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Preface

Probability Theory, Theory of Random Processes and Mathematical Statistics are
important areas of modern mathematics and its applications. They develop rigorous
models for a proper treatment for various ‘random’ phenomena which we encounter
in the real world. They provide us with numerous tools for an analysis, prediction
and, ultimately, control of random phenomena. Statistics itself helps with choice of
a proper mathematical model (e.g., by estimation of unknown parameters) on the
basis of statistical data collected by observations.

This volume is intended to be a concise textbook for a graduate level course, with
carefully selected topics representing the most important areas of modern Probability,
Random Processes and Statistics.

The first part (Ch. 1-3) can serve as a self-contained, elementary introduction to
Probability, Random Processes and Statistics. It contains a number of relatively sim-
ple and typical examples of random phenomena which allow a natural introduction
of general structures and methods. Only knowledge of elements of real/complex
analysis, linear algebra and ordinary differential equations is required here.

The second part (Ch. 4-6) provides a foundation of Stochastic Analysis, gives
information on basic models of random processes and tools to study them. Here a
familiarity with elements of functional analysis is necessary. Our intention to make
this course fast-moving made it necessary to present important material in a form of
examples.

Yu. Rozanov



Annotation

The book consists of two parts which differ one from another in their contents and
the style of exposition. The first one discusses many relatively simple problems
which lead to different models of probability and random processes, as well as basic
methods of mathematical statistics, including typical applications. The second part
presents elements of general analysis of random processes.



CHAPTER 1

Introductory Probability Theory

1. The Notion of Probability

1.1. EQUIPROBABLE OUTCOMES

Imagine a usual coin tossing with two possible outcomes w = ‘head’ or ‘tail’ each
of them having the probability 1/2. In another example of a dice tossing with six
possible equiprobable outcomes w = 1,...,6; what is the probability of the event
{w is even}? The answer is of course 1/2 (why?).

In a similar way, one can imagine a lot Q of N different outcomes each having
the same probability P(w) = 1/N; what is the probability P(A) of the event {w € A}
for a given subset A C Q? The natural answer is

N(4)

P(A) = —

(1.1)

where N(A) is the number of elements in the set A C Q. Here, all possible events
can be represented by corresponding sets A C Q, with the empty one A = & as
the impossible event of the probability P(A) = 0, and A = Q as the certain event
of the probability P(A) = 1. Moreover, one can operate with events as we do with
sets, when A¢ = Q\ A corresponds to the complementary event to A C Q, A U A,
corresponds to the union (sum) of events A;, A, C Q etc. In particular,

(A1 U Ap)® = AS N AS,

where on the right-hand side is the intersection of the complementary events A, AS
to Ay, A;. (Sometimes the intersection A; N Ay of any A;, A; C Q is also called the
product of the events Aj, A, and denoted by A; - A;.)

According to (1.1), for any disjoint events Ay, ..., A, C Q the probability of their
union

il
k=1
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is
P( U Ak> =) "P(4), (1.2)
k=1 k=1

which follows of course from the relation
n n
N( U Ak) =) N(A4g).
k=1 k=1

In spite of the simplicity of the above scheme, sometimes it might be difficult to
find out which outcomes w can be considered equiprobable (i.e. having the same
probability P(w) = 1/N). For example, in a simultaneous tossing of two coins one
deals with the following outcomes: ‘two heads’, ‘two tails’, ‘head and tail.” Are
these N = 3 outcomes equiprobable? Or should we consider the following N = 4
outcomes:

Q = {‘head-head’, ‘head-tail’, ‘tail-head’, ‘tail-tail’},
each of them having the probability P(w) = 1/4?

1.2. EXAMPLES

Random sampling. Suppose we randomly choose [ objects from a lot containing
n objects of which m are ‘defective’. The sample contains a random number ¢ =
0,1,...,min(l,m) of defective objects. Any of

n n!
N= (z) RG]

possible samples is equiprobable. What is the probability to choose a sample with
& = k defective objects? Let A = {¢ = k} be the corresponding event. Then

m mn—m
we-- (3.2
and according to (1.1)
my m —m
P{g:k}:M—l_—k—) k=0,1,...,min(l,m). (1.3)

The system of probabilities (1.3) is called the hypergeometric distribution.
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Random allocations. Consider random placement of n ‘particles’ into r ‘cells’ yield-
ing all possible distributions (n1,...,n,) of particles (n; is the number of particles
in the first cell, n, in the second cell, etc.). The total number N of all allocations
is the number of all ny,...,n, such that n; + - -- + n,, = n which is the coefficient
(1/n!) £(0) in the well-known Taylor series

fx) = ( z x"‘) ( Z :1;"') =(1-z) "= an!f(")(O):c", lz| < 1.

n1=0 n.=0 n=0

Therefore

Nzil[i(l”x)_r] Zir(r+1)n.(r+n_1)=(TH-?"—I).
n! | dz™ 20 TL' o

Assuming that all allocations are equiprobable, we find the corresponding probability

-1
P(ny,....n,) = ("”_1) . (1.4)
n
Consider now a different situation when the random placement (ni,...,n,) is
subject to the condition ny = 0 or 1, k = 1,...,n (this implies, of course, n < r).
The total number N of all such allocations is obviously N = () so, assuming any
(n1,...,n,) equiprobable, we obtain for the corresponding probability
N
P(ny,...,n,) = ( ) . (1.5)
n

Note that we did not distinguish between particles at the derivation of the proba-
bility distributions (1.4), (1.5) of random allocation.*

Suppose that we are dealing now with n different particles which are placed ran-
domly into r cells in such a way that any allocation (ii,...,%,) is equiprobable,
where 1 < i < r is the cell number of the k-th particle, k = 1,...,n. It is clear
that the total number of all such allocations is N = " so that the corresponding
probability is

PGy, ...,i) =77

* This assumption is satisfied by certain ‘elementary particles’ considered in Quantum Physics; see,
e.g., W. Feller: An Introduction to Probability Theory and Its Applications, vol. I, Wiley, New York
etc. 1968.
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The event A = (ny, ..., n,), considered in (1.4), (1.5) in the case of indistinguishable
particles, occurs for

n!
N(nl,. . .,nr) = ——ﬁ
ni!l---n,!
different allocations (i1, . .., 1,) satisfying » conditions
Zl=n1, chey Zl:nr.
=1 ig=T

According to (1.1), the probability of this event is

P(ni,..onr) = ooy (1.6)

1.3. CONDITIONAL PROBABILITY

Let us return to the general scheme with a lot £ of NV equiprobable outcomes w C Q
and the probability of any event A C Q determined by (1.1). Suppose we know that
some event B does occur; what is the probability of A in the new situation? The
corresponding probability is called the conditional probability of A given B, and is
usually denoted by P(A | B). It is clear that if B occurs, the outcomes w C A are
necessarily in B and among them only w € AB are in favour of A. Hence, assuming
that all w € B are equiprobable, we get that

P(A4 | B) =

N(AB) N(AB) /N(B)
NB) ° N / N

where N(AB), N(B) is the number of outcomes in AB, B, respectively. Hence the
conditional probability of A given B can be defined by

P(AB)

P(B) 1.7

P(A | B) =

For example, one can easily observe that in the random allocation scheme (1.4), the
conditional probability of A = (nf,...,n,) given B={ny=0o0r 1, k=1,...,7}
equals to

-1
P(A|B) = (HZ_l) :
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which is the same as the probability (1.5).
Consider again the general equiprobable scheme (1.1), and suppose that By, ..., B,
are disjoint (i.e. mutually exclusive) events whose union

UBkzﬂ
k

is the certain event . Then, for any event A C Q, the rotal probability formula

P(4) = Y P(A| Bx)P(Br) (1.8)
k=1

holds.
According to (1.1), the above formula follows from the relation

N(A) = N(ABy).
k=1

Obviously (1.8) holds as well for any disjoint By, ..., By, and any A such that
Ac | B
k=1

EXAMPLE (The best choice problem). Imagine a fastidious bride who is to select
the best among n candidates upon seeing them successively, under the condition
that a rejected one is lost forever. Of course, it would be unwise to marry the first
candidate if the number n is large. On the other hand, if she refuses too many of
them, she might lose the best. How can she make the best choice? It is assumed
that the bride is capable of ranking the candidates by assessing the ‘quality’ of every
of them by a real number &, i.e., & is the ‘quality’ of the k-th successive candidate,
k=1,...,n.

A sensible strategy for the bride is the following. First she decides on some m
(1 £ m £ n) and then chooses the first among the last n—m candidates who is better
than the previous m ones, i.e. her choice is the smallest T =m + 1,...,n, such that
& > max (&1, .. .,&n). (Of course, there is a chance to lose all the candidates if none
of the last n — m ones is better than the first m.) The strategy depends on m, and
the corresponding probability to choose the best possible candidate

Pm = P{g'r = max (i, ... ,gn)}
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can be maximized by an appropriate choice of m = m,, i.e.

D = max .
Mn 1<m<n Pm

Let us find the probability p,, in the case of equiprobable orderings &;, < --- < &; . It
is clear that a successive &1 can be anywhere between the previous ¢, . . ., § as well
as either larger or smaller than all of them, which results in [ + 1 different orderings,
so that the total number of all possible outcomes (orderings) &, < -+ < &;, is

Consider the probability P(By) of By = {t = k}, k = m+1,...,n. Of course,
under the event By, the first m points can be ordered arbitrarily, with the number of
successive locations of £, with respect to the previous &;,...,&,l=1,...,m—1,
explained above. The successive 41, [ =1,...,k—m—1, can be correspondingly
put each into m + [ — 1 intervals only as &, +; < max (£,...,&r), while for & =
max (£, . .., &) there is only one possibility of choice of the interval. Finally, the
successive &y, [ = 1,...,n —k, can be in any of the k + [ positions with respect
to &1, ...,&+1—1. Hence, the total number of outcomes favourable to By, is

m

N(Bo) =1---mom(k =2k + 1) -n =l

so that

NBy m

PBy) = —5— = Gk’

k=m+1,...,n.

Let A be the event that one has made the best choice, then

pm=P(A) = > P(A|By)P(By),
k=m+1

where

N(ABy) _k

P(A| By = gz =1
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as the event AB;, differs from By in the way that the point &4 is the very right so

that there are only k + 1 — 1 choices for location of &4y, I = 1,...,n — k, and
consequently
m
NAB)=1--m-m---(k=2k---(n—-1)=n! ————.
(k—Dn
Thus,
= m n—1 l
n ~ k

1
mae 1 m & L m[dz
— E - = — E Tg— —:——log—
n k n k n T n
k=m+1 k=m+1 n m
n
n—-1 1 n—1
<My n_myl
S n ETop k
k=m n k=m

and for large n (n — o0), since 1/e is the maximum point of —zlogz, 0 <z < 1,
we obtain for the optimal quantities

(e=2.718..).

mn ~ =, pTTLn ~

€

| —

1.4. INDEPENDENT EVENTS

Given two events A;, A, it is natural to think of A, as being independent of A, if
the occurrence of A, has no effect on the occurrence of A4,, i.e., if the corresponding
conditional probability satisfies

P(A; | Ay) = P(Ay).
In view of (1.7), the above independence of A; from A, is equivalent to

P(A14;) = P(A1) - P(Ay). (1.9)
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EXAMPLE. Let A; be the event that a card randomly picked from a deck is a spade,
and A, the event that the card is a queen. Are these two events independent? The
question is not easily answered by the intuition alone. Using the formal definition
(1.9) of independence, in the case of a full deck (52 cards) with 13 spades and 4
queens we conclude that A; and A, are independent, as the probability of the event
Aj - A; to pick up the queen of spades is

1

= = P(41) - P(4y).

i

1
P(A1Ay) = 5=

However the situation is quite different in the case of a deck which contains some
blank cards in addition; in particular, for a large number n — oo of blank cards, we
obviously have P(A4;) — 0, while P(A4; | A;) = 1/4, independently of n.

Independent trials. Consider two experiments, e.g., throwing a coin and a dice.
Usually we consider them as independent, and this intuitive feeling is very much
consistent with the general formal definition (1.9). Indeed, consider the general
case of two independent experiments with the corresponding outcomes w; € Q
and wy € , of the total numbers N; and V,, respectively, assuming that any joint
outcome w = (wy,ws) € Q is equiprobable, where Q is the direct product

Q=Ql><92,

and the total number of outcomes w = (wy,w;) € Q is N = N; - N,. Then, any two
events A; C R; and A; C £, are independent in the sense of (1.9). More precisely,
the event A; - A, corresponds to the direct product A; x A, having N(4; x Ap) =
Ni(A}) - N2(Az) of outcomes w = (wy,ws), where N1j(A;), Na(Az) is the number of
outcomes in Aj, A, respectively. Therefore

N(A14z) _ Ni(ADN2(42)

N N, = P(A)P(4>).

P(A1A4y) =

Of course, one can encounter a similar situation with several independent ex-
periments (trials) Qy,...,Q,, when the whole thing can be described by the direct
product

Q=0 x---xQ, (1.10)
with equiprobable outcomes w = (wy,...,wn) € Q in the corresponding trials, k =
1,...,n. Here,

P(w) = P(wy) - - - P(wy), (1.11)
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and for any events Ay C Qi (k = 1,...,n) in different trials one has
P(4;, -+ Ai,)) = P(A;))---P(4;,,), (1.12)

for any disjoint indices ij,...,i, = 1,...,n (check it!).

Relations (1.11) and (1.12) reflect mutual independence of the experiments Q, .. .,
Q,; moreover, they are accepted in Probability Theory as a formal definition of
independent trials (events). The opposite case of highly dependent trials can be
illustrated by formally taking all € to be the same, in which case the outcomes
w] = wy = - - - = wy, are the most dependent.

EXAMPLE. Consider random allocation of n different particles, where the k-th
particle is placed into any of r cells, and any outcome wy = ix (ix = 1,2,...,7 is
the cell number) is equiprobable. Assume that the corresponding trials (allocations)
Qk, k= 1,...,n, are independent, i.e., the particles behave independently of each
other; then their distribution law is given by (1.6).

1.5. PROBABILITY AND FREQUENCY

Consider a sequence Qg, k = 1,...,n, of independent trials which are of a similar
nature, and an event A = Ay associated with Q (e.g., A is the occurrence of ‘head’
in coin tossing). Consider the frequency n(A)/n of the event A, where n(A) is the
number of trials in which A occurred. For large n (n — o) one can observe the
remarkable phenomenon of the near coincidence

M ~ P(A), (1.13)
n

Table 1. Number of occurencies of ‘heads’ in a series of 100 experiments of 100 coin
tossings

Trial Number of heads Total
numbers

0- 1,000 54 46 53 55 46 54 41 48 51 53 501
- 2,000 48 46 40 53 49 49 48 54 53 45 485
- 3,000 43 52 58 51 51 50 52 50 53 49 509
- 4,000 58 60 54 55 50 48 47 57 52 55 536
- 5,000 48 51 51 49 44 52 50 46 53 41 485
- 6,000 49 50 45 52 52 48 47 47 47 51 488
- 7,000 45 47 41 51 49 59 50 55 53 50 500
-~ 8,000 53 52 46 52 44 51 48 51 46 54 497
- 9,000 45 47 46 52 47 48 59 57 45 48 494
- 10,000 47 41 51 48 59 51 52 55 39 41 484
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which reflects the famous Law of Large Numbers of Probability Theory (it will
appear in a general form in Sect. 8 of this chapter). As an illustration of (1.13), we
present Table I containing the number of occurrences of ‘heads’ in a series of 100
experiments each corresponding to a sequence of 100 coin tossings.*

2. Some Probability Models

2.1. TRIALS WITH COUNTABLE OUTCOMES

Consider, for example, a sequence of coin tossing up to the first moment n when
‘head’ appears (n = 1,2,...). Here, every outcome is a sequence of (n — 1) ‘tails’
and ‘head’ at the end, which can be denoted as w = n (n = 1,2,...). Clearly, the
probability of {w =n} is

n—1
P{wzn}:(_) 5=2"" n=12,....

The last formula formally holds for the outcome {w = oo}, too, as its probability is
zero. For example, the probability of w = n being even is

> 1 1\ 1
P{w=2k;k=1,2,...}=22‘2’“=—(1——) = .
e 4 4 3

In the general trial with a countable number of outcomes w €  with prescribed
probabilities P(w) > 0,

> Pw)=1, @.1

wEN

the probability of any event A C Q is defined by

P(4) = > P(w). (22)
wEA
Let several trials Qg ..., Q, be given, which can jointly be described by outcomes

w=(Wp,...,wWn), w, € Qg (k=1,...,n), as the direct product

Q=80 XX Q. 2.3)

* See the reference on p. 3.
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Assume that the trials Qg, k£ = 1,...,n, are independent. Then the probability of
every outcome w = (wy, ...,wy) € Q is defined as

P(w) = P(w)) ... P(wn), (2.4)

summing up in total to

> Pw) = [ > P(wl)] [ 3 P(wn)] =1.

weR w, €Y wn€Qn

Here, any events Ay C Q, k = 1,...,n, belonging to different trials, are inde-
pendent in the sense of (1.11). This can easily be verified by formally representing
A in the product trial Q = Q; x --- x , by the corresponding direct product
of Ay C Qy and the rest of Q;, j # k. (For example, A; can be represented by
A1 X L3 x --- x Q,.) Thus, the product A4, ... A, can be represented by the direct
product A; x --- x A, C Q, and the general argument of (2.1)—(2.4) applies.

2.2. BERNOULLI TRIALS

Consider an event A = A, C Q, where Qg, k= 1,...,n, are independent trials of
a similar nature (for example, A is the occurrence of ‘head’ in a series of n coin
tossing). Put wi = 1 if the event A = Ay occurs, wy = 0 otherwise. Then, as for as
we are interested in the event A only, we can take Q; = {1,0} as the two-point set,
k=1,...,n. The direct product

Q= {1,0}",

consisting of all {1,0}-sequences w = (wy, .. .,wn), represents all possible outcomes
w € Q of interest. Let the probability of A be the same for each k= 1,...,n:

P(4) =p;

what is the probability that A occurs m times in the trial series? According to the
general model (2.3), (2.4), we can define it as

P(m):(::z)pmqn_m, g=1-p, m=0,1,...,n, 2.5)
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where (;) is the number of all outcomes w = (w,,...,wn) With

n
E W =Mm,
k=1

as any such outcome has the same probability P(w) = p™(1 — p)»~™.
Formula (2.5) gives the Bernoulli (or binomial) probability distribution, with

> P(m) = S () = ar = 1.
m=0

The sum

n—1

> mP(m) = ;m#im)!pmq"‘ =npY (n;l)p’"qn =m = np

m=0

is called the mean value of the probability distribution P(m), m =0,1,....
Let us introduce the Poisson probability distribution

m

P(m) = fn e ® m=0,1,..., (2.6)

> Pm)=1,

where a > 0 is a parameter which coincides with the corresponding mean value

ZmP(m) Zm—e ¢ =qe® Z % =a.

2.3. LIMIT POISSON DISTRIBUTION

Consider a large series of the Bernoulli trials with a small probability p = P(A)
of the occurrence of the event A. We ask how the corresponding probabilities will
behave when n — oo, p — 0 and the mean value

np=a
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remains constant.
To answer this question, introduce the generating function f(z) of a probability
distribution P(m), m =0, 1,..., given by the power series

f2)=) Pm)", |2 <1,

of the complex variable z = re®®, r < 1, —7 < u < 7, i = /—1. The coefficients
of the power series are given by the well-known formula

P(m) = ;11,7 f(m)(()) — i/ M dz

27 jz|=1 zm

_ 1 " —imu iu _
_27r/_,re fe™du, m=0,1,....

For the Bernoulli distribution

P.(m)= (:)pmq"_m, g=1-p, m=0,...,n,

with the corresponding n, see (2.5), the generating function is

n

fa@ = Y Pam)z™ = 3 ("Y1 - pr

m=0

=[1-p(l1-2)]"= [1— M]n a=np.

n

Obviously for |z| £ 1 as n — oo we have

In [1 _a(l —z)] N a(l — 2)

n n

<<

|Info(2) +a(l - 2)| =n \n——>0,

which shows that

fa(z) — €772 = f(2)

uniformly in |z| < 1.
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The limit function

fy=ee"=3Y" (9”; e—a)zm, lz| < 1,

m=0

turns out to be the generating function of the Poisson distribution with the mean
value a. As a result, we have the convergence of the corresponding coefficients

Pn(m) — L /ﬂ- e——imufn(eiu) du

2r J_»

™

L e ™ f(e)du =P(m), m=0,1,...,
27

-7

which gives the following Poisson approximation of the Bernoulli distribution:

P, (m) = (:L)pmq"-m ~ P(m) = % e % m=0,1,.... 2.7)
EXAMPLE (The raisin roll problem). Suppose N raisin rolls of equal size are baked
from a batch of dough into which n raisins have been carefully mixed before. Then,
clearly the number of raisins will vary from roll to roll, although the average number
of raisins per roll is just a = n/N. What is the probability that a given roll contains
at least one raisin?

It is natural to assume that the volume of the raisins is much smaller than that oc-
cupied by the dough, and the raisins move around freely and virtually independently
during the mixing, hence whether or not a given raisin ends up in chosen roll does
not depend on what happens to other raisins. Clearly, after careful mixing, raisins
will be approximately uniformly distributed throughout the dough, i.e., each raisin
has the probability

P=7\7

of ending up in a given roll. Then, we can interpret the problem in terms of a series
of n Bernoulli trials, where ‘success’ in the k-th trial means that the k-th raisin ends
up in a chosen roll. Suppose, both the number N of rolls and the number n of raisins
are large, so that, in particular, p = 1/N is small. Then the number of ‘successes’
in the n trials, or the number of raisins in a given roll, is approximately Poisson
distributed, i.e., the probability P(m) of finding m raisins in the roll is

a™ _,
P(m) ~ o e -,
m!
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where
a=np=

Therefore, the probability P of finding at least one raisin is
P=1-PO)=1-e"°

EXAMPLE (Radioactive decay). It is experimentally observed that radium gradu-
ally decays into radon, by emitting alpha particles (helium nuclei). The interatomic
distances are large enough to justify the assumption that each radium atom disin-
tegrates independently of others. Moreover, each of the n initially present radium
atoms has the same small probability p of disintegration during a time unit interval.
(For instance, one gram of radium containing n ~ 10?2 atoms emits about 101° alpha
particles per second; hence the corresponding p ~ 101°/10%2 = 10~12.) Call the dis-
integration of a radium atom a ‘success’. Then the number of emitted alpha particles
equals the number of ‘successes’ in a series of n Bernoulli trials with the ‘success’
probability p. The values of n and p being such, we have a very accurate agreement
with a Poisson distribution, i.e., the probability that exactly m alpha particles are
emitted during the time interval is given by

m

a™ ., B
P{m}:—T—n—!e , k£=0,1,2,...,
where a = np is the average number of emitted alpha particles.

2.4. FINITE NUMBER OF EVENTS

Consider events Ag, k£ = 1,...,n, whose possible outcomes can be jointly described
by w = (w;,...,wn), With wg = 1 or 0 depending on whether A, or the complemen-
tary event Aj occur, respectively (k = 1,...,n). Such outcomes w = (w;,...,wn)

form the direct product
Q={1,0}".

Note that, according to the general model (2.1), (2.2), probability P(A) of an arbitrary
event A C Q is determined by the probabilities

P(4; ...

1

An) =Plw =1, .., wi, =1} (2.8)
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forany m=1,...,n and any i,,...,im = 1,...,n. Indeed, by the general formula
(2.2), for any events B C A we have the equality

P(A) = P(B) + P(A\B),

where A\B = AB°. Hence, first we can find probabilities

P = e = 1 =)
:P{(‘_)zl = 1, ceey Wy, =1}—P{wzl = 1, ey w1m+1 = 1}

for any 4,...,ims1 = 1,...,n (m < n), then the probabilities

P{wH =1, ..., w, =1 Wipyr = 0, Winta
=P{w1'l = 1, ey Wy, = 1, w"m+2 :O}

—P{w,1 =1,..,w,=Lw,, =1 w,,=0}

forany i,,...,imt0imi2 = 1,...,n (M <n—1).
In this way, we successively find all probabilities

P{w,lzl, vy Wy, =1, w1m+1:O, R wln:O}

for any i,,...,i4, = 1, ..., n (m < n). Obviously, events of the form {w,1 =

L ..., w,=1uw,, =0,..., w, =0} represent all ‘clementary events’ w C Q,

and for any event A C Q, its probability P(A) is given by the general formula (2.2).
For example, in the case n = 2, given

P(A1), P(4;), P(A142),
we find

P(A1A5) = P(A;) — P(A14y), P(ATA3) = P(A4;) — P(A14y),
P(AfAS) =1 - [P(Al) + P(A2)] +P(A;1 4)).
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2.5. THE GENERAL MODEL OF PROBABILITY THEORY

Let us first describe relations between events.

Events A, and A; are equal if the occurrence of A; implies the occurrence of
Aj;, and vice versa. A; and A; are called disjoint if the occurrence of one of them
excludes the occurrence of the other one, in other words, if A; and A; cannot occur
simultaneously.

The event A which occurs if and only if one of the events A; and A, occur, is
called the union (sum) of Aj, A;, and is denoted by A = A; U A;. The union of
several events Aj, A;, ... is defined analogously, and denoted by

A=UAb
k

The event A which occurs if and only if both A; and A; occur, is called the
intersection (product) of Ay, A, and is denoted by A = A; N A;. The product of
several events Aj, A,, ... is defined analogously, and denoted by

AzﬂAb
k

or A= A, - A, ---. The difference of Ay and A is the event A which occurs if and
only if A; occurs whereas A; does not occur, and is denoted by A = A;\Ay. The
event A¢ which occurs if and only if A does not occur, is called the complementary
event to A.

Suppose that, among all possible events A which could occur in the given ex-
periment, one can choose a set of elementary events with the following properties.
Firstly, elementary events exclude each other (or, are disjoint) and, moreover, at
least one of them certainly occurs during the experiment. Secondly, for any event A,
the occurring elementary outcome decides whether A occurs or not. An elementary
event is usually denoted by the Greek letter w. The set Q of all w’s is called the
space of elementary events.

Let € be the space of elementary events w of the considered experiment (phe-
nomenon). With any event A connected with the experiment, we can associate the
set of all possible outcomes w whose occurrence implies A. We denote this set by
the same symbol A, and identify it with the corresponding event.

The certain event, which occurs with every elementary outcome w, equals the
entire space Q. The impossible event which never occurs, coincides with the empty
set & C Q.

The notions of union, intersection etc. of events, introduced above, now become
the corresponding relations between sets: A; U A; is the union of sets A; and
Az, A1 N A; is their intersection, A° = Q\A is the complement to A in the space Q.
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In particular, note that event A; implies the occurrence of event Az, denoted by
Ay C A; or Ay D Ay, if and only if A; is contained in A;. The following properties
of relations between events are useful. If A; C A,, then A 2 AS; if A= A UA,,
then A° = AfN AS; finally, if A = A; N A, then A° = Af U A35. In general,
if a certain relation among events is true, then the relation obtained by changing
to complementary events and by replacing the symbols U, N, C, by the symbols
N, U, D, respectively, is also true.

Often, one has to deal with events that are unions, intersections (products) etc.
of other events. A family 2 of events is called an algebra if it contains finite
unions/intersections and complements of its elements (recall that

(Ua) -Nat

for example). If, in addition, 2 contains any countable unions/intersections, then it
is called a o-algebra.

The general model of the probability theory is given by a space Q of elementary
events w equipped with probabilities P(A), A € 2, of all events A C Q from a
o-algebra A, which satisfy the following conditions: for any event A € 2

0<PA<,

P(2) = 0 for the impossible event A = @, and P(2) = 1 for the certain event
A = Q; moreover, for any sequence Ay € U, k= 1,2,..., of disjoint events,

P( U Ak) =Y P4y 2.9)
k k

(2.9) is called the countable additivity (or o-additivity) property of the probability
P(A), A € 2. This property is clearly satisfied in the probability model (2.1), (2.2)
with countable number of elementary events; in particular, in (2.2) we just sum over
all ‘chances’ w € A in favour of the event A.

For example, from (2.9) for any events A O B we have

P(A) = P(B) + P(A\B),
or

P(4) > P(B)
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whenever the occurrence of B implies A.
For a finite number of (disjoint) events, equality (2.9) seems rather obvious. In

the case of infinite number of A, k= 1,2,..., we deal with increasing events
n
U4 n=12,...,
k=1

and the limit

Jm e U Ak)

k=1

of increasing bounded sequence

P(OAk), n=12,...,
k=1

exists. The countable additivity property (2.9) says that this limit is exactly the
probability P(A) of the limit event

Aznli_{rgoOAn= GAk,
k=1 k=1

ie.,

lim P( U Ak) = P(A). (2.10)

k=1

One can consider (2.10) as the continuity property of the probability, and apply it
to any events Ax, k=1,2,..., since

n n o e] 00
Ua=UB:. J4a=B:=4
k=1 k=1 k=1 k=1

with disjoint

k—1
Bk:Ak\UAj, E=12,....

j=1
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In particular, (2.10) implies
lim P(A,) = P(A) 2.11)

for any increasing events Ay C A, C...,

LnJ Ak = An,
k=1

with the limit event

A= lim An(: lim UAk).
n—o0 n—oo
k=1

The limit equality (2.11) holds also for any decreasing events A} D A; D ..., with
the limit event

A= Jim an = Jim () 44).
k=1
Indeed, it is equivalent to

lim [1- P(4,)] =1-P(4),

n—00

where
1 - P(A,) = P(45), 1 —P(A) = P(A°)

and the complements A{ C AS C ... increase; moreover,

A° = (ﬂAk) = 4.
k=1 k=1
In the sequel, we often use the following simple inequality:

P(U Ak> <) P(4p), (2.12)
k k
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where Ax € A, k= 1,2,..., are arbitrary events. To prove (2.12), write
U4k =B
k k

where

k—1
Bo=a\ J4: k=12...,
j=1

are disjoint and P(By) < P(Ag). Therefore,

P(UB) = S PEw < 3P
k k k

EXAMPLE. Suppose, each event Ag, k= 1,2,..., occurs with probability 1; what
is the probability that they all occur simultaneously? The question concerns the
event

A=()4s,
k
with the complementary event
A= )45
k
satisfying

P(49) < ) P(47) =0,
k

since P(A§) =1 —-P(A;) =0 forany £ =1,2,.... Hence
P(A) = 1.

The following statement will serve later on as a powerful tool in our discussion.
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LEMMA (First Borel-Cantelli lemma). Let Ay, A;, ... be a sequence of events, with
probabilities p, = P(A), k=1,2,..., such that

z)%<m. (2.13)
k=1

Then, with probability 1 only finitely many of the events Ay, A, ... occur.
Proof. Let B be the event that infinitely many of the events A, A,, ... occur. Put

B, = LJ Ak,

k2n
so that B, occurs if and only if at least one of the events A,, Any1,... Occurs.
Clearly B occurs if and only if B,, occurs, for every n = 1,2,.... Therefore,

B=O&=H<UM)

n kz2n

Moreover, B; D B, D ..., hence
P(B) = lim P(B,).
But

P(B.)< Y P(A) = p —0, asn— oo,
k2n k>2n

because of (2.13). Therefore
P(B) = lim P(B,) =0,

i.e., the probability that infinitely many of the events Ay, A, ... occur is 0. Equiva-
lently, the probability that only finitely many of the events A;, A3, ... occur is 1.
a

In the general model of the probability theory, given by an abstract set Q 5 w and
a probability P(A), A € %, defined on a o-algebra of events A C Q, independence of
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events has no ‘physical’ meaning. In such a case, we call events A;, k=1,2,...,
independent (or mutually independent) if

P(A; - Ai,) =P(A;)---P(4;,) (2.14)

for any mutually different 4,,...,i,, = 1,2,.... The above definition is justified by
our earlier discussion of the model with a finite number of equiprobable outcomes (see
(1.11)). In another simple model with a finite number of events A, k= 1,...,n (see
(2.8)), their independence in the sense of (2.14) means that A can be associated with
independent trials €, with two possible outcomes wy = 0 or w = 1 corresponding
to the occurrence of A} or Ag, respectively, k = 1,...,n, so that

Pw,,...,ws) = P(w))---P(wy),

see (2.4). In particular, the last model, with independent Ay, shows that any events
which are equal either to Ay, or to its complement A§ (k = 1,2,...) are mutually
independent.

LEMMA (Second Borel-Cantelli lemma). Let Ay, A,, ... be a sequence of indepen-
dent events, with probabilities p, = P(Ai), k= 1,2,..., such that

> i = oco. (2.15)

Then, with probability 1 infinitely many of the events Ay, A, ... occur.
Proof. As in the proof of the first Borel-Cantelli lemma, let

Ba=J 4, BzOBn:ﬂ(UAk),

kzn n Nk2n

so that B occurs if and only if infinitely many of the events Aj, A, ... occur. By
taking complements, we have

B;=()4.  B°=JB;.

k2n
In particular, for every m =0,1,2,...
n+m

B c [ 4%

k=n
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Therefore,
n+m
P(B,i) < P( kon Ag) :P(Ag) ---P(Agm)

= (1=pa) -+ (1= Pasm)

n+m
<exp ( -3 pk),

k=n

where we use the inequality 1 — z < e™%, = > 0, and the fact that, if the events
A, Ay, ... are independent, then the complementary events A$, A5, ... are also inde-
pendent. But

n+m
E P — 00 asm — o0

k=n

because of (2.15). Therefore, passing to the limit as m — oo, we find that, for every
n=12,... P(B) = 0. Consequently,

P(B°) < ) P(BS) =0,

or
P(B)=1-PB% =1,

i.e., the probability that infinitely many of the events A;, Ay,... occur, is 1. O

Conditional probability. In the general model of the probability theory, it is assumed

that the occurrence of an event B, P(B) > 0, affects another event A in such a way

that its a posteriori probability (i.e., the probability after B has occurred) becomes

P(AB)
A|B)= ——.
P(4| B) = 35
The above probability is called the conditional probability of A given the event B.
Of course, if the probabilities P(B) and P(A | B) are known, then we can find the
probability of the event AB:

P(AB) = P(A | B)P(B). (2.16)
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Suppose, we are given P(By), P(A | By) for some disjoint By, k= 1,2,..., and

AC UBk"
k

Then, as

A=JA4By),  P(A) =) PA4By),
k k

we obtain the total probability formula:

P(4) = E P(A | By)P(By). 2.17)
k

As an application of the notion of conditional probability, consider the following
problem.
Forecasting of events. Consider a random quantity £ = 1,2,... taking a finite
number of integer values, depending on the outcome of another quantity (experiment)
n = 1,2,... which we observe. We want to forecast £ given an observation of 7.
More precisely, we want to find an appropriate function E = ¢(n) of n which would

serve as the forecast of €. Of course, the forecast can be wrong, which happens with
the probability

P{o(n) # ¢}

Let us find the best forecast po(n) such that

P{oo(n) # £} < P{o(n) # £}

for any forecast ¢(n). We have

Plo(m # €} =1 - P{om) = ¢}
=1-Y P{n=k, &=k}
k

=1~ P{¢ = k) | n=k}P{n=k}.
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For any k = 1,2,..., define jo = wo(k) as the maximum point of the conditional
probability:
P{¢=jo|n =k} =maxP{¢=j|n=k}. (2.18)

Then, for any o,
P{¢ = pok) | n =k} 2 P{¢ = (k) | n=k},

and we immediately obtain the following result.

THEOREM. The best forecast of £ is given by f = o(n).

2.6. SOME EXAMPLES

Gambler’s ruin problem. Consider the game of ‘heads or tails’, in which a coin is
tossed and a player wins 1, say, if he successfully calls the side of the coin which
lands upward, but otherwise loses 1. Suppose the player’s initial capital is z, and
he intends to play until he wins m but no longer. In other words, suppose the game
continues until the player either wins the amount of m, stipulated in advance, or else
loses all his capital and is ruined. What is the probability that the player will be
ruined?

The probability of ruin clearly depends on both the initial capital « and the final
amount m. Let p(z) be the probability of the player’s being ruined if he starts with
a capital z. Then the probability of ruin, given that the player wins the first call,
is just p(z + 1), since the player’s capital becomes z + 1 if he wins the first call.
Similarly, the probability of ruin, given that the player loses the first call, is p(z — 1),
since the player’s capital becomes = — 1 if he loses the first call. In other words, if
B, is the event that the player wins the first call and B, the event that he loses the
first call, while A is the event of ruin, then

P(A|B)) =p(z+1), P(A|By) =p(z—1).

The mutually exclusive events B and B, form a ‘full set’, since the player either
wins or loses the first call. Moreover, we have

1 1
P == P(B,) ==
(By) = 7 (B2) = 3.
assuming fair tosses of an unbiased coin. Hence, by the total probability formula

P(A) = P(A| B))P(B)) + P(A| B,)P(By),
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we get that p(z) = ¢(x), as a function of z =0, ..., m, satisfies the equation

@) =zlp@e+D+e—-1)], I1<z<m-1,

N —

where obviously
©(0) =p(0) =1, @(m) = p(m) =0.

The solution of the above equation is a linear function
w(x) = ¢; + ¢y (),

where the coefficients ¢, and c, are determined by the boundary conditions:
¢ =1, ¢, +c,m=0.

We finally find that the probability of ruin, given the initial capital of z, is just

P@)=1-—, 0<z<m. (2.19)

In a very similar way, one can find the corresponding probability not to be ruined
but to win the final amount m

q(x) = %,

which appears as the solution ¢(z) = g(z) of the functional equation considered
above with the boundary conditions

»(0) = q(0) =0, p(m) = q(m) = 1.

In total, the two probabilities (to be ruined or to win) give us

T

p(z) + qz) = (1 - E) n % =1, (2.20)

which shows that there is no chance to play infinitely with the capital 0 < z < m
always strictly between 0 and m, and not hitting these edge points in a series of
infinite tosses. (Could you have guessed that result in advance, prior to the above
calculations?)
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Random walk. Imagine a particle which randomly ‘walks’ along the z-axis, visiting
integer points z = 0, +1,... only; once at point z, it shifts either to the point z + 1,
or to the point z — 1, with probabilities p and ¢ = 1 — p, respectively.

How often the particle can return to the initial point (z = 0, say)? Of course, the
particle can be again at z = 0 after an even number (= 2n) of steps only, as the total
number of steps to the left and to the right has to be the same. For a given n, the
probability of such event equals

_(2n\ , ., @n)
P(n) = (n)p =GP
According to the well-known Stirling formula

nl ~vV2rnn"e ",

we find that, as n — oo,
P(n) ~ —— (4pq)"
— (4pq)".

In the case p # q, as 4pg = 1 — (p — q)* < 1, we see that
P(n) < oo.

This shows, according to the Borel-Cantelli lemma, that after infinitely many steps
with probability 1 the particle returns to initial point (x = 0) only a finite number of
times. (One can guess that if p > g, say, then the particle moves to the right to +oo,
as time increases.)

What happens in the symmetric case p = q = 1/2? Let P%(m) be the probability
that the particle returns to O at ¢ = 2m for the first time. It is clear that if the first
return occurs at ¢ = 2m, then the conditional probability that the particle visits z = 0
at time ¢ = 2n, is the same as the probability P(n — m) of visiting = = 0 at time
t = 2(n — m) from the very beginning. Hence, by the total probability formula,

P(n):ZPo(m)P(n—m), n=12,..., PO)=1,

m=1

which gives the following equation

1
F)-1=F@F@, F&= 1m0
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for the generating functions

F(z)=Y_P(m)z", F%)=) P(m)™, |z| <.
n=0 m=1

We immediately see that

FO() =Y "P'(m)=P" = lim FOz)

m=1
is the probability that the particle returns, at least once, to the origin. The equation

1
FO=1"pm@

shows that

P’ = lim FO) =1

Z—00

if and only if

:l{i_’ml F(z) = Z P(n) = c. (2.21)

n=0

This is exactly the case of the symmetric random walk with p = ¢ = 1/2, since
in this case, P(n) ~ 1/ /mn, and (2.21) holds. Therefore, we can conclude that the
particle returns to the initial point with probability 1. Obviously, after the first return,
the situation will be exactly the same as at the very beginning and the second return
occurs with probability 1, too, then, surely, will be the next one etc. Thus, with
probability 1, the particle will return to the initial point infinitely many times.

If p # g, then condition (2.21) fails, and the return probability P® < 1. What
is Po? More generally, what is the probability for the random walk to hit a point
z=al?

One can find it in a very similar way to the ‘gambler’s ruin’ problem, see p. 26.

Namely, assume for a while that there are stopping barriers at points ¢ = a, b (a >
0 > b), say, so when the particle comes to any of them, it will remain there forever.
Consider the probability to hit the point a at some time, as a function ¢(z) of the
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starting point z, of the random walk, @ > = > b. According to the total probability
formula,

p(x) =pp(z + 1)+ gp(z - 1), a>z>b,
with the obvious boundary conditions

p(a) =1, ©(b) = 0.
In the case of p # g, one obtains

_ 1—(g/p)*"

= T @/ az2z2>b

w(x)

One can assume that the influence of the barrier at the left point b is negligible as
b — —oo. Passing to the limit as b — —oco, we obtain the probability

(g/p)y*~*, p<q,

cp(z)={1, p>4q,

for the particle, starting at z < a, to hit the point a at some time. Substituting a, p
by b, g, respectively, we get the probability

r—b
(p(m):{(p/q) ., P>q
1, p<gq

for the particle to hit b, starting from z > b. Now, we can find the probability

+ -1
S AN B R C2)

to return to the initial point, using the observation that the particle can return to 0
either from = = 1, or from = = —1, where it surely comes after the first step, with
the probability p and g, respectively. O

Time distribution of radioactive decay. Let us return to the process of radioactive
decay (see p. 15), with the probability p for a radium atom to disintegrate during a
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time interval of length t. More precisely, a radium atom, existing at a moment t,
will disintegrate at a random moment ¢o + T € (%, t, + t] with the probability

p=p@) =P{t<t},

which depends on ¢t > 0. Consider the function

@) =1-p@)=P{Tt>1t}, t=0,

which is decreasing and

@(0)=P{r>0}=1.

Suppose we know that T > s, then we still have the radium atom at the moment
t1 = to + s and, according to our assumption, the corresponding a posteriori prob-
ability of T > s + ¢, given T > s, is the same as P{t > t}. In other words, the
conditional probability

P{t>s+t|t>s}=P{t>1t}, (2.23)

which implies

P{t > s+t} = P{t > s}P{t > t}.

This brings us the following functional equation:

(s +1) = @(s)e); s,t20. (2.24)

The probability ¢(t) = P{t > t} is continuous at t = 0, since {T > 0} is the limit of
increasing events {t > t}, ¢ — 0. Equation (2.24) implies that ¢(s +t) is continuous
at every point s > 0, i.e., p(t), t > 0, is a continuous function. Moreover, (2.24)
implies, together with (0) = 1, that ¢(t), t > 0, is strictly positive, and one can
check that log (t) is a linear function:

logp(t) = —-Xt, t>0,
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where A > 0 is a constant. Finally, we obtain
o) =e, t>0. (2.25)
Let be given at time ¢, some amount of radium, containing n atoms. Then

np=np(t), pit)=1-eM

(see p. 15) is the average number of a-particles emitted during time interval (¢, to-+t),
hence

n(t) = n — np(t) = ne~*

is the average number of radium atoms left at time ¢y + ¢. According to this expo-
nential law, one obtains

L_n@ _

2 n

for the ratio of the initial amount of radium, and the amount left after time

The half-life constant T' (which does not depend on n) is experimentally known.

3. Random Variables

3.1. PROBABILITY DISTRIBUTIONS

We have already encountered numerous random variables in our discussion; in par-
ticular, the number of ‘successes’ in the Bernoulli trials, the number of a-particles
emitted in a time interval, the time up to the moment of disintegration of a radium
atom in the radioactive decay process, etc.

Roughly speaking, a random variable £ is a quantity which takes its values ‘at
random’ from a set of all possible values of £. A more precise meaning can be given
at once in the (discrete) case of £ taking a countable number of values z ¢ R, R =
(—00, 00), with corresponding probabilities

P(z) = P¢(z), ZPE(IE) =1 3.1
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Here, ‘randomness’ of ¢ is characterized by the probability distribution Pz = P¢(z),
—o00 < x < oo, which determines the probability

P¢(B)=P{{ € B} = ) P() (3.2)

z€B

of an arbitrary event {£ € B}. One can recall here the hypergeometric distribution
(1.3), the Bernoulli distribution (2.5) and the Poisson distribution (2.6) — all of them
are discrete distributions over a corresponding set of integers z =0, 1,....

In our example of the radioactive decay, we have actually met a random variable
¢ of a different kind, taking values in any interval ' < € < z” of the time axis x > 0
with the corresponding probability

P{z' <¢ <"} =P{¢ >’} -P{¢>2"} = /m Ae = dg.

Here, ‘randomness’ is characterized by the probability density

_fae? x>0,
p(z) = {0, 2 <0,

cf. (2.25). In general, a probability density on the real lime R = (—o0, 00) is given
by a function p(x) > 0 with

[ w1,

—00

and we say that £ is a random variable with the probability density p(x) = pe(z),
—00 < x < 00, if, for any interval (z’, 2], the probability

Pl <e<a) = [ peora. (33)

EXAMPLE (The uniform distribution). Imagine that a point ¢ is thrown ‘at random’
onto an interval (a, b], as it happens e.g., in the roulette game, with (a,b] = (-, 7]
corresponding to the roulette circle. Then

'

"o x
P{(El < 5 é x”} = :Eb_ r = / pg(z)dz,
T

7
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with the probability density

By the help of a probability density, we define the probability of an arbitrary event
{¢ € B} as

PeB) = P{¢ € B} = [ pe(@)ds. (3.4)

In general, when speaking of a random variable £ € R, we have in mind its
probability distribution

P Pe(B)=P{¢c B}, BCR (3.5)

or the probabilities P¢(B) for £ to belong to certain sets B C R, including all intervals
B = (', 2"]. From the latter, one can form many other B C R and determine the
corresponding probabilities P¢(B), according to the known properties of countable
additivity and continuity. For example, one has

. 1
[z',2"]= lim (:1:' — =z,
n—oo n

n—oo

P{x' <€ m”} = lim P{z’ - % <£< :1:”}
for closed intervals,

[z] = lim (m—%,m], P{¢ =z} = lim P{x—%<§<x}

n—00 n—oo
for single points,
(—oo,z] = lim (2, x], P{¢ <z} = lim P{z' <¢<a},
z/——o00 T/ ——o0

etc.



INTRODUCTORY PROBABILITY THEORY 35

On the other hand, for B = (z’, "] we can define P{¢ € B} as
P{z' < ¢ <"} = Fe(2") — Fe(2'),
where
Fe(z) =P{{ <z}, —-oo<z<o0;

is the so-called distribution function. Obviously, it is increasing, right-continuous,
and

lim Fe(z) =0, lirll Fe(z)=1
(why?).

3.2. JOINT PROBABILITY DISTRIBUTION

Dealing with discrete random variables £, k = 1,...,n, we assume that there exists
their joint probability distribution

PE],...,{,,(II, e ’xz) = P{§1 = Il’ ey én = xn}’ -0 < xl, oy Ty < 00,
where z,,..., T, range over a countable number of all possible values, and

e oo

Z Tt ZPEI""’ETL(II’ . e ,.’En) = 1

~ =

Summing up over (z,,...,%,) € B, we get the probability

P, .c.(B) = P{(1,...,&) € B}
=3 Py @) (3.6)
B

of an arbitrary event {(¢;,...,&.) € B}. Obviously, the probability distribution of

£1,...,€m (m < n) alone can be obtained from (3.6) as
PEI""!gm(Il’ ey D) = Z - ZP&’”_,EH(.’EI, ey Zp), 3.7
— 00 -0

n-—m



36 CHAPTER 1

where we sum over all possible (41, ..., 2Z,) € R*™™,
Another type of random variables ¢; € R, k=1, ..., n, correspond to probabilities
of the form

Pe,,. e.(B) =P{(&1,...,&) € B}
= /"'/pél,...,gn(ml, cooZp)dz . dz,, (-8)
B

for various sets B C R™ we are interested in, in particular, to probabilities

P{m'l <& <$'1',---,$£1 <&, ga:;:}

z;' z,
=/ / pé-l,.__,gn(zl,...,zn)dl‘l...dI

corresponding to B = (z, 2] X - - X (2}, 2, ].*

The function

&n(Ts-- %) 20, —00<z|,...,Tn < 00,

/ / ek (Tys - Tn) dz) (3.9)

is called the joint probability density of &1,...,&,. In this case, the probability
density of £;,...,&n (m < n), can be written as

Dg,,. 7€m( sy Tyn )
(3.10)
/ / Pe,.. ,En(xli""xn)dzm-{-l

EXAMPLE (Buffon's needle problem). Suppose a needle is tossed at random onto
a plane ruled with parallel lines a distance L apart, where by a ‘needle’ we mean a
line segment of length ! < L. What is the probability of the needle intersecting one
of the parallel lines?

* It is worthwhile to mention that sets B C R™ look like ‘boxes’. Other sets B C R™ can be formed

by means of their unions and corresponding limits.



INTRODUCTORY PROBABILITY THEORY 37

Let & be the angle between the needle and the direction of the rulings, and let &
be the distance between the bottom point of the needle and the nearest line above
this point (see Figure 1). Then, if the conditions

x, € Isinx;

a) b)

Fig. 1.

of the ‘needle tossing experiment’ are such that the random variable ¢; is uniformly
distributed in the interval (0, w], while the random variable &, is uniformly distributed
in the interval (0, L] and, moreover, &1, &, is uniformly distributed over the rectangle
(0, 7] x (0, L], we find that their joint probability density is

Pe (T, T)=—, O0<z <7, O0<z,<L

wL’

The event consisting of the needle intersecting one of the rulings occurs if and only
if

& < lsingy,

i.e., if and only if the corresponding point & = (€1, &) falls in the region B, where
B is the part of the rectangle 0 < z; < 7, 0 < z, < L lying between the z,-axis
and the curve z, = sinx, [B is the unshaded region in Figure 1 (b)]. Hence, by the
general formula (3.8),

dz, dz 1 [ . 21
PlerereB) = [ [ 72— = [Msina ao, = 2

This can be tested experimentally; in fact, if the needle is repeatedly tossed onto the
ruled plane, then the frequency of the event A, consisting of the needle intersecting
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one of the rulings, must be approximately 2/(wL). Suppose the needle is tossed n
times, and let n(A) be the number of times A occurs, so that n(A)/n is the relative
frequency of the event A. Then, for large n,

n(4) 2
n 7L’

Hence

2 n
L n(A)

should be a good approximation to = = 3.14 ..., for large n. This actually turns out
to be the case.*

3.3. INDEPENDENT RANDOM VARIABLES

Discrete random variables &, k = 1,...,n, are said (mutually) independent if
Pe e (T)s s Tn) =Pg(x) - P (Tn), —00<z,...,Tn <00, (3.11)

i.e., if their joint distribution is the product of (marginal) probability distributions of
these random variables. Similarly, random variables &, & = 1,...,n with a joint
probability density are called (mutually) independent if

Der,..bn(Tys- - Tn) = Py (x)) - Pe, (Tn), —00 < Ty,...,Tn <00, (3.12)

i.e., if the joint density is the product of corresponding marginal densities of these
random variables.

EXAMPLE (Normal, or Gaussian, distribution). Let us imagine shooting at a target
which is located at the origin of the R? plane. The marks can be expected to be
random points (€1, &), with distribution which is centrally symmetric around the
origin. Moreover, we can assume that ‘errors’ £;, &2, along orthogonal coordinates
in R?, are independent, and jointly distributed according to a probability density

Pe, 6 (2, x,) = plx)) - p(x,), —oo0<z,x, < 00,

* 1.U. Uspensky, Introduction to Mathematical Probability, McGraw-Hill, New York, 1937, p. 113.
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where p(x,), p(z,) represent corresponding probability densities of £;, &2, respectively.
In view of the central symmetry, we have

Pe e (T, 7)) = f (22 + )
as a function of 72 = &2 + 2. Hence, with z; = 0,z, = z, we obtain
f@?) = pO)p(z), —o0 < < oo,
or
p(0) # 0, £(0) = p(0)* # 0.
By taking z7 = s, 22(= z*) = t, one easily obtains from the above equations that

_ 10 _ p@)

=50~y Z°

satisfies the known equation

(s +1t) = p(s)p(t), s,t20.
Hence,

ety =e", t20,
see (2.25), and, consequently,

p@) = p(0)e™**", —o00 <z < co.

To find the constants p(0) and A > 0, we shall need the equality

1 [

L —22/2 3, _
e dzr =1,

\/27/_00 T
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which follows from

2
1 o0 2
—_— e */2dx
(\/ 27!' /—m )
1 o0 o0
= E/-oo /_oo e~ +)/2 dz, dz,

1 27 o) —2/2
=—/ d0/ e " /rdr=1.
27 Jo 0

Substituting z by z/o gives
1 e 2 2
—z° /20 —

—_— e de=1, o>0. 3.13

Moreover, differentiation of the identity

1 o 2 1
—uz” /2 - -
€ dr = , UuU> O,
\% 27!' /——oo \/’?l/_
with respect to u > 0 gives
! / w2 /%" dz = o2, (3.14)
g 27T —00

Returning to p > 0 and X > 0, put A = 1/202, then, using the condition

/-oo p(x)dz =1

for the probability density p(x), —oo0 < x < oo, we obtain from (3.13) that

1
ov2

p(0) =

g

Thus, the marginal probability density of £ = £1,& is

e'mz/z"z, -0 << 00, (3.15)

pe(x) = gy
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and is called normal (or Gaussian); the corresponding parameter o > 0 is given by
ot = / x2p£(x) dx,
— 0o

see (3.14), and is called the variance of the random variable £. The joint probability
density

1 1
Per&(T1, ) = 5—3 exP{ — 553 (@] + wi)}, —00 < T < 00, (3.16)
of independent Gaussian random variables |, &, is also called normal (or Gaussian).

3.4, CONDITIONAL DISTRIBUTIONS

The dependence between two discrete random variables £ and 1 can be characterized
by the conditional probability distribution

Pe(z|y), —oo<z<o0,

of £ given an outcome {n = y}; it is assumed that for any y, —0co0 < y < 0o, the
identity

Pe(z | Y)Pr(y) = Pey(z, ) (3.17)
holds true. Here, the so-called Bayes formula applies:

(ylw).

P n
Pe(z | y) = Pe(x) P,

In a similar way, for random variables £, n having a joint probability density
Den(z,y), one can define the conditional probability density

pe(x |y), —oo<z< o0,

of ¢ given an outcome {n = y}; it is assumed that for all y, —0co < y < oo, the
identity

pe(@ | YPn (W) = pen(z, y) (3.18)
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holds true, together with the Bayes formula:

pn(y I T)

pe(x | y) = pe(x) o)

In the same way, one can define conditional probabilities and densities for any
random vectors (1, ...,&y,) and (71, ..., 7,); in the corresponding formulas (3.17),
(3.18) one has to replace &, 0, z, y by (£1,--..&m), (1, .. Mm), (T)s- .. Tm), (Y),

.., ¥Yn), respectively.

To check the probabilistic intuition, consider the following question: what is the
conditional probability distribution of the sum ¢ = £; + & of independent random
variables £;, & given = &? One can guess that, in the case of discrete &1, &, the
conditional distribution of £ = £ + & given (= &) =y is

Pe(z | y) =Pg(z—y), —oco<z< oo,

just like (= &) = y is being constant and, in the case of £;, & having a probability
density, the corresponding conditional probability density is

pe(x | y) =pe(x—y), —o00<zT<00.

3.5. FUNCTIONS OF RANDOM VARIABLES

Given two independent random variables £; and &, with probability densities p, (x)
and pg,(z,), what can we say about the distribution of £ = & + &? The answer
to this simple question, which is part of a general problem concerning functions of
random variables, is that the probability density of £ is given by the convolution

P¢ = Pg, * Pg;,»
ie.,
(o o]
pea) = / pe,(@ - Ype,W)dy,  —o00 < & < oo, (3.19)
since

P{z' <¢<a"} = // e, (z1)pg, (x,) dz | dz,
z' <z tz,<T’’

"

B /: { /-Z Pey (z — y)pe, (y) dy} dz

follows by the substitution z =z, + z,, y = x,.
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EXAMPLE (Triangular distribution). This is the distribution of £ = £; + &, where
&1, & are independent and uniformly distributed in (—a,0) and (0, a), respectively;
its probability density is

1 a
pe(x) = 5/0 pe,(x — y)dy

z+a

1 -1 z)y

s/ dy=1(1+2), -a<zxq, (3.20)
- Lz dy:%(l—%), 0<z<a,

0, r<—a, £>a

(see Figure 2).
p(x)
1/a
—a a x
Fig. 2.

EXAMPLE (Gamma-distribution). Let £1,...,&, be independent random variables
having the same exponential distribution, or probability density

o) = {)\e"“”, z >0,
0, z < 0.

The sum £ = &; + - - - + &, has the so-called gamma-distribution, with the probability
density

£A$2n~l Y

pg(x)z{*(n—l)!e - @20, (3.21)
O’
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which is the n-fold convolution

p(z)™ = /~

p(z — y)* ™ Vp(y) dy,

[o o)

*1

() p(x), —oo <z < 00.

Let a joint probability density of &, ..
density of the random variables

m=@11,..-,&n)s-- s = n(&1,. ..
where
Y = PUZ), . Tn)s e Yn = Pn(Ty, ...

CHAPTER 1

—o<r<oo (n=23..),

.,&n be given. We want to find the joint

+&én)s

» Tn)

is a one-to-one differentiable mapping R®* — R™ with a non-degenerate Jacobi de-

terminant
i} 0
(z),...,Tn) = don, 3o

One can verify that the joint probability density of 7,...

(Y1,

Wi1,...,yn) € R,

3.6. RANDOM VARIABLES IN THE GENERAL

Given a family of random variables £, one
with some probability model (2, 2, P),
w € Q, equipped with probabilities P(A) of

#0.

, 7 is given by

-1
—,yn)zpﬁ(xl;--‘,xn”t](xl,---,-Tn)' 9

(3.22)

MODEL OF PROBABILITY THEORY

can assume that all of them are associated
where Q is a space of elementary events
all events A C Q belonging to a o-algebra

2. Any random variable £ can be considered as a function

E=¢Ww), weq,

(3.23)
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on the space €, under the implicit assumption that, for £ € R,
{z' <¢<2"} e, —o<a <z <00

Then, every £ can be approximated by an appropriate discrete random variable, for
example

M =kh, (k- 1Dh<¢<kh,
with the probabilities
P{¢" =kh} =P{(k— Dh <& <kh}, k=0,%1,....
Obviously,
l¢—€* <h (3.24)

for all possible outcomes, hence we have a uniform approximation of £ with the
uniform convergence ¢* — ¢, when h — 0.

The above approximation helps to characterize various properties of random vari-
ables by means of corresponding properties of discrete random variables; for exam-
ple, a very intuitive definition of independent random variables &, k = 1,...,n,
can be given, in the sense that they take their values independently from each other,
by requiring the corresponding approximations £2, k = 1,...,n, to be independent
according to definition (3.11). In particular, we call random variables £i,...,¢&,
(mutually) independent if any events of the type

(o <& <a}he {Th < bu<al] (3.25)

are (mutually) independent; c.f. (3.11), (3.12), using the definition of independent
events given in (2.14).

4. Mathematical Expectation

4.1. MEAN VALUE OF DISCRETE VARIABLE

Consider a discrete random variable &, taking value £ = = with probability

Pe(x)=P{{ =2z}, -—-c0o<z<00.
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The sum
E¢ =) aP(x) =) aP{¢=a} 4.1)

is called the mathematical expectation (or the mean value) of £, assuming that it
absolutely converges, i.e.,

> lz[Pe(z) < oo,

and we sum over the countable set of all possible values z of the discrete variable
¢. The term ‘mean value’ has a very explicit meaning in the case when ¢ takes a
finite number N of values = = z,, ..., z,,, with equal probabilities P¢(z) = 1/N, as

1 N

Recall that we have already discussed the mean value of Bernoulli and Poisson
distributions; see (2.5), (2.6).

Speaking about the general case, note at once that if £ = a takes a constant value
z = a with probability 1, then

E¢ =a. (4.2)

Next, if £ = 14 is the indicator of an event A (14 = 1 if A occurs, 14 = 0 otherwise),
then

El4 =P(A).

If n = @(£) is a function of a random variable £ with probability distribution
P¢(z), —co < = < o0, then

En=) yP{n=y}=> 3y Y Pe@=) ¢@Pe(a),

oo
—oo x: p(z)=y —o00



INTRODUCTORY PROBABILITY THEORY

47

where we sum over all z, —co < z < oo, assuming the absolute convergence of the

series, i.e.,

Z ,gp(a:)ng(x) < 00.

In a similar way, given n = (£;,...,&,) as a function of discrete random variables
&1, ...,&n, we obtain
Ep(1,....&n) = i ‘e _0:0 oy, TP, e (T,
assuming
i- . i ](p(:cl, .. .,xn)ngl ,,,,, Ty, -, Tn) < 00.
In particular, formula (4.3) implies
Ei¢| = i |z(Pe(z). (4.3)

The last sum is always well defined, although sometimes it can be infinite, and E|¢| <
oo is just the condition which was assumed in definition (4.1) of the mathematical
expectation. Sometimes it will be convenient to use this condition, in order to

indicate the very existence of E£.

O

Formula (4.3) helps to reveal some remarkable properties of the mathematical
expectation E¢, concerning its dependence on £. Namely, E€ is linear in the sense

that, for any linear combination

= Z Ckék
k=1

of random variables &, ...,£,, we have

E < Z Ck§k> = Z CkEgk.
k=1 k=1

“4.4)
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E¢ is multiplicative in the sense that, for any product £ = & ---&, of (mutually)
independent &, k= 1,...,n, we have

E( &) =E& - Eén. (4.5)

These properties can be verified by an application of the general formula (4.3).
For example,

( 161+ 6252 = ZZ C1T) + 6%, P£1 &(T), ;)
— 00 — 00
o0 o0 oo o0
=c, Zzl ZPEI:&(“)I’ T,) +c, Zw2 ZPgl,gz(a:l, T,)
- 00 — 00 — 00 — 00

=6 Zmlpﬁn(ml) +6 Z%P{l(%)

=¢,E& + ¢, E&,

and, for independent ¢, & with E|&;|, E|&| < oo, the absolute convergence of

o0 o0
Z Z Imll |:1:2|P51,§2(:L'1, Iz)

—00 —O0

=33 Iyl 2, [Pe, ())Pe, ()

—00 —00

o0

= |z|Pey(z) ) |z, [Pey(z,) < 00

implies the existence of

EG &)= ) 0,5,Pg (), c))

—00 —O00

=Y P (z)) ) z,Pe(z,) = E&1 - E.



INTRODUCTORY PROBABILITY THEORY

Moreover, if ¢4, . . ., &, are independent, then, for arbitrary functions ¢y, ...

that Epr(&x), k = 1,...,n, exist, we have

E[p1(€1) - ¢n(én)] = Ep1(€1) - - - Epn(&n).

Let us consider random variables as functions of w € Q, i.e.,

§=¢w), weqQ,

49

,n such

4.5

O

in the framework of the general model (2, 2, P) of the probability theory; see (3.23).
Obviously, any discrete random variable £ is a discrete function of w € €, taking a

countable number of values
Ew)y=x, weAg, k=12,...,

on disjoint sets A, € 2 forming a partition
Q= A
k
Then

E¢ =) zxP(Ap),
k

since

Do mP(A) =)z Y, P4
k

—00 ki rp=x

=) aP{E =1} = aPs(a)

with

o o]

Z |7k |P(Ax) = Z |z|Pe(z) < oo.

k —o0

(4.6)
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Representation (4.6) permits us to prove some properties of the mean value E¢ with
respect to &, by taking the same partition

Q=4
k

for different £. Actually, this enables to consider random variables as functions of
the corresponding disjoint events A, k = 1,2,..., alone. Using this observation,
one can easily prove again the linearity and multiplicativity properties of the mean
value. Another important property is

E¢ <E& 4.7

for & € & (i.e., for &, & such that £;(w) < &(w) for every w € Q). Indeed, let
&1, & take values x,, <z, on A, k= 1,2,..., respectively, then from (4.6) we
get

E6 =) 2, P(Ar) < )=, P(Ar) = E&,

which also implies
|E¢| < E¢], (4.8)

since —[¢] < € < [¢].
Condition E|¢| < co guarantees the existence of E£; one can check that if |¢] < 7
and En < oo, then

El¢| <En< oo (4.9)

so that E¢ exists and, of course, |[E¢| < En.
Obviously, E|¢| < oo is a restriction on probabilities of large values of |¢[; it
implies

E(Hmpmﬂﬂ)= > |z[Pe(z) —» 0 (4.10)

|z|>a

as a — oo, where the last expectation represents the mean value of |£| over all
outcomes with |£| > a.
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4.2. LIMIT MEAN VALUES

We know (see (3.24)) that any random variable £ can be written as the limit
— 1 h

§-g$
of the corresponding discrete approximations

¢ = kh, (k—Dh<€é<kh, k=0,%1,....
Assuming the existence of E¢”, let us show that the limit

—1; h
Eé_rl,l-%Eg (4.11)

exists. Indeed, according to (4.3), (4.8),

|[E¢™ — Ee™| = [E(¢™ - &™)
< E|¢M - ¢ < 2max(hy, h2) — 0,

so that the limit (4.11) exists, which is called the mean value (mathematical expec-
tation) of the (limit) random variable &(= lim &7).

Similarly to (4.3), one can obtain the mean value of a function n = (£, ...,&)
of random variables &, ...,&, with a given probability density,

Ecp({l,...,ﬁn)z/ / o(xy,. .., To)pe(T)s - ., Tp)dx) - -dzy,  (4.12)
where
/ / '(p(ml,,,,,xn)lp&’_”gn(wl,...,IL‘n)d.Tl dxn < 00.

Indeed, (4.12) holds for a discrete function ¢, taking values y; on sets By, k =
1,2,..., from the corresponding partition

R* = J B,
k
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since
En= ZykP{T)=yk}
k
= Zyk/"'/P&,...,s,.(wl,n-,zn)dxl-~-dxn
k B,
:Z/.../<P($1,...,.’I:n)p§1 _____ §n($1,...,1n)dml...dzn
k By

:/---/(p(:cl,...,:cn)pgl,_“,gn(a:l,...,zn)dxl~--dzn.
Rn

Next, writing ¢ as the uniform limit
=1li (h)
p=me
of the corresponding discrete approximations ",
" = kh, (k—Dh<@p<kh, k=0+1,...,

we obtain

Ep(él,...,&) = limEph(, ..., &)

oo e o]
= lim/ / @y TR Pg o ben (@ - T0) Ay - A
h—0 J_ —00

:/m/‘P(xl,---,xn)ps.,..-,en(-’vp-~~’$n)dm1"‘dxn’
Rn

having in mind that

/ / Pey,..tn @y, T)dT) - dzy = 1.

For a single random variable, (4.12) gives

E¢ = / pe(x) de.
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EXAMPLE. If ¢ is uniformly distributed on (a,b], then

1 b b—a
Eé:b_a/a:cdx—— 7

EXAMPLE. If £ is exponentially distributed with parameter ), then

1
—)\:z: _
E¢ = / dz = %

EXAMPLE. If ¢ is normal, see (3.15), then

E¢ = ze=/2" dg = 0,

oV 2w

since the probability density is symmetric with respect to z = 0.

The limit approach (4.11) helps to prove properties (4.4), (4.8), for general random
variables. Actually, (4.5)~(4.5) and (4.7)—(4.10) hold as well. Let us verify (4.5),
taking n = 2 for simplicity. As &, & are independent, the corresponding discrete
variables P, ¢8 are also independent, and

E(6 &) = limE(¢! - ¢)

= }1Lin}) E¢t B¢ = B¢, - Bg,

since

[E(& - &) —E(¢&- &)
<El6& - ¢1ér|
=E|6& - & + 6 — 6
<Elér - €t|e2| +ElgH||é2 - &
< hE|&| + RE(|&1] + h) — 0.
The multiplicative formula (4.5)' for independent variables can be obtained in a

similar way, by using discrete approximations " of the corresponding functions .
Next, if £; < &, then & < € + h and

E¢ = lim B¢} < lim [E€} +h] = E&

which proves (4.7); (4.8)—(4.10) follow in a similar way. O
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In addition to (4.10), it is worthwhile to mention that
E¢ = GILIEOEIUEKG}g (4.10y
provided E£ exists and is finite; and the latter can be justified with the help of
Jim El{g<aylé] — El¢] < co.

Note here that, according to (4.1), (4.11), E¢ is well-defined for any random variable
£ 2 0, although it can be infinite (in particular, this concerns the absolute value |¢| > 0
of arbitrary random variable £).

We call random variables &, §~ equivalent if £ = E with probability 1, i.e.,

P{¢-€6=0}=1
Obviously, for equivalent &, E we have
E¢ -&) =E{—E£=0.

Hence, for example, £ has a finite mean value E¢, if there is a majorant n > 0, En <
00, such that

€] <n

with probability 1. Namely, consider an equivalent variable € such that fgl < n for
all possible outcomes, then, as E|¢| < En and E|¢| = E|¢],

El¢| <En. @.7y

4.3. SOME LIMIT PROPERTIES

It is clear that if a random variable
&= lim &,
n—oo
is a uniform limit of &,, E|¢,| < oo, i.e.,

|¢ — ]| S hn — 0, n— oo,
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then the limit
lim E¢, = E¢

exists, which gives the mathematical expectation of &.
Moreover, in such a case we have

E|¢ —¢| — 0, (4.13)
or the convergence in mean, which implies, of course,

E¢, — E¢,
since

|E€, — E¢| < El¢ - €].

Suppose we only know that (4.13) holds. How can one estimate the distance
between the random variables &, and £? How can one be sure that |£, — £| < ¢, or
how small is the probability of |, — &| > £? The answer is given by the inequality

P{j¢. €| > ¢} < L Elén €],
which is a particular case of the Chebyshev inequality:

P{nl > ¢} < L El 4.14)
valid for any random variable n and any constant ¢ > 0. (4.14) is clear from

Eo(n) = eP{|n| > ¢} < Eln|,

where

o(n) = {0’ Il < E} < nl-

g, Inl>e
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For bounded random variables || < a, there is some kind of converse of (4.14),
namely,

Eln| < aP{|n| > ¢} +¢, (4.15)
which follows from

Eo(n) = eP{|n| < e} + aP{|n| > ¢} > Eln|,
with

e, Inl<e
= > .
(,0(77) {a’ |n| >¢ P |77|

We see that convergence in mean implies convergence in probability:
P{|¢, —¢|>e} —0 (4.16)

for any £ > 0, as n — oo. Moreover, the two types of convergence are equivalent
to each other in the case of bounded random variables |¢,|, |£| < a. Indeed, for any
e>0,

E|én — €| <e+2aP{|& — €| > €}

according to (4.15), where P{|¢, — £| > €} — 0 because of the convergence in
probability. O

Consider the random variables &,,, ¢ as functions £,(w), £(w) of elementary out-
come w € €. The set of outcomes w € € such that £,(w) — &(w) can be written
as

A= {w &Ww) — W)}

1
~NU N {or e -e@l < 7},

r m nzm

where, by definition, the set on the right-hand side consists of w € Q such that, for
any r =1,2,..., there is m = 1,2,... such that

|€n(w) — €W)] <

, mZ=m.

= |-

Thus, we have the convergence &,(w) — &£(w) with the probability P(A), which, for
P(A) = 1, gives the convergence with probability 1.
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LEMMA. Convergence with probability 1 is equivalent to the condition: for any
e>0

P{ sup |&, — €| > }e —0 (m — o). 4.17)

nzm

Note that condition (4.17) implies (4.16).
Proof. 1t suffices to take e = 1/r, r = 1,2,..., in (4.17). The complementary
event to the event

A= {w: &w) — &w)}
is

B=UN5en

T m

where

1 1
Brm = {|€n_€l>;}:{:;5|§n_§|>;}~

nzm

AS By, m=1,2,..., are decreasing, from (4.17) we obtain

lim P(B,») = P(B,) =0, B, =()Brm.
m—00 r
Obviously, B, increase with r = 1,2,.. ., hence P(B,) = 0 for all r is equivalent to
P(B) = lim P(B,) = supP(B,) =0.

EXAMPLE. Suppose, for any € > 0,

D P{|én - ¢ > €} < 0. (4.18)
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Then

P{ sup |&, — ¢| >e}=P( U {|¢x — ¢ >e})

nzm n>m

<Y P{len—¢| >} —0, m — oo,

nzm

which shows that &, — & with probability 1. This conclusion is very much consistent
with the first Borel-Cantelli lemma, which says that, under the condition (4.18), only
a finite number of the events {|¢, — &| > €} occur. In other words, starting with
some n. = ng(w), which depends on w € Q, for n > n.(w) we have the inequality

Ién - §| <E. O
Now we are ready to prove the following result.
THEOREM. Suppose, &, — £ with probability 1 and |€,| < n for some (majorant)
1, En < oo, then
lim E¢, = E¢.
Proof. We have
Tim_[n(w)] = [6@)] < n(w)
with probability 1, in particular, E¢ exists. Then, we can define bounded variables
& =ln<alns €= linca)és
€], 1€'] < a, such that £/, — ¢’ with probability 1 and, consequently,
E‘f;l — &ll — 0.

Clearly,

El¢n — €| = E|&, — €] + E(1{n>a)[én — £])
<Elg, — €|+ 2E(1{n>ayn).
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where
E(l{n>a}”) —0
as a — oo; see (4.10). Hence, we conclude that

Elén "'él — 0.

59

Next, consider the following situation. Suppose, we deal with increasing random

variables &, > 0, E¢, < C, n=1,2,.... Then, there is the limit

lim &, =¢, 0<€< 00

n—oo
Since {&, > z}, n=1,2,..., increase,

P{¢ >z} = lim P{&n > m} < lim éEgn < g —0
as ¢ — oo, in particular,

P{§<m}=l—mleroloP{§>z}:l.

As 0 € € < oo, so E¢ is well defined although, possibly, E¢ = oo, as £ 2 £, with

probability 1 and
E¢ > E&,, E¢ > lim E¢,.
Actually, E€ < oo and, moreover,
E¢ = nlgrgo E¢,.

Indeed, with probability 1

§n1{§<a} I §I{£<a}, |§n1{£<a}| <aq,

(4.19)
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which implies

lim Efn Z lim E€n1{§<a} = EEI{€<G}
for any a > 0, so that

E¢ = 11m E§1{5<a} hm E¢,,

which yields (4.19). We obtain the following result:
For any increasing sequence &, > 0, E¢, < C, n=1,2,..., of bounded random
variables, with probability 1 there exists the limit random variable

€= lim ¢,
and

E¢ = lim E¢,.

4.4. CONDITIONAL EXPECTATION

Let ¢ and 7,...,n, be discrete random variables. Consider the conditional distri-
bution

Pﬁ,nh--.,nn (@, y1,---»Yn)

Pe(z | y1,-.., = , —o0<z< 00,
5( | ! y") Pm,...,nn(yl, R | yn)
of £ given 1 = yi1,...,Mn = Yn, then we can define the corresponding conditional
expectation
o0
E(¢ |y, o0n) = aPe(z |yt Un).- (4.20)

One can easily verify that the following total expectation formula

E¢ = Z ZE (€192 Un) X Pogrona (U1 -+ -2 Un) (4.21)

holds, giving E£ as the mean value of o(91,...,7.) =E€ | n1,...,.7).
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EXAMPLE (Exit time). Consider the symmetric random walk with stopping barriers
at points a > 0 > b, see p. 29. Let T be the first time when the particle comes either
to a, or to b; what is the mean value E1? To find Er, consider it as a function ¢(x)
of the initial point z of the random walk. Using the total mean formula, we obtain
the equation

%[(p(x+1)—2<p(x)+<p(:1;—1)]=l, a>zx>b,

w(a) = ¢(b) = 0.

Indeed, after the first step the particle comes either to = + 1, or to z — 1 (with equal
probability p = g = 1/2), using one time unit to do it, hence

1 1
w(x)—lzzw(w+1)+§<p(x—1).

The same equation can be obtained in a more formal way, by introducing a random
variable n = +1 which measures the first step, and then using the total mean formula

Et=E[E(t|n)] =pE(t|1)+¢E(t| -1), p=g=1/2,
with
Et = ¢(z), E(t| D=1+ ¢+ 1), E(t|-1)=1+ ¢ -1).

One can verify that the solution of our equation is a quadratic polynomial, which is
uniquely determined by the boundary conditions, namely

px)=(a—z)z—-b), azz2>b
In particular, taking = = 0 as the initial point, we obtain
Et=—-ab, a>02>0.

Note that ET — oo when b — —o0, which reflects the fact that for the symmetric
random walk with a single barrier,

Et = . 4.22)

a
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Consider now £ and 7y, ...,7n, having a joint probability density. Then we can
define the conditional probability density

Dem,..., n(x, | PR )
p{(x,yla“"yn): g”“ L y yn ) —OO<.’II<OO,
Pm,.-.,nn(yl,u-,yn)

and the corresponding conditional mean value

E(E 1y wn) = | ape@]yree.om)da (4.23)
of £ given 1 = y1,...,Mn = Yn. One can easily verify that the following rotal mean

value formula
E5=/ / E(E 910 ) Py@ee o y) dyi - Ay (4.24)

holds, which gives E¢ as the mean value of the function ¢(71,...,7,) = E(€ | ny,. ..,
1n) of 1, ...,mn given in (4.23).

5. Correlation

5.1. VARIANCE AND CORRELATION

Here, we consider random variables ¢ with E|¢[> < co. For any such £,¢&, there
is E(¢; - &) since [¢] - &| is dominated by 1 = (|&1|*> + |&(%)/2 with En < co. In
particular, for any ¢, E|¢]? < oo, the mean value E¢ is finite (this follows from above
with £ = ¢ and & = 1). The quantity

D¢ = El¢ —al’, a=E¢ (5.1

is called the variance of the random variable £. In our earlier discussion, see (3.12),
we have already met the variance 0> = E¢? as the parameter of a normal distribution
with zero mean E¢ = 0.

For &1,& with E{; = a,, E& = a,, one can define the correlation coefficient

E(¢1 —a1)(& —a2)
= . 5.2
Y T/ 72 62
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Let random variables & = 1, £1,...,&, be given; their linear combinations

n
£= oty
k=0
form a linear space H. The positive bilinear form

& mn=En ¢&neH, (5.3)

is the inner product in H with the corresponding square mean norm

lell = 6,62 = BIeP)'?, ¢eH, (5.4)

and the square mean distance

€ —nll, é&neH.

(Note that [|{|| = 0 if and only if £ = O with probability 1, i.e., is equivalent to
& =0.) The well known inequality

&, m| < gl - [l
in our case becomes
[E¢n| < (El¢P)" (Eln/%) /2. (5.5)
With the square mean distance, the variance
D¢ = |[§ —al

measures the difference between £ and a = E£. For normalized random variables
¢ and n with zero expectations E¢ = En = 0 and D¢ = Dn = 1, the correlation
coefficient becomes very simple:

r=(&n);
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in particular,
-1<r«<l, (5.6)
since

Irl = |¢&m| < llgll - lInll = 1,

r = *1 if and only if £ = +n. In general, the correlation coefficient measures
the dependence between £ and 7, which are linearly dependent in the extreme case
[r| = 1.

Random variables &, ) are called uncorrelated if their correlation coefficient r = 0;
for £, n with E§ = En = 0, this means that elements £, € H are orthogonal. For
example, independent { and 7 are uncorrelated since

E(¢ - E§)(n — En) = E({ - ES) - E(n — En) = 0.

O

In the framework of our Euclidean space H, consider the following problem: find
the best forecast £ of a random variable £ € H, as a linear combination

~

m
£=) Trmk
k=1
of random variables 7, ..., 7n, which we can observe. More precisely, the corre-

sponding square mean error || — ¢]| has to be minimal:
& = &ll = min ¢ — 7], (5.7)

where the minimum is taken over all linear combinations

m
n= ckn.
k=1

Of course, the solution is given by the orthogonal projection of ¢ € H onto the
subspace of H consisting of all n’s, and, for orthonormal 7, . ..,nn, we have

€= (€ )k (5.8)

k=1
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EXAMPLE. Consider independent measurements &, = 0 +Ag, k= 1,...,n, of a
quantity 6, such that

EA, =0, EA2 =02 <oo.

We want to find the best estimate of the unknown 6 given the observations &1, .. ., &,.
To solve the problem, one can proceed as follows. First, we exclude 8 by changing
to

M =Ex—En=Ak—An, k=1,...,n-1.

Next, take the projection Kn of A, onto the linear span Hy of n;,...,7m—1, and
define the estimator

=t~ A0 =0+ (A0 —A)
of 6, having the minimal square mean error

n An = i A'n - .
1A —Ball = min [|An — 7
It is easy to verify that the best linear estimate 8 defined above, is given by
-1y, (59)
™=

with

~ o
16— ol = T

In general, one can even find a better non-linear estimate of 6, by defining A,, as
the corresponding conditional expectation

-~

A'n = E(A‘n. | nl,' . ’T’n—l)'



66 CHAPTER 1

For example, in the case of uniformly distributed A, —a < Ax < a, k=1,...,n,
such non-linear estimate is given by

&+ &m)

— n—zn:
¢ 2

)

where

&y = min(y, ..., &), €y = max(§y, ..., &n).

We leave to the reader to verify that in such a case,
16— 6|l =?

5.2. NORMAL CORRELATIONS

Consider £y = 1 and independent normal (Gaussian) random variables £4,...,&,
with B¢, = 0 and E¢2 = 0% = 1, k = 1,...,n, see (3.14), (3.15). The variables
&0,&1,- .., &, form an orthonormal basis in the space H of linear combinations

n
n= Z ck&ks
k=0

since

ar=1, 1 =7,

(§i,§j)=E§i§j={E§_E§__0 oy
LG = U, .

According to (3.15), the joint probability density of &;,...,&, is
pf],...,En(ml’ e ,xn)

(5.10)

Consider a linear transformation

n
M = Qk +dej§j, k=1,...,n,
7=1
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where o = {ox,} is a non-degenerate matrix. Obviously,
Eng,=ax, k=1,...,n (5.11)

The mapping R* — R™,

n
Yk ‘—‘%‘FZUIWCCJ, k=1,...,n,
7=l

with the determinant |J| = |o|, maps the quadratic form

n
>k
k=1

into

Z bzg(yl - az)(yj - a’])a

1,3=1

where {b,,} = B~! is the inverse of the product-matrix B = ¢ - o*, with entries

n
Bz] = Zazkajk;
k=1
moreover,
Bu :E(Th _az)(nj —a])a i,j = L...,n, (5.12)

since

E(Th - az)(nj - aJ) = Z Zaku]lEékél = Zazkajk~
k=1 l=1

k=1

B = {B,,} is called the covariance matrix of ni,...,n,. The determinant |B| of
B = oo™ (0~ is the transposed matrix) is

1Bl = |o? = |2
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Hence, according to the general formula (3.22), we obtain the probability density of
Ms--sMn:

O () P T4

1 1< (5.13)
= 1B 2Gny 2 exp{ 3 j;lbij(yi —a)y; — aj)},
where ay = Eng, k=1,...,n, and
{bis} =B~
The probability density (5.13), as well as random variables 7, . . ., 7, themselves, is
called normal (or Gaussian).
One can immediately see that if normal variables 7, ..., n, are uncorrelated,
¥ 2 I = 17
B;; = {B“ g =10,
0, i#7,
then
pnl,...,nn(y17 LY yn) =
- exp{ e a,-)2/203} (5.14)
( 11 Uk>(21r)"/2 k=1
k=1
is the product of probability densities
(W) = ——— exp{ — 2(y ~ 0)?/20?
of n=nk, with a = a, 0> =02 (k=1,...,n),ie., n1,...,M, are independent.

We conclude here with the simple remark that any non-degenerate linear mapping
R® — R" maps normal variables into normal variables again.
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5.3. PROPERTIES OF THE VARIANCE AND THE LAW OF LARGE NUMBERS

By the definition of the variance,
D¢ = E¢? — (E6).
In particular, the variance does not depend on a constant shift:
D({ + c) = DE,
and
D(ct) = °DE,
where c is a constant. If random variables &1, &, are uncorrelated, then
D(&1 + &) = D& + D&y, (5.15)
since for E£; = E&; = 0, say,
E(¢ + &) = E¢ + 2E616 +E8,

and Eé 1 €2 = 0.

It was mentioned earlier that D€ measures the dispersion of a random variable
& around its mean value a = E£. One can roughly estimate the corresponding
probability

1
P{|¢ —al >} > 5 D&, (5.16)

using the Chebyshev inequality (4.14). a

Consider the empirical mean

Sim

D &
k=1



70 CHAPTER 1

of uncorrelated random variables &, k=1,...,n,
1 « 1 &
E<; Zé’“) = 2B =a®.
Suppose
D& <b, k=1,...,n;
then
Dlznjﬁ —-l—zn:D§<2—+0
n k=1 k - nz k ~ n
as n — oco. In particular,

1 3 6 —a (5.17)
k=1

3

in probability; the rate of the convergence

P{ !
n k=1

can be roughly estimated by the Chebyshev inequality:
p{ 1
n k=1

Let random variables &, k = 1,...,n, be independent and identically distributed
(i.i.d. for short), with

(n) >

6}—»0, n — 00,

(n)
n e’

} <1t (5.18)

O

E¢, =a, D§k=b=a2, k=1,...,n.
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Then (5.17) implies the convergence

S

> & —a, n— oo (5.19)
k=1

of the empirical mean to the corresponding mean value. This remarkable phe-
nomenon is known as the law of large numbers.
For example, let

=14, k=1,...,n,

be the indicators of an event A(= Ag) in the corresponding Bernoulli trials, which
occurs with the same probability

p=PA)=El,.
Then
o? =E15 — (E14)* = p(1 — p).
Here, the empirical mean gives the frequency

n n

n(A 1 &
@ _ 1,
k=1
of the event A, and the law of large numbers says that

LEC I (5.20)

a

Let us show that in (5.17) and (5.19), we have the convergence with probability 1.
Note first, using the first Borel-Cantelli lemma, that this true for the subsequence

n = m?2, m — oo, since for any € > 0
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according to (5.18).
Assume, for simplicity, that E¢, =0, k= 1,...,n, and set

Mm =

Zﬁk

k=m2+1

m? <n<(m+l)2 m2

Obviously, for m? < n < (m + 1)%, we have

1< 1 [
; ) Z&k +77m
k=1 k=1
where
mZ
| 28—
=1

with probability 1, according to the observation above. Therefore, if suffices to prove
that 7, — O with probability 1. Write

{mml>ey= U {-,;‘;

m2<n<(m+1)?

Z§k>

k=m2+1

then

Zﬁk

]

Pllne|>c} < Y {

m2<n<(m+1)? k=m2+1
< v o T
m2<n<(m+1)? k=m2+1
2 b 1 4b
< 2m x m

mEE R

according to (5.18), as n — m? < (m + 1) — m? — 1 = 2m. Consequently,

o0 [oe]

4b 1
ZP{|nm|>a}<E—2-Zﬁ<oo,

m=1 m=1

and the desired convergence follows from the first Borel-Cantelli lemma.
Thus, we obtain the following result.
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THEOREM (The law of large numbers). Let &, k = 1,2,..., be a sequence of
uncorrelated random variables, D&, < b. Then

% > (6~ Bex) — 0 (5.21)

k=1

with probability 1.

6. Characteristic Functions

6.1. SOME EXAMPLES

Let £ be a random variable taking only integer values x = k with probabilities
Pky=P{¢=k}, k=0,%£1,....

The corresponding Fourier series
fluy=> P(k)e™*, —oo<u<oo, (6.1)
defines a function f(u) with the period 27 and P(k) as the Fourier coefficients

P(k) = % /7r e ™ fu)du, k=0,%1,.... 6.2)

-

EXAMPLE (Binomial distribution). For

Pk) = (n)pkqn_k, k=0,1,...,n,

k
we have
f =Y (})@e™) " = (e +9)" a=1-p. 63)
k=0

EXAMPLE (Poisson distribution). For

ak _,
P(k)zme , k=0,1,...,
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we have

zu)k iu
=™, (6.4)

fw) = Z (ae

O

Next, let £ be a random variable with probability density p(x), —oco < = < oo.
The Fourier integral

flu) = / °° ep(x)dz, —oo < u < o0, (6.5)

— 00

uniquely determines the function p(z), —oo < = < oo; in particular, if f(u), —oo <
u < 00, is integrable, then p(z) is given by the inverse Fourier transform

1 * —iuzx
) =50 [ e fdu 66)
T Jeoo
EXAMPLE (Normal distribution). For the probability density

1
p(x) = — e‘”z/z, —00 < < 00,

V2r

the integral

/_wezzp(m) dr = _\712=7r/—oo e /2 4y

exists for all complex z and is an analytic function, which for real z coincides with

1 /oo _ 2/2 2 2 1 /OO _ 2 2 2
—_— e 2y =¥ /2 — e~ @+ 24 (x + 2) = e* /2,
V21 Joo V21 J_oo ( )

Therefore, it coincides with the analytic function e* /2 for all complex z; in particular,
for z = e we have

fow = \/%Tr / e 4 = e 12, 6.7)
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Using a linear transform we obtain the characteristic function of the normal random
variable with mean value a and variance o2

f(u) — Eeiu(a+a§) — eiuaf(o,u) - eiua,_(o-zuZ)/Z’ —00 < U < 00. (67)'
Dealing with complex-valued functions, let us introduce complex random variables
£=¢ +i€"

with real ¢’,¢" and i = v/—1, and the corresponding mathematical expectation (mean
value)

E¢ = E¢' + iE¢”

which is linear and satisfies other properties discussed above. In particular, one
can verify the multiplicative formula (4.5)' for real independent random variables
&1, ..., €&, and complex functions ¢y, . .., p,, namely

E[01(€1)e2(6)] = E(¢] +i0]) (5 + ivh)
= E[(¢192 — ¢19}) +i(wlv + ¥i9h)]
= (Ey} - E¢) —E¢{ -Eyy) +i(Ep) - Eg) + E¢f - E¢})

= (E¢}| +Ep)) (B + Eg}) = Epi(€)Ep2(&).

In accordance with general formulas (4.3), (4.12), we see that (6.2), (6.5) is nothing
else but

f(u) = Ee'™, —oo<u< oo, (6.8)

or the mean value of the complex-valued function ¢(£) = e**¢, which is well-defined
for any real random variable ¢ since |e¢| < 1, and is called the characteristic
function

flu) = fe(u), —oo < u< oo,

of £. O
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According to the multiplicative property, for any independent (real) random vari-
ables &,...,&, we have

Eeéi+ +én) — Ee'! .. . Eet%n

In other words, the characteristic function of the sum & = &, +- - - +&, of independent
random variables is the product of the characteristic functions of the summands:

fe(uw) = fe,(u)-- fe,(u), —oo < u < oo. 6.9)

EXAMPLE (Triangular distribution). It is known that a triangular distribution corre-
sponds to the sum § = ; + &, of independent uniformly distributed random variables
—a < ¢ <0and 0 <& < a. Clearly,

ewae _ |

[ 1 a
fea(w) = fe (- = T @) = - /0 enage— S 1

mua

so for the triangular probability density
1 ||
px)=-(1-=], -a<z<a,
a a

we obtain

fe(w) = l/ e“”(l - M) dz
af_, a
2 sin %au 2
- %au .

EXAMPLE (Chi-square distribution). A chi-square distribution is given by the
probability density

(6.10)

erue _ 1

ua

__ 1 m/D-1g-@/2) >0
p(m):{zn/2f<n/2)” T 6.11)

0, z <0,
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where
() = / e ®dz
0

is the gamma-function and the integer n is called the degree of freedom. For n =1,
p(z) is the probability density of the square ¢2 of a standard normal variable ¢ with
E£ = 0, D¢ = 1. Let us show that for any n > 1, (6.11) is the probability density
of the sum

of squares of independent standard normal variables &, k = 1,...,n. Consider the
integral

(n/2)~1g=(1/D-iw 4y,

1 o0
flw) = 27/2T(n/2) /0 T

which is an analytic function of the complex variable u in the upper half plane
Imu > —1/2. On the half line

1/2—iu=X>0

it coincides with

1
(n/2)-1,-Az
f(u) = AT /2)/0 T e dx

1 1 o
-n/2 (n/2)-1,~z
—2n/2)\ xF(n/2)/() T e Tdz
1 . I'(n/2) o
_ - n/2 2\%/ &) __ _ n/2
= /2 A T2~ (1 — 2%u) .

Therefore, f(u) coincides with the analytic function (1 — 2iu)~™/2 for all u, Imu >
—1/2. By taking u real, —oco < u < oo, we find that the corresponding characteristic
function is

flu) = (1 = 2iu)~™2, (6.12)
As (1 — 2iu)~1/2 is the characteristic function of the square of a standard normal

variable, from (6.12) we obtain that f(u) is the characteristic function of the sum of
n squares of independent standard normal variables.
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6.2. ELEMENTARY ANALYSIS OF CHARACTERISTIC FUNCTIONS

Note that any characteristic function
fu) =Ee™, —oo<u< oo,
is continuous, since the convergence
eyt __| equ’ h—0,
and boundedness of the exponents (£ is real) implies
f(u+ k) = EefthE __, Eeit — f(y).
Of course,
FO)=1.
Suppose there exist the moments
ar = E¢k, Ei(f* <00, k=1,...,m.
Then the convergence
% [(Z-E)k—lei(u+h)£ _ (,L-E)k—leiug] — (iE)*e™, h—0,

together with the bound

(6.13)

1 . — W(u . —1iu
lﬁ[uo’“ et — (ig)* e g”<n=lﬂk, En<oo (k=1,..,m)

gives us

7Dy - fED)] — Bt = [P,
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k=1,...,m. Moreover,
£+ b) = f () = B[ — (igyme | — 0, h -0,

i.e., the m-th derivative f(™(u) is continuous. This leads to the well-known expan-
sion

flw) = P e, o(u™), (6.14)

— k!
at the point u = 0, with
f®0) = i*ay = E@€)*, k=0,...,m.

Moreover, in the case E|¢|™*! < co we have the following estimate of the remainder
term in (6.14):

E|£|m+l

|o(w™)| € Il

|u|™ L,

since
If(m+1)(u)| — IE(ié)m+lequ| < E|§|m+1, —00 < U < 00.

EXAMPLE (Moments of a normal distribution). For a normal variable £ with
a, =E(=0, a2:E§2=c72,

we have

a; =E¢ =0,

since the corresponding probability density is symmetric with respect to the origin,
and

a, =30
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which follows from the general formula (6.14) with the characteristic function
—o?u?/2
fwy=e , —oo<u< oo,

6.3. THE INVERSE FORMULA OF PROBABILITY DISTRIBUTIONS

Let £ be a real random variable. Let

1, <z,

l(m',m”](z) = {

/ 1
0, z<z' orz>2",

be the indicator of a finite interval (z’, z"’]. Then
P{z’' < ¢ <"} = Elgan(©) = imEp(), (6.15)
where ¢(z) are bounded continuous functions and

o(x) — 1z p(x), —00 <z < 00,

Fig. 3.

as shown in Figure 3. Moreover, we can take (z) to be infinitely differentiable and
vanishing for sufficiently large |z|, —oco < < oo; the class of all such functions is

denoted C§°. O

A remarkable property of functions ¢ € Cg° is that their Fourier transform

e 1 * —iux
p(u) = %/ e p(z)dzx, o0 < T < 00,

— 00
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is integrable which follows, for example, from the well known relationship

o®(u) = —2—17; / e~ p®)(z) dz
= — / (—i’u)e-i"mcp(k_l)(z) dr = (TM)(,Z’?:/I)(U)

= oo = (i) P(u)

and the boundedness of c,’o?k/)(u), -0 <u <00, k=1,2,.... Applying the inverse
Fourier transform, we have

(@) = / e (u) du = lim pu()

-— 00

as the limit of sums

n
pn(x) = Zei“’“"mtﬁ(ukn)hkn, —00 < T < 00,
k=1

which are bounded, according to
@] < 3 [Btkn)] rkn —> / |P(w)| du.
k=1 e

Hence
Ep(¢) = lim Epa(e)

= lim > @(upn) [Ee™ <] hyn
k=1

Jim > ) et = [ B few) du
k=1 o

where fe(u), —0o < u < oo, is the characteristic function. Thus, we obtain the
following result.
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THEOREM. The characteristic function f¢ uniquely determines the probability dis-
tribution of a random variable £, by the formula

[o0)

Ex©) = [ fwfewdn e Gy 6.16)

—00

6.4. WEAK CONVERGENCE OF DISTRIBUTIONS

Let us consider the weak convergence P¢, = P, of the probability distributions of
random variables &,, £, respectively, in the sense that

Ep(¢,) — Ep(€) (6.17)

for every ¢ € Cg° (recall that C§° is the space of all infinitely differentiable functions
@(x), —o0o < x < 0o, which vanish for sufficiently large |z}).

Let f, = fe, and f = f¢ be the characteristic functions of P,, = P¢, and P = Py,
respectively.

THEOREM. The convergence
fn(w) — f(w), (6.18)

which is uniform on any finite interval v’ < u < u”, implies the weak convergence
P, =P

Proof. Applying the inverse formula (6.16) with ¢ € C§° and using the integra-
bility of @, we obtain

E(6,) = / Fw)fe, (w)du — / (u) fe(u) du = Eg(e),

since

| awrwa- [ s <

— 00 —00

<[ lpwldur max s - f@)] [ [peldut [ [pw]du
and

/ |B(w)|du — 0, o — —o0; / |P(w)| du — 0, u” — oo.
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7. The Central Limit Theorem

7.1. SOME LIMIT PROPERTIES OF PROBABILITIES

Let us discuss some consequences of the weak convergence P, = Pe.
Consider an interval (z/,z"], and a functions ¢ = ¢, ¢ € C§°, as shown in
Figure 4, such that

p1(x) < I zm(z) < p2(x).
Then

Ep1(§) < Elgr zn(€) < Epa(8).

Suppose z’, z" satisfy

P{¢=z}=0, z=1, 2" (7.1)
(4
L= i [ {I
| | |
HENN
s id
| | l‘ P)
NN
|
x' x" x

Fig. 4.

Then

[Ep2(6) — Ep1(8)| < E|p2(€) — Eg1(9)]
SP{r' —6<t<a' +6}+P{z"-b6<&<a"+6} —0, 60,

according to the continuity property of the probability distribution, and therefore

P{II < 6 < :E”} = El(z’,z”](é)

= gl_I’I})ESOl(I) = ggr%)sz(x).
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The weak convergence P¢, = P, gives us the diagram

E‘pl (é‘n) < El(z',m”](&n) < E‘PZ(fn)
! !
Ep1(§) — El 2n(€) «— Epa(8),

which implies that, in the case of (7.1),
P{xl <& < II)“} = El(m’,z”](é‘n) — Elgr2m(€) = P{ml <€< -T”}-

Thus, we obtain the following result.

THEOREM. The weak convergence P¢, = P, implies
P{z' <& < "} — P{z' <¢< 2"} (7.2)
for any x',x" satisfying (7.1).

EXAMPLE. Suppose we have the weak convergence P, = P¢ of integer-valued
random variables, taking values ¢ = k, k= 0,+1,.... Then

Pe, (k) = P{¢n = k} — P{¢ =k} = P¢(k), (7.3)

since (7.2) applies to any z’, " suchthat k — 1 <z’ <k <z’ <k + 1.

EXAMPLE. If £ has a probability density, then the weak convergence P¢, = P;
implies

12

P{z' <&, < '} — /’w pe(z) dz (7.4)

for any ' < z”, since (7.1) holds for any z, —oc < = < oo. O

Let us define the weak convergence of distribution functions
Fe,(@)=P{{&n <z}, —-oco<z<o0,
as

Fe () — Fe(x) (7.5)
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for every z, —oo < x < oo, which is a continuity point of the limit function F¢(z),
i.e., for every z such that

Fi(z) = Fe(z - 0) = lim F(z — h).

As F¢(z) is increasing and right-continuous, 0 < F¢(z) < 1, the number of disconti-
nuity points is at most countable, since

> [Fe@) - Fez-0)] < 1.

T

THEOREM. The weak convergence P¢, = P implies the weak convergence Fy, =
Fe.
Proof. For any n,
P{|§n| 2a}—0, a— oo, (7.6)

and the convergence is uniform in n = 1,2,... because of P, = P; indeed,

P{|é.| > a} < 1 — Ep(&,) — 1 —Ep(€) < P{|¢| > a — 6},

—_

—a —a+$é a-98 a x

Fig. 5.

where ¢ € Cg° is a function shown in Figure 5. (The (uniform) convergence of (7.6)
is called the compactness property.) (71.2) can be written as

Fg,(z") — Fe,(z') — Fe(a") — Fe(a'),

z',z" being continuity points of Fg; putting here ' = —a, z” = z, with a suitable
a, we get

Fe,(z) — F¢,(—a) — Fe(x) — Fe(a), n — oo,
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where
Fe.(—a) <P{|én]| 2 a} <e,  Fe(—a) <P{|¢| 2 a} <&,
€ > 0 being arbitrary small. Therefore, we conclude that
F,. (x) — Fe(x).
O

Convergence in probability. Suppose, ¢, — ¢ in probability; then, at every point x
of continuity of the distribution function F¢, and for any € > 0, we have
|P{¢n < z} ~P{¢ <z}
SP{&gzé> ) +P{& > 2,6 <a}
SPn<z,e>a+61+P{én>z,6<T -6} +¢

<P{|§n_§| >5}+€

provided 6 > 0 was chosen sufficiently small. Hence, the weak convergence F¢, =
F; immediately follows.
On the other hand, suppose we have the weak convergence

0, z<0,
1, >0,

F, (z) = Folz) = {
where the limit function corresponds to the random variable £ = 0. Then
én — 0
in probability, since, for any —e; < 0 < &5,

P{ﬁn < —-61} = an(—el) — 0, P{ﬁn > 62} =1- an(Ez) — 0.

EXAMPLE (The law of large numbers). Let &, Eé, = a, k = 1,2,..., be ii.d.
random variables (we only assume the existence of their mean value). If f(u), —oo <
u < 00, is the characteristic function of & — a, then the characteristic function of

1 ¢ 1
E;ék-azﬁ§(§k_a)
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is
fo(u) = f(u/n)*, —oo <u < oo;
see (6.9). Applying (6.14) with m = 1, a; = 0, we have
[ORSC
n n
and
1 n
falu) = [1 +0(—)} —1, n — oo,
n

uniformly in v’ € u < u” from any finite interval, with the limit f(u) = 1 being
the characteristic function of the zero random variable. Thus, we have the weak
convergence of the corresponding distribution functions, which implies, as we already
know, that

l E {k—a———>0
n
k=1

in probability.

7.2. THE CENTRAL LIMIT THEOREM

Suppose, we deal with a random variable which can be written as a sum
Sn =1 &kmn (1.7)
k=1

of a large number n of small independent random variables &,,. To be more precise,
let us assume that &, are normalized in the sense that

Eéin =arn =0,  E&, =bpm<bo—0, E)_ lewn|” = 1,
k=1
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and, consequently,

Assume, in addition, that the so-called Lyapunov condition
= 3
E) |én| —0 (1.8)
k=1

is satisfied, which roughly says that £, are small enough so that |£x,|> in the mean
are much smaller than ]g,m]2, k=1,...,n. In this case, we can approximate the
distribution of (7.7) by the standard normal distribution:

”

1 z
P{o' < Sn <"}~ = e~ /2 dz, (7.9)
mwJx!

thanks to the famous central limit theorem.
To prove it, consider the characteristic function f,(u) of Sy,

fn(u) = H fin(w), —o00<u < oo,
k=1

which is the product of the characteristic functions fin(u) of (independent) &y.
According to (6.14),

b c 3
fin(w) =1— % u? + —gﬂ W}, |ckn| < Eléknl”.
Moreover,
hknz—ka"u2+canu3———>O, n — oo,

uniformly in ' < u < " from every finite interval [v’, u”]. Therefore,

= 1
log fa(u) = _log(1 + hn) — —5 u*
k=1
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since

n l n l n 1

_ 1 2, 1 3 )

3 b z(zbkn)u +6<zc,m)u L

k=1 k=1 k=1
with
n

<Y Elem|’ —0.

k=1

n
E Ckn

k=1

En:bkn =1,
k=1

Thus
Falu) — e¥/2,
where the limit function

flw) ==/

is the well-known characteristic function of the standard normal distribution. Using
a general property of the weak convergence, see (6.18), we obtain the following
result.

THEOREM. Under the above conditions,
P{z' < S, <z"} — L /x e ¥/?dz, —co<a' <z’ <oo.  (7.10)
n = \/2—71_ - ]

EXAMPLE. Let &, k = 1,2,..., be independent identically distributed random
variables with

E¢.—a, Elge—a’=b=0? El&—a =c<oo.

The corresponding normalized sum can be written as

l n n
Sp = —— — = - 7.11
U\/ﬁ<k2=:1€k na) ;& (7.11)
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with

bkn = (b —a)/ovn, k=1,...,n,
satisfying the conditions of the theorem, since

1
E¢en =0, Elgm[’ = ~, E|§kn|3=a3—;/—2, k=1,...,n.

Thus, one can apply to (7.11) the standard normal approximation (7.9), (7.10). This
approximation can be applied, in particular, to estimate the probability of deviation
of the empirical mean

S,F@(%ng—a). (7.12)
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Random Processes

1. Random Processes with Discrete State Space

1.1. THE POISSON PROCESS AND RELATED PROCESSES

Let us return to the process of radioactive decay discussed above, where radium Ra
disintegrates into radon Rn, by emitting a-particles. Let £(t) be the total number
of a-particles emitted up to time t. Of course, for any 0 < s < ¢, the difference
£(t) — &(s) is the number of a-particles emitted during the time interval (s, t]. As we
already know, the random variable £(t) — £(s) is distributed according to the Poisson
law

P{&(t) — &(s) = k} = we—w—”, k=0,1,..., (1.1
with the mean value
a(t — s) = E[£(?) — £(9)]
which depends on the difference ¢ — s only. We have
at) =a(s) —a(t—s), 0<s<t<oo,
since
£@t) = £(s) + [€() — £(s)],
which implies that a(t) is linear:

a(t)=at, t=0. (1.2)

91
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3 F 0]

Here,
a=E[t+1)-£@)]

is the mean value of a-particles emitted during unit time, and we assume £(0) = 0.
A trajectory of the random process £(t), ¢t > 0, is shown in Figure 6, where T, are
the moments of arrival (emittance) of a-particles, and

T=T9, Tt —Tg, T2 —T1, ...
are waiting times. Here, T is exponentially distributed:

P{t>t}=e™, t>0 (1.3)

vV

(see p. 31); moreover, A = a, since
P{t>t} =P{tg >t} =P{&t) =0} =e~*

according to (1.1).

Consider ¢ > O as the time axis. Suppose £(s) = k at time s when we start our
observation of the radioactive decay process. The waiting time for the transition
k — k41 is distributed according to the same exponential law (1.3), which does not
depend on the past behavior £(¢), ¢ < s, up to the moment s. For k = 0, this follows
from the known equality:

P{t>s+t|t>s}=P{t>t} 1.4
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(see p. 31).
The above properties, including (1.1)—(1.4), define the Poisson process £(t), t > 0,
with intensity a. O

Homogeneous Markov property. Consider an arbitrary random process £(t), t > 0,
with a countable number of states ¢ = 0, 1, ... . Starting at some initial state £(0) = 4,
1 =20,1,..., the process stays there for random time Ty, after which it jumps to a
new state £(to) = j with probability 7, j #4i,j=0,1,...,

> omy =1, (1.5)

I#1

where it stays up to the random moment T; when the next transition j — £(T;)
occurs etc. We assume that for any fixed time s > 0 and any ‘current’ state £(s) = k,
the ‘future’ £(¢), t > s, obeys the same probability law as the process with s = 0 and
&(0) = k, independently of the ‘past’ £(t), t < s. (This is called the homogeneous
Markov property.) In particular, given £(s) = k, the (waiting) time from s up to the
next state transition is distributed according to the exponential law with the same
parameter A = A, as the corresponding time T = 1y with £(0) = k, i.e.

P{t>t}=e ! ¢>0. (1.6)

Clearly, the above model gives the Poisson process in the case when 7,; = 1 for
j=1+1 (m,; =0 otherwise) and Ay = A (= a) does not depend on k =0,1,....

EXAMPLE (A single server system). Imagine a service system which serves cus-
tomers as follows: in absence of any customers, and independently of what happened
before, a customer’s service time is distributed exponentially with parameter A. If
a customer is being served, then other arriving customers are rejected. We assume
that the probability of more than one simultaneous arrival is equal to 0, and that,
having completed serving the customers, the system waits, independently of what
happened before, for the next arrival for a random time, which has an exponential
distribution with parameter 1. Obviously, if we consider two states: £(t) = O if there
are no customers, and £(¢) = 1 if a customer is being served at time t, then £(t),
t > 0, is a random process satisfying the above conditions with A9 = u, 791 = 1 and
)\1 = )\, T, = 1.
Note that the above model describes £(t) up to the random time

T= lim t, (1.7)

n—o00

only, and it can happen that T < oo, which means an infinite number transitions in
finite time.



94 CHAPTER 2

For example, this phenomenon occurs in the growth process
E0)=0— &) =1 — - — ETR) =k +1— -
with Ay — oo satisfying

21
> 5, <

k=1 "k

Here,

1
— =E(tx —tk-1), k=1,2,..., (1.8)
Ak

are the mean values of the time intervals between consecutive transitions so that

Et= lim Et, = Z—<oo

see Chapter 1, (4.19), which clearly implies
P{t<oo}=1.

Transition probabilities. Often, one is interested in probabilities P{£(t) = j}, which
depend on t and the initial state £(0) = i, in particular, the transition probabilities

Py =P{E®) =7 |£0) =1}, i,j=0,1,..., (1.9)

of a time-homogeneous Markov process £(t), t > 0, with countable number of states.
Here, we assume that the probabilities (1.9) concern only finite number of transi-
tions from £(0) = i to &(t) = j; more precisely, we assume that

Ul =it ={r>t}, D py@®) =P{r>1t|£&0) =1}, (1.10)
J J

where T is defined by (1.7).
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Note first that

ey =5t | Je@ =k} t>s,
k

and, thanks to the Markov property,

Py(t) =) puk(s)pr,(t—5), 0<s<t, (1.11)
k

since the conditional probability of £(t) = j given £(0) = i, £(s) = k does not
depend on £(0) = ¢ and equals py, (t — s), while the probability of £(s) = k under the
condition £(0) = i is p,k(s), k=0,1,....

Next, as A — 0,

pu(h) = 1 — A h + o(h),
py(h) = Ayh+o(h), j+#i, o(h)/h— 0.

(1.12)

Indeed, according to (1.6),
P{to>h|£0) =i} =e M =1-X\h+o(h)
and
P{to < h,&(to) = 5 | £0) = i} = (1 —e "), = Amyyh + ofh),

as the probability of the transition i — j at time 19 = s does not depend on s.
Moreover, the probability of £(h) = j occurring in the result of more than one
transition is less than

> P{to < h (o) =k, T —To < k| £0) =i}
k#1

= (1—e™") Y “mp (1 — e~ ) = o(h),
k#1

since T; — T¢ does not depend on what happened before the moment To = s when a
transition ¢+ — k, k # 4, occurred. The above argument shows that the constants \,,
in (1.12) satisfy

Ay =AMy, j#i, (1.13)

DAy =A D my =

171 171
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12. THE KOLMOGOROV EQUATIONS

Consider the transition probabilities p,,(t) > 0, ¢,5 =0, 1,..., ¢t > 0, which satisfy
Z] Dy (1) < 1 together with (1.11)-(1.12). According to (1.12), p,,(t), as a function
of £ > 0, is continuous and differentiable at the initial point t = 0,

Py(0) = {(1, i (1.14)

and
p,0) =X, 4,5=01,....
Here, we put \,, = —\,, i.e.

A=A = ZAu, (115)
17

see (1.13).
Let us show that p,,(t) are differentiable for all ¢t > 0 and

P, = Ape,(®); 4,5=0,1,.... (1.16)
k

According to (1.11),

Piy(5 + h) — piy(s) = [pu(h) = 1lpyy(s) + Y puk(M)pry (), h,s 20,
k#

which shows at once that

Py (s + B) = pyy ()] < [1 — (W] + Y puk(h) < 2[1 = pu(R)] — 0, h—0,
k#1

where we can set s = ¢t or s = t — h, for any ¢t > 0. Therefore, p,,(t), t > 0, is
continuous. In a similar way,

. — D, 11 — (R
Doy (s +h}3 Piy(S) _P (h}z L pzj(8)+zp—kh(_')'pk](s)
k#1

1] h _1 3 h
=2y Y 2 g (o) 4 rath)
k#1,k<n
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where, for an arbitrary small € > 0,

< ra(h) = thlk(h)ka(s) th(h) [—Zm(h)]

k>n k>n k<n

1_ nh 1
P() Z pk(h) A — Z Ap <e, h—0,

k<n,k# k<n,k#

provided n was chosen large enough, since according to (1.15),

szk = A

k#1

This shows that for any ¢ > O there are limits

lim pt](t + h) - Doy (t)
h—»O h

z Y] (t)
and

P, ®) = P Opy @) + lim " pl(O)piy (@).
k#uk<n

Using the definition of A,; and condition (1.15), we obtain the following result.

THEOREM. Transition probabilities p,,(t), t > O, satisfy the differential equa-
tions (1.16).
Regularity of the process. Suppose, we have the equality

d d
at- ;p”(t) = ZJ: '(Epz](t)
= Z [Z )\,kpkj(t)] = Z/\zk [Zpkj(t)jl .
T L% k 7

Then, with the notation

L= "p,&)=P{T>t|£0)=1}, t>0,i=0,1,...,
2
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see (1.10), we obtain the following system of differential equations

£l =" Mk fe®)
k

with the initial conditions
() =p,0)=1, i=0,1,....
The above system has the solution
L@ =1,

since

Z)\,kz—)\1+2)\1k=0, i=0,1,...
k

k1

If this solution is unique, then

P{t>t}=1, t>0.

CHAPTER 2

(1.17)

In other words, with probability 1 the number of state transitions of the Markov
process is finite in any finite time interval. In particular, this is true when the

number of states is finite.

Equations (1.16) are known as the Kolmogorov backward differential equations.
There are the corresponding Kolmogorov forward differential equations:

Pry®) =Y Py, 1,5=0,1,....
k

Equations (1.18) are satisfied, in particular, if
<O, k=01,....
Indeed, in this case from (1.11) we obtain

Py =) pu(s)ph,(t—9), 0<s<t,
k

(1.18)

(1.19)
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since, according to (1.16), the derivatives

|p (&~ 9)| = <22 < 2C

> Mapij(t — 5)
!

are bounded, and the derivative series above converges uniformly. By setting there
s =0, we get (1.18).
Assuming condition (1.19), we have the following result.

THEOREM. Transition probabilities p;;(t), t > 0, satisfy the differential equa-
tions (1.18).

EXAMPLE (Poisson process). Consider the Poisson process, which corresponds to
our general model with parameters

—A, J - i’
)‘ij = { )\, J = i,
0, g #4454+ 1.
Setting
fr@®) =eMpi®), j—i=k=0,1,...,
we obtain from (1.18), (1.13) the system of equations

fo®) =0,
@ =M@, k=1,2,...,

subject to the initial conditions
fo@ =1, fe(0)=0, k=12,....
It is easy to see that the above system has the unique solution

(M)
e

fo® =1, L@ =XN,..., fu®) =
Finally, we obtain the transition probabilities

_ At - 3)]ke—,\(t—s)’

Tl tzs, j—i=k=0,1,...,

P{E(®) =7 | &(s) = 1}

which actually describe the Poisson process with parameter a = A; see (1.1), (1.12).
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13. EXAMPLE (BRANCHING PROCESSES)

Consider a branching process £(t), t > 0, which describes an evolution of particles
such that each particle, existing at time s, and independently of its past and other
particles, is transformed into n particles at time ¢ + s, with probability p,(¢), n =
0,1,... . The state of the process is characterized by the total number £(t) of particles
existing at time ¢, assuming that this number is finite.

Hence, if £(s) = k, the number of particles at time ¢ + s is

Es+t) =& +... + &®),

where £;(t) denotes the number of the descendents of the ith particles after time ¢.
The random variables £;(2), . .. ,€x(t) are independent and have the same probability
distribution:

P{&t) =n}=pat), n=0,1,....

It follows that &£(¢), t > 0, is a homogeneous Markov process with transition proba-
bilities
Prn(t) = P{&i(@) + ... + &) = n}

= Y p®...pn®, kE=12..;n=01,..,

ni+..+ng=n

(1.20)

and, clearly,
poo(t) = 1, pon=0, n=12....
According to the Kolmogorov backward differential equations,

Pia®) = > Aikprn(®), n=0,1,...,
k

where

/\ln :p,ln(o), n=0, 1,... .
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and

> A=A = A

n#l

The method of generating functions. Introduce the generating function

Fi(t,2) =) _ prn(t)2",

of 2, 0 < z < 1, where the sum is taken over n = 0,1,... . From (1.20), one can
easily obtain

Fo(t,2) = Fi(t,2)F, k=0,1,.... (121)
Using the Kolmogorov backward differential equation and the bound
Ip,@®| <2\ n=0,1,...,

for every fixed z, 0 < z < 1 we obtain
> P2 =D A > pen(®)z",
n k n

or the following differential equation for the generating function Fj(t, z):
gF(t 2) =Y AiFi(t, 2)
31 —k 1Lk (L, 2).

With (1.21) in mind, the above equation for F(¢, z) = Fj(t, z) can be rewritten as

dp = F(t, z)*
a (t’ Z) - Xk:AIk (t’ Z) .

We introduce the function

f@ =3 Ak, 0<z<l.
k
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Using the fact that F(0, 2) = z, we see that for every z, 0 < z < 1, the generating
function F(t, z) coincides with the solution = z(¢) of the equation

%% = f(z), t=0, (1.22)

subject to the initial condition z(0) = z.
Instead of equation (1.22), it is convenient to consider an equivalent equation for
the inverse function ¢t = t(z) of z = z(2), i.e.,

1
dt—— <z <l

dz ~ f(@)’
The solution of the above equation can be written as

T du

t(x) = —

@=J, Fw

Analysis of the differential equation (1.22) for the generating function. From Aj, > 0,
k # 1, it follows

f'@ =) kk-DAez*2 20, 0<z <1,

k>2

so that the function f(z) is convex and its derivative monotonically increases in the
interval 0 < = < 1. Moreover, as

D k=0,
k=0

so z = 1 is a root of the equation f(z) = 0. Apart from it, the last equation may
have another root in (0, 1) (see Figure 7).

Suppose first that there is a root z = a, 0 < a < 1. Then, z%(t) = o is a solution
of the differential equation (1.22). Let z(t) be another solution, with z(0) = z,
0 £ z < a. Since f'(a) is finite and since, for z ~ a, f(z) is approximately equal to
f'(o)(z — a), it follows that the corresponding inverse function

Z du

@= | Fw
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increases to 400 as £ — .

Note that x(t) does not intersect z°(t) = a anywhere. Moreover, as f(z) is positive
in the interval 0 € z < «, z(¢) is monotone increasing as t — oo and is bounded
by a. In particular, z(t) has a limit § = lim¢—,. z(t), z < 8 < a. On the other hand,
as x — (3, the continuous function f(z) has the limit

(6 = lim f(a) = lim 2'(2)

It is clear that f(8) = 0, otherwise

¢
z(t) =z + /0 f(z(s))ds

tends to +oo as t — oo. Hence (3 is a root of the equation f(z) = 0 and 8 = a.
Consequently, every solution z = z(t), (0) = 2, 0 < z < o, is monotone increasing
and

tlim z(t) = a. (1.23)

Solutions starting at z € (o, 1) (0 < a < 1) at t = 0, behave in an analogous
way, with the only difference that x(t) is monotone decreasing, as ='(t) = f(z(t)) is
negative (f(x) € 0 for a < z < 1). The corresponding graphs of z(t) for different
values of z(0) = 2z, 0 € z < 1, are shown in Figure 8. Obviously, the situation is
more simple if a = 0.

f@) fx) fx)

a

ay

ay=0

a) b) c)
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The case z(0) = z = 1 has to be considered separately. As f(1) =0, so z!(t) = 1
is a solution of equation (1.22). Assume first that 1/f(z) is nonintegrable in a
neighbourhood of z =1, i.e., o < 1 and ’

1
du
zgm = —00, a<zy <l (1.24)

Take an arbitrary solution z(¢), (0) = 1 of (1.22). Suppose that z(ty) = z¢ for some
to = t(zg) > 0. The corresponding inverse function can be written as

T du
t(m)=t0+ - m

Note that z(t) does not intersect z!(t) = 1 for ¢ > 0 since

1
du
tD=to+ | — =—
O Lo F)
In particular, (0) = z < 1, which is a contradiction. Therefore, z(t) = 1 is the
unique solution going through the point ¢t = 0, z = 1.
Next, consider the case

U dz

—_— > —00. 1.2
L@ T (1.25)

Fig. 8.
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X X
1 1 .
F\
o o
0 t t 0 t
a) b)
Fig. 9.

Then, for sufficiently large ¢, > 0, the corresponding inverse curve

T du

t(x) =ty + . f—(?ﬁ

intersects tangentially z!(t) = 1 at a certain point t = 7, x = 1, where

1
du__ 4

Tt T

(see Figure 9). In this case, we have an entire family {z.(t)}+>0 of solutions going
through the point ¢t = 0, z = 1, each z.(¢) corresponding to a particular choice
of T > 0. In particular, the solution zo(t) corresponding to T = 0 has the property
that it lies below all other solutions, namely

To(t) L z-(t), 0<t < o0

This follows from the fact that, in the domain 0 < z < 1, 0 < t < o0, a solution of
the corresponding differential equation is unique so that different solutions do not
intersect each other in this domain. It is easy to see that zo(t) is the (increasing)
limit of solutions z(t) = z(t, 2), z(0,2) = z € [0, 1):

zo(t) = lirri z(t, z). (1.26)

The study of the differential equation (1.22) enables us to draw the following con-
clusions about the corresponding branching process £(), ¢ > 0.
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The probability of degeneration. In general, there is a positive probability that the
number of particles at time ¢ is zero. (Of course, this probability is 0 if A\;o =0, i.e.,
if the number of particles does not decrease.) Given k =0, 1,2,... particles at time
t = 0, the above probability is pxo(t) = F(t,0)F = po(t)* (see (1.21)).

The function py(t) is a solution of the differential equation (1.22) with the param-
eter z =0:

po(t) = f(po®)),  po(0) =0.

We know that, as t — oo, this solution tends to «, or the smallest root of the equation
f(x) =0 (see (1.23)), i.e.,

tlim po(t) = a.

Thus, « is the probability of degeneration of the branching process &(t), or the
probability that after some time the number of particles is 0. More generally, if we
are given k particles at time ¢ = 0, then the probability of degeneration is

lim pgo(t) = oF.
t— o0

The probability of explosion. From (1.22) we see that, under the condition (1.24),
with probability 1 every particle creates a finite number of particles in a finite time.
Indeed,

lim F(t,z) = ;pln(t) =1,

and

P{r<t}=1 —Zpln(t)EO, t>0,

where T is the time when the total population of particles becomes infinite, see (1.10).
On the other hand, if condition (1.25) holds, then

lim F(t,2) = wo(t) = P{t > t} < 1

according to (1.26), where zo(t) < 1 (¢ > 0). Thus, with a positive probability
P{t < t}, a given particle produces an infinite number of offsprings in a finite
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time t. (This phenomenon is called explosion.) The corresponding probability given
k particles at time ¢ = 0 is

1 —zo)*,
see (1.21).
QUESTION. Is explosion possible for a population of particles which multiply by
dividing into two new ones (i.e., with A\;3 = —\;; = X being the only non-zero
coefficient)?

1.4. THE (LIMIT) STATIONARY PROBABILITY DISTRIBUTION

Let £(t), t > 0, be a homogeneous Markov process having transition probabilities

pz](t); i,j=0,1,... .

Y pyty=1, t>0, (1.27)
7
cf. (1.10). Consider the probabilities

p(s)=P{&(s) =1}, i=0,1,...,

at some time moment s > 0. According to the total probability formula,

p,) =P{@) = j} = sz(s)pzj(t —-s), t2s, j=0.1,... (1.28)

At s = 0, we have the initial probability distribution

p(0) =P{&0) =i}, i=0,1,...,

> om0 =1.

We say that a probability distribution

p, 20, i=0,1,...,
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dop=1

is stationary, if

Py =) ppy®, t>0, 5=0,1,....
1

According to (1.28), if the initial probability distribution is stationary: p,(0) = p},
then the probabilities

p@) =P{eW) =1} =p;, +=0,1,..., (1.29)

do not depend on ¢ > 0.
Under condition (1.19) we can obtain from (1.28) the following forward differen-
tial equations

Pyt =) p®Xy;, 1=0,1,..., (1.30)

similar to the corresponding equations (1.18) for transition probabilities. Applying
(1.30) to (1.29), we get the equations

Y Py, =0, 53=0,1,..., (1.31)

from which stationary probabilities can be found (if they exist).

Of course, it might happen that there is no stationary distribution, as in the case
of the Poisson process, say.

We are going to show that a unique stationary probability distribution exists if
there are 79, h = ho > 0 and 6 > 0 such that

Py(h) 26 >0 (1.32)

forany:=0,1,....
Note that (1.32) holds in the case of a finite number of states which can be reached
one from another. Indeed, if p,;(s) > O for some s > 0, then

pz](t) P pu(S)Pn(t -5)>0, t=s,
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since p,,(0) = 1 and the continuity of p,,(t) at ¢t = 0 imply
p]J(t) D p]g(h)p“(t —-h)>0, t=>0.

THEOREM. There exists a unique stationary probability distribution p;, j = 0,1, ..
and

*y

p,®) = P{¢®) = j} — p}
as t — oco. Moreover,
lp, (&) — p}| < (1 — §F/M-! (1.33)

independently of j and the initial probability distribution.
Proof. Set

Ty ) = ll'llf D1y (), RJ (t) = sup Dqy @),

which give lower and upper bounds, respectively, for the probability

Z p(O)"'g @)= Ty @,

2, =Y pOp,(t) :
’ Z ’ Ep“”R ) = Ry(2).

Let us show that 7,(¢) monotonically increases and R,(t) monotonically decreases,
as t — oo. In fact, for any t > s, we have

r,(t) = inf [Z Puk(t — s)pk,(s)} > inf lszk(t - s)rj(s)] =7,(s),

R (t)—sup{zpma—s)pk](s)} sup[me(t $Ry(5)| = Ry ().

Furthermore,

RJ () - T ) = Sug [Paa(t) — pﬂg(t)]

A\
>

= sup > [Par(h) — por(W)pk,(t = B), ¢
P g
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Here,
> Pak(h) = par(h) =1,
k k

hence

0= [Pak(h) — par(h)]
k

can be rewritten as

S par(h) = o] = = 3 [par(h) — par(h)],
k k

where Z+, >~ correspond to positive and negative summands, respectively. From
condition (1.32), it is easy to show that

1 1
ka[pak(h) ~pox(W)] = 5 ij [Pak(h) — per(h)| < 5(2-26)=1-6.
Hence,
Ry(®) = ry(t) < sup { 3 [Dar(h) — par(WIR, (¢ — h)
a, k

+ ij[pak(h) — par()]Iry (¢ — h)}
= sup Zk+[pak(h> — par(WI(Ry (¢ — h) —ry ¢ — )
< (1 =8(Ry(t — h) — 7yt — h)).
Consequently,
R,(t) — ry(t) < (1 — O™ (R, (t — nh) — r,(t — nh)) < (1 — /M1,

where n is the entire part of ¢/h. Together with the monotonicity of R,(t), r,(t), this
implies the existence of the limit

P} = lim r(®) = lim py(t) = lim R,(2)
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as well as the uniform bound (1.33):

|p, () — P}| < Ry () —75(8) < (1 - 6P,
To complete the proof of the theorem, we have to demonstrate that p;, i=0,1,...
define a stationary probability distribution.

Note first that ZJ p; < 1 as the last inequality is true for any finite number of
summands:

ij = tlirgoZpg(t) <L
) )
The sum }_ p; # 0 which follows from (1.28) and
p;() 2 ’rj()(h) 2 5'
Moreover, from (1.28) with t — oo, s =t — h, h > 0 it follows that

P} > > pipy(h).
1

In fact, the last inequality must be replaced by equality, since, by assuming that a
strict inequality holds for some j, we obtain

SNoor > S pipy (W) =>pr > pyW) = pl.
J J 1 1 Vi 1
Therefore, the probability distribution
0 Py
b, = ot
7 2 kPk

is stationary:

j=0,1,...,

P =Y pp,(t), t>0.
1

By taking pg =p,(0), =0,1,..., as the initial distribution and using the first part
of the theorem, we conclude that

p; = lim p,@®) =p), j=0,1,....
The last relations being obviously valid for an arbitrary stationary distribution p‘;,

j=0,1,..., shows that such distribution is unique, which completes the proof of
the theorem. O
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EXAMPLE (Multi-server system). Imagine a service system that is analogous to
the system described on p. 93, but that has n, instead of one, lines of service. The
service time of customers arriving at each service line, is random and is exponentially
distributed with parameter A. In particular, if j lines are occupied, the waiting time
until one of them is free is

T = min(Ty,...,T,),

where the waiting times Ty, ..., T, of the occupied lines are independent and have
the same exponential distribution with the parameter A. The variable 7 is distributed
exponentially with the parameter jA. Let £(¢) be the number of occupied lines at

time ¢. Then £(t) is a homogeneous Markov process with n+ 1 states j =0,1,... ,n
with the transition parameters (see (1.12)):
— U, J=0’ nA’ J=n_17
)\01={ u, ji=1, /\mz{—n)\, j=mn,
0, j#0,1, 0, j#n—1,n,
i\, j=1i-1,
) =i j=i, ,
)\1,]— L, ]:Z+1, 0<i<n.
0, jAi—1Lii+1,

We recall that 4 is the parameter of the exponential distribution of the interarrival
time of customers. From (1.31) we obtain the system of equations

— ppg + Ap] =0,
ppi_ — (w+ P+ @+ DAy =0, 0<i<m,
ppy,_1 —np, =0,

whose solution is given by Erlang’s formula:

il

by= — o Tk
Xl

For large n, one can apply the Poisson approximation

i=0,1,...,n
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with a = p/A.

It is clear that, starting from an arbitrary state, the process can reach any other
state, and that condition (1.32) holds. Therefore, the probability distribution of
£(t) converges as t — oo to the (stationary) Erlang distribution (see (1.33)). The
convergence is very explicit in the case n = 1, when the forward differential equations
can be easily solved and, with 0 and 1 the only states, we obtain

A A
= —2 1 — e O+t —— =p
Doy (B) )\+M[ € ]_}/\+N D1
R — (Ot |
t) = ——|1 — e B , t—o 00
P1o(®) )\+u[ € ] A+ pu Po

EXAMPLE (Energy supply). Suppose there are n independent energy customers who
use energy during random time intervals. With each customer, one can associate a
homogeneous Markov process taking value 1 when energy is consumed and 0 when
no energy is needed, with transition parameters A\g; = A, Ago = —A, Ao = L,
A11 = —u. Assuming that all these n processes are independent, their sum £(t) forms
a homogeneous Markov process with states 0, 1,...,n, £(t) = k being the number
of energy users at time ¢. Obviously, the transition parameters of £(¢) are

Aol = NA, Ao = —Agon,
Akk+1 = (N — K)A, Aek—1 = ki,

M ==drk=M—kK)A+ky 1<k<n-1,
Ann—1 = N, An = —Apn = Nl

One can easily verify that the limit stationary probabilities are

B e () im0t

giving the binomial (Bernoulli) distribution with the parameter p = A/(\ + p).

2. Random Processes with Continuous States

2.1. THE BROWNIAN MOTION

Imagine a particle moving in a homogeneous fluid, in the result of chaotic collisions
with the molecules of the fluid. The corresponding continuous chaotic motion of the
particle is called the Brownian motion.
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Let &:(t), &(t) be the particle’s plane coordinates at time ¢ > 0, where £;(0) =0,
&(0) = 0, say. From physical argument, £1(t), £2(¢) can be assumed to be independent
random variables with a probability density which is central symmetric with respect
to the origin. Choose any axis on the plane going through the origin, and let £(2),
£(0) = 0 be the projection of (&1(2), £2(t)) onto it. Then, as we already know, £(¢) is
a normal variable with the normal probability density

1
p(0,t,z) = ———e‘”z/z”z(t), —00 <z < 00,

V2mai(t)
with zero mean E£(t) = 0 and the variance
o2(t) = DE(R).

Of course, we can consider the Brownian motion process starting from £(0) = z;
then the corresponding probability density is

e~ W20 o6 <y < o0, (2.1)

1
p(z,t,y) = \/Tz(t)

Consider the particle’s diffusion at disjoint time intervals (0, s) and (s,t),0 < s < ¢.
The corresponding displacements £(s) = £(s) — £(0) and £(t) — £(s) arise in the result
of physically independent collisions of molecules; i.e., we can assume that

£t) —&(s),  &(s) - €(0)

are independent random variables. Moreover, because of homogeneity of the fluid,
&(t) — &(s) obeys the same probability law as £(t — s) — £(0). To be more precise, the
probability density of £(t — s) —£(s) given any £(s) = z is the same as the probability
density of £(t — s) — £(0) given £(0) = 0.

In particular,

D[&(t) — £(0)] = D[&(s) — £(0)] + D[E(E) — £(s)],
which shows that the function

a?(t) = oX(s) + o2t —3s), 0<s<t<oo,
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is linear:
o*(t) = o’t, t>=0,

where the constant o2 is called the diffusion coefficient.
The corresponding conditional probability density of £(t) given £(s) = z equals

e~ W /20%(t-9) o <y < 0. (2.2)

1
p(z,t —s,y) = m

Roughly speaking, the Brownian motion has the property that, given a ‘current’ state
&(s) = x, and independently of the ‘past’ £(t), t < s, the ‘future’ £(t), t > s, obeys the
same probability law as the initial process starting at s = 0 from the point £(0) = z
(this is called the time-homogeneous Markov property).

2.2. TRAJECTORIES OF THE BROWNIAN MOTION

Having characterized the probability distribution of the random variables £(t), ¢t > 0
(see (2.1)-(2.2)), now we shall define (random) trajectory of the Brownian motion
as a limit of discrete time piecewise linear approximations

t— Tpq1, t— g
En(t) = ——m £(thn) — ————E(tkt1n)s
t ty tin

kn — tktln +1,n

(2.3)

ten <t < thsipn,

where

k
tk"_fﬁ’ k=0,1,....

THEOREM. The random functions (2.3) uniformly converge with probability 1 on
each finite time interval.
Proof. Consider the event

Ap" = { max [6n) — €n (0] > en .

where n > m, T are positive integers, 7' > 0. Note that, for £,(t) of (2.3), the
maximum above is attained at a partition point tx, = k/2", and that, in view of
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monotonicity of the partitions, the maximum increases with n. For the union A7

Un>mAT'™ of monotone increasing events AT, n=m+ 1, m+2,..., we have

P(A7) = lim P(4™).

In the following, we shall obtain an estimate of P(A7'™), uniformly in n, which

applies also for P(AT), or the probability of the event:

omax [€n (@) — €m®)] > €m

for some n > m.
It is obvious that

timgtkn Sti-i-l,m

A" C U{ max  |&(ten) — Etim)|, |ECrn) — EGiz1m)| > em}

and

tim <tenKtitim

P(AP™) < P, mux [e(tin) - éCtin)

—omT. p{ max__[(ten) ~ EQ)], |ECtn) — €(27™)| > 6m}

Ostkn <2—m

<2™T . 4P{ max &(tgn) > em};
0gkg2n—m

=

in the last inequality we use the fact that the families
i [g(tkn) - 6(0)], k = 09 1, R ] 2n—m,
as well as

+[£(27™) - Etm)], E=2"",...,1,0,

of random variables obey the same probability law as the family £(¢x,), k =0, 1,. ..

2n~™_ Next, we apply the following general lemma.

JECthn) — ECtirrm)| > sm}

’
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LEMMA. Leté&y,... ,& be random variables such that, forany k = 1,... ,r—1, the

distribution of &, — & does not depend on &1, ... , & and is symmetric with respect
to 0. Then
< . .
P{ 1211?ér€k > x} < 2P, > o), x>0 2.4)

Proof. Denote &, the first of the variables £y, ... , £, that exceeds . As the event
v = k is determined by &,. .., & which do not depend on &, — &, we obtain

r—1
P{ lgggrék >z, & < z} = I;P{uz k, & < x}

r—1

<) P{u=k & - & <0}
k=1
r—1

=Y P{v=Fk}P{¢& — & <0}
k=1

r—1
<) P{v=k}P{& — & > 0}
k=1
r—1
=3 P{v= k& — & > 0} <P{& >3},
k=1

Complementing the resulting the inequality by the following one:

<
P{ Orsn,?érgk >z, & > m} < P{¢ > o},

we obtain the estimate (2.4).
Applying this estimate to the variables £(txn), £ =0,1,...,2""™, we get

P{ max &(tkn) > Em

0gkg2n—m

——

> 2P{£(27™) > em},

where

P{{(2™™) > em} = / — e~*/2dg

g

mV2m /Em\/ﬁ/a'

T e—eh2™/20

2
ze % 2dg

S RS BN
3 3 3
™
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Consequently, we obtain the following estimate:

1 V2m 2 Am 2
P(A) < 4To—— ———e m?" /20",
( T) \/27!' Em

Choose &,, — 0 so that the series

o0
Z v2m o2 /20"
Em

< 00

m=1

converges (for example, we may take ¢, = 2-™/4). Then, as

[o o]

Y P(AT) < o,

m=1

using the Borel-Cantelli lemma, we obtain that, with probability 1, only a finite
number of events A, m = 1,2,..., occur. In other words, with probability 1, for
all sufficiently large m and any n > m,

t) — t)| <
Oréltanglén() Em)| < em,

where £, — 0 (m — o00). We have that, with probability 1, the sequence (2.3)

converges uniformly on every finite interval 0 < ¢ < T, or the statement of the

theorem. O
We define now the Brownian motion process as the limit

@)= lim &(@), t=0, (2.5)
which is a random continuous function, the distribution of the random variables £(%),
t > 0, being characterized in (2.1), (2.2).

More precisely, we assume that the basic probability space (2,2, P) is chosen so
that the limit

ft,w) = lim &altw), 30, @.5)

exists and satisfies the statement of the last theorem for every w € Q. In particular,
every trajectory

€t) =¢&w,t), t=0, (2.6)
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is a continuous function, which on any finite interval 0 < t < 7', is represented by
the uniform limit (2.5)" of our continuous piecewise linear functions &,(t), ¢ > 0.

For the above continuous model, we can restate our probabilistic characterization
of the Brownian motion process £(t), t > 0 (which is also called the Wiener process),
as follows: 1) £(0) = 0; 2) for any 0 < s < t, the increment £(t) — £(s) has normal
distribution with expectation O and variance o%(t — s); 3) for any 0 < t; < ... < tp,
the increments £(t1) — £(0), ... ,&(tn) — £(t,—1) are independent. O

Some experimental trajectories of the Brownian motion can be seen in Figure 10*.

Visually, trajectories of the Brownian motion look as if they were chaotically
drawn by a jittering pen (which reflects the character of the physical process of
Brownian motion, where the particle is subject to infinitely frequent impulses from
the molecules, and every impulse produces an infinitely small displacement). As
we shall see below, with probability 1 the trajectory has infinite variation on any
interval:

n

sup > l€tr) — Etr—1)| = oo. @.7)

s=to<t)<-<tn=t p 7

THEOREM. For any interval [s,t], with probability 1

n

Tim 37 [€(te) — ta-)]” = ot - 9), 238

k=1

where the limit is taken over a sequence {tkn}, n > 1 of partitions s =ty < t; <
v <ty =t, tg = tgy, such that

h, = max |tg, — tk—l,nl <2™
<k<

1\\

Proof. Let show first that (2.8) holds for any sequence of partitions with h, — 0,
if we replace the convergence with probability 1 by the convergence in the square
mean. In fact, we have

E[¢t) — &te_1)]” = 0%(tk — te_1)-
Set

Ar = [€(tk) — Etr1)]” — 02tk — th_1).

* Wold, H.O. (ed.): Bibliography of Time Series and Stochastic Processes, pp. 10-11, Edinburgh,
London, 1965.
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Fig 10 a) Experimental trajectories of the Brownian motion with the diffusion coefficient o2 = 1, b) a
magnified part of the trajectory
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Consider the sum

Z [€Ctx) - §(tk—1)]2 — ot —s)= ZAk

k=1 k=1

of the independent variables Ay, with mean 0 and the variance
EA2 = E[¢(ts) — £(tx_1)]* — 0*(tk — te1)* = 20%(tk — ti1)?

(see p. 79 for moments of the normal distribution). We obtain

E

n 2 n n
ZAk] = ZEA2 =204 Z(tk —t5_1)?
k=1 k=1 k=1

n
4 4y h
<20 1I<n/flgxn(tk - tk—1)kg_1(tk —tk—1) = 20"hn(t —5) — 0

as n — oo. Next, from the Chebyshev inequality,

"

As h, € 27", we can choose €, — 0 so that

>en}<oo.

Using the Borel-Cantelli lemma, we infer that, with probability 1, only finitely many
of events

n

>4

k=1

h
4 n
> En} < 20 (t‘S)'e—%-.

n

>a

k=1

o

n=1

< &n, where e, —0.
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The theorem is proved. 0
In particular, a.e. trajectory of the Brownian motion has infinite variation on any
interval. Indeed,

2
3 It - &) > —— |§(tk) o l)lDé(tk) &te-1)* — oo

k=1

since maxy |£(tx) — £(tk—1)] — 0, due to continuity of the trajectory on the inter-
val [s, t].

2.3. MAXIMA AND HITTING TIMES

Let us consider the standard Brownian motion £(t), t > 0, with the diffusion coeffi-
cient o2 = 1, starting at £(0) = 0. We are interested in the probability distribution of
the maximal displacement (or maximum)

ft = rélax &(s),

\\

and of the hitting time

T, = min{t: &) > =}

of a point z > 0. Because of continuity of the Brownian motion, the random variables
&t and 1, are clearly related between themselves, namely

{&" 22} = {Ta <t}

Using the symmetry of the Brownian motion with respect to any starting point, one
can see that, under the condition ¢ > T, both events £(¢) > x and £(¢t) < z are
equiprobable. Hence

p 1
Plt) >z |t <t} = lf{gii)< t}} :

and therefore

P{t, <t} =2P{£@t) >z} =2 [1 - <I>(%)] t>0, (2.9)
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where

o) [ e

is the normal distribution function.
Of course, we also have

P{&t > o} = 2P{e(H) >z} = 2[1 - cp(—)], 2> 0. (2.10)

Differentiating (2.9) with respect to ¢ > 0 and (2.10) with respect to z > 0, we
obtain the corresponding probability densities of the random variables T, and &;',
namely

T 3/2 —z/2
—t € s t>0,
P () = { V2r 2.11)
0, t<0
and
2 2
L -zt /2t
P+ (@) = { — e 220, 2.12)
0, z <0.

By the symmetry of the Brownian motion with respect to the origin £(0) = 0, the
hitting time

T, = min{t: &(t) < x}
of a point z < 0, and the minimum

& = o‘é‘i’g‘t £(s) = — rgsaét[~€(s)]

obey the same probability laws (2.11), (2.12), respectively, with x replaced by —z. In
particular, the Brownian particle hits any point z = a with probability 1. Moreover,
before hitting a point a < 0, say, the particle travels for some time in the opposite
direction z > 0, with T, & asymptotically behaving like z2, ++/%, respectively (as
z and t increase). O
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Let 0 < 7 < t be the time when the Brownian trajectory attains its maximum ¢;".
To find the distribution of this random variable, one can proceed as follows.

Let us consider the maximum & on an interval 0 < s < t and the hitting time T,
of a > 0. Obviously, §t+ =z > a implies T, < ¢ and, given 1, = s < t,

&r=a+ [max [¢(u) - al.

The Brownian motion £(u), u > s, starting at £(s) = £(t,) = a obeys the same
probability law as é&(u — s) +a, u — s = 0, £(0) = 0. Therefore, the conditional
probability density of ¢ given T, = s < t coincides with the probability density of
the random variable

a+ max &h)y=a+¢&t,

<h<t—s

and can be found from (2.12), to be equal to

2 N2
p€t+(:r|s): W(t—s)e(z a/2At=8) g <z < 0.

Hence, using the Bayes formula and the hitting time distribution (2.11), we find the
conditional probability density of T, given ¢ =z > a:

Pet (z I s)

t

per (@)

= O -3/2—a%/2s 2 ~@-ap/2-s
V2T m(t — s) pg:' (x) ’
0<

s<t,aszT<o0.

D, (s I z) = P, (s)

The above identity remains valid for z = a as well:

1 a a2/23 1

- =————e" , 0 t.
Pr(s0) m/s(t—s) § pg(a) <s<

Conditioned at §t+ = a, 0 < a < oo, we have 1, = T as the maximum point.
Therefore, the conditional density of T given & =z, 0 < z < oo is equal to

1 T —$2/2.s 1

R )

O0<s<t.
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Fig. 11.

Hence, the joint probability density of T and &' is
(s,x) = L =z e=='/28
Proet O = 2 st =9 s ’

which leads to the following formula for the probability density of the maximum
point T:

O0<s<t, 0€< T <00, (2.13)

0o 1
pe(s) = /0 pT’Et«L(s,x) dz = m,

This probability distribution is known as the arc sine law, since

O<s<t.

8 1 2 s
P{t<s}= | ——————=du= =arcsiny/=, 0<s<t 2.14
{t < s} /0 Py v e u 7rarcsm\/: s (2.14)

(see Figure 11). Note that the maximum point T = s is much more likely to occur
towards the ends s = 0 and s = t of the interval (0, t) than somewhere in the middle
(this happens, for example, if the Brownian particle drifts from the origin in the
direction z < 0).
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2.4. DIFFUSION PROCESSES

Consider a particle moving in a non-homogeneous medium, whose movement &(%),
t > 0, locally resembles the Brownian motion, but, given the position £(s) = z of
the particle at a time s, the increment £(s + h) — £(s) depends on = = £(s).

Of course, the probabilistic characterization of such a movement cannot be as sim-
ple as of the Brownian motion in general. However, we shall assume the following
Markov property: given any ‘current’ state £(s) = z, the ‘future’ £(¢), t > s, of the
random process is conditionally independent of its ‘past’ £(2), t < s.

Suppose that, for any ¢ > s and —oco < x < oo, there exists the transition proba-
bility density

plz,t —s,y), —oo<y<oo,

which is the conditional probability density of the random variable £(¢) given &(s) =
. [

Let us consider the joint probability distribution of £(s), &(t), 0 < s < t, given
£(0) = z. The corresponding probability density can be written as

p(x,s,2)p(z,t —s,y), —00<zy<o00,

with p(z,t—s,y), —00 < y < oo, being the conditional density of £(t) given £(0) = z,
&(s) = z (the latter density does not depend on £(0) = z, thanks to the Markov
property). Integrating over —oo < z < 0o, we obtain the probability density of &(¢):

p(z,t,y) = / plx, s, 2)p(z,t — s,y)dz, —o0 <y < o0. (2.15)

—00

This is the so-called Kolmogorov—Chapman equation (which is quite similar to Equa-
tion (1.11) and reflects the total probability formula).
We assume that, for any fixed € > 0,

/ p(e, by y) dy = olh),

ly—z|>e

/I W= h )&y = o)+ olh), 2.16)
y—z|<e

/ (y — 2)°p(e, b y) dy = b(z) - b + o(h),
ly—z|<e
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where o(h)/h — 0 as h — 0. A random process £(¢), t > 0, which satisfies the above
mentioned properties, is usually called a diffusion process. The functions a(x) and
b(x), appearing in (2.16), are called the drift coefficient and the diffusion coefficient,
respectively.

The Brownian motion process considered above is an example of a diffusion
process, with the corresponding coefficients a(z) = 0, b(z) = o2.

THEOREM. Suppose that the derivatives 9p/ot, Op/0z, 8°p/dx?* of the transition
density p(z,t,y) exist and are continuous with respect to x, uniformly in y from each
finite interval yo < y < y1- Then p(z,t,y) satisfies the diffusion equation

9 _ oy Ly @
5 = @5+ Fh@)5—. (2.17)

(Equation (2.17) is known as the Kolmogorov backward equation.)
Proof. Take a continuous function ¢(x) vanishing outside a finite interval, and
set

o(t,7) = / PP, t, ) dy.

—00

From the Kolmogorov—Chapman equation it follows that

o(t, ) = / o) / p(@, 5, 2)p(z t — 5,y) dzdy

oo

= / (s, 2)p(x,t — s,2)dz.

— 00

Obviously, the function (¢, z) has continuous derivatives dp/8t, dp/dx, 8*p/dx?.

Using the Taylor formula in the neighbourhood of = (with s fixed), we obtain

dyp(s, 1 [8%p(s,
065, = ols,2) = 222D - 1 5 TEED 1 06|z - o,
where
B Bp(s,z)  Ppls,x)
be = |::I|)<5 or2 0x2 |




128 CHAPTER 2

so that O(6.) — 0 as € — 0. From the relations (2.16), with t — s = h — 0, we get

o(t.0) ~ p(s,0) = [ [p(6,2) - 9(5,2)]p(z. b, 2) 8z

—00

/l < [(p(s, 2) — (s, a:)]p(a:, h, z)dz + o(h)

_ 94(s, x)
0 Jjz—zi<e

1 [0%¢(s, T)
+ 3 [% + 0(55)] /|z m]<€(z — z)’p(z, h, 2)dz + o(h)

2
{a(gc)M 1 %b(m) [M + 0(55)] }h + o(h).

(z — )p(z, h, 2)dz

or Ox2
Hence
. ot,z) — p(s,x) dy(s, x) 62<p(s )
D 3 =A@ =t b( ) "o
or
Oy Oy %
Bt = ()6 + b()az, t>0.

Using the definition of (¢, z), we can rewrite the above equation as

/_oow(y)[~§+ a@3L + SHw) S ]dy 0,

where (recall) ¢(y) is an arbitrary continuous function vanishing outside some finite
interval. Hence, the equation

Op 1. &y
—5 Te ()—+ b( )_—0

is satisfied. The theorem is proved.

THEOREM. Suppose that the derivatives

op(z,t,y) Olap(z,t,y)] *[b(y)p(z,t,y)]
a Oy ’ Oy?
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exist and are continuous. Then the transition density p(z,t,y) satisfies the differential
equation

Op

0 1 82

Proof.  Similarly to the proof of the previous theorem, we can show that, for
any twice continuously differentiable function ¢(z) vanishing outside some finite
interval, the limit

. % 1 "
,{g}})% l /_ N o(y)p(z, h,y) dy — so(w)} = a(x)¢'(z) + F0@)¢" (@)

exists. We obtain

% / p(z,t, y)e(y) dy

X 1 o0 o0
= lim — [ /_ Bt h )y - / Pt 2(e) dz]

o0 1 o0
/ p(zt,2) fim - [ / 2z, b y)o(y) dy — w(z)] dz

_ / p(z 1, 9)[a()¢!(2) + 30 ()] d.

— 0o

Integrating the last expression by parts, we get

00

g—t- /:: p(z, t, ey dy = /_oo [%P(x, t, y)] e(y)dy

—/w = 0 Lo, t,)] + -2 bpwia £ )] Yo d
- o ay yp 7vy 26:’]2 yp ’?y (Py y

Hence, equation (2.18) follows, as ¢(y) is arbitrary. The theorem is proved.



CHAPTER 3

An Introduction to Mathematical Statistics

1. Some Examples of Statistical Problems and Methods

1.1. ESTIMATION OF THE SUCCESS PROBABILITY IN BERNOULLI TRIALS

According to a common belief, the birth of a girl or of a boy are equiprobable
events. Let us adopt this as the initial hypothesis, and check how it fits some
available data. For example, in the period 1871-1900 there were n = 2,644,757
babies born in Switzerland including m = 1, 359,671 boys and n — m = 1,285,086
girls.* How well does this data agree with our hypothesis that the probability of a boy’s
birth is 0.5? By calling the last event a ‘success’, let us discuss the data in the
framework of n = 2,644,757 Bernoulli trials, with unknown success probability p;
the corresponding frequency is

m 1,359,671
w = 2,644,757 014
No doubt that everybody would reject a hypothesis like p = 0.1, say. To give a
rigorous answer for any hypothesis about the probability p, consider apriori the fre-
quency as a random variable whose probability distribution is well-known. Namely,
as n is very large, one can apply to this random variable, denoted by &, the normal
approximation. The normalized random variable

E-Ee [T
/e \pa-p &P

satisfies the inequality

n
(1 —p)

€ —p) < za (1.1

* See Van der Waerden: Mathematische Statistik, Springer-Verlag, Berlin, 1957.
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Fig. 12. a) Normal distribution function with & = 1; b) normal density with o = 1.

with the probability

1 —a= ®("ra)’
where
O(z) = —,l_ /m e~ /2dg, —oco<z <00
271, oo i 9

is the normal distribution function (see Figure 12 and Table II). Here, « is a signifi-
cance level and x,, is the corresponding quantile.
Let us return to the above data which gives the value

n
N/p—(l =) E-p) =37

Table II. The normal distribution function ®(x) = % e e v /2dy

T () T O(x) T D(x)
0.0 0.500 000 1.5 0.933193 3.0 0.998 650
0.1 0.539828 1.6 0.945 201 3.1 0.999 032
0.2 0.579 260 1.7 0.955435 3.2 0.999 313
0.3 0.617911 1.8 0.964 070 3.0 0.999 517
0.4 0.655422 1.9 0.971283 3.0 0.999 663
0.5 0.691462 2.0 0.977 250 3.0 0.999 767
0.6 0.725747 2.1 0.982 136 3.0 0.999 841
0.7 0.758 036 2.2 0.986 097 3.0 0.999 892
0.8 0.788 145 2.3 0.989276 3.0 0.999 928
0.9 0.815940 24 0.991 802 3.0 0.999952
1.0 0.841345 2.5 0.993 790 4.0 0.999 968
1.1 0.864 334 2.6 0.995 339 4.1 0.999979
1.2 0.884930 2.7 0.996 533 42 0.999 987
13 0.903 200 2.8 0.997 445 43 0.999 991
14 0.919243 29 0.998 134 44 0.999 995

45 0.999 997
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in the case of p = 0.5. This is far beyond the extreme point z, = 4.5 of Table II
corresponding to a = 0.000,003. In this particular case, we can either accept the
incredible event of the probability less than 0.000,003, or just reject the hypothesis
p = 0.5. Of course, the hypothesis has to be rejected. Using the above data, one can
take

p=05141 (= 2)

as the corresponding statistical estimate of the unknown probability p. How is it
reliable?

The question concerning the reliability of our knowledge about p can be ap-
proached as follows. According to the normal approximation, we have

n

m(é—p)<wa

T <

or, equivalently,
Tq T
—Vp(—p=2<p< 1 —p) =2
§€—vp(l —p) Jn SP £+ vp(1-p) n

with the probability 1 — 2a, where a = 1 — ®(z,). Hence we can be a priori sure
that

e-222 <p<g+2

v Vv

with the probability 1 — 2« at least, since p(1 — p) < 1/4. For the presented data,
& = 0.5141 a posteriori, and we can trust the corresponding estimate (called the
confidence interval)

0.5141 — 0.0003 z, < p £ 0.5141 + 0.0003 z
with probability 1 — 2a.
1.2. ESTIMATION OF PARAMETERS IN A NORMAL SAMPLE

Suppose we observe independent identically distributed random variables &, ... , &,;
the corresponding data is usually called a statistical sample of size n. What can we
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say about its unknown probability distribution? Suppose we know that this distribu-
tion is normal, for example, and then one can ask about the unknown parameters

a=E¢, o®=DE.

One can apply the sample mean

a =

> (1.2)
k=1

S|=

as an estimate of the unknown parameter a; how is it reliable? The mean square
error of this estimate is

2
E@ —a)? = %

which is not very useful if o2 is unknown. One can take

n—1

T 3 (13
k=1

as an unbiased estimate of o2, i.e.

which easily follows from

n R n 1 n 2
;@k — ) = ;sﬁ - ;(Z&) :

k=1
Set

V(@ -0 (1.4)

A~

g

The probability distribution of the random variable 7 does not depend on the param-
eters (a,0?), or the substitution of & by (&x — a)/o, k=1,...,n. Assume for a
while that @ = 0, ¢% = 1. A linear orthogonal transformation

n
77j=ZCjk§k, j:1,...,n,
k=1
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with
- Ly
771’—' \/T_lk=1 k

in particular, results in independent normal random variables 7,, with

and

k=1 k=1 =
n n
2 2 2
= m—ni=Y1
=1 )=
Hence
T=vn-1 ﬂ,
X

P(x)
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Table III. Values of z in (bilateral) confidence bounds for 2a = 0.05;0.02;0.001 for
Student’s distribution with n — 1 degrees of freedom
n—1 0.05 0.02 0.01 0.001 n—1 0.05 0.02 0.01 0.001

1 12.71 31.82 63.66 636.6 20 2.086 2.528 2.845 3.850
2 4.303 6.965 9.925 31.60 21 2.080 2.518 2.831 3.819
3 3,182  4.541 5.841 12.92 22 2.074 2.508 2.819 3.792
4 2.776 3.747  4.604 8.610 23 2.069 2.500 2.807 3.767
5 2.571 3.365 4.032 6.869 24 2.064 2.492 2.797 3.745
6 2.447 3.143 3.707 5.959 25 2.060 2.485 2.787 3.725
7 2.365 2.998 3.499 5.408 26 2.056 2.479 2.779 3.707
8 2306 2.896 3.355 5.041 27 2.052 2.473 2.771 3.690
9 2262  2.821 3250 4.781 28 2.048 2.467 2.763 3.674
10 2.228 2.764 3.169 4.587 29 2.045 2.462 2.756 3.659
11 2.201 2.718 3.106 4.437 30 2.042 2.457 2.750 3.646
12 2.179  2.681 3.055 4318 40 2.0221 2423 2.704 3.551
13 2.160 2.650 3.012 4221 50 2.009 2.403 2.678 3.495
14 2.145 2.624 2977 4.140 60 2.000 2.390 2.660 3.460
15 2.131 2.602  2.947 4.073 70 1.990 2.374 2.639 3.415
16 2.120 2.583 2.921 4.015 80 1.984 2.365 2.626 3.389
17 2,110  2.567 2.898 3.965 90 1.972 2.345 2.601 3.339
18 2.101 2552 2.878 3.922 100 1.965 2.334 2.586 3.310
19 2.093 2.539 2.861 3.883 00 1.960 2.326 2.576 3.291

where x? = Z?:z n} is a random variable with the chi-square distribution (see p. 76).

The joint probability density of independent random variables n = n; and ¢ = x? is

given by

1 2
)= eV (=D/2-1g-2/2
Py, 2) o 2(=D/2T (851
—oo<y<oo, 0<z<oo.

The distribution function of the very 7 can be obtained in the form

F(z) = // P, c(y’ z)dydz, —oo<z < 00,
Vr=Tygz vz

which leads to the probability density of :

(1+

1
p(x) = /2T

r'(3)

1

) VAT

n—1

-n/2
) , —o0o<zx<o00.

(1.5)

This is the so-called Student’s distribution with (n— 1) degrees of freedom. Similarly
to the normal distribution with parameters a = 0, o2 = 1, it is symmetric and bell-
shaped (see Figure 13); one can easily verify that it tends to the normal distribution
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when n — oco. Table III gives the corresponding quantiles z,
F(za)=1-q,

for various n and the significance levels 2a = 0.05, 0.02, 0.01, 0.001. In particular,
for any n we have

P{-zo <7<z} =1-20.
Hence, according to (1.4),
& —6Ta/Vn<a<atoza/vn (1.6)

with the probability 1 — 2c, where a,6 are the statistics suggested in (1.2), (1.3),
respectively. Thus, we get an estimate for the unknown mean value @, in the form
of the corresponding confidence interval (1.6).

1.3. CHI-SQUARE CRITERION FOR PROBABILITY TESTING
Let us consider the scheme with disjoint events A,, i = 1,...,r, formally represent-

ing all possible outcomes of an ‘experiment’. The problem is to verify how given
probabilities

pZZP(At), i=1,"~7’r7

fit into the real data obtained from n independent trials (experiments). Let £, be the
indicator of the event A4, in the kth trial, £, = 1 if a, occurs, £, = 0 otherwise. Set

™
v, = Zﬁtk (i=1,...,7r).
k=1
Of course, v,/n is the frequency of the occurrence of A, in the trial series. Consider

i=1,...,r

n
v, — np, ) §uk — D
A = = R
B 2
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According to
E(v, —np,) =0,
E(v, — np)(v, —np;) = Y Bk — p) &k — py)
k=1

=n{—Psz, 7'7é.7,
(1 —p,), i=7,

the correlation matrix B = {B,,},
B, =EAA, ij=1,...,r,

can be represented as

v
B=I-| : |(VPp---:VP,)
\/—ﬁr

with the unit matrix I. By applying a linear orthogonal transformation

with ¢, = \/13], j=1,...,r, we obtain random variables 7,, En, = 0, with the
correlation matrix

v
cBC'=1-C| : | (B »v/B.)C
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Table IV. Values of z, 1n confidence bounds for o =
distributions with n degrees of freedom

0.05,0.01;0.001 for chi-square

139

n 0.05 0.01 0.001 n 0.05 0.01 0.001
1 3.84 6.63 10.8 26 389 45.6 54.1
2 5.99 9.21 13.8 27 40.1 47.0 55.5
3 7.81 11.3 16.3 28 413 48.3 56.9
4 9.49 13.3 18.5 29 42.6 49.6 583
5 11.1 15.1 20.5 30 43.8 50.9 59.7
6 12.6 16.8 22.5 31 45.0 522 61.1
7 14.1 18.5 243 32 46.2 53.5 62.5
8 155 20.1 26.1 33 474 54.8 63.9
9 16.9 21.7 279 34 48.6 56.1 65.2

10 18.3 232 29.6 35 49.8 57.3 66.6

11 19.7 24.7 313 36 51.0 58.6 68.0

12 21.0 26.2 329 37 522 59.9 69.3

13 224 27.7 34.5 38 53.4 61.2 70.7

14 23.7 29.1 36.1 39 54.6 62.4 72.1

15 25.0 30.6 37.7 40 55.8 63.7 73.4

16 26.3 32.0 39.3 41 56.8 65.0 74.7

17 27.6 33.4 40.8 42 58.1 66.2 76.1

18 28.9 34.8 42.3 43 59.3 67.5 71.4

19 30.1 36.2 43.8 44 60.5 68.7 78.7

20 314 37.6 453 45 61.7 70.0 80.1

21 32.7 38.9 46.8 46 62.8 71.2 81.4

22 339 40.3 48.3 47 64.0 724 82.7

23 35.2 41.6 49.7 48 65.2 73.7 84.0

24 36.4 43.0 51.2 49 66.3 74.9 854

25 37.7 443 52.6 50 67.5 76.2 86.7

where C' = {cx, } is the conjugate matrix to C' = {c ;. }, CC’' =

En, T = {

In particular,

m

The orthogonal transformation preserves

7=1

0’

1,

i£jori=35=1,
i=j(=2,...,

Sa=3 (=2n)
1=1 1=1 1=2

hence

Z (VJ — an

an

T).

\/—(VJ NPy 1 -
:Z—n—pj—%(;w—n) =0.

(1.7)
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is the sum of squares of k¥ — 1 uncorrelated random variables 7, with zero mean

E7, = 0 and variance Dn, = 1.
One can apply to 7, the normal approximation, since

n
nz = ank
k=1

are sums of independent identically distributed random variables

The = ZCU (fak ‘PJ)/\/”TP—-
1=1

Hence the random variable x? of (1.7) has approximately the chi-square distribution
with m = r — 1 degrees of freedom (see p. 76 and Figure 14). Table IV gives the

corresponding quantiles xz,,

P{X2 2 xa} = av

for the significance levels o = 0.05, 0.01, 0.001, and n = 1, ...

Suppose our data give

,50.

P > Ta; (1.8)
p)(Z(x)

020 [ | n=1

n=4
0.10
n=10
n=20
{ | | |
0 10 20 30 40 x

Fig. 14.
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then we can either accept the occurrence of the very unlikely event (of a small
probability € a), or reject the given hypothesis

pi=P(Ai), i=1,...,r,

and the chi-squares criterion suggests to make the latter choice.

1.4. SEQUENTIAL ANALYSIS OF ALTERNATIVE HYPOTHESES

Suppose we deal with a sequence of Bernoulli trials having in mind two hypotheses
concerning the ‘success’ probability, namely, Hy: p = pp and H;: p = p1, say. We
have to decide between Hy or Hj, using the available data. Of course, one can make
a wrong decision, by rejecting a hypothesis when it is true.

Suppose that our preference lies with the hypothesis Hp, in the sense that the
probability g of rejecting Hy when it is true should not exceed a given of, say;
then we are to find a decision rule which at the same time rejects H; (when it is
true) with a possibly small probability ;. It is natural to look for a decision rule
which satisfies

ap < ag, o) £ of,

with given limits af, of for our possible errors; of course, such a decision rule
requires sufficiently large amount of data (a sufficiently large series of the Bernoulli
trials, say).

Let & be the indicator of ‘success’ in the kth trial (k = 1,...,n), taking values
z = 1,0, with the corresponding probability

D1, z=1,
1-p, x=0,

Do, r=1,

P(x|H0):{1——p() :1,‘:0

P(x|H1)={

under the hypothesis Hy, Hi, respectively. Introduce the so-called likelihood ratio

P(zl, ,-'En | Hl)

IL(zy,...,Zn) = s 1.9
( L ) P(:El,...,.’l:n|H()) ( )
defined by means of the joint distributions of ¢y, ... ,&, under Hy and Hj, on which
the decision rule will be based.
Consider the sequence
= P | H
log L(¢y, . .. 5,3—21 og — k1L P(& | Hy) =12,..., (1.10)

P(¢k | Ho)’
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consisting of sums of independent identically distributed random variables

P(¢e | Hi)

o8 Bie, T Ho)'

k=12,...,n

The elementary inequality

plogt; + qlogty < log (pt; + qtz),

p,q 20, p+ g = 1, for the concave function logt, 0 < ¢t; < t < £ < oo, shows that

Py | Hi)

Elog Biec 1)

p q
=Py log “1‘+q0 log L < log(pl +q1)=0
Py 99

under the hypothesis Hj, while

P& |H) _ g log P(&x | Ho)

108 pies [Ho) — P | Hy)

Dy qy
=—{p,log—=+gqlo —)
(1 gpl ! gql

> —log(py +g9) =0

under the hypothesis H;. Hence, according to the law of large numbers, with prob-
ability 1

log L(¢1, ... , &) — —o0, (1.1D
when Hj is true, and
log L(&y,. - - ,€n) — 400 (1.11y

when H is true. In the case (1.11), the sequence (1.10) is bounded from above, and
the probability to exceed a high level [, tends to zero when Iy — oco. Thus, there is
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an upper level 1y > 0 such that our sequence (1.10) crosses lp with the probability
less than the given of. Similarly, in the case (1.11) there is a lower level l; < 0 such
that our sequence (1.10) crosses ; with the probability less than the given aj. At the
same time, with the probability 1, our sequence (1.10) crosses the upper level Iy > 0
in the case (1.11), and the lower level I} < O in the case (1.11). By observing the
sequence (1.10) for n = 1,2,..., one can accept H; when the sequence (1.10) first
exceeds the upper level Iy > 0, and accept H;, when it first exceeds the lower level
Iy < 0. Obviously, this decision rule satisfies op < o, a1 < aj, with arbitrarily
chosen bounds aj > 0, aj > 0 of possible errors (recall that «; is the probability to
reject the true hypothesis H;, i =0, 1).

Everything is fine here except that we don’t know how to find the levels Iy, [;.

Suppose, a decision rule of the above type with Iy, [; fits our demands for the error
probabilities ag = af and a; = aj, say. We show that there is another decision
rule of the same type corresponding to some other levels ly,l; which can be easily
determined by the given ag, of. Namely, let us consider all z1,... .z, (n =1,2,...)
such that

log L(zy,... ,x,) <lp, k=1,...,n-1, log L(z1,. .. ,z,) 2 lo;
in particular,
P(zy,...,zn | H) 2 cP(z1,... 24 | Ho)

with log ¢ = lj. Summing up over all such zi,... ,z, (n = 1,2,...) the left hand
side of the last inequality gives the probability 1 — o to accept the true hypothesis
H,, while the corresponding sum on the right hand side gives the probability g to
reject the true hypothesis Hy. Hence

1 — a1 2 coyp,

or

loSIOgl;al,
0

which implies

lo < ~logap (a=ag) (1.12)



144 CHAPTER 3

for any 0 € o1 € 1. In a similar way,

ll>log1_a0

and

L 2logar (ar=aj) (1.12)
for any 0 < ap < 1. Choosing

lp = —log oy

as the new upper level (with the given og) obviously can only diminish the probability
ap to reject Ho when it holds true; thus

oy < ap.
Similarly, if
Iy =logaj

is chosen as the new lower level (with the given o), we get for the corresponding
probability o (to reject H; when it holds true), according to the general inequality
(1.12), that

loga; <11 =logaf,

or

*
a; < of.

1.5. BAYESIAN APPROACH TO HYPOTHESES TESTING AND PARAMETERS ESTIMATION

Let us imagine that the ‘success’ probability p in the observed Bernoulli trials is
random (depends on some external random factors). For example, we are given an
urn with a random number ¢ of white balls and r — 6 black balls. A trial consists
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of drawing a ball at random (with immediate replacement), with a white ball drawn
considered as ‘success’.

Suppose, the first n Bernoulli trials resulted in successes. What can we say about
the probability of success at the next (n + 1)th trial? Assuming that all possible
numbers § =4, i =0, 1,...,r, of white balls in the urn are equiprobable, we obtain
the joint probability distribution of 8 and &, . .. ,&, (& is the indicator of the success
at kth step, taking values z; = 1,0):

n

1
P{0=1i¢ =x,...,.6n =1} = -] ( )pm(l -p)" ",

m

with m = >~7_, zx representing the total number of successes and p = i/r. Therefore

P{§1 =Z1,... ,én =:En} = ZP{HZL&] =T1y..- ,ﬁn =.'l)n}

= BIONCHON

The corresponding a posteriori probability at the (n + 1)th step, given & = 1,...,
& =1, equals

P{£n+l:1|§l=1,---’§n=1}

e O S i SR
Fii= ()Y fmde nt2

Of course, &, = 1, k=1,...,n, for large n suggests that nearly all balls in the urn
are white. What is the best estimate of their number § = 0,1,...,r? As we know,
the best estimate 6, as a function of the observations &1, ... ,€n, is the maximum
point of the corresponding a posteriori probabilities:

m@ &1, &) = max w(i|&,... &), (1.13)

E A

where, for any & = x1,... ,&, = Tp,

7@ |z1,... . 2n)=P{0=i|& =z1,... ,&n = Tn}

N 6 M G KR N
S @) (- Z
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(see p. 11). In particular, in the extreme case m = n from (1.13) we obtain

S
Il
<

In the general case, consider the best estimate § of the unknown parameter 6 defined
in (1.13), where

7G| €. . ) = ”E(:);(gp(&f" 'gj ;)) i=0,1,....r (1.14)
correspond to arbitrary a priori probabilities

m(i)=P{0 =4}, i=0,1,...,r.
Consider the likelihood ratio

L(z1,... 20| 6) = 15)((511,’.-.'.' ”;:”:0))
of the joint distributions of &;,...,&,, for # =0,1,...,r and some 6y (see p. 141).

Namely, as it was actually shown (see (1.10), (1.11)), for 6 # 6
log L{&,,... & | 6) — —o0, L&y,...,6,10)—0

with probability 1, provided 6y is the true value of . Together with (1.14) this
implies

_ m(6o) R
71'(00) + 207500 7['(0)[/(&1, MR gn I 9)

1, n — oo,

(0o | &1, .-+ €n)
with probability 1 provided m(6p) # 0. Therefore,
(6o | €15 1 6n) = lfél?gr(l [ €15, 6n)

for sufficiently large n, which implies

0 =0y
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according to (1.13). Of course, for a given n one cannot be sure that § = 6o, although
in any case

6 -6y (n— o0) (1.15)

with probability 1 (this is called the consistency property of the estimate 6).

For a priori equiprobable {§ = i} with 7(3) =P{6 = i} = 1/(r+1), i =0,1,...,7,
the best estimate 6, obtained from (1.13), (1.14), is the most likely one, in the sense
that it maximizes the conditional probability

Pr,....& |0), 0=0,1,,...,m
for given observations &;,... ,&,.

1.6. MAXIMUM LIKELIHOOD METHOD

Suppose we observe discrete random variables &, ... ,&,, whose joint probability
distribution P(z,... ,z, | #) depends on an unknown parameter § € ©, which we
wish to estimate. The maximum likelihood method suggests an estimate § which is
the most likely one in the sense that it is the maximum point § = 6 of the probability
P(z,...,2Zn | 0), 6 € O, namely

6: P(zy,...,zn | 0) = max P(z1,... ,an | ), (1.16)
given observations &1 = z1,... ,&, = Tn.
EXAMPLE. Suppose, £k = xzx, kK = 1,...,n, are the indicators of the success in

Bernoulli trials with unknown success probability p = 8, 0 < 8 < 1. Then the
maximum likelihood estimate is the frequency:

NIRRT
p=7 Z Tk,
k=1
which can be found as the maximum point 8 = p of

log P(zy,...,z, | 0)

= log (:1>+m10g6+(n—m) log(1-6), m=)>» .

kol
i]e
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EXAMPLE. Suppose, & =z (k= 1,...,n) represent a statistical sample of inde-

pendent random variables having a Poisson distribution with parameter A = 6, § > 0.
Then the maximum likelihood estimate is the sample mean

A=

S|=

n
>k
k=1
which can be found as the maximum point § = X of

log P(zy,...,7n | )

1 n
= log m + ;longk — né.

In the case of continuous random variables &;,. .. ,&, with the joint probability
density p(zi,... ,z, | §) depending on unknown parameter § € ©, the maximum
likelihood estimate 6 is defined as the maximum point of p(zy,...,z, | 0), 6 € O,
1e.

6: p(z1,...,Tn |é)=m{§1xp(x1,... ,Zn | 0) (1.16)

for observed values & = x1,... ,&n = Tn.

EXAMPLE. Suppose, & = z, (k = 1,...,n) represent a statistical sample of
independent random variables having a normal distribution with parameter § =

(a,0?), —00 < a < 00, 0% >0, where
a=E&, o2=D& (k=1,...,n).

One can easily verify that the maximum likelihood estimate 6 = (a, 5?) is given by
.1 2_1¢ 12
a=;L—kZ=:1:1:k, Iz =;l—§(xk—a).

EXAMPLE. Consider a statistical sample & = zx (k = 1,...,n) of independent
random variables having a Laplace distribution with the probability density

p(z|0) = fz\-e"\'m‘al, —0 < T < 00,
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where 0, —oo < 8 < oo, is the unknown shift parameter,
0=E& (k=1,...,n).

The maximum likelihood estimate can be found as the maximum point § = 6 of
log p( |8)=nlo é—)\i| 9|
gp(Z1,...,Tn =n g2 Tk s

k=1

which is a piecewise linear function in 8, attaining its maximum at one of the points
zx, k=1,...,n. Considering these points in their natural order:

) L2 £ - € I(n)
on the real line, we get

n

n
> lzgan — x| = D lzg) — 2w

k=1 k=1

= —(z@+1) — TGN n — 27).

We see that the maximum point § = x;, is with j = m if n = 2m, or with j = m+1
if n = 2m + 1; the estimate

~

0= T(m)
is called the sample median.
1.7. SAMPLE DISTRIBUTION FUNCTION AND THE METHOD OF MOMENTS
Suppose we observe a statistical sample & = zx (k = 1,... ,n) of independent iden-

tically distributed random variables, whose probability distribution function F(z),
—00 < z < 00, is unknown. By introducing the ordered sequence

) LR K- S Im)
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F)
| T
I
—_—
t I
T |
|
] | |
[ [ I
—_— I I
I | I I
| | | 1 |
() *2) 0 X(m) x
Fig. 15.

(called the variation series), one can define the sample distribution function

0, T < Z(1),
F@) =402  Zm<z<Tmsy, m=1...,n-1, (1.17)
1, T 2 I(n)

(see Figure 15). According to the law of large numbers, for any z, —oo < z < o0,

F(z) — F(z)

as n — oo.
Suppose, the unknown probability distribution depends on a r-dimensional param-
eter 8 = (04, ... ,0,) which is determined by the moments

am(@) =E&', m=1,...,r,
by a one-to-one continuous mapping
9=(91,... ,9r)<——>(a1,... ,am)=a.

Then, we can apply the so-called sample moments

1 n
dm:—g zg, m=1,...,r,
n
k=1
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y=n()
* * % y=9x
* * 2
*
* E *
*
« A x= &)
* * k
*
Fig. 16.

which represent the corresponding moments with respect to the sample probability
distribution (1.17), and estimate the unknown @ by solving the system of equations

am@® =a,,, m=1,... 7. (1.18)
The solution § = (él, ... ,ér) continuously depends on & = (a1,... ,d,) and
6—6 (n— o) (1.19)

with probability 1. Indeed,

a=(a,...,ar) —a=(ag,...,ar)
according to the law of large numbers:
1

am:——Zé;cn_)Eéz:n:am(e)’ m::l,...,'l",
k=1

and 6 is the solution of the limit equation:
am(@) =a, (=am), m=1,...,r

1.8. THE METHOD OF LEAST SQUARES

Suppose, £(t) and n(t), t = 1,2,. .., are related by

n(t) = 0§(t) + A(2) (1.20)
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where 6 is an unknown constant, and A(t) are ‘small perturbations’, represented by
independent random variables with mean value EA(¢) = 0 and variance DA(t) < o2,
which are uncorrelated with £(¢), say. Let be given observations of £(¢), n(t) at
‘times’ t =1, ...,n (e.g., the data in Figure 16); how can we estimate the unknown
parameter § which characterizes the linear dependence between z = &(¢) and y =
7(t)? The method of least squares suggests the following algorithm. Consider
E=¢€@), t=1,...,n,and n=1n(t), t =1,...,n, as vectors of the R™-space. The
best approximation

=0¢

of n € R™, by means of all vectors 8¢, —oo < § < oo, is given by the orthogonal
projection of the vector 7 € R™ on the linear subspace of all ¢, —oco < 8 < oo, and
is determined by the orthogonality condition
n
(m—0,8 =) [nt) - AB)]Et) =0

t=1

in the R™-space. It gives the equation

0> ey =) &tm@
t=1 t=1
and the corresponding least squares estimate

5 1 E@n@)
b= —___Ztlgls(tﬂ : (1.21)

How close is 8 to the true value 87
According to (1.20),

D Etmt) =0 )’ + ) EDA®),

t=1 t=1 t=1

hence

@-0)) ) =) tmA®

t=1 t=1
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and one can expect in general that

j_ o =1 EWAD)
b-b="Fw e "

when

D& — o0 (n— o0).

t=1

153

(1.22)

EXAMPLE (Correlation estimate). Suppose, in the scheme (1.20) we have random
variables £(¢) with E£(t) = 0, DE(t) = 1, so that the parameter 6 represents the

correlation

6 = E£()n().

Moreover, assume that we deal with independent trials at ‘times’ £t = 1,...,n, and
that the random variables £(t) and n(t) have the same joint distribution for each ¢.

Then, according to the law of large numbers, with probability 1

1 & )
Etgg(t)_—n

and

SR

D EmAR) — 0.
t=1

Thus, (1.22) holds with probability 1.

EXAMPLE (Trend estimation). Suppose, £(t) = z(t), t = 1,2,..., in (1.20) represent

a deterministic function of ¢, which characterizes how the mean value

y(t) = En(t) = 0z(t)

varies in ‘time’, and the random variables, A(t), t = 1,2,..., are uncorrelated be-

tween themselves. Then, with

n

>3t — o0 (n—o0),

t=1
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we have
n

n 2 n
E[E z(t) A(t)] = Z z(t)? EA(t)? < o2 Zm(t)z
t=1

t=1 t=1

and

2
E [2;;1 2(t) A(t)] 2
ST 0
| ot =

E@-0?=

Thus, (1.22) holds in the square mean.

2. Optimality of Statistical Decisions

2.1. THE MOST POWERFUL CRITERION

Let be given a statistical sample of random variables &;,...,£,, and their joint
probability distribution depending on some unknown parameter 8. We are to make
certain decision about § € ©. The decision rule will be based on the corresponding

likelihood ratio
L(z|6), z=(z1,...,2,)€ER*, 6€0O

as a function of the parameter §. In the case of discrete probability distribution
P(z|0) of £ = (&1,... &) € R?, the likelihood ratio is defined by

P(z | 0)
Lz |0) = —0——,
while, in the case when the probability density p(z | 8) of & = (£1,...,&,) € R?
exists,

_p(x|0)
L=l0 = oa1d0

In any case, L(z|6) is assumed to have the property that for any function (¢) of
E=(&1,-..,&), Ep(€) depends on 6 € © in such a way that

Ep(€) = Eop()L(£ | 0), 2.1)
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where

Ep() =Eop(€),  Eop(§) = Eg,p(§)

and 6y € O is a fixed point.

Let two hypotheses Hy: 8 = 6y and H;: 8 = 6, be given; we have to choose one
of them according to a given statistical sample £ = (£1,...,&,) C R®. We consider
criteria of the following type. Namely, we choose a critical region S C R™, and
reject or accept the hypothesis Hy, depending on whether £ € Sor £ ¢ S.

By rejecting Hy, we accept H; suppose, our preference lies with Hy, and we have
to choose the critical region S C R™ in such a way that the probability to reject the
true Hy is

ao=P{€€ 5|6} <ag, (2.2)

where og is a given bound for the error probability with respect to Hy: § = 6.
A criterion S which satisfies condition (2.2), is called the most powerful, if the
probability of making an error when H,: 6 = 6, is true is minimal:

oy =P{¢¢ S| 6,} =min. (2.3)
Let us show that the Neyman—Pearson criterion
S« ={z: L(z | 1) > ¢}, 24
where ¢ > 0 is choosen from the condition
oy =P{¢ € S, | 6o},

is the most powerful.

To do so, let us compare this criterion with any other criterion based on a critical
region S C R, which satisfies the corresponding condition (2.2). Applying (2.1) to
the indicator function ¢(z) = 1 s (z), = € R™ of the complement S¢ of S, in R™, we
have

of =P{£ ¢ S, | 61} = Eg, 15:(8) = Eg, 15:(§) L(E | 61).
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Next,

a1 — of =Eg, [15(8) ~ 15:()] L(E | 61)

= Ky, 15*\A(§)L(§ | 61) — Eq, 15\A(§) L | 61)
with A = S, NS, where

Eg, 16\a(©) L& | 1) < cEg, 15,,(8)

< cEayLg\4(©) < Eo, 1 \4(© L | 61)
since L(z | ;) < ¢, z € S\A,

E00 IS\A(f) = EOO 15(5) - EO() 1,3(5)
= ap — Eg, 1,(8)
< ap — Egy 1,(6) = Eg, 15,\,(8)

and L(z | 6;) > ¢, = € S,\A. Hence

al € ag.

Let us formulate our result as follows.

THEOREM. The Neyman—Pearson criterion is the most powerful.

2.2. SUFFICIENT STATISTICS

Sometimes, one has to make a decision about the unknown parameter § € © of
the probability distribution of ¢ = (&1, ... ,&,), by means of incomplete data in the
form of a function n = f(¢) € R™ of the statistical sample £ = (€1,...,&,) € R".
The corresponding n = f(£) is considered as a sufficient statistic, if it carries the
same information about 8 € ® as £. This sounds all right, but what does it actually
mean? A rigorous answer can be given as follows: for any given n = f(£) = y, the
conditional probability distribution of & = (¢, ... ,&,) does not depend on 6 € O,
i.e., conditioned on f(x) = y, all possible values £ = z € R" are distributed in the
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same way independently of . Thus, our knowledge about ¢ = z itself, in addition
to a given f(z) = y, cannot help in making our decision about the true 6.

For a discrete distribution P(x |6), © € R™ any sufficient statistic f of ¢ € R®
can be characterized by the fact that the corresponding likelihood ratio L(z | 6) is a
function of y = f(x), « € R", only:

L(z | ) = g(f(z) | 6). (2.5)
Indeed, according to (2.5), or
P(z | 0) = P(z | 6o)g(f(z) | 6),

the probability distribution of n = f(£) satisfies

P,iy0)= > Px]|bg(f(z)]0)

z: f(z)=y

=P,y | 6o)g(y | 0),

and the conditional probability distribution £ given f(£) =y is

_PE|6) _ P@|6)
P,(y|6) Pu(y|6o)

Pe(z | y)

for all z such that f(z) = y. On the other hand, for any sufficient statistic f we have

B P(l‘ I 0) . P(Z | 00)
Pg(:L‘ | f(z)) = P"(f(x) | 6) - Pn(f(l') | 6o)’

hence

Pz |6) Py(f)|6) 9(f@) | 0) 2.5y

L= | 6) = Pz |60) Py(f(z)]60)

is actually a function of y = f(x) alone.
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EXAMPLE (Sufficient statistic for a Bernoulli sample). Let x = (z1,... ,z,) be a
statistical sample, representing indicators ) of ‘success’ in n Bernoulli trials, with
success probability p =6, 0 < 8 < 1. Then f(z) = > }_, z« is a sufficient statistic,
since

P(z | ) = /@1 — g)!-f@

and the corresponding representation (2.5) holds. This sufficient statistic can be
applied, in particular, to the estimate

.1 1<
p==f@ == =z
n TLk=1

of the parameter p = 0.

EXAMPLE (Sufficient statistic for a Poisson sample). Let x = (x1,...,z,) be a
statistical sample from a Poisson distribution with mean value a = 6, § > 0. Then
f(x) = Y1) zk is a sufficient statistic, as

9f@

P(z | 0) = PR 'e'"o

and (2.5) holds again. The above statistic appears in the well-known estimate

.1 1 <
a=;f(m)=;;xk

ofa=240.
A characterization similar to (2.5) of sufficient statistics can be obtained when
€ = (&1,.-- ,&) has a probability density

oz |6, z=(xi,...,T,)€R",

Recall that we defined the conditional distribution of £ with respect to 77 = f(£), by
assuming that £ € R™ can be written as £ = (7, (), with the components n € R",
¢ € R*~™ having the joint probability density

D¢, 2| 0) =p(z | ),
yeER™, zeR"™™, z=(y,2)eR",
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so that the corresponding conditional probability density is

Pnc(y, 2| 0)

, zZER™
pr(y | 0)

pe(z | y) =

(see p. 62). For a sufficient statistic n = f(§), pc(z|y) does not depend on # and the
likelihood ratio is

Poc,210)  py(y|0)pe(2|y)

L o) = =
@O = 2180 ~ Py 100Gz [ ) sy
_ PO _ _ '
= (@ 100) 9@y 9, y=F@.

On the other hand, representation (2.5) with

Pnc(y,2 | 6)

Lz |0) =
@) Pn.c(y, 2 | 6o)

=gy |6
gives
Pnc(, 2 | 0) = pnc(y, 2 | Bo)g(y | 6)
and
P 0= [ puctwz | b0l | 0)d

= pn(y | Bo)g(y | 6).

Consequently, the conditional probability density

PncW, 2| 0) _ pnc(y. 2| 60)
pr(y | 0) Py(y | 6o)

pe(z | y) =

is independent of 6. Thus, the characterization of sufficient statistics given in (2.5),
remains true in this case.
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EXAMPLE (Sufficient statistic for a normal sample). Let z = (z1,... ,z,) € R* be
a statistical sample representing independent normal variables &, with

a = E¢&, ?=D¢& (k=1,...,n).

Then
f(@) = (fi(@), fo(x)), fi(z) = Zxk, folz) = Zmi
k=1 k=1

is a sufficient statistic of the parameter
0 =(a,0%), —-o0<a<oo, d?>0,

since

1 1 -
p(I|9)= m exXp {—m(Z.’E% —ZGZIk +na2>},

k=1 k=1

T =(x1,...,Tn) € R?,

and the corresponding representation (2.5) holds. The sufficient statistic f = (f1, f2)
appears in the well-known estimates

a=

SEES

fi=

3=

n
Dz,
k=1

2 n
ety 2] L S sy

k=1

Suppose, we want to apply ¢(x) as an estimate of a component 6 of the unknown
parameter of the probability distribution of £ = (¢, ... , &), given a statistical sample
z = (z1,...,xn) € R*; here, 0 is a scalar (real) component, and ¢ = p(z), = €
R™ a (real) function. The accuracy of the estimate can be characterized by the
corresponding mean square error

I o — 8 11>= Elp(¢) — 6.
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Consider a sufficient statistic n = f(£) given by a function y = f(zx) € R™ of
z = (z1,...,Ts). The conditional expectation

P(y) = Elp©) | f(§) =yl

does not depend on the unknown parameter and represents a function ¥ = ¥(y) of
y = f(z), z € R*. Clearly,

E[lo@©) - 6/* | £(&) =y]
=E[|p©) — v@)I? | £&) =y] + [v(y) - 6.

By the total mathematical expectation formula (see p. 60),

E|p(€) — 81> = E|y(n) — 81> + E|p(¢) — v(m)*

(2.6)
> Elp(n) - 02, n=f©.

This inequality shows that ¢ = ¥(y), as function of y = f(z), = € R™ gives a better
estimate of # than ¢ = p(x), £ € R™*. Moreover, if the estimate ¢ is unbiased:

Ep(§) = 0,
then 9 is of the same type:
Ey(n) =0, 2.7

since for

() = E[p(€) | n = £(©)]

the total mathematical expectation formula gives

EE[p(§) [ n = f(©)] = Ep(§).
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EXAMPLE (The best estimate for exponential distribution). Let x = (zy,... ,T,) be
a statistical sample representing independent random variables & > 0, distributed ac-
cording to an exponential law with parameter A = 6, 6 > 0, with the joint probability
density is given by

p(@]0) =67 02hn™ (2,>0, k=1,...,n).

Then

f@ =Y
k=1

is a sufficient statistic, and the random variable n = f(§) > 0 has the probability
density

1
' onyn—l e—()y’ y > 0’

pn(y | 0) = m

which depends on n (see p. 43 on gamma-distribution). Here, there is only one
unbiased estimate (y) of the parameter § > 0 since the function [/(y)y™~ ], y > 0,
is uniquely determined by its Laplace transform

/ooo [w@)y™ e dy = (n— 1)1e~"+, 4> 0.

One can easily see that

_1 — = e—
/O y pn(yIG)dy———n_l/o Poo1(y | 6)dy = —,

hence
Y@)=m-Dy', y=> z,
k=1

is the unbiased estimate of @ > 0. Actually, it is the best unbiased estimate since,
for any unbiased estimate ¢ = (), a better one is given by

%(y) =E[<p(§> 1Y & = y] y>0,
k=1

hence it coincides with ¥(y) = (n — 1)y~ 1.
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2.3. LOWER BOUND FOR THE MEAN SQUARE ERROR

In our discussion of estimates ¢ of a component 6 of the unknown parameter of the
probability distribution of £ = (£i,... ,&,), we assume certain regularity conditions
on the corresponding likelihood ratio L(¢ | 6), as a function of 8. The likelihood
ratio L(£ | 8) was introduced in the beginning, when 6 stood for any (multivari-
ate) parameter of the distribution. Below, @ will denote a real component of this
parameter; we hope to avoid confusion with our earlier notation.

According to (2.1), we have

Ep(§) = Eop(§)L(¢ | 6) = a(9),
El =EoL(|6)=1.

Suppose,

0 g 0
5540 = 55 Bor(OLE | 6) = Eop(€) 5, L& | 0),

o d o @8
(‘951 = %EOL@ | 6) = E0%L(5 |6)=0.
Then
0 0
Eolp(€) — 0(0)]5513(& | 6) = %aw)-
Suppose,
17} 1 19]
35 108 L@ | 0) = g 1 10
satisfies
8 2
I(6) = E [% log L(¢ | 0)} < o0. (2.9)

The quantity I(9) is called the Fisher information on the parameter 6.
Consider the random variables

m = [6(©) ~ aOIVIE ).
m = o5 log L(E | OVIE ),
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with
7]

Eomm = z5a(6).

Using the inequality
1/2 1/2

[Eomma| < (Eoﬂ%) (Eon§) :

we obtain
P 2

Eont - Eor3 > [%a(e)] :

where, according to our basic assumption (2.1),

Eon} = Eolp(¢) — a())* L(¢ | 6)
= Elp(¢) — a(®)]? = Dy(¢)

and

2
Bard = Eo | log L€ 16)]  L(¢16)

P, 2
=E [55 log L(¢ | 0)] = I(0).

Thus, we get the following inequality for the variance Dy(&):

2
Do(©) > |00 16" 2.10)

(2.10) is known as the Rao-Cramér inequality. In particular, if ¢ is an unbiased
estimate with

9 o
a(f) = Ep(§) = 9, 0% =1,
then (2.10) gives the lower bound for the mean square error:
Elp©) -6 > 10" (2.11)

Let us formulate this result as follows.
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THEOREM. Under the regularity conditions (2.8), (2.9), the variance of an estimate
of the parameter 0 satisfies the Rao—Cramér inequality (2.10).

Consider the Fisher information I(f) introduced in (2.9). From the regularity
conditions (2.8) we have

3
69 log L(¢ | 0) = Eo—L(€ | 0) =

so that

D2 10g L¢ | 0) (2.12)

ey = 69

is the variance of a% log L(§ | 8). Note that, according to the definition of L(z | 6),

2 log Lz 10)= 2 1og P& | ) 2.13)

for discrete probability distribution P(z | 8), = € R*, and

= 1og (€| 6) = 25 log p(€ | ) 214

for probability density p(z | §), = € R".

How does I(8) = I,,(f) depend on n? Assuming that £ = (&;,...,&,) consists of
independent identically distributed random variables &, £k = 1,...,n, in both cases
(2.13), (2.14) we have

I,(0) = nli(0) (2.15)

(why?).
Let us analyse the inequality (2.10)/(2.11). Obviously, both (2.10) and (2.11)
become equalities if and only if

= 10g L(E | 0) = CO)(©) — a®)], 216)

where C(6) is a constant depending on the full parameter of the probability distri-
bution, since (2.16) means linear dependence between the random variables 7;, 7,
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defined in the proof of (2.10). The estimate ¢ which satisfies (2.16) and the equality

in (2.10), has the minimal variance

P 2
_ |9 -1
Dy(¢) = [ 5 a(e)] 16)
and, for unbiased (), the minimal mean square error

E|p(¢) - 01> = 1(6)™".

An estimate (¢) satisfying (2.18) is called efficiens.

(2.17)

(2.18)

EXAMPLE (Efficient estimation of the mean value). Let £ = (£&1,... ,£,) consist of

independent normal variables &, with
E¢y, = a, D& =02 (k=1,...,n).

The estimate

1 n
P& =~ > b
k=1

of the component § = a of the full parameter (a, o) is unbiased and efficient, thanks

to representation (2.16) in the form

0
55 108 P(E16) = 5Le(©) ~ 01,

with 6 = a on the right hand side.

2.4. ASYMPTOTIC NORMALITY AND EFFICIENCY OF THE MAXIMUM LIKELIHOOD

ESTIMATE

Recall that the maximum likelihood estimate 6 of the unknown parameter 6 € © of
the probability distribution of ¢ = (¢, ... ,&,) was defined as the maximum point of
the corresponding likelihood ratio L(z | 8) (see p. 147). We are going to study some
properties of such estimates 6 of a scalar (real) parameter 6, obtained by solving the

equation

8
50 108 L(E19) =0,

(2.19)
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in the case when ¢ = (£1,...,€,) consists of independent identically distributed
&, k=1,...,n. Here,

n

o o
30 log L(z | 8) = 2 160 log P(zy, | 9)
if the & ’s are discrete, and
lo L(z | 0) = 3 8 log p(zy | 6)

if the &’s have a density p(- | 6).
In any case,

o LA
5 108 L& [ 6) = k; 25 108 L1(& | 0) (2.20)

is the sum of independent identically distributed random variables

0
20 log Li(éx | 0), k=1,...,n,

where L(¢ | 6) = Lp(€ | 6), n = 1,2,.... We impose the following regularity
conditions for n = 1:

S LiE|0) = S EoLi(E|0) = 251 =0,
aaezf:l(sw) (.fngoLl(me)
and
O tog it | 0] < (®. 221)
863

where (&) > 0, Ep(£) < oco.
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In particular, the above assumptions imply

1o} 0
E@ log Li(¢ | 0) = EO% Li¢|6) =0,
62
Eog log Li(§ [ 6) (2.22)

2

0 0 2
= E"Ea_f Li¢|0)-E [@ log Li(§ | 9)] = -11(9),

where I1(8) is the Fisher information corresponding to n = 1 (see (2.8), (2.9), (2.15));
we assume also that

5 2
L) =E [@ log Li(¢ | 9)] £0.

With all these assumptions made, the following result holds true.

THEOREM. For sufficiently large n (n — 00), with probability 1 there is a solution
0 = 6 of the likelihood equation (2.19), which gives a consistent estimate § of the
parameter 6:

6 —0. (2.23)

Moreover,

lim P{t: < 0 - 0)vVIn(0) < t2}
(2.24)

1 [t
=—— | =24t —co<t <ty < 0.

27 Jy

Let us note at once that the asymptotic normality (2.24) implies the so-called
asymptotic efficiency. Namely, (é — 0)v/T,(0) asymptotically has mean zero and
variance 1, or § asymptotically is unbiased and has variance I,,(6)~!, similarly as if
it were an efficient estimate (see p. 166).
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Proof of the theorem. Suppose, the true value of the parameter is § = 6.. Using
the regularity conditions on the likelihood ratio, we obtain

0
0
30 log Li(¢x | 9)

52

= 2 log Lut6 10+ 0~ 0.7 log Li(ei | 0.)+

+ 5(0 — 0.)% 8p(&k)

with some § = 6(&, 6), [6] < 1. Together with (2.20), this implies

19

1
89 10g L(§ | 9) )‘On + (0 - 0*))\1n + 5(9 - 9*)26)‘271

with some §, |6] < maxg |6(£k,0)] < 1, and

1. 8 9
Mon = = Z} 56 108 L1(& | 6.) - Eo5 log Li(¢ | 6.) = 0
k=

2
Ain Zagzlogm(gkwwEa log L& | 0.) = ~1,(0.) <O,

= 23 (6 » O =Eglen) (n—oo),
k=1

thanks to (2.21), (2.22) and the law of large numbers. Now, it is easy to see that, for
any arbitrary small € > 0, with probability 1 there is a point § = 6 which satisfies
the inequalities

~

0*_E<9<0*+67

and the likelihood equation (2.19), since the continuous function % log L(¢ | ) of
@ changes sign at the end points of the interval 8, — e < § < 6. + ¢, for sufficiently
large n (n — oo). Obviously, this proves the consistency property (2.23) of the
estimate 6. Equation (2.19) for 8 = 6 gives us

Mo+ 0~ 0)A1n 50— 0,630 = 0;
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hence

_Aon

Vi

A I(0.)

(0—0*)\/”[1(0* = ~ s
- 11)\(9.) - %(9 - 9*)6)\271,

where

n

3@ g L1 | 6.)
\/Il(e VIi(6,)

N

obeys the central limit theorem, and

)\l'n 1.5
A 2(9—0,,)5)\7% — 1,

since Ay, — —I1;(6,), 6 -0, (n— ooA) with probability 1. This proves the asymp-
totic normality (2.24) of the estimate 6.



CHAPTER 4

Basic Elements of Probability Theory

1. General Probability Distributions

1.1. MAPPINGS AND o-ALGEBRAS

Suppose, we are given a probability model (£2,2,P), with all possible outcomes
w € Q as elementary events, a o-algebra 2 of events A C Q, and probabilities
P(A), Ae .

In other words, P(4), A € 2, is a (probability) measure on Q, satisfying the
o-additivity property.

Suppose,

Qow-SzeX

is a mapping from Q to a set X, and
x2BSAco

is the corresponding set inverse defined by

¢ 'B={¢e B} ={w: &w) € B}.

The inverse mapping £~! preserves relationships between sets B C X, such as

¢&71(B°) = (¢7'B)",
& (UBk) = (€' Bx),
k k

é—‘(QBk) =Q(§-‘Bk),

171
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etc. This simple observation shows at once that the family of all sets B C X, with
the property

¢ 'B={¢eB}e, (1.1)

forms a o-algebra which we denote by B,. With w € Q representing a random
outcome, we treat £ = £(w), w € €, as a random element in X which generates the
family B, of events, with the probabilities

P:(B)=P{¢ € B}, B¢cB;. (1.2)

Here, we have the probability distribution of ¢ with the ‘phase space’ X, given by
the probability measure P¢ = P¢(B), B € B, of (1.2) on X. The triplet (X, B¢, P¢)
serves as the probability model associated with the random element £, when we are
interested in £ alone and consider any event {¢£ = z}, z € X, as a possible outcome

(elementary event).
Suppose, we are interested in the events of the form

A={{e€eB}ed, BEeDB,, (1.3)

where By is a family of sets B C X. More general sets B C X and {¢ € B} € &
may appear as a result of various combinations of the initial ones (and their limits).
More precisely, one has to consider the whole o-algebra B generated by B € 98,
and the corresponding o-algebra

e =£'B

of all ¢{~!B = {¢ € B}, B € 8. Formally, 8 can be defined as the minimal o-
algebra containing Bg. According to the definition of B, we have B C B, since the
o-algebra 9B, contains the sets in (1.3). Thus, all events

A={¢eB}, Be*B, (1.4)

form the o-algebra A, C 2, generated by the initial events (1.3), and we can consider
the corresponding probability measure

P:(B)=P{¢ € B}, Be'B, (1.5)

representing the probability distribution of £ on the o-algebra B C B,.
The triplet (X, B, P;) can also serve as the probability model associated with &.
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EXAMPLE (Random variables). In the general probability model (Q,%,P), we
actually defined a random variable £ = {(w), w € Q as a mapping from Q to X = R
such that the events of the type (1.3) are well-defined for all B € B, where By is
the family of all finite unions of disjoint intervals (z’, "] (see p. 44). Note that this
family B¢, consisting of finite unions of all disjoint intervals (z',z"], —co € ' <
z" < oo is an algebra on R, which generates Borel sets B C R, forming the minimal
o-algebra B O By. Thus, a random variable £ determines the o-algebra A, C 2
(1.4) of events and the probability distribution Py = P¢(B), B € B, (1.5) on Borel
sets BC R

EXAMPLE (Joint probability distributions). Considering several random variables
&1, ... ,&n, we deal with the mapping

Q3w — W) = {€&1W),... (W)} € X =R",

such that events of the type (1.3) are well-defined for all B € By, where By is the
family of all finite unions of disjoint ‘rectangles’

(], {1 x - x(zh,zh], -0 <Th <00, k=1,...,n,

including the whole space R™ (see p. 35). By is an algebra which generates
all Borel sets B C R"™ forming the minimal o-algebra B8 O 9By. Thus, ran-
dom variables &j,...,&, determine the corresponding joint probability distribu-
tion P¢ = P¢(B), B € ‘B, such that, for B = B; x --- x B, with Borel sets
B, CR k=1,...,n,

P, en(BiX...xBy)=P{1€By,....8n €Bn}; Bi,...,BpCR (1.6)

The triplet (X, B,P¢), X = R", can serve as the probability space for the random
variables &1, ... ,£,, when we are interested in the probabilities of £ = (£1,... ,&,)
alone. A random outcome

{&iw) =zy,... ,tn(w) = z,}

can be identified with z = (x1,...,x,) € R*. The random variables ¢i,... ,&,
themselves can be defined, as functions of elementary event z € R™ in the probability
model (R*, 9B, P;), by

&@)=x1,... (@) =2, z=(Z1,...,%n) ER".
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EXAMPLE (Probability distributions in functional spaces). Suppose, we deal with
a family &;, t € T, of random variables indexed by an arbitrary set T. For any
possible outcome w € £,

{w) = {&Ww), teT}

represents a corresponding trajectory, which formally can be defined as a function
of t € T. Let us introduce the space X = R” of all functions

Tr= {mt, te T}
with values z; € R. Consider the so-called cylinder sets in X of the form
{z: (z¢,,... ,7,) € B™}, B™CR", (1.7)

for any finite collection ty,... ,t, € T, and any Borel set B™ C R™ (the cylinder
set (1.7) will be denoted B™ C X, by the same symbol as the corresponding set
B™ C R™). Obviously, the family By of all such cylinder sets is an algebra, which
generates a o-algebra *B in X.

The mapping

Qow-szeX= RT,

with z = £(w), is such that
A=¢"1B®™ = {uw: (&,,....&,) € B™}

is an event for any cylinder set B™ C X. It determines the probability measure
P. = Pi(B), BcB,

on the o-algebra B in the functional space X = RT, which is given on the algebra
By of all cylinder sets B C X by

P:«(B)=P(4), A=¢'B.
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Dealing with random variables &, t € T, characterized by their joint probability dis-
tributions alone, we can apply (X, B,P¢), X = R7, as the corresponding probability
model, with

E=&@) =z, teT,

being functions of elementary eventz € X = RT, z = {z:, t € T}. Of course, in the
framework of the probability model (R, B, P¢), the joint probability distributions

Py...tn(B™) =P, . ¢, (B™), B™WCR,

altogether determine the probability measure P; on X; in particular, for any cylinder
set B C RT,

P¢(B) =Py, ; (B™), (1.8)

where B™ is the corresponding set in R™. Observe that the Py, .. ; ’s are consistent in
the following sense: Py, .. . (B1X---xBy) is invariant with respect to a simultaneous
permutation of ¢i,...,%, and By,..., B,, moreover,

Pepotnos(Bi X X By x R) =Py ¢ (By X -+ X By).

The above properties define a consistent family of finite dimensional distributions
Ptl,...,tn; tl,' .. ,t'n, c T, n= 1,2,... .

1.2. APPROXIMATION OF EVENTS

In the framework of the general probability model (Q,%, P), any event A C Q can
be described by means of its indicator

1, weA,

1A=1A(w)={0 we A

We recall that A is equivalent to B if they coincide almost surely, i.e., if the event
{w: 14(w) # 1p(w)} = AB® + BA® = AAB

has zero probability; here, AAB is the symmetric difference of the events A, B.
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The probability
P(AAB) =E|l14 —1g|=|| 14— 15| (1.9)
defines the distance between events A and B which coincides with the mean distance
| 1a— 15 [[=E|la - 15|
between their indicators; obviously
[P(A) —P(B)|=|E1l4 —Elg| < E|l4 - 15| = P(AAB). (1.10)
LEMMA (Approximation of events). Let B C A be the o-algebra generated by an

algebra By of events. Then B belongs to the closure of By with respect to the
distance (1.9), i.e. for any B € B and € > 0 there is B, € By such that

P(BAB.) < e. (1.11)

Proof. Let [Bg] C A be the closure of By; we show that it is a o-algebra. For
any B € [®By], the complement B° € [9B], since for a corresponding B, € B¢ and
its complement B¢ € B, we have

B°AB¢ = B°B.| | BB! = BAB,,
P(B°AB?) = P(BAB.) < .

Consider any Bj, By € ['Bo] and their product By, B, with the indicator 1p,5, =
lBl . 132. Then

” lBl . 132 - lle : 13:2 ”
<” lBl : 1Bz - 13:1 : le ” + ” 13;1 : 1Bz - lBel : lBsz “
< 1, —1g, |+ 18, — s, < 2,
where B, B, € B¢ are corresponding approximations; hence have B; - B; € [Bo].

Thus, [Bo] is an algebra. Consider an increasing sequence B,, € [®Bo], n=1,2,...,
and its limit

n—oo

B=lim B, (=|JBn)
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According to
| 15 — 18, ||=P(B) = P(Bn) — 0,
for proper approximations B, € By we have
|18 — 1B, I<ll 1B = 18, | + || 15, — 1B.. <€

provided n is sufficiently large. Thus, B € [®B¢] and [B¢] is a o-algebra. Hence,
[Bo] 2 B by the definition of the minimal o-algebra B D By, since [%By] contains
Bo. Thus, any B € B can be approximated by a corresponding, B, € By as stated
in (1.11).

Of course, according to (1.10), (1.11), all probabilities P(B), B € 9B, can be
obtained as corresponding limits lim P(B), B € By.

EXAMPLE (Probability distributions). At the very beginning, we actually introduced
the probability distribution,

P:(B)=P{¢ € B}, BC By,

of a random variable £ on the algebra By of finite unions of disjoint intervals
(',2"], —00 < ' < 1" < oo (see p. 34). According to (1.10), (1.11), it uniquely
determines the probability measure

P.(B)=P{¢ € B}, B¢cB,

on the o-algebra B of Borel sets B C R. In a similar way, for several random
variables &1, ... ,&,, we introduced their joint probability distribution

Pglv-nvgn(Bl X X Bn) :P{él E Bl"" ’é’n e B’n}v Bl,"' ,B'n g ]R,

on the algebra By of finite unions of all disjoint rectangles (z},z{] x - -- x (z},, 2],
—00 < zf < zY < 00, k= 1,...,n (see p. 36); according to (1.10), (1.11) it
uniquely determines the probability measure

P.(B)=P{¢c B}, BeB,

on the o-algebra B of Borel sets B C R™.
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EXAMPLE (Independent random variables). Earlier, we characterized independent
random variables £, ... ,&, by the equality

en(B1 X - -- X Bp) =P (B1)---Pe,(By) (1.12)

for all intervals By = (z},z}] C R, k = 1,...,n. The equality (1.12) can be
immediately extended to all finite unions of disjoint intervals (z},,z}], —oo < x}, <

x} < oo, and then, according to (1.10), (1.11), to all Borel sets By C R, k= 1,... ,n.
This shows that independent random variables &, ... ,£, can be characterized in
such a way that, for any Borel sets By C R, the events {{x € Bx}, k=1,...,n,

are independent. (1.12) defines the joint probability distribution P¢(B), B C ‘B,
on Borel sets B C R™®, as the product of the marginal probability distributions of
§k,k=1,...,n. O

In further development of the notion of independence, we introduce the following
formal definition. A random variable £ is said independent of an algebra (c-algebra)
B of events if £ is independent of all indicators 15 of events B € B.

As we know, for independent events Ag, £k =1,...,n, any A is independent of
the algebra generated by A;, j # k (see p. 23). In a similar way, if random variables
&, k=1,...,n, are independent, any & is independent of the o-algebra, generated

by &, § # k (why?).

1.3. 0-1 LAW

Let us call algebras (o-algebras) 2; and 2, independent if any events A; € 2; and
Ay € 2, are independent. For example, independent 2;, A, can be generated by
given independent events, independent random variables, etc.

Suppose, we deal with an infinite sequence A(k), k = 1,2,..., of independent
o-algebras. Consider an event A whose occurrence is completely determined by the
‘tail’ A(k), k > n — oo; more precisely, A is an event from the o-algebra

7n—00

2° = lim 2A* (=[)2"),
where 2" is the o-algebra generated by A(k), k > n.
THEOREM. For any event A € >,
P(A)=0or 1. (1.13)

Proof. Let us introduce the o-algebra®(,, generated by all events from 2(k), k < n;
the union

U
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is an algebra which generates the o-algebra 2 O %*°. According to the lemma on
approximation of events, any A € 2 can be approximated by a corresponding event
A, from the union |J, 2, A. € A, for some n = n(e), such that

lim P(4.) = P(4), lim P(AA,) = P(4).

In particular, this is true for A € 2°° which does not depend on A, € %,
P(AA;) = P(A)P(A.).

Consequently,
P(4) = lim P(AA,) = P(4) - lim P(4.) = P(AY,

which can be true only if P(A) =0 or 1.

The above theorem is called Kolmogorov’s 0-1 law. (For example, the statements
of the Borel-Cantelli lemmas, on the occurrence of independent events Ag, k =
1,2,..., can be interpreted in terms of the 0-1 law; see p. 22-23)

1.3. MATHEMATICAL EXPECTATION AS THE LEBESGUE INTEGRAL

We defined the mathematical expectation E¢ of a random variable ¢ € R as the
Lebesgue-Stieltjes integral

E¢ = / xd Fe(x)
with respect to the corresponding distribution function

Fe(x) =P{¢{ <z} =P¢(~00,2], —c0o<z <00

(see p. 45). Using the probability distribution Py = P¢(B) as the probability measure
on Borel sets B C R, we can write

E¢ = /oo 2P (d7) (1.14)

as the Lebesgue integral.
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Given random variables (§1, - .. ,&,) = £ € R™ we often deal with various functions
¢ = p(&). What conditions on a real function

p=px), T=(z1,...,70) ER",
guarantee that 7 = ¢(€) is a random variable so that

{n<y}ed, yekR

are well-defined events, say, in the framework of the general probability model
(Q,%,P)? As a matter of fact, one need not worry about this question in the case
when ¢ is a Borel function, i.e., such that

B={z: () <y} CR"
is a Borel set, for any y € R. Indeed, in such a case,
{n<y}={{eBted

as we already know. Using the joint probability distribution P; = P¢(B) of £ =
1, ... ,&) € R™ on Borel sets B C R™ as the probability measure, we can write

Ep©) = [ e@Pc@

as the Lebesgue integral, or, in the coordinate form,

Eyp(, ... ,§n)=/ ‘/_ (L1, . Tn)Pe,.. e, (dzr... dzy). (1.15)

From (1.15) it follows that, for any independent ¢1, ... , &, with the joint probability
distribution

PEhm,En (d:l,'l v d.’L’n) = P€1 (da:l) X -+ X Pgn (da:n),
the multiplicative formula

E[p1(€) - pn(én)] = Ep1(&1) - - - Epn(én)
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holds; here, for any Borel functions ¢y, . .. , ¢y, the random variables n; = (), ... ,
T = n(€n) are actually independent.

As it was mentioned earlier, in the general probability model one has a probability
measure

P(A)=/AP(dw), AcH,

on a o-algebra 2 in the space of elementary events w € Q, and the mathematical
expectation E£ of a random variable

§=¢W), weq,

is given by the corresponding Lebesgue integral

E§=/Q§(w)P(dw). (1.16)

1.5. £,-SPACES

In the framework of the general probability model (2,2, P), the corresponding £;-
space consists of all random variables &, E|¢| < oo; it is a linear space equipped
with the mean norm

I €1=Elgl, &€ L.

We actually applied this norm when considering the convergence &, — £ in mean,
which coincides with the convergence

[ én =€ 1l—0

in L;-space (see p. 55).
The corresponding L,-space is formed by all random variables ¢, E|¢|? < oo; it
is a linear space equipped with the square mean norm

I ¢ll= (EleP)? ¢e L,

which we applied earlier as well (see p. 63).
The following property is known for £,-spaces (p = 1,2).



182 CHAPTER 4
THEOREM. L,-space is complete, i.e., the convergence
én —ém — 0, n,m — 00 (1.17)
(in the Lp-space) implies
€n = £ € Lyp.
To prove the theorem, note that (1.17) implies the convergence in probability
which in turn implies the same convergence &, — &, hence the existence of the limit

random variable ¢. Indeed, for € = 1/2* one can find ng, k= 1,2,..., such that

1 1
P{!é’nk_H _énk, > 2_k} < 2_k

According to the Borel-Cantelli lemma, for all sufficiently large £k = 1,2,...,

1
,é’n;ﬂ_l - §nk| < 2_k

Hence

€ni (@) = £W) = £n, @) + Y [y (@) — €ny ()]

k=1
with probability 1. Now,
P{l¢n — €] > e} <P{[én — &ni| > €/2} + P{[tn, — €] > /2} =0

for any € > 0, i.e., &, — & in probability.
By the discussion above,

b =6 =&l = [ — €7 mk > o0,
with probability 1. Moreover, according to (1.17), for any € > 0
Eléﬂ - g'nk ,p e

provided n, nj are sufficiently large. Now, by the well-known limit properties of
mean values (see Chapter 1, (4.19), (4.19)), we conclude that

Elfn - §|p e

This ends the proof of the theorem, as &, {&n —€ € L, (p=1,2) imply £ € £,. O
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(Of course, L,-spaces and their completness are well-known in Functional Analy-
sis. Namely, in the (€2, 2, P) model with the probability measure P(4) = [, P(dw),
A € 2, the real Ly-space is formed by all functions ¢ = £&(w), w € Q, which

are measurable with respect to the o-algebra 21 (A-measurable, for short), with the
corresponding norm || ¢ ||< oo given by means of the Lebesgue integral

€ |P= /Q I€W)PP (dw),

p=1,2. Forany &, € £, n=1,2,..., satisfying
[ 160(0) = ()PP @) — 0, nm - o0,
Q

there is £ € £,, which represents the limit lim,_,o &, = € in L,-space:
[ 1en@) - ) Pdudds — 0, n - c0)
Q

In L,-spaces (p = 1,2), we make no difference between any elements ¢, f with
| ¢—€ ||_ 0, which means that the random variables ¢,  are equivalent, i.e., £ —€ = 0
with probability 1.

We write

L, =L (QAP), p=1,2,

to emphasize the dependence on the triplet (2, 2, P). Note that different o-algebras
A correspond to different £,-spaces. Obviously,

Lp(€2,2,,P) C L(Q, 23, P)

whenever 2; C ;. In particular, for any o-algebra 8 C 2 in the probability model
(Q,2,P),

L,(2,%8,P)
is a subspace of L, = L,(Q,2,P).
Similarly to the fact that any £ € L£,(Q,2,P) generates events {§ € B} € ,
with Borel sets B C R, we have that, in the probability model (Q,%2,P), any £ €
L,(€2, B, P) generates events

{{e€B}e®B (1.18)

for Borel sets B C R. In such a case, we say that £ is measurable with respect to
the o-algebra B (*B-measurable).
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Projection in Hilbert space. L;-space can be equipped with the inner product

Em=En, &nels
(see also p. 63). This makes L,-space a Hilbert space, with the square mean norm
1€ l=1& oY% ¢eLs.
According to the well-known inequality
[EmI<IEN-IInlls &ne Lo,

which we already applied, see p. 63, we have

El¢ < (BlgP).

Consequently,
Ly C Ly, (1.19)

moreover, £; coincides with the closure of £; in £y, as any £ € L; is the limit in
L; of ‘continuous’ approximations ¢, (£¢) € £, (see Figure 17).

¢, (&

-a a £

Fig. 17.
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Of course, the above property holds for any o-algebra B8 C 2, i.e.,
Ly = L(2,8B,P) C L1(Q,B,P)= L.

a
We recall now the following remarkable property of the Hilbert space H(= £»).

THEOREM. For any element ¢ € H, one can define its projection £ € Hy on an
arbitrary subspace Hy C H, such that

— €= inf || €= . )
I &€= inf 16—l (1.20)
The difference & — f is orthogonal to Hy, and the condition

€—&p)=[EE~Epl =0, € H, (1.21)

uniquely characterizes the projection (see Figure 18).

This result is well-known in finite dimensions, and can be easily verified in the
general case. Namely, consider a sequence ¢,, n=1,2,..., leading to the infimum
in (1.20), and the finite dimensional subspace H,, generated by ¢i,...,@n (m =
1,2,...). The projection £ of € on H,, is at the same time the projection of £, on
H,, for n > m, since H,, C H,. We have

1én = &m 17=1 & I = Il ém >0, m,n— oo,

¢ e

Fig. 18.
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as || &, || increase with n and are bounded:
1 ém IP<I én IP<IEIP (0> m).
Hence, the limit
lim &, =€ € Hy
n—oo
exists, and

le-€ll=tim €& |

< 1 — = i - .
< lim (1€~ gal= inf €]

An application of the projection method is given in the following

EXAMPLE (The best forecast problem). Suppose, we are interested in a random
variable ¢, E|¢ ]2 < oo, which is not observable (at present, say). We want to forecast
¢ using available information, which is represented by a random elementn=y €Y
in a measurable space (Y,B). In other words, the space Y is equipped with a
o-algebra B of sets B C Y, and, for any B € B, the corresponding event

{ne€ B} el

The forecast will be given in the form (1), where ¢ = p(y), y € Y, is an arbitrary
function satisfying ¢ = w(n) € L£,. Let

| € — ¢ ||*>= El¢ — o)

be the corresponding mean square error. We can proceed in the following way. For
a convenience of notation, we identify an event {n € B} € 2 with the corresponding
set B € B, which lets us formally introduce the corresponding o-algebra B8 C 2« of
events B € B. Then, by a forecast () we mean any

¢ € L2(Q,B,P).
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Obviously, the best forecast € = py(n) is given by the projection of £ in the space
H = £,(,%,P) onto the subspace Hy = £,(2,B,P), since it yields the minimal
mean square error:

1€ —¢ 1= min | €,

see (1.20). Moreover, £ = ¢y can be identified by means of the orthogonality
condition (1.21), or the condition

Eélg=E¢lg, BEeB,

since the indicators 1 of events B € B form a complete system in the subspace Hy =
Ly(Q,B,P), i.e., any ¢ € Hp is the limit ¢ = lim ), cx1p, of linear combinations
of 15, B € 'B.

Finally, let us note that, dealing with complex random variables, one can apply
complex Lp-spaces (p = 1,2), where £; does not need any additional comments,
while £, is equipped with the inner product

(57 Tl) = Eéﬁv g, ne [:2
(where, as usual, 7 stands for the complex conjugate of 7).

2. Conditional Probabilities and Expectations

2.1. PRELIMINARY REMARKS

There is no need to explain how important is to have an instrument to characterize
the dependence of various events, random variables, or any random phenomena we
are interested in. The most obvious dependence is between events A O B, when we
know that the occurrence of B implies the occurrence of A. In a more complicated
situation, one can use e.g. the conditional probability P(A | B) of A given B. In a
similar way, the conditional expectation E(¢ | n) characterizes how a random variable
¢ depends on another random variable 7. In general, one can be interested in the
dependence of an event or a random variable on a family of events and random
variables, and the problem is how to define this dependence rigorously. Here, one
can proceed in the following way.

Suppose, the information about the occurrence of certain events, or random vari-
ables taking certain values etc. can be given by means of an element y = n € Y of
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some space Y, which a priori is random. To be more precise, n € Y is a random
element in a measurable space (Y, B), generating the o-algebra 2 of events:

{neB}e, BCY, BEB, 2.1

in our probability model (2,3, P). It is convenient to use the notation B € B for
the corresponding event {n € B}. With this agreement, we can say that the random
element 77 € Y generates the o-algebra

B CA (2.2)

of events B C Q, B € B. (Actually, this formal scheme can be applied to any o-
algebra 8 C 2, given in advance). We are going to define the conditional probability
P(A | B) and the conditional expectation E(¢ | *B) as functions of n € Y, the same
as the conditional probability P(A | n) and the conditional expectation E(¢ | n),
respectively.

Consider any events A and B (= {n € B}, with B € B). Suppose, it happens
1 = y; what is the a posteriori probability P(AB | n = y) of the joint occurrence of
A and B? Obviously, in the case y € B (B C Y) we can treat B (B C Q) as the
certain event, hence

P(AB|n=y)=PA|n=y), yeB.
If y ¢ B, then B is impossible and
P{AB|n=y}=0, y¢B.
Together, we can write
P{AB [n} =P(A[n) 18, 23)

where 1p is the indicator of the event B € 8. How can one return to the a priori
probability P(AB)? Of course, one has to average P(AB | 1) over all possible
outcomes of n € Y, i.e., according to (2.3), one obtains P(AB) as

P(AB) =E[P(A [ n) 18]
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The above equality can be written as
E¢lg=Eflp, BeB, (2.4

where £ =14, £ =P(A | 7). One can recognize in (2.4) the equation which appeared
in the best forecast problem (see p. 186). It defines the projection £ of the random
variable £ = 14 in the £,-space on the subspace £5(€2, ‘B, P), or the best approxima-
tion of £ by means of all functions ¢ = ¢(n). In other words, £ = P(4 | 7) represents
the most we can say about the event A, given the ‘p-information.’

One can use equation (2.4) to define the conditional expectation £ = E(¢ | B) of
any random variable £, E|¢| < co.

2.2. CONDITIONAL EXPECTATION AND ITS PROPERTIES

Consider a random variable ¢, E|¢|? < 0o, as an element of the £,-space,
Ly = Lo(Q, A, P).

As we know, equation (2.4) identifies the projection £ of £ € £, onto the subspace
L£2(€Q, 8, P), where B C 2 is the o-algebra, generated by the random variable 7 (see
p. 188). Introduce E(¢ | B) as the corresponding projection operator.

Of course, E(- | 8) is a linear operator, and its operator norm in £; is

sup || E(¢|®B)||= sup E[E¢|B)| <1.
ligl=1 E(¢|<1
Indeed, according to equation (2.4) with B = {£ < 0}, {£ > 0}, we have

E¢| = -E{1 ;o T E€1 s

= ~Ellico T E&1 g0y <EIE-

Thus, E(¢ | 8) extends to a linear continuous (bounded) operator in £; since L;
is dense in the L£;-space. Equation (2.4) is valid for any £ € £, as well, as the limit
of the corresponding equality in £;; of course, the limit of conditional expectations
is B-measurable and satisfies

€ L1(Q,B,P). (2.5)
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Let us show that equation (2.4) uniquely determines £ = E(¢|*B), for any given
¢ € £,. Indeed, in the opposite case £ = £,&,, their difference A = & — & is
B-measurable and satisfies

EAlp =0, BeB.
In particular, for B = {A < 0}, {A > 0}, this leads to
-—EAl{Ago} + EAI{A>0} =E|A] =0
which implies A = 0 with probability 1, i.e., A =0 as an element of L;. O
The operator E(¢ | B) for any € € £; defines the corresponding conditional mathe-
matical expectation with respect to the o-algebra B. In the case when B is generated
by some random element 7, it is also known as the conditional mathematical expec-

tation E(¢ | n) with respect to 7 (see p. 60).
Obviously, for any B-measurable ¢,

E¢|B)=¢, (2.6)
since é = £ is a solution of equation (2.4); in particular,
E(1|®B)=1.

We have already mentioned that the conditional mathematical expectation E(¢ | B)
is linear in random variables &, i.e.,

E[(c&1 + &) | B] = cE(& | B) + ,E(& | B) 2.7

for any linear combination of i, &.
It is easy to see that, if £ is independent of all events of the o-algebra B (i.e., £
is independent of all random variables 15, B € B), then

E(¢ | B) = E¢. (2.8)
Indeed,

E¢lg =E¢-Elp =E[E¢)lp], BeB.



BASIC ELEMENTS OF PROBABILITY THEORY 191

Suppose, £ > 0; then
E¢|%) > 0. (2.9)
Indeed, according to equation (2.4) with B = {é < 0}, we have
E& 1oy =E& 1z 20,

which implies P{€é < 0} = 0, or £ > 0 as an element of £;. Of course, inequality
(2.9) implies

E(& | B) < E(& | B) (2.10)
for £; < &; in particular,
¢ <EE|B) < @.11)

if

c;» ¢, being some constants.
Finally, we have the rotal mathematical expectation formula

E¢ = E[E( | B)], (2.12)

according to equation (2.4) with B = Q.

2.3. CONDITIONAL PROBABILITY

For any event A € 9, its conditional probability P(A | B) with respect to the
o-algebra B of events is defined by

P(A|B)=E(l4 | B). (2.13)

In the case when B is generated by a random element 7, (2.13) becomes the condi-
tional probability with respect to n:

P(4|B) = P(4 | n).
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According to (2.13),

0K PA|B)KI, (2.14)
since 0 < 14 < 1. For a countable number of any disjoint events A, k=1,2,...,

P(A|%B)=> P4 |B), A=|JA4, (2.15)
k k

since

1A221Ak:n@§°zl"‘k
k

k<n

in the L£;-space.
According to (2.6) and (2.8), for any A € B

P(A | B) = 14, (2.16)
while
P(A | B) = P(4) 2.17)

for any event A independent of the o-algebra 8. Moreover, for any A € 2, we have
the total probability formula:

P(A) =EP(A|B). (2.18)

Note that the conditional mathematical expectation of a random variable £ € £;
can be determined as

. -1
E(¢ | B) = lim E(&, | B) = lim ZEP{’C— <€< El%}
n—oo n—oo P n n n
by means of the corresponding discrete approximations
koookol b
n n

— <€ =, k=0,%1,...,

similarly to the definition of

E¢ = limE¢, = lim ZEP{% <eg S}

n
k

see p. 51.
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EXAMPLE. Let B be generated by a discrete random variable 7 taking a countable
number of possible values v, k= 1,2,..., and let

Bk:{"']zyk}, k=1,2,..., UBk:Q’
k

the corresponding disjoint events. Then equation (2.4) with £ = 14, £ = P(A [B), B =
By, k=1,2,..., gives at once

P(ABy)

P(A|®B) = T@U

w€e€Bg, k=12,..., (2.19)

as a function of w € Q (or outcome By, k=1,2,...).

EXAMPLE (Discrete conditional distribution). Suppose, we want to determine the
conditional probability distribution of  with respect to n, where &, n; are discrete ran-
dom variables with a given joint probability distribution. Le., we have to determine
the conditional probabilities

Pe(z | n)=P{{ =z |n}
for all possible values z. It is easy to verify by (2.4) that

PE,"](‘T7 y)

Py we {n=1y}. (2.20)

Pe(z | n) =

EXAMPLE (Conditional probability density). Consider random variables £, n hav-
ing the joint probability density; we want to determine the conditional probability
distribution of £ given n:

P(B|m=P{{ecB|n}, BCR

It is easy to verify by (2.4) that

Pe(B|n) = /Bpg(x lyydz, we{n=y} (2.21)
where
pe(z | y) = Pen(®.Y) y), —00 < T < 00,

pn(y)

is the conditional probability density.



194 CHAPTER 4

3. Conditional Expectations and Martingales

3.1. GENERAL PROPERTIES

We start with the following multiplicative formula:
E(p€ | ) = E(¢ | B), (3.1)

valid for any ?B-measurable random variable ¢; of course, we assume ¢ € £;. This
formula is obvious for ¢ of the form

p= chlBk,
k

involving a finite number of sets By € B, k = 1,2,..., since, in equation (2.4), we
have

E(1,6)15 =E¢lp, g = Eélp,5 = E(15,6)13,

with B, BB € 8. For general ¢, use an approximation ¢,, of ¢ of the above type
such that |¢,] < ¢ and ¢, — @ with probability 1; then p,& — € in L] by the
dominated convergence theorem. Therefore

E(png | B) = pnE(¢ | B) — E(pf | B)
and, simultaneously,
enE(€ | B) — ¢E(¢ | B)

with probability 1, which proves (3.1).

Iterated conditional expectations. Let B’ D B" be two o-algebras. Then
E[E(¢ |8 |B"1=E(¢|B"). (3.2)

(3.2) is obvious for £ € £, as the superposition of two consecutive projections on
H' = L(Q,B',P)and H" = L,(Q,B"”,P) C H' is the projection on H". For £ € L,
(3.2) can be extended by taking a limit in £; of elements from L.
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Increasing and decreasing o-algebras. Suppose, we deal with increasing o-algebras
B; C B, C.... Their limit

B = lim B,

n—oo

is the minimal o-algebra B containing all B,,; B is actually generated by the algebra
L Bm.
m
which is the union of all B,,, m =1,2,.... Then
E(@¢|®B) = lim E(¢|Bn). (3.3)
To prove it, let us first assume £ € £, then
én =E(|Bm) =E[E(|Bn) | Bn] =E¢n |Bm), m<n,
and
1€n —ém 1>=11 n I? = || ém II>— 0, n,m — o0,
as || &, ||* increase with n and are bounded by || £ ||2. Hence, there is a limit
= lim &
Moreover, é: E (¢ | B), since, for any B € B, (m = 1,2,...), we have
Eflp= Jim_ Eé, 15 =E¢lp.

or equation (2.4) for all B from the algebra | J,, Bm, and it can be extended to all
B € B using the lemma on events approximation on p. 176. Thus, (3.3) holds for
& € L;; to prove it for £ € L1, one can use an appropriate approximation by elements
of the L£;-space (see p. 185).
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In a similar way, one can verify (3.3) for any decreasing o-algebras B; D B, D
.., with

B = lim B, (=[)Bn).

n—o00
n

Martingales. This term* refers, in particular, to random variables &, t = 0,1,...,
having the following property:

E@ |B,) =&, s<t, (3.4)

with respect to some given increasing o-algebras B,, s =0,1,....
For example, this property holds for the o-algebras B, generated by &;, s < t, in
the summation scheme

=&+ Y, AL (3.5)

ogugt-1
with & = 0 and independent increments
Ay =€uy1 — 8w, u=0,1,...,

having zero expectation EA¢,, = 0. Indeed, since, for u > s, A¢, is independent of
B, SO

E(Agu | %s) = EAéu = Oa
and, according to the representation (3.5),

E|B.)=E@&|B)+ Y E(A&|B,)=¢.

sugt~1

Actually, the scheme (3.5) defines a martingale in the case of arbitrary random
variables A&, t =0,1,..., satisfying

E(A | B,)=0, t=1,2,... (3.6)

* This term is of French origin and describes part of horses’ harness.
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(why?).
We are going to apply the martingale approach to the problem of finding the
mathematical expectation E £, of the random variable

EG=b+ Y. Ak,

oug -1

where 7 is a stopping time, i.e., a random variable 7 with possible valuest =0, 1,...
such that, for any t,

{r<t}em. 37

(Roughly speaking, a stopping time 7 is a random variable such that the occurrence
of any event {r < t} is determined by observation of £(s), s < ¢, alone.)

EXAMPLE (The gambler’s ruin problem (see p. 26)). This problem can be reduced to
the scheme (3.5) with A&, equal to the gambler’s win at time t =0, 1,..., A = £1
with equal probability 1/2. If the initial gambler’s capital is z, 0 < z < a, the game
continues up to time 7 which is the first time &, t =0, 1,..., hits the points a — x
or —z, and the final win is £, = @ — © with the probability z/a, & = —z with the
probability 1 — z/a. Hence

a—T

E¢ =(@-2)2 —5°—= =0,
a a
which reflects the fact that
E¢& =E&, (3.8)

with £ = 0. Suppose now that the gambler’s capital is infinite, and the game con-
tinues up to the first time 7 the gambler wins some amount a > 0. As we know,
T < oo with probability 1 (see p. 29), and the gambler’s win at the end of the game
is exactly

51' =a,

which contradicts (3.8). O
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What can we say about &, for a random 7 in the general scheme (3.5), (3.6)?
Let us introduce

Einr = {gt’ b<m (3.9)

67', tZT,
where t AT =min(¢,7) and &, =&, fort=3s, s=0,1,....

LEMMA. The random variables &ipr, t =0, 1,..., form a martingale.
To prove it, we apply the following representation:

t—1

Einr = Z &s 1{'r=.'3} + ftl{rzt}-
=0

Consider the increment

Abenr =&l =ty + &1 lirnery —&tlrne)
= 1o 13A&,

where the complement {r > t + 1} to the event {r < t} is contained in the o-
algebra B;. Hence

E [Aéinr | Bi] = 1750413 E [A& | Be] =0,

which is what we need to show only.
Suppose now that 7 < oo with probability 1; then in (3.9) we obviously have

inr — &7 T — 00,
with probability 1. If, in addition,

E¢ = lim E&r, (3.10)
then we have equality (3.8), since

Eéinr =E[E(éinr | Bo)] =E& =0
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for the martingale &inr.
For example, (3.10) is true when the random variables A¢; are bounded:

A& < C, t=0,1,..., 3.11)
and the stopping time 7 satisfies
ET < . (3.12)

Indeed, we have

Einr = Z Aéspr,

0g<sgt—1
with increments
Aéspr = 1{T>S+1}A§S’

and therefore
einrl S C D Lirzays
s=1

where the random variable 7 = 3~ 1,5, > 0 has finite expectation:

En=> Elgsgy=> > P{r=u}
s=1

s=1u=s

:ZUP{Tzu}=E7'<oo.

u=1
This proves (3.10), according to the dominated convergence theorem (see p. 58). O
EXAMPLE (Wald'’s identity). Suppose, we deal with independent random variables

ne, t=1,2,..., having the same mean value

ET]t = Q.
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Then

E z m=aET (3.13)

1<t<r

for any stopping time 7, E7 < oo (with respect to the o-algebras B; generated by
ns, § < t, t=1,2,...). To prove (3.13), one can apply the above result to the
martingale

=0 &= ) (n-a), t=12...,

1€ugt

with A, | = n — a.



CHAPTER 5

Elements of Stochastic Analysis and Stochastic
Differential Equations

1. Stochastic Series

1.1. SERIES OF INDEPENDENT RANDOM VARIABLES

It is often very difficult to decide about the convergence of a series ), x, in the
case when ), |x,| = co and the + signs of z,, k=1,2,..., do not form a regular
pattern; of course one can apply the general criterion _;_  x, — 0, m,n — oo, but
actually nothing else. In such a case, Stochastic Analysis can be helpful provided
the signs of the summands follow a typical ‘head’ or ‘tail’ sequences in a series of
independent coin tossings. For example, let

Zﬁk
%

be a series of independent random variables. According to the 0-1 law, the series
>k &k(w) converges for outcomes w € Q whose total probability is either O or 1.

THEOREM. Let the numerical series
> B4, Y D
k k

converge. Then the series Y, £k of independent variables converges with probabil-
ity 1.
To prove the theorem we need the following

LEMMA. The Kolmogorov inequality

> (& — E)
k=1

> s} < Eiz El)gk (1.1
k=1

P{ max
1I<m<n

201
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holds for any ¢ > 0 and any independent variables &, k = 1,...,n, such that

D¢, < 0.
Proof. Without loss of generality, assume E&, = 0. Set

szi&c, m=1,...,n.
k=1

Write v = 1 whenever |S]| > € and v = m whenever
|51|<5,---,|Sm—1|<5, |Sm|>€

occurs, m > 1. Consider the indicator Lyy=m), m=1,...,n, then Sp1(,—p) and
Sp — S, are independent. Hence

E[(Sm1{y=m})(Sn — Sm)] = E(Sml{y=m})E(Sn — Sm) =0

according to E(S,, — S,,) = 0, which implies

E(S21{=m}) = E(Sh1{v=m}) +E[(Sn — Sm)*1{y=rm}]

>E(S2 ), m=1,...,n

Hence

i E(Sﬁl{,=m})

m=1

BS3> B(52 ) 1)

m=1

>3 E(anl{uzm}) > Z_:lEl{u=m}

m=1

= ¢? i P{v =m} = e*P{v < n},

m=1
since v = m implies S2, > ¢2. Thus, for the event

{ max |sm|>e}={u<n}

1<m<gn
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we obtain the corresponding inequality (1.1), as

znzngk =ES2.

k=1

Now, we can prove the theorem. As ), E&; converges, we need to prove the
convergence of >, (&x — E&x). Indeed, for

Sn = (& —E&),

k=1

according to the Kolmogorov inequality, we have

P{ sup |Sp, — Sp| > 5} =n1Ln;OP{ max |Sk — Sm| >5}

n>m mgkLn

1
g-s—z— ZD!jk——>0, m — 00,

k>2m

which implies the existence of the limit

Jim, Sn = Jim D ¢
k=1
with probability 1 (see p. 57).

1.2. THREE SERIES’ CRITERION

We start with the following simple observation: the convergence of 3, & (for any
particular outcome w € Q) implies the convergence of

D ekl {jeei<ay
k

for any a > 0. Indeed, since & — 0, so

El{ieni<a) =&k k2,
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for some n = n(w). Moreover, for independent &, k = 1,2..., the convergence
>« & with probability 1 is equivalent to the convergence of

> &kl (en<a)
k
and

ZP{|§k| > a} < 00,
k

since the latter implies the coincidence of & and &k 1¢¢,<a}» k > n, starting with
some finite n = n{w), according to the Borel-Cantelli lemmas.
Let us consider bounded variables, assuming that [§x] < a, k= 1,2,....

THEOREM. A series ), &k of bounded independent variables converges with prob-
ability 1 if and only if

> E&, > D
P P

converge.
To prove the theorem, we need the inverse Kolmogorov inequality

(a +€)?

- T De 2

>e}>1

> (¢ — E&r)
k=1

P{ max
1<m<n

which proves the theorem in the zero mean case: E¢; = 0, since the necessary
condition

P{ suplSn—Sm|>e}——>O, ™m — 00,

nzm

for the convergence of

n

Sn=1 &, n— oo,

k=1
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with probability 1 (see p. 57), is satisfied only if ), D& < oo which follows from
the inequality

(a+¢)?
— > 1 - -7
P{ max |Sk — Sml| > e} > 1 S Dg;

for all n > m. In the general case, consider a sequence Ek k=1,2,..., having the
same probability distribution as the original one &, k£ = 1,2..., then the conver-
gence of Y, & with probability 1 obviously implies the same for ), & hence the
convergence of >, ({x — Ek) with

E(¢ — &) = E§ — E& = 0.
Consequently, the series

> D - &) =2) D&
k k

converges, which implies also the convergence of ), (§x —E&x) (see p. 201). Finally,
the convergence of

> & > (& —E&)
k k
implies the convergence of

> E&e =) [& — (& — E&)).
k k

Now we prove the very inequality (1.2). Assuming E¢;, = 0 for convenience, we
proceed similarly as in the proof of inequality (1.1). Namely,

E(S21{=m}) = E(Sn — Sm)* - Elgyem) + E(5%,1{=m})
< ES%2 - P{v =m} + (a + e)P{v = m}
=P{v = m}[ES? + (a + &%)
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as

D¢, = ES2,

NE

E(Sn — Sm)*= Y D& <

k=m+1 1

x
I

and
anl{l/:m} = (Sm—ll{u=m} + éml{u=m})2 <+ a)2

because of |Sp_11{y—m}| < €, [{ém| < a. Summing up the above inequality over
m = 1,...,n brings us to

P{v < n}[ESZ + (a+ €] 2 ES21{qm)
=ES2 —ES21(,>n} 2 ES2 — e?P{v > n}

=ES2 -2 +2P{v < n},

and, finally,
ES2 —¢2 (a +¢)?
<n}> " - .
Pvsn} > gt arer—a2” ES2
a
For arbitrary independent variables &, k = 1,2,..., the following criterion ap-

plies: in order that the series ), & converges with probability 1, it is necessary
and sufficient that the three series

Y Pl >al, D E(laica))s D D(Elel<ar) (1.3)
k k k

converge. Actually, this is a comparison criterion between the convergence of 3, &
and the ‘truncated series’

> k1 {jenl<a)
k

discussed in the beginning of this section.
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EXAMPLE (Series with ‘independent signs’). Let us consider independent variables
& taking only two values +x, with probabilities p and ¢ = 1 — p, correspondingly,
k=1,2,.... According to the three series criterion, in the symmetric case p = g =
1/2 (E&, = 0) the series ), & converges if and only if

> 22 <o,
k
while for p # g, this is true only if

> |zl < 00
k

in addition (why?).

2. Stochastic Integrals

2.1. RANDOM FUNCTIONS (PRELIMINARY REMARKS)

We have encountered before random functions, describing the time evolution of a
random process &(t), t € T, T = [0, co), such as Poisson process, Brownian motion,
etc. (see Chapter 2).

There are two basic interpretations of a random function. Firstly, we can treat it
as a function &£(t), t € T, defined on a given set T' and taking values £(t) € R, which
are random variables

£t) =¢w,t), weq,

on a probability space (€2, 2, P). Secondly, for any outcome w € € we can consider
the real-valued function

é(w’ ) = €(w, t)’ te T’

defined on the set T, which is random insofar it depends on the ‘random’ w € Q;
for any particular w € Q this function is usually called trajectory, or realization,
of the random function £(¢), t € T. The first approach is convenient when we
are interested in some properties of £(t), t € T, which are determined by the joint
probability distributions

Py, t,(B1 X -~ X By) = P{&(t1) € By, ..., &(tn) € Bn}
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for various ty,...,t, € T and By, ..., B, C R; the second one is preferable when we
are interested in trajectories having certain desirable properties (recall the Brownian
motion model with continuous trajectories discussed on p. 119).

Dealing with the properties of £ = £(¢), ¢t € T, which are determined by the joint
probability distributions Py, . .., one can always apply the corresponding funcctional
model (X,B,P¢), X = RT, which was actually considered when we discussed
&(t), t € T, as a family of random variables (see p. 174). Having in mind certain
desirable properties of the trajectories (such as continuity or integrability), one usually
has to replace the original random variables £(t) by properly chosen equivalent ones
§~(t); of course such a replacement does not affect the joint probability distributions
Py, .+, (Why?). O

A random function £ = £(t) on T C R with ¢t € T interpreted as time, can be
considered as a random process £(t), t € T, which describes the evolution of the
random variables £(¢) (formally, the term ‘random process’ is equivalent to ‘random
function’).

Dealing with £(t), E|£(£)] < oo, one can consider £ = &(t), t € T, as a function
with values in the Banach space

L) =L1(Q2,A4,P).
A similar observation applies to £(t), E|£(t)|* < oo, and the Hilbert space
Ly = Lo(Q, A P).

Continuity, differentiability, or integrability of a random function with values in
L, will be referred to as the corresponding property ‘in mean’ (p = 1), and ‘in square
mean’ (p = 2), similarly as we used these terms for the corresponding convergence
(see p. 55).

Here, we introduce the following characteristics of a random process £(t), t € T
the mean value

At) = EE@), teT,
and the correlation function

B(s,t) = E[e(s) — A(s)] [€@) — A®)], s,teT.
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EXAMPLE (Normal, or Gaussian, random functions). These are random functions
&(t), t € T, having normal (Gaussian) joint probability distributions

Ptl, . (B1 X -+ x By)

:/ "'/ ptl, ,tn(mla"'axn)dxl"'dmny Bl’,B’ngR’
By B,

where
ptl, ,tn(ml"”’m’n)
———l—ex —lib(x —a )z, —a,)
= Qmn2B P 5 & k\ Ty — G \Ty — Gy) 05
(z,...,z,) € R
Here,

a, = E&(tx) = A(tr),
|B| = det{Bi,} #0,  {bk,} = {Bx,} ",
B, = E[6(t) — A(t)] [E(t)) — A®,)] = Blte,ty), k3 =1,....n

(see p. 67). The mean value A(t), t € T, and the correlation function B(s,t), s,t € T,
completely determine all joint probability distributions Py, .., t1,...,t, €T. O

Let us remark that many interesting probability models deal with non-differentiable
random functions (such as the Brownian motion), which can be studied using the
methods of Stochastic Analysis, the proper stochastic calculus for non-differentiable
functions.

22 INTEGRATION IN £,-SPACE

Consider a random function £(¢), t € T, in the £;-space, assuming E|£(2)| < oo and
T C R an interval.
If £(2) is a step function:

&) =&, teA, 2.1
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taking constant values on a finite number of disjoint intervals Ay = (s, tx], £(t) = 0
elsewhere, we set

[ ewa=Y einl
T k

with |A| =t — s for any A = (s,t]. In the general case, call &(t), t € T, integrable
in mean, if there exist step functions &,(t), t € T, of the form (2.1) approximating
&), teT:

Jim [l oot =, 22

where || - || is the £;-norm. We have

“ /T Enlt) dt — /T En(t) dt

< / |a(®) - Em(®]|dt =0, m,n — oo,
T

- ” / [£a(®) — Em(®)] dt
T

so there is the limit

Tim /T Ea(t)dt = /T £(t)dt

which uniquely determines the corresponding integral

/Tf(t) dt e £; 2.3)

in the £;-space. O

Observe that any step function
£t) =Ew,t), weQ, teT,

of the form (2.1) is integrable with respect to the product measure P(dw) x dt, as
the function of (w,t) € Q x T. The L;-integral

/g(t)dtz/g(w,t)dt, w € Q, (2.4)
T T
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as an element of £; can be represented by the random variable which, for any
particular outcome w & £, is the integral of the corresponding trajectory £(w,t), t €
T. This remarkable property can be extended to general random functions £(t), t € T,
as follows. For approximating step functions &,(t), t € T, condition (2.2) implies

/T [Elén(®) — En@)]] dt

= / / |€n(w, t) = ém(w, t)|P(dw) xdt —0, n,m— oo,
TJQ

which implies the existence of a jointly integrable function
Ew,t), Wt)eQxT,
with the finite integral
/ / Ew,t)P(dw x dt), teT,
TJ/Q

such that
/ / |&(w. 8) — &n(w, )| P(dw) x dt
TJO

- / E|&(t) — £a(t)| dt
T

= /T €@ — e dt — 0, n — co.
Hence, according to condition (2.2), we have
/ €@ — €| dt =0,
T

which implies 1) = &(t) with probability 1 for almost all ¢ € T'. Substituting £(%)
by equivalent variables £(t), we obtain a new random function

) =Ew,t), weQ, teT,
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denoted by the same letter as the old one, for simplicity, which is jointly integrable
on Q x T with respect to the product measure P(dw) x d¢, and such that its £;-integral
is represented for almost all outcomes w € £ (with probability 1, in other words)
by the trajectory integral, as in (2.4). The new random function £(¢), t € T, is
called equivalent to the initial random function, in the sense that, for every t € T,
the corresponding random variables are equivalent. O

In a similar way, one can discuss integration in the L;-space, the corresponding
integral being defined as an element of £, C L. O

2.3. STOCHASTIC INTEGRALS IN £,-SPACE

Suppose we want to study a random processes whose local behaviour is given by
the equation

dé(t) = o(t) dn(?),

describing the relationship between infinitesimal time increments of 7(¢) and £(¢). If
& = £(t) and ) = n(t) are differentiable functions of time ¢ > tp, one can apply the
integral

t
£(t) — £(to) = / o(s)dn(s), ¢ > to.

to
However, if n = n(t), t > to, has unbounded variation (as in the case of the Brownian

motion), the above integral has to be replaced by an appropriate stochastic integral,

which is defined below.
‘We start with the definition of the stochastic integral for deterministic (non-random)

functions ¢ = (t) and a random process 1 = 7n(t),
nt) =0, En®)=0,  En@®)® < oo,

corresponding to a right-continuous function in £, with uncorrelated (orthogonal)
increments

An = n(t) —n(s)

on disjoint intervals A = (s,t], s < ¢t. Such a function is characterized by the
right-continuous increasing function

F(@t) = Eln@®)]* = In®)> t> to,
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with*

AF = F(t) — F(s) = E|[An|* = ||Aq|?, A =(s,t]. (2.5)

For example, 7(t), t > to = 0, can be the Brownian motion process, with inde-
pendent increments An(s) on disjoint intervals, and

F@) =En®)? =o’t, t>0,

see p. 115.
Consider an interval T' C [tp, 00). Given a step function ¢ = ¢(t), t € T, taking
constant values

() = ok, t€ A, (2.6)

on a finite number of disjoint intervals Ay = (s, tx] € T, ¢(t) = O elsewhere, set

[oen= [ 0@ =3 o0, @
T T P
where Agn = n(te) —n(s,), k=1,...,n.
Obviously,
E/ pdn=20 2.8)
T
and
/ (cr01 + co0p,) dn = ¢ / @, dn + Cz/ p, dn (2.9)
T T T

* Qbviously, for uncorrelated n(s) = 1(s) — n(ty) and An = n(t) — n(s), we have

F(t) = Eln(s) + An|? = E|n(s)| + E|An|* = F(s) + [|An][*.
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for any linear combination of step functions considered above. Moreover, the
stochastic integral satisfies the following properties:

2
”/wdn =/IsolzdF,
T T
E[/ cpldn-/sozdn] = (/ wldn,/cpzdn> =/<p1s02dF,
T T T T T

where the integrals on the right side are the Lebesgue integrals with respect to the
corresponding measure dF. (2.10) can be justified by

2
E / pdn| =
T (2.10)

Agn

2
=Y lelllaen]® = Y |eil AcF,
k k

where the random variables ¢, Ax7 are uncorrelated (orthogonal) and Ax F' = Fi(t;) —
F(sp), k=1,...,n

In the general case, consider ¢ = ¢(t) which can be approximated by step functions
©n = @p(t) of the form (2.6), in the sense that

/T () — pa®)|* dF () — 0. (2.11)

Then

2

”/ on dn — ‘Pmdn

=‘/T(<pn—<pm)dn

:/ ‘Son—(pm'zdF—‘—)(), n,m — o0,
T

so there is the limit in the £,-space

| wan= /T oOdn®) = lim [ o, 2.12)

which satisfies the properties (2.8)—(2.10) as well, for general functions ¢ = ¢(¢)
considered above.
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EXAMPLE (Stochastic integral with respect to the Poisson process). Let n(t), t > to,
be a Poisson process starting at £ = 0. Here, increments An on disjoint interva's
A = (s,t] are independent, but it does not fit into our construction of the stochastic
integral since

En@) =X, t2>=0.
To apply the general scheme (2.6)—(2.12), introduce

@) =n@) —En), t=>0,

with the corresponding
F(t) = E|m®)|* =Dnt) = At, ¢ >0.

If o = o(t) is continuous on T = (a, b], say, one can easily see that

/abwdno=/abw(t)dn(t)—/\/bcp(t)dt

a

where

b
JECECE SN

a<t b

is the usual Lebesgue—Stieltjes integral with respect to the Poisson process trajectory
n(t), t > 0, which is a right-continuous increasing function having jumps n(7,) —
n(r,, —0) =1 at some points 7, a < 7, < b (see p. 92). O

Note that the scheme (2.6)—(2.12) can be applied to a family of random variables
An, EAn =0, indexed by intervals A = (s,t) C T, respectively, such that

Anp=>" A
P

for any finite partition A = UA, by disjoint Ay = (sp-tk], £ =1,2,..., and such
that for any disjoint intervals A = (s, t] the corresponding random variables An are
uncorrelated (orthogonal in the £;-space), with

E|AqP = |[Agl? = AF = /A dF
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given by a measure dF. Such a family is called a stochastic measure dn with a
structure measure dF which is written as

Edp =0, E|dg?=dF. (2.13)

For any given stochastic measure dn satisfying (2.13), we can define the stochastic
integral

/T odn= [ otyant)

as it was done in (2.6)—(2.12).

EXAMPLE (Stochastic measure with a given structure measure). Given an arbitrary
structure measure

dF = E|dn[%,

with

/ dF =1,

say, we can construct the corresponding stochastic measure as follows. Let n be a
random variable with the distribution function

¢
F,,(t)——-P{nSt}:/ dF, -—o0<t< 0.
Set

An =1I1a(m), A=(st], (2.14)

where I is any isometric operator in the £;-space mapping indicators 1x(7) into the
subspace of random variables with zero means. Hence

EAn =0,

E|Anf = E|1a(m)| = P{s <n < t} = / dF, A= (s.1]
A
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Moreover, An are uncorrelated (orthogonal) on disjoint intervals A = (s, £], since
EA1n - Azn = Ela, (M 1a,(0) = El;na,(0)
for any Ay = (s,t1], Az = (s,,%2]. O
The scheme (2.6)—(2.12) can be obviously applied to any stochastic measure dn

on a domain T C R™ and satisfying (2.13). One can start with Az defined on
multiintervals

A= (Sl,tl] X o+ X (8n,tnl,

say, and then extend it to the stochastic integral

/T pdn = /T @(t) dn(t)

on T C R" satisfying all properties (2.8)~2.9). O

In fact, the stochastic integral (2.12) is well defined for any function ¢ = (%),
t € T, with

/ o[> dF () < oo, (2.15)
T

since any such ¢ can be approximated in the sense of (2.11) by appropriate step
functions ¢,, n=1,2,....
Under condition (2.15), the corresponding stochastic integral satisfies the relation

Jewan®= [ [pa@)amo. acT.
A T

As a function of A C T, the last integral represents a stochastic measure on T,
denoted by ¢ dn, such that

Elpdn] =0,  Elpdn|* = |p|*dF. (2.16)
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Finally, the (2.6)-(2.16) can be discussed in the complex L;-space as well, as-
suming that the corresponding stochastic measure dz is complex-valued, and that its
values An on disjoint A C T are orthogonal in this space, with the only change that
the second part of (2.10) reads now

E[/ <p1dn-/<p2dnJ = (/soldn,/sozdn)
T T T T
z/thGZdF.
T

2.4. STOCHASTIC ITO INTEGRAL IN £,-SPACE

(2.10")

In (2.6)—(2.12), we dealt with deterministic (non-random) functions ¢ = @(t). Can
one discuss random functions ¢ = (t), t > to, and define the corresponding stochas-
tic integral

/a g = / ” ott) dntt)

on T = (a,b], say? The following construction yields the so-called stochastic Ito
integral (in the L;-space).

The main point is to consider non-anticipating random functions ¢ = ¢(t), E|p(t)[?
< o0, measurable with respect to the corresponding o-algebra 8, which, roughly
speaking, represents all events up to time ¢; the increasing o-algebras

Bs CB;, to<s<H,

are assumed to be right-continuous, i.e.,

B, = lim B, (: ﬂ%t).

t>s

In addition to the initial scheme (2.6)—(2.12), n = n(t), t > to, is supposed to be a
random process with independent increments on disjoint intervals such that

An = n(t) — n(s), A =(s,t],

for all ‘future’ times t > s does not depend on the ‘past’ B,, representing on intervals
A = (s, ] a stochastic measure dn with zero mean Edn = 0 and the structure measure

E|dy|? = dF.
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Similarly to the scheme (2.6)—(2.12), one can start with random non-anticipating
functions of the form (2.6), i.e.,

o) =, tEA

on disjoint intervals Ay = (s,,tx] C T, where random variables ¢,, E|<Pk|2 < 00,
are measurable with respect to the corresponding o-algebra

lim B =%B,, k=1,...,n
h—+0 8k+h Sy )

Of course, for the stochastic integral of the form (2.7), (2.9) is trivial, and (2.8)
follows from

E/Tgodn=Z[Ecpk -EAgn] =0
k

since the increment Axn = n(tx) — n(s,) does not depend on the random variable ¢,
which is measurable with respect to ‘Bsk, k=1,...,n(see p. 48 on the multiplicative
property of the mathematical expectation). Equations (2.10) for the norm and inner
product in the £;-space become now

~ [ (BivP)aF

2
oo -] oo
T T T (2.17)

- [ lvwlf aF @,
T

2
E

(i o) (o o)

~ [ B F = [ (010.0,0) aFO.
T T
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Indeed,

2
E

> ek Akn
k

=Y Elp, - |’ +2 3 Efp (Aen)o;am)]
k

k<j

= Elp P -E|ain|* + 23 E[o,(Akme; EQ4;7)
k

k<j

= (Bl o = [ (o) aF.

In the general case consider a non-anticipating function ¢ = ¢(t), E|p(t)]* < oo,
which can be approximated by non-anticipating functions ¢, = ¢, (t) of the form
(2.6), in the sense that

[ Bl ~ onte) aret

= /T le@) — ea@®|>dF () — 0, n — co.

The corresponding stochastic integrals satisfy

/‘pndn_/ﬁomdn
T T

2 ’ 2

/T (n — om) dn

and therefore converge in the £;-space, giving the stochastic integral

| win= [ ewane = tim [ o.an 2.18)

Obviously, this stochastic integral inherits all properties claimed earlier in (2.8), (2.9)
and (2.17).
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In particular, the stochastic integral (2.18) exists for any non-anticipating contin-
uous (in the L£y-space) function ¢ = ¢(t) on T = (a, b}, as

b n
[ odn= Jim, 32 ot laten — nt-] 219
for any sequence of partitions

T = U(tk—l,tk]

k=1
with

m’?x(tk - tk—l) — 0.

EXAMPLE (Stochastic Ito integral with respect to the Brownian motion). Integration
of the Brownian motion process ¢(t) = n(t), t > to, with respect to itself yields

b 1
[ n®rene = 5 e - na?] - 56~ o) (2.20)
instead of the formula
b 1 2 2
[ ) ants) = 5 [n® - ncay’,

which is true in the case of a differentiable function (however, the Brownian motion
is not differentiable). To verify (2.20), write

N(te—1) [7(tk) — n(tk—1)]

1 1
=3 [n(tx)? — ntr-1)*] - E[n(tk) - ﬂ(tk—l)]z, k=1,...,n,

and then use formula (2.19) with ¢(t) = n(t). We obtain

Jim > nte—1) [n(te) — n(te-1)]
k=1

[ — n(@?] — tim + 3" [te) - ntte-n)?
k=1

NI'—‘

)

1 1
= 5 [1®? = n(@)?] - 5 - a),
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according to the formula for the ‘quadratic variation’
= 2
Jim > [n(te) ~ nte-1)]" =b—a
k=1

of the Brownian motion (see p. 120).

3. Stochastic Integral Representations

3.1. CANONICAL REPRESENTATIONS

We call a canonical representation any stochastic integral representation

ﬂﬂ=Aw@MMQLt€T, 3.1)

of a given (real or complex) random process £(t), t € T, where dn()\), A € A, is
a stochastic measure on a parameter space A C R, and ¢(t, ) is a deterministic
function of t € T', A € A. If dn is a stochastic measure with

Edp =0, E|dp|* = dF, (3.2)
then the mean value
E{(t) =0, teT,

and the correlation function
B(s,t) = E£(s)E(t) = / (s, Np(t, )dF(\), s,teT, (3.3)
A

according to (3.1) and general properties (2.8), (2.10) of stochastic integrals.

As a matter of fact, one can obtain a representation (3.1) for any random process
&(t), t € T, with zero mean and the correlation function of the form (3.3). Namely,
assume that the probability model (Q, 2, P) is sufficiently rich so that one can define
a stochastic measure d7 of the given structure

Ed7=0, E|dj?=dF
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(see (2.14), for example). Then the random process £(¢), t € T, is isometric in the
L>-space to the random process

&) = f ot VAN, teT,
A
since

(€(s), £()) = E£(s)E®) = EE(s)E(t)
= (£(s),€(t)), teT.

The stochastic measure
dn(\) = Id7(N)

can be obtained by means of the corresponding isometric operator I in the £,-space
such that

IE@R) = &t), teT.

Consequently,

£(t) = IEt) = I / (2, ) dFN)
A
= I[limz cpkAk?f]
k

=1im ) o, [IAF) =1im Y ¢ Aen = /A o(t, Ndn(\), teT;
k k

here we used a corresponding stochastic integral approximation (see (2.7), (2.12)) to
make things clear.

EXAMPLE (Canonical representation by stochastic functional series). Let £(t), t €
T, be a random process with zero mean and continuous correlation function, de-
fined on a finite interval T C R. The correlation function B(s,t), s,t € T, being
continuous, symmetric:.

B(s,t) = B(t,s), s,teT,
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and positive definite: for any ¢, tx, k=1,...,n,

n 2
Z CkEjB(tk,tj) =E >0,

k,j=1

) ekltr)
k=1

there exists a complete system of eigenfunctions

wk(t) = w(t7 Ak), k = 1,2, AL )

which satisfy the equation
[ Bttt =rp(s. 0, seT,
T

and the orthogonality conditions

— . |1, k=3,
AWk(t)Wj(t)dt~{0, k+# j.

This leads us to the representation

B(s,t) = ) Akepls, Me)p(t, Ar)

g (3.4)

_ / o(s, Ne(t, VAF(Y), s.teT,
A

of the type (3.3), with the spectral measure dF'(\) = A concentrated on the discrete
set A C R of all eigenvalues A = A\, 2 0,

Z/\k < 00.
k

The above representation of the correlation function, known as Mercer’s theorem,
leads to the canonical representation

60 =Y ne = [N, teT, 3.5
k A
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of £(t), as a stochastic functional series of @i (t) = o(t, \) with uncorrelated random
coefficients 7, as atoms of the stochastic measure dn()) at A = X,

En, =0, EpnlP=X\, k=12,....

EXAMPLE (Spectral representation of a stationary process). Let £(t), —co < t < o0,
be a random process with constant mean value E£(t) = a (below, we assume a = 0)
and such that the correlation between £(s), £(t) depends only on s — ¢:

B(s,t) = E€(s)é(t) = B(s —t), —o00 < s,t < .
Such random processes, corresponding to a (continuous) correlation function
B(t) = E€(t + $)é(s) = EE®)EQD), —oo <t < oo,

are usually called stationary (in the wide sense). Being positive definite:

n 2
> 2Bty —t;) =E >0,

k=1

D c&lte)
k=1

see above, the continuous function B(t), —oo < t < 0o, can be written as the Fourier
integral

B@) = /oo e dF()\), —oo<t< oo, (3.6)

with some bounded measure dF'()\) > 0, due to the well-known Bochner-Khinchin
theorem. The representation

B(s,t) = B(s —t) = / PR, —oo < s,t < oo,

-0

being of the type (3.3), we obtain the corresponding canonical representation (3.1):

£@) = / ~ ePtdn()), —oo <t < oo, 3.7)

-0
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called the spectral representation of the stationary random process £(t), co < t < oo.
The stochastic measure dn()) of the structure

Edyp=0, E|dg?=dF

is called the stochastic spectral measure, and dF itself is called the spectral measure
of the stationary process. The spectral representation (3.7) suggests the following
approximation

&) = lim Y _ e+*Axn
k

of £(t) by means of uncorrelated random oscillations e****An, —oco < t < oo, with
the corresponding frequencies |A\x|, —0o < A; < co. Roughly speaking, (3.7) itself
is a superposition of stochastic uncorrelated harmonics

e dn()\), -oo<t< oo.

The spectral measure dF()\) gives the distribution of the total ‘mean energy’,
E|¢@)|’ = / dF()), —oo<t< oo,

over various harmonics e***dn()\), —oco < t < 0o, with the corresponding amplitude
square mean equal to

E|dn(V|* = dF(\), —c0 < A < oo,

O

Interchange of the order of integration. Given a canonical representation (3.1), one
often has to deal with the integral

/ [ [ ot A)n(cu)] dt

in the £;-space, say. Can we interchange here the integration order? To simplify
the analysis of this question, assume that

/ / eo(t, M| dF(N) dt < oo.
TJA
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The answer is positive, i.e.

m= [ J ot A)dn(A)] a- [ [ | ot A)dt] dn(\) = . (3.8)

Indeed, n; and 7, are the limits in the £;-space of linear combinations of An’s on
various A C A, and we need only to verify that the inner product

(n,, An) = /T ( /A o(t, \) dn(A),An> dt = /T [ /A o(t, \) dF(/\)] dt

is the same as

(1, An) = /A [ /T ot, )\)dt] dF(\).

Obviously, this is true, thanks to the Fubini theorem on the interchange of the
integration order.

3.2. SPECTRAL REPRESENTATION OF A STATIONARY PROCESS AND ITS APPLICATIONS

The stochastic integral representation

£@) = / ~ e dn(\), —oo<t< oo,

— 00

of a stationary process (see (3.7)) is very useful in the study of its linear transfor-
mations

£,(t) = / T e dn(h), —o0 < ¢ < oo (3.9)

— 00

Given @(A), —00 < A < 00, (3.9) transforms harmonic components of the initial
process by multiplying them by the corresponding ‘weights’ ¢(\), depending on the
frequency A. Such a transformation can give more ‘weight’ to some components
and less ‘weight’ to another ones. Of course, the weight function ¢(A) has to fulfill
the condition

| lef aroy < oo,

under which the stochastic integral on the right side of (3.9) is defined for each ¢
(see (2.15)).
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EXAMPLE (Differentiation). Let the spectral measure dF satisfy

/ ” IA2dF() < oo.

— 00

Then the stationary process £(¢) has the derivative in the square mean:

oo IANE+R)  aidt
= / [um 9—-—h—e~ (V)

—oo | R—o0

= / ~ eMEN dn(N) = €,(t), —oco<t< oo, () =il

EXAMPLE (Integration). Consider an integrable function c(t), —oo < t < oo, then,
with

/ ” |e@®)| dt < o0, ©(N) = / ey dt,

— 00

we have

o0

&= [ T M) dn(y) = / ei“[ / ” e—i”c(s)ds] dn(y)

= / > c(s)[ / ~ eAt=9) dn(/\)} ds = / ~ c(s)E(t — s)ds

-— 00

= /oo c(t —s)é(s)ds, —oo<t<oo.

—_00

O

Let us consider a random process £(t), —oo < t < 0o, with a constant mean value
E¢(t) = a,
such that

&) =€) —a, —oo<t< oo,
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is a stationary process with zero mean and a spectral measure Fo(d)\) which is
continuous at A = 0: dFp(0) = 0. Introduce the sample average

1 (T 1 [T
T/o §(t)dt=T/0 Eo®)dt+a

over the time interval 0 <t < T, T — o0.
According to the spectral representation

€ot) = / P dn (), —o0 < ¢ < oo,

we have

1 [T |
7 [ awa= [~ Smtao

Therefore
2
1T < e — 1)
= /O awel = [ 5| R
e'L)\T -1 2
=/A;é0 T dF()()\)—>O, T—>OO,

since dFy(A\) = 0 and

elAT -1
IAT

‘—»0, T — oo,

boundedly for any A # 0. Thus, we get the following result.

THEOREM. Given a stationary process £(t), —oo <t < oo, there is the limit

1T
:rleooT/() E)dt=a (3.10)

(in the square mean), which coincides with the mean value E£(t) = a.
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This result is similar to the law of large numbers and is known as the Ergodic
Theorem for stationary processes (in the £,-space).
Stationary processes in the strict sense. This term usually indicates that, for any
t1,...,tn, the joint probability distribution of random variables £(t1), . .., £(t,) coin-
cides with the joint probability distribution of £(t; + ¢),...,&(t, + t), for any time
shift t, —oo <t < 00.

Consider a nonlinear transformation of £(t) of the form

Eo(t) = p[Et1 +1),....E(n +1)], —o0 <t < o0.
If

E|p[e(t), - ... )] < oo,

then £, (t) is a stationary process in the wide sense, with the constant mean value

E&,(t) = Ep[€(t1), . ... &(tn)].

The process £(t), —oo < t < oo, itself is called ergodic, if any stationary process
€p(t), —oo0 <t < oo, of the above form satisfies

1T
Jim 7 [ esat = Eolete..... &), (3.11)

EXAMPLE (Estimation of the correlation function and spectral measure). Suppose,
we observe, on a time interval 0 < ¢t < T, an ergodic stationary process &(t), —oo <
t < oo, with zero mean and unknown correlation function

00

B(t) = E¢(t + s)é(s) = / e dF()\), —oo<t< o0.

—00

One can apply
~ 1 [ ~ ~
B(t) = T / &t + s)é(s)ds

as an estimate of the correlation function, where g(t) =&t) for 0Kt T, g(t) =0
otherwise. According to the general ergodic property (3.11), for any —co <t < 00

. EN . 1 (T —
lim By = Jim /0 £t + 9)EG) ds o)

= E&(t)E(0) = B(?).
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Moreover, for any ¢ € C§°

Jim : c(t)B(t)dt = /_ : c(t)B(t) dt
N (3.13)
— [ e,
where

1o
ot) = 5- / e Mo d),  —o0 <t < oo,

—00
is the Fourier transform.

3.3. STOCHASTIC INTEGRAL REPRESENTATION OF A PROCESS WITH INDEPENDENT
INCREMENTS

Examples of this type of random processes are the Poisson process and the Brownian
motion. Let us forget the Brownian motion for a while, and suppose that we have at
our disposal a family of independent Poisson processes 7(t, Az), t > 0, indexed by
some (intervals) Az, —co < = < oo, and corresponding to parameters A = AF(z);
recall that

En(t,Az) = t- AF(x), Dn(t,Azx) = t- AF(x).
Set

&)=Y an(t,Az), t>0,

where the sum is taken over a finite number of z’s, —co0 < z < co. Then obviously
&(t) is a random process with independent increments £(t) — £(s) on disjoint intervals
(s, t], as this is true for the Poisson processes; moreover,

En(t) =t zAF(z), Dn(t) =t «*AF(z).

Taking in account the structure of the trajectories of a Poisson process, we see that
£(t), t > 0, is a piecewise constant function having a jump of the size x at the
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moment 7 when the corresponding Poisson process 7(t, Az), t > 0, has a (unit) jump
(see p. 92). If we consider the jump moments 7, < 7, < ... alone, they appear
exactly as in the Poisson process

) =Y nit,Az), t>0,

with the corresponding parameter

A=) AF(z)

(one can easily verify that a sum of independent Poisson processes is again a Poisson
process, e.g. by applying characteristic functions (p. 73)). Although all jumps of
the Poisson process 7(t), ¢ > 0, are of fixed size (equal to 1), the jumps of the
process £(t), t > 0, have different sizes z, depending on which Poisson component
7(t,Az), t > 0, jumps at this moment.

This preliminary discussion suggest a general construction of the process £(t), ¢ >
0, having jumps of any size £, —o0o < £ < oo, whose intensity is characterized by
the corresponding measure dF(z).

Let us introduce a Poisson stochastic measure dn on

R: ={0<t<oo, —00<z< o0},

whose values A7 are independent on disjoint sets A C R2. and distributed according
to the Poisson law with parameter A\ given by the corresponding values of the
product measure

d\ = dt x dF(z)

on R2 . We assume that

/ > z?dF(z) < oo, (3.14)

— 00

so that F(dz) can be unbounded near the point x = 0. Introduce the stochastic
measure

dno = dn — Ednp =dn —dX
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on R?, of the structure
Edn, =0,  E|dy,|" = dx

With condition (3.14), we can define

t o0
o(?) = /0 / zdn,, t>0. (3.15)

It is clear that &y(t), t > 0, is a random process with independent increments, since
dno together with dn are stochastic measures with independent values on any disjoint
time intervals (s, t], in particular.

To analyse the stochastic integral representation (3.15), put

t
n(t, Az) = / / dn, t>0,
0 A

and

t
no(t, Az) = /0 /A dn, = n(t, Az) — En(t, Ax)

= n(t,Az) —t-AF(z), t=>0,

where A C R is an interval —oco < z < oo. For any fixed ¢ > 0, n(t,Az) and
no(t, Ar) define stochastic measures on R which we denote by 7(t, dz) and 7,(t, dz),
respectively. Obviously,

€olt) = / " dny(t.de), t30. (3.16)

— 00

Suppose, the measure F'(dz), —oo < x < 00, is finite. Then, with condition (3.14),
we can define

A= /_0; zF(dx)

and represent the random process (3.16) as

&o(t) = E(t) — EE(t) = £(t) — M,
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where
£(t) = /oo an(t,dz), t>0, (3.17)

and

— 00

£(t) = / ot dz) = lim S an(t, Az)

is the limit of the corresponding approximating sums

Z zn(t,Az), t=0.
T

Note that any such sum, as a random process in ¢ > 0, is exactly of the type discussed
in the beginning.

The above characterization of the process £y(t), ¢ > 0, as the limit of the corre-
sponding ‘jump-type’ processes, can be extended to the general case, by putting

6o(t) = lim &),

where, for any ¢ > 0,
&@=/ wdny(t,dz), 30,
|zl >e

is a process of the type (3.16), corresponding to the finite measure

dF(z), |z|] >k,
0, |z] < e.

Consequently, the process &(t), ¢t > 0, of (3.16) can be approximated by the sum of
a jump-type process and a linear drift with the velocity

Ae = / zdF(x),
[z] e

which guarantees that the mean value of the process is zero. O
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Let us return now to continuous processes with independent increments, which
can be represented by the Brownian motion §(t), ¢ > 0, having zero mean and
the diffusion cooefficient o2 > 0. It is clear that if B(f) and &(t) of (3.16) are
independent and at, t > 0, is a deterministic linear drift, then

o o]

£(t) = ot + B(t) + / ony(t,da), ¢ 30, (3.18)

—00

represent a certain class of random processes with independent increments.
Moreover, for any 0 < £; < {; < ... < t, the (independent) increments

£@1) — €@0), €(@2) — &1, - .-, E(tn) — E(tn—1)

\
have exactly the same (joint) probability distribution as

1 +18) —€@), €2 + ) — @1+ 1), .. E(n + 1) — E(tn—1 + 1)

for any time shift ¢ > 0; in short, the representation (3.18) gives us the process
&(t), t > 0, with stationary increments. O

What can be said about the probability distribution of increments of the process
(3.18)? As £(0) = 0, it suffices to consider

£(t) = £(t) — €(0)

itself, thanks to the fact that the increments are stationary. We apply the method of
characteristic functions (see pp. 72-82).

Consider first the jump-type component (3.17) alone, corresponding to a finite
measure dF'(z), —oo < z < oo. Let

&) = zn(t,Az), n=1.2,...,

be an approximating sequence of finite sums, with independent Poisson components
n(t, Az),

En(t,Az) =t - AF(x).
The characteristic function

fn(u) = Ee®™n® _oo <y < 00,
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is the product of the characteristic functions of the independent random variables
zn(t, Axz), which yields

In fo(u) =ty (€™ — 1)AF(z).
Passing to the limit as n — oo on the right side, we obtain

In f(u) = t/w (e™* —1)dF(z), —o0 < u < oo,
with
f@) = lim_ fa(u)
being the limit characteristic function of the limit random variable
E® = lim &)

of (3.17). For its extension (3.18), with the deterministic component ot and a
normally distributed 5(t), we obtain

-0

In f(u) = t{iau — %azu + /00 (ei“m —-1- iuz) dF(z)},

(3.19)

—oo<u<o0.

Finally, we can consider the general scheme (3.18), with the ‘jump-type’ component
(3.16); namely, using the finite approximation dF,(x) of the measure dF(z) as above,
we get the same formula (3.19) as the limit of

In f.(t) = t{z’au - —;—azu + / (e™® — 1 —iux) dF(z), —oo0 <u < oo,
|z|ze

when € — 0, thanks to condition (3.14) which guarantees the existence of an inte-
grable majorant for

e — 1 —juz, —oo<u< oo.

Let us formulate our result as follows.

THEOREM. The stochastic integral representation (3.16)—(3.18) defines a random
processes with independent stationary increments, the characteristic function of
which is given by (3.19).
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4. Stochastic Differential Equations

4.1. STOCHASTIC DIFFERENTIALS

The formal expression
d§(®) = a@)dt + B@)dn(t), > to,

called a stochastic differential, is just equivalent to the stochastic integral represen-
tation

t t
(@) — £(to) = / a(s)ds + /0 Bs)dn(s), t=to (4.1)

to

(in the L£;-space, say). As we’ll see below, equation (4.1) itself provides a certain
characterization of the process.

For example, does the square &(t) = 7(t)? of the Brownian motion 7(t), t > to,
admit a stochastic differential? Actually, it does, namely

dé(t) = dt + 2n(z) dn(t)

(see p. 220), and this simple example shows that the problem of finding the stochastic
differential d¢(t) for a given random process is not trivial. 0

Let us consider a more general example. Suppose

t
£(t) = / ot,s)dns), ¢ o,
ty

where c(t, s) is a deterministic function of ¢ > s > t¢ having the continuous derivative
d% c(t, s). By interchanging the order of integration, we obtain

t m : . d
(1 dswovole [ ][ downs o

t

t
— [ fett.) ot 5)] dnte) = 66~ [ et 5)dn(o)

ty to

Therefore,

‘4

d =
0 [ K

c(t,s) dn(s)] dt + (¢, t) dn(t). 4.2)
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‘We conclude this preliminary discussion with the suggestion to verify that a random
process £(t), ¢ > to, admits the stochastic differential

dé(t) = alt) dt

with a continuous (in the square mean) a(t), t > iy, if and only if it is continuously
differentiable (in the square mean) and

£ = a) (4.3)
(recall that we consider random functions with values in the £;-space only).

4.2. LINEAR STOCHASTIC DIFFERENTIAL EQUATIONS

We have in mind the system of stochastic differential equations

det) = €@ dt, ..., de=D(@) = ¢ D(p) de,
deV(t) = [a,OE"V®) + - -+ + an@)ED)] At + dn(2),

for a random process £(2), t > tg, and its square mean derivatives ER@), k<n—1,
which will be written in short as

den=D _ g gmDdt— ... —a.edt=dn, t>t. (4.4)

Here, the coefficients a, = a,(t), k= 1,...,n, are assumed to be continuous deter-
ministic functions of ¢ > .

In the case dn = 0 the above equation becomes the ordinary homogeneous differ-
ential equation

£ —a gD~ —a,6 =0,

which has a unique solution

n—1

£@) = Y Erw,(t o) 4.5)

k=1
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for any given

E(to) = &o, - - -, €™ D(to) = &nort. (4.6)
Here, w;(t, to) are the corresponding deterministic solutions with

; 1, j=k .
) _ v ] > — _
wy (to,to)—{o, Pk 7, k=0,...,n—1.

Obviously, for any given initial conditions (4.6), the solution of (4.4) is unique,
since the difference of any two solutions satisfies the homogeneous equation with
the zero initial condition. It is also clear that we have to look for the solution of
(4.4) with the zero initial condition only, since the general solution is the sum of
this particular solution and the solution of the homogeneous equation with a given
initial data (4.6).

THEOREM. The solution of the stochastic differential equation (4.4) with the zero
initial conditions (4.6) is given by the formula

t
£(t) = / w(t, ) dn(s), ¢ > to, @7)

ty

where the kernel w(t, s), as a function of t > s, satisfies the homogeneous differential
equation

w®™ —awm D - —guw=0, t>s (4.8)
with the initial conditions
w(s,s) =0,... ,w™2(s, s)=0, w("‘l)(s, s)=1.

Proof. According to the general formula (4.2), the random function (4.7) has the
stochastic differential of the form

t
dét) = [ / wV(t, s) dn(s)] dt + w(t, t) dn(t)

ty

where w(t,t) = 0. Hence, the derivative £()(¢) (in the square mean) exists and is
given by

t
£0(t) = / w(t, s)dn(s), ¢ to.

ty
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The existence of all (n — 1) derivatives

t
R = / w®(t, s)dn(s), t>ty, k<n—1, (4.9)

to

can be shown analogously. Using the general formula (4.2) for the (n — 1)th deriva-
tive, we obtain

t
dem=Dt) = [ / w™(t, 5) dn(s)] dt + w™ (¢, 1) dn(t),

to

where
w™(t,s) = al(t)w("_l)(t, s+ - +a,(Hw(t,s), t>s,

and w®~D(¢,t) = 1. Together with (4.9), this proves equation (4.4) for the derivatives
£€®)(¢) and the theorem as well. O

Now, we can characterize the behaviour of a solution £(t), k > tp, of the linear
stochastic differential equation (4.4), as follows: For ¢ > s, and without the stochastic
disturbance d7(t) on the right side of (4.4), the trajectory of the process is

n—1

2(t) = Y Pt 0), t>s,

k=0

which is a deterministic function except that it depends on the initial random variables
f(k)(s), k=0,...,n—1;w.(t5s), t > s, is the solution of the ordinary homogeneous
differential equation (4.8) with initial conditions

wg)(s,s)={(l)’ j;: k,j=0,....,n—l.

If, for t > s, the term dn(t) is present on the right side of (4.4), the deviation of the
process from the trajectory z(t) is given by

n—1

t
€0~ o) = [ wtudnw - 3 €Oyt t>s (4.10)

s k=0
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which is uncorrelated with z(t), since dn(t), t > s, is uncorrelated with £®)(s), k =
0,...,n—1, given by

§W@=/Ewwwww,

to

see (4.9). O

Let us consider in more detail the first order differential equation
dé() = a(®)é(t) dt +dn(t), t > to, @4.11)
with the initial condition £(tg) = 0, say. We assume that
Edn(t) =0, E|dn(t)|> = o2 dt.
The general formula (4.10) gives, in particular, the correlation function as
B(t,s) = E§(t)E(s) = B(s, s)w(t,s), t2>s,

where

C w(t,s) = ault, ), >

w(s,s) = 1.

Hence B(t, s), t > s, is the unique solution of the homogeneous differential equation
d
e B(t,s) = a(t)B(t,s), t>s, 4.12)

with a given B(s,s) at t = s. According to the stochastic integral representation
(4.7), the variance

t
B(t,t) = E¢(t)? = o2 / w(t, s)*ds, t>to,

to
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satisfies the differential equation

%B(t, t) = 2a(t)B(t, t) + 0%, t > to. (4.13)

Indeed,

d 2 2 2 ff d
m B(t,t) = o“w(t, t)* + 20 /to w(t, s) 3 w(t, s)| ds

t
= 0% +20%a(t) | w(t,s)*ds
to

= 0% + 2a(t)B(t, t).

4.3. LINEAR DIFFERENTIAL EQUATIONS WITH CONSTANT COEFFICIENTS

Let us consider the stochastic differential equation (4.4) with constant coefficients.
Suppose that all roots of the characteristic polynomial

-1
P(z)=2"—02"" — - —@n_12—an

lie in the left half-plane Re(z) < 0 of the complex parameter z; then, the correspond-
ing equation (4.4) will be called stable. The kernel

w(t,s) =w({t—s), t=s,

in (4.7) can be obtained by solving the differential equation
w™(t) — a, w" V(@) — -~ apw(t) =0

with the initial conditions
w(0)=0,..., 0" 2(0) =0, w" D) =1

(cf. (4.8)). Under the stability condition of the polynomial P(z), the function w(t)
exponentially decreases with ¢ — oo; setting w(¢) = 0 for ¢t < 0, we have

—iAt _ _
/ e w(t)dt——P(i)\)’ 00 < A < 00.

— 00
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This formula can be easily obtained by partial integration of

/ e~ iMt [w(n)(t) _ alw(n—l)(t) e anw(t)] dt = 0.
i
Consequently,
(t)__l_/""eutJ_dA —oo<t< @.14)
w(t) = 5 u By 0. .

Let us consider the random process
t
6= [ wit—sm@s). >t
to

of (4.7), with the stochastic measure of the following structure:
Ednt) =0, E[n(dt)*> = 0% dt. (4.15)

Let us discuss long-time behaviour of the process £(t) when ¢t — tg — oo. Formally,
it is convenient to assume that ¢y — —oo (we suppose that the stochastic measure
n(dt) is defined on the whole real axis —oo <t < 00). Putting ¢y = —oo, we obtain
the random processes

(o] t
&)= /_ w(t — s)n(ds) = /_ w(t — s)n(ds), —oo<t< oo, (4.16)

with E£€*(t) = 0 and the correlation function

o ]

E¢* ()¢*(s) = o* / w(t — wyw(s — u)du

—_—00

=02/ w(t — s + ww(u)du = Bt —s5), —o00<s,t< 00,

which depends only on the difference t — s; i.e., £*(t) is stationary in the wide sense.
Comparing £(t) and £*(t), we easily obtain

2

Ty
E|§<t)—§*<t)|2=E| / wit — s)n(ds)

tg 5 00 2
= 02/ |w(t — s)|" ds = 02/ |w(w)|” du — 0
—00 t

—tp
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as t—ty — oo, i.e.,
£(t) = £°(t), to— —oo,

in the square mean. Of course, the same result is true for a general solution £(%),
t > to, of the stochastic differential equation (4.4), since for any £k =0,...,n—1

w (t, to) = w(t —to) — 0, o — —o0,

in the representation (4.5) of a general solution of the homogeneous equation. Thus,
we get the following result.

THEOREM. A general solution &(t), t > to, of the stable stochastic differential
equation (4.4) converges as ty — —oo to the stationary process £*(t), —oo < t < o0,
of (4.16):

) = £7(1), —oo<t<oo.

Set

2

f)= m, —00 < A < o0. “4.17)

We can write the correlation function of the stationary process (4.16) in the following
form:

B(t) = E¢*(t + 5) €*(s)

=a2/°° w(t+s)@ds:/oo eMfA)dN, —oo <t < oo.

Hence
F(dX)) = f(\)da

is the spectral measure of £*(t) (f()) itself is called the spectral density). Indeed,
by taking the inverse Fourier transform, one has

2

L ® —ixt _o ® —ia /oo —
o /_ooe B@)dt = o /—ooe . w(t + s) w(s)ds| dt

2 [o's] o0 J—
o / ei,\s[ / e~ 4yt + 5) dt} w(s)ds

:% -

o

21T o 1
= %[P(m] /we w9 ds = o Baop
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EXAMPLE (Stochastic oscillations of a heavy pendulum). The motion of a free
pendulum is described by the second order differential equation

w"(¢) + 2hw'(t) + a®w(t) =0,

where h > 0 is a small parameter characterizing friction, while a? > 0 characterizes
the frequency Ao, A3 = a? — h?, of the damped oscillations of the heavy pendulum.
Let us imagine that the pendulum is a part of some ship equipment, and is subject
to high frequency chaotic (random) oscillations caused by the rough sea.

The corresponding motion of the pendulum forced by a stochastic term dr(t) with
the structure (4.15) can be described by a stationary random process £*(t) with the
spectral density

o2

2n[(\2 — X2)2 + 4h2)7]

f =

Fig. 19.

obtained from the general formula (4.17). The spectral density f()\), 0 < A < oo,
is concentrated near the point A = )¢ (see Figure 19), which shows that the most
powerful harmonics of the forced motion correspond to frequencies A close to the
frequency Ap of the free oscillations:

A= /\0
(see p. 225 for the general spectral representation of a stationary process). This result

is quite different from what we know about forced oscillations in the deterministic
theory.
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4.4. THE KALMAN-BUCY FILTER

We consider a random process £(t), ¢ > to, satisfying the stochastic differential
equation

dé(t) = 6(t) dt + dn(t) (4.18)

and the initial condition £(tp) = 0, where 6(t) is a square-mean continuous random
function. We interpret 6(¢), t > to, as a ‘signal’, which is observed in the additive
(random) noise given by a stochastic measure dr(t) of the structure

Edpt)=0, E|dg? =dt

We suppose that dn(t), t > tp, does not depend on 6(t), t > tp (or is just uncor-
related with it).

The problem is to estimate 6(t) given £(s), to < s < t. Below, we discuss the
fundamental result due to Kalman and Bucy, which gives the solution to the above
problem for random functions 6(t), t > £, satisfying the linear stochastic differential
equation

do(t) = a()8(t) dt + dng(t) (4.19)

with the initial condition 8(ty) = 0, where a(t) is a nonrandom continuous function
and dny(2), t > to, is a stochastic measure of the same structure as dn and independent
of dn(t), t > to.

We shall consider linear estimators of #(t) given by linear combinations of the
‘observed’ variables £(s), top < s < t, or by their limits in the square mean.

Obviously, each linear combination of the variables £(s), tp < s < t (for example,
a linear combination of the variables £(tg), £(t1), ..., &(tn), where tg < t1 < --- < ty)
can be written as the stochastic integral

n

t
1= el - )] = | cls)de)

k=1 to

with the corresponding piecewise constant function

o(s) = Cps  tr—1 < 8 < L.
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The limits of such linear combinations are the estimators which can be represented
as stochastic integrals

t t t
n:/t c(s)d§(s)=/ c(s)G(s)ds+/ c(s) dn(s), (4.20)

0 ty to

where ¢(s), to < s < t, is an arbitrary function such that the last two integrals exist.
Their sum will serve us as the definition of the stochastic integral with respect to
d&(t), which we shall use from now on. (For example, the linear estimator (4.20) is
well-defined for any continuous function c(s), to < s < t.)

Note that

t t
m= [ @il n= [ e

to to

are uncorrelated (orthogonal) random variables in the £,-space and

t
Imyl2 = Eln, 2 = / ley(s) ds.

Among all estimators (4.20), we shall look for the optimal one

R t
0(t):/ c(t, s)dé(s) 4.21)

to

corresponding to a weight function c(s) = c(t,s), tp < s < t, by applying the
orthogonality condition

E[0(t) - 0®)]> =0
in the £,-space, which guarantees

16¢) = B®)|1* = min 6t) — ]|

By expressing the orthogonality condition directly in terms of the weight function
«(t, s) in (4.21), one obtains the following
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LEMMA. Suppose that the function c(t,s) is continuous in t > s 2> to and satisfies
the integral equation

t
c(t,s) = B(t,s) — / cot,u)B(u,s)du, t=>s, 4.22)

to

where B(t, s) = EO(t)0(s), t, s = to, is the correlation function of the random process
0(t), t > to. Then c(t, s) is the weight function of the optimal estimator (4.21), and

ot,t) = E[0(t) — 0)]” (4.23)

is the corresponding quadratic error.
Proof. In fact, (4.22) implies the orthogonality condition, since, for arbitrary
variables of the form (4.20), we have that

E[0(t) — 6(t)]n

=E [G(t) — / t c(t, w)f(u) du — / t c(t, u) dn(u)]

to to

t t
X [ / c(s)0(s)ds + / «(s) dn(s)}

to to

t t
= / c(s) [B(t, s) — / o(t, u)B(u,s)du — c(t, s)} ds =0.
to

to

Furthermore,
E[0(t) — (1)) = E6(t)[6(t) — B(t)] — EA®)[6(2) — B(D)].

where

E6(8)[8(t) — 8(1)]

t t
= E0(t)? - E[a(t) : / o(t, u)f(w) du] - E[G(t) : / o(t, ) dn(u)]

to to

t
= B(t,t) — / c(t,u)B(u,t) du = c(t, 1)

to
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according to (4.22) with s =t; and
EO@®[0@) — 8(1)] =0

by the orthogonality condition with 7 = 8(t). Hence, the lemma is proved. a

As 6(t), t > to, satisfies the stochastic differential equation (4.19) and the initial
condition 8(ty) = 0, it can be written as

t
(t) = / wy(t, 8)dny(s), t = to, 4.24)

ty

where w(t, s), t > s, is the soliuton of the differential equation

%wo(t, s) = a(tywy(t,s), t>s,

with the initial condition wy(s,s) = 1. Moreover, we know that the correlation
function B(t, s) = EO(t)8(s) satisfies the differential equation

%B(t, s) = a(t)B(t,s), t>s,

see p. 241.

Our aim is to find a function (%, s) which is continuous together with its derivative
ad; c(t, s), for all parameters t > s > tp, and which satisfies the integral equation
(4.22).

By differentiating equation (4.22) with respect to ¢, we obtain:

i
‘(1 c(t, s) = a(t)B(t, s) — c(t,t)B(t, s) — / i c(t, u)B(u, s)du.
Assume there exists a function x(¢) such that

d
T c(t, 8) = z(t)e(t,s), t>s.

Then from (4.22) one has

x(t)B(t, s) = z(t) [c(t, s)+ /t c(t, uw)B(u, s) du]

to

= [a(®) — c(t, )] B, ).
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Obviously, z(t) = a(t) — b(t), where
b(t) = c(t, ).

Having obtained this unexpected result, it is natural to look for the function c(t, s),
t > s, as the solution of the differential equation of the form

% ct, ) = [a(t) — bD)]ct,s), t>s, (4.25)

c(s,8) = b(s), s=tp.

O

Take a continuous function b(t), ¢ > to, then the solution c(¢,s) of the linear
differential equation (4.25) and its derivative d% c(t, s) are jointly continuous in ¢ >
s = to. If we take this solution c(t,s) as the weight function in (4.21), then, by
expressing the stochastic differential dé\(t) in the form (4.2):

t

di) = [ %c(t, 3) dg(s)] dt + c(t, t) dE(D),
to

and using (4.25), we obtain
do(t) = [a(®) — b®)]8(1) dt + b(t) [8(t) dt + dn(?)].-

According to (4.19), the difference A(t) = 6(t) — §(t) satisfies the linear stochastic
differential equation

dA(t) = d(t) — dB)
[a(t) — b()]At) dt + [dny(t) — b(t) dn(D)]

(4.26)

with the initial condition A(tg) = 0, whose solution can be written as

t t
A(t) = / w(t, s) dny(s) — / w(t, $)b(s) dn(s).

iy to
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Here, the weight function w(t, s), t > s, is the solution of the ordinary differential
equation

%w(t, ) = [a(t) - b(t)] w(t,s), t>s,

w(s,s) =1,

see p. 241. By comparing this equation to (4.25), we see that
c(t,s) = w(t, s)b(s), t=s. (4.27)

O

As c(t, s) defines the optimal estimator (4.21), the corresponding function b(t) =
c(t, t) is given by

b(t) = EA(t)?, t > to,

see (4.23). From (4.13) and (4.26) it follows that the variance b(t) is the solution of
the following Ricatti equation

d b(t) = 2a(t)b(t) — b()? + 1, t> to,
dt (4.28)

b(to) = 0.

Let b(t), t > to, be the solution of (4.28). From (4.19), (4.26) we obtain for
0(t) = 6(t) — A(t) the stochastic differential equation

dé(t) = [a(t) — b(t))O(t) dt + b(t) dEQR), ¢ > to, (4.29)

whose solution, with g(to) = 0, can be written as

~ t
Bt = / o(t, 5) dé(s)
to

(4.30)
t t
=/ c(t,s)6‘(s)ds+/ c(t, s)dn(s).

to to
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Let us show that the weight function c(¢, s) satisfies the integral equation (4.22). By

applying (4.24), (4.26) and the differential equation (4.28) for b(t) = EA(t)?, we
easily obtain that the function

£(t) = BBt) [6(t) - B1)] = E[6(t) — A®)]A)

i
= / wy(t, s)w(t, s)ds — b(t)
ty
satisfies the homogeneous differential equation

% &) = [2a(t) — 6] FO),
f(to) =0.

Hence f(t) = 0. From (4.30) we get

b(t) = EO()[6() — 8(2)] — EO()[6() — B(2))]

i
= EO(t)[6(t) — 8(8)] = Bt t) - / ot, 5)B(s,t)ds, t > to.

to

Together with (4.25), for the function

t
co(t, s) = c(t, s) +/ cot,uw)B(u,s)du — B(t,s), t>s,

to

we obtain the homogeneous equation

a(lt co(t, 8) = [a®) — b(®)]cy(t, ), t>s,

cy(s,8) = 0.

Hence c(t, s) = 0, which proves (4.22).
The above discussion can be summarized in the following

THEOREM. The optimal estimator g(t) of 0(t) is given by the stochastic integral
(4.21), with the weight function c(t,s), t > s, together with the function b(t) =
E[6(t) — 5(t)]2, satisfying the system (4.25), (4.28) of differential equations. The
optimal estimator é(t), t > to, can be obtained by solving the stochastic differential
equation (4.29).
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