit
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direct stresses in the columns vary as the distance from the frame centroidal
axis. It is usually further assumed that all columns in a story are of equal
area. In this case the total column forces will vary as the distance from the
centre of gravity of the bent. Using these assumptions the frame is rendered
statically determinate and the direct forces, shears, and moments are deter-
mined by equilibrium considerations.

The lateral displacement of one floor relative to the floor below results
from a combination of bending and shear deformation of the bent. The bend-
ing deformation or the chord drift, as it is sometimes called, is a consequence
of axial deformation of the columns alone and is independent of the size, type,
location, and arrangement of the web system. The shear deformation is due
to the rotation of the joints in the frame, which causes bending of columns.

For the relatively short frames with height-to-width ratios less than 3,
the deflection due to axial shortening of columns can be neglected and the
deflection of the frame can be assumed to be entirely due to joint rotations. Its
contribution to deflection can, however, be obtained by considering the frame
as a cantilever with an equivalent moment of inertia I = 2αd2 where α is the
area of exterior column and d is half the base of the portal frame. For taller
frames, it is prudent to consider the axial deformation of the interior columns;
the equivalent moment of inertia is determined by the relation I =

∑n
1 a1d

2
1,

where a1, a2, . . . , an represent the areas of the columns and d1, d2, . . . , dn

represent their corresponding distances from the natural axis of the frame.
Deflection can occur due to column type rotation or girder rotation the

framed tube system in its simplest form consists of closely spaced exterior
columns tied at each floor level by relatively deep spandrels. The behaviour
of the tube is in essence similar to that of a hollow perforated tube. The
overturning moment under lateral load is resisted by compression and tension
in the columns while the shear is resisted bending of columns and beams
primarily in the two sides of the building parallel to the direction of the
lateral load. The bending moments in the beams and columns of these frames,
which are called the web frames, can be evaluated using either of the two
approximate procedures, namely the portal or the cantilever analysis. It is
perhaps more accurate to use the cantilever method because tube systems
are predominantly used for very tall buildings in the 40- to 80-story range
in which the axial forces in the columns play a dominant role. The moments
in spandrels and columns as well as the racking components of the tube
deflection can be evaluated by using the cantilever method.

As mentioned earlier, because of the continuity of closely spaced columns
and spandrels around the corners of the building, the flange frames are coaxed
into resisting the overturning moment. Whether or not all the flange columns,
or only a portion thereof, contribute to the bending resistance is a function
of shear rigidity of the tube. The frame tube system can have a single core,
two cores or multi-cores.
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10.2 Analysis of Buildings in Three-Dimensions

10.2.1 General Introduction

A framed tube is thin-walled structure, which can be defined as one, which
is made up of thin plates joined along their edges. A precise quantitative
definition for the thinness is not easy to give, except to say that the wall
thickness is small compared to other cross-sectional dimensions, which are in
turn small compared with the overall length of the structure. Shear walls of
this type are extensively used in tall buildings, which typically exhibit another
characteristic, namely that the walls are open sections, meaning that they do
not have closed sections as, for example, box girders.

Compared to closed sections, open-section shear walls possess very little
torsional rigidity and, therefore, must be given special consideration in their
analysis and design. In a shear wall the shear stresses and strains are relatively
much larger than those in solid rectangular columns. When shear walls twist,
there is a so-called warping of the cross section.

The framed tube buildings are very slender with a high width ratio in
excess of 8.0. As mentioned the framed tube can be multi-dimensional. Var-
ious structural flooring systems are included. In order to achieve composite
behaviour sometimes an attempt is made to limit the number of shear walls
by interconnecting them with heavy floor systems.

Non-linear analyses of two- or three-dimensional structures are achieved
by modelling prototype structures as assemblages of line members and panels.
The line members may have axial, flexural, shearing, and torsional properties,
while the panels may carry in plane direct and shear stresses in addition to
out-of-plane stress resultants. The analysis method employed is a matrix for-
mulation of the stiffness or displacement type. In a general three-dimensional
program, the coefficients, which relate the applied loading to six generalized
displacements at the joint are calculated, and a set of non-linear simultaneous
equations is set up for each loading. Solutions of these equations result in the
displacements of the joints, which are then used to calculate internal loads
and stresses in the structural elements.

Analytical solutions can be obtained for both frame or framed tube struc-
tures for high rise buildings which mostly analysed as 3D structures composed
of relatively slender members which can be represented by properties a long
centroidal axis. Surface systems such as slabs and walls or frames are treated
as an assemblage of finite elements. Many computer packages have the ca-
pabilities for mixing up different element types and are useful in idealizing
problems of complex shape. External influences such static, dynamic and
blast loads temperature and file can be considered in the design of such
structures. The reader is advised to refer to the Appendix IA for options.

Generation options are available for convenience of inputting large
amounts of data. Many computer programs have plotting capabilities for
the undeformed and deformed shape of the structure for verification of the
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model geometry and the structural behaviour of the system. The library of
elements consists of elements from the basic linear element to the most so-
phisticated three-dimensional elements. Boundary elements in the form of
spring supports can be incorporated. Loading options include gravity, ther-
mal, in addition to the usual nodal loading consisting of either specified forces
or displacements.

Among the dynamic analysis options, two of the most useful ones are
eigen value analysis and response spectrum analysis. Wind, seismic and blast
analyses by the response spectrum approach requires the undamped free vi-
bration mode shapes and frequencies of the system. The response spectrum
analysis is obtained by solving the dynamic equilibrium equations by using
the modal superposition method.

Data preparation involves defining the basic geometric dimensions of the
structure by establishing joints or nodes on the structure.

10.2.2 Finite Element Analysis of Framed Tubular Buildings
Under Static and Dynamic Loads Influences

A tube is a three-dimensional structure, and as such responds by bending
about both its principle axes and rotation about a vertical axis. In analysing
a quarter or half model, it is necessary to restrain the transverse bending
and rotation of the tube. The kinematic restraints that preclude transverse
movement and rotation of the model are shown in Fig. 10.1.

10.2.2.1 Lumping Technique

Many structural analysis have used lumping techniques to reduce the size
of analytical models for computer analysis. The reduction in size was neces-
sitated because, even with large-capacity computers, there just was no eco-
nomical war of solving very tall buildings with large numbers of joints. Before
the structural analysis raises their eyebrows in surprise, it is well to bear in
mind that many notable buildings have been analysed using lumping tech-
niques and they have been performing successfully over the years. Therefore,
although the speed and capacity of modem mainframe computers are so vast
as not to require lumping, introduction of desktop computers with relatively
less capacity has once again required lumped computer modelling techniques.
It is important to realise that as long as the essential features of the building
are captured in the model, it makes very little difference whether a lumped
or a full model is used for the analysis. Of course, there will be differences
between the results of the two models, especially in regard to the stress re-
sultants. Under impact and blast load effects, the authors found very little
difference between the results of lumped and full models as discussed later on.

In this method of analysis, while looking at the entire structure, two floors
are lumped into one floor, the moment of inertia and area of the girder in
the lumped model should be twice their values in the prototype model. If n
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Fig. 10.1. Building frame in three-dimensions using global axes on sectional ele-
vation

floors are lumped into one floor, the corresponding properties will be n times
the prototype values. To keep the explanation simple, it is useful to introduce
the following notations:

IcpII = moment of inertia of column in the unlumped model (prototype)
IclII = moment of inertia of the column in the lumped model
L = length of girder which is the same in both models
hcp = height of column in the unlumped model (prototype)
hcl = height of column in the lumped model
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For example, two stories are lumped together. Therefore, ratio of hcl/hcp =
2.0. In general, this ratio can be considered as n, where n is the model ratio.
Equating stiffness ratios of column and beams between the two models gives

IcpII /hcp

IbpII /L
=

IclII /hcl

IblII /L
(10.1)

which simplifies to

IclII = IcpII =
(

hcl

hcp

)(
IblII

IclII

)
(10.2)

Since in the example the ratio of the heights of prototype and model columns
is 2.0 and the moment of inertia of the model beam is twice that of the
prototype, one gets

IclII = IcpII = (2)2 (10.3)

In the general case, the moment of inertia of the lumped model column works
out to be n2 times the prototype value. Lumping of nontypical floors can also
be accomplished by assuming locations of point of contraflexure at, say, one-
third the height for the lower stories and by using the principle of virtual
work to equate the deflection properties.

10.2.2.2 Dynamic Finite Element Analysis Using BANGF

A structure such as a building frame can be considered as an assemblage of
linear members or elements, each element being three-dimensional, with its
cross-sectional dimensions very small relative to its length. A surface struc-
ture such as a thin slab on the other hand, can be considered as made up of a
network of three-dimensional elements. These elements differ from the beam
elements because both their width and length are significant when compared
to their thickness. All the three dimensions, namely, the length, width, and
thickness need to be considered in the analysis. The whole structure can be
treated as an assembly of structural elements of different types. It is only nec-
essary for the engineer to discretize the structure into proper categories in
order to gain computational economy. For dynamic finite element analysis,
a reference is made to the Appendix I. Figure 10.1 shows a three dimen-
sional framed building finite element mesh of a sectional scheme. Plates 10.1
and 10.2 show F.E. scheme on a Framed Tube Buildings. The mesh scheme
given in Plate 10.2 is finally adopted for a tower such as WTC-1, which can
be viewed with Plate 10.3 where the two towers are shown simultaneously
under impact-cum-fire.

As shown in Fig. 10.1 this is the initial optimum process in which the
structure being analysed and subdivided into a system of finite elements.
Depending on the type of structure, the element models can be line elements,
two-dimensional plane stress or plane strain elements, flexural plate and shell
elements, axisymmetric elements, general three-dimensional solid elements,
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Plate 10.1. Finite element scheme on a framed tube type building
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Plate 10.2. Three-dimensional F.E. mesh scheme for WTC-l or WTC-2
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Plate 10.3. Simultaneous views of Twin Towers under impact/fire (courtesy:
ASCE, 2002, New York, U.S.A.; FEMA Report, 2002, Washington D.C., U.S.A.;
New York Times, private communication)
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Plate 10.4. Aircraft information Boeing 767-200ER
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or any hybrid arrangements. For Tower Analysis, a single aircraft, Boeing
767 (Plate 10.4) is used.

The subdivision process is essentially a task that requires engineering
judgment. During this process the engineer decides on the number, shape,
size, and configurations of the elements with the purpose of simulating the
structure as closely as possible. The principal objective of such a subdivision
is to discretize the structure into sufficiently small elements such that their
displacement can adequately reflect the true deflection pattern of the struc-
ture, keeping in mind at the same time that too fine a subdivision will lead
to extra computational effort.

The underlying principle is to have an arrangement of finite elements that
gives effective representation of the given structure for the particular problem
considered. For the floor problem, the finite element idealization is based on
the premise that the stress gradients in the vicinity of the shear wall are likely
to be steep compared with their values elsewhere in the slab. It is natural
to subdivide this area into smaller elements and to use courser grids away
from the regions of severe floor bending. This implies that for floors sub-
jected to other types of imposed loads or displacements it may be necessary
to use an entirely new arrangement of finite elements. Based on the expected
mode of deformation of the floor, the analyst must decide what number,
size, and layout of finite element will best represent the structural behaviour.
One of the basic assumptions of the finite element method is introduced at
this stage when the analyst chooses displacement functions to represent the
actual distribution of the displacements. Usually in structural engineering
problems, the displacement function is commonly assumed in a polynomial
form with a limited number of terms. The displacement function in the form
of a polynomial has certain advantages over other types of functions such
as trigonometric formulations. First, even though the polynomial selected
for structural analysis purposes is of finite order (i.e., it contains a limited
number of terms), it can approximate fairly closely the true displacements
for each element. Second, it is relatively easy to carry out the mathemati-
cal manipulations such as differentiation and integration. Third, by choosing
polynomials we are assured that the displacement variation within an ele-
ment is continuous without any kinks or other discontinuities. Interelement
compatibility is not generally satisfied completely, but solutions sufficiently
accurate for purposes of structural design are obtainable even without full
displacement compatibility between elements. These are fully discussed in
the Appendix I.

It is necessary to impose boundary conditions to the overall assembled
stiffness matrix to remove the singularity of the matrix. The physical sig-
nificance is that unless supports or kinematic constraints are imposed, the
structure is free to experience unlimited rigid body motions. Boundary con-
ditions can be thought of as restraints that arrest the rigid body motions.

The equilibrium equations are modified for appropriate boundary condi-
tions and then solved for unknown displacements. In linear structural analysis
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this is a relatively straightforward procedure, which uses techniques of matrix
algebra.

By using the computed displacements, the nodal forces and hence the
stresses at the nodes are calculated by multiplying the nodal displacements
by the element stiffness matrix. Usually an average value of the nodal stresses
is taken to provide the stress value for each element. Appendix I is referred
to in all cases.

The blast loads do cause twisting of structural elements. The warping
torsion of beams of solid cross-section and thin walled closed sections can
easily be analysed sufficiently accurately by using the classical St. Venant’s
Torsion Theory. In solid sections the axial stresses as a result of warping is of
a local nature while in thin-walled open-section beams, axial and tangential
stresses appear in the cross section.

From the three-dimensional F.E. analysis, all stresses are computed. How-
ever, torsional analysis can be computed with a special care depending upon
the building consisting of single, double or multi-core phenomena.

A central core with access openings can be considered as an example of
this system. When such a core is subjected to torsion, it suffers warping
displacements and may develop high axial stresses due to restraint at foun-
dation. The St. Venant theory is inadequate for the analysis of such systems
and a more appropriate theory, which takes into account the axial stresses
has to be applied when torsional loads are present.

The central-core-supported structure offers open floor plans free of col-
umns except at the perimeter, allowing partitioning to be placed to suit the
individual needs of occupants, with the elevators and other building services
and stairs centralized within the core, which serves also as the main structural
element for supporting the vertical and horizontal loads. The core invariably
has openings for access into elevator lobbies and stairs; therefore, its cross
section can be considered open.

Torsion in high-rise buildings is usually the result of an eccentric disposal
of the horizontal loading, from wind or earthquake or explosion with respect
to the centre of reaction of the shear-resisting elements. This eccentricity
can be caused by an orthogonally symmetrical core being offset horizontally
from the centre of area of the building elevation, but of both transverse and
tangential stress distribution.

Accidental load torsion has also started receiving considerable attention
in recent years. For example, the city of Houston building code stipulates
that unless wind tunnel procedures are used in determining wind loads, the
primary frame should be designed to resist a torsional moment caused by
50 percent of wind load acting on half of the windward and leeward faces,
with the full wind loading acting on the remaining portions of the windward
and leeward faces.

Many cases arise in practice where external constraints cause some sec-
tions of the core to remain plane. For example, heavy foundation at the base of
the core prevents warping, giving rise to warping axial stresses. These stresses
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vary along the height and are accompanied by transverse shear stresses, which
also vary from section to section. The transverse shear stresses are in addi-
tion to tangential shear stresses caused by pure twisting and jointly resist
the applied torque at any section. At the foundation, since the warping of
the cross section is prevented, the shear stress distribution is solely due to
transverse bending of the core.

During twisting, the cross sections of the core undergo distortion, with
different points on the cross section suffering different displacements along
the longitudinal axis of the core. If this distortion or warping as it is called is
not free to take place, longitudinal stresses directed along the z axis develop
in the cross section. The foundation for a high-rise core is usually stiff and
can be considered to restrain almost completely the vertical movement of the
relatively light walls.

10.2.2.3 Derivation of Equations for Building Cores
Under Torsion Alone
(Based on B. Taranath Method [10.57])

It is proposed that all stresses in the finite element analysis can normally be
computed. The effects of torsion or twist are algebraically added to them so
that they represent the true scenario.

The structure is rendered statically determinate by introducing an “imag-
inary cut” along a line bisecting the imaginary core plate. The equilibrium
equation is written for the core in terms of external transverse forces and
equivalent shear forces applied along the cut edges of the core plate. The
compatibility condition for the relative displacement at the cut section leads
to the differential equation for the core beam assembly. The detailed steps
are as follows.

The equilibrium equation for non-uniform torsion of a thin-walled core
subjected to the action of external transverse loads and longitudinal shear
forces applied along the edges can be shown to be

EIωII
d4θ

dz4 − GJ
d2θ

dz2 = m +
dV

dz
A (10.4)

where
m = the external torsional moment at z

dν/dz = the derivative of the shear forces VzVV at section z

A = twice the area of the enclosed contour between the core and the
beam.

The vertical displacement δz,s which results from warping of the thin-
walled beam is expressed according to the equation

δz,s = −dθ

dz
ωs (10.5)
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where dθ/dz is the relative warping dependent upon the z coordinate and
ωs, is the sectorial area which depends on the location of the point s on the
contour.

The relative displacement at the cut section due to warding can be written
thus

∆1 = dθ
dz (ωL − ωk)

∆1 = −∂θ
∂z A

(10.6)

The relative displacement ∆2 at the cut due to the flexibility of the beam
under the application of a shear force VzVV h is given by

∆2 =
VzVV h

G

(
l2G

12EIbII
+

1.2
Ab

)
(10.7)

where
h = the story height
l = the beam length

IbII = moment of inertia of beam about the y axis
Ab = the area of the beam

E and G = the familiar material properties of the beam

For compatibility of displacement, ∆1 + ∆2 = 0; I.e.,

dθ

dz
A +

VzVV h

G

(
l2G

12EIbII
+

1.2
Ab

)
= 0 (10.8)

Differentiating with respect to z, we have

d2θ

dz2 A +
dV

dz

h

G

(
l2G

12EIbII
+

1.2
Ab

)
= 0 (10.9)

These analyses are part of BANGF program.

10.2.2.4 Core Interaction with Floor Systems for WTC-1

Structural Analysis and computer programs exist on the inter action problems
of shear wall and floor systems. It pares the way to assess the effective width
of the slab and to establish coupling stiffnesses in the finite element program.

However, comparatively little information is avai1able for the structural
analysis and design of floor coupled tall core structures subjected to torsional
loads, in spite of the fact that the interacting forces developed in a coupling
floor of a core structure are substantially larger than those developed in a
cross-wall system. In a cross-wall system the coupling beam or slab resists the
independent cantilever action of the frame by developing shear and bending
stresses. A slab surrounding a core by comparison is subjected to very high
bending and twisting actions due to the warping deformation of the core.
Guided by the available results for the cross-wall systems and the deforma-
tion pattern of the floor around a core, it is natural to expect substantia1
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interacting forces around the core where the slab is rigidly connected to the
core walls. It is conc1uded that torsion theory tacitly takes into account the
in-plane action of the floors.

A finite element method is employed for evaluating the warping stiffness
of the floor slab, which is then incorporated into a stiffness method analysis
of torsion of the core system. A comparison of analytical results conducted
on a model core structure is presented with comments on convergence char-
acteristics of finite elements.

When the core undergoes warping deformation, the floor slab, which is
rigidly connected to the core, is forced to bend out of plane in resisting the
warping deformation of the core. The transverse displacement of the slab and
the warping displacement of the core must be compatible at the profile of the
core where the two systems are interconnected. The displacement pattern of
the floor at points along its floor connection to the wall is, therefore, known
from the warping displacement of the core. For a unit warping displacement
of the core, the slab is displaced along the contact boundary in a manner
similar to the warping coordinate diagram ωs of the core. This displacement
gives rise to continuous interactive forces consisting of distributed axial forces
and moments at the inner edges of the floor at the profile of the core. The
problem of finding the warping stiffness of the floor, therefore, reduces to the
determination of these interactive forces and moments. Incorporation of these
forces and thus the warping stiffness of the floor in the torsion analysis of
the core is greatly simplified by mathematically converting these forces into
a bimoment function, as will be shown shortly.

The necessary force displacement relationship defines the slab warping
stiffness Plate 10.2 shows faces and moments. The force resultants in terms
of forces and moments are shown there in.

In general, the resulting fore system, which consists are concentrated
forces P1PP , P2PP , P3PP , . . . , PnPP , and moments M1,M2MM ,M3MM , . . . ,MnMM applied at the
points k = 1, 2, 3, . . . n of the cross section, is expressed as a bimoment by
the relation

Bω =
n∑

k=1

PkPP ωk +
n∑

k=1

MkM
∂ωk

∂s
(10.10)

where
Bω = the warping stiffness of floor slab

n∑
k=1

PkPP ωk = the summation of the product of concentrated forces and
the warping displacement

n∑
k=1

MkM
∂ωk

∂s
= the summation of the concentrated transverse moments

and the rate of change of warping function

Substituting for dt/dz in the equilibrium equation and using the notation

JbJJ =
A

αh

{
l2G

12EIbII
+

1.2
Ab

}
(10.10a)
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or

EIωII
d4θ

dz4 − G (J + JbJJ )
d2θ

dz2 = mz (10.11)

For this purpose, it is only necessary to replace St. Venant’s torsional constant
J by the sum J + JbJJ as given by (10.11). The parameter k is now computed
from the equation

k = l

√√
G(J + JbJJ )

EIωII
(10.12)

The calculation of bimoment and axial forces follows the procedure as the
torque moment M1 carried by the membrane shear stresses, which accompany
the longitudinal stresses is given by

M1 = − −E

1 − µ2 IωII
d3θ

dz3 (10.13)

the torque M2MM carried by St. Venant shear stresses is given by

M2MM = GJ
dθ

dz
(10.14)

where GJ is St. Venant torsional rigidity of the section.
Total torque

M = M1 + M2MM =
−EIωII

1 − µ2

d3θ

dz3 + GJ
dθ

dz
(10.15)

Differentiating with respect to z, (10.12) is obtained (10.15) is then

EIωII

1 − µ2

d4θ

dz4 − GJ
d2θ

dz2 = mz (10.16)

or

d4θ

dz4 − k2

l2
d2θ

dz2 = mz

The longitudinal stresses and warping are related

σz,s =
−E

1 − µ2

d2θ

dz2 ωs (10.17)

the quantity
∫

σz,sωstsds is a generalised for called BIMOMENT Bz and is

easily obtained as

Bz =
−EIωII

1 − µ2

d2θ

dz2 (10.18)

where IωII = warping moment of

inertia =
∫

ω2
stsds (10.19)
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ts = wall thickness of the element.
The longitudinal displacements can still be represented by

δz,s = −θ′
zωk (10.20)

where θ′
z = unit warping displacement introducing longitudinal displacements

and measure of cross-sectional distortion.
A typical finite element idealization for the floor is given in Plate 10.2.

The floor is assumed to be free of any restraint as maybe imposed by perime-
ter columns, ties etc. Hence all the nodes except those corresponding to the
profile of the core are assumed to be free. The next stage is to impose unit θ′

z

displacement at the inner boundary of the slab. For this purpose, transverse
displacements perpendicular to the plane of the slab and equal in magnitude
and sense to the warping function are introduced at the nodes common to
the core and the slab (e.g., nodes N1NN ,N2NN , . . . , NnNN in Plate 10.5(i)c. In addi-
tion to these vertical displacements, the slopes δω/δx and δω/δy are made
equal in magnitude and sense to the slope of the ωs diagram. Having thus
given at the inner edge of the slab a displacement conforming to the warped
outline of the core, the forces and transverse moments at the nodes are found
from a finite element solution. The bimoment, which then corresponds to
the required warping stiffness of the slab, is found from the relation given in
(10.20)). The effect of the floor system, which is mathematically equivalent
to the bimoment, is incorporated into the analysis by adding the bimoment
to the appropriate elements of the stiffness matrix of the core. The stiffness
coefficients for an open section need to be calculated first. One way is to
invert the flexibility matrix and the other is to assume deformed shape of the
members. In any case the following relationship is established:

⎡
⎢
⎡⎡
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(10.21)

It is essential to find the elements of the first row of the stiffness matrix, which
correspond to the torque and bimoment at each end of the beam required
to produce a unit rotation of θ = 1 at z = 0 while all the other three
displacements are zero, it is necessary to introduce the appropriate boundary
conditions in (10.22).

In (10.22) on the left hand column matrix, elements θz = 0 and θ′
z = 0

and on the fight side in the column matrix θo = 1 and θ′
o = 0. All other do

not change. The four stress resultants or force resultants MoMM , Bo, MlMM and
Bl at the two ends can be obtained. One has to know the member stiffness
matrix for thin walled section subjected to torsion and shall take the form:
these are shown in Plate 10.5(ii)c.
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Plate 10.5. Warping phenomenon (courtesy and based on: Taranath BS (1998)
Steel, concrete, and composite design of tall buildings, McGraw-Hill, New York,
London. Chapter 10: Analysis technique)

Note: Computer program BANG-STAB, part of BANG-F has been developed
using this analysis and variation from this analysis after modification to suit WTC
Towers.



10.2 Analysis of Buildings in Three-Dimensions 547
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(10.22)

Assuming M , B, θ, θ′ and IωII are replaced by V , M , ω, ω′ and IxxII the matrix
[K] of the element can be written in an expanded form for sinh k and cosh k.
Take one element K11

K11 =
GJk

l(z + k sinh k − 2 cosh k
sinh k (10.23)

when k = 0

K11 =
EIωII k2

(
k

l

)(
k +

k3

6
+

k5

120

)

l2
[
2 + k

(
k +

k3

6
+

k5

120

)
− 2

(
1 +

k2

2
+

k4

24

)] =
12EIωII

l3
(10.24)

which is of the same form as the element corresponding to the shear force in
the well-known beam stiffness matrix.

Where V = shear force and ω′ = dω/dz and all others have been defined.
Similarly for other stiffness values K21,K22, . . . , ω

′ can be computed. Of
the heavy foundation is at the base for shear core θ = 0; θ′ = 0 at the base.
Where it is an elastic spring, an appropriate stiffness can be incorporated.

The final step will be the solution of (10.25) which are simultaneous equa-
tions:

{F} = [K]{θ} (10.25)

Combined load vector. The combined load vector is the sum of the applied
loads at the joints and the equivalent joint loads due to member loads between
the joints. The former is known immediately from the given loads on the
structure, while the latter needs to be evaluated such as blast loads.

When the analysis is carried out on a regular basis, the torsional aspect
shall be algebraically added. For a torsion alone case, rotations and stresses at
various stages should be shown along the bimoment variation. Bimoments are
plotted for full storey height of the building – considerable gain in strength
and stiffness can be obtained by considering the warping stiffness of the floors.

10.2.2.5 Twin Core System – Method of Analysis
(Based on B. Taranath [10.57])

In certain core systems, the combined floor space required to house the stair-
ways, duct shafts, storage and mechanical equipment, etc., can become so
large that it is not architecturally feasible or structurally economic to group
the services within a single core. In such circumstances it is usual to use two
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or more cores and distribute the services between them. The stiffness method
of analysis explained in the previous section can be conveniently employed
for the torsion analysis of such practical arrangement of cores.

This section presents a method for the analysis of twin-core structures
interconnected either through beams only or beams and slabs. Analytical
results are compared with available experimental results.

For a complete analysis of interconnected core systems subjected to loads
producing both bending and torsion, it is necessary to resort to a three-
dimensional analysis. However, leaving aside the bending part, the problem
can be reduced to a unidirectional analysis. This simplification is achieved by
considering the entire system of cores as a single thin-walled beam. All the
elements of this beam are then considered to rotate about a common centre
of rotation 0, which is located from a consideration of the shear forces in
the individual elements. The sectional properties of the complete system are
found with respect to this centre of rotation, and the analysis is carried out
as outlined earlier for single-core systems.

Notations

IωcII Sectorial moment of inertia of the core with respect to 0
IωAII Sectorial moment of inertia of the core with respect to A

0 Shear centre of the assembly of twin cores
01 Shear centre for single core
(x0, y0) Coordinates of 0
(x1, y1) Coordinates of 01

X1 (x0 − yA)
Y1YY (y0 − yA)
IωOII Sectorial moment of inertia of the cores
IxxII , IyyII Moment of inertia of the core about its centroidal axis
F1FF , F2FF Sectorial origins for the two cores
S × E Strain energy of the plate
P × E Potential energy
ETOT SE + PE

A system comprising two interconnected cores is shown in Plate 10.6. Al-
though it is possible to consider more complicated systems, this plan form
has been chosen.

Torsional parameters ωs and fωff to calculate first IωII for each core.

Each core

IωcII = IωOII 1 + IxxII X2
1 + IyyII Y 2

1YY (10.26)

In this example the two cores coincide y1 = 0 substituting into (10.26) and
for two cores
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Plate 10.6. Twin cores
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I0
ωI = 2I0

ωcI = 2[IωOII 1 + IxxII X2
1 ] (10.27)

In order to determine parameters, sectoral origin for the two cores to be found
first, while keeping in mind that sectoral static moment is zero

I0
ωI =

2∫
1

ω2
sds +

4∫
3

ω2
sds (10.28)

Considering GJ for two cores are a algebraically added, the value of k is then
computed as to be used for the stiffness matrix as

k =

√
h

√
GJ

EIo
ωI

(10.29)

h being the height of a storey.
The forces and moment in a beam (Plate 10.6(i)c) are given as

F1FF =
12EI

L2

(
2δ
L

+ δν

)

M1 =
6EI

L

(
2δ
L

+ θν

) (10.30)

Consider the case when the two cores are interconnected at each floor level
by two beams as in Plate 10.6(i)a. To find the warping stiffness of the beams
it is required to find the force system, and hence the bimoment generated,
when a unit θ′

z displacement is given to the beams. From a consideration of
ω(s) diagram for the cores, it is seen that unit θ′

z corresponds to a vertical
displacement equal to the magnitude of ω at 1, and a rotation of ∂ω/∂x at
each end of the beam. The warping stiffness Bω is found as:

Bω = 4
(
P1PP ω1 + M1

γω1

γy

)
(10.31)

The stiffness of the individual storey segments are then assembled t give
the complete stiffness matrix [K]. Appropriate boundary conditions are then
introduced and equations are solved for the given load system. The stress
resultants at each storey level are obtained from the know displacements and
member given load system.

The potential energy for the four point loads at the corners is given by

P.E. = −4F
α

2
b

2
C = −FαbC (10.32)

Substituting for ω in the expression for S.E., the total energy

ETOT = S.E. + P.E. =

α/2∫
−α/2

b/2∫
−b/2

D1(1 − µ)C2dxdy − FαbC

= D1(1 − µ)C2αb − FαbC

(10.33)
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Differentiating ETOT with respect to C and equating to zero, C is found to
be equal to F/2D1(1 − µ)

ω = Cxy =
F

2D(1 − µ)
xy (10.34)

and the value of F per unit displacement becomes equal to

F =
8D1(1 − µ)

αb
(10.35)

The required bimoment due to the four corner forces is given by

Bω =
4∑

i=1

FiFF ωi (10.36)

Since ω1 = −ω2 = −ω3 = ω4,

Bω = 4 × 8D1(1 − µ)
αb

× ω1 (10.37)

When the slab-core joint is rigid, then it is no longer possible to find the
forces and moment at the corners analytically. However, using the finite el-
ement technique, these can be readily established and the appropriate value
of stiffness found.

The nodes corresponding to the corners of the plate 1, 2, 3, and 4 are
given a vertical displacement and rotation equal to the warping coordinate
of ω and the slope ∂ω/∂s at these points. From the finite element analysis
the corner forces and moments can be computed.

Equation (10.37) is modified to include bimoment and is given by:

Bω =
4∑

i=1

(
FiFF ωi + MiMM

∂ω1

∂s

)
(10.38)

The warping stiffness is added to the story stiffness to obtain the stiffness of
modified story segment.

10.2.2.6 Application

The finite element analysis is applied to a 100 storey building assuming cou-
pled with beams and floors as two case studies. The details of F.E. method is
given in Appendix I. The above classical method of the twin core building is
compared with the finite element method. Both methods are compared. The
blast load of 1500 lb bomb of TNT as explained in earlier sections using dis-
placements concept based on Simpson’s Rule, is applied. Figure 10.2 shows a
comparative study of results of both these analyses. A good agreement exists
and the importance of taking the warping stiffness of beams and floor labs is
emphasised more strikingly than in the case of single core, since the method
shows a great deal of collaboration.
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Fig. 10.2. Comparison of rotations for twin-core system subject to 1500 lb bomb,
producing Torque

10.3 Multi Multiple-Core Systems
(Based on B. Taranath [10.57])

In previous investigations of the three-dimensional behaviour of shear wall
structures, it has generally been assumed that at each story a shear wall has,
at the most, six degrees of freedom. While this is accurate for plane shear
walls or those with a T or L section, the presence of shear walls with an
open section, e.g., with a U or H shape, as often used for elevator shafts,
introduces the additional possibility of warping displacements. This seventh
degree of freedom and its associated actions can have a significant influence
on the behaviour of the structure. It is necessary, therefore, that any method
of analysis, which aims to predict satisfactorily the behaviour of such open-
section systems must recognize the warping effect.

The method presented in this section considers the warping behaviour as
well as the warping interaction between a multiple system of open-section
shear wall structures interconnected by floor slabs. The finite element tech-
nique is employed to compute the out-of-plane stiffness of floor slabs, and
using a stiffness matrix approach, the complete structure is studied in a uni-
fied manner.

Method or Analysis

It is convenient to develop the method of analysis with reference to a partic-
ular structural plan such as that of a hypothetical high-rise building. In order
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to emphasize the warping phenomenon, all the shear walls are open sections.
The shear walls are interconnected solely through a flat plate system, it be-
ing assumed that there are no columns or beams. The floor diaphragms are
considered to be perfectly rigid in their own plane and are joined to the walls
by a moment-resistant connection. The geometry of the plan, story height,
member properties, elastic modulus, and Poisson’s valid can be assumed con-
stant or variable depending upon types of elements and their materials. Each
element is treated as a three-dimensional element which can be a thin wall or
prismatic. Plate 10.7 show the stiffness matrices [K] for both prismatic and
thin wall type.

In the absence of a rigid floor diaphragm, each vertical element would have
seven degrees of freedom at each end; six of these are the familiar translations
and rotations about three orthogonal axes, while the remaining seventh is the
warping displacement. These are shown numbered for a typical open-section
member in Fig. 10.2. Thus the stiffness matrix for an open-section shear wall
will be of the order of 14 by 14 (for seven degrees of freedom at each end). This
matrix is obtained by combining the well known 12-by-12 stiffness matrix
of a prismatic member of a space frame together with the 4-by-4 torque-
bimoment matrix given earlier. The resulting matrix is henceforth referred
to as the generalized member stiffness. The 12-by-12 stiffness matrix of a
prismatic member and the 14-by-14 matrix for an open section are shown in
Plate 10.7, wherein the actions and displacements are taken to be positive in
the positive sense of the reference axes.

Because the floor slab is considered to be rigid in its own plane, the
displacements are such that its plan shape and the geometrical dimensions
remain unchanged. The floor slab can be considered to be displaced as an
absolutely rigid body.

A matrix method is employed for the evaluation of each single storey
segment. The transformation matrix of displacement nature T is given in
terms of stiffness coordinates and each member stiffness is given as

[K] = [TT][K][T] (10.39)

where T′′ is the transpose of the matrix [T].
Plate 10.8 shows typical segment consisting of 3 No. shear walls with the

numbering scheme or sequence of displacement.

u1, u2 = planar displacements of the slab referred to the origin
u3, u4, u5 = axial displacements
u6 to u6 = rotation of the shear walls about their own centroidal axes
u12 = rotation of the assembly about z axis
u13 to u15 = warping displacements of the three shear walls related to

their shear centres

When a unit displacement is given to the top of the floor to be u1, the
corresponding forces are:
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Plate 10.7. Stiffness matrices for thin-walled core elements (with compliments of
the Tall Building Association of New York, U.S.A). From B. Taranath [10.57]



10.3 Multi Multiple-Core Systems 555

Plate 10.8. Shear walls (with compliments of the Tall Building Association of
New York, U.S.A). From B. Taranath [10.57]
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FxFF 1 + FxFF 2 + FxFF 3

and a torque equal to

3∑
i=1

FxFF i × yi

The force and the torque correspond to the elements K1,1 and K1,12 of the
segments of stiffness matrix. Moments MyMM 1 , MyMM 2 and MyMM 3 are the elements
of K1,9, K1,10 and K1,11 respectively. The storey stiffness matrix is shown in
Plate 10.7 which shows non zero elements at the lower half of the quadrant.

Looking at the three shear walls (Plate 10.8), the remaining 12 displace-
ments (axial deformation, rotations about centroidal axes and the warping
about the shear centres) produce considerable bending and twisting of the
floor slab.

Plate 10.8 shows various floor stiffnesses i.e., displacements, rotations and
warping of the floor slab. The finite element idealisation of the floor slab is
also given here in.

The nodes N11NN ,N12NN , . . . , N11NN , N21NN ,N22NN , . . . , N27NN and N31NN ,N32NN , . . . , N37NN
corresponding to the profiles of the three shear walls are of particular im-
portance in the finite element analysis, since the displacements and forces
only at these nodes are of concern. A unit displacement corresponding to
u3 = 1 is applied to the plate by giving the nodes N11NN ,N12NN , . . . , N1NN ,11 a verti-
cal downward displacement of unity and a zero slope along the contour. The
two groups of nodes N21NN ,N22NN , . . . , N27NN and N31NN ,N32NN , . . . , N37NN correspond-
ing to the contours of the I-shaped walls are held down by imposing zero
deflections and rotations along the contour. However, no moment restraint
is imposed in the direction perpendicular to the contour of the walls. This
freedom is necessary to conform with the assumption that the longitudinal
moments in the thin-wailed beam are negligible. The finite element analysis
of the plate is carried out for the above displacements, and the forces and
moments developed at each of the nodes are found. The next step is to eval-
uate the four generalized forces, namely the vertica1 force, moments MxMM and
MyMM , and a bimoment Bz for each of the three shear walls. This is achieved
by using an appropriate transformation matrix for each wall.

The core wall is marked for the nodes 1, 2, 3, . . . , n. Using finite element
solution, forces and moments of these nodes are known. In terms of FzFF , MxMM ,
MyMM and Bz. Vertical displacement and rotation at each node is considered to
be the combination of W , θx, θy and θ′

z of the core.
The nodal displacements are now given in terms of core wall displace-

ments.

Note: Adopt subscripts ‘cr’ for core
Adopt subscripts ‘sl’ for slab
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or

{∆sl} = [T ]{δ}cr (10.41)

where

ξi, ζiζζ = the x and y coordinates of the ith node referred to the cen-
troidal axes of the core

ωi = the sectorial coordinate of the ith node referred to the shear
centre of the core

∂ωi

∂x

∂ωi

∂y
= the rates of change of the sectorial coordinate along x and y

directions, respectively
wi = the vertical displacement of the ith node
θxi

, θyi
= the rotations at the ith node with respect to a set of local

orthogonal axes at i, parallel to the centroidal axes of the
core

W1WW = the vertical displacement of the core
θX1 , θY1YY = the rotations of the core about its centroidal axes
θ′

z1
= the warping displacement of the core referred to its shear

centre
{∆sl} = the vector of nodal displacements and rotations
[T ] = the transformation matrix
{∆cr} = the vector of the generalised displacements of the core.
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Plate 10.9. Core Floors (courtesy of the Tall Building Association of New York,
U.S.A). From B. Taranath [10.57]
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Using the contragradient relationship that exists between stress resultants
and displacements, the forces and moments at the nodes of the slab are
expressed in terms of the generalized forces in the core:

[F ]cr = [T ∗][F ]sl (10.42)

where
[F ]cr = the vector of generalized forces in the core
[T ∗] = the transpose of the transformation [T ]
[F ]sl = the vector of nodal forces and moments

Equation (10.42) when expanded takes the form
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(10.43)

where
FzFF 1 = the vertical force in the core assumed to be acting uni-

formly over the cross section
MXM 1 , MYMM 1YY = the transverse bending moments about the centroidal axes

of the core
Bz1 = the bimoment referred to the core shear centre
pi = the vertical force at the ith node of the slab

mx1 , my1 = the transverse moments at the ith node about the x and y
axes, respectively.

FzFF 1 , MXM 1 , MYMM 1YY and Bz1 are the required generalized stress resultants and pi,
mx1 , my1 , . . . , etc., are the forces and moments at the nodes.

Having obtained the stiffness matrix for the slab, the next step is to add
the appropriate elements of the slab and segment stiffnesses to form the
modified story segment stiffness matrix.

Assembly and Solution

The final part of the analysis consists of assembling the modified story seg-
ment matrices to obtain the complete stiffness matrix of the structure. Ad-
vantage is taken of the band form and symmetry of the stiffness matrix and
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the overall matrix is stored in the half-band form. Since the number of de-
grees of freedom is 15 at each story the dimensions of the stored matrix
will be (15 × NS) by 30. The solution is obtained for the required number
of loading cases, and from the displacements thus obtained and the gener-
alized member stiffness matrices. The stress resultants are found. Finally,
the global load, stiffness and displacement relationships are obtained for the
overall structures.

10.4 Local and Global Stability Analysis

When the impact/blast occurs, there can be problem of combined torsional–
flexural buckling of the building comprising of the core, floors, columns and
bracings. The elements of the building structures may be bolted or welded
or in case of concrete connected with bars embedded to floors. The torsional
buckling analysis can be combined with flexural buckling by adjusting the
respective stiffness matrices. The torsional buckling is dealt with in detail
already.

10.4.1 Flexural Buckling

The eigen value buckling (bifurcation) in vital where steel is fully or partially
anchored to the other elements such as aluminium or concrete. The eigen
value buckling by bifurcation is represented by

([K] + λei[K]s) {Ψ}i = {0} (10.44)

where

[K] = stiffness matrix of the core complex
[K]s = stress stiffness matrix
λei = the ith eigen value (is to multiplyload which generated [K]s)
{Ψ}i = the ith eigen vector of displacements

To reduce the solution of (10.44) to its static and dynamic buckling (master)
degrees of freedom, the matrix [K] is reduced and [K]s is reduced in a manner
identical to that by which the mass matrix is reduced. Hence (10.44) becomes

([K]R + λei[K]s) {ΨiΨΨ }R = {0} (10.45)

where [K]R = [K ′
tKK ]R when blast problem is involved. The subscript ’t’ in

[K ′
tKK ]R is time dependent matrix.
Since the building structures have specific geometry, the geometric stiff-

ness matrix is involved. At the plasticity situation, the dynamic plastic stiff-
ness matrix will now be [K ′P

tKK ]R. The overall plastic buckling matrix is now
given by (

[K ′P
tKK ]R + λei[KG]

) {ΨiΨΨ }R = 0 (10.46)

where λei = I + Eps and Eps = accuracy parameters.
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10.4.2 Inclusion of Torsional Buckling

A reference is made to Sect. 10.3. for the torsional phenomena. Assuming
from the core–floor–bracings–complex has the final stiffness matrix [K]TOR.
This matrix is a algebraically added to [K ′P

tKK ]R. Hence

[KTOTKK ] = [K ′P
tKK ]R + [K]TOR + λei[KG], {ΨiΨΨ }R (10.47)

The final buckling/torsiona1 equation if given as

[KTOTKK ] {δ}∗ + {FTFF } − {RT } = 0 (10.48)

where
{FTFF } = total initial blast load vector on each element of the complex
{RT } = total external blast load vector

{δ}∗ =

{
δun

δb

}
; {FTFF } =

{
FunFF

FbFF

}
; {RT } =

{
Run

Rb

}
(10.49)

In (10.49) the subscript ’un’ and ’b’ are defined as

un = quantities corresponding to unknown displacements
b = quantities corresponding to restrained boundaries

In (10.47) if for simplicity reasons on mathematical equation

[Kl] = [K ′P
tKK ]R + [K]TOR (10.50)

Then without geometric stiffness

[Kl] {δun} + {FunFF } = 0 (10.51)

When the influence of [KG] is taken into consideration, the overall plastic
buckling/torsional criterion can now be given as

([Kl] + λ[KG]) FTFF = 0 (10.52)

where
λ = λei{ΨiΨΨ }R

[Kl] = total plastic stiffness matrix as a function of the current state of
plastic deformation

The determinant

|Kl + λKG| = 0 (10.53)

The essential equation is characteristically triangularised for the ith loading
step. It is essential to notice a brief breakdown of the buckling phenomenon
{ΨiΨΨ }R is related to the load vector FTFF of the elements in (10.49) and

{FunFF } =
∫

[B]T [D]{εo}det[J ]dξdndξ (10.54)
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where

E =strain in the element = [B]{δ} (10.55)

σ=stress in the element = [D] ({ε} − {ε0}) (10.56)

where {ε0} = initial strain.
At individual anchoring (bolting or welding) level, the anchoring area

element matrix is {Ka}, then anchoring shear forces {S̄} can be written as

{S̄} = [Ka] {δun} (10.57)

This is known as sturm seguence approach, which is a part of the dynamic
finite element analysis. The matrices are further condensed by again reduc-
ing out those rows and columns of matrices that have a positive value on
the main diagonal of stress geometric matrix. The matrices are inverted such
that accuracy is archived having the lowest eigen value. A standard iteration
procedure given in the Appendix I is adopted for the solutions of these ma-
trices. The eigen vectors are then normalised such that each has the largest
value of 1.0.

If this is archived, the output would give which element of the building
structure will fail under blast loads. The output will also give buckling–cum–
torsional elements more under extreme stresses or strains. Where anchored,
the elements output will identify elements intact (b-type) or unanchored (un-
type). Subroutine BANBUCKL will be asked in the finite element analysis
to produce results where necessary.

10.4.2.1 Load Distribution from Blast Loads and Radius
of Gyration

Statement: Blast load phenomenon is fully explained with this text.

For steel elements the calculations are easy but for the concrete elements
the effects of cracking on elements stiffness may be taken into account. A
reference is made to the Appendix I. Where the detailed effective analysis is
not demanded, the following relation is considered while reducing the value
IgI of the uncracked or gross second moment of area.

IeII = 0.8IgI (10.58)

In addition to the above constants the radius of gyration ip is required for
the stability and dynamic analysis. Two cases are considered:

(a) The load q(x, y) is the arbitrary distribution with arbitrary shape layout
caused by impact/explosion

ip =

√√√√√√√√√√√√√√√√√√√
√∫

q(x, y)(x2 + y2)dA∫
q(x, y)dA

(10.59)
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(b) Where the forces are computed as nodal forces, then (10.59) assumes the
form for the bracing element i as

ip =

√√√√√√√√√√√√√
√∑

FiFF
(
x̂2

i + ŷ2
i

)
∑

FiFF
(10.60)

where FTiFF is the ith concentrated force or load due to explosion with and
without fire x, y = coordinate axes.

10.5 Formation of Elastic–Plastic Joint Element Using
Finite Element or Finite Discrete Element Analyses

10.5.1 Introduction

Masonry walls are included in certain tall core buildings. The structure, in
general, consists of brick/block and mortar. The joint element is the mortar
(Fig. 10.3) between bricks or blocks, Fig. 10.4 shows typical elastoplastic joint
element with corresponding composite model.

By introducing a suitable number of members and assigning different
material characteristics to each, a variety of sophisticated composite actions
can be obtained. In a simplified manner, the joint element consists of three
members forming truss structure. One vertical and two diagonal members.
The angle Φo is between vertical and diagonal members. The vertical member
is denoted by III and diagonal members by I and II.

Fig. 10.3. Brick/block ith mortar layer

Fig. 10.4. Elastic–plastic joint element represented by truss–type member
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Plate 10.10. Joint element analysis with mortar joint

Each member is assumed to have the same thickness, t, and the same
height, h. However, each member can have different material properties: Esd,
Esν the stiffness, σtd, σtν , the tensile strength, and σcd, σcν the compres-
sive strength of the diagonal and the vertical members, respectively. The
stress-strain relationships of all three members in tension and compression
are shown in Plate 10.10. It is seen that beyond the proportional limits σcd

and σcν the stress-strain lines under compression are assumed straight lines
parallel to the ε-axis, but beyond the proportional limits σtd and σtν the
stress-strain lines under tension are assumed to soon become zero.
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10.5.2 The Damage Model

The damage model conceived has three internal variables DMtMM , DMcMM and
DMsM which mean damage induced can respectively tensile, compressive and
shear. The stress strain relation can be written as

{ε} = [K−1] {σ}
{

1(tr{σ+})
(1 − MDTS)(tr{σ})

+
1(tr{σ̄})

(1 − MDcs)(tr{σ})

}
(10.61)

where [K] is the material stiffness matrix.
The evolution laws of the damage variables DMtMM , DMcMM and DMsM are

defined by introducing three threshold values σ̄+
0 , σ̄−

0 and τ̄0ττ . In order to
calculate DMtsMM and DMcsMM , the elastic stresses strains its threshold value
such that an increment in the corresponding may develop according to the
relevant evolutions law.

The evolution law for MDTM , MDCM and MDSM are governed by the following
relationships:

MDTM = 1 − σ̂+
0 (σ̂+

u − σ̂+)
σ̂+

(
σ̂+

cu − σ̂+
0

) (10.62)

MDCM =

⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪
⎪
⎨⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

1 − σ̂−

σ̂
f σ̂− ≤ σ̂−

u1

1 − σ̂−
0 − (

σ̂−
u2 − σ̂−)

σ̂− (
σ̂−

u2 − σ̂−
u1

) fσ̂− > σ̂−
u1

(10.63)

MDSM = 1 − τ̂ (τ̂uττ − τ̂)
τ̂ (τ̂uττ − τ̂0ττ )

(10.64)

where ∧, +, − are the respective threshold limit.
The stress-strain curve for the masonry is shown in Plate 10.10a,b.
In the finite element analysis the fracture energy Gf can be obtained by

lc × gf (10.65)

where lc = characteristic length of the finite element

gc = material energy dissipated per unit volume

=

∞∫
0

σ(ε)dε
(10.66)

If ‘l’ depends on the size of the representative volume element which is the
smallest value representing fracture, then parameter ‘α’ can be obtained by
substituting the stress-strain law into (10.66).

α =
l

lc
=

2GfE

σ̂u + lcσ̂
+
0

(10.67)
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where lc is function of the dimensions of the finite element such that its value
is given as:

lcmin =
2GfE

(σ̂+
0 )2

(10.68)

To avoid the snap-back phenomenon, lc > the critical value lcmin . The value
E is the elastic modulus of the material.

The values of σ and τ are given as

σ=(σI + σII) cos2 ϕ0 + σIII (10.69)

τ =(σI − σII) sinϕ0 cosϕ0 (10.70)

The corresponding strains of truss members εI , εII , εIII are obtained by

εI = sinϕ0 cosϕ0γ + cos2 ϕ0ε

εII = − sinϕ0 cosϕ0γ + cos2 ϕ0ε

εIII = ε

(10.71)

Assuming δV and δH are the vertical and horizontal displacement of the joint
element when it is subjected to σ and τ , the formulation of the joint element
for the finite element can be given in the following manner.

Plate 10.10, shows the joint element ABC = l0 with depth or height h0.
In joint element h0 < l0. Displacement on the upper surface (δu

1 , δ
u
2 ) and on

the lower surface (δl
1, δ

l
2)

[
δu
1 δl

1

δu
2 δl

1

]
=

[
NA(ξ) 0 NB(ξ) 0 NC(ξ) 0

0 NA(ξ) 0 NB(ξ) 0 NC(ξ)

]
⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪
⎪
⎨⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

δ4 δ1

δ′
4 δ′

1

δ5 δ2

δ′
5 δ′

2

δ6 δ3

δ′
6 δ′

3

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭⎪⎪

(10.72)

where

NA(ξ) = ξ(ξ − 1)/2, NB(ξ) = 1 − ξ2, NC(ξ) = ξ(ξ + 1)/2 , (10.73)

respectively.
Displacements on the upper surface (uu, uu) and on the lower surface

(ul, ul) in the ξ − η coordinate are obtained:[
uu u1

uu u1

]
=

[
cos θ − sin θ

sin θ cos θ

][
δu δl

δ′
u δ′

l

]
(10.74)

If the height d0 is assumed to be sufficiently small, we have the strains of
truss members εi as follows
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εi =
cosϕi

h0

[
− sinϕi − cosϕi sinϕi cosϕi

]
⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪
⎪
⎨⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

δl
1

δl
2

δu
1

δu
2

⎫⎪⎫⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪
⎪
⎬⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭⎪⎪

(10.75)

where i = I, II, III.
The corresponding angles of truss members are ϕI , ϕII , ϕIII . ϕI = ϕ0;

ϕII = −ϕ0; ϕIII = 0
When the incremental strain ∆εi and initial stress σ0i in each member

are known, the incremental strain energy ∆U is given as

∆U =
n∑

i=1

∫
∆UiUU ds =

n∑
i=1

+1∫
−1

t

∣∣∣∣∣∣∣∣∣∣dsdξ
∣∣∣∣∣∣∣∣∣∣
[
σ0i × ∆εi +

1
2
Eti(∆εi)2

]
h0dξ (10.76)

where
n = the number of truss members
t = thickness of the joint element
Eti = the tangent modulus of the truss members

When σ �= 0 and�� τ > 0 – failure occurs in the first diagonal member I

(a) At the point at which I fails, members II and III not yielded or failed.
After member I failed, member III will fail when stress reaches

τ = (σtν − σ) tanϕ0 (10.77)

(b) After condition (a), member II will yield when

τ = σcd sinϕ0 (10.78)

(c) When σ < 0 < τ > 0, diagonal member II will yield in compression,
diagonal member I will fail in tension. In this condition, vertical member
III yield in compression.

After member II yields, member III will yield when the stress reaches τ given
by (10.79).

τ = 2σcd sinϕ0 cosϕ0 + tanϕ0(σ + σcν) (10.79)

At the point at which member II yields, member I will not yet have reached
its point (σcd) or its breaking point (σtd). Consequently, when stress σI is
−σcd ≤ σI ≤ σtd it is equal to:

−σcd ≤ τ

sinϕ0 cosϕ0
− σcd ≤ σtd (10.80)

Here τ < 0 is omitted because the shape of the yielding conditions is sym-
metrical about the σ-axis. Figure 10.5 show the failure scenario. The yielding
condition is represented by:
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Fig. 10.5. Damage cases loint element

τ

σc
=

√√
−0.104

(
σ

γc

)2

+ 0.095
(

γ

σc

)
+ 0.0089 (10.81)

Where detailed numerical figures are not known, the following should be
adopted for the joint element.

t = thickness = 0.5 cm
h = height = 2.0 cm
E = Young’s modulus = 2.06 × 104 Nmm2

ν = Poisson’s Ratio = 0.16
σc = compressive strength = 20.6 N/mm2

σt = tensile strength = 2.06 N/mm2

ϕ0 = angle = 45◦

Esd = 0.862E – diagonal member −E being equal to 4000 MPa
Esν = 0.595E – vertical member
σcd = comp. strength diagonal member = 0.25σc

σcν = comp. strength vertical member = 0.75σc

σtd = tensile strength = 0.945σt – diagonal member
σtν = tensile strength = 0.805σt – vertical member
ε = strain = −0.0025
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The European code EC6, the most general characteristic equation is given
for mortar joint:

fωc,kff = Kf0.65
bcff × f0.25

mcff (10.82)

where

K depends on selected type of blocks → 1

fbcff = mean compressive strength
fmcff = mean compressive strength

of mortar

⎫⎬⎫⎫
⎭
⎬⎬

They need to be evaluated
experimentally for a case study

Generally, fωcff can vary from 1.6 to 6.0 MPa.

Note: Where 3D finite element analysis is required, a reference is made to
Appendix I.

10.6 Modelling and Behaviour of Masonry Walls

10.6.1 Introduction

A great number of factors determine the structural response of a masonry
fire wall and it is this, which makes the prediction of structural behaviour
so complex. Physical conditions such as wall geometry, boundary conditions,
magnitude and location of applied loading all strongly influence results. High
temperature mechanical material properties and thermal material properties
also considerably alter response.

10.6.2 Thermal Bowing

In fire separating elements such as fire walls, beat is usually exposed to one
face. This is particularly important in the case of masonry materials due to
its generally low thermal conductivity, producing high thermal gradients over
the cross section. If the wall is unrestrained this leads to differential thermal
expansion of the material. With the hot face expanding more rapidly than
the cool face, the unrestrained wall will tend to bow towards the tire. In
cases of high slenderness ratio thermal displacements may be of a magni-
tude to cause instability buckling. Previous experimental investigations have
revealed that this occurs when the lateral thermal displacement at the mid
height of the wall reaches 90 per cent of the wall thickness. In tall cantilever
fire walls thermal bowing may be of a magnitude to cause instability buck-
ing under the self weight of the wall alone. The reduction of strength and
modulus of the material on the face exposed to the fire can serve to reduce
thermal bowing, depending on the magnitude of applied loading. The ther-
mally degrading material on the fire exposed face will experience additional



570 10 Building Global Analysis for Damage Scenario

Fig. 10.6. The thermal and resulting linear flexural strain distributions

compressive strains when subject to axially applied loading, therefore coun-
teracting thermal expansion. In some situations where, i) the magnitude of
applied loading is high, ii) central lateral displacements are small, and iii) the
material properties on the fire exposed face have significantly deteriorated,
– the additional compressive strains may be sufficient to change the direc-
tion of the central displacement. This behaviour is known as reverse bowing,
and eventual failure is normally due to crushing of the thermally degraded
material on the fire-exposed face.

The thermal conductivity of a masonry material together with the nor-
mally high rate of temperature increase ensures a predominantly non-linear
distribution of temperature through the thickness of the wall. This in turn
leads to a non-linear application of thermal strains, σth. Due to the shearing
transfer in a continuum material the resulting strain response lends to a linear
distribution, adhering to the numerical stipulation that plane sections remain
plane Fig. 10.6a. This effectively means that the applied thermal strains are
incompatible with the linear flexural strains, εact. Thus at any internal point
the thermal strains cannot occur freely and are internally restrained pro-
ducing thermal stresses εths. Figure 10.6b shows the thermal stresses which
may exist in a non-loaded section, due to the application of thermal strains.
Compressive stresses are experienced in the outer.

Sections, while tensile stresses exist in the central region of the wall. Ther-
mal stresses are self equilibrating both axially and rotationally.

(a) Tensile thermal stresses are often of a magnitude to cause cracking, and
since thermal stresses are self equilibrating this effectively relieves com-
pressive thermal stresses.

(b) Thermal stresses σths, produced by an non-linear temperature profile.
(c) Thermal stresses in a wall subject to an applied axial load producing

compressive stress, σP .

The effects of thermal stresses are largely influenced by the external loading
system. In the case of a wall, which is subject to an axially applied load to
produce uniform compressive stress σP , thermal stresses may never induce
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Fig. 10.7. 3D Finite element mesh scheme or walls with openings

tensile stresses, but simply serve to reduce the compressive stresses in the
central region of the wall thickness (Fig. 10.7).

σths = D[εact − εth] (10.82a)

where D is the elasticity matrix.

PthsPP =
∫

σthsdx = 0 (10.82b)

MthsMM =
∫

σthsxdx = 0 (10.82c)

10.6.3 Masonry Material Properties

In a load hearing structural concrete wall the material compressive strength
fcff , strongly influences the magnitude of thermal bowing. A stressed material
will experience less resultant thermal expansion than an unstressed material.
The reduction in thermal expansion is proportional to the stress level, which
is directly related to the compressive strength of the material. An increase
in fcff results in a reduced stress level (σ/fcff ) leading to an effective increase
in thermal expansion. This behaviour is due to the additional temperature
related transient strain component, or load induced thermal strain (LITS).

10.6.4 Wall Geometry

The occurrence of instability buckling in a laterally deforming wall due to
thermal bowing, is largely determined by the slenderness ratio (height to
breadth ratio of the wall cross section). Boundary conditions also influence
the event of buckling.
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10.6.5 Boundary Conditions

Restrained boundary conditions can greatly increase fire resistance time. In
the case of unrestrained thermal expansion, thermal bowing occurs freely.
Where end fixities are present the thermal response is at least partially re-
strained causing induced loading and decreased thermal deformations.

10.6.6 Applied Loading on Walls

The effects of axially applied loading at higher temperatures are dependent
on the wall “λ”, material compressive strength and material type. Applied
loading has a more profound effect on walls with lower λ. Increase applied
loading has been shown to improve structured fire resistance times. Load
eccentricity may have effect of prolonging degrading fire resistance time.

10.6.7 The Finite Element Model

Material non-linearity is approached using the tangent modulus method in
order to obtain a converged solution. The smearing cracking model is sim-
ulated as it best suited to brittle nature of masonry material. The cracking
and damage criteria are fully described in Appendix I. The interface element
is given in Sect. 10.5.2. and else where in the text. This element is used as
the main element connecting masonry using mortar.

10.7 Global Analysis Based on PROGRAM BANGF

10.7.1 General Introduction

In order to prepare a clear-cut strategy, this section gives a comprehensive
approach in the form of flow chart covering all possible scenario included in
PROGRAM BANG-BLAST. Depending on the type of the external actions,
the analysis could be either static or dynamic. For the purpose of the coverage
for Blast Analysis, various materials and optional behaviours are included
to cover for any single damage scenario. The flow chart for the BANG-F is
shown in Plate 10.11, which gives the sequence of combining various scenarios
wherever applicable. Some of the subroutines are given in the Appendix I.

Two cases, namely WTC-1/WTC-2 are examined using the finite element
methods. The Alfred Murrah Building has been analysed by the second au-
thor, T. Bangash using the Discrete Element Method.
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Plate 10.11. Flow chart for program BANGF (Global Finite Element Analysis)
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10.8 Case Studies

10.8.1 Introduction

Numerous case studies can be considered. As mentioned in earlier sections
several structures had been subject to impact/explosion and fire. Various
techniques of analysing such structures have been fully described and as far
as possible, several numerical models and analytical approaches are given in
the text for individual isolated cases and for global structures which maybe
subjected to aircraft/missile crashes, explosion and fire. The reader has been
given choices to integrate cases, which need urgent considerations. At the time
of writing of this book, several more disaster scenarios might have occurred
and which couldn’t be recorded. It is intended to present some well-known
case studies, which might have hearing on identical disaster scenarios. The
following well-known cases are identified:

• WTC Towers in New York, U.S.A.
• The Oklahoma City Building, Alfred Murrah Building, Oklahoma U.S.A.
• The Pentagon Building in Washington D.C., U.S.A.
• The HSBC Building in Istanbul, Turkey

10.8.2 WTC Towers Collapse in New York

Much has been said in this text about the collapse analysis of these towers.
In this section a summary on the collapse of these towers is given prior to
the engineering evaluation.

10.8.2.1 How the Towers Collapsed

The top and both vertical edges of a masonry wall may be fixed, pinned
or free, resulting in various permutations and combination of fixities. The
bottom boundary condition can be assumed to be fixed in all circumstances.
Axial and rotational restraint of the top boundary conditions will restrict
vertical thermal expansion and the deformation of thermal bowing, imposing
additional compressive stresses, which may prolong fire resistance.

How the Towers Collapsed

The federal investigation into the collapse of the World Trade Center towers
on Sept. 11 has been unable to pinpoint what engineering elements were crit-
ical in the disintegration of the buildings or how best to resist a recurrence.
Even so, the six-month study – conducted by the American Society of Civil
Engineers and the Federal Emergency Management Agency -has revealed
some disturbing facts about modem skyscrapers that are potentially worri-
some for those who work or live in high-rise buildings around the country.
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The most encouraging finding was that the impact forces of the huge jets
that rammed into the towers were not the only ones, by themselves, to cause
the collapse. Although the twin towers were designed to handle only the
crash of a Boeing 707 flying at low approach speeds, the FEMA (1) [10.56]
report indicates when put to the test on Sept. 11 they absorbed the shock
of slightly heavier Boeing 767’s flying at much higher speeds. Had no other
stresses caused by explosion and file been imposed on the structures, they
could have remained standing indefinitely.

Unfortunately there was added stress effects, in the form of extremely
hot files that resulted when jet fuel ignited the consents of the buildings
and planes. The flames softened the structural steel, triggering events that
allowed the upper floors to cascade downward.

All three major defences against file proved unequal to the task. The
sprinkler systems were disabled by the impact of the planes. Firemen were
unable to reach the inferno because emergency elevator’s were damaged, and
even if they bad arrived in force, the standpipes they needed were almost
certainly disabled. Finally, the fireproofing material sprayed on steel beams
and trusses to protect against overheating failed to do so, probably because
most of it was blasted off by the planes’ impact. Whether better insulation
is needed, at least for the most critical structural elements, will be one focus
of additional inquiry.

The experts appointed were unable to determine whether the files alone,
without the impact of the airplanes, could have brought die towers down. But
it is to learn that an adjacent 47-story building collapsed completely as a re-
sult of a fierce file red by diesel oil on the premises, and that another building
suffered a partial collapse from fire. These are the first known instances of
protected steel-frame structures collapsing from severe fire, suggesting that
many modem buildings may be more vulnerable than anyone realised.

The investigation has put a spotlight on longstanding practices that will
surely need revision in the wake of this disaster. It seems absurd that steel
beams are tested for fire resistance, whereas the steel connections that hold
them together are generally not. Nor is any analysis made of how an inte-
grated structure, not just its individual components, will respond to files, or
how tires and structural damage interact.

A more thorough two-year investigation, to be conducted by the Na-
tional Institute of Standards and Technology (NIST), is expected to give
more definitive answers on the collapse scenario. Based on that inquiry, au-
thorities hope to learn whether building codes and engineering practises will
need to be upgraded. It will never feasible to harden all civilian buildings to
withstand a ferocious terrorist attack. But it should be possible to strengthen
their vulnerable parts – and their ability to withstand extremely hot files and
other extraordinary stresses. At the time of the publications of this book, the
report from NIST has been available now in draft form. The authors have
contributed to some of the salient features. This report was devoid of flume,
hot-fluid WTC structure interaction and analysis for the dismanteling of el-
ements. No debris analysis was included. This book covers these.
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10.8.2.2 Blow by Blow Accounts

As someone stood staring in disbelief at the smoke pouring from one tower of
the World Trade Center, it was with at first curiosity and then dumbfounded
horror that he saw a silver, plane curl round from the East River, aim straight
at the second tower and then a fireball erupt as it struck (Fig. 10.1).

It all happened in no more than a three or four seconds.
Standing on the top floor of a Times Square office block in mid-town

Manhattan, he at first had a fleeting feeling of watching something pure
Hollywood. That was how it was supposed to look, he knew full well he was
watching events unfold of if historic, world-changing dimension.

Word of the fire in the first tower had spread around the elevator he
was riding up to the top floor. A small knot of office staff, most clutching
coffee cups and brown bags, joined him there to stare at the smoking building
clearly visible from our 40th floor.

Televisions running in the background were reporting frantically that an
airplane had hit the tower, but there was still uncertainty about whether this
was terrorism or some kind of freak accident. The second plane ended that
debate.

It was, in the annals of terrorism, an exquisitely choreographed operation.
In the minutes before and after 8 am on Tuesday, four large passenger jets
lifted off at major eastern airports, headed for California. It was the time of
the morning when such airports are usually buzzing, when vacationers get an
early start on long days of travel, and business travellers can leave the East
Coast expecting to arrive in time for afternoon meetings.

The planes, two Boeing 767s and two 757s, each had just a pair of pilots
and none had more than nine flight attendants on board. But all of them
carried thousands of gallons of fuel. And once aloft, they were remarkably
effective flying bombs. Just what happened on board the flights may not be
clear for missing reasons.

10.8.2.3 Blow Accounts Versus Time Scenario for Aircraft

The blow accounts given on pages 23–24, Chap. 1, together with the time
aspect is taken into consideration in the finish element analysis.

10.8.2.4 Problems Associated with the Collapse of the Towers

A reference is made to Chaps. 7, 8, and 9 on the major data and individual
elemental analyses. Various result are highlighted. Some these are briefly
given below part of the overall discussions:

When the buildings WTC came down, as gravitational potential energy un-
loaded, and its value computed is around 6.8× 10′′ J. (Compared to this, the
energy of a severe earthquake would be 1017 J and the annual energy output
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of a reasonably large power station would be 1016 J). As a matter of fact,
the collapse created an earthquake of magnitude 2.4 on the Richter scale.
However, unlike a normal earthquake, they were richer in low frequency en-
ergy and poorer in high frequency energy, the main reason for this being the
gravitational potential energy due to the falling of building material. Accord-
ing to Prof. Mackin, of the University of Illinois at Urbana-Champaign, an
aircraft has the equivalent power of a small-scale commercial power plant.
The kinetic energy of a 767 jet at impact is of the order of 40 mega joules as
shown below:

KE =
1
2
mν2 (10.83)

where

m = mass = 204 × 103 kg
ν = velocity = 19.7 m/s
KE = kinetic energy = 39.6 × 106 J ∼= 40 MJ

Though this energy is considerable, it is clear that the towers withstood
this impact. Though damaged, Two WTC managed to remain standing for
approximately one hour, and one WTC for 90 minutes. The elemental analy-
ses show that it was not the impact, but the energy in the fuel that affected
the structural integrity of the building. The energy content of fuel is ap-
proximately 35 × 106 joules per litre. (Jet fuel may have even greater energy
content). Assuming that the jet had 75,700 litres of fuel, (fuel capacity of
767 jet is 90,764 litres) and it detonated at once, the resulting energy would
be 792 × 109 joules. This would amount to the equivalent of 2,376,000 sticks
of dynamite! (3 sticks of dynamite will have 1 mega joule of energy).

If one assumes that the jet liner with a weight of 205 tonne was traveling at
cruising speed (850 km/hr) and dissipated all of its energy in one second, their
torque on building shall be = Fx moment arm = 857× 103 KNm, where F =
MV = momentum per second = 4018 KN. If the plane hits the 70th floor, the
torque at the base will be 857×103 KNm. Later on the global torque analysis
given in the text could envisage the W.C. tower with standing this high
impact. However, elemental analysis indicated that the impact of the plane
crash destroyed a significant number of perimeter columns on several floors
of the building, severely weakening the entire system. As the fire analysis
indicates, as the fire raged in the upper floor, the heat gradually affected
the remaining tower structure. The preliminary elemental analysis gives a
firm belief that the steel core struts became weakened due to prolonged high
temperatures fuelled by the large volumes of aviation fuel. The floor results
showed from the elemental 3D finite element pro grams that when the fire
reached 815◦C (1500 F◦), the weakened struts collapsed due to the vertically
directed collapsed mechanisms. This is the scientific explanation put forward
for the catastrophic failure of the tower having intended to withstand an
impact of aircraft such as that of a Boeing 767 jet aircraft.
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The thermal environment within each tower is still a subject of discussion.
Prior to the global analytical work on failure and collapsed scenario, it is
essential the elemental analysis provided for components should be discussed
in the light of program BANG-FIR.

Based on preliminary assumptions and analysis, mathematical and nu-
merical models have been used to estimate the behaviour of the fires in the
twin towers of the World Trade Center. The hijacked-plane collision with
each tower produced significant structural damage, generated a spectacular
external fireball, and started burning within the tower. The fuel consumed by
the fireball was absorbed as an ignition source, but produced apressure pulse
that damaged windows and changed the ventilation for the fires. The subse-
quent fire in each tower generated a quasi-static, wind-blown smoke plume.
The fire and smoke behaviour were simulated using the program BANG-FIR
(FDS). Comparison of the observed plume trajectory with the simulated one
causes to estimate the rate of energy supplied by the fire to the plume which
was of the order of magnitude of a gigawatt (GW). The rate of energy sup-
plied to the plume, plus the energy-loss rate, determine the total heat release
rate (HRR), the most important single parameter for each tower fire. Two
bounding scenarios for the interior damage and fuel distributions were con-
sidered by program BANG-FIR for the north tower. For each scenario, the
simulated visible fire and smoke behaviour outside the tower were compared
with known photographic, to determine which scenario seemed more appro-
priate. The simulations for the two scenarios also provided estimates of the
likely thermal environment within each tower.

Because both towers were so completely destroyed when they collapsed,
relatively little physical evidence remained for investigation. As a result, pho-
tographs have become the primary resource for providing initial estimates of
the exterior damage to each building and of progression of the fire. These
proved to be only source for comparing with numerical models. Wind, pres-
sure and temperature as functions of height, obtained from the records of the
Aircraft Communications Addressing and Reporting System (ACARS), were
also found to be critical input for the study, in the finite element analysis
provided by program BANG-BLAST and program BANG-FIR.

10.8.2.5 Smoke Flame and Heat Analyses Release
for Global Structures

The trajectory of the smoke plume was used, in principle, to estimate the
magnitude of convective energy per time contributed to the smoke plume by
the tower fires. This convective energy rate, the wind speed and direction,
and atmospheric stability are the parameters known to govern a smoke-plume
trajectory.

From photographs it was determined that the wind direction was almost
exactly from the geographic North. We also established that the velocity of
this wind was between 5 m/s and 10 m/s. The wind speed and direction were
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verified by data from the Aircraft Communications Addressing and Report-
ing System (ACARS), which also provided data on temperature and pressure
as functions of height. From these data, assuming a perfect gas, one can also
calculate air density as a function of height, and these thermodynamic quan-
tities determine the stability of the atmosphere. Commercial flights generally
use ACARS to capture and report temperature, pressure and wind speed
and direction data as functions of altitude. It shows these quantities on the
morning of 9/11 as obtained from three flights, one from JFK airport in New
York and the other two from Newark International in New Jersey. Hence the
analysis has used 5 m/s as the wind velocity and a lapse rate approximately
one half the adiabatic lapse rate, which was −1.0◦C per 100 m.

As explained earlier, a full fuel load for each plane would be approximately
90,800 L or 74,500 kg of jet fuel, as noted earlier, the planes carried only
approximately 31,000 to 34,000 L or 26,000 to 28,000 kg of jet fuel (density
ρfuel = 0.82 kg/L). The area of one floor of either tower was 4025m2.

By contrast a second sophisticated was uses a strictly Eulerian, mixture-
fraction formulation to describe the combustion. In this model, the flame
sheet was found where stoichiometry occurs, and the beat from the exother-
mic reaction is released into the flow along the flame sheet using BANG-FIR.
The radiative transport is also handled in a more sophisticated fashion. An
approximate solution to the full radiation transport equation, that accounts
for local absorption and re-radiation by the material in the computational
domain, is used to calculate radiative fluxes and, therefore, beat transfer by
radiation. This formulation allows the radiation coupling that generates new
gaseous fuel at solid surfaces. This method is applied for floors in Chaps. 8
and 9.

Detailed descriptions of the mathematical models used in both versions,
and of the methods used to validate them are presented. The quality and
ease of use of this tool have significantly improved the ability to understand
fire behaviour.

In the global analysis, the beat released per unit are in PROGRAM
BANG-FIR is 2 MW/m2. It assumed that plane dumped its whole fuel load
over only one to two floors, smashing all material on those floors to an av-
eraged depth of around 0.8 cm with fuel load of 6.2 kg/m2 as part of the
input to BANG-FIR. At the burning rate with beat release rate of 2 MW/m2

the scenario established in Chap. 9 is the final attempt with time 10 minutes
to spread over greater area. The estimate is consistent with that given in
FEMA study Report. Throughout it is assumed in BANG-FIR that the jet
fuel would be consumed quickly relative to the duration of the tower fire.

Plume-Trajectory Scaling

The mass, momentum and energy equations stated earlier can be simplified
by assuming a steady, non-zero horizontal wind blowing over a fire of beat
release rate Q, assumed to be constant. Q is the most important parame-
ter characterizing an outdoor fire. Ambient stratification of the atmosphere,
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which is related to the meteorological concept of potential temperature, is in-
cluded in this model. The atmospheric stability at any height is determined
by the local density (or temperature) gradient and is specified by the lo-
cal buoyancy frequency N =

√√
(g/ρ(z))(dρ(9z)/dz). This frequency arises

because the atmosphere is naturally stratified as a function of height, with
the highest density air at ground level and smaller densities with increased
height. The horizontal velocity is assumed to be uniform with height over
the height of interest, although the more general theory allows for a velocity
profile changing with height. Analytical scaling of the governing equations
introduced in these papers yields the following important length scale:

L =
(

Qg

CpCC TαTT ραV N2

)1/3

(10.84)

where U is the steady and uniform horizontal velocity, N is the buoyancy
frequency defined above, CpCC is the constant-pressure specific beat for air, and
TαTT and PαPP are the ambient, ground-level temperature and density. This length
must be interpreted as an estimate of the order of magnitude of the height
above the fire to which the centerline of the plume will rise for the specified
values of the fire size Q1 (GW) he wind speed V and the buoyancy frequency
N . Because this relationship is derived from the governing equations, it should
apply to the WTC tower fires as well as to oil-spill fires.

From BANG-FIR part I the characteristic length L is computed as a
function of Q for different values of N and V for the tower of WTC. These
plots indicate the sensitivity of the value L to changes in atmospheric stability
and the wind speed.

Program BANG-FIR – part 2 used the thermal element model and was
performed over a domain, which included the top portions of both towers and
horizontal lengths in each direction equal to a few tower heights. With these
computations, we attempted to bound the total quasi-steady convective beat
release from the fires in each tower by comparison of the observed smoke
plume trajectory with that determined by the simulations.

Based on FEMA, for most of the simulations reported here, a grid of
108 nodes in each direction (1.26 × 106 total cells) was used. Computations
required about 15 CPU hours on a 1GHZ standard personal computer to
simulate 500 s real time for the FDS1 computations and about 30 s real time
for the FDS2 computations. The domain for the FDS1 computations was
taken to be 600 m in both horizontal directions by 800 m in the vertical di-
rection, evaluating a cell size of 5.6 m by 5.6 m by 7.4 m. The domain for the
FDS2 simulations was approximately 84 m by 84 m by 70 m, giving a cell size
of 0.78 m by 0.78ṁ by 0.65 m. It was noted from the calculations the steady˙
slate plume height increased very quickly with down wind distance. Where
the rate of magnitude became smaller, the plume height was slow with down
wind distance.
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Fig. 10.8. Plume scaling length L as functions of the convective energy/time Q
for Ve = 5 m/s; (a) Q versus Ve with L scale, (b) L versus Q with dT/dz scale

Fire Simulation in the Global Analysis

After the aircraft impact occurred, it is important to simulate fire in postu-
lating interior and exterior damage of a WTC tower.

For both undamaged towers, the authors have modelled a story as having
a total height of 3.66 m, with a floor/truss thickness/ceiling combination of
1.04 m. Only a portion of the height of each tower was included in the simula-
tions. The model started two stories below the damaged ones and ended tell
stories above, because buoyancy N causes the smoke and hot gas to rise. For
the north tower, the model began at the 92nd story and included the 108th
story. The south tower began at the 76th story and ended at the 93rd story.
The outside walls of the undamaged stories of each tower were impenetrable,
whereas the core was assumed to be open at both the top and bottom allow-
ing gases to flow freely in and out. These were taken from the FEMA Report.
A reference is made to the following data from FEMA Report together with
plume scaling length versus several parameters indicated in Fig. 10.8.

The core which had a different orientation in the two towers as noted
above, was modelIed by two vertical shafts each extending 42 m in the direc-
tion of the long axis of the core, one having a width of 2.5 m and the other
a width of 14.6 m, with a 7.4 m aisle separating the two. The larger shaft
was taken to be hollow, with a slit of 3.2 m running vertically up the cen-
tre of both long faces of the shaft. These slits were constructed to represent
openings shown by connecting floors vertically through the core, and can be
regarded as a combination of designed vertical connections and damage pro-
duced connections. The core shaft was open at both the bottom and the top
of the model. The slit size in the core shaft changes the interior ventilation
for the model, and this interior ventilation should be varied systematically
to determine its importance to the spread of smoke, hot gases and the fire.
Only two cases were simulated, one with no slits in the core and the other
with the 3.2 m slits as described above.
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Damage and the fuel distribution on the inside of the tower must be
postulated. As an attempt to bracket the interior damage, two very different
damage scenarios exist for a segment of the north tower. For the first scenario,
it was assumed that five floors were damaged and collapsed into a pile of
combustible rubble from the force of initial impact, the north face, to the
core. Therefore, the damage geometry was effectively one large open space
with the rubble treated as a big rectangular block on the floor. We assumed
that the internal combustible material was spread uniformly over all of the
interior surfaces in the damaged area including the block, and all surfaces
burned at the same rate. A reference is made to Chap. 9.

In a second case, it was postulated that the plane penetrated to the core
of the north tower and that the floors remained standing up to the damage
hole produced by the plane. In this case, most of the floor area, except for
the plane hole remained as it was before the collision, and the fire burned
over these long, narrow floors.

The design load for one floor of such a building is usually taken to be
460 kg/m2 with 90 kg/m2 due to partitions and 370 kg/m2 regarded as mov-
able. Of this movable load, the combustible portion is generally taken to be
14 to 18.5 kg/m2, but possibly ranging up to 140 kg/m2, with an average
load of 46 kg/m2 still being reasonable in an office building such as the WTC
Towers. A very reasonable war to look at these fires is to consider the burning
jet fuel to be the igniter of the existing fuel within the building. It must also
be noted that the fuel loads might vary considerably with spatial location in
each building.

10.9 World Trade Center (WTC 1 and WTC 2)

10.9.1 Data for Three-Dimensional Finite Element Modelling

The following summarises the basic geometric data for WTC 1 and WTC 2:

(Note: The data is given for both towers. Where there is a difference, this
has been identified).

• 1 Storey Height is generally 110 storeys plus 7 levels.
• 2 For WTC 1 roof height is 1368 ft (417 m) with 360′ or 110 m Television

Tower
For WTC 2 roof height is 1362 ft (415 m)

• 3 Square floor plate 207′-2′′ (63.1 m): corners cham ford 6′-11′′ (2.13 m)
Long on each side

• 4 Floor space at each level 207′ × 207′

• 5 Rectangular service core 87′ (26.5 m) ×137′ (41.75 m)
• 6 Bearing wall (exterior wall module) Ref: Fig. 10.10
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• 7 Welded columns 59 No columns 14′′ (358 mm)
Typical floor at each square box section at 3′-4′′ (1.06 m)
of the flat faces of the closed spaces Ref: Fig. 10.15
building

• 8 Adjacent perimeter column 52′′ (1.321 m) deep spandrel plates
interconnected at each floor
level

• 9 Plate thickness Exterior walls = 1/4′′ (6.3 mm)
Base of the column = 4′′ (100 mm)

• 10 Floor construction (a) 100 mm light weigh concrete
with 38 mm – 22 gauge
non-composite steel deck open
web joist floor system

(b) Floor trusses
In pairs with spacing 6′-8′
(2.03 m), Spanning 60′
(18.276 m) and 35.0′ (10.67 m)
at the ends of each core

The following summarises carefully by studying literature and drawings of
WTC 1 and WTC 2 the loads and material properties associated with these
two towers:

• 1 Floor imposed load 100 lb/ft2 (4.788 KN/m2

Building corner load 55 lb/ft2 3.79 KN/m2)
• 2 Boeing 767 – 200ER

Commercial Aircraft
(a) Maximum rated take off

load/weight 3.95 × 103 lbf (376672 kg)
• 3 Basic dimensions of the aircraft 159′ (48.45 m) length × 156′

767-200 ER (47.85 m) wide × 53′ (16.155) high
from ground

• 4 Rated cruise speed 530 miles/hr
Actual for WTC 1 470 miles/hr
Actual for WTC 2 590 miles/hr

• 5 Tower Impacted floors WTC 1 – Between floors 94 and 98
WTC 2 – Between floors 78 and 84

• 6 Impact Duration as reported WTC 1 → 10 seconds Average
(approx) WTC 2 → 8–10 seconds Average

• 7 Area Impacted 30 m2 for WTC 1
35 m2 for WTC 2

SEA LOAD-TIME FUNCTION FOR AN AIRCRAFT IN
APPENDIX I
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• 8 Collapsed after impact WTC l → After 102 minutes in
5 seconds
WTC 2 → After 56 minutes in
10 seconds

• 9 Approx. sealing gas 1000◦C–1100◦C
temperature

• 10 Approx. dead load 88 lb/ft2 (4.213 KN/m2)
• 11 Floor beams Exterior: W24 × 61

Interior: W18 × 50
• 12 Steel plate thickness through 3/8′′ (9.5 mm) thick

out in bolded joints 12′′ (305 m) × 6 1/2// ′′ (65 mm) PL
• 12 Bolts (as evident from 3/4′′ (19 mm) spaced along rows

drawings) 3 1/2// ′′ (90 mm)
• 13 Weld material Nominal yield strength = 50 Ksi

(342 MN/m2)
• 14 Steel Grades 12ND 42 Ksi (289.6 MN/m2) to 100 Ksi

(684.5 MN/m2)
• 15 Metal Deck spanning 13′-4′′ (4.064 m)

(a) Parallel to the main trosses
supported by transverse
bridging trusses

(b) Intermediate deck, support 6′-8′′ (2.03 m)
angles, spacing from
transverse trusses

(c) Core concrete fill on metal 14′′ (350 mm) × 36′′ (915 mm) deep
deck supported by floor
framing of rolled sections,
in turn, supported
combined wide shaped
flanges and columns of box
sections

• 15 Outrigger truss system for 103 floor – 110 floor
stiffening of frames

• 16 Structural tube framing base 3ND columns 14′′ (358 mm) box
of the exterior wall frame each joint to form base columns

• 17 Cantilever transfer girder 46′ (14 m) span, 2 to column
detail continuous down. At continuous

down = 4′-6′′ (1.37 m) 9 ft (2.74 m)
depth near ranger with spacing
6′-9′′ (2.057 m)

Note: For other material properties reference is made to Tables 10.1 to 10.8.
In the finite element analyses where stresses, strains for each element reached.
The limit values, the element has yielded. This is discussed later on in this
section.
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Table 10.1. Heat release rate for office module

Heat Release (KW) Time (seconds)
0 0–1200

1000 420↑
2000 Slow – Rate ↑450–600
4000 ↑480–660↓
6000 0550↑↓
7000 600

Table 10.2. Temperature–time ASTM E119

Temperature ◦C Time Minutes
25 1.5
200 2.0
400 4.0
600 7.5
800 20
1000 60

Table 10.3. Stress-strain curve
structured steel ASTM A36 steel
at 600◦C (1112F◦)

Stress N/mm2 Strain ε in/in
0 0

100 0.08
130 0.02
150 0.12

Table 10.4. Critical temperature for
various types of steel

Steel Temperature
Columns 538◦C
Beams 593◦C

Open-web steel joists 593◦C
Reinforcement 593◦C
Pre-stress steel 426◦C

Table 10.5. Strength–reduction
factor Fyt/Fy at elevated tem-
perature

Fyt/Fy Temperature ◦C
1 0

0.9 200
0.8 300
0.7 400
0.4 600
0.2 700

Table 10.6. Young’s modulus at ele-
vated temperature ◦C reduction values

E/E0 Temperature ◦C
1 0

0.97 50
0.95 100
0.85 300
0.82 400
0.63 500
0.20 600
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Table 10.7. Box columns 14′′×14′′ tem-
perature versus time based on E119

Temperature ◦C Time (minutes)
100 5.0
200 7.5
300 10.0
400 12.5
600 15.0
700 20.0

Table 10.8. Warping and buck-
ling

Warping Wvcb M1/M2

1.0 –1.0
1.25 –0.5
2.25 +0.5
2.75 +1.0

10.10 Finite Element Modelling of WTC-1 or WTC-2

10.10.1 Introduction

In order to make more efficient use of the inelastic response of the building
system and its damage scenario, the relevant numerical analysis and analyti-
cal work should be based on keeping in mind where the damaged areas were
visible and where columns and floors statistical data in the FEMA Report
have shown as disaster areas. This will be quite useful to check also the an-
alytical results. Where the classification of the damage scenario is not clear,
the normal course of finite element analysis shall be carried out. This section
is entirely based on the WTC 1 and WTC 2 building collapse analysis. For
the dynamic finite element analysis, a reference is made to Appendix I where
derivations of various cases have been studied and analytical formulations are
recorded.

10.10.1.1 Finite Element Analysis of WTC 1 and WTC 2:
Basic Philosophy

Plate 10.2 shows a typical 3D finite element mesh scheme, comprising of
3D line elements and series of these elements are connected by nodal points
through out in the WTC 1 framed building. The concrete floors have 4-noded
is 0 parametric elements and their nodes are linked with 2 noded truss rods
of the trusses. The same scheme is continuous for the supporting trusses in
transverse directions.

Both towers and their tores are modelled explicitly. The steel connections
such as moment and shear connections are spandrell–column connections in
all major framing are also explicitly modelled. In the intermediate framing,
beams are in corporated as grids.

Typical mess schemes are given in Fig. 10.09 to 10.12 for individual local
F.E. analysis for buckling, warping and interactive analyses when members
are under loads caused by either impact–cum–blasts.

Basic formulations for the steel deck slab system are complex. In this
analysis the system was modelled at each floor level as composite with clear
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Fig. 10.9. Typical floor-core deformations

material properties. The elements refined systematically to obtain key out put
data, specifically in the regions of heavy damage where F.E. mesh schemes
were refined. PROGRAM BANG-BLAST has been used to carry out damage
analysis using different models.

(a) Impact from 767-200 ER.
(b) Assessment of loose joints buckling and plasticity zones.
(c) Blast load defined for WTC1 and WTC2.
(d) (b) + (c) algebraically added results: check for any damage scenario

defined by members crushing, yielding and cracking with and without
buckling/warping.
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Fig. 10.10. (a) Floor on floor supporting beams with box columns – finite element
mesh scheme; (b)Undeformed deck – mesh scheme 4 noded isoparametric elements

Fig. 10.11. Finite element mesh scheme for trusses

(e) (b) + (c) + fire ball loads. The fire ball investigation includes fuel -
structural interaction. BANG-FIR is called upon in the main program.
The out put is algebraically added to (a) + (b). Check by FLAG, whether
or not damage scenario has further intensified or spread to other ele-
ments.

The jet fuel has been distributed over multiple floors, and same have been
transported to other locations. Same have assumed been absorbed by carpet-
ing or other furnishings, consumed in the flash fire in the aerosol, expelled
and consumed externally in the fireballs, or flowed away from the fire floors.
Accounting for these factors, it is believed that all of the jet fuel that re-
mained on the impact floors was consumed in the first few minutes of the
fire. The wind speed at heights equal to the upper stories of the towers was
in the range of 10–20 mph. The outside temperatures over the height of the
building were 20–21◦C (68–70◦F). These effects are considered in the loading
cases.
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Fig. 10.12. Box section column interacting with floor (half box is shown for F.E.
mesh assessments)

The modelling suggests a peak total rate of fire energy output on the
order of 3–5 trillion Btu/hr, around 1–1.5 gigawatts (GW), for each of the
two towers. From one third to one half of this energy is assumed to flow
out of the structures. This vented energy is the force that drove the exter-
nal smoke plume. The vented energy and accompanying smoke from both
towers combined into a single plume. The energy output from each of the
two buildings is similar to the power output of a commercial power generat-
ing station. The modelling also suggests ceiling gas temperatures of 1,000◦C
(1,800◦F), with an estimated value of plus or minus 100◦C (200◦F) or about
900–1,100◦C (1,600–2,000◦F). A major portion of the uncertainty in these
estimates is due to the scarcity of data regarding the initial conditions within
the building and how the aircraft impact changed the geometry and fuel load-
ing. Temperatures may have been as high as 900–1,100◦C (1,700–2,000◦F) in
same areas and 400–800◦C (800–1,500◦F) in others.

The viability of a 3–5 trillion Btu/hr (1–1.15 GW) fire depends on the fuel
and air supply. The surface area of office contents needed to support such a fire
ranges from about 30,000–50,000 square feet (2787 m2–4645 m2) depending
on the composition and final arrangement of the contents and the fuel loading
present. Given the typical occupied area of a floor as approximately 30,000
square feet, it can be seen that simultaneous fire involvement of an area
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Fig. 10.13. A damage scenario of WTC-1 at and around impact area
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equal to 1–2 entire floors can produce such a fire. Fuel loads are typically
described in terms of the equivalent weight of wood. Fuel loads in office-type
occupancies typically range from about 4–12 psf (0.191/0.0515 kN/m2) with
the mean slightly less than 8 psf (0.382 KN/m2). File rooms, libraries, and
similar concentrations of paper.

Based on photographic evidence, the fire burned as a distributed collec-
tion of large but separate fires with significant temperature variations from
space to space, depending on the type and arrangement of combustible ma-
terial present and the available air for combustion in each particular space.
Consequently, the temperature and related incident beat flux to the struc-
tural elements varied with both time and location. This information is not
currently available, but has been modelled with advanced CFD fire models.

Damage caused by the aircraft impacts is believed to have disrupted the
sprinkler and fire standpipe systems, preventing effective operation of either
the manual or automatic suppression systems. Even if these systems bad not
been compromised by the impacts, they would likely have been ineffective.
It is believed that the initial flash fires of jet fuel would have opened so
many sprinkler heads that the systems would have quickly depressurised and
been unable to effectively deliver water to the large area of fire involvement.
Further, the initial spread of fires was so extensive as to make occupant use
of small hose streams ineffective.

It is assumed that the structural joints, at the level of impact, are 95%
in effective is the joints have failed. Areas outside impact zone, the strength
reduction factor is, for the purpose of analysis, is 50% assumed to be 50%.

As stated earlier the impact of the aircraft into WTC 1 substantially
degraded the strength of structure to withstand additional leading and also
made the building more susceptible to fire-induced failure. Among the most
significant factors:

1. The force of the impact and the resulting debris field and fireballs prob-
ably compromised spray-applied fire protection of same steel members
in the immediate area of impact. The exact extent of this damage will
probably never be known, but this likely resulted in greater susceptibility
of the structure of fire-related failure.

2. Some of the columns were under elevated states of stress following the
impact, due to the transfer of load from the destroyed and damaged
elements.

3. Some portions of floor framing directly beneath the partially collapsed
areas were carrying substantial additional weight from the resulting de-
bris and, in some cases, were likely carrying greater loads than they were
designed to resist.
As fire spread and raised the temperature of structural members, the
structure was further, stressed and weakened, until it eventually was un-
able to support its immense weight. Although the specific chain of events
that led to the eventual collapse will probably never be identified, the
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Fig. 13.a. WTC-1 and WTC-2 damage zones of localised areas under impact
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following effects of fire on structures may each have contributed to the
collapse in some war discussion of the structural effects of fire.

4. As floor framing and supported slabs above and in a fire area are heated,
they expand. As a structure expands, it can develop additional, poten-
tially large, stresses in some elements. If the resulting stress state exceeds
the capacity of some members or their connections, this can initiate a se-
ries of failures.

5. As the temperature of floor slabs and support, framing increases, these el-
ements can lose rigidity and sag into catenary action. As catenary action
progresses, horizontal framing, elements and floor slabs become tensile
elements, which can cause failure of end connections and allow supported
floors to collapse onto the floors below. The presence of large amounts
of debris on some floors of WTC 1 would have made them even more
susceptible to this behaviour. In addition to overloading the floors below,
and potentially resulting in a pancake-type collapse of successive floors,
local floor collapse would also immediately increase the laterally unsup-
ported length of columns, permitting buckling to begin. As indicated in
Appendix B, the propensity of exterior columns to buckle would have
been governed by the relatively weak bolted column splices between the
vertically stacked prefabricated exterior wall units. This effect would be
even more likely to occur in a fire that involves several adjacent floor
levels simultaneously, because the columns could effectively lose lateral
support over several stories.

These factors 1 to 5 taken from the FEMA report are in line with the analysis
presented in the text.

Progression of Collapse

As in WTC 1, a very large quantity of potential energy was stored in the
building, during its construction. Once collapse initiated, much of this energy
was rapidly released and converted into kinetic energy, in the form of the
rapidly accelerating mass of the structure above the aircraft impact zone. The
impact of this rapidly moving mass on the lower structure caused a wide range
of structural failures in the floors directly at and below the aircraft impact
zone, in turn causing failure of these floors. As additional floor plates failed,
the mass associated with each of these floors joined that of the tower above
the impact area, increasing the destructive energy on the floors immediately
below. This initiated a chain of progressive failures that resulted in the total
collapse of the building.

A review of aerial photographs of the site, following the collapse, as well
as identification of pieces of structural steel from WTC 2, strongly suggests
that while the top portion of the tower fell to the South and East, striking
Liberty Street and the Bankers Trust building, the lower portion of the tower
fell to the North and West, striking the Marriott Motel (WTC 3). Again, the
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debris pattern spread laterally as far as approximately 400–500 feet from the
base of the structure. These effects are not considered in two towers.

Construction of WTC 1 resulted in the storage of more than 4 × 1011

joules of potential energy over the 1,368-foot (417 m) height of the structure.
Of this, approximately 8 × 109 joules of potential energy were stored in the
upper part of the structure, above the impact floors, relative to the lowest
point of impact. Once collapse initiated, much of this potential energy was
rapidly converted into kinetic energy. As the large mass of the collapsing
floors above accelerated and impacted on the floors below, it caused an im-
mediate progressive series of floor failures, punching each in turn onto the
floor below, accelerating as the sequence progressed. As the floors collapsed,
tins left tall freestanding portions of the exterior wall and possibly central
core columns. As the unsupported height of these freestanding exterior wall
elements increased, they buckled at the bolted column splice connections,
and also collapsed. Perimeter walls of the building seen, to have peeled off
and fallen directly away from the building face, while portions of the core
fell in a somewhat random manner. The perimeter walls broke apart at the
bolted connections, allowing individual prefabricated units that formed the
wall or, in same cases, large assemblies of these units to fall to the street and
onto neighbouring buildings below.

10.10.2 WTC 2

10.10.2.1 Initial Damage from Aircraft Impact

United Airlines Flight 175 struck the south face of WTC 2 approximately
between the 78th and 84th floors. The zone impact extended from near the
southeast corner of the building across much of the building face The air-
craft caused massive damage to the south face of the building in the zone of
impact. At the central zone of impact corresponding to the airplane fuselage
and engines, six of the prefabricated, three-column sections that formed the
exterior walls were broken loose from the structure, with same of the elements
apparently pushed inside the building envelope. Locally, as was the case in
WTC 1, floors supported by these exterior wall sections appeal to have par-
tially collapsed. Away from this centra1 zone, in the areas impacted by the
outer wing structures, the exterior steel columns were fractured by impact.
Evidence shows from 27 to 32 columns over a 5-storey range were destroyed
along the south building face. Partial collapse of floors occurred over a hori-
zontal length of approx. 70 ft (214 m) while floors in the other portions were
intact. A landing gear from the aircraft crashed through the roof of WTC 2.
The roof was located six blocks to the North. A portion of the fuselage was
lying on the roof of WTC 5. There was a lot of debris in WTC 2 as well. This
effect is not taken in the analysis.

The same types of structural behaviours and failure mechanisms previ-
ously discussed are equally likely to have occurred in WTC 2, resulting in the
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initiation of progressive collapse, approximately 56 minutes (3360 seconds)
after the aircraft impact. Review of video footage of the WTC 2 collapse
suggests that it probably initiated with a partial collapse of the floor in the
southeast corner of the building at approximately the 80th level. This ap-
pears to have been followed rapidly by collapse of the entire floor level along
the east side as evidenced by a line of dust blowing out of the side of the
building. As this floor collapse occurred, columns along the east face of the
building appear to buckle in the region of the collapsed floor, beginning at
the south side and progressing to the North, causing the top of the building
to rotate toward the East and South and to begin to collapse downward. It
should be noted that failure of core columns in the southeast corner of the
building could have preceded and triggered these events.

10.10.3 Analysis of Results from the Global Analysis

The full simulation of the aircraft 767-200ER with a fuel-filled wings impact-
ing WTC-l Tower has been carried out. The key components were meshed
out together with exterial walls columns wall panels and composite floors.
The aircraft engine has a fine mesh of hybrid elements. At the impacting
level both mesh schemes are provided with contact/gap elements For the
purpose of interactive analysis Hallquist et al. method of master slave and
nodes have been adopted. The slave modes are constrained to slide on mas-
ter segments after impact occurs and must remain on the master segment
until tensile interface force develops. A zone in which a slave segment exists
is known as SLAVE ZONE. A void exists between slave and master line. At
impact level whether it is due to the aircraft or debris, it is necessary to
update the location of each slave node by finding its closet master node or
the one on which it lies. In the collapse analysis it becomes necessary that
for each master segment one must find out the first slave zone that overlaps.
Generate finally the existence of the tensile interface force. Constraints are
imposed on global equations by the transformation of the nodal displacement
components of the slave nodes among the contact interface. The slave nodes
will have no normal degrees of freedom and the normal force components are
distributed near by master nodes using explicit time integration in the finite
element solution procedures.

There after the impact and release conditions are imposed. This method
in the finite elements analysis identifies the contact point that can become
trivial during the execution of the analyses. The impact of the aircraft de-
veloped a hole of not less than ≤ 30 m2 by breaking the exterior columns
and the floor slabs. The analysis shows, the area filled with hot fuel (800–
1000◦C) completely developed failure zones and some cases rupture columns
and floors. The debris formed impacted the walls and created large spaces
for ventilation, allowing 70 seconds to produce flume and fire, initially in
the impacted areas. The fuel structure interaction analysis showed contin-
uous damaging and enlarging deformations, particularly to the floors with
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exterior columns bowed inward. The impact analysis further showed that
the aircraft wing segments were fragmented (fy > 550 MN/m2) and pene-
trated. Columns and floor zones filled with spraying hot fuel moving down
from floor to floor. The hot fuel-cum-debris was sufficient to create a surge
of rapidly filling the floors (93rd–97th floors). Debris integrate at this level
to dust ridden plume. The ventilation created in the wall (east and south
side of the tower) due to debris impacted as well created plume and ignited
mist out the entrance gash and blown out window elements. The fire ball
resulted. The finite elements analysis, using 3D FEMVIEW and PATRON,
indicated continuous debris filled smoke for around 6000 second after which
the entire structure collapsed. When the instability analysis performed, the
exterior columns showed more “bowing in” at least 25% more than the com-
bined load conditions. Where the exterior columns are not affected (outside
impacted zone), they displayed enough residual capacity. The impact analysis
re-evaluated the results and vertical approach angle below horizontal 13.6◦C
(heading down ward) for WTC 1 Tower while maintaining 180◦ lateral ap-
proach angle and the vertical approach by 8◦ (heading downward) for WTC 2
Tower. In both cases the average roll angle taken to be 32◦. The total time for
load-time function diagram was 0.6 seconds for both towers. The progressive
analysis of collapse involved different timings for the WTC-1 and WTC-2.
The same aspect time, ∆t = 200 seconds plus, was considered. Not having
enough information on the damage to the thermal insulation, it was assumed
that aircraft and debris impact have damaged and dislodged the insulation
due to inertia forced developed as a result.

BANG-FIRE results when algebraically added to those obtained from
aircraft and debris impactive forces indicated that the floors influenced ini-
tially by such forces, the hot jet fuel interaction with steel and steel-concrete
composites have damaged zones more than the temperature expansion phe-
nomenon which was around 2 to 3%. The fuel temperature could not be less
than 900◦C for one hour at least, thus bringing the steelwork taking not more
than 600◦C would have contributed to the melting of the structural elements,
the zones above the impact zone would be solid and undamaged, thus bring
about the vertical collapse scenario. Since the ventilation created would have
injected oxygen, thus causing fire which also created high temperatures to
cause certain zones of WTC-1 and WTC-2 building structures the initiation
of collapse. The temperature modelling alone without impact took almost
twice the time of the collapse of WTC-1. Under combined impact fuel and
fire loads generated the total collapse of WTC 2 in the specified time. This in-
dicates that aircraft impact bad substantially weakened the tower structures
and joints welds etc. The impacts have caused greater instability without
creating total collapse. The sagging of the floors bad increased. Although the
floors on the north side of the tower bad sagged first, when the fuel plus
fires moved toward south. Now the south side floors had sagged to the point
where the south perimeter columns bowed inward. The finite element analysis
showed that the south exterior wall had bowed inward by 1350 mm.
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The robustness of the towers with that truss in particular was designed
for normal loads with wind and earthquake effects. After seeing the tower
WTC-1 with the core the floors and perimeter walls weakened major insta-
bility exhibited in the south wall. The hat truss could not be transferred
the loads thereby causing the columns collapsed and the load via spandrels
could not have been transferred. The upper section as predicted by the finite
element like a high section started tilting and the upper section collapsed on
to the floor in WTC-1. Top sway around 675 mm to the north. For maximum
displacement value of the tower was achieved using hybrid finite element at
2.5 seconds. The impact position of UA Flight 175 was 7 m from the east cor-
ner of WTC-2. This is the off-centre called oblique impact produced torsion
in the upper part and caused counter clock movement. The floors considered
under direct impact were 77 to 85. The bulk of impact damage was according
the finite element analysis was confirmed to six floor. The aircraft wing laden
with fuel struck the tower WTC-2.

The heavier damage was discovered in 79th floor due to sheltering of
aircraft engine and wings, especially damaged the floor slabs down to the
building core. The fuselage when interacted with 80th and 81st floors, the
damage scenario was worse. The impact showed the collapsed spandrels and
cruised part of the 82nd floor slab with severed columns and the core. The
photographs showed as within about one half of a second, dust and debris
flew out of windows on the east and the north faces. Several small fireballs
of atomized jet fuel burst from windows on the east face of the 81st and
82nd floors loading a large firebal1 that spanned the entire face. Almost
simultaneously, three fireballs came from the east side of the north face. The
largest came from the 80th through 82nd floors. A second, somewhat smaller
one came from the 79th floor.

The finite element analysis showed only the same fuel-structure-inter-
action. The results were quite similar to WTC-1 except the physical con-
ditions of the tower determined with inward bowing of columns. The tower
lost in half the time the ability to support upper solid floors. The progres-
sive analysis showed that the top of the tower continual tilted to the east
and south. Using the aspect time ∆t = 200 s, the tower began to collapse at
earlier time when compared with the WTC-l tower. Due to oblique impact
the impact damage was more severe to the WTC-2 core. The causes can be
due jet fuel spray into the interior of the building causing rapid fire, sagging
of the east floors, pulling forces to the east perimeter columns with reduced
load carrying capacity and heavily weakened and unprotected steel yielded
and plastic hinges developed at various positions.

10.10.4 A Comparative Study of WTC-l Tower Results

An independent assessment of the validity of tower step-by-step collapse sce-
narios is tabulated using both observed and computed simulated phenomena.
The insulation ate assumed ineffective in floors covering impact zones.
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WTC-1 Tower
Observation BANG-F Results

1 The aircraft impact did
occur at the tower and
the tower did not collapse
and with stood the im-
pact at the initial time.

The computer simulation after impact
showed no sign of major collapse. At incre-
ments, the tower still stood and resisted de-
sign loads on exterior column. In 20th incre-
mental process, the results showed around
8% reduced margin.

2 The south wall bowed at
10.23 am inward along
the entire south face of
94th floor to 100th floor.
The maximum bowing
based on FEMA Report
was 55′′ on the 97th floor.

The instability part of the analysis indi-
cated that buckling occurred at the level of
97th floor around 1.375 m along with the
tilt angle of around 10◦ in the direction
of south. The total time registered to be
60,000 seconds.

3 At the structural collapse
due to impact and fire,
the top building section
above impact zone tilted
enormously in the south
and no discernable east
and west component in
the tilt.

The analysis showed that thermal expan-
sion was resisted by that truss. Core to
the external walls, exterior columns splices
and spandrel completely failed. The hot fuel
structural composite slab interaction initi-
ated the collapse of six floors. Debris impact
created ventilation holes and fire analysis
took over from fuel analysis, thus created
maximum load on core and external walls
which exceeded when the process reached
at 750◦C where this intervened and make
the components declared failed and (major
parts) when TθTT = 600◦C, the solid part of
the building above impact zone tilted and
the bottom structure acted as like “magma”
thus creating opportunity for nearly verti-
cal collapse.

4 As clouds and dust ob-
scured. The view the
building section began to
fall down nearly verti-
cally. At 102 minutes
from the impact of the
air craft, the collapse ini-
tiated.

The global instability segment within Pro-
gram BANG-F, supported by program F-
PATRAN to register viewing instantly,
reached the limit over 1. South side
bowed significantly. The program stopped
at 6200 seconds from the time of impact.
All elements collapsed. Flickering occurred
at that level in F-PATRAN indicating the
program collapsed and non-functional and
finally stopped.
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10.10.5 A Comparative Study of WTC-2 Tower Results

A similar approach was adopted for WTC-I towers. The tower remained
upright – with significant reserve capacity after aircraft impact and the initi-
ation of hot-fuel structural interaction. The east perimeter wall, as indicated
by BANG-F showed inward bowing of around 250 mm at floor 80. The bowing
was extended and instability to 78th to 83rd floors. When BANG-F called
upon the F-BUCKL (for instability and for graphical view) and F-PATRAN,
the results showed a greater tilt +8◦ to the east prior to the significant down-
ward movement of the building section above the level of impact. Around
θ = 30◦ tilt was registered by the instability analysis. The time of collapse
initiation registered by program BANG-F together with sub programs duly
intervened for component failure at different times was 2880 seconds.

10.10.6 Practical Solution to Twin Towers

The geometry of the twin tower is assumed to alter. Sky bridges of intervals
of 4 floors were introduced between WTC-1 and WTC-2. A total number
of 25 sky bridges were adopted. A rigid frame concept was introduced. The
aircraft impact plus fire plus hot fuel loads apart from usual design loads were
considered. Various impact angles on south and north sides were considered
for the aircraft impact while keeping the roll angle to be 32◦. The collapse
of one tower took 5 hours and 25 second when aircraft was only considered.
On combined loading the disaster scenario for one of the rigid towers reached
2 hours and 25 minutes. The analyses was repeated by introducing the rigidity
of escalators or moving walks, placed inclined positions to pave the war for
the quick removal of the population. The new factor of safety against impact
alone was 15, against – collapse time of 15 − 2 = 13 hours when instability
analysis intervened. In association with the blast loading effects, the margin
of safety was reduced to 7 against 5 hours and 25 minutes and 30 seconds.
Only one tower failure phenomenon was considered with the out come showed
five sky bridges failed. When escalators and moving walkways were ignored,
it is concluded that sky bridges need to be introduced at suitable levels.

10.10.7 Conclusion and Future Recommendations

The comments examined what can be learned from the extreme events of
11 September 2001 for the future design of tall buildings and the appraisal of
existing ones. The aim has been comprehensively examine the safety issues
arising from such event and to direct and improve provisions for building
infrastructure which can be sustain future malicious with reduced risk of logs
of life.

A comprehensive study carried out, especially on WTC Towers gave an
insight of the existing design and how it is related to the progressive collapse
of the towers. Since no two buildings are identical, more case studies need to
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be examined using international collaboration amongst respective profession-
als are needed to optimise occupant safety in extreme events. The following
conclusions should be noted on the draft report.

(A) Analysis

1. A three-dimensional dynamics hybrid finite element analysis is required
on tal1 buildings core and frames using the load-time functions of various
known aircraft. In order to assist the designers the authors have prepared
such load-time functions plotted for a number of known aircraft. This plot
is given Plate 10.3. The buildings are made up of materials which can
early be checked for the aircraft impact.

2. It is vital to analyse floors of steel, concrete and composite for damage
scenarios caused by aircraft hot fluid interacting with these floors. The
report is devoid of such recommendations.

3. From the hot oil-structural interaction, after the building was subjected
to heavy impact from the aircraft, debris could result, they in turn
produce impulsive loads and cause an impact to the exterior of the
columns/walls and core. It is essential to have a through investigation of
the debris impact which causes holes and air ventilation, as such would
generate instant fire. BANG-FIRE Program can take such a case of in-
stant fire. The structural integrity is vital.

4. Passive and Active fire protection shall form the basis of analysis. The
passive fire could not be simulated due to shortage of time and must be
pursued in using specific analytical approach.

5. During this analytical analysis at no stage thermal expansion is created
any problem. Under such instant load, 2 to 3% of load caused by thermal
expansion is in author’s view, insignificant.

6. Due to aircraft impact, prior to the hot-fuel interaction the joints, ac-
cording to analysis, were heavily loosened, and were failed fire together
with hot fuel interaction presented a desired scenario.

7. The three dimensional dynamic instability (elastoplastic) analyses has
produced using FEMVIEW and PATRAN, dismantled structural ele-
ments. The maximum dejection of dismanteling of a column element was
10 m at ground level. This analysis is important for dejection with de-
bris dust is still in progress and the international community must show
an interest in producing 3D model of Debris-Dust-Dejection (DDD) of
structural elements. RROGRAM IMP interacting with DDD program
have produced extremely clear scenario.

(B) Design

On the de sign and safety side, the new NIST is an excellent draft and raised
there the same important issues. Looking at the various recommendations
one has reasons to believe that the following needs urgent attentions:

1. Safety Cladding: The author’s analysis indicates that use of laminated
or toughened glass with fixing shall be designed to take into account of
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the potential explosion loading. Wherever is possible SIFCON Layers are
employed which have improved load-deflection characteristics and stress-
strain properties in comparison with normal concrete. The SIFCON panel
between laminated glasses subjected to blast loading provides 35% ad-
ditional safety factor. Cladding and glazing of such a system cause less
human injuries.

2. A comprehensive test program is needed to design and to create solutions
with and without fire.

3. Security and Safety of Building Services: Design procedures supported
by comprehensive and experimentation must produce robust and pro-
tected building services systems. The building must service complete
“burn out” of contents.

4. Safety of Human Beings and Building Design: In order to reduce the
probability of occurrence of extreme events, all designs must be carried
out on time-load basis so as they have the potential to cause progressive
collapse. Buildings above 25 storeys must be designed against impact and
explosion with and without fire. Any height above 25 storeys buildings
shall be provided with sky bridges, especially the buildings standing in
parallel or on any axis. The sky bridges above 25 storeys shall be on the
basis of 4 No: floors/sky bridge. In order to make the building robust,
the sky bridge would provide “stiff frame” effects and offer opportunities
to stay longer in order to carry out substantial evacuation. Using cross
positioned escalators in between sky bridges must provide potential es-
cape routes. The physical size of these sky bridges shall not be less than
those of staircase widths. Entrances to buildings must have separate air
distribution zones with separate air supply and extract. The layout of
the building shall be such that terrorists cannot find escape routes on
grounds. This will be treated as part of strategies of deterrence needed
for the protection vital installations.
It is vital to ensure compartments in a building are gas tight and seals
are sound on building completion, if new, by inspection, testing and cor-
tication.

10.11 Case Study: Alfred P. Murrah Building,
Oklahoma, U.S.A.

10.11.1 Introduction

The truck bombing of the Alfred Murrah Building on 29th April 1995 caused
a great deal of damage to the structure and its elements. From the charac-
teristic of the bomb crater Corley G.W. determined explosion yield energy of
1814 kg (4000 lb) of TNT. It was a nine-storey office building. The site plan
indicating column lines is shown in Fig. 10.14. The location of the building
in the Oklahoma City is clearly visible in Fig. 10.15.
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While in Oklahoma City, the investigators took photographs; collected
structural drawings, shop drawings, photographs, and samples of structural
components, including concrete and reinforcing bars; and obtained an audio
tape of the blast. The team also conducted interviews to obtain information
concerning damage to buildings. Physical inspection of the structure was
limited to visual observation from a distance of approximately 200 ft. (blm)

Following the site visit, samples of concrete and reinforcing bars taken
from the site were tested to determine physical properties of materials used
in the building. Work performed included developing the most probable re-
sponse of the building to the blast and determining whether new technology
can be used to enhance the resistance of buildings to blast, wind, earthquake,
and other hazards.

On May 12, 1995, the BPAT visited the Oklahoma County Sheriffs Fir-
ing Range to interview personnel and view debris from the Murrah Building.
During this visit, photographs taken soon after the explosion by several law
enforcement organizations were reviewed. Also, several pieces of building de-
bris were inspected.

Inspection of debris disclosed that there were a few ’chunk’ samples, sec-
tions of spandrel beams, some large slab sections, and a few pieces of deformed
reinforcing bar and it was confirmed that the concrete and the reinforcing
bars had come from the Murrah Building. During the visit, locations were
marked on six concrete debris samples where cores were to be taken. In ad-
dition, a seventh sample, a chunk of concrete was also marked for coring.
Several sections of reinforcing bars were marked to be taken as samples.

On May 12, 1995, a concrete coring company took six l52-mm (6-in) cores
from the marked areas. After the cores had been taken in the field, they were
packed in a plastic cooler and shipped to Construction Technology Labo-
ratories, Inc. (CTL), in Skokie, Illinois where selected samples were tested.
Similarly, reinforcing bar samples were put in a heavy plastic shipping tube
and gent to CTL for testing. All samples arrived at CTL on May 15, 1995.
Chain-of-custody documentation was maintained for all samples.

In addition to conducting a visual inspection, the team reviewed pho-
tographs and videotapes recorded on April 19,1995, and during the following
rescue and recovery period. These records were useful in establishing the
performance of the building.

The Kirkpatrick Engineering Consultants, Oklahoma, U.S.A. provided
a full description of the design, construction, and condition of the Murrah
Building prior to the tragic bombing (BPAT, 1996). The structure was a re-
inforced concrete frame with three rows of columns spaced at 6.1 m (20 ft)
within each row. A large transfer girder at the third floor permitted the elim-
ination of alternate exterior columns below. The building was designed and
constructed in accordance with the applicable codes, but did not provide any
deliberate resistance against a vehicular bomb attack. Additional information
is given in companion papers (Corley et al. [10.1,10.4]).
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An estimate is made of the blast loading and its direct effect on the struc-
ture of the building. First, the blast loading is calculated from the properties
of the crater formed by the explosion. Then, the response of critical structural
elements to the calculated loading is determined using approximate methods
appropriate for this assessment. Critical elements include the principal exte-
rior columns supporting the transfer girder and the floor slabs of the building.

Bangash T. [10.20] analysed this building using blast pressure loading de-
scribed later on in this section. The blast pressure diagrams were adopted
for slabs and columns together with building response given in Figs. 10.47 to
10.70. Simple Simpson’s Rule was adopted in association with blast loads.
Results obtained from FEM/DEM analysis (Ref. Appendix I) termed out
to be remarkably accurate. The results were collaborated with visual disas-
ter scenario and inspection of damaged components. A specially developed
computer program using ‘C’ Language was developed and tested successfully
with other case studies.

10.11.2 Experimental Validation of the Combined Finite-Discrete
Element Modelling of Structures

10.11.2.1 Introduction

The combined finite-discrete element suggested in earlier chapters was adop-
ted to model the pre-failure and post failure transient dynamics of concrete
structures. For this purpose a novel beam element is introduced in order to in-
crease CPU and RAM efficiency. The accuracy and reliability of this element
now need to be assessed when used in dynamic loading conditions. Experi-
ments, which have already been undertaken at the Swiss Federal Institute of
Technology, Zurich, are used for comparison and validation. The results indi-
cate that the elements introduced is capable of accurately modelling inertia
and contact effects in pre failure dynamics, up to collapse.

10.11.2.2 Experimental Investigation and Data Used

The experiments undertaken at the Swiss federal Institute of Technology
tested a total of twenty-four beams. The beams were hinged at one end whilst
the other end was raised and then released to drop upon a shock absorber as
shown in Fig. 10.16.

Beam B1 is chosen for the numerical simulation as this is in line with the
stated aim of the paper. The properties of beam B1 are given by

depth d = 0.3 m mass 300 kg/m
breadth b = 0.4 m length 8.15 m
EI = 32998 kNm2

concrete cube strength fcuff = 30 N/mm2

reinforcement yield stress fsyff = 550 N/mm2
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Fig. 10.16. Experimental set up for beam B1

Fig. 10.17. Experimental set up to test shock absorber properties

The beam is raised by using of an overhead crane and then dropped from
a height of 3.75 m onto a shock absorber. Only one single drop takes place. A
ringfederpuffer (Spring) type shock absorber was used. This shock absorber
can endure a maximum force of the order of 3000 kN. A small plate of mass
57 kg was placed at the base of the shock absorber. The impact force of the
beam was measured using three force transducers positioned underneath the
plate. The properties of this shock absorber were investigated using a truss
with a concrete block positioned at its end, as shown in Fig. 10.17. The mass
of the block and the truss were 997 kg – and 342 kg respectively. Three drops
heights of 300, 650 and 750 mm were used.
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FEM/DEM Simulation for the Shock Absorber

The first task of the rem/dem simulation was to accurately reproduce the
properties of the shock absorber found in the experimental investigations.
The FEM/DEM simulation of the impacting truss, described in the previous
section is thus performed. The steel truss was modelled as a rigid beam
with seven elements. The end node (node 0) was given greater mass, thus
representing the mass of the concrete block.

A velocity field is applied along the truss with maximum velocity at node
0 and zero velocity at the hinge. Drop heights of 0.30, 0.65 and 0.75 m were
simulated. The velocity formulation for the nodes along the truss is derived
from the potential energy, which is given by

EpE =

L∫
0

H

L
xρgdx (10.85)

By assuming that the energy losses before the moment of impact with the
shock absorber together with strain energy of any elastic deformation before
impact is negligible the kinetic energy at the moment of impact is given by

Ek =

L∫
0

1
2

ρν2

L2 x2dx =
ν2

L2

L∫
0

1
2
ρx2dx (10.86)

where ν is the velocity of node 0.
By equating the kinetic and potential energies, Ek = EpE , the velocity at

the moment of impact is obtained

ν =

√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√√

√
L∫

0

H

L
xρgdx

1
L2

L∫
0

1
2
ρx2dx

(10.87)

The results for the force-time, displacement-time and force displacement
properties for the shock absorber are compared in Figs. 10.18 to 10.20.

Figure 10.18 shows the force-time relationship of the shock absorber ob-
tained for drop heights of 300, 650 and 750 mm. The experimental result for a
drop height of 650 mm is also shown on the plot. A good agreement between
both experimental and numerical plots is seen.

The displacement-time relationships for the same drop heights, of 300,
650 and 750 mm are plotted in Fig. 10.19. Here good agreement is also found
between numerical and experimental results plotted for the drop height of
650 mm. Larger displacements are seen to occur as the drop height increases.
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Fig. 10.18. Force-time relationship of the shock absorber for various drop heights

Fig. 10.19. Displacement-time relationship of the shock absorber for various drop
heights

Figure 10.20 shows the force displacement relationship of the shock ab-
sorber. In this case the drop heights of 300, 650 and 750 mm were also inves-
tigated. Here the result for the drop height of 750 mm is compared with the
experimental result. The comparison shows good agreement between the two.

FEM/DEM Simulation for the Beam

The above simulated force-displacement properties of the shock absorber are
integrated with the FEM/DEM transient analysis of beam B1. The beam is
discretized into 55 elements.
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Fig. 10.20. Force-displacement relationship of the shock absorber for various drop
heights

Fig. 10.21. Discretized truss

The finite element described is employed. The dropping action performed
in the experiment is modelled by applying a velocity field along the beam at
the instance of impact. The maximum velocity is applied at the free end and
this decreases linearly along the beam with zero velocity at the hinge. Thus
prior to impact the beam is assumed to rotate as a rigid body i.e. the strain
energy, U due to elastic deformations prior to impact is assumed to be small
compared to the available potential energy.

The potential energy, EpE for the complete beam length, shown in
Fig. 10.21, is given by

EpE =

L/2∫
−L/2

ρghdx (10.88)

where ρ is the mass per unit length of the beam. The height of the beam, H
at a distance x from the centre line is given by
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Fig. 10.22. Beam B1 at initial drop height

h =
H

L − 2b

(
L

2
− b − x

)
(10.89)

Substituting (10.88) into (10.89) gives

EpE =
ρgH

L − 2b

L/2∫
−L/2

(
L

2
− b − x

)
dx =

(
ρgH

L − 2b

)[
Lx

2
− bx − x2

2

]L/2

−L/2
(10.90)

Thus the potential energy is given by (Fig. 10.22)

EpE =
ρgH

L − 2b

[
L2

2
− bL

]
(10.91)

The kinetic energy for the whole beam length just prior to landing is calcu-
lated from the velocity field at the instant just before impact (Fig. 10.23)

EpE =

L/2∫
−L/2

1
2
ρν2 (10.92)

The velocity ν at distance x from the centre line of the beam is given by

ν = ω

(
L

2
− b − x

)
(10.93)

Hence upon substituting (10.93) into (10.92) the kinetic energy can be
found from

Ek =

L/2∫
−L/2

1
2
ρω2

(
L

2
− b − x

)2

=
1
2
ρω2

[
L2x

4
− Lx2

2
− bLx +

x3

3
+ b2x + bx2

]L/2

−L/2

(10.94)
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Fig. 10.23. Velocity field along beam B1 just prior to landing

This gives

Ek = ρω2
[
L3

3
+ b2L

]
(10.95)

Equating the kinetic and potential energy, Ek = EpE gives the angular veloc-
ity as

ω =
√√

3gH
L2 − 3bL + 3b2

=
√√

3 × 9.81 × 3.75
8.152 − (3 × 0.15 × 8.15) + (3 × 0.152)

= 1.32 rad/s

(10.96)

where L = 8.15 m and b = 0.15 m.
The net deflection of the beam is calculated by subtracting the deflection

due to rigid body motion from the total deflection. Hence for any node along
the beam the nodal deflection, w2 is calculated by subtracting the rigid body
deflection, w1, from the total deflection, w3.

w2 = w3 − w1 (10.97)

The rigid body deflection is found from
δ

w1
=

xh − xn

xn
(10.98)

where the suffix’s h and n stand for the hinge and nodal x co-ordinate re-
spectively.

The results from the rem/dem model for the deflection time relationship
and the deflected for of the beam are shown in Figs. 10.24 to 10.26. The
deflection of the beam at points 2.5, 4.0 and 5.0 m from the beam is enumer-
ated and compared with those of the experiment. This is shown in Fig. 10.24.
Greater deflection is seen to result as the time increases. The value of the
deflection is also higher for points farther along the beam. For all three x
values along the beam excellent agreement is seen to exist between the two
sets of results.

The deflected form of the beam is shown in Fig. 10.24 at various time steps
after the beam had hit the shock absorber. At each time step the plastic hinge
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Fig. 10.24. Deflection-time relation at various points from the hinge

Fig. 10.25. Deflected form of beam B1

Fig. 10.26. Deflected form of beam B1 at various times
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is seen to travel along the beam as the deflection increases with time. This
is shown by the dotted line on the plot and is confirmed by experimental
observations made at the Swiss Institute of Technology. Figure 10.26 shows
the same output reproduced when the elapsed time after the drop was 0.022,
0.059 and 0.164 s. Experimental results for the same time periods are plotted
on the same curve. The results are seen to concur favourably.

10.11.2.3 Conclusions

A simple element has been tested in combination with dynamic loading condi-
tions. The FEM/DEM simulation first concentrated on accurately reproduc-
ing the properties of the shock absorber. These properties were then applied
in the FEM/DEM analysis to simulate the beam impact. The results obtained
from the analysis show good agreement with the experimental measurements
and also validates the conclusion of the authors of the Swiss Institute’s report
that the plastic hinge moves along the beam as the deflection increases with
time.

This shows that the simple element is highly effective when used in com-
bination with dynamic loading conditions. Static condensation can be per-
formed without matrix inversion; thus the CPU processing time is kept to
the minimum.

It is worth noting that the procedures described in this paper are not
aimed at truck beams and are limited therefore to thin beams. As the nu-
merical experiments demonstrate, large displacements are by default taken
into account, as is the standard approach with FEM/DEM. However this
excludes finite strains.

In FEM/DEM lumped mass approach is used for the transient dynamic
analysis, and there is no problem with using regular grids for individual
beams. Also for contact detection and interaction regular grid is an optimal
solution in terms of CPU and RAM. In other words where the structure is
made of a large number of beams, columns, etc, in FEM/DEM modelling of
collapse there is no reason why a particular beam should not have a regular
grid. In this context, there was no need to speculate what would happen if
element lengths were varied. Thus this was left outside the scope and practi-
cal purpose of this paper. However, should one use the element in the context
different from FEM/DEM where using distorted grids over individual beams
may be important, it advised that accuracy and convergence criteria be care-
fully examined.

10.11.3 Structural Layout of the Alfred P. Murrah Building

The Murrah Building comprised of a nine storey section either side of which
was a single storey building as shown in Fig. 10.27. Figure 10.27 also shows
a multi level underground car park in front of the south face of the Murrah
Building. The structure was erected using a tower crane.
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The full force of the bomb was taken by a nine storey section of the
structure. This structure was an ordinary moment frame rising nine floors
supported by columns as shown by Fig. 10.31. The north face was covered
with one inch thick bronze insulated glass cladding. At each floor level a
further quarter inch bronze tempered glass had been placed. The cladding
curved inwards for the first two floors. The distance between the cladding
and the exterior wall was 1.5 m (5 ft).

Circular vertical tubes were constructed at each corner of the building as
part of the structure’s ventilation system.

The floor spacing was 3.96 m except for the ninth floor, which was 4.27 m.
The roof consisted of a mono filament membrane supported by a one inch
thick vent board. Concrete roof pedestals existed for use with window washing
mechanisms.

The east and west floors consisted of vertical board formed spandrels in
between three 7.63 cm (3 in) concrete infill walls. These infill walls were made
of granite stone with steel studs and drywall backing. The infill walls were
also covered with the glass cladding.

Exposed precast concrete spandrels with in between glass cladding were
to found on the southside face. Board formed core walls and shear walls were
exposed on the southside.

Fig. 10.27. Architectural view of the Murrah Building (with compliments to
ASCE, New York 2003; Kirkpatrick, Consulting Engineers, Oklahoma, U.S.A.)
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(a)

(b)

(c) (d)

Fig. 10.28. (a) Roof plan: nine-story portion of Murrah Building; (b) North eleva-
tion nine-story portion of Murrah Building; (c) East elevation: nine-story portion
of Murrah Building; (d) West elevation: nine-story portion of Murrah Building
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Fig. 10.29. Plan of the Murrah Building

Fig. 10.30. Section through the Murrah Building

Fig. 10.31. Sectional elevation the Murrah Building (courtesy: Kirkpatrick Con-
sultants, Oklahoma, U.S.A.)
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Each floor is divided into ten bays spanning East to West and two bays
spanning North to South. At the third floor a transfer girder of cross section
1.52 by 6.91 m supported intermediate columns from the upper floors. Colums
spanning the first two floors in turn supported this transfer girder.

10.11.4 Structural Damage to the Alfred P. Murrah Building

The explosion occurred 3.05 m away from the north side of building close
to column G20. The failure line is marked on the floor plan as shown in
Fig. 10.32.

Fig. 10.32. Typical floor plan of the Murrah Building (courtesy: Kirkpatrick,
Consulting Engineers, Oklahoma, U.S.A.)

The extent of the damage and progressive collapse is illustrated in
Figs. 10.33 to 10.35.

Columns G 16, G20 and G24 collapsed resulting in the progressive failure
of all the floors above. Eight out of the tell bars in the above floors failed. The
failure line extended 10.67 m into the building between grid line G12 and G22.
The failure of F24 resulted in the failure of a further two bars on the second
and third floors extending 21.3 m between G22 and G26. Between column
lines 8 and 12 the transfer girders, mullions, columns and spandrels remained
undamaged. The glass cladding was completely destroyed. Figure 10.34 shows
the destruction at the G column line.

Figures 10.35 and 10.36 shows the results of the progressive failure. As the
upper floor failed the resulting mass falls on to the floor below. This induces
failure on that level. The inertia created by the falling mass then induces
destruction of the floors below.
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Fig. 10.33. Damage to the north side of the Murrah Building (courtesy: Kirk-
patrick, Consulting Engineers, Oklahoma, U.S.A., 2001)

Fig. 10.34. G column line (courtesy: ASCE, New York, U.S.A., 2001)
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Fig. 10.35. Progressive collapse of the Murrah Building

Fig. 10.36. Progressive collapse (courtesy: FEMA, Washinton D.C., U.S.A. – pri-
vate communication)
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Fig. 10.37. Remains of the transfer girder

The failure of G16 and G24 was thought to be as a result of the inward
rotation of the transfer girder between the second and third floor. Column
F24 failed since unlike nearby columns it was not provided with additional
lateral bracing from the lift core and stairway. Column F14 failed in shear.

The girder failed at the midspan where an intermediate column had been
supported. The bottom reinforcement had been pulled out thus pulling out
the connecting shear ties. The floor slab behind the girder had been pulled
down by the failing columns. The relative good condition of the transfer beam
showed that load transfer did not occur (Fig. 10.37).

Most of the failures were brittle and occurred mostly at the connections.
This resulted in the progressive collapse of the higher floors as illustrated in
figure. Only where the full force of the explosion was not felt, same ductility
was observed. The collapse was deemed to have occurred in three seconds as
a result of subsequent forensic investigations.

The south face (Fig. 10.38) did not endure the full force of the blast and
in comparison suffered insignificant damage to the doorframes, glass cladding
and mullions. Much of the buildings lateral stiffness was concentrated in the
form of shear/core walls along column line E (referred to as the core section
of the building) on the south face of the building. The investigating team
concluded this to be a major reason why this side did not suffer as much
damage as the north face.

The core section and to a lesser extent the circular shafts provided the
lateral restraint and the team also concluded that no meaningful lateral or
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Fig. 10.38. South side of the Murrah Building (courtesy: Kirkpatrick, Consulting
Engineers, Oklahoma, U.S.A., 2001)

torsional displacement occurred as apart of the global response during col-
lapse.

Of the end walls the east end wall endured most damage. All the granite
infill panels failed in flexure and some were dislodged. The west wall endured
a similar flexural failure pattern to its infill walls but most remained in place.

The interior ceiling, ductwork and floor panels failed. Columns along lines
G and F failed either entirely or partially. Masonary partition walls in the
core area also failed in particu1ar on the first three floors.

10.11.5 Structural Plans for the Floors
of the Alfred P. Murrah Building

The ground floor level will be assumed as fixed at the base with co1umns ris-
ing to the first floor. The first floor is idea1ised by the beam slab arrangement
shown in Fig. 10.39. The letters B and S denote the beams and slabs respec-
tively. The columns on the line F′ extend from the ground floor upwards to
beneath the first floor.

Figures 10.40 and 10.41 show the plans for the second and third floors
respective1y.

Figure 10.42 shows the roof plan. This beam and slab detailing shown is
used for the fourth through to ninth floors.
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Fig. 10.39. Plan of the first floor (not to scale). Courtesy: Kirkpatrick Consultants,
Oklahoma, U.S.A., 2002, T. Bangash, Ph.D. Thesis, London University, 2004

Fig. 10.40. Plan of the second floor (not to scale). Courtesy: Kirkpatrick Con-
sultants, Oklahoma, U.S.A., 2002, T. Bangash, Ph.D. Thesis, London University,
2004
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Fig. 10.41. Plan of the third floor (not to scale). Courtesy: Kirkpatrick Consul-
tants, Oklahoma, U.S.A., 2002, T. Bangash, Ph.D. Thesis, London University, 2004

Fig. 10.42. Plan of the roof (not to scale). Courtesy: Kirkpatrick Consultants,
Oklahoma, U.S.A., 2002, T. Bangash, Ph.D. Thesis, London University, 2004
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10.11.6 Material Properties and Reinforcement Detailing

The concrete eight day compressive strength was 27.5 Mpa and the yield
strength of the reinforcing bars were 413.7 Mpa. The density of the con-
crete samples tested at CRL ranged from 2346.8–2396.5 kg/m3 (146.4 to
149.5 lb/ft3). The properties of the reinforcement samples tested are sum-
marised in Table 10.9.

Table 10.9. Properties of the reinforcement samples

Parameter/BarSize #8 #5

Design yield stress 413.7MPa 413.7MPa

Measured yield stress 495.061MPa 449.554MPa

Yield load 252.2 kN 89.9 kN

Ultimate load 377.64 kN 148.1 kN

Ultimate stress 737.765 kN 737.765 kN

Elongation 9.8% 11.1%

Modulus of elasticity 196507.5MPa 196507.5MPa

These parameters were compiled on the basis of the following conversion
factors

1 ll/ft3 = 16.03 kg/m3

1 lb/ft2 = 0.006895 MPa
1 lb = 4.448 N

The reinforcement use for the columns and there detailing is described and
illustrated below in Fig. 10.43. The column heights are taken as 3.96 m for
floor up to floor 9. The ninth floor columns are taken as 4.27 m.
(1) Conversion Table:

1′′ = 25.4 mm
1 ft = 0.3048 mm

(2) Equivalent bars in S.I. units:

#4 = 12 mm �; #5 = 1.6 mm �; #6 = 20 mm �; #7 = 22 mm �;
#3 = 10 mm �; #8 = 25 mm �; #9 = 29 mm �; #10= 32 mm �;
#11 = 35mm �; #14=43 mm �; #18 = 57 mm �

Figures 10.44a to 10.44d show structural elements of the Murrah Buildings.
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Fig. 10.43. Reinforcement detailing for the columns
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(a)

(b)

(c)

Fig. 10.44. (a) Schematic of distorted section, showing reinforcing bar arrangement
of spandrel girders on fourth through ninth floors at column line G; (b) schematic
of reinforcement for transfer girder on third floor at column line G; (c) schematic
of distorted section, showing reinforcing bar arrangement for roof girder at column
line G
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Reinforcement of splander beam along north face

T-beam (1) Location (2) Number-size (3) Length (4)
18 Bottom at centerline 2–#7 30 ft 0 in.

Bottom at column 2–#8 42 ft 0 in.
Side face 2–#5 22 ft 0 in.
Top at line 2–#8 34 ft 0 in.
Stirrups #6 at 17i̇n.
Stirrups #4 at 17i̇n.

19 See T-beam 18
Side face 2–#5 22 ft 0 in.
Top at column line 2–#9 24 ft 0 in.
Stirrups #6 at 17i̇n.
Stirrups #4 at 17i̇n.

20 Bottom at centerline 2–#7× 30 ft 0 in.
Bottom at centerline 2–#8× 42 ft 0 in.
Side face 2–#5× 22 ft 0 in.
Top of column line 2–#8× 34 ft 0 in.
Stirrups #6 at 17 in.
Stirrups #4 at 17 in.

Reinforcement of third-floor transfer girders

Column line (1) Girder (2) Location (3) Number-size (4) Length (5)
Between 16 3B-3 Bottom at centerline 3–#11 20 ft 0 in.
and 20 3–#11 27 ft 0 in.

4–#11 40 ft 0 in.
Top at column line 4–#11 20 ft 0 in.

4–#11 30 ft 0 in.
3–#11 45 ft 0 in.

Stirrups #6 at 6 in.
Between 20 3B-4 Bottom at centerline Same as 3B-3
and 24 Top at column line 4–#11 20 ft 0 in.

4–#11 32 ft 6 in.
3–#11 45 ft 0 in.

Stirrups #6 at 6 in.

Reinforcement of second floor spandrels

Beam (1) Location (2) Number-size (3) Length (4)
2B-33 Bottom at span centerline 2–#7 26 ft 0 in.

2–#8 41 ft 0 in.
Top at column line 3–#9 22 ft 6 in.
Top at span centerline 2–#6 22 ft 6 in.
Stirrups #5 at 22 in.

2B-34 Same as 2B-33
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(d)

(e)

Fig. 10.44. (d) Column locations and dimensions: first floor; (e) column location
and dimensions: second floor



10.11 Case Study: Alfred P. Murrah Building, Oklahoma, U.S.A. 629

Reinforcement of roof beams

Beam (1) Location (2) Number-size (3) Length (4)
RB-4 Bottom short 2–#8 20 ft 0 in.

Bottom at column (long) 3–#8 34 ft 0 in.
Top at column line G 4–#8 10 ft 6 in.

Reinforcement of East-West spandrel in roof

Beam (1) Location (2) Number-size (3) Length (4)
RB-13 Bottom at centerline side face 2–#7 20 ft 0 in.

Top at column line 2–#7 22 ft 0 in.
Stirrups 4–#5 at 24 in.

each end

Reinforcement of interior column 22

Floor (1) Vertical bars (number-size) (2) Ties (number and spacing) (3)
3–4 16–#11 #4 at 16 in. on center
4–5 12–#11 #4 at 16 in. on center
5–6 8–#10 #3 at 16 in. on center
6–7 4–#10 #3 at 16 in. on center
7–8 4–#9 #3 at 16 in. on center
8–9 4–#9 #3 at 16 in. on center
9–Roof 4–#8 #3 at 16 in. on center

Reinforcement of third-floor beams

Column line (1) T-beam (2) Location (3) Number-size (4) Length (5)
10, 12, 24 6 Bottom (short) 2–#7 22 ft 6 in.
and 26 Bottom at column (long) 4–#8 33 ft 6 in.

Top at column line G 4–#10 12 ft 0 in.
Top at column line F 4–#11 12 ft 6 in.
Stirrups #4 at 9 in.

16, 18, and 12 Bottom (short) 2–#7 22 ft 0 in.
20 Bottom at column (long) 4–#8 33 ft 6 in.

Top at column line G 3–#11 11 ft 0 in.
Top at column line F 3–#10 22 ft 6 in.
Stirrups #4 at 9 in.

14 and 22 10 Bottom (short) 2–#7 22 ft 0 in.
Bottom at column (long) 4–#8 33 ft 6 in.
Top at column line G 2–#10 11 ft 0 in.
Top at column line F 4–#11 23 ft 0 in.
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10.11.7 Numerical Simulation of Blast Loading

The Alfred P. Murrah Building is modelled as a rectangular structure of ten
floors. As Fig. 10.38 shows the south side of the structure remained relatively
intact after the blast loading. This part of the structure consisted of the core
structure of the building including the lift shafts and stairwells. These acted
as shear walls providing the principal lateral bracing against the explosion
loading. The circular concrete air ducts at the four corners of the structure
added to the structures overall stiffness. In order to accurately model the
structures response behaviour to blast loading, the corner column nodes were
fixed. In addition the nodes on the ground floor and the nodes representing
the south face were also fixed.

The original structure had a seven foot square hole at each floor level.
This was omitted from the model as its influence upon the overall structural
behaviour is limited.

The material properties used in the modelling are described in Ta-
ble 10.10. The size of element used and the reinforcement is described in
Table 10.11.

Table 10.10. Input values for material properties

Property Magnitude of property
Max concrete strain 0.0035

Concrete elastic modulus 25.0e+09N/m2

Strength of concrete 540.2e+06 N/m2

Density of concrete 2.4e+03 kN/m2

Steel elastic modulus 210.0e+09N/m2

Steel yield stress 560.0e+06N/m2

Table 10.11. Element geometry and reinforcement used in the model

Structural b h dc A0 A1 A2 A3

element (mm) (mm) (mm) (mm2) (mm2) (mm2) (mm2)
East/West 6.1e-01 8.9e-01 5e-02 9.82e-04 9.82e-04 1.29e-03 1.29e-03
outer wall
North/South 5.7e-01 1.27e00 9.0e-02 2.01e-03 2.01e-03 1.206e-03 1.206e-03
outer wall
Transfer 9.1e-01 1.52e00 1.0e-01 4.0125e-03 4.0125e-03 6.036e-03 6.036e-03
girder
G column 5.1e-01 9.1e-01 5e-02 3.027e-03 3.027e-03 3.027e-03 3.027e-03
F′ column 3.1e-01 3.2e00 2.2e-01 3.83e-03 3.83e-03 3.83e-03 3.83e-03
F column 6.1e-01 6.1e-01 4e-02 2.52e-03 2.52e-03 2.52e-03 2.52e-03
E column 4.1e-01 9.1e-01 5e-02 2.77e-03 2.77e-03 2.77e-03 2.77e-03
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The blast pressure is applied along the local axis of the cross section of the
element, a1 and a2. These loads are over a specified time period using three
factors, which modify the load according to the point in time. For example if
the applied load is 500 N/m2 a time t1, then f1 would equal one. The values
of f2ff and f3ff would be a fraction of one according to how the load decreased
over time period t1 to t2.

Two blast load scenarios were modelled and are described below in
Figs. 10.45 and 10.46.

Fig. 10.45. Blast pressure loading

Fig. 10.46. Load modification factors
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LOAD CASE 1

In this case the load is applied across all of the floors at all levels and along the
G line columns. The various blast pressure profiles are shown in Figs. 10.47 to
10.48. The duration of this simulation is 12 ms. Stages of the failure simulation
are shown in Figs. 10.49 to 10.57.

Fig. 10.47. Blast pressure loading for slabs

Fig. 10.48. Blast pressure load for columns
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LOAD CASE 2

The load is applied across the floor area marked by the squared area shown
in Fig. 10.58. The columns were not loaded. The blast load time function is
shown in Fig. 10.59. The duration of this simulation is 12 miliseconds. Stages
of the failure simulation are shown in Figs. 10.60 to 10.69.

The variation of velocity with time of node X positioned on the second
floor is shown in the Fig. 10.70. The velocity is initially small during the elastic
stage. At approximately 1.4 seconds the nodal velocity changes indicating it
has impacted with another node. The velocity at this stage has increased
approximately two fold. Hence the kinetic energy will have increased four
fold. Thus in order to avoid structural collapse through progressive failure
this energy needs to be dissipated in some way.

Fig. 10.58. Loaded area

Fig. 10.59. Blast pressure profile for elements in the loaded area



10.11 Case Study: Alfred P. Murrah Building, Oklahoma, U.S.A. 643

F
ig

.
10

.6
0.

M
ur

ra
h

bu
ild

in
g

co
lla

ps
e

se
qu

en
ce

t
=

0.
0

s.
T

he
st

ru
ct

ur
e

be
fo

re
bl

as
t

lo
ad

ap
pl

ic
at

io
n



644 10 Building Global Analysis for Damage Scenario

F
ig

.
10

.6
1.

M
ur

ra
h

bu
ild

in
g

co
lla

ps
e

se
qu

en
ce

t
=

0.
22

5
s.

T
he

lo
w

er
flo

or
s

ar
e

be
gi

n
to

de
fle

ct



10.11 Case Study: Alfred P. Murrah Building, Oklahoma, U.S.A. 645

F
ig

.
10

.6
2.

M
ur

ra
h

bu
ild

in
g

co
lla

ps
e

se
qu

en
ce

t
=

0.
3

s.
D

efl
ec

ti
on

st
ar

ts
to

oc
cu

r
at

al
l
flo

or
le

ve
ls



646 10 Building Global Analysis for Damage Scenario

F
ig

.
10

.6
3.

M
ur

ra
h

bu
ild

in
g

co
lla

ps
e

se
qu

en
ce

t
=

0.
45

s.
T

he
de

fle
ct

ed
fo

rm
is

ha
s

be
co

m
e

m
or

e
pr

on
ou

nc
ed



10.11 Case Study: Alfred P. Murrah Building, Oklahoma, U.S.A. 647

F
ig

.
10

.6
4.

M
ur

ra
h

bu
ild

in
g

co
lla

ps
e

se
qu

en
c e

t
=

0.
52

5
s.

Fa
ilu

re
at

th
e

fr
on

t
le

ft
ha

nd
co

rn
er

(n
or

th
si

de
)

be
tw

ee
n

th
e

co
lu

m
n

ve
nt

an
d

th
e

flo
or

le
ve

ls
be

gi
ns

to
oc

cu
r



648 10 Building Global Analysis for Damage Scenario

F
ig

.
10

.6
5.

M
ur

ra
h

bu
ild

in
g

co
lla

ps
e

se
qu

en
ce

t
=

0.
6

s.
Fa

ilu
re

in
cr

ea
se

s
to

w
ar

ds
th

e
re

al
of

th
e

bu
ild

in
g



10.11 Case Study: Alfred P. Murrah Building, Oklahoma, U.S.A. 649

F
ig

.
10

.6
6.

M
ur

ra
h

bu
ild

in
g

co
lla

ps
e

se
qu

en
ce

t
=

0.
67

5
s.

Fu
rt

he
r

br
ea

ka
ge

is
se

en
to

oc
cu

r
in

du
ci

ng
th

e
st

ar
t

of
pr

og
re

ss
iv

e
co

lla
ps

e



650 10 Building Global Analysis for Damage Scenario

F
ig

.
10

.6
7.

M
ur

ra
h

bu
ild

in
g

co
lla

ps
e

se
qu

en
ce

t
=

0.
75

s.
A

ll
flo

or
s

ar
e

se
en

co
lla

ps
in

g



10.11 Case Study: Alfred P. Murrah Building, Oklahoma, U.S.A. 651

F
ig

.
10

.6
8.

M
ur

ra
h

bu
ild

in
g

co
lla

ps
e

se
qu

en
ce

t
=

0.
82

5
s.

T
he

co
lu

m
ns

on
th

e
fr

on
t

le
ft

no
rt

h
si

de
ha

s
co

m
pl

et
el

y
di

sc
on

ne
ct

ed



652 10 Building Global Analysis for Damage Scenario

F
ig

.
10

.6
9.

M
ur

ra
h

bu
ild

in
g

co
lla

ps
e

se
qu

en
ce

t
=

0.
93

75
s.

P
ro

gr
es

si
ve

co
lla

ps
e

ha
s

oc
cu

rr
ed



10.11 Case Study: Alfred P. Murrah Building, Oklahoma, U.S.A. 653

Fig. 10.70. Velocity versus time for node X

10.11.8 Conclusions

An element, which has been successfully tested for both dynamic and static
situation has been applied to the numerical simulation of a full scale structure
subjected to blast loading. By adopting a simplified approach the potential of
the FEM/DEM modelling procedure is demonstrated, thus showing that this
technology presents enormous opportunities, unforseen benefits and potential
breakthrough’s for engineering modelling.

The results obtained present a good representation of the failure of the
structure. These results were realised by incorporating membrane effects,
strain stiffening, realistic stress strain curves for concrete and dynamically
localised finite strains especially in the reinforcement. The results could be
improved with greater knowledge of the magnitude and sequence of the load-
ing, which is unknown. Alternatively further accuracy could be achieved by
incorporating the coupling effects of the fluid structure interaction into the
numerical simulation of the blast loading. Slab elements incorporating mem-
brane effects could also be developed to provide greater flexibility in the
modelling procedure.

This simulation indicates that a radical rethinking may be needed in the
context of structural design. This is particularly true for tall buildings. Build-



654 10 Building Global Analysis for Damage Scenario

ings cannot be made more resistant to progressive collapse simply by in-
creasing the reinforcement or even employing stronger materials. The only
approach is to come up with different structural concepts, perhaps incorpo-
rating new lightweight materials. Progressive collapse thus presents a new
challenge in terms of structural concepts, structural systems and structural
materials.

There are at present only two solutions to designing a structure to re-
sist progressive collapse. The first is to avoid building such tall structures.
The second is to offer complete shielding from any hazardous loading and in
so doing protect from progressive collapse. Both of these solutions are not
practical.

Thus new and different concepts in building design, structural materials,
structural concepts etc are necessary to build robust structures which are
more resistant to progressive collapse.
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[10.32] Ammann W, Bachmann H, Muhlematter M (1982) Versuche an Stahlbeton
und Spannbetonbalken unter stoßartiger Beanspruchung. Teil 3 – PI, P2
und BI bis B8. Birkhauser Verlag, Institut f¨¨ ur Baustatik und Konstruktion,f¨f
Zurich¨

[10.33] Ammann W, Bachmann H, Muhlematter M (1982) Versuche an Stahlbeton
und Spannbetonbalken unter stoßartiger Beanspruchung. Teil 4 – B9 bis
B21. Birkhauser Verlag Institut f¨¨ ur Baustatik und Konstruktion, Z¨f¨f urich¨

[10.34] Ammann W, Bachmann H, Muhlematter M (1982) Versuche an Stahlbeton
und Spannbetonbalken unter stoßartiger Beanspruchung. Teil 5 – Verhal-
ten von zweifeldriegen Stahlbetonbalken bei Ausfall einer Unterstützung.¨
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Appendix I

A.I.A Related Analysis and Computer Programs Based
on Finite Element

Table A.I.A.1. [D] – variable Young’s modulus and constant Poisson’s ratio

D11 =
E1(E′)3 − Ecr

ν′′ D12 =
νE1E2(E′)2 + Ecr

ν′′ D13 =
νE1E3(E′)2 + Ecr

ν′′ D14 = 0 D15 = 0 D16 = 0

D22 =
E2E3(E′)2 + Ecr

ν′′ D23 =
νE2E3(E′)2 + Ecr

ν′′ D24 = 0 D25 = 0 D26 = 0

D33 =
E3(E′)3 − Ecr

ν′′ D34 = 0 D35 = 0 D36 = 0

D44 = G12 D45 = 0 D46 = 0

D55 = G23 D56 = 0

D66 = G31

Ecr = ν2E1E2E3E
′

E′ = (E1 + E2 + E3)/3

ν′′ = (E′)3 − 2E1E2E3ν
2 − E′ν2(E1E2 + E1E3 + E2E3)

G12 = E12/2(1 + ν)

E12 = (E1 + E2)/2

G23 = E23/2(1 + ν)

E23 = (E2 + E3)/2

G31 = E31/2(1 + ν)

E31 = (E3 + E1)/2
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Table A.I.A.2. [D] – variable Young’s modulus and Poisson’s ratio

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

D11 =
(1 − ν23ν32)

ν̄
E1 D12 =

(ν12 + ν12ν32)
ν̄

E2 D13 =
(ν13 + ν12ν23)

ν̄
E3 D14 = 0 D15 = 0 D16 = 0

D21 =
(ν21 + ν23ν31)

ν̄
E1 D22 =

(1 − ν13ν31)
ν̄

E2 D23 =
(ν23 + ν13ν21)

ν̄
E3 D24 = 0 D25 = 0 D26 = 0

D31 =
(ν31 + ν21ν32)

ν̄
E1 D32 =

(ν32 + ν12ν31)
ν̄

E2 D33 =
(1 − ν12ν21)

ν̄
E3 D34 = 0 D35 = 0 D36 = 0

D41 = 0 D42 = 0 D43 = 0 D44 D45 = 0 D46 = 0

D51 = 0 D52 = 0 D53 = 0 D54 = 0 D55 D56 = 0

D61 = 0 D62 = 0 D63 = 0 D64 = 0 D65 = 0 D66

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

ν̄ = 1 − ν12ν21 − ν13ν31 − ν23ν32 − ν12ν23ν31 − ν21ν13ν32

Due to symmetry of compliances, the following relations can be written:

E1ν21 = E2ν12 D55 = G23

E2ν32 = E3ν23 D66 = G13

E3ν13 = E1ν31

The values of G12, G23 and G13 are calculated in terms of modulus of elasticity and
Poisson’s ratio as follows:

G12 =
1
2

[
E1

2(1 + ν12)
+

E2

2(1 + ν21)

]
=

1
2

⎡
⎢
⎡⎡
⎢⎢⎢⎣⎢⎢ E1

2(1 + ν12)
+

E2

2
(

E1

E2

)
+ ν12

⎤
⎥
⎤⎤
⎥⎥⎥⎦⎥⎥

G23 =
1
2

[
E2

2(1 + ν23)
+

E3

2(1 + ν32)

]
=

1
2

⎡
⎢
⎡⎡
⎢⎢⎢⎣⎢⎢ E2

2(1 + ν23)
+

E2

2
(

E2

E3

)
+ ν23

⎤
⎥
⎤⎤
⎥⎥⎥⎦⎥⎥

G13 =
1
2

[
E3

2(1 + ν31)
+

E1

2(1 + ν13)

]
=

⎡
⎢
⎡⎡
⎢⎢⎢⎣⎢⎢ E3

2(1 + ν31)
+

E2

2
(

E3

E1

)
+ ν31

⎤
⎥
⎤⎤
⎥⎥⎥⎦⎥⎥

For isotropic cases:

E1 = E2 = E3 = E

ν12 = ν13 = ν23 = ν21 = ν31 = ν32 = ν
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[D] – constant Young’s modulus and Poisson’s ratio

[D] =
E

(1 + ν)(1 − 2ν)

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

1 − ν ν ν 0 0 0

ν 1 − ν ν 0 0 0

ν ν 1 − ν 0 0 0

0 0 0
1 − 2ν

2
0 0

0 0 0 0
1 − 2ν

2
0

0 0 0 0 0
1 − 2ν

2

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

Bulk and shear moduli

[D] =

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

K + 4
3G K − 2

3G K − 2
3G 0 0 0

K − 2
3G K + 4

3G K − 2
3G 0 0 0

K − 2
3G K − 2

3G K + 4
3G 0 0 0

0 0 0 G 0 0

0 0 0 0 G 0

0 0 0 0 0 G

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

For plane stress

[D] =
E

1 − ν2)

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎣⎢⎢

1 ν 0

ν 1 0

0 0
1 − ν

2

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎦⎥⎥

For plane strain

[D] =
E(1 − ν)

(1 + ν)(1 − 2ν)

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

1
ν

1 − ν
0

ν

1 − ν
1 0

0 0
1 − 2ν

2(1 − ν)

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

For axisymmetric cases

[D] =
E

(1 + ν)(1 − 2ν)

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

1 − ν ν ν 0

ν 1 − ν ν 0

ν ν 1 − ν 0

0 0 0
1 − 2ν

2

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥
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Table A.I.A.3. Two-dimensional elastic beam (courtesy STRUCOM, London)

Element matrices and load vectors

The element stiffness matrix in element co-ordinates is:

[K1] =

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

AE

L
0 0 −AE

L
0 0

0
12EI

L3(1 + φ′)
6EI

L2(1 + φ′)
0 − 12EI

L3(1 + φ′)
6EI

L(1 + φ′)

0
6EI

L2(1 + φ′)
EI(4 + φ′)
L(1 + φ′)

0 − 6EI

L2(1 + φ′)
EI(2 − φ′)
L(1 + φ′)

−AE

L
0 0

AE

L
0 0

0 − 12EI

L3(1 + φ′)
6EI

L2(1 + φ′)
0

12EI

L3(1 + φ′)
− 6EI

L2(1 + φ′)

0
6EI

L2(1 + φ′)
EI(2 − φ′)
L(1 + φ′)

0 − 6EI

L2(1 + φ′)
EI(4 + φ′)
L(1 + φ′)

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

where

A = cross-sectional area
E = Young’s modulus
L = element length
I = moment of inertia

φ′ =
12EI

GAsL2

G = shear modulus

As =
A

F s = shear area

F s = shear deflection constant

Fig. A.I.A.1. Two-dimensional beam element centroidal axis



A.I.A Related Analysis and Computer Programs Based on Finite Element 663

For uniform lateral pressure

P1PP = P4PP = 0

P2PP = P5PP = −PL

2

P3PP = −P6PP = −PL2

12

P = uniform applied pressure (units = force/length)

Stress calculations

The centroidal stress at end i is:

σdir
i =

Fx,iFF

A

where

σdir
i = centroidal stress

Fx,iFF = axial force

The bending stress is

σbnd
i =

MiMM t

2I

where

σbnd
i = bending stress at end i

MiMM = moment at end i

t = thickness of beam in element z direction

Table A.I.A.4. Three-dimensional elastic beam (courtesy STRUCOM, London)

Element matrices and load vectors

All element matrices and load vectors are generated in the element co-ordinate
system and must subsequently then be converted to the global co-ordinate system.
The element stiffness matrix is:

[K1] =
AE

L

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

C1 0 0 −C1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

−C1 0 0 C1 0 0

0 0 0 0 0 0

0 0 0 0 0 0

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥
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Fig. A.I.A.2. Three-dimensional elastic beam

where

A = element cross-sectional area
E = Young’s modulus
L = element length
C1 = value given in the table below.

Value of stiffness coefficient (C1)
Previous iteration resulted in a Previous iteration resulted in a
tensile stress compressive stress
1.0 0.0
1.0 1.0 × 10−6

0.0 1.0
1.0 × 10−6 1.0

The element mass matrix is the same as the element stress stiffness matrix:

[S1] =
F

L

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

0 0 0 0 0 0

0 C2 0 0 −C2 0

0 0 C2 0 0 −C2

0 0 0 0 0 0

0 −C2 0 0 C2 0

0 0 −C2 0 0 C2

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥
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Table A.I.A.5. Stiffness and mass matrices (courtesy STRUCOM, London)

Orders of degrees of freedom

The stiffness matrix in element co-ordinates is:

[K1] =

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

AE/L

0 az

0 0 ay

0 0 0 GJ/L Symmetric

0 0 dy 0 ey

0 cz 0 0 0 ez

−AE/L 0 0 0 0 0 AE/L

0 bz 0 0 0 dz 0 az

0 0 by 0 cy 0 0 0 ay

0 0 0 −GJ/L 0 0 0 0 0 GJ/L

0 0 dy 0 fyff 0 0 0 cz 0 ey

0 cz 0 0 0 fzff 0 dy 0 0 0 ez

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

where

A = cross-sectional area
E = Young’s modulus
L = element length
G = shear modulus

ry =

√√
IyyII

A
= radius of gyration

rz =

√√
IzzI

A
= radius of gyration

[M1] = [MtMM ]

Fig. A.I.A.3. Order of degrees of freedom
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⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

1/3

0 Az

0 0 Ay

0 0 0 JxJJ /3A Symmetric

0 0 −CyC 0 Ey

0 Cz 0 0 0 Ez

1/6 0 0 0 0 0 1/3

0 Bz 0 0 0 Dz 0 Az

0 0 By 0 −Dy 0 0 0 Ay

0 0 0 JxJJ /6A 0 0 0 0 0 JxJJ /3A

0 0 Dy 0 FyFF 0 0 0 CyCC 0 Ey

0 −Dz 0 0 0 FzFF 0 −Cz 0 0 0 Ez

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

where

MtMM = (ρA + m)L(1 − εin) Az = A(rz, φ′
y)

ρ = density Ay = A(ry, φ′
z) FzFF = F (rz, φ′

y)

m = added mass Bz = B(rz, φ′
y) FyFF = F (r, φ′

z)

εin = prestrain

and where

A(r, φ′) =
13/35 + 7/10φ′ + 1/3φ′2 + 6/5(r/L)2

(1 + φ′)2

B(r, φ′) =
9/70 + 3/10φ′ + 1/6φ′2 − 6/5(r/L)2

(1 + φ′)2

C(r, φ′) =

(
11/210 + 11/120φ′ + 1/24φ′2 + (1/10 − 1/2φ′)(r/L)2

)
L

(1 + φ′)2

D(r, φ′) =

(
13/420 + 3/40φ′ + 1/24φ′2 − (1/10 − 1/2tφ′)(r/L)2

)
L

(1 + φ′)2

E(r, φ′) =

(
1/105 + 1/60φ′ + 1/120φ′2 + (2/15 + 1/6φ′ + 1/3φ′2)(r/L)2

)
L2

(1 + φ′)2

F (r, φ′) = −
(
1/140 + 1/60φ′ + 1/120φ′2 + (1/30 + 1/6φ′ − 1/6φ′2)(r/L)2

)
L2

(1 + φ′)2

J = torsional moment of inertia =

{
JxJJ if IxII = 0

IxI if IxII �= 0��

}

IxII = input as IXX

JxJJ = polar moment of inertia = IyII + IzI



A.I.A Related Analysis and Computer Programs Based on Finite Element 667

The element mass matrix in element co-ordinates is:

[M1] = (ρA + m)L(1 − εin)

×

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

1/3 0 0 1/6 0 0
0 A(r, φ′) C(r, φ′) 0 B(r, φ′) −D(r, φ′)

0 C(r, φ′) E(r, φ′) 0 D(r, φ′) −F (r, φ′)

1/6 0 0 1/3 0 0

0 B(r, φ′) D(r, φ′) 0 A(r, φ′) −C(r, φ′)

0 −D(r, φ′) −F (r, φ′) 0 −C(r, φ′) E(r, φ′)

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥

where

ρ = density
m = added m

εin = prestrain

A(r, φ′) =
13/35 + 7/10φ′ + 1/3φ′2 + 6/5(r/L)2

(1 + φ′)2

B(r, φ′) =
9/70 + 3/10φ′ + 1/6φ′2 − 6/5(r/L)2

(1 + φ′)2

C(r, φ′) =

(
11/210 + 11/120φ′ + 1/24φ′2 + (1/10 − 1/2φ′)(r/L)2

)
L

(1 + φ′)2

D(r, φ′) =

(
13/420 + 3/40φ′ + 1/24φ′2 − (1/10 − 1/2φ′)(r/L)2

)
L

(1 + φ′)2

E(r, φ′) =

(
1/105 + 1/60φ′ + 1/120φ′2 + (2/15 + 1/6φ′ + 1/3)(r/L)2

)
L2

(1 + φ′)2

F (r, φ′) =

(
1/140 + 1/60φ′ + 1/120φ′2 + (1/30 + 1/6φ′ + 1/6φ′2)(r/L)2

)
L2

(1 + φ′)2

r =

√√
I

A
= radius of gyration

The element pressure load vector in element coordinates is:

{F pr
1FF } = �P1PP P2PP P3PP P4PP P5PP P6PP �T

F =

⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪
⎪
⎨⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

for the first iteration: AEεin

for all subsequent iterations: the axial force
in the element as computed in the previous
stress pass of the element (output quantity)
FORC

C2 = value given in the table below.
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Value of stiffness coefficient (C2)
Previous iteration resulted in a Previous iteration resulted in a
tensile stress compressive stress
1.0 0.0

1.0
AE

F × 106

0.0 1.0
AE

F × 106 1.0

The matrix for the tension-only or compression-only spar is given by:

[M1] =
MtMM

2

⎡
⎢
⎡⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣⎢⎢

1

0 1

0 0 1

0 0 0 0

0 0 0 0 0 Symmetric

0 0 0 0 0 0

0 0 0 0 0 0 1

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

⎤
⎥
⎤⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦⎥⎥
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[D
] =

⎡ ⎢⎡⎡ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎢⎢⎢ ⎣⎢⎢E
A L 0

12
E

I ξII

L
3
(1

+
τ̄ ηττ

)

0
0

12
E

I ξI

L
3
(1

+
τ̄ ξττ

)

0
0

0
G

J L

0
0

−6
E

I ηII

L
2
(1

+
τ ξττ

)
0

(4
+

τ̄ ξττ
)E

I ηII

L
(1

+
τ̄ ηττ

)

0
6E

I ξII

L
2
(1

+
τ̄ ηττ

)
0

0
0

(4
+

τ̄ ηττ
)E

I ξII

L
(1

+
τ̄ ηττ

)
−E

A

L
0

0
0

0
0

A
E L

0
−1

2E
I ξII

L
3
(1

+
τ̄ ηττ

)
0

0
0

−6
E

I ξII

L
2
(1

+
τ̄ ηττ

)
0

12
E

I ξII

L
3
(1

+
τ̄ ηττ

)

0
0

−1
2E

I ηII

L
3
(1

+
τ̄ ξττ

)
0

6E
I ηII

L
2
(1

+
τ̄ ξττ

)
0

0
0

12
E

I ηII

L
3
(1

+
τ̄ ξττ

)

0
0

0
−G

J

L
0

0
0

0
0

G
J L

0
0

6E
I ηII

L
2
(1

+
τ̄ ξττ

)
0

(2
−

τ̄ ξττ
)E

I ηII

L
(1

+
τ̄ ξττ

)
0

0
0

6E
I ηII

L
2
(1

+
τ̄ ξττ

)
0

(4
+

τ̄ ξττ
)E

I ηII

L
(1

+
τ̄ ξττ

)

0
6E

I ξII

L
2
(1

+
τ̄ ηττ

)
0

0
0

(2
−

τ̄ ηττ
)E

I ξII

L
(1

+
τ̄ ηττ

)
0

−6
E

I ξII

L
2
(1

+
τ̄ ηττ

)
0

0
0

(4
+

τ̄ ηττ
)E

I ξII

L
(1

+
τ̄ ηττ

)

⎤ ⎥⎤⎤ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎥⎥⎥ ⎦⎥⎥
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Table A.I.A.7. Analytical formulation of the steel anchors/studs

[KTOTKK ]{δ}∗ + {FTFF } − {RT} = 0

where

[KTOT] = [K1] + [Ka]

{δ}∗ =

{
δun

δb

}
{FTFF } =

{
FunFF

FbFF

}
{RT} =

{
Run

Rb

}

[KTOT] = total stiffness matrix

[KeKK ] = liner stiffness matrix

[Ka] = a stud stiffness matrix

{FTFF } = total initial load vector

{RT} = total external load vector

Subscript

un = quantities corresponding to unknown displacement
b = quantities corresponding to restrained boundaries

[kl]{δun} + {FunFF } = 0

{ε} = [B]{δ}
{σ} = [D]({ε} − {ε})

{S̄} = anchor shear forces

= [Ka]{δun}

{FunFF } =
∫
ν

[B]T [D]{ε0}dν =
∫
ν

[B]T [D]{ε0} det[J ]dξdηdζ

The plastic buckling matrix is given by

(K + λKG) FTFF = 0

where K = the elasto-plastic stiffness matrix as a function of the current state of
plastic deformation; and KG = the initial stress geometric stiffness matrix.

The determinant

|K + λcKG| = 0

The essential equation is characteristically triangularised for the ith loading step as

(Ki + λcK
i
G) F i

TFF = 0 λc = 1 + Eps

Eps is an accuracy parameter.
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A.I.A.1 Plastic Flow Rule and Stresses
During Elastoplastic Straining

Many materials have been examined, including concrete. They behave elastic-
ally up to a certain stage of the loading beyond which plastic deformation
takes place. During this plastic deformation the state of strain is not uniquely
determined by the state of stress, as stated previously. In a uniaxial state of
stress a simple rule is required to initiate yielding at any Gaussian point of the
isoparametric element. In the multiaxial state of stress, there are an infinite
number of possible combinations of stresses at which yielding starts. These
can be examined by the flow rule. Moreover, the flow rule supplements the
elastic constitutive relationship; and the plastic strain increments are related
to the plastic stress increments during the occurrence of plastic flow.

The yield criterion described by a failure surface in a multi-dimensional
stress space is given by Bangash

LF
(
σs

ij , ε
p, SH

)
= 0 (A.1)

where

LF = the yield function
σs

ij = the multi-dimensional stress state
εp = accumulated plastic strain
SH = strain hardening or softening parameter

The general form of the yield surface given by (A.1) allows either isotropic
or kinematic hardening of the material. For a given previous history, LF(σij)
is always considered as a function of the current state of stress for which SH
is variable.

To give added generality, the plastic potential to which the normality
principle is applicable is assumed as

LQ(σs
ij , ε

p, SH0HH ) = 0 (A.2)

This allows non-associated plasticity to be dealt with and associated rules to
be obtained as a special case by making

LF = LQ (A.3)

For a perfectly plastic material the yield surface of (A.1) remains constant.
For a strain hardening material the yield surface must change with continued
straining beyond the initial yield.

This phenomenon is included in (A.1) by allowing both LF and SH to
be functions of the state of stress and the plastic deformation history. This
means SH will have a new value for every time dependent yielding. Further,
if the material is unloaded and then loaded again, additional yielding cannot
take place, unless the current value of SH has been exceeded.

A unified approach for arriving at the incremental stress-strain equation
based on (A.1) can be written in a combined tensor form in three dimen-
sions as
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f(σ, ε, σ̇, ε, S˙ H) = 0 (A.4)

where f is a definite representation of LF and is a stress function. The only
change is in the value of SH, accounting for isotropic and anisotropic hard-
ening, and allowing the function f to be dependent not only on the present
state of stress or strain, hut also on the hardening history according to pre-
vious states of stress and strain. The value of (σ, σ̇) and (ε, ε̇) must be in the
plastic range, having total values of σp

ij and εp
ij , respectively.

When (A.4) is satisfied then the total differential of f is written as

df =
∂f

∂σp
ij

dσp
ij +

∂f

∂εp
ij

dεp +
∂f

∂SH
dSH (A.5)

The yield condition with εp
ij and SH held constant can be interpreted as

a yield surface in the multidimensional stress space, and is in conformity
with (A.1). When f < 0 the condition indicates a purely elastic change to-
wards the inside of the yield surface. In cases where plastic flow does not
occur, the increments of plastic strain dεp

ij and the change of hardening pa-
rameter dSH will be automatically zero, and hence, in the case of the unload-
ing, (A.5) is reduced to

df =
∂f

∂σp
ij

d{σp
ij} < 0 (A.6)

When df = 0, which is the case for neutral loading, no plastic strain changes
occur and the hardening factor remains unchanged, then

df =
∂f

∂σp
ij

d{σp
ij} = 0 d{εp

ij} = 0 (A.7)

The quantity dσij is tangent to the surface for neutral loading. For the vector
products to be zero, ∂f/∂σij will be normal to the surface. When dσij is
pointing to the outside of the surface the vector product will be positive; and
this constitutes loading, with plastic flow taking place such that

df =
∂f

∂σp
ij

d{σp
ij} > 0 (A.8)

The definition for the structural material stability postulates that during a
load cycle that includes loading and unloading, the work performed has to
be greater than zero, i.e.

dεp
ij dσp

ij ≥ 0 (A.9)

From (A.8) and (A.9) for ideally plastic material the plastic strain increment
dεp

ij is proportional to the stress gradient of the yield surface

dεp
ij =

∂f

∂σp
ij

dλ (A.10)

where dλ = a constant of proportionality.
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The normality rule given by (A.10) shows that the plastic strain increment
has the same direction as the normal surface f in the stress space. At this
stage both isotropic and kinematic hardening cases can be included in (A.10).

In order to perform the plastic analysis, the loading path is discretised
inta several linear load steps. The increments in stresses and strains for each
step are then related by the rate constitutive laws mentioned earlier. The
assumption is that the extension in the linearised step can be regarded as in-
finitesimal, and (A.10), which is true for all infinitesimal increments of stresses
and strains, can be employed for small increments. Concrete structures for
nuclear and offshore installations require small increments. The total strain
increment dε′

ij is the algebraic sum of the increments in elastic and plastic
strains dε̄ij and dεp

ij respectively. The equation for dε′
ij can be written as

dεij = dε̄ij + dεp
ij = dεe

ij + dεT
ij + dεp

ij (A.11)

The stresses can be written as

dσ′
ij = [D]dεkl (A.12)

dσij = [D]dεkl − dλ[D]−1 ∂f

∂σkl
(A.13)

The plastic strain relationship is given as

dε = [D∗]−1d{σ} (A.14)

The total strain increment {∆ε}TOT becomes

{∆ε}TOT = [D∗]−1{∆σ} +
∂f

∂σ
dλ (A.15)

When (A.5) is written in a compressed form as

df =
∂f

∂{σ} d{σ} +
∂f

∂SH
= 0 (A.16)

Replacing the second term for the hardening characteristics by dλ, the fol-
lowing equations are obtained{

∂f

∂σ

}T

d{σ} − Cdλ = 0 (A.17)

dεTOT = [D∗]−1d{σ} +
{

∂f

∂σ

}
dλ (A.18)

0 =
{

∂f

∂σ

}T

d{σ} − Cdλ (A.19)

Multiplying (A.18) with [D∗] throughout, (A.18) can be expressed as

d{σ} = [D∗]{dε}TOT − [D∗]
{

∂f

∂σ

}
dλ (A.20)
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Equation (A.20) is then substituted into (A.19), and (A.21) is obtained

0 =
∂fT

∂σ
[D∗]{dε}TOT −

{
∂f

∂σ

}T

[D∗]
{

∂f

∂σ

}
dλ − Cdλ (A.21)

Equation (A.11) is then combined with (A.10), (A.18) and (A.6) to give the
final value of dλ

dλ =

{
∂f

∂σ

}T

[D∗]{dε}TOT

C +
{

∂f

∂σ

}T

[D∗]
{

∂f

∂σ

} (A.22)

The factor C in (A.22) is an unknown factor defining the state of elasto-
plasticity. When C = 0, (A.22) gives a value of dλ for a perfectly plastic
situation with no hardening. The stress increments are given by:

{dσ}TOT = [D∗] −
[D∗]

{
∂f

∂σ

}{
∂f

∂σ

}T

[D∗]

C +
{

∂f

∂σ

}T

[D∗]
{

∂f

∂σ

} {dε}TOT (A.23)

for the elasto-plastic case,

{dσ}TOT = [D∗] − [Dp]{dε}TOT (A.24)

[Dp] =
[D∗]

{
∂f

∂σ

}{
∂f

∂σ

}T

[D]

C +
{

∂f

∂σ

}T

[D]
{

∂f

∂σ

} (A.25)

The true stress increment in (A.25) is the difference between the stress incre-
ment [Dp]{dε̄}TOT and the algebraic sum of stresses [D]{dε} due to elastic,
creep, shrinkage, temperature, fatigue and other effects.

The matrix [D] has the flexibility to include any concrete failure models
described elsewhere in this book.

The parameter C is given by Hill [A.1] as

C = 4/9σ2
eqSH (A.26)

where SH is the slope of the curve and represents hardening.
Where the influence of the studs, lugs and any other type of anchorages is

to be included in the finite element analysis, the steps given in Table A.I.A.7
are considered together with solid, panel and line elements.
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1 Sample Cases

1.1 Plastic Potential of the Same Form
as the Yield Surface

f(J2JJ ) = f(σij) =
3
2

=
3
2
SijSij (A.27)

where

Sij = σij − 1
3
σkkδij

δij = the Kronecker delta.
Differentiating

∂f

∂σij
=

3
2
∂ (SklSkl)/∂σij

=
3
2
Skl∂Smn/∂σij = 3Sij

(A.28)

The plastic strain increment is stated as

dλεp
ij = λSij (A.29)

The equivalent plastic strain λε̄p can be obtained as

dλε̄p =
(

2
3

d εp
ij d εp

ij

)1/2

(A30)

where

dλ =
3
2

dε̄p

σeq

1.2 Von Mises Yield Surface Associated
with Isotropic Hardening

The yield function f is written as

f =
T

2
(σij) − 1

3
σ2

eq (A.31)

By differentiating, (A.31) becomes

df = (Sijdσij) − 2
3
σeq(∂σeq)/(∂ε̄p){dε̄p} (A.32)

Using (A.6) onwards, the values of dλ and dσ given in (A.22) and (A.23) are
given by

dλ =

(
[D∗]i,j,k,l − [D∗]SmnSpqSS [D∗]pqkl

σij [D∗]i,j,k,lSkl +
( 2

3 σeq
)2

SH

)
{dε}kl (A.33)
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Dynamic Analysis

Dynamic analysis is a subject by itself. In this text a specific approach to the
dynamic analysis of concrete structures is discussed. The equations of motion
are discretised in time. The direct integration technique and the Wilson-θ
method are summarised. Where dynamic problems are tackled, the nonlinear
equations of motion (coupled or uncoupled), have been solved using these
methods.

Nonlinear Transient Dynamic Analysis

The dynamic equilibrium at the nodes of a system of structural elements is
formulated at a given time t as

[M ]{ÜtUU } + [C1]{U̇tUU } + K ′
tKK {UtUU } = {Rt} (A.34)

where {UtUU } and {Rt} are the vectors of displacement and specified load, re-
spectively. [M ] represents the mass matrix which is regarded as constant; [CtCC ]
and [K ′

tKK ] are the damping and stiffness matrices, respectively. The subscript t
is used for quantities at time t and a dot denotes a derivative with respect
to time.

To formulate (A.34), discretisation with respect to time, using isopara-
metric finite elements, is performed. The simple applicable method is the
numerical step-by-step integration of the coupled equations of motion, such
as (A.34). The response, history is divided into time increments ∆t, which
are of equal length. The system is calculated for each ∆t, with properties
determined at the beginning of the interval. Only one matrix based on M , is
excited. In addition, the direct integration technique allows a general damp-
ing matrix [CtCC ] (which has to be specified explicitly), to be used without
resorting to complex eigenvalues.

Discretisation in the Time Domain

The equation of motion formulated at time t = 0, is written in the form

[M ]{Ü0UU } + [C0CC ]{U̇0UU } + [K0KK ]{U0UU } = {R0} (A.35)

where the subscript zero has been introduced. At time t, all quantities are
known. Equation (A.34) is specified as

[M ]{ÜtUU } + ([C0CC ] + [∆C0CC →t]){U̇tUU } + ([K ′
0KK ] + [K0KK →t]){UtUU } = {Rt} (A.36)

or as

[M ]{ÜtUU } + [C0CC ]{U̇tUU } + [K0KK ]{UtUU } = {Rt} + {PtPP } = {F}t (A.37)

where the initial load {PtPP } is specified by

{PtPP } = −[∆C0CC →t]{U̇tUU } − [∆K0KK →t]{δt} (A.38)

To obtain the solution at time t + ∆t the equation is stated as
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[M ]{ÜtUU +∆t} + [C0CC ]{U̇tUU +∆t} + [K0KK ]{UtUU +∆t}
= {Rt+∆t} + {PtPP } + {∆PtPP →t+∆t}

(A.39)

{∆PtPP →t+∆t} represents the influence of the nonlinearity during the time in-
crement and is determined by iteration and satisfied for t+ τ , where τ = θ∆t
(θ > 1.37 for an unconditionally stable method) applied to a linear problem.
[∆C0CC →t] and [∆K0KK →t] represent the change of [C] and [K], respectively, from
t = 0 to t.

To obtain the solution at time t + ∆t, (A.40) can be written as

[M ]{ÜtUU +∆t} + [C0CC ]{U̇tUU +∆t} + [K0KK ]{UtUU +∆t}
= {Rt+∆t} + {FtFF } + {∆FtFF →t+∆t}

(A.40)

{∆PtPP →t+∆t} represents the influence of the nonlinearity during the time in-
crement t and is determined by iteration

{∆PtPP →t+∆t} = −[∆C0CC →t]{∆U̇tUU →t+∆t}
−[∆CtCC →t+∆t]({U̇} + {∆U̇tUU →t+∆t})

−[∆K0KK →t]{∆UtUU →t+∆t}
−[∆KtKK →t+∆t]({UtUU } + {∆UtUU →t+∆t})

(A.41)

{∆PtPP →t+∆t} is calculated using the initial stress approach.
A modified Newton–Raphson or initial stress approach is adopted for

solving these nonlinear equation.

Reduced Linear Transient Dynamic Analysis

This is a reduced form of nonlinear transient dynamic analysis. This analysis
is carried out faster than the nonlinear analysis since the matrix in (A.34)
requires to be inverted once, and the analysis is reduced to a series of matrix
multiplications and essential degrees of freedom (dynamic or master of free-
doms) to characterise the response of the system. The analysis generally has
restrictions such as constant [M ], [CtCC ], [KtKK ] and time interval for all iterations
and nodal forces applied at dynamic or master degrees of freedom.

Quadratic Integration(
1

∆t2
[M ]R +

3
2∆t

[ĈtCC ]R + [KtKK ]R

)
{UtUU } = {F (t)}R

+[M ]R
1

∆t2

(
2{UtUU −1}R − {UtUU −2}R

)

+
1

∆t

(
2{UtUU −1}R − 1

2
{UtUU −2}R

)
(A.42)

The symbol R represents reduced matrices and vectors.
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Cubic Integration(
2

∆t2
[M ]R +

11
6∆t

[CtCC ]R + [KtKK ]R

)
{UtUU } = {F (t)}

+[M ]R
1

∆t2

(
5{UtUU −1}R − 4{UtUU −2}R + {UtUU −3}

)

+[CtCC ]R
1

∆t2

(
3{UtUU −1}R − 3

2
{UtUU −2}R +

1
3
{UtUU −3}R

)
(A.43)

Mode Frequency Analysis

The equation of motion for an undamped structure with no applied forces is
written as

[M ]{Ü} + [K ′
tKK ]{UtUU } = {0} (A.44)

[K ′
tKK ] the structure stiffness matrix, may include stress-stiffening effects.
The system of equations is initially condensed down to those involved

with the master (dynamic) degrees of freedom.
The number of dynamic degrees of freedom should at least be equal to two

times the selected frequencies. The reduced form of (A.44) can be written as

[M ]R{ÜtUU }R + [K ′
tKK ]R{UtUU }R = {0} (A.45)

For a linear system, free vibrations of harmonic type are written as

{UtUU }R = {ψi}R cosωit (A.46)

where {ψi}R = the eigenvector representing the shape of the ith frequency;
ωi = the ith frequency (radians/unit time); and t = time.

Equation (A.44) assumes the form

(−ω2
i [M ]R + [K ′

tKK ]R{ψi}R = {0} (A.47)

which is an eigenvalue problem with n values of ω2 and n eigenvectors {ψi}R
which satisfy (A.47), where n is the number of dynamic degrees of freedom.
Using standard iteration procedures, (A.47) will yield a complete set of eigen-
values and eigenvectors.

Each eigenvector {ψi}R is then normalised such that:

{ψi}T ′′
R [M ]R{ψi}R = 1 (A.48)

These n eigenvectors are now expanded to the full set of structure modal
displacement degrees of freedom.

{ψγ′i}R = [KγKK ′γ′ ]−1[KγKK ′γ ]{ψi}R (A.49)

where {ψt}R = the slave degree of freedom vector of mode i; and [KγKK ′γ′ ],
[KγKK ′γ ] = submatrix parts.

The above dynamic analysis approach is generally adopted for structures
subjected to normal dynamic loads, wind, wave and seismic loads. The above
analysis, with modifications, is also applied to missile and aircraft explo-
sions/impact problems.
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Table A.I.A.8. Summary of step-by-step integration method

Initialisation

(1) Effective stiffness matrix

[K∗
0 ] = (6/τ2)[M ] + (3/τ)[C0CC ] + [K0] (A)

(2) Triangularise [K∗
0 ]

For each time step:

Calculation of displacement {UtUU +τ}
(1) Constant part of the effective load vector

{R∗
t+τ} = {Rt} + θ({Rt+∆t} − {Rt}) + {FtFF } = [M ]

×
((

6
τ2

)
{UtUU } +

6
τ

{U̇tUU } + 2{ÜtUU }
)

+[C0CC ]
(

3
τ

{UtUU } + 2{U̇tUU } +
τ

2
{UtUU }+

) (B)

(2) Initialisation i = 0, {∆P i
tPP →t+τ} = 0

(3) Iteration
(a) i → i + 1

(b) Effective load vector
{R∗

t+τTOT} = {R∗
t+τ} + {∆P i−1

tPP →t+τ} (C)

(c) Displacement
{U i

tUU +τ}[K′
0]{U i

tUU +τ} = {R∗
t+τTOT} (D)

(d) Velocity {U̇ i
tUU +τ} + (3/τ)({U i

tUU +τ} − {UtUU }) − 2{U̇tUU } − (τ/2){ÜtUU }
(e) Change of initial load vector caused by the nonlinear behaviour of the

material {∆P i
tPP →t+τ}

{∆P i
tPP →t+τ} = −[∆C0CC →t]({U̇ i

tUU +τ} − {U̇tUU }) − {∆Ci
tCC →t+τ}{U̇ i

tUU +τ}
×[∆K0→t]({U i

tUU +τ} − {UtUU }) − {∆Ki
tKK →t+∆t}{U i

tUU +τ}
(E)

In fact, {∆P i
tPP →t+τ} is calculated using the initial-stress method.

(f) Iteration convergence
||{∆P i

tPP →t+τ} = {∆P i−1
tPP →t+τ}||/||{∆P i

tPP →t+τ}|| < tol (F)
or analogously, on stresses.

Note: {P} could be any value of {F}.

Calculation of velocity, acceleration

Calculate new acceleration {ÜtUU +∆t}, velocity {U̇tUU +∆t}, displacement {UtUU +∆t} and
initial load {PtPP +∆t}
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{ÜtUU +∆t} = (6/θτ2)({UtUU +τ} − {UtUU }) − (6/τθ){U̇tUU } +
(

1 − 3
θ

)
{ÜtUU }

{U̇tUU +∆t} = {U̇tUU } +
τ

2θ
{ÜtUU } + {ÜtUU +∆t}

{UtUU +∆t} = {UtUU } +
τ

θ
{U̇tUU } + (τ2/6θ2)(2{ÜtUU } + {ÜtUU +∆t})

{PtPP +∆t} = {PtPP } + {∆P i
tPP →t+τ}

(G)

Calculation by Quadratic Integration

When the velocity varies linearly and the acceleration is constant across the time
interval, appropriate substitutions are made into (A.34) giving

[f1[M ] + f2ff [CtCC ] + [K′
tKK ]{UtUU } = {F (t)} + {f3ff ([CtCC ], [M ], UtUU , UtUU 2, . . . )} (H)

where f1, f2ff , f3ff = functions of time.
This results in an implicit time integration procedure. The only unknown is

{UtUU } at each time point and this is calculated in the same way as in static analysis.
Equation (H) is then written as:(

2
∆t0∆t01

[M ] +
2∆t0 + ∆t1
∆t0∆t01

[C] + [K′
tKK ]
)

UtUU

= {F (t)} + [M ]
(

− 2
∆t0∆t1

{UtUU −1} − 2
∆t1∆t01

{UtUU −2}
)

+[CtCC ]
(

∆t01
∆t0∆t1

{UtUU −1} − ∆t0
∆t01∆t1

{UtUU −2}
)

(I)

where

∆t0 = t0 − t1 t0 = time of current iteration
∆t1 = t1 − t2 t1 = time of previous iteration
∆t2 = t2 − t3 t2 = time before previous iteration

t3 = time before t2

∆t2 = ∆t0 + ∆t1 = t0 − t2

Calculation by Cubic Integration

Equation (H) becomes cubic and hence is written as

(a1([M ] + a2[CtCC ] + [K′
tKK ]){UtUU } = {F (t)}

+[M ](a3{UtUU −1} − a4{UtUU −2} + a5{UtUU −3})

+[C](a6{UtUU −1} − a7{UtUU −2} + a8{UtUU −3})

(J)

where a1 to a8 are functions of the time increments; these functions are derived by
inverting a four by four matrix.

For clear-cut solutions, the size of the time step between adjacent iterations
should not be more than a factor of 10 in nonlinear cases and should not be reduced
by more than a factor of 2 where plasticity exists.
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Spectrum Analysis

Spectrum analysis is an extension of the mode frequency analysis, with both
base and force excitation options. The base excitation option is generally
suitable for seismic and wave applications. A direction vector and a response
spectrum table will be needed in addition to the data and parameters re-
quired for the reduced modal analysis. The response spectrum table generally
includes displacements, velocities and accelerations. The force excitation is,
in general, used for wind and space structures and missile/aircraft impact.
It requires a force distribution and an amplitude multiplier table in addition
to the data and parameters needed for the reduced modal analysis. A study
of the mass distribution is made. Generally the masses are kept close to the
reaction points on the finite element mesh rather than the (master) degrees
of freedom. It is important to calculate the participation factors in relation to
a given excitation direction. The base and forced excitations are given below:

γ̃i = {ψi}T ′′
R [M ]{b̃} for the base excitation (A.50)

γ̃i = {ψi}T ′′
R {FtFF } for the force excitation (A.51)

where {b̃} = the unit vector of the excitation direction; and {FtFF } = an input
force vector.

The values of {ψ}R are normalised, and the reduced displacement vector
is calculated from the eigenvector by using a mode coefficient M̃ .

{Ũ}i = [M̃iMM ]{ψ}i (A.52)

where {Ũ}i = the reduced displacement vector; and [M̃iMM ] = the mode coeffi-
cient and where (a) for velocity spectra

[M̃iMM ] =
[VsiVV ]{γ̃i}

ωi
(A.53)

(VsiVV = spectral velocity for the ith mode); (b) for force spectra

[M̃iMM ] =
[f̄siff ]{γ̃i}

ω2
i

(A.54)

(f̄siff = spectral force for the ith mode); (c)

[M̃iMM ] =
[asi]{γ̃i}

ω2
i

(A.55)

(asi = spectral acceleration for the ith mode); (d)

[M̃iMM ] =
[UsiUU ]{γ̃i}

ω2
i

(A.56)

(UsiUU = spectral displacement for the ith mode).
{U}i may be expanded to compute all the displacements, as was done in

the case of superelement and substructuring of the equation
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K KR

KT′′
R KRR

]{
U

URUU

}
=
{

F

FRFF

}
(A.56a)

as was done above.

{UγUU ′}i = [KγKK ′,γ′ ]−1[KγKK ′,γ ]{UiUU }R (A.57)

where {UγUU ′}i = the slave degree of freedom vector of mode i; and [KγKK ′,γ′ ],
[KγKK ′,γ ] = submatrix parts.

Sometimes an equivalent mass M e
iMM is needed for the ith mode since it may

not be a function of excitation direction. This M e
iMM is computed as

[M e
iMM ] = 1/{ψi}T ′′

R {ψi}R (A.58)

This is derived from the definition of the diagonal matrix of equivalent
masses [M e]

[ψ]T
′′

R [M e][ψ]R = [I] (A.59)

where [I] = the identity matrix; and [ψ]R = a square matrix containing all
mode shape vectors.

Where damping is included, the damping ratio DRi for the data input,
including damping CeCC , is given for a matrix of coupling coefficients as

DRi = CeCC ωi/2 (A.60)

where ωi is the undamped natural frequency of the ith mode.
In between the modes i and j, a modified damping ratio D′

Ri is needed
to take into account the concrete structures subjected to wave and seismic
effects.

D′
Ri = DRi + 2/teωi (A.61)

where te is the duration.

Impact/Explosion

Structural response of concrete structures subjected to relatively fast loading
rates, such as those from missile and aircraft impact/explosion, bombs and
nuclear detonations, etc., can be influenced by the effect of strain rate on
the material properties. These material changes lead to an instantaneous
change in the strength of materials. Chapter 6 invoked along with the above
equations of motion. The normality rules and the proportionality factor dλ
are used as given.

The dλ values are substituted into (A.13) to give an expression for the
stress state of the form

dσ̇ij = [D]{dε̇kl} + γ̃ij{ε̈}p (A.62)

where, using Von Mises criterion,

γ̃ij =
[D∗]{Smn}{Skl}{D̄}

α∗ (A.63)
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α∗ =
4
9
σ2

eq
∂σeq

∂εp + Sij [D]{Skl}

[D∗] = Dijmn

[D̄] = Dpqkl

(A.64)

The term γijε
p can be implemented. Where deformation rates do not change

too rapidly the term γijε
p is neglected. The rest of the procedure is the same

as for general dynamic analysis.

Mass Moments of Inertia

The computation of the mass moments and products of inertia as well as
the model centroids is described in this section. The model centroids are
computed as

Xc = Ax/M

YcYY = Ay/M

ZcZZ = Az/M

(A.65)

where typical terms are

Xc = X co-ordinate of model centroid

Ax =
N∑

i=1

miXi

N = number of elements
mi = mass of element i

Xi = X co-ordinate of the centroid of element i

M =
N∑

i=1

mi = mass of modei centroid

The moments and products of inertia with respect to the origin are

IxxII =
N∑

i=1

mi[(YiYY )2 + (ZiZZ )2] IzzI =
N∑

i=1

mi[(Xi)2 + (YiYY )2] (A.66)

IyyII =
N∑

i=1

mi[(Xi)2 + (ZiZZ )2] IxyII =
N∑

i=1

mi[(Xi)(YiYY )] (A.67)

IyzII =
N∑

i=1

mi[(YiYY )(ZiZZ )] IxzII =
N∑

i=1

mi[(Xi)(ZiZZ )] (A.68)

where typical terms are IxxII = mass moment of inertia about the X axis
through the model centroid and IxyII = mass product of inertia with respect
to the X and Y axes through the model centroid.
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The moment and products of inertia with respect to the model centroid
(the components of the inertia tensor) are

I ′
xxI = IxxII − M [(YcYY )2 + (ZcZZ )2]

I ′
yyII = IyyII − M [(Xc)2 + (ZcZZ )2]

I ′
zzI = IzzI − M [(Xc)2 + (YcYY )2]

(A.69)

I ′
xyI = IxyII − MXcYcYY

I ′
yzII = IyzII − MYcYY ZcZZ

I ′
xzI = IxzII − MXcZcZZ

(A.70)

where typical terms are I ′
xxI = mass moment of inertia about the X axis

through the model centroid and I ′
xyI = mass product of inertia with respect

to the X and Y axes through the model centroid.
It may be seen from the above development that only the mass (mi) and

the centroid (Xi, YiYY and ZcZZ ) of each element are included. Effects which are
not considered are

(a) the mass being different in different directions
(b) the presence of rotational inertia terms.

Energies

Energies are available by setting

Epo
e =

⎧⎪⎧⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪
⎪
⎨⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩⎪⎪

1
2

NINT∑
i=1

{σ}T{εel}voli + Epl
e

if element allows only dis-
placement and rotational
degree of freedom (DOF),
and either is non linear or
uses integration points

1
2
{u}T[KeKK ]{u} all other cases

= potential energy

(A.71)

Eki
e =

1
2
{u̇}T[MeMM ]{u̇}

= kinetic energy
(A.72)

Epl
e =

NINT∑
i=1

NCS∑
j=1

{σ}T{∆εpl}voli

= plastic energy

(A.73)

where
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{u} = element DOF vector
{u̇} = time derivative of element DOF vector
{KeKK } = element stiffness/conductivity matrix
[MeMM ] = element mass matrix
NINT = number of integration points
NCS = total number of converged substeps
{σ} = stress vector
{εel} = elastic strain vector
{∆εpl} = plastic strain increment
voli = volume of integration points.

Aircraft Impact

The design and analysis of a containment vessel to withstand the effect of an
aircraft crash or impact involves many complex parameters, including load-
ings and durations. Bangash [1.40] has produced modified force-time impact
functions for various aircraft, and these are shown in Fig. A.I.1. First, the

Fig. A.I.1. Force-time function for aircraft impact
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Fig. A.I.2. Stresses (N/mm2) is dome shell
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Fig. A.I.3. Linear and nonlinear displacement as a function of time

Bellefonte vessel parameters were chosen for the analysis. The impact point is
chosen to be the apex of the vessel and at junction of the dome and the cylin-
der. Results are produced in the form of acceleration-time histories, displace-
ments and stress stated for selected times and acceleration response spectra.
Newmark and Wilson θ direct integration methods are used for the analysis.

Crack propagation, and linear and nonlinear displacements for four air-
craft are shown in Figs. A.I.2 to A.I.3a. The impact zones are shown in
Fig. A.I.2 and also shows comparative results for penetrations and perfora-
tions based on both empirical and finite element analysis for a number of
aircraft impact loads. The endochronic model is used throughout the analy-
sis. A similar analysis was carried out for the Sizewell B vessel using load-time
functions for Phantom and Tornado aircraft. The ‘post-mortem’ of the vessel
is shown in Fig. A.I.4. The load-displacement as a function of time is given
Fig. A.I.4.
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Fig. A.I.3a. Linear and nonlinear displacements for impacts due to four aircraft

Fig. A.I.3b. Extreme loading condition
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Fig. A.I.4. Phantom and Tornado aircraft impact ‘post-mortem’

I.1 General Steps of Crack Flow and Crack Calculations
(Tests on PWR Containment Reactor Building)

(1) The load increment {∆PnPP } is applied where n is the load increment.
(2) The total is accumulated as {PnPP } = {PnPP −l} + {∆PnPP }, and {R} =

{∆PnPP }, where {R} is the residual load vector.
(3) Incremental displacement is computed as {∆UiUU } = [K]−1

e {R}, where i
is the iteration.

(4) Total displacements are now accumulated in the following form: {UiUU } =
{UiUU −1} + {∆UiUU }.

(5) Strain incrementss are calculated from step 4 as {∆εi} = [B]{∆UiUU }.
The accumulated strains at this stage would then be written as

{εi} = {εi−1} + {∆εi}
(6) The stress increments are calculated using the current nonlinear consti-

tutive matrices of various models described earlier: {∆σi}={f(σ)}{∆ε}.
The accumulated stresses are computed as {σi} = {σi−1} + {∆σi}. In
order to differentiate stresses at elastic and plastic conditions, a stress
point indicator IpII is introduced.

IpII = 0 (elastic point)
= 1 (plastic point)
= 2 (unloading from plastic state)

(7) The stress increment is calculated using the elastic material matrix as
{∆σ′

i} = [D′]{∆ε}. Total stresses are given as {σ′
i}T = {σi−1}−{∆σ′

i}.
(8) The stress {σi} is now calculated using step 7: {σi} = {f(σ′

i)}, {σi−1} =
{f(σi−1} – any yield criterion required.

(9) If a plastic point is obtained, step 11 should be considered.
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(10) If σi ≥ σy – plastic point (IpII = 1), transition from elastic to plastic,
calculate factor FTPFF :

FTPFF =
(
σy − σ̄i−1

σi − σi−1

)

The stress at the yield surface {σi}∗
y = {σi−1} + F ∗

TPFF {∆σi}. Elasto-
plastic stress increments are calculated as {∆σi} = [D]ep{σi}∗(1 −
FTPFF ){∆ε}. Total stress {σi}T = {σi} + {∆σi}.

(11) Plastic point from steps 9 and 10, check for unloading, i.e. if σ̄ ≥ σy it
is necessary to proceed to step 12. For the unloading case at this point,
set IpII = 2, total stress {σi}T then given by {σi} = {σi−1} + {∆σi}.
Set {σy} = {σ̄i−1}, and the procedure is repeated for the additional
increments.

(12) Loading at this point {∆σi} = [D]ep{σ̄i−1}{∆e}. Total stress {σi}T =
{σ̄i−1} + {∆ε}.

(13) Sometimes it is necessary to correct stresses from the equivalent stress-

strain curve: σcorr = σi−1 +SH∆εp, where ∆εp =
√√

2
3∆εp

ij∆
p
ij = equiv-

alent plastic strain increment. SH is the strain hardening parameter,
such that ∆ε̄p = λ.
Equivalent stress, calculated from the current stress state, is given by
{σi} = FTPFF {(σi)}. The correct stress state, which is on the yield sur-
face, will therefore be given as {σi} = FTPFF {σi}. The total stresses are
converted into equivalent nodal loads from

∫
ν

∫∫
[B]T {σi}d vol, and the

residual load vector is calculated from {R} = {FnFF } − ∫
ν

∫∫
[B]T {σi}d vol.

(14) Check for convergence.

(||R||/||F ||) ≤ TOL (||∆U ||/||U ||) ≤ TOL

where TOL is chosen from 0.01 to 0.001; ||R|| =
√√

RT ′′
i Ri is the Eu-

clidean norm of the residuals; ||F ||
√√
PTP is the Euclidean norm of the

externally applied load; and ||∆U || =
√√

∆UT ′′
iUU UiUU is the Euclidean norm.

If convergence is not achieved, step 3 is invoked and all the steps re-
peated for the next iteration. If convergence is achieved, then proceed
with the next load increment.
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I.2 Flow Chart on Cracking Phenomenon
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I.3 Program ISOPAR to Print Displacements
and (if ISTAT.NE.0) Velocities and Accelerations
(Part of Bang-F)

(Jointly developed by J. Tang and the author.)

Part of PROG BANG-BLAST

IND.EQ.0, PRINT DISPL/VEL/ACC AT ALL NODES
IND.NE.0, PRINT DISPL/VEL/ACC ONLY AT NODES

CONTAINED IN PRlNTOUT BLOCKS

COMMON/EL/IND,ICOUNT,NPAR(20),NUMEG,NEGL,NEGNL,IMASS,IDAMP,ISTAT,
1 NDOFDM,KLIN,IEIG,IMASSN,IDAMPN
COMMON/PRCON/NPB,IDC,IVC,IAC,IPC,IPNODE(2,8)
DIMENSION DISP(NEQ),VEL(NEQ),ACC(NEQ),ID(NDOF,1)
DIMENSION D(6)

READ ID ARRAY INTO CORE

REWIND 8
NDBLK=NUMNP
READ(8)((ID(I,J),I=1,NDOF),J=1,NUMNP)

PRINT DISPLACEMENTS

IC=4
IF(IND.EQ.0) GO TO 10
IF(IND,EQ.0) GO TO 180

10 WRITE(6,2000)
WRITE(1,2000)
IC=IC+5
DO 150 IB=1,NPB
NODE1=IPNODE(1,IB)
IF(NODE1.EQ.0) GO TO 150
NODE2=IPNODE(2,IB)
IF(IND.EQ.0)NODE1=1
IF(IND.EQ.0)NODE2=NUMNP

DO 100 II=NODE1,NODE2
IC=IC+1
IF(IC.LT.56) GO TO 105
WRITE(6,2045)

WRITE(1,2045)
IC=4

105 DO 110 I=1,6
110 D(I)=0.

DO 120 I=1,NDOF
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KK=ID(I,II)
IL=I
IF(NDOF.EQ.2)IL=I+1

120 IF(KK.NE.0)D(IL)=DISP(KK)
WRITE(1,2010) II,D

100 WRITE(6,2010) II,D

IF(IND.EQ.0) GO TO 180
IF(IC.GE.55) GO TO 150
IC=IC+1
WRITE(6,2050)
WRITE(1,2050)

150 CONTINUE
180 IF(ISTAT.EQ.0)RETURN

PRINT VELOCITIES
305 IC=IC+5

WRITE(6,2030)
WRITE(1,2030)

308 DO 350 IB=1,NPB
NODE1=IPNODE(1,IB)
IF(NODE1.EQ.0) GO TO 350
NODE2=IPNODE(2,IB)
IF(IND.EQ.0) NODE1=1
IF(IND.EQ.0) NODE2=NUMNP

DO 300 II=NODE1,NODE2
IC=IC+1
IF(IC.LT.56) GO TO 307
WRITE(6,2032)
WRITE(1,2032)
IC=4

307 DO 310 I=1,6
310 D(I)=0.

DO 320 I=1,NDOF
KK=ID(I,II)
IL=I
IF(NDOF.EQ.2) IL=I+1

320 IF(KK.NE.0) D(IL)=ACC(KK)
WRITE(1,2010) II,D

300 WRITE(6,2010) II,D

IF(IND.EQ.0) RETURN
IF(IC.GE.55) GO TO 350
IC=IC+1
WRITE(6,2050)
WRITE(1,2050)

350 CONTINUE

RETURN
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Subroutine CRACKD (PROP,NCK,SIG,EPS,PS1,PS2,PS3,
DC1,DC2,DC3) IMPLICIT REAL*8(A–H,O–Z)

SET UP MATERIAL MATRICES FOR CRACKED CONCRETE

COMMON/MTMD3D/D(6,6),STRESS(6),STRAIN(6),IPT,NEL
DIMENSION DD(6,6),PROP(1),NCK(1),SIG(1),EPS(1),

@ PS1(1),PS2(1),PS3(1),DC1(1),DC2(1),DC3(1)
CALL PRINCL (IPT,STRESS,PS1,PS2,PS3,DC1,DC2,DC3)
CALL RCMOD (PROP,D)
CALL DMAT (PROP,NCK)
DO 222 I=1,6

DO 222 J=1,6
222 DD(I,J)=0.0

JJJ=1
LL=0
IF(NCK(1).EQ.1)LL=1
IF(NCK(2).EQ.1)LL=2
IF(NCK(3).EQ.1)LL=3
IF(NCK(1).EQ.1)1.AND.NCK(2).EQ.1)LL=4
IF(NCK(2).EQ.1)1.AND.NCK(3).EQ.1)LL=5
IF(NCK(1).EQ.1)1.AND.NCK(3).EQ.1)LL=6
IF(NCK(1).EQ.1)1.AND.NCK(2).EQ.1.AND.NCK(3).EQI)LL=7

IF(LL.EQ.7) GOTO 99
IF(JJJ.EQ.0) GOTO 200
IF(LL.EQ.0) GOTO 999
GOTO(113,114,115,116,117,118),LL

ONLY ONE DIRECTION CRACKED

113 CONTINUE

CRACK IN DIRECTION 1
DD(1,1)=0.0
DD(1,2)=0.0
DD(1,3)=0.0
DD(2,1)=0.0
DD(2,2)=D(2,2)-D(1,2)*D(1,2)/D(1,1)
DD(2,3)=D(2,3)-D(1,3)*D(1,2)/D(1,1)
DD(3,1)=0.0
DD(3,2)=DD(2,3)
DD(3,3)=D(3,3)-D(1,3)*D(1,3)/D(1,1)
DD(4,4)=PROP(12)*D(4,4)
DD(5,5)=DD(5,5)
DD(6,6)=PROP(12)*D(6,6)
GOTO 121

114 CONTINUE
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CRACK IN DIRECTION 2

DD(1,1)=D(1,1)-D(2,1)*D(2,1)/D(2,2)
DD(1,2)=0.0
DD(1,3)=D(1,3)-D(1,2)*D(2,3)/D(2,2)
DD(2,1)=0.0
DD(2,2)=0.0
DD(2,3)=0.0
DD(3,1)=DD(1,3)
DD(3,2)=0.0
DD(3,3)=D(3,3)-D(2,3)*D(2,3)/D(2,2)
DD(4,4)=PROP(12)*D(4,4)
DD(5,5)=PROP(12)*D(5,5)
DD(6,6)=D(6,6)
GOTO 121

115 CONTINUE

CRACK IN DIRECTION 3

DD(1,1)=D(1,1)-D(1,3)*D(1,3)/D(3,3)
DD(1,2)=D(1,2)-D(1,3)*D(2,3)/D(3,3)
DD(1,3)=0.0
DD(2,1)=DD(1,2)
DD(2,2)=D(2,2)-D(2,3)*D(2,3)/D(3,3)
DD(2,3)=0.0
DD(3,1)=0.0
DD(3,2)=0.0
DD(3,3)=0.0
DD(4,4)=D(4,4)
DD(5,5)=D(5,5)*PROP(12)
DD(6,6)=D(6,6)*PROP(12)
GOTO 121

116 CONTINUE
CRACKS IN TWO DIRECTIONS
CRACKS IN DIRECTIONS 1 & 2

DENOM=D(1,1)*D(2,2)-D(1,2)*D(2,1)
DD(1,1)=0.0
DD(1,2)=0.0
DD(1,3)=0.0
DD(2,1)=0.0
DD(2,2)=0.0
DD(2,3)=0.0
DD(3,1)=0.0
DD(3,2)=0.0
DD(3,3)=D(3,3)

1 -D(3,1)*(D(2,2)*D(1,3)-D(1,2)*D(2,3))/DENOM
2 -D(3,2)*(D(1,1)*D(2,3)-D(2,1)*D(3,1))/DENOM
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DD(4,4)=PROP(12)*D(4,4)
DD(5,5)=PROP(12)*D(5,5)
DD(6,6)=PROP(12)*D(6,6)
GOTO 121

117 CONTINUE

CRACKS IN DIRECTIONS 3 & 2

DENOM=D(2,2)*D(3,3)-D(2,3)*D(3,2)
DD(1,1)=D(1,1)

1 -D(1,2)*(D(3,3)*D(2,1)-D(3,1)*D(2,3))/DENOM
2 -D(1,3)*(D(2,2)*D(3,1)-D(2,1)*D(3,2))/DENOM
DD(1,2)=0.0
DD(1,3)=0.0
DD(2,1)=0.0
DD(2,2)=0.0
DD(2,3)=0.0
DD(3,1)=0.0
DD(3,2)=0.0
DD(3,3)=0.0
DD(4,4)=PROP(12)*D(4,4)
DD(5,5)=PROP(12)*D(5,5)
DD(6,6)=PROP(12)*D(6,6)
GOTO 121

118 CONTINUE

CRACKS IN DIRECTIONS 1 & 3

DENOM=D(1,1)*D(3,3)-D(3,2)*D(1,3)
DD(1,1)=0.0
DD(1,2)=0.0
DD(1,3)=0.0
DD(2,1)=0.0
DD(2,2)=D(2,2)

1 -D(2,1)*(D(3,3)*D(1,2)-D(3,2)*D(1,3))/DENOM
2 -D(2,3)*(D(1,1)*D(3,2)-D(3,1)*D(1,2))/DENOM
DD(2,3)=0.0
DD(3,1)=0.0
DD(3,2)=0.0
DD(3,3)=0.0
DD(4,4)=PROP(12)*D(4,4)
DD(5,5)=PROP(12)*D(5,5)
DD(6,6)=PROP(12)*D(6,6)

121 CONTINUE
GOTO 99

200 CONTINUE
IF(LL.EQ.0) GOTO 999

GOTO(1,2,3,4,5,6),LL
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1 CONTINUE
DD(2,2)=D(2,2)
DD(2,3)=D(2,3)
DD(3,2)=DD(2,3)
DD(3,3)=D(3,3)
DD(4,4)=PROP(12)*D(4,4)
DD(5,5)=PROP(12)*D(5,5)
DD(6,6)=PROP(12)*D(6,6)
GOTO 99

2 CONTINUE
DD(1,1)=D(1,1)
DD(1,3)=D(2,3)
DD(3,1)=D(1,3)
DD(3,3)=D(3,3)
DD(4,4)=PROP(12)*D(4,4)
DD(5,5)=PROP(12)*D(5,5)
DD(6,6)=D(6,6)
GOTO 99

3 CONTINUE
DD(1,1)=D(1,1)
DD(2,2)=D(2,2)
DD(1,2)=D(1,2)
DD(3,3)=D(3,3)
DD(2,1)=DD(1,2)
DD(4,4)=D(4,4)
DD(5,5)=PROP(12)*D(5,5)
DD(6,6)=PROP(12)*D(6,6)
GOTO 99

4 CONTINUE
DD(3,3)=D(3,3)
DD(4,4)=PROP(12)*D(4,4)
DD(5,5)=PROP(12)*D(5,5)
DD(6,6)=PROP(12)*D(6,6)
GOTO 99

5 CONTINUE
DD(1,1)=D(1,1)
DD(4,4)=PROP(12)*D(4,4)
DD(5,5)=PROP(12)*D(5,5)
DD(6,6)=PROP(12)*D(6,6)
GOTO 99

6 CONTINUE
DD(2,2)=D(2,2)
DD(4,4)=D(4,4)
DD(5,5)=D(5,5)
DD(6,6)=D(6,6)

99 CONTINUE

CRACKS IN ALL THREE DIRECTIONS
TRANSFER DD TO D
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DO 101 J=1,6
DO 101 K=1,6
D(J,K)=DD(J,K)

101 CONTINUE
999 CONTINUE

RETURN
END

Table A.I.1. Computer program ISOPAR: Material models subroutines

Cracks in all three principal directions

[D∗] = [0]

Material Matrix for Reinforcement

IMPLICIT REAL*8(A-H,O-Z)
COMMON/MTMD3D/D(6,6),STRESS(6),STRAIN(6),IPT,NEL
DIMENSION PROP(1),DS(6,6),SIG(1),EPS(1),NCK(1),PSI(1),PS2(1),

1 PS3(1),DC1(1),DC2(1),DC3(1)
DO 111 II=1,6
DO 111 JJ=1,6

111 DS(II,JJ)=0.0
DS(1,1)=PROP(9)/PROP(6)*PROP(2)
DS(2,2)=PROP(10)/PROP(7)*PROP(2)
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DS(3,3)=PROP(11)/PROP(8)*PROP(2)
CALL TESTCK(PROP,SIG,EPS,NCK.PS1,PS2,PS3,DC1,DC2.DC3)
IF(NCK(1).EQ.1.OR.NCK(2).EQ.1.OR.NCK(3).EQ.1)

@ GOTO 220
CALL DMAT(PROP,NCK)

220 DO 222 III=1,6
DO 222 JJJ=1,6

222 D(III,JJJ)=D(III,JJJ)+DS(III,JJJ)
RETURN

END

Orthotropic Variable-Modulus Model for Concrete

IMPLICIT REAL*8(A-H,O-Z)
DIMENSION E(3),G(3,3),D(6,6),PROP(1)
DO 222 II=1,6
DO 222 JJ=1,6

222 D(II,JJ)=0.0
AA=(1.0-PROP(S))/(1.0 + PROP(5))*(1.0-2.0*PROP(5))
BB=PROP(5)/(1.0-PROP(5))
E(1)=PROP(12)*PROP(1)*PROP(6)+PROP(2)*PROP(9)
E(2)=PROP(12)*PROP(1)*PROP(7)+PROP(2)*PROP(10)
E(3)=PROP(12)*PROP(1)*PROP(8)+PROP(2)*PROP(11)
DO 7100 J=1,3
DO 7100 K=1,3

7100 G(J,K)=O.25*(AA*(E(J) + E(K)))-2.0*AA*BB*DSQRT(E(J)*E(K))
D(1,1)=AA*E(1)
D(1,2)=AA*BB*DSQRT(E(1)*E(2))
D(1,3)=AA*BB*DSQRT(E(1)*E(3))
D(2,1)=D(1,2)
D(2,2)=AA*E(2)
D(2,3)=BB*DSQRT(E(2)*E(3))
D(3,1)=D(1,3)
D(3,2)=D(2,3)
D(3,3)=AA*E(3)
D(4,4)=G(1,2)
D(5,5)=G(1,3)
D(6,6)=G(2,3)
RETURN
END

Ottoson Model

IMPLICIT REAL*8(A-H,O-Z)
COMMON/MTMD3D/DEP(6,6),STRESS(6),STRAIN(6),IPT,NEL
DIMENSION PAR(3,5),FS(6,6),FSTPOS(6,6),PROP(1),SIG(1),

@ DVI1DS(6),DVJ2DS(6),DVJ3DS(6),DVTHDS(6)
OPEN(UNIT=5,FILE =’PARAMETERS’,STATUS=’OLD’)
READ(5,*,END=3700)((PAR(IF,JF),JF=1,5),IF=1,3)
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3700 CLOSE(5)
PK=PROP(3)/PROP(4)
IP=0
JP=0
IF(PK.LE.0.08) IP=1
IF(PK.EQ.0.10) IP=2
IF(PK.GE.0.12) IP=3
IF(PK.LT.0.10) JP=1
IF(PK.GT.0.10) JP=2
IF(IP.EQ.0) GOTO 3800
A=PAR(IP,2)
B=PAR(IP,3)
PK1=PAR(IP,4)
PK2=PAR(IP,5)
GOTO 3900

3800 SUB1=PK-PAR(JP,1)
SUB2=PAR(JP+1,1)-PAR(JP,1)
A=SUB1*(PAR(JP+1,2)-PAR(JP,2))/SUB2+PAR(JP,2)
B=SUB1*(PAR(JP+1,3)-PAR(JP,3))/SUB2+PAR(JP,3)
PK1=SUB1*(PAR(JP+1,4)-PAR(JP,4))/SUB2+PAR(JP,4)
PK2=SUB1*(PAR(JP+1,5)-PAR(JP,5))/SUB2+PAR(JP,5)

3900 VARI1=SIG(1)+SIG(2)+SIG(3)
VARJ2=1.0/6.0*((SIG(1)-SIG(2))**2+(SIG(2)-SIG(3))**2+

@ (SIG(3)-SIG(1))**2)+ SIG(4)**2+SIG(5)**2+SIG(6)**2
VARI13=VARI1/3.0
VI131=SIG(1)-VARI13
VI132=SIG(2)-VARI13
VI133=SIG(3)-VARI13
VARJ3=VI131*(VI132*VI133-SIG(5)**2)-SIG(4)*(SIG(4)*VI133

@ -SIG(5)*SIG(5))+ SIG(6)*(SIG(4)*SIG(5)-SIG(6)*VI132)
VAR3TH=1.5*3.0**(0.5)*VARJ3/VARJ2**1.5
IF(VAR3TH.GE.0.0) GOTO 4000
ALAM=22.0/21.0-1.0/3.0*ACOS(-PK2*VAR3TH)
TOTLAM=PK1*COS(ALAM)
DFD3TH=PK1*PK2*VARJ2**0.5*SIN(ALAM)/(3.0*PROP(4)*

@ SIN(ACOS(-PK2*VAR3TH)))
GOTO 4100

4000 ALAM=1.0/3.0*ACOS(PK2*VAR3TH)
TOTLAM=PK1*COS(ALAM)
DFD3TH=PK1*PK2*VARJ2**0.5*SIN(ALAM)/(3.0*PROP(4)*

@ SIN(ACOS(PK2*VAR3TH)))
4100 DFDI1=B/PROP(4)

DFDJ2=A/PROP(4)**2+TOTLAM/(PROP(4)*VARJ2**0.5)
DVI1DS(1)=1.0
DVI1DS(2)=1.0
DVI1DS(3)=1.0
DVI1DS(4)=0.0
DVI1DS(5)=0.0
DVI1DS(6)=0.0
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DVJ2DS(1)=1.0/3.0*(2.0*SIG(1)-SlG(2)-SIG(3))
DVJ2DS(2)=1.0/3.0*(2.0*SIG(2)-SIG(1)-SIG(3))
DVJ2DS(3)=1.0/3.0*(2.0*SIG(3)-SIG(1)-SIG(2))
DVJ2DS(4)=2.0*SIG(4)
DVJ2DS(5)=2.0*SIG(5)
DVJ2DS(6)=2.0*SIG(6)
DVJ3DS(1)=1.0/3.0*(VI131*(-VI132-VI133))+2.0*VI132*VI131

@ -2.0*SIG(5)**2+SIG(4)**2+SIG(6)**2
DVJ3DS(2)=1.0/3.0*(VI132*(-VI131-VI133))+2.0*VI13I*VI133

@ -2.0*SIG(6)**2+SIG(4)**2+SIG(5)**2
DVJ3DS(3)=1.0/3.0*(VI133*(-VI131-VI132))+2.0*VI131*VI132

@ -2.0*SIG(4)**2+SIG(5)**2+SIG(6)**2
DVJ3DS(4)=-2.0*VI133*SIG(4)+2.0*SIG(5)*SIG(6)
DVJ3DS(5)=-2.0*VI131*SIG(5)+2.0*SIG(4)*SIG(6)
DVJ3DS(6)=-2.0*VI132*SIG(6)+2.0*SIG(4)*SIG(5)
CONVJ2=3.0*3.0**0.5/(2.0.VARJ2*1.2)
VJ3J2=VARJ3/VARJ2**0.5
DVTHDS(1)=CONVJ2*(-0.5*VJ3J2*(2.0*SIG(1)-SIG(2)-SIG(3))

+DVJ3DS(1))
DVTHDS(2)=CONVJ2*(-0.5*VJ3J2*(2.0*SIG(2)-SIG(1)-SIG(3))

+DVJ3DS(2))
DVTHDS(3)=CONVJ2*(-0.5*VJ3J2*(2.0*SIG(3)-SIG(1)-SIG(2))

+DVJ3DS(3))
DVTHDS(4)=CONVJ2*(-3.0*VJ3J2*SIG(4)+DVJ3DS(4))
DVTHDS(5)=CONVJ2*(-3.0*V33J2*SIG(5)+DVJ3DS(5))
DVTHDS(6)=CONVJ2*(-3.0*VJ3J2.SICA6)+DVJ3DS(6))
DO 4200 IS=1,6
FS(IS,1)=DFDI1*DVI1DS(IS)+DFDJ2*DVJ2DS(IS)+DFD3TH*DVTHDS(IS)

4200 FSTPDS(1,IS)=FS(IS,1)
RETURN
END

Table A.I.2. Algorithm for principal stresses

Principal stresses and direction cosines D1, D2, D3 are the direction cosines of
principal stresses PS1, PS2, PS3.

IF(X5.GE.X6.AND.X6.GE.X7) GOTO 430
IF(X5.GE.X7.AND.X7.GE.X6) GOTO 431
IF(X6.GE.X5.AND.X5.GE.X7) GOTO 432
IF(X6.GE.X7.AND.X7.GE.X5) GOTO 433
IF(X7.GE.X5.AND.X5.GE.X6) GOTO 434
IF(X7.GE.X5.AND.X6.GE.X5) GOTO 435

430 X1=X5
X2=X6
X3=X7
GOTO 438

431 X1=X5
X2=X7
X3=X6
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GOTO 438
432 X1=X6

X2=X5
X3=X7
GOTO 438

433 X1=X6
X2=X7
X3=X5
GOTO 438

434 X1=X7
X2=X5
X3=X6
GOTO 438

435 X1=X7
X2=X6
X3=X5

438 CONTINUE

PRINCIPAL STRESSES
PS1(IPT)=X1
PS2(IPT)=X2
PS3(IPT)=X3
D0 440 IS=1,3
GOTO (443,445,447),IS

443 AS1=G1-X1
AS2=G2-X1
AS3=G3-X1
GOTO 444

445 AS1=G1-X2
AS2=G2-X2
AS3=G3-X2
GOTO 444

447 AS1=G1-X3
AS2=G2-X3
AS3=G3-X3

444 CONTINUE
AK=G4
BK=G5
CK=G6
YAP1=AS2*CK-BK*AK
YAP2=AK*AK-AS1*AS2
IF(YAP1.EQ.0.0) YAP1=1.0
IF(YAP2.EQ.0.0) YAP2=1.0
BJM1=(BK*BK-AS2*AS3)/YAP1
BJM2=(AS1*BK-AK*CK)/YAP2
BJ1=BJM1*BJM1
BJ2=BJM2*BJM2
ZIP=DSQRT(BJ1+BJ2+1.0)
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A Computer Program for the Analysis of Concrete Elements
Subject to Fire

This program was developed by R. Karuna for his MSc Thesis, City Univer-
sity, London, UK, 1996. Reproduced here by courtesy of R. Karuna.

Note that the author has assisted him in programming and analysis for
two years.

Part A

c PROGRAM FOR CALCULATING OVERALL STRESS OF
c PRESTRESSED CONCRETE BEAM DUE TO THE EFFECTS
c OF TEMPERATURE, PRESTRESS, POINT LOADS AND
c UNIFORMLY DISTRIBUTED LOAD.

REAL X(75),Y(75),D(75),TEa,e,H,Yj,B,T,SIGAV,
+SIGP,SIG,L,F(20),a(20),c,W,PREFOE,SA,NA,
+SEMO,ARE
WRITE(*,*)’B=’,’T=’,’H=’,’Yj=’
READ(*,*) B,T,H,Yj
WRITE(*,*)’L=’,’c=’,’W=’
READ(*,*) L,c,W
WRITE(*,*)’e=’,’PREFOE=’,’SA=’
READ(*,*) e,PREFOE,SA
WRITE(*,*)’NO OF NODES’
WRITE(*,*)’X=’,’Y=’
WRITE(*,*)’M=’,’F=’,’a=’
CALL SEMO3(B,T,H,e,SA,NA,m1,ARE,D,AvE,SEMO)
WRITE(*,*)’SEMO’,’NA’,’SA’
WRITE(*,*) SEMO,NA,SA
CALl tele(X,Y,B,T,H,Yj,D,SIGAV,L,F,
+W,a,c,SEMO,NA)
WRITE(*,*)’SIGAV’
WRITE(*,*) SIGAV
CALL telep(B,H,T,e,Yj,O,TEa,SIGP,SA,
+PREFOE,NA,SEMO)
WRITE(*,*)’SIGP’
WRITE(*,*) SIGP
SIG=SIGAV+SIGP
WRITE(*,*)’SIG’
WRITE(*,*) SIG
END

c SUBROUTINE FOR CALCULATING AVERAGE STRESS
c OF CONCRETE BEAM DUE TO TEMPERATURE EFFECT.

SUBROUTINE tele(X,Y,B,T,H,Yj,D,SIGAV,L,F,
+W,a,c,SEMO,NA)
INTEGER I,N
REAL X(75),Y(75),D(75),Y1(75),F(20),W,
+TEa(20),E(20),SIGAV3,Yj,SIGAV,L,a(20),c,
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+SIG 12(75),SIGAV1,SIGAV2,SIG3(75),H,MOM,
+SIGL1,SIGL2,SEMO,NA
ARE=B*H
READ(*,*) N
SUM12=0
SUM3=0
DO 10 1=1,N
READ(*,*) X(I)
READ(*,*) Y(I)
IF (X(I).LT.Y(I)) THEN
D(I)=X(I)
ELSE
D(I)=Y(I)
ENDIF
Y1(I)=Y(I)-NA
CAll DIRKF(B,D(I),T,TEa(I))
WRITE(*,*)’ TEa(I)’
WRITE(*,*) TEa(I)
CAll faxff(TEa(I),FACT,ecC,E(I))
WRITE(*,*)’E(I)’
WRITE(*,*) E(I)
SIG12(1)=E(I)*7E-06*(TEa(I)-20)
SIG3(I)=(E(I)*7E-06*(TEa(I)-20)*Y1(I)*ARE*Yj)
+/(SEMO*N)
SUM12=SUM12+SIG12(1)
SUM3=SUM3+SIG3(1)

10 CONTINUE
SIGAV1=-SUM12/N
WRITE(*,*)’SIGAV1’
WRITE(*,*) SIGAV1
SIGAV2=SUM12/N**2
WRITE(*,*)’SIGAV2’
WRITE(*,*) SIGAV2
SIGAV3=SUM3/N**2
WRITE(*,*)’SIGAV3’
WRITE(*,*) SIGAV3
CAll momt(F,a,l,c,MOM)
WRITE(*,*)’MOM’
WRITE(*,*) MOM
SIGL1=-(MOM*Yj*10**3)/(SEMO)
WRITE(*,*)’SIGL1’
WRITE(*,*) SIGL1
SIGL2=-(W*c*(L-c)*Yj*10**3)/(2*SEMO)
WRITE(*,*)’SIGL2’
WRITE(*,*) SIGL2
SIGAV=SIGAV1+SIGAV2+SIGAV3+SIGL1+SIGl2
WRITE(*,*)’SIGAV’
WRITE(*,*) SIGAV
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RETURN
END

c SUBROUTINE FOR CALCULATING TEMPERATURE OF A
c BEAM AT A PARTICULAR DEPTH FOR A GIVEN TIME
c OF FIRE EXPOSURE.

SUBROUTINE DIRKF (BX,DX,TX,TEa)
INTEGER I,J,K
REAl B(10),D(75),T(10),TE(10,75,10),TE1,
+TE2,TE3,TE4,TE5,TE6,
+TE7,TE8,D1,D2,T1,T2,B1,B2,TE57,TE13,
+TE86,TE24,TEa1,TEa2,TEa
OPEN(UNIT=9,FILE=’TEMP2’,STATUS=’OLD’)
REWIND 9
READ(9,*)(D(J),J=1,19)
DO 10 J=1,19
IF (DX.LT.D(J)) THEN
JD=J
GO TO 20
ENDIF

10 CONTINUE
20 READ(9,*) (T(K),K=1,6)

DO 30 K=1,6
IF (TX.LT.T(K)) THEN
KT=K
GO TO 40
ENDIF

30 CONTINUE
40 READ(9,*) (B(I),I=1,8)

DO 50 1=1,8
IF (BX.GT.B(I)) THEN
IB=1
GO TO 60
ENDIF

50 CONTINUE
60 AEAD(9,*) (((TE(I,J,K),J=1,19),K=1,6),I=1,8)

TE1=TE(IB-1.JD.KT-1)
TE3=TE(IB-1,JD,KT)
TE4=TE(IB,JD,KT)
TE5=TE(IB-1,JD-1,KT)
TE6=TE(IB,JD-1,KT)
TE7=TE(IB-1,JD-1,KT-1)
TE8=TE(IB,JD-1,KT-1)
D1=D(JD-1)
D2=D(JD)
T1=T(KT-1)
T2=T(KT)
B1=B(IB-1)
B2=B(IB)
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TE57=(TX-T2)*(TE5-TE7)/(T2-T1)+TE5
TE13=(TX-T2)*(TE3-TE1)/(T2-T1)+TE3
TE86=(TX-T2)*(TE6-TE8)/(T2-T1)+TE6
TE24=(TX-T2)*(TE4-TE2)/(T2-T1)+TE4

TEa1=(DX-D2)*(TE57-TE13)/(D1-D2)+TE13
TEa2=(DX-D2)*(TE86-TE24)/(D1-D2)+TE24
TEa=(BX-B1)*(TEa2-TEa1)/(B2-B1)+TEa1
CLOSE (9)
RETURN
END

c SUBROUTINE FOR CALCULATING ELASTIC MODULES
c OF CONCRETE FOR A PARTICULAR TIME OF FIRE
c EXPOSURE.

SUBROUTINE faxff(TEa,FACT,ecC,E)
INTEGER I
REAL TE(20),FAC(20),FACT,ec(20),ecC,
+E,TEa
OPEN(UNIT=2,FILE=’YONG’,STATUS-’OLD’)
REWIND 2
READ(2,*) (TE(I),I=1,13)
READ(2,*) (FAC(I),I=1,13)
READ(2,*) (ec(I),I=1,13)
DO 10 I=1,13
IF (TEa.LT.TE(I)) THEN
ITE=I
GO TO 20
ENDIF

10 CONTINUE
20 TE2=TE(ITE-1)

TE1=TE(ITE)
FAC2=FAC(ITE-1)
FAC1=FAC(ITE)
ec2=ec(ITE-1)
ec1=ec(ITE)
FACT=(TEa-TE2)*(FAC1-FAC2)/(TE1-TE2)+FAC2
ecC=(TEa-TE2)*(ec1-ec2)/(TE1-TE2)+ec2
WRITE(*,*)’FACT’,’ecC’
WRITE(*,*) FACT,ecC
E=(1.5*FACT*43.4)/ecC
CLOSE (2)
RETURN
END

c SUBROUTINE FOR CALCULATING STRESS OF A CONCRETE
c BEAM DUE TO PRESTRESS WITH TEMPERATURE EFFECT.

SUBROUTINE telep(B,H,T,e,Yj,D,TEa,SIGP,SA,
+PREFOE,NA,SEMO)
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INTEGER I
REAL TE(20),COE(20),COEF,FORC,B,H,ARE,Yj,SA,NA,
+SEMO, T,e,D,TEa,SIGP1,SIGP2,PREFOE,Et,SIGP3,SIGP
OPEN(UNIT=3,FILE=’PRE’,STATUS=’OLD’)
ARE=B*H
IF((H/2-e).LT.B/2)THEN
D=H/2-e
ELSE
D=B/2
ENDIF
CALL DIRKF(B,D,T,TEa)
WRITE(*,*)’TEa’
WRITE(*,*) TEa
READ(3,*) (TE(I),I=1,13)
READ(3,*)(COE(I),I=1,13)
DO 10 I=1,13
IF (TEa.LT.TE(I)) THEN
ITE=I
GO TO 20
ENDIF

10 CONTINUE
20 TE2=TE(ITE-1)

TE1=TE(ITE)
COE2=COE(ITE-1)
COE1=COE(ITE)
COEF=(TEa-TE2)*(COE1-COE2)/(TE1-TE2)+COE2
WRITE(*,*)’COEF’
WRITE(*,*) COEF
FORC=COEF*PREFOE
SIGP1=-FORC/ARE
WRITE(*,*)’SIGP1’
WRITE(*,*) SIGP1
SIGP2=(FORC*e*Yj)/SEMO
WRITE(*,*)’SIGP2’
WRITE(*,*)SIGP2
CALL STLYON(TEa,H,e,B,T,D,RATIO,Et)
WRITE(*,*)’Et’
WRITE(*,*) Et
SIGP3=-((Et*(TEa-20)*SA)/ARE)*6.5E-06
WRITE(*,*)’SIGP3’
WRITE(*,*) SIGP3
SIGP=SIGP1+SIGP2+SIGP3
CLOSE (3)
RETURN
END

c SUBROUTINE FOR CALCULATING MOMENT OF
c A BEAM AT A PARTICULAR DISTANCE FROM
c THE SUPPORTS WITH NUMBER OF POINT LOADS



708 Appendix I

SUBROUTINE momt(F,a,L,c,MOM)
INTEGER I,M
REAL F(20),a(20),L,c,SUM1(20),
+MOM,SUM2(20),SUM11,SUM22
READ(*,*) M
SUM22=0
SUM11=0
D0 20 I=1,M
READ(*,*) F(I)

c SUBROUTINE FOR CALCULATING I-VALUE OF A PRESTRESSED
c CONCRETE BEAM FOR A GIVEN TIME OF FIRE EXPOSURE.

SUBROUTINE SEMO3(B,T,H,e,SA,NA,m1,ARE,D,AvE,SEMO)
REAL B,T,H,e,SA,NA,m1,ARE,
+SEMO,D,AvE
CALL NAXIS1(B,T,H,e,SA,m1,ARE,AvE,D,NA)
WRITE(*,*) NA
SEMO=(B*H**3)/12+B*H*(NA-H/2)**2t+(m1*SA-SA)*(H/2+e-NA)**2
WRITE(*,*)’SEMO’
WRITE(*,*) SEMO
RETURN
END

c SUBROUTINE FOR CALCULATING NEUTRAL AXIS DEPTH
c OF A PRESTRESSED CONCRETE BEAM FOR A GIVEN
c TIME OF FIRE EXPOSURE.

SUBROUTINE NAXIS1(B,T,H,e,SA,m1,ARE,AvE,D,NA)
REAL X(75),Y(75),TEa,B,T,H,AvE,Et,SA,e,NA,m1,ARE,D
CALL CONYON(X,Y,B,T,AvE)
WRITE(*,*)’AvE’
WRITE(*,*) AvE
CALL STLYON(TEa,H,e,B,T,D,RATIO,Et)
WRITE(*,*)’Et’
WRITE(*,*) Et
m1=Et/AvE
ARE=B*H
NA=(ARE*H/2+(m1-1)*SA*(H/2+e))/(ARE+(m1-1)*SA)
WRITE(*,*)’NA’
WRITE(*,*) NA
RETURN
END

c SUBROUTINE FOR CALCULATING AVERAGE ELASTIC
c MODULES OF CONCRETE BEAM FOR A PARTICULAR
c TIME OF FIRE EXPOSURE.

SUBROUTINE CONYON(X,Y,B,T,AvE)
INTEGER I,N
REAL X(75),Y(75),D(75),TEa(75),E(75),
+AvE,B,T
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READ(*,*) N
SUM=0
DO 10 I=1,N
READ(*,*) X(I)
READ(*,*) Y(I)
IF (X(I).LT.Y(I)) THEN
D(I)=X(I)
ELSE
D(I)=Y(I)
ENDIF

CALL dirkf(B,D(I),T,TEa(I))
WRITE(*,*)TEa(I)
CALL faxff(TEa(I),FACT,ecC,E(I))
WRITE(*,*) E(I)
SUM=SUM+E(I)

10 CONTINUE
AvE=SUMN
WRITE(*,*)’AvE’
WRITE(*,*) AvE
RETURN
END

I.4 Superelement and Substructuring

In general terms, such formulations are described by the following:⎡
⎣
⎡⎡

K KR

KT ′′
R KRR

⎤
⎦
⎤{

U

URUU

}
=
{

F

FRFF

}
(A.74)

The subscript R represents reaction forces. The top half of (A.74) is used to
solve for {U}:

{U} = −[K]−1[KR]{URUU } + [K]−1{F} (A.75)

The reaction forces {FRFF } are computed from the bottom half of the equa-
tion as

{FRFF } = [KR]T
′′{U} + {KRR}{URUU } (A.76)

Equation (A.75) must be in equilibrium with (A.76).
For large structures with complicated features, a substructure (superele-

ment) may be adopted on the lines suggested in (A.74). This superelement
may then be used as a reduced element from the collection of elements. If
subscripts γ and γ′ represent the retained and removed degrees of freedom
of the equations partitioned into two groups, then the expressions in (A.74)
can be written as
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⎣
⎡⎡

KγγKK KγγKK ′

KγKK ′γ KγKK ′γ′

⎤
⎦
⎤⎤{

Uγ

UγUU ′

}
=
{

FγFF

FγFF ′

}
(A.77)

Equation (A.77) when expanded assumes the following form:

{FγFF } = [KγγKK ]{UγUU } + [KγγKK ′ ]{UγUU ′} (A.78)

{FγFF ′} = [KγKK ′γ ]{UγUU } + [KγKK ′γ ]{UγUU ′} (A.79)

When a dynamic analysis is carried out, the subscript γ, (retained) represents
the dynamic degrees of freedom.

When (A.79) is solved, the value of UγUU ′ is then written, similarly to (A.75).

{UγUU ′} = [KγKK ′γ′ ]−1{FγFF ′} + [KγKK ′γ′ ]−1{KγKK ′γ}{UγUU } (A.80)

Substituting {UγUU ′} into (A.77) gives:[
[KγγKK ] − [KγKK ′γ ][KγγKK ′ ]−1[KγKK ′γ ]

]
{UγUU } =

[
{FγFF } − [KγγKK ′ ][KγγKK ′ ]−1{FγFF ′}

]
(A.81)

or

[K̄]{Ū} = {F̄} (A.82)

where

[K̄] = [KγγKK ] − [KγγKK ′ ][KγKK ′γ′ ]−1[KγKK ′γ ] (A.83)

{F̄} = {FγFF } − [KγγKK ′ ][KγKK ′γ′ ]−1{FγFF ′} (A.84)

{Ū} = {UγUU } (A.85)

and [K̄] and [F̄ ] are generally known as the substructure stiffness matrix and
load vector, respectively.

In the above equations, the load vector for the substructure is taken as
a total load vector. The same derivation may be applied to any number of
independent load vectors. For example, one may wish to apply thermal, pres-
sure, gravity and other loading conditions in varying proportions. Expanding
the right-hand sides of (A.78) and (A.79) gives:

{FγFF } =
n∑

i=1

{FγiFF } (A.86)

{FγFF ′} =
n∑

i=1

{FγFF ′i} (A.87)

where n = the number of independent load vectors.
Substituting into (A.82)

{F̄} =
n∑

i=1

{FγγFF ′} − [KγγKK ′ ][KγKK ′γ′ ]−1
n∑

i=1

{FγFF ′i} (A.88)
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I.5 Large Strain

When the strains in a material exceed more than a few per cent, the changing
geometry due to this deformation can no longer be neglected. Analyses which
include this effect are called large strain, or finite strain, analyses. A large
strain analysis is performed in a static and dynamic transient analysis.

The theory of large strain computations can be addressed by defining a
few basic physical quantities (motion and deformation) and the corresponding
mathematical relationship. The applied loads acting on a body make it move
from one position to another. This motion can be defined by studying a
position vector in the ‘deformed’ and ‘undeformed’ configuration. Say the
position vectors in the ‘deformed’ and ‘undeformed’, state are represented
by {x} and {X} respectively, then the motion (displacement) vector {u} is
computed by (Fig. A.I.5)

{u} = {x} − {X} (A.89)

The deformation gradient [FdFF ] is defined as:

[FdFF ] =
∂{x}
∂{X} + [I] = [R][u] (A.90)

where [I] = identity matrix.
The volume change at a point

dV
dV0VV

= det[F ] (A.91)

where

V0VV = original volume
V = current volume
[u] = fight stretch shape change matrix

Fig. A.I.5. Position vectors and motion of a deforming body
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Largestrain {ε} is written as

{ε} = ln[u] =
∑

ln(λi){ei}{ei}T′′
(A.92)

where

λi = eigenvalues of [u]
ei = eigenvectors of [u]

R = rotation matrix
(
[R]T

′′
[R] = [I]

)
Element formulation using Lagrangian formulation technique

[K̄i]∆ui = [F a] − [F nr
iFF ] (A.93)

where

[K̄i] = tangent matrix = [Ki] + [Si]
[Ki] = usual stiffness matrix

=
∫

[Bi]T
′′
[Di][Bi]d(vol) (A.94)

[Si] = stress stiffness contribution or geometric stiffness

=
∫

[Gi]T[τiττ ][Gi]d(vol) (A.95)

where

[Gi] = matrix of shape function derivatives
[τiττ ] = matrix for the current Cauchy stresses i.e. true stresses σi

[F nr
iFF ] =

∫
[Bi]T

′′{σi}d(vol) (A.96)

The increment of large strain [∆εn] is then written as

[∆εn] = [R1/2]T
′′
[∆ n̄][R1/2] (A.97)

where

[R1/2] = rotational matrix from the polar decomposition of the defor-
mation gradient evaluated at the midpoint configuration

[F1FF /2] = [R1/2][U1UU /2] (A.98)

where

[F1FF /2] = [I] +
∂{U1/2}

∂X
(A.99)

Large deformation and large strains are obtained where these formulations
are linked to the main analyses, static dynamic and blast type of loading are
encountered.
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I.6 Criteria for Convergence and Acceleration

Convergence Criteria

To ensure convergence to the correct solution by finer sub-division of the
mesh, the assumed displacement function must satisfy the convergence crite-
ria given below:

(a) Displacements must be continuous over element boundaries.
(b) Rigid body movements should be possible without straining.
(c) A state of constant strain should be reproducible.

Euclidean norm ψi/Ri ≤ C. The term ψi represents the unbalanced forces
and the norm of the residuals. With the aid of the iterative scheme described
above, the unbalanced forces due to the initial stresses {σ0} become negligibly
small. As a measure of their magnitude, the norm of the vector‖ψi‖ is used.
The Euclidean norm and the absolute value of the largest component of the
vector are written as

‖ψi‖ =
(|ψ1|2 + . . . + |ψn|2)1/2

‖Ri‖ =
(|{Ri}T {Ri}|)1/2

(A.100)

the convergence criterion adopted is

‖ψ‖ = max
i

|ψ1| < C = 0.001 (A.101)

Uniform Acceleration

Various procedures are available for accelerating the convergence of the mod-
ified Newton–Raphson iterations. Figures A.I.6a and b shows the technique

Fig. A.I.6a. Newton–Raphson method



714 Appendix I

Fig. A.I.6b. Initial stress method

Fig. A.I.6c. Technique of computing acceleration factors

of computing individual acceleration factors, δ1 and δ2 are known. Then, as-
suming a constant slope of the response curve, and from similar triangles,
the value of δ3 is computed (Figs. A.I.6a to f).

δ1

δ2
=

δ2
δ3

δ3 = δ2
δ2

δ1
(A.102)

When δ3 is added to δ2, then the accelerated displacement δ′
2 is expressed as

δ′
2 = δ2 + δ3 = δ2

(
1 +

δ2

δ1

)
= αδ2 (A.103)

where the acceleration factor α is

α = 1 +
δ2
δ1

(A.104)
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Fig. A.I.6d. Graphical representation

Fig. A.I.6e–f. (e) Linear acceleration and load assumptions of the Wilson θ
method; (f) Quadratic and cubic variation of velocity and displacement assumptionsff
of the Wilson Wilson θ method

Generally the range of α is between 1 and 2. The value of α = 1 for zero
acceleration, and the value of α reaches the maximum value of 2 when the
slope of the δ − R curve approaches zero.

The acceleration factor α is computed individually for every degree of
freedom of the system. The displacement vector obtained from the linear
stiffness matrix [k0] is then multiplied by the [α] matrix having the above
constants on its diagonals. The remaining components of [α] are zero. The
accelerated displacement vector is then expressed as follows:

{∆u′
i} = [ai − 1]{∆ui} (A.105)

From these accelerated displacements {∆u′
i}, the initial stresses {σ0} are

found and they are equilibrated with the forces {ψi}. They are then used for
the next solution

{∆ūi} = [k0]−1{ψi} (A.106)
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which results in a new set of acceleration factors. Now an estimate for the
displacement increment is made in order to find the incremental stresses and
total stresses.

Note: ∆P is a specific value of F .
The residual forces needed to re-establish equilibrium can now easily be

evaluated

{ψ̂i} =
∫
ν

[B]T {σ0T
}dV − {Ri} (A.107)

where {Ri} represents the total external load; dV is the volume.
A new displacement now results from

{∆ui+1} = −[k0]−1{ψ̂i} (A.108)

In order to carry out these iterative steps, numerical integration is required.
First of all the evaluation of {ψ̂i} from the initial stresses is required, and
this requires integration over the elastic-plastic region only. The value of
{ψ̂i} is computed by carrying out the integration over the entire domain of
the analysis. Since these kinds of accelerated steps unbalance the equilibrium,
therefore it has to be re-established by finding the residual forces {ψ̂i}. Since
the state of stress produced by the accelerated displacements is not in balance
with the residual forces of the previous iteration, the new residual forces
{ψ̂i} of (A.108) must balance {σT} and {Ri}. Here the acceleration scheme
is needed to preserve equilibrium, which will eventually make the equivalent
forces over the whole region unnecessary. This is achieved by applying a
uniform acceleration, i.e. the same acceleration factor Ā to all displacements,
found by averaging the individual factors αi

Ā =
1
n

n∑
i=1

αi (A.108a)

The force-displacement equation is then written by multiplying both sides
with the scalar quantity Ā without disturbing the equilibrium.

Ā{∆ui} = [k0]−1Ā{ψi}
Now to evaluate {ψi+1}, the previous value of {ψi} must be multiplied by Ā,
and the previously accelerated forces from the initial stresses {σ0} must be
included such that

{ψi+1} =
∫
V

[B]T {σ0}dV − (A − 1){ψi−1} (A.109)
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Part SUB-PROGRAM of BANG-FIRE

Part B

c PROGRAMME FOR CALCULATING DEFLECTION OF
c A BEAM AT A DISTANCE FROM THE SUPPORT
c DUE TO POINT LOADS AND UNIFORMLY
c DISTRIBUTED LOAD FOR A PARTICULAR TIME
c OF FIRE EXPOSURE.

INTEGER I,M
REAL P(20),a(20),L,c,w,SUM1(20),A,Def,
+SUM4,SUM,SEMO,SUM2(20),AvE,H1,As,NA,m1,Def2,
+SUM3(20),B,T,H,Defl,SUM11,SUM22,SUM33,R2
WRITE(*,*)’B=’,’T=’,’H=’,’H1=’,’As=’
READ(*,*) B,T,H,H1,As
WRITE(*,*)’L=’,’c=’,’w=’
READ(*,*) L,c,w
WRITE(*,*)’M=’
WRITE(*,*)’P=’,’a=’
READ(*,*) M
SUM11=0
SUM22=0
SUM33=0
D0 10 I=1,M
READ(*,*) P(I)
READ(*,*) a(l)
SUM1(I)=P(I)*(c-a(I))**3/6
SUM2(I)=P(I)*(L-a(I))**3/(6*L)
SUM3(I)=P(I)*(L-a(I))/L
SUM11=SUM11+SUM1(I)
SUM22=SUM22+SUM2(I)
SUM33=SUM33+SUM3(I)

10 CONTINUE
SUM=SUM11-SUM22*c+SUM33*(c*L**2-c**3)/6
SUM4=w*c**4/24+w*c*L**3/24-w*L*c**3/12
WRITE(*,*)’I’,’P’,’a’
D0 20 I=1,M
WRITE(*,*) I,P(I),a(I)’

20 CONTINUE
WRITE(*,*)’SUM11’,’SUM22’,’SUM33’,
+’SUM’,’SUM4’
WRITE(*,*) SUM11,SUM22,SUM33,SUM,SUM4
WRITE(*,*) ’NO OF NODES’
WRITE(*,*) ’X=’,’Y=’
CALL SEMO2(B,T,H,H1,NA,m1,A,As,AvE,SEMO)
WRITE(*,*)’SEMO’,’ AvE’
WRITE(*,*) SEMO,AvE
WRITE(*,*) SEMO,AvE,SUM,SUM4
Def1=((SUM+SUM4)*10**9)/(AvE.SEMO)
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WRITE(*,*)’Def1’
WRITE (*,*) Def1
CALL CONYON(X,Y,B,T,A,H,NA,R2)
WRITE(*,*) ’R2’
WRITE(*,*) R2
WRITE(*,*)’L,c,AvE,SEMO’
WRITE(*,*) L,c,AvE,SEMO
Def2=(R2*c*(L-c)*10**6)/(2*AvE*SEMO)
WRITE(*,*) ’Def2’
WRITE(*,*) Def2
Def=Def1+Def2
WRITE(*,*) ’Def
WRITE(*,*) Def
END

SUBROUTINE DIRKF(BX,OX,TX,TEa)
INTEGER I,J,K
REAL B(75),D(75),T(75),TE(75,75,75),TE1,
+TE2,TE3,TE4,TE5,TE6,
+TE7,TE8,D1,D2,T1,T2,B1,B2,TE57,TE13,
+TE86,TE24,TEa1,TEa2,TEa
OPEN(UNIT=9,FILE=’TEMP2’,STATUS=’OLD’)
READ(9,*)(D(J),J=1,19)
D0 10 J=1,19
IF(DX.LT.D(J)) THEN
JD=J
GO TO 20
ENDIF

10 CONTINUE
20 READ(9,*) (T(K),K=1,6)

DO 30 K=1,6
IF (TX.LT.T(K)) THEN
KT=K
GO TO 40
ENDIF

30 CONTINUE
40 READ(9,*) (B(I),I=1,8)

DO 50 I=1,8
IF (BX.GT.B(I)) THEN
IB=I
GO TO 60
ENDIF

50 CONTINUE
60 READ(9,*) (((TE(I,J,K),J=1,19),K=1,6),I=1,8)

TE1=TE(IB-1,JD,KT-1)
TE2=TE(IB,JD,KT-1)
TE3=TE(IB-1,JD,KT)
TE4=TE(IB,JD,KT)
TE5=TE(IB-1,JD-1,KT)
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TE6=TE(IB,JD-1,KT)
TE7=TE(IB-1,JD-1,KT-1)
TE8=TE(IB,JD-1,KT-1)
D1=D(JD-1)
D2=D(JD)
T1=T(KT-1)
T2=T(KT)
B1=B(IB-1)
B2=B(IB)
TE57=(TX-T2)*(TE5-TE7)/(T2-T1)+TE5
TE13=(TX-T2)*(TE3-TE1)/(T2-T1)+TE3
TE86=(TX-T2)*(TE6-TE8)/(T2-T1)+TE6
TE24=(TX-T2)*(TE4-TE2)/(T2-T1)+TE4
TEa1=(DX-D2)*(TE57-TE13)/(D1-D2)+TE13
TEa2=(DX-D2)*(TE86-TE24)/(D1-D2)+TE24
TEa=(BX-B1)*(TEa2-TEa1)/(B2-B1)+TEa1
WRITE(*,*)’TEa’
WRITE(*,*) TEa
CLOSE (9)
RETURN
END

SUBROUTINE faxff(TEa,FACT,ecC,E)
INTEGER I
REAL TE(20),FAC(20),ec(20),FACT,ecC,E
OPEN(UNIT)=2,FILE=’YOUNG’,STATUS=’OLD’)
READ(2,*) (TE(I),I=1,13)
READ(2,*) (FAC(I),I=1,13)
READ(2,*) (ec(I),I=1,13)
DO 10 I=1,13
IF (TEa.LT.TE(I)) THEN
ITE=I
GO TO 20
ENDIF

10 CONTINUE
20 TE2=TE(ITE-1)

TE1=TE(ITE)
FAC2=FAC(ITE-1)
FAC1=FAC(ITE)
ec2=ec(ITE-1)
ec1=ec(ITE)
WRITE(*,*)’TE1,TE2,FAC1,FAC2,ec1,ec2’
WRITE(*,*) TE1,TE2,FAC1,FAC2,ec1,ec2
FACT=(TEa-TE2)*(FAC1-FAC2)/(TE1-TE2)+FAC2
ecC=(TEa-TE2)*(ec1-ec2)/(TE1-TE2)+ec2
WRITE(*,*)’FACT’,’ecC’
WRITE(*,*) FACT,ecC
E=(1.5*FACT*25)/ecC
WRITE(*,*)’E’
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WRITE(*,*) E
CLOSE (2)
RETURN
END

c SUBROUTINE FOR CALCULATING NEUTRAL AXIS DEPTH
c AND I-VALUE OF A CONCRETE BEAM FOR A
c PARTICULAR TIME OF FIRE EXPOSURE.

SUBROUTINE semo2(B,T,H,H1,NA,m1,A,As,AvE,SEMO)
REAL TEa,B,T,H,AvE,Et,As,H1,NA,m1,A,SEMO
CALL CONYON1(X,Y,B,T,AvE)
WRITE(*,*) AvE
CALL STLYON(TEa,H,H1,S,T,Et,D)
WRITE(*,*) Et
A=B*H
m1=Et/AvE
NA=(m1*As/B)*((1+(2*B*H1)/(m1*As))**0.5-1)
WRITE(*,*)’NA’
WRITE(*,*) NA
SEMO=(B*NA**3)/3+m1*As*(H1-NA)**2
WRITE(*,*)’SEMO’
WRITE(*,*) SEMO
RETURN
END

SUBROUTINE CONYON1(X,Y,B,T,AvE)
INTEGER I,N
REAL X(75),Y(75),D(75),TEa(75),E(75),
+AvE,B,T
READ(*,*) N
SUM=0
DO 10 I=1,N
READ(*,*) X(I)
READ(*,*) Y(I)
IF (X(I).LT.Y(I)) THEN
D(I)=X(I)
ELSE
D(I)=Y(I)
ENDIF
CALL DIRKF(B,D(I),T,TEa(I))
WRITE(*,*) TEa(I)
CALL faxff(TEa(I),FACT,ecC,E(I))
WRITE(*,*) E(I)
SUM=SUM+E(I)

10 CONTINUE
DO 20 I=1,N
WRITE(*,*)’E’,’SUM’
WRITE(*,*) E(I),SUM

20 CONTINUE
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AvE=SUM/N
WRITE(*,*)’AvE’
WRITE(*,*) AvE
RETURN
END

SUBROUTINE STLYON(TEa,H,H1,B,T,Et,C)
INTEGER I
REAL TE(20),RATO(20),Et,TEa,H1,H,D,RATIO
OPEN(UNIT=2,FILE=’YONGST1’,STATUS=’OLD’)
D=H-H1
WRITE(*,*)’D’
WRITE(*,*) D
CALL DIRKF(B,C,T,TEa)
WRITE(*,*)’TEa’
READ(2,*)(TE(I),1=1,13)
READ(2,*)(RATO(I),1=1,3)
GO 10 I=1,13
IF(TEa.LT.TE(I))THEN
ITE=I
GOTO 20
ENDIF

10 CONTINUE
20 TE2=TE(ITE-1)

TE1=TE(ITE)
RATO2=RATO(ITE-1)
RAT=1=RATO(ITE)
RATIO=(TEa-TE2)*(RATO1-RATO2)/(TE1-TE2)+RATO2
WRITE(*,*)’RATIO’
WRITE(*,*) RATIO
Et=210*10**3*RATIO
WRITE(*,*)’Et’
WRITE(*,*) Et
CLOSE(2)
RETURN
END

c SUBROUTINE FOR CALCULATING MOMENT DUE
c TO THERMAL STRESS FOR A PARTICULAR TIME
c OF FIRE EXPOSURE.

SUBROUTINE CONYON(X,Y,B,T,A,H,NA,R2)
INTEGER I,N
REAL X(75),Y(75),C(75),TEa(75),E(75),
+B,T,R2,R(75),Y1(75),A,H,NA
A=B*H
WRITE(*,*)’NA’
WRITE(*,*) NA
READ(*,*) N
R2=0
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DO 10 I=1,N
READ(*,*) X(I)
READ(*,*) Y(I)
IF (X(I).LT.Y(I)) THEN
D(I)=X(I)
ELSE
D(I)=Y(I)
ENDIF
Y1(I)=Y(I)-NA
CALL DIRKF(B,D(I),T,TEa(I))
WRITE(*,*) TEa(I)
CALL faxff(TEa(I),FACT,ecC,E(I))
WRITE(*,*) E(I)
R(I)=E(I)*7E-06*(TEa(I)-20)*Y1(1)*A/N
R2=R2+R(I)

10 CONTINUE
DO 20 I=1,N
WRITE(*,*)’I’,’R’,’YI’
WRITE(*,*) I,R(I),Y1(I)

20 CONTINUE
WRITE(*,*)’R2’
WRITE(*,*) R2
RETURN
END

Part C

c PROGRAM FOR CALCULATING DESIGN MOMENT
c OF A CONCRETE BEAM FOR A PARTICULAR
c TIME OF FIRE EXPOSURE.

REAL X(75),Y(75),TEa,B,T,As,D1,Dis,
+H,Avfcut,Fyt,Mu1
WRITE(*,*)’B=’,’T =’,’D1=’,’H=’,’As=’
READ(*,*) B,T,D1,H,As
WRITE(*,*) ’NO OF NODES=’
WRITE(*,*) ’X=’,’Y=’
CALL consh(X,Y,B,T,Avfcut)
WRITE(*,*) ’Avfcut’
WRITE(*,*) Avfcut
CALL stlsh(TEa,D1,B,T,fyt)
WRITE(*,*) ’fyt’
WRITE(*,*) fyt
Dis=H-D1
WRITE(*,*)’Dis’
WRITE(*,*) Dis
Mul=fyt*As*(Dis-(fyt*As)/(2*Avfcut*B))
WRITE(*,*)’Mul’
WRITE(*,*) Mul
END
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SUBROUTINE consh(X.Y,B,T,Avfcut)
INTEGER I,N
REAL X(75),Y(75),D(75),TEa(75),fcut(75),
+Avfcut,B,T
READ(*,*) N
SUM=0
DO 10 I=1,N
READ(*,*) X(I)
READ(*,*) Y(I)
IF (X(J).LT.Y(I)) THEN
D(I)=X(I)
ELSE
D(I)=Y(I)
ENDIF
CALL DIRKF(B,D(I),T,TEa(I))
WRITE(*,*) ’TEa(I)’
WRITE(*,*) TEa(I)
CALL faxx(TEa(I),FACT,fcut(I))
WRITE(*,*) ’fcut(I)’
WRITE(*,*) fcut(I)
SUM=SUM+fcut(I)

10 CONTINUE
Avfcut=SUM/N
WRITE(*,*)’Avfcut’
WRITE(*,*) Avfcut
RETURN
END

SUBROUTINE DIRKF(BX,DX,TX,TEa)
INTEGER I,J,K
REAL B(75),D(75),T(75),TE(75,75,75),TE1,
+TE2,TE3,TE4,TE5,TE6,
+TE7,TE8,D1,D2,T1.T2,B1,B2,TE57,TE13,
+TE86,TE24,TEa1,TEa2,TEa
OPEN(UNIT=9.FILE=’TEMP2’,STATUS=’OLD’)
READ(9,*) (D(J),J=1.19)
DO 10 J=1.19
IF (DX.LT.D(J)) THEN
JD=J
GO TO 20
ENDIF

10 CONTINUE
20 REAO(9,*) (T(K),K=1,6)

DO 30 K=1,6
IF (TX.LT.T(K)) THEN
KT=K
GO TO 40
ENDIF
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50 CONTINUE
READ(9,*) (((TE(I,J,K),J=1.19),K=1,6),I=1,6)
TE1=TE(IB-1,JD,KT-1)
TE2=TE(IB,JD,KT-1)
TE3=TE(IB-1,JD,KT)
TE4=TE(IB,JD,KT)
TE5=TE(IB-1,JD-1,KT)
TE6=TE(IB,JD-1,KT)
TE7=TE(IB-1,JD-1,KT-1)
TE8=TE(IB,JD-1,KT-1)
D1=D(JD-1)
D2=D(JD)
T1=T(KT-1)
T2=T(KT)
B1=B(IB-1)
B2=B(IB)
TE57=(TX-T2)*(TE5-TE7)/(T2-T1)+TE5
TE13=(TX-T2)*(TE3-TE1)/(T2-T1)+TE3
TE86=(TX-T2)*(TE6-TE8)/(T2-T1)+TE6
TE24=(TX-T2)*(TE4-TE2)/(T2-T1)+TE4
TEa1=(DX-D2)*(TE57-TE13)/(D1-D2)+TE13
TEa2=(DX-D2)*(TE86-TE24)/(D1-D2)+TE24
TEa=(BX-B1)*(TEa2-TEa1)/(B2-B1)+TEa1
CLOSE (9)
RETURN
END

Corresponding temperature (Tea)
20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20
860 675 530 430 350 290 240 200 160 140 110 90 70 50 40 30 30 30 30
975 750 630 530 450 380 330 280 250 220 190 170 150 140 120 100 100 100 100
1000 850 730 610 530 450 400 350 310 280 260 240 220 200 200 190 190 190 190
1025 870 750 670 600 540 480 440 400 360 330 310 290 270 260 240 240 240 240
1070 900 800 710 650 600 550 500 460 430 400 370 350 340 320 300 300 300 300

20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20
900 720 570 460 380 320 270 230 190 160 140 120 110 100 100 100 100 100 100
950 800 660 550 460 390 340 290 260 230 200 190 170 160 150 140 140 140 140
1020 880 750 640 550 480 420 370 340 300 280 260 240 230 220 200 200 200 200
1060 940 800 700 620 550 500 460 430 390 360 340 330 320 310 300 300 300 300
1100 950 830 730 680 610 600 520 490 460 440 420 400 390 380 370 370 370 370

20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20
910 760 620 500 400 350 300 260 230 200 180 170 150 140 120 100 100 100 100
970 840 700 590 490 420 370 340 300 270 260 240 220 200 190 180 180 180 180
1060 910 790 670 580 510 460 430 400 360 350 330 310 300 290 280 280 280 280
1100 960 840 730 650 590 550 520 500 470 460 440 430 420 400 390 390 390 390
1100 1000 870 760 700 650 620 590 560 540 520 510 500 480 460 440 440 440 440

20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20
950 800 660 530 430 370 350 320 300 280 260 250 230 220 200 180 180 180 180
1010 870 730 620 520 470 450 420 400 390 370 360 350 340 330 320 320 320 320
1080 940 820 700 620 560 530 510 500 480 460 460 450 440 430 420 420 420 420
1100 1000 900 790 700 660 640 610 600 590 580 570 560 550 540 530 530 530 530
1100 1030 930 830 750 700 660 640 640 620 610 600 600 590 580 570 570 570 570
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20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20
970 820 690 560 460 420 380 360 340 320 310 305 300 290 280 270 270 270 270
830 900 760 650 560 530 500 480 460 450 440 430 420 410 405 400 400 400 400
1100 970 850 740 660 630 600 580 560 550 540 530 525 520 515 510 510 510 510
1100 1020 920 820 760 730 700 690 680 670 660 650 645 640 630 625 625 625 625
1100 1040 940 840 780 750 730 710 700 700 690 670 665 660 655 650 650 650 650

20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20 20
990 860 730 600 510 470 450 440 420 410 400 400 390 380 370 360 360 360 360
1070 940 800 700 630 600 580 570 560 550 540 535 530 525 520 510 510 510 510
1100 1000 890 780 720 680 670 660 650 640 635 630 625 620 615 610 610 610 610
1100 1040 940 860 820 780 760 760 740 730 725 720 715 715 710 710 710 710 710
1100 1050 950 880 840 800 780 780 760 750 740 735 730 725 720 720 720 720 720

Factors from ’Ecro Code’
Data (PRE) for reduction factor in strength of prestressing steel with tem-
perature.
Temperature (TEa)

20 100 200 300 400 500 600 700 800 900 1000 1100 1200

SUBROUTINE faxx(TEa,FACT,fcut)
INTEGER I
REAL TE(20),FAC(20),FACT,TEa,fcut
OPEN(UNIT=2,FILE=’YONGHZ’,STATUS =’OLD’)
READ(2,*) (TE(I),I=1,13)
READ(2,*) (FAC(I),I= 1,13)
DO 10 I=1,13
IF (TEa.LT.TE(I)) THEN
ITE=I
GO TO 20
ENDIF

10 CONTINUE A:
20 TE2=TE(ITE-1) A:

TE1=TE(ITE)
FAC2=FAC(ITE-1)
FAC1=FAC(ITE)
WRITE(*,*) ’FAC1,FAC2’
WRITE (*,*) FAC1,FAC2
FACT=(TEa-TE2)*(FAC1-FAC2)/(TE1-TE2)+FAC2
fcut=44 *FACT

SUBROUTINE stlsh(TEa,D1,B,T,fyt)
INTEGER I
REAL TE(20),RATO(20),fyt,TEa,B,D1
OPEN(UNIT=3,FILE=’STRTHHZ’,STATUS=’OLD’)
D=D1
CALL dirkf(B,D,T,TEa)
WRITE(*,*)’TEa’
WRITE(*,*)TEa
READ(3,*)(TE(I),I=1.13)
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READ(3,*)(RATO(I),I=1.13)
DO 10 I=1,13
IF(TEa.LT.TE(I))THEN
ITE=I
GOTO 20
ENDIF

10 CONTINUE
TE2=TE(ITE-1)
TE1=TE(ITE)
RATO2=RATO(ITE-1)
RATO1=RATO(ITE)
RATIO=(TEa-TE2)*(RATO1-RATO2)/(TE1-TE2)+RATO2
WRITE(*,*)’RATIO’
WRITE(*,*) RATIO
fyt=480*RATIO
WRITE(*,*)’fyt’
WRITE(*,*) fyt
CLOSE (3)
RETURN
END

Part D

Data (TEMP2) sheet for temperature of various width and time of fire ex-
posure of beam at various depths from exposed surface.
Depth from exposed surface (D)
0. 10. 20. 30. 40. 50. 60. 70. 80. 90. 100. 110. 120. 130. 140. 150. 175. 200. 250.

Time of fire exposure (T)

0.0 1.0 1.5 2.0 3.0 4.0

Width of beam (B)

500.0 400.0 300.0 250.0 200.0 150.0 125.0 100

Reduction factor (COE)

1.00 0.99 0.87 0.72 0.46 0.22 0.10 0.08 0.05 0.03 0.00 0.00 0.00

Data (YONGST) for reduction factor in elastic modules of prestressing steel
with temperature.
Temperature (TEa)

20 100 200 300 400 500 600 700 800 900 1000 1100 1200

Reduction factor (RATO)

1.00 0.98 0.95 0.88 0.81 0.54 0.41 0.10 0.07 0.03 0.00 0.00 0.00
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Data (YONG) for reduction factor of concrete strength and strain with tem-
perature.
Temperature (TEa)

20 100 200 300 400 500 600 700 800 900 1000 1100 1200

Reduction factor (FAC)

1.00 0.97 0.94 0.91 0.85 0.74 0.60 0.43 0.27 0.15 0.06 0.02 0.00

Strain value (ec)

0.0025 0.0035 0.0045 0.0060 0.0075 0.0095 0.0125 0.0140 0.0145 0.0150 0.0150 0.0150 0.0150

Data (STRTH) for reduction factor of steel strength with temperature.
Temperature (TEa)

20 100 200 300 400 500 600 700 800 900 1000 1100 1200

Reduction factor (RATO)

1.00 1.00 1.00 1.00 1.00 0.78 0.47 0.23 0.11 0.06 0.04 0.02 0.00

Data (YONGST1) for reduction factor of steel young modules with temper-
ature.
Temperature (TEa)

20 100 200 300 400 500 600 700 800 900 1000 1100 1200

Reduction factor (RATIO)

1.00 1.00 0.90 0.80 0.70 0.60 0.31 0.13 0.09 0.07 0.04 0.02 0.00

Factors from ‘Analysis of prestressed concrete structures exposed to fire’ by
Hertz.
Data (EstHZ) for reduction factor of elastic modules of steel with tempera-
ture.
Temperature

20 100 200 300 400 500 600 700 800 900 1000 1100 1200

Reduction factor

1.000 0.998 0.936 0.829 0.714 0.457 0.243 0.129 0.050 0.025 0.000 0.000 0.000

Data (EvalHZ) for reduction factor of elastic modules of concrete with tem-
perature.
Temperature

20 100 200 300 400 500 600 700 800 900 1000 1100 1200
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Reduction factor

1.00 1.00 0.650 0.364 0.186 0.043 0.100 0.000 0.000 0.000 0.00 0.00 0.00

Data (STRTHHZ) for reduction factor of steel strength with temperature.
Temperature

20 100 200 300 400 500 600 700 800 900 1000 1100 1200

Reduction factor

1.00 0.95 0.875 0.775 0.65 0.475 0.27 0.125 0.05 0.025 0.0 0.0 0.0

Data (YONGHZ) for reduction factor of concrete strength with temperature.
Temperature

20 100 200 300 400 500 600 700 800 900 1000 1100 1200

Reduction factor

1.00 0.975 0.85 0.825 0.66 0.325 0.10 0.08 0.03 0.0 0.0 0.0 0.00

Factors from ‘Computer assisted analysis of the fire resistance of steel and
composite concrete structures’ (C.E.C agreement No. 7210-SA/502)
Data (Evalue) for reduction factor in elastic modules of concrete with tem-
perature.
Temperature

20 100 200 300 400 500 600 700 800 900 1000 1100 1200

Reduction factor

1.00 0.865 0.695 0.520 0.360 0.235 0.130 0.080 0,040 0.020 0.00 0.00 0.00

Part E

Sample output for Deflection program.
Script started on Fri May 12 13:07:21 1995�]1;shiplake
(shiplake)1 Script% a.out

B=T=H=H1=As=
285mm
1h
580mm
531mm
1631mm**2
L=c=w=
8m
4m
11000 N/m
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M=
P=a=

0
IPa
SUM11SUM22SUM33SUMSUM4
0. 0. 0. 0. 586667.

NO OF NODES
X=Y=
15
47.5
58
TEa
314.000
314.000

TE1,TE2,FAC1,FAC2,ec1,ec2
400.000 300.000 0.850000 0.910000 7.50000E-03 6.00000E-03

FACTecC
0.901600 6.21000E-03

E
5444.44
5444.44

47.5
58
TEa
314.000
314.000

TE1,TE2,FAC1,FAC2,ec1,ec2
400.000 300.000 0.850000 0.910000 7.50000E-03 6.00000E-03

FACTecC
0.901600 6.21000E-03

E
5444.44
5444.44

142.5
58
TEa
259.000
259.000

TE1,TE2,FAC1,FAC2,ec1,ec2
300.000 200.000 0.910000 0.940000 6.00000E-03 4.50000E-03

FACTecC
0.922300 5.38500E-03

E
6422.70
6422.70

47.5
174

TEa
314.000
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314.000
TE1,TE2,FAC1,FAC2.ec1,ec2
400.000 300.000 0.850000 0.910000 7.50000E-03 6.00000E-03

FACTecC
0.901600 6.21000E-03

E
5444.44
5444.44

47.5
174
TEa
314.000
314.000

TE1,TE2,FAC1,FAC2,ec1,ec2
400.000 300.000 0.850000 0.910000 7.50000E-03 6.00000E-03

FACTecC
0.901600 6.21000E-03

E
5444.44
5444.44

142.5
174
TEa
56.2500
56.2500

TE1,TE2,FAC1.FAC2,ec1,ec2
100.0000 20.0000 0.970000 1.00000 3.50000E-03 2.50000E-03

FACTecC
0.986406 2.95312E-03

E
12525.8
12525.8

47.5
290
TEa
314.000
314.000

TE1,TE2,FAC1,FAC2.ec1,ec2
400.000 300.000 0.850000 0.910000 7.50000E-03 6.00000E-03

FACTecC
0.901600 6.21000E-03

E
5444.44
5444.44

47.5
290
TEa
314.000
314.000
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TE1,TE2,FAC1,FAC2,ec1,ec2
400.000 300.000 0.850000 0.910000 7.50000E-03 6.00000E-03

FACTecC
0.901600 6.21000E-03

E
5444.44
5444.44

142.5
290
TEa
56.2500
56.2500

TE1,TE2,FAC1,FAC2,ec1,ec2
100.0000 20.0000 0.970000 1.00000 3.50000E-03 2.50000E-03

FACTecC
0.986406 2.95312E-03

E
12525.8
12525.8

47.5
406
TEa
314.000
314.000

TE1,TE2,FAC1,FAC2,ec1,ec2
400.000 300.000 0.850000 0.910000 7.50000E-03 6.00000E-03

FACTecC
0.901600 6.21000E-03

E
5444.44
5444.44

47.5

Table for variation of steel strength with time
B = 285 mm, H = 580mm, H1 = 531mm, L = 8000 mm, As = 1631 mm2

Times (h) EC coefficient strength (MPa) HZ coefficient strength (MPa)
0 420 420
0.5 420 379.3
1 420 322.9
1.5 390 278.3
2 358.4 224
2.5 317.2 192.6
3 263.4 157.1
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I.7 Ulf Wickstrom Program on Thermal Analysis1 –
SUB-PROGRAM-PART of BANG-FIRE

1745 SUBROUTINE PROG2(IX,IY,NN,NE,NA,N,KTOP,NODFL,MNODFL,X,Y,T,TT,TMAX,
1746 1 ELA,EV4,A,MAX,P,W,EN,F,FLOW,AXIAL,NODCPL,NODINT,DTA)
1747 C----------------------------------------------------------------------

C-----
1748 C-----
1749 C----- *** T A S E F ***
1750 C-----
1751 C-----TEMPERATURE ANALYSIS OF STUCTURES EXPOSED TO FIRE
1752 C-----
1753 C-----FINITE ELEMENT PROGRAM FOR ANALYSIS OF TRANSIENT NONLlNEAR
1754 C-----HEAT TRANSFER PROBLEMS
1755 C-----
1756 C-----PROGRAMMED BY
1757 C-----ULF WICKSTROM
1758 C-----LUND INSTITUTE OF TECHNOLOGY
1759 C-----MARCH 1979
1760 C-----
1761 C----------------------------------------------------------------------
1762 C-----THIS IS THE MAIN CONTROL ROUTINE
1763 C-----
1764 C-----DEFINITIONS OF VARIABLES
1765 C-----IX,IY NUMBER OF X- AND Y-LINES
1766 C-----NN NUMBER OF NODES IN BASE STRUCTURE
1767 C-----NE NUMBER OF ELEMENTS IN BASE STRUCTURE
1768 C-----NR NUMBER OF REGIONS
1769 C-----N VECTOR OF REGION NUMBERS
1770 C-----KTOP NODES ADJACENT TO EACH ELEMENT
1771 C-----NODEL ELEMENTS ADJACENT TO EACH NODE
1772 C-----MNODEL NUMBER ELEMENTS ADJACENT TO EACH NODE
1773 C-----X,Y NODE COORDINATES
1774 C-----T CURRENT NODAL TEMPERATURES
1775 C-----TT MAXIMUM NODAL TEMPERATURES
1776 C-----TMAX TRUE IF MAXIMUM NODAL TEMPERATURE OBTAINED
1777 C-----ELA,EV4 DUMMY GEOMETRICAL CONSTANTS
1778 C-----A HEAT CONDUCTION MATRIX
1779 C-----P HEAT CAPACITY VECTOR
1780 C-----W NODAL VOLUME VECTOR
1781 C-----EN MODAL ENTHALPY VECTOR
1782 C-----F INTERNAL NODAL HEAT FLOW VECTOR
1783 C-----FLOW EXTERNAL NODAL HEAT FLOW VECTOR
1784 C-----AXIAL TRUE IF AXISYMMETRIC PROBLEM
1785 C-----NODCPL INDICATES COUPLED NODES
1786 C-----NODINT INDICATES INTERFACE NODES
1787 C-----DTA DUMMY VECTOR FOR CRITICAL TIME INCREMENT CALCULATION
1788 C-----
1789 C-----PARAMETER CONSTANTS
1790 C-----
1791 C-----NB MAXIMUM NUMBER OF NODE GROUPS

71 SUBROUTINE OUTMA2(IX,IY,NN,NE,X,Y,TIME,KTIME,T,TT,TMAX,FLOW,AXIAL)
72 C-----THIS ROUTINE PRINTS MAXIMUM CALCULATED NODAL TEMPERATURES
73 COMMON/FIRE/TIM(5C),TB(50),TITFIR
74 INTEGER TITFIR(18)
75 LOGICAL TMAX,AXIAL
76 DIMENSION X(NN),Y(NN),T(NN),TT(NN),TMAX(NN),FLOW(NN)
77 PRINT 200,TITFIR,X(NN),Y(NN)
78 IDUM1=1-IY
79 DO 10 I=1,IX
80 IDUM1=IDUM1+IY
81 IDUM2=IDUM1+IY-1
82 IF(IY.LE.7) PRINT 210, (J,TT(J),J=IDUM1,IDUM2)
83 IF(IY.GT.7) PRINT 230, (TT(J),J=IDUM1,IDUM2)

1 Reproduced courtesy of Ulf Wickstrom and the Lund Institute of Technology.
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84 10 CONTINUE
85 PRINT 220,TIME,KTIME
86 200 FORMAT(/////1X,75(1HF)/2HF,F/F* MAXIMAL TEMPERATURES’/’F*,
87 1 18A4/’ F MAX=’,F8.3,1CX,’YMAX=’,F8.3/’F’)
88 210 FORMAT(’F’,13(I5,F5,0))
89 220 FORMAT(2H F/2H F/’F MAX-TIME’,F7.2,10X,’NUMBER OF’
90 1 ’TIME INCREMENTS’,I5/2H F/2H F/2H F,75(1HF))
91 230 FORMAT(’F’,18F7.C)
92 RETURN
93 END
94
95 SUBROUTINE OUT2(IX,IY,NN,NE,X,Y,TIME,KTIME,DELTI,T,TT,TMAX,FLOW,
96 1 TFIRE,NODT,AXIAL)
97 C-----THIS ROUTINE PRINTS NODAL TEMPERATURES AND VOID AIR TEMPERATURES
98 DIMENSION X(NN),Y(NN),TT(NN),TMAX(NN),FLOW(NN)
99 LOGICAL TMAX,AXIAL,LDUM,LEN
00 COMMON/ENCON/H(50),TAIR(2)
01 COMMON/ENCLOS/LEN,NENC,NENCNG(2),IGREN(2,4),NNODEN(2)
02 1 INODEN(100);XSYM(7);YSYM(2)
03 COMMON/TOUT/II,TOUT(100),TIMMAX,DTMAX,TIMFAC,KTMAX,KUPDA
04 TIME1=TIME-DELTI
05 DO 5 IJ=1,NN
06 IF(TMAX(IJ) GOTO 5
07 C-----IF THE NODAL TEMPERATURES DECREASES SET TMAX=.TRUE. AND PRINT
08 C-----MAX TEMPERATURE TT
09 IF(TT(IJ).GT.1.001*T(IJ))
10 1 PRINT 200,IJ,TT(IJ),TIME1,DELTI
11 IF(TT(IJ).GT.1.001*T(IJ))TMAX(IJ)=.TRUE.
12 TT(IJ)=AMAX1(TT(IJ),T(IJ))
13 5 CONTINUE
14 C-----IF TIME=TOUT PRINT ALL TEMPERATURES
15 IF((TIME-TOUT(II)).LT.-1.E-4) GOTO 70
16 PRINT 100,TIME,KTIME,TFIRE,NODT
17 IF(.NOT.LEN) GOTO 30
18 PRINT 300
19 DO 20 I=1,NENC
20 20 PRINT 310,I,TAIR(I)
21 30 CONTINUE
22 II1=II+1
23 IDUM1=1-IY
24 LDUM=IY.LT.7
25 DO 10 I=1,IX
26 IDUM1=IDUM1+IY
27 IDUM2=IDUM1 +IY-1
201 SUBROUTINE BRBCA(BR,BC,EPSIG,BET,BAR,NUMI,N3,ING1)
202 C-----FORM BOUNDARY RADIATION AND CONVECTION MATRICES
203 DIMENSION BR(NUMI,2),BC(NUMI,2),BAR(NB,NUMI)
204 BR(1,1)=0.
205 BR(1,2)=.33333333*BAR(ING1,2)
206 NUM1=NUMI-1
207 IF(NUM1.EQ.1) GOTO 20
208 DO 10 I=2,NUM1
209 BR(I,1)=.16666667*BAR(ING1,I)
210 BR(I,2)=.3333333*(BAR(ING1,I)+BAR(ING1,I+1))
211 10 CONTINUE
212 20 CONTINUE
213 BR(NUM1,1)=.16666667*BAR(ING1,NUMI)
214 BR(NUM1,2)=.33333333*BAR(ING1,NUMI)
215 C
216 DO 30 1=1,NUMI
217 DO 30 J=1,2
218 BC(I,J)=BET*BR(I,J)
219 BR(I,J)=EPSIG*BR(I,J)
220 30 CONTINUE
221 RETURN
222 END
223
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224 SUBROUTINE BRBCB(BR,BC,TR,TC,TRD,TCD,NUMI,DTA,NN,MAX,FLOW,TG,
225 1 T,ING1)
226 C-----THIS ROUTINE CALCULATES EXTERNAL HEAT FLOW BY RADIATION AND
227 C-----CONVECTION AND ADDS THE CORRESPONDING CONTRIBUTIONS TO THE
228 C-----VECTOR DATA FOR CALCULATION OF CRITICAL TIME INCREMENT
229 DIMENSION BR(NUMI,2),BC(NUMI,2),DTA(NN),FLOW(NN),T(NN)
230 1, TR(NUMI),TC(NUMI),TRD(NUMI),TCD(NUMI)
231 PARAMETER NB=10,NNP=30,NNB2=2*NNB
232 COMMON/BNOD/NUMB(NB),NBOUND(NB,NNB),BAREA(NB,NNB),
233 1 EPSG(NB),BETA(NB),CPG(NB),FA(NB)
234 LOGICAL FA
235 C
236 C-----FIRST NODE
237 C
238 NODE=NBOUND(ING1,1)
239 TR2=TR(1)
240 TC2=TC(1)
241 TR3=TR(2)
242 TC3=TC(2)
243 TRCD2=TRD(1)
244 TCD2=TCP(1)
245 TRD3=TRD(2)
246 TCD3=TCD(2)
247 BR2=BR(1,2)
248 BC2=BC(1,2)
249 BR3=BR(2,1)
250 BC3=BC(2,1)
251 FLW=BR2*TR2+BC2*TC2
252 FLW=FLW+BR3*TR3
253 FLW=FLW+5C3*TC3
254 DA=BR2*TRD2+BC2*TCD2
255 DA=DA+BR3*TRD3

SUBROUTINE PTBNDB(T,TFIRE)
C-----SET PRESCRIBED NODAL BOUNDARY TEMPERATURE

DIMENSION T(1)
PARAMETER NB=10,NNB=30,NNB2=2*NNB
COMMON/PTB/NPTNG,NPTG(NB)
COMMON/BNOD/NUMB(NP),NBOUND(NB,NNB),BAREA(NB,NNB),TH(NB),
1 EPSG(NB),BETA(NB),CPG(NB),FA(NB)
COMMON/UNIT/SIGMA,TABS,TINIT,TAMB,TAMB4
LOGICAL FA

C-----
IF(NPTNG.EQ.0) RETURN

C-----EACH PRESCRIBED TEMPERATURE BOUNDARY NODE GROUP
DO 10 IB=1,NPTNG
TG=TAMB
ING1=NPTG(IB)
IF(FA(ING1)) TG=TFIRE
NUMI=NUMB(ING1)
DO 10 I=1,NUMI
NODE=NBOUND(ING1,1)
T(NODE)=TG

10 CONTINUE
RETURN
END

SUBROUTINE RADVEC(F,ETA,N,Q)
C-----THIS ROUTINE FORMS THE LOCAL ENCLOSURE SURFACE RADIATION HEAT
C-----EXCHANGE VECTOR Q=E*ETA

DIMENSION Q(1),ETA(1),E(N,N)
QTOT=0.
DO 20 I=1,N
QT=0.
DO 10 J=1,N

10 QT=QT+E(I,J)*ETA(J)
QTOT=QTOT+QT
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20 Q(I)=QT
RETURN

220 FORMAT(/’TOTAL RADIATION HEAT EXCHANGE’,E11.3)
END

SUBROUTINE REG2(NN,NE,NR,N,KTOP,X,Y,NODEL,MNODEL)
C-----THIS SUBROUTINE FORMS VECTOR OF REGION NUMBERS N OF EACH ELEMENT

DIMENSION X(NN),Y(NN),N(NE),KTOP(4,NE),NODEL(4,NN),MNODEL(NN)
PARAMETER MNR=10
COMMON/RGEO/ELFICT(MNR),ET(MNR),SRDIAC(4,MNR)
LOGICAL ELFICT
EPS=1.E-7
DO 10 I=1,NE

N(I)=1
IF(NR.EQ.1) GOTO 10
ND1=KTOP(1,I)
ND2=KTOP(4,I)
DO 5 J=2,NR
IF((X(ND1)-SRDIAC(3,J)).GT.-EPS) GOTO 5
IF((Y(NC1)-SRDIAC(4,J)).GT.-EPS) GOTO 5
IF((X(ND2)-SRDIAC(1,J)).LT.EPS) GOTO 5
IF((Y(NC2)-SRCIAC(2,J)).LT.EPS) GOTO 5
N(I)=J

5 CONTINUE
10 CONTINUE

DO 40 T=1,NN
II=0

20 DO 30 IE=1,NE
N1=N(IE)
IF(ELFICT(N1)) GOTO 30
DO 20 J=1,4
IF(KTOP(J,IF).NF.I) GOTO 20
II=II+1
NODEL(II,I)=IE
IF(II.EQ.4) GOTO 30

20 CONTINUE
30 CONTINUE

MNODEL(I)=II
40 CONTINUE

RETURN
END

589 SUBROUTINE ENCON1
590 C-----THIS ROUTINE FORMS CONVECTION ARRAY H
591 PARAMETER NB=10,NNB=30,NNB2=2*NNB
592 COMMON/BNOD/NUMB(NB),NBOUND(NB,NNB),BAREA(NB,NNB),TH(NB),
593 1 EPSG(NB),BETA(NB),CPG(NB),FA(NB)
594 COMMON/ENCLOS/LEN,NENC, NENCNG(2),IGREN(2,4),NNODEN(2),
595 1 INODEN(100),XSYM(2),YSYM(2)
596 COMMON/ENCON/H(50),TAIR(2)
597 COMMON/DUMMY/HZ(25),DUM 2(25)
598 LOGICAL LEN
599 LOGICAL XSYM,YSYM,SYM
600 INTEGER EN
601 IND=1
602 C-----FORM ZONE CONVECTION ARRAY
603 C-----EACH VOID
604 DO 150 EN=1,NENC
605 SYM=XSYM(EN).OR.YSYM(EN)
606 IN=0
607 NENG=NENCNG(EN)
608 C-----EACH NODE GROUP
609 DO 10 IG=1,NENG
610 I1=IGREN(EN,IG)
611 NUMI=NUMB(I1)
612 BE=BETA(I1)
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613 C-----EACH ZONE
614 DO 10 I=2,NUMI
615 IN=IN+1
616 10 HZ(IN)=BE*BAREA(I1,1)
617 C-----FORM NODE CONVECTION ARRAY
618 CALL HTRANS(HZ,H(IND),IN,SYM)
619 N=IN
620 IF(SYM) N=N+1
621 IND=IND+N
622 150 CONTINUE
623 RETURN
624 END
625

2013 SUBROUTINE TIME
2014 C-----READ TIME INTEGRATION CONTROL DATA
2015 COMMON/TOUT/II,TOUT(100),TIMMAX,DTMAX,TIMEAC,KTMAX,KUPDA
2016 PRINT 200
2017 C-----
2018 READ 100,NT,TIMMAX,DTMAX,TIMFAC,KTMAX,KUPDA
2019 C-----
2020 IF(DTMAX.EQ.0) DTMAX= TIMMAX
2021 IF(TIMFAC.EQ.0) TIMFAC=.8
2022 IF(KTMAX.EQ.0) KTMAX=1000
2023 IF(KUPDA.EQ.0) KUPDA=1
2024 C-----
2025 READ 100,(TOUT(I),1=1,NT)
2026 C-----
2027 PRINT 210,TIMMAX,DTMAX,TIMFAC,KTMAX,KUPDA
2028 PRINT 220,(TOUT(I),1=1,NT)
2029 100 FORMAT()
2030 220 FORMAT(’PRINT OUT TIMES’,3X,8G7.2/(19X,8G7.2))
2031 200 FORMAT(//’TIME’/’ ****’/)
2032 210 FORMAT(’MAXIMUM TIME=’,G8.3/’ MAXIMUM TIME INCREMENT=’,G8.3/
2033 1 ’CRITICAL TIME INCREMENT FACTOR=’,G8.3/
2034 2 ’MAXIMUM NUMBER OF TIME INCREMENTS=’,I5/
2035 3 ’NUMBER OF STEPS BETWEEN UPDATING OF CONDUCTION MATRIX=’,I5)
2036 RETURN
2037 END
708 SUBROUTINE ENRAD1(X,Y)
709 C-----FORM RADIATION MATRICES FOR EACH VOID AND STORE THEM IN
710 C-----THE VECTOR E.
711 C-----CALCULATE VIEW-FACTOR MATRIX VIEW AND ZONE AREA VECTOR D
712 DIMENSION X(1),Y(1),A(25,25),B(25,25)
713 PARAMETER NB=10,NNB=30,NNB2=2*NNB
714 COMMON/BNOD/NUM B(NB),N BOUND(NB,NNB),BAREA(NB, NNB),
715 1 EPSG(NB),BETA(NB),CPG(NB),FA(NB)
716 COMMON/ENCLOS/LEN,NENC,NENCNG(2),IGREN(2,4),NNODEN(2),
717 1 INODEN(100),XSYM(2),YSYM(2)
718 COMMON/ENRAD/E(1000)
719 COMMON/UNIT/SIGMA,TABS
720 COMMON/DIM/MAXNG,MAXNOD
721 COMMON/DUMMY/D(25),DUM2(25)
722 DIMENSION VIEW(25,25)
723 EQUIVALENCE (A(1),VIEW(1))
724 DATA IND,IE/0,11
775 LOGICAL LEN
726 LOGICAL XSYM,YSYM,SYM
727 INTEGER EN
728 C-----EACH VOID
729 DO 150 EN=1,NENC
730 CALL VIEWFC(X,Y,D,EN,VIEW,MAXNOD)
731 C-----FORM THE MATRICES A AND B
732 NENG=NENONG(EN)
733 IN=0
734 C-----EACH NODE GROUP
735 DO 120 IG=1,NENG
736 I1=IGREN(EN,IG)
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737 NUMI=NUMB(I1)
738 C-----EACH ZONE
739 DO 120 I=2,NUMI
740 IN=IN+1
741 JN=0
742 DO 120 JG=1,NENG
743 J1=IGREN(EN,JG)
744 NUMJ=NUMB(J1)
745 EPSJ=EPSG(J1)
746 DO 120 J=2,NUMJ
747 JN=JN+1
748 B(IN,JN)=VIEW(IN,JN)*SIGMA
749 A(IN,JN)=-VIEW(tN,JN),(1.-EPSJ)/EPSJ/D(JN)
750 IF B(IN.NE.JN) GOTO 120
751 B(IN,JN)=-SIGMA+B(IN,JN)
752 A(IN,JN)=1./EPSJ/D(JN)+A(IN,JN)
753 120 CONTINUE
754 N=IN
755 C-----INVERT A AND STORE RESULT IN A
756 CALL INVER(A,N,MAXNOD)
757 C-----MULTIPLY A AND B AND STORE RESULT IN A
758 CALL MULT(A,B,N,MAXNOD)
759 SYM=.FALSE.
760 IF(XSYM(EN).OR.YSYM(EN)) SYM=.TRUE.
761 NZ=N
762 IF(SYM) N=N+1
763 C-----TRANSFORM THE LOCAL RADIATION MATRICE A AND STORE THE RESULT IN
764 C-----VECTOR E
765 C-----B IS EMPLOYED AS A DUMMY MATRIX
766 CALL ETRANS(A,B,E(IE),N,NZ,SYM,MAXNOD)
767 IE=IE+N*N
988 SUBROUTINE FQBNDB(T,FLOW,DTA,NN,MAX,TFIRE)
989 C-----THIS ROUTINE PREPARES CALCULATION OF PRESCRIBED BOUNDARY FLOW
990 DIMENSION T(NN),DTA(NN),FLOW(NN)
991 PARAMETER NB=10,NNB=30,NNB2=2*NNB
992 COMMON/FQB/NFQNG,NFQG(NB),TR(NNB),TC(NNB)
993 1 ,BR(NNB2),BC(NNB2),TRD(NNB),TCD(NNB)
994 COMMON/BNOD/NUMB(NB),NBOUND(NB,NNB),BAREA(NB,NNB),
995 1 EPSG(NB),BETA(NB),CPG(NB),FA(NB)
996 COMMON/UNIT/SIGMA,TABS,TINIT,TAMB,TAMB4
997 LOGICAL FA
998 C-----NULL FLOW VECTOR
999 DO 777 I=1,NN

1000 777 FLOW(I)=0,
1001 C-----RETURN IF NO PRESCRIBED BOUNDARY FLOW
1002 IF(NFQNG.EQ.0) RETURN
1003 TF4=(TFIRE+TABS)**4
1004 IND=1
1055 C-----EACH BOUNDARY FLOW NODE GROUP
1006 DO 30 IB=1.NFQNG
1007 TG4=TAMB4
1008 TG=TAMB
1009 ING1=NFQG(IB)
1010 IF(FA(ING1)) TG=TFIRE
1011 IF(FA(ING1)) TG4=TF4
1012 NUMI=NUMB(ING1)
1013 CP=CPG(ING1)
1014 DO 20 I=1.NUMI
1015 NODE=NBOUND(ING1,I)
1016 TNODE=T(NODE)
1017 TNABS=TNODE+TABS
1018 C-----RADIATION
1019 TRD(I)=4.*TNABS**3
1020 TR(I)= TG4-TNABS**4
1021 C-----CONVECTION
1022 DUM=TG-TNODE
1023 TCD(I)=CP*ABS(DUM)**(CP-1.)
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A.I.B Computer Program Based on FEM/DEM

Finite Discrete Element PROGRAM [A.2]

/* File Yl.c==YlBEAM.c */
#include "Yproto.h"
/**************************PRIVATE***********************************/
/* OUTPUT */
static INT i1num[100]; /* numbers for space saving format */
static DBL d1num[100]; /* numbers for space saving format */
static CHR c1code[500]; /* coded i1para in space saving format */

static void YaOutput(prefix,index,suffix,ndigit,
nelem,nnode,
dsizsp,dsizve,
d1ba1x,d1ba1y,d1ba1z,d1ba2x,d1ba2y,
d1ba2z,d1B,d1D,d1H,
d1A0,d1A1,d1A2,d1A3,d1P00,
d1P01,d1P02,d1P03,d1U0,d1U1,
d1ncix,d1nciy,d1nciz,d1nccx,d1nccy,
d1nccz,d1ncfx,d1ncfy,d1ncfz,d1ncmx,
d1ncmy,d1ncmz,d1ncox,d1ncoy,d1ncoz,
d1ncvx,d1ncvy,d1ncvz,d1ne1x,d1ne1y,
d1ne1z,d1ne2x,d1ne2y,d1ne2z,
i1elty,i2elto)

CHR *prefix; INT index; CHR *suffix; INT ndigit;
INT nelem; INT nnode;
DBL dsizsp; DBL dsizve;
DBL *d1ba1x; DBL *d1ba1y; DBL *d1ba1z; DBL *d1ba2x; DBL *d1ba2y;
DBL *d1ba2z; DBL *d1B; DBL *d1D; DBL *d1H;
DBL *d1A0; DBL *d1A1; DBL *d1A2; DBL *d1A3; DBL *d1P00;
DBL *d1P01; DBL *d1P02; DBL *d1P03; DBL *d1U0; DBL *d1U1;
DBL *d1ncix; DBL *d1nciy; DBL *d1nciz; DBL *d1nccx; DBL *d1nccy;
DBL *d1nccz; DBL *d1ncfx; DBL *d1ncfy; DBL *d1ncfz; DBL *d1ncmx;
DBL *d1ncmy; DBL *d1ncmz; DBL *d1ncox; DBL *d1ncoy; DBL *d1ncoz;
DBL *d1ncvx; DBL *d1ncvy; DBL *d1ncvz; DBL *d1ne1x; DBL *d1ne1y;
DBL *d1ne1z; DBL *d1ne2x; DBL *d1ne2y; DBL *d1ne2z;
int *i1elty; INT **i2elto;

{ DBL xc,yc,zc,s1,s2,s3,a1x,a1y,a1z,a2x,a2y,a2z,a3x,a3y,a3z;
INT npar,ipar,ielem,n0,n1; FILE *fout;

npar=13;
if(CHRcmp(prefix,"a1_",3)==O) /* output animation */
{ fout=OpenFile("a1_",index,suffix, "w");
if(fout!=FILENULL)
{ for (ielem=O;ielem<nelem;ielem++)
{ n0=i2elto[O][ielem];
n1=i2elto[1][ielem];
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V3DAdd(xc,yc,zc,d1nccx[n1],d1nccy[n1],d1nccz[n1],
d1nccx[n0],d1nccy[n0],d1nccz[n0]);

V3DSca(xc,yc,zc,RP5);
V3DAdd(a1x,a1y,a1z,d1nccx[n1],d1nccy[n1],d1nccz[n1],

-d1nccx[n0],-d1nccy[n0],-d1nccz[n0]);
V3DNor(s1,a1x,a1y,a1z);
V3DTranToGl(a2x,a2y,a2z,d1ba1x[ielem],d1ba1y[ielem],

d1ba1z[ielem],d1ne1x[n0],d1ne1y[n0],d1ne1z[n0],
d1ne2x[n0],d1ne2y[n0],d1ne2z[n0]);

V3DTranToGl(a3x,a3y,a3z,d1ba2x[ielem],d1ba2y[ielem],
d1ba2z[ielem],d1ne1x[n0],d1ne1y[n0],d1ne1z[n0],
d1ne2x[n0],d1ne2y[n0],d1ne2z[n0]);

V3DDot(s2,a2x,a2y,a2z,a1x,a1y,a1z);
V3DDot(s3,a3x,a3y,a3z,a1x,a1y,a1z);
if(s2<RO)s2=-s2;
if(s3<RO)s3=-s3;
if(s2>s3)
{ V3DCro(a3x,a3y,a3z,a1x,a1y,a1z,a2x,a2y,a2z);
V3DCro(a2x,a2y,a2z,a3x,a3y,a3z,a1x,a1y,a1z);

}
else
{ V3DCro(a2x,a2y,a2z,a3x,a3y,a3z,a1x,a1y,a1z);
V3DCro(a3x,a3y,a3z,a1x,a1y,a1z,a2x,a2y,a2z);

}
V3DNor(s2,a2x,a2y,a2z);
V3DNor(s3,a3x,a3y,a3z);

i1num[0]=ndigit;
i1num[1]=npar;
d1num[3]=xc/dsizsp;
d1num[4]=yc/dsizsp;
d1num[5]=zc/dsizsp;
d1num[6]=a1x;
d1num[7]=a1y;
d1num[8]=a1z;
d1num[9]=a2x;
d1num[10]=a2y;
d1num[11]=a2z;
d1num[12]=s1/dsizsp;
for(ipar=3;ipar<npar;ipar++)
{ d1num[ipar]=MAXIM((-R1),MINIM(d1num[ipar],R1));
}
codeDBLtoINT(d1num,i1num);
i1num[2]=i1elty[ielem];
codeINTtoCHR(c1code,i1num);
CHRw(fout,c1code); CHRwcr(fout);

}
fclose(fout);

} } }
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static void GauslntegrateRectangle(
dfac,dE,dcoFc,dcoEc,
epst,kaptx,kapty,
d0fax,d0mx,d0my,dU,d1xcor,d1ycor

)
DBL dfac; DBL dE; DBL dcoFc; DBL dcoEc;
DBL epst; DBL kaptx; DBL kapty;
DBL *d0fax; DBL *d0mx; DBL *d0my; DBL *dU; DBL *d1xcor; DBL *d1ycor;

{
DBL ksig[4]; DBL etag[4];
DBL shf0, shf1, shf2, shf3;
DBL shf0k, shf1k, shf2k, shf3k;
DBL shf0e, shf1e, shf2e, shf3e;
DBL scale,xgas, ygas, xgask, ygask, xgase, ygase;
DBL jacg, epsg; DBL sigg;
DBL force; DBL momx; DBL momy;
INT iga;

ksig[0]=-MYRGAUSP4NOD;
ksig[1]= MYRGAUSP4NOD;
ksig[2]= MYRGAUSP4NOD;
ksig[3]=-MYRGAUSP4NOD;
etag[0]=-MYRGAUSP4NOD;
etag[1]=-MYRGAUSP4NOD;
etag[2]= MYRGAUSP4NOD;
etag[3]= MYRGAUSP4NOD;

force=R0; momx=R=; momy=RO;
for(iga=O;iga<4;iga++)
{ shf0=RP25*(R1-ksig[iga])*(R1-etag[iga]);
shf1=RP25*(R1+ksig[iga])*(R1-etag[iga]);
shf2=RP25*(R1+ksig[iga])*(R1+etag[iga]);
shf3=RP25*(R1-ksig[iga])*(R1+etag[iga]);
shf0k=-RP25*(R1-etag[iga]);
shf1k= RP25*(R1-etag[iga]);
shf2k= RP25*(R1+etag[iga]);
shf3k=-RP25*(R1+etag[iga]);
shf0e=-RP25*(R1-ksig[iga]);
shf1e=-RP25*(R1+ksig[iga]);
shf2e= RP25*(R1+ksig[iga]);
shf3e= RP25*(R1-ksig[iga]);
xgas=shf0*d1xcor[0] +shfl*d1xcor[1]+shf2*d1xcor[2]+shf3*d1xcor[3];
ygas=shf0*d1ycor[0] +shf1*d1ycor[1]+shf2*d1ycor[2] +shf3*d1ycor[3];
xgask=shf0k*d1xcor[0]+shf1k*d1xcor[1]+shf2k*d1xcor[2]

+shf3k*d1xcor[3];
ygask=shf0k*d1ycor[0]+shf1k*d1ycor[1]+shf2k*d1ycor[2]

+shf3k*d1ycor[3];
xgase=shf0e*d1xcor[0]+shf1e*d1xcor[1]+shf2e*d1xcor[2]
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+shf3e*d1xcor[3];
ygase=shf0e*d1ycor[0]+shf1e*d1ycor[1]+shf2e*d1ycor[2]

+shf3e*d1ycor[3];
jacg=xgask*ygase-ygask*xgase;
epsg=epst+kaptx*ygas-kapty*xgas;

/* sigg=dE*epsg-epsg*epsg*((dcoFc-dE*dcoEc)/(dcoEc*dcoEc));
if((*dU)<(-dcoEc))
{ scale=(*dU)/(-dcoEc)-R1;
if(scale>RP5) scale=RP5;
sigg=sigg*(R1-1.5*scale);

}
if(sigg>R0)sigg=R0;

*/
sigg=R0;
if(epsg<R0)
{ scale=-epsg/dcoEc;
sigg=-dcoFc*(R2*scale-scale*scale);

}
if((*dU)<(-dcoEc))
{ scale=-R1-(*dU)/dcoEc;
if(scale<R0) scale=R0;
if(scale>RP5) scale=RP5;
scale=scale*R2;
sigg=sigg*(R1-scale*scale);

}
force=force+sigg*jacg;
momx=momx+sigg*jacg*ygas;
momy=momy-sigg*jacg*xgas;

}
*d0fax=*d0fax+dfac*force;
*d0mx= *d0mx+dfac*momx;
*d0my=*d0my+dfac*momy;
}

static void ConcreteForce(
dE,dcoFc,dcoEc,
epst,kaptx,kapty,
d0fax,d0mx,d0my,dU,d1xcor,d1ycor

)
DBL dE; DBL dcoFc; DBL dcoEc;
DBL epst; DBL kaptx; DBL kapty;
DBL *d0fax; DBL *d0mx; DBL *d0my; DBL *dU; DBL *d1xcor; DBL *d1ycor;

{
DBL xcor[4]; DBL ycor[4]; DBL epsc[4];
DBL facti,factj,fact;
INT ncompr,nten,icom,iten,icor,jcor;

ncompr=0;
nten=0;
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icom=-1;
iten=-1;
for(icor=0;icor<4;icor++)
{ epsc[icor]=epst+kaptx*d1ycor[icor]-kapty*d1xcor[icor];
if(epsc[icor]<R0)
{ ncompr=ncompr+1;
if(icom<0)icom=icor;
if(epsc[icor]<(*dU))(*dU)=epsc[icor];

}
else
{ nten=nten+1;
if(iten<O) iten=icor;

} }
if(ncompr==0)
{ epsc[0]=R0;
}
else if(ncompr==1)
{ xcor[0]=d1xcor[icom];
ycor[0]=d1ycor[icom];
xcor[1]=d1xcor[icom];
ycor[1]=d1ycor[icom];
jcor=icom+1; if(jcor>3)jcor=0;
DBLget0point(facti,factj,fact,epsc[icom],epsc[jcor]);
xcor[2]=d1xcor[icom]*facti+d1xcor[jcor]*factj;
ycor[2]=d1ycor[icom]*facti+d1ycor[jcor]*factj;
jcor=icom-1; if(jcor<0)jcor=3;
DBLget0point(facti,factj,fact,epsc[icom],epsc[jcor]);
xcor[3]=d1xcor[icom]*facti+d1xcor[jcor]*factj;
ycor[3]=d1ycor[icom]*facti+d1ycor[jcor]*factj;
GausIntegrateRectangle(

R1,dE,dcoFc,dcoEc,
epst,kaptx,kapty,
d0fax,d0mx,d0my,dU,xcor,ycor

);
}
else if(ncompr==2)
{ xcor[0]=d1xcor[icom];
ycor[0]=d1ycor[icom];
icor=icom+1; if(icor>3)icor=0;
xcor[1]=d1xcor[icor];
ycor[1]=d1ycor[icor];
jcor=icor+1; if(jcor>3)jcor=0;
DBLget0point(facti,factj,fact,epsc[icor],epsc[jcor]);
xcor[2]=d1xcor[icor]*facti+d1xcor[jcor]*factj;
ycor[2]=d1ycor[icor]*facti+d1ycor[jcor]*factj;
jcor=icom-1; if(jcor<O)jcor=3;
DBLget0point(facti,factj,fact,epsc[icom],epsc[jcor]);
xcor[3]=d1xcor[icom]*facti+d1xcor[jcor]*factj;
ycor[3]=d1ycor[icom]*facti+d1ycor[jcor]*factj;
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GauslntegrateRectangle(
R1,dE,dcoFc,dcoEc,
epst,kaptx,kapty,
d0fax,d0mx,d0my,dU,xcor,ycor

);
}
else
{ for(icor=0;icor<4;icor++)
{ xcor[icor]=d1xcor[icor];
ycor[icor]=d1ycor[icor];

}
GausIntegrateRectangle(

R1,dE,dcoFc,dcoEc,
epst,kaptx,kapty,
d0fax,d0mx,d0my,dU,xcor,ycor

);
if(nten>0)
{ xcor[0]=d1xcor[iten];
ycor[0]=d1ycor[iten];
xcor[1]=d1xcor[iten];
ycor[1]=d1ycor[iten];
jcor=iten+1; if(jcor>3)jcor=0;
DBLget0point(facti,factj,fact,epsc[iten],epsc[jcor]);
xcor[2]=d1xcor[iten]*facti+d1xcor[jcor]*factj;
ycor[2]=d1ycor[iten]*facti+d1ycor[jcor]*factj;
jcor=iten-1; if(jcor<O)jcor=3;
DBLget0point(facti,factj,fact,epsc[iten],epsc[jcor]);
xcor[3]=d1xcor[iten]*facti+d1xcor[jcor]*factj;
ycor[3]=d1ycor[iten]*facti+d1ycor[jcor] *factj;
GauslntegrateRectangle(

-R1,dE,dcoFc,dcoEc,
epst,kaptx,kapty,
d0fax,d0mx,d0my,dU,xcor,ycor

} } );
}
static void GetSectionForce(

dbeB,dbeD,dbeH,dbsA0,dbsA1,
dbsA2,dbsA3,dcoE,dcoFc,dcoEc,
dstE,dstEc,dstY,depst,dkaptx,dkapty,
d0fax,d0mx,d0my,d0P0,
d0P1,d0P2,d0P3,dU

)
DBL dbeB; DBL dbeD; DBL dbeH; DBL dbsA0; DBL dbsA1;
DBL dbsA2; DBL dbsA3; DBL dcoE; DBL dcoFc; DBL dcoEc;
DBL dstE; DBL dstEc; DBL dstY; DBL depst; DBL dkaptx; DBL dkapty;
DBL *d0fax; DBL *d0mx; DBL *d0my; DBL *d0P0;
DBL *d0P1; DBL *d0P2; DBL *d0P3; DBL *dU;

{ DBL scale,xcor,ycor,epsc,barEt,barEe,sigm;
DBL d1xcor[4];



744 Appendix I

DBL d1ycor[4];
DBL d1bsP[4];
DBL d1bsA[4];
INT ibar;

(*d0fax)=R0;
(*dOmx)=R0;
(*dOmy)=R0;
xcor=dbeB*RP5;
ycor=dbeH*RP5;
d1xcor[0]=-xcor; d1xcor[1]= xcor; d1xcor[2]=xcor; d1xcor[3]=-xcor;
d1ycor[0]=-ycor; d1ycor[1]=-ycor; d1ycor[2]=ycor; d1ycor[3]= ycor;
d1bsP[0]=*d0P0; d1bsP[1]=*d0P1; d1bsP[2]=*d0P2; d1bsP[3]=*d0P3;
d1bsA[0]=dbsA0; d1bsA[1]=dbsA1; d1bsA[2]=dbsA2; d1bsA[3]=dbsA3;
for(ibar=0;ibar<4;ibar++)
{ xcor=d1xcor[ibar];
if(xcor<R0)
{ xcor=xcor+dbeD;
}
else
{ xcor=xcor-dbeD;
}
ycor=d1ycor[ibar];
if(ycor<R0)
{ ycor=ycor+dbeD;
}
else
{ ycor=ycor-dbeD;
}
barEt=depst+dkaptx*ycor-dkapty*xcor;
barEe=barEt-d1bsP[ibar];
sigm=barEe*dstE;
if(sigm>dstY)
{ sigm=dstY;
d1bsP[ibar]=barEt-dstY/dstE;

}
else if(sigm<(-dstY))
{ sigm=-dstY;
d1bsP[ibar]=barEt+dstY/dstE;

}
(*d0fax)=(*d0fax)+sigm*d1bsA[ibar];
(*d0mx)=(*d0mx)+sigm*d1bsA[ibar]*ycor;
(*d0my)=(*d0my)-sigm*d1bsA[ibar]*xcor;

}
(*d0P0)=d1bsP[0];
(*d0P1)=d1bsP[1];
(*d0P2)=d1bsP[2];
(*d0P3)=d1bsP[3];
ConcreteForce( dcoE,dcoFc,dcoEc,
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depst,dkaptx,dkapty,
d0fax,d0mx,d0my,dU,d1xcor,d1ycor);

}

static void Ylload( nelem,nnode,
dcoRo,dtime,
d1ba1x,d1ba1y,d1ba1z,d1ba2x,d1ba2y,
d1ba2z,d1bp1, d1bp2, d1bpt1,d1bpt2,
d1bpf1,d1bpf2,d1bpf3,d1B,d1H,
d1ncix,d1nciy,d1nciz,d1ncfx,d1ncfy,
d1ncfz,d1ncmx,d1ncmy,d1ncmz,d1ne1x,
d1ne1y,d1ne1z,d1ne2x,d1ne2y,d1ne2z,
d1nmar,d1nmas,
i1nnel,i2elto)

INT nelem; INT nnode;
DBL dcoRo; DBL dtime;
DBL *d1ba1x; DBL *d1ba1y; DBL *d1ba1z; DBL *d1ba2x; DBL *d1ba2y;
DBL *d1ba2z; DBL *d1bp1; DBL *d1bp2; DBL *d1bpt1; DBL *d1bpt2;
DBL *d1bpf1; DBL *d1bpf2; DBL *d1bpf3; DBL *d1B; DBL *d1H;
DBL *d1ncix; DBL *d1nciy; DBL *d1nciz; DBL *d1ncfx; DBL *d1ncfy;
DBL *d1ncfz; DBL *d1ncmx; DBL *d1ncmy; DBL *d1ncmz; DBL *d1ne1x;
DBL *d1ne1y; DBL *d1ne1z; DBL *d1ne2x; DBL *d1ne2y; DBL *d1ne2z;
DBL *d1nmar; DBL *d1nmas;
INT *i1nnel; INT **i2elto;

{ INT ipas,n0,n1,n2,inode,ielem;
DBL a1x,a1y,a1z,a2x,a2y,a2z;
DBL rix,riy,riz,ri,ksi,fact,p1,p2;

for(inode=0;inode<nnode;inode++)
{ d1ncfx[inode]=R0;
d1ncfy[inode]=R0;
d1ncfz[inode]=R0;
d1ncmx[inode]=R0;
d1ncmy[inode]=R0;
d1ncmz[inode]=R0;
d1nmas[inode]=R0;
d1nmar[inode]=R0;
i1nnel[inode]=0;

}
for(ielem=0;ielem<nelem;ielem++)
{ n0=i2elto[0][ielem];
n1=i2elto[1][ielem];
i1nnel[n0]=i1nnel[n0]+1;
i1nnel[n1]=i1nnel[n1]+1;
V3DAdd(rix,riy,riz,d1ncix[n1],d1nciy[n1],d1nciz[n1],

-d1ncix[n0],-d1nciy[n0],-d1nciz[n0]);
V3DNor(ri,rix,riy,riz);
d1nmas[n0]=d1nmas[n0]+ri*d1B[ielem]*d1H[ielem]*RP5*dcoRo;
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d1nmas[n1]=d1nmas[n1]+ri*d1B[ielem]*d1H[ielem]*RP5*dcoRo;
d1nmar[n0]=d1nmar[n0]+d1B[ielem]*d1H[ielem]*dcoRo*ri*ri*ri/R12;
d1nmar[n1]=d1nmar[n1]+d1B[ielem]*d1H[ielem]*dcoRo*ri*ri*ri/R12;
if(((d1bpt2[ielem]-d1bpt1[ielem]>EPSILON)&&

((dtime-d1bpt1[ielem]>EPSILON)&&
((d1bpt2[ielem]-dtime)>EPSILON))

{ ksi=R2*(dtime-RP5*(d1bpt1[ielem]+d1bpt2[ielem]))/
(d1bpt2[ielem]-d1bpt1[ielem]);

fact=(R1-ksi)*(R1+ksi)*d1bpf2[ielem]-
d1bpf1[ielem]*RP5*(R1-ksi)*ksi+
d1bpf3[ielem]*RP5*ksi*(R1+ksi);

p1=fact*d1bp1[ielem];
p2=fact*d1bp2[ielem];
for(ipas=0;ipas<2;ipas++)
{ V3DTranToGl(a1x,a1y,a1z,d1ba1x[ielem],d1ba1y[ielem],

d1ba1z[ielem],d1ne1x[n0],d1ne1y[n0],d1ne1z[n0],
d1ne2x[n0],d1ne2y[n0],d1ne2z[n0]);

V3DTranToGl(a2x,a2y,a2z,d1ba2x[ielem],d1ba2y[ielem],
d1ba2z[ielem],d1ne1x[n0],d1ne1y[n0],d1ne1z[n0],
d1ne2x[n0],d1ne2y[n0],d1ne2z[n0]);

d1ncfx[n0]=d1ncfx[n0]+RP25*ri*(p1*d1H[ielem]*a1x+p2*
d1B[ielem]*a2x);

d1ncfy[n0]=d1ncfy[n0]+RP25*ri*(p1*d1H[ielem]*a1y+p2*
d1B[ielem]*a2y);

d1ncfz[n0]=d1ncfz[n0]+RP25*ri*(p1*d1H[ielem]*a1z+p2*
d1B[ielem]*a2z);

d1ncfx[n1]=d1ncfx[n1]+RP25*ri*(p1*d1H[ielem]*a1x+p2*
d1B[ielem]*a2x);

d1ncfy[n1]=d1ncfy[n1]+RP25*ri*(p1*d1H[ielem]*a1y+p2*
d1B[ielem]*a2y);

d1ncfz[n1]=d1ncfz[n1]+RP25*ri*(p1*d1H[ielem]*a1z+p2*
d1B[ielem]*a2z);

n2=n0; n0=n1; n1=n2;
} } }
for(inode=0;inode<nnode;inode++)
{ d1ncfx[inode]=R0;
d1ncfy[inode]=R0;
d1ncfz[inode]=R0;
d1ncmx[inode]=R0;
d1ncmy[inode]=R0;
d1ncmz[inode]=R0;

}
}
static void Ylforce( nelem,n0node,datime,

dcoE, dcoEc, dcoFc, dcoKs, dcoRo,
dstE, dstEc, dsty ,
d1ba1x,d1ba1y,d1ba1z,d1ba2x,d1ba2y,
d1ba2z,d1B, d1D, d1H,d1A0,
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d1A1,d1A2,d1A3,d1P00,d1P01,
d1P02,d1P03,d1P10,d1P11,d1P12,
d1P13,d1U0, d1U1,
d1ncix,d1nciy,d1nciz,d1nccx,d1nccy,
d1nccz,d1ncfx,d1ncfy,d1ncfz,d1ncmx,
d1ncmy,d1ncmz,d1ncox,d1ncoy,d1ncoz,
d1ncvx,d1ncvy,d1ncvz,d1ne1x,d1ne1y,
d1ne1z,d1ne2x,d1ne2y,d1ne2z,d1nmar,
d1nmas,d1nrad,d1sepm,
i1nnel,i1noty,i2elto)

INT nelem; INT *n0node; DBL datime;
DBL dcOE; DBL dcoEC; DBL dcoFC; DBL dCoKS; DBL dcoRo;
DBL dstE; DBL dstEc; DBL dstY;
DBL *d1balx; DBL *d1ba1y; DBL *d1ba1z; DBL *d1ba2x; DBL *d1ba2y;
DBL *d1ba2z; DBL *d1B; DBL *d1D; DBL *d1H; DBL *d1A0;
DBL *d1A1; DBL *d1A2; DBL *d1A3; DBL *d1P00; DBL *d1P01;
DBL *d1P02; DBL *d1P03; DBL *d1P10; DBL *d1P11; DBL *d1P12;
DBL *d1P13; DBL *d1U0; DBL *d1U1;
DBL *d1ncix; DBL *d1nciy; DBL *d1nciz; DBL *d1nccx; DBL *d1nccy;
DBL *d1nccz; DBL *d1ncfx; DBL *d1ncfy; DBL *d1ncfz; DBL *d1ncmx;
DBL *d1ncmy; DBL *d1ncmz; DBL *d1ncox; DBL *d1ncoy; DBL *d1ncoz;
DBL *d1ncvx; DBL *d1ncvy; DBL *d1ncvz; DBL *d1ne1x; DBL *d1ne1y;
DBL *d1ne1z; DBL *d1ne2x; DBL *d1ne2y; DBL *d1ne2z; DBL * d1nmar;
DBL *d1nmas, DBL *d1nrad,
DBL *d1sepm;
INT *i1nnel; INT *i1noty; INT **i2elto;

{ INT nnode,ipas,n0,n1,n2,inode,ielem;
DBL a1x,a1y,a1z,a2x,a2y,a2z;
DBL e01x,e01y,e01z,e02x,e02y,e02z;
DBL fax0,fax1,fax,mx,my,mz,m1,m2,m3,sx,sy,sz;
DBL phx,phy,phz,ph1,ph2,ph3,epst,kapt1,kapt2;
DBL rc,ri,va,rcx,rcy,rcz,rrx,rry,rrz,rix,riy,riz,vcx,vcy,vcz;
DBL ox,oy,oz,oex,oey,oez,o1,o2,o3;
DBL ero;
static INT icount=0;

nnode=*n0node;
ero=SQRT(dcoE*dcoRo);
/* for(ielem=O;ielem<nelem;ielem++) */
for(ielem=0;ielem<nelem;ielem++)
{ if((nnode>19626)&&(ielem==33968))
{ n0=n1:
}
n0=i2elto[0][ielem];
n1=i2elto[1][ielem];
V3DAdd(rix,riy,riz,d1ncix[n1],d1nciy[n1],d1nciz[n1],

-d1ncix[n0],-d1nciy[n0],-d1nciz[n0]);
V3DAdd(rcx,rcy,rcz,d1nccx[n1],d1nccy[n1],d1nccz[n1],
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-d1nccx[n0],-d1nccy[n0],-d1nccz[n0]);
V3DNor(ri,rix,riy,riz);
V3DNor(rc,rcx,rcy,rcz);
V3DAdd(vcx,vcy,vcz,d1ncvx[n1],d1ncvy[n1],d1ncvz[n1],

-d1ncvx[n0],-d1ncvy[n0],-d1ncvz[n0]);
V3DDot(va,vcx,vcy,vcz,rcx,rcy,rcz);
V3DCro(oex,oey,oez,rcx,rcy,rcz;vcx,vcy;vcz);
V3DSca(oex,oey,oez,R1/rc);
for(ipas=0;ipas<2;ipas++)
{ e01x=d1ne1x[n0];
e01y=d1ne1y[n0];
e01z=d1ne1z[n0];
e02x=d1ne2x[n0];
eO2y=d1ne2y[n0];
eO2z=d1ne2z[n0]:
V3DTranToGl(a1x,a1y,a1z,d1ba1x[ielem],d1ba1y[ielem],

d1ba1z[ielem],e01x,e01y,e01z,e02x,e02y,e02z);
V3DTranToGl(a2x,a2y,a2z,d1ba2x[ielem],d1ba2y[ielem],

d1ba2z[ielem],e01x,e01y,e01z,e02x,e02y,e02z);
V3DAdd(rix,riy,riz,d1ncix[n1],d1nciy[n1],d1nciz[1l],

-d1ncix[n0],-d1nciy[n0],-d1nciz[n0]);
V3DAdd(rcx,rcy,rcz,d1nccx[n1],d1nccy[n1],d1nccz[n1],

-d1nccx[n0],-d1nccy[n0],-d1nccz[n0]);
V3DSca(rix;riy,riz,R1/ri);
V3DSca(rcx,rcy,rcz,R1/rc);
V3DTranToGl(rrx,rry,rrz,rix,riy,riz,

e01x,e01y,e01z,e02x,e02y,e02z);
V3DCro(phx,phy,phz,rrx,rry,rrz,rcx,rcy,rcz);
V3DTranToLoc(ph1,ph2,ph3,phx,phy,phz,a1x,a1y,a1z,a2x,a2y,a2z);
V3DAdd(ox,oy,oz,oex,oey,oez,

-d1ncox[n0],-d1ncoy[n0],-d1ncoz[n0]);
V3DTranToLoc(o1,o2,o3,ox,oy,oz,a1x,a1y,a1z,a2x,a2y,a2z);
kapt1=R2*ph1/ri;
kapt2=R2*ph2/ri;
epst=(rc-ri)/ri;

if(ipas==0)
{ GetSectionForce(
d1B[ielem],d1D[ielem],d1H[ielem],d1A0[ielem],d1A1[ielem],
d1A2[ielem],d1A3[ielem],dcoE,dcoFc,dcoEc,
dstE,dstEc,dstY,epst+d1sepm[ielem],kapt1,kapt2,
&fax0,&m1,&m2,&d1P00[ielem]),&d1P01[ielem]),
&(d1P02[ielem]),&(d1P03[ielem]),&(d1U0[ielem]);

}
else
{ GetSectionForce(
d1B[ielem],d1D[ielem],d1H[ielem],d1A0[ielem],d1A1[ielem],
d1A2[ielem],d1A3[ielem],dcoE,dcoFc,dcoEc,
dstE,dstEc,dstY,epst-d1sepm[ielem],-kapt1,-kapt2,
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&fax1,&m1,m2,&(d1P10[ielem]),&(d1P11[ielem]),
&(d1P12[ielem]),&(d1P13[ielem]),&(d1U1[ielem]));
m1=-m1; m2=-m2;

}
m1=m1+dcoKs*ri*d1B[ielem]*d1H[ielem]*d1H[ielem]*o1*ero/R4;
m2=m2+dcoKs*ri*d1H[ielem]*d1B[ielem]*d1B[ielem]*o2*ero/R4;
V3DTranToGl(mx,my,mz,m1,m2,R0,a1x,a1y,a1z,a2x,a2y,a2z);
VB3DCro(sx,sy,sz,mx,my,mz,rcx,rcy,rcz);
V3DSca(sx,sy,sz,R1/rc);
d1ncfx[n0]=d1ncfx[n0]+sx;
d1ncfy[n0]=d1ncfy[n0]+sy;
d1ncfz[n0]=d1ncfz[n0]+sz;
d1ncfx[n1]=d1ncfx[n1]-sx;
d1ncfy[n1]=d1ncfy[n1]-sy;
d1ncfz[n1]=d1ncfz[n1]-sz;
d1ncmx[n0]=d1ncmx[n0]+mx;
d1ncmy[n0]=d1ncmy[n0]+my;
d1ncmz[n0]=d1ncmz[n0]+mz;
n2=n0; n0=n1; n1=n2;

}
d1sepm[ielem]=d1sepm[ielem]+

RP4*(fax1-fax0)/(dcoE*d1B[ielem]*d1H[ielem]);
fax=RP5*(fax0+fax1);
fax=fax+R1P4*dcoKs*d1H[ielem]*d1B[ielem]*va*ero;
d1ncfx[n0]=d1ncfx[n0]-fax*rcx;
d1ncfy[n0]=d1ncfy[n0]-fax*rcy;
d1ncfz[n0]=d1ncfz[n0]-fax*rcz;
d1ncfx[n1]=d1ncfx[n1}+fax*rcx;
d1ncfy[n1]=d1ncfy[n1]+fax*rcy;
d1ncfz[n1]=d1ncfz[n1]+fax*rcz;

}
for(ielem=0;ielem<nelem;ielem++)
{ n0=i2elto[0][ielem];
n1=i2elto[1][ielem];
if((d1U0[ielem]<(-R1PS*dcoEc))||

(DABS(d1P00[ielem])>dstEc)||(DABS(d1P01[ielem])>dstEc)||
(DABS(d1P02[ielem])>dstEc)||(DABS(d1P03[ielem])>dstEc)

{ d1U0[ielem]=R0;
i1noty[n0]=0;
d1nrad[n0]=R0;
if(i1nnel[n0]>1)
{ i1noty[nnode]=0; /* broken node zero radius */
d1nrad[nnode]=R0;
i1nnel[n0]=i1nnel[n0]-1;
i1noty[n0]=0;
d1nrad[n0]=R0;
d1nccx[nnode]=d1nccx[n0];
d1nccy[nnode]=d1nccy[n0];
d1nccz[nnode]=d1nccz[n0];
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d1ncix[nnode]=d1ncix[n0];
d1nciy[nnode]=d1nciy[n0];
d1nciz[nnode]=d1nciz[n0];
d1ncox[nnode]=d1ncox[n0];
d1ncoy[nnode]=d1ncoy[n0];
d1ncoz[nnode]=d1ncoz[n0];
d1ncvx[nnode]=d1ncvx[n0];
d1ncvy[nnode]=d1ncvy[n0];
d1ncvz[nnode]=d1ncvz[n0];
d1ncfx[nnode]=d1ncfx[n0];
d1ncfy[nnode]=d1ncfy[n0];
d1ncfz[nnode]=d1ncfz[n0];
d1ncmx[nnode]=d1ncmx[n0];
d1ncmy[nnode]=d1ncmy[n0];
d1ncmz[nnode]=d1ncmz[n0];
d1nmar[nnode]=d1nmar[n0];
d1nmas[nnode]=d1nmas[n0];
d1ne1x[nnode]=d1ne1x[n0];
d1ne1y[nnode]=d1ne1y[n0];
d1ne1z[nnode]=d1ne1z[n0];
d1ne2x[nnode]=d1ne2x[n0];
d1ne2y[nnode]=d1ne2y[n0];
d1ne2z[nnode]=d1ne2z[n0];

i2elto[0][ielem]=nnode;
nnode=nnode+1;

} }
if( (d1U1[ielem]<(-R1P5*dcoEc))||

(DABS(d1P10[ielem])>dstEc)||(DABS(d1P11[ielem])>dstEc)||
(DABS(d1P12[ielem])>dstEc)||(DABS(d1P13[ielem])>dstEc))

{ d1U1[ielem]=R0;
i1noty[n1]=0;
d1nrad[n1]=R0;
if(i1nnel[n1]>l)
{ i1noty[nnode]=0;
d1nrad[nnode]=R0;
i1nnel[n1]=i1nnel[n1]-1;
i1noty[n1]=0;
d1nrad[n1]=R0;
d1nccx[nnode]=d1nccx[n1];
d1nccy[nnode]=d1nccy[n1];
d1nccz[nnode]=d1nccz[n1];
d1ncix[nnode]=d1ncix[n1];
d1nciy[nnode]=d1nciy[n1];
d1nciz[nnode]=d1nciz[n1];
d1ncox[nnode]=d1ncox[n1];
d1ncoy[nnode]=d1ncoy[n1];
d1ncoz[nnode]=d1ncoz[n1];
d1ncvx[nnode]=d1ncvx[n1];
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d1ncvy[nnode]=d1ncvy[n1];
d1ncvz[nnode]=d1ncvz[n1];
d1ncfx[nnode]=d1ncfx[n1];
d1ncfy[nnode]=d1ncfy[n1];
d1ncfz[nnode]=d1ncfz[n1];
d1ncmx[nnode]=d1ncmx[n1];
d1ncmy[nnode]=d1ncmy[n1];
d1ncmz[nnode]=d1ncmz[n1];
d1nmar[nnode]=d1nmar[n1];
d1nmas[nnode]=d1nmas[n1];
d1ne1x[nnode]=d1ne1x[n1];
d1ne1y[nnode]=d1ne1y[n1];
d1ne1z[nnode]=d1ne1z[n1];
d1ne2x[nnode]=d1ne2x[n1];
d1ne2y[nnode]=d1ne2y[n1];
d1ne2z[nnode]=d1ne2z[n1];
i2elto[1][ielem]=nnode;
nnode=nnode+1;

} } }
*n0node=nnode;

}
static void YlContactNBS(

ncel,nnode,
dcs,dxmin,dymin,dzmin,
dpenks,dpenmu,dpenpe,d1nccx,d1nccy,
d1nccz,d1ncfx,d1ncfy,d1ncfz,d1ncmx,
d1ncmy,d1ncmz,d1ncox,d1ncoy,d1ncoz,
d1ncvx,d1ncvy,d1ncvz,d1nmas,d1nrad,
i1noty,i1xf,i1yf,i1zf,i1xn,i1yn,i1zn )

INT ncel; INT nnode;
DBL dcs; DBL dxmin; DBL dymin; DBL dzmin;
DBL dpenks; DBL dpenmu; DBL dpenpe;
DBL *d1nccx; DBL *d1nccy; DBL *d1nccz; DBL *d1ncfx; DBL *d1ncfy;
DBL *d1ncfz; DBL *d1ncmx; DBL *d1ncmy; DBL *d1ncmz; DBL *d1ncox;
DBL *d1ncoy; DBL *d1ncoz; DBL *d1ncvx; DBL *d1ncvy; DBL *d1ncvz;
DBL *d1nmas; DBL *d1nrad;
INT *i1noty; INT *i1xf; INT *i1yf; INT *i1zf; INT *i1xn;
INT *i1yn; INT *i1zn;

{ INT ic,it,ix,iy,iz,ixx,iyy,izz,ixt,iyt,izt,iyc,izc,in,jn,kn;

DBL dxc; DBL dyc; DBL dzc; DBL dxt; DBL dyt; DBL dzt;
DBL drt; DBL drc; DBL kro;
DBL h1; DBL h2; DBL h3; DBL hx; DBL hy;
DBL hz; DBL p; DBL px; DBL py; DBL pz;
DBL rx; DBL ry; DBL rz; DBL v; DBL vn;
DBL vx; DBL vy; DBL vz; DBL forcen; DBL forcef;
DBL fx; DBL fy; DBL fz; DBL tmpx; DBL tmpy;
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DBL tmpz; DBL mas; DBL stif; DBL pen; DBL area;

ncel=ncel-2;
for(kn=0;kn<nnode;kn++) /* make z layers */
{ ix=((INT)((d1nccx[kn]-dxmin)/dcs));
iy=((INT)((d1nccy[kn]-dymin)/dcs));
iz=((INT)((d1nccz[kn]-dzmin)/dcs));
if((ix>1)&&(iy>1)&&(iz>1)&&(ix<ncel)&&(iy<ncel)&&(iz<ncel))
{ i1zn[kn]=i1zf[iz];
i1zf[iz]=kn;

} }
for(kn=0;kn<nnode;kn++) /* a loop over non empty z layers */
{ ix=((INT)((d1nccx[kn]-dxmin)/dcs);
iy=((INT)((d1nccy[kn]-dymin)/dcs));
iz=((INT) ((d1nccz[kn]-dzmin)/dcs));
if((ix>1)&&(iy>1)&&(iz>1)&&(ix<ncel)&&(iy<ncel)&&(iz<ncel))
{ if(i1zf[iz]<nnode)
{ i1zf[iz]=i1zf[iz]+nnode;
for(izz=(iz-1);izz<=iz;izz++) /* make y rows */
{ jn=i1zf[izz];
if(jn>=nnode)jn=jn-nnode;
while(jn>=O)
{ iy=((INT)((d1nccy[jn]-dymin)/dcs));
i1yn[jn]=i1yf[iy];
i1yf[iy]=jn;
jn=i1zn[jn];

} }
jn=i1zf[iz];
if(jn>=nnode)jn=jn-nnode;
while(jn>=O) /* a loop over non empty y rows */
{ iy=((INT)((d1nccy[jn]-dymin)/dcs));
if(i1yf[iy]<nnode)
{ i1yf[iy]=ilyf [iy] +nnode;
for(iyy=(iy-1);iyy<=(iy+l);iyy++)
{ in=i1yf[iyy]; /* make x heaps */
if(in>=nnode)in=in-nnode;
while(in>=0)
{ ix=((INT)((d1nccx[in]-dxmin)/dcs));
i1xn[in]=i1xf[ix];
i1xf[ix]=in;
in=i1yn[in];

} }
in=i1yf[iy];
if(in>=nnode)in=in-nnode;
while(in>=O) /* a loop over non empty x heaps */
{ ix=((INT)((d1nccx[in]-dxmin)/dcs));
if(i1xf[ix]<nnode)
{ ic=i1xf[ix];
i1xf[ix]=i1xf[ix]+nnode;
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while(ic>=0)
{ iyc=((INT)((d1nccy[ic]-dymin)/dcs));
izc=((INT)((d1nccz[ic]-dzmin)/dcs));
if((izc==iz)&&(iyc==iy))
{ dxc=d1nccx[ic];
dyc=d1nccy[ic];
dzc=d1nccz[ic];
drc=d1nrad[ic];
for(ixx=(ix-1);ixx<=(ix+1);ixx++)
{ it=i1xf[ixx];
if(it>=nnode)it=it-nnode;
while(it>=0)
{ ixt=((INT)((d1nccx[it]-dxmin)/dcs));
iyt=((INT)((d1nccy[it]-dymin)/dcs));
izt=((INT)((d1nccz[it]-dzmin)/dcs));
if((it!=ic)&&
((i1noty[it]>O)||(i1noty[ic]>=0))&&
((izt<iz)||(iyt<iy)||((iyt==iy)&&(ixt<=ix))))
{ dxt=d1nccx[it];
dyt=d1nccy[it];
dzt=d1nccz[it];
drt=d1nrad[it];
V3DAdd(px,py,pz,dxc,dyc,dzc,-dxt,-dyt,-dzt);
V3DNor(p,px,py,pz);
pen=R1-p/(drc+drt);
if(pen>R0)
{ area=MINIM(drc,drt);
area=area*area;
stif=dpenpe*area/(drc+drt);
mas=MINIM(d1nmas[it],d1nmas[ic]);
kro=R2*dpenks*SQRT(stif*mas);
V3DBet(rx,ry,rz,dxc,dyc,dzc,dxt,dyt,dzt,
(drt/(drc+drt)),(drc/(drc+drt)));
V3DCro(hx,hy,hz,d1ncox[it],d1ncoy[it],
d1ncoz[it],(rx-dxt),(ry-dyt),(rz-dzt));
V3DCro(h1,h2,h3,d1ncox[ic],d1ncoy[ic],
d1ncoz[ic],(rx-dxc),(ry-dyc),(rz-dzc));
vx=h1+d1ncvx[ic]-hx-d1ncvx[it];
vy=h2+d1ncvy[ic]-hy-d1ncvy[it];
vz=h3+d1ncvz[ic]-hz-d1ncvz[it];
V3DDot(vn,vx,vy,vz,px,py,pz);
V3DAdd(vx,vy,vz,vx,vy,vz,
-vn*px,-vn*py,-vn*pz);
V3DNor(v,vx,vy,vz);
forcen=stif*pen-vn*kro;
if(forcen<R0) forcen=R0;
forcef=v*kro;
if(forcef>(forcen*dpenmu))forcef

=forcen*dpenmu;



754 Appendix I

V3DAdd(fx,fy,fz,forcen*px,forcen*py,
forcen*pz,-forcef*vx,-forcef*vy,
-forcef*vz);
V3DCro(tmpx,tmpy,tmpz,
rx-dxc,ry-dyc,rz-dzc,fx,fy,fz);
d1ncfx[ic]=d1ncfx[ic]+fx;
d1ncfy[ic]=d1ncfy[ic]+fy;
d1ncfz[ic]=d1ncfz[ic]+fz;
d1ncmx[ic]=d1ncmx[ic]+tmpx;
d1ncmy[ic]=d1ncmy[ic]+tmpy;
d1ncmz[ic]=d1ncmz[ic]+tmpz;
V3DCro(tmpx,tmpy,tmpz,
rx-dxt,ry-dyt,rz-dzt,fx,fy,fz);
d1ncfx[it]=d1ncfx[it]-fx;
d1ncfy[it]=d1ncfy[it]-fy;
d1ncfz[it]=d1ncfz[it]-fz;
d1ncmx[it]=d1ncmx[it]-tmpx;
d1ncmy[it]=d1ncmy[it]-tmpy;
d1ncmz[it]=d1ncmz[it]-tmpz;

} }
it=i1xn[it];

} } }
ic=i1xn[ic];

} }
in=i1yn[in];

}
for(iyy=(iy-1);iyy<=(iy+1);iyy++) /* delete x heaps */
{ in=i1yf[iyy];
if(in>=nnode)in=in-nnode;
while(in>=0)
{ ix=((INT)((d1nccx[in]-dxmin)/dcs));
i1xf[ix]=-1;
in=i1yn[in];

} } }
jn=i1zn[jn];

}
for(izz=(iz-1);izz<=iz;izz++) /* delete y rows */
{ jn=i1zf[izz];
if(jn>=nnode)jn=jn-nnode;
while(jn>=0)
{ iy=((INT)((d1nccy[jn]-dymin)/dcs));
i1yf[iy]=-1;
jn=i1zn[jn];

} } } } }
for(kn=0;kn<nnode;kn++) /* delete z layers */
{ iz=((INT)((d1nccz[kn]-dzmin)/dcs));
if((iz>1)&&(iz<ncel))i1zf[iz]=-1;

}
}
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static void YlMove( /* Move elements */
nnode,
dt, dtime, dagrax,dagray,dagraz,
d1nccx,d1nccy,d1nccz,d1ncfx,d1ncfy,
d1ncfz,d1ncmx,d1ncmy,d1ncmz,d1ncox,
d1ncoy,d1ncoz,d1ncvx,d1ncvy,d1ncvz,
d1ne1x,d1ne1y,d1ne1z,d1ne2x,d1ne2y,
d1ne2z,d1nmar,d1nmas,d1pnft,d1pnfx,
d1pnfy,d1pnfz,d1pnf1,d1pnf2,d1pnf3,
d1pnt1,d1pnt2,d1pn1x,d1pn1y,d1pn1z,
d1pn2x,d1pn2y,d1pn2z,i1noty

)
INT nnode;
DBL dt; DBL dtime; DBL dagrax; DBL dagray; DBL dagraz;
DBL *d1nccx; DBL *d1nccy; DBL *d1nccz; DBL *d1ncfx; DBL *d1ncfy;
DBL *d1ncfz; DBL *d1ncmx; DBL *d1ncmy; DBL *d1ncmz; DBL *d1ncox;
DBL *d2ncoy; DBL *d1ncoz; DBL *d1ncvx; DBL *d1ncvy; DBL *d1ncvz;
DBL *d1ne1x; DBL *d1ne1y; DBL *d1ne1z; DBL *d1ne2x; DBL *d1ne2y;
DBL *d1ne2z; DBL *d1nmar; DBL *d1nmas; DBL *d1pnft; DBL *d1pnfx;
DBL *d1pnfy, DBL *d1pnfz; DBL *d1pnf1, DBL *d1pnf2; DBL *d1pnf3;
DBL *d1pnt1; DBL *d1pnt2; DBL *d1pn1x; DBL *d1pn1y; DBL *d1pn1z;
DBL *d1pn2x; DBL *d1pn2y; DBL *d1pn2z; INT *i1noty;

{ INT inode,inoty,ihys;
DBL aX,aY,aZ,fX,fY,fZ,vX,vY,vZ,dfix;
DBL en1x,en1y,en1z,en2x,en2y,en2z,en3x,en3y,en3z,s;
DBL t1,t2,f1,f2,f3,ksi,fact,ek,ew,tmp;

ek=R0;
for(inode=0;inode<nnode;inode++)
{ if(d1nmas[inode]<EPSILON)
{ CHRw(stderr, "XXX");
d1nmas[inode]=1.0e+O9;
d1nmar[inode]=20000.0;

}
inoty=UNMARKEDINT(i1noty[inode]);
ek=ek+RP5*d1nmas[inode]*(d1ncvx[inode]*d1ncvx[inode]+

d1ncvy[inode]*d1ncvy[inode]+d1ncvz[inode]*d1ncvz[inode])+
RP5*d1nmar[inode]*(d1ncox[inode]*d1ncox[inode]+
d1ncoy[inode]*d1ncoy[inode]+d1ncoz[inode]*d1ncoz[inode]);

d1ncvx[inode]=d1ncvx[inode]+dagrax*dt;
d1ncvy[inode]=d1ncvy[inode]+dagray*dt;

/* d1ncvz[inode]=d1ncvz[inode]+dagraz*dt*(17.82+d1nccz[inode])/100.0;
*/

d1ncvz [inode]=d1ncvz[inode]+dagraz*dt;
V3DTranToLoc(vX,vY,vZ,d1ncvx[inode],d1ncvy[inode],d1ncvz[inode],

d1pn1x[inoty],d1pn1y[inoty],d1pn1z[inoty],
d1pn2x[inoty],d1pn2y[inoty],d1pn2z[inoty]);

V3DTranToLoc(fX,fY,fZ,d1ncfx[inode],d1ncfy[inode],d1ncfz[inode],
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d1pn1x[inoty],d1pn1y[inoty],d1pn1z[inoty],
d1pn2x[inoty],d1pn2y[inoty],d1pn2z[inoty]);

dfix=d1pnft[inoty];
aX=d1pnfx[inoty]; aY=d1pnfy[inoty]; aZ=d1pnfz[inoty];
f1=d1pnf1[inoty]; f2=d1pnf2[inoty]; f3=d1pnf3[inoty];
t1=d1pnt1[inoty]; t2=d1pnt2[inoty];
fact=R0;
if(((t2-t1)>EPSILON)&&((dtime-t1)>EPSILON)&&((t2-dtime)>EPSILON))
{ ksi=R2*(dtime-RP5*(t1+t2))/(t2-t1);
fact=(R1-ksi)*(R1+ksi)*f2-

fl*RP5*(R1-ksi)*ksi+f3*RP5*ksi*(R1+ksi);
}
aX=aX*fact;
aY=aY*fact;
aZ=aZ*fact;

if(dfix<R200) /* supplied force */
{ vX=vX+((aX+fX)/d1nmas[inode])*dt;
}
else if(dfix<R300) /* supplied acceleration */
{ vX=vX+(aX+fX/d1nmas[inode])*dt;
}
else /* supplied velocity */
{ vX=aX;
}
dfix=dfix-R100;
if(dfix>R100) dfix=dfix-R100;
if(dfix>R100) dfix=dfix-R100;
if(dfix<R20) /* supplied force */
{ vY=vY+((aY+fY)/d1nmas[inode])*dt;
}
else if(dfix<R30) /* supplied acceleration */
{ vY=vY+(aY+fY/d1nmas[inode])*dt;
}
else /* supplied velocity */
{ vY=aY;
}
dfix=dfix-R10;
if(dfix>R10) dfix=dfix-R10;
if(dfix>R10) dfix=dfix-R10;
if(dfix<R1P5) /* supplied force */
{ vZ=vZ+((aZ+fZ)/d1nmas[inode])*dt;
}
else if(dfix<R2P5) /* supplied acceleration */
{ vZ=vZ+(aZ+fZ/d1nmas[inode])*dt;
}
else /* supplied velocity */
{ vZ=aZ;
}
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V3DTranToGl(d1ncvx[inode],d1ncvy[inode],d1ncvz[inode],vX,vY,vZ,
d1pn1x[inoty],d1pn1y[inoty],d1pn1z[inoty],
d1pn2x[inoty],d1pn2y[inoty],d1pn2z[inoty]);

d1nccx[inode]=d1nccx[inode]+d1ncvx[inode]*dt;
d1nccy[inode]=d1nccy[inode]+d1ncvy[inode]*dt;
d1nccz[inode]=d1nccz[inode]+d1ncvz[inode]*dt;
d1ncox[inode]=d1ncox[inode]+dt*d1ncmx[inode]/d1nmar[inode];
d1ncoy[inode]=d1ncoy[inode]+dt*d1ncmy[inode]/d1nmar[inode];
d1ncoz[inode]=d1ncoz[inode]+dt*d1ncmz[inode]/d1nmar[inode];
V3DOmegaRot(en1x,en1y,en1z,dt*d1ncox[inode],dt*d1ncoy[inode],

dt*d1ncoz[inode],d1ne1x[inode],d1ne1y[inode],d1nelz[inode]);
V3DOmegaRot(en2x,en2y,en2z,dt*d1ncox[inode],dt*d1ncoy[inode],

dt*d1ncoz[inode],d1ne2x[inode],d1ne2y[inode],d1ne2z[inode]);
V3DCro(en3x,en3y,en3z,en1x,en1y,en1z,en2x,en2y,en2z);
V3DCro(en2x,en2y,en2z,en3x,en3y,en3z,en1x,en1y,en1z);
V3DNor(s,en1x,en1y,en1z);
V3DNor(s,en2x,en2y,en2z);
d1ne1x[inode]=en1x;
d1ne1y[inode]=en1y;
d1ne1z[inode]=en1z;
d1ne2x[inode]=en2x;
d1ne2y[inode]=en2y;
d1ne2z[inode]=en2z;

}
CHRw(stderr,"ek="); DBLw(stderr,dtime,15); \
CHRwsp(stderr); DBLw(stderr,ek,15); CHRwcr(stderr);
DBLw(stdout,dtime,15); \
CHRwsp(stdout); DBLw(stdout,ek,15); CHRwcr(stdout);

}
static void YlDynamics( nrnd,prefix,i0ndex,suffix,ndigit,

nelem,n0node,nstep,nnoty,
dadt ,datime,dacoks,dacomu,dacope,
dagrax,dagray,dagraz,
dcoE ,dcoEc ,dcoFc ,dcoKs ,dcoRo ,
dstEc ,dstE ,dstY ,
dsizsp,dsizve,
d1ba1x,d1ba1y,d1ba1z,d1ba2x,d1ba2y,
d1ba2z,d1bp1 ,d1bp2 ,d1bpt1,d1bpt2,
d1bpf1,d1bpf2,d1bpf3,d1B ,d1D ,d1H,d1A0,
d1A1,d1A2,d1A3,d1P00,d1P01,
d1P02,d1P03,d1P10,d1P11,d1P12,
d1P13,d1U0 ,d1U1,
d1nccx,d1nccy,d1nccz,d1ncix,d1nciy,
d1nciz,d1ncfx,d1ncfy,d1ncfz,d1ncmx,
d1ncmy,d1ncmz,d1ncox,d1ncoy,d1ncoz,
d1ncvx,d1ncvy,d1ncvz,d1ne1x,d1ne1y,
d1ne1z,d1ne2x,d1ne2y,d1ne2z,d1nmar,
d1nmas,d1pnft,d1pnfx,d1pnfy,d1pnfz,
d1pnf1,d1pnf2,d1pnf3,d1pnt1,d1pnt2,
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d1pn1x,d1pn1y,d1pn1z,d1pn2x,d1pn2y,
d1pn2z,i1noty,i1elty,i2elto

)
INT nrnd; CHR *prefix; INT *i0ndex; CHR *suffix; INT ndigit;
INT nelem; INT *n0node; INT nstep; INT nnoty;
DBL dadt; DBL datime; DBL dacoks; DBL dacomu; DBL dacope;
DBL dagrax; DBL dagray; DBL dagraz;
DBL dcoE; DBL dcoEc; DBL dcoFc; DBL dcoKs; DBL dcoRo;
DBL dstE; DBL dstEc; DBL dstY;
DBL dsizsp; DBL dsizve;
DBL *d1ba1x; DBL *d1ba1y; DBL *d1ba1z; DBL *d1ba2x; DBL *d1ba2y;
DBL *d1ba2z; DBL *d1bp1; DBL *d1bp2; DBL *d1bpt1; DBL *d1bpt2;
DBL *d1bpf1; DBL *d1bpf2; DBL *d1bpf3;
DBL *d1B; DBL *d1D; DBL *d1H; DBL *d1A0;
DBL *d1A1; DBL *d1A2; DBL *d1A3; DBL *d1P00; DBL *d1P01;
DBL *d1P02; DBL *d1P03; DBL *d1P10; DBL *d1P11; DBL *d1P12;
DBL *d1P13; DBL *d1U0; DBL *d1U1;
DBL *d1nccx; DBL *d1nccy; DBL *d1nccz; DBL *d1ncix; DBL *d1nciy;
DBL *d1nciz; DBL *d1ncfx; DBL *d1ncfy; DBL *d1ncfz; DBL *d1ncmx;
DBL *d1ncmy; DBL *d1ncmz; DBL *d1ncox; DBL *d1ncoy; DBL *d1ncoz;
DBL *d1ncvx; DBL *d1ncvy; DBL *d1ncvz; DBL *d1ne1x; DBL *d1ne1y;
DBL *d1ne1z; DBL *d1ne2x; DBL *d1ne2y; DBL *d1ne2z; DBL *d1nmar;
DBL *d1nmas; DBL *d1pnft; DBL *d1pnfx; DBL *d1pnfy; DBL *d1pnfz;
DBL *d1pnf1; DBL *d1pnf2; DBL *d1pnf3; DBL *d1pnt1; DBL *d1pnt2;
DBL *d1pn1x; DBL *d1pn1y; DBL *d1pn1z; DBL *d1pn2x; DBL *d1pn2y;
DBL *d1pn2z; INT *i1noty; INT *i1elty; INT **i2elto;

{ DBL ew;
DBL *d1nrad; DBL *d1sepm;
INT *i1nnel; INT *i1xf; INT *i1yf; INT *i1zf; INT *i1xn; INT *i1yn;
INT *i1zn;
INT irnd,istep,inode,ielem,ncel,nn;
DBL ri,rix,riy,riz,dcs, zdefl;
DBL dxmin; DBL dymin; DBL dzmin;
DBL dxmax;
i1nnel=INT1NULL;
d1nrad=DBL1NULL;
d1sepm=DBL1NULL;

/* TformINT1(FILENULL,0,2*(*n0node),&i1nnel); xxxx ok
TformDBL1(FILENULL,R0,(*n0node),&d1nrad);
TformDBL1(FILENULL,R0,(nelem),&d1sepm); */
TformINT1(FILENULL,0,5*(*n0node),&i1nnel);
TformDBL1(FILENULL,R0,5*(*n0node),&d1nrad);
Tf0rmDBL1(FILENULL,R0,(5*nelem),&d1sepm);
for(ielem=0;ielem<nelem;ielem++)
{ V3DAdd(rix,riy,riz,d1ncix[i2elto[1][ielem]],
d1nciy[i2elto[1][ielem]],d1nciz(i2elto[1][ielem]],
-d1ncix[i2elto(0][ielem]],-d1nciy[i2elto[0][ielem]],
-d1nciz[i2elto[0][ielem]]);
V3DNor(ri,rix,riy,riz);
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if(d1nrad(i2elto[0][ielem]]
<(ri*RP4))d1nrad[i2elto[0][ielem]]=ri*RP4;

if(d1nrad[i2elto[1][ielem]]
<(ri*RP4))d1nrad[i2elto[1][ielem]]=ri*RP4;

}
dcs=d1nrad[0];
for(inode=1;inode<(*n0node);inode++)
{ dcs=MAXIM(dcs,d1nrad[inode]);
}
dcs=R2*dcs;
dxmin=-dsizsp-(R3*dcs);
dymin=-dsizsp-(R3*dcs);
dzmin=-dsizsp-(R3*dcs);
dxmax=dsizsp+(R3*dcs);
ncel=((INT)((dxmax-dxmin)/dcs));
nn=MAXIM(ncel,(*n0node));
nn=nn+7;
i1xf=INT1NULL;
i1yf=INT1NULL;
i1zf=INT1NULL;
i1xn=INT1NULL;
i1yn=INT1NULL;
i1zn=INT1NULL;
TformINT1(FILENULL,-1,nn,&i1xf);
TformINT1(FILENULL,-1,nn,&i1yf);
TformINT1(FILENULL,-1,nn,&i1zf);
TformINT1(FILENULL,-1,nn,&i1xn);
TformINT1(FILENULL,-1,nn,&i1yn);
TformINT1(FILENULL,-1,nn,&i1zn);
ew=R0;
for(irnd=0;irnd<nrnd;irnd++)
{ CHRw(stderr," STARTED IRND,nnode,time=");
INTw(stderr,irnd,5); INTw(stderr,(*n0node),7); CHRwsp(stderr);
DBLw (stderr,datime,15);
CHRwcr(stderr);
for(istep=0;istep<nstep;istep++)
{ Ylload(nelem,(*n0node),
dcoRo, datime,
d1ba1x,d1ba1y,d1ba1z,d1ba2x,d1ba2y,
d1ba2z,d1bp1 ,1lbp2 ,d1bpt1,d1bpt2,
d1bpf1,d1bpf2,d1bpf3,d1B ,d1H ,
d1ncix,d1nciy,d1nciz,d1ncfx,d1ncfy,
d1ncfz,d1ncmx,d1ncmy,d1ncmz,d1ne1x,
d1ne1y,d1ne1z,d1ne2x,d1ne2y,d1ne2z,
d1nmar,d1nmas,i1nnel,i2elto);
Ylforce(nelem,n0node,datime,
dcoE ,dcoEc ,dcoFc , dcoKs,dcoRo,
dstE ,dstEc ,dstY ,
d1ba1x,d1ba1y,d1ba1z,d1ba2x,d1ba2y,
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d1ba2z,d1B ,d1D ,d1H,d1A0,
d1A1,d1A2,d1A3,d1P00,d1P01,
d1P02,d1P03,d1P10,d1P11,d1P12,
d1P13,d1U0 ,d1U1,
d1ncix,d1nciy,d1nciz,d1nccx,d1nccy,
d1nccz,d1ncfx,d1ncfy,d1ncfz,d1ncmx,
d1ncmy,d1ncmz,d1ncox,d1ncoy,d1ncoz,
d1ncvx,d1ncvy,d1ncvz,d1ne1x,d1ne1y,
d1ne1z,d1ne2x,d1ne2y,d1ne2z,d1nmar,
d1nmas,d1nrad,d1sepm,
i1nnel,i1noty,i2elto):
/* YlContactNBS(
nn,(*n0node),
dcs ,dxmin, dymin, dzmin,
dacoks,dacomu,dacope,d1nccx,d1nccy,
d1nccz,d1ncfx,d1ncfy,d1ncfz,d1ncmx,
d1ncmy,d1ncmz,d1ncox,d1ncoy,d1ncoz,
d1ncvx,d1ncvy,d1ncvz,d1nmas,d1nrad,
i1noty,i1xf , i1yf, i1zf , i1xn,
i1yn ,i1zn); */
YlMove((*n0node),
dadt,datime, dagrax, dagray,dagraz,
d1nccx,d1nccy,d1nccz,d1ncfx,d1ncfy,
d1ncfz,d1ncmx,d1ncmy,d1ncmz,d1ncox,
d1ncoy,d1ncoz,d1ncvx,d1ncvy,d1ncvz,
d1ne1x,d1ne1y,d1ne1z,d1ne2x,d1ne2y,
d1ne2z,d1nmar,d1nmas,d1pnft,d1pnfx,
d1pnfy,d1pnfz,d1pnf1,d1pnf2,d1pnf3,
d1pnt1,d1pnt2,d1pn1x,d1pn1y,d1pn1z,
d1pn2x,d1pn2y,d1pn2z,i1noty);
datime=datime+dadt;

}
if((*i0ndex)>=O)
{ if(CHRcmp(prefix,"a1",2)==0)
{ YaOutput(prefix,(*i0ndex),suffix,ndigit,

nelem,(*n0node),
dsizsp,dsizve,
d1ba1x,d1ba1y,d1ba1z,d1ba2x,d1ba2y,
d1ba2z,d1B ,d1D ,d1H,
d1A0,d1A1,d1A2,d1A3,d1P00,
d1P01,d1P02,d1P03,d1U0,d1U0,
d1ncix,d1nciy,d1nciz,d1nccx,d1nccy,
d1nccz,d1ncfx,d1ncfy,d1ncfz,d1ncmx,
d1ncmy,d1ncmz,d1ncox,d1ncoy,d1ncoz,
d1ncvx,d1ncvy,d1ncvz,d1ne1x,d1ne1y,
d1ne1z,d1ne2x,d1ne2y,d1ne2z,
i1elty,i2elto);

(*i0ndex)=(*i0ndex)+1;
} } }
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FREE(i1zn);
FREE(i1yn);
FREE(i1xn);
FREE(i1zf);
FREE(i1yf);
FREE(i1xf);
FREE(d1sepm);
FREE(d1nrad);
FREE(i1nnel);
i1xf=INT1NULL;
i1yf=INT1NULL;
i1zf=INT1NULL;
i1xn=INT1NULL;
i1yn=INT1NULL;
i1zn=INT1NULL;
d1sepm=DBL1NULL;
d1nrad=DBL1NULL;
i1nnel=INT1NULL;
}

/**************************** PUBLIC ********************************/
void YIDYNAM( finp,fcheck,yl /*** dynamics of line elements ***/

)
FILE *finp; FILE *fcheck; YL yl;

{ int iword;
CHR word[50];
CHR prefix[10]; /* output file extension */
CHR suffix[10]; /* output file name */
INT index; /* output file index */
INT ndigit; /* number of digits for coded output */
INT narnd,natis;
DBL datst,datim;
DBL dabox,dagrx,dagry,dagrz;
DBL daiks,daimu,daipe;
DBL dacEm,dacEc,dacFc,dacKs,dacRo,dasEm,dasEc,dasYs;

CHRw(stderr,"***** Y IS PROCESSING LINE ELEMENTS (YlDYNAM) *****");
CHRwcr(stderr);

index=-1;
CHRr(finp,word);
CHRw(fcheck,word); CHRwcr(fcheck);
while(CHRcmp(word,"#END",4)!=0)
{ CHRw(fcheck,word); CHRwcr(fcheck);
if(CHRcmp(word,"#NARND",6)==0) /* number of rounds */
{ INTr(finp,&narnd);
}
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else if(CHRcmp(word,"#NATIS",6)==0) /*number of steps each round*/
{ INTr(finp,&natis);
}
else if(CHRcmp(word,"#FOUT",5)==0) /* output file */
{ CHRr(finp,prefix); INTr(finp,&index); CHRr(finp,suffix);
INTr(finp,&ndigit);

}
else if(CHRcmp(word,"#DATST",6)==0) /* current time step */
{ DBLr(finp,&datst);
}
else if(CHRcmp(word,"#DATIM",6)==0) /* current time step */
{ DBLr(finp,&datim);
}
else if(CHRcmp(word,"#DAGRX",6)==0) /* acceleration gravity x */
{ DBLr(finp,&dagrx);
}
else if(CHRcmp(word,"#DAGRY",6)==0) /* acceleration gravity y */
{ DBLr(finp,&dagry);
}
else if(CHRcmp(word,"#DAGRZ",6)==0) /* acceleration gravity z */
{ DBLr(finp,&dagrz);
}
else if(CHRcmp(word,"#DACEC",6)==0) /* concrete epsilon cu */
{ DBLr(finp,&dacEc);
}
else if(CHRcmp(word,"#DACEM",6)==0) /* concrete elastic modulus */
{ DBLr(finp,&dacEm);
}
else if(CHRcmp(word,"#DACFC",6)==0) /* concrete fcu */
{ DBLr(finp,&dacFc);
}
else if(CHRcmp(word,"#DACKS",6)==0) /* concrete ksi 0.0-1.0 */
{ DBLr(finp,&dacKs);
}
else if(CHRcmp(word,"#DACRO",6)==0) /* concrete densiti kg/m3 */
{ DBLr(finp,&dacRo);
}
else if(CHRcmp(word,"#DASEC",6)==0) /* steel Elastic modulus */
{ DBLr(finp,&dasEc);
}
else if(CHRcmp(word,"#DASEM",6)==0) /* steel Elastic modulus */
{ DBLr(finp,&dasEm);
}
else if(CHRcmp(word,"#DASYS",6)==0) /* steel Yield stress */
{ DBLr(finp,&dasYs);
}
else if(CHRcmp(word,"#DAIKS",6)==0) /* penetration ksi 0.0-1.0 */
{ DBLr(finp,&daiks);
}
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else if(CHRcmp(word,"#DAIMU",6)==0) /* penetration mu 0.0-1.0 */
{ DBLr(finp,&daimu);
}
else if(CHRcmp(word,"#DAIPE",6)==0) /* penetration penalty N/m2 */
{ DBLr(finp,&daipe);
}
else
{ CHRw(stderr,"YIMOVE: unknown name: ");
CHRw(stderr,word);
CHRwcr(stderr);
exit(1);

}
CHRr(finp,word);

}
YlDynamics(narnd,prefix,(&index),suffix,ndigit,
yl->nelem,&(yl->nnode),natis,yl->nnoty,
datst,datim,daiks,daimu,daipe,
dagrx,dagry,dagrz,
dacEm,dacEc,dacFc,dacKs,dacRo,
dasEc,dasEm,dasYs,
yl->dsizsp,yl->dsizve,
yl->d2bc[0],yl->d2bc[1],yl->d2bc[2],yl->d2bc[3],yl->d2bc[4],
yl->d2bc[5],yl->d2bl[0],yl->d2bl[1],yl->d2bl[2],yl->d2bl[3],
yl->d2bl[4],yl->d2bl[5],yl->d2bl[6],
yl->d2bc[6],yl->d2bc[7],yl->d2bc[8],
yl->d2bc[9],yl->d2bc[10],yl->d2bc[11],yl->d2bc[12],
yl->d2bs[0],yl->d2bs[1],
yl->d2bs[2],yl->d2bs[3],yl->d2bs[4],yl->d2bs[5],yl->d2bs[6],
yl->d2bs[7],yl->d2bs[8],yl->d2bs[9],
yl->d2ncc[0],yl->d2ncc[1],yl->d2ncc[2],yl->d2ncc[3],yl->d2ncc[4],
yl->d2ncc[5],yl->d2ncf[0],yl->d2ncf[1],yl->d2ncf[2],yl->d2ncf[3],
yl->d2ncf[4],yl->d2ncf[5],yl->d2ncv[0],yl->d2ncv[1],yl->d2ncv[2],
yl->d2ncv[3],yl->d2ncv[4],yl->d2ncv[5],yl->d2nce[0],yl->d2nce[1],
yl->d2nce[2],yl->d2nce[3],yl->d2nce[4],yl->d2nce[5],yl->d2nma[0],
yl->d2nma[1],yl->d2pn[0], yl->d2pn[1] ,yl->d2pn[2] ,yl->d2pn[3],
yl->d2pn[4] ,yl->d2pn[5] ,yl->d2pn[6] ,yl->d2pn[7] ,yl->d2pn[8],
yl->d2pn[9] ,yl->d2pn[10],yl->d2pn[11],yl->d2pn[12],yl->d2pn[13],
yl->d2pn[14],yl->i1noty , yl->i1elty, yl->i2elto );

}
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A.I.C Rules for Impact/Explosion and Load
Distribution – Time Function

A.I.C.1 Trapezium Rule

One knows that higher-order differences are negligible for small h in the case
of well behaved functions. Neglecting the second and higher-order differences
in and putting n = 1, one obtains

x0+h∫
x0

ydx = h

(
f0ff +

1
2
∆f0ff

)

=
h

2
(f1 + f0ff )

(A.I.C.1)

Equation (A.I.C.l) is called the trapezium rule. Geometrically, we replace the
portion of the curve between the points [x0, f(x0)] and [x0 +h, f(x0 +h)] by
the line segment joining them (Fig. A.I.C.1).

In this rule, the arca under the curve AEB between the ordinates at x0
and x0 + h is replaced by that under the chord AB ; i.e. by the area of the
trapezium ABCD.

Fig. A.I.C.1. Trapezium rule

A.I.C.1.1 Trapezoidal Rule

Let the area between the ordinates at x0 and x0 +nh be divided into n strips
at x0, x0 + h, . . . , x0 + nh(= x1). Applying the trapezium rule to each strip
and summing up. we get
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x1∫
x0

ydx =
h

2
(f1 + f0ff ) +

h

2
(f1 + f2ff ) + . . . +

h

2
(fnff −1 + fnff )

= h

[
1
2

(f1 + fnff ) + (f1 + f2ff + . . . + fnff −1)
] (A.I.C.2)

Equation (A.I.C.2) is called the trapezoidat rule.

Example

Evaluate numerically

n/4∫
0

cosxdx ,

by dividing the interval into 3 strips.

Fig. A.I.C.2. Graph of cos x over [0, p/2]

In Fig. A.I.C.2 f(x) = cosx and h = (π/4 − 0)/3 = 0.2618 (correct to
four decimal places);

x0 = 0 , f0ff = f(0) = 1
x1 = 0.2618 , f1 = f(x1) = 0.9659
x2 = 0.5236 , f2ff = f(x2) = 0.8660

x3 =
π

4
= 0.7854 , f3ff = f(x3) = 0.7071

Using the trapezoidal rule (A.I.C.2), one finds
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π/4∫
0

cosx dx = h

[
1
2

(f0ff + f3ff ) + (f1 + f2ff )
]

= 0.7030

Error in the Trapezium Rule

If one neglects the second and higher-order differences, the leading error term
is −(1/12)h∆2f0ff .

Program TRAIL

Program TRAIL has been developed which is based on Trapezoidal Rule. This
program is linked with PROGRAM BLAST for loading the WTC Buildings.

Program (FORTRAN) TRAIL

Trapezoidal integral rule

C *******************************************************
REAL FUNCTION F(X)
REAL X
F = EXP(-X/2)
RETURN
END

C *******************************************************
EXTERNAL F
REAL A,B,H,P
INTEGER N,I
PRINT *,’ ********************************************’
PRINT *,’ * *’
PRINT *,’ * TRAPEZOIDAL INTEGRAL RULE *’
PRINT *,’ * *’
PRINT *,’ ********************************************’
PRINT *,’ENTER INITIAL VALUE:’
READ(*,*)A
PRINT *,’ENTER FINAL VALUE:’
READ(*,*)B
PRINT *,’NUMBER OF STRIPS:’
READ(*,*)N
H = (B - A)/N
P = (F(A) + F(B))/2
DO 100 I = 1, N - 1
P = P + F(A + I*H)

100 CONTINUE
WRITE(*,50) H*P

50 FORMAT(’INTEGRAL IS = ’,F12.8)
STOP
END
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A.I.C.2 Simpson’s Rule

Let n = 2 the one can write the integral as
x0+2h∫
x0

ydx = h

2∫
0

ydk = h

[
2f0ff +

22

2
∆f0ff +

(
23

3
− 22

2

)
∆2f0ff

2!

]
(A.I.C.3)

Here one has to neglect the third and higher-order differences. By replacing
∆f0ff and ∆2f0ff in terms of the functional values, then

x0+2h∫
x0

ydx =
h

3
[
f0ff + 4f1 + f2ff

]
(A.I.C.4)

Equation (A.I.C.4) expresses the integral in terms of the ordinates at the
three points x0, x0 + h, x0 + 2h. Hence, the formula determines the areas of
two strips at a time. In general, the given interval is divided into an even
number of equal intervals.

One has truncated the series in (A.I.C.4) at ∆2f0ff . It has now been ap-
proximated the function f(x) by a quadratic curve (or a parabola).

This equation can be extended to an area subdivided into n strips, where
n is even. Summing up all the integrals, the integral is represented as
x0+nh∫
x0

ydx =
h

3
[
(f0ff + fnff ) + 4(f1 + f3ff + . . . + fnff −1) + 2(f2ff + f4ff + . . . + fnff −2)

]
(A.I.C.5)

Equation (A.I.C.5) is called Simpson’s one–third rule.
The first term neglected now is the involving ∆4f0ff due to the coefficient

of ∆3f0ff being zero. The term containing ∆4f0ff is −(h/90)∆4f0ff . This is the
error term in Simpson’ s rule.
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A.I.C.3 Program SIMPSON

Program SIMPSON based on Simpson’s rule has been developed as an alter-
native to Program TRAIL and has been used with Blast load – Time function
for the Oklahoma Building in Oklahoma, U.S.A. using PROGRAM C.

C *************************************************************
REAL FUNCTION F(X)
REAL X
F = EXP(-X/2)
RETURN
END

C *************************************************************
EXTERNAL F
REAL A,B,H,P,I
INTEGER N,R,Z
PRINT *,’ **************************************************’
PRINT *,’ * *’
PRINT *,’ * SIMPSON’S METHOD OF INTEGRATION *’
PRINT *,’ * *’
PRINT *,’ **************************************************’
PRINT *,’ENTER INITIAL VALUE:
READ(*,*)A
PRINT *,’ENTER FINAL VALUE:
READ(*,*)B
PRINT *,’NUMBER OF STRIPS:
READ(*,*)N
H = (B - A)/N
P = F(A) + F(B)
Z = 4
DO 40 R = 1, N - 1

P = P + Z*F(A + R*H)
Z = 6 - Z

40 CONTINUE
I = H*P/3
WRITE(*,50) I

50 FORMAT(’INTEGRAL = ’,F12.8)
STOP
END
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nose-shaped coefficient 417
numerical simulation of blast loading

630
numerical solution method 240



Index 779

oblique impact 382
oblique reflection 94
oblique shock VI, 89
observed simulated phenomena 597
Oklahoma City 601
one-way slab 162, 296, 297
open air explosions 83
open-section shear walls 531
opening factor 122
openings 463, 581
operating guidelines 51
outer frame wall 464
outrigger truss 584
overpressure 78, 81, 82
overturning moment 530

peak displacement 386
peak impulsive load 73
peak pressure VI, 314
penalty function method 344
penetration VII, 406, 409, 410
Pentagon V, 24, 26, 27
perforation VII, 406, 408–410
perforation energy 425
permanent deformation of pipe 426
Perry and Brown formulae 417
Petry formula 412
Phantom aircraft 689
physical boundary 529
P–i curves for elastic and plastic cases

292
piecewise linear functions 485
plastic 418, 468
plastic analysis 179, 183, 197, 304, 305
plastic buckling matrix 560
plastic energy 684
plastic films 10
plastic flow rule 671
plastic hinge 611
plastic point 689, 690
plastic strain relationship 673
plate thickness 583
plates 458
plugging 423
plume-trajectory scaling 579
point of intersection between contacting

nodes 343

Poisson’s ratio 479
polycarbonates 59
polynomial 539
portal frames 192
positive moment due to fire 164
post-flashover design fires 116
post-mortem 689
post-shock temperatures 88
potential energy 550, 607, 609, 610,

684
potential temperature 580
pre-flashover design fires 116
prediction of gas pressure impulse 99
pressure 76
pressure at ambient temperature 97
pressure gradient 447, 452
pressure-time history 97
pressure-time relation VI, 72
prestressed concrete 171
prestressed concrete beam 176
prevent penetration 409
principal lateral bracing 630
prismatic member 553
probability methods 104
profiled steel sheet 216
program BANG-BLAST 513, 572, 587
program BANG-FIR 494–496, 513,

578, 579
program BANGF VIII, 534, 573
program FEMVIEW VII, 600
program ISOPAR 211, 513, 692
program SIMPSON 768
program TRAIL 766
progression of collapse 593
progressive collapse 617, 620
projectile 412
projectile penetration 443
propagation of flame 441
protected steel 143
protected steel members 142
protection 148
protective design technologies 1
purtins block 10

quadratic integration 677
quasi-static pressure 97
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radiant heat flux 120
radiation 117
radiation heat transfer 46
radius of gyration 562
raised floors 7
ramp-function load 231, 238
range 290
range of fire load density 112
Rankine-Hugonist equation 88
rarefaction 85
rarefaction waves 78
rated cruise speed 583
Rayleigh wave 79
RC-framed basement 9
RDX 67
recoilless guns 16
recommended values for characteristic

fire loads 108
rectangular pulse 245
rectangular pulse load 244
reduced linear transient dynamic

analysis 677
reduction of strength 569
reflected waves 96
reflection coefficient 94
reinforced concrete 171
reinforced concrete columns 158
reinforced concrete frame 26
reinforced concrete slabs 416
reinforced concrete wall 300
reinforced-concrete buildings 2
reinforcement detailing 624
reinforcing steel 462
residual velocity of the missile 415
residual vibration 245
resistance of the slab 314
resistance required 314
resistance-weapon 291
response analysis equations 232
response solution method 240
restraints 105, 165
reverberation phase 96
reverberation time 96
Reynolds number 495
Riera model 388
rigid body deflection 611
rigid body motion 611

rigidity of escalators 599
rigidity of moving walks 599
risk analysis 104
rockets 16, 394
rolled-steel frame 329
roof 9
roof structures 229
rotational stiffness 286
rotational velocity 286, 287
rotations of the core 557
Rotz damage model 420
rubble-covered columns 3
rupture VII, 441

safety factors 109
safety of human beings 601
scabbing VII, 406
scabbing thickness 411, 420
scaled distance 81
scaling of the overpressure 81
scanning approach 505
scattering flying objects VII, 475
scattering of debris 490
schematic of distorted section 626
secant modulus 418
sectorial coordinate 557
security camera 26
security of building services 601
selection 62
shafts 18
shape factors 141, 143, 144
shape functions 444
shear stress 418
shear walls VIII, 531, 553
shear-resisting elements 540
shears 169, 291, 529, 530
sheet materials 500
sheetings 10
shells 16
shield design 321
shock absorber 608
shock front VI
shock loading VI, 244
shock overpressure 98
shock plane 91
shock pulse duration 73
shock reflection VI, 93
shock spectrum location 245
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shock wave peak pressure versus slant
range 92

shock waves 39
short frames 530
side-on blast parameters 317
side-on blast pressure 318
SIFCON 60
SIFCON layers 601
siliceous aggregate concrete 136
simplified missile analysis 376
simply supported beam under

distributed load 262
simply-supported unstrained beams

162
Simpson’s rule 551, 605, 767
single-bay portal frames 529
site problems and management 56
sky bridges 599
slab construction 50
slab warping 543
slabs 3, 26, 293, 294
slabs simply supported on shorter sides

298
slenderness ratio 569
slow speed indentation 420
smoke 12, 28, 104
smoke flame 578
smoke plume 589
snap-back phenomenon 566
‘sof-shock’ glass 7
solid isoparametric elements 480
solid missiles 417
solid steel missiles 408
South Quay Plaza 9
South Quay Waterside 9
space domain 483
spalling VII, 406
spandrel beam 3
spandrels 458, 597
spatial cantilever 529
special application of Duhamel Integral

for impulse load 246
specific heat 127, 136
specific heat capacity 87
specific heat of the concrete 160
specific limit energy 424
spectrum analysis 681

speed 453
speed-of-sound 91
spherical missile 422
spherical-ended bodies 407
splander beam 627
sprinkler systems 46
SRI equation 423
St. Mary Axe 7
stability criterion 492
stagnation pressure VI, 88
stand-off damage assessment 302
stand-off distance 315, 327
Staples Corner 10
static condensation 272
static discharge devices 443
statistical survey 106, 109
steel 127, 462, 464
steel and composite beams and columns

211
steel and concrete elements VII
steel at elevated temperatures 129
steel beam 184
steel box column 463
steel columns 145–147
steel frame 2, 10
steel pipe missiles 409
steel plates 423
steel structural members 462
steel targets 420
steel temperature 185
steel-framed structure 12, 18
steel-trussed footbridge 10
step-function load 231, 234
step-function with time 239
Stevenson’s direct head-on impact

model 388
stiffness coordinates 553
stiffness of the beam element 286
Stone and Webster formula 410
storage building 120
strain increment 689
strain rate 283
strain stiffening 653
strain tensor 486
strategy 50
strength reduction 183
strength reduction coefficient 170
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strength–reduction factor 585
stress increment 689
stress resultants 550
stress vector 449
stress waves VI
stress waves and blast waves 78
stress-strain curve 585
stress-strain curves for a mild steel

132
stresses 175, 291, 464
strong turbulence 495
structural cells 485
structural damage 16, 22
structural element VI, 289
structural form 9
structural integrity V, 1
structural material stability 672
structural response 229
structural response analysis to blast

loading 230
structural response of buildings 95
structural sizes 458
structural tube framing 584
structures 16
sturm seguence 562
sub-basement 26
substructuring 709
sufficient buckling 191
superelement 709
support conditions 252
surface waves 78
surveillance mode 53
suspended ceilings 7

tables VI
tabulated cases 192
tactics 50, 52
Takeda, Tachikawa, and Fujimoto

formula 416
tall exposed columns 3
tangent modulus 418
target node 342
target penetration 424
TASEF-2 211
Taub and Curtis model 424
technique of computing acceleration

factors 714

temperature 91, 129, 455
temperature distribution 176
temperature range 128
temperature-time 124, 126
temperature-time curves 125
temperature-time relation VI, 46, 117
tension members 130
terrorist activities and threat 54
terrorist bombings 1
terrorist bombs 39, 68
tests on PWR containment reactor

building 689
Thames Quay 9
thermal bowing 569
thermal conductivity 127, 136, 570
thermal conductivity of the concrete

160
thermal displacements 569
thermal fire resistance 160, 161
thermal gradients 569
thermal properties 205
thermal strains 570
thermal stresses 570
thermochemistry 46
thick concrete 411
thickness 408
thickness of the shock front 88
thin-walled 541
thirty-two-noted solid element 481
Thomas Telford House 10
threats 52
three dimensional scattering 491
three dimensional scattering of elements

491
three-dimensional finite element

modelling 582
three-dimensions 531, 533
3D finite element analysis VIII
3D implementation into the combined

FEM/DEM method 337
3D structures 531
threshold limit 565
time 122
time dependent displacements 468
TIME DOMAIN VII, 475
time durations 454
time increment 488
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time of drag 73
time scenario 576
time-load basis 601
tinted glass 10
TNT 14, 71, 551
Tornado aircraft 689
torsion 540
torsional buckling 561
torsional moment 540
torsional parameters 548
total deflection 257
total pressure 314
total strain increment 673
tower components VII
transfer beam 620
transfer girders 627
transformation factor 305
transformation factors for beams and

one-way slabs 295
transformation matrix 557
transient 87
transient over pressure V
translating impact forces 1
translation and rotation 276
transverse waves 78
trapezium rule 764
trapezoidal rule 764
travel distance 110
triangular pressure-pulse function 299
triangular pulse load 246
tributary bay 529
truss-metal ties 468
t-squared fires 112
turbulence model 496
turbulence modeling 476
turbulent diffusion theory 495
turbulent driven debris equations 493
turbulent flame 493
turbulent velocity 505
twenty-noded solid element 482
twisting actions 542
2D nature 334
types of classification – dynamic 233
types of classification – impulsive I

233
types of classification – quasi-static
233

ultimate moment capacity 419
ultimate rotational capacity 419
ultimate strength of concrete 134
underground explosions 83
underwater explosions 83
uniform acceleration 713
unprotected steel 597
unprotected steel columns 149
unprotected steel members 140
upper surface 566
US Army Corps of Engineers’ formula

407
use of characteristic fire load density

106

various loading 252
vehicle barrier 62
vehicle bomb V, 1, 61, 299
velocity pressure 444
vented energy 589
ventilation 581
vertical displacement 556, 557
very sharp-nosed bodies 407
vicious device 7
von Mises yield 675

wall panels 14
walls 463
warping 531, 542
warping deformation 543
warping stiffness 543
warping stiffness of beams 551
wave displacement 487
wave equations 450
weak turbulence 494
weapon yield 290
welded columns 583
wet wing construction 442
window pane 327
windows 10, 330
windstorm 23
Winfrith perforation energy model

425
wing structure 442
wings 597
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World Trade Center V, VII, VIII, 3,
16, 49, 453

WTC Towers 18, 574, 599
WTC Towers – finite element analysis

465, 586
WTC Towers – finite element modelling

586
WTC Towers collapse 23, 503, 576
WTC Towers impacted floors 583
WTC-1 453, 454, 572, 582, 593

WTC-1 – damage scenario 590
WTC-2 453, 454, 572, 582, 594
WTC-l Tower results – comparative

study 597

YIELD 67
yield condition 672
yield criterion 671
yield surface 671
Young’s modulus 418, 479
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