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Preface

Categorical data, whether categories are nominal or ordinal, consist of multinomial
responses along with suitable covariates from a large number of independent
individuals, whereas longitudinal categorical data consist of similar responses and
covariates collected repeatedly from the same individuals over a small period of
time. In the latter case, the covariates may be time dependent but they are always
fixed and known. Also it may happen in this case that the longitudinal data are not
available for the whole duration of the study from a small percentage of individuals.
However, this book concentrates on complete longitudinal multinomial data analysis
by developing various parametric correlation models for repeated multinomial
responses. These correlation models are relatively new and they are developed
by generalizing the correlation models for longitudinal binary data [Sutradhar
(2011, Chap. 7), Dynamic Mixed Models for Familial Longitudinal Data, Springer,
New York]. More specifically, this book uses dynamic models to relate repeated
multinomial responses which is quite different than the existing books where
longitudinal categorical data are analyzed either marginally at a given time point
(equivalent to assume independence among repeated responses) or by using the so-
called working correlations based GEE (generalized estimating equation) approach
that cannot be trusted for the same reasons found for the longitudinal binary (two
category) cases [Sutradhar (2011, Sect. 7.3.6)]. Furthermore, in the categorical data
analysis, whether it is a cross-sectional or longitudinal study, it may happen in some
situations that responses from individuals are collected on more than one response
variable. This type of studies is referred to as the bivariate or multivariate categorial
data analysis. On top of univariate categorical data analysis, this book also deals with
such multivariate cases, especially bivariate models are developed under both cross-
sectional and longitudinal setups. In the cross-sectional setup, bivariate multinomial
correlations are developed through common individual random effect shared by
both responses, and in the longitudinal setup, bivariate structural and longitudinal
correlations are developed using dynamic models conditional on the random effects.

As far as the main results are concerned, whether it is a cross-sectional or longi-
tudinal study, it is of interest to examine the distribution of the respondents (based
on their given responses) under the categories. In longitudinal studies, the possible
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viii Preface

change in distribution pattern over time is examined after taking the correlations
of the repeated multinomial responses into account. All these are done by fitting
a suitable univariate multinomial probability model in the cross-sectional setup
and correlated multinomial probability model in the longitudinal setup. Also these
model fittings are first done for the cases where there is no covariate information
from the individuals. In the presence of covariates, the distribution pattern may also
depend on them, and it becomes important to examine the dependence of response
categories on the covariates. Remark that in many existing books, covariates are
treated as response variables and contingency tables are generated between response
variable and the covariates, and then a full multinomial or equivalently a suitable
log linear model is fitted to the joint cell counts. This approach lacks theoretical
justification mainly because the covariates are usually fixed and known and hence
the Poisson mean rates for joint cells should not be constructed using association
parameters between covariates and responses. This book avoids such confusions
and emphasizes on regression analysis all through to understand the dependence of
the response(s) on the covariates.

The book is written primarily for the graduate students and researchers in
statistics, biostatistics, and social sciences, among other applied statistics research
areas. However, the univariate categorical data analysis discussed in Chap. 2 under
cross-sectional setup, and in Chap. 3 under longitudinal setup with time indepen-
dent (stationary) covariates, is written for undergraduate students as well. These
two chapters containing cross-sectional and longitudinal multinomial models, and
corresponding inference methodologies, would serve as the theoretical foundation
of the book. The theoretical results in these chapters have also been illustrated by
analyzing various biomedical or social science data from real life. As a whole, the
book contains six chapters. Chapter 4 contains univariate longitudinal categorical
data analysis with time dependent (non-stationary) covariates, and Chaps. 5 and 6
are devoted to bivariate categorical data analysis in cross-sectional and longitudinal
setup, respectively. The book is technically rigorous. More specifically, this is
the first book in longitudinal categorical data analysis with high level technical
details for developments of both correlation models and inference procedures,
which are complemented in many places with real life data analysis illustrations.
Thus, the book is comprehensive in scope and treatment, suitable for a graduate
course and further theoretical and/or applied research involving cross-sectional
as well as longitudinal categorical data. In the same token, a part of the book
with first three chapters is suitable for an undergraduate course in statistics and
social sciences. Because the computational formulas all through the book are well
developed, it is expected that the students and researchers with reasonably good
computational background should have no problems in exploiting them (formulas)
for data analysis.

The primary purpose of this book is to present ideas for developing correlation
models for longitudinal categorical data, and obtaining consistent and efficient
estimates for the parameters of such models. Nevertheless, in Chaps. 2 and 5,
we consider categorical data analysis in cross-sectional setup for univariate and
bivariate responses, respectively. For the analysis of univariate categorical data in
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Chap. 2, multinomial logit models are fitted irrespective of the situations whether
the data contain any covariates or not. To be specific, in the absence of covariates,
the distribution of the respondents under selected categories is computed by
fitting multinomial logit model. In the presence of categorical covariates, similar
distribution pattern is computed but under different levels of the covariate, by fitting
product multinomial models. This is done first for one covariate with suitable levels
and then for two covariates with unequal number of levels. Both nominal and ordinal
categories are considered for the response variable but covariate categories are
always nominal. Remark that in the presence of covariates, it is of primary interest to
examine the dependence of response variable on the covariates, and hence product
multinomial models are exploited by using a multinomial model at a given level of
the covariate. Also, as opposed to the so-called log linear models, the multinomial
logit models are chosen for two main reasons. First, the extension of log linear
model from the cross-sectional setup to the longitudinal setup appears to be difficult
whereas the primary objective of the book is to deal with longitudinal categorical
data. Second, even in the cross-sectional setup with bivariate categorical responses,
the so-called odds ratio (or association) parameters based Poisson rates for joint cells
yield complicated marginal probabilities for the purpose of interpretation. In this
book, this problem is avoided by using an alternative random effects based mixed
model to reflect the correlation of the two variables but such models are developed
as an extension of univariate multinomial models from cross-sectional setup.
With regard to inferences, the likelihood function based on product multinomial
distributions is maximized for the case when univariate response categories are
nominal. For the inferences for ordinal categorical data, the well-known weighted
least square method is used. Also, two new approaches, namely a binary mapping
based GQL (generalized quasi-likelihood) and pseudo-likelihood approaches, are
developed. The asymptotic covariances of such estimators are also computed.
Chapter 3 deals with longitudinal categorical data analysis. A new parametric
correlation model is developed by relating the present and past multinomial
responses. More specifically, conditional probabilities are modeled using such
dynamic relationships. Both linear and non-linear type models are considered
for these dynamic relationships based conditional probabilities. The models are
referred to as the linear dynamic conditional multinomial probability (LDCMP)
and multinomial dynamic logit (MDL) models, respectively. These models have
pedagogical virtue of reducing to the longitudinal binary cases. Nevertheless, for
simplicity, we discuss the linear dynamic conditional binary probability (LDCBP)
and binary dynamic logit (BDL) models in the beginning of the chapter, followed by
detailed discussion on LDCMP and MDL models. Both covariate free and stationary
covariate cases are considered. As far as the inferences for longitudinal binary data
are concerned, the book uses the GQL and likelihood approaches, similar to those
in Sutradhar (2011, Chap. 7), but the formulas in the present case are simplified in
terms of transitional counts. The models are then fitted to a longitudinal Asthma
data set as an illustration. Next, the inferences for the covariate free LDCMP model
are developed by exploiting both GQL and likelihood approaches; however, for
simplicity, only likelihood approach is discussed for the covariate free MDL model.
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In the presence of stationary covariates, the LDCMP and MDL regression models
are fitted using the likelihood approach. As an illustration, the well-known Three
Miles Island Stress Level (TMISL) data are reanalyzed in this book by fitting the
LDCMP and MDL regression models through likelihood approach. Furthermore,
correlation models for ordinal longitudinal multinomial data are developed and the
models are fitted through a binary mapping based pseudo-likelihood approach.

Chapter 4 is devoted to theoretical developments of correlation models for lon-
gitudinal multinomial data with non-stationary covariates, whereas similar models
were introduced in Chap. 3 for the cases with stationary covariates. As opposed
to the stationary case, it is not sensible to construct contingency tables at a given
level of the covariates in the non-stationary case. This is because the covariate
levels are also likely to change over time in the non-stationary longitudinal setup.
Consequently, no attempt is made to simplify the model and inference formulas in
terms of transitional counts. Two non-stationary models developed in this chapter
are referred to as the NSLDCMP (non-stationary LDCMP) and NSMDL (non-
stationary MDL) models. Likelihood inferences are employed to fit both models.
The chapter also contains discussions on some of the existing models where odds
ratios (equivalent to correlations) are estimated using certain “working” log linear
type working models. The advantages and drawbacks of this type of “working”
correlation models are also highlighted.

Chapters 2 through 4 were confined to the analysis of univariate longitudinal
categorical data. In practice, there are, however, situations where more than one
response variables are recorded from an individual over a small period of time.
For example, to understand how diabetes may affect retinopathy, it is important
to analyze retinopathy status of both left and right eyes of an individual. In this
problem, it may be of interest to study the effects of associated covariates on both
categorical responses, where these responses at a given point of time are structurally
correlated as they are taken from the same individual. In Chap. 5, this type of
bivariate correlations is modeled through a common individual random effect shared
by both response variables, but the modeling is confined, for simplicity, to the cross-
sectional setup. Bivariate longitudinal correlation models are discussed in Chap. 6.
For inferences for the bivariate mixed model in Chap. 5, we have developed a
likelihood approach where a binomial approximation to the normal distribution
of random effects is used to construct the likelihood estimating equations for
the desired parameters. Chapter 5 also contains a bivariate normal type linear
conditional model, but for multinomial response variables. A GQL estimation
approach is used for the inferences. The fitting of the bivariate normal model
is illustrated by reanalyzing the well-known WESDR (Wisconsin Epidemiologic
Study of Diabetic Retinopathy) data.

In Chap. 6, correlation models for longitudinal bivariate categorical data are
developed. This is done by using a dynamic model for each multinomial variables
conditional on the common random effect shared by both variables. Theoretical
details are provided for both model development and inferences through a GQL
estimation approach. The bivariate models discussed in Chaps. 5 and 6 may be



Preface xi

extended to the multivariate multinomial setup, which is, however, beyond the scope
of the present book. The incomplete longitudinal multinomial data analysis is also
beyond the scope of the present book.

St. John’s, Newfoundland, Canada Brajendra C. Sutradhar
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Chapter 1
Introduction

1.1 Background of Univariate and Bivariate
Cross-Sectional Multinomial Models

In univariate binary regression analysis, it is of interest to assess the possible
dependence of the binary response variable upon an explanatory or regressor
variable. The regressor variables are also known as covariates which can be
dichotomized or multinomial (categorical) or can take values on a continuous
or interval scale. In general the covariate levels or values are fixed and known.
Similarly, as a generalization of the binary case, in univariate multinomial regression
setup, one may be interested to assess the possible dependence of the multinomial
(nominal or categorical) response variable upon one or more covariates. In a more
complex setup, bivariate or multivariate multinomial responses along with associ-
ated covariates (one or more) may be collected from a large group of independent
individuals, where it may be of interest to (1) examine the joint distribution of the
response variables mainly to understand the association (equivalent to correlations)
among the response variables; (2) assess the possible dependence of these response
variables (marginally or jointly) on the associated covariates. These objectives are
standard. See, for example, Goodman (1984, Chapter 1) for similar comments
and/or objectives. The data are collected in contingency table form. For example, for
a bivariate multinomial data, say response y with J categories and response z with R
categories, a contingency table with J x R cell counts is formed, provided there is no
covariates. Under the assumption that the cell counts follow Poisson distribution, in
general a log linear model is fitted to understand the marginal category effects (there
are J — 1 such effects for y response and R — 1 effects for z response) as well as joint
categories effect (there are (J — 1)(R — 1) such effects) on the formation of the cell
counts, that is, on the Poisson mean rates for each cell. Now suppose that there are
two dichotomized covariates w; and w, which are likely to put additional effect on
the Poisson mean rates in each cell. Thus, in this case, in addition to the category
effects, one is also interested to examine the effect of wy, wy, wiwy(interaction)

© Springer Science+Business Media New York 2014 1
B.C. Sutradhar, Longitudinal Categorical Data Analysis, Springer Series
in Statistics, DOI 10.1007/978-1-4939-2137-9__1
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on the Poisson response rates for both variables y and z. A four-way contingency
table of dimension 2 x 2 x J x R is constructed and it is standard to analyze such
data by fitting the log linear model. One may refer, for example, to Goodman
(1984); Lloyd (1999); Agresti (1990, 2002); Fienberg (2007), among others, for
the application of log linear models to fit such cell counts data in a contingency
table. See also the references in these books for 5 decades long research articles
in this area. Note that because the covariates are fixed (as opposed to random), for
the clarity of model fitting, it is better to deal with four contingency tables each
at a given combined level for both covariates (there are four such levels for two
dichotomized covariates), each of dimension J X R, instead of saying that a model
is fitted to the data in the contingency table of dimension 2 x 2 x J x R. This would
remove some confusions from treating this single table of dimension 2 x 2 X J X R
as a table for four response variables wy,w>,y, and z. To make it more clear, in
many studies, log linear models are fitted to the cell counts in a contingency table
whether the table is constructed between two multinomial responses or between
one or more covariates and a response. See, for example, the log linear models
fitted to the contingency table (Agresti 2002, Section 8.4.2) constructed between
injury status (binary response with yes and no status) and three covariates: gender
(male and female), accident location (rural and urban), and seat belt use (yes or no)
each with two levels. In this study, it is important to realize that the Poisson mean
rates for cell counts do not contain any association (correlations) between injury
and any of the covariates such as gender. This is because covariates are fixed. Thus,
unlike the log linear models for two or more binary or multinomial responses, the
construction of a similar log linear model, based on a table between covariates and
responses, may be confusing. To avoid this confusion, in this book, we construct the
contingency tables only between response variables at a given level of the covariates.
Also, instead of using log linear models we use multinomial logit models all through
the book whether they arise in cross-sectional or longitudinal setup.

In cross-sectional setup, a detailed review is given in Chap.2 on univariate
nominal and ordinal categorical data analysis (see also Agresti 1984). Unlike other
books (e.g., Agresti 1990, 2002; Tang et al. 2012; Tutz 2011), multinomial logit
models with or without covariates are fitted. In the presence of covariates product
multinomial distributions are used because of the fact that covariate levels are fixed
in practice. Many data based numerical illustrations are given. As an extension of
the univariate analysis, Chap. 5 is devoted to the bivariate categorical data analysis
in cross-sectional setup. A new approach based on random effects is taken to model
such bivariate categorical data. A bivariate normal type model is also discussed.

Note however that when categorical data are collected repeated over time from an
individual, it becomes difficult to write multinomial models by accommodating the
correlations of the repeated multinomial response data. Even though some attention
is given on this issue recently, discussions on longitudinal categorical data remain
inadequate. In the next section, we provide an overview of the existing works on the
longitudinal analysis for the categorical data, and layout the objective of this book
with regard to longitudinal categorical data analysis.
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1.2 Background of Univariate and Bivariate
Longitudinal Multinomial Models

It is recognized that for many practical problems such as for public, community and
population health, and gender and sex health studies, it is important that binary or
categorical (multinomial) responses along with epidemiological and/or biological
covariates are collected repeatedly from a large number of independent individuals,
over a small period of time. More specifically, toward the prevention of overweight
and obesity in the population, it is important to understand the longitudinal
effects of major epidemiological/socio-economic variables such as age, gender,
education level, marital status, geographical region, chronic conditions and lifestyle
including smoking and food habits; as well as the effects of sex difference based
biological variables such as reproductive, metabolism, other possible organism, and
candidate genes covariates on the individual’s level of obesity (normal, overweight,
obese class 1, 2, and 3). Whether it is a combined longitudinal study on both
males and females to understand the effects of epidemiological/socio-economic
covariates on the repeated responses such as obesity status, or two multinomial
models are separately fitted to males and females data to understand the effects
of both epidemiological/socio-economic and biological covariates on the repeated
multinomial responses, it is, however, important in such longitudinal studies to
accommodate the dynamic dependence of the multinomial response at a given time
on the past multinomial responses of the individual (that produces longitudinal
correlations among the repeated responses) in order to examine the effects of the
associated epidemiological and/or biological covariates. Note that even though
multinomial mixed effects models have been used by some health economists to
study the longitudinal employment transitions in women in Australia (e.g., Haynes
et al. 2005, Conference paper available online), and the Manitoba longitudinal
home care use data (Sarma and Simpson 2007), and by some marketing researchers
(e.g., Gonul and Srinivasan 1993; Fader et al. 1992) to study the longitudinal
consumer choice behavior, none of their models are, however, developed to address
the longitudinal correlations among the repeated multinomial responses in order
to efficiently examine the effects of the covariates on the repeated responses
collected over time. More specifically, Sarma and Simpson (2007), for example,
have analyzed an elderly living arrangements data set from Manitoba collected
over three time periods 1971, 1976, and 1983. In this study, living arrangement
is a multinomial response variable with three categories, namely independent living
arrangements, stay in an intergenerational family, or move into a nursing home.
They have fitted a marginal model to the multinomial data for a given year and
produced the regression effects of various covariates on the living arrangements
in three different tables. The covariates were: age, gender, immigration status,
education level, marital status, living duration in the same community, and self-
reported health status. Also home care was considered as a latent or random effects
variable. There are at least two main difficulties with this type of marginal analysis.
First, it is not clear how the covariate effects from three different years can be
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combined to interpret the overall effects of the covariates on the responses over the
whole duration of the study. This indicates that it is important to develop a general
model to find the overall effects of the covariates on the responses as opposed to the
marginal effects. Second, this study did not accommodate the possible correlations
among the repeated multinomial responses (living arrangements) collected over
three time points. Thus, these estimates are bound to be inefficient. Bergsma et al.
(2009, Chapter 4) analyze the contingency tables for two or more variables at a
given time point, and compare the desired marginal or association among variables
over time. This marginal approach is, therefore, quite similar to that of Sarma and
Simpson (2007).

Some books are also written on longitudinal models for categorical data in the
social and behavioral sciences. See, for example, Von Eye and Niedermeir (1999);
Von Eye (1990). Similar to the aforementioned papers, these books also consider
time as a nominal fixed covariates defined through dummy variables, and hence
no correlations among repeated responses are considered. Also, in these books,
the categorical response variable is dichotomized which appears to be another
limitation.

Further, there exists some studies in this area those reported mainly in the
statistics literature. For a detailed early history on the development of statistical
models to fit the repeated categorical data, one may, for example, refer to Agresti
(1989); Agresti and Natarajan (2001). It is, however, evident that these models also
fail to accommodate the correlations or the dynamic dependence of the repeated
multinomial responses. To be specific, most of the models documented in these two
survey papers consider time as an additional fixed covariate on top of the desired
epidemiological/socio-economic and biological covariates where marginal analysis
is performed to find the effects of the covariates including the time effect. For
example, see the multinomial models considered by Agresti (1990, Section 11.3.1);
Fienberg et al. (1985); Conaway (1989), where time is considered as a fixed
covariate with certain subjective values, whereas in reality time should be a nominal
or index variable only but responses collected over these time occasions must be
dynamically dependent. Recently, Tchumtchoua and Dey (2012) used a model to
fit multivariate longitudinal categorical data, where responses can be collected from
different sets of individuals over time. Thus, this study appears to address a different
problem than dealing with longitudinal responses from the same individual. As
far as the application is concerned, Fienberg et al. (1985); Conaway (1989) have
illustrated their models fitting to an interesting environmental health data set. This
health study focuses on the changes in the stress level of mothers of young children
living within 10 miles of the three mile island nuclear plant in USA. that encountered
an accident. The accident was followed by four interviews; winter 1979 (wave 1),
spring 1980 (wave 2), fall 1981 (wave 3), and fall 1982 (wave 4). In this study,
the subjects were classified into one of the three response categories namely low,
medium, and high stress level, based on a composite score from a 90-item checklist.
There were 267 subjects who completed all four interviews. Respondents were
stratified into two groups, those living within 5 miles of the plant and those live
within 5-10 miles from the plant. It was of interest to compare the distribution
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of individuals under three stress levels collected over four different time points.
However, as mentioned above, these studies, instead of developing multinomial
correlation models, have used the time as a fixed covariate and performed marginal
analysis. Note that the multinomial model used by Sarma and Simpson (2007) is
quite similar to those of Fienberg et al. (1985); Conaway (1989).

Next, because of the difficulty of modeling the correlations for repeated multi-
nomial responses, some authors such as Lipsitz et al. (1994); Stram et al. (1988);
Chen and Kuo (2001) have performed correlation analysis by using certain arbitrary
‘working’ longitudinal correlations, as opposed to the fixed time covariates based
marginal analysis. Note that in the context of binary longitudinal data analysis, it
has, however, been demonstrated by Sutradhar and Das (1999) (see also Sutradhar
2011, Section 7.3.6) that the ‘working’ correlations based so-called generalized
estimating equations (GEE) approach may be worse than simpler method of
moments or quasi-likelihood based estimates. Thus, the GEE approach has serious
theoretical limitations for finding efficient regression estimates in the longitudinal
setup for binary data. Now because, longitudinal multinomial model may be treated
as a generalization of the longitudinal binary model, there is no reasons to believe
that the ‘working’ correlations based GEE approach will work for longitudinal
multinomial data.

This book, unlike the aforementioned studies including the existing books,
uses parametric approach to model the correlations among multinomial responses
collected over time. The models are illustrated with real life data where applicable.
More specifically, in Chaps. 3 and 4, lag 1 dynamic relationship is used to model
the correlations for repeated univariate responses. Both conditionally linear and
non-linear dynamic logit models are used for the purpose. For the cases, when
there is no covariates or covariates are stationary (independent of time), category
effects after accommodating the correlations for repeated responses are discussed
in detail in Chap. 3. The repeated univariate multinomial data in the presence of
non-stationary covariates (i.e., time dependent covariates) are analyzed in Chap. 4.
Note that these correlation models based analysis for the repeated univariate
multinomial responses generalizes the longitudinal binary data analysis discussed in
Sutradhar (2011, Chapter 7). In Chap. 6 of the present book, we consider repeated
bivariate multinomial models. This is done by combining the dynamic relationships
for both multinomial response variables through a random effect shared by both
responses from an individual. This may be referred to as the familial longitudinal
multinomial model with family size two corresponding to two responses from
the same individual. Thus this familial longitudinal multinomial model used in
Chap.6 may be treated as a generalization of the familial longitudinal binary
model used in Sutradhar (2011, Chapter 11). The book is technically rigorous. A
great deal of attention is given all through the book to develop the computational
formulas for the purpose of data analysis, and these formulas, where applicable,
were computed using Fortran-90. One may like to use other softwares such as R or
S-plus for the computational purpose. It is, thus, expected that the readers desiring
to derive maximum benefits from the book should have reasonably good computing
background.
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Chapter 2
Overview of Regression Models
for Cross-Sectional Univariate Categorical Data

2.1 Covariate Free Basic Univariate Multinomial Fixed
Effect Models

Let there be K individuals and an individual responds to one of the J categories.
For j=1,...,J, let w; denote the marginal probability that the response of an
individual belongs to the jth category so that Zle n;j = 1. Suppose that y; =
Vit,---,Yijs---,Yig—1]" denotes the J — 1 dimensional multinomial response variable
of the ith (i = 1,...,K) individual such that y;; = 1 or 0, with Zle vij = 1. Further
suppose that for a g-dimensional unit vector 1,4, for example,

yl(j) = 5,'/' = [Ollj—la 170]/1—1—1]/

denotes the response of the ith individual that belongs to the jth category for j =
1,...,J—1,and

Y,U) =0y =01,

denotes that the response of the ith individual belongs to the Jth category which
may be referred to as the reference category. It then follows that

Plyi =y = &) = forall j=1,...,J. @2.1)
For convenience of generalization to the covariate case, we consider

exp(Bjo) forj=1,...,0—1

’ ———— forj=J
) ew(Bo) T
© Springer Science+Business Media New York 2014 7
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It then follows that the elements of y; follow the multinomial distribution given by

1! v
Plitse e Yitse o oyig] = ———— 11 2, 2.3)
b Y 1) yirl -yl =

where y;; =1 — Z;;
K; = YX i individuals belong to the jth category for j = 1,...,J, so that
2§:1K 7 = K. By an argument similar to that of (2.3), one may write the joint
distribution for {K;} with K; = K — Z;;% K;, that is, the multinomial distribution
for {K;} as

}y,- ;- Now suppose that out of these K independent individuals,

_ K! 7S
P[Kl, KQ,...,KJ-, ..-,KJ—I} - mnj:lﬂj
K! .
= 71(1!“'1(]!17}:1@&, (2.4)

In the next section, we provide some basic properties of this multinomial distri-
bution. Inference for the multinomial probabilities through the estimation of the
parameters fjo(j = 1,...,J — 1), along with an example, is discussed in Sect. 2.1.2.

A derivation of the multinomial distribution (2.4):
Suppose that
Kj~ Poi(uj), j=1,...,J,

where Poi(l1;) denotes the Poisson distribution with mean p;, that is,
K.
exp(—u;) ;"

jt

Also suppose that K;’s are independent for all j = 1,...,J It then follows that

J J
K=Y Kj~Poi(t =3 ),
j=1 J=1
and conditional on total K, the joint distribution of the counts Ki,...,Kj,...,K;_q,

has the form
K:
exp(—pj)p;’
Hf:l [#]

exp(—p)uk

K!

PKy,....Kj,...,Ks_1|K] =

)
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where now K; = K — Zf;lll(j is known. Now by using 7; = %, one obtains the
multinomial distribution (2.4), where t; = 1 — 25; } 7j is known.

Note that when K = 1, one obtains the multinomial distribution (2.3) from (2.4)
by using K; = y;; as a special case.

2.1.1 Basic Properties of the Multinomial Distribution (2.4)

Lemma 2.1.1. The count variable K;(j =1,...,J — 1) marginally follows a bino-
mial distribution B(K;; K, 7t;), with parameters K and wt;, yielding E[K;| = Kn; and
var(K;] = Krj(1 — m;). Furthermore, for j # k,j,k=1,...,0 —1, cov[K;, K] =
—Kﬂjﬂ.'k.

Proof. Let

Gi=m, =1-m],&G=1-m-m],....5 1 =[1-m—-—m_,]
By summing over the range of K;_; from 0 to [K — K| — ..., Kj_2], one obtains the
marginal multinomial distribution of Ki,...,K;_» from (2.4) as

PIK K K _ K! -2 K {K—K)——K;_»}

[ ToeeeyBjy vnny J—Z] - K]!--'Kj!"'{K*Kl 7"'7K/72}! j=1 nj [é/—l]
§ {K—Ki—-—K;_»}! KﬁKliw*Kliz[”/*I K11 — E]{(K*Kr“-*’(hz)*’(hl}

K K=K = =Ko=K}t o5, & &

_ K! J-2_K; {K—K;——Kj_2}

- Kl'K,'{K—Kl——K],z}'nj:lﬂj [é]*l] ! =2 (2-5)
By summing, similar to that of (2.5), successively over the range of K;_»,...,K>,
one obtains the marginal distribution of K| as

K! K K—K
PK||=———F——n"'|l—n1 T 2.6
IKi] K {K —K;}! 1= (20)

which is a binomial distribution with parameters (K, ;). Note that this averaging
or summing technique to find the marginal distribution is exchangeable. Thus, for
any j=1,...,J —1, K; will have marginally binomial distribution with parameters
(K, ;). This yields the mean and the variance of K; as in the Lemma.

Next to derive the covariance between K; and K, for convenience we find the
covariance between K| and K>. For this computation, following (2.5), we first write
the joint distribution of K| and K5 as

_ K! 2 _Kire 1{K—K1—Ky}
Pk K] = K> {K — K —Kz}!HFl”f S
K!

T KUK —K — K}

02, n /[ - m - m){E-Ki-R) 2.7
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It then follows that

K-K
o KI'\K{K—K|— K, }!
K-2 {Kfszf} {K—Z}'
=KK-mm 3, KNK{K—2—K — K }!
Ki=0 K3=0 “1-B2° 1Byt
K* A pr_ gk
xH]z:lnj’[lfm — mp) K2 KK )
=K(K—-1)mm, (2.8)

yielding
COV[Kth] = E[K]Kz] —E[Kl]E[Kz] = K(K— l)ﬂ']ﬁz —K277.717'E2 = —Kﬂ']ﬂz.
(2.9)

Now because the multinomial distribution is exchangeable in variables, one obtains
cov[K;,Ki] = —Km;m, as in the Lemma.

Lemma 2.1.2. Let

Y1 =m
Y = =
Ty—1
1= . 2.10
Vi = T 5, (2.10)

Then the multinomial probability function in (2.3) can be factored as

B(yit; 1, w1)B(yio; 1 —yit, v2) - B(yig—151 —yit — - — yig—2, Wy—1) (2.11)
where B(x;K*, ), for example, represents the binomial probability of x successes
in K* trials when the success probability is y in each trial.

Proof. It is convenient to show that (2.11) yields (2.3). Rewrite (2.11) as

1!

Vil 1—y;
Sty o m)

(1=yi)! ™ ]yiz[lfm R B
y!l(1 =y —yp)! 1 —m 1—m

(1=yii = =yig-2)! -1 ]y,-J,][l_m_"'_nf*I 1=y = =Yig-1
Yig— A=y = =yig-)' 1=m — - =7y l-m——ma

By some algebras, this reduces to (2.3).
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Lemma 2.1.3. The binomial factorization (2.11) yields the conditional means and
variances as follows:

E[Ya] = vy, varYa] = y1(1—yn)
EYolyi] = (1 =yi) w2, var[Yp|yiu] = (1 —yi)ya (1 —y2)

E[Y;j-1lyit, - ,yig—2] = (L=yit — - = Yij—2)Wi—1
varlY j_t1lyit,- - yig—2] = (1 =yit — - = yig—2)Wr—1(1 —yy_1). (2.12)

Example 2.1. Consider the multinomial model (2.4) with J = 3 categories. This
model is referred to as the trinomial probability model. Suppose that 7y, 7>, and 73
denote the probabilities that an individual fall into categories 1, 2, and 3, respec-
tively. Also suppose that out of K independent individuals, these three cells were
occupied by K1, K>, and K3 individuals so that K = K| + K> + K3. Let y; = m; and
Y = lfznl . Then, similar to (2.11), it can be shown that the trinomial probability
function (2.4) (with J = 3) can be factored as the product of two binomial probability

functions as given by

B(K,Ki;y1)B(K —Ki,K2;y2).

Similar to Lemma 2.1.3, one then obtains the mean and variance of K> conditional
on K| as

E[Klel] = [K—Kl]lllz, and Val‘[K2|K1] = [K—Kl]lllz(l — 1[12), (213)

respectively. It then follows that the unconditional mean and variance of K, are
given by

E[K>] = Ex, E[K2|K1] = Ex, [(K— K1) ya] = [K =Ky |y, =K(1 — ) =Km,

(2.14)

™
1-m
and

VaI‘[KQ] = EK] [var{K2|K1 }] + varg, [E{Kz‘Kl }]
= Ex, [{K — K1}y (1 — y)] + varg, [{K — K}y

m l—-m—-m n?
=K(l-nm Kmi(l—m)—————
( 1)177[1[ T ]+ Km ( 1)(17751)2
Kr
= 2 [1—7‘[1—7’[24-7'[17‘[2]
177171

:Kﬂz(l—ﬂ2>7 (215)
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respectively. Note that these unconditional mean (2.14) and variance (2.15) are the
same as in Lemma 2.1.1, but they were derived in a different way than that of
Lemma 2.1.1. Furthermore, similar to that of (2.15), the unconditional covariance
between K| and K> may be obtained as

COV[Kl,KQ} = EK1 [COV{(K],K2)|K1 }] + covg, [K] ,E{K2|K1}]

= covg, K1, E{K>|K} }]
= covg, (K1, (K = Ki)yo] = —ypvarlKi] = —Kmm,  (2.16)

which agrees with the covariance results in Lemma 2.1.

2.1.2 Inference for Proportion w;(j=1,...,J—1)

Recall from (2.4) that

K! 7

P[K;, K;,...,Kj, LK) = mni:l

mi (2.17)
where 7; by (2.2) has the formula

exp(Bjo) o .
. 71+2£;}exp(ﬁg0> forj=1,...,J—1
! % for j=J,
1+2g:1 eXP(ﬁgo)

(a) Moment estimation for 7

When K; for j =1,...,J — 1, follow the multinomial distribution (2.17), it
follows from Lemma 2.1 that E[K ;| = Kr; yielding the moment estimating equation
for m; as

J
K; — Kr;j = 0 subject to the condition 2 wi=1. (2.18)
j=1

Because by (2.18), one writes

J—1 J—1 _y/-1 g
K K-X2_K; K
/ 2.71”/ 2.71 K K K’
= j=
thus, in general, the moment estimator for 7; for all j =1,...,J, has the form
. K;
Ei,MM = —. (219)

K
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Note however that once the estimation of 7; for j=1,...,J — 1 is done, estimation
of m; does not require any new information because K; = K — Zj;} K; becomes
known.
(b) Likelihood Estimation of proportion r;, j =1,...,J-1

It follows from (2.17) that the log likelihood function of {rx;} with m; =1 —

2?;% 7 is given by

J
logL(my,...,my—1) =ko+ Z Kjlog(m;), (2.20)
j=1

where ko is the normalizing constant free from {7;}. It then follows that the
maximum likelihood (ML) estimator of r;, for j =1,...,J — 1, is the solution of
the likelihood equation

dlogL T K; K
osL(m,-.m-) _ K K _, @.21)
aﬂj T 1— zj:l T
and is given by
. . K
ML = TEJ,MLF. 2.22)
J
But, as 2;21 7 mr = 1, it follows from (2.22) that
. K;
TymL = K’
yielding
# K Ki forj=1,...0-1
GML= > = orj=1,....J—1.
K Zle K;
Thus, in general, one may write the formula
. K; K;
ML = L= 7 I (2.23)
K 2,’:1 K;
forall j =1,...,J. This ML estimate in (2.23) is the same as the moment estimate

in (2.19).
(c) Iustration 2.1

To illustrate the aforementioned ML estimation for the categorical proportion,
we, for example, consider a modified version of the health care utilization data,
studied by Sutradhar (2011). This data set contains number of physician visits by
180 members of 48 families over a period of 6 years from 1985 to 1990. Various
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Table 2.1 Summary statistics of physician visits by four covariates in the health care
utilization data for 1985

Number of Visits

Covariates Level 0 1 2 3-5 | >6 | Total

Gender Male 28 22 18 16 12 96
Female 11 5 15 21 32 84

Chronic Condition | No 26 20 15 16 11 88
Yes 13 7 18 21 33 92

Education Level < High School |17 5 11 10 15 58
High School 6 4 4 8 11 33
> High School | 16 18 18 19 18 89

Age 20-30 23 17 14 15 15 84
3140 1 1 3 3 3 11
41-50 4 4 5 12 8 33
51-65 10 5 8 5 13 41
66-85 1 0 3 5 11

Table 2.2 Categorizing the

" it Latent number of visits | Visit category | 1985 visit
number of physician visits

0 None K; =39
1-2 Few K, =60
3-5 Not so few K3 =37
6 or more High Ky =44

covariates such as gender, age, education level, and chronic conditions for each of
these 180 members were also collected. The full data set is available in Sutradhar
(2011, Appendix 6A). The primary objective of this study was to examine the
effects of these covariates on the physician visits by accommodating familial and
longitudinal correlations among the responses of the members. To have a feeling
about this data set, we reproduce below in Table 2.1, some summary statistics on the
physicians visit data for 1985 only.

Suppose that we group the physician visits into J = 4 categories as in Table 2.2.
In the same table we also give the 1985 health status for 180 individuals.

Note that an individual can belong to one of the four categories with a
multinomial probability as in (2.3). Now by ignoring the family grouping, that is,
assuming all 180 individuals are independent, and by ignoring the effects of the
covariates on the visits, one may use the multinomial probability model (2.17) to fit
the data in Table 2.2.

Now by (2.23), one obtains the likelihood estimate for 7;, for j =1,...,4, as

N K;
ML = K’
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where K = 180. Thus, for example, for j = 1, since, K| = 39 individuals did not pay
any visits to the physician, an estimate (likelihood or moment) for the probability
that an individual in St. John’s in 1985 belong to category 1 was

o mL = Ty um = 39/180 = 0.217.

That is, approximately 22 out of 100 people did not pay any visits to the physician
in St. John’s (indicating the size of the group with no health complications) during
that year. Note that these naive estimates are bound to change when multinomial
probabilities will be modeled involving the covariates. This type of multinomial
regression model will be discussed in Sect. 2.2 and in many other places in the book.

2.1.3 Inference for Category Effects By, j =1,...,J-1,
with By =0

2.1.3.1 Moment Estimating Equations for 8, =1....,J — 1) Using
Regression Form

Because
E[K]] :KﬂijI‘j: 1,....J—1,
with

oomj exp(Bjo) _ exp(x}0)
mp=—

m 1+ZJ 1exp(ﬁjo) B Zleexp()c’je)7

and 7y has to satisfy the relationship

KK
J_l_zn]_l_jzif ?,

one needs to solve for 8 = (Bio,...,Bjo,...,Br-1,0)" satisfying
Kj—Knj=0,forall j=1,...,J.
For convenience, we express all 7r; as functions of 8. We do this by using

(Olj 1,1,01'1717]»)/ forj=1,...,J—1,and x; =01,_1,
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so that

exp(x;0)
M= ———— forall j=1,....J. (2.24)
Yj—1exp(x;0)

Now solving the moment equations K; — K7; = 0 for 6 = (Bio, ..., Bjo,---, Br-1,0)’
is equivalent to solve

f(0)=X'(y—Km)=0, (2.25)

for 0, where y = (K1,....Kj,....K;), n = (m,...,7mj,...,my)’, and

%, 10-00
% 01-00
X = . = ) IxJ—1.
% 0001
Y, 00-00

2.1.3.2 Marginal Likelihood Estimation for 8 G =1...., J-1)
with ;0 =0

Note that due to invariance principle of the likelihood estimation method, one would
end up with solving the same likelihood estimating equation (2.23) even if one
attempts to obtain the likelihood estimating equations for Bjo, j = 1,...,J —1,
directly. We clarify this point through following direct calculations.

Rewrite the multinomial distribution based log likelihood function (2.20) as

J
logL(my,. .., 717]) =ko+ 2 Kjlog(rcj),
=1

where, by (2.17), ; has the formulas

exp(Bjo) C_ _
71+2, Texp(5; )fOI‘] 1,....0—1

7f j=J.
1+ZJ [exp(ﬁjo) orJ I

It then follows for j =1,...,J — 1, that

dlogL(my, ..., ) _ i { } 8”0 K;, omy (2.26)

dBjo 3ﬁ]0 T dBjo’
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where
{143/} exp(B.o) } exp(Bjo) —exp(Bio){exp(Bio)} _ /1 o
(1437 exp(Bo)]” =mj(1—m;) forc=j
on. ) —exp(Bo{exp(Bp)t _ _ - - . L
Bjo (1437~} exp(Beo)]” el orc#j,e=1,..., )
' ;) I -
oo T forc = J.
2.27)

By using (2.27) in (2.26), we then write the likelihood equation for j0 as

dlogL(my,...,m;) /K. K;
———— = —||=mmj| + —|m;] =0, (2.28)
5 Sl + i
yielding
—Knj+K;=0,for j=1,...,J -1, (2.29)

which are the same likelihood equations as in (2.23). Thus, in the likelihood
approach, similar to the moment approach, one solves the estimating equation
(2.25), that is,

f(0)=X'(y—Km)=0 (2.30)

for @ iteratively, so that f(8) = 0.
Further note that because of the definition of 7; given by (2.2) or (2.17), all

estimates ﬁ jo for j=1,...,J—1 are interpreted comparing their value with ;0 = 0.

2.1.3.3 Joint Estimation of 81¢,...,Bjo,...,B).1,0 Using Regression Form

The log likelihood function by (2.20) has the form

J
lOgL(ﬁ]()7 ces ,[3(],1)0) =ko+ z Kjlog ;.
Jj=1

We now write m; = exp(Bjo) for j=1,...,J —1, and my = exp(Bjo) =1, and m =
Zle mj, and re-express the above log likelihood function as

J
1ogL(Bro, -, B—1)0) = ko + Y, Kj[log mj —log m]. (231
=1
Next for 6 = (Bio,---,Bjo,---By—1)0)’ express log m; in linear regression form

log m; = (2.32)
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such that log mj = Bjo for j=1,...,J—1, and log my = 0. Note that finding x’j for
all j=1,...,J is equivalent to write

log i = [logmy,...,logmj,...,logm;| =X6,

where the J x (J — 1) covariate matrix X has the same form as in (2.25), i.e.,

x| 10-00
X 01-00
x=| - |[=| - |:7xi-1 (2.33)
X 00-01
X, 00-00

It then follows from (2.31) and (2.32) that

dlogL(8)  d J ,
1(6) = Q0 %[;Kjxje—lfwgm]
J J
K d
= %K,x, - %%[;exp(x'le)]
Jj= Jj=
J J
K
= ZKjx'— — ijxj
=1 Tom =1
J J
= ZK]'X]'—KZEJ'XJ', (234)
j=1 j=1
yielding the likelihood estimating equation
f(0)=X'(y—Kr)=0, (2.35)

same as (2.30).

2.1.3.3.1 Likelihood Estimates and their Asymptotic Variances

Because the likelihood estimating equations in (2.35) are non-linear, one obtains
the estimate of @ = (Bio,...,Bjo,...,Br—1,0) iteratively, so that £(6) = 0. Suppose
that @y is not a solution for () = 0, but a trial estimate and hence f (6o) # 0. Next
suppose that § = 6y + 1* is the estimate of 6 satisfying () = (6 +h*) = 0. Now
by using the first order Taylor’s expansion, one writes

£(8)=f(8o+h) = f(60) + 1" f(0)g_g, = £(8)lg_g, + (8 —60)f(0)g_g, =0
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yielding the solution

0=00—[{F(0)}'£(0)]lo_s,
Further, because

on; _ 1[ dm; _87m]
00~ m2"" 90 "ge

1
=7 mmjx mjzm]x

_ . / _ . . /
=X — T Z TTjX;
i=1
_ X / _ X IX
=mix; - X,
one obtains

87rj

K221
a0’

= K[mix, — mjn'X].

Consequently, it follows from (2.35) that

f(0) = —KX'=—— = —KX'{diag[my,..., 7] —

a0’
= —KX'[Dy — nn']X,

and the iterative equation (2.36) takes the form

1

B(r+1)=8(r) + | L [X'{Dr — 7' }X]"'X'(y— Km)

yielding the final estimate 6. The covariance matrix of @ has the formula

var(6) = % [X'{Dr— 71771:’}X]71

2.1.4 Likelihood Inference for Categorical Effects
Bjo.j=1,....0 —1with By, = —2};11 Bjo Using

Regression Form

There exists an alternative modeling for 7; such that ﬁ jo for j=1,...,J

interpreted by using the restriction

19

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

— 1 are



20 2 Overview of Regression Models for Cross-Sectional Univariate Categorical Data

~

J—1
ﬁjozo, thatis,ﬁjoz—zﬁjo.
j=1 j=1

As opposed to (2.17), ;’s are then defined as

exp(Bjo) - _
ST Tew(Bo) bospl X frg) 1OF = Lo/

exp(—3/=1 o)
37T exp(Beo)+exp(— =2 Beo)

= (2.42)

for j=J.

Now for m; = exp(Bjo) for j=1,...,J—1,and my = exp(—Zi;]l Bco), one may
use the linear form log m; = x}B, that is,

log = [logmy,...,logmj,...,logm;) = X6,

where, unlike in (2.25) and (2.33), X now is the J x (J — 1) covariate matrix
defined as

1 0-0 0
0 1-00
X=|. .. . . (2.43)
0 0-0 1
—1-1--1-1
Thus, the likelihood estimating equation has the same form
f0)=X'(y—Kn)=0 (2.44)

as in (2.35), but with covariate matrix X as in (2.43) which is different than that of
(2.33).

Note that because ;0 = 0 leads to different covariate matrix X as compared to
the covariate matrix under the assumption ;9 = — Z?;{ Bjo, the likelihood estimates

for 6 = (B0, - .-, B—1)) would be different under these two assumptions.

2.2 Univariate Multinomial Regression Model

2.2.1 Individual History Based Fixed Regression Effects Model

Suppose that a history based survey is done so that in addition to the categorical
response status, an individual also provides p covariates information. Let w; =
[w,-l,...,w,-s,...,w,',,]’ denote the p-dimensional covariate vector available from
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the ith (i = 1,...,K) individual. To incorporate this covariate information, the
multinomial probability model (2.1)-(2.2) may be generalized as

CXP(ﬁjﬁﬁ}Wi) .
forj=1,....J—1
l+2] 1 exp(Bgo-+B4wi) orJ et (2.45)
1 for j=J,

1+ exp(Bgo-+Bywi)

(see also Agresti 1990, p. 343, Exercise 9.22) where ; = [Bj1,. .., Bjs, - .., Bjp) for
j=1,....J—1.Let

li ! lAY2 nt
0 =[B/",..., f N whereﬁj = [Bj07ﬁj] .
Then as an extension to (2.4), one may write the likelihood function as

Kl 1 {1

L(0*)=L(Bf,....B7) =111 - (2.46)
i=1 j=1 Yij:
where y;; = (l —Z;;llyi j) and 7(;; = (1 —Zj ) It then follows that the

likelihood estimating equation for 8; = (Bjo, ﬁj’) for j=1,...,J — 1, that is,

B g (0) s Zere 5 (1) # ]
él( Y= (L))

K71
> ( ) [yij = 7@, ] =0, (2.47)
i=1 \ Wi

dlogL(0*)
Ip; N 8

leads to the likelihood equation for 6* as

dlogL( g
03’9*:2[1 <1)] {yi—n@}:O (2.48)

Wi

where 7 = (1, -, n(i)(J,l))’ corresponding to y; = (yir,- .-, Yi(y—1))’: i is the
p x 1 design vector, I;_; is the identity matrix of order J — 1, and ® denotes the

Kronecker or direct product. In (2.47), C is a normalizing constant.
This likelihood equation (2.48) may be solved for 6* by using the iterative
equation
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Table 2.3 Snoring and heart
disease: A frequency table

Heart disease

Snoring Yes |No

Never 24 1355
Occasionally 35 603
Nearly every night | 21 192
Every night 30 224

=

0" (r+1) = 6*(r) +

1 . /
2 1 ® (wl')} [dlag[mlw-wnl—l]775(1')”([)]

1
I11® ( )
Wi

and the variances of the estimator may be found from the covariance matrix

74 —1
1 . , 1
]j—l ® <Wi>:| [dlag[ﬂ“,...,ﬂj,ﬂ—ﬁ(i)ﬂ<i)] |:Ij]® <Wi>:| :| .
(2.50)

Note that in the absence of covariates, one estimates 6% = [Bio,...,Bjo,- -,
Bs—1.0] - In this case, the estimating equation (2.48) for 6* reduces to the estimating
equation (2.35) for 8, because Z{ilyij = K; and ZIK:] TG = ZIK:] n; = Km;, for
example.

171
1
! 16*(r)

[yi - ﬂ(i)] 6°(r)’ (2.49)

K
<2
i=1

. K
var[6*] = [21

2.2.1.1 Illustration 2.2: Binary Regression Model (/= 2) with One
Covariate

2.2.1.1 (a) An Existing Analysis (Snoring as a Continuous Covariate
with Arbitrary Values)

Consider the heart disease and snoring relationship problem discussed in Agresti
(2002, Section 4.2.3, p. 121-123). The data is given in the following Table 2.3.

By treating snoring as an one dimensional (p = 1) fixed covariate w; = w;; for
the ith individual with its values

wi=wi =0,2,4,5, 2.51)

for snoring never, occasionally, nearly every night, and every night, respectively,
and treating the heart disease status as the binary (J = 2) variable and writing

1ifieyes
Yi=Yi1 =
0 otherwise,
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Agresti (2002, Section 4.2.3, p. 121-123), for example, analyzed this ‘snoring and
heart disease’ data by fitting the binary probability model (a special case of the
multinomial probability model (2.45))

(1) exp(Bio + Priwi)
Pi:' =Plvii =1l =m: 2) = s 2.52
and
Plyi=y] = Plyn = 0] = Tip(wi) = !
1+exp(Bio+Buiwi)’
The binary likelihood is then given by
L(6%) = L(Bio, B11) = T [y (wi) P [spa (wi) 2
= ITE [ (W) P [T = (wi)] ™, (2.53)
yielding the log likelihood estimating equations as
. 8log1_[K1 exp[yir (w 6*)]
dlog L(6") T+exp(w!6%) o, (2.54)

00* o 00*
where

W:F/ (1 W,) and 6* = ﬁl* = (ﬁlo,ﬁn)/.

This log likelihood equations may be simplified as

dlog L(0

T ZYIIW —Z”
K
- ;W?Uil—ﬂ(z)ﬂ
z< )y,l— ()]:0 (255)

Note that the binary likelihood equation (2.45) is a special case of the multino-
mial likelihood equation (2.48) with J = 2. This equation may be solved for 6* by

using the iterative equation
K !
2 1
( ) [ 177’[(,))] <Wi>‘| A
= 0%

0*(r+1) =
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L
x 2( ) [yl-fm,-)l}‘é*(r)? (2.56)

i=1

and the variances of the estimator may be found from the covariance matrix

var[0"] = [i (;) [0 (1= 7o) | (;i)/]_l. (2.57)

For the snoring and heart disease relationship problem, the scalar covariate (w; =
w1 ) based estimates are given by

= Bl* = [310 = —3.87, and 311 =0.40]".

However using this type of scalar covariate, i.e., w; = w;; with arbitrary values for
snoring levels does not provide actual effects of the snoring on heart disease. Below,
we illustrate a categorical covariate based estimation for this problem.

2.2.1.1 (b) A Refined Analysis (Snoring as a Fixed Covariate with Four
Nominal Levels)

In the aforementioned existing analysis, the snoring status: never, occasionally,
nearly every night, every night, has been denoted by a covariate w with values
0,2,4, and 5, respectively. This is an arbitrary coding and may not correctly reflect
the levels. To avoid confusion, in the proposed book, we will represent these L = 4
levels of the ‘snoring’ covariate for the ith individual by three dummy covariates
(p =3) wir,wi, wiz with values

(1,0,0) for occasionally snoring, level 1 (¢=1)
~ }(0,1,0) for nearly every night snoring, level 2 (/=2)
(wir, wi2, wia) = (0,0,1) for every night snoring, level 3 (/=3)
(0,0,0)

0, O 0) for never snoring, level 4 (¢=4) .

Now for j =1,...,J — 1 with J = 2, by using Bj1,B2,Bj3 as the effects of
Wi1,Wia, w;3, on an individual’s (i = 1,...,K) heart status belonging to jth category,
one may fit the probability model (2.45) to this binary data. For convenience, write
the model as

exp(Bjo+Bj1wit+Bpwin+Bj3wiz) for j=1
1+ZJ Vexp(Bgo+Bq1 Wit +Beawin+Beawiz) (2.58)
| .

i =
@ forj=J=2.

1+2g;1 exp(Beo+Be1wit +Bgawin+Bg3wiz)

It is of interest to estimate the parameters 0* = B, = (Bio, Bi1, P12, B13)".
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After a slight modification, we may use the likelihood equation (2.45) to estimate
these parameters. More specifically, by (2.45), the likelihood equation for 8* = B}
now has the form

K K[
Sowilvii— el =X [ | it — mn] =0. (2.59)
i=1

1 1
K
A * A Wil Wil
0" (r+1)=0%(r)+ ! iy (1 —m;
(r+1)=6%(r) ; i [ (1 =) wis
wi3 wi3 16+ (r)
1
K
Wil
. 2.60
Xgi Wi [)’1 n(’)lhé*(r)’ (2.60)
wi3

M —1

1 1
Val‘[é*] = i il [%)1(1 — ”(i)l) il (2.61)
i—1 | Wi2 wi2
w3 wi3

2.2.2 Multinomial Likelihood Models Involving One Covariate
with L = p+ 1 Nominal Levels

Suppose that the L = p+ 1 levels of a covariate for an individual i may be
represented by p dummy covariates as

( ) — Level 1
( ) — Level 2
(Wity =+ Wip) = Q (roreeeennes ) (2.62)
( ) — Level p
( ) — Level p+1
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Table 2.4 A notational display for cell counts and probabilities for J categories under each
covariate level ¢

J categories of the response variable

Covariate level | Quantity 1 e g e | J Total

1 Cell count KMI ij ij Km
Cell probability i s | T s | Ty 1

l Cell count K < | K <o | Ky Ky
Cell probability T —e | Ty S | Ty 1

L:p+1 Cell count K[p+ﬂl K[p-*—l]j K[P‘HV K{P"’H
Cell probability | 7,11 |- | Fpg1yj | oor | Tpr1y 1
Total count K .. | K ... | Ky K

By (2.45), one may then write the probability for an individual i with covariate
atlevel £(£=1,...,p) to be in the jth category as

exp(Bjo+Bjr) for i—1 J—1
1+37 - Texp(Bgo+Byr) orJ LA
T = T s = 9= 2.63
(4, (iet)j 1 for j=J, (2.63)

14257 exp(Bgo+Bee)

whereas for £ = p + 1, these probabilities are written as

eXp(B;o) i _
e 3 Lo 5y )for] l....,J—1 .64
lp+1]j = Mie(p+1))j 1 for j = J.

1 +Z =1 exp(BgU)

Using the level based probability notation from (2.63)—(2.64) into (2.46), one
may write the likelihood function as

L(67) = LI(Bis---, B B 1yl

!
! Yil

HI?+II—[ m o ;
yitlyin!...yiy! €l

i€l

onicep o Mk 269

where B7 = (Bjo,Bj1,---.B jp)’ , and K[y denotes the number of individuals with

covariate level ¢ so that ze:1 (¢ = K. Further suppose that K[,); denote the number
of individuals those belong to the jth response category with covariate level ¢ so that
Zle K|y ; = K}y For convenience of writing the likelihood estimating equations, we
have displayed these notations for cell counts and cell probabilities as in the L x J
contingency Table 2.4.
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Note that in our notation, the row dimension L refers to the combined L levels
for the categorical covariates under consideration, and J refers to the number of
categories of a response variable. By this token, in Chap. 4, a contingency table for
a bivariate multinomial problem with L level categorical covariates will be referred
to as the L x R x J contingency table, where J refers to the number of categories of
the multinomial response variable Y as in this chapter, and R refers to the number of
categories of the other multinomial response variable Z, say. When this notational
scheme is used, the contingency Table 2.2 with four categories for Y (physician visit
status) but no covariates, has the dimension 1 x 4. Thus, for a model involving no
covariates, p = 0, i.e., L = 1. Further, when there are, for example, two categorical
covariates in the model one with p; + 1 levels and the other with p, + 1 levels, one
uses p| + p» dummy covariates to represent these L = (p; 4+ 1)(p2 + 1) levels.

Turning back to the likelihood function (2.65), because y;; = 1 or 0, with
Zle vij = 1, by using the cell counts from Table2.4, one may re-express this
likelihood function as

LO%) = LB}, B} By ) = T ()00 () 7. (2.66)

which one will maximize to estimate the desired parameters in 6*.

2.2.2.1 Product Multinomial Likelihood Based Estimating Equations
with a Global Regression form Using all Parameters

In some situations, it may be appropriate to assume that the cell counts for a
given level in Table?2.3 follow a multinomial distribution and the distributions
corresponding to any two levels are independent. For example, in a gender related
study, male and females may be interviewed separately and hence K at (th level
may be assumed to be known, and they may be distributed in J cells, i.e., J
categories, following the multinomial distribution. Note that in this approach K
is not needed to be known in advance, rather all values for K, together yield
>t K|y = K. Following Table 2.4, we write this multinomial probability function
at level /£ as

K[g] !

Ky, K =—0 1K =, 7.
F(Kiqrs-- - Kgu-1)) Kol Kpy| i1l ] =Ly, (2.67)
yielding the product multinomial function as
L(0") =111 f (Ko, - Kig—n) = TP Ly (2.68)

At a given level ¢(¢ = 1,...,p+ 1), one may then write the probabilities in
(2.63)—(2.64) forall j=1,...,J, as
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where

andxfé]j isthe jth (j=1,...
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* */ !/
9 :[ 1 9:+> j

(th level as follows:

Xy =

Xp+1 =

xf

a6-1)

Haw

101, ;,1,01)
0 01’

/

x[p+1]1
/

x[p+1]2

4@mkw
Mp+1s

Mo =

exp(xmje*)
22:1 exp(x@g@*)

0 ot

(2.69)

BT, with B} = [Bjo, B]l',

,J) row of the J x (J—1)(p+ 1) matrix Xy, defined for

0 o1,

101, 1,1,01p 0 o1

0 o%
o ot

101,001,
001/, 101
001/, 001,
001, 001,

Lot
-001,

. fort=1,....p
1012 11 ,01
-0 01’

oot
-001/,

(2.70)

Following (2.35), the likelihood function (2.68) yields the likelihood equations

where

and X, matrices for £ =1,...

dlog L(6")
20*

g = K- Kigjs- -

p+l1

2 X [y —

7KV]J]/ and 7'[[[] = [ﬂ?m] PN 775[[]1-, .

Kigmg] =0, (2.71)

175[[]1]/7

,p+ 1 are given as in (2.70).
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2.2.2.1.1 Likelihood Estimates and their Asymptotic Variances

Note that the likelihood estimating equation (2.35) was developed for the covariates
free cases, that is, for the cases with p = 0, whereas the likelihood estimating
equation (2.71) is developed for one covariate with p + 1 levels, represented by
p dummy covariates. Thus, the estimating equation (2.71) may be treated as a
generalization of the estimating equation (2.35) to the p covariates case. Let 6* be
the solution of £(6*) =0in (2.71). Assuming that 6 is not a solution for f(6*) =0,
but a trial estimate and hence f (ég) = 0, by similar calculations as in (2.36), the
iterative equation for 8* is obtained as

0" =60~ [{r'(6"} ' 1(6")]lge_gy- 2.72)
Further, by similar calculations as in (2.38), one obtains from (2.71) that

Iy
e

K[({ = KM {E[Z]jxlmj — ﬂ[(g]jﬂ?[/é]Xg} . (2.73)

Consequently, it follows from (2.71) that

1/ ok e /an[f] s 11 g ’
(6" =— ; KV]X[’(?O* = — /; K[g]X[ [dlag(ﬂi[g]l, .. .,T[[g],) — ﬂ[g]ﬂ'[g]] Xy
p+1
_ 1}; KigX; [D,,m —my nl’fﬂ X, 2.74)

and the iterative equation (2.72) takes the form

p+1 -1

; Ky X; [Dﬂm — T ”[/Z]} X
/=1

—

0*(r+1) = 67(r) +

p+l
< | X X7 (vig — Kig ”m)] , (2.75)
=1 0*=0%(r)
yielding the final estimate 6*. The covariance matrix of 6* has the formula
- p+1 -1
var(6%) = | Y. KigX/{Dr,, — oy }Xe (2.76)
=1
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2.2.2.2 Product Multinomial Likelihood Based Estimating Equations
with Local (Level Specified) Regression form Using Level Based
Parameters

Note that in the last two sections, regression parameters were grouped category
wise, thatis, 6" = [B}",..., }‘/7 .sB; "', where B; = Bjo:Bj1,---,Bjp)" is formed
corresponding to the covariates from all p+ 1 levels under the jth category response.
Under product multinomial approach, it however makes more sense to group the
parameters for all categories together under a given level £({ =1,...,p+ 1), and
write the estimating equations for these parameters of the multinomial distribution
corresponding to the level ¢, and then combine all estimating equations for overall
parameters. Thus, we first use

0, =— { (ﬁlof" 7ﬁ]—1ﬁ0:ﬁlf7“' aﬁlfl.l)/ = (B(/)7ﬁ[/)/ : 2(‘]7 1) X 17 for £ = ]7'“717
‘ (ﬁlo,‘--,ﬁ],17o),:ﬁol(J—l)Xl for€:p+l7

and define
logmy; = )?’mjeg
satisfying the probability formulas

my; . exp (i/[[{]j 9[)

25:1 myj 25:1 eXP(ﬁe]j 6r)

Taj =

in (2.63)—(2.64) for all j =1,...,J at a given level £. In regression form, it is
equivalent to construct the J x 2(J — 1) dummy covariate matrix X, for £ = 1, p,
and J x (J — 1) dummy covariate matrix X, 1, so that

log i = [log myg, - alog myj,--- alog mf]]/ = Xfef-
It follows that X; must have the form
100-010-0

010-001-0
Ix2(J—1),forl=1,....,p 2.77)

—_ .

000-100-
000-000-

()

100-0
010-0

&
[

Ix(J—1), forl=p+1. (2.78)

U

000-
000-

(=)
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By similar calculations as in (2.35) (no covariate case), it follows from (2.67) (for
covariate level £) that the likelihood equation for 6, has the form

f(80) = X;(yjg — Kigmn) =0 (2.79)
where X, have the forms as in (2.77) and (2.78), and
Yig = K-> Kigjs - Kyl and mg = [mgpy, -, s )

We then write a vector of distinct parameters, say 6, collecting them from all
levels and append the estimating equation (2.79) for 6, to the final estimating
equation for 0 simply by using the chain rule of derivatives. In the present case
for a single categorical covariate with p + 1 levels, the 6 vector can be written as

0= (BBl Bl Byl (T =D (p+1) x 1,

with

Bo = (Bios---Bjos-- > By—1)0) and By = (Bics - - Bjes -, By—1ye) for £ =1,...,p,

and by appending (2.79), the likelihood estimating equation for 0 has the form

p+1 89/ 5
£0) =2 [fa(;xe/(ym Kigmy)
(=1
p+1
= ; QX (v — Kigmg) =0, (2.80)
=1

where Qy, for £ =1,...,p,isthe (p+1)(J — 1) x 2(J — 1) matrix and of dimension
(p+1)(J—1)x (J—1) for £ = p+ 1. These coefficient matrices are given by

11 Ou-nyx@-1)
0 = O=1yu-nxu-1) O=1yu-nxp-1) for{=1,...,p
’ O0—1)x@-1) I

Op—0)u—1)x(—1) Op—p)r—1)x(7-1)

Iy
Op+1 = (0 - )
(P)(I-1)x(J-1)
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2.2.2.3 Illustration 2.3 (Continuation of Illustration 2.2): Partitioning
the Product Binary (J = 2) Likelihood into Four Groups
Corresponding to Four Nominal Levels of the Snoring Covariate

Note that Table 2.3 shows that the data were collected from 2,484 independent
individuals. Because the individual status was recorded with regard to both snoring
and heart disease problems, it is reasonable to consider the snoring status and heart
disease status as two response variables. One would then analyze this data set
by using a bivariate multinomial model to be constructed by accommodating the
correlation between two multinomial response variables. This will be discussed in
Chap. 5.

2.2.2.3.1 Product Binomial Approach

If one is, however, interested to examine the effect of snoring levels on the heart
disease status, then the same data set may be analyzed by conditioning on the
snoring levels and fitting a binary distribution at a given snoring level. This leads
to a product binomial model that we use in this section to fit this snoring and heart
disease data. To be specific, following the notations from Sect. 2.2.1.1(b), let K, be
the number of individuals at ¢th snoring level. The responses of these individuals
are distributed into two categories with regard to the heart disease problem. Thus
the two cell counts at level ¢ will follow a binomial distribution. More specifically,
because the L = p+ 1 = 4 levels are non-overlapping, one may first rewrite the
product binary likelihood function (2.65) as

* _ mr+1 K 1! Vi Vi
L [(ﬁ101ﬁll7ﬁ127ﬁ13)|y] = Hle I7, ) Virlyn! ”Eé(@)]ln[\ié(my (2.81)

where

yi2 = 1=yt and Te ()2 = 1 = Tie(o))1-

Further note that because 7rj;c 4)); is not a function of i any more, without any loss
of generality we denote this by 7y ;, for j = 1,2. Also suppose that 7y, = 1 — 71,
and K1 + Ko = K|y, where Zﬁ] yit = Kjg1. When these notations are used, the
binary likelihood function from (2.81) at a given level ¢ reduces to the binomial
distribution

K[[] !

W (ﬂ[f]l)K[[“ (”[e]z)Km27 (2.82)

f(Kn) =

forall {=1,...,p+ 1, yielding the product binomial likelihood as



2.2 Univariate Multinomial Regression Model 33

L[(B1o, Bi1,Br2, B13)|K] — Pt Kjy!

=1 W(WM)KW‘ () K12 (2.83)

This product binomial (2.83) likelihood function may be maximized to obtain the
likelihood estimates for the parameters involved, i.e., for Byo, B11, B12, and Bi3.

2.2.2.3.1 (a) Estimating Equations: Global Regression Approach
Because in this example J = 2 and p + 1 = 4, it follows from (2.69) that

6" = (P10, P11, Pr2. B13)’,

and by following (2.70), one writes

1100
"~ \oooo
1010
2 <oooo>
x,_ (1001
0000

Thus, by (2.71), the estimating equation for 68* has the form

p+1
> X; [vig — Kigmg] =0, (2.84)
(=1

_ (K _ (T
e = (sz) and mg = (n[e]z .

Note that for this heart disease and snoring relationship problem, the data and
probabilities in terms of global parameters 6* = (B9, B11, B2, B13)’ are given by
Level 1 (Occasional snoring):

Response count: K|jj; = 35, K|jjp = 603, K|;) = 638.

exp(Bro+Bi1)
1+exp(Bro+Pi1)

where

1

Probabilities: 7, = ~ THexp(Bio+Bi1)

s and 7'[[]]2
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exp(¥ E ]19*) exp(xmze*)
xh]l, for example, is the first row vector of the above written X : 2 X 4 matrix.
Level 2 (Nearly every night snoring):
Response count: K5, =21, Kppp =192, Kppj =213.
1363(17[21!?1351[321)2) ;, and )2

Global regression form: 7))

Global regression form: 7| = , and 7y = where

Probabilities: 75, = = m'
exp(x’[zpe*)

exp(xb] 16%) _
25:1 exp(x’[z]g 0%)"

- 25:1 exp(x{z]ge*)’

Level 3 (Every night snoring):

Response count: Kj3;; = 30, Kj3;, =224, Kj3) = 254.
exp(Bio+Bi3) _ 1

I+exp(Bio+Pi3)’ an/d 723]2 ~ I4exp(Bio+Pi3)

zexp(x[is]lf)*a and 73, = zexp(7/)~

Zgzlexp(xmg@ ) Eg ]exp( 3¢ 0%)

and 7'[[2] 2

Probabilities: T3 =
Global regression form: 73, =

Level 4 (Never snoring):
Response count: K|y, =24, Kjyp = 1355, Kjq = 1379.

el _ (Bio) -1
Probabilities: 7, = li’;‘;pd%o), and My = o
. . exp(x(y,0”) exp( 6%)
Global regression form: 7y, and 7y, =

- Zg 1CXP( [4g 9*) g 1exP( 9*)'

2.2.2.3.1 (b) Estimating Equations: Local Regression Approach

For convenience we rewrite the binary probabilities under all four levels as
Level 1 (Occasional snoring):

el _ _exp(Bio+Bi1) = 1
Probabilities: 7, = %a 27 Ttexp(Bro+Bi)

Local regression parameters: 6; = (f10,511)’.

exp(i/[l]lel)
Y1 exp(¥1,01)
the X : J x 2(J — 1) matrix (see (2.78)) as

S 11
X = .
Level 2 (Nearly every night snoring):

Probabilities: 75, = 7 8720 i’;‘:{ﬁﬁi}’fﬁ)ﬁ, and Top = TrooB T30 +exp(ém vl

Local regression parameters: 6, = (S0, 512)’.

exp(i’m 162)
2§:| exp(i{z]g 6) ’
the X5 : J x 2(J — 1) matrix (see (2.78)) as

5 11
)

and 717[1]

exp(¥] 2 91)

ng([) yleldlng

Local regression form: Ty = and e =

exp(f{z]z 6,)

P yieldin
S exp(Ty,0)° VI NE

Local regression form: 75, = and mp)p =



2.2 Univariate Multinomial Regression Model 35

Level 3 (Every night snoring):

Probabilities: 73, = %, and 73, = m.

Local regression parameters: 65 = (S0, B13)’.

exp(i’m 163)
o1 €XD(T3,63)
the X3 : J x 2(J — 1) matrix (see (2.78)) as

. 11
X; = .

exp(i]y,65)

Local regression form: T3 = 57 exp(Fy 03)
g=1 [3]g -

and 73 = , yielding

Level 4 (Never snoring):
exp(Bio)

oyege . _ _ 1
Probabilities: 77.7[4]1 = Trexp(Bio)’ and ﬂ'[4]2 = Trexp(Bro)*
Local regression parameters: 65 = (f3o).
exP(~l[4]1 4) exp(¥ Nap %4 04)

Local regression form: 7y, = and my)p = , yielding

g1 €XD(Ty,604)
the Xy : J x (J — 1) matrix (see (2.79)) as

X, - ((1)>

The likelihood estimating equation for

Zgzlexp( [4]g 64)

6, — { (B4 B = (Bio,Bie) :2(J—1) x I; for £ =1,....p,

Bio for{=p+1=4,
by (2.79), has the form
X, (v — Kigmy) =0,
for £ =1,...,4. Next in this special case with

0 = (Bo,Bis---:B,)" = (Bio: Br1, Br2. Bi3)’

the estimating equation for this parameter 0, by (2.80), has the form

~

Z QX (v — Ky ) =0, (2.85)

where

26]

QZ:%a
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forall £ =1,...,4, have the forms

10 10 10 1
01 00 00 0
0= 00 02 = 01 03 = 00 ,04 = 0
00 00 01 0

2.2.2.3.1 (c) Equivalence of the Likelihood Equations (2.59)(i), (2.84)(ii), and
(2.85)(iii)

(i) The estimating equation (2.59) has the form

1
K Wil
2 ' [yll - ﬂl] =0,
i=1 wi2
wi3

which, by using

K K 4
> yit =K, 2w = 3 Kigmn
i=1 i=1 V4

K K
ZynZu =K1, Zwiln(z‘)l = Kjymp
i=1 i=1

K
ZYiIWiZ =K1, Zwﬂﬂ 1 = Ky
-1
K
> vitwiz = Kpa)1, Zwlsﬂ 1 = Kz, (2.86)
=1
reduces to
2/ 1 Kig e
K
1~ Ky =0. (2.87)
Ko — Ky
K — K

(i) Next, the estimating equation in (2.84) has the form

p+1

; X{ [y — Kigmg ] =0,
(=1
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which, for convenience, we re-express as

10 10
VO (K =Ky ) [ 00| ( Ky — Ky
00 \ K12 = Ky 10\ Kzl = Koy oy
00 00
10 10
00| (K1 = Kp3 7)1 00 Kiat = Kigj Ty
+ + =0.(2.88)
00 (sz —Kpmpp) | 00 ) \Kiap = Kigy a2
10 00

After a simple algebra, (2.88) reduces to (2.87).
(iii) Further, the estimating equation (2.85) has the form

ptl
Y QX (yj — Kigmy) = 0.
=1

Now to see that this estimating equation is the same as (2.88), one has to simply
verify that Q/X) = X] for = 1,...,p+ 1. As the algebra below shows, this
equality holds. Here

10 10
i 01| /10 10
X = = =X/
2% =100 (10) 00 a
00 00
10 10
i 00| /10 00
X! = = =X
Q%= 191 <1o> 10 2
00 00
10 10
. 00| (10 00
X! = = = X!
2%5=100 <1o> 00 3
01 10
1 10
i 0 00
X, = = =X.
0= 10| (10) =10, 4
0 00

Hence, as expected, all three estimating equations are same. Note that the estimating
equation (2.59) requires individual level information, whereas the estimating equa-
tions (2.84) and (2.85) are based on grouped or contingency type data. Between
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(2.84) and (2.85), it is easier to construct the X; matrices in (2.85) as coefficients
of the local level parameters than constructing similar matrices X, for (2.84)
corresponding to global parameters. However, unlike in (2.85), there is no need of
constructing the chain derivative matrices Qy, in (2.84). Thus, it is up to the users
to choose between (2.84) and (2.85). In this book we will mostly follow the global
parameters based estimating equation (2.84).

2.2.2.3.1 (d) Hlustration 2.3 Continued: Application of the Product Binomial
Model to the Snoring and Heart Disease Problem

Forming the X;(¢ = 1,...,4) matrices and writing the probabilities in global
regression form as in Sect.2.2.2.3.1(a), and using the 4 x 2 cross-table data from
Table 2.3, we now solve the likelihood estimating equation (2.85) (see also (2.71))
using the iterative equation (2.75). To be specific, because the observed probabilities
under category one (having heart disease) are relatively much smaller as compared
to those under category two, starting with an initial value of B0 = —3.0 and
small positive initial values for other parameters (8110 = Bi2,0 = Bi13,0 = 0.10), the
iterative equation (2.75) yielded converged estimates for these four parameters in
five iterations. These estimates were then used in (2.76) to compute the estimated
variances and pair-wise covariances of the estimators. The estimates and their
corresponding estimated standard errors are given in Table 2.5 below.

Note that as the snoring status is considered to be a fixed covariate (as
opposed to a response variable) with four levels, the heart disease status of an
individual follow a binary distribution at a given level. For example, it is clear
from Sect. 2.2.2.3.1(a) that an individual belonging to level 4, i.e., who snores every

night (see Table 2.3), has the probability 74 = % for having a heart disease.

Table 2.5 Parameter

estimates for the snoring and .
heart disease data of Table 2.3 Quantity Pro Bro Bso Bao

Estimate —4.034 | 1.187 |1.821 |2.023
Standard error | 0.206 |0.269 |0.309 |0.283

Regression parameters

Table 2.6 Observed and estimated probabilities for the snoring and heart
disease data

Heart disease

Yes No
Snoring level Observed | Estimated | Observed | Estimated
Occasionally 0.055 0.055 0.945 0.945
Nearly every night | 0.099 0.099 0.901 0.901
Every night 0.118 0.118 0.882 0.882

Never 0.017 0.017 0.983 0.983
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These probabilities at all four levels may now be estimated by using the parameter
estimates from Table 2.5. These estimated probabilities along with their respective
observed probabilities are shown in Table 2.6.

Notice from the results in Table2.6 that there is no difference between the
observed and estimated probabilities at any snoring level. This result is expected
because of the fact that the product binomial model is constructed with four
independent regression parameters to fit data in four independent cells. This type
of models are known as saturated models. In summary, the product binomial model
and the estimation of its parameters by using the likelihood approach appear to
be perfect for both fitting and interpretation of the data. Note that the observed
and estimated probabilities appear to support that as the snoring level increases the
probability for an individual to have a heart disease gets larger.

Remark that when the same snoring data is analyzed by using the snoring as a
covariate with arbitrary codes, as it was done in Sect.2.2.1.1(a) following Agresti
(2002, Section 4.2.3, p. 121-123), one obtains the estimated probabilities for an
individual to have a heart disease as

0.049, 0.094, 0.134, 0.020

based on individual’s corresponding snoring level: occasional; nearly every night;
every night; or never. Agresti (2002, Table 4.2) reported these probabilities as

0.044, 0.093, 0.132, 0.021,

which are slightly different. In any case, these estimated probabilities, as opposed
to the estimated probabilities shown in Table 2.6, appear to be far apart from the
corresponding observed probabilities under the ‘yes’ heart disease category. Thus,
it is recommended not to use any modeling approach based on arbitrary coding for
the fixed categorical covariates.

2.2.2.4 Illustrations Using Multinomial Regression Models Involving
Responses with J > 2 Categories Along with One Two Levels
Categorical Covariate

2.2.2.4.1 Tlustration 2.4: Analysis of 2 x J(= 3) Aspirin and Heart Attacks
Data Using Product Multinomial Approach

To illustrate the application of product multinomial model (2.68)—(2.69) we revisit
here the aspirin use and heart attack data set earlier described by Agresti (2002,
Section 2.1.1), for example, using a full multinomial (or log linear model) approach.
We reproduce the data set below in Table2.7. We describe and analyze this data
using product multinomial approach.

This data set was originally recorded from a report on the relationship between
aspirin use and heart attacks by the Physicians Health Study Research Group at
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Table 2.7
Cross-classification of aspirin
use and myocardial infarction

Myocardial infarction

Fatal Non-Fatal | No
Attack | Attack Attack Total

Aspitin | 5 99 10,933 | 11,037
Placebo | 18 171 10,845 | 11,034
Total |23 270 21,778 | 22,071

Harvard Medical School. The Physicians Health Study was a 5 year randomized
study of whether regular aspirin intake reduces mortality from cardiovascular
disease. A physician participating in the study took either one aspirin tablet or a
placebo, every other day, over the 5 year study period. This was a blind study
for the participants as they did not know whether they were taking aspirin or
a placebo for all these 5 years. By considering the heart attack status as one
multinomial response variable with three categories (fatal, non-fatal, and no attacks)
and the treatment as another multinomial response variable with two categories
(placebo and aspirin use), Agresti (2002) used a full multinomial approach and
described the association (correlation equivalent) between the two variables through
computing certain odds ratios. In notation, let z; = (z;1,.. . ,Zir,- - ,zi,R,l)’ be the
second multinomial response, but, with R categories, so that when z; is realized at
the rth category, one writes
2 = (01, 1,015, ), forr=1,...,R—1; and 2¥ = 01}_,.

Then many existing approaches write the joint probabilities, for example, for the
aspirin use and heart attack data, as

=Pl =2" yi =y foralli=1,...,22071, r=1,2, j=1,...,3
_ exp(0 + B + ¢rj)
Iy So_1exp(o+ B+ )
m,j m,j

_ _ (2.89)
I 2;:1 mej m

where o is the rth category effect of the z variable, f; is the jth category effect of
the y variable, and ¢,; is the corresponding interaction effect of y and z variables,
on any individual. These parameters are restricted by the dependence of the last
category of each variable on their remaining independent categories. Thus, in this
example, one may use

0 =f3=¢13 =1 = 20 = P23 =0,

and fit the full multinomial model to the data in Table2.7 by estimating the
parameters

o1, Bi, B2, ¢11, and ¢o.
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The estimation is achieved by maximizing the full multinomial likelihood

L(6") = H3=1H?:1”Krj

i (2.90)
with respect to 0% = (a, Bi, B2, 11, ¢12)’, where K is the number of individuals in
the (r, j)th cell in Table 2.7, for example, Ki, = 99.

This full multinomial approach, that is, considering the treatment as a response
variable, lacks justification. This can be understood simply by considering a
question that, under the study condition, can the response of one randomly chosen
individual out of 22,071 participants belong to one of the six cells in the Table 2.7.
This is not possible, because, even though, the placebo pill or aspirin was chosen by
some one for a participant with a prior probability, the treatment was made fixed for
an individual participant for the whole study period. Thus, treatment variable here
must be considered as a fixed regression covariate with two levels. This prompted
one to reanalyze this data set by using the product multinomial model (2.68)—(2.69)
by treating heart attack status as the multinomial response variable only and the
treatment as a categorical covariate with two levels. By this token, for both cross-
sectional and longitudinal analysis, this book emphasizes on appropriate modeling
for the categorical data by distinguishing categorical covariates from categorical
responses.

Product multinomial global regression approach:

Turning back to the analysis of the categorical data in Table 2.7, following (2.69) we
first write the multinomial probabilities at two levels of the treatment covariate as
follows. Note that in notation of the model (2.69), for this heart attack and aspirin
use data, we write J =3 and p+1 =2, and

6" = (B10; Bi1. B0, Pa1)"-

When the model (2.68)—(2.69) is compared with (2.90)—(2.91), ¢ from the latter
model is not needed. Also, even though

B0, B0, P11, B

in the model (2.69) are, respectively, equivalent to the notations

Bi, B2, 11,12

of the model (2.90), they do not have, however, the same interpretation. This is
because, Bi1 and ) in (2.69) are simply regression effects of the covariate level 1
on first two categories, whereas ¢;; and ¢, in (2.90) are treated to be association
or odds ratio parameters. But, there is a definition problem with these odds ratio
parameters in this situation, because treatment here cannot represent a response
variable.
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Now for the product multinomial model (2.68)—(2.69), one writes the level based
{Ix(T=1)(p+1)} ={3 x4} covariate matrices as

1100
Xi=10011
0000

1000
X, =10010
0000

Then the cell probabilities and their forms in terms of the global parameters 8* =
(B10;B11,B20,B21)" are given by

Level 1 (Aspirin user):

Response count: K[y =5, Kjjp =99, Kjy3 = 10,933, Kjy)p = 11,037.
Probabilities:

—_— exp(Bio+ Pi1) — exp(Bo + B21)
32 exp(Boo+Bet) P 1432 exp(Bo + Ber)
1
s = (2.91)

1+ 2§:1 exp(Beo + Ber) .
Global regression form:

I exp(x’[l]le*) I exp(xfl]ze*)

M= s a3 T

TSI exp(xy,00) T ST exp(a],07)
exp(x’[1]39*)

b1 =
3 23:1 eXp(xil]je*)’

where x’mz, for example, is the second row vector of the above written X : 3 x 4
matrix.

Level 2 (Placebo user):

Response count: K)y; = 18, Kpyjp = 171, Kppj3 = 10,845, Kpp) = 11,034
Probabilities:

exp(Bio) B exp(Br)

Ty = , Molp = ,
AT s exp(Beo)” T 1432 exp(Bgo)
1
T3 = . (2.92)
P 1432 exp(Byo)
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Ta!)le 2.8 Parameter Regression parameters
estimates for the treatment

and heart attack status data of Quantity Bro Bu Bao Pai
Table 2.7 Estimate —6.401 |—1.289 |—4.150 |—-0.555
Standard error | 0.2360 | 0.5057 | 0.0771 | 0.1270

Global regression form:

i exp(x’[z]le*) i exp(xfz]ze*)

M= T 0 RT3 0

P Sexn(y,67) 7 S explagy 67)
exp (x’m3 0%)

B~ B ety ar”
TS explaly),07)

Now following (2.71) and using the iterative equation (2.75), we solve the
product multinomial based likelihood estimating equation

2
> X [vig — K] =0, (2.93)
/=1
where
K T
Yo = | Kigz | and mg = | mgp
K3 3

These estimates and their corresponding standard errors computed by using (2.76)
are reported in Table 2.8.

In order to interpret these parameter estimates, notice from the formulas from
the probabilities under level 2 (placebo group) that the values of ;o and B9 would
determine the probabilities of a placebo user individual to be in the ‘fatal attack’
or ‘non-fatal attack’ group, as compared to B30 = 0 used for probability for the
same individual to be in the reference group, that is, in the ‘no attack’ group. To
be specific, when the large negative values of B1o(= —6.401) and Byo(= —4.150)
are compared to f30 = 0, it becomes clear by (2.92) that the probability of a
placebo user to be in the ‘no attack’ group is very large, as expected, followed
by the probabilities for the individual to be in the ‘non-fatal’ and fatal groups,
respectively. Further because the value of 19+ 811 would determine the probability
of an aspirin user in the ‘fatal attack’ group, the negative value of fBi;(= —1.289)
shows that an aspirin user has smaller probability than a placebo user to be in the
‘fatal attack’ group. Other estimates can be interpreted similarly. Now by using
these estimates from Table 2.8, the estimates for all three categorized multinomial
probabilities in (2.91) under aspirin user treatment level, and in (2.92) under
placebo user treatment level, may be computed. These estimated probabilities along
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Table 2.9 Observed and estimated multinomial probabilities for
the treatment versus heart attack status data of Table 2.7
Myocardial Infarction
Proportion/ Fatal | Non-Fatal | No
Probability | Attack | Attack Attack | Total
Aspirin | Observed 0.00045 | 0.00897 0.99058 |1.00
Estimated | 0.00045 | 0.00897 0.99058 |1.00
Placebo | Observed 0.00163 | 0.01550 0.98287 |1.00
Estimated | 0.00163 | 0.01550 0.98287 |1.00

with their counterpart (observed proportions) are displayed in Table 2.9. Similar to
Table 2.6 for the snoring and heart disease problem data, it is clear from Table 2.9
that the observed and estimated probabilities are same. This happens because the
four independent parameters, namely Bio, Bi1, B0, and B are used to define
the probabilities in (2.91)—(2.92) (see also (2.68)—(2.69)) to fit four independent
observations, two under aspirin user treatment level and another two under the
placebo user treatment level. Thus a saturated model is fitted through solving the
corresponding optimal likelihood estimating equations (2.93), and the parameter
estimates shown in Table 2.8 are consistent and highly efficient (details are not
discussed here).

Remark that the estimates of the regression parameters under two (independent)
categories shown in Table 2.8 were obtained by applying the product multinomial
estimating equation (2.93) to the observed data given in the contingency Table 2.7.
However, because the data in this table are clearly laid out under each of the
two treatment levels, one may easily reconstruct the individual level response
and covariate information without any identity of the individual. Suppose that the
treatment covariate is defined as

- 1 for aspirin taken by the ith individual
" 1 0 otherwise,

and the multinomial response of this individual is given by

(1, 0)" if this ith individual had fatal attack
yi = 3 (0, 1)’ if this ith individual had non fatal attack
(0, 0)’ otherwise, i.e., if this ith individual had no attack.

Consequently, one may directly solve the individual history based multinomial
likelihood estimating equation (2.48) to obtain the same estimates (as in Table 2.8)
of the regression parameters involved in the probability model (2.45).

Turning back to the results shown in Table2.9, it is clear that the estimated
proportion of individuals whose heart attack was either fatal or non-fatal is shown to
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Table 2.10
Cross-classification of gender
and physician visit

Physician visit status
Gender | None |Few | Notsofew |High | Total

Male 28 40 16 12 96
Female | 11 20 21 32 84
Total 38 62 36 44 180

be (0.00045+0.00897) = 0.00942 for the aspirin group, and (0.00164+0.01562) =
0.01726 for the placebo group, indicating the advantage of using aspirin as
opposed to using none. This type of comparison is also available in Agresti (1990,
Section 2.2.4, page 17), but by using only observed data. Later on it was emphasized
in Agresti (2002, Section 2.1.1) for the comparison of the distribution of responses
under each treatment level, but unlike in this section, no model was fitted.

2.2.2.4.2  Analysis of Physician Visits Data with J = 4 Categories

We continue to illustrate the application of the product multinomial likelihood
models now by considering the physician visits data described in Table2.1. We
consider the physician visits in four categories: none, few, not so few, and high visits,
as indicated in Table 2.2, whereas there were three categories for heart attack status
in the treatment versus heart attack data considered in the last section. To be specific,
for the physician visits data, we will fit the product multinomial models to examine
the marginal effects of (1) gender; (2) chronic disease; and (3) education levels, on
the physician visits, in the following Sects. 2.2.2.4.2(a), (b), and (c), respectively.

2.2.2.4.2 (a)Illustration 2.5: Analysis for Gender Effects on Physician Visits

To examine the gender effects on the physician visits we use the data from Table 2.1
and display them in the 2 x 4 contingency Table 2.10. For convenience of fitting
the product multinomial model (2.67)—(2.69) to this data, for each gender level we
write the multinomial observation, probabilities under each of four categories, and
the global regression form along with corresponding covariate matrix, as follows:
Level 1 (Male):

Response count: Kjjj; =27, K|y =42, K|jj3 = 15, K[jj3 = 12, K[;; = 96.
Probabilities:

— exp(Bio+ Pi1) — exp(Bao + Pa1)
T exp(Byo + Ber) 1432 exp(Bo+ Be1)
e + 1
T3 = xp(Pso + Bs1) T (2.94)

1432 exp(Bo+Ba) T 1452 exp(Beo+Ber)
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Global regression form:

- exp(xfy;,07) - exp(x(;,6)
M= o a T oy Ay
1 S e, 0 T Sh el 60°)

exp(x(;36”) exp(x(;46”)
3z = y 14 =

where

6% = (B10, Bi1, P20, P21, B30, B31)’,

and x'[ 13 for example, is the third row vector of the X : 4 X 6 matrix given by

110000
001100
X = 0000111 (2.95)

000000

Level 2 (Female):
Response count: Kpy; = 11, Kppjp =20, Kpyj3 =21, Kpjg =32, Kpp) = 84.
Probabilities:

fiyy = — P(Bw0) Ty = —XP(B20)
AT exp(B) T T4+ 3 exp(Byo)

1430 exp(Bo)” T 143 exp(Byo)

Global regression form:

. exp (x’m 10%) - exp (XI[Q] ,0%)
M= T o= T
2 24}:1 exp(x{zlje*) 2 h) lexp(xmj )
exp(x’[] 0*) exp( /H 6*)
i3 = 24 = S 7 A

— 7
24}:1 exp(x| ol 6%)
where 0* remains the same as

0* = (B10, Bi1, Bo, Ba1, B30, B31)'s

and x’[2]3, for example, is the third row vector of the X, : 4 X 6 matrix given by
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Table 2.11 Parameter estimates for the gender and physician visit status data
of Table 2.10

Regression parameters
Quantity Bio B B0 B B3o Bsi
Estimate —1.068 | 1915 |-0.470 |1.674 |—0.421 |0.709
Standard error | 0.3495 | 0.4911 | 0.2850 |0.4354 | 0.2808 |0.4740

100000
001000
%2=1000010]" 2.97)

000000

Now following (2.71) and using the iterative equation (2.75), we solve the
product multinomial based likelihood estimating equation

:leff [~ Ko ] =0, (2.98)
where
K1 g1
yig = 222 and 7y = Zii
Kig4 Tie)3

These estimates and their corresponding standard errors computed by using (2.76)
are reported in Table 2.11.

Notice from (2.96) that the estimates of 19, B0, and B3¢ indicate the relative
probability for a female to be in none, few, and not so few categories, respectively,
as compared to the probability for high category determined by Bso = 0 (by
assumption).

Because all three estimates are negative, the estimate for g being large negative,
it follows that a female has the highest probability to be in ‘high visit’ group and
smallest probability to be in the ‘none’ (never visited) group. By the same token, it
follows from (2.94) that the largest value for B0+ 1 = 1.204 estimate as compared
to its reference value 0.0 indicates that a male has the highest probability to be in
the ‘few visits’ group. These probabilities can be verified from Table 2.12 where
we have displayed the estimated as well as observed probabilities. In summary, the
estimated probabilities in Table 2.12 show that a female visits the physician for more
number of times as compared to a male. These results are in agreement with those
of health care utilization study reported in Sutradhar (2011, Section 4.2.8) where
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Table 2.12 Observed and estimated multinomial probabilities for the
gender versus physician visits data of Table 2.10

Physician visit status
Gender | Probability | None |Few Not so few | High Total

Male Observed | 0.2917 | 0.4166 | 0.1667 0.1250 | 1.0
Estimated | 0.2917 | 0.4166 | 0.1667 0.1250 | 1.0
Female | Observed |0.1309 |0.2381 |0.2500 0.3810 | 1.0
Estimated | 0.1309 |0.2381 |0.2500 0.3810 | 1.0

Table 2.13
Cross-classification of
chronic condition and

Physician visit status
Chronic condition | None |Few | Notsofew |High | Total

physician visit Yes 13 25 21 33 92
No 26 35 16 11 88
Total 39 60 |37 44 180

the actual number of visits (as opposed to visit category) were analyzed by fitting
a familial/clustered model using the so-called generalized quasi-likelihood (GQL)
estimation approach.

2.2.2.4.2 (b) Illustration 2.6: Analysis for Chronic Condition Effects
on Physician Visits

To examine the chronic condition effects on the number of visits, we first display
the physician visit data in the form a contingency (cross-classified) table. More
specifically, the 2 x 4 cross-classified Table2.13 shows the distribution of the
number of the respondents under four visit categories at a given chronic condition
level. The chronic condition covariate has two levels. One of the levels represents
the individuals with no chronic disease, and the individuals with one or more
chronic disease have been assigned to the other group (level). Note that because
both Tables2.10 and 2.13 contain one categorical covariate with two levels, the
probability models for the data in Table 2.13 would be the same as that of Table 2.10.
The only difference is in the names of the levels. For this reason we do not reproduce
the probability formulas and the form of X, matrices. However because the data are
naturally different we write them in notation as follows:

Chronic condition level 1 (Yes):

Response count: Kjjj; = 13, Kjjjp =25, Kjjj3 =21, Kjjj4 =33, Kpjp =92.
Chronic condition level 2 (No):

Response count: Kpy; =25, Kpjp =37, Kpyj3 = 15, Kpjg = 11, Kpp) = 88.

We then solve the product multinomial likelihood estimating equation (2.98). The
estimates of the regression parameters involved in the probability formulas (2.94)
and (2.96) for the cross-classified data in Table2.13 are given in Table 2.14. The
estimates probabilities are shown in Table 2.15.
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Table 2.14 Parameter estimates for the chronic condition and physician visit
status data of Table 2.13

Regression parameters
Quantity Bio B Bao B2 Bso Bsi
Estimate 0.860 |—1.792 |1.157 |—1.435 |0.375 |—0.827
Standard error | 0.3597 | 0.4864 |0.3457 | 0.4356 |0.3917 | 0.4810

Table 2.15 Observed and estimated multinomial probabilities for the chronic condi-
tion versus physician visits data of Table 2.13

Physician visit status
Chronic condition | Probability | None | Few Not so few | High Total

Yes Observed | 0.1413 | 0.2717 | 0.2283 0.3587 | 1.0
Estimated | 0.1413 |0.2717 | 0.2283 0.3587 | 1.0
No Observed | 0.2955 | 0.3977 | 0.1818 0.1250 | 1.0

Estimated | 0.2955 |0.3977 |0.1818 0.1250 | 1.0

Notice from (2.96) that the estimates of B9, B0, and B30, would indicate the
relative probability for an individual with no chronic disease to be in none, few, and
not so few categories, respectively, as compared to the probability for being in high
category determined by B49 = O (by assumption). Consequently,

Boo = 1.157 > Bio > B30 > Pao =0

indicates that an individual with no chronic disease has higher probability of paying
no visits or a few visits, as compared to paying higher number of visits, which is
expected. By the same token,

[Bio+ P11 = 0.860 — 1.792 = —0.932] < [B30+ B31] < [Bro + Bo1] <O,

indicates that an individual with chronic disease has higher probability of paying
larger number of visits. Note however that these estimates also indicate that
irrespective of chronic condition a considerably large number of individuals pay
at least a few visits, which may be natural or due to other covariate conditions.

2.2.2.4.2 (c) lustration 2.7: Analysis for Education Level Effects
on Physician Visits

We continue to illustrate the application of product multinomial approach now by
examining the marginal effects of education status of an individual on the physician
visit. Three levels of education are considered, namely low (less than high school
education), medium (high school education), and high (more than high school
education). The cross-classified data for education level versus physician visits,
obtained from Table 2.1, are shown in Table 2.16.
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Table 2.16 Cross-classification of education level and physician visit

Physician visit status

Education level None |Few |Notsofew | High | Total
Low (< High School) |17 16 10 15 58
Medium (High School) | 6 8 8 11 33
High (> High School) | 16 36 19 18 89
Total 39 60 |37 44 180

Notice that it is appropriate to consider the education level at a given year (1985)
as a fixed covariate. Here this covariate has three levels and two dummy covariates
can be used to represent these three levels of education. Now to construct the
likelihood estimating equation (2.71), following (2.69), we, for convenience, present
the probabilities and their regression form as follows.

Level 1 (Low education):
Response count: K|jj; = 17, K|y = 16, K|jj3 = 10, K[jj3 = 15, Kj;; = 58.
Probabilities:

B exp(Bio + Pi1) B exp(Bro + B21)
T = 3 » T = 3 ,
1+ 1 exp(Beo+ Bet) 1+ 32 exp(Beo+ Ber)
+ 1
- exp(Bso + B31) Tija = (2.99)

1+2§:15XP(ﬁg0+ﬁgl)’ 1+2§:1 exp(Bgo + Be1)

Global regression form: For

6" = (B10, P11, B2, B2o. Ba1, B2z, B3o, Ba1, B32)'

the above probabilities may be re-expressed as

. exp(xf;;,6) - exp(x(;,6")
M= o a2 oy Ay
U e, 00 T S explagy 67)

exp(xhpe*) exp(x h 0*)
T =

— 0, 7| = Sh T A
S1exp(ed,)0) T ST expl, 0%)

where x{ 13 for example, is the third row vector of the X : 4 X 9 matrix given by

110000000
000110000
000000110
000000000

X

(2.100)
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Level 2 (Medium education):
Response count: K)5;; =6, Kjpp =8, Kppj3 =8, Kppjg = 11, Kppj = 33.
Probabilities:
—_— exp(Bio+ Pi2) = exp(Bao + B22)
s ep(BoBa) T 13 exp(Bo+Be)
exp(Bso + B32) 1
Top = 133 T4 = . (2.101)
+2o—1exp(Beo + Be2) + X o1 exp(Beo + Be2)
Global regression form:
exp (x’m Ch exp (x'm ,0%)
TN = a7 o MRT ST T an’
Yo exp(xmje*) Yo exp(x[z]je*)
T3 = _PlpT) Moj4 = _ P07
24}:1 exp(xfz]je*) 24}:1 exp(xiz]je*)
where 6* remains the same, but the covariate matrix X is given by
101000000
000101000
X, = 2.102
>“loooo0o00101 (2.102)
000000000
Level 3 (High education):
Response count: K[3); = 16, Kp)p = 36, K33 = 19, Kp3j4 = 18, Kj3 = 89.
Probabilities:
_exp(Pio) _exp(Ba)
= 1 3 » 32 — 1 3 )
exp(Bso) 1
313 = , 314 = . (2103)
P E ew(Be) T 1T exp(Bo)
Global regression form:
T = _ w09 M3 = _ oxP(pf)
24}:1 exp(xiﬂje*) 2‘}:1 exp(xb]je*)
3 = _ Pl T34 = _ P8
24}:1 eXp(Xb]je*) ‘ 24}:1 eXp(xb]je*)
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Table 2.17 Parameter estimates for the education level and physician visit status data of
Table 2.16

Regression parameters

Quantity Bio B B2 Bo | B B Bso | B B3z
Estimate —0.118 |0.243 | —0.488 |0.693 | —0.629 | —1.012 | 0.054 | —0.460 | —0.373
Standard error,  0.3436/ 0.4935| 0.6129] 0.2887 0.4610 0.5470 0.3289 0.5243| 0.5693

where 6* remains the same, but the covariate matrix X3 is given by

100000000
000100000
000000100
000000000

X; (2.104)

Now following (2.71) and using the iterative equation (2.75), we solve the
product multinomial based likelihood estimating equation

i X; [y — Kigmg] = (2.105)
where
K1 g1
Y= 22? and 7 = Zgi
Ko N

These estimates and their corresponding standard errors computed by using (2.76)
are reported in Table2.17. Further by using these estimates in the probability
formulas in (2.99), (2.101), and (2.103), we compute the estimated probabilities,
which are same as the corresponding observed probabilities. For the sake of
completeness, these probabilities are displayed in Table 2.18.

Notice from (2.103) that the estimates of B9, 20, and B3¢ indicate the relative
probability for an individual with high education to be in none, few, and not so few
categories, respectively, as compared to the probability for high category determined
by Bso = 0 (by assumption). A large positive value of g = 0.693 as compared to
Pao = 0 shows that a large proportion of individuals belonging to the high education
group paid a few visits to the physician. Similarly, for the individuals with medium
level education, the negative values of [3 o + ﬁ o for j=1,2,3, such as B20 + ﬁzz =
(0.693 — 1.012) = —0.319, as compared to O show that a large proportion of
individuals in this group paid high visits to the physician. On the contrary, by using
(2.99), the largest positive value of 10+ P11 = (—0.118 +0.243) = 0.125 indicates
that a large proportion of individuals in the low education group did not pay any
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Table 2.18 Observed and estimated multinomial probabilities for the education
level versus physician visits data of Table 2.16

Physician visit status
Education level | Probability | None | Few Not so few | High Total

Low Observed | 0.2931 | 0.2759 |0.1724 0.2586 | 1.0
Estimated | 0.2931 | 0.2759 |0.1724 0.2586 | 1.0
Medium Observed | 0.1819 | 0.2424 | 0.2424 0.3333 | 1.0
Estimated | 0.1819 | 0.2424 |0.2424 0.3333 | 1.0
High Observed | 0.1798 | 0.4045 | 0.2135 0.2022 | 1.0

Estimated | 0.1798 | 0.4045 | 0.2135 0.2022 | 1.0

visits. Thus, in general, most of the individuals in the low education group paid no
visits to the physician, whereas most of the individuals with higher education paid
a moderate number of visits (few visits). These categorical data based results agree,
in general, with those reported in Sutradhar (2011, Section 4.2.8) based on original
counts. However, the present categorical data based analysis naturally reveals more
detailed pattern of visits.

2.2.3 Multinomial Likelihood Models with L= (p+1)(q+1)
Nominal Levels for Two Covariates with Interactions

Let there be two categorical covariates, one with p+ 1 levels and the other with g+ 1
levels. Following (2.45), for an individual i, we use the p-dimensional vector w; =
[Wit, -, Wis,...,wip|" containing p dummy covariates to represent p + 1 levels of
the first categorical covariate, and the g-dimensional vector v; = [vi1, ..., Vip, .-, v,-q]’
containing ¢ dummy covariates to represent the g+ 1 levels of the second categorical
covariate. Further, let w;(v;) be a pg-dimensional nested covariate vector with v;
nested within w;. That is,
Wi(Vi) = [WilVits -, Wil Vigs Wi2Vi1s - - - WisVim, - - -, WipVig] -

Similar to (2.45), one may then write the probability for the response of the ith
individual to be in the jth (j =1,...,J) category as

exp(Bjo+Bjwit+Evi+o; wi(vi))
143771 exp(Beo+Bywit &gvitoy wi(vi))
1

) forj=1,...,J—1
Plyi=y;" = 6ij] = m); =

T exp (Bt Byt St o)) 0T =

(2.106)

where ﬁj = [ﬁj],. .. ,ﬁjs, .. ,ﬁjp]/, éj = [éﬂ,.. .7§jm, .. .,éjq]/, and ¢)]* be the
pq-dimensional vector of interaction effects of the covariates defined as

07 =071 Pj1gs O1s -2 Bfms -2 Ppgl -
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Note that in (2.89), the interaction effects of two response variables are denoted by
{#,;} whereas in (2.106), {¢7,,,} represent the interaction effects of two covariates
on the response y; = ygj ), Thus, a clear difference is laid out so that one does not
use the same model to deal with contingency tables between two responses, and
the contingency tables between one response and one or two or more categorical
covariates. To be more explicit, one must use the probabilities in (2.89) to construct
a full multinomial model, whereas the probabilities in (2.106) should be used to
construct the product multinomial model.

Note that the p+ 1 levels corresponding to the covariate vector w; may be

formed as

, 01 — Leve
10U, Level 1

(013, 1,01, ,) — Level2

( ............ )
(Wit -+, wip) = (012171, 1, 01;41) — Level ¢; (2.107)

( ............ )

(01, 4, 1) — Level p
(01 — Level p+1

Similarly, the g+ 1 levels corresponding to the covariate vector v; may be formed as

(1,01,_) — Level 1

(013, 1,01, ,) — Level 2

( ............ )

(V,‘], ey V,'q) = (012271, 1, Olg,gz) — Level 52 (2.108)
( ............ )
(01,4, 1) — Level q
(o1,) — Level q+1

Consequently, by (2.106), we may write the level based probabilities for an
individual i, with covariates at level (£;,¢,), to be in the jth category as

ey 6] j = TMie{tr,})j

exp(Bjo+Bje, +Eje, +07 4,0,
1+2£;i exp(Byo +ﬁgl, +§gé’2 +¢;11(2)
1

forj=1,....0—-1;4,=1,....p;lr=1,...,q

fi :J,Z :]7...7 ,Z :]7...7 R
TSl exp(Bo tBety 1 & 1000 r) Y X il .

(2.109)
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ey ,q+1)j = Tie{ti,q+1})j

exp(Bjo+Bie,) - 1 =
- { FEe (Bt B) R T

T et By O =l =1op,

Tp+1,62)j = Mie{p+1.62})
DBioteit)  gor i1, J=1il=1,....q

43 exz:(ﬁgo%g/z) (2.111)
forj=J;6=1,...,q,

1+2§;} exp(Bgo+&er,)

and

Mp+1,g+1]j = Tic{p+1,g+1})j
eXP(BjO) for j =
— P for j=1,....0—1
1+2£:]1 exp(Bgo) (2.112)

1 .
———forj=J.
o Tep(B) I

Next we display the observed cell counts in notation under all J categories
and covariates level (¢;,¢;). Note that by transforming the rectangular levels to
a real valued level, that is, using the relabeling formula {¢ = [({; — 1)(g+ 1) +
O], b =1,....,p+1;6, =1,...,q+ 1}, one may still use the Table 2.4 after a slight
adjustment to display the cell counts in the present setup with two covariates. The
cell counts with level adjustment are shown in Table 2.19.

Note that even though the cell probabilities in Tables 2.4 and 2.19 are denoted by
the same notation 7y ;, they are however different. The difference lies in the form of
global regression parameter 8*. To be more specific, the probabilities in Table 2.4
follow the formulas in (2.63)—(2.64), which were further re-expressed by (2.69) as

/ *
. exp(xmje)
IS explafy 67)

with
0* = [ 1*/’,,.7 ;/7'”;ﬁj*_1/}/7 where ﬁ;f — [ﬁj07ﬁ]{]/.

Note that once 0* is written, the row vector x/ 0 becomes specified from the prob-
ability formulas. Now because 7js; in Table 2.19 represent the two covariates level
based probabilities defined in (2.109)—(2.112), the global regression parameters are
different than 6* in (2.69).
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Table 2.19 A notational display for cell counts and probabilities for J categories under
covariates level (¢1,0,) — Newlevel £ = ({; —1)(q+1)+ 02

J response categories
Covariates level New level Quantity |1 d Total
(1,1) 1 Count K oo | Ky Ky
Probability T s T 1
(L,g+1) q+1 Count K[q+1]1 K[q+1]J K[q+1]
Probability Tg+1]1 oo | Wg1)s 1
(2,1) q+2 Count K[q+2]1 A K[q+2]J K[q+2]
Probability Tg+2]1 oo | Wgi2)r 1
(51752) l Count K[Z]l . ij K[g]
Probability o e Ty 1
(p+lg+1) [(p+1(g+ 1) Count | Kiprngron|--- | Kiprnariw| Kip+ng+)
Probability| 7((p41)(g+i)1 | --- | Tpr1) g+ | 1

Let 6** denote the regression parameters used in two covariates level based
probabilities in (2.109)—(2.112). To be specific, we write

0 =B, B, BT {T = D(p+ 1) (g+ 1)} x 1, (2.113)

where

7= [Bjo, By & 070 {(p+1)(g+ D} x 1,
with

ﬂ;: [ﬁﬂ,...,ﬁjs,...,ﬁjp]

&i=1&1s s Ejms- -, Ejdl

*/] = [(Pj)ill,'"7¢},1q7¢},217"'3¢;sm,'"7¢;pq]7

by (2.106).
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Consequently, at level
= (f] — 1)(q—|—1)—|—£2, b=1,....p+1;6=1,....q+1,
all probabilities defined in (2.109)—(2.112) may be expressed as

exp(xmje**)

, (2.114)
Tg—1exp(x],,0%)

T =

where xif]j s Ix(J=1)(p+1)(g+1) is the jth (j=1,...,J) row vector of the
Xe: Ix(J=1)(p+1)(g+1) matrix at the ¢thlevel ({=1,...,(p+1)(g+1)). We
construct this jth row vector of the X, matrix in four groups as follows.

Group1: (={({;—1)g+b}forly=1,...,p;br=1,....q

ro_
Maj = Me-1)g+a])
/
—
! ! ! ! !
{1,017, ,,1,01, 015, ;,1,00/_, .01, ., 1,01
/ .
01(#17].)(17“)(%1)}, for j=1,....J—1

0L 1) (pe1)(ger) fori=J.

i
pa—[(ti—1)g+02) I8

(2.115)

Group2: (={({;—1)(g+1)+(¢g+1)}foré;=1,....,p

/ _
X0 = Xl -1 (g+1)+(g+1)]j
!
[01<171)<p+1><q+1>’
! ! / /
_ {170151—1’1a01p—€ 701(1701[)(15}5 | (2116)

Ol/(‘]*]*])(l’?q)(qﬁ*l) ? fOI'j: 17"‘71_

01/

U-1)(p+1)(g+1) fOrT=J.

Group3: (={p(g+1)+b}forlr=1,...,q

x/[é']j = x/[p(q+l)+€z]j

[01' 3 7
(=1 (p+1)(g+1)
/ I / ,
_ JALO0T,, 01, 1 1,01, 0L}, (2.117)
li . _
Ol(lflfj)(pﬂ)(qﬂ)] , forj=1,...,J—1
01 for j=J.

(=D(p+1)(g+1)

Group4: (={(p+1)(g+1)}

/ !
Xaj = Mp+1)(g+1)j
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o1, 7

(j—1)(p+1)(g+1)
1,01’ ,01’ .01/

= { ’/ P pq’}’ . 2.118)
Ol 1o ppenygrn | forj=1,....0 -1
01 for j=J.

(J=D(p+1)(g+1)

Now by replacing 6% with 6** in (2.67)—(2.68), by similar calculations as in
(2.71), one obtains the likelihood equations for 8** as

dlog L(e*)  (Prla+l)
% = X Xi[yg—Kgmg] =0, (2.119)
(=1
where
W] = [K[é]l"'WK[f]j’ cee 7K[£]j]/ and 77«'[@] = [ﬂfml,...,ﬂ[g]j,...,ﬂ[ép]/,

with probabilities are being given by (2.114) or equivalently by (2.109)—(2.112), and
furthermore Xy matrices for ¢ =1,...,(p+1)(g+ 1) are given as in (2.115)—(2.118).

Note that after slight adjustment in notation, one may use the iterative equation
(2.75) to solve this likelihood equation in (2.119). To be specific, the iterative
equation to solve (2.119) for the final estimate for 6** is given by

-1

. L (p+1)(g+1) ) .
9**(F+ 1) = 9**(r) + Z Kmxé [Dn[f] — ﬂ[é]ﬂm} Xy
(=1
(p+1)(g+1) .
x| X Xi (g~ Kgma) : (2.120)
where Dy, = diag[mqy, ..., ;- - -, Ty)- Furthermore, the covariance matrix of
6** has the formula
[ -
var(0*) = | Y KigX{{Dr, — mgmy}Xe (2.121)
(=1

2.2.3.1 Illustration 2.8: Analysis for the Effects of Both Gender
and Chronic Condition on the Physician Visits

The marginal effects of gender and chronic condition on the physician visits
were discussed in Sects. 2.2.2.4.2(a) and (b), respectively. To illustrate the product
multinomial model for a response variable (physician visit) based on two categorical
covariates, discussed in the last section, we now consider gender and chronic



2.2 Univariate Multinomial Regression Model 59

Table 2.20 2 x 2 x4 contingency table for the physician visit data corresponding to gender
and chronic condition of the individuals

Physician visit status

Gender | Chronic condition | None | Few | Notsofew | High | Level total (K;)

Male One or more 8 13 9 10 40
None 20 27 7 2 56
Female | One or more 5 12 12 23 52
None 6 8 9 9 32

Table 2.21 Cell counts and probabilities for J = 4 physician visit categories under covariates
level (€1,4;) for ¢, = 1,2;and ¢, = 1,2

Physician visit status

Covariates level| New level (£)| Quantity | None| Few | Not so few| High|Level total (K|q)

(1,1 1 Count 8 13 |9 10 |40
Probability| 7y | @2 | 33 e | 1.0
1,2) 2 Count 20 |27 |7 2 56
Probability| 7)1 | Tj2| Ta)3 T | 1.0
2,1 3 Count 5 12 |12 23 |52
Probability| 731 | 32| 333 T4 | 1.0
2,2) 4 Count 6 8 9 9 32
Probability| )y | Tap | map3 Tga | 1.0

condition as two covariates and examine their marginal as well as joint (interaction
between the two covariates) effects on the physician visit. For the purpose, following
the Table 2.19, we first present the observed counts as in the 2 X 2 X 4 contingency
Table 2.20. Note that this contingency table is not showing the distribution for
three response variables, rather, it shows the distribution of one response variable
at different marginal and joint levels for the two covariates. Consequently, it is
appropriate to use the product multinomial approach to analyze the data of this
Table 2.20.

Further to make the cell probability formulas clear and precise, we use the data
from Table 2.20 and put them in Table 2.21 along with probabilities following the
format of Table 2.19.

Next, we write the formulas for the probabilities in Table2.21 in the form of
(2.109)—(2.112), and also in global regression form as follows:

Level 1 (Group 1) (based on ¢; = 1,/, =1):
Probabilities:

exp(Bro+ P + &+ 907 1,) S exp(Bao + Bar + &1 + 95 41)
1+ZZ,:1 exp(Beo + Bt + &1 +¢;”)" 2= +2§:1 exp(Beo + Bt + &1 -5—(155_11)7

el
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exp(Bao + B3 + &1+ 9311) 1
3 = 3 T4 = 3 .
1 +zg:l exp(ﬂgo +ﬁg1 + égl + (b;ll) 1 +2,:g:1 eXP(BgO +ﬁg1 + égl + ¢;.11)
(2.122)
Global regression form:
I exp(xf;;;6™) I exp(x(;,6™)
= y Tip = )
(1] Zj{zlexp(xlmje**) (1 zé}zlexp(xh]je**)
S exp(xhbe**) — exp(x’[1]49**)
13 = y T1ja = ;
TS exp(xy 0T S exp(a] 07)

where

6" = (B10,B11,&11,91 11, B20, Ba1, €21, 0511, B30, Bs1, E31, 93 11,)

and x’m3, for example, is the third row vector of the X : 4 x 12 matrix given by

1, ot o1
o1, 1, o1,
o1, 01} 1

! !/ !/
01, 01, 01,

X = (2.123)

Level 2 (Group 2) (based on ¢; =1):
Probabilities:

exp(Bio+ Pi) exp(Bao + P21)

TT = , T - )
AT exp(Boo+Bet) T 145 exp(Beo + Be1)

e + 1
;(p(ﬁ%o Bs1) e = . . (2.124)
1 +2g:1€XP(ﬁg0+ﬁgl) 1—|—2g:16Xp(ﬁg0+ﬁgl)

T3 =

Global regression form:

7 exp(x(y); 6™) exp(x(y,0”)

21 = Pl 2 2 p— s

2l zj,zlexp(x/[z]jg**) 2l zzjg:lexp(xiz]jg**)
exp(xp36™) exp ([, 6)

3 =

y )4 =
) 2]

24}:1 exp(xl[z]je** 24}:1 exp(xiz]je**) 7

where 0** is the same as above, that is,

6" = (B0, B11,&11,91 11, B20, Ba1, €21, 05 11, B30, Bs1, E31, 93 11,)
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and x’[2]3, for example, is the third row vector of the X, : 4 x 12 matrix given by

1, 014 01, 01,
01} 1, 01, 01
o1, o1, 1, 01}
o1, 014 01, 01/,

X, = (2.125)

Level 3 (Group 3) (based on ¢, =1):
Probabilities:

exp(Bio+&11) exp(Bao + &21)

Tt = , T - y
ot 1+2§:16Xp(ﬁg0+§g1) o 1+2§:13XP(ﬁg0+‘5g1)

exp(Bso + &31) 1
) = . (2.126
14331 exp(Beo+ &) o 1+32_ exp(Bgo +Eq1) (2.126)

33 =

Global regression form:

exp(xblle**) exp(x’[ ,0)
Z/':ICXP(X[ ]-9 ) ijleXp( [3]19 )’
exp(x [3]36**) exp(x h 0**)
3 = y 3j4 =

Zé}:leXP( [3]]'9**) 2] 1eXP( B3]/ 9**)

where xi3]3, for example, is the third row vector of the X3 : 4 X 12 matrix given by

1 0 100101,
01, 1 01 0 01,

X; = 2.127
*Tlot,01510 1 0 @-127)
01, 01,00 0 0
Level 4 (Group 4)
Probabilities:
B exp(Bio) - exp(f2o)
T = 3 » a2 = 3 ’
ex 1
T = pBro) = (2.128)

1+ 33 exp(Beo) 1+ 33 exp(Beo)

Global regression form:
exp()ch]1 0") exp(x'[ 0*)
s Y42 =
Zj':l EXP(XIH]]-O**) : Zj:1 exp(x] Ny 9**)

T =
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Table 2.22 Parameter estimates for the gender and chronic condition versus physician
visit status data of Table 2.21

Regressioﬂ parameters
Quantity Bio Bu  &n O | Bo B & |45y
Estimate —0.405 |2.708 |—1.121 |—1.405 |—0.118 |2.720 |—.533 —1.808
Standard error| 0.5270| 0.9100/ 0.7220| 1.1385 0.4859|0.8793 0.6024| 1.0377
Quantity Bso B & 311
Estimate 0.000 | 1.253 |—0.651 |—0.708
Standard error| 0.4714|0.9301| 0.5908| 1.0968

Table 2.23 Estimated/observed probabilities corresponding to the data
given in 2 X 2 x 4 contingency Table 2.20

Physician visit status

Gender | Chronic condition | None | Few Not so few | High

Male One or more 0.2000 |0.3250 |0.2250 0.2500
None 0.3572 1 0.4821 |0.1250 0.0357

Female | One or more 0.0962 | 0.2308 |0.2308 0.4422
None 0.1874 |0.2500 |0.2813 0.2813

- exp(xf4]38**) - exp(x’[4]49**)
[43 = 4 / IR CIE — / ’
Xi-1 eXp(xH]jG**) Zi- exp(xmje**)

where xi4]3, for example, is the third row vector of the Xy : 4 X 12 matrix given by

1 014 01} 01,
01, 1 01401,
01, 01, 1 014
01} 01, 015 0

Xy = (2.129)

Using the gender and chronic condition versus physician visits data from
Table 2.21, we now solve the likelihood estimating equation (2.119), i.e.,

dlog L(6** (p+1)(g+1)

% = X XDu—Koma =0

for 6**. The estimates for all components in 6** along with their standard errors are
given in Table 2.22.

Now by using the regression estimates from Table 2.22 into the probability for-
mulas (2.112), (2.124), (2.126), and (2.128), one obtains the estimated probabilities
as in Table 2.23. The estimated and observed probabilities are the same.

We now interpret the estimates of the parameters from Table 2.22. Because at
level 4, i.e., for a female with no chronic disease, the category probabilities for the
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first three categories are determined by the respective estimates of B¢, B0, and Bao,
as compared to the conventional value B4 = 0, it is easier to interpret their role
first. For example, B30 = 0.0 shows that an individual in this group has the same
probability to be in the third (not so few ) or fourth (high) physician visits category.
Further, smaller negative value for B0 = —0.118 as compared to 3;p = —0.405
shows that the individual in this group has a much higher probability to pay a few
visits to the physician as opposed to paying no visits at all.

Next the values of (Bjo+ &;1) for j = 1,2,3, as compared to B4 + &1 = 0.0
would determine relative probability of an individual at level 3 (group 3) to be in
the jth category. Note that group 3 individuals are female with one or more chronic
disease. For example, the small negative and equal values of ﬁzo + 521 =—0.651 =
[330 + 531 as compared to large negative value of [310 + 511 = —1.526 indicate that
a female with chronic disease has increasing probabilities to pay more visit to the
physicians. But a male with chronic disease, i.e., an individual belonging to group
1 (level 1), has smaller probability to pay a high physwlan visit. This follows from
relatively large positive value of B + Bo1 + &1 + ¢* 211 = 0.261 as compared to

small negative value of i3+ 31 + &1 + 63, = —0.106, and Bao + Bar + Eu1 +
¢*4’11 = 00

2.3 Cumulative Logits Model for Univariate Ordinal
Categorical Data

There are situations where the categories for a response may also be ordinal by
nature. For example, when the individuals in a study are categorized to examine
their agreement or disagreement on a policy issue with, say, three political groups
A, B, and C, these three categories are clearly nominal. However, in the treatment
versus heart attack status data analyzed in Sect.2.2.2.4.1, the three categories
accommodating the heart attack status, namely no attack, non-fatal, and fatal attacks,
can also be treated as ordinal categories. Similarly, in the physician visit study in
Sect. 2.2.2.4.2, four physician visit status, namely none, few, not so few, and high
visits, can be treated as ordinal categories. Now because of this additional ordinal
property of the categorical responses, one may collapse the J > 2 categories in
a cumulative fashion into two (J' = 2) categories and use simpler binary model
to fit such collapsed data. Note however that there will be various binary groups
depending on which category in the middle is used as a cut point. This approach is
referred to as the cumulative logits model approach and we discuss this alternative
modeling of the categorical data in this section provided the categories also exhibit
order in them.
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2.3.1 Cumulative Logits Model Involving One Covariate
with L =p + 1 Levels

Suppose that similar to Sect.2.2.2, my,; denotes the probability for an individual
i with covariate at level (¢ = 1,...,p+1) to be in the jth category, but because
categories are ordered, one may collapse the J categories based multinomial model
to a binary model with

J
Fj= Y mae

c=1

representing the probability for the binary response to be in any categories between
1 and j, and

J

L-Fgj= Y, mg.
c=j+1

representing the probability for the binary response to be in any categories beyond j.
Consequently, unlike in Sect.2.2.2, instead of modeling individual category based
probabilities 7 ;, one may model the binary probability Fj;; by using the linear
logits relationship

l*Fm

j
Fu,

:{ajoJrajg forj=1,....J—1;4=1,....p (2.130)

Lip:=1
[j = tog o forj=1,....J—1;£=p+1.

We refer to this model (2.130) as the logit model 1 (LM1). Also, three other logit
models are considered in the next section with relation to a real life data example.

Note that for j =1,...,J — 1, the logit relationship in (2.130) is equivalent to
write

exp(ajo-&-aﬂ)

1 _FV] L 1+ex<p(ocj)0+oc_,-,,) fort=1,... P 2.131)
“1J exp(oio :
deﬂ)) forfzp-f—l

Remark that the logits in (2.130) satisfy the monotonic constraint given in the
following lemma.

Lemma 2.3.1. The logits in (2.130) satisfy the monotonic property
Lml ZL[E]Z > ... ZL[E](J*U' (2132)
Proof. Since

Fp <Fpp < ... < Fgu-1);
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and

(I=Fg) > (1=Fga) > ... > (1 = Figu-1)),
one obtains

Fp o oo Fou-n
1=Fg — 1=Fg ™~ 1=Fgu

Hence the lemma follows because Ly, ; = log [IE[ZW] forall j=1,...,J—1.
avl

2.3.1.1 Weighted Least Square Estimation for the Parameters
of the Cumulative Logits Model (2.130)

We describe this estimation technique in the following steps.
Step 1. Writing the logits in linear regression form

Let F(m) be a vector consisting of all possible logits, where 7 represents all
J(p+1) individual cell probabilities. That is,

F=F(n)=[L,....Lo,....L,] - (U= 1)(p+1) x 1, (2.133)
where Ly is the vector of J — 1 logits given by

Le=[Ligts-- Ligjs- - Ligu—n)] (2.134)

with Ljy; defined as in (2.130). Note that these logits for j =1,...,J — 1 are
functions of all J individual probabilities 7y, . .., 7y at the covariate level £.
Now define the regression parameters vector o as

o=[oh,0f,....0f,....c0] (2.135)

where
ot = [0, - -, 0y_1y0] and oy = [ug, ..., 0y 1y],

for ¢ =1,...,p. Next by using (2.135) and (2.130), one may then express the logits
vector (2.133) in the linear regression form as

F=Xa«, (2.136)
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where
x|
I 1 X3
X=|- C(=D(p+1)x (=1 (p+1), (2.137)
1 X,
| -1 Xpy1 |
with
xfz]l
X, = #@ (-1 x(—1p, forl=1,....p+1 (2.138)
1)

where, for j=1,...,J—1,

Ky = (08 OVjy 1015 01,y Jfore=1,....p

X1y = Ol (2.139)

Step 2. Formulation of F(x) in terms of x

Write

= [n[’l],...,n[’é],...,n[’pﬂ]]’ J(p+1)x1, (2.140)
where at covariate level /, as in Sect.2.2.2, all J cell probabilities are denoted by
) that is,
!
ﬂ[ﬁ] = [ﬂ'mh...,ﬂ[g]j,...,ﬂ[[]]] 5
7y ; being the probability for the response of an individual with (th level covariate

information to be in the jth category.
Notice from (2.130) that L[g] ; has the form

1 —Fg;

Fu,j

_ log [2{j+l n[[]c]

X1 Wge

Lyj = log
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|

c=j+1

J J
log{ Y. ﬂ[Z]c}—IOg{Zlﬂmc}]-

Consequently, Ly defined in (2.134) can be expressed as

Ly = [Ligts- > Ligu—n)]

67

(2.141)

J 1 J J—1
= [(log{ %”{e]c} —log{ ; ”[e]c}> e (log{z;ﬂ[z]c} —log{ ; ﬂ[z]c}> I

— M'log (A"m),

where ) is defined by (2.140), and A* and K* have the forms:

A' =

and

-1 1

01, -1
M=

_01/2(J—3)

o 1,

oot

1, or),

01, 1,

1, o

oty 1

015 019, 3

L0y, s

015 —1 1

2(J—1) % J,

(J=1)x2(J—1),

respectively. Now by using (2.142), it follows from (2.133) that

(2.142)

(2.143)

(2.144)
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Ly M*log (A*TL'[I])
L M*log (A*nm)
F=F(m)=| |= '
(m) Ly M*log (A*ﬂ[g])
Ly M*log (A M. 1))

= [lp+1®@M"]log [(Ip+1 ®A") 7]
= Mlog (Am), (2.145)
where m = [n[’l],...7n[’[]7...,7r[’p+1]]/, and ‘®’ denotes the direct or Kronecker

product.
Step 3. Forming a ‘working’ linear model

Using notations from Step 2 (2.145) in (2.136) under Step 1, one consequently
solves « satisfying

F=F(r)=Mlog (An) =X. (2.146)

Note that this (2.146) is not an estimating equation yet as 7 is unknown in practice.
This means the model (population average) Eq. (2.146) does not involve any data.
However, by using the observed proportion p for 7, one may write an approximate
(working) linear regression model with correlated errors as follows:

JoF (m
Fp)~ P+ 20 = Py te, U-D(p+1)x1 @147)
where € may be treated as an error vector. Next, because for a given ¢, the cell counts
{Kyyj> j=1,...,J} follow the multinomial probability distribution (2.67) [see also
Table 2.4 for data display], it follows that
Kigj

Elpyl=E [m] = my;, forall jand ¢,

that is E[p] = &, where 7 is defined by (2.140), and p is the corresponding observed
proportion vector, with py = [pigj,-- -, Pjgjs- - Pl 1t then follows that
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_ {8F(n)} v {aF’(n)

on’ om }:28 (say), (J=1)(p+1)x (J=1)(p+1). (2.148)

Note that the approximation in (2.147) follows from the so-called Taylor’s series
expansion for F(p). To be specific, foru=1,...,(J—1)(p+ 1), the uth component
of F(p) may be expanded in Taylor’s series form as

,0F,(m)
on

+ & x(lpp =l - e = mall - Pt — Tpsl]), (2.149)

Fu(p) = Fu(m)+ (p— )

where for K = 25;1 Ky, €, x(+) is a higher order remainder term in the Taylor’s
expansion, and it is a function of Euclidian distances

M~

lpjg — mgll = [P — w1, foralld=1,...,p+1.

=1
Further note that when min/{K(s } — c it can be shown that
€, k(-) — 0 in probability (2.150)

(see, for example, Rao (1973, p. 387); Bishop et al. (1975, Sec. 14.6) for details on
this convergence property). Thus, forallu=1,...,(J—1)(p+1), and using (2.150),
one obtains the approximate linear relationship (2.147) from (2.149). Finally by
using (2.146), one may fit the linear model
F(p)=F(n)+e¢
=Xoa+e, (2.151)
(see also Grizzle et al. (1969), Haberman (1978, pp. 64-77)) where F(p) =

Mlog (Ap) with M and A as given by (2.145), and the error vector € has the zero
mean vector and covariance matrix X, as given by (2.148).

Step4. WLS (weighted least square) estimating equation

Consequently, one may write the WLS estimating equation for o as
X'z F(p)—Xa] =0, (2.152)
and obtain the WLS estimator of ¢ as

bwrs = [X'Z X)X Z7 R (p). (2.153)



70 2 Overview of Regression Models for Cross-Sectional Univariate Categorical Data

For similar use of the WLS approach in fitting models to ordinal data, one may
be referred to Semenya and Koch (1980) and Semenya et al. (1983) (see also
Agresti (1984, Section 7.2, Appendix A.2); Koch et al. (1992)). For computation
convenience, one may further simplify X, from (2.148) as

EONLT

_ [oMlog Ar oMlog Am]’
B on' on'

=MD 'AVA'D"'M' = QV (', (say), (2.154)

Ze = cov[F(p)] =

where D = diag[An] : 2(J—1)(p+ 1) x2(J=1)(p+1),Ar:2(J—1)(p+1) x 1
being given by (2.145). Hence, using X from (2.154) into (2.153), one may re-
express Oy s as

owrs = [X'(QVQ') 'X] ‘lx’(QVQ’)*'F(p), (2.155)

with F(p) = Mlog Ap. Note that to compute Gwrs by (2.155), one requires
to replace the D matrix by its unbiased estimate D = diag[Ap]. Next, because,
cov[F(p)] = QV Q' by (2.154), by treating D as a known matrix, one may compute
the covariance of the WLS estimator of ¢ as

covlams] = [X'(@ve)'x] 7, (2.156)

which can be estimated by replacing 7 with p, that is,

-1

covltwrs) = [X'(QVQ')'X] —p- (2.157)

Further note that the V matrix in (2.154)—(2.157) has the block diagonal form
given by

1
V=@ leovp)] : (p+1)J x (p+1)J, (2.158)
where
1 .
COV(p[é]) = @ {d1ag[7rm1, ceey ﬂ[z]j, ceey 717[4]]] - 7'[[5] 7([/[] . (2.159)
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Table 2.24 Cross-classification of gender and physician visit along
with observed proportions

Physician visit status

Gender None Few Not so few | High Total
Male 28 40 16 12 96
Cell proportion | 0.2917 | 0.4166 | 0.1667 0.1250 | 1.0
Female 11 20 21 32 84
Cell proportion | 0.1309 | 0.2381 | 0.2500 0.3810 | 1.0

2.3.1.1.1 Tlustration 2.9: Weighted Least Square Fitting of the Cumulative
Logits Model to the Gender Versus Physician Visit Data

Recall the physician visit status data for male and female from Table2.10. For
convenience, we redisplay these data along with observed proportions as in the
following Table 2.24. Note that the physician visit status can be treated as ordinal
categorical. However, among others, this data set was analyzed in Sect.2.2.2.4 by
applying the product multinomial likelihood approach discussed in Sects.2.2.2.1
and 2.2.2.2, where categories were treated to be nominal. As discussed in last
section, when categories are treated to be ordinal, one may fit the cumulative
probability ratios based logits model to analyze such data. The logit models
are different than standard multinomial models used for the analysis of nominal
categorical data. We now follow the logit model and inferences discussed in the
last section to reanalyze the gender versus physician visit status data shown in
Table 2.24.
We first write the observed proportion vector p as

p =[Pl Pl (2.160)
with

Py = [Py Pl Pz, Pajal’ = [0.2917, 0.4166, 0.1667, 0.1250]

Pp = PRt P2 PR3- Ppjal’ = [0.1309, 0.2381, 0.2500, 0.3810]".

Next we follow the steps from the previous section and formulate the matrices
and vectors to compute & by (2.155).

Step 1. Constructing F(7) = X« under LM 1

To define X and o, we write the vector of logits by (2.133) as

F(m)=[L},L5] :6x1, 2.161)
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with
Ly = [Lyp, Ly Lygs)
Ly = [Loji, L, Ljs]'
where by (2.130)
Ly = oo+ o
L = oo+ 021

L3 = oo+ 031,

and
Lpy = ouo
Lpp = oo
Lpp3 = o0,
producing « by (2.135) as
o = [og, 0]
= (010, 00, 030, 011, 021, 031)'. (2.162)

Now to express F(7) in (2.161) as F(n) = X & with o as in (2.162), one must write
the 6 X 6 matrix X as

[100100]
010010
001001

X = (2.163)

100000

010000

(001000

This matrix satisfies the notations from (2.137) to (2.139).
Note that as indicated in the last section, we also consider three other logit models
as follows:

LM2. Instead of using the model (2.130), one may use different restriction on the
level effect parameters and write the logit model as
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(2.164)

L=Fgj| ) ajp+ay forj=1,....J—1;4=1,....p
Fyj ajo—3) o forj=1,....J=1;0=p+]1.

yielding six logits for the gender versus physician visit data as
Ly = oo+ o

L = oo+ 021

Ly = oo+ 031,
and
Ly = a0 — o

Lpp = 00— 001

L[2]3 = 030 — 031.
For
/ 11/
o = [, o]
!
= [0, 000, 030, 01 1, 021, 031 ],

the aforementioned six logits produce the X matrix as

[1001 0 O
0100 1 O
0010 0 1
X= . (2.165)
100-10 O

0100 -10

10010 0 —1]

LM3. Now suppose that unlike the models (2.130) and (2.164), one uses the same
level effect parameter, say o, under all response categories. Then, similar to
LM1, the logits can be expressed as

Lyyj =log (2.166)

ﬂ _Jojptoayforj=1,....J-1;4=1,...,p
Faj |~ oo  forj=1..J-1=p+l.

yielding six logits for the gender versus physician visit data as
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Lypy = oo+ oy
L = oo+ o

Ly = o0+ ou,

and
Lpy = ouo
Lpy, = 020
Lpy3 = o3p.
For

o = [og, o)
= [alo,azo,%o,au]’,

the aforementioned six logits produce the X : 6 x 4 matrix as

(10017
0101
0011

X = . (2.167)

1000

0100

10010

LM4. Suppose that we use the same regression parameters as in the model
(2.166), but use the restriction on the level effect parameters as in (2.164). One
may then express the logits as

1 —Fy;

Fig

_{0‘/'0+Ot1z forj=1,..../—L4=1,...,p

Lyi=1
(4 Og[ atjo—3P o forj=1,....0—1; 0=p+1.

yielding six logits for the gender versus physician visit data as

Ly = oo+ o
Ly = oo+ oy

Ly = oo+ oun,
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and
Lpjp = ono—ouy
Lpp = oo —oui
Lpj3 = 030 —ou.
For

o = [og, 0]
= [a10,a207063070611]/,

the aforementioned six logits produce the X : 6 x 4 matrix as

(1001
0101
0011
X = . (2.169)
100 —1

010-1

001 —1]

Step 2. Developing notations to write F(ir) = Mlog (Ar) satisfying (2.145)

Now because J = 4, for a given £(¢{ = 1,2), A* and M* matrices by (2.143) and
(2.144), are written as

(10007
0111

1100

A* 16x4, (2.170)

0011

1110

10001
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and
-110 00 O
M*=|0 0-110 0]:3x6, (2.171)
0 00 0-11

respectively. Note that these matrices are constructed following the definition of the
logits, that is, satisfying

Ly = Lyt L, L) = M*log (A" my),

as shown by (2.141)—(2.142). Thus, for the present gender versus physician visit
status data, by (2.145), we write

% *
m=( M U6} g a (A o) aug (2.172)
0Usx6 M* 0Usx4 A”

with Usye, for example, as the 3 X 6 unit matrix, satisfying F () = Mlog (Am),
where

= [75[1}1,ﬂ[l]zvﬂ[umﬂu]mﬂ[z]bﬂ[z]zﬂ[zp,75[2}4]’-

We now directly go to Step 4 and use (2.155) to compute the WLS estimate for
the regression parameter vector 0.

Step 4. Computation of &y by (2.155)
Notice that V matrix in (2.155) is computed by (2.158), that is,
V = var[p|] = var|p(;), py)]’

) ( var[py | cov[pm»ﬁ&ﬂ)

cov[ppy, pyl  varlppy]

AT
= (o V2>, (2.173)

where
Kiy\Vi = diag[mp, w2, w3, sl — ﬂ[l]ﬂfq
/

KpVa = diag[”[z]l s TW2)25 7T2)3, ﬂ[z]4] — M) Ty
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Table 2.25 Parameter estimates and their standard errors under selected cumulative logit
models for gender versus physician visit status data

Logit model parameters based on gender and 4 visit categories

Logit model | Quantity Q10 050 030 01 Oy 031
LM1 Estimate 1.893 | 0.537 |—0.485 |—1.006 —1.424 |—1.461
Standard error | 0.324 | 0.226 | 0.225 | 0.394 | 0.319 | 0.382
LM2 Estimate 1.390 —0.175 |—1.216 |-0.503 |—0.712 —0.750
Standard error | 0.197 | 0.159 | 0.190 | 0.197 | 0.159 | 0.191
LM3 Estimate 2.107 | 0.508 |—0.524 |—1.312 - -
Standard error | 0.261 | 0.215 | 0.214 | 0.285 - -
LM4 Estimate 1.451 |—0.148 |—1.180 |—0.656 - -

Standard error | 0.189 | 0.157 0.181 0.142 - -

One however needs to use an estimate of this V matrix to compute Oy g by (2.155).
Now because py) and pp) are unbiased estimates for 7;) and 7, respectively, V

matrix may be estimated as
s (Vi 0
V= PR 2.174
(o 0) e

where

Ky Vi = diag[ppyi, s Pz Plal — el
KpVa = diag[pp)i, ppjs Pjs» Ppojal — PPl

with p[1] and py as given by (2.160).

Next we compute D = diag[Ap], where A is given in (2.172). Further compute
Q = MD~'A. Finally by using these estimates V,Q, and F(p) = Mlog (Ap) into
(2.155), we obtain &y s by using X matrix from (2.163), (2.165), (2.167), and
(2.169), under the models LM 1, LM2, LM3, and LM4, respectively. These estimates
along with their standard errors computed by (2.157) are reported in Table 2.25.

We now use the estimates from Table 2.25 and compute the logits under all four
models. The observed logits are also computed using the observed proportions from
Table 2.24. For interpretation convenience we display the exponent of the logits, i.e.,
exp(Ljg;) under all four models in Table 2.26. Notice that LM1 and LM2 produce
the same logits, similarly LM3 and LM4 also produce the same logits. Thus, proper
restriction on level based parameters is important but restrictions can vary. Next, it
is clear from the table that LM1 (or LM?2) fits the observed logits exactly, whereas
the logits produced by LM3 (or LM4) are slightly different than the observed logits.
This shows that level (gender) based covariates do not play the same role under all
four response categories. Thus, using three different regression parameters, namely
oy for j=1,...,3, is more appropriate than using only one parameter, namely ¢1;.
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Table 2.26 Observed and estimated logits under selected cumulative
logit models for gender versus physician visit status data

Logit estimates

Gender | Logits Observed | LM1 | LM2 | LM3 | LM4
Male exp(Lpy) | 2.428 2428 2428 2214 |2.214
exp(Lpp) | 0.411 0.411 | 0.411 |0.447 |0.447
exp(Lpp3) | 0.143 0.143 |0.143 | 0.159 |0.159
Female |exp(Lyy;) | 6.639 6.639 | 6.639 |8.225 |8.225
exp(Lpp) | 1.710 1.710 |1.710 |1.662 | 1.662
exp(L3) | 0.616 0.616 |0.616 |0.592 |0.592

Furthermore, when logits of males are compared to those of the females, all three
logits for the male group appear to be smaller than the corresponding logits for the
female group, i.e.,

Lmj < L[2]j7 for all ] = 1,2,3,

showing that more females pay large number of visits to their physician as compared
to males. These results agree with the analysis discussed in Sect.2.2.2.4.2(a) and
the results reported in Table 2.12, where it was found through direct multinomial
regression fitting that females paid relatively more visits as compared to males.

2.3.1.2 Binary Mapping Based Pseudo-Likelihood Estimation Approach

Based on the form of the cumulative logits from (2.130)—(2.131), in this approach
we utilize the binary information at every cut point for an individual and write a
likelihood function. For the purpose, for an individual i with covariate level ¢ and
responding in category i(h =1,...,J) [this identifies the ith individual as i € (¢, )],

we define a cut point j (j=1,...,J — 1) based ‘working’ or ‘pseudo’ binary variable
b(,)[ = 1 for g%ven response category h > j (2.175)
i€(th) 0 for given response category h < j,
with probabilities following (2.130)—(2.131) as
() S
Pribiun=11= X mge=1-"Fy;
c=j+1
exp(ojo+0p) -
- mforﬁ—l,...,p 2176
- exp(ajo) (2. )
- forl=p+1.

l+exp(ocj0)
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Table 2.27 Cumulative counts as responses at cut points j =
1,...,J — 1, reflecting the cumulative probabilities (2.176), under
covariate level ¢

Binomial response
Cut point | Low group (g* =1) | High group (g* =2) | Total

! Kigy = Zio1 Kpge Kig — Ky K
J Ky =21 Kge | Ky —Kjy, Kiy
J=1 Ky = Y1 Kige | Kig— K- Ky

representing the probability for the binary response to be in category & beyond j;
and

. J
PribLien =0 = X moe = Fig,

c=1

] p—
{1+exp<a,0+a,n forl=1,....p

1 —
W(aj()) fOré—p"_l

(2.177)

representing the probability for the binary response to be in a category / between 1
and j inclusive.

Now as a reflection of the cut points based cumulative probabilities (2.176)—
(2.177), for convenience, we display the response counts computed from Table 2.4,
at every cut points, as in Table 2.27. We use the notation K[“}]j = Zi:l Kyc, whereas
in Table 2.4, K[| is the number of individuals with covariate at level ¢ those belong
to category c for their responses.

Note that K| — K[*Z]j follows the binomial distribution Bin(Ks, 1 — Fj;), where
[1—Fg,l = py 1 e = ”[*E]j by (2.176). Furthermore, the regression parameters
in (2.176)—(2.177) may be expressed by a vector & as in (2.135), that is,

o= [a(’),oc{,...7a§,...,a,’,]/7
where
o = [ono,---, 010 and o = [ae,..., 01y,
for{=1,..., p. Alternatively, similar to (2.69), these parameters may be represented
by

x/ x/
o=[o,...,c

Al . !/
0y with o = [ego, 01, gy, O] (2.178)
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Now for a given form of o, we first write a pseudo-likelihood function by using the
pseudo binary probabilities from (2.175)—(2.177), as

) )
L(or) = M4 T2 1H[ LA {{F A [h] {’ll—Fw }le”}

HIH‘] [{F[( }2(‘ IK[I]c} [{1 F[[ }zc 1K :|
_HPHHJ 1[{F[Z }ZC IK/]C} [{I—F[g } [f]—Zf::lK[/]c} (2.179)
_ HJ e exp{ (Kjg — [] (0o + o) }
- [1+exp(aj0+0!je)] s

y [CXP{(K[,M] - Kﬁ;+1]j)<a/°)}] ’ (2.180)

1 +exp(ajo)]K[p+1]

whereK[é Ec | Kigeforj=1,....J—1,andforall{=1,....p+1.

Next, in order to write the log likelihood estimating equation in an algebraic
convenient form, we use the o in the form of (2.178) and first re-express 1 — F;
and Fjy); from (2.176)—(2.177) as

R exp(x’mja)
U 1+ exp(x], ;@)
1
Fyj=———— 2.181)

I +exp(x{, ;@)

wherexfé]j isthe jth (j=1,...,J —1) row of the (/ —1) x (J—1)(p+ 1) matrix Xy,
defined for /th level as follows:

X
/
X, = X2
Y1
101)_,,1,01)_,0 o1, 0 o1,
/ / / . /
_ o 01/, 101, 1,1,011, ;-0 o1, forf=1,....p

o oY, 0 01;, -1 012 ” 1,01’
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Xpe]t 101,001, - 001,
/ !/ I /
Xpu = | Sorip | 2|00, 101,001, | 2.182)
!/ ! !
X ) 001,001, - 101,

The log likelihood equation for o may then be written from (2.179) as

aLOgL 17+1.] 1 |:

pIp?

=1 j=1

Kiu) 5 {log (1—Fig;)}

p+1J-1 p) exp(x] X[,;9)
- K — Ky ) —{log (——— 2
fr ] ( [f] [Z]j)aa{ g(l+exp(x/m OC))}
. 0
+ K[é]faia{ & l+exp(xml.a)}]
pH1J—1
= [(Km — Ky ) {F0,%0,}
=1 j=1
~ Kig {1 = Finp)x 1]
pH1J—1
= 3 ¥ ;| KigFoy — Kiy)|
(=1 j=1
p+lJj—1
=~ % 3 x| Ky~ KigFio |
=1 j=1
p+lJ—1
= X X (K~ Kjy) — K1~ Fig)| (2.183)
S 2
p+1
- ng [y@] —K[[]n[’z,]] = f(a) =0, (2.184)

where

yi}]:[K[éJ*K[?]wwKM*Km .. Ky — Kjpy(y—1)) and

*
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with X; matrices for £ =1,...,p+1 as given in (2.182). Note that this estimating
equation form in (2.184) is similar to (2.71), but they are quite different estimating
equations.

2.3.1.2.1 Pseudo-Likelihood Estimates and their Asymptotic Variances

Let ¢ be the solution of f(a) = 0 in (2.184). Assuming that ¢4 is not a solution
for f(o) = 0 but a trial estimate, and hence f(6p) # 0, by similar calculations as in
(2.36), the iterative equation for G is obtained as

&= o — [{F' ()} f()] |a=sq- (2.185)
Next, by similar calculations as in (2.183), one writes

Imy; _ 91— Fiy)

J

do/ do/
= Figj (1= F)xjg; = mip (1= g g (2.186)
yielding
(97({2] . * * * x
= Dy, X;. (2.187)

By (2.187), it then follows from (2.184) that

;. 9*Log L(«x)
M) = 5 egar

p+1
=-) K[[]X,TD,T@XZ. (2.188)
(=1

Thus, by (2.188), the iterative equation (2.185) takes the form

-1

p+1
a(r+1)=a(r)+| K[g]XgDnﬁ]Xe
(=1
p+1
< |3 X (yfé] — Ky n@) : (2.189)
=1 a=a(r)

yielding the final estimate &.
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Next because

var[yjy; — Ko mjy ;] = varlKjy; — Ko Fg |
j
= var[ Y Ky, (2.190)
c=1

and K[*E]j follows the binomial distribution with parameters K and n[}]j =[1- Fy il
one writes

arb)[g 77.7[4 ] K[[]F[(]J[l — Fm,] = KV] n[?]j[l — ”[*/]j] (2191)

It then follows from (2.189) that var(¢) has the formula given by

p+1 -1
2 KigX(Dr; X,

var(f) = (2.192)

2.3.1.3 Binary Mapping Based GQL Estimation Approach
By Table 2.27, consider the response vector
vig = [Kig = Kigis-- Kig = Ko Kigg = Kjg g/

[see also (2.184)], where

y'[llj = [Kjg — Kp;) ~ Bin(Kgp, 7y ),
with
* ext
Mgy = 1= Figi = 1+exp(xmj(x)

by (2.181). By following Sutradhar (2003, Section 3), one may then write a GQL
estimating equation for ¢ as

p+1 (9[ ] 1
4 . . o1
;T[“’V(Yw)] Vg = Kig gl =0, (2.193)
where
a”* !/
[ _ vy
XD,
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by (2.187), and

cov[Yjy] = KjnDr,

by (2.191). The GQL estimating equation (2.193) then reduces to
p+1

Z Xy — Kigmy] =

which is the same as the pseudo-likelihood estimating equation given by (2.184).
Hence the GQL estimate of o is the same as the likelihood estimate found by
(2.189), and its asymptotic covariance matrix is the same as that of the likelihood
estimates given by (2.192).

2.3.14 Some Remarks on GQL Estimation for Fitting the Multinomial
Model (3.63) Subject to Category Order Restriction
Notice from (2.184) that
* !/
yi}] = [KV] — Kf;]l yene ,K[[] — K[é]j’ e ’KV] — K[*Z](Jfl)]
= [)’F[]p--w)’fg]ja---7)’&](1_1)]/’ (2.194)

is a cumulative response vector with its expectation

Elyy] = Kigmy,

= KV] [7‘6[’2]1 R 71?[*[]]., ceey 71:[*[](171)]/
= K[Z] [1 —F[g]l, ey 1 —F[g]j, ceey 1 _F[Z](J—l)]/a (2195)
with
J
My =1—Fg;= > e, (2.196)
c=j+1

where, by (2.63) and (2.64), the multinomial probabilities are defined as

—opBotBe) gy —1 . J—1
1+2§;}ex§>(ﬁgo+ﬁgé> T (2.197)

e =
g forc=J,

143 Texp(Byo+Ber)

for/=1,...,p, whereas for £ = p+ 1, these probabilities are given as
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— o) fore—1,... 71
lJFZJ:l ﬁ AR
Tpti)e = g*llexp< o

1+35~ 1 exp(Bo)

2.198
forc=1J. ( )

Use xjg; = 0l(j_1)(p41) forall £=1,...,p+1, along with xjy. from (2.182) for
c=1,....J—1l;and £=1,...,p+ 1, and re-express all Ty in (2.196)—(2.197) as

exp(, B)

o (2.199)
2£=1 exp(x[é]gﬁ)

e =

where, similar to (2.178),

[3 = [ ]*/7"" ;/a"wﬁ;fl/]lv with ﬁJ* = [Bj()aﬁjh'"aﬁjfw"aﬁjp]l' (2200)

Note that o« parameters in (2.178) and 8 parameters in (2.198) are different, even
though they have some implicit connection. Here, one is interested to estimate 3 for

the purpose of comparing n[’}]j = 21:1 g with 1 — n[*[]j =3, Ty We construct

a GQL estimating equation (Sutradhar 2004, 2011) for 3 as follows.

2.3.1.4.1 GQL Estimating Equation for 3
2.3.1.4.1 (a) Computation of cov(yf‘g]) =TIg= Wejn): -1 x(I—1)
The elements of the I" matrix are computed as follows.

Najj = varbig,; — Kol

= Var[K[*(]j 7K[(]ij]

j
= Var[z ch}
c=1
j j
= Ky 21 e (1= mg0) — ; e | » forj=1,...,J—1.  (2.201)
c= c#c!

Next, for j < h,j,h=1,...,J—1,

Yejn = oV, — KT > Yign — Kia gl

J h

= COV[Z K[(]c’ 2 KV]C]
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J jh
= Ky | X mge(1 = mge) = X mgemge — X, 2 MeeMger | (2202)

Also it follows that ¥ ;5 = Viga,-

* 1

";’g] c(=D(p+1)x(J—1)

2.3.1.4.1 (b) Computation of

It is sufficient to compute the derivative of a general element, say n:[ 1) with respect
to 3. That is,

OMy; _ é ‘9”[6
aﬂ c=j+1

J J
> [’T[ac {ch -2 ”[e]uxwuH
c=j+1 u=1

= 3 [m o~ Ximg)]

c=j+1
= A, (xB): (J=1)(p+1) x 1, (say), (2.203)
yielding
Iy . .
3B (Aml(xﬁ) AL B) ...A[€]<171)(x7[3)) =D(p+ 1) x(=1)

= Ajy(x.B). (say). (2.204)

Next, by following Sutradhar (2004), and using (2.200)—(2.201), and (2.203), we
can write a GQL estimating equation for f3 as

p+1 anj* 4 .

Z Kin—5- 5[3 ( Kjgmy ])
p+1 .

=1

The solution of this GQL estimating equation (2.204) for B may be obtained
iteratively by using the iterative formula
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p+1 -1

B(r+1)=B(r)+ ZK YAl (. BT Ay (2. B)

p+1 |
x zziK[(g]AE}]()g BT, (yf}]—K[(g]ﬂ[*f]) S @209
= B=B(r)

yielding the final GQL estimate [§GQL, along with its asymptotic (as minj<¢<p4
Ky — o) covariance matrix

p+1 -1
cov[Beor] = ZK2 BT Ay (x.B)| (2.207)
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Chapter 3
Regression Models For Univariate Longitudinal
Stationary Categorical Data

3.1 Model Background

Note that the multinomial model discussed in Chap.2 and the inferences therein
for this model are described for a cross-sectional study, where the multinomial
responses with corresponding covariates are collected from a large number of
independent individuals at a single point of time. There are, however, situations in
practice where this type of multinomial responses are collected over a small period
of time. Here the repeated multinomial responses are likely to be correlated. But,
the modeling and inferences for such repeated multinomial data are not addressed
adequately in the literature. One of the main reasons for this is the difficulty of
modeling the correlations among the repeated categorical responses. This is not
surprising as the modeling for repeated binary data has also been a challenging
problem over the last few decades (e.g., Park et al. 1996; Prentice 1988; Oman
and Zucker 2001; Qaqish 2003; Farrell and Sutradhar 2006; Sutradhar 2010a, 2011,
Chapter 7), indicating that the modeling for correlations for repeated multinomial
responses would naturally be more complex.

Let yi = (Vitt, -+ Yitjs ---»Yiey—1)" be the (J — 1)-dimensional multinomial
response variable and for j =1,...,J —1,
W= oY) =01, 1,01 ) =6y 3.1)

indicates that the multinomial response of ith individual belongs to jth category at

time t. For j = J, one writes yl(t] ) = iw; = 01;_1. Here 1,,, for example, denotes the
m-dimensional unit vector. Also, let

!
Wit = [Witl, -+ -y Wits - - -» Witp) (3.2)

© Springer Science+Business Media New York 2014 89
B.C. Sutradhar, Longitudinal Categorical Data Analysis, Springer Series
in Statistics, DOI 10.1007/978-1-4939-2137-9_3



90 3 Regression Models For Univariate Longitudinal Stationary Categorical Data

be the p x 1 vector of fixed and known covariates corresponding to y;;, and 3; denote
its effect on y;; belonging to the jth category. For example, in a longitudinal obesity
study, w;; may represent the epidemiological/socio-economic variables such as

wi; = [age, gender, education level, marital status, geographical region,
chronic conditions and lifestyle including smoking and food habits]’ (3.3)
at a given year () for the ith individual. This w; will have f; influence to put the

response y; in the jth obesity level, where for J = 5, for example, standard obesity
levels are normal, overweight, obese class 1, 2, and 3.

3.1.1 Non-stationary Multinomial Models

Next, as a generalization to the longitudinal setup, one may follow (2.45) from
Chap. 2, and write the marginal probability for y; to belong to the jth category as

exp(Bjo+Bwir)

. — forj=1,...,J—1

J—1 Iy 9 )

Plyi = yl(tj) =5&ij] = Ty = 1+%, expl(ﬁgo+ﬁg it) ' (3.4)
for j =J,

1437~} exp(Beo+Bgwir)

where f8; = [Bj1,...,Bjs,---,Bjp| for j=1,...,J — 1, is the same as in (2.45) indi-
cating that the regression effects remain the same for all t = 1,...,T, even though
we now have time dependent covariates w;;, whereas in the cross-sectional setup,
i.e., in (2.45), w; is expressed as w; = [wj1,...,Wj,...,w;p]’. Note that except for
gender, all other covariates used to illustrate w;; through (3.3) can be time dependent.
Thus, w;; in (3.3) may be referred to as a time dependent (non-stationary) covariate
vector, which makes the marginal multinomial probabilities (3.4) non-stationary
over time. For example, to understand the time effect on longitudinal multinomial
responses, some authors such as Agresti (2002, Chapter 11, Egs. (11.3)—(11.6)) (see
also Agresti 1989, 1990) have modeled the marginal multinomial probabilities at a
giventime ¢(t = 1,...,T) by adding a deterministic time effect to the category effect
of the response variable. To be specific, for

w;; = [time, gender, time x gender]’ = [t, G,tG]’
the marginal probability in (3.4) reduces to
exp(Bjo+Bj1t+BpG+Bj3Gr) for j=1,....J—1

14377 ] exp(Bgo-+Bg11+Be2G+Byg3 Gt
71 exp(Bgo o+ Gt )f L (3.5
orj=J,

Plyi = Y§tj) = 5itj] =Tir)j =

1 +2£;% exp(ﬁg0+ﬁgl Z+Bg26+ﬁg3 Gl)
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which is similar to the marginal probability model (11.6) in Agresti (2002). Note
that when wj, is properly constructed using associated time dependent covariates
such as in (3.3), it is unlikely that time (¢) will directly influence the probability
as in (3.5). Thus, any model similar to (3.5) will have little practical values.
To understand the time effect, it is however important to exploit the possible

correlation structure for the repeated multinomial responses yii,...,Vis,--.,ViT,
when marginal probabilities are modeled by (3.4). Here y; is the (J —1) x 1
response vector defined as yi; = [yir1,. .., Vir oo Vit J—1)'- As far as the correlation

structure is concerned, Agresti (2002, Section 11.4) made an attempt to use the so-
called working correlation structure for the repeated multinomial responses, and
the regression effects were suggested to be computed by solving the so-called
generalized estimating equations (GEE) (Liang and Zeger 1986). But, as discussed
in detail by Sutradhar (2011, Chapter 7), for example in the context of longitudinal
binary data, this type of GEE approach can produce less efficient estimates than
the ‘independence’ assumption based moment or QL (quasi-likelihood) approaches,
which makes the GEE approach useless. Further as a remedy, Sutradhar (2010a,
2011) suggested to use an auto-correlation structure based GQL (generalized quasi-
likelihood) (see also Sutradhar 2010b, www.statprob.com) estimation approach that
always produces more efficient estimates than the aforementioned ‘independence’
assumption based estimates. However, in this book, instead of using the whole
auto-correlation class, we will exploit the most likely auto-regressive type model
but in both linear and non-linear forms. These linear and non-linear non-stationary
multinomial models and parameter estimation are discussed in detail in Chap. 4. The
so-called odds ratio based existing correlation models will also be discussed.

3.1.2 Stationary Multinomial Models

In some situations, covariates of an individual can be time independent. In such
cases, it is sufficient to use the notation

Wi = [Wil, . Wig, ., Wip)'
in place of w; (3.2) forallz =1,...,T, to represent p covariates of the ith individual.
For example, suppose that one is interested to study the effects of gender and race
on the repeated multinomial responses y;; : (J— 1) x 1 collected over T time periods.
For this problem, for the ith (i =1,...,K), one writes

w; = [gender;, race;]’ = [wir,wi]',

and consequently, the marginal multinomial probability, similar to (3.4), may be
written as


www.statprob.com
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exp(Bjo+Bjwi)
1437~ exp(Bgo-+Bywi)

) forj=1,....0J—1;t=1,...,T
Plyi =y;'] = w4 = (3.6)

s e 0 == 1T

where f8; for j = 1,...,J — 1, has the same notation as in (3.4), that is, f8; =
[Bj1,---:Bijs,---.Bjp) . Notice that these marginal multinomial probabilities in (3.6)
are the same as the multinomial probability (2.45) used in the cross-sectional case,
that is, for the + = 1 case. However, unlike the probability formula in (2.45), the
marginal probability in (3.6) cannot represent the complete model in the longitudinal
setup. More specifically, a complete model involving (3.6) also must accommo-
date, at least, the correlation structure for the repeated multinomial responses
Vily- -5 Vit, - - -, viT - We deal with the inferences for this type of complete longitudinal
stationary multinomial models in Sect. 3.3 for the binary case (J = 2) for simplicity
and in Sect.3.5 for general case with more than two categories (J > 2). To be
specific, in these Sects. 3.3 and 3.5 we will generalize the cross-sectional level
inferences discussed in Sect. 2.2 (of Chap. 2) to the longitudinal setup.

3.1.3 More Simpler Stationary Multinomial Models:
Covariates Free (Non-regression) Case

Similar to Sect. 2.1 (Chap. 2), it may happen in some situations that the multinomial
(categorical) data are collected from a group of individuals with similar covariates
background. For example, suppose that a treatment is applied to 500 males and a
multinomial response with three categories such as ‘highly effective,” ‘somewhat
effective,” and ‘not effective at all’ is collected from every individual. Further
suppose that this survey is repeated for 7 = 3 times with the same 500 individuals.
To model this type of data, it is appropriate to use the marginal probability as

exp(Bjo) fori=1 J—1:t=1 T
l+2£;iexp(ﬁg0) orJ T ’ B (3.7)
1 . :
—1——— forj=J;t=1,...,T,
T Tep(B)

()}

Plyy =yl =m; =

which is a covariates free and hence a simpler version of the marginal probability
relationship in (3.6). This marginal probability is the same as (2.2) which was
defined under a cross-sectional setup. In the present case, the repeated multinomial
responses yii,...,Vi,.-.,vir are likely to be correlated. In Sects. 3.2-3.5, we
accommodate the correlations of the repeated responses and develop the inference
procedure for efficient estimation of the parameters Bio,...,Bjo,...,Br—1,0. For
simplicity, the binary case (J = 2) is discussed in Sect.3.2 with no covariates
involved in the model, and in Sect.3.4 we deal with the general longitudinal
multinomial (J > 2) cases without covariates in the model. To be specific, in these
sections, we generalize the cross-sectional level inference discussed in Sect.2.1.3
(of Chap. 2) to the longitudinal setup. Both likelihood and GQL estimating equation
approaches will be discussed.
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3.2 Covariate Free Basic Univariate Longitudinal
Binary Models

For simplicity, in this section, we discuss various longitudinal binary models (J =2)
and inferences, and turn back to the general longitudinal multinomial case with
J > 2 categories in Sect. 3.3.

3.2.1 Auto-correlation Class Based Stationary Binary
Model and Estimation of Parameters

In the stationary longitudinal setup for binary (J = 2) data, for i = 1,...,K, the
marginal probabilities by (3.7) have the forms:

_exp(Bio) P
Pl =] = 7, { TrexptBio) OF =1 (3.8)
Yie = Vit J A forj=J=2

Fexp(Bro) O TS

forallz =1,...,T, where

Gy _Jlforj=1;t=1,....,T
Yit T\ 0forj=J=2;t=1,...,T.

For this stationary case, one may summarize the response frequencies over T
time periods through following initial contingency Table 3.1 and T — 1 lag (h* =
1,...,T —1) contingency tables (Tables 3.2(1)-3.2(1)(T — 1)):

Table 3.1 Contingency table t(r=1)
at initial time # = 1
Category
1 2 Total

Ki(1) |K2(1) K

Table 3.2 Lag h* (h* =1,...,T — 1) based [A*(T — h*)] contin-
gency tables

t(t=h*"+1,...,T)

Time Category

Time | Category | 1 2 Total

[&/ M| Ki(t—h* 1) | Kip@t—h*t) | Ki(t—h")
2 Kz](l—h*,l) Kzz(t—h*7l) Kz(l‘—h*)

Total K (l) K> (t) K
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As far as the correlation structure for the repeated binary responses is concerned,
following Sutradhar (2010a, 2011), it is quite reasonable to assume that they follow
an ARMA (auto-regressive moving average) type auto-correlation class which
accommodates simpler AR(1), MA(1) and equi-correlations (EQC) correlation
models. Note that the correlation structure of any correlation model within this auto-
correlation class can be understood simply by consistently estimating all possible
lag correlations, namely pj« for h* = 1,...,T — 1. These auto-correlations for the
stationary binary data form the common stationary 7 x T auto-correlation matrix,
say Ci(p) = Corr(Y;) = Corr(Yy,...,Yy,...,Yir) given by

I p1 p2 - pr-i

Glp)=| Pt 1 P P2 —(p), (3.9)

pr-1 pr—2 pr—3 -+ 1

which is same foralli=1,... K.

3.2.1.1 GQL Estimation of 19

To develop the GQL estimating equation for B9, we first provide a moment
estimating equation for p,+ by assuming that B¢ is known. Following Sutradhar
(2011, Eq. 7.67), for example, this moment equation is given by

15] . 2{(:1211/[*“)7@#%)7&/1((7" _h*) (3 10)
h* — ~ ’ .
zK:l ZrTzlyizt/KT

where ¥ is the standardized deviance, defined as

Fu = Yir — T
(1 —m) 2

where m; is defined by (3.8). Now by using the frequencies from the contingency
Tables 3.1 and 3.2, one writes

K T T K
ZZ)’it = 22)’1‘1 = 2K1(1)7 or
i=11=1 =1i=1 =1
K T T K T
oY vi= Y Dvi= 2 Ki();and
i=11=h"+1 t=ht1i=1 t=h* 41
K T T K T
oS view =Y Xviw= », Ki({t—h")
i=l1=h"+1 t=h"41i=1 t=h"+1
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T T K T
N Vieewyi = X, DViewvi= », Ku(t—h*,1). (3.11)

1t=h*+1 t=h*+1i=1 t=h*+1

M=

i

By using (3.11), it then follows from (3.10) that

b — = S K=k, ) — m{Ki () + Ky (t — h*) } + m2K ]
h 3T (1 —2m)Ki (1) + m2K] '

(3.12)

For the GQL estimation of f8jp we follow the steps below.

Step 1. Use py« =0, that is, C;(p) = C(p) = Ir, the T x T identity matrix, and
construct the covariance matrix X;(Bjo,p) as

Zi(Bro.p) = A;*C(p)A; ", (3.13)
where
A; = diag[o()11,- -+ Oty - O0yrT ]S (3.14)
with o;),, = var[¥;;]. Now because, in the present stationary case o(;) ;, = 71 (1 —
m ), that is A; = m; (1 — 7y )Ir, the covariance matrix in (3.13) has the simpler
form given by
Zi(Bro,p) = m (1 —m)C(p). (3.15)

Step 2. Then for

ﬂ(l) :E[Yl] :E[YZI;7Y11‘7>YIT]/:7r11T7

‘9”{,)2,1
-
258 (p) (i — 7))
K
= ZI/TC ! —71711]")

T T
=Y oki(1)-Km Y & =0, (3.16)

(Sutradhar 2011, Section 7.3.5) for B0, by using the iterative equation



96 3 Regression Models For Univariate Longitudinal Stationary Categorical Data

3 5 Lomy L 0my | & 0wy
Bio(r+1) = Bro(r) + 1:21 aﬁmzi (P)aﬁlo Zi aﬁmzi (P) i — 7)) A
[Bro=PB10(r)
~ 1 T T
= Pro(r) + R a Zi oKy (1) Km?ia)t] (3.17)

Step 3.  Use this estimate of B from (3.17) into m; and compute Py~ by (3.12),
and then compute the C;(p) by (3.9). Next, use this C;(p) in Step 1 to construct
the covariance matrix Z; by (3.15), and then obtain improved estimate of 39 by
using (3.17) from Step 2.

These three steps continue until convergence for ;¢ yielding the converged value
as the estimate.

Note that one can conveniently use the above iterative formula (3.17) to obtain the
standard error of the GQL estimate for 8¢. To be specific, because the variance of
the estimator depends on the variance of second term in the right-hand side of (3.17),
and because K individuals are independent, for known p, it follows that the variance
of the estimator 31 has the formula

[K onl. on’. 17" k an', o
A (i) v —1 (@) (i) 5 -1 -1 (@)
= > Z i — T |2 ST
wailful = | 35057 )35 | 3 g el ) 350
[ K Jn/, om, ]!
() 5 —1 (@)
> %
. |5 9B (P)aﬁlo_
K om ol 17! 1
2 () 5 —1 (@)
= El = 5 (3.18
|5 9B (°) IBo|  K{m(-m)}3L, o :

because var[y; — ;] = Zi(p)-

3.2.1.2 A Simpler Alternative Estimation Formula for f3,,

Note that in the present covariate free stationary case, one can first write a closed
formula for the estimate of m; and then solve for B9 from the formula for

T = %. To be specific, the estimating equation (3.16) provides

T
_1 oK (t
ﬁ.]:zt—la)f 1()

(3.19)
KZ;T=1 Wy

7

where K (¢) is the number of individuals those belong to category 1 (yes group) at
time 7, and @y is the #-th element of the row vector
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/

o =[O, 0r] = 1:C(p),

Next, by equating #; from (3.19) to lexp(ﬁlo)

W(B]O)7 one writes

Ao 31 oK (1)
exp(Bio) = K3 o -3, oK (1)

and obtains the estimate of B¢ as

Z;T:I (DtKl(t) )
K3 o -3 oK (1)

Bio = log (3.20)

which is easy to compute. However, finding the standard error of this estimate is
somewhat complex but can be done by using the so-called delta method, whereas
it is relatively much easier to use the variance formula (3.18) to obtain this
standard error.

3.2.1.3 Illustration 3.1: Analysis of Longitudinal Asthma Data Using
Auto-correlations Class Based GQL Approach

Consider the asthma data for 537 children from Ohio collected over a period of
4 years. This data set containing yearly asthma status for these children along with
their mother’s smoking habits was earlier analyzed by Zeger et al. (1988), Sutradhar
(2003), and Sutradhar and Farrell (2007), among others. The data set is available
in Appendix 7F in Sutradhar (2011, p. 320) (see also Zeger et al. 1988). Children
with asthma problem are coded as 1 and no asthma attack is coded as 0. However to
match with the notation of Table 3.2, we rename them (coded response) as category
1 and 2, respectively. Note that it is assumed in this study that mother’s smoking
habit remains unchanged over the study period. Thus, there is no time dependent
covariate. Consequently, it is reasonable to assume that probability of an asthma
attack to a child is not time dependent, but the repeated responses over 4 time periods
will be auto-correlated. It is, therefore, of interest to compute this probability after
taking the correlations into account. Further note that to compute this probability, in
this section, we even ignore the mother’s smoking habits as a covariate. In Sect. 3.3,
we reanalyze this data set again by including the smoking habits of the mother as a
binary covariate.

To be clear and precise, we first display all transitional contingency tables
corresponding to Tables 3.1 and 3.2, as follows:

Now to compute the probability (3.8) of having an asthma attack for a child, we
need to compute P9, taking into account that the asthma status of a child over two
different times is correlated. For the purpose, we however compute this parameter
first by treating the repeated responses as independent. Thus, by putting p;+ = 0 as
guided by Step 1, we compute an initial estimate of 19 by solving (3.16). More
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Table 3.3 Contingency table t(r=1)
for the asthma data at initial

time t = 1 for 537 children Category
1 (Asthma attack) | 2 (No attack) | Total
Ki(1)=87 K>(1) =450 | K=537

Table 3.4 (1): Lag h* = 1 based transitional table from time r — h* = 1
to t = 2 for the asthma data

2
Time Category
Time | Category |1 2 Total
1 1 K11(1,2) =41 | K12(1,2) = Ki(1) =87
2 K>1(1,2) =50 | K»n(1,2) =400 | K>(1) =450
Total Ki(2)=091 K>(2) =446 537

Table 3.4 (2): Lag h* = 1 based transitional table from time t — h* =2
to t = 3 for the asthma data

3
Time Category
Time | Category |1 2 Total
2 1 Ki1(2,3) =47 | K12(2,3) = Ki(2)=91
2 K»21(2,3) =38 | K»(2,3) =408 | K2(2) =446
Total Ki(3)=85 K>(3) =452 537

Table 3.4 (3): Lag h* = 1 based transitional table from time t —h* =3
to t = 4 for the asthma data

4
Time Category
Time | Category |1 2 Total
3 1 Ki1(3,4) =34 |K;»(3,4) = Ki(3) =85
2 K>1(3,4) =29 | K»n(3, ):423 K>(1) =452
Total Ki(4)=63 K>(4) =474 537

specifically we do this by using the iterative equation (3.17) under the assumption
that all py- =0 (h* = 1,2,3). This initial estimate of ;¢ is found to be

Bro(initial) = —1.7208.

Next we use this initial estimate of ;o and follow Step 3 to compute the auto-
correlations by using the formula (3.12). These auto-correlation values are then
used in (3.15) and (3.17) to obtain the improved estimate for Bio. In three cycles
of iterations, the final estimates for 3 lag correlations were found to be

pr = 0.40, p, = 0.3129, p3 = 0.2979, (3.21)
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Table 3.4 (4): Lag h* = 2 based transitional table from time t —h* = 1
to t = 3 for the asthma data

3
Time Category
Time | Category |1 2 Total
1 1 Ki1(1,3) =36 |Ki2(1,3) =51 |K(1)=287
2 K>1(1,3) =49 | K»(1,3) =401 | K»(1,3) =450
Total Ki(3) =85 K>(3) =452 537

Table 3.4 (5): Lag h* = 2 based transitional table from time t — h* =
to t = 4 for the asthma data

4

Time Category

Time | Category |1 2 Total

2 1 K11(2,4) =32 |K2(2,4) = Ki(2)=091
2 K21 (2,4) =31 | Kxp(2,4) =415 | K»(2) =446
Total Ki(4) =63 K>(4) =474 537

Table 3.4 (6): Lag h* = 3 based transitional table from time t — h* =
to t = 4 for the asthma data

4

Time Category

Time | Category |1 2 Total

1 1 Ki1(1,4) =31 |K;x(1,4) = K (1) =87
2 K1 (1,4) =32 | Kpn(1,4) =418 | Ka(1) =450
Total Ki(4)=63 K>(4) =474 537

yielding the final binary category effect (regression effect) as
Bio = —1.7284, (3.22)
with its standard error, computed by (3.18) as
e.(B1o) = v/0.00748 = 0.0865.

Note that the above correlation values are in agreement with those found in
Sutradhar (2003, Section 5.2) but this regression estimate in (3.22) is computed
by using a simpler regression model involving only binary category effect, whereas
Sutradhar (2003) (see also Zeger et al. 1988) has used a slightly different regression
model involving covariate (mother’s smoking habits) specific category effects. This
latter model but based on contingency (transitional) tables is discussed in the next
section. Turning back to the marginal model (3.8), by using the final regression
estimate from (3.22) into (3.8), one obtains the probability of having an asthma
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attack for a child as 7y = 0.1508, which appears to be a large probability and can be
a matter of practical concern. Note that the direct estimating formula (3.19) also
produces the same estimate 0.1508 for this probability and (3.20) consequently
yields the same estimate for ;¢ as in (3.22).

3.2.2 Stationary Binary AR(1) Type Model and Estimation
of Parameters

In the last section, the repeated categorical (binary) responses were assumed to
follow a general class of auto-correlation structures, and the inferences were made
by using the so-called GQL approach. Now suppose that one is interested to fit a
specific such as lag 1 dynamic (AR(1)) model to the same repeated binary data. It is
demonstrated below that one may use the likelihood approach in such cases for the
estimation of the parameters. Also, one may alternatively use the specific correlation
structure based GQL approach for the estimation.

3.2.2.1 LDCP Model and Likelihood Estimation

Refer to the repeated binary data for K individuals with transitional counts displayed
through the contingency Tables 3.1 and 3.2. For example, Kj;(1,3) denotes the
number of individuals with responses who were in category 1 at time t = 1 and
also belong to category 1 at time + = 3. We now assume that the repeated binary
responses of these individuals follow the so-called LDCP model (also known
as Markovian or AR(1) type LDCP model (Zeger et al. 1985; Sutradhar 2011,
Section 7.2.3.1)) given by

Plyn =y = ;= { 1i§i(ﬁﬁl’§)‘>°) for/=1 (3.23)
TTexp(Bio) for j=J=2;
Pl =y i1 =y ] = m+p 0, —m)
- ;Lig“,[l (g) say),g=1,2;t=2,....T; (3.24)
and
AP (e =1-2Y (), forg=1,21=2,...,T. (3.25)

it|t—1 it|t—1

This LDCP model presented by (3.23)—(3.25) produces the marginal mean and
variance of y;; fort =1,...,T, as
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E[Ytt] = EYilEYiZ o 'EYit [Yit‘)’i,t—ﬂ =m
var[¥y] = E[Yy] — [E[Y]]* = m (1 - m), (3.26)
and for u < ¢, the Gaussian type lag ¢t — u auto-covariances as
Cov[Yi, Y] = E[YuYi| — E[Yiu] E[Yi]
= Ey, [YmEY, oy By By Wi lyie—1]| — i
— p'varlti,
yielding the auto-correlations as

Corr[Yy, Yy = p' ™. (3.27)

3.2.2.1.1 Likelihood Function

In the LDCP model (3.23)—(3.25), there are 2 parameters, namely the intercept
parameter Bio (categorical regression parameter) and correlation index parameter
p. To construct the likelihood function, let fi(y;1) denote the binary density of
the initial response variable y;i, and f;(yi|yi;—1) denote the conditional binary
distribution of response variable at time ¢ given the response at previous time ¢ — 1.
Because K individuals are independent, the likelihood function based on lag 1
dynamic dependent observations has the form

(ﬁloa ) 1 1L17 (328)
where
Li = fi(yir) L a2lyin) - fr(virlyir—1),
with
fi(on) = [mP [m] = = m and

Fivulyie) = P Qi )PP A o)) 77, fore =2, T, (3.29)

yielding the log likelihood function as

LogL(Bio,p) = D, [vilog m + (1 —yi1)log m]

Mo LM~
M=
i

[y,,logln‘t (g )—i—(l—y,t)log?ultlt ()] (3.30)

o
I
P

oy
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Note that under the present stationary model, it follows from (3.24) that All itli— 1( )
and A! it)i— 1( ) are free from i and ¢. Consequently, for convenience, we suppress the

subscripts from these conditional probabilities and use A(!)(2) for l fi— 1( ), for
example. Next by using the cell frequencies from the contingency Table 3.2, we
express the log likelihood function (3.30) as

Log L(Bio,p) = [Ki(1)log m; + K»(1)log m,)

T
—|—10g7L ZK]] +log7L )ZKQ(Z‘—I,Z‘)

T T
+1og AW(2) Y Koy (1 — 1,1) +10g AP (2) ¥ Ko (1 — 1,1), (3.31)
=2 t=2

where by (3.24)—(3.25),

AV =m+p(l—m), AP (1) =1-20(1)=(1-p)(1-m)

20@) = (1-p)m, AP =1-202Q) = 1-(1-p)m. (332
This log likelihood function is maximized in the next section to estimate the
parameters 3o and p. We remark that unlike the computation of the likelihood
function under the present AR(1) type model (3.24), the likelihood computation

under other linear dynamic models such as MA(1) and EQC, however, would be
impossible or extremely complicated (see Sutradhar 2011, Section 7.3.4).

3.2.2.1.2 Likelihood Estimating Equations

The following derivatives, first, with respect to B9 and then with respect to p will
be helpful to write the likelihood estimating equations for ;o and p, respectively.

Derivatives with Respect to Bio and p
It follows from (3.24)—(3.25) and (3.32) that

om _ LO0m
mfm(l—m), T m(1—m),
a2y ~aa(2)
oo oPmmm) =55
A1) A (2)
RGAANE SoA—] l-m) = ——— .
T (1-p)m (1 —m) T (3.33)
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and
8&;1;(1) —(1—m): 8/1;2;(1) — (-m),
8&;‘;(2) R 8),;2:)(2) - (3.34)

By (3.33), it then follows from (3.31) that the likelihood estimating equation for 1o
has the form

dLog L(Bio,p) Ki(1) Kx(1)
T ‘[”‘“‘”‘”[ nom }
Py Kll(t L) 3L Klz(t 1,1)
#10 - pm (-] [ ) B el
zt K21 t—1,1) Zt Kzzl‘—ll‘)
+ [(l_p)nl(l_ﬂl)] I 2 (2) : (2) :|

= [mK (1) — mKx(1)]
e zKH(f— 1) XK —1,1)

[0 =p)m(—m)]| M1 A2
ZzT: K -1, ZtT: K: —L
- 21?11>((t2) = 21?22>((t2) l)} - o

Similarly, the likelihood estimating equation for p has the form

dLog L(Bio,p) _ =] Fle(“(z—l,z) YRy I l)}
op - ! A1) 20(1)
B ST Ko (t—1,1) B ST Kyt — 1,t)] B
(1] [ o) 100 =0. (3.36)

Note that it is relatively easier to solve these score equations (3.35) for Big
and (3.36) for p, marginally, as opposed to their joint estimation. To be specific,
for known p, the marginal likelihood estimate for 3;p may be obtained by using the
iterative equation

A

Bio(r+1) = Bro(r) -

9

{azLog L(Bro,p) }1 JLog L(ﬁlo,m]
1Bio=B1o(r)
(3.37

B, dBio
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where the second derivative by (3.35) has the formula

9*Log L(Bio,p)

= —Km(1-
B mim

-y - w1 -2y | EREIUCL) DKl L)

A(1) A1)
N oKt —11) 3 Kn(—1,)
2 (2) 2@(2)
SIoKn(t—1,0) XL, Kp(t—1,1)
- [(I—P)m(l—m)]z[ {27L<‘)(1)}2 + {21(2>(1)}2
S Kn(t—1,0) XL Kn(t—1,1)
iy T 0ep } (339

Similarly, for known f;9, the marginal likelihood estimate for p may be obtained
by using the iterative equation

9?Log L ! 9Log L(Bro,
ﬁ(rJrl)ﬁ(l”)l{ Ogap(fw’p)} 0g3§)ﬁmp)1 , (339
lp=p(r)

where the second derivative by (3.36) has the formula

82LogL([310,p) _ _[1 _r ]2 |:th2K11(t_ lvt) ZtT:ZKIZ(t_ lat):|
> S pomy {201y

- [ZszKzl(f— L) S Kn(t— 1J)]
YAy {22(2))2

(3.40)

3.2.2.1.3 Illustration 3.2 (Continuation of Illustration 3.1 for Longitudinal
Asthma Data Analysis): AR(1) Correlation Model Based
Likelihood Estimates

To use the iterative equations (3.37) and (3.39) for maximum likelihood estimates
for ﬁloAand p, we follow the cyclical iterations as follows. Starting with initial
values B10(0) = 0 and p = p(0) = 0, the iterative equation (3.37) is used to obtain
an improved estimate for fBjo. This improved estimate for B9, along with initial
value p(0) = 0, is then used in (3.39) to obtain an improved estimate for p. Next,
the B1o estimate is further improved by (3.37) using this new estimate for p. This
cycle of computations continues until convergence. The resulting likelihood (L)
estimates were
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Bio = —1.7306, and py = 0.5258.

Note that the likelihood estimate of p is much larger than lag 1 correlation estimate
p1 = 0.40 found in Sect.3.2.1.3, by using the method of moments based on a
general auto-correlation structure. This is not surprising as the lag correlations
found in (3.21) indicate an equi-correlation structure for the data whereas we have
fitted the likelihood method to the data assuming that they follow AR(1) structure.
Nevertheless, the estimates of B9 (Bi0 = —1.7306) and the resulting probability
of an asthma attack (#; = 0.1505) were found to be almost the same as those
(BIO = —1.7284, #; = 0.1508) under the general auto-correlation model.

3.2.2.2 LDCP Model and GQL Estimation

Note that under the lag 1 based LDCP model (3.23)—(3.25), the stationary correla-
tion structure specified by (3.27) has the form

1 p p> .. pl!
apy=| PPt o), (3.41)
STl T2 T3
for all i = 1,...,K. Consequently, similar to (3.16), one may use this known

correlation matrix C(p) and construct the GQL estimating equation as

T T
= @K (t)—Km Y, & =0, (3.42)

and solve it iteratively by using

A ) 1
Bio(r+1) = Bio(r) + Kim(-m)Nsl, o |~ =
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Note that this GQL estimation by (3.42) and (3.43) is much simpler than obtaining
the estimate of ;¢ by using the likelihood based iterative equation (3.37). Further-
more, the moment estimate of p parameter may be obtained easily either by (a) an
approximation, or (b) exact moment matching, as follows.

(a) Approximate moment estimate

To estimate the correlation matrix (3.41) one may argue that once p is estimated
by using the lag 1 sample correlations, the other elements can be computed.
Note that this would however yield an approximate moment estimate as higher
order sample moments, in relation to lag 1 moment, may not satisfy the pattern
in (3.41). Nevertheless, it would be simpler to use such an approximation which
may not affect adversely the regression, that is, Bjo estimation. This simpler
estimate can be computed by (3.12) using #* = 1. Thus,

A

707 S [Kin (1 =1, 1) = {Ki (1) + Ki (1 = 1)} + 77K
72 [(1=2m)Ky (1) + mK] '

b1 = (3.44)

(b) Exact moment estimate
When sample moments of all possible lags are used, a moment equation for
p is constructed by matching the decaying correlation pattern in (3.41). To be
specific, p may be computed by solving the polynomial moment equation

T-1 T-1

YT —m)p" = 3 (T —h)pw, (3.45)
h*=1 h*=1

where pj+ is computed by (3.12) forall »* =1,...,T — 1.

3.2.2.2.1 Illustration 3.3 (Continuation of Illustration 3.1 for Longitudinal
Asthma Data Analysis): AR(1) Correlation Model Based GQL
Estimates

(a) Using approximate correlation estimate:
For the asthma data considered in illustrations 3.1 and 3.2, the GQL estimating
equation (3.43) for B0 and the approximate moment equation (3.41) for p,
produce by iteration, their estimates as

Bio = —1.7445 and p = 0.40,

with standard error of Bjo, by (3.43) and (3.18), as s.e.(fig) = 0.0802.
Notice that the approximate moment estimate p = 0.40 under AR(1) model is
different than the likelihood estimate p; = 0.5258 under the same AR(1) model.
However, the B9 QL estimate under the AR(1) model, that is, Blo = —1.7445
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(b)
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produces similar but slightly different probability of asthma attack, namely
711 = 0.1487, whereas under the general auto-correlation model (illustration
3.1), the probability was found to be 0.1508.

Using exact correlation estimate:

In this approach, B¢ is estimated by (3.43), but the moment estimate of p is
obtained by solving the polynomial equation (3.45). To be specific, for T = 4,
by (3.45), we write the moment estimating equation as

f(p)=3p+2p>+p> = (3p1+2p2+p3) =0, (3.46)

where Py« for h* = 1,2,3 are computed by using the formula (3.12) with
adjusted value of m; using B¢ estimate from (3.43). This moment equation
may be solved by using the iterative equation

pr ) =p() - (P )| . (3.47)
p=p(r

After five iterations, (3.43) and (3.47) yielded

310 = —1.7525, and p = 0.4998.

These estimates are very close to the likelihood estimates computed for
illustration 3.2. This is expected as both likelihood and the present GQL
approach use the exact correlation estimate for the AR(1) model. The GQL
estimate f3jp = —1.7525 has the s.e.(f10) = v/0.007393 = 0.0860, and this
yields the probability estimate as 7; = 0.1477.

3.2.3 Stationary Binary EQC Model and Estimation

of Parameters

In Sect.3.2.1.3, the lag correlations for the longitudinal asthma data were found
to indicate equal correlations (3.21) among binary responses. For this and other
similar data, one may like to consider an EQC model as opposed to AR(1) type
linear dynamic conditional probability (LDCP) model discussed in Sect. 3.2.2.1.

3.2.3.1 EQC Model and Likelihood Estimation

Unlike the AR(1) model, the EQC model for binary responses may be modeled as
follows (Sutradhar 2011, Section 7.3.3). Let y;o be an unobservable initial binary

response with its mean 7 = ~22B10)_ That i

1+exp(Bio)
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I+exp(Bio) (3.48)

forj=J=2;

X exp(Bio) fori=1
J=
Plyj = )’%)] =m;= {

1
I+exp(Bio)

Plyir :yz(tl)|yi0 Zy%)] =m +p(y,%) —m)
,,\0( g)(say),g=1,2¢t=1,....T;  (3.49)
and
/1,-5\23(8)= 1—7L,§|3( ), forg=1,2;t=1,2,. (3.50)

This model (3.48)—(3.50) has the following basic properties:
E[Yy] = m, and var[¥y] = m (1 — m)), forallt =1,...,T
cov[Yiu, Yy] = p>mi (1 —m), foru #t, (3.51)
yielding

Corr[Y,, Y] = p2, for all u #¢.

3.2.3.1.1 Likelihood Function and Estimation Complexity

Refer to the conditional probability model (3.49). It is clear that given y;o, all
repeated responses are independent, whereas the latent binary response y;o follows
the binary distribution with parameter m; given in (3.48). Also, conditional on yjo,
each of the responses yji,...,y;r follows the binary distribution with proportion

parameter 0 < A t‘g( ) < 1. Thus, one writes the likelihood function as

L(Bro;p) 1 ZOHt 1 L ielyio) f (vio)]
yio

2 . (8)
=13 1 |G - Ao |

g=1
=nf, [( HtT1{7Ln|o( VP {1 — n|o( ) )’u)
+ (I ey - Ay, 652
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where

() =m+p(1—m)=A0(1), and A5)(2) = m (1 - p) = 2V(2).

The log likelihood function may then be written as

Log L(B1o.p) Zlog ai(Bio,p) +bi(Bio,p)], (3.53)

where

ai(Bio,p) = al TIT  {AW (1) {1 — 2D (1)1
bi(Bro,p) = ML {AW @) P {1 =21 (@2)} i,

Notice that the log likelihood function became complicated for the purpose of
writing likelihood estimating equations for Bjop and p, which happened mainly
because of the summation over the binary distribution of the latent response yo
to derive the likelihood function as in (3.52). Nevertheless, interested readers may
go through some algebras as in the next section and derive the desired likelihood
estimating equations.

3.2.3.1.2 Likelihood Estimating Equation

The likelihood equations have the forms

9a;(Bio.p) | 9bi(Bio.p)
ILogL(Bio.p) & TaBo T+ 9B

= =0, and
aﬁlO i=1 ai(ﬁ107p)+bi(ﬁ107p)
94i(Bio.p) | 9bi(Pro.p)
dLogL(Bio,p) _ g 8;130 + a;ﬂo —0 (3.54)
dp = ai(Bro,p) +bi(Bio, p) 7

for B1p and p, respectively. Now write

T T
ai(Bio,p) = exp [Tlog b} +logk(1)(l) Zyit JrlogﬂL 2 1—y; ]

=1 =1

DM~

T
bi(Bio, p) = exp [log AD(©2) Y yi+1og A2 (2)

t=1 t

(1 _)’it)] : (3.55)

1

Notice that the forms a;(B10,p) and b;(Bio,p) are determined by the categorical
status of the ith individual collectively over all T time period. Thus, if an
individual belongs to category 1 in any d time points, say, and in category two
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Table 3.5 Contingency table with overall status for the whole period
Distribution of individuals based on number of times (d) in category 1
0 1 2 .. |d | T Total
Ki(0) |[Ki(1) Kj@) .. Ki(d) .. |K(T) K

in remaining times T — d, then Y/, y; = d. Note that this d ranges from 0 to T.
Now for convenience of taking summation over all i to compute the likelihood
equations (3.54), one can form the contingency Table 3.5.

Using the frequency Table 3.5, one may then simplify the likelihood equations
in (3.54) as

day(Bro.p) | 9b;(Bio.p)

M — S 9Bio 9Bio —0. and
IBio =0 a;(Biosp) +b5(Bio,p)
aaj(Bio.p) | 9b;(Bro.p)
ILogL(Bro.p) _ & ‘oot ‘op
= " " =0, (3.56)
8[) d:()ad(ﬁl()7p)+bd(ﬁ10ap)

for B1o and p, respectively, with
(1o, p) = exp [K;* (d) {Tlog 1 +d log AV (1) + (T — d)log z<2>(1)}}
bi(Bio, p) = exp [Kf (d) {d log A(D(2) + (T — d)log M(z)H . (3.57)
Next by using the derivatives from (3.33) one writes

PiPOL) _ i) [Kf(dm—m){ﬂl ”’“(x 3o 1))}]
d

(1)
AL bipo.p) [k @0 - p)m(1 ) (55~ )|
(3.58)

yielding, by (3.56), the likelihood estimating equation for 1 as

aLOgL(ﬁIOJ)) _ < * -
aB]O _dgz]Kl (d)(l ”1)

a;(Bio;p) 3 d T—d
az(ﬁm,p>+bz(ﬁw,p>{”l ”‘( m ;uz(l))}
d d

b;;(ﬁl()vp) B
a;(ﬁlo,p)—l—b;(ﬁlo,p) {Tfl(l p) <)~ 1)( ) l(2>(2)) }] =0. (3.59)

>
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Similarly, by using the basic derivatives from (3.34) into (3.56), one obtains the
likelihood estimating equation for p as

aLOgL(BlOap) 4 *

a5(Bio.p) B d_ T-d
g aﬁ(ﬁlo,pwbzwm,p){“ ’“)(Mm A<2><1>)}

B b4 (Bro.p) d T-d _
ay(Bro.p) +b;(Bro. p) {m (1(1)(2) /1(2)(2)> H 0
(3.60)

These equations (3.59) and (3.60) are then solved iteratively to obtain the
likelihood estimates for Bjo and p under the EQC model, p? being the common
correlations between any two binary responses. Note that writing the iterative
equations, similar to (3.37) and (3.39) under the AR(1) model, requires to compute
the second order derivatives

9*LogL(Bio,p) 9*LogL(Bio;p)
and
By T
respectively. However the calculus is straightforward but lengthy and hence not
given here.

Remark that the computation for the likelihood estimates obtained in Sect. 3.2.2.1
for the AR(1) model (3.23)—(3.27) was much more involved than that of the
GQL estimation in Sect.3.2.2.2. Under the equi-correlation model (3.48)—(3.51),
the likelihood estimation became more cumbersome. In the next section, it is
demonstrated that obtaining the GQL estimates for the parameters of the EQC
model is rather straightforward, and hence much easier than obtaining the likelihood
estimates.

3.2.3.2 EQC Model and GQL Estimation

Note that the marginal means and variances produced by the EQC model (3.48)—
(3.50) are the same as those of the AR(1) model (3.23)—(3.25). The difference
between the two models lies in the correlation structure, with decaying correlations
(as lag increases) as given by (3.41) under the AR(1) model, whereas the equi-
correlation model (3.48)—(3.50) yields the equi-correlation matrix as

1 p2 pz...pz
2 2...p2

Glp)=|P" 1 PT P = (p), (say), (3.61)
p*p?p--- 1
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forall i =1,...,K. Thus, similar to the AR(1) case (Egs. (3.42)-(3.43)), the GQL
estimating equation for 319 under the EQC model may be written as

/
K 87r(.

i) -1
> i T
2 5B (P) (i — 7))

K
=Y 17C (p)vi—mlr)
i=1

K

= Z(a)*l,. ..,(D*t,. . .,w*T)(yi - TEIIT)
i=1
T T

=Y 0 Ki(t)-Km Y 0 =0, (3.62)
=1 =1

and solve it iteratively by using
A A 1 I

T
ﬁ]o(r+1) :[310(}’) a)*,Kl(t)—Km Za)*, .
1 t=1

Jr
K{m(1-m)} 3l 0% |2
(3.63)
As far as the estimation of the common correlation p? is concerned in this EQC
setup, similar to the exact moment estimating equation (3.46) under the AR(1) case,
one may equate the data based auto-correlation matrix (3.9)—(3.10) with the model

based correlation matrix C*(p) (3.61), and obtain the moment estimating equation
for p? as

T—1
{T(T-1)/2}p> = 3, (T —1")pw, (3.64)
h*=1
(see (3.45)) where Py is computed by (3.12), that is,
= S e [Kn(t—h*, 1) = m{K (t) + Ky (t — h*) } + K]
L3I [(1—2m)Ky () + m2K]

A

Ph* =

)

where K| (¢) and Kj; (t — h,t) are counts from the contingency Tables 3.1 and 3.2.

Note that when correlations are known to be common for all individuals at any
two time points  and 7, (u < t), instead of the weighted sum of the lag correlations
as shown in (3.64), similar to (3.10), one may compute, say p,; by

B = > Sudi /K
ur — b
VIZE /KR, /K]

(3.65)
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where Jj;, for example, is the standardized deviance, defined as
Yit — 01
{m(—m)}/?’

with ; as in (3.48) (also same as (3.8)). Note that in terms of cell counts, this
estimate in (3.65) is equivalent to

)7it =

B = [Kll(u,t)—7Z1(K1(M)+K1(t))+K7T12VK
\/[{(1 —2m)Ki (u) + K7} /K] [{(1 = 2m)Ki (1) + K7 } /K]

(3.66)

Next, because p,, = p2 for all u,t, under the EQC structure (3.61), one may
estimate this parameter as

5 2 T T-1
p :m 2 I;Pur (3.67)

t=u+1

In summary, once p2 is computed by (3.64) or (3.67), we use this estimate
in (3.63) to compute 39, and the iterations continue until convergence.

3.2.3.2.1 Illustration 3.4 (Continuation of Illustration 3.1 for Longitudinal
Asthma Data Analysis): EQC Correlation Model Based GQL
Estimates

Recall from Sect.3.2.1.3 that the lag correlations for the asthma data were found
to be

p1 = 0.40, pr = 0.3129, p3 = 0.2979,

(Eq. (3.21)) indicating EQC perhaps would be a better model to fit the data as
compared to the AR(1) model. Now to illustrate the application of the EQC
model (3.48)—(3.50), we have estimated the correlations by using both the lag
correlations (3.64) and pair-wise correlations (3.67) based moment equations, and in
each case 19 was estimated by solving the GQL estimating equation (3.62). To be
specific, the moment formula (3.64) for correlation p? and the GQL equation (3.62)
yielded

p? =0.3538, Bio = —1.7208, (3.68)

with s.e.(Blo) = 0.0863. Furthermore, this estimate of B from (3.68) yielded the
estimated probability as #; = 0.1518. Similarly, the pair-wise correlations based
moment formula (3.67) and the GQL estimating equation (3.62) produced the
estimates as

p2 =0.3470, Bro = —1.7208, (3.69)
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with s.e.(ﬁlo) = 0.0859, further yielding the same probability estimate as 7} =
0.1518. Thus two approaches using slightly different moment formulas for corre-
lations produce almost the same results. For the sake of completeness, one may note
the pair-wise correlation values as

P12 = 0.3545, py3 = 0.4435, Pag = 0.3768,
P13 = 0.3081, poy = 0.2772,
Pra = 0.3216,

which again tend to support the EQC model for the data. By the same token, the
correlation estimate from (3.47) under the AR(1) model assumption was found to
be p = 0.4998, which is much larger than p> = 0.3545. Furthermore, as expected,
the EQC model based estimate p> = 0.3545 is close to the aforementioned lag
correlations (see also Eq. (3.21)).

3.2.4 Binary Dynamic Logit Model and Estimation
of Parameters

As opposed to the LDCP model discussed in Sect. 3.2.2.1, there exists a non-linear
(in logit form) dynamic conditional probability model for the analysis of binary
and multinomial panel data. See, for example, Amemiya (1985, p. 422), Farrell and
Sutradhar (2006), Sutradhar and Farrell (2007) for such models in the regression
setup with fixed covariates (resulting to fixed effects model); and Fienberg et al.
(1985), Manski (1987), Conaway (1989), Honore and Kyriazidou (2000), Sutradhar
et al. (2008) and Sutradhar et al. (2010) for similar models in the regression setup
with random effects (resulting to mixed effects model). This type of non-linear
dynamic models is useful when the mean response level at a given time appears
to maintain a recursive relationship with other past mean levels. In this section,
we consider the binary dynamic logit (BDL) models in the most simple stationary
setup with no covariates. The multinomial dynamic logit (MDL) models involving
no covariates will be discussed in Sect. 3.4, whereas similar models with time
independent (stationary) covariates will be discussed in Sect. 3.3 for the binary data
and in Sect. 3.5 for general categorical data.

3.2.4.1 BDL Model and Basic Properties

For the BDL model, the marginal probability function for the initial binary response
vi1 has the form
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X exp(Bio) fori=1
X J=
Texp(Bg) O/ TS T S

which is same as in the LDCP model (3.23). However, for ¢t = 2,...,T, the
conditional probability, unlike the LDCP model (3.24), has the dynamic logit form
given by

P(Ye =

77,-%;)_1(8) Yijo1= yfﬁll)

(g)
+vy;
M, forj: l’g: 1’2’[:2’7T
1 +exp {ﬁloﬂ’lyii,l} 3.71)

1 .
1 forj=J=2g=121=2,. . ..T,
trexp [Broml | 8

where y; denotes the dynamic dependence parameter, which is neither a correlation
nor an odds ratio parameter. But it is clear that the correlations of the repeated
multinomial responses will be function of this y; parameter. Furthermore, the
marginal probabilities (3.70) at time # = 1 and conditional probabilities (3.71) for
t=2,...,T, yield the marginal probabilities at time #(t = 2,...) as functions of S
and they are also influenced by 7y, parameter. For example, in the binary case (/= 1)
the unconditional (marginal) probabilities have the forms

El¥y] = mgyy == Pri¥y =\

exp(Bio) _
{ I+exp(Bio)’ forr =1 (372)

Ny +m -l —nilforr =2,....T,
(Sutradhar and Farrell 2007) for alli = 1,...,K, with

s _expBoty) oo.exp(Bo)
M= T exp(Brot 1) ™ ™M = T exp(Bro)

Note that in (3.72), m(j; = nj. Now, to see the role of y parameter on
the correlations of the repeated responses, one may, for example, compute the
correlations for the repeated binary responses y;, and y; (u < t) as

7yt (1= Tguyt) S,
corr(Yy,,Y;) = 11 =u m—-n
(Yiu, Yie) \/n([.];)l(ln([.ml) ka1 (M —17)

Tt (L= 1) o e .
= 1—n , foralli, andu <t, (3.73)
\/”(Ht)l(l — () (=)

where the marginal probability 7(;); at time 7 is given by (3.72).
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3.2.4.2 Likelihood Estimation of Parameters

For the BDL model (3.70)—(3.71), the likelihood function for the parameters Bio
and 7 has the formula

L(Bio, 1) = 1K, L;, (3.74)

where

Li= fivi) L ilyi) - frirlyir-1),

with

, . i
Filyin) = [P gl Zm, and

1 (2 v
Filvlyi) = Ing) (@P i) ()], forr=2,....7,  (3.75)
yielding the log likelihood function as
K

Log L(Bio,v1) = . [yinlog 1)1 + (1 — it )log mp)o)]
i=1

o3

T
2 ilog i), () + (1 —yi)log 0} ()] (3.76)

mMa

Note that under the present stationary model, similar to (3.30), it follows
from (3.71) that n i‘ z> ,(1)andn (t‘ I) ,(2) are free from i and ¢. Thus, for convenience,
suppressing the subscripts from these conditional probabilities and using n(l)(l)
for nl(t‘ t) ,(1), for example, and by using the cell frequencies from the contingency

Table 3.2, one can express the log likelihood function (3.76) as

Log L(Bio, v1) = [Ki1(1)log 71 + Ka(1)log 7(1)2]
T

+1ognV(1) Y Ky (t—1,1) +log n® ZKlzt—lt
t=2

+logn™ 21(21 (t—1,1)+logn® ZKZQ (t—1,1), 3.77)
=2 t=2

where by (3.71)—(3.72)

T =N T =1-ny
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n() =, 1) =1-nM) =1-m
ni,n¥2)=1-nV@2)=1-n;. (3.78)

Also it follows from the formulas for n; and 7 in (3.72) that

Ingun  an'(2)

_ — m* 1— *
2B10 9B Ny ( ny)
Inpuyn  an®(2)
_ ;¥ 1— *
Bo B M)
onWy _oon®a) y
=i (1=7), T — A (1= ): 3.79
B (1 =) B0 (=) (3.79)

and

Inny  InW@2)  Impup  an?(2)

= = = =0
an an M a7
() mAy
— (1=, — A (1 —1)). 3.80
o Mm(l-7 o (=) (3.80)

3.24.2.1 Likelihood Estimating Equations

By using (3.79), it follows from (3.77) that the likelihood estimating equation for
Bio has the form

8LogL(ﬁ10,}/1)_ K1k Kl(l)_KZ(l)
T—[M(l 771)][ n s ]

_ T _
+ (A1 (1= 7iy)] FI 2K11((t1) 0 L 2[(12((11) )}
i) FZ 2K21((tz;1 0o 21@2((;2 )} —0. (381

Similarly, by using (3.80), the likelihood function (3.77) yields the likelihood
estimating equation for y; as

ILog L(Bi0,11) _ (= 1~ v [ZKu(t=1,0) SKn(—-1,0)7
N =ma m)]{ nM(1) n@(1) }_O'
(3.82)
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As opposed to the joint estimation, the estimating equations (3.81) and (3.82)
may be solved marginally through iterations. To be specific, for known %;, the
marginal likelihood estimate for 3;9 may be obtained by using the iterative equation

)

9*Log L(Bio, 1) }_1 dLog L(Bio,11)

Bio(r+1) = Bio(r) — H B2, aBio

] 1Bio=Pio(r)
(3.83)

and using this estimate, that is, for known 9, the marginal likelihood estimate of
7 may be obtained as a solution of (3.82) by using the iterative equation

1
Nr+1)=n(r) - { 9*Log L(Bio, 11) } dLog L(Bio; 1)

. (384)
m I ] lp=p(r)

In (3.83), the second derivative of the likelihood function with respect to 8¢ has the
formula

9?Log L(ﬂlo,%)

‘9/310 —K[ni(1—-ny)]

i i ~z,m0t>ﬂkw 1,7)
+[771(1—T11)(1—2771)][ = (1) — == o)1) ]
(1= )1 -2n)] 2 ZK”((’JI 42 2K”>({2> ’]

~ ~ SEoKn(t—1,0) YL, Kia(t—1,1)

- B2 A

. o [ Ko (t—1,1) S, Kot —1,1)

i | B e B 359

and in (3.84), the second derivative of the likelihood function with respect to y; has
the formula given by

9*Log L(B1o, 1)

—mmmmmniﬁm“)xm”“q
In

n1 @)

ZthzKll(t_ 17t) + ZlT:zKlZ([_ lat)
{n(1)}? {n@(1)}2

— [m( —fn)}z[ ] (3.86)
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3.2.4.2.2 Tllustration 3.5 (Continuation of Illustration 3.1 for Longitudinal
Asthma Data Analysis): BDL Model Based Likelihood Estimates

Notice that the longitudinal asthma status data described through contingency type
Tables 3.3 and 3.4(1)-3.4(6) were analyzed in Sect.3.2.1.3 by fitting a general
auto-correlation structure for repeated binary (asthma status) data. A LDCP model
was fitted to the same data set using likelihood approach in Sect.3.2.2.1.3, and
the GQL approach in Sect. 3.2.2.2.1. Also an EQC model was fitted by using the
GQL estimation approach and the results were discussed in Sect. 3.2.3.2.1. We now
illustrate the fitting of a completely different, namely non-linear dynamic model,
to be more specific the BDL model, to the same asthma status data, by using the
likelihood approach.
The estimation was carried out as follows.

Step 1. Using initial values Bjp = 0 and y; = 0, and applying the iterative
equation (3.83), B1o was estimated as —1.6394, in a few iterations.

Step 2.  Using the initial value y; = 0.0 and B¢ value from Step 1, the iterative
equation (3.84) was applied only once to obtain the value for y; as 2.2137.

Step 3. The y; value from Step 2 was used in Step 1 to obtain an improved
estimate for 19 by (3.83), and this improved ;¢ estimate was applied in (3.84)
as in Step 2 to obtain an improved estimate for ;.

Step4. The above three steps constitute a cycle of iterations. This cycle was
repeated a few times (5 times to be precise) to obtain the final estimates as

Bio = —2.1184, and 71 = 1.9737.

Next, to understand the model parameters such as recursive means (n([,],)l) and
variances (7(.))1{1 — ;)1 }) over time, we have applied the final estimates from
Step 4 to (3.72), which were found to be as in the following Table 3.6. Note that the
means reported in Table 3.6, found by using the recursive relation (3.72), appear to
reflect well the observed proportions calculated by K (¢) /K at a time point ¢. Further
to understand the longitudinal correlations of the data, we have computed them by
using the BDL model based correlation formula given by (3.73). These correlations
are given in Table 3.7. It is interesting to observe that these lag correlations appear
to satisfy a Gaussian AR(1) type structure. Note that if the marginal variances
over time are almost equal, then following (3.73), one would have computed the
correlations by

Table 3.6 Marginal means

Time
d vari for the asth .
?izta\:\f;?riicrisfe l())zrlsecfl: ;:1 Bn];i Quantity Year1 |Year2 | Year3 | Year4
model (3.70)—(3.71) Mean 0.1073 |0.1456 | 0.1592 |0.1641
Variance 0.0958 |0.1244 | 0.1339 | 0.1372

Observed Proportion | 0.1620 | 0.1694 | 0.1583 | 0.1173
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Table 3.7 BDL model based
pair-wise correlations (3.73)
for the asthma data

Time
Time |Yearl |Year2 |Year3 | Year4
Year1 | 1.0 0.3129 |0.1075 |0.0.0379
Year2 |0.3129 | 1.0 0.3437 |0.1210
Year3 |0.1075 | 0.3437 | 1.0 0.3522
Year4 |0.0379 | 0.1210 |0.3522 | 1.0

u
)

corr(Yy,,Yy) = [ty — ]~
indicating AR(1) type correlations. Further note that these results are not
directly comparable with likelihood estimates under the LDCP model found in
Sect. 3.2.2.1(b). This is because, even though the same likelihood approach is used
for the estimation of the model parameters, models are, however, quite different,
one being linear and the present model in this section is non-linear. Nevertheless,
the probability of having an asthma attack under the LDCP model was found to
be 0.1447, for any time points, which is close to the probabilities (means) at time
points 2, 3, and 4, shown in Table 3.6.

3.3 Univariate Longitudinal Stationary Binary
Fixed Effect Regression Models

In Sect. 3.2, individuals were categorized into one of the two (J = 2) categories at a
given time ¢, without considering their covariates. But in many practical situations,
information about some of their possibly influential covariates are also collected.

Recall from Chap. 2, specifically from Sect.2.2.2 that at a cross-sectional setup
as opposed to the longitudinal setup, the probability for an individual i with a single
covariate, say, at level £(£{ = 1,...,p) to be in the jth category (see Egs. (2.63)—
(2.64)) has the form

_exp(Bio+Bie) .
T = Toop — & 1Fexp(Bio+Bic) for j=1
GF; (iel); et
1+exp(ﬁ10+ﬂlg) .] - — 4,

and for £ = p + 1, these probabilities have the formulas

exp(Bio) fori=1
R ) Trexp(Bro) O T
Tp+1)j = Tic(p+1))J —{ 1 Loy
: Trew(f) 1017 =7 =2

Now using the notation from (3.6), in the stationary binary (J = 2) longitudinal
setup, for all time points t = 1,..., T, these probabilities may be written as
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Table 3.8 Contingency table t(t=1)
at initial time t = 1 for binary
. Category
category versus covariate
level data Covariate level |1 2 Total
1 K (1) [ Kpp(1l) Ky
2 Kpn(1) | Kpp(l) | Kp
¢ Kigi(1) | Kp(1) K
p+1 Kiprii (1) | Kpip(D) | Ky
Total K](l) Kz(l) K
Table 3.9 Lag h* (h* =1,...,T —1) based [h*(T — h*)] transitional counts for binary
responses for individuals belonging to ¢-th (¢ =1,...,p+ 1) level of a covariate
tt=h"+1,...,T)
Time Category
Covariate level | Time | Category |1 2 Total
4 th* |1 Kigu(t =0, 1) | Kga(t—h*, 1) | K (t —h")
2 K1 (¢ =17, t) | Kot —h", 1) | Kot —1")
Total []1 (l‘) sz (t) Km
ie = ;i i € 4] = Tjicay); = T
exp(Bio+Pir) P 1. —
_ { T+exp(Bio+Bie) forj=16=1,....p (3.87)
W fOrj:JZZ, /= 1,...,[),
and for £ = p+ 1, these probabilities have the formulas
—_ Wy _ _
P =i i€ (p+ D] = = Tic(prayn)j = Tp+1;
exp(Bio) P 1.0 —
_ { 1+ex;1>(B10) forj=1 £=p+1 (3.88)

For this stationary case, as an extension of the contingency Tables 3.1 and 3.2,
one may accommodate the covariates or a covariate with p 4+ 1 levels, and
summarize the response frequencies over 7 time periods, through following the

contingency Table 3.8 at the initial time point, and 7 — 1 lag (h* =1,...,

contingency tables (Tables 3.9(1)-3.9(T — 1)):

T-1)
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3.3.1 LDCP Model Involving Covariates and Estimation
of Parameters

Similar to the covariate free LDCP model given in (3.23)—(3.25), we first write the
probabilities at initial time point = 1 as

Plyi Z)’E{)\i €L = Meqn)j = My

exp(Bio-+Bu) 1=
:{mw(hltfmfo”_l’g_l’”"p (3.89)

1 F T " ) —
mfor]—./—lf—l,...,p,

and for £ = p+ 1, these probabilities have the formulas

Plyi :y,(f)ﬁ € (p+1)] = = Tic(pr1)1)j = Tpt1);
exp(Bio) -
= { 1+exli’(ﬁ|o) fOI"].—l (3.90)
leo) fOI'] =J= 2.

Next, for = 1,....,p+ 1, and r = 2,...,T, the lag 1 based LDC probabilities
may be written as

Plyie =¥y [yis—1 = yfﬁ),l,i €] = my +P(y,(§)71 — 1)

= A1) (8.0) Gsay),g = 1,21 =2,....T; 3.91)

1
it]t—1
and

(g.0)=1-4})

it|t—1

A (2)

it|t—1

(g,0), forg=1,2;t=2,...,T. (3.92)

3.3.1.1 GQL Estimation

It follows from (3.90)-(3.92) that the repeated binary observations for the ith
individual follow the stationary auto-correlation model with correlation matrix
Ci(p) = C(p) as given by (3.41). That is,
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for all i = 1,...,K. Thus, the LDCP model contains p + 1 regression parameters,
namely

BIO; Blla"wﬁl[ﬂ"aﬁlpa

and one correlation parameter, namely p.

3.3.1.1.1 Estimation of Correlation Parameter

Now to develop the GQL estimating equations for these regression parameters, we
first provide a moment estimating equation for py+ by assuming that these regression
parameters are known, and then similar to (3.45), p may be estimated by solving the
polynomial moment equation

T—1 . T—1
D (T —h)p" = X (T —h")pw, (3.93)
h*=1 h*=1

where Py« is computed as follows.

ﬁh* _ 2?:11 [Zfez Z;T:h*.Hyiee,t—h*f’ieé,t/{K[é] (T - h*)}]
S 8K S P AR T

, (3.94)

where Jicy, is the standardized deviance, defined as

7 Yiety — e
el = )
T g (1 - mg) Y2

where 7y, is defined by (3.89)~(3.90). Note that this formula for Py in (3.94) is
written by modifying (3.10) in order to reflect the data and model involving the ¢-th
specified level (¢ = 1,...,p+ 1) of the covariate. Further note that this pooling of
quantities from all p + 1 levels is appropriate because of the fact that one individual
belongs to one level only and hence at a given level, the responses at a time point
have a binomial or multinomial distribution. This is similar to product binomial
approach used in Chap.?2 (see, for example, Sect.2.2.2.3). The difference lies in
the fact that in the present longitudinal setup, at each level of the covariate, binary
responses are correlated over time, whereas in Chap. 2, models were developed at
the cross-sectional level, that is, for 7 = 1 only.

Now by using the frequencies from the contingency Tables 3.8 and 3.9, one may
modify the formulas in (3.11) as
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K T
zzyieé,t = ZZMEM = ZKZ]I

iclt=1 t=1iel
K T T K T
2 z Yiety = Z Z)’ief,t: Z K[Z]l(t)§ and
iclt=h*+1 t=h*+1icl t=h*+1
K T T K T
> Y vieti-w = Y, DVieti-w= 2, Kygi(t—h")
ielt=h*+1 t=h*+1iel t=h*+1
K T T
2 2 Yiett—n*Yielr = 2 Zyleﬁt h*Yielt = 2 Kf]ll t—h", 1). (3.95)
iclt=h*+1 t=h*+1iel t=h*+1

By using (3.95), it then follows from (3.94) that

T Sioh b1 [2/ 11< {K[é]n(f f)—ﬂml{K[z]l(t)+K[z]1(t—h*)}+ﬂﬁg]11<m}]

P[22 A {0 2m) K () + 7 Kig }

pre =

)

(3.96)

where, for all £ =1,...,p+ 1, the marginal probabilities 7j,; are given by (3.87)
and (3.88).

3.3.1.1.2 Estimation of Regression Parameters

Next, once the correlation parameter p is estimated by (3.93), one computes the
C(p) matrix (see also (3.41)) and then computes the covariance matrix for the ith
individual having covariate level ¢ as

1

f 1

Tice(p) = A C(P)Ajy, (3.97)
where

Aier = Mg (1 — e ) I

It being the T x T identity matrix. Consequently, to reflect the covariate levels,
one may modify the GQL estimating equation (3.42) for regression parameters
as follows. By using the notation 6* = [Bio, Bi1,...,B1p) as in Sect.2.2.2.1 (from
Chap. 2), first write

I+exp(Bio+P1e)

exp(Bio) forf = p+1

e0Bioth) gorp—q L p
T = {
T+exp(Bio)
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exp(x(; 67)
1+ exp(x,,0%) ’
where

(101, 101, ) fore=1,....p

X =
(1 01;,) for f = p+1,
and use

Ticr) :E{[Yi1,~~~>Yita~~->YiT]/|iEg}
= [ﬂ[e]l’...,n[f]h-“an[ﬂl]/
= M lr

= T
and then construct the GQL estimating equation for 6* as

p+1 K Jml.

(i€l) s—1

% /(P) (Vi — Ticr))
;% 00 el (i)
p+1 K aﬁ[’q

= 22 (p) i — ) =0,
le%ae t U

125

(3.98)

where y; = (yi1,.--,Yir,---,yir) - Note that the derivative matrix in (3.98) may be

computed as

where Xy is the T x (p + 1) coefficient matrix defined as
X[ = lT ®xlml

17 (101 101;,4) forl=1,....p
Iy ® 101;,) for 0= p+1.

(3.99)

(3.100)
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Now by using (3.99) in (3.98), the GQL estimating equation for 8* reduces to

p+1 K
ZZXI i —melr)
=1iel
W1 (01 T
p+1 K :
=X dpa Oj)st Oper | i =T Ir)
l=1iel
O (p+1,1)  D(p+1) " Oug(p1,1)
[ D1 D1 ]
p+1 T T :
= S| e | KO —mpKg Y, | @uu
(=1 [t=1 . =1
L\ Pty ) (p+1
pHl[ T T
- t;d’[e]tK[e]l( ) — 1K ; | =0, (3.101)

where Ky (t) for all £=1,...,p+1, and t = 1,...,T, and the values of K|
are available from the contingency Table 3.9. Now to solve the GQL estimating
equation (3.98) or (3.101), we first compute

o F(6°)
fU87) = =550~
p+1 K 87[ 1 Qﬁ[/
-2 Z‘; 70 %t (P) 3
O ety O I
%%XEC (P) 89*/
p+l K
== szz )AiceXo
=1iel
p+1 K
== ZZ”{E (1= )1X,C ()Xo
=1iel
p+1

= 2 1 (1= 1)K
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B Ogry - By
x d’[?]rl ) (b[*é]ss o (D[*Z]s,p+l

o

Oppr11) " Bprrs) " Dg(pr1pt1)
p+l
= Z w1 (1 — 7171)|K [ Q ik (3.102)

One may then obtain the GQL estimate for 6* by using the iterative equation

p+1

~1
0°(r+1) = 6°(r) + { 2 i (1= WllﬂKWﬂfb}

(=1

p+ T T
le K (t) — me Ky Z H . (3.103)

=1 ()

Note that in the present setup, at a given covariate level ¢, the K|, individuals
are independent. Further because levels are mutually exclusive, responses from any
two levels are independent. Consequently, similar to (3.18), one may obtain the
covariance matrix of 6* obtained from (3.103) as

p+l K 87r omn] ' rtl K O om
[ [4] -1 [
[241162; 00* Zict (99*':| [21% 00+ le/(p)var( n[(]llT)Zief(p)ae*/
il K 97t o7 ]
[ y—1 [
X
X L;gz 00* lef(p)ae*/]
P+l K Oft, By P R -1
[ 51 [ ~
= ~Zico(p) *1 = (7001 (1 = 7 )1Ki0 20 0
L_liéae ct(P) =g 2 lmon (1= mg0) Ko 2y
(3.104)

by (3.102)—(3.103).



128 3 Regression Models For Univariate Longitudinal Stationary Categorical Data

3.3.1.1.3 Illustration 3.6 : Mothers Smoking Effect on Longitudinal Asthma
Status: An Application of the GQL Approach

In the illustration 3.3(b) under the Sect. 3.2.2.2.1, this longitudinal asthma data were
analyzed by ignoring any covariates, which is the same to say that the covariate
‘mother’s smoking habit’ did not play any role to determine the asthma status of a
child. This produced the AR(1) lag correlation p = 0.4998 based regression estimate
Pio = —1.7525, yielding the probability for a child at any time point to have asthma
as iy = 0.1477. In this section, we have analyzed the same response data collected
over 4 years but with a major difference that in the present case these responses are
analyzed conditional on the covariate level. For the first year, that is at = 1, the
covariate ‘mother’s smoking habit’ specific response data are given in Table 3.10,
and for other years the transitional data are given in Tables 3.11(1)-3.11(6). More
specifically, by using the data from these tables and the initial estimate p = 0, we
have computed the first step estimate of 819 and 11 by using their iterative equation
(103) with initial values ﬁlo =0, ﬁu = (. These first step estimate of 3’s are then
used in (3.96) to estimate lag correlations for the computation of p by (3.93). This
cycle of iteration continues until convergence. The convergence was very quick. The
final estimate of lag correlations from (3.96) were found to be

p1 = 0.4017, p, = 0.3148, p3 = 0.3038

Table 3.10 Maternal smoking versus children asthma status contingency
table at initial time ¢ = 1

tir=1)

Asthma category

Covariate level Yes (1) No (2) Total
Smoking mother (1) Knjn(1) =31 | Kyp(1) =156 | Kpyy =187
Non-smoking mother (2) | Ky (1)=56 sz(l) =294 | Ky =350
Total Ki(1) =87 K>(1) =450 K =537

Table 3.11 (1): Lag #* = 1 based transitional table from time t —h* = 1 to t = 2 for the
maternal smoking versus children asthma status data

2
Time Category

Covariate level | Time | Category | 1 2 Total

1 1 1 K[1]11(1,2)217 K[1]12(172):14 K[l]l(l):31
2 K“]QI(I,Z) =22 K“]ZQ(I,Z) =134 sz(l) =156
Total Km] (2) =39 sz(Z) =148 Km =187

2 1 1 K[2]11(172):24 K[2]12(172):32 K[z]l(l):56
2 K[2]21 (1,2) = 28 K[2]22(1,2) = 266 K[z]z(l) = 294
Total Kp1 (2)=52 sz(Z) =298 Ky =350
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Table 3.11 (2): Lag #* = 1 based transitional table from time t —h* =2 to t = 3 for the
maternal smoking versus children asthma status data

3
Time Category

Covariate level | Time | Category |1 2 Total

1 2 1 K[1]11(2,3) =21 K[1]12(273) =18 K[I]I(Z) =39
2 K[1]21 (2,3) = 14 K[1]22(2,3) = 134 K[l]z(z) = 148
Total KMI(?’) =35 sz(:i) =152 Km =187

2 2 1 K[z]” (2,3)=26 K[2]12(2,3) =26 K[2]1 2)=52
2 K[2]21 (2,3) = 24 K[2]22(2,3) = 274 K[z]z 2) = 298
Total Kpp1 (3)=50 K[2]2(3) =300 Ky =350

Table 3.11 (3): Lag h* = 1 based transitional table from time t — h* =3

maternal smoking versus children asthma status data

to t = 4 for the

4
Time Category

Covariate level | Time | Category |1 2 Total

1 3 1 K[|]11(3,4) = 14 K[|]12(3,4):21 K[]]](3) :35
2 K[I]ZI (3,4) =12 K[1]22(3,4) =140 K[1]2(3) =152
Total Km] (4) =26 sz(4) =161 Km =187

2 3 1 K[Z]ll (3,4) =20 K[2]12(3,4) =30 K[2]1(3) =50
2 K[2]21 (3,4) =17 K[2]22(3,4) =283 K[z]z(?)) =300

Table 3.11 (4): Lag h* = 2 based transitional table from time ¢t — h* =1

maternal smoking versus children asthma status data

to t = 3 for the

3
Time Category

Covariate level | Time | Category |1 2 Total

1 1 1 K[1]11(1,3):15 K[1]12(1,3)716 K[l]l(l)_31
2 K[1]21(173) =20 K[1]22(1,3) =136 K[I]Q(l) =156
Total Kml(?)) =35 sz(:;) =152 Km =187

2 1 1 K[2]11(1,3):21 K[2]12(1,3):35 K[2]1(1)256
2 K[2]21 (1,3) =29 K[2J22(173) =265 K[z]z(l) =294
Total K[ZM (3) =50 sz(?)) =300 Km =350
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Table 3.11 (5): Lag #* = 2 based transitional table from time t —h* = 2 to t = 4 for the
maternal smoking versus children asthma status data

4
Time Category

Covariate level | Time | Category | 1 2 Total

1 2 1 K[l]ll (274) = 14 K[1]12(274) = 25 K[]]](Z) = 39
2 K[1]21 (2,4) = 12 K[1]22(2,4) = 136 sz(Z) = 148
Total K (4)=26 sz(4) =161 Ky = 187

2 2 1 K[z]]] (2,4) = 18 K[2]12(2,4) = 34 K[z]] (2) = 52
2 K[2]21(2,4) =19 K[2]22(2,4) =279 K[z]z(z) =298
Total Kml (4) =37 sz(4) =313 Km =350

Table 3.11 (6): Lag h* = 3 based transitional table from time t — h* = 1
maternal smoking versus children asthma status data

4
Time Category

Covariate level | Time | Category |1 2 Total

1 1 1 K[1]11(1,4):13 K[1]12(1,4):18 K[l]l(l):31
2 Kupi (1,4) =13 | Ko (1,4) = 143 | Ky (1) = 156
Total Kml(4) =26 sz(4) =161 Km =187

2 1 1 K[2]11(1,4)218 K[2]12(1,4):38 K[2]1(1)256
2 Kppi (1,4)=19 K[2]22(174) =275 Kpp 1) =294

yielding the AR(1) correlation parameter estimate by (3.93) as p = 0.5024. This
final estimate of AR(1) correlation parameter yielded the GQL estimates for B
and B by (3.102)—(3.103) as

fro = —1.8393 and fi; = 0.2360,
along with their standard errors (s.e.) computed by (3.104) as
s.e.f10 = 0.1100 and s.e.};; = 0.1770,

respectively.

Notice from (3.87) and (3.88) that ;¢ determines the probability for a child with
a non-smoking mother to have an asthma attack, whereas both B9 and B;; play
a role to determine the probability of an asthma attack to a child with a smoking
mother. By using the aforementioned estimate of ;o in (3.88), and the estimates of
both B¢ and B, in (3.87), the probabilities for an asthma attack to these two groups
of children were found to be as follows (Table 3.12):
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Table 3.12 Observed over the years and fitted stationary probabilities

using GQL approach
Asthma status probability
Observed/fitted Covariate level Yes No
Fitted Smoking mother 0.1675 | 0.8325
Non-smoking mother | 0.1371 | 0.8639
Observed at =1 | Smoking mother 0.1658 | 0.8342
Non-smoking mother | 0.1600 | 0.8400
Observed att =2 | Smoking mother 0.2085 | 0.7915
Non-smoking mother | 0.1486 | 0.8514
Observed at t =3 | Smoking mother 0.1872 1 0.8128
Non-smoking mother |0.1429 | 0.8571
Observed at t =4 | Smoking mother 0.1390 | 0.8610

Non-smoking mother | 0.1057 | 0.8943

The fitted probabilities show that the mother’s smoking habit has a detrimental
effect on the asthma status, and they agree with those results discussed in Sutradhar
(2003, Section 5.2).

3.3.1.2 Likelihood Estimation

Because the response of an individual i with covariate level ¢ follows the multino-
mial (binary in the present case) at any given time ¢, using the notation from the last
section, one may modify the likelihood function for the covariate free case (3.28)
to accommodate the covariates as follows. Altogether there are p + 1 regression
parameters which are denoted by 6* = [Bi0,Bi1,...,B1,), and p is the correlation
index parameter involved in the conditional probability relating y; ;1 and y;, for all i.
Following (3.28), the likelihood function for the present problem may be written as

L(6".p) = I} T Lics. (3.105)
where
Lice = foa (i) feaOalyin) -+ for irlyir—1),
with
Soa(ir) = [ P[] 0

explyin (Bro+Bi)l =
_ | TrewBithio fort=1,... (3.106)

exp[yi1 Bio) _
Trexp(Bro)? 10T ¢ =P+1,
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and
FoaGilyie 1) = Al (@ OP AL (8,0]', fore=2,....T,  (3.107)
where

1
%-E\t),l (8:4) = mp +P(y,(f)_1 — )

(8.0 = 1-4{ (5.0). (3.108)

it|t—1

A

it)t—1
Hence, by (3.105), the log likelihood function is given by

p+1 K

LogL(6*,p) = 3 ¥ [vitlog w4 (1 — yi )log m]
(=1iel

p+1 2 K

P33 Shuloel) )

=1g=lie(gl)t=

+ (1=ya)log A7) (8.)- (3.109)

Note that because by (3.108), )thlt ,(1,£) and )”n\t 1(2,¢) are free from i and 7,
for convenience, we suppress the subscripts from these conditional probabilities and
use A(1(2,¢) for All il 1( £), for example. Next by using the cell frequencies from
the contingency Table 3.9, we express the log likelihood function (3.109) as

p+1

Log L(6*,p) = Y [{Kjg1(1)log w1 + Kjga (1)log (1 — 1) }
=1
T T
+ log),(l)(hf) ZK[(]II(I_ 171‘)—|—10gl(2)(1,6) ZKM]IZ([_ lat)
=2 =2
T T
+ 10g AV (2,0) Y Ko (1 = 1,1) +10g AP (2,0) ¥ Ko (t = 1,1) |, (3.110)
=2 =2

where by (3.108),
AD(L,0) = mg +p(1—mg), AP (1,0) = 1= A (1,0) = (1—p) (1 — )
ANQ,0 = (1 =p)mg, AP2,0 =1-202,0)=1-(1=p)mg.  G.111)

This log likelihood function in (3.110) is maximized in the next section to estimate
the parameters 6* and p.
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3.3.1.2.1 Likelihood Estimating Equations

Note that as opposed to the covariate free likelihood estimation discussed in
Sect. 3.2.2.1.1, it is now convenient to use the notation

exp(x’m1 06*)

R C L, (3.112)
1+exp(xi€]19*)

T =
as in (3.99)—(3.100), where 6* = (Bi0,Bi1,---,B1p)’, and

Xy = (1 01, 1 01;_,_;) for € =1,....p: andf,, = (1 oyp),

The following derivatives, first, with respect to 6* and then with respect to p will
be helpful to write the likelihood estimating equations for 8* and p, respectively.

Derivatives with Respect to 6* and p
It follows from (3.110)—(3.112) that

377.7[(]1
5o+ = (=) ¥,

oAN(1,0)  aaM(2,0)

So- = o = (=P [mai(1=mg)] g,
81(;;(*1,12) = M?gf’@ =—(1—p) [ (1 = mg0)] X, (3.113)
and
8(7;’[?1 0.
aﬂgéw) — (1—mg): 31(28);1,@) (),
W =~ aﬂj;z,e) =T (3.114)

By (3.113), it then follows from (3.110) that the likelihood estimating equation for
6* has the form
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dLog L(6 Pl
90" ; [Kian (1) =71 Kig ) ¥
ad SoKgn(t—1,0) 3Kt —1,1)
; {”V ){ AL 200
S K (t—1,0) 2L, Ky (1 —1,1) B
020 200 | =90 (3.115)
Similarly, the likelihood estimating equation for p has the form
JdLog L(6%,p) _ fil YooK —11) I Kgn-11)
ap = AM(1,0) A@)(1,0)
B ’il - S K (t—1,1) B S Kot —1,1)
~ | M A0(1,0) A(1,0)

TiK t_]7t TiK t—],t
Y- i ( ) B Zi—2 K ) =0. (3.116)
A0(2,0) A2 (2,0)

These likelihood equations (3.115)—(3.116) may be solved iteratively by using
the iterative equations for 8* and p given by

2 * -1 *

207 96" 20" L*_é* o),
(3.117)

and

d?Log L(6%,p) ' dLog L(6*
plr+1)=p(r)— { og L( ’p)} 0g L(67,p) . (3118
9P 9P Ip=p(r)

respectively. In (3.117), the (p+ 1) x (p+ 1) second derivative matrix has the
formula given by

d*Log L(6*,p) Pl
90796 ; T )Ki | 3101
¥ S K= 10) S K- 11)
1— 1= )(1=2 =2 211 B 2y=2 B2 ;
* p)ezl[ﬂml( ) ”W){ 20(1,0) 20 (1,0)

S K (t—1,1) B S Ko (t—=1,1) ,
2M(2,0) 2@ (2,0) XX
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pil SE oK (t—1,0) XL, Kiypa(t—1,1)
=211 ) =2 \[{]12 )
— (1=p)? Y, [ (1= mgn) P S s 2Rl
=1 {A(1,0)} {AR(1,0)}

S K (t—=1,0) 3L Kyt —1,1) ,
+ X[[]IXH
{A(2,0)}2 {A®(2,0)}?

(3.119)

Similarly, by using (3.111), it follows that the scalar second derivative in (3.118)
has the formula

9°Log L(6*, il
9LogL(6%,p) _ _ 3 (1)

ZYT:ZK[(I]II(t_ 1,1) ZthzK[e]lz(f— 171)]

Ip = POLOr T AD1L0p
o S Kgn(t=1,0) 3 Kigu(t—1,0)
F Tl | TEehaE T (e
p+1

— Y {m )
/=1

S K (1= 1,1) n oK (t—1,1)
{A(M(2,0)}2 {22)(2,0))2 :
(3.120)

3.3.1.2.2 Illustration 3.7 : Mothers Smoking Effect on Longitudinal Asthma
Status: Likelihood Approach for LDCP Regression Model

The likelihood estimates for 6* = (B9, B11)" and p were obtained as follows. Using
initial values

6*(0) = (B10(0) = 0.0,411(0) = 0.0)" and p(0) = 0.0,

we first obtain the first step estimate é*(l) by (3.117). This first step estimate of 8*
and initial value p(0) = 0.0 were then used in (3.118) to obtain the first step estimate
of p, that is p(1), which was in turn used in (3.117) to obtain improved estimate
for 6. This whole operation constitutes a cycle. This cycle of iterations continued
until convergence. Only 4 cycles of iterations provide the final marginal likelihood
estimates (MMLE) as

Oimie = (Bowmre = —1.8317, Briymre = 0.2410) and Pymze = 0.3836.

These regression estimates are similar but slightly different than those found by the
GQL approach in Sect. 3.3.1.1.3. However the GQL approach produced p = 0.5024,
which is considerably different than Py r = 0.3836. Thus, the GQL and MLE
approaches would produce different estimates for conditional probabilities, and
hence for joint cell probabilities, yielding slightly different estimates for marginal
probabilities. The aforementioned MLE estimates for regression effects produces
the marginal probabilities as in Table 3.13, which are slightly different than those
found in Table 3.12 by the GQL approach.
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Table 3.13 Fitted stationary probabilities using MMLE and JMLE

approaches
Asthma status probability
Fitting approach | Covariate level Yes No
MMLE Smoking mother 0.1693 | 0.8307
Non-smoking mother | 0.1380 | 0.8620
JMLE Smoking mother 0.1693 | 0.8307

Non-smoking mother | 0.1380 | 0.8620

To obtain the joint maximum likelihood estimates (JMLE) for the parameters
(6*,p), instead of (3.117)—(3.118), one uses the iterative equation

(fx(i 11>)> N (fx()))

{aZLogL(e*,p)} {aZLogL(Gﬂp)} ! <8LOgL(6*,p)

39696 Ipdo* 96*
{aZLog L(e*,p)} ologL(6*,p) )
dp? dp . .
P |0%=6"(r).p=p(r)

where

’Log L(6%,p) &

-5 S K (1 —1,1) _ZszzK[k]lz(f—lJ)
00*dp A

T (1 _”W){ AM(1,0) AQ(1,0)

S K (t=1,0) L, Ko (1 —1,1) } }
- X

A2, 0) A@(2,0)

Pl ZthzK[é]ll(fflJ) th:2K[4]12(t71’t)
+<1—p>4_21{”ml<1‘”““){< pOEOE TGOy

S oKt —1,0) 3L, Ko (1 — 1,1)
+ i
{A(2,0)}2 {A2)(2,0)}2

- E’TZZKW“O*IJ)+ZtT:2K[z]12(f*17t)
{A(1,0}2 {AD(1,0))2 X1 -

Using the initial values
6*(0) = (B10(0) = 0.0, B11(0) = 0.0)" and p(0) = 0.0,

the aforementioned iterative equations in 5 cycles of iterations produced the
JMLE as

e = (ﬁlO,JMLE = —1-8317,[§11,JMLE =0.2410)" and pymre = 0.3836,
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which are the same as the MMLE Thus for this particular data set, the MMLE and
JMLE produce the same probability estimates as shown in Table 3.13.

3.3.2 BDL Regression Model and Estimation of Parameters

The probabilities at initial time point t = 1 have the same formulas (3.89)—(3.90)
under both LDCP and this BDL models involving covariates, that is,

Plya ZYE{)\i €1 = Mica)j = My

_exp(Bio+Biy) i—1: 0=
_ { TrexpBo+fi 07/ =1 E=1...p (3.121)

TepBoipy ori=J=2t=1,....p,

and for £ = p+ 1, these probabilities have the formulas

Plyi =y§{)|i €(p+1)] == Tic(p+1)1)j = Tp+1]j
exp(Bio) P
= { 1+exll>(l3m) fOI']-— ! (3.122)
TTexp(Bro) for j=J=2.

However, for t = 2,...,7, the conditional probability, unlike the LDCP
model (3.90)-(3.91) (see also (3.24)), has the dynamic logit form given by

ﬂiij;)_l(gyf) = P<Yit :)’,(tj) Yir—1 :y(g) S E)

i—1

(2)
+Pre+nyii— X
exp[ﬁlo Bue Ylyz,(gl)} Jforj=1;g=12:4=1,....p
— ) l+exp [/310+I31/:+71y,~,,,1} (3.123)

1 .
Jforj=0=2;g=12;4=1,...
1 +exp [ﬁ10+514+%}',§f),1} J & ’ P

where y; denotes the dynamic dependence parameter, which is neither a correlation
nor an odds ratio parameter. But it is clear that the correlations of the repeated
multinomial responses will be function of this ; parameter. For £ = p+ 1, these
conditional probabilities have the formulas

) (gp+1) = P(Yir =y

Yi,tfl :y,(f)_pi € 6)

(g)
exp | Blo+ny;;_ :
[—’(gl)}7 forj=1:g=124=p+1
_ 1 +exp [ﬁlo*‘?’lyi;—l}

@ },forj:J:Z;gzl,Z;E:p+l.

X (3.124)
1+exp [Bloﬂfly,; -
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Define
_exp(BrotBtn) -
A = TrexpBrotPretn)’ 10T =1--op (3.125)
e _exp(Biotn) for{ =p+1 |
T+exp(Bio+n)’ L
and
_exp(Bio+Bip) =
= LI+exp(Bio+Bie)’ for£=1,...,p (3.126)
[t _exp(Bio) forl = p+1 .
1-+exp(Bio)’ Pt

For the individuals with covariate level ¢, it then follows that (see also (3.72)) the
marginal probabilities at time t = 1,...,T, are given by

ElYyli € £] = mgg = PriYa =y i € 4

nf}]l, fort =1
= ; o N (3.127)
N +7f([e]<171>>1[n[41 —Tl[m],fort =2,...,T,

(Sutradhar and Farrell 2007) fori = 1,..., K.

Note that as the marginal probabilities in (3.127) are covariate level (¢) depen-
dent, the lag correlations can be different for individuals belonging to different
groups corresponding to their covariate levels. To be specific, for u < t, the t —u
lag correlations under the /-th group (that is, for individuals i € £) have the formulas

a1 (L= )

P{0)—uy = corr{(Yiu, Yir)|i € £} = \/”([l]t)l(l ~ ) =1 (T — n[*[]l)

76yt (1= T(gaguy1) ¢ AN .
— 20 TR0 (e T forallie f, andu <1, (3.128)
\/”([ﬂwl(l_”([f]f)l) (701 =)

where the marginal probability 7y, at time 7 is given by (3.127).

3.3.2.1 Likelihood Estimation

Similar to the LDCP model, denote all regression parameters involved in the BDL
regression model (3.121)-(3.124) by 6*. That is, 8* = [Bio,Bi1,...,Bip). Note
however that y; in the present model describes the dynamic dependence parameter
in a logit function, whereas p was used in (3.91) as a dynamic dependence parameter
in a linear conditional probability function. Thus, similar to (3.105), one writes the
likelihood function in 6* and y; as

L(6*, 1) = 7 TTE Licy, (3.129)
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where
Lico = foa(vin) feoielyin) -~ for Girlyir—1),
with
foa(it) = [ [mp)
explyi1 (Bio+B1e)] _
= 1+exp(Big+Bir) for{=1,....p (3.130)
expbitPiol o p— 1 ‘
I+exp(Bio)’ P
and

Foaalyio) = N4y (& OF* g (&,0]' %, fort=2,...,7,  (3.131)

where ni(l}t)il(g,f) and nii‘zl>71(g,£) =1- ni(t‘lt)il(g,ﬂ) are given by (3.123) for £ =

1,...,p,and by (3.124) for { = p+ 1.
Hence, by (3.129), the log likelihood function is given by

p+l K
LogL(8",71) = Y, Y [vitlog gy + (1 —yir)log myp]
(=1iel
p+l 2 K T () 2
+ 20> Y Xlvilogmy, (8,0 +(1—yi)logmy, (8,0)]. (3.132)
(=1g=1lie(gl)t=2

Next because n(t‘t) ,(1,£) and n(t‘t) 1(2,4) are free from i and ¢, by using the
cell frequencies from the contingency Tables 3.8 and 3.9, the log likelihood

function (3.132) may be expressed as

pt
Log L(6",71) = Y [{ K1 (1)log w1 + Kiga(1log (1 —my) }
/=1
T
+logn IEZK[“lt—ltH—logn 2 12t—1t
=2 =2

MH

+ logn™(2,0) ZK[gzlt—ltH—logn()@ 0O Kot —1,1)|, (3.133)

=2 t=2
where by (3.121)—(3.122) and (3.125)—(3.126),
exp(Bio+Bir) for / — 1
— _x ) Trexp(BrotBin)’ =L
T =17 (2,6) = Npyy —{ exp(Bio) (3.134)
1+6XP(Il;)10)’ forf=p+1,
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and
_exp(BotBietn)  gorp—
(1) — A — 1+exp(Bio+B1e+n)’ =heop
e orE=pEL

3.3.2.1.1 Likelihood Estimating Equations

Note that unlike the parameters 6* and p in the LDCP model (3.90)-(3.91), 6* and
7 in the present BDL model (3.121)—(3.124) appear in the same exponent used to
define the associated probabilities. Consequently, for computational convenience,
one may treat the dynamic dependence parameter y; as a regression parameter
and estimate 6* and 7, jointly. Furthermore, the exponents in the probabilities
may be expressed in standard linear regression form in the manner similar to
that of (3.112) used under the likelihood estimation approach. Remark that the
likelihood estimation for the regression parameter ;o and dynamic dependence
parameter y; under the covariate free BDL model discussed in Sect. 3.2.4.2.1 could
be done jointly using similar linear regression form for the exponents, but they were
estimated marginally because of smaller (scalar) dimension for regression effects.

We now turn back to the probability functions (3.134)—(3.135) and re-express
them as follows using the linear regression form in the exponents. Note however
that there are two groups (g = 1,2) of probability functions and consequently we
define two regression variables xj; (1) and x|;;(2) to represent these groups. That
is, for the joint estimation of the elements of parameter vector

0 = [Bi0,Bi1y-- -, Bty Pips s

we re-express the functions in (3.135) and (3.134), in terms of 6 as

exp(;, (1))
(1) = [f1
n'V(1,£) = —, (3.136)
[ 1+exp(xm](1)0)
and
exp(/, (2))
_ (1) I [t
T =" (2,0) =npy, = =) (3.137)
. S exp(x(4,(2)6)
respectively, where
101,_,101"_,1),ford=1,...,
( 1Tt ) P (3.138)

X (1) =
ar(h) (1 ot/ 1), forf=p+1,
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and

(1oti, 101, 0) fore=1,....p
X1 (2) = ' ' (3.139)
(101,0), for £ = p+1.

Notice that

and

= i1 = Agega g1 (1).

Consequently, it follows from (3.133) that the likelihood estimating equation for @
has the form

t

8L0g L(e*a Yl) _ K

[Kig1 (1) = 71 K] X001 (2)

\g!

d6 &
N ;ill A (1= i) { Zf:zﬁf])lgl(;) Lo 2?227;(([21(21(;) 1,1) } " (1)1
+ :i: Mg (=7, { zzz:fﬁ?{;% LY
_ sz2:([§>2(22(;) L) }xm] (2)1 =0. (3.140)

These likelihood equations in (3.140) may be solved iteratively by using the iterative
equations for 0 given by

s (p+2)x L
16=6(r)

A A 3?Log L(6%,71)) " dLog L(6*,
O(r+1)=0(r) [{ c?é/éé 1)} Oga% %)1
(3.141)

In (3.141), the (p+2) x (p+2) second derivative matrix has the formula given by

9°Log L(6*, il
# == 2 [mar (1 =m0 K| x1g1 (201 (2)
(=1
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S Kgn (=10 I, Kignt—1,1)
TN BTN N AR

p+1 [
+> ﬁml(lﬁml)(l2ﬁm1){

L ST Kyn(t—=1,0) ST, Kypa(t—1,0)
= = =2B[11 ) =2 N [(]12 ) ’
- Firey (1= firp ) V2 4 222 xig (D (1
# | Mentt =) { o) oy fratmt
aayl ST Ky (t—1,1) 3T, Kypon (1 — 1,1)
(1 —nk 1—2n* t=2 B [(]21 v A=2 022 ) N (2
+ [:21 _ﬂ[m( 77[4]1)( ﬂ[zn){ 10 (2,0) n®(2,0) xpe1 ( )X[ql( )
rdl oK (= 1,0) 3, Ky (1= 1,1)

- & {Tlf}]l(l—ﬂf}p)}z{ M@0} + TEIENE }X[é]l(z)xi€]l(2):|.
(3.142)

3.3.2.1.2 Illustration 3.8 : Mothers Smoking Effect on Longitudinal Asthma
Status: Likelihood Approach for BDL Regression Model

Under the LDCP regression model (3.89)—(3.92), the marginal probabilities at
p+ 1 level of covariates are determined only by the regression parameters
Bio; Bit,---,Bies---,Pip which were however estimated in Sect.3.3.1.2.1 by
exploiting the AR(1) correlation parameter p under the likelihood approach. These
marginal probabilities remain the same for all times # = 1,...,7. But the marginal
probabilities under the present BDL regression model are determined by (3.127)
and they change over time unless the dynamic dependence parameter is y; = 0.

Now to fit the BDL model with 2 level of covariates to the asthma data, the model
parameters, that is,

6 = [Bio, Bi1, n),

are estimated by solving the likelihood iterative equation (3.141) by using the initial
values

8(0) = [B10(0) = 0.0, 11 (0) = 0.0 7 (0) = 0.0].

After 5 iterations, we obtain the likelihood estimates as

Oure = [Brosre = —2.1886, Biy wre = 0.2205 §i e = 1.9554]

which are the same as in Sutradhar and Farrell (2007) (see also lower half of
Table 7.10 in Sutradhar 2011).

Notice from (3.127) that the marginal probabilities at a given level of the
covariate maintain a recursive relationship over time. The above likelihood estimates
for the parameters produce the asthma status probabilities for two groups of children
(with smoking or non-smoking mother) as in Table 3.14.
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Table 3.14 Asthma status

s . Asthma status probability
probabilities over time by

fitting BDL model with MLE Time (¢) | Covariate level Yes No
(maximum likelihood t=1 Smoking mother 0.1226 | 0.8774
estimation) approach Non-smoking mother | 0.1008 | 0.8992
t=2 Smoking mother 0.1685 | 0.8315
Non-smoking mother | 0.1352 | 0.8648
t=3 Smoking mother 0.1856 |0.8144
Non-smoking mother | 0.1469 | 0.8531
t=4 Smoking mother 0.1921 | 0.8079

Non-smoking mother | 0.1506 | 0.8494

Table 3.15 Lag correlations for asthma responses for children
belonging to ¢-th (¢ = 1,2) level of the smoking mother covariate

Time

Covariate level Time |1 2 3 4

Smoking mother 1 1.0 10.3279 |0.1181 |0.0436
2 1.0 0.3603 |0.1331
3 1.0 0.3694
4 1.0

Non-smoking mother 1 1.0 1 0.3004 | 0.0990 |0.0340
2 1.0 0.3295 |0.1112
3 1.0 3374
4 1.0

The results of this table show that while the probabilities having asthma for
both groups of children are increasing over time, the children with smoking mother
always have larger probability for having asthma as compared to their counterparts
with non-smoking other. Note that the LDCP model produces constant probabilities
over time for both groups as shown in Table 3.13 which appear to be very close for
the case with + = 2 produced by the BDL model as seen from Table 3.14.

Furthermore, on top of marginal probabilities, the dynamic dependence parame-
ter y; of the BDL model naturally influences the lag correlations of the asthma status
responses. For simplicity, the lag correlations among the responses of two groups of
children computed by (3.128) are shown in Table 3.15.

The results of this Table 3.15 show that the lag 1 correlations are only large and
positive, and they are slightly larger under the smoking mother group as compared
to the non-smoking mother group.
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3.4 Covariate Free Basic Univariate Longitudinal
Multinomial Models

Recall from Sect.3.1 that yi = (yir1, ..., Yijs---,Yiej—1) denotes the (J — 1)-

dimensional multinomial response variable and for j =1,...,J — 1,
=0 Y ) =01 01 ) =6 (3.143)

indicates that the multinomial response of ith individual belongs to jth category at

time t. For j = J, one writes yl(t” = 0;;y = 01;_1. Also recall from Sect. 3.1.3 that
in the stationary case one uses the same marginal probability for all time points
t =1,...,T. This becomes much more simpler when the data is covariate free for
all individuals i = 1,...,K. In such cases, the constant multinomial probability has

the form (see Eq. (3.7))

exp(Bjo) S T
1437} exp(Be0) forj=1,...J =Lt 1’”'(’3?144)

_ -
P[yit—yitj]—”(ir)jzﬁj— for j=Ji =1 T

1
1437”1 exp(Bgo)

and the elements of yi = (Virt1, .-, Yitjs- - Vit J—1 )’ follow the multinomial probabil-
ity distribution given by

. RE A 3.145
B S K (3.145)
Yit1 Yitj Yit JJ—1-YitJ

P[yit17'”uyitj7' .. >yit,]—1] -

forallt =1,....T. In (3.145),
J-1 J-1
Yis =1="Y yij, and y = Y ;.
= =

As far as the nature of the longitudinal multinomial data is concerned, in this
covariate free case, they may be displayed as in the contingency Tables 3.16
and 3.17, as a generalization of the binary longitudinal contingency Tables 3.1
and 3.2, respectively.

Table 3.16 Contingency t(t=1)
table for J > 2 categories at Cat
initial time ¢ = 1 ategory

1 ] o] Total

Ki(l) |... [K;j(1) |... Kf(1) K
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Table 3.17 Lagh* (h*=1,...,T —1) based [A*(T — h*)| contingency tables for J > 2 categories
t(t=h"+1,...,T)

Time Category (j)

Time | Category (g) |1 e 1] e J Total

t-h* 1 Kll(l’—h*7l‘) Kl_i(t—h*7t) Kl](t—h*,t) Kl(t—h*)
g Koi(t—h*, 1) | ... |Kgj(t—h*t) | ... |Kg(t—h* 1) | Ke(t—h*)
J Kn(t—nh*r) | ... |Kyj(e—h*t) ... |Ky(t—h*, 1) | K;(t—h*)
Total K (l‘) Kj(l‘) Kj(t) K

3.4.1 Linear Dynamic Conditional Multinomial
Probability Models

For the longitudinal binary data, an LDCP model was used in Sect. 3.2.2 to study the
correlations among repeated binary data. There exist some studies, where this LDCP
model has been generalized to the time series setup (Loredo-Osti and Sutradhar
2012, for example), as well as to the longitudinal setup (Chowdhury 2011, for
example), to study the role of correlations among repeated multinomial data in the
inferences for regression effects. In the present stationary longitudinal setup, this
generalized LDCMP (linear dynamic conditional multinomial probability) model
may be constructed as follows. Forz =2,..., T, suppose that the response of the ith
individual at time r — 1 was in gth category. Because g can take a value from 1 to
J, the conditional probability for y; to be in jth category, given that the previous
response was in gth category, may have the linear form

, J—-1
Py =y Vi =y,(,g,)_1] = Tiry;+ X, Pjh [yﬁf;ll,h - ﬂ(i,H)h}
h=1
J—1
— 7+ Y pjn |9, — | by stat 144
i Pji |Yi;—1,, — T | by stationary property (3.144)
h=1
i (&
=Ti+pi\Yi1— T

_ 0

it|t—1

(3), (say), forg=1,....J:j=1,....0—1, (3.146)
and
Pl =y i1 =3 =480 (g) =1 —Jiiliij,’] (9); (3.147)
-
where

Pi=(Pj1s-sPjes-sPjg—1) (=) x Ly w=[m,...,;mj,...,m—4] : (J—1) x L.
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3.4.1.1 Correlation Properties of the LDCMP Model
3.4.1.1.1 Marginal Mean Vector and Covariance Matrix at a Given Time ¢

By (3.143) and (3.144), the multinomial response yi; = (Yir1, .-, Yitjs- - -,Yirj—1) has
the stationary mean vector given by

$ @ (@) _§ (@
E[Ya] = Y,y PlYe =1 = X, vi g
g=1 g=1
=[m,... .. ) =m:(J—1)x1, (3.148)
forallt =1,...,T, and the stationary covariance matrix X (1) given by

var¥y] = E[{Y; — n}{¥; — m}']
= E[Y,Y}] - nn, (3.149)

by (3.148).
Note that in general, E[Y;] in (3.148) is derived by using the formula

E[Ytt} = Ey, Ey, - .EYi,t—lEYit [Yitb’i,t—l]a
where by (3.146), the conditional expectation vector may be written as
Ey, [Yulyis—1] = 7w+ pm(yig—1 — 1)

(see (3.154) below) with pys as defined in (3.153). The above successive expecta-
tions in the end produces

ElYy|=n+Ey,[pl'(Yn—m)]=n
as in (3.148). Here, for example, p3; = pypy-
Next because for j # k, the jth and kth categories are mutually exclusive, it
follows that

j k
ElYy Y] = PYuj = 1,V = 1] = P[Yy =y ¥ = Y] = 0.

Furthermore,

) J
ElYZ] = EYi)) = PV = 1] = 1P[Yy =31 +0 Y PIYy = y®) = 7, = ;.
8#J
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Consequently, the covariance matrix in (3.149) has the form

2(n) = varlYy] = diag[m,...,7j,...,my_y] — 7', (3.150)
forallt =1,...,T; andi=1,...,K. For a similar formula for the covariance matrix
at a cross-sectional level, see Lemma 2.1.1 in Chap. 2.
34.1.1.2  Auto-correlations Among Repeated Multinomial Responses

For the computations of any lag auto-correlations, it is convenient to compute the lag

h(h=1,...,T — 1) auto-covariance matrix cov|Yy,,Y;] for u < ¢, which is defined as
cov[Yi, Y] = E[{Yi — w}{Yu — m}']
= E[Y,Y]]—nn', (3.151)

where m = E[Y;] by (3.148) for all + = 1,...,T. Next it follows from the
model (3.147) that

m+pi (5 — )
™ +p£(y§§),l — )

(8)
E[Yit|yi =
ot TTj +p](y1<t)] m)

-1 +p) 1()’521 )

= n+pu(S, — 1), g=1,...,J, (3.152)
where py is the (J — 1) x (J — 1) linear dependence parameters matrix given by

/

P
pu=| p [:(J-1)x(-1). (3.153)

!

Pr-1

Note that in general, that is, without any category specification, the lag 1 conditional
expectation (3.152) implies that

ElYyis—1]l =+ pmu(yig—1 — ), (3.154)

/
where yi;—1 = [Vir—1,1,---Yig—1,js- -+ Vig—1J—1) and
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Yig-1= (01;_y) forg=J.

(3.155)
Now because the covariance formula, that is, the right-hand side of (3.151) may be
expressed as

© { O e = 01 1,01, ) forg = 1., d

E[{Y — m} (Y~ 7Y] = Ey, By,,.., -+ By, E{Yi — 1} Vi — 1) iy, Yo,
(3.156)
by using the operation (3.154), this equation provides the formula for the covariance
as
cov[¥y, Y] = E[{Yy — n}{Y, — m}']

= Py “Evy, [{Yiu — }{Yi — 7}']

= Py “Z(7)

= py; " [diag[my,...,7j,... . 1] — n'] (3.157)

where, for example, pf,, = PMPMPM-

3.4.1.2 GQL Estimation

Let 0% = [Bio,---,Bjo, .-, Br—1,0) be the (J—1) x I vector of regression parameters
used to model the multinomial probabilities {7;, j =1,...,J — 1} as in (3.144).
Further let y; = [y,...,Y},...,Yir]) be the repeated multinomial responses of the
ith individual over T time periods. Here yi = [yir1,-..,itj,---,Yirj—1] denotes the
multinomial variable with

ElYyl=n=(m,...,7,...,m_1) , and var[¥y] = Z(7),
as in (3.148) and (3.150), respectively. One may then obtain the mean vector
E[Yl] = E[Yz/h?Yz;?ﬂYz/T}/
=lren:TJ-1)x1, (3.158)

where ® denotes the Kronecker product. Next, by (3.157), one may obtain the 7'(J —
1) x T(J — 1) covariance matrix of ¥; as

X(m)  puZ(m) pyE(m) ... py ' Z(m)
(

covlt;] = puZ(m)  Z(m)  puZ(m) ... py  Z(m)

Pl 1S (m) pl 22 () pl 5 (m) . E(m)
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Loy pu Py PN /Z(m) 0 0... 0
| pu L1 pu pl? 0 X(r)0... 0
pl el el 0 0 0..X(n)
I P Py - Py
o L1 pu ... ph7?
= " " e s(n)]
Py P Py e I
= Clpm)Ir @ X(m)]
= 3(m,pm), (say). (3.159)

By using 7;) = E[Y;] = 17 @ m from (3.158), similar to (3.42), one may write the
GQL estimating equation for 6* = [Bio,...,Bjo, ..., Br-1,0] as

- M O] 4 o5 (m)C (o) (i~ 1r @) =0, (3.160)

Next express 7; as

. exp(x;0*
e,
L+3T1exp(Bo) 1+ X" exp(x,67)
and use
om; J—1
06" JXJ J&; gltg
on'
= X'y 3.162
Pl (), (102

where, corresponding to jth category, xj- is the jth row of the X matrix defined as

/
X1
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Then, the GQL estimating equation (3.160) may be expressed as
K ~
Y eX' I(m]{lr e (mIC (pn)} (i —1r @ m)
K
=YL ]{C  (pm)} (yi—1r @)

K
= Y (s, O, Oru) (yi — 17 @ )

T : T
= om | K;t) —K<Z~,M> m; | =0, (3.163)

Kj_1(t) TTy—1

where, for a given , Gy is the (J — 1) x (J — 1) constant weight matrix (stationary
case) for all individuals i = 1,...,K, and K;(t) (j = 1,...,J — 1) is the number
of individuals those provide jth category response at time ¢ as in the contingency
Table 3.17.

Next, because in the present case

orn
—— =X (n)X=X(n)=2(n

=05 = X/(mX = X'(x) = X(m),
the GQL estimating equation (3.163) for 6* may be solved iteratively by using

—1
0 (r+1) = 06"(r)+

K (i d’tM) ' (m)

t=1

Kl(t) m

T : T :
x | Y am | K;(t) —K(Z@M> || (3.164)

t=1

Kj_1(t) -1

3.4.1.2(a) Moment Estimation for p),

The GQL estimation of 0* by (3.164) requires the dynamic dependence parameters
matrix pys to be known, which is, however, unknown in practice. In the longitudinal
binary data setup, pys = p, a scalar dependence or correlation index parameter.
For the repeated binary data, this parameter p was estimated by using the moment
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equation (3.93) which utilized all possible lagged responses. This refined approach
appears to be complicated in the present longitudinal multinomial data setup.
For convenience, we therefore, use a lag 1 response based approximate moment
estimating formula to estimate the parameters in the py; matrix. Remark that this
approximation was also used in the longitudinal binary data setup by Sutradhar
(2011, Chapter 7) for simplicity and it was found that such an approximation has a
little or no effect on regression estimation. Turning back to the lag 1 response based
moment estimation for pys, one first observes from (3.159) that

covlYi,Yi;—1] = puZ(m) = pyvar[Yi, 1] = pyvar[Y], (3.165)
which, by indicating lags (0, 1), we re-express as
Zy () = pmZo(), (3.1606)

yielding the moment estimate for py; as

pu =3, (m)% (n), (3.167)
where
. 1 LS
Z:1(77") ( _1 22( ylt lgfng)(yltj 7'5,)]) gaJ_l J 1
1:11:2
T
_1 Z( ) —Ky(t — 1)7tj — K;(t) g + KTy t;) (3.168)

by the cell counts from the contingency Table 3.17 for g,j = 1,...,J — 1. Also,
in (3.167),

(i1 —m)?] ... —mm ...  —mm_
ﬁzz - ... [()’izj—nj)z] —Tmy
i=1t=1 . . )
—my_1m ... —ToT;oo... [(ymjfl _7-[]71)2]
du(t) ... —Kmm; ... —Kmm_,
KT —Kmjm ... dj(t) ... —Kmmg |, (3.169)

—Kry 1w ... —Kmy 7@ ... dJ,LJ,l(t)
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where d;;(t) = [K;(t) — 2K;(t)m; + njz], for j=1,...,J — 1, by using cell counts
from Table 3.16.

3.4.1.2.1 Illustration 3.9: Analysis of Longitudinal Three Mile Island
Stress-Level (Three Categories) Data (Covariate Free) Using
Auto-correlations Class Based GQL Approach

Consider the Three Mile Island Stress-Level (TMISL) data (Fienberg et al. 1985;
Conaway 1989) collected from a psychological study of the mental health effects of
the accident at the Three Mile Island nuclear power plant in central Pennsylvania
began on March 28, 1979. The study focuses on the changes in the post accident
stress level of mothers of young children living within 10 miles of the nuclear plant.
The accident was followed by four interviews; winter 1979 (wave 1), spring 1980
(wave 2), fall 1981 (wave 3), and fall 1982 (wave 4). The subjects were classified
into one of the three response categories namely low, medium, and high stress level,
based on a composite score from a 90-item checklist. There were 267 subjects who
completed all four interviews. Respondents were stratified into two groups, those
living within 5 miles of the plant (LT5) and those live within 5-10 miles from the
plant (GT5). It was of interest to compare the distribution of individuals under three
stress levels collected over four different time points. For convenience of discussion
and analysis, we reproduce this data set in Table 3.18.

Note that this TMISL data set was analyzed by Fienberg et al. (1985) and
reanalyzed by Conaway (1989), among others. Fienberg et al. (1985) have collapsed
the trinomial (three category) data into 2 category based dichotomized data and
modeled the correlations among such repeated binary responses through a BDL
model (see also Sutradhar and Farrell 2007). Thus their model does not deal with
correlations of repeated multinomial (trinomial in this case to be specific) responses
and do not make the desired comparison among 3 original stress levels. Conaway
(1989) has however attempted to model the multinomial correlations but has used
a random effects, that is, mixed model approach to compute the correlations. There
are at least two major drawbacks with this mixed model approach used in Conaway
(1989). First, the random effects based correlations are not able to address the
correlations among repeated responses. Second, it is extremely difficult to estimate
the parameters involved in the multinomial mixed model. As a remedy, Conaway
(1989) has used a conditioning to remove the random effects from the model and
estimated the regression parameters exploiting the so-called conditional likelihood.
But a close look at this conditioning shows that there was a mistake in constructing
the conditional likelihood and this approach does not in fact remove the random
effects.

Unlike Fienberg et al. (1985), Conaway (1989), and other existing odds ratio
based approaches (Lipsitz et al. 1991, Egs. (5)—(6), p. 155; Yi and Cook 2002,
Eq.(3), p. 1072), in this Sect.3.4.1 we have modeled the correlations among
repeated multinomial responses through an LDCMP model. A nonlinear dynamic
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Table 3.18 Three Mile Island Stress-level (TMISL) data with J = 3 stress levels
(categories) over a period of T = 4 time points, and with distance of home as a
fixed binary covariate

Time (t)
t=1 t=2 t=3 t=4

Stress-level (SL)
Covariate SL SL SL Low | Medium | High
Distance < 5 Miles | Low Low Low
Medium
High
Medium | Low
Medium
High
High Low
Medium
High
Medium | Low Low
Medium
High
Medium | Low
Medium
High
High Low
Medium
High
High Low Low
Medium
High
Medium | Low
Medium
High
High Low
Medium
High
Distance > 5 Miles | Low Low Low
Medium
High
Medium | Low
Medium
High
High Low
Medium
High
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Table 3.18 (continued)
Time (t)
t=1 r=2 t=3 t=4
Stress-level (SL)

Covariate | SL SL SL Low | Medium | High

Medium | Low Low 4 4 0
Medium |5 15 1

High 0 0 0

Medium | Low 2 2 0
Medium | 6 53 6

High 0 5 1

High Low 0 0 0
Medium |0 1 1

High 0 3 1

High Low Low 0 0 1
Medium |0 0 0

High 0 0 0

Medium | Low 0 0 0
Medium | 1 13 0

High 0 0 0

High Low 0 0 0
Medium |0 7 2

High 0 2 7

model, namely MDL model is used in Sect. 3.4.2 to model the correlations. These
models are however developed for covariates free repeated multinomial data. The
covariates based LDCMP and MDL models are discussed in Sects. 3.5.1 and 3.5.2,
respectively.

Turning back to the TMISL data analysis, we now apply the covariates free
LDCMP model and compute the probability for an individual worker to be in any
of the three stress level categories. These are computed after taking the correlations
among repeated multinomial responses into account. However, for the time being,
it is pretended that the distance covariates (distance < 5 miles or >5 miles) do not
play any role and hence data under two covariates were merged. Note that because
the LDCMP model fitting is based on lag 1 time dependence, for convenience of
interpretation, we also provide all possible lag 1 transition counts over time ignoring
the covariate, in Tables 3.20(1)-3.20(3). When compared with the individuals in
high stress group, the results in Table 3.19 show that initially, that is, at year
1, only a small number of individuals had low stress (23 vs 65), whereas more
individuals (179 vs 65) were encountering medium level stress. When marginal
counts are compared over the years, the results of Tables 3.20(1)-3.20(3) show that
the stress situation was improved in year 2 as the number of individuals in low stress
group increased to 53 from 23 but again the situation got worsen at years 3 and
4. These numbers are also reflected from the transitional counts as, for example,
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Table 3.19 Contingency
table for Three Mile Island
Stress-level (J = 3 categories)
(TMISL) data at initial time
t=1

155
Time (1 =1)
SL (Stress-level) Category
Low (1) Medium (2) | High (3) Total
Ki(1)=23 | Kx(1)=179 | K3(l) =65 | K=267

Table 3.20 (1): Lag h* = 1 based transitional table from time t —h* =1 to r = 2 for
Three Mile Island Stress-level (J = 3 categories) (TMISL) data

2

Time SL (j)

Time |SL (g) |1 2 3 Total

1 1 Ki1(1,2)=12 |Kp(1,2) =11 | K;3(1,2) =0 | K (1) =23
2 K21(1,2) =40 | K»n(1,2) =129 |Ki3(1,2) =10 | K(1) =179
3 K31(1,2)=1 |Kn(1,2)=26 |K33(1,2)=38 K3(1)=65
Total | K;(2) =53 K(2)=166 | K3(2) =48 K =267

Table 3.20 (2): Lag h* = 1 based transitional table from time t — h* =2 to r = 3 for
Three Mile Island Stress-level (J = 3 categories) (TMISL) data

3

Time SL (j)

Time |SL(g) |1 2 3 Total

2 1 Ki1(2,3)=20 |K12(2,3)=33 |K;3(2,3)=0 | Ki(2)=5
2 K21(2,3) =11 | Kn(2,3) =139 | K13(2,3) =16 | K2(2) = 166
3 K31(2,3)=0 |Kn(2,3)=16 | K33(23)=32 |K3(2)=4
Total | K;(3)=31 K>(3) =188 | K3(3) =48 K =267

Table 3.20 (3): Lag 4" = 1 based transitional table from time t —h* = 3 to t = 4 for
Three Mile Island Stress-level (/ = 3 categories) (TMISL) data

4
Time SL ()
Time | SL(g) |1 2 3 Total
3 1 Ki1(3,4)=18 |Ki2(3,4)=12 |Ki3(3,4)=1 |K;(3)=31
2 K>21(3,4) =22 | K»(3,4) =149 | K3(3,4)=17 |K»(3)=188
3 K31(3,4)=0 | K»(3,4)=19 |K33(3,4)=29 |K3(3)=48
Total | K;(4) =40 K>(4) =180 K;(4) =47 K =267
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K>1(1,2) = 40 (from year 1 to 2) was higher than corresponding K»;(2,3) (from
year 2 to 3) and K> (3,4) = 2 (from year 3 to 4). Note that even though the marginal
counts over time appear to change to a small extent perhaps because of certain
time dependent covariates, we however fit a stationary model in this section as no
other covariates were collected except the distance. The transitional counts under
separate distance groups (see Tables 3.24(1)-3.24(3) show similar pattern as those
in Tables 3.20(1)-3.20(3)). This is expected as the distance is not a time dependent
covariate.

However, to compute the stationary probabilities 7;, j = 1,2 with 73 = 1 —
7y — w3 under three categories defined by (3.144), we take the lag correlations of
the multinomial responses into account by using the lag 1 conditional probability
model (3.146). The regression parameters 319 and By involved in 7, j=1,...,3,
and the lag 1 dynamic dependence parameters

_ <P11 Plz)
v =
P21 P22
defined by (3.153)—(3.154) are computed iteratively. We start the iteration using
initial pys as

P11=0P12=0>
0) =
pu(0) <P21=0P22=0

and compute the GQL estimate of

0 — (ﬁm)
Bao
by using the iterative equation (3.164), and the first step estimate of 6* in 5 iterations
was found to be

A Bio = —0.3471
6*(1) = (P! .
M (ﬁzo =1.2319

We then compute the estimate of py; by using the moment estimating for-
mula (3.167) and the first step estimate of py; was found to be

5 (1) =
Pull) <ﬁ21 = —0.0862 pr = —0.1936

P11 =0.3381 pp= —0.3699>

These estimates of pys were then used in (3.164) to obtain a second step or an
improved estimate of 8*. This cycle of iterations continued until convergence. The
convergence was achieved only in 3 cycles of iterations and the final estimates were
found to be
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>

. p11=03410 ppy=—0.3646
P =\ sy = —0.0819 py = —0.2008

and

G ([%GQL = —0.4092)_
GoL Bro.corL = 1.2089

There is a noticeable difference between this GQL estimate and the aforementioned
step 1 estimate 6*(1) obtained using independence assumption, that is, using

P11 =0P12:0>
0)= .
pu(0) <P21 =0p2=0

Next, the standard errors for the components of éC*;QL computed by using
-1
=1

s.e.(Blo,GQL) = 0.1369; S.e.(ﬁzo’GQL) = 0.04167

M~

cov [é(*;QL] =

(see (3.164)) were found to be

and using the GQL estimates
Bro.cor = —0.4092; By gor = 1.2089,

the stationary multinomial probabilities (GQL) for an individual (that is probabili-
ties for an individual to belong to these three categories) by (3.144), were found to be

7ty = 0.1325(low stress group), f; = 0.6681(medium stress group),

i3 = 0.1994(high stress group),

which, as seen from the following Table 3.21, appear to agree well in general with
marginal counts, that is, with observed marginal probabilities (OMP) over time.
The results of the table also show differences in estimates of probabilities computed
based on independence (I) assumption (py = 0).

Remark that by using the GQL estimates for the components of 6* and
the moment estimate of pys, one can also estimate the conditional probabilities
by (3.146) to reflect the lag 1 transitions and interpret the results corresponding
to the transitional counts shown in any of the Tables 3.20(1)-3.20(3).
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3.4.1.3 Likelihood Function

Recall from (3.145) that at time point # = 1, the multinomial response y;; =
(Vitls---,Yilj,---,Yi1y—1) has the multinomial distribution given by

FOit) = P((Yit1y- - Yitjs---»Yil,g—1)
1 ,

= ilj
vyt Y- ! P (3.170)
: J* il, VilJ -

17

Next, by using (3.146), one may write the conditional distribution of y;; given y;;_i
as

lyis1) = I A9 )] 3.171
FOubie-1)= Vit Yiej U Vieg—1 s ! { a1 O } ’ GA70
where

)',E‘,) 1(yzt 1 Z}\m, lyzt l)WlthAf,,‘, l(yzt 1)—7Tg+pg(yzt 1—7),

the past multinomial response y;;— is being known as
Vig—-1= y;ﬁll, foranyg=1,...,J.

It then follows from (3.170) and (3.171) that the likelihood function (of 8* and pyy)
is given by

L(6*,py) = ITE| [F i) T f Oielyia—1)] (3.172)

which is equivalent to
L(6*,py) = [TK, f(y)]

Hthzl'I Hleg{ (Yit|yl(§)—l)}

X

= ¢o [H’ ¥, o y’”}
i Yitj
SR 1 R NN SN CA VR

where cq is the normalizing constant free from any parameters. Next, by using the
abbreviation 1) (g) = Al.g‘] 271 (yl%’)_l), this log likelihood function is written as

K J
Log L(6*,py) = log co+ Y, Y, yirjlog m;
i=1j=1

T J J K i
DIDIDIDY [yn,log Al (8 )] (3.174)

t=2 j=1g=licg
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which, by using the cell counts from the contingency Table 3.17, reduces to

Log L(0%,py) = logco+2K (1)log mj
Jj=

+ii{logl }

T

Zng(t—Lt)] , (3.175)

t=2

where K,j(t — 1,7) is the number of individuals with responses belonging to jth
category at time ¢, given that their responses were in the gth category at time ¢ — 1.
Also, in (3.175),

200 () = n,+p(5 ) forj=1.=g=T,d o0
Z [n:k—l—pk(5 —n)] forj=J,¢g=1,...,J, '

where, similar to (3.155),

5 — [01g s ,Ol’lilig]’forgzl,...,J—l
& 01y forg=1J.

3.4.1.3.1 Likelihood Estimating Equations
3.4.1.3.1(a) Likelihood Estimating Equation for 6*
Recall from (3.160)—(3.161) that for

A exp(Bp)  exp(x;07)
i~ 1+ZJ 1exp(ﬁgo) 1+2J 1exp( ,0%)

Lj=1,..,0—1

with x; = [01}_;,1,01;_, /], the first derivative of 7; with respect to 6" =

[Bios---,Bjo,-- -, Br—1,0] has the formula

onj njxj nJEg ixgng—nj(x]—n) forj=1,...,0—1
20~ ae,ﬂ[ Z ml = ijl mj(xj—m) = —nmy for j=J,
3.177)
where = (my,...,mj,...,m;—1) . Thus, one may write
J— .
1 dm; X=X | Mgy = X — nfor{zl,...,J—l (3.178)
m; d0* - forj=J.
Next by re-expressing A (/)(g) in (3.176) as
; +(6 —1)'p; forj=1,....0—1;¢g=1,....J
AU) {”f j e o (3179
(g) l_zk l[ﬂ‘:k—i_((S _n)/Pk] forj:‘];g:]7"'7‘]a ( )
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one, by (3.177), obtains their derivatives with respect to 6* as

AU (g) %—[gg*}p, forj=1,....J—1
20" [g;”; {ggi}pk} for j=J
p)

_ f I —m)] = [Z(m)lp;  forj=1,....0—1
N { [mmy —{Z(m)} S4Z] px] for j =1, (3.180)

forany g =1,...,J, where p; = (pji,...,Pjc;---,Pjs—1) for j=1,...,J —1, and

on’

200 (7751(X1 —m) ... mwi(xj—m) ..o (ay— —n))
= diag[m,...,mj,...., 1| —nn
= X(m).

Remark that the jth column (or row) of this matrix has the form

—Tim

O T
L=mijxj—7m)= | n;(1—mx;)
J0* J\*] ] J
BEQLOAR!

—TTy—1

Now by using the derivatives from (3.178) and (3.180), one may construct the
likelihood estimating equations for the components of 6* from the log likelihood
function given by (3.175). To be specific, these equations have the form

dLog L(6*,pm) J | o
o XM 5e
S - 1 a),(J)(g)
+,§‘1g§‘1 {%ng(t 17’)}/W>(g) 90" ]
J—1
- K/(l)(xjfn)*KJ(l)Tc
=1
-1 J T |
+/:1g§‘1 {Z;Kg](tl’t)}l(j)(g) {[n,(x, n)]z(n)pj}]
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a 1
{t_zngJ(t— l,t)} l(‘])(g)

J—1
X {nn,Z(n) ZpkH =0. (3.181)
k=1

J
-2
g=1

In fact, by using some conventional notation, that is,

J—1
x;=01,_1,and p; == px, (3.182)
k=1

one can re-express the log likelihood equation (3.181) in a simpler form as

LogLO pu) _ 5 1y m 13 5 |3 keyte- 1)
86* j=1 j=1g=1 =2
1
X W{[”j(xjn)]z(n)pj}] =0. (3.183)

Remark that the notations in (3.182) are used simply for writing the log likelihood
and subsequent equations in an easy and compact way. Thus, it should be clear that
py is not a parameter vector so that 21:1 p;j = 0 has to be satisfied, rather it is simply
used for — Z;;} p; for notational convenience.

For known py, these likelihood equations in (3.181) or (3.183) may be solved
iteratively by using the iterative equations for 8* given by

A Ax 9°Log L(6*, ! 9Log L(6%,
0*(r+1)=06*(r)— H afz*/(ae*pm} ga(e* PM)} S(J—1)x1,
6+=0+(r)

(3.184)

where the second order derivative matrix has the formula

9?Log L(6*,pu) an L
BT T {ae*’] 2

J
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Note that the formulas for % = [ggi]' and a/};:*(,g) = [ag'g*(g)]' are known
by (3.180). Thus, to compute the second derivative matrix by (3.185), one needs
to compute the formulas for

o lm(— )] - Z(m)py)

which may be simplified as
Computation of % {lmj(xj— m)] — Z(m)p;} :
By (3.177) and (3.180) it follows that

0 on
W[”j(xj —m)] = mj(x;—m)(x; — ) — Wy

orn ]’
= mj(xj —m)(xj—m) —m; [39*/]

= mj(xj—m)(x; — m) — m[Z(m)]

mi(xj—m)(x; —m)' — m;Z(m)

=7 [(xj—7m)(xj—7n)' — X(m)| = m;M;(x,7), (say). (3.186)

o{Z i .
Now, to compute %, one may first write
/
01
S(m)pj=(o1...07...0-1)pi=| o} |pis (3.187)
/
0j-1
where
—Tn;m Glj
T Oj-1,
oj=|m(l-m) | =mlxj—m)=| oy [,
TR+ Oj+1.j

—TTy—1 Oj—1,j
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(say), for j=1,...,

J — 1. Thus, one obtains

J-1 86/1

163

(3.188)

o i1 Ot Pjn
Hx(mpy 9 | J L
T*/] =00 G} pj= 207 Zﬂz} OhjPjh
o), S Oha—1Pjn
Oh1 Olh
5 J-l : -1 g :
“aer | on [P Zger | ow
Oh,J—1 CJy—1,h
J-1

Z [pjn®

—(mo11 +moN)

{(1 — 27'Ch)0'1h}

—(m,01 -1 + Th—1014) ..

— (WO pt1 + Tt 1018) -

—(mo1 -1+ m—101) ...

_(ﬂhGCI +m 0-ch)

{(1 727‘6/,)0'8;,}

— (MO -1 + Th—1Gch) - --

— (7O st + T 1Och) - -

— (7O g1 +Ty_10a) ...

—(mpOy—1,1+ T Cs—1 1)

— (W Oy—1,h—1 + Tp—107-1,1)
{(1=2m)07-12}
— (W Oy—1,h41 + T 107-1,1)

—(pOy—1g-1 +m-107-14)/ |

Alternatively, a simpler formula for this derivative may be obtained first by taking
the derivative of the scalar quantity o, p; with respect to 0*' as follows:

dG;p;

9 [ (xn

m)'p;l .

S0+ 80*' I xJ—1
2 [mi{pjon— ) }]
- 06"
= (= 7)" { P (xn T {PJ ;;/}
= my(xp — ) {p(xs — )} — m, [P} Z(7)] by (3.180)
= m {pj(xn— 1)} (xp — ) — m, [P} 2 ()]
= mpj|(xn — 7) (v — ) — Z()]

= T {P;‘Mh(xa 75)} )

where M, (+) is the (J —

1) x

it follows from (3.187) that

(3.189)

(J — 1) matrix as in (3.186). Hence, by using (3.189),
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7171P}M1 (-x7 7[)

I{(m)p;}

Sor = | meMiem) | U= x(-1). (3.190)

Ty—1pM;-1(x, )

By combining (3.190) and (3.186), one finally obtains

Ol m)] ~ (o} = ()

7 0Mi (x, )
- mip M (x, ) . (3.191)

Ty— 1p/M] 1()( 7'6)

Hence by using component derivative results from (3.191), (3.177), and (3.180)

into (3.185), one completes the computation of the second order likelihood deriva-
9Log L(6" py)

tive matrix 26700+

Further Alternative Ways to Compute the Derivatives One may find the
following derivatives computation useful where the notation Z;;{ Xg Ty is retained

. L 3’x;
instead of using its value 7. Thus, to compute the general formula for nge*’ one
uses
0 ﬂ] J—1
5o = NN Y xomy = mj[x 2 XoTe) = 0(x), (say), (3.192)
g=1

where xg = (X1g,...,Xkg,---,X/—1,¢) is @ known (J — 1) x 1 design vector involved
in the probability formula for the gth category response. It then follows that

0%m; doj(x) -
89*’8]9* = aé*/ = m[{x; - ngﬂg}{x, leg”g}/}
J—1 J—1
— 717]' Z ngxg{xg — z xk”k}/
g=1 k=1

—1
= mj[{x; — ng”g}{xj leg”g}/]

Z ”gxgx {Z xgTg H{ 2 Xgmg}!
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J=1
= 7'Cj [<ijlj — z ngxgx;,>
g=1
J=1 J=1 J-1
-2 xj{ngng}'f{ngng}{ngng}' . (3.193)
g=1 g=1 g=1
In the binary case, that is when J = 2, x; = 1, and 6* = B¢, this second order
derivative in (3.193) reduces to

7'[,'1[(1 —77.71) —2(77.71 — 77.712)] = 7171(1 —7171)(1 —277,'1),

as expected.

A7) .
Next to compute the general version of the formula for 2 3 95 2 one writes

L’f’_i(
26° 9o\

J-1 J—1
= lm (r1 = D MeXg) ... mi(xj— D) Mexg)
g=1 g=1

TG 75171)

c (X — Zngg Z —I)X(J—l)

= 3(m,x), (say), (3.194)

which is the same as X () in (3.180). More specifically, by writing (3.180) as

M: {GJ(X)—[Z(E,X)]pj forj=1,...,0—1 (3.195)
06 — 31 [0k(x) = Z(m,x)p] for j =, :

one computes the second order derivatives as

I°AV(g) _ doj(x) [3{2(7%)6)1);}

}forj:l,...,]—l

20*'90* 90+ 200
°m; H{Z(m,x)p;}
where the first term (i, g+ in general form involving x is known from (3.193). The

second term may be computed as
H{Z(m,x)p;} 0 < 5
o7 JI BT nl(XI_é;nng) ﬂj(x]'—; ngxg)

J—1
C oy (o1 — 2 ﬂgxg)}Pj]

&=l
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0 J—1

J—1
= FI'Ed Zl [nm(xm - Z ngxg)pjm]

J—1 J—1
= Z T xmx;nf Z ngxgx'g
m=1 g=1
J—1 J—1 J—1
= 2 X xeme} — { X xemH Y xeme}Y' | p Py, (3.197)
g=1 g=1 g=1

by (3.193). Hence all first and second order derivatives with respect to 6* are
computed.

3.4.1.3.1(b) Likelihood Estimating Equation for py,

Let

*

P =(p1ssPespy) s (I — 1)? x 1; with pj = (pj1,-- -, Pjes -, PjI-1) s
(3.198)
where p; is the (J — 1) x 1 vector of dynamic dependence parameters involved in the
conditional linear function in (3.171), i.e., }th|t) \Oig—1) = m; +p] (yig—1—m). Also
recall that these conditional linear functions in (3.171) are re-expressed in (3.176)

for computational convenience by using an indication vector for the known past
response. That is, the conditional probabilities have the form

/ . 1o
A(/)(g){nj—l-pj((S ) forj=1,..d=lig=1J 4 o0

S me+pi(S—m)| forj=J; g=1,....J.

Now because 7; is free from p; and AU)(g) depends on p; through (3.199), it
follows from the likelihood function (3.175) that the likelihood estimating equations
forpj (j=1,...,J —1) have the form

r oAl
{tzzfg"“_l”)}wﬂ(g) o) 1

1
2KM (t—1,1) }A(J)(g)(@,n)]

ngt—lt} ! (5g—n)]—o, (3.200)

-33

=1g=1

8Log L( »PM
ap;

=

I
M-~
M=

oy
Il
—_

M=

-3

—_

=2

|
{

og
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for j=1,...,J —1, leading to the estimating equations for the elements of p* =
(P1s--sPjs-- - Py—1) @S

Log L(6" .py)
Ip1

ILog L(6*,pm) _ | aLogr(6*.pm)
8[)* - Ip;

=0:(J—1)x1. (3.201)
dLog L(0" pyy)
Ipy1

One may solve these likelihood equations in (3.201) for p* by using the iterative
equation

)

2 o * -1 o *

dp*dp* ap

‘ *=H*(p

(3.202)

where the (J —1)? x (J — 1)? second derivative matrix is computed by using the
formulas

9*Log L(6*,pu) L
Z e\ oFM) 2

aIpidp; 4
I [(r
B ggl {z%ng(t_ l’t)} {2V (g )}2( —7)(8 —”)/} . (3.203)

forall j=1,...,J—1,and

9’Log L(G*,pM B Z
Ip;op; =

! ,
{gKg’ }{/1 I ”)@”)1’

(3.204)
forall j#k;jk=1,...,0—1.

In Sect.3.4.1.2 we have fitted the LDCMP model (3.146)—(3.147) by using the
GQL approach and the estimation methodology was illustrated in Sect.3.4.1.2.1
by analyzing the TMISL data. Even though the estimation technique was different,
because in this Sect. 3.4.1.3 we have fitted the same LDCMP model, we did not
apply this technique of computation to the TMISL data. However, in Sect. 3.4.2.2 we
will analyze the TMISL data by fitting a different, namely non-linear MDL model.

3.4.2 MDL Model

In this section, we generalize the covariate free BDL model discussed in Sect. 3.2.4,
to the multinomial case. Remark that this type of non-linear dynamic logit model
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is appropriate for the situations where the mean and variance of the responses at
a given time are likely to be recursive functions of the past means and variances,
respectively. See Sutradhar (2011, Section 7.7.2) for details on such dynamic
logit models for binary data with time dependent covariates, whereas we have
concentrated on a simpler covariate free stationary binary case in Sect. 3.2.4. Further
stationary binary cases with stationary (time independent) covariates were discussed
in Sect. 3.3.2. Turning back to the multinomial case, similar to (3.170), we write the
probability density for the multinomial variable y;, at initial time 7 = 1, that is, for

!
Vit = Yitty -+, Viljs-- - Yitg—1) as

Fit) = P(it1y - Yitjy---»Yil,g—1)

1! J i1j
- v (3.205)
virr! eyt ying -yt T

where, for t = 1, by (3.144), &; is defined as

exp(ﬁjo) f . 1 J 1
. W orjy=1,...,J —
Pl =3 | = my =my = 4 el T (3.206)
Ty Texp(Be) T

However, for t = 2,...,T, as a generalization of the conditional probability (3.71)
for the binary data, we now consider that the conditional probability for the
multinomial variable at time ¢ (r = 2,...,T) given the responses at time 7 — 1 has
the dynamic logit form given by

10 = (1 = s =54

Biot7y .
‘_”,’ipl(-’O s 1)(g) forj=1,....0—lig=1,...,J
= ¢ X exp (ﬁh‘)+}71)7i.t—l> (3.207)

\ .
for]:J;g:17...J,
131 dexp (Bro+7pis ) ’

where ¥; = (Yj1,-- -, Yjn,---»¥jg—1) for j=1,...,J—1, and hence
© _§ ., ©
Vi = 2 vy forallg=1,....J.
h=1

Note that for y; = (Yj1,-- - Yjns---» Yjig—1)
Y= VY1)

denotes the vector of dynamic dependence parameters, but they are neither cor-
relation nor odds ratio parameters. However, it is true that the correlations of the
repeated multinomial responses will be functions of these y parameters.
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Basic Moment Properties of the MDL Model It follows from (3.148)—(3.150)
that fort =1,

E[Y,l] = [7‘51,...,7‘[1',...,71"]_1}/:7'61 (J— 1) x 1
varly] = X(n) = diag[my, ..., 7j,..., 1] — 7w’
For t = 2,...,T, by using the initial marginal model (3.206) for t = 1 and the
conditional probability model (3.207) for t = 2,..., T, similar to (3.72)—(3.73), one
may derive the recursive relationships for the unconditional mean, variance, and
covariance matrices (see also Loredo-Osti and Sutradhar 2012) as

EYy] = &y =)+ [mu — ()] 7y

Val‘[Y,',] = diag[ﬁf(,)l, ceey ﬁ:(t)ja ceey ﬁ(t)(J—l)] - ﬁ(t)ﬁ:{t)

= (COV(Y,‘,j,Y,‘[k)) = (G(t)jk)7 ],k: l,...,.]— 1
cov([Yiu, Yie] = var[Yi|[ny —n(J)1)_ 7%, foru <t
= (COV(YiMj7Yilk)) = (G(ut)jk)a .]7k = 1) cee 7‘]_ 17 (3208)

where
fy=n:(J-1)x1,
and for example,
LRI VERTRE U IS [OAD VR [ s (OO RV [ s (AR VAR &
and where

n) =YW,V VU =r: (-1 x1

3.4.2.1 Likelihood Function

Because yj, is a multinomial variable at any time point ¢, it is clear that conditional

)

onY;; | = yl(_‘s;_l, one may write the conditional distribution of y;, as
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3 7 [0 Yii
}’m!~-~)’itj!~-~yin—1!yin!Hj:1 [n”"*l(g)} &=L,/ (3209

f()’it|yz§§)—1) =

wheren() (g) for j=1,...,J, are given by (3.207). Let 7y be the (J—1) x (J—1)

it|t—1
dynamic dependence parameters matrix given by

"
m=| ¥ [:U-D)xu-1D), (3.210)
-
and 0* = [Bio,...,Bjo,---,Br—1,0] denotes the vector of category index parameters.

Similar to the LDCMP model (3.172)—(3.173), one may write the likelihood
function under the present MDL model as

L(6%, 1) = ITE | [f i) o f e lyie—1)]
[Hi=1f(yu)]
Hszznj Hzlég[ ()’it|y,(§)_1)}

— c(ﬂ; |:1—[] n[( }ll]:|

X

i Yitj
<m0 )Y can

where ¢ is the normalizing constant free from any parameters. Next, by using the

abbreviation (/) (g) = ni(tfg_l (yl(g;)_ 1), the log likelihood function may be written as

K J
Log L(6*,m) = log c5+ >, Y, yirjlog 7
i=1j=1

T J J
+ 2 Z Z [)’111108 i (g )} (3:212)
=2 j=lg=licg

which, by using the cell counts from the contingency Table 3.17, reduces to

Log L(6",vy) = log ¢+ ZK )log m;
j=1

+ 33 {ioente)}

Jj=lg=1

T

z ] , (3.213)
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where K,;(t — 1,1) is the number of individuals with responses belonging to jth
category at time ¢, given that their responses were in the gth category at time ¢ — 1.
Note that this log likelihood function is similar to (3.175) for the LDCMP model,
but the big difference lies in the definition of the conditional probabilities. That is,
unlike the linear conditional probabilities in (3.175), the conditional probabilities in
the present case are non-linear and they are given by

exp(x;9*+)é-5g)
n(j) (g) = 1+3 -1 exp(llee*ﬂ/th

forj=1,....0—1;,¢g=1,....J
) o 8 (3.214)

1457 Texp(x,67 17,8 forj=Jig=1,....J,

where, similar to (3.176),

5 — [01; 1, 1,01, - s] forg=1,...,J—1
& 01,4 forg=1J.
3.4.2.1.1 Likelihood Estimating Equation for 6*

It follows from the log likelihood function in (3.213) that the likelihood estimating
equations for 6* has the form

dLog L(0*, 1) < 1 on;
00* TL'j Jd0*

S 1 an'(g)
{Zng(t—l,t)}n(j)(g)w =0. (3.215)

M

JJ
22
j=lg=1

For given 7}y, these likelihood equations in (3.215) may be solved iteratively by
using the iterative equations for 0* given by

. . 9?Log L(6*, ! 9Log L(6*,
6 (r+1)=0"(r)— l{ S| el YM)] LU-1x1,
|0*=0*(r

(3.216)
where the second order derivative matrix has the formula

?Log L(0*, 1) d (1 dxm
2696~ _;KJ(I){&@*’{@%*H

4 1 9'nY(g)
(Bt} e

)

=1

+
M\

1

o9

J
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1 InY(g) an'(g)
- (mU(g))2 der 967 ' G217

The first and second order derivatives involved in the estimating equa-
tions (3.215)—(3.217) are computed as follows:

1 9% L 9m;
Computation of - %, 96° and ae*’ {7?,89*

These formulas are the same as in (3.178) under the LDCMP model. That is,

1 0m; _ xj_z;;{ngxg:xj—nfor]::17...,1—1 (3218)
m; d0* - for j=J,
and
0 i 871, _ on
00+ T 20 [ 26+
o' y
_ {ae} — Y(m)=-X(x), (3219

(see (3.180)).

2n(7)
Computation of 96*(8) and % ei/;éi) :

By (3.214), the first derivative has the formula

g [nYe )[ zh 1xhn )(g)} for j=1,....0—1;g=1,....J
26" —[nw( “ln } for j=J; g =1,...,J,

W (g)[x;— forj=1,....0—1;g=1,....J
:{n (g) [xj —n(g)] for j g (3220,

— [n(”(g)n(g)} forj=J;g=1,...,J,

where

The formulae for the second order derivatives follow from (3.220) and they are
given by

i) [ [ -n(e)6—n()) =558 forj=1,....0~1
96°96° | n)(g) [n(e)n'(s) — G| for j=J

= ()M (x,n(g)), (say), forall j=1,....Jsg=1,....J, (3222)
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by using the notation x; = 01;_;. However, it remains yet to derive the formula for

In(g)
90+ "

Computation of % :

Notice from (3.220) that

0 |
% =1 (g)(x;—n(g)) s 1x (J=1),

yielding

— | 0 -n)y |U-Dx@-1). (223

3.4.2.1.2 Likelihood Estimating Equation for yy,

Let

Y= ()4,...,)/1-,...,)671)' c(J-1)?%x1; where ¥ = (Yj1,- -, Yjny - Yjg—1)'s
(3.224)

where y; is the (J —1) x 1 vector of dynamic dependence parameters involved
in the conditional multinomial logit function in (3.207). See also (3.214) for an
equivalent but simpler expression for these conditional logit functions. Using this
latter form (3.214), by similar calculations as in (3.220), one writes

an(h)(g) 5gn(j)(_g)[l - Tl(j)(g)] forh=jh,j=1,....0—1
5 = %nV@n"(e) forh#jihj=1,..J-1 (3.225)

h ~5nW(em(g)  forh=10ij=1,..0—1,
for all g =1,...,J. Using these derivatives, it follows from the likelihood func-

tion (3.213) that
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1 an"(g)
{ZKg" }n<h>(g> I 1

Kj(t — l,t)} 0q (1 n“')(g))]

8L0g L 7’)/M L3
Y; z Z‘

=
—_

g=1

{

|
M\
M=

g=1 1=2

»: TK 1 ! 5. (nW) (h)
A PR e « (n (e (9))

J T
=2 {Zng(r—l,m}ag]

g=1 =2

J J T

Z 2 Zth }6817( g )1 =0, (3.226)

for j = .,J — 1, leading to the estimating equations for the elements of y* =

1,.
(%5 -- 7/ Y- 1) as

dLog L(0*,yum)
M

dLog L(6*,y, dLo L:O*,
3y ) _ ga‘yj ) | =0 (J—1)2x 1. (3.227)

dLog L(6* ,ym)
V-1

One may solve this likelihood equation (3.224) for y* by using the iterative equation

92Log L(6* ! 9Log L(6*
ff*(r+1)=?*(r)_[{ og L( #M)} og L( 7YM)1 |
[y =7*(

Iy oy Iv*
(3.228)
where the (J —1)% x (J — 1)? second derivative matrix is computed by using the
formulas

82LOgL( 7YM L
AP

{Zth(t - 171)} n(g) (1 - n“)(g)) 5@4
=2

(3.229)
forall j=1,...,J—1,and
9’Log L(6*, 1) < ) k
gLog L8, ) _ n(en®(e)) 8.8/ ,
Y0, g;h; ; ( ) 87
(3.230)

forall j #k;jk=1,...,0—1.
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Table 3.21 Observed and LDCMP model based fitted probabilities (by using GQL approach)
under all three stress levels for the TMISL data

OMP at time ¢
Stress level | Probabilities (I) | Probabilities (LDCMP) | 1 2 3 4
Low 0.1376 0.1325 0.0861 | 0.1985 |0.1161 |0.1498
Medium 0.6676 0.6681 0.6704 | 0.6217 |0.7041 |0.6742
High 0.1948 0.1994 0.2435 1 0.1798 |0.1798 | 0.1760

3.4.2.2 TIllustration 3.10: Analysis of Longitudinal TMISL (Three
Categories) Data (Covariate Free) Fitting MDL Model Using
Likelihood Approach

In Sect.3.4.1.2.1, we have fitted an LDCMP model to the TMISL data through a
GOQL inference approach. Because the model was assumed to be covariate free, the
multinomial (three category) marginal probabilities at different times were time
independent, even though the data exhibit the change in marginal probabilities
over time. See, for example, Table 3.21 where these OMP along with estimated
stationary marginal probabilities are displayed. In fact the inclusion of the distance
covariate in the LDCMP model will also not change the marginal probabilities over
time, because this covariate is not time dependent. However, because the MDL
model considered in the present section (see (3.206)—(3.207)) is conditionally non-
linear, as shown in (3.208), it produces recursive mean, variance, and correlations
over time. Thus, even though the model is either covariate free completely or
contains time independent covariates, the MDL model is capable of producing
time dependent marginal probabilities through the recursive relationship due to non-
linearity. The purpose of this section is to illustrate such a non-linear MDL model
by applying it to the same TMISL data used in illustration 3.9. Furthermore, for
this MDL model, the standard likelihood approach is quite manageable and hence
we illustrate the fitting through maximum likelihood estimation (MLE) approach,
instead of using the GQL technique.

For easy understanding of the application of the MLE approach, we further
simplify the likelihood equations (3.215) for the category based intercept parameters
0* = (B0, B20)’ and (3.227) for the category based dynamic dependence parameters
v* = (71,%2,%1,¥22) in the context of the present TMISL data. By writing, for
example,

Kgj = Kgj(1,2) + K;j(2,3) + Kq(3,4),

forg,j=1,...,3, and

3
* *
K, = legj’
j:
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for g =1,...,3 the two likelihood equations in (3.215) have the form

£(0%,7) = [Ki(1) = Km] + [{K7; — Kin"W (1)} + {3, — K30V (2)}

+{Kk3 —K3nW(3)} =

£(0%7) = [Ka(1) — Km] + [{Kf, — Kin@ (1)} + {K3, — K31 (2)}
3=

and similarly the four likelihood equations for y* in (3.227) have the forms

+{K35, — K31 @3

g1(7r",0%) =K, — Kl”l(l)(l)zo
2(7",0%) = K3 —Kk3n'M(2) =0
g3(r",0") = Kir — K177(2)(1>:O
2(7",0%) = K3, —k3n?(2) =0,

respectively. Similarly, the second order derivatives of the likelihood function with
respect to 8% and y* were simplified. The second order derivative matrix for 8%,
following (3.217), is given by

. f11(8%,7) f12(6%,77)
FO%7) = (le( ’Yk)fzz(e*af))

where
fi() = =Km(1=m) — [Kin (1)1 =0 (1))
+ k@)1 -0V @) +KinVE)(1-nV3)]

fiat) = Kmm+ (Kiz + Kis)n'V ()n 2 (1)

+ (K3 + K33)n'™ (20 (2) + (K3, + Ki3)n "V (3)nP (3)
fai (1) = fia ()
() = —Km(1—m) — |[Kin® (1) (1 =nP(1))

+ K (2)(1-n®2) + Kin® (3)(1 - 17(2)(3))} :
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and similarly the second order derivative matrix for y*, following (3.229)—(3.230),
is given by

o= (% %),

G Gs
where
Gl(Kmuwwﬁ_nmunxywnmg—nm@»>
(b:(mmm%m@anqugm%n)
= (Krn(z)(l)(é_n<2)(l)) K;n<2><2><?—n<2><2>>> |

Now by using the iterative equations
o) =00 [tren )y (N7 s
16*=6*(r)

(see (3.216)) for 6*, and
(
Pt =7 () - [{r(r.em)" gzg Caxl,
( lye=7*(r)

(see (3.228)) for y*, in ten cycles of iterations, we obtained the maximum likelihood
estimates (MLE) for the category intercept parameters as

Bromre = —1.9117; Bag pre = 0.3798,
and for the lag 1 dynamic dependence parameters as
Yiimre = 5.8238, Yo mre = 2.4410; Y mre = 3.6455, Yo mre = 1.8920.

To understand the marginal probabilities (3.208) for three categories over time,
we first use the above estimates to compute

1y = [y (Low group), 1), (Medium group)]’ : 2 x 1

m:2x1

0.0567, 0.5602],
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Table 3.22 Observed marginal probabilities (OMP) and MDL model based fitted marginal
probabilities (FMP) (77:(,) (208)) under all three stress levels for the TMISL data

OMP at time ¢ FMP at time t(ﬁ:(,))
Stress level | 1 2 3 4 1 2 3 4
Low 0.0861 | 0.1985 |0.1161 |0.1498 | 0.0567 |0.1247 |0.1624 |0.1798
Medium 0.6704 | 0.6217 |0.7041 |0.6742 | 0.5602 | 0.6828 |0.7076 |0.7117
High 0.2435 1 0.1798 |0.1798 |0.1760 | 0.3831 |0.1925 |0.1290 |0.1085

with 713 (High group) = 1 — 7(y); — ;)2 = 0.3831, and the lag 1 based but
constant matrix of conditional probabilities 1ys as

My nM(2
= ()

~ {0.4666 0.5240
~\0.1366 0.7827 )’

and 1 (J) = f(;) = . These results are then used in the recursive relationship (3.208)
to produce the marginal probabilities 77, (3.208) for three categories over remaining
three time points as in Table 3.22.

Notice from the Table 3.22 that the FMP over time indicate that as time
progresses the stress decreases. Thus, for Low and Medium group the probabilities
are increasing over time, whereas for the High stress level the probabilities are
generally decreasing. This fitted pattern shows an excellent agreement with the
observed data, that is OMP shown in the same table. Thus as compared to fitting the
LDCMP model (see the constant probabilities shown in column 3 in Table 3.21),
the MDL model fits the marginal probabilities over time much better.

For the sake of completeness, by using the above estimates, following (3.208), we
also provide the covariances or correlations among the elements of the multinomial
responses. Thus, for r = 1,...,4, we first provide the variance and covariances of
the elements of var[Yy| = (0(;)jx), j,k = 1,2, and then the values of correlations

Ol(ur) jk

corr[Yiuj, Yi] = ( )= (p(ut)jk)a

(Ou) ey ]2

foru <t.
Values of (0(;) i) :
0.0534 —-0.0317
varlti] = (o)) = <0.0317 0.2464 >

0.1091 —0.0851
—0.0851 0.2166

varlYa] = (i) = (
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—0.1149 0.2069

0.1360 —0.1149
var[Vi3] = (03)%) = < >

vt = (o) =

0.1475 —0.1280
—0.1280 0.2052

Values of (p(,)jx) :
corr[Yij, Yaor] = (P(12)x) ( 003?31397 _002326539>
cort[Yi1;, Y] = (p(13)t) ( 001(;5284 88411;;)
corr[Y;1, Yiar] = (P(14)j) ( 00035563 88822)
corr[Ypn;, Yiak] = (P(23)ju) < 003294%950 001(;6519>
cort[Yooj, Yiar] = (P(24) ) ( Oollsgg4 835(7)3)

—0.3125 0.1788

0.4230 —0.0879
corr[Yi3j, Yiur] = (paayji) = ( ) :

As expected the multinomial correlations appear to decay as time lag increases.

3.5 Univariate Longitudinal Stationary Multinomial
Fixed Effect Regression Models

In Sect. 3.4, we have used first order Markovian type linear (LDCMP) and non-
linear dynamic (MDL) models to analyze longitudinal multinomial responses in the
absence of any covariates. Thus, even though the original TMISL data based on 3
stress levels displayed in Table 3.18 were collected from 267 workers along with
their covariate information on their house distance (less or greater than 5 miles)
from the nuclear plant, the LDCMP (Sect.3.4.1) and MDL (Sect. 3.4.2) models
were applied to this data set as an illustration ignoring the covariate (distance)
information. However, because finding the covariate effects on categories may
be of interest as well, in fact in some cases finding covariate effects may be of
primary interest, in this section, we generalize the LDCMP and MDL models from
Sects. 3.4.1 and 3.4.2 to accommodate the stationary covariates (time independent).
We refer to these generalized models as the LDCMP and MDL regression models.
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Table 3.23 Contingency table for J > 2 categories at initial time r = 1 for
individuals belonging to ¢-th ({ =1,...,p+ 1) level of a covariate

tit=1)

Category
Covariate level | 1 ] o] Total
1 K (1) | K (D) Ky (1) Ky
4 Kon(1) | K (D) | [ Kpp(1) [ Kjg
p+1 Kpri(D) oo Ky (D) o K (1) | Kppay
Total K (1) . K;(1) KD K

Naturally one should be able to apply these regression models to analyze, for
example, the original TMISL data in Table 3.18. For convenience, to make the
application purpose of the regression models easier and clear, we first extend the
general contingency Tables 3.16 and 3.17 for J > 2 categories to the regression case
with a covariate with p + 1 levels through Tables 3.23 and 3.24, respectively. Note
that these Tables 3.23 and 3.24 also generalize the covariates based contingency
Tables 3.8 and 3.9, respectively, for the binary longitudinal data.

To illustrate these Tables 3.23 and 3.24, we turn back to the original TMISL
data of Table 3.18 and first, corresponding to Table 3.23, display the marginal
counts at initial time # = 1 for two levels of the distance (between workplace and
home) covariate in Table 3.25. Next, corresponding to Table 3.24, we display three
(T —1) lag 1 based transitional contingency Tables 3.26(1)—(3) to be constructed
from the TMISL data of Table 3.18. Each table contains the counts under two levels
of the distance covariate. Once the multinomial regression models are developed
and estimation methods are discussed in Sects. 5.1 and 5.2, they will be fitted, as an
illustration, to the TMISL data from Tables 3.25 and 3.26(1)—(3).

3.5.1 Covariates Based Linear Dynamic Conditional
Multinomial Probability Models

In this section, we generalize the LDCMP model discussed in Sect. 3.4.1 to examine
the effects of covariates as well on the multinomial responses. For convenience we
consider one covariate with p+ 1 levels, ¢ being a general level sothat { =1,..., p+
1. For example, in the aforementioned TMISL data, distance covariate has 2 levels,
namely distance less than or equal to 5 miles (DLES5) (¢ = 1) and the distance greater
than 5 miles (DGTS) (¢ = 2). Suppose that for i € ¢, in addition to 3o, B¢ denotes
the effect of the covariate for the response of the ith individual to be in jth category.
Thus, fort = 1,...,T, we may write the marginal probabilities as
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Table 3.24 Lagh* (h* =1,...,T — 1) based [h*(T — h*)] transitional counts for multino-
mial responses with J > 2 categories, for individuals belonging to ¢-th (¢ =1,...,p+1)
level of the covariate

Covariate level (¢)

tt=h"+1,...,T)

Time Category (j)

Time Category (g) | 1 ] T Total

th* |1 K[[]ll(t—h*, l) K[g]]j(l‘—h*, t) K[g]lj(l—h*, l) K[g]l(l‘—h*)
g K[g]gl(t—h*, l‘) K[g]gj(t—h*, t) K[é]gj(l‘—h*, l‘) K[[]g(t—h*)
J Kign(t =0, 1) .. | Kyt —h*, 1) ... Kjgpy(t —h", 1) Kjgy(t —h")
Total K[ﬂl(t) A K[g]j(l‘) .. Km](l) Km

Table 3.25 Contingency table for TMISL data with J = 3 categories at initial
time ¢ = 1 for individuals with covariate level 1 or 2

t(t=1)

Stress level (j)

Covariate level (£) Low (1) Medium (2) | High (3) Total
Distance < 5 Miles (1) Ky (1) = 14| Kjjjp(1) = 69 | Kpyp3(1) = 32 Ky =115
Distance > 5 Miles (2) K[Z]l(l) =9 sz(l) =110 Km:;(l) =33 Km =152
Total Ki(1)=23 [Kx(1)=179 |K3(1)=65 |K =267

Table 3.26 (1): Transitional counts for the TMISL data from time 1 to 2 (h* = 1) for individuals
belonging to ¢-th (¢ = 1,2) level of the distance covariate

Distance < 5 Miles (1)

t=2
Time Stress level (j)
Time Stress level (g) | Low (1) Medium (2) High (3) Total
[t—h*] =1 Low (1) K[]]”(I,Z):7 K[]]12(1,2):7 K[]]l3(1,2):0 Kml(l):l4
Medium (2) K[1]21 (1,2) =11 K[1]22(1,2) =54 K[1]23(1,2) =4 K[l]z(l) =69
High (3) Kijs1 (1,2)=0 Km32(1,2) =12 K[]]33(1,2) =20 Kj3(1) =32
Total Kml(Z) =18 sz(Z) =73 KIIB(Z) =24 Km =115
Distance > 5 Miles (2)
t=2
Time Stress level (j)
Time Stress level (g) | Low (1) Medium (2) High (3) Total
[l‘—h*}ZI LOW(l) K[2]11(1,2):5 K[2]12(1,2):4 K[2]13(1,2):0 K[2]1(1):9
Medium (2) K[2]21(1,2) =29 K[2]22(1,2) =75 K[2]23(1,2) =6 K[z]z(l) =110
High (3) Kpjai(1,2) =1 | Kpjap(1,2) = 14 Kppypas(1,2) = 18 Kpp3(1) =33
Total K[Q]I(Z) =35 K[2]2(2) =93 K[2]3(2) =24 K[z] =152
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Table 3.26 (2): Transitional counts for the TMISL data from time 2 to 3 (h* =

3 Regression Models For Univariate Longitudinal Stationary Categorical Data

belonging to ¢-th (¢ = 1,2) level of the distance covariate

1) for individuals

Distance < 5 Miles (1)

t=3
Time Stress level ()
Time Stress level (g) | Low (1) Medium (2) High (3) Total
[tfh*] =2 Low (1) K[l] (2 3) =8 K[l] (2,3) =10 K[1]13(2,3) =0 K[1]1(2) =18
Medium (2) K[1]21 (2 3) 6 K[1]22(2 3) =57 K[1]23(2,3) =10 K[I]Q(Z) =73
High (3) Kip1(2,3) =0 | Ky (2, 3) =5 | Kj33(2,3) =19 Kj3(2) =24
Total K[l 1(3) =14 K[l 2(3) = K“B(S) = Km =115
Distance > 5 Miles (2)
t=3
Time Stress level ()
Time Stress level (g) | Low (1) Medium (2) High (3) Total
[t—h*] =2 Low (1) K[2]11(2,3) =12 K[2]12(2,3) =23 K[2]13(2,3) =0 K[2]1(2) =35
Medium (2) K[Z]Zl (2,3) =5 K[2]22(2,3) =82 K[2]23 (2,3) =6 K[2]2(2) =
High (3) Kpj31(2,3) =0 | Kpp3p(2,3) = 11 Kp33(2,3) = 13| Kpj3(2) =
Total K[2}1(3) =17 K[2}2(3) =116 K[2]3(3) =19 Km =152

Table 3.26 (3) Transitional counts for the TMISL data from time 3 to 4 (h

belonging to ¢-th (¢ = 1,2) level of the distance covariate

*:1)

for individuals

Distance < 5 Miles (1)

t=4
Time Stress level (j)
Time Stress level (g) | Low (1) Medium (2) High (3) Total
[l‘—h*} =3/ Low (1) K[l]l (3,4) =10 K[l]l ( ) =4 K[1]13 (3,4) =0 K[1]1(3) =14
Medium 2) K[1]2 (3 4) =38 K[1]22 (3 4) =57 K[1]23 (3,4) =7 K[1]2(3) =72
High (3) Ki31(3,4) =0 | Kz (3, )—9 Kl1j33(3,4) =20 Ky;3(3) =29
Total K[l 1(4)=18 K[l 2(4) = Km3(4) = Km =115
Distance > 5 Miles (2)
t=4
Time Stress level ()
Time Stress level (g) | Low (1) Medium (2) High (3) Total
[t —h*] =3 Low (1) K[2]11(3,4) =8 | K2 (3,4)=38 K[2]13(374) =1 K[2]1(3) =17
Medium (2) Kpp1 (3,4) =14 K[2]22(3 4)=92 Kpps (3,4) =10 K[2]2(3) =116
High (3) Kpja1 (3, 4) 0 | Kpj32(3,4) =10 Kpj33(3,4) =9 | Kp3(3) =19
Total K[Z]l( ) K[Z]Z( ) =110 K[2]3(4) =20 K[z] =152
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Plyy = yl(tj) liel] = T(icdr)j = M) /(same for all t using stationary assumption)
__oBiothi) g i 1 =1
sz Toxp B+ o) or j ey X ,...7P(3 231)
' .

ol forj=Jil=1,...,p,
s TepBotBe) ) p

and for £ = p+ 1, these probabilities have the formulas

Pl =311 € (p+ )] = = Tic(pi1y); = Ty
exp(Bjo) for j —

—— L forj=1,....0—1
= { M) i) (3.232)
s tee(B) T T
Note that these marginal probabilities are similar to those for the binary case
given by (3.89)—(3.90), with a difference that j now ranges from 1 to J(> 2),
whereas in the binary case J = 2. Further note that for notational convenience, one

may re-express the probabilities in (3.231)—(3.232) as follows. Let

0" =(B",...B;....B; /T - (=) (p+1) x 1, with B = [Bjo, ... Bje.. .., Bjpl "
(3.233)

It then follows that
exp(x’(] 0%)

= 3234
ST ey, 67) (3239

Tej =

where x, . is the jth (j = 1,...,J) row of the / x (J — 1)(p + 1) matrix X, defined
for (th level as follows:

X=| |, (3.235)
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with
01 1)ty gt OV 1 jypiny ) For =1 J =L l=1,....p
xl[l]j = 01/(,;'71)(,&1) dfzqz 01/(1,1,j)(,,+1) forj=1,....0—1;4{=p+1
0L, i) forj=J; £=1,....p+1,
(3.236)
where
101,_,101" _,) form=1
dig, = R l}') (3.237)

1 01;,) form =2.

Next, to accommodate the covariates, level (i € ¢) specific conditional probabil-
ities in linear form may be written by modifying the LDCMPs in (3.146)—(3.147),
as

. J—1
P[Yy =y§/)|Yu71 = yg),]-,i €l = Tict,)j T Z Pjn [yz(i)—l,h - ”(ie[,t—l)h]
h=1

J-1
= My, + ;,2'1 Pijn [yfl;llh — ﬂ[[]h] by stationary property (3.144)
=m0} (35— g )
= Ai(t‘f't[,(g,e), (say), forg=1,....Jsj=1,....0—1, (3.238)

and
) (@) ) 5,0
P[Ytt :yi[ |Yi,t—1 :yii_lvi € E] = lit|t—l(g’£) = 1_ Z A'it‘jt_l(g7£)7 (3239)
=1

where

Pj=(Pj1s-sPjnse-sPja—1) (= 1) X Iy mg = g1y Moo Mg 1] 1 (= 1) X L

3.5.1.1 Likelihood Function and Estimating Equations
When covariates are accommodated, following (3.172), one writes the product

multinomial likelihood function (see Poleto et al. 2013 for a more complex missing
data setup) as

L(6",pu) = H[Cr]lﬂiléz [f(yil)ntz;zf(yit|yi,t71)]
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= [Hp+lneef(Yzl)]

X Htiznfjllﬂj H,[é(g/ [f(yit|y§§)—1)}

= di [

B A T Y Y P YU | SRV

1€

where 6* now has the form as in (3.233) but py, has the same form as before that is,
as in (3.153), that is,

M= pj’ =1 x(-=1).

/
Pr-1

In (3.240), djj is the normalizing constant free from any parameters. Next, by
using the abbreviation A0) (g,¢) for the conditional probabilities in (3.238)—(3.239),
that is,

AU (g, 0) = {Ai(rl\]zll(yl{f)*l)} liet

nm +P,(3[/] —my) forj =1 =1 3
-~ [ k+ (80 — m0)’ px| for j=1J,
with
/ , /
S = (01g,1 1011717g) forg=1,....0-1;¢=1,...,p+1 (3.242)
01,1 forg=J;0=1,....,p+1,

the log of the likelihood function (3.240), that is,

p+1 J

K
Log L(0%,py) = log dy+ vitjlog my;
(=1iel j=1

K

p+1 1T J '
ZZZE )Y [y”fl%’ %5\’,)_1(3,5) . (3.243)

lg=lic(g,0)

by using the cell counts from the contingency Tables 3.17 and 3.18, may be
written as
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ptl J
Log L(0",pm) = log dy + Z 2 Kjg;(1)log my

+:§:§§ [{log,m }{ZK% 1, H (3.244)

where Ky, ;(f — 1,¢) (Table 3.18) is the number of individuals with covariate level
¢, whose responses were in gth category at time # — 1 and in jth category at time ¢.

3.5.1.1.1 Likelihood Estimating Equation for 6*

It follows from (3.244) that the likelihood estimating equation for 6 is given by

* p+1 J O

20* P o J0*
Pl J U T
+ Kipai(t—1,1)
[:1;; {tz [fls }k(/) ¢.0)
9AV)(g,0)
e (3.245)

where, by (3.234), one obtains

87'5[[] 1 5
(99*1 = Mq)X() — Te)j D, X{e)gTelg
g:l

_ ) may (g —mg @ di) for L=1,....p1 j=1,....] 550
Ty (¥j = M ©djp) for b= p+1; j=1,....J,

or equivalently

1 9my _ ) (= mg @digy) for b= 1o pij =1 d g0
mg; 98 | (v~ Mg @dip) for b=p+ L j=1,....J,

where x(y); = 01(;_1)(p+1). Further, by (3.246), it follows from (3.241) that the first

derivative (M(a)T in (3.245) has the formula as
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8A(f>(g,£) _ { az* [n[é]j—s—p;-(%g —ﬂ:[g]):| forj=1,...,0—-1 (3.248)
26" — 57 [0 {mae+ (8 — mg ) pe}] for j=1,
 (on
{afg‘i’—{aﬂﬂ}p] forj=1,...,J-1
- 3 (3.249)
_Zi;ll [ aglk _{ }pk} for j=J,
_ )my; (g — g @ dip) —[Z(my) @diglp; for £=1,....p (3.250)
w0 (X0 — T @ djgp) —[Z(mg) @ djgp]p; for (= P+,
forall j =1,...,J, where by using similar conventional notations as that of (3.182),
one writes
Xgs = O01y_1)(p1y and py = — Y pi.
k=1
Also in (3.250),
T (L=mepn) oo =T fgg - —FHOTG-1)
Z(mg) = | —maemar - (1= mag) - —TgeMgu-1) 7
~Tau-nTar - —gI-1)Teg - 717[5](,,1)(1 _”WU*U)
(3.251)

which, similar to (3.150), is the covariance matrix of the multinomial response
variable Y;c, for the ith individual with covariate level .

Now for known pyy, the likelihood equation in (3.245) for 6* may be obtained
by using the iterative formula

. . 9*Log L(6", ! dLog L(6*,
6 (r41)=0"(r) - H el ”M)} LU= <,
l6°=6+(r)

(3.252)

where the second order derivative matrix has the form

d*Log L(0*,pu) _pH 0 1 dmy;
“aooe 2 2K\ 567\ 7 de

=1 j=1
: L 00
{; 0 l’t)}{)m)(g,g) 20796

o~

+1

<

+
¥

P>

g=1

(=1
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1 9AU(g,0) 0AV(g.0)
- 200y 960 96+ ' 4-23)

To compute this derivative matrix, first we notice that the formulas for A1) (g, ¢)

and its first order derivative with respect to 6* are given by (3.241) and (3.250),

. omp;i . . .
respectively. Also the formula for ﬁ ;9@’ is given in (3.247). We then turn back
tJ

to (3.253) and construct the necessary second order derivatives as follows.

. o[ 1 9mg; .
Computation of >2- {% J0 } :

By (3.247), for all j =1,...,J, we write

d
9 {187%}:{3%*, (5 = Mg i) for £ =1,..p 3 5

90 | my; 06* 567 (¥10j = T @djgp) for = p+1,

which by (3.246) yields

diy1 ® (0], @diy,]

azu{,q’ma;gf}—— d[i]l®[6[fe]j®dfe]1] LU= 1)(p+1) x (= D(p+1)
dig1 ® [G[IZ](.J—I) ®diy,]
= —X{(my), Gsay), for€=1,....p:j=1,....J, (3.255)
and
dip ® (0] @diy]
ag*,{n;]f;gy}—_ dm®[c{:a,®d[’(]2] =D+ ) x (=1)(p+1)

digo ® [G[/é](kl) ®de]2}
= —X;(my), (say), forb =p+1;j=1,....J, (3.256)

where sz]j is the jth row of the ¥ (”M) matrix given in (3.251), that is,
G[’zp

oy | =Z(mg). (3.257)
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. ()
Computation of -2, { 2480

89*, 39* .
This derivative, by (3.250), for all j =1,...,J, is computed as

IAV (g, 0)
d0*

_ {ag {m; (0 —mg @dig) — [Z(mg) @digulp;} foré=1,....p
a6 1m0j (v — Mg @ dyap) — [E(m) @ digalp;} fore=p+1.
(3.258)

By combining (3.246) and (3.255)—(3.256), the derivatives for the first compo-
nents may be written as

% {%’ (X[ew — 7y ®dwn> } =Ty {("M/‘ — 7y ®dvu) (ij — g ®de1)/}

— 127 (7))
= My {(X[m g © dw) (x[é]j el ®dm1), =i (my )}
— My (), for €= 1,y pij= 1., (3.259)
and

% {%‘ (ij — My ®dmz> } =My {(xmj — My ®d[1112> (%‘ —m® dmzﬂ

— 725 (7))

! *
e j {(Wu g © d[m) (ij el ®d[m> =2 (my )}
= ﬂ[[]jM}:2(x, ﬂm), ford=p+1;j=1,....J. (3260)
Note that these derivatives in (3.259) and (3.260) have similar form to that

of (3.186) for the covariate free case, but they are different. In the manner
similar to (3.190), we now compute the formulas for % {[Z(mq) @dyp]p;} and

# {[Z(m) @dyplp,} as follows.

Computation of % {[Z(mq) ®@dyp]p;} and # {[Z(m) @diplp)}:
Because
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{0y @djg1}p;]

3 :
39*, {Z(mg) @dples} = 507 | Holg @dinteil | (3.261)
[{G[/g](J_U ®d1}pj]
with
o = = [=manman - mau (L = man) - — Wn -]

= Ml Sn — m)'s (3.262)

Oy = (01;_1 101'J_l_h)/ is being given in (3.242) for h=1,....J—1; £ =
1,...,p+ 1, one may compute the derivatives in (3.261) by using

d

907 [{mie (8 = ma)' @ i } )]

9
oy &din}os) = o
J ,
= 5g7 [T P} @di } (8 — mp)]
= {(p} @ dig) B —m0)} & { mian (xign =m0 @ gy}
- [”wh{l’j/‘@d[l]l} {2(”M1)®dfqlﬂ
= mn {p) @ dii} [{Gp—m0)} @ { (xign — mp @)}

— {z(mg) @ diy |
= man P} @ di } (O (v, )] (p+1) x (J= 1) (p+1). (3.263)

By using (3.263) in (3.261) forall h =1,...,J — 1, one obtains
e {P/ ®dyg }[Q1 1 (0, 77¢))]

% {[Z(mq) @dipilp,} = Tgn {P,®d }[th(x )]

Mg s-1) {P} ®dwu} [O7)_ 1)1 (x: 74))]
— Qf (my). (3.264)
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Similarly, one obtains

e {P} ®de2} (01 2 (x 7))

89*’{ q)@diplp;} = gl {P,®d z}[th(x 7))

Ty -1) {P; ® d[e]z} Q712 (x: 7))
— Q3 (my), (3.265)

where

Qi 2 ) = [{(8gn = m)} & { (viep — mg @ )"} = {Z(mg) @f }]

Next by using (3.259) and (3.264) into (3.258) one obtains the desired derivatives
forj=1,...,J; £=1,...,p, and similarly by using (3.260) and (3.265) into (3.258)
one obtains the derivatives for j =1,...,J; £ = p+ 1. It completes the computation
for the derivatives in (3.258). Now by using (3.254) and (3.258), one completes the
calculation for the second order likelihood derivative matrix (3.253).

3.5.1.1.2 Likelihood Estimating Equation for pys
The likelihood estimation of pys is equivalent to estimate p; : (J — 1) x 1, for
Jj=1,...,J —1, by maximizing the log likelihood function Log L(6*, py) given

in (3.244). Next, because mjy); is free of p;, the likelihood estimating equation for
p; has the form given by

ILog L(6*,py) _ "&' L

()
ox ap(g’g)] -0, (3.266)
J
where, by (3.241), one obtains
AW (g,0) |55 [ i+ Pi (Sl — e))] forh=1,. ~J—1(3 267)
Ip; ap, Szt {me + (S5 — i)' put] for =1, .

[81qg —my] forh=jih,j=1,....0—1
=40 for b jih,j=1,....J 1 (3.268)
- [5[e]g—7rm] forh=J;j=1,...,0—1.
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It then follows from (3.266) that

T
{ZZéK gj(l— 1,’)} W(Smg —7'[[4)‘|

r 1
{zé]( 17t)}W<5[4]g—ﬂ[g])1 =0,

(3.269)

for j =1,...,J — 1. Note that this likelihood equation is quite similar to that
of (3.200) for the covariate free multinomial case. This is because, unlike the
form of 6*, the p; parameter is not covariate level (£) dependent. For this
reason, (3.269) and (3.200) look similar except that by adjusting the quantities
for the ¢th level covariate, an additional summation over £ = 1,...,p+ 1 is taken
to construct (3.269). Consequently, the second order (J — 1) x (J — 1)? derivative
matrices can easily be written following (3.203) and (3.204), and they are given by

dLog L(6*,py) &

ap; =

_.
og
I

(=1g=1

82L0g L(9*7PM p+l J 1
i = -8 B |{ Bt 1 g s~ G~
p+

1J 1
_Zig {ZKW(t 1’)}{%1)(&@}2

% (81 — 76) (S — 7)1 » (3.270)

forall j=1,...,J—1,and

azLOg L(Q*,pM) p+1 J T 1
Rl A1 (LA Kipoes(t—=1,1) p ———
Ip;op; = ggl Zz st {2U)(g,0)}*

x [(810g — ma) (8 — ma)'1] (3.271)

forall j#k;j,k=1,...,0—1.
Next by writing p* = (p{,...,p},...,p;_;)’; the likelihood equations for this
stacked vector of parameters, that is,

dLog L(6",py)

Ipy

8Log L(G*,pM) | JLog L(.G*.,pM)
8P* - Ipj

=0:(J—1)>x1. (3.272)

dLog L(6*,py)
dps-i
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may be solved by using the iterative equation

2 o * -1 o *
PHr ) =p"(r) - l{g Los 0w | Jhos O )

] p*=p*(r)

ap*ap*/ ap* ?
(3.273)
where

?LogL(6*.py)  *LogL(6*.py)  9*Log L(6*.py)
dp19p] o 9p19p; T 9pidp)

?Log L(0*,pm) | 92LogL0" o)  9’LogL(6%py)  9*Log L(6%.pm)
dp*dp* - Ip;op o dpjdpl T dpjdpy

92Log L(6” o) 9%Log L(6* ,py) 9*Log L(6* ,py)

dpy—1dpy 7T dpj_idpy T dpy_19pg
(3.274)

3.5.2 Covariates Based Multinomial Dynamic Logit Models

In this nonlinear dynamic modeling approach, we assume that the marginal
probabilities at initial time # = 1 have the same form as (3.231)—(3.232) under the
covariates based linear dynamic conditional multinomial probability (CBLDCMP)
model. Thus, we write

Plyan=yPlic = T(icqn); = Mg,

exp(Bjo+Bije)

14257 exp(Bgo+Ber)
1

forj=1,....0—1;4=1,....p

ol forj=Jil=1,...
Ty Tep(BotBe) P

i 3.275)
M f = 1 — ] = 1 (
T epf 0TS b/ o=
1 .
T gy ori=Sb=ptlL
T TewBe) Jil=p+
Next for t = 2,...,T, we write the conditional probabilities also in logit form

given by

PlYy =y Vi1 =) i€ (]

i1
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CXP(ﬁjOJrBjé*?éyg)—l)
13— exp(Bo-+Bue+ 7S )
Cxp(ﬁjoﬂé)’gll )

= ¢ 143 ep(Bro+ )
1

1+3)! exp(ﬁho+5h/+ﬁy§§),1 )
1

forj=1,....0—1;4=1,...,p

forj=1,....J—1;{=p+1

forj=J;0=1,...,p
forj=J;{=p+1.

15 exp(Bro+7 (Y )
— 0 (g,0), (say), forg=1,...,J, (3.276)
where

Yi=Yjts- s Vi Vig—1) s (J—=1) x 1.
Note that these conditional probabilities are similar to those given in (3.207) for the
covariate free case, but they have now extended form to accommodate properly the

regression effects of the covariates under all J categories. Further note that by using
the notations

0 =B, B BT (=) (p 1) x 1, with B = [Bjo,.., Bjes -, Byl

and
!/ ! !/ . . —
Ol(j—l)(p+1) d[é]l 01(1_1_j)(p+1) forj=1,....0—1;4=1,...,p
r I ! I s P
X = Ol(jil)(pﬂ) d[m 01(1—1—j)(p+1) forj=1,....0—1;{=p+1
01{,,1)%1)) forj=J;4=1,....p+1,
with

. 101, 101,_,) form=1
[Olm —

101;,) form =2,
from (3.233)(3.237), and
_®
5[€]g—yi§—1
/
_ (01;71 101’141) forg=1,....0—1;0=1,....p+1
01,4 forg=J;¢0=1,...,p+1,

from (3.242), we may re-express the above logit form marginal probabilities, by
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exp(xf, .0%)
RS exp(¥

, (3.277)
f]ge*)
forall j=1,...,J,and { =1,..., p+ 1, and the logit form conditional probabilities,
by

exp (x'mjﬂ*Jr)é-S[g]g)

n(j) (g’g) _ 1+2£;: exp(x’y]he*-&-}/hfs[é]g
1+2£;i exp (xfz]heuﬂ/ha[é]g

forj=1,....0—-1;4=1,...,p+1

) forj=J;0=1,....,p+1,

(3.278)
foragiveng=1,...,J.
As far as the fitting of this covariates based multinomial dynamic logit (CBMDL)
model (3.277)—(3.278) to a given data set is concerned, similar to the MDL model,
one may develop the likelihood estimation approach as follows.

3.5.2.1 Likelihood Function
By (3.277)-(3.278), similar to the likelihood function under the CBLDCMP

model (3.240), discussed in the last section, we write the likelihood function under
the present CBMDL model as

L(6%, ) = T TS, [ £ i) I, f i yi—1)]
= [Hfzﬁlnféef (yn)]
X HITZZH;ZIH;ZIH,{;(&;) [f(yit|y§§)—1)}
= i [
x I, T Ty T ) {ni(t]\.t)fl O ’(é; >—1) }W G2

where dg* is the normalizing constant free from any parameters, and 7}y is the
(J—1) x (J — 1) matrix of dynamic dependence parameters given by

%
T = ;/j L(J—1)x(—1).

Y
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Next, similar to the linear dynamic model case (3.243)—(3.244), that is, by
replacing the conditional probabilities A(/)(g,¢) with n)(g,¢), the log of the
likelihood function is written as

p+1 K J
Log L(6*,y) = log dj* + ZZyu,logﬂ[/z

T K )
SIDIDIDNDY [Yitjlogni(tf,)_l(gl)]7 (3.280)

(=11=2j=1g=1ic(g/l)

which, by using the cell counts from the contingency Tables 3.17 and 3.18, may be
written as

p+l J

Log L(0*, 1) = log dg* + Y 2 Ky (1)log my;
=1

+1

+/leii [{logn }{ZK 1t — 1,1 H (3.281)

<

where Kj,;(t — 1,¢) (Table 3.18) is the number of individuals with covariate level
£, whose responses were in gth category at time ¢ — 1 and in jth category at time ¢.

3.5.2.1.1 Likelihood Estimating Equation for 6*

By using (3.281), the likelihood estimating equation for 8* may be written as

dLog L(6*,73) A& 1 dmy;
— = Kigi(1) — =,
20 ezlg‘l AL
DISIHALD
+ Kg ‘([ 1,[)
(=1j=1g=1| =2 e (g, )

(3.282)

For given 7y, this likelihood equation in (3.282) may be solved iteratively by using
the iterative equation for 6* given by

. . 9Log L(6*, 1) | ' dLog L(6%,
6°(r+1)=0"(r) - H L ouL YL YM)} LU= (p+ 1)1,
|6==6"(r)

(3.283)
where the second order derivative matrix has the formula
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9’ Log L(6%,yy) P& L 2 |1 an
86*/86* Z ZKE]J 89*

(=1 j=1 e j
p+l J J 1 azn(]>(g E)
+ K 1, i )
e:zl,:zlg; {g fei{ } {nwg,e) 0*'00*
L anY(g,6) anY(g,0)
T mU(g0)2 a6 50+ : (3.284)

The first and second order derivatives involved in the estimating equations
(3.282)—(3.284) are computed as follows:

9”[4/- o [ 1 9my;\,
Computation of - — -5 and 55 {@ 796+ }

0 .
These formulas, in partlcular, the formulas for ﬁ aﬂgl’ are the same as (3.247),
an

Ty
and the formulas for 86*’ { [1/]. aﬂg*]/ } are as in (3.255)—(3.256) under the LDCMP
{j

model.

2
Computation of ana;(* 9 and 859*,9(9*)

Note that the conditional probabilities 1) (g,¢) given by (3.278) for the MDL
model are different than those of A()(g,¢) given in (3.241) under the LDCMP
model. Thus their derivatives will be different. However because /) (g,¢) is a
generalization of the conditional probabilities 1(/)(g) (3.214) under the covariate
free MDL model, the first and second order derivatives of n1(/)(g, £) can be obtained
in the fashion similar to those of n(/) (g) given by (3.220)—(3.221). Hence, for all
g=1,....J; j=1,...,J, it follows from (3.278) that

() (g, 0) |x n®(g,0)| fort=1,...,
o (g.0) [ 190 [¥;— Tl v (g.0)] )

20* 7[ (g, 0% 1x[(h71 >(g,€)} for{=p+1

N (g,€) [xg; — n(8,€) @dyp] for £ = p+1,

where
n(g.0) =MW (g.0),....,nY(g,0),....n" V(g 0).

The formulae for the second order derivatives follow from (3.286) and they are
given by
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20+ 96*
nt(g,0) [(W]j—n(g75)®d[e]1)(X[e]j— (8,0) @djg) — 23 ( )] for=1,.

3. 287)
nt(g,0) [(x[é]j—n(g,f)®d[e]2)(x[z]j— (& )®d[z]1)—a( )] forl=p+1,

= 1Y) (g, My (v 1(2.0)), (say). (3.288)

by using the notation x; = 01,_;. In (3.287)~(3.288), the derivative “2&0 s
computed as follows.

Computation of 33(5' 0
Notice from (3.286) that

an(j)(gag) _ n(])(gae) [x[l]]_n(g7€)®d[€]lj|; for ¢ = L...pj=1...,J
26" nY(8.0) [xp;—n(g,0) ®djpp] forb=p+1; j=1,....J,

yielding
n"(g,0)

on(g, ¢ 0 .
8(9*’ ) =507 770)(875)

nV=1(g,0)

[xi1 = 1(8,0) @digp1]’

[x10, — (8. 0) @dyg ) Jforl=1,...,p, (3.289)

[xi1 —n(g.0) @ i)’

9*/ [xig;—n(g.0)@dy] |, forl=p+1. (3.290)

[ [xgu-1 —n(g.0) @dy )

[xigu-1) —n(g.0) @dygn)’
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3.5.2.1.2 Likelihood Estimating Equation for y,

Let

Y=, .., 7/ Y1) ( 251, where ¥; = (Yj1s- -+ Yjns-- - Yjg—1)
(3.291)

where 7; is the (J/ — 1) x 1 vector of dynamic dependence parameters involved in
the conditional multinomial logit function in (3.278). By similar calculations as
in (3.225), it follows from (3.278) that

1) ( O[1— nf( O forh=jihj=1,....0—1
(h) mgn 8 JihsJ

InTe:l) _ —80enV (g, 0N (g,0)  forh# jih,j=1,....0—1
=8V (g, 0mV(g,0)  forh=J; j=1,....J-1,

(3.292)

Y;

whereg=1,...,J,and{=1,....,p+ 1.
Using these derivatives, by similar calculations as in (3.293), it follows from the
likelihood function (3.281) that

dLog L(6*,yy) P! i
9 i=1g=1

=2
ptl J J T
= 2 X | XKt —1.0) p 8igenV(8,0)| =0, (3.293)
(=1g=1h=1 t=2
for j =1,...,J—1, leading to the estimating equations for the elements of y* =
(N 7/ - 1) as

dLog L(6*,ym)
In

dLog L(6*, ) | aLogL(6" )

5y = 57 =0:(J—-1)*x1. (3.294)

dLog L(6*,ym)
V-1

One may now solve this likelihood equation (3.294) for y* by using the iterative
equation

2 o * —1 o *
Pt 1) =7 - [{‘9 e | e ’yM)]

dy*ay*’ oy e

r)
(3.295)
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where the (J —1)? x (J — 1)? second derivative matrix is computed by using the
formulas

82LogL(9*,yM) _ ptl J
TEIAPPS

T
{ K[[z’]gh(t - lat)} n(])(g,f) (1 - n(/)(87€)> 6[f]g6[,£]g:|
t=2
(3.296)
forall j=1,...,J—1,and

*L 6%, i
SRy S S (S Kigen =100} (192,009 (2,0)) 8, |

(3.297)
forall j#£k;jk=1,...,0—1.

3.5.2.2 Illustration 3.11: Analysis of Longitudinal TMISL (Three
Categories) Data by Fitting CBMDL Model with Distance
as a Covariate Using the Likelihood Approach

Recall that in illustration 3.9 in Sect.3.4.1.2.1, the TMISL data analysis results
were presented where an LDCMP model was fitted to the data by using a GQL
approach. In Sect. 3.4.2.2 (illustration 3.10), the same data were fitted by using the
MDL model, and as results in Table 3.22 show, it was found that the MDL model
fits the data much better. The MDL model provides recursive means over time that
reflected the change in marginal probabilities well. However, the MDL model was
fitted for simplicity ignoring the distance covariate. But as it is also of interest to
find the effect of the distance on the stress level responses over time, in this section,
we fit the CBMDL model discussed in Sect. 5.2.

For the purpose, following the model (3.275)-(3.276), we first simplify the
marginal and conditional probability formulas using the distance as a covariate.
Note that in the TMISL data, distance is a binary covariate with £ = 1,2. To be
specific, the level £ = 1 would represent the group of workers commuting distance
< 5 miles, and ¢ = 2 would represent the other group commuting distance > 5 miles.
Thus, by (3.275)—(3.276), the marginal probabilities at time t = 1 and conditional
probabilities at t = 2,3,4, corresponding to these two levels of distance have the
formulas as follows:

Group 1 (Distance < 5 miles):
Marginal probabilities:

— exp(Bio+ Bi1) —_— exp(Bo + B21)
U 1432 exp(Byo+ Bet) 1+32_ exp(Bgo + Be1)
1

1+ 32 exp(Beo+Be1)
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Conditional probabilities:
From stress level 1 to 1,2,3:

nO(11) = exp(Bio + Bi1 + 1) n@(1.1) = exp(Bao + Ba1 + 121)
| L+ Sy exp(Buo -+ Pt + i) 7 L+ 31 exp(Bro + B + Y1)
1
n®(,1) =

1+35_, exp(Buo+ Bt + 1)

From stress level 2 to 1,2,3:

exp(Bio+ B + n2)
1+ 35 exp(Bro + Bt + ¥i2)
1 .
1+ 35y exp(Bo + Bui + %)

120) = exp(B+ Ba1 + 122)

1) —
Tl 27 1) - - ’
( 1+37 exp(Buo + But + %)

n¥@2,1) =

From stress level 3 to 1,2,3:

10 = BB oy ol i)
1+ 351 exp(Bro + Bri) 14 35— exp(Buo + Bn1)
1
3) _
n(3,1) = :
1+ 35, exp(Buo + Brr)
Group 2 (Distance > 5 miles):
Marginal probabilities:
—_ exp(Bio) —— exp(Bao)
AT exp(B) T 132 exp(Beo)
1

L+ 35 exp(Beo)

Conditional probabilities:
From stress level 1 to 1,2,3:

O = exp(Bio +11) ) _ exp(Bo + 721)
L2 = e P(1,2)= —3 ,
L+ Xy exp(Bro + 1) 1+ 351 exp(Bro + 1)
_ 1 .
1+ 35 exp(Buo+ 1)

n¥(1,2)
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From stress level 2 to 1,2,3:

n0(2,2) = C;P(ﬁ10+}’12) n®(2,2) = e;p(ﬁzo+}’22) 7
1+ 31 exp(Bro + ¥i2) 14351 exp(Bro + ¥i2)
1
n¥(22) =

1+ 5 exp(Bro+ Vh2)
From stress level 3 to 1,2,3:
exp(Bio) ) _exp(Bo)
2 9 77 (3a2) - 2 )
14351 exp(Bro) 1+ 351 exp(Bro)
1
14+ 35 exp(Bo)

n'(3,2) =

n¥3,2) =

Unlike in the illustration 3.10, ;1 for j = 1,2, represent the distance covariate
effect on the multinomial responses belonging to jth category, when f3; = 0, and
hence 6* has four components. That is,

6" = (P10, P11, B0, 1)

However when compared to the covariate free case in 3.10 illustration, dynamic
dependence parameter vector ¥* = (¥11,%12,%1,¥22)’ remains the same, but their
estimating equations would be different. Now by writing, for example,

King; = Kiggj(1,2) + Kjngj(2,3) + Ky (3,4),

for{=1,2;¢,j=1,...,3,and

3
Z [Jgj

for g =1,...,3, the four likelihood equations in (3.282) may be simplified as

2 2
f[i(67,7") = [_21[ K (1) — Kjg g1 Z [{K[e KW (1,0}
2
+ Z,I{K[*q —Kjn'™M(2,0) }+2{K Kjysn!! )(375)}] =0

£(0%,77) = [Kuj (1) — Ky + [{Kﬁ]u —Kﬁ]m(l)(l,l)}

(KiK' @ )} (K — Kian 3,10} =0
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2 2
[(0%,7) = 4—21[ Ki2(1) = Kjg ) Z, [{K[/ 177( (1,0}
2
+ /721{1([’;} — K2 (2,0) }+Z{K Kjysn® >(3,£)}] =

f4(8%,7") = [Kpupp (1) — Kyl + [{K[*mz —Kﬁ]m(z)(], 1}
+ {Kfiypn = Kfipn @ (2, 1)} + {30 — [*1]377(2)(3,1)}} =0,

and similarly the four likelihood equations for y* in (3.294) have the forms

2

g1(7",0%) = X [Kjyn — Kjpn™(1,0] =
=1
2

£(7,6%) = ¥ [Kjpp — KjgonV(2,0)] =
i=1
2

& (1",0") = Y (Ko — Ky (1,0)] =
=1
2

ga(7",0%) = X [Kjjoo — Kjjon®(2,0)] =

=1

respectively. Similarly, the second order derivatives of the likelihood function with
respect to 0% and y* were simplified. The second order derivative matrix for 6%,
following (3.284), is given by

f11(0%,7) f12(0%,7°) f13(07%,7") f14(6%, 7

For )= | 21057) 2(6%7) f(6%7) f24(6°,7")
’ F1(075,7) f52(0%,7°) f33(0%,7") f2a(0%,7" |’

0 (07,7") f22(07,7") fa3(07,7") faa(6",7")

where
2
me) ==y [Kmnmla —nml>+{z<@]m“><w)<1 —n(1,0))

+ Kipn"(2,0(1 -0V (2,0)+ KV 3,001 -0 3,0)

fiz() = - [K[l]”[l]l(l — )+ {Kﬁ]m(l)(lal)(l —n(1,1))
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Kipn )1 -0 0)+Kin e D0 -n0E, 1)

2

fiz(+) 2 {K[/ g1 g2 + [1412+K[?]13)'7(1)(1’£)77(2)(1’£)

+ (Ko + Kijoa)n M (2,0m P (2,0) + (Kjys, +Kf;m)n<'>(3,£)n<2>(3,4)}
fia(s) = [K[l]ﬂuuﬂ[ 12+ (K2 + Kfjjiz)n nW(1,1)n®1,1)

+ (K[*l]22+Kf‘1]23)n(1)(2,l)n(z)(z,1)+(K[*1]31+K[*1]33)n(1)(3,l)n(2>(3,1)}
f1() = fial’)
f22() = fial’)
f23() = fia(’)
fa() = fia(")
H1() = fis()
f32(:) = fa3(:)

2

f()==Y [K[f] T (1 — 7)) + {Kﬁqm(”(l,@(l—n<2)(1,€))

+ Kipn® 2001 -n®2.0)+Kjgn? 3,001 -1 (3,0) ||

() =~ [Kmnm(l —mp) + { K@ (L, DA =@ (1,1))

]
fa () = fia(")
fu() = fa(")
fa3() = fa(")
Jaa(+) = fra(),

and similarly the second order derivative matrix for y*, following (3.296)—(3.297),

is given by
* * Gl G2>
ry,e") = ,
(v ) (G’z G3
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where
o — (%= KW (L0 =nM(1,0)] 0

1 0 Sea Kjppn V(2,01 -0 (2,0)))
G, — 2/2,:1[K[*gpn(”(laﬁ)n“)(l,ﬁ)} 0

1T 0 2 [Kpn™M2.0n@(2,0)

o (T K@ .00 -n@.0)] 0
} 0 22 1[ [4277 (2 E)(l_ (2 [))] .

Now by using the iterative equations

f](e*’yk)

A * _ )A* _ * x\)—1 f2(9*a7k) .

0 (r+1)=06%(r)— [{F(6",7")} (07 s 4x1,
f4(9*77f*) |6*:é*(r)

(see (3.283)) for 8*, and

gl(y*ve*)

N Y o x\—1 82(,}%76*) .

Vr+1)=7(r)— {r'(r,0)} (7 6%) tAxl,
84750/ L gepr

(see (3.295)) for y*, in ten cycles of iterations, we obtained the maximum likelihood
estimates (MLE) for the category intercept and regression parameters as

Bromre = —1.6962, Biimre = —0.3745; Boo mre = 0.6265, Bo1 pre = —0.5196,
and for the lag 1 dynamic dependence parameters as
?II,MLE = 5.7934, ')712,MLE = 2.4007; ?21.,MLE = 3.64637 }722,MLE =1.8790.

The aforementioned regression and dynamic dependence parameter estimates
may now be used to compute the recursive means (multinomial probabilities) over
time at distance covariate level (¢ = 1,2) following (3.208). More specifically, for
distance group /(= 1,2), the recursive marginal probabilities have the formula

E[Yieﬂ,t] =1 (= n(J,6)+ [TIM(K) - 71(1’5) llj—l] ﬁ[t—l,é]

[,
= [t > Tt > Tpgu—nyl = (J—1) x 1,
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where

Tio = [Tt el T u—1)) = myg
N0 = mV0,....nV0 . VIO =R g (=1 x (I—1)

w0 = | 100 - g - OG-0 | T-D)x@-1).

n<‘]71)(17‘€) n(‘lil)(g7€) n(‘]71>(]_176)

For the TMISL data J = 3. For two distance groups, the constant vectors and
matrices are estimated as
Group 1: Distance < 5 miles
Mean vector atr = 1:

Ty = [ﬁ(l,l)l (Low group), 71 1)2 (Medium group)]’ : 2 x 1
= TC[]] 2x1
= [0.0563, 0.4970]’,

with ﬁ:(]’]>3 (ngh group) =1- ﬁ(l,l)] — ﬁ'.(l,l)Z = 0.4466.
Constant conditional probabilities at any time:

(1)
nt (1,1
1) =
(1) <n‘2>(171) n@(2,1)

~{0.4839 0.5043
“\0.1424 0.7541 )

and T](J, l) = ﬁ:(l,l) = TE[I].
Group 2: Distance > 5 miles
Mean vector at ¢t = 1:
12 = [(1.2)1 (Low group), i 5y, (Medium group)]’: 2 x 1
=Ty :2x1
= [0.0600, 0.6126]',

with ﬁ(l,2)3 (ngh group) =1- ﬁ(l.l)l — ﬁ(172)2 =0.3274.
Constant conditional probabilities at any time :
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Table 3.27 MDL model based fitted marginal probabilities (FMP) (7, ¢) for £ = 1,2, under all
three stress levels for the TMISL data

FMP at time t(ﬁ(,J))[Distance < 5 miles] FMP at time t(fr(,’z))[Distance > 5 miles]

Stress level 1 2 3 4 1 2 3 4

Low 0.0563 0.1232/ 0.1628/ 0.1826 0.0600 0.1270 0.1612/ 0.1757
Medium | 0.4970) 0.6253 0.6587| 0.6676 0.6126 0.7252/ 0.7419| 0.7427
High 0.4466 0.2515/ 0.1785/ 0.1498 0.3274 0.1478 0.0969| 0.0816

B (0.4501 0.5423)
~ \0.13120.8033)’
and T](J,Z) = ff(1,2) =Tt

These results are then used in the aforementioned recursive relationship for
both distance groups (¢ = 1,2) to compute the marginal probabilities 7 ¢ for
three categories over remaining tree time points. These fitted recursive marginal
probabilities for both distance groups are shown in Table 3.27.

These probabilities clearly reveal differences between the stress levels under two
distance groups. For example, even though the probabilities in the high level stress
group decrease as time progresses under both distance groups, these probabilities
remain much higher in the short distance group as expected. As far as the other two
stress levels are concerned, the probabilities increase as time progresses under both
distance groups. Furthermore, relatively more workers appear to have medium stress
under both distance groups, with smaller proportion in the short distance group as
compared to the long distance group.

Note that to compute the correlations among the multinomial responses, one may
use the aforementioned regression and dynamic dependence parameter estimates
in (3.208) for each of the two distance groups. Forr = 1,...,4, we first provide the
variance and covariances of the elements of var[Yics,| = (0(j)jt), £ = 1,2; j k=
1,2, and then the values of correlations

O-( [€),ur) jk

corrYieruj, Yieeuk] = ( ) = (P ji)»

NI—

(01161479 16].0)0k]

for u < t. Group 1: Distance < 5 miles
Values of (G([l],t)jk) :

( 0.0531 —0.0280)

varlfien] = (00050 = { o 0280 0.2500

0.1080 —0.0770
—0.0770 0.2343

var[Yie1 2] = (O(112)¢) = (
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0.1363 —0.1072
varlfiers] = (0300 = { _o 1072 02048

0.1492 —0.1219
varlliera] = (Omae) = { o 1219 0.2219

Values of (p((1],1)jk) :

0.2972 —0.0235

corr[Yie1 1), Yie1 24| = (P(u),12)6) = 00618 02556 )
0.1129 0.0116

cort[Yie1 15, Yie13] = (P(1],13)jx) = >

0.0211 0.0634

0.0462 0.0106
corr[Yie1 .1/, Yier.ax] = (P(],14)jx) = >

&
.
< 0.0080 0.0150
&
.
(¢

0.3759 —-0.0674

cort[Yie1 2, Yie1 3k = (P(q1).23)j6) = 01748 02336
0.1530 0.0008

cort[Yie1 2j, Yier.ak] = (P(1]24)jx) = >

0.0693 0.0487

corrYie1 37, Yierak] = (P(1),34)6) =

0.4031 —0.0911
0.2414 0.2174 )~

Group 2: Distance > 5 miles
Values of (0/(3),)jx) :

0.0564 —0.0368

varftieza] = (0@ = { g 0368 02373

0.1352 —0.1196

varlfiez 3] = (0a3)) = { Zo 1196 0.1915

0.1448 —0.1305
—0.1219 0.1911

0.1109 —0.0921
varlfie2 2] = (0(@120) = { 0 0021 0.1993

var[Yiez 4] = (02 4)jx)

Values of (1) ) k) :

0.3109 —0.0283)

cort[Yiea, 1, Yiez 2kl = (P(2),12)jx) = <0 1912 0.1961
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0.1122 0.0113
—0.0842 0.0278

corr[Yiez 1, Yiea 3k] = (P(2),13)j6) = <

0.0414 0.0089>

cort[Yiea 1), Yiea.ak] = (P(2),14)jx) = (_0'03 40 0.0003

0.4061 —0.0664)

0.1584 0.0ll6>

corrYie22j, Yieo 4] = (P(2),24)j6) = <0 1276 0.0125

cort{Yiea 3, Yier ar] = ( ) = 0.4369 —0.0820
i€2,3j> Yie2,4k P([2],34) jk —0.3609 0.1464 |-
As expected the multinomial correlations appear to decay as time lag increases,
under both distance groups.

3.6 Cumulative Logits Model for Univariate Ordinal
Longitudinal Data With One Covariate

In this section, we generalize the ordinal categorical data analysis from the cross-
sectional (see Chap. 2, Sect.2.3) to the longitudinal setup. Similar to Sect. 2.3, we
consider a single covariate case with p 4 1 levels for simplicity, and an individual
belong to a group based on the covariate level. For example, when gender covariate
is considered, there are 2 levels, and individual i either can belong to group 1 or
2. In general when an individual i belongs to ¢-th level or group, one writes i € £,
where £ = 1,...,p+ 1. As an extension of Sect. 2.3, we however now collect the
ordinal responses over a period of time 7. To be specific, similar to Sect. 3.5, the
J — 1 dimensional response at time ¢ for the i (i € £) individual may be denoted as

/
Yiety = [yief,th cesYicltjy e »)’ief,t(J—l)]

and if this response belongs to jth category, then one writes

YViety = yfé)g,, =[01_y,1,015_,_;) (3.298)

with a big difference that categories are now ordinal. It is of interest to develop a
longitudinal categorical model similar to Sect. 3.5 but by accommodating the ordinal
nature of the categories. Similar to Sect. 3.5, we consider both LDCP and MDL type
models. The LDCP type model is discussed in Sect. 3.6.1 and the MDL type model
in Sect. 3.6.2.
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Table 3.28 Contingency table for J > 2 ordinal categories at initial time
t = 1 for individuals belonging to ¢-th (¢ =1,...,p+ 1) level of a covariate

tit=1)
Ordinal categories

Covariate level | 1 ] o] Total
1 Km](l) ij(l) ij(l) Km

¢ K1 (1) e | K1) o | K1) [ Kpg
p+1 Kpri(D) oo Ky (D) o K (1) | Kppay
Total Ki(1) K1) o K1) K

Table 3.29 (a): Binary response bg[_c)(l) generated at cut point

j=1,...,J —1 along with its probability for individual i € ¢

bl(é)(/,r) ( 1)
Group (g*) based on cut point j | Low (¢g* =1) |High (g* =2)
Response 0 1
Probability Fig;(1) 1—Fy;(1)

Table 3.29 (b): Cumulative counts as responses at cut points j =
1,...,J — 1, reflecting the cumulative probabilities (3.300)—(3.301),
under covariate level ¢

Binomial response
Cut point | Low group (¢* = 1) | High group (g* =2) | Total

1 K[*ﬁl = z(]::l K[Z]c K[[] - Kﬁﬂl Km

j Kig; =1 Kige | Kig — K Ky
* _yJ/-1 "

J=1 Kigu-1) = Ze—1 Kpge | Kjg = Kjgy) Kig

The data will look similar to those in Table 3.23 for initial time t = 1 and as
in Table 3.24 for transitional counts from time ¢t — & to ¢, h being the time lag in
the longitudinal setup. However, now the categories are ordinal. For clarity, we
reproduce Table 3.23 here as Tables 3.28, 3.29(a) and 3.29(b), indicating that the
categories are ordinal.

In the ordinal categorical setup, it is meaningful to model the odds ratios through
cumulative logits. Recall from Chap.2, more specifically from Sects. 2.3.1.2
and 2.3.1.3, that with a cut point at jth category, one may use the binary variable at
initial time point# = 1 as
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p) (1) = 1 for the i-th individual responded in category ¢ > j (3.299)
i€(t.)*™/ ] 0 for the i-th individual responded in category ¢ < j, '
with probabilities
() S
Ploili o) =1= 3 mg(1)=1-Fg;(1) = m;(1)
c=j+1
exp(ojo+0tjp) .
_ 1+ex<p(aj)0+i)£j[) forf=1,....p (3.300)
exp(oj :
W(é?j()) fOI' g = p+ 17
and
0 . \
Plbiy (1) =0] = 21 e (1) = Fig (1) = 1= 7y ,(1)
o=
1 _
Trexp(ao) forl{ =p+1,

respectively, where 7. (1) is the probability for the ith individual to be in category
c at time point # = 1. That is

(1) = Priyiee =yl(é)ze,1]
with yl(é)“ as in (3.298). These binary variables along with their probabilities at time
t =1 are displayed in Table 3.29(a) for convenience. Further, based on this binary
characteristic of a response from Table 3.29(a), the cumulative counts computed
from Table 3.28 are displayed in Table 3.29(b) at all possible J — 1 cut points.

Next to study the transitional counts over time, we first reproduce the Table 3.24
in its own form in Table 3.30 but indicating that the categories are now ordinal,
and in two other cumulative forms in Tables 3.31 and 3.32. In order to reflect
two ways (based on past and present times) cumulative logits, one requires to
cumulate the transitional counts displayed in Table 3.30. This cumulation is shown
in Tables 3.31 and 3.32 at various possible cut points. Following these two latter
tables, we now define a lag 1 conditional binary probability model as follows. Tables
for other lags can be constructed similarly. We will consider both LDCP (see (3.24)
in Sect. 3.2.2.1) and BDL (see (3.71) in Sect. 3.2.4.1) type models.
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Table 3.30 Lag i* (h* =1,...,T — 1) based [h*(T — h*)] transitional counts for multi-
nomial responses with J > 2 ordinal categories, for individuals belonging to ¢-th (¢ =
1,...,p+1) level of the covariate

Covariate level (£)
te=n"+1,....T)
Time Ordinal category ()
Time| Category (g) | 1 o] o J Total
th |1 Kiqu(t =1, 1) . Ky (6 —h%5 1)) - Kigug (0 = 2", )] Ky (1 — 1)
g K[Z]gl(tfh*, t)... K[[]gj(tfh*, t) ... K[g]gj(t*h*, t) K[g]g(l‘*h*)
J K[g]jl(l*h*, t)... K[[]Jj(l‘fh*, t)... K[g]”(l*h*, 1) K[g]](l‘*/’l*)
Total K () e K[g]j(t) e K[g]](l‘) Kig

Table 3.31 Bivariate binary responses ( e fq (r— )7 e h )( )) along

with their conditional probabilities ), (0.¢) (g ) j*=1,2;¢" = 1,2, for the ith
individual based on cut points g at time  — 1 and j at time ¢

t(r=2,...,T)
Time Category j* based on cut point j
Covariate level | Time | Category g* |1 2
¢ t-1 1 (0,0) (0,1)
7 (D 72
Mg (1) | A1)
2 (1,0) (1,1
7 (M 72
Magi ) | Mg (2)

Table 3.32 Transitional counts from time 7 — 1 to ¢, computed from Table 3.30 by reflecting
the cut points (g, j) based individual probabilities from Table 3.31

j*att

gratr—1| =1 jr=2 Total

g =1 5% KoL) (B 3 Kgeo (= 10) Ky (=11 g)
=2 3 3 i Koo, 0= 10) 3L B o1 Ky, (1 = 1,0) Kt =15 )
Total Ky (15 ) K (t: ) K
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3.6.1 LDCP Model with Cut Points g at Time t — 1 and j
at Time t

Similar to (3.299), for t = 2,...,T, define two binary variables bl(éz Z_q)(t —1) and
() '
b

ie(t.c) (¢) at times ¢t — 1 and 7, respectively, where g and j denote the cut points such
thatg,j=1,...,J — 1. We now write an LDCP model

Py o @) =115, (= 1)) = 75, (D] 4 Paj | BE) o, (¢ = 1) = (1)

[€],ej
3(2) (g)
(1) for b: r—1)=0
gD b U D=0 50
Myg}.(Z) for bie(é,cl)(t_ =1,
and
PO o) (1) = O1B(E] o (0= 1)) = 1= 20 (B, (= 1)
(1) _1_3%2 (g) 1)
- {7 ) et D¢ 3309
Ao (2) = 1= Ay, i(2) for bé(h]>(t— =1

Note that there is an implicit connection between the multinomial linear conditional
probabilities An‘ g 1(c1 ,£) in (3.238) and the cumulative conditional binary proba-
bilities in (3.302). For example, it is reasonable to relate them as

1 8
[é g/ g Z 2 )’tt\t 1 cl’

c1=1cy=j+1

70 LS
A[f]vg/ - :Z 2 ;Lzz\z 1(e1,6)

+1cy=j+1

but their explicit relations are not needed as one is interested to understand the
logit ratios only, which can be done through fitting the dynamic (over time) cut
points based cumulative logits model. The above four conditional probabilities at
a given cut point were presented in Table 3.31. By the same token, in Table 3.32,
we displayed the transitional counts computed from Table 3.30 by reflecting the cut
points based individual probabilities given in Table 3.32.

3.6.1.1 Fitting Bivariate Binary Mapping Based LDCP Model:
A Pseudo-Likelihood Estimation Approach

Recall that in Chap.2, more specifically in Sect.2.3.1.2, a binary mapping based
likelihood function was constructed in a cross-sectional setup for the estimation of
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the cut points that lead to the estimation of the logit ratios. That likelihood function
from (2.179) still can be used here but as a segment only for time + = 1. More
specifically, for

*/ */ x I/ . * !/
a=[og,...,0;,...,05 '], with o = [ajo, j1, - O, -, O]

we label L(a) from (2.179) as L (o) for t = 1 case, and by writing

biL{e.(1): Fiaj(1): and Kig (1)
for

Bl

ic(t.ey Fajs and Kige,

we compute L; (o) as

—1 4K 1-!7) by (1
Li(or) = I I {{F[f]j(l)} ’E“"’)“)} {{1 — Fg; (1)}’ ﬂ

5

= 1 (g ()5 M0 [0 = g 0) S0 K
= H{jln!:]l [{Fi[]j(l)}lf[é]j(l)} [{1 _F[é]j(l)}K[[]—K[ﬂ]j(l)}

= He”jlll'[{;l] {{1 - n[*g]j(l)}’([*f]/‘(')} {{n[}]j(l)}’([é]*’(f?]j(l)] _ (3.304)

Next by using the conditional probabilities from (3.302)—(3.303), forr =2,...,T,
and by using the transitional counts from Table 3.25, we write the conditional like-
lihood, namely L, (¢, py) where y represents all (J — 1)* dynamic dependence
parameters {p,;} (g,j=1,...,J—1),as

Ly (o, pm)

Y I ey R L 1@ (NPl O 1Dy 1) ©)
= O T T T Ty ) g {“m,gj(g R TR

= I T ({60 S O D R (o) a1 (3.303)

where, by Table 3.28,

8
K[*A’]ll(tflvt;g:j) = K[k]clcz(tfl,t),
=1

c

M-

g J
Z K[l]clcz(tflvt);K[T{]lz(tflat;gvj): Z
1=

c1=1 c=j+lc
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J
K[*[]Zl(tflat;g7j) = z [[clcz t) K[[]zz(tfl Lg, f 2 z K/]C]cz 7 )

o=j+lci=¢g+1

S
I M\-

c

Now by combining (3.304) and (3.305), for all t = 1,...,T, we may write the
desired likelihood function as

Lo pr) = TP T [ ({0, ()Y M) (11— (K05
< MLy (R (Y B DG (a5 D)] 3306
3.6.1.1.1 Pseudo-Likelihood Estimating Equation for o

For convenience, we use the log likelihood function, which by (3.306) produces the
estimating equation for o as

ILog Lot pu) _ ZZ{ (1) o 7 (1)} Ky, (1) flog (1~ (1))}
p+tlJ-1J-1 2 T P (1)
P2 Z 2 Y {KV 0= Lg, )5 log {4 (8}
:]j: =] g*=1¢t=2
+ K[’}]g*z(t—l,t;g,j)%log {1[(/?)2,(8*)} -0

= [ +11 =0 (say). (3.307)

Notice that the first term in (3.307) corresponding to time # = 1 may easily

be computed by following the notations from (2.181)—(2.184) in Chap.2. More
specifically, by using

. exp(xf, o)
T, (1) = —
1+exp(x[é o)
. 1
1—m;(1) = (3.308)

1+ explxyg; @)

Wherexmj isthe jth (j=1,...,J—1)rowof the (/—1) x (J—1)(p+ 1) matrix Xy,
defined for /th level as
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101,101/ _,0 o1, -0 oI,
_|o o1, 101; l,1,01’ -0 o, forl=1,...p.
o o, 0 01;, - 101_,,1,01"_,
xipﬂ]l 101,001, -001,
Xpu = | Sep || 001, 101,001, (3309)
x{pﬂium 001,001}, - 101,

the first term in (3.307) has the formula
p+1

I= ZXz [y — Ky (1] (3.310)

where the observation and corresponding probability vectors at ¢t = 1 are written as
Yig(1) = [Kjg — Ky (1), Kpg = K (1), - Kjg = K[y 1) (1)] and
n[*z](l) = [n[*[]l(l), o .,n[}]j(l),...,n[}w_l)(l)]’. (3.311)

To compute the second term in (3.307), first write the conditional probabilities
by (3.302)—(3.303), as

A (D) = 1=l (1) = Py, (1]
A7 (2) = @y (1) + pes{1 — (1)), and
j"[(f},)gj(z) =1- [”[?] (1) 4 pgi{1 — g]g( )}H- (3.312)

The computation for the derivatives of these conditional probabilities with respect
to ¢ is straightforward. To be specific,

a)LE] /( ) _ a)Lf]gj( )
doo.  do
= g (DL = 7;(1)]x10;
= PejTng (11 = 77, (1)]x(0g

and

7102
(MV] gj< ) (MV] gj( ) _ 8/1[4]-31(1)
da da da ’
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Now compute I/ using these derivatives and combine this formula with that
of I given in (3.310) to simplify the likelihood equation for o given by (3.307).
The simplified likelihood equation has the form

1)~ Ky (1)}

Pt
aLoggapM ;[ { iy

. qule EKy - 1g.)) . Sl Kt = 1,118, ))
j=lg=1 j’[(é}.)gj(l) i[%?gj(l)

XK (- Lig.d) N S K (= 1,138, )

e e
x i (AT = w3, (1) g = Py (VAT = mgy (D g |
= fi(o) + fo(a) = f(a) =0. (3.313)

Let & be the solution of f(o) = 0 in (3.313). Assuming that 6 is not a solution
for f(ar) = 0 but a trial estimate, and hence (&) # 0, the iterative equation for &
is obtained as

=& — [{ (@)} "' £(@)] la=s0» (3.314)
where

8f1 (Ot) i 8f2(a)

do’ Jdo’

fi(e) = fi(o) + fr(e) =

is computed as follows.
Because

8717[*4]].(]) * * /
Sor = Mo (D= 7y (1)x(g,

it then follows that

an’, (1)
S~ il (D =y, (1)), /gy (D1 = 71y (1))]1Xe

= Dz ()Xo (3.315)

Consequently, one obtains

= — 2 KyyXiDry, (1% (3.316)
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Next, by (3.313),

dfa(a
fia) = 22
r ol | S Ky (- L)) S K, (- 1ng, )
ZZZ B TOTY 22 )
=1 j=1g=1 (.8 )87
ZszzK[*flzl(t_l’t?g’j)+2?:2K[§]22(t_1’t;g’j)
- 5 (1) 12
)L[g]’gj (2) ;L[f] 8J (2)

P [ S Ky (= 1,138, ) +2f21<’z]12( t—11¢,))

(=1 j=1g=1 {Z[(é},)gj(l)}z {M] gj( s
S K (= L8 ) | S K —11:2.1)
ANEE Ui @)1

x [ (000 = 7,0 bt — ey g (DAL = i (D )

x {nf;]ju)m 7 () Yy — Peily (D1 — 7 (1) g }] (3.317)

3.6.1.1.2 Pseudo-Likelihood Estimating Equation for pys

The py parameters matrix is written for the cut points based dynamic dependence
parameters, that is, Py = (P, ;) where both g and j refer to cut points and they range
from 1 to J — 1. Finding the estimating equation for py; means finding the estimating
equations for py; forall g,j=1,...,/ — 1. This is done as follows.

Because the first term in the likelihood function (3.306) does not contain any
pgj parameters, by similar calculations as in (3.307), one obtains the likelihood
equations for pg; as

dLog L(ct) fi‘ 4 Mg
—a [ZK/II —1,t:8,))] Zsz —1,58,J )]~
=) = Am,g,m ! K1)

1-—
Ttje
ZKVZI (t—15:8,))
(1)
=2 i)
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C o L T
+ 12 Km0 = 1138, )] 55 =0, (3.318)
=2 Mo 55 (?)

forallg,j=1,...,J—1. By using

p = (ﬁi,...,ﬁé,...,ﬁ}_l)/ Withﬁ;, = (ﬁgl,...,ijgj,...,ﬁg’j_l)7

the (J — 1)? estimating equations in (3.318) may be solved iteratively by using the
formula

2 ~ —1 -
92Log L(a,pm} dLog L(a,pm] 3.319)

p(r+1):p(r>_ [{ 8;3’8;5 8;3 b

where the first order derivative vector w may be constructed by stacking

the scalar derivatives from (3.318). The computation of the second order derivative
matrix follows from the following two general second order derivatives:

2 2
3Log L(ot sl I, . oy L . i
TLOS L) _ 5 318 K1 Lz ] | = | 413 Kl — L) [
=1 | =2 =2 A’ (1)

AT N m
Psi?Psi - A/ )87

2
4 * : l—ﬂf’;]g
+ [zk[é']Zl(t_]7t;g7])] 5 (1)
=2 Ay’

i0.6/(2)
. 2
LIy Kyt = 1,1:2,))] . (;””]g : (3.320)
= M%)
and
9’Log L(a g g g g
~7~) =0,forallg=g¢ /' #jig#8&.J #j;8#&.J=jig#&.j#J
8pg/j’apgj

(3.321)

3.6.1.2 Fitting Bivariate Binary Mapping Based LDCP Model:
A Conditional GQL Estimation Approach

In the last section, we have discussed the likelihood estimation for the parameters
involved in the LDCP model. In this section, it is shown how one can use the quasi-
likelihood approach for the estimation of parameters under these models.

We observe from the likelihood function (3.306) (see also Table 3.32) that at time
point ¢ = 1, there are J — 1 binomial responses, namely
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{y[g]j(l) :K[g] 7K[92]j(1)7 forj=1,....0—1,} (3.322)

with parameters K|, and 717[’2]].(1). However, for t = 2,..., T, there are 2(J — 1)?
binomial responses, namely

{K[’z]g*z(tf 1,t;8,j), forg,j=1,....,0—1,} (3.323)

with parameters K, . .(t—1;¢g)and l ol g,( g").

3.6.1.2.1 CGQL Estimation for

For known {p,;, g,j=1,...,J — 1}, we now construct a Conditional GQL (CGQL)
estimating equation for ¢ as

el am <> .

pp) [ {Kumiy, (D11 =, (0]} Lymju)Kmnfz]_,(ln]

p+lj—1J-1 T 2 o (2 (*) ~ } B

g g g PP [ 1) T 1 AR 6 )
% Kiggalt =13 8,7) = Kig (1= 1: )37 (871 = 0. (3.324)

Now because
amy (1)
VA
8(1 [n

8/1 (g%)
g* = [y, (1)1 = i)

(00— n[*e]j(l))} % and

— o [l (11 = i3, (1)] (3.325)

for both g* = 1,2, the CGQL estimating equation (3.324) reduces to

[{”[2]1(1)(1 - ”&]j(l))}xlf]j ~Pgj {EEZ]g(l)(l - ”@]g(l))}x[/]g]

3 (2 %\ 7 (1 * -1 * . * (2 *
X H’L[(e],)gj(g Vil (€)} Kigeal =1t 8.) = Kiggo (1= 1: )443, (s )1}
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{ if]gj [(fi,)gj M } [ZK n(t—=1,18,j) — ZK[Z [g])gj(l)]
T
{l(j)g] [/])g] 2 } [ZKZ]ZZ —1 )15 g7 ,ZQK[*[ t_] g [[])g](z)]:|
= fila) + fa(e) = f(a) =0. (3.326)

To solve (3.326) for the CGQL estimate of o, similar to the iterative equa-
tion (3.314) used in the likelihood approach, one may use the iterative equation
given by

=& — {7 (@)} ' F(@)] lo—so» (3.327)

where f'(a) = f{(a) + f5 () with f{(e) same as in (3.316) under the likelihood
approach, that is,

p+1
2 Kig XDy (1)Xt,

and f5 (o), by (3.324), is computed as

72

pHlJ—1J=1 T 2 A (g%) - - -1
7 * . 14,87 « . (2 x5 () o«
) = X3 3T T |Kige =15 00— 50— {ige (= 1 0T (VA )}

1(2) _(g*)
* . * 3 (2 * /],

X [Kijgalt =113 8,0) = Kigee (1= 13 A7, (6")]] 55—

p+lJ—1J-1

-X 12}[{%(1)(1—%(1))[ ~ P (D (1 = i (1) |

T
(2 = (1 A
" {{k[i],)g./(l li) 1)} [ZKihz —Ltg.)) ZKV -5 g)l[(] (]

[\/]-ﬂ

22t—lt g.Jj)—

||M~1

3 (2) * 032
+ {/lm‘gj(z D } [ 2Km2(t—1,g)l[e],gj(Z)]:|. (3.328)
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3.6.1.2.2 Moment Estimation for {p,;}

Note that by using (3.300)—(3.301), it follows from the LDCP model (3.302) that
foranyt=1,...,T,

Elbizio) = Ty,
varlpl}, (0] = ;[ =75, (3.329)
and
covlbSl, o (= 1),0% o (O = E{BE, (0= 1) = mig 1Y, o (0 — 7}
= PoEb{E o (1= 1) =
= Pyl — 7). (3.330)
Consequently, for g, j =1 1, by using
)
) (g = Dieteo® My
i€(l,c) (t) T s N T
[y (1 =7y )12

one may develop a moment estimating equation for p,; as

D Vi AP v zb,%z)(r)b“fz Q0= DT = DX K]
Pej = pr1 <Kl P+ g
DYARD WD YA 8 ,Gh O)2/[TZ)Z) Kig)

(3.331)

Note that to compute (3.331), it is convenient to use the following formulas:

Yz #(j) *(g)
DXL
i=1t=

T
= ZKFZ]ZZ(I_ lvt;gv.j)
=2

1
c T . 2 (1—71:* ) 7
- EK[*K]zl(t_ 1,t;8,j) { . V]f* } { - (g }
= (=) Mg
{ P 8

T
- zK&]lz(t_ 17t;g7j>
=2
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Q ; : iy :
+ N K5 (t—1,t:g, ] - £ . (3.332)
2 Kion ) {(1‘”mj>} {(1‘”[ng)

and
Ko 1 T (1—m )
B8 0 = Sl |
i=1t=1 =1 [0g
+i1<* (t,8) it (3.333)
=1 A (1_ﬂ@]g)

3.6.1.3 Fitting the LDCMP Model Subject to Order Restriction
of the Categories: A Pseudo-Likelihood Approach

In this approach, there is no need for any new modeling for the cut points
based marginal binary probabilities defined by (3.300)—(3.301) for time point
t = 1, and conditional probabilities for the lag 1 dynamic relationship between
two binary variables defined by (3.302)—(3.303) for the time points t = 2,...,T.
More specifically, these marginal and conditional probabilities are written in terms
of the original multinomial probabilities given in (3.231)—(3.234), and (3.241),
respectively. Thus, the marginal probabilities in (3.300)—(3.301) are written as

J
() o
Pl () =1] = C:jzﬂ:rmc(l)
- 2£=j+1 exp(xmce*)
zi:l exp(xmue*)

= (1) (3.334)

and

= 1-m,(1). (3.335)

In the same token, unlike (3.302)-(3.303), by using (3.241), the conditional
probabilities are now written as
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PLbiZle® = UbiE{e ) ¢ = 1) = Ay Biclecy (= 1)
102 (¢)
(1) forb; t—1)=0
= J@’f’( : ’@“’C')( 1=9 336
[4781(2) for bic, . (t=1) =1,
where
W = ¢ S 3 A (3.337)
c1=lcy=j+1
32 1 J J
M@ =— ¥ ¥ A(e,0), with (3.338)
. J7g¢|:g+lc2:j+1
¢, — 1)) forc,=1,...,J—1
2o N [lea +Pc2( [0)ey [ i 3339
(c1,0) = {1—2{ 1l [775[5 (B[ch — f]) pc} forcy = J, ( )
where

!/
e, = (010, 1015, ) forer =100~ 1
011_1 fOI‘C] =J.

By applying (3.336), one can compute the remaining conditional probabilities as

v —o[p?) 30 @
Plbil ey () =0lbi . (0 = D] = 1= Ay (B, (= 1))
i) (y=1-1% (®) _
B { %[(ehgj(l) - _%[@’)gj(l) o b’ﬁ“ =1 =0 (3.340)
_ ; B
R () = 1= A (2) forbE, (1= 1) =1

Next, the likelihood function for 6* and pj, still has the same form as in (3.306),
that is,

0" pu) = T [ (0= (050 ()7

_ K o (t—=1t:8,7) (5 (2 s\ Ki e, (= 1,158,
% IYIQZHgJZIIHé% ({AE] gj( )} (g l(l )t é/){}’[(é]’)gj(g )} [0g 2(1 IA]>)1| )
(3.341)

but the marginal and conditional probabilities in (3.341) are now computed
from (3.334)—(3.340).
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3.6.1.3.1 Pseudo-Likelihood Estimating Equation for 8*

Following derivatives will be necessary to compute the desired likelihood
estimating equations. Note that here we are interested to estimate B9 and B
(c=1,....d = L =1,...,p) involved in the multinomial probabilities 7
given in (3.231)—(3.232). These probabilities for computational convenience were
expressed in (3.234) as

exp(xfz]ce*)

7T€ C = —7
4 2£:1 exp(x’[e]ge*)

where

0 =[B;",....B ... (U=1)(p+1) x 1, with B = [Beos- -+, Bets -, Bepl -
Denote the derivatives

aﬂ[g]c Lanme and aa(cz)(chg)
00*’ Ty 0%’ 06* ’

computed in (3.246), (3.247), and (3.250); by

TeePltles Pltles and?t (017)

respectively. That is, by (3.246),

an[(]c _ ) Toe (X[Z]c_ﬂ[é] ®d[g]1) fort=1,....p;c=1,....J
d20* T (X[g]c—ﬂ[g] ®d[g]2) ford=p+1;c=1,...,J,

= TgcPll)es

and by (3.250),

Ale2) (c1,0) Tf)c, ®d[] ) [2(717[[])®d[[]1]p¢2 forco=1,....J54=1,...,p
IRFrI Tt)c, XMQ g]®d[] ) [2(717[(])®d[42]p02 forca=1,....Jil=p+1,

7L (c17 (), forallcy =1,...,J.

It then follows by (3.334) that for cut point j, one obtains

an/h i Iy,
26" c=j+1 6"
J
Y. Maepige = Pig;(67), (3.342)

c=j+1
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where xjy. forallc=1,... ,Ji;0=1,...,p+1, is defined by (3.235). Also it follows
by (3.337), (3.338), and (3.340) that for cut points (g, j), one obtains

B LS S a0 = (1,20
a6 8 ci=1cy=j+1
(2) J
e 1 2 *
" = Cla *é (2’2’9 )
ae J— 8 4] zg+lczzj“+l ] “
Mg 1& & e * :
o =, 2 2 My (e 0) =8a(1,1:67) = —gg,;(1,2:67)
g c1=lecy=j+1
921 (2 Ly 5 @ ;6"
S0 = T 2 2 My () =g 2.1:67)

ci=g+ley=j+1
= —810g(2,2:67). (3.343)

Consequently, by (3.341) and by similar calculations as in (3.313), one obtains
the pseudo-likelihood estimating equation for 6* as
ALog L(6*,py) e Piy;(87) Piy;(07)
BT T S |3 (K, = ) KW\ e
(4 Ty

=1 j=1

J-1 T &ir1gj(1,2;6%) £ i(1,2:0%)
+ X8 = X K (1= g ) T zK,m@ Lg, ) 200
g=1 =2 )LV’] ,gj(l) )L[[] N (1)
< K Ee(2,2:0 £ (2,2:6"
- X Kjn( -l )”“7) ZKM HgJ)MM()H
=2 t] g7(2) =2 V] g](z)
IO RO =) =0 (3.344)

This likelihood equation (3.344) may be solved iteratively by using

6 (r+1) = 0°() = [(HV(0")} 1 1(6)] lgo_g( (3.345)
to obtain the final likelihood estimate 6”. In (3.345), h(1) (%) = 28
Computation of ah(?j) :
By (3.344),

20*'
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*(1) (g% g* x Q¥ & %
_ as p[/] (9 0 )_P[[]j( )p[/] (67)
= /; g [{ K[f] (1)) ( [é]j(l) [ [é (1 )]2

* * % * #(1)  nx p*
Pl (0%)pt, (6%)  p,(6%,6%)
— Ky, (1) mlj . mlj e 1@] 0
[t =y (D] i,

— () -0*. 0* X . p* . n*
N iK[*é]n(t—l g [ 2200 o120 )8jge;(1:2:67)
ILEX-$] (1 pord]
! - z‘[if]?gj(l) [A'[S,‘],)gj(l)}z
(1) * ok ok .
+ iK* “1i:g,)) Eli;(1,2:67,6 )_ Ele1e(1,2: 6 )é[/gg,(l 2;60%)
& Figei () A0 P
- [0,gj 10.gj
T . gﬁ) (2 2~9* 9*) é[é]gj(z 2.6*)5[//&](2 2;9*)
2 Ky (1 = 1,138, J) AN TEE
- (€8] [0).8j
(1) .n* p* e o
s S K- g ) Sigj(2:2:67,6)  &e;(2,2:0 )5@,(2 267
=2 [422 i(z) (2) M ()} )
B [/]‘gj (/] gJ
(3.346)
where
opi, (0%)
(1) nx p*y _ N

J
=Yy ’Zf,” by (3.342)
c=j+1

i[ac{ 0ePle — *(nm)H, (3.347)

1

c=
where, by (3.342),

Pile = (xtge — g @dygy) for£=1,...,p
[lle = (X[Z]c - ﬁ[g] ®dm2) for ¢ = p+1,

and by (3.255)—(3.256),

Zilmg) for£=1,....p (3.348)
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Furthermore, in (3.346), by (3.343),

% N aéé (17239*)
Eini(1,2:07,0%) = =L T

20+
1& < 91 (m, 0)
gL]:lcz Jj+1
1 g J .
:*Z Y (MM, (v ) — Q7 ()] (3.349)
8 (i=1er=j+1
1) 1 . g gy _ 95106i(2:2:6)
G (2,2:07,6") = Y T
_ ¥y I (e1,0)
_gc']=g+lc'2=j+l &9*/
1 J J
T g Y X [meM, (xmg) - Q7 (mg)], (3.350)
c1=g+ler=j+1
where, by (3.259)~(3.260)
M* forl=1,...
M () = 4 Mezabom) forf=1,-,p (3.351)
M, 5 (x, 7)) for £ =p+1,

and by (3.264)—(3.265),

Qr(ﬂm) for £ = ],...,p

@ (mg) = { Q;(my) for (= p+1. (:332)

3.6.1.3.2 Pseudo-Likelihood Estimating Equation for pys

The likelihood estimation of pys is equivalent to estimate p. : (J — 1) x 1, for
c¢=1,...,J — 1, by maximizing the log likelihood function Log L(8*, py) given
in (3.341). Note that for a given cut point j, either ¢ < j or ¢ > j holds. Next, because
n[*l]j is free of p,, for any c and j, the pseudo-likelihood estimating equation for p,

can be computed as

* pt+1J— é* j l,l;pc
WZZZZ ZKZ]II —L13g,J) %
pe a4 Mg 1)

L G (1 25pe)
+ X Kot = 1138, j) Hig]mi
= M55
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T * 5[ (2,1;pc)
+ ZK[£]21 —1,1:8,J) [fj(l)i
=2 A1.4;(2)
r | &.i(2,2:0c)
+ ZK@]zz(t—l,t;g,J){% =0, (3.353)
=2 M065(2)
where, for example,
A (1)
* [4).gJ
(1L Lpe) = —28 (3.354)
Slr1ei (1 1:Pe) T

for a general ¢ < j or ¢ > j, j being the cut point at time ¢. Next, it follows
by (3.337), (3.338), and (3.340) that for cut points (g, j), one obtains

L oAl (c,
1[2“)

cr=j+1 apL

a2\ (1)
Vi :é[Z]gj(l72;Pc)

p) J-1
+ ap. {1 - 2 (”[€]h+ (6[4]01 — ﬂ[(])/l)h) }]

= { _ézﬁlzl[a[l]cl - 77:[[]] forc < Jj

3.355
0 forj<c<(J—1), (3353)

and
3(2)
I (2)

a)b 2 017€)
apc

= i1 (2:2:Pc)

8¢ £+1 0= 1+l

HM\

c +(§ ey — 7 ' ¢
|f9pc =] +1 [] : ( m ! m) p 2}
—1

3/%{ g (70 + (S, — [z})/Ph)H

_ ZLI g+l[ 71'[[]} forc <j
0 forj<c<(J—1).

(3.356)
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Using the above two derivatives, the derivatives for the remaining two
complementary conditional probabilities are easily obtained as

5 (1)
Ipe apc e
= é f]il [6[6]01 - 77:[4]] for ¢ = ] (3357)
0 for j<c<(J—1), and
5 (1)
Ipe apc e
A E e [Be —mp) fore < (3.358)
O forj<c<(J—1). .

Thus, the computation for the estimating equation (3.353) is complete, yielding the
estimating equation for p* = (py,...,p},...,p;_1)’, (i-e., for the elements of py) as

dLog L(6" py)

Ipy
8L0g L<9*apM) dLo L(ZG*.p ) 2
op” = (gapc P =0:(J—1)"x 1. (3.359)
ILog (0" )
dps-1
This estimating equation may be solved by using the iterative equation
R . 9*Log L(6",pm) |~ ILog L(6",py)
P =50 [{ } ,
dp*dp*’ ap*
p-op P Ip*=p"(7)
(3.360)

where

azLog L(G*va) —

9*Log (0" pyr)

9%Log L(6* ,py)

9%Log L(6*,pum)

ap19p]

PLog L(O" pyr)

Ip19p;

9Log L(6* py)

Ip19p)_,

9%Log L(6*,pm)

dp*dp*

apcap;

9%Log L(6*,pm)

dpcap!

92Log L(6*,pp)

apcdp)_

92Log L(6” pm)

dps-19p]

9P1719P}

ap;-19p)_|
(3.361)
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The second order derivatives involved in (3.361) may be computed by using the

first order derivatives from (3.355)—(3.358) into (3.353). To be specific, two general
second order derivatives are:

82LogL(9*,pM) - p+1J—1J-1
dp:ap, =7

[é[*]gj(l 1:pe)E| (0 (1: 1:pc)]
A (2
T

+ZK[7]12(Z_ Lt:8, j)
=2

&y (1:2:P0E (1. 2:0)]

Ay (D

r {Kw@lmﬁ* @hmﬂ}

iy 201

+2 K (1 = 1,1:8,.j)
=2

(3.362)

T 2,2:0e)E 114 (2,2: P
+%%Mhu&ﬁ[ég Pe)E i pn]

[i&??g,»@ﬂz

and

3%%menzf“§”1i o | BP0 g 0 15pa)
IpeIp, : 2 Ko ’ A0 P

[0].gJ
3 (&5, (1,25 pc )€ (1,2:p4)]
+ zK@]lz(l‘i 17t;g7j) MA] /]KJ
- Mé] gJ
3 (&5, (2, 1;pc )€ 2,1:p4)]
+ 2 Ky (1= 1,538, ) e f]u
- [)L/] gj
3 (&5, :(2,2;pc )€ 2 2:pa)
+ X Kigaalt Lr;g,j){ — H (3.363)
- [)L[fl‘] gJ
where, for example,
(G (1 1:P)S g (1,15 p)]
= g% 25111 [6[5101 - n[f]] 251:1 [6[[]61 — nm]/ for ¢ < j’ and d < ] (3 364)
" otherwise. :
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3.6.2 MDL Model with Cut Points g at Time t — 1 and j
at Time t

3.6.2.1 Fitting Bivariate Binary Mapping Based MDL Model:
A Pseudo-Likelihood Approach

3 Regression Models For Univariate Longitudinal Stationary Categorical Data

There is no difference for the probabilities at initial time # = 1 between the LDCP
and this BDL models. These probabilities at = 1 are given by (3.300) and (3.301).
However, at time points t = 2,...,T, instead of linear forms given by (3.302)-
(3.303), the conditional binary probabilities now have the logit form given by

yielding

and

yielding

() —_11p®
P[bié(é,cz)(t) = 1|bi§(ﬂ,cl)(t =1)]

eXp((Xj()‘#dj[‘#?gjbg)([q)([7 1))

1+exp(aj0+aj4+7gjb§§m)(H))
exp(ao+ 7 b5, . ) (1-1)

for{=p+1,
Lrexp(@ 756, (1) d
_ =2 (&)
= M0/ Gicien = 1),
exp(aj0+ajg) .
1,87 exp(Qjo _
deﬂ)) fOr »6 =p + l,
exp(0jo+0jr+7%;) _
e - | T
/|.87 exp(ojo+7; _
Trewloptyy) T =P

() —0l»®)
P[bié([,cz) (t) - O|blé([cl)(t - 1)]
1
1+exp(aj0+aj4+7gjb§2“1)(t—l))

B 1 forl=p+1,

5 7(8)
1-‘rexp(ocjo-‘,—}/g_,'l?é([‘(,1 ) (r—1))

~) ()
= 1=Tg i (bicipen = 1))

1 pr—
30 (1) = | Ty ort=1p
! forl=p+1,

1-+exp(ajo)

for{=1,....p

for{=1,....p

(3.365)

(3.366)

(3.367)

(3.368)

(3.369)
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1

T for{=1,...,p

i = { TR T e
1+exp(ejo+7%q) =r ’

Let % = (%) denote the (J — 1) x (J — 1) matrix of dynamic dependence
parameters under the BDL model.
Then simply by replacing the conditional probabilities, for example, i[(é}?gj(l)

with ﬁ[%)gi(l), in (3.306), one writes the likelihood function under the BDL
model as

Lo ) = 125 T (10 = i (YY) (g (0350~

= * K « —1t:g.)) (= (2 * K« —1t:g,j
X LT () ()Y e D ) g i) | 3.371)

where n[zj(l) has the same formula as in (3.308), that is,

exp(x], .o
my (1) = ety
J 1+exp(x[[ o)
. 1
1= (1) =

1+exp x[é]ja) ’

but unlike 1/ ( *)forg* =1,2;j*=1,2in (3.312), 71[/ ( *) forg* =1,2;j* =

[/’]
1,2 have the formulas
L) gy PP ) (2) = exp(xjg,; & + %)
n[é],gj - 1+exp(x/[€]ja)7 n[é]vgj - 1+exp(xig]ja+j7g])’
= (1) _ 1 (1) B 1
M6V = et o) e = . (3372

1 +exp(xj o)’ 1+ exp(xfy 0 + Tgj)

3.6.2.1.1 Pseudo-Likelihood Estimating Equation for o

By similar calculations as in (3.307) and (3.313), one obtains the likelihood equation
for  as

Thog Sore) 2{ i = Kigmiy()}

=2

J=1J-1
+ BT Skt s 500+ B K L 11, 0)
J=18=
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T
= X Kig(t-Lrsa.] DAL= 7y }+2K422 1,z;g,j>{1ﬁ{j?g,.@»}xm,-

= file) + f () = f*(r) = 0. (3.373)

Let & be the solution of f*(a) = 0in (3.373). Assuming that 6 is not a solution
for f*(o) = 0 but a trial estimate, and hence f*(&) # 0, the iterative equation for
¢ is obtained as

= a0 — [{7(@)} " ()] o=y (3.374)
where

! / s/ J or:
F(@) = fi(e) + f(a) = Qéffu ];zo(ua)

is computed as follows.
Note that f{(ct) has the same formula as in (3.316), that is,

8f1(a) p+1
file) = S0l :_EK[Z]Xé/Dn[*{](l)XK

Next, by (3.372), it follows from (3.373) that

, f;
(o) = 2219
pH1I-1J— L L) )
- ; 2 Z X K (0= 1,658, )iy (V{1 = 7ig ), (D)]
(=1 j=1g=1 t=2

T
+ ¥ Kot = Lisg, DI (D{1 =7, ()}

t=2

T
+ Y K (= Ltsg, DAl ({1 =75 (2}

=2

T
+ 2Kt —1rg.j )[11[[ e ){1—71[5 e )}]}x[f]jx'[g]j]~ (3.375)
t=2

3.6.2.1.2 Pseudo-Likelihood Estimating Equation for 3,

Because ,; is involved in the conditional probabilities as shown in (3.372), similar
to (3.373), we write the likelihood estimating equations for ¥,; as
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dLog L(a,7u) s

1
7 ;{ 2, Kig (1= 1.t38. {1 - Al (D}

T

+ ZK[*e]n(t— 1,t:8, j){1 —ﬁ[%?gj(l)}
t=2
S (1

= Y Ky (t = 1,158, {1 =y (2)}
=2

T
+ D Kt — 1,138, ){1 - ﬁ[(g??gj(z)}} =0. (3.376)
1=2
By using

7:('}7 '}/ga '}/J l Wlth’)/ /ygla"'a’?gja"',yg,.lfl)a

the (J — 1)? estimating equations in (3.376) may be solved iteratively by using the
formula

92Log L(ct, ) |~ dLog L(0t, 7
Yr+1)=¥(r) - H Oagf,,g; YM)} o8 a(;‘ YM)] (3377)
7=3(r)

where the first order derivative vector M may be constructed by stacking

the scalar derivatives from (3.376). The computation of the second order derivative
matrix follows from the following two general second order derivatives:

9’Log L(o L NS -
My” =~ 3 X Kt L DA, (1= ()
=1 | =

T

+ 12 Kigot = Ltsg Mg (D41 = g, (D)
T

+ 12 Kigon = 168, A 2101 = gy (]

T
X Kt = 162 )R, (2)(1 - ﬁfgfg,m}]} SNCEID)
t=2

and

d%Log L(«
TLOBLO) o forallg =g/, jig £ 8] # jig 787 = jig 287 £ .
%y Ve

(3.379)
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3.6.2.2 Fitting the MDL Model Subject to Order Restriction
of the Categories: A Pseudo-Likelihood Approach

In Sect. 3.5.2, MDL models were fitted by assuming that the categories are nominal.
In this section we fit the same MDL model (3.275)—(3.276) but by assuming that the
categories are ordinal. For nominal categories, recall from (3.277) and (3.278) that
the marginal probabilities at initial time = 1, are given by

exp(xmje*)

(1) = ’
(1) 1+ 357 exp(x],, 67)

(3.380)

forall j=1,...,J,and £ =1,...,p+ 1; and the conditional probabilities at time ¢
conditional on the response at time ¢t — 1 (fort =2,...,T) are given by

exp(’ 9*+}/-54]g)
nilL(a.0) = § MRl

) forj=1,....0—-1¢=1,...,p+1

forj=J;0=1,...,p+1,
14351 exp (xf/‘]he**ﬁa[/‘]g) / P
(3.381)

for a given g =1,...,J. In (3.380) and (3.381),

0 =B, B BT (U= ) (p 1) x 1, with B = [Bjo,.., Bjes -, Byl

represents the vector of parameters for the MDL model for nominal categorical data,
and x[¢); is the design covariate vector defined as in (3.277).

Now because categories are considered to be ordinal, similar to the bivariate
binary mapping based LDCP model (see (3.334) and (3.337)—(3.338)), for given cut
points j at time ¢ and g at time point f — 1, we write the marginal and conditional
probabilities in cumulative form as

J
Y mge(1)
c=j+1
S exp(d,6)
= e (3.382)
Zh=1 exp(xmhe*)
with ﬂ'[g]c(l) as in (3.380), and
~(2) 1
~(2) 1 J J
M) = 75 :Z 2 n'? (c1,0) (3.384)
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with 77;(\?—)1 (c1,¢) as in (3.381). Note that as we are dealing with stationary

correlations case, the conditional probabilities in (3.383)—(3.384) remain the same
for all + = 2,...,T, and hence the subscript ¢|t — 1 may be suppressed. Next by
using the marginal (at t = 1) and conditional probabilities (at t|t — 1;¢ = 2,...,T,)
from (3.382)—(3.384), and the transitional count data corresponding to cut points
(g,J), one writes the pseudo-likelihood function

L(6" y0) = T4 T2 [ (1= iy (Y0 (g (0o K D)

< MLy (A ey o D a7y e )] 3.385)

which is similar but different than the likelihood function (3.341) under the LDCP
model.

3.6.2.2.1 Pseudo-Likelihood Estimating Equation for 6*

The following derivatives are required to construct the desired likelihood equation.
The derivative of ﬂ[*é]j(l) with respect to 6 is the same as (3.342) under the LCDMP
model. That is,

dmy (1) L amy J
[E] [é]c * *
90 = 2 agr = X MdcPlde = Pig;(6°).

c=j+1

However, to compute the derivatives of the cumulative probabilities such as
ﬁ[%)gj(l) (3.383) with respect to 8*, by (3.286) under the MDL model, we first
write

Int(g.0) _ {nw(g,e) [xig; —n(g.0) @dyy] for€=1,....p; j=1,....J

20" 77(]) (g,g) [x[é]j - 77(875) ®d[f]2] forl{=p+1;j=1,...,J,
(3.386)
= 1) (,0). (say), (3.387)

where

n(g.0) =MV (g0),....,nY (g,0),....,nY V(g 0).

By (3.383)—(3.384), we then obtain

J an(62)<cl’£)
20*
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~(2
M@ 1L L a0
00* J=8 a5 00*

J7g61:g+102:1+1
A, (1)
(;];i —C0g(1,2:0%) = Gipg;(1,1;,07)
8172 (1)
S = 0100/ (2.2:0%) = {1 (2,1:6°), (3.388)

yielding, by (3.385), the likelihood equation for 6* as

i} P (0%) ) Py (07)
{0 (S5 ) -0 ()

aLogL 9*7,)/ p+1J—1
g AT M) _ 2 2

00*

J—1 T 172,9* T b 172,6*
+ Z 721{[*5]11 —Lg,j )%+2K§]12(t71,1;g7j)%

) A0

d X . C (2 2;6") L Cire:(2,2:6%)
- ZK[/ep](t—l,t;g,J)f ZK/]zz — 1,18, ])[131()7

- i Mi05(2)
= 7 (6%)+7a(67) = h(6") = 0. (3.389)

This likelihood equation (3.389) may be solved iteratively by using

6 (r+1) = 0" () — [{(AV(6")} " h(6")] lgr_g-(r: (3390)
to obtain the final likelihood estimate §*. In (3.390), A1 (07) = 2HO7),
Computation of a;'(?;) :

By (3.389),

20+

R (P by (001,67
= 2z [{(K[[]K[/]](l))( ﬂf;]](l) - [ [[ ( )]2

=

~

~
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. Pl (0)p(67) +p*;] )(6,6%)
R e 2
1 n[g]j(l)} 1—- n:Hj(l)

J-1 T C(l)»(1:2;9*,9*) Gl )C 12:6°)
gzzl [{zKﬁv]ll(tl,t;gjj) ( [Z]gj~(1> B [gj (0gj

n[g],gj(l) [17[] gj( )2

+

(1) - Q* * . Q* !/ . O*
« RN 417 [4lgJ [0lgj
* {ZKW(t_l’t’g’])< (2> o 72 ()
1=2 Mg Mie).g
r P G (2:2:07,0%)  Ggi(2,2:67), ,(2,2:07)
D 7 S S e
=2 M5 Miel.gj
(1) .p* g* X
" i[{* (tfl . ) C[ﬁ]gj(272’e ,0 ) C[égj(z 2;0" )C[(/ (2 2;0 )
S TR e 2 P |
= M) U é] 8

(3.391)

where p[[(] )(6* 07*) is given by (3.347)—(3.348), and the remaining two second order
derivative matrices in (3.391) are given by

9pi(1,2:67)

(1) .p* 0*)
C[(]g./‘(laz’e 79 )_ 89*/
s é (i (c1,0) 3392)
a 8 Ci=lea=j+1 26+ .
9C01.1(2,2:6%)
(1) .n* n* [(ej\4
$ies(2:2:07,67) 56+
(c2)
1 J Jdngy(er, )
-— 3 X (39*’ : (3.393)
T8 o St c=jt1

where, for

(c2) _ _
(e2) n (Clag) [x[f]c n(cla€)®d[/]l] f0r£—1,...,p

c1,l) = : 2 3.394
My (e { N (c1,0) [xpge, = N(c1,0) @djga] for b= p+1, G399

(see (3.386)—(3.387)) with
TI(CI ag) = [Tl(l)(cl 7€)a s 7n(j>(cl az)v s an<171)(cl 76)]/5

the second order derivative % by (3.287)—(3.288) has the formula
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(i (e1,0)
20+
n("Z)(cl,f) (X[/]CZ 7T](C17£) ®dw1)()€mcz 7T1(Cl,€)®d[1f]l)/ - 81{]9(9641;[) forl = 1,.‘.,[7
11(02)(6‘1.,@ ()C[[]C.z — 17((,‘1 ) ®d[[]2>()€m(.z - T](C] ,6) ®d[[]1)/ — % forl=p+1,

= n(CZ) (Clvé)M[*[]cz (X7 U(Cl 76))

with ag(gi; ) given as in (3.290).

3.6.2.2.2 Pseudo-Likelihood Estimating Equation for yy,

The likelihood estimation of ), is equivalent to estimate 7. : (J — 1) x 1, for
c¢=1,...,J—1, by maximizing the log likelihood function Log L(6*, yis) computed
from (3.385). Note that for a given cut point j, either ¢ < j or ¢ > j holds. Next,
because n[’;]j(l) is free of 7., for any ¢ and j, the pseudo-likelihood estimating

equation for 7y, can be computed as

* p+lJ—-1J-1| T * (1,157,
w — Z ZK[SZ]II(til’t;g’j) W
Ye (=1 j=1g=1 |[r=2 nm’gj(l)
4 * . C? (172’%)
+ ZK[Z]&(I_LI;&J) %)71
=2 ey (1)
4 ) Gingi (2 15pe)
+ ZK[?]zl(t*Lt;g’J) %)72
=2 Mg (®
L e i(22:7)
+ ZK[Z]zza —1,t;8,J) %)72 =0, (3.395)
=2 iy /(2)

where, for example,

oy, (1)

T (3.396)

e (1, 2:%) =

fora general ¢ < jorc > j, j being the cut point at time ¢. More specifically, because

0 (g, 0)[1 —n) (g, 0)] forh=jih,j=1,....0—1

() V]gn

W: —8genV (g, )n" (g,0)  forh# jih,j=1,....0 1
g 75[[gnj)(ga€) J)( ) forh:J;j:L"'ajfla
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by (3.225), the derivatives of the conditional probabilities in (3.395), that is, the
formulas for C[’;]g].(-, “;7%), at cut point (g, j), are given by

Joonl (e, .
[ Z N (cy )‘| :C[Z]gj(lvz;%)
1

cr=j+1 a%

(3.397)

—1 fl 16[3]61 (C1,€)2£2:j+1n(c2)(6‘1,€) forc <j
LS B len [1=% @ e 0)] forj<e < (7-1),

~(2) |
Mg _ 1 g | $ e
0Ye J—

8 c1=g+1

] = Cej(2:2%)

c=j+1 e

_ﬁ Z‘cll =g+1 5[[ ler N )(Cl ,é) 2£2:j+l n(CZ)(Cl 76) forc<j
ﬁza:g—}—l 6[6](1 ( )(Cl,g) |:1 _zg2=j+1 77(02)(0175)} fOI'j <c< (J_ 1)7

(3.398)
M) N,
[€],gj o [0.gj _ * ) I .
o T oy Gl (LX) = Gy (1L 1), (3.399)
and
il (2 i? (2
0.6/ _ M2 0 = G (L .

% R

Thus, the computation for the estimating equation (3.395) is complete, yielding
the estimating equation for y* = (y,..., )/j, —.»Y—1)s (i.e., for the elements of )
as

dLog L(0*,yum)
M

aLog L(G*J’M) — aLogLiG*,VM) =0: (J— 1)2 % 1. (3401)

a')/* e

dLog L(6* )
V-1

This estimating equation may be solved by using the iterative equation

) o 9Log L(0*, 1)~ dLog L(6*, 1)
V“(Hl)—af*(r)[{ p ] et L n

(3.402)
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where
PLogL(6*yy)  9*LogL(0%yy)  9*Log L(6" . yu)
ondy, T omdk T Indy,
9’ Log L(0*, ) | o2LogrLiorm)  PLogL(0"am)  9*LogL(6%.)
Y-y - %9n Y0, T 0RdY
I’Log L(6%yu)  9*LogL(6*.w)  9*Log L(6*.wm)

dy—19y; T dy—dY, T 9y—1dv
(3.403)
The second order derivatives involved in (3.403) may be computed by using the
first order derivatives from (3.397)—(3.400) into (3.395). To be specific, two general
second order derivatives are:

9*Log L(6*,Yu) pHEFI
919, (=1 j=1g=1

t=2
16,115 WC*'mg/(U;%)] (57 (1 1%, 7))
: Al R
L [Mjg4,(1)]
1,2:%)8 g, (1,27 (120 Y
+ il{,]lz —1,t:8,)) { Z;[fg/ 7 [f}g;( %)) n [C[Z]gi((z) Y Y)]}
- f] gJ(l)] [7}),;(1)]
S (8 (2 15 Yc 2 LY 802 Y )]
+ 2 K (1= { s g] ) + mgf(l) }
o f] gj( ) Mg, (2)]
[Cine; (225 % )8 (06 (2,2:%)]
+ ZKF]Zz - Lt:g,)) { e] g,(2)]2
2270 o
o) .
[n[z],gj(z)]

and
azLogL a’yM an bt bl
9Y:9Y, g g ;

[C[?]gj(]’ I’YC)C*/[Z]g](L l’yd>] [C[;]*g/Oa 1»’)/67%1)}
" 0 2 R
[n[g]’gj(l)] [rlm’gj(l)]

ZK[ZII —Lt:g.j)
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z [C (1 2; ’)/C)C*/g '(172;')/61)} [C** 4(1,2;%’%{)]
+ ZK[*é]lz(t— 1,t:8,7)§ — ] 3 Hg; T V]g{ -
~ (710 (1)] [ (1)]
S G0 250 e 2 )] (G2 L% )]
+ D K (1= 1,1:8,J) § — e/ — ”g; n Mgim
" [n[é]@j(z)] [n[g]ygj(z)}
- . [C10(2:2; $%e)8* li (2,2;57)]
+ ZK[E]zz(t_l,t;g,]) - [sJ ) g;
- [Myi1;(2)]
C 2,29, 7.
W (3.405)
[l (2)
where, for example,
G (1L L% %) = ”g’T

Gt (L 1%, va) = forc#£d, c,d=1,...,0— 1. (3.406)
9,

The second order derivative matrices in (3.404) may be computed as follows. By

using the basic derivatives for conditional probabilities from (3.225) into (3.397),
one obtains

G (127 7%)

_ a { Zfl (,]T'(( (Cl 2)2(‘2 ]+177(02)(C17£) fOI’CSj

-9V ;261:16[4](,,71()(“,6) [1—2(,2:/“77((2)(01,()} forj<c<(J—1)
4 28 1 80e, 8, 1L )[{17217 (cl,e)}zizzmn<f2)(c..,£)} fore < j

=9 52 18, 5[;3]6.177( )(er,0) (3.407)
x [{1=n(er,0} = {1 =20 (1,0} 5L,y 0D (e, )] forj<e< (1),

G (2270 %)

. J jng{] g+15[]cl )((,1 Z)ZLZ ]+1n< )(Chg) fOr(,‘fj
" J g Cl g+16[é]cl )(Clv )[{17 02:1+1n(C2)(c|71{) forj<e<(J-1)
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7% 2£1:g+1 6mfl a[lf]cl n( (Cl [) {1 72” (Cl7£)}2i2:j+1 n(Q)(Cl,e)] forc < /
g i1 806, 8 1 (1) (3.408)
x [{1=ner,01 = {1 =20 (1,0} 5L, 0D (er,0)] for j << (J—1),

and

Crgei (L LYoy ¥e) = =g (1,23 )
Gt (2 10 %) = =G (2.2 %e)- (3.400)
Similarly the second order derivative matrices in (3.405) may be computed by

using the basic derivatives for conditional probabilities from (3.225) into (3.397).
That is,

e (1,239, %) (3.410)

_ i _é fl l Cln (Cl7 ) )= /+17762 (617 ) fOI'CSj
M | 5 2o 15mc1 Ver,0) [1 =5 1@ (e, 0)] forj<e< (- 1)

%Zi, 15[£]c15[/4] n(er,0)n (Cl,ﬁ)[ 0 ]+1n<62)(01 6)] forc<j;d<j

- 15[6}c15[e] N (e, On@(er,0) |1 2282 ,Hn(%)( )| fore<jid>j
_’zc, 161018, N (cr,Om@(cr,0) [1-2%] ;0 0 (cr,0)| fore> jid < j
-3 15[kc15[e 1 (er,en(er, )

c,6) |1— 02 j+177( )(cl,ﬁ)] forc> j; d > j,

Cile (2 2%, Ya) (3.411)
_ 9 [T e B0 0% D) fore<
I\ 75 e e er, O [1 =S (e, 0)] for j< e < (/1)
75 Ztr=gr1 S %1ﬂ(”(cw)n(”’)(a,é) (52 en,0)] fore<jid<j
_ — e St g1 O c15[gcl (e, 0)n D (cy,0) 1*22@ i@ (e, 0)| forc < jid>j
_Jlg Z] g+|5[[]L16[[]¢1 ( 1 )n (Ch ) 1- 52 ]+In( )(CI,E) fOI'C>j;de
«’282‘]1 KJFISMCIS[ZCI ( C1, )n ( C1, ) 1— Lz ]+1n( )(6176)] fOI'C>j;d>j,

and

C[Zgj( ah%ayd) = —C[’ngj(l,z,%,yd)
Gt (2 %o, W) = =i (225 % %) (3.412)
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Chapter 4
Regression Models For Univariate Longitudinal
Non-stationary Categorical Data

4.1 Model Background

In Chap. 3, specifically in Sects. 3.4.1 and 3.4.2, we have studied covariates free
LDCMP (linear dynamic conditional multinomial probability) and MDL (multi-
nomial dynamic logit) models. Because the models were free from covariates,
the underlying correlation structures (see (3.157) for LDCMP model, and (3.208)
for BDL model) are free from covariates and hence stationary. These correlations
depend only on lags. These models were extended in Sects. 3.5.1 and 3.5.2 to the
cases involving covariates, but the covariates were time independent. Consequently,
these models also have stationary correlation structure. See these stationary corre-
lation structures for the binary (2 category) case given in Sect.3.3.1.1 (C(p)) for
the LDCP model and (3.128) for the BDL model. In this chapter, we deal with a
general situation where the covariates collected from an individual over time may be
time dependent. Time dependent covariates cause non-stationary correlations which
makes the inference procedures relatively difficult as compared to the stationary
covariates cases, which is, however, not discussed in the literature adequately for the
multinomial response models. For differences in inferences between the stationary
and non-stationary binary models, one may refer to Chap. 7 in Sutradhar (2011).

Turning back to the multinomial models with time dependent covariates, for
convenience we re-express (3.4) here from Chap. 3 to begin the discussion on non-
stationary multinomial models. Thus, in the non-stationary case, we formulate the
marginal probability for y; to belong to the jth category as

exp(Bjo+Bjwir) .
. forj=1,...,0—-1
1 J—1 ’ ; ’ 9
P[yit _ yl(l./) _ 5in] = My = X expl(ﬁgoJrﬁng) oy 4.1)
s Texp(Boo B
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where B; = [Bj1,...,Bjs,---,Bjp| for j=1,...,J —1, is the regression effects of the
time dependent covariates wj;, with wi = [Wi1,..., Wi, ..., wirp)'. Note that some
of the p covariates may be time independent. This marginal probability in (4.1)
yields the marginal mean vector and covariance matrix for the multinomial response
Vit = (Vit1s -+ Yitjs---»Yir,y—1) at time ¢ as follows: The mean vector is given by

T © @1 _ % (©
EY;] = Zyi[g P[Yy :yif ]= Zyitg it)g
g=1 g=1
= [”(it)l? <o Wir) jis - - '7”(1‘[)(171)]/ =it - (J_ 1) x1, 4.2)

forallt =1,...,T, and by similar calculations as in (3.149)—(3.150), the covariance
matrix has the form

Zi) (B)=var (Y] = diag[ i1 Wity -+ Wiy (0 1)] = iy Wy (F— 1) < (J = 1),

(4.3)
forallt=1,...,T; and i = 1,...,K, where 8 denotes all regression parameters,
that is,

[3 = ( ]*/7,..’ ;/’,,.7[31*71/)/’ where ﬂj* — (ﬁjO,ﬁ]{)/.

As far as the correlation properties of the repeated multinomial responses
Vily---5Yity- -+, yiT are concerned, it is likely that they will be pair-wise correlated.
These pair-wise correlations along with the mean and variance structures (4.2)—(4.3)
must be exploited to obtain efficient estimates for the regression parameter vectors
{Bj.j=1,...,J — 1} involved in the marginal probability model (4.1). However, as
the modeling for correlations for the longitudinal multinomial responses is difficult,
some authors such as Lipsitz et al. (1994), Williamson et al. (1995), and Chen et al.
(2009) have used an odds ratio based ‘working’ correlations approach to estimate
the regression parameters. This odds ratio based GEE (generalized estimating
equations) approach encounters estimation breakdown and/or inefficiency problems
similar to those for the longitudinal binary cases (Sutradhar 2011, Chapter 7).
Nevertheless for the sake of completeness, we discuss this odds ratio approach in
brief in Sect. 4.2. The difficulties encountered by this approach are also pointed out.

As opposed to the ‘working’ correlations approach, we consider parametric
modeling for the non-stationary correlations for multinomial responses, and discuss
a conditionally linear dynamic probability model and its fitting in Sect.4.3; and a
non-linear dynamic logit model and its fitting in Sect. 4.4. Note that these linear and
non-linear dynamic models are similar to those LDCMP and MDL models discussed
in Sects. 3.4.1 and 3.4.2. But these models in the last chapter were developed for
time independent covariates, whereas in the present chapter, that is, in Sects. 4.3
and 4.4, we use the time dependent covariates leading to non-stationary correlations
among the multinomial responses. For convenience we will refer to these models in
this chapter as the non-stationary LDCMP (NSLDCMP) and non-stationary MDL
(NSMDL) models, respectively.



4.2 GEE Approach Using “Working’ Structure/Model for Odds Ratio Parameters 249

4.2 GEE Approach Using ‘Working’ Structure/Model
for Odds Ratio Parameters

Let yi = (V-3 Yy---»Yip)  be the T(J — 1) x 1 vector of observations for the
ith individual with its mean m; = (#/,,...,7},,...,®/)’, where y;; and m; are J —1
dimensional observation and probability vectors as defined in (4.2). Further, let
Zi(B,7) be the T(J — 1) x T(J — 1) covariance matrix of y;, where 3 represents
all ..., B;,.... By, and 7 represents the so-called correlations or log odds ratio

parameters. This covariance matrix for the ith individual may be expressed as

ZiinyB) - Zi(Bo1) - Zian(ByT) - Ziiary (B, 1)
Z(i,ul)'(ﬁa T) ce Z(i.,m;) (ﬁ) s Z(i,ut)'(Bv T) s Z(i,uT)'(ﬁa T)
Ziy(Bs1) o Zauwy(BoT) o Z(B) - Ziury (B T)

E(i,Tl)'(ﬁﬂ') E(i,Tu).(ﬁvﬂ E(i,Tt).(ﬁvr) E(i,TY'") (B)

where X; ;1 (B) is given by (4.3) forall # = 1,...,T, and by writing

(4.4)

COV[YiM,Q’?Yilj} = G(i,ut)gj(Bv’C)v

the covariance matrix X ) (B, 7) for u # ¢, involved in (4.4) may be expressed as

Z:(i,ut) (B7 T) = (O-(i,ut)gj(ﬁa T)) = (P(Y“lg = ]7Yitf = 1) - ﬂ(m)gﬂ<il).f)
= (Mo ur)gj = Miu)e i) ) » (4.5)

where y;,, = 1 indicates that the ith individual at time u is in the fth category,
similarly y;; = 1 represents that the ith individual at time ¢ is in the jth category.
In (4.4)-(4.5), 7 represents all odds ratios involved in the joint probabilities 7(; ;)
these odds ratios for the ith individual being defined as

8Jj»

T ':P(Yiug:17Yitj:1)P(Yiug:OaYitj:0)
M0 P(Yiug = 1,Yij = 0)P(Yigg = 0,Yirj = 1)’

(4.6)

(e.g., Lipsitz et al. 1991).

It is however not easy to model these odds ratios in (4.6) for their estimation.
Many researchers such as Lipsitz et al. (1991), Williamson et al. (1995), Yi and
Cook (2002), Chen et al. (2009, 2010) have used a so-called working model (see
(4.10) below) for these odds ratio parameters and estimated them. Let 7,, represent
such ‘working (w)’ model based estimate for 7. This estimate 7,, is then used to
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estimate the joint probabilities 7; ,),; in (4.5). In the next step, the regression
parameter vector 3 involved in the multinomial probabilities is estimated by solving
the GEE

/

Hi —1 7 ) —
laﬁzi (B, %) (vi—ui) =0, 4.7

QO

N

1

(Liang and Zeger 1986).

Remark that as opposed to (4.4), in Chap. 3, we have used the i free constant
X(r) matrix for var[Vy] and 2(m,p) (3.159) for var[V;], under the covariates
free stationary LDCMP model. When covariates are present but stationary, these
covariance matrices were denoted by X(7j,) and b (mg,p), that is,

var[Y;|i € £] = Z(my), and var[Y|i € £] = E(my, p),

under the covariates based LDCMP model, ¢ being the ¢th level of the covariate.

4.2.1 ‘Working’ Model 1 for Odds Ratios ()

To use the odds ratio based covariance matrix in 3 estimation such as in (4.7), one
needs to compute the joint probability in terms of odds ratios. This follows from the
relationship (4.6), that is,

gy = sl = Mo — M) ¥ Miaese] 48)
s (i) = o)1 i)} — T )]

yielding

(S

Fitut) g5~y =g (Ftuygj = D iug) W)

M) = 1) (Tinyej #1)s (4.9
T(iu)gT(ir) j (Ti(ut)gj = 1)7

where

fituygj = 1= (1 = Tigurygj) (i + Mir) )

But as the odds ratios T;(,),; are unknown, it is not possible to compute the joint
probabilities by (4.9). As a remedy, some authors such as Lipsitz et al. 1991,
Egs. (5)—(6), p. 155, Williamson et al. 1995, Eq. (3) (see also Yi and Cook 2002,
Eq. (3), p. 1072) have used ‘working (w)’ odds ratios T;()g;.,» say, instead of the
true parameters in (4.8), and assumed that these ‘working’ odds ratio parameters
maintain a linear relationship with category and time effects as

108 Ti(uygjow = P+ Qg + @ + Qg+ Wi EF, (4.10)
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where w}, : ¢ X 1, (say), is a suitable subset of the covariate vector w; in (4.1),
those are considered to be responsible to correlate y;,; and y; ;. The selection of
this subset also appears to be arbitrary. In (4.10), @, @,, @;, ¢@,;, and &*, are so-
called working parameters, which generate ‘working’ odds ratios (through (4.10),
whereas true odds ratios are given by (4.8). In Sect. 4.3, we consider the modeling
of the joint probabilities 7; ), ; through the modeling of correlations or equivalently
conditional probabilities. Similar modeling of conditional probabilities was also
done in Chap. 3 but for either covariate free or time independent covariate cases.

4.2.1.1 Estimation of ‘Working’ Odds Ratios and Drawbacks

The existing studies such as Yi and Cook (2002, Section 3.2) treat the ‘working’
parameters

O =0, Q1o Qe QI1, DL P Q-1 &) T = 1) +g+1x1

as a set of ‘working’ association parameters and estimate them by solving a
second order GEE (generalized estimating equation) (Fitzmaurice and Laird 1993)
constructed based on a distance measure between pair-wise multinomial responses
and their ‘working” means. To be specific, let

Siur = [Yiulyizly---vyiugyitjy---ayiu,lflyit,lfl]/ : (]7 1)2 x1,foru<t,t=2,...,T,
4.11)
and

T(T-1)(J—=1)2
§i = [31'127" . 7S§utv~~~7sg,T—1,T}/ : % x 1. (412)

Note that if the true model for odds ratios (indexed by 7) was known, one would
then have computed the E[S;,,] and E[S;] by using the true joint probability P(¥;,, =
1,Y;; = 1) given by

Tiur)gj (B> T) = E[YugYyj|true model indexed by 7], (4.13)

(see (4.9)). However, because the true joint probabilities are unknown, the GEE
approach, by using (4.10) in (4.9), computes the ‘working’ joint probabilities as

n(i,ul)gj,w(ﬂv Tw((p*)) = E[YiugYitj]

1
Fitun)gjow =y ow = YTy (T oo =) iug) W) 12

= pICT (Tianygjw # 1) (4.14)
Tiu)g™(ir) j (Ti(ut)gj,w = 1)3

with

ﬁ(ut)gj,w =1- (1 - Ti(ut)gj,w)(”(iu)g + ﬂ"(il)j)a
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and constructs an estimating equation for ¢*, given by

Kaw
Zé(ﬁw)

2= L(si— (B oY) = (4.15)

where

gw(ﬁv(P*) = [5i1127w(B7(P*) tutw(ﬁ ¢ ) éi/,Tfl,T,w(ﬁ’(p*)]/’

with

éiut.w(ﬁyq’*) = E[{YiLlIYitlv' .. 7YiugYitj7 cee 7Yiu Jflyit..lfl}‘ models (410)’(414)}/
= [nlut llw(ﬁ TW((p )) T(iut)gj, W(B TW((p )) (i ur)(J—1),(J—1) w([3 TW( ))]/

In (4.15), £;,, is a ‘working’ covariance matrix of S;, for which Yi and Cook (2002,
Section 3.2) have used the formula

Q;,, = cov[S;] = diag[m, i1 11w([3 (o ))5{1—ﬂ(i,12)11,w(377w((P*))},---7
”(i,ut)gj,w(ﬁvfw((l’ N1 —”(i,ut)gj,w(ﬁafw((P*))}a---7
T 7—1,1)(—1),0—1)w (B T (@D = 7 r 1.7y —1),0=1) (B, Tw (@) H,
(4.16)

to avoid the computation of third and fourth order moments. Remark that while the
use of such a ‘working’ covariance matrix lacks justification to produce efficient
estimates, there is, however, a more serious problem in using the GEE (2.15) for
the estimation of ¢. This is because, the distance function (s; — &, (B, ¢*)) does not
produce an unbiased equation, as s;’s are generated from a model involving true 7.
That is,

E[Si—&(B,7)] =0, (4.17)

whereas

E[Si—&w(B, @] #0. (4.18)

Consequently, the second order GEE (4.15) would produce ¢* which however may
not be unbiased for ¢*, rather

¢* — (1), (say)

(see Sutradhar and Das 1999; Crowder 1995). Thus, 1,,($*) obtained by (4.15) and
(4.10) will be inconsistent for 7 unless true 7 satisfies the relation (4.10) which is,
however, unlikely to happen. This, in turn, makes the %,,(-) based GEE (4.7) for 3
useless.
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As opposed to ‘working’ models, in the next section, we introduce a non-
stationary parametric model, namely the non-stationary linear dynamic conditional
multinomial probability (NSLDCMP) model.

4.3 NSLDCMP Model

Recall from Chap.3 (more specifically from Sect.3.5.1) that when covariates are
time independent (referred to as the stationary case), it is possible to make a
transition counts table such as Table 3.24 for individuals belonging to ¢-th (¢ =
1,...,p+1) level of a covariate, and use them for model fitting and inferences.
For example, in Table 3.24, KV] ¢ j(t — h*,t) denotes the number of individuals with
covariate information at level ¢ who were under category g at time t — A* and in
category j at time ¢. To reflect these transitional counts, conditional probabilities in
linear form (see (3.238)) were modeled as

. J—1
PlYy =y Vo1 = y,(,‘f)_l €L = Ticrny;+ X Pin [y,(f)fl,h ~ Micti—1)h
h=1

S, o[
= T+ 2P =
=1

)

it|t—1

(g,0), forg=1,....J;j=1,...,0—1, (4.19)

showing that Tice)j = M (see (3.231)—(3.232) for their formulas), that is, the
covariates in marginal and conditional probabilities are time independent.
In the present linear non-stationary setup, by using a general p-dimensional time
dependent covariates wj; as in (4.1), we define the marginal probabilities at time
tit=1,...,T) as

exp(ﬁjoJrﬁ,'-Wiz)

. o -
Pl =3 = 8uj) = mp; = ‘expl(ﬁg°+ﬁg "

1+Zj 1 CXP(Bg0+ﬁéWir)

forj=1,...,J—1

for j=J,
and fort =2,...,T, the lag 1 based LDCM probabilities as

() (®) T [
P[Yy :yitj |Yir1 :yi,gtfl] = Tir); + Z Pjn [yii—l,h - ”(i,tfl)h}
h=1

= T(ir)j JFP} ()’fill - ”(i,t—1)>

it|t—1

(g),forg=1,....J;j=1,....0—1

PlY; =y ¥, 1fy,t J Z?Llllt (g), forg=1,....J, (4.20)
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where

Pj = (PjtsesPjns--sPj-1) (S = 1) x 1

y<g) — (yl('f;ll‘lv~~'ay1%,),1?g7"'7yl(§)71”‘/71)/:(01/g—151701‘//—1—3)/ fOI'g:L...7J—1;
bi=1 (01,1) for g =J.

Tty = Bty Wiy jo -+ Wiy g—1)) = (J— 1) X 1,

4.3.1 Basic Properties of the LDCMP Model (4.20)

4.3.1.1 Marginal Expectation

Notice from (4.20) that fort = 1,
S0 @ _ ¥ (©)
E[Yn] = Zyif P[Yn :yif = Zy,-f Tit)g
g=1 g=1

= [Ty, Ty Tanyu—p) =y (=1 x L. (4.21)
Next, forr =2, ..., T, the conditional probabilities produce

Tir)1 + Pi (yf:?,] - n(i,t71)>

T(iry2 + P (ygfll — Tig-1)

E|y ] =
o ir) j +pj/'(yl(§)71 —Mis-1))

Tiryu—1) TP (

f%l] - n(i,tfl))
= My TP — T 1y), g = 1,0, (4.22)

where py is the (J — 1) x (J — 1) linear dependence parameters matrix given by

/

Pi
pu=| pi [U-D)x@-1). 4.23)

Pj-1

Note that in general, that is, without any category specification, the lag 1 conditional
expectation (4.22) implies that

EYulyis—1] = miry + pra (Viz—1 — Tig—1))- (4.24)
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Next because
E[Yy] = Ey, Ey, -+ Ey,,_,E[Ya|yis—1],
it follows by (4.24) that

E[Y;] = @y + Ex, [Py ' (Y — 7))
— T (4.25)

In (4.25), p,%,, = pPmPmPu, for example.
This marginal mean vector in (4.25) also can be computed as

Zylt yzt zyzt zt

= [ty 1s - i) o> Tinyg—1)) = iy = (= 1) x 1, (4.26)

4.3.1.2 Marginal Covariance Matrix

By using similar idea as in (4.26), one may compute the marginal covariance matrix
at time ¢ as follows. Because for j # k, the jth and kth categories are mutually
exclusive, it follows that

E[Yy Y] = PYaj = 1,V = 1] = Pl¥y =y ¥y =y = 0. 4.27)

For j = k one obtains

. J
ElYZ] = E[Yyj] = PYuj = 1] = 1P[Yy =y 40 Y PV =) = ;. (428)
8&#J

Consequently, by combining (4.27) and (4.28), one computes the covariance
matrix as

var[Yy] = E[{Yie — mio) HYie — i }]
= EYaYy] — minm)
= diag[m(i)1, - Wir)js - Biry (g—1)] — 775(1':)717{,-,)
= Zim)(B), (4.29)

as in (4.3).
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4.3.1.3 Auto-covariance Matrices

For u < ¢, the auto-covariance matrix is written as
cov[Yir, ¥y,) = E[{Yir — miey HYiu — 7 }']- (4.30)

Now because the covariance formula, that is, the right-hand side of (4.30) may be
expressed as

E[{Ya — i) MY — 7y Y] = Ev Ev,yy - vy E Y — i) Y = Ty Y Vi1, 47-);41])’
@.

by using the operation as in (4.24)—(4.25), this equation provides the formula for the
covariance matrix as
cov[Yir, Y] = E[{Yi — m(joy H{Yiu — T }']
= P/lv;uEY,-u [{Ylll - ”(iu) }{Ym - ﬂ(iu)}/]
= ply “var¥i]

= Pag " [ AIAE[ (i) 1y i) o - s i) (1)) — (i)

= Z(iu)(B:pum), (say), (4.32)

where, for example, p,?,, = PMPMPM-

4.3.2 GQL Estimation of the Parameters

Similar to Sect.3.4.1.2 (of Chap.3), we estimate all regression parameters f3
by solving a GQL estimating equation, and the conditionally linear dynamic
dependence parameters pys by using the method of moments. The GQL estimating
equation for 3 is constructed as follows.

Let

Vi =[Yits- Vi yirl s T =1)x 1

be the repeated multinomial responses of the ith individual over T time periods. Here
Vit = it1, -+ Yitjs- - - Yiry—1] denotes the multinomial response of the ith individual
collected at time 7. The expectation and the covariance matrix of this response vector
are given by

= 7'[(1) 4.33)
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and
cov[¥;] = Z;) (B, pum) (4.34)
ZinB) o Zaa(Brpom) - Zian(Bypm) - Ziiary(Bspm)

Z(i,ul)(B7pM) s Z"(i,uu)(ﬁ) s Z(i,ut)(ﬁapM) s Z(i.uT)(ﬁapM)
Ziy(Bopm) o Ziiny(Bipm) - Zawy(B) - Ziiry(Bipm)
Zirny(Bopm) - Ziiguy(Bspm) - Ziroy(Bipm) - Zirr)(B)

where

Ziy(B) = diag[mi 1, Wiy js - > i (1 1)) = i) Wi
by (4.29), and

Z:(i,ul) (ﬁ7pM> = P}t\;M [diag[”(iu)l yee o M) jre oo n(iu)(Jfl)] - n(iu)”(/iu)i| )
by (4.32), for u < ¢t. Also
Z 0 (Bspm) = Z(; 1y (B pma)-
Following Sutradhar (2003, Section 3) (see also Sutradhar 2011), using the

aforementioned notation (4.33)—(4.34), for known pjs, one may now construct the
GQL estimating equation for

B=B,....B; . Biy) (I =1)(p+1) x 1, where B} = (Bjo, B}),

as

K .
> B” = (B, pw) (i — ) =0, (435)

where for
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with

exp(Bjo+Bjwir)
) s exp(Beo+Bywir)
ﬂ(”)] - 8 1
1+ exp(Bgo+Bywir)

forj=1,...,J—1

forj=J

ew((1 w))B)
_ 1+2§;iexp(<1 wé,)ﬁ;)
1

forj=1,...,J—1

forj=J
e teo(Tw))B)

/
exp(w; B)

——forj=1,...,J—1
_ 1+Z§;iexp(w;‘[/ﬁg) orJ ’ J

L forj=J
s Ty By) Y

/

on/.
one computes the derivative ; 1(3,) as
o, on., o, on..
a/(3> — a}z)""’ a[(;)""’ a(p NU-Dp+D)x(—DT,  (436)
where
3”1' i N
aé;)j = T[(it)j[l - n(it)j]wit
J
87‘55 i *
8[(;*)/ = _[”(it)j”(it)k]wim 4.37)
k
yielding
i) 1 To(ir)
an(”)j . *
B = | 71— 7] | @wy (=1 (p+1)x1
i) (1) Mir) j
= 7y ;(8; — 7)) | @ Wi, (4.38)
with §; = [Ol’J-_l,l,Ol’J_l_j}’ for j=1,...,J —1. Thus,
Ol .
:Z(i,zt)(ﬁ)@)wit:(J_l)(p+1)X(J_l)- (4.39)

9B
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By using (4.39) in (4.36), one obtains the (/ — 1)(p+ 1) x (J — 1)T derivative
matrix as

9B = (ZainB)@w) - Zin(B)@wy, -+ E(i,TT)(ﬁ)®W?T)
= Di(wi,Z»(B)): (J=1)(p+1) x (J=1)T, (say). (4.40)

Consequently, by using (4.40) in (4.35), we now solve the GQL estimating equation
< 1
2 Diwi, o) (B)ZG) (B, ) (vi — ) = 0, (4.41)
i=1

for B. By treating 8 in Dj(w;,X;(B)) and X(;)(B,pum) as known from a previous
iteration, this estimating equation (4.41) is solved iteratively by using

-1
ﬁ(r+1 {zD/ [)I(vaM)Di(W?aZ(i)(ﬁ))}

=

K
X { Di(w}, X )(ﬁ))z(i)l (ﬁaPM)(yz'—ﬂ(i))H ; (4.42)
! 1B=B(r)

until convergence.

Note that it is necessary to estimate pys in order to use the iterative equation
(4.42). An unbiased (hence consistent under some mild conditions) estimator of Py,
may be obtained by using the method of moments as follows.

4.3.2.1 Moment Estimation for p),

For u(=1t—1) <1, it follows from (4.34) that

COV[Yith,t*I} = Z:i (t—1)1) (ﬁaPM)

= PmZ(i1—1)1—1))(B)
= pmvar[¥i;_1]. (4.43)

Consequently, one may obtain a moment estimate of pys as

Py = Zi -1 (B, pu), (4.44)

Mw

1

K —1
22(,-,(;1)(11))(13)]
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where

T
26 -1 (B py) = 7= 12 Yig—1,g = T(ig—1)g) Wity = Wi j)] - & J = 1,...,J =1
2

<
||

1

Li-1ya-1)(B) = 71

M=

(Oir—1,6 = T(ig—1)g) Wig—1,j — Tig-1)j)] 1 &7 =1,....J = L.

~
I|
©

1

(4.45)

4.3.3 Likelihood Estimation of the Parameters

Using the notation from (4.20), similar to Chap. 3, more specifically Sect.3.4.1.3,
one writes the likelihood function for 8 and py, as

L(B.pa) = IE [F i) Bof (vielyia—1)] (4.46)
where
f(yil) oc H}I:]ﬂ(),lll),ﬁ
yi o, A9 69O forr=2,....T, 447
f(ylf|yl,l*l) o< j=1"1g=1 it|[71(yi,t71) yfort =2,...,1, ( . )
where
)
)’15|t l(yt<t> 1) Z ;th\z 1 yz(t> 1) with lz(r\t) l(yl(t) 1) =7 )k+pk(yz(t) 1 Wig—1))-
The likelihood function in (4.46) may be re-expressed as
] yll]
i Yitj
<ol {2 oYY @as)

where cg is the normalizing constant free from any parameters. Next, by using the
abbreviation ligf 271 (y(g ) )= AV

i -1 (g), the log likelihood function is written as

K J
Log L(B,pu) = log co+ Y, Y, yirjlog Ty,
i=1j=1

K 17 J J
+ XX Y ustog Al ()] (4.49)
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For convenience, the conditional probabilities in (4.49) may be expressed as

()
)‘izft—l

(8) = <)+P(5 ~ Mig-1)) forj=1,....d =1 g=1,....J
zk 1[ llk+pk(5 (” 1))} fOI’j:J;g:l,...7]7

where, similar to (3.155),

5, = [01g 11 ,Ol’lilig]’forgzl,...,.l—l
01,4 forg=J.

4.3.3.1 Likelihood Estimating Equation for

o 1. . . Iy
To compute the likelihood equation for 3, we first compute the derivatives %

31.(1-)
and ngﬁl d for all j=1,...,J, as follows.

Formula for 2 - b')

an(il)j _ [ﬂ(,l)](5j—7r(,]))]®wl*1 forj=1,....J—1
Jp [71)7 (011 — )| @wjy for j=1J

= [m1);(8; — mury) | @wjy, forall j=1,....J, (4.51)

with

5 - {[01; LLOY ) forj=1,...,0 1

01171 fOI'j:J.
()
Formula for laﬁ fortr=2,...,Tandallg=1,...,J
&) o [y +P)(0s -1 for j=1,..../—1
OB B\ 1S [me+ piEe — i) For =,
9 n(il)j_ﬂ(/i,rfl)pf forj=1,...,0—1
Ip *Zi;{ [”(ir)k*”(/[7t,1)l)k] for j=J,

+
+

{m (8 — miny) } @ Wy
{ i (81 — (i) ) } @ W

Zii-10-1)(B)@W;, 4
Z(i.tfl,tfl)(ﬁ) ®W?<,t71

pj forj=1,...,0—1

|

¥i1 px for j=1,
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by (4.38)—(4.39). By using p; = Zi;]l Pk, this derivative in (4.52), for convenience,
may be expressed as

)1 (8)
Jp

forall j=1,....J;t=2,....,T,andg=1,...,J.
Now by using (4.51) and (4.53), one derives the likelihood equation for 8 from
(4.49) as

= [{”(izjj(‘sj — i)} @ wi] + [Z(i,t—l,t—l) (B)@w;, 1]pj;  (4.53)

dLog L(B,pm) _ i Syl

K s g
+ 2T | [ (8 — w2 wi)

+ (Zimr—n(B)@wi, 1) pjl] =0. 4.54)

This equation is solved for B estimate iteratively by using the iterative formula

~ ~ 2 ) -1
B+ =B - [{a |

dLog L(B,pu) H
x  2Log LB, pu) , (455)
{ 9B BB

until convergence. Similar to the derivation of the iterative equation (4.42) under the

GQL approach, we compute the second order derivative W by treating 3

. . S Iy alig‘.\jt)fl(g)
involved in the first derivative formulas 3 J and , as known, from the
previous iteration. This provides a simpler tf)rmula for the second order derivative
as given by

d*Log L(B, LS A itj
g(ﬁPM)_zzzz Vit j

BB ESSS 6P
X [({”(it)j(5j — i)} @wi) + (E(i,tfl,tfl)(ﬁ) ®W;:t—l) o]
X [({”(it)j(5j — )} @wi) + (2 y(B)owr, ) P /} (4.56)

(ig—1,—1
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4.3.3.2 Likelihood Estimating Equation for py,

Recall from (4.23) that

pm = p]’ (J=1)x(J—1).

[
Thus, to compute the likelihood equation from (4.49) for pys, we first compute the
ol
derivatives ’b";kl(g) forj=1,....J,andk=1,...,J—1, as follows.
al_(j) l(g)
Formula for ”(‘9’% fort=2,....T;¢g=1,....J;andk=1,...,J—1
J
By (4.50),
a’ln\t 1(8) B i Tir) +pj(5 Ti—1)) forj=1,...,0—1
apk I—Zh 1[ 1th+ph(5 (zt l))] fOI‘j:],

(6 —mis—1y) forj=1,....0-1 k=
=<0 for j=1,....0—1;k#j (4.57)
—(6g —miyyy) forj=Jsk=1,....0 1.

It then follows from (4.49) that the likelihood estimating equation for pi, k =
1,...,J—1,1is given by

9Loe L 7 K J |J-1 ;
dLosLiB.pu) _ 5 5§ 'y (8~ i)

Ipx i=lt=2g=1 | j= llzt\t 1( )
- %(5;;*”(&&1)) =0, 39
)‘iz|t—l(g)

where, for a selected value of k, I;; is an indicator variable such that

I — 1 forj=k
TE=0 for j £k,
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leading to the estimating equations for the elements of p* = (py,...,p},...,p; ;) as

dLog L(B.pu)

Ipi
aLOg L(ﬁ ) PM) dLo, 'L:(ﬁ, 2
3 = s A o) | —0: (J—1)2x 1. (4.59)

9Log L(B.pu)
dps-1

Similar to Chap. 3 (see (3.201)), one may solve these likelihood equations in (4.59)
for p* by using the iterative equation

9”Log L(B, pu) } dLog L(B, pw)

ﬁ*(r+1)=/5*(r)—[{ S0 Sor ] . @60)
lp*=p*(r)

where the (J —1)? x (J — 1)? second derivative matrix is computed by using the
formulas

&2]_4 L(B, K T — ; ,
M =->>2 ZLzlj\k((ig—n<,',,71>)(5g—7r<,‘,t71))

IPkIpy i—li=2g=1 | j= 1{7%\: (9}
YitJ l
+ 7(5g_n(i,t71))(5g_”(i,tfl)) . (4.61)
{lzt|t 1( )}

forallk=1,...,J—1, and

d*Log L( S < i
9°Log L(B.pm) _ >y 3 Ji) ————— (8 = (i —1)) (8 — Tip—1) | 5

PP A | (L0
(4.62)

forall h £ k;hk=1,...,0—1.

4.4 NSMDL Model

The MDL models with time independent covariates were discussed in Chap. 3, more
specifically in Sect. 3.5.2. In this section we deal with a general MDL model where
covariates can be time dependent. As far as the marginal probabilities at time ¢t = 1
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are concerned, they remain the same as in (4.1), see also (4.35) under the LDCMP
model. For convenience we rewrite these probabilities from (4.35) as

exp(w}, B7) .
. ol forj=1,...,J—1
J % ) 9
Plyi =y§{) = 8i1j] = muny; = 'e;(p( Bo) tor i J (4.63)
s e By T

/ . . . . .
where w}| = (1 wgl) w1 being the p-dimensional covariate vector recorded at time
t=1,and B} = (Bjo, B})’ is the effect of wj;, leading to the regression parameters
set as

B=(B' o B By (= D)(p+1) x 1

However, unlike the LDCMP model (4.20), at times t = 2,...,T, we now use the
logit type non-linear conditional probabilities given by

exp[w1 [3 +)//\” I} .
yforj=1,...,J-1
i J-1 ! (&) 17 ’ [
n,-(,f,)fl(g):P(Y =) Y =3, ) =4 MHheee [Wl”ﬁ i
r ,forj=1J,

1+21 lexp[1, +Y", Vii— I}

4.64)

where ¥; = (Yj1,.-.,Yjv:---,YjJ—1)" denotes the dynamic dependence parameters,

which may be referred to as the correlation index or a particular type of odds
ratio parameters. More specifically, the correlations of the repeated multinomial
responses will be functions of these y parameters. Furthermore, the marginal
probabilities (4.63) at time ¢ = 1 and conditional probabilities (4.64) fort =2,...,T,
yield the marginal probabilities at time #(+ = 2,...) as function of w,-*,, and they
are also influenced by 7y parameters. Suppose that unlike in the LDCMP model,
we use 7(;); for the marginal probabilities under the present MDL model for all
timet = 1,...,7. When marginal probabilities under the MDL model are computed
recursively by using (4.63) and (4.64), it becomes clear that even though

exp(w, B}) .
. — MR forj=1,...,J—1
~ J % 9 )
Fu1y; = Pl :yl({)] =) = 1437 leicp( 1Bg) iy (4.65)
s epi B o T

- T T o
Tir) j :P[y” ylt ] # Tir)j = 2y “ie p( Wit Bg)

1
14+3] ] exp(wy B;)

forj=1,....0—-1;t=2,...,T
forj=J;t=2,...,T.
(4.66)

The formulas for the marginal probabilities 7;;); are given below under the basic
properties of the model (4.63)—(4.64).
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4.4.1 Basic Moment Properties of the MDL Model
4.4.1.1 Marginal Expectation Vector and Covariance Matrix at¢ =1

For t = 1, the expectation and covariance matrix of the response vector y;; are the
same as in (4.21) and (4.29) under the LDCMP model. That is,

J
E[Yll] = Zy:(ig)P yll Zyll (il)g

g=1
[Tyt - i) Ting—-1) = T
= [Ty By Ty g-1)
=iy (J—1)x 1, (4.67)
and
var[Y; | = diag[m; 1 ~-»7T(i1)j7~~-»7f(i1),171}—”(il)”(/u) Z(i,ll)(ﬁ)
= diag[Fpa) 1. ity oo i) 1) — Tty T
= 11y (B), (say). (4.68)

4.4.1.2 Marginal Expectation Vectors and Covariance Matrices
fort=2,...,T

For t+ = 2,...,T, by using the initial marginal model (4.63) for + = 1 and the
conditional probability model (4.64) for r = 2,...,T, one may derive the recursive
relationships for the unconditional means, variance and covariance matrices (see
also Loredo-Osti and Sutradhar 2012, unpublished Ph.D. thesis by Chowdhury
2011) as

E[Yy] = iy (B,Y) = N1y () + [n(z’z|t—l),M - an)(l)l}q] Tis-1)
= (Rt -+ Ry jo - Fin—1y) : (J—1) x 1 (4.69)

var(Y] = diag[Riiny1 -+ R -+ ity o—1)) — By Rlay)
- (COV(Yif.faYitk)) (6(ttt) ) Jik=1,...,J-1
Zim(BY) (4.70)

cov[Yau, Y] = TTi_y 1 [Mis|s—1)m0 — Misls—1) ()11 var[Ya], foru <1
= (COV()/!'uﬁYitk)) = (6(i7ut)jk)7 ]7k = 17"'7‘1_ 1
= ZN:(i,ut) (ﬁa }/)v “4.71)
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where
N1 (1) = 150D () oml O) =7 - (I=1) x 1, by (4.64) and (4.66);

ni(.rl\.g—l(l) ’7,'(.;1\,3_1(6’) ni(xl\.z—l(]*l)

Masnyr = | M0y (D) - My (8) -~ M=) [ : (=) x (U= 1),
R R
i@ g e -1

with

exp[ lYﬁ +y]8]
1+Zj lexp{ lYﬁV+ng

! *

el

1+2J 1 €Xp {wmﬁ‘}

},forj:1,...,J—1;g:1,...,J—1

() _
nis|s71(g) -
forj=1,....0—1; g=J,

4.72)
by (4.64).

4.4.1.3 Illustration

We illustrate the computation of the marginal means, variance and covariances for
the case with T = 2.

For t = 1, the formulas for the mean E[Y;;], variance—covariance matrix var[Y;;]
are derived in (4.67) and (4.68), respectively.

For t = 2, the formula for E[Y;] given in (4.69) can be derived, for example, as
follows:

Computation of E[Yj]:
E[Yn] = Ey, E[Ya|yi]

J
= Ey, Zy,z nyh Gin)] (4.73)
1
nfzﬁ (vit)
= EY,] nl‘(zj‘)l (yil)

ng i)
Ey, [Mia1 (vin)], (4.74)
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where ni(t{ 2—1 ()’Ef)) is given by (4.64). Next because
o= { Oy Y = (01, 1,01, ) forg=1,....J— 1
' (01y-1) forg=1J,
4.75)
with
i1=Yi (ing = Tit)g>
where
J—-1
g =1— 2, Fig
g=1
it then follows that
J
Ey,, [ni2|1(yi1)] = 2 7712\1 y,] tl)g
n) (e)
)
= 2 nizj‘l(g) ﬁ-(il)g
g=1 .
s ()
n)(e) N, ()
Sl <> 55
= nizj\l(g) i)g + 12]\1(1) (1= 2, 7]
g=1 . . &=l
g (@) s W)
Ny, () [ o)) o)
T S 0
= 521‘1(‘]) + 2,1 nizj‘l(g) - 77,'2]‘1(]) ﬁ(l’l)g
. 8= . .
g, ) s V@) \ng W)
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nl(ZI\)] (J) [ n,(zl‘>1 ( 1) to 71,(21‘)1 (g) e
= | a8 [+ || 2% - e
i V0) [\ Ve
o) ]
_ n(j). ) 1 7.
2|1 J—1| 1)
ns'w)

Ny (1) + {ﬂ(;zu),M = M(i21) (1)1/171] )

_ /

T2y = [Ri)1s- -+ F(i)jo - Fizyu—1))

Computation of var[Y;] :

var[Yp] = E[Yi — )| [Yi2 — Ty |

= E[YiZYilz] - ﬁ(iz)ﬁ(/ﬂ)‘
Notice from (4.64) that

Tl,»(zj\)l (g) = P<Yi2 = yff) ‘Yil = y?‘f))

for all j with nj

covariance matrix

269

)

M1/ = 1)

nl(zj‘) (Jf 1)

gy - 1)

4.76)

(4.77)

>1( g) =1- 2?;} nl.(zj‘)l (g), yielding the conditional multinomial

. 1 j -1
Var[YIZ‘yl(lg)] = dlagm,(z‘)l (g)7 teey Tli(zj‘)l (g)v cey ni(él‘l )(g)} - niZ\l (g)nl/2|1 (g)v
(4.78)
where
1 j -1
N1 (8) = (M) (), 03 (2 msy ()]
By (4.78), it then follows from (4.77) that
var[Yp| = Ey, E[YnY;|yi] — (i) ()
. 1 j -1 L
= EY,-ldlag[ﬂ,-<2|)1 vit)s - ',TI,-(ZJRI vit)s - .,n,-({“ J(yi)] - (i) i)
= diag[F)1s- - i) o+ iy 0 1)) = Fii) B 4.79)

by (4.76).
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Computation of cov[Y;, ;] :

cov[Yn, Y] = Ey, YaE[Ypyi] = i) &)

:EnlYil[n,;ﬁ%(y,q),...m}{'ﬁl(y“)w..7n§2’g”<y,~1>] Rin) )

J

' I-1 _ L
2 [yn { Miafi ( yl(l))7'"7ni(21\)1(y§ig))7""ni(2\1 )(ygig>)}} R = FinF(n)
o=l
= diag[&i1)1s- - Aty o Finyg—1))
' J-1
12\1 T n,(2]\>1(1) ni(Z\l >(1)
N 17:1 . o
12\1 : 771(2}|)1(J) ni(z\l ') — Tt )
: o
lz|1 - 12\1( =1 g, U= 1)
= diag[7; i)+ B =1 = Fin Fio)
= diag[ﬁ(i1>17~-~,7~T(i1)j,-~-,ft< D=2y
/
[77 (211 ( [ @) — N2y (D1 1} (u)]
= dlag[ﬁ( D1 i) oo By 1) M2y 1),

- n(,q)n(’,gm(f) _ﬁ(il)ﬁ(il)n(/iz\l),M+ﬁ(il)ﬁéil)lj_ln(/iz‘l)('])

= diag[1)1, - Ao it - 1) M)y 0

— diag[Ziy oo Ry jo - B0 =1 () = Fan By My m
+ Fi) A in) L1121 ()

= var[¥y] [n (2]1)mM ~ 117177{1-2\1)0)]

= [n(i2|l),M = M(i2)1) (1)1'171] var[¥j]. (4.80)

4.4.2 Existing Models for Dynamic Dependence Parameters
and Drawbacks

Recall from (4.6) that odds ratios are, in general, defined based on joint probabilities
or joint cell frequencies from an associated contingency table. However by defining
odds ratios based on a transitional or conditional (on previous time) contingency
table, such as Table 3.24 from Chap. 3, one may verify that the dynamic dependence
parameters {7j, } parameters in the conditional probabilities (4.64) (see also (4.72))
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have interpretation of such odds ratio parameters. To be specific, irrespective of time
t=2,...,T, the lag 1 dynamic dependence parameter may be expressed as

Yig = Vig(tlt = 1)
j 7
ni(tj\t)fl (g)n;z\t)fl )

(@)l ()

To illustrate this odds ratio, consider J = 3, for example. By (4.72) one writes

= log (4.81)

oo cebipen] o eo[ipim]
ztIt 1 1+ Z - exp [W:;/ﬁ‘f +le] ’ nir\zfl - 1+ 26:1 exp [W,*,/ﬂ;ﬁ +%1] 5
Tl~<3) (1) = 1 / . n(l) 2 = exp [Wit Bi "7712} .
ot T ST e o B ] T TS e [ B o)
2 = exp [w;’ﬁz* +?’22} 3 2) = 1 .
lt|t 1 1+ Zv Lexp [w [ ¥ ﬁJ+Yv2] 4 nit\t—l - 1+ Z%ZIeXp [Wf-;/ﬁer%z] 5
) - exp { ;‘,’ﬁf‘] @ 3) = exp {wf,/ﬁz*} )
ltll 1 1+ 22 Lexp [w [ z*t/ﬁ\;k] > Hite—1 1+ 23:1exp [Wz*tlﬁv*] >
1
; . 4.82
zt|t 1( ) 1+Z - exp [W;ﬁj] ( )
It is clear, for example, that
1 3 ! Qx
ni(t‘f>—1(2)ni(t‘f)—l(3) _ eXp |:Wit 'Bl +’}/12i| (4 83)
3 1 - s/ Q% ’ :
nig\t)fl(z)n;\t)fl(?’) exp [w) By]
yielding
(1) 3)
Migtr—1 (2N, (3)
Yo = log l(’;’) 177 i -1 (4.84)

1)
g @), (3)

Note that these dynamic dependence parameters {yj,(t[t —1), j,g=1,...,J—1}
in conditional probabilities also get involved in the joint and marginal probabilities.
For example, by (4.69),

P[Y; Z}’,(,j)] = Minyj = E[Yigj)]

= nlt|t 1 J)+ Z {nzt\t 1 ni(t{t)—l(‘l)}ﬁ(ivlfl)j]’ (4.85)
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showing that {y;je(t|t — 1), j,¢ =1,...,J — 1} are involved in the marginal proba-
bility in a complicated way. Some authors such as Chen et al. (2009, Eq. (4), see
also Sect.3.1) determine the values of these dynamic dependence parameters by
equating 7;); in (4.85) to a LDCM (4.20) type marginal probability

exp(wj ;)

j—*
”(it)j = 1+2 =1 e;(p(wlf B )

l+2] 1 exp(w” By)

forj=1,....0—1;t=2,...,T
forj=J;t=2,...,T.

But as shown in (4.66), under the present MDL model, marginal probabilities except
for initial time 7 = 1, do not have the form as ;) ;. That is,

tt - P[ylt _yn ] 7& n’.ll (486)

Thus, the restriction, that is, ;) ; = Ply; = yl(t])] = T(is);, used in Chen et al. (2009,
Eq. (4), see also Section 3.1) to understand the odds ratio parameters, is not justified.
In fact, as we demonstrate in the next section, under the present MDL model
(4.63)—(4.64), the dynamic dependence parameters {y;,(t|t — 1), j,g=1,...,J —1}
along with regression parameters (), can be estimated easily by using the
traditional likelihood estimation method, without any additional restrictions.

4.5 Likelihood Estimation for NSMDL Model Parameters

The likelihood estimation for a similar MDL model was discussed in Chap. 3,
more specifically in Sect.3.4.2 for an MDL model involving no covariates (see
Egs. (3.206)—(3.207)) and in Sect. 3.5.2 for an MDL model involving a categorical
covariate with p+ 1 levels (see Egs. (3.275)—(3.276)). In this section, we construct
the likelihood function and develop estimating equations for the parameters of
the general NSMDL model (see Eqs. (4.63)—(4.64)), where covariates involved are
general, that is, they can vary from individual to individual and they can be time
dependent as well. These general covariates are denoted by w} = (1 W;:)lv Wit
being the p-dimensional covariate vector recorded from the ith individual at time
t=1,....T

4.5.1 Likelihood Function

Note that y; is a J category based multinomial variable at any time pointt =1,...,T.
Att =1, y;; has the marginal distribution as

1! J Yilj
)’ill!~~~yi1j!~~yi1,J—1!yi1J!Hj=1 [n(il)j] ’ (4-87)

fi) =
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where by (4.63),

!
exp(w B7)

T epp T e

Tin)j =
J 1 f .

——F——— forj=J.

s TexpuB) Y

Next, at time ¢t = 2,...,T, conditional on Y;;_| = yggt')_l, one may write the

conditional distribution of y;; as

(8) 1t J [ () }yl‘w‘
: o = H~= n s = 17 e ,J
SOubyiim) Vit e Yieg e Yieg—1lyig ! T Ll (8) &

where n(j) (g) for j=1,...,J, by (4.64), have the formulas

it|t—1

*I *
exp [Wit B; +7/ij§)—1}

J—1 Bk (2)
Yii1 :yfﬁll) ={ I+Xoiexp [»;,., B; +%yu—l]

. . yforj=1,...,0—1
il (@) =P (e =

forj=J
_ o N 7 b
1+3] " exp [Wn, B: +%.V,(§)71]

where ¥; = (Yj1,...,Yjv:---,YjJ—1)" denotes the dynamic dependence parameters.
Similar to (4.1)—(4.3), we use

B=,..., j’»‘/7...,ﬁf_1')/:(J—l)(p+1)><1,

where 7 = (Bjo, B})'; with B; = [Bj1,.--,Bjs,- -, Bjp)’- Also, the dynamic depen-
dence parameters are conveniently denoted by 7, with

"
Y = ;/j (=1 x (J—1). (4.89)

v

One may then write the likelihood function for § and js, under the present MDL
model, as

L(B,yu) = 5, [fOi) T f (vl yia—1)]
= (&, £ (var)]

11@11122”;:1 [f(yit‘yl(.f)*l)}

X

* Vil j
=< [T[{il]—[len(i;gj}

i Yitj
X I_IiIiIHtT:QHjJﬂH;:l{T?(]) 0 )} ]7 (4.90)

itlr—1\Vit—1
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where c(j is the normalizing constant free from any parameters. This yields the log
likelihood function as

K J
Log L(B,yu) = log ¢y + 2 2 yijlog mi);
i=1j=1

KT J J
+ ZZ Z Z [y,,Jlog ntt|t (g )} (4.91)

i=11=2]

For further notational convenience, we re-express the conditional probabilities in
(4.91) as

CXP{ l;ﬁ +7/51t 1) ]

. v _
ni%t) 1(8) = 1+2V:16’(p{ ”1[3“%5”*1)8

1+ 0 exp Wi B+ % 8(14-1)¢

},forjzl,...,J—l

},forj:J,

where foralli=1,...,K,andt =2,...,T, §,_), is defined as

’

5 [0, 100 ) forg=1,....0—1
=1 =3 01, forg=J.

4.5.1.1 Likelihood Estimating Equation for 3

It follows from the log likelihood function in (4.91) that the likelihood estimating
equations for 3 has the form

ILog L(B,yu) _ i i yinj 9,

Jp &S ma; 9B
cr ooy i)
Yitj itlt—1 o
+ ;t% DN |0 @9
i=11=2 j=1g=1 n,t|,,1(g)
where by (4.37)-(4.38),
ITi1),
8[3]* ”(il)j[l e )] il
aﬂl’ P "
(LR —[mny i wi (4.93)
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yielding
)17
O, ' .
B Ty =] | @win s (U=1)(p+1) <1
-1
= [”(il)j(S(il)j - ﬂ(il))] W,
with

6(‘1):{[01/] L0 ) forj=1, . J—1i=1,....K

01,4 for]:J,zfl,...,K.

Similarly, forr =2,...,T, it follows from (4.91) that

oyl (2) :
l\ 1 (j %
T = i (@)L=l (8w

anzt\t 1( )

Spr = M@ @i
yielding
_nig\lt)—l () n,-(,{,)_l (g)
ol () :
Z';'T= nl(t\t) (8 )[1*71,(,\3 (@] |@w;:-D(p+1)x
7”1(1‘\]t 11>( )n;,j“,),](g)
= ni(t{t)—l(g)((s(lt 1)j — Mit|t— 1(8 ))}@W?ﬁ
where

Nue1(g) =y}, (&)l (@), ()

1
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(4.94)

(4.95)

(4.96)
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Thus, the likelihood equation in (4.92) has the computational formula

K J
s UP1) S $ UL ({16~ i
I=1j=1

K T J J ,
DI y”’( ; [{ ,512,1<g><6<” 0i =M1 (8)) @ wy | =0, (4.97)
et

i=11=2 ltl, 1

=D

For given 7y (4.89), the likelihood equations in (4.97) may be solved iteratively
by using the iterative equations for 8 given by

9%Log L(B, 1) - 9L0gL(ﬁ7YM)}
: U X,
IB'op } G [P
4.98)

Br+1) = B(r) - [{

svati . 9*Log L(B.yu)
where the formula for the second order derivative matrix —opop  may be

derived by taking the derivative of the (J —1)(p+ 1) x 1 vector with respect to f3'.
The exact derivative has a complicated formula. We provide an approximation first
and then give the exact formula for the sake of completeness.

2
An approximation for % based on iteration principle:

In this approach, one assumes that 3 in the derivatives in (4.92), that is, 8 involved in

M) ani(rj\lt)—l(g) . . ..
9B and gp — are known from a previous iteration, and then take the derivative

of w in (4.92) or (4.97), with respect to . This provides a simpler formula

for the second order derivative as

0%Log L(B, K ; . N
TLOSLBT) _ 5 S D00 T 61y — 0y} @ i) [{mn (8 — )} @ wi ]

Jp’Ip i=1j=1 (7 1*
KL L L 0 S 1i—. wh
lzzllgzzlggl [nnl’ l( }2 [{n,-,‘,,l(g)( (ir—1)j Thr|r—1(g))}® l[]
x [{nft{}fl(g)(a(,, ;= M1 (8 ))}@@]’} L= (p+1) x (T=1)(p+1). 4.99)

2
Exact formula for %:

Here it is assumed that B in the derivatives in (4.92), that is,  involved in ab')’ and

o) (9) . . o .
”g ﬁl are unknown, implying that the second order derivatives of these quantities

cannot be zero. Hence, instead of (4.99), one obtains

PLoglBta) _ 3 5 00 [

8unj — )} @wi ] [{man; (8 — many) @ wh]’
B3P 2 2 [ P (i)j = ) } ©wir] {6 (Sn; = 7))} @ wi]

K J
Yi *
Xy aﬁ' ({700 (Biny = 7)) } @ wi
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Mv:
M\

J A
ppy m {1 (@081 = M1 ()} w3 |
it|t—1

T

2

i=11=2

AN —— >>}®w:;]]
T J J

FYIT Y [{n,,‘, 1 (8) Ber1); — M1 ()} @ w3 (4.100)

i=11=2 j=1g=1 ntt\t 1(

where 6%3/ [{7{(11)](5(,1”*7(([1))} ®Wj1] and aiﬁ/ [{77,(,1,),1 (g)(6(i,1‘—1)jinil‘t*l (g))}
®w}] are computed as follows.

Computation of 3%, {8y — many) f @ wi =
By (4.94),
J .
B {8y — many) F @ wi |

—T)1 )

= Tl — many;] | @wa

T

— a1 7); 3 (8 + Sy — 277(:'1))/ ®W?1/
(8 + 8 — 2mn)) ©why

*
W

—T(1)27i1) QW

_ : , . (4.101)
[”(il)j(l —27);) { (8ny; = man)) @ wiy H W)

[~y { B+ Sy = 2ma)) @ wi } @
Computation of ;% [{n{l)", (&)(8,1);— Mugy—1()) } @ wi |3
By (4.96),

557 {90 @@= m (@) o]
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[ _nii?t)fl(g)nigfgfl(g) ]
d *
=55 | | Mt - i (@) [ @w;
Sl ond) @ ]
. 12 ,
a1 @) 1@ (8601 + a1yt — 21 () @wi | @w
. 12 ,
—n,»(,i),l(g)ﬂ,-(,j‘,),l(g) (5@,;71)/4-5([',;71)2—21117\:71(5’)) Qwy | @wj
= . : ’ ,
16020 @) { (B i (0) 0 | s
_ i / ,
[—niif,_?(g)n,if)_l(g){(6<,, i+ 8-ty ~ 21 (8) ) ®w:-;}]®wz-;
(4.102)
4.5.1.2 Likelihood Estimating Equation for 7,
Consider y* equivalent to 7, (4.89), where
V=Y %1) 2X 1 With Y5 = (Yjts e s Yk -+ s Vju—1)'
(4.103)

as the (J — 1) x 1 vector of dynamic dependence parameters involved in the
conditional multinomial logit function in (4.64). See also (4.91) for an equivalent
but simpler expression for these conditional logit functions. Using this latter form
(4.91), one obtains

() ()

() 5(” l)gntt|t l(g)[l ntt|t 1( ) forh=jih,j=1,....0—1
anitlt_l(g) . .
T: _6(11‘ 1;,77,[‘, 1<g) lt‘t l(g) forh#],h,.]zl,,.l—l
6(lt lgnlt‘[ ](g) lt‘l ](g) forh:‘]’]:17a‘]_la
(4.104)
for all g =1,...,J. Using these derivatives, it follows from the likelihood function

(4.91) that
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dLog L(B. 1) iiii[ vin M (8 >]

%) i=11=2h=1g=1 n|r (8) %)
K T J 0
= 2 2 Zyifjg(i,tfl)g[l - ni,f,,l(g)]

K T J J ‘
ZZZZ ynh() i1=1)g (ni(t]\t)fl(g)nig\lz)fl(g))

iiii)}”h&l 1) ( ,E|?_1(8))

— 0, (4.105)

for j =1,...,J — 1, leading to the estimating equations for the elements of y* =

(715 3/ SYn) as

dLog L(B,yu)
IN

dLog LB, 1) | aLogLipom)
oy - 9

=0:(J—1)?x1. (4.106)

dLog L(B.yu)
V-1

One may solve this likelihood equation (4.106) for y* by using the iterative equation

9*Log L(B, ) }1 dLog L(B,yu) (4.107)

where the (J — 1)? x (J — 1)? second derivative matrix is computed by using the
formulas

9*Log L(B, yu) g

ShS () /
27,9%, Z{ZEJ; h;y'”’[ i1 ( (1 _nm—l@)) 6(ial*1)g6(i,t71)g}
(4.108)
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forall j=1,...,J—1,and
9*Log L(B, )

T J J ) ,
a,y]a,}{{ l:”;zg;hg,l |:yllh ( ’tlt 1(8)”,’,\,4(8)) 5(i;1*1>85(i,t71)g1| )
(4.109)

Ma

forall j #k;jk=1,...,0—1.
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Chapter 5
Multinomial Models for Cross-Sectional
Bivariate Categorical Data

Let ¥; and Z; denote the two multinomial response variables. Suppose that Y;
from the ith (i = 1,...,K) individual belongs to one of J categories, and Z;
belongs to one of R categories (J>>2, R>2). For example, in a diabetic retinopathy
(DR) study, when left and right eyes retinopathy status of a patient, say in three
categories such as absence of DR, non-severe DR, and severe DR, are studied,
Y; with J = 3, and Z; with R = 3, may be used to represent the three status of
the left and right eyes, respectively. In general, we express these two responses
as yi = (Vit,---+Yijs---»Yig—1) and z; = (zi1,--.,Zir,...,zig—1) . Further if y; falls
into the jth category, then we denote this by y; = ylm = ( E{), . ,ygjj.), . 7y£jj)71)/ =
0._,,1,0,_,_ j)’ . Similarly, if z; falls into the rth category, we denote this by writing

j—l’ 9

a=3"= () = O L0 )

5.1 Familial Correlation Models for Bivariate Data
with No Covariates

5.1.1 Marginal Probabilities

Before writing the marginal probabilities for each of y and z variables, it is important
to note that because y; and z; are two categorical responses for the same ith
individual, it is quite likely that these responses, on top of category prune effect, will
also be influenced by certain common effect, say &, shared by both variables. This
common effect is usually treated to be random and will cause correlation between
y; and z;. Suppose that

£ % N0, 0'52), or equivalently & = i—i N, 1). (5.1
¢
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Now as an extension of the univariate multinomial model from Chap.2, more
specifically from (2.1)—(2.2), it is sensible to condition on &; and write the marginal
probabilities for y; and z;, as

exP(ﬁ/()""UJ; Si) for j
‘ - orj=1,...,.J—1
P[Yi _ yl(J) |ég'l*] _ n(*i)j-(éi) _ 4+, |exP(Bu()+6€§z for i 5.2)
Ty lepBotos) YD

and

exp(040+0¢ &i)
= forr=1,...,R—1
Pl =2{7167) = ), (5) = { [E newrord) (53)
L (@ 1 forr=R
1438 Lexp(oyo+0¢ &) o

respectively. By (5.1), it follows from (5.2) and (5.3) that the unconditional marginal
probabilities have the forms

jo = Pyi=y{)) = B4 EIYij|&) = Eg [, . (&)]&].
= [ my @&, (5.4)
and
= P(zi =2") = B¢ E[Zi|&] = B[, (&) ]
=f% (&) fn(E)de; (5.5)
i

) .

with fiy(&) = 222

Note that there is no closed form expressions for these expectations. However, as
shown in Sect. 5.3, they can be computed empirically.

5.1.2 Joint Probabilities and Correlations

As far as the computation of the joint probabilities is concerned, two variables y;
and z; are independent conditional on the common random effect &;. Thus,

P{yi = yl ,ZI—Z }‘6;]:717*, (‘S) (él)
G ir(Si), (SaY)a (5.6)
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yielding the unconditional joint probabilities as
Phi=ai=a") = [ w6 &)
= n(,»)jr. (57)
This further produces the correlations between y;; and z;, as

cov[¥yj, Zi]
1

Yij, Zir]) =
corr[Yij, Zir] [var(Y;;)var(Z;)]2

_ Phi=y =21 POi =y )P =2")
[var(Y;;)var(Z;)] 2

_ i) jr — )T (5.8)

{7y j. (1= 3y 1) Hmgy . (1= 7))}

D=

where the unconditional marginal and joint probabilities are given in (5.4), (5.5),
and (5.7).

It is clear from (5.4) and (5.5) that the computation of the marginal
probabilities requires the estimation of B = (Bio,..-,Bjo;---,Bu—10), & =
(@10, -+, 040, -, Or-1))’, and o?. This inference problem will be discussed
in Sect. 5.3 in detail. In Sect. 5.2, we consider an existing approach of modeling the
joint probabilities by using a two-way ANOVA concept.

5.1.3 Remarks on Similar Random Effects Based Models

For familial data modeling, it is standard to use a common random effect shared
by family members which causes correlations among the responses of the same
family. For this type binary data modeling, we, for example, refer to Sutradhar
(2011, Chapter 5). The bivariate multinomial model introduced in (5.1)—(5.3) may
be treated as a generalization of familial binary model with a family consisting
of two members. The ith individual in (5.1)—(5.3) is compared to ith family with
two (bivariate) responses which are equivalent to responses from two members
of the family. Some other authors such as MacDonald (1994) used individual
random effects to construct correlation models for longitudinal binary data. Various
scenarios for the distribution of the random effects are considered. This approach,
however, appears to be more suitable in the present bivariate multinomial setup as
opposed to the univariate longitudinal setup. As far as the distribution of the random
effects is concerned, in (5.2)—(5.3), we have used normal random effects similar
to Breslow and Clayton (1993), for example, and develop the familial correlation
model through such random effects. In a familial longitudinal setup, Ten Have and
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Morabia (1999) used a mixed model similar to (5.2)—(5.3) to model the binary
data. More specifically, they have used two different random effects for two binary
responses to represent possible overdispersion only, which however do not cause
any familial or structural correlations between the bivariate binary responses at a
given time. The bivariate association between the two binary responses was modeled
through certain additional random effects based odds ratios, but the estimation
of the odds ratios requires an extra regression modeling (equivalent to ‘working’
correlation approach) as pointed out in Chap. 4, specifically in Sect. 4.2.1, which is
a limitation to this approach.

5.2 Two-Way ANOVA Type Covariates Free Joint
Probability Model

Let K,; and m,; denote the observed and expected counts in the (r, j)-th cell of
a two-way ANOVA type table, where K = Zle Zle K,; is the total number of

individuals. Suppose that m = ¥X_, 37_, m,;. When K individuals are distributed to
the RJ cells following a Poisson distribution, one writes

Krj~Poi(ly), r=1,....R; j=1,....J,

where Poi( ,urj) denotes the Poisson distribution with mean (i, ;, that is,

K
exp(_.urj)lirj !

P(Krj“.Lrj): ,Krj:0,1727... (59)
K, ;!
Also suppose that K,;’s are independent for all r =1,...,R; j=1,...,J. It then

follows that

R J R J
K=Y Y Kj~Poi(t=3 Y t),
r=1j=1

r=1j=1

and conditional on total K, the joint distribution of the counts {K,;,r # RN j # J}
has the form

Ky
IR J CXP(*.urj)ﬂrj
r=1""j=1 [ K, ;! ]

exp(—p)uk
K!

P{K,j,r # R0 j # T} K] =

)

where now Kgy = K — 3., g j27 Krj is known. Now by using 7, = %, one obtains
the multinomial distribution
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K!
PUKj,r #RNj# I} = ——5—— 1%,
HrRzlnj!:lKrj! '

_ K! R
Kii! Kyl Kgy! r=1

K
J X VijZir
IT;_ 7

a_ym*.  (5.10)

where gy = 1 — 3, 1pnj£s Trj is known. In (5.10), y;; and z;, are the jth and rth
component of the multinomial response vector y; and z;, respectively, as in the
last section. Further, when K = 1, one obtains the desired multinomial distribution
from (5.10) by using K, ; = y;;z;r as a special case.

Note that in Poisson case, one models the means {u,j,r =1,...,R;j=1,...,J}
or {log(y,j),r=1,...,R;j=1,...,J}, and in the multinomial case one models the
probabilities {m,;,r =1,...,R;j=1,...,J}. However, as opposed to the random
effects approach discussed in the last section, many studies over the last two decades
modeled these joint probabilities directly by using the so-called two-way ANOVA
type relationship

mirj = Pr(y; :y,mﬁi = Z,(r))
_ exp(e + B + %) _ My
Z§:IZ;=IGXP(ar+ﬁj+7rj) T
=mjr=1,...,R j=1,..1J, (5.11)

(e.g., Agresti 2002, Eqn. (8.4); Fienberg 2007, Eqn.(2.19)) for all i = 1,...,K.
In (5.11), for a constant effect mg, the two-way ANOVA type relationship is
observed for log(p,;) as

log(uy) = myj = mo+ o, + Bj+ %j. (5.12)

These parameters o, and f3; are treated to be rth row and jth column effect, and 7;;
are so-called interaction effects, satisfying the restrictions

R J R

J
Yop=0; Y Bi=0;> %= %=0. (5.13)
1 i=1

r=1 j=1 r=
Thus, when the bivariate cell counts follow a Poisson model, that is, K is random,
one would estimate the model parameters in the right-hand side of (5.12) to compute
the mean (or log of the mean) rate for an individual to be in that cell. Because, by
using (5.13), it follows from (5.12) that

R J
2r:12j:1mrj
N
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J
2j:1mrj
o = f—mo =My —Myy
X my _
B = T—mo—mﬂ—mwr
Yoj = [mej—mpp —myj+my ], (5.14)

as indicated above, o, and 3; may be interpreted as the marginal effects and 7;; as
the interaction effect, in the two-way table for the log of the cell counts.

5.2.1 Marginal Probabilities and Parameter Interpretation
Difficulties

As opposed to (5.14), the interpretation of the parameters o, f;, and y; to
understand their role in marginal probabilities in multinomial setup (5.11) is not
easy. This is because, using a simple logit transformation to (5.11) does not separate
o, from 3 ;. That is, one cannot understand the role of ¢ in row effect probabilities
. = 2§= | mrj without knowing f3;. To be more clear, by a direct calculation, one
writes the marginal probabilities from (5.11) as

S i” 3R explon+ B+ %)

=Y, =

AT SRS explon+ B+ )
S o1 exp(0y + B+ %)
=1 TR X exp(oy + B+ 1))

(5.15)

These formulas show that the marginal probabilities for one variable are compli-
cated functions of marginal and association parameters for both variables, making
the interpretation of parameter effects on marginal probabilities unnecessary diffi-
cult. But, as opposed to the two-way ANOVA type model, the marginal probabilities
under the familial model, for example, 7(;);. in (5.4) is a function of ;o but not
of Oh.

However, the estimation of the parameters in the ANOVA type model (5.11) may
be achieved relatively easily, for example, by using the likelihood approach, and
subsequently one can compute the joint and marginal probabilities by using such
estimates. We demonstrate this in the following section.
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5.2.2 Parameter Estimation in Two-Way ANOVA Type
Multinomial Probability Model

5.2.2.1 Likelihood Estimating Equations

For m,j in (5.11), it follows from (5.10) that the log likelihood function is given by

R J
log L(+) = const.+ Y K,;jlog 7:;
r=1j=1

R J 1y
= const.+ » Y K,jlog (f)

r=1j=1

R J
= const.—i-z ZK”- log u,j — Klog u, (5.16)
r=1j=1

with

R J
Hrj= eXp(“r"‘ﬁj"‘%j)y u= Z Z exp(ar+ﬁj+'}/rj)~
=1j=1

Parameter Constraints (C):

As far as the parameter constraints are concerned, in the multinomial case as
opposed to the Poisson case, it is convenient to use the constraints
C:org=p;=0; gj=0forj=1,...,J; and yy =0forr=1,...,R.

Likelihood estimating equations under the constraint C:

Note that because of the constraint on the parameters, there are (R — 1) +
(J—=1)+{RJ—(R+J—1)} = RJ — 1 parameters to estimate under the present
two-way table based multinomial model. When the restriction C is used, the
formulas for p,; and pt can be conveniently expressed as

exp(a,+Bj+7v;) forr=1,....R—1; j=1,...,0 -1
exp(ay) forr=1,...,R—1,and j=J

ilc= 5.17
Hrjle exp(B;) forr=R,and j=1,....J—1 (5-17)
1 forr=Rand j=J,
and
R-1 R—1J-1
tle=1+ exp(a,)+ Zexp B+ > Y exp(a.+Bj+ %)), (5.18)

r=1 j=1 r=1 j=1
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respectively. One may then write the likelihood function under the constraints as

R J
log L(+)|¢c = const. + Z Z K, jlog p,jlc — K log ¢

r=1j=1
R—1J-1
= const. + |Kpy + ZKJa,Jr ZKR,ﬁJJr 2 ZKr,{ar+[3,+%]}
r=1 j=1 r=1 j=1
R—1 R—1J—1
—Klog |1+ Zexp o +Zexp Bj)+ z Zexp or+Bi+%)| - (5.19)
r=1 Jj= r=1 j=1
It then follows that
dlog L(- = 1 &
dlog L{)le _ K+ Y Krj| —K—— lexp(oy) + Y exp(os + B+ %))
20, j=1 Uic i=1
dlog L(- Rl 1 Rl
N8 LUNE _ iy 13 Koy | K- |exp(B) + 3. explar + B+ 1)
&ﬁ] r=1 ‘LL‘C r=1
dlog L(- 1
Vrj tlc

and the likelihood equations are given by

dlog L()le _
o,
dlog L()le _
IB;
M —0. (5.21)
Vrj
Let
0 =an,...,00—1,B1,- . Br—1, M5 A=ty ARt 15 AR—1g—1]
= [, B",Y], (5.22)

be the (RJ — 1) x 1 vector of regression parameters. One may then solve the
likelihood equations in (5.21) by using the iterative equations

bt (5.23)

2o ! dlo
B(q+1)=0q) + ([a S| 5’9“1) o
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where, by (5.20), one writes

dtog L)
dlog L|c log (-
5 e _ sade | (RI-1) % 1. (5.24)
dlog L()|c
Iy

Now to compute the second order derivatives in (5.23), it is sufficient to compute
the following elements-wise derivatives:

PlogL()e _
do?

P exp(0y) + X721 exp(0, + B+ 17) {liexp(%) oy |exp(ar+ﬁ,f+7rj)H
e ile

9*log L(-)|c exp(0y) + - exp(oy + B+ 7.5) [ exp(os) + X)) exp(oy + B + %)
=K ,forr#s
90,004 e e

PlogL()le _ [exP(ar+ﬂ,f+%j>
d0,9B; tle

B exp(0t) +2§ exp(oy + B+ %)) { exp(B)) +2’§;11 exp(oy + B+ 7j) }
ule Hle

PlogL)le _ o [explon+ Bty [ explan)+ Tl exp(on + B+ %)
90,:0%; e tle

PlogL()le _ | exp(as+Bi+w) || exp(or) + X1 exp(ar+ B+ %)
d0y0%; e e

?logL()e _ . [exp(B) + 35 explon+ B +%5) f, exp(By) + 35 exp(ow+ B + 1)
= —K 1

9B; e tle
Piostle _ y [e0lp)+ 3 ool oy 1) o) e el B Y]
B;9Bs tle ule ’
d*log L(-)lc _ K[eXP o+ B+ %)) {1 exp(B;) +Zf,ll exp(oy + B+ 1) }}
9B;ov: Kle e
PlogLO)le _ [eXp o+ B+ Bs) {1 exp(B;) + 3R exp(oy + Bj + %)) H
aﬁ,t;)/m .U‘C /J\c
dlog L(le _ K[exp o+ B+ 1)) {1 exp ocr+B,+]/r,)}]'
v Hle dle
dlog L(+)|c _ [{ exp O!,+ﬁ/ + %)) } {exp (ot + B + ¥sk) }] (5 25)
9Y:9 Yk ule

5.2.2.2 (Alternative) Likelihood Estimation Using Regression Form

Let ¢ denote the cth cell of the two-way table with RJ cells. Suppose that the RJ
cells are read across the R rows of the table as follows:

J=1)(r—-1)+jforr=1,....R=1; j=1,...,0—1
(R—1)(J —1)—|—rforr:1,..., —1,and j=J
(R—1)J+j forr=R,and j=1,...,0—1

RJ forr=Rand j=J.

Cc =

(5.26)
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Notice that following this layout in (5.26), log i, j\c in (5.17) can be expressed as

log U = x.0, 5.27)
where
O=[otr,. .., 0r—1,B1,- - Bt A1, Mgt ARt 1 Ar—1g—1) T (RI=1) x 1,
and X, = [xc1,...,Xcd;- .., Xc,R/—1] be the cth row of the RJ x (RJ — 1) covariate

matrix X = (x.4) involving RJ — 1 dummy covariates. To be specific, for ¢ =
1,...,RJ, x.: 1 x (RJ—1) are defined as

Xyotyrmt)s) = 101, 02,05 ] forr=1,... . R—1; j=1,....0 1
.X/( )(,] l) [51,,701] 1701/(R ])(,] l)] fOrV:17...,R_1,andj:J
xl(R*])./Jrj: [OlRflﬂ52,.]'701,(R7])(]71)] fOrV:R, andj:1,...,J71

Xg; = [01%,_;] forr=Rand j=J, (5.28)

where J{ , is a 1 x (R— 1) row vector with all elements except the rth element as
zero, the rth element being 1; similarly 8 ;jisa lx(J—1) row vector with all
elements except the jth element as zero, the Jjth element being 1; and 63’,<r7j) is a
1 x (R—1)(J —1) stacked row vector constructed by stacking the elements of a
matrix with all elements except the (r, j)th element as zero, the (r, j)th element being
1. Furthermore, in (5.28), 12, for example, is the 1 x b row vector with all elements
as 1. Consequently, the multinomial log likelihood function (5.19) reduces to

log L(+)|c = const. + 2 2 K;,jlog “":]||C)
r=1j=

RJ ,LL
=Y Kclog —, (5.29)
c=1 ”|C

where rle = %, e,
By using (5.27), this log likelihood function may be re-written as

log L(-)|c = const. + 2 K.x.0 —Klog 2 exp(x 9)1 (5.30)
c=1 =
Thus, the likelihood equation for 6 is given by
dlog L(
T 93p 2 Kexe — zig i exp z Hexe

=Xy—KX'm=0, (5.31)
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where X' = [x1,...,x.,...,xgy] is the (RJ — 1) x RJ covariate matrix, y =

[Ki,...,Ke,...,Kgs) is the RJ x 1 response vector of counts, and 7 =

[m1,...,T,...,gy]" is the corresponding multinomial probability vector, with
_ He

. = E<.

Now to solve the likelihood estimating equation (5.31), we use the iterative
equation

A A 9*log L]
0(g+1)=06(q)+ ([ a(;é: } [X’yKX’n]) ; (5.32)
6(9)
with
d%log L , 0T
= —KX'—
20’ 20’
= —KX'[diag(r) — n7'|X, (5.33)
because 7, = % =exp(x.0)/ 3R exp(x.0), and
% _ H HeXeq — He Zfil HeXed
26y u?
RJ
= MeXed — Te Y, TXid (5.34)
k=1
yielding
% — [diag(n) — n7)X. (5.35)

5.2.22.1 Cov(6) and its Estimate

Note that 6, the likelihood estimator of 6, is computed from (5.31)—(5.32). It then
follows that Cov(6) has the formula given by

9%log L -
20’

Cov() = — [E

- % (X' { diag(n) —nn'} x] ", (5.36)

by (5.33). Next, this covariance may be estimated by replacing 7 with its estimate 7.
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5.2.2.2.2 Estimation of 7 and the Covariance Matrix of its Estimate
Because 7 represents the cell probabilities, that is,
T = [7171,...,7'6,’,...,7'6]3]]/

with

I RJ
T, = j =exp(x.0)/ z exp(x.0),

c=1

one may obtain the likelihood estimate of 7 by using 6 (likelihood estimate of 6)
from (5.31)—(5.32), for 6 in ., that is,

RI
fre =exp(xl.0)/ Y exp(x;0), (5.37)
k=1

forallc=1,...,RJ.

Computation of Cov(7) :
Write

e = exp(x. 9 Zexp xk gc(é),

so that

A =[51(6).-...8:(),....8rs(0)]'"
Because by first order Taylor’s expansion, one can write

gc(é) =g.(0+ 06— 0)

RJ—1
0)+ Y (6 — 6k)g.(6k), (5.38)
k=1

with g/.(6) = a%”ék )it then follows that

E[gc(é)] = gc(e)
A RI-1 RI-1 o
var(ge(8)) = Y, var(6,)[ge (6> + Y, cov(6k, 0,)g.(6)g.(6r)
k=1 kAl
= [g0(61),...,8(6k), & (Brs—1)]cov(B)[gl(61), ..., 8L (6k), -, g (Ors 1))

cov(gc(8),8m(8)) = [8L(61),---.£L(6k),---,8u(Ors—1)]cov(8)
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X [gm(81); -8 (6k); -, (Brs—1)]'- (5.39)
Because gl.(6;) = a‘g"e(f) = a—Z}i, cov(7t) has the formula
. on A OT
cov(@t) = [ael]cov(e)[a—e] (5.40)

Furthermore, as % = [diag(m) — n']X by (5.35), the covariance matrix in (5.40)
may be expressed as

cov(#) = [diag(r) — nn'| X cov(6)X'[diag(n) — n]
= [diag(m) — nn’]X% (X' {diag(n) — nn' } X| X [diag(r) — 7], (5.41)

by (5.36).

Remark that the likelihood estimating equation (5.31) for 6, the formula
for Cov(f) given by (5.36), and the formula for Cov(#) given by (5.41)
are also available in the standard textbooks. See, for example, Agresti (2002,
Sections 8.6.6-8.6.8).

5.3 Estimation of Parameters for Covariates Free Familial
Bivariate Model (5.4)—(5.7)

Remark that for a situation when binary responses are collected from the members
of a family, these responses become correlated as they share a common family effect
(equivalent to a random effect). For the estimation of the effects of the covariates
of the individual members as well as the random effects variance parameter for
the underlying familial binary model (equivalent to binary mixed model), one may
refer to the simulated GQL and simulated MLE approaches discussed in Sutradhar
(2011, Sections 5.2.3 and 5.2.4). Because the present familial bivariate multinomial
model may be treated as a generalization of the familial binary model for families
with two members with a difference that now each of the two members is providing
multinomial instead of binary responses, similar to the familial binary model, one
may develop GQL and MLE approaches for the estimation of the parameters of the
present multinomial mixed model.

To be specific, similar to Sutradhar (2011, Section 5.2.3) we first develop
both marginal GQL (MGQL) and joint GQL (JGQL) estimating equations for the
parameters of the bivariate mixed model (5.4)—(5.7) in the next section. These
parameters are

{Bjo, j=1,....0 —1};{e, r=1,...,R—1};and o—g. (5.42)
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We then discuss the ML estimation of the parameters in Sect. 5.3.2. Note however
that instead of simulation (of random effects) approach, we will use the so-
called binomial approximation to construct the MGQL, JGQL, and ML estimating
equations.

5.3.1 Binomial Approximation Based GQL Estimation
5.3.1.1 Binomial Approximation Based MGQL Estimation

As far as the marginal properties of y; = (vi1,...,¥ij,...,yiy—1) and z; =
(z,-],...,z,',,...,z,-,R,l)’ are concerned, it follows, for example, from Chap. 3 [see
Egs. (3.148) and (3.150)] that the mean, variance, and structural covariance of these
two multinomial variables are given by:

E(Yij) = m) ., var(Yy) = 7). (1= 75 .), cov(¥ij, Yie) = =) . miyes

and E(Ziy) = m(j).p, Var(Ziy) = 7). (1 = 7().0)s €OV(Zir, Zig) = — (i) T(i).q-  (5:43)
One may then write the covariance matrices for y; and z; as
var(Y;) = diag[”(l‘)m e TGy s e ~77T(i)(1—1)-] - ﬂ(f)y(ﬁﬁg)”&)y(ﬁa Gg)
= (i3
var(Z;) = diag[mg. 1, Tiy.rs - Wiy (r-1)] — Tipz (02, O ) ;) (€2, O )

= (5.44)

22

where

with 3 = (ﬁ10a~--»ﬁj07-~~aﬁ(J—1)0)/ and o = (OC](),...,Otr(),...,a(R_l)O)/ from
Sect. 5.1.2.
5.3.1.1.1 MGQL Estimation for v = (’, /')’

Next by using the notation y = (B’,)’, for known O'g, we write the MGQL
estimating equation for y as
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K d(n _
f(l/f)=2( w(B-0), (@, 08)) 11(%0«:)(” Tin(B o) ) _ .

5 Iy m:(0t,0)
(5.45)
(Sutradhar 2011) where Z;) (v, G;;) has the formula given by
Ziive (il
Zon(y,0g) = [ s (0 (5.46)
@ : Z"(/z')yz Z(i)ZZ
with
Ty = cov (Y, Z)) = (M) jr) — T(ipy Wy (5.47)

where 7;;) ;- is the joint probability with its formula given as in (5.7).

Computation of the mean vectors and covariance matrix:
To compute the mean vectors 7;),(f, 65) and 7;).(a,0¢), and the covariance
matrix X, (¥, 0¢ ) involved in (5 45) it is sufficient to compute

Ti)js TG)-r> i) jr

for j=1,...,0—1; r=1,...,R— 1. Exact computation for these probabilities
by (5.4), (5.5), and (5.7), respectively, is however not possible because of the
difficulty of the evaluation of the integral involved in these probabilities. As a
remedy to this integration problem, we, therefore, use a Binomial approximation
(Sutradhar 2011, eqns. (5.24)—(5.27); Ten Have and Morabia 1999, eqn. (7)) and
compute these probabilities as

TGy = (&) fv(&i)dS:

exp Bj0+0-é§l<vl)> } Vv
1+ZJ 1CXP(ﬁuO+G§‘§I vi)) Vi

] (V) (1/2)"(1/2)V ¥ for j = J.

1+ZJ exp(ﬁh0+0—5 &) Vi

) (1/2)i(1/2)V i for j=1,...,0—1
(5.48)

/ "l (&) (8 dE

oo

exp Otr0+65 &i(vi)) 14 Vi V—v; — _
1+2}f*, exp(oyo+0z&i(vi)) ] ( ) (/22 forr = 17.”755 491)

Vi
zX, el (V) a2 ok

OL1+38 Fexp(opo+0: & i
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and

Rge = | iy (8D (8D (G4

v exp(Bjo+og&i(vi) exp(00+0g &i(vi))
-l 1437 ] exp(Buo+0z &i(v1)) { 143 exp(opo+0: & (1)) H
x (V (1/2)%(1/2)V Vi forj=1,....J—1;r=1,...,R—1
Vi
sl exp(Bjo+0 Si(vi) } 1 ]
Vim0 L) exp(Buo+0 & (v) T 1IHER— ] exp(ago+o &(v)
V)(l/z)v"(lﬂ)vv" forj=1,....J—1;r=R
s | exp(a0+05 5i(v1)) (5.50)
=0t y) -t exp(Buotoz & (i) T M 1+ER exp(opoto & (vi))
") agray forj= i 7= 100, R—1
% 1 1
ZV’:O[{ 1437 exp(Buo+0g & (i) H 1438 L exp(oyo+0g & (vi) }]
X <V> (1/2)%i(1/2)V i for j=J; r=R,
Vi

respectively, where, for v; ~ binomial(V, 1/2) with a suitable V such as V = 10, one
writes

—-V(1/2
£y = VU2
V(1/2)(1/2)
a(n), (B,og),m/, (0,
Computation of the Derivative o P G%)Wﬂ(’)‘(a %) :(J+R-2)x(J+R-2)

Because v = (', '), this derivative matrix may be computed as follows:

8n{,.)y(l3,0¢) _ [aﬂi(,’)l. 87r(,~)j_ 8775(0(]4). (5.51)
B 3B B T ap , .
where, for j=1,...,J—1,
3717(i)jn [ 8775 1(51) NJE.
8[3 - Lw B (él)dét
= [l (s = (&) Exg HENIN(ENE,  (5.52)

where x; = [01/,_ 1,1,01(J - ]is the 1 x J —1 row vector with jth element as 1

and others 0. By using (5.52) in (5.51), we obtain

ol (B.c)

B - /_0;[zé)y')r(éi)]fN(éi)déi’ (5.53)
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where

iy (&) = diag[fy (), 70y (80)s 57y . (8] = 75y, (67 (60,
with

”Zi))v(‘gl) [ (éz) ,')j.(‘gi),---7ﬂé>(],1).(§i)]/a
and

exp(Bjo + 0e&i)
1+ ZJ 1€xp(Buo + o &)

77 (&) =

By calculations similar to that of (5.53), one obtains

i T (5.54)
where
(&) = diagly (8, 7 (8, ey ()] — . (8 (B0,
with
o) = 11 8o 0 () gy (G
and

exp(oy0 + 0¢ &)
14+ 33 exp(omo + ¢ &)

n(t)r(él) =

Consequently, we obtain

(), (B.0g). )y (0.05)) I (25‘,-)”,(61-) 0
—eo 0

Remark that applying the aforementioned formulas for the mean vectors, asso-
ciated covariance matrix, and the derivative matrix, one may now solve the MGQL
estimating equation (5.45) for v = (', &, )’ by using the iterative equation

K 9(nf;), (B, 0%), 7, (o0, 0% )
{21 } dy

K d(ny,(B,oe) m (0, 0¢)) i — (B, 0¢)
i) Q) Yi = Tiyy(P O
{1_21 oy 2 (v.oz) <Z’ 7 (0452

9 (m(yy (B, o), m, (e, o)) }1

Wa+1) = ¥o)+ S

5 L1 (w,0x)

ly=p()- (5-56)
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5.3.1.1.2 MGQL Estimation for cg

We exploit the pair-wise products of the bivariate responses to estimate this random
effects variance component parameter O'g. Let

8i = (VilZils- -+ YijZirs- s Yig—1ZiR—1) (5.57)

which has the mean

E[Gi] = (Ri11s- - iy jrs - i) J—1.R—1)
= ﬂ(i)yz(‘al/a 0-5)7 (5.58)

where, for j=1,...,J—1;r=1,...,R—1,
Mg = |7 (), ()1 ()4

is computed by (5.50). Notice that by using the joint cell probabilities 7(;);,, the

likelihood function for the parameters involved in ¢ = (y/, (75) may be written as

K
_ YVilZi ijZir YiJZi
L(¢) = Hn(i)llll . ..n(yl.)fjr T (5.59)
This multinomial probability function for the bivariate cells also implies that

cov(Gy) = diag(m(;),. (Y, 0% ) — M)y (W, O ), (W, O )
] n. \’Z(W? 6(5) 1)1("’7 G&)
= Xy, 0g), (say), (5.60)

= diag(mi) 11, Wiy jrs- - > TipI— 1R 1

where ;) ;, is given in (5.58). Next we compute the gradient function, that is, the
derivative of E[G;] with respect to 652 as

JE[G]] 97, (v, 0¢)
2

= 2
805 805

a75(1‘)11 3”(i)jr 3”(i)1—1,R—1

CRETEEY 5 5
80‘5 80‘5 80‘5

= ), (5.61)
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where, for example,

s I 2 [x,; (0, (&)

o} ") 902 In(Gi)dS;
o )
" 20; /_w & [, &), (&)
1 " : fw(&)dg;
T+ 37 Texp(Buo+ 0:&) | 1+ 5K Lexplono+0:8) |70 70"
(5.62)

forall j=1,....J—1;r=1,...,R—1.
By using (5.57)—(5.58), (5.60), and (5.61)—(5.62), one may construct the MGQL
estimating equation for 652 as

2 (W, O ) g — o= (W, 02)] = 0, (5.63)
which for known v = (f’, ')’ may be solved iteratively by using the formula

K o, (y,0¢) om(woe))
2 ) (iyz\ P2 P8) o (i)yz\ W, O¢
6z(q+1) = 6:(q) + {;(%zz(mz(%%)(%g

Kan/,- (W?G«’;) _
" {Z %Z(i)lﬂ(w’ 0 )18i — M= (¥, 0 )]

5.3.1.2 Binomial Approximation Based JGQL Estimation

In the MGQL approach, we have estimated the intercept parameters y = (8',0/)’
and the variance component parameter 62, by solving two separate, i.e., MGQL
estimating equations (5.45) and (5.63). As opposed to this MGQL approach, we
now estimate these parameters jointly by using a single GQL estimating equation
which is constructed by combining (5.45) and (5.63) as follows.

Notice from (5.59) that ¢ denotes a stacked vector of parameters y and G2.
A JGQL estimating equation for ¢ by combining (5.45) and (5.63) has the form
given by
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K o(x/, (B,0z). 7, (0.0%). 7, (v.07)) Vi~ Tiy(B.0¢)
f(¢):2 (s : <)~9¢ A0 : Z(;)](ché) Zi_n'(i)z(avo-i) =0,
=1 8i — M(iy (W, 0¢)

(5.65)
where
Zini(w,0z) Ziya(w,0¢)
50 (W, 05) = , 5.66
(>(W 5) (Z(/i)u(l//voé)2(i)22(‘//a0.§) ( )

with Z;y11 (W, 0¢) and X5, (W, 0¢) are as in (5.46) and (5.60), respectively, and
Ziy12(¥, 0¢) has the form

Y;
Zin2(w,0z) = cov KZ,-) ,Gﬁ]

cov(Y;, G
= T 5.67
(cov(Z,»,Gé)) ’ (5.67)
where
COV(YiaG;) = [Cov(yikayijzir)](],1)><(J,1)(R,1) (568)
with
) mey i (L=m),.) j=k,
cov(yik, YijzZir) = . (5.69)
O yijzir) { —TonTG e T Fk

and similarly

COV(Zin;) = [COV(Ziq7yijZir)](R_1)X(J_l)(R_l) (570)
with
_ ) mar (= my) =4,
cov(zig, Yijzir) = (5.71)
(o i) { Mg Majr  TF 4

Furthermore, in (5.65), the gradient function may be computed as

a(xl, (B.op).m, (a.0z)) Il (v.05)

a(néi)y(ﬁvo’é)7n(/i)z(a7Gé)aﬂ:(/i)yz(‘lh 65)) o ) 31//, ) 514,
a¢ - a(ﬂ<,>y(ﬁ,6§),ﬂ(i)z(a,55)) a”(,’),;(‘l’vo'é) ’
do; do;

(5.72)
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where the formulas for

Il (B.02) M (0:02)) ), (y:,0)
oy 8%2 ’

are given by (5.55) and (5.61), respectively. The formulas for remaining two

derivatives are derived as follows.

Computation of ﬂ :

Similar to (5.61), we write

8”(/1'))71(1’/’65) . 875(,-)11 - an(i)jr an(i)J—I,R—l

v =y oy T oy ), (5.73)
where
Im)jr ag‘g”
with
T LR CL RG]
5=/ aﬁ fn(E)dE
= * (é)} d 5.75
/ 1 8[3 fN(éz) ézy (5.75)

, w0
forall j=1,...,J—1; r=1,...,R—1, the formula for ——;5— is being given
by (5.52). Now for convenience of applying the result from (5.75) to (5.73), we first
re-express (5.73) as

Oy, (W:08) [y ) I ji B IMiys—1,1

&l’/ - all/ ) ° aw 3 ) 8W )
a717(1)1r aﬂ(i)jr an(i)Jfl,r
Jv U oy T oy
(i) R—1 (i) R-1 OM(i)y—1,R-1
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Next by using (5.53) and (5.75), we obtain

a”éi)yz(% ;) I Iy 1 IM(iy—1.1

B LB OB T 0B

T e 1
= ,: (ﬂ(",‘)](éz‘)z(*i)yy(éi) e (G X0, (G - ﬂé).?R,l(éi)Eé)w(é))

Similarly, one obtains

an(,i)yz(lll70-§): (i1 (i) j1 IM(iy—1,1
o da 7 da VT da

= Lw [”(*i)l.{”(*m(xl =) b T A (o = 7 ) by o ATy (= )

”@)1»{71'&)4,1?71 (xg—1— n'(*l-)z)}, ey na)j-{n?i)-,R—l (xg—1 — 7r<"l.)z)}7 ey
7 o1 Ay (et = 70} | S (8
= /j; [”*/(i),v @Ay, (=7l )b Ty @ {7, Cor =7l )}
oy @ {7y gy (-1 = ﬂ(*,.)z)}] fv(&)dé:, (5.78)

where similar to (5.52), x. = [01/_, 1,01’(R_1>_R] is the 1 x R — 1 row vector with
rth element as 1 and others 0; ® denotes the Kronecker or direct product, and

”(*i)y = [n(*z)l(g) an(*,)j(é)aan(*,)( 1).(5)]/5
Ty = (7500 (), o T (6, ..

e I
pee (9] 7”(*1')-371(@]/-
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/

(ﬂ(i)y(ﬁ,cié),ﬂ(,i>z<0(,0§ )) .

)
865

To compute these derivatives, we compute, for example, the formula for

d
Computation of

a”{,’)y(ﬁ ,O¢ )
doZ

¢
One may then write a similar formula for the other derivative. Note that
/
Ty P08) | omyr. Oy IR (5.79)
do; doz ' doz T doz |

where, for j=1,...,J—1,

Oy [ i (&)
8(752 —‘/_w ao_g fN(gz)d&

Lo
= 20 | &m

Similarly, one computes

1
1+ ¥~ exp(Buo + 0¢ &)

1 fv(&)dE;.  (5.80)

on., (o, 0 am. Am)., AT (R—
(l)z( 5) [ ()1 ) Ti)-(R—1) ’ (5.81)

3 = T 5 5
805 805 865 Jo

where, forr=1,...,R—1,

ony [ T8
S [ &g
¢ o ¢

1 - *
= 265/0051‘775(,').,

Because the formulas for the derivatives and the covariance matrix involved in
the JGQL estimating equation (5.65) are obtained, one may now solve this equation
by applying the iterative equation given by

1
1+ 38 exp(ouo + 06 &)

] v(&)dEi.  (5.82)

Fm+1) = §(m)+

K 3(”{;)}-(13’ O¢ )v ”(/,’);(av 65)7”(,‘))7(!//' O¢ ))
z %

(), (B, o), . (0, 02), )y (w,0%)) }

x5 o) .

N

X

aml, (B,0z),wy.(a,05), 7 (W, yi =y (B, o)
(”(’»‘(ﬁvg)’”(’)zé:) 2 el Gé))z(f)l(l//, oz) ( % — M) (@, O ) 5.83)
8i — Wiy (W, 0%) |6=6(m).
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5.3.2 Binomial Approximation Based ML Estimation

In this section we demonstrate how one can compute the maximum likelihood (ML)
estimate of

o= (V/7O-§2)/ = (ﬁ/7a/70-§2)/

by exploiting likelihood function given in (5.59). For the purpose, write the log
likelihood function as

K[J R
Log L(¢ 2 lz 2 ,jz,,logﬂ: 1,1, (5.84)

i=1

where
ﬂ(i)/r:Lw[né)j-né)»r]fN(éi)déia
with

exp(Bjo+o: &)

7T o :
717(*- (&) = 1+3 e pl(ﬁuo+6551)

forj=1,...,0J—1

for j=J
sl Texp(Broro &) D

as in (5.2), and

exp(ey0+0¢ &)

fOr r=1....R—1
R—1 - , ’
1y (&) = § e Rl oes)

TS Tep(am gy =R

as in (5.3). One may then write the likelihood estimating equation for ¢ as

dLogL(9) K |L & 1 Oy,
7&1) :2 zzyijZiri ]

i=1 | j=1r=1 e 99

—0, (5.85)

where for all j=1,...,J; r=1,...,R, the cell probabilities 7; ;. are computed
by the binomial approximation based formulas given by (5.50). Because ¢ =
B, 652)’ , for convenience, we express the first order derivatives in (5.85) as

9’;<gjr

I I
Oir _ | Zir | (5.86)

a(P Bnr(i)j,

86§

and compute the components as follows.
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In (5.86), forall j=1,....J; r=1,...,R,

P = [T S0 gag

B ). op
- o]
= [mﬂa).rai(ﬂhfzv(éi)dé;
I (= Ol )
Sl B UG

- ol
:/ Lo [n(m]fzv(éi)déi;

oo Ja

O [ Ol )
= [ 00 b g)aE.
302 /. go  MMENE

where, by (5.52),

om0, (6
o [T g e

= | w8l — G, liv (GG,

forall j=1,...,J, with

/ / . -
xj::{[OljI,LOIUUﬂibr]—-L.H,J 1

Ol.,/—l fOI'j:.],

and

and similarly

M) /“ Ingy., (&)
do e

*
ﬂi)

ﬂ(*i)-r( i) — ﬂ'.(*l‘)z]fN(éi)déiv

T my; (&) lxj — mp v (&i)dE for j=1,...
i)j.(éi)jr(*i)ny(éi)déi for j=J

&)X — ﬁé)z]ﬁv(é,‘)déi forr=1,...
- jom ﬂ(l)R(éz)n(*,)ZfN(&z)dél forr=R
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(5.87)

(5.88)

(5.89)

(5.90)

(5.91)
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forallr=1,...,R, with

v [o1r._,, ,01’(R_1>_r] forr=1,...,R—1
01%_, forr =R,

and

By = [0 1 (&) o Ty (€)oo Ty 1 (E)].

This completes the computation for the derivatives in (5.87) and (5.88). The remain-
ing derivatives, that is, the derivatives in (5.89) may be computed as follows for all
j=1,....J; r=1,...,R. More specifically, by using (5.62), (5.80), and (5.82), one
obtains

27 176 {n H T, ] V(ENE  forj=1,...0—lir=1,....R—1
Im ﬁf {n ) ()R] g+ k= Ufw(E)dE for j=1,.... 0= L;r =R
8o§ - Zé:f ,{ﬂ( ,M J+7T —1]fn(&)dE for j=J;r=1,...,R—1
2 & (i, (,)R} 1+ T~ 2 (E)dE for j=Tir=R.
5.92)

Notice that by (5.90) and (5.91), for the sake of completeness, we write

aﬂ:i jir - * * *
iﬁ%<:[%q”m@ﬂn—meMéMé (5.93)
aﬂ:i jir « * * *
Jo = /,m WG 1T B0 = o2 v (Gi) G, (5.94)

forall j=1,....,J; r=1,...,R.

Thus, the derivatives in (5.86) required for the computation of the likelihood
equation (5.85) are computed by (5.93), (5.94), and (5.92). One may now solve
the likelihood estimating equation (5.85) for ¢ by applying the iterative equation
given by

G(m+1)=d(m)+

9%Log L(9) }1 dLog L(9)
, 5.95
{ 9999’ L PR o

PR . 9%Log L(9) .
where the second order derivative matrix ~J6de’ 1S computed as follows.
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2
5.3.2.1 An Approximation for %

In the spirit of iteration, suppose that the parameters in the derivatives, that is, in
In;)

8(1)’

of the likelihood estimating function

dLog L(¢ K 1 Oy
Og = 2 [Z Zyzjzzr a((;J ] )

i=1 | j=1r= n(i)jr

are known from the previous iteration. One may then obtain an approximate formula
for the second derivative of this likelihood estimating function as

: (J+R—-1)x (J+R—1),

d%Log L(¢ LS 1 i) jr OT(i) jr
a(Pa(P/ z |:Z zyl}z”nz { (9¢ a¢l }

i=1|j=1r=1 (i) jr

(5.96)
already

Img);
where 0" is the transpose of the (J4+ R — 1) x 1 column vector J

computed by (5.92)—(5.94).

2
5.3.2.2 Exact Computational Formula for %

The first order derivatives involved in the likelihood estimating function (5.85)
contain unknown ¢ parameter. Therefore, as opposed to the approximation used

in (5.96), the exact second order derivatives of the log likelihood function Log L(¢)
are given by

9*Log L(9)

3y L[ 9mr 9
9099’ ——;LZ”ZIMZWE;‘{ 26 ¢/ }

J J?
z Zyijzlr ! { a¢n8¢/ }] ) 5.97)

where the first term is computed as in (5.96), and the computation of the second

i) jr
209¢’

term requires the formula for which may be computed as follows.
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By (5.93), we obtain

827[(1‘>jr o ocn_* TE* |:(.X_TE* )(x_n.* )/
GBap T (5= i) = Ty

| m @ -m) | | e, (598)

*

oy (-1 =7, )/ |

Similarly, by (5.93) and (5.94), we obtain

aZTCi jr ” * * * *
Té)oi’ - /700 ﬂ([).rﬂ(,‘)j. {(xj_”(i)y)(xr_”(i)z)/ fN(éi)déia (5-99)

and by (5.92) and (5.93), one computes

e I
{( ()J +7'C()R)(x/ 717(*;)),) ()J ]fN(ét)d‘Sl forj=1,..../—Lir=1,...,R-1
é’ i)Jj- (1

Py {( T+ M R~ 1)(x,7n;,.)y)fngw,n;] V(ENE for j=1,....0 —1;r=R
0BIE | wb [7Gimy,

{( T +n:() 1)(xj77r(*l.)),)fngi)J‘ﬂ(*l.)y]fN(é,-)déi forj=Jir=1,....R—1
205 I é! )R

& (),+n()R 2)(x = ) — W, 7, | F(E)AE for j=Tir =R.

(5.100)
Next by similar operation as in (5.98) and (5.100), it follows from (5.94) that

2T _ R [(X — ) (o — )’
Qoo J_o Oty |V T M) T M)z

| m @@ | mEas 6o

!/

iy (r 1) (YR=1 = 3 )
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and by (5.94) and (5.92), one writes

207 7 Gy

{( (l.)J_+7r([.)_R)(x,—7r(*[.)z)—n("i)_Rn(*i)z} f(E)dE  forj=1,...0—Lir=1,.. R—1
207 I 7w Gy

Py {( T T T~ 1><xr—n:,-)z)—n<*,-),,en;;>z] Su(E)dE for j=Jir=1,....R~1

dadog 20& JZ &imly v

{( o +7‘C(> 71)(x,77r(*,.)z)77r(*l.)‘k7r(*i)z] fv(&dé forj=1,....J—1;r=R

2o§f é! )R

(&% +7r()R 2) (= ) = 7 | (&) for j=Jir =R

(5.102)
2 . s
The remaining second order derivative, that is, # is computed by (5.92) as
¢

- ST . < 2
f—wT {51{ (i)/-"'”(i)-R}

é[ﬂ ( )j)Jr”(*,'),R(l 777"(*,'),13)]

_ éf(w*”(r H v (E)dE: forj=1,....J—1lir=1,....R—1

oo ST 17 R) 2

f—wT 51{ s 1

5:[” (*,').R(l - 77"(*,')4R)]

P T +77: }] fv(E)dE  forj=1,....J—1;r=R

Jdot oo 51(777 ) 2

I 4);2( {‘5{ Ty + T 1

51[” e )R(l - 775(*,-)‘1{)]

- % f T +n ~ 1} n&as forj=Jir=1,.. R~

. 5[(77) (, 2

S {5{ b n =2

51[” ( )J)JF”() (1*775(*,-)AR)]

i fw +77 2}]fN(§,)d§, for j=Jir=R

(5.103)

5.4 Familial (Random Effects Based) Bivariate Multinomial
Regression Model

For the univariate case, a multinomial regression model was discussed in Chap. 2,
more specifically in Sect.2.2. However, the covariates were considered to be
categorical. In this and next sections, also in the next chapter, we consider general
covariates which can be continuous, categorical or both. Note that in the absence of
covariates, this model to be discussed in this section reduces to the covariates free
bivariate multinomial model studied in the last three Sects. 5.1-5.3.

We use similar notations for covariates as in Sect.2.2. In the present bivariate
case, suppose that w;; and w;, are covariate vectors corresponding to y; and z;. More
specifically, we write
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wit = (Wi 11X pr,wie: 1xpa) :px 1, win = (w1 1 X qr,wie s 1x pa) 1g x 1,

(5.104)
where w;, and w;; are individual response specific covariates and w;. is a common
covariate vector influencing both responses of the ith individual. For example, the
so-called WESDR (Wisconsin Epidemiologic Study of Diabetic Retinopathy) data
set (see Williamson et al. 1995, for example) contains diabetic categorical retinopa-
thy status of left and right eyes (two response variables) of K = 996 individuals
along with their associated covariates. This data set did not have any individual
response variable specific covariates, but there were seven important common
covariates, namely: (1) duration of diabetes (DD), (2) glycosylated hemoglobin
level (GHL), (3) diastolic blood pressure (DBP), (4) gender, (5) proteinuria (Pr),
(6) dose of insulin per day (DI), and (7) macular edema (ME). Thus, in notation
of (5.104), p1 = q1 =0, and p, = 7. Note that these covariates w;; and w;, are
considered to be fixed and known. However, as the bivariate categorical responses
Y; and Z; are collected from the same ith individual, they are likely to be correlated,
and it may be reasonable to assume that this bivariate correlation is caused by a
common individual latent effect shared by both responses. Thus, conditional on
such latent/random effects, we may modify the marginal probabilities given in (5.1)
and (5.2) to incorporate the covariates and write these new marginal probabilities
conditional on the random effects as

exp(Bjo+Bjwi+0o:&)
1+37 -1 exp(Buo-+Bwi+0z &)

1
l+zﬁ;} exP(ﬁuOﬂLﬁ;Wn +0¢ é,)

forj=1,....J—1

Ply; = y,m &5 win] = 7 1. (Giwin) = (5.103)

for j=1J,

and

exp(ao+oywin+0: &)
14+38 1 exp(omo+ 0w+ 0% &)

) forr=1,...,R—1
Pl =2 & wa] = ) (& wn) = (5.106)

1 f _
orr=R
14+35~] exp(omo+oywin+0: &) ’

where

Bi=Bji,--,Bjes-- -, Bjp) sand 0 = (041, .., O, .., Otg)',

forj=1,....J—1l,andr=1,...,R—1.
Similar to Sect. 2.1 (from Chap. 2), define
B; = [Bjo, Bl
61* = [ l*/a"'7 ;/7-“’[3;71/],;
(X:f = [ar()var/']/

0 =o' ..., . o). (5.107)
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Also define

ll [1 th]

*

wi = [1,wp]". (5.108)

Using the notations from (5.107) and (5.108), re-express the marginal probabilities
conditional on the random effects from (5.105)—(5.106) as

exp(B;'wi +o &)

. forj=1,...,J—1
* * * % J— s« ] ) 3
Ply; ZYEJ)@ Wil = ”(i)j‘(gi’wil) =q = lexp(lu itocd) for i—J (5.109)
sl Texp(Bwhtoz &) o) T
and
exp(o;f w12+0'§§,) forr=1,. 1
Pla =2 |&7 whl = (& why) = § i Rl v tor) “G110)
for r =R,

1+Zh 1exp( o'w wh+0e&i)

where w; and w}, are fixed and known covariates, whereas & (5 N(0,1) as in (5.1).
Hence, the (unconditional) marginal and joint probabilities have the formulas

moj i) = PO =3 = [ (G @) S
Moo(wi) = Pla=a") == [y (Ewp)fv(&)d&s  (5.112)
n(i)jr(w;klv n) = Pb’z— ,Z,—Z( )]

= [ Gty Gl nEds, G

,§i2
where fy(&) = %\/g). Notice that the integrations in (5.111)—(5.113) for the

computation of marginal and joint probabilities may be computed by using the
binomial approximation similar to that of (5.48)—(5.50). For example,

mas i) = [y G (€D

v exp(B}'wjy +0¢ &i(v1) 1% bV e -
ZV/—0[1+2.S Texp(Bi 11+5§§1(‘ i, (1/2)%i(1/2)V Vi for j=1,...,0—1
= (5.114)
5l V) a2y forj=a
vi=Ol 13- leXP(B/ wi+0:&i (i) \ v; ’
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where, for v; ~ binomial(V, 1/2) with a user’s choice large V,

vi—V(1/2)
VV(/2)(1/2)

The parameters of the model (5.111)—(5.113), namely

5éi(vi) =

! 1 YA li ! AV 2

O =B B B )8 = (o, 07, gy ) sand O,
may be estimated by using the MGQL, JGQL, or ML approach discussed in the last
section. In the next section, we, however, demonstrate how one can construct the

MGQL estimating equations for these parameters. The formulas for the estimating
equations under other two approaches may be obtained similarly.

5.4.1 MGQL Estimation for the Parameters

Using the marginal probabilities from (5.111) and (5.112) we first write

ﬂ([)y(el*,O'&WE) :E[Yl] = [n(l>1 (W;'ﬁl)v' > T0(i)j (W;kl)v"'v”(i)(Jfl)-(W;'ﬁl)% (5.115)
Ti)2(05,0:,wh) = E[Z] = [R50 (Wh), - Wiy (W), -, Wiy r—1y (Wi)]'s (5.116)

var(y;) = diaglm . (w), - w7 0515 Ty -1y W3] = T (07, 0 Wi )7, (87, 0 wiy)
= Z(i)yy (07, 0e,w1); 5.117)
var(z;) = diag(mg). (W) - Wiy (W), - Wiy (1) Wi)] = T0)2(65, O Wi ), (65, O, wi)
= E([)zz(eﬁﬂ’(’ng;‘z)v (5118)
and
COV(YDZz{) = Z"(i)yz(ely: 6, O¢ SWiLWh)
= (7'5(,')1',,(91*7 62*7W?<1 ’W?Z)) - ﬂ(i)y(el*: Gé 7W;‘kl )n(/,‘)z(ez*, 0-5 s W?z), (51 19)
where
T jr (01,05, Wiy, wh) = 73 (Wi win)

is the joint probability with its formula given in (5.113).
Next, use y* = (6;”,0;")’ and construct the MGQL for this vector parameter as
in the next section.
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5.4.1.1 MGQL Estimation for y* = (6;',6;")’

For known 652, we write the MGQL estimating equation for y* as

* &(néi)y(el*,Gg,w;]),ﬂ{i)z(9576§7w;‘2))
USEDY S
i=1 v

1 * * * yi*ﬂ(,‘)y(ef,ﬁg,wﬁ) .
(¥", 0z, Wi, wp) ! =0, (5.120)
! e zi — T(3);(65, 0g, W)

X X

(Sutradhar 2004) where X1 (", 0z, wjj, wj,) has the formula given by
Z(i)yy(el*’G@W:fI) Z;(i)yz(el*v 92*7 GéaW;'ka?z)

(67,05, 0¢, Wi, wph)  X(i)o(65, 0z, wp)
(5.121)

Zon (v, oz, wip,wi) = (2/_
(i)yz

In (5.120), the first order derivative matrix is computed as follows.

9(7[{1')}'(91*’65 Wi )v”(/,-)z(efxﬁg Wwh))

dy*

Computation of the derivative ((-Dp+D+
(R=1)(g+1))x (J+R-2)
For the purpose, we first re-express the marginal probabilities in (5.109)—(5.110) as

functions of 67, 65, o¢, as follows.

exp(el*’xfj-ﬁ-cg 51) f .
=1,...,J-1

Ty (Ewiy) = { HEn exp(07, 058 e (5.122)

v ! for j=1J,

143~ L exp(6;"x;,+0; &)

1 Yiu

with

O1(j—1)(p+1)

_ *
Xij = Wil ;

tj
Olg—1-j)(p+1)

forj=1,...,J—1;and

xp (05 iy +0¢ &) forr=1 R—1
R—1 e — Ao
1y (Eiwh) = { B (0 Tt og L) (5.123)
for r =R,

1
| +2§;11 exp(ez*’,\?,-thO',;. é,)
with

01— 1)(g+1)
Xir = W:fz s
0L(r—1-r)(g+1)

forr=1,...,R—1.
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Because y* = (6;',0;')', the desired derivative matrix may be computed as
follows:

(5.124)

Omo (05,08 W) [Imey.  Omp;  Imyuo)
267 a0y a6 U aep |

where, for j=1,...,.J—1,

Ompy. = %y (5 wi)
J0r =/ MTfN(é»d;

= [ i) Zx,gn (G fv(ENdE,  (5.125)

where xj;" = [017, 1)(p+1>,w;‘1',0121717],)(”1)] is the 1 x (J—1)(p+ 1) row vector

as deﬁned in (5.122). For convenience, we re-express the (J —1)(p+1) x 1 vector
in (5.125) as

(élv 11) (é” ’1)
_nj(*l)](617\/\}?1)7[6)(]71)(5”W;k1)w71

O o
ok [ i (800 i (G | (B
! (él’ ll) i) (j+1)- (gl’ ll) zl

o B
:/:: :{ﬂzﬁi)]‘.(éivw;‘kl)ljfl_ (i)j- (éz, 11) (i)y (el’o-é’wzl)}

@wy] fv(8)d&, (5.126)

and write the formula for the derivative as

on () 91 ,0'5 Wzl
dor = _Zam(ice i eniliEas, 612
where X, (0}, 0¢,wj}) is the (J — 1) x (J — 1) covariance matrix of y; as given
by (5.117). By calculations similar to that of (5.127), one obtains

on () 92,0'57 l2
= [ 12065, 02 w) @ il f(E)dE, (5.128)

263
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where X;)..(65, 0g,w},) is the (R — 1) x (R — 1) covariance matrix of z; as given
by (5.118). Consequently, we obtain

(1, (67, 0, Wi ), ;). (05, 0, wh))

dy*
[ Ziyy (07, 0z, wiy) @wjy 0
- o e e EDag. (5129
/700 ( 0 Z(i)ZZ(BZ s G{vwiZ) ®Wi2

Remark that applying the aforementioned formulas for the mean vectors
[(5.115)—(5.116)], associated covariance matrix (5.121), and the derivative
matrix (5.129), one may now solve the MGQL estimating equation (5.120) for
v* = (6;',65") by using the iterative equation

yr(m+1) =y (m)+ | { X

-1 dy*

K 9(m(,,(67,0¢,wh), ), (65, 0%, wh))
{ (i)y @) Z(j.)l”(ll/*-,ﬁngi*uwfz)

U, (07,05, (05,06 w) | § Q0o 0105 1) (65,05 )
ay* i=1 Iy
B i — T (0%, O w’.‘)
oL (w*, e, Wi, Wi i = (i), (6], Og, W T 5.130
X (l)ll(w vG§ Wll7w12) (Zin(i)z(92*7657w;k2) “I/ =y*(m) ( )

5.4.1.2 MGQL Estimation for Gg

Similar to Sect.5.3.1.1.2, we exploit the pair-wise products of the bivariate
responses to estimate this random effects variance component parameter Gg. Let

8i = ()’ilzil,---a)’ijzirw--7)’i,1711i7R71)/ (5.131)
which has the mean
E[G)] = (”(i)ll(wflawfz)w--7”(i)jr(W?1aW?2)»~--a”(i),]—l,R—l(W?anz))/
= Ty (W", Og, Wi, wh), (5.132)

where, by (5.113),

oo

Msr i) = [ [l (&)l (Ewi) (GG

—oo

forj=1,....J;r=1,...,R.
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Next following (5.60), one writes
cov(G;) = diag[m, i) (W:'FDW?Z)V“’”(I‘) ‘r(W;F17W?2)7”'77r(i)17],R71(Wi*1ﬂW:'52)}
- T yz(l// O¢, Wi, W 12) (i)y (W O¢, Wi, Wh)
= X (y", 0z, Wi, wh), (say). (5.133)
Furthermore, we compute the gradient function, that is, the derivative of E[G;] with

respect to Gf? as

IE[G)] _ Imi:(Y", Ok, Wiy, wp)

2 2
80'5 80‘5
aﬂ:i I(W?7W?) 87r,» 'r(W;'k 7W;'k) (97’[[ —1,R— (W?,W:-‘)
R e D R CAE)
¢ 14 ¢
where, for example,
an(i)/r(wflawzﬂz) / { @” ‘1) (é” )} f (é )dé
3 = N(Gi)dG;
805 - 86

“ 5o [ [m G (&)
% |l (& wi) + 70 (&) | v(E)dE, (5.139)
forall j=1,....J—1;r=1,...,R—1.

By using (5.131)—(5.134), one may now construct the MGQL estimating equa-
tion for 652 as

i a”(/,')yz(‘/’*a G& 7W717W?<2)

002 2(7)122("‘,*7 G};aw:fl 7W;'k2)[gi - Tc(i)yz(w*? Gévw;kl 7W;(2)] =0,
i=1 £

(5.136)
which, for known y* = (6;,6;")" may be solved iteratively by using the formula

Ag(er 1)= 652(m)

Kaﬂ,i‘,7(|[/*,G§,W?1,W?2) 8”1’\)7("/*767‘4/?7“)?) B
+[{z O ke 0wy ) YT
i=1 &

905

K Jm (W G§ W117W12) " ¥ «
S {2 S Sl el Rl 0 i)

\02=62(m)

(5.137)
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5.5 Bivariate Normal Linear Conditional Multinomial
Probability Model

In Sect. 5.4, the correlation between two multinomial variables is modeled in a
natural way through a random effect shared by these variables. Recently in an
unpublished Ph.D. thesis, Sun (2013) (see also Sun and Sutradhar 2014) has used a
bivariate normal type linear conditional multinomial probability (BNLCMP) model
to explain the correlations between two multinomial variables. This model is simpler
than the random effects based model discussed in the last section. However, the
ranges for the correlations under such a linear conditional probability model may be
narrow because of the restriction that the conditional probability of one variable is
linear in other variable. We discuss this simpler model in the following section.

5.5.1 Bivariate Normal Type Model and its Properties

In this approach, unlike in random effects approach (5.105)—(5.110), we assume
that ¥; and Z; marginally follow the multinomial distributions with marginal
probabilities as

exp(Bjo+Bjwir)

j = forj=1,...,0J—1
J—1 i ) ’
P[yl = yl(]) |Wil] = n(l)] (Wi]) = Y expl(ﬁu()+ﬂz4wtl) for i ] (5.138)
Ty Texp(Bao B) o T
and
(o togma) g R
P[Zi = ZE’) |Wi2] = n(i)<r(Wi2) = +3, 5 engahOJrahwiZ) forr — R (5]39)
138 exp(ogo+04wia) o
where

Bj = (ﬁjl,...,ﬁjg,...,ﬁjp)’,and o) = (a,l,...,a,m,...,oc,q)’,
forj=1,....J—1,andr=1,...,R— 1. Equivalently, writing

/3,* = [Bj()vﬁ]/']la Wi = [l,wm’

OC: = [ar0>a;]/7 W;F2 = [17W;2]/7 (5140)
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these marginal probabilities in (5.138)—(5.139) may be re-expressed as

exp( }"w;-*l) .
. T forj=1,...,0—1
* * J—1 - 9 )
Phi =y Wi = 7 (i) = PR (5.141)
T TepBwy) o T
and
M forr=1,...,R—1
Pl =2 [wh] = m), (whp) = it el (5.142)

ey -y e — fOI‘ r=R
1+38 " exp(ogt/why) ’

respectively. Note that these marginal probabilities in (5.140)—(5.141) are quite
different and simpler than those random effects based marginal (unconditional)
probabilities given in (5.111)—(5.112).

Now to develop a correlation model for {y;,z;}, Sun and Sutradhar (2014) have
used a conditional regression approach. More specifically, to write a conditional
regression function of y; given z;, these authors have used the aforementioned
simpler marginal probabilities but assume a bivariate normal type correlation
structure between y; and z;. Note that if y; and z; were bivariate normal responses,
one would then relate them using the conditional mean of y; given z;, that is, through

E[Y|Zi = z] = py + 2 (zi — Jo), (5.143)

where (1, and [, are the marginal mean vectors corresponding to y; and z; and X, is
the conditional covariance matrix of y; given z;. However, as y; and z; in the present
setup are two multinomial responses, we follow the linear form (4.20) [see Sect. 4.3]
used in Chap. 4, for example, to model the conditional probabilities, i.e., Pr(yi|z;),
and write

()
)Livj

|z

("))

i

o rwiwi) = Pr(yi =y [z =z
— {n(l)j(wt*l)+zf:1] pjh(zl(}:) 7ﬂ(i)'h(wzﬁ2))7 J: 17"'717 la r= 17"'7R7

l_zj;}’li()ﬁ(r)yjzl;r: 1,...,R,

(5.144)

where z\7) is the Ath (h = 1,....,R — 1) component of z\"), with z{/ = 1if h = r, and
0 otherwise; pjj is referred to as the dependence parameter relating yl(" ) with zl(h).
Note that this conditional model (5.144) may not be symmetric especially when
J # R. However, this does not cause any problems in inferences as we will use all
unconditional product responses (see also Sect. 5.5.2.2) to estimate the dependence

parameters.
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5.5.1.1 Means, Variance, and Covariances of Marginal Variables

Using the marginal probabilities from (5.141) and (5.142), the mean vectors and
covariance matrices for each of y; and z; are written as
i)y (61, wir) = E[Y] (5.145)

W), Wiy (r—1) (W], (5.146)

A
=
—
—~
=
=
3
=
~-
—~
=
-
A
=
=
T
—
~
—~
=
-
—

—~

”(i)z(ez*wfz) =E[Z] = [”(i)-l(W}kz)»~~~a7f(i)-r

var(¥;) = diag[my1. (Wi, - 7). (Wi ), - 7y ). (Wi)] = ), (87 Wi ) (87, iy )
= Z(i)yy (01, wi1); (5.147)
var(Z;) = diag[mg. 1 (Wh), -, ). (Wh), - 7y (ro1) (Wi)] = 702 (65, Wi ) ;) (65, w3)
= Z(i)z=(62,wi2), (5.148)
where

0F =[Bi",....B; .. BT 65 =g, e ]

Note that these formulas appear to be the same as in (5.111)—(5.118), except that the
marginal probabilities, that is,

Ty j.(why), and 7). (W),

are now given by (5.141) and (5.142), and they are free of o¢.

5.5.1.2 Covariances and Correlations Between y; and z;

Using the proposed conditional probability from (5.144), one may write the joint
probability 7 ;. (wj;, wh) as

o Wi wh) = Priyi =y, zi = 2]

= Pr(yi =y | =" )Priz =2"') = AL (rswiy, wi) . (W)

R—1
[n@j.(wrn + 3 puley) - n@-).h(w;a))] T (W), (5.149)
h=1

yielding the covariance between Y;; and Z;, as

cov(Yij, Zir) = E(YijZiy) — E(Yij)E(Zir) = 73y (Wi, Wia) — 0y 5. (Wi ) Ty (Wha)

R—1
= 7y (Wh) [z pin(ely) — n<,»>.h<w:a>>] . (5.150)
h=1
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Following (5.150), after some algebras, we can write the R — 1 covariance quanti-
ties in

cov(Z,Yij) = [eov(Yij, Zin), - . ,cov(Yij, Ziy), ... ,cov(Yij, Zig—1)]
in a matrix form as

(i1 (W) {25;1] pin(ay - ”(i)-h(wfz))}

coV(ZYy) = | oy (i) [SRd (el = ma(w))]

ey W2) [ SR panely " = . (w3))]

71 w5) [(1,0% ) — 70 .(65,w) | s

= | oy () [ (013 1.0y ,) =, (65,0) |

T (w5) | (O _01) = 4y (65, w1)] p;
= var(Z)p;, (5.151)

where

pj = pj1s--sPjns---Pjr-1]', and
ﬁ(i)z(6;7W?2) = [71'(,-).] (W?2)7 B n(i)-r(w:‘kZ)v R n(i)-(Rfl)(W?Z)]/7
by (5.146), and the (R— 1) x (R — 1) covariance matrix var(Z;) is given in (5.148).
Consequently, for every j =1,...,J — 1, one obtains
cov(Z,Y/)) = [var(Z)pi,...,var(Z)pj,...,var(Z;)ps—1]

= var(Z;)pm

= Z(i)y2(63, Wi, pm), (5.152)
where py = [p1,...,Pj,---,Ps—1]) is the (R — 1) x (J — 1) matrix of dependence

parameters. Next, by (5.152), one may compute the correlation matrix between the
pair-wise components of y; and z;, as
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corr(Z;,Y!

1y 4]

iM, (say).

) = [var(2;)] 2 var(Z;) pu[var(¥)]~

[var(Z;)]2 py[var(¥;)]

1
2

_1
2
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(5.153)

Note however that these correlations given by (5.153) among the components
of Z; and Y; for the ith individual may not have full range from —1 to 1, because
of the fact that pj, parameters in (5.144) are restricted by the constraint that

l(j)

iy|z

(r;w},w5) has to lie between 0 and 1. This is however not a major problem

as this type of linear conditional model was demonstrated to accommodate wider
ranges for correlation index parameters for the binary data as compared to other
competitive models (see Sutradhar 2011, Table 7.1). But it would be important to
estimate these index parameters pj- in py matrix in (5.152) consistently, so that
regression parameters can be estimated consistently and as efficiently as possible.

This estimation issue is discussed in the next section.

5.5.2 Estimation of Parameters of the Proposed

Correlation Model

Recall that

x/

61*:[ 1 900>

;/7'"7[31*—1/]/7 92* = [aflw

*x/

(04

[ R

© O‘E—ll]/

are referred to as the regression parameters involved in the marginal probabili-

ties (5.141)—(5.142), that is,

!’
exp(B;w})

| —forj:l...]_l
* J—1 ol ’ ’
Ply; :y51)|wi1] = - (Wh) = M forj=J
L3, exp(B; wj) a
exp(6;'x})) i
AT o i=1.....J—1
= { o0 ST sase)
T ooy O =

with

forj=1,...,J—1;and
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exp((x,*’w}‘z)

TINRT (k) %\
Plz =2 W) = m. (wh) = { 1 Eamt p(evn)

1438 Lexp(o/wh)

forr=1,...,R—1
forr=R

exp(0;'%;,) f o
—xr>—— forr=1,...,R—1

_ ) K] elxp(e;'fw . . (5.155)
1437 L exp(63'%) orr==

with
OL—1)(g+1)
Xip = W;'kz 5
0L(r—1-r)(g+1)
forr=1,...,R—1, and the components in

p*= (P117P12,---apjr,---aPJ—l,R—l)la

are variables dependence parameters involved in the conditional probabili-
ties (5.144), or equivalently in the joint probabilities (5.149), that is,

7oy Wiy wh) = Prlyi =y zi = 2]

R—1
= [n(,»>j.<w:1> + Y pin(al) - n<i>.h<w;f2>>] oy (W)
h=1

= 70 ) {011, 10 1) = (05 w8) | (). (5:156)
For convenience, we write
v =(6;",65"), and
o= (v.p"), (5.157)

and estimate the parameters in ¢ by using the so-called GQL estimation approach.
More specifically, we use two GQL approaches, first, an MGQL (marginal GQL)
approach, and then a joint GQL (JGQL) approach.

5.5.2.1 MGQL Approach

In this approach, for known py = p*, we exploit the first order moments to estimate
v = (0;',6;") parameter at the first stage. This we do by using the GQL approach.
Once an estimate of y = (0;',6;')" is available, we use it as a known value of ¥ in
the moment estimating equation for py; which is developed exploiting both first and
second order moments.
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5.5.2.1.1 MGQL Estimation for y

The MGQL estimating equation for y = (6;”,0;")' is given by

:Z ({0 W), 7 (67w 12)) iy, pur) [ 2 T O )
b vy zi — (i), (05, wp)
(5.158)
where, by (5.147)—(5.148) and (5.152), %11 (W, pm) has the form

sty — o (1)
:< var(Y;) cov(Y,,Z,))

cov(Z,Y!) var(Z;)

1y 5]

— Z(iyy (67, wi) Z(/,-)yz(ez*vwfzaPM) ' (5.159)
e (05,wh, o) Z(i)(65,w)5)

a(n(/,.)y(ef‘,w;).n(/,.)z(ez*,wi*z)) .
dy .
Because y = (0;',6;')’, the desired derivative matrix may be computed as follows:

Computation of the Derivative

/ * *
aﬂ'(i)y(el ’Wil) _ (97r(,~)1. 8717(,)] aﬂ(i)u,]) (5 160)
20y 20 7 96 T 96y ’ '
where, for j=1,...,J—1, by (5.154),
aﬂ:i j- * * - * *
ﬁ}] = 1), (Wi )X — z,lxign(i)g(wil)]v (5.161)
g:
where x7; [Ol’( I)(pH),wfll,01’(17]7].)(1)%)] is the 1 x (J —1)(p+ 1) row vector

as deﬁned in (5.154). For convenience, we re-express the (J/ —1)(p+1) x 1 vector
in (5.161) as

=) . (Wi ) T (Wi )wiy
o) = 7t(iyj- (Wit ) iy (j—1)- (Wi ) Wiy

00r (705 (Wi ) (X = 75 1. (Wi )Wy
1 * * *
=) (Wi Ty e (Wi )W

—Ti) - (W,'*1)”(i)(171)-(W71)Wf1
[{n(i)j(wz'kl)llfl - ”(i)j‘(wlj'ﬂl)n(i)y(el*aw;'kl)}
owl], (5.162)
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and write the formula for the derivative as

aml (6. wiy)

FTR = [Zay (87 wi) @wii], (5.163)

where X;),, (0], wj;) is the (J — 1) x (J — 1) covariance matrix of y; as given
by (5.147). By calculations similar to that of (5.163), one obtains

am;) (65, wp)
()ZBT = [Z)=(62,wi) @ Wi, (5.164)
2

where X;)..(65,w}) is the (R —1) x (R— 1) covariance matrix of z; as given
by (5.148). Consequently, we obtain

8(”Ei)y(er’wzj'ﬁl ); ﬂ(/i)z(QZ*’W;FQ))
dy

_ [ Zow (67 wi) @w 0 .
0 )2 (05,wh) @wh

(5.165)

For known py, one may then solve the MGQL estimating equation (5.158) for y
by applying the iterative equation

{ia( L (67 W), (i)z(ef,w,*z))

-1 Iy

W(m+l):li/(m)+ ()11(Ws i W )

% a(”éi)y(el*awfl)anéi)z(9;7wfz))/ i (61, 11) (i)z(engza))
81//’ i=1 8‘//

Yi (67, wi)
X ()11(1% i1 W ) (Z[ 5132(92157‘/‘}*;)) }] |W:‘f/<m>‘ (5166)

Furthermore, it follows that the MGQL estimator, say Y gor, obtained from (5.166)
has the asymptotic variance given by

K 9(m, (67, wi), 7, (65, W)
limitg e var[PrGor] = {Z : la o
i=1 v
o(ml, (0F,wh), . (65,w5)) B
({01 W), )65, Wiz
y y aw, z . (5.167)

2(75)]11(V/7W;F1awi*2)
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5.5.2.1.2 MM Estimation for pys

At the second stage we estimate p* or equivalently pys by using the well-known
method of moments (MM). Because

cov(Z;,Y!) = [var(Z;)] pu- (5.168)

by (5.152), and because this relationship holds for all i = 1,...,K, by taking
averages on both sides, we obtain the method of moments (MM) estimator of py as

-1
, (5.169)

1 & 1 ¥
IsM,MM: *ZV@I‘(ZZ‘) *ZC@V(Z,‘,YI»/)
Ki:l Ki:l

where c6v(Z;,,Y;;) in cov(Z;,Y/), for example, has the formula, cov(Z;,Y;;) =

(zir — Ra).r) Vij — Ry j.)-
5.5.2.2 JGQL Approach

In the last section, the regression effects y = (6;”,0;")" were estimated by using
the GQL approach, whereas the bivariate response dependence parameters in Py
were estimated by the method of moments. In this section we estimate all these
parameters jointly by using the GQL approach only. Thus, the JGQL estimating
equation for

o= (v ,p*")

will be a generalization of the GQL estimating equation for y given by (5.158). For
the purpose, because the joint cell probabilities 7 ;-(wj}, w};) given in (5.156), i.e.,

iy jr (Wi, wiy) = Prlyi = y,('j)&i = Z,(r)]

R—1
[nw. Wi+ Y pinlal) — n<,~).h<wrz>>] iy (W)
h=1

= |70 00i0) {01110k ) = 0,63, wi) | i o (w32,

contain the parameters y = (6;',6;")" as well as

*

P = (P3P Pr1)
= (p117"'7pj17"'7pjr7"-7pj,R—17~"7pJ—1,R—1)/7

we consider a statistic g; with joint cell observations, namely

8i = (Vi1 Ziy -+ -y YijZirs s Vig—1ZiR-1) s (5.170)
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for the estimation of p*. This statistic g; has the mean

E[Gi] = (Tiyt1s- > Ty jrr - > Bty a—1)(R=1)) = Tz (W5 p7), (say). (5.171)

As an extension of (5.158), one may now construct the JGQL estimating equation
for ¢ = (y/',p*') as

K a (i)y (917 )7 (i)z (927 )7 z)z(va ))
=2 3

—_

-1 * *
Y Yi = Ty (0, W)

X |cov | Z; zi— ()2 (05,w)) | =0, (5.172)
G 8i — Ty (Y. p*)

which may be solved iteratively to obtain the JGQL estimates for all elements in ¢,
including p*. The construction of the covariance matrix of (¥/,Z!,G})" is outlined
below.

5.5.2.2.1 Construction of the Covariance Matrix of (Y/,Z!,G})’ for the JGQL
Approach

In (5.172), the covariance matrix of (Y/,Z/,G})’ has the form

17

Yi .
cov| z | = (ZnvP?) 112("””*))2,- o) (say). (5.173)
( SRV )~ 5p) 5o

where

* Y;
Zin(y,p*) = cov (Z,-> ;

is already computed in (5.159), p* being equivalent to py, with pys as the
(R—1) x (J —1) matrix given by py = (p1,...,pj,-..,ps—1), Where p; =

(pjlv' <y Pjry- - »Pj,R—l)/-
The computation for the remaining covariance matrices in (5.173) is done as
follows. More specifically,

T (w,p”) = cov(Gy) = diag(my (W, p")) — Ty (W, p ")y (W, p7)
= diag (7115 i) e By - 1)(R-1)] — Tiye (W5 0 )Ty, (W, 07),
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where ﬂiyz(l[/,p*) = [ﬂ(i>11,.. S i) jro - - -an(i)(J—l)(R—l)]/ as in (5.171), with (i) jr A8

given in (5.156). Next,

Zaly.p) = (V).
where
cov(Y;, G)) = [cov(vin, yijzir)] : (J—1) x (J = 1)(R—1)
with
iy jr(1 = oy 1.) h=J,
eV D) = { ’(;ijr”(i)f( ’ h#J,
and
cov(Z;, G}) = [cov(zig,yijzir)] : (R—1) X (R—1)(J — 1)
with

7y (L= me).) g =,
cov(zig, yijZir) = { _(7;.)(. ) ) Z?’é r
i) jriv(i)r .

5.5.2.2.2 Computation of the Derivative Matrix
a(ﬂzl‘)y(el*vwﬁ )7”El‘>z(9;7“’;‘2)@,{%(“’:[’*))
99

Because ¢ = (y/,p*’)" with w = (6;',0;")’, and the derivative

9 (71, (67, w}1) 7(;) (65, W)
oy

(5.174)

(5.175)

(5.176)

(5.177)

(5.178)

was computed in (5.165), it is convenient to re-express the desired derivative

matrix as

Ay, (6w ).l (65 wi). Th (v, p")

¢

9 (7, (67 wiy) ;) (03 W) d(mf (w.p*))
_ A% dy
=\ owy 00 i) 050 o (wp)) |
dp* ap*

(5.179)
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where

a(n(li)y(el*’wjl)’”(/i)z(efawfz))
dp*

=0:(J- )R- x{(J—1)+R-1)

because the components in n{i)y(el*,wj‘l) and n(/l.)z(eg,w;g), that is, the marginal
probabilities are free from p*. The remaining two derivatives in (5.179) are

computed as follows:

(7 (W.P"))  /om, amy,  om
Nyl Ton o 2T OM)UI-DR=1)
Sy ( 01 . L ) (5.180)
where by (5.156), forall j=1,...,J—1; r=1,...,R—1, one writes
Iy 2| (R 01+ { O 10y = (65 w2) i) g )|
oy y
877:,~ (W;k) / 877:’1. (6;714;;_*2) "
= [(%IW]‘*'{( r—l7170;?—l—r)_()zT Pj | ®iyr(wia)
* / / / * % a”(i)»r(w;kz) 5.181
+ (”(i)j-(wi1)+{(OrqvlvoRflfr)*”(i)z(ez»wiz)}l)oT , 5.181)
with
an(i)j' _ [{ﬂ([)j,(W?OlJ,] 7Tc(i)j~(W?I)n(i)y(elﬁwfl)}®W;'kl] (5.182)
y 0
(i) ( 0 )
— = . . . s L1 ] (5.183)
Iy [{ﬂ(i)~r(Wi2) lg—1— ﬂ(i)-r(wiz)n(i)z(ez W) ® WiZ]
O (65, W) ( 0 ) s184)
3l[/ Z(i)zz(efﬂwzz)(g)wzz ’

by (5.162) and (5.165).
Next

a(ni/yz(va*» (Qn(,-)” am

_ Wir ... IMDu-DER-D) 5.185
ap* ) o1

ap* ap* dp*

where

Iy _ 2| (70 0) + {0110k 1)~ (65 w2) ) i (0) |

dp* dp*
(5.186)
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Now because

*

p = [p{""vp}v"'ap}—l]/v

the derivative in (5.186) has the formula

8717() OI(R*I)(]'*I)
= | =7 W) mu: (65, wh) | (5.187)

0l(r—1)y-1-))

forall j=1,....J—1;r=1,...,R—1.

5.5.2.2.3 JGQL Estimate and Variance

By using the formulas for the covariance matrix given by (5.173) and the derivative
matrix from the last section, one then solves the JGQL estimating equation (5.172)
for ¢ by applying the iterative equation

K [ 9(m;), (67, w}y). 7y (65 .wh), T (W, p"))
(1)_) 1°"%il/» (1)z 29727 Miyz ’ -1 %
Z{ % 57 (vp)

i=1

{ a(n(/i)y(er’W?I)771:(/[)1(92*7“}?2)’ n,{yz(llhp*))/ }

F(m+1) = d(m)+

-1
X

99’

Z 90 Ei_](l[/.,p*)

i=

« |: a 917 zl) ()(627 12) nz(w’p ))

yi — Ty (07, wi)
x| zi— (65, w)) . (5.188)
8i — Ty (W, p*) 6= (m)

Let var[qSJGQL] be the estimate obtained from (5.188). It then follows that this
estimate has the asymptotic variance given by

“Hy.p")

K oy (87 wi), 7y (65, wh) - (. p"))
limitg_..var (])JGQL |:Z{ ! ! ();‘Pz 27 T b

a(nl (85, wi), 7l (85, wh),mh (w,p)) )]
« { ( (t)y( 1 ll) (l)(;(q)/z 12) yz(wp )) }:| ' (5189)
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5.5.3 Fitting BNLCMP Model to a Diabetic
Retinopathy Data: An Illustration

In this section, we illustrate an application of the bivariate multinomial model
described by (5.138)—(5.139) and (5.144), under Sect. 5.5.1, by reanalyzing the so-
called WESDR data, which was analyzed earlier by Williamson et al. (1995), for
example. As far as the inference techniques are concerned, we apply both MGQL
and JGQL approaches discussed in Sects. 5.5.2.1 and 5.5.2.2, respectively. Note that
this illustration is also available in Sun and Sutradhar (2014). We now explain the
WESDR data set in brief as follows. This data set contains diabetic retinopathy
status on a ten-point interval scale for left and right eyes of 996 independent patients,
along with information on various associated covariates. Williamson et al. (1995)
have considered four categories, namely None, Mild, Moderate, and Proliferative,
for the DR status for each eye. There were 743 subjects with complete response
and covariate data. Some of the important covariates are: (1) duration of diabetes
(DD), (2) glycosylated hemoglobin level (GHL), (3) diastolic blood pressure
(DBP), (4) gender, (5) proteinuria (Pr), (6) dose of insulin per day (DI), and (7)
macular edema (ME). Note that these covariates are not eye specific. That is, these
covariates are common for both left and right eyes. Let w; = (wy,... ,wip)’ be the
p—dimensional common (to both eyes) covariate for the ith individual. Also, in
this example, the number of categories for DR status of two eyes would be the
same. That is, J = R. Thus, one has to adjust the marginal probabilities in (5.138)
and (5.139) as

exp(Bjo+6jwi)
j J—1 .
P[yz = yl(]) |Wl} = 71?(,)] (W,) = 1+zu:1 expl(ﬁqur%w,)

forj=1,...,0J—1
(5.190)

— forj=J
s TexpBatopw) O T

and
exp(00+6/w;) forr=1,...,R—1

) . _ ) 1+38 Texp(ogo+6)w; ’
Plzi =z, [wi] = 7). (wi) = =t (o0 0y) forr =R, (5.191)

1+Zﬁ;11 exp(oc;,()+9,’lvv,')
where for j = r under J = R,
Gj = (9]1, ey 9]-4, ey Gjp)/,
which is the same for both y and z. Equivalently, writing
B; = By, 6},

a;k = [aran;{]/a

wi = [1,w], (5.192)
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one still can use the notation

o; =[B,..., f’,...,ﬁj_l’]’, 0; =[of,....00 ... o]

as in the last section (see (5.147)—(5.148)), but there are fewer parameters now
because 6; : p x 1 is common to both [3/* and o forall j=r=1,...,J—1. This
common covariate situation would make the conditional probability (5.144) simpler,
which now is given by

AW (r ))

e (Hwi) = Pr(yi =3z =7

;. (W) + 2] Pjh(Z,(;? —mia(wi)), j=1,....,0=1;r=1,...,R
_ (5.193)
J—1 e
-3 Azylz( r,j=Jr=1,...,R.

To better understand the data, in Sect.5.5.3.1, for simplicity, we first use two
categories for each variable and fit such a bivariate binary model by computing
the correlation index and regression parameters. This bivariate binary analysis is
followed by a bivariate trinomial model fitting in Sect. 5.5.3.2.

As far as the dependence parameters {p;,} are concerned, for the binary case
there is one parameter, namely pq;. For the trinomial case, because J = K = 3, there
will be four dependence parameters, namely {p;,} for j = 1,2 and r = 1,2. These
are interpreted as the left eye category j (for y) versus right eye category r (for z)
dependence parameter.

5.5.3.1 Diabetic Retinopathy Data Analysis Using Bivariate Binary
(J =2, R =2) Model

In this section, for simplicity, we collapsed the four categories of left and eye
diabetic retinopathy (DR) status in Williamson et al. (1995) into two categories
for each of the bivariate responses. More specifically, these two categories are
‘presence’ and ‘absence’ of DR. The DR responses in the bivariate binary format is
shown in Table 5.1.

Table 5.1 Bivariate binary model based counts for left and right eyes diabetic
retinopathy status

right eye \ left eye Y=1 (presence of DR) | Y=0 (absence of DR) | Total
Z=1 (presence of DR) | 424 31 455
Z=0 (absence of DR) 39 249 288
Total 463 280 743
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As far as the covariates are concerned, we denote the seven covariates as follows.
First, we categorize duration of diabetes (DD) into three categories, to do so we use
two dummy covariates w;j; and w;j defined as follows:

(1,0), DD < 5years
(wit1,wir2) = ¢ (0,0), DD between 5 and 10 years
(0,1), DD > 10 years.

The other six covariates are denoted as:

GHL; — GHL {0, DBP < 80 { 0, male
= , Wiz = i4 =

Y2 = S e(GHL) 1, DBP >80, " 1, female,
e — 0, Pr absence o — 0,DI<1 o — 0, ME absence
5 1, Pr presence, 6= 1, DI =2, 7 1, ME presence.

The effects of the above seven covariates are denoted by
61 =6 = (611,612,62,63,64,65,66,6;)’

on the binary response variables y; and z;.
The bivariate binary response counts from Table 5.1 and the above covariates are
now used to fit the following marginal and correlation models:

exp(Bio+wiH)
—— P P = ] = s
Tor = P00 D = T e Bro +w16)
B . exp(ono+wi8)
My = Priz=1) = 1 +exp(aio+w:0)’
and {1} = Pr(y; = 1]z, w;) = T+ P11 (2 — (yz). (5.194)

These models are special cases of the marginal multinomial models (5.190)—(5.191)
and the multinomial correlation model (5.193), where Bio (B0 = 0) represents the
category effect for the left eye and similarly, oo (0o = 0) represents the category
effect for the right eye, and p;; represents the dependence of left eye DR on the
right eye DR. Note that the bivariate binary model produces the correlation between
left and right eye DR as

iyt — i)y

7y (1 = (i) 70 (1 — 7))

P(iyz = corr(yi,zi) = \/

iy (1 = 7(5),)

Ui U 7 (5.195)
iy (1= 7))

= P11
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Table 5.2 The joint GQL (JGQL) and MGQL estimates for the regression
effects and the left eye category j = 1 (for y) versus right eye category k = 1
(for z) dependence (C11D) parameter {py;,j = 1;k = 1} , along with their
estimated standard errors (ESE), under the normal linear conditional bivariate
binary probability model for the diabetic retinopathy data

Approach JGQL MGQL
Parameter (Effect of) | Estimate | ESE | Estimate | ESE
ayo —0.317 10.197 | —0.320 |0.201
Bio —0.215 10.197 | —0.238 |0.200
61, (DD low) —2.040 0.274 | -2.119 |0.287
012 (DD high) 2.235 10.206 2.238 | 0.210
6, (GHL) 0.387 10.093 0.417 | 0.095
6; (DBP) 0.573 10.189 0.554 |0.193
64 (Gender) —0.249 0.183 | —0.230 |0.187
65 (Pr) 0.527 10.321 0.510 |0.327
6 (DI) 0.003 |0.184 0.018 |0.187
6; (ME) 2.064 |1.043 2.603 |1.378
p11 (C11D) 0.637 10.039 0.636 | —

where m; = Priy; = 1,5 = 1) = Pr(z; = DP(yi = 1|z = 1) = mp. A0 =
iy [Ty + P11 (1= 7))

The MGQL estimates for the regression effects (0) of the bivariate binary
model (5.194) are computed by (5.166), along with their standard errors computed
by (5.167). The MM estimate for p;; is computed by (5.169). Next, the JGQL
estimates for both regression effects (6) and dependence parameter (p) along with
their standard errors are computed by using (5.188) and (5.189). These estimates for
the parameters of bivariate binary model are given in Table 5.2.

Now by using the model parameter estimates given in Table 5.2, we can calculate
the correlation p;y, for each i = 1,...,743. This we do by using the MGQL
estimates. As far as the correlation index parameter is concerned, it was found to
be Pi1y6or = 0.637 (P11,mm = 0.636) implying that right eye retinopathy status
is highly dependent on the retinopathy status of left eye. This high dependence
appears to reflect well the correlation indicated by the observations in Table 5.1. We
also have computed the summary statistics for the distribution of p(;),. (5.195) for
i=1,...,743. It was found that most correlations cluster around 0.61 which is far
from zero correlation, whereas the correlations for some individuals may be larger
than 0.61 and in some cases they can reach a high value such as 0.64. To be precise,
the minimum of p;),, was found to be 0.611, and the maximum is 0.641, with
average of p;,, given by py, = 0.617. Thus, the present model helps to understand
the correlation between the left and right eye retinopathy status.

The results from Table 5.2 show that the JGQL estimates are very close to the
MGQL estimates. However, when ESEs (estimated standard errors) are compared,
it is clear that the ESEs of the JGQL estimates are smaller than the corresponding
MGQL estimates, which is expected because unlike the MGQL estimating equation,
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the JGQL estimating equation is fully standardized for all parameters. We now
interpret the estimates. The results of the table show that the propensity of diabetic
retinopathy (probability of having diabetic retinopathy problem) tends to increase
with longer DD, higher GHL, higher DBP, male gender, presence of Pr, more
DI per day, and presence of ME. Note that the estimates of effects of DD and
ME are found to deviate from zero clearly, indicating that these two covariates
are important risk factors of diabetic retinopathy problem. To be specific, (1) the
marginal parameter estimates Q10 sGor = —0.317 and Biojcor = —0.215 indicate
that when other covariates are fixed, an individual has small probabilities to develop
left and right eye retinopathy problem. Next, (2) because DD was coded as (0,0)
for duration between 5 and 10 years, the large positive value of 9127 JGorL = 2.235
and negative value of éll’ JGoL = —2.040 show that as DD increases, the probability
of an individual to have retinopathy problem increases. (3) The positive values of
6 jGor = 0.387 and 85 ;o = 0.573 indicate that an individual with high GHL and
DBP has greater probability to have retinopathy problem given the other covariates
fixed, respectively. (4) The negative value of 94, 7601 = —0.249 indicates that males
are more likely to develop retinopathy problem compared with females. Next,
Bs. 7601 = 0.527 show that presence of Pr (proteinuria) increases one’s probability
to develop retinopathy compared with those who don’t have Pr problem. (6) The
small values of 96 under both approaches, to be specific, 967MGQL =0.018, indicate
that dose of insulin per day (DI) does not have much influence on one’s propensity
to have retinopathy problem. (7) The regression effect of ME (macular edema) on
the probability of having diabetic retinopathy in left or right eye was found to be
é7,MGQL = 2.603. Because ME was coded as w7 = 1 in the presence of ME, this
high positive value é7,MGQL = 2.603 indicates that ME has great effects on the
retinopathy status.

5.5.3.2 Diabetic Retinopathy Data Analysis Using Trinomial
(K=3, J=3) Model

Under the bivariate binary model fitted in the last section, dichotomous diabetic
retinopathy status such as absence or presence of DR in both left and right
eyes were considered. In this section we subdivide the presence of DR into two
categories, i.e., non-severe DR and severe DR. Thus, for illustration of the proposed
correlation model, altogether we consider three categories, namely none, non-
severe, and severe, for both left (y) and right (z) eyes, whereas Williamson et al.
(1995), for example, considered four categories, namely none, mild, moderate, and
proliferative. This is done for simplicity only, whereas the proposed approach is
quite general and is able to deal with any suitable finite number of categories for
a response variable. In notation, we represent three categories of left eye diabetic
retinopathy status by using two dummy variables y;; and y;> defined as follows:

(1,0), non — severe DR (category 1)
(vit,yi2) = % (0,1), severe of DR (category 2)
(0,0), absence of DR (category 3).



5.5 Bivariate Normal Linear Conditional Multinomial Probability Model 335

Table 5.3 Trinomial model based counts of left and right eyes diabetic
retinopathy status

right eye \ left eye | non-severe DR | severe DR | absence of DR | Total

non-severe DR 354 15 31 400
severe DR 12 43 0 55
absence of DR 39 0 249 288
Total 405 58 280 743

Similarly, we use two dummy variables z;; and z;; to represent the three categories
of right eye diabetic retinopathy status as follows:

(1,0), non — severe DR (category 1)
(zi1,zi2) = § (0,1), severe DR (category 2)
(0,0), absence of DR (category 3).

The distribution of the 743 individuals under three categories of each of y and z
are shown in Table 5.3.

As far as the covariates are concerned, in the bivariate binary analysis in the last
section, we considered seven covariates. However, one of the covariates, namely
dose of insulin per day (DI) was found to have no obvious effect on DR evident
from the JGQL and MGQL estimates for this effect, which were found to be
96, 76or = 0.003 and éﬁlMGQL = 0.018. Thus, we do not include DI in the present
multinomial analysis. The rest of the covariates are: (1) duration of diabetes (DD),
(2) glycosylated hemoglobin level (GHL), (3) diastolic blood pressure (DBP), (4)
gender, (5) proteinuria (Pr), and (6) macular edema (ME); and it is of interest to find
the effects of the six covariates on the trinomial status of DR. Furthermore, unlike in
the previous section, in this section, we use standardized DD to estimate the effect of
DD on DR. There are two obvious advantages of doing so, first the total number of
model parameters can be reduced by two, yielding simpler calculations; second it is
easier to interpret effects of DD on different categories of DR. We give the formula
for standardizing DD as follows:

DD; — DD

wip = se(DD) (5.196)
Next, to specify the bivariate trinomial probabilities following (5.190)—
(5.191), and (5.193), we use the notation w; = (Wi, wp, w3, Wia, Wis, wig)  to
represent aforementioned 6 covariates, and use 6; = (61, 651,651,641, 6051,6061)
to represent the effects of w; on the response variables y;; and z;;, and 6, =
(012,62, 03,01, 052,6c) to represent the effects of w; on the response variables
vip and zp. For example, 0y; is the effect of DD on non-severe DR, and 0>
represent the effect of DD on severe retinopathy problem. Note that in addition to
w;, the probabilities for the response variables z;; and z;; are functions of marginal
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Table 5.4 The marginal GQL (MGQL) estimates for the regression
effects along with their estimated standard errors (ESE), and the
estimates of the left eye category j (for y) versus right eye category r
(for z) dependence (CjrD) parameters {pj,,j = 1,2;7 = 1,2} under
the normal linear conditional bivariate trinomial probability model for
the diabetic retinopathy data

Parameter (Effect of) Estimate ESE

(a0, 00) (0.682,—2.528) | (0.147,0.312)
(Bio,B0) (0.753,—2.388) | (0.148, 308)
611 (DD on non-severe DR) 2.177 0.141

612 (DD on severe DR) 2.591 0.177

6,1 (GHL on non-severe DR) 0.367 0.070

6>, (GHL on severe DR) 0.391 0.132

631 (DBP on non-severe DR) 0.673 0.142

63, (DBP on severe DR) 1.146 0.287

641 (Gender on non-severe DR) | —0.190 0.138

64> (Gender on severe DR) —0.374 0.261

651 (Pr on non-severe DR) 0.545 0.245

65> (Pr on severe DR) 1.741 0.335

661 (ME on non-severe DR) 2.077 1.035

05> (ME on severe DR) 4.154 1.050

p11 (C11D) 0.641 -

p21 (C12D) 0.017 -

P12 (C21D) 0.009 -

p22 (C22D) 0.674 -

parameters 0o and Oy, respectively; similarly, the probabilities for the response
variables y;; and y;, are functions of marginal parameters 19 and By, respectively.
These latter parameters are category effects.

Because there is no big difference between JGQL and MGQL estimation
techniques, for simplicity, in this section we have used the MGQL approach only.
The MGQL estimates of all model parameters and the estimated standard errors
(ESE) of all regression parameters (09, 020, B1o, P20, 61 and 6,) are reported in
Table 5.4.

The results in Table 5.4 show that the propensity of diabetic retinopathy (prob-
ability of having diabetic retinopathy problem) tends to increase with longer DD,
higher GHL, higher DBP, male gender, presence of proteinuria, and presence of
ME. This observation agrees with the results in Table 5.2 under the bivariate binary
analysis. To be specific, (1) the marginal parameter estimates &iomcor = 0.682
and 0o mgor = —2.528, along with the marginal parameter estimates 310,MGQL =
0.753 and Blo’MGQL = —2.388, indicate that when other covariates are fixed, a
diabetic patient tends to develop retinopathy problem. However, the probability
to have moderate (non-severe) retinopathy problem is larger as compared to the
probability of having severe retinopathy problem. This observation agrees with the
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descriptive statistics in Table 5.3. (2) The large positive values of éll,MGQL =2.177
and é12,MGQL = 2.591 show that as DD increases, the probability of an individual
to have retinopathy problem increases, the longer DD, the severer retinopathy status
will be. (3) The positive values of 831 yor = 0.673 and 632 yGor = 1.146 indicate
that an individual with higher DBP has greater probability to have retinopathy
problem given the other covariates fixed. The positive values of 6; and 65, give
similar interpretation of the effects of GHL on one’s retinopathy status. (4) The
negative values of 04 1.MGoL = —0.190 and é427MGQL = —0.374 indicate that males
are more likely to develop retinopathy problem as compared to females, and males
are more likely to develop severe retinopathy problem than females. (5) The large
positive values of é61 = 2.077 and 962 = 4.154 indicate that ME has a strong
influence on one’s propensity of diabetic retinopathy, and that presence of ME leads
to severe DR more likely than moderate retinopathy problems.

Next, the large correlation index parameter values p11 pyy = 0.641 and poy yy =
0.674, and the small values of P21 ym = 0.017 and P12y = 0.009 imply that right
eye retinopathy severity is highly correlated with the retinopathy severity of left
eye. For example, for individuals whose left eye retinopathy status is non-severe,
it is highly possible for them to have non-severe right eye retinopathy problem.
Similarly, for those who have severe left eye retinopathy problem, it is greatly
possible for them to have severe right eye retinopathy problem as well. This high
correlation appears to reflect well the correlation indicated by the observations in
Table 5.3.

Note that Williamson et al. (1995) also found similar but different (in magnitude)
regression effect values as in Table 5.4, but the present estimation techniques
provide more efficient estimates for the regression effects involved in the proposed
normal linear conditional probability model. Furthermore, the correlation index
parameters interpretation is quite appealing to understand the dependence of left
eye retinopathy status on the right eye status and vice versa, whereas the odds ratio
approach does not offer such correlation ideas but uses only one global odds ratio
parameter to understand the dependence of multiple categories which appears to be
inadequate.
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Chapter 6
Multinomial Models for Longitudinal Bivariate
Categorical Data

6.1 Preamble: Longitudinal Fixed Models for Two
Multinomial Response Variables Ignoring Correlations

Recall from Chap. 4, specifically from Sect.4.4 that the marginal probability at
initial time (f = 1) and all possible lag 1 conditional probabilities for a multinomial
response repeated over time were modeled as:

Marginal probability at ¢ = 1 for y variable:

exp(wji ;) ,
. —’*forjzl,...,Jfl

1 .
—_— fOI' :.]
s Texpou ) T

/ . . . .
where w}; = (1 wﬁl) w;1 being the p—dimensional covariate vector recorded at

time # = 1, and B} = (Bjo, ;)" is the effect of wj; influencing y; to be yl(l) Here

Bj= [ﬁjla~~-aﬁju7 Binl'-

Lag 1 based conditional probabilities at# =2,..., T, for y variable:

) ) (8) ’ e:pl[w koS L> yforj=1,..../—1
nl_[/‘til(g|y) :P(Yﬁ =y Vi :yi§_1> ) 14X exp [wl R 1} ' (6.2)
1+ xp[‘,, (o /(t)]} forg =4,

where g = 1,...,J, is a given (known) category, and ¥j = (Yj1,-.,¥jv,---,YjJ—1)
denotes the dynamic dependence parameters.

Also recall from Chap. 5 that in the bivariate multinomial case in cross-sectional
setup, one collects two multinomial responses y; and z; from the ith individual.
In the longitudinal setup, both responses will be repeatedly collected over time
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t =1,...,T. Using individual specific covariate (i.e., common covariate for both
responses), a separate marginal and conditional probabilities model for z;;, similar
to (6.1)—(6.2) may be written as

Marginal probability at ¢ = 1 for z variable:
r) %forr:l,...,R—l
Plair = ;1] = mny,(e) = e ei‘p(w’z%) (6.3)

— T fOrV:R
1+2R | exp(w, 11 o) ’

()

where o = (ay0,0;) is the effect of w}; influencing z;; to be z;’, where r =
1,...,R—1.Here 0 = [0t1,..., 0, ..., 0p]".
Lag 1 based conditional probabilities at = 2,...,7, for z variable:
0
. " exp[w o+, l](h forr=1,....R—1
r !
) k) = P(Zi =) |7 =) ) =4 1HE e [wlu oAz | 6.4)
forr =R,

l+ZR ]l exp [w a*+l{~f}; I}

where 1 =1,...,R is a given (known) category, and A, = (A,1,...,Ap, ..., Arr—1)
denotes the dynamic dependence parameters.

6.2 Correlation Model for Two Longitudinal Multinomial
Response Variables

Notice that yi = (Vir1,---»Yitjr---»Yirg—1)" and zip = (Ziets-- - Zitrs - - - Zit,g—1)  are
two multinomial responses recorded at time ¢ for the ith individual. Thus, two
multinomial responses for the ith individual may be expressesd as

Yi = [y§17"'7y§t7"'7y;T]/ : (J_ I)TX 17
Zi:[Z?],-..,ZE,,---,Z?T]/:(R_l)TX1. (65)

Similar to Sect.5.4 (specifically see (5.109)—(5.110)), it is quite reasonable to
assume that these two responses are influenced by a common random or latent
effect éi*. Conditional on this random effect &i*, one may then modify (6.1)-(6.2),
and develop the marginal and conditional probabilities for the repeated responses

Yils- -« Yity- -+ YiT a8

SWORBE) iy g
X —1,...,
Phi =3 1&] = 7y = § B SR0RAHD o (6.6)
1+ZI 1exp( 11/35—&-5 oty =7
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and
m ) = P (= [ =5l .)

exp [wi B +78) |+ }
—{ t+xew | ,,ﬁm/y,

: yforj=1,...,0—1
] (6.7)

for j=1J,
1+5 - exp |w, ,,Bv+m,- i+ /

fort=2,...,T. We will use
B=IBr.....B - Bia) s (=D (p+1) x1
to denote regression parameters under all categories, and
Y=l =D =) <

to denote all dynamic dependence parameters.
Similarly, by modifying (6.3)—(6.4), one may develop the marginal and condi-

tional probabilities for z;1,...,zi,. ..,z as
WOUOE) oy R-1
. *) ok _ 1+3R8- exp(wl o +EF) R
Plan = 2|67 = 7)., = S for r =R, ©

1+2g;1 exp(w} a§‘+§

and
. h *
Tl;l(ti)l (h) = P(Zit = ZE{) Zi,t*l = Zl(,l)—l’ i )
wi g a2+
e:p[ &t ” forr=1,...R—1
T o [y o Al 48] (6.9)
forr =R,

1458 exp wy o 4242y 47|
fort =2,...,T. All regression and dynamic dependence parameters corresponding
to the z response variable will be denoted by

o=, ... 0 o ) (R=1)(g+1)x1,

and

respectively.
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6.2.1 Correlation Properties For Repeated Bivariate Responses

6.2.1.1 (a) Marginal Expectation Vector and Covariance Matrix for y
Response Variable at Time ¢

Conditional on &/ or equivalently & = i—g (see (5.1)), these expectation vector

and covariance matrix may be written following Chap. 4, specifically following
Sect.4.4.1. Thus these properties will be constructed as follows by combining
the longitudinal properties of a variable from Sect.4.4.1 and its possible common
correlation property with another variable as discussed in Sect.5.4.1. That is, in
notation of (6.6)—(6.7), we write

T o My 1 = i fort =1,
7 (B.y.0z &) = 7, forr =1,
ElYal&] = { m (B,7.0¢1&) = n ,5,)1)(1) (6.10)
+fn(z£ ) )M n(i5|t11)(‘])l./—l ”Ek,-f:;)l)(ﬁ,%ffg\éi)
*(1 *( - *((J—1)-
[”(15))" '7”(;;)7'“7”(1'% ))]’ fort=2,...,T,
and
dldg[ﬂ.’ll) e (*1),‘-7“' n'( _ n,'(*[l)* . fort=1,
it|Gi A 6.11
arltale] = {dlag[ﬂ:”)l ,...,n(*ig-;%...,n(lg;’ ;%?O] ! forz:Z,...,T.( )
b (BLy.0el&) : (F 1) x (J = 1), (say), fort =1,....T (6.12)
In (6.10)~(6.11),
*(x) _ (1) *(J-) #((J=1)-)
M) = M-y DM -1y DMy D
=7 (B,y=0,0%[&) (6.13)
()
n(il|t71),M
x(1-) x(1-) x(1-)
n(it|t71)(1) n(it\tfl)(g) n(it\tfl)(‘lil)
oy ) gy | = u—1), 614
n(iflt—l)( ) n(it\t—l)(g) n(it\z—l)( ) | )% ( ),(6.14)

A=D1y
Na—1y (1) -

w1thn(( 7 (g) asin (6.7), for j,g=1,...,.J—

it|t—1)

A=)
.o n(i[‘lfl) (g) cen

H(I-1))
M-y = 1)

1.
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Now to obtain the unconditional mean vector and covariance matrix for y;,

similar to (5.1), we assume that the random effects are independent and they follow

5?‘ ud

the standard normal distribution, i.e., § = N(0,1). More specifically, after

taking the average over the distribution of &;, these unconditional moment properties
are obtained from (6.10)—(6.11), as follows:

Unconditional mean vector at timezr =1,...,7:

Joo ). (B0 1) fv(&)dE; forr =1,
2w By 0 &) f (&) fort =2, T,

:nf;'>>(/3,y,a,§):(1—1)x1,(say), fort=1,...,T, (6.16)

E[Yy] = Eé,-E[YitKi] = { (6.15)

where fy(&) = exp[ 2]. Note that all integrations over the desired functions

in normal random effects in th1s chapter including (6.16) may be computed by using
the binomial approximation, for example, introduced in the last chapter, specifically
in Sect. 5.3.

Unconditional covariance matrix at timer = 1,...,T:
var[Yy] = Egvar[Y;|§;] + varg E[Y; ]
= [ X (B 1.0 160 i ()4 +varg il (B.v. o )
= [ =5 ByoelemEag+ [ (B yoclE)}
{n*,-f*'>(ﬁm 0 1&) Y (E)dE
(ﬁ %Gg) (ﬁ Y,0¢)

= Z(;t>(ﬂ,y, o:), (6.17)
where 71: (ﬁ Y,0¢ ) is given in (6.16).
6.2.1.1 (b) Auto-Covariances Between Repeated Responses for y Variable
Recorded at Times u < ¢

Conditional on &;, following (4.71), the covariance matrix between the response
vectors y;, and y;; has the form

oV [{¥iu, Yir &) = T {M{8s) 1) g = Mgy (D)1 | varlYi|&], foru <1
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= (COV(Yiujyyitk)):(o-:( ] ) Jik=1,....0-1

iut) jk
=By, 06 |%). (6.18)

One then obtains the unconditional covariance matrix as follows by using the
conditioning un-conditioning principle.

Unconditional covariance matrix between y;, and y;; for u <1t :
cov([Y,Yy] = Egcov[{¥u, Yy }|&] + cove, [E[Yu| &), E[Yy|&]]
-/ 23-?:;3 (B, 0% |&) f(&)dE: + covg, ({5 (B, v, 02 18)) Al (B, 7. 0 €0}
= [ B celgmEas+ [ [{mly) (B.v.celE) Haly (B.v.0518) Nim(E)as

- nf,}(ﬁm ooy (B.v,0)

= () (B.7.0%). (6.19)
where 7r ([3 Y,0¢ ) is given in (6.16), and Zlut (B,7,0¢|&) for u <t is given by
(6.18).

6.2.1.2 (a) Marginal Expectation Vector and Covariance Matrix for 7
Response Variable at Time ¢

The computation for these moments is similar to those for the moments of y. More
specifically, replacing the notations n(ll)j , *.(*'>([3 Y,0¢|&), and n(*ii‘jtg])(g) in the

formulas for the moments of y variable, with 77, (6.8), 7r )((x,l, o¢|&i), and

n(iipr)—l)( ) (6.9), respectively, one may write the formulas for the moments for z

variable. To be brief, we write the formulas only as follows, without giving any
further explanation on computation.

[n(ll) b Tty ”(*n)(Rfl)]/:ﬂél)_* fort =1,
(3 (azoa&): o forr =1,
E[Zy|&] = (* L (0‘ A,0¢|8) = IE‘:)I)(R) (6.20)
f (lt 1),M n*tg\t*)] (R)1% 4 ”(*igi)l)(a,/l,dg)
[ﬂ(*lf Yo ,...,n(*ig')(Rfl )}’ fortr=2,...,T,
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ing 7'\ (o, = 0,0%) = " d
using 7, (0,4 =0,0¢) = T(i1).> AN

diag[my )y Ty o Ty o) — ”@1).*”*/(1‘1)-* fort =1,

var[Zy|&] = ) (6.21)
o x() «(r) ((R-D)_w(%) _x(%) _
dlag[n:(it) s Ty e Ty ]—n(it) i) fort=2,...,T.
- z(fn))(mncdg,-) ((R—1)x (R—1), (say), fort =1,...,T. 6.22)

In (6.20)—(6.21),

*(-x) _ D #(-r) *(«(R=1))
n<,t|,_1)(R) - [n(j[‘[_l)(R)7"'?n(l't‘t_l)( )7 an(,,‘t 1) (R)]
- n(*l.(l';‘>(a,z,o§|§i) (6.23)

Nj-1)m

*(-1) *(-1) *(-1)
M= M=) (&) Mg~y (R=1)
= *('r). 1 *('r). *(or) .Rfl (R—1 R—1),(6.24
= n(,'z|;7l)( ) n(it‘t—l)(g) rl(,-m,])( ) ( )x( )7( 24)

SCRD)(qy L CR=D) oy s ((R=1))
Miga—ny (1) Mgy (8) -+ Mgy =y~ (R=1)

with n/i7) | (g) asin (6.9), for g =1,...,R—1.

Next the unconditional moments are obtained by taking the average of the desired
quantities over the distribution of the random effects xi;.:

Unconditional mean vector at timer=1,...,7:

(6.25)

E[Zy) = E¢E[Z4|&] = {f— (o0 (&) fn(&)dE forr =1,

s n(it) (oc,/l,65|§,)fN(§,)d§, fort=2,...,T,
- n((lft’;)(a,/l,cg) ((J—1)x 1, (say), fort =1,...,T, (6.26)
where fi(&) = o= exp[~1&7].
Unconditional covariance matrix at timer =1,...,7T:
var[Zy] = Eg var[Zy| &) + varg E[Z; |&]
= [ 5 o ) (&) + varg [ (0 o )]

=[xl enoclgmEds+ [ e roele) iy (e k0180 Hiv(E)dg
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(u) (0, 65) i) (0‘ A.0¢)

(1 tt)

(oc A,0¢), (6.27)

where 77:((;))(0(,17 O¢ ) is given in (6.26).

6.2.1.2 (b) Auto-Covariances Between Repeated Responses for z Variable
Recorded at Times u < ¢

Similar to (6.18), the covariance matrix between the response vectors z;;, and z;; has
the form

cov[{Ziu, Zis }|&] = IT;_ u+1 [71(*,2‘? 1).M n(lﬁ‘j 1)( )1%,1} var[Z;,|&], foru <t
= (coV(Ziuj Zi)) = (01}, ) 1 =1,...,R—1
= 50 0, 0 |&). (6.28)

One then obtains the unconditional covariance matrix as follows by using the
conditioning un-conditioning principle.

Unconditional covariance matrix between z;, and z; for u <t :]
cov[Zu, Z] = Egcov[{Zin, Zi }Ei| + covg, [E[Zul &), E[Z; &)
= / 2 (02, 0¢ &) fu (&) + cove [{m (o, 2, 0% )}, {% o,2,0¢5)}]
= [z eroglgm @+ [ I (e ogl8 (o .0518) W@

- n:<m)(tx A 0'5)71:((") (0,2, 0¢)

=37 (a4, 0%), (6.29)

(i,ut)

where n((*) (0,4, 0¢) is given in (6.26), and Z((

(6.28).

(0,4, 0¢|&;) for u < t is given by

6.2.1.3 (a) Covariance Matrix Between y;, and z;; of Dimension
J-1)x(R-1)

Because y and z are uncorrelated conditional on &;, the covariance matrix between
these two multinomial response variables at a given time point may be computed as:

cov[¥;, Zy] = Egeov[{¥i, Zi }|&] + cove, [E[Yi|E]. E[Zi|Ei]]
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= covg [E[Yi|&i], E[Zir| S]]

_ {cové[ B,y = 00'§|§,) ,>* (a,k:0,0'5|§i)] forr =1

covg, [ (B, 70z 16, 7y (0,2, 016 fort=2,....T.
I [7 B. v = 005180 (0 = 0,0 18)]| fv(E)ac
_ —n((l*l;(ﬁ y*O o: )7 ((11)) (oc/l 0,0%) forr =1
I (70 B v ozl (0,2, 06160 v(Eag
) (.00l (e /1 %) fort=2,...,T.
= z (/3 V.00, 4,0%). (6.30)

6.2.1.3 (b) Covariance Matrix Between y;, and z;; of Dimension

(J—1)x(R—1)

For all u,t, this covariance matrix may be obtained as follows. Thus, the following
formulas accommodate the u = ¢ case provided in Sect.6.2.1.3(a). The general
formula is given by

covl¥u, Zj| = Egeov[{¥u, Z }&] + cove, [E[Yul &), E[Zir| 5]

= covg, [E[Yul&], E[Z:|&]]

covg, |7 [ (ﬁ }/:0705‘5,), (a A =0,0¢]6) } foru=1,r=1
- cov@[ (B,y=0,0:%).7 (axo§|g,~)} foru=1,1=2,...,T
= Cové[ )(B,y,0¢18), 7 (*fl)* (a A =0, o§|§,)} foru=2,...,Tit=1
covg, [l (B.v. 0z 180, 7, Y (a2, o) foru,t=2,...,T.

[ = o@é) i (@r=0,0618)| (&)

fn:é ))(/37/ 065) (oc)L 0,0¢) foru=tr=1
W[ﬁWﬂYOQ@* (04, 0£18)] fw(E)dg
7 11)([37/ 065) (a?Laé) foru=1;t=2,....,T
_.m[wmxww V(o h = 0,0¢1)] f&)dg
77:((,”)(;3 }’G&) (@ 7L 0,0¢) foru=2,...,T;1 =1
I [ '8, y,oguz,) ' (0,2,018)] fu (&)
fnm (ﬁ yaé) ) ( 7LO'§) foru,r =2,...,T.

= Z(;;)(ﬁ,y.,a,l,aé). (6.31)
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6.3 Estimation of Parameters

6.3.1 MGQL Estimation for Regression Parameters

Recall that the regression parameters involved in the marginal (6.6) and conditional
(6.7) probabilities for the y variable with J categories are denoted by

B]* = (B]Ovﬂjl),v .]: 177‘]71
= (ﬁjmﬁjla"'vﬁjp)/v ]: la“'vJ_ 17

and similarly the regression parameters involved in the marginal (6.8) and condi-
tional (6.9) probabilities for the z variable with R categories are denoted by

of = (00,0) , r=1,....,R—1
= (040,015, Oyg)', r=1,...,R—1.
Also recall that
B=B BB (=) (p+1)x1
a= (..., .o ) (R—1)(g+1)x1,
and by further stacking we write
u=[p e {(-Dp+1)+R-1)(g+1)} x1. (6.32)
Next, for dynamic dependence parameters we use
0=,A) {(J-1)*+R—-1)*} x1, (6.33)

where

Y=Y tmr) s (=17 x1
A=A AL A ) T (R=1)x 1.

In this section, it is of interest to estimate the regression (i) parameters by
exploiting the GQL estimation (Sutradhar et al. 2008; Sutradhar 2011, Chapter
11) approach. Note that this GQL approach was used in Chap.5, specifically
in Sect.5.4, for the estimation of both regression and random effects variance
parameters involved in the cross-sectional bivariate multinomial models, whereas
in this chapter, more specifically in this section, the GQL approach is used only
for the estimation of regression parameters involved in the longitudinal bivariate
multinomial model. The application of the GQL approach for the estimation of
dynamic dependence parameters as well as Gg would be complex for the present
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bivariate longitudinal model. For simplicity we estimate these latter parameters by
using the traditional method of moments (MM) in the next two sections. Note that,
similar to the GQL approach, the MM approach also produces consistent estimators
but they will be less efficient than the corresponding GQL estimators.

We now turn back to the GQL estimation of the regression parameter [ =
(B’, o). This is also referred to as the marginal GQL (MGQL) approach as it is
constructed for a marginal set of parameters. For known ¥, A, the MGQL estimating
equation for u = (B’, &)’ is given by

a ;; ﬁ Yacé) (,)* (OC,A,O-E))

=37

i=1 au
(+)
- Yi—T; (ﬁa%o-)
5 (w74, 0) U (6.34)
%= T (o, 2, 0¢)

where, for

Yi = b];h"-vy;tv---ay;ﬂl (I — I)TX 1, and
= [Z;1~~~a2§n~--,Z§T]/ ((R—1T x 1,

E[Yl] = TE((:;) (ﬁﬂ Vs 0-5)

Y Y Y
= [71'((”)) (')7'“»”((1-,)) (')v'“aﬂ((iT)) (')]/7 (6.35)

= (7 Ol O ml) O (6.36)
Note that in (6.35),
7)) = 7 (B.v.0%)
= [z, (B.7.02), ... w0 (B, 0¢),....m V) (B,v. o)), (637)
with

w0 (Bv0) = [ mid(B.y. e &) u (€S
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as in (6.10) and (6.16). Similarly, in (6.36),

70 () = 7 (0,2, o)
=[x} (@, A 0%), o ml) (A 0),m S (a0 d,02)) (638)
with
mil (e anog) = [ w0, el &) (&)
as in (6.20) and (6.26).

6.3.1.1 Construction of the Covariance Matrix X;(u,7,1,0¢)

In (6.34), the covariance matrix has the formula

Zi(1,7,A,0¢) = cov (;’) HU-D+R-1D}Tx{(J-1)+(R-1)}T

1

( var(Y;): (J— )T x (J— 1T cov(¥;,Z)): (J—1)T x (R—1)T
~\eov(Z,Y)): (R—1)T x (J— DT var(Z): (R—1)T x (R—1)T

1

> . (6.39)

where

Yi
var(Y;) =var | Y, | :(J-DTx(J-1)T

Yir

varlY] - covl¥in ] -+ covl¥iy, Y]
= | covl¥ ] o varl¥i] - covl¥i, ¥
covlYir ¥} -+ cov[tir i) -+ varl¥ir]

T Borioe) o 0 (Broe) e Z Ty (Boyioe)

T Bovioe) - Z By oe) -+ Zy (Boviox)
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with block diagonal variance matrices as in (6.17) and off-diagonal covariance
matrices as in (6.19). Note that

o (B,Y:0¢) = X o) (B,Y,0%), foru <.
Similarly,
Zi
var(Z;)) =var| Z; | : (R—1)T x(R—-1)T

Zit

var(Zy] .- cov[Zy,Z},] - cov[Zy,Zl]
= | cov|Zy,Z}] --- var[Zy] --- cov[Zy,Z;]
cov(Zir,Z] -+ COV[Z,'T,Z{] oo var[Zi]

Z((l”(a/lo-i) (llt (OC/'LO';’:) 117 (Othé)

— Ef,ti (o, 4, 0%) - z(ﬂ:;j)(a,z,,o‘g) z(ﬁt; (a A.0) |, (641)

(0 (4 (+)
i A,0g) - X (0,4, 0¢) - Z(i,TT)(a’A”G'g)

with block diagonal variance matrices as in (6.27) and off-diagonal covariance
matrices as in (6.29). Note that

T (0, 0p) =2

(i,tu) (OC/’L G};) foru <t.

(i,ut)

We now compute the formula for cov([Y;, Z]] as follows.

[ /Ya

Yiu
cov(Y;,Z}) = cov : .(Z,fl e ZL e 2 Z;T) (=T x(R-1T
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covl¥i,Zy] -+ cov[¥i, Zp,] -+ covl¥n,Zi] - cov[Yiy, Zi]
us

cov[Yi,Zly] -+ cov[Yu,Z},] -+ cov[Yu,Zj] -+ cov[Yi,Zl]

cov[Yy,Zl\] -+ cov[Yy,Z},] -+ cov[Yy,Zj] - cov[Yy,Zl]

covYir,Z}\] -+ cov[Yir,Z},] -+ cov[Yir,Z,] -+ covYir,Zlz]

i

Eh WA og) o E0 (WA 0g) - E (01 A0E) - E T (1A, 0)

T WA og) o E0 (A, 0g) o E0 (01 A0E) e B (1A, 0)
= : : : : ., (6.42)

IR SRy (TR SRy (TR I SRS N TR IS

E(i,T])(I‘lv,%)’vo.‘f) Z(i_Tu)(I""r’y‘,A’7o.§) E(,‘,n)(ﬂv%lsc‘f) Z(i_TT)(;u*,YsAsD-§>

with formulas for Zél**t)) (U,7,4,0¢) as given by (6.30) for t = 1,...,T, and the

formulas for E((l*;t)) (1,7, 4,0¢) as given by (6.31) for u #1.

.*)’

x)!
oy (By.op).my) (euh.op))

i

6.3.1.2 Computation of the Derivative Matrix I
{U-Dp+1)+R-1)(g+ 1)} x{(J-1)+(R-1)}T

Because i = (B’, '), the desired derivative matrix may be expressed as follows:

Y ok !
a(my (B v 0¢). 7w (0,4, 0%))
au
on) (Broy) an) ooz
| 7P
8ﬂ(([*)') (B.v.0¢) antY (o,2,0¢)

(i)
da da

anl) (By,0z)
(i) 1,08 O

_ 9B /
0 an((l:;) (0t.2.,0¢)
do

(6.43)
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. - ) (Broy)
6.3.1.2 (a) Computation of the Derivative Matrix —p ¢

{(J-Dp+)}x(J-1T
By (6.35) and (6.37), one may write

an)" (B,v.0¢)

B
Y )/ ()
— [a”fm) () an((it) () 8n(iT)) ()
aB ey 8ﬁ 7 aﬁ

1:(=D(p+1)x (J—=1)T, (6.44)
with

*- ! . i —1)-
an((l‘t)> () - 87‘c<(;>) (ﬁ7 Y7 Gé) an((,jt)) (ﬁ? }/7 Gﬁ) 8717((1% 1) )(ﬁa % O'é)
8[3 = (9[3 yerey 8[3 gooey (9ﬁ

],
(6.45)

where

o) (B.v.0) = omil (B.y. 0 &)
W T [T SR @

B . B

However, by applying (6.15)—(6.16) and (6.10), one may directly compute the
derivative matrix in (6.44) as

UN. o 0y (B.OE )
() e e (G)ag forr =1,

J w01 (B 1.0l
P o = f(&)dé fort =2, T,

w0 Ol 1o Tty 1o Ty (1))

[ ( )(iﬁ;’s “)”(") e forr =1,

o 9 *( k- * (k- *( k-

=9 /-3 [n(iz\r—l)(J)Jr M=ty = Ma—r) D11
A !/
ﬂ(iftjl)(ﬁ’y’65|éi)} fn(&)d&; fort=2,...,T,

o Oy sy s 1y )
Jo, n(gﬁ U0 fo(&)dg;  fore=1,

_ ) = [y (s

=3I e @+ m By o)

i = iy )] Su(&)dg fore=2,...T,

(6.46)

Now the computation of the derivative in (6.46) can be completed by computing

Omr (B,Oe|&) Oy e Ty s Ty 1
(i1)x- 4 . (int- (i1) j- (i1)(J—1)-
B = 3P , and (6.47)
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aﬂt(*‘)/(ﬁ7’}/, Gélél) 0 ,
- Jp :ﬁ[ l£\t>1(‘1)+”zt l(ﬁ %0-5‘51)

< i = Lo O] fore =2,0.T, (648)

where, in (6.48), we treat

B,y 0el&) = ) (By=0,0:18) = 7). (B, 0% &),

Notice that to compute the derivative in (6.47), it is sufficient to compute
om;
8(7’[; and usmg back the results for all j = 1,...,J — 1, in (6.47). Because 3 =

By, j - ,ﬁkl |, by similar calculations as in (6.38), this derivative is given
by

Iy 9 exp(w B} +0:&)
B IB 14+ X0 exp(wj Bs + 0z &)

l,forj=1,....,0—1
LRI
= | ®y =75 |@wh (=1 (p+1)x1

-1y,

= |85 = iy, )| @wi, (6.49)

with §; = [01 1 Ol}ilfj}’forj:1,...,J—1.Thus,

!/
jfla )

on)..(B,oz|&)

T =z Brol&) @wi (- 1)(p+1)x(I=1),  (650)

where
,]1 (ﬁ G§|<§l) dlag[ (i1)1- "7n?il)j-7'~'7ﬂ(i])(]7l)-]77[?[1)*.”61)*.7
yielding the derivative in (6.47).

We now compute the derivative matrices in (6.48) for all other t = 2,...,T. First
we simplify (6.48) as
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o (Brols) 5
%:%[ (n|r 1>(J)] 313[ (i~ 1)(3 70&‘51)} {n(n\t)l)M - ln(lm 1(1)}

£’ 9 [ sy £(r)
+ 7'5(5,,71)(137 Y, O¢ &) % {n(h\r—l),M - 117117([,‘,,1>(J)] . 6.5 D

Notice that % [7(21?25([3 Y 0'§|<§,<)} in the second term in (6.51) is available

recursive way. For ¢ = 2, the formula for aaﬁ [ (i) ([3 y=0,0¢|&;)| is the same
as in (6.50). Thus, to compute the formula in (6.51), we compute the first term as

9 [ 9 (1) “(j) #((J-1))
ﬁ [n(lﬂ[,])(‘])} - ﬁ[n(l‘t‘,,”(‘l)’ X ”1(,-,‘][,1)(]), R 77(,-,‘[,1) (J)]

LRI O) BT AN ) an )
L

Next because for known category g(g = 1,...,J) from the past,

= . (6.52)

n,-](,j;) (g) =P (Yit =y

Yi,tfl = y,(ﬁ),péi)

CXP[ ,*,/B*Jr}/y,t 1+0§§i]
_ 1+ZJ lexp[ +7’y” 1+65§,'
1

yforj=1,...,0—1
} (6.53)

forj=J
1+ exp [wy B+t 4o &) ’

fort=2,...,T, by (6.7), it then follows that

*(1- *(J-
_nit‘(t_)l (g)nit‘(tj_)l (g)
ane) 1 (e) R
—0g = | @@ e -+ <1
*((J—1)- ) *(j-
—n T @m0
= [ (&) 8y =i (e))] @ wi, (6.54)
where
6(i,t71) [01] s 7011 1- ]]/

* (k- *(1- *((J—1)-
(@) = My @) @)t (9]
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Hence by using (6.54) into (6.52), one obtains

8[3[ My )]

=m0 omgo e om0
= | oo i ) T WA )T WA ®)
1) =D T-0)G)  (@) H(U-1))
7nit\t7|(‘])nit|t71 ) - “Mitfe—1 (J)nit\tl—l(‘l) M- ( )[1 M1 )l
2 wi. (6.55)

!

Now compute the third term in (6.51) as follows. First, re-express n(lE‘ t) M

matrix as

(%)
(it]t—1),M

*(1) *(1+) *(1-)
Tl(mtq)(l) n(i,‘t,l)(g) n(i,h,l)(J— l)

ol IR CO R AR R AR A VN IRV R )

“((U-1),) (-1 (1))
Map—1y (D) Moy (&) Mgy U= 1)

—(b1~~bj-~b171), (6.56)

and the 1;_ m(( U

il 1)( ) matrix as

ey @) = (Lm0 - el ) - Lol 0)
= (fl e fyee fj_l). (6.57)

The third term in (6.51) may then be written as

(*) ()
,,mﬁ%%mgﬁ[ml — 1m0

= (Bt Boroele) - Fim (Boyvocle) - ta) (B0l
af;

af! (k) ** f
(Gl Borosle) - Bl Brosle) - Gein) (B.y,0:l)
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/ o, '
- % SH ngﬁ.)[], 1®n: ) , (B,7,0¢15)]
aff A 9fi
() e By oelE), (6.58)
where

o', P . ; o
i 9 () ) ()
it 1 G AU R AR O RS AR

= [{mf2 0@ = mig ) f@wineooo (i (6) By = mif s e} @ wi,

{2 =G = U= fews] =D+ x =1, (6.59)

and

A 9 .,
Tﬁj = ﬁ[llfln(,'%ll)('l)]

= e [{m G- ontew] . 660

ont™ (@, o)
6.3.1.2 (b) Computation of the Derivative Matrix Ty 2%,

{(R—1)(g+1)} x (R—1)T "

The computation of this derivative matrix corresponding to z response variable is
N oy o) .
quite similar to that of (1)37‘: given in Sect. 6.3.1.2(a) corresponding to the y
variable. For simplicity, we provide the formulas only without showing background
derivations. To be specific,

87r<‘*)/(a A,0¢)
da
on(() o)) am)0)
P O P O TR O g x k-0, 6

) . r
o) () I [M((,-,l))(a,l,cfgléi) o) (e 2, 0% &)
do J—os do B do ’
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an ) (a1, 0¢ (&)
(&) e 1fn(&)d&; (6.62)
=, Mg Tinenl o (yag fore=1,
= I g [l R+ 7 (0 h ) (6.63)
i1y~ ey (RY] f(E)dG fore=2,...,T
JW%%WL%@®%W@Wi forr =1,
oo w(x) w(ox)
7 [ i O+ i {7 (ool } 660
* () *(-x)' () )
{n(it\r—1)7 = IR—1Mgp - 1)(R)}+”(n (4, 0¢[&i)
< it ey B} iv@)ds forr=2.7
e m @nogla) ) su(Edg fore =1, 665
o B i (a0 18) } fv(&)dE fore =2, T
In (6.64),
o(m(o‘ 0% &) = diag[mly) o Ty i) () — it)a T AN
9 [ s+
3a Marn(®)]
m @ -0 ®) e Y@ ®) e e ®)
= | @ ® f%”<mfﬂﬁmnm R )
@) T @mg ) R) g S R - (R)
® wi,. (6.66)

Notice that the first term in (6.64) is computed by (6.66). The second term in (6.64)
is computed recursive way by comparing (6.64) with (6.65). It remains to compute

the third term in (6.64) which is, similar to (6.58), given as

O 1l R

RN RN AR

*- ont, w( %
= (2 (h,oglE) - ) (@ oglE) o 2D (02,018 )
— (G (@l o Sl (ah oelg) - T e,k 0 )
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(o a9 [ ) (ool

do do
— (g M ) [ @ (a0, oG], (6.67)
where

Imy 9 [ s(r) (1) )
oo~ oa (”(n\z_l)(l) e My (8) ”(11\1-1)(13*1))

= {{n*(r) (1)(8(1',/—])" 77;‘(, | }®W117 {71,,|, 1 6(1[ Hr— n,,‘(li)l(g))}@)wftu

it|t—1

A R 8=y R=1D) fewi] D (R=1)g+1) x (R=1), (6.68)

n\t 1

and

oh. a ., (1)
Do = % [1R71 77(1-4,,1) (R)}

= @ [{ M R G =i R pewi] . 669)

it|t—1

Thus the computation for the derivative matrix in the MGQL estimating equa-
tion (6.34) is completed.

6.3.1.3 MGQL Estimator and its Asymptotic Covariance Matrix

Because the covariance matrix X;)(-) and the derivative matrix a—[ ] in (6.34) are
known, for given values of y,4,0¢, one may now solve the MGQL estimating

equation (6.34) for the regression parameter p. Let flygor be the estimate, i.e.,
the solution of (6.34). This estimate may be obtained by using the iterative equation

!/ i

k (x) (B.y.0¢) 7w (a2, 0%))
A1) = f(m) + Hz = T 5wy 0g)
i=1

2wl (B.1.08). 7 (0,4, 02)a) ) §8( (13 1,0¢), 7 ) (01,2, 0%))
«9u

()
_ Vi— T (B7Y765)
x w710 (i Y 6.70
@ (Y54, 0¢) (zi—n((,.‘)*)(a,/l,og) lu=a(m) (6.70)
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Furthermore, it follows that the MGQL estimator, {lyGor, obtained from (6.70)
has the asymptotic variance given by

)/ )/
. A £ 9z (B,v,0%), ;) (0,4, 0¢))
limitgevar[Qycor] = § Y, P
i=1

Z(Bl (:uaY7)L76'g')

-1
* : * /’L
2By 00) 7 (@2 0e)a) o)
ou’

6.3.2 Moment Estimation of Dynamic Dependence
(Longitudinal Correlation Index) Parameters

Estimation of y:
Notice from (6.7) that y;(j = 1,...,J — 1) is the lag 1 dynamic dependence

parameter relating yl(tj ) and ygill where g is a known category and ranges from 1

to J. Thus, it would be appropriate to exploit all lag 1 product responses to estimate
this parameter. More specifically, fort =2,...,T, following (6.19), we first write

EW¥y) = [ [ a =il )1 Jrarlt 6] f(E)ag
[ U B yoclg s (B oz 18) Hiv(E)dag
= [ M (B OGN ENE (= 1) % (U= 1), Gay). (6:72)

One may then obtain the moment estimator of y; by solving the moment equation

K T J-1J-
S35 3 [ e nutbresie)
i=1t=2h=1k=1

X {yi,tfl,hyitk - mz(tfl)t;h,k(ﬁ7 Y 0-5 ‘él)} fN(él)dél = 0> (673)

where ml’f’(t_l)t;h’k(ﬂ,y, og|&;) is the (h,k)th element of the M:(z—1)t(ﬂv% o¢|&)
matrix of dimension (J —1) x (J —1), and y;,—1, and y;; are, respectively,
the hth and kth elements of the multinomial response vectors y;; | =

(yi,t—l,lv"'7yi,[71,h7'"7yi,t—1,J—1)/ and Yir = (yit17"'7yitk7"'7yit,J—1)/7 of the
ith individual. Next, in the spirit of iteration, by assuming that 7y; in

a%. [m (t—1)tsh «(B,7,0¢|&:) is known from previous iteration, the moment equation
J ’ 78y
(6.73) may be solved for y; by using the iterative equation
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K J=1J-1 (oo 9
peen =50+ | X33 [~ { i o)
im1i=2h=1k=17== LOYj
0 K T J-1J-1
X a)/j[m;(tl)r;h,k(ﬁa%cg|§[)}}fN(5i)d§:| 121723}1211;1/ [ , 1,hk( 1> 0¢8]
X D B 1o 80 fvEas] (6.74)
Note that to compute the derivative of the elements of the matrix M ([3 Y,

og|&;) with respect to y;, i.e., to compute W[ 1 ,hk(ﬁ Y, 65|§,)] in (6.73)—
(6.74), we provide the following derivatives as an ald

exp(w ,-(ﬁ;wg»
— 1+ZJ 1CXP< ,1ﬁ§+cééi)

9 Y 1 —
J 7 T - ,15§+0§51) forh =J,

Iy ) forh=1,...,J—1

Oforh=jh,j=1,...,0—-1
= 0forh+#jihj=1,....0—1 (6.75)
Oforh=J;j=1,...,0—1,

L
J

and

exp [w*,/ *+)/hy,(»_§),1+0'§ é/}
2 ) (o) = 2] i sew]w il ost]
a . 77,-,‘,,1(8)} a K °
Yi Yi forh=1J,
]+zl lleXp [Wu B| +’}/‘:r 1+O-€5’}

forh=1,...,0—1

Sy (@) =m0 ()] for k= jih j=1,....0 1

~Sie gy (@M () forh# jihj=1,....J =1 (6.76)

6(11 l)gn”‘g‘ )1(8)n,,‘(t )1 (g) forh=J; j=1,....J -1,

where foralli=1,...,K,andt =2,...,T, one writes

o — [O];' 1 701.//717;;]/ fOI‘;g: L., J-1 6.77)
(=g = 01,_, for g =J. '

Estimation of 1:

Recall that A = [A{,...,A/,..., A4 ] and the moment estimation of A, is quite
similar to that of y;. The difference between the two is that y; is a dynamic
dependence parameter vector for y response variable, whereas A, is a similar
parameter vector for z response variables. More specifically, A,(r = 1,...,R—1) is
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the lag 1 dynamic dependence parameter relating zl(tr ) and zgill where g is a known

category and ranges from 1 to R. Thus, it would be appropriate to exploit all lag 1
product responses corresponding to the z variable in order to estimate this parameter.
More specifically, forr =2, ..., T, following (6.29), we write

EZiazil = [ [{mi) = i R Ve vantzis 161 A (&)
[ HE (ol i (a2 0180 YA (&4

= [ (e h o BN ENE (R 1) x (R=1), (ay). (6.78)

It then follows that the moment estimator of A, may be obtained by solving the
moment equation

K

139 ¥ I LR R A
DIDIPIPY

i=1t=2

X {zie— 1 nZik = M (- 1)k (0 A, 0 [6)}] f(&i)dE = 0, (6.79)

where 7; (1) k(01 A, 0¢|&;) is the (h,k)th element of the M; () (o, A,0z|&)
matrix of dimension (R —1) x (R—1), and z;;—1, and zi are, respectively,
the hth and kth elements of the multinomial response vectors zj;—| =
(Zig—115- - Zig—1hs---sZig—1,R—1) and zi = (Zir1,-- . Zitks---,Zir.R—1)', of the
ith individual. Next, in the spirit of iteration, by assuming that A, in
a}»[ it 1)ene(0 A, 0¢|E;) is known from previous iteration, the moment
equation (6.79) may be solved for A, by using the iterative equation

i K T REAR-1 oo (g A.0ilE

(4+1)= {7 i (1 1),k (O A5 O |Gi

( ;t;hg‘lkzl/*w 37Lr[m’( bihi{ 5150
P T R-1R-1

x M[rh,;@1>,;h.k<a,a7og|a~>]}fN<a~>dé} 3YYY I { (=nenk (@2, 0 |5)]
y i=1i=2h=1 k=1

X {Zi,tflAhZitk - ﬁzi,(t—l)t;h,k(a7 k: O¢ ‘él)}} fN(‘:l)dél] A=A (0) (680)

Note that to compute the derivative of the elements of the matrix M (i~ 1)t (o, A,
o¢|&;) with respect to 4,, i.e., to compute W[ (1) nh’k(a,)t,oﬂ&,)] in (6.79)-
(6.80), we provide the following derivatives as an aid:
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" exp(w,lloch +0'§ &) _ B
an(il)'h = J 1+Z§;11 exp(wlla§+c§§, fork=1,...,R—1
dA dAr yo 1 for h =R,
1+%, |exp(wl| g+0'§§1)
0 fOI'h:r;h’r: 17”.’R_1
=4q O0forh#r;h,r=1,...,R—1 (6.81)

Oforh=R;r=1,...,R—1,

and

exp [wy o +Az. 1+055']
O () o 9 s e [wil gt +oeg]”
[Tli,‘,_l (g)] -
I dAr 1 forh=R
1+ 3R lexp [w,, o +Alz ,(f) 1+0‘§§,} ’ '

,forh=1,...,R—1

S8 (g)[lf )(g)} forh=r;hr=1,...,R—1

(it zz\t 1 zt|r 1
fag;vt, n,,f,)(g)nnf () forh#rihr=1,. .R—1 (6.82)

1
My @ (g)  forh=Rir=1...R-1,

where foralli=1,...,K,andt =2,...,T, one writes
5 [012, 1, 1,01% g] for;g=1,...,R—1 6.83)
(Br=1)g 01%_, for g = R.

6.3.3 Moment Estimation for 652 (Familial Correlation
Index Parameter)

Because 67 is involved in all pair-wise product moments for y and z variables,
we exploit the corresponding observed products as follows to develop a moment
estimating equation for this scalar parameter.

Recall from (6.19) that for u < ¢,

EWty) = [ [Zi)Byoel&) + mly (8.7, 0c 60 Hrily ) (B.v. 0 ) 1] (80
= [ M8 1,028 (&) s (T - 1) x (- 1) (6.84)
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(6.72) being a special case. Similarly, for u < ¢, one writes from (6.29) that

E(ZiZ;] */_Z [%,m)(oc,/l,ag\é + [ (o k08 Ha ) (o4, 01 &) W fv(Enae:
_ L Z[M,-,m(a,a,og EDfv(E)dE s (R—1) x (R—1) (6.85)

(6.78) being a special case. Next for all u,?, the pair-wise product moments for y
and z variables may be written from (6.31), as

[ (B.y=0,0¢ &)} (a,x:o,caéi)}fN(@-)d&foru:tzl

o |

ez 1 [(,] (B.y=0.0:&)m! **) (0,2,0218)] fu(E)dE  foru=151=2,...,T
iy [ (B, y, 05 &) *ﬂ) (ax Oo€|§,)]fN(§)d§, foru=2,... Tit=1

[ 7 (B.y.0¢ |7 (a,/ucgp;—l)] fu(E)dE; foru,r =2,....T.

u

— [ 1Qiu(B i Asog EAENE : (= 1) x (R 1), (say)
= [ a1 A0 E) () (7= 1) x (R—1). (6.86)

Now by exploiting the moments from (6.84)—(6.86), we develop a moment
equation for 652 as

KT-1 T —
SY 3 Y Z / { 507 Mot P - el ey = i (B mﬂ@)}] In(&)dE
i=1lu=1t=u+1h=1k=1
KT-1 T —1R—
=+ 2 2 2 2/ |:a z[ml uthk o, A, G&‘él)]{zluhzltk7mluthk(a A‘ 0‘56)}:| fN(él)dél
i=1u=1t=u+1h=1 k=1
KT-1 T —1R—
33 355 [ [t nose)
i=l u=1t=u+1h=1k=1
X {yiuhzitk _qi.ut;h.k(aﬂk7 6§ ‘51)}} fN(‘:l)dél =0. (687)

This moment equation (6.87) may be solved by using the iterative equation

KT-1 T J-1J-1 o (9 . 2 J
+ ;gx:%1h=1k=l/’” |:8652[mi.ut;h7k(Bv%o-§|éi)]:| fv(&)dé;

2
= [iuni(0, 4, 0¢ |§i)]:| fv(&)d&;
1

2
aaz [ql utsh, k(ﬁ% Ys (Xv)“;o-é |él)}:| fN(él)dél}
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1 oo

1/ |:(9 2[ tuthk(B %G§|é )]{YWhYIIk m,uthk(ﬁ %O-C‘!é )}:| (é )dgz
I { aag[mlu,“(a Ao 16 zuncik — (0,2, 055)}} f(&)dE,
/. {a s s (B30 250 6]

X {yluhzll‘k_ql uthk(a l 65‘51)}} ("g )dgt}]o- ) (688)

Note that the computation of the derivatives for the elements of three matrices will
require the following basic derivatives:
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& _
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_ ééi(ui (i) R 691)
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and

/!
exp [wj‘l o +7L,’y§_§)7] +0 5,-]

,forr=1,....R—1

ir—1

i[,f‘(’) ( )] _ J 1+Z§;1' exp [w}‘llof‘+7t{,y(g) +G§'§i]

00?2 it|t—1 = W f B
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& o x(r) *(-R) 7
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B L #(R R '
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