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Preface

Ordered random variables have attracted several researchers due to their applica-
bility in many areas, like extreme values. These variables occur as a natural choice
when dealing with extremes like floods, earthquakes, etc. The use of ordered ran-
dom variables also appears as a natural choice when dealing with records. In this
book we have discussed various models of ordered random variables with both
theoretical and application points of view. The introductory chapter of the book
provides a brief overview of various models which are available to model the
ordered data.

In Chap. 2 we have discussed, in detail, the oldest model of ordered data, namely
order statistics. We have given the distribution theory of order statistics when
sample is available from some distribution function F(x). Some popular results
regarding the properties of order statistics have been discussed in this chapter. This
chapter also provides a brief about reversed order statistics which is a mirror image
of order statistics. We have also discussed recurrence relations for moments of order
statistics for various distributions in this chapter.

Chapter 3 of the book is dedicated to another important model of ordered
variables, known as record values introduced by Chandler (1952). Record values
naturally appear when dealing with records. This chapter discusses in detail the
model when we are dealing with larger records and is known as upper record
values. The chapter contains distribution theory for this model alongside some other
important results. The chapter also presents recurrence relations for moments of
record values for some popular probability distributions.

Kamps (1995) introduced a unified model for ordered variables, known as
generalized order statistics (GOS). This model contains several models of ordered
data as a special case. In Chap. 4, we have discussed, in detail, this unified model of
ordered data. This chapter provides a brief about distribution theory of GOS and its
special cases. The chapter also contains some important properties of the model,
like Markov chains property and recurrence relations for moments of GOS for some
selected distributions.

In Chap. 5 the model of reversed order random variables known as dual gen-
eralized order statistics (DGOS) is discussed. The model was introduced

vii



viii Preface

by Burkschat et al. (2003) as a unified model to study the properties of variables
arranged in decreasing order. The model contains reversed order statistics and lower
record values as a special case. We have given some important distributional
properties for the model in Chap. 5. We have also discussed recurrence relations for
moments of DGOS when sample is available from some distribution F(x). The
chapter also provides relationship between GOS and DGOS.

Ordered random variables have found tremendous applications in many areas
such as estimation and concomitants. Chapter 6 of the book presents some popular
uses of ordered random variables. The chapter presents use of ordered random
variables in maximum likelihood and Bayesian estimation.

Chapters 7 and 8 of the book present some popular results about probability
distributions which are based on ordered random variables. In Chap. 7 we have
discussed some important results regarding the characterization of probability
distributions based on ordered random variables. We have discussed characteriza-
tions of probability distributions based on order statistics, record values, and gen-
eralized order statistics. Chapter 8 contains some important results which connect
ordered random variables with extreme value distribution. We have discussed the
domains of attractions for several random variables for various types of extreme
values distributions.

Finally, we would like to thank our colleagues and friends for their support and
encouragement during compilations of this book. We would like to thank Prof.
Chris Tsokos for valuable suggestions which help in improving the quality of the
book. Authors 1 and 3 would like to thank Prof. Muhammad Hanif and Prof. Valary
Nevzorov for healthy comments during compilation of this book. Authors 1, 3, and
4 would also like to thank Statistics Department, King Abdulaziz University, for
providing excellent support during compilation of the book. Author 2 would like to
thank Rider University for their excellent facilities which helped in completing the
book.

Jeddah, Saudi Arabia Muhammad Qaiser Shahbaz
Lawrenceville, USA Mohammad Ahsanullah
Jeddah, Saudi Arabia Saman Hanif Shahbaz

Jeddah, Saudi Arabia Bander M. Al-Zahrani



Contents

1 Introduction. ... .. ......... . . . . . . . .

2

1.1
1.2

Introduction . ........ ... ... ... ...
Models of Ordered Random Variables . . ...................
1.2.1  Order StatistiCS . . .............. ...
1.2.2  Order Statistics with Non-integral Sample Size........
1.2.3  Sequential Order StatisticS. .. .....................
1.24 Record Values. ................. ... ... ... ......
125 kRecord Values................ .. .. .. .........
1.2.6  Pfeifer’s Record Values. . ........................
1.2.7  k,—Records from Non-identical Distributions. .. .......

Order Statistics . . . .......... ... .. . .

2.1
22
2.3
24
2.5
2.6
2.7
2.8
2.9

Introduction . ....... ... . ... ... ...
Joint Distribution of Order Statistics. . . ....................
Marginal Distribution of a Single Order Statistics ............
Joint Distribution of Two Order Statistics. . .................
Distribution of Range and Other Measures. . . ...............
Conditional Distributions of Order Statistics. . ...............
Order Statistics as Markov Chain. ........................
Moments of Order Statistics . . .. .........................
Recurrence Relations and Identities for Moments of Order
SEAtiSHICS . . . . e
2.9.1 Distribution Free Relations Among Moments

of Order StatisticS . . ................. .. ... .
2.9.2  Some Identities for Moments of Order Statistics. ... ...
2.9.3 Distribution Specific Relationships for Moments

of Order Statistics . . ................. ... ......
2.9.4  Exponential Distribution ... ......................
2.9.5 The Weibull Distribution. . .......................

N9 N A B WNND ===

ix



4

Contents

2.9.6  The Logistic Distribution. . . ...................... 57
2.9.7 The Inverse Weibull Distribution. . ... .............. 61
2.10 Relations for Moments of Order Statistics for Special Class
of Distributions. . . . ............ ... ... .. 69
2.11 Reversed Order Statistics . . ................. ... . 73
Record Values . . . ........ ... ... ... ... ... . . ... 77
3.1 Introduction . ........... ... ... 77
3.2 Marginal and Joint Distribution of Upper Record Values. . . .. .. 78
3.3  Conditional Distributions of Record Values . ... ............. 85
3.4  Record Values as Markov Chain . ........................ 87
3.5 The K-Upper Record Values ............... ... ... ... .... 89
3.6 Moments of Record Values ............................. 93
3.7  Recurrence Relations for Moments of Record Values. . ........ 102
3.7.1 The Uniform Distribution . .. ..................... 107
3.7.2  Power Function Distribution . . .................... 109
3.7.3 The Burr Distribution . .......................... 112
3.7.4  The Exponential Distribution. . .................... 115
3.7.5 The Weibull Distribution. . .. ..................... 117
3.7.6  The Frechet Distribution . . .. ..................... 119
3.7.7 The Gumbel Distribution. . .. ..................... 121
The Generalized Order Statistics. ... ......................... 125
4.1 Introduction ............. ... ... 125
4.2 Joint Distribution of GOS. . .. ... ... ... ... ... .. .... 125
4.3  Special Cases of GOS . ... ... ... . ... ... ... 126
4.4  Some NOtationS . ... ........ ... . 129
4.5  Joint Marginal Distribution of » GOS. .. ....... ... ... ... ... 129
4.6  Marginal Distribution of a Single GOS .................... 131
4.7  Joint Distribution of Two GOS. . .. ...... ... ... ... ... ...... 133
4.8  Distribution Function of GOS and Its Properties ............. 141
49 GOSasMarkovChain................................. 144
410 Moments of GOS . .. ... ... ... .. . . . ... 146
4.11 Recurrence Relations for Moments of GOS . ... ............. 152
4.11.1 Exponential Distribution ... ....... ... ... .. ... ... 159
4.11.2 The Rayleigh Distribution. . . ..................... 161
4.11.3 Weibull Distribution . .. ......................... 162
4.11.4 Power Function Distribution . . .................... 164
4.11.5 Marshall-Olkin-Weibull Distribution . . . ............. 166
4.11.6 The Kumaraswamy Distribution . .................. 169
4.12 Relation for Moments of GOS for Special Class

of Distributions. . . ... ... . . 173



Contents xi
5 Dual Generalized Order Statistics . . . ......................... 177
5.1 Introduction . ............ ... . ... 177
5.2 Joint Distribution of Dual GOS . ......................... 177
5.3  Special Cases of Dual GOS .. ....... ... ... ... ... ... .... 179
5.4  Some Notations for Dual GOS........................... 180
5.5  Joint Marginal Distribution of » Dual GOS ................. 181
5.6  Marginal Distribution of a Single Dual GOS .. .............. 183
5.7  Joint Distribution of Two Dual GOS .. .................... 185
5.8  Conditional Distributions for Dual GOS. ... ................ 190
5.9 Lower Record Values.................. ... .. .......... 193
5.10 Distribution Function of Dual GOS and Its Properties . ... ... .. 197
5.11 Moments of Dual GOS. . .......... ... ... .. ... ... ...... 200
5.12 Recurrence Relations for Moments of Dual GOS............. 206
5.12.1 Reflected Exponential Distribution ................. 211
5.12.2 The Inverse Rayleigh Distribution. . ... ............. 213
5.12.3 The Inverse Weibull Distribution. . ................. 215
5.12.4 The Power Function Distribution. . ... .............. 217
5.12.5 The General Class of Inverted Distributions . ......... 219
5.13 Relationship Between GOS and Dual GOS ................. 221
6 Some Uses of Ordered Random Variables ..................... 223
6.1 Introduction .......... ... .. .. ... ... 223
6.2  Concomitants of Ordered Random Variables . ............... 223
6.2.1 Concomitants of Generalized Order Statistics . ........ 224
6.2.2  Concomitants of Order Statistics. .. ................ 228
6.2.3  Concomitants of Upper Record Values . ............. 231
6.2.4  Concomitants of Dual GOS. ...................... 233
6.3  Ordered Random Variables in Statistical Inference............ 238
6.3.1 Maximum Likelihood Estimation .................. 238
6.3.2 The L-Moment Estimation. . ...................... 240
6.3.3  Ordered Least Square Estimation. . . ................ 244
6.3.4 Bayes Estimation Using Ordered Variables........... 249
7 Characterizations of Distribution. .. ........................ .. 253
7.1  Introduction ............. ... ... ... 253
7.2 Characterization of Distributions by Order Statistics. . ......... 253

7.2.1  Characterization of Distributions by Conditional
Expectations .. ............. .. ... 253
7.2.2  Characterization by Identical Distribution . ........... 256
7.2.3  Characterization by Independence Property........... 258
7.3 Characterization of Distributions by Record Values .. ......... 260
7.3.1  Characterization Using Conditional Expectations. . . . . .. 260
7.3.2  Characterization Based on Identical Distribution. . . . ... 267

7.4  Characterization of Distributions by Generalized Order

StAtIStICS . . . o o 270



Xii Contents
8 Extreme Value Distributions .. ................. ... ... ... .. 273
8.1 Introduction ........... ... . . ... 273
8.2 The PDF’s of the Extreme Value Distributions of Xpn........ 274
8.2.1 Type 1 Extreme Value Distribution. ... ............. 274
8.2.2  Type 2 Extreme Value Distribution. . ............... 275
8.2.3  Type 3 Extreme Value Distribution. . .. ............. 275
8.3  Domain of Attraction of Xy ... ... 276
8.3.1 Domain of Attraction of Type I Extreme Value
Distribution . . .. ... ... . 277
8.3.2  Domain of Attraction of Type 2 Extreme Value
Distribution . . . ...... .. .. . 278
8.3.3  Domain of Attraction of Type 3 Extreme Value
Distribution . . . ............ ... 279
8.4  The PDF’s of Extreme Value Distributions for Xj.,........... 282
8.5  Domain of Attractions for Xi.n. .. ..o 284
8.5.1  Domain of Attraction for Type 1 Extreme Value
Distribution for Xq., ... ... .. 284
8.5.2  Domain of Attraction of Type 2 Distribution
for X o oo o 284
8.5.3  Domain of Attraction of Type 3 Extreme Value
Distribution . . . ........ .. ... . . 285
References . . . ... . ... . 289
Index . . ... ... 293



Chapter 1
Introduction

1.1 Introduction

Ordered Random Variables arise in several areas of life. We can see the application
of ordered random variables in our daily life for example we might be interested in
arranging prices of commodities or we may be interested in arranging list of students
with respect to their CGPA in final examination. Another use of ordered random
variables can be seen in games where; for example; record time in completing a
100m race is recorded. Several such examples can be listed where ordered random
variables are playing their role. The ordered random variables has recently attracted
attention of statisticians although their use in statistics is as old as the subject. Some
simple statistical measures which are based upon the concept of ordered random
variables are the range, the median, the percentiles etc. The ordered random variables
are based upon different models depending upon how the ordering is being done.
In the following we will briefly discuss some popular models of ordered random
variables which will be studied in more details in the coming chapters.

1.2 Models of Ordered Random Variables

Some popular models of ordered random variables are discussed in the following.

1.2.1 Order Statistics

Order Statistics is perhaps the oldest model for ordered random variables. Order
Statistics naturally arise in life whenever observations in a sample are arranged in
increasing order of magnitude. The order statistics are formally defined as under.

© Atlantis Press and the author(s) 2016 1
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2 1 Introduction

Let x1, x2, ..., x, be a random sample of size n from some distribution function
F (x). The observations arranged in increasing order of magnitude xy,, < xp, <

- < X, are called order statistics for a sample of size n. The joint distribution of
all order statistics is given in David and Nagaraja (2003) as

Fromn G, x0,x) =] f (). (1.1)

i=1

Order statistics are very useful in studying distribution of maximum, minimum,
median etc. for specific probability distributions. We will study order statistics in
much detail in Chap.2. The rth order statistics X,., can be viewed as life length of
(n — r 4+ 1)—out—of—n system.

1.2.2 Order Statistics with Non-integral Sample Size

The study of order statistics is based upon size of the available sample and conven-
tionally that sample size is a positive integer. The model of order statistics is easily
extended to the case of fractional sample size to give rise to fractional order statistics
as defined by Stigler (1977). The conventional order statistics appear as a special
case of fractional order statistics. The distribution function of rth fractional Order
Statistics based upon the parent distribution F (x) is given as

1 F(x) o wr
Frq (x) = m/o " (1 —=0)*""dt. (1.2)

If « = n (integer) then we have simple order statistics. The fractional order statistics
do not have significant practical applications but they do provide basis for a general
class of distributions introduced by Eugene, Lee and Famoye (2002).

1.2.3 Sequential Order Statistics

If we consider simple order statistics as life length of components then we can
interpret them as random variables where the probability distribution of components
remains same irrespective of the failures. In certain situations the probability distri-
bution of the components changes after each failure and hence such components can
not be modeled by using simple order statistics. Sequential Order Statistics provide a
method to model the components with different underlying probability distributions
after each failure. The Sequential Order Statistics are defined as follow.
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1.2 Models of Ordered Random Variables 3

Let{Y@' i=1L2,...,n;j=12,....,n—i+ 1]beindependentrandomvari—
ables so that {Y;i); j=12,....n—i+ 1] is distributed as F; and F1, ..., F, are
strictly increasing. Moreover let Xﬁ.l) = Y}l), XY = min {Xﬁl), e X,(f)} and for
2 <i < n define

X = B [F (7)) (- F (3O ()]

x§i>:min{x;i>,15j5n—i+1}

then the random variables X ,(kl), X i") are called Sequential Order Statistics. The
joint density of first r Sequential Order Statistics; X ,El), X ff); is given by Kamps
(1995b) as

n! T 1—F () |"
f1,2....,rin (xl,.X2, ...,xr) = H[ i ]

CETIE S 3 FEyore)
o S0 (13)
1 —F; (xi—1)

The Sequential Order Statistics reduces to simple order statistics if all F; (x) are
same.

1.2.4 Record Values

The Record values has emerged as an important model for ordered random variables.
The record values appear naturally in real life where one is interested in successive
extreme values. For example we might be interested in Olympic record or records
in World Cricket Cup. When we are interested in successive maximum observations
then records are known as Upper Records and when one is interested in succes-
sive minimum observations then records are known as Lower Records. Chandler
(1952) presented the idea of records in context with monitoring of extreme weather
conditions. Formally, the record time and upper record values are defined as follows.

Let {X,;n =1,2,...} be a sequence of iid random variables with a continuous
distribution function F. The random variables

L()=1
Lin+1)=min{j>Lxn);X;>Xyw}:neN
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are called the record time and X, is called Upper Record Values. The joint density
of first n upper record values is

fXU(l) ~~~~~ Xy (K15 - o5 X [H f;icl( )]f(xn) (1.4)

Record values have wide spread applications in reliability theory. We will discuss
the upper record values in Chap. 3 and lower record values in Chap. 5.

1.2.5 k—Record Values

The upper record values provide information about largest observation in a sequence
of records. Often we are interested in knowing about specific record number. The k—
Record values provide basis for studying distributional behavior of such observations.
The k—Record values are formally defined by Dziubdziela and Kopocinski (1976) as
below.

Let {X,;n =1,2,...} be a sequence of iid random variables with a continuous
distribution function F and let k be a positive integer. The random variables Uk (n)
defined as Uk (1) = 1 and

Ug (n+1) =min{r > Ug (n) : Xririx—1 > Xve.Ucm+k—1}3n € N

where X,..;—1 is rth order statistics based on a sample of size r 4+ k — 1; are called
the record time and X, (n), v, (n)+k—1 18 called nth k—record values. The joint density
of n k—records is

Jugy,.uem (51, oo x) = K [H 7 fgl(x ]

x [1=F )l f (xn) (1.5)

The simple upper record values appear as special case of k—record values for k = 1.
The k—record values are discussed in Chap. 3.

1.2.6 Pfeifer’s Record Values

The upper record values and k—upper record values are based upon the assumption
that the sequence of random variables {X,; n = 1, 2, ...} have same distributions
F. Often this assumption is very unrealistic to be kept intact and a general record
model is needed. Pfeifer (1979) proposed a general model for record values when
observations in a sequence are independent but are not identically distributed. The
Pfeifer’s record values are defined as below.
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Let {X W, j € N} be a double sequence of independent random variables
defined on some probability space with

P (Xj”)) —p (x}'”) n,jeN
Define the inter record times as

A =1
An+1 = min {j eN; XE-"H) > XX')} ;n €N,

In this case the random variables X ) are called Pfeifer’s record values.
The joint density function of n Pfelfer s record values is given as

n—1

Ji (xi)
) (n) sy Xp) = —_— n (Xn); 1.6
FaW oty (1 30) [El—ml(x,»)]f(” (L6)

where F; is distribution function of the sequence until occurrence of ith record. If
all random variables in the sequence are identically distributed then Pfeifer’s record
values transformed to simple upper records.

1.2.7 k,—Records from Non-identical Distributions

The Pfeifer’s record values and k-record values can be combined together to give
rise to k,—records from Non-identical distributions. Formally, the k,—records from
Non-identical distributions are defined as below.

Let {X;"); n, j € Nt be a double sequence of independent random variables

defined on some probability space with P (X (/")) =P (X Yl)) ;n, j € Nand let
X~ X{" ~Fyin, jeN
Also let (k,; n € N) be a sequence of positive integers. Define inter record times as
A =1;
A,+1 = min {] eN; XE”;:,Z a1 > X(A'?YA”%”_I} ineN;
where X ;. .., —1 is jth order statistics based on a sample of size j + k,4.1 — 1; then
the random variables

) )
Xnydptho—t = Xak,

are called k,—records from Non-identical distributions.
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The joint density function of r k,—records from Non-identical distributions is
given as

i=1

x [—fi (xi) H (1.7)
I — Fipq (%)

where F; is distribution function of the sequence until occurrence of ith record. If
k, = 1 for all n € N then k,-records from Non-identical distributions reduces to
Pfeifer’s record values.

r r 1 _ F (.X) ki—1
ot omaty G520 = ([ |11 U o)



Chapter 2
Order Statistics

2.1 Introduction

Order Statistics naturally appear in real life whenever we need to arrange observations
in ascending order; say for example prices arranged from smallest to largest, scores
scored by a player in last ten innings from smallest to largest and so on. The study
of order statistics needs special considerations due to their natural dependence. The
study of order statistics has attracted many statistician in the past. Formerly, order
statistics are defined in the following.

Let X1, X5, ..., X, be a random sample from the distribution F(x) and so all
X; are i.i.d. random variables having same distribution F(x). The arranged sample
Xim < Xom < ... < X,y 1s called the Ordered Sample and the rth observation in
the ordered sample; denoted as X,., or X); is called the rth Order Statistics. The
realized ordered sample is written as x;.,, < X2, < ... < X,. The distribution of
rth order statistics and joint distribution of rth and sth order statistics are given
below.

2.2 Joint Distribution of Order Statistics

The joint distribution of all order statistics plays an important role in deriving several
special distributions of individual and group of order statistics. The joint distribution
of all order statistics is easily derived from the marginal distributions of available
random variables. We know that if we have a random sample of size n from a
distribution function F (x) as X, X, ..., X, then the joint distribution of all sample
observations is

fex . ox) =[] @

i=1

© Atlantis Press and the author(s) 2016 7
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8 2 Order Statistics

where f(x;) is the density function of X;. Now since all possible ordered permuta-
tions of X, X5, ..., X,, can be done in n! ways, therefore the joint density function
of all order statistics is readily written as

F Gt Xoms oo ) = ! [ £ ). @1

i=1

The joint density function of all order statistics givenin (2.1) is very useful in deriving
the marginal density function of a single and group of order statistics.

The joint density function of all order statistics is useful in deriving the distribution
of a set of order statistics. Specifically, the joint distribution of r order statistics;
Xin < Xo <...=< X,.,;1s derived as below

o) Xr43 Xr42
fl,...r:n(x1a~~-axr) =/ / f(xlzn»XZ:n»~-~axn:n)
x,

XdX,q1--

n

/ [ / ) [T

n

_m]‘[f(x,)/ / / I1 re

o i=rtl
der-H dxn
n' - n—r
= W[H f(xi)}[l — F(xp)l"™". (2.2)

Expression (2.2) can be used to obtain the joint marginal distribution of any specific
number of order statistics.

The distribution of a single order statistics and joint distribution of two order
statistics has found many applications in diverse areas of life. In the following we
present the marginal distribution of a single order statistics.

2.3 Marginal Distribution of a Single Order Statistics

The marginal distribution of rth order statistics X,., can be obtained in different
ways. The distribution can be obtained by first obtaining the distribution function of
X,., and then that distribution function can be used to obtain the density function of
X, as given in Arnold, Balakrishnan and Nagaraja (2008) and David and Nagaraja
(2003). We obtain the distribution function of X,., by first obtaining distribution
function of X,,.,; the largest observation; and X.,; the smallest observation.



2.3 Marginal Distribution of a Single Order Statistics
The distribution function of X,,., is denoted as F},,,(x) and is given as

Fn:n(x) = P{Xn:n = )C}
= Plall X; < x} = F"(x).

Again the distribution function of X.,; denoted as Fi.,(x); is

Fn:n(x) = P{Xl:n SX} =1- P{Xl:n > x}
=1—Plall X; > x}=1—-[1—-Fx)]".

(2.3)

2.4)

Now the distribution function of X,.,; the rth order statistics; is denoted as F,.,(x)

and is given as

Fr:n(x) = P{Xr:n =< )C}

= Platleast r of X;arelessthanor equal to x}
S n i n—i
=2 )Fron—Feor.

Now using the relation

S h i n—i __ b n! r—1 n—r je.
Z (i)p (1-p) —/0 ml (1 —0)""drt;

i=r
the distribution function of X,., is given as

n

Frn() = (’:) Fi@ll — F)"™

i=r

F) n!
— / —tr—l (1 _ t)n—rdt
0 (r—Dln —r)!

F(x)
— / F(l’l + 1) tr—l(l _ l‘)n_rdl
0 rrn—r+1)

1 Fo

= —/ N =) dt
B(r,n—r+1) J,

= Ipw(r,n—r+1);

(2.5)

(2.6)

where I, (a, b) is incomplete Beta Function ratio. From (2.6) we see that the distri-
bution function of X,., resembles with the distributions proposed by Eugene, Lee
and Famoye (2002). Expression (2.6) is valid either if sample has been drawn from
a discrete distribution. An alternative form for the distribution function of X,., is

given as
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n

Frn(x) =Y (’f) Flo[ = Feol"™

S Qg
i=r k=0

=3 Z_:(—l)k (Z’) (" ; i) Fit (x). 2.7)
i=r k=0

Assuming that X s are absolutely continuous, the density function of X,.,,; denoted
by fr(x); is easily obtained from (2.6) as below

frn(x) = %Fr:n(x)
d 1 Fo r—1 n—r
_E[B(r,n—rﬂ)/o Fra=n dt}

1 d Feo r—1 n—r
B(r,n—r+1)[5[/o rouen dtH

_ 1 r—1 _ n—r
= Boan—r+1) 1)f(X)F ([ = F(x)]

n! L -
mf(X)F ([l = F(x)1" . (2.8)

The density function of X., and X,,.,, can be immediately written from (2.8) as
Sin(x) =nf @)1 = Fx)"!

and

Fun () =nf () F" ' (x).

The distribution of X, can also be derived by using the multinominal distribution
as under:
Recall that probability mass function of multinomial distribution is

n! oy W
PYi=y, 2=y, ... Ve =)= ————P1 Py - Pi;
Yiiyaie-Yi:

and can be used to compute the probabilities of joint occurrence of events. Now the
place of x,., in ordered sample can be given as

Xip S X < oo S Xptin = Xpp = Xr41:n S S Xpn

r—1 observations Event 2 n—r observations
Event 1 Event 3
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In the above probability of occurrence of Event I is F(x), that of Event 2 is f(x)
and probability of Event 3 is [1 — F(x)]. Hence the joint occurrence of above three
events; which is equal to density of X,., is

frn(x) = FOOF ') = F()I"™";

n!
r—Dln —r)!

which is (2.8). When the density f(x) is symmetrical about p then the distributions
of rth and (n — r + 1)th order statistics are related by relation

fr:n (n+x)= fn—r-H:n(M —X).

Above relation is very useful in moment relations of order statistics.
When the sample has been drawn from a discrete distribution with distribution
function F(x) then the density of X,., can be obtained as below

Jrn(X) = Frp(x) = Frop(x — 1)
=Irrn—r+1)=Ipn_n(r,n—r+1)
= P{F(x — 1) <Thnry1 < F(x)}
1 F(x)

r—1 n—r
= u 1—u du. 2.9
B(r,n—r+]) F(x—1) ( ) ( )

Expression (2.9) is the probability mass function of X,., when sample is available
from a discrete distribution. The probability mass function of X,.., can also be written
in binomial sum as under

Srn(x) = Frp(x) — Frp(x — 1)

n n . .
=> (l_)F’ @[ = Fx)I"™!
" n . .
— Z (i)F'(x — D[l = F(x — D"

n

=> (:_’){mx)[l — Feop™

i=r

—F'(x — D[l = F(x — D"} (2.10)

We now obtain the joint distribution of two ordered observations, namely X,
and X;., for r < s; in the following.
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2.4 Joint Distribution of Two Order Statistics

Suppose we have random sample of size n from F (x) and observations are arranged
as X1, < Xo. < ... < Xy.u. The joint distribution function of X,., and Xj., for
r < s is given by Arnold et al. (2008) as

Fr,S:f’l('xl’7 -x_Y) = P(Xr:n S xrv XS:n S xS)
= P(atleast r of X; areless than or equal to x,

and atleast s of X; are less than or equal to x;)

n s
= Z Z P(Exactly r of X; areless than or equal to x,
j=s i=r

and exactly s of X; areless than or equal to x;)

=33

j=s i=r
X [F(xg) = FO)V [ = Fxp)]"™.
Now using the relation
n!

ZZWPM P! = pay

J=8 1=r

P1 P2
— s—r—1 n—s .
/ /. (r—=DlWs—r—Dln— ). 1) (1 —n)"*dndn;

we can write the joint distribution function of two order statistics as

F(x,)  pF(xs) n!
F . rsAs) =
in (X %) / /,l r— Dl —r — Dl(n —3)!

x 177Nty — 1) (1 — )" dtdt 2.11)

;—00 < X, < Xy < 00;

which is incomplete bivariate beta function ratio. Expression (2.11) holds for both
discrete and continuous random variables. When F (x) is absolutely continuous then
density function of X,., and X, can be obtained from (2.11) and is given as

2
fr,s:n(xr, Xg) = dx,dx,

42 F(x) [F(x) !
T dx,dx, [/0 /n r=Dls—r—Dln—-s)!

67N =) N (1 = )" dndn

Frgn(xr, Xs)
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or

n!

Srsn(Xr, X5) = (r=DIs —r —Dln—s)! *

d F(x,) pF(xg) . .
[ / / (o —1) (l—tz)”“dtzdtl]
0 n
1

2
dx,dx;
FEDfFO)F ™ (x)

- B(r,s—rn—s+1)

s—r—1
X [F(xs) - F(xr)} [1—F@x)l"™

or

Fron(r, x) = Crsn f (X)) f () F 7 (0 [F (xy) — F(x,)1 !
x[1 — F(x)]"™*, —00 < x, < x5 < 00, (2.12)

n!

Where Cr,s.n = [B((r, Ss—r,n—s —+ 1))]_] = m
The joint probability mass function P{X,.,, = x; X,., = y} of X,., and X, can

be obtained by using the fact that

fr,s:n(-x9 )’) = Fr,s:n(-xv y) - Fr,s:n(-x -1, y)
_Fr,x:n(xvy - 1) + Fr,s:n(x - 17 y = 1)
=P Fx—1)<T, <Fx),Fiy—1) <T; < F(y)}

= c,.,x,n//v’—l(w — )1 — w)" S dvdw ; (2.13)
B

where integration is over the region

{w,wy:v<w, Fx—1) <v<Fx),Fy—-1)<w<F®Wy)}

Consider the joint distribution of two order statistics as

s—r—1
Jrsin (X, Xg) = Cr,s,nf(xr)f(xs)Fr_](xr)l:F(xs) - F(xr)j|
x[1=Fx)l"™;

where C, 5, = Wm Usingr = 1 and s = n the joint density of smallest

and largest observation is readily written as

Fian(x1,x2) = n(n — 1) £ (x1) f () F (x,) — F(x1)]" 2. (2.14)
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Further, for s = r 4 1 the joint distribution of two contiguous order statistics is

n:
ror+1in\Xry Xp = r r Fr71 r
Srrrtn (X, Xp41) (r—l)!(n—r—l)!f(x ) (xXr41) (xr)
n—r—1
X [l — F(xrﬂ)} . (2.15)
Analogously, the joint distribution of any k order statistics X,,.n, X,y -« ., Xy 3 fOr

Xp <xp <o S g is

— rip1—rj—1
frl,rz,...,rk:n(-xlv Xo, + o xk) = n! H[ F(xr+l) F(.X )] ]

rJ_H —r;— 1)
Hf(xj) : (2.16)

where xp = —00,x,4; = 400,79 = 0 and r,r; = n + 1. Expression (2.16)
can be used to obtain joint distribution of any number of ordered observations.

Example 2.1 A random sample is drawn from Uniform distribution over the interval
[0, 1]. Obtain distribution of rth order statistics and joint distribution of two order
statistics.

Solution: The density and distribution function of U (0, 1) are

fw)=1; F(u) =u.
The distribution of rth order statistics is

_ 1 r—1 n—r
Srnm) = mf(“)F @)[1 — F(u)]

1
— Mr71(1 _ u)nfr;
B(r,n—r+1)

which is a Beta random variable with parameters r and n — r + 1. Again the joint
distribution of two order statistics is

_ 1 r—1
Jrsn (U, ) = Blrs —rn—s+ 1)f(btr)f(us)F (ur)

s—r—1
X [F(Ms) - F(ur):| [1— Fu)l"™”

1
— u' l(uv _Mr)s r— 1(1 u‘y)nfs.
B(r,s —r,n—s+ 1)
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The joint distribution of largest and smallest observation is immediately written as

Frosn @y ug) = n(n — 1) (u, — up)" 2.

Example 2.2 A random sample of size n is drawn from the standard power function
distribution with density

f)=wx"H0<x<1,v>0.

Obtain the distribution of rth order statistics and joint distribution of rth and sth
statistics.

Solution: For given distribution we have

F(x):/ f(t)dt:/ v’ ldr =x" 0 <x < 1.
0 0

Now distribution of rth order statistics is

1

_ r—1 _ n—r
Jrn(x) = Bon—rtD l)J‘(JC)F ([l = F(x)]

1 rv—1 _ u\n—r
= —vx (1 —=x"H"".
B(r,n—r+1)

The distribution function of rth order statistics is readily written as

1 F(x)
Frp(x) = / tril(l - t)nirdl
B(r,n—r+1) J

1 o
— —/ tr—l (1 _ t)n_rdt
Br,n—r+1)J,

_ Z (’Z)xi“u —

i=r

The joint distribution of X,., and Xj., is

_ 1 r—1
fr,s:n(xrv Xg) = B(rs—rn—s+1) FO)fx)F ™ (%)

s—r—1
x [F(xs) - F(xr)i| [1—Fx)l"™
= C,,Mvzx,f”_l)c”_1 (xf’ — xr”)s_r_] (1 — x'f)”_s.

N s S

_ !
where Cr,s,n = [B(V,S —r,n—=_s + 1)] 1 = W—l)‘(ﬂ—s)'
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2.5 Distribution of Range and Other Measures

Suppose a random sample of size n is available from F(x) and let X,., be the rth
order statistics. Further let X., be sth order statistics with r < s. The joint density
function of X,., and Xj., is

s—r—1
Srsm(Xr, X5) = Cr,s,nf(xr)f(xs)Fr_l(xr)|:F(xs) - F(xr)i|
X [1 = F(x)]".

Using above we can obtain the density of W,; = X, — X,., by making the trans-
formation w,; = x; — x,. The joint density of w,, and x, in this case is

me (wrs) - Cr,s,nf(xr)f(xr + wrs)Fr_l(xr)
X [F(xX, + wys) — Fx)F 71— F(x, + wes)]" .

The marginal density of w, is

Jw,, (wys) = Cr,s,n/ ) f o + w”)Fr—l(xr)

X [F(x + wpy) — F(xr)]S7r71[l — F(x, +wr)]" dx,.

When r = 1 and s = n then above result provide the density function of Range (w)
in a sample of size n and is given as

Jw(w) =n(n — 1)/ F @) f O+ w)F (x +w) = F(x)"dx,. (2.17)

The distribution function of sample range can be easily obtained from (2.17) and is

Fyy (w) =n/ f(x»/0 (n =D f (x +w)
X [F(x, + w/) — F(x)]”_zdw/dxr

= n/oo F)[F(x +w) = Fx)]"! ;ﬁfzg’dxr
= n/oo FEDF(x, +w) — F(x,)]" ' dx,. (2.18)

Again suppose that number of observations in sample are even; say n = 2m; then
we know that the sample median is

~ 1
X = E[Xm:n + Xm+l:n]-



2.5 Distribution of Range and Other Measures 17

The distribution of median can be obtained by using joint distribution of two con-
tiguous order statistics and is given as

St Xms Xm1) = Cé,nf(xm)f(merl)Fm_l(xm)[l - F(merl)]m_l;

where C,, = W Now making the transformation ¥ = 1[x,, 4+ x,4+1] and

y = x,, the jaccobian of transformation is 2 and hence the joint density of X and y is

fry (@ y) =2C, , fO) QX — )F" ' (M1 — FQX — )"

The marginal density of sample median is, therefore

(&) =2¢],, / FOVFQRE = F" 'l = FQX — " 'dy  (2.19)

The density of sample median for an odd sample size; say n = 2m + 1; is simply
the density of mth order statistics for a sample of size 2m + 1.

Example 2.3 Obtain the density function of sample range for a sample of size n from
uniform distribution with density

fx)=10<x < 1.

Solution: The distribution of sample range for a sample of size n from distribution
F(x)is

o0
fww) =n(n—1) / FGDf @+ wF @, +w) — Fe)"2dx,.
Now for uniform distribution we have

fx)=1; F(x) =x.

So
fOr +w) =15 Flx, +w) = (x, +w),

hence the density function of range is
1-w
Sw(w) =n(n — 1)/ [(x, +w) — x,1"2dx,
0

l—w
=n(n — 1)/ w"2dx,
0

=nn—Dw" 21 —-w):0<w<l.
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Example 2.4 Obtain the density function of range in a sample of size 3 from expo-
nential distribution with density

f(x)y=e*;x>0.

Solution: The distribution of sample range for a sample of size n from distribution
F(x)is

Jww) =n(n —1) /: F @) f O+ w)F (x + w) — Fx,)]" dx,.
which for n = 3 becomes
Jw(w) = 6/_2 F ) f O +w)[F(xr + w) — F(x,)ldx,.
Now for exponential distribution we have
f(x)=e*and F(x) =1—¢"",
hence

fx,)=e and F(x,) =1—e¢ ",
fw+x)=e ™™ and F(w +x,) =1 — e @),

Using these in above expression we have
o0
fw(w) = 6/ e—xre—(w-i—x,)[e—x,- _ e_(w'"x")]dxr
0
oo
= 6e_w(1 - e_w)/ e ¥ dx,
0
= 2e‘“’(1 — e_"’); w > 0,

as required density function of range.

Example 2.5 Obtain the density function of median in a sample of size n = 2m
from exponential distribution with density function

fx)=e*;x>0.

Solution: The distribution of sample median for a sample of size n = 2m from
distribution F(x) is

fx&) =2¢},, / FOVFQRE =) F" ' = F2X — y)I" 'dy;
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where C,/,,,,, = For the given distribution we have

[m— 1>'1’
fy)=e " F(y)=1-¢"
f(23{ — y) — e—(2x—y); F(2f _ y) -1— e—(2x—y)‘

Substituting these values in above equation we have

X
P
0

% [e—(ZE—y)]m—ldy

X
— 2Cr/n’n672x672(m71)x/ 672}’(1 _ efy)m
0
% e(m—l)ydy

= 2C,/n,n672"”?/x 67(37”'))}(1 — efy)mdy.
0

Now expanding (1 — ™)™ we have
fzx) = 2C,{1 nefz’"f/ e~ G—my Z(—l)h (m)ehydy
B 0 h
h=0
0

h=0
m

_ ZC’/" n —2mX —[(3—m)+h]xX
- m)—l—hz( 1)( ) (1-e )

as required density of median.

2.6 Conditional Distributions of Order Statistics

The conditional distribution plays very important role in studying behavior of a
random variable when information about some other variable(s) is available. The
study of conditional distributions is easily extended in the case of order statistics.
The conditional distributions of order statistics provide certain additional information
about them and we present these conditional distributions in the following theorems
as discussed in Arnold et al. (2008).

We know that when we have a bivariate distribution; say f(x, y); of two random
variables X and Y, then the conditional distribution of random variable Y given X
is given as
S, )

frlx)

fOlx) =
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where f>(x) is the marginal distribution of X. Analogously, the conditional distribu-
tions in case of order statistics can be easily defined; say for example the conditional
distribution of Xj., given X,., = x, is defined as

JrsinGtr, %)

S xslr) = Srin(xp) '

where f 5., (x,, xg) is joint distribution of X,., and Xj., and f,.,(x) is marginal
distribution of X,.,. The conditional distributions of order statistics are discussed in
the following.

Theorem 2.1 Let Xy, < Xo.,, < -+ < X,.n be order statistics for a sample of size
n from an absolutely continuous distribution F(x) then the conditional distribution
of X given X,., = x,; forr < s; is same as the distribution of (s — r)th order
statistics from a sample of size (n — r) from a distribution F(x) which is truncated
on the left at x,.

Proof The marginal distribution of X,., and the joint distribution of X,., and Xj.,
are given in (2.8) and (2.12) as

n! r—1 n—r
fr:n(xr) = mf(xr) |:F()C):| |:1 - F(xr):| 5
and
n! -l
fr,x:n(xr’ xs) = (r — 1)'(S — 1)'(11 — s)!f(xr)f(xs)[F(xr)}

s—r—1
x [F(Xs) - F(xr):| [1—F(x)]".

Now the conditional distribution of Xj., given X,., = x, is

fr,s:n (xr, Xx5)

fmsler) = Jrn(xp)

n! -l
[ r—Dls —r — Di(n — s)!f(x’)f(x“‘)[F(x’)]

x [F(x;) — Fx)I" ' [1 = F(x)I" ™'}/
!

r—1
??ﬁafﬁﬂmiﬂﬁﬁ [1— Fx)I"™”

or
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. (n—r)! L F nes
f(xs|xr) = G—r— 1)'(’1 — s)!f(xs)[ - (xs)]
[F(xs) — F(x,) !
[1—F(x)"

= £

T s—r—=D!n—9)!1—F(x,)
Fx,)—Fe) ] ' [1=Foa) ™

X[ 1= F(x) ] |:1—F(x,)] :

(2.20)

Noting that S f;‘()g ; and i {(]"3_);5 (;‘} ) are respectively the density and distribution
function of a random variable whose distribution is truncated at left of x, completes

the proof.

Theorem 2.2 Let X1., < Xo., < --- < X,.u be order statistics for a sample of size
n from an absolutely continuous distribution F(x) then the conditional distribution
of X, given X, = Xs; forr < s; is same as the distribution of rth order statistics
from a sample of size (s — 1) from a distribution F(x) which is truncated on the
right at x;.

Proof The marginal distribution of X,..,, and the joint distribution of X,., and Xj., are
given in (2.8) and (2.12). Now the conditional distribution of X,., given X;.,, = x;
is

fr,s:n (xh xs)

S lxg) = Fon ()
n! r—1
T le=Dis=r=Dix —s)zf(x”f(x‘v)[F(xr)}
X [F(x;) = FO)F 1= F)l"™}/
n! 1y .
mf(xs)[F(xs)] [1— F(x,)]
or
_ (s = D! - r-l
o) = o i —r - 1)!f(xr)[ (xr)}
s—r—1 1
x |:F(xs) — F(x,)] FoorT

=D f@[FET
_o—nm—r—MFm{FmJ

F()C ) s—r—1
X [1 - } . (2.21)
F(x;)
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Proof immediately follows by noting that f (x,)/F (xs) and F (x,)/F (x,) are respec-
tively the density and distribution function of a random variable whose distribution
is truncated at right of x;.

Theorem 2.3 Let Xy.,, < Xo., < -++ < X,.n be order statistics for a sample of size
n from an absolutely continuous distribution F(x) then the conditional distribution
of Xs.n given Xy, = x, and X,., = x;; forr < s < t, is same as the distribution of
(s — r)th order statistics for a sample of size (t —r — 1) from a distribution F(x)
which is doubly truncated on the left at x, and on the right at x;.

Proof The joint distribution of X,.,, X;., and X, is obtained from (2.16) as

n!

fr,s,t:n(xry Xg» -xt) = (}" — 1)'(5’ ., _ 1)'(l s 1)'(}1 — t)!f(xr)f(xs)f(xt)

t—s—1

r—1 s—r—1
X |:F()C,)] |:F(xs) - F(xr)i| |:F(xt) - F(XS):|

X [1 —F(x,)i| 7.

Also the joint distribution of X, and X;., is

n!

r—1
fr,t:n(xra X)) = r—Dlt—r—Dl(n— t)!f(xr)f(xt)[F(xr):|

x [F(x) = Fe)lI"™ [T = FOe)"™.

Now the conditional distribution of X., given X,., and X,., is

fr,s,t:n (X, X5, X;)

fr,z:n (X, x¢)

f(xsl-xrv-xt) =

.
- [ r—DI(s—r— 1)7& s D —1)

x f(xr)f(xs)f(xr)[F(xr)}r_] [F(xs) - F(xr)]H_]
X [F(x) = Fe)lI ™' = Fxl"™'}/
[ T g i = O EEr !

X [F(x) = FOe)"™ ' = F(x)]"'}

or
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t—r—1 sor-l
Sfeslxr, x) = f(xs)[F(Xs) - F(xr)]

(s—r—=DIt—-s—1)!
1

t—s—1
x [F(xn - F(m} —
[F(Xz) - F(Xr)}

_ (t—r—1" fxs)
a (s—r—=DIt—s—D!F(xs)— F(xy)
t—s—1
y [F(xs) - F(Xr):|57r71 y [F(xt) - F(xs):| . (2.22)
F(xt) — F(xp) F(xt) — F(xp)

JACD) Fxo)—F(x)

Proof im'mediatel){ fOlQlOW'S by notir}g that O—F@) and' Fan—F(x) A€ res.pec.tivel'y
the density and distribution function of a random variable whose distribution is

doubly truncated from left at x, and at the right of x;.

Theorem 2.4 Let X1., < X5., < --- < X,.x be order statistics for a sample of size
n from an absolutely continuous distribution F(x) then the conditional distribution
of Xy and X, given Xy, = X;; forr < s < t; is same as the joint distribution
of rth and sth order statistics for a sample of size (t — 1) from a distribution F (x)
which is truncated on the right at x,.

Proof The joint distribution of X,.,, X;., and X;., is obtained from (2.16) as

n!
r—DIs—r—=DIt—5s—1Dln-—1r

S xer) f (xs) f (xr)

fr,s,t:n (X, X5, %) =
t—s—1

r—1 s—r—1
X [F(xr)] [F(xs) - F(Xr):| |:F(x,) - F(xs)]

x[1—Fp)l" .

Also the marginal distribution of X, is

' FOOIF )11 = F(x)l"™.

n
ft:n(xl) = m

Now the conditional distribution of X, and X;., given X, is

Sros.tm (Xr, X5, X¢)

St (xr)

f(xrs Xs|xt) =

3 H n!
Tloe=-Dis—=r=DW—5s—D!n—1)!
X f () f () f () LF ()] [F(XS) - F(JCr)Tiril
X [F () = Fee)l ™ML = Faen"™
FOOIF ™!

n!
[(z— Di(n —1)!
x[1—Fxp)l"™"}
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or

_ (t—1! 1
S, xslxe) = =D —r -t —s— 1)!f(xr)f(xs)[F(xr)]

t—s—1
— [F(xt) - F(xo]
X [F(xs) - F(xr)] TN

_ (t —1)! f(xr) fxs)
T r=DIs—r—=DIt—s—D! F(x;) F(x;)

5 [Fm)]"l[F(xs) _ F(m]s"‘l

F(x;) F(x;) F(x;)
t—s—1
« [1 _ F(x*')} . (2.23)
Fx)

The proof is complete by noting that f(x,)/F(x,) and F(x,)/F (x,) are respec-
tively the density and distribution function of a random variable whose distribution
is truncated at the right at x;.

Theorem 2.5 Let X1., < Xo., < -+ < X,..u be order statistics for a sample of size
n from an absolutely continuous distribution F(x) then the conditional distribution
of Xy and Xy, given X,y = x5 forr < s < t; is same as the joint distribu-
tion of (s — r)th and (t — r)th order statistics for a sample of size (n — r) from a
distribution F (x) which is truncated on the left at x,.

Proof The joint distribution of X,.,, X;., and X,., is obtained from (2.16) as

n!
r—DI(s—r—=DI(t—s—D!n—1

S Cer) f (o) f (x1)

fr,x,t:n (X, X5, %) =
s—r—1 t—s—1
x [F ()] ! [F(xs) - F(xr)] [F(m - F(xs)]
x [1— FQ)]"™".

Also the marginal distribution of X,., is

frn(xr) = Y FODIF @)1 = Fxp)]"™"

n!
r—Dln—r
Now the conditional distribution of X;., and X,., given X,., is

fr,s,t:n (X, X5, Xt)

fr:n(xt)

I e, xi|xp) =

n!
- [ r—DIs—r— DIt —s — D!(n —1)!
s—r—1
X f () f () f ) [F ()] |:F(xs) - F(xr):|
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x[F(x) — Fx)I'"" 7 '[1 = F(x)1"™'}/

n! r—1
[mf(-xr)[F(xr)]

X [1— Fx)"™"}
or

( | _ (n—r)! )
S (xs, xt|xp) = G—r—Dl(t—s— Dl 7t)!f(xs)f(xt

s—r—1
X |:F(Xs) - F(xr)j| [F(x;) — F(xs)]t—s—l

1
[1—F@n)—r
_ (n—r)! &)
s—r=—DIt—s—Dn—-—0!'1-=F(xy)
fm)[F@Q—NquFl

x[1—F@)"™!

I1=F&) L 1=F(xp)
y [F(Xz) - F(xs)],_s_l [1 - F(x,)]n_,' (2.24)
I = F(xr) I = F(xyr)
; ; S (xy) Flx)—F(x,) ;
The proof is complete by noting that aeh) and —= T, are respectively the

density and distribution function of a random variable whose distribution is truncated
at the left of x,.

Theorems 2.1 to 2.5 provide some interesting results about the conditional dis-
tributions of order statistics from a distribution F'(x). From all these theorems we
can see that the conditional distributions in order statistics are simply the marginal
and joint distributions of corresponding order statistics obtained from the truncated
parent distribution and appropriately modified sample size.

Example 2.6 A random sample of size n is drawn from the Weibull distribution with
density function
fx)= ax®! exp(—x“); x,a > 0.

Obtain the conditional distribution of Xj., given X,., = x, and conditional distrib-
ution of X,., given X;., = x;.
Solution: The conditional distribution of X., given X,., = x, is given as
(n—n)! S (xs)
s—r—DHn—-—s5)!1—-F(x,)

Fx)— F(x) 7 '[1=Fx)]"™*
“I 1= F) 1—F(x)|

f(xs|xr) =

Also the conditional distribution of X, given X;., = x; is
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(s — D! S ) [F(xr)},.1
(r— DIs —r — DI F(x,) [ F(x,)

X [1 — _F(x,):|xr1‘
F(xs)

S lxg) =

Now for the given distribution we have

F(x) = /X f(t)dt
0

:/ at®Lexp(—1%)dt = 1 —exp(—x*); x, a > 0.
0

So, the conditional distribution of X, given X,., = x, is

@
—x¢

(n—r)! ax?‘_'e
(s—r—Dn-s) e~

—x¢ —x¢ —x¥
% e e " Yo 1€ 7 \n-s
e~ e~ '

(n _ r)!ax;xflef(nfﬁl)x;’ (e—x? _ e—xf;’)s—r—l
(s —r—=D!n—ys)! e~ =Xy

f(xslxr) =

Again, the conditional distribution of X,., given Xj., is

FGoln) (s — 1! ax®le™ " [1 —e™ !
Xr|Xs) = o o
r—DIs—r—D! 1—e% |[1—e%
| 1 — e_x'q s—r—1
X - T _.a 9
1 —e X
or
flig = — 0D ex e

(r=Dis—r—=D! (1 —e )1

x (1 — e ) =1 (e — e= )1,

Above conditional distributions can also be derived from the parent truncated distri-
bution.

2.7 Order Statistics as Markov Chain

In the previous section we have presented the conditional distributions of order
statistics. The conditional distributions of order statistics enable us to study their
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additional behavior. One of the popular property which is based upon the conditional
distributions of order statistics is that the order statistics follows the Markov chain.
We prove this property of order statistics in the following.

We know that a sequence of random variables X, X», ..., X,, X; has Markov
chain property if the conditional distribution of X given X; = x1, Xo = xp, ...,
X, = x, is same as the conditional distribution of X given X, = x,, that is if

f) Xy =x1, ..., X, =x) = f(x| Xy = xp).

Now to show that the order statistics follow the Markov chain we need to show
that the conditional distribution of sth order statistics given the information of rth
order statistics is same as the conditional distribution of sth order statistics given
the joint information of first » order statistics. From Theorem 2.1 we know that the
conditional distribution of Xj., given X,.,, = x, is

(n—n)! S (x5)
f(xs|xr) =
s—r—DHIn—-s5)!1—-F(x,)
Fox) = Fen) 17 L= Fa) 1™ 2.25)
I —F(x) I —F(x,)
Also, the conditional distribution of of Xy, given X1, = x1, Xo.,, = x2,...,
Xy = X, 18
f(-xs|-x17 - 'xV) — fl,Z,...r,s:n(-xl’ B ) xx)
fl,2,...r:n(x1» e xr)
The joint distribution of first » order statistics is given in (2.26) as
n! - s
Srorn(X1, 00, X)) = Ty |:E f(xi):|[1 — F)" . (2.26)
Now the joint distribution of X.,, X2., ..., X, and X, is obtained as
Xs+3 Xs+2 Xr+3 Xr+2
f rsn(xlv-- -xra-xs)—/ / / / / /

Xfl I’lll(x17~"a-x

Xdxpq1---dxg_1dsyy ..

T /W I

x n! Hf(x,-)dx,+1 ceedx

i=1
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or
Srrsn (X1, oo X, X)) = n'|:H f(xi):|f(xs)
i=1
Xri3 A2 ST
[/ / / H f(xz)dxr+l dxs l]
Xr i=r+1
ST |
i=s+1
or
n! .
Siorsn (X1, oo X, X)) = G —r—Dli(n—9) |:£!: f(xi)]f(xs)

s—r—1
X [F(xs) - F(xr):| [1— Fx)]"™.

Hence the conditional distribution of X., given X 1., = x1, X0, = X2, ..., Xpin = X
is

n! :
Flxla, . ox) = [(S " m f(xi)}f(xs)

s—r—1
[F(xx) - F(xr)] ([ F(xs)]"sl/

| r
[ T [H f) }[1 - F(x»]"’]

or

_ (n—r)!
fOlxr,oox) = G—r—Dln _s)!f(xs)

T - Py
- [F(“) F(x’)] (1= F)
__ =n f @)
s—r—Di(n—s)!1—-F(x)
Fx,)— Fo) 17 7 '[1=Fx)]"™
[ 1 —F(x) ] |:]_F(xr)i|

which is (2.25). Hence order statistics from a distribution F' (x) form a Markov chain.
The transition probabilities of order statistics are easily computed from conditional
distributions. We know that the transition probability is computed as
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o0
P(X,p10 = Y| Xpn = X) :/ FOoqtlx, =x)dx, 4.
y

Now the conditional distribution of X, ., given X,., = x, is obtained from (2.25)
by usings =r + 1 as

n—r—1
S xrgtlx) = (n =)t fCrin) [1 — F(xs)i|

m—r—ND'1—-—F(x,)|[1—-F(,)
3 ﬂnH>F—FuoT””
=m-r) .
I =F(x) Ll = F(x)

Hence the transition probability is

00
P(Xr+l:n > y|Xr:n = x):/ f(xr+1|xr = x)dxr-H
y

00 [1 — F(xs)j|"r1
"N T-Fo

Xr+1

_ * _ n—r—1
-ﬁj?aWTA:u Flx i)

X f(errl)derrl

or

__on—r = Fer) T
- {1 — F(x)}r—r n—r

_F—Fwy’
T l1=Fx) ’

We can readily see that the transition probabilities depends upon value of n and r.

P(Xrp1 Z2 y|IX, =x)

y

2.8 Moments of Order Statistics

The probability distribution of order statistics is like conventional probability dis-
tribution and hence the moments from these distributions can be computed in usual
way. Specifically, the pth raw moment of rth order statistics is computed as

00
/'L;{);n = / X fra (X)dx

oo

1 e8]
- V4 r—1 _ n—r
= Brn—r+D /_oox,f(xr)F ([ = Fx)]""dx.  (2.27)
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Using the probability integral transform property of order statistics, the moments can
also be written as

1 1
Wim = m/ {F_l(ur)}pbt;_l(l —u,)" "du, (2.28)
9 - 0

where u, is rth Uniform Order Statistics. The mean and variance of X,., can be
computed from (2.27) or (2.28). Further, the joint pth and gth order moments of
two order statistics; X,., = x; and X., = xp; are computed as

/L;{)vqn = Xp Xq / / xlxzfrvn(xlaXZ)dxld)Q
- c/ [ atatrenseor o)
|:F(x2) — F(xl):| [1 — F(.XQ)]n_st]d)Q. (229)

Using probability integral transform, we have

1 v
Mf’sqn = Cr,s:n/ / {F_l(u)}/’{F—l (U)}qur—l (v— M)S_r_]
0 0

x (1 —v)"*dudv. (2.30)
The pth and gth joint central moments are given as
ol = E[(Xrn — trn)” (X5 — 1)’
/ / (1 = prn)” (2 = psin)? frosm (X1, X2)dx1d 6
— Crun / / F ) = o] P[F ) = ]
X u — )1 = v)"*dudv. (2.31)

Specifically, for p = g = 1; the quantity o, ., is called covariance between X, and
X Also if F(x) is symmetrical; say about 0; then following relations holds

— P
I‘Lf:n = (= l)pu“nfr+1:n

and
P9 — rtq
'ursn ( l) ,bLn v+ln r+ln*

Further, the moments of linear combinations of order statistics can be easily obtained.
The conditional distributions of order statistics provide basis for computation of
conditional moments of order statistics. Specifically, the pth conditional moment
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of sth order statistics; X;.,; given X,.,, = x, is obtained by using the conditional
distribution of X., given X,., = x, as
o0
Mflr:n = E(Xsp:n|xi’) =/ xspf(xs|x,)de
Xy
(n—r)!

T G—r—Dln -l = FG)""

x /OO xs”f(xs)[F(xs) - F(xr)}

X

s—r—1

x [1 — F(x;)]" " dx,. (2.32)

The conditional mean and variance can be obtained from (2.32). Further, the pth
conditional moment of Xj., given X,,, = x, and X;,, = x, is computed from the
conditional distribution of X;., given X,.,, = x, and X,.,, = x, as

Xt
'U‘flr,t:n = E(Xal'izn|xra xt) = / xff(xﬂxrv Xp)dxg

Xr
_ t—r—1
(=1 =Dt —s— DIF(x;) — F(xp)]t—71

oo s—r—1
x/ xff(xn[F(xs)—F(xr)]

X [F(xt) — Fxg)l' = ldxy. (2.33)

In similar way the joint conditional moments of order statistics can be defined by
using corresponding conditional distribution.

Example 2.7 A random sample has been obtained from the density
f)=wx""%0<x<1;v>0.

Obtain expression for pth moment of rth order statistics and that for joint pth and gth
moment of rth and sth order statistics. Hence or otherwise obtain mean and variance
of X,., and covariance between X,.,, and X;.,,.

Solution: The distribution of rth order statistics is given as

_ 1 r—1 _ n—r
Srn(xr) = mf(xr)F ()1 = F(x)]" "

For given distribution we have F'(x) = x" and hence the density of X,., is

1 xrv—l(l _x;))n—r.

Srn(xp) = mv -
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Now we have
o0
//'f:n = E(X)pn) = / Xr frn(xr)dxr

l —
= G n—r+l)/ xfvxlvT x;’)” "dx,

P+rv 1(1 _ er)n_rdxr

B(r, n—r+1)/

I'+TU 1 v\n—r
= 1- d
B(rn—r+1)/ ( xr) r

[7+U(f 1) v 1(1 xv)nfrdxr

B(r, n—r—l—l)/

Making the transformation x’ = y we have vx’~!dx, = dy, hence

Ly n—r
= v 1— dx,
B(r,n—r—i—l)./o y ( ») *

B(r+%,n—r+1) _ l“(n+l)1"(%—|—r)
Brrn—r+1) T+ Z+1)

The mean is readily written as

F(n+ DI (L +7)
P(HT(n+L+1)

Mrn =
Again the joint distribution of X,.,, and Xj., is

fr,s:n(-xrv xs) = rs nv2xrv ]xsv_l(x;) _xrv)s_r_](l _'xSv)n_s'

The product moments are therefore

1 X
nfty = EQLXG) = [ [ 505 o s,

ru— 1 v—1 v\s—r—1
—Crrnv // pxq ( xr)

X (1 ” "Sdx,dx;
1
= C,,mv/ xIx; (1 —x ) -
0
X
x {U/ er+u(r_l))6;)_l(xsv _ xﬁ)s_’_ldx,]dxx
0

1
= C,,S;nv/ xfx;’_l(l - x;’)"“{vl(x,)}dxs
0
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Now consider

Xy
vl(x,) = v/o xf+v(r—1)xrv—1(x; _ xv)s—r—ldxr

r

X XV
— UX;(s_r_l)/ x]{)-kv(r—l)xrv—l 1—-2 s—r—ldxr.
0 x§

Making the transformation y = x/x; we have

1
UI(.xr) — xs(s—r—l)/ yp/v+(r—1)(1 _ y)s—r—ldy
0

= xsf’+v(s_2)B(€ +rs— r)

L(r+2)(s—r)

— p+vu(s—2)
. C(s+2)

Using above value of vI(x,) in above equation we have

(s —r(r+2

)U/Ol xS[7+q+v(x—l)x;;—l(1 _ x;})n—x

Mﬁ}qn = Cr,s:n

[(s+2)
Ts—nI(r+2) @m—5n—sT(EL +5)
= Crs:n LN .
TR D) M )

Now using the value of C, ;., we have

1 I(s —r)l(r+2)
B(r,s—r,n—s—i—l)>< I"(s—i-%)
n—5)'(n — s)l*(pvﬁ + s)
I(ZL 4+n41)
Fn+1) 5 (s —rI(r+2)
L —rln—s+1) I(s+2)
(n—$)I'(n— )T (EL +5)
M(ZL+n+1)
T(n+ DI (r+ 2)0 (5L +5)
T T+ DT (EL tn 1 1)

22—
/“l’r.s:n -

r<s.

The covariance can be easily obtained from above.
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Example 2.8 Find pth moment of rth order statistics for standard exponential
distribution.

Solution: The density and distribution function of standard exponential distribu-
tion are
f(x)=e¢*and F(x) =1—¢".

The pth moment of rth order statistics is
o0
/Lﬁn 2212()(£n) ::j/ .xpj}m(x)dx
—0o0
o0
—C,, / WPe (1= ) (e ) dx
0
r—1
= Z(—l)fcm (r - 1) /Ooxpe-xw—rﬂ'“)dx
=0 J 0

_’i(_l)j n! Fp+1)
T4 T Dl Dl D

The mean and variance can be obtained from above.

Example 2.9 A random sample of size n is drawn from the Weibull distribution with
density
f(x) = ax® texp(—x®); x, a > 0.

Obtain the expression for pth conditional moment of X;., given X,., = x,.

Solution: The pth conditional moment of Xj., given X,., = x, is given in (2.34)
as

W = E(X2,1x,) = / x? f (xglx,)dx,

»

. (n—r)! 00
T (s=r=Dln =91 = Fx)] /xr x! f(xy)

s—r—1
x |:F(xs) — F(x,)] [1— F(x)]" " dx,. (2.34)

Now for given distribution we have
fx) = ax®""exp(—x%)

and

F(x) =/Xf(t)dt=/ont"‘_lexp(—t°‘)dt= 1—e™.
0 0
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Hence the pth conditional moment of X, given X,., = x, is

K o0 1 o o o 1
p rsin Poyo—1 —x —xg = X{\s—r—
H’s|r:n - (e,xft)n_r /x Agaxg e 7 (g ! ¢ J)

r

X (efxéa)”ﬂdxs

s—r—1

00
_ O[Kr,s:n pra—1 _—(n—s+1)x% J
= e—(n——r)x“ )C‘y e s (_1)
Xr i=0

% (s - 1)e—“—’—f—‘)"?e—f"f’dxs;
J

or

s—r—1

1 fs—r—1
p = P p
I’Ls\r:n - aKV,SZ” z e—(i’l—S"rj-Fl)X,‘?‘ (_l)]( j )

j=0

00
— — — i o
X/ xs[H—ot 18 (n—s+j+1)x{ dxs
X

»

Making the transformation (n — s + j 4+ 1)xJ = y we have

s—r—1
1 s —r—1
p fr— J—
Hgjpn = K sin Z m( 1)1( i )

j=0

00 yp/ot
X / - e Vdy
(n—s+j+lxe (M — 5+ j + Dplet]

Qe 1 s—r—1
— _1\/ -
- aKr’S:” Z e—(n—s-‘rj-H)x,‘.’ ( l) ( ] )

j=0
p
X T s j+1)xe (— + 1) ;
o
where K, 5., = —m-D!__ The conditional mean and variance can be obtained from
) (s—r=1!(n—s)!

above expression. Using & = 1 in above expression we can obtain the expression for
pth conditional moment of Xj., given X,., = x, for Exponential distribution.

2.9 Recurrence Relations and Identities for Moments of
Order Statistics

In previous section we have discussed about single, product and conditional moments
of order statistics in detail. The moments of order statistics posses certain additional
characteristics in that they are related with each other in certain way. In this section
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we will give some relationships which exist among moments of order statistics.
The relationships among moments of order statistics enable us to compute certain
moments of higher order statistics on the basis of lower order statistics and/or on
the basis of lower order moments. Some of the relationships which exist among
moments of order statistics are distribution specific and some of the relationships
are free from the underlying parent distribution of the sample. In the following we
discuss some of the popular relationships which exist among moments of order
statistics. We present both type of relationships; that is distribution free relationships
and distribution specific relationships.

2.9.1 Distribution Free Relations Among Moments of Order
Statistics

The moments of order statistics have several interesting relationships and identities
which hold irrespective of the parent distribution. Some relations hold among mo-
ments of order statistics and several relations connect moments of order statistics with
moments of the distribution from where sample has been drawn. In the following
we first present some relationships that hold among single and product moments of
order statistics and latter we will give some identities which hold between moments
of order statistics and population moments.

We first give an interesting relationship which hold between distribution of rth
order statistics and other single ordered observations and a relationship that connect
joint distribution of two rth and sth order statistics with joint distribution of other
ordered observations in the following.

We know that the distribution of rth order statistics is

frn(x) = mﬂwmr—'n — FI
or
fra(x) = #!n_r)!f(x)[ﬂx)]”l[l — F@)I"" [ = F(x)]
= #Mf(x)mx)r”[l — F(o1" )~
n!

~ D WF@ITT = FaopT
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or

Frn(x) = — =D P = Fole D
T i —r r = D —r = 1)!

r

o=y =y @I = FaopTe

n

Frno1(X) = —— fri i ().
n—r n—r

So we have following relationship for distribution of rth order statistics and other
ordered observations

(I’l _r)fr:n(x) :nfr:n—l(x) _rfr+l:n(x)~ (235)
In similar way we can show that

(n — S)fr,s:n(xla X2) = ”fr,s:n—l(x] , X2) — rfr+l,x+]:n(x1 , X2)
—(S - r)fr,s+l:n(xl» xZ)- (236)

The relationships given in (2.35) and (2.36) enable us to derive two important rela-
tionships which hold between single and product moments of order statistics. The
relationships are given below.

We know that the pth moment of rth order statistics is

oo
/L;Iin = E(ern) :/ -xpfr:n(x)d-x~
: ‘ .
Using the relationship given in (2.35) we have

(n— r)ﬂf;n = / xP{nfrn1(x) = rfriraldx

o]

= n/OO x? frp_1(x)dx — r/oo xP fr i (x)dx

o0 —00

— p _ r
=Ny, Pyt

or
P gy = My — (=)l (2.37)

The relation (2.37) was derived by Cole (1951) and is equally valid for expectation
of function of order statistics; that is

rE[{g(X,11:)}’] = nE[{g(X,0-1)}] = (0 = N E[{g(X,.)}"];
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also holds. Again consider the product moments of order statistics as

Wl = Xp Xq //X1X2frsn(x1,x2)dx1dx2

Using the relationship (2.36) we have

pP.q r
Hysin = xlxz frsn l(xl»xz)_n_s

s—r
(n )frerln(xlvxZ)]dxlde

X frat s (X1, X2) —

or
00 x|
(n—s)uld, = n/ / X0 X3 frosn—1 (X1, X2)dx1dxs
—00 J —00
00 pxy
—r/ / X0 X3 fratsrin (X1, x2)dx1dxs
—00 J —00
00 px;
—(S - r)/ / -xlpngr,erl:n(xlv X2)dX1dX2
—00 J —00
or
NP — P P IR X
(I’l S)M’r,s:n - nlur,s:n—l rll’Lr+1,s+l:n (S r)/’Lr,s-‘rl:n
or
pP.q _ p.q p.q
PG4 s+t = MGy sp—1 — (n— S)H‘r sin — (s = r)'u’r,s+1:n' (2.38)

which is due to Govindarajulu (1963). Again the relationship (2.38) is equally valid
for function of product moments of order statistics. The relationship (2.37) further
provide us following interesting relationship for n even

1
E(Ml’;ﬁ-l:n +'u“g:n) = nl"“g:n—l; (239)

which can be easily proved by using » = 7 in (2.37). The relationship (2.39) also
provide following interesting result for symmetric parent distribution

wh. = wh, for peven
2" 2"
=0 for podd.
The relationships given in (2.37) and (2.38) enable us to compute moments of

order statistics recursively. We have certain additional relationships available for
moments of order statistics which are based upon the sum of moments of lower
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order statistics. We present those relationships, which are due to Srikantan (1962);

in the following theorems.

Theorem 2.6 For any parent distribution following relation holds between moments

of order statistics

_ : P s i—1 n P _
o = 2D (r_ 1)(1,);1,.:1.,” L2,
Proof We have
H’f:n = E(an) = /Oo xpfr:n(x)dx
1
Z‘/‘{Ffwuﬂpﬁmﬁﬁdu
0
= n—!/oo{F—l(u)}Pur—l(l _ u)n—rdu
r—DIn—-—r)J_

Now expanding (1 — u#)"~" using binomial expansion we have

n! 0 ~ (n—r\
o= F! sz _11( )Jd
e = e | L)

B n—r PN n—r n—! 00 . i
= j;o( 1)1( i )(r_ 1)!(n_r)![w{F @) }Pu " du
B n—r PN, (n — I‘)' I’l'(r +J) ,

_go( I)Jj!(n_r—j)!(r—1)!(n_r)!(r+j)ur+j:r+j'

Now writing r 4+ j = i we have
n

. (n—r)! n!
) — 1\~ r p
K = 2 T i S e = D =

(i — Dn! ,

- Z(_I)Hi(i " DG =)l — Dl — DM

i=r

S (YO
— r—1)\u

as required.

(2.40)
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Theorem 2.7 Following relationship holds between moments of order statistics

- icnar1 [T — 1) (7
uhy= > (=Di"F l(n_r)(i),uf:i;r=2,3,...,n. (2.41)

i=n—r+1

Proof Consider the expression for pth moment of rth order statistics as

Mrp:n = E(an) :/ xpfr:n(x)dx

1
= [P ) fratirdu
0

! 00
) m/ {F @} =" (1 —wy" " du.

Writing «’~! as {1 — (1 —u)}"~! and expanding binomially in power series of
(1 — u) we have

n! B
Wi = m/ F~'w)}” Z( 1)/

r—1 ; _
x( j )(1 —u) (1 —u)""du

_ 1)! n!
Z( '(r — )N —=Dln—r)!
X / {F_l(u)}”(l —u)""du

Nowusing j =r+i—n—1lori=j—r+n+1wehave

_ r+i—n—1 (}”—l)' n!
Hin = Z =D F+i—n—Dn—-D'r(n—r)

i=n—r+1

X r/ {F'w)}’ (1 —u)~'du

8 _1\i—ntr—1 i—1 n p .
S o ()

i=n—r+1

as required.

Theorem 2.8 Following relationship holds between moments of order statistics for
rns=1,2,....,nandr < s



2.9 Recurrence Relations and Identities for Moments of Order Statistics 41

1 —i—1
=% 3 v ()L o

i=r j=n—s+i+l

Proof Consider the expression for product moments of order statistics as
ubd = X;"an / / x1 X, T frsn(x1, x2)dx1dxs
— G / | st renseEon
[F()Q) - F(X1)} [1 — F(x)I"*dxidx,.

or

1 v
Mr’i’fqn = Cr,s:n/ / {Fﬁl(u)}p{F*I(v)}qurfl(v _ u)sfrfl
0o Jo
x (1 —v)"*dudv.
Now expanding (v — u)*~"~! in power series we have
1 v
/‘f,fsq;n = Cr,s:n/ / {Fﬁl(u)}p{F*I(v)}qurfl
o Jo

s—r—1

1
x Z(—l)h(s 2 )v””uh(l—v)“dudv
h=0

& n! (s —r—1!

PIRCk
h=0 (V—l)!(s V—l)'(n—s)'h!(s_r_h_l);

1 v
X / / {F—l(u)}p{F—l(v)}qur-k/’t—lvx—r—h—l(1 _ v)n—sdudv
0 0

s—r—1

n!

>
— h(r—Dis—r—h—1Dln—ys)!
1 v
x / / {F' )} {F~ )} ™ =" 1(1 — v)"*dudv.
0 0

Now using i = h + r we have:

n!

Hrsin = Z( b — ) = DI —i — Dl(n — s)!

x/ / {F @} {F ')} v (1 — v)"*dudv.
0 0
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Now writing v*~*~! as {1 — (1 — v)}*"~! and expanding in power series we have
s—1 n!

Hriin = izz:‘(_l)l_r (i =) —DIs —i — D! —s)!
1 v
[ Lroreone
o Jo

s—i—1

x > (=1 (s _’;_ 1)(1 — )" (1 = v)"dudv
m=0

or
s—1 s—i—1 n!
.9 __ _1\i—r+m .
Hor s _Z‘ MZ:E)( D o — DI — i Dl — 9!
(s—i—1! b _
i ), ) e @)
xu N1 — )" dudv.
_ isil (_1)i7r+mn!
- (i =N = Diml(s —i =1 —m)!(n —5)!
1 v
X / / {F'@}?{F' @)} (1 = v)" " dudv
0 0
or

s—1 s—i—1

. (=)l — 1Dl — 5 + m)!
uht =2 2, G—r)r—Dmls —i — 1 —m)l(n—s)!

i=r m=0

x(m—=s+i+m+ DX Wiivimsimyivi-

Now using j =n — s +1i + 1 + m and rearranging the terms we have
= < i—1\(j—i—1\(n
Pd EREVEZ S Y T Pgq .
wi=3 3 o ()0 (i

as required.
Proceeding in the way of Theorem 2.8, we also have following relationships
between product moments of order statistics.

s—1 n . . .
. i—1 j—i—1\(n i
=3 3 oo (D) () ()

i=s—r j=n—s+i+1 n—s
(2.43)
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and

' _nfr n st i—1 j—i—1 n ra
whd= D D (=D f(s_r_l)( o )(j)uj,.,j:j. (2.44)

i=s—r j=r+i

The relationships given in (2.43) and (2.44) link product moments of order statistics
with those based upon the product moments of order statistics based upon smaller
sample sizes and on lower order product moments.

The relationships given in equations (2.40) to (2.44) are useful in computing single
and product moments of a specific order statistics as a sum of moments of lower
order statistics. We have some additional interesting identities which relates sum of
moments of a specific order statistics with sum of moments of lower order statistics.
We also have some interesting identities which relate moments of order statistics
with population moments and are free from any sort of distributional assumptions.
We present these identities in the following section.

2.9.2 Some Identities for Moments of Order Statistics

The moments of order statistics posses certain simple identities. These identities are
based upon following very basic formulae

i Xr = Z XPip>1 (2.45)
r=I1 r=I1

and
n n

ZZX”Xq = Zzn:Xf’Xﬁ; p.g =1 (2.46)

r=1 s=1 r=1 s=1
Now if all X, have same distribution F(x) with E(X/) = pu,, variance o and

E(X?X!) = pp.q then we have following interesting identities.
Taking expectation on (2.45) we

(5)-(5)

> E(x2) = S E(X))

or

or

Zlurp:n = ZH’[’ =Nnlp. (247)
r=1

r=1
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In particular

Z Mrn = NHL. (248)

Again taking the expectation of (2.46) we have

(ZZXP X4 ): E(ZZX”X‘f)

r=1 s=1 r=1 s=1

or
n n

S E(xgx0) = 33 E(xEXD)

r=1 s=1 r=1 s=1

or

n n n n
2wl =2 pa

r=1 s=1 r=1 s=1

Since X, and X, have same distribution therefore above relation can be written as

> = zuﬁﬁz > gt

r=1 s=I r=1 s#r=1
or
n n
DD b = nppeg + 0 — Dyt (2.49)
r=1 s=1
In particular
n n
DD trsw = npa+n(n = Dt = no® +n’p; (2.50)
r=1 s=1

and as a result we have

E i Hrsn = 5 [ZZMM Zu,n]

r=1s=r+l1 r=I1 s=1

= %{’W«z +n(n— DHu? —nu«z}

_nn—=1) 5 (n\ ,
= M _(Z)M. 2.51)

We also have following identity for n = 2

IS+ U5y = 21k pltys (2.52)
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which for p = g = 1 reduces to

M1,22 = M2~
Also from (2.48) and (2.50) we have

non non n n
Z Z Orsin = Z Z Mrs:n — (z Mr:n)(z Ms:n)
r=1 s=1

r=1 s=1 r=1 s=1

=no? + nzuz - nzuz =no’.

45

(2.53)

Above identities are very useful in checking the accuracy of single and product
moments of order statistics by their comparison with the population moments.

The single moments of order statistics have an additional identity which relates
the sum of single moments in terms of sum of moments of lower order statistics.

These identities are given in the following theorem.

Theorem 2.9 The single moments of order statistics satisfies following identities

21 21
—u?f = - .
E I‘Mr:n E rﬂl.r
r=1 r=1
and

" 1 "1
) — — .
> e = 2 e

Proof Consider the expression for single moments of order statistics as

00
/’L;If);n :/ -x;{)fr:n(-xr)d-xr

[e¢]

1
_ / (1 @) frn(w)du
0

! 1
= ﬁ/o {F‘l(u)}ﬂur—l(l _ u)n—rdu'

Applying summation over both sides we have

" L n! -
Z;Mﬁn=2m/o {F )

r=1

xu N1 —u)""du

n 1
= z (’r’)/o {F' @)} u " (1 —u)""du
r=1

(2.54)

(2.55)
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! 1|~ (n
_ —1 - r _ n—r
_/O {F (u)}”u[g(r)u (1 —u) ]du
1
:/0 {F”(@}P%{l — (1 —u)"}du.

Now using the identity

I -1 —=uw =u2(1 —u)

r=1

we have
n 1 1 n
Z;Mfw:/ {(F' @} > (1 —wy'du
r=1 0 r=1
C 1 ! —1 r—1
:Z—r/ {F7'w)}P (1 —uw)'du
r=1 r 0
n 1
= :E: _lLﬁr;
r=1 r

which is (2.54).

For second identity again consider the expression for single moments as

! 1
ur = m/o (F' @)} u =" (1 = u)"" du
or
" 1 ! n!
Zn—r+1“£" :E(V—l)!(rz—r+l)!
1
X / {F )} u "' (1 —u)""du
0
= S " /I{F_'(u)}pu’_l(l —u)""du
r=1 r—1 0
or

=
S
|
\:;3
=
+
—
|
——
~
|
~~
<
N
N
~
—_
<
P —
~ =
||M|
/4
SN S
v
<
.
~~
—_
|
<
N
=
|
4
[ —
IS
N
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Now using the identity

1—u"=(1 —M)Zu’_';
r=1

we have

Zn—r+1’“b”’ /{F W”Zu’ du
:Z—r/ {F’l(u)}purfldu
r=1 r 0
=Zn:1u£’;r;
r=1 r

which is (2.55). Hence the theorem.

Example 2.10 Prove that in a random sample from a continuous distribution with
cdf F(x) following relation holds:

r
E[ X F(Xp)] = —— st 141
[Xson F(Xrn)] o Mt

Solution: We have:

s—r—1
Frsn (X1, %2) = Crgn £ (1) f ) [F (x1)]" " |:F(X2) - F(xl)]
x [1 — F(x)]" .

Now
E[Xyn F(Xs)] = Cso / / (2 F (e} £ () f ) [F )T
s—r—1
< [F(Xz) - F(xo} [l = F(e) " "dxidxs

1 v
= C,’m/ / Flou (v —u)* 11 — v)"*dudv
0 Jo

1 v
= C/ F'w)yd —v)" [/ u (v — u)“_’_ldu:|dv
0 0

1
= Crun / F w)(1 — vy (1dw; (2.56)
0

where I = [ u" (v — u)*~"~'du. Now consider
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v
1 :/ u (v —u)y""'du
0

v
— Us—r—l/ ur(l _ Z)S_r_ldu.
0 v

Making the transformation % = w we have

1
I = vs/ w (1 —w) " dw
0

JE+D0(s —r)

= ‘YB 17 — =
vB(r+1,s—r)=v FG T 1)

T —1 — 1)!.

s!

Using above value in (2.56) we have

n!
r—Dls—r—D!n —s)!

1 — oy —
X / Fﬁl(v)(l _v)nisv‘yudv
0 s!

E[Xx:n F(Xr:n)] =

r(r—1)!n! 1 1 . nes s
= F7 (o' —v)"
r—Dlsl(n —s)! Jo
1
_ r (l’l + 1)' / F—l(v)vs+1—1(1 _ U)n—sv.s*
n+1sl(n—s)!Jy
r
= mﬂsﬂ:nﬂ;

as required.

2.9.3 Distribution Specific Relationships for Moments of
Order Statistics

In previous section we have given some useful relations which exist among moments
of order statistics irrespective of the parent distribution. There exist certain other
relationships among moments of order statistics which are based upon the parent
distribution from where sample has been drawn. In this section we will give some
recurrence relations for single and product moments of order statistics which are
limited to parent probability distribution. We first give two useful results in following
theorem which can be used to derive the recurrence relations for single and product
moments of order statistics for certain special distributions.
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Theorem 2.10 Following relations hold for single and product moments of order
statistics from a distribution F (x)

| 00
H’r{]:n - lu‘fflzn = b ~ / xp—l
n—r+10¢—-Dn—r)_«
x [FO) 1 = Fx)" " dx. (2.57)
and
q Rl e -1
=, = mcr,s:n /_OO /X] x{xg f(xn)
s—r—1
X [Fxpl™! [F(m — F(xl)]
X [1 = F(x2)]" T dxodx. (2.58)
where C, 5., = !

(r=D!(s—r—1)!(n—s)!"
Proof We know that the pth moment of rth order statistics is

/’Lrp;n = E(ern) = /OO xpfr:n(x)dx
* }’l' r— n—r
= /_Ooxpmfmmx)] 1= F)I""dx

! )
) m/ x fELF @)1= F@I'dx.

—00

Integrating above equation by parts taking f(x)[1 — F(x)]"~" as function for inte-
gration we have

B n! L L= Fy—r+1>™
Wh = m[—xp[F(x)] Ta—r+1

—00

- / {px?'F@)T ™+ (r — DxP[F()] 2 f(0)}

1 — n—r+1
, — = F)] dx]

n—r+1
or
| ]
ub, = —2 - / 2= For !
' n—r+1@F—-—Dn-r)/_«
r—1 n!

X [F0ldx + ———= Dl !
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X /Oo X fOIL = F )" F ) dx

o]

— p n! = o r—1
- n—r+1(r—1)!(n—r)!/,ooxp [F@)]

_ n—r+1 n! >
x [1 — F(x)] dx+(r_z)!(n_r+1)!1mxpf(x)

X [F(x)]72[1 = F(x)]"" " Ddx.

Since

! o]
e e ety / x? fF T2

x[1 = F)" " Vdx,

hence above equation can be written as

r p n! /OO p—1 r—1
b = =D ) @

x[1— F)I" " dx +u? .,

or

Wl — 1y 1 = P n /OO xP!
e T n—r4+ 1 —-Dn—r)J_

x [F()I"™'[1 — F()1" " dx,

which is (2.57).

To prove the second result we consider the expression for product moments of
order statistics as

Mﬁ;{n = E(Xf:nXg:n) :/ / x{)ngr,s:n(xh)Q)dedxl
—o00 J x|
= Crsn / / X xd f Q) f ) [F(ep) ™!
—o0 Jxq
s—r—1
X [F(xz) - F(xl)] [1 — F(x2)]" " dxadx;
= Crﬂs:n/ XU FODIF (e (x2)dxy, (2.59)

where

00 s—r—1
1(x2) =/ ng(xz)[F(xz) - F(xl):| [1 = F(x)]""dxs.

X1
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Integrating above integral by parts using f(x2){l — F(x)}"* for integration we
have

s—r—1 —s 00
1—-F n—s+1
I(x2) = [F(xz) - F(x»] Lorml

X1

- /Oo xI! F(x)—F(x)kril
n—s+1J % 2 !

+s —r— DxI{F(xp) — F(xl)}'V7r72f(x2)]
x {1 — F(x2))"*tldx,

q *© - S—r—
= n_s“/ X @) = Far !

1
x (1= Feo))' ™y + ZH/ x4 £ (x2)

x [F(x2) — F(xp)I ™" 2[1 — F(x)"™*Hdxs. (2.60)
Now using the value of 7 (x;) from (2.60) in (2.59) we have

q
—s+1

M)p,’vqn = Cr,s:n/ x{;f(xl)[F(xl)]r_l [H

100 s—r—1

X / xg*l |:F(X2) — F(xl)] {1 _ F(XZ)}n_s+ldx
X1 )
s—r—1

n—s+1
x[1 = FOo)]"™ ‘+1dx2]dx1

/ 4 FO)[F (x2) — F(x)] "2

or
Mrpyqn = n_qﬁcnxzn/ / xlpxgilf(xl)[F(xl)]ril
s—r—1
x [F(xz) - F(xl)] [1— F(x)]" ™ dxadx,
S —r — 1 e
T —sriC / / xlxd f(xn) f () [F (x1)]
X [F(x2) — F(x) " 2[1 — F(x2)]"*dxadx,
or

P9 —
I'Lr,s:n -

n—s+1 / / 8 D F ()T

s—r—1
X |:F(X2) - F(Xl)i| [1— F(x)]" " dxodx,
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+Cr,sflzn/ / xlpng(xl)f(XZ)[F(-xl)]r_]

X [F(x2) — F(x)I* "2 [1 = F(xo)]" " dxadx,

or
q R —1 .
ity = e G | [ Ry
s—r—1
X |:F(x2) - F(Xl):| [1— F(x)]" " dxodx,
+Mr7f—1:n
or

pqg _ P4 —
H’r,s:n l‘Lr,sflzn -

n—s+1 / / x1x2 f(xl)

x [F ()]~ ‘[F(m - F(xl)]
[1 = F(x)]""dxada,
which is (2.58) and hence the theorem.
The results given in Theorem 2.10 are very useful in deriving distribution specific
recurrence relations for single and product moments of order statistics. In the follow-

ing subsections we have discussed recurrence relations between single and product
moments of order statistics for certain distributions.

2.9.4 Exponential Distribution

The Exponential distribution has been the area of study in order statistics by many
researchers. The density and distribution function of this distribution are

f(x) =aexp(—ax); x,a >0

and
F(x) =1—exp(—ax).

We can readily see that the density and distribution function for exponential distrib-
ution are related through the equation

fx)=all = F(x)]. (2.61)
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The recurrence relation for single and product moments of order statistics for expo-
nential distribution are derived Joshi (1978, 1982) by using (2.57), (2.58) and (2.61)
as below.

For recurrence relation between single moments of order statistics consider rela-
tion (2.57) as

/’Lp _,U«p In = P n' \/OO)CP_l
e T —r4+ 10 =-DIn—-r)"J)_

x [F()] 1 = F)1" " dx.

or

iy =1y = —2 & /oo xP7!
: : n—r+1r—-—0Dn-r!/_

X [F()] 1= F)]""[1 — F(x)]dx.

Now using (2.61) in above equation we have

u’rp'n - luf—l'n = P i /OO x!
: : an—r+1) @ —-—DIn—-r)J_

FEOIFI ' — F(x)]""dx

or

p _
r _ P — p—1
Hiyin /’Lr—l:n Ol(l’l —r4 I)Mr:n
or p
Po=pul — 2.62
Hiin My —1:m + a(n —r 4+ l) Myon ( )

as given in Balakrishnan and Rao (1998). The recurrence relation (2.62) provide
following relation as a special case for r = 1

P _ 14 p—1
Mg = EH Lin
The recurrence relation for product moments of order statistics for exponential dis-

tribution is readily obtained by using (2.58) as

q R e 1
p.q p.q p_q9—
Mrsn — Ky g1 = Cr,x:n/ / X1 X f(xl)
' n—s+1 —00 Jx;
r—1

x [Fx)]™! [F(Xz) - F(xl)]

x [1 = FG) " dxadx;.
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s p.q —
Mil’i.vczln —Mys—1m = P +1 / /);] xl X2 (xl)

or

x [F(x)]'~ ‘[F(m — F(xn)}
x [1 = F(x)]"*[1 — F (x2)]dx2dx;.

Now using (2.61) in above equation we have

rq _ P4 —
I’Lr,s:n I‘Lr,s—lzn Ol(n — + 1) r / /x] X -x2 f(xl)f(-XZ)

x [F(x)]"™ l[mz) — F(xo}
X [l — F()Cz)]n_SdXdel.

or

. P _ 4q 1
Mrp,;{n My s—1n = mﬂfﬁn
or q
s — ., P4 1
/’Lf,stzin = My s—1n + mﬂfsqn . (2.63)

Using s = r+1in (2.63) we have following recurrence relation for product moments
of two contiguous order statistics from exponential distribution

q 1
I’Lr r+l n — Mrpjl_q + m“f;{i—l ne (264)

Certain other relations can be derived from (2.63) and (2.64). Some more recur-
rence relations for single and product moments of order statistics from exponential
distribution can be found in Joshi (1982).

2.9.5 The Weibull Distribution

The Weibull distribution has wide spread applications in almost all the areas of life.
The density and distribution function for a Weibull random variable are

fx) = BaxP " exp[—(ax)’]; x, 0, B > 0

and
F(x) = 1 — exp[—(ax)"].
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We can see that the density and distribution function are related as
f(x) = BaPxP 1 — F(x)]. (2.65)

The recurrence relations for single and product moments of order statistics for
Weibull distribution are derived below.
The recurrence relation for single moments is given in (2.57) as

p n! e8] B
By = p—1
o = Bt = T = DI — 1! /_oox

X [F()] 1 = F)1" " dx.

or

] o0
P o_ P 14 n: -1
Hran = Fr—tn = 0700 0 = l)l(n—r)!/_oox

x [F)I ™ '[1 = F)I"™"[1 — F(x)ldx.

Using (2.65) in above equation we have

wP — b= P n! /Ooxpflxlfﬂ
e b T BB —r + 1) (r — DI — 1) oo

X fOIF) 1 = F)" " dx

or
P S p n! /oo b
T T BB —r+ 1) (r — DI — 1) o
X fEOIF)] 1 = F(x)]""dx
or p
r _ P R S
Hin My —1:n (Xﬂﬁ(}’l —r 4+ 1)Mr:n
or »
Po=pul —_urh 2.66
My 2T P + aﬁﬁ(n —r 4+ 1)lu'r.n ( )

We can see that (2.66) reduces to (2.62) for § = 1 as it should be. Using § = 2 in
(2.66) we obtain the recurrence relation for single moments of order statistics from
Rayleigh distribution as

p

— P2 2.67
202(n —r + 1) Hra (267

u’;{):n = H’f—l:n +
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Also for r = 1 we have following recurrence relations for single moments of first
order statistics from Weibull distribution

p _ D p-p
Ky = nO{ﬂﬂMln ' (268)

We now present the recurrence relations for product moments of order statistics for
Weibull distribution. We have relation (2.58) as

q R 1
sty = e = o | [ 50

x [F(x)]™! [F(m — F(xo}
x [1 = FO) " dxadx.

or

q Rl e 1
it =10 = o [ [ 0
r.sin rs n n—s—"—l r,s:n - .

x [F(x)]™! [F(xz) — F(xo}
X [1 = F(x)]"*[1 — F(x2)]dx2dx;.

Using (2.65) in above equation we have

pa _pa C,, xIx87P f(xy)
/‘Lr,s‘n Mr@*l-" aﬂﬁ(n — S + l) / A[ 1 f
s—r—1

x f)[F(x)]™ ‘[F(m — F(xl)]
X [1 — F(JCQ)]n_‘Yd)Qd)C] .

or
q

-t @ paP
C{'Bﬂ(n -5 + I)MV,SI}‘I

rq _ ,,P4 —
l‘l’r,s:n '[’Lr,s—l:n -

or
q
pa = +————ulr 2.69
Mrvn I’Lrs l:n aﬁﬁ(n_s_i_l)lurm ( )
We can immediately see that (2.69) reduces to (2.63) for 8 = 1. Using § = 2 in
(2.69) we have following recurrence relation for product moments of order statistics
for Rayleigh distribution
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q

— P2, 2.70
202(n —s + 1) Hrsin (270)

rq — P4
I’Lr,s:n - Mr,s—l:n +

Also for s = r + 1 the recurrence relation for product moments of two contiguous
order for Weibull distribution is

. q q—B
/"Lrptrq-i-lzn = H’sz_q + m#irﬂ-lzn‘ (2.71)

The relationships (2.67) and (2.69) can be used to derive recurrence relations for
mean, variances and covariances of order statistics from Weibull distribution.

2.9.6 The Logistic Distribution

The Logistic distribution has density and distribution function as

fx) = (1:87)[)2, 00 <X <00
and
F(x) = :
S l4e

We can readily see that the density and distribution function are related as
fx)=Fx)[l - Fx)]. (2.72)

Shah (1966, 1970) used the representation (2.72) to derive the recurrence relations
for single and product moments of order statistics from the Logistic distribution.
These relations are given below.

For single moments consider (2.57) as

' o0
PP — p n: P
Hran = For—tn = 57 20 = 1)!(n—r)!/,oo

X [F)] ™1 = F)" " dx.

or

p n! o
P. _ P o= ! F
S R . P n_r+1(r—1)'(l’l—r)'~/—oox )

x [FE)1" D71 — Fo)I""[1 — F(x))dx.

— P n! /ooxp—l
n—r+1r—-—Dnh-r)J_«

x FO[ = FIF 1P = oo™ dx.
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Now using (2.72) in above equation we have

Wl — il = — a /Oox"*‘foc)
v ek T 1= D! —r)

x [FO) D71 = F(o)" " dx

or
P Y N n(n —1)! /°° !
rn Tl T e 1= D =2)!(n—r)! )
X fEOIF)] V1 = F)" " dx

or np .

p _ P — p—

Hiin My —1:n r—Dm—r+ l)l“l’rflznfl

or

np

p—1 .
(r — 1)(n —r 4+ I)I’Lr—lzn—lv (273)

I’Lf:n = M’f—l:n +

as the recurrence relation for single moments of order statistics from Logistic distri-
bution.

We now present the recurrence relation for first order product moments of order
statistics from Logistic distribution. For this consider

e = E(X,0X0,) = /_OO /OO X1X3 frogn (X1, X2)dX2dx,
G | : / loo *1 £ G G [F (el
x |:F(x2) - F(xl)]srl[l — Fo) " dxadox,
= Crym /_Zx]f(xl)[F(xl)]’ll(xz)a’xl; (2.74)

where

00 s—r—1
I(x2) = / f(xz)[F(xz) - F(xl)] [1 = F(x)]" " dx.

Using (2.72) in above equation we have
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s—r—1

1) = / F(xz)[mz)—F(xl)} [l = Fl)"dxs

s—r—1

=/ [1—{1— F(xz)}][F(xz) — F(xl)]
X [1— F(x)]"*dx,

or

s—r—1

I()C2) = / |:F(-x2) - F(xl)} [1 — F(XZ)]n_‘H_ldxz

_/ [F(x2) — F(xl)]sf”*l[l _ F(xz)]nferzdxz
= 5(x2) — h(x2);

Using above equation in (2.74) we have
Mrn = Cr,s:n/ -xlf(xl)[F(xl)]r_lIl(-x2)d-xl
—00
_Cr,s:n/ X1 f )IF ) ™ h(xa)dxy. (2.75)
—00

Now consider

s—r—1

I1(x2) = / [F()Q) - F(X1)} [1— FO)]"" .

Integrating by parts, taking dx; as integration and rest of the function for differenti-
ation we have

oo
X1

s—r—1
Li(x2) = [F(Xz) - F(xl)] [1— Fx)]" ',

- / wal{s —r — DIF () — Fa)l"

x[1 = Fe)" "M fx)} —{(n — s + 1) f(x2)
[F(x2) = FxpI 7' [1 = F(x)]" ™ }dx,

00 s—r—1
=m—s+ 1)/ xzf(xz)[F(xz) - F(xl)j|

X[ = FO) " dxa—(s —r — 1) / x2f (x2)

X [F(x2) — F(x)I 721 — F(x2)]" M dx,. (2.76)
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Similarly

00 s—r—1
L(xy))=mn—s+ 2)/ X2 f(x2) I:F(xg) — F(xl):|

o0

x[1 = Fx)]"*Mdxa—(s —r—1) [ x2f(x2)

X1

X [F(x2) = Fx)I7 72 [1 = F(x)]" ™ dxs. Q2.77)
Now using (2.76) and (2.77) in (2.75) we have
i = (0 — 5+ DGy / / xuxaf () f G F )l
s—r—1
X [F(xz) - F(xl)} [1 = F(x2)]" *dx,dx,

—(s—r— 1)Cr,s:n/ / X1X2f(x2)f(x1)[F(xl)]r71
X [F(x;) — F(xl)]s—r—Z[l _ F(xz)]n—.v+ldx2
_(n -5+ Z)Cr,s:n/ / XIxzf(xl)f(xz)[F(xl)]r—l

s—r—1
X [F(xz) - F(xl):| [1 — F(x)]" ™ dxodx,

+(s—r— I)Cm:n/ / X122 f (02) f R)IF )] ™

X [F(x2) — F(x)I 721 — F(x2)]" ™ dx,.

Now rearranging the terms we have

. on+1 n—s+2
Mrsin+l = n—_s+2 Mrs:n — Mrs—1:n n+ 1 Mr,s—1n+1
1
S 2.78
n—s-+ 2,u ’ :| (2.78)

Using s = r+1 inabove equation the relation for product moments of two contiguous
order statistics from Logistic distribution turned out to be

n+1

Mrrlndl = —
ror+lin n—r+1

r 2 1
il — —— e— I 2.79
|:H 1 " 1/"Lr+1.n+1 . r:“ : :| ( )

Certain other relations can be derived from (2.78) and (2.79).
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2.9.7 The Inverse Weibull Distribution

The Inverse Weibull distribution is another useful distribution which has several
applications in almost all the areas of life. The density and distribution function for
an Inverse Weibull random variable are

B 1Y,
f(x) = WCXP(—X—ﬁ),X, ,3 > 0

1
F(x) = exp(—x—ﬂ).

The density and distribution function of Inverse Weibull distribution are related as

and

xB+L
f(x) = TF(x). (2.80)

The recurrence relations for single and product moments of order statistics for Inverse
Weibull distribution are derived below.
The recurrence relation for single moments is given in (2.57) as

| o0
r _ P — p n: xP1
Hrin = Hr—tin n—r+1(r—1)!(n—r)!/_oo

X [F) ™1 = Fx)" " dx.

or

| oo
Ul = 1]y = — o / xP7UF (x)
: : n—r+10r—-—0DInh-r)/_«

X [F()) 721 = F(x)]" " dx.

Using (2.80) in above equation we have

p n! R B+1
lu“il’]'n - Mff m = / xPx
: I Bn—r+ 1) r—Dn—r) ) o

x FOOFE)]T D1 = Fo) " Vax

or

wl —pl = p n! /OoxPJrﬁ
rn Tl T g Dy =2 —r 4+ D!

X f(x)[F(X)](r71)71[1 — F(x)]nf(rfl)dx
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or

p _,p  ___P P+
Hiin My —1:n ﬂ(r 1)Mr l:n
or p
Wiow = My + mﬂf+1’3n- (2.81)

as a recurrence relation for single moments of order statistics from Inverse Weibull
distribution. Using 8 = 2 in (2.81) we have following recurrence relation for single
moments of order statistics from Inverse Rayleigh distribution

Y S 2.82
Myn My —1:n + 2(1" I)I'Lr Lin* ( . )

We now present the recurrence relations for product moments of order statistics for
Inverse Weibull distribution. We have relation (2.58) as

q o0 o0 1

p.q p.q _ pP..4—

Hysn = Mys—1m = CV,S:"/ / XX f(xl)
n—s+1 —00 J X

x [F(x)]™! [Fm) — F(xl)}

x [1 = F(e) " dxadx;.

or
q Rl e —1
=, = mcr,s:n /_OO /X] x{xg f(xn)
X [F(x)]™! [F(m — F(xl)]
X [1 — F(x)]"*[1 — F(x2)]dxodx;.
or

Mﬁsqn - H’f,f—l:n = — +1 / /rl X )C2 f(xl) F(xl)]r !
s—r—1
x [F(m — F(xl)} [1 — F(x2)]" “dxadx
/ / 8 D IF )] ™ F(x)

n—s+1

s—r—1
X |:F(X2) - F(Xl):| [1 = F(x2)]" "dx,dx.
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Now using (2.80) in above equation we have

n—s—|—1 / / x1x2 f(xl)[F(xl)

s—r—1
X [F(Xz) - F(xl):| [1 — F(x2)]" " dxadx,

r.q _ P4 —
lur,s:n Mr,sfl:n -

ﬁ(,,_’;i]) / / x{xg ™ f G f G F ) !

s—r—1
X [F(xz) - F(xl)} [1 — F(x2)]" " dxadx;.

or
q 00 00 1 X
ubd — Mﬁ;tl_l;n = mcr,s:n [w ~/x| xPxdT Fe)F ]
s—r—1
X [F(X2) - F(Xl)} [1 = F(x2)]" "dxadx,
_Luf;]jﬂ
Bn—s+1)
or
R qu,x:n o0 r—
whd =l = m/_oo xf fDIF )] ™!
q
I(x))dx; — —————puPd+h. 2.83
x I (x2)dx; ﬂ(n—s—l—l)umn ( )
where

s—r—1

I(x2) = / xg—] |:F(X2) — F(xl)j| [1— F(xz)]n_sd)CZ.

Now integrating above equation by parts using xj ~! as function for integration we
have

oo

s—r—1 g
It) = [F(m - F(xo} - F(xzn"*f%

X1

—(s—r—1 / {[F(x2) — F(xp) "2

[1— FO)]"™ f(x2) = (n = $)[1 = F(xp)]" "
‘I

s—r—1
[F(xz)—F(m)} f(xz)] —=dx;
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n—s > q s—r—1
I(xy) = T/ X5 f)[F(x2) — F(x1)]

X [1 = F(x)]"
X f(x2)[F(x2)
Using above in (2.83) we have

qu sin

pqa _ P4 —
Mr,s:n 'u“r,sfl:n - —s +1

o s—r—1 %
Sldxz——/ xg
q X1

— F)IP 7721 = F(x)]"dx,.

/ Xl FenF )]

x |" q_s / X F ) [F(xa) — F (o)~

X1
00

X [1 = FO)]" ™ 'dx, — */ x5 f(x2)

X [F(x2) —

q

B

or

P.q _ (n —5)Cr s

Pq
Hrsin = My g 1y = n—s+1

1

FQe) 21 = F(xo)]"dxs }dx

P.q+B
+l)ursn

0 1
/ / o ) fEIF )T
J—o00 Jx|

s—r—1
x [F(XQ) - F(xl)] (1 — Fa)1 " DS dxydxy

(V_r_l)crsn
n—s+1

/ / xfxd F e feDIF DT ™!

X [F(x2) — Faep]® ™D =11 — Fap)]" S dxadx

q

/S(n—s—i—

or

pa _ pa  _ "Crsn-1
Mrsin = My g 1 = n—s+1

X [F(xz)

_nCr,s—]:n—l
n—s+1

X [F(x2) —

q

_,B(n—s+1)

or

+
D I*L;I")sqn P

/ / x]xzf(xl)f(xz)[F(n)]rl
X1

F(xl)] [1 — F(xp)] DS dxsdx
o0 o0 1
/ / X x§ f ) f o) [F e
.—oo-xl

Fa]S™ D711 — Fo)1 ™  dxodxy

P-q+p
Hr,sin
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n

s pP.q — p.q pP.q
Mﬁs({n - I’Lr,s—l:n - n—s+ llu“r,x n—1 " n—s+ llur,s—]:n—]
—;/x”’fﬁﬁ
Bn—s+ 1) r.sin
or
pa _ P 1 P, . 4 paq+s 284
/’Lr,s:n - H’r,s—l:n + n—s4+1 nlur,s:n—l - nlur,s—l:n—l - Elur,s:n . ( . )

The recurrence relations for product moments of order statistics for Inverse Expo-
nential and Inverse Rayleigh distribution can be easily obtained from (2.84) by using
B = 1 and B = 2 respectively. Some other references on recurrence relations for
moments of order statistics include Al-Zahrani and Ali (2014), Al-Zahrani et al.
(2015), Balakrishnan et al. (2015a, b).

Example 2.11 Show that for standard exponential distribution having density f(x) =
e, following relation holds for moments of order statistics:

_ P D op-i.
I'Li{)n il L P + ;Mrpn ; 2<r=n.

Solution: We have (p — 1)th moment of rth order statistics as:

o0
Mf:;l = E(ngl) =/ xp_lfr:n(x)dx

= /_: xp_l#(!n_r)!f(x)[]:(x)]r_l
x [1 = F(x)]""dx

= g L e
x [l = F(x)]" "dx.

Now for standard exponential distribution we have f(x) = 1 — F(x) so we have:

plyt = #('nr), / PNF@T 1 = Fo' ™" ax.

Now integrating by parts taking x”~! for integration and rest of the function for
differentiation we have:
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n! o

r—Dln —r)!
- /0 {r = DIFOT 1 = F)I" " f(x)

[[F(x)]’—l[l - F(x)]""*‘%’

p—1 _
My =
0

—(n—r+DIF®T ' - F(x)]""f(x)}%pdx]

n!
- r—D!n—-nr'p

—(r—1) / N xP f)F )21 — F(x)]"’“dx].
0

[(n —r+ 1)/0O xP FOF )1 = F(x)]""dx
0

Now splitting the first integral we have:

uh = n—'[n /oo xP FOOF )1 = F(x)]""dx
r—D!n—-nr'p 0
—(r—1 / wx*’f(x)[F(x)]H[l — F(x)]" "dx
0
—(r—1 / N xP FEOIF (0121 — F(x)]"’“dx]
0
- ”—'[n /oo x? FOIFOT 1 = FGoO)""dx
r—Din—r)p 0
—(r — 1)/oox”f(x)[F(x)]"2[1 - F(x)]”"dx]
0
_ n n! > r=lr1 _ n—r
= ;[—(r S T— /0 xP fOO[F ()] '[1 = F(x)] dx}
(7’ — 1) n! = r—=2 n—r
- [(r Sy —r /0 xP fOOIF ()] [1 = F(x)] dx}
or

., n n o,
I’Lf:n = ;an - ;l‘l’r—l:n—l

R P -1
OF Uyy = My_1:p—1 + nlur:n ’

as required. Further, for » = 1 we have a special relation as:

)4 p p—1
Him = ;/"Ll:n :

Example 2.12 Show that for standard exponential distribution having density
f(x) = e, following relations holds for joint moments of order statistics:
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MKrir4+1n = Mz;n + mﬂr:n; l<r=<n-1

1
and Mrsin = Mrs—1mn + lﬂrm; 1 <r<s=n,s—r = 2.
n—s—

Solution: We first obtain the first relation. Consider:
trn = E(Xrn X)) / / X139 froson (X1, X2)dX2d Xy
X1
= Cr,s:n/ / x1f (1) f ) [F )"
—00 J X2

s—r—1
X |:F(x2) - F(xl)] [1 — F(x)]" dxadxy;

where C, ., = WLI)'M—W Now for standard exponential distribution we have

f(x) = 1—F(x)and hence writing f (x) = 1— F(x,) above equation can be written
as:

00 00 s—r—1
Mrn = Cr,s:n/ / X]f(X])[F(X])]r71 |:F(x2) - F(xl)i|

n—s+1
X |:1 — F(xz)i| dx,dx,

—Cp / B GOIF G T (e 2385)

[ee}

where
s—r—1

I(xy) = / [F(JQ) - F(xl)} [1— F)]""Hdx,.

Now integrating above by parts, using dx, for integration and rest as differentiation
we have

oo

s—r—1
I(x;) = |:F(x2) - F(xl):| [1— FO)]"* ',

X1

- / [{Gs —r = DIF(x2) — FaDIP 7 [1 = Fx)1"* ! f(x2)}

X1

s—r—1
[—(n — s+ 1)[F(x2) - F(X1)} [1— F(Xz)]"_‘gf(xz)Hbdn

or
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o0

s—r—1
I(x) = I:F(Xz) — F(xl)j| [1-— F(XZ)]n—s-sz

X1

00 s—r—1
+(n—s+ 1)/ X2 |:F(X2) - F(Xl):| [1— F(x)]"™

X f(x2)dxy — (s —r — 1)/ 0[F(xy) — F(x)IP "2
x [1 = F ()"t f(x2)dxs. (2.86)

Now for s = r + 1 in (2.86) we have

o0

1) =m—7r) [ xall = Fe)]"™" " f(x2)dxs

X1

—xi[1 = F(xD]"™. (2.87)

Now using (2.87) in (2.85); with C, 5., = Wﬂ, we have:

fom = Crm / xlf(xl)[F(xl)]”[(n — / ol = Fe)™"!

X f(x2)dxy — xi[1 — F(x)]"" |dx,
n!

B r—Dln—-r— 1)!(n -7 [oo /Jrl x1x f (1) f (x2)
X [F)) 1 = Fap)]"™" ™ dxadx,

n! * F o
e Aot
X [1 = Fxn)]""dx
or
Hrp = (0 — r),ur,rJrl;n —(n— r)'u%:n
or

1
2 .
Mrr+1n = Mpy Mrns
n—r

as required. Again for s — r > 2 we have, from (2.86):
00 s—r—1
I(x) =(n—s+ 1)/ Xz[F(X2) - F(xl)] [1—-F@]"™
X1

X o) — (s —F — 1) / ol F(xs) — Fae) 2

x [1 = F(x)]" " f(x2)dxs. (2.88)
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Now using (2.88) in (2.85) we have:

MKrin = Cr,s:n/ X]f(X])[F(X])]r71

oo

00 s—r—1
[(n -5+ 1)/ x2|:F(X2) - F(xl)}

X1 = Fe)T'™ fG)dox — (s — r — 1) / xz

[F(x2) — Fxe)l "2 [1 = Fe) " f (x)dxa Ydx

or
Mrn = (l’l -5+ 1)Cr,s:n/ / XIXQf(X])f()Cz)[F(X])]r_I
s—r—1

X [F(m — F(xl)] [1 — F(x2)]"*dxadx,

(s = = DCppm / / o f o) f ) F DT

X [F(x2) — F(x)I* "2 [1 — F(x)]" ™ £ (x2)dxadx
or

Hrn = (m— 5 + l)ﬂr,s:n —(n—s+ I)Mr,s—l:n
or

1
Mrsin = Mrs—1:n + mﬂr:n;

as required.

2.10 Relations for Moments of Order Statistics for Special
Class of Distributions

In previous section we have discussed recurrence relations for single and product
moments of order statistics for certain distributions. We have seen that the recurrence
relations for single moments of order statistics can be derived from (2.89) as

A p n! /ooxp—l
O R Y1 R Ty

X [F(x)]~'[1 = F(x)]" " dx. (2.89)
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Using probability integral transform above relation can be written as

_ P = p n! =t -1
Moo = Wt = T r = D = )] /_OO{F 0}
x{F '} r='a -0 *ar. (2.90)

We now present a recurrence relation for single moments of order statistics for class
of distributions having special structure of {F -t (t)}/ . The relation is given in the
following.

Theorem: For the class of distributions defined as
DSV | —pi—1
{F'on}) = gﬂ" (1 —=04""1on (0, 1);
the following relation holds for single moments of order statistics

—1
Mf:n - Mfil;n = pC(l", n, pi, Q)Mf+pl;n+q; (2.91)

where )
1 (r— 1)

d+pn(")

r+pi

C(r,n, p1,q) = trn — hr—1:n =

Proof We have from (2.90)

_ P = 14 n! R -
Mf:n Hy—1m = n—r41 (r _ 1)'(’1 — r)| /_OO{F (t)}p
< {F7'o)} 1A —n""*dr. (2.92)

Now using the representation for {F - (t)}/ we have

po_ b = P ! /Oo F~l)lr!
RS e § ey ey ) B GG

1
X Et”‘(l i LY § R e/

or

1 p n! *©
PP = Flplr!
Horan = o=t dn—r—}—l(r—l)!(n—r)!/,oo{ 0]

% tr+P171(1 _ t)(”+q)*(r+Pl)+1dt.

or
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. B pl nl (r+P1)(:L.~.+;;Il)
o b = PG T = A DL G+ 0 ()

oo
X / {F_l(t)}p_ltr'”"_l(l _ t)(n+q)—(r+m)+1dt
—0Q

or
WEy = )y = P (r + p1)
T+ po (1) r+pi
X /Oo {F71 (t)}pfltr#»[)]*l (1 _ t)(n+q)7(r+[91)+1dt
—0Q
or

~1
IJ’)“’:I‘I - Mf*lin = pc(ra n, pi, q)/"(’f-kplil‘l—q;

as required. Using p = 1 we can readily see that

L )

C(ron, p1,q) = frn — Kr—1n = S < in¥a\’
d(r+p)("7)

r+pi
The class of distribution defined as
-1 / 1 —pi—1
{F (t)} — Etpl(l —pa—n-l

give rise to several special distributions for suitable choices of p; and g. Some of
these special cases are given below.

1. For p; = 0 and ¢ = 0 we have

{F”my=§a—n”

or
F_l(t)—llo b
—a B\

or
t=F@x)=1—e%;

that is the Exponential Distribution.
2. For p; = 0 and ¢ # 0 we have

{F*my=§a—nfl
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or 1
—1 _ _
F7'(t) = 1 (1 —n1

or
t=F@x)=1-(dgx)"%;

which for ¢ < 0 provides Pareto distribution and for ¢ > 0 provides Pearson
type I distribution.
For p; # —1 and g = p + 1 we have

(F7'} = éz‘f—‘

or 1
F7 ') = —11
dq

or
t = F(x) = (dgx)"4;

which for ¢ > 0 provides Power function distribution.
For p = —1 and ¢ = 0 we have

o) = b
or

F ') = l1o )
or

t = F(x) = e%;

which is reflected Exponential distribution.
Forp=—landg = —1

{F'n) = ét‘l(l —~!

or

_1 _l t
F (1) = y log(—1 — t)

t=F(x) =

or
14 edx :

which is the Logistic distribution.
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We can obtain other distributions for various choices of p; and g. The recurrence
relations for these special cases can be directly obtained from (2.91) by using the
corresponding values.

2.11 Reversed Order Statistics

Reversed Order Statistics appear frequently when data is arranged in descending
order of magnitude, say for example marks of students arranged from highest to
lowest or population of cities; in million; arranged in decreasing order. The dis-
tribution theory of such variables can be studied in the context of Reversed Order
Statistics which appear as a special case of Dual Generalized Order Statistics; dis-
cussed in Chap.5. The reversed order statistics and their distribution are defined in
the following.

Let xy, x3, ..., x, be a random sample from a distribution F(x) and suppose
that the sample is arranged in descending order as x; > x, > --- > x, then this
descendingly ordered sample constitute the reversed order statistics. The joint distri-
bution of n reversed order statistics is same as the joint distribution of ordinary order
statistics. The joint marginal distribution of r reversed order statistics is given as

' r
fl(re) ..... r(re)n (xls C) xr) = L |:H f(xl):| {F(xr)}n_r' (293)
i=1

(n—r)!

Further, the marginal distribution of rth reversed order statistics and joint marginal
distribution of rth and sth reversed order statistics; for r < s; are easily written from
(2.93) as

n'

mf(x){F(x)}”"{l —F)y . (2.94)

fr(re):n (x) =

and

n!

r—1
(r _ 1)!(_9 — = 1)‘(}1 — s)|f(x1)f(-x2){l - F(xl)}
X [F(x1) = F)P ™ H{F ()} . (2.95)

fr(re),s(re):n (X1, x0)=

We can readily see that the distribution of rth reversed order statistics from distrib-
ution F'(x) is same as the the distribution of (n — r + 1)th ordinary order statistics
from the distribution F'(x).

Example 2.13 A random sample is available from the density

f(x) =ax* texp(—x*); x,a > 0
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Obtain the marginal density function of rth reversed order statistics and joint density
function of rth and sth reversed order statistics for this distribution.

Solution: The density function of rth reversed order statistics and joint density
function of rth and sth reversed order statistics are given in (2.94) and (2.95) as

Frieyn(x) = FOUF ) {1 = F(x)) "

n!
(r—D!n—=r)!
and

n!

r—1
r—Dls—r—Dln— s)!f(xl)f(XZ){1 — F(x)}
x [F(x1) — F(x) ' HF(x2))" .

fr(re),s(re):n (X] s x2)=

Now we have
f(x) = ax*"exp(—x®)

So
F(x):/ f(t)dt:/ at® texp(—1%)dt = 1 — exp(—x%).
0 0

The density function of rth reversed order statistics is therefore

Jrreyn(x) = A A U F(x)} ™!

r—Dl(n—r
n!
x {1 — exp(—x*)}" " {exp(—x*)}
n!

x > (=1 (” N r) exp(—jx%)
j=0 /

X% Lexp(—x%)

x* Lexp(—rx%)

or
B n! wl - i(n-r
fr(re):n(x) = r—1Dl(n— r)!ax jgo( l)j( j )

X exp{—x“(r + j)}.

Again the joint density of rth and sth reversed order statistics is
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Frrerstreyn (X1, X2)= Crpaxi ™" exp(—x{)axy ™" exp(—x5)

< fexp(—=f)} ™ [exp(—xf) — exp(—xg) ]!
x {1 —exp(—x5)}",

or
fr(re),.r(re):n (xl s X2)= Cr,s:nazx(f_lxg_l exp(_rX?) eXp(—xg‘)
s—r—1
x 2 <—1>’(s_'f_1)exp{—x?<s_r—j—1)}
j=0 J
s, s .
x exp(—jxy) Z(—l) L exp(—kx¥).
k=0
or
n—s s—r—1 ' n— s
fr(re),s(re):n(xlaxZ): Cr.s:nazx?_lxg_] Z Z (_l)jJrk( k )
k=0 j=0
X (S —;— 1) exp{—x{(s — j — D}
x exp{—x5(j +k+ D},
where C,. 5., = n!
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Chapter 3
Record Values

3.1 Introduction

Several situations arise where one is interested in studying the behavior of obser-
vation(s) which exceed already established maximum. For example one might be
interested to know the new highest stock price of a product or new highest runs score
in an innings of a cricket match. These are the examples where we are talking about
the Upper Records. Upper Records naturally arises in daily life whenever we want
to replace an already recorded maximum observation whit one which exceeds that
value.

The upper record values have widespread applications in several areas of life and
have attracted number of statisticians to study the distributional behavior of upper
record values when underlying phenomenon follow some specific distribution. The
concept of upper record values was first introduced by Chandler (1952) and are
formerly defined as below.

Suppose that we have a sequence of independently and identically distributed
random variables X, X5, ... having the distribution function F (x). Suppose Y, =
max {X;, X2, ..., X,,} forn > 1. We call X; is an Upper Record Value of the sequence
{Xys,n > 1} if ¥; > Y;_;. From this definition it is clear that X; is an upper record
value. We also associate the indices to each record value with which they occur.
These indices are called the record time {U (n)}, n > 0 where

Um)=min{jlj >Un—1),X; > Xyu-1,n> 1}.

We can readily see that U (1) = 1. We will denote the upper record values by Xy (,.
Many authors have characterized various probability distributions by using the upper
record values. Some notable references are Ahsanullah (1978, 1979, 1986, 1991a,
1991b), Ahsanullah and Holand (1984), Ahsanullah and Shakil (2011), Balakrishnan,
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Ahsanullah and Chan (1992), Balakrishnan and Ahsanullah (1993, 1995), Balakrish-
nan and Balasubramanian (1995), Nevzorov (1995), Ragab and Ahsanullah (2000),
Raqgab (2002) and Shakil and Ahsanullah (2011). The probability density function
of upper record values is given in the following section.

3.2 Marginal and Joint Distribution
of Upper Record Values

The distribution theory of upper record values ask for special attention. The upper
records depends upon certain hazards which arise in their occurrence and hence are
based upon the hazard rate function of the probability distribution followed by the
sequence of observations. The probability distribution of upper record values is given
in the following.

Suppose that we have a sequence of independent random variables Xj, X5, . ..
each having the same density function f (x) and distribution function F' (x). Suppose
further that the hazard rate function of nth member of the sequence is

fx)

r(xn)z l—F()C)’

as each member has same distribution. Further, the total hazard rate is

/r(x,,)dx = &dx
1 —F (x)

—In[l — F (¥)].

R (x)

Based upon above notations Ahsanullah (2004) has given the joint density of n upper

records as
n—1

Py X1e - X)) = []‘[r (xi)}f (X) - 3.1)

i=1

The joint density function of n upper records given in (3.1) provide basis to
derive the marginal density function of Xy, and joint marginal density of two upper
records Xy and Xy, for m < n. Following Ahsanullah (2004), the marginal
density function of Xy, is given in the following.

Let Fy( (x) be the distribution function of Xy(,), then by definition we have

FXU(]) (x) =P (XU(I) < -x) =F ()C) .
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Again the distribution function of Xy () is
Fx,, (X) = P (Xy@) < x)

X y X )
-/ / @I @0 0)dudy

A f()
—/700/7 1_F()f(y)dudy

- [ ro .
—0Q
The density function of Xy (») is readily written from above as
Sxve ) =RX)f (x); —00 < x < o0.
Once again the distribution function of Xy, is
Fxyo ) = P (Xy@) < x)

:/ / Z[F(“)]’”R(u)f(u)f(y)dudy

B w
—/_oo/_ LR () duds

1 X
= —/ [RO)]'f ) dy;
2! )
and the density function of Xy 3) is
! 2
fryoy ) = 51 [RWIS (6): —00 < x < 0.

Proceeding in the same way, the distribution function of Xy is

Fx,,, () = P (Xyw < x)

thn f(un—l)
/ S (up) dun/ md’/’n—l

X/u2 S (ur) EEACVE
1 —F (u)

1
e / [R)]"™ F ) dy. 3.2)
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The density function of Xy, is readily written from (3.2) as

[R )" f (x)

Sy (X) = =)

1
=—[RW]"'f(x); —00 <x < 0. (3.3)
I' (n)

The joint density function of two upper record values Xy ¢,y and Xy,y; m < n; has
been given by Ahsanullah (2004) as

1
v Xve (15 X2) = mr ) f () [R (x)]™ !

[R (x2) =R (xn)I" ™", (3.4)

for —oo < x1 < xp < 0.

If we make the transformation v = R (x) in (3.3), then we can see that the density
function of R (x) is |
@) =5~ = v e v >0, (3.5)

that is v = R (x) has Gamma distribution with shape parameter n. The joint density
of vy = R (x1) and v, = R (x3) is obtained as below.
We have

fXU(m),XU(n) (x1,x%) =

m—1
T =y DY D RED]

[R (x2) — R (x)]"" "

Making the transformation v; = R (x;) and v, = R (x) we have

S fa) "
1—F(x) e =/ ()t

r(xy) =

The Jacobbian of transformation from x; and x; to vy and v, is

1
| = ————e e 2.
J O f ()
The joint density of v, and v; is, therefore
f v, v) = ;f (x1) e"'f (xp) v}
’ L (m)T (n—m) !
1
X (U —v )n—m—l e—vl —Uy
Y fanf

1 m—1 —v

2

_ _ n—m—1
o F(m)F(n—m)vl (V2 = v) ¢
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or
1
[, ) = mﬂn_l (v — o))" " e, (3.6)

for0 < v; < vy < 00.
Again consider the joint density of Xy, and Xy, as

1
Sxvon Xvw (K1, X2) = mr D) f () [R (ep]™!

[R (x2) — R (xp)]"™ "

or
Sxvon Xow X1, X2) = mr(xl)f (2) [R (x)]™!
—_— B R(X]) n—m—1
[R (x2)] |:1 R—(xz)] .

Now making the transformation w; = R (x;) and wy = R (x;) /R (x»), the joint
density function of w; and w; is

1 (W n—m—1
J(wy, wa) = mf (x1) e”'f (x2) wy' (w—2)
X (1 _ wz)n—m—l 1 ﬂ —wle—w]/wz
O f () wi
o n—m—1
fwr,wy) = T m) Fl(n ) w?_l a _u)lzrf)—2n)1+1 emwi/ve

for w; > 0 and 0 < w, < 1. The marginal density of w; is

S (wo) =/ f (wi, wa) dw;

0

— 1 1 (1 _ )n—m—]

TTmCa—muw T
X / w{'*le_w‘/“”dwl

0
or
fw) = $wm—‘ 1=—w)"™™ 1 0<wy < 1 (3.7)
CmITmn—m * ’ ’

that is w, = R (x1) /R (x») has Beta distribution with parameters m and n — m.
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Example 3.1 Find the distribution of upper record Xy, and joint distribution of two
upper records Xy and Xy, for exponential distribution with density

fx) =ae™™; a,x > 0.

Solution: The density function of Xy, is given in (3.3) as

Sxpw ) = ﬁ [R()]"'f(x); —o0 < x < 00;

where R (x) = —In [l — F (x)]. Now for given distribution we have
X X
F(x) =/ fwdu :/ ae ™ du=1—e""; x> 0.
0 0

So
R(x)=—In[1-Fx)]=—1In (efax) = QXx.

Hence the density function of Xy, is

1 n— —QX
Frow @) = s (o)™ e
o n—1 _—ax
=—x""e " x>0,
I (n)

which is Gamma distribution with shape parameter n and scale parameter a.
Again the joint density function of Xy, and Xy, is given in (3.4) as

1
Sxvom Xvw (1, X2) = mr 1) f () [R (x)]™ !

R (x2) = R ()™
Now for given distribution we have

roy = L&) e
VTS F@) e T

hence the joint density of Xy, and Xy is

QZe—wcz | .
X Xve K15 X2) = ———————— (ax)"" (g — ax)"™""
P Xow 012 %2) = e
n
— o m—1 (xz _ xl)n—m—l e—axz,

—
'rmTI (n—m)

for0 < x; < xp < 0.
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Example 3.2 Obtain the marginal distribution of Xy;(,, and joint distribution of Xy,
and Xy(,) form < nif a sequence of random variables have Weibull distribution with
density

fx = aﬁx‘g—l exp (—ax‘g) s x,a, 0> 0.

Solution: The density function of Xy, is given in (3.3) as

— 1 n—1 .
fXUm) (.X) - T (}’l) [R (x)] f(x) N X0 <X <O,

where R (x) = —In [l — F (x)]. Now for given distribution we have
X X
F(x) = / f (w)du = / afx?! exp (—au’g) du
0 0
=1—exp (—ax@) x> 0.
So

R(x)=—In[l — F (x)]
;

=—In [exp (—axﬂ)] = ax”.

The density function of Xy is therefore

1 N
fXU(n) (.X) = m (axﬂ) Ogﬂxﬂ 1 exp (—le’j)
Oé”ﬁ np— B\ .
= oy e (o) o Bn > 0.

Again the joint density of Xy, and Xy, is given as

1
Sxvon Xvw (1, X2) = mr ) f () [R ()™

[R (x2) = R ()™
Now for given distribution we have

Sy
1—F(x)

B aﬁxﬁa*l exp (—ax?)

exp (—axf )

hence the joint density of Xy, and Xy is

r(xy) =

= afx’ !,
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1 B—1 —1 5]
m ozﬁx‘l aﬂxg eXp (—ax2 )

N\ m—1 n—m—1
X (axf ) (ozxg - ax”]@ )
T o (o) (o)
= ——————exp|—ax, ) ax;
Frm)I'(n —m)

3 8 n—m—1
X (O{Xz — axl)

fXU(m)vXU(n) (x1,x2) =

or

Pt 0159 = w8 () eap ()
XvomXom X1, X2) = 70— - \X, — X €X —QUX- N
U(m)>AUn) F(m)r*(n_m) 2 1 p 2

for 0 < x; < xp < 0o. We can see that the distribution of Xy, and joint distribution
of X7y and Xy () in case of Weibull distribution reduces to the same for exponential
distribution when g = 1.

Example 3.3 Find the distribution of Xy, and joint distribution of Xy, and Xy,
for Lomax distribution with density

x>0,a>1.

«
AR

Solution: The distribution of Xy is given as

1
Sxpw ) = =——[R " (x); —o0 < x < 00;

T T'(n

where R (x) = —In[1 — F (x)]. Now for given distribution we have

ro=[rwa= [ 2

X) = u)du = ———du
0 o (14w
1
=l—-——=;x>0.
(1+x)

So

R(x)=—In[1—-F (x)]

1
—ln [m} = aln[(l +.X)]
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The density function of Xy, is therefore

Sxvw ) = Ton w [aln (1 4+ x)] T x)a“

" [In(1+x)]*!
[ (n) (1 +x)o<+l

Again, the joint density of Xy, and Xy, is

1
Sxvon Xvw (K1, X2) = mr ) f () [R ()™

* [R(x2) =R @)™
Now for given distribution we have

f)
1—F(x)
all+x)"  «
A+x)™ (L4

r(xy) =

hence the joint density of Xy and Xy, is
o 1 1
Cm)T (n—m) (1+x) (1+x)""!
1 n—m—1
x [In (14 x) ]! [m ( + x2)}

1+X1

v Xow K15 X2) =

for x; < xs.

3.3 Conditional Distributions of Record Values

In previous section we have discussed the marginal distribution of an upper record and
joint distribution of two upper records. These distributions can be used to derive the
conditional distributions of upper records. In the following we discuss the conditional
distributions of upper records.

The marginal distribution of upper record Xy is given in (3.3) as

— 1 n—1 .
Sy (X) = ) RO f(x); —00 <x < 00,
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and the joint distribution of X,y and Xy, is given in (3.4) as

fo(m)ﬂXU(n) (x1,x2) =

m—1
mr (x1) f (x2) [R (x1)]

X [R(x2) = R Ce)]"™" 1
Now the conditional distribution of Xy, given Xy = X; is

fxu(,,,),XU(,,) (X] s -xZ)
Sxvam X1)
_ 1 f )
B [F T —m - F )
X [R@DI" R (x2) = R )"

1 n—1
/[m [R (x1)] f(xl):|

1 J(x2)
Fr'n—m)1—"F(x))

fXU(n)\xl (-x2|x1) =

or

Syl (2lx1) = [R (x2) = R (x)]" ™" (3.8)

Using n = m + 1; the conditional distribution of two contiguous records is

f (xm+1)

1-F (-xm) ' (39)

fXU(:n+1)\JC| (xm+1|xm) =

The conditional distributions are very useful in studying certain behaviors of records.

Example 3.4 Obtain the conditional distribution of Xy, given Xy = x; for
Weibull distribution with density

f(x) = afx’! exp (—axﬂ) s x, o, 8> 0.
Solution: The conditional distribution of Xy, given Xy, = X1 is given as

f(x2)
(n—m)1—F(x1)

Ty (2lx1) = T [R(x) —R (xl)]n—m—l '

For Weibull distribution we have

F(x)=1-exp (—axﬁ)
R(x)=—In[l — F (x)] = ax”.
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The conditional distribution is, therefore

1 aﬁngl exp (—axg)
I'(n—m) exp (—ax‘f)

8 8 n—m—1
X | ax, — ox,

Sxpwla (2lx1) =

or

Sxvwha (2lx1) =

Q) e
T (n—m) ( )

2 T
s ¢
x exp|—a|x, —x7 )|,

for 0 < x; < xp < oo. Using n = m + 1 the conditional distribution of two
contiguous records is

afx,, . | exp (—ozx,i“)
fXU(m+l)|x1n (ot 11xm) = 5 s
exp ( )

— Xy,

3.4 Record Values as Markov Chain

In previous section we have derived the conditional distribution of X,y given Xy ().
The conditional distribution can further be used to study another important property
of record values that is the Markoven property. In the following we show that the
record values follows the Markov chain just like the order statistics.

We know that a sequence of random variables Xy, X5, ..., X,,, X;, has Markov
chain property if the conditional distribution of X, given X; = x1, Xo = x2, ..., Xin
= x,, is same as the conditional distribution of X, given X,,, = x,,; that is if

f(xs|X1 =X, ..., X, = X) :f(xsp(r =x).
The record values will follow the Markov chain if

fXU(,,)lxl ..... Xom (xn |x17 ey xm) :fXU(,L)\xm (xn |xm) .

Now from (3.8) we have

1 S ()

_ n—m—1
Ti—m)1—F () [R (xn) — R (x)]

fXU(n) [2m (xnl2xm) =
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Further, the joint distribution of m upper record values is given in (3.1) as

m—1

SorooXou (1, - X) = [H r (x,-)]f (Xm)

i=1

Also, the joint distribution of X1y, Xv (), . - - » Xumy and Xy, 1s immediately writ-
ten as

X [R(xy) — R (xm)] . (3.10)
Now, the conditional distribution of Xy, given Xyay = X1, ..., Xym) = Xp 1S
obtained from (3.1) and (3.10) as
fXU“) Xu(,,,) Xu(”) (.XI, MR | xmv xn)
Fxvaln ... W Xl oo X)) = S
o )l)q : ' " fXU(]) ..... Xy(m) (-x17 LI} xm)
1 m
= [m [Er(xi)}f(xn)
X [R () = R ()" "]
m—1
/ “H r (x»]f(xm)}
i=1
or
1 r(Xp)
ny(,,)\xl ..... Xm (xn|xls ey -xm) - T (I’l — m)f (xm)f (xn)
X [R () = R (x,)]""!
or
1 S (xn)
fXU(,,)lxl ..... X (xn|xl P xm) =

F'n—m)1—F(x,)
x [R (xp) — R (xu)]"" ",

which is same as (3.8). Hence the upper record values follow the Markov chain. The
transition probabilities of upper record values are computed below
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)
P (XU(m+1) > y|XU(m) = xm) :/ fXU(m+1>\x1 Xy 1%m) dxpi
y

e f(xm-H) dx
g 1— F(Xm) m+1
1—-F ()
T 1= Fw)

The transition probabilities can be computed for different parent distribution of the
sequence. For example if the sequence has Weibull distribution with shape parameter
(3 and scale parameter « then the transition probability of upper record is given as

exp (—ay”
P (XU(VH+1) > y|XU(m) = xm) = L}
exp ( ax;n)

which can be computed for various values of « and 3.

3.5 The K-Upper Record Values

We have seen that the upper record values of a sequence are based upon the maximum
observation of that sequence. Often we are interested in records which are not based
upon maximum of the sequence; say for example records which are based upon kth
largest observation of that sequence. The record values which are based upon kth
maximum of a sequence are called the k-Upper Record Values. The k-upper record
values are based upon the k-record time. The k-record values are formally defined as
below.

Let {X,; n > 1} be a sequence of independently and identically distributed ran-
dom variables with an absolutely continuous distribution function F (x) and density
function f (x). Let X,.,, be the rth order statistics based upon a sample of size n. For
a fixed k > 1 the kth upper record time Uk (n) ; n > 1 is defined as Uk (1) = 1 and

Uk (n+ 1) = min {r > U () : Xrppk—1 > Xvgn.vgom+k—1}3 n € N.

The kth upper record values are Xy, ()., m)+k—1 and for the sake of simplicity will
be denoted as Xy, ;). The joint density of n kth upper record values is given by
Dziubdziela and Kopocinski (1976) as

n f(xl
Juc .Uk @)Uy X1, X2, o X)) = K [H —F)

x [1—F @)1 f (). (3.11)
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The marginal density of Xy, (, is readily written as

n

k
fuem &) = ) R [1=F @1 f (), (3.12)

where R (x) = —In[1 — F (x)]. The joint density of two kth upper record is given
by Dziubdziela and Kopocinski (1976) as

n

Sueom, ucomy (X1, X2) =

m—1
oo @0f () RG]

x [R(x2) —RGDI"™ '[1 —=F@)]*",  (3.13)

where —oo0 < x1 < xp < 00. Using (3.12) and (3.13), the conditional distribution of
Xuemy given Xy, my = i 1s readily written as

ok (2lx1) = [mr 1) f (x2) [R (x)1™ !
x [R(x2) — RG] ' [1 = F ()] /

k™ m—1 k-1
|: [R ()] [1 = F (x1)] f(xl)i|

T (m)
or
k' f(x2) 1
)l = 1—F
Jugmp (21x1) T —m - F o] [ (x2)]
x [R(x2) — R (x)]" "L (3.14)

Substituting n = m + 1 in (3.14), the conditional distribution of two contiguous kth
upper records is

f(x2)

m [1 —F ()Cz)]k_l . (315)
- 1

Sucmm (2lx) =k

Further, the joint distribution of Xy, (1), - . . . Xy, m) and Xy, ) 18 given as
T ( ) ¢ ﬁ (x)
m),Ux(n) X1y « v ey Xy Xp) = 7 — r(X;
Ug (1)..... U (m), Ug () (X1 T |11
xf () [1 = F ()]
* [R () = Rxa)"™ . (3.16)

Now using (3.11) and (3.16), the conditional distribution of Xy, given Xy, 1y =
X1,y .o ~aXUK(m) = Xm is
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U, Uy, U ) K15+ o5 Xy X)

fUK(n)le ..... X (-xn|-xlv ey xm) =
JUe (), U @),...Uc o) (X1, X2, + o, Xp)

k" “
= To—m {Er(xi)}f(xn)

[1—F @) R () — R o)1/

m—1
K" [H r (x,-)] [1—F )]s (xm)}

i=1

or
kK S ()

L (n—m)[l—F @)l
X [R (x,) — R ()",

fUK(n)\xl ..... X (-xn|-x19 ceey -xm) = [1 —-F (xn)]k_]

which is same as the conditional distribution of Xy, ) given Xy, (m) = x1. The kth
upper record values therefore follow the Markov chain. The transition probability
for kth upper record is computed below

00
P (XUK(erl) > y|XUK(m) = -xm) = / fUK(erl)lxm (-xm+1|-xm) dmerl
y

k o0
- [1—F(xm>1’</y J Gt

x [1=F )] dits

[1=-F» 7
_[1—F(xm)} ‘

We can see that the results of kth upper records reduces to simple upper records for
k=1

Example 3.5 Find the distribution of Xy, (»), joint distribution of Xy, () and Xy, ()
m < n; and the conditional distribution of Xy, (,y given Xy, n) = X1 if the sequence
of random variables follow the Weibull distribution with density

fx = aﬁ)cg’l exp (—axg) s x, o, > 0.

Solution: The marginal distribution of Xy, (») is given in (3.12) as

n

n—1 k—1
o (RO [1=F @I fx).

Jugm ) =
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Now for Weibull distribution we have
Fx) = / f@drt =/ aft’! exp (—atﬁ) dt
0 0
=1—exp (—axﬁ); x,a, 3> 0.

Hence
R(x)=—In[l—F (x)] = ax”.

The density function of Xy, () is therefore given as
ki’l

I n—1 _ s\1k—1
T (n) (ax ) [exp( ax )]

x af3x" T exp (—ax’g)

e ‘
= Oé—ﬁ)c”ﬁ’1 exp (—kax”j) cx,a,03,n,k > 0.
I (n)

Jueem ) =

We can readily see that for k = 1 the density function of Xy, (), given above, reduces
to the density of Xy, given in Example 3.2.
Again the joint density of Xy, () and Xy, (») is given in (3.13) as
n

Sucmy, Uy (X1, X2) = mr()ﬂ)f (x2) [R (x)]™!

x [R(x2) —RG)I"™ ' [1 —F ()"

Now for Weibull distribution we have

d (ax) e

d
r(xy) = d_le (x1) = dx,

Hence the joint distribution of Xy, () and Xy, (n) is

K" f—-1 g1
m aﬁxl aﬁxz exp (- O[Xg)

3 m—1 3 8 n—m—1
X (ax‘]) (04)6 - cvx])
A\ TE!
X |exp | —ax,

Juxm.ugomy (X1, %2) =

or

a”k”ﬂzx;"ﬁfl - (xﬁ _x@)n—m—l
CmT (n—m) > 2

X exp (—kaxg) ,

Jucom, g (%1, x2) =
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for 0 < x; < x, < oco. We again see that for k = 1 the above density reduces to
the joint density of Xy, and Xy, given in Example 3.2. Finally the conditional
distribution of Xy, () given Xy, (m) = X1 1s given in (3.14) as

K f(x)
L' (n—m)[1—F @)
x [R(x) — RG],

fuemin (alx1) = [1—F ()]

For Weibull distribution the conditional distribution of Xy, (,) given Xy, my = X1 is

J—m a,@xg_l exXp (—OLX?)
— 2\ 1k
T'(n—m) [exp (—ozx“f)]

3 k—1 3 8 n—m—1
x [exp (—ax&)] (ozx§ - axl)

Juxmwym G2lx1) =

or

ot mpn—m _ p n—m—1
Sucm (2lx1) = B (x*’ xﬁ)

To—m n —m) X 2 T X
B B
X exp [—ka (x2 —x‘l)] ,

for0 < x; < xp < 0.

3.6 Moments of Record Values

The marginal, joint and conditional distributions of upper record values are proper
probability distributions and hence we can study some additional properties of these
distributions. A relatively useful method to study the properties of any probability
distribution is to compute its moments. In this section we present the simple, product
and conditional moments of upper record values that can be used to study further
properties of records based upon certain specific distributions. The basic definition
of moments of upper records is given in the following.
The pth marginal moment of upper record value Xy, is defined as

00
M[()n) =E (XZ(}’!)) = ‘/700 xprl/(n) ()C) dx

= ﬁ 1 : xP [R ()" f (x) dx. (3.17)
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The quantity p,) is called mean of Xy, . The variance of Xy, is computed as
Tl = Hewy — [/izm]z :
The (p, g)th product moment of Xy, and Xy, are defined as
Hinn = E (X{/(m)ng(n))

o0 o0
/ xil)ngxummxl/(n) (x1, x2) dxodx,

o0 JX|

! - oo m—1
m/m/ r(x) f () [R (x1)]
x [R (x2) — R (x)]"™ " dxadx,. (3.18)

The covariance between two upper records is computed as
11 1,0 0,1
O(m,n) = /”L(m,n) - M(m,n)lu’(m,n)' (319)

The pth conditional moment of Xy, given Xy, = X is defined as

00
Ml(jn\m) =F (XIL;/(,,)MI) = /X xpzfXU(,,)lxl (xa]x1) dxa
I

_ 1 < f(x) B R
= o [, ToF R~ RGO 620

The conditional mean and conditional variance are easily computed from (3.20).
We can also define the moments of kth upper records on the parallel lines. Specif-
ically, the pth moment of kth record based on a sequence {X,,; n > 1} is defined as

o0

Lk =E (ng(n)) = /_Ooxpfu,((m (x) dx

— k" /00 P _ k—1 n—1
= X[ —F @] [RXx)]" dx. (3.21)
I'(n) J

The mean and variance of Xy, () is readily computed from (3.21). The (p, ¢)th
product moments of Xy, (n) and Xy, () are defined as

Pq _ 4 q
:LLK(m.n) =E (XUK(m)XUK('l))

o0 o0
= / X3 U my, Uy (X1, X2) dxadxy

o0 J X

k" o o0 ; .
- m/—m o xxgr () f () [R (x)]"!

x [R(x2) — RG] '[1 = F (x)1" ! dxadx;. (3.22)
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The covariance between two kth upper records is

1,1 1,0 ,
OK(m.n) = HKmny — KK @mn) K (m,n)-

The conditional moments of kth record are computed as

o0
Hiim = E (X5K<n>|x1 = / Xofvc i (21x1) dxy

f(.Xg) _ n—m—1
F(n_m)/l T R )~ R o]

x [1=F () drs. (3.23)
The conditional mean and variance are easily computed from (3.23).

Example 3.6 Obtain the expression for pth marginal moments and (p, g)th product
moments of upper record values if the sequence {X,,; n > 1} has Weibull distribution
with density

f ) =apfx’exp (—ozxﬁ); x,a, 3> 0.

Solution: The pth moment of Xy, is defined as

9]
'u(n) =E (XU(n)) / xpfan) (x) dx,
—00
where fy,,, (x) is density function of Xy ). Now for Weibull distribution, the density
function of Xy, is given in Example 3.2 as

n

' (n)

nf—1

Sxpw @) = X exp (—ozx*e) s x,a,B,n>0.

Hence the pth moment of Xy, is

o"B [ 3—1 3
iy = T3 o xPx" exp (—ax”) dx
O/l oo
= b X" exp (—ax”) dx.
I (n)
Now making the transformation w = ax” we have x = (w/a)"/? and dx =

ﬁ (w/a)'/~! dw. Hence we have

b A"B [ w1 qwy\ 16T
= () L ()
') Jo « af \«

1 oo
= ,—/ Wi e du
a’T () Jo



96 3 Record Values

1 p
P
Moy = —5—— F(n—i——).
@ 85T (n) 3

The mean and variance are readily obtained from above by usingp = l andp = 2
respectively. For 3 = 1 the expression for pth moment of upper record for exponential
distribution is obtained as

or

» 1 _ (n+p—D!
Ky = apF_( ) Fn+p) = D1 =1

and the mean and variance of Xy, for exponential distribution are

1 d n
Ky = . and o) = 2

respectively. Again the product moments of Xy, and Xy, are computed as

Pa
Homm = E (XU(m)XU(n))

/ / x’l"xg;fXU(m)vXU(n) (x1, x2) dxydx;,
—00 J—00

where fx, .. Xy, (X1, X2) is joint density of Xy and Xy ). Now for Weibull distri-
bution we have, from Example 3.2,

a” B! g gyl 3
i tom 01:32) = s (e =) ewp (o).

for 0 < x; < x, < oo. The product moments are therefore

o' Sm—1
o [ teei
(m,n) 1 2F( )F(n—m)

n—m—1
X (x’2 —x]g) exp( axz) dxidx;

n 32 1) )
= #ﬁ’t—lﬂ)/@ x3 exp (—axf) I(x)da, @)

X2 n—m—1
Sm-+p—1 8
I(x)) = / X" (xéi — x‘l) dx,
0

where
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Now making the transformation x; = ux, we have dx; = x,du and hence

1 3 1 3 3 n—m—1
I (x2) =/ (ux) " P~ (xz - uﬁxg) xodu
0
1
— xéinwtpfﬂ/ uﬁerp,l (1 _ uﬁ)nfmfl du
0

F(n—m)F(m—i—%)

BT (n+ %)

__ Pntp=p

Using the value of I (x;) in (i) we have

o Bt
P.q /3) Bn+p—p
mm P (m) T (n —m) 2 p 2) 72

F(n—m)l"(m—i—ﬁ)
5r(n+j—;)

o' T (m + 3) o )
__ 4 / x;;nerJrQ*ﬁ exp( axz) dxy.
Fomr (n+15)

dXQ

X

Now making the transformation axf = w we have x, = (%)1/ s or dx, =
5 (a)l/ﬁ ! 1dw and hence

o BT (m + ’—;) 00 a1 /

Fmmy = —// (_) T exp(-w) 1/1 w7 dw
T (m)T (n + g) a B
r (m + %) 00 it
= ‘ / w2 exp (—w) dw

a®+a+1/=1T (m) T (n n )

or
P (m+2)r (n—1+ 222

Homny = :
(m,n) aP+a+1/B)-11 (m)T (n + %)

The expression for product moments for exponential distribution can be obtained by
using 3 = 1 in above expression as

pg _Tm+pTn+p+q
Honn = 005l m) T (n + p)
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Using p = ¢ = 1 in above expansion, we have

:u(m.n) = 012

Also o _m T n
Famm = o 20 Bonm =

The covariance between Xy and Xy, for exponential distribution is therefore
_ L 1.0 01
O(m,n) = lu(m,n) - lu’(m,n)/’l‘(m,n)
m(n—+1) (m) (n ) m
- a? al\a) a2

We see that the covariance does not depend upon n. Finally the Correlation Coefficient
between two upper records for exponential distribution is

O (m,n)

p _ _ m/oz2 _ ﬁ
(m,n) /_g'(m)a'(n) /(m/az) (n/az) n

We can see that the correlation coefficient between upper records only depends upon
m and n only.

Example 3.7 A sequence {X,,; n > 1} has exponential distribution with density
fx) =ae™™; x,a>0.

Derive the expression for pth moment of Xy, (,y and (p, g)th joint moments of Xy, ()
and X Uk (n)-

Solution: The pth moment of Xy, (») is given as

o0
Vi =E (Xf/m)) = /700 X fuemy (x) dx,

where fy, (») (x) is density function of Xy, (,) and is given as
n

n—1 k-1
) RO [I=F@I" f(x).

Sueom ) =

For exponential distribution we have R (x) = 1 — F (x) = ax and hence the density
function of Xy, () is

n

fUK(n) ()C) — - (n) (ax)n—l (e—ax)k—l e

o'k
= mxn_le_“kx; x, k, a0 > 0.
n




3.6 Moments of Record Values 99

The pth moment of Xy, (,) is therefore

aﬂkn o0
P _ n+p—1 —akx
ko = T (")/0 X e ““dx

1

The mean and variance of Xy, (,) are

_ n d > _ n
MK @) = J an UK(n) = _azkz'

The (p, g)th product moments of Xy, () and Xy, (,) are computed as
P P q
IU’Kzim n — E (XUk(m)XUK(”))

=/ / X3 omy. Ue oy (X1, X2) dxrdxa (i)
—o00 J —0o

where fi, (m), U (n) (X1, X2) is joint density of Xy, o) and Xy, (») and is given as

n

k
Sukm),ug iy (1, X2) = mr(xﬂf (x2) [R (x)]"™!

X [R(x2) —RG)]"™ ' [1 = F ().

Now for exponential distribution we have

Jukom, vy (X1, X2) = #(n_m)ozae*w‘2 (ax))" !
x (axy — aoxy) ! (e_‘”‘z)k_1
a'k" m—1 n—m—1
T TFmro—my @

x ek

for 0 < x; < x, < o0o. Using the joint density in (i) we have
e / / o"k" el

K(m,n) — 1 2 T (m) T (n _ m)

X (xy — x1)" " e gy dxy

or
«

P.q —avkx ..
o = Tty | 60 8 W
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where

X2
I(x1) =/ x[1’+m_l (x2 — x1)"" dx,.
0

Now making the transformation x; = ux, we have

1
I(x) = / wx)" " (o — u)"" ! xadu.
0

1
_ o ntp—1 +m—1 n—m—1
=X, /0 u? (1 —uw du

_ g Ti—m T+ p)
o T (n+p)

Using above result in (ii) we have

Iy k" F'n—m)T (m—+p)
Fkom = T T i—m)  T+p)

o0
7 +p—1
x/ xdem 2P dx,
0

_ a"k"C (m+p) ™ , ok,

_ e mrp) X xn+p—ldx
TmTn+p Jy 2 ? ?
_ o"k"T (m +P) *© n+p+qfle—akx2dx2
TmTm+p) Jy °
or
po _ @KTmtp) 1o

HRo) = T ) T (n + p) (k)77
_Tm+pTm+p+q)
(@) T (m)T (n+p)

For p = g = 1 we have
1 m@m+1)
Kmn) =™ 22

The covariance between Xy, () and Xy, ) is therefore

_ 11 1,0 0.1
OK(m,n) = MK(m,n) - MK(m,n)lu’K(m,n)

-t - (D )=

3 Record Values

We can see that ok, = U,z((m). Finally the correlation coefficient between Xy, ()

and XUK (n) is
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p OK(m,n) m/a2k2 /m
(m,n) = = = _
JOKm K@) \/(m/azkz) (n/a2k2) n

We can see that the correlation coefficient between two kth upper record values for
exponential distribution is same as the correlation coefficient between two simple
upper record values.

Example 3.8 Obtain the expression for pth conditional moment of Xy, given
Xumy = x1 if the sequence {X,; n > 1} has Weibull distribution with density

) =apfx’exp (—ax’); x, a, 8> 0.

Hence or otherwise obtain the conditional mean and variance of Xy, given Xy =
x1 in case of exponential distribution.

Solution: The pth conditional moment of Xy, given Xy = X is computed as

oo
Heamy = E (Xffm)'xl) = /X Xftyb (21X1) o
1

where fy, 1, (x21x1) is conditional distribution of Xy, given Xy, = x; and for
Weibull distribution is given in Example 3.4 as

o ’”ﬂxd ! ( 8 ﬂ)n—m—l

Tn—m V277
X exp [—a (x*z3 - xf)]

The pth conditional moment is, therefore

o' mﬁ n—m—1
p +6—1 ,3 8
M(n\m) r (l’l _ m) / xI’ ‘xl)

X exp [— (x/zj —xl)]dxz

( 1/6
Now making the transformation (x; - xi’) = w we have x, = (w + xl) and

Sxvha (2lx1) =

N /51
dx, = l} (w + x‘f) du and hence the pth conditional moment is

p _ Uﬂ Al wnfmflefaw
Hntm) = (n —m)
1

X E (w +x1>1/ﬂ ldw

— / p/ﬁ w' m—le—awdw
F(n—m) '
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p/B
Now expanding (u) + xl) we have

’ /mgi I (p/f+1)
Hintm) = r(n—m) TG+ DD (p/B—r+1)

—r —m—1 —
pr/ﬂ rxlrwn m ]e aw o

or
B Br
p o S T8t
Hom) = 2
e T (n—m) & T+ D (p/8—r+1)
oo
% / wn+p/ﬂfm7rflefawdw
0
or

LS o /a4y

P —
Hoim = T —m) & T+ DT (/B —r+ 1)

xF(n— —r—%).

Using 3 = 1 the expression for conditional moments of upper records for exponential
distribution is

o1 i Pt XIT (p+ 1)
Hom = T —m & T+ D (p—r+ 1)

xI'n—m—r—p).

The conditional mean is obtained by using p = 1 as

a(ax;+n—m—2)
m—-—m—-—Dm—m-—2)

Hulm) =

The conditional variance can be obtained easily by using p = 2 in expression of

)4
Hnlmy -

3.7 Recurrence Relations for Moments of Record Values

In previous section we have discussed single, product and conditional moments of
upper records and kth upper records. We have also given some examples to compute
the moments of upper records. In several cases the explicit expression for moments
of upper records can be derived but several cases may arise where explicit expres-
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sion for moments of upper record is very complicated. Several researchers have
established the recurrence relations to compute moments of specific order for upper
records by using the information of lower order moments. In this section we will
discuss a general method to derive the recurrence relations for single and product
moments of upper records. We will also illustrate the use of that general expression
to derive the recurrence relations for moments of upper record values for certain
special distributions. We first present a general expression for recurrence relations
of moments of upper records, due to Bieniek and Szynal (2002), in the following
theorem.

Theorem 3.1 Suppose a sequence of random variables {X,; n > 1} is available
Sfrom an absolutely continuous distribution function I’ (x). Suppose further that Xy, )
be kth upper record of the sequence then following recurrence relation hold between
moments of the records

pkn—l [ee) . . .
Hyo = Mty = T _Oox"— {1 —F @)Y (R ()} dx, (3.24)

and

qkn—] e8] [} '
P.q P.q D g—

lLLK(m,n) - MK(WL,}’!*I) = r (m) r (n _ m) / x]l‘x2 r (xl)
—o00 Jx;

x [RGD]" ' [R (x2) — R (ep)]" ™!
x [1 = F (x) ¥ dxadyy, (3.25)
where R (x) = —In[1 — F (x)].

Proof The pth moment of kth upper record is

o0

’u%(”) =E (XZK(n)) = / xprK(n) (X) dx
—00

= Fk;) / :x’”f ) {1 = F )} {R ()" dx.

Integrating above equation by parts taking f (x) {1 — F (x)}*~! as function for inte-
gration we have

: k" o = F )]
I‘LII((") = I () |:—xp {R (x)} 1 -

—00

- / T ROP 4 (- D R @)

7@ ] — {1 —F )} ]
X dx
[1—F ] k
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- krk(’;) e {1 = F @Y (R} dx
(n—1k" [ . k—1 n—2
T /m Xf () [1 = F )1 R (0} dx
or
P PR P ol RGP dx
Kk @y T (n)
k"71 R k—1 n—2
T )OI - FQITHR @) dx.
Since

kn—l /oo
P _ P k—1 n—2
Hgo-1) = 57— Xf @)1 =F @I {R@)}" " dx,
Kb T -1 )
hence above equation can be written as
o0
L= F Y AR )Y dx + iy,

or
pkn—l

o0
/‘Z(n) - /‘117(('171) = m X! {1-F (x)}" (R (x)}n—l dx:

which is (3.24).
Again consider the expression for product moments of kth upper records as

P.q _ P q
I’LK(m,n) =E (XUK(m)XUK("))

o0 o0
= / X e my, Ug ) (X1, X2) dxady

o J X

m/ﬂo . Axdr () f (1) [R (o)™

X [R(x2) — RO [1 = F (x)]" dxadx.
or
Nﬁé?m,m m/ A Ge) [R e T (x2) dxy @)

where

1(x) = / X () [1 = F ()17 [R (x2) — R (x)]" ™" dx,.

X1
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Integrating above integral by parts using f (x2) {1 — F (x»)}*~! for integration we
have

o (1= F )|

I () = —xJ[R (x2) — R (x1)] T

X1

1 [ -
1 [ [t R RGP

+ (n—m—=1) xR (x2) = R ()]

f(x2)
o 2

k
. F(xz):| {1 = F (x2)}" dx,

or

1(x) = % / AR () = RO ™ [1 = F (x)1F ds

—m=1) [®
+ (”’Z—) X (1) [R (1) — R (x)]""2

x [1 = F (x2)]* 'dxs,.

Now using the value of I (x,) in (i) we have

kn o0
MK oy = T o [ A () [R en)]™!

x [% / KR () = Rl [1 = F (x0)1* dxy

[— p— 1 00
+ %/ ng () [R (x2) — R (x)]" "2
x [1 —F(x2)]k—ldx2] d,

or
W = e | T[T ) R
Ko 4 r )T (e —m) Joo fy, 17
x [R (x2) = R ' [1 = F (x2)1" dxodx,

% /_oo /xl xyagr (a) f () [R (xp)"™!

X [R(x2) — R (x))"" 2 [1 — F (x2)]* ' dxadx,
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or
’ qk'kl (o) 0 B .
MRy = m/_w ; A o) [R e ™!
x [R(x2) — R (DI [1 = F (x0)]" dadx,

knfl oo o]
LTy rm— / Axgr @) f () [R )™

X [R (x2) — R (x)I"™™ 2 [1 — F (x2)1* " dxadx,.

Since
ﬂp,q _ knfl
Kmn=D """ m)T (n —
X [R (x2) — R (x))I"™ 2 [1 — F (x2)1* ' dxadx,.

o /_ s Axgr @) f () [R )™

Hence

qk”*l oo 00 . !
Hinn = TG T o1 =) / Xy (a) [R Ge)]™”
—o00 Jx;

X [R (x2) = R [ = F )] doadxy + g,

or

qknfl 00 () .
P, P, —

MKEIm,n) - /"LK?m,nfl) = F (m) F (I’l _ m) / xf.x;[ r (-xl)
—o00 Jx;

x [R(x)I" ' [R (x2) — R (x)]" !
x [1 = F (x2)]* dxadxy;

which is (3.25) and hence the theorem.

Corollary Suppose a sequence of randomvariables {X,;; n > 1} is available from an
absolutely continuous distribution function F (x). Suppose further that Xy, be upper
record of the sequence then following recurrence relation hold between moments of
the records

p [T, nel g
Hny = Hen1) = m/_wxp 1= F @R )} dx; (3.26)
and

q R 1
P4 P — N (x
Homay = Homn=0) = T n) T (n = m) /m , e

x [RG)]™ ' [R (x2) — R (xp)]" !
x [1 = F (x) ¥ dxady; . (3.27)
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where R (x) = —In[1 — F (x)].
Proof The proof is straightforward by using k = 1 in (3.24) and (3.25).

The relations givenin (3.24)—(3.27) are very useful in deriving recurrence relations
for single and product moments of upper record values for special distributions. In
the following we have given recurrence relations for single and product moments of
kth upper records and upper records for some selected distributions.

3.7.1 The Uniform Distribution

The Uniform distribution is a simple yet powerful distribution. The density and
distribution functions of Uniform distribution are respectively

fx) = ;a<x<b
b—a
and
X —d
F(x):b ca<x<b.

The density and distribution function are related as
b—x)fx)=1—-F (). (3.28)

Bieniek and Szynal (2002) has used (3.28) to derive the recurrence relations for single
and product moments of kth upper records of uniform distribution. We present these
relations in the following.

We have from (3.24)

pkyhl o0 . . X
My — Mgt = Tw ) o XL = F 0 {R(x0)}" dx

n—1 o0
- ”Fk(n) P = F o) (R ()"

x {1 — F (x)}dx

Now using (3.28) we have

pkn—l b
I'(n) Ja
X (b—x)f (x)dx

M[;((n) - M[;((n—l) = L= F o R o) !
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or
bpkn—l b | | |
P — Mgty = Tw ) {1 = F YR () dx
pknfl b
T ), @ F@YTHR ) dx
or )
P -1 P
U?((n) - Hllj((n—l) = 7,“11)(@ - %ﬂ%(n)
or ,
p p —1
(1 + _> MII)((n) = _1“117((") + /J’llj((nfl)
k k
or

pb k
Hrw = o pkon + k- (3.29)

Again from Theorem 3.1, we have

) , gk"! -1
lul;((qm,n) - Ml;(?m,n—l) = 1'1 (m) F (n _ m) / xlleg r (xl)
—00 J X1
x [R ()" ' [R (x2) — R (x)]"" !

x [1 = F (x2) ¥ dxadx,
or

qknfl

00
y ) —1
,u[[)(?m,n) _:u’llj(?m,n—l) = F(m)F(n—m) /oo : xfxle r(xl)
1

x [RG)]" ' [R (x2) — R (ep) ]!
x [1=F () * ' [1 = F (x)] dxodyx; .

Now using (3.28) we have

kn 1
pq p.q
FEgmn — HK(mn—1) = T (m) T (n—m) / / xpxz r(x1)

x [R ()" ' [R (x2) — R (x)]" !
x [1=F )" (b — x2) f (x2) dxady.

or

n—1
Pq Pq Clbk
'LLK(WI,V!) IU’K(m n— 1) r (m) r (n _ m) / / ‘xp‘x2 r('xl)
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Xf (XZ) [R (xl)]m_l [R (x2) _R (xl)]n—m—l
T
LI (n—m)

b b
X / / e () f () [R ()]

X [R (x2) = R (x)I"™" " [1 = F ()]~ dxydl,.

x [1 = F ()" dradxy —

or
Wity = Wity = ittty = Lt
or b
(1 + %) M[;(’?m,n) = %M'r??nl% + M[I?gn,n—l)
or b
X imny = ,fﬂﬂ’é&b gy (3.30)

The recurrence relations for upper records can be obtained by substituting k = 1 in
(3.29) and (3.30) and are given by Ahsanullah (2004) as

p b p P
= . 331
oy = 1Mo +p+ [ Hn-1) (3.3D
and 5 1
p.q q p.g—1 p.q
= — —_— . 3.32
M(m,n) q + llj‘(m,n) + q + llj‘(m,nfl) ( )

3.7.2 Power Function Distribution

The Power function distribution is extended form of the Uniform distribution. The
density and distribution function of a random variable X having Power function

distribution are

01
f(x)za(();_—z))(,;afxsb,é)zl

and

x—a\’
F(x):( );a§x<b,921.
b—a

We can see that following relation holds between density and distribution function

b-—xf@) =0[1—-F®x]. (3.33)
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The recurrence relation for single moments of Power function distribution has been
derived by Bieniek and Szynal (2002) by using (3.33). We present these relations in
the following.

We have from (3.24)

pkn—l [ee] B B
M[I)((n) - :“I;((n—l) = Tw ) XL = F )Y R (o))" dx

pk" ! [ p—1 k=1 n—1
= 1—F R
oY { O {R ()}
x [1 = F (x)]dx.
Now using (3.33) we have
pknfl b

My — Moty = T . = F )Y R (0))!

x b;xf(x)dx

or
pbk"t (P - -
/J’I;((n) - /ﬁ((nfn = F(n) ’ L= F " R ()} dx
pk"t » k=1 n—1
— 1-F R d.
o /. x| OF T H{R ()} dx
or
p p _Pb oy P p
Hgmy — Hgm—1) = @MK@) - @MK(M
or
1 14 P _ pb p—1 P
+ @) Pk = TpHkm T Hk-1
o b k0O
p _ P p—1 p
Hkm = g +p/‘1<(n) + 0 _H]:“K(nfn- (3.34)

The recurrence relation for product moments of Power function distribution can be
derived by using (3.25)

qkn—l 00 0 |
P P -

Hkonn = Hkonn-1) = T m T (n—m) / xXpxg ()
—oo Jx;

x [R ()" ' [R (x2) — R (x)]"" !
x [1—F (xz)]k dx>dx
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or

’ ’ qkn—l 00 B
W tnm) — MRean—1) = m/ﬂo . A ()
x [RG)]™ ' [R (x2) — R (xp)]" ™!
x [1 = F () F ' [1 = F (x)] dxady; .

Now using (3.33) we have

kn 1
Ml[’(’?m,n) - /’(‘I;f,z]m,n—l) F (m) F (n _ m) / / xpxz r ('xl)
x [R(x)]I" ' [R (x2) — R (x) ]!

< 1= F i & XZ)f (x2) i,
or
oy = H 1) = or (nf)blljn(nl_ ) / / 87 ()
X f (x2) [R )" " [R (x2) — R (x)]" "
% [1 = F (o) doody — e
or (m)T (n — m)
X / b / bx’,’x;fr(xof (2) [R (x)]" ™"
xR (xz)l — R ' [1 = F ()] dxpdxy,
or
M’;éfm,n> IU‘K(mn H= kl;ﬂ?((qm 21) kqeu‘éé’m n)
or
(1 + k9) HK my = ZZM’;?Z;, il) + M)
or

P.q qb P.q—1 ko

'uK(m n) kO 4 q:uK(m n) + m“lllé?m,l1—l)'

111

(3.35)

We can see that the recurrence relations for single and product moments of kth upper
record values for Uniform distribution can be obtained from (3.34) and (3.35) by
using # = 1 and are given in (3.29) and (3.30). Further, the recurrence relations for
single and product moments of upper records for Power function distribution can be

obtained from (3.34) and (3.35) by using k = 1 and are given as
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p _ Pb v
Ky = m/‘K(n) + mul((nfl)’ (3.36)
and b
pg _ 9P pag-l P
Fm,ny = q+91ul((m,n) + q_{_auk(m,n_]y (3.37)
3.7.3 The Burr Distribution
The density and distribution function of the Burr distribution are given as
cfNxe1
X)) = —; x,¢, 5, A >0
f( ) ()\ +xc)d+l B
and
F (x) A j 0
x)=1- ;X >
A+ x¢
The density and distribution function are related as
fw=L - F (3.38)
X =5 e x]. .

The recurrence relations for single and product moments of kth upper records for
Burr distribution have been derived by Pawlas and Szynal (1999) by using (3.38) in
(3.24). We present these relations in the following.

Consider (3.24) as

knfl 00
Vi = e = o | 0= F @ R ds
_ PR T
“Tw )" {1-F®" [1-F]

x {R (x)}" " dx.
Now using (3.38) in above equation we have

knfl [} X+ x¢
P D _ p —1 k—1
i = Hke—n = Ty A Tl = F (x)} (cﬂx"—l)

x f () {R ()} dx
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or
pkn—l 00 B B )\
R BL ™ Jo L= F (o)) (F +x
X f () {R (x)}" dx
or
)\pknfl 00 . 3 .
/ﬁ((n) - /ﬁ((n—n = m ; T @) {1 = F ) R ()} dx
pk"! > k-1 I
+ ) {1 = F @) {R@)}" dx
cpl (n) Jo
or \
p p _ N pc P p
HErmy — Hk@m-1) = @F‘K(n) + @ﬂl{(n)
or \
14 P D P p—c
(1 - @) Hxm = Bgu—1) T @MK(n)
or

ke Ap _
P _ p p—c
Hgm = —kcﬁ _p/J‘K(nfl) + —kcﬂ _p:“K(n)-

(3.39)
The recurrence relation for single moments of upper records for Burr distribution
can be obtained by using k = 1 in (3.39) and is given as

P _ Cﬂ P )‘p p—c
Hy = B _p:u(nfl) Tl - (3.40)

Further, the recurrence relation for single moments of kth upper records and simple
upper records for Pareto distribution can be readily obtained from (3.39) and (3.40)
by using ¢ = 1 and are given as

k Ap -1
'wl;((n) = kB _p'ull)((n—l) + m/ﬁ((m (3.41)

and 3 \
P p P p-l
Ky = 3 __pp“(nfl) + 3 __pﬂ(n) . (3.42)
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Again the recurrence relation for product moments is derived by using (3.25) as

kn 1 o] 1
T (m) T (n — m) /m X e)

x [RG)]™ ' [R (x2) — R (xp)]" ™!
x [1 — F (x2)]* dxady

P-q P-q
luK(m,n) - IU’K(m,nfl)

or

p.q p.q _ gk"~! !
MK(WLJ’!) - 'LLK(WL.n—l) - r (m) r (n _ m) oy 1x2 r (xl)
- 1

x [RG)]™ ' [R (x2) — R (x)]" ™!
X [1—F ()" [1 = F (x2)] dxadx;.

Now using (3.38) in above equation we have

kn 1
'u[;(’:]m,n) - u’?(’z]m,n—l) r (m) T (n _ m) / / xpxz r (X])
x [R ()" ' [R (x2) — R (x)]"" !

x 1= F ()" (A T )f (x2) dad,
C x2
or
, , qk" 1 o0 0 B
Wit =~ Hitnay = o o [
A
X (F +X2) [R D" r () f (x2)
2
X [R(x2) — R (x))]"™" ' [1 = F (x2)1*" dxadx;
or

)\qknfl oo 00
P-4 P49 _ q—c
Hgimny — Pkmn—1) = cBT (m) T (n —m) /0 /x| xllsz r(xp) f (x2)

x [R (xl)]m_l [R(x;) — R (xl)]n—m—l
gk"!

X/ / xxdr ) f () [R (e
0 X

X [R (x2) — R (x))I"™™ ' [1 — F (x2)1"" dxadx,

x [1=F () * " dadx, +
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or

el = Wi = sttty + st
or A\
Hilo = egttnm = Pl & oK
or \
(1 - é) H?é?m.n) = “??m,n—l) + él&&i)
or

p.q ke g Ag p.q—c

/J/K(m.n) = mulﬂm,n—l) + muk(rﬂ,n)' (343)

The recurrence relation for upper records of Burr distribution can be readily obtained
from (3.43) by using kK = 1 and is given as

, B AG pgc
o) = mﬂfﬁm) + mﬂmm : (3.44)

Finally, the recurrence relation for product moments of kth upper records and upper
records for Pareto distribution can be easily obtained from (3.43) and (3.44) by using
c=1.

3.7.4 The Exponential Distribution

The exponential distribution is very useful distribution in life testing. The density
and distribution function of a random variable X having exponential distribution are
respectively

f@) =ae™; x,a>0

and
Fx)=1—e" x,a>0.

The density and distribution function are related as
f@) =a[l =Fx)]. (3.45)

The recurrence relation for single moments of kth upper records is derived by Pawlas
and Szynal (1998) by using the relation (3.45) in (3.24) and is given below.
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Consider (3.24) as
pkn—1 oo
/ﬁ((n) - H%(n—l) = W -
plr=t
ST )«
x {R (x)}" " dx.

L= F O (R ()" dx

L= F o {1 = F (o)}

Now using (3.45) in above equation we have

oo = Hew = 2 [t (= F ol 0 R0 d
Hkm = Pkn-1) = 1 o Jo X X X X X
_ P p—1
= EMK(H)
or
A L (3.46)
Fkmy = Pgm-1) T ka/u’K(n)' .

Again, the recurrence relation for product moments of kth upper records for Expo-
nential distribution is derived below.
We have from (3.25)

qk”*l o) 00 |
P Ps 9=

:uK(qm,n) - IU’KEIm,nfl) = T (m)T (n— m) / xfxz r(xy)
—o00 Jx;

X [R (XI)]m_l [R (x2) —R (xl)]n—m—l
X [1 —F (.X2)]k dedX1

or

qkn—l %) 00 .

P s g—

MKZIm,n) - NK?m,nq) = m/ )c‘;’x2 r(x1)
—00 J x|

x [R(x)]" " [R (x2) — R (x))]" ™!
X [1—F ()" [1 = F (x2)] dxadx;.

Now using (3.45) in above equation we have

qkn—l e8] o) |

P.q P.q q9—

MK(m,n) - MK(m,n—l) = al’ (m) r (}’l _ m) /0 ,/x ‘x[l)xZ r (-xl)
1

x [R )] ' [R (x2) — R (x)]" ™!
x [1=F ()7 f (x2) dxadx
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or
p.q p.q _ 49 pag-1
Hgnny — PK@mn—1) = E:ul((m,n)

or
pq p.q qd  pg-1
Bk nmy = K mn—1) + EMK(m,n)‘ (3.47)

The recurrence relations for single and product moments of upper records of expo-
nential distribution can be obtained from (3.46) and (3.47) by using k = 1.

3.7.5 The Weibull Distribution

The density and distribution function of Weibull random variable are
fx) = abx"exp (—axﬁ) cx,a,8>0

and
Fx)=1—exp (—ax‘g) s x, o, 3> 0.

The density and distribution function are related as

f ) =abx’'[1 -F@®)]. (3.48)
The relation (3.48) has been used by Pawlas and Szynal (2000) to derive the recur-
rence relation for moments of kth upper records and is given below.

Consider (3.24) as

pk”fl o] . . .
Mo — Mxaen) = Tw ) o I = F O {R))" dx

n—1 e}
- ”Fk(n) L= F Y {1 = F ()

x {R (x)}" " dx.
Now using (3.48) in above equation we have

pkt o k=1 1
Hig oy — Mg = BT Jy X = F )Y {R(x)}"™

X xl_ﬁf (x) dx
_ P p-s
N kaﬁMK(")
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or
P p-p
'ug((n) = IU‘II)((n—l) + m:u‘l[)((n)- (349)

We can see that 3 = 1, the recurrence relation (3.49) reduces to the recurrence
relation for single moments of kth upper records for exponential distribution. The
recurrence relation for single moments of upper records can be easily obtained from
(3.49) by using k = 1.

The recurrence relation for product moments of kth upper records for Weibull
distribution can be derived by using (3.25) as below.

We have

qkn—l 00 oo :
P, 2 q—

MKEIm,n) - :U’K?m,nfl) = T (m) T (n _ m) / x]l7'x2 r (xl)
—o00 Jx

x [RGD]" ' [R (x2) — R (ep]"" !
x [1 —F (xz)]k dxydx;
or

qkn—] e8] o0 |
P . 4=

Himm ~ Fkmn—1) = T )T (1 —m) / X5 (x)
—o0 Jx;

x [RG)]™ ' [R (x2) — R (x)]" ™!
x [1—F ()" [1 = F (x2)] dxadx;.

Now using (3.48) in above equation we have

qkn—l o] 00 |

P.q P.q q—

/’(‘K(m,n) - /’[’K(m,n—l) = a/@]’* (m) F (n _ m) /(; /x xllsz r(xl)
1

x [RG)I™ ' [R (x2) — R (x)]" ™!
x [1=F )" 57 f (1) dadxy

or q
Psq 1.4 _ p.q—p
/’LK(m,n) - MK(m,nfl) - kaﬂlu’K(m,n)

or
. . q q—p
M[l)(?m,n) = M‘;((qm,nfl) + m#li(?mfn)- (350)
It can be seen that (3.50) reduces to (3.47) for 5 = 1 as the case should be. Finally,

the recurrence relation for product moments of upper records for Weibull distribution
can be obtained from (3.50) by using k = 1.
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3.7.6 The Frechet Distribution
The density and distribution function of Frechet distribution are

af Q@
f(x):mexp(—ﬁ);x,a,6>0

and F (x) =exp (—)%) .

The density and distribution function are related as

B+1

l—F(x)zxa—ﬁ{exp(a)—l}f(x). (3.51)

x5

The recurrence relations for single and product moments of kth upper records for
Frechet distribution are obtained by using (3.51) in (3.24) and (3.25). First consider
(3.24) as

Pkl [
/ﬁ((n) - H%(n—l) = W . L= F O (R ()" dx
pkn=1 o
T )«
x {R (x)}" " dx.

L= F o {1 = F (o)}

Now using (3.51) in above equation we have

p p [ o X7
Hgmy — Hgm—1) = W - ¥ = F (0} a_ﬁf ()

X {exp (}%) — 1} x {R(x)}" Vdx

or
Mo — Mgy = apﬂkr’l—(;) _Z P exp (%)f(X) {1 —F@)!
x {R())" Vdx — % : X (x)
x {1 —F @} {R @) dx
or
Kk = My = a’;kﬁ(;) e ()7 @i - F ol

-1 P p+B
x {R(x)}"™ dx — mumn)
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Now expanding exp (ov/x”) we have

j—1 n
P P Ny o pk +6-j3
e =t = 200 T igma )T
x {1 —F )}~ 1{R(x>}" ldx—mu;tj;
or
ji—1
p b _ P o o7 gy _ L pis
Hkmy — Fk@-1) = ] [ijo j_!”’“") S HK ) (3.52)

The recurrence relations for single moments of upper records can be easily obtained
from (3.52) by using k = 1. Again consider (3.25) as

qk”*l o0 |
P.q P.q _ q—
lLLK(m,n) - /"LK(m,l’lfl) - F (m) F (n _ m) . xf'xz r ('xl)
oo )y,
x [R(x)I" ' [R (x2) — R (x)]" !

x [1 = F (x)]* dxodx;

or

p.q p.q _ gk"! Ooxp q-1
/"LK(m,n) - MK(m,nfl) - r (m) r (n _ m) oy l'x2 r (xl)
- 1

x [R ()" ' [R (x2) — R (x)]" ™!
X [1—F @) [1 = F (x2)] dxadx;.

Now using (3.51) in above equation we have

qkn—l o0 0 48

p.g p.g Py

HK gy — HKma—1) = aBT (m) T (1 —m) / By () f ()
oo Jx;

X [R()I" R (x2) — R (e)I™™ ' [1 = F (x2)]F!

X [exp(%) — l] dx,dx,
X

v Y _ qkn—l /oo oo op 2
IJ’K(m,n) /j’K(m,nfl) - aﬁF (m) r (n _ m) ooy, xllsz eXp (xg)
x 7 (x1)f (%) [R e ' [R (x2) — R (x)1""!

qkn—l
afl (m)T (n —m)

or

x [1—F (162)]"—l dxrdx; —
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x / A8 () f () [R (o))" !

oo Jx;

X [R(x2) — R (x))1"™" ' [1 = F (x2)1" ! dxadx,

or

o _ gk"™! /oo ® pgtp @
Kk mn — Hkmn—1) = afC m)T' (n—m) J_o . xfxz exp (xza)
xr(x)f (x)[R (xl)]’"*l [R(x2) — R (xl)]nfmfl

x [1 = F (o) dxodxy — mﬂi(qr:/j)

Now expanding exp (a/x”) we have

—1 n—1 0 o0
P.q Pq _ o o gk p_q+B-ip
Hkmny — Hkmn—1) = Zj: " BT (m)T (n — m) /Oo i X3
- 1

0 J'
x (1) f () [R e)1™ " [R (x2) — R ()]
x (1= F ()] dodn — = Bu%,f -
or
i—1
P.q p.q _ 49 o & pupi-n 1 pgrs
Kk mn — PKman—1) = @ Izj=0 ]' Kk (m.n) - EMK(m,;)] . (3.53)

The recurrence relation for product moments of upper records can be readily obtained
from (3.53) by using k = 1.

3.7.7 The Gumbel Distribution

The Gumbel distribution is a popular distribution in extreme value theory. The distrib-
ution is described in two situations, namely Gumbel maximum and Gumbel minimum
distribution. The density and distribution function for Gumbel minimum distribution
are

fx) = —exp[i—exp(i)]; —00<x <00, 0>0

and .
F(x):l—exp[—exp(—)]; —0<x<oo, o>0.
o
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The density and distribution function are related as

D l,f @) =[1-F®I. (3.54)

The recurrence relation for single moments of kth upper records is derived by using
the relation (3.54) in (3.24) and is given below.
Consider (3.24) as

knfl o)
Wi = e = o | @7 = F @I IR0 d
n—1 oo
e B (R I It

x {R (X)) dx.

Now using (3.54) in above equation we have

o R .
> it o V@0 F )

x {R (x)}""'dx
o (_1)11_7 p+i—1
j=0 i~ 1j1 k1K@

p P _
Hgmy — Hgm—1) =

or

P e (= l)lp p+j 1
ik = Hin— 1)“‘21 0 1k Ky - (3.55)

Again, the recurrence relation for product moments of kth upper records for Expo-
nential distribution is derived below.
We have from (3.25)

k" 1 [} '

p.q P.q q—
lLLK(m,n) - MK(WL,}’I*I) = r (m) r (n _ m) /00 . xl;)‘x2 r (xl)
- 1

x [RG)]™ ' [R (x2) — R (xp)]" ™!
X [1—F (xz)]k dxydx;

or
, , qkn 1 o0 00 .
H ) — FE monet) = m/o@ : x5 ()
x [RG)]™ ' [R (x2) — R (x)]" !
x [1—F ()" [1 = F (x2)] dxadx;.
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Now using (3.54) in above equation we have
j -1
P p.q o (=Y qk" / / pug g+i—1
—_ = - x r(x
Hitnn = Mk = 2oy G T Gy G — e

x [RG)]™ ' [R (x2) — R (xp)]" ™!
x [1 = F ()" f (x2) dxadxy

or

3 Vg i

pa D _
:U’K(m,n) IU’K(m,nfl) - /=0 O'j_lj! kMK(m,n)

or

) ) < (—1Y q .q+j—1
:ug(?m,n) = lull)(?m,n—l) + Zf:() Ujflj! ];iul;(?m,jn) : (3.56)

The recurrence relations for single and product moments of upper records of expo-
nential distribution can be obtained from (3.55) and (3.56) by using k = 1.



Chapter 4
The Generalized Order Statistics

4.1 Introduction

In Chap. 1 we have given a brief overview of some of the possible models for ordered
random variables. Further, in previous two chapters we have discussed, in detail, two
popular models of ordered random variables, namely Order Statistics and Record
Values. We have seen that the order statistics and record values have been studied by
several authors in context of different underlying probability models.

The other models of ordered random variables given in Chap. 1 have not been
studied in much details for specific probability distributions but they all have been
combined in a more general model for ordered data known as Generalized Order
Statistics (GOS). Kamps (1995a) has proposed GOS as a unified models for ordered
random variables which produce several models as a special case. Since its inception
GOS has attracted number of statisticians as distribution specific results obtained for
GOS can be used to obtain the results for other models of ordered random variables
as special case. We formally define GOS and their joint distribution in the following.

4.2 Joint Distribution of GOS

Suppose a random sample of size {n; n € N} is available from a distribution with
cumulative distribution function F(x) and let k > 1. Suppose further that the con-
stants my, mo, ..., m,_; are available such that m, € R and let

n—1

Mr:ij;lern—l.

J=r
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The numbers n, k and m, are parameters of the model. Define v, as v, = k +
(n —r)+ M, such that, > 1 forall r € {1,2,...,n — 1}. Finally let

m=(my,ma,...,my_1);ifn=>2

then the random variables X, ,; x are the Generalized Order Statistics (GOS) from
the distribution F'(x), if their joint density function is of the form

n—1

flﬁ...,n:n,nﬁ,k(xlv ey xn) =k HFY] {1 - F(xn)}k_lf(xn)

j=1

n—1
x [H{l — F(xi)}'"ff(xi)} (4.1)

i=1

and is defined on the cone F~'(0) < x; <x, < ... <x, < F71(1).
Itm, =my =--- =m,_; = m, then GOS are denoted as X,., y k-

Making the transformation U,., s = F (X,;,,,,;,,k), the random variables U, ;i «
are called the Uniform GOS with joint density function

n—1 n—1
FionmmiUy, o uy) =k H’Yj |:H(1 - Mi)m"i|
=1 i=1
x (1 —u,)k " 4.2)

with 0 < u; <up < ... <u, < 1. The joint distribution of GOS given in (4.1) pro-
vides a comprehensive model for joint distribution of all models of ordered random
variables for different values of the parameters involved. We have given the joint
distribution of various models of ordered random variables as special cases of (4.1)
in the following.

4.3 Special Cases of GOS

Kamps (1995b) have discussed GOS as a unified model for ordered random variables.
This model contains all the models of GOS discussed in Chap.1. We see in the
following how GOS provide various models of ordered random variables as special
cases.

1. Choosingm; =mp = --- =m,_; =0and k = 1, such thaty, =n —r + 1,
density (4.1) reduces to
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n
Fromnoa @, x) =nt ] Fo),

i=1

which is joint density of Ordinary Order Statistics (OOS).
2. Choosingm; =my=---=m,_; =0andk = a—n-+1,withn — 1 < a such
that v, = o — r + 1, the density (4.1) reduces to

n
fl,...,n:n,(),(y—n-&-l(xl» ceey xn) = H(a - ] + 1)

j=1
x[1 = F(x)]*™"

x [T 7@,
i=1

which is joint density of OOS with non—integral sample size.

3. Choosingm; = (n—i+Da; —(n—i)aj- — ;i =1,2,...,n— 1,k = q
for some real number o, oy, ..., oy, such that v, = (n — r + 1)a,., the density
(4.1) becomes

n—1 n—1
fl,,..,n:n.ﬁz,(y” (xl PRy xn) =n! Haj |:H{1 - F(xi)}mi
=1 i=1

x f){l = F(x,) )™~
x f(xn),

which is joint density of Sequential Order Statistics (SOS) based on the arbitrary
distribution function

Ft)=1—-[1—F®O]":1<r <n.

4. Formy =my =---=m,_1 = —l and k € N, such that v, = k, the density (4.1)
reduces to

n—1
_n &
fl,...,n:n,—l,k(xlv e Xn) =k [E 1— F(X[):|

x {1 — F) ' f(x),

which is joint density of kth records. Choosing k = 1 we obtain joint density of
records.

5. For positive real numbers 3y, 35, ..., By, choosing m; = §; — Biy1 — 150 =
1,2,...,n—1and k = (,; such that v, = 3,; the density (4.1) reduces to
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n—1

fl,...,n:n,nﬁ,/’i,, (xla cees xn) = Hﬁj |:H{1 - F(xi)}rm
j=1

i=1
Fl = F(x,)y»!
x f(xn),

which is joint density of Pfeifer’s record values from non—identically distributed
random variables based upon

Ft)y=1-[1—-F®]"; 1 <r <n.
6. For positive real numbers 3y, 3, ..., (,, choosing
m; = Biki — Bipikiqn—1,i=1,2,...,n—1

and k = (,k,; such that v, = (,k,; the density (4.1) reduces to

fl,...,n:n,rh,ﬂn X1y ey Xp) = Hk] f(xn)
j=1

n—1
x [H{l — F ()}t

i=1
FODTx {1 = Flo)}o,
which is joint density of k,—records from non—identically distributed random
variables.
7. Choosing
My = =My =My =" =my_; =0;
m,; =nj;and k =v —n; —n + 1 such that

vw=v—n+11<r<n

and
Y=v—n—r+lin<r<n-—1

the density (4.1) reduces to

viw—r; —np))!
fl,...,n:n,tﬁ,ﬂ,, (X] 5 eees xn) == H f(xi)
i=1

v —r)l(v—n; —n)

x [1=F(x)]" 11 = Fe)1 ™"

which is joint density of progressive type Il censoring with two stages.
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4.4 Some Notations

Since GOS provides a unified model for ordered random variables, it requires certain
special notations. These notations are given below.

1. The constant C,_; is defined as
P
C,_4 =H’yj;r: 1,2,...,n
j=1

with v, = k. Hence we have

n n—1
Cor=[Tv=r[Tw
j=1 j=I

2. On the unit interval the functions 4,,(x) and g,,(x), m € R, are defined as

b 1 ym+l. _
hm(x) — [ m+1(1 .X) o m 7& 1 ‘xe [0’ 1)

—In(l —x) ;m=—1
gm(x) = hm(x) - hm(o)
[#H[l — (1 =x)""];m# -1

—In(1 —x); m=—1

; xe[0,1)

Using above representation, the joint density of Uniform GOS can be written as

n—1 n—1
d
fl,...,n:n,rh,k(ul’ wolp) =k H’Yj |:H di: hmi (ul):|
j=1 !

i=1

x (1 —u,) !

Hence the functions #,,(x) and g,, (x) occur very frequently in context of GOS.

We now give the joint marginal distribution of first » GOS.

4.5 Joint Marginal Distribution of r GOS

The joint density function of n uniform GOS is given in (4.2) as

n—1
fl,...,n:n,rh,k(ula cees un) = Cn—l |:H(1 - ui)mii|

i=1

x (1 — un)kfl.
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The joint marginal density of r uniform GOS is readily written by integrating out
variables u, 1, ..., u, by induction as

r—1
fl,...,r:n,lﬁ,k(ula ceey ur) = Cr—l |:H(1 - u,)m‘i|(1 - ur)%_l
i=1

;0<up<---<u <1, 4.3)

which immediately yields following joint marginal distribution of GOS for any parent
distribution F'(x)

r—1
Srormi k(X1 oy X)) = Cry |:H{1 - F(xi)}m’f(xi)]
i=1
x (1= F)) " f(x,), (4.4)

onthecone F~1(0) < x; <---<x, < F~I(1).

The joint marginal distribution of » GOS given in (4.4) provide joint marginal
distribution of other models of ordered random variables as special case. These
special cases are given below.

1. Ordinary Order Statistics: usingm; = --- = m,_; = 0and k = 1 in (4.4), we
have the joint marginal distribution of r ordinary order statistics as

| r—1
Sirmo1 (X1, oy X)) = ” i-r)! |:E f(xi):|
X {1 - F(xr)}n_rf(xr)-

2. Fractional Order Statistics: usingm; = --- =m,_; =0andk =a—n+ lin
(4.4), we have the joint marginal distribution of r fractional order statistics as

r r—1
fl....,r:n,O,a—n-‘rl(xly eeey xr) = H(a - .] + 1)|:H f(xl)i|
Jj=1 i=1
x {1l — F(xr)}airf(xr)-

3. Sequential Order Statistics: The joint distribution of » sequential order statistics
is obtained by using m; = (n —i + 1)aoy; — (n — i)y and k = o, in (4.4) as

I’l' r r—1
fl,m,r:n,ﬂz,a,, (X], e -xn) = m Haj |:H f(xi)
tj=l1 i=1

{1 = Fa)™]
X {1 = FO)} 07 f (xy).
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4. Record Values: using m; = --- = m,_; = —1 and k € N in (4.4), the joint
marginal distribution of r k—record values is obtained as

fl,...,r:n,—l.,k(xl’ RS kr[ 1 f(;l()ﬁ :|

x {1 — F) ! f(x).

5. Pfeifer Record Values: using m; = 3; — 511 — 1; k € (3,; as

Froorm k(X1 o Xp) = Hﬂ, [H{l - F(xo}”“f(xi)]

i=1

x {1 — F(x)) "7 f(x,).

Other special cases can also be obtained from (4.4). The joint marginal distribution
of r uniform GOS given in (4.3) can be used to obtain the marginal distribution of
rth GOS and joint marginal distribution of rth and sth GOS. We have given these
distributions in the following but we first give a Lemma due to Kamps (1995b).

Lemma 4.1 We define the quantity A; as

r—1
Y —/ / 1% @odu, - du,
Ur_ji u

r=2 j—1
1

j—
IT @ {im ) = o (1) Y.

i=1

r—

1
J!

We now give the marginal distribution of rth GOS.

4.6 Marginal Distribution of a Single GOS

The joint marginal distribution of » uniform GOS is given in (4.3) as

i=1
;0<u; <---<u, <1

r—1
fl,...,r:n,r?t,k(uls cees ur) = Crfl |:H(] - Ml)m‘:|(1 - ur)%_l

Assuming m; = --- = m,_; = m, the joint distribution is
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r—1
fl,“.,r:n.m,k(ulv EEE) ur) = Cr—l [H(l - ui)m:|(1 - ur)"/r71
i=1
;0=wuy = =u <L

The marginal distribution of rth uniform GOS can be obtained from above by inte-
grating out uy, us, ..., u,_ as under

fr:n,m.k(ur) =/ / fl rnmk(ula-n’ r)dur 1 ~du uj

/ / ,1|:H(1—u)i|1—u)”

X du,_q -
= Cra(l—u)"™ / / [r]:[(l—ui)m}
wa i
X du,_1---duy
= Cr_l(l—umf*l/ / Hh/ i),y -~ du,

Ur=2 j—1|

Now using the Lemma 4.1 with j = r — 1; and noting that uy = 0; we have:

r—1
Ary —/ / Hh,/,,(ui)durq“'dul

Uy zi 1

= R (U hu (0 = r : Ur).
= 1),{ ) = (@) ! = gt )
Hence the marginal distribution of rth uniform GOS is
C —1 _r—1
fr:n,m,k(ur) (1 - ur) o gm (ur) (45)

(r— 1)’

The marginal density of rth GOS for any parent distribution is readily written from
(4.5); by noting that for any distribution the random variable F (x) is always uniform;
as

Frnmi(x) = FOO = F)Y i ' F (x)]. (4.6)

( 1)'

The special cases can be readily written from (4.6). Specifically the marginal distri-
bution of rth k—record value is

r

EETARA FY ! [=In{l = F)}I'™"; 4.7)

fr:n,—l,k(x) =
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which for k = 1 reduces to distribution of rth record value as

Frn—1x(x) = FEO[=In{l — F(x)}1" " (4.8)

1
r—1)!

Further from (4.6) it can be readily seen that GOS X,., . x and X,.,/ _,_24/ are
identically distributed where

k—k/=—(n+n/—r—l)(m+1)&k/,n/eN.

Also we can see from (4.5) that U,.,, y k+m+1 and Uy, 11 m x are identically distributed.
We now give the joint distribution of rth and sth GOS in the following.

4.7 Joint Distribution of Two GOS

We derive the joint distribution of rth and sth GOS ; with r < s; as under.
The joint marginal distribution of first s uniform GOS is given from (4.3) as

s—1
Frocesmm k@1, ey 45) = Cyy [H(l - u,->’"}(1 — a7

i=1
; 0<u <+ <u; <1,
or

s—1
fl,...,s:n,m,k(ulv sy us) = Csfl |:H h{n(ut)](l - Ms)%71

i=l1
; 0<u <---<u; <l

The joint distribution of rth and sth GOS is obtained by integrating out u, = u; and
Us = Uy as

ur Uy us Us
fr,s:n,m,k(ula L{z) = / t / / te / fl,...,s:n.m,k(ul’ eeey us)
[

X dug_y---duyp1du,_y -+ - duy

L ~{Hh/<u>}

X (1 —us)ls ldu571...dur+1dur71...dul
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or
fr,.v:n,m,k(ulv MZ) = Cs—](1 - u‘v)%il
u, u, U ug, $—1
x/ / / / Hh;/n(”i)
0 U2 Ju, Us—2 ;1
X dus_l s duH_ldu,_l tee du1
or
Frsmmi i uz) = Coy (1= ug)" (1 — u,)"
r—1
/ / T4 )
Ur=2 j=1
[ | / T # e 'dur+1:|
Us=2 j=p41
X duy_q -
or
Srsmmi @y uz) = Co_y(1—u)* 1 (1 —up)" (4.8)
r—1
/ [ Tl
Ur=2 j=]
x I(s)du,_y---duy,
where

Uy s—1
1(s) = / / [T rh@odus - du, .

=2 j=r+1

Now using Lemma 4.1 withs = r and j =s —r — 1 we have

—1
A =10 = [T [ T e -t
Ug— -2

=r+1

. s—r—1
-—(S_r_ U ) = )}

Using above result in (4.8) we have
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fr,s:n,m,k(ul, Mz) = Cs—l(l - us)%_](l - ur)m

1
- hm s _hm . s—r—1
X oy ) = )
u, u, r—1
x/ / Hh,/n(u,-)du,_p'dul
0 U2 j=1
1

— _ '7’x71 _ m__
= Cy_1(1 — uy) (I —u,) G—r—1)!
X A () — o (u) Y M (r)

Again using Lemma 4.1 with j = r — 1; and noting that uy = 0; we have

u, u, r—1
Ay :I(r):/ : / [ 7@
0

Ur=2 j—|
X du,_l . ~du1

(A (uy) — By, (0)}r71

-
or

g ).

r—1 =

r—1)!

Hence the joint density of rth and sth uniform GOS is

Frsmmi(un, uy) = Cot (1 —u)"gr " )
rsn,mk\U1, 42 (r — 1)'(5 — 1)' 1 m 1
x (1= u2) ™ Mhy (u2) — hy u) " (4.9)

The joint density of rth and sth GOS from any parent distribution is readily written
as

Cs—l
fr,s:n,m,k(xl’xZ) - (V — 1)‘(.&‘ — 1)‘f(xl)f(x2)
x {1 = F@p)}Y"gh " {F(x1)}

x {1 = F)" hulF (x2)} — hp{Fx)} ' (4.10)

The joint density of two contiguous GOS is immediately written as

C,
= 1)!f(xl)f(x2){1 — F(x)}”

x g {F () H1 — Fa))r (4.11)

Srrttmmr (X1, x2) =
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Further, the joint density of smallest and largest GOS is

n—1

FODfO){l — F(xp}™
(n—2)!
x {1 = F)Y [l F(x2)} — hp{F(x)}" 2. (4.12)

fl,n:n,m,k (x1,x2) =

The expression for special cases can be immediately written from (4.10), (4.11) and
(4.12). Specifically the joint density of rth and sth k record values is

fr,x:n,—l,k (x1,x2) =

k* fxp)
r—DI(s —r — 1)![ 1= F(x)) ]f(“)
x [=In{l = Fx)}" {1 = F(xp)}*!
x [In{l = F(x;)} — In{l — F(x)}1* " ". (4.13)

Other special cases can also be obtained in similar way.

Example 4.1 A random sample of size n is drawn from standard exponential distri-
bution with density function

f(x)y=e*;x>0.

Obtain the distribution of rth Generalized Order Statistics and joint distribution of
rth and sth Generalized Order Statistics.

Solution: We have f(x) = e¢™*; x > 0 and hence
F(x) :/ e'dt=1—e";x > 0.
0

The density function of 7th GOS is given in (4.6) as

C._ S R
Frnms () = s f@OU = FOOP g (0L,
where .
_ _ _ . ymtl
gn () = ——[1 = (1 —w""!]
SO

— 1 _ _ m+1
gm[F(X)]—m+1[1 {1 = F)y"].
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Now for given distribution we have

1
_ _ ,—(m+1D)x
gnF(x)] = —m+1[1 e ]

r—1
or gi ' [F(x)] = [mL-i—l 1— e—(m+])x}]

r—1
1 (r—1 ;
- E —1)! —(m+1)ix
(m + l)r—l i:O( ) ( ; )e

Hence the density function of rth GOS for standard exponential distribution is

Cr 5 71 -1
fr:n,m,k(x) - ( — 1)'f()C){1 - F(x)}h [F()C)]

_ Cr—l - —x\7—1
= msy e ¢

r—1

. —1 .

x Z(_l)l(r l )e(erl)lx
i=0

_ Crfl —Yx < BTy
= Dl T l)r_le ;( 1)

% (” _ 1)e(m+1)ix
i

1
fr:n,m,k(x) ( 1)'(m+1)’ IZ( 1) ( i )

x exp[—{(m + )i + %}X],

or

for x > 0. Again the joint density of rth and sth GOS is

C,_
Frammait, 52) = ol s f ) S = Pl
X g 'IF (e[l — F(x)] !

X [ {F (x2)} = B {F )}

where 1
- _ m+1
hn{F(x)} = po—— {1 —F@}".
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For standard exponential distribution we have

1
hm F — _ —(m+1)x;
[F(x2)] i’
1
hm F — _ —(m+1)x;
[F(x1)] Pl

r—1

r—1 _ 1 i r=1\ _uinin
g (PG = oy g(;( 1)( ,- )e

Now using these values; the joint density of rth and sth GOS for standard expo-
nential distribution is

Cs_1 1

—X —X2 ,—mMXx
e 1 e 2 1

r—Dis—r—1) (m + 1)r—1

r—1
X Z(_l)t (V : l)e—(m-H)ix] (e—xz)%_]
i=0

fr,s:n,m,k(-xl ,X2) =

s—r—1
X _ ef(erl)xz + Lef(mw%)xl
m—+1 m+1
_ Ci-1 =YX 1
r—Di(s—r—1)! (m+ 1)r-1

r—1
(r—1 . 1
—1) —(m+1)(+1)x;
X E (=D ( . )e CESEE

i=0
x {ef(m+1)x1 _{_ef(erl)xz}sfrfl

or
Cs—1 —YsX2
fr,s:n,m.k(xlv X3) = r—Dis—r — Dim + 1)572
r—1 s—r—1
Ar —1 . .
x —1) —(m+1)(i+1)x —1)/
> ( l. ) >
i=0 j=0
% (S -r- l)e(m+1)(srjl)xle(erl)sz
J
or

Cs—l
r—DIs —r —D!m+ 1)5-2
s—r—1r—1 1 s—r—1
% -1 i+j
(0T
j=0 i=0
—(m+1)(s—r—j+i)x| e—[(m+1)j+%]xz ,

fr,s:n,m,k (X] s X2) =

X e
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0 < x; < xp < 00; as required.

Example 4.2 A random sample of size n is drawn from standard Weibull distribution
with density function

fx) = BxA ! exp(—x*a); x,3>0.

Obtain the distribution of rth k—Record value and joint distribution of rth and sth k
record values.

Solution: The distribution of rth k~—Record value is given as

r

k
foen () = ——— F){1 — F)Y [ In{l — F(x)}"".
(r—=1)!

For given distribution we have

f@) = px"exp(—x"): x, B> 0;
Fx) = /0 i = /0 59 exp(—t”)dr
=1—exp(—x");x, 3> 0.
So —In[1 — F(x)] = x7.
Using above results the density of rth k—Record value is

kr
r— 1!
kr
T -1

52" exp(—x)fexp(—2) ) ()

Bx" " exp(—kx").

fuen(x) =

For k = 1 we have density of rth Record value as

fXU(r) x) = ﬁxfﬂfl exp(_x,g).

r— 1!
Again, the joint density of rth and sth k—Record value is
“ (x1)
r(x
r—Dls—r—=1! !

x f)[RGDTHI — Fap)}!
X [R(x2) — R(x)IF !,

fUK(r),UK(‘y)(Xl, Xz) =

where R(x) = —1In[l — F(x)]; r(x) = R/ (x) = ]i’;gf()x).
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Now for given distribution we have

F(x1) ﬂx’ffl exp(—x?)
1 — F(xy) - exp(—xf)

R(x;) = —In[l — F(x))] = x/.

3—1
I‘()C]) = :ﬂx{ s

So /
R(x2) — R(x)) = x3 — xy.

Using these values; we have the joint density of rth and s th k—Record values as

k* 5-1 5 -1 3
r— Dl(s —r — 1)!ﬂx{ o, exp(—x3)

) o))

2k rG—1_p—1 5
T —Dis—r—1t ™ eXp(_kXZ)

s—r—1

X Z (—l)i(s a Z a 1) (xg)s—’—l—i (xi'i)i
i=0

Juk).Ug ) (X1, X2) =

or

e .
fUK(V),UK(r)(xlvxZ) = (r — 1)'(S — 1)’ CXp(— xz)

s—r—1

(57— 1\ Be—r—ir-1_rp+is-1,
x > (—1)’( i )xZS T
i=0

for x; < x,. Using k = 1 the joint density of rth and sth Record value is easily
obtained as

P

3 (
P oo (i1 22) = i exp /)

s—r—1

(S =7 = 1\ B6—r—i-1_rptip-
<> (—1)'( l. )xz”’ xPHt,
i=0

for x; < x.
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4.8 Distribution Function of GOS and Its Properties

The distribution function of GOS is very useful in exploring certain properties of
GOS. The distribution function of GOS can be written in different forms and each
of the form can be further used to study the properties of GOS as given by Kamps
(1995b). We will discuss the distribution function of GOS in the following.

Consider the density function of uniform GOS and GOS from any parent distrib-
ution as

(A —w) gt (4.14)

Cr_
Pra(u) = = 1),

and

Fronmi(x) = FOO = F)Y i F (x)]. (4.15)

C,_
=
Kamps (1995b) have shown that the distribution function of uniform GOS can be
written as

r—1 1
cDr,n(“) =1- Cr—l(1 - M)w Z 'C—gm( )

j=0 I

Using the probability integral transform, the distribution function of GOS from any
parent distribution F'(x) is readily written as

r—1

Fxgrmm () = 1= Cry[1 = F)" > o onlF@L (416)
j=0 J7r=i=

Burkschat et al. (2003) have shown that the distribution function of GOS can be
written in the following form

1-F(x) 0 o v,
Fyommp () =1 —C,_ Gro g 4.17
X (rinm k) (X) 1/0 [y'yl—l,...%—l}y 17

where G7" ”( ‘h' """ ZZ) is Meijer’s G—function.

.....

The d1str1but10n function of rth GOS can also be presented in the form of Incomplete
Beta function ratio as under

FX(r:n.m,k)(x) :/ fr:n.m,k(t)dt

= 1), / fOU = FoYy g [Fn)dr

- 1),/ FOlL = Fop~!

1 m+1 !
x[ (== Fw) )] dr
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Now making the transformation w = (1 — {1 — F(1)}""") we have

Cr71 alF(x)] /
FX(r:n m,k) (x) = —/ wrfl(l — w)[Wr/(erl)]*ldw’
o Crym+1)" )

where o[ F(x)] = 1 — {1 — F(x)}"*!. So the distribution function of GOS is

F (0 =— 1 _p 1
X (r:n,m,k) F(r)(m n 1)r alF(x)] ) m+ 1

Crfl r Ir
= B\r, Lagren\ 7 — )
Cry(m+ 1)" m+1 m+1

where I, (a, b) is incomplete Beta function ratio. The distribution function of GOS
may further be simplified as

Cr I*(r)r(m'}’r ) Vr
FX(r:n,m,k)(x) = P »):LI ]CY[F(X)] T, !
r'ry(m+1) F(r~|—m—+1) m+1

Now using the relation

Vr k k Vr
r'{r+ = +n—1)--—a+n—r)r
m+1 m—+1 m—+1 m—+1

_ Cr— 1 r Yr
T m+1) \m+1)

FX(r:n,m,k) (x) = La[F(x)] (I", m’y—_;_l) y (418)

we have

The above relation can be used to obtain distribution function of special cases for
example using m = 0 and k = 1 in (4.18) we have

Fx¢no01)x) = Ipe(r,n—r+1);

which is (2.6), the distribution function of ordinary order statistics.

The distribution function of GOS has certain recurrence relations which are really
useful in computing probabilities for GOS from any parent distribution. We give a
useful recurrence relation between distribution functions of uniform GOS in the
following theorem.

Theorem 4.1 The distribution functions of uniform GOS are related as

Cr—2

q>r:n(-x) - (Dr—l:n(-x) = _(r — 1)'

(1 —x)"gr ' (x) (4.19)
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Proof We have

GI>m(x)=/ <pr;n(t)dt=/ (rcr_i),(l—t)”’”g; H(n)dr
0 0 -

Now integrating by parts treating (1 — )~ for integration we have

__ G =]
Pra) =T, e O

[ Cm a0
+ /0 {(r_ T (r)gmm]

C,
= (}’ — 1)'(1 _x)’)rgm ('x)
+/’“ G2 g — e
0 -2 "
or
_ ¢ e ]
D () = g (=07 @)
! Cr—2 Yr+m r—2
+/0 P — 07" g, (1t
— C 1 _ Ir
TSR e
* Crfz 1 — 1 2
+/0 (r—2)‘( t)? (t)dt
or
q)r,n(x): r — 1),( _x)’yr (x)+cbr 10 (%),
or
@ ® - G %
rn(X) — @1, (x) = _(}’ — 1)'( x)"g (X)

as required.

The relationship between distribution function of GOS from any parent distribution
is readily written as

FX(r:n,m,k) (X) - FX(r—l:n,m,k)(x) = [1 - F()C)] ”gm I[F(x)] (420)

- 1)‘
The corresponding relationships for special cases can be readily obtained, for exam-

ple the recurrence relation for distribution functions of ordinary order statistics is
obtained from (4.20) by usingm = 0Oand k =1 as
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Cr72

r— 1!

Fx(no0.1)(*) = Fx(—1m,01)(X) = — [1— F)I" " F@1r .

Recurrence relations for other special cases can be obtained in similar way.

4.9 GOS as Markov Chain

We have seen that the ordinary order statistics and record values form the Markov
chain with certain transition probabilities. In the following we will see that the GOS
also form the Markov chain with certain transition probability. The Markovian
property of GOS can be easily proved by looking at the conditional distributions
derived below.

The marginal distribution of rth GOS and joint marginal distribution of rth and
sth GOS are given in (4.6) and (4.10) as

C,_ ol
Fxemmin () = o= i),f(x){l — F) g F ()] 4.21)

and

C,_
= DlGs e i/ (0 F el = Fee)”

x g HF )1 — Flep)y !
X [ F (x2)} — Ry {F (x)}1F "

fr,x:n,m,k(xl s x2) =

Using above two equations, the conditional distribution of sth GOS given rth GOS

is readily written as
fr,s:n,m,k(xl ) X2)

fr:n,m.k(xl)

f?lr:n,m,k ()C2|X1) =

Co1f @)1 = FO)) A (F (x2)} = A {F )}
Cro1(s —r = D1 = Fo)}r=t=n
Co-1f ({1 = F)} [ {F (02)} = b { F 2} !

- Cr_i(s —r — D1 — F(x)}r+ . (4.22)

Again the joint density of first » GOS is given in (4.4) as

r—1
Srormm ik (X1, X2, 0y Xp) = Croy |:H{1 - F(xi)}mf(xi)]

i=1

x {1 — F(x)}" ' f(x). (4.23)
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Also the joint density of first  and sth GOS is

Cs -
Fiorsmmi (X1, X0, o Xp) = —— |:H{1 - F(xi)}mf(xi):|

T e-r-nr|
X [ { F (x2)} — hy{F (x)}1F !
X {1 — FQx)} " f(xy). (4.24)

Using (4.4) and (4.24), the conditional distribution of sth GOS given information of
first » GOS is

fl,,..,r,s:n,m,k (xl’ ey Xy -xs)

fl,...,r:n,m,k (X[)

fs|1,2,...,r:n,m,k(xs|xl’ e Xp) =

et [T = Fea)™ f O {1 = Fe)y ' £ (x)
o[ T2 = Faoy 6] (1 = FGedye= £ (xp)
Co 1 f 1 = )Y [ F ()} = b {F e}
Croals —r = DI = Fopr 1=
Cot f {1 = Fe)P ! [ {F ()} — b {F G}

B Cr_i(s —r — D1 — F(x)}r+ ; (4.25)

which is same as the conditional distribution of sth GOS given rth GOS and hence
the GOS form the Markov Chains.

The transition probability of GOS are obtained by using the conditional distribu-
tion of two contiguous GOS. The conditional distribution of sth GOS given rth GOS
is given in (4.22) as

Co 1 f {1 — Fxp)}!
Cra(s —r = DI = F(opr
X Ui F ()} = I (F )P

fslr:n,m,k (x2]x1) =

Using s = r + 1 in above equation the conditional distribution of (r 4+ 1)th GOS
given rth GOS is

Cr fxr1)f{1 — F(xr+1)}“/r+1*1
CrM{1 = F(x,)}r+

3 1= Fr) 7" flrgn)
— TS F ) 1= Fx,)

fr+1 |rin,m,k (xr+l |xr) =

(4.26)
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The transition probability of GOS is therefore

00
P(Xr+1:n$m,k > V| Xrnmk = )C) =/ Sratirmm k(e 1%, = x)d X, 41
y

[ [L=Flu ]
—/y ’Yr+1|: 1= F(x) ]

f(xr—H) d
Pa—— T
1—F(x)
or
P(Xr+1‘nmk > VI Xrnmk = ) FVV‘H / f(-xIJrl)
T {I—F(x)}%ﬂ y
X {] - F(errl)}’wrl derrl
or

4.27)

1— F(y) Vr+1
P(XrJrl:n,m,k = y|Xr:n.m,k - )C) - |:1——F()C) .

The transition probability for special cases can be readily obtained from (4.27).

For example using m = 0 and k = 1, the transition probability for ordinary order
statistics is obtained as

1-Fy) 7"

P(X 110 >y Xrn = bl B E—— .

(Xrs1m0.1 = Y1 Xrmo1 = x) [1 ~Fon

Transition probability for other special cases can be obtained in similar way.

4.10 Moments of GOS

The distribution of rth GOS is as like any conventional distribution and hence prop-
erties of the 7th GOS can be explored by computing its moments. The moments
computed for 7th GOS can be used to obtain the moments of special cases by using
specific values of the parameters. In the following we will discuss the moments of
GOS for any parent probability distribution. Recall that the density function of rth
GOS for the distribution F (x) is given as

Frnmi(x) = FOO = F)Y i [F ().

(r— 1)‘
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The expected value of rth GOS; X, ,,.r; is defined as

00
Hrn,mk = E(Xr:n,m,k) =/ xfr:n,m,k(x)dx

2/00 (C_ i/ @ {1=F) g '[Fx)ldx.  (4.28)

The expected value of some function of rth GOS is given as

E[t(Xrnmi)] = / 1) fromm s (X)dx

—00

_ * C _ r—1 r 1
_[mt(x - 1)'f(x) {1—F()}” [F(x)ldx.

Again the pth raw moment of rth GOS; /., .+ is computed as

00
:uf:n,m,k = E(an m k) _/ X fronma(x)dx
0

=/ x (C /@ = PPl Pl 429)

and the pth raw moment of any function of rth GOS is given as
E[{I(Xr:n’m’k)}p] = / {t(x)}pfr:n,m,k(x)dx
= [ teor EE ot - Feor g Pl

Using the probability integral transformation, the pth moment of »th GOS can also
be written as

1
Mf:n,m,k = E(Xf;n,m,k) = (Cr—i)'/ {F_l(t)}p(pr:n(f)dt
1)‘/ {(F'oa—nr g tat, (4.30)

where t = F(x) and x = F~!(¢) is the inverse function.
The joint density of rth and sth GOS provide basis for computation of product
moments of two GOS. The joint density of rth and sth GOS is given in (4.10) as
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Cs—
Frsmma @, 32) = o - i a0 f el = Fan)”
X G {F(xo}{l — Fa)}!

X [A{F (x2)} — hu{ F (x)}1F 1

Using the joint density, the product moment of rth and sth GOS is computed as

Hr.s:nmk = E(Xr:n,m,kXS:n,m,k) = / / x1x2fr,s:n,m,k(xl9 xZ)dXdel
X1

Cs—l o0 00 "
= oD = 1),/ /X1 xixo f () f(e){1 = F(xp)}
X g F ) Am{F (x2)} = hp {F ()}
x {1 — F(x)}* 'dxodx,. (4.31)

The (p, g)th raw moment of rth and sth GOS is readily written as
oo o0
uz;‘(:ln,m k= E(an m, kX:in m, k / / ‘xlp'xg fr,s:n,m,k(-xla .Xz)d.dexl
X

=(,_1),(S_,_1),// Pxd f G f )1 = F(x)”

X g {F ) {F (x2)} — hu{F (e}
x {1 — F(x2) ) 'dx,dx,. (4.32)

The (p, g)th central moment of rth and sth GOS is given as
ol mr = E[{Xrmmi = ttrnm i} {X nmr = tsnmi}?]-
The covariance between rth and sth GOS is readily computed from above as
Orsnmk = E[{Xrmmk — trmmi H{Xsmmrk — Bsmm i }]-
The correlation coefficient can also be computed easily.

Example 4.3 A random sample is drawn from standard exponential distribution with
density function
fx)=e*x>0.

Obtain expression for single and product moments of GOS for this distribution.

Solution: The distribution of rth GOS is

FOEO = F)Y i F (x)].

C,_
fr:n,m,k(x) - ( — 1)'
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For given distribution we have f(x) = e¢ " and F(x) = 1 — e~*. Now we have

+1
1

el

~F(x)] :( [1—{1-F() '"*‘])’ :

_ e*(erl)x]rfl

The distribution of X, , x is therefore

frnmk( x) = ( ])‘ e ¥ {1 7(m+1)x}r71

Now the pth moment of X ., « is

00
Hf:n,m,k = E(an m k) = / xpfr:n,m,k(x)dx
—00

C’—l * P ,—Vx —(m+Dx\r—1
=(r—1)' xe”{l—e } dx

; r—1
Z(r—l)'<m+ 1= 'Z(_)( i )
X/Oox ef[(’"ﬂ)’ﬂ’]xdx
0

1
(r—l)'(m+l)’ 12( 1)( i )

1
X
(on + Di + 7,7+

C(p+D.

The Mean of X, ,, « 1S

2< v (" o
frman ke = 1)'<m n 1y i )lm+Di+71
Again the joint density of X,., , x and X, x 1S

C,_
fr,s:n,m,k(-xlv .X2) = (r _ 1)‘(S _lr — 1)'f(X1)f(X2){l — F(xl)}m
x g {F (e H1 — F ()} !

X [M{F (x2)} — hu{ F (x)}1F 1
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Now for given distribution we have

CS_I e Mo 2 pmmA1

fr,s:n,m,k(x]vx2) = (r — I)V(S —r — 1)‘ ¢

7(m+1)x} rflef('yxfl)xz
m+ 1

1
X g*(erl)Xl _ 1 e*(m+l)xz s—r—1
m+1 m+1

_ Cx—l
S m A D2 = DIs —r — 1!

s i+ r—1\(s—r—1
2 2D (z)( j )

j=0 i=0
e—(m+l)(s—r—j+i)xle—[(m+l)j+%]xz‘

The product moments of order (p, g) are

00 00
q P49
X / / X1 Xy fr,s:n,m,k(xla X2)dX2dX1
—00 J x|

snmk
_ Cx—l
om0 = Di(s —r — 1)!
e r—1\(s—r—1
<> e () ()
j=0 i=0 ! J
/ / xlx e—(m+l)(s r— ]‘H)xle—[(m+l)j+’7:]x2dx2dxl

:ursnmk _E(Xrnmk

or
’u/p’q _ C5,1
sk T 4 1)$22(r — D)I(s — 1 — 1)!

s—r—1r—1 1i+j r—1 s—r—1
<z 3z ()0

j=0 i=0
1

X
(p+ D{Gn + 1) j + s }ptat?
(s—r—j+i)(m+1):|
x2Fi|p+1,p+q+2;p+2 - .
2 1|:P pT4q p m+1Jj+7

'p+q+2)

The Covariance can be obtained by using above results.
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Example 4.4 A random sample is drawn from the Pareto distribution with density
function

fx)= +l,x>c1/a,a,c>0.

Show that the pth moment of rth GOS for this distribution is given as

Crfl (k)

A P A
lu’rnmk_E(Xr"mk) ¢ Cr—l(k_p/a)’

where notations have their usual meanings.

Solution: The pth moment of rth GOS is given as

00
,uf:n,m,k = E(an m, k) = / xpfr:n,m,k(x)dx

o0

=/°° x"(c i/ O = FOOF g ol

Using the probability integral transform, the pth moment is given as

C,_
(r— IV

/{F 'O} A =g t)dt.

H’r momk T E(Xrnm k) / {F (t)}psﬁr il(t)d[

(r— 1)‘
Now for given distribution we have
Jx) = +Px>c

So

Also by using t = F(x) we have

t=1 —ia = X = F_l(t)z [l(] _t)]—l/a.
x c

Hence the pth moment of »th GOS for Pareto distribution is:
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Hrmmk = 1), / {Froya—-or g wdr

Crfl : —1/a |p Ir_l r—1
= Iy /0 ;(1 —1) 1—1) (H)dt

1
= Cri /a/ (1 _t)(kfp/a)+(n7r)(m+1)gr71(t)dt
r—1n! 0 m
or
i’ e Cr_i(k) Cr—1(k—p/a)
rmm Croy(k—pjay (r—1)!
1
X / (1— t)(k—p/a)+(n—r)(m+1)gr—l(t)dt
0
— Cp/a Crfl(k) :
Ci_i1(k—p/a)
as

Cr— (k 4 a) ! —p/a)+(n—r)(m r—
(lr — 1)|/ /0 (1- t)(k pla)+(n—r)( +1)gm l(t)dt =1,

as required.

4.11 Recurrence Relations for Moments of GOS

The moments for GOS from any parent distribution F(x) can be used to obtain the
expression for special cases by using certain values of the parameters involved. As
we have seen in previous two chapters that the moments of ordinary order statistics
and record values are connected via certain relations. We have also seen that those
relations can be used to compute higher order single and product moments by using
information of lower order moments. In this section we will discuss the recurrence
relations between single and product moments of GOS and we will see that the recur-
rence relations for single and product moments discussed in previous two chapters
turn out to be special cases for recurrence relations discussed below.

Various properties of GOS are based upon the probability integral transform of
any probability distribution. Some of the properties are given in the following by
first noting that the density of Uniform GOS is given as

(1 —x)""'g 1 (x),

C,_
Spr:n(x) = fU(r:n.m,k)(x) ( — 1)'
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and the density function of rth GOS from any distribution is given as

Cr—]
r— 1!

Fxenmp(x) = FEO1 = F)Y i [ F (x)].

The density function of rth GOS from any parent distribution; with distribution

function F(x); is readily derived from the density of Uniform GOS by using the
relation

fX(r:n,m,k)(x) - fU(r:n,m,k){F(x)}f(x) = QO{F()C)}]C()C), (433)

where f(x) is the density function. The density function of uniform GOS are con-
nected through various relationships. Some of these relationships are given below:

Vr41Prn(X) +r(m + 1)ri1:0(X) = Y10rm—1(x) )
’7r+1{90r+1:n(x) - (Pr:n(x)} = 71{90r+1:n(x) - (Pr:nfl(x)} (ii)
Vl{Qor:n(x) - @r:n—l(x)} =r(m+ 1){30r:n(x) - (Pr-‘rl:n(x)} (iii)

The first relation is readily proved by noting that

Cr(n) = {k + (I’l —r— 1)(m + 1)}Cr71(n)
Cr(n) = {k + (}’l - 1)(m + l)}Cr—l(n—l);

C,(n) 1s C, based upon the sample of size n etc. Now consider left hand side of (i) as

Vr1Prn (X) +1(m + Dor g1 (x)
=k+m—r—1Hm+1)}

Cr—itm) ket (n— .
% 1— (n—r)(m+1)—1_r—1
IS g ()
+r(m+1)
_Cr n—r—1)(m -1 _r—
% r('n) (1 _ x)k+( 1)(m+1) lgm l(x)}
_ _CGw (1 = )kFE=DOED=1 =1 (0 4 1 1)
-1 m
% I C’”(”) (1 _ x)k+("7r71)(m+1)71gr71(x)
L(r— 1! "
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or
YVri1Prn (X) + (M 4 1)@r 10 (%)
= %(1 — xyfFmr=DED=1 o=
X[ =)™+ m 4+ Dgn ()]
= %(1 — xyfFmr=DE D=1 =1 5
or

Yr41@rn (X) + 1 (m + 1)<Pr+l:n(x)
_fk+ (= D(m+ DYCr_1-1)
N (r—1!

X (1 _ x)k+(11—r—l)(m+l)—lgrrn—1(x)

= VNMPrn-1(X),

as required. Other two relationships can be proved in same way. The relationships
between density function of uniform GOS provide relationship between density func-
tions of GOS for any parent distribution. These relationships are given below:

'YrJrlfr:n,m,k(x) +r(m+ ])frJrl:n,m,k(x) =M frinfl,m,k(x) ()
7r+]{fr+l:n,m,k(x) - fr:n,m,k(x)} = '}/I{fr-&-l:n,m.k(x) - fr:n—l,m,k(x)} (i)
’Yl{fr:n,m,k(x) - fr:nfl,m,k(x)} = r(m + 1){fr:n,m,k(x) - fr+1:n,m,k(x)} (111)

Using above relations we can immediately write following relations between
moments of GOS

’y’JFlluf:n,m,k + r(m + l)ui{)+l:n,n1,k = ’yllu‘f:nfl,m,k (1)
Yr+1 {Merl:n,m,k - 'u‘f:n,m,k} =N {'u‘errlzn,m,k - :u‘f:nfl,m,k} (11)
M {u’f:n,m,k - Mi["):nfl,m,k} =r(m+ 1){luf:n,m,k - :uerl:n,m,k}’ (iii)

The second relation can be alternatively written as

p p _ p P
Yr+1 {Mr+l:n,m,k - lur:n,m,k} =N {M;‘+1:rl,m,k :ur:n—l,m,k}

or

P P _ P o
Vr+1Hy s tnm ke = Vv tmmk = Vr+tHemm ke = VHrin—1,mk
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or
P _ p P
(ry"""l - 71)“r+1:n,m,k - ’Y"‘*‘l'u‘r:n,m,k -n 'u‘r:nfl,m,k
or
p _ p p
—r(m+ l)lur-&-lzn,m,k =T+l mik = VHrin—1,m.k
or

p P _ P
V1B mk = VU —1,m.k r(m + 1):ur+1:n,m,k'

This relation reduces to corresponding relation for simple order statistics for m = 0
and k = 1. The relationship between moments of GOS given above hold for any
distribution. Distribution specific relationships between single and product moments
of GOS have been studied by various authors. The distribution specific relationships
between single and product moments are readily derived by using a general result
given by Athar and Islam (2004). We have given the result in a theorem below.

Theorem 4.2 Suppose a sequence of random variables {X,;n > 1} is available
from an absolutely continuous distribution function F(x). Suppose further that
Xyn.m ik berth GOS of the sequence then following recurrence relation hold between
moments of the GOS

pcr 1
Hemmk = Frtmmk = / X THL = For gy~ IF (0))dx; - (4.34)

and

00
ui — P _ qCs—i / / P a7
r,s:n,mk rs—lmmk — 142
Ys(r = Ds —r = DV oo Js,

x f{l = Fx))" gy "{F (x1)}
X [ {F (x2)} — hp{F (x )}

x {1 — F(x2)}"dx,dx;. (4.35)
Proof We have
Iu’rmnk E(Xrnmk) = / 'xpfl‘:n.M,k(x)dx
/ 1),f( Ol = F)I" g, [F (x)]dx

r 1

-1

/ xP fO[1 = Fo)1" ' go ' [F (x)]dx.

1

Integrating above equation by parts taking f(x)[1 — F(x)]”"~" as function for

integration we have
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P i R {1—F@)pr|~
/J'r:n,m,k - (I" _ 1)||: xpgm {F(x)} -~

/ {px""'g, " [F )]+ (r — DxP g, *[F(x)]
—{1 — F(x)}» dx}

r

x [1 = F(0)]" f(x)}

_ L/ xPH1 = FoYr g, ' F (x)1dx
'Yr(r - 1)'
=D / xP fIL = F@)" g, LF (0)ldx
'Yr(r - 1)'
. L/ P 1{1 —F(x)}”gm [F(x)]dx
'Yr(r - 1)'
4 C / x”f(x)[l _ F(x)]”/’r 1—lglrn Z[F(X)]dx
(r —2)! —00

Since

Cr *©
e ] / @I = FOP g PP ()M,

hence above equation can be written as

pCr 1 , /
Hranmk = m/ XYL = FOoY g TRl + 1l i
or
pCI 1
1Yk = Mtk = NPT / xP N1 = F))r g ' F (x0)]dx,

as required. We can readily see; from (4.34); that for p = 1 following recurrence
relationship exist between expectations of GOS

ok — itk = / (1 FOY g [Foldx.  (436)
,<r—1>'

We also have an alternative representation for recurrence relation between single
moments of GOS based upon probability integral transform of (4.34) as under

C.-
/Lf:n,m,k_ﬂffl:n,m,k ’Y?r 11)|/ {F l(t)}p I{F l(t)}/

x(1=0"g, “Y(t)dt. (4.37)
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The representation (4.37) is very useful in deriving relations for specific distributions.
Again consider

00 00
pP.q _ P q _ P49
Mr,s:n,m,k - E(Xr:n,m,sz:n,m,k) - / / X1 X fr,SiﬂJﬂ,k(xlv Xz)ddexl
X1

T - 1)'(s —r—1! / / x{x3 f ) f ) {1 = F(x))"

% go HF ) Hhm{F (x2)} — R {F (1)}
x {1 — F(x))}* 'dx,dx,

or
p.q _ Cs—l /00 P _ m
:ur,s:n,m,k - (r _ 1)‘(S —r — 1)‘ 'xl f('xl){l F()C])}
X g F (e (x)dxy (4.38)
where

I(x2) = / X3 )l = F)} Ay {F (x2)} — h{F (x)} " dx,.

X1

Integrating above integral by parts using f(x2){1 — F(x2)}*~! for integration we
have

1—F 2 R
1(x2) = =y [hu{F (x2)} — hm{F(xl)}]S’I%
1 o0 B ‘
+ [0 Ul FG)} = bl F Gy~

+(s — 1 — DxI[hp{F (x2)} — hu{F (x)}1F 2
x {1 — F(x)}" f(x) {1 — F(x2)}"dx,

or
oy =4 / 3 T (F(62)) = o (F G

x {1 — F(x)}"dx, + (S_;—_l)/ x5 f (x2)

X [ F (x2)} — hy{F ()} 7721 = F(x)} " "dx,.  (4.39)
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Now using the value of I (x;) from (4.39) in (4.38) we have

Hesmmk = (72 mf;‘_l p— /_ Z x fOoell = F)" g (F ()
x [% /Xlooxg_l[hm{F(xz)} — B F D)
x {1 = F(xp)}*dx, + (S_;—_l) /OO x5 f(x2)
X [ {F (x2)} — hm{F<x1)}];’*2{1 . F(x)} " dxy |dox,
or
s ] /: /Oo Tl = Py
X gr {F ) Am{ F (x2)} — h{F ()}~
X AL = F ()} dadx + — (is—_{)!zs 1_)6;’_1 o
x / : / Doxf’xé’ f @) f @)l = Faen))" gy "{F ()}
x [hm{Folcz)} — h{F )} {1 = F(x)} " doxydx
or
Hesnmk = = f)ﬁ;’j p— / : / loox{’xé’“ﬂxl){l ~ F(a))"
X gp {F ) { F (x2)} — h{F ()}~
x (1= F)) dusdx + — 1)!?5_—2 p—TY
x /Z /xooxfng(xl)f(xz){l — Fx)Y" g, "{F ()
x [hm{Folcz)} — h{F )} {1 = F ()} dx,dx,
or
e ] /: /OO Tl = Py

X g HF ()M F (x2)} = By (F (x1)31° !
X {1 - F(x2)}%dx2dx1 + Nf,;q_l;n,m,k,
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or

¥s(r — Di(s —r — 1)!

x fe){l = Fe))" gy "{F (x1)}
X [ { F (x2)} — hp{F (x )}
X {1 — F(x2)}"dx,dxy;

00 [}
P.g Py _ qCs—i P a1
lur,s:n,m,k iu‘r,sflzn,m.k - 142
—00 Jxi

as required.
‘We now present recurrence relations for single and product moments of GOS for
some special distributions.

4.11.1 Exponential Distribution

The density and distribution function of Exponential random variable are given as
f(x)=ae " a,x >0

and
Fx)=1—e.

We note that

fx) =a[l — F(x)]. (4.40)
Consider (4.34)
p p _ PG * =l _ Yo" FO)d
Mr:n,m,k _p“r—l:n,mﬁk - m 7oox { - (.X)} I [ ()C)] X
_ pCrfl * p—lg1 Y =1
= G- /wox t=re

x [1 = F(x)lg,, '[F(x)]dx.

Using (4.40) in (4.34) following recurrence relation between single moments of GOS
has been obtained by Ahsanullah (2000)

p p pCr /OO p—1 y—1
: - . = — 1—F r
Mr.n.m,k Mr—l.n,m,k 0‘7}*(" _ 1)' 7oox f(x){ (x)}

x g ' [F (x)]ldx

or p
P 4 _ p—1
Hemmbk = Br—tmm ke = Foinm ko
ary,
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or
14 -1
p’f:n,m,k = :u‘fflzn,m,k + :u‘f:n,m,k (441)
ay,

The relationship (4.41) reduces to corresponding relationship for simple order sta-
tistics given in (2.58) for m = 0 and k = 1. Again consider (4.35) as

Pa X _ qCs— o Ooxpxq_l
Mr,s:n,m,k lu’r,s—l:n,m,k - '}/s(r _ 1)'(5‘ — - 1)| . 12

x fOel = F))™gh {F (x1)}
X [ { F (x2)} — R {F (x )} !
X {1 = F(x2)}"dx,dx;.

or

00 00
W — P _ qCs—i / / P yd!
r,s:n,m,k rs—lnmk — 142
Ys(r = DWs —r =DV oo Jy,

x fe){l = Fe))" g "{F (x1)}
X [ {F (x2)} — hy{F ()}
x {1 = F(x))}" 7 '[1 — F(x2)ldx2dx;.

Now using (4.40) in above equation we have

1P —g _ qCs—1 /OO /OO P yd!
r.s:n,mk r,s—1:n,m,k OZ’YS(V _ 1)'(5‘ —r— 1)' ooy 12

x fen) f )l = FGen)Y" gl "{F (x1)}
X [ {F (x2)} — h{F (x1)}1" "
x {1 — F(x)}*  dx,dx,

or
/’Lf,gn,m,k - luf,jrq—l:n,m,k = 1 /’[’Zi::ln_,tln,k
g
or
Mf,ﬁn,m,k = :uf,;q—lzn,m,k + ai%:uf,;qn_,rln,k (442)

Using s = r + 1 in (4.42) we have following relation between product moments of
two contiguous GOS

P.a _ . pta 94  pa-1
:u“r,r+1:n,m,k - :ur:n,m,k + :u’r,rJrlzn,m,k'
Qs
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The recurrence relationship given in (4.42) reduces to relationship (2.59) form = 0

and k = 1. Further, form = —1, the relationship (4.42) reduces to recurrence relation
for product moment of record values given in (3.47).

4.11.2 The Rayleigh Distribution

The density and distribution function of Rayleigh distribution are
f(x) = 2ax exp(—ax?); a, x > 0;

and
Fx)y=1- exp(—axz).

The density and distribution function are related as
f(x) =2ax[1 — F(x)]. (4.43)

Using (4.43) in (4.34) Mohsin et al. (2010) has derived recurrence relation for single
moments of GOS for Rayleigh distribution as under

P P _ PG > p—1 Y =1
Prnmk = Mr—tnmk = ;. 1y X {1 - F(x)} 9 [F(x)]dx

Yr(r =Dl
B 71();»@__11)' /°° P = Fopr™!

X [1 — F(x)]g. '[F(x))dx.

Now using (4.43) in above equation we have

P P _ pCr1 o p—2
lur:n,m,k lu’r—lzn,m,k 20[,_% (}’ _ 1)' /—oox f(x)

x {1 — F()) i [F(x)]dx;

or »
P P _ p=2
lu’r:n,m,k - lu’r—lzn,m,k - Mur:n,m,k
r
or )
p _ P p—2
Mr:n,m.k - lu’r—lzn,m,k + 20[/7 :u’r:n,m,k' (444)
r

Again consider (4.35) as
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(P —e _ qCs—1 /oo /Ooxpxq—l
r,s:n,m,k r,d‘—]i}’l,m,k ,}/S (r _ 1)'(5 —r = 1)| N 1 2

X f{l = Foe)) g F (x)))
X [ F (x2)} — Ao {F (x)} !
x {1 = F(x)}" [ — F(x2)]dx2dx; .

Now using (4.43) in above equation we have

C o0 o0
ui — P _ qCs—1 / / Py a2
,s:n,m,k s—Ln,mk — 142
fsm rem L m 20, (r — DIs —r — D! J_oo Jy,

x ) f){l = Fe)Y"gh "{F (x1)}
X [ {F (x2)} = hp{ F (x)}1 !
x {1 — F(xz)}%fldxzdxl.

or

p.q pq _ 49 pqg—2
lu’r,s:n,m,k - /J‘r.s—l:n,m,k - lu’r,s:n,m,k
20
or q
P.q _,Pa p.q—2
ur,s:n,m,k - ur,s—l:n,m,k + p’r,s:n,m,k' (445)
2y

The recurrence relation for single and product moments for special cases can be
readily obtained from (4.43) and (4.44).

4.11.3 Weibull Distribution

The density and distribution function for Weibull random variable are
fx) =apx’! exp(—axﬁ); x,a, 8> 0;

and
F(x) =1 —exp(—ax”).

We also have
f(x) = aBx1 = F). (4.46)

Now using (4.46) in (4.34) we have

p p pCri * ps
/’Lr:n,m,k - /’Lr—l:n,m,k = m o X f(X)
" !

x {1 — F(x)) ' gr ' [F(x)ldx.
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or
:urp:n,m,k - quzn,m,k = ﬁwﬂfzp{g?kv

or /
Y e = b tmmi T ag’yr ,(Ij;,;j)k (4.47)

The relation (4.47) reduces to relation (4.41) for 3 = 1 and to (4.44) for § = 2 as
expected. The recurrence relation between product moments can be derived by using
(4.35) as

00 00
ui — P _ qCs—i / / P yd!
r,s:n,mk rs—lmmk — 142
Ys(r = DUs —r = DV oo Js,

x fe){l = Fe))" g "{F (x1)}
X [ {F (x2)} — hy{F (x)} !
x {1 — F(xz)}%_l{l — F(xp)}dx,dx;.

Now using (4.46) in above equation we have

uPa —g _ qCs-1 /oo /OO X P48
r,sn,m,k r,s—1:n,m,k 065'75(7' _ 1)'(5‘ —r - 1)' ooy 142

x ) fea){l — FGe)Y gl F (x1))
X [ {F (x2)} — hp{F (x1)}1" !
x {1 — F(x2)} 'dxodx,

or q
Pq P4 _ P-q4—p
Mr,s:n,m,k - u’r,.v—l:n,m,k - /’[’r,s:n,m,k7
alBys
or q
Pq _ P4 P.q4—p
lur,x:n,m,k - lu’r,x—l:n,m,k + /’Lr,s:n,m,k' (448)
37

Further, by using s = r 4 1, the recurrence relation between product moments of
two contiguous GOS for Weibull distribution is obtained as

p.g _ Pt 94  pa-p
iu‘r,rJrlzn,m,k - Mr:n,m,k + iu‘r,rJrlzn,m,k'
Bys

The corresponding relationships for Order Statistics and k—Upper Record Values
can be readily obtained for (im = 0; k = 1) and m = —1.
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4.11.4 Power Function Distribution

The Power function distribution has density and distribution function as

O(x —a)?~!

o 7 <x<b,0>1
—da

fx) =
and

)
F(x)=(u) ca<x<b,0>1.
b—a

We can see that following relation holds between density and distribution function
b—-x)f(x)=0[1—-Fx)]. (4.49)

The recurrence relations for single and product moments of GOS for Power function
distribution are derived by using (4.49) in (4.34) and (4.35). From (4.34) we have

PCr 1
Mf:n,m,k - u’fflzn,m,k - (r _ 1)’

_ pC’ 1 -1 _ ¥ —1
[1—F(x>]g’ '[F(x)]dx.

/ xP N1 = F()) g ' [F (x))dx

Using (4.49) in above equation we have

p —uP _ PG p=1cp —
Mr:n,m,k p’rflzn,m,k 9,)/ (r _ 1)‘/ X (b x)f(x)

x {1 — F(x)}" g0 [F(x)ldx

or
pr) 1
Mf:n,m,k - p’fflzn,m,k m/ xP” 1(b —x)f(x)
x {1 — F(x)}" g0 [F(x)ldx
pCr 1 p
T = 1)'/ F@
x {1 = F()) g [F(x)]dx
or

bp p
Mf:n,m,k - p’fflzn,m,k H’Y /’Lfn mk 9’7}’ lu‘rp:n,m,k



4.11 Recurrence Relations for Moments of GOS 165

or b
p P p-1

(1 + %)p’fzn,m.k = Wuf:n,m,k + Mf—l:n,m,k
or

po= bl Oyl ) 450

Mr.n,m,k p 4 9"}7 (p Mr.n,m,k Y lur—l.n,m,k ( )
We can see that for m = —1, the recurrence relation (4.50) reduces to (3.34) as it
should be. Again consider (4.35) as
Pg b _ qCs—i oo/oo P g-1
Mr,s:n,m,k lu’r,xfl:n,m,k ’Ys(l’ . 1)'(5‘ — = 1)| /—oo - X1 X

x fe){l = Fe))" g "{F (x1)}
X [ {F (x2)} — hy{F ()}
x {1 = F(x)}" {1 — F(x2)}dx2dx;.

Now using (4.49) in above equation we have

1P e _ qCs_y /°° /°° Pyl
r,s:n,m,k r,s—1n,m,k G’Ys(r _ 1)‘(5‘ —r— 1)‘ ooy 142

x fe){l — F)Y g, HF ()
X [ F (x2)} — hp{F (x)} !
x {1 — F(x)}" (b — x2) f (x2)dx2dx;

or

bqC;s_, / / -1

psq p.q § P9

M, . — U . = X1 X
r.s:n,m.k r.s—1n,mk 07& (r 1)'(.9 r 1)' 8 . 142

x f ) fe){l = F)" gh H{F (x1)}
X [ {F (x2)} — hy{F (x1)}1° "
x {1 — F(x2)}* Ydx,dx,

_ qCs-1 /oo /ooxpxq
Oy (r — DIs —r — DV oo )y, 7172

x fe) f )l = FGen)Y g "{F (x1)}
X [ {F (x2)} — hy{F (x)}1"" !
x {1 — F(x)}* dx,dx,

or
q bq p.g—1 _ q

Pq
s—lin,mk — 0,}/ lur,s:n.m,k 9"}/ lur,s:n,m,k
s s

P p
Koy sinm ke — Mo,
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or
q ) bq q—1 s
(1 + a_%)uf,x[{n,m,k = WMZ;{"xmvk + /'Lf,sq—l:n,m,k

s

or
bq -1 05
)20 p.q p-q
! = ! + ke 4.51
,Ur,s.n,m,k q ¥ 6’}/3 ﬂr,s.n,m,k q + 973 Mr,s 1:n,m,k ( )

Using s = r 41 in above equation we have following recurrence relation for product
moments of two contiguous GOS for Power function distribution

s ,q—1 —+
Miﬁ&-l:n,m,k = (bquf,rz—l:n,m,k + 9’)/5/1},,’:”3",]() . (452)

q +07s

The recurrence relations (4.51) and (4.52) reduces to recurrence relations for product
moments of upper record values for m = —1. Further, using 6 = 1 in (4.50), (4.51)
and (4.52) we can readily derive the recurrence relations for single and product
moments of GOS for Uniform distribution.

4.11.5 Marshall-Olkin-Weibull Distribution

The Marshall-Olkin-Weibull distribution is an extension of Weibull distribution. The
density and distribution function of Marshall-Olkin-Weibull distribution are

AOx 01 exp(—xe)

fx) = 5:x,0,0>0

[1 BTN exp(—xe)i|

and
A exp(—x(’)

Fx)=1— .
[1 —(1=X exp(—x(’)i|

The density and distribution function of Marshall-Olkin-Weibull distribution are
related as

1
L= Fo) = o[l == exp(—x’)] f(x). (4.53)

We can see that the Marshall-Olkin-Weibull distribution reduces to Weibull distribu-
tion for A = 1. Athar et al. (2012) have derived the recurrence relations for single and
product moments of GOS for Marshall-Olkin-Weibull distribution by using (4.53).
We present these relations in the following.
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Consider (4.34) as
rCr . or—
Mf:n,m,k - Mf—l:n,m,k = "}/(l’——ll)'/ xP= 1{] F(x)}%gm I[F(x)]dx
pCr _

x [1- F(x)]gr '[F(x0)]dx.
Using (4.53) in above equation we have

pCr_1 0 —
Mf:n,m,k - Mf—l:n,m,k m/ xP~ f(x){l - F(x)}ﬂy :

x [1 =1 = N exp(—x") g5 [F (x)ldx

or
pCr_1 0 —
Mf:n,m,k - Mf—l:n,m,k m/ xP” f(x){l - F(x)}ﬂy !
. p( = NG,
< (Pl — P o
X / x P exp(—x) f(x)

x {1 — F()) " gr 7 [F(x)]dx

Now expanding exp(—xe) in power series we have

P — P L p—t 1—F =1
:ur:n,m,k /J’r—l:n,m,k G'Yr(r . 1)‘ / X f(x){ (X)}
I—A
x gy IF@ldr — 20—
Y

- (_l)h Crl / xP- 0(1—h)
Xhzz(; n =1 Fx)
x {1 — F(x)y i [F(x)ldx

or

P p—6 p(l—X) i (—1)h p—0(1—h)

14 14
'u‘r:n mk 'u‘rflzn mk — :u“r:n m,k :ur:n,m k
i, 1, g,yr Sm, G,Yr — h] B
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or

P _
p’f:n,m,k = Iu‘rpfl:n,m,k + ﬁlu‘r:n,m,k

o0

B Ty
_pd )\)Z( D il (4.54)

| rin,m,k
9")/, h=0 ’

We can readily see that the relation (4.54) reduces to (4.47) for A = 1. The recurrence
relation for product moments is derived by using (4.53) in (4.35) as under

Pa X _ qCs— o Ooxpxq_l
Mr,s:n,m,k lu’r,s—l:n,m,k - '}/s(r _ 1)'(.5‘ — - 1)| . 172

x fafl = F)Y"gh HF ()}
X [ {F (x2)} — hy{F (x)}1" !
x {1 — F(x)}" M1 — F(x2)}dxadx;.

Now using (4.53) in above equation we have

C 00 00
uha e _ qCs—1 / / P xd~?
r.s:n,m.k rs—1lmmk — 142
Oys(r = D —r — D! J_oo Jy,

x fx) f){l = F(xp)}" gl {F (x1)}
X [hu{F (x2)} = hy{F (x)}1* "

x {1 — F(x)}"!

x[1=(1=X exp(—xa)]dxzdxl.

or

uPe P _ qCs-1 /Oo /OO K0
r,s:n,m,k r.s—1n,mk 9’73(7' _ ])'(S —y— ])' oo )y 12

x ) fe){l — Fx)Y"gh '{F (x1)}
X [ {F (x2)} — hy{F (x1)}1° "
x {1 — F(x)}* dx,dx,

_ Q(l_)‘)cs—l /oo /Ooxpxq—ﬂ
Y =D —r—D ) ), 177

x exp(—x?) £ (1) f ) {1 — F(xp)}"
x g {F () H1 — F(xp)} ™!
X [A{F (x2)} — h{F (x1)}1 ™ " dxpdxy
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or

MPJ{ _ Hﬂ-q — q /Jpq —0 CI(l - )\)CS,1
r,s:n,m,k r,s—l:n,m,k 9 rsn,mk 0’}/;(7’ _ 1)'(5‘ o — 1)'

( l)h/ / —0(1—h)

X f(xl)f(xz){l — F(x)}"
x g {F () H1 — F(xp))r ™!
X [ {F (x2)} — hy{F (x)}I ™" " dx,dx

or

P-4 P 4 pg-0 g1 =)
:ur,s:n,m,k p‘r,sfl:n,m,k 9,}/ 'urs momk Q'Vs

o0
4= 0(1 )

or

q pq —0
97

p.q
l’[’r,.v:n.m,k -

q(l - >\) Z (_1) p,qfﬁ(lfh).

! r,s:n,m,k
05 — h!

The recurrence relation (4.55) reduces to (4.48) for A = 1 as it should be.

4.11.6 The Kumaraswamy Distribution

169

(4.55)

The Kumaraswamy distribution is a simple yet powerful distribution. The density

and distribution function of Kumaraswamy distribution are
f@=afx M1 =290, f>00<x<1

and
Fx)=1— (1 —xM7.

The density and distribution function are related as

1—F(x) = aiﬁ[x—w—” — x| f(x).

(4.56)

Kumar (2011) has derived the recurrence relations for single and product moments
of GOS for Kumaraswamy distribution. We give these relations in the following.
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Consider (4.34) as
rCr . or—
Mf:n,m,k _Mf—l:n,m,k = "}/(l’——ll)'/ xP= 1{] F(x)}%gm I[F(x)]dx
C,
= P / L= Py
7= 1!

x [1 = F(0)lg, ' [F(x)]dx.
Now using (4.56) in above equation we have

P e _ PGt [T iy S
Mr:n,m,k /j‘r—l:n,m,k - Oéﬁ')/r(r _ 1)| [oox {1 F(x)}

x [x7@D —x] £ ) gl [F (x)]dx

or
p _ P pC’ 1 p—a
/“‘Lr:n,m,k /“‘erlzn,m,k aﬁ%(l’ _ l)’ / X f(x)
x {1 — Fx)}" g, ' [F(x)]dx
pCr 1 p
e
x {1 — F)})" ' gpm ' [F (x)]dx
or )
p p P~
lu’r:nm _/"'erinm :_lj’r:nm l"’rnm
ok tmk Ty 3y, Primamk 046% k
or
p 14 p p—«
1+ )H’r'nm /'l/r n,m, + /’(’rnm
( aﬁ’}/r m,mk 1 k ﬂ’}/ k
or |
p pP—« P
:ur:n m = i (plu“r:n m + aﬂfyr,u’rf n,m ) (4‘57)
R p 4+ aBy, mk fin.m.k

The recurrence relations for single moments of GOS for standard uniform distribution
can be obtained from (4.57) by setting & = 5 = 1. Again consider (4.35) as

R p, qu—l ° o —1
#ﬁsq:n,m,k - iu‘i,sqflzn,m,k = 'Ys(r _ 1)'(S —r — 1)! / /Xl xfxg
x fe){l = Fe))" gy "{F (x1)}
X [ {F (x2)} = hy{F (x1)}1° !
x {1 = F(x)}" {1 — F(x2)}dx2dx;.



4.11 Recurrence Relations for Moments of GOS 171

Using (4.56) in above equation we have

P X _ qCs—1 /°° /OO Pyl
r,s:n,m,k r.s—1n,mk 045'75(7' _ 1)'(5‘ — = 1), oo )y 142

x ) fe){l = Fx)Y"gh ' {F (x1)}
X [ {F (x2)} — h{F (x1)}1° "
x {1 — F(xp)}™! [xz_("_n — xz]dxzdxl

or

P — P _ qCs /°° /°° Pyl
r.s:n,m.k r.s—1n,mk Oéﬁ"/s(r _ 1)'(5‘ — = 1), o)y, 142

x ) fe){l = Fe)Y"gh '{F (x1)}
X [ {F (x2)} — hy{F (x1)}1° "
x {1 — F(x2)}  'dx,dx,

_ qCs-1 /Oo /ooxpxq
aby(r—DIs —r =D ), 7172

X O f (L= Faen)"g, ' (F ()
X [hp{F (x2)} — hm{F(xl)}]s—r—l
X {1 = Flo)P*dxydy

or
q p.g—a q

04/6'% oy sinmk — aﬁ’)’s

p-q P-q _ p.q
lur,s:n,m,k - :ur,sflzn,m,k - IU‘r,s:n,m,k

or

q , q q— .
(1 + aﬁ,ys)lu’f,;{n.m,k = 0467& lu’fsqn;:Lk + uf.sq—lzn,m,k

or

1 .
Wi = o (e 0 ) (45
N

Using @« = [ = 1 in (4.58) we can obtain the recurrence relations for product
moments of GOS for Uniform distribution.

Example 4.5 A random sample is available from Uniform distribution over the inter-
val [0, 1]. Show that

Cr72 (k)

Mrnmk — Hr—l:nmk = Ma

where notations have their usual meanings.
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Solution: We have following recurrence relation for moments of GOS:

pCr—
Mf:n,m,k - Mf—l:n,m,k Y (r . 11)’ / {F l(t)}p I{F 10)}/
x (1 —0)"g " (t)dt.

For p = 1 we have:

Hrnmk — Br—lnmk = 'y(rr 11)'/ {F l(t)}/(l f)’\/' l(t)dt.

For standard uniform distribution we have
fx)=10<x<1
and F'(x) :/ f@®)dt = x
0
sot = F(x) gives t = x and hence
=F'0)=t{F '} =1

So we have

Hrnmk — Mr—1:n,mk =

/ (A —=0)rg N (t)dt

( 1)'/ (1— t)(k+1>+(n r)(m+1)—1 r l(t)dt
r—

Crak) Gkt D)
Cri(k+1) (r—1n!

1
x / (1 _ l)(k+l)+(’1_r)(m+l)_lg’;—l(l)dl
0

(r— 1)!

_ Cr72(k)
Cr—l(k + 1) '
as |
Cr_ (k+1) n—r)(m -1 _r—
(rl_ D1 /0 (1— t)(k+1)+( )(m+1) lgm l(t)dt =1,

as required.
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4.12 Relation for Moments of GOS for Special Class
of Distributions

We have shown that following recurrence relation hold between single moments of
GOS for any parent distribution

PCr 1
,uf:n,m,k - :u‘f—l:n,m,k m/ xP~ 1{1 — F(X)}m [F(x)]dx (4.32)

Using probability integral transform, above relation can be written as

C -
Mf:n,m,k_ﬂffl:n,m,k ,yl(jr 11)’/ {F l(t)}p I{F 1(t)}/

x(l—1)"g, “Lt)dt. (4.59)

The relation (4.59) is very useful in deriving recurrence relations between sin-
gle moments of GOS for certain class of distributions depending upon choice of
{F - (t)}/ . In following theorem; given by Kamps (1995b); we present a general
recurrence relation between single moments of GOS for class of distributions defined
as

1
{F'®) = i 1) a=pOemEDES =L gPi () on (0, 1). (4.60)
Theorem 4.3 If the class of distributions is defined as
1
{F_l(t)}/ — 3(1 _ t)(q—ﬁl)(m+1)+.¥1—lgrly7[1 (1) on (0, 1);

withd > 0,p1,q € Z and sy > 1 — k then following recurrence relation hold
between moments of GOS

Mf:n,mk Mr Lnmk = pKl'Lr+pl n+qu+57 (461)
where

1 Cr2(n, k) (r+pr—D!
dCripaitq.k+s) (-1
= Mrnmk — Hr—1:n,m,k-

K =

Proof We have following recurrence relation for moments of GOS

P D _ pCr_i ! —1 p—1 -1 /
Mr:n.m,k Mr—l:n,m,k - '7r(r _ 1)|/0 {F (t)} {F (t)}

x (1 —0)"g-=Y(t)dt.
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Now using the representation of {F -1 (t)}/ for given class we have

P P PG 1
. - . F ™
,ur.n,m,k :ur—l.n,m,k - (I" . l)' / { ( )}

X _(1 _ t)(‘]*Pl)(erl)JrS]*l(l _ t)k+(n7r)(m+l)
1
x ght(t)g,,  (t)dt.
or

lpCr 2(” k) —1 1 r+pi—1
:u;[*’;n,m,k - :ufflzn,m,k d (r o 1)' / { (t)}[? +1 (t)

% (1 _ t)(k+sl)+{(n+q) (r+p)}m+1)— ldt

or
P P _ 1 pCr_o(n, k) Cr+p171(n+qak+sl)
p“r:n,m,k - Mrflzn,m,k - | X
d =D " Copiitq.kts)
- /!
(r+ p1 ) {F—l(t)}p—l

(r+p1—DJo
x (1 — t)(k+sl)+{("+q)*(r+P1)}(m+1)*1g;1+171*1(t)dt

or

) » 1 Cra(n, k) (r+pi— D!
Frnmk — Mr—tnmik = P
., o dCrip1(n+q.k+s1) (r—1)!
Cr+p—1(n+q,k+sl)/ [F (o}

(r+pr—D!
x (1 — )(k+51)+{(n+q) (r+p)}(m+1)— lgr+171 l(l)dl‘

or
P (p—1)
:u‘r:n,m,k /u’r linmk — pr“r+m:n+q,m,k+sl .

Also from (4.35) we have for p = 1:
K = prnmk — tr—tnmks

which completes the proof.

Above theorem readily produce the corresponding recurrence relation for Order
Statistics for m = 0 and k = 1. In that case the class of distributions is

{F_l(t)}/ — étpl(l _ t)q—P1—17
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and the recurrence relation is

-1
Wl = 1y = PC I, P I s

where .
1 (r —1 )

r+p

C(r,n,p,q) =y — fbr—1n =

Above relation is same as we have derived in (2.33).
Further, if we have a real valued function defined as

d 1
o =0~ pa=pmEs=lgpisy on (0, 1),

and distribution function of GOS is expressible as

L [explh)). 8 =0
F (”—[{ﬁhm}'/ﬁ,ﬁw

then following recurrence relation holds between moments of GOS for this class of
distributions

(p+8) (p+8) _ 14
/J’r:n,m,k - /’[’r—l:n,m,k - (pl + 6)Klur+p1:n+q,m,k+s1 ’ (462)

where K is defined earlier.

The class of distributions given in (4.60) provide several distributions for various
choices of the constants involved. For example choosing p; = g = s; = 0 in (4.60)
we have

{F'0) = %(1 -n7!

F't) = l1n( ! )
d 1—1t

Solving F~!(¢) = x for x we have

which gives

F(x)=1—e¢ %,

which is Exponential distribution. Hence the recurrence relations for single moments
of GOS can be directly obtained from (4.61) by setting p; =g = s; = 0.
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Chapter 5
Dual Generalized Order Statistics

5.1 Introduction

In previous chapters we have discussed some popular models of ordered random vari-
ables when the sample is arranged in increasing order. The simplest of these models
is Order Statistics and is discussed in detail in Chap. 2. The comprehensive model for
ordered random variables arranged in ascending order is Generalized Order Statistics
and is discussed in detail in Chap. 4. The generalized order statistics produce several
models for ordered random variables arranged in ascending order as special case
for various choices of the parameters involved. Often it happen that the sample is
arranged in descending order for example the life length of an electric bulb arranged
from highest to lowest. In such situations the distributional properties of variables
can not be studied by using the models of ordered random variables discussed ear-
lier. The study of distributional properties of such random variables is studied by
using the inverse image of Generalized Order Statistics and is popularly known as
Dual Generalized Order Statistics (DGOS). The dual generalized order statistics was
introduced by Burkschat et al. (2003) as a unified model for descendingly ordered
random variables. In this chapter we will discuss dual generalized order statistics in
detail with its special cases.

5.2 Joint Distribution of Dual GOS

The Dual Generalized Order Statistics (DGOS) or sometime called Lower Gen-
eralized Order Statistics (LGOS) is a combined mechanism of studying random
variables arranged in descending order. The technique was introduced by Burkschat
et al. (2003) and is defined in the following.
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Suppose a random sample of size n is available from a distribution with cumulative
distribution function F'(x) and let k and m; be real numbers such that

k>1, my, my, ..., m_; €R

Also let

n—1
M,.=ij;l§r§n—l

j=r

Define v, as v, = k+ (n —r) + M, such thatv, > 1 forallr € {1,2,...,n— 1}.
Finally let
m=(my,my,...,m_1);ifn=>2

then the random variables X,.,, 7 x are the Dual Generalized Order Statistics (DGOS)
from the distribution F'(x), if their joint density function is of the form

n—1

Jid 2@y, ..n@nmk (X1, X2, o, X)) =k H'Vj {Fa) Y (xa)

j=1
n—1
x [H{F(x;)}’""f(xi)} (5.1)

i=1

onthecone F7'(1) > x; > x, > --- >x, > FY0). If my,ma, ..., mp_; = m,
then the joint density of DGOS is given as

n—1

.....

j=1

n—1
x {H{F(x,-)}’”f(xi)}. (52)

i=1

Making the transformation U, ik = F (X, ), the random variables Uy, . are
called the Uniform DGOS with joint density function as

n—1 n—1
S 2@, n@mmk W@, Uz, .o uy) =k H’Yj |:Hu;-"j|uﬁ_l; (5.3)

withl > uy >u, > --->u, > 0.
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The joint distribution of DGOS given in (5.1) provides a comprehensive model
for joint distribution of all forms of descendingly ordered random variables using
different values of the parameters involved. We have given the joint distribution of
various models of ordered random variables as special case of (5.2) in the following.

5.3 Special Cases of Dual GOS

We see in the following how DGOS provide various models of ordered random
variables as special case.

1. Choosingm; =my = --- =m,_1 =0and k = 1,such thaty, =n—r+1,
density (5.2) reduces to

which is joint density of Ordinary Order Statistics (OOS).
2. Choosingm; =my =---=my_; =0andk =a —n+ 1, withn — 1 < o such
that v, = a — r + 1, the density (5.2) reduces to

j=1
X [F(x)]*™"

x Hf(xi)»
=1

which is joint density of OOS with non-integral sample size.

3. Choosingm; =(n—i+ Do, —(n— Doy — L;i=1,2,...,n—1; k = q, for
some real number «, ay, ..., o, such that v, = (n — r 4+ 1)« the density (5.2)
becomes

n—1
ﬁ(d),....n(d):n,rh,an (xla ey xn) =n! Haj
j=1

n—1
X[IBF@MWﬂ&ﬂ

i=1

x {F o)} f (xa),
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which is joint density of Lower Sequential Order Statistics (SOS) based on the
arbitrary distribution function

F @) =1-[FO]";1=r=n.

4. Form; =my = --- =m,_1 = —1 and k € N, such that v, = k, the density (5.2)
reduces to

fl(d) ..... n(d):n,—l,k(xla ceXp) = k" |:H £(())Ccl :|

x {F (o) Y (),

which is joint density of kth lower records. Choosing k = 1 we obtain joint
density of lower records.

5. For positive real numbers 3y, 3,, ..., 3,, choosing m; = §; — Biy1 — ;i =
1,2,...,n—1and k = (3,; such that v, = 3,; the density (5.2) reduces to

Si@),.on(@ynin gy X150y X)) = Hﬁj {F )}~ (x)

j=1
n—1

X [H{F(xi)}”"f(xi)},
i=1

which is joint density of Pfeifer’s lower record values from non-identically dis-
tributed random variables based upon

Ft)=1-[F0O]";1<r<n.

Other special cases can be obtained by using specific values of the parameters in
density (5.2).

5.4 Some Notations for Dual GOS

We discussed some notations that repeatedly arises in study of GOS. The counterpart
notations for dual GOS can also be described on the same way. The constants C,_;
which appear in GOS remains same for dual GOS. We give additional notations in
the following.
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On the unit interval the functions &, (x) and g,,4)(x), m € R, are defined as

o
iy ()= [1m+xl’ "7l ke
Gm(ay(X) = hyay(1) — m(d)(x)

Using above representation, the joint density of Uniform dual GOS can be written
as

n—1
d
Ji@.cn@mingc Uy - .. up) =k H% |:H . m,(d)(u):|

i=1
Hence the functions h,,4)(x) and gy (x) occur very frequently in context of dual

GOS.
We now give the joint marginal distribution of first » dual GOS.

5.5 Joint Marginal Distribution of r Dual GOS

The joint density function of n uniform GOS is given in (5.3) as

n—1
mj k—1
fl(d) ..... n(d):n,ﬁuk(ulv-- Mn)— n—1 Hui u, .

i=1

The joint marginal density of r uniform dual GOS is readily written by integrating

out variables u, 1, ..., u, by induction as
r—1
i r—1
Si@y, ..y Ui, o Uuy) = Crl(H u" )M?
i=1
s l>up>up > > u > 0; 5.4

which immediately yields following joint marginal distribution of dual GOS for any
parent distribution F (x)

r—1

fi@y, @k (X1, - X)) = Cr_l[HF(xi)'"'f(xi)}F(x,)w—‘f(x,), (5.5)

i=1

onthe cone F~'(1) > x; > x, > --- > x, > F~1(0).
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The joint marginal distributions of r dual GOS given in (5.5) can be used to
obtain the joint marginal distribution of other models of descendingly ordered random
variables as special case. Some of these special cases are given below.

1. Reversed Order Statistics: using m; = --- = m,_; = 0 and k = 1 in (5.5), we
have the joint marginal distribution of r reversed ordinary order statistics as

r—1
n!
Sidy, @m0 (X1, - X)) = w—n |:Hf(xi)j|
X AF @)} f (x).
2. Fractional Reversed Order Statistics: using my = --- = my,_; = 0 and k =

a —n—+11n (5.5), we have the joint marginal distribution of r fractional reversed
order statistics as

X AF(x)}*7"f (x,).

3. Reversed Sequential Order Statistics; The joint distribution of r reversed sequen-
tial order statistics is obtained by using m; = (n —i+ 1)a; — (n — )4 and
k = «a, in (5.5) as

n! z
Si@y....r@ymi oy, X1y ooy Xn) = Y] H a%
J=

r—1
x {H{F(xi)}’”"f(xi)}

i=1
x {F ()}l (),

4. Lower Record Values: usingm; = --- =m,_; = —1 and k € Nin (5.5), the joint
marginal distribution of » k- lower record values is obtained as
J )
Jr(d)n,— ) =k"
Si@y,...r@m -1,k (X1 |: Flo)

x {F ()} (x).

5. Pfeifer Lower Record Values: using m; = ; — Biv1 — 1; k € B,; as

r—1
Jr@y,r@im =1, (15 - X)) = Hﬁ; [H{F(xl)}mf(xz j|

j=1 i=1

x AF ()} f (x,).
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Other special cases can also be obtained from (5.5). The joint marginal distribution
of r uniform dual GOS given in (5.4) can be used to obtain the marginal distribution
of rth dual GOS and joint marginal distribution of rth and sth dual GOS. We have
given these distributions in the following.

Lemma 5.1 We define the quantity Ajq) as

T

Ur—j T
Ajay= / ik / Hh,/n@ (u)du,—y - - - du,_;
Ur =1

r—j—1

1 )
= ] H h,/n(d) ) {hmcay (tr—j—1) = By ) Y.

Toi=l1

We now give the marginal distribution of rth dual GOS.

5.6 Marginal Distribution of a Single Dual GOS

We have given the joint marginal distribution of r uniform dual GOS in (5.6) as

r—1
i §, 1
Si@,.r@mmi Uy, o up) = Cr_l(H u" )ur’

i=1

s l>u >up > >u, >0 (5.6)
Assuming m; = --- = m,_; = m; the joint distribution is
r—1
—1
Si@y,...r@ymmi U, oo uy) = Cr1(H uf”)u} .
i=1

Now the marginal distribution of rth uniform dual GOS can be obtained from above
by integrating out u;, u, ..., u,_; as under

r—1

1 U2
S S P P
u, u,

i=1

1 Ur_» r—1
= Cr,lu:"‘_l / .. / Hu;n dur71 e dul
u u, i—1

r

1 U "
—1
o / /
uy u,

i=

1
Iy )ity - duy
1
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Now using the Lemma5.1 with j = r — 1; and noting that 4y = 1; we have:

1 Ur_n r—1
Ari@)= / - / Hh,/n(d) (ui)du,—y - - - du
u, u, P

1 .
= 1),{h (D) = )V ™" = = g ()

Hence the marginal distribution of rth uniform dual GOS is

Cot .y,
fr(d):n,m,k(ur) = (I" — i)|ur’r 1gm(dl) (L{r) (57)

The marginal density of rth dual GOS for any parent distribution is easily written
from (5.7) and is given as

Friymmi(x) = FFY gl [F ()] (5.8)

Ci_
(r=1!
The distribution of special cases are readily written from (5.8). The marginal distri-
bution of rth reversed order statistics is obtained by using m = 0 and k = 1 and is
given as

n!
Frtdynm () = Wf(x) (FY {1 = Foy ™, (5.9)
F~1(0) < x < F~'(1). We can see that the distribution of rth reversed order sta-
tistics is same as the distribution of (n — r + 1)th ordinary order statistics from the
distribution F'(x). Again using m = —1 the marginal distribution of rth k—lower
record value is

r

(r—1)!

Fridyn—1.4(x) = OO )Y = In{F ()}, (5.10)

which for k = 1 reduces to distribution of rth lower record value as

Frayn—1.4(x) = FO)[—In{F(x)}1". (5.11)

1)'

We now give the joint distribution of rth and sth dual GOS for r < s in the
following.
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5.7 Joint Distribution of Two Dual GOS

The joint marginal distribution of first s uniform GOS is given from (5.12) as

s l>u>up > >u; > 0; (5.12)

or

s—1
Sia@y, .. s@nmi Ui, ., ug) = Coy [H h,/,,(d)(u,-)}uﬁf‘l
i=1

il>u>u>--->u,>0.

The joint distribution of rth and sth dual GOS is obtained by integrating out u, = u;
and u; = uy as

X duv 1 dur+ldur 1

e u[ }

X uxrxfldux_l codup g duy_y - - duy

or
—1
Sray.s@mmi Ui, uz) = Cs_qu]
1 Up_2 Uy Ug_» s—1 /
x/ / / / Hhm(d)(”i)
U, u, U U i1
X dux_l s du,+1dur_1 e dM1
or

—1
Sridy.sdymm it u2) = Co_qug®  u)!

1 Up_o r—1 /
x/ / Hhm(d)(”i)
ur Ju, i=1
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uy Us_» s—1 )
X / / H Wy @ duts—1 - - dutyy 1
Us Us i=r+1
X duy_1---duy
or
1 Up_n r—1
—1
fr(d),s(d):n,m,k(ula Mz) = Cyflbt;” I/tlrn/ .. / Hhr/n (ul)
tr U=l
x I(s)du,_1 - - - duy;
where

U, ug_, =1
I(S) = / o / H h;/n(d)(ui)dusfl tee dl/t,ur].

i=r+1

Now using Lemma5.1 withs = randj = s — r — 1 we have

uy gy S—1
As—r1=1(s) = / i / H h;(d) (up)dus_1 - - - duyi

i=r+1
1

= mvlm(d) () = hniay ()}~
Using above result in (5.13) we have

—1.m 1
T(s—r—1)!

X {hm(d) (ur) — hm(d)(us)}“rfl

! Ur—2 r—1
X / - / thn(d)(”i)dur_l e duy
Uy u P
1

Jriay,s@ynm k(U1 u2)= Cs_yu’

"

m

"(s—=r—=1
x {hm(d) (W) = hnqay (Ms)}s_r_ll(r)

= C_vflu;/y_l u

Again using Lemma5.1 with j = r — 1; and noting that uy = 1; we have

1 U =1
A= 1(r) :/ / Hh,/n(d)(ui)dur—l"'dul
ur Uy i=1

1
= m{hm(d)(l) — hm(d) (ur)}r71

|

(5.13)
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or

1 r—1
Ar—l - (r — 1)!gm(d)(ur)~

Hence the joint density of rth and sth uniform dual GOS is

CS—I m r—1
Jr@.s@nmi (U, uz) = Dl —r =t Gy (W1)
1™ iy (1) = By u2) (5.14)

The joint density of rth and sth dual GOS from any parent distribution is readily
written as

G .
Sr@).s@mmk (X1, X2)= = DiGs _1 - 1)!f(xl)f(x2){F(xl)}

x gh HF (x)HF (x)} !

X [Py {F 1)} = By (F (x2)} ]~ (5.15)

F~'(0) < xo < x; < F~!(1). The joint density of two contiguous dual GOS is
immediately written as

c,
o @ F @)

X g (G HF ()} (5.16)

Srdy, r+1(dyimm k (X1, X2)=

Further, the joint density of smallest and largest dual GOS is

Cu- -
Bt (31 x2)= S f @) Go) (PG} ()

X [ A {F (1)} = By (F (x2)}]" 2. (5.17)

The expression for special cases can be immediately written from (5.15), (5.16) and
(5.17). Specifically the joint density of rth and sth k-lower record values is

ks [f(xl)
(r=DlWs—=r—D!|F@x))

x [— In{F (x)}]1"H{F (xp) !
x [In{F (x1)} — In{F ()}, (5.18)

]f (x2)

Sr@),s@ym,—1,6 (X1, X2)=

Other special cases can also be obtained in similar way.

Example 5.1 A random sample is drawn from the Inverse Weibull distribution with
density function
@) = Bx D exp(—x"); x > 0.
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Obtain the distribution of rth Dual GOS and the joint distribution of rth and sth Dual
GOS for this distribution.

Solution: The density function of rth Dual GOS is given in (5.19) as

Cf—l —1 r—1

Framma(3) = G OF @Y g [F ) (5.19)
where
1— um+1
Im(ay(u) = m——i-l

Now for given distribution we have

F(x) = /Xf(t)dt = /X BB+ exp(—t_‘ﬁ)dz
0 0

= exp(—x‘*g); x> 0.

So
— 1 _ m+1
g@lF @] = = C[1 = Py
_ 1 _ _ =B\ 1m+l
e U e
" [1 - expf )
1 —expi(—(m+ 1)x™
Im@)[F(x)] = o .
Hence

1 /

g;;;)[F(x)]= [m—_H{l — exp(—(m + 1)xﬂ)}}’1
1

= G

1 r—1 ) -1
R
j=0

1 —exp(—(m + Dx~7)} !

Using above value in (5.19) we have the density of rth Dual GOS as
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Cooy e
fr(d):n,m,k(x) (—i)'ﬁx @+ exp( 3)[€Xp(—x ‘J)]/, l

1

r—1 ) -1 )
X ———— E (—l)f(r . )exp{—(m + l)jx_“"}
(m+ 1)1 P J

or

Crfl —(f _ _
Sr@ynmp(x) = = 1)|ﬂx B+D exp(—x ﬁ) exp{—(7, — Dx ﬁ}

1S, -1 -
Z(— )/( 1)
(m+1)r 1(V Dt 4 '

x Bx™ D exp[—{(m + 1)j + 7. )x77].

Again the joint density of rth and sth Dual GOS is

CS— m_r
Jray,s@ynmk (X1, X2)= = Dl _1 P 1)!f(xl)f(x2)[F(xl)] Ity F 1)}

X[F(XZ)]%*I [hm(d) {F(.X])} — hm(d) {F(XZ)}]‘Y7r71 .

where Ry () = ™ /(m + 1).
Now for given distribution we have

hm(d) [F(Xz)]: 1 {exp(_x;ﬂ) }m+1 _ 1
m+1 ml

1 A 1 _
e = el )

Hence the joint density of rth and sth Dual GOS is

exp (— (m+ l)xz_‘ﬂ)

iy [P (x1)]=

Co—i (B+1) . —(B+1) -8
Jr.stymm e (X1, X2)= Dl 1),536 Bxy eXP(—x1 )

<ol oo o))

1 r—1 r—1 ,
Lt HY( : )CXP(_(m+1)jx_")
(m+1) 1120 j

: g —r—1
exp{—(m+ l)xl_ﬂ} exp{—(m+ 1)x2_“}
* m+1 B m+ 1
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or

F*Cyy —(B+1)  ~(B+1)
(m4+1)=2(r—Dli(s—r— 1" 2

X exp(—xl_‘g) exp(—xz_ﬂ) exp(—xl_mﬁ) i(—l)j(r ; 1)
=0
s—r—1

X exp(—(m + l)jx_ﬁ) exp{—(% — l)xz_ﬂ} Z (=D
k=0

Jr@),s@mmr (X1, x2) =

x (s - ;_ l)exp(—(m F D —r—k— 1)x1‘*“9)
X exp(—(m + l)kxz_’g)
or

Bzcs—l
(m+1)=2(r — Di(s —r — 1)!

—r—1r—1

—r—1\ _¢ _
SIS () (T e
k=0 k=0

f;’(d),s(d):n,m,k (xl s x2)

j
X ex [ {(m + 1)(s—r—k+j)}x;*3]

X exp[ {(m 4+ 1)k 4 ~v}x, ]

5.8 Conditional Distributions for Dual GOS

The marginal distribution of rth dual GOS and joint distribution of rth and sth dual
GOS are given in (5.20) and (5.21) respectively as

C,
Frammier) = _1),f<x1){F(xl)}%*‘g:,,(;)[F(xl)]. (5.20)
and
5 (1, x2)= Col f@nf @) {F (o))"
r(d),s(d):n,m,k\A1s A2 —( )'( 1)' 1 2 1

x gh 1{F(x1>}{F<xz)}*
X My (F (x1)} = By {F (2)} ]~ (5.21)
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The conditional distribution of sth dual GOS given information of rth dual GOS is
readily written as under

Jr@).s@nmi (X1, X2)
fr(d):n,m,k(xl)

Cs—
= [ T = e @F )

x g HF (o) HF (xp)) !
x [y (F D)} = B {F ()}~

C o
/ [(r——ll)vf CDF ()} '921&){F(x1)}}

Ss@ir@ymmi(x2lx) =

Cotf CF e} [ (F )} = By (F2)} !
Ci(s—r— 1)!{F(x1)}%-—l—m
Co1f ) {F )y {F (1)} = h(ay {F 02)} ]!

= . 5.22
G5 —r — DUF G 022
Again the joint density function of r dual GOS is given in (5.23) as
r—1
Ji@y.r@mnmi (1, oo %) = Cry [H F(xl‘)m"f(xi)}F(xr)” f).  (5.23)
i=1

Further, the joint density of first  and sth dual GOS is given as

Ci—i d m;
1@y, eort@),s@m ik (K15 -y Xy, Xg) = m[n F(xi) f(xi):|

i=1

X [Py {F (5} = By {F ()}
X F ()7 f ().

The conditional distribution of sth dual GOS given first r dual GOS is therefore

Si@y,...r@y,s@ ik X1, o5 Xp)
fsan@,...i@ynmiXslxi, ..., x) =

Si@,...r@ym (X1, -, Xp)

o Csflf(xs){F(xs)}’y‘y_l[hm(d){F(xr)} - hm(d){F(xs)}]s_r_l
B Croi(s —r = DYF (x,) 1+

, (5.24)

which is (5.22). Hence the dual GOS form the Markov Chain.
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The transition probability for dual GOS is obtained by first obtaining the con-
ditional distribution of (r 4+ 1)th dual GOS given rth dual GOS. This conditional
distribution is readily written from (5.22) by using s = r + 1 and is

Crf(xr-H){F(xr_'_l)}%ﬂ—l
Croi(s —r — DIYF (x,) )
= M %~+1*1fM
= Tr+1 Fr) o)

Srr1@ir@mmi (X1, X2) =

(5.25)
The transition probability for dual GOS is therefore

P(XH—l(d):n,m,k > y|Xr(d):n,m,k = )C) :/ fr—&-l(d)\r(d):n,m,k(xl’XZ) dxH—l
y

— « F(-xr+1) ,r+171f(.xr+1)
_%H/y [ F(x,) }7 Fo) !

_ ’7r+1
{F()Cr)} - / f(errl)
X AF (o)) gy

or

Vr+1
FG )] . (5.26)

P(Xs1@ymmpr = YIXr@ymmk = X) = [m

The transition probabilities for special cases are easily obtained from (5.26). For
example the transition probability for reversed order statistics is obtained by using
m = 0and k = 1 and is given as

F(y)]" r.

P(Xri1@ymo0.1 = Y Xr@ymo1 =x) = [F(x)

Again the transition probability for k-lower records is obtained by setting m = —1
in (5.26) and is given as

F(y)T

P(Xi1@ym—1k = Y Xet@yn -1k = X) = [%

For example if the sequence follow the Weibull distribution with density

fx) = aﬂx‘@’l exp(—axﬁ); x,a,3>0
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then the transition probability for reversed order statistics is

1 —exp —ozy"g "
P(Xr+1(d):n,0,1 > YIXr@yn,0,1 =X) = [W} ,

and can be computed for various choices of the parameters involved.

5.9 Lower Record Values

In Sect. 5.2 we have seen that the dual GOS provides several models for descendingly
ordered random variables as special case for various choices of the parameters.
Among these special models two popular models for descendingly ordered random
variables are of special interest. These models include Reversed Order Statistics;
which has been discussed in Chap.2; and Lower Record Values. We now discuss
Lower Record Values in the following.

Record values are popular area of study within the context of ordered random
variables. In Chap.4 we have discussed in detail the concept of upper record values
which appear as values that are greater than the earlier records. Often it happen that
records are formed when values smaller than already available records form new
records. Such records are called the Lower Record Values. The lower record values
are defined below.

Let {X,;; n > 1} be a sequence of independently and identically distributed ran-
dom variables with an absolutely continuous distribution function F(x) and density
function f(x). Let X,(,).» be the rth reversed order statistics based upon a sample
of size n. For a fixed k > 1 the k-lower record time Lg(n); n > 1 is defined as
Ug(l) = 1and

Lg(n+1) = min{r > Uk (1) : Xrgeyrk—1 < Xie.Lom+k—1 }: 0 € N
The kth lower record values are X, ().1,,(n)+k—1 and for the sake of simplicity will be

denoted as X;, (»). The joint density of n k-lower record values is given by Ahsanullah
(1995) as

0 J ()
fLK(])qLK(Z) ..... LK(II)(x15 .. xn) =k [H F(X

x [F )1 (x). (5.27)

When k = 1 then the k-lower record records reduces to lower records and are defined
as under.
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Suppose Xi, X, ... be a sequence of independently and identically distributed
random variables from the distribution function F(x). Suppose Y, = min{X,
X>, ..., X} forn > 1. We call X; a Lower Record Value of the sequence {X,,, n > 1}
if ¥; < Y;_. From this definition it is clear that X; is a lower record value. We also
associate the indices to each record value with which they occur. These indices are
called the record time {L(n)}, n > 0 where

U(n) = min{j[j >Ln—1),X; < X1y, n > 1}.

We can readily see that L(1) = 1. We will denote the lower record values by X;,,.
Using k = 1 in (5.27), the joint density of n lower records is readily written as

)
P oo (Xls ey X) = [1} ) ]f(xn). (5.28)

The marginal density of nth k-lower record value is immediately obtained from (5.27)
and is given as

7

k n
Sien®) = 5 (n)f(x>{F(x>}k—1[—ln{F(x)}]"—l,
or i
Jrem @) = %f(X){F(X)}"’l [Hx)]"™!, —o0 < x < oo, (5.29)
where H(x) = — In{F'(x)}. The marginal density of nth lower record value is readily

obtained from (5.29) by using k = 1 and is given by Ahsanullah (1995) as

Sxpon(x) = ﬁf(x)[H(x)]"_l, —00 < X < 00.

Again the joint density of two k-lower record values is given by Ahsanullah (1995)
as

K f(x1) -
C(m)[(n — m) F(xl)f () [H (x1)]
X [H(r) = He) ™" F o)1, (5.30)

Jigm) Ly (X1, X2) =

where —o0o < x, < x;,; < 00. The joint density of mth and nth lower records is easily
written from (5.30) by setting k = 1 and is given as

fx)

m—1
ToT o= F(xl)f(me(xl)]
x [H(x) — H@x)™" " (5.31)

Sxoom) X, (X1, X2) =
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Using (5.29) and (5.30) we obtain following conditional distribution of n th lower
record given mth lower record.

KT f(x) {F(Xz) ]k_l
T(n—m) F(xp) | F(x))
x [H(x) — H(x)]"™" ' (5.32)

L)L my=x, (e2|x1) =

The conditional distribution given in (5.32) can be directly obtained from (5.22) by
using m = —1. The conditional distribution of (m + 1) th k-lower record given mth
k-lower record is obtained from (5.32) by using n = m + 1 and is given as

SrewLeom=x, (2]x1) =k

fx) [F(Xz) }“
F(xp) | F(x))

and since lower records follow a Markov Chain, the transition probability is imme-
diately obtained from (5.26) by using m = —1.

We have seen in Chap. 3 that the quantities R(x) = — In[1 — F(x)] which appear
in context of upper records have nice distributional properties. We now give some
distributional properties for the quantities H(x) = — In[F'(x)] which appear in the
context of lower records. The distributional properties of H(x) are given below.

The distribution of nth lower record and joint distribution of mth and nth lower
records are

1
fom®) = —f@H®]", —00 < x < 0.

I'(n)
and
1 f(xl) -1
m n P = H "
Sxeom X o0 (X1, x2) FomT o —m) F(xl)f(xz)[ ()]
X [H(.Xz) _ H(X])]”_m_l.
Now making the transformation v = H(x) = — In[F(x)] in the density function

of nth lower record we have F(x) = e~ and hence f(x)dx = e "dv. The density
function of v is therefore

1
fr(v)y = —v""te™, v>0.

I'(n)

We see that the distribution of H(x) = — In[F (x)] is Gamma with shape parameter
n. In Chap. 3 we see that R(x) = —In[1 — F(x)] also has the same distribution. We
therefore conclude that the quantities R(x) and H (x) are same in distribution.

Again making the transformation v; = H(x;) and v, = H(x,) in joint density of
mth and nth lower records, we have

F(x))=e " and F(x;) = e
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and the Jacobbian of transformation is

V] = e e
Senf (x2)
The joint density of v; and v, is therefore
. 1 f(xl) m—1
v (v, ) = T TG —m) e f (x2)v]
1
% (U2 _ vl)n—m—l -V ,—V2
S a)f (x2)
or ,
— m—1 _ n—m—1_—v
Sviv, (v1, v2) —F(m)r‘(n—m)vl (v2 —vy1) e ",

which is same as joint distribution of R(x;) and R(x,) given in (3.6). It can be easily
shown that the distribution of the ratio w = H(x;)/H (x;) is Beta distribution with
parameters m and n — m.

Example 5.2 Obtain the distribution of nth lower record, joint distribution of mth
and nth lower records and conditional distribution of nth lower record given mth
lower record if sequence of random variables follow Inverse Weibull distribution
with density

f@) = Bx PV exp(—x7"); x, 8> 0.

Solution: The density function of nth lower record is

1
Jiem () = mf(x)[H(x)]"—l,

where H(x) = — In[F(x)]. Now for given distribution we have

Fo = [ " F0d = exp(—x7).
0

hence
H@x) = —In[F(x)] = x 7.

The distribution of nth lower record is therefore

1 ) / /
Srem @) = o BB+ exp(—x_ﬂ) (x_ﬂ)""
= —F(l )ﬂx_(@ﬂ"’l) eXp(—x_ﬂ), x> 0.

n
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Again the joint density of mth and nth lower record is given as
1 S )

m—1
NESINCEES) F(xl)f(xz)[H(xl)]
x [H(xy) — H(x)"™"™ "

S my.x, ) (X1, X2) =

For given distribution we have

—(B+1) B
1 % eXp( N ) (D)
‘ 2
rmI(n—m) exp(—xl_ﬁ)

X exp(_x;/a) (x;ﬁ)m—l ()C;@ _ x;ﬁ)n—m—l

Sxoomy.x, o (61, X2) =

or

ﬁZ

—(Bm+1) _—(B+1)
oA X X
'm)I'(n —m)

-5 —B3\n—-m—1 -
X (x2 —x exp(—x," ),

—00 < Xy < X < 00. Finally, the conditional distribution of n th lower record given
mth lower record is

Sxoomy X (X1, %2) =

1 (x2) -
S )X my=x, (2[x1) = m%[l‘l(xz) — H(x1)] L

which for given distribution is

1 « ; ,
—(B+1) ( -8B —3)n—m—l
=, X2 |X1) = ———0OX X — X
fXL(n)\XL(m) xl( 2| 1) F(n ) 2 2 1

x exp{—(x;‘g —x;ﬁ)},

—00 < X <X < OQ.

5.10 Distribution Function of Dual GOS and Its Properties

The distribution function of dual GOS play important role in studying certain proper-
ties of dual GOS. Just like the distribution function of GOS the distribution function
of dual GOS also has nice properties and are discussed in Burkschat et al. (2003).
We give these properties of distribution function of dual GOS in the following.
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The density function of rth dual GOS is given in (5.20) as

Friaymmi(x) = —fO{F@} ™ gl L IF@)1.

C,_
(r—1!
The distribution function of rth dual GOS is

X
Fr(d):n,m,k(x) :/ fr(d):n,m,k(t)dt
)

e
:/ (r— 1)vf( WFEOY " gy [F0)]dt

/ FOF@Y g0 IF(0)]dr.

1)'

The distribution functions of dual GOS are nicely related. One of important relation
is obtained below. For this we integrate Fy(g)., ..« (x) by parts taking {F Y1 for
integration to get

Cr— {F(O} |, Cr_
Fr(d):n,m,k(x) = ﬁ m(d)[ 3] . r— 21)‘
F Vr
x / [{ (;)} g;,(;[F(r)]f(t){F(r)}"']dr
Cr 2 2 Cr 2
= ng(d)[F(X)]{F(X)}7 m
x / SOF @Y+ g SIF(0)dt
or
C, 1 F()
Fr(aymmi(x) = ng@[F( OF )} o @
2), / FOF @Y~ g 3 IF(0)ldr
or
Fr(d)‘n m k(x) F( ) fr(d) n,m, k(x) +Fr l(d)nmk(x)
o Vef (X
or
Vel Fraymmi ) = Fr_i@mmp(0)} = f( )fr(d)nmk(x) (5.33)

The relation (5.33) is a useful relation which shows that the difference between
distribution functions of two contiguous dual GOS is proportional to the density
function of a dual GOS.
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Burkschat et al. (2003) have shown that the distribution function of dual GOS can
be written in the following form

Fe 0 Vis o Ur
Framms) =G [ Gb il e s

Al yenny a . .. .
where G™"(x|,""" ) is Meijer’s G-function.
Pq by,..., b,,

The distribution function of rth dual GOS can also be presented in the form of
Incomplete Beta function ratio as under

X
Fr(d):n,m,k(x): / f;’(d):n,m,k(t)dt

1), / FOFE®Y ™ g [F®]dt

= / FOF@Y!

m r—1
X [L(t)}“] dt
m+1

Now making the transformation w = {F(#)}"*! we have

Cr_i alF(x)] - ]
Fraynmi(x) = m/ wr /DTy =g

where o*[F(x)] = {F(x)}"*!. So the distribution function of dual GOS is

Fr@ymmi ()= _ Gy o
r(d):n,m,k F(r)(m n l)r a [F(x)] P m+ 1

Cr—l Yr Yr
B\ r, Ltrecon\ s —— )
Fry(m+ 1) m—+1 m—+1

where I, (a, b) is incomplete Beta function ratio. The distribution function of dual
GOS may further be simplified as

Crfl F( ) m ) r
FX(r:n,m,k)(x) = T - ( ’y+1 Ia*[F(x)] r——
(N m+1)" T (r+ -2) m+1

Now using the relation

Vr k k Vr
ry{r+ = +n—1 ——+n—r]|I
m+1 m+1 m+ 1 m+1

_ Cr— 1 r Yr .
T m+ D \m+1)
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we have

0
Friaynmi(x) = Lor(F(o) (r’ m-|r- 1)'

(5.35)

The above relation can be used to obtain distribution function of special cases by

using various values of the parameters involved.

5.11 Moments of Dual GOS

The moments of dual GOS are computed by using the density function of r th dual

GOS. We know that the density function of rth dual GOS is given as

Friymmi(x) = —FOF@) g [F@)1.

( 1)'

The expected value of rth dual GOS; X, (4).n,m.k; 1s defined as

00
Mrn,mk = E(Xr(d):n,m,k) = / xfr(d):n,m,k(x)dx

_ Cll
=1

/ f Q{F (0)Y " gy [F () dx

The expected value of some function of rth dual GOS is

E[I(Xr(d):n,m,k)] =/ l()C)fr;,,,m,k(x)dx
Cr 1

= / 1O C{F () gl [F () el

(r=1!

Again the pth raw moment of rth dual GOS; u’r’( dnm ks is computed as

00
lur(d) mamk T E(Xr(d) n,m k) [ xpfr(d)in»m,k(x)dx
CV 1 P =1 _r—1 .
= ( ! xf(x){F(x)}/ gm(d)[F(x)]dX,

(5.36)

(5.37)

Using the probability integral transformation, the pth moment of rth dual GOS can

also be written as

Cr—l ! -
/’[/l (d):n,mk — E(Xr(d) n,m k) ( 1)' A {F : (t)}p(pr'(d):n(t)dt

C —1 r
(r—l)v/{F YO g (dr:

(5.38)
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where t = F(x), x = F~!(¢) is the inverse function and ©r(d)n(x) is density function
of uniform Dual GOS.

The joint density of rth and sth dual GOS provide basis for computation of product
moments of two GOS. The joint density of rth and sth dual GOS is given as

G- m
Frtrstamami i, 32) = T e G0 G F ()
X Groiay FQOHF ()}

X [hm(d){F(xl)} — hm(d){F()Q)}]S_r_].

The (p, g)th raw moment of rth and sth dual GOS is readily written as

P.q _ P q
Mr(d),s(d):n,m,k - E(Xr(d):n,m.sz(d):n,m,k)

o0 o0
= / X3 iy stdymmk (1, X2)dx1dxa

Ci oo oo §
~ =D =D /_oo [ G F )
% gt (FCO @ F )} = huay (F ()}~

x {F(x2)}* Ydxdx,. (5.39)

The (p, g)th central moment of rth and sth dual GOS is given as

Uf(’g),x(d);,,,m,k = E[{Xr(d):n,m.k — Mr(d):n,m,k}p{Xs(d):n,m,k - Us(d):n,m,k}q]~

The covariance between rth and sth dual GOS is readily computed from above as

Or(d),s(d):n,mk = E[{Xr(d):n,m,k - /Jfr(d):n,m,k}{Xs(d):n,m,k - Ns(d):n,m,k}]~
The correlation coefficient can also be computed easily.

Example 5.3 A random sample is drawn from standard Inverse Rayleigh distribution
with density function

fx) = )%exp(—x”); x> 0.

Obtain expression for single and product moments of dual GOS for this distribution.
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Solution: The distribution of rth dual GOS is

fr(d):n,m,k (X) =

o 1),f(x){F(x)}%*lg,;(;)[F(x)].

For given distribution we have
X X 2
F(x) =/ f(dt :/ 3 exp(—t?)dt = exp(—x"?), x > 0.
0 0
Now we have

1
Iy [F@)] = ( i [1 - (F)y"*] )

[t —exp{-(m+1)x? ]r !
- (m+ 1)1

The distribution of X, (4).,,m « 1s therefore

2
fr(d) n,m, k( ) exp( ’eriz)

( 1)' 3
[1 — exp{—(m + l)x’z}]”1
. (m+ D!
C1 2

- (r—Dl(m+ 1)r—1x3 exp(—y,x_z)

r—1
X Z(—l)f(r ; 1) exp{—(m + l)jx_z}
j=0

or

Fraynms®) = = ),( T 12( l)f( )

2
x s exp[—{(m+1)j+ Yelx 2]
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The pth moment of X, (g)., .« is therefore

00
P _ P —
:U/r(d):n,m,k - E(Xr(d):n,m,k) - / xpfr(d):n,m,k(x)dx

o]

Ci_
G 1)’(m+1)’ ! Z( 1)j( )

x / 2w exp[—{(m + 1)j + 7,577
0

(r—l)'(m+1)’ IZ( ( / )

x {(m+ )i + 7,}P/2—1r(1 - ‘;)

The Mean of X, gy m k 1

Hr(dy:n,mk = (r_ ])‘(I’l’l—i— )r IZ(_ ( . )

71-
X |— .
{(m+ 1)i +7r}

Again the joint density of X, (g):n,m « and Xsay:n,mk 15

Cs_ .
Frrsamma(31,02) = i o G ) F G}

X Gy QD HF (i)
X [hm@{F(x1)} — hm(d){F(xz)}]S—r—]'

Now for given distribution we have

f ( ) 4CS,1 1 _lez -2 -2
. X1, X2) = =€ e
r(d),s(d):n,m,k\A1s A2 (}" — 1)'(5 —_ 1)‘ xfx%

1 r—1
% {1 _ ef(m+1)x,‘2}
m+1

e —(m+1)x,? e—(m+1)x;2 :|s—r—l

x e~ (n—hx? —
m+1 m+1
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or
4G4
Jr@.s@mm (X1, x2) = N T P YT P—
s r—1N\[(s—r—1
<2 e ()T
=0 =0 ! J
% ! o~ D G—r—jtix? = [t ity ] ?

3.3
X1X

The product moments of order (p, g) are therefore

P-q _ P q
Mr(d),s(d):n,m,k - E(Xr(d):n,m,sz(d):n,m,k)

o0 o0
= / X3Sy s@ymmx (X1, x2)dxydxa

o0 J X
_ 4C,_,
S mA+ D2 = DIs—r—1)!

s—r—1r—1 00 00
x 2 Z(—l)"*f(rjl) (s_’._ 1)/ W

J

j=0 i=0 00 v X2
1 L2 . 2
x ﬁef(mﬁLl)(sfrfjJrl)xI e*[(l‘l‘l“rl)j‘l”\/;]xz dxdx,
X%

or

4Cs71
(m+1)2(r — DIi(s —r — 1)!

s—r—1 r—1 iy F—1 s r—1
LS ()

j=0 =0 J

P-q —
/”Lr,s:n,m,k -

>< | o
(I = p/2){(m 4 1)j + 7,2~ 0+0/2 2
1)j + s
« oF) 1_6_1’2_p+q; 4. (m+' )J.Jw _
2 2 2 (s—r—j4+idm+1)

The Covariance can be obtained by using above results.

Example 5.4 A random sample is drawn from the distribution

a
fx) = —ax”_l; O<x<c; ac>0.
c
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Show that the pth moment of rth dual GOS for this distribution is given as

Cr—1(k)

:ur(d)nmk _E(Xr(d)nmk) CPC,,I(k—i—p/a);

where notations have their usual meanings.

Solution: The pth moment of rth dual GOS is given as

00
/’('r(d) mmk T E<Xr(d) n,m k) / xpf;‘(d):n,m,k(x)dx

=/ o 1)'f(x){F(x) g [F (0)]dx.

Using the probability integral transform, the pth moment is given as

Cr—l
(r—1)!

1)'/{ "oy g 0.

1
:ur(d) momk E(Xr(d) n,m k) A {F71 (t)}pwl‘(d)f'l,msk (t)dt

Now for given distribution we have
a
f)y=—x"1 0<x<ec
Ca

So

Flx) = / "yt = / ) L tar
0 0o C

=(§)“; 0<x<ec.

Also by using t = F(x) we have

a

X
t==—=x=F"'(t)=ct""
Cu

Hence the pth moment of rth dual GOS is:

Cr—l : -1 -1 _r—1
W ymm i = m/o {F '} Gy (D
G 1 la\p =1 ,r=1
T - 1)!/0 (e Y0 g (Dt
Crfl

1
Cp A t(k+p/a)+(n_r)(m+])g]:17(dl) (t)dt
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or
V4 D Cr—l(k) Cr—l(k +P/a)
Hrnmix = €
" Ck+p/a)  (r—1)!
1
0
— pc’*—l(k)~
Croi(k+pla)’
as

Croi(k+pla) [

k — 1 r—1
D Pl =D 0D r gy — 1
o,

as required.

5.12 Recurrence Relations for Moments of Dual GOS

The moments of Dual GOS are discussed in the previous section. For certain distrib-
utions the moments can be expressed in a simple and compact way but for others the
expressions are sometime too much complex and hence computing the moments for
real data is tedious. The problem can be overcomed by obtaining recurrence relations
between moments of Dual GOS and hence these recurrence relations can be used to
compute the higher order moments from the lower order moments. We discuss these
recurrence relations between moments of Dual GOS in the following.
The density function of rth Dual GOS is given as

r—1

r—1)!

Srdynmi(x) = FONF@) gy [FL.

We can establish two types of recurrence relations between moments of Dual GOS,
one which are distribution free and one which are distribution specific. The distrib-
ution free relationships are more general in their applications. The distribution free
relationships between moments of Dual GOS can be readily established by noting
following relationships between density functions of Dual GOS

'VrJrlfr(d):n,m,k(x) + r(m + 1)fr+1(d):n,m,k(x) = VLf‘r(d):nfl,m,k(x) (1)
Vet {frr1@mmikc @) = fraynmie @} = N{frsr@mmi () = fraym—tmi ()} ()
Y1 {fr(d):n,m,k(x) _fr(d):nfl,m,k(x)} = r(m + 1){fr(d):n,m,k (X) _f;’Jrl(d):n.m,k(x)} (lll)

Using above relations we can immediately write following relations between
moments of dual GOS
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P P _ P .
Vet @ymm e T 70+ Dy ynm e = VHr@yn—1mk )
p p _ P p -
Yr+1 {lu’r-&-l(d):n,m,k - lj‘r(d):n,m,k} =N {uH—l(d):n,m,k - Mr(d):n—l,m,k} (ll)

P P _ P P
g {u’r(d):n,m,k - /’Lr(d):nfl,m,k} - r(m + 1) [/J’r(d):n,m,k - 'U’r+1(d):n,m,k}' (111)
The second relation can be alternatively written as

P = P b
r(m + Dty i@ymmk = V1Fr@yn—tmk — V1 r@ymmk:

We can see that these relations are exactly same as the relations between moments
of GOS and hence these two models of ordered random variables are same in expec-
tations.

Distribution specific relationships between single and product moments of Dual
GOS have been studied by various authors. The distribution specific recurrence rela-
tions between moments of Dual GOS are easily obtained by using a general result
given by Khan et al. (2009). We have given the result in following theorem.

Theorem 5.1 Suppose a sequence of random variables {X,; n > 1} is available from
an absolutely continuous distribution function F (x). Suppose further that X, ay:n,m k
be rth Dual GOS of the sequence then following recurrence relation hold between
moments of the Dual GOS

pCr 1
Mf(d):n,m,k - lu’lr)—l(d):n,m,k ’Y (r — 1_)’ / xP~ 1{F(X)}7’gm<d) [F(x)]dx; (5.40)

and

//”q B Mp,q _ qCy_1 /00 /X[ e
r(d),s(d):n,mk r(d),s—1(d):n,m,k %(r _ 1)'(5‘ — = 1)' N 12
X fQO{F @)Y gy IF (o)}

X @ (FG)Y = o (F )} ]
X {F (x2)} " dx,dx;. (5.41)

Proof We have

o0
p _ P —
Bor@ymank = E(Xr(d):n,m,k) —/ Xl friayn,mk (X)dx
—0oQ

o0 Cr )
:/ p( 11)'f( F @) gl TF (0)]dx

_ Crl
Cr—1!

/ X OF )Y g i) [F (0)]dx
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Integrating above equation by parts taking f (x){F (x)}" ! as function for integration
we have

C—

Fopr |
:U/[r):n,m,k = (r_—i)||: gm(d){F(x)}{ ()C)}

r

—00

- / [px” L [F )] = (r — DxP gl Z1F (x)]

o0

F(x))
XIFGOTf (x )}{ ©) }
pCr 1 p—1 F Y F d
TS PN g Fwld
— e,
(; <r—1 i / MFOF @Y "g), ) [F ()l
C, )
= o e
C
o / O F P~ g3 [F ()l

Since c
r—2 P
:ulr)—l(d):n,m,k = W/ XPf QO{F ()}~ lgm(f)[F(x)]dx

hence above equation can be written as

pCr 1
ﬂlz(d):n,m,k m / X’ 1{F(X)}ng(ai) [F(x)]dx + ,Ur 1(d):n,mk>

or

p p rCr—i 1 v =1
Hrrnms = 1 @mms = =0 / U@ glod [F)lds,

as required. We can readily see; from (5.40); that for p = 1 following recurrence
relationship exist between expectations of Dual GOS
Cr—l

Hrdy:n,mk — Hr—1(d):n,mk = _'Yr(r — 1!

/ (FOOY g Flde.  (5.42)

We also have an alternative representation for recurrence relation between single
moments of GOS based upon probability integral transform of (5.40) as under

1
P P _ pCri / —L =1 =1/
Hordymmie — Hr— momk F~ (@ F~ (1)
(d):n,m,k 1(d):n,m,k v (r— D! Jo { } { }

x 17 gm( 0 L ()t (5.43)
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The representation (5.43) is very useful in deriving relations for specific distributions.
Again consider

:“r(d) s(dymmk = E(Xr(d) oy, kXy(d) nm, k / / XXy s(dymm k (X1 X2)dxadx,

Cs— *©
ST Tr—— / T o G (PG

% g AF O @y {F (e)} — B {F ()}
x {1 — F(x2)}* Ydx,dx,

or
i starnms = G 1),2““_‘ T / " e F @)Y
X gria (F DM (x2)dxy; (5.44)
where

I(xy) = / X3 CF @)} ™ [hnay (F (1)} = hinay {F (x)} " dix,,.

Integrating above integral by parts using f(x,){F (x;)}*~! for integration we have

- (F %
I(x) = Xg[hm(d){F(xl)} — hm(d){p(xz)}]s11% n

s

1 M B
_’y—/_ I:qxg l[hm(d){F(xl)} — hm(d){F(,XZ)}]Sfrfl

—(s = r = DX [ @ {F (1)} = B {F (x)} ]
x{1 = F(x)}"f (o) |{F (x2)} dlx,

or

I(xy) = —71 x;’“[hm<d>{F<x1)} — By (F(2)}]!

—1
X A{F (x2)}"dx, + ) / x5 (x2)

X [ {F (1)} — m(d){F(xz)}]Y "HF (xp)) . (5.45)
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Now using the value of 7(x,) from (5.45) in (5.44) we have

p.q . Cs—l
o). stdymnmk = r—Dls—r—1)!

/ X COAF ()Y gy {F (1)}

x [_VE/ xg_l[hmu){F(xl)} — B {F )} [
(s

X {F ()} d, + %‘” / P}

X [y VF 61)} = By {F (002)}] ™, | ey

or

P.q _ 9Cs-1 = Pyd! F m
/u'r(d),s(d):n,m,k - _,Y (r _ 1)'(5' — = 1)| 1X2 f(xl){ (-xl)}
s : +J—00J -0

% oy (F OO @y IF (1)} = By (F ()}~
(s—r—1)Cs_
~s(r — DI(s — r — 1)!

x / / Af D ) (F ()" gl (F ()

X [Py (F (x1)} — hm(d){F(xz)}]s_r_z{F(xz)}""‘+mdx2dx|

X {F(x2)} " dx,dx; +

or

p.q qCs—1 o P! m
:U’r(d),x(d):n,m,k = _’Ys(r _ 1)‘(5 —r— 1)| N 1x2 f(xl){F(xl)}

X Goniay (F OO @y IF 1)} = By (F )}~

Vs ST
x {F(xp)} " dxydx; + =Dl —r =2 /_oo ; xfx2

X F0)f () (F Qo))" gl IF ) HF () 1!
% [Buay (F @)} = By tF )}~ 2dx, vy

or

Cs— %) X1 3 .
“Irjitqi),s(d):n,m,k = _’Ys(r _ IL;!(S l r—1)! /_Oo /_Oo xfxg lf(x|){F(x1)}

X Groiay F OO Poniay (F 1)} = oy {F 0e2)} ]
X AF (x2)} " dxdxy + MIZQZ),sq(d):n,m,k;
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or

Wi — _ qCs-1 /Oo /xl Lt
r(d),s(d):n,m,k r(d),s—1(d):n,m,k 'Ys(r _ 1)'(3‘ —y— 1)' N 12

X fOOF o))" gy (F (1)}

X [Py (F(¥1)} = honay {F ()}
X {F (x2)} " dxydx,

as required.

We now present recurrence relations for single and product moments of GOS for
some special distributions.

5.12.1 Reflected Exponential Distribution

The density and distribution function of Reflected Exponential random variable are
given as
fxX)=ae™; x<0,a>0

and
F(x) = ™.
We note that
fx) = aF(x). (5.46)

Consider (5.40)

pCr_l *© - Ny F—

1 aynmk — P @ymmk = _m/ X HF (x)) /’gm(dl) [F(x)]dx
pCi_ o o

X F () gy [F (0)1dx

Using (5.46) in (5.40) following recurrence relation between single moments of Dual
GOS has been obtained by Ahsanullah (2000)

P P _ pCr_1 o p—1 F =1
Mr(d):n,m,k - :urfl(d):n,m,k - _Oé")/ (I‘ _ 1)' X f()C){ ()C)}
r +J—00

X ghay [F(0)]dx
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or
p p _ P p
Hr@ymmk = Hr—1(dymmk = _047, o @yn,m ke
or »
P _ P r—1
Hr@ynmik = HPr—1@ymmk — o Ho(ay:n,m, k (5.47)
r

The relationship (5.47) reduces to corresponding relationship for reversed order sta-

tistics for m = 0 and k = 1 and for lower record values for m = —1. Again consider
(5.41) as
P p.q qCs-1 ~ /x1 P!
. - . =— X
Horay,s@y:nmik — Hor(dy,s—1(d)mnm.k W —Dis—r— 1) [m e

X f e{F )Y gy (F (k1))

X [h@{F 00)} = by (F ()}~
% {F(x0) ) dxdx,

or

P.q P.q qCs1 /oo /xl ¥ q-1
i . — . = — X
@y, s@ymmk — Hrdy,s—1(d):n,m.k =D —r—D ) ) o 1%
X fOOF )} gy (F (1)}

X [P {F 1)} = hunay (F )}
X {F ()}~ F (x)dxadi.

Now using (5.46) in above equation we have

Pq P.q _ qCs—1 R g—1
Hordy,sidy:nmk — Frd),s—1(dymmk = _a%(r DI —r—1D! [m /700 X
X fCen)f C){F (o) gy F (1))
X By (F (x1)} — hynay {F ()}
x {F(x2))* Ydx,dx;.
or

q pg-1
,

D-q D-q —
Mr(d),s(d):n,m,k - lur(d),s—l(d):n,m,k - _04’7 12 (d),s(d):n,m,k
s

or

Pq X 4 pg-1
lu’r(d),s(d):n,m,k - lu’r(d),x—l(d):n,m,k - a, lu’r(d),x(d):n,m,k' (548)
s



5.12 Recurrence Relations for Moments of Dual GOS 213

Using s = r 4 1 in (5.48) we have following relation between product moments of
two contiguous Dual GOS

p.q p+a 9  pa-l
Mr(d),rﬂ(d):n,m k Iu’r(d) momk lu’r(d) r+1(d):n,m,k*

The recurrence relationship given in (5.48) reduces to relationship for reversed order

statistics for m = 0 and k = 1. Further, for m = —1, the relationship (5.48) reduces
to recurrence relation for product moment of lower record values.

5.12.2 The Inverse Rayleigh Distribution

The density and distribution function of Inverse Rayleigh distribution are

fx) = —ep( a) a,x > 0;

and

«
F(x) = exp(——z).
X
The density and distribution function are related as
fx) = —F (). (5.49)

Using (5.49) in (5.40) the recurrence relation for moments of single Dual GOS can
be derived as under. Consider (5.40) as

P p PCr- 1 .
Hr@ynmik — Hr—1(dymmk = m / xXPTHF (x)}? gm(d) [F(x)]dx

N vl()rcr_ll)'/ * @

X F(x)gm(d)[F(x)] X

Using (5.49) in above equation we have

pCV 1 1 —1
,u[r)(d):n,m,k - u[;':l(d):n,nz,k m/ X~ {F(x)}’)

f(x)gm(d) [F(x)]dx
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or
pCr—l o 2
M{’)(d):n,m,k - lu’[rlfl(d):n,m,k = _ZOz’yr(r _ 1)‘ /;00 'xp+ f('x)
x {F)}" " gy [F (x)]dx
or
P P _ P p+2
Horaymmik — Hr—1(dymmk = _Za'y For(dyn,m.k
r
or
’ = L 5.50
:u“r(d):n,m,k - 'ur—l(d):n,m,k - 2&’}/ 'U’r(d):n.m,k' ( . )
r
Again consider (5.41) as
p.q p.q _ qCs—1 <[ g-1
Kr@y,s@ynmik — Hrdy,s—1(dym,mk — _’Ys(r —Dis—r— 1! [oo [w ﬁXZ
X fe{F ()Y gy (F (x1)}
X [y {F 1)} = hiniay {F )} [
x {F ()} dxydx;.
or

pq p.q qCs-1 /oo /Xl e
i ) —_ . = — X
oy, sdymmk — Hrdy.s—1(d)m,m.k =D —r—Dl ) ) o 1%
X fF D))" gy {F (1)}

X [y (F 1)} = hnay {F (x2)} ]~
X AF ()} F (xp)dxadx;.

Now using (5.49) in above equation we have

P:q P _ qCs—1 00 x| ” o2
Hr@y.s@mmi = Hrid).s—1ynmk = 2avs(r — DIs —r — D! J_oo J—oo 1%
X f(x1)f(x2){F(x1)}mg,’n?dl){F(xl)}
X [hm(d){F(X])} — hm(d){F(Xz)}]‘Y_r_l
x {F ()} dxyd,.

or
q P.g+2

Mr(d),s(d):n,m,k

D-q P-q —
/J’r(d),s(d):n,m,k - p’r(d),sfl(d):n,m,k - 20[,}/
s

or

4 par2 (5.51)

D:q _ P4
Mr(d),s(d):n,m,k - /j’r(d),s—l(d):n,m,k - 20[,)/ lj‘r(d),s(d):n,m,k'
s
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We can obtain the recurrence relation for moments for special cases by using specific
values of parameters in (5.50) and (5.51). For example the recurrence relation for
single moments of lower order statistics can be obtained by using m = —1 and are

given as
P _ P p+2
Hordyn,—1.6 = Mr—1@ym,—1,k — Yok Hordym,—1.k

and
qd  pg+2

oy, s(dy:n,—1,k*

P _ pa
Hordy. sy —1.k = Fr(dy.s—1(dym—1.k — 20
S

Recurrence relations for other special cases can be readily written.

5.12.3 The Inverse Weibull Distribution

The density and distribution function for Inverse Weibull distribution

af «
f(x) = Wexp(_ﬁ), X, &, ﬁ > 07

and
Fx) = exp(—%).

We also have
af
fo) = F5F@. (5.52)

Pawlas and Szynal (2001) derived the recurrence relations for single and product
moments of Dual GOS for Inverse Weibull distribution. These relations are given
below.

Using (5.52) in (5.40) we have

4 4 PCr—l /DQ p—1 —1
r(d)yn,mk — Hr— amk = T W x {F(x)}%
Hordynmie = Fr—1(dy:nm k v (r =D
xs3+1 .
x a—ﬁf(X)gm(d)[F (x)]1dx
or
, ) B pCroi /°° p+B
lur n,m _lur— momk — X f(.X)
(d):n,m.k 1(d):n,m,k alby,r—1! J_
x {F)}" " gp, ) [F (x)]dx
or

p P+

/”Lr(d):n,m,k

4 4 _
lu’r(d):n,m,k - lu’r—l(d):n,m,k - _20(7
-
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or
p +0
ﬂf(d):n,m,k = :uf—l(d):n,m,k - muf(d):n.m,k' (5.53)
Again consider (5.41) as
P p.q qCs-1 /oo /x1 P!
Mr S n,m _/J’r S— n.m = - X
(d),s(d):n,m.k (d),s—1(d):n,m,k wr—Dis—r—nl ) ).
X f e{F ()Y gy (F (x1)}
X [hn@) {F e1)} = By {F (0e2)} ]~
x {F ()} dxydx;.
or

1 iy __ G /oo /x1 Kxd!
r(d),s(d):n,m,k r(d),s—1(d):n,m,k %(V _ 1)'(5‘ — = 1)' N 172

X fODF )} gy (F (1)}
X [Aun@) {F 1)} = hunay (F )}
x {F(x2)}" ™' F (x2)dxpdx;.

Now using (5.52) in above equation we have

00 X
Pq P _ qCs—1 ' Pt
Mr(d),s(d):n,m,k /’Lr(d),sfl(d):n,m,k - aﬂ"}/y(" _ 1)‘(S — = 1)| N 142

X f@0f G )" gy (F0x1)
X [hm(d){F(X])} — hm(d){F(xz)}]‘Y_r—l
X {F ()}~ ddy.

or
qd  paqts
p“r(d),s(d):n,m,k

P-q P-q —
lu’r(d),x(d):n,m,k - lu’r(d),x—l(d):n,m,k - _05675

or

P-4 _ . pa qd pgt+B
/J'r(d),s(d):n,m,k - :u’r(d),s—l(d):n,m,k - Oé/())")/ Mr(d),s(d);n,m,k~ (554)
s

The recurrence relations (5.53) and (5.54) reduces to relations (5.50) and (5.51) for
B = 2 as expected. Further, by using s = r 4 1, the recurrence relation between

product moments of two contiguous Dual GOS for Inverse Weibull distribution is

obtained as
p.q _  ptag 9 pg+B

lu’r(d),r-&-l(d):n,m,k - lu’r(d):n,m,k Mr(d),r-&-l(d):n,m,k'

By
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The recurrence relations for reversed Order Statistics and k-Lower Record Values
can be readily obtained for (im = 0; k = 1) and m = —1.

5.12.4 The Power Function Distribution

The density and distribution function of Power Function distribution are

a—+1
f) = garT X X 0<x<0, a>—1

and
F(x):(g)“'H 0<x<6.

The density and distribution function are related as
+
fx) = —F(X) (5.55)

Athar and Faizan (2011) have derived the recurrence relations for single and product
moments of Dual GOS by using (5.55) in (5.40) and (5.41). We have given these
relations in the following.

Using (5.55) in (5.40) we have

pCri 1 -1
M[:(d):n,m,k - :u[rll(d):n,m,k ’Yr(f’ — 1)| / X~ {F(x)}q

f(x)gm(d) [F(x)]dx

or
p p _ pCr—l 0
Hr@znmie = Fr—t@ymmk = = (G )y (r — D1 Do — 1)l /_OO xPf (x)
X AF @)} gl [F (0)]dx
or »
luf(d):n,m,k - :uf—l(d):n,m,k = _muf(d):n,mﬁk
or
y (a+ Dy +p _
r(d):n,m,k (Oé + 1)71” r—1(d):n,m,k
or ( D
p a+ Dy, ] p
. =] — . . 5.56
For(dyon,m. k ’ @+ Dy +p Foy—1(dy:n,m k ( )
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Again consider (5.41) as

W) — _ qCs-1 /Oo /Xl !
r(d),s(d):n,m,k r(d),s—1(d):n,m,k %(V _ 1)'(S —y— 1)' N 12

X fOOF )} gy (F (1)}

X [Py (F (1)} — honay {F () 1]
x {F(xp)} " dxydx;.

or

e iy - _ €1 /Oo /xl 0!
r(d),s(d):n,m,k r(d),s—1(d):n,m,k ’Ys(r _ 1),(5, —y— 1)' N 12

X fODF o))" gy (F (1)}
X [ {F (1)} — hm(d){F()Cz)}]s_r_l
x {F ()Y ' F (x2)dxadx;.

Using (5.55) in above equation we have

5 5 qcsfl 0 i
Mf(Zm(d):n,m,k - /j'f(Z),s—l(d):n,m,k =" @t Dy —Dis—r—1)! [w /700 xjx3
X f (e)f G AF (e)Y" g {F (1)}
X [hw@ {F e1)} = By {F ()}~
x {F(x2)}* 'dxydx;.

or
P.g P.q 4q .
K s(d): —H s—1(d): =TT M (d):
r(d),s(d):n,mk r(d),s—1(d):n,m,k (Oé + ]),ys r(d),s(d):n,m,k
or
D.q (Oé + 1)75 +4q X
Mr(d),s(d):n,m,k (Oé + 1)'7? - lu’r(d),sfl(d):n,m,k
or

i (a+ 1) i
Mf(Z),s(d):n.m,k = [m :u’f(Z),s—l(d):n,m,k' (5.57)

The recurrence relations for special cases can be readily obtained from (5.56) and
(5.57).
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5.12.5 The General Class of Inverted Distributions

The Inverted Rayleigh and Inverted Weibull distributions belong to a more general
class of inverted distributions. The density function of this inverted class is

fx) = /((x)) ew[—%]; a<x<f,

where « and (3 are suitable numbers and A(x) is a non-negative, strictly increasing
and differentiable function of x such that: A(x) — 0 and x — « and A(x) — oo and
x — (. The distribution function corresponding to above density is

F(x)—exp[ o )]; a<x<f.

The Inverted Rayleigh and Inverted Weibull distributions appear as special case of the
inverted class for A\(x) = x? and A\(x) = x” respectively. The density and distribution
functions are related as

ON (x)

A2 (x)

fx) = F(x). (5.58)

Using the relation (5.58), Kotb et al. (2013) have derived the recurrence relations for
single and product moments of Dual GOS for the general class of Inverted distribu-
tions . These recurrence relations are given in the following.

Using (5.58) in (5.40) we have

pCr . _
Eoraymamd = Hr—tdymmi = =) 11), / HF !
>\2( )
9)\,( )f(x)gm(d) [F(x)]dx
or
pCr 1 )\2()6)
luf(d):n,m,k - :uf—l(d):n,m,k m/ [x () }f( )
X (F )Y~ gy [F () 1dx
or

pCrfl *©
//:(d):n,m,k - /J'Iryfl(d):n,m,k = oo — 1) / d(X)f (x)

X AF )" gy [F () ldx
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2 . .
where ¢(x) = {x”_l i((j)) } Above relation can be written as

) p __P e
Kr@ynmk — Fr—1@ymmk = _9 r(d):n,m,k
Vr
or p
P P o(x)
Kr@ynmk = Fr—1@ymmk — 97 Hr@y:nm k- (5.59)
r

The recurrence relation (5.59) reduces to (5.50) for A(x) = x? and it reduces to
(5.53) for A(x) = x7 as expected.

Again consider (5.41) as

1 iy __ q9Cs1 /Oo /x1 Kxd!
r(d),s(d):n,m,k r(d),s—1(d):n,m,k %(V _ l)'(S — = 1)' oo ) 12

X f Q) {F (o))" gy (F (o))

d)
X [Py (F(x1)} = hynay {F (x2)}]* !
x {F(x2)} " dx,dxy.

or

e — - _ €1 /OO /x1 *xd!
r(d),s(d):n,mk r(d),s—1(d):n,m,k rYs(r _ 1),(5, —y— 1)' N 12

X f Ce{F ()Y gy (F (x1)}
X [An@{F &1} = by (F ()}~
x {F (x)} "~ F (xp)dxadx;.

Now using (5.58) in above equation we have

C o0 X1
Il — 1 == i / / A
r(d),s(d):n,mk r(d),s—1(d):n,m,k 9")/3(" _ 1)'(8 —r— 1), I 12

)\2
x X(()f;)f(xl)f(xz>{F(xl)}mg:nz;){F(x1)}

X By (F (x1)} = gy {F )}~
X {F ()} dxydx,.
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or
, , qC;s-
ﬂlr)(ZJ),s(d):n,m,k - Mzr)(Z),x—l(d):n,m,k = _Q%(r — 1),(S1_ r—1)!
oo X1 )\

x 1 ) [ [x” ! X((xz)) ]f(xl)f(m

X AF )" g {F ) HF ()} !

X [l {F (1)} — hm(d){F(xZ)}]S_r_ldxzdxl~
or

’ ) qu7 ©
N[:(Z),s(d):n,m,k - Mf(tqi),s—l(d):n.m,k = _0’%(1’ “Di(s 1_ r—1)! / / (e, x2)f (x1)
X Ce) (F )Y gy F ) HF ()}
X [y (F ()} = hngay (F )} |~ oy

where ¢(x1, xp) = {xf I A ) } Above recurrence relation can be written as

N(x2)
Pq X _ 9 )
@y saymmik — Hrdy,s—1(dymmk = Grys Hr@-s@inm ko
5
or q
g _ P d(x1,x2)
oy, sdynmik = Hrdy,s—1(dynmk — 0 :“r(d)] s(d)mn,m.k (5.60)

Recurrence relation (5.60) reduces to (5.51) for A(x) = x? and to (5.54) for
A(x) = x? as the case should be.

5.13 Relationship Between GOS and Dual GOS

The GOS and Dual GOS present two models of ordered random variables. Since
the models represent random variables arranged in ascending and descending order
respectively, there is essentially some relationships between these two models and
hence between special cases. Arnold et al. (2008) has shown that ordinary order
statistics from some distribution function F'(x) are related as

Xr:n ~ _anrJrl:n ) 1 <r=n

Arnold et al. (1998) have also given following relation between upper and lower
records of a sequence of random variables

XU(n) ~ _XL(n) yne N.
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The extended results for relationship between GOS and Dual GOS have been
discussed by Burkschat et al. (2003) which produce the above two relations as special
case. These relationships are given below but we first give some common notations.

We will denote the GOS from any continuous distribution F(x) by X,., . x and
the Dual GOS by X,(4y:n,m,k- The uniform GOS and Dual GOS will be denoted by
Uynm ik and Uy m i respectively. The first relation between GOS and Dual GOS is
evident from their distribution functions given in (4.17) and (5.34). From these two
equations it is obvious that distribution functions of both the models can be written
in the form of Meijer G-function and this relation is given in Burkschat et al. (2003).

An important relationship which relates GOS and Dual GOS is based upon the
probability integral transform of both the models. This relationship is based upon
GOS and Dual GOS from two different distribution functions F(x) and G (x) and is
given as

F(Xr(d):n,m,k) ~ {1 - G(Xr:n,m,k)} ;1 <r<n (561)

The corresponding relationship for uniform GOS and Dual GOS is immediately
written as

Ur(d):n,m,k ~ (1 - Ur:n,m,k) 5 1 <r=n (562)
The relationship (5.62) provide basis for the following relationship which enable
us to give distribution of GOS from uniform Dual GOS and distribution of Dual GOS
from uniform GOS
Xr(d):n,m,k ~ F_I (1 - Ur:n,m,k)» (563)
and

Xr:n,m,k ~ F71(1 - Ur(d):n,m,k)- (564)

The corresponding results for special cases can be readily written from above
relationships.
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Chapter 6
Some Uses of Ordered Random Variables

6.1 Introduction

In previous chapters we have discussed popular models of ordered random variables
alongside their common distributional properties. Ordered random variables are use-
ful in several areas of statistics like reliability analysis and censoring. In this chapter
we will discuss some common uses of ordered random variables.

6.2 Concomitants of Ordered Random Variables

Sofar in this book we have discussed the concepts of various models of ordered
random variables when a sample is available from some distribution F (x). The
comprehensive models of Generalized Order Statistics and Dual Generalized Order
Statistics have been discussed in detail in Chaps. 4 and 5 which contain several spe-
cial models for various choices of the parameters involved. Often it happen that
the sample of size n is available from some bivariate distribution F (x, y) and the
sample is ordered with respect to one of the variable by using any of the models
of ordered random variables. In such situations the other variable is automatically
shuffled and is called the Concomitants of Ordered Variable. The concomitants of
ordered random variables are accompanying variables which occur naturally when
sample is available from a bivariate distribution and is arranged with respect to one
variable. The concept of concomitants of ordered random variables can be extended
to situations when sample is available from some multivariate distribution and is
arranged with respect to one of the variable. In such situations all other variables are
called the multivariate concomitants. The concomitants of ordered random variables
are random variables and have formal distributional properties. The distributional
properties of concomitants of order statistics have been discussed in Arnold et al.
(2008) and distributional properties of concomitants of generalized order statistics

© Atlantis Press and the author(s) 2016 223
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have been discussed in Ahsanullah and Nevzorov (2001). In this chapter we will dis-
cuss distributional properties of concomitants for various models of ordered random
variables.

6.2.1 Concomitants of Generalized Order Statistics

The Concomitants of Generalized Order Statistics arise when we have sample from
some bivariate or multivariate distribution and the sample is arranged on the basis of
GOS of one of the variable. We will discuss in detail the concomitants of GOS when
sample is available from some bivariate distribution. The idea can be easily extended
to multivariate case. The concomitants of GOS are formally defined below.

Suppose (X1, Y1), (X2,Y2),..., (X, Y,) be a random sample of size n from
some bivariate distribution F (x, y). Suppose further that the sample is ordered with
respect to variable X, that is X,., ,, x is the rth GOS for marginal distribution of
X. The automatically shuffled variable Y is called the Concomitant of Generalized
Order Statistics and is denoted as Yj.n,m ;. The distribution rth concomitant of GOS
is given by Ahsanullah and Nevzorov (2001) as

f[r:n,m,k] ()’) = / f ()’|x) fr:n,m,k (X) dx, (61)

where f (y|x) is conditional distribution of Y given x and f;.., », x (x) is the marginal
distribution of rth GOS for random variable X. The joint distribution of rth and sth
concomitants of GOS is

0o poo
f[r,s:n,m,k] ()’1 5 yZ) - / f ()’1 |X1) f ()’2|x2) fr,.v:n.m,k (X] 5 X2) dedxl 5 (62)
—o00 J x|

where f; s:n.mk (X1, X2) is joint distribution of 7 th and sth GOS for random variable X .

The marginal distribution of 7th concomitant of GOS and joint distribution of rth
and sth concomitant of GOS provide basis to study basic properties of the concomi-
tants of GOS. Formally, the pth moment of rth concomitant of GOS is readily writ-
ten as

oo
E (Y] mn) =/ Y2 firmmi () dy, (6.3)

and the joint (p, g)th moment of rth and sth concomitants is computed as

00 00
E (Ylp[r:n,m.k]’ Yzq[r;n,m,k]) = / / ylpyg.f[r,s:n.m,k] (yls y2) d)’1dy2 (64)
—00 J —00

The mean, variance and covariance are easily obtained from above expressions.
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The idea of concomitants of GOS can be easily extended to the case when sample
is available from some multivariate distribution, say F (x, Vis Y2y enns yp) and the

sample is ordered with respect to variable X. The vector y = [Y L, Y2, oo, Y,,]/ in
this case is the vector of concomitants of GOS. The distribution of rth multivariate
concomitant in this case is given as

f[r:n,m,k] (Y) = / f (Y|x) fl‘:n,m,k (.X) dx, (65)

where f (y|x) is the conditional distribution of vector y given x.

Example 6.1 A random sample of size n is drawn from the density

fy) =@ f M +af2F @) —1}{2F (y) - 1}].

Obtain distribution of rth concomitant of GOS for this distribution alongside the
expression for pth moment of rth concomitant (Beg and Ahsanullah 2008).

Solution: The distribution of rth concomitant of GOS is given as

f[r:n,m,k] ) = / fOlx) fr:n,m,k (x)dx,

where fy., . (x) is distribution of rth GOS for random variable X and is given as

Crfl
r—1)!

Frmmi (x) = Fe{1—F@y g ' [F].

Further, the conditional distribution of ¥ given x is

Fom =252 el a2F @) — 1) 2F &) — 1]
7

=fO+af MEFE) -1{2F () -1},

Now distribution of rth concomitant of GOS is

Jirnma (¥) =/ Lf D) +af () (2F (x) = }{2F (y) — 1}]

Crfl

o WU-F ) g IF (0)]dx

X
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or
Srmmu ) = f(y)/ = 1),f(X){1—F(X)}V g ' IF (0)]dx
+af(y){2F(y)—l}/ @F -1 2 1),f<)
x {1 = F @) g [F (x0)]dx
or
frmma ) = f ) +af ) 2F () — 1} / [1=2{1 - F @)}
o 1),f(x){l—F(x)}Vl gn | [F (0)]dx
or
irmm i (y)=f(y>+af<y){2F(y>—1}[/ — 1),f<)
x{l—F(x)}’” “egn HIF (0)]dx
*© C,-
-2 FOU—F@e [F(x)]dx]
oo (= 1>'
or
*© C,
f[r;n,m,k](y)=f(y)+06f(y){2F(y)—1}[1— | e
X {1 = F )y =gl " F (0)]dx]
or
Cr—l o Cr—l (1)

firnm] (y)=f(y)+af(y){2F(y)—1}[1— vy B
x f () {l—F )y gr =1 [F (x)]dx]

or

. Cr—l
f[r:n,m,k] ()’) = f ()’) +O‘f (y) {2F (y) - 1} (l - 2Cr71 (1)) ?

where C,_; (1) = H (7/] + 1) The density function or rth concomitant of GOS
can further be wrltten as
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C.—
Jrnami V) = f ) +af (1) 2F (y) — 1} (1 -2 1 )

Croi (D
_ Cr—l
= f() |:1 +af{2F (y) — 1} (1 - 2Cr71 (1)):| .

Now using the fact that 2F (y) — 1 = 1 —2{1 — F (y)} = 1 — 2F (y) the density
function of rth concomitant can be written as

— C,_
f[r:n,m,k] (y)=f(y) [1+a{1—2F()’)} (1_2 ! )]

Cr_i (1)
o Cr—l Cr—l =
=1w [1 o (1 o (1)) e (1 o (1)) F(y)]
=f[di,+d, F (], (6.6)
where
_ _ Cr—l _ . Cr—l
di,=1+« (1 2Cr—l (1)) andd,, = 2« (1 2Cr—l (1)) .

The density (6.6) provide general expression for distribution of rth concomitant of
GOS for Farlie-Gumbel-Morgenstern family of distributions discussed by Morgen-
stern (1956), Farlie (1960) and Gumbel (1960).

The expression for pth moment of rth concomitant of GOS is

E (Y[f:n,m,k]) =/ ypf[r:n,m,k] (y) dy
—00

= / Y f O [di, +do, F(»)]dy

o0

—dy, / V' F () dy +da, / V' F ) F () dy

0 —00
or

[e¢]

E (Y i) = dioith +da, / VO 1= F ()} dy

—00
o]

— diyul ol — dy, / V£ ) F () dy,
—00

where ul; = E (Y?). The expression for pth moment can further be simplified as

d2,r

P p p p
E (Y[r:n,m,k]) =di iy +dorpy — ) Hy @)

da,s
uy (d +dor) = = 5 o). (6.7)
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where ,uﬁ(m) is pth moment of maximum of Y in a sample of size 2. Expression
(6.7) can be used to compute moments of concomitants of GOS for various members
of the family. For example if we use exponential distribution with

fM=e and F(y)=1-¢"
then the density function of rth concomitant of GOS is

f[r:n,m,k] (y) - eiy [dl,r + d2,reiy]
= dl,re_y + d2,re_2y'

The expression for pth moment of rth concomitant of GOS is immediately written as

00 )
E (Y[[r):n,m,k]) = dl»r/o ypeiydy + d2,r/(; yp672ydy

1
= di, T (p+ 1) +doy g T (p + 1)

d>.s
= (dl,,-+i)r<p+1),

2p+l

as given by BuHamra and Ahsanullah (2013). The mean and variance can be readily
obtained from above.

6.2.2 Concomitants of Order Statistics

The distribution of concomitants of GOS discussed in the previous section provide
basis for distribution of concomitants for sub models. Specifically, the concomi-
tants of order statistics has attracted several statisticians. The concomitants of order
statistics are formally defined below.

Suppose (X1, Y1), (X2,Y2), ..., (X,,Y,) be arandom sample from a bivariate
distribution F (x, y) and let Xy, < X5, < --- < X,., be the order statistics of
variable X, the variable Y in this case is called the Concomitants of Order Statistics.
The density function of rth concomitant of order statistics is given by Arnold et al.
(2008) as

f[r:n] ()’) = / f (}’|X) fr:n ()C) dx, (68)

where f,., (x) is the marginal distribution of rth order statistics for X. The joint
distribution of rth and sth concomitants is

o0 ,OO

Sirsm 1, ¥2) = / f OtlxD) f (21x2) frsm (X1, X2) dxadxy, (6.9)

—0Q0 J X

where f, ., (x1, x2) is joint distribution of rth and sth order statistics for X.
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The moments for concomitants of order statistics can be easily computed from
(6.8) and (6.9). The distribution of concomitants of order statistics can be obtained
from distribution of concomitants of GOS by usingm = 0 and k = 1.

Example 6.2 A random sample of size n is drawn from the density

fay=Ff@fOMI+a2F @) -1} {2F (y) - 1}].

Obtain distribution of rth concomitant of order statistics for this distribution along-
side the expression for pth moment of rth concomitant.

Solution: The distribution of rth concomitant of order statistics is
o0
Srrmmaig (¥) = / S O1x) frin () dx,
—00

where f,., (x) is distribution of rth order statistics for X given as

= n— r=lry _ n—r
Jrn (x) = =Dl = r)!f(X) [F)] [1=Fx)]
=Conf WIF @I =F 01",
where C,., = #('n_r), Now the conditional distribution of Y given x is
fOlx) = % =M +a{2F () - 1}{2F (y) — 1}]

=fWM+af (ME2F@ -1{2F () -1},

The distribution of rth concomitant of order statistics is
Jrrm (¥) = /OO Lf ) +af M 2F @) —1}{2F (y) — 1}]
X*"gmf ) [F @ 1= F ()] dx
or
Jrm ) = f ) /Z Crnf ) F @)~ [1 = F ()" " dxdx

+ af (D {2F (y) — 1}/ 2F (x) = 1} Crn f (%)

X [F)] '[1=F@]" " dx
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or
S ) = £ 0) +af 0) (2F (3) — 1}/ [1—2(1— F ()]
X Cruf O [F ) ' [1 = F@)]" " dx
or
Sirmamin ) = f ) +af () 2F (y) — 1} [ / Crnf () [F ()]
x [1— F (0" dx —2 / Gt ()
[F )" [1—F @]+ dx]
or
Jirm ) = f () +af () (2F (y) — 1} [1 -2 / Crnf (x)
x [F @) ' [1=F @)™ dx]
or
C)n o
Jrm ) = f () +af (0 {2F (y) — 1} [1 —25 / Crnt1
r,n+ —00
x f)[F @1 =F @)™ dx],
where C,. ;11 = % The density function can further be simplified as under

Cr
S () = fF ) +af () 2F (y) -1} (1 - 2C—)

r,n+1

— 1
— F ) +af () RF () - 1) (1 _ 2u)
n—+1

2r—n—1
=f |:1+0l{2F()’)—1}(ﬁ):|-

The density function of rth concomitant of order statistics can be obtained from (6.6)

by using m = 0 and k = 1. The expression for pth moment of rth concomitant of
order statistics is
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o0
E (Y[f:n]) = / V¥ firm (7)) dy
—0oQ

o 2r—n—1
=/ y”f(y)[1+a{2F(y)— H(—)}dy

o0 n—+1

o 2r—n—1
=/_Ooy”f(y)dy+01(—n+1 )

X/ Y WA2F (y) — 1}dy

o0

or

» » 2r—n—1 <o
E (V) =ny +e\ =g ) [ y"2F ) F()dy

(Zr—n—l) o0 » d
o\ /_ooyf(y)y

b 2r—n—1 » 2r—n—1 »
ST ) e e

where 1y = E (Y?) and uy,,, is pth moment of maximum of ¥ in a sample of
size 2. Above expression can be used to compute moments of concomitants of order
statistics for various members of the family.

6.2.3 Concomitants of Upper Record Values

In Chap. 3 we have discussed in detail the distributional properties of upper record
values when the sequence of random variables is available from a continuous univari-
ate distribution function F (x). When sample is available from a bivariate distribution
F (x, y) and is arranged with respect to upper records of variable X then the variable
Y is called the concomitant of upper record values. The marginal density function
of nth concomitant of k—record values and the joint distribution of nth and mth
concomitants of k—record values are given by Ahsanullah (2008) as

fione () = / F O form () dx, 6.10)
and

Stuem.ueemn 1, ¥2) =/ S OlxD) f 320x2) fugm).ugmy (X1, X2) dxadxy,
—o0 J x|
6.11)
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where fy, ) (x) is the marginal distribution of nth k-record values and fy, (), v, (m)
(x1, x») is joint distribution of nth and mth k-record values of X given in (3.12) and
(3.13) respectively. The distribution of concomitants of record values can be obtained
by using k = 1 in (6.10) and (6.11). The moments of concomitants can be obtained
from (6.10) and (6.11).

Several authors have studied the concomitants of record values for certain class
of distributions. We have given some examples below.

Example 6.3 The joint distribution of X and Y is

[ y) = B616:x*" 7y exp {—x" (B+y*)} i x. . 61,6, B > 0.

Obtain the distribution of nth concomitant of upper record value for this distribution
(Ahsanullah et al. 2010).

Solution: The distribution of nth concomitant of upper record values is given as

Fron] ) = / F 1) frp, () dx,

where fx,,, is givenin (3.3). Now for given distribution we have

f(x)z/0 S x,y)dy
- /OO BO16,x° 1y exp {—x™ (B + y*)} dy
0

[e.¢]
— ﬂ9162x20171 exp (_ﬁx91)/ y9271 exp (_x91 y92) dy
0
= O1x" " exp (—px™), x,61, 8 > 0.

Also )
F(x) =/ f@dt=1—exp (—ﬂxel)
0

and {
Ixpw () = m [R ()" f (x),
where R (x) = —In[1 — F (x)] = Bx?. So we have

1

Sxow ) = 5 ) (Bx")""" BO X"~ exp (—Bx™)

0
- (ln)ﬁnxnelflexp (—Bx"); x,n, B,61 > 0.


http://dx.doi.org/10.2991/978-94-6239-225-0_3
http://dx.doi.org/10.2991/978-94-6239-225-0_3
http://dx.doi.org/10.2991/978-94-6239-225-0_3

6.2 Concomitants of Ordered Random Variables
Now the conditional distribution of ¥ given X is

f Ol = 0x"y* exp (—x"y?); x,7,61.6, > 0,
so the distribution of nth concomitant of record value is

o0
Trow1 O Z/O 0ox% "V exp (—xy?)

0
X T oy (]n) px""Vexp (—Bx™) dx

9192 n 6,—1 x nb+6,—1 0>
— = By /0 x exp {—x" (B + y”)} dx,

' (n)
now making the transformation x% (,B + yez) = w and integrating we have

nop"y""! y
9)n+1’ s

Tvom1 ) =
[Y )] (ﬂ+y2

n,6, 8> 0.

Now pth moment of nth concomitant is

00 00 nezﬂnyﬁz—l
E (Y[[ljl(n)]) /o Y fvow] ) dy =/0 yP————dy

(ﬂ+y92)n+l
92+p 1
= nb ——d
=n 2/3 / 13+ 92 n+1 y

) BT (n = p/62)T (p/62+ 1)
I' (n)

or

E (YIIZ](H)] ; p < nb,.

The mean and variance can be obtained from above.

6.2.4 Concomitants of Dual GOS

233

The concomitants of ordered random variables can be extended to the case of Dual

GOS and are defined as below.

Suppose a random sample of size # is available from F' (x, y) and distribution of
rth dual GOS is obtained for X. The variable Y in this case is called the concomitant
of dual GOS. The density function of rth concomitant of dual GOS is readily written

on the lines of distribution of concomitants of GOS as

f[r(d):n,m,k] (y) = / f (y|x) fr(d):n,m,k ()C) dx’

(6.12)



234 6 Some Uses of Ordered Random Variables

where f(d)n.m.kx (X) is the marginal distribution of rth dual GOS for X. The joint
distribution of rth and sth concomitants of dual GOS is

o0

Jrr@,s@mmiq 1, ¥2) =/ S Onlx) f (nalx2)

—00 J X

X frd).s@dynmk (X1, X2) dxodxy, (6.13)

where [ sn.mk (X1, X2) is joint distribution of rth and sth GOS for random variable
X. Expression for single and product moments can be easily obtained from (6.12)
and (6.13).

The distribution of concomitants of dual GOS provides distribution of concomi-
tants for special models by using specific values of the parameters involved. For
example by using m = —1 in (6.12) and (6.13) we obtain the distribution of con-
comitants of lower record values and is given as

Jiexon () =/ SO frem (x)dx, (6.14)

where fi, ) (x) is distribution of nth k—lower records.

Example 6.4 A random sample of size n is drawn from the density

fay=Ff@fOMI+a{2F @) -1} {2F (y) - 1}].

Obtain distribution of rth concomitant of dual GOS for this distribution alongside
the expression for pth moment of rth concomitant.

Solution: The distribution of rth concomitant of GOS is given as

Sor@mma () =/ O fraynmr (x)dx,

where f(d)n.m.k (X) is distribution of rth dual GOS for random variable X and is
given as

r—1

fr:n,m,k (x) = r—1)!

f @ F @Y g [F 0]

Further, the conditional distribution of Y given x is

Foo =252 e 2F ()= 1) 2F () — 1]
F ()

=fO)+af (){2F &) -1} {2F (y) - 1}
=fM+2af (MR2F () —1}Fx) —af (0){2F (y) —1}.
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Now distribution of rth concomitant of GOS is

Jir@mnmia () = / Lf )+ 2af ) {2F (y) — 1} F (x) —af ) {2F (y) — 1}]

X GO 1),f(x){F(x)}V " g [F (0)]dx
or
Sra@ynmin ) = f ) / = 1),f(x){F(x)}V ‘gi@ [F (x)]dx
+20tf(y){2F(y)—l}/ F@ g 1),f()
x {F )Y gl [F(x)]dx—af(y) 2Fy -1
* C,
x[w( 1),f( X) {F )Y gy [F (x)]dx
or

im0 = £ ) +2af ) R2F ) =1 [~ Z5 0o
X AF ()}l gr L LF (0)]dx —af (y) (2F (y) — 1)
or

Crfl *© Crfl (1)
Croi (D) Jooo r = D!

X [ ) {F )yt gr D IF (x)] dx] —af (M 2F(y) -1}

Jir@mmia (V) = f ) +2af (M {2F (y) — 1} |:

or

Cr—
Jr@mnmi (V) = f ) +oaf (y){2F(y) -1} T(ll) —af W {2F (y) — 1},

where C,_; (1) = H:‘:l (yj + 1). The density function or rth concomitant of dual
GOS can further be written as

_ _ 2vCr—l _
Sr@mnmi ) = f ) [1 +a{2F () -1 (C,_l )] 1)}

= f[1+aC*2F (») - 1],

where C* = (2=L — 1). The density function can be further simplified as
[GRTeY y p
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Sir@mmig ) = f () [ +aC*{2F (y) — 1}]
=f+aC* 2f () F Q) —fO}
= fi1 () +aC* {fr2 (¥) = fi1 M}, (6.15)

where f>., (v) is distribution of maximum order statistics for a sample of size 2 and
fi1:1 () = f (). The density (6.15) provide general expression for distribution of
rth concomitant of dual GOS for Farlie-Gumbel-Morgenstern family of distributions
discussed by Morgenstern (1956), Farlie (1960) and Gumbel (1960). The expression
for pth moment of rth concomitant of dual GOS is readily written as

E (Y[I;:nfm,k]) = [ ypf[r:n,m,k] (Y) dy
= / Y [ frn ) +aC {faa (v) — fia (M}] dy

=/ y”f(y)dy—i—aC*/ yP fan () dy

o0 —00

- aC*/ yf(ydy

o0

or

P
E (Y[f:n,m,k]) = H; + aC*I’LY(Z:Z) — aC*M¢

= +aC* {1 ) — ). (6.16)

Expression (6.16) can be used to compute moments of concomitants of dual GOS
for various members of the family.

Example 6.5 Obtain the distribution of nth concomitant of lower record value for
the distribution

49 1 1
f(x,J’)=xs—y3€Xp 2 9+F ; x,y,0 > 0.

Also obtain expression for pth moment of rth concomitant of lower record value
(Mohsin et al. 2009).

Solution: The distribution of rth concomitant of lower record values is

o0

S (y)=/ 1) fxom (x)dx,
—00
where fx, . (x)is given as

Sxpm () = %n)f(X) [H(@)]"", —c0 <x <00
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and H (x) = —In[F (x)]. Now for given distribution we have

*© 46 1 1
rw=[Trand= [T epl- (04 ) far
0 o X7y X y
496 0 /OO 1 . 1 J
o P\ \Te) ) PP T )Y

and
( ) = /X f(t) dt = /x — €X (——) dt €X (——)
F(x)= ; = ; 3 p 2 = exp 5 )

So H (x) = —In[F (x)] = 6/x>. We therefore have

1 26 0 6\"!
Jauon &) = e S P (_F) (?)

_ 1 20™ 0
T (n) x2 1 xp x2)"

2 1
o= Zeon(-)
and hence the distribution of nth concomitant is
£ o) 49”1/"01 19+1 p
. = —— ——expl—— — X
el (V) = My Jy xH P1= 2

B 210" yz n+1 ) 0
= y3 1 +9y2 , Yy, n, > V.

Also we have

The expression for pth moment is

oo

E (YLp(n)) =/0 ypf[YL(n)] ) dy
o0 276" 2 n+1
[ ()
0 y 140y

E(Yﬂm):en/z—lr(,q)r(”*%)r(l—%) P <2

We can see that the variance of the distribution of concomitants does not exist.

or
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6.3 Ordered Random Variables in Statistical Inference

Ordered random variables have been used by various authors in drawing inferences
about population parameters. Ordered random variables have been used in estima-
tion as well as in hypothesis testing about population parameters. Ordered random
variables has attracted several statisticians in drawing inferences about location scale
populations. In this section we will discuss some common uses of ordered random
variables in statistical inference.

6.3.1 Maximum Likelihood Estimation

Maximum likelihood method has been a useful method of estimation of population
parameters due to its nice properties. The maximum likelihood method is based upon
maximizing the likelihood function of the data with respect to unknown parameters,
that is if a random sample of size n is available from the distribution F (x; ) where
0 is a (p x 1) vector of parameters then the parameters can be estimated by solving
the likelihood equations

dIn[L (x;0)]

0:i=12 ...
30, ! p

where [L (x; )] is likelihood function of the data.

Situations do arise where the domain of the distribution involve a parameter and in
such situations the maximum likelihood estimation can not be done in conventional
way but is based upon the order statistics of the sample. For example if we have a
sample of size n from the distribution

1
f(x;@):5;0<x<9,

then the maximum likelihood estimator is § = X .1, the largest value of the sample.

Another way of using ordered random variables in maximum likelihood estimation
is to use the joint distribution of the ordered data instead of using the joint distribution
of the sample to obtain the maximum likelihood estimates. The idea is illustrated in
the following by using the joint distribution of Generalized Order Statistics.

Suppose X1, X», ..., X, be arandom sample from the distribution F (x; 6) and
Xinmks Xonmks ---» Xnm.m.x be the corresponding GOS of the sample. The joint
distribution of GOS is given in (4.1) as

n—1
fl,...,n:n,r?t,k (.Xl, ceey Xy 0) =k HVJ {1 —F (-xn; 0)}](71 f (xn; 0)
=1

n—1
x [H{l — F (xi; 0)}" f (xi3 0)} :
i=1
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and can be used as the likelihood function to estimate the population parameters.
The maximum likelihood estimation based upon ordered random variables is done
in conventional way, that is by differentiating the joint distribution with respect to
unknown parameters and equating the derivatives to zero. That is, the maximum
likelihood estimate of parameters based upon GOS are given by the solution of
likelihood equations

dIn[L (Xumi: 0)]
a6;

=0;i=12,...,n (6.17)

where L (X, 4; 0) is given in (4.1) above.

The maximum likelihood estimates of population parameters obtained by using
joint distribution of GOS can be used to obtain the maximum likelihood estimates
based upon special cases by using specific values of the parameters. For example
using m = 0 and k = 1 in (6.17) we obtain the maximum likelihood estimates based
upon order statistics and for m = —1 we obtain the maximum likelihood estimates
based upon upper record values.

Example 6.6 A random sample of size n is drawn from the distribution

1
f(x:0) = 5‘”‘1’(_%) ; x,0 > 0.
Obtain maximum likelihood estimate of 8 on the basis of GOS.
Solution: The joint distribution of GOS is given as

n—1

L (omis 0) =k [ [Tv ) 11 = F Cos 0} £ (03 0)

Jj=1

n—1
x [H{I—F(x,w)}’”f(x,-;a)]
i=1

Now for given distribution we have

f(x;0)= éexp (—g) and F (x) =1 —exp (—g)

The joint density of GOS is therefore


http://dx.doi.org/10.2991/978-94-6239-225-0_4
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or

1 kxi\
L (Xn,m,k; 0) = Cnfle_n exp (—%) ‘

- (m+1)x

[T e (-57))]

= C,,_li exp (_k_x,) exp (_m_—f—l 3 1xi)
on 0 0

i=1
where C,_1 = k (H']’;: yj). The log of likelihood function is

In [L (x,,,m,k; 0)] =In(C,_1) —nlnf — I% — mT—I-l ':11 X;.

dln [L (xn,m,k; 0)] _on 1 n—1
5 ——5+0—2{kx[+(m+1)zi:1xi}.

The maximum likelihood estimator of 6 is the solution of

_% + éiz {kx,- +(n+1) Z:ll x,-} =0
or 1 " 2
ﬁ{kx,»+(m+1)z,-=1 x"} ~ 6
or

A 1 n—1
b= {kx,- D> x,-}.

We can see that the maximum likelihood estimator based upon GOS reduces to
conventional maximum likelihood estimator for m = 0 and k = 1.

6.3.2 The L-Moment Estimation

The L-moment estimation was introduced by Hosking (1990) and is based upon
equating few moments of order statistics with corresponding sample moments and
obtaining estimates of unknown population parameters. The L-moment estimation
is a useful technique for estimation of population parameters when the distribution
under study is a location-scale distribution. The L- moment estimation is described
in the following.

Suppose a random sample of size n is available from the density f (x;6) and
X1 < Xppp < +-+ < Xy, be the corresponding order statistics. Suppose further that
E (X,.,)existforr =1,2,...,n where



6.3 Ordered Random Variables in Statistical Inference 241

_ n! r—1 _ n—r
E(X,n) = m/}ﬁxf @ F @I [1=F®]" " dx

n!

1
-_—— -1 r—1 _ n—r .
= Dl (@

and F~' (1) is inverse function and U is U (0, 1) random variable. The L-moments
are weighted sum of expected values of these order statistics and are computed as

1r—l ; 1

The “L” in L-moments is emphasizes that A, is a linear function of “Expected Order
Statistics”. The first few L-moments are given as

1
M=EX) =X =/ {F7'w}du
0
1 l
o= 3E(az = Xaa) = [ (F @) Qu 1 du
0
1
Az = §E (X33 — 2X253 + X13)
1
= / {Fﬁ1 (u)} (6u2 — 6u + l) du
0
and
1
Ay = ZE (X4:4 —3X34 +2X0.4 — X14)
1
= / {F~" )} (20u® — 30u” + 12u — 1) du.
0

The L-moments can also be computed as special case of Probability Weighted
Moments of Greenwood et al. (1979) which are defined as

My, = E[X"{F (X)) {1 - F(X))]

=A}HF@WU—F@Wf@Mx

RS

1
:/ {F7' @}’ {w) {1 — u} f () du. (6.19)
0
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For this we first define 3, as

B = Ml,r,O :/)Cf ) {F (x)}rdx

N

1
:/ {F_1 (u)}urdu. (6.20)
0

The L-moments can then be computed from g, as

A= Bo (6.21)
A =281 — Bo (6.22)
A3 =6 — 581+ Bo (6.23)
Ag = 2083 — 308, + 128 — Bo. (6.24)

The L-moment estimates can be obtained by equating population L-moments with
corresponding sample L-moments, that is, the L-moment estimates are obtained by

solving .
A=A r=12,...,p. (6.25)

where the sample L-moments are computed as

L —1 k— 1\ ,
b= (k! (’ ) )(”k )ﬂk (6.26)
k=0

where

p _ 1§ G-DG=2...G—-r
br= ;Zj:“rl (n—1) (n—Z)...(n—r)xj:"' (6.27)

First few )AL, are
A= Po
A =281 — Bo
A3 =68 — 581 + Bo
)\,4 = 20ﬁ3 - 30/32 + lzﬁl - ﬂo'

and first few ,3, are given as
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s I G-DG-2)
b= ijs n—1(n—2 7"

5 12»1 (j—l)(j—2)(j—3)x.
n4=j=tn—1)mn-2)(n—-23"""

We see that the L-moment estimation is like conventional moment estimation with
the difference that the simple moments are replaced by the L- moments.

Example 6.7 Suppose we have a random sample from the density

1 1
f(x;a,@):gexp[—g(x—a)] x>0 > 0.

Obtain L-moment estimate of the parameters.
Solution: We know that the L-moment estimates are solution of
Ar =):,; r=1,2,...,k.
Since given distribution has two parameters therefore L-moment estimates are solu-
tion of
)»1 = )\1 and )\2 = )\2.

Now we find L-moments of the distribution. We have

X xl 1
F(x):/a f(t)dt:/a gexp[—g(t—a)]dt

=l—exp[—é(x—a)].

So F (x) = u gives
1
1—exp<—5(x—oz)] =u

or
x=F'w=a—0log(1 —u).

Now we have
1 1
ﬂoz/ {F~! (u)}du:/ {a —0log(1 —u)}du
0 0

1 1
=a/ du—@/log(l—u)du:a—i—@.
0 0
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Again

1 1
B :/ {F‘1 (u)}udu :/ {a —0log (1 —u)}udu
0 0

! ! o« 30
=« udu — 0 ulog(l —u)du = - + —.
0 0 2 4

So by using (6.22) and (6.23) we have
M=B=a+0

)Lz=2/31—/30=2(g+ﬁ)—(a+9)=§.

2 4
The L-moment estimates are therefore the solution of
G40 =»x and 6/2 = A,;

which gives
a = )\1 — 2)\.2 and 0 = 2)\2.

We see that the L-moment estimates are easy to compute.

6.3.3 Ordered Least Square Estimation

The Least Square Estimation is a popular method of estimation for parameter of
statistical models. The method can also be used to compute parameters of probability
distributions. Lloyed (1952) introduced the use of least square estimation to estimate
location and scale parameters of probability distributions by using the order statistics
of a sample of size n from distribution F' (x) with location and scale parameters ©
and o. The ordered least square method is illustrated in the following.

Let Xy, X», ..., X, be a sample from distribution F (x; u, o) where u and o
are location and scale parameters respectively and let X.,, Xo.,, ..., X,y be the
corresponding order statistics of the sample and define

with £ (Z,.,) = o, Var(Z,,) = V.5 and Cov (Z,.,, Zs.,) = V, ;. Now using
Xyn =+ 0Z,.,, we have

E (Xr:n) =u+oo,
Var (Xr:n) = U2Vr,r and Cov (Xr:n’ X.Y:n) = szr,x-
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Now writing z = [len Zop vvnenn. Zun ]/ we havex = ul + oz,
E(@Z)=a, Cov(z) =V,
E (x) = ul + o« and Cov (x) = o2V.
where 1 is (n x 1) vector of 1's, « is (n x 1) vector of E (Z,.,) and V is (n x n)

matrix of variances and covariances of Z,.,,. Now using the fact that least square
estimate of parameters of the model y = X + ¢ with Cov (¢) = V are given as

g=xVv'x)"'XVly

the estimates of 1 and o are obtained as under.
From E (x) = ul 4+ oo we have

Ex =[1a] [ﬂ = X8,

SO
i /- -1 / -
[6]:([101] Vo ta]) [1a] vy
C[Uv i uve T UVl
T UViea/ Vi a/V-ly
or
pl_ 1 a/V3ie —1/V7ig|[1/Vly
s TAl-VVia UV [|a/Vly
_ 1 (@/V7la) (1/V7y) — (1VV7'a) (o/V7y)
=AWV (@ V) - (VV-le) (V)
or 1
A=~ {~a/V7! (1a/—al/) V'y} (6.28)
and |
6= {UV (1e/—al’) V7ly}, (6.29)

where A = (1'V7'1) (a/V~'a) — (l/V‘la)z. Also we have

1 1
/y—1 A\
o'V a),Var(a)_A(

Vv'a). (6.30)

1'v7'1)
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If the parent distribution is symmetrical then we have o, = —o,,4,—; and hence we
have 1/V~'a = 0 and hence the ordered least square estimators reduces to

. Vvly . a/Vly
L=V M T v (©3D
The variances in this case reduces to
Var (i) = —2— and 6 = —2 6.32
ar () = gry=1 4% = Jnrg (632)

The covariance in this case is zero.
The Lloyed’s ordered least square estimation method can be extended by using
mean vector and covariance matrix of any model of ordered random variables.

Example 6.8 A random sample of size n is drawn from the distribution

1 1 1
f)=—; pu—=zoc<x<pu+ =o.
o 2 2

Obtain the ordered least square estimators of © and o by using order statistics.

Solution: We see that the distribution is symmetrical as f (u — x) = f (u + x)
therefore the ordered least square estimators of parameters (1 and o are given as

1/v-ly . a/Vly

A=—"andbé6 = —"—
1/v-11 a/V-1la’
where « is mean vector and V is covariance matrix of standardized order statistics

Xr:n — MK
—U .

Ly =

Now we first obtain the distribution of standardized rth order statistics and joint
distribution of standardized rth and sth order statistics. For this we first obtain the
distribution of Z = (X — u) /o which is given as

1 1
fx)=1; —5<z<5.

Also s i 1
F(z) = f(t)dt:/ dt=z+§.

—12 172
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Now distribution of rth order statistics for Z is

Jran (2) = f@QIF@I 1 =F@I"”"

n!
(r—D!'(n—r)!

3 n! 1 r—1 . 1\""
—m(w) (‘Z‘E) '

Again the joint distribution of rth and sth order statistics for z is

Frsn (21,22) = Crgn f (21) f (@) [F ) ' [F (z2) = F (z))] !

x[1=F ()"

_c +1 rfl( )s_r_l | 1 n—s
= Crsn | <1 ) 22 21 22 ) ,

n!

Where Cr,s:n = m

of z as under

12
o =E(Z.,) = / 2frm () dz
~1)2

1/

}’l' 1/2 l r—1 l nfrd
SO i R— - l—z—= .
(r—l)!(n—r)!/l/zz(HE) ( ‘ 2) :

Now making the transformation z + % = w we have

n! ! 1 r—1 n—r
n!

1
= m/o w (1 —w)'""dz

1 n! ! r—1 n—r
_E(r—l)!(n—r)!/o w (L= w)™dz
n!
= —(r_1)!(n_r)!B(r+1,n—r+1)
1 n! B |
oDt
or
n! rl(n—r)!
o = X
r—D!'(n—r)! (n+ 1!
1 n! r—nD!'(n—r)!
2 —Dln—r) nl

r 1

n+1 2

247

We now find mean vector and covariance matrix
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Again
Vr,x =FE {(Zr:n - ar) (Zs:n - le)}

1/2 2
= / / (z1 — ) (22 — ay) fr,s:n (z1,22) dzidz;
12102

1/2

12 2 !
= Cr,s:n/ / (Zl - Olr) (ZZ - as) (Zl + _)
“12J-1)2 2

l n—s
X (z2—z1) ! (1 — 22— 5) dzidzs,

which after simplification becomes

Vr,s:r(n_z—s-i_l);ris
n+1)"(n—ys)
= 0 Otherwise
Now we have
oy n—1
o n—23
-2 1
o= . = -
: 2(n+1)
[0 ] —n
o, 1—n
and
n n—1 n—2 ---1
02m—1H2mn—2)---2
V=[v.]= ! 0 0 3(n—2)---3
n+1%*n—-2) : .
0 0 0 n
Also
2 —-10 ---0
-1 2 —-1---0
Vie@+h@+| 0 -1 20
o0 0 -.---2
Further

'v1=2m+1)n+2)
1
o/ Ve = 3 n+2)(n—1)
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(1D (n+2)
=TT
UVly =+ 1) (n+2) Gun + Yin)

Ol/Vily Vun = Y1)
The ordered least square estimators are therefore

UVy L
I/V,II - 2 Ynn Yin

=
I

and
o/Vy  n+1
e —— (yn:n - yl:n) .

6= —" =
a/Via n—1

The ordered least square estimation is computer extensive and in certain cases
we need to use numerical methods to obtain the ordered least square estimators as
analytical solutions are very complicated.

6.3.4 Bayes Estimation Using Ordered Variables

Bayes estimation is a popular method of parameter estimation when parameters
are random variables. The conventional Bayes method is based upon computing
parameter estimates by using posterior distribution of the parameter given as

f(x10) g (0)
Jy [ (x10) g (0)do’

fOx) = (6.33)

where f (x]0) is joint distribution of data and g (#) is prior distribution of the para-
meter. In computing Bayes estimates by using ordered random variables the joint
distribution of data in (6.33) is replaced by the joint distribution of any model of
ordered random variables. For example if the joint distribution of GOS given in (4.1)
is replaced in (6.33) then Bayes estimation is based upon GOS.

Example 6.9 A random sample of size n is drawn from the distribution
f(x;0)=0e%; x,0 >0.
Compute Bayes estimator of 6 by using GOS if prior distribution of € is
B

) _ a—1_—p0 .
f(e,a,ﬂ)——r(a)e e’ 0,a,8>0.

Solution: The Bayes estimator of 6 is the mean of posterior distribution of
0 given as
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_ f (Xn,m,k|G) 8 )
JOnt) = s al0) ¢ @) 6

where f (x,,,m, k |9) if the joint distribution of GOS given as

n—1

f (Xn,m,k; 9) =k H)/j {l - F (xn; 9)}k_1 f (.X,,; 9)

j=1
n—1
x[]‘[{l — F (x;: OY" f (xs: 9)} :
i=1
Now for given distribution we have

fx;0) =0 and F (x) =1 — e .

The joint density of GOS is therefore

n—1 n—1
f (Xn,m,k;@) =k H V4 {6_0)([ }k_l GE_HX[ [H {e_gx" }m 06_0X[j|
j=1 i=1

or

n—1

f (Xn,m,k;g) = Cn,lene_kexfne—(m+l)6x,

i=1

= C,_10"exp [—6’ {kxi +(m+1) (2:11 xi)”

= Cn—lenexp (—91,{)

where C,_; =k (H'};} yj) and u = {kxi +(m+1) (Z?;l xi)}.
Now

B a1 —po
nom k0 0) =C,_ 0" —0 —0°
f (xnmii6) g 6) 16"exp (—6w) s 6°7e

— ﬁ n+a—1 _
=G (a)G exp{—6 (8 +u)},

also

~ : Y R Ay
/0 f (Xn,m,k’g) 8 (0) do = /0 Cn—l T (Ol)9 CXP{ 0 (/3 + u)}d@

_ CuifT (n+a)
B+ wtT (@)
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hence
(’3 + u)n-‘ra

n+a—1 _
F(n+ot)9 exp{—6 (B +u)}.

I O1%mi) =

The Bayes estimator of 6 is therefore

é=Eum=/ﬁf@amow
his

0 n+ao
(B+u) a1
= 0———0""" "exp{—0 (B+u)}do
/0 T+ a) p{—0 (B +u)}
(,3+u)n+oc oo
= —"— 0" exp {—60 (B +u)} do.
Trta) Jo p{—=0 (8 +u)}
Integrating we have
5— F'n+a+l) n+a

B+wT(n+a) B+u
n—+ao

T A+ {kx,- +m+1) (z;’;ﬁ xi)} '

We can see that the estimator reduces to conventional Bayes estimator for m = 0
and k = 1.



Chapter 7
Characterizations of Distribution

7.1 Introduction

Characterization of probability distributions play important role in probability and
statistics. Before a probability distribution is applied to a real set of data it is nec-
essary to know the distribution that fits the data by characterization. A probability
distribution can be characterized by various methods, see for example Ahsanullah
et al. (2014). In this chapter we will characterize probability distributions by vari-
ous properties of ordered data. We will consider order statistics, record values and
generalized order statistics to characterize the probability distributions.

7.2 Characterization of Distributions by Order Statistics

We assume that we have n (fixed) number of observations from an absolutely con-
tinuous distribution with cdf F(x) and pdf f(x). Let X1., < Xp.n < - -+ < X be the
corresponding order statistics. We will use order statistics for various characterization
of probability distributions.

7.2.1 Characterization of Distributions by Conditional
Expectations

We assume that E(X) exists. We consider that E(X ,|X; , =x) =ax+b j>i> 1.
Fisz (1958) considered the characterization of exponential distribution by consider-
ing j=2,i=1 and a = 1. Roger (1963) characterized the exponential distribution
by considering j=i+ 1 and @ = 1. Ferguson (1963) characterized following distri-
butions with j=i+ 1.

© Atlantis Press and the author(s) 2016 253
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(i) Exponential distribution with a = 1
(i) Pareto distribution with a > 1
(iii) Power function distribution with a < 1.

The following useful theorem is given by Gupta and Ahsanullah (2004).

Theorem 7.1 Under some mild conditions on WV (x) and g(x) the relation
E(W Kits)|Xin =x) = g(x), s > 1 (7.1)

Uniquely determines the distribution F(X).
The relation (7.1) for s =1 will lead to the equation

8/(x)
- 7.2
' (n—D(gkx) — ¥x)) 72

Here r(x) = fix)/(1 — F(x)), the hazard rate of X. If ¥ (x) = x and g(x)=ax + b, then
we obtain from (7.2)

a
= @Dt b (7.3)

From (7.3) we have

(i) If a = 1, then r(x)=constant and X has the exponential distribution with
Fx)=1—e "W x> p, and » = ﬁ,x >u,b>0.
(ii) Ifa > 1, then X will have the Pareto distribution
with F(x) = 1 — (x — L)~ @i, x > Lo
(iii) Ifa < 1, then X will have power functton distribution
b

with F(x) = 1 — (& —x)Ta05,0 < x < 12

Wesolowski and Ahsanullah (2001) have extended the result of Ferguson’s (1963),
which we have given in the following theorem.

Theorem 7.2 Suppose that X is an absolutely continuous random variable with
cumulative distribution function F(x) and probability distribution function f(x). If
E(Xxt2n) <00, I <k<n—2,n>2, then EXx12.n|Xxn=xX)=ax+Db iff

(i) a>1L, Fx)y=1-— (“ 00 x>, 0 > 1

where \\ is a real number, § = b/(a — 1) and

_ a(n — 2k — 1)+\/a2+4a(n—k)(n—k— 1)
- 2a@—-Dn—kn—k—1)

(i) a=1,F(x)=1—e?""" x> p,

. 2n—2k—1
Cam—kmn—k—=1)

A>0
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mua<an=1—QﬁWﬂ5x5mv=ﬁgmd

_ a(2n—2k—1)+\/a2+4a(n—k)(n—k—l)
N 20 —a)y(n—k)(n—k —1) '

Deminska and Wesolowski (1998) gave another general result which we give in
following theorem.

Theorem 7.3 Suppose that X is an absolutely continuous random variables with
cumulative distribution function F(x) and probability distribution function f(x). If
E(Xitrp) <00, 1 <i<n—r,r>1,n>2, then E(Xi1,|Xin, = x)=ax+D iff

(i) a>1,F(x) =1—(“2 > 6 >

1
x+6 n—k—r+1

where  is a real number,

r—1

_ nn—k) S 1 (=n"
_(n—k—r)!m Om!(r—l—m)![9(n—k—r+1+m)—1]

r—

0=k
T T m—k—=r)!

1 =n"
Z ml(r—1—m!nm—r+14+mOm—k—-—r+1+mldn—k—r+1+m)—1]

m=0

(i) a< LF@=1- (=) p=x=v.

r—1

_ 0n—k Z 1 (—1m
_v(nfkfr)! : 0m!(rflfm)!9(nfk7r+1+m)[9(nfk7r+1+m)+l]

r—1

_ 0(n—k) 1 (=nm

= n—k—r)! mZ:Om!(r—l—m)! [On—k—r+14m)+1]

(i) a=1,Fx) =1 —e 0" x> pu,

-k = 1 (-

- A=k =)l &t mir =T =m)! (0 —k =7+ 1+ m)?

Consider the extended sample case. Suppose in addition to n sample observa-
tions, we take another m observations from the same distribution. We order the m+n
observations. The combined order statistics is X 1upen < X 2:m4n <+ < Xptnmn-
We assume F(x) is the cdf of the observations.

Ahsanullah and Nevzorov (1997) proved the following theorem, Theorem 7.4 if
E(X1:0|X1:m4n =%) = ax+m(x), then

(i) Fora =1, F(x) is exponential with F(x)= 1 — exp(—x),x > 0 and m(x) =

_m
n(m-+n)
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(ii) For a> 1, F(x) is Pareto with F(x)=1—(x — )™, x>1, 8 > 0 and m(x)
_ m(x—1)
= (m+n)(mo+1)

(iii) For a< 1, F(x) is Power function with F(x) = I—(1 —x)?,0 < x < 1,9 >

— _ml=x)
Oand m(x) = 25

7.2.2 Characterization by Identical Distribution

It is known that for exponential distribution X, and X are identically distributed.
Desu (1971) proved that if X;., and X are equally distributed for all n, then the
distribution of X is exponential. Ahsanullah (1977) proved that with a mild condition
on F(x) if for a fixed n, X;,;, and X are identically distributed, then the distribution
of X is exponential Ahsanullah (1978a, b, 1984) prove that the

identical distributions of Dj ., and X;,_r., characterize the exponential distribu-
tion.

We will call a distribution function “new better than used, (NBU) if | — F(x +y) <
(1 =Fx))(1 —F(y)) for all x, y > 0” and “new worse than used (NWU) if 1 —F(x +
y) = (1 =F))(1 —Fy)”™.

For all x, y > 0. We say that F belongs to class ¢ if F is either NBU or NWU. We
say that F belongs to the class c if the hazard rate (f(x)/(1 — F(x)) is either increasing
or decreasing.

The following theorem by Ahsanullah (1976) gives a characterization of expo-
nential distribution based on the equality of two spacing.

Theorem 7.4 Let X be a non-negative random variable with an absolutely con-
tinuous cumulative distribution function F(x) that is strictly increasing in [0, 00)
and having probability density function f(x), then the following two conditions are
identical.

(a) F(x) has an exponential distribution with F(x) = exp(-Ax),x > 0,2 > 0
for some i, j,i < <j<n the statistics D;., and D;., are identically distributed and F
belongs to the class C.

Proof We have already seen (a) = (b). We will give here the proof of (b) = (a).
The conditional pdf of D;,, given X;., =x is given by

foi,dIX; ) = k /d (Fx)—Fx+5)(Fe) D Fats+ ni_j)/(F(x»*‘)”*f*‘

fo+9)fG+s+ ,%j)ds

- — (7.4)
F(x) Fx)

(n—i)!

where k= m .
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Integrating the above equation with respect to d from d to oo, we obtain

Py ) = [ F 0 = Flrt sp ™0 Bt oy Fooy ™!

Sfx +S)
F(x)

The conditional probability density function f ;.,, of D;., given X; ,— X is given by

(Fd+ 750" flu+35)
(F () F(x)

fDHl;n (d|Xi,n = )C) = (I’l - l)

The corresponding cdf F;.,(x) is givingby 1 =F p.,,, = %

Using the relations

n—j
F(x) i F(x) F(x)

l/oo(F(HS) (FD —Fats) i fGts)

and the equality of the distribution of D;., and Dj.;, given Xj.;, we obtain

® Fx+s) , . F&)—Fx+s) f(x+s)

— ’ — G(x,d, =0 7.5
/ ( 7o )" 20 y (x,d, s) 7o (7.5)

where . o
Goed oo (FETD Fats+:5) ay
(x, ’S)_(W) _(W) . (7.6)

Differentiating (7.5) with respect to s, we obtain

9 Flx+ —) - d
—G(x s,d) = (—) Trx+s+——)—r(x+59) (7.7)
Flx+5) n—i

(1) If F has IHR, then G(x, s, d) is increasing with s. Thus (7.5) to be true, we must
have G(x, 0,d) < G(x, s,d) < 0. If F has IFR, then [nF is concave and

ln(]:‘(x III(F(X + L))

1H(F(X)) +

i.e.
- d - d :
(Fx+——))">2Fx)Y "(F&x+—)"".
nn—i n—j
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Thus G(x, 0, d) > 0. Thus (7.5) to be true we must have G(x, 0, d)=0 for all d
and any given X.

(ii) If F has DHR, then similarly we get G(x, 0, d)=0. Taking x =0, we obtain
from G(x, 0, d) as

- d . - d .
F(—)"" =FCE—N"" (7.8)
n—i n—j

foralld > 0 and some i, j,nwithl <i <j <n.
Using ¢(d) = In(F(d)) we obtain (n —i) (L) = (n —jgo)(ni_j)
Putting % = t, we obtain

jgjn—j n—i
pt(t) = -pt(——1) (7.9)
n—i n—j
The non zero solution of (7.9) is
p(x) =x (7.10)

for all x > 0.
Using the boundary conditions F(x) =0 and r ()1, We obtain

Fx)y=1-¢,x>0,1>0. (7.11)

forall x > 0and A > 0.
In the Theorem 7.5 under the assumption of finite expectation of X, the equality
of the spacings can be replaced by the equality of the expectations.

7.2.3 Characterization by Independence Property

Fisz (1958) gave the following characterization theorem based upon independence
property.

Theorem 7.5 If X, and X, are independent and identically distributed with contin-
uous cumulative distribution function F(x). Then X, — X, is independent of X1,
ifand only if F(x) = I —exp(—XAx), x > 0 and A > 0.

Proof The “if” condition is easy to show. We will show “the only if”” condition.
We have

1 —F(x+y)
P(Xo — X2 > yXio = 0) = PXan > x +ylXip =) = ———— 22,
1—F(x)
Si 1-F(x+y) = 1-Fx+y) _ .
ince =5 is independent of X, we must have e = g(y) where g(y) is

a function of y only. Taking x = 0, we obtain from the above equation
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I1—-Fx+y)=0—-Fx)(1—-F®)) (7.12)

for all A > 0 and almost all x> 0.
The non zero solution of the above equation with the boundary conditions F(0) =0
and F(c0) = 1is F(x) = 1 —exp(—Ax) for all A > 00 and almost all x >0.

The following theorem is a generalization of Fisz (1958) result.

Theorem 7.6 If X| X, ...X, are independent and identically distributed random

variables with continuous cumulative distribution function F(x). Then X,.,, —Xi.,

and Xy., are independent of if and only if F(x) = I —exp(— X x), x > 0 and A > 0.
The proof of the only if condition will lead to the following differential equation

I-F)-(0-F@+x)

n—1 __
( T Fl )" =8O

where g(y) is a function of y for all x > 0 a and almost all y > 0. The following
theorem gave a more general result.

Theorem 7.7 Suppose that X| X, ...X, are independent and identically distrib-
uted random variables with continuous cumulative distribution function F(x). Then
Xj., — X;., and Xy, are independent if and only if F(x) = I —exp(—Ax), x > 0 and
A > 0.

The proof of the only if condition will be similar to the proof of the following
theorem of Ahsanullah and Kabir (1973).

Theorem 7.8 Suppose that X, X, X, are independent and identically distributed
with continuous cumulative distribution function F(x) and probability density func-
tion f(x). Then if” and X; , are independent if and only if F(x) = x~F for all x > 1
and B > 0.

Proof We will give here the proof of the only if condition.
Writing V = X4 | X and U = X, the conditional pdf h(v) of V given U=u can
be written as

H() = PO iy POy )

(7.13)
F(u) 1— F(u) 1—Fu)

(n—i)!
G=i—Dln—!

Since U and V are independent h(v) will be independent of u. Thus we will need
for some j and i, 1< i <j<n(l — q(u, v)Y """ (g(u, v))"7*4%2 (o be independent
of u. where g(uv) = 11 ‘;((””)

The independence of (7.13) of u will lead to the functional equation

where ¢ =

1 — Fuw) = (1 — Fu))(1 — F(v)) (7.14)
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Forall u > andv > 1.
The solution of the Eq. (7.14) with the boundary condition F(1) =0 and F(c0) = 1
is

1P
Fx)=1- ()—C) (7.15)

where forallx > 1and 8 > 0
The following theorem gives a characterization of the power function distribution.

Theorem 7.9 Suppose that Xy, X»,. X, are independent and identically distributed
with continuous cumulative distribution function F(x) and probability density func-
tion fix), then %andXi,n are independent if and only if F(x) = x¥, forall o< x < 1
and B > 0. i

The proof of only if condition is similar to Theorem 7.8.

7.3 Characterization of Distributions by Record Values

Suppose {X;, i=1,2,...} be a sequence of independent and identically distributed
random variables with cdf F(x) and pdf f(x). We assume E(X;) exists. Let X(n), n >
1 be the corresponding upper records.

7.3.1 Characterization Using Conditional Expectations

We have the following theorem to determine F(x) based on the conditional expecta-
tion.

Theorem 7.10 The condition E(Y (X (k + )|X (k) = z) = g(z) where k,s >1 and
Y (x) is a continuous function, determines the distribution F(x) uniquely

Proof Consider

x) = R(@)*"!

B+ X =2 = [ YR fode  (1.16)
z F(2)
where R(x) = — InF (x).
Cases=1
Using the Eq.(7.16), we obtain
/ Y (0)f (0)dx = g(2)F (2) (7.17)

Differentiating both sides of (7.17) with respect to z and simplifying, we obtain
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@ g@

r(z) == = (7.18)
F(z) 8@ —v()
where r(z) is the failure rate of the distribution. Hence the result.
If y(x) =xand g(x) = ax+b, a,b >0, then
®) ‘ (7.19)
r(x) = ——— .
(a—x+>b

Ifa #1,then F(x)—1—((a—1)x+ b)_ﬁ , which is the power function distribution
fora <1 and the Pareto distribution witha > 1. Fora = 1, (7.19) will give exponential
distribution. Nagaraja (1977) gave following characterization theorem.

Theorem 7.11 Let F be a continuous cumulative distribution function. If, for some
constants aand b, E(X(n)|X(n — 1)=x) = ax+ b, then except for a change of location
and scale,

(i) F(x)=1—(—x)?,x<0, ifO<a <l
(ii) F(x)=1—e*, x>0, ifa=1
(iii) F(x)=1—x, x>1ifa >1,
where 8 = a/(1 —a). Here a >0.
Proof of Theorem 7.11
In this case , we obtain

/ ¥ () (R() — R@f (W)dx = g()F (2) (7.20)

Differentiating both sides of the equation with respect to z, we obtain

(F(2))?
f@

- / Y (Of (@)dx = g/(2) - g(@)F(2) (7.21)

Differentiating both sides of (7.21) with respect to z and using the relation % =
@

& — '(2) we obtain on simplification

g'(Z)rr((—ZZ)) +2¢' (@) = ¢" () + (r(2)*(2@) — ¥ (2) (7.22)

Thus 1’(z) is expressed in terms of r(z) and known functions. The solution of r(x) is
unique (for details see Gupta and Ahsanullah (2004)).
Putting ¥ (x) = x and g(x) = ax + b, we obtain from (7.22)

r'(z)

+2ar(z) = (r(2))*((a — Da + b) (7.23)
r(z)

a
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The solution of (7.23) is r(x) = %. Thus X will have (i) exponential distri-
bution if a=1, (ii) power function distribution if @ <1 and (iii) Pareto distribution if
a>1l.

Ahsanullah and Wesolowski (1998) extended the result Theorem 7.11 for non

adjacent record values. Their result is given in the following theorem.

Theorem 7.12 If E(X(n+2)|X(n)) = a X(n) + b, n>1 where the constants a and b,
then if:

(a) a =1, then X; has the exponential distribution,
(b) a < 1, then X; has the power function distribution
(¢) a > 1, X; has the Pareto distribution

Proof of Theorem 7.12 for s > 2.
In this case, the problem becomes more complicated because of the nature of the
resulting differential equation

Lopez-Blazquez and Moreno-Rebollo (1997) also gave characterizations of dis-
tributions by using the following linear property

EXK)|Xk+s)=z)=az+b,k>1k,s>1,

Ragab (2002) and Wu (2004) considered this problem for non-adjacent record values
under some stringent smoothness assumptions on the distribution function F(x).
Dembinska and Wesolowski (2000) characterized the distribution by means of the
relation E(X (s + k)||X(k) =z2) =az+ b, fork > 1,5 > 1.

They used a result of Rao and Shanbhag (1994) which deals with the solution
of extended version of integrated Cauchy functional equation. It can be pointed
out earlier that Rao and Shanbhag’s result is applicable only when the conditional
expectation is a linear function.

Theorem 7.13 Let {X,, n > 1} be a sequence of i.i.d. random variables with common
distribution function F which is absolutely continuous with pdff. Assume that F(0) =0
and F(x) > O for all x > 0. Then X, to have the cdf, F(x) = 1 —e™/°,x > 0,0 > 0,
it is necessary and sufficient that X(n) —-X(n—1) and X(n—1), n > 2, are independent.

Proof It is easy to establish that if X,, has the cdf, F(x) = 1 —e ™/, x > 0,0 > 0,
then X(n) —X(n — 1) and X(n — 1) are independent. Suppose that X(n) — X(n-1) and
X(n), n > 1, are independent. Now the joint pdf f(z, u) of Z=X(n) — X(n-1) and
U=X(n) can be written as

n—1
f(z,u) = % rw)f(u+z2),0 <u,z < oo.
=0, otherwise. (7.24)

But the pdf f,, (u) of X(n) can be written as
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n—1
fi1(w) = %f(u),O <u < o0,

=0, otherwise. (7.25)
Since Z and U are independent, we get from (7.24) and (7.25)

flu+2)
—— = g(2), 7.26
o 8@ (7.26)
where g(z) is the pdf of u. Integrating (7.26) with respect z from O to z;, we obtain
on simplification . ) )
Fu) —Fu+z) =FuwG(z) . (7.27)

Since G(z1) = OZ ' g(z)dz. Now u — 0% and using the boundary condition F(0) = 1,
we see that G(z;) = F(z;). Hence we get from (7.27)

Fu+z)) = Fu) F(z)). (7.28)

The only continuous solution of (7.28) with the boundary conditions F(0) = 0 and
F(o0) = 1,is

F(x) = e * x>0 (7.29)

where o is an arbitrary positive real number.
The following theorem is a generalization of the Theorem 7.13.

Theorem 7.14 Let {X,, n > 1} be independent and identically distributed with com-
mon distribution function F which is absolutely continuous and F(0)=0 and F(x) <
1 for all x > 0. Then X,, has the cdf, F(x) =1 — e %, x > 0,0 > 0, it is necessary
and sufficient that X(n) —X(m) and X(m), n > m > 1, are independent.

Proof The necessary condition is easy to establish. To prove the sufficient condition,
we need the following lemma.

Lemma 7.1 Let F(x) be an absolutely continuous function and Fx) > 0, for all
x > 0. Suppose that F(u + v)(F(v))~ ' = exp{—q(u,v)} and h(u, v) = {q(u, v)}"
exp{—q(u,v)} Bd_u q(u,v), for r > 0. Further if h(u, v) # 0, and ﬁ q(u,v) # 0 for any
positive u and v. If h(u, v) is independent of v, then q(u, v) is a function of u only.

We refer to Ahsanullah and Kabir (1974) for the proof of the lemma.

Proof: of the sufficiency part of Theorem 7.14.

The conditional pdf of Z=X(n)— X(m) given V(m)=x is f(z|X(m) = x) = !

I'(n —m)
[Rz+x) —RX)]—"~! ]% ,0<z<00,0<x<o00.
Since Z and X(m) are independent, we will have for all 7 > 0,
(R(z 4 x) — R(x))" ! fe+x) (7.30)

F(x)
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as independent of x. Now let R(z + x) —R(x) = — In % = q(z, x), say.
Writing (7.30) in terms of q(z, x), we get

n—m—1

d
[q(z, x)] exp{—q(z, x)}a—Z q(z, x), (7.31)

as independent of x. Hence by the Lemma 7.1 we have
—In{F@z + x) F@)™ "} =q@ + x) =@, (7.32)
where c(z) is a function of z only. Thus
Fz + x) (Fa)™ = a(), (7.33)

and c¢(z) is a function of z only.
The relation (7.33) is true for all z > 0 and any arbitrary fixed positive number
x. The continuous solution of (7.33) with the boundary conditions, F(0) = 1 and
F(oo) =0is
F(x) = exp(—xo~ 1), (7.34)

for x > 0 and any arbitrary positive real number o. The assumption of absolute
continuity of F(x) in the Theorem can be replaced by the continuity of F(x).

Chang (2007) gave an interesting characterization of the Pareto distribution.
Unfortunately the statement and the proof of the theorem were wrong. Here we will
give a correct statement and proof of his theorem.

Theorem 7.15 Let {X,, n >1} be independent and identically distributed with com-
mon distribution function F which is absolutely continuous and F(1) = 0 and F(x)
< I forall x >1. Then X,, has the cdf, F(x) = 1 —x? x>1,0>0,itis necessary

and sufficient that m and X(m), n > 1 are independent.

Proof If F(x) =1 —x7% x > 1,68 > 0, then the joint pdf fn+1(x,y) of X(n) and
X(n+1)is

1 en-H(lnx)n—l
I'(n) xyf+l

Janr1 (e, y) = Jl<x<y<o0,0>0.

Using the transformation, U=X(m) and V = m

be written as

The joint pdf fyy (u, v) can

1 9n+1 1 n—1
o b(t;:f) (7)) I<uv<00.6>0. (139)

Swyw,v) =

Thus U and V are independent.
The proof of sufficiency.
The joint pdf of U and V can be written as
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R(u))"! 1
S (s v) = (F”()Z) Ff ( j”u)%,

1l <u,v<oo, (7.36)

where R(x) = —In(1-F(x)) and r(x) = %R(x).
We have the pdf fy(u) of U as fyy(u) = R f(u). Since U and V are indepen-

T(n)
dent, we must have the pdf fy (v) of V as
fry =ttt Lo (7.37)
V) = u)— ,0<v < o0. .
v v 21— F(u)

Integrating above pdf from v, to 0o, we obtain

1 — F(Hy)

1—-F = 7.38
W) = —— 5 (7.38)
Since F(vp) is independent of U, we must have
1P _ g 7.39
1——F(u) = G(vo) (7.39)
where G(vy) is independent of u.
Letting u — 1, we obtain G(vg) = 1 — F(lt—(]””).
We can rewrite (7.39) as
1 1
I P20 — (= ) (1 = Fay) (7.40)
Vo Vo

Since the above equation is true all u > 1 and almost all vy >1, we must have
F(x)= 1 — x#. Since F(1)=0 and F(o0) = 1, we must have F(x)=1 —x %, x > 1
and 6 > 0.

The following theorem is a generalization of Chang’s (2007) result.

Theorem 7.16 Let {X,, n > 1} be independent and identically distributed with com-
mon distribution function F which is absolutely continuous and F(1)=0 and F(x) <
1 for all x > 0. Then X,, has the cdf, F(x) = 1 — x % x>1,0>0,itis necessary

and sufficient that )%, 1 < m < nand X(m) are independent.

Proof The joint pdf fy, 5(X, y) of X(n) and X(m) is

Fon(ey) = (Rx)"™ " (R(y) — R(x))" !
mnt V) = T oy T(n—m)

r(Of ). (7.41)

We have F(x)=1—x"%, R(x)= 0 Inx, r(x) = £, thus we obtain

@Inx)™ " (Iny— Inxy"""' 1
I'(m) I'(n—m) xyf

S (x,y) = (7.42)
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where <X <y < 00,0 > 0.

Using the transformation U=X(m) and V= %, we obtain the pdf fy v (u,
v)of Uand V as
f ( 0”(ln M)nfl (ln( l-:v))n—m—l 0971
u,v =
vy T(n) Tn—m)  uf*+(1 4 v)0+!

Thus X(m) and )%are independent.

Proof of sufficiency.
Using U=X(m) and V= X __ "\e can obtain the pdf fyy(u, v) of Uand V

X(n)—X(m)_>
from (7.42) as
CR@)™ (R — Ry u(1+v)
fuv(u,v) = T om) T —m) "(M)Ff(T), (7.43)

We can write the conditional pdf fy;;(v|u) of V|U as

(R(EED) — R(u)y" uyf (42

vlu) = = 1l <u<o00,0<v<o0.
Svip(lu) T —m) 2F )
. (7.44)
Using the relation R(x) = —In F'(x), we obtain from (7.44) that
F("(HU)) n—m—1 =
fow ol (= In(—5=) d F(@)) . 0
vlu) = —(—= I <u<o00,0<v<o0.
viv I'(n—m) dv  F(u)
(7.45)
= u(l+v)
Since V and U are independent, we must have F(F 5 ) independent of U.
Let
F(u(1+v))
— " =G®), (7.46)
F(u)
Letting u — 1, we obtain
- u(l |
P pap ), (7.47)
v v

Forallu, 1< u <ooandallv,0 < v < o0.
The continuous solution of (7.47) with the boundary conditions F(0) = 0 and
F(co) =1is F(x)=1—x"?,x > land® > 0.

Remark 7.1 1f X, k > 1 has an absolutely continuous distribution function F with
pdf fand F(0)=0.If L, ,+1 and I,,_; ,, n > 1, are identically distributed and F belongs
to C, then X, has the cdf F(x) =1 —e¢™¢*, x> 0,0 >0, k> 1.
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7.3.2 Characterization Based on Identical Distribution

If F is the distribution function of a non-negative random variable, we will call F is
“new better than used” (NBU) if for x, y > 0, F(x + y) < F(x) F(y), and F is
“new worse than used” (NWU) if for x,y > 0, F(x + y) > F(x) F(y). We will
say F belongs to the class C; if either F is NBU or NWU. We say F belongs to the

class C, if the hazard rate r(x) = ]f g()x) increases monotonically for all x.

Theorem 7.17 Let X,,, n > 1 be a sequence of i.i.d. random variables which has
absolutely continuous distribution function F with pdf f and F(0) = 0. Assume that
F(x) < I for all x > 0. If X,, belongs to the class C, and I,,_ , = X(n)-X(n—1), n>1
has an identical distribution with Xy, k > 1, then X}, has the cdf F(x) = 1— ¢/,
x>0,0 >0,

Proof The if condition is easy to establish. We will proof here the only if condition.
The pdf f,_; , of I,_; , can be written as

o] R n—1
fn—l,n(x,y):/O % r(u)f(u +z)du,z>0

=0, otherwise. (7.48)

By the assumption of the identical distribution of I,_; , and X, we must have

/OO[R(u)]” -1 Mf(u +2)du =f(z),forallz > o. (7.49)
0 [(n)
Substituting
/ [R@)]" ™ 'f(u) du =T (n), (7.50)
0

we have

/ LR ' r(u) f(u +2) du = f(z)/ [R)T" ' f(u) du ,z > 0. (7.51)
0 0

Thus

/0 [R@)I" ™" f@) [f +2) F@)™ " =f@ldu= 0,2>0. (752

Integrating the above expression with respect to z from z; to co, we get from
(7.52)
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o - - -
/ [R@I" ™" f@IFu + z1) Fw)™ ' — F@)ldu =0,z >0. (7.53)
0

If F(x) is NBU, then (7.53) is true if

F(u +z1) (F(w)~ ' = F(z;) > 0, foralluand almost all z; > 0. (7.54)

The only continuous solution of (7.54) with the boundary conditions F(0) = 1

and F(o0) = 0 is I:" (x) = e~*/?, + where o is an arbitrary real positive number.
Similarly, if F is NWU then (7.44) is true if (7.54) is satisfied and Xy has the cdf
F(x):l—e’x/", x>0,0 >0, k> 1.

Theorem 7.18 LetX,, n> 1 be asequence of independent and identically distributed
non-negative random variables with absolutely continuous distribution function F(x)
with f(x) as the corresponding density function. If F € C, and for some fixed n, m, 1<

m<n< oQ, Im,niX(n—m— 1), then Xy has the cdf F(x)=1—e/", x > 0,0 > 0,
k> 1.

Proof The pdfs f;(x) of Ry_p, and f5(x) of I, n» = (R, — Rpy) can be written as

fi @) = _ [R(X)]" ™! f(x),for0 < x < o0, (7.55)
I'n—m)

and

o) m—1 _ n—m-—1
HLEx) = / [Rw] [Rx+u) — R r(u) fu+ x)du,0<x < oo.

" (m) I'(n—m)
(7.56)
Integrating (7.55) and (7.56) with respect to x from o to x,, we get
Fi(xo) =1 — gi(x0), (1.57)
where
- [R(x())]j -1 “R(x,)
g ('x ) = —. e ‘ b
=3
and
Fa(%0) = 1 — g2(Xo,0), (7.58)

where
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g2(xo, u) = exp{—(R(u + x,) —R(u)) }.

i" [R(u+ x,) — R} !
L' ()

J=l1

Now equating (7.57) and (7.58), we get

RL du=0 0 759
5 T ———f(W)[g2(u, x0) — g1(x0)ldu = 0, x9 > 0. (7.59)

Now g>(x9) = 0 = g1(0) and

_ n—m—1
0= [RW —RWI expl—(R(u +%,) —RW) [r(x,) — ru + x,)].
'(n—m)

Thus if F € C, then (7.59) is true if
r(u+x,) =r(w (7.60)

for almost all u and any fixed x, > 0. Hence Xy has the cdf F(x) = l—e/°,
x> 0,0 >0, k> 1. Here o is an arbitrary positive real number. Substituting m =

d . S
n-1, we get [,_; , = X as a characteristic property of the exponential distribution.

Theorem 7.19 Let {X,, n > 1} be a sequence of independent and identically distrib-
uted non-negative random variables with absolutely continuous distribution function
F(x) and the corresponding density function f(x). If F belongs to C, and for some m,
m > 1, X(m) and X(m — 1) + U are identically distributed, where U is independent
of X(m) and X(m — 1) is distributed as X,,’s, then Xy has the cdf F(x) =1 — e=/,
x>0,0 >0.

Proof The pdf f,(x) of Ry, m > 1, can be written as

fm(w = RALF0),0<y < oo,

- o (7.61)
= i (“FO) 3 B @ dx + [ B £(o) dx)
The pdf f5(y) of X(n — 1) + U can be written as
m—1
L0 = [ “*ﬁ?,},) [ =) f)dy 762

= & (FBRE PO - of@dx + f7 BRI (0 dx).

Equating (7.61) and (7.62), we get on simplification

—[R(x)]mfl H dx =0, 7.63
o I'(m JOH (x,y) dx = (7.63)
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where H;(x,y) = F(y — x) — F(y) F(x))"',0 < x < y < o0.SinceF ¢
Cy, therefore for (7.63) to be true, we must have

Hi(x,y) =0 (7.64)
for almost all x, 0 < x <y < oo. This implies that
F(y — x) F(x) = F(y), (7.65)

for almost all X, 0 < x <y < oco. The only continuous solution of (7.65) with the
boundary conditions F(0) = 1, and F(co) = 0, is

Fx)=e™ | (7.66)

where o is an arbitrary positive number.

Remark 7.2 The Theorem 7.19 can be used to obtain the following known results
of a two parameter exponential distribution F(x) = exp{—o~'(x — w)}).

E(X(n) =+ no

Var(X(n)) = n o>

Cov(X(m)X(n))=mo 2, m < n.

7.4 Characterization of Distributions by Generalized
Order Statistics

Kamp (1995a) introduced Generalized Order Statistics (gos) and many interesting
properties of it. The characterizations given in order statistics and record values can
be obtained as special cases of gos. For example consider the following conditional
characterization theorem given by Beg et al. (2013).

Theorem 7.20 [f for given two consecutive values of v, ¥+ 1 and an integer s with
I1<r<s<n EWX(s,n,m, k)| X(r,n,m k) — x) =g.(x)where y (x)is a continuous
function and g,(x) is a differential function of x, then I — F(x) = ¢ exp( — fM(x)dx).
M(x) = — 8 nd ¢ is determined by the condition % = f feodx. If

Vr1(8r (1) —gr (X)) .
Y (x) = x and g.(x)= ax+ b, then we obtain for

(i) a = 1, exponential distribution
(ii) a > 1, Pareto distribution’
(iii) a < 1, Power function distribution.

This theorem for s = r + 1 was proved by Ahsanullah and Bairamov (2004)

If s=r+ 1 and m=0, then from this theorem we will get Theorem 7.1. If s=r+ 1
and m=0, then we will get the Theorem 7.2. If s > r and m=o, then we will have
the Theorem 7.3.
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If s=n and r=n— 1, then we will have Theorem 7.11. If s=n+2 and r=n, we
will get the Theorem 7.12. If s> n and r=n, 1, then we get Theorem 7.13.

Let D(1, n, m, k) = y1(X(1, n, m, k) and

D(x, n,m, k) =y, (X(r +1,n,m, k) — X(r,n, m, k)

Kamp and Gather (1997) proved the following theorem.

Theorem 7.21 Let F (x) be absolutely continuous and let corresponding pdf be f(x).
If F(0) = 0 and F(x) is strictly increasing on (0, 0o) with E(X) exists and either F(X)
is IFR or DFR. Then F(x) = 1 — exp(—\x) iff there exists integers randn, I <r <n
such that E(D(r, n, m, k))= E(D(r + 1, n, m, k).

The theorem is also true if the expected values are replaced by the equality in
distributions. Recently Rasouli et al. (2016) gave the following theorem.

Theorem 7.22 Let X be an absolutely continuous with cdf F(x) and E(X) exists.
Then E(X(s, n, m, k)| X(r, n, n, k) = x) = ax +b iff

(1) a=1, F(x) is exponential
(2) a > 1, F(x) is Pareto
(3) a < 1, F(x) is power function distribution.

The results given by Deminska and Wesolowski (1998), Wesolowski and Ahsanullah
(1997) for order statistics and Ahsanullah and Wesolowski (1998) for record values
are special cases of this theorem.



Chapter 8
Extreme Value Distributions

8.1 Introduction

Extreme value distributions arise in probability theory as limit distributions of maxi-
mum or minimum of n independent and identically distributed random variables with
some normalizing constants. For example if X; X, ..., X, are n independent and
identically distributed random variables, then the largest normalized order statistic
Xy n, Will converge to one of the following three distributions if it has a nondegenerate
distribution as n — oo.

(1) Type 1: (Gumbel) F(x) = exp(—e™) for all X, —00 < x < 00
(2) Type 2: (Frechet) F(x) = exp(—x~°), x >0, 8 > 0
(3) Type 3: (Weibull) F(x) = exp(—(—x)_a),x <0,6 >0

Since the smallest order statistic X;., = Y,.n, Where Y = —X, X;., with some
appropriate normalizing constants will also converge to one of the above three lim-
iting distributions if we change x to —x in (1), (2) and (3). Gumbel (1958) has given
various applications of these distributions.

Suppose X, Xz, ...X, be i.i.d. random variable having the distribution function
F(X) with F(x) = 1 — e™*. Then with normalizing constant a, = In n and b, = 1,
P(Xnn, < 2y +bpx) =PXpp <Inn4x) = (1 —e Iy =(1 — <y o=
asn — o0o. Thus the limiting distribution of X,,., when X’s are distributed as expo-
nential with unit mean is Type 1 extreme value distribution as given above. It can
be shown that Type 1 (Gumbel distribution) is the limiting distribution of X, , when
F(x) is normal, log normal, logistic, gamma etc. The type 2 and type 3 distributions
can be transformed to Type 1 distribution by the transformations In X and—In X
respectively. We will denote the Type 1 distribution as Ty and Type 2 and Type 3
distribution as T»s and Ts; respectively. If the X, , of n independent random variables
from a distribution F when normalized has the limiting distribution T, then we will
say that F belongs to the domain of attraction of T and write F € D(T).

© Atlantis Press and the author(s) 2016 273
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The extreme value distributions were originally introduced by Fisher and Tippet
(1928). These distributions have been used in the analysis of data concerning floods,
extreme sea levels and air pollution problems for details see Gumbel (1958), Horwitz
(1980), Jenkinson (1955) and Roberts (1979).

8.2 The PDF’s of the Extreme Values Distributions of X, ,

8.2.1 Type 1 Extreme Value Distribution

The probability density function of type 1 extreme value distribution (Tjg) is given
in Fig.8.1.

The type I extreme value distribution is unimodal with mode at 0 and the points of
inflection are at + In ((3 +/5)/ 2). The pth percentile n,, (0 < p < 1) of the curve
can be calculated by the relation 1, = — In(— In p). The median of X is—InIn2. The
moment generating function Mo(t), of this distribution for some t, 0 < |t| < §, is
Mip(t) = ffooo e*e e "dx =e'T'(1 — t). The mean = y, the Euler’s constant and
the variance = 72 /6.

Fig. 8.1 PDF of Tyg
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Fig. 8.2 PDFs. T2‘3-Black, T2,5-Red, T2,10-Green

8.2.2 Type 2 Extreme Value Distribution

The probability density functions of T3 T, s and T, ;¢ are given in Fig.8.2.
For T, 5, mode = (1%)1/5, median = (ﬁ)l/‘s, mean = ['(1 — %), §>1
and variance = T'(1 — 3) — (I'(1 — §))%,8 > 2.

8.2.3 Type 3 Extreme Value Distribution

The probability density functions of type 3 extreme value distributions for § = 3, 5
and 10 are given in Fig. 8.3. Note for § = 1, T3 is the reverse exponential distribu-
tion.

1

The mode of the type 3 distribution is at (251)°. For type 3 distribution, E(X) =
T (14 1) and Var(X)=T(1 + 2) — (T (1+ 1))*.

Table 8.1 gives the percentile points of Tjg, T, T3; and T3, for some selected
values of p.
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T4

PDF
T3
T2
T1
: T T : O
-5 -4 -3 -2 -1 0
X
Fig. 8.3 /PDFs T3 3-Black, T3 5-Red, T3, 10-Green
Table 8.1 Percentile points of T1g, T2, T31 and T3;
P Tio Ta1 T3 T3
0.1 —0.83403 0.43429 —2.30259 —1.51743
0.2 —0.47589 0.62133 —1.60844 —1.26864
0.3 —0.18563 0.83058 —1.20397 —1.09726
0.4 0.08742 1.09136 —0.91629 —0.95723
0.5 0.36651 1.44270 —0.69315 —0.83255
0.6 0.67173 1.95762 —0.51083 —0.71472
0.7 1.03093 2.80367 —0.35667 —0.59722
0.8 1.49994 4.48142 —0.22314 —0.47239
0.9 2.2504 9.49122 —0.10536 —0.32459

8.3 Domain of Attraction of X,

In this section we will study the domain of attraction of various distributions. The
maximum order statistics X, , of n independent and identically distributed random
variables will considered. We will say that X, , will belong to the domain of attraction
of T(x) if the nlinolo P(X,.n < a, + byx) = T(x) for some sequence of normalizing
constants a, and by,.

The following lemma will be helpful in proving the theorems of the domain of
attractions.
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Lemma 8.1 Let {X,,, n > 1} be a sequence of independent and identically distrib-
uted random variables with distribution function F. Consider a sequence (e,, n > 1}
of real numbers. Then forany &, 0 < & < oo, the following two statements are equiv-
alent

(i) lim n(Fe,)) = &
(ii) hm P( wn < e,,) =78,

8.3.1 Domain of Attraction of Type I Extreme Value
Distribution

The following theorem is due to Gnedenko (1943).

Theorem 8.1 Let X, Xy, ... beasequence of i.i.d. random variables with distribu-
tion function F and e(F) = sup{x : F(X) < 1}. Then F € T iff there exists a positive
function g(t) such that

;l‘ t -
m M = e *, F = 1— Fjforall real x.
t—e(F) F(l)

The following Lemma (see Von Mises (1936)) gives a sufficient condition for the
domain of attraction of Type 1 extreme value distribution for X.,.

Lemma 8.2 Suppose that the distribution function F has a derivative on (cy e(F))
for some ¢y, 0 < ¢y < e(F), then %ir&) L9 — ¢, ¢ > 0, then F € D(T)p).
XTe

X

Example 8.1 The exponential distribution F(x) =1 —e~ satisﬁes the sufficient
f _

16 e e fo
condition, s1ncexhnolo o = 1. For the logistic distribution F'(x) = —~ +e -, 111’1010 e =

lim # = 1. Thus the logistic distribution satisfies the sufficient condition.
X—> 00

Example 8.2 For the standard normal distribution with x > 0, (see Abramowitz and
Stegun (1968 p- 932)

Fx) = €2 a=h(), where h(x) =1 — & + 42 +. - + CUL3.@n2l) 4 R, and

R, = (— 1)"“1 3..2n+ 1) = f \eﬁﬁfm du which is less in absolute value than
the first neglected term.
It can be shown that g(t) = 1/t + 0(t?). Thus

Ft+xg) te% Wi +xg() . e
im ————= = lim ] - lim —,
oo B o (t+ xg(D) e2FEO" - h(D) =00 t + xg (1)
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E (tHxg®) _
F(©

e~ *. Thus normal distribution belongs to the domain of attraction of Type I distrib-

ution.

where m(t, x) = g(t)(1 + %g(t)). Since as t— oo, m(t, X) — 1, we tlim

x2

Since lim f = lim h(x) = 1, the standard normal distribution does not
X— 00 F(X) X—> 00

satisfy the von Mises sufficient condition for the domain of attraction of the type I
distribution.

We can take a, = ;- — %(Inlnn +47) and b, = (2Inlnn)~"/2. However this
choice of a, and b, is not unique. The rate of convergence of P(X, , < a, + b,x)

to Tyo(x) depends on the choices of a, and b,,.

8.3.2 Domain of Attraction of Type 2 Extreme Value
Distribution

Theorem 8.2 Let X, Xy, ... be a sequence of i.i.d random variables with distribution

function F and e(F) = sup {x: F(x) < 1}. Ife(F) = 00, then F € T»;s iﬁ‘tlim FF((;:‘)) =x?
—00

for x > 0 and some constant § > 0.

Proof Leta, = inf{x : F(x) < %},thenan — ocoasn — oo.Thus lim n(F(ayx)) =
n—oo
lim n(F(an))M =x° lim nF(ay).

It is easy to show that hm nF(an) = 1. Thus hm n(F(ayx)) = x~° and the proof

n—oo
the only if condition of the Theorem follows from Lemma 8.1.

§ >0,0<x<oolim
t—o0

Example 8.3 For the Pareto distribution with F(x) =
% = % Thus the Pareto distribution belongs to Tps.

The following theorem gives a necessary and sufficient condition for the domain
of attraction Type 3 distribution for X,., when e(F) < oo0.

X(Ss

Theorem 8.3 Let X, Xy, .. be a sequence of i.i.d random variables with distribution
Sfunction F and e(F) = sup {x: F(x) < 1}. Ife(F) < oo, then F € Ty; iff

l_:(e(F)—ﬁ) o

—o0 Fle(®—1) ™

Proof Similar to Theorem 8.2

x~? for x > 0 and some constant § > 0.

Example 8.4 The truncated Pareto dlstrlbutlon f x) = XM . lex <b,b>1,

. Fler-1) .. Fo-1)
A e = A Fe-h A0 (b_g)*ﬁ_b 5
distribution belongs to the domain of attraction of Type T,; distribution.

The following Lemma (see von Mises (1936)) gives a sufficient condition for the

domain of attraction of Type 2 extreme value distribution for X, ,,.

1
1=b-93"

= x~ L. Thus the truncated Pareto

Lemma 8.3 Suppose the distribution function F is absolutely continuous in ¢, e(F)

for some cp, 0 < ¢y < e(F), then lf 11m )g((;)) =6,6 > 0, then F € D(Tys).
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Example 8.5 The truncated Pareto distribution f(x) = le T b —,1<x<b,b>
1, lim MO — Jjm % = 00. Thus the truncated Pareto distribution does
x—oo0 F(¥) x—b X°7b

not satisfy the von Mises sufficient condition. However it belongs to the domain of
(F)— L
attraction of the type 2 extreme value distribution, because lim L’f) = x? for
t—00 F(C(F)*;)
x > 0 and some constant § > 0.

8.3.3 Domain of Attraction of Type 3 Extreme Value
Distribution

The Following Theorem Gives a Necessary and Sufficient Condition For the Domain
of Attraction of Type 3 Distribution For X, ,

Theorem 8.4 Let X1, X, ... be a sequence of i.i.d. random variables with distri-

bution function F and e(F) = sup {x : F(x) < 1}. If e(F) < oo, then F € Ts; iff
Fle(F)+x) _ .\

Jim F e (—x)° for x < 0 and some constant § > 0.

Proof Similar to Theorem 8.3.

Example 8.6 Suppose X is an exponential distribution truncated at x = b > 0. The

b x(e n
pdf of X is f(x) = then for x< 0, P(X,, < b+ =1 — (‘ s ))

F(b)’ S
—e*asn— oo.

Thus the truncated exponential distribution belongs to T3

F(e(F)+rx) . =+ _p—b

Example 8.7 Since EHL Tebn = ‘lj)I(I)L ¢ 55— = —X, the truncated exponen-

tial distribution satisfies the necessary and sufficient condition for the domain of
attraction of type 3 distribution for maximum.

The following Lemma due to von Mises gives a sufficient condition for the domain
of attraction of type 3 distribution for X, .

Lemma 8.4 Suppose the distribution function F is absolutely continuous in [c e(F) ]
for some cy,0 < ¢y < e(F) < oo, then if lim ) —0f ) =4,6>0, then F €

xte(F)  F®
D(T3s).
Proof Similar to Lemma38.3.

Example 8.8 Suppose X is an exponential distribution truncated at x = b > 0, then

. F)— b—x)e™
the pdf of X is f(x) = F(b) Now xl¢le(n}) (e( }(;C))f(x) _ lebl (e x)e = 1, thus the trun-

cated exponential distribution satisfies the von Mises sufficient condition for the
domain of attraction to type 3 distribution.

The normalizing constants of X,,., are not unique for any distribution. From the
table it is evident that two different distributions (exponential and logistic) belong
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to the domain of attraction of the same distribution and have the same normalizing
constants. The normalizing constants depend on F and the limiting distribution. It may
happen that X,,., with any normalizing constants may not converge in distribution to a
non degenerate limiting distribution but W,., where W = u(X), a function of X, with
some normalizing constants, may converge in distribution to one of the three limiting
distributions. We can easily verify that the rv X whose pdf, f(x) = m, x > edoes
not satisfy the necessary and sufficient conditions for the convergence in distribution
of X,., to any of the extreme value distributions. Suppose W = InX, then Fy (x) =
1 —1/xforx > 1. Thus with a, =0 and b, = 1/n, P(W,,. <x) - T3; as n —
0.

Following Pickands (1975), the following theorem gives a necessary and sufficient
condition for the domain of attraction of X,,., from a continuous distribution.

Theorem 8.5 For a continuous random variable the necessary and sufficient con-
dition for Xy to belong to the domain of attraction of the extreme value distribution
of the maximum is

. F'd—-¢o —-F'1-20¢)
lim
=0 F~1(1 = 2¢) — F~1(1 — 4¢)

1ifF € Tlo,

F'd—¢)—F'(1 =20

lim = 25fF € Ty
e—0 F~1(1 — 2¢) — F~1(1 — 4¢)

and | .
F'Ad—-¢o—-F'(1-2
lim ( ) ( ) = 2"ifF e Tss
0 F~1(1 —2¢) — F~1(1 — 4¢)

Example 8.9 For the exponential distribution, E(0, o), with pdf f(x) =o'

[y 1 _ -1 . F'(1—c)—=F~'(1-2¢)
e x>0, F'(x)=—0""In(1 —x) and }1_{1(1) FT(=20—FT(1—4¢)
—In{1—(1—0)}+In{1—(1-20)}

Tl (120 (11 4)] — 1..Thus the domain of attraction of X, from the expo-
nential distribution, E(0, ), is Ty.

= lim

For the Pareto distribution, P(0, 0, «) with pdf f(x) = ax~ @D x > 1,a > 0,
F1(x) = (1 — x)~ "/ and

_ Fl1—c)—F7'(1-20) = Qo 1o
lim = m - '
0 F1(1=20) = F (1 —4c)  e=0 20) /@ — ()=~

Hence the domain of attraction of X,,., from the Pareto distribution, P(0, 0, ) is Tp,.
For the uniform distribution, U(—1/2,1/2), with pdf f(x) =1, -3 <x < 1,
F~'(x) =x — 1/2. We have

F'(1—¢)— F'(1 = 2¢) o 1l—c—(1=20) »

lim == lim =
0 F~1(1 —2¢) — F~I(1 — 4¢) =0 (1 —2¢) — (1 —4c)
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Consequently the domain of attraction of of X,,,, from the uniform distribution,
U(—1/2, 1/2) is T3;.

It may happen that X,., from a continuous distribution does not belong to the
domain of attraction of any one of three distributions. In that case X,,,, has a degener-

ate limiting distribution. Suppose the rv X has the pdf f(x), where f(x) = m, x>
1
e. F7lx)=e™~,0 <x < 1.
1 1
Then lim 7 FLU—0-F 10200 _ iy etel _ Jipy e=1 _ Jim 265 — iy
FA=20-F1(1=40) 7 50 % _odc  ¢50 [—e% =0 % c—0
1
2e% = 00

Thus the limit does not exit. Hence the rv X does not satisfy the necessary and
sufficient condition given in Theorem 8.4.

Theorems 8.1, 8.2, 8.3, 8.4 and 8.5 are also true for discrete distributions. If X,,., is
from discrete random variable with finite number of points of support, then X,,., can
not converge to one of the extreme value distributions. Thus X,., from binomial and
discrete uniform distribution will converge to degenerate distributions. The following
Lemma (Galambos (1987), p. 85) is useful to determine whether X,,., from a discrete
distribution will have a degenerate distribution.

Lemma 8.5 Suppose X is a discrete random variable with infinite number of points
in its support and taking values on non negative integers with P(X = k) = px.
Then a necessary condition for the convergence of P(X,,, < a, + b,X), for a suit-
able sequence of a,andb,, to one of the three extreme value distributions is

1 Pk —
o, roczm =0

For the geometric distribution, P(X =k) =p(1 —p)* Lk>1,0<p < 1,

ﬁ = p. Thus X, from the geometric distribution will have degenerate distribu-
tion as limiting distribution of Xp;,.

Consider the distribution: P(X = k) = k(k+1),k =1,2,...,then PX > k) = +
and hm P(X>k) = l1m k+1 =0. Buttl_t)n:o %‘i‘; = x~!. Thus X belongs to the domain

of attract1on of Tzl The normalizing constants are a, = 0and b, = n.

However the condition 11m P(X> Ph = = 0 is necessary but not sufficient.

Consider the discrete probablhty distribution whose P(X =k) =
1,2,... where 1/c = 3% rmaenye = 9-3781.

. n 1 1 P(X=n)
Since 1 — >/, Gy X anse 1—> 7= P(X=k)

But this probability distribution does not satisfy the necessary and sufficient con-
ditions for the convergence of X, , to the extreme value distributions.

We can use the following lemma to calculate the normalizing constants for various
distributions belonging to the three domain of attractions of T(x).

c _
k(n(k+1))6 k=

— 0 an n— oo.

Lemma 8.6 Suppose P(X,., < a, + b,x) = T(x)asn — oo, then

(i) a=F (1 =4, b, = F'(1 = L) = F1(1 = 1Y if T(x) = Too(x),
(ii) ay=0,b, =F'(1 = 1) if T(x) = Tps(x),
(i) ay=F~'(1),b, =F'(1) = F~'(1 = 1) if T(x) = T55(x)
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We have seen that the normalizing constants are not unique. However we can use
the following Lemma to select simpler normalizing constants.

Lemma 8.7 Suppose a, and b, is a sequence of normalizing constants for Xy, for the

convergence to the domain of attraction of any one of the extreme value distributions.
. . —b* . b

If a} and b} is another sequence such that lim % =0 and lim 7+ =0, then

n—00 n n—00 bn
a; andb}; can be substituted for as the normalizing constants a, and b, for X, p.

Example 8.10 We have seen (see Table 8.2) that for the Cauchy distribution with
pdf f(x) = m —00 < x < oo the normalizing constants as a, = 0 and b, =
cot(r/n). However we can take a; = Oand b, = .

The following tables gives the normalizing constants for some well known distri-

butions belonging the domain of attraction of the extreme value distributions.

8.4 The PDEF’s of Extreme Value Distributions for Xj.,

Let us consider X;., of n i.i.d. random variables. Suppose P(X;., < ¢, + dp,x) —
H(x) as n — o0, then the following three types of distributions are possible for
H(x).

Type 1 distribution Hjp(x) = 1 — e, —00 <X <00

Type 2 distribution Hps(x) = 1 — e’(”‘)_s, x<0,6 >0.

Type 3 distribution Hys(x) = 1 — e, x > 0,8 > 0.

It may happen that X,,., and X.;, may belong to different types of extreme value dis-
tributions. For example consider the exponential distribution, f(x) = e™, x > 0. The
X belongs to the domain of attraction of the type 1 distribution of the maximum,
Tyo.Since P(X;,, > n~'x) =e™*, X;,, belongs to the domain of attraction of Type
2 distribution of the minimum, Hy;.It may happen that X,,., does not belong to any one
of the three limiting distributions of the maximum but X;., belong to the domain of
attraction of one of the limiting distribution of the minimum. Consider the rv X whose
pdf, f(x) = x(ln;x)z, x > e. We have seen that F does not satisfy the necessary and suf-
ficient conditions for the convergence in distribution of X,.;, to any of the extreme
value distributions. However it can be shown that P(X;., > o, + f,x) — e™* as
n — oo for oy, = e and B, = e """ —e. Thus the X1:n belongs to the domain of
attraction of Hy;.

If X is a symmetric random variable and X,,., belongs to the domain of attraction
of Tj(x), then X., will belong to the domain of attraction of the corresponding H;(x),
i=1,2,3.
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Table 8.2 Normalizing Constants and the domain of attraction ofr Xp.
Distribution f(x) an by Domain
ex@= (1 — -1 1/
Beta oo I'(a+B) a>0,8>0 1 (r%‘) T3B
~ T(@)r'®)
0<x<l1
1
Cauchy 7(1+x2) 0 cot(%) Toy
—00 < X < 00
Discrete Pareto | P(X=k)=[k]® — [k+1],6>0, | 0 nl/o Tag
k > 1, [] represents the greatest
integer contained in
Exponential ce % 0<x<o00,0 >0 %lnn % Tio
coe—T,—x
Gamma Tle) In n +Inl" () -(-1) Inln n 1 )
0<x<oo
L=l
Laplace 2 In (%) 1 Tio
—00 < X < 00
e e X
Logistic 2 Inn 1 Tio
1
Lognorma 1 L_ .72 (nx20<x < oo o gy =L — BnDn R (2In Tio
Wn : Pn —1/2
D n) eon
" Bn = (2In
=Inlnn+ Indn
n)—1/2
12
1,7 2% _ 1 _ BuDn —1/2
Normal me ,—00 < X < 00 B s (2ln n) Tio
D,
" Bn =(In
=Inlnn+ Indn
n)—1/2
—(a+1)
Pareto o 0 nl/ Try
x>1l,a>0
Power Function | “* 1 ! T
ower Function 1
O<x<l,a>0 ne 3
— X2 1 1
Rayleigh %e o2 x>0 o (Inn)2 )2 | Ty
a.
k= 1
t distribution - k0 C((v+1)/2) 0 (]%) v Tay
2\ WHD/2 @u)l/2rw/2)
(1+%)
—x —e(F) )
Truncated Expo- Ce™*,C=1/(1 —e ), E(F) — T31
nential 0<x<e(F) <oo
Type 1 e Inn 1 Tio
—(a+1) ,—x%
Type 2 o ¢ 0 lle To
x>0,aa>0
Ot(—x)a_l
Type 3 .e_(_")a,x <0, 0 n—l/e T3¢
>0
Uniform 1/6,0<x <6 0 0/n T3
ax?—1e=x* Lo
Weibull ’ (In n)l/oz % Tia

x>0,aa>0
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8.5 Domain of Attractions for Xj.,

The following Lemma is needed to prove the necessary and sufficient conditions for
the convergence of X, to one of the three limiting distributions.

Lemma 8.8 Ler {X,,, n > 1} be a sequence of independent and identically distrib-
uted random variables with distribution function F. Consider a sequence (e,, n > 1}
of real numbers. Then forany§, 0 < § < oo, the following two statements are equiv-
alent

(iii) lim n(F(e,)) =&
(iv) lim P (X,Ln > e,l) =e 8.

Proof: The proof of the Lemma follows from Lemma 2.1.1 by considering the
fact P(X1, > e,) = (1 — F(en))"

8.5.1 Domain of Attraction for Type 1 Extreme Value
Distribution for Xi.n

The following theorem gives a necessary and sufficient condition for the convergence
of X]n to H]()(X).

Theorem 8.6 Ler X, X», ... be a sequence of i.i.d. random variables with distri-
bution function F. Assume further that E(X|X < t) is finite for some t > o(F) and
h(t) = E(t — X|X <t), then F € Hyg iff hmF) W = ¢e" for all real x.

Proof Similar to Theorem 8.1.

Example 8.10 Consider the logistic distribution with F(x) = —= +e -, —00 <X <
00. Now
ht)=E¢t —x|IX<t)=t—(1+e ’)/ ————dx=(1+eHIn(1 +€).
y (I+e )
It can easily be shown that h(t) —1 ast — —oo. We have
. xh . efr . et+xh(r) exh(t)
tllof?F) F(H—tm)) = t_131_1100 % = t—1>"—noo He,—f,m =¢*. Thus X;, from

logistic distribution belongs to the domain of Hjg.

8.5.2 Domain of Attraction of Type 2 Distribution for Xi.,

Theorem 8.7 Let X, is from a distribution function F then F € Hys iff a(F) =

—ooand lim £% = 8 forall x > 0.
t—a(F) FO f
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Proof Suppose Hys(x) =1 — e x < 0,8 > 0, then we have

F(tx) R PGl _ Sx(—tx) TGt
im = lim —— = = lim — =x°,8>0.
t—a(F) F(t) 1>-00 1 —e (D t=—c0  §(—1)~0G+De—(=0
Let lim ’;((’f)) =x%,8 > 0. We can write a, = inf{x :F(x) < i}, thena, - —oc0
t—a(F) n
asn — oo. Thus lim n(F(ayx)) = lim n(F(an))% =x% lim nF(ay).
n——o0 n— —00 an) N —00

It is easy to show that lim nF(a,) = 1. Thus lim n(F(a,x)) = x~% and the

proof of the follows.

14 L an— (i
Example 8.11 For the Cauchy distribution F(x) lim 5% = |jm Z=2 @

t—a(F) F(1) t>—o00 s +—Ltan"'G)

. x(14+% _ -1 _ 1 —1
l_l}r_noo Tt =X - =3 +tan (x).

Thus Cauchy distribution belongs to the domain of attraction of H»;.

8.5.3 Domain of Attraction of Type 3 Extreme Value
Distribution

Theorem 8.8 Ler X, Xo, ... be a sequence of i.i.d random variables with distrib-

ution function F then F € Ha; iff a(F) is finite and }1_{% % = x%, 8> 0 and for

all x > 0.
Proof The proof is similar to Theorem 8.3.

Example 8.12 Suppose X has the uniform distribution with F(x) =x,0 < x <
1.Then

lim % = x. Thus then F € Hj,.
1=

Following Pickands (1975), the following theorem gives a necessary and sufficient
condition for the domain of attraction of X;., from a continuous distribution.

Theorem 8.9 For a continuous random variable the necessary and sufficient con-
dition for X., to belong to the domain of attraction of the extreme value distribution

of the minimums
FY(©)=F~'(2¢)

E%m = 1ifF € Hy,,
lim £ Q=F100 _ 215 ifF ¢ Hys and

=0 F~1'Qc)—F~'(4c) —

. F Y o) =F Q0
lim =

= 27ifFeH
20 F-1(2¢) — F-1(40) ! 3
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Example 8.13 For the logistic distribution with F(x) = ; +'e,,, ,F7'() =Inx —In
(1—-x)
lim FoMQ=F Qo) _ |3y Ine=In(i=0)—In2c+n1-20)  _ | Thus the domain of

es0 FTQO—F @) — L0 In2e—In(1—20)—Indc+In(1—4c)
attraction of X, from the logistic distribution is Ty.
For the Cauchy distribution with F(x) = % + tan~! ().

We have F~!(x) = tanw (x — %) = —% for small x.
D FUO-F'Q0) _ mmTa _
Thus 35% FTQo-F (o) — L — 2.

Thus the domain of attraction of X;., from the Cauchy distribution is T»;.
For the exponential distribution, E(0, o), with pdf f(x) = o ~'e™ %, x > 0, F~!

_ -1 . F Yo —F'Qc) __q: —In{l—c)+In{l—2¢) __ ~A—1
(x) = —0 111(1 —.X) and lgm = }%m =27". Thus

the domain of attraction of X;., from the exponential distribution, E(0, o), is T3;.
We can use the following lemma to calculate the normalizing constants for various
distributions belonging to the domain of attractions of H(x).

Lemma 8.9 Suppose P(Xy., < ¢, + d,x) - H(x) as n — oo, then

(i) ca=F (), dy =F'(}) = F7'(:L) if H(x) = Hyo(x),
(ii) ¢y =0,b, = |F~'(})| if H(x) = Has(x),
(iii) ¢y = a(F), by = F~'(1) — a(F) if H(x) = H3s(x)

We have seen that the normalizing constants are not unique for X,... The same is
also true for the X ..

Example 8.14 For the logistic distribution with F(x) = H%, X.n when normalized
converge in distribution to Type 1(Ho) distribution. The normalizing constants are

e =F () =n () = I nandd, = F' ()~ F7' Gy = 1.

For Cauchy distribution with F(x)= % + %tan_l (x), X1, when normalized con-
verges in distribution to Type 2 (Hj;) distribution. The normalizing constants are
cn="0andd, = |F'})|=tanm(3 — 1),n>2

For the uniform distribution with F(x) = x, X, when normalized converge in
distribution to Type 3 (Hs;) distribution. The normalizing constants are ¢, = 0, b, =
F~!(1) = 1 (see Table8.3).
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Table 8.3 Normalizing constants and domain of attraction of X.,
g
Distribution f(x) Cn Dn Domain
ex@= (1 — -1 (%)l/a
Beta g a>0,>0 |0 " Tre H3,
€= BB €= T@+h)
O0<x <l
1
Cauchy 7 (14+x2) 0 cot(%) Hy;
—00 <X < 00
Exponential e %% 0<x<oco,0 >0 0 nz Hj
co—l,—x
Gamma Fl@) > 0 @) Hj;
0<x<oo
Lo=lxl,
Laplace 2 In (%) 1 Hig
—0 <X <X
.. —X
Logistic (lﬁiﬂf)z -Inn 1 Hjo
1 2
Lognorma 1 Xjﬁe_Z(lnX) 0<x<oo enon g, = in - b"%, QInn)~1/2eon Hjo
D,
" by =(2In
=Inlnn+ Indr
172
_12
Normal ﬁe 2% —co<x <00 &—%, (2Inn)~1/2 Hjo
D,
" by =(2In
=Inlnn+ Indn
172
—(a+1) 1/
ax o
Pareto 0 o H
x>1l,a>0 (n_]) 21
a—1
Power Function | @ 0 11 Hj
O<x<lLa>0 nl/e )
— x2
Rayleigh %e o2 x>0 0 o2 Hiy
. 1/v
s ot k ki
T distribution VEREINCE=VE) 0 (7") Hyy,
(%)
k=
C'((v+1)/2)
(rv)1/21(w)2)
Type 1 Fee -Inn 1 Hio
(for minimum)
(et —xT¢
Type 2 a(=x) ¢ 0 nl/e Hay
(for minimum) | ¥ <0.@>0
a—1 ¥
Type 3 e 0 =1/ Ha,
(for minimum) | *~ 0,0 >0
Uniform 1/0,0 <x <9 0 6/n Hj;
—1 —x%
Weibull e 0 1 Ha,
x>0,aa>0 nl/e
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